
Heft 171 Alexandros Papafotiou

Numerical Investigations of the Role of 
Hysteresis in Heterogeneous Two-Phase 
Flow Systems



Numerical Investigations of the Role of Hysteresis in 
Heterogeneous Two-Phase Flow Systems

Von der Fakultät Bau- und Umweltingenieurwissenschaften der
Universität Stuttgart zur Erlangung der Würde eines

Doktor-Ingenieurs (Dr.-Ing.) genehmigte Abhandlung 

Vorgelegt von

Alexandros Papafotiou
aus Heraklion, Griechenland

Hauptberichter: Prof. Dr.-Ing. Rainer Helmig
Mitberichter: Prof. Dr. Hannes Flühler

PD Dr. rer.nat Insa Neuweiler

Tag der mündlichen Prüfung: 25. Februar 2008

Institut für Wasserbau der Universität Stuttgart
2008





Heft 171 Numerical Investigations of the 
Role of Hysteresis in 
Heterogeneous Two-Phase 
Flow Systems

von
Dr.-Ing.
Alexandros Papafotiou

Eigenverlag des Instituts für Wasserbau der Universität Stuttgart



D93 Numerical Investigations of the Role of Hysteresis in Heterogeneous 
Two-Phase Flow Systems

Titelaufnahme der Deutschen Bibliothek

Papafotiou, Alexandros:
Numerical Investigations of the Role of Hysteresis in Heterogeneous Two-Phase 

Flow Systems / von Alexandros Papafotiou. Institut für
Wasserbau, Universität Stuttgart. - Stuttgart: Inst. für Wasserbau, 2008

(Mitteilungen / Institut für Wasserbau, Universität Stuttgart: H. 171)
Zugl.: Stuttgart, Univ., Diss., 2008)
ISBN 3-933761-75-1
NE: Institut für Wasserbau <Stuttgart>: Mitteilungen

Gegen Vervielfältigung und Übersetzung bestehen keine Einwände, es wird lediglich 
um Quellenangabe gebeten.

Herausgegeben 2008 vom Eigenverlag des Instituts für Wasserbau
Druck: Document Center S. Kästl, Ostfildern



Acknowledgement

This dissertation was written during my employment time as a research assistant
at the Department of Hydromechanics and Modeling of Hydrosystems of the In-
stitute of Hydraulic Engineering (IWS) at the Universität Stuttgart in Germany.
A significant part of the work presented here was carried out within the frame-
work of the project ’First-principle-based Modeling of Transport in Unsaturated
Media’ (FIMOTUM), financed by the German Research Foundation (DFG).
Firstly, and most importantly, I would like to thank my supervisor and chief ex-
aminer Prof. Dr.-Ing. Rainer Helmig, Head of the Department of Hydromechan-
ics and Modeling of Hydrosystems in IWS. I would like to express my sincere
and deep gratitude for all the time and energy he devoted to my supervision, the
valuable interactions we had and for teaching me how to work in a structured
and scientific way. His constant support, ideas and inspiration kept me moti-
vated even during the hardest phases of these last three years.
I would also like to thank Prof. Dr. Hannes Flühler, who as a co-supervisor and
my first examiner provided me with valuable feedback both during the course
of my research work, as well as on the final dissertation. His vast research ex-
perience and scientific insight made our discussions a very important learning
experience for me. I am very grateful for the very fruitful collaboration we had
these three years.
Last but surely not least I would like to express my sincere thanks to PD Dr.
rer.nat. Insa Neuweiler, who contributed not only as my second examiner, but
also by very closely supervising my work and providing continuous guidance
and consulting. I sincerely thank her for her support, her ideas and her help.
My acknowledgement is also directed at all the partners within the FIMOTUM
project. A very special thanks to Peter Lehmann, Jonas Tölke, Benjamin Ahren-
holz, Joris Schaap and Andre Peters, who have spent a lot of effort and time on
the experiments, measurements and computations that contributed to this work.
I would also like to thank Yvonne Lins for her enormous effort on the experi-
ments that formed the basis for the model verification in this work.
I would also like to thank my colleagues from IWS for making my time at the



II

institute not only pleasant but also a learning experience. Their cooperative
spirit, friendly attitude and the fact that they would always volunteer to help
are qualities I will remember and take with me as I leave Stuttgart. Naturally,
there are some who earn special thanks. Hartmut Eichel and Sabine Manthey
were ideal colleagues as we worked close for FIMOTUM. Hussam Sheta spent a
lot of hours during my first months at work explaining me aspects of MUFTE-
UG and of the implementation of hysteresis. Mia Süss was my first ’colleague’
when I still worked for her and I believe nothing would have started without her.
A very warm thanks goes of course to Prudence Lawday, our what-would-we-
do-without-you English secretary, who welcomed me with her smile even after
entering her office endless times with a pile of papers asking for help. Melanie
Darcis and Anozie Ebigbo have always been there to help and I owe them a lot.
Also, many thanks to Sandra Hölzemann for helping me with the German gram-
mary ;).
My time in Stuttgart doing a PhD would definitely not be the same without the
friends I had there and I want to thank them for everything (Mitsos, Kike, Costas,
Fiko, Electra, Aco, Irena, Moutas, Alex, Paula..).
Finally, I want to thank my parents, Apostolos and Vasiliki, my brother Giorgos
and his wife Theodosia but also all my family from Crete and Thessaloniki for all
their love and their constant support all these years I have been away.

”Ω ΠAOKαρα ειχα δεντρα στα Zωνιανα..”

Θυρα 4.



Contents

Notation XI

Abstract XV

Zusammenfassung XVII

1 Introduction 1
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Spatial scales in porous media . . . . . . . . . . . . . . . . . . . . . . 7

1.2.1 Definition of spatial scales . . . . . . . . . . . . . . . . . . . . 7
1.2.2 Continuum consideration for porous media on the pore scale 12

1.3 Objective and structure of the thesis . . . . . . . . . . . . . . . . . . 13

2 Physical and mathematical model concept 16
2.1 Basic definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.2 Phase properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.3 Capillary pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.3.1 Capillary pressure on the pore scale . . . . . . . . . . . . . . 19
2.3.2 Capillary pressure on the local scale . . . . . . . . . . . . . . 23

2.4 The influence of heterogeneities . . . . . . . . . . . . . . . . . . . . . 27
2.5 The Darcy law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.6 Mathematical description of two-phase flow in porous media . . . 31

3 Capillary hysteresis 33
3.1 Hysteresis on the pore scale . . . . . . . . . . . . . . . . . . . . . . . 34
3.2 Hysteresis on the local scale . . . . . . . . . . . . . . . . . . . . . . . 37

3.2.1 The play-type pc-Sw hysteresis . . . . . . . . . . . . . . . . . 39
3.2.2 pc-Sw hysteresis from PARKER AND LENHARD . . . . . . . . 41



IV Contents

4 Numerical model 46
4.1 Spatial and temporal discretization . . . . . . . . . . . . . . . . . . . 46
4.2 The Interface Condition . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.3 Numerical implementation of hysteresis . . . . . . . . . . . . . . . . 53

4.3.1 Implementation in the PPS approach . . . . . . . . . . . . . 53
4.3.2 Combination of hysteresis with the PPSIC approach . . . . . 55

5 Model verification 58
5.1 Description of the 1-D experiment . . . . . . . . . . . . . . . . . . . 58
5.2 Numerical simulation . . . . . . . . . . . . . . . . . . . . . . . . . . 60
5.3 Comparison of measurements to simulation results using pc-Sw

measured in the transient state experiment . . . . . . . . . . . . . . 63
5.3.1 Simulation with hysteresis not included . . . . . . . . . . . . 64
5.3.2 Simulation with play-type hysteresis included . . . . . . . . 66
5.3.3 Simulation including hysteresis from PARKER AND LENHARD 69

5.4 Hysteresis from a simple multistep experiment . . . . . . . . . . . . 72
5.5 Synopsis and remarks . . . . . . . . . . . . . . . . . . . . . . . . . . 76

6 From the pore scale to the local scale: numerical simulations of
drainage and imbibition in 3-D heterogeneous porous media 78
6.1 Description of experiment . . . . . . . . . . . . . . . . . . . . . . . . 80
6.2 Hydraulic properties determined on the local scale . . . . . . . . . . 84
6.3 Hydraulic properties determined on the pore scale . . . . . . . . . . 87
6.4 Comparison of hydraulic properties (local scale-pore scale) . . . . . 89

6.4.1 Capillary pressure-saturation . . . . . . . . . . . . . . . . . . 90
6.4.2 Permeability . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

6.5 Numerical simulation . . . . . . . . . . . . . . . . . . . . . . . . . . 93
6.5.1 Simulation setup . . . . . . . . . . . . . . . . . . . . . . . . . 94
6.5.2 Influence of hydraulic properties . . . . . . . . . . . . . . . . 96

6.6 Comparison of simulation results to the experiment . . . . . . . . . 100
6.6.1 Simulation A: hydraulic properties determined on the local

scale . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
6.6.2 Simulation B: hydraulic properties determined on the pore

scale . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
6.6.3 Simulation C: fitted permeability . . . . . . . . . . . . . . . . 106

6.7 Synopsis and remarks . . . . . . . . . . . . . . . . . . . . . . . . . . 109

7 Synopsis, conclusions and outlook 113

A . Comparison of simulation results to the 1-D transient experiment 121



List of Figures

1 Infiltration and spreading of two hydrophobic substances in a
porous medium after MACKAY AND CHERRY (1989) [67]. Non-
Aqueous Phase Liquids are distinguished between those lighter
than water (LNAPL’s) and those heavier than water (DNAPL’s). . 2

2 Hysteresis in the capillary pressure-saturation relationship. . . . . 3
3 Consideration of water as a continuum. . . . . . . . . . . . . . . . . 7
4 Definition of density as a continuum property and transition from

the molecular to the continuum consideration. . . . . . . . . . . . . 8
5 Typical spatial scales involved in groundwater flow. . . . . . . . . 9
6 Porosity and definition of the REV after BEAR (1972) [9]. . . . . . . 11
7 Transition from the pore scale to the local and the field scale. . . . 12

8 Consideration of fluid distribution on the pore scale and on the
local scale. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

9 Interfacial forces. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
10 Surface tensions exerted by the three interfaces. The contact angle

ω adjusts itself such that the three tensions balance each other. . . . 21
11 Capillary rise hc in a cylindrical capillary tube with radius r. . . . . 22
12 Distribution of water (wetting phase) and air (non-wetting phase)

on the pore scale. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
13 Capillary pressure-saturation relationship for a simple bundle of

capillary tubes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
14 Different saturations of water (wetting phase) and air (non-wetting

phase) on the local scale correspond to different capillary pres-
sures. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

15 Capillary pressure-saturation from BROOKS AND COREY (1964)
[13] and from VAN GENUCHTEN (1980) [99]. . . . . . . . . . . . . . 26

16 Phase behavior at the boundary between a coarse and a fine sand. 27
17 Derivation of different saturations across the boundary between a

coarse and a fine sand based on the pc-Sw curves. . . . . . . . . . . 28



VI List of Figures

18 Relative permeability-saturation from MUALEM/VAN

GENUCHTEN. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

19 Contact angle for drainage and imbibition. . . . . . . . . . . . . . . 35
20 The inkbottle effect. . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
21 The snap-off effect. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
22 The by-passing effect. . . . . . . . . . . . . . . . . . . . . . . . . . . 36
23 Hysteresis in the capillary pressure-saturation relationship. . . . . 38
24 Play-type hysteresis in the VAN GENUCHTEN (left) and the

BROOKS AND COREY (right) parameterization. . . . . . . . . . . . . 40
25 Phase entrapment in the pc-S̄w curve. . . . . . . . . . . . . . . . . . 42
26 Hysteresis in the pc- ¯̄Sw curve. . . . . . . . . . . . . . . . . . . . . . . 43
27 An example for the formation of a scanning curve using the scaling

hysteresis concept from PARKER AND LENHARD. . . . . . . . . . . 45

28 Finite elements and the resulting sub-control volume. . . . . . . . . 47
29 Finite elements and the resulting sub-control volume (from

JAKOBS (2004) [48]). . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
30 Node-centered FV method using Full Upwinding [HELMIG (1997)

[41]]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
31 Grid consideration in the classical BOX approach and the Interface

Condition approach from JAKOBS (2004) [48]. . . . . . . . . . . . . 52
32 pc-Sw hysteresis in the PPS and the PPSIC approach. . . . . . . . . 56

33 Setup of 1-D transient experiment. . . . . . . . . . . . . . . . . . . . 59
34 Pictures of the tensiometer (left) and the TDR (right) sensors from

LINS ET AL. (2007) [66]. . . . . . . . . . . . . . . . . . . . . . . . . . . 59
35 Domain and boundary conditions in the numerical simulation.

Water outflow and inflow depends only on the Neumann bound-
ary at the bottom. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

36 Point 2: saturation (left) and water pressure (right), comparison
measurement and simulation with hysteresis not included. . . . . . 64

37 Point 3: saturation (left) and water pressure (right), comparison
measurement and simulation with hysteresis not included. . . . . . 64

38 Point 4: saturation (left) and water pressure (right), comparison
measurement and simulation with hysteresis not included. . . . . . 65

39 Capillary pressure-saturation at point 2 and point 4: comparison
measurement and simulation with hysteresis not included. . . . . . 65

40 Point 2: saturation (left) and water pressure (right), comparison
measurement and simulation with play-type hysteresis included. . 67



List of Figures VII

41 Point 3: saturation (left) and water pressure (right), comparison
measurement and simulation with play-type hysteresis included. . 67

42 Point 4: saturation (left) and water pressure (right), comparison
measurement and simulation with play-type hysteresis included. . 68

43 Capillary pressure-saturation at point 2 and point 4: comparison
measurement and simulation with play-type hysteresis included. . 68

44 Point 2: saturation (left) and water pressure (right), comparison
measurement and simulation including hysteresis from PARKER

AND LENHARD. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
45 Point 3: saturation (left) and water pressure (right), comparison

measurement and simulation including hysteresis from PARKER

AND LENHARD. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
46 Point 4: saturation (left) and water pressure (right), comparison

measurement and simulation including hysteresis from PARKER

AND LENHARD. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
47 Capillary pressure-saturation at point 2 and point 4: comparison

measurement and simulation including hysteresis from PARKER

AND LENHARD. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
48 Schematical setup of a pressure/suction cell. . . . . . . . . . . . . . 73
49 Pressure-saturation measurements for drainage and imbibition in

the multistep experiments from LINS ET AL. (2007) [66]. The VAN

GENUCHTEN fit is also illustrated. . . . . . . . . . . . . . . . . . . . 73
50 Point 2: saturation (left) and water pressure (right), comparison

measurement and simulation using the pc-Sw measured with the
multistep experiments. . . . . . . . . . . . . . . . . . . . . . . . . . . 74

51 Point 3: saturation (left) and water pressure (right), comparison
measurement and simulation using the pc-Sw measured with the
multistep experiments. . . . . . . . . . . . . . . . . . . . . . . . . . . 75

52 Point 4: saturation (left) and water pressure (right), comparison
measurement and simulation using the pc-Sw measured with the
multistep experiments. . . . . . . . . . . . . . . . . . . . . . . . . . . 75

53 Capillary pressure-saturation at point 2 and point 4: comparison
measurement and simulation using the pc-Sw measured with the
multistep experiments. . . . . . . . . . . . . . . . . . . . . . . . . . . 76

54 Strategy for comparing predictions made in two-phase flow in het-
erogeneous media with local-scale and pore-scale hydraulic prop-
erties. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

55 Arrangement of the coarse sand blocks in the column (from
SCHAAP (2005) [87]). . . . . . . . . . . . . . . . . . . . . . . . . . . . 81



VIII List of Figures

56 Tomography images of the first (left) and second (right) drainage
step (from SCHAAP (2005) [87]). Dark colors relate to higher water
saturations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

57 Measured saturations for 1st and 2nd step (drainage). . . . . . . . 83
58 Measured saturations for 4th and 5th step (imbibition). . . . . . . . 83
59 Schematical setup of the multistep outflow/inflow experiments

[from AHRENHOLZ ET AL. (2007) [3]]. . . . . . . . . . . . . . . . . . 84
60 Measured and fitted cumulative outflow and pressure head data of

the multistep outflow experiment for the coarse and the fine sand
from AHRENHOLZ ET AL. (2007) [3]. The lower boundary condi-
tion (l.b.) is also indicated. . . . . . . . . . . . . . . . . . . . . . . . . 85

61 Cross-sections from the coarse and the fine sand 0.44 [cm3] cubes. 87
62 pc-Sw calculated with LB for the coarse and fine sand. The fit made

with the VAN GENUCHTEN model is provided in the right image. . 88
63 Coarse sand (left) and fine sand (right) hysteretic pc-Sw relation-

ships determined on the local scale and on the pore scale. . . . . . 90
64 Grid considerations (in 2-D projections) for simulating the hetero-

geneous experiment with the classical BOX approach (left) and us-
ing the interface condition (right). . . . . . . . . . . . . . . . . . . . 94

65 Heterogeneous structure and boundary conditions. Black color
represents the fine sand and white color the coarse sand. . . . . . . 95

66 Influence of absolute permeability on the water outflow and inflow
during drainage and imbibition in the heterogeneous column. . . . 98

67 Influence of VAN GENUCHTEN drainage α and n on the water out-
flow and inflow during drainage and imbibition in the heteroge-
neous column. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

68 Influence of VAN GENUCHTEN imbibition α and n on the water
outflow and inflow during drainage and imbibition in the hetero-
geneous column. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

69 Simulation A: simulated outflow and inflow for the entire simula-
tion and outflow rate for the 1st and 2nd step (drainage). . . . . . . 102

70 Simulation A: measured and simulated saturation profiles for 1st
and 2nd step (drainage). . . . . . . . . . . . . . . . . . . . . . . . . . 102

71 Simulation A: measured and simulated saturation profiles for 4th
and 5th step (imbibition). . . . . . . . . . . . . . . . . . . . . . . . . 102

72 Evolution of the fine sand pc-Sw relationship, as observed on a
node near the bottom boundary of the model domain. . . . . . . . 104

73 Simulation B: simulated outflow and inflow for the entire simula-
tion and outflow rate for the 1st and 2nd step (drainage). . . . . . . 105



List of Figures IX

74 Simulation B: measured and simulated saturation profiles for 1st
and 2nd step (drainage). . . . . . . . . . . . . . . . . . . . . . . . . . 105

75 Simulation B: measured and simulated saturation profiles for 4th
and 5th step (imbibition). . . . . . . . . . . . . . . . . . . . . . . . . 105

76 Simulation C: simulated outflow and inflow for the entire simula-
tion and outflow rate for the 1st and 2nd step (drainage). . . . . . . 107

77 Simulation C: measured and simulated saturation profiles for 1st
and 2nd step (drainage). . . . . . . . . . . . . . . . . . . . . . . . . . 107

78 Simulation C: measured and simulated saturation profiles for 4th
and 5th step (imbibition). . . . . . . . . . . . . . . . . . . . . . . . . 107

79 Simulation C: comparison of predicted (left) and measured (right)
saturation distribution after the second drainage at layer 7. The
simulation with the fitted permeabilities produces variations of the
captured saturations at the time of tomography. . . . . . . . . . . . 110

80 Simulation C: comparison of predicted (left) and measured (right)
saturation distribution after the second drainage at layer 6. The
simulation with the fitted permeabilities produces variations of the
captured saturations at the time of tomography. . . . . . . . . . . . 110

81 Simulated outflow and outflow rate for the 1st and 2nd step
(drainage), including low-permeable material interfaces. . . . . . . 111

82 Saturation and pressure at point 1: comparison measurement and
simulation with hysteresis not included. . . . . . . . . . . . . . . . . 122

83 Saturation and pressure at point 1: comparison measurement and
simulation with play-type hysteresis included. . . . . . . . . . . . . 122

84 Saturation and pressure at point 1: comparison measurement and
simulation including hysteresis from PARKER AND LENHARD. . . 122



List of Tables

2 Outflow and inflow rates used to induce drainage and imbibition. 60
3 Phase properties. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
4 Hydraulic properties for drainage and imbibition. . . . . . . . . . . 63
5 Hydraulic properties measured with the multistep experiment for

drainage and imbibition. . . . . . . . . . . . . . . . . . . . . . . . . 74

6 Drainage, imbibition and tomography times and measured out-
flow or inflow during the tomographies. . . . . . . . . . . . . . . . . 81

7 Hydraulic properties determined for the coarse sand (cs) on the
local scale with the multistep outflow/inflow experiments. . . . . 86

8 Hydraulic properties determined for the fine sand (fs) on the local
scale with the multistep outflow/inflow experiments. . . . . . . . 86

9 Hydraulic properties determined for the coarse sand (cs) on the
pore scale with image analysis and lattice Boltzmann numerical
simulations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

10 Hydraulic properties determined for the fine sand (fs) on the pore
scale with image analysis and lattice Boltzmann numerical simula-
tions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

11 Physical properties of heavy water and air. . . . . . . . . . . . . . . 96
12 Variation of hydraulic properties given for the fine sand (fs) and

the coarse sand (cs) for demonstrating numerical simulations. . . . 97



Notation

The following table shows the significant symbols used in this work. Local nota-
tions are explained in the text.

Symbol Definition Dimension

Greek Letters:

α VAN GENUCHTEN parameter [1/Pa]
β slope parameter for linear scanning curves [ - ]
γFUBij transmissivity integral [ - ]
Γ boundary between two sub-domains [ - ]
Γα,D part of a domain comprising Dirichlet boundary

conditions
[ - ]

Γα,N part of a domain comprising Neumann bound-
ary conditions

[ - ]

ΓBi integration path along the boundary of box Bi [ - ]
δαw Kronecker-delta (with α ∈ {w, n}) [ - ]
∆t time step [s]
∆start starting time step [s]
∆max maximum time step [s]
∆min minimum time step [s]
∆x element width [m]
ε measurement error [m]
ηi set of all neighboring nodes of node i [ - ]
θ wetting fluid content [ - ]
λ BROOKS AND COREY parameter [ - ]
λα mobility of phase α [(m s)/kg]
λFUBαij upwind mobility [(m s)/kg]
µα dynamic fluid viscosity of phase α [kg/(m s)]



XII Notation

%α fluid density of phase α [kg/m3]
σ interfacial tension [N/m]
σ Euclidean norm of interfacial tension [N/m]
τ tortuosity [ - ]
φ porosity [ - ]
Φα volume fraction of phase α [ - ]
ψαi total potential of phase α at node i [ - ]
ω contact angle [ ◦ ]
Ω objective function [ - ]

Latin Letters:

Bi control volume or box for node νi [ - ]
|Bi| area of 2-D control volume [m2]
|Bi| volume of 3-D control volume [m3]
b parameter vector [ - ]
bki sub-control volume for node νi and element ek [ - ]
∂Bi boundary of box Bi [ - ]
cs coarse sand [ - ]
E set of elements in finite element mesh [ - ]
Ei set of elements connected to node νi [ - ]
ek element of the finite element mesh [ - ]
f function [ - ]
fs fine sand [ - ]
g vector of gravitational acceleration (0, 0,−g)T [m/s2]
g (scalar) gravitational acceleration [m/s2]
G solution domain [ - ]
∂G boundary of solution domain [ - ]
h piezometric head [m]
hc capillary rise [m]
Ih index for hysteresis [-]
kr α relative permeability for phase α [ - ]
K tensor of absolute permeability [m2]
K hydraulic conductivity function [m/s]
L hysteresis loop index [-]
LB lattice-Boltzmann [-]
m VAN GENUCHTEN parameter [ - ]
mαi flow of phase α over the Neumann boundary

∂Bi ∩ Γα,N

[kg / (m2 s)]



Notation XIII

n VAN GENUCHTEN parameter [ - ]
n outer normal vector of ∂G [ - ]
Ni basis functions for node i [ - ]
pc capillary pressure [Pa]
pic,min minimal capillary pressure for node νi [Pa]
pic,1 starting reversal capillary pressure at node νi [Pa]
pic,2 ending reversal capillary pressure at node νi [Pa]
pe entry pressure [Pa]
pd displacement pressure [Pa]
pn pressure of the non-wetting phase [Pa]
pw pressure of the wetting phase [Pa]
PPS phase pressure saturation [ - ]
PPSIC phase pressure saturation interface condition [ - ]
qα source or sink of phase α in the domain [m3/(m3 s)]
r radius [m]
Sα saturation of phase α [ - ]
Si,kα virtual saturation of phase α at node νi relating

to element ek
[ - ]

Siα,1 starting reversal saturation of phase α at node νi [ - ]
Siα,2 ending reversal saturation of phase α at node νi [ - ]
Si,kα,1 starting reversal virtual saturation of phase α at

node νi
[ - ]

Si,kα,2 ending reversal virtual saturation of phase α at
node νi

[ - ]

Sαr residual saturation of phase α [ - ]
S̄α effective saturation [ - ]
¯̄Sα apparent saturation [ - ]
Snt trapped non-wetting phase saturation [ - ]
Sswitchw saturation at switches between drainage and im-

bibition
[ - ]

t time [s]
T tensiometer [ - ]
TDR time domain reflectometry sensor [ - ]
u unknown variable [ - ]
uα Darcy velocity of phase α [m/s]
vα average velocity of phase α [m/s]
vi node of the finite element mesh [ - ]
V control volume [m3]
w weighting factor [ - ]
Wi weighting function for node i [ - ]
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xk barycenter of the element ek [ - ]
z elevation head [m]
zi geodetic height of node i [m]

Subscripts:

α phase
n non-wetting phase
p pressure
play value on play-type scanning curve
Q outflow/inflow
w wetting phase

Superscripts:

di switching drainage to imbibition
dr drainage
id switching imbibition to drainage
im imbibition
int value at interface
MDC main drainage curve
MIC main imbibition curve
n time step
p value projected on the main drainage/imbibition curve
up (fully) upwind weighting method



Abstract

Various groundwater applications often involve the flow of two immiscible flu-
ids in heterogeneous porous media. In problems that involve the assessment of
travel times of hazardous substances in the unsaturated zone or monitoring and
predicting the fate of groundwater contaminations, efficient tools and approaches
need to be developed to achieve accurate predictions of two-phase flow behavior
in heterogeneous porous media. However, this is not an easy task, as hetero-
geneities -observed on different spatial scales- have a strong influence on the dis-
tribution of the fluid phases and therefore form a significant source of uncertainty.
Moreover, the prediction of two-phase flow in heterogeneous porous media be-
comes complicated through alternating drainage and imbibition conditions tak-
ing place in the complex heterogeneous pore structure that lead to hysteresis ef-
fects in the capillary pressure-saturation relationship. Numerical simulations are
widely used to predict hysteretic two-phase flow in heterogeneous porous media
in lab or field applications. This approach, however, demands good knowledge
on the hydraulic properties of the materials that form the heterogeneous struc-
tures involved in the application. Traditionally, the hydraulic properties and the
hysteretic behavior of porous media are empirically determined on the local scale
with lab experiments conducted on material samples. On the other hand, alterna-
tive methods suggest the direct determination of hydraulic properties, including
hysteretic capillary pressure-saturation relationships, from a pore-scale consider-
ation. This is done using available information on the pore structure of a material.
Nevertheless, it remains unclear how accurate predictions can be in problems of
hysteretic two-phase flow in porous media, even when advanced state-of-the-art
methods are used.
The first part of this thesis deals with the implementation of two hysteresis con-
cepts in a numerical model for the simulation of two-phase flow in heterogeneous
porous media. Special attention is given on the combination of the hysteresis con-
cepts with a capillary interface condition for the treatment of material interfaces
and the approximation of saturation discontinuities due to heterogeneities. This
provides an efficient and consistent approach for the prediction of hysteretic two-
phase flow in heterogeneous porous media.
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In the second part, predictions made with the numerical implementations of the
hysteresis concepts are compared to measurements from a 1-D monitored tran-
sient experiment, that involves successive alternating drainage and imbibition
conditions. Conclusions related to the importance of hysteresis and the possibil-
ities of the applied hysteresis concepts are drawn. Furthermore, the comparative
study presents remarks on the beneficial combination of different approaches –
from the modeling and the experimental viewpoint– that lead to reliable predic-
tions on hysteretic two-phase flow.
The third part focuses on the comparison of predictions of two-phase drainage
and imbibition in heterogeneous porous media to an experimentally measured
hysteretic flow process, using hydraulic properties determined on the one hand
on the local scale and on the other hand on the pore scale. In this case, numerical
simulations of drainage and imbibition are compared to measurements made in
a 3-D heterogeneous structure. The hydraulic properties that are used as input
for the numerical simulations are determined with two approaches:

• On the local scale with multistep outflow/inflow experiments.

• On the pore scale with advanced image analysis and pore-scale flow simu-
lations.

The comparative study in this case reveals the possibilities for predictions of hys-
teretic two-phase flow made with the different approaches for the determination
of the hydraulic properties (local-scale and pore-scale approach), indicates sen-
sitivities in the hydraulic properties determined on different scales, reveals the
significant influence of material interfaces in heterogeneous structures and finally
establishes the apparent temporal- and spatial-scale dependency of non-wetting
phase trapping effects during imbibition processes. Conclusions related to the
observed hysteresis are drawn considering the assumptions and the conceptual
differences involved in the different approaches. Finally the comparison between
simulations and experiment triggers a discussion on the potentials of our mod-
eling approaches in the case of heterogeneous structures, shows how one needs
to approach applications of hysteretic two-phase flow in heterogeneous porous
media and what aspects must be taken into account when dealing with different
scales.



Zusammenfassung

Grundwasser ist weltweit die wichtigste Quelle für Trinkwasser sowie für
Wasser für die Landwirtschaft und die Industrie. Gleichzeitig hat Grund-
wasser eine besondere Funktion im Wasserkreislauf, die es lebenswichtig
für verschiedene Natur- und Hydrosysteme macht. Allerdings sind Grund-
wassersysteme äußerst empfindlich und werden wesentlich von menschlichen
Aktivitäten beeinflusst. Vor allem seit der industriellen Revolution verursachen
die nicht fachgerechte Entsorgung von zahlreichen schädlichen synthetischen
Chemikalien aus der Industrie und der übermäßige Gebrauch von Pestiziden im
Ackerbau langanhaltende Kontaminationen im Grundwasser. Diese stellen er-
hebliche Gesundheitsgefährdungen dar. Infolgedessen reagierten in den letzten
Jahren die Öffentlichkeit und die Wirtschaft besorgt über die Konsequenzen der
Grundwasserkontaminationen.
Folglich richten sich Forschungsaktivitäten auf die Entwicklung von effizienten
Strategien zur Beobachtung und Sanierung von Grundwasserkontaminationen.
Solche Fragestellungen behandeln oft Strömungen von zwei nicht-mischbaren
Fluiden in heterogenen porösen Medien. Ziel dabei ist es, die Schadstoffe
langfristig unterhalb bestimmter gesundheitsgefährdender Grenzen zu halten.
Dies erfordert effiziente Ansätze und Werkzeuge, die präzise Prognosen der
Zweiphasenströmungen in heterogenen porösen Medien liefern können. Dies
ist keine leichte Aufgabe. Heterogenitäten üben einen starken Einfluss auf die
Phasenverbreitung im Untergrund aus und stellen daher einen maßgeblichen
Unsicherheitsfaktor dar. Außerdem wird die Beschreibung der Zweiphasen-
strömung in heterogenen porösen Medien dadurch besonders kompliziert, dass
die abwechselnde Drainage- und Imbibitionsbedingungen zu Hysterese-Effekten
in der Kapillardruck-Sättigungsbeziehung unterworfen sind.
Numerische Simulationen werden zunehmend in Labor- oder Feldanwendun-
gen eingesetzt, um Zweiphasenströmungen in heterogenen porösen Medien
unter Berücksichtigung von Hysterese-Effekten zu prognostizieren. Solche
Ansätze erfordern jedoch gute Kenntnisse der hydraulischen Eigenschaften der
Materialien, die in den betrachteten heterogenen Strukturen zu finden sind.
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Es bleibt allerdings unklar, wie genau Prognosen sein können, auch wenn
hochentwickelte und präzise Methoden zur Bestimmung der hydraulischen
Eigenschaften eingesetzt werden.
Bei der traditionellen Betrachtungsweise werden hydraulische Eigenschaften
auf der lokalen Skala durch Labormessungen bestimmt. Die grundlegende
Annahme ist, dass ein Material sich genauso in einer Anwendung verhält wie
in einer abgetrennten Probe, die zur Messung der hydraulischen Eigenschaften
verwendet wird. Die am häufigsten gebrauchte Methode sind die Multistep-
Outflow/Inflow-Experimente [LORENTZ ET AL. (1992) [86]; PRIESACK UND

DURNER (2006) [80]]. Bei einer alternativen Betrachtungsweise erfolgt die Bes-
timmung der hydraulischen Eigenschaften auf der Porenskala mit Informationen
über die Kornverteilung und die Porenstruktur der Materialien. Auf diesem
Konzept basieren verschiedene Methoden. Beim fortgeschrittensten Ansatz
werden die genauen Geometrien von Proben mit bildgebenden Verfahren
ermittelt und Lattice-Boltzmann-Methoden angewendet, um die Strömung im
Porenraum zu simulieren und damit die hydraulischen Eigenschaften, z. B.
Kapillardruck-Sättigungsbeziehungen einschließlich Hysterese, zu berechnen
[TÖLKE ET AL. (2002) [96]; VOGEL ET AL. (2005) [102]; AHRENHOLZ ET AL.
(2007) [3]].
Mittlerweile wurden experimentelle Untersuchungen von Zweiphasen-
strömungen in porösen Medien mit künstlich erzeugten Heterogenitäten
durchgeführt. Es wurden einige Labormethoden zur präzisen Beobachtung der
Strömung und Phasenausbreitung bei Drainage- und Imbibitionsverhältnissen
in 3-D entwickelt [CULLIGAN ET AL. (2004) [22]; MASSCHAELE ET AL. (2004)
[68]; SCHAAP ET AL. (2007) [88]]. Diese Methoden ermöglichen die Validierung
der durch numerische Simulationen gemachten Prognosen und den Vergleich
mit experimentellen Messungen.

Zielsetzung der Arbeit

Um zusammenzufassen: es gibt fortgeschrittene Methoden zur Abbildung
von dreidimensionalen Phasenverteilungen in heterogenen porösen Medien,
numerische Ansätze zur Simulation von dreidimensionalen Zweiphasen-
strömungen unter Berücksichtigung von Hysterese-Effekten, einigermaßen ex-
akte Methoden für Labormessungen von hydraulischen Eigenschaften und
hochentwickelte Konzepte zur Berechnung von hydraulischen Eigenschaften
auf der Basis von Informationen über die Porenstruktur. Dennoch wurden
die oben genannten Betrachtungsweisen noch nicht kombiniert, um ihre Prog-
nosefähigkeit zu prüfen. Dadurch bleiben folgende ungeklärte Fragen:

• Wie genau können Prognosen hinsichtlich Systemen sein, bei denen
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Hysterese-Effekte auftreten? Ist in solchen Fällen die Anwendung eines
Hysterese-Konzepts erforderlich und, wenn ja, wie einfach kann dieses
Konzept sein?

• Sind genaue Prognosen zu Drainage- und Imbibitionsvorgängen in hetero-
genen porösen Medien bei Anwendung von hydraulischen Eigenschaften,
die nur durch Kenntnis der Porenstruktur ermittelt wurden, möglich?

• Welche Möglichkeiten bzw. Einschränkungen gibt es im Vergleich
zu der traditionellen Betrachtungsweise, die Multistep-Outflow/Inflow-
Experimente einbezieht?

• Bei beiden Betrachtungsweisen müssen bestimmte Annahmen gemacht
werden. Wie bestimmen diese Annahmen den beobachteten Hysterese-
Effekt und was ist der Einfluss auf das erwartete Zweiphasenströmungsver-
halten in heterogenen Strukturen?

• Ist die Anwendung von hydraulischen Eigenschaften, die in lokalen Mes-
sungen ermittelt wurden, ausreichend, um die gesamten Drainage- oder
Imbibitionsprozesse in heterogenen Strukturen beschreiben zu können?

• Und schließlich: wie können verschiedene Betrachtungsweisen (z. B. Mes-
sungen und Simulationen) am effektivsten kombiniert werden, um zu-
verlässige Vorhersagen zu hysteretischen Zweiphasenströmungen zu erhal-
ten?

Ziel dieser Arbeit ist es, diese ungeklärten Fragen zu diskutieren. Hinsichtlich
dieser Zielsetzung ist die erste Aufgabe eine effiziente numerische Implemen-
tierung eines Hysterese-Konzepts zur Simulation von Drainage- und Imbibi-
tionsvorgängen in Zweiphasensystemen. Dazu wird das Hysteresemodell von
PARKER UND LENHARD (1987) [78] gewählt. Zudem wird ein sogenanntes
Play-Type-Hysteresekonzept [BELIAEV UND HASSANIZADEH (2001) [11]] im-
plementiert. Die korrekte Approximierung von Sättigungsdiskontinuitäten an
Grenzflächen zwischen Heterogenitäten ist eine wichtige Voraussetzung für
Zweiphasenströmungssimulationen in heterogenen porösen Medien. Hysteretis-
che Kapillardruck-Sättigungsfunktionen hängen stark vom vorhergehenden Ver-
lauf der Sättigung ab. Dadurch bedarf es einer präzisen Berücksichtigung der
Sättigungsdiskontinuitäten in Hysterese-Modellen.
Der nächste Schritt ist die Prüfung der Prognosefähigkeit der numerischen Im-
plementierung dieser Ansätze hinsichtlich des Hystereseverhaltens, das mit
eindimensionalen Labormessungen bei Drainage- und Imbibitionsvorgängen
beobachtet wurde. Ziel dieses Arbeitsabschnitts ist es, Antworten bezüglich der
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Genauigkeit von Vorhersagen in Zweiphasenströmungen, bei denen Hysterese-
Effekte auftreten, der Notwendigkeit von Hysterese-Modellen und der erforder-
lichen Komplexität von Hysterese-Konzepten zu finden.
Anschließend wird das numerische Modell benutzt, um Vorhersagen zu
Drainage- und Imbibitionsvorgängen in dreidimensionalen heterogenen Struk-
turen mit einem experimentell gemessenen Strömungsprozess zu vergleichen.
Ziel dabei ist es, die Prognosen zu bewerten und zu vergleichen, die mit hy-
draulischen Eigenschaften und hysteretische Kapillardruck-Sättigungsbeziehun-
gen gewonnen wurden, die:

• auf der lokalen Skala mit Multistep-Outflow/Inflow-Experimenten
gemessen und

• auf der Porenskala durch Bildanalyse und Lattice-Boltzmann-
Strömungssimulationen bestimmt wurden.

Mit den Ergebnissen der numerischen Simulationen wird eine Vergleichsstudie
durchgeführt, um die Möglichkeiten und die Grenzen der zwei verschiedenen
Verfahren zu zeigen.

Modellimplementierung

Die mathematische Beschreibung der Zweiphasenströmung lässt sich aus
der Formulierung einer Massenbilanzgleichung der jeweiligen Fluidphasen
herleiten. Die Erhaltungsgleichungen werden durch konstitutive Beziehungen
ergänzt, die Kapillardruck-Sättigungsbeziehung und die relativen Permeabilität-
Sättigungsbeziehungen. Für diese Funktionen werden die Parametrisierungen
von VAN GENUCHTEN (1980) [99] und MUALEM (1976) [73] verwendet. In dieser
Arbeit werden Hysterese-Effekte in der relativen Permeabilität vernachlässigt.
Zwei Konzepte werden für die Beschreibung der Kapillardruck-Sättigungshys-
terese betrachtet. Das erste Konzept ist die sogenannte Play-Type-Hysterese
von BELIAEV UND HASSANIZADEH (2001) [11]. Dabei werden Sekundärkurven
durch lineare Funktionen bei konstanter Sättigung beschrieben. Dieser Ansatz
setzt voraus, dass die residualen Sättigungen für Drainage und Imbibition nicht
variieren. Das zweite Konzept [PARKER UND LENHARD (1987) [78]] basiert auf
der Skalierung der scheinbaren Sättigung, die die Sättigung der eingeschlosse-
nen nicht-benetzenden Phase beinhaltet. Damit ermöglicht dieser Ansatz die
Bildung von realitätsnahen Sekundärkurven und die Approximation von resid-
ualen Sättigungen der nicht-benetzenden Phase in Imbibitionsvorgängen.
Das numerische Modell wird durch eine knotenzentrierte Finite-Volumen-
Raumdiskretisierung, die sogenannte BOX-Methode [HELMIG (1997) [41];
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BASTIAN (1999) [6]; HUBER UND HELMIG (1999) [47]], und eine implizite
Euler-Zeitdiskretisierung gebildet. Die Simulationen werden mit dem nu-
merischen Simulator MUFTE-UG [BASTIAN (1997) [7]; HELMIG ET AL. (1998)
[42]] durchgeführt. Um Grenzflächen zwischen Heterogenitäten zu approx-
imieren, wird eine erweiterte kapillare Gleichgewichtsbedingung angewendet
[BASTIAN UND HELMIG (1999) [8]; DE NEEF (2000) [75]]. Diese Bedingung
berücksichtigt virtuelle Sättigungen an den Knoten, die für alle benachbarten
Elemente abhängig von deren Kapillardruck-Sättigungsbeziehungen berechnet
werden. Dadurch wird die Beschreibung von Sättigungsdiskontinuitäten an der
Grenzfläche von Heterogenitäten möglich. Dieses Verfahren wird durch die oben
genannten Hysteresekonzepte erweitert und bietet damit ein konsistentes und
vollständiges Vorgehen für Zweiphasenströmungsprognosen in heterogenen
porösen Medien unter Berücksichtigung von Hysterese-Effekten.

Modellverifizierung

Die erste Anwendung des numerischen Modells besteht aus einem Vergleich
der Modellprognosen mit einem kontrollierten, eindimensionalen transienten Ex-
periment. Das Experiment umfasst eine Sequenz von Drainage- und Imbibi-
tionsvorgängen in einer homogenen Sandsäule, die mit einer Pumpe geregelt
werden. Druck und Wassersättigung werden ständig in verschiedenen Höhen
der Säule mit Tensiometern und TDR-Sensoren gemessen. Aus der Model-
lierungsperspektive werden drei Ansätze mit den experimentellen Messungen
verglichen:

• Hysterese wird im numerischen Modell nicht berücksichtigt.

• Die Play-Type-Hysterese wird im numerischen Modell eingesetzt.

• Die Hysterese von PARKER UND LENHARD wird im numerischen Modell
eingesetzt.

Dieses Vorgehen zeigt, dass die Einbeziehung von Hysterese in das numerische
Modell eine wichtige Voraussetzung für korrekte Zweiphasenströmungsprog-
nosen im Falle von wechselnden Drainage- und Imbibitionsverhältnissen ist.
Ohne Betrachtung der Hysterese stimmen die Simulationsergebnisse und die
experimentellen Messungen nicht überein, auch wenn die hydraulischen Eigen-
schaften optimal angepasst werden. Eine Verbesserung der Übereinstimmung
erfolgt durch die Einbeziehung des Play-Type-Konzepts. Der Vorteil dieses
Konzepts ist, dass es einfach und leicht zu implementieren ist. Auf der anderen
Seite besteht damit keine Möglichkeit für die Approximierung des Einschlusses
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der nicht-benetzenden Phase bei der Imbibition. Das kann zu Abweichungen
von den experimentellen Beobachtungen führen, besonders hinsichtlich der
residualen Sättigungen der nicht-benetzenden Phase bei einem Imbibitionsvor-
gang. Es gibt dennoch eine andere Möglichkeit, bei geringem Rechenaufwand
eine bessere Approximation der Hysterese zu erreichen. Tatsächlich liefert
die numerische Simulation mit dem Skalierungskonzept von PARKER UND

LENHARD eine präzise Strömungsprognose für Drainage und Imbibition, auch
bezüglich des Einschlusses der Luftphase. Dieses Hysterese-Konzept ist rela-
tiv einfach und stellt hier den aus Modellierungssicht verlässlicheren Ansatz
dar. Die vorliegende Arbeit zeigt, dass ein Hysterese-Konzept nicht äußerst
kompliziert sein muss, sofern die Möglichkeit für die Prognose des Phasenein-
schlusses besteht.
Die vorgestellten Untersuchungen zeigen auch, dass zuverlässige Werte für
die hydraulischen Eigenschaften notwendig sind. Die Verwendung einer mit
Hilfe eines Multistep-Outflow/Inflow-Experimentes gemessenen Kapillardruck-
Sättigungsbeziehung liefert eine unzureichende Prognose der Strömung im
transienten Experiment, vor allem hinsichtlich des Lufteinschlusses. Das
Multistep-Experiment sowie die Tensiometer- und TDR-Messungen beziehen
sich auf die gleiche räumliche Skala und das gleiche Packungsvorgehen, je-
doch auf wesentlich unterschiedliche Zeitskalen. Diese Aussage lässt eine
Abhängigkeit des Phaseneinschlusses von der Zeitskala gekoppelt an die
Methodologie erkennen. Aufgrund dessen sollten Hysterese-Kapillardruck-
Sättigungsbeziehungen für Bedingungen und Zeitskalen bestimmt werden, die
denjenigen der Zielanwendung entsprechen.

Prognosen zur Zweiphasenströmung in heterogenen porösen Medien unter
Berücksichtigung von Hysterese-Effekten

Der letzte Abschnitt dieser Arbeit konzentriert sich auf Prognosen von hysteretis-
chen Zweiphasenströmungen, die mit auf unterschiedlichen räumlichen Skalen
bestimmten hydraulischen Eigenschaften erzielt wurden. In diesem Fall wer-
den numerische Simulationen der Drainage und Imbibition mit experimentellen
Messungen verglichen, die in einer dreidimensionalen heterogenen Struktur
gemacht wurden. Im 3-D-Laborexperiment werden die Äquilibrierungszeiten
und Wasserverteilungen bei quasi-stätionären Zuständen in einer Struktur mit
vordefinierten Würfelheterogenitäten gemessen, die aus einem groben und
einem feinen Sand aufgebaut wurden. Sättigungen werden anhand Neutronen-
tomographie nach vier Drainage- und Imbibitionsstufen gemessen, die außen
durch Variation des Wasserspiegels geregelt wurden. Bei den numerischen Sim-
ulationen wird das Hysterese-Skalierungskonzept von PARKER UND LENHARD



Zusammenfassung XXIII

eingesetzt. Als Eingabe werden hydraulische Eigenschaften benutzt, die in zwei
Betrachtungsweisen ermittelt wurden:

• Auf der lokalen Skala mit Hilfe von Multistep-Outflow/Inflow-
Experimenten und globalen Optimierungsverfahren zur Bestimmung
der Porosität, der Permeabilität und der Hysterese pc-Sw-Kurven im
Rahmen einer einzigen Methode.

• Auf der Porenskala mit Hilfe von präziser Bildanalysetechnik zur Bes-
timmung der Porosität und zusätzlich durch Lattice-Boltzmann-Ein- und
Zweiphasenströmungssimulationen in abgebildeten Sandgeometrien zur
Berechnung der Permeabilität und der Hysterese pc-Sw-Kurven.

Die Sättigungsmessungen, die durch Neutronentomographie in der heterogenen
Säule bei quasi-stätionären Zuständen gewonnen wurden, zeigen Schwankun-
gen der Würfel-Sättigungen innerhalb einer Höhe und eines Sandtyps. Teilweise
sind diese Schwankungen auf eine zu erwartende Messabweichung sowie auf
geringe Verdichtungsunterschiede bei den Sandwürfeln zurückzuführen. Den-
noch sind die betrachteten Schwankungen größer als die, die bei vollständig
stätionären Zuständen gemessen wurden [VASIN ET AL. (2007) [100]]. Die
zusätzliche Schwankung in diesem Fall bezieht sich höchstwahrscheinlich auf
eine Verteilung, die einem nicht-stätionären Zustand entspricht. Dieser Ef-
fekt wird auch durch die Ergebnisse einer numerischen Simulation verifiziert,
wobei die Permeabilität angepasst wird, um das Zeitskala-Verhalten vom 3-D-
Experiment nachzuahmen. Eine weitere wichtige Bemerkung in Bezug auf das
3-D-Experiment ist die Existenz von Übergangsflächen zwischen den gepack-
ten Sandwürfeln. Sättigungsänderungen an den Grenzflächen zwischen den
Sandwürfeln können direkt anhand der Tomographie-Abbildungen festgestellt
werden. In dieser Arbeit werden die gemessenen Voxel-Sättigungen nur im
inneren Teil der Würfel ausgewertet. So werden die vorliegenden Würfel-
Sättigungen nicht von den Übergangsflächen beeinflusst. Allerdings können
Übergangsflächen-Effekte die Äquilibrierungszeiten beeinflussen, indem diese
für die gesamte dreidimensionale Säule gemessen werden.
Die auf der lokalen und der Porenskala bestimmten hydraulischen Eigenschaften
werden auf der Basis der Annahmen, die bei den jeweiligen Methodologien
getroffen wurden, diskutiert. Die erhaltenen Werte zeigen begründete Abwe-
ichungen, wenn man die zwei vom Konzept her unterschiedlichen Betrach-
tungsweisen bedenkt. Die Abweichungen sind höchstwahrscheinlich auf die
unterschiedlichen Verdichtungen zurückzuführen, die in den (kleineren) abge-
bildeten Sandproben auf der Porenskala und in den (größeren) Sandsäulen auf
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der lokalen Skala entstehen. Zusätzlich wird eine potenzielle Abhängigkeit des
Phaseneinschluss-Effekts von der räumlichen Skala des betrachtenen Volumens
festgestellt.
Die numerischen Simulationen zeigen, dass es bei Anwendung der auf der
lokalen oder auf der Porenskala ermittelten hydraulischen Eigenschaften nicht
zu korrekten Vorhersagen der Äquilibrierungszeiten kommt, die im Labor-
experiment gemessen wurden. Durch die Annahme, dass der gesamte
Strömungsprozess in der heterogenen Struktur durch die Rekonstruktion der
Geometrie und die Zuordnung von lokalen hydraulischen Eigenschaften erfasst
werden kann, kann sich die Unstimmigkeit in den Zeitskalen aus der Unsicher-
heit in den hydraulischen Eigenschaften ergeben.
Daher kommen numerische Simulationen zum Einsatz, um qualitativ zu veran-
schaulichen, wie Änderungen der hydraulischen Eigenschaften den transienten
und quasi-stationären Zustand bei den Drainage- und Imbibitionsstufen beein-
flussen können. Die Benutzung der pc-Sw-Beziehungen aus der Porenskala mit
einer Permeabilitätsanpassung ermöglicht tatsächlich eine qualitative Überein-
stimmung bezüglich sowohl der Sättigungsverteilungen als auch der Äquilib-
rierungszeiten. Das ist bei Verwendung der auf der lokalen Skala gemessenen pc-
Sw-Kurven nicht möglich, vor allem wegen Unterschieden bei dem Eintrittsdruck
und der Steigung der resultierenden Sekundärkurven beim Feinsand. In diesem
Sinne zeigt die LB-Methode eine bessere Prognosenfähigkeit bezüglich der Form
(Eintrittsdruck und Steigung) der Hysterese-pc-Sw-Beziehungen. Auf der an-
deren Seite liefert die LB-Methode eine unzureichende Prognose hinsichtlich
der Menge der eingeschlossenen Luft, zumindest was die Grobsand-Sättigun-
gen nach der Imbibition betrifft. Die lokale-Skala-Betrachtungsweise prognos-
tiziert eine bedeutende Menge an eingeschlossener Luftphase und bietet damit
in diesem Fall die bessere Übereinstimmung mit den Messungen aus der Neutro-
nentomographie.
Die vorliegende Arbeit weist auch auf die äußerste Sensitivität von Perme-
abilitätswerten hin. Die Permeabilitäten der verwendeten Materialien wur-
den mit drei verschiedenen Methoden gemessen (LB-Methode, Multistep-
Outflow/Inflow-Experimente und zusätzlich in einzelnen Säulen, die mit der
gleichen Packungsmethode wie die 3-D-Struktur gepackt wurden). Die drei
Vorgehensweisen liefern Werte, die innerhalb von zwei Größenordnungen vari-
ieren. Im Allgemeinen kann man keine sicheren Aussagen machen, ob die
Schwierigkeiten bei der Prognose der Äquilibrierungszeiten auf die Unsicher-
heit bei der Permeabilität der Materialien oder auf die dazwischenliegen-
den Übergangsflächen zurückzuführen sind. Die Permeabilitätswerte, die die
bestmögliche Übereinstimmung zwischen Simulation und Experiment liefern,
können als Upscaling-Werte betrachtet werden, die repräsentativ für die Mate-
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rialen und die Übergangsflächen sind. Die numerischen Simulationen in dieser
Arbeit zeigen, dass die Äquilibrierungszeiten aus dem Experiment prognostiziert
werden können. Allerdings müssen dazu entweder die Übergangsflächen im
Modell explizit berücksichtigt werden, oder es müssen Permeabilitäten verwen-
det werden, die mit der gleichen Packungsmethode wie die 3-D-Struktur gebaut
wurden und somit Übergangsflächen-Effekte enthalten.
Aus den abschließenden Bemerkungen wird deutlich, dass auch ein konsis-
tenter und hochentwickelter Modellansatz keine zuverlässige Prognosen ohne
die Verknüpfung mit angemessenen Ansätzen zur Bestimmung von hydraulis-
chen Eigenschaften liefern kann. Die Menge an eingeschlossener Luftphase auf-
grund von Hysterese-Effekten zeigte große Sensitivität und ist möglicherweise
abhängig von den Zeit- und Raumskalen, die an die Methodologie zur Bestim-
mung der pc-Sw-Beziehung gekoppelt sind. Es wird daher empfohlen, hydraulis-
che Eigenschaften unter Bedingungen zu ermitteln, die der Zielanwendung ähn-
lich sind (z. B. bei einem schnellen oder langsamen Imbibitionsvorgang). Durch
die weitere Verbesserung der Rechnerleistung sollte es möglich werden, die
Porenraumgeometrie größerer Probenvolumen zu erfassen und auf der Basis
von LB-Methoden die Höhe der Residualsättigung der nicht-benetzenden Phase
für diese Proben zu prognostizieren. Weitere entscheidende Faktoren sind die
Methode, die Probe zu packen, und die Verdichtung der Materialien. Die zylin-
drischen Proben, die im Computertomograph gescannt wurden, wurden mit er
gleichen Methode wie die 3-D-Struktur gepackt. Trotzdem lassen die unter-
schiedlichen Größen keine sicheren Aussagen über den Einfluss der jeweiligen
effektiven Spannungen zu. Ein optimales Vorgehen wäre die Abbildung von
Geometrien direkt von der gepackten heterogenen Säule. Dadurch ermöglicht
die LB-Methode eine einzige, konsistente Untersuchung bezüglich der hydraulis-
chen Eigenschaften der Materialien – genauso verdichtet oder locker wie in der
heterogenen Struktur – und gleichzeitig die Betrachtung von eventuellen Effek-
ten an den Übergangsflächen.





1 Introduction

1.1 Motivation

Problem description

At least since the times of ancient mining, human activities often lead to elevated
levels of hazardous substances in the groundwater, referred to as groundwater
contamination. After the industrial revolution, groundwater contaminations are
closely related to the development of the industry. The increasing range of new
compounds and hazardous substances used in the industry as well as the in-
adequate waste disposal during the past decades have dramatically increased
the number of contaminated sites in all industrialized countries. At the turn
to the new millennium, the European Environment Agency reported that ap-
proximately 30,000 contaminated sites have been definitely identified in West-
ern Europe, while a number of 1.36 million waste, industrial and military sites
were evaluated as potentially contaminated. At the same time, the consumption-
oriented character of modern societies demands the massive use of pesticides in
agriculture. These are not necessarily hazardous to the flora, but may infiltrate
through the unsaturated zone of the subsurface and reach the aquifers that pro-
vide water supply to communities. Hazards in such scenarios commonly include
high carcinogenicity and toxicity. A series of incidents in the 1980’s and 1990’s,
combined with the increasing scarcity of freshwater resources in an uncontrol-
lably changing climate, created great public awareness and alarmed the financial
markets about the rising environmental problems. The following are only few out
of numerous examples of groundwater contaminations that illustrate the scale of
the problem:

• At lake Koronia, Greece, long-term extended pesticide use and uncontrolled
groundwater withdrawal in the lake basin combined with industrial waste
discharge has caused the elimination of the entire fish population as well as
large populations of endangered bird species.

• At the Fischer waste site, Austria, a leakage of hazardous substances to
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the groundwater was the result of insufficient technology, forming a ma-
jor threat to the drinking water resources of the area.

• At a fjord near Bergen, Norway, PCB contaminated fjord sediments due to
industrial waste water discharges lead to the long term prohibition of fish
exploitation.
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Figure 1: Infiltration and spreading of two hydrophobic substances in a porous
medium after MACKAY AND CHERRY (1989) [67]. Non-Aqueous Phase
Liquids are distinguished between those lighter than water (LNAPL’s)
and those heavier than water (DNAPL’s).

Research has consequently focused on developing on the one hand monitoring
tools to control and observe contaminations in groundwater and on the other
hand efficient remediation strategies. As illustrated in Fig. 1, such problems
often involve the flow of two immiscible fluids in heterogeneous porous media.
As the objective of monitoring and remediation schemes is to maintain contami-
nants below harmful levels in a long-term basis, it is necessary to have a good
understanding of two-phase flow and develop efficient tools that will achieve
accuracy in predictions.
Accurate predictions of two-phase flow in the subsurface is a difficult task. The
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processes that take place during two-phase flow in real soils are highly complex
due to the heterogeneity of the subsurface. Heterogeneities strongly influence
the distribution of the phases and therefore the complex heterogeneous structure
of soil forms an important source of uncertainty. The description of two-phase
flow in heterogeneous media becomes even more complicated through the
dependency of the flow behavior on the type of displacement (drainage or imbi-
bition) and it’s history. This effect is called hysteresis. Hysteresis is commonly
observed in the capillary pressure-saturation relationship that differs in drainage
and imbibition for the same porous medium, as illustrated in Fig. 2. Alternating
drainage and imbibition events take place i.e. during infiltration of precipitation
water in the unsaturated zone (meaning the zone between the ground surface
and the groundwater table), fluctuations of the groundwater table or during
Non-Aqueous Phase Liquids removal during a remediation process.

Tools for predicting two-phase flow in the subsurface: numerical simulations

Numerical simulations have been increasingly employed to predict two-phase
flow in porous media. Several multi-dimensional numerical models based on
different approaches for the simulation of multiphase flow processes [ABRIOLA

(1989) [1]; HELMIG (1997) [41]; MILLER ET AL. (1998) [70]] have been developed
to make predictions of lab or field applications. Most of the numerical studies
considering heterogeneities have been carried out for 1-D and 2-D problems [i.e.
KUEPER AND FRIND (1991) [60]; ESSAID AND HESS (1993) [27]; DEKKER AND

ABRIOLA (2000) [24]], some accounting also for hysteresis effects [GERHARD AND

KUEPER (1991) [31]]. Some 3-D simulations have also been applied to predict



4 Introduction

multiphase flow in case studies or field applications [PANDAY ET AL. (1994)
[77]; HELMIG ET AL. (2006) [44]]. However, it is very difficult to validate results
from 3-D simulations due to the complexity of the problems under investigation
and the scarcity of good 3-D laboratory or field data. Furthermore, two-phase
flow models employ hydraulic properties (porosity, permeability and hysteretic
constitutive relationships) to describe the heterogeneous structures of porous
media and its interaction with fluids. This concept therefore demands good
knowledge related to the hydraulic properties of the porous media involved in
the application, for drainage or imbibition conditions. Nevertheless, it is not
clear how good predictions can be even if the most accurate methods are used
for the determination of hydraulic properties.

Classical approach for the determination of hydraulic properties of porous me-
dia

The classical approach to determine hydraulic properties of porous media is to
carry out multistep outflow/inflow experiments. In such experiments, a porous
medium sample is saturated with water and then drained by decreasing the
boundary pressure stepwise [i.e. LORENTZ ET AL. (1992) [86]]. Similarly, it is
possible to imbibe a dry sample by increasing the water boundary pressure.
Inverse models are then applied to determine the hydraulic properties from the
measured outflow/inflow curves [i.e. PRIESACK AND DURNER (2006) [80]]. With
this procedure hysteretic drainage and imbibition capillary pressure-saturation
curves, permeability and porosity are obtained.
This approach assumes that the same material will behave in the same fashion
in an application and a specimen used for a multistep outflow/inflow test,
therefore it shall have the same pc-Sw relationship. However, it still remains
unclear whether this assumption is valid and if this approach can provide
reliable hydraulic properties, especially for applications that involve effects of
capillary hysteresis.

Alternative approaches for the determination of hydraulic properties of porous
media

Another option for the determination of hydraulic properties of porous media
is to derive them from knowledge about the pore structure. There are several
publications on the determination of the pore structure of porous media. For
example, LEHMANN ET AL. (2004) [64] have scanned sand material with a
synchrotron light source to determine packing effects on the porosity at the
interface between different sand types.
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The early alternative methods for determining hydraulic properties aimed to
approximate the pore voids of porous media by capillary tubes. Based on the
idea that the radii of the capillary tubes should relate to the pore size distribu-
tion, ARYA AND PARIS (1981) [4], CAMPBELL AND SHIOZAWA (1989) [18] and
JONASSON (1989) [50] have derived capillary pressure-saturation curves using
grain size distributions.
Evolving from this concept, pore network and morphological-topological models
have been developed. Pore network models utilize complicated arrangements
of capillary tubes in order to resemble porous media, while morphological-
topological models describe the geometrical properties of the pore space using
statistical parameters.
BRYANT AND BLUNT (1992) [15] and JUANES AND PATZEK (2004) [51] have
predicted relative permeabilities in two- and three-phase flow systems while
VOGEL AND ROTH (1998) [101] used topological parameters similar to those
of natural soil samples in order to determine soil hydraulic functions. Pore
network models have also been used to model multiphase flow in porous media
[BAKKE AND OREN (1997) [5]] and their predictions have been compared to fluid
distributions measured in small samples using synchrotron tomography [COLES

ET AL. (1998) [20]].
An advanced technique to determine hydraulic properties of porous media is
by means of pore-scale flow simulations utilizing efficient lattice Boltzmann
methods. High resolution images of the microstructure of real porous media
can provide the base geometry for such simulations [FERREOL AND ROTHMANN

(1995) [29]]. Based on this idea, it is possible to apply pore-scale one- and two-
phase flow simulations using exact pore space geometries to determine hydraulic
properties, including hysteretic capillary pressure-saturation relationships. Such
computations have been done by ADLER AND THOVERT (1998) [2], LEHMANN

ET AL. (2001) [65], BEKRI AND ADLER (2002) [10], TÖLKE ET AL. (2002) [96] and
PAN ET AL. (2004) [76].
A comparison of capillary pressure-saturation curves determined with pore
network, morphological and two-phase lattice Boltzmann models is given in
VOGEL ET AL. (2005) [102].

Experimental investigations of two-phase flow in porous media

Parallel to modeling techniques, research has focused on investigations of two-
phase flow in porous media by means of experimental observations. Various
experimental studies can be found in the literature, both for NAPL-water and
air-water systems, that address the problem of flow in heterogeneous media
and where the movement of the fluids is monitored. Experiments for the
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investigation of two-phase flow in 2-D heterogeneous media were carried out
i.e. by KUEPER ET AL. (1989) [59], WILDENSCHILD AND JENSEN (1999) [106] and
URSINO ET AL. (2001) [98]. Relatively few 3-D experiments have been carried
out using X-ray computed tomography (CT) to investigate water distribution in
soils [HOPMANS ET AL. (1992) [45]; HEIJS AND DE LANGE (1997) [40]]. Recently,
CULLIGAN ET AL. (2004) [22] and CULLIGAN ET AL. (2006) [21] have used CT
techniques to measure interfacial areas in 3-D glass bead structures. A quite new
method for mapping in 3-D is neutron tomography: an early application was
done by SOLYMAR ET AL. (2003) [93], while MASSCHAELE ET AL. (2004) [68] used
neutron tomography to qualitatively investigate dynamic processes in limestone
and sandstone. In some cases, the monitored distribution of fluids in 2-D or
3-D heterogeneous media has been compared to numerical simulations [i.e.
URSINO AND GIMMI (2004) [97]]. However, agreement between measurement
and prediction could be found only in a qualitative way. Laboratory experi-
ments commonly involve pre-defined heterogeneities and therefore provide the
advantage that the structure is known. However, an uncertainty in such studies
remains from the strong influence of the hydraulic properties used as input in
the numerical simulations.

Identification of open questions

To summarize, there are state-of-the-art methods to map 3-D fluid distribution in
heterogeneous porous media, numerical tools for the simulation of 3-D hysteretic
two-phase flow in heterogeneous media, fairly accurate techniques to determine
hydraulic properties of sands in the lab and advanced modeling approaches for
the computation of hydraulic properties from knowledge related to the pore
structure. However, they have not been combined in order to test the predictive
power of these approaches. This gives rise to the following open questions:

(a) How accurate can predictions be in systems where the hysteresis effect is in-
volved? Is it necessary to use hysteresis models and, if yes, how simple can these
models be?

(b) Is it possible to make correct predictions on drainage and imbibition two-
phase flow problems in heterogeneous porous media using hydraulic properties
determined with information from the pore structure of the porous media?

(c) What are the possibilities and limitations compared to the classic approach
that uses multistep outflow/inflow experiments to determine hydraulic proper-
ties?

(d) Both approaches have certain assumptions. How does this affect the observed
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hysteresis and what is the influence on the predicted two-phase flow behavior in
heterogeneous structures?

(e) Is it sufficient to use hydraulic properties from local measurements in order to
capture the entire drainage and imbibition process in heterogeneous structures?

(f) Finally, how can different approaches (i.e. measurements and simulations)
be combined in order to obtain reliable predictions on hysteretic two-phase flow
problems?

1.2 Spatial scales in porous media

Two-phase flow in porous media involves several complex processes that are rel-
evant to different spatial and temporal scales. A process that is dominant on
one scale may become insignificant if the same system is considered on a dif-
ferent scale. Nevertheless, what is observed under a certain scale consideration,
strongly depends or relates to processes that occur in other scales. This depen-
dency makes the description of natural hydrosystems very complicated. Having
a clear definition of scales and understanding their role is particularly crucial for
the discussion of two-phase flow in porous media.

1.2.1 Definition of spatial scales

Water is a chemical substance that consists of molecules that have two hydrogen
atoms bonded to a single oxygen atom (in Fig. 3 oxygen atoms are black and hy-
drogen atoms are white). In general, taking into account the movement of each
individual molecule is not suitable for solving problems in fluid mechanics be-
cause of the enormous number of molecules that lead to problems of intractable
complexity. However, by averaging the effect of the movement of a large num-
ber of molecules, they can be replaced by a continuum. The transition from the

molecular consideration continuum consideration

Figure 3: Consideration of water as a continuum.
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Figure 4: Definition of density as a continuum property and transition from the
molecular to the continuum consideration.

molecular consideration to the continuum consideration is based on the kinetic
gas theory (see i.e. EINSTEIN (1905) [26]). This is a basic principle of continuum
mechanics: it is now possible to define continuum properties such as the den-
sity and the viscosity that result from the averaging of a large enough number of
molecules or in other words a sufficiently large volume of continuum (see Fig. 4).
The transition from the molecular to the continuum consideration also allows for
the definition of continuum variables, such as pressure. Based on this concept,
pressure is an averaged effect that arises from forces exerted by a large number
of molecules. Although the new continuum properties actually depend on the
movement and the properties of the molecules, molecular processes are not ex-
plicitly considered and fluids are described only by continuum properties.
The definition of a spatial scale is not absolute, but relates to the problem under
investigation and the model concept that needs to be developed for that purpose.
In environmental applications related to groundwater, the typical relevant spatial
scales considered are the following:

• pore scale

• local scale

• field scale

These are illustrated in Fig. 5.
Similarly, there are different temporal scales involved in environmental applica-
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tions. These may vary from small fractions of a second (i.e. movements of water
molecules) to several years (i.e. field-scale geological processes). In the following
only the spatial scales will be discussed, as categorized above. For the description
of these scales and the transition between them, the example of an unconfined
groundwater aquifer in a sedimentary basin is considered (see Fig. 5). Below the
groundwater table the porous medium is saturated with water. In the unsatu-
rated zone, meaning the zone between the ground surface and the groundwater
table, both water and air can be found.

b.

c.
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Figure 5: Typical spatial scales involved in groundwater flow.

The pore scale

On the pore scale (see Fig. 5a), one can identify the grains of the porous medium
and the void space between them filled with water (in the saturated zone) or
water and air (in the unsaturated zone). Fluids that occupy the pore space are
considered as continua, which means they can be described with parameters
and variables such as density, viscosity and pressure. On the pore scale, one can
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identify features of the pore space, such as variable sizes and shapes of the pores
that cause spatial microheterogeneities. At each point on this scale, one finds
either the solid medium or a fluid that occupies a void (see Fig. 5a). Interfaces
are formed between the different fluids and between the fluids and the solid
grains of the porous medium. In this consideration, it is possible to directly take
the known pore space geometry and –combined with the appropriate boundary
conditions– use momentum and mass balance equations in order to describe the
flow of fluids in the pore space.
Some important remarks related to the size of the pore scale, as it is considered
in this work, are given in Sect. 1.2.2.

The local scale

On the local scale (Fig. 5c), physical and material properties are defined by means
of averaging. As an example a typical porous media property is considered, the
porosity. Porosity of a porous medium is defined as the ratio of the volume of the
pores to the total volume of the considered medium. If a single point is observed
on the geometry shown in Fig. 5b, porosity will be either 0 or 1, depending on
whether the point lies on a grain or a pore. If the observation volume is enlarged,
porosity will fluctuate between 0 and 1, depending on the percentage of grains
and pores included in the observation volume. After a certain threshold volume
V0, further increase of the volume does not cause any further fluctuation in the
porosity as it will not depend anymore on the averaging volume (see Fig. 6).
Porosity is thus defined by averaging over an appropriate control volume, the
representative elementary volume or REV [BEAR (1972) [9]]. In general, physical or
material properties can be defined averaged over a control volume that is large
enough so that no fluctuations of the averaged properties are observed. This way
an additional continuum approach is introduced, in this case for porous media.
On the local scale, the pore geometry of a porous medium is not recognizable
(see Fig. 5b) and therefore the description of flow can be realized only with
averaged properties. At each point on this scale, one finds both the solid and
the fluids present. Interfaces in this case exist between different materials that
form local-scale block heterogeneities. This consideration is compared to the
pore-scale consideration in Fig. 7. On the pore scale, the distribution of the
grains and the fluids in an observation volume is known, whereas on the local
scale one cannot account for the exact movement of fluids inside the complicated
pore geometry of the medium. Governing pore-scale equations, such as the
Navier-Stokes equation, are in this consideration not applicable. However, by
introducing the REV concept, new equations for flow in porous media can be
introduced (i.e. the Darcy’s law). A significant assumption in this consideration
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Figure 6: Porosity and definition of the REV after BEAR (1972) [9].

is that effective parameters can be attributed to a REV, i.e. the permeability. This
implies that the effects of microheterogeneities averaged over a control volume
can be described by assigning effective parameters for that volume.
In models that are based on this concept, each point in a domain represents a
REV that has a single value for each variable. Then, effective processes and
parameters are assigned and are assumed to correctly represent the pore-scale
effects averaged over the REV corresponding to that point. On the local scale,
block heterogeneities are observed due to the existence of materials with different
averaged properties, or different effective parameters. Hence, heterogeneity
can be described by assigning different values of effective parameters to the
corresponding coordinates of the point in the domain.

The field scale

After further zooming out (Fig. 5c), individual local-scale heterogeneities are not
recognizable. However, these form patterns at the field scale, such as layers and
structures of different geological periods. These structures commonly involve
several types of materials with different properties. If one tries to characterize
porous media for a volume at this scale ([m]-[km]), effective parameters may vary
within it. In other words, the concept of the REV has also an upper boundary
(see Fig. 6) due to large-scale heterogeneity. The concept is however the same
as the one used on the local scale: to build models on the field scale, a field-
scale domain is split into several smaller local-scale sub-domains according to
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Figure 7: Transition from the pore scale to the local and the field scale.

the geology, assuming that the same equations for flow as in the local scale can
be applied. This process is illustrated in Fig. 7. As done before, it is assumed that
each of the sub-domains represents a REV and therefore may be described by a
single set of effective parameters.

1.2.2 Continuum consideration for porous media on the pore
scale

As explained above, zooming into a porous medium makes it possible to exactly
describe the geometry of the pores, and therefore use appropriate boundary con-
ditions to apply mass and momentum balance equations for modeling the flow of
water in the porous medium. The same applies also in the case where more than
one fluids occupy the pore space. The detailed distribution of the fluids and the
exact positions of the interfaces between different fluids and between fluids and
grain walls are available. It is also possible to explicitly track their movements
and therefore possible to model the movement and interaction of several fluids
in the voids of a porous medium.
On the other hand, at the transition to the local scale the exact distribution of the
fluids in the pores is not taken into account, but only an effect averaged over a
REV. It is assumed that the complicated geometry of the pore space can be re-
placed in the REV concept by effective parameters.
The pore scale in this work is considered such that the pore structure can still be
identified but also averaged material or physical properties can be defined and
do not depend on the averaging volume. According to this definition, on the pore
scale one can have a sample of a porous medium that is large enough to be con-
sidered as a continuum but at the same time has a known pore space geometry.
This means one may define averaged material properties based on the REV con-
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cept but can also apply the Navier-Stokes equations to model one- and two-phase
flow in the pore space.
In this work, the REV concept applies both to the local and the pore scale. This
way, REV-defined hydraulic properties of porous media will be determined on
the local and on the pore scale. It must be stated that this is possible because it is
here chosen by definition that the pore scale is large enough to form a REV.

1.3 Objective and structure of the thesis

The motivation of this thesis is to discuss the identified open questions of Sect.
1.1. Related to this, the following objectives need to be accomplished:

• The first objective is the efficient numerical implementation of a hysteresis
model in order to simulate two-phase drainage and imbibition. For that
purpose, the scaling concept of PARKER AND LENHARD (1987) [78] is cho-
sen. Also, a play-type hysteresis concept [BELIAEV AND HASSANIZADEH

(2001) [11]] is implemented. The first goal is to test the ability of the nu-
merical implementation of these concepts to predict the hysteretic behavior
observed in 1-D laboratory measurements in drainage and imbibition. This
part provides answers related to the accuracy of predictions on hysteretic
two-phase flow, the necessity of hysteresis models and the complexity re-
quired in a hysteresis concept. Also, light is shed to the crucial open ques-
tion (f) concerning beneficial combinations of different approaches.

• In simulations of two-phase flow in heterogeneous media, it is important to
correctly predict discontinuities of saturation at the boundaries of hetero-
geneities. Hysteretic capillary pressure-saturation functions strongly de-
pend on the history of the saturation evolution. Thus, a crucial point is
to precisely observe saturation discontinuities at material interfaces in the
hysteresis model.

• The numerically implemented hysteresis model is used to discuss the open
questions (b) to (f). By means of numerical simulations, it is possible to
compare predictions of two-phase flow drainage and imbibition in 3-D het-
erogeneous structures to an experimentally measured flow process. The
aim is to evaluate and compare predictions made with hydraulic properties
and hysteretic capillary pressure-saturation relationships:

– measured on the local scale with multistep outflow/inflow experi-
ments,
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– determined on the pore scale with image analysis and lattice-
Boltzmann flow simulations.

• A comparative study using the results from the numerical simulations is
carried out in order to reveal possibilities and limitations of the different
approaches and provide knowledge related to the potential for reliable pre-
dictions of hysteretic two-phase flow in heterogeneous structures.

The thesis is structured as follows: In Ch. 2 the physical and mathematical model
concept of two-phase flow in heterogeneous porous media is described. Defini-
tions of the hydraulic properties involved in this model concept are given.
Chapter 3 focuses on the effect of capillary hysteresis on the pore scale and the
local scale. The functional concepts used in this thesis for the description of hys-
teretic capillary pressure-saturation relationships are also explained.
In Ch. 4, a description of the discretization techniques applied in the numerical
model is given. Secondly, the model extension for capillary pressure-saturation
hysteresis including a capillary interface condition for heterogeneous porous me-
dia is analyzed.
Before using the model to simulate two-phase drainage and imbibition in 3-D
heterogeneous structures, it is necessary to evaluate it’s predictive ability for
a simple one dimensional setup. For that purpose, numerical simulations are
compared to a 1-D transient drainage and imbibition experiment performed
by Yvonne Lins and Tom Schanz in the Department for Soil Mechanics at the
Bauhaus University of Weimar. This is described in Ch. 5. In the numerical
simulations, the hysteresis model from PARKER AND LENHARD (1987) [78] as
well as the concept of vertical scanning curves proposed by BELIAEV AND HAS-
SANIZADEH (2001) [11] are tested.
The comparison of predictions on two-phase hysteretic flow in heterogeneous
media using hydraulic properties from the pore scale and local scale is presented
in Ch. 6. To monitor hysteresis effects in heterogeneous media, a well-controlled
3-D drainage and imbibition experiment is conducted in the facility of the Paul
Scherrer Institute (PSI), Switzerland. This work is carried out by Joris Schaap,
Peter Lehmann, Anders Kaestner and Hannes Flühler from the Institute for Ter-
restrial Ecology at the ETH Zürich, in collaboration with Rene Hassanein and
Eberhard Lehmann from PSI. Equilibration times and water distributions in the
3-D heterogeneous structure are measured after drainage and imbibition steps.
In the same chapter, the hydraulic properties of the sands are discussed. In the
classic local-scale approach, a set of properties is determined by means of multi-
step outflow/inflow experiments and global optimization techniques. This work
is done by Andre Peters and Wolfgang Durner at the Department of Soil Science
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and Soil Physics, Institute of Geoecology of the Braunschweig Technical Univer-
sity. In the pore-scale approach, the hydraulic properties are determined with
advanced image analysis of mapped samples (performed by Peter Lehmann and
Anders Kaestner) and pore-scale simulations of one- and two-phase flow in the
obtained geometries. These simulations are carried out by Benjamin Ahrenholz,
Jonas Tölke and Manfred Krafczyk at the Institute for Computer Applications in
Civil Engineering of the Braunschweig Technical University.
The structure and boundary conditions from the 3-D experiment are used to set
up 3-D two-phase flow numerical simulations. The results from the numerical
simulations are compared to the measurements from the experiment. As input for
the numerical simulations, hydraulic properties from both approaches (from the
pore scale and from the local scale) are used. The comparison of numerical simu-
lations to the 3-D experiment triggers a discussion related to the predictive ability,
the limitations and the improvements necessary in the different approaches.
A synopsis of the work, the drawn conclusions and some closing remarks are
given in Ch. 7.



2 Physical and mathematical model
concept

This thesis deals with the flow process of two immiscible fluids in a rigid porous
medium. The REV consideration, as introduced in Sect. 1.2, forms the conceptual
basis for the development of a mathematical model for the description of such
problems. In the following, basic definitions of variables and hydraulic properties
included in the model formation are introduced. Moreover, physical underlying
principles behind the mathematical model will be discussed.

2.1 Basic definitions

The pore scale and the local scale considerations were introduced in Sect. 1.2.
Figure 8 illustrates the two considerations for the case that two fluids occupy the
pore space of a porous medium. The grains of the porous medium are considered
as a non-deforming solid matrix. Furthermore, the pore scale consideration pro-
vides information about the exact distribution of the fluids in the pore space and
the positions of fluid-fluid and fluid-solid interfaces. On the local scale, interfaces
are no longer resolved and therefore it is necessary to consider subvolumes inside
a REV occupied by the solid grains and the fluids, assuming their distribution in-
side the REV is homogeneous and continuous (see Fig. 8). This concept allows
the introduction of a new variable, the Saturation Sα of the fluid α. It is defined
as the ratio of pore space volume occupied by the fluid to the total pore space
volume

Sα =
Volume of the fluid in REV

Volume of the pore space in REV
. (1)

According to the definition, it is further valid that

nfluids∑
α=1

Sα = 1. (2)
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Similarly, the fluid content θα can be defined as

θα =
Volume of the fluid in REV

Volume of REV
. (3)

In this consideration pressures of fluids are assumed to be evenly distributed
inside a REV. In other words, a single pressure value is assigned to each fluid
within a REV, which implies that, theoretically, the pressure of the fluid α in a REV
should be equal to the pressure one would obtain by averaging all the individual
pressure values from the pore space inside the REV.

pore scale local scale

averaging

solid phase

phase 1

phase 2

REV

solid phase

phase 1

phase 2

Figure 8: Consideration of fluid distribution on the pore scale and on the local
scale.

2.2 Phase properties

As explained in Sect. 1.1, separate phases might exist in porous media in several
natural or technical problems, such as the movement of a NAPL in a groundwa-
ter aquifer. Here some important remarks are given, related to the properties of
phases as they are considered for the development of the model concept used in
this thesis.
The term phase describes a matter that has homogeneous chemical composition
and physical state, and one can further distinguish solid, liquid and gas phases.
In this work the last two are referred to as fluid phases. Although air in reality
consists of different chemical compounds (i.e. N2, O2, CO2), it is assumed that
one can neglect its heterogeneous chemical composition and therefore consider it
as a single phase.
On the molecular scale, one can distinguish a transition layer between different
phases, where molecules from both phases can be found. In the model concept
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applied in this thesis, fluids are only considered as immiscible continua and thus
the transitions between them is approximated as sharp fluid interfaces. More-
over, any kind of mass transfer between different phases is not accounted for.
Under these assumptions, the existence of a phase on the local scale is sufficiently
described with the phase saturation.
The density % of a phase is defined by the ratio of its mass to the volume it occu-
pies. Incompressibility is a reasonable assumption for liquid phases, however the
density of gas phases may change with temperature and pressure. In this work
only isothermal conditions are considered and the dependency of air density on
pressure is not taken into account.
The dynamic viscosity µ of a fluid is defined as the ratio of the shear stress divided
by the velocity gradient. It results from intermolecular attractive forces that op-
pose to any change in the shape form of the phase. The dynamic viscosity of
fluids depends on temperature, therefore in this work it can be considered as a
time and space invariant fluid phase property.
The grains of a porous medium form a non-deforming solid phase. The ratio
of the pore volume to the total volume of a porous medium is expressed with a
material property very commonly used in hydrogeology, the porosity φ

φ =
Volume of the pores in REV

Total volume of REV
. (4)

A basic assumption in the definition of porosity is that the entire volume of the
pores inside the matrix of a material is accessible to the fluid phases. This is a
reasonable assumption for environmental applications, as the proportion of iso-
lated pores is small related to the total number of pores in sands and natural
soils. Porosity in conventional methods can be measured with instruments called
porosimeters or by successively completely drying and wetting a given volume of
a porous medium while measuring the weight of the water stored in the volume.
A more delicate, non-destructive method is to scan a porous medium with a syn-
chrotron light source to capture high-resolution 2-D images [LEHMANN ET AL.
(2004) [64]]. By means of advanced image analysis, it is then possible to split the
scanned image in pore and grain parts and thus determine the porosity.
Porosity may also change with time. This effect may have a significant influence
in the behavior of flow in deforming porous media, shrinking-swelling clays, for-
mations with unstable and dissolvable minerals, or in cases where organic ma-
terial forms in the pore space of a porous medium. In this work however we
restrict to porous media where the porosity can be considered as a time-invariant
medium property.
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2.3 Capillary pressure

As this thesis aims to discuss hysteresis effects in the capillary pressure-saturation
relationship, the basic principles of capillarity in two-phase flow in porous media
need to be analyzed. This is done starting from the pore scale and then proceed-
ing to the local scale, as this sequence gives a better insight in the role of capillary
pressure.

2.3.1 Capillary pressure on the pore scale

Interfacial tension

Between the molecules of a fluid act forces that originate in the electrical field
of the molecules. These forces may be attractive or repulsive. Here two typical
fluid phases involved in environmental applications are considered: gas and
water. Gases are characterized by low density and large distances between the
molecules. Therefore, intermolecular forces only act in small fractions of time
during collisions between molecules. This results also to the ability of gases to
fill the entire space that is available. On the other hand, the density of water is
much higher and molecules have smaller distances. In this case, the equilibrium
between molecular forces determines the arrangement of the molecules.
As a consequence, molecular forces at the interface between water and gas do
not balance out, but result to a force F int

w,a normal to the interface (see Fig. 9).
This causes the familiar curvature of fluid interfaces: if a molecule moves from
the interface to the interior, an amount of interfacial energy is released while
the area of the interface is reduced. If other external forces are absent, this

fluid 1

fluid 2

in
terface

Fint
w,a

Figure 9: Interfacial forces.
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means that the interface will form the minimal area for the given volume of
fluid. At equilibrium, this area cannot be further decreased because any further
movement of molecules to the interior would increase the density and thus cause
counteracting forces. The tendency to minimize the area results in tangential
forces at an interface. The tangential force per unit length is called interfacial
tension σ. This force is also equal to the areal density of the interfacial energy
and an equivalent definition of interfacial tension is work done per unit area. In
order to increase the interfacial area of a mass of liquid by δA, a quantity of work
σδA is required. This work is stored as potential energy. Consequently surface
tension can be measured in force per unit length or energy per unit area. For a
water-air interface at 20◦C, the Euclidean norm of the interfacial tension is σwa =
0.0725 [N/m].
Since mechanical systems try to reach a state of minimum potential energy, free
droplets of fluids have naturally a spherical shape (i.e. the free-floating blobs
that water forms in air in the absence of gravity). The existence of interfacial
tension also explains, if external forces are assumed to be absent, why one liquid
forms perfect spheres inside another. As an example one can think the spherical
bubbles that air forms inside honey.

Contact angle

Two immiscible fluids in contact with a flat solid surface are considered (see Fig.
10). An example is a drop of water on a solid surface. The contact angle ω is
defined as the angle between the fluid-fluid interface and the solid surface. There
are in total three interfaces in the system and therefore three interfacial tensions
σsn, σsw and σnw. For the drop to be stable, the horizontal components of the
interfacial tensions have to balance. This gives for the lengths of the vectors σsn,
σsw, σnw

cosω =
σsn − σsw
σnw

. (5)

This is known as Young’s Equation and it has a solution only if σnw > |σsn − σsw|.
In Fig. 10 the contact angle for the water is smaller than 90◦, thus water is notated
as the wetting phase (w). The contact angle for the gas is larger than 90◦, therefore
gas is in this case the non-wetting phase (n).
If we consider in general the fluid phases 1 and 2 instead of gas and water with
σ12 < |σs1 − σs2|, there are two cases: the first case occurs when the attractive
forces between the solid and the molecules of the phase 2 dominate. Then phase
2 will completely spread on the solid (i.e. water on very smooth glass). In the
second case, the attractive forces between the solid and the molecules of phase 1
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ω

Figure 10: Surface tensions exerted by the three interfaces. The contact angle ω
adjusts itself such that the three tensions balance each other.

dominate, forming a spherical blob (i.e. water on an oiled surface).

Capillary pressure

If a capillary tube is brought in contact with a fluid surface, the attraction between
the two fluids and the solid walls of the capillary tube results to different interfa-
cial tensions. This causes the familiar capillary rise of the fluid surface inside the
capillary tube. If the fluid is the wetting phase, the rise will be positive and if the
fluid is non-wetting the rise will be negative.
For simplicity, let us consider an example for the first case: water rises from a free
surface in a capillary tube (see Fig. 11). The interfacial tension between water and
air σnw and the contact angle ω are also indicated. The only force counteracting
to cosω · σnw is the weight of the water inside the tube. Thus, the water surface
inside the tube will stop rising at hc when these two forces balance. For an equi-
librium to be established it is necessary that pressure at the water-air interface
inside the tube is discontinuous. The difference between the non-wetting (air)
and the wetting (water) phase pressures at the interface is called capillary pressure
pc

pintc = pintn − pintw . (6)

Capillary pressure in the case of a cylindrical capillary tube with radius r is for-
mulated in LAPLACE (1806) [62] with

pintc =
2σnwcosω

r
. (7)

As can be easily recognized in Eq. 7, capillary pressure depends on the one hand
on the geometry of the tube (radius r) and on the other hand on the physical prop-
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Figure 11: Capillary rise hc in a cylindrical capillary tube with radius r.

erties of the fluids and the solid surface (interfacial tension σnw and contact angle
ω). The same principles apply for any combination of fluid phases. SCHIEGG

(1979) [89] gives an overview of the capillary behavior using various combina-
tions of fluids.
On the pore scale, a porous medium can be conceptualized as a complex arrange-
ment of interconnected capillaries with variable lengths and radii. This is illus-
trated in Fig. 12. If water and air co-exist in a porous medium, water is attracted
by the solid phase and fills narrow passages between the grains and pores with
smaller diameters, while air occupies the larger pores. The interface between wa-
ter and air has the typical curved shape of a meniscus and is characterized by
a pressure jump across the interface (see Fig. 12a). This pressure difference is
equal to the capillary pressure which, as discussed above, is bound to the radius
of the respective capillary. It is now assumed that due to some externally ap-
plied pressures (i.e. a boundary condition) the pressure of water decreases, the
meniscus will move to a new position in favor of air occupying the pore, until
pressure equilibrium is established again (see Fig. 12b). In this case, air will enter
the larger capillaries previously occupied by water, while the smallest capillaries
will remain as before filled with water. Obviously, the configuration of Fig. 12b
corresponds to less volume of water in the pores and larger capillary pressure at
the menisci compared to Fig. 12a.
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Figure 12: Distribution of water (wetting phase) and air (non-wetting phase) on
the pore scale.

2.3.2 Capillary pressure on the local scale

Consider a bundle of parallel, vertical capillary tubes in contact with a free sur-
face of a wetting fluid. Depending on the radii, various capillary rises are ob-
served in the tubes and, consequently, various values of capillary pressure at the
fluid-fluid interfaces. One can plot the different fluid contents in the bundle of
tubes versus the corresponding values of capillary rise or, in other words, capil-
lary pressure (Fig. 13). The wetting fluid content θw becomes smaller than 1.0 for
the minimal capillary pressure (or rise), that relates to the tube with the largest
radius. Beyond that point, θ decreases with capillary pressure monotonically. The
largest capillary pressure is observed at the tube with the smallest radius, as at
this rise the fraction of wetting fluid in the bundle reaches the minimum value.
In real porous media, however, the pore geometry is much more complex than

that of Fig. 13. On the local scale, the exact distribution of the phases in the pore
space is replaced with volumetric water contents. This was analyzed in Sect. 2.1.
Similarly, the phase pressures pn and pw are considered on the local scale aver-
aged over a REV. The same principle is applied for capillary pressure and a value
of capillary pressure is assigned for a REV. On the pore scale, capillary pressure
is by definition equal to the difference of the pressures of the two phases at the
interface. It is assumed that also on the local scale the capillary pressure is the
difference of the phase pressures

pc = pn − pw. (8)

This is a significant assumption that is often discussed in the literature. HAS-
SANIZADEH AND GRAY (1993) [39] and BELIAEV AND HASSANIZADEH (2001)
[11] have proposed an alternative relationship incorporating a dynamic term that
includes the rate of change of saturation. To examine the validity of Eq. 8, sev-
eral studies have been carried out by means of pore-network models [DAHLE ET
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Figure 13: Capillary pressure-saturation relationship for a simple bundle of cap-
illary tubes.

AL. (2002) [23]; GIELEN ET AL. (2002) [33]; HASSANIZADEH ET AL. (2002) [38]]
and experimental investigations [HASSANIZADEH (2003) [37]; HASSANIZADEH

ET AL. (2004) [36]] However, the ongoing research in this field is still at early
stage and in this work it is assumed that Eq. 8 is valid.
Capillary pressure dimensionally corresponds to energy per unit volume and in
soil physics refers to the matric potential of the water phase. Water flow in porous
media occurs from a higher to a lower potential, which implies that capillary pres-
sure should be negative (otherwise flow from lower to higher saturations would
occur). However, in this work the consideration of capillary pressure is based on
the approach described in Sect. 2.3.1 and therefore it is taken as a positive quan-
tity.
Having defined a capillary pressure also for the local scale, it is possible to re-
late it to saturation. As demonstrated for the pore scale in the previous section,
increased capillary pressure at the water-air interfaces relates to less volume of
water occupying the pores of the porous medium. This can be transfered to the
local scale as illustrated in Fig. 14: different values of local-scale capillary pres-
sure correspond to different saturations of water and air in the same REV. Hence,
it is expected that capillary pressure on the local scale can be formulated as a
function of saturation

pc = pc(Sw). (9)

The relationship between capillary pressure and saturation plays an important
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Figure 14: Different saturations of water (wetting phase) and air (non-wetting
phase) on the local scale correspond to different capillary pressures.

role in two-phase flow in porous media, as it relates saturation to the difference
of phase pressures (Eq. 8 and 9). Capillary pressure-saturation curves for real
porous media are commonly measured with experimental methods. Until today,
there is no functional relationship between capillary pressure and saturation rig-
orously derived for porous media.
Several empirical models for the parameterization of a general capillary pressure-
saturation functional relationship have been proposed [i.e. BROOKS AND COREY

(1964) [13]; CAMPBELL (1974) [17]; BRUTSAERT (1967) [14]; VAN GENUCHTEN

(1980) [99], for an overview see SHETA (1999) [92]]. These models in general
employ shape parameters to fit measured resp. calculated capillary pressure-
saturation data. BROOKS AND COREY (1964) [13] have formulated the following
empirical function to describe the pc-Sw relationship:

pc = pe · (S̄w)−
1
λ for pc ≥ pe, Sw ≥ Swr, (10)

where S̄w is the effective saturation defined as

S̄w =
Sw − Swr
1− Swr . (11)

In the latter, Swr [-] is the residual saturation of the wetting phase defined as the
minimum wetting phase saturation that can be achieved if a saturated porous
medium is fully drained. This is typically not zero. For instance, in a water-air
system, small pores surrounded by large pores will hold water while the large
pores are dry. Also, water forms thin films that cover the grains of the porous
medium and, even if it is entirely drained, the smallest pores and cracks keep the
water attached due to capillary forces (see Sect. 2.3.1). This residual water can be
extracted by evaporation but not by gravity or pressure gradients.
The entry pressure pe [Pa] is the capillary pressure at which the reduction of the
wetting phase saturation begins (see Fig. 15). A similar shape was observed in the
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Figure 15: Capillary pressure-saturation from BROOKS AND COREY (1964) [13]
and from VAN GENUCHTEN (1980) [99].

simple bundle of capillary tubes example (see Fig. 13): after a certain capillary
pressure value that relates to the tube with the largest radius, the saturation of
water decreases. Similarly, in a porous medium the entry pressure theoretically
relates to the pore with the largest diameter at a non-wetting phase front. In this
pore-scale context, it is referred to as the displacement pressure pd.
The parameter λ [-] in Eq. 10 is a shape parameter that determines the inclination
of a pc-Sw curve. Large λ values produce flat curves. A decrease in λ results to
steeper curves. The reason for different inclinations of pc-Sw curves can also be
explained with the bundle of capillary tubes example: if the bundle consists only
of tubes with a large and a small radius, the pc-Sw relationship will be a flat line
for a large range of saturation (saturation will decrease dramatically in one step
due to the tubes with the large radius) and consequently a very steep one because
of the tubes with the smaller radius. On the other hand, a larger distribution of
tube radii results to a steeper pc-Sw relationship (Fig. 13). The same applies for
porous media: a wide distribution of pore sizes gives pc-Sw curves with larger
inclination. Therefore, λ can be related to the grain size distribution of a porous
medium.
The parameterization from VAN GENUCHTEN (1980) [99] is formulated as

pc =
1

α
[(S̄w)−

1
m − 1]

1
n for pc ≥ 0. (12)

This model considers also capillary pressure values that are smaller than pe and
larger than zero (see Fig. 15). The parameter α [1/Pa] relates to the inverse of
the entry pressure. The parameter n [-] is a shape parameters similar to the λ
parameter of the BROOKS AND COREY function. Large n values relate to poorly
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distributed porous media (flat pc-Sw curves). The parameter m [-] can be defined
according to MUALEM (1976) [73]

m = 1− 1

n
. (13)

2.4 The influence of heterogeneities

In the following an example is used to discuss the influence of heterogeneities
on the two-phase flow system behavior. A domain that is initially saturated with
water is considered. The domain is open to the atmosphere, so that air can enter
into it from the top. The left and the right side are closed so that no flow oc-
curs. The domain consists of two sub-domains: sub-domain I (coarse sand) and
sub-domain II (fine sand). The pressure of water is then externally reduced at
the bottom gradually. Air will infiltrate from the top and will reach the material
interface between the coarse and the fine sand (see Fig. 16).
From the pore scale consideration, each pore radius at the material interface re-
lates to a certain capillary pressure. In the configuration of Fig. 16 (left), the capil-
lary pressure is smaller than the pressure that is needed for the pore to be entered
by air, the pore displacement pressure. To move an interface into the pore, the
pressure of water has to be further decreased so that the capillary pressure can
exceed the pore displacement pressure.
At the boundary between coarse and fine sand, the pore with the largest radius
will be the first infiltrated by air. Theoretically, this effect is captured on the lo-
cal scale with the entry pressure in the pc-Sw curves. Based on Eq. 8, the entry

coarse sand

water

fine sand

air

pore scale local scale

I

II

Figure 16: Phase behavior at the boundary between a coarse and a fine sand.
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Figure 17: Derivation of different saturations across the boundary between a
coarse and a fine sand based on the pc-Sw curves.

pressure corresponds to the phase pressure difference required so that the non-
wetting phase can displace the wetting phase. In this example, the water pressure
has to decrease so that the pressure difference exceeds the entry pressure of the
fine sand and air can enter the fine sand sub-domain. In the VAN GENUCHTEN

model entry pressure is approximated with a very steep increase in capillary pres-
sure for maximum saturation (see Fig. 15). In this case, the pc-Sw relationship at
full saturation remains a continuous function.
Once the entry pressure is exceeded, air infiltrates the fine sand and thus water
saturation in sub-domain II has to increase (Fig. 17, right). The coarse and fine
sand are characterized by different pc-Sw curves. At the boundary between coarse
and fine sand, pressure has to be continuous. As Fig. 17 (left) shows, this pressure
relates to two different saturation values on each side. This results, in general, to
discontinuities of saturation at material interfaces. In Fig. 17 (left) this is shown
with the unique capillary pressure pc,y at the material interface that corresponds
to two saturations Sw,I and Sw,II across it.

2.5 The Darcy law

The flow velocity u of water in a porous medium is given from Darcy’s law

u = −K
%g

µ
∇h. (14)

h [m] is the hydraulic head, K [m2] the absolute permeability tensor, µ [Pa s] the dy-
namic viscosity of water, % [kg/m3] the density of water and g [m/s2] the gravity.
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This relationship was found experimentally for 1-D from DARCY (1856), however
it has been derived based on a momentum conservation using averaging [see i.e.
WHITAKER (1986) [105]; QUINTARD AND WHITAKER (1994) [81, 82, 83]] or ho-
mogenization [HORNUNG (1997) [46]] techniques.
The absolute permeability is a material property that depends only on the porous
medium. Therefore, it only depends on position in space in case of heterogeneous
porous media (and not on fluid properties). The absolute permeability is defined
as a symmetric tensor:

K =



κxx κxy κxz
κxy κyy κyz
κxz κyz κzz


 (15)

As a tensorial quantity, permeability may vary in direction. Anisotropic perme-
ability can be used for porous media that have a preferable flow direction. This
work restricts to isotropic porous media so that the absolute permeability in a
x-y-z coordinate system reads:

K =



κ 0 0

0 κ 0

0 0 κ


 (16)

The absolute permeability is commonly measured in experiments conducted in
saturated columns of porous media, by applying different pressure gradients
while measuring the outflow (see i.e. JURY (1991) [52]).
The Darcy’s law is extended for two-phase flow:

uα = −krα(Sα)K

µα
(∇ pα − %α g). (17)

p [Pa] is the pressure, the index α denotes the fluid phases, g [m/s2] the gravity
vector while the non-dimensional scalar krα [-] is called relative permeability.
When two phases are present in the pore space, the one phase reduces the flow
path of the other phase and thus the permeability. The relative permeability cap-
tures the effect of the reduced flow paths of a phase and can be considered as a
scaling factor

0 ≤ krα(Sα) ≤ 1. (18)

The value of the relative permeability depends on the phase effective saturation.
For S̄α = 0.0 [-], the relative permeability krα also has to be zero as a continuous
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Figure 18: Relative permeability-saturation from MUALEM/VAN GENUCHTEN.

phase is not present. Similarly, for S̄α = 1.0 [-] it is valid that krα = 1.0 [-]. Between
these extreme values the relative permeability has to increase monotonically with
the phase saturation.
The relative permeability-saturation relationship can either be derived empiri-
cally with experimental methods or semi-empirically with pore network models
and analytical solutions based on capillary bundle models [BURDINE (1953) [16],
MUALEM (1976) [73], BROOKS AND COREY (1964) [13], VAN GENUCHTEN (1980)
[99]]. A literature review and an analytical description of the most widely used
relative permeability-saturation conceptual models is given in SHETA (1999) [92].
In this work, the MUALEM/VAN GENUCHTEN concept is used that relates rela-
tive permeability of the wetting and the non-wetting phase to the effective phase
saturation according to the relationships

krw = S̄τw[1− (1− S̄1/m
w )m]2, (19)

krn = (1− S̄w)τ (1− S̄1/m
w )2m. (20)

The indices w and n stand for the wetting and the non-wetting phase, m is the
VAN GENUCHTEN shape parameter (see Sect. 2.3.2) and τ [-] is the tortuosity. For
the analytical derivation of the MUALEM/VAN GENUCHTEN concept it is com-
monly introduced that τ = 0.5 [-]. Fig. 18 illustrates an example of kr-Sw curves
using the MUALEM/VAN GENUCHTEN model.
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2.6 Mathematical description of two-phase flow in
porous media

To formulate a model for two-phase flow in porous media, mass balance equa-
tions are accounted for the individual phases in a control volume V . Based on
an Eulerian approach, a mass balance can be formulated for each phase α in a
non-deforming control volume with the Reynold’s transport theorem. The stor-
age and sources/sinks terms are described with volume integrals over V , while
the flux term is described with an areal integral of fluxes over the boundaries Γ

of the control volume:

∂

∂t

∫

V

φSα%αdV +

∫

Γ

φ%αvαdΓ−
∫

V

%αqαdV = 0. (21)

φ [-] is the porosity, Sα [-] the saturation, vα [m/s] the average velocity and qα
[m3/(m3 s)] sources or sinks for phase α. Here, only the convective flux in the
flux term is considered. Using the Gaussian integral theorem, the flux term can
be reformulated to obtain

∂

∂t

∫

V

φSα%αdV +

∫

V

∇(φ%αvα)dV −
∫

V

%αqαdV = 0. (22)

It is also valid that

uα = φvα, (23)

where uα [m/s] is the Darcy velocity. Inserting Eq. 23 into Eq. 22 and assuming
continuous integrands yields the differential form of the balance equation,

∂(φSα%α)

∂t
+∇(%αuα)− qα%α = 0. (24)

The transition from the integral form (Eq. 22) to the differential form (Eq. 24) of
the balance equations requires continuity of the functions ∂(φSα%α)

∂t
, ∇(%αuα) and

qα%α. This condition can be violated i.e. through changes of material properties
formed with jumps in permeability. In such cases, V is divided into subdomains
where certain jump conditions satisfy the continuity requirements (see Sect. 4.1).
The extended Darcy’s law (Eq. 17) is inserted into the mass balance Eq. 24 to
obtain the continuity equation for phase α
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∂(φSα%α)

∂t
+∇ · [−%αkrα

µα
K (∇pα − %αg)]− qα%α = 0. (25)

As introduced in Sect. 2.2, in this work fluids are considered to be incompressible
and porosity time-invariant. With the supplementary constraints

pn = pc + pw (26)

and
Sw + Sn = 1, (27)

one obtains for the wetting and the non-wetting phase

−φ%w ∂Sn
∂t

+∇ · [−%w krw
µw

K (∇pw − %wg)]− qw%w = 0, (28)

φ%n
∂Sn
∂t

+∇ · [−%nkrn
µn

K (∇pw +∇pc − %ng)]− qn%n = 0. (29)

Additionally, the capillary pressure pc [Pa] and the relative permeabilities krw [-]
and krn [-] are functions of saturation (see Sect. 2.3.2 and 2.5). Thus, the un-
knowns in Eqs. 28 and 29 are reduced to two and the system is closed.



3 Capillary hysteresis

Two types of fluid displacement are distinguished in two-phase flow in porous
media: drainage takes place when the wetting phase is displaced by the non-
wetting phase and imbibition when the wetting phase displaces the non-wetting
phase. The interaction between the two phases and their distribution in a porous
medium strongly depend on the type of displacement that takes place. It is also
influenced from the state at which a change of displacement type took place,
hence a two-phase flow system also depends on it’s history. The dependency
of two-phase flow behavior on the type and the history of phase displacement
is called hysteresis. The term originates from the Greek word υστ έ%ηση meaning
’deficiency’ and was first introduced for magnetism by EWING (1895) [28] as:

When there are two quantities M and N , such that cyclic variations of N
cause cyclic variation of M , then if the changes of M lag behind those of N ,
we may say that there is hysteresis in the relation of M and N .

The term hysteresis can be found in several scientific fields (i.e. physics, me-
chanics, economics, biology) and is generally used to describe history- and
direction-dependent processes [KRASNOSELSKII AND POKROVSKII (1989) [57];
FRANZ (1990) [30]; MAYERGOYZ (1991) [69]; BROKATE AND SPREKELS (1996) [12];
SETTERFIELD (1997) [91]; KREJCI AND SPREKELS (1999) [58]; POMERENING ET AL.
(2003) [79]].
Hysteretic effects make the investigation of two-phase flow in porous media
complicated and require special attention. From the local-scale viewpoint, hys-
teresis appears in the capillary pressure-saturation relationship. Hysteretic pc-
Sw relationships can be observed in natural hydrosystems, for instance during
water infiltration in the unsaturated zone or fluctuations of a groundwater ta-
ble [STAUFFER AND DRACOS (1986) [94]]. They also play a significant role in
several technical applications that involve reversals of the direction of fluid dis-
placement. A few examples are the water-oil displacement during oil recovery,
the wetting and drying of paper in the paper industry, the development of fuel
cells and several more. A typical environmental application is the infiltration of a
DNAPL in an heterogeneous aquifer and then the removal of the contamination
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with pump-and-treat methods.
In Sect. 2.3.2, the capillary pressure-saturation relationship was qualitatively
derived for a bundle of parallel, vertical capillary tubes. In such an idealized
case, both drainage and imbibition are fully reversible. In real soils, however,
the high irregularity of pore sizes and their complex arrangement generate hys-
teresis. Therefore, the causes of hysteresis can be understood only by looking at
processes occurring on the pore scale of a porous medium. Although these pro-
cesses cannot be resolved on the local scale, their effect is depicted in the pc-Sw
relationship.
In the following, hysteresis effects will be first discussed on the pore scale (Sect.
3.1), focusing on the mechanisms that generate local-scale hysteresis. The form of
hysteretic pc-Sw relationships on the local scale as well as concepts used for their
approximation are then discussed in Sect. 3.2.

3.1 Hysteresis on the pore scale

Hysteresis on the pore scale can be observed with three effects: the hysteresis re-
lated to the contact angle, the inkbottle effect and the entrapment of non-wetting
phase.

Contact angle hysteresis

If the non-wetting phase displaces the wetting phase (drainage), the contact
angle is smaller than that observed in the reversed process (imbibition). This is
qualitatively illustrated in Fig. 19. An example of contact angle hysteresis is the
shape of a raindrop: the advancing (water displaces air) contact angle is larger
compared to the retreating (air re-displaces water) contact angle.
Additionally, the fluid displacement process and consequently the contact angle
are influenced by microstructures of the solid surface (see Fig. 19) and therefore
might differ for drainage and imbibition.

Inkbottle effect

Consider a single pore that is wider in the middle and narrow at the two throats
(see Fig. 20). It is assumed that the pore is initially filled with the wetting
phase w and the interface to the non-wetting phase n is positioned at the left
opening as shown in Fig. 20,I. This fluid distribution of situation I relates to an
interfacial capillary pressure pc,1. Reducing the pressure of the wetting phase
at the right opening will force the interface to move into the pore and reach the
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Figure 19: Contact angle for drainage and imbibition.

minimal pore radius at the left opening (Fig. 20,II). In this case, the capillary
pressure pc,2 is smaller than the pore displacement pressure. Once the capillary
pressure exceeds the displacement pressure, the entire cavity will be emptied
leading to the fluid distribution of situation III (drainage), because the pore
radius in the cavity is too large to sustain the interface with capillary pressure
pc,3. If now the process is reverted (imbibition) by increasing the pressure of
the wetting phase at the right opening (same pressure as in situation II), the
fluid distribution will not be the same as in situation II. Instead, the wetting
phase will enter the pore only until the radius of the interface corresponds
to pc,2 (situation IV). Similarly, in order to fill again the entire cavity with the
wetting phase, the wetting phase pressure has to become larger that that of
configuration I and increase until the interface reaches the largest radius of the
cavity. This situation would correspond to a capillary pressure pc,0. After that

p
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Figure 20: The inkbottle effect.
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point, the radius decreases again and thus the wetting fluid will occupy the
entire cavity and the left pore throat. Such discontinuous changes of fluid content
observed in capillaries are referred to as Haines jumps [HAINES (1930) [34]]. As
described above, Haines jumps occur in drainage when the interface passes
the smallest radius and in imbibition when the interface passes the largest radius.

Phase trapping

When an imbibition process takes place in a porous medium, the displacement
of the non-wetting phase from a wetting phase may cause the trapping of non-
wetting phase inside the pores. This way, the non-wetting phase can form dis-
connected ganglia and blobs that remain immobile as they are surrounded by the
connected wetting phase. There are two mechanisms responsible for the trapping
of a non-wetting phase during an imbibition event: the snap-off and the by-passing
effect [CHATZIS AND DULLIEN (1983) [19]].
The snap-off effect is illustrated in Fig. 21. Blobs of the displaced non-wetting
phase can be held back, depending on the one hand on the contact angle and on
the other hand on the relationship between diameters of pore cavities and pore
throats [WARDLAW (1982) [103]]. The by-passing effect occurs in pathways that
are connected but have different diameters. As shown in Fig. 22, two capillar-
ies with different radii surrounding a grain can lead to the entrapment of the
non-wetting phase in the capillary with the largest radius. MOORE AND SLOBOD

(1956) [71] have shown that the amount of trapped fluid depends on the ratio be-
tween viscous (due to pressure gradients) and capillary forces and on the ratio of
the two diameters. Dominating capillary forces and large diameter ratios lead to

non−wetting phase

wetting phase
imbibitiondrainage

Figure 21: The snap-off effect.
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larger amount of phase trapping.
In a groundwater contamination scenario, where the non-wetting phase is a
DNAPL and the wetting phase is water, this effect has a significant impact on
the efficiency of a remediation scheme. Isolated parts of DNAPL are difficult to
be removed and form a source of long-term contamination. In such applications,
it is therefore crucial to predict correctly the amount of trapped phase from a
local-scale consideration.

3.2 Hysteresis on the local scale

The pore-scale effects of contact angle hysteresis, inkbottle behavior and phase
trapping are not individually recognizable on the local scale, yet have a signif-
icant influence on the behavior of a two-phase flow system. On the local scale,
the averaged effect of these phenomena is observed as a hysteretic behavior in
the capillary pressure-saturation curves. The first experimental evidence of hys-
teretic effects in porous media was reported in HAINES (1930) [34] and RICHARDS

(1931) [85].
Hysteresis may also appear in the relative permeability-saturation relationship.
However, kr-Sw hysteresis is normally regarded insignificant compared to pc-Sw
hysteresis and in this work it will be neglected. Apart from this, there is little in-
formation found in the literature related to experimental investigations of kr-Sw
hysteresis [GERHARD AND KUEPER (2003) [32], MILLER ET AL. (1998) [70]].
Consider a porous medium initially fully saturated with a wetting phase. The
monotonic increase of capillary pressure during the drainage of the porous
medium can be described i.e. with the VAN GENUCHTEN parameterization (see
Eq. 12). The curve 1 → 2 in Fig. 23 is called main drainage curve (MDC). When
the porous medium is entirely drained, the wetting phase saturation reaches a
residual value. With this situation as the initial state one may observe now the
reversed process: the evolution of the pc-Sw curve during imbibition. The main
imbibition curve (MIC) is illustrated in Fig. 23 with the curve 2→ 3. For a given
capillary pressure, less wetting phase saturation is observed in imbibition com-
pared to drainage. This behavior is similar to the inkbottle effect described above.
Apart from this, it is also observed that the MIC ends to a smaller wetting phase
saturation than the MDC. This occurs due to the non-wetting phase entrapment
during the imbibition.
If the starting state for imbibition does not correspond to a drained medium but

any intermediate situation, a primary imbibition scanning curve (PISC) is obtained.
The PISC corresponds to the curve 4 → 5 in Fig. 23. In this case, the maximum
wetting phase saturation lies somewhere between the maximum saturations of
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Figure 23: Hysteresis in the capillary pressure-saturation relationship.

the MIC and the MDC (point 5 has to lie somewhere between points 3 and 1). If
this saturation is reached and then a new drainage takes place, a primary drainage
scanning curve (PDSC) is obtained. This is indicated with the curve 5→ 4 in Fig.
23. The loop formed through drainage and imbibition 4→ 5→ 4 is called a hys-
teresis loop.
Similarly, any further switch from drainage to imbibition (and vice versa) start-
ing from a scanning curve, will generate hysteresis loops of secondary scanning
drainage or imbibition curves (i.e. curve 7 → 6 in Fig. 23). It becomes obvious
that there is an infinite number of possible pc-Sw configurations, depending on
the type of displacement process and the initial states (i.e. points 1 to 7 in Fig.
23). One can also observe that all possible combinations of pc-Sw on primary or
secondary scanning paths have to lie somewhere between the main drainage and
the main imbibition curve.
The existence of the dependency of pc-Sw hysteresis on the pore-scale effects de-
scribed in Sect. 3.1 is –at least theoretically– understood and well-established.
Still, the quantitative description of this dependency –by means of a theoretical
derivation of pc-Sw hysteresis from pore-scale effects– is not possible due to the
enormous complexity of the processes taking place in the pore-scale structure of
real porous media.
There are, however, several formulations and concepts found in the literature that
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approximate pc-Sw hysteresis for two-phase flow in porous media. These include
empirical approaches based on scaling [SCOTT ET AL. (1983) [90]; KOOL AND

PARKER (1987) [56]; PARKER AND LENHARD (1987) [78]; GERHARD AND KUEPER

(2003) [31]], dependent domain models [MUALEM (1974) [72]; MUALEM (1984)
[74]], while new approaches aim to consider additional variables (other than sat-
uration) in order to quantify capillary pressure on the local scale [REEVES AND

CELIA (1996) [84]; WEI AND DEWOOLKAR (2006) [104]; JOEKAR-NIASAR ET AL.
(2007) [49]].
In the following, the two hysteresis concepts used in this thesis will be analyzed.
The first is a play-type concept proposed from BELIAEV AND HASSANIZADEH

(2001) [11] where saturation on a scanning curve does not change and thus scan-
ning curves are always considered to be vertical. The second is the scaling con-
cept from PARKER AND LENHARD that can reproduce, in general, realistic scan-
ning curves of variable saturation.

3.2.1 The play-type pc-Sw hysteresis

The play-type form of hysteresis is a general concept used in many fields as a first
approximation of hysteretic behaviors. In the case of two-phase flow in porous
media, it was first incorporated by BELIAEV AND HASSANIZADEH in the frame-
work of an extended dynamic capillary pressure relationship. However, play-
type hysteresis can also be applied in the classic pc-Sw approach that is used in
this work.
The play-type hysteresis concept can be formulated with the relationship

Sw =





MDCf(pc) for pc = pMDC
c

Sswitchw for pMDC
c > pc > pMIC

c
MICf(pc) for pc = pMIC

c .

(30)

Here, MDCf and MICf denote the functions that describe the main drainage and
the main imbibition pc-Sw curve. pMDC

c and pMIC
c is the capillary pressure from

the main drainage and main imbibition curve, respectively. With Sswitchw is notated
the saturation at which a switch from drainage to imbibition or vice versa takes
place. As seen in Fig. 24, it is only necessary to keep track of the saturation and
use Sswitchw to represent hysteresis. Scanning curves are approximated by vertical
lines where the saturation remains constant (lines 4→ 5 and 6→ 7 in Fig. 24).
In the play-type approach, saturation after a switch from drainage to imbibition
does not change until the capillary pressure reaches the value on the main im-
bibition curve pMIC

c . Once capillary pressure reaches the value pMIC
c , the slope
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Figure 24: Play-type hysteresis in the VAN GENUCHTEN (left) and the BROOKS

AND COREY (right) parameterization.

changes instantly and saturation decreases following the main imbibition curve.
This behavior resembles the Haines jumps observed on the pore scale (see Sect.
3.1). On the pore scale, once the wetting phase reaches the maximum radius, it
instantly occupies the rest of the pore as well due to the capillary forces. On the lo-
cal scale, the gradient of the capillary pressure-saturation curve changes instantly
when capillary pressure reaches the value pMIC

c . Therefore, during imbibition in
the play-type hysteresis concept the capillary pressure pMIC

c can be theoretically
linked to the maximum pore radii.
However, vertical scanning curves are only an approximation. On the pore scale,
there is a slow increase of the wetting phase saturation also before the maximum
pore radius is reached. That means that the inclination of the scanning curve
should actually be larger compared to the main imbibition curve, but not ver-
tical. Also, scanning curves must depend on the pore size distribution of the
porous medium and therefore cannot be always vertical. The variation of the
pore sizes causes different inclinations of scanning curves.
Nevertheless, the main disadvantage of the play-type hysteresis is the lack of a
firm concept that accounts for the trapped non-wetting phase saturation. Scan-
ning curves starting from the main drainage curve at saturations that lie between
the maximum wetting phase saturation in imbibition and drainage (points 3 and
1 on Fig. 24, left) have to be treated separately and form a source of instabil-
ity in a numerical model. On the other hand, the play-type concept offers the
advantage that, once implemented, it can be easily applied to other capillary
pressure-saturation parameterizations by simply switching the functional rela-



3.2 Hysteresis on the local scale 41

tionship that describes the main drainage and the main imbibition curve (i.e. VAN

GENUCHTEN or BROOKS AND COREY, see Fig. 24).
Play-type hysteresis is in general a good approximation for porous media with a
narrow pore-size distribution. Such porous media are characterized by flat pc-Sw
curves and steep scanning curves. To summarize, this hysteresis concept can-
not describe the entrapment of non-wetting phase, yet has the advantage that it
is simple and it can be applied in different pc-Sw functions as long as the main
drainage and the main imbibition curve are available.

3.2.2 pc-Sw hysteresis from PARKER AND LENHARD

PARKER AND LENHARD (1987) [78] have developed an empirical scaling hystere-
sis concept that can produce a more realistic representation of scanning curves
and hysteresis loops. Their concept introduces an apparent saturation in order to
mimic the effect of residual trapped non-wetting phase saturation.

Entrapment of the non-wetting phase

This concept distinguishes between the mobile and the trapped part of the non-
wetting phase. To account for the entrapment of the non-wetting phase, the ef-
fective saturation S̄nt of the non-mobile non-wetting phase that is trapped in the
wetting phase is defined as

S̄nt =
Snt

1− Swr . (31)

Here, Snt stands for the saturation of the trapped non-wetting phase. Practically,
this saturation is a proportion of the non-wetting phase saturation that corre-
sponds to isolated ganglia and blobs surrounded by the wetting phase.
Similarly, the effective residual non-wetting phase saturation S̄nr reads

S̄nr =
Snr

1− Swr . (32)

In the latter, 1− S̄nr is the maximum wetting phase saturation reached when the
imbibition process began at residual wetting phase saturation (see Fig. 25). LAND

(1968) [61] experimentally observed that the amount of trapped non-wetting
phase after an imbibition process (S̄nr(i), see Fig. 25) increases with the effec-
tive non-wetting phase saturation at the beginning of the imbibition (1-S̄w(i)). In
the same work, the following empirical relationship is proposed
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Figure 25: Phase entrapment in the pc-S̄w curve.

S̄nr(i) =
1− S̄w(i)

1 +R(1− S̄w(i))
, (33)

with

R =
1

S̄nr
− 1. (34)

PARKER AND LENHARD distinguish between the effective and the apparent wet-
ting phase saturation. The effective saturation S̄w is considered as the mobile part
of the phase. The apparent saturation ¯̄Sw is the sum of the effective saturation S̄w
and trapped effective saturation S̄nt

¯̄Sw = S̄w + S̄nt. (35)

The apparent saturation, as explained later, is the variable used in this hysteresis
concept for the derivation of the pc-Sw relationship (instead of the effective satu-
ration as done in the common VAN GENUCHTEN function).
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The effective trapped saturation of the non-wetting phase S̄nt(ij) at any point j on
an imbibition curve (that started from point i) is obtained with linear interpola-
tion

S̄nt(ij) = S̄nr(i) ·
S̄w(j) − S̄w(i)

1− S̄w(i)

. (36)

Formation of hysteresis

When using the effective saturation S̄w, it is only possible to describe hysteresis
that accounts for the contact angle hysteresis and the inkbottle effect. If there is
non-wetting phase entrapment (existence of S̄nr(i)), the pc-S̄w curves for drainage
and imbibition do not form closed loops. The formation of closed loops is possi-
ble by substitution of the effective by the apparent saturation (see Fig. 26), that
also accounts for fluid entrapment. This way, a MDC and a MIC described i.e.
with the VAN GENUCHTEN model

MDC ¯̄Sw = [1 + (MDCαpc)
n]−m, (37)
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Figure 26: Hysteresis in the pc- ¯̄Sw curve.
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MIC ¯̄Sw = [1 + (MICαpc)
n]−m (38)

will form a closed hysteresis loop, while trapped non-wetting phase is accounted
for. Here, it is assumed for simplicity that n is the same for drainage and imbibi-
tion.
With the main drainage and imbibition curves and using the saturations at which
a switch from drainage to imbibition (or vice versa) takes place, it is possible to
scale the apparent saturation. The scaling relationship reads for imbibition

¯̄Sw(ζ)(pc) =
MIC ¯̄Sw(pc)−MIC ¯̄Sw(idpc)
MIC ¯̄Sw(dipc)−MIC ¯̄Sw(idpc)

· (di ¯̄Sw −id ¯̄Sw) +id ¯̄Sw. (39)

In the latter, ζ denotes a point on a secondary imbibition scanning curve (see Fig.
26). MIC ¯̄Sw(pc) is the apparent saturation that corresponds to the main imbibition
curve. The indices di and id stand for switching points (imbibition to drainage
and vice versa). For example, Eq. 39 can be expressed based on the points given
in Fig. 26 as

¯̄Sw(ζ) =
¯̄S7 − ¯̄S6

¯̄S5 − ¯̄S6

· ( ¯̄S4 − ¯̄S3) + ¯̄S3. (40)

Similarly, the scaling relationship can be formulated for drainage

¯̄Sw(ξ)(pc) =
MDC ¯̄Sw(pc)−MDC ¯̄Sw(dipc)
MDC ¯̄Sw(idpc)−MDC ¯̄Sw(dipc)

· (id ¯̄Sw −di ¯̄Sw) +di ¯̄Sw. (41)

Practically, Eq. 39-41 imply that a scanning curve is scaled between the starting
and the ending point using the main drainage or the main imbibition curve,
depending on the type of the current displacement event. The starting point of
the current scanning curve is known from the history of saturation while the
end point of coincides with the starting point of the previous scanning curve.
For example, the value ¯̄Sw(ζ) has a direct dependency only on points 4 (starting
point) and 3 (starting point of the preceding drainage scanning curve), as far as
the history of displacement is concerned (see Fig. 26).

Example

To illustrate the hysteresis concept described above, an example is used to derive
a point on an imbibition scanning curve as shown in Fig. 27. Following initially
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the main drainage path, a reversal from drainage to imbibition at point i is consid-
ered, with Sw(i) = 0.368 [-] and pc(i) = 2798 [Pa]. Here it is assumed that saturation
acts as the primary variable (input), while scanning curves are formed through
the calculation of capillary pressure (output). In this example, it is aimed to find
the capillary pressure value that corresponds to a point j positioned on the scan-
ning curve with Sw(j) = 0.457 [-].
First of all it is given that Swr = 0.15 and Snr = 0.2 [-], meaning that for imbibition
the effective residual non-wetting phase saturation is S̄nr = 0.235 [-] according to
Eq. 32. Concequently, it is found from Eq. 34 that R = 3.25 [-]. The reversal point
i has a saturation Sw(i) = 0.368 [-] (see Fig. 27) that corresponds to S̄w(i) = 0.257 [-].
Equation 33 yields the value S̄nr(i) = 0.217 [-] or Snr(i) = 0.185 [-].
After the switch from drainage to imbibition, in order to find the apparent satura-
tion that corresponds to a saturation Sw(j) = 0.457 [-] (or S̄w(j) = 0.361 [-]) it is first
necessary to calculate the effective trapped non-wetting phase saturation S̄nt(ij).
This is done by linear interpolation using Eq. 36 that yields the value S̄nt(ij) = 0.03
[-]. Thus, based on Eq. 35 the apparent saturation for point j is ¯̄Sw(j)(pc) = 0.391
[-]. Finally, this apparent saturation can be used in Eq. 39 to calculate the scaled
apparent saturation on the main curve MIC ¯̄Sw(pc), that is equal to 0.189 [-]. From
this saturation value the corresponding capillary pressure is then found pc(j) =
1775 [Pa].

Input for main drainage and
main imbibition

Swr (dr.) = 0.15 [-]
Swr (im.) = 0.15 [-]
Snr (dr.) = 0.0 [-]
Snr (im.) = 0.2 [-]
α (dr.) = 0.0004 [1/Pa]
α (im.) = 0.0007 [1/Pa]
n (dr.) = 11.0 [-]
n (im.) = 11.0 [-]
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Figure 27: An example for the formation of a scanning curve using the scaling
hysteresis concept from PARKER AND LENHARD.



4 Numerical model

In Sect. 2.6 the mathematical model for the description of flow of two incom-
pressible, immiscible fluid phases in rigid, non-deformable porous media was
introduced. The continuity equations 28 and 29 form a strongly coupled non-
linear system of equations through the inclusion of the constitutive relationships
of capillary pressure-saturation and relative permeability–saturation. In the fol-
lowing, the discretization techniques applied in this thesis for the approximation
of these equations will be explained.

4.1 Spatial and temporal discretization

The numerical simulations in this work are carried out with the numerical sim-
ulator MUFTE-UG (Multiphase Flow Transport and Energy model on Unstruc-
tured Grids). The simulator consists of a part that deals with the physical and
mathematical problem description as well as the discretization (HELMIG ET AL.
(1998) [42]) and a part that contains numerical tools and solvers that can handle
multigrid data structures, grid generation, parallelization techniques and visu-
alization [BASTIAN (1997) [7]]. In the framework of this thesis, only two- and
three-dimensional structured grids are applied.
The balance equations for the two phases (Eqs. 28, 29) are solved fully cou-
pled based on a vertex-centered Finite-Volume discretization in space, the BOX-
scheme [BASTIAN (1999) [6]; HELMIG (1997) [41]; HUBER AND HELMIG (1999)
[47]].
A domain G is discretized with an initial finite element (FE) mesh that consists
of n nodes V = v1,...,vn and m elements E = e1, ..., em. Dirichlet or Neumann
boundary conditions can be assigned at the boundary Γ of the domain. The BOX-
scheme requires the construction of a second grid. This is done by linking the
barycenter of each element from the FE mesh with the midpoints of the edges of
this element (see Fig. 28). This way, a control volume Bi is constructed around
each node vi of the FE mesh. The intersection of a control volume with an ele-
ment eκ is called a sub-control volume bκi .
In Fig. 29 the continuous lines represent the FE mesh and the dashed lines the
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control volumes. In this case, the boundary Γ1,2 between two sub-domains G1

and G2 is determined by the control volumes and not the finite elements.
A weighting function W is defined equal to 1 inside the control volume and 0
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Figure 28: Finite elements and the resulting sub-control volume.

outside the control volume

Wi(x) =

{
1 if x ∈ Bi

0 if x /∈ Bi.
(42)

Furthermore, a linear basis (or shape) function Ni is considered such that it is 1 at
the node i and 0 at all other nodes. A graphical representation of the weighting
and the base functions for 1-D is given in Fig. 30.
Multiplying the two-phase flow equations (Eqs. 28-29) by the weighting function
Wi and integrating over the whole domain G results in integrals over the control
volumes

∫

Bi

∂Sα
∂t

φdBi −
∫

Bi

∇ · (λαK (∇pα − ραg)) dBi −
∫

Bi

qαdBi = 0, (43)

where λα = krα
µα

is the mobility of phase α. Applying the Gaussian integral theorem
with ΓBi as the boundary of Bi gives

∫

Bi

∂Sα
∂t

φdBi +

∮

ΓBi

(λαK (∇pα − ραg)) · n dΓBi −
∫

Bi

qαdBi = 0. (44)

The integral over ΓBi describes the discrete fluxes between the control volumes
and forms the basis for a mass-conservative scheme. A midpoint approximation
is used for the evaluation of the integral. That is, the value at the middle of the
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Figure 29: Finite elements and the resulting sub-control volume (from JAKOBS

(2004) [48]).

sub-control volume edge (integration point) is multiplied with the length of the
edge (in 3-D edges are replaced by faces).
In general, for a time-dependent variable u the temporal discretization is formu-
lated as

∂u

∂t
≈ un+1 − un

tn+1 − tn . (45)

Taking the shape functions into account

pw ≈
∑
i∈V

pwiNi, (46)

pc ≈
∑
i∈V

pciNi, (47)

Sn ≈
∑
i∈V

SniNi, (48)

yields the discretized two-phase flow equations
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gαi(S
n+1
ni ;Snni; p

n+1
wi ; pn+1

wj ) :=

− (−1)δαw{[Sn %α]n+1
i − [Sn %α]ni }

φ

∆t
|Bi|

︸ ︷︷ ︸
Mα

−
∑
j∈ηi

γFUBij λFUBαij %αij γ
FUB
αij (ψn+1

αj − ψn+1
αi )

︸ ︷︷ ︸
Aα

− %αi q
n+1
αi |Bi| −mαi︸ ︷︷ ︸

Qα

= 0 ,

α ∈ {w, n} , (49)

which forms a fully implicit Euler scheme that is unconditionally stable for ar-
bitrary timesteps [HELMIG (1997) [41]]. Here, ηi is the set of neighboring nodes
whose control volumes share sub-control volume edges/faces with Bi and Ei is
the set of elements which have node vi as a corner, for example {e1, e2, e3, e4, e5}
for node vi in Fig. 29. |Bi| represents the area (in 2-D) respectively the volume
(in 3-D) of the control volume, the indices n and n+ 1 stand for the time step and
j is a neighboring node of i. Mα denotes the discretized accumulation term, Aα
the discretized flux term and Qα the sources/sinks term and the flow term over
∂Bi ∩ ΓαN where ΓαN is a Neumann type boundary for phase α.
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It is further considered that

γFUBαij =

∮

∂Bi\ΓNα

K gradNj n dΓ, (50)

ψn+1
α i = pwi + δαnp

n+1
ci − %αi gi . (51)

The sign of ψαm−ψαi gives the direction of the flow of phase α across the interface
between two control volumes. n is the outer normal vector with respect toBi. The
mobilities are defined using a fully upwind method

λFUBαij =

{
λαi if (ψαj − ψαi) ≥ 0

λαj if (ψαj − ψαi) ≤ 0,
(52)

which means that the mobility of the node with the higher potential is chosen
(upstream mobility, see Fig. 30).
The vertex-centered FV method is locally mass conservative, as the boundary in-
tegral over ∂Bi ∩ ∂Bj is equal for the two neighboring control volumes Bi and
Bj . HELMIG AND HUBER (1998) [43] have shown that weighting the mobilities
between two neighboring nodes would lead to a non-physical flux from the do-
main of lower to the domain of higher permeability. Using the upwind mobility
sets this flux to zero. For example, in Fig. 30 the node i is the upwind node due
to the higher potential. As the mobility at the node i is zero, there can be no flow
of non-wetting phase from domain II to domain I. If the mobility was weighted
between nodes i and i − 1, a flow from domain II to domain I would result to a
negative saturation value at node i.
The non-linear system of equations is solved with a damped, inexact NEWTON

scheme that utilizes a line search to determine a damping factor. This scheme
achieves global convergence and automatically adapts the time step. The max-
imum number of line search steps lies between 4 and 6. If the damping factor
can be calculated after the first line search, the time step is increased by a factor
dtscale. In case that after 6 line search steps the damping factor cannot be deter-
mined, the time step is decreased, reducing the numerical diffusion introduced
by the temporal discretization. For this algorithm, the following information has
to be defined:

• The size of the starting timestep ∆start.

• The size of the maximum timestep ∆max.
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• The minimum allowed timestep size ∆min, that functions as an abortion
criterium if convergence is not achieved for this time step size.

At the beginning of each time step, the NEWTON solver requires starting values
of the unknowns for the iteration. In case of mesh refinements, multigrid meth-
ods can be applied. For that purpose, the solution of the previous time step on
the coarsest level serves as an initial guess. The resulting solution on the coars-
est grid is then interpolated to be used as an initial guess for the next level and
the procedure is repeated until the finest level is reached. The evolving linear
system of equations is handled with a stabilized bi-conjugate gradient algorithm
(BiCGStab) for the multigrid method.

4.2 The Interface Condition

Although the fully upwind method describes better the flow of non-wetting
phase across the boundary of two sub-domains, compared to a weighting of the
mobility, it is not possible to model discontinuities of saturation at material inter-
faces, as described in Sect. 2.4.
However, it is possible to achieve a sharp discontinuity in saturation at interfaces
between different materials using an interface condition. In the vertex-centered
FV method described above, the interface between two subdomains with differ-
ent properties coincides with the edge/face between control volumes. This intro-
duces an error that depends on the grid width. In other words, the solution is
dependent on the discretization length at the interfaces. For the implementation
of the interface condition, the grid is shifted so that the interface lies on the FE
grid (see Fig. 31). In this case, a sharp discontinuity of saturation can lie on the
nodes of the FE mesh (in other words at the boundary between two elements).
In the consideration of the interface condition, capillary pressure of the nodes at
the material interface acts as a quasi-primary variable. First, a minimum capillary
pressure pic,min is assigned for each node vi. This is equal to pc(Sin) if vi lies in the
interior of a domain. If vi lies on the interface, pic,min will be the minimum capil-
lary pressure for Sin, with respect to the domains Gj having vi on its boundary of
pc|Gj(S

i
n)

pic,min = min
k∈E(i)

pc(x
k, Sin), (53)

where xk is the barycenter of the element ek and pc(x
k, ·) is the capillary pressure

function pc|Gj for which xk ∈ Gj .
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Figure 31: Grid consideration in the classical BOX approach and the Interface
Condition approach from JAKOBS (2004) [48].

An example is illustrated in Fig. 31, where a subdomain G1 with low entry pres-
sure and high permeability lies next to a subdomain G2 with higher entry pres-
sure and smaller permeability. In this case pic,min will be equal to the capillary
pressure from the function pc|G1.
Furthermore, a virtual saturation Si,kn is defined at each node vi. This virtual
saturation relates to the elements ek having vi as a node and is used for the com-
putation of the entries of the local stiffness matrices. If vi is not on an interface,
Si,kn = Sin. If vi lies on an interface, there are three possibilities:

• ek belongs to the domain Gj with the minimum capillary pressure pic,min for
Sin, i.e. is the material with the lowest entry pressure. In this case Si,kn = Sin.

• ek belongs to a domain Gj that has entry pressure pc|Gj(Sn = 0) larger than
the minimum capillary pressure pic,min. In this case, Si,kn = 0.

• ek belongs to a domain Gj that is not the one with the minimum capillary
pressure, but pic,min is greater than the entry pressure of Gj . This case yields
Si,kn = pc|Gj(p

i
c,min).

This can be in general formulated [BASTIAN AND HELMIG (1999) [8]; DE NEEF

(2000) [75]] as

Si,kn =





S̃in if pc(xk, 1− S̃in) = pic,min
0 if pic,min < pc(x

k, 1)

S̃in where S̃in solves pc(xk, S̃in) = pic,min.

(54)

In the following, the classical BOX-scheme will be referred to as the PPS approach
(Phase Pressure Saturation), whereas the extension by the interface condition as
the PPSIC approach (Phase Pressure Saturation Interface Condition).
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In the PPS approach all quantities are evaluated at the mesh nodes. This is not
possible in the PPSIC approach, as saturation (and thus all quantities derived
from it) can be discontinuous across element boundaries. The evaluation in this
case is done element-wise (at element barycenters). To ensure a consistent ap-
proach for dealing with heterogeneities, it is assumed that spatially-variant prop-
erties, such as porosity and absolute permeability, may also be discontinuous
across element boundaries and they are evaluated at element barycenters as well.

4.3 Numerical implementation of hysteresis

In Sect. 3.2, the hysteresis concepts from BELIAEV AND HASSANIZADEH (2001)
[11] and from PARKER AND LENHARD (1987) [78] were introduced. In the follow-
ing, the implementation of these concepts in the BOX-scheme will be discussed.
First this is done for the classic PPS approach. Secondly, since a main objective of
this thesis is to model drainage and imbibition processes in heterogeneous struc-
tures, hysteresis has to be incorporated in the PPSIC approach.

4.3.1 Implementation in the PPS approach

The methodology for the numerical implementation of hysteresis in the PPS ap-
proach is the same as in SHETA (1999) [92]. After each timestep, the following
procedure is carried out at each node:

• First the type of displacement that takes place (drainage or imbibition) is
determined, as well as possible reversals (i.e. if there was a switch from
drainage to imbibition in the last timestep). This is achieved by comparing
after each timestep the calculated saturation Sin at each node vi to the sat-
uration of the previous timestep. A threshold value (i.e. 1.0e-5) is used for
the comparison to avoid oscillations.

• Consequently, the value +1 is assigned to an index Ihi for drainage and -1
for imbibition. This value is compared to the previous Ihi index value at
this node.

• If the old and new index value are not equal, it means that a reversal took
place. A counter Li is used to keep track of the reversals. It is now possible
to form the hysteresis models analyzed in Sect. 3.2.
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• In the play-type hysteresis, the use of vertical scanning curves practically
implies an infinite number of pc-Sw solutions for a single saturation value.
Therefore, scanning curves have to be approximated as linear functions
with large inclination:

piplay = pic,1 − β · (Siw − Siw,1). (55)

Here, pic,1 and Siw,1 are the reversal capillary pressure and saturation of node
vi, Siw is the saturation of node vi and β determines the inclination of the
scanning curve. The capillary pressures drpic and imbpic that correspond to
the current saturation Siw on the main drainage resp. imbibition curve are
computed with the VAN GENUCHTEN model (Eq. 12). We formulate Eq. 30
as:

pic =





drpic if piplay >
dr pic

piplay if imbpic < piplay <
dr pic

imbpic if piplay <
imb pic.

(56)

The history of previous reversals is in this case not required, thus Siw,1 and
pic,1 can be overwritten after each reversal. In total, 4 parameters have to be
stored at each node:

– The hysteresis index from the current timestep Ihinew.

– The hysteresis index from the previous timestep Ihiold.

– The saturation of the last reversal point Siw,1.

– The capillary pressure of the last reversal point pic,1.

• Equations 39 and 41 that describe the hysteresis model from PARKER AND

LENHARD can be re-written in a general form as

¯̄Sw(i)(pc) =
p ¯̄Sw(pc)−p ¯̄Sw,2
p ¯̄Sw,1 −p ¯̄Sw,2

· ( ¯̄Sw,1 − ¯̄Sw,2) + ¯̄Sw,2. (57)

The indices 1 and 2 stand for the reversal point and the endpoint of the cur-
rent pc-Sw curve. The index p denotes the main drainage resp. imbibition
curve. In this case, the previous reversal point (endpoint) has to be known,
therefore values have to be stored dynamically using the counter Li (loop
index). To compute the required apparent saturations (Eq. 57), it is nec-
essary to store the saturations Siw,1, Siw,2 and capillary pressures pic,1, pic,2 of
the current drainage or imbibition pc-Sw curve. In total, 7 parameters are
needed at each node:



4.3 Numerical implementation of hysteresis 55

– The hysteresis index from the current timestep Ihinew.

– The hysteresis index from the previous timestep Ihiold.

– The loop index Li.

– The saturation of the last reversal point Siw,1.

– The saturation Siw,2 of the endpoint of the pc-Sw curve that will be
reached at the end of the current drainage or imbibition event.

– The capillary pressure pic,1 of the last reversal point. This value is re-
quired in order to find the corresponding apparent saturation on the
main drainage or imbibition curve (the projected value p ¯̄Sw,1).

– The capillary pressure pic,2 of the endpoint, also necessary to calculate
the respective apparent saturation on the main curve.

4.3.2 Combination of hysteresis with the PPSIC approach

As explained in Sect. 4.2, the interface condition allows a better approximation
of sharp saturation discontinuities at the nodes of the FE mesh. In this case, ma-
terial interfaces lie on the edges of the finite elements. For the development of a
hysteresis concept that accounts for such interfaces, it is necessary to include dis-
continuities in saturation in the history of the displacement. Thus, the saturation
used in the hysteresis models must be the virtual saturation defined at each node,
that relates to the neighboring elements (see Sect. 4.2). On the other hand, rever-
sal saturations and capillary pressures have to be accounted for in the interface
condition.
The reversal saturations at node vi relevant to the neighboring elements ek will
be denoted with Si,kw,1 and Si,kw,2. Pressure is continuous also at heterogeneities and
therefore single nodal values are sufficient (see Fig. 32). The combination of hys-
teresis with the interface condition can be summarized in the following points:

• It is considered that at each node vi either drainage or imbibition takes
place, thus the hysteresis index at interfaces does not relate to the neigh-
bouring elements but has a unique value for vi. As done for the PPS ap-
proach, after each timestep the computed node saturation Sin is compared
to the old saturation to determine the indices Ihi and Li. The loop index Li

is not necessary for the formation of the play-type hysteresis.

• If there is a reversal (determined by Ihinew 6= Ihiold), the minimum capillary
pressure of the node vi with respect to the neighbouring elements is found
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Figure 32: pc-Sw hysteresis in the PPS and the PPSIC approach.

using the node saturation Sin. Since the capillary pressure-saturation rela-
tionship is hysteretic, the history of the current displacement process (which
now corresponds to Li-1) is required.

• Using Eq. 54, the virtual saturations Si,kn related to the elements ek having vi
as a node are computed, based on the current displacement history (which
corresponds to Li-1).

• The computed virtual saturations are dynamically assigned to Si,kw,1, Si,kw,2.
That means each node may have several Sw,1 and Sw,2 reversal saturations,
depending on the amount of elements related to that node (see Fig. 32). For
example, the application of play-type hysteresis in 2-D with a rectangular
mesh requires the storage of 4 Sw,1 values, while the model from PARKER

AND LENHARD needs for a 3-D rectangular mesh 8 Sw,1 and 8 Sw,2 values.

• The capillary pressures pic,1, pic,2 of reversals are only considered at nodes, as
done for the PPS approach.
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• The stored reversal values Si,kw,1, Si,kw,2, pic,1 and pic,2 (corresponding to Li) are
consequently used for the calculation of the minimum capillary pressure
pic,min (see Sect. 4.2) and the virtual saturation Si,kn with the interface condi-
tion (Eq. 54), based on the hysteretic pc-Sw relationship.



5 Model verification

The following work aims to discuss issues such as the necessity of hysteresis mod-
els in predictions of two-phase flow, the evaluation of the predictive ability of the
numerical model developed in Sect. 4.3, the amount of complexity required in
hysteresis models and the reliability of different approaches from the numerical
and the experimental point of view. For that purpose, results from numerical
simulations are compared to data measured in a well-controlled 1-D transient
experiment performed by Yvonne Lins and Tom Schanz in the Faculty of Civil
Engineering at the Bauhaus University of Weimar, Germany [LINS ET AL. (2007)
[66]]. The experiment includes four successive steps of alternating drainage and
imbibition in a homogeneous sand column. This is described in Sect. 5.1. The
setup used in the numerical simulations is described in Sect. 5.2, while the com-
parison between numerical and experimental results is presented in Sects. 5.3
and 5.4. A discussion is finally given in Sect. 5.5.

5.1 Description of the 1-D experiment

The experiment is conducted with a quartz sand with grain size diameters rang-
ing from 0.1 to 1.0 [mm]. The sand is packed in a cylindrical tube 54 [cm] high
with a diameter of 30.5 [cm]. The experimental setup is given in Fig. 33. The top
of the sand column is in contact to the atmosphere. The bottom of the sand col-
umn is connected to a water reservoir. The water reservoir and the sand column
are connected through a perforated plexiglass plate that allows the flow of water
from the reservoir to the column and vice versa. A highly permeable geotextile
is placed between the sand and the perforated plexiglas plate to prevent sand
grains from flushing into the reservoir. Several openings along the tube allow the
connection of sensors to the sand column. Four miniature tensiometers (T1-T4)
and four miniature Time Domain Reflectometry probes (TDR1-TDR4) are placed
along the height of the column with a distance of approximately 10 [cm]. Point
1 (T1 and TDR1) refers to the measurement position closest to the bottom of the
column, while point 4 to the position near the top. The sensors are shown in Fig.
34. The exact heights of the sensors are indicated in Fig. 33.
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Figure 33: Setup of 1-D transient experiment.
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Figure 34: Pictures of the tensiometer (left) and the TDR (right) sensors from LINS

ET AL. (2007) [66].

Under saturated conditions tensiometers measure the hydrostatic pressure of wa-
ter. Under unsaturated conditions they measure negative water pressure. When
present, the air phase is assumed to form continuous paths to the top of the sand
column that is in contact with the atmosphere. Therefore, air pressure in this
experiment is considered to be always zero. In this case, in unsaturated condi-
tions tensiometers indicate the capillary pressure (equal to the negative pressure
of water). On the other hand, TDR sensors measure the saturation of water. It is
thus possible to monitor the change of water pressure and saturation over time
at different heights of the column and also obtain the evolution of the capillary
pressure-saturation relationship on the course of the successive drainage and im-
bibition events.
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The sand column is initially saturated with water. This is done by packing the
sand in water. The reservoir beneath the column always remains filled with wa-
ter. The drainage process of the column is introduced by pumping water out with
an electronic pump attached to the reservoir. Air enters the sand column from the
top. Water is pumped out of the sand column until air reaches the bottom of the
column. Similarly, imbibition is induced by pumping water back into the reser-
voir. This continues until water reaches the top of the sand column. In total,
two drainage and two imbibition steps are carried out. The applied outflow and
inflow rates and the corresponding times are given in Table 2.

Time [min] Outflow (+) or inflow (-) [kg/min] Process
0-430 +0.02673 Drainage

430-775 -0.02889 Imbibition

775-1315 +0.018126 Drainage

1315-1612 -0.03642 Imbibition

Table 2: Outflow and inflow rates used to induce drainage and imbibition.

5.2 Numerical simulation

Property Symbol Value Unit
Density of water %w 1000 [kg/m3]

Density of air %n 1.19 [kg/m3]

Viscosity of water µw 1.124×10−3 [kg/(m s)]

Viscosity of air µn 1.65×10−5 [kg/(m s)]

Table 3: Phase properties.

For the numerical simulation, a regular rectangular mesh is used. Along the z
direction (direction of gravity), the spacing of the grid is 0.5 [cm]. The width of
the finite elements on the x direction is chosen such that the bottom area of the
discretized model domain corresponds to the bottom area of the cylindrical sand
column described in the previous section. In the numerical simulation, although
the problem is one-dimensional, the model domain has a depth of 100 [cm].
Thus, the width of the domain in the numerical model is set to 7.3062 [cm] (see
Fig. 35). A timestep of 4 [s] is chosen.
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As shown in Eq. 28 and 29, fluid phases in the two-phase flow model are
described by the density and the dynamic viscosity. The density and viscos-
ity values given for water and air in the numerical simulation are listed in Table 3.

Initial and boundary conditions

The initial and boundary conditions in the numerical simulation mimic those
of the experiment. The primary variables are the water pressure pw and the air
saturation Sn. Initially, the saturation of water in the model domain is equal
to 1.0 [-] and hydrostatic distribution is given for the pressure of water. At the
top boundary, a Dirichlet boundary condition is applied for the water and the
air phase. This boundary condition prescribes directly a pressure value equal
to -3400 [Pa] for water at the top of the column. This value is equal to the
maximum value of capillary pressure. Combined with the Dirichlet boundary
value 1.0 [-] for the air saturation, the definition of phase pressure difference
(pc = pn − pw) delivers that the pressure of air at the top boundary is equal to
zero (atmospheric).
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As water phase infiltrates the domain from the bottom, it is possible to obtain
non-physical water flux out of the domain through the top boundary, because
of the Dirichlet boundary condition. This effect might introduce an error in the
mass balance. To prevent any mass of water from leaving the domain through
the top boundary, the upwind wetting phase mobility at the finite elements of
the upper layer is explicitly set to zero.
At the bottom boundary, a Neumann no-flow boundary condition is assigned to
air. Practically, in the experiment and also in the numerical simulations air does
not reach the bottom of the sand column resp. of the model domain. However,
this boundary condition ensures that no mass of air flows through the bottom.
For the water phase, also a Neumann boundary condition is applied. In this case,
the amount of water flux in or out of the model domain is a predefined function
of time as shown in Table 2.

Hydraulic properties

The fixed flux of water phase introduced by the Neumann boundary condition
implies that at a certain time a certain mass of water has entered the model do-
main. For instance, during imbibition the total mass of water in the domain does
not depend on the hysteresis model, or even on whether hysteresis is taken into
account at all, but only on the value of water influx at the bottom boundary. The
same is true for the hydraulic properties of the sand that are used as input in the
numerical simulation. Permeability, porosity and capillary pressure-saturation
relationship do not relate to the amount of water mass in the domain, but strongly
influence how this mass distributes in it. The water mass outflow and inflow is
shown in Fig. 35.
The capillary pressure-saturation relationship used as input for the numerical
simulation is determined here with two different approaches.
In the first approach, the drainage and imbibition pc-Sw curve is obtained from
the sensor measurements taken at point 4 (TDR4 and T4) during the transient
experiment. This point is closest to the top boundary and thus reaches during
drainage the lowest saturation value compared to the other measurement points.
It is therefore the most appropriate point to determine the main drainage and
the main imbibition curve. To achieve that, the measured data are fitted to the
VAN GENUCHTEN capillary pressure-saturation function. The residual phase sat-
urations and also the fitted α and n shape parameters for the main drainage and
main imbibition curve are given in Table 4. The numerical simulations based on
this approach are presented in Sect. 5.3.
In the second approach, the capillary pressure-saturation relationship is deter-
mined with separate multistep outflow/inflow experiments. This procedure and



5.3 Comparison of measurements to simulation results using pc-Sw measured
in the transient state experiment 63

Property Symbol Value drainage Value imbibition Unit
Water residual saturation Swr 0.13 0.13 [-]

Air residual saturation Snr 0.0 0.18 [-]

VAN GENUCHTEN α α 0.0005 0.001 [1/Pa]

VAN GENUCHTEN n n 8.0 6.5 [-]

Absolute permeability K 1.0e-10 1.0e-10 [m2]

Porosity φ 0.5 0.5 [-]

Table 4: Hydraulic properties for drainage and imbibition.

a comparison between an additional numerical simulation and the measurements
from the transient state experiment is presented in Sect. 5.4.
Purpose here is to investigate whether and how capillary hysteresis models can
improve predictions, compare the implementation of the hysteresis concepts de-
scribed in Sect. 3.2 to experimental measurements and draw conclusions related
to which modeling and experimental approaches are suitable for correct predic-
tions of hysteretic two-phase flow. It is therefore beneficial and sufficient to re-
duce any uncertainty in permeability and porosity by taking the values from the
best fit to the temporal change of saturation and water pressure at the four mea-
surement points. The values of porosity and permeability determined in this way
are given in Table 4.

5.3 Comparison of measurements to simulation
results using pc-Sw measured in the transient
state experiment

In the following, the measurements from the experiment will be compared to
three numerical simulations. All simulations are based on the setup and the
boundary conditions described above. The hydraulic properties of Table 4 also
remain unchanged. In the first simulation, hysteresis is not taken into account. In
the second simulation, the play-type hysteresis is used while the third simulation
employs the scaling concept for hysteresis from PARKER AND LENHARD.
For the comparison of the results of the numerical simulations to the measured
data, water pressure and saturation are obtained over time at four nodes of the
rectangular grid. The nodes are at the same height as the four measurement
points in the experiment (see Fig. 35). Furthermore, capillary pressure is plot-
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ted with saturation at each timestep, allowing the visual comparison between
simulated and measured scanning curves.

5.3.1 Simulation with hysteresis not included

In this first simulation, hysteresis is not accounted for in the capillary pressure-
saturation relationship. All drainage and imbibition events are described with a
single pc-Sw curve that corresponds to the main drainage.
In the following, results will be discussed based on points 2,3 and 4. The results at
point 1 are also given in Appendix A. The predicted water saturation at points 2, 3
and 4 during the entire drainage and imbibition sequence is plotted together with
the saturation measured in the experiment in Figs. 36-38 (left). Some discontinu-
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Figure 36: Point 2: saturation (left) and water pressure (right), comparison mea-
surement and simulation with hysteresis not included.
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Figure 37: Point 3: saturation (left) and water pressure (right), comparison mea-
surement and simulation with hysteresis not included.
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Figure 38: Point 4: saturation (left) and water pressure (right), comparison mea-
surement and simulation with hysteresis not included.
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Figure 39: Capillary pressure-saturation at point 2 and point 4: comparison mea-
surement and simulation with hysteresis not included.

ities observed in the measurements when switches from drainage to imbibition
or vice versa take place (i.e. at the time 430 [min], see Fig. 37) result from the fact
that the pump is turned off after each drainage/imbibition event and the column
is left to rest for several hours. This procedure has also been simulated, however
the influence of these relaxation periods on the obtained pressure and satura-
tion is negligible. Therefore, results from the simulations and the experiment are
presented here leaving out the relaxation periods (that would correspond to the
times 430, 775 and 1315 [min]).
Water saturation at point 4 reaches at the end of drainage values close to 0.15 [-]
while point 2 is positioned lower and therefore the minimum water saturation
observed is approximately 0.42 [-]. In the experiment, water saturation at the end
of imbibition (at time 775 [min]) does not reach the maximum value 1.0 [-] that
was the initial condition, but a lower value equal to 0.85 [-]. This indicates that
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there is a trapping of air that results to a residual air saturation for imbibition. On
the other hand, the numerical simulation does not consider phase entrapment
and therefore cannot capture this effect. Water saturation after imbibition reaches
back to the maximum value 1.0 [-]. This difference between simulated and mea-
sured saturation is observed at all points 2, 3 and 4 for the first imbibition (times
430-775 [min]) and the second imbibition (times 1315-1612 [min]).
Figures 36-38 also illustrate the measured and the simulated values of water pres-
sure at points 2, 3 and 4. Water pressure at point 2 is higher due to the hydrostatic
distribution of pressure. Negative water pressures dominate at point 4 as the
largest capillary pressure is observed near the top. The predicted water pressure
however shows deviation from the measurements, especially during imbibition.
The steep increase of water pressure observed in the experiment at the end of
the first and the second imbibition (at times 775 and 1612 [min]) relates to the
steep decrease of capillary pressure when the maximum water saturation 0.85 [-]
is reached. In the numerical simulation, the maximum water saturation at imbibi-
tion remains equal to 1.0 [-] and thus the water influx from the bottom boundary
can be stored in the domain without reaching the steep decrease of capillary pres-
sure on the pc-Sw curve.
On the other hand, at the end of the second drainage (at time 1315 [min]) pre-
dicted and measured water pressure agree (the same applies for saturation). This
occurs because the scanning curves observed in the experiment during drainage
end at the main drainage curve, that is also used in the simulation (see Fig. 39).

5.3.2 Simulation with play-type hysteresis included

In this case, the measurements from the 1-D transient experiment are compared
to the predicted saturations and water pressures from a simulation incorporating
the play-type hysteresis concept. Here the main imbibition curve is also given
as input for the model (see Table 4). However, the play-type concept does not
account for phase entrapment at the end of the imbibition process as the effective
saturation must form closed loops (see Sect. 3.2.1). Therefore, the residual satu-
ration of air in drainage and in imbibition is equal to 0.0 [-].
Figures 40-42 (left) show the predicted saturation at points 2, 3 and 4 plotted with
the measurements. The predicted saturation is almost identical as in the previ-
ous simulation where hysteresis was not taken into account. At the end of the
first and the second imbibition, the numerical simulation predicts smaller values
of air saturation compared to the experiment, because phase trapping is not ac-
counted for. However, the use of the play-type concept improves the agreement
between the predicted water pressure and the tensiometer measurements. This
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Figure 40: Point 2: saturation (left) and water pressure (right), comparison mea-
surement and simulation with play-type hysteresis included.
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Figure 41: Point 3: saturation (left) and water pressure (right), comparison mea-
surement and simulation with play-type hysteresis included.

is shown in Figs. 40-42 (right). The play-type hysteresis produces a steep drop
in capillary pressure when imbibition starts. This results to an increase of water
pressure that gives a better prediction of the pressure distribution.
Introducing the play-type hysteresis in the numerical simulation only affects the
predicted pressure and not the saturation. This behavior relates to the Neumann
boundary condition given for water at the bottom, that has a pronounced influ-
ence on the saturation. As the water flux is fixed, at each timestep the water mass
in the domain and thus the saturation has to increase or decrease by a certain
amount. Given that permeability and porosity are kept the same in the simula-
tion without hysteresis and the simulation with the play-type hysteresis, it is rea-
sonable to obtain similar saturation distributions from both simulations. On the
other hand, water pressure is only restricted by the initial hydrostatic condition
and it is therefore more sensitive to changes in the capillary pressure-saturation
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Figure 42: Point 4: saturation (left) and water pressure (right), comparison mea-
surement and simulation with play-type hysteresis included.

relationship.
Figure 43 illustrates a comparison between the capillary pressure-saturation re-
lationship from the numerical model and the one derived from the saturation
and water pressure measurements. In the model, the vertical scanning curves
from the first and the second imbibition coincide. Furthermore, the vertical scan-
ning curve from the second drainage practically coincides with the main drainage
curve. In the experiment, this does not occur due to the different values of resid-
ual air saturation observed in drainage and imbibition. Nevertheless, scanning
curves at point 4 appear to be almost vertical at the beginning and then approach
the main curves. Figure 43 presents what is observed in the results of Figs. 40 and
42 from a different angle. The play-type model can be a reasonable approxima-
tion for hysteretic effects if there is no significant trapping of non-wetting phase.
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Figure 43: Capillary pressure-saturation at point 2 and point 4: comparison mea-
surement and simulation with play-type hysteresis included.
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5.3.3 Simulation including hysteresis from PARKER AND

LENHARD

In the following, the scaling hysteresis concept from PARKER AND LENHARD (see
Sect. 3.2.2) is used to describe the capillary pressure-saturation relationship in the
numerical simulation. The necessary input for this approach are the parameters
for the main drainage and the main imbibition curve as given in Table 4.
As described in Sect. 3.2.2, this hysteresis model accounts for trapped non-
wetting phase. The predicted saturations at points 2, 3 and 4 is given in Figs.
44-46 (left) together with the values obtained from the TDR sensors. In this case,
the numerical simulation has the ability to predict correctly the residual satura-
tion of air at the end of each imbibition event. Furthermore, this model improves
the agreement in saturation also at transient state (i.e. first imbibition at point 4,
see Figs. 46, 42 and 38). The agreement between numerical simulation and exper-
iment is also good in terms of water pressure as shown in Figs. 44-46 (right). The
simulation can reproduce the development of water pressure at transient state
and also the peaks observed in the experiment when the maximum water satura-
tion is reached in imbibition (at times 775 and 1612 [min]).
The evolution of the capillary pressure-saturation relationship during the numer-
ical simulation is plotted in Fig. 47 together with the derived data pairs from the
sensor measurements for points 2 and 4. The following remarks are given related
to the individual events:

First imbibition

For the first imbibition, modeled and measured scanning curves show good
qualitative agreement. At the end of the first imbibition, a deviation is observed
in the maximum water saturation reached. In the hysteresis model, this value is
scaled between the maximum water saturation of the main imbibition and the
main drainage curve, depending on the starting point of the current imbibition
pc-Sw curve (value Siw,1, see Sect. 4.3). At point 2, the starting saturation value on
the pc-Sw curve is approximately 0.42 [-] and the maximum water saturation on
this scanning curve will be a value interpolated between 0.82 and 1.0 [-]. Point
4 reaches a lower water saturation before imbibition starts and therefore the
maximum water saturation will lie closer to the value 0.82 [-] that corresponds
to the main imbibition curve. The TDR sensors, on the other hand, measured at
points 2,3 and 4 a maximum water saturation of 0.85 [-].
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Figure 44: Point 2: saturation (left) and water pressure (right), comparison
measurement and simulation including hysteresis from PARKER AND

LENHARD.
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Figure 45: Point 3: saturation (left) and water pressure (right), comparison
measurement and simulation including hysteresis from PARKER AND

LENHARD.

Second drainage

In the second drainage, scanning curves on the pc-Sw plane start where the first
imbibition has ended. The scanning curves produced by the model show good
qualitative agreement to those from the measurements. At the beginning of the
second drainage there is a steep increase in the capillary pressure. In the model,
this is influenced by the steep part of the main drainage curve and relates to
the entry pressure. After a certain value, that is observed to be the same in the
model and in the experiment, the pc-Sw scanning curve starts to approach the
main drainage curve (see Fig. 47). Although the starting position of the modeled
and the measured scanning curve differ, the shape of the curve is in both cases
the same.
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Figure 46: Point 4: saturation (left) and water pressure (right), comparison
measurement and simulation including hysteresis from PARKER AND

LENHARD.
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Figure 47: Capillary pressure-saturation at point 2 and point 4: comparison
measurement and simulation including hysteresis from PARKER AND

LENHARD.

Second imbibition

In the numerical simulation and the experiment, the second drainage at point 4
ends approximately at the same saturation values as the first drainage did (see
Fig. 47, value is approximately 0.15 [-]). In the model, this means that the starting
saturation for the second imbibition curve is similar to that of the first imbibition
curve. Furthermore, the ending saturation of the second imbibition curve will be
the saturation at which the previous event started. That is, the value 0.88 [-] that
was observed at the beginning of the second drainage. Practically, this implies
that the modeled first and second imbibition scanning curves will be approxi-
mately the same. A similar effect is observed also at point 2 (see Fig. 47).
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In the experiment, however, the scanning curves of the second imbibition event
do not coincide with these of the first imbibition but follow a parallel course.
According to the measurements, in the second imbibition capillary pressure re-
lates to larger water saturation compared to the first imbibition, despite the fact
that the two events start and end at the same saturation. This might be an in-
dication that history dependence in secondary scanning curves (i.e. the second
imbibition in this experiment) does not restrict to the previous event and the main
drainage/imbibition curves but may also relate to the course of other intermedi-
ate events (i.e. the first imbibition in this experiment). In general, such an effect
would require a large computational effort in order to keep track of the entire
displacement history.
As explained above, it is not possible to capture this behavior in the second im-
bibition scanning curves with the PARKER AND LENHARD hysteresis concept.
However, the numerical simulation shows a good agreement to the measure-
ments in terms of saturation and pressure for all drainage and imbibition events,
using a rather simple (from the mathematical and computational point of view)
scaling concept for hysteresis. In praxis, measuring several scanning pc-Sw curves
is a complicated and painstaking procedure. Here it is shown that it is sufficient to
measure a main drainage and a main imbibition curve and use only this informa-
tion to correctly predict -using the scaling concept- any scanning curve between
the two main curves. However, as explained in the following section, the main
drainage and imbibition curve must be properly determined depending on the
application they are purposed for.

5.4 Hysteresis from a simple multistep experiment

A method very commonly used for the determination of the capillary pressure-
saturation relationship in air-water systems is the controlled outflow/inflow cell tech-
nique, described for instance by LORENTZ ET AL. (1992) [86].
In the controlled outflow/inflow cell technique, a sample of a sand that is fully
saturated with water is placed on a hydrophilic membrane or a ceramic porous
plate that allows only water to flow through. The sample with the porous plate
are positioned in a pressure/suction cell (see Fig. 48). By increasing the air pressure
in the chamber (pressure cell) or by decreasing the pressure of water in the sand
(suction cell), water leaves the sand sample through the porous plate while air en-
ters from the top. The phase pressures during the experiment are controlled and
changed incrementally. At each pressure step, water flows out and once steady-
state is reached the corresponding saturation in the sample is determined. This
way measured data pairs of pressure and saturation are obtained.
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Figure 48: Schematical setup of a pressure/suction cell.
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Figure 49: Pressure-saturation measurements for drainage and imbibition in the
multistep experiments from LINS ET AL. (2007) [66]. The VAN

GENUCHTEN fit is also illustrated.

This procedure is commonly referred to as a multistep experiment. Although
multistep experiments can involve more complex setups and inverse model-
ing algorithms for the determination of hydraulic properties, the procedure ex-
plained here is the simplest and also one frequently used.
Numerical investigations of unsaturated flow often employ pc-Sw curves for
porous media that have been determined with simple multistep experiments. As
explained in Sect. 1.1, it remains unclear whether this methodology is appropri-
ate to provide reliable predictions, epsecially if hysteresis effects are involved in
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Property Symbol Value drainage Value imbibition Unit
Water residual saturation Swr 0.05 0.02 [-]

Air residual saturation Snr 0.01 0.01 [-]

VAN GENUCHTEN α α 0.00055 0.0015 [1/Pa]

VAN GENUCHTEN n n 6.0 2.8 [-]

Table 5: Hydraulic properties measured with the multistep experiment for
drainage and imbibition.

the application. The problem here lies on the one hand on the disturbances in
the porous medium introduced during the preparation of the separate sample
for the multistep experiment and, on the other hand, on the different boundary
conditions, flow and time regimes involved in the multistep experiment and the
application.
In this section, it is assumed that the TDR and tensiometer measurements are not
available for the determination of the pc-Sw relationship. In other words, what
happens if the only information available about the pc-Sw curves comes from a
classic multistep experiment? Would it then be possible to correctly predict the
flow behavior during the successive drainage and imbibition events in the col-
umn?

For that purpose, multistep experiments using the same sand from the 1-D tran-
sient experiment are carried out. The cylindrical sand samples used are 2 [cm]
high with a diameter of 7.1 [cm]. This sample size is similar to the size of the area
captured by the sensors within the column in the transient experiment (see Sect.

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  400  800  1200  1600

S
w

 [
-]

time [min]

Point 2, simulated
Point 2, measured

-4
-3
-2
-1
 0
 1
 2
 3
 4

 0  400  800  1200  1600

p
w

 [
kP

a]

time [min]

Point 2, simulated
Point 2, measured

Figure 50: Point 2: saturation (left) and water pressure (right), comparison mea-
surement and simulation using the pc-Sw measured with the multistep
experiments.
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Figure 51: Point 3: saturation (left) and water pressure (right), comparison mea-
surement and simulation using the pc-Sw measured with the multistep
experiments.
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Figure 52: Point 4: saturation (left) and water pressure (right), comparison mea-
surement and simulation using the pc-Sw measured with the multistep
experiments.

5.1). In this sense, the approach described here determines the pc-Sw relationship
on the same spatial scale as before, but with a different methodology. Water pres-
sure is changed in increments of 100 [Pa]. The experiment is repeated seven times
with different specimens of the sand. The time scale is similar in all seven tests.
As an example, the full drainage in one of the tests lasts approximately 25 days
whereas imbibition is completed after 30 days. During the experiments measures
to prevent evaporation have been taken. The pressure and saturation pairs ob-
tained are given in Fig. 49. The VAN GENUCHTEN parameters fitted to the results
from the multistep experiments are given in Table 5. Directly from the values of
the residual saturations one observes that at the end of imbibition no air trapping
takes place. This contradiction to the transient experiment is also demonstrated
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Figure 53: Capillary pressure-saturation at point 2 and point 4: comparison mea-
surement and simulation using the pc-Sw measured with the multistep
experiments.

with an additional numerical simulation that includes the hysteresis concept from
PARKER AND LENHARD with the VAN GENUCHTEN parameters given in Table 5.
The results from this numerical simulation are illustrated in Figs. 50-52. As in the
multistep experiments no residual saturation of air is measured in imbibition, the
prediction one would get with this approach is poor with respect to air trapping.
This difference is also visualized in Fig. 53. The qualitative agreement in the pc-Sw
curves in terms of entry pressure and inclination provides a good prediction of
saturation and pressure in the transient state (see Figs. 50-52). On the other hand,
the deviation in the residual trapped air saturation leads to an overestimation of
the maximum water saturations.

5.5 Synopsis and remarks

In Sect. 5.3, a comparison between a monitored drainage and imbibition flow and
the predictions made with different approaches is analyzed. This process shows
that it is necessary to include a hysteresis concept in the numerical simulation,
when flow during drainage and imbibition conditions needs to be predicted. The
first modeling approach does not account for hysteresis and it is not possible to
predict correctly the distribution of pressure and saturation in the transient ex-
periment, even if the best fit of permeability and porosity is used.
The second modeling approach includes the play-type hysteresis that is concep-
tualy simple but lacks a firm basis for the approximation of residual saturations
in imbibition. Indeed, the simulation including the play-type hysteresis provides
an approximation of the flow process in the transient experiment, however does
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not predict the trapping of air. This concept would be suitable, for example, for
modeling the multistep experiment of Sect. 5.4, where the imbibition process
takes place with several increments and at the end water saturation returns to 1.0
[-].
In the third modeling approach, the scaling concept from PARKER AND LENHARD

is used for hysteresis. This simulation provides a very good agreement to the
measurements from the transient experiment. The hysteresis concept used in this
case is an empirical scaling approach that is not very demanding with respect to
computational effort. It is shown that in order to obtain a reliable prediction it is
not necessary to use (infinite) scanning curves as input for the model, but only a
main drainage and a main imbibition curve combined with the scaling concept.
Still, the goodness of the results does not depend only on the model concept,
but also on the input given to it. It is shown that a single pair of a TDR and a
tensiometer (used to measure only the main drainage and the main imbibition
curve), combined with the model from PARKER AND LENHARD, can provide a
fairly accurate prediction of hysteretic flow in the entire 54 [cm] high column.
On the other hand, using only the information available from the multistep ex-
periments would not be enough for a correct prediction, independently from the
modeling approach. Related to this, a remarkable deviation is observed in the
amount of trapped air measured after imbibition in the transient and in the mul-
tistep experiments. Although the measurements correspond to samples of the
same spatial scale, the time scales in the two approaches differ. In the transient
experiment, the imbibition caused by the fixed water inflow is completed at point
4 within approximately 80 [min] (i.e. for the first imbibition saturation at point
4 changes from the minimum to the maximum value from 580 to 657 [min]). On
the other hand, imbibition in the multistep experiments occurs stepwise and in
several equilibria within larger time periods (several days). This suggests that
the amount of trapped air, and thus the resulting pc-Sw relationship, depends on
the methodology and the time scales linked to it. Practically, these observations
imply that the input that is necessary for a correct model prediction are the two
main curves -that correspond, however, to the time regimes that are relevant to
the application under investigation.



6 From the pore scale to the local
scale: numerical simulations of
drainage and imbibition in 3-D
heterogeneous porous media

As explained in Sect. 1.1, there are different approaches and possibilities involved
in the broad and complex problem of making predictions of hysteretic two-phase
flow in heterogeneous porous media. Hydraulic properties of materials can be
determined, as done traditionally, on the local scale with lab experiments or with
alternative approaches that are based on a pore-scale consideration. Neverthe-
less, even when high-end methods are used, it is not clear how good predictions
can one achieve. Related to the open questions identified in Sect. 1.1, an objective
of this thesis is to compare predictions of two-phase drainage and imbibition in
heterogeneous porous media to an experimentally measured hysteretic flow pro-
cess, using hydraulic properties determined on the one hand on the pore scale
and on the other hand on the local scale. The concept that is followed for that
purpose is given in Fig. 54.
The connecting link of the applied strategy is a well-controlled 3-D drainage and
imbibition experiment. To construct the heterogeneous column for the experi-
ment, a pre-defined arrangement of two different sands is used. The equilibra-
tion times and the 3-D water distributions in the column are measured using
neutron tomography after successive drainage and imbibition steps. This work
is described in detail in SCHAAP ET AL. (2007) [88], a brief overview is given in
Sect. 6.1.
The hydraulic properties of the sands are determined separately from the exper-
iment with two different approaches.
In the first approach, a set of properties is determined as done in the classic
way: multistep outflow/inflow experiments are conducted and global optimiza-
tion techniques are used to determine the best fit parameter vector for a given
model (in this case the porosity, the absolute permeability and the capillary
pressure-saturation relationship for drainage and for imbibition). Details about
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Figure 54: Strategy for comparing predictions made in two-phase flow in hetero-
geneous media with local-scale and pore-scale hydraulic properties.

the methodology and the experiments are given in AHRENHOLZ ET AL. (2007)
[3], a short description is given in Sect. 6.2.
In the second approach, the pore structure of the sands is captured using tomog-
raphy with synchrotron light. The pore geometry of the sands is mapped by
means of high resolution advanced image analysis of the synchrotron tomog-
raphy data. The hydraulic properties are then determined with the simulation
of two-phase flow in the pore space described by the Navier-Stokes equations
utilizing lattice Boltzmann methods. These simulations provide permeabilities
and drainage/imbibition capillary pressure-saturation relationships for the two
sands. This work is described in AHRENHOLZ ET AL. (2007) [3], here it is intro-
duced in Sect. 6.3.
A comparison between the hydraulic properties obtained with these two ap-
proaches is provided in Sect. 6.4.
In the next part (Sect. 6.5), the structure and the boundary conditions from the 3-
D experiment is approximated with 3-D two-phase flow numerical simulations.
The equilibration times and measured water distributions from the experiment
are compared to results from the numerical simulations. As input for the numeri-
cal simulations, hydraulic properties from the local-scale and from the pore-scale
approach are used.
A synopsis and some related remarks are given in Sect. 6.7.
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6.1 Description of experiment

The experiment was performed by Joris Schaap, Peter Lehmann, Anders Kaest-
ner and Hannes Flühler from the Soil Physics group of the Institute for Terrestrial
Ecology at the ETH Zürich, in collaboration with Rene Hassanein and Eberhard
Lehmann from the Paul Scherrer Institute in Switzerland. The measurements
of the saturation distribution were carried out at the NEUTRA beam line of the
spallation neutron source SINQ at the PSI. A detailed description of the applied
methods can be found in SCHAAP ET AL. (2007) [88].
The heterogeneous structure (10.2 · 10.2 · 12.8 [cm3]) consists of an arrangement
of sand blocks (each 1.7 · 1.7 · 1.6 [cm3]) containing either fine (grain diameter
between 0.1 and 0.5 [mm]) or coarse (grain diameter between 0.3 and 0.9 [mm])
sand. The packing technique is the same as described in SCHAAP ET AL. (2007)
[88]. The coarse sand blocks (33% of the total number of blocks) form a contin-
uous pathway from top to bottom in the fine sand (67% of the total number of
blocks). Figure 55 shows a graphical representation of the block arrangement.
The structure rests on a bottom layer of fine sand with thickness 3.2 [cm] and is
covered with a layer of coarse sand (of the same thickness) on top to protect it. A
bronze filter plate of 0.2 [cm] thickness with an air entry value of -85 [cm] and an
absolute permeability 4.71e-13 [m2] is placed at the bottom.
Heavy water (D2O) is water in which the hydrogen is replaced by its heavier iso-
tope, deuterium. As it attenuates neutrons seven times less than normal water
(H2O), heavy water is used for the experiment. Besides the attenuation coeffi-
cient, D2O has practically the same physical properties as water [KIRSCHENBAUM

(1951) [55]] which makes it ideal for mapping water flow in porous media with
neutron transmission.
The bottom outlet of the column is hydraulically connected to a large reservoir
filled with water. The top of the column is open to air. The water table in the
reservoir is assumed to be constant. Initially, the structure has maximum water
saturation, reached by slowly elevating the water table from the bottom. This
’natural’ wetting procedure practically results to some air trapping effects and
thus the initial water saturation is not equal to 1.0 [-]. The reservoir can be moved
vertically in order to apply different pressure heads at the bottom of the column.
Three successive drainage steps and two imbibition steps are applied (see Table
6). Strictly speaking, these steps do not correspond to main drainage and main
imbibition processes, as the column is not initially 100% saturated with water.
First, the water table is lowered to -2.2 [cm] from the bottom of the column (first
drainage step). During the first drainage step, the fine sand is still saturated. Once
quasi steady-state is reached (outflow <0.2 [g/min]), the column is scanned (first
tomography). After that, the water table is further lowered to -14.2 [cm] (second
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Pressure at the Equilibration time Tomography time Flow during tomography
bottom [cm] [min] [min] [g]

-2.2 (dr.) 45 75 2.32

-14.2 (dr.) 160 80 10.05

-40.7 175 - -

-14.2 (imb.) 71 79 11.27

-2.2 (imb.) 94 77 14.80

Table 6: Drainage, imbibition and tomography times and measured outflow or
inflow during the tomographies.

Figure 55: Arrangement of the coarse sand blocks in the column (from SCHAAP

(2005) [87]).

drainage step) and when quasi steady-state is again established, the second to-
mography takes place. After the second drainage step, the coarse sand is entirely
drained (residual water saturation). For the third drainage step the water table is
set to -40.7 [cm] and no tomography takes place. Imbibition is then introduced
by rising the water table back to -14.2 [cm] (first imbibition step) and at quasi
steady-state (inflow <0.2 [g/min]) the third tomography is carried out. Finally,
the water table is set to -2.2 [cm] for the second imbibition step and the fourth
tomography.
The resulting neutron tomography images for drainage are shown in Fig. 56.
Gray values (quantifying neutron attenuation) obtained from the tomography
are related to the water content using a physically-based linear relationship be-
tween the water saturation and the logarithm of the gray level of the image (Beer-
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Figure 56: Tomography images of the first (left) and second (right) drainage step
(from SCHAAP (2005) [87]). Dark colors relate to higher water satura-
tions.

Lambert law, see i.e. KAESTNER ET AL. (2007) [53]). The linear relation is calcu-
lated by assigning the total water mass, that is measured with a balance, to the
logarithm of the average gray level in the column. To find the mean gray level,
only the inner 90% of the column is accounted for to avoid an error due to scatter-
ing effects at the edges. This might introduce an error in the mass balance that is,
however, empirically corrected. For a more detailed description see HASSANEIN

ET AL. (2005) [35] and SCHAAP ET AL. (2007) [88].
From the gray level, an averaged water saturation value is obtained for each

sand block of the structure. In order to minimize the measurement error and
avoid variations of saturation near the sensitive boundaries of the sand cubes
(see Fig. 56), only the inner 1.1 · 1.1 · 1.1 [cm3] of the cubes is used for the eval-
uation of the average cube saturation. Due to the uncertainty of the tomography
data at very dry and very wet regions, focus is given on the coarse sand satura-
tion in the first drainage and the second imbibition step (water table at -2.2 [cm])
and the fine sand saturation in the second drainage and the first imbibition step
(water table at -14.2 [cm]).
The resulting cube saturations are given for each layer in Figs. 57 and 58. The
measurement error in the voxel saturation is determined to be 5% [VASIN ET AL.
(2007) [100]; HASSANEIN ET AL. (2005) [35]]. This error is small compared to
the variations observed in the cube saturation for each layer. Therefore, in order
to estimate the uncertainty in the saturation measurements from the 3-D experi-
ment, the error in the voxel saturation is here replaced by the (larger) variation of
the cube saturations per sand type and per horizontal layer.



6.1 Description of experiment 83

 0
 1
 2
 3
 4
 5
 6
 7
 8

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

la
ye

r

Sw [-]

STEP -2.2 cm, drainage

coarse sand exp.
coarse sand exp. averaged

 0
 1
 2
 3
 4
 5
 6
 7
 8

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

la
ye

r

Sw [-]

STEP -14.2 cm, drainage

fine sand exp.
fine sand exp. averaged

Figure 57: Measured saturations for 1st and 2nd step (drainage).
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Figure 58: Measured saturations for 4th and 5th step (imbibition).

The large variations in cube saturations observed at the lower three layers result
from the scattering of neutrons at the bronze porous plate. This effect can also
be identified directly on the tomography images shown in Fig. 56. Although it is
established that a large error is included in these values, they are presented here
in order to provide useful knowledge for future work.
Apart from that, variations in cube saturations appear also in the other layers. A
part of this variation (up to 10%, see VASIN ET AL. (2007) [100]) in the measured
cube saturations comes from small differences in the packing of the individual
cubes as well as due to the measurement error in the voxel saturation. However,
the variations in cube saturations at the upper layers that exceed this value relate
to the fact that the tomography took place at quasi steady-state (meaning steady-
state was not yet reached). Measurements of saturation taken at full steady-state
are presented in VASIN ET AL. (2007) [100] and only variations up to 10% are
observed. The effect of the quasi steady-state condition on the saturation distri-
bution is investigated with the numerical simulations and is discussed further in
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Sects. 6.6 and 6.7.
Additionally, each horizontal layer in the structure is divided in a coarse and a
fine sand part based on the arrangement design. The average saturation per sand
type is calculated (see Figs. 57 and 58). In this way, average saturation data are
obtained per sand type and per horizontal layer. Besides the water distribution
at quasi steady-state, the equilibration times of the whole column are measured
(see Table 6).

6.2 Hydraulic properties determined on the local
scale

In the first approach, the hydraulic properties of the sands are determined by in-
verse modeling of multistep outflow/inflow experiments. The experiments were
carried out by Andre Peters and Wolfgang Durner from the Institute of Geoe-
cology at the Braunschweig Technical University, Germany. The methodology is
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Figure 59: Schematical setup of the multistep outflow/inflow experiments [from
AHRENHOLZ ET AL. (2007) [3]].
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Figure 60: Measured and fitted cumulative outflow and pressure head data of the
multistep outflow experiment for the coarse and the fine sand from
AHRENHOLZ ET AL. (2007) [3]. The lower boundary condition (l.b.) is
also indicated.

described in detail in AHRENHOLZ ET AL. (2007) [3].
The setup used in the multistep outflow/inflow experiments is given in Fig. 59.
The fine and coarse sand columns used are 7.3 [cm] high and have a diameter
of 9.4 [cm]. The sand columns are positioned on a ceramic plate while the top
is covered with a metal grid and loaded with 1.5 [kg]. During drainage, the wa-
ter table at the bottom of the plate is lowered stepwise from 6.0 to -25 [cm] in
the coarse sand multistep experiment and from 7.5 to -50 [cm] in the fine sand
multistep experiment. For the imbibition, the pressure at the bottom is increased
back to the starting value with the same number of steps. The cumulative out-
flow/inflow and the pressure in the center of the column are measured during
the experiments.
For the estimation of the hydraulic properties from the measured data, the 1-D
Richards equation [RICHARDS (1931) [85]] is used

dθ

dp

∂p

∂t
− ∂

∂z

[
K(p)

(
∂p

∂z
− %wg

)]
= 0, (58)

where p [Pa] is the pressure, θ [-] is the volumetric water content, z [m] is the ver-
tical length unit, t [s] is the time, K(p) [m/s] is the hydraulic conductivity func-
tion, %w [kg/m3] is the water density and g [m/s2] represents the gravitational
acceleration. The constitutive relationships θ(p) and the hydraulic conductivity
function, K(p), are described by the MUALEM/VAN GENUCHTEN model. Equa-
tion 58 including the constitutive functions is fitted to the measured pressure and
cumulative outflow/inflow data by minimizing an objective function Ω, which
is here the sum of weighted squared residuals between predicted and measured
data:
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Property Symbol cs (dr.) cs (im.) Unit
VAN GENUCHTEN α α 0.000763 0.001353 [1/Pa]

VAN GENUCHTEN n n 10.06 3.87 [-]

Water residual saturation Swr 0.1 0.074 [-]

Air residual saturation Snr 0.182 0.223 [-]

Absolute permeability K 1.18e-10 1.18e-10 [m2]

Porosity φ 0.39 0.39 [-]

Table 7: Hydraulic properties determined for the coarse sand (cs) on the local
scale with the multistep outflow/inflow experiments.

Property Symbol fs (dr.) fs (im.) Unit
VAN GENUCHTEN α α 0.000346 0.000655 [1/Pa]

VAN GENUCHTEN n n 11.42 14.45 [-]

Water residual saturation Swr 0.185 0.29 [-]

Air residual saturation Snr 0.034 0.142 [-]

Absolute permeability K 4.0e-11 4.0e-11 [m2]

Porosity φ 0.41 0.41 [-]

Table 8: Hydraulic properties determined for the fine sand (fs) on the local scale
with the multistep outflow/inflow experiments.

Ω(b) = wp

rp∑
i=1

[pi − p̂i(b)]2 + wQ

rQ∑
i=1

[
Qi − Q̂i(b)

]2

, (59)

where b is the parameter vector, rp and rQ stand for the number of measurements
for pressure and cumulative outflow/inflow while wp and wQ are the weight-
ing factors for the different data types. pi and Qi represent the measured val-
ues and p̂i(b) and Q̂i(b) the model prediction values. The vector b contains the
residual water content θr (relates to the residual water saturation Swr), the VAN

GENUCHTEN parameters α, n and the tortuosity τ . The maximum water content
θs (relates to the residual air saturation Snr) and K are treated as known. The fac-
tors wp and wQ are chosen to be the inverse of the squared a priori assumed mea-
surement errors, εp and εQ. These are assumed to be 20 [Pa] and 1.0e-4 [m], respec-
tively. The fitting procedure is carried out with the shuffled complex evolution
algorithm [DUAN ET AL. (1992) [25]] which is a global optimizer [AHRENHOLZ
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ET AL. (2007) [3]].
The cumulative outflow and pressure head data and model fits for drainage are
shown in Fig. 60. The fitted hydraulic properties for drainage and imbibition are
listed in Tables 7 and 8.

6.3 Hydraulic properties determined on the pore
scale

In this approach, the hydraulic properties of the sands are determined from mi-
croscans of the pore space and pore-scale flow simulations using lattice Boltz-
mann (LB) methods. The simulations were performed by Benjamin Ahrenholz,
Jonas Tölke and Manfred Krafczyk at the Institute for Computer Applications in
Civil Engineering, Braunschweig Technical University, Germany.
X-rays from a synchrotron light source are used to map the 3-D pore-space struc-
ture of the sands with a resolution of 11 microns. By means of advanced image
analysis, the images are segmented and divided into pore space and space oc-
cupied by sand grains. The method is described in detail in KAESTNER ET AL.
(2007) [54]. The cylindrical scanned samples of the coarse and fine sand are 1
[cm] high and have a diameter of 1.5 [cm]. The porosity of the sands can be de-
termined directly from the pictures. Cross-sections of the structures obtained for
the coarse and the fine sand are shown in Fig. 61. In order to determine the
permeability and the capillary pressure-saturation curves for the two sands, the
scanned structures are used as base geometries in a 3-D nineteen velocity lattice

Figure 61: Cross-sections from the coarse and the fine sand 0.44 [cm3] cubes.
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Figure 62: pc-Sw calculated with LB for the coarse and fine sand. The fit made
with the VAN GENUCHTEN model is provided in the right image.

Boltzmann model (D3Q19) for immiscible binary fluids developed in TÖLKE ET

AL. (2006) [95].
Details about the lattice Boltzmann simulations are given in AHRENHOLZ ET AL.
(2007) [3]. For the determination of the permeability, single phase flow simula-
tions are carried out in 0.88 [cm3] cubes of the scanned structures.
AHRENHOLZ ET AL. (2007) [3] have carried out a comparative study on the abil-
ity of the method to predict pc-Sw curves and also investigated the influence of
pore throat distributions and boundary effects on the predicted pc-Sw relation-
ship using 0.22 [cm3] cubic samples. Based on those observations, the samples
here are chosen to be 0.44 [cm3] cubes in order to minimize fluctuations in the
calculated pc-Sw curves. In this case, the computational effort does not allow an
error analysis. However, the 0.44 [cm3] structures used here are chosen among
several samples as the most representative, with respect to the pore throat distri-
bution at the boundaries and the inner of the sample.
The pore space is initially filled with the wetting phase (water) and the capillary
pressure is zero. The drainage process is simulated by decreasing the wetting
phase pressure at the bottom in several pressure steps. The simulation for each
pressure step is run until the system reaches a static equilibrium. The obtained
capillary pressure-saturation pairs represent points on the pc-Sw curve. Starting
from the situation that corresponds to the point with the minimum saturation, the
water pressure is again stepwise increased to obtain the imbibition pc-Sw curve.
In Fig. 62 the calculated capillary pressure-saturation pairs for the coarse and
fine sand are shown. In the dry range, the LB method is not able to reproduce
the strong increase in capillary pressure due to resolution problems of the wet-
ting phase (films of wetting phase cannot be resolved with the given resolution).
Therefore, the exact determination of the residual water saturation is not possi-
ble. However, it can be estimated from the last points in the dry region of the
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calculated pc-Sw curves. The results for the hydraulic properties from the pore
scale are given in Tables 9 and 10. The α and n parameters correspond to the
fitted curves of the VAN GENUCHTEN function to the calculated pc-Sw pairs.

Property Symbol cs (dr.) cs (im.) Unit
VAN GENUCHTEN α α 0.00075 0.00084 [1/Pa]

VAN GENUCHTEN n n 7.0 9.0 [-]

Water residual saturation Swr 0.06 0.06 [-]

Air residual saturation Snr 0.0 0.01 [-]

Absolute permeability K 3.38×10−10 3.38×10−10 [m2]

Porosity φ 0.41 0.41 [-]

Table 9: Hydraulic properties determined for the coarse sand (cs) on the pore
scale with image analysis and lattice Boltzmann numerical simulations.

Property Symbol fs (dr.) fs (im.) Unit
VAN GENUCHTEN α α 0.00044 0.000565 [1/Pa]

VAN GENUCHTEN n n 11.0 11.5 [-]

Water residual saturation Swr 0.08 0.08 [-]

Air residual saturation Snr 0.03 0.03 [-]

Absolute permeability K 1.49×10−10 1.49×10−10 [m2]

Porosity φ 0.41 0.41 [-]

Table 10: Hydraulic properties determined for the fine sand (fs) on the pore scale
with image analysis and lattice Boltzmann numerical simulations.

6.4 Comparison of hydraulic properties (local
scale-pore scale)

In Tables 7, 8, 9 and 10, deviations between the hydraulic properties obtained
with multistep outflow/inflow experiments and with the lattice Boltzmann sim-
ulations are observed. The differences are discussed in the following.
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Figure 63: Coarse sand (left) and fine sand (right) hysteretic pc-Sw relationships
determined on the local scale and on the pore scale.

6.4.1 Capillary pressure-saturation

As explained in Sect. 2.3.2, the shape of a capillary pressure-saturation curve
in the VAN GENUCHTEN model is described with the parameters α, n, Swr and
Snr. The parameter n determines the slope of the curve, α relates to the inverse
of entry pressure, Swr and Snr are the minimum and maximum water saturations.

Drainage

Although the drainage pc-Sw curves illustrated in Fig. 63 correspond to the
primary drainage, the maximum water saturation is not Sw= 1.0 [-]. In the
local-scale approach, this is due to the trapped air saturation that develops
during the packing of the sand columns. The columns are not flushed with CO2

in order to have a consistent approach with the packing of the 3-D heterogeneous
column and similar conditions with the experiment described in Sect. 6.1.
In general, the slope of the pc-Sw curve depends on the pore throat distribution of
the material. On the local scale the entry pressure is defined as the pressure that
has to be exceeded so that the non-wetting phase can infiltrate a material. On the
pore scale, large pores at the boundary of the sample will allow the non-wetting
phase to penetrate, resulting to a low displacement pressure. Smaller pores on
the other hand result to larger displacement pressure values.
The pc-Sw curves of the fine sand measured in the lab and calculated on the pore
scale are plotted together in Fig. 63. Both curves have a flat slope (n=11.42 and
n=11.0 [-]). The agreement in the inclination of the curves shows that saturation
changes in a similar fashion for a given change in pressure. That means that the
lattice Boltzmann numerical simulation reproduces correctly the redistribution
of the phases in the pore space for a given pressure change.
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However, the entry pressure of the curve measured on the local scale is larger
compared to the displacement pressure calculated on the pore scale. The origin
of the deviation in the entry pressure can be understood by looking at the ex-
perimental and the numerical setup: the sand columns in the multistep outflow
experiments are covered with a metal grid and then a load is applied. This may
cause a compaction of the column. In this case, it is expected to have a larger
entry pressure. The application of a load on top of the sand column is a basic
requirement in the multistep outflow experiments methodology. The influence
of compaction on the estimated entry pressure was investigated i.e. by WINKLER

(2002) [107]. One should also consider that the displacement pressure computed
with the LB method may be influenced by the selected geometry we sample
from the same sand. This is analyzed in detail in AHRENHOLZ ET AL. (2007) [3].
However, this dependence is here minimized, given the available computational
resources, and in any case cannot cause the deviation from the local-scale pc-Sw
curves.
The pc-Sw curves of the coarse sand are given in Fig. 63. In this case the two
curves agree in terms of entry pressure. A reasonable explanation for the fact
that differences in entry pressure are observed for the fine sand but not for the
coarse sand is the potential difference in the bulk density of the two materials.
Bulk density is defined as mass per unit volume (including the pore space) and
is generally considered in soil science as a measure of the compactness of a
material. Its value can also be influenced by the presence of water. Here it is
possible that the fine sand has a larger bulk density during the drainage process
and thus is more compact. Moreover, both curves (pore/local scale) for the coarse
sand are flat (n=10.06 and n=8.0 [-]). They differ in the residual air saturation
value (Snr=0.182 and Snr=0.08 [-]). This comes from the different methodologies:
In the LB simulation, the pore space is saturated in the initial condition and
then the saturation is calculated by stepwise changing the pressure. On the
other hand, on the local scale the coarse sand column is first slowly saturated by
elevating the water table before conducting the experiment. As described for the
heterogeneous 3-D experiment (see Sect. 6.1), this methodology naturally results
to an initial condition that does not correspond to a 100% saturated pore space.

Imbibition

As observed for drainage, the imbibition pc-Sw curves of the fine sand are char-
acterized by a low slope (n=11.50 for the pore scale and n=14.45 [-] for the local-
scale approach). Additionally, the two approaches show a qualitative agreement
in terms of entry pressure. In both approaches, a strong hysteretic effect is ob-
served in the fine sand pc-Sw relationship that translates into different saturations
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for a given pressure value at drainage and imbibition. However, significant dif-
ferences are observed in the estimated residual saturations. The saturation at the
beginning of the imbibition curves corresponds to the residual water saturation
that was reached at the end of drainage. On the other hand, the saturation at the
end of imbibition depends on the amount of the entrapped air phase (see Sect.
3.2). While a residual trapped saturation of air Snr=0.142 [-] is measured in im-
bibition for the fine sand with the multistep inflow experiment, the pore scale
simulations predict that trapping of air does not occur and thus water saturation
reaches back to the original maximum value.
Similarly, the lattice Boltzmann simulation does not predict any trapping of air in
the imbibition pc-Sw curve for the coarse sand. The hysteresis effect is in this case
less pronounced and restricts only to water saturations below the value Sw ≈0.7
[-]. On the other hand, the multistep inflow experiment produces a significant
hysteresis effect also for the coarse sand as well as additional trapping of air at
the end of imbibition. The measured coarse sand pc-Sw relationship for imbibi-
tion strongly differs from drainage not only in the entry pressure but also in the
inclination.
As discussed in Sect. 5.5, even samples of the same size may demonstrate de-
viations in the trapped air saturation depending on the methodology. Here the
pore-scale approach deals with 0.44 [cm3] cubes whereas the local-scale approach
with 7.3 [cm] high and 9.4 [cm] thick columns. Both approaches are based on the
same methodology: imbibition takes place as a sequence of equilibria introduced
by the stepwise increase of water pressure. The fact that a significant amount of
air trapping takes place on the local scale but not on the pore scale, possibly sug-
gests that the pore scale sample is not large enough to have pronounced trapping
effects. This could be explained, for instance, through the different degrees of
pores connected to the boundaries (in the 0.44 [cm3] cubes it is more likely that
the majority of pores forms connected pathways to the top or the bottom bound-
ary), the different force ratios relevant to each scale consideration or the different
influence of the boundaries in each case. This translates to a scale dependency of
the observed amount of phase trapping. In this sense, the considerable difference
in the sizes involved in the two approaches inevitably leads to differences in the
predicted trapped air saturation. The same principle and explanation applies for
the deviation in the residual water saturation observed for drainage in the fine
sand pc-Sw relationship (see Fig. 63).
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6.4.2 Permeability

For the fine sand, the absolute permeability calculated from the pore scale is ap-
proximately 3.72 times larger than the permeability measured in the lab. The ratio
for the coarse sand is 2.86. The absolute permeability from the pore-scale simu-
lations is larger because it is calculated strictly for a one-phase system (medium
fully saturated with water). On the other hand, as explained above full satura-
tion is not obtained in the real column. LEHMANN ET AL. (2007) [63] show that a
change of 0.1% in water content can cause 10% deviations in permeability.
However, the differences in the permeabilities are within an order of magnitude
and this may be viewed as a satisfactory agreement, considering that these val-
ues come from approaches from two different scales. Furthermore, it is likely
that the differences in the permeability values are also due to the different pack-
ing of the columns in the lab and of the small samples scanned with synchrotron
light. Permeability measurements can also be carried out in homogeneous sand
columns packed and saturated in the same way as in the 3-D heterogeneous ex-
periment. In this case, the columns have a saturation degree of approximately
80-90% water. The permeability of the fine sand found in this case is equal to
2.9×10−12 [m2] (51 times smaller than the permeability from the pore-scale simu-
lations). The permeability of the coarse sand is 1.3×10−11 [m2] (26 times smaller
than the permeability from the pore-scale simulations). These large deviations
in the permeability values found with these additional lab measurements possi-
bly relate to the formation of trapped air bubbles during the initial packing and
wetting procedure (that is the same as in the 3-D experiment). The presence of
air bubbles reduces the flow path available for water and therefore the measured
absolute permeability.

6.5 Numerical simulation

In this section, the model setup and some demonstrative numerical simulations
of the 3-D heterogeneous drainage and imbibition experiment are presented. At
first, the different approaches concerning the meshing of the model domain are
discussed and the boundary conditions are explained (Sect. 6.5.1). In Sect. 6.5.2
the geometry and the boundary conditions from the 3-D experiment are applied
in a theoretical study. Variations of the hydraulic properties that are given as
input in the numerical model are presented, in order to demonstrate qualitatively
their influence on the two-phase flow behavior during drainage and imbibition
in the 3-D simulation.
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6.5.1 Simulation setup

As explained in Sects. 4.1 and 4.2, there are different ways to approximate hetero-
geneities in the numerical simulation, depending on the discretization concept.
With the classic PPS approach in the BOX discretization (see Sect. 4.1), hetero-
geneities are represented by allocating different hydraulic properties to nodes.
This way the boundary between two materials lies between two nodes, introduc-
ing an error that depends on the discretization length. Practically that means that
in order to simulate two-phase flow in the 3-D heterogeneous structure described
in Sect. 6.1, one needs elements with significantly smaller width compared to the
width of the sand cubes (for a regular rectangular grid). This can be achieved, i.e.
by refining a rectangular grid. The smaller the width of the elements, the more
precise becomes the approximation of the material boundary (assuming that the
ideal approximation is that of a sharp interface). In this way, each sand cube con-
tains several finite elements. Accordingly, saturation is evaluated at each node,
hence a mean saturation value can be obtained for each sand cube. However,
this approach is disadvantageous due to the increasing computational effort after
each refinement.
It is therefore more efficient to reduce the total number of elements in the grid
by using the PPS approach combined with a local refinement as shown in Fig.
64 (left). Here, elements with smaller width are placed only across the material
boundaries, while larger elements represent the sand cubes. In this case, satura-
tion for each sand cube is obtained by averaging the eight nodal values from the
larger elements.

coarse sand fine sand coarse sand fine sand

Figure 64: Grid considerations (in 2-D projections) for simulating the heteroge-
neous experiment with the classical BOX approach (left) and using the
interface condition (right).



6.5 Numerical simulation 95

X

0

0.02

0.04

0.06

0.08

0.1

Y

0

0.02

0.04

0.06

0.08

0.1

Z

0

0.05

0.1

0.15

0.2 X Y

Z

reference level

2nd step:
-14.2 [cm] D 2O

Drainage stepsImbibition steps

1st step:
-2.2 [cm] D 2O

3rd step:
-40.7 [cm] D 2O

5th step:
-2.2 [cm] D 2O

4th step:
-14.2 [cm] D 2O

w: no-flow
a: patm

w: no-flow
a: no-flow

w: p w
a: no-flow

Figure 65: Heterogeneous structure and boundary conditions. Black color repre-
sents the fine sand and white color the coarse sand.

The third and more advantageous option is to use the interface condition ex-
plained in Sect. 4.2. In the PPSIC approach, material boundaries lie on the edges
of the elements and saturation can be discontinuous across these boundaries.
Each sand cube can be represented with a single element (see Fig. 64, right) and
therefore it is beneficial to simulate two-phase flow in the heterogeneous struc-
ture using the coarsest mesh possible. In this case, the virtual saturation is used
for the evaluation of the predicted mean sand cube saturation.
The use of the PPSIC approach for the entire drainage and imbibition process
in the 3-D heterogeneous column greatly improves the ability for thorough nu-
merical investigations: using the PPS approach combined with three refinements
(element width 0.2 [cm]) results to a grid with 0.22 million elements. A complete
numerical simulation of the drainage and imbibition experiment on this grid re-
quires a large amount of resources and may last several weeks on parallel com-
puting. Applying a local refinement (see Fig. 64, left) with 0.1 [cm] elements only
at the boundaries between the sand cubes reduces the computation time to few
days up to one week, even when using a single processor. The same simulation
on a single processor using a coarse mesh and the PPSIC approach is completed
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within approximately 5 hours.
Figure 65 shows an illustration of the 3-D mesh with the pre-defined arrangement
of the heterogeneities together with the boundary conditions. The model domain
includes the homogeneous layers above and below the heterogeneous structure
as well as the porous plate that was placed under the column during the experi-
ment. Initially, the saturation of air is equal to the residual value and a hydrostatic
pressure distribution is given for water. The boundary conditions are shown in
Fig. 65: at the top boundary, a Dirichlet boundary condition is assigned for air.
This sets the air pressure at the top equal to atmospheric. For water, a Neumann
no-flow boundary condition is given.
The air phase in the numerical simulation does not reach the bottom boundary
due to the high entry pressure of the lower elements that represent the porous
plate. This entry pressure is approximately 8000 [Pa]. Nevertheless, at the bot-
tom boundary a no-flow boundary condition is given for air. The pressure of
water at the bottom is variable over time as in the lab experiment (see Table 6)
using a time-dependent Dirichlet boundary condition. That is, from t=0 to t=120
[min] (first drainage and tomography) the water pressure at the bottom is set to
-238.48 [Pa] (or -2.2 [cm] D2O). From t=120 to t=360 [min] (second drainage and
tomography) the water pressure given is -1539.28 [Pa] (or -14.2 [cm] D2O). For
the third drainage, the water pressure at the bottom is -4411.9 [Pa] (or -40.7 [cm]
D2O) from t=360 to t=535 [min]. The water pressure is then increased back to
-1539.28 [Pa] from t=535 to t=685 [min] (first imbibition and third tomography)
and is finally set to -238.48 [Pa] from t=685 to 856 [min] (second imbibition and
fourth tomography).
The physical properties for heavy water and air are given in Table 11.

Property Symbol Value Unit
Density of heavy water %w 1105 [kg/m3]

Density of air %n 1.19 [kg/m3]

Viscosity of heavy water µw 1.22×10−3 [kg/(ms)]

Viscosity of air µn 1.65×10−5 [kg/(ms)]

Table 11: Physical properties of heavy water and air.

6.5.2 Influence of hydraulic properties

Before using the available sets of hydraulic properties in the numerical simula-
tions, it is necessary to demonstrate the influence of the absolute permeability
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parameter ref. sim. i sim. ii sim. iii sim. iv sim. v
fs K [m2] 8.0×10−12 2.0×10−12 8.0×10−12 8.0×10−12 8.0×10−12 8.0×10−12

cs K [m2] 4.0×10−11 5.0×10−12 4.0×10−11 4.0×10−11 4.0×10−11 4.0×10−11

fs (dr.) α [1/Pa] 0.0004 0.0004 0.0005 0.0004 0.0004 0.0004

cs (dr.) α [1/Pa] 0.0007 0.0007 0.0008 0.0007 0.0007 0.0007

fs (dr.) n [-] 9.0 9.0 9.0 11.0 9.0 9.0

cs (dr.) n [-] 8.0 8.0 8.0 10.0 8.0 8.0

fs (im.) α [1/Pa] 0.00065 0.00065 0.00065 0.00065 0.0008 0.00065

cs (im.) α [1/Pa] 0.0009 0.0009 0.0009 0.0009 0.0011 0.0009

fs (im.) n [-] 5.0 5.0 5.0 5.0 5.0 9.0

cs (im.) n [-] 5.0 5.0 5.0 5.0 5.0 8.0

Table 12: Variation of hydraulic properties given for the fine sand (fs) and the
coarse sand (cs) for demonstrating numerical simulations.

K and the VAN GENUCHTEN parameters α and n on the flow behavior during
drainage and imbibition in the heterogeneous column. For that purpose, a sim-
ulation with a reference set of hydraulic properties is compared to simulations
where each time a single parameter is changed. The input parameters α and n

are tested separately for drainage and imbibition. The geometry, the discretiza-
tion and the boundary conditions remain the same for all simulations and are
those described in Sect. 6.5.1. The water mass leaving or entering the 3-D model
domain through the bottom boundary during the drainage and imbibition events
is depicted in Figs. 66-68. The times that correspond to the tomography scan-
nings during the experiment are also illustrated with green-colored intervals in
the same figures. In total, six simulations are demonstrated using the following
notation (see also Table 12):

• Reference simulation.

• Simulation i: decreased absolute permeability.

• Simulation ii: increased α for drainage.

• Simulation iii: increased n for drainage.

• Simulation iv: increased α for imbibition.

• Simulation v: increased n for imbibition.

As seen on the outflow and inflow curve from the reference simulation (see i.e.
Fig. 66), after each pressure decrease at the bottom boundary introduced by the
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Figure 66: Influence of absolute permeability on the water outflow and inflow
during drainage and imbibition in the heterogeneous column.
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Figure 67: Influence of VAN GENUCHTEN drainage α and n on the water outflow
and inflow during drainage and imbibition in the heterogeneous col-
umn.

Dirichlet boundary condition, a transient state is observed during which the wa-
ter mass in the model domain decreases. This continues until an equilibrium
is reached between the saturations at the grid nodes and the pressure distribu-
tion. The resulting steady-state configuration depends on the capillary pressure-
saturation relationship given for the materials. The same behavior is observed
during imbibition. However, in this case the same boundary pressure values cor-
respond to a lesser water mass in the domain at equilibrium. This difference in



6.5 Numerical simulation 99

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0  160  320  480  640  800

cu
m

m
ul

at
iv

e 
m

as
s 

[k
g]

time [min]

tomography time
simulation iv

simulation v
reference

Figure 68: Influence of VAN GENUCHTEN imbibition α and n on the water out-
flow and inflow during drainage and imbibition in the heterogeneous
column.

the steady-state configuration in the heterogeneous domain results from the hys-
teresis effect in the pc-Sw relationship.
The cummulative mass from simulation i is plotted together with that from the
reference case in Fig. 66. As seen on this figure, the time that is required for
equilibrium to be reached after each pressure step is different in the two simula-
tions. Changing the permeability of the materials has a significant effect on the
flow behavior during the transient state and hence influences the time at which
steady-state is established. Nevertheless, the amount of water mass thats is found
in the system at steady-state does not depend on the permeability.
The value given for the α parameter has a direct impact on the capillary pressure-
saturation curve and thus on the relationship between pressure and saturation
that is established at steady-state. In other words, changing the α parameter of
the drainage pc-Sw curves affects the steady-state distribution of the phases after
each decrease in the boundary pressure. This is demonstrated in Fig. 67, where
less water is observed at steady-state after each drainage step in simulation ii

compared to the reference case. Furthermore, the flow behavior during the 4th
step depends on the distribution of saturation at the beginning of the imbibi-
tion. This starting distribution for the 4th step coincides with the distribution at
the end of the previous drainage event (3rd step). Numerically, this is realized
through the values of the reversal saturations stored for the computation of the
hysteretic pc-Sw curves, that come from the virtual saturations assigned element-
wise to each node.
A similar effect is also observed in simulation i. Through the decrease of perme-
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ability, the initial water mass at the beginning of imbibition changed and there-
fore also the amount of water mass observed at the steady-state of the 4th step.
These observations in general indicate that the hydraulic properties assigned for
drainage have an indirect influence on the behavior of flow during imbibition.
As it is valid for the α parameter, the n parameter has a direct effect on the shape
of the capillary pressure-saturation relationship. However, the results of the nu-
merical simulation are less sensitive to changes in the n parameter.
Variations of the VAN GENUCHTEN parameters associated to the imbibition pc-Sw
curves have an influence only on the 4th and 5th step and not on the drainage
steps. This is shown in the outflow and inflow curve from simulation iv (see Fig.
68), that differs from the reference case only during imbibition. An increase in the
α parameter given for the main imbibition curve means smaller water saturations
at the same capillary pressures, and therefore produces a stronger hysteresis ef-
fect. This results to the reduced amount of water inflow during the 4th and 5th
step in simulation iv.
Changing the n parameter assigned for the imbibition curve again influences only
the imbibition events. In simulation v the increase in the n parameter translates
to a flatter main imbibition pc-Sw curve, compared to the reference case. This pro-
duces steeper scanning curves at the transition from drainage to imbibition. The
effect on the inflow curve is given in Fig. 68. Steeper scanning curves relate to
a lesser increase of water saturation for a given decrease of capillary pressure, or
in other words to less water inflow. On the other hand, during the 5th step this
effect is less pronounced. This is due to the fact that in the second imbibition less
nodes have saturations close to the reversal values (area of steep transition) and
more nodes already have saturations on the main imbibition pc-Sw curve.

6.6 Comparison of simulation results to the
experiment

In this section, results from numerical simulations employing hydraulic proper-
ties from the different approaches are compared to the measurements from the
3-D experiment. The numerical simulations using the hydraulic properties deter-
mined on the local scale and on the pore scale are presented in Sects. 6.6.1 and
6.6.2, respectively. An additional simulation is presented in Sect. 6.6.3 while a
discussion on the results is given in Sect. 6.7.
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6.6.1 Simulation A: hydraulic properties determined on the
local scale

In this first case, the hydraulic parameters measured on the local scale with the
multistep outflow/inflow experiments (see Tables 7 and 8) are used as input for
the 3-D numerical simulation. This case is notated as simulation A. Saturation is
captured in the simulation for each drainage and imbibition step after half of the
tomography time (at the times 82.5, 320, 645.5 and 817.5 [min]). The saturations
and profiles obtained are given in Fig. 70 for the drainage steps and in Fig. 71 for
the imbibition steps. In the same graph the averaged profiles from the experiment
are plotted together with the variation of saturations at each layer. The simulated
water outflow and inflow is shown in Fig. 69, left. Additionally, using a simple
backward difference at each timestep, the water outflow rate during drainage is
plotted (see Fig. 69, right). The corresponding time intervals where the tomogra-
phy scannings took place are also illustrated in the same figures.

Equilibration times

From the simulated water outflow and inflow and the outflow rate it becomes
clear that steady-state is already established in the simulation when saturation
is captured. During drainage, quasi steady-state is reached at t=19 [min] (first
drainage step) and at t=156 [min] (second drainage step). These times are much
smaller compared to the times measured in the experiment (45 and 280 [min],
respectively). The same applies for the two imbibition steps. In the simulation,
quasi steady-state is reached for the first and second imbibition at t=553 and
t=738 [min], while in the experiment the observed times are 606 and 779 [min].
Based on those deviations, it may be stated that the numerical simulation cannot
predict the time scale behavior observed in the experiment.

Saturations

Since steady-state is fully reached at the tomography times, the saturation values
presented for the two drainage steps from simulation A (Fig. 70) depend only
on the drainage pc-Sw curves of the materials, as permeability and porosity have
an effect only on the transient state. Also, due to the steady-state condition the
predicted saturations for each sand type do not vary within a single layer (see
Fig. 70).
At the first drainage step (coarse sand saturations), there is agreement between
the averaged measured (3-D experiment) and simulated saturation (that corre-
sponds to the pc-Sw curve from the multistep outflow experiment). The inclina-
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Figure 69: Simulation A: simulated outflow and inflow for the entire simulation
and outflow rate for the 1st and 2nd step (drainage).
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Figure 70: Simulation A: measured and simulated saturation profiles for 1st and
2nd step (drainage).
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Figure 71: Simulation A: measured and simulated saturation profiles for 4th and
5th step (imbibition).
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tion of the measured saturation is, however, smaller. It is reasonable to assume
that the difference between the inclinations (multistep outflow experiment and 3-
D heterogeneous experiment) results from the different packings. The technique
used to pack the pre-defined 3-D structure is described in SCHAAP ET AL. (2007)
[88]. Despite the painstaking and thorough packing procedure, discontinuities
and small gaps in the microstructure of the sand grains are observed, so that the
packing results to a larger distribution of the pore diameters. On the other hand,
the same sand is easier to pack homogeneously for the multistep outflow experi-
ment. In this case, the narrow distribution of the pore diameters produces a flat
capillary pressure-saturation curve.
At the second drainage step, the fine sand capillary pressure-saturation relation-
ship determined in the lab cannot reproduce the saturation profile of the exper-
iment. In general, it would be necessary to reduce the entry pressure in order
to achieve agreement. The difference in the entry pressure is presumably also
due to the packing technique. The sand columns used for the multistep outflow
experiments show more compaction compared to the column used in the 3-D het-
erogeneous experiment.
Also for the imbibition, steady-state condition is established at the tomography
times. However, in this case there are variations of the predicted saturations
within each layer (see Fig. 71). These variations relate to the transient state con-
dition at the end of the third drainage step. The increase of the bottom boundary
pressure back to -14.2 [cm], that initiates the first imbibition event, takes place
before reaching the steady-state configuration for the -40.7 [cm] pressure. As ex-
plained in Sect. 6.5.2, this has an influence on the starting saturation distribution
of the first imbibition step. Therefore, hysteretic pc-Sw curves at the same height in
the model domain are initiated at different saturations and consequently different
saturations for the same height and material are predicted even for steady-state.
For the first imbibition step, the predicted saturations (see Fig. 71) are charac-
terized by a steeper distribution compared to the neutron tomography measure-
ments. The saturation profile from the simulation depends on the input drainage
and imbibition curves shown in Fig. 63. In the local-scale approach, the transition
from drainage to imbibition occurs with steep scanning curves on the pc-Sw rela-
tionship (see Fig. 72). As demonstrated also in Sect. 6.5.2, this shape relates to the
small amount of water inflow during the first imbibition step (see Fig. 69, left).
On the other hand, the predicted and measured coarse sand saturation profiles
for the second imbibition step show good agreement.
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Figure 72: Evolution of the fine sand pc-Sw relationship, as observed on a node
near the bottom boundary of the model domain.

6.6.2 Simulation B: hydraulic properties determined on the
pore scale

As analyzed in Sect. 6.3, porosity, permeability and capillary pressure-saturation
curves for the two materials (fs and cs) are also determined on the pore scale.
These properties are used as input in simulation B. As done for simulation A, the
calculated saturations captured after half of the tomography time are compared
to the saturations measured with the neutron tomography. Figure 73 illustrates
the predicted outflow and inflow for the entire simulation as well as the outflow
rate for the two drainage steps. Additionally, the saturations and profiles from
the simulation using the hydraulic properties from the pore scale are shown in
Figs. 74 and 75.

Equilibration times

In this case, the permeabilities of the materials given as input for the numerical
simulation are larger compared to simulation A. As shown in Fig. 73, steady-state
in simulation B is once more established much earlier before the tomography
times are reached. The numerical simulation also in this case reaches steady-state
too fast and therefore does not provide agreement to the experimental observa-
tions in terms of equilibration times.

Saturations

The drainage saturation profiles of simulation B also depend only on the capillary
pressure-saturation relationship. Once more, the saturation variations measured
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Figure 73: Simulation B: simulated outflow and inflow for the entire simulation
and outflow rate for the 1st and 2nd step (drainage).
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Figure 74: Simulation B: measured and simulated saturation profiles for 1st and
2nd step (drainage).
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Figure 75: Simulation B: measured and simulated saturation profiles for 4th and
5th step (imbibition).
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in drainage in the experiment are not observed in the saturations predicted with
the numerical simulation. For the first drainage step (coarse sand saturation) an
effect similar to that of simulation A is observed. The coarse sand pc-Sw curve cal-
culated on the pore scale agrees to the averaged saturation profile from the 3-D
experiment, although the later shows a steeper slope at the upper layers.
Nevertheless, simulation B can also reproduce better the saturations of the fine
sand in the second drainage step. Due to the lower entry pressure given for the
fine sand in simulation B, the saturation values are closer to the experimental
values, compared to simulation A. As explained in Sect. 6.4, the smaller displace-
ment pressure of the calculated pc-Sw curve for the fine sand presumably relates
to the smaller amount of compaction in the scanned samples.
For imbibition, the variations of saturation observed for the same sand type and
pressure relate to the non steady-state condition at the beginning of the first im-
bibition step, as elaborated in Sect. 6.6.1. In the first imbibition step, the pre-
dicted fine sand saturations show a vertical distribution similar to that measured
in the experiment. However, the predicted values are shifted by a difference of
∆Sw ≈ 0.1-0.2 [-]. The agreement in the inclination of the saturation profiles at
the first imbibition step, though with shifted values, translates to an agreement in
the shape of the pc-Sw relationship at the transition from drainage to imbibition,
however with a deviation in the reversal saturations. As the values of the reversal
saturations originate from the non steady-state condition at the end of the third
drainage step, the predicted profiles shown in Fig. 75 depend indirectly also on
the permeability.
In the second imbibition step (coarse sand saturations), the pc-Sw relationship
calculated for imbibition on the pore scale does not provide the saturation val-
ues found in the experiment with the neutron tomography measurements. As
explained in Sect. 6.3, hysteresis in the LB coarse sand pc-Sw relationship is found
only in the dry region and without any air trapping. Therefore, the saturation
profile predicted for imbibition (see Fig. 75, right) is similar to that for drainage
(see 74, left). On the other hand, the 3-D saturations measured in the coarse sand
cubes demonstrate hysteretic effects also in the wet region, potentially indicating
the existence of trapped air at the end of the experiment.

6.6.3 Simulation C: fitted permeability

In fact, in the experiment tomography is carried out when steady-state is ap-
proached, but not yet fully established. As mentioned in Sect. 6.1, there is still a
small outflow or inflow of water during the four scannings (for the outflow and
inflow values see Table 6). Simulations A and B reveal that this is clearly not the
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Figure 76: Simulation C: simulated outflow and inflow for the entire simulation
and outflow rate for the 1st and 2nd step (drainage).
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Figure 77: Simulation C: measured and simulated saturation profiles for 1st and
2nd step (drainage).
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Figure 78: Simulation C: measured and simulated saturation profiles for 4th and
5th step (imbibition).
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case if one takes the permeabilities measured with the multistep outflow/inflow
experiments or calculated by means of pore-scale LB simulations (see i.e. Fig.
73). In other words, the time scale in the simulation and the experiment is
different, as the simulations reach steady-state too fast. In general, the difference
of the equilibration time could be an effect of the ratio between permeability and
porosity. Equilibration times are also influenced by the pc-Sw relationship, but
not at the magnitude of the differences observed in simulations A and B.
In the third simulation presented here, the porosity and the capillary pressure-
saturation relationships determined on the pore scale are used, while the
permeabilities of the two materials are fitted in order to get the best possible
agreement to the experimental measurements of saturation. The permeability
values found with this approach are K = 1.5×10−12 [m2] for the fine sand and K

= 2.0×10−11 [m2] for the coarse sand. This simulation is referred to as simulation C.

Equilibration times

In simulation C, drainage reaches quasi steady-state at t=40 [min] (first drainage
step) and t=279.2 [min] (second drainage step). For imbibition the corresponding
times are t=577 [min] (first imbibition step) and t=808 [min] (second imbibition
step). These values of equilibration times qualitatively agree to those measured
in the experiment (45, 280, 606 and 779 [min]).
The outflow and inflow from the entire simulation is given in Fig. 76. In the same
figure, the outflow rate for the two drainage steps is illustrated. In simulations
A and B, the system reached steady-state much earlier than observed in the
experiment. There was no outflow or inflow during the tomography times. In
simulation C, there is still an amount of water mass leaving/entering the system
(1.2 [g] for the first tomography, 12.5 [g] for the second, 0.6 [g] for the third and
15.9 [g] for the fourth). The latter qualitatively agrees also with the experimental
values 2.32, 10.05, 11.27 and 14.80 [g] of water outflow or inflow during the four
tomography scans, respectively (see Table 6).

Saturations

The saturations and averaged profiles from simulation C are presented in Figs.
77 and 78. For the two drainage steps, the experimental and simulated profiles
of the coarse and fine sand agree. It is observed that in this case the averaged
saturation profile of the fine sand is not the same as in steady-state (simulation
B). That means that the 10.05 [g] of water outflow during the second tomography
have an influence on the fine sand saturation profile and lead to agreement to the
measured profile. Furthermore, the predicted fine sand saturations from simula-
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tion C correspond to a quasi steady-state and therefore show variations of 3-7%
within the upper 6 layers (see Figs. 77, 79 and 80).
Similarly, the predicted fine sand profile for imbibition is strongly influenced by
the change in permeability. A shift of the fine sand profile to larger saturations is
produced. In this case, the difference from the profile of simulation B (see Fig. 75)
does not result from a non steady-state condition at the time when saturation is
captured, but from the non steady-state condition at the beginning of imbibition.
In simulation C, there is more water mass in the model domain at the beginning
of imbibition, compared to simulation B, giving larger reversal saturation values.
On the other hand, the predicted coarse sand saturations are not influenced by
the change in permeability. As in simulation B, the coarse sand saturations reach
the steady-state configuration in imbibition, which directly translates to an un-
derestimation of the hysteretic effect.

6.7 Synopsis and remarks

For the coarse sand, the drainage pc-Sw curves measured in the lab and calculated
with pore-scale simulations both agree with the saturation profile that was mea-
sured with neutron tomography in the 3-D experiment. The different packings of
the coarse sand only influence the slope of the pc-Sw relationship and not the entry
pressure. In principle, the saturation distribution found in the coarse sand in the
3-D experiment can be viewed as a steady-state pc-Sw relationship and therefore
can be directly compared to the calculated or measured pc-Sw curves. For the fine
sand, the drainage pc-Sw curve measured in the lab has a larger entry pressure
compared to the displacement pressure calculated with the pore-scale simula-
tions and to that observed in the 3-D experiment. In simulation B the lower entry
pressure produces a fine sand saturation profile similar to the one measured in
the 3-D experiment (see Fig. 74). As explained above, it is reasonable to assume
that this relates to the different compaction of the fine sand in the multistep out-
flow experiments, the mapped samples and the heterogeneous 3-D structure.
Simulation C shows that it would be necessary to decrease the permeabilities in
order to shift the times when steady-state is approached approximately to the to-
mography times. Simulation C further shows that a qualitatively good prediction
of the flow process in the experiment is achieved if the saturation is evaluated at
a non-steady state condition.
For the two drainage steps, the pc-Sw curves from the pore scale combined with
fitted permeability can provide agreement in saturation distribution and quali-
tatively in terms of simulation and experiment time scale. This agreement, nev-
ertheless, is achieved only with a decrease in the permeabilities by an order of
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Figure 79: Simulation C: comparison of predicted (left) and measured (right) sat-
uration distribution after the second drainage at layer 7. The simula-
tion with the fitted permeabilities produces variations of the captured
saturations at the time of tomography.
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Figure 80: Simulation C: comparison of predicted (left) and measured (right) sat-
uration distribution after the second drainage at layer 6. The simula-
tion with the fitted permeabilities produces variations of the captured
saturations at the time of tomography.

magnitude. This is not possible using the pc-Sw curves obtained from the mul-
tistep outflow experiments. In this case in quasi steady-state after drainage the
water saturation would be higher and thus the deviation from the experimental
values would be larger.
Additionally, the predicted saturation values of simulation C (see Fig. 77) show
that having quasi steady-state at the end of a drainage event can cause varia-
tions in the fine sand saturations at the tomography time up to 7% for a single
layer. This behavior is also observed in the experiment, however it is possible
that in this case it results from hysteresis phenomena -during the first and second
drainage- that relate to different starting saturations formed during the initial
wetting of the 3-D structure. As the modeling approach considers the first and
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second drainage as main drainage processes, at steady-state (simulations A and
B) a single saturation value per material corresponds to each layer.
With respect to imbibition, a significant difference is observed in the amount of
air trapping in the hysteretic pc-Sw curves determined on the pore and the local
scale, as discussed in Sect. 6.4. This most likely indicates a scale dependency of
the effect of phase trapping.
Simulation C shows that decreasing the permeability, in order to obtain a real-
istic representation of the time scale behavior in the numerical simulation, has a
significant influence on the imbibition fine sand saturation profile as well. This
relates to the amount of water mass in the system when imbibition is initiated
and thus to the reversal saturations that determine the steady-state saturation
configuration. This way, the fine sand saturations in imbibition are higher and
the agreement with the experimental values improves, compared to simulation
B.
The imbibition coarse sand pc-Sw curve determined on the local scale (simula-

tion A) provides a better prediction of saturation, compared to the pore scale ap-
proach. As in the multistep outflow/inflow experiment, the coarse sand demon-
strates a considerable hysteresis effect also in the 3-D heterogeneous experiment.
On the other hand, the imbibition coarse sand pc-Sw from the pore scale shows a
less pronounced hysteresis effect and no air trapping.
In simulation C, the change of permeability does not influence the predicted
coarse sand saturation values. The continuous path of the coarse sand reaches
steady-state after each drainage and imbibition event, even with a decreased per-
meability. Therefore, the first drainage and second imbibition step profiles remain
unchanged in simulations B and C.
The fact that time scales between experiment and simulations A and B differ is
an indication of the importance of microstructures and shows how sensitive hy-
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draulic properties (such as the permeability) are to pore space properties. For
instance, both the pore-scale calculation and the multistep outflow/inflow exper-
iments are done for each sand separately and obviously do not take into account
the influence of material interfaces (between two sand cubes). Due to the pack-
ing procedure, the porosity at the interface between two sand cubes is affected
and changes between 0.28 and 0.41 [-] have been observed [LEHMANN ET AL.
(2004) [64]; KAESTNER ET AL. (2007) [54]]. The decrease in the porosity could,
in general, indicate that the interfaces between the sands might slow down the
drainage/imbibition process or act as capillary barriers.
In order to qualitatively demonstrate the effect of such interfaces on the time scale
behavior during drainage in the heterogeneous column, an additional numerical
simulation only for the first two drainage steps is presented here. This simulation
incorporates the hydraulic properties determined on the pore scale (same as sim-
ulation B). In this case, however, low-permeable transition interfaces are imple-
mented between the finite elements that represent the sand cubes. The interfaces
have a width of 0.1 [cm], according to observations made with synchrotron light,
while a permeability equal to 1.0×10−12 [m2] is used. This value is chosen only as
an estimation. The outflow and the outflow rate from this simulation is given in
Fig. 81. As seen by comparison to simulation B, the existence of low-permeable
interfaces can slow down the drainage process and shift the equilibration times.
This issue however needs to be investigated in detail in order to draw safe con-
clusions concerning the interfaces (i.e. values of hydraulic properties at interfaces
between coarse-fine sand or fine-fine sand).
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outlook

In the last decades, the problem of groundwater contaminations has become se-
vere. Combined with the increasing scarcity of freshwater resources and the
uncontrolled world climate change, this has alarmed the public opinion, the fi-
nancial markets and the scientific community about the upcoming consequences.
When dealing with the assessment of travel times of hazardous substances in the
unsaturated zone or problems of monitoring and predicting the fate of ground-
water contaminations, it is important to have the ability for reliable and accurate
predictions of two-phase flow behavior in heterogeneous porous media. This is
a difficult task, on the one hand due to the uncertainty related to the hydraulic
properties of porous media and on the other hand due to the alternating drainage
and imbibition conditions that cause hysteresis effects in the pc-Sw relationship.
Hysteresis is observed in many aspects of groundwater-related problems, i.e.
during the infiltration of precipitation water in the unsaturated zone, fluctuations
of the groundwater table or during the migration/removal of contaminants that
have infiltrated the subsurface.
Traditionally, the hydraulic properties and the hysteretic behavior of porous me-
dia are empirically determined by means of lab experiments conducted on the
local scale with material specimens. Nevertheless, alternative methods suggest
that this can be done on the pore scale, by using directly the exact pore structure
of the porous medium. In any case, it remains unclear how good predictions can
be in applications of hysteretic two-phase flow in heterogeneous porous media,
even when high-end methods are used.
Purpose of this work is to investigate the potential for making accurate predic-
tions of hysteretic two-phase flow with numerical simulations, combine differ-
ent approaches from different scales (pore scale and local scale) and test their
predictive abilities, discuss the qualities of these approaches when it comes to
heterogeneous structures and provide overall in-depth knowledge related to the
possibilities of combined approaches to predict hysteretic two-phase flow.
In order to perform the numerical investigations related to the motivation and
the objectives of this work, two hysteresis concepts are implemented in a numer-
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ical model for the simulation of two-phase flow in heterogeneous porous media.
The first concept is the play-type hysteresis from BELIAEV AND HASSANIZADEH

(2001) [11], that approximates scanning curves as linear functions at a constant
saturation. This approach assumes that the same starting and ending saturations
apply for drainage and imbibition. The second concept [PARKER AND LENHARD

(1987) [78]] is based on the scaling of an apparent saturation that includes a
trapped non-wetting phase saturation. This approach therewith enables the for-
mation of more realistic scanning curves and the approximation of non-wetting
phase residual saturations in imbibition. The numerical model incorporates an
interface condition [BASTIAN AND HELMIG (1999) [8]; DE NEEF (2000) [75]] for
the approximation of material interfaces. The interface condition accounts for
virtual saturations at nodes that relate to the neighboring elements, depending
on the capillary pressure-saturation relationship. This allows the prediction of
discontinuities of saturation at heterogeneities. This procedure is extended with
the above mentioned capillary pressure-saturation hysteresis concepts, providing
a firm and consistent approach for the prediction of hysteretic two-phase flow in
heterogeneous porous media.
The first application of the numerical model is presented in Ch. 5. Predictions
from numerical simulations are compared to a monitored 1-D transient exper-
iment. The experiment involves a sequence of drainage and imbibition events
using a homogeneous sand column. Pressure and saturation are obtained contin-
uously over time at different heights on the column using tensiometers and TDR
sensors. From the numerical point of view, three approaches are applied in the
comparison to the experimental measurements:

• Hysteresis is not accounted for in the numerical model.

• Play-type hysteresis is included in the numerical model.

• Hysteresis from PARKER AND LENHARD is included in the numerical
model.

This procedure shows that including a hysteresis concept in the two-phase flow
numerical model significantly improves the predictions made with the simula-
tions. Without hysteresis, the numerical simulation cannot reproduce the experi-
mental observations even when using the best possible fit for the hydraulic prop-
erties given as input. Inclusion of the play-type concept improves the agreement
between predictions and measurements. The play-type hysteresis concept has
the advantage that it is conceptually simple and easy to implement. On the other
hand, it does not have the ability to predict non-wetting phase trapping in imbibi-
tion. That may lead to a disagreement to experimental observations, as described
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in Sect. 5.3.2. Still, it is possible to maintain low computational demands and
at the same time achieve a more delicate approximation of capillary hysteresis.
As shown in Sect. 5.3.3, the numerical simulation including the scaling concept
for hysteresis provides an accurate prediction of flow during drainage and imbi-
bition, also with respect to phase trapping. Although this hysteresis concept is
relatively simple, it forms a reliable approach from the modeling viewpoint.
The work presented in Ch. 5 also points out the necessity for reliable hydraulic
properties used as input for the numerical simulation. As explained in Sect. 5.4,
the drainage and imbibition capillary pressure-saturation relationship can be de-
termined in separate multistep outflow/inflow experiments using samples of the
sand and by directly assigning applied pressures to resulting saturations. Nev-
ertheless, this traditional approach results to a poor prediction of the transient
experiment, especially with respect to air trapping (see Sect. 5.4). The multistep
experiments and the tensiometer-TDR measurements relate to the same spatial
scale and the same packing procedure of the sand. However, the time scales in-
volved in the two approaches are considerably different (see Sect. 5.5). This is ev-
idence that phase trapping relates to the time scales connected to the imbibition
process. From this aspect, hysteretic capillary pressure-saturation relationships
should be determined under conditions and time scales similar to the application
they are purposed for.
The next part, described in Ch. 6, focuses on predictions of hysteretic two-phase
flow made with hydraulic properties determined on different spatial scales. In
this case, numerical simulations of drainage and imbibition are compared to ex-
perimental measurements in a 3-D heterogeneous structure. In the 3-D experi-
ment equilibration times and water distributions are measured at quasi steady-
state in a structure with pre-defined cube heterogeneities made of a coarse and a
fine sand. Saturation measurements are taken by means of thermal neutron to-
mography after four drainage and imbibition steps that are externally introduced
by variations of the water table. The numerical simulations include the scaling
hysteresis concept from PARKER AND LENHARD, as it has proven the ability for
reliable predictions of hysteretic behavior in two-phase flow. The hydraulic prop-
erties used as input are obtained from two approaches:

• On the local scale with multistep outflow/inflow experiments and global
optimization techniques for the determination of sand porosities, perme-
abilities and hysteretic pc-Sw curves within a single framework.

• On the pore scale with advanced image analysis for the determination of
porosities and additionally with one- and two-phase flow lattice Boltzmann
simulations in mapped geometries of the sands for the calculation of perme-
abilities and hysteretic pc-Sw curves.
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The saturation measurements done with the neutron tomography on the hetero-
geneous column at quasi steady-state show variations of cube saturations at the
same height and for the same sand type. As explained in Sect. 6.1, a part of this
variation comes from the expected measurement error and minor packing differ-
ences among the sand cubes. However, the variations observed here are larger
compared to variations observed in similar measurements done at full steady-
state [VASIN ET AL. (2007) [100]]. This additional variation most likely relates to
a non steady-state configuration. This statement is also supported by the results
of simulation C, presented in Sect. 6.6.3, that show variations of cube saturations
at a quasi steady-state condition. In this simulation, permeability is fitted in order
to obtain the time scale behavior observed in the 3-D experiment. Another impor-
tant remark related to the 3-D experiment is the existence of interfaces between
the packed sand cubes. Changes in saturation at the boundaries between sand
cubes can be observed directly on the tomography images (see Fig. 56). In this
work, the measured voxel saturations are evaluated only in the inner part of the
cubes. This means that the presented cube saturations do not include saturations
at the interfaces. However, interfacial effects can influence the times necessary
for reaching steady-state that are measured for the entire column.
The hydraulic properties determined on the local scale and on the pore scale are
discussed based on the assumptions made in the individual methodologies. As
explained in Sect. 6.4, the values obtained from the local scale and the pore scale
show reasonable deviations, considering that they come from two approaches
with basic conceptual differences. Concerning the drainage capillary pressure-
saturation curves, the main difference lies in the higher entry pressure measured
with the multistep outflow experiment for the fine sand. This effect is most likely
due to the different degrees of compaction in the (smaller) mapped sand sam-
ple on the pore scale and the (larger) sand column on the local scale (see Sect.
6.4). In imbibition, the LB simulations predict that no trapping of air occurs, in
contrary to the measurements from the multistep inflow experiments. This differ-
ence resembles the difference described above in the predicted values of trapped
air from the tensiometer-TDR measurements and the multistep experiment pre-
sented in Sect. 5.4. Here, however, the local and the pore scale approach apply the
same methodology (a sequence of several static equilibria for the determination
of pc-Sw curves) and only differ in the size of the sand samples. This observation
suggests that the effect of phase trapping potentially also depends on the spatial
scale of the volume under consideration.
The numerical simulations (see Sect. 6.6) reveal that it is not possible to cor-
rectly predict the equilibration times measured in the experiment, by using the
hydraulic properties measured either on the local scale or on the pore scale. As-
suming that the entire flow process in the heterogeneous structure can be cap-
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tured by reconstructing the geometry and locally assigning hydraulic properties,
this disagreement in time scales may be due to the uncertainty in the hydraulic
properties of the sands.
As demonstrated in Sects. 6.5.2 and 6.6.3, changes in permeability influence the
transient and quasi steady-state in the drainage steps, but also the steady-state
observed in a subsequent imbibition step. Indeed, using the pc-Sw relationships
measured on the pore scale and fitting the permeability makes it possible to ob-
tain qualitative agreement both in terms of saturation and of equilibration times.
This is not possible to achieve when using the pc-Sw curves measured on the local
scale, mostly due to deviations in the entry pressure and the inclination of the
resulting scanning curves for the fine sand. In this sense, the LB method shows a
better predictive ability with respect to the form (entry pressure and inclination)
of the hysteretic pc-Sw relationships. On the other hand, the LB method does not
predict any trapping of air which does not seem to be the case at least for the
3-D measured saturations in the coarse sand after imbibition. The local scale ap-
proach in this case predicts a significant amount of air trapping and thus provides
a better agreement to the neutron tomography measurements.
Nevertheless, permeabilities have to be changed up to two orders of magnitude
in order to get agreement. These observations also reveal how sensitive the values
of permeability can be. For the materials used in this work, the permeabilities are
measured with three different approaches (LB method, multistep outflow/inflow
experiments and additionally in separate columns using similar packing as in the
3-D experiment, see Sect. 6.4). All approaches give different values that range
within two orders of magnitude. In general, it cannot be certain whether the dif-
ficulty in the prediction of the equilibration times results from the uncertainty in
the permeability of the materials or from the interfaces that lie between them. The
values of permeability (2.0e-11 and 1.5e-12 [m2]) used in simulation C, that pro-
vide the best possible agreement to the experiment, can be viewed as upscaled
values that represent the materials and any interfacial effects in the column. In-
deed, these values are very close to those measured in 1-D columns packed with
the same methodology as the 3-D column (see Sect. 6.4). The same time-scale
behavior can also be demonstrated by including the material interfaces in the nu-
merical simulations. This is shown with the last simulation presented in Sect. 6.7
only as a qualitative demonstration.
These statements do not simply indicate possibilities and limitations when using
the experimental or computational methods presented in this work, but show in
general how one needs to approach applications of hysteretic two-phase flow in
heterogeneous media and what aspects must be taken into account when deal-
ing with different scales. Based on all the information provided above, the fol-
lowing closing remarks and suggestions are given for future work on hysteretic
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two-phase flow problems:

• Consideration of hysteresis is a necessary prerequisite for correct predic-
tions of two-phase flow problems that involve alternating drainage and im-
bibition conditions.

• A hysteresis model does not need to be extremely sophisticated, as long as
it offers some possibility for the prediction of phase trapping. In this work,
the implementation of a fairly simple (from the mathematical and compu-
tational viewpoint) scaling model for hysteresis including phase trapping
enabled a fairly accurate prediction of an experimentally controlled and
monitored hysteretic two-phase flow system.

• The LB method provides good predictions of pc-Sw relationships from the
pore scale with respect to entry pressure and inclination, but underesti-
mates the effect of air trapping in imbibition. Combined with a fitted per-
meability, the hysteretic pc-Sw from the pore scale provided a qualitatively
good agreement between simulation and experiment, with the exception of
the imbibition distribution in the coarse sand due to the underestimation of
air trapping.

• The pc-Sw relationship determined with the multistep outflow/inflow ex-
periments agreed to the neutron tomography measurements for the coarse
sand distribution but not for the fine sand. This presumably relates to the
different compactions of the material resulting from the loose packing of the
heterogeneous column.

• Neither the LB method nor the multistep outflow/inflow experiments
could provide permeability values that predict (with simulations) the equi-
libration times measured in the experiment. In general, the permeabilities
values depended on the approach used for their determination and showed
strong sensitivity to the packing procedure. The simulation that captured
the time scale behavior of the experiment involved permeability values sim-
ilar to those measured in separate 1-D experiments on columns packed in
the same way as the 3-D column.

• The differences in time scales most likely relate to the interfacial effects.
Variations in saturation at the boundaries between sand cubes were ob-
served directly on the tomography images. Relevant investigations on such
interfacial effects resulting from packings of similar heterogeneous struc-
tures showed a major influence on the porosity. This evidence suggests that
a modeling approach based on the reconstruction of the geometry and the
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assignment of local hydraulic properties can be insufficient. An alternative
would be to have a detailed description of the properties of the material
interfaces or use an upscaled value of permeability that captures all these
effects. Indeed, the numerical simulations in this work qualitatively demon-
strate that the equilibration times from the experiment can be correctly pre-
dicted either by explicitly accounting for material interfaces in the model or
by using permeabilities that come from measurements on columns packed
with the same methodology as the 3-D structure and therefore a priori in-
clude any interfacial effects.

• The 3-D water distribution in the heterogeneous structure at quasi steady-
state can differ significantly from the actual steady-state configuration.
When dealing with hysteresis, this difference can have an important influ-
ence on the steady-state configurations in imbibition. In this work, switch-
ing to a quasi steady-state in the numerical simulation produced 15% dif-
ferences in the predicted saturations in imbibition.

• Even the most consistent modeling approach cannot provide reliable pre-
dictions if it is not combined with a correct approach for the determination
of the hydraulic properties. The amount of air trapping in materials due to
hysteresis showed large sensitivity and potentially a dependency on time
and spatial scales involved in the methodologies for the determination of
the pc-Sw relationship. It is therefore advisable to determine hydraulic prop-
erties under conditions similar to the application they are purposed for (i.e.
for fast or slow imbibition).
Additionally, an important factor appeared to be the packing technique and
the compaction of the materials. The scanned cylindrical samples used for
the pore-scale sand geometries were packed in the same fashion as the sand
blocks in the 3-D experiment. However, the different sizes do not allow any
safe conclusions regarding the influence of the effective stress in each case.

Finally, related to the conclusions of this work, the following topics arise for fu-
ture scientific research:

• A systematic, thorough experimental investigation on the dependency of
pc-Sw hysteresis on different time and spatial scales can provide in-depth
knowledge and better understanding related to hysteresis effects. This
could be done, for instance, with different sample sizes of a single mate-
rial, tested for drainage and imbibition under different boundary condi-
tions (i.e. fast or slow imbibition, produced with many/few equilibria after
smaller/larger pressure steps).
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• The impact of time and spatial scales can also be investigated on the pore-
scale. For example, testing larger geometries in the pore-scale approach
–when possible from the computational point of view– should shed more
light on the problem of the amount of air trapping calculated with the LB
method in imbibition.

• The influence of material interfaces can also be investigated by means of ex-
periments and simulations. High-resolution neutron tomography can pro-
vide valuable information related to the actual behavior of the fluid phases
in these interfaces. Consequently, these information can be combined with
the LB method. An optimal approach would be to obtain mapped geome-
tries directly from the constructed heterogeneous column. This way, the LB
method would enable a unique, consistent investigation with respect to the
hydraulic properties of the sands, as compacted or loose as they are in the
heterogeneous structure, while observing at the same time any effects due
to material interfaces. This strategy is not meant to be applied each time
a prediction of two-phase flow in heterogeneous media is needed, but can
give understanding of the underlying processes, provide knowledge neces-
sary for future applications and reveal patterns that determine the behavior
of such systems.



A . Comparison of simulation
results to the 1-D transient
experiment

In Ch. 5, the comparison between the numerical simulation and the transient ex-
periment was based on the predicted and the measured values at points 2, 3 and
4. In Figs. 82-84, the same comparison is presented for the values at point 1. As
point 1 is located very close to the bottom of the column, it remains saturated
during the entire sequence of the drainage and imbibition events. Saturation re-
mains equal to 1.0 [-] both in simulation and experiment. Regarding the pressure
values, the same remarks and conclusions as for the other measurement points
can be drawn. The inclusion of the play-type hysteresis improves the prediction,
however a good agreement between predicted and measured values is achieved
using the scaling concept for hysteresis.
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Figure 82: Saturation and pressure at point 1: comparison measurement and sim-
ulation with hysteresis not included.
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Figure 83: Saturation and pressure at point 1: comparison measurement and sim-
ulation with play-type hysteresis included.
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Figure 84: Saturation and pressure at point 1: comparison measurement and sim-
ulation including hysteresis from PARKER AND LENHARD.
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