
Two-phase flow processes with dynamic effects
in porous media –

parameter estimation and simulation

Von der Fakultät Bau- und Umweltingenieurwissenschaften der Universität
Stuttgart

zur Erlangung der Würde eines Doktors der
Ingenieurwissenschaften (Dr.-Ing.) genehmigte Abhandlung

Vorgelegt von

Sabine Manthey

aus Rheda-Wiedenbrück

Hauptberichter: Prof. Dr.-Ing. Rainer Helmig
Mitberichter: Prof. S. Majid Hassanizadeh, Ph.D.

Tag der mündlichen Prüfung: 17. Februar 2006
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Notation

The following table shows the symbols used in this thesis. Local notations are ex-
plained in the text.
Vectors and matrices are written in bold type.
Averaged values are marked with <>.

Symbol Definition Dimension

Greek Letters:

αV G Van Genuchten, 1980 parameter [ 1/Pa]
αS STAUFFER scaling parameter [-]
γ interfacial tension [N m]
Γ boundary [ - ]
δ KRONECKER-delta [ - ]
∆t time step [s]
ε residuum [ - ]
εS equilibrium criterion for saturation [ - ]
εP equilibrium criterion for pressure [ Pa ]
ηi set of all neighboring nodes of node i [ - ]
θ contact angle [°]
θe static contact angle [◦]
θd dynamic contact angle [◦]
ι MUALEM, 1976 parameter in krα(Sα) [-]
λ BROOKS & COREY parameter [ - ]
λα mobility of phase α [m s/kg]
µ dynamic fluid viscosity [Pa s]
ρ density [kg/m3]
τ damping coeffeficient [Pa s]
τB coefficient after BARENBLATT [s]
τ∗ coefficient after BOURGEAT & PANFILOV [-]
τHG coefficient after HASSANIZADEH & GRAY [Pa s]
τK coefficient after KALAYDJIAN [Pa s]
τS coefficient after STAUFFER [Pa s]
φ porosity [ - ]
ϕ subcontrol volume face [m,m2]
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Symbol Definition Dimension

ψαi total potential of phase α at node i [ - ]
ω parameter ratio after BOURGEAT & PANFILOV [ - ]

Latin Letters:

a interfacial area per volume [1/m]
A surface area [m2]
bi control volume or box for node i [ m2,m3]
∂bi boundary of box bi [ - ]
ei set of elements connected to node i [ - ]
g vector of gravitational acceleration (0,0,−g)T [m/s2]
g scalar gravitational acceleration [m/s2]
h piezometric head [m]
K tensor of (intrinsic) permeability [m2]
K scalar intrinsic permeability [m2]
k hydraulic conductivity [m/s]
kr relative permeability [ - ]
M viscosity ratio µw/µn [ - ]
n outer normal vector of ∂G [ - ]
Ni ansatz functions functions for node i [ - ]
P pressure [Pa]
Pc capillary pressure [Pa]
Pd entry pressure for the Pc(Sw) relationship after

BROOKS & COREY
[Pa]

q source or sink [1/s]
Q volumetric flux [m3/s]
r radius [m]
s sensitivity
S saturation [ - ]
Sαr residual saturation of phase α [ - ]
Se effective saturation of the wetting phase [ - ]
t time [s]
T temperature [K]
v vector of DARCY velocity [m/s]
v DARCY velocity [m/s]
vs seepage velocity [m/s]
V volume [m3]
|bi| volume for the box associated with node i [m3]
Vf volume fraction [ - ]
Wi weighting function for node i [ - ]
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Symbol Definition Dimension

z elevation head [m]
zi geodetic height of node i [m]

Subscripts:

α phase, either wetting (w) or non-wetting (n)
β phase, either wetting (w) or non-wetting (n)
c characteristic quantity
f fine
h higher
l lower
n non-wetting phase (e.g. oil, gas)
p pore
s solid phase
w wetting phase (e.g. water)

Superscripts:

˜ approximation
d dynamic
e equilibrium
n time step
B boundary
L lower
S grid-volume weighted average
T top
V phase-volume weighted average
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Abstract

The constitutive relationships applied for two-phase flow processes on the local and
macroscale might be influenced by dynamic and hysteretic effects. This study con-
tributes to the understanding of dynamic effects in the capillary pressure-saturation
relationship on the local scale and macroscale as well as giving an assessment as to
when these effects might need to be taken into account for the evaluation of two-
phase flow processes.
In a general form, the rate-dependent Pc(Sw) relationship as analysed here can be
given as

Pn−Pw−Pe
c (Sw) = Pd

c −Pe
c (Sw) =−τ

∂Sw

∂t
.

This extended Pc(Sw) relationship is examined in this study under three aspects.
In order to identify flow regimes where dynamic effects might be of importance, a
dimensional analysis of the two-phase balance equations being closed with the ex-
tended Pc(Sw) relationship is carried out. In the dimensionless equations the well-
known capillary and gravitational number, Ca and Gr, evolve. Moreover, the new
dimensionless number Dy appears as a factor. Dy quantifies the ratio of the ’dy-
namic capillary force’ to the viscous force. Relating Dy to Ca or Gr yields DyC, the
ratio of the dynamic to the capillary equilibrium force, and DyG, the ratio of the dy-
namic capillary to the gravitational force. Assuming the coefficient τ as a constant,
the influence of the dynamic capillary force decreases with increasing characteristic
length scale in relation to the equilibrium capillary, viscous or gravitational force.
Moreover, with increasing transient flow velocity, the dynamic capillary force gains
in importance. On the basis of simulations, the front width of the invading phase
was found to be an appropriate interpretation of the characteristic length scale.
For the interpretation of the dimensionless numbers the magnitude of the coefficient
τ was assumed to be known. One part of this study deals with the determination of
this coefficient on the basis of primary drainage laboratory experiments performed
by GeoDelft, The Netherlands and numerical experiments. Using the laboratory
experiments τ was calculated to vary between τ = 11.0 kPa s and τ = 154.7 kPa s de-
pending on the water saturation for a sand with K = 3.06 ·10−12 m2 and Pd = 5587 Pa.
The coefficient increases with decreasing water saturation. A linear relation for
τ(Sw) yielded satisfying results for a regression. For the determination of τ using
numerical experiments first homogeneous domains were considered in order to test
the averaging approach. The coefficient τ was then found to scale proportionally
to the porosity, the (saturation-weighted average) viscosity, and the squared aver-
aging length, as well as inversely proportional to the intrinsic permeability. Pa-
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rameters that describe the equilibrium Pc(Sw) relationship have a minor influence
on the coefficient τ. The empirical formula for the coefficient τ by STAUFFER, 1978
could not be confirmed on the basis of the numerical experiments. The dependence
of τ on the averaging length poses a problem as its magnitude is thus not clearly
bounded, making it impossible to define an REV. As a consequence, either the av-
eraging length should relate to a bounded property (e.g. the inverse of the distance
of a characteristic pressure drop) or the averaging of the phase pressures as applied
in this study has to be reconsidered. Moreover two heterogeneous domains were
studied, one being a simple pattern of two fine sand lenses in a coarse sand and
the other a spatially-correlated random field. An influence resulting from the sim-
ple heterogeneity pattern on the coefficient is only noticeable in case the fine sand
lenses are drained. The heterogeneity stemming from the spatially-correlated ran-
dom field does not affect the magnitude of the coefficient. Probably, the continuous
distribution of the parameters ensures that the average behaviour dominates.
Finally, the impact on the numerical solution of the balance equations being closed
with an extended Pc(Sw) relationship is assessed with simulations of imbibition pro-
cesses. The dimensionless numbers Dy and DyC can be consulted to assess an im-
pact on the solution. The front width should be applied as the characteristic length
scale when calculating these numbers. In the simulation of imbibition examples, it
is observed that for a dominance of the dynamic capillary over the viscous force,
the rate of change of saturation is dampened and thus a retardation effect with re-
spect to the cumulative mass occurs. Locally, accelerating and slowing down of
the displacement can flatten a front in comparison to a reference case. Moreover,
for a high influx of wetting phase a process reversal from imbibition to drainage
and back occurred. If additionally the equilibrium capillary forces are diminished,
oscillations in the solution might occur for a large viscosity ratio. A sensitivity anal-
ysis has revealed that neither the integral cumulative mass nor local measures of
the saturation possess a sufficient sensitivity w.r.t. the coefficient τ when compared
to the other model parameters. It is therefore suggested, that for an inverse pa-
rameter identification on the basis of laboratory experiments, all parameters of the
traditional two-phase flow model should be determined independently first before
quantifying the coefficient on the basis of an additional experiment, which should
be specifically designed for the determination of the coefficient. This procedure as-
sumes, that neither the residual saturations nor the relative permeabilities depend
on the dynamics of the flow process.
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Zusammenfassung

Einleitung
Das Verständnis und die Vorhersage von Strömungsprozessen zweier mobiler
Fluidphasen (Zweiphasensystem) in einem porösen Medium spielen wichtige
Rollen für bestimmte Umweltfragestellungen oder technische Applikationen. In
der ungesättigten Bodenzone dient die Vorhersage der Verteilungen und Durch-
flussmengen von Wasser und Bodenluft als Basis für die Modellierung des Trans-
ports von in Wasser gelösten Stoffen, wie z.B. der Verlagerung von Pestiziden oder
Schwermetallen. Des Weiteren müssen Strömungsprozesse in der ungesättigten Zo-
ne quantifiziert werden, um die Grundwasserneubildung zu beschreiben. Neben
Bodenwasser und -luft können auch Grundwasser und mit Wasser nicht mischba-
re Kontaminanten, wie z.B. organische Lösungsmittel, ein Zweiphasensystem im
Untergrund bilden. Für die Entwicklung und Anwendung von Sanierungstechni-
ken müssen Zweiphasenprozesse grundlegend verstanden werden. Aus den oben
genannten Gründen sind Prozesse in den letzten Jahrzehnten intensiv untersucht
worden, nicht nur in den Ingenieurwissenschaften, sondern auch in der Bodenphy-
sik und der Hydrogeologie (siehe z.B. CHARBENEAU, 2000 [24]). Technische An-
wendungen sind z.B. Strömungsprozesse durch Filter oder die Infiltration von Tin-
te in Papier (siehe MIDDENDORF, 2000 [79]). Die oben aufgezeigten Fragestellungen
können durch ein Modellkonzept beschrieben werden, das in der Regel auf einem
nicht deformierbaren porösen Medium und zwei inkompressiblen, nichtmischbaren
Fluidphasen beruht.
Die aufgezeigten Anwendungen beziehen sich auf unterschiedliche räumliche Ska-
len. Die vorliegende Arbeit konzentriert sich auf einen Skalenbereich mit typischen
Längen von 0.01 m bis 10 m, hier bezeichnet als lokale Skala bis Makroskala. Schon
für die lokale Skala ist, beruhend auf dem REV-Konzept nach BEAR, 1972 [10],
ein Mittelungsprozess über die Volumina der Fluidphasen und der Feststoffphase
durchzuführen. Die Modelle zur Beschreibung von Zweiphasenprozessen basieren
auf den Massen- und Impulserhaltungsgleichungen (erweitertes DARCY Gesetz) für
die beiden Fluidphasen. Sie werden mit den konstitutiven Beziehungen, welche die
Interaktion zwischen den Fluiden und dem porösen Medium beschreiben, komple-
mentiert. Eine der konstitutiven Beziehungen quantifiziert das Verhältnis zwischen
den Volumen-gemittelten Verteilungen der Fluide – den Sättigungen bei einer ge-
gebenen Differenz zwischen den Phasendrücken – dem Kapillardruck. Die Bestim-
mung der sogenannten Kapillardruck-Sättigungsbeziehung Pc(Sw) basiert traditio-
nell auf der Annahme von Gleichgewichtsbedingungen. Diese liegen bei einer stati-
schen Verteilung der Fluide oder stationären Strömungsprozessen vor. Verschiedene
Arbeiten haben in der Vergangenheit das Verhalten der Modelle zur Beschreibung
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von transienten Zweiphasenprozessen, in denen die so bestimmte Pc(Sw) Funktion
einging, kritisch diskutiert. In diesem Rahmen sind zwei Probleme identifiziert wor-
den:

• Die Beziehung zwischen Pc und Sw kann unter transienten Bedingungen nicht
unbedingt als eindeutig vorausgesetzt werden.

• Bestimmte transiente Prozesse können mit den traditionellen Modellen nicht
reproduziert werden.

Um den Einfluss transienter Bedingungen auf die Pc(Sw) Beziehung zu illustrie-
ren, wird ein Beispiel aus der Arbeit von TOPP ET AL., 1967 [109] herangezogen.
Die Autoren haben im Labor die Hauptdränagekurven für einen sandigen Boden
unter quasi-statischen, stationären und transienten Bedingungen gemessen (sie-
he Abb. 1). Während die unter quasi-statischen oder stationären Bedingungen be-
stimmten Pc(Sw) Beziehungen kaum voneinander abweichen, treten bei der unter
transienten Bedingungen gemessenen Beziehung deutlich höhere Kapillardrücke
bei einer gegebenen Sättigung auf. Ähnliche Effekte sind auch für Imbibitions-
prozesse beobachtet worden. Der unter statischen oder stationären Bedingungen
gemessene Kapillardruck wird im Folgenden Gleichgewichtskapillardruck Pe

c , der
unter transienten Bedingungen bestimmte dynamischer Kapillardruck Pd

c genannt.
Die Abhängigkeit der Pc(Sw) Funktion von den Flussbedingungen wird hier als dy-
namischer Effekt aufgefasst. Ein Experiment zur Bestimmung von Pe

c (Sw) wird als
Gleichgewichtexperiment, das für die Bestimmung von Pd

c (Sw) als dynamisches Ex-
periment bezeichnet.
Der funktionale Zusammenhang zwischen Kapillardruck und Sättigung kann somit
auch unter Vernachlässigung von Hystereseeffekten nicht immer als eindeutig be-
trachtet werden. Dies sollte bei Labormessungen von Pc(Sw) Beziehungen oder bei
der Anwendung der Funktion in numerischen Simulationen transienter Zweipha-
senprozesse berücksichtigt werden.

In den letzten Jahrzehnten haben theoretische Arbeiten von HASSANIZADEH &
GRAY, 1990 [55], HASSANIZADEH & GRAY, 1993 [56], oder KALAYDJIAN, 1987[67]
sowie ein empirischer Ansatz von STAUFFER, 1978 [108] alternative Ansätze zur
Behandlung der Pc(Sw) Beziehung auf der lokalen Skala gezeigt. Die Autoren
schlagen vor, die Differenz zwischen dem dynamischen und dem Gleichgewicht-
Kapillardruck bei einer bestimmten Sättigung als linear abhängig von der Sätti-
gungsrate aufzufassen, nach

Pd
c −Pe

c (Sw) =−τ
∂Sw

∂t
. (1)

In Glg. (1) quantifiziert die Proportionalitätskonstante τ die Steigung der linearen
Beziehung. Die bisherigen Untersuchungen weisen darauf hin, dass τ von der Was-
sersättigung und von der Struktur des porösen Mediums abhängt. Im Folgenden
wird τ allgemein als Koeffizient bezeichnet. Der dynamische Kapillardruck ent-
spricht dem Gleichgewichtskapillardruck nach Glg. (1) nur unter statischen oder
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Abb. 1: Illustrierung von dynamischen Effekten in der Pc(Sw) Beziehung basierend auf ex-
perimentellen Ergebnissen von TOPP ET AL., 1967 [109]

stationären Bedingungen, wenn die Ableitung der Sättigung nach der Zeit gegen
Null geht. Der Ausgleich zwischen den Kapillardrücken erfolgt in Abhängigkeit
der Sättigungsrate und der Größe des Koeffizienten τ. Die Funktion in Glg. (1) wird
hier als erweiterte Pc(Sw) Beziehung aufgefasst.
Beim Auftreten hoher Änderungsraten der Sättigung sollten demzufolge dynami-
sche Effekte in der Pc(Sw) Beziehung berücksichtigt werden. Hohe Änderungsraten
der Sättigung treten z.B. bei der Infiltration von Regenwasser in einen trockenen Bo-
den auf. NIEBER ET AL., 2005 [84] zeigen für einen derartigen Prozess, dass das Ver-
halten von Schwerkraft getriebenen Instabilitäten beschrieben werden kann, wenn
die erweiterte Pc(Sw) Beziehung anstelle der traditionellen Beziehung im Modell
eingebunden wird. Des Weiteren können dynamische Effekte in porösen Medien
von Bedeutung sein, die einen hohen τ-Wert besitzen. Die Größe des Koeffizienten τ
in Abhängigkeit des porösen Mediums und Fluidsystems stellt eine wichtige Frage
dieser Arbeit dar.
Obwohl der Einfluss transienter Strömungsbedingungen auf die Pc(Sw) Funktion
seit Jahrzehnten aus Laborexperimenten bekannt ist, wurden die theoretischen Ar-
beiten dazu erst in den letzten Jahren intensiviert. Dennoch besteht Forschungsbe-
darf, da es weiterhin offene Fragen bezüglich des Einflusses von dynamischen Ef-
fekten auf Zweiphasenströmungsprozesse in porösen Medien auf der lokalen Skala
und Makroskala gibt:

• Die erhöhte Komplexität des Modells und die Notwendigkeit, einen zusätzli-
chen Parameter zu bestimmen, können nur gerechtfertigt werden, wenn Pro-
zesse identifiziert werden können, bei denen dynamische Effekte eine signifi-
kante Rolle spielen.

• Die empirische Formel von STAUFFER, 1978 [108] für den Koeffizienten τ, wel-
che auf Laborexperimenten mit vier Sanden beruht, und die dimensionslo-
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se Gruppierung von DAHLE ET AL., 2005 [30] basierend auf einem Kapil-
larbündelmodell, muss für weitere poröse Medien und Fluidsysteme sowie
weitere Ansätze zur Bestimmung des Koeffizienten verifiziert werden.

• Im Rahmen einer Analyse eines ’multi-step outflow’ Experiments sind Un-
zulänglichkeiten in den traditionellen Modellen aufgezeigt worden. Die Simu-
lation des Experiments, basierend auf den herkömmlichen Zweiphasenmodel-
len und konstitutiven Beziehungen, reproduziert nicht das im Experiment be-
obachtete Relaxationsverhalten. Weder eine Parametervariation noch die Ein-
beziehung von Heterogenitäten konnten erfolgreich die experimentell gemes-
senen Ergebnisse wiedergeben. Die Identifikation der Einflüsse aus der er-
weiterten Pc(Sw) Funktion auf Simulationsergebnisse stellt einen Schwerpunkt
dieser Arbeit dar. Unter anderem soll festgestellt werden, ob die Berücksichti-
gung der erweiterten Beziehung immer in einer Verzögerung der Strömungs-
prozesse resultiert.

Dimensionsanalyse
Um die Relevanz dynamischer Effekte abzuschätzen, wird zunächst eine Dimen-
sionsanalyse auf Grundlage der Zweiphasenerhaltungsgleichungen durchgeführt.
Nach Einführung der dimensionslosen und charakteristischen Größen, in Analogie
zu den Arbeiten von HILFER, 1996 [61], HILFER & ØREN, 1996 [62] und ANTON
& HILFER, 1999 [1], und der Wahl des Drucks der benetzenden Phase, Pw, sowie
der Sättigung der nicht-benetzenden Phase, Sn, als Primärvariablen, kann die Erhal-
tungsgleichung für die nicht-benetzende Phase,

φ
∂Sn

∂t̂
= ∇̂ ·{krn(Sn)

µw

µn
[

KPcc

µwuclc
(∇̂P̂w + ∇̂P̂c)+

µw

µn

Kτ
φµwl2

c
∇̂

∂Sn

∂t̂
− ρn

ρw

ρwgK
µwuc

∇̂ẑ]} , (2)

formuliert werden. Die Erhaltungsgleichung der benetzenden Phase ändert sich
durch die Berücksichtigung der erweiterten Beziehung im Vergleich zum traditio-
nellen Ansatz nicht. Neben den schon bekannten dimensionslosen Zahlen, der Ka-
pillarzahl Ca und der Gravitationszahl Gr, kann nun die ’dynamische Zahl’ Dy nach

Dy =
dynamischer Einfluss

viskoser Einfluss
=

Kτ
φµwl2

c
(3)

definiert werden. Wenn Zähler und Nenner mit der Inversen einer charakteristi-
schen Zeit erweitert werden, erhält man ein Kräfteverhältnis. Das Verhältnis der
bisher eingeführten Zahlen liefert außerdem

DyC =
Dy

Ca−1 =
Kτ

φµwl2
c

µwuclc
KPcc

=
ucτ

φPcclc
=

dynamischer Einfluss
Gleichgewichts-Kapillareinfluss

, (4)

und

DyG =
Dy
Gr

=
Kτ

φµwl2
c

µwuc

ρwgK
=

τuc

φl2
c ρwg

=
dynamischer Einfluss
Gravitationseinfluss

. (5)
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Unter der Annahme, dass der Koeffizient τ als Konstante angesehen werden kann,
nimmt die Bedeutung von dynamischen Einflüssen mit zunehmender charakteristi-
scher Länge im Vergleich zu den Gleichgewichtskapillarkräften ab. Das Gleiche gilt
für das Verhältnis zu den viskosen Kräften oder den Schwerkraftseinflüssen.
Auf der Basis von Simulationen konnte die Frontbreite eines Infiltrationsprozes-
ses als geeignete Interpretation der charakteristischen Länge bestimmt werden. Der
Einfluss der dynamischen Effekte nimmt mit zunehmender typischer transienter
Fließgeschwindigkeit zu. Bei der Anwendung der dimensionslosen Zahlen ist zu
berücksichtigen, dass für die betrachteten Längenskalen ein REV vorliegen muss.
Zur Berechnung der dimensionslosen Zahlen muss unter anderem der Wert des Ko-
effizienten τ für das betrachtete poröse Medium bekannt sein.

Bestimmung des Koeffizienten τ
Auf der Basis von Laborexperimenten und numerischen Simulationen mit dem
Zweiphasenmodul von MUFTE-UG werden nun die Terme der erweiterten
Pc(Sw) Beziehung nach Glg. (1) bestimmt. Diese Daten bilden die Grundlage für die
Berechnung des Koeffizient τ.
Auf der Basis von drei Dränage-Laborexperimenten mit unterschiedlichen
Randbedingungen (durchgeführt von GeoDelft, Niederlande) mit einem Sand
(K = 3.06 ·10−12 m2, Pd = 5587 Pa) konnte eine inverse proportionale Beziehung des
Koeffizienten τ zur Wassersättigung festgestellt werden. Die τ-Werte betragen zwi-
schen τ = 11.0 kPa s und τ = 154.7 kPa s.
Mit Glg. (1) wird eine lineare Beziehung zwischen Kapillardruckdifferenz und Sätti-
gungsänderungsrate angenommen. Diese Annahme wird hier überprüft. Es werden
Regressionen durchgeführt, die einen y-Achsenabschnitt ungleich Null zulassen.
Die Größe des y-Achsenabschnitts wird als Maß für die Abweichung von der linea-
ren Beziehung interpretiert. Basierend auf den Ergebnissen aus den Dränierungsex-
perimenten besteht eine nicht-lineare Beziehung zwischen Kapillardruckdifferenz
und Sättigungsänderungsrate bei hohen Wassersättigungen. Für eine abschließen-
de Aussage zur Identifizierung der Beziehung sind weitere Messungen notwendig.
Für einen Vergleich mit Ergebnissen von KALAYDJIAN, 1992 [68] wird der Koeffizi-
ent τ unabängig für jedes der drei Experimente bestimmt. Die so erhaltenen τ-Werte
unterscheiden sich um ein bis zwei Größenordnungen von denen die KALAYDJIAN,
1992 für Imbibitionsexperimente mit einem Kalkstein bestimmt hat. Die höheren
Werte bei KALAYDJIAN, 1992 können auf eine Prozessabhängigkeit deuten, da er
ein Imbibitionsexperiment verwendet hat. Aber auch Abhängigkeiten von weiteren
Parametern, die sich in den hier verglichenen Experimenten unterscheiden, sind
denkbar. Diese müssen in weiteren unabhängigen Laboruntersuchungen quantifi-
ziert werden. Hier ist noch zu erwähnen, dass bei der Bestimmung von τ für jedes
der drei Experimente eine Abhängigkeit des Koeffizienten von den Randbedingun-
gen auftritt. Mit abnehmenden (transienten) Strömungsgeschwindigkeiten nimmt
der Koeffizient τ bei gegebener Wassersättigung zu. Aus diesem Trend resultiert
allerdings, dass der Koeffizient ein Maximum bei kapillar-dominierten Prozessen
annehmen würde. Dies steht im Gegensatz zu der Annahme, dass unter derarti-
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gen Bedingungen dynamische Effekte von untergeordneter Bedeutung sind. Des-
halb sollte der Koeffizient auf der Grundlage mehrerer dynamischer Experimente
oder mit einem für inverse Parameteridentifikation ausgelegtem Laborexperiment
(siehe O’CARROLL ET AL., 2005 [86]) bestimmt werden.

Zusätzlich zu der Auswertung von Laborexperimenten sind ’numerische Experi-
mente’ durchgeführt worden. Der Koeffizient kann so für weitere poröse Medien
mit einem im Vergleich zu Laborexperimenten geringeren Zeitaufwand bestimmt
werden. Darauf aufbauend wird untersucht, ob dynamische Effekte auch für den
Übergang von der lokalen Skala zur Makroskala identifiziert werden können.
Da die Pe

c (Sw) -Funktion ein Term der erweiterten Beziehung ist, wird zunächst de-
ren Bestimmung durch ein numerisches Experiment für eine einfache Struktur, zwei
Feinsandlinsen eingebettet in einen Grobsand, vorgestellt. In diesem Experiment
wird der am Rand vorgegebene Kapillardruck stufenweise erhöht. Vor jeder weite-
ren Erhöhung werden die Phasendrücke und Sättigungen über das Gebiet gemit-
telt, um so ein Datenpaar Pc− Sw zu erhalten. Der Ansatz zur Mittelung der Pha-
sedrücke, deren Differenz dann den gemittelten Kapillardruck ergibt, kann somit
überprüft werden. Wenn der mit dem Phasenvolumen gewichtete mittlere Phasen-
druck in die gemittelte Pc(Sw) Beziehung eingeht, kann eine gute Übereinstimmung
mit einem analytischen Ansatz erzielt werden (siehe Abb. 2, links). Das arithme-
tische Mittel der Phasendrücke ergibt bei der Verwendung der Parametrisierung
der Pc(Sw) Beziehung nach BROOKS & COREY, 1964 [19] einen zu hohen Kapillar-
druck solange die Feinsandlinsen noch voll wassergesättigt sind. Dann tragen diese
Teile des Gebietes zum mittleren Druck der nicht-benetzenden Phase bei, obwohl
deren Sättigung dort Null ist. Wird für die gemittelte Pc(Sw) Beziehung der durch
die Randbedingungen vorgegebene Kapillardruck zusammen mit der gemittelten
Sättigung verwendet, können Unterschiede zum gemittelten Kapillardruck festge-
stellt werden. Der gemittelte Kapillardruck kann höher sein als der Randkapillar-
druck. Diese Differenz geht auf den Aufstau von nicht-benetzender Phase auf den
Linsen zurück. Sie geht gegen Null für geringe Druckgradienten in den Phasen.
Zum anderen lassen sich größere Abweichungen bei hohen Randkapillardrücken
beobachten. Obwohl die Kriterien zur Einschätzung der Stationarität erfüllt sind,
bleibt der gemittelte Kapillardruck geringer als der Randkapillardruck. Die Höhe
der Stationaritätskriterien (∆<Pw>/∆t < εp und ∆<Sn>/∆t < εS) entscheidet über die Ab-
weichung und somit über die Höhe der Residualsättigung der benetzenden Phase
(siehe Abb. 2, rechts). Werden noch strengere Kriterien angelegt, resultiert dies in
unakzeptabel langen Rechenzeiten. Die Anwendung eines numerischen Modells ist
demzufolge nicht so effizient wie z.B. die von Perkolationsmodellen. Diese beruhen
aber auf der Annahme des kapillaren Gleichgewichts. Deshalb können mit dem Mo-
dell keine viskosen Einflüsse auf die gemittelte Pc(Sw) Beziehung untersucht wer-
den.
Als weiterer Schritt werden numerische Experimente zur Identifizierung der dy-
namischen Pc(Sw) Beziehung vorgestellt. Im Gegensatz zu den stationären Experi-
menten wird hier der Randkapillardruck innerhalb des ersten Zeitschritts um einen
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signifikanten Betrag erhöht. Nach jedem Zeitschritt werden die Phasendrücke und
Sättigungen gemittelt, um einen kontinuierlichen Verlauf der Pd

c (Sw) Funktion zu
halten. Zunächst werden homogene Systeme untersucht, um dann im Folgenden
zwischen dem Einfluss von Heterogenitäten und dem Einfluss der Randbedingun-
gen, des Mittelungsvolumens und den Eigenschaften des porösen Mediums und der
Fluidparameter zu unterscheiden. Ein dynamischer Effekt in der Pc(Sw) -Beziehung
kann nur festgestellt werden, wenn gemittelte Phasendrücke, im Gegensatz zu ei-
nem diskreten Wert z.B. an einem Knoten, in die Pd

c (Sw) Beziehung eingehen. Der
Koeffizient τ verhält sich proportional zur Porosität, zur (mit der Sättigung gewich-
teten, gemittelten) Viskosität und dem Quadrat der Mittelungslänge. Des Weiteren
besteht eine inverse Proportionalität zur intrinsischen Permeabilität. Diese Bezie-
hungen gelten allerdings nur für Viskositätsverhältnisse µw/µn von eins und kleiner
eins bei mittleren Wassersättigungen von Swr << Sw < 1.0 (siehe Abb. 3 und 4). Mit
diesen Ergebnissen lässt sich die dimensionslose Zahl

ND =
τK

φµl2 (6)

von DAHLE ET AL., 2005 [30], in dem l eine typische Länge des Mittelungsvolumen
ist, nachvollziehen. Diese Autoren bestimmen den Koeffizienten τ auf der Grundla-
ge eines Kapillarbündelmodells und stellen fest, dass ND bei mittleren Sättigungen
ungefähr eins beträgt. Die Parameter, welche in die Parametrisierung der Pc(Sw) -
Beziehung eingehen, haben nur einen geringen Einfluss auf die Größe des in nume-
rischen Experimenten bestimmten Koeffizienten. Diese Ergebnisse stehen im Ge-
gensatz zu der von STAUFFER, 1978 [108] vorgeschlagenen Gleichung (3.2) zur Be-
stimmung von τ, nach der der Koeffizient z.B. positiv mit dem Eindringdruck kor-
reliert.
Wenn der Koeffizient wie hier bestimmt, positiv mit dem Quadrat der Mitte-
lungslänge korreliert, ist seine Größe nicht klar begrenzt. Demzufolge kann kein



XXIV Zusammenfassung

10
4

10
5

10
6

10
7

10
8

10
9

 0.4  0.5  0.6  0.7  0.8  0.9  1

K
o

e
ff

iz
ie

n
t 

τ 
[P

a
 s

]

Wassersaettigung Sw [-]

3 Boxen
5 Boxen

17 Boxen
τS

Abb. 3: τ(Sw) für verschiedene Mittelungs-
volumen und kalkuliert nach Glg. (3.2)

 0.1

 1

 10

 100

 0.4  0.5  0.6  0.7  0.8  0.9  1

D
im

e
n

si
o

n
sl

o
se

 Z
a
h

l 
N

D
 [

-]

Wassersaettigung Sw  [-]

Mittelung ueber 5 Boxen

µw = µn = 0.001
µw / µn = 0.1

µw / µn = 10.0

Abb. 4: Die dimensionslose Zahl ND(Sw)
basierend auf der sättigungsgewichteten
gemittelten Viskosität für drei Viskositäts-
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REV bestimmt werden. Demzufolge muss entweder die Mittelungslänge auf ei-
ne beschränkte Größe bezogen werden (z.B. die Inverse der Distanz des typischen
Druckabfalls). Oder aber die Mittelung der Phasedrücke muss überdacht werden.
Für das oben beschriebene heterogene System kann ein signifikanter Einfluss auf
den Koeffizienten τ erst bei der Dränage der Feinsandlinsen festgestellt werden.
Werden Heterogenitäten basierend auf einem räumlich-korrelierten Zufallsfeld in
die Simulationen einbezogen, kann kein Einfluss der Heterogenitäten auf τ(Sw) fest-
gestellt werden. Anscheinend bewirkt die kontinuierliche Verteilung der Parame-
ter, dass das mittlere Verhalten des Systems dominiert. Wenn man die räumlich-
korrelierten Zufallsfelder von Eindringdruck und intrinsischer Permeabilität als
subskalige Heterogenitäten auffasst, brauchen diese Verteilungen nicht berücksich-
tigt werden, wenn der Koeffizient τ basierend auf numerischen Experimenten be-
stimmt werden soll. Anzumerken ist, dass dynamische Effekte auf Grundlage von
Homogenisierungstheorien identifizierbar sind (BOURGEAT & PANFILOV, 1998 [16],
LEWANDOWSKA ET AL., 2004, 2005 [75, 76]). Allerdings müssen bestimmte Annah-
men erfüllt sein, wie beispielsweise eine klare Skalenseparation der kleinskaligen
Heterogenität im Verhältnis zu der Systemabmessung. Außerdem muss das Verhält-
nis der Parameter der feinen und groben Heterogenitäten bestimmten Anforderun-
gen genügen.

Simulationen
Im letzten Teil der Arbeit wird die Anwendung eines numerischen Modells vor-
gestellt, mit dem die Zweiphasenerhaltungsgleichungen unter Einbeziehung einer
erweiterten Kapillardruck-Sättigungsbeziehung gelöst werden. Basierend auf den
beschriebenen Quantifizierungen des Koeffizienten geht τ nicht nur als Konstante
sondern auch als Funktion der Sättigung (linear oder quadratisch) in die Simulatio-
nen ein.
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Unter der Annahme, dass ein Laborexperiment für die Bestimmung des Koeffizien-
ten τ notwendig ist, wird zunächst eine Sensitivitätsanalyse durchgeführt. Es zeigt
sich, dass die Sensitivität der kumulativen Masse der benetzenden Phase im System
Mc

w(t), einer somit integralen Größe, als auch der Sättigung Sn(x, t), in Bezug auf
den Koeffizienten τ kleiner ist als gegenüber den anderen getesteten Parametern. Es
wird daher vorgeschlagen, mindestens zwei unterschiedliche Arten von Laborexpe-
rimenten durchzuführen: eine Art zur unabhängigen Bestimmung der traditionell
in die Zweiphasengleichungen eingehenden Parameter, und eine andere Art von
Experiment ausschließlich zur Bestimmung des Koeffizienten. Diese Herangehens-
weise setzt voraus, dass weder die Restsättigungen noch die relativen Permeabi-
litäten von der Dynamik der Prozesse abhängen.
Die dimensionslosen Zahlen Dy und DyC können, unter Verwendung der Front-
weite als charakteristischer Länge, zur Einschätzung des Einflusses der erweiterten
Kapillardruck-Sättigungsbeziehung auf die Lösung herangezogen werden. Wenn
die dynamischen die viskosen, aber nicht die Gleichgewichtskapillareinflüsse do-
minieren, kann ein Dämpfungseffekt im Verlauf der kumulativen Masse über die
Zeit beobachtet werden (siehe Abb. 6.4). In Bezug auf die Infiltrationsfront können
Bereiche identifiziert werden, die schneller bzw. langsamer als der Referenzfall rea-
gieren, bei dem das traditionelle Modell mit einer eindeutigen Pc(Sw) Beziehung
verwendet wurde. Bei der Anwendung einer Neumann-Randbedingung kann ei-
ne Prozessumkehr von Imbibition zu Dränage und zurück beobachtet werden (sie-
he Abb. 6.12). Wenn die dynamischen Einflüsse zusätzlich zu den viskosen auch
die Gleichgewichtskapillar-Einflüsse dominieren, können bei einem hohen Visko-
sitätsverhältnis µw/µn Oszillationen in der Lösung auftreten. Generell kann bei den
vorliegenden partiellen Differentialgleichungen mit Oszillationen gerechnet wer-
den, wenn bestimmte Parameterverhältnisse auftreten (persönliche Kommunikati-
on H. v. Duijn, TU Eindhoven, Niederlande).
Zusammenfassend kann festgehalten werden, dass ein Einfluss auf die Lösung nur
bei hohen Änderungsraten der Sättigung und hohen Koeffizienten τ auftritt. Die di-
mensionslosen Zahlen Dy und DyC können eine Einschätzung geben, ob die Lösung
beeinflusst wird. Zusätzlich muss das Viskositätsverhältnis berücksichtigt werden.

Ausblick
Die Abhängigkeit des auf der Grundlage numerischer Experimente bestimmten Ko-
effizienten τ vom Mittelungsvolumen ist ein noch nicht gelöstes Problem. Eine wich-
tige offene Forschungsfrage stellt deshalb die Mittelung der Phasendrücke dar. Die
Skalenabhängigkeit des Koeffizienten ist auch in Laborexperimenten noch nicht un-
tersucht worden.
Will man die für ein heterogenes Gebiet bestimmten τ-Werte anwenden, müssen
auch andere Parameter und konstitutive Beziehungen gemittelt werden. Während
z.B. für die Mittelung der intrinsischen Permeabilität Ansätze existieren, ist die Mit-
telung der relativen Permeabilitäten unter transienten Bedingungen Gegenstand
von Forschungsarbeiten. Nur eine konsistente Mittelung würde den Vergleich zu
Laborexperimenten oder homogenen Referenzfällen ermöglichen.



XXVI Zusammenfassung

Des Weiteren sollte eine detaillierter Analyse des Einflusses der erweiterten Pc(Sw) -
Beziehung auf die Ergebnisse von numerischen Simulationen durchgeführt werden.
Die hier vorgestellte Diskretisierung kann außerdem nicht auf heterogene Gebiete
angewendet werden, da der Gradient der Änderungsrate der Sättigung bestimmt
werden muss. Die Sättigung kann aber an der Grenzfläche von Heterogenitäten un-
stetig sein. Um diese Grenzflächen korrekt abzubilden, sollte eine Bedingung, ähn-
lich der von DE NEEF, 2000 [35] vorgeschlagenen Behandlung von Grenzflächen zur
korrekten Abbildung des Eindringdrucks, gefunden werden.
Allgemein betrachtet, beeinflussen sowohl dynamische als auch hysteretische Effek-
te die konstitutiven Beziehungen, welche für die Beschreibung von Zweiphasenpro-
zessen auf der lokalen Skala und der Makroskala angewendet werden. Die Prozesse,
die zu solchen Effekten führen und ihre Interaktion sind noch nicht vollständig ana-
lysiert. Dies erschwert die Identifikation der auf den verschiedenen räumlichen und
zeitlichen Skalen relevanten Prozesse.
Diese Arbeit leistet zum einen einen Beitrag zum Verständnis dynamischer Effekte
in Kapillardruck-Sättigungsbeziehungen für die lokale Skala und die Makroskala.
Zum anderen gibt sie eine Einschätzung, für welche Zweiphasenprozesse diese Ef-
fekte berücksichtigt werden sollen.
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1 Introduction

1.1 Motivation

The understanding and prediction of the flow processes of two immiscible fluids in
a non-deformable porous medium play an important role in subsurface or in tech-
nical applications. In the unsaturated zone of the subsurface, the prediction of the
distribution and fluxes of water and gas (air) serves as a basis for the modelling
of contaminant transport, such as the displacement of pesticides or heavy metals.
Flow processes in the unsaturated zone also need to be quantified in order to cal-
culate groundwater recharge. Moreover, groundwater and a non-aqueous phase
liquid (NAPL) contaminant such as an organic solvent form a two-phase system in
the subsurface. For the development and application of remediation measures, two-
phase flow needs to be understood profoundly. Two-phase flow processes have thus
been studied intensively not only in engineering but also in soil physics and hydro-
geology over recent decades (e.g. CHARBENEAU, 2000 [24]). Apart from applications
related to subsurface hydrosystems, two-phase flow problems are encountered in
technical applications, e.g. the movement of two fluids through a filter or the infil-
tration of ink into paper (see MIDDENDORF, 2000 [79]).
The applications just described are linked to different spatial scales. In general, the
smallest scale considered is the pore scale (see Fig. 1.1), where the occurrence of a
fluid or the solid matrix is clearly defined for each point in space. An averaging pro-
cess marks the transition to a larger scale, here denoted local scale. Yet another scale
transition leads to the macroscale. This thesis focuses on two-phase flow processes
on the local scale and the macroscale, though pore scale processes might be con-
sulted for physical interpretations. Currently, the models on these scales describing
two-phase flow consist of the mass balance equations for both phases, including the
extended DARCY’s law for the calculation of the fluids’ velocities, and constitutive
relationships that capture the interaction between the fluids and the porous medium
in an averaged sense. One of them quantifies the relation of the volumetric frac-
tions of the fluid phases – the saturations – at a given difference between the phase
pressures – the capillary pressure – related to an averaging volume. Since the be-
ginning of the last century, many studies have dealt with determining the capillary
pressure-saturation relationship Pc(Sw) with either laboratory experiments, analyti-
cal approaches or numerical techniques. Traditionally, the determination of the rela-
tionship was performed on the assumption of a quasi-static distribution of the fluids
or a steady-state where the saturations do not change in time. Several studies have
examined the performance of the traditional two-phase flow theory in describing
transient flow conditions. Researchers have found various shortcomings when ap-
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plying the existing models. Two major issues have thus occurred, non-uniqueness
in the Pc(Sw) relationship and the inability to simulate certain two-phase flow be-
haviour under transient conditions.

macro scalelocal scale field scalepore scale

REV
REV

macro

soil matrix

0.01 − 0.1 m< 0.01 m > 0.1 m

local

level

conceptual

non−wetting
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application 
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Figure 1.1: Depiction of spatial scales (in parts from KOBUS, 1995 [70])

To illustrate the non-uniqueness in the Pc(Sw) relationship an example from TOPP ET
AL., 1967 [109], who measured Pc(Sw) relationships in the laboratory under quasi-
static, steady-state and transient flow conditions, is presented (see Fig. 1.2). The
Pc(Sw) data measured under stationary conditions (quasi-static or steady-state) dif-
fer only slightly. In contrast, the capillary pressure from the transient experiment
at a given saturation is higher than the one from the other two experiments. Con-
sequently, the relationship between saturation and capillary pressure cannot be re-
garded as unique. The effect has been observed both under drainage (e.g. gas dis-
places water) as well as imbibition (e.g. water displaces oil) conditions. The non-
uniqueness needs to be taken into account when the Pc(Sw) relationship is measured
in the laboratory, or when this constitutive relationship is applied in the simulation
of two-phase flow, e.g. to assess remediation techniques.
In recent decades, theoretical studies carried out by HASSANIZADEH & GRAY, 1990
[55], HASSANIZADEH & GRAY, 1993 [56], or KALAYDJIAN, 1987[67], as well as
the empirical approach of STAUFFER, 1978 [108] have produced new aspects to
two-phase flow theories. One important aspect relates to the treatment of capil-
lary pressure-saturation relationships. In summary, these authors propose that the
difference between the capillary pressure prevailing under transient conditions, de-
noted here dynamic capillary pressure Pd

c , and the one determined under quasi-
static or steady-state conditions (in the following denoted equilibrium capillary
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Figure 1.2: Illustration of dynamic effects in the Pc(Sw) relationship using experimental re-
sults from TOPP ET AL., 1967 [109]

pressure Pe
c ) at a given water saturation can be linearly related to the rate of change

of water saturation

Pd
c −Pe

c (Sw) =−τ
∂Sw

∂t
, (1.1)

where τ denotes a coefficient quantifying the slope of the relationship. According
to Eqn. (1.1), the dynamic capillary pressure equals the equilibrium one only under
static or steady-state conditions, when the rate of change of saturation diminishes
to zero. Under transient conditions, this convergence may not be reached instanta-
neously but depending on the rate of change of saturation and the magnitude of the
coefficient τ. This rate dependence is denoted here ’dynamic effect’. The relation
given in Eqn. (1.1) is termed the extended Pc(Sw) relationship.
Concerning the application scenarios described above, the extended Pc(Sw) relation-
ship needs to be taken into account only for cases where high rates of change of satu-
ration occur or where the porous media possess a large coefficient τ. High saturation
rates might be encountered for example when water infiltrates into an initially dry
subsurface after heavy rain-fall. The magnitude of the coefficient for a given porous
medium and fluid system is one of the questions tackled in this thesis.
Related to the inability of the traditional two-phase flow models to reproduce cer-
tain transient flow behaviour, the investigations of NIEBER ET AL., 2005 [84] should
be mentioned, who applied the extended Pc(Sw) relationship and were thus able
to enhance the modelling of fingering observed in gravity-driven flow. DICARLO,
2005 apply an extended Pc(Sw) relationship to model the saturation-overshoot ob-
served at the tip of fingers but cannot reproduce the overshoot well with this model.
O’CARROLL ET AL., 2005 [86] were able to improve the simulation of a multi-step
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outflow experiment with water-oil including the extended Pc(Sw) relationship in
comparison to simulations on the basis of the traditional assumptions.
Although the influence of transient flow processes on the Pc(Sw) relationship has
been examined sporadically over several decades, only recently have investigations
intensified. Several open questions pertain to the impact of dynamic effects on two-
phase flow in porous media on the local scale to the macroscale.

• The increased model complexity and determination of an additional param-
eter can only be justified if flow processes can be identified where dynamic
effects play a crucial role and thus need to be taken into account in simula-
tions.

• The empirical formula of STAUFFER, 1978 [108] for the coefficient τ on the
basis of laboratory experiments with four different sands and a water-air fluid
system, as well as the dimensionless grouping introduced by DAHLE ET AL.,
2005 [30] on the basis of a bundle of capillary tubes model should be verified
for additional porous media or fluid systems and different approaches to the
determination of the coefficient.

• My attention was first drawn to dynamic effects in the Pc(Sw) relationship dur-
ing the analysis of a multi-step outflow experiment performed by researchers
at the Universität Heidelberg (see VOGEL ET AL., 1999 [116]). The simula-
tion of the experiments using the standard two-phase flow model could not
reproduce relaxation characteristics detected in parts of the measured outflow.
Neither parameter variations nor the inclusion of heterogeneity in the simula-
tions resulted in the reproduction of the relaxation behaviour (for details see
App. A). Dynamic effects in the Pc(Sw) relationship could not be precluded in
the experiment, thus my attention resulted in the analysis of these effects. The
impact on simulation results when the extended Pc(Sw) relationship is applied
in the balance equations (instead of the traditional Pc(Sw) relationship) needs
to be examined. Amongst other issues, the question whether the inclusion of
the extended Pc(Sw) relationship results in a retardation of the flow processes
needs to be investigated.

1.2 Goals and structure of the thesis

Resulting from the motivation, the goals of this thesis can be summarised as follows.

1. One goal of this thesis is to identify the importance of forces due to dynamic
effects in the Pc(Sw) relationship in relation to (equilibrium) capillary, viscous
and gravitational forces on the basis of a dimensional analysis of the balance
equations closed with the extended Pc(Sw) relationship. The evolving dimen-
sionless numbers should give an indication as to when dynamic effects domi-
nate in two-phase systems.
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2. A further aim is to quantify the coefficient τ with different approaches and
to analyse these approaches. The determination of the coefficient is based on
laboratory experiments performed by GeoDelft, The Netherlands and on sim-
ulations which mimic laboratory experiments. Possible dependences of the
coefficient τ on the water saturation, on porous media properties, on fluid
properties, or on the averaging length scale need to be investigated. More-
over, the validity of the linear relation between capillary pressure difference
and rate of change of saturation should be tested.

3. The impact on simulation results stemming from the extended Pc(Sw) relation-
ship should be assessed for different porous media/fluid systems and magni-
tudes of the coefficient for varying boundary conditions. With a sensitivity
analysis, appropriate boundary conditions and to be measured magnitudes
should be identified if the coefficient were to be determined by an inverse pa-
rameter estimation.

The thesis is structured as follows. In Ch. 2, the physical-mathematical model of
two-phase flow in porous media on the local scale and macroscale is described. In
Ch. 3 laboratory investigations from the literature which examine dynamic effects in
the Pc(Sw) relationship are analysed with a view to reasons why these effects might
occur. Models with which the non-uniqueness in the Pc(Sw) relation due to the rate-
dependence can be resolved are introduced in Secs. 3.3 to 3.5 and a general form of
an extended Pc(Sw) relationship is chosen for further investigation.
On the basis of the local scale conservation equations including the extended
Pc(Sw) relationship, a dimensional analysis is carried out, which yields dimension-
less numbers quantifying the ratio between forces due to the dynamic effects with
respect to the equilibrium capillary, viscous or gravity forces. These numbers fa-
cilitate an assessment of the dominating forces for a process given the porous me-
dia parameters are known (see Sec. 3.6). The dimensionless numbers help to find
parameter combinations for the simulations in Ch. 6. These combinations should
ensure a dominance of dynamic forces.
For the simulation of two-phase flow processes, a numerical model is required. The
spatial and temporal discretisation is first set up, applying the traditional and sec-
ondly the extended Pc(Sw) relationship to close the system of the two-phase balance
equations (see Ch. 4).
Calculation of the dimensionless numbers or simulations including the extended
Pc(Sw) relationship require a knowledge of the coefficient τ. In Ch. 5 various ap-
proaches are tested for the determination of the coefficient. The laboratory data
from GeoDelft, The Netherlands, serve to quantify the coefficient τ as a function of
the water saturation and to test the linearity of the extended Pc(Sw) relationship (see
Sec. 5.3). Furthermore, simulations mimicking laboratory experiments described in
Sec. 5.4 are applied to specify the coefficient as a function of water saturation, porous
media and fluid properties. A dependence on the length scale is discussed. The de-
termination of the coefficient with numerical experiments is based on the assump-
tion that local scale heterogeneity can introduce dynamic effects in addition to the
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ones arising when upscaling from the pore to the local scale as shown by e.g. HAS-
SANIZADEH & GRAY, 1990 [55]. A second assumption is that in the observed flow
processes the dynamic effects dominate.
Simulations on the basis of the balance equations including the extended
Pc(Sw) relationship are presented in Ch. 6. Assuming known model parameters in-
cluding the coefficient τ, the resulting dimensionless numbers are calculated for the
simulations in order to test whether they assess an impact on simulation results
correctly. Three different simulations serve to assess the effect on the results in com-
parison to simulations on the basis of the traditional Pc(Sw) relationship. Besides
the porous media properties, the boundary conditions are varied to yield different
magnitudes of the dimensionless numbers.
On the basis of a summary of the findings, conclusions are drawn and an outlook
on subsequent work is given in Ch. 7.



7

2 Physical-mathematical model of
two-phase flow

In this thesis, the flow processes of two immiscible fluids in a rigid porous medium
at isothermal conditions are examined. First, an overview of the conceptual model
and definitions pertaining to this field of research are given. The conceptual model
needs to be expressed in the form of a mathematical model. With this mathematical
model, the flow of two fluid phases in a porous medium can be assessed at a scale
where DARCY’s law holds. First, the scale definitions and the appertaining REV
concept are introduced.

2.1 Conceptual model and definition of system
properties

To progress from one spatial scale to a higher one, an averaging procedure is re-
quired. A scale transition is closely related to the concept of the Representative
Elementary Volume (REV) after BEAR, 1972 [10]. This concept assumes that the
fluctuations of an averaged parameter are negligible for a length l [126], with

d << l << L, (2.1)

where d represents a length scale of the pore scale and L represents a larger scale
where again fluctuations in the averaged parameter might occur (see Fig. 2.1). Over
the length l the average of the variable considered does not change with an altering
averaging volume. It is assumed that one REV can be found for different parame-
ters.
The first scale transition considered here is the one from the pore scale to the local
scale (see Fig. 1.1). Consequently, a volume including a pore space and the fluids
distributed therein needs to be found on the pore scale, such that, by averaging over
given quantities, effective parameters can be allocated to that volume on the local
scale. If for example the volume of the two fluids is averaged over this volume on
the pore scale, a new variable – the saturation – evolves on the local scale. As a con-
sequence, the occurrence of one phase can no longer be defined for a point in space,
but all phases can theoretically occur at that point. Moving to a yet larger scale, here
denoted the macroscale, porous media with different effective parameters on the
local scale might need to be taken into account. Averaging over these might intro-
duce new characteristics on the macroscale, such as a direction dependent relative
permeability-saturation relationship (see e.g., BRAUN, 2005 [18]).
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Figure 2.1: REV concept after BEAR, 1972 [10]

This thesis focuses on the local scale and the macroscale, though the scale transition
from pore to local scale is also considered to some extent for physical explanations.
While the local scale can be related to the laboratory column scale, the macroscale
can be linked to laboratory bench scale.

2.1.1 Phase properties

On the pore scale, a phase can be defined as a volume of a substance bounded by
an area. Within this volume, no jumps in the chemical composition and physical
properties such as the density occur. Its boundary is characterised by an interface.
On the local scale, the interfaces are no longer resolved, a phase is then quantified
by a volume or volume fraction.
In the framework of this study, three phases are distinguished, namely gaseous,
liquid, and solid phases.
In the following, the concept of fluid mechanics is adopted, which assumes that all
matter can be divided into fluids and solids. In contrast to a fluid, a solid can resist
shear stress by a static deformation. A fluid will deform or move continuously as
long as shear stress is applied. Liquids and gases can thus both be categorised as
fluid phases.
Depending on the thermodynamic state of a system consisting of more than one
phase, phase transitions such as evaporation or crystallisation might occur. In the
context of this thesis, phase transitions will not be taken into account.

A porous medium consists of a solid phase possessing void space, which can be
occupied by one or more fluids. The void space is usually named pore space. The
pores need to be connected to enable the flow of a fluid phase. The ratio of the
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volume of the pores Vp to the averaging volume Vav quantifies the porosity

φ =
Vp

Vav
=

Vp

Vp +Vsolid
. (2.2)

For natural soils, the porosity usually ranges between φ = 0.35 and φ = 0.5 [23].
The solid phase is considered rigid. It will not be counted as a phase when the term
’two-phase’ is employed. This term refers here to a porous medium occupied by
two immiscible fluid phases.

The density of a phase ρ [ML−3] is defined by the ratio of its mass m to the volume
V it occupies. The density depends on temperature and pressure, though for most
liquids the pressure dependence may be neglected. In this thesis also any density
dependence of the gas phase is not taken into account. As only isothermal condi-
tions are considered here, dependence of the fluid density on temperature is not an
issue.

The dynamic viscosity of a fluid phase µ [ML−1T−1] is caused by intermolecular
attractive forces, e.g. VAN DER VAALS forces, which impede the displacement of
molecules. The dynamic viscosity can be interpreted as proportional to the force
required to move a fluid layer of 1 m2 and 1 m thickness parallel to a boundary layer
with a velocity of 1.0 m/s. The dynamic viscosity of a fluid with a constant chemical
composition depends on temperature and on pressure. For the scope of this thesis,
these dependences are assumed not to play a role.
Tab. 2.1 lists the densities and viscosities of the fluids employed in this thesis. Per-
chlorethylen (PCE) is a dense non-aqueous phase liquid (DNAPL) that has a higher
density than water.

Table 2.1: Fluid parameters for water, gas (air) and Perchlorethylen (PCE) as applied in this
study

density ρ [kg/m3] dynamic viscosity µ [kg/(m s)]

water 1000 0.001
gas (air) 1.8836 1.65 ·10−5

PCE 1630 0.9 ·10−3

Two phases are bounded by an interface, where forces act which are usually de-
noted interfacial tension. In fluids, cohesion forces, caused e.g. by VAN DER WAALS
forces, work between the molecules of the fluid. Especially in water, these forces are
strong due to the dipole character of the molecule. Cohesion forces act uniformly
within a liquid phase, whereas at the surface of the phase the forces are only ef-
fective parallel and perpendicular to the surface. This results in a force which is
directed into the phase. To reduce this force, a fluid phase aims at minimising its
surface area. The interfacial tension γ1,2 [MT−2] between phase 1 and 2 relates the
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work W required to minimise the surface to the change in surface area A1,2 between
the phases

γ1,2 =
∂W

∂A1,2
. (2.3)

The interfacial tension is thus a measure of the cohesive energy acting on the inter-
face between two phases.
In addition to the cohesion forces, adhesion forces, which are also induced by VAN
DER WAALS forces, act between different fluids or fluids and solids. The adhesion
forces result in interfacial tension as well.
The interfacial tension depends primarily on the chemical composition of the phases
and the temperature. In Section 2.2.1 further dependencies are discussed.

2.1.2 Thermodynamic equilibrium

A system that cannot exchange energy or matter with its surroundings is in ther-
modynamic equilibrium when its properties do not change with respect to time.
Thermodynamic equilibrium can be divided into thermal, chemical, electrical, and
mechanical equilibrium. Only the latter is of interest here as exclusively isothermal
systems with phases of a constant chemical composition each are considered.
Mechanical equilibrium prevails if the pressure over an interface between two
phases is constant, as for example over the boundary between a lake and the at-
mosphere. However, in a porous medium due to the interfacial tensions, a pressure
difference between the two fluid phases exists, namely the capillary pressure (see
Sec. 2.2.1). Consequently, the capillary pressure needs to be included in the balanc-
ing of the pressures. Then, as long as the pressure of the non-wetting phase equals
the capillary pressure plus the wetting phase pressure, the system is in mechanical
equilibrium.
In the context of this thesis, ’equilibrium’ is defined according to the problems under
consideration, although it might not agree with other theories [11]. For a two-phase
system in a porous medium, two equilibrium states are distinguished. At static
equilibrium, the fluid phases do not flow. In addition, at a steady-state equilibrium,
a fluid phase flows due to a pressure gradient within the phase but the divergence
of the flow field and the source/sink term equal zero. Time-dependent flow pro-
cesses are termed transient or dynamic processes. In all cases, local mechanical
equilibrium is assumed to hold as long as dynamic effects in the capillary pressure-
saturation relationship are not taken into account (compare Ch. 3).

2.2 Constitutive relationships

Constitutive relationships are employed on the local scale and higher scales in order
to relate a secondary variable, such as the capillary pressure or the relative perme-
ability, to a primary variable, the saturation.
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2.2.1 Capillary pressure - saturation relationship

Because this thesis focuses on dynamic effects in two-phase flow, not only the tra-
ditional approach to capillarity on the local scale assuming equilibrium conditions
but also the influence of transient flow conditions are illustrated. Preceding the lo-
cal scale definitions, capillarity on the pore scale is described, as pore scale processes
might be consulted to explain effects observed in the local scale quantities.

2.2.1.1 Capillarity on the pore scale

Static equilibrium conditions For the static configuration of two fluid phases and
a solid phase (e.g. a droplet of water on glass in a gas), three interfacial tensions γαβ
drag on the interfaces (see Fig. 2.2, left). The three phases meet at the contact line (see
Fig. 2.2, right). At the interface between the fluids and the solid, an angle develops
in relation to the magnitude of the cohesion and adhesion forces. This static contact
angle θe measures the angle between the tangent at the fluid-fluid interface at the
contact line and the solid. On the basis of the static contact angle, the wetting ability
of a fluid is determined as follows:

• θe = 0 → completely wetting
• 0 < θe < 90◦ → partially wetting
• θe > 90◦ → non-wetting

In the cases considered here, water is always assumed to be the wetting phase with
a contact angle that equals zero.
In a two-phase system, three interfacial tensions act, namely between the solid and
the non-wetting phase γsn, between the non-wetting phase and the wetting phase
γwn, and between the wetting phase and the solid γsw (see Fig. 2.2, left).
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Figure 2.2: Illustration of YOUNG’S equation (left) and capillary pressure in a cylindrical
tube (right)
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On the basis of YOUNG’S equation [130]

γwn cosθs = γsn− γsw , (2.4)

the equilibrium of forces parallel to the solid phase boundary can be assessed if
gravity can be neglected. Forces perpendicular to the solid phase boundary, acting
in the horizontal for a configuration as depicted in Fig. 2.2, left, are not examined
here, and are considered negligible.
As indicated in Fig. 2.2, left, the interface between fluid phases can be curved. The
curved shape indicates that a pressure difference between the pressure of the non-
wetting phase Pn and the pressure of the wetting phase Pw exists, otherwise the
interface would be planar. LAPLACE, 1806 [73] relates the difference in the pressures
to the interfacial tension and the principal radii of curvature R1 and R2

Pn−Pw = γwn

(
1

R1
+

1
R2

)

= Pc . (2.5)

The difference between the pressure of the non-wetting phase and the wetting phase
is denoted the capillary pressure Pc. The principal radii of curvature can be obtained
for any curved surface on the basis of two perpendicular planes (of which one must
contain the surface normal) and their intersections with the interface [22]. For a
(semi-) spherical interface, where R1 = R2 and 2

R = 1
R1

+ 1
R2

Eqn. 2.5 simplifies to

Pc =
2γwn

R
. (2.6)

The LAPLACE equation can also be derived with an example more closely related to
two-phase flow in porous media. A pore can be idealised as a cylindrical tube with
a radius r. If for example a glass tube is dipped vertically into water, water flows
up the tube up to a given height and rests there. A meniscus between water and air
forms (see Fig. 2.2, right)
The weight of the water (Πr2hgρw) hangs on the contact line (2Πr) with the force
(γwn2Πr). The capillary rise hc of the water in the tube can then be computed for a
completely wetting water phase (θe = 0, radius of curvature equals the radius of the
tube) after

hc =
2γwn

rρwg
. (2.7)

For partially wetting systems, Eqn. 2.7 can be recasted slightly. In these systems
the radius of curvature r′ of the interface can be related to the radius of the tube by
r′ = r

cosθe
, which leads to

hcgρ =
2γwn cosθs

r
, (2.8)
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where the first term quantifies the influence of the hydrostatic pressure. The right
side of the equation describes the normal drag of the interface.
The magnitude of the static contact angle depends on the chemical composition and
the roughness of the solid surface. Moreover, some authors [63, 124] report a history
dependence, a static hysteresis in the contact angle. According to these studies, the
contact angle differs when established after drainage as compared to imbibition. In
a drainage process, the wetting fluid is displaced by the non-wetting fluid whereas
in imbibition the wetting fluid displaces the non-wetting.

Transient conditions On the pore scale, the movement of the interface between
two fluids characterises transient conditions. YOUNG’S equation (2.4) can be rewrit-
ten, assuming that the balance of forces is also valid under transient conditions [15],

γwn cosθd = γsn− γsw, (2.9)

where the dynamic contact angle θd is introduced. In laboratory experiments a
deviation of the dynamic from the static contact angle has been observed. Conse-
quently, at least one of the interfacial tensions in Eqn. (2.9) must deviate from its
static value. Two phenomena may play a role on the pore scale: dynamic interfacial
tension and dynamic contact angle.
Traditionally, the interfacial tension is measured with standard methods which as-
sume that the interfacial tension at the time of the measurement is in thermody-
namic equilibrium. However, dynamic interfacial tension has been described both
in experimental (e.g. by SCHROTH ET AL., 1995 [97]) and in theoretical (e.g. by
SHIKHMURZAEV, 1997 [103]) investigations.
Furthermore, a dynamic contact angle has been identified on the pore scale. It has
been observed, that the dynamic contact angle increases for increasing velocity of
the moving contact line during imbibition processes and decreases with increasing
velocity in drainage processes. Several authors thus relate the dynamic contact angle
to the pore scale capillary number on the basis of a non-linear function: see, for
example, BLAKE ET AL.,1999 [15], FERMIGIER & JENFFER, 1991 [41], WEISLOGEL,
1997 [124], ZIMMERMANN, 1986 [132], and ZHOU & SHENG, 1990 [131]. The pore
scale capillary number Cap quantifies the ratio of viscous to capillary forces

Cap =
µwvp

γwn
, (2.10)

where vp denotes a typical pore scale fluid velocity. Consequently, the dynamic con-
tact angle reflects the influence of viscous forces on the capillary pressure. Moreover,
a dependence of the dynamic contact angle on the radius of tube [83], solid surface
roughness and heterogeneity of the solid surface [34] have been observed.
However, apart from predicting the trends, a quantitative calculation of the dynamic
contact angle behaviour in a porous medium remains difficult for several reasons.

• Because of the complicated measurement of dynamic contact angles mostly
only one interface in a simple geometry, such as single tube, is examined at a
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time. The application of these findings to the complex geometry of the pore
space of porous media has not been studied yet to my knowledge.

• The dynamic contact angle is strongly influenced by the physical and chemical
surface properties of the solid, which are not known in detail on the local scale.

• In the imbibition experiments of ZIMMERMANN, 1986 [132] the dynamic con-
tact angle with a pre-wetted solid surface is roughly three times smaller than
for a dry solid surface (see also SHIKHMURZAEV,1996 [102]). Consequently,
for estimations on the local scale, the wetting history would have to be known
beside the wetting order.

• Fluid systems which are of interest here, e.g. water-air or water-DNAPL sys-
tems, have not been investigated yet to my knowledge.

Although a quantification of the effects of the dynamic contact angle for the local
scale is not possible here, the following aspects deserve attention. In all the studies,
the dynamic contact angle decreases in drainage processes and increases in imbibi-
tion processes with increasing velocity of the interface movement. On the assump-
tion that

• interfacial tension can be considered constant,
• the radius of a given capillary tube does not change, and
• the LAPLACE equation (2.5) can be applied to transient processes,

the dynamic capillary pressure Pd
c for a cylindrical tube can be assessed with the

dynamic contact angle. Following the observations above, Pd
c increases in a drainage

process and decreases in an imbibition process with increasing flow velocity of the
fluids’ interface.

2.2.1.2 Capillarity at the local scale

When the REV concept is adopted and we proceed from the pore scale to the local
and higher scales, it is assumed that the structure of the porous medium and the
complicated distribution of the fluids does not need to be known in detail but that
it can be captured by constitutive relationships. In the context of capillarity, the
interaction between the fluid phases and the solid matrix is quantified by relating
the wetting phase saturation to the (local scale) capillary pressure. In the following,
this constitutive relationship, the capillary pressure-saturation relationship Pc(Sw),
is described for equilibrium conditions, where no saturation changes in time occur.
In Sec. 3, approaches to account for effects from transient flow processes in this
relation are introduced.
The traditional approaches quantifying capillarity on the local scale consist either
of averaging of the fluids and their pressures, or of empirical approaches, also re-
lating fluid saturation to a local scale capillary pressure. The concept of the rela-
tion between fluid saturation and capillary pressure is described by means of the
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bundle of capillary tubes model. A finite number of parallel tubes with varying
diameter is one of the simplest approximations of a porous medium. If gravity is
neglected, the LAPLACE Eqn. (2.5) defines a threshold capillary pressure. Tubes
with a radius larger than the radius corresponding to a capillary pressure are filled
with non-wetting phase while all others are filled with wetting phase. The satura-
tion (pertaining to this capillary pressure) of one of the fluid phases is defined by
the ratio of the volume of that phase present in the tubes Vα to the volume of all the
tubes Vt,

Sα(x, t) =
Vα
Vt

, (2.11)

with the constraint

∑Sα = 1.0 with α ∈w,n . (2.12)

Saturation thus quantifies the ratio of the volume of a fluid averaged over an REV
to the void volume averaged over this REV. In a porous medium, the void volume
corresponds to the pore space. Here, Sw denotes the saturation of the wetting phase
and Sn the saturation of the non-wetting phase. For various capillary pressures, the
saturation might be computed, which yields data sets of Pc vs. Sw. In analogy to the
pore scale, capillary pressure at the local scale is defined as the pressure difference
between the phase pressures

Pc = Pn−Pw. (2.13)

Obviously, the pore space of most porous media cannot be represented by a bundle
of capillary tubes, as for example the tortuosity and connectivity of the pore space
need to be accounted for. Nevertheless, the model illustrates how the transition
from the pore to the local scale might be achieved.
As described for the pore scale, capillarity on the local scale might also be influenced
by the direction of the process, also denoted hysteretic behaviour. Thus, for one
porous medium, the Pc(Sw) relationship measured during a drainage process might
differ from the one measured during an imbibition process. In the following, the
drainage and imbibition cycles usually determined in the laboratory are described.
When a fully water-saturated sample is drained by increasing the capillary pressure
starting from ’A’ in Fig. 2.3 the primary drainage curve is measured.
In most porous media, the water cannot be depleted completely from the porous
medium even under high capillary pressures. Conceptually, the water phase under
these conditions coats the solid phase with a thin film. In porous media where the
wetting phase is completely wetting, the film always remains continuous as long
as phase transitions into the non-wetting phase by evaporation can be neglected.
If the contact angle of the wetting phase is larger than zero, the wetting phase can
become discontinuous and applying a pressure gradient, e.g. through an external
reservoir, would thus not reach all the fluid volume. The phase would no longer



16 Physical-mathematical model

Snr

Swr

c

w

C
A

B
 0

 1000

 2000

 3000

 4000

 5000

 6000

 0  0.2  0.4  0.6  0.8  1

ca
pi

lla
ry

 p
re

ss
ur

e 
P

   
[P

a]

Main imbibition

water saturation S    [−]

Primary drainage

Figure 2.3: Schematic depiction of Pc(Sw) relationships with hysteresis

flow coherently, if at all. The saturation of the wetting phase that cannot be reduced
anymore, either because film flow is not considered or because discontinuous wet-
ting phase occurs, is denoted the irreducible or residual wetting phase saturation
Swr. For Sw ≤ Swr, the wetting phase is considered as stagnant.
The following infiltration determines the main imbibition curve. Usually, as capil-
lary pressure approaches zero, non-wetting phase is entrapped, e.g. due to snap-off
or by-passing (see CHATZIS & DULLIEN, 1983 [25]), two pore scale processes ex-
plaining effects in the local scale Pc(Sw) relationship. Thus, at zero capillary pres-
sure, the wetting phase saturation does not reach full saturation (see point ’B’ in
Fig. 2.3). The volume fraction of non-wetting phase at Pc = 0 is denoted entrapped
or residual non-wetting phase saturation Snr. From there, the main drainage curve
can be determined by again increasing the capillary pressure. If the capillary pres-
sure is altered away from the endpoints marked with ’B’ and ’C’ (irreducible water
saturation), the secondary scanning curves are observed.
Apart from the entrapped non-wetting phase, differences in capillary pressure at
a given saturation between the drainage and the imbibition curves might be ex-
plained by pore scale processes, such as dynamic contact angle phenomena (com-
pare Sec. 2.2.1.1) or the ink bottle effect (MILLER & MILLER, 1956 [80]).
Various approaches to determine data sets of Pc vs. Sw can be applied, e.g. laboratory
experiments or theoretical methods. For the simulation of two-phase flow processes,
it is desirable to apply an algebraic function relating the capillary pressure to the
wetting phase saturation. In principle, data sets, if available, could also be used
directly, applying spline functions of different orders to interpolate between the data
sets.
In the scope of this thesis, two parametrisations of the equilibrium capillary
pressure-saturation relationship are applied: the parametrisation after BROOKS &
COREY, 1964 [19] and that after VAN GENUCHTEN, 1980 [114].
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BROOKS & COREY, 1964 [19] developed an empirical relationship between the ef-
fective water saturation Se and capillary pressure after

Pc(Se) = Pd S
− 1

λ
e , (2.14)

with Se =
Sw−Swr

1−Swr−Snr
. (2.15)

Their relationship is often applied to simulate primary drainage processes as it ex-
plicitly considers the entry pressure. The entry pressure Pd [Pa] relates to the ra-
dius and thus the capillary pressure of the largest accessible pore at which the non-
wetting phase first infiltrates the porous medium. With the parameter λ [-], the pore
size distribution might be assessed in a qualitative manner. For a large λ (usually
λ > 2.0), the pore size distribution can be expected to be narrow, whereas the pore
size distribution is broad for a small λ parameter.
The residual wetting phase saturation Swr was originally derived as the wetting
phase saturation which can be fitted to a straight line in a log-scale plot of the capil-
lary pressure-effective water saturation plot.
COREY & BROOKS warn against over-interpreting the parameters in a physi-
cal sense, as they were originally derived as empirical fitting parameters [28].
The Fig. 2.4, left depicts two Pc(Sw) relationships that were computed with their
parametrisation.
In the VAN GENUCHTEN parametrisation

Pc(Se) =
1
α

(S
− 1

m
e −1)

1
n , (2.16)

three parameters are employed to calculate the functional relationship between cap-
illary pressure and the effective water saturation as defined by Eqn. (2.15). The
parameter α [1/Pa] can be related to the inverse capillary pressure at a medium
effective water saturation (Se = 0.5). In the VAN GENUCHTEN model, the largest
pore of the porous medium theoretically possesses an infinite radius whereas, in the
BROOKS & COREY model, the radius of the largest accessible pore can be related to
the entry pressure. The VAN GENUCHTEN parametrisation has the advantage that it
is continuous for all water saturations.
The parameters n [-] and m [-] can be interpreted as relating to the pore size distri-
bution. For uniform pore size distributions, the parameter n is small. In the litera-
ture the VAN GENUCHTEN n varies between smaller than one and sometimes larger
than ten. Often, the VAN GENUCHTEN m is derived from the n after m = 1− 1/n,
as this leads to a closed-form expression for the relative permeability-saturation re-
lationship after MUALEM, 1976 [82] (see Section 2.2.2). The right Fig. 2.4 depicts
two Pc(Sw) relationships that were calculated with the parametrisation after VAN
GENUCHTEN.
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1964 [19] (left) and VAN GENUCHTEN, 1980 [114] (right)

2.2.2 Relative permeability-saturation relationship

When two phases fill a porous medium, they influence the flow behaviour of one
another because each occupies parts of the pore space which is then not available
for the other phase. If the saturation of the wetting phase is for example reduced
from full to partial saturation, the effective permeability for the wetting phase is
decreased as well. The effective permeability for a phase Kα [L2] is defined as the
product of the intrinsic permeability [L2] and the relative permeability of phase α

Kα(Sα) = K krα(Sα), (2.17)

where the effective and the intrinsic permeability are treated as scalar functions,
but could be tensors for an anisotropic porous medium [18]. While the intrinsic
permeability is independent of the fluid saturation or the fluid properties, the rela-
tive permeability depends on it. Consequently, in most local scale applications, the
krα(Sα) relationships depend on the Pc(Sw) relationship.
The two approaches presented here are based on the bundle of capillary tubes
model. While BURDINE, 1953 [21] considered a model where the radii of the tubes
vary only perpendicular to the flow direction, MUALEM, 1976 [82] derived the rel-
ative permeabilities for the extension of the bundle of capillary tubes model by
CHILDS & COLLIS-GEORG, 1950 [26], where the radii additionally vary in the flow
direction.
Originally, the following models were derived with no specific parametrisation of
the Pc(Sw) relationship in mind. Traditionally, the approach of BURDINE is mostly
coupled to the parametrisation of the Pc(Sw) relationship of BROOKS & COREY, 1964
[19]. The relative permeability for the wetting phase is then

krw = S
2+3λ

λ
e , (2.18)

and for the non-wetting phase

krn = (1−Se)2(1−S
2+λ

λ
e ) . (2.19)



2.2 Constitutive relationships 19

The progression of the relative permeability-saturation relationships is shown in
Fig. 2.5 for the parameters applied to calculate the Pc(Sw) relationship after BROOKS
& COREY in Fig. 2.4. The curves illustrate that the relative permeability for the
wetting phase decreases faster at high Sw compared to the decrease in krn for high
Sn. This effect results from the wetting order. The non-wetting phase predominantly
occupies the large pores whereas water retreats to the small pores.
VAN GENUCHTEN, 1980 [114] applied his Pc(Sw) relationship to the model of
MUALEM. He defines an analytical expression for the relative permeability for the
wetting phase

krw = Sι
e[1− (1−S

1
m
e )m]2, (2.20)

and for the non-wetting phase

krn = (1−Se)ι[1−S
1
m
e ]2m, (2.21)

where the parameter ι is supposed to quantify a part of the tortuosity. For many
soils ι = 0.5 is a good estimate, thus this value is applied in all simulations here. The
parameter m can be deduced from the n parameter of the Pc(Sw) parametrisation
after m = 1.0−1.0/n. The exponent ι was determined to equal ι = 0.5 with 45 sam-
ples by MUALEM, 1976. In MUFTE-UG this value for ι is applied as default for the
krα(Sα) relationships, but may be varied as for example done in App. A.
Fig. 2.5 depicts the curve progression of the VAN GENUCHTEN / MUALEM model
for the wetting and the non-wetting phase.
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Figure 2.5: Parametrisations of the krα(Sα) relationships after MUALEM, 1976 [82] and VAN
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as given for the porous medium ’fine’ in Fig. 2.4

Both models are sometimes applied independently of the Pc(Sw) relationship when
for example for an inverse problem the parameters for the constitutive relationships
are fitted independently.
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2.3 Conservation equations

In this thesis, the common approach to modelling two-phase flow in a porous
medium on the local scale is adopted, where the mass conservation equation of a
phase is solved. For the velocity of a phase, DARCY’s law [31] is applied. In the
following, first DARCY’s law is introduced for a single phase, and then its extended
form for two fluid phases. At the end of this section the mass conservation equations
for two fluid phases are introduced.

2.3.1 DARCY’s law for a single phase

In 1856, HENRY DARCY [31] published experimental results from which he de-
fined the famous DARCY law, which is still applied today. On the basis of one-
dimensional laboratory experiments on columns filled with fine sand and water as
a fluid, DARCY discovered that the volumetric discharge Q [L3T−1] over the cross-
sectional area of the column A [L2] is determined by a linear law, relating the hy-
draulic conductivity k [LT−1] to the difference in hydraulic head h [L] between two
measurement points

Q =−Ak
∆h
∆l

. (2.22)

The hydraulic head consists of two parts, the pressure head P/ρ g and the elevation
head z, which quantifies the potential energy per unit weight of fluid measured
from a given reference point. Defining the ratio of Q to A as the DARCY velocity v
and extending the approach to three dimensions gives the general DARCY equation

v =−k∇h , (2.23)

where ∇ denotes the Nabla operator yielding the spatial gradient of the scalar func-
tion h. The hydraulic conductivity is considered a tensor; anisotropic properties of
porous media can thus be taken into account. The hydraulic conductivity depends
not only on the porous matrix but also on the fluid properties of a fluid α

kα =
ραg
µα

K . (2.24)

The intrinsic permeability tensor K quantifies the inverse of the resistance of the
porous matrix to the flow.
DARCY’S thus can be expressed more generally for single phase flow as

vα =−kα∇hα . (2.25)

The validity of the DARCY equation is restricted to slow flow regimes. The
REYNOLDS number

Re =
vslρα

µα
, (2.26)
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which quantifies the ratio of inertial to viscous forces, should not exceed one to ten,
if the mean grain diameter of the porous medium is chosen for the characteristic
length l (BEAR, 1972 [10]). In the REYNOLDS number the seepage velocity vs is em-
ployed, which can be related to the DARCY velocity by v = φ vs. For larger REYNOLDS
numbers, the linearity of the DARCY equation may no longer hold, and additional
quadratic terms might need to be considered.

2.3.2 Two-phase flow

DARCY originally derived his law for a single-phase fluid system. Later on, an ex-
tension of the DARCY law (2.22) to multiphase systems was proposed based on ex-
perimental evidence (SCHEIDEGGER, 1974 [96]),

vα =−krα(Sα)
µα

K∇(Pα−ραgz) , (2.27)

where vα denotes the DARCY velocity of phase α and krα the relative permeability
of phase α depending on its saturation Sα. The concept of relative permeability is
described in Section 2.2.2. The ratio of the relative permeability to the viscosity of
the phase is often summarised as its mobility

λα =
krα(Sα)

µα
. (2.28)

2.3.3 Mass conservation

For the mathematical description of two-phase flow, the conservation of mass is of
interest.
For a constant control volume in time and space, the mass balance of a fluid α over
the volume G is given in differential form (valid in G) as

∂φαρα
∂t

+∇ · {φαραvsα}−ραqα = 0 , (2.29)

where φα denotes the volume fraction of the pore space filled with fluid α, and ραqα
quantifies sources or sinks. Considering the definition of the saturation given in
Eqn. (2.11), the effective porosity φα can be decomposed to φα = Sαφ. In addition,
the average (often also defined as seepage) velocity vsα of a phase is related to the
DARCY velocity vα by the effective porosity after vα = vsαφα. With these definitions,
Eqn. (2.29) can be expressed as

∂Sαφρα
∂t

+∇ · {ραvα}−ραqα = 0. (2.30)

The time derivative in the accumulation term for the wetting phase can be reduced
to part 1 of Eqn. (2.31) because the fluid phase and the porous medium are assumed
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to be incompressible (Part 2 and 3 of Eqn. (2.31))

∂Sαφρα
∂t

=

Part 1︷ ︸︸ ︷
φρα

∂Sα
∂t

+

Part 2︷ ︸︸ ︷
Sαφ

∂ρα
∂t

+

Part 3︷ ︸︸ ︷
Sαρα

∂φ
∂t

. (2.31)

For the non-wetting phase, compressibility may be taken into account. Inserting the
extended DARCY’s law after Eqn. (2.27) into the mass balance equation (2.30) for
each phase leads to the continuity equation for the wetting phase

φρw
∂Sw

∂t
−∇ · {ρwλwK∇(Pw−ρwgz)}−ρwqw = 0 (2.32)

and the non-wetting phase

φ
∂ρnSn

∂t
−∇ · {ρnλnK∇(Pn−ρngz)}−ρnqn = 0. (2.33)

The two equations (2.32) and (2.33) are strongly coupled through the relative
permeability-saturation relationships. The system of two equations with the four
unknowns Sw,Pw,Sn,Pn can be closed by the additional constraints for the sum of
the saturations

Sw +Sn = 1.0 , (2.34)

and the traditional approach of defining capillary pressure as the difference between
the phase pressures

Pc = Pn−Pw with Pc = Pc(Sw), (2.35)

where the capillary pressure is assumed to be a unique function of the water sat-
uration. Consequently, the four primary variables can be reduced to two, e.g. the
saturation of the non-wetting phase and the pressure of the wetting phase, which
results in the balance equation for the wetting phase

−φρw
∂Sn

∂t
−∇ · {ρwλwK∇(Pw−ρwgz)}−ρwqw = 0 (2.36)

and the non-wetting phase

φ
∂ρnSn

∂t
−∇ · {ρnλnK∇(Pw +Pc−ρngz)}−ρnqn = 0 . (2.37)

The following assumptions are inherent to the balance equations (2.32) and (2.33)
including DARCY’s law [4]:

• Any inertial effects may be ignored for slow moving fluids (laminar flow).
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• The momentum transfer by viscous shear is considered to be negligible; this is
especially true for water-air systems with a high viscosity difference. Here, it
is assumed that this holds for water-NAPL systems with low viscosity differ-
ences as well.

• Strictly speaking, the constitutive relationships between water saturation, cap-
illary pressure and relative permeability are only valid for static or steady-state
conditions.

• Gravity as the only external force acts in the vertical direction.

• Only NEWTONIAN fluids are considered, for which the velocity gradient is
directly proportional to the shear stress.

It is assumed here that the DARCY law accounting for the flow velocity of a phase
holds on all scales larger than the pore scale.
The conservation equations yielded by the mathematical model will be solved nu-
merically and thus need to be discretised in space and time (see Ch. 4).
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3 Framework: The extended capillary
pressure-saturation relationship

In applications of two-phase flow on the local scale and the macroscale, a constitu-
tive relationship between fluid saturation and capillary pressure is commonly em-
ployed. However, many studies in recent decades have shown non-uniqueness in
the Pc(Sw) relationship, which can either be attributed to a direction dependence
(hysteresis, compare Sec. 2.2.1) or to a rate dependence, e.g. the rate of change of
saturation or capillary pressure. Rate dependence is here considered and thus de-
noted as a dynamic effect.
In this chapter, laboratory and theoretical studies analysing dynamic effects in
the local scale Pc(Sw) relationship are reviewed. Non-uniqueness in the relative
permeability-saturation relationship (see e.g. [40, 69, 93, 108, 110, 129]) is not stud-
ied. An extended Pc(Sw) model, with which the non-uniqueness from rate depen-
dence is overcome, is further investigated. With a dimensionless analysis the rele-
vant scales and flow processes, where dynamic effects might be of importance are
identified on the basis of the chosen model.

3.1 Introduction

To facilitate the comparison of various laboratory and theoretical studies, some def-
initions are introduced which will be applied in the subsequent chapters.
As described in Sec. 2.2.1, the equilibrium Pe

c (Sw) relationship (see Fig. 3.1, left) can
be determined for a two-phase system if saturation does not change in time. In or-
der to determine such a relationship, an ’equilibrium experiment’ can be employed,
where only small changes of the boundary capillary pressure are applied to induce
a saturation change (see Fig. 3.1, right). For example, in the pressure-cell experiment
described in more detail in Sec. 5.3, the experiment to determine the equilibrium pri-
mary drainage Pe

c (Sw) relationship starts with a fully water-saturated sample. Cap-
illary pressure is increased at one boundary by a small augmentation of the pressure
of an incompressible non-wetting phase (e.g. PCE), inducing an infiltration of this
phase into the sample. While the side boundaries are closed, the opposite bound-
ary allows an exfiltration of the water phase. The data sets of Pc and Sw (e.g. from
point measurements) are determined once equilibrium conditions are attained. For
the pressure-cell experiment this implies static conditions. In other set-ups, e.g. the
flow-through cell (see Sec. 5.2), equilibrium conditions are reached at steady-state.
A dynamic Pd

c (Sw) relationship is derived from a two-phase system where the rate
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of change of saturation does not equal zero. In a ’dynamic experiment’, a high rate
of change as well as a large change of pressure at the boundary induce a satura-
tion change, and Pc as well as Sw are monitored and then plotted continuously (see
Fig. 3.1, left).
Thus, for a given porous medium, one equilibrium and (in theory) an infinite num-
ber of dynamic Pc(Sw) relationships can be established. As will be shown here, de-
pending on the boundary conditions, a dynamic Pd

c (Sw) relationship might differ
from the equilibrium one. Thus, a non-uniqueness in the relation between capil-
lary pressure and saturation evolves. Models which resolve this non-uniqueness
are called extended capillary pressure-saturation relationships here.
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Figure 3.1: Illustration of equilibrium and dynamic Pc(Sw) relationships (left) and the per-
taining boundary conditions (right)

3.2 Review of laboratory studies

In this section, an overview of laboratory studies examining dynamic effects in the
local-scale Pc(Sw) relationship is given.
HASSANIZADEH ET AL., 2002 [52] amply review the literature on laboratory work.
Some of the findings are repeated here for completeness, and the review is extended
in some parts. Finally, more recent experimental investigations are addressed.
HASSANIZADEH ET AL., 2002 [52] summarise laboratory experiments aimed at ex-
amining dynamic effects in the Pc(Sw) relationship by MOKADY & LOW, 1964 [81],
WATSON, 1965 [120], DAVIDSON ET AL., 1966, [33], TOPP ET AL., 1967 [109], WAT-
SON & WHISLER, 1968 [122], SMILES ET AL., 1971 [106], VACHAUD ET AL., 1972
[113], ELZEFTAWY & MANSELL, 1975 [40], STAUFFER, 1978 [108], WANA-ETYEM,
1982 [118], and KALAYDJIAN, 1992 [68]. Moreover, the authors cite literature, where
the non-uniqueness of the Pc(Sw) relationship is examined with respect to parame-
ter identification, as in NÜTZMANN ET AL., 1994 [85], DURNER ET AL., 1996 [36],
HOLLENBECK & JENSEN, 1998 [64], PLAGGE, 1999 [93], SCHULTZE ET AL., 1999
[100], and WILDENSCHILD ET AL., 2001 [129]. Only KALAYDJIAN, 1992 [68] used
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water and oil, whereas all the other authors mentioned employed water and gas
(air).
In summary, the overview of HASSANIZADEH ET AL., 2002 [52] yields the following
findings:

1. Several authors performed experiments to determine the equilibrium (static
and / or steady-state) as well as the dynamic Pc(Sw) relationship with the
same porous medium. They observed that the dynamic capillary pres-
sure Pd

c exceeded the equilibrium one for drainage at a given saturation Sw
[40, 64, 85, 106, 108, 109, 113, 118, 122, 129]. For imbibition, the dynamic Pd

c
was found to be smaller than the equilibrium one [68, 106, 118] at a given sat-
uration.

2. SMILES ET AL., 1972 as well as WANA-ETYEM, 1982 note that, for imbibi-
tion, the difference between the dynamic and equilibrium capillary pressure is
smaller than for drainage.

3. WANA-ETYEM, 1982 [118] as well as WILDENSCHILD ET AL., 2001 [129] state
that the deviation of the dynamic to the equilibrium Pc(Sw) is not as pro-
nounced for fine as for coarse porous media. In contrast, STAUFFER, 1978
[108] proposes that the dynamic effect (or, to be more precise, a coefficient in
the extended Pc(Sw) relationship) is inversely proportional to the permeability
of the porous medium.

4. MOKADY & LOW, 1964 [81], and WATSON, 1965 [120] did not find a non-
uniqueness in the Pc(Sw) relationship.

In addition to the studies cited by HASSANIZADEH ET AL., 2002 [52], other studies
are reviewed here. Although WATSON & WHISLER, 1968 [122] found pronounced
dynamic effects in the Pc(Sw) relationship, WATSON, 1968 [121] states that the dy-
namic Pd

c (Sw) was based on the assumption that the gas pressure equals atmo-
spheric pressure during the whole experiments. They disproved this assumption
by additional measurements of the gas pressure, which was less than atmospheric
pressure. Correcting the dynamic Pc(Sw) relationship accordingly diminishes the
dynamic effect pronouncedly.
VACHAUD ET AL., 1973 [112] examine the effects of gas pressure on the equilib-
rium and dynamic Pc(Sw) relationship for a heterogeneous column with closed or
perforated column walls consisting of two fine sand layers enclosing a coarse sand
layer. The Pc(Sw) relation of the coarse sand is measured, first assuming the gas pres-
sure always equals atmospheric pressure and secondly applying the gas pressure
measured within the sample. The authors chose two different types of experiment,
one applying a constant flux at one boundary, and the other a drainage experiment
where a gravity-induced flux prevailed. The findings of VACHAUD ET AL., 1973
[112] can be summarised as follows:

• For the constant flux experiment with closed walls, the Pc measurement that re-
lated to atmospheric pressure showed a change in capillary pressure although
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no saturation change occurred. Measuring Pc that related to the gas pressure
within the sample as well as both capillary pressure measurements of the con-
stant flux experiment in the perforated column showed that changes in capil-
lary pressure and saturation coincided. The discrepancy was also not observ-
able for a smaller influx of water. The authors argue that at high influx rates
the water front reaches the interface between the upper fine sand layer and the
underlying coarse sand almost at full water saturation. Thus, the pore gas is
compressed ahead of the front in the large pores of the coarse sand, where the
capillary pressure but not the saturation thus changes.

• The Pc(Sw) relationships measured for the gravity drainage showed a dynamic
effect only if the closed-wall column and the measurement of Pc(Sw) with at-
mospheric Pn are considered. Water can only drain from the coarse sand if the
entry pressure of the fine sand is overcome and if gas can replace water. For
the closed-wall column the first criterion is fulfilled before the second, whereas
they are reached simultaneously for the open-wall column.

The work of STAUFFER, 1977, 1978 [107, 108] is mentioned here in some detail,
as he not only performed laboratory experiments but also came up with an ex-
tended Pc(Sw) relationship. He examined one-dimensional vertical drainage pro-
cesses in three fine sand columns with water and gas (air) as fluids. Quasi steady-
state experiments yielded the equilibrium and transient experiments the dynamic
Pc(Sw) relationship. STAUFFER measured the capillary pressure with a tensiometer,
confirming with additional measurements that the gas pressure always remained at
atmospheric pressure and the tensiometer thus yielded Pc =−Pw, where the atmo-
spheric pressure is set to zero. STAUFFER finds a difference between the equilibrium
and dynamic capillary pressure especially at high water saturations. In search of a
functional relationship to account for the non-uniqueness he plotted the difference
between the dynamic and the quasi steady-state capillary pressure as a function of
a) the rate of change of saturation and b) the rate of change of capillary pressure.
While the relationship in the first case seemed to be linear, it appeared to be non-
linear in the second case. STAUFFER chose to concentrate on the linear dependence,
proposing the empirical relationship

Pd
c −Pe

c (Sw) =−τS
∂Sw

∂t
, (3.1)

with the coefficient τS defined by

τS =
αSµwφ

Kλ

(
Pd

ρwg

)2

, (3.2)

where αS = 0.1 denotes a constant scaling parameter. The coefficient τS can thus be
calculated for a given porous medium and wetting fluid. The τS values of the fine
sands examined by STAUFFER vary between τS = 2.7 ·104 Pa s and τS = 7.7 ·104 Pa s.
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WEITZ ET AL., 1987 [125] determined experimentally dynamic capillary pressure
as a function of the flow velocity for an imbibition process with water and oil in
a porous medium, measuring the phase pressures continuously. At high flow ve-
locities, Pc changes its sign due to an increase of the contact angle above 90°. They
suggest

Pc(v) =
γwn

r

(
−1+S Cab

p

)
, (3.3)

where r denotes a mean pore radius of the porous medium, S a constant, Cap the
pore scale capillary number as given in Eqn. (2.10), and b is a fitting parameter. In
contrast to the studies mentioned in Sec. 2.2.1, where the contact angle is related to
the pore scale capillary number for dynamic experiments with one glass tube, the
authors here have applied a porous medium and tried to measure the phase pres-
sures. Introducing for example the interfacial tension or a mean pore radius, they
apply pore scale parameters to describe dynamic effects in a local scale capillary
pressure.
HWANG & POWERS, 2003 [65] performed multi-step outflow experiments in a
pressure-cell with three sets of boundary conditions for the same sample of a sandy
soil, increasing the number of pressure steps as well as the time to allow equilibra-
tion of the sample. On the basis of an inverse parameter estimation employing a
two-phase flow code, the authors observe a better confidence interval for the pa-
rameters derived from experiments applying a large number of pressure steps and
allowing enough time for equilibration than for regressions on the basis of experi-
ments with fewer and thus higher pressure steps and less time for equilibration. The
authors attribute the difference in confidence to the narrow pore size distribution.
In comparison to the slow experiment, the data from the fast experiment might lack
information from medium water saturations where the Pc(Sw) relationship is nar-
row.
TSAKIROGLOU ET AL., 2003 [110] performed transient displacement experiments
with paraffin oil (µn = 0.026 Pa s) and water on a transparent glass-etched planar
pore-network. They obtained Pc(Sw) and krα(Sα) relationships on the basis of an in-
verse modelling approach with the traditional local-scale balance equations for two
phases. The larger the capillary number, the higher was the dynamic Pd

c compared
to the Pe

c (Sw) determined at a low capillary number.
Many authors give physical explanations for the occurrence of dynamic effects.
FRIEDMAN, 1999 [43] and WILDENSCHILD ET AL., 2001 [129] summarise the lit-
erature, like HASSANIZADEH ET AL., 2002 [52]. The summaries are reproduced
here including additional remarks and the findings are categorised by pore and lo-
cal scale effects, processes pertaining to imbibition or drainage and reasons relating
to the experimental set-up.
On the pore scale the dynamic contact angle is often given as one reason for dynamic
effects in a capillary tube, as already described in Section 2.2.1. The dynamic contact
angle decreases with increasing drainage flow velocity and increases with increasing
imbibition flow velocity. Consequently, a higher capillary pressure for drainage and
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a lower capillary pressure for imbibition results compared to the equilibrium one.
It should be noted, however, that for small contact angles as measured for water-
air with respect to glass (θe < 20◦ [132]), the effect on the drainage Pc is expected to
be small [98]. Additionally, dynamic surface tension as described in Section 2.2.1
can play a role on the pore scale. Both effects can influence the dynamic capillary
pressure in imbibition as well as drainage processes.
For drainage processes on the local scale, the continuity of the water phase might
be questioned for dynamic processes.

• At high water saturations, large pores might drain fast and thus might cut off
small pores when responding to a sudden capillary pressure increase (STAUF-
FER, 1977 [107]). VACHAUD ET AL., 1972 [113] observed increasing irre-
ducible water saturations as well as augmenting deviations from the equilib-
rium Pe

c (Sw) for large as compared to small rates of change in the boundary
capillary pressure. For small pores to be hydraulically isolated, either the wa-
ter phase needs to be discontinuous or an evolving film is too thin to facilitate
measurable water flow. In both cases, the relative permeability of the water
phase would be significantly reduced. In contrast, WILDENSCHILD ET AL.,
2001 [129] state the relative permeability of the water phase to be higher in
dynamic experiments at high water saturations than the values determined
from equilibrium experiments. For decreasing water saturation a cross-over is
observed and the dynamic krw is then less than the equilibrium one.

• At low water saturations, the water phase might become discontinuous if the
contact angle is larger than zero (compare Sec. 2.2.1) and form pendular rings
at the contacts between the grains of the porous medium. POULOVASSILIS,
1974 [94], TOPP ET AL., 1967 [109], and WANA-ETYEM, 1982 [118] argue that
the size and redistribution of pendular rings depends on the rate of change of
drainage and thus influences the Pc(Sw) relationship.

For imbibition, the following processes have been identified:

• BARENBLATT ET AL., 2002 [7] argue that the non-sequential filling of the pores
by the wetting fluid may cause dynamic effects. If water imbibes a pore at a
higher capillary pressure than the YOUNG (2.4) and LAPLACE (2.5) equations
predict, the dynamic Pc would be smaller at a given water saturation.

• Moreover, in imbibition processes, fingering due to the spatial pore size distri-
bution can result in air entrapment, and thus an increase in the residual non-
wetting phase compared to the equilibrium Pc(Sw) relationship. Consequently,
at a given saturation a lower capillary pressures for the dynamic case as op-
posed to the equilibrium one can be observed (e.g. DAVIDSON, 1966 [33]). This
assumes that the entrapped non-wetting phase does not contribute to the cap-
illary pressure or that within the entrapped phase the same pressure prevails
as in the continuous non-wetting phase. Increasing air entrapment results in a
larger residual non-wetting phase saturation Snr in the Pc(Sw) relationship.
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Related to the experimental set-up and problems of inverse parameter identification
the following aspects deserve attention:

• Water can be drained only if air can imbibe the porous media at the same time.
If air access is limited, water cannot be drained effectively, resulting in higher
water saturation under dynamic conditions. DAVIDSON, 1966 [33], ELRICK,
1963 [39], ELZEFTAWY & MANSELL, 1975 [40], SCHULTZE ET AL., 1999 [100],
and VACHAUD ET AL., 1973 [112] describe problems of air availability. Espe-
cially, VACHAUD ET AL., 1973 [112] and SCHULTZE ET AL., 1999 [100] point
out, that the dynamic effect in the Pc(Sw) relationship is not pronounced if the
drainage experiment is conducted with a column possessing perforated walls.
VACHAUD ET AL., 1972 [113] report diminishing dynamic effects for decreas-
ing initial water saturations.

• Capillary pressure in unsaturated flow is often derived from tensiometer mea-
surements assuming that the air pressure equals atmospheric pressure. Several
authors have shown for homogeneous as well as for heterogeneous porous
media, that this assumption might not always hold (e.g. KNEALE, 1985 [69],
SCHULTZE ET AL., 1999 [100], and WATSON, 1968 [121]). In contrast, SMILES
ET AL., 1971 [106], STAUFFER, 1977 [107], and TOPP ET AL., 1967 [109] found
Pn to equal atmospheric pressure during all of their experiments. These seem-
ingly opposing results might be explained by a discontinuity of the air phase.
Air pressure measurements might reach only the continuous part of the air
phase, which can be at atmospheric pressure (SCHULTZE ET AL., 1999 [100]).
However, in discontinuous parts of the air phase this might not be the case.

• Based on inverse parameter identification, the calculated equilibrium and dy-
namic Pc(Sw) relations might differ for the same porous medium. Both NÜTZ-
MANN ET AL., 1994 [85], and WILDENSCHILD ET AL., 2001 [129] argue that
at least some part of the seemingly dynamic effects could be attributed to a
lack of data for the Pc(Sw) relationship if sudden pressure drops are applied
to uniform porous media. In these kinds of medium, small capillary pressure
changes can result in large saturation changes.

Moreover, SCHULTZE ET AL., 1999 [100] give thermodynamic energy changes due
to a local reorganisation of water as one reason for dynamic effects.

In summary, measured or inversely determined capillary pressure-saturation rela-
tionships might be influenced by

• boundary conditions (and thus the rate of change of saturation or capillary
pressure),

• sub-scale heterogeneity and resulting entrapment of the non-wetting phase,
and

• the experimental set-up.
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While the influence of the experimental set-up should be carefully assessed and a
dependence of the Pc(Sw) on it avoided, the impact of the first two items will also
occur in the field or in the case of large pressure gradients, in technical applica-
tions. Not all the processes leading to dynamic effects in the Pc(Sw) relationship
can be quantified precisely as especially the pore scale processes are difficult to ac-
cess. Nevertheless, these effects are observed and we need to deal with them on
the local and higher scales. Thus, it is one aim of this study to examine the im-
pact of including these effects on the flow behaviour on the local scale. If the pa-
rameters for an extended Pc(Sw) relationship, like the parameter τS in STAUFFER’s
equation (see Eqn. (3.1)), can be determined, simulations including this extended
Pc(Sw) relationship can elucidate its influence on the simulated flow at the local
scale.

3.3 Overview of theoretical studies

In this section, theoretical studies where dynamic effects in the Pc(Sw) relationship
play a role are presented. Whereas the first experimental studies analysing dynamic
effects in the Pc(Sw) relationship were performed in the 1960s (e.g. [81, 120]), the
theoretical investigations appear about two decades later. In most of the laboratory
work, the experiments were performed for water-air systems in sedimentary porous
media, with a view to applications in soil or agricultural science. There, mostly
the RICHARDS equation [95] is applied which assumes an infinite mobility of the
gas phase. Only STAUFFER, 1978 [108] proposed an empirical model for capturing
dynamic effects in water-gas flow. Most of the theoretical investigations presented
here are concerned with two-phase flow as encountered in oil reservoir engineering,
where predominantly water-oil fluid systems occur.
KALAYDJIAN, 1987 [67] sets up macroscopic balance equations of mass, momen-
tum, energy and entropy for two incompressible, immiscible fluid phases and their
interface as well as phenomenological equations on the basis of the theory of irre-
versible thermodynamic processes. Expressed here in terms of the wetting phase
for a rigid porous medium, KALAYDJIAN, 1987 [67] proposes the relation

Pn−Pw− 2
R

γwn =−τKφ
∂Sw

∂t
(3.4)

where R denotes the radius of a half-spherical interface between the wetting and the
non-wetting phase. Thus, the model assumes a circular The left hand side can be
interpreted as the difference between dynamic capillary pressure Pd

c = Pn−Pw and
the equilibrium capillary pressure, here Pe

c = 2
Rγwn. This difference is a function of

the rate of change of saturation, multiplied by the porosity and the coefficient τK
[ML−1T−1]. KALAYDJIAN, 1992 argues that the right-hand side can be seen as a
measure for the distance from equilibrium. Thus, for large rates of change of satura-
tion the system under consideration is far from equilibrium, while for example for
very small saturation rates the system would be close to equilibrium. Also, a porous
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medium possessing a large τK would be more prone to experience non-equilibrium
effects than one with a small value. KALAYDJIAN, 1992 [68] performed laboratory
experiments in order to gain insight into Eqn. (3.4) and to quantify the coefficient τK
(see Sec. 3.2).
BARENBLATT and co-workers set up their model with BARENBLATT & GILMAN,
1987 [6], and further develop it in BARENBLATT ET AL., 1997 [5] as well as BA-
RENBLATT ET AL., 2002 [7]. The authors develop a model for describing non-
equilibrium effects for water-oil displacement or spontaneous countercurrent imbi-
bition processes such as are often encountered in reservoir engineering. The authors
argue that during these flow processes the fluids do not necessarily occupy the pores
that they would occupy at an equilibrium state. To illustrate this point, during an
imbibition process the water phase might infiltrate a pore that has a larger radius
than the LAPLACE Eqn. (2.5) would predict for the prevailing capillary pressure.
Then a redistribution process would take place. As long as the process time of the
imbibition is on a much larger time scale than the redistribution time, these effects
do not need to be taken into account. However, if for example at the front both time
scales are of the same order of magnitude, BARENBLATT ET AL., 2002 suggest taking
non-equilibrium effects into account.
While assuming that the equilibrium constitutive relationships still hold and can be
measured for a given porous medium, the authors propose that they should not be
evaluated at the actual wetting phase saturation occuring in the system but at an
apparent saturation η. This implies that a value of η exists for which for example
krw(η) equals the non-equilibrium relative permeability of the water phase. Simi-
larly, the relative permeability for the non-wetting phase and the Pc(Sw) relationship
can be treated. The apparent saturation η can be interpreted as the saturation at a
given time in the future. Consequently, for an imbibition process the apparent wet-
ting phase saturation would be higher than (or equal to) the actual saturation. It is
assumed that η does not differ for all three constitutive relationships.
BARENBLATT ET AL., 2002 [7] suggest an empirical relation between the apparent
and the actual saturation Sw

η−Sw = τB
∂Sw

∂t
, (3.5)

where τB [T] denotes a constant redistribution time. Thus, the adjustment between
the apparent saturation and the actual saturation depends on the rate of change of
saturation.
The authors then describe the mathematical model, the conservation equations for
two phases, where the saturation formulation is applied for incompressible and im-
miscible fluids (compare HELMIG, 1997 [59]).
BOURGEAT & PANFILOV, 1998 [16] apply the homogenisation theory to upscale two-
phase conservation equations for mass including the extended DARCY’s law for a
porous medium with periodic heterogeneities. These authors thus start the averag-
ing on the local scale and do not scale up from pore scale equations. In contrast to
the two models just presented, these authors take heterogeneity on the local scale
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into account. The heterogeneity pattern consists of a coarse background material
with embedded fine lenses. For the limit, when the ratio ε of the small scale length
l (comprising of one cell with a fine lense embedded in the coarse sand) to the large
scale L (the system length) approaches zero, upscaled balance equations can be de-
rived for the periodic medium by formal asymptotic expansion. One of the relations
BOURGEAT & PANFILOV, 1998 obtain is given by

Pe−1Pco
c (Sco

w )−Pfi
c (Sfi

w) =−τ∗(Sfi
w)

∂Sco
w

∂t∗
, (3.6)

where co marks quantities from the coarse, fi from the fine material and t∗ = t/tc de-
notes a dimensionless time that is scaled by a characteristic time tc = (φcoµnL2)/(Kco∆P).
The relation is multiplied by the inverse of the PECLET number Pe, defined as the
ratio of the viscous pressure drop ∆P to a typical equilibrium capillary pressure of
the fine material. BOURGEAT & PANFILOV, 1998 interpret τ∗ as a capillary relaxation
time being a function of the saturation in the fine material, and thus the mobilities
of the two phases within the fine material and the ratios of the two permeabilities
and porosities as well as on the expansion parameter ε. For spherical lenses, they
obtain an explicit formula for the capillary relaxation time. For unit viscosities and
krw(Sw) = S2

w and krn(Sn) = S3
n, the function τ∗ has a minimum at Sw ∼ 0.4 and tends

to infinity at Sw → 1.0 and Sw → 0. The authors explain that, during an imbibition
process, counter-current flow will occur when the wetting phase infiltrates the fine
lenses. When either of the phases is at a very low saturation, its relative perme-
ability is also small, which makes the flow processes very slow and thus lets the
capillary relaxation time tend to infinity. The model by BOURGEAT & PANFILOV,
1998 will not be pursued in the following as it is restricted to a porous medium
with periodic heterogeneities, and the focus here is on porous media which might
be homogeneous on the local scale.
Dynamic effects are often described in relation to relaxation processes, as for ex-
ample BARENBLATT and co-workers have done. Their coefficient τB thus possesses
the unit of time. A different approach to taking relaxation processes into account
is double porosity or double continua models. For these models, it is assumed that
the considered domain consists of two porous media with properties which differ
distinctly. Conceptually, if such a domain were drained, the connected coarse parts
would drain first and subsequently the fine parts would drain, indicating two dif-
ferent time scales. The interaction between the two parts needs to be described by
exchange terms. Double porosity or double continua models are commonly applied
to represent fractured porous media, but are also used in soil physics in an attempt
to capture relaxation effects, cf. SIMUNEK ET AL., 2001 [105]. LEWANDOWSKA ET
AL., 2004, 2005 [75, 76] apply a homogenisation theory for a double porosity ap-
proach and can also reproduce relaxation effects with the upscaled model.
This thesis focusses on dynamic effects in the Pc(Sw) relationship without making
assumptions about the heterogeneity of the porous medium. Approaches that use
the homogenisation theories are thus not analysed. The model of BARENBLATT has
already been examined intensively. It also includes dynamic effects in the relative
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permeability, which are beyond the scope of this thesis.
In the following section, the investigations of HASSANIZADEH AND GRAY, 1990,
1993 [55, 56] are described in some detail. Their model is then compared to those of
STAUFFER, 1978 [108] and KALAYDJIAN, 1992 [68] (see Sec. 3.5).

3.4 The extended Pc(Sw) relationship after
HASSANIZADEH & GRAY

In a series of papers, HASSANIZADEH & GRAY, 1979, 1979A [53, 54] HAS-
SANIZADEH, 1986 [51], and GRAY & HASSANIZADEH, 1989 [48] derive local scale
balance equations for two fluid phases, the solid phase and the interfaces between
them from microscopic balance laws by volume averaging. In contrast to the con-
ceptual model introduced in Ch. 2, in which interfaces between the fluids are not
taken into account on the local scale, the interfaces are here also considered on the
local scale. The balance equations include the conservation of mass, momentum,
energy and entropy. HASSANIZADEH & GRAY, 1990 [55] define constitutive rela-
tionships on the local scale to close the large system of equations. They choose the
independent, primary variables, and determine constitutive relationships for the
dependent variables while keeping in mind that the structure evolving from the in-
terfaces should also be captured on the local scale. Each of the dependent variables
could depend on the independent variables. The authors then apply the COLE-
MAN & NOLL [27] method to diminish the dependencies. This method defines the
restrictions on the constitutive relationships resulting from the postulation that nei-
ther the conservation law nor the second law of thermodynamics must be violated.
The second law of thermodynamics, the entropy inequality, prescribes that the en-
tropy production of reversible processes should be zero and the one of irreversible
processes larger that zero. The authors state that the product of the material time
derivative of the water saturation Ṡw and the difference between the phase pressures
to the capillary pressure contributes to the entropy production if

−Ṡw[Pn−Pw−Pc]≥ 0 . (3.7)

As a first approach, the authors suggest using the linearised relation

Ṡw =− 1
τHG

[Pn−Pw−Pc] . (3.8)

The coefficient τ [ML−1T−1] now introduced needs to be non-negative to satisfy the
entropy inequality. The authors suggest that it might be a function of

τHG = f (ρα, φ, Sw, awn, ρIF, T ) , (3.9)

where awn denotes the interfacial area between the two fluid phases, and ρIF a mass
allocated to this interface. Considering the requirement that τ is non-negative, the
entropy inequality is satisfied if

Pn−Pw−Pe
c > 0 ∧ Ṡw < 0 or Pn−Pw−Pe

c < 0 ∧ Ṡw > 0 . (3.10)
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The relationship between the saturation rate and the difference in pressures is illus-
trated in Fig. 3.2. As stated in Eqn. 3.10, the entropy inequality is only fulfilled if the
product of the rate of change of saturation and the capillary pressure difference is
not negative (indicated by the projected areas marked ’drainage’ and ’imbibition’ in
Fig. 3.2, left).
The material time derivate as defined by HASSANIZADEH & GRAY, 1990 can be
reduced to the partial time derivative for a non-deforming porous medium (HAS-
SANIZADEH ET AL., 2002 [52]). Eqn. (3.8) thus simplifies to

Pn−Pw−Pe
c =−τHG

∂Sw

∂t
. (3.11)

If the phase pressure difference is denoted the dynamic capillary pressure and the
equilibrium capillary pressure is interpreted as a function of wetting phase satura-
tion, the equation can be expressed as

Pd
c −Pe

c (Sw) =−τHG
∂Sw

∂t
, (3.12)

where it is assumed that the equilibrium capillary pressure depends only on the
water saturation. In the following, Eqn. (3.12) is compared to the other models pre-
sented in Sec. 3.3 and arising questions are posed.

3.5 Open questions related to the extended
Pc(Sw) relationship

In Sec. 3.2 to Sec. 3.4, various models for capturing dynamic effects in the local-
scale Pc(Sw) relationship are described. Although the empirical model by STAUF-
FER, 1978 [108] and the theoretical models by KALAYDJIAN, 1987 [67] and HAS-
SANIZADEH & GRAY, 1990 [55] differ in some respects, they also show similarities.
On the assumption that the dynamic capillary pressure as applied by STAUFFER,
1978 can be interpreted as the pressure difference between the phase pressures (un-
der equilibrium and dynamic conditions), the relation proposed by STAUFFER, 1978
as given in Eqn. (3.1) resembles that proposed by HASSANIZADEH & GRAY, 1990 as
given in Eqn. 3.13 for a non-deformable solid phase. The same holds for the re-
lation suggested by KALAYDJIAN, 1987 [67] as given in Eqn. (3.4) (assuming for
example that τHG = τK ·φ), although KALAYDJIAN restricts the definition of the equi-
librium capillary pressure to spherical interfaces between the two fluid phases. The
approaches differ in their definition of the (upscaled) phase pressures. Yet they all
define a difference between a dynamic and an equilibrium capillary pressure as a
linear function of the rate of change of saturation, all introducing a coefficient with
the units [ML−1T−1].
In the following, the general definition of the extended capillary pressure saturation
relationship

Pn−Pw−Pe
c (Sw) = Pd

c −Pe
c (Sw) =−τ

∂Sw

∂t
(3.13)
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is applied for the analysis of dynamic effects on the local to macro scale in homo-
geneous or heterogeneous porous media. For the coefficient τ it is assumed that

τ = τ(Sw) (3.14)

The difference between the dynamic and the equilibrium capillary pressure ∆Pc will
also be denoted difference in capillary pressure here. The term ’rate of change of
saturation’ can be abbreviated to saturation rate. For illustration, the extended
Pc(Sw) relationship is plotted for drainage conditions for a constant τ value (see
Fig. 3.2). For imbibition, it is expected that the dynamic capillary pressure at a se-
lected saturation remains smaller than the equilibrium capillary pressure, otherwise
Eqn. (3.10) would be violated. The extended Pc(Sw) relationship predicts that the
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equilibration of the pressure difference between the phase pressures and the equilib-
rium capillary pressure depends on the rate of change of saturation. The coefficient
τ can be interpreted as a measure how fast this equilibration takes place (consid-
ering a constant saturation rate), keeping in mind that it has the units [ML−1T−1]
and not the ones of a time. If the saturation rate is small, only a small deviation of
the dynamic from the equilibrium capillary pressure is expected. Thus, in the limit
of capillary-dominated flow, the consideration of an extended Pc(Sw) relationship
should be obsolete. Generally speaking, it is assumed that a process is damped
more strongly for a larger coefficient than for a small coefficient. The magnitude of
the coefficient is expected to depend on porous medium and fluid properties and the
saturation, but other functional forms such as a dependence on the rate of change of
saturation might also be possible.
The following aspects of the extended Pc(Sw) relationship require analysis. The
investigation into the relationship is carried out following the assumptions that
isothermal conditions prevail and that the porous medium behaves rigidly (com-
pare Ch. 2).

1. Can scales or processes be identified where the extended relationship needs
to be taken into account? As the balance equations including the extended
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relationship are more difficult to solve compared to applying the traditional
closure condition after Eqn. 2.35 and an additional parameter needs to be de-
termined, it is desirable if the applications were limited.

2. Does the linearisation of the term in the entropy inequality hold? HAS-
SANIZADEH & GRAY, 1990 linearised the term, assuming that a linearisation is
admissible for conditions near enough to equilibrium. However, they mention
that this assumption needs to be verified by experiments.

3. How can one determine the magnitude of the coefficient τ and possible depen-
dences? There are several studies which attempt to quantify it either in labo-
ratory experiments or based on numerical approaches; these are described in
Sec. 5.1. HASSANIZADEH & GRAY, 1990 suggest that τ might for example be a
function of the wetting phase saturation or the fluid density. However, they do
not define the functional relationship. STAUFFER has suggested an empirical
formula, with which the coefficient for a given porous medium (and a water-
gas fluid system) might be calculated on the basis of the properties of water,
the porous medium and the BROOKS & COREY parameters for the equilibrium
Pc(Sw) relationship. Up to now, STAUFFER’s formula has not been verified.

4. If the extended Pc(Sw) relationship is applied to close the two-phase balance
equations instead of the traditional, unique Pc(Sw) relationship, how does this
effect the results of simulations?

Within this thesis, some of these questions are addressed. By means of a dimen-
sional analysis, relevant scales and processes are identified, for which the extended
relationship should be considered in simulations. Moreover, the magnitude of the
coefficient is determined on the basis of laboratory and numerical experiments ap-
plying the two-phase module of MUFTE-UG. The results also offer insight into the
admissibility of the linearisation. Finally, simulations including the extended rela-
tionship are presented and analysed.

3.6 Dimensional analysis

In order to assess the dominating forces within a two-phase system, a dimensional
analysis can be employed. For a dimensional analysis with the two-phase bal-
ance equations including the DARCY law and the traditional Pc(Sw) relationship (see
Eqn. (2.35)), the investigations of HILFER, 1996 [61], HILFER & ØREN, 1996 [62] and
ANTON & HILFER, 1999 [1] can be consulted. Here, a dimensionlal analysis is per-
formed applying the extended Pc(Sw) relationship after Eqn. (3.13) to close the sys-
tem of balance equations for a homogeneous porous medium and two fluid phases.
Making the balance equations dimensionless allows the definition of dimensionless
numbers. In addition to the traditional ones as for example described by HILFER
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& ØREN, 1996, a new number appears, with which the influence of dynamic ef-
fects can be evaluated. On the basis of chosen examples, dimensionless ratios are
calculated and interpreted.
To start with, the primary variables are chosen, i.e. the pressure of the wetting phase
Pw and the saturation of the non-wetting phase Sn (compare Sec. 2.3.2). The re-
quirement that the sum of the saturations should equal one (see Eqn. (2.12)) and the
extended Pc(Sw) relationship are applied to close the balance equations. This leads
to the balance equation for an incompressible non-wetting phase

φ
∂Sn

∂t
= ∇ ·

{
krn(Sn)

µn
K(∇[Pw +Pc + τ

∂Sn

∂t
]−ρng∇z)

}
, (3.15)

where the source/sink term is zero and the coefficient τ is assumed to be constant.
As the balance equation for the wetting phase is not altered by the application of
the extended Pc(Sw) relationship, it will be neglected in the following. To rewrite
Eqn. (3.15) in dimensionless form the definitions

ẑ =
z
lc

, (3.16)

∇̂ = ∇lc , (3.17)

t̂ =
t
tc

, (3.18)

P̂w =
Pw

Pcc
, and (3.19)

P̂c =
Pc

Pcc
. (3.20)

are introduced, where tc is a characteristic time and lc a characteristic length. Note
that the characteristic length is introduced in order to non-dimensionalise the spa-
tial derivatives, e.g. the gradients in the balance equation. Thus, an interpretation
of the characteristic length scale should relate for example to a distance over which
a characteristic pressure drop occurs. Characteristic time and length are assumed to
relate through the characteristic velocity through uc = φlc/tc. The characteristic time
scale thus relates to the advective processes. Note, that by linking these three char-
acteristic magnitudes only two of them can be considered as independent.
The phase pressure and the capillary pressure are normalised with the characteristic
capillary pressure Pcc, which can for example be derived from the mid-point of the
equilibrium Pc(Sw) relationship [1]. Alternatively, the entry pressure of the equilib-
rium Pc(Sw) relationship after BROOKS & COREY can be chosen [17]. A hat marks
the dimensionless quantities. With the definitions given in Eqn. (3.16) to Eqn. (3.20)
Eqn. (3.15) can be expressed as

∂Sn

∂t̂
= ∇̂ ·{krn(Sn)

µw

µn
[

KPcc

µwuclc
(∇̂P̂w + ∇̂P̂c)+

Kτ
φµwl2

c
∇̂

∂Sn

∂t̂
− ρn

ρw

ρwgK
µwuc

∇̂ẑ]} . (3.21)
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The (traditional) dimensionless numbers can now be defined as

Ca =
µwuclc
KPcc

=
viscous forces

capillary forces
, and (3.22)

Gr =
ρwgK
µwuc

=
gravitational force

viscous force
, (3.23)

where Ca denotes the capillary and Gr the gravity number. While the enumerator
and denominator of the capillary number have the units of a force, in the gravity
number they have force per length. Additionally, a new dimensionless number ap-
pears for the second term on the right-hand side, namely the dynamic number

Dy =
dynamic capillary force

viscous force
=

Kτ
φµwl2

c
. (3.24)

In the dynamic number, the units MLT−1 in the enumerator and denominator need
to be extended by the inverse of time in order to yield the units of a force.
According to Eqn. (3.24), the dynamic number Dy does not depend on the char-
acteristic velocity. This is contrary to the assumption that dynamic effects should
not play a role for very slow processes independent of the fluids and the porous
medium. The characteristic flow velocity might however be reintroduced into the
equation by applying lc = uctc/φ.
Now, the dimensionless balance equation can be formulated as

∂Sn

∂t̂
= ∇̂ ·{krn(Sn)

µw

µn
(Ca−1(∇̂P̂w + ∇̂P̂c)+Dy∇̂

∂Sn

∂t̂
− ρn

ρw
Gr∇̂ẑ)} . (3.25)

Further insight can be gained by relating the various dimensionless numbers. Thus,
for example, defining the ratio of the dynamic number to the inverse of the capillary
number yields the dimensionless number DyC

DyC =
Dy

Ca−1 =
Kτ

φµwl2
c

µwuclc
KPcc

=
ucτ

Pcclcφ
=

dynamic capillary force
equilibrium capillary force

, (3.26)

which is interpreted as the ratio of influences stemming from dynamic capillary
effects in the numerator to the equilibrium capillary influence in the denominator.
The units in the ratio of FL−1 quantify a force per length. The numerator and the
denominator would have to be extended by a characteristic length in order to obtain
a force only. Nevertheless, the term force will be applied in the following related to
the terms in the ratio of DyC.
If the characteristic velocity uc in Eqn. (3.26) is replaced by uc = φlc/tc, DyC becomes

DyC =
τ

tcPcc
. (3.27)

With this reformulation, one may conclude that the influence from the dynamic ef-
fects is large for small time scales or small equilibrium capillary pressures. In the
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limit of no capillary forces (Pcc → 0), the dimensionless number DyC tends to infin-
ity. In the balance equation (3.15), the second term of the advective right hand side
vanishes, but the dynamic term remains. An interpretation of the resulting balance
equation is difficult, as the derivation of the extended Pc(Sw) relationship relies on
the presence of capillary forces. To overcome this problem, τ can be interpreted as a
function of capillary pressure decreasing to zero when capillary pressure is zero.
The ratio of the dynamic number Dy to the gravitational number Gr results in

DyG =
Dy
Gr

=
Kτ

φµwl2
c

µwuc

ρwgK
=

τuc

φl2
c ρwg

=
dynamic capillary force

gravitational force
, (3.28)

where again a ratio of force per length is defined. Similar to the number Dy, the
ratio of the forces would be scale-independent if the coefficient τ scaled with length
squared.
In the following, calculations of the new dimensionless numbers Dy, DyC and DyG
for different porous media help to assess at which characteristic lengths or flow
velocities dynamic effects need to be considered. For this analysis, it is assumed
that the soil parameters like the permeability and the porosity are known and con-
stant for a given porous medium. The τ values for three different porous media are
calculated using Eqn (3.2) proposed by STAUFFER, 1977 [107] (see Tab. 3.1), which
assumes that the coefficient τ is a soil property independent of length scale, satura-
tion or rate of change of saturation. The STAUFFER formula introduces a correlation
between the permeability, the equilibrium capillary pressure (here Pd = Pcc), and the
coefficient τ. Substitution of Eqn. (3.2) in Eqn. (3.24) results in a relationship for Dy
that is independent of permeability

Dy =
αS

λl2 (
Pd

ρwg
)2 . (3.29)

This equation implies, if all other parameters remain constant, that for fine porous
media with a high entry pressure dynamic effects are important. This is a conse-
quence that still needs to be verified.
When the values of τ given in Tab. 3.1 are compared, it is striking that magnitudes
vary over five orders of magnitude. Such a behaviour is not observed in any of
the other parameters. Whether these ranges in τ are realistic needs to be verified
experimentally.
In the following, it is assumed that an equilibrium of forces is attained at a ratio
equalling one. With an extension all numbers could have the unit of a force but the
extension would cancel out.
In Tab. 3.1, the characteristic flow velocity uc at the balance of equilibrium and dy-
namic effects DyC = 1 at a characteristic length of one metre as well as the magni-
tude of the dynamic number Dy for a characteristic length of 0.1 m are given for
different porous media; the parameters such as permeability and porosity are taken
from the literature.
The balance of equilibrium and dynamic forces (DyC = 1) is attained at u = 0.23 m/s
for the coarse sand CS, a velocity that is not usually observed in two-phase flow in
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the unsaturated zone or groundwater remediation. However, in technical applica-
tions such as paper production, high flow velocities may be attained. For the porous
media, where τ is derived on the basis of Eqn. (3.2), trends can be determined from
the analysis: the finer the porous medium, the smaller the characteristic velocity
uc at which dynamic and viscous forces balance each other. If the coefficient τ is
determined independently by a laboratory experiment, this trend is not necessarily
confirmed. For Sand 1, the permeability equals that of CS, but Dy is four orders of
magnitude higher than for CS.
Fig. 3.3 illustrates the behaviour of the dimensionless numbers Dy and DyC for
Sand 1 and Zeijen sand ZS with varying characteristic length and a characteristic
velocity of uc = 10−5 m/s (for the parameters K and τ see Tab. 3.1, Pcc = Pd). It is again
assumed that the properties of the homogeneous porous media are known and con-
stant on all length scales.
The dimensionless number Dy quantifies the ratio of dynamic to viscous forces.
Thus, as Dy decreases with increasing length, the viscous effect dominates the dy-
namic capillary effect. This observation agrees with field-scale applications, where
in particular reservoir engineers neglect capillary forces and in particular dynamic
terms. As an exception, the works of BARENBLATT ET AL. [6, 5] and SILIN &
PATZEK, 2004 [104] are cited, who not only take capillary effects into account but do
also introduce a non-equilibrium term.
The dimensionless number DyC relates the influence of the dynamic to the equilib-
rium capillary effects. For decreasing values of DyC, the equilibrium influence gains
importance (see Fig. 3.3). For Sand 1 the balance of these two effects is attained at a
length scale of l = 0.2 m; for the Zeijen sand, the length is about two orders of mag-
nitude smaller. In general, on small length scales dynamic effects might dominate
the capillary equilibrium force rather than on large length scales.
Similar to the number DyC, the dimensionless number DyG shows that the influ-
ence of the dynamic capillary force decreases with the characteristic length scale in
relation to the gravitational force (see Fig. 3.4).
As mentioned before, the characteristic length can be interpreted in different ways,

Table 3.1: Porous media parameters and values for Dy and uc

Soil K [m2] φ [-] Pd [Pa] λ [-] τ− [Pa s] uc [m/s] Dy
(= Pcc) DyC = 1, lc = 0.1 m

lc = 1 m

CS 5.66 ·10−11 0.32 1370 5.83 1.89 ·103 0.23 0.03
Sand 1 5.66 ·10−11 - 2317 - 2.71 ·107 4.63 ·10−5 283.0
ZS 3.06 ·10−12 0.35 5587 6.11 6.07 ·105 9.78 ·10−3 0.17
Silt 5.16 ·10−13 0.49 9412 0.56 1.56 ·108 2.96 ·10−5 16.40

− : Values determined after Eqn. (3.2) except for Sand 1,
Parameter for CS from URSINO & GIMMI, 2004 [111], for Sand 1 from TOPP ET AL., 1967 [109], for
ZS from HASSANIZADEH ET AL., 2005 [57], for silt from VAN GENUCHTEN ET AL., 1999 [115]
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Zeijen sand ZS and Sand 1 (see Tab. 3.1)

e.g as

• the system length,
• the characteristic length of a process, e.g. a front width,
• for numerical simulations, the grid size, or,
• for laboratory measurements, a measurement scale.

If the characteristic length is interpreted as the system length the influence of dy-
namic effects is important on small length scales with respect to viscous, equilibrium
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capillary and gravitational effects (see Figs. 3.3 and 3.4). For length scales much
smaller than lc = 0.01 m, the validity of the underlying DARCY law (see Eqn. (2.22))
might be questioned for the sands under consideration, because it is applicable at
scales larger than the pore scale. Interpreting the characteristic length as the system
length gives an upper bound set by the dimensions of a reservoir or a watershed,
scales where the porous system is clearly heterogeneous. However, the dimensional
analysis is based on a system of equations for homogeneous systems.
If, on the other hand, the characteristic length scale is related to a process, e.g. the
front of an imbibition process, the upper bound of the characteristic length is repre-
sented by the largest width of a front. For the lower bound, an REV again needs to
be establishable, because the front is otherwise reduced to the pore-scale interface
between the two phases. For an assessment of the influence of the effects in simula-
tions, the grid size could be employed also. However, refining the grid for a simula-
tion does not imply an alternation of the influence of the different effects but rather
a better approximation of the solution as numerical diffusion is reduced. However,
at the moment it can not be excluded that a coarsening of the grid might necessitate
to include dynamic effects on the coarse grid. This aspect requires further analysis
and is not part of of this thesis. The simulation results presented in Sec. 6 serve to
analyse the question how the characteristic length scale could be interpreted.
Now, a constant characteristic length scale is chosen and the characteristic flow ve-
locity in DyC is varied. In order to assess the importance of dynamic effects, this
characteristic flow velocity needs to represent a flow velocity from a transient pro-
cess. At a steady state, dynamic effects do not play a role as the rate of change of
saturation then equals zero. For illustration, calculated DyC is plotted for the pa-
rameters of the coarse sand CS and the Zeijen sand ZS (see Fig. 3.5).
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Figure 3.5: Dimensionless number DyC as a function of the characteristic flow velocity for
the coarse sand CS and the Zeijen sand ZS (see Tab. 3.1)

For increasing flow velocities, the dynamic capillary force gain importance in re-
lation to the equilibrium capillary force. As an example, for the coarse sand CS,
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the balance between dynamic and equilibrium capillary effects for lc = 0.01 m is at-
tained at a characteristic flow velocity of approximately uc = 2 ·10−3 m/s. For the Zei-
jen sand, the flow velocity at balance is approximately two orders of magnitude
smaller for the same characteristic length.
The applicability of DARCY’s law might be endangered at high flow velocities, as
the linear relation of flux to head gradient can change to non-linear (compare Sec-
tion 2.3.1). As a measure, the REYNOLDS number (see Eqn. 2.26) is employed,
which should not exceed one (to ten) for DARCY’s law to hold. The characteris-
tic flow velocity uc can be related to the characteristic seepage velocity vcs applied
in the REYNOLDS number through vcs = uc/φ. As the dimensionless numbers are
defined related to the wetting phase properties, the wetting phase parameters are
employed for the computation of the REYNOLDS number. The REYNOLDS number
Rew indicates that, for porous media with mean grain diameters of d50 = 0.006 m
(coarse sand), the seepage velocity should not exceed vs = 0.001 m/s, while for
d50 = 0.0002 m (coarse silt), it should remain smaller than vs = 0.1 m/s. For refer-
ence, Rew = 1 is indicated in Fig. 3.5 for both sands. Apparently, for the Zeijen sand
ZS, the range of velocities where dynamic capillary forces dominate (DyC < 1) and
the DARCY law holds, is small. For the coarse sand, the equilibrium capillary force
dominates throughout the whole range of the applicability of DARCY’S law.
In Sec. 6, simulations are run to which different magnitudes of the dimensionless
numbers pertain in order to assess the impact of the extended Pc(Sw) relation on
simulation results. In two of the examples, the dynamic forces exceed the capillary
equilibrium but not the viscous ones.
The conclusions from the dimensional analysis can be summarised as follows:

• From the dimensional analysis of the two-phase balance equations on the local
scale including an extended Pc(Sw) relationship, a new dimensionless number
Dy evolves, which quantifies the ratio of dynamic to viscous influences. Di-
vision of Dy by the inverse of the capillary number Ca and the gravitational
number Gr yields DyC, the ratio of dynamic to equilibrium capillary forces,
and DyG, the ratio of dynamic capillary to gravitational effects.

• On the assumption that the coefficient τ is a constant the importance of dy-
namic effects diminishes with increasing length scale with relation to equilib-
rium capillary, viscous and gravitational effects. If the characteristic length
scale is assumed to be the system length, dynamic effects might play a role es-
pecially in laboratory experiments (e.g. for parameter identification) and small
scale applications (e.g. filters) where large rates of change of saturation occur.

• The influence of the dynamic forces increases with increasing characteristic
flow velocity from a transient process.

• The range in which the dynamic effects might play a role is limited by at least
two factors,
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– the smallest length scale possible for establishling an REV for the balance
equations and the properties of the porous medium and

– the maximum flow velocity where the REYNOLDS number does not ex-
ceed one (to ten).

In most applications concerning subsurface hydrosystems, the REYNOLDS
number does not exceed this limit.

In brief, the influence of dynamic effects declines with increasing length scale (of
either the system or the front width) and decreasing flow velocity on the assumption
that τ is a constant. As mentioned before, this observation agrees with field-scale
applications, where especially reservoir engineers neglect capillary forces and thus
do not distinguish between equlibrium and dynamic capillary effects.
The dimensionless analysis is based on the assumption that the coefficient τ is a
constant. HASSANIZADEH & GRAY, 1993 have argued that τ might depend on the
saturation, the rate of change of saturation and other properties of the porous me-
dia. For a dependence on the saturation, a characteristic value of τ could then be
employed, similar to the definition of the characteristic equilibrium capillary pres-
sure. The same holds for a given range of saturation rates. Inclusion of these effects
might shift the values for τ, but the principal behaviour of the numbers would not
be altered.
A more important issue is the question whether the coefficient τ scales with length
scale. DAHLE ET AL., 2005 [30] propose that τ scales with length squared for a
large range of water saturations. Consequently, the ratios of the dynamic capillary
force to the viscous and gravitational ones do not depend on the length scale, as l2

then cancels out and only the constant part of τ remains in the equations. If this
relation is inserted into Eqn. 3.27, the dynamic capillary force still increases with
length scale in comparison to the equilibrium capillary effects then constant over all
length scales. Relating τ instead of the system length to a front width, as suggested
by DAHLE ET AL., 2005 [30], also raises questions. If the coefficient scales directly
with length squared, it is then large for a broad front width and small for steep
fronts. This introduces a dependence on the flow process assuming that steep fronts
are encountered in processes with high flow velocities and broad fronts are related
to small flow velocities. Additionally, having a large coefficient for slow processes
violates the assumption that in the limit of capillary dominated flow dynamic effects
do not need to be taken into account. Questions related to the dependence of τ on
the length scale will be taken up again in Ch. 5.
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4 Numerical model of two-phase flow

In Sec. 2.3.2, the mathematical model for describing the conservation of mass and
momentum for two fluid phases assuming a rigid, incompressible porous medium
is introduced. The two balance equations are coupled through the relative perme-
ability-saturation relationships and the additional constraints for the saturations
(see Eqn. (2.34)) and the capillary pressure (see Eqn. (2.35)). The resulting system
of highly non-linear partial differential equations can only be solved analytically for
simple cases, e.g. the Buckley-Leverett problem where displacement neglecting cap-
illary pressure is treated [42]. Thus, the equations are approximated by numerical
methods (discretisation in space and time). The evolving algebraic equations can
then be tackled with efficient and fast solvers.

4.1 The simulation programme MUFTE-UG

Simulations carried out for this thesis employ the simulator MUFTE-UG (MUlti-
phase Flow Transport and Energy model on Unstructured Grids). MUFTE-UG con-
sists of two parts, one providing the implementation of the spatial discretisation of
the balance equations, the constitutive relationships as well as the problem descrip-
tions (MUFTE), and the second providing the means for solving partial differential
equations on complex geometries in two and three dimensions, possibly on unstruc-
tured grids. In the framework of this thesis, only two-dimensional domains with
structured grids are applied.
The spatial and the temporal discretisation as well as the solvers applied here will
be described in Sec. 4.2.
The solvers implemented in UG, the geometric and algebraic data structures, the
grid management, visualisation and parallelisation options as well as a theoretical
background to these methods are described in detail by BASTIAN, 1999 [8]. As-
sessments of the different discretisation approaches and the solving routine can be
found in BASTIAN & HELMIG, 1999 [9], or HELMIG & HUBER, 1998 [60].

4.2 Spatial and temporal discretisation of the two-phase
conservation equations

In Sec. 2.3.2, the conservation equations of mass including DARCY’s law for two
fluids, given in Eqns. (2.32) and (2.33), as well as the additional constraints after
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Eqns. (2.34) and (2.35) are introduced. These continuous functions need to be dis-
cretised in space and time in order to solve them. First, the spatial discretisation
applying the traditional closure assumption that Pc = Pn−Pw = Pc(Sw) is outlined.
In Sec. 4.3, the discretisation for the closure with the extended Pc(Sw) relationship as
given in Eqn. 3.13 is presented. For the discretisation of the balance equations, they
are first of all expressed in the integral form,

Z

Ω

φ
∂
∂t

(Sαρα)dV =
Z

Ω

∇ · [ραλαK∇(Pα−ραgz)]dV +
Z

Ω

ραqαdV , (4.1)

over the domain Ω, that can be chosen freely.
The domain, for which the two balance equations should be solved is discre-
tised by m number of elements E = {e1, ...,em} possessing i numbers of vertices
V = {v1, ...,vi}. In the following, the grid made up of these elements and vertices
is denoted the Finite Element (FE) or primary mesh. At the boundary of the domain
Γ, either Dirichlet (Γα,D) or Neumann (Γα,N) boundary conditions can be prescribed
for the phase α.
On the basis of the primary mesh, a secondary, Finite Volume (FV) mesh is con-
structed by connecting an element’s centre of gravity to the midpoint of the element
edges (see Fig. 4.1). Thus, around each vertex vi, a control volume can be defined,
which is called a box, described by bi. The intersection of an element with a box is
denoted sub-control volume. Its boundary can be subdivided into two sub-control
volume faces. The whole boundary of a box is denoted ∂bi . The spatial discretisa-
tion presented is denoted sub-domain collocation control volume method or, more
simply, BOX method.
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Figure 4.1: Primary (FE) mesh and construction of the secondary mesh as well as the basis
and ansatz functions (after [59, 8])

Introducing a numerical scheme implies that the primary variables Pα and Sα are
approximated by ansatz functions N j. Within the BOX scheme, these are common
C0 Lagrangian polynomials, meaning they are piecewise linear and continuous, but
not continuously differentiable. For example the wetting phase pressure Pw, the
approximated quantity P̃w can be calculated after

P̃w ≈∑
j

Pw jN j , (4.2)
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and its gradient after

∇P̃w ≈ ∑
j∈η j

(Pw j−Pwi)∇N j , (4.3)

where ηi is the set of neighbouring vertices of vertex i. The ansatz function N j is
defined by

N j(xk) =

{
1 for j = k
0 for j 6= k .

(4.4)

Consequently, the primary variables are no longer a function of space.
The approximation of the primary variables effects that the balance equations can-
not be solved exactly any more, e.g. the terms on the left-hand side of Eqn. (4.1) no
longer equal zero but a residuum ε, which should be weighted such that it is zero on
average over the domain. To this end, the position-dependent weighting functions
Wi(x) are introduced. If one considers the principle of orthogonality, these should be
chosen such that

Z

Ω

Wi ε dV = 0 for i = 1,2, ...,nnodes , (4.5)

where nnodes denotes the total number of nodes. For the BOX scheme the weighting
functions Wi are defined as piecewise constant with

Wi(x) =

{
1, if x ∈ bi

0, if x 6∈ bi .
(4.6)

Including these definitions, Eqn. (4.1) can thus be expressed as (suppressing the time
derivate)

Term M︷ ︸︸ ︷Z

Ω

Wiφ ∑
j∈ηi

(Sαρα) jN jdΩ

−
Term A︷ ︸︸ ︷Z

Ω

Wi∇ · [ραλαK{∑
j∈ηi

(Pα j−Pαi)−ραi jg ∑
j∈ηi

(z j− zi)}∇N j]dΩ

−
Term Q︷ ︸︸ ︷Z

Ω

WiραqαdΩ = 0 , (4.7)

where zi denotes the z-coordinate of vertex i, and ρα,i j describes the density of phase
α arithmetically averaged between the vertices i and j. In the following, the treat-
ment of the different terms in Eqn. (4.7) within the BOX discretisation is explained.
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The accumulation term ’Term M’ and the source/sink term ’Term Q’ are approxi-
mated by applying the mid-point rule. Thus, the accumulation term can be calcu-
lated after (again omitting the time derivative)

Z

Ω

Wiφ( ∑
j∈ηi

(Sαρα) j)N jdΩ = φ(Sαρα)i|bi| , (4.8)

and, similarly, the source/sink term after
Z

Ω

WiραqαdΩ = (ραqα)i|bi| , (4.9)

where |bi| denotes the volume of box bi. This procedure corresponds to the mass
lumping technique in Finite Element methods.
Before the flux term ’Term A’ is explained, the total potential Ψαi is introduced

Ψαi = ( ∑
j∈ηi

Pαi−ραig ∑
j∈ηi

zi) . (4.10)

The second order in space within the volume integral of the flux term can be reduced
to a first order by applying the product rule of differentiation, having summarised
the flux term to

R
Ω

Wi∇ ·FdV

Z

Ω

∇ ·(WiF)dΩ =
Z

Ω

∇WiFdΩ+
Z

Ω

Wi∇ ·FdΩ (4.11)

which is equal to
Z

Ω

Wi∇ ·FdΩ =
Z

Ω

∇ ·(WiF)dΩ−
Z

Ω

∇WiFdΩ (4.12)

where the first term on the right-hand side becomes zero for the chosen weight-
ing functions Wi. Applying the GREEN-GAUSS integral theorem allows the volume
integral to be conveyed to a boundary integral

Z

Ω

∇ ·(WiF)dV =
I

Γ
WiF ·ndΓ , (4.13)

where n denotes the outer unit normal vector. Thus, ’Term A’ can be expressed as
Z

Ω

Wi∇ · [ραλαK(Ψα j−Ψαi)∇N j]dΩ =
I

∂bi

WiραλαKΨαi j∇N j ·n dΓbi (4.14)

with

Ψαi j = ( ∑
j∈ηi

(Pα j−Pαi)−ραi jg ∑
j∈ηi

(z j− zi)) , (4.15)
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where Ψα,i j denotes the difference in the total potential between the vertices i and j.
Within the BOX scheme, the internal fluxes are evaluated at the mid-point of a sub-
control volume face ϕ at the integration point IP (see Fig. 4.1) and then weighted on
that face. Thus, the integration over the flux term of one box can be approximated
by

Fi := ∑
l∈ei

∑
j∈ηi

(ραλα)i jΨαi j∇N j ·nϕel
i j . (4.16)

It has not yet been specified how the product of the density ρα times the mobility
λα is to be treated. An upstream weighting technique is applied here, which sta-
bilises the solution and hinders the infiltration of non-wetting phase into a part of
the domain with high entry pressure for sufficiently refined grids [66]. The upstream
direction is defined by

(ραλα)ups
i j =

{
(ραλα)i if (Ψα j−Ψαi)≥ 0
(ραλα) j if (Ψα j−Ψαi) < 0 ,

(4.17)

describing a fully upwinding scheme.
Choosing the pressure of the wetting phase and the saturation of the non-wetting
phase as the two primary variables to be solved for, and closing the system accord-
ingly with Eqns. (2.34) and (2.35), the balance equations can thus be expressed as

gα,i(Pw,i;Sn,i) := (−1)δα,wφ(Sαρα)i|bi|
− ∑

l∈ei

∑
j∈ηi

(ραλα)ups
i j K(Ψα j−Ψαi)∇N j ·nϕel

i j

− (ραqα)i|bi|−mαi (4.18)

with

Ψαi = Pw,i +δα,nPc,i−ραigzi . (4.19)

The term mαi quantifies the flux over the boundary in case ∂bi∩Γα,N .
The flux over the sub-control volume face of bi∩b j from box bi into box b j equals
the opposite flux from box bi to bi∩b j. The method thus conserves mass locally.
For the evolving discretised system of equations, appropriate boundary conditions
have to be defined. In the context of this thesis, only DIRICHLET or NEUMANN
boundary conditions are applied.
The just described coupled, highly non-linear equations need to be discretised in
time as well. For the temporal discretisation, a one step method, a fully implicit Eu-
ler scheme is applied, which can be stated in general for a time-dependent variable
u as

∂u
∂t
≈ un+1−un

∆t
with ∆t = tn+1− tn . (4.20)
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The balance equations already spatially discretised thus become

gα,i(Pw,i;Sn,i) := (−1)δα,w φ
∆t

((Sαρα)n+1
i − (Sαρα)n

i )|bi|
− ∑

l∈ei

∑
j∈ηi

(ραλα)ups,n+1
i j K(Ψn+1

α j −Ψn+1
αi )∇N jnϕel

i, j

− (ραqα)n+1
i |bi|− (mαi)n+1 . (4.21)

HELMIG, 1997 [59] and BASTIAN & HELMIG , 1999 [9] have shown that the im-
plicit Euler scheme is unconditionally stable for arbritrary time steps. Numerical
diffusion might be introduced by this temporal discretisation [58], which the algo-
rithm in MUFTE-UG attempts to diminish by a time step control. The time step is
adapted automatically within the solving algorithm based on the performance of
the damped, inexact NEWTON scheme to solve the non-linear, algebraic system of
equations. The inexactness refers to the approximated solution of the linearised sys-
tem of equations evolving in the NEWTON algorithm. The damping is employed
to facilitate global convergence. To determine the damping factor a line search is
utilised. The number of line searches may influence the time stepping. If the damp-
ing factor can be calculated within the first line search, the time step is multiplied
by a factor. If, on the other hand, the damping factor cannot be determined after a
given number of line searches (usually four to six), the time step is reduced applying
the factor dtred.

For the time stepping algorithm, the size of the first, the maximum and the mini-
mum time step can be defined. If convergence cannot be achieved for the smallest
time step, a simulation is aborted.

The NEWTON algorithm requires starting values for the unknowns. To obtain a
good guess a multi-grid algorithm is employed as a pre conditioner [50]. Beginning
on the coarsest level, the solution of the previous time step on the coarsest level is
taken as the initial guess. The solution on the coarsest grid is then prolongated to
the next finer level to provide an initial guess. This procedure is repeated up to the
finest level, and then the solution is restricted again cycling through the levels up to
the coarsest level. The procedure is called a V-cycle. LANG, 2001 [72] describes the
realisation of the multi-grid data structure in MUFTE-UG in detail.

The linear system of equations evolving in the NEWTON scheme is treated with an
incomplete LU decomposition (as a pre- and post-smoother), and then solved with
a stabilised bi-conjugate gradient algorithm.

For a detailed overview of the solvers implemented in UG, BASTIAN, 1999 [8] can
be consulted.
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4.3 Inclusion of the extended capillary
pressure-saturation relationship in the
mathematical-numerical model

So far, the two-phase balance equations have been closed by the saturation identity
after Eqn. (2.34) and applying a unique relationship between capillary pressure and
water saturation (see Eqn. (2.35)). Instead of this traditional approach, the extended
Pc(Sw) relationship (see Eqn. 3.13) is chosen now to close the system of equations. It
is assumed that the linearisation of the relation holds, and that the coefficient τ may
be a function of the water saturation as observed in experiments (see Sec. 5.3).
As in Sec. 4.2 the pressure of the wetting and the saturation of the non-wetting phase
are selected as primary variables. The application of Eqn. 3.13 allows that the gradi-
ent of the pressure of the non-wetting phase can be expressed as

∇Pn = ∇
(

Pw +Pc + τ
∂Sn

∂t

)
,

or, as the gradient of the sum equals the sum of the gradients,

∇Pn = ∇Pw +∇Pc +∇τ
∂Sn

∂t
. (4.22)

The new additional term is thus a mixed second-order term.
The balance equation for the wetting phase is not affected by this alternative clo-
sure of the system, while the balance equation for the non-wetting phase given in
Eqn. (2.33) in the integral form changes to

Z

Ω

φ
∂ρnSn

∂t
dΩ =

Z

Ω

∇ ·
[

ρnλnK{∇Pw +∇Pc +∇τ
∂Sn

∂t
−ρng∇z}

]
dΩ

+
Z

Ω

ρnqndΩ . (4.23)

As a consequence now a mixed third order term has to be treated.
With the chain rule of differentiation the new term might be expressed as

∇τ
∂Sn

∂t
= τ

∂
∂t

∂Sn

∂x
+

∂Sn

∂t
∂
∂x

τ , (4.24)

This illustrates that the gradient of the water saturation appears (in the first term on
the right hand side). As the water saturation might be discontinuous at the interface
of heterogeneities its gradient cannot be determined at such an interface. The second
term on the right hand side vanishes for a constant τ coefficient.
Introducing the weighting functions Wi after Eqn. (4.6) and the linear ansatz func-
tions N j after Eqn. (4.4) to approximate the variables as described in Sec. 4.2 as well
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as discretising the equation in time applying the fully implicit Euler scheme after
Eqn. 4.20 as described in Sec. 4.2 leads to

Z

Ω

Wi
φ
∆t

[(ρnSn)n+1
i − (ρnSn)i)n ∑

j∈ηi

N j]dG

=
I

Γ
Wi(ρnλn)ups,n+1

i j K ∑
j∈ηi

[(Pw i +Pc i−ρngzi)n+1 +
τ
∆t

(Sn+1
n,i −Sn

n,i)]∇N j ·ndΓ

+
Z

Ω

Wi(ρnqn)n+1
i dΩ . (4.25)

Eqn. (4.25) will be handled in two ways: first, the new term will be treated together
with the accumulation term and secondly, it will remain in the flux term. Both ap-
proaches were implemented.
In MUFTE-UG the discretised equations are multiplied by the time step rather than
divided by the time step as this might lead to the division by very small numbers.
Consequently, with Eqn. (4.21) as a basis Eqn. (4.25) can be expressed as

φ
∆t

((ρnSn)n+1
i − (ρnSn)n

i )|bi|

− 1
∆t ∑

l∈ei

∑
j∈ηi

(ρnλn)n+1
i j Kτ(Sn+1

n,i −Sn
n,i)∇Ni ·nϕel

i, j

= A+Q+mn+1
n,i , (4.26)

where A equals the flux and Q the source/sink term as defined by Eqn. (4.21). The
additional term would still be treated as a flux term, perhaps also using the up-
stream mobility. In contrast to the handling of the flux term in Eqn. (4.21) an up-
winding scheme is not applied to the newly evolved boundary integral. The accu-
mulation term is thus recast as

1
∆t
{φ((ρnSn)n+1

i − ∑
l∈ei

∑
j∈ηi

(ρnλn)n+1
i j KτSn+1

ni ∇N j ·nϕel
i j

− (ρnSn)n
i )|bi|− ∑

l∈ei

∑
j∈ηi

(ρnλn)n
i jKτSn

ni∇N j ·nϕel
i j}

= A+Q+mn+1
n,i , (4.27)

As the gradient of the saturation – a possibly discontinuous variable in heteroge-
neous domains – occurs in the formulation it can strictly speaking only be applied
to homogeneous domains, unless an additional interface condition is found to sat-
isfy the extended Pc(Sw) relationship at the interface.
In the second approach, the additional term ∇τ∆Sn/∆t remains within the flux term.
The balance equation can be described by

φ
∆t

((ρnSn)n+1
i − (ρnSn)n

i )|bi|

= ∑
l∈ei

∑
j∈ηi

(ρnλn)ups,n+1
i j K{Ψn+1

ni j + τ
Sn+1

ni −Sn
ni

∆t
}∇N j ·nϕel

i, j + Q + mn+1
ni . (4.28)
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In contrast to the first implementation the additional term is now included in the
upwinding scheme of the flux term. Comparing simulations for the first and sec-
ond implementation did not show detectable differences in the results. Thus, the
inclusion in the upwinding scheme is maintained.
To this end, the saturation of the time steps Sn

n,Sn+1
n as well as tn, tn+1 are saved

after each time step and made available at the next time step. The solution Sn+1
n

is assumed to be a good initial guess to compute the saturation rate at the next
time step. During the solving routine, the values are updated after each successful
NEWTON iteration.
Simulations based on the first approach were compared to simulations with the sec-
ond approach and a difference in the cumulative mass over time (see Eqn. 6.1) could
not be detected. However, with the first approach problems occurred if the coeffi-
cient τ exceeded a certain magnitude in combination with unfavourable initial and
boundary conditions. Thus, the simulations presented in Ch. 6 are based on the
second approach.
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5 Determination of the coefficient τ in
the extended Pc(Sw) relationship

In this chapter, laboratory and numerical experiments are presented, on the basis
of which the coefficient τ in the extended Pc(Sw) relationship relationship (compare
Sec. 3.5) is calculated.
A short literature review introduces various approaches to determining the τ co-
efficient. Subsequently, a laboratory experiment from GeoDelft, The Netherlands
serves to quantify the coefficient and analyse its dependence on the water satura-
tion. Then numerical experiments applying MUFTE-UG (see Sec. 4.1) provide a
basis for assessing whether the coefficient can be identified on the local scale and
macroscale. Thus, the coefficient τ is determined by two approaches, namely lab-
oratory and numerical experiments. It is not the aim of this thesis to examine dy-
namic effects in the relative permeability-saturation relationship. For a complete
upscaling approach, this constitutive relationship also needs to be determined un-
der equilibrium and dynamic conditions in order to apply the upscaled parameters
in a large-scale simulation. However, this lies beyond the scope of this thesis and is
a topic of further investigations.

5.1 Literature review

In Section 3.2, studies examining dynamic effects in the local scale Pc(Sw) relation-
ship were presented. Except for the work of STAUFFER, 1978, these studies do not
attempt to derive a functional form to handle the non-uniqueness or to test existing
models. Here, methodical and laboratory studies that calculate the coefficient τ are
introduced. Results of KALAYDJIAN, 1992 [68] are compared to the results from the
GeoDelft experiments in Sec. 5.3.
HASSANIZADEH ET AL., 2002 [52] calculate τ on the basis of experimental data
from the literature. For water-gas (air) fluid systems, its values range between
τ = 3 ·104 Pa s and τ = 5 ·107 Pa s for various sands and drainage processes.
TSAKIROGLOU ET AL., 2003 [110] perform transient displacement experiments
with paraffin oil (µn = 0.026 Pa s) and water on a transparent glass etched 2D pore-
network (0.134 m ·0.10 m). They obtain Pe

c (Sw) and Pd
c (Sw) relationships from an in-

verse modelling approach with the traditional local-scale balance equations for two
phases (see Sec. 2.3.2). The determination of the coefficient τ after HASSANIZADEH
& GRAY, 1993 for each of the experiments results in a slight dependence of τ on
the water saturation. However, a pronounced dependence on the boundary condi-
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tions and thus the dominating forces is observed. For a fast process, the coefficient
amounts to τ = 1.56 ·106 Pa s and for a slow process to τ = 6.73 ·107 Pa s, thus, the val-
ues differ by appr. an order of magnitude. For capillary-dominated flow, the τ values
are higher than for viscous dominated flow. The authors offer the following inter-
pretation. If τ is a damping coefficient, it can be interpreted as a measure of the time
required to establish equilibrium. For fast processes with large flow velocities (large
capillary number Ca (3.22)) this time is small and for slow processes (small capillary
number) it is high. On the assumption that the flow velocity is positively correlated
to the rate of change of saturation, this interpretation suggests that the coefficient
might be a function of the rate of change of saturation.
This interpretation contradicts the assumption that for slow processes, the devia-
tion from the equilibrium Pc(Sw) relationship should be small, and thus an extended
Pc(Sw) relationship would not be required when simulating the flow process. It
should also be noted that the coefficient τ has the units of pressure times time, and
not of time. The relation to the velocity of the process can be interpreted as a de-
pendence of τ on the rate of change of saturation. Whether this is the case is still an
open question.
Methodical studies comprise pore-scale models, ranging from bundle of capillary
tubes to three-dimensional pore-network models, which are applied to upscale equi-
librium and dynamic Pc(Sw) relationships from the pore scale to the local scale.
DAHLE ET AL., 2005 [30] calculate the flow of two immiscible fluids through a bun-
dle of capillary tubes applying the WASHBURN [119] equation with a constant con-
tact angle. They undertake a volume-averaging of the phase pressures and phase
volumes over the length of the tubes (∼ 0.001 m) and find that the difference in the
phase pressures in the transient case does not equal the equilibrium capillary pres-
sure calculated after the LAPLACE equation. The dynamic Pd

c for drainage exceeds
the equilibrium Pc for a given upscaled saturation. The authors determine the co-
efficient τ as a function of water saturation with values ranging between ∼ 250 Pa s
and ∼ 400 Pa s. DAHLE ET AL., 2005 introduce the dimensionless grouping ND as
defined by

ND =
τK

φµl2 , (5.1)

where l is a characteristic associated length scale, as for example the averaging
length scale, and calculate it for given water saturations for a given variance of the
tube-diameter distribution. They find that τ scales with the square of the length
for medium to high water saturations (see Fig. 5.1). This would imply that τ = τ∗l2,
where τ∗ is a constant value. The authors note that rather than relating τ to the
length scale of the system, the averaging and thus the coefficient should be related
to a typical process length, e.g. the front width. Then the magnitude of τ would be
bounded.
GIELEN ET AL., 2004 [45] and GIELEN ET AL., 2005 [46] apply dynamic pore-
network models to examine dynamic effects in the upscaled Pc(Sw) relationship, also
using volume averaging for the pressures and the fluids. In the dynamic numerical
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experiments, the interfaces between the fluids are tracked with time. The authors
also assume a constant contact angle. They show that, in drainage, the dynamic
Pd

c exceeds the equilibrium Pe
c for a given saturation. The calculated coefficient

τ is a function of the water saturation from a pore network with the dimensions
0.006 m ·0.006 m ·0.008 m (see Fig. 5.2); its values are about one to two orders of mag-
nitudes larger than the ones stated by DAHLE ET AL., 2005 [30]. The increase can
probably be related to the increase of the averaging length scale, as both authors
apply similar conservation equations and the same averaging approach.

Figure 5.1: The dimensionless grouping
ND(Sw) for varying pore size distributions
σ as determined from a bundle of capil-
lary tubes model by DAHLE ET AL., 2005
[30]
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Figure 5.2: τ(Sw) as determined from a dy-
namic pore-network model from GIELEN
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Tab. 5.1 lists values for the coefficient τ from the literature mentioned here and com-
pares them where possible to the τ values calculated after the formula of STAUFFER,
1978 [108] given in Eqn. (3.2). If the required parameters could not be derived di-
rectly from the publication, values are either assumed or calculated from available
data, e.g. the permeability from the mean pore size. The values thus derived for the
coefficient τS after STAUFFER, 1978 differ in all the cases by orders of magnitudes
from the experimentally determined ones. Two aspects need to be mentioned. First,
in all the three publications, the viscosity ratios of the fluids do not resemble the
water-air system for which STAUFFER, 1978 derived the formula. All viscosities of
the non-wetting fluids exceed the ones of air by approx. two orders of magnitude.
Secondly, in the approaches followed by DAHLE ET AL., 2005 [30] and GIELEN ET
AL., 2005, an averaging of phase pressures and saturations is performed, which in-
troduces a dependence of the coefficient τ on the averaging length scale. This is
in contrast to STAUFFER’s formula, which does not proclaim a dependence on the
length scale. Even though the term (Pd/ρwg)2 can be intepreted as a length, it relates
to a capillary height (compare Eqn. (2.7)), which is limited by the smallest and the
largest pore occuring in a porous medium and not by a system length scale. While
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the differing viscosity ratios can explain the difference to the coefficients determined
after STAUFFER (which makes its application to water-oil fluid systems question-
able), the second issue of the length scale dependence will have to be investigated
in more detail. The question will be discussed again at the end of this chapter, when
numerical experiments on the local scale are applied to determine the coefficient.

Table 5.1: Magnitudes of the coefficient τ taken from the literature for various porous media
and fluid systems

Ref. min. τ [Pa s] max. τ [Pa s] τS[Pa s] Assumed parameters
K [m2] Pd [Pa] BC λ

1.∗ 3 ·104 5 ·107

2. 3 ·104 5 ·107 7.95 ·102 526.8 6.27
3. 2.5 ·102 4 ·102 5.4 ·106 4.8 ·10−12 104 6.0
4. 4 ·103 4 ·104 2.3 ·105 5.0 ·10−12 4100 6.0
5. 0 5.9 ·105 6.4 ·106 5.7 ·10−12 3800 0.161

∗ both values for a water-gas system, all others water-oil, data from 1. HASSANIZADEH ET AL.,
2002, 2. TSAKIROGLOU ET AL., 2003, 3. DAHLE ET AL., 2005, 4. GIELEN ET AL., 2004 and 5. OUNG
ET AL., 2005 [89] assuming that τ is given there in [kPa s] and permeability in [m/s] in their tables

Before the laboratory experiments aimed at determining the coefficient τ for a water-
oil system in a sand are presented, procedures are introduced which are required to
determine the terms in the extended Pc(Sw) relationship. As the coefficient τ is not
only derived from laboratory data but also calculated from numerical experiments,
the domains and boundary conditions for these experiments are introduced addi-
tionally.

5.2 Procedure for determining the equilibrium and
dynamic Pc(Sw) relationships

In the preceding section, the investigations of DAHLE ET AL., 2005 [30] and GIELEN
ET AL., 2005 were presented. These authors perform numerical experiments on the
pore scale and determine the coefficient τ for the local scale on the basis of volume-
averaged phase pressures and averaged phase volumes. A similar approach is fol-
lowed in this investigation. On the assumption that local scale heterogeneity might
introduce additional dynamic effects on the macroscale, numerical experiments are
performed, applying the balance equations for two phases on the local scale intro-
duced in Sec. 2.3 and their discretisation (see Ch. 4).
It should be stressed that no rigorous upscaling procedure is followed here. While
HASSANIZADEH & GRAY, 1990 [55] as well as KALAYDJIAN, 1987 [67] have de-
rived the extended Pc(Sw) relationship scaling up from the pore to the local scale,
BOURGEAT & PANFILOV, 1998 [16] as well as LEWANDOWSKA ET AL., 2005 [76]
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have shown by applying a homogenisation theory that dynamic effects can arise on
the macroscale (see Sec. 3.3). This approach requires the existence of periodic het-
erogeneities and a clear separation of the small to the large scale. Here, a simple,
discrete pattern and a random, spatially correlated heterogeneity pattern will be ex-
amined and the terms entering into the extended Pc(Sw) relationship as described in
Sec. 3.5 are determined from the numerical experiments by undertaking a volume
averaging of the phase pressures and arithmetically averaging the saturations.
For the determination of the coefficient τ, the equilibrium and dynamic
Pc(Sw) relationships as well as the rate of change of saturation are required. To ob-
tain the equilibrium Pe

c (Sw) relationship, either a percolation model is applied or
numerical experiments are carried out, applying boundary condition combinations,
which mimic laboratory experiments. The dynamic Pd

c (Sw) and the saturation rate
are determined on the basis of numerical experiments only. These dynamic numer-
ical experiments also mimic laboratory experiments.
On the basis of the small τ values derived from pore-network models (see Sec. 5.1)
and simulations including the extended Pc(Sw) relationship (see Ch. 6), it is assumed
that local-scale dynamic effects can be neglected in the numerical experiments as the
inclusion of τ with a small magnitude does not have an influence on the solution.
This approach analyses whether dynamic effects can be observed on the macroscale
for a system with negligible dynamic effects on the pore scale.

5.2.1 Boundary and initial conditions

In the numerical experiments the boundary conditions of two kinds of laboratory
experiment, a pressure-cell set-up and a flow-through experiment, are mimicked,
both inducing primary drainage processes.
In the flow-through set-up, the domain is initially fully water-saturated. Gravity is
neglected. In each phase, a pressure difference ∆Pα from the top to the lower bound-
ary is prescribed (see Fig. 5.3). Additionally, at the boundaries, a difference between
the phase pressures results in a boundary capillary pressure. At both side bound-
aries, no-flux conditions prevent an exfiltration of either phase. For homogeneous
domains, this choice of boundary conditions results in one-dimensional processes.
To determine the Pc(Sw) relationships, the capillary pressures at the top and lower
boundary are augmented by an increase of the non-wetting phase pressure, while
the pressure of the wetting phase at the boundaries remains constant throughout
the whole numerical experiment.
In order to identify the equilibrium (quasi steady-state) Pe

c (Sw) relationship, the cap-
illary pressure at the top and lower boundary is augmented stepwise (see Fig. 3.1,
right), inducing the non-wetting phase to infiltrate into the domain from the top
according to the pressure gradient within the phase. As the capillary pressure is
increased simultaneously at both boundaries, counter-current flow might occur af-
ter the capillary pressure augmentation. However, the pressure difference within
each phase from the top to the bottom boundary ensures that, at steady state, no
counter-current flow can be noticed.
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For the calculation of a dynamic Pd
c (Sw) relationship, the pressure of the non-wetting

phase is increased at t > 0 to a large value within the first time step. The main prob-
lem arising with this kind of boundary conditions in the dynamic experiment is that
counter-current flow occurs near the boundaries. Furthermore, the high increase in
capillary pressure results in a fast decrease of the wetting phase saturation and thus
its relative permeability. Thus, the remaining wetting phase is entrapped within the
domain. Nevertheless, this kind of boundary condition was chosen to determine the
equilibrium Pe

c (Sw) and thus a few aspects are demonstrated with it for the dynamic
case as well.

Figure 5.3: Initial and boundary conditions for the flow-through set-up with exemplary val-
ues (|y| denotes the unit-less value of y)

As an alternative to the flow-through cell, the pressure-cell experimental set-up is
chosen to calculate dynamic Pd

c (Sw) relationships (see Fig. 5.4). Again, gravity is
neglected except for the simulation of the GeoDelft experiments (see Sec. 5.4.1). The
domain is initially fully water-saturated and a constant pressure in the water phase
is prescribed. The pressure of the non-wetting phase is increased for t > 0 to a large
value at the top boundary, while for the wetting phase a no-flux boundary condition
is applied there. At the lower boundary, the non-wetting phase cannot leave the
domain and, for the wetting phase pressure, a constant value is assumed. At both
sides, no-flux boundary conditions are applied for both phases.

5.2.2 The heterogeneous domains

Two kinds of heterogeneous domain will be applied within this study, a simple het-
erogeneity pattern of two fine sand lenses embedded in a coarse sand (see Fig. 5.5,
left) and a continuous heterogeneity pattern on the basis of a geostatistical approach
(see Fig. 5.5, right).
ATAIE-ASHTIANI ET AL.,2001 [3] identified the simple heterogeneity as an REV
within a periodically heterogeneous medium. Following the study of DAS ET AL.,
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Figure 5.4: Initial and boundary conditions for the pressure-cell set-up with exemplary val-
ues
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Figure 5.5: Heterogeneous 2D domain (left) and isotropic intrinsic permeability field (right)

2004 [32] the domain is extended here from ∆x = ∆y = 0.10 m to ∆x = ∆y = 0.12 m.
The parameters of the coarse and fine sand are similar to those given by ATAIE-
ASHTIANI ET AL., 2002 [2], who chose to parameterise the Pc(Sw) relationship with
the approach of BROOKS & COREY (BC) and the relative permeabilities with the
BROOKS & COREY and BURDINE functions (see Tab. 5.2).
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Table 5.2: Properties of the examined porous media (sand, coarse and fine sand), for the
random field the mean values are given

sand coarse sand fine sand

porosity φ [-] 0.4 0.4 0.4
intrinsic permeability K [m2] 5.11 ·10−12 5.0 ·10−9 5.0 ·10−12

entry pressure Pd [Pa] 500 350 1000
psd index λ [-] 2.0 3.0 3.0
irreducible water saturation Swr [-] 0.05 0.08 0.1
residual DNAPL saturation Snr [-] 0.0 0.0 0.0

ωk = minK
maxK 0.027 0.001

ωc = minPd
maxPd

0.164 0.35

variance σ2 of lnK distribution 0.5
correlation length [m] 0.05

The random heterogeneity field of one by one metre was generated on the basis
of an approach by DYKAAR & KITANIDIS, 1992 [38] with an isotropic exponential
covariance function. As the grid is made up of 1012 nodes, one correlation length of
0.005 m is covered by five nodes, resulting in twenty correlation lengths in the x- as
well as the y-direction.
Additional heterogeneity is introduced by accounting for a distribution of entry
pressures, while all the other BROOKS & COREY parameters remain the same. The
entry pressure of a given node i is assumed to correlate to the permeability accord-
ing to the LEVERETT approach given by

Pdi = Pref
d

√
Kref

Ki
, (5.2)

where the superscript ’ref’ denotes the arithmetic mean values of entry pressure and
intrinsic permeability.

5.2.3 Averaging of saturation and pressure

On the assumption of a discrete distribution of phase pressures, for example from a
simulation, is given, the average pressure of a phase may be calculated in two ways,
the phase-volume weighted arithmetic mean

< PV
α > =

m
∑
i

PαiVαi

m
∑
i

Vαi

with Vαi = SαiφiVSCVi , (5.3)
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or the sub-control volume weighted arithmetic mean

< PS
α > =

m

∑
i

Pαiwi with wi =
VSCVi

Vdom
, (5.4)

where VSCV denotes the volume of a sub-control volume from the spatial discretisa-
tion (see Sec. 4.2), Vdom the volume of the averaging domain and m the number of
sub-control volumes belonging to the averaging domain. Averaged quantities will
be marked with <> in the following.
The average capillary pressures result from

< PV
c > =< PV

n >−< PV
w > , (5.5)

or

< PS
c > =< PS

n >−< PS
w > . (5.6)

The sub-control volume weighted arithmetic mean yields the average saturations
< Sα > after

< Sα >=

m
∑
i

VSCViSαi

m
∑
i

VSCVi

. (5.7)

For the averaging process, either the complete domain or only parts of the domain
are considered. If the complete domain is taken into account, the averaging is per-
formed during the numerical simulations. During the solving algorithm, the system
of equations is set up by a loop over all elements, and for each element by a loop
over its sub-control volumes (see Ch. 4). The averaging routine follows this proce-
dure at the finest multi-grid level after each time step. In Eqns. (5.3), (5.4) and (5.7),
m then equals the total number of sub-control volumes.
If only parts of the domain are taken into account, the averaging is based on output
files with the nodal values of the primary and secondary variables at each node.
For the BOX method, the nodal values are related to the BOX belonging to that
node. Thus, for the rectangular domains with structured grids as applied here the
averaging can be performed for a given variable e after:

1

2 for (i = 0; i < NUMBER\_OF\_NODES; i++)
3 {
4 if (CORNERNODE)
5 {
6 e_av = e_av + e[i]*0.25;
7 number_cornernodes = number_cornernodes + 0.25;
8 {
9 if (BOUNDARYNODE)
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10 {
11 e\_av = e\_av + e[i]*0.5;
12 number_boundarynodes = number_boundarynodes + 0.5;
13 }
14 if (INNERNODE)
15 {
16 e_av = e_av + e[i];
17 number\_innernodes = number\_innernodes + 1.0;
18 }
19 }
20

21 weighting = number_cornernodes + number_boundarynodes + number_innernodes;
22 e_av = e_av/weighting;
23

5.2.4 Determination of the extended Pc(Sw) relationship

For the extended Pc(Sw) relationship, the equilibrium and at least one dynamic
Pc(Sw) relationship as well as the rate of change of saturation need to be determined.
Then a linear regression using ∆Pc(∆Sw/∆t) yields the coefficient τ, which quantifies
the slope of the function. HASSANIZADEH & GRAY, 1990 argue that the coefficient
might be a function of the water saturation; the regression is thus performed at se-
lected saturations.

Obtaining the equilibrium Pc(Sw) relationship: BRAUN, 2000 [17] gives an
overview of upscaling methods aimed at determining constitutive relationships in
two-phase flow. One of the methods is based on the assumption of capillary equi-
librium (e.g GREEN ET AL., 1996 [49], PICKUP & STEPHEN, 2000 [92]). Resulting
from this assumption a reduction of variables is achieved, which facilitates the ap-
plication of a percolation model. The equilibrium Pc(Sw) relationship is thus cal-
culated following a percolation model approach for a given spatial heterogeneity
distribution. The distribution consists of n numbers of cells characterised by local
Pc(Sw) relationships which can be specified for example by BROOKS & COREY pa-
rameters. Furthermore, the volume fractions w belonging to the cells need to be
given if a node-centred approach is followed. An arithmetically weighted average
water saturation < Sw > can be determined for a distribution for i numbers of incre-
ments in the capillary pressure (following for example a geometric series) after

< Sw > (Pc,i) =
∑
n

Sw,n(Pc,i)wn

∑
n

wn
, (5.8)

applying for instance the inverse Pc(Sw) relationship after BROOKS & COREY, 1964
[19]

Sw(Pc) =

{
Swr +(1−Swr−Snr) Pc

Pd

−λ
if Pc > Pd

1.0 if Pc ≤ Pd .
(5.9)
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Note that, in this fashion, hysteresis effects such as an entrapped non-wetting phase
cannot be represented as a connection to the boundary is assumed for each porous
medium cell. However, only primary drainage processes are examined here, so
accessibility does not play a role as long as the (local) wetting phase saturation ex-
ceeds the residual saturation Swr prescribed by the local Pc(Sw) relationship, which
ensures that the relative permeability krw exceeds zero.
For the spatially correlated random field, the Pc(Sw) relationships are derived from
the distribution of permeabilities, using them to scale the entry pressures after
Eqn. 5.2, while all other BROOKS & COREY parameters remain the reference values
(see Tab. 5.2). The average equilibrium Pc(Sw) relationships (see Fig. C.1) possess a
smaller entry pressure compared to the reference curve. The minimum entry pres-
sure for the scaled field amounts to 212 Pa. For water saturations Swr < Sw < 0.6, the
average curves are steeper than the reference Pc(Sw) relationship.
The application of a percolation model is one approach to determining the equilib-
rium Pc(Sw) relationship. In order to test the capillary equilibrium assumption, the
equilibrium Pc(Sw) relationship could also be calculated on the basis of numerical
experiments as for example done by ATAIE-ASHTIANI ET AL., 2002 [2]. Their pro-
cedure is repeated here for the simple heterogeneity pattern and the results will be
compared.

Determination of the dynamic Pc(Sw) relationship: The dynamic Pc(Sw) relation-
ships are determined on the basis of numerical experiments applying the initial and
boundary conditions described in Sec. 5.2.1 and the averaging procedures described
in Sec.5.2.3.
The difference between equilibrium and dynamic capillary pressure ∆Pc as defined
by

∆Pc = Pd
c −Pe

c (Sw) = (Pn−Pw)−Pe
c (Sw), (5.10)

can be determined from the the equilibrium and the dynamic Pc(Sw) relationships
for a given water saturation (see Fig. 5.6).

Determination of the rate of change of saturation: The rate of change of satura-
tion for a given time step or measurement point at the time step n is approximated
in the manner of a central difference scheme on the basis of the average saturation
after

∂Sw

∂t
≈

(
∆ < Sw >

∆t

)n

=
< Sw > n+1 −< Sw > n−1

t n+1− tn−1 for 1 < n < N , (5.11)

where N is the total number of time steps in the simulations or number of the mea-
surements in the laboratory experiments.
In order to obtain the magnitudes of the capillary pressure difference or saturation
rate at the target saturations, values are linearly interpolated

y = yl +
x− xl

xh− xl
(yh− yl) , (5.12)
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where y can be substituted by the rate of change of saturation or capillary pressure
difference and x by the water saturation.

Determination of the coefficient τ: The extended Pc(Sw) relationship is a linear
relation between the capillary pressure difference and the rate of change of satura-
tion (see Eqn. (3.13) and Fig. 5.6) running through the origin. Thus, at zero satu-
ration rate, the pressure difference should also equal zero (see ’regression for τ0’ in
Fig. 5.7). Clearly, it makes sense from a physical point of view that at equilibrium
the difference between the phase pressures should be zero. However, it still might
be the case that the relation between ∆Pc and ∆Sw/∆t is nonlinear for some range of
saturation rates. An indication that the linearity does not hold for the whole range
of saturation rates is, if a fitted linear relation does not run through the origin (see
’regression for τb’ in Fig. 5.7). The magnitude of the y-axis intercept can be inter-
preted as a measure for the deviation from the linear case. For the data displayed in
Fig. 5.7, a non-linear relation is called for at small saturation rates in order to force
the relation ∆Pc(∆Sw/∆t) to go through the origin. DAHLE ET AL., 2005 [30], who
applied a bundle of capillary tubes model, have suggested a quadratic relation for
small saturation rates.
Two formulas are thus considered for the calculation of the τ coefficient, the one
defined by Eqn. (3.13) (denoting the coefficient τ0 in the following) and the other
allowing for a y-axis intercept, here denoted b (and denoting the coefficient τb in the
following).

∆Pc = b− τb
∆Sw

∆t
, (5.13)

where possibly

τb = τb(Sw). (5.14)

With this procedure, the linearity of the relationship between capillary pressure dif-
ference and saturation rate can be tested, assuming that b 6= 0 indicates a non-linear
relationship at least for a range of saturation rates.
In order to perform the linear regression, at least two data sets of ∆Pc(∆Sw/∆t) are
required if measurement errors can be neglected. If the exact nature of the possibly
occurring non-linearity is to be analysed a lot more data points are be required,
which should cover a large range of saturation rates.
As mentioned before, the coefficient τ is determined for given water saturations.
Thus, it can additionally be determined if the coefficient depends on the water satu-
ration and if so how. No assumption is made about the relation a priori; it might be
linear or non-linear.
If the regression is performed on the basis of laboratory data, errors in the dependent
variable are taken into account. For data from numerical experiments, errors, e.g. at
Sw → 1.0 stemming from the discretisation length [77], are considered negligible.
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5.3 Applying laboratory experiments from GeoDelft,
The Netherlands

The results of primary drainage experiments performed at GeoDelft Laboratories in
Delft, The Netherlands, serve to determine the coefficient τ in the extended capillary
pressure-saturation relationship after HASSANIZADEH & GRAY, 1990 [55]. For a
description of the experimental set-up and the experiments performed by GeoDelft,
Appendix B can be consulted.

5.3.1 Determination of the dynamic Pc(Sw) and the rate of change
of saturation

In laboratory experiments GeoDelft determined the equilibrium and three dynamic
primary drainage Pc(Sw) relationships of a natural Dutch sand, the Zeijen sand
(HASSANIZADEH ET AL., 2005 [57]). A description of the experimental set-up can be
found in App. B. In the drainage experiments, a DNAPL, Perchlorethylen (PCE), as
the non-wetting phase displaced water as the wetting phase. Both phase pressures
were measured continuously at opposite sides of the sand sample over an area of
approx. 2.83 ·10−5 m2 each. These pressures are considered here as local pressures
as opposed to average pressures. It is assumed that gravity influences can be ne-
glected for the 0.03 m high column and that thus a linear run of the pressures over
the sample can be presumed. Moreover, on the assumption that the flow process
is mainly one-dimensional, the difference between the phase pressures measured
at the middle of the sample yields the capillary pressure. The water saturation in
the column is derived from the water pressure measurements in the lower reservoir.
For the dynamic experiment, it is then corrected to represent a local measurement by
shifting the measurement in time in order to let the first change in capillary pressure
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coincide with the saturation change.
The measured dynamic Pc(Sw) relationships applying non-wetting phase pressures
in the upper reservoir of PT

n = 16 kPa,20 kPa,25 kPa differ pronouncedly from the
equilibrium Pc(Sw) relationship (see Fig. 5.8, left). On the basis of the experimen-
tal data, the difference between the equilibrium and dynamic capillary pressure for
a given saturation can be plotted as a function of the rate of change of saturation oc-
curring at that saturation. As three dynamic experiments are performed, three data
sets can be obtained for each saturation.
To take equilibrium capillary pressures between the measured data sets into ac-
count, the BROOKS & COREY Pc(Sw) relationship (see Eqn. (2.14)) is fitted to the data
pairs of the equilibrium primary drainage Pe

c (Sw) relationship (see Fig. 5.8, left). The
equilibrium Pc(Sw) relationship thus calculated is assumed to be correct. The differ-
ence between the dynamic to the equilibrium capillary pressure at water saturations
Sw > 0.5 are plotted in the right Fig. 5.8.
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The rate of change of saturation is calculated on the basis of Eqn. (5.11), where n enu-
merates the saturation measurements and N the total number of measurements. The
saturation rates thus determined show oscillations due to the noise in the measure-
ments (see Fig. 5.9). Consequently, a smoothed saturation rate < s > is determined,
employing a moving median as given by

< s >l= MM(sl−a, ...,sl+a) for a < l < N−a , (5.15)

where N represents the number of original data s and a the (then to be sorted) range
of data to be taken into account. The moving median is chosen, because it is less
sensitive to outliers in the original data than the moving mean. On the basis of
Eqn. (5.15), the moving median for the rate of change of saturation of each of the
three experiments is calculated. As examples the smoothed saturation rates for
PT

n = 16 kPa are plotted here (see Fig. 5.10). The smoothed saturation rate derived
from the moving median of eleven data sets is applied in the calculations of the
material coefficient.
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The three ∆Sw/∆t(Sw) functions show little dependence on the saturation, but a clear
difference depending on the applied pressure Pn in the upper reservoir. As expected,
for higher pressure, higher rates of change of saturation can be observed.

5.3.2 Regression to calculate τ
The chosen regression algorithm does not allow for an error in the independent
variable. To take into account errors both in the rate of change of saturation as
well as in the difference of the capillary pressures, regressions are performed, using
either of them as the dependent variable. For the rate of change of saturation, the
error was assessed on the basis of the oscillations to 0.005 1/s, while for the difference
∆Pc = Pn−Pw GeoDelft gives an error of 0.25 kPa for all measurements.
On the basis of the calculated data, regressions applying a least-squares Marquardt-
Levenberg algorithm are performed for water saturations larger than Sw > 0.6, a
saturation which corresponds to a time in the experiments when the front has not yet
reached the lower boundary (membrane). In the following, the linear relationship
as given by Eqn. (3.13) and Eqn. (5.14) allowing for a y-axis intercept are fitted to
three data sets applying varying independent variables x and dependent variables
y, namely

1. x = ∆Sw/∆t after Eqn. (5.11) and y = ∆Pc (case 1),

2. x = ∆Pc and y = ∆Sw/∆t after Eqn. (5.11) (case 2), and

3. x = ∆Pc and y = ∆Sw/∆t as resulting from the averaging with a moving median
after Eqn. (5.15) (case 3).

Fig. C.2 to Fig. C.4 in App. B show the data sets and the resulting functions, whose
coefficients are listed in Tab. C in the Appendix to give the exact magnitudes of the
resulting τ and b values.
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The regressions on the basis of Eqn. (3.13) yield τ0 values varying from τ0 = 65.4 kPa s
to τ0 = 143.5 kPa s depending on the water saturation and the case (see Fig. 5.11, left,
and Figs. C.5 to C.7 in App. B). DAHLE ET AL., 2005 [30] as well as GIELEN ET
AL., 2004 [45] also report that τ is a function of the water saturation from pore scale
calculations with a bundle of capillary tubes and a pore-network model respectively.
The differences between the τ0 values of case 1 and 2 result from the differing errors
in ∆Pc and and ∆Sw/∆t. The smoothed saturation rate effects a smoothing of τ0(Sw)
(case 3). While the τ0(Sw) data of cases 1 and 2 show a maximum at Sw = 0.75 and
indicate a quadratic τ0(Sw) relation, τ0(Sw) from the smoothed saturation rate (case
3) indicates a linear trend, inversely proportionally to the water saturation. The
error in the determined τ0 values ranges from 10.5 % to 18.7 %, again depending on
the saturation and the case.
The regression on the basis of Eqn. (5.14) yields τb values between τb = 11.0 kPa s and
τb = 154.7 kPa s depending on the water saturation and the data sets (see Fig. 5.11,
right and Figs. C.2 to C.4). The differences between the τb values of case 1 and 2 are
more pronounced than the ones of the τ0(Sw) data. This might be attributed to the
fact that the confidence in the τb values is in general worse than in the τ0 values. For
τb the errors range between zero and 146.5 %, depending on the saturation and the
case. The τb(Sw) data of cases 1 and 2 possess a minimum at Sw = 0.75 and show
a parabolic shape, whereas the τb(Sw) data of case 3 suggests a linear relationship
with τb behaving directly proportional to the water saturation (see Fig. 5.11, right).
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Figure 5.11: Comparison of τ0(Sw) (left) and τb(Sw) (right) for varying dependent variables
in the regression routine

The y-axis intersect b varies between b = −1.57 kPa and b = 1.56 kPa (see Fig. 5.12,
left). With increasing saturation, the values for b decrease for all three data sets.
The highest b values result from the regression to the data of case 1, the lowest are
observed for case 2. With increasing water saturation, the confidence in the b values
diminishes for all three data sets. For water saturations of Sw = 0.85 and Sw = 0.9,
the b value could thus possibly also equal zero. If the value of b is interpreted as
a measure for the deviation from the linear relation ∆Pc(∆Sw/∆t), then this deviation
depends on the water saturation. For medium water saturation, the deviation is



5.3 Laboratory experiments from GeoDelft 71

expected to be larger than for high water saturations, where the absolute values of
and the confidence in b decrease.
In addition, the difference in the τ values (τ0− τb) for each saturation (see Fig. 5.12,
right) can be consulted to validate the linearity of Eqn. (3.13). The differences in
τ depend on the water saturation for each of the three cases. Also, for all cases,
the difference is positive for medium water saturations and negative for high water
saturations, thereby showing the same trend as the b(Sw) data which are obviously
correlated.
The differences in the coefficient τ for a given water saturation also imply either
that the linear approximation is not valid at all or that it is only valid for a range of
saturation rates. In the experiments, the norm of the rates of change of saturation
at the chosen water saturations does not decrease below 0.009 1/s. Thus, one can
only assume, that the relationship between the rate of change of saturation and the
difference in capillary pressure is non-linear at low rates of change of saturation.
DAHLE ET AL., 2005 [30] suggest a quadratic relation for this range on the basis
o: computations of τ with a bundle of capillary tubes. In contrast, GIELEN, 2005
[46] does not find a y-axis intercept unequal to zero on the basis of pore-network
simulations.

-5

-4

-3

-2

-1

 0

 1

 2

 3

 0.65  0.7  0.75  0.8  0.85  0.9  0.95

y
-a

x
is

 i
n

te
rc

e
p

t 
b

 [
1

0
3
 P

a
]

water saturation Sw [-]

Dependent variable:
∆ Pc

∆ Sw/∆ t
∆ Sw/∆ t (smoothed)

-100

-80

-60

-40

-20

 0

 20

 40

 60

 80

 100

 0.65  0.7  0.75  0.8  0.85  0.9  0.95

d
a

m
p

in
g

 c
o

e
ff

ic
ie

n
t 

τ 0
 -

 τ
b
 [

1
0

3
 P

a
 s

]

water saturation Sw [-]

Dependent variable:

1. ∆ Pc
2. ∆ Sw/∆ t

3. ∆ Sw/∆ t (smoothed)
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ables in the regression routine

5.3.3 The coefficient τ as a function of water saturation

The determined τ values indicate the coefficient to be a function of the water satura-
tion. Thus quadratic and linear functions are fitted to τ(Sw) of case 3 (see Fig. 5.13,
for regressions to data base 1 and 2 see also Figs. C.5 to C.8) again applying a
least-squares Marquardt-Levenberg algorithm. The b-values of the regressions with
Eqn. (5.14) are not taken into account. Obviously, with increasing degrees of free-
dom the deviations from data to regressed function decrease.
The trends in the τ0(Sw) and τb(Sw) functions show opposing trends for both the lin-
ear and the quadratic approximation. Whereas for τ0(Sw) the quadratic function has
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a maximum, τb(Sw) shows a minimum. Regarding the linear fitting function, τ0(Sw)
decreases with increasing water saturation (negative slope), while τb(Sw) increases
(positive slope). CARROLL ET AL., 2005 [86] found a good agreement between sim-
ulation and data of a multi-step outflow experiment for a linear τ(Sw) function with
negative slope as opposed to applying τ as a constant. The slope of the function is
calculated here amount to 317 kPa for the τ0(Sw) data.
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with the inverse of Eqn. (3.13)

5.3.4 Comparison to the investigation of KALAYDJIAN, 1992

In the following, the study of KALAYDJIAN, 1992 [68] is consulted for a compari-
son of results despite some differences in the experimental procedure and the sam-
ples applied. KALAYDJIAN, 1992 determines τ coefficients on the basis of equilib-
rium and dynamic main imbibition experiments with a limestone sample. In the
experiments employing a sample of 0.222 m height, water displaces an oil phase
with a dynamic viscosity of µn = 1.49 Pa s and a density of ρn = 1032.4 kg/m3, while
the density of the aqueous phase is stated as ρw = 757.5 kg/m3. To determine the
equilibrium capillary pressure-saturation relationship, the author applied a low
influx of 2.055 ·10−10 m3/s of oil. A medium influx of 1.389 ·10−9 m3/s as well as
a high influx of 4.167 ·10−9 m3/s were used for the determination of the dynamic
Pd

c (Sw) relationship. Both phase pressures and the water saturation were measured
locally. For imbibition processes, the dynamic capillary pressure is expected to be
smaller than the equilibrium one at a given water saturation; which is confirmed by
the experimental results of KALAYDJIAN, 1992.
KALAYDJIAN performed regressions applying Eqn. (3.4) (compare Secs. 3.3 and 3.5).
In contrast to the approach taken here, where for each saturation the data sets
∆Pc(∆Sw/∆t) of three experiments are applied to calculate τ, KALAYDJIAN, 1992 fits
the function to the ∆Pc(∆Sw/∆t) data at a given (effective) saturation for each one of
the two dynamic experiments. Thus, he implicitly assumes that the linear relation-
ship running through the origin holds and that τ is a function of the influx or of the
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capillary number. The τ values thus determined range between τ≈ 5.4 ·105 Pa s and
τ≈ 2.9 ·106 Pa s (see Fig. 5.14) depending on the reduced water saturation and the
influx. For water saturations of Se > 0.7, the τ values gained from the high influx
exceed those from the low influx, whereas the opposite holds for smaller water sat-
urations. For the medium inflow rate the τ values show a maximum, while for the
high rate a minimum can be observed.

Figure 5.14: τK(Se) as given in KALAY-
DJIAN, 1992 [68], where λ[mbar h] ≈
3.6 ·105τ[Pa s]
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To facilitate a comparison to the data of KALAYDJIAN, 1992, the coefficient τ is also
determined with the GeoDelft data depending on the water saturation for each ex-
periment. All three resulting τ(Sw) data sets behave inversely proportionally to the
water saturation (see Fig. 5.15). While the τ(Sw) data differ slightly for dynamic ex-
periments applying PT

n = 20 kPa or PT
n = 25 kPa, the magnitudes of τ(Sw,PT

n = 16 kPa)
are larger compared to the other two especially at medium water saturations. The
data of KALAYDJIAN, 1992 show the same behaviour (see Fig. 5.14); τ of a medium
influx is higher than that of the high influx rate. Moreover, compared to the τ(Sw)
data calculated on the basis of all three GeoDelft experiments, the τ(Sw) values de-
termined for the individual experiments show higher maximum values of τ(Sw) es-
pecially at medium water saturations. Differences in τ(Sw) from each of the experi-
ments again indicate that the linear function between ∆Pc and ∆Sw/∆t might not hold
for the whole range of saturation rates. Also, the data suggest that the deviations
are higher for medium than for high water saturations.
Regarding the magnitude of KALAYDJIAN’s τ values, they exceed the ones deter-
mined here by approximately one to two orders of magnitude. Differences in the
coefficient from the GeoDelft data and KALAYDJIAN, 1992 might be explained by
differences in

• the porous medium properties,
• fluid properties,
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• and a process-direction dependence.

The sample employed by KALAYDJIAN, 1992 had an intrinsic permeability of
K = 1.61 ·10−13 m2, which is about one order of magnitude less than the permeabil-
ity of the Zeijen sand. In addition, the viscosity of the non-wetting phase differs in
the two experiments. According to the formula proposed by STAUFFER, 1978 [108],
the coefficient scales inversely with the permeability and directly with the viscos-
ity. However, this formula was set up for a water-gas system and thus might not
be applicable to water-oil systems. Nevertheless, the inverse proportionality to the
permeability could be confirmed by the data.
Moreover, while KALAYDJIAN, 1992 determined the coefficient τ for a main imbibi-
tion process, GeoDelft performed primary drainage experiments. It is possible, that
the τ values show a process-dependent behaviour, that it to say they could differ
from imbibition to drainage.

5.3.5 Summary of the results from laboratory experiments

In this section, the coefficient τ from the extended Pc(Sw) relationship is determined
on the basis of experimental data of GeoDelft, The Netherlands. The results are
compared to data of KALAYDJIAN, 1992 [68]. The following conclusions can be
drawn:

• The values determined for the coefficient τ range between 11.0 kPa s and
154.7 kPa s depending on the water saturation and on whether a y-axis inter-
cept is accounted for or not. On the basis of the smoothed data of the rate of
change of saturation, an inversely proportional linear relationship of the coef-
ficient on the water saturation seems appropriate.

• Testing the linearity of the extended Pc(Sw) relationship suggests that it might
not hold for the whole range of saturation rates. As only a limited range of
saturation rates occurred in the experiments, the magnitude of the deviation
from linear at low rates of change of saturation should be a matter of further
research. Moreover, this effect might depend on the water saturation. For high
water saturations the confidence in the linearity is larger than at low water sat-
urations. One explanation of the higher confidence at high water saturations
might be that the relative measurement error of the saturation is smaller at
high saturations.

• The comparison of the data to results of KALAYDJIAN, 1992 [68] shows devia-
tions of one to two orders of magnitude in the τ coefficients. It is thus argued
that τ is sensitive (either) to the intrinsic permeability, the fluid properties and
/ or the process. STAUFFER, 1978 [108] suggests a proportional behaviour of τ
to the water viscosity and an inverse proportionality to the permeability. The
comparision to KALAYDJIAN, 1992 seems to confirm the inverse relation to
the intrinsic permeability. A hysteretic behaviour of τ needs to be investigated
further.
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• Following the regression approach taken by KALAYDJIAN, 1992 [68], who
obtained τ values depending on the applied influx, the coefficient has to be
treated as a function of for example the rate of change of saturation for all
ranges of the saturation rate. While this might be the case, it does not make
sense that τ should increase with decreasing flux. In the limit of capillary dom-
inated flow, τ would then reach a maximum or tend to infinity. However, it is
assumed here that for capillary dominated flow, the equilibration between the
difference in phase pressure and the equilibrium capillary pressure is given
at all times and that thus an extended Pc(Sw) relationship does not need to be
taken into account. It is therefore suggested either to perform the fitting on the
basis of several dynamic experiments or to use a different experimental set-up
and to determine τ by inverse parameter identification (see CARROL ET AL.,
2006).

In Section 5.4, the τ values from the experimental data are compared to values cal-
culated from the simulation of the experiments.

5.4 Numerical experiments applying MUFTE-UG

Laboratory experiments have the advantage displaying the characteristics of a flow
process while no or only few assumptions need to be made. However, restricted
measurement facilities (e.g. their resolution in space and time) and the time input
for the more advanced observations in two-phase flow (like the determination of
an equilibrium Pc(Sw) relationship) limit the possibilities of laboratory experiments.
In contrast, numerical experiments applying a simulator like MUFTE UG usually
enable us to perform parameter studies or sensitivity analysis for a large number
of examples in a short time. However, when such a model is set up, assumptions
need to be made for the underlying physical-mathematical model, which restricts
the applicability.
In the following, the advantages of numerical models are exploited to determine the
coefficient τ on the local scale to macroscale, while assuming that pore scale dynamic
effects can be neglected. HASSANIZADEH & GRAY, 1990 [55] well as by KALAY-
DJIAN, 1987 [67] obtained their extended Pc(Sw) relationship within an upscaling
procedure from the pore to the local scale. It is assumed here that heterogeneity
on the local scale may introduce additional dynamic effects when averaging to the
macroscale.
Various numerical experiments mimicking laboratory experiments are per-
formed. Equilibrium numerical experiments yield an upscaled equilibrium
Pe

c (Sw) relationship. On the basis of dynamic numerical experiments dynamic
Pc(Sw) relationships as well as the rate of change of saturation are calculated. The
simulation of a laboratory experiment serves to examine the nature and the magni-
tude of the pore scale effects that are not captured with the traditional two-phase
flow model. The averaging of pressure or saturation as described in Sec. 5.2.3 is first
tested with equilibrium numerical experiments for the simple heterogeneity pattern
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using a comparison to a percolation model approach assuming capillary equilib-
rium. Then the averaging is applied in dynamic numerical experiments in order
to analyse whether dynamic effects in an averaged Pc(Sw) relationship can be ob-
served.

5.4.1 Simulation of laboratory experiments

In Sec. 5.3, data from laboratory experiments performed at GeoDelft Laboratories,
The Netherlands, are applied to determine the coefficient τ. Here, the simulations
of the experiments are described. On the basis of the simulations, the coefficient τ
is determined and its values are compared to the ones derived from the laboratory
experiments.
In the simulations applying MUFTE-UG (see Sec. 4.1), the two-phase balance equa-
tions (2.36) and (2.37) are solved, where, for the closure of the system, the unique
relation for the capillary pressure after Eqn. (2.35) is applied.

Domain, boundary and initial conditions The 0.03 m by 0.05 m domain of the sim-
ulations (see Fig. 5.16) corresponds to the experimental set-up of membranes plus
their holders and the sand sample as described in App. B. The grid has a regular
spacing of ∆z = 0.0025 m in the z-direction. The membranes and membrane holders
either for the top (TM) or for the bottom (BM) of the sand sample are considered
together respectively and are represented by equivalent properties (see Tab. 5.3).
From the three dynamic drainage laboratory experiments described in Sec. 5.3, the
experiment applying a non-wetting phase pressure of PT

n = 20 kPa in the upper reser-
voir is selected for the simulations. The sand sample and the BM are initially fully
water-saturated; thus, a hydrostatic pressure distribution can be prescribed for the
wetting phase pressure.
In the TM, the non-wetting phase (PCE) saturation initially equals Sn = 0.99. The
non-wetting phase saturation needs to be slightly less than one for numerical rea-
sons. Choosing Pw and Sn as primary variables implies that at the relative perme-
ability of the wetting phase equals zero Sn = 1.0. Thus, the flux term in the balance
equation for the wetting phase becomes zero. In addition, the capillary pressure in
the Pc(Sw) relationship goes to infinity for Sw → Swr, which causes numerical prob-
lems.
The non-wetting phase pressure at the top boundary equals PT

n = 20 kPa. For the
wetting phase, a no-flux boundary is imposed at the top as the hydrophobic mem-
brane prevents water to exfiltrate. At the bottom boundary, a constant water pres-
sure of Pw = 0.49 kPa (corresponding to a pressure head of the water phase of 0.04 m)
and a no-flow condition for the non-wetting phase are imposed. As MUFTE-UG
only allows for two- and not one-dimensional domains, no-flow boundaries are im-
posed on both sides of the domain for both fluid phases. Instead of the DIRICHLET
boundary condition at the lower boundary for the water phase, a free flow bound-
ary condition was also tested, where a NEUMANN boundary condition is given
without specifying the flux. The flux is then computed within each time step, which



5.4 Numerical experiments 77

requires a DIRICHLET boundary condition for the non-wetting phase (Sn = 0). The
differences in the cumulative outflow over time from both simulations are negligi-
ble. The DIRICHLET boundary condition is consequently considered a good ap-
proximation.
Fig. 5.17 shows the water saturation at selected times from the simulation.

Figure 5.16: Initial and boundary condi-
tions for the simulation of the laboratory
dynamic primary drainage experiment
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the laboratory experiment by GeoDelft at
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Properties: Tab. 5.3 lists the properties of the Zeijen sand, and the membranes plus
membrane holders TM and BM. For the BC parameters of the Pc(Sw) relationships
for the membranes, reasonable values are assumed for the numerical simulations.
In order to mimic the different properties of the TM and BM, the hydrophilic BM
is assigned a high BC entry pressure of Pd = 20 kPa, while the hydrophobic TM is

Table 5.3: Parameters for the Zeijen sand (ZS), the hydrophobic top membrane including the
holder (TM) and the hydrophilic bottom membrane including the holder (BM)

Parameter ZS TM BM

Porosity Φ [-] 0.35 0.4 0.45
Intrinsic permeability K [m2] 3.06 ·10−12 3.1 ·10−12 3.06 ·10−13

BC entry pressure Pd [kPa] 5.587 1.0 20.0
BC pore volume distribution index λ [-] 6.11 2.0 2.0
Irreducible water saturation Swr [-] 0.104 0.0 0.0
Residual DNAPL saturation Snr [-] 0.0 0.2 0.0
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assigned a comparatively low BC entry pressure of Pd = 1 kPa and an initial DNAPL
saturation of Sn = 0.99. As only primary drainage with an infiltration of the non-
wetting phase starting from the top is simulated, the upper filter is represented suf-
ficiently. If an imbibition process were to be simulated, the properties would have
to be reconsidered.

Local and average variables: Corresponding to the laboratory experiment, the lo-
cal capillary pressure Pc(z = 0.025 m) is tracked with time. Local capillary pressure
from the numerical experiments here corresponds to the capillary pressure at one
node in a grid with a spacing in the z-direction of 0.0025 m. In addition, the aver-
age water saturation < Sw > after Eqn. (5.7) as well as the average phase-volume-
weighted pressures < PV

w > and < PV
n > after Eqn. (5.3) are calculated for the end of

each time step. Eqn. (5.5) then yields the average capillary pressure < Pc > for that
step. Averaging includes only the part of the domain from 0.01 m to 0.04 m, which
represents the sand sample.
The average water saturation changes as soon as the non-wetting phase pressure is
increased at the upper boundary at the beginning of the experiment. In compari-
son to the experiment, the average water saturation changes faster in the simulation
(see Fig. 5.18, left). In Fig. 5.18, right, the local capillary pressure measurement vs.
time from the experiment is compared to the local capillary pressure from the sim-
ulation. The large deviation at the beginning can be attributed to the application
of the BROOKS & COREY model for the equilibrium Pc(Sw) relationship. At full wa-
ter saturation the capillary pressure then equals the entry pressure and not zero.
Both pressures Pc(t) only begin to alter at t ≈ 6 s, when the non-wetting phase front
reaches the middle of the sample. The Pc measured in the laboratory then increases
to a maximum of ≈ 8 kPa at t = 25 s and slightly decreases again afterwards. Clearly,
the behaviour of the Pc in the laboratory experiment is not represented by the local
Pc from the simulation, which reaches a maximum of≈ 6.7 kPa at t = 25 s and then re-
mains more or less constant during the considered time range. The differences in the
local capillary pressure between experiment to simulation can be attributed to pore-
scale dynamic effects which are not represented in the unique Pc(Sw) relationship
applied in the simulations.
Thus, the rate of change of saturation as a function of time (see Fig. 5.19, left) of
the simulation is also about 50 % higher (regarding absolute values) than that of the
experiment. Plotting the saturation rate over time clearly shows the influence of the
lower membrane in the simulation. As soon as the non-wetting phase front reaches
the bottom membrane, the rate of change of saturation decreases. This happens
earlier than in the experiment (see Fig. 5.18, left)

Comparison of capillary pressure-saturation relationships from experiment and
simulation: As in Sec. 5.3, only water saturations higher than Sw > 0.6 will be con-
sidered for the analysis, because at approximately that saturation the non-wetting
front reaches the lower membrane. Then the influence of the boundary conditions
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Figure 5.18: < Sw > (t) (left) and Pc(z = 0.025 m, t) (right) for laboratory experiment and sim-
ulation

becomes pronounced, which is to be avoided. It is presumed here, that parame-
ters determined in laboratory experiments or by upscaling approaches should not
depend on boundary conditions as such a dependence would restrict their applica-
tions to cases where the same boundary conditions prevail.
Measured and simulated dynamic Pd

c (Sw) relationships differ from each other (see
Fig. 5.19, right).
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with PT

n = 20 kPa

First, the simulated Pd
c (Sw) using the local Pd

c (z = 0.025 m) and average water
saturation < Sw > (curve 3 in Fig. 5.19, right) is compared to the measured
Pd

c (Sw) relationship (curve 3). The capillary pressure at a given water saturation
of curve 3 is higher than the measured dynamic Pd

c (Sw) relationship (curve 2 in
Fig. 5.19, right) for Sw → 1.0, where in the simulation the influence of the chosen
parametrisation of the Pe

c (Sw) with the approach after BROOKS & COREY (BC) be-
comes apparent. Before the non-wetting front reaches the middle of the domain,
the local capillary pressure equals the entry pressure. For water saturations smaller
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than ≈ Sw < 0.95, the simulated Pd
c (z) is pronouncedly smaller than the measured

one. What is more, for water saturations of Sw > 0.75, the capillary pressure of the
simulated dynamic Pd

c (Sw) is smaller than the equilibrium Pe
c (Sw) after BROOKS &

COREY being applied in the simulations. This is contrary to the expectation that, in
a drainage experiment, the difference between the dynamic and equilibrium capil-
lary pressure should always be positive. The negative difference in Pd

c −Pe
c and the

difference to the measured Pd
c (Sw) relationship indicate that

• dynamic effects of the pore scale are not represented in the mathematical-
physical model underlying the simulation, where the traditional, unique re-
lationship between capillary pressure and saturation is assumed to hold, and

• the averaged phase pressure represents the pressure measurement of the se-
lective phase pressure transducers better than the pressure of one node.

Secondly, for a given water saturation, the simulated Pd
c (Sw) using the average

< PV
c > and average water saturation (curve 4 in Fig. 5.19, right) exceeds the mea-

sured dynamic Pd
c (Sw) curve at high water saturations. At medium water satura-

tions curve 4 approaches the measured dynamic Pd
c (Sw) relation.

When the traditional Pc(Sw) relationship and not an extended one is applied, pore-
scale dynamic effects are neglected in the simulations. A difference between the
dynamic and the equilibrium capillary pressure arises solely due to the volume-
averaging of the phase pressures.

Determination of the coefficient τ: On the basis of curve 4, the equilibrium
Pc(Sw) relationship after BROOKS & COREY and the simulated saturation rate (see
Eqn. (5.11)), values of τ are calculated as a function of water saturation (see Fig. 5.20),
applying the linear relationship given in Eqn. (3.13). Testing the linearity of the rela-
tionship is not an issue in this section. In contrast to the experimentally determined
τ values described in Sec. 5.3, the magnitude of τ from the simulations appears not
to depend on the water saturation. However, the τ values from the simulations are
of the same order of magnitude as those from the experiment if one keeps in mind
the confidence interval of the τ values. Strictly speaking, the τ values from the sim-
ulation should only be compared to those gained from the laboratory experiment
when PT

n = 20 kPa at the top is applied (see ’exp., 20kPa only’ in Fig. 5.20). These
differ from the τ gained from regressions to three data sets per saturation (’exp., b =
0’) for medium but not for high water saturations.

Influence of the membranes: The influence of the membranes is tested for the dy-
namic drainage case applying a non-wetting phase pressure of PT

n = 16 kPa at the top
boundary. One simulation is carried out in which the membranes and filters are ac-
counted for (the domain is thus 0.05 m high (see Fig. 5.16). Averaging the pressures
and the water saturation is carried out over the sample only, namely from 0.01 m to
0.04 m. In the second simulation, the membranes are disregarded, the domain thus
only has an extension in the z-direction of 0.03 m. Fig. 5.21 displays the resulting
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τ(Sw) functions, which are derived on the basis of average dynamic capillary pres-
sure and water saturation. Clearly, the representation of the membranes influences
the magnitude of the τ(Sw) functions. If the simulation is carried out with the mem-
branes, the τ values at a given saturation are higher than the ones derived from a
simulation without the membranes.
While at water saturations of approx. Sw > 0.7, the difference between τ(Sw) data
including the membranes and the τ(Sw) data excluding the membranes is constant,
the membranes influence also the trend in the curves for lower saturation. For τ(Sw)
from the numerical experiment including the membranes, the magnitude of the co-
efficient τ increases with decreasing water saturation; the opposite trend is observ-
able in τ(Sw) resulting from simulations without considering the membranes.
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tory experiment (PT
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Obviously, pore-scale dynamic effects are neglected in the simulations and the τ(Sw)
relations are based on average < PV

c > and < Sw > values. In a local measurement of
phase pressures and saturation, the effect might be less pronounced. Nevertheless,
these effects should be taken into account when laboratory or numerical experi-
ments are performed with a view to determining the coefficient τ.
In this section, the experimental data of the dynamic primary drainage experiment
applying a non-wetting phase pressure of PT

n = 20 kPa at the top is compared to sim-
ulation results. Besides the temporal development of water saturation and capillary
pressure, the capillary pressure-saturation relationships and the calculated coeffi-
cients are analysed. The results may be summarised as follows:

• Applying a unique Pc(Sw) relationship in the simulations over-predicts the
rate of change of saturation, while the local dynamic Pc is underestimated.
In the simulations the unique, equilibrium Pc(Sw) is assumed to hold locally;
thus, only this relation can be derived from a local plot of Sw−Pc. Both de-
viations to the laboratory data can be attributed to pore-scale dynamic effects
which are not represented in the model.
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• The Pd
c (Sw) relationship (for Pn = 20 kPa that is based on the simulation dif-

fers from the experimentally determined ones. For the Pd
c (z)-Sw relationship

this can be attributed to the assumption of a unique Pc(Sw) relationship in
the simulation. For the average < Pd

c > (< Sw >) relationship, the differ-
ence to the experimentally determined Pc(Sw) relationship is less pronounced
than for the local Pd

c (z)-Sw relationship. The difference between the two
Pd

c (Sw) relationships from the simulation results from the averaging of the
phase pressures. At one node one prescribes in the model that the differ-
ence in the phase pressures equals the capillary pressure; the further away
from the node, the larger the deviation to the applied parametrisation of the
Pc(Sw) might be.

• Despite the differences in the rate of change of saturation and the dynamic
capillary pressure, the magnitude of the coefficient τ compares well to the ex-
perimental ones when the average < PV

c > (< Sw >) relationship is applied to
determine τ.

5.4.2 Equilibrium Pc(Sw) relationship for a simple heterogeneity
pattern

As shown in the previous section, both the equilibrium and the dynamic
Pc(Sw) relationship are required for the determination of the coefficient τ. The differ-
ence between the dynamic and the equilibrium capillary pressure at a given satura-
tion can only be assessed accurately if the equilibrium Pc(Sw) relationship is deter-
mined correctly. For the estimation of τ on the basis of numerical experiments with
heterogeneous domains (see Sec. 5.4.4), it is necessary to specify the equilibrium
Pc(Sw) relationship for these domains. As described in Sec. 5.2, various approaches
can be applied on the macroscale to determine equilibrium Pc(Sw) relationships. On
the basis of a two-dimensional simple heterogeneity pattern, the approach of as-
suming a capillary equilibrium is compared here to the more general approach by
ATAIE-ASHTIANI ET AL., 2001, 2002 [3, 2] and DAS ET AL., 2004 [32], who employ
a numerical model to mimic a laboratory flow-through cell experiment for the de-
termination of the quasi steady-state Pc(Sw) relationship. As outlined in Sec. 2.1.1,
(quasi) steady-state conditions are considered here as equilibrium as opposed to
transient conditions.
The equilibrium Pc(Sw) relationship is calculated for a two-dimensional simple het-
erogeneity pattern of a coarse sand with two embedded fine sand lenses (see
Fig. 5.5). First, an analytical formula for computing the equilibrium Pc(Sw) applying
the assumptions of capillary equilibrium is applied for the simple heterogene-
ity. Then (quasi) steady-state Pc(Sw) relationships are derived from numerical
drainage experiments. Thus, the influence of viscous forces resulting from the pres-
sure difference within each phase on the Pc(Sw) relationship in comparison to the
Pc(Sw) relation determined for exclusively capillary dominated flow can be shown.
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Capillary pressure-saturation relationship applying the assumption of capillary
equilibrium: For the simple heterogeneity, where the coarse sand makes up a vol-
ume fraction of Vf = 0.75, Eqn. 5.8 can be expressed as

Sw(Pc) = 0.25 ·Sfi
w(Pc)+0.75 ·Sco

w for Sfi
w > Sfi

wr and Sco
w > Sco

wr. (5.16)

to calculate the equilibrium Pc(Sw) applying the assumption of capillary equilib-
rium. Here, Sfi

w(Pc) denotes the wetting phase saturation of the fine sand and Sco
w (Pc)

that of the coarse sand at a given capillary pressure, as determined by the inverse
Pc(Sw) relationship after BROOKS & COREY (see Eqn. 5.9) for the fine and the coarse
sand (see Tab. 5.2 for their properties). As mentioned in Sec. 5.2 this approach does
not take accessibility into account. Because the coarse sand as the background mate-
rial is connected to the boundaries a site-percolation model as employed by BRAUN
ET AL., 2005 [18] would yield the same average Pc(Sw) relationship for a drainage
process. It should be noted, however, that the solution is only valid for ranges
of the capillary pressure where Sfi

w > Sfi
wr and Sco

w > Sco
wr is ensured. These restric-

tions guarantee that the relative permeability for the wetting phase remains larger
than zero in both sands. For the coarse sand at capillary pressures higher than ap-
prox. Pc ∼ 3400 Pa the relative permeability for the wetting phase is zero.

Boundary conditions In a mimic of a laboratory flow-through cell experiment (see
Sec. 5.2), the equilibrium Pe

c (Sw) relationship for the simple heterogeneity pattern
(see Fig. 5.5, left) is determined. The pressure of the wetting phase (water) varies lin-
early from the top with PT

w = 1000 Pa to the lower boundary of the domain (PL
w = 0),

resulting in a pressure gradient of ∇Pw = 8333.33 Pa/m. Gravity is neglected and
the atmospheric pressure is assumed to be zero. The non-wetting phase (NAPL)
pressure Pn initially equals the wetting phase pressure plus the entry pressure.
The capillary pressure at the boundaries is increased by augmenting the non-
wetting phase pressure at the top (index T) and lower (index L) boundary following
a geometric series

PS
n(n) = PS

w +PB
c (n) = PS

w +Pco
d +

l=18

∑
i=0

1.5i with S ∈ L,L , (5.17)

where PB
c is the boundary capillary pressure. In Eqn. (5.17) the index i denotes the

i-th of l number of steps in the boundary condition, n denotes the time step and Pco
d

the entry pressure of the coarse sand (see Tab. 5.2). The geometric series accounts
for two aspects. On the one hand, the entry pressure and the narrow slope of the
average Pc(Sw) at high wetting phase saturations are resolved highly. On the other
hand, at high capillary pressures, where a large increase in Pc results in small satu-
ration changes, the steps in the induced boundary capillary pressure PB

c are larger.
A maximum boundary capillary pressure of 3304 Pa (for i = 18) should ensure that
the relative permeability of the coarse sand remains above zero. For larger PB

c the
relative permeability might drop to zero, inhibiting all flow and thus any further
saturation changes.
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Equilibrium criteria: Before the augmentation of the increment i in Eqn. (5.17)
equilibrium criteria have to be met. The criteria include two components, which are
checked in a post-processing step; the norm of the change of arithmetically averaged
non-wetting phase saturation and wetting phase pressure between two subsequent
time steps n and n+1 should not exceed the difference ’equil S’ for the saturation
and ’equil P’ for the pressure:

1 NumberNodes = 0;
2 for (theNode=FIRSTNODE; theNode!= 0; theNode=SUCCESSORNODE)
3 {
4 NumberNodes ++;
5 average_Sn_n+1 += Sn_p1(theNode);
6 average_pw_n+1 += pw_p1(theNode);
7 average_Sn_n += Sn_0(theNode);
8 average_pw_n += pw_0(theNode);
9 }

10

11 average_Sn_n+1 = average_Sn_n+1/NumberNodes;
12 average_pw_n+1 = average_pw_n+1/NumberNodes;
13 average_Sn_n = average_Sn_n/NumberNodes;
14 average_pw_n = average_pw_n/NumberNodes;
15

16 dSnAv = ABS(average_Sn_n+1 - average_Sn_k);
17 dpwAv = ABS(average_pw_n+1 - average_pw_k);
18

19 if ( dSnAv < equil_S && dpwAv < equil_P)
20 {
21 increment ++;
22 }

The averages of pressure and saturation might differ from the averages defined
in Eqns. (5.3), (5.4) and (5.7). For a structured grid, the boundary nodes should
be weighted differently as only half or one quarter of the volume belonging to a
non-boundary node pertains to them. For unstructured grids, the simple averaging
might differ distinctly from the volume-weighted average. As only structured grids
are applied here and the change in time rather than the magnitude of the saturation
or pressure is of interest, this approximation is considered sufficient. The difference
’equil S’ (in the following denoted εS) for the saturation is distinguished from the
difference ’equil P’ (in the following denoted εP) for the pressure, as the values of
these variables differ by orders of magnitude. It is assumed that these equilibrium
criteria suffice to establish a (quasi) steady state in the simulation. For the compar-
ison of results from various time steps, the averaging of the variables needs to be
redone in the post-processing, via a loop over the nodes, where the primary vari-
ables are saved for the time steps n−1,n,n+1.
With respect to the described numerical drainage experiments, the choice of the av-
erage capillary pressure and differing equilibrium criteria for establishing (quasi)
steady-state conditions are analysed including a comparison to the analytical solu-
tion.
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The choice of the average capillary pressure: For the upscaled Pc(Sw) relation-
ship, three capillary pressures can be chosen, namely

• the one derived from the phase-volume weighted average phase pressures
< PV

c > after Eqn. (5.5),
• the one derived from the subcontrol-volume weighted phase pressures < PS

c >
after Eq. (5.6), and

• the boundary capillary pressure PB
c .

First, quasi steady-state Pc(Sw) relationships on the basis of the average capillary
pressures < PV

c > and < PS
c > are compared to the analytical solution (see Fig. 5.22).

 0

 200

 400

 600

 800

 1000

 0  0.2  0.4  0.6  0.8  1

ca
p

il
la

ry
 p

re
ss

u
re

 P
c 

[P
a

]

water saturation Sw [-]

εS = 10
-6

, εP = 10
-2

 Pa

Pc = Pc
V

Pc = Pc
S

Analytical

Figure 5.22: Average equilibrium Pe
c (Sw) and analytical Pc(Sw) relationships for simple het-

erogeneity

For capillary pressures smaller than the entry pressure of the coarse sand Pco
e , none

of the Pc(Sw) relationships reproduces the analytical solution. At a boundary cap-
illary pressure of PB

c = 351 Pa, < PV
c > (Sw) clearly exceeds PB

c (Sw). The continu-
ous < PV

c > (< Sw >) curve at high wetting phase saturations and < Sw > (t) (see
Fig. 5.23) illustrate that, at the beginning of the numerical experiment, the average
capillary pressure inside the domain does not equal the applied boundary capillary
pressure, but is higher. The large capillary pressure at the beginning is a numerical
artefact, which does not occur if the first time step is chosen larger. Furthermore,
for the small saturation changes at the first increase of boundary capillary pressure
by ∆PB

c = 1 Pa, the equilibrium criteria do not suffice to determine quasi steady-state
conditions.
For boundary capillary pressures between PB

c = 351 Pa and PB
c = 800 Pa,

< PV
c > (< Sw >) reproduces the analytical solution. The < PS

c > (< Sw >) rela-
tion differs at low capillary pressures, when the entry pressure of the fine sand is
not yet exceeded. At full water saturation, the non-wetting phase pressure amounts
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Figure 5.23: Continuous run of < PV
c > (< Sw >) (left) and < Sw > (t) for the t < 3 h of simu-

lated time (right) from equilibrium numerical experiment with simple heterogeneity

to Pn = Pe +Pw. Thus, the fine sand lenses with Sn = 0 contribute to the average of
the non-wetting phase pressure < PS

n >. For the volume-weighted phase pressures,
the pressure of the non-wetting phase equals zero within the fine sand lenses as
the saturation and thus the volume of non-wetting phase are zero. If the average
capillary pressure were to be computed as the pressure difference at each node,
the < PS

c > would not change. The < PV
c > would be smaller than the difference

between the averaged phase pressures, as long as the entry pressure of the fine sand
is not exceeded. Then, Pc would equal −Pw in these regions.

Consequently, the choice of the average capillary pressure influences the upscaled
Pc(Sw) relationship especially at high wetting phase saturations if the approach of
BROOKS & COREY is chosen for the parametrisation of the Pc(Sw) relationships in
the simulations. On the basis of the capillary pressure < PS

c >, the upscaled en-
try pressure is overestimated compared to the analytical solution. This holds as
long as the entry pressure is not exceeded in all parts of the domain. As the
< PV

c > (< Sw >) relationship compares well to the analytical solution, the phase-
volume weighted pressures are chosen to calculate average Pc(Sw) relationships.

The boundary capillary pressure PB
c may also be chosen for the capillary pressure

in the upscaled Pc(Sw) relationship. In laboratory experiments, the capillary pres-
sure is often determined by the pressure difference between the non-wetting phase
reservoir and that of the wetting phase reservoir. OUNG & BEZUIJEN, 2003 [88]
show that the boundary capillary pressure does not always represent the capillary
pressure within a sample. Especially at high capillary pressures, as measured by the
difference in pressures in the reservoirs, a deviation from the capillary pressure mea-
sured inside the sample by means of selective phase pressure transducers can be ob-
served. By a comparison of the PB

c (< Sw >) and the < PV
c > (< Sw >) relationships

derived from a numerical drainage experiment for the 2D simple heterogeneity pat-
tern applying the equilibrium conditions εS = 10−6 and εP = 10−2 Pa, a similar effect
can be shown (see Figure 5.24, left).
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c (< Sw >) relationships for the numerical equilibrium
drainage experiment with the simple heterogeneity (left) and regressions using the
BROOKS & COREY parametrisation (right)

For low capillary pressures, the PB
c (< Sw >) and the < PV

c > (< Sw >) relationships
differ only negligibly from the analytical solution. For high capillary pressures, a
distinct deviation between < PV

c > (< Sw >) and PB
c (< Sw >) evolves. Despite the

seemingly strict equilibrium criteria the average capillary pressure inside the do-
main does not equal the boundary capillary pressure. When the equilibrium cri-
teria, are met at PB

c ≥ 607 Pa, the boundary capillary pressure is increased further
although quasi steady-state conditions are not attained. For 607 Pa≤ PB

c ≤ 1224 Pa
the average exceeds the boundary capillary pressure. This difference can be ex-
plained by the non-wetting phase pooling up especially on the fine sand lens. The
entry pressure Pfi

e is not exceeded, thus a pool of NAPL remains on the lens also
at quasi steady-state (see Fig. C.10 in App. C). For the applied boundary condi-
tions, the viscous forces do not suffice to mobilise the NAPL pools. A comparison to
a < PV

c > (< Sw >) relationship derived with the same equilibrium criteria but us-
ing pressure differences in each phase of ∆Pα = 100 Pa supports this reasoning. For
∆Pα = 100 Pa the analytical solution is reproduced exactly for boundary capillary
pressures up to 937 Pa (see Fig. 5.25).
Back to the comparison of the average Pc(Sw) relationships (see Fig. 5.24, left): it
should be pointed out that at PB

c = 1224 Pa the relative permeability of the wetting
phase krw has decreased by three orders of magnitude compared to PB

c = 607 Pa (see
Fig. 5.4.2, left). Due to the small krw especially at the boundaries, the mobility of
the wetting phase at the boundaries dominates its flux. Consequently, the changes
in saturation decrease. The equilibrium criteria are met earlier than an adjustment
between PB

c and Pc inside the domain can be attained. In principle, for kco
rw > 0 this

equilibration should be accomplishable within a finite simulation time.
From on the increase of boundary capillary pressure from 2319 Pa to 3304 Pa, the
pressure of the wetting phase inside the domain does not decrease monotonically
from the top to the lower boundary. At the top boundary, due to an increase of Pw
inside the domain a gradient evolves (see Fig. 5.4.2, right). The difference of the
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volume-weighted phase pressure < PV
c > does not increase significantly more than

approx. 1300 Pa though the capillary pressure at the boundary is augmented up to
PB

c = 3304 Pa.
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Through an increase of the boundary capillary pressure from 932 Pa to 1224 Pa, the
entry pressure of the fine sand is exceeded although the boundary capillary pressure
is still smaller than the entry pressure of the fine sand. At high capillary pressures,
the non-wetting phase pools especially on the top fine sand lens (see wetting phase
distribution in Fig. C.10), caused by the pressure difference in the non-wetting phase
from the top to the lower boundary. A local pressure increase of Pn and thus Pc
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results. ATAIE-ASHTIANI ET AL.,2002 [2] show this effect, which is less pronounced
for a phase pressure difference from the upper to lower boundary of ∆Pα = 100 Pa.
Consequently, both the < PV

c > (< Sw >) and the PB
c (< Sw >) do not reproduce the

analytical solution exactly, as the analytical solution is based on the assumption of
exclusively capillary dominated flow.
On the basis of the analysis of the numerical drainage experiment, the the cho-
sen equilibrium criteria need to be questioned. In order to avoid plotting data
sets derived from transient states the boundary capillary pressure should not be
chosen for the determination of a equilibrium Pc(Sw) relationship. Choosing PB

c
might result in an overestimation of the residual water saturation. A regression us-
ing the BROOKS & COREY parametrisation, employing a LEVENBERG-MARQUARD
algorithm to minimise the residuals, illustrates that Pc(Sw) relations differ dis-
tinctly in residual wetting phase saturation (see Fig. 5.24, right). While Swr equals
Swr = 0.152 for the < PV

c > (< Sw >) relationship, the regression yields Swr = 0.259
for the PB

c (< Sw >) relationship. In the first case the value overestimates Swr by 50 %
and in the second case by more than 250 %, compared to Swr = 0.070 resulting from
a regression to the analytical solution. The average Pc(Sw) relationships presented
by ATAIE-ASHTIANI ET AL., 2002 [2] and DAS ET AL., 2004 for the same 2D het-
erogeneity pattern with slightly different BC parameters are based on the boundary
capillary pressure PB

c . These authors show that residual wetting phase saturation of
the average Pc(Sw) relationship might be larger than Swr of the homogeneous sands.
It was shown here that, for high capillary pressures, the boundary capillary pressure
PB

c may not equal the average capillary pressure, presumably because steady-state
conditions are not established. As the authors do not state their exact equilibrium
criteria, a detailed comparison cannot be carried out.
ATAIE-ASHTIANI ET AL., 2002 [3] state that, for a boundary capillary pressure of
PB

c = 1500 Pa, the relative permeability kco
rw(Sw) equals zero. This would imply that,

the saturation could not change for larger boundary capillary pressures, regardless
of the pressure difference applied in each phase. This does not agree with their
PB

c (< Sw >) relationship for a pressure difference ∆Pα = 100 Pa, where the average
saturation clearly changes for PB

c > 1500 Pa. ATAIE-ASHTIANI ET AL., 2002 state
that regardless of the pressure difference ∆Pα each of the numerical experiments
simulated a time of 420 days. Steady-state might thus have been attained more
closely in the case of a high ∆Pα as compared to a small ∆Pα because a high pressure
difference induces higher fluxes. Following the arguments above, the large residual
wetting phase saturation observed by the authors might be explained by the choice
of PB

c for the upscaled Pc(Sw) relationship, rather than the relative permeability kco
rw

decreasing to zero.
In summary, when average Pc(Sw) relationships are determined from numerical ex-
periments, attention should be given to the equilibrium criteria. If the values for
the criteria are chosen too high and only the boundary capillary pressure is applied
for the upscaled Pc(Sw) , then the difference between PB

c and < PV
c > might not be

noticed. As a consequence, the residual saturation of the wetting phase might be
overestimated compared to an analytical solution applying the assumption of cap-
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illary equilibrium.

Influence of the magnitude of the equilibrium criteria: Varying magnitudes
of the equilibrium criteria εS and εP (see paragraph ’Equilibrium criteria’ in this
section for the definition) serve to test their influence on the upscaled equilib-
rium < PV

c > (< Sw >) relationship. None of the < PV
c > (< Sw >) relations dif-

fers significantly from the analytical solution for high water saturations (compare
Fig. 5.27). In all the numerical drainage experiments, the boundary capillary pres-

 500

 1000

 1500

 2000

 0.1  0.2  0.3  0.4  0.5  0.6

ca
p

il
la

ry
 p

re
ss

u
re

 P
c 

[P
a

]

water saturation Sw [-]

Pc high

Pc low

Pα
T

 - Pα
L
 = 1000 Pa

εS = 10
-7

, εP = 0.5 Pa

εS = 10
-6

, εP = 10
-2

 Pa

εS = 10
-5

, εP = 1.0 Pa

Analytical
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criteria using the simple heterogeneity (∆Pα = 1000 Pa)

sure is increased up to 3304 Pa as the equilibrium criteria are met. However, in
the < PV

c > (< Sw >) relationships, the capillary pressure does not exceed 1731 Pa.
The magnitude of the attained average capillary pressure depends especially on
the strictness of the equilibrium criterion for the saturation. For εS = 10−7 and
εP = 0.5 Pa, the maximum capillary pressure is higher than for the criteria εS = 10−6

and εP = 10−2 Pa, where εP is smaller than in the first case, but εS is higher. For the
chosen equilibrium criteria, the capillary pressure within the domain is not at equi-
librium with respect to the boundary conditions before a new pressure step is taken
starting at a boundary capillary pressure of PB

c = 607 Pa. For lower PB
c the average

capillary pressure < PV
c > equals PB

c (see Eqn. (5.5)), when the equilibrium criteria
are met. For the criteria εS = 10−6 & εP = 10−2 Pa, the last three capillary pressures
steps ranging from 1223 Pa to 3304 Pa cover a simulated time of 0.05 h, whereas the
first part of the numerical experiment comprises 86.06 h of simulated time.
When the equilibrium criteria do not suffice to establish a steady state at high PB

c
the residual wetting phase saturation is overestimated. Consequently, much stricter
equilibrium criteria should be chosen to compute the average Pc(Sw) relationship
for high capillary pressures. For example, the change of saturation and pressure
within one time step should either be normalised or the criteria should be saturation
dependent to account for varying magnitudes of the fluxes. In the following, an
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equilibrium numerical experiment applying strict equilibrium criteria is analysed
with respect to the time stepping behaviour and execution time.

Computation time The simulator MUFTE-UG (see Sec. 4.1) is used here to deter-
mine Pe

c (Sw) relationships with numerical experiments. In Sec. 4.2 the algorithm
for solving the coupled, highly non-linear balance equations for two-phase flow is
described. Within the solution routine, the time step size is automatically adapted
within user-set bounds on the basis of the performance of the nonlinear solver, a
damped, inexact NEWTON scheme. For the following numerical experiments, the
parameters for the NEWTON scheme were set as follows: if convergence is attained
within one line search, the time step is doubled. If on the other hand, the line search
does not converge within six line searches, the time step is halved.
If in the system of algebraic equations the non-linearities caused by the constitutive
relationships become strong, it is more likely that the line search will not converge,
resulting in a reduction of the time step.
For a numerical experiment applying the equilibrium criteria εS = 10−10 and
εP = 10−10Pa, the time stepping and thus the execution time for the simulation is
analysed in relation to the saturation and pressure changes (compare Tab. 5.4). It
should be stressed that a thorough analysis of the execution time as would be re-
quired for a benchmark test is not the aim of this study but rather an order of mag-
nitude estimation and comparison to other methods. The simulations were carried
out on a PC with an installed memory of 512 MB and a 1.2 GHz processor, running
under a Linux system.
In the first experiment, equidistant pressure increments are applied. The boundary
capillary pressures of 800 Pa and 1400 Pa are chosen for the analysis. An overview of
the number of time steps illustrates that to attain changes in saturation or pressure
of less than εS = 10−6&εP = 10−4 at most 3,234 time steps are required (see Tab. 5.4).
To fulfil the final equilibrium criterion, it takes at least another 50,161 time steps.
Within these time steps, the average capillary pressure alters by approximately 60 Pa,
within a computed time of 5.366 h, which used a computing time of seven days. At
the interruption of the numerical experiment, the change of the average saturation
still exceeded ∆Sn > 10−7 and the change of the averaged capillary pressure was
larger than ∆Pw > 10−3 Pa within one time step.
The large number of time steps correlates to a decrease of the time step size
∆t, which can be explained by three reasons. First, the water saturation in the
coarse material Sco

w approaches residual saturation and thus high derivatives of its
Pc(Sw) relationship occur. Secondly, the differences between the saturation in the
coarse and the fine sand increase, which causes high gradients in the saturation. Fur-
thermore, for high non-wetting phase saturations the relative permeability for the
non-wetting phase becomes highly non-linear (with a local minimum of the deriva-
tive).
Strong non-linearities in the system of equations to be solved can affect the conver-
gence behaviour of the solvers (e.g. of the line search). This effect will be analysed in
a second example applying the equilibrium conditions εS = 10−6 and εP = 10−2 Pa
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Table 5.4: Equilibrium criteria for the determination of the Pe
c (Sw) relationship in relation to

the time steps

PB
c 800Pa PB

c 1400Pa

1) time steps until ∆Sw < 10−6 145 21
computed time until 1) 0.0393 h 0.0028 h
average time step 0.98 s 0.48 s

2) time steps 1) until ∆Pw < 10−4 Pa 170 3234
computed time 1) until 2) 0.0607 h 0.1060 h
average time step from 1) to 2) 0.94 s 3.2 ·10−5 s

time steps from 2) until eq./interrupted 384 50 161
computed time from 2) until eq. 0.1008 h 5.3667 h
average time step from 2) to end 0.674 s 0.378 s

(see Fig. C.11 in App. C). For boundary capillary pressures lower than 737 Pa, the ex-
ecution time required to fulfil the equilibrium conditions does not exceed 8,863 s (=
2.45 h). Then, for the boundary capillary pressures 932 Pa and 1224 Pa, the execution
time required to reach equilibrium is 17,126 s (= 4.76 h) and 52,471 s (= 14.58 h). As
shown in Tab. 5.4, the execution time for higher boundary capillary pressures would
be higher than observed here, if stricter equilibrium criteria were applied. An anal-
ysis of the iterations in linear and nonlinear solvers per time step (see Fig. C.11)
clarifies that at the labelled boundary capillary pressures the number of iterations
increases dramatically. Simultaneously, the time step sizes decrease. Consequently,
w.r.t. execution time, the calculation of an equilibrium Pc(Sw) relationship on the ba-
sis of a numerical experiment is not as efficient as a percolation model or, for simple
heterogeneity patterns, analytical solutions. However, the alternative approaches
assures a capillary equilibrium. Thus, effects such as, for example, the influence
of the phase pressure gradient on the equilibrium Pc(Sw) relationship, caused by a
pooling of non-wetting phase, as shown by ATAIE-ASHTIANI ET AL.,2002 [2], can-
not be captured.

Summary On the basis of numerical drainage experiments using a coarse sand
with two embedded fine sand lenses, the choice of the average capillary pressure,
the equilibrium criteria to establish (quasi) steady-state conditions, and the time-
stepping behaviour were analysed including a comparison to the analytical solu-
tion. It was shown that < PS

c > (Sw) does not reproduce the analytical solution
gained on the basis of the capillary equilibrium assumptions because of the applied
BC parametrisation for the Pc(Sw) relationships of the coarse and fine sand. In con-
trast the < PV

c > (< Sw >) agrees well with the analytical solution for low boundary
capillary pressures. It was shown furthermore that choosing PB

c for the upscaled
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Pc(Sw) relationship might conceal that

• the average < PV
c > might exceed PB

c due to a pooling of non-wetting phase
on the fine sand lens (an effect that is not observed when the boundary phase
pressure difference in each phase is ∆Pα = 100 Pa instead of ∆Pα = 1000 Pa), and

• for high PB
c the average capillary pressure remains significantly lower than the

boundary capillary pressure, indicating that the applied equilibrium criteria
do not suffice to establish a steady state.

Furthermore, the magnitude of the equilibrium criteria influences the upscaled
residual wetting phase saturation. The stricter the criteria are set, the smaller resid-
ual saturation, but at the same time the computation time increases. When average
Pc(Sw) relationships are analysed on the basis of numerical experiments, these as-
pects should be kept in mind.
With the determination of the equilibrium Pc(Sw) relationship, the foundation for
the calculation of the coefficient τ in the extended Pc(Sw) relationship is laid. In the
following, dynamic numerical experiments are described, which are performed in
order to identify the two missing terms, the dynamic capillary pressure-saturation
relationship, and the rate of change of saturation.

5.4.3 The coefficient τ for homogeneous domains

The idea to determine the coefficient τ on the basis of numerical experiments on the
local scale results from the assumption that heterogeneities on the local scale might
lead to dynamic effects at the macroscale when an averaging procedure is applied
similar to the approach by DAHLE ET AL., 2005 [30] or GIELEN ET AL., 2005 [46].
But before this assumption is tested with heterogeneous domains, the averaging
approach is examined with a homogeneous domain to distinguish between effects
arising from heterogeneities and influences from

• the averaging of the phase pressures,
• the averaging length scale,
• the boundary conditions, and
• porous medium as well as fluid properties.

In the following, these aspects will be analysed successively.

5.4.3.1 The choice of the averaged phase pressure

In Sec. 5.4.2, the choice of the average capillary pressure for the average, equilib-
rium Pe

c (Sw) relationship was discussed for an equilibrium numerical experiment
by comparison to a percolation model approach. The phase-volume weighted
phase pressure difference < PV

c >=< PV
n >−< PV

w > applied in the equilibrium
Pc(Sw) relationship resulted in the most accurate approximation of an analytically
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determined Pc(Sw) relationship. For the dynamic case, a comparison to an analyt-
ical approach is lacking. However, < PV

c > and < PS
c > from a dynamic numerical

experiment are equal to each other for a homogenous domain as no entry pressure
variation could cause a deviation to the analytically resulting Pc(Sw) relationship.
But for a dynamic experiment with the simple heterogeneity pattern, < PS

c > will
exceed < PV

c > slightly. The difference is caused as in the computation of the equi-
librium Pc(Sw) relationship (see Sec. 5.4.2) by the parametrisation of the equilibrium
Pc(Sw) relationships with the BROOKS & COREY relationship. Thus, for the dynamic
experiments, the volume-weighted phase pressures and the derived capillary pres-
sure are chosen to enter into the averaged, dynamic Pd

c (Sw) relationship.

5.4.3.2 Aspects resulting from the averaging length scale

For a homogeneous domain, an REV does not need to be determined. In the ap-
proach taken here, however, it will be shown that the averaging length scale influ-
ences the magnitude of the coefficient τ0. The impact is examined for two cases,
namely

1. averaging over domains of varying dimension lx = ly = 0.03,0.12,1.0 m
(while maintaining the same (initial) pressure gradient within each phase of
∆Pα = 8333.33 Pa/m) using the boundary conditions specified for the flow-
through cell experiment (see Fig. 5.3), and

2. averaging over varying volumes, applying the results of one numerical ex-
periment with the boundary conditions specified for the pressure-cell with
Pn = 104 Pa at the top boundary (see Fig. 5.4).

As the boundary conditions result in one-dimensional flow processes for the homo-
geneous domain, averaging over increasing volumes is the same as averaging over
an increasing number of nodes in the direction of the flow. For the first case, the
properties of the coarse sand in Tab. 5.2 are used, in the second case the ’sand’ prop-
erties also listed in that table apply. The numerical experiments serving as a basis
for the averaging were originally applied for different purposes, but are considered
sufficient for a comparison of the two averaging approaches. As the porous media
properties differ, only a qualitative comparison of the two cases is undertaken in the
following.
For the first case 1, two trends can be observed. At a given saturation, the satura-
tion rate increases and the capillary pressure difference ∆Pc = Pd

c −Pe
c decreases for

decreasing domain lengths (see Fig. 5.28, left). The local minimum of ∆Pc at a water
saturation of Sw ' 0.95 for the largest domain vanishes if the first time step is fixed
to a larger value, and is thus interpreted as a numerical artefact. The initial time step
for this numerical experiment was not changed in order to show this effect. In the
second case 2 (averaging over varying volumes), the saturation rates and the differ-
ences in the capillary pressure show the same dependence on the averaging length
scale (see Fig. 5.28, right). No averaging of the variables is performed if one node
only, with an associated grid length of (∆y = 0.025 m), is taken into account. These
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values thus can be considered as corresponding to a point or local measurement.
The (local) saturation rate exceeds the other ones for a large range of saturations,
while the capillary pressure difference ∆Pc equals zero for all water saturations. Ob-
viously, for one box, the prescribed equilibrium Pe

c (Sw) relationship must hold, as
dynamic effects are not accounted for in the numerical model. Consequently, the
dynamic equals the equilibrium capillary pressure at all times.
In order to obtain a functional dependence between the capillary pressure differ-
ence and the saturation rate, a dynamic capillary pressure resulting from averaged
phase pressures has to be applied to compute the capillary pressure difference ∆Pc.
The length scale dependence of the saturation rate and the capillary pressure dif-
ference results in a length scale dependence of the coefficient τ0, in addition to the
dependence on the water saturation (see Fig. 5.29).
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Figure 5.28: ∆Pc (left) and ∆Sw/∆t (right) for domain sizes and varying averaging volumes
using the homogeneous reference medium of the geostatistical field (see Tab. 5.2)

For comparison, (at a chosen water saturation of Sw = 0.5) the values of τS after
STAUFFER, 1978 [108] (see Eqn. (3.2)) are plotted additionally. These values remain
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about one order of magnitude smaller than the smallest τ values from the numerical
experiments. The coefficient τS depends neither on the length scale nor on the water
saturation. The empirical formula was derived for laboratory experiments with a
column of l = 0.6 m; its length scale was thus in the range of the ones regarded here.
Whether STAUFFER’s formula given in Eqn. (3.2) or the numerically determined val-
ues give a correct estimate of the coefficient τ for a given medium will have to be
examined in more detail, consulting additional laboratory experiments where point
and average phase pressures are also determined.
DAHLE ET AL., 2005 define the dimensionless grouping ND given in Eqn. (5.1) and
show that it approaches unity for medium water saturations (see Fig. 5.1). For the
two cases here, a similar behaviour of ND can be observed for medium water sat-
urations (see Fig. 5.30), though for the first case the curves show a different char-
acteristic. As this effect does not occur in the second approach, it is attributed to
the inclusion of the boundary nodes in the averaging and to the applied boundary
conditions. As the average water saturation diminishes and approaches the resid-
ual water saturation, ND becomes much larger than one for the example employing
varying domain sizes. With the behaviour of τ(Sw) at small water saturations this
trend is expected. It might be argued that, for ND = 1, the coefficient τ scales with
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Figure 5.30: Dimensionless grouping ND for τ(Sw) derived from numerical experiments with
varying domain sizes (left) or averaging lengths (right)

the square of the averaging length. Consequently, it is not possible to define an REV
for the determination of the coefficient τ if the averaging length is not bounded.
In flow and transport processes, other parameters have been shown to increase with
scale, e.g. the longitudinal dispersion coefficient (see e.g. GELHAR ET AL., 1992 [44]
or SCHULZE-MAKUCH, 2005 [101]). However, this scale dependence can be ex-
plained by new heterogeneity patterns that appear on the larger scales. The in-
crease of dispersion can be attributed to the appearance of new heterogeneities with
increasing length scales. If variance, average and correlation length of a perme-
ability field are constant for varying scales, the determined longitudinal dispersion
would not alter in the time limit, on the assumption that a tracer has seen enough
correlation lengths.
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DAHLE ET AL., 2005 [30] propose linking the determination and thus the magni-
tude of τ to a typical process length, e.g. the front width. As all other parameters
entering into ND are not process-dependent and consequently remain constant, the
coefficient would consequently be large for broad front widths and small for steep
fronts. On the assumption that the ratio of capillary and viscous forces influences
the front width, and that the front is wide for dominating capillary forces, the coeff-
cient would be large for capillary dominated flow. Under such flow conditions it is
assumed that dynamic effects do not play a role; using a front width to compute τ is
thus not considered appropriate.
In addition to checking the behaviour of the averaging length scale, the location
of the averaging is also varied (see Fig. C.9). The resulting τ0(Sw) data only show
negligible differences.
For the time being, the question of how to overcome the length scale dependence is
postponed. For the following calculations it is assumed, that a typical length scale
can be found and that effects stemming from the boundary conditions etc. can thus
be examined for that typical length scale.

5.4.3.3 Influence of the boundary conditions

Three combinations of boundary conditions serve to test their influence on the co-
efficient τ. First a flow-through set-up (FT) is applied because it proved appropriate
to calculate an equilibrium Pe

c (Sw) relationship (see Sec. 5.4.2). For the second and
third example the boundary conditions mimic the pressure-cell set-up (see Fig. 5.4).
Either a Dirichlet boundary condition (PCDir) or a Neumann boundary condition
(PCNeu) are applied at the top to induce the infiltration of the non-wetting phase
(see Tab. 5.5). For the PCDir, a no-flow boundary condition is given for the non-
wetting phase at the lower boundary, and for the PCNeu a Dirichlet boundary con-
dition (Sn = 0).

Table 5.5: Types of dynamic experiments to determine the coefficient τ
Name porous variations averaging

medium in over

FT coarse sand PB
c = {2,4,7,10}kPa domain

PCDir sand PT
n = {0.5,1,2}kPa 5 boxes

PCNeu sand qT
n = {0.01,0.1,1.0}kg/s 5 boxes

For the FT, the pressure difference in each of the phases ∆Pα from one boundary
to the other amounts to ∆Pα = 100 Pa, while the boundary capillary pressure PB

c is
varied (see Tab. 5.5). In contrast to the equilibrium experiment, this combination of
boundary conditions causes pronounced counter-current flow. The large increase of
the boundary capillary pressure at the opposing boundaries causes the non-wetting
phase to infiltrate at both boundaries, enclosing the wetting phase. The pressure
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of the wetting phase thus develops a maximum in the middle of the domain, caus-
ing gradients w.r.t. to the boundaries and thus a flow from the middle towards the
boundaries. These are unwanted flow conditions. These numerical experiements
will be considered here nevertheless in order to show the influence of the boundary
conditions in combination with the averaging over the whole domain. The capillary
pressure differences ∆Pc of the dynamic numerical experiments differ, the differ-
ences increase with decreasing water saturation (see Fig. 5.31, left, where the results
of PB

c = 104 Pa are given for easier readability). In contrast, the rates of change of
saturation exhibit the same magnitude and the same monotonic trend. The coeffi-
cient τ0 is calculated first for each boundary capillary pressure PB

c , and then, on the
basis of all four experiments, regressions are performed for the data at given water
saturations in order to gain τ0 as well as τb (see Fig. 5.31, right).
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Figure 5.31: ∆Pc and ∆Sw/∆t (left) as well as τ(Sw) (right) for the coarse sand applying Dirichlet
boundary conditions (PB

c = 2000,4000,7000 Pa and ∆Pα = 100 Pa)

The values of the coefficient τ0 from each of the experiments range between
τ0 ' 110 Pa s and τ0 ' 9 kPa s for the considered saturation range. With increasing
boundary capillary pressure the coefficient also increases at a given saturation. Dif-
ferences between τ0(Sw) from the individual experiments increase with diminishing
water saturation. It was assumed that, by applying different boundary capillary
pressures, different magnitudes of the saturation rate would also be induced. How-
ever, on the assumption that the rate of change of the averaged water saturation
is propoportional to the average flow velocity, the flow regimes of the four exper-
iments differ only slightly for large water saturations (see Fig. 5.31, left). Conse-
quently, the differences in the coefficient τ0 mainly arise because of the dependence
of the capillary pressure difference on the boundary conditions. On the further as-
sumption that the similarities in the saturation rates are based on a similar distribu-
tion of the wetting fluid inside the domain, the capillary pressure distribution inside
the domain should also be similar. The differences in ∆Pc would thus be evoked by
including the boundary nodes with the prescibed boundary capillary pressure into
the averaging. Consequently, τ0(Sw) correlates positively with the boundary capil-
lary pressure, an effect that cannot be observed in the second approach (see below)
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where the boundary nodes are not included in the averaging procedure.
In order to test the linearity of the extended Pc(Sw) relationship (compare Sec. 3.5),
the coefficient τ is also calculated after Eqns. (3.13) and (5.14) on the basis of all four
numerical experiments for selected water saturations. While τ0(Sw) obviously show
the same trend as τ0(Sw) from the individual experiments, the τb(Sw) values are up
to one order of magnitude larger for water saturations smaller than Sw < 0.9 (see
Fig. 5.31, right). Similar to the results from the laboratory experiments (see Sec. 5.3),
the deviation from the linear relation running through the origin decreases with
increasing water saturations.
In a second approach, where the pressure-cell set-up is mimicked, the boundary
capillary pressure is not fixed and the averaging is performed only over parts of the
domain corresponding to five adjacent (in the y-direction and consequently flow
direction) nodes of the grid. For both the PCDir and the PCNeu numerical exper-
iments, distinct differences in the magnitude of the saturation rate as well as the
capillary pressure difference occur (see Fig. 5.32), while the same trends are notica-
ble. In contrast to the FT results, the saturation rate does not show a monotonic be-
haviour, but from full saturation increases steeply (when the invading front reaches
the averaging domain), then remains approx. constant over a range of medium sat-
urations before it decreases again at low water saturation. The saturation rate as
well as the difference in capillary pressure behave proportionally to the boundary
conditions for PCDir as well as PCNeu.
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Figure 5.32: ∆Pc(Sw) and ∆Sw/∆t(Sw) for Dirichlet (left) and Neumann (right) boundary con-
ditions using the homogeneous reference sand

The resulting τ0(Sw) functions for each of the numerical experiments of the PCDir
behave similarly (see Fig. 5.33, left). If one keeps in mind the log-scale plot, the
dependence on the water saturation can be considered negligible, all τ0(Sw) val-
ues vary around 105 Pa s. For a given water saturation, the coefficient might differ
depending on the boundary conditions, being larger for small pressures of the non-
wetting phase at the top boundary.
The τ0(Sw) data of the individual numerical PCNeu experiments (see Fig. 5.33, right)
exhibit a dependence on the water saturation which is more pronounced for the low
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than for the high inflow rate. Similar to the PCDir experiments, τ0(Sw) resulting
from a numerical experiment with low saturation rates exceeds that stemming from
high saturation rates.
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Figure 5.33: τ0(Sw) for Dirichlet (left) and Neumann (right) boundary conditions for the
homogeneous reference sand

The results from PCDir and PCNeu confirm the findings of KALAYDJIAN, 1992 [68],
who determined τ0(Se) for various Neumann boundary conditions and found a neg-
ative correlation between the applied influx and the magnitude of the coefficient.
However, all these findings are contrary to the expectation that for slow flow pro-
cesses an extended Pc(Sw) relationship does not need to be taken into account.
A dependence on the boundary conditions is not desirable if the calculated coef-
ficient is to be applied in forward simulations. A further option is to perform a
linear regression to the data from all numerical experiments of one type of bound-
ary condition. If Eqn. (5.14) is fitted to data sets from PCDir or PCNeu, the resulting
coefficients τb(Sw) follow the values of the numerical experiment with the highest
saturation rate (see Fig. 5.33). In contrast to the results from the FT set-up, the mag-
nitude of the y-axis intercept b can be neglected, which confirms the linear relation
between saturation rate and capillary pressure difference.

5.4.3.4 Influence of porous medium and fluid properties on the magnitude of the
coefficient τ

On the assumptions that

• the phase-volume averaged pressures are the correct choice for the averaging,
• the determination of the coefficient τ can be related to a typical process length,

and
• the possible impact of the boundary conditions can be neglected if the same

conditions are applied for all comparisions,

then the influence of the porous medium and fluid parameters on the magnitude of τ
can be estimated. To this end, the pressure-cell set-up with a length of 1 m is applied.
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Tab. 5.6 lists the parameters of the reference case, yielding the cofficient τref, as well
as the ratio of the varied to the reference parameter. For each of the simulations, only
one parameter is varied at a time. Results from the dynamic numerical experiments
with a variation of either K,φ,Pd,λ are plotted in App. C. For the computation of the
capillary pressure difference, the equilibrium Pe

c (Sw) relationship as prescribed by
the varied parameters is applied. On the basis of dynamic numerical experiments,
the coefficient for the variation cases, τvar, is determined.
The ratio τref/τvar is taken to quantify the impact of the parameter on the material
coefficient. For a ratio of one, an influence cannot be detected, while ratios unequal
to one indicate a dependence of the coefficient on the parameter.
The variation of the entry pressure does not influence on the magnitude of the co-
efficient as the ratio of τref/τvar at the chosen water saturations is approximately one
(see Tab. 5.6). For large water saturations, the influence of the pore size distribution
index λ on τ is negligible, for saturations of ∼ 0.6 the magnitude of τ is increased,
for smaller water saturations it is decreased (see Fig. C.12). For the pore size distri-
bution index, no general relation can be defined. As its influence is not pronounced,
the index does not need to be taken into account for an approximation of τ. The co-
efficient behaves inversely proportionally to the intrinsic permeability and directly
proportionally to the porosity.

Table 5.6: Parameter variation to test the influence on the coefficient τ
Reference Variation τref/τvar τref/τvar

Var/Ref Sw = 0.6 Sw = 0.8

Porosity φ 0.4 0.75 0.75 0.75
Permeability K 5.11 ·10−12 m2 10.0 0.100 0.100
Entry pressure Pd 500 Pa 2.0 1.00 1.09
Psd index λ 2.0 0.5 1.02 1.15

Moreover, the viscosities of the fluids influence the coefficient depending on the
water saturation. The viscosity ratio is defined here as

M =
µw

µn
. (5.18)

When cross sections of the water saturation Sw(y) and the capillary pressure Pc(Sw)
for three viscosity ratios are compared (see Fig. C.13 in App. C), the front of the non-
wetting phase infiltrating into the domain becomes sharper for smaller viscosity ra-
tios. Although a fingering process cannot be detected, the choice of a viscosity ratio
of M > 1 when neglecting gravity does not fulfil the stability criterion for horizontal
displacement defined by LAKE, 1989 [71]. Nevertheless, the example is adhered to
in order to investigate the effect of the ratio M on the coefficient.
The magnitude of the viscosity as well as the ratio influence the coefficient (see
Fig. 5.34, left). For equal viscosities, the material coefficient scales proportional to
the viscosity. For viscosity ratios unequal to one, stability aspects need to be taken
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into account (gravity is neglected). As long as the viscosity of the displacing fluid
(here the non-wetting fluid) is equal or greater than that of the displaced fluid, ND
calculated with saturation-weighted viscosities

µ(< Sw >) =< Sw > µw +(1.0−< Sw >)µn (5.19)

ranges between 0.5 and three (see Fig. 5.34, right). For the viscosity ratio of ten, ND
is approx. one for average water saturations larger than < Sw >> 0.7, but exceeds
one by an order of magnitude for smaller saturations. For large viscosity ratios,
where the stability criterion is not met, the possible instability is also reflected in the
coefficient, for which a scaling with the saturation weighted viscosity can no longer
be defined.
The application of a saturation-weighted average viscosity could also be a possible
extension of the STAUFFER formula (3.2) to two-phase systems.
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average viscosity (right) for three viscosity ratios using the homogeneous reference sand
(averaging over five boxes)

Summary: The calculation of the coefficient τ for a homogeneous domain with
varying boundary conditions has thrown light on the following aspects:

• A dynamic effect in the Pc(Sw) relationship can only be detected if averaged
phase pressures in contrast to a nodal value are applied for the calculation of
the dynamic capillary pressure. At one node, the difference in phase pres-
sures is the same as the capillary pressure as prescribed by the mathematical-
numerical model, while the rate of change of saturation might be unequal to
zero.

• The scaling of the coefficient proportional to

– the porosity,
– the (saturation-weighted) viscosity, and
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– the squared averaging length,

as well as the inverse proportionality to the intrinsic permeability as sug-
gested by DAHLE ET AL., 2005 [30], who used a bundle of capillary tubes
model, are confirmed by numerical experiments on the local scale for viscos-
ity ratios of M = µw/µn of one and smaller and for medium water saturations
Swr << Sw < 1.0. The parameters from the equilibrium Pc(Sw) relationship
only have a minor influence.

• The scaling of the coefficient to the square of the entry pressure as proposed by
STAUFFER, 1978 [108] is not confirmed. Moreover, the inverse proportionality
to the pore size distribution index λ could not be found on the basis of the
numerical experiments.

• If the coefficient τ scales with the square of the averaging length, the magni-
tude of τ is not clearly bounded and an REV cannot be defined. To overcome
this problem, either the averaging length needs to be related to a bounded
property or the averaging of the pressures and saturations has to be reviewed.
It is assumed here, that a characteristic length scale of a process can be defined,
and that this length scale should then be inversely proportional to the distance
of the characteristic viscous pressure drop. Consequently, for small gradients
the coefficient τ should also be small. A more promising approach seems to be
a re-definition of the averaging procedure.

• For the determination of the coefficient the boundary conditions should ensure
a uni-directional flow process, thus preventing counter-current flow.

• If the capillary pressure is fixed at the boundaries, the boundary nodes should
not be taken into account for the averaging of the variables.

• The magnitude of the coefficient might depend on the boundary conditions
and the flow regimes thus induced. For high saturation rates, the magni-
tude of τ is smaller compared to the one derived from examples with small
rates of change of saturation. A similar behaviour is observed by KALAYD-
JIAN, 1992 [68] in laboratory imbibition experiments. KALAYDJIAN, 1992 [68]
argues, that, for viscous dominated flow regimes, the coefficient should be
smaller, as the typical process is faster. However, if the coefficient increases
with augmenting capillary forces, it would reach a maximum for entirely cap-
illary dominated flow. Capillary dominated flow is assumed for the capillary
equilibrium approach (see Sec. 5.4.2), the phase pressure difference should
then always be equal to the equilibrium capillary pressure. Thus, the extended
Pc(Sw) relationship should be obsolete.

5.4.4 The coefficient τ for heterogeneous domains

Numerical experiments for the determination of the coefficient τ have been per-
formed applying homogeneous domains (see Sec. 5.4.3). Assuming that additional
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dynamic effects might arise from heterogeneities, two kinds of two-dimensional het-
erogeneous domains serve to investigate the influence of heterogeneities on τ0(Sw),

1. the simple heterogeneity of two fine sand lenses embedded in a coarse sand,
and

2. continuous heterogeneities on the basis of a geostatistical approach (compare
Sec. 5.2).

In contrast to the homogeneous domains, the examples here show a two-dimension-
al flow behaviour. The averaging of the variables thus relates to an area. In order to
investigate the behaviour of the coefficient in a general way, it is assumed that the
linear relationship running through the origin is a correct approximation.
For the heterogeneous domains two degrees of heterogeneity are considered,

• only the intrinsic permeability differs, and
• the intrinsic permeability plus the entry pressure vary in space.

To quantify heterogeneity often the ratio of the minimum to the maximum value
of a given quantity is expressed. In the frame of this thesis two ratios defined by
BOURGEAT & PANFILOV, 1998 [16] are applied (though they are used in a frame-
work of periodic heterogeneity patterns), one for the intrinsic permeability ratio

ωK =
min K
max K

, (5.20)

and the second one for the entry pressure ratio

ωPd =
min Pd

max Pd
. (5.21)

The fluid parameters are the ones given in Tab. 2.1. In both cases, the pressure-cell
set-up with a Dirichlet boundary condition at the left is chosen. Averaging includes
only time steps before the non-wetting phase reaches the lower boundary.

5.4.4.1 Simple heterogeneity pattern

For the simple heterogeneity the non-wetting phase pressure equals Pn = 2000 Pa at
the left boundary for t > 0. In case only the permeability is varied the entry pres-
sure equals Pd = 500 Pa in the whole domain. For the entry pressure variation, Pd
of the fine material is increased to Pd = 800 Pa. A smaller difference in entry pres-
sures as compared to the example described in Sec. 5.4.2 facilitates the infiltration
of non-wetting phase into the fine lenses. In Fig. C.14 in App. C plots of the final
distribution of the wetting phase saturation are shown.
Applying the values from the simple heterogeneity pattern the heterogeneity ratios
amount to ωK = 0.1 and ωPd = 0.625, thus both being less than one.
For the first case, τ0(Sw) is compared to homogeneous reference cases. Averaging
is performed over most of the domain (0.005 m≤ y≤ 0.115 m), boundary nodes are
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thus excluded. Strictly speaking, the averaging area is smaller than the REV size,
however, for the principal investigation done here, possible differences in the results
are assumed to be negligible.
The τ0(Sw) data might be calculated by a weighted arithmetic average of the ho-
mogeneous reference cases for average water saturations larger than ∼ 0.63 (see
Fig. 5.35, right). At smaller average water saturations, the non-wetting phase has
reached the right boundary, an assessment of the behaviour of τ0 can thus not be
given.
In the second case, the variation of the entry pressure influences the capillary pres-
sure difference in comparison to the first case, while the rate of change of saturation
only differs slightly at least for the considered saturation range (see Fig. 5.35, left).
The run of the curve of τ0(Sw) deviates from the first case for medium average water
saturations (< Sw >< 0.7, see Fig. 5.35, right).
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Figure 5.35: ∆Pc(Sw) and ∆Sw/∆t(Sw) (left) and τ0(Sw) (right) for simple heterogeneity

The dimensionless grouping ND after DAHLE ET AL., 2005 [30] serves to analyse
the influence of the heterogeneities. For the heterogeneous case, the permeability is
averaged with a weighted arithmetic mean. The same would hold for the porosity,
though a porosity variation is not presented here. As a two-dimensional domain
and flow process is considered instead of the averaging length squared, the averag-
ing area ∆x∆y is applied, which leads to the dimensionless grouping for a heteroge-
neous case

N2D =
< K > τ

< φ > µ(< Sw >)∆x∆y
, (5.22)

where again the saturation weighted viscosities are employed. Considering hetero-
geneity in the permeability only (K in Fig. 5.36), the dimensionless grouping N2D
remains close to one for a large range of averaged water saturations. Including also
a difference in entry pressure N2D varies around one for water saturations from one
to ∼ 0.7 (see K and Pd in Fig. 5.36) after which it decreases.
Consequently, it stands to reason that including heterogeneity in the intrinsic per-
meability can influence the behaviour of the coefficient τ0 as a function of water
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Figure 5.36: Dimensionless grouping N2D for simple heterogeneity with variations in per-
meability (K) and permeability plus entry pressure (K and Pd)

saturation. Nevertheless, accounting for the heterogeneity when computing the di-
mensionless grouping N2D, the material coefficient still scales with averaging area,
porosity, and average viscosity. If entry pressure variations are included, the scaling
might not hold any longer as soon as the fine parts are drained.

5.4.4.2 Spatially correlated random field

For the whole geostatistical heterogeneity field the differences in permeability range
from 2.85 ·10−11 m2 to 7.71 ·10−13 m2. If the entry pressure is scaled according to
Eqn. (5.2) it varies from 212 Pa to 1287 Pa. Choosing the ratios ωK and ωPd as de-
fined by Eqns. (5.20) and (5.21) to assess the degree of heterogeneity for the spatially
correlated random field, its values of ωK = 0.027 and ωPd = 0.165 reveal, that the
heterogeneity in permeability as well as entry pressure is more pronounced than in
the case of the simple heterogeneity pattern.
For the spatially correlated random field again the boundary conditions of the
pressure-cell set-up are applied. The simulations are stopped well before the non-
wetting front reaches the right boundary (see Fig. 5.37).
Averaging is performed over the part of the domain that sees the non-wetting front
moving through it, that is to say from y = 0.5 m to y = 0.9 m, thus excluding the
boundary nodes. It covers twenty correlation lengths in the x- and eight correla-
tion lengths in the y-direction. This is considered sufficient to have an REV keep-
ing in mind the only slight deviations in the equilibrium Pc(Sw) relationships when
comparing the one from averaging over the whole domain to the ones from the av-
eraging over a part (see Fig. C.1). The resulting dynamic Pc(Sw) relationships for
the homogeneous reference case, for including heterogeneity in the permeability,
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Figure 5.37: Wetting phase distribution at t = 5 ·103 s for numerical experiment with spatially
correlated random field varying only the permeability (left) and varying the permeability
plus the entry pressure (right)

and for including heterogeneity in permeability as well as entry pressure distinctly
differ from the equilibrium Pc(Sw) relationship (see Fig. 5.38, left). However, they
hardly differ from each other. At water saturations near one, the dynamic capillary
pressure is negative for all three cases. A plot of the pressures and the water sat-
uration over time reveals that the average non-wetting phase pressure decreases at
the beginning of the numerical experiment, especially when the non-wetting phase
front enters the averaging area (see Fig. 5.38, right). After that, the average non-
wetting phase pressure increases steadily and exceeds the average wetting phase
pressure at an average water saturation of Sw = 0.9875. The decrease of the non-
wetting phase pressure at the beginning can be observed in the other numerical ex-
periments applying the pressure-cell boundary conditions, however, there < PV

n >
exceeds < PV

w > at all times.

The transition of fully to partially water-saturated conditions also posed problems
for the computation of the equilibrium Pc(Sw) relationship when calculating the av-
erage capillary pressure (see Sec. 5.4.2). A similar problem arises here. If a large part
of the averaging area is fully water saturated, the contribution of the non-wetting
phase pressure to the averaged pressure equals zero, as the computation of the av-
eraged pressure is based on a phase-volume weighted approach after Eqn. 5.3. Con-
sequently, the average of the wetting-phase pressure relates to the whole domain,
but the one from the non-wetting phase pressure is mainly influenced by the left
part of the domain, where the non-wetting phase has infiltrated. The Fig. C.15, right
depicts Pn(y) and Pw(y) at t = 1500 s. At y' 0.75 m the transition of partial to full
water saturation occurs. For the lower part of the domain, the non-wetting phase
does not contribute to the average capillary pressure as the phase volume-averaged
pressure of the non-wetting phase equals zero, and there thus Pc =−Pw. In Fig. 5.38
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the average phase pressures and wetting phase saturation are plotted as functions
of time. Only at t ' 620 s the average pressure of the non-wetting phase starts to
exceed the average wetting phase pressure.
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Figure 5.38: Equilibrium and dynamic Pc(Sw) relationships (left) and Pw(t),Pn(t),Sw(t) (right)
for spatially correlated random field

The negative capillary pressure at high water saturation is also reflected in the dif-
ference of the capillary pressures (see Fig. C.15, left). The difference in capillary
pressure from the heterogeneity in permeability and entry pressure differs slightly
from the other two cases. The rates of change of saturation more or less equal each
other (see Fig. C.15, left).
The τ0(Sw) curves of the homogeneous case and the two heterogeneous cases hardly
differ (see Fig. 5.39, left). The influence of the decreasing rate of change of saturation
is noticeable at an average water saturation of Sw ∼ 0.47, where the coefficient also
changes by almost an order of magnitude.
Following the procedure of the preceding sections, the dimensionless grouping N2D
after Eqn. (5.22) is calculated, employing a simple arithmetic mean of the permeabil-
ities for the heterogeneous cases (see Fig. 5.39, right). The N2D(Sw) functions do not
vary around one, but remain smaller than one for a large range of the saturation. A
similar behaviour has been observed in ND(Sw) of the homogeneous coarse sand,
employing flow-through boundary conditions. In contrast to the flow-through cell,
the boundary capillary pressure is not fixed, but the pressure of the non-wetting
phase is increased to Pn = 104 Pa at the left boundary. Thus Pn at the boundary is
much larger than for the example of the homogeneous set-up employed for the pa-
rameter variation, where ND(Sw) was equal to one over a large range of saturations.
In summary, the following aspects are drawn attention to:

• For the simple heterogeneity pattern an influence on the coefficient τ which
might be attributable to the heterogeneity is only noticeable when fine sand
lenses are drained.

• In the second example applying a spatially correlated random field, negative
capillary pressures at high water saturations are observed. In the example
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Figure 5.39: τ0(Sw) (left) and the grouping N2D (right) for the spatially correlated random
field

described in Sec. 5.4.3 negative dynamic Pc values do not occur.

• Moreover, in the second example, due to the high non-wetting phase pres-
sure at the upper boundary, a rapid infiltration of non-wetting phase occurs.
As can be seen in Fig. 5.37, Sw decreases distinctly near the upper boundary,
which also reduces the relative permeability of the wetting phase. Thus, also
in the pressure-cell experiment the influence of the boundary conditions plays
a role, even though counter-current flow is prevented by the no-flow boundary
condition for the wetting phase at the upper boundary.

• The results from the spatially correlated random field do not show an effect on
τ(Sw) from adding heterogeneity for the considered average saturation range.
Although the degree of heterogeneity measured by the ratio of the minimum
to the maximum value of K or Pd is larger for the geostatistical case compared
to the simple heterogeneity pattern, the influence on τ(Sw) from including het-
erogeneity in comparison to homogeneous reference case is less. The contin-
uous distribution of the parameters ensures that for the quantities considered
here, the average behaviour of the system dominates.

• Considering the spatially correlated random field of K and Pd as a sub-scale
heterogeneity as it might be encountered in the field, sub-scale heterogeneity
does not need to be taken into account for the determination of the coefficient
τ on the basis of numerical experiments.

In this chapter, the coefficient τ has been determined with several approaches, show-
ing its magnitude to vary distinctly. In the next chapter, simulations are presented,
where the extended Pc(Sw) relationship is included in the two-phase balance equa-
tions.
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6 Simulations with an extended
capillary pressure-saturation
relationship

In the preceding chapters, a dimensionless analysis and the determination of the co-
efficient τ in the extended Pc(Sw) relationship were performed. In this chapter, sim-
ulations of two-phase flow processes applying the traditional Pc(Sw) relationship
are compared to simulations applying the extended Pc(Sw) relationship with mag-
nitudes of the coefficient τ as identified in Ch. 5. The discretisation of the balance
equations in space and time is described in Ch. 4. Calculating the dimensionless
numbers for the simulations aims at verifying whether they can help in assessing an
impact on the solution.

6.1 Introduction

The study of WATSON & WHISLER, 1978 [123] was one of the first where a dy-
namic Pc(Sw) relationship was applied in a numerical scheme. These authors do not
formulate an extended relation between saturation and capillary pressure, but em-
ploy differently scaled Pc(Sw) relations depending on the height of the sand column
whose drainage they simulate with a Finite Element Code solving the RICHARDS
equation [95].
STAUFFER, 1977 [107] simulated a drainage experiment he performed in the labo-
ratory with a fine sand including his extended Pc(Sw) relationship (see Eqn. (3.2))
and, additionally, a dynamic relative permeability-saturation relationship in the RI-
CHARDS equation. He found a better agreement between simulation results and
laboratory observations for the simulations including the extended constitutive re-
lationships compared to the traditional approach. In this thesis, only the effect stem-
ming from the extended Pc(Sw) relationship while neglecting dynamic effects in the
relative permeabilities will be examined. Thus, a comparison to STAUFFER’s results
is not attempted.
BELIAEV & HASSANIZADEH, 2001 [12] as well as BELIAEV & SCHOTTING, 2001 [13]
adapt the extended Pc(Sw) relationship after HASSANIZADEH & GRAY, 1990 [55]
with the inclusion of hysteresis effects using a play-type, and a second order model
(PRANDLE-ISHLINSKY) for the history dependent part of the Pc(Sw) relationship.
The authors utilise an implicit-explicit time stepping scheme to solve the RICHARDS
equation. They compare their solution to an analytical solution of a problem as
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given by PHILIP, 1991 [91], which describes an imbibition and drainage process in
the same domain, and find a good agreement.
In HASSANIZADEH ET AL., 2002 [52] the extended Pc(Sw) relationship is also in-
cluded in the RICHARDS equation and a numerical scheme is applied to simulate an
imbibition process. This imbibition example will also be analysed here.
In the studies described so far, the extended Pc(Sw) relationship is included in the
RICHARDS equation assuming the coefficient τ to be a constant. O’CARROLL ET
AL., 2005 [86] employ a Finite Difference scheme for two-phase flow to determine
τ(Sw) from a multi-step drainage laboratory experiment with water and PCE. The
inclusion of the extended Pc(Sw) relationship leads to a better fit of the simulation to
the measurement of the cumulative outflow of wetting phase as the retardation of
the outflow is captured better as opposed to applying a unique Pc(Sw) relationship.
In this thesis, the extended Pc(Sw) relationship after Eqn. (3.12) is employed to close
the two-phase balance equations, which are then discretised with a Finite Volume
numerical scheme with the primary variables Pw and Sn (see Sec. 4.3). The coefficient
τ might be a function of the effective water saturation. In this chapter, simulations of
imbibition processes applying this scheme are presented and analysed. The effects
of the inclusion of the extended relationship on the solution, denoted in the follow-
ing extended cases, are compared to reference simulations where a unique relation
between capillary pressure and saturation is assumed w.r.t. the following questions.

• How does the distribution of the saturation, the rate of change of saturation as
well as its gradient behave for different boundary conditions?

• Does the choice of the relation between the coefficient τ and the effective water
saturation influence the simulation results distinctly?

• Do the simulations reflect the assessment of the dominating forces determined
by the dimensionless numbers Dy and DyC (as gravity is neglected DyG does
not play a role)?

• How do different boundary conditions affect the solution?

Furthermore sensitivity analyses assist to identify appropriate boundary conditions
and to be measured parameters with which the coefficient τ might be determined
with inverse simulations of laboratory experiments. As the focus of this thesis is on
dynamic effects in the Pc(Sw) relationship, dynamic effects in the relative permeabil-
ities are not taken into account.
The impact on the solution is demonstrated with set-ups that differ in the initial
and boundary conditions. In all of the examples gravity is neglected. All the com-
binations of boundary conditions induce an infiltration of the wetting phase into a
domain with initially high non-wetting phase saturation. The simulations are run
until a steady-state is approximately attained.
For a comparison to the reference cases, where the traditional approach to the
Pc(Sw) relationship after Eqn. (2.35) is assumed to hold, two integral measures and
three space-dependent quantities are chosen, namely
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• the absolute value of the cumulative mass of wetting phase Mc
w in the domain,

• the time until steady-state is approximately reached,
• profiles of the non-wetting phase saturation, and on the basis of a post-

processing step,
• profiles of the rate of change of non-wetting phase saturation and its gradient.

The mass of wetting phase inside the domain is computed after each time step by
a loop over the sub-control volumes. Then the difference to the initial mass in the
domain is computed after

Mc
w(t) = Mw(t = 0)−Mw(t) , (6.1)

where Mc
w(t) denotes the cumulative mass of wetting phase. For the considered

examples the cumulative mass is negative at all times, thus the absolute value of
Mc

w might be plotted over time.
On the basis of the cumulative mass, the time until steady-state is reached approx-
imately is assessed. The difference to t = 0 is then denoted as the ’characteristic
time scale’ tc. In contrast to the computation of the equilibrium Pc(Sw) relationship,
where varying equilibrium criteria are applied, the attainment of a steady state is
estimated using a plot of the cumulative outflow. This is considered sufficient as
most characteristic time scales from the reference to the simulations including the
extended Pc(Sw) differ distinctly.
Moreover, for the one-dimensional flow processes analysed here, the rate of change
of saturation and its gradient are approximated by a backward difference scheme
for i numbers of nodes in the y-direction for a fixed x-coordinate and and a total
number of N time steps according to

(∆Sn/∆t)n(yi) =
Sn

n(yi)−Sn−1
n (yi)

tn− tn−1

= Dn
s(yi) for 0 < n < N , (6.2)

and

∆y−1(∆S/∆t)n(yi) =
Dn

s(yi)−Dn
s (yi−1)

yi− yi−1
with yi > yi−1 . (6.3)

If for the saturation of the non-wetting phase a Dirichlet boundary condition is ap-
plied, obviously the rate of change of saturation at this boundary equals zero for
all time steps, which also influences the gradient of the rate of change of saturation.
These effects are kept in mind when discussing the simulation results. The calcu-
lations of Ds and ∆y−1Ds are performed as a post-processing step applying Sn(y)
for each time step. The gradient of the rate of change of saturation appears as an
additional term in the conservation equation of the non-wetting phase when the ex-
tended Pc(Sw) relationship is applied to close the system of equations (see Sec. 4.3).
It is thus chosen for the comparison. It is assumed, that the values derived from the
post-processing allow an estimation of the behaviour of these terms as they occur
during the simulations.
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6.2 First imbibition example

The first simulations presented here follow the example from HASSANIZADEH
ET AL., 2002 [52], who apply the RICHARDS equation with an extended
Pc(Sw) relationship in simulations of an imbibition process. They compare the wet-
ting phase saturation at given times and report a retardation of the front when the
extended Pc(Sw) relationship is taken into account. PAPAFOTIOU, 2004 [90] uses a
two-phase flow model also including the extended Pc(Sw) relationship for the sim-
ulation of this imbibition process. He mimics the boundary conditions of the just
mentioned example by fixing the capillary pressure at the boundaries assuming that
at the boundaries the traditional approach to the Pc(Sw) relationship holds. Com-
paring a reference case with τ = 0 and simulations with a constant coefficient much
larger than zero he also observed a retardation of the imbibition process.
Tab. 6.1 lists the porous medium and fluid properties as well as the parameters of the
constitutive relationships for the simulations performed here. Although the viscosi-
ties correspond to the properties of water and gas (air), the fluid phases are termed
wetting and non-wetting phase. Assuming that the gas phase is at atmospheric
pressure at the boundaries corresponds to the assumption for the RICHARDS equa-
tion [95] that the air pressure is constant. Here, the atmospheric reference pressure
equals Pn = 105 Pa.
The parametrisation of VAN GENUCHTEN is selected for the Pc(Sw) relationship
(see Eqn. (2.16)) and the approach after VAN GENUCHTEN / MUALEM for the
krα(Sα) relationships after Eqns. (2.20) and (2.21).

Table 6.1: Fluid and porous medium properties for the first imbibition example

Property Value

Viscosity wetting phase µw 1.0 ·10−3 Pa s
Viscosity non-wetting phase µn 1.65 ·10−5 Pa s
Residual saturation wetting phase Swr 0.277
Residual saturation non-wetting phase Snr 0.0
Porosity φ 0.368
Intrinsic permeability K 9.3985 ·10−12 m2

VAN GENUCHTEN α 0.0003414 1/Pa

VAN GENUCHTEN n 2.0

The domain is 0.6 m long and 0.1 m wide (gravity is neglected). Although a one-
dimensional problem is solved, a two-dimensional domain needs to be prescribed
as MUFTE-UG can only handle 2D or 3D domains. The 2D domain possesses a
depth of 1.0 m.
The initial and boundary conditions are equal to the ones employed by PAPAFO-
TIOU, 2004 [90], who applied Dirichlet pressure boundary conditions for both
phases at each end of the domain, which relate to a low capillary pressure at the
upper and a high capillary pressure at the lower boundary.
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6.2.1 Parameter sensitivity for a preliminary example

In this preliminary investigation it is attempted to analyse the parameter sensitivity
of the cumulative mass calculated after Eqn. (6.1) and the water saturation over time
at the middle of the domain Sw(x = 0.3 m, t) w.r.t. the parameters listed in Tab. 6.1
(except Snr and the viscosities).
The parameter sensitivity s is defined by the partial derivative of a function with
respect to this parameter. Usually, parameter sensitivities serve to identify the rele-
vant parameters and their correlations for parameter estimations with inverse meth-
ods. Also, sensitivities are evaluated for the design of laboratory experiments. If the
parameter sensitivities are calculated in advance of the experiment, it can be de-
termined which quantities should be measured and where, in order to yield high
sensitivities with respect to the model parameters. Moreover, it can be assessed
if the to be applied initial and boundary conditions allow for high sensitivities of
the model parameters and small correlations between them. By this approach it is
assumed inherently that the applied physical-mathematical model captures all pro-
cesses correctly, and that the thus designed experiments can yield measurements for
the parameter identification. Obviously, the performance of the laboratory experi-
ment would then have to verify this assumption. Here, calculating sensitivities on
the basis of simulations aims at assessing the sensitivities’ magnitude of the model
parameters for the one-dimensional imbibition example.
The derivative of a function with respect to a parameter p is approximated numeri-
cally by

s =
∂ f (x, t, p)

∂p
' f (x, t, p+∆p)− f (x, t, p)

∆p
, (6.4)

where ∆p is supposed to be a small increment of the parameter, usually one percent
of the reference value. For absolute values of the numerator in Eqn. 6.4 smaller than
ε = 10−12 the derivative is set to zero. As PAPAFOTIOU, 2004 [90] shows that small
variations of the coefficient τ do not have an observable effect on the solution, the
parameter is varied from one in the reference case to τ = 5 ·106 Pa s neglecting any
dependence on the water saturation. For a first estimation it is assumed that non-
linearities can be neglected. Furthermore, it is crucial that τ should not depend on
the rate of change of saturation as rate-dependent parameters might necessitate a
different sensitivity analysis (OSTERMANN, 2005 [87]). In order to ensure that ∆p
is of a similar order of magnitude to facilitate a comparison between the parameter
sensitivities, the logarithm of K,α,τ are applied for the calculation of the sensitivity
s.
The reference simulation is performed applying the parameters listed in Tab. 6.1.
Then the simulation is repeated six times, each time varying one parameter. Except
for τ all parameters are increased by one per cent. In case a parameter for the equi-
librium Pc(Sw) relationship is altered, the initial conditions are adapted, assuming
that for a given capillary pressure an equilibrium (which might not be known) is
established before an experiment starts. The boundary conditions are not changed.
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For each time step of the reference case the sensitivity is calculated. The quantities of
interest from the solution (Mc

w(t),Sw(y, t)) of the simulation applying ∆p are linearly
interpolated for the given target times as the time stepping is adaptive and might
differ.
The parameter sensitivity with respect to the cumulative mass shows that a positive
correlation exists in relation to all the parameters of the Pc(Sw) relationship and a
negative one for the permeability and the porosity (see Fig. 6.1, left). A negative
correlation implies that at a given time more wetting phase mass has entered the
domain in comparison to the reference case. As Dirichlet boundary conditions are
applied, increasing the intrinsic permeability results in larger flow velocities. Aug-
menting the porosity, does not increase the flow velocities but results in a higher
infiltration of mass into the domain.
An increase of the VAN GENUCHTEN parameter α effects a smaller Pc at an ef-
fective water saturation of Se = 0.5 in the applied equilibrium Pc(Sw) relationship.
Thus for a given capillary pressure, the water saturation is smaller compared
to the Pc(Sw) relationship of the reference case. The parameter n alters the
Pc(Sw) relationship for effective saturations Se 6= 0.5. If n is increased, then the
Pc(Sw) relationship has a smaller derivative at saturations larger than the residual
water saturation. Thus in both cases the imbibition processes are slower compared
to the reference case. Also, a higher n results in a flatter slope of the equilibrium
Pc(Sw) relationship, thus the gradient in capillary pressure is smaller for medium
water saturations. An increase of residual water saturation also retards the imbibi-
tion process with respect to the reference simulation. The variation of Swr by one
per cent results in the highest change in the initial wetting phase saturation, thus
the high difference to the reference (compare the sensitivities for Sw(x, t)).
The sensitivity of the cumulative mass with respect to the coefficient τ reaches a
maximum at t = 0.1639 h and decreases then to approx. 10−3 towards the end (see
zoomed graph in Fig. 6.1, left). Consequently, its sensitivity is by more than two
orders of magnitude smaller than the ones of the other parameters. The same holds
true when the sensitivity of Sw(x = 0.3 m, t) is calculated (see Fig. 6.1, right). The
negative values of the sensitivity w.r.t. the coefficient increase monotonically from
on t = 1.4 h until they reach −0.022 at the end of the simulation. The sensitivities
for the other parameters all show an extremum, which the sensitivity for τ does not
exhibit.
In comparison to the other varied parameters, the system response is much less
sensitive to the parameter τ. Consequently, it might be difficult to determine τ for the
given porous medium with an inverse approach even though its sensitivity pattern
especially when considering Sw(x, t) differs from the other ones. As the variation
of the parameters that enter into the Pc(Sw) relationship alter also the equilibrium
conditions of a given set-up, in the following, the focus will be on the variation of the
permeability compared to the one of the τ coefficient. It is thus inherently assumed,
that the parameters for the equilibrium constitutive relationships can be determined
independently and that they do not change under varying flow conditions. This
might not hold true e.g. for the residual water saturation (see e.g. GIELEN, 2004
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Figure 6.1: Sensitivities of the cumulative mass Mc
w(t) (left) and of Sw(x = 0.3 m, t) (right) for

preliminary investigation

[45]) or the relative permeabilities (see e.g. [14], [110], [129]).

6.2.2 Simulation results

In the dimensionless analysis (see Sec. 3.6) the influence of the individual terms in
the balance equations of two-phase flow is assessed with the help of the ratios of
the forces. If for the dimensionless number Dy after Eqn. (3.24), which quantifies
the influence of dynamic over viscous effects, the system length is inserted as the
characteristic length scale, and τ = 5 ·106 Pa s, the dynamic number with Dy = 0.13
is less than one for the example just described in Sec. 6.2.1. In order to increase
the influence from the dynamic term the intrinsic permeability is increased by two
orders of magnitude for the following example.
The initial and boundary conditions for the first imbibition example can be seen
from Fig. 6.2. In the y-direction the domain is discretised with 40 cells. Initially,
a wetting phase pressure of Pw = 1900 Pa and a non-wetting phase saturation of
Sn = 0.701 are applied. For both fluid phases Dirichlet boundary conditions are ap-
plied at the opposing ends of the set-up. Assuming that the pressure of the non-
wetting phase is mostly constant (similar to the assumption in the RICHARDS equa-
tion) the wetting phase pressure equals to Pn−Pc(98100 Pa) at the lower boundary
and to Pn−Pc(7357.5 Pa) at the upper boundary. This reduction in capillary and
increase in wetting phase pressure compared to the initial conditions induces the
wetting phase to infiltrate into the domain. The saturation of the non-wetting phase
at these boundaries corresponds to 1.0−Sw(Pc).
As described in Sec. 5.3 to Sec. 5.4 the coefficient τ is found to be a function of the
water saturation in laboratory as well as numerical experiments. Consequently, the
coefficient τ is not only considered a constant but also as a linear or quadratic func-
tion of the effective water saturation (see Fig. 6.3).
First, the cumulative mass of wetting-phase for five simulations, which differ in
their treatment of the τ(Se) relationship, are compared (see Fig. 6.4). The titles in the
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Figure 6.2: Boundary and initial conditions for the first imbibition example

legend correspond to the τ(Se) relationships depicted in Fig. 6.3 except for the last
curve, which is the result of a simulation applying a constant coefficient τ = 105 Pa s.
For the simulations where τ = 0, the term referenceı̈s applied. This numerical exper-
iment illustrates that the coefficient needs exceed a threshold value to influence the
simulation results. Considering the extended Pc(Sw) relationship after Eqn. (3.13),
and assuming that the rate of change of saturation is less than one, the coefficient
needs to be larger than 104 Pa s to induce a distinct difference between the pressure
difference to the equilibrium capillary pressure, which varies in this example be-
tween 7357.5 Pa < Pc < 98100 Pa. In the following, only the cases where the inclusion
of the coefficient impacts the solution visibly will be considered.
While the reference case has a characteristic time of tc ' 1600 s, the characteristic
time of the cases including the extended Pc(Sw) relationship with τ(Se) after Fig. 6.3
all amount to approx. tc ' 2600 s. Consequently, the inclusion of the extended
Pc(Sw) relationship results in all three cases in a retardation of the imbibition pro-
cess. Comparing the cumulative mass of wetting phase at t = 1000 s reveals differ-
ences in this quantity depending on the τ(Se) function. For the quadratic function
the dampening of the process is less pronounced compared to applying a constant
coefficient. However, the shape of the curves differ only slightly. The effective wa-
ter saturation ranges between 0.413 < Se < 0.970, where the τ(Se) functions differ
distinctly compared e.g. to effective saturations smaller than Se < 0.2, however, the
impact on the cumulative mass of wetting phase does not reflect these differences.
In addition to these integral measures also the variation of quantities depending
on space are considered. As the Mc

w(t) data deviate from each other distinctly at
t = 1000 s, the non-wetting phase saturation profile at this time is investigated (see
Fig. 6.5, left). The transition of Sn → 0.7 will be denoted the front of the wetting
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phase in the following. Due to the fixed non-wetting phase saturation at the bound-
ary obviously all cases need to have the same Sn(y = 0.6 m). With the inclusion of
τ, the non-wetting phase saturation exhibits a higher gradient in the lower part of
the domain compared to the reference case. At the same time less wetting phase has
entered the system, thus the front has not advanced as far into the domain as in the
reference case. Additionally, the non-wetting phase saturations are compared when
the cumulative mass of wetting phase is approximately |Mc

w| ' 2.0 kg (see Fig. 6.5,
right). The inclusion of different τ(Se) functions influences the profile Sn(y) only
slightly if equal viscosities are compared. While the quadratic relation does not al-
ter the profile distinctly, especially the constant coefficient causes a flattening of the
front. Keeping in mind that the mass in the system is not exactly the same, it is nev-
ertheless noticeable that at the front the gradient of the saturation profile is steeper
for the reference case compared to the other ones. In contrast, near the upper bound-
ary the decrease in Sn is more pronounced for the reference case.
The rate of change of saturation ∆Sn/∆t for this imbibition process is either zero or
negative in case Sn decreases (see Fig. 6.6). All ∆Sn/∆t(y) data increase from the top
boundary towards the middle of the domain and display a local minimum at the
wetting-phase front. Obviously, in absolute terms this minimum corresponds to a
maximum change in the saturation with time. The minimum only differs slightly
between the cases at a time of t = 1000 s (see Fig. 6.6, left). The profiles all have
the same shape, but the minimum is less pronounced for the constant coefficient
as opposed to a quadratic function. If the rate of change of saturation is compared
for a condition where approximately the same mass of wetting phase has entered
the domain, a distinct difference in the minimum of approx. an order of magnitude
from the reference case to the extended cases can be observed (see Fig. 6.6, right).
As shown in the Fig 6.5, right, the saturation has a more pronounced front in the
reference case. This effect is reflected in the rate of change of saturation (see Fig. 6.6,
right). At the same time, the saturation rate near the boundary is slightly smaller for
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(left) and at a cumulative mass of |Mc

w| ∼ 2 kg (right). For the exact values of the cumulative
mass see Fig. 6.3
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Figure 6.6: ∆Sn/∆t(y) for the first imbibition example at time t = 1000 s (left) and at a cumulative
mass of |Mc

w| ' 2 kg (right). For the exact values of the cumulative mass see Fig. 6.3

For the derivative in the y-direction after Eqn. 6.2, the difference in the coordinates
is always positive. Thus for a with depth decreasing rate of change of saturation
(meaning in absolute values the magnitude increases) the gradient is positive. If
on the other hand, the rate increases (meaning here that it goes back to zero) the
gradient becomes negative. In all cases, one maximum and one minimum in the
gradient of the rate of change of saturation are observable (see Fig. 6.7). From the top
boundary downwards, the gradient increases up to a maximum, which corresponds
to reaching the wetting phase front, where the rate of change of saturation has a
minimum and thus in absolute terms the highest rates of change of saturation occur.
Then the gradient decreases steeply to a minimum and increases again to zero. The
run of the curve reflects the inflection points of the rate of change of saturation near
the front.
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When the profiles of a given time are compared, neither the shape nor the magni-
tude of the gradients differ much (see Fig. 6.7, left). However, for the same Mc

w, the
reference case produces more pronounced extrema (see Fig. 6.7, right).
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Figure 6.7: ∆y−1∆Sn/∆t(y) for the first imbibition example at time t = 1000 s (left) and at a
cumulative mass of |Mc

w| ∼ 2 kg (right)

Plots of the rate of change of saturation and its gradient at y = 0.3 m as a function
of time illustrate the whole range of these quantities for a location in the middle of
the domain (see Fig. 6.8). In absolute values the minimum of the saturation rate for
the reference case is approx. twice as high as for the cases including the extended
Pc(Sw) relationship. Moreover, the minimum is also reached about twice as fast (see
Fig. 6.8, left). Consequently, the same holds true for the gradient of the saturation
rate (see Fig. 6.8, right). Both the minimum and the maximum are approx. twice
as large and are reached about twice as fast for the reference case compared to the
extended cases.
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Figure 6.8: ∆Sn/∆t(t) (left) and ∆y−1∆Sn/∆t (right) at y = 0.3 m for the first imbibition example

Similar to the preliminary investigation, the sensitivity of Mc
w(t) and of Sw(x, t)

w.r.t. to the parameters τ and K are investigated, applying again the log-values (see
Fig. 6.9). The parameters have opposing effects on the Mc

w(t) and Sw(x, t) functions.
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The sensitivities for the coefficient are again smaller than the ones for the perme-
ability, but the difference is reduced to approx. one order of magnitude. Moreover,
the temporal distribution patterns differ. While the sensitivity of Mc

w(t) for the per-
meability has a pronounced extremum at t ∼ 1070 s when the boundary conditions
clearly influence the flow behaviour, the sensitivity for τ is more evenly distributed.
Moreover, the sensitivity of Sw(x, t) w.r.t. the permeability increase with increasing
depth, whereas w.r.t. to the coefficient they decrease. While the sensitivities’ differ-
ent orders of magnitude would still pose a problem, at least the different temporal
distribution patterns of the sensitivities would be of advantage for an inverse pa-
rameter identification. Moreover, the results imply that local measurements of the
saturation yield more distinct sensitivity patterns than the integral measure of the
cumulative mass.
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Figure 6.9: Sensitivity of Mc
w(t) (left) and of Sw(x, t) (right) w.r.t. log(K) and log(τ) for the first

imbibition example

6.2.3 Calculation and interpretation of the dimensionless numbers

The dimensionless numbers Dy after Eqn. (3.24) and DyC after Eqn. (3.26) as ap-
pearing in the dimensionless analysis in Sec. 3.6 aid to assess the influence of dy-
namic in relation to viscous and capillary equilibrium effects. On the basis of the
simulation results, it will be analysed whether these dimensionless numbers aid to
predict an influence on the solution stemming from the inclusion of the extended
Pc(Sw) relationship. It is inherently assumed, that the coefficient is a known con-
stant not depending on the saturation.
Dy as well as DyC can be calculated for the example above (see Tab. 6.2). For
the characteristic length scale either the system length, the grid spacing in the y-
direction or the front width are applied. The front width is estimated using the
gradient of the saturation rate at t = 1000 s. The part of the domain where the gradi-
ent runs through a maximum and minimum is assumed to correlate with the front
width. Note, that the front width should relate to a transient process and will there-
fore change in time. Thus a characteristic front width needs to be identified. The
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characteristic capillary pressure is obtained from the equilibrium Pc(Sw) relationship
at Pc(Se = 0.5). Applying the grid spacing as the characteristic length scale leads to

Table 6.2: Dimensionless numbers Dy and DyC for the first imbibition example. For the
calculation of DyC uc = 10−5 m/s and Pcc = Pe

c (Se = 0.5) = 5.1 ·103 Pa

Number system length front width grid spacing
lc = 0.6 m lc = 0.2 m lc = 0.015 m

Dy [-] 70.9 638.5 1.1 ·105

Dy [-] for K = 10−12 m2 0.08 0.68 120.8
Dy [-] for τ = 105 Pa s 0.71 6.38 1135.1
DyC [-] 0.09 0.27 3.55
Ca [-] 1.3 ·10−3 4.2 ·10−4 3.1 ·10−5

an overestimation of the dynamic in relation to the viscous effects, the value for Dy
seems unrealistically high. When a coefficient of τ = 105 Pa s is applied (for which
Dy then also would predict a dominance of the dynamic over the viscous effects),
the cumulative mass over time does not show an influence on the solution (see
Fig. 6.4), even though PAPAFOTIOU, 2004 [90] showed that the saturation distribu-
tion is slightly affected. Thus, applying the grid spacing as the characteristic system
length is not considered appropriate and will not be pursued in the following.
The front width as the characteristic system length yields fairly satisfying results.
The calculated Dy numbers give the correct estimate, that a clear influence on the
results can be observed for the applied parameters of the first example and a coeffi-
cient of 107 Pa s, but not for changing the permeability to K = 10−12 m2 as shown in
an additional simulation. It would also predict that for a coefficient of τ = 105 Pa s
a slight influence on the results can be observed. Applying the front width can be
interpreted in a physical sense. Assuming that steep fronts are encountered in fast
processes and broad fronts in slow processes, the number Dy would then predict
correctly that for slow processes the dynamic effects do not need to be taken into
account. As a consequence also the flow velocity enters indirectly into the calcula-
tion of the dimensionless number Dy. A dominance of dynamic to viscous effects
suffices to show an effect on the simulation results.
In addition, the capillary number Ca is calculated, which is much smaller than one
for any of the applied characteristic lengths.
In summary, the following aspects deserve attention.

• The sensitivity of the cumulative mass or of the saturation Sw(x, t) w.r.t. the co-
efficient τ remains by two orders of magnitude smaller than w.r.t. to all other
parameters applied in the model. Consequently, the chosen initial and bound-
ary conditions are not considered appropriate to evaluate the coefficient τ with
an inverse procedure. A set of different boundary conditions is applied in the
second imbibition example.



6.3 Second imbibition example 123

• The inclusion of the extended Pc(Sw) relationship in the conservation equa-
tions effects a retardation of the imbibition process simulated here when quan-
tities such as the cumulative mass or the saturation distribution at a given time
are compared to a reference case.

• When examining the saturation profile at a given mass in the system, the inclu-
sion of the extended relationship has resulted in a flattening of the front. Thus,
when rather than the mass in the system the characteristic time is considered,
the inclusion of the extended Pc(Sw) relationship can have the opposite effect;
at the front the infiltration is faster and behind the front (and the inflection
point in the saturation distribution) the infiltration is retarded.

• Assessing the influence of the dynamic to the viscous effects confirms, that for
the chosen set-up and the coefficient τ equalling τ = 107 Pa s the dynamic dom-
inate the viscous effects. However, the definition of the characteristic length
plays a critical role in the computation of the dimensionless numbers. The
front width is considered an appropriate choice. The capillary equilibrium
effects dominate the dynamic effects if either the system length or the front
width are applied to calculate DyC.

In the following, an imbibition process is analysed, where instead of Dirichlet
boundary conditions a Neumann boundary condition for the wetting phase should
ensure that at a given time the same mass has infiltrated into the domain.

6.3 Second imbibition example

In comparison to the first example the porous media properties are slightly al-
tered (compare Tab. 6.3). Gravity is neglected. Atmospheric pressure equals
Patm = 105 Pa. Initially, a wetting phase pressure of Pw = 89439.9 Pa, which corre-
sponds to Pn−Pc(1.056 ·104 Pa is prescribed, assuming that the pressure of the non-
wetting phase is constant at atmospheric pressure for t = 0 (see Fig. 6.10). The satu-
ration of the non-wetting phase equals Sn = 1.0−Sw(Pc) = 0.85, which corresponds
to a wetting phase saturation that is higher than the residual saturation. The initial
conditions are also assigned to the lower boundary. Instead of applying only Di-
richlet boundary conditions as in the first example, a Neumann boundary condition
is prescribed at the upper boundary in order to induce an influx of wetting phase
into the domain. The Neumann boundary condition should ensure that the cumu-
lative mass over time is equal for the reference and the extended cases. Thus, also
the characteristic time scale should not differ. Consequently, if the inclusion of the
extended Pc(Sw) relationship has an influence on the simulation results it should be
noticeable in the saturation profile, and thus the distribution of the rate of change of
saturation and its gradient.
PAPAFOTIOU, 2004 [90] shows for this example that the rate of change of saturation
is small for an influx of qw =−0.001 kg/(m2 s). Consequently no influence of the
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Table 6.3: Fluid and porous medium properties for the second example

Property Value

Viscosity wetting phase µw 1.0 ·10−3 Pa s
Viscosity non-wetting phase µn 1.65 ·10−5 Pa s
Residual saturation wetting phase Swr 0.1
Residual saturation non-wetting phase Snr 0.0
Porosity φ 0.4
Intrinsic permeability K 1.0 ·10−11 m2

VAN GENUCHTEN α 0.0004 1/Pa

VAN GENUCHTEN n 3.0

extended relationship on the simulation results for magnitudes of the τ coefficient
of up to τ = 107 Pa s can be observed.

6.3.1 Simulation results

First the cumulative mass of water inside the domain as a function of time for the
reference case is compared to cases where the extended Pc(Sw) relationship is ap-
plied for a Neumann boundary condition of qw =−0.01 kg/(m2 s) at the top (see
Fig. 6.11). The Neumann boundary condition has effected a characteristic time to
attain a steady state of tc ' 2.25 ·104 s for all cases. As in the first example, applying
a constant coefficient of τ = 106 Pa s does not affect the results. Again, a threshold
value needs to be reached for the given boundary conditions and thus induced flow
conditions to show an effect on the solution. In the following, this case is neglected.
When the term ’constant’ is applied, it refers to a constant coefficient of τ = 107 Pa s
from now on.
Up to a time of t ∼ 1.4 ·104 s the results are ’expected’. As a consequence of the
Neumann boundary condition the cumulative mass over time does not differ from
the reference case to the ones including the extended Pc(Sw) relationship.
Up to that time, the same wetting phase mass has infiltrated into the domain. In the
integral measure of the cumulative mass no difference can be observed. However,
at t = 1.38 ·104 s the wetting, and thus non-wetting phase, is distributed differently
inside the domain (see Sn(y) in Fig. 6.12, left). In the reference case, the non-wetting
phase saturation is still higher in the upper (left) part of the domain compared to
the extended cases, whereas in the lower part of the domain the non-wetting phase
saturation is smaller. At the front, the highest rates of change of saturation occur (see
Fig. 6.12, right), thus the influence from the extended Pc(Sw) relationship is high in
comparison to the reference case.
Coming back to the cumulative mass of wetting phase over time, at times larger
than t ∼ 1.4 ·104 s the behaviour of the extended cases is unexpected. The data from
the constant case exhibit a non-monotonic behaviour. The mass of wetting phase
in the domain increases to nearly |Mc

w| ' 16 kg to decrease again and approach the
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Figure 6.10: Initial and boundary condi-
tions for the second example
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2.6 ·104 s for the second imbibition exam-
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boundary
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Figure 6.12: Sn(y) (left) and ∆Sn/∆t(y) (right) at time t = 1.38 ·104 s for the second imbibition
example

same equilibrium value also observed in the other cases. This effect deserves special
attention. In order to get a better insight the non-wetting phase saturation as a func-
tion of time and of space for the constant case are plotted (see Fig. 6.13). Moreover
the flow velocity of the wetting phase in the y-direction is compared at two times
(see Fig. 6.14). First, the saturation developments with time for the upper part of
the domain at y = 0.51 m are compared (see Fig. 6.13, left). While until t ∼ 3500 s the
saturation Sn(t) of the reference and the constant case hardly differ, at later times
the saturation of the reference case changes slower and behaves monotonically. The
saturation of the constant case changes quicker in comparison to the reference case
and shows a non-monotonic run. For the location y = 0.225 m the saturation of the
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Figure 6.13: Sn(t) at y = 0.51 m and y = 0.225 m (left) and at selected times for the constant
case (right)

reference case starts to change noticeably at t ∼ 6000 s, while the set-off of the con-
stant case is approx. 500 s later. Until t ∼ 1.2 ·104 s the saturation at a given time has
changed quicker in the reference case compared to the constant case. From then on,
the same effect as for the upper location can be observed, namely a non-monotonic
behaviour of the Sn(t) data of the constant case.
This non-monotonic run of Sn(t) indicates an accumulation of wetting phase and
as well a reversal of the process. The velocity profiles vwy of the reference and the
constant case illustrate how this process reversal is caused (see Fig. 6.14).
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Figure 6.14: Wetting phase velocity vwy at selected times for reference and constant case of
second imbibition example

While at t = 1.38 ·104 s both velocity profiles decrease monotonously with depth un-
til they both have an order of magnitude of ∼ 10−8 m/s at the lower boundary, but
they show a different behaviour. The velocities vwy from the constant case are higher
in the upper part and smaller in the lower part of the domain in comparison to the
reference case. This is reflected in the saturation profile of the non-wetting phase,
where the front has not propagated into the domain as far in the constant compared
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to the reference case (see above). At t = 1.7 ·104 s the velocities of the reference case
show a local maximum (in absolute values) at 0.3 m. The retardation of the front
and the necessity to obey the influx boundary condition at the top boundary have
caused a higher flow velocity in the middle of the domain. Wetting phase mass is ac-
cumulated because the front is damped and the wetting phase cannot exfiltrate as it
would be necessary to prevent this accumulation. Thus, especially in the lower part
of the domain, an increase and subsequent decrease of the wetting phase saturation
can be observed. From imbibition the process changes to drainage when the system
tries to attain equilibrium. Thus, in contrast to the first example, also positive rates
of change can be observed in the constant case (see Fig. 6.15, left). The gradient of
the rate of change of saturation at given locations in the sample also changes, here
from initially negative values to positive ones before approaching a steady state and
thus zero (see Fig. 6.15, right). Although a process reversal occurs, the wetting phase
flow is uniquely oriented into the opposite y-direction.
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Figure 6.15: ∆Sn/∆t(t) (left) and ∆y−1∆Sn/∆t(t) (right) at two locations (second imbibition exam-
ple)

6.3.2 Sensitivity analysis

As for the previous example, the sensitivity for the system response, Mc
w(t) and

Sw(x, t) w.r.t. to permeability and the τ coefficient are determined (see Fig. 6.16). For
this example, the sensitivities of the Sw(x, t) functions w.r.t. the coefficient τ are ap-
prox. one order of magnitude smaller than the ones for the permeability. For both
parameters the extrema become larger with increasing depth. While for the perme-
ability also the width of the positive peaks increase with depth, the peaks for the co-
efficient τ become sharper with increasing depth. Another difference can be noted
towards the end of the simulation time. The sensitivity for the permeability does
not reduce to zero. As a Neumann boundary condition is applied, at equilibrium
the same flux is observed for the reference compared to the case of the parameter
variation. As the permeability is constant only a different saturation and thus rela-
tive permeability distribution, can ensure the same effective permeability compared
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to the reference case. Near the steady state the sensitivity for the coefficient τ de-
creases to zero, as is to be expected for vanishing saturation rates. The saturation
distribution then equals the one of the reference case.
Another difference relates to the cumulative mass Mc

w(t). For the variation of the
permeability, obviously, the cumulative mass is not sensitive as a Neumann bound-
ary condition is applied. However, the cumulative mass is sensitive w.r.t. a vari-
ation in the coefficient τ as soon as the lower boundary condition influences the
flow behaviour. For the determination of parameters the influence of the bound-
ary conditions should be prevented as the parameters might become non-unique.
Nevertheless, the sensitivity of the cumulative outflow w.r.t. the coefficient τ for this
example applying a Neumann boundary condition is the only case, where a system
response shows a sensitivity exclusively for the coefficient.
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Figure 6.16: Sensitivity of Sw(y, t) w.r.t. the intrinsic permeability log(K) (left) and w.r.t. the
coefficient log(τ)

6.3.3 Calculation and interpretation of dimensionless numbers

Similar to the first case, the dimensionless numbers Dy and DyC are calculated (see
Tab. 6.4). For the characteristic length scale either the system length or the front
width are applied. The front width is again estimated on the basis of the gradient of
the saturation rate, here at t = 1.38 ·104 s.
In order to assess the influence of the dynamic to the viscous effects, applying the
front width predicts an influence on the results. The number DyC is of the same
order of magnitude as for the first example, but the magnitudes of the capillary
number are higher. The magnitudes of Ca reflect that the viscous effects are larger
compared to the first example. In the next example, the parameters are chosen such
that the number Dy as well as DyC exceed one. For the calculation of the numbers
it is assumed, that the front width can be predicted.
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Table 6.4: Dimensionless numbers Dy and DyC for the second imbibition example applying
for the calculation of DyC uc = 10−5 m/s and Pcc = Pe

c (Se = 0.5) = 3.1 ·103 Pa

Number system length front width
l = 0.6 m l = 0.2 m

Dy [-] 0.69 6.25
Dy [-] for τ = 106 Pa s 0.07 0.63
DyC [-] 0.13 0.40
Ca [-] 0.19 0.06

6.4 Third imbibition example

In comparison to the second example, all parameters except the VAN GENUCHTEN
α and the coefficient τ remain the same. The coefficient τ is increased by an order
of magnitude to τ = 108 Pa s and treated as a constant. At the same time the VAN
GENUCHTEN parameter is increased by an order of magnitude, which reduces the
characteristic capillary pressure Pc(Se = 0.5) by an order of magnitude. The bound-
ary and initial conditions for the wetting phase pressure are adapted accordingly to
Pw = Patm−1056 Pa.
Applying the front width as the characteristic length (lc = 0.2 m), for Pcc = 310 Pa the
number DyC amounts to DyC = 4.0, while Dy equals 62.
First, again the cumulative mass over time is analysed (see Fig. 6.17, left). Similar
to the first example, the data from the reference and the constant case do not differ
up to a time t ∼ 1.7 ·104 s. For later times the steady-state distribution is approached
faster in the reference case compared to the extended case. The observed effect is
different to the second example where an overshoot in the cumulative mass occurs.
The saturation distributions over height at t = 1.8 ·103 s show that the inclusion of
the extended relationship has effected a smearing of the front and an almost linear
run of the curve from the upper boundary to the front where Sn → 0.85 (see Fig. 6.17,
right). At later times, the saturation profile of the constant case shows oscillations
at non-wetting phase saturations near zero. These oscillations lead to negative non-
wetting phase saturations which influence the cumulative mass of wetting phase.
For a linear case, the resulting Sn(y) also show pronounced negative non-wetting
phase saturations near the transition Sn → 0. Moreover, the saturation profile fol-
lows a convex shape for y∼ 0.37 m, which is a different behaviour from the reference
as well as the constant case. If oscillations in the saturation occur, the cumulative
mass is no longer a good measure to assess the process, as the mass balance is af-
fected by the oscillations.
Two additional simulations assist to examine possible reasons for the oscillations.
First the non-wetting phase saturation is fixed at the upper boundary to a value
larger than zero. Thus the upper boundary condition of the non-wetting phase is
changed from a no-flux Neumann condition to a Dirichlet boundary condition of
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Figure 6.17: Mc
w(t) (left) and Sn(y) at selected times (right) for third example

Sn = 0.05, but the results illustrate that the oscillations also occur in this case (see
Fig. 6.18, left). If the viscosity ratio is changed from that of water-air (µw/µn = 61) to a
ratio of one (µw = µn = 10−3 Pa s) the oscillations do not arise (see Fig. 6.18, right).
Thus, it is assumed that the oscillations are not caused by the regularisation of
the Pc(Sw) relationship with Sw → 1.0. Oscillations in the solution of the two-phase
balance equations including the extended Pc(Sw) relationship are expected for un-
favourable ratios of the advective to the capillary influence (e.g. [29]). For the case
presented here, this may be interpreted in terms of the dimensionless number DyC.
If the dynamic influence (where with the characteristic flow velocity uc also viscous
forces are inherent) is much larger than the diffusive forces stemming from the equi-
librium capillary pressure, then oscillations might occur. It should be noted in this
context, that the in Sec. 3.6 defined dimensionless numbers can only be consulted
for an estimation of the dominating forces. The influence from the viscosity ratio is
not captured.
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Figure 6.18: Sn(y) for a Dirichlet boundary condition of Sn = 0.05 at the upper boundary (left)
and various viscosity ratios (right)

In summary, the following aspects deserve attention.
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• For the second example, the sensitivities of Mc
w(t) and Sw(x, t) w.r.t. to the co-

efficient τ are increased compared to the first example. However, they are still
approx. one order of magnitude smaller than with respect to e.g. the intrin-
sic permeability. It is therefore suggested that for inverse parameter identi-
fication all other parameters should be determined independently first in an
equilibrium experiment (see Sec. 3.1). For the subsequent determination of the
coefficient τ it needs to be assumed that the residual saturations and the rela-
tive permeabilities do not depend on the dynamics of the flow process. This
assumption requires verification.

• In the second example a Neumann boundary condition is applied. The inclu-
sion of the coefficient τ may lead to a process reversal. From an imbibition
process, locally a change to drainage and then back to imbibition can be ob-
served.

• In a last example, the set-up is altered with the aim to have a dominance of
dynamic over viscous as well as a dominance of the dynamic over the capil-
lary equilibrium force. The simulation results for the inclusion of τ show then
oscillations for a viscosity ratio µw/µn = 61, but disappear for a ratio of one. Con-
sequently, the dimensionless numbers Dy and DyC do not suffice to assess the
influence of the forces, the viscosity ratio also needs to be considered. For the
dominance of dynamic forces and a large viscosity ratio the character of the
solution might change. It should be stressed here that the parameter combi-
nation was chosen only with a view to have a dominance of dynamic over
capillary equilibrium forces. A porous medium with such properties might
not exist. The observed oscillations are not physical, as negative saturations
cannot occur. Still, it should be noticed, that for unfavourable conditions these
oscillations can occur in the solution of the two-phase flow equations includ-
ing the extended Pc(Sw) relationship.

6.5 Summary

In this chapter, the influence of including the extended Pc(Sw) relationship on sim-
ulation results is discussed with respect to the cumulative mass of wetting phase in
the domain over time, profiles of non-wetting phase saturation, the rate of change
of non-wetting phase saturation and its spatial gradient. Boundary conditions and
the parameters of the porous medium are chosen to represent varying magnitudes
of the dimensionless numbers Dy and DyC. The results of the analysis can be sum-
marised as follows.
In order to design laboratory experiments a sensitivity analysis can be carried out to
ensure large sensitivities for the model parameters. Assuming that all parameters of
the two-phase model would be estimated together in an inverse approach the sensi-
tivities of the cumulative mass Mc

w(t) and saturations Sw(x, t) w.r.t. to all parameters
have been determined. The sensitivities w.r.t. the coefficient τ remain at least one
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order of magnitude smaller than to the other parameters except in one example
for the cumulative mass applying a Neumann boundary condition. It is therefore
suggested to determine all other parameters first in an equilibrium experiment (see
Sec. 3.1). For the subsequent quantification of the coefficient τ, the residual satu-
rations and the relative permeabilities should not depend on the dynamics of the
flow process. This assumptions requires verification with laboratory experiments.
Furthermore, a more detailed sensitivity analysis should also identify correlations
between the parameters.
The inclusion of the extended Pc(Sw) relationship in the conservation equations ef-
fects the simulation results if the influence of the dynamic over the viscous forces
is large enough. This ratio can be measured by the dimensionless number Dy ap-
plying e.g. the front width as a characteristic length scale. However, the nature of
the effect on the solution cannot be predicted on the basis of this ratio. Depending
on the boundary conditions, the inclusion of the extended Pc(Sw) relationship can
have a dampening effect on the rate of change of saturation and thus a retardation
effect with respect to the cumulative mass. It can flatten the front by accelerating
and slowing down the displacement locally. It can induce a process reversal from
imbibition to drainage and back. If additionally the dynamic dominate the equi-
librium capillary forces oscillations in the solution might occur for a large viscos-
ity ratio M = µw/µn. For the considered saturation ranges the choice of the function
τ(Se) influences the simulation results quantitatively. However, a difference in the
characteristics of the solutions could not be identified. Rather than the functional
relationship the magnitude of τ(Se = 0.5) effects the solution.
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7 Conclusions and outlook

7.1 Conclusions

The here presented thesis focuses on two-phase flow processes on the local to
macroscale, while accounting for dynamic effects, that is to say a rate-dependence,
in the capillary pressure-saturation relationship. Dynamic effects have been ob-
served for example in laboratory experiments reported in the literature. Several au-
thors have proposed an extended Pc(Sw) relationship which can be applied instead
of the traditional function that relates the wetting phase saturation to the equilib-
rium capillary pressure. In a general form, the extended Pc(Sw) relationship can be
given as

Pn−Pw−Pe
c (Sw) = Pd

c −Pe
c (Sw) =−τ

∂Sw

∂t
. (7.1)

The difference of the phase pressures equals thus the equilibrium capillary pressure
under static or steady-state conditions. Under transient conditions, the difference
Pd

c −Pe
c is assumed to be a linear function of the rate of change of saturation. As a

consequence, the factor of proportionality, τ is introduced, here denoted as coeffi-
cient τ. This coefficient is shown to be a function of the water saturation. Moreover,
it depends on the properties of the porous medium.
The extended Pc(Sw) relationship is analysed under three main aspects.

1. In order to assess the relevance of dynamic effects, a dimensional analysis on
the basis of the two-phase balance equations being closed with the extended
Pc(Sw) has been carried out. The arising dimensionless numbers facilitate to
characterise flow processes which necessitate the inclusion of an extended
Pc(Sw) relationship in simulations.

2. The coefficient τ is quantified using laboratory experiments performed by
GeoDelft, The Netherlands and numerical experiments.

3. Finally, the impact on the numerical solution of the balance equations being
closed with an extended Pc(Sw) relationship is assessed with simulations of
imbibition processes in various porous media with varying initial and bound-
ary conditions.

Apart from the well-known capillary and gravitational number, Ca and Gr, addi-
tionally, the dimensionless number Dy evolves through the dimensional analysis.
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Dy quantifies the ratio of forces due to dynamic effects to forces due to viscous ef-
fects. Relating Dy to Ca and Gr yields DyC, the ratio of ’dynamic forces’ to capillary
equilibrium forces, and DyG, the ratio of ’dynamic forces’ to gravitational forces.
If the coefficient τ is assumed to be a constant, the importance of dynamic forces
diminishes with increasing characteristic length scale with relation to equilibrium
capillary, viscous and gravitational forces. On the basis of simulations, the front
width of the invading phase was found to be an appropriate interpretation of the
characteristic length scale. With increasing transient flow velocity, the influence of
the dynamic forces augments.
Furthermore, the coefficient τ is calculated on the basis of laboratory and numerical
experiments. The laboratory experiments performed by GeoDelft, The Netherlands,
with a sand (K = 3.06 ·10−12 m2 , Pd = 5587 Pa) yield values for the coefficient τ rang-
ing between τ = 11.0 kPa s to τ = 154.7 kPa s depending on the water saturation. An
inversely proportional linear dependence of the coefficient τ on the water saturation
is found. A test of the linearity of the extended Pc(Sw) relationship suggests that
at small rates of change of saturation a non-linear relation might be required. If a
regression of the extended Pc(Sw) relationship to the experimental data of each of
the three dynamic experiments is performed, the coefficient increases with decreas-
ing influx. This implies that for capillary-dominated flow the coefficient reaches
a maximum or tends to infinity. Theoretically, the extended Pc(Sw) relationship is
not required for capillary-dominated flow as then the equilibration between the
dynamic and the equilibrium capillary pressure should always be given. Thus, a
dynamic Pc(Sw) and the coefficient τ could not be determined for such flow pro-
cesses. It is therefore suggested to either perform the fitting on the basis of several
dynamic experiments with different boundary conditions or to use an experimen-
tal set-up which facilitates to determine τ by inverse parameter identification (see
O’CARROLL ET AL., 2005 [86]).
In addition to the analysis of the laboratory experiments, numerical experiments
are performed. First, the equilibrium Pc(Sw) relationship is determined for a coarse
sand with two embedded fine sand lenses to test the approach to the averaging of
the phase pressures, whose difference yields the capillary pressure for the upscaled
Pe

c (Sw) relationship. The phase volume-weighted average phase pressures ensure
a good agreement with the analytically calculated average Pe

c (Sw) relationship.
Choosing the boundary capillary pressure for the average Pc(Sw) might conceal that
the average capillary pressure within the domain might exceed the boundary capil-
lary pressure due to pooling effects of the non-wetting phase on the fine sand lenses.
This effect vanishes for small pressure gradients within the phases. For high bound-
ary capillary pressures, the average capillary pressure remains significantly smaller
than the boundary capillary pressure although equilibrium criteria suggest that a
steady state is reached. The equilibrium criteria influence thus the magnitude of
the upscaled residual water saturation. The application of very strict equilibrium
criteria results in unacceptable large execution times for calculating the equilibrium
Pc(Sw) relationship. The numerical simulation is thus not as efficient as e.g. a perco-
lation model. However, percolation models are based on the assumption of capillary
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equilibrium and can therefore not capture effects from viscous influences as e.g. the
pooling of non-wetting phase as shown by ATAIE-ASHTIANI ET AL., 2002 [2].
In a second step, dynamic numerical experiments are carried out first for homoge-
neous domains to test the averaging approach. This test facilitates to distinguish be-
tween effects arising from heterogeneities and influences from the averaging length
scale, the boundary conditions, and porous medium as well as fluid properties. A
dynamic effect in the Pc(Sw) relationship can only be detected if averaged phase
pressures in contrast to a nodal value alone are applied for the calculation of the
capillary pressure. At one node, the difference in phase pressures equals the capil-
lary pressure as prescribed by the mathematical-numerical model.
The coefficient τ determined in numerical experiments scales proportionally to the
porosity, the (saturation-weighted average) viscosity, and the squared averaging
length, as well as inversely proportional to the intrinsic permeability for viscosity
ratios µw/µn of one and smaller at medium water saturations Swr << Sw < 1.0. The
scaling confirms results by DAHLE ET AL., 2005 [30] who applied a bundle of capil-
lary tubes model in order to estimate the coefficient τ. The parameters of the equilib-
rium Pc(Sw) relationship have a minor influence on the coefficient τ. The empirical
formula for the coefficient τ by STAUFFER, 1978 [108] could not be confirmed on
the basis of the numerical experiments. If the coefficient τ correlates positively with
the averaging length, its magnitude is not clearly bounded and an REV can not be
defined. Consequently, either the averaging length needs to be related to a bounded
property (e.g. the inverse of the distance of a characteristic pressure drop) or the
averaging of the phase pressures has to be re-defined.
An influence resulting from the simple heterogeneity pattern on the coefficient is
only noticeable in case the fine sand lenses are drained. The heterogeneity stem-
ming from the spatially-correlated random field does not affect τ(Sw). The con-
tinuous distribution of the parameters ensures that the average behaviour of the
system dominates. Considering the spatially-correlated random field of K and Pd
as a continuously distributed sub-scale heterogeneity, such patterns do not need to
be taken into account for the determination of the coefficient τ derived from nu-
merical experiments. It should be stressed, that for periodic heterogeneities with
a clear separation of the small to the large scale as applied in homogenisation the-
ory, dynamic effects have been identified (e.g. BOURGEAT & PANFILOV, 1998 [16],
LEWANDOWSKA ET AL., 2004, 2005 [75, 76]).
In the last part of this thesis, a numerical model is applied with which the two-phase
balance equations including the extended Pc(Sw) relationship are solved. A sensitiv-
ity analysis reveals that neither the integral cumulative mass nor local measures of
the saturation possess a sufficient sensitivity w.r.t. the coefficient τ when compared
to the other model parameters. It is therefore suggested, that for an inverse pa-
rameter identification on the basis of laboratory experiments, all parameters of the
traditional two-phase flow model should be determined independently first before
quantifying the coefficient on the basis of an additional experiment, which should
be specifically designed for the determination of the coefficient. This procedure as-
sumes, that neither the residual saturations nor the relative permeabilities depend
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on the dynamics of the flow process.
The dimensionless numbers Dy and DyC can be consulted to assess an impact on
the solution when the extended Pc(Sw) relationship is included in the balance equa-
tions. The front width should be applied as the characteristic length scale when
calculating these numbers. In the simulation of imbibition examples, it is observed
that for a dominance of the dynamic over the viscous forces (Dy >> 1), the rate of
change of saturation is dampened and thus a retardation effect with respect to the
cumulative mass occurs. Locally, accelerating and slowing down of the displace-
ment can flatten a front in comparison to a reference case. Applying a Neumann
boundary condition, a process reversal from imbibition to drainage and back oc-
curred. If additionally the equilibrium capillary forces are diminished (DyC >> 1),
oscillations in the solution might occur for a large viscosity ratio M. The choice of the
function τ(Se) influences the simulation results quantitatively, but a different charac-
teristic of the solution could not be clearly identified. However, it should be noted,
that in most simulations the wetting phase saturation did not approach Sw → 1.0,
where the highest difference to a constant coefficient would occur. Summarising
all the simulations, it should be emphasised that an influence from the extended
Pc(Sw) relationship can only be shown for sufficiently high saturation rates and at
the same time high coefficients τ. The dimensionless numbers Dy and DyC can give
an estimate whether the solution is influenced, in addition also the viscosity ratio
needs to be considered.

7.2 Outlook

Although many laboratory experiments have been presented in the literature which
examine dynamic effects in the Pc(Sw) relationship, the application of an extended
Pc(Sw) relationship in simulations is not widely established. Many fundamental
questions are still open in this field of research.
The dependence of the coefficient τ determined in numerical experiments on the
averaging volume is an unresolved problem. It needs to be established whether a
different averaging of the phase pressures could overcome the scale dependence.
It also needs to be assessed whether the coefficient τ relating to a heterogeneous
domain on the local scale, can still be interpreted as an effective parameter on the
macroscale. If this is not the case, averaging related to the scale transition from
the local scale to the macroscale would be obsolete. It is also not clear, whether a
scale dependence might be observable in laboratory experiments as it has not been
attempted up to now to examine this aspect in the laboratory.
In order to apply the coefficient τ determined in the numerical experiments, other
properties need to be upscaled at the same time. While for the upscaling of intrinsic
permeability many approaches exist and a rate-dependence is not expected, the rel-
ative permeability-saturation relationship might show dynamic effects. It is unclear
yet, how to determine the dynamic relative permeabilities together with the dy-
namic capillary pressure in numerical experiments. But only a consistent averaging
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of all the properties would facilitate a comparison to laboratory experiments.
The issue of dynamic relative permeability-saturation relationships also relates to
the laboratory experiments. STAUFFER, 1978 [108] has proposed such a relation on
the basis of laboratory experiments with fine sands and water-gas fluid systems, but
his relation has not been verified in other studies up to now. Moreover, it needs to be
investigated whether the residual saturations of both fluid phases are altered under
dynamic conditions.
Furthermore, a more detailed study of the influence resulting from the inclusion of
the extended Pc(Sw) relationship in the balance equations needs to be performed.
The discretisation presented here cannot be applied to heterogeneous domains be-
cause the gradient of the saturation needs to be determined. The saturation might
be discontinuous at the interface of heterogeneities. In order to correctly include the
interfaces, an interface condition similar to the one proposed by DE NEEF, 2000 [35]
to represent the entry pressure conditions, is called for.
Generally speaking, dynamic and hysteretic effects influence the constitutive rela-
tionships applied for two-phase flow processes on the local and macroscale. The
processes leading to these effects and their interaction are yet not fully understood.
This prevents a sound assessment of their relevance on different spatial or temporal
scales. This study contributes to the understanding of dynamic effects in the cap-
illary pressure-saturation relationship on the local scale and macroscale as well as
giving an assessment as to when these effects might need to be taken into account
for the evaluation of two-phase flow processes.
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ing of inflow/outflow experiments. In M. Th. van Genuchten, F. J. Leija, and
L. Wu, editors, Proc. Int. Workshop on Characterization and Measurement of the
Hydraulic Properties of Unsaturated Porous Media, pages 661 – 681, October 22 –
24, 1997.

[38] B. B. Dykaar and P. K. Kitanidis. Determination of the effective hydraulic
conductivity for heterogeneous porous media using a numerical spectral ap-
proach: 1. method. Water Resources Research, 28 No.4:1155 – 1166, 1992.

[39] D. E. Elrick. Unsaturated flow properties of soils. Australian Journal of Soil
Research, 1:1 – 8, 1963.

[40] A. Elzeftawy and R. S. Mansell. Hydraulic conductivity calculations for un-
saturated steady-state and transient-state flow in sand. Soil Science Society of
America, Proceedings, 39:599 – 603, 1975.

[41] M. Fermigier and P. Jenffer. Experimental investigation of the dynamic contact
angle in liquid-liquid systems. Journal of Colloid Interface Science, 146:226 – 241,
1991.

[42] A. S. Fokas and Y. C. Yortsos. On the exactly solvable equation st = [(βs +
γ)−2sx]x + α(βs + γ)−2sx occuring in two-phase flow in porous media. SIAM
Journal of Applied Mathematics, 42:318 – 332, 1982.

[43] S. P. Friedman. Dynamic contact angle explanation of flow rate-dependent
saturation-pressure relationships during transient liquid flow in unsaturated
porous media. Journal of Adhesion Science Technology, 13(12):1495 – 1518, 1999.

[44] L.W. Gelhar, C. Welty, and K.R. Rehfeldt. A critical review of data on field-
scale dispersion in aquifers. Water Resources Research, 28(7):1954 – 1974, 1992.

[45] T. Gielen, S. M. Hassanizadeh, M. A. Celia, H. K. Dahle, and A. Leijnse. A
pore-scale network approach to investigate dynamic effects in multiphase
flow. In Casss T. Miller, M. W. Farthing, W. G. Gray, and G. F. Pinder, edi-
tors, Proceedings of the XV International Conference on ’Computational Methods in
Water Resources’, volume I, pages 83 – 94, Chapel Hill, North Carolina, USA,
June 13 – 17, 2004.

[46] T. Gielen, S. M. Hassanizadeh, A. Leijnse, and H. F. Nordhaug. Dynamic ef-
fects in multiphase flow: a porscale network approach. In D. B. Das and S. M.
Hassanizadeh, editors, Upscaling Multiphase Flow in Porous Media, pages 217 –
236. Springer, 2005.

[47] H. Graf. Experimental investigations on multiphase phenomena in porous media.
PhD thesis, Rupertus Carola University of Heidelberg, Heidelberg, Germany,
2004.



Bibliography 143

[48] W. G. Gray and S. M. Hassanizadeh. Averaging theorems and averaged equa-
tions for transport of interface properties in multiphase systems. International
Journal of Multiphase Flow, 15(1):81 – 95, 1989.

[49] T. R. Green, J. E. Constanz, and D. L. Freyberg. Upscaled soil-water retention
using van Genuchten’s function. Journal of Hydrologic Engineering, 1(3), 1996.

[50] W. Hackbusch. Multi-grid methods and applications. Springer, Berlin, 1985.

[51] S. M. Hassanizadeh. Derivation of basic equations mass transport in porous
media, part 2, Generalized Darcy’s and Fick’s laws. Advances in Water Re-
sources, 9:208 –222, 1986.

[52] S. M. Hassanizadeh, M. A. Celia, and H. K. Dahle. Dynamic effect in the
capillary pressure - saturation relationship and its impact on unsaturated flow.
Vadose Zone Hydrology, 1:38 – 57, 2002.

[53] S. M. Hassanizadeh and W. G. Gray. General conservation equations for multi-
phase systems: 1. Averaging procedure. Advances in Water Resources, 2:131 –
144, 1979.

[54] S. M. Hassanizadeh and W. G. Gray. General conservation equations for multi-
phase systems: 2. mass, momenta, energy, and entropy equations. Advances in
Water Resources, 2:191 – 203, 1979.

[55] S. M. Hassanizadeh and W. G. Gray. Mechanics and thermodynamics of mul-
tiphase flow in porous media including interphase boundaries. Advances in
Water Resources, 13(4):169 – 186, 1990.

[56] S. M. Hassanizadeh and W. G. Gray. Thermodynamic basis of capillary pres-
sure in porous media. Water Resources Research, 29(10):3389 – 3405, 1993.

[57] S. M. Hassanizadeh, O. Oung, and S. Manthey. Laboratory experiments and
simulations on the significance of non-equilibrium effect in capillary pressure-
saturation relationship. In T. Schanz, editor, Unsaturated Soils: Experimental
Studies, Proceedings of the International Conference ’From Experimental Evidence
towards Numerical Modeling of Unsaturated Soils’ in Weimar, Germany, September
18 – 19, 2003, volume I of Springer Proceedings in Physics, Vol. 93, pages 3 – 14.
Springer, 2005.

[58] R. Helmig. Theorie und Numerik der Mehrphasenströmungen in geklüftet-porösen
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[98] H. Schubert. Kapillarität in porösen Feststoffsystemen. Springer Verlag, 1982.

[99] B. Schultze and W. Durner. Bestimmung der hydraulischen eigenschaften
von bodenproben durch inverser simulation instationärer fließexperimente:
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A.I

A Two-phase flow processes in a
multi-step outflow experiment

In the framework of the project MUSKAT (’Multi-Skalen Transport’, funded by the
German Research Foundation, DFG, project number He-2531/2-2) two-phase flow
processes were examined by the three project partners from the Universität Heidel-
berg (sub-project ’A’), the Technische Universität München (and later the Technische
Universität Braunschweig, sub-project ’B’) and the Universität Stuttgart. In the fol-
lowing, some of the investigations performed in Stuttgart are presented. Parts of
them can be found in the appendix to the project report.
Within the sub-project ’C’ the following aspects were examined.

• A multi-step outflow laboratory experiment with a soil column performed by
sub-project ’A’ before the start of the MUSKAT project was simulated and anal-
ysed. The simulations repeat the ones performed by VOGEL ET AL., 1999 [116].

• A parameter variation served to analyse the influence of the different parame-
ters on the drainage flow behaviour.

• Furthermore, the influence of heterogeneities on the local scale on the two-
phase flow processes during multi-step outflow experiments were assessed.

• Finally, the model concepts underlying the simulations were examined.

In the following, the results of these steps will be presented.

Analysis of a multi-step outflow experiment

A multi-step outflow experiment with a natural soil performed by the group in Hei-
delberg served as a pre-investigation subject before sub-project ’A’ carried out ex-
periments with artificial columns performed within the MUSKAT project (see GRAF,
2004 [47]). First the experiment with the natural soil is simulated applying the two-
phase module of MUFTE-UG (see Sec. 4). As primary variables the pressures of the
wetting and non-wetting phase are chosen. The Pw-Pn formulation necessitates a
Pc(Sw) relationship that can be inverted (compare HELMIG, 1997 [59]), as e.g. the
VAN GENUCHTEN parametrisation. The parameters of the two fluids represent the
ones of water and gas (air, see Tab. 2.1). Repeating the simulations of VOGEL ET AL.,
1999 [116] the soil column is first assumed to be homogeneous applying effective
parameters determined by VOGEL ET AL., 1999 (see Tab. A.1) and then, in a second
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approach, structural information about the soil column gained by computer tomog-
raphy (also performed in Heidelberg, see VOGEL ET AL., 1999 [116]) is included as
information. From the 3D computer tomography scan a distribution of grey lev-
els was obtained, where 256 levels are distinguished (for a distribution of the grey
values please consult Fig. A.1). On the basis of independent measurements of the
porosity as well as the density of the soil matrix and water, one grey level can be
correlated to a density and thus a porosity. For the simulations, it is furthermore
assumed that the soil parameters are correlated, for example a small porosity would
correspond to a small intrinsic permeability.
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Figure A.1: Occurrence of the grey values from a scan of the soil column for classes of five
levels each (0-21, 26, 31,..). The peak at the highest class is caused by the tensiometer
installed in the column.

Table A.1: Effective soil parameters for the natural soil column (height 0.1 m, radius 0.08 m),
determined with inverse parameter identification applying the RICHARDS’ equation by
VOGEL ET AL., 1999 [116]

Parameter K [m2] φ [-] VG α [1/Pa] VG n [-] Swr [-] Snr [-]

2.63 ·10−12 0.5027 4.5 ·10−4 1.7386 0.497 0.0

The initial and boundary conditions mimic the ones applied in the laboratory ex-
periment (see Tab. A.2). The domain is initially fully water-saturated, thus at the
beginning a hydrostatic pressure distribution is assumed. At the lower boundary
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the pressure (corresponding to the potential in the laboratory experiments) is low-
ered in steps over defined time intervals. At the upper boundary gas can infiltrate
into the column. The gas pressure is assumed to remain at atmospheric pressure at
the upper boundary during the whole experiment.

Table A.2: Boundary conditions for the simulation of a multi-step outflow experiment (NEU
= Neumann, DIR = Dirichlet)

Variable upper boundary sides lower boundary

Pw NEU qw = 0.0 NEU qw = 0.0 DIR Pw = Pw(t)
Pn DIR Pn = Patm NEU qn = 0.0 NEU qn = 0.0

The cumulative outflow of water related to the radius of the soil column hc [L] for the
homogeneous case (”homogeneous, VG“ in Fig. A.2, left) applying the parametrisa-
tion of VAN GENUCHTEN /MUALEM (see Secs. 2.2.1 and 2.2.2) is compared to the
cumulative outflow gained from a simulation including the structural information
about the soil column from the computer tomography (”heterogeneous “ in Fig. A.2,
left). VOGEL ET. AL., 1999 [116] weighted the effective parameters on the porosity
distribution such that their arithmetic average represented the effective parameters.
In order to obtain a quantitative measure for the quality of the simulations, the resid-
uals r, quantifying the difference between the measurement and the simulation at
a given measurement time, are calculated (see Fig. A.2, right). High values of the
residual at the beginning of the steps might be attributed to a slight time lag in
the pressure reduction from experiment to simulation. Nevertheless, the plot of the
residuals reveals that

• the residuals both for the homogeneous as well as the heterogeneous case di-
minish with decreasing water saturation in the column (global trend),

• for each pressure step the residuals show local trends from high to low (het-
erogeneous) or low to high (homogeneous) values, and that

• the inclusion of the heterogeneity could not enhance the agreement between
simulation and measurement.

Moreover, neither the homogeneous nor the heterogeneous case reproduce the char-
acteristics of the second to fifth step, where in the laboratory experiment initially a
high outflow occurs as a direct response to the pressure decrease, followed by a slow
approach to equilibrium. This behaviour was also observed in other laboratory ex-
periments with an artificial porous medium. It will in the following be denoted
relaxation effect in the outflow curve.
The local (and global) trend in the residuals (as opposed to a random distribution of
the errors) can have the following causes.

• The higher volume of outflow in the first pressure step in the simulations op-
posed to the measurement may be attributed to differing initial conditions. In



A.IV Two-phase flow processes in a multi-step outflow experiment

time t [h]

c
u

m
u

la
ti

v
e

o
u

tf
lo

w
h

c
[c

m
]

w
a

te
r

p
o

te
n

ti
a

l
h

w
[c

m
]

0.0 20.0 40.0 60.0 80.0
0

0.5

1

1.5

2

110

100

90

80

70

60

50

40

30

20

10

0

10lower BC water
heterogeneous (50*50*13 Voxel)
homogeneous, VG
measurement

time t [h]

re
s

id
u

a
l

r
[c

m
]

0.0 20.0 40.0 60.0 80.0

0.10

0.05

0.00

0.05

0.10

0.15

0.20

0.25

0.30

heterogeneous

homogeneous

Figure A.2: Cumulative outflow of water from laboratory experiment (”measurement “) and
simulations (left) as repeated from VOGEL ET AL., 1999 [116] and difference (residual r)
between measurement and simulations (right)

the simulation a fully water-saturated column is assumed. The same initial
condition is aimed at in the laboratory experiments. However, it is very diffi-
cult to achieve in natural soil columns.

• The parameters might need to be verified in additional measurements, maybe
independent measurements of for example the Pc(Sw) relationship are desir-
able. Also, additional measurements during the multi-step outflow experi-
ment such as saturation measurements might improve the parameters gained
by inverse parameter identification. It was not possible to undertake any of
these steps for the soil column investigated here, as it had been destroyed in
the meantime. Within the MUSKAT project, the parameters porosity and per-
meability were determined independently and the constitutive relationships
were computed on the basis of direct simulations on the pore scale (see VO-
GEL ET AL., 2005 [117]).

• With the applied parametrisation of the Pc(Sw) relationship after VAN GE-
NUCHTEN, 1980 [114], and (based on the VAN GENUCHTEN Pc(Sw) relation)
of the krα(Sα) relationships after MUALEM, 1976 [82] the observed outflow be-
haviour cannot be reproduced exactly. As especially the flow behaviour cannot
be represented the relative permeabilities might need to be handled differently.
Approaches exist for example by DURNER ET AL., 1997 [36, 37] or SCHULTZE
ET AL., 1997, 1999 [99, 100], who allow for different krα(Sα) relationships for
each pressure step and thus for different effective saturations. In the frame-
work of the MUSKAT project, the constitutive relationships were determined
independently on the pore scale (compare VOGEL ET AL., 2005 [117]), thus
additional parameter identifications using alternative parametrisations of the
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constitutive relationships did not encompass the aims of the project.

• The physical-mathematical model underlying the numerical model (see Secs. 2
and 4) is based on the conservation of mass of the two fluid phases, applying
the extended DARCY’s law for the approximation of the velocity. Perhaps the
outflow behaviour cannot be represented with this model. One explanation
might be that its inherent assumptions are not valid for the simulated experi-
ment.

Although inverse parameter estimation did not belong to the aims of the MUSKAT
project a sensitivity analysis is carried out in order to assess whether a variation of
one of the parameters entering into the discretised balance equation could effect the
observed outflow behaviour if only quantitatively. The parametrisations itself are
not questioned. Although the inclusion of heterogeneity did not result in a better
agreement between simulation and measurement the influence of heterogeneity on
the outflow behaviour is investigated applying spatially correlated random fields.
The last item of the list is examined in the last section of this appendix.

Parameter variation

In contrast to the MUSKAT project report, where parameters of an artificial porous
medium were applied in the parameter variation, the sensitivity of the cumulative
outflow is here examined on the basis of the multi-step outflow experiment de-
scribed above. The primary aim of this analysis was to identify one or more param-
eters to which the (simulated) cumulative outflow shows a sensitivity when in the
laboratory measurement the relaxation behaviour can be observed (see especially
second to fourth pressure step in Fig. A.3). The sensitivity of the parameter should
be high in this range of the experiment and low especially towards the end of the
experiment as there the measurement is reproduced with an acceptable accuracy.
As solely a primary drainage process is considered, the residual (or entrapped) non-
wetting phase saturation Snr is assumed to equal zero in all cases. All parameters are
varied by plus one percent of their reference value. The reference values are listed
in Tab. A.1. This parameter set for the reference simulation was gained with an
inverse approach on the basis of the RICHARDS equation. For the RICHARDS equa-
tion an infinite mobility of the gas phase is assumed and thus a krn(Sn) relationship
is not accounted for. Moreover, the VG-n and the residual saturation Swr were not
treated independently in the Pc(Sw) and the krw(Sw) relationship. For the reference
simulation it is assumed, that both parameters can furthermore be transfered to the
krn(Sn) relationship. The parameters in the constitutive relationships that enter more
than one relation, for example the residual water saturation, are varied indepen-
dently for this sensitivity analysis.
The cumulative outflow does not show pronounced differences for the range of
variation in the parameters (see Fig. A.4). The sensitivity of the outflow w.r.t. the
parameters can nevertheless be determined applying Eqn. 6.4. Possible correlations
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Figure A.3: Cumulative outflow, measured and simulated, including enumeration of steps

between the parameters are not examined here as the parameter sensitivity is not
applied to enhance an inverse parameter estimation procedure.
In order to facilitate a comparison of the magnitude of the sensitivities for the var-
ious parameters, the logarithm of the intrinsic permeability and the VG-α enter
Eqn. 6.4. In the following, the sensitivities of the cumulative outflow w.r.t. the pa-
rameters applied in the physical-mathematical model are described.
First, the influence of the structural parameters, the intrinsic permeability and the
porosity are considered (see Fig. A.5). The sensitivity of the cumulative outflow
w.r.t. the intrinsic permeability is expected to be positive. As the parameter is in-
creased, the flow velocities should be larger inducing thus a larger cumulative out-
flow. The sensitivity of the cumulative outflow w.r.t. the intrinsic permeability is
high at the onset of a pressure step. The sensitivity then decreases. During the
first part of the numerical experiment the sensitivity diminishes rapidly to zero, but
towards the end decreases slower and does not reach zero, indicating that static con-
ditions are not attained. As here the focus is on the parts of the experiment where
the sensitivity w.r.t. to the parameter decreases to zero the intrinsic permeability is
not considered an appropriate quantity to be altered in order to mimic the behaviour
observed in the laboratory.
The sensitivity of the cumulative outflow w.r.t. the porosity shows a different be-
haviour. First the general trend, the increase of the sensitivity is remarkable. The
porosity occurs in the accumulation terms of the conservation equations. As the
porous medium is assumed to be rigid, the porosity can be extricated from the
partial time derivative and thus acts as a coefficient in the accumulation term. A
variation of the porosity thus does not influence the flow behaviour but mainly the
magnitude of the cumulative outflow for a given pressure step. If the porosity is in-
creased also the cumulative outflow is increased. The sensitivity increases towards
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Figure A.4: Cumulative outflow hc for the parameter variation on the basis of the multi-step
outflow experiment with the soil column

the end of the experiment as the saturation of the wetting phase and thus the out-
flow decreases. The relative influence of the porosity variation is thus higher. Also
the sensitivity cumulates with increasing time. Similar to the intrinsic permeability
the porosity does not induce the desired sensitivity pattern.
Now, the sensitivity of the outflow w.r.t. the parameters VG-α and VG-n in the
Pc(Sw) relationship will be examined. The parameter α in the Pc(Sw) relationship
determines the capillary pressure at Se = 0.5, thus an increase of α results in a lower
capillary pressure for water saturations between Swr < Sw < 1.0 (see Fig. A.6, left).
Consequently, the magnitude of outflow for a given pressure step is increased com-
pared to the reference case and the sensitivity of the outflow is positive (see Fig. A.7,
left). The cumulative outflow has a maximum in sensitivity w.r.t. α at the mid-
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Figure A.5: Sensitivity of the cumulative outflow w.r.t. the intrinsic permeability K (left) and
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dle part of the numerical experiment. The largest difference between the reference
Pc(Sw) and the varied Pc(Sw) relationship occurs at medium saturations. Thus, in
the domain the highest difference between the reference and the varied case can
be noticed also at medium saturations. Towards the end of the experiment, the
saturations in the domain approach the residual water saturation. As the resid-
ual saturation Swr is not altered by the variation of α the sensitivity of the outflow
w.r.t. α decreases. Apart from the global trend, a trend for each step can be noticed.
From on the third pressure step, the sensitivity of the cumulative outflow w.r.t. α de-
creases first and then increases again. The direct response to the outflow is mainly
influenced by the mobility and the intrinsic permeability, but not by the more quan-
titative measures of the Pc(Sw) relationship.
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A similar behaviour can be noted in the sensitivity of the cumulative outflow
w.r.t. the VG-n varied only in the Pc(Sw) relationship (see Fig. A.7, left). As a global
trend an increase with increasing time can be detected. The VG-n determines the
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slope of the Pc(Sw) relationship. If n is augmented, then the Pc(Sw) relationship gets
a flatter slope for saturations of Swr < Sw < 1.0 (see Fig. A.6, left). At the first pres-
sure step thus a negative sensitivity of the cumulative outflow can be observed.
The capillary pressure at high water saturations is larger in the varied compared
to the reference case, thus less outflow occurs in the varied case. The influence of
the n variation on the outflow is especially high at the second and third step, where
high to medium water saturations occur in the domain. The capillary pressure of
a given water saturation gained from the Pc(Sw) relationship is then smaller in the
variation case compared to the reference Pc(Sw) relationship. Consequently, for a
given applied capillary pressure, induced through the pressure decrease of the wa-
ter phase at the lower boundary, more water exfiltrates the domain compared to the
reference case. The magnitude of the sensitivity remains approx. constant towards
the end of the experiment, indicating a quantitative difference from the different
Pc(Sw) relationships but not a large influence on the flow behaviour.
The sensitivity of the cumulative outflow w.r.t. the VG-n varied in the Pc(Sw) re-
lationship also shows local trends within each of the pressure steps. For the first
three steps the sensitivity increases up to a given value and then remains constant,
indicating that this parameter has mainly a quantitative influence on the cumula-
tive outflow behaviour. From on the fourth step, the sensitivity first decreases as
the direct response to the pressure step occurs and then increases again, as quanti-
tative aspects gain in importance. However, at the interesting parts the sensitivity
remains constant, implying only a quantitative difference to the reference case but
not a qualitative one.
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Figure A.7: Sensitivity of the cumulative outflow w.r.t. VG-α as well as VG-n in the
Pc(Sw) relationship (left) and VG-n in the krα(Sα) relationships (right)

Variations of the VG-n in one of the krα(Sα) relationships (see Fig. A.6, right) in-
fluence the mobility of the respective phase. Thus mainly an effect on the flow
behaviour but not on the attained magnitude of the outflow after one step is no-
ticeable (presuming equilibrium can be reached, see Fig. A.7, right). The increase of
this parameter in the krn(Sn) relationship results in a smaller relative permeability
of the non-wetting phase at Snr < Sn < (1.0−Swr). Consequently an influence on the



A.X Two-phase flow processes in a multi-step outflow experiment

outflow behaviour is to be expected at high non-wetting phase saturations. As krn
is decreased at a given Sn that is smaller than (1.0−Swr) compared to the reference
krn(Sn) relationship, the direct response to the early pressure steps is retarded, as the
inflow of gas occurs slower (the sensitivity is thus negative). In general it might be
stated, that the influence of the parameter n in the krn(Sn) is small compared to the
one in the krw(Sw) relationship. This may be attributed to the fact that the mobility
is the ratio of relative permeability to viscosity. The viscosity of the non-wetting
phase, here air, is sixty times smaller than that of the wetting phase. Consequently,
the influence of the relative permeability on the mobility is small compared to the
influence of the n variation in the krw(Sw) relationship.
If n is increased in the krw(Sw) relationship, the relative permeability of the water
phase at a given saturation Swr < Sw < 1.0 is larger compared to the reference case
(see Fig. A.6, right). The variation in n here mainly influences the direct response
to the pressure decrease, but diminishes after that. As the relative permeability is
larger, the outflow occurs faster. At least for the first steps the saturation distribu-
tion in the domain is the same. During the first five pressure steps the sensitivity
diminishes to zero at the end of the steps. Only in the later steps, when equilib-
rium between applied pressure and saturation distribution is not attained and the
relative permeability of the wetting phase has decreased distinctly, the sensitivity
of the outflow w.r.t. n in the krw(Sw) relationship remains larger than zero. As the
the sensitivity decreases to zero at the steps of interest, the variation of n in the
krw(Sw) relationship is not considered an appropriate choice to improve the agree-
ment between simulation and measurement.
Moreover, the residual wetting phase saturation Swr was varied in the constitu-
tive relationships. The influence on the outflow from the variation of Swr in the
krn(Sn) relationship is distinctly exceeded by the sensitivity of the outflow w.r.t. to
the Swr variation in the krw(Sw) relationship (see Fig. A.8, left). Obviously, the in-
fluence becomes more pronounced with increasing time and thus decreasing water
saturations in the domain. At the beginning of the numerical experiment the out-
flow behaviour is affected, because with augmenting Swr the relative permeability
of the water phase at high water saturations is decreased compared to the reference
case. Thus, the sensitivity is negative. Apart from the global trend a local trend
shows an increase of sensitivity for the direct response to a new pressure decrease
at the lower boundary followed by a decrease in the sensitivity towards the end of
the steps. Despite the impact on the flow behaviour, no influence can be observed
in the ranges of interest.
The most pronounced effect on the outflow behaviour originates from the variation
of Swr in the Pc(Sw) relationship (see Fig. A.8, left). This variable has produced the
sensitivity pattern of a quantity that mainly has an influence on the quantitative
behaviour of the outflow. It shows a global trend of increasingly negative sensitivity.
Additionally, it shows a local trend of decreasing sensitivity as the direct response to
the pressure decrease occurs to then increase again towards the end of the pressure
steps.
Finally, the parameter ι (compare Eqns. (2.20) and (2.21)) in the krα(Sα) relationships
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Figure A.8: Sensitivity of the cumulative outflow w.r.t. Swr (left) and the exponent ι in the
krα(Sα) relationships (right)

is altered. As a default value, ι = 0.5 is set, because it proved to be appropriate for
a large number of soils. Nevertheless, an exponent unequal to 0.5 is possible, thus
also this parameter is varied by plus one percent. The influence on the respective
krα(Sα) relationship is depicted in Fig. A.6, right, where ι is ι = 0.9 for illustration
purposes. Even for this high variation hardly any influence can be observed on the
krw(Sw) relationship, though krw(Sw) is decreased for a given saturation larger than
Swr. The influence on the krn(Sn) relationship is more pronounced. There, at a given
saturation of the non-wetting phase larger than (1.0−Swr) the relative permeability
of the phase is decreased compared to the reference case.
As the mobilities of the phases are altered, the sensitivities are large at the responses
to the pressure decreases and diminish thereafter within one pressure step. This
holds true for both phases, although on different orders of magnitude. The sensi-
tivity of the cumulative outflow w.r.t. the exponent ι in the krw(Sw) relationship is
by several orders of magnitude larger than the one w.r.t. the variation in krn(Sn). A
sensitivity w.r.t. the ranges of the experiment of interest here is not observable.
In summary, the following aspects deserve attention:

• As the cumulative outflow shows a distinct sensitivity w.r.t. many of the pa-
rameters towards the end of the experiment, this part of the experiment is
reproduced best (compare Fig. A.2).

• The parameters in the balance equations may be classified into quantitative
and qualitative parameters w.r.t. a multi-step outflow simulation. While the
qualitative parameters influence the flow behaviour and thus show a distinct
influence on the outflow at the direct response to a pressure decrease, the
quantitative parameters determine the quasi-static distribution of the fluids at
the end of a pressure step. Towards the end of the experiment, when the mo-
bility of the water phase is small and a quasi-static distribution is not attained
at the end of a step, the qualitative parameters gain importance also for the
later parts of each pressure step. The intrinsic permeability, and the param-
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eters entering into the krα(Sα) relationships are here classified as qualitative
parameters. The porosity as well as the parameters of the Pc(Sw) relationship
are classified as quantitative parameters.

• For the reproduction of the outflow behaviour observed in step 2 to 4 in the
measurement an alteration of a qualitative parameter seems to be necessary.
If however, one of those is altered, also the direct response to the pressure de-
crease is influenced. If, for example, the permeability is decreased noticeably,
the outflow is flatter also at the beginning of pressure step 2 to 4, which is not
desirable.

Consequently, it has not been possible to clearly identify a parameter which might
effect the observed relaxation process in the simulations.

The influence of local-scale heterogeneity

The grey values from the 3D computer tomography scan of a soil column show a
unimodal distribution (the second peak at the largest grey value class is caused by
the tensiometer, see Fig. A.1). Although inclusion of the heterogeneous distribution
of soil parameters did not enhance the agreement between simulation and measure-
ment, another attempt is made to perhaps identify sub-scale heterogeneity patterns
that might induce the observed outflow behaviour.
Local-scale heterogeneity of subsurface systems is often characterised with geosta-
tistical approaches, e.g. variogrammes, which are based on the correlation length,
the variance of the distribution and an anisotropy factor.
These geostatistical approaches also allow to generate spatially correlated random
fields of e.g. the logarithm of intrinsic permeability which possess the properties of
a prescribed variogramme.
The following questions will be tackled on the basis of simulations of multi-step
outflow experiments applying spatially correlated random fields with different
anisotropy ratios:

• Does a spatial correlation of the intrinsic permeability have an influence on the
drainage behaviour?

• If, additionally to the spatially correlated random field of intrinsic permeabil-
ity, a field of Pc(Sw) relationships is obtained, does this influence the drainage
behaviour?

• Is it possible to reproduce with simulations the tailing behaviour of the cu-
mulative outflow observed in laboratory experiments if spatially correlated
random fields of permeability (and Pc(Sw) relationships) are applied? Might
it thus be an option to apply multi-continua approaches (e.g. double contin-
uum approach in analogy to fracture-matrix systems) in order to reproduce
the tailing?
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First, three two-dimensional spatially correlated random fields of the logarithm of
intrinsic permeability were generated for a domain of 0.1 m by 0.1 m following the
approach of DYKAAR & KITANIDIS, 1992 [38]. For the variogramme γ(h) an expo-
nentiell model was chosen, namely

γ(h) = s2(1− exp(−h/a)) , (A.1)

where h defines the distance between two locations, s2 the variance and a the
correlation length. The correlation length may be defined direction-dependent in
horizontal (ah) and in vertical (av) direction. The back-transformation of the lnK,
which follow a lognormal distribution necessitates to cut-off very large values be-
cause otherwise undesirably high permeability values might evolve. For the back-
transformation the following equation was applied

K =
exp(lnK) ·(Kmax−Kmin)

1+ exp(lnK)
, (A.2)

where the maximum intrinsic permeability Kmax needs to be chosen, while the min-
imum can be gained from the distribution or might otherwise be chosen too. For the
homogeneous reference case, effective parameters would need to be identified with
an appropriate upscaling approach. This was not attempted as the main interest is
on the influence on the flow behaviour induced by heterogeneity.
The fields of intrinsic permeability will in the following be denoted ’isotropic’
(ah = av), ’horizontal’ (ah > av) and ’vertical’ (ah < av) (see Fig. A.9). For a = 0.01 m,
ten correlation lengths occur in one direction. For a = 0.03 m only about three cor-
relation lengths can occur in the 0.1 m long and broad domain. Three correlation
lengths might not suffice to prevent boundary effects or effects from the interaction
to gravity. But as a natural soil should be mimicked where the exact distribution of
heterogeneity might be unknown these possible effects are accepted for the moment.
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Figure A.9: Spatially correlated random fields of intrinsic permeability: isotropic (left, ah =
av = 0.015 m), horizontal (middle, ah = 0.03 m, av = 0.01 m) and vertical (right, ah = 0.01 m,
av = 0.03 m). All were generated with a mean of lnK =−26.66 and a variance of s2 = 1.0

Capillary pressure-saturation relationships can be scaled with the distribution of
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lnK values following the LEVERETT approach [74] after

Pscaled
c = Pref

c

√
lnK

lnKref , (A.3)

where the superscript ’ref’ refers to a reference, that is a average quantity. The pa-
rameters for the porous medium follow the ones of the natural soil listed in Tab. A.1.
The initial and boundary conditions adhere to the ones used in the laboratory ex-
periment (see Tab. A.2 and Fig. A.2, left)
In a first step, only a heterogenous distribution of intrinsic permeability was applied
in the simulation mimicking a multi-step outflow experiment. The resulting three
outflow curves do not differ and thus not show a discernable influence from the
different anisotropies in the correlation lengths (see Fig. A.10, left). Consequently,
further random fields with varying distributions of K were not tested as no addi-
tional information was expected.
In a second step, heterogeneous distributions of Pc(Sw) relationships were generated
following the LEVERETT approach. The simulation was then carried out with the
heterogeneous K and Pc(Sw) fields. The resulting outflow curves of the the isotropic
and vertical case differ only slightly (see Fig. A.10, right). The cumulative outflow
of the horizontal case is slightly retarded from on the third step. Also, the system
has not attained equilibrium at the end of a step from on the fifth pressure step. The
reason for this behaviour might be found in the spatial distribution (see Fig. A.9,
middle). In the upper part of the domain a large area of high intrinsic permeabil-
ity can be detected. As gravity is included in the simulation, the upper part of the
domain is drained earlier than the lower part in case a single Pc(Sw) relationship is
applied. Here, additionally the large K values effect a smaller capillary pressure at
a given saturation compared to the reference Pc(Sw) relationship. Thus, these areas
drained quickly which reduces the effective permeability. Together with the smaller
intrinsic permeabilities in the lower part of the domain the average effective perme-
ability of the domain becomes smaller compared to the other cases. Consequently,
the effect on the outflow curve is caused by the interplay with gravity and the ratio
of correlation length to domain length.
However, none of the outflow curves from the random fields exhibited the typical
outflow behaviour measured in the laboratory, which show a high initial outflow
followed by a slow approach to equilibrium between applied pressure and the satu-
ration distribution. The flattening of the curve for the various pressure steps might
also be attained by a parameter variation as described earlier in this appendix.
In summary, it may be stated that a continuous distribution of heterogeneity does
not result in the desired effect in the cumulative outflow behaviour. The applied
spatially correlated random fields were generated for a unimodal distribution of
lnK. In a second approach a bimodal distribution is tested for its ability to effect the
observed outflow behaviour. This procedure is followed despite the fact that for the
natural soil column a bimodal distribution could not be identified while the column
experiment showed the outflow behaviour of initially high outflow followed by a
slow transition to equilibrium. It is thus assumed here, that in order to effect a tailing
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Figure A.10: Cumulative outflow over time for the random fields, using distribution of K
only (left) and using distribution of K and Pc(Sw) relationships (right)

in the outflow a clear bimodal distribution would be required. However, the plot
of the distribution does not reveal if within a soil there might be a clustering of the
different permeability values which might result in coarse and fine areas within a
sample.
The bimodal distribution can be seen in analogy to fracture-matrix systems which
can be modelled with a double-continuum approach. In order to obtain a bimodal
field first an indicator field i(x) with a mean of zero and given correlation lengths
was generated. From the indicator field a binary field is deduced after

I(x) =

{
0 if i(x)≤ 0
1 if i(x) > 0 .

(A.4)

Subsequently two independent spatially correlated random fields ”coarse“ and

”fine“ were generated following the approach described above for the unimodal
fields. Then the entries of the indicator field were overwritten as

lnK(x) =

{
lnK(x)⊂ coarse if I(x) = 1
lnK(x)⊂ fine if I(x) = 0 .

(A.5)

The parameter of the fields are listed in Tab. A.3, the generated fields of the inter-
mediate steps are plotted in Figs. A.11 to A.13. The resulting fields (see Fig. A.14)
possess a bimodal distribution of the lnK values (see Fig. A.15).
An upscaling procedure to obtain effective parameters for the fields is not attempted
here. In the first step, only the heterogeneous distribution of intrinsic permeability is
applied. The resulting outflow curves do not show a dependence on the anisotropy
of the field (see Fig. A.16, left). Moreover, the expected tailing of the cumulative
outflow curves is also not observed.
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Table A.3: Geostatistical parameters for the generation of the bimodal permeability fields,
with star marked values denote the average and mean that were calculated despite the
bimodal distribution

mean µ variance s2 ah av

permeability field, coarse -24.0 1.0 0.05 m 0.05 m
permeability field, fine -28.0 1.0 0.05 m 0.05 m
indicator field, vertical 0.0 0.5 0.01 m 0.03 m
indicator field, horizontal 0.0 0.5 0.03 m 0.01 m
bimodal permeability field*,

”bimodal vertical“ -25.99 3.81
bimodal permeability field*,

”bimodal horizontal“ -26.0429 4.10

Figure A.11: Indicator random fields: horizontal (left) and vertical (right)

In the second step also the Pc(Sw) relationship was considered as heterogeneous ap-
plying the LEVERETT scaling as given in Eqn. A.3. As the final field did not possess
the information any longer whether it was derived from the fine or the coarse ran-
dom field, the average permeability is based on the average of the bimodal field. As
these values differ (see Tab. A.3), the two bimodal cases cannot be compared quan-
titatively. The simulation of the field ’bimodal horizontal’ showed problems in the
time stepping behaviour. Convergence could only be reached for small time steps
of less than a 10−5 s, the simulation was thus stopped at t ∼ 5 h. The cumulative out-
flow behaviour over time of the ’bimodal horizontal’ case until t ∼ 5 h and the one
from the ’bimodal vertical’ case do not show a pronounced influence on the flow
behaviour from the additional inclusion of the Pc(Sw) field (see Fig. A.16, right). The
attained magnitude after a pressure step differs to the case where only the intrinsic
permeability distribution is considered. However, the expected tailing again is not
observable.
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Figure A.12: Spatially correlated random fields: ”horizontal coarse“ (left) and ”vertical
coarse“ (right)
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Figure A.13: Spatially correlated random fields: ”horizontal fine“ (left) and ”vertical fine“
(right)

SIMUNEK ET AL., 2001 [105] applied a double porosity approach to capture relax-
ation processes. LEWANDOWSKA ET AL., 2004 [75] used homogenisation theory for
a double porosity approach and were able to reproduce relaxation effects, there de-
noted ’tailing’ with the upscaled model. A similar kind of tailing could not be repro-
duced with the here chosen approach and parameter combination. LEWANDOWSKA
ET AL., 2004 defined the ratio of the characteristic dimensionless hydraulic diffu-
sivities (the ratio of dimensionless hydraulic conductivity to the specific water ca-
pacity) of the fine to the coarse material of the double porosity medium. In order
to see a tailing effect, this ratio needs to be of the order of magnitude of ε2. The
scale separation parameter ε is defined as ε = l/L, where l is the length scale of the
heterogeneity and L is the system length. In general, ε needs to be small, in order to
apply the homogenisation approach.
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Here, neither a clear scale separation was attempted nor were the parameters cho-
sen to fulfil the requirements found by LEWANDOWSKA ET AL., 2004. If the cor-
relation length is inserted as the small-scale length l and the domain dimension
for the system length, ε can be computed for the presented bimodal fields. For a
correlation length of a = 0.01 m a scale separation might be assumed to hold for a
domain of 0.1 m length, but not for one of a = 0.03 m. The parameters of the refer-
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Figure A.16: Cumulative outflow for bimodal distributions, for heterogeneity in intrin-
sic permeability only (left) and for in heterogeneity in intrinsic permeability and the
Pc(Sw) relationship (right)

ence Pc(Sw) relationship (from which the specific water capacity might be derived)
follow the ones determined for the natural soil column.
In the following, the above described findings are summarised.

• The inclusion of heterogeneity on the local scale did not result in a relaxation
behaviour as observed in certain outflow steps in a laboratory measurement.
Neither the information gained from computer tomography nor the generated
random fields could clearly effect simulations in the desired direction.

• According to LEWANDOWSKA ET AL., 2004 the ratio of the dimensionless hy-
draulic diffusivities needs to be of a given order to obtain a relaxation process.
Obviously, many assumptions about the porous medium enter into the ho-
mogenisation approach chosen by them that were not fulfilled in the simula-
tions presented here. However, the simulations were based on parameters de-
termined for the soil column. If the relaxation behaviour cannot be reproduced
with the underlying model applying these parameters while accounting for
local-scale heterogeneity, pore-scale processes, not captured by the underlying
model, suggest themselves as a cause for the observed relaxation behaviour.
As a consequence, the physical-mathematical model needs to be analysed with
a view to short-comings.

Review of the model concepts and assumptions

The analysis of the difference between measurement and simulation for each mea-
surement has shown that deviations between measurement and simulation were
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not distributed randomly but showed a local and a global trend. Trends may in-
dicate that the physical-mathematical model is built on assumptions that do not
apply in the considered case. Also, the simulations using local-scale heterogeneities
did not effect the observed outflow behaviour, also suggesting shortcomings in the
physical-mathematical model. Thus, the assumptions underlying DARCY’s law and
the constitutive relationships will be shortly summarised in the following.
The flow velocity in the balance equation for a fluid in a two-phase system for the
local and higher scales is described by the extended DARCY’s law (see Sec. 2.3.2).
The following assumptions need to be made to apply this law.

• Any inertial terms may be neglected as only slow flow velocities occur. Calcu-
lation of the REYNOLDS number given in Eqn. (2.26) for the above described
examples showed that it always remained less than four. The linearity of
DARCY’s law should hold within this range of REYNOLDS numbers. Neglect-
ing inertial terms is justified because laminar flow dominates.

• It is common practice to neglect the coupling effects due to viscous shear
stresses between two fluids. WHITAKER, 1986A, 1986B [127, 128] postulates
that the disregard of these coupling terms is especially justified for water-gas
systems with a high difference in the dynamic viscosities. BENTSEN, 1994 [14]
proved experimentally that neglecting the coupling term only leads to very
small errors. Consequently, disregarding the coupling term is assumed to be
justified.

• Gravity is the only body force and acts only in the vertical direction.

• The viscous shear stresses within one fluid can be described by NEWTON’s
law. The fluids applied in this study, water and gas, both behave as Newtonian
fluids.

• At the boundary between a fluid and the solid matrix a no-slip condition holds.

Whether the last requirement is fulfilled in the flow processes observed in the lab-
oratory, cannot be answered in the frame of this study as simulations on the pore
scale are necessary to assess the influence of slip as opposed to no-slip conditions.
Apart from the last aspect the assumptions to allow an application of DARCY’s are
fulfilled. It should be noted however, that all of these assumptions except the second
one already apply for single phase flow and thus do not account for the additional
problems encountered in two-phase flow. The interaction of the two fluids with
each other and the porous matrix are captured by the constitutive relationships,
namely the capillary pressure-saturation relationship and the relative permeability-
saturation relationships. The conservation equations for the two fluid phases are
coupled through these constitutive relationships. It is common practice to apply
a parametrisation for these relationships and to calculate the relative permeabil-
ities using the Pc(Sw) relationship parameters. Most often, the same parameters
for the krw(Sw) as for the krn(Sn) relationship are used. The parameter variation
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has shown, that it is advisable to treat the parameters of the krα(Sα) relationships
independently. Furthermore, it is assumed for the constitutive relationships, that
they are determined under static or steady-state conditions. Strictly speaking, they
should also only be applied to describe such conditions. Nevertheless, they are com-
monly applied to simulate transient processes. Laboratory and theoretical studies
questioning the uniqueness of the Pc(Sw) relationship under transient conditions are
described in Sec. 3 of this study.
The presence of dynamic effects in the Pc(Sw) relationship and resulting conse-
quences for the simulation of multi-step outflow experiments cannot be precluded.
For a water-DNAPL fluid system O’CARROLL ET AL., 2005 [86] improved the per-
formance of a simulation of a multi-step outflow experiment when they included an
extended Pc(Sw) relationship as opposed to a traditional, unique one.
However, the attempt to simulate the multi-step outflow experiment using the im-
plementation of the extended Pc(Sw) outlined in Sec. 4.3 did not effect the desired
results. Depending on the magnitude of the coefficient τ or the τ(Se) function the
cumulative outflow of the wetting phase shows an overshoot at the initial pressure
step(s). The occurrence of the overshoot seems to be related to the occurrence of
fully water saturated parts in the column. The overshoot also occurred if a quadratic
τ(Se) function was used that diminishes to zero at Sw = 1.0.
In Sec. 6.4 it was shown that oscillations occurred for certain magnitudes of the
dimensionless numbers Dy and DyC and a high viscosity ratio. It is assumed here,
that a similar effect occurs. Due to personal communication with A. Weiss, Stuttgart
it is furthermore assumed that a dampening of the flow process cannot be expected
for all combinations of porous media parameters, values of the coefficient τ and
viscosity ratios. Further investigations on the behaviour of the balance equations
being closed by the extended Pc(Sw) relationship are necessary.
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B Laboratory experiments from
GeoDelft, The Netherlands

GeoDelft, Delft, The Netherlands carried out laboratory experiments to examine
the influence of dynamic effects in the capillary pressure-saturation relationship.
Following the see Eqn. (3.13) required data is the equilibrium Pe

c (Sw) relationship,
at least one dynamic Pd

c (Sw) relationship and pertaining to that the rate of change
of saturation. In the following the approach taken by GeoDelft to determine these
data is described because the results are applied in this thesis. The experiments
are described to some extend in HASSANIZADEH ET AL., 2005 [57] and MANTHEY
ET AL., 2004 [78]. Although GeoDelft performed a full cycle of primary drainage,
main imbibition and main drainage experiments, here the focus is on the primary
drainage Pc(Sw) relationships.

Experimental set-up and measurements

Experimental set-up The experimental set-up consists of three parts from top to
bottom: the upper chamber, the sand sample chamber, and the lower chamber (see
Fig. B.1). The upper chamber consists of an air chamber and the reservoir of the
non-wetting fluid, here Perchlorethylen (PCE). The pressure of the PCE in the upper
reservoir is adjusted via the pressurised air. The upper reservoir can contain 170 ml
of PCE, which is more than five times the pore volume of the sand of 32.3 ml, thus
a complete drainage of the sample could be achieved. The lower chamber acts as a
water (flow-through) reservoir. The water is then collected in the burette, where the
height of the water table can be related to the water saturation in the sand sample.
The sand sample is placed in a cylindrical chamber, which has a height of ∆z = 0.03 m
and an innner diameter of d = 0.06 m. The sample is supported by two membrane
filters, a hydrophobic membrane on the top and a hydrophilic lower membrane.
These membranes prevent the infiltration of one fluid into the reservoir of the other.
Both membranes need to be stabilised by holders possessing a height of ∆z = 0.01 m.
The properties of the membranes and their holders are listed in Tab. 5.3 in Sec. 5.4.1.
On top of the upper filter a weight is placed by means of a rod. Thus the matrix of
the packed sand is stabilised.

Measurements OUONG & BEZUIJEN, 2003 [88] give a detailed description of the
selective pore pressure transducers applied in the experiements. These pressure
transducers are installed at opposing sides at middle-height of the sand column.
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Figure B.1: Schematic representation of the experimental set-up as used by GeoDelft labora-
tories [78]

They measure the phase pressure of the water or the PCE pressure in the sand sam-
ple during the experiments. The hydrophilic pore pressure transducer (indicated by
’PPT W IN’ in Figure B.1) measures the pressure of the water phase Pw within the
sample and the hydrophobic pore pressure transducer (’PPT N IN’ in Figure B.1)
monitors the pressure Pn of the non-wetting phase. For both the measurements the
phase needs to be continuous to be representative. From the difference between
Pn and Pw the capillary pressure within the sand sample can be derived assuming
that the flow processes in the sample are mainly one-dimensional. It is assumed that
both phase pressures are measured for a finite area, thus the capillary pressure is de-
noted local capillary pressure Pc(x). Furthermore, pressure gauges in the lower and
upper reservoir (’PPT W OUT’ and ’PPT N OUT’in Figure B.1) monitor the phase
pressures outside the sand column. All pressure measurements are performed con-
tinuously in each of the experiments.

The volume of water flowing out of the sand sample is derived from two measure-
ments. On the one hand, the water level in the burette indicates the water volume
that has left the sample. On the other hand, the outflowing water volume can be
deduced from the water pressure in the water reservoir (’PPT W IN’). The burette
measurement is mainly applied as reference value to deduce the water volume from
the pressure measurements. In contrast to the pressure measurements, the satura-
tion can only be deduced as an average over the whole sample.
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Properties of the sand sample and the membranes

The experimentally determined values for the intrinsic permeability K and the
porosity φ are listed in Tab. 5.3. In addition the properties of the membranes are
given as they are applied in the simulation of the dynamic experiment described
in Sec. 5.4.1. Porosity values for the membranes and membrane holders are taken
from the manufacturer’s data. Because the membranes are only ∆z = 4.5 ·10−7 m
high, their intrinsic permeability could only be determined together with the mem-
brane holders. The coarse filter supporting the lower membrane and its holder is
neglected because of its high permeability of K > 1.0 ·10−8 m2. For the BROOKS &
COREY parameters of the Pc(Sw) relationships of the membranes reasonable values
are assumed for the numerical simulations (see Sec. 5.4.1).

Initial and boundary conditions

All laboratory experiments were carried out under isothermal conditions at 20°C.
Initially, the sand sample is fully saturated with water to facilitate primary drainage
experiments. Two kinds of primary drainage experiments were carried out. In the
equilibrium experiment the equilibrium Pe

c (Sw) relationship is determined for quasi-
static states, and in the dynamic experiments the dynamic Pd

c (Sw) is measured dur-
ing transient flow processes.

Equilibrium Pe
c (Sw) To determine the equilibrium primary drainage Pc(Sw) the

capillary pressure is increased stepwise by raising the air and thus the PCE pressure
in the upper reservoir. This induces the non-wetting phase to infiltrate into the sand
sample once the entry pressure of the sand is overcome. Before the next increase
of non-wetting phase pressure, an equilibrium criterion needs to be matched, that
is to say the water saturation should not change by more than 0.05 ml/h. The then
measured local phase pressure difference and the average water saturation yield one
data pair for the equilibrium Pe

c (Sw) relationship. This procedure is repeated until
a given maximum non-wetting phase pressure is reached. All data pairs then yield
the equilibrium Pe

c (Sw) relationship (see Figure 5.8).

Dynamic Pd
c (Sw) Furthermore, dynamic primary drainage experiments were per-

formed, where the PCE pressure is increased to a large value in one step. In the pri-
mary drainage experiments presented here the pressure of the non-wetting phase
in the upper reservoir PT

n was increased to 16 kPa, 20 kPa, and 25 kPa within xx sec-
onds. Continuous measurement of the phase pressures and the water saturation
then yields dynamic primary drainage Pd

c (Sw) relationships (see Figure 5.8).
The analysis of the experimental results with a view to determining the material
coefficient τ after HASSANIZADEH & GRAY, 1993 is described in Sec. 5.3.
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C Additional figures related to
Chapter 5
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c (Sw) for the spatially correlated random field



C.II Additional figures for Ch. 5

 0

 0.5

 1

 1.5

 2

 2.5

-0.024 -0.022 -0.02 -0.018 -0.016 -0.014 -0.012 -0.01 -0.008

p
re

ss
u

re
 d

if
fe

re
n

ce
 P

cd
-P

ce
 [

k
P

a
]

saturation rate ∆ Sw / ∆ t [1/s]

Sw = 0.70

Sw = 0.75

Sw = 0.80

Sw = 0.85

Sw = 0.90

 0

 0.5

 1

 1.5

 2

 2.5

-0.024 -0.022 -0.02 -0.018 -0.016 -0.014 -0.012 -0.01 -0.008

p
re

ss
u

re
 d

if
fe

re
n

ce
 P

cd
-P

ce
 [

k
P

a
]

saturation rate ∆ Sw / ∆ t [1/s]

Sw = 0.70

Sw = 0.75

Sw = 0.80

Sw = 0.85

Sw = 0.90

Figure C.2: Plot of ∆Pc(∆Sw/∆t) at various water saturations and linear regressions for case 1
for τ0 (left) and τb (right)
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Figure C.3: Plot of ∆Sw/∆t(∆Pc) at various water saturations and linear regressions for case 2
for τ0 (left) and τb (right)
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Table C.1: Values of τ and b for selected water saturations gained from regression with
Eqn. (5.14) and from regression with Eqn. (3.13), confidence intervalls for the τ values are
plotted in Fig. 5.20

For ∆Pc(∆Sw
∆t ) allowing for error in ∆Pc of +/- 0.25 Pa

Sw b [kPa] error b [+/- %] τb [kPas] τ0 [kPas] τ0− τb [kPas]

0.70 1.56 20.6 24.33 123.72 99.39
0.75 1.49 24.77 32.11 124.51 92.40
0.80 1.34 51.8 27.78 93.93 66.15
0.85 0.99 106.2 39.65 92.73 53.08
0.90 −0.12 1153. 73.89 67.25 −6.64

For ∆Sw
∆t (∆Pc) allowing for error in ∆Sw

∆t of +/- 0.005 1/s

Sw b [kPa] error b [+/- %] τb [kPas] τ0 [kPas] τ0− τb [kPas]

0.70 1.29 43.12 42.41 127.58 85.17
0.75 1.23 45.89 49.56 129.57 80.01
0.80 0.48 368.4 72.72 97.68 24.96
0.85 −0.51 640.7 124.62 96.56 −28.06
0.90 −1.57 185.7 154.72 69.27 −85.45

For ∆Sw
∆t (∆Pc) allowing for error in smoothed ∆Sw

∆t of +/- 0.0005 1/s

Sw b [kPa] error b [+/- %] τb [kPas] τ0 [kPas] τ0− τb [kPas]

0.70 1.28 46.5 45.41 134.76 89.35
0.75 1.05 72.8 59.40 125.64 66.24
0.80 0.96 46.9 57.49 116.20 58.71
0.85 −0.02 8208. 99.58 98.33 −1.25
0.90 −0.43 299.7 87.28 65.41 −21.87
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Figure C.5: Regressions to τ0(Sw)
(from regression to experimental
data with Eqn.(3.13)) using functions
of different order
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Figure C.6: Regressions to τb(Sw)
(from regression to experimental
data with Eqn. (5.14))
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data with the inverse of Eqn.(3.13))
using functions of different order
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Figure C.8: Regressions to τb(Sw)
(from regression to experimental
data with the inverse of Eqn. (5.14))
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ity (left, t = 100 s) and varying permeability plus entry pressure (right, t = 150 s)
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