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PREFACE

The work described in this habilitation thesis was carried out between the years 2005
and 2010 at the Institute of Applied Mechanics (Civil Engineering), Chair of Continuum
Mechanics, University of Stuttgart. During this period of my further academic and sci-
entific development as postdoc and senior lecturer, it was my intention to elucidate the
notion coupled problem from a more general perspective. This idea was also inspired by
the observation that the ‘multi ’ words, such as multi-field, multi-physics, multi-scale, etc.,
which naturally imply some sort of coupling or interaction, find more and more their way
into the computational mechanics community, not least because of the increased com-
puter power. The profound expertise at the institute, particularly in the field of coupled
multi-phase and porous media mechanics, was the self-evident starting point to set up
a fundamental theoretical framework which comprises most of the coupled formulations
conceivable in continuum physics without loosing the link to real application problems.

It is worth mentioning that during the years numerous people contributed in many ways
to the realization of this work – all their support is most gratefully acknowledged. First
of all, I particularly want to thank my academic mentor, Professor Wolfgang Ehlers, for
giving me the opportunity to prepare the thesis in the institute and for granting me all
the scientific freedom to make this work possible. He supported me in an open-minded
and unreserved fashion, which led to many valuable and fruitful discussions. Besides the
scientific support, I also thank him for the friendly and familiar atmosphere at the institute
as well as the companionable relationship that grew over the past 15 years. I am also very
grateful to Professor Rainer Helmig from the Institute of Hydraulic Engineering, Chair of
Hydromechanics and Modeling of Hydrosystems, University of Stuttgart and to Professor
René de Borst, Dean of the Department of Mechanical Engineering, Eindhoven University
of Technology for taking the co-chairs in my habilitation procedure. Moreover, I want to
thank all of my current and former colleagues, who always shared their experience and
knowledge with me. In this regard, also the effort of my countless student assistants,
diploma, and master students is hereby acknowledged with thanks, as they allowed me to
follow new ideas, test unconventional methods, and carry out time-consuming numerical
simulations besides the daily university business. Finally, I like to deeply thank my family,
who really had a hard time during the writing process of my habilitation thesis and often
had to share me with the computer at evenings and weekends. Actually, they provided
me with the strength to bring this work to a successful end.

Stuttgart, June 18, 2010 Bernd Markert

Science is facts; just as houses are made of stones, so is science made of facts;
but a pile of stones is not a house and a collection of facts is not necessarily science.

Jules Henri Poincaré (1854 – 1912)
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Deutsche Zusammenfassung

KURZFASSUNG

Es ist das Ziel der vorliegenden Arbeit, einen umfassenden Einblick in das weite Feld der gekop-
pelten Probleme zu geben, wobei vor allem diejenigen Fragestellungen im Vordergrund stehen,
die von besonderer Bedeutung in den computerorientierten Ingenieur- und Naturwissenschaf-
ten sowie der Physik sind. Hierzu werden zunächst einige grundlegende Begriffe eingeführt und
damit die Basis für eine einheitliche Terminologie geschaffen, um im Anschluss eine sinnvolle
Klassifizierung gekoppelter Probleme und der sie beschreibenden Gleichungssysteme durchfüh-
ren zu können. Aufbauend auf diesen Grundlagen werden die Möglichkeiten der theoretischen
und numerischen Behandlung gekoppelter Probleme dargestellt und erörtert. Die Aufmerksam-
keit richtet sich hierbei vor allem auf volumetrisch gekoppelte Mehr-Feld-Formulierungen, die
sich aus der kontinuumsmechanischen Beschreibung von Mehr-Physiken-Problemen auf natürli-
che Weise ergeben. Darüber hinaus werden auch geometrisch gekoppelte Probleme angesprochen.
Anhand aktueller Fragestellungen aus den Bereichen der Poroelastodynamik, der Kontinuums-
biomechanik und der fluidgesättigten porösen Medien im allgemeinen werden sowohl die theore-
tische Modellbildung mittels gekoppelter Kontinuumsgleichungen als auch effiziente numerische
Lösungsstrategien im Rahmen der Finite-Elemente-Methode (FEM) ausführlich vorgestellt und
problemorientiert diskutiert.

Motivation

Gemäß dem umfassenden Online-Wörterbuch www.dictionary.com bedeutet gekoppelt
(engl. coupled) mit einem Link verbunden, zusammenhängend oder -gehörend, und ein
Problem ist eine Fragestellung, die eine Lösung, in der Regel unter Zuhilfenahme mathe-
matischer Operationen, erfordert.

Durchsucht man das Internet mit einer der populären Suchmaschinen nach coupled pro-
blem (gekoppeltes Problem) findet man derzeit (Juni 2010) ca. 35.000 Treffer, von denen
fast alle einen mathematischen, physikalischen oder computerorientierten Hintergrund
aufweisen.

Im täglichen Leben sind wir ständig mit gekoppelten Phänomenen konfrontiert, oftmals
ohne uns dessen bewusst zu sein. Betrachten wir zum Beispiel das schnelle zyklische Bie-
gen einer metallischen Büroklammer bis zum Bruch. Was wir beobachten, ist, dass sich
die Büroklammer im Bereich der Bruchstelle aufgrund der dissipierten plastischen Arbeit
im Material erwärmt. Es handelt sich hierbei offensichtlich um ein gekoppeltes thermome-
chanisches Problem, bei dem das Deformationsfeld mit dem Temperaturfeld interagiert
und umgekehrt. Ein weiteres Beispiel eines gekoppelten Problems ist immer bei uns, näm-
lich die kontinuierlich stattfindenden Wachstums-, Degradations- und Umbauprozesse in
unserem Körper. Nehmen wir Knochengewebe als Beispiel, welches, getrieben durch äu-
ßere Reize, chemische Faktoren sowie die vorhandenen Stoffwechselbedingungen, ständig
abgebaut und neu gebildet wird. So verlieren Astronauten im Weltraum innerhalb von
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VIII Deutsche Zusammenfassung

6 Monaten bis zu 30 % ihrer Knochenmasse, da die Belastung infolge Schwerkraft fehlt
und das Knochengewebe versucht, seine innere Struktur an die neue Belastungssituati-
on anzupassen. Aus Sicht der theoretischen Modellierung ist die Knochenadaption ein
sehr komplexes Beispiel eines gekoppelten Mehr-Physiken-Problems (engl. coupled multi-
physics problem) unter Einbeziehung mechanischer, chemischer und biologischer Phäno-
mene, deren Interaktionsmechanismen noch nicht vollständig verstanden sind, wie etwa
die Mechanosensorik der Knochenzellen, die biochemischen Wachstumsprozesse steuert.

In Wissenschaft und Technik haben wir es immer mit einer bestimmten Art von System
(mechanisch, chemisch, biologisch usw.) zu tun, für das wir aufgrund einer Erregung oder
Veränderung der äußeren Bedingungen eine Systemantwort suchen. Die diversen physika-
lischen Prozesse, die ein System hierbei regieren, können unterschiedlichen Systemkom-
ponenten zugeordnet sein, stehen möglicherweise miteinander in Wechselwirkung, sind
nichtlinear und finden auf unterschiedlichen Zeitskalen und räumlichen Gebieten statt.
Diese Eigenschaften zeichnen ein allgemeines gekoppeltes System aus, bei dem aufgrund
der dynamischen und multidirektionalen Interaktion der Systemkomponenten die gesuchte
Systemantwort nur unter Berücksichtigung aller simultan ablaufenden Prozesse gefunden
werden kann. Um derartig gekoppelte Probleme erfolgreich lösen zu können, müssen die
einzelnen Komponenten des Systems durch geeignete theoretische und numerische Modelle
beschrieben werden, die zusätzlich in der Lage sein müssen, die inhärenten Kopplungs-
mechanismen zwischen den abhängigen Feldgrößen situationsgerecht zu erfassen. Hierbei
sind neben den üblichen Effizienz- und Genauigkeitsanforderungen insbesondere die Stabi-
litätseigenschaften der verfolgten Lösungsstrategie bzw. deren algorithmischer Umsetzung
von Bedeutung.

Genau hier setzt die vorliegende Arbeit an, indem basierend auf einer sinnvollen Klassi-
fizierung gekoppelter Probleme und der zugrundeliegenden Gleichungssysteme geeignete
Lösungsmethoden in Abhängigkeit der auftretenden Kopplungsmechanismen behandelt
werden. Zudem wird ein universeller theoretischer Rahmen zur Modellierung volumen-
gekoppelter Mehr-Physiken-Probleme auf Basis der Kontinuumsmechanik bereitgestellt,
wobei neben interagierenden multiplen Phasen (Festkörper und Fluide) zusätzlich so-
wohl thermomechanisch als auch elektromagnetisch gekoppelte Felder berücksichtigt wer-
den. Die Anwendbarkeit der vorgestellten Methoden sowie der universellen Mehr-Feld-
Formulierung wird im Anschluss anhand ausgewählter Problemstellungen verdeutlicht.

Themenkomplex und Problemstellung

Die zunehmende Notwendigkeit, komplexe Probleme in der Numerischen Mechanik und
Physik unter Beachtung aller auftretenden Kopplungsphänomene auf den unterschiedli-
chen Skalen eines Problems zu behandeln, erfordert die kontinuierliche Entwicklung neuer
Strategien und Methoden, die genaue numerische Lösungen in überschaubaren Rechen-
zeiten ermöglichen. Hierbei liegen die Herausforderungen vor allem bei gekoppelten Sy-
stemen, für die die Berechnung der Interaktionsmechanismen nur schwer zu bewältigen ist
oder die auf sehr unterschiedlichen Zeitkonstanten basieren (z. B. steife Probleme) bzw.
auf weit zurückliegenden transienten Antworten aufbauen. Aus theoretischer Sicht sind
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die meisten der auftretenden physikalischen Prozesse recht gut verstanden und es existie-
ren in der Regel etablierte Modelle zu deren mathematischer Beschreibung. Zum Beispiel
werden multifunktionale und intelligente Materialien (engl. smart materials), wie etwa
Piezokeramiken oder elektroaktive Polymere (EAP), seit Jahrzehnten mittels mechani-
scher Theorien behandelt. Allerdings erlaubt erst die gestiegene Rechenleistung moderner
EDV-Anlagen in Kombination mit ausgeklügelten numerischen Algorithmen unter Aus-
nutzung der neuen Hardware-Funktionalitäten eine effiziente Lösung realitätsnaher und
praxisrelevanter Fragestellungen.

Die theoretischen Modelle hinter den gekoppelten Problemen basieren meist auf Erhal-
tungsgesetzen und führen in der Regel auf gekoppelte partielle Differentialgleichungen
(PDE) in Raum und Zeit. Partielle Differentialgleichungen sind ihrem Wesen nach ste-
tige Funktionen, die für eine rechnerische Behandlung zuerst in Raum und Zeit diskre-
tisiert werden müssen. Im Zusammenhang mit Computer-Simulationen kann die räumli-
che Semidiskretisierung z. B. mit Hilfe der Finite-Elemente-Methode (FEM), der Finite-
Differenzen-Methode (FDM) oder auch der Rand-Elemente-Methode (BEM) durchgeführt
werden. Im Fall von gekoppelten Mehr-Physiken-Problemen können hierbei verschiedene
räumliche Diskretisierungstechniken für die unterschiedlichen physikalischen Systemkom-
ponenten gewählt werden, z. B. ein Finite-Elemente-Modell für eine Festkörperstruktur
und ein Rand-Elemente-Modell für eine umgebende Flüssigkeit. Dies ist ein typisches
Beispiel aus dem Bereich der Fluid-Struktur-Interaktion (FSI).

Durch die Raumdiskretisierung ergibt sich ein System von gewöhnlichen Differentialglei-
chungen (ODE) in der Zeit, die im Fall großskaliger Probleme Millionen von Evolutions-
gleichungen umfassen können, die numerisch integriert werden müssen. Im Prinzip ste-
hen drei allgemeine Ansätze zur Verfügung, um die Zeitintegration gekoppelter Systeme
durchzuführen:

(1) Monolithischer oder direkter Ansatz,

(2) Partitionierter oder iterativer Ansatz,

(3) Teil-Schritt-Methode (engl. fractional-step method).

Die geschickte Wahl eines der oben genannten Verfahren ist hierbei eng mit dem be-
trachteten Problem und insbesondere mit der Art der vorhandenen Wechselwirkung der
abhängigen Feldgrößen verbunden. Es bietet sich daher an, die Anwendung der Inte-
grationsstrategien ausgehend von einer einfachen Klassifizierung gekoppelter Probleme
aufzuzeigen.

Einige gekoppelte Mehr-Feld-Probleme, wie z. B. die Fluid-Struktur- oder Struktur-Struk-
tur-Interaktion, können anhand ihrer räumlichen Teilgebiete charakterisiert werden (z. B.
Fluid und Struktur), in denen jeweils unterschiedliche Gruppen von abhängigen Variablen
(z. B. Flüssigkeitsdruck und Strukturverschiebung) behandelt werden. In diesem Fall ste-
hen die Teilsysteme nur über eine Grenzschicht (engl. interface) in Verbindung, so dass die
Wechselwirkung lediglich mittels Nahwirkungs- bzw. Kontaktkräften an den Grenzflächen
benachbarter Teilgebiete erfolgt. Es erscheint daher zweckmäßig, diese Problemklasse als
oberflächengekoppelt oder geometrisch gekoppelt zu bezeichnen, wobei die Interaktion der
räumlich getrennten Teilsysteme über Randbedingungen bzw. Interfacegesetze beschrie-
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ben wird. Zur Lösung dieser Problemklasse bieten sich Partitionierungsstrategien geradezu
an, da hierbei eine einfache räumliche Trennung des geometrisch gekoppelten Problems
in lose gekoppelte Einheiten erfolgen kann. Die partitionierte oder iterative Vorgehens-
weise hat den Vorteil, dass sie aufgrund der günstigen algorithmischen Struktur einfach
und flexibel umgesetzt werden kann, wobei die Verwendung verschiedener Modelle und
Diskretisierungen problemlos möglich ist und Software-Modularität erhalten bleibt. Die
Teilprobleme können auf ihren Gebieten mit maßgeschneiderten Programmpaketen unab-
hängig gelöst werden und je nach vorhandener Hardware flexibel im sequentiellen oder
parallelen Betrieb synchronisiert werden. Allerdings erfordert der partitionierte Ansatz
erhebliche Investitionen auf methodischer Seite, da sowohl die Genauigkeit als auch die
Stabilität erheblich beeinträchtigt werden können, insbesondere wenn ein hoher Grad an
nichtlinearer Wechselwirkung vorliegt, was teure Iterations- oder Stabilisierungsschritte
nach sich ziehen kann.

Bei einer anderen Problemklasse, den sogenannten volumengekoppelten oder materiell ge-
koppelten Problemen, ist eine mögliche partitionierte Behandlung nicht sofort anwendbar
und unter Umständen auch gar nicht sinnvoll. Volumetrisch gekoppelte Probleme zeichnen
sich insbesondere dadurch aus, dass sich grundverschiedene physikalische Phänomene auf
demselben räumlichen Gebiet gegenseitig beeinflussen (z. B. thermische und mechanische
Wechselwirkung). Die beschreibenden physikalischen Felder interagieren somit an jedem
materiellen Punkt des betrachteten Körpers, so dass sich eine Kontinuumstheorie zur theo-
retischen Beschreibung mittels einer gekoppelten Mehr-Feld-Formulierung anbietet. Im
Grunde genommen steckt die Kopplung direkt in den beschreibenden Bilanzgleichungen,
die natürlich über geeignete Konstitutivgesetze zur Modellierung der jeweiligen physikali-
schen Phänomene ertüchtigt werden müssen. Da diese Art der Kopplung oft zu hochgradig
nichtlinearen Gleichungssystemen führt mit unter Umständen sehr steifen Anteilen (z. B.
Reaktionsterme) und algebraischen Nebenbedingungen (z. B. Inkompressibilität), werden
zu deren numerischer Lösung oft monolithische Methoden eingesetzt, die auf ausgefeilten
impliziten Zeitverlaufsverfahren basieren (z. B. steif-genaue Runge-Kutta-Verfahren). Die
simultane Integration erfordert jedoch spezielle Software-Module und Löser, die gleich-
zeitig unterschiedliche Arten von Differentialgleichungen (elliptisch, parabolisch, hyper-
bolisch) behandeln können. Darüber hinaus führen allgemeine dreidimensionale Probleme
auf sehr große Matrixsysteme, die aufgrund enthaltener algebraischer Gleichungen auch
indefinit sein können. Die monolithische Vorgehensweise zieht somit keinen wirklichen
Vorteil aus dem Mehr-Physiken-Charakter eines Problems, so dass aufgrund der unver-
meidbar großen Gleichungssysteme im allgemeinen nur iterative Verfahren für eine schnelle
Lösung in Frage kommen. In diesem Zusammenhang haben sich Gebietszerlegungsverfah-
ren (engl. domain decomposition methods) oder Substrukturmethoden als leistungsstarke
Techniken herauskristallisiert, da sie parallele Hardware-Architekturen durch intelligente
Aufteilung des Rechengebietes gekonnt ausnutzen. Es besteht jedoch auch für volumenge-
koppelte Probleme generell die Möglichkeit, einen gestaffelten Lösungsansatz zu wählen,
wobei über eine geeignete (z. B. additive) Zerlegung von Differentialoperatoren (engl. ope-
rator splitting) die Möglichkeit für eine fraktionierte Zeitintegration geschaffen wird.

Dies umfasst in etwa den Themenkomplex, dem sich die vorliegende Arbeit widmet. Neben
einer ausführlichen Einführung in die oben beschriebene Problematik, zielen die darauf
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aufbauenden Ausführungen auf allgemeine materiell bzw. volumetrisch gekoppelte Mehr-
Feld-Probleme ab, die zum einen theoretisch durchdrungen und zum anderen mittels
geeigneter Methoden einer effizienten numerischen Lösung zugeführt werden sollen.

Gliederung der Arbeit

Die vorliegende Arbeit untergliedert sich in zwei Teile:

Teil I führt den Leser an das Themengebiet der gekoppelten Probleme heran, indem die
wesentlichen Begriffe eingeführt und die theoretischen Grundlagen volumengekoppelter
Formulierungen geschaffen werden.

Hierzu wird in Kapitel 1 das umfassende Gebiet der gekoppelten Mehr-Feld-Probleme
erschlossen und mögliche Lösunsgsansätze für unterschiedliche Problemklassen diskutiert.

Kapitel 2 gibt eine kompakte Einführung in die Mehr-Phasen-Kontinuumsmechanik ba-
sierend auf den allgemeinen Konzepten der Mischungstheorie und der Theorie Poröser
Medien, wobei sowohl thermodynamische als auch elektrodynamische Effekte einbezogen
werden.

Teil II der Arbeit ist der Anwendung der teilweise abstrakten theoretischen Grundla-
gen aus Teil I gewidmet. Hierbei werden konkrete Fragestellungen aus dem Bereich der
volumengekoppelten Mehr-Feld-Probleme behandelt.

Hierzu wird in Kapitel 3 zunächst eine kurze Einführung in die folgenden Anwendungspro-
bleme gegeben und die Verknüpfung zu den zuvor beschriebenen Methoden und Theorien
aufgezeigt.

Kapitel 4 diskutiert dann das Problem der Poroelastodynamik und vergleicht zwei nume-
rische Lösungsstrategien, die in Kapitel 1 eingeführt wurden.

In Kapitel 5 werden volumengekoppelte Formulierungen in Anlehnung an Kapitel 2 zur
Behandlung von Problemen aus dem Bereich der Kontinuumsbiomechanik vorgestellt,
die zur Simulation von Quell- und Wachstumsprozessen biologischer Gewebe verwendet
werden.

Darüber hinaus beschäftigt sich Kapitel 6 mit der theoretischen Untersuchung des Fluid-
penetrationseffekts beim Kontakt fluidgesättigter poröser Medien.

Zum Schluss beschreibt Kapitel 7 ein finites Viskoelastizitätsmodell für poröse Medien,
das zur Beschreibung menschlichen Bandscheibengewebes unter Einbeziehung osmotischer
Effekte und diverser Heterogenitäten herangezogen wird.
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1 Introduction to Coupled Problems

SUMMARY

This chapter aims at giving a concise introduction to the vast field of coupled problems, partic-
ularly to those of importance in engineering and physics. Therefore, the common terminology
and an appropriate classification of coupled equation systems is presented accompanied by some
mathematical and computational issues. Attention is focused on volumetrically coupled multi-
field formulations arising from the continuum mechanical treatment of multi-physics problems,
but also geometrically coupled problems are addressed.

1.1 What is a Coupled Problem?

Following the comprehensive online dictionary www.dictionary.com, coupled means con-
nected by a link, joined or associated together, and a problem is a statement requiring a
solution, usually by mathematical operations.

Searching the internet for coupled problem, the popular search engines currently (June
2010) find about 35.000 hits, almost all of which are associated with some mathematical,
physical, or computational background.

In daily life, we are permanently confronted with coupled phenomena, usually without
recognizing or thinking about them. Consider, for instance, the fast cyclic bending of a
paper clip until it breaks. What we observe, is that the clip is heated up around the break
due to the dissipated plastic work in the material. Clearly, we have a coupled thermome-
chanical problem at hand where the deformation field is interacting with the temperature
field and vice versa. Another example is always with us: The growth and remodeling pro-
cesses going on in our body. Consider bone tissue as an example, which is constantly built
and degraded, driven by external stimuli, chemical factors, and metabolic conditions. It
is well known that astronauts lose bone mass while in space (up to 30% in 6 month) as
no gravitational forces are present, and the bone tissue tries to adapt its structure to the
new loading situation. From a modeling standpoint, this is a very complex example of
a coupled multi-physics problem incorporating mechanical, chemical, and biological phe-
nomena for which the interaction mechanisms, such as the bone cell mechanosensation
controlling the biochemical process of growth, are not yet fully understood.

In science and engineering, we are commonly concerned with a certain kind of system
(mechanical, chemical, biological etc.) for which we seek a response due to some excita-
tion or change in the external conditions. This is what forms the type of problems, we
are interested in. The different physical phenomena associated with the components that
govern the system response possibly stay in mutual interaction, are nonlinear, and act on
different time scales and spatial domains. In order to solve such problems, the compo-
nents of the system have to be described by appropriate theoretical models additionally
accounting for the inherent coupling mechanisms between dependent fields. In this regard
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and geared by the terminology given by Park & Felippa [95] and Felippa et al. [45], the
following definitions are proposed:

General definitions of coupled problems

(1) Coupled problem: A coupled problem is one in which physically or com-
putationally heterogeneous components interact dynamically. The in-
teraction is multi-way in the sense that the solution has to be obtained
by a simultaneous analysis of the coupled equations which model the
problem.

(2) Coupled multi-field problem: A coupled multi-field problem is one in
which the individual field equations are functions also of the other field
variables governing the problem which requires the concurrent treat-
ment of multiple dependent fields in a model. Every coupled problem
is per se a coupled multi-field problem.

(3) Coupled multi-physics problem: A coupled multi-physics problem is a
coupled problem in which multiple physical models or phenomena are
handled simultaneously. That is, if (1) different discretization tech-
niques are used for individual subproblems on different (possibly coin-
ciding) spatial domains or (2) individual field variables represent dis-
tinctly different but mutually interacting physical phenomena. A cou-
pled multi-field problem is not per se a coupled multi-physics problem.

(1.1)

Typical examples of coupled multi-field problems are given by

� incompressible viscous flow (Navier-Stokes problem) described by a two-field formu-
lation in the fluid velocity and the fluid pressure,

� saturated porous media (e. g. consolidation problem) modeled by a two-field formu-
lation in the solid displacement and the pore-fluid pressure,

� acoustic-structure interaction treated as a two-field problem coupling the structural
displacement field with the acoustic pressure field.

The following examples pose multi-physics problems:

� multi-scale models of granular matter (e. g. sand) where on the macro-scale a finite
element model is used embedding a discrete particle model of the granular micro-
structure at integration point level,

� thermoelectricity (e. g. Peltier-Seebeck effect) as a two-physics problem combining
heat conduction and electrodynamics,

� reaction-diffusion systems (e. g. pattern formation) as a two-physics problem com-
bining local chemical reactions with diffusive spatial transport,
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� multi-domain models of acoustic-structure interaction (e. g. aeroelasticity) by using
different discretization schemes for the individual domains.

For a more comprehensive discussion of the notions multi-scale and multi-domain in the
context of multi-physics systems, it is referred to the survey article of Michopoulos et al.
[86].

1.2 Solution of Coupled Problems

The increasing necessity to solve complex problems in computational mechanics and
physics accounting for all the coupling occurring on the different scales of the prob-
lem requires the ongoing development of new ideas and methods which can effectively
provide accurate numerical solutions in affordable computing times. At this, challenges
are given by coupled problems for which the computation of coupling phenomena are
difficult to accomplish or with vastly different time constants (e. g. stiff problems) and
long-time duration of transient responses. From a theoretical perspective, most of the
individual physical processes are fairly understood and elaborated models exist for their
mathematical description. For example, multi-functional and smart materials like piezo-
ceramics, electroactive polymers (EAPs), etc. are treated since decades by mechanical
theories. However, first the increasing power of modern computing systems in combina-
tion with sophisticated numerical algorithms exploiting the new hardware features allow
the efficient solution of real-scale problems of practical relevance.

The theoretical models of coupled problems usually yield mathematical expressions of
some conservation principle in form of coupled partial differential equations (PDEs) in
space and time. Partial differential equations by their very nature deal with continuous
functions, and hence, have to be discretized in space and time for the computational treat-
ment. In particular, for computer simulations, the spatial semi-discretization is commonly
done by the Finite Element Method (FEM) [12, 59, 144–146], the Finite Difference Method
(FDM) [89, 92, 124], the Finite Volume Method (FVM) [69, 125, 131], or the Boundary
Element Method (BEM) [10, 48, 138]. Considering coupled multi-physics problems, dif-
ferent spatial discretization schemes may be chosen for the different physical components,
for instance, a finite element model of a structure linked to the boundary element model
of a surrounding fluid, a typical example of fluid-structure interaction (FSI) [36, 91].

The space discretization results in a system of ordinary differential equations (ODEs) in
time, which for real-scale problems may comprise millions of evolution equations that
have to be integrated numerically. In principle, four approaches to the time integration
of such coupled systems are feasible (cf. [45, 70, 95, 146]):

Time integration approaches for coupled systems

(1) Monolithic or direct approach: The whole problem is treated as a mono-
lithic entity. All components are advanced simultaneously in time by
the same, for stability reasons usually implicit, time-stepping scheme.

(1.2)
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(2) Partitioned or iterative approach: The physically or computationally
heterogeneous system components are treated as isolated entities that
are separately advanced in time, possibly by different integrators. In-
teraction effects are viewed as forcing effects that are communicated
between the individual components using prediction, substitution, and
synchronization techniques.

(3) Fractional-step method: Operator splitting is used to decompose un-
wieldy coupled systems into simpler integrable subproblems by advanc-
ing each time step in multiple (fractional) steps. The split parts are
treated by special composition algorithms such as predictor-corrector
or projection schemes, thereby accounting for specific geometric field
properties.

(4) Field variable elimination: One or more field variables are eliminated
by techniques such as reduction or integral transforms. The remaining
field equations are treated by a monolithic time integration scheme.

(1.2)

Field variable elimination is a relict from the pre-computer era and restricted to special
linear problems. Basically, the elimination destroys sparseness of matrix profiles leading
to dense solution matrices. Consequently, this approach is of inferior importance from a
computational perspective.

The other approaches are more general in nature. The monolithic or direct treatment is
advantageous when the coupled field interaction is highly nonlinear and is best solved in a
single solution using a coupled formulation. Examples of direct coupling include electro-
magnetomechanical analysis, conjugate heat transfer with fluid flow, or multi-component
porous media problems with chemical interactions. The simultaneous integration requires
specialized software modules capable of treating different types of differential equations
in a single solver which is not the standard in commercial software. Moreover, general
three-dimensional (3-d) problems result in large matrix systems which may be indefinite
due to included algebraic equations, additionally calling for a special solution procedure.
Common methods for the simultaneous integration of such systems include implicit Runge-
Kutta (IRK) methods [54, 55] and multi-step backward differentiation formulae (BDF)
[19]. Examples for the effective application of the monolithic approach are reported for
fluid-structure interaction [16, 56, 85, 115], open system growth models [65, 66], multi-field
problems in structural dynamics [64], or inelastic and dynamic porous media problems
[38, 79, 80] to name but a few.

There is no doubt that due to the huge linear systems generated by the monolithic treat-
ment, which does not really take advantage of the multi-physics nature of the problem,
iterative solvers are the key ingredient to fast solution. In this regard, domain decom-
position (DD) or substructuring methods have proved to be a powerful technique. In
particular, advancements of the non-overlapping DD methods, such as the balancing do-
main decomposition (BDD) method [30, 76] or the finite element tearing and intercon-
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nect (FETI) method [41, 42], provide strong computational strategies, perfectly suited to
modern computing hardware, see [47, 126]. The basic idea behind these methods is to
substructure the computational domain thereby considering the problem on the interface
between the subdomains to ensure the continuity of the primal unknowns and the equi-
librium of fluxes. The underlying algorithms are built from a number of local solves of
smaller systems on the subdomains where the interface problems are treated by some pre-
conditioned iterative solver. In fact, such methods are believed to have a great potential
to treat multi-field and multi-physics problems [15, 51, 111].

In contrast, partitioning and splitting follow a divide-and-conquer strategy in the sense
of transforming the tightly coupled problem into loosely coupled entities. In particular,
for coupling situations which do not exhibit a high degree of nonlinear interaction, the
partitioned or iterative approach has the advantage of being more efficient and flexible.
That is because of the favorable algorithmic structure which allows the independent an-
alyzers for each partition to be synchronized to operate in sequential or parallel fashion
such that the coupling of different discretization models is straightforward and software
modularity is preserved. The coupling may be recursive where iterations between the
different physics are performed until the desired level of convergence is achieved. In a
sequential thermal-stress analysis, for instance, a performed nonlinear transient thermal
analysis is followed by a linear static stress analysis. However, the partitioned approach
requires considerable investment in methodology issues since accuracy and stability may
be affected, particularly when couplings become very strong, which entails costly iteration
or stabilization procedures. Difficulties may also arise if huge 3-d problems are considered
and the dimensions of a distinct subproblem is far larger in comparison to others leading
to unbalanced subsystems.

The development of partitioning methods was mainly driven in the 1970s by fluid-structure
interaction problems since only specialized analysis codes tailored to independently treat
either the structure or the fluid were available. The lack of a single analysis software
for coupled FSI problems actually led to the first staggered procedures [98] where each
subproblem was solved separately utilizing individual fluid and structure codes assuming
that the field variables of one subproblem are known from an appropriate predictor and
temporarily frozen while advancing the other subproblem. This paved the way to the
more general partitioned approaches [43–45, 73, 94, 95, 97] applicable to a wider range of
coupled multi-field problems, such as general FSI [82, 83, 100, 101, 106, 135], poroelasticity
[116, 119, 128, 141], aeroelasticity [105, 114], and thermoelasticity [5, 37, 109].

In contrast to partitioning methods which imply a field-by-field decomposition of the space
discretization, operator splitting or the fractional-step method is based on a decomposition
of the time discretization of a field within its time-step interval. To be more precise,
splitting refers to the decomposition of a differential operator underlying a particular time-
stepping scheme denoted by fractional-step method. However, in the related literature
both terms are often used synonymously. Both partitioning and splitting may be algebraic
or differential. In the algebraic case, the complete coupled system is spatially discretized
first and then decomposed. In the differential case, the decomposition is carried out
first, and each field is then discretized separately. In this regard, algebraic operator
splitting is associated with the segregated solution of already semi-discretized equations.
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Differential operator splitting is rather used to decouple physical effects in complex and
highly nonlinear initial boundary-value problems (IBVP), which is what we seek.

The historical development of splitting methods began somewhere in the late 1950s, but is
hard to untangle because of its independent roots in different applied fields, see [84] for an
overview. Here, we focus on operator-splitting techniques that have originally been applied
to advection-diffusion-reaction (ADR) systems or the Navier-Stokes equations. Basically,
operator-splitting methods proceed from the idea of writing some not necessarily linear
differential operators in a PDE system at least as a linear sum of operator pieces. The
solution in time is then advanced in a sequence of stages where each stage involves only one
operator piece and an appropriate time-discretization scheme. At this, the time step of
each stage in the sequence of updatings is only a fraction of the full time step in the sense of
a fractional-step method, cf. [139] for details. Hence, operator splitting combines simple
integration schemes for subproblems into an efficient scheme for the overall problem.
Most naturally, semi-explicit-implicit strategies are convenient, for instance, an explicit
scheme for the advection terms combined with an implicit scheme for the diffusion terms
of a coupled advection-diffusion system. In this regard, operator splitting can be used
to separate hyperbolic from parabolic parts or algebraic from differential equations of
a system, where each is simpler to advance in time by some tailored scheme than the
combined original system.

Unlike multi-step methods, operator splitting as one-step methods are not necessarily
unstable. In fact, it is often sufficient to have a stable integrator only for the operator
piece having the highest number of spatial derivatives in order to make the overall scheme
stable [108]. Such methods are intended for time-accurate simulations rather than for
quickly time-marching to steady-state solutions using large time steps [52]. However, it
should be noted that the procedure introduces a splitting error on top of any additional
errors in the time integration. Moreover, one has to be aware of order reductions when
applied to systems which involve algebraic equations [133], and attention should be paid
to the sequential order of the operators, where stiff operators must always be last in the
splitting scheme [121].

Examples of successful applications are manifold and range from nonlinear thermome-
chanics [7, 118] via incompressible Navier-Stokes equations [26, 52, 110, 112, 127, 130]
and porous media mechanics [6, 80, 102, 140] to general differential-algebraic equations
(DAE) [133]. More recently, implementations try to automatically switch between mono-
lithic and split integration in the sense of a hybrid scheme by recourse to some elaborate
error control. For a nonlinear reaction-diffusion system such a hybrid strategy is presented
by Vijalapura & Govindjee [132].

For the sake of completeness, it is also worth mentioning the so-called dimensional or
Strang-splitting methods for parabolic PDEs such as the alternating direction implicit
(ADI) method most notably used for the efficient solution of multi-dimensional heat and
diffusion equations [35, 103, 122]. Basically, the ADI method proceeds from a split of the
finite difference equations where in each only one dimension is taken implicitly yielding
in combination a cheap to solve system. Roughly speaking, ADI methods aim at pre-
serving the computational benefits of the related one-dimensional (1-d) problem also for
the multi-dimensional problem. This however is not within the scope of this thesis as we
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are interested in a physically motivated split of PDE systems rather than a simplifying
breakdown in its space dimensions. For further particulars on splitting methods in gen-
eral, the interested reader is referred to the review article by McLachlan & Quispel [84]
and the quotations therein.

1.3 Coupled Problems at a Glance

1.3.1 Classification of Coupled Problems

Some coupled multi-field problems, such as fluid-structure or structure-structure interac-
tion, can be characterized by distinct spatial subdomains (e. g. fluid and structure) with
distinct sets of dependent variables (e. g. fluid pressure and solid displacement). In this
case, the substructures are only linked along an interface with the interaction or cou-
pling mechanisms representing actions at the immediate vicinity, i. e., contact or traction
forces between the boundary or interface surfaces of the adjacent subdomains. Thus, it is
convenient to refer to these problems as surface-coupled or geometrically coupled, where
the interaction is governed by boundary conditions or interface equations. Clearly, geo-
metrically coupled problems are well suited for partitioned solutions by untightening the
coupling in space and solving each subproblem separately as outlined previously.

Other coupled problems are, in contrast, characterized by the immanent interaction of
essentially different physical phenomena within the same spatial domain (e. g. thermal
and mechanical interaction). The physical quantities interact at each material point
of the body which gives rise to a continuum mechanical description by some coupled
formulation. In fact, the coupling is inherent in the governing balance relations specified
by some constitutive laws describing the different physical phenomena. Consequently, this
class of problems will be denoted as volume-coupled or materially coupled1. It is actually
the latter class of problems which is of primary concern in this thesis.

Proceeding from a standard numerical treatment of the governing PDE system underlying
the physical model under study, each primal physical field is spatially discretized, here
preferably by the FEM, into a finite number of degrees of freedom (DOFs), thus forming
a semi-discrete subsystem of the original coupled problem. A system of equations which
consists of two or more of such interconnected subsystems involving dependent variables
that cannot be eliminated on equation level, where an independent solution of any subsys-
tem is impossible without simultaneous solution of the others, is called a coupled system.
Generally speaking, a coupled system is a system whose behavior is driven by the dynamic
multi-way interaction of its functionally distinct or heterogeneous subsystem components
[45]. The coupling strength is commonly classified from weak or loose to strong or tight
depending on the degree of subsystem interaction [82, 143], where a coupling is regarded
as strong if the solution depends significantly on the accuracy of the coupling term cal-
culation [71]. In this connection, the course of interaction yields an additional indicator,
where one-way coupling is considered as weak, for instance, between a thermal field and a

1 Note that other authors use a different terminology. For instance, Zienkiewicz et al. [146] categorize
the a. m. coupled problems into Class I and Class II problems.
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structure, and two-way or multi-way coupling is considered as strong, such as in general
FSI problems, because the overall state, in contrast to the former, has to be simultane-
ously updated over interacting subsystems. From a computational perspective, this biases
the choice of a convenient combined method by which the individual time-discretized sub-
systems are algorithmically coupled, for instance, explicitly in the weak case using some
staggering scheme and implicitly in the strong case applying a direct monolithic or an
iterative partitioned approach [82].

However, to distinguish between weak and strong coupling, even on a numerical basis,
is a very subjective classification which depends on the type of coupled problem as well
as the physical properties and interdependencies controlled by the involved constitutive
parameters. Especially, if nonlinearities come into play, such that material parameters
nonlinearly depend on the primal field variables, the strength of coupling may change
during the solution of the problem. As an illustrative example, consider a macroscopic,
biphasic porous media model for the description of a flexible, high-porosity material such
as an air-filled, open-celled polymer foam [77, 79]. It is beyond question that the coupling
in the underlying solid displacement-pressure (u-p) formulation is driven by the mutual
momentum exchange between the deforming polymer matrix and the streaming pore air
governed by the intrinsic permeability and the fluid properties [78]. Let us suppose that
in the undeformed state, the hydraulic conductivity is quite high such that the perme-
ating air experiences almost no resistance. Accordingly, the frictional drag in the sense
of a volume-specific interaction force between foam matrix and pore gas is comparatively
small which connotes a weak coupling of the respective differential equations in the u-p
formulation. However, if the flexible foam gets largely compressed, the cellular structure
forming the interconnected pore space gets compacted, such that the porosity and like-
wise the permeability decreases. This gives rise to a nonlinear, deformation-dependent
hydraulic conductivity which may change over several magnitudes, thereby provoking a
transition from a weakly to a strongly coupled solid-fluid problem and vice versa.

Following this, it is generally wise to look at an abstract representation of the semi-
discrete equation system and examine the coupling terms when extreme, but physically
sound values of the involved constitutive parameters are assumed. Although this is very
problem-specific and not straightforward, it is intended in this work to present a general
framework that helps to grasp the coupling characteristics of primarily materially coupled
problems and support the choice of a suitable numerical solution procedure.

Against this background, it is moreover convenient to distinguish between pure differen-
tial and differential-algebraic coupling depending on whether or not algebraic equations
are present in the system, i. e., whether we have a PDE or a DAE system at hand. Al-
gebraic equations usually represent some kind of side condition or constraint imposed on
one or several primary variables, such as incompressibility, continuity, or some penalty
or Lagrangean constraint at an interface. In the case of a highly nonlinear and strongly
coupled DAE system, which we preferentially solve monolithically, the simultaneous ap-
proximation of the primary fields entails the usage of the mixed Finite Element Method
with discrete approximation spaces for the individual unknowns. However, the multi-field
variational principle yields a saddle-point type problem rather than an extremal prob-
lem, i. e., the solution corresponds simultaneously to a minimum w. r. t. the differential
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variables and a maximum w. r. t. the algebraic variables. In general, minimization of an
energy functional subject to a side condition, such as the continuity condition of the in-
compressible Stokes problem, results in a saddle-point problem, i. e., the discrete system
is indefinite, so that a number of standard solution methods cannot be applied directly
[14]. Moreover, the problem occurs that not all choices of finite element spaces will lead
to convergent approximations, because the stability of mixed methods is by no means
automatic [8]. Therefore, in mixed formulations, the inf-sup or Ladyzhenskaya-Babuška-
Brezzi (LBB) condition is a crucial criterion for the stability of the numerical solution
[20, 142]. Basically, the inf-sup condition compares the size of the approximation spaces
and essentially serves as a compatibility condition in the sense that it keeps the balance
between consistency error and approximation quality, see [18, 52] for references.

From a computational perspective, the further subclassification of coupled PDE or DAE
systems into parabolic and hyperbolic is much less important, because many problems
are of mixed type and most hyperbolic problems get parabolic pieces mixed into them
when discussing practical numerical schemes [108]. It is rather more significant to consider
the property of stiffness in this context. Stiff differential equations are equations which
are ill-conditioned in a computational sense as they include some terms that can lead to
rapid variations in the solution. In coupled systems, this is often the case if the physical
components vary with different time scales, such as in slow diffusion-fast reaction systems.
This usually entails that either the stability or the error bound or both can only, if at
all possible be assured by unreasonable restrictions on the time-step size. However, the
problem can be tackled by recourse to certain operator-splitting schemes or stiffly accurate
implicit time integrators, see [24, 55, 88] for further details.

1.3.2 A Simple Example

To give an example, consider the mass-spring system depicted in Figure 1.1. From New-
ton’s second law it is easy to find the motion equation of a point mass mn in a series of
spring-mass elements:

mn ün + kn−1(un − un−1) − kn(un+1 − un) = bn . (1.3)

Herein, un(t) denotes the position of the nth mass, kn−1 and kn are the elastic constants
of the springs connected on the left and right sides to that mass, and bn(t) represents the
time-dependent excitation force on mn. The total (material) time derivative is defined as
( q )̇ := d( q )/dt, such that ün = d2un/dt

2 is the acceleration of the considered point mass.

b1

b2
b3

m1 m2 m3
u1 u2 u3

k1 k2

Figure 1.1: Simple mass-spring system composed of three point masses m1,m2,m3 loaded by
time-dependent forces b1, b2, b3 and connected via two massless elastic springs (spring constants
k1, k2). The individual displacement coordinates of the masses are indicated by u1, u2, u3.
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In matrix representation, for the system given in Figure 1.1, we obtain

M ü + K u = b with





u = [un]T ,

b = [bn]T ,

M = diag
[
mn

]
,

K = tridiag
[
− kn−1, kn−1 + kn,−kn

]
,

(1.4)

and n = 1, 2, 3 which written out reads



m1 0 0
0 m2 0
0 0 m3






ü1

ü2

ü3


 +




k1 −k1 0
−k1 k1 + k2 −k2

0 −k2 k2






u1

u2

u3


 =



b1
b2
b3


 . (1.5)

From (1.5) it is obvious that the inertial forces of the individual point masses are decou-
pled, but their motions are coupled to each other via the interconnected springs. This
reflects itself in the highlighted off-diagonal elements of the stiffness matrix K. Thus,
the above example yields a coupled system of ODEs of second order in time. Clearly,
if the spring constants kn tend towards zero, we have three independent equations of
motion, mn ün = bn (n = 1, 2, 3), and for kn → ∞ the point masses are rigidly con-
nected and behave as a monolithic entity governed by a single equation, viz. mü = b with
u := u1 = u2 = u3, m :=

∑
mn, and b :=

∑
bn. Within these theoretical limits of zero

and full coupling, it is now left to the observer to define suitable thresholds or indicators
that distinguish weak from strong interaction. This becomes even more difficult and also
sometimes pointless if nonlinear interaction mechanisms (e. g. of Lennard-Jones type) are
described by, for instance, motion-dependent stiffnesses kn = kn(un−1, un, un+1).

To continue, we recast the 2nd-order system (1.4) in a state-space formulation which
provides the dynamics as a system of coupled first-order differential equations in a set
of internal variables known as state variables. Basically, the concept of the state of
a dynamic system refers to a minimum set of state variables, say yi(t) (i = 1, ..., N),
together with respective initial conditions yi(t0) = y0i at some reference time t0 that fully
describe the system and its response to any given set of inputs for t ≥ t0, cf. [75, 120]
among others. System models built of pure and ideal (linear) one-port elements (mass,
spring, dashpot etc.) are state-determined system models. For such systems the number
of state variables N is equal to the number of independent energy storage elements in the
system such that the values of the state variables specify the total system energy. In the
considered example problem, we have two energy storage elements, viz. the elastic energy
in the springs governed by the un and the kinetic energy of the masses governed by their
velocities vn = u̇n. Together, they define the set of state variables which are collected in
the state vector y(t) = [u,v]T . The corresponding state equations are easily found as2

u̇ = v and v̇ = −M−1K u + M−1b . (1.6)

2 An alternative choice of an auxiliary state variable would be l = M u̇ which is nothing else but the
momentum vector such that l̇ = M ü represents the inertial force, see [63] for details.
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In matrix form, the initial-value problem (IVP) then reads
[

I 0
0 M

]

︸ ︷︷ ︸
M

[
u̇

v̇

]

︸︷︷︸
ẏ

+

[
0 −I

K 0

]

︸ ︷︷ ︸
K

[
u

v

]

︸︷︷︸
y

=

[
0
b

]

︸︷︷︸
b

, y(t0) = y0 , (1.7)

which is easily seen to yield the canonical equation of a state-space model system, viz.

ẏ = A y(t) + B b(t) . (1.8)

Herein, A = −M−1K represents the state matrix and B = M−1 is the input matrix,
which both may be time-variant. For general nonlinear systems, the corresponding explicit
and equivalent implicit representations of (1.8) are

ẏ = f (t,y) and F (t,y, ẏ) = 0 . (1.9)

These canonical formulations of first-order differential equation systems provide a suitable
abstraction for the further discussion of coupled problems and are taken as basis in what
follows.

Remark: In structural dynamics, Newmark-type schemes [93] are widely preferred for
the solution of second-order dynamic problems, such as (1.4), instead of using common nu-
merical methods that may be more efficient, of a higher order, or better for stiff equations.
Actually, 2nd-order ODEs may alternatively be integrated by either recasting them as 1st-
order ODEs, as in the above example, or by simply using explicit Runge-Kutta-Nyström
(RKN) methods which are especially designed for 2nd-order, but originally non-stiff and
non-dissipative systems [62, 129]. More recently stable RKN methods have been con-
structed particularly for the integration of stiff and non-conservative problems, see, e. g.,
[3]. Anyway, here, we will primarily focus on differential equation systems of first order
in time in form of (1.9) in order to be able to apply established numerical integration
schemes out of the class of implicit Runge-Kutta (IRK) methods (see Section 1.3.4).

1.3.3 Differential and Algebraic Coupling

To begin with, consider an initial-value problem given by a set of N non-autonomous
first-order differential equations in time accompanied by respective initial conditions:

ẏ1 = f1(t, y1, y2, . . . , yN), y1(t0) = y1 0

ẏ2 = f2(t, y1, y2, . . . , yN), y2(t0) = y2 0
...

...
...

...
...

...
...

ẏN = fN(t, y1, y2, . . . , yN), yN(t0) = yN0





ẏ = f (t,y), y(t0) = y0 . (1.10)

Herein, each or several DEs together define some field problem possibly describing distinct
physical phenomena on different time scales and not necessarily on coinciding spatial
domains. The different yi can thereby be elements of some function spaces and the fi can
represent some differential operator, such that (1.10) may describe some problem modeled
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by partial differential equations. As the individual DEs may depend on the other field
variables, the above equations are denoted as coupled multi-field equations. The contrary
would be totally decoupled singled field equations, i. e., ẏi = fi(t, yi) with i = 1, ..., N .
Following the definitions in Box (1.1), if Equations (1.10) represent different physical
processes (advection, diffusion, reaction etc.) or are treated by different physical models
(e. g. FEM and BEM), ẏ = f (t,y) defines a coupled multi-physics problem. Moreover,
since for each variable a differential evolution equation exists, one refers to this case as
pure differential coupling .

As we shall see later, this is not generally the case since the time evolution of physical
state variables is often constrained by some algebraic side condition. They can have
different origins, for instance, driven by physical properties like incompressibility and
continuity-like conditions or incorporated for computational convenience in the sense of
artificial subsystems such as interface constraints when using partitioning methods (see
Section 1.4.1). To this end, consider the system in Hessenberg form

ẏ = f (t,y, z) ,

0 = g(t,y, z)
(1.11)

accompanied by consistent initial values such that 0 = g(t0,y0, z0). Clearly, we have
no ż, i. e., Equations (1.11) define a set of differential-algebraic equations (DAE) in time
with z representing the algebraic variables, which imply an additional algebraic coupling .
More precisely, (1.11) is a DAE system of differentiation index 1 (Hessenberg index-1),
which is easily proven by differentiating (1.11)2 to obtain

ż = −
(∂g

∂z

)
−1

(∂g

∂ t
+
∂g

∂y
f (t,y, z)

)
. (1.12)

This requires ∂g/∂z to be invertible, i. e., det(∂g/∂z) 6= 0. As the number of differentia-
tions needed to get an explicit differential equation for z defines the differentiation index
[55], the DAE (1.11) is of index 1.

Next, consider the system
ẏ = f (t,y, z) ,

0 = g(t,y) ,
(1.13)

where the variable z is absent in the algebraic constraint, and thus, ∂g/∂z is singular.
However, by time differentiation of (1.13)2, one obtains the oblique constraint

0 =
∂g

∂ t
+
∂g

∂y
f (t,y, z) =: g̃(t,y, z) , (1.14)

which together with (1.13)1 becomes again a DAE system of index 1 as given in (1.11).
Accordingly, two differentiations are needed to find an explicit equation for ż, such that
(1.13) is of differentiation index 2 (Hessenberg index-2). In the same way, DAE systems
with higher differential index can be introduced and discussed. From a computational
perspective, it is desirable to have index-1 systems, which actually incloses the self-evident
assumption of an invertible stiffness matrix associated with the mechanical unknowns
involved in a coupled problem. Roughly speaking, the higher the differentiation index,
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the more difficult the numerical solution of the initial-value problem at hand. However,
higher index DAEs can be overcome by special index reduction methods (cf. [9]) which will
not be discussed at this point. We will rather present application-dependent possibilities,
such as augmenting particular field equations by inserting other field equations, in the
second part of this thesis, see, e. g., Chapter 4. A more detailed discussion of DAE systems
can be found in [19, 55] and the quotations therein.

1.3.4 Stiff and Higher-Order Differential Equations

To elucidate the term stiffness in the framework of initial-value problems, we start from
the simple autonomous3 differential equation system

ẏ = f (y) , y(t0) = y0 with

[
ẏ1

ẏ2

]
=

[
−y1

−k y2

]
. (1.15)

If we interpret y(t) = [y1, y2]
T as the 2-d Cartesian coordinates of a particle, the above

system describes its attraction to the origin of the coordinate system starting from an
initial position y0 6= 0 . Let us further assume that k is a large positive constant, so
that the attraction to the y1 axis (y2 = 0) is much stronger than in the other direction.
Solving the ODEs far enough forward in time, we expect the particles’ location to converge
towards y = 0 , but obviously more slowly towards y1 = 0, and then stay there once it
arrives.

To keep things simple, for the solution of the on the first view benign IVP (1.15), let us
apply the Euler forward scheme with a constant time-step size ∆t = tn+1 − tn. In doing
so, with the shortcut yn := y(tn), one obtains the explicit update formula

yn+1 = yn +∆t ẏn =

[
(1 −∆t) y1n

(1 − k∆t) y2n

]
. (1.16)

Focusing on the y2 component, it is easily seen that if |1− k∆t| > 1, the newly computed
y2 n+1 has an absolute value that is always greater than the previous one. In fact, as long
as ∆t > 2/k, we have |y2n+1| > |y2 n|, i. e., Euler forward is unstable and will oscillate with
increasing magnitude with increasing n, instead of converging to an answer for n → ∞.
An obvious remedy would be to take smaller time increments 0 < ∆t < 2/k. However,
we assumed k to be a large number which forces the particle to the y1 axis, such that
a convergent time-step size would be unbearably small even if y2 = 0 is nearly satisfied
from the start. This is exactly what constitutes a stiff problem.

A more general definition of stiffness4 can hence be formulated following the idea of

3 Note that for an autonomous ODE, which does not explicitly contain the independent time variable
t, the solution is independent of the time at which the initial conditions are applied. Every non-
autonomous system of N 1st-order ODEs, such as (1.10), can be written as an autonomous system of
N + 1 ODEs by letting t := yN+1 and increasing the dimension of the system by one through adding
the equation ẏN+1 ≡ 1 to the system, see any textbook on differential equations.

4 Please note that although the problem with stiff equations is clear to the specialists, who posed various
verbal definitions with somewhat similar intuitive meaning, the formulation of a general mathematical
criterion for stiffness is of controversial discussion, see, e. g., [57] for further particulars.
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Lambert [67]:

One feasible defintion of a stiff problem

If in a certain time interval of integration a numerical solution method is
forced to use a time-step size which is excessively small in relation to the
smoothness of the exact solution in that interval, then the problem is said
to be stiff in that time interval.

(1.17)

Independent of the simple example, science and engineering are full of stiff problems as
outlined by Hairer & Wanner [55] as, for instance, chemical reaction systems, diffusion,
and electrical circuits to name but a few (see also [1]). Also mechanical mass-spring
systems, as given in Section 1.3.2, may result in stiff ODEs if large spring constants occur,
for instance, to model an almost rigid joint or connection [74]. Without going into the
mathematical details, it becomes apparent from the above example that stiff initial-value
problems demand certain stability requirements (viz. A-stability [31]) on the applied time-
discretization scheme. In this regard, implicit Runge-Kutta (IRK) methods provide an
elaborate possibility for the accurate and stable solution of stiff problems [2, 22, 32, 39, 55].
The drawback with implicit methods is that at each time step a system of nonlinear
equations must be solved. This is usually achieved using a Newton-Raphson algorithm,
but at the expense of many more function evaluations than are necessary in the explicit
case. In particular, for a system of N differential equations, a general s-stage fully implicit
Runge-Kutta method requires the solution of a nonlinear equation system of dimension
sN which entails O(s3N3) operations for matrix factorizations. This is what makes them
costly and, on the first view, uneconomical compared to the rival linear multistep methods
such as the backward differentiation formulae (BDF) also known as Gear’s methods [49,
50], which require the simultaneous solution of only N nonlinear equations per time step.
However, a closer look reveals that RK methods in many cases attain the same accuracy
as common BDF implementations, but with greater time increments. Moreover, they
allow to build in the formal order of accuracy and an easy realization of an adaptive time-
step control based on embedded error estimates, which is actually not possible for linear
multistep methods [23]. It should also be noted that the computational overhead can
be significantly reduced by recourse to diagonal-implicit Runge-Kutta (DIRK) schemes
(sO(N3) operations) and even further in the case of singly diagonal-implicit Runge-
Kutta (SDIRK) methods (O(N3) + (s − 1)O(N2) operations), which are particularly
advantageous for mildly nonlinear systems as they allow the reusability of previously
factorized matrices. For further details on Runge-Kutta and linear multistep methods,
we refer to [21, 22, 55].

However, the application of IRK methods demands the differential equations to be of
1st order. This is not a severe problem as we saw from the simple dynamics example of
Section 1.3.2. Basically, each higher-order differential equation can easily be converted
to a system of first-order equations by introducing auxiliary variables being aware of the
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increased storage demand. Such an order reduction is simply accomplished, viz.

ÿ = f (t,y, ẏ) −→
{

ẏ = x ,

ẋ = f (t,y,x) .
(1.18)

We can proceed from the same idea in case of a prefixed non-constant matrix H(t,y) in
order to avoid the inversion of H and preserve beneficial band structures,

H(t,y) ẏ = f (t,y) −→
{

ẏ = z ,

0 = H(t,y) z − f (t,y) .
(1.19)

Combining both, we have

H(t,y) ÿ = f (t,y, ẏ) −→





ẏ = x ,

ẋ = z ,

0 = H(t,y) z − f (t,y,x) .

(1.20)

1.4 Partitioning and Splitting

1.4.1 Spatial Partitioning

An illustrative motivation of partitioning methods can be given by reverting again to the
simple mass-spring system of Figure 1.1. In order to treat the two springs and the attached
masses as spatially separated but interacting subsystems, the mass m2 in the middle as
well as the excitation b2 are equally (or in any other fashion) distributed on the left and
the right subsystem, see Figure 1.2. In order to account for the mutual coupling, interface
forces consistent with Newton’s third law (actio = reactio) have to be introduced as it
is well-known from free-body diagrams used in applied mechanics. Here, the so-called
localized Lagrangean multiplier method (localized λ-method) is applied, which allows for a
more modular treatment of coupled multi-physics problems than the classical λ-method,
see [96, 99, 100] for details.

b1

1
2b2

1
2b2

b3

m1
1
2m2

1
2m2 m3

u1 zf u3

k1 k2
λ1 λ2

ζ1 ζ2
︸ ︷︷ ︸

subsystem X1

︸ ︷︷ ︸
subsystem X2

Figure 1.2: Simple mass-spring system of Section 1.3.2 partitioned into two subsystems X1

and X2, which are coupled through interface forces λ1 and λ2.
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In doing so, one arrives at the partitioned equation systems,

X1 :

[
m1 0
0 1

2
m2

] [
ü1

ζ̈1

]
+

[
k1 −k1

−k1 k1

] [
u1

ζ1

]
=

[
b1
1
2
b2

]
+

[
0
λ1

]
,

X2 :

[
1
2
m2 0
0 m3

] [
ζ̈2

ü3

]
+

[
k2 −k2

−k2 k2

] [
ζ2
u3

]
=

[
1
2
b2
b3

]
−

[
λ2

0

]
,

(1.21)

plus additional algebraic compatibility conditions, viz., the interface kinematic constraints

ζ1 − zf = 0 and ζ2 − zf = 0 , (1.22)

and the interface force balance
λ1 − λ2 = 0 . (1.23)

What is directly apparent from (1.21)–(1.23) is the fact that partitioning is accompanied
by the introduction of additional unknowns (here: λ1, λ2 and, strictly speaking, also
ζ1, ζ2) with the nature of the coupling being characterized by the algebraic compatibility
constraints (1.22) and (1.23). Therein, the variable zf (originally u2) is the so-called
frame displacement, which represents the global displacement pertaining to the partition
boundary. The interaction forces λ1 and λ2 are in general functions of the field variables,
but in contrast to the classical λ-method, where the single interaction force represents a
global variable that is common to both partitions, in the present case, they are local to
the individual subsystems.

To continue, we recast the subsystems (1.21) in a state-space description as in Section 1.3.2
by introducing the state, input, and interface force vectors

u1 = [u1, ζ1]
T

v1 = u̇1

}
y1 =

[
u1

v1

]
, b1 =

[
f1
1
2
f2

]
, λ1 =

[
0

−λ1

]
,

u2 = [ζ2, u3]
T

v2 = u̇2

}
y2 =

[
u2

v2

]
, b2 =

[
1
2
f2

f3

]
, λ2 =

[
λ2

0

]
,

(1.24)

the mass and stiffness matrices

M1 =

[
m1 0
0 1

2
m2

]
, K1 =

[
k1 −k1

−k1 k1

]
,

M2 =

[
1
2
m2 0
0 m3

]
, K2 =

[
k2 −k2

−k2 k2

]
,

(1.25)

as well as the Boolean matrices

D1 =

[
0 0
0 1

]
, D2 =

[
1 0
0 0

]
, L1 =

[
0
1

]
, L2 =

[
1
0

]
. (1.26)

The canonical form of the generalized partitioned problem then finally reads

X1 :

{
u̇1 = v1

v̇1 = A1 u1 + B1 b1 − C1 λ1

}
−→ ẏ1 = f1(t,y1,λ1) ,

X2 :

{
u̇2 = v2

v̇2 = A2 u2 + B2 b2 − C2 λ2

}
−→ ẏ2 = f2(t,y2,λ2)

(1.27)
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with the generalized interface constraints subsumed as

I :





0 = DT
1 u1 − L1 zf

0 = DT
2 u2 − L2 zf

0 = LT
1 λ1 + LT

2 λ2





−→





0 = g1(t,y1, zf )

0 = g2(t,y2, zf )

0 = h(t,λ1,λ2)




. (1.28)

Herein, for the sake of clarity, the left-hand side equations are still given in terms of ui and
vi rather than in the state vectors yi with i = {1, 2} indicating the respective subsystem
Xi. Moreover, the state, input, and interface matrices read Ai = −M−1

i Ki, Bi = M−1
i ,

Ci = M−1
i Di, and zf denotes the general frame displacement vector (here: zf = zf). If

all algebraic variables are further collected in a vector z (in our example z = [λ1, λ2, zf ]
T )

and letting y = [y1,y2]
T , one arrives at a system of coupled DAEs, which in general

implicit form may be written as

F (t,y, ẏ, z) = 0 with det
(∂F

∂ ẏ

)
= 0 . (1.29)

At this, the zero determinant indicates a singular generalized mass matrix associated
with the included set of algebraic equations (recall Section 1.3.3). However, we are not
interested in a monolithic treatment at this point, but seek for a segregated solution of
the partitioned problem. It is directly apparent from the subsystem equations (1.21) or
(1.27) that they represent singled-field equations provided that the interface forces λ1 and
λ2, respectively, are known. If so, the partitions can be treated in a modular fashion, i. e.,
independent of each other by some tailored solver as it would be desirable if, e. g., X1

refers to a solid structure and X2 to a fluid domain. In fact, the spatial breakdown of the
coupled problem by the method of partitioning reduces the task to the determination of
the interface forces consistent with the algebraic side conditions (1.28), while the solution
of the decoupled and thus simpler subproblems is almost straightforward, however, by no
means trivial.

Interface Force Computation

As pointed out before, the present interface forces are required in order to solve the
partitioned equation systems. The computational effort required thereby depends on
the time-discretization method applied to the individual subsystems and, of course, the
general accuracy demands of the problem. To advance from time tn to tn+1 = tn +∆tn let
us first proceed from an explicit strategy for both subsystems by applying, for instance,
the forward Euler method as in the example of Section 1.3.4. Following such an explicit-
explicit approach, we need to compute

v̇i n = Ai ui n + Bi bi n − Ci λi n . (1.30)

Actually, the present state variables ui n, vi n, and the system inputs bi n are known, while
the interface forces λi n are not. To compute the latter, recall the interface kinematic
constraints (1.28)1,2 and differentiate them twice to obtain

DT
i v̇i n − Li z̈f n = 0 . (1.31)
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Then, substitution of (1.30) into the above equation together with the interface force
balance (1.28)3 yields an independent equation system I for the computation of the λi n,
viz.

I :




DT
1 M−1

1 D1 0 L1

0 DT
2 M−1

2 D2 L2

LT
1 LT

2 0







λ1 n

λ2 n

z̈f n


 =




b1 n

b2 n

0


 (1.32)

with the known right-hand side terms obviously given as

bi n = DT
i (Ai ui n + Bi bi n) . (1.33)

For the considered mass-spring example, the solution of the above system is trivially
simple as the terms DT

i M−1
i Di are diagonal. Even if not, the system is well-suited for

mass matrix lumping (diagonalization), which is recommended as an economical numerical
device generally paid for by some additional errors5.

In summary, the modular explicit-explicit solution procedure of the overall partitioned
problem is as follows (see also Figure 1.3):

(1) Compute the interface forces λi n from (1.32) with known inputs bi n.

(2) Independently compute the present accelerations v̇i n from (1.30).

(3) Update velocities and displacements to obtain vi n+1 and ui n+1

(here: vi n+1 = vi n +∆t v̇i n and ui n+1 = ui n +∆tvi n+1).

X1X1X1

X2X2X2

III

λ1λ1λ1
b1b1b1

λ2λ2λ2

b2b2b2

solver 1

solver 2

solver 3

ttntn−1 tn+1

A(v1,u1)A(v1,u1)

A(v2,u2)A(v2,u2)

Figure 1.3: Flow chart showing the modular treatment of the partitioned system based on the
localized λ-method. The black arrows symbolize the advancement A(vi,ui) of the state

variables in time and the opposed parallel arrows indicate the mutual data exchange of the
subsystems Xi with the interface system I.

However, due to the explicit time stepping, one has to be aware of only conditional
stability requiring that ∆tn is restricted by a critical time step ∆tcr. In particular, the
Courant-Friedrichs-Lewy (CFL) condition [29] has to be satisfied, which basically balances
the propagation speed of the algorithmic solution with the physical solution speed of the

5 It is worth noting that the lumping, mass conservation provided, may in some cases even improve
the accuracy by error cancellation and can damp numerical oscillations in transient problems by
introducing some additional dissipation of ‘stiffness matrix form’ [137, 146].
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differential equation by limiting the maximal time increment. In fact, ∆tcr is proportional
to the grid or element size of the spatial discretization and varies inversely with the
stiffness of the considered material such that fine resolution meshes of a partition or those
describing a very stiff material entail an uneconomic global step size. Thus, it would
be desirable to have unconditional stability with a moderate step size (e. g. controlled
by a coarse mesh partition) in the partition, where the elements are small or mimic a
stiff material. This motivates the often used explicit-implicit procedures [13, 60], which
applied to our example means that, for instance, subsystem X1 is treated implicitly, while
X2 is still advanced explicitly. The only difference is then in the computation of

v̇1 n+1 = A1 u1 n+1 + B1 b1 n+1 − C1 λ1 n+1 , (1.34)

which is now based on an implicit approach seeking equilibrium at time tn+1, for instance,
by use of the backward-Euler scheme6, where

u1 n+1 = u1 n +∆tn v1 n+1 ,

v1 n+1 = v1 n +∆tn v̇1 n+1 .
(1.35)

Thus, proceeding in the same way as before, one arrives at the following modified system
for the interface forces,

I :




DT
1 M−1

1 D1 0 L1

0 DT
2 M−1

2 D2 L2

LT
1 LT

2 0







λ1 n+1

λ2 n

z̈f n


 =




b1 n

b2 n

0


 (1.36)

with the modified terms (highlighted) given as

M 1 = M1 +∆t2n K1 ,

b1 n = DT
i M−1

1

[
b1 n+1 − K1(u1 n +∆tn v1 n)

]
,

(1.37)

where b1 n+1 is supposed to be known. Clearly, in contrast to the explicit-explicit proce-
dure, the semi-implicit solution now requires the factorization of the matrix M 1. However,
due to the included explicit steps, the overall computational procedure still remains only
conditionally stable with ∆tcr dictated by the explicit scheme applied to subsystem X2.

In order to obtain an unconditionally stable algorithm, an implicit-implicit approach is
feasible by treating also X2 implicitly. Such a fully-implicit partitioned strategy is the
most costly as it requires two matrix factorizations, but may still be favored against an
implicit monolithic approach, for instance, due to available hardware resources (partic-
ularly limited RAM storage), specialized modular solvers, or just to introduce different
degrees of numerical damping for the individual subsystems [146].

6 This choice is just for simplicity. In transient structural problems, it is generally more convenient to
apply, for instance, the energy conserving, second-order accurate trapezoidal rule which corresponds to
an implicit Newmark method [93] with the parameter choice β = 0.25 and γ = 0.5. In this regard, also
the explicit time integration is better performed by the central difference scheme (Newmark method
with β = 0 and γ = 0.5) rather than the simple forward Euler scheme.
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Staggering Procedures

From a computational point of view, partitioned explicit-implicit schemes, particularly
those which do not involve explicit interface constraints like (1.28), are perfect candidates
for staggered solution procedures as the independent solution of the explicit subsystem
can serve as a predictor to progress with the implicit partition. Basically, the conventional
serial staggered (CSS) method proceeds from an alternating integration of a partitioned
system, where the first subsystem is individually solved with some assumed (predicted)
values for the variables of the other. The result is then substituted in the second sub-
system, which in turn is independently solved by some appropriate method. This is
the standard procedure in the case of differential partitioning following the successive
steps partition – predict – integrate. An illustrative example is given by the simple 1-d

mS

zf

compressible fluid solid structure

kSψF (ρF , ΘF )
pF pS

uF uS
︸ ︷︷ ︸

subsystem XF

︸ ︷︷ ︸
subsystem X S

Figure 1.4: The piston problem as a partitioned 1-d FSI problem of a compressible fluid (e. g.
ideal gas with its free energy ψF depending on density ρF and temperature ΘF ) with a

non-dissipative solid structure represented by a mass-spring system.

fluid-structure interaction problem depicted in Figure 1.4, where an elastic solid struc-
ture is geometrically coupled via a piston to a compressible fluid (e. g. ideal gas) that is
trapped in a rigid cylinder. Without going into the modeling and discretization details (see
[16, 17, 85]), a typical staggered FSI algorithm involves the following steps [40, 82, 104]:

(1) Predict the structural displacement, e. g., uP
S n+1 = uS n +∆tn vS n.

(2) Update the fluid mesh according to the moving interface uF n+1 = uP
S n+1.

(3) Advance the fluid subsystem to compute the new pressure field pF
n+1.

(4) Convert the new fluid pressure into a structural load using pS
n+1 = pF

n+1.

(5) Advance the solid structure under the fluid-induced load to obtain uS n+1.

To simplify matters, but without loss of generality, now consider the partitioned system

X : ẋ = fx(t,x,y)

Y : ẏ = fy(t,y,x)

}
F (t, ẋ, ẏ,x,y) = 0 (1.38)

accompanied by respective initial conditions x0 and y0. If we would pursue an implicit
monolithic strategy, we ‘simply’ need to solve the entire system

F (tn+1, ẋn+1, ẏn+1,xn+1,yn+1) = 0 (1.39)
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in each time step, and this is the end of the story. In fact, the monolithic solution of
the aggregated equations implies the synchronous treatment of the couplings (material or
geometric) between the subsystems. Depending on the nonlinearity and strength of the
mutual interactions, the discretized system is then typically solved by multiple iterations,
where also the maintenance of conservation properties at interfaces in surface-coupled
problems is possible, thus, guaranteeing unconditional stability. The admissible time-step
size therefore appears to be limited only by the required accuracy.

Here, being inspired by the possibility that, for instance, subsystem Y can be very ef-
ficiently treated by some tailored explicit solver, while X , for numerical convenience, is
better advanced implicitly, we have a perfect prerequisite for a staggered solution of the
coupled problem (1.38). Applying the previously mentioned CSS method in the sense of
a Gauss-Seidel-like solution procedure, one proceeds from the simple-to-implement algo-
rithm given in Box (1.40).

Basic steps of an explicit-implicit serial staggered solution

� Algorithmic steps of a conventional serial staggered (CSS) solution

(1) Predict P(y): yP
n+1 = yn +∆tn ẏn (exemplary)

(2) Advance A(x): xn+1 = xn +∆tn fx(tn+1,xn+1,y
P
n+1)

(3) Substitute S(x): xn+1 = xn+1 (trivial case)

(4) Advance A(y): yn+1 = yn +∆tn fy(tn,yn,xn+1)

� Flow chart of the two-system explicit-implicit CSS procedure

implicit solver

explicit solver

XX X

Y YY

tntn−1 tn+1

(2)A(x)

(4)A(y)

(1)P(y)
(3)S(x)

A(x)

A(y)

P(y)
S(x)

(1.40)

Besides the modularity benefit, the advantage of using the staggered process is obvious
as the subsystem solving, even if both are advanced implicitly, is now confined to the
magnitude of each partition, and thus, computationally more economic. However, the
staggered procedure always induces a time lag between the integration of the partitioned
subsystems such that conservation properties are lost7. We may therefore speak of a
loosely coupled algorithmic treatment of some markedly coupled partitions. The accu-
racy can be increased if the interval between the information exchange is decreased, for
example, by updating the interactions at intermediate time levels or after subiterations,

7 In this regard, the destabilizing artificial added-mass effect in staggered solutions of FSI problems with
incompressible fluids is worth mentioning. This sensitivity to violated continuity conditions becomes
even more fatal for decreased time increments, see [25, 46, 61, 68, 134] for further particulars.
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thereby making the algorithmic coupling more tight (cf. [16, 40, 73, 90]). In this regard,
a variety of staggering procedures is feasible exploiting different time-stepping devices for
the partitioned analysis, such as interfield iterations, correction steps, subcycling, and
also parallel Jacobi-like staggered procedures, which are nicely outlined in the tutorial
article by Felippa et al. [45].

Since the present work is primarily concerned with volume-coupled problems of continuum
mechanics, where particular physical fields interact on the same spatial domain, a more
comprehensive discussion of partitioning methods falls beyond its scope. For further
reading, it is referred to [45, 81, 82, 90, 95, 100] and the quotations therein.

1.4.2 Time Splitting

To elucidate the principle idea of operator splitting, consider partial differential evolution
equations of the form

∂y

∂ t
= f(t, y) =: fA + fD + fR + fb + fλ , y(t = 0) = y0 (1.41)

representing general advection-diffusion-reaction (ADR) equations, where in particular

fA = −v · grad y : hyperbolic advection (convection8) term,

fD = div(D(x) grad y) : parabolic diffusion term (slow process),

fR = r(t, y) : source or reaction term (commonly very stiff),

fb = b(x, t) : external excitations and forces,

fλ = fλ(λ) : Lagrange multiplier for any constraints.

(1.42)

Herein, x is the Cartesian position vector, v = ẋ is the velocity vector, grad ( q ) :=
∂ ( q )/∂x and div ( q ) = grad ( q ) · I denote the gradient and the associated divergence
operator with I being the identity tensor, D(x) is the diffusion tensor, and λ some La-
grangean multiplier. It is quite obvious that the time integration of the separated op-
erators, for example, the hyperbolic conservation laws ∂y/∂ t = fA or the equations
∂y/∂ t = fR describing potentially fast chemical reactions, are easier and by far more
efficiently to accomplish by some tailored scheme than using some suboptimal integra-
tor for the combined operator. This actually motivates the divide-and-conquer strategy
termed operator splitting. In fact, various operator-splitting schemes have been proposed
for equations similar to (1.41) depending on the combination of operators present in the
system. Common to all schemes are the following basic steps [84]:

(1) Split the differential operator f in operator pieces fi such that f =
∑
fi.

(2) Individually integrate either exactly or approximately each fi.

(3) Combine the solutions to yield an integrator for f .

8 Here, advection and convection are used synonymously. In other disciplines, such as oceanography
or meteorology, advection is understood as horizontal transport by some distinct velocity field, while
convection refers to vertical transport and mixing.
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To set an example, consider a 1-d advection-diffusion equation describing some advection-
dominated process,

ẏ =
dy

dt
=
∂y

∂ t
+ v

∂y

∂x
= D

∂ 2y

∂x2
, y(t0) = y0 , (1.43)

where x is the Cartesian position coordinate, v the velocity, and D the homogeneous
diffusion coefficient. Thus, (1.43) represents a linear evolution equation which may be
rewritten as

∂y

∂ t
= −L y with L = LA + LD , where





LA = v
∂

∂x
,

LD = −D ∂ 2

∂x2

(1.44)

are the linear advection and diffusion operators. A classical first-order or one-pass splitting
scheme for the solution of (1.44) on the time interval [tn, tn+1] with splitting time step
∆t = tn+1 − tn is defined as follows:

(1) Advection step: Advance the hyperbolic part of (1.44) by some appropriate integra-
tor ϕA (e. g. explicit, 3rd-order Taylor-Galerkin (TG) scheme [33, 34]):

∂y∗

∂ t
= LA y

∗ , y∗(tn) = yn on [tn, tn+1] . (1.45)

(2) Diffusion step: Advance the parabolic part of (1.44) by some appropriate integrator
ϕD (e. g. implicit, 2nd-order trapezoidal rule (TR) [136, pp. 156–158]) using the
result of (1) as initial condition:

∂y

∂ t
= LD y , y(tn) = y∗(tn+1) on [tn, tn+1] . (1.46)

From the sequence of successive integrations, the scheme may be named A-D splitting,
which in terms of the respective integrators is usually written as ϕA,∆t ◦ϕD,∆t. In fact, the
split treatment yields nothing else but a serial staggered-like solution of the problem, where
the result of the advection step provides a ‘predicted’ initial condition for the diffusion
equation, cf. Figure 1.5 (left). Strictly speaking, in the framework of differential operator
splitting, the initial-value problem is solved by advancing each time step in multiple
fractional steps, thereby introducing intermediate variables (here: y∗) which represent an
approximation to the unknowns in the next time step. This partitioned time integration
strategy actually suggests the notion fractional-step method, which for the considered
problem proceeds from the evolution sequence yn → y∗ → yn+1. As for partitioning
methods, the subproblems can be discretized independently using different techniques
and time-stepping devices. Moreover, the splitting scheme is unconditionally stable if
the discrete counterparts of the separated operators LA and LD are positive definite.
However, the simple and elegant this strategy is, it introduces a splitting error due to the
uncoupling of the operators. According to that, the overall temporal accuracy of the above
one-pass splitting scheme is only of first-order w. r. t. to the splitting time step, even if the
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applied integrators ϕA and ϕD are of higher-order9, consult, e. g., [117, 121, 123, 139] for
details. An alternate first-order splitting scheme is conceivable, which is simply defined by
reversing the order, i. e., the diffusion equation is evolved first followed by the advection
equation yielding D-A splitting with ϕD,∆t ◦ ϕA,∆t. In order to construct a second-order
accurate time-splitting scheme, one may symmetrize the procedure in the sense of a two-
pass algorithm, for instance, A-D-A splitting, where the integration of the advection
operator is performed on a bisected interval [tn, tn+1/2] before and [tn+1/2, tn+1] after the
diffusion step with half of the splitting time step ∆t/2, which is briefly written as ϕA,∆t/2◦
ϕD,∆t ◦ϕA,∆t/2 (Figure 1.5, right). In this regard, it should be noted that the subproblem
integrators must at least be of O(∆t2) to obtain the desired accuracy in case of ODEs.
Unfortunately, the second-order accuracy of the symmetric splitting scheme cannot be
retained for differential-algebraic equations as shown by Vijalapura et al. [133].

ϕA,∆t

ϕD,∆t

yn y∗

y∗ yn+1

tn tn+1

(1)LA

(2)LD

ϕA,∆t/2

ϕA,∆t/2

ϕD,∆t

yn y∗

y∗ y∗∗

y∗∗ yn+1

tn tn+1tn+1/2

(1)LA

(3)LA

(2)LD

Figure 1.5: Flow chart of the classical first-order (left) and a symmetric second-order splitting
scheme (right) applied to the advection-diffusion problem (1.44).

To continue, we generalize the operator-splitting strategy to coupled multi-field problems
as introduced in Section 1.3.3. Therefore, consider a coupled system of first-order differen-
tial equations written in partitioned form, which is decoupled by splitting the differential
operator in an additive fashion:

X︷ ︸︸ ︷[
ẏ

ż

]
=

[
f (t,y, z)
g(t, z,y)

]

︸ ︷︷ ︸
F

−→

Xy︷ ︸︸ ︷[
ẏ

ż

]
=

[
f (t,y, z)

0

]

︸ ︷︷ ︸
Fy

,

Xz︷ ︸︸ ︷[
ẏ

ż

]
=

[
0

g(t, z,y)

]

︸ ︷︷ ︸
Fz

. (1.47)

Clearly, it holds F = Fy +Fz in accordance with the splitting idea. Staying, for instance,
with the first-order splitting scheme and supposing ϕy and ϕz to be appropriate integra-
tors for the subsystems Xy and Xz on [tn, tn+1], we may simply write ϕy,∆t ◦ϕz,∆t. In the
terminology of the fractional-step method, the time-integration strategy can be expressed
as {yn, zn} → y∗ → {yn+1, zn+1}, which is straightforward to implement in form of a

9 This might also be seen positive since it implies that first-order time-stepping schemes are sufficient.
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predictor-corrector algorithm obeying the following steps:

Predictor-corrector algorithm of a splitting scheme

(1) Make a prediction on z through extrapolation, e. g., zP = zn +∆t żn.

(2) Advance y on [tn, tn+1] while keeping z = zP fixed to obtain y∗.

(3) Advance z on [tn, tn+1] by substituting y∗ to obtain zn+1.

(4) Perform a correction step using zn+1 to obtain yn+1 (optional).

(1.48)

In analogy to (1.47), a similar splitting procedure can be applied to DAE systems:

X︷ ︸︸ ︷[
ẏ

0

]
=

[
f (t,y, z)
g(t, z,y)

]

︸ ︷︷ ︸
F

−→

Xy︷ ︸︸ ︷[
ẏ

ż

]
=

[
f (t,y, z)

0

]

︸ ︷︷ ︸
Fy

,

Xz︷ ︸︸ ︷[
ẏ

0

]
=

[
0

g(t, z,y)

]

︸ ︷︷ ︸
Fz

. (1.49)

The idea here is to decouple the differential from the unfavorable algebraic variables,
which commonly act as Lagrangean multipliers to enforce some constraints, for instance,
the pressure in the case of incompressibility (see Section 1.4.3). This is beneficial from a
numerical perspective as the monolithic treatment of the coupled multi-field formulation
in the framework of the mixed FEM normally induces restrictions to the choice of the
spatial approximation spaces (LBB stability condition) or requires extra terms to stabilize
the discretized equations. In the split approach, we gain stability even for linear equal-
order interpolations, but on the expense of an additional splitting error. Furthermore, one
needs to spatially discretize the intermediate variables (here: y∗) and has to handle special
boundary conditions (BCs) associated with the split equations. It is moreover obvious
that if explicit time integrators are applied yielding some explicit-explicit or semi-explicit-
implicit scheme, the CFL condition limits the global splitting time step. Concerning the
reduced first-order accuracy of symmetric two-pass splitting schemes when applied to
differential-algebraic equations [133], it should be mentioned that DAEs like (1.49)1 can
be recast into equivalent ODE systems as (1.47)1 by use of (1.12) being aware of the
computational overhead and possible loss of the strict observance of the constraints.

1.4.3 Two Illustrative Examples

To reveal the applicability of the time-splitting approach to volumetrically coupled multi-
field systems, the principle procedure is illustrated for two examples relevant in compu-
tational mechanics and engineering.

Thermomechanical Coupling

The first canonical example is given by the problem of thermoelasticity. For simplicity and
without going into the thermodynamical details, we adopt the dimensionless description
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of 1-d linear thermoelasticity provided by Armero & Simo [7, Eq. (78)]:

∂u

∂ t
= v : displacement-velocity relation,

∂ v

∂ t
=
∂ 2u

∂x2
− ∂Θ

∂x
: linear momentum balance,

∂Θ

∂ t
=
∂ 2Θ

∂x2
− Cθu

∂v

∂x
: thermal conduction equation.

(1.50)

Herein, u, v and Θ represent the dimensionless displacement, velocity and temperature,
and x and t are the dimensionless spatial coordinate and time. Moreover, Cθu ≥ 0 is a di-
mensionless number governing the thermomechanical coupling strength. Clearly, Cθu ≡ 0
implies weak one-way coupling, i. e., the thermal part can be solved independently without
any feedback from the mechanical subsystem. Here, we proceed from a marked coupling
between the thermal and mechanical fields omitting body forces as well as radiation and
seek for a stable partitioned solution of the system. In this context, note that (1.50)1 is
merely introduced to obtain first-order differential equations (cf. Section 1.3.4).

The most straightforward and therefore commonly used approach is to decouple the op-
erators according to the evolution equations as in (1.47) and then pursue a conventional
serial staggered solution strategy (recall Box (1.40)) [118]. Thus, with the shortcuts
a,b := ∂a/∂b and a,bb := ∂ 2a/∂b2, we have

X︷ ︸︸ ︷

u,t
v,t
Θ,t


 =




v
u,xx −Θ,x

Θ,xx −Cθu v,x




︸ ︷︷ ︸
F

−→

Xu︷ ︸︸ ︷

u,t
v,t
Θ,t


 =




v
u,xx −Θ,x

0




︸ ︷︷ ︸
Fu

,

Xθ︷ ︸︸ ︷

u,t
v,t
Θ,t


 =




0
0

Θ,xx −Cθu v,x




︸ ︷︷ ︸
F θ

.

(1.51)
Following the predictor-corrector algorithm in Box (1.48), first, the mechanical subsystem
Xu is advanced under isothermal conditions with the temperature field kept constant
(Θ,t = 0). According to this, the procedure is termed isothermal split, where the constant
temperature is commonly based on an extrapolated predictor, for instance, ΘP = Θn or
ΘP = Θn + ∆t (Θ,t)n. Afterwards, Xθ is integrated on [tn, tn+1] at fixed configuration
(u,t , v,t = 0) and substitution of vn+1 = v∗. To meet the stability demands, one would
intuitively choose the trapezoidal rule (implicit, O(∆t2)) for the time integration of the
isothermal elastodynamic subproblem Xu and, for example, the backward-Euler scheme
(implicit, O(∆t)) for the heat conduction part Xθ. However, according to Armero & Simo
[7], independent of the subsystem integrators, say ϕu,∆t and ϕθ,∆t, the combined solution
algorithm ϕu,∆t ◦ ϕθ,∆t is only conditionally stable with Cθu governing the critical time
step ∆tcr of the CFL condition. Thus, Armero & Simo “conclude that the stronger the
coupling, the less appropriate this algorithm becomes.”
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To overcome this deficiency, it needs just a slight modification (highlighted) of the split:

X︷ ︸︸ ︷

u,t
v,t
Θ,t


 =




v
u,xx −Θ,x

Θ,xx −Cθu v,x




︸ ︷︷ ︸
F

−→

Xu︷ ︸︸ ︷

u,t
v,t
Θ,t


 =




v
u,xx −Θ,x
−Cθu v,x




︸ ︷︷ ︸
Fu

,

Xθ︷ ︸︸ ︷

u,t
v,t
Θ,t


 =




0
0

Θ,xx




︸ ︷︷ ︸
F θ

. (1.52)

From a thermodynamical perspective, this additional decomposition of the operator of
the heat conduction equation (1.50)3 is associated with an adiabatic evolution of the
mechanical system at constant entropy (isentropic conditions). Therefore, this approach
is called adiabatic split or isentropic split. Regarding the algorithmic treatment, the
procedure is astonishingly not that different from the isothermal one. This is because of
the fact that one easily finds an explicit expression for the intermediate temperature Θ∗.
For example, with the backward-Euler scheme, one obtains

Θ∗ − Θn

∆t
= −Cθu

(un+1),x −(un),x
∆t

−→ Θ∗ = Θn − Cθu

[
(un+1),x −(un),x

]
, (1.53)

which can directly be substituted into the time-discrete momentum balance letting ΘP =
Θ∗. Moreover, proceeding from an isentropic process, the evolution of the heat equation
can be shown to be independent of the intermediate temperature [7], such that the actual
temperature field may in turn be computed from the combined heat conduction equation
as in the isothermal split (1.51). Actually, this means that Θ∗ needs not to be spatially
discretized because it is never computed. Roughly speaking, we may stay with the isother-
mal splitting scheme and just replace the temperature predictor through substitution of
(1.53)2 into the time-discrete momentum balance. This scheme has been proven to be
unconditionally stable even for nonlinear thermoelasticity [7] appropriate (B-stable) sub-
system integrators provided (cf. [4]). For further reading on thermomechanical problems
in general, see [58, 72, 87, 113, 118] and the quotations therein.

Incompressible Flow

The second example concerns the fundamental equation of computational fluid dynam-
ics (CFD), viz., the Navier-Stokes equation describing the nonlinear flow of commonly
linear-viscous (Newtonian) continuum fluids [11, 28]. The nonlinearity due to the con-
vective acceleration inherent to the momentum equation makes most problems difficult
or impossible to solve and is the main contributor to turbulence [107]. The situation
becomes even more complicated if incompressible flow problems are considered as in the
course of the solution, the continuity equation has to be satisfied in the sense of an ad-
ditional algebraic side condition. The incompressible viscous flow problem is modeled by
the coupled two-field DAE system,

∂v

∂ t
+ (gradv)v = −grad p+ ν div gradv : Navier-Stokes equation,

div v = 0 : continuity equation,
(1.54)
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formulated in the fluid velocity vector v (differential variable) and the mass-specific fluid
pressure p (algebraic variable). The only parameter that appears, is the kinematic vis-
cosity ν. For brevity, body forces have been neglected.

The algebraic continuity equation (1.54)2 represents the incompressibility constraint, for
which the pressure acts as a Lagrangean multiplier. The special thing about the constraint
is that although it is used to determine the pressure field up to an additive constant defined
through respective boundary conditions, the algebraic variable p is absent in the equation.
Accordingly, the DAE system is of differentiation index 2, recall (1.13) in Section 1.3.3 (see
also [9]). This can be tackled by taking the divergence of the momentum equation (1.54)1

and then exploiting div v = 0. This leads to the so-called pressure-Poisson equation that
equivalently replaces the continuity condition:

−div grad p = div
[
(gradv)v − ν div gradv

]
. (1.55)

The satisfaction of this equation is a necessary and sufficient condition for a divergence-
free (solenoidal) flow field to remain divergence-free. Clearly, the pressure variable is now
explicitly included, such that in combination with the Navier-Stokes equation (1.54)1, we
obtain an index-1 DAE system similar to (1.11).

The pressure-Poisson equation (1.55) is widely used in projection schemes [53], which
represent special two-stage fractional-step methods that target the separation of the mo-
mentum equation from the unfavorable incompressibility constraint by decoupling velocity
and pressure, thereby providing stability. Here, we start with the classical semi-explicit-
implicit projection scheme of Chorin [26, 27], which in notation of the fractional-step
method reads vn → v∗ → {vn+1, pn+1}. To continue, we first rewrite the DAE sys-
tem (1.54) in concise mathematical form by means of the Nabla and Laplace operator,
∇( q ) = grad ( q ), ∇ · ( q ) = div ( q ), and ∆( q ) = div grad ( q ), yielding

X :

[
v,t
0

]
=

[
−(∇v)v −∇p+ ν∆v

∇ · v

]

︸ ︷︷ ︸
F

. (1.56)

Then, one proceeds from the following operator split:

X −→

Xv︷ ︸︸ ︷[
v,t
p,t

]
=

[
−(∇v)v + ν∆v

0

]

︸ ︷︷ ︸
Fv

,

Xp︷ ︸︸ ︷[
v,t
0

]
=

[
−∇p
∇ · v

]

︸ ︷︷ ︸
Fp

. (1.57)

It is apparent that in subsystem Xv the pressure gradient has been omitted resulting in the
viscous Burgers’ equation, which is advanced first on [tn, tn+1], originally with the forward-
Euler scheme, disregarding continuity to obtain v∗ (velocity predictor step). In the second
stage, the intermediate velocity is then projected onto the subspace of solenoidal functions
by use of the pressure field (pressure correction step)10. In particular, this is accomplished

10 More precisely, projection schemes are based on the Helmholtz-Hodge decomposition which states that
any vector field can be uniquely decomposed into a solenoidal (divergence-free) part and an irrotational
part, consult, e. g., Chorin & Marsden [28] for details.
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by making the pressure subsystem Xp time discrete applying the backward-Euler method
and recast it in form of the pressure-Poisson equation (1.55) to obtain pn+1 and finally
update the flow field:





vn+1 − v∗

∆t
= −∇pn+1

∇ · vn+1 = 0



 −→





−∆pn+1 = − 1
∆t

∇ · v∗

vn+1 = v∗ −∆t∇pn+1



 . (1.58)

Chorin’s projection scheme is first-order accurate and stable for equal-order interpolations
of v and p if ∆t ≤ ∆tcr according to the CFL condition. Note that the projection method
shows spurious pressure boundary layers which might yield inaccurate solutions close to
the boundaries [110].

A second-order accurate projection scheme à la van Kan [130] can be defined by ‘enhanc-
ing’ the split momentum equation through adding some approximation to the pressure
gradient, say −∇q, and use a second-order time integrator (here: trapezoidal rule) to
advance the system. The modified split reads

X −→

Xv︷ ︸︸ ︷[
v,t
p,t

]
=

[
−(∇v)v−∇q + ν∆v

0

]

︸ ︷︷ ︸
Fv

,

Xp︷ ︸︸ ︷[
v,t
0

]
=

[
−∇p̃
∇ · v

]

︸ ︷︷ ︸
Fp

, (1.59)

where the highlighted terms meet ∇p = ∇q + ∇p̃. The method of van Kan is achieved
by inserting the old pressure gradient in the sense of a predictor letting ∇q = ∇pn such
that on the basis of the trapezoidal rule ∇p̃n+1 = 1

2
(∇pn+1 − ∇pn). Thus, the solution

is obtained in the fractional steps {vn, pn} → v∗ → {vn+1, pn+1}, where the predictor-
corrector algorithm pursues the same stages as before: (1) solve the viscous Burgers’
equation with known pressure gradient and (2) project the resulting intermediate velocity
v∗ to obtain a divergence-free flow field vn+1 via solution of the pressure-Poisson equation.
In particular, we have





vn+1 − v∗

∆t
= −∇p̃n+1

∇ · vn+1 = 0





−→





−∆p̃n+1 = − 1
∆t

∇ · v∗

vn+1 = v∗ −∆t∇p̃n+1

pn+1 = pn + 2 p̃n+1




. (1.60)

The only difference to (1.58) is in the additional step for the pressure update due to the
split pressure gradient.

In fact, dozens of projection schemes for the incompressible Navier-Stokes equations (1.54)
have been proposed in the related literature, which differ in the way the pressure gradient
is split (i. e. how ∇q is defined), the momentum equation is advanced, the advection term
is treated, and how the Poisson equation is approximated. However, it is neither in the
scope of this work to review all possible variants nor to provide a statement, which of the
methods is the most suitable. In this regard, it is rather referred to the works of Turek
[127], Prohl [110], Guermond & Quartapelle [53], Rannacher [112], and Gresho & Sani
[52] and to the quotations therein.
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2 Fundamentals of Volume-Coupled

Formulations

SUMMARY

The objective of this chapter is to give a compact introduction into multi-field continuum mechan-
ics by recourse to the general concepts of mixture and porous media theories, which naturally
embrace a diversity of multi-physics phenomena. For this purpose, starting with some basics
of the macroscopic mixture approach, the kinematics and the stress concept are reviewed, and
the axiomatic conservation laws of thermodynamics and electrodynamics are presented within a
combined framework.

2.1 Mixture and Porous Media Theories

From the last two examples of the previous chapter, it becomes clear that materially
coupled problems with the coupling inherent in the governing multi-field equations may
emerge in solids as well as in fluids and a fortiori in multiphasic materials constituted of
both. Therefore, it suggests itself to start from a more general theoretical framework that
allows to address solids and fluids solely or interacting together, additionally having the
possibility to account for thermal, chemical, and electrical effects in a modular fashion.
However, it is beyond the scope of this work to start from scratch and derive all concepts,
theories, or constitutive laws from a microscopic level. It is rather envisaged to follow
a macroscopic approach on a phenomenological basis without getting lost in the ‘real’
physics of the processes and material habits that are governed on the atomic, molecular,
or some other lower scale.

2.1.1 The Macroscopic Mixture Approach

In the framework of continuum physics, a mixture ϕ is understood as an idealized macro-
scopic model of superimposed continua of miscellaneous constituents ϕα without restric-
tion to be solid, liquid, or gas [67]. Here, we limit the presentation to solid-fluid aggregates
with the solid-phase forming some interconnected porous matrix or skeleton1, whereas the
intrinsic fluid (pore fluid) itself may be a real mixture of sundry components ϕβ. Such
fluid-saturated porous solids can very elegantly be treated by the Theory of Porous Media
(TPM) [7, 19], where the material is represented as a de facto immiscible binary mixture
of constituents ϕS (solid skeleton) and ϕF (pore-fluid mixture), which are assumed to be
in a state of ideal disarrangement. Following this, the prescription of a real or a virtual
averaging process over a representative elementary volume (REV) leads to a model ϕ of

1 Actually, we want to exclude suspensions of solid particles in a fluid. The cases of pure solid or fluid
are however naturally included as special simplifications of the mixture model.

43
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⋃
⇒ ϕϕS ϕF

Figure 2.1: The mixture ϕ as superimposed continuum of constituents ϕα with α = {S,F}.

overlayed and interacting continua (Figure 2.1), viz.

ϕ =
⋃

α

ϕα = ϕS ∪ ϕF with ϕF =
⋃

β

ϕβ . (2.1)

In the arising macroscopic model, the incorporated physical quantities are then understood
as the local averages of their microscopic representatives. In this regard, note that also ϕS

may further be subdivided in the sense of mixture theories, for instance, if fixed charges
or other attached reactive species are to be considered (cp. Chapter 5 and 7).

2.1.2 Volume Fractions, Saturation, and Density

In order to account for the local composition of the mixture, local volumetric ratios are
introduced according to the concept of volume fractions. The volume V of the overall
medium B results from the sum of the partial volumes V α of the constituent bodies Bα:

V =

∫

B

dv =
∑

α

V α with V α =

∫

Bα

dv =

∫

B

dvα =:

∫

B

nα dv . (2.2)

Following this, the volume fractions nα of ϕα are defined as the local ratios of the partial
volume elements dvα with respect to the volume element dv of the whole mixture ϕ:

nα :=
dvα

dv
, where

{
nS : solidity ,
nF : porosity .

(2.3)

As a further consequence of Equations (2.2), assuming fully saturated conditions, i. e.,
avoiding any vacant space within the porous medium, the saturation constraint yields

∑

α

nα = nS + nF = 1 with nF =
∑

β

nβ , (2.4)

where nβ is the volume fraction of the not further specified components ϕβ of ϕF . Note
that for some specific applications, where the pore fluid does not affect the mechanical
properties of the porous medium, such as a pore gas in a stiff metal foam, an empty
(non-saturated) solid matrix can be assumed, where ϕ = ϕS yielding

∑
α n

α = nS < 1.
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In presence of a pore-fluid mixture, it is moreover convenient to introduce the saturation
of a fluid component ϕβ as the quotient of its volume fraction and the porosity [32]:

sβ :=
nβ

nF
, where

∑

β

sβ = 1 . (2.5)

Proceeding from the definition of the volume fractions (2.3), associated with each con-
stituent ϕα is a material (realistic or effective) density ραR defined as the local mass dmα

of ϕα per unit of dvα, and a partial density ρα, where the local mass element dmα is
related to the bulk volume element dv. Moreover, the so-called mixture density can be
introduced as the sum of the partial densities ρα. In particular, the density functions read

ραR :=
dmα

dvα
, ρα :=

dmα

dv
, ρ :=

∑

α

ρα , where ρα = nαραR . (2.6)

Moreover, one finds for the pore-fluid mixture

ρFR =
∑

β

sβρβR and ρF =
∑

β

ρβ with ρβ = nβρβR . (2.7)

According to Equations (2.6), it is obvious that the property of material incompressibility
of a constituent ϕα, defined by ραR = const., does not lead to macroscopic incompressibil-
ity as the partial density ρα, and thus, ρ can still change through changes in the volume
fractions nα.

Following the above, additional quantities can be introduced relevant for specific fields of
application. For example, the local mass fraction xα

M (or likewise xβ
M), which is used in

phase-field models and chemical applications [8, 55], relates the constituent mass element
to the bulk mass element:

xα
M :=

dmα

dm
, where

∑

α

xα
M = 1 . (2.8)

Further chemical measures are the molar concentration cβm given by the local amount of
substance in moles dnβ

m per volume of pore-fluid mixture dvF and the mole fraction xβ
m

as the amount of a fluid component ϕβ in solution, cf. Chapter 5 and [1, 20]:

cβm :=
dnβ

m

dvF
, xβ

m :=
dnβ

m∑
β dnβ

m

=
cβm∑
β c

β
m

, where
∑

β

xβ
m = 1 . (2.9)

2.2 Kinematical Relations

2.2.1 Mixture Kinematics

Concerning the kinematics of mixtures, the idea of superimposed and interacting continua
implies that, starting from different reference positions Xα at time t0, each constituent fol-
lows its individual Lagrangean motion function and has its own velocity and acceleration
fields:

x = χα(Xα, t) ,
′
xα =

dχα(Xα, t)

dt
,

′′
xα =

d2χα(Xα, t)

dt2
. (2.10)
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χS(XS, t)

χF (XF , t)

(t0) (t)

O

PS,PF

PS

PF

XS

XF

x

dVS

dVF

dv

B0 B

Figure 2.2: Motion of a biphasic mixture.

Following this, each spatial point x of the current configuration at time t is simultane-
ously occupied by material points Pα of both constituents (Figure 2.2)2. For the sake
of convenience, the presentation is restricted to standard Boltzmann continua without
equipping the individual material points with more than the classical three translational
degrees of freedom (see also remark on Page 64).

Unique individual motions χα of the material points Pα require the existence of unique
inverse motion functions based on non-singular functional determinants (Jacobians) Jα

3:

Xα = χ−1
α (x, t) , if Jα := det

∂χα(Xα, t)

∂Xα

6= 0 . (2.11)

Thus, using the inverse motion functions χ−1
α , the Eulerian description of the velocity and

the acceleration fields from (2.10) are given by

′
xα =

′
xα(x, t) ,

′′
xα =

′′
xα(x, t) . (2.12)

Furthermore, by use of the mixture density ρ from (2.6), the so-called mixture velocity
ẋ describing the barycentric velocity of the overall medium and the diffusion velocity dα

describing the relative velocity of ϕα with respect to ϕ can be introduced as

ẋ =
1

ρ

∑

α

ρα ′
xα , dα =

′
xα − ẋ with

∑

α

ρα dα = 0 . (2.13)

In analogy, one finds for the pore-fluid mixture

′
xF =

1

ρF

∑

β

ρβ ′
xβ , dβF =

′
xβ − ′

xF with
∑

β

ρβ dβF = 0 , (2.14)

2 Concerning the notation, there is a break in the conventions declared on Page i. Following the
tradition, the reference position vectors are denoted by capital letters defined as Xα := x0α with
( q )0α indicating an arbitrary initial state of the motion of ϕα at time t0. Moreover, the common
choice of capitals to indicate reference values is retained for line, area, and volume elements, e. g.,
dVS := dv0S is the reference bulk volume element with respect to an initial (normally undeformed)
solid state.

3 Strictly speaking, the motion functions χα are supposed to be local diffeomorphisms, i. e., maps that
are differentiable and have a differentiable inverse.
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where dβF is the diffusion velocity of the components within the moving pore-fluid mix-
ture. In the above equations, ( q )′α (and likewise ( q )′β) indicates the material time deriva-
tive following the motion of ϕα (or ϕβ) and ( q )˙ denotes the material time derivative
following the barycentric motion of the whole mixture ϕ (mixture derivative). Suppose
that Ψ and Ψ are arbitrary, steady and sufficiently steadily differentiable scalar- and
vector-valued field functions. Then, the respective derivatives are computed as follows:

′
Ψα =

dαΨ

dt
=
∂Ψ

∂ t
+ grad Ψ · ′

xα ,
′
Ψα =

dαΨ

dt
=
∂Ψ

∂ t
+ (gradΨ)

′
xα ,

Ψ̇ =
dΨ

dt
=
∂Ψ

∂ t
+ grad Ψ · ẋ , Ψ̇ =

dΨ

dt
=
∂Ψ

∂ t
+ (gradΨ) ẋ .

(2.15)

Therein, the differential operator grad ( q ) := ∂ ( q )/∂x denotes the partial derivative with
respect to the actual position vector x.

In porous media theories, it is generally convenient to proceed from a Lagrangean descrip-
tion of the solid matrix via the solid displacement vector uS as the primary kinematical
variable. In contrast, according to Gibson et al. [25], the pore-fluid flow is better expressed
in a modified Eulerian setting via the seepage velocity wFS describing the fluid motion
relative to the deforming skeleton. Moreover, relating wFS only to the fluid part of the
mixture, the so-called filter or superficial velocity wF can be introduced. Thus,

uS = x − XS , wFS = vF − vS with vα :=
′
xα , wF = nF wFS . (2.16)

The movement of the fluid components ϕβ may likewise be expressed w. r. t. the motion
of the fluid mixture via dβF (2.14)2 or analogously to (2.16)2 w. r. t. the solid motion via

wβS := vβ − vS = dβF + wFS . (2.17)

Given Equations (2.10)1 and (2.11)1, the material deformation gradients and their inverses
are defined by

Fα =
∂x

∂Xα
=: Gradα x , F−1

α =
∂Xα

∂x
= gradXα , (2.18)

where the gradient operator Gradα( q ) := ∂ ( q )/∂Xα denotes the partial derivative w. r. t.
the reference position vector Xα. Particularly, the solid deformation gradient FS, as a
basic kinematical quantity, can be expressed in terms of the solid displacement using
Equation (2.16)1:

FS =
∂x

∂XS
= GradS x = I + GradS uS . (2.19)

By virtue of (2.11), the existence of uniquely invertible motions requires non-zero Jaco-
bians Jα. Starting the deformation process from an undeformed (natural) state at time
t0, the initial condition Fα(t0) = I restricts the domain of detFα to positive values,

detFα = Jα > 0 with detFα(t0) = 1 . (2.20)

Moreover, the assumption of solid incompressibility (ρSR = const.) implies that volumetric
compression is only possible until the pore space is completely closed (nF = 0). Therefore,
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the lower limit of the finite volume dilatation eVS of the solid matrix is predefined by the
initial porosity nF

0S , viz.

eVS =
dv − dVS

dVS
= detFS − 1 > −nF

0S , (2.21)

thus, directly yielding the stronger restriction

det FS = JS > nS
0S with nS

0S = 1 − nF
0S . (2.22)

Therein, the transport property, dv = (detFS) dVS, of detFS is used (cf. Equations
(2.25)) describing the finite volume change of the reference volume element dVS = dv0S

to the volume element dv of the current configuration (Figure 2.2). Furthermore, ( q )0S

indicates initial values with respect to an undeformed solid state at time t0. In particular,
nS

0S = dV S
S /dVS and nF

0S = dV F
S /dVS are the initial solidity and porosity consistent with

the saturation constraint (2.4).

2.2.2 Deformation and Strain Measures

In the framework of a finite deformation theory of general fluid-saturated porous materials,
where the constituents can exhibit intrinsic non-dissipative (elastic) as well as inelastic
properties, it is common practice, particularly for the solid phase, to proceed from a local
multiplicative split of the deformation gradient

Fα = Fel
α Fin

α (2.23)

into an elastic part Fel
α and an inelastic part Fin

α . In principle, Fin
α may be used to de-

scribe any type of deformation-related dissipative process conceivable for the constituent
ϕα, such as viscosity [34, 44, 48, 58, 64], plasticity [5, 15, 16, 30, 39, 43], or even biological
growth [40, 59] to name but a few. Basically, the multiplicative geometric concept can
be phenomenologically introduced without insisting on somehow abstract and somewhat
controversial interpretations. Instead, it can be understood as constitutive definition that
will consequently yield a favorable structure of finite strain measures and their spatiotem-
poral derivatives.4 The theoretical description of the inelastic processes is commonly
accomplished by introducing internal state variables associated with Fin

α [10, 68], which
are nothing but additional fields that govern the inelastic evolution by some constitutive
rate equations. Strictly speaking, in combination with, for instance, the momentum equa-
tion, this constitutes a coupled multi-field problem. However, for the rest of this chapter,
we leave intrinsic inelastic properties aside and rather concentrate on multi-phase and
multi-physics problems, where the dependent variables are commonly treated as primal
unknowns to be determined from a conservation principle and do not just represent history
variables that are treated by some collocation method on integration-point level.

To continue, we stay with the material deformation gradient Fα, which is known to be a
mixed-variant, two-field or two-point tensor with identity metric in terms of a curvilinear

4 Note that the multiplicative geometric concept was subject of diverse discussions before it became
established [26, 29, 62]. In this regard, other authors follow different concepts, cf. [4, 51–53, 63].



2.2 Kinematical Relations 49

(natural) basis5. This directly implies its special property of acting as a transport mech-
anism between configurations (cf. [21, Sec. III]). To show this, let us apply Fα and F−1

α

and their transposes as linear mappings to some covariant vectors Ψ
♯
ref and Ψ

♯
act as well

as contravariant vectors Ψ♭
ref and Ψ♭

act of the reference and the actual configuration6:

Ψ
♯
ref Ψ

♯
act ,

Fα

F−1
α

Ψ♭
ref Ψ♭

act .
FT−1

α

FT
α (2.24)

The transformations (2.24)1 and (2.24)2 are commonly known as co- and contravariant
push-forward (reference → actual) and pull -back (actual → reference) operations. Fol-
lowing this, the transport mechanisms of material line, oriented area, and scalar volume
elements of ϕα can be formulated:

dx(k) = Fα dXα(k) ,

da(k) = dx(l) × dx(m) = (Fα dX(l)) × (Fα dX(m))

= 1
2
(Fα ��@@��@@ Fα) (dX(l) × dX(m)) = cof Fα dAα(k) ,

dv = (dx(k) × dx(l)) · dx(m) = [(Fα dX(k)) × (Fα dX(l))] · (Fα dX(m))

= 1
6
[(Fα ��@@��@@ Fα) · Fα] (dXα(k) × dXα(l)) · dXα(m) = detFα dVα .

(2.25)

Herein, dXα(k) := dx0α(k) and dx(k) as well as dAα(k) := da0α(k) and da(k) denote the
covariant line and the contravariant area elements of the reference and the actual config-
uration. Moreover,

dAα(k) = n0α(k) dAα(k) , da(k) = n(k) da(k)

∑| k (2.26)

with dAα(k) := da0α(k) and da(k) as the scalar area elements, and n0α(k) and n(k) as the
corresponding reference and actual outward-oriented unit surface normals. Furthermore,
use was made of the outer (double cross) tensor product of tensors ( q ) ��@@��@@ ( q ), which
allows a concise representation of cofactor tensors and of determinants [6], for instance,

cof Fα = 1
2
(Fα ��@@��@@ Fα) , detFα = 1

6
(Fα ��@@��@@ Fα) · Fα . (2.27)

Concerning the transport properties of the gradient operator, the following contravariant
mechanisms are apparent [17]:

GradαΨ =
∂Ψ

∂Xα

∂Ψ

∂x
= grad Ψ ,

FT−1
α

FT
α

GradαΨ =
∂Ψ

∂Xα

∂Ψ

∂x
= gradΨ .

(I ⊗ FT−1
α )

23
T

(I ⊗ FT
α)

23
T

(2.28)

5 An arbitrary vector or tensor can be expressed with respect to a co- or contravariant (local) basis in
a curvilinear frame, i. e., admits a co- and a contravariant representation. Here, in contrast to, e. g.,
[33, p. 35], vectors and tensors are called co- or contravariant depending on the variant type of the
basis vectors included in the vectorial and tensorial components [6, 27].

6 The identifiers ( q )
♯

and ( q )
♭

are used to distinguish co- and contravariant vectors and tensors.
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Herein, ( q )
kl

T indicates an exchange of the kth and the lth basis vector included in the
polyadic components of higher-order tensors.

Next, by means of Fα as the basic kinematical quantity, the right and left Cauchy-Green
deformation tensors are defined as usual:

Cα = FT
α Fα , Bα = Fα FT

α . (2.29)

The corresponding inverse relations read

C−1
α = F−1

α FT−1
α , B−1

α = FT−1
α F−1

α . (2.30)

Given the definitions for the contravariant Green-Lagrangean and Almansian strains7, one
obtains

Eα = 1
2
(Cα − I) 1

2
(I −B−1

α ) = Aα .
(FT−1

α ⊗ FT−1
α )

23
T

(FT
α ⊗ FT

α)
23
T (2.31)

Analogously, the covariant Karni-Reiner strain tensors can be introduced by definition8:

R

Kα = 1
2
(I −C−1

α ) 1
2
(Bα − I) = Kα .

(Fα ⊗ Fα)
23
T

(F−1
α ⊗ F−1

α )
23
T (2.32)

In order to formulate rate equations, time derivatives of the introduced deformation and
strain measures are required. To begin with, the material velocity gradient is given as

(Fα)′α =
dα

dt

( ∂x

∂Xα

)
=

∂vα

∂Xα

= Gradαvα (2.33)

and the corresponding spatial velocity gradient is defined by

Lα := gradvα =
∂vα

∂x
=

∂vα

∂Xα

∂Xα

∂x
= (Fα)′α F−1

α . (2.34)

By use of Lα, the material time derivatives of the infinitesimal line, area, and volume
elements given in Equations (2.25) take the compact form

(dx)′α = Lα dx , (da)′α = (Lα ��@@��@@ I) da , (dv)′α = (Lα · I) dv . (2.35)

The symmetric and skew-symmetric parts of Lα, commonly termed stretching or defor-
mation rate tensor and spin or vorticity tensor, read

Dα = 1
2
(Lα + LT

α) = DT
α , Wα = 1

2
(Lα − LT

α) = −WT
α . (2.36)

7 From the common definition by the differences of squares of line elements, e. g., with the squared
lengths of the actual and reference line elements ds2 = dx · dx and dS2

α = dXα · dXα, one finds

ds2 − dS2
α = (Fα dX ·Fα dX − dX · dX) = dX · (FT

α Fα − I) dX = dX · (2Eα) dX

= (dx · dx − F−1
α dx · F−1

α dx) = dx · (I− FT−1
α F−1

α ) dx = dx · (2Aα) dx .

8 Commonly, based on the polar decomposition of the solid material deformation gradient, they are
introduced by the differences of squares of rotated line elements. Alternatively, this second family
of strain tensors can also be motivated through the differences of squares of weighted vectorial area
elements [31].
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In this regard, it can be shown that the deformation velocity tensor Dα admits a co-
and a contravariant representation in the frame of convected curvilinear coordinates (cf.
e. g. [47]), which by implication means that the material time derivative acts only on the
time-dependent metric coefficients but not on the natural basis vectors. Accordingly, it
holds

Dα = −1
2
Fα (C−1

α )′α FT
α = 1

2
FT−1

α (Cα)′α F−1
α . (2.37)

The above motivates the introduction of a special class of objective time derivatives. In
continuum mechanics, the most familiar is the convective or Oldroyd derivative [56], which
applied to a tensor field is essentially its Lie derivative along the velocity vector [35, 69].
The procedure is to compute a pull-back to the reference configuration, take the material
time derivative, and push-forward the result back to the actual configuration. Thus, one
defines the lower (covariant) and the upper (contravariant) Lie or Oldroyd derivatives via

( q )▽α := Lvα
( q )♯ = Fα

( dα

dt

[
F−1

α ( q )FT−1
α

])
FT

α = ( q )′α − Lα ( q ) − ( q )LT
α ,

( q )△α := Lvα
( q )♭ = FT−1

α

( dα

dt

[
FT

α ( q )Fα

])
F−1

α = ( q )′α + LT
α ( q ) + ( q )Lα .

(2.38)

In essence, the lower and upper Lie time derivatives are material time derivatives of the
tensorial components while keeping the co- and contravariant tensorial bases fixed. Thus,
it is obvious that the Lie time derivative of a scalar field Ψ(x, t) coincides with the material
time derivative, i. e., (Ψ)▽α = (Ψ)△α = (Ψ)′α.

Applying the Lie time derivative to the Karni-Reiner and Almansian strains, it is easily
concluded that

(Kα)▽α = Dα , (Aα)△α = Dα . (2.39)

Then, consistent with the co- and contravariant transport mechanisms, the corresponding
strain rates of the reference configuration read

(
R

Kα)′α = −1
2
(C−1

α )′α , (Eα)′α = 1
2
(Cα)′α . (2.40)

A further convective time derivative that accounts for volume changes is given by the so-
called flux derivative. It is of major importance for the treatment of the surface balances
required in elastodynamics. It is easily derived by regarding the temporal change of a flux
of a partial vector field Ψα(x, t) through the material surface S of ϕ:

dα

dt

∫

S

Ψ
α · da =

∫

S

dα

dt
(Ψα · da) =

∫

S

[
(Ψα)′α · da + Ψ

α · (da)′α
]
. (2.41)

With the material time derivative of the oriented area element (2.35)2 and the identity

Lα ��@@��@@ I = (Lα · I) I − LT
α , where Lα · I = div vα , (2.42)

one directly obtains

dα

dt

∫

S

Ψ
α · da =

∫

S

(Ψα)∗α · da with (Ψα)∗α := (Ψα)′α + Ψ
α div vα − (gradvα) Ψ

α (2.43)
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being the flux derivative. Alternate representations of (Ψα)∗α can be obtained by expanding
the material time derivative (Ψα)′α according to (2.15)2, extend the equation by vα div Ψα,
and exploit the following rule for the rotation operator:

−rot (b × a) = a div b + (grad a)b− b div a − (gradb) a . (2.44)

In particular, we have

(Ψα)∗α =
∂Ψα

∂ t
+ (grad Ψ

α)vα + Ψ
α div vα − (gradvα) Ψ

α

=
∂Ψα

∂ t
+ (grad Ψ

α)vα + Ψ
α div vα − (gradvα) Ψ

α + vα div Ψ
α − vα div Ψ

α

=
∂Ψα

∂ t
+ vα div Ψ

α − rot (vα × Ψ
α) .

(2.45)
In terms of mixture quantities, one obtains analogously

d

dt

∫

S

Ψ · da =

∫

S

∗
Ψ · da with

∗
Ψ =





Ψ̇ + Ψdiv ẋ− (grad ẋ) Ψ ,

∂Ψ

∂ t
+ ẋdiv Ψ − rot (ẋ × Ψ) .

(2.46)

2.3 Some Aspects of Electrodynamics

Hitherto, we just introduced some basic quantities and notions of mixture and porous
media mechanics, which would be sufficient to continue with the stress concept and the
thermodynamical balance laws. However, we started with the objective to provide a more
general framework of volume-coupled formulations, which also consider electromagnetic
phenomena. Obviously, this makes it necessary to introduce additional fields and no-
tions of electrodynamics before continuing with a universal representation of conservation
principles.

2.3.1 Preliminaries

Electrodynamics is a classical field theory dealing with electromagnetic phenomena, which
in contrast to Newtonian mechanics is consistent with the theory of relativity. The modern
form of electrodynamics is based on the four equations formulated in 1864 by and named
after the Scottish physicist James Clerk Maxwell [50], from which all electromagnetic
effects can be deduced. The additional Lorentz-force equation formally establishes the link
between electrodynamics and mechanics. In principle, Maxwell’s equations are valid in
vacuum as well as in matter of any kind. When dealing with electrodynamics in continuous
media, which naturally imply a huge number of charged particles over several atomic
length scales, such as bound electrons, protons, and neutrons plus freely moving charges,
it is sensible to proceed from reformulated Maxwell’s equations in terms of macroscopic
fields, see, e. g., the classical article by Lorentz [46].

The macroscopic electromagnetic theory is based on a spatial averaging procedure, which
guarantees that, on the one hand, atomic fluctuations are averaged out and, on the other
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hand, the interesting spatial dependencies on the macro scale remain unaffected. For an
arbitrary microscopic field quantity am(x, t), the averaging can be carried out by [49]9

a = 〈am〉 :=

∫
am fm dvm , where





∂ 〈am〉
∂ t

=

〈
dmam

dt

〉
,

grad 〈am〉 = 〈gradam〉 .
(2.47)

Herein, fm is a statistical distribution function of point-like particles of electric charge and
dvm is the microscopic volume element (fluxion or phase-space element) such that fm dvm

represents the probability of finding the particle system in dvm. Moreover, the averaging
〈( q )〉 commutes with the spatial and temporal derivatives, where dm( q )/dt is a total time
derivative in the sense of statistical mechanics. Following this, in Table 2.1, we introduce
the macroscopic fields obtained through averaging from their atomic representatives.

Table 2.1: Macroscopic electromagnetic quantities.

Symbol Unit10 Name

ρe C/m3 electric charge density

e V/m electric field strength vector

b V s/m2 magnetic induction field vector (magnetic flux)

d C/m2 electric displacement vector (charge potential)

h A/m magnetic field strength vector (current potential)

j A/m2 electric current density vector

p C/m2 mean polarization field vector

m A/m mean (Minkowski) magnetization field vector

In this context, it can further be shown [49] that the following relationships hold:

d = ǫ0 e + p , h =
1

µ0

b−m , (2.48)

where ǫ0 and µ0 represent universal constants, namely the permittivity and the permeabil-
ity of free space (vacuum)11. Moreover, p and m describe the neutral charge and current
density distributions bound in the material, and thus, represent matter-dependent macro-
scopic quantities, which are related to the fields e and b via phenomenological material
equations. For instance, proceeding from isotropic and homogeneous properties and fur-
ther disregarding hysteretic effects as they are observed for ferroelectric and ferromagnetic
materials, the following approximate linear relations are valid:

p = ǫ0 χe e , m = χm h −→ d = ǫe , b = µh . (2.49)

9 In view of the common notation in continuum electrodynamics, the macroscopic vector fields obtained
through averaging will be indicated by boldface small capitals.

10 Besides the SI base unit Ampère A, the coherent SI derived units Coulomb C = As and Volt
V= kg m2/A s3 have been used. Please note that all electromagnetic quantities and equations in
this work are given in the rationalized MKS (meter-kilogram-second) system of units [9].

11 In particular, ǫ0 = 8.854187817... · 10−12 C/Vm and µ0 = 4 π · 10−7 kg m/A2 s2.
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Herein, χe and χm are the electric and magnetic suspectibilities, ǫ = ǫ0 (1 + χe) is the
permittivity and µ = µ0 (1+χm) the permeability. A further celebrated phenomenological
relation for isotropic conductors is given by Ohm’s law

j = σ e (2.50)

with σ in A/Vm representing the electrical conductivity or specific conductance.

2.3.2 The Macroscopic Maxwell Equations

The four macroscopic Maxwell equations are formulated in the averaged macroscopic fields
of Table 2.1 and obey a similar structure as their microscopic counterparts. It should
however be noted that they are phenomenological inspired rather than of fundamental
nature. In particular, they read:

divd = ρe : Gauss’s law (Gauss’s flux theorem),

div b = 0 : Gauss’s law for magnetism,

rote = −∂b
∂ t

:Maxwell-Faraday equation (Faraday’s law of induction),

roth = j +
∂d

∂ t
:Maxwell-Ampère equation (corrected Ampère’s law).

(2.51)

From the above equations, one easily derives the principle of charge conservation. To this
end, take the divergence of Ampère’s law (2.51)4, exploit the identity div roth = 0, and
substitute the Gauss’s law (2.51)1 to obtain the continuity equation

div j = −∂ρe

∂ t
: conservation of charge. (2.52)

In order to be able to formulate a general system of balance equations relative to inertial
frames, Galilean invariance must be regarded as a fundamental requirement [60]. In fact,
the thermodynamical balance laws in the sense of Newtonian mechanics are Galilean
invariant as they admit the same expression in any co-moving frame, say {x, t}, related
to an inertial reference frame {x, t} by a Galilean transformation given through

x = Q0 x + v0 t+ c0 , t = t . (2.53)

Herein, Q0 is a constant proper orthogonal tensor (rotation tensor), v0 a constant non-
relativistic velocity, and c0 some constant vector. Basically, the requirement of Galilean
invariance imposes a specific dependence of the flux and supply terms on the velocity field
[45]. Now, verifying the macroscopic electromagnetic quantities in respect of (2.53), it
can be shown that b,d,p, and ρe fulfill the invariance requirement but the others do not
[41]. Suppose ẋ to be the velocity of a moving continuum representing a Galilean frame
according to (2.53). Then, with v0 = −ẋ, one obtains the remaining electromagnetic
quantities in a proper co-moving reference frame as

E = e + ẋ × b : electromotive intensity vector,

H = h− ẋ × d :magnetomotive intensity vector,

J = j− ρe ẋ : conduction current density vector,

M = m + ẋ × p : Lorentz magnetization field vector.

(2.54)
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Herein, in the conduction current (2.54)3, ρe ẋ is commonly termed convection current
density. Following this, in order to have Maxwell’s equations Galilean invariant, (2.51)3,4

and the charge conservation (2.52) are rewritten in terms of (2.54) and the flux derivative
(2.46) yielding

rot E = −∗
b ,

rot H = J +
∗
d ,

div J = −ρ̇e − ρe div ẋ .

(2.55)

2.3.3 Fusion of Electrodynamics and Thermodynamics

As long as our considerations are restricted to terrestrial problems, it is not a serious
limitation to assume the involved velocity fields to be much smaller than the speed of
light since macroscopic ponderable bodies cannot be accelerated to relativistic speeds.
Thus, proceeding from non-relativistic mechanics, the fusion of the thermodynamic and
electrodynamic balance laws can be carried out equivalently in three different ways [23, 41]:

(1) Continuum-like approach: Consider the electromagnetic effects as an action from
the distance in analogy to gravitation.

(2) Relativistic approach: Consider electromagnetic fields to exhibit inertia and contact
actions.

(3) Alternate approach: Assume electromagnetic fields to produce surface and volume
forces but not inertia.

Here, we will follow the continuum-like way of linking the electromagnetic relations to
the thermomechanical equations. To this end, it is necessary to introduce the respective
electromagnetic force, couple, and energy, which will later represent the supply and source
terms in the combined set of general balance equations. Without presenting the derivation,
they read (consult Eringen & Maugin [23] for details):

� Electromagnetic force density (electromagnetic body force):

be = ρe e + j× b + (grade)p + (gradb)m + div[(p× b) ⊗ ẋ] +
∂

∂ t
(p× b)

= ρe E + (J +
∗
p) × b + (grad E)p + (gradb) M .

(2.56)

� Electromagnetic momentum couple density:

ce = p× e + m× b + ẋ× (p× b)

= p× E + M × b .
(2.57)

� Total electromagnetic energy:

εe = j · e +
∂p

∂ t
· e −m · ∂b

∂ t
+ div[ẋ (p · e)]

= ẋ · be + J · E + ρ E · π̇ − M · ḃ ,
(2.58)

where π = p/ρ is the polarization per unit mass.
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The second identities in the above equations are the respective Galilean invariant forms
w. r. t. a co-moving inertial frame.

Please note that the above just represents an incomplete summary of the basic quantities
and equations of electrodynamics without giving a detailed interpretation of their math-
ematical meaning and phenomenological implications. Of course, there exists a bunch of
excellent textbooks, which comprehensively elucidate the electrodynamic theory from the
microscopic electromagnetism of point charges up to the electrodynamics of continua, see
Jackson [37] among others. Of particular relevance for this thesis, we see the books of
Landau et al. [42], Maugin [49], Eringen & Maugin [23, 24], Müller [54], and Kovetz [41].

2.4 Balance Relations

In this section, the fundamental balance laws of continuum thermodynamics and elasto-
dynamics applied to mixtures are summarized within a general framework. Therefore,
the basic stress measures are introduced and the specific balances of the overall mixture
as well as of the individual constituents are discussed in the context of the master balance
principle. For a more detailed discussion of the continuum mechanical basics, the reader
should refer to the classical works of Truesdell & Toupin [67], Coleman & Noll [11], as
well as Truesdell & Noll [66]. Concerning mixture theories, a comprehensive description
of the thermodynamical balance principles can be found in the works of Ehlers [18, 19]
and Hutter & Jöhnk [36]. Regarding the fusion of electrodynamics and thermodynamics,
it is referred to the books cited at the end of the previous section and in the context of
mixtures to the articles of Kelly [38] and Bennethum & Cushman [2].

2.4.1 Stress Concept and Dual Variables

According to the intersection (free-body) principle, each partial body Bα ⊂ B of the
mixture ϕ is subjected to an external mass-specific body (volume) force bα = bα(x, t)
(normally gravitation) and an external traction (contact) force tα = tα(x, t,n) acting on
parts or the whole of the boundary surface Sα ⊂ S with orientation n. Now, in consider-
ation of electrodynamics, according to (2.56), additional volume-specific electromagnetic
body forces bα

e = bα
e (x, t) are present. Then, the whole mixture body B =

⋃
α Bα is

exposed to the mechanical body force ρb =
∑

α ρ
α bα, the electromagnetic body force

be =
∑

α bα
e , and the total surface traction t =

∑
α tα on the entire surface S =

⋃
α Sα.

In conclusion, one finds the resultant force vectors f and fα acting on the overall medium
ϕ and on the constituents ϕα as

f =

∫

B

ρb dv

︸ ︷︷ ︸
fvm

+

∫

B

be dv

︸ ︷︷ ︸
fve

+

∫

S

t da

︸ ︷︷ ︸
fa

, fα =

∫

B

ρα bα dv

︸ ︷︷ ︸
fα
vm

+

∫

B

bα
e dv

︸ ︷︷ ︸
fα
ve

+

∫

S

tα da

︸ ︷︷ ︸
fα
a

. (2.59)

Applying Cauchy’s theorem, one recovers the total Cauchy stress tensor of the mixture
T = T(x, t) and the partial Cauchy stress tensor Tα = Tα(x, t) of ϕα from

t(x, t,n) = T(x, t)n , tα(x, t,n) = Tα(x, t)n . (2.60)
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The total Cauchy stress may also be expressed by means of partial quantities, viz.

T =
∑

α

(Tα − ραdα ⊗ dα) , (2.61)

where ραdα ⊗ dα represents an apparent stress comparable to the Reynolds stress in
turbulent flows (cf. [57, 61]), which is caused by fluctuations of the entire velocity field
due to the diffusion velocities dα superimposed on the averaged velocity of the whole
mixture ẋ given in Equations (2.13).

Following the above, the Cauchy stresses as the true stresses represent the current stress
state at material points by describing the surface force acting on an area element in the
actual configuration. Proceeding from the partial incremental surface force on S, addi-
tional stress tensors are introduced via

dfα
a = tα da = Tα da = Tα cof Fα dAα =

τ α

︷ ︸︸ ︷
Tα (detFα) FT−1

α︸ ︷︷ ︸
Pα

dAα , (2.62)

where in particular
Tα : Cauchy stress (true stress),

τ α = (detFα)Tα : Kirchhoff stress (weighted Cauchy stress),

Pα = τ α FT−1
α : 1st Piola-Kirchhoff stress (nominal stress).

(2.63)

Moreover, it is of considerable assistance to formally introduce a further stress tensor
operating on the reference configuration, viz.

Sα = F−1
α Pα = F−1

α τ α FT−1
α : 2nd Piola-Kirchhoff stress. (2.64)

Note that the above stress measures represent covariant tensors, which is a direct conse-
quence of the contravariant nature of the oriented area element (recall Equation (2.25)2).
Thus, in analogy to the covariant strain rates (2.39)1 and (2.40)1, by use of the lower
Oldroyd derivative (2.38), convenient stress rates, which obey the same transport mech-
anisms as the corresponding stresses, can be introduced. In summary, we have

Sα τ α,
(Fα ⊗ Fα)

23
T

(F−1
α ⊗ F−1

α )
23
T

(Sα)′α (τ α)▽α .
(Fα ⊗ Fα)

23
T

(F−1
α ⊗ F−1

α )
23
T (2.65)

The natural bond between certain stresses and strains is best described by the concept of
dual variables stating that physically relevant scalar products between associated (conju-
gate) stress-strain pairs, such as the rate of internal mechanical work (stress power), stay
invariant due to any transport operation between configurations [30]. One finds,

Sα · Eα = τ α · Aα ,

Sα · (Eα)′α = τ α · (Aα)△α ,

(Sα)′α · Eα = (τ α)▽α · Aα ,

(Sα)′α · (Eα)′α = (τ α)▽α · (Aα)△α .

(2.66)
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Note that the scalar products of equations (2.66) including strain rates may also be
expressed by means of the 1st Piola-Kirchhoff stress. For example, assuming that τ α =
(τ α)T (see remark on Page 64), the volume-specific stress power can be rewritten as

τ α · (Aα)△α = τ α ·Dα = τ α · Lα = (Pα FT
α) · [(Fα)′α F−1

α ] = Pα · (Fα)′α (2.67)

with {Pα, (Fα)′α} as a so-called work conjugate pair, which is obviously not consistent
with all of the invariance conditions of dual variables (2.66).

2.4.2 Master Balance Principle for Mixtures

According to Truesdell’s metaphysical principles given in Box (2.68), each constituent can
be described by individual balance equations accounting for mutual interactions with the
other ϕα by additional production terms. The balance equations of the whole mixture
are then obtained as the sum of the balance equations of the constituents and must have
the same form as the respective balance equations of a single-phase material. Due to
the fact that the mathematical structure of the fundamental thermodynamical balance
laws, namely of mass, linear momentum, moment of momentum (m. o.m.), energy, and
entropy, is in principle identical, they can be formulated within the concise shape of a
master balance. The same applies to the basic electromagnetic relations in form of the
Galilean invariant Maxwell equations (2.51)1,2 and (2.55).

Truesdell’s metaphysical principles

(1) All properties of the mixture must be mathematical consequences
of properties of the constituents.

(2) So as to describe the motion of a constituent, we may in imagination
isolate it from the rest of the mixture, provided we allow properly
for the actions of the other constituents upon it.

(3) The motion of a mixture is governed by the same equations as is a
single body.

(Truesdell, 1984, p. 221 [65])

(2.68)

To begin with, let Ψ and Ψ be arbitrary scalar- and vector-valued densities of some
physical quantity to be balanced. Then, proceeding from classical continuum mechanics
of single-phase materials, the general volumetric balance relations of a multiphasic mixture
ϕ =

⋃
α ϕ

α take the global (integral) form:

d

dt

∫

B

Ψ dv =

∫

S

(φ · n) da+

∫

B

σ dv +

∫

B

Ψ̂ dv ,

d

dt

∫

B

Ψdv =

∫

S

(Φn) da +

∫

B

σ dv +

∫

B

Ψ̂ dv .

(2.69)

Herein, φ · n and Φn are the surface densities defined per unit current area representing
the efflux of the physical quantity over the surface S of B, σ and σ are the volume densities
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describing the supply (external source) of the physical quantity, and Ψ̂ and Ψ̂ represent
the productions of the physical quantity due to couplings of ϕ with its environment.

Analogously to (2.69), one defines a global surface balance,

d

dt

∫

S

(Ψ · n) da =

∮

L

(φ · nt) ds+

∫

S

(σ · n) da+

∫

S

(Ψ̂ · n) da , (2.70)

in which L is a closed material curve (line) bounding S and nt is the unit tangent vector
along L. Moreover, the other terms have a similar intuitive meaning as in the volume
balance, that is, φ ·nt is the flux of lines through S, and (σ ·n) and (Ψ̂ ·n) are the supply
and the production of Ψ on S.

Supposing adequate continuity properties for all occurring fields, the equivalent local
(differential) form of the master balance equations (2.69) results from differentiation of
the left-hand sides and transformation of the surface integrals into volume integrals on
the right-hand sides of (2.69):

Ψ̇ + Ψ div ẋ = div φ + σ + Ψ̂ ,

Ψ̇ + Ψ div ẋ = div Φ + σ + Ψ̂ .
(2.71)

From (2.70), one respectively obtains with the aid of the flux derivative (2.46) the local
form of the surface balance ∗

Ψ = rot φ + σ + Ψ̂ . (2.72)

Next, proceeding from the axiomatically introduced balance principles, namely of mass,
linear momentum, moment of momentum (m. o.m.), energy, and entropy, as well as the
macroscopic Maxwell equations, one identifies the quantities in Equations (2.69) and
(2.70), as well as (2.71) and (2.72), respectively, according to Table 2.2.

Table 2.2: Identified physical quantities of the volume and surface master balances for the
mixture ϕ.

Balance Ψ ,Ψ φ,Φ σ,σ Ψ̂ , Ψ̂

mass ρ 0 0 0

momentum ρ ẋ T ρb + be 0

m. o.m. x× (ρ ẋ) x× T x × (ρb + be) + ce 0

energy ρ ε+ 1
2 ẋ · (ρ ẋ) TT ẋ − q ẋ · (ρb) + ρ r + εe 0

entropy ρ η φη ση η̂

charge ρe − J 0 0

Gauss’s law (elec.) 0 − d ρe 0

Gauss’s law (magn.) 0 − b 0 0

Faraday’s law b − E 0 0

Ampère’s law −d − H J 0

Therein, ρ ẋ is the momentum of the entire mixture and x × (ρ ẋ) is the corresponding
moment of momentum. Concerning the energy balance, ε is the internal energy, q is
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the heat influx vector, and r is the external heat supply. The additional electromagnetic
contributions are the electromagnetic body force, couple, and energy be, ce, and εe given
through Equations (2.56)–(2.58). The separated middle three and last two lines represent
the electromagnetic volume and surface conservation laws according to Maxwell’s equa-
tions given in Section 2.3.2. Moreover, η is the entropy, φη and ση are the efflux of entropy
and the external entropy supply, and η̂ ≥ 0 is the non-negative entropy production, which
considers the irreversibility of the overall thermodynamical process. Furthermore, regard-
ing the mixture as a closed system, all remaining production terms are equal to zero.
Then, by inserting the respective quantities of Table 2.2 into the local master balances
(2.71) and (2.72), respectively, one recovers the specific balance relations of continuum
electro-magneto-thermomechanics as for singlephasic materials [23]. The complete set of
equations is depicted in Box (2.73), where L = grad ẋ is the spatial velocity gradient of
the mixture in analogy to (2.34).

Specific conservation laws for the mixture

mass: ρ̇+ ρ div ẋ = 0

momentum: ρ ẍ = divT + ρb + be

m. o.m.: 0 = I ×T + ce −→ T 6= TT

energy: ρ ε̇ = T · L− div q + ρ r + εe − ẋ · be

entropy: ρ η̇ ≥ div φη + ση

charge: ρ̇e + ρe div ẋ = −div J −→ div j = −∂ρe

∂ t
Gauss’s law (elec.): 0 = divd− ρe

Gauss’s law (magn.): 0 = divb

Faraday’s law:
∗
b = −rot E −→ rote = −∂b

∂ t

Ampère’s law: − ∗
d = −rot H + J −→ roth = j +

∂d

∂ t

(2.73)

Moreover, regarding the total Cauchy stress tensor, which from (2.73)3 is obviously not
symmetric for general electromagnetic materials, it is of considerable assistance to pro-
ceed from a constitutive split T = Tm + Te into a thermomechanical part Tm and an
electromagnetic part Te, for both of which further material-dependent equations must be
provided. Here, we introduce the electromagnetic stress tensor of the form [23, Sect. 3.6]

Te = TM
e + Te with

{
TM

e = e⊗ e + b⊗ b− 1
2
(e · e + b · b) I ,

Te = p⊗ E − b⊗ M + (M · b) I ,
(2.74)

which is decomposed into the symmetric Maxwell stress TM
e = (TM

e )T and another stress
tensor Te depending on the polarization and magnetization. Then, it is easily proven that
the electromagnetic momentum couple is related to the skew-symmetric part of Te, viz.

ce = −I × skw Te =
3

E skw Te =
3

E skw Te , (2.75)
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where
3

E is the rank-3 Ricci permutation tensor (cf. remark and footnote on Page 64).
In this context, it might also be convenient to express the electromagnetic volume force
be in some divergence form dependent on the electromagnetic stress field. This can be
accomplished with the aid of the volume- and mass-specific electromagnetic momentum
vectors

g = e × b and γ =
g

ρ
(2.76)

describing the momentum carried by electromagnetic radiation, by which one finds [49]

be = div Te −
∂g

∂ t
= div (Te + ẋ⊗ g) − ρ γ̇ . (2.77)

Note that this gives rise to an alternate representation of the momentum balance when
linking thermo- and electrodynamics as mentioned in Section 2.3.3.12

To continue with the derivation of the partial balance relations in consideration of electro-
dynamics, we proceed from the most general ansatz proposed by Kelly [38] and split-up
all the electromagnetic fields into pieces to be associated with each constituent. Thus,
following Truesdell’s principles (2.68), the general balances of the individual constituents
yield, in analogy to (2.69), the global form

dα

dt

∫

B

Ψα dv =

∫

S

(φα · n) da +

∫

B

σα dv +

∫

B

Ψ̂α dv ,

dα

dt

∫

B

Ψ
α dv =

∫

S

(Φα n) da+

∫

B

σα dv +

∫

B

Ψ̂
α dv ,

(2.78)

and according to (2.71) the local form

(Ψα)′α + Ψα div
′
xα = div φα + σα + Ψ̂α ,

(Ψα)′α + Ψ
α div

′
xα = divΦα + σα + Ψ̂α .

(2.79)

In the same way, one adopts the global and local structure of the surface balance (2.70)
and (2.72) to obtain

d

dt

∫

S

(Ψα · n) da =

∮

L

(φα · nt) ds+

∫

S

(σα · n) da+

∫

S

(Ψ̂α · n) da ,

(Ψα)∗α = rotφα + σα + Ψ̂α ,

(2.80)

where ( q )∗α represents the flux derivative according to (2.43). In the above equations,
the partial quantities ( q )α have the same physical meaning as the quantities included
in the master balances of the overall mixture. However, they have to satisfy additional
conditions such that summation of a partial balance of all ϕα yields the respective fields
of the multiphasic continuum ϕ. For the constituent volume balances (2.78), they read:

Ψ =
∑

α

Ψ
α, φ · n =

∑

α

(φα − Ψ
α dα) · n , σ =

∑

α

σα, Ψ̂ =
∑

α

Ψ̂
α,

Ψ =
∑

α

Ψ
α, Φn =

∑

α

(Φα − Ψ
α ⊗ dα)n , σ =

∑

α

σα, Ψ̂ =
∑

α

Ψ̂
α.

(2.81)

12 In fact, following the master balance approach, one may proceed from an equivalent representation of
the momentum balance based on the identification Ψ = ρ ẋ + g, Φ = T + Te + ẋ ⊗ g, and σ = ρb.
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Respective constraints apply also to the partial surface balances (2.80) [38]:

Ψ =
∑

α

Ψ
α , φ · nt =

∑

α

(φα − Ψ
α × dα) · nt ,

(σ + Ψ̂) · n =
∑

α

(σα + Ψ̂
α − dα div Ψ

α) · n .
(2.82)

In this regard, it should be noted that the supply σα and the production Ψ̂α of Ψα on S
can only hardly be distinguished. Hence, it is convenient to formally treat them together.

Next, the specific balance equations of the constituents are derived in analogy to those of
single-phase materials except that one needs to account for the interaction mechanisms
by additional production terms. Strictly speaking, the local partial continua represent
open systems, which stay in thermo- and electrodynamical exchange with one another. In
particular, one identifies the partial physical quantities according to the following table:

Table 2.3: Identified physical quantities of the volume and surface master balances for the
constituent ϕα.

Balance Ψα, Ψα φα, Φα σα, σα Ψ̂α, Ψ̂α

mass ρα
0 0 ρ̂α

momentum ρα ′
xα Tα ρα bα + bα

e ŝα

m. o.m. x× (ρα ′
xα) x× Tα x× (ρα bα + bα

e ) + cα
e ĥα

energy ρα εα + 1
2

′
xα · (ρα ′

xα) (Tα)T
′
xα − qα ′

xα · (ρα bα) + ρα rα + εαe êα

entropy ρα ηα φα
η σα

η η̂α

charge ρα
e − J α 0 ρ̂α

e

Gauss’s law (elec.) 0 − d
α ρα

e σ̂α

Gauss’s law (magn.) 0 − b
α 0 λ̂α

Faraday’s law b
α − Eα 0 ξ̂α

Ampère’s law −d
α − Hα J α Ĵ α

Herein, ρ̂α is the mass production describing mass exchanges or phase transitions between
a particular ϕα and the other constituents, ŝα is the total momentum production of ϕα,
and ĥα is the total production of angular momentum. Moreover, êα and η̂α represent the
total energy and entropy productions of ϕα. Concerning the electromagnetic terms, ρ̂α

e

is the production of electric charge (e. g. through reaction), σ̂α and Ĵ
α account for the

fact that charge and current are not necessarily conserved for the individual ϕα, and λ̂α

and ξ̂α are additionally introduced productions associated with the magnetic flux and the
electric field.

In mixture theories, it is moreover convenient to split the total production terms of the
thermodynamical balances into direct parts and parts including productions of the pre-
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ceding (lower) balances:

ŝα = p̂α + ρ̂α ′
xα , ĥα = m̂α + x × (p̂α + ρ̂α ′

xα) ,

êα = ε̂α + p̂α · ′
xα + ρ̂α (εα + 1

2

′
xα · ′

xα) , η̂α = ζ̂α + ρ̂α ηα .
(2.83)

In Equations (2.83), p̂α denotes the direct momentum production, which can be inter-
preted as the volume-specific local interaction force between ϕα and the other constituents
of ϕ, and m̂α represents the direct moment of momentum production describing the an-
gular momentum couplings between the constituents. Moreover, ε̂α and ζ̂α are the direct
terms of the energy and the entropy productions. As is usual in the framework of single-
phase continua, one proceeds from an a priori constitutive assumption for the partial
entropy efflux and the external entropy supply, viz.

φα
η = − 1

Θα qα , σα
η =

1

Θα ρ
α rα , (2.84)

where different absolute Kelvin’s temperatures Θα > 0 allow for an individual temperature
field for each constituent. Following this, the final form of the specific partial balance
relations is obtained in analogy to those of the whole mixture (2.73):

Specific constituent balance relations

mass: (ρα)′α + ρα div
′
xα = ρ̂α

momentum: ρα ′′
xα = div Tα + ρα bα + bα

e + p̂α

m. o.m.: 0 = I ×Tα + cα
e + m̂α

energy: ρα (εα)′α = Tα · Lα − div qα + ρα rα+

+ εα
e − ′

xα · bα
e + ε̂α

entropy: ρα (ηα)′α = div (− 1

Θα qα) +
1

Θα ρ
α rα + ζ̂α

charge: (ρα
e )′α + ρα

e div
′
xα = −div J

α + ρ̂α
e

Gauss’s law (elec.): 0 = −div d
α + ρα

e + σ̂α

Gauss’s law (magn.): 0 = −div b
α + λ̂α

Faraday’s law: (bα)∗α = −rot E + ξ̂α

Ampère’s law: −(dα)∗α = −rot H
α + J

α + Ĵ
α

(2.85)

According to the sum relations (2.81), the physical quantities of the mixture can be
expressed by means of the respective partial quantities extended by a diffusion term in
the case of the surface densities. As an example, recall the previously introduced total
Cauchy stress tensor T of equation (2.61). Moreover, one finds the following restrictions
on the partial production terms:

∑

α

ρ̂α = 0 ,
∑

α

ŝα = 0 ,
∑

α

ĥα = 0 ,
∑

α

êα = 0 ,
∑

α

η̂α ≥ 0 . (2.86)
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The partial Maxwell equations are easily recovered from Box (2.85), from which, through
summation over all ϕα, the respective mixture relations must be obtained. In doing so,
one finds the constraints for the electromagnetic productions consistent with (2.82):

div j
α = −∂ρ

α
e

∂ t
+ ρ̂α

e −→
∑

α

ρ̂α
e = 0 ,

div b
α = λ̂α −→

∑

α

λ̂α = 0 ,

div d
α = ρα

e + σ̂α −→
∑

α

σ̂α = 0 ,

roteα = −∂b
α

∂ t
+ ξ̂α − ′

xα λ̂
α −→

∑

α

(
ξ̂α − dα λ̂

α
)

= 0 ,

rothα = j
α +

∂dα

∂ t
+ Ĵ

α +
′
xα σ̂

α −→
∑

α

(
Ĵ

α + dα σ̂
α
)

= 0 .

(2.87)

Remark: In this contribution, only non-polar materials (Boltzmann continua) are con-
sidered, where the motion does not possess independent degrees of freedom for translation
and rotation. Thus, proceeding from non-polar mixtures, evaluation of the mixture bal-
ance of angular momentum yields the symmetry of the thermomechanical part of the
total Cauchy stress tensor Tm = TT

m. However, since the electromagnetic phenomena in
general induce an additional momentum couple ce (see Box (2.73)3) caused by electric and
magnetic multipole moments, the combined stress tensor T = Tm +Te is not symmetric,
recall Equation (2.74). Now, regarding the partial moment of momentum balances of
the non-polar ϕα (2.85)3, direct angular momentum couplings m̂α must additionally be
considered yielding together with the partial electromagnetic couples to non-symmetric
partial Cauchy stresses, Tα 6= (Tα)T , where it is likewise assumed that Tα = Tα

m + Tα
e .13

Nevertheless, proceeding from intrinsically non-polar materials associated with symmetric
thermomechanical Cauchy stresses on the micro scale, it can be shown by homogeniza-
tion that on the macroscopic level m̂α ≡ 0 [19, 28]. Then, if we further proceed from
almost linear electromagnetic materials, for which Equations (2.49) are valid implying that
skw Tα

e ≡ 0 or equivalently cα
e ≡ 0, also the electromagnetic stress tensor, and thus, the

combined stress becomes symmetric. Consequently, the combined partial Kirchhoff and
2nd Piola-Kirchhoff stresses would also be symmetric, while the 1st Piola-Kirchhoff stress
is generally not (cf. (2.63) and (2.64)). For specific extensions of the balance principles
for single- and multiphasic materials to micropolarity (Cosserat continua), the interested
reader is referred to [12–14, 19, 22] and the quotations therein.

The specific local balance relations for the mixture (or likewise a singlephasic material)
given in Box (2.73) as well as the respective partial conservation laws of Box (2.85) can now

13 The direct or intrinsic spin production m̂α represents twice the negative axial vector
A

tα associated
with the skew-symmetric properties of Tα

m. It can be shown that [6]

m̂α = −I× skw Tα
m =

3

E skwTα
m = −2

A

tα , skw Tα
m = − 1

2
(m̂α × I) = − 1

2
[
3

E (m̂α ⊗ I)]2 .
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be combined to form a system of volume-coupled PDEs governing some region of interest.
Accompanied by respective material-dependent constitutive equations, problem-specific
assumptions, as well as boundary and initial conditions, this is what constitutes an initial
boundary-value problem in strong form. Basically, one ends up with a volumetrically
coupled formulation in the primal variables of choice, such as displacement, pressure,
temperature, electric or magnetic potential among others, which can be made accessible
to numerical solution by some variational method.

However, at this point, we waive further continuative details, such as a serious discus-
sion of the entropy principle for mixtures, which would be of interest when deriving a
thermodynamically admissible constitutive setting for the description of a specific mate-
rial, see, e. g., [3, 13, 16, 19, 48]. Moreover, due to the manifold possibilities of physical
processes involved, which essentially guide the sensible choice of the primary fields, it is
virtually impossible to provide an all-embracing presentation of the numerical treatment,
for instance, in the framework of the FEM by a general variational formulation in analogy
to the master balance principle from above. Therefore, it is rather intended to continue
in Part 2 of this thesis with the application-dependent treatment of coupled problems
based on specific volume-coupled formulations. In particular, staying with the porous
media approach, in Chapter 4, the problem of poro-elastodynamics will be discussed in
detail and its numerical solution will be presented applying some strategies outlined in
Section 1.2. Chapter 5 is devoted to the continuum biomechanics of living matter dealing
with the swelling of charged hydrated tissues and the biological growth process of tumor
spheroids. Moreover, Chapter 6 presents a theoretically investigation of fluid penetration
effects in porous media contact, and finally, Chapter 7 applies finite porous media vis-
coelasticity for the description of human intervertebral discs as ionized, fluid-saturated,
and collagen-reinforced porous materials.
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3 Introductory Notes to Part II

SUMMARY

This chapter aims at giving a brief introduction to the selfcontained application problems col-
lected in Part II of this thesis by establishing the link to the fundamental methods and approaches
that are presented in Part I. Out of the many issues that can be addressed in the broad field of
continuum physics, attention is exclusively called to specific multi-field and multi-physics prob-
lems being of topical interest in porous media mechanics, for which the general theoretical frame
has been provided in Chapter 2.

3.1 The Strongly Coupled Problem of

Poroelastodynamics

In Chapter 4, the numerical solution of wave propagation problems in porous media
dynamics is investigated. The presentation proceeds from a saturated biphasic solid-fluid
material with intrinsically incompressible constituents. The governing conservation laws
and the constitutive equations are introduced in the framework of the Theory of Porous
Media (TPM), see Sections 2.1 and 2.4.2, accounting for an elastic solid matrix and
lingering flow conditions based on a geometrically and materially linear description. In
particular, the natural set of equations comprises the solid and fluid momentum balances
and the mixture volume balance as a continuity-like constraint for the determination of the
primary unknowns, viz. solid displacement, fluid velocity, and pore-fluid pressure, plus the
solid velocity-displacement relation, which is merely used for an order reduction in time,
cf. Section 1.3.4. Due to the inherent solid-fluid momentum interactions, one is concerned
with the class of volumetrically coupled problems (Section 1.3.1) involving a potentially
strong coupling of the momentum equations and the algebraic incompressibility constraint
in form of the volume balance. In fact, different formulations (uvp, uwp, and up) relying
on different primal variables and governing equations are feasible, of which not all exhibit a
computationally favorable structure, for instance, entailing a system of higher differential
index, see Section 1.3.3. This is actually one of the reasons why an all-embracing numerical
treatment of coupled problems by a general formalism is hard to accomplish.

For the numerical solution, the achieved sets of coupled partial differential equations
(PDEs) are cast into a variational form yielding a general three-field initial boundary-
value problem. The spatial semi-discretization is carried out by the mixed Finite Ele-
ment Method (FEM) resulting in a stiff system of coupled differential-algebraic equations
(DAEs) of first order in time (cf. Section 1.3.4) with the coupling strength mainly con-
trolled by the permeability. For the further treatment of the time-continuous DAEs, two
time-integration strategies out of the four introduced in Box (1.2) are applied: (1) an un-
conditionally stable implicit monolithic approach, where the equations are first discretized
in space using stable mixed finite elements consistent with the LBB condition and sec-
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ond in time using stiffly accurate implicit time integrators (Sections 1.2 and 1.3.4); (2) a
conditionally stable semi-explicit-implicit splitting scheme as discussed in Section 1.4.2,
which is implemented in form of a fractional-step method using a predictor-corrector al-
gorithm according to Box (1.48). To this end, the DAEs are first discretized in time, split
by means of intermediate variables, and then discretized in space using linear equal-order
approximations for all primary unknowns.

Finally, a one- and a two-dimensional wave propagation example serve to reveal the pros
and cons in regard to accuracy and stability of both solution strategies and their algo-
rithmic implementations. Therefore, several test cases differing in the used multi-field
formulation, the monolithic time-stepping method, and the approximation order of the
individual unknowns are analyzed for varying degrees of coupling controlled by the per-
meability parameter.

3.2 Intrinsic Interactions in Hydrated Multi-

Component Bio-Tissues

Chapter 5 is concerned with the description of the complex material behavior of biological
tissues on the basis of the TPM, thus allowing for a detailed consideration of solid de-
formation, interstitial fluid flow, ion diffusion, and growth and degradation processes. In
this regard, at first, charged hydrated bio-tissues or respective artificial substitutes, which
show distinct swelling properties, are addressed and modeled as biphasic, four-component
aggregates accounting for Donnan osmotic and electrostatic effects. In particular, this
is accomplished by incorporating additional fields, namely the molar concentrations (see
Section 2.1.2) of the fixed charges attached to the solid matrix and the mobile anions and
cations of a dissolved salt in the pore-fluid solution. These are governed by concentration
balances deduced from partial mass balances (cf. Box (2.85)1) accompanied by appropri-
ate constitutive laws describing the osmotic pressure contributions and the ion diffusion.
Moreover, a scalar electric potential is introduced to enforce electroneutrality in the sense
of a Lagrangean multiplier, where the Gauss’s law for the mixture according to (2.73)7

and the linear constitutive relation (2.49)3 are exploited. The presented FE simulations
of a free swelling hydrogel sample and a bulging nucleus pulposus out of a sagittally cut
human intervertebral disc (IVD) are based on a straightforward monolithic solution strat-
egy applying the scientific FE package PANDAS1 tailored for the computation of strongly
coupled DAE systems.

The second part of the chapter is then devoted to the modeling and simulation of the avas-
cular stages of tumor growth. With respect to the complex metabolic processes governed
by nutrient, angiogenic, and growth factors, it proves again to be expedient to continue
with the macroscopic porous media approach instead of getting lost in the description of
the physiochemical mechanisms at the cellular level. Thus, the hydrated organic tissue
is treated as a biphasic aggregate constituted by a porous solid (tumor cells and extra-

1 Porous media Adaptive Nonlinear finite element solver based on Differential Algebraic Systems, see
http://www.get-pandas.com.
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cellular matrix) which is permeated by an organic interstitial fluid mixture. Since the
imbalances of production and degradation of the individual constituents associated with
growth and necrosis of the tumor tissue are strongly influenced by several chemical factors
(nutrients, enzymes etc.), the model incorporates two additional caloric state variables.
These new variables are introduced as the “growth energies” compared to the thermody-
namic temperatures and their energetically conjugate terms, the “configurational growth
entropies” compared to the thermodynamic entropies. This actually represents a further
consistent extension of the classical thermodynamic setting provided in Section 2.4 and is
in the same way accessible to numerical solution by a variational FE approach. However,
the couplings inherent in the arising five-field PDE system can only hardly be untangled,
such that it is sensible to apply again an implicit monolithic solution procedure without
really exploiting the multi-physics nature of the complex growth problem. How far it is
possible to take algorithmically and computationally advantage of the different time scales
involved, for instance, using operator splitting (Section 1.4.2) to separate the slow growth
process from the fast biochemical reactions, is, however, out of the scope and not discussed
in detail, thus remaining some area of unexplored space for further investigations.

3.3 Surface Interactions in Porous Media Contact

The objective of Chapter 6 is to derive convenient boundary conditions at the interface
between two contacting fluid-saturated porous bodies on the basis of a discontinuity anal-
ysis in the framework of the TPM approach. In this regard, the special focus lies in the
effects resulting from interstitial fluid penetration from one body into the other. Due to
the fluid flux across the interface, the mated bodies interact and interchange by mass,
linear momentum, and energy, thereby strongly influencing the coupling characteristics.
Actually, this represents a generalization of the geometrically coupled problems discussed
in Section 1.3.1. Here, two solid-fluid mixtures stay in mutual interaction via an interface
region similar to the known structure-structure and fluid-structure interaction problems,
which are naturally included as special cases in the presented porous media formalism.
However, following such a macroscopic approach, the microtopography of the contact
surface is not distinguished. More precisely, the surface microstructure of the contacting
porous boundaries is only taken into account by limit boundary values of the volume
fractions in the sense of an average macrocharacteristic of the real surface topography.

The derived jump conditions at the contact interface represent formal extensions of the
thermodynamic balance principles given in Section 2.4.2 by describing the change of a
physical quantity across a moving material discontinuity surface. In fact, the disconti-
nuities are caused by the penetration of the pore fluid from one porous body into the
other, where the order of the jumps is defined by products of the constituent velocities.
For completeness, corresponding jump relations in the context of electrodynamics can be
found in the references provided at the end of Section 2.3.3.

From a computational perspective, the efficient numerical solution of such surface-coupled
problems suggests the application of a spatial partitioning strategy as discussed in Sec-
tion 1.4.1. In this context, based on the derived jump condition for the total traction
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force between the contacting mixture bodies incorporating the seepage flow across the
interface together with respective kinematic constraints, a modular interface system can
be formulated, for instance, using the localized λ-method similar to Equation (1.32).

3.4 Materially Coupled Phenomena in Cartilage

The last Chapter 7 pertains again to soft hydrated biological tissues, particularly carti-
lage, but in contrast to Chapter 5 puts more emphasize on the modeling of viscoelastic
solid properties, anisotropic fiber reinforcements, and general tissue heterogeneities. In
this regard, a model is presented which includes several levels of complexity, thereby hav-
ing the advantage of meaningful and identifiable material parameters on the one hand and
the possibility to describe arbitrary material behavior on the other hand. In particular,
the presentation proceeds from a consistent biphasic TPM model in the realm of a geo-
metrically and materially nonlinear description, which in a modular, nevertheless, general
manner mimics all relevant habits of cartilaginous tissues. At this, polyconvex Ogden-
type material formulations build the corner stone for the description of the anisotropic,
collagen-reinforced, and intrinsically viscoelastic behavior of the extracellular solid ma-
trix. The finite solid viscoelasticity model proceeds from a differential representation on
the basis of the generalized Maxwell body as rheological analog. Moreover, other features
such as a deformation-dependent permeability, the possibility to consider inhomogeneities
like varying collagen-fiber alignment and behavior, as well as basic osmotic effects are also
included. Accordingly, any complexity level concerning the mechanical behavior of the
solid skeleton, i. e., viscoelasticity, elasticity, and anisotropy is possible. However, in view
of the fact that the model is to be used on complex anatomic geometries in combination
with other materials (e. g. hard bone tissue), simplifications are accepted regarding the
electro-chemical coupling phenomena. Based on the assumption that biological tissues
are instantaneously in chemical equilibrium (Lanir’s assumption), the separate consider-
ation of ion diffusion and the electric potential as in Chapter 5 is not required. Thus, a
biphasic description suffices as the osmotic pressure can be determined depending on the
salt concentration of the external solution and the deformation state of the tissue.

Finally, the human intervertebral disc is chosen as a representative for complex soft bio-
logical tissue behavior. In this regard, two numerical examples are presented with focus
on the viscoelastic and osmotic capacity of the model. In regard of accuracy and stability
issues, such a nonlinear and inelastic analysis is best performed by an implicit monolithic
solution algorithm in combination with an efficient solver that exploits the capabilities
of modern hardware architectures, cf. Section 1.2. Moreover, the fully coupled approach
negates the need to transfer data from one solver to another, which helps to achieve good
scalability on parallel systems. The procedure is also beneficial in the considered case of
viscoelastic skeleton properties since the elaborate implicit Runge-Kutta (IRK) methods
applied for the time stepping of the global FE system can as well be used for the time
integration of the associated viscous rate equations, which are commonly evaluated at
integration point level. In fact, as briefly addressed in Section 2.2.2, inelasticity can also
be viewed as an inherent multi-field problem closely intertwined with the FE system.
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SUMMARY

Proceeding from the governing equations describing a saturated poroelastic material with in-
trinsically incompressible solid and fluid constituents, we compare the monolithic and splitting
solution of the different multi-field formulations feasible in porous media dynamics. Due to the
inherent solid-fluid momentum interactions, one is concerned with the class of volumetrically
coupled problems involving a potentially strong coupling of the momentum equations and the
algebraic incompressibility constraint. Here, the resulting set of differential-algebraic equations
(DAEs) is solved by the Finite Element Method (FEM) following two different strategies: (1)
an implicit monolithic approach, where the equations are first discretized in space using stable
mixed finite elements and second in time using stiffly accurate implicit time integrators; (2) a
semi-explicit-implicit splitting scheme in the sense of a fractional-step method, where the DAEs
are first discretized in time, split using intermediate variables, and then discretized in space
using linear equal-order approximations for all primary unknowns. Finally, a one- and a two-
dimensional wave propagation example serve to reveal the pros and cons in regard to accuracy
and stability of both solution strategies. Therefore, several test cases differing in the used multi-
field formulation, the monolithic time-stepping method, and the approximation order of the
individual unknowns are analyzed for varying degrees of coupling controlled by the permeability
parameter. In the end, we provide a reliable recommendation which of the presented strategies
and formulations is the most suitable for which particular dynamic porous media problem.

4.1 Introduction

The mechanical behavior of saturated porous solids, such as geomaterials like soil, is
largely governed by the mutual interaction between the solid skeleton and the pore fluid.
This interaction is particularly strong in dynamic problems and in the case of soils may
lead to hazardous softening of the material known as liquefaction which is caused by a
destabilizing pore-pressure increase and frequently occurs under earthquake loading. In
essence, saturated porous materials represent biphasic aggregates consisting of interplay-
ing solid and fluid constituents with individual states of deformation. Such multi-phase
materials can properly be described within the thermodynamical consistent Theory of
Porous Media (TPM) where all constituents are assumed to simultaneously occupy the
spatial points in a representative elementary volume (REV). Hence, choosing the REV in a
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way that allows the macroscopic characterization of the material, the averaged treatment
of physical field variables in the TPM yields a volume-coupled continuum formulation.
This is accomplished by recourse to Bowen’s Theory of Mixtures (TM) [11] and the con-
cept of volume fractions [58], where Drumheller [26] seems to be the first who applied
this idea for the description of an empty porous medium. Later, Bowen [12, 13] extended
this approach to fluid-saturated porous solids considering both compressible and incom-
pressible constituents. Subsequent developments were mainly driven by geomechanical
problems and have substantially been contributed by the works of de Boer and Ehlers,
see [7, 27] for detailed references. It is worth mentioning that independent of these de-
velopments, the TM early found application also in other disciplines such as soft tissue
biomechanics [47].

An alternative phenomenological approach that originates more from engineering deduc-
tion rather than from thermodynamic evaluation goes back to the pioneering works of
Biot [5, 6], who described saturated soil as a binary porous medium and identified the
coupling terms between the solid and the fluid phase under static and dynamic loading.
In fact, Biot’s Theory (BT) is basically confirmed by Bowen’s TM and serves as the basis
for a lot of research works on the general behavior of saturated and partially saturated
porous materials, see Coussy [22] for particulars. It is interesting to note that under linear
model assumptions, the TPM and BT proceed from almost identical governing equations
except for some constitutive details [29, 55].

In regard to saturated porous media dynamics, the theoretical modeling and the numerical
treatment have considerably been put forward by Zienkiewicz and coworkers [60, 61, 64],
but also by Diebels & Ehlers [24], Breuer [15], and Li et al. [42] to name but a few.
Analytical solutions for one-dimensional (1-d) wave propagation in saturated poroelastic
media are given in [9, 53]. A recent review on poroelastodynamics can be found in Schanz
[54].

Independent of the origin of the equations, the volume-averaged solid-fluid interaction in
the biphasic macro model is described by a mutual momentum exchange resulting in a
coupled set of conservation laws formulated either for the individual constituents or the
entire mixture. However, against the background of an accurate and stable numerical
solution of the multi-field problem, the choice of the primary variables and the associated
conditional balance relations is neither evident nor unique. Commonly, so-called u-v-p,
u-w-p, or reduced u-p formulations1 are used which proceed from slightly different sets
of governing partial differential equations (PDEs). Here, without at first insisting on a
preferred formulation, we will start with the natural set of PDEs, namely the partial
solid and fluid momentum balances and the volume balance of the mixture representing a
continuity-like constraint for the considered saturated porous medium with incompressible
constituents. Necessary modifications and possible variations will be discussed in the
framework of the numerical solution procedure, where the Finite Element Method (FEM)
is used as a convenient technique for the treatment of coupled problems, cf. [41]. In doing
so, the spatial FE discretization of the general three-field (u-v-p or u-w-p) variational
problem yields a stiff system of differential-algebraic equations (DAEs) in time. In fact,

1 The abbreviations indicate the primary unknowns of the problem: u = solid displacement, v = fluid
velocity, w = seepage velocity, p = pore-fluid pressure.



4.1 Introduction 79

the semi-discrete volume balance as an algebraic side condition makes the problem ill-
conditioned in a computational sense. In the literature, several works exist, however,
mainly related to fluid-structure interaction, where coupled equation systems are defined
or classified and suitable solution procedures are introduced, see, e. g., [31, 46].

In this contribution, two solution strategies for the strongly coupled dynamic problem
are presented and compared, viz. a monolithic and a splitting solution scheme. In the
monolithic approach, the system of equations is solved by one common strategy, where first
the spatial FE discretization is carried out as described before yielding a time-continuous
DAE system with a singular generalized mass matrix. Thus, only implicit time-integration
schemes are appropriate, which in addition must account for the stiffness of the coupled
equation system. This is accomplished by an efficient diagonal implicit Runge-Kutta
(DIRK) time-stepping algorithm, for which different stiffly accurate integration rules are
discussed. For more details on the solution of DAE systems in general and those arising
from porous media problems in particular, see [25, 30, 35] and the quotations therein. One
of the major disadvantages of the implicit monolithic procedure is the crucial requirement
of stable mixed finite element formulations in order to avoid oscillations in the pressure
variable originating from the inherent algebraic equations. In fact, the mixed elements
must fulfill the Ladyzhenskaya-Babuška-Brezzi (LBB) condition [14, 16, 48] or the patch
test of Zienkiewicz et al. [63].

The second strategy is out of the popular class of operator-splitting techniques, for which
several aliases exist, e. g., fractional-step, projection, and pressure-correction method. The
basic idea is to decouple the unfavorable volume balance from the momentum equations
by advancing each time step via intermediate steps, which allows to separate the pore
pressure solution from the kinematical unknowns, thereby providing stability. This de-
mands the discretization in time to be carried out before that in space, but permits a
continuous and equal-order interpolation of all primary variables. For the considered dy-
namic problem, we proceed from a semi-explicit-implicit approach, in which some of the
advantages of the pure explicit and pure implicit schemes are realized and the disadvan-
tages are reduced. However, due to the explicit steps, the method is only conditionally
stable with the time-step size restricted by the Courant-Friedrichs-Lewy (CFL) condition
[21], which depends on the mesh size and the wave speed in the considered medium. One
of the first semi-explicit-implicit methods has been proposed by Chorin [20] followed by
manifold enhancements in order to solve the incompressible Navier-Stokes equations in
computational fluid dynamics (CFD). In this regard, we refer to the works of van Kan
[56], Prohl [50], Rannacher [51], and Gresho & Sani [33]. Meanwhile, the splitting schemes
have also been adopted by Zienkiewicz et al. [62] for the solution of saturated soil dy-
namic problems, where several solution algorithms have been proposed for the reduced
u-p formulation. In particular, they differ in the way the pressure variable is treated in
the split equations from a conditionally stable explicit to a stabilized implicit manner, see
[38, 39] for details.

For the sake of completeness, we additionally refer to another class of solution proce-
dures that are applied to porous media dynamics, viz. the time- and coupled space-time
discontinuous Galerkin methods, which, however, seem not to be widespread. In fact,
such methods are able to reproduce physically discontinuous phenomena occurring in
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pore-fluid flow problems and show a wide potential to develop both coupled space-time
adaptive strategies and simple decoupled adaptive methods based on residual- and/or
gradient-based error estimation techniques, cf. [18, 19].

In summary, this chapter discusses the numerical solution of strongly coupled DAE sys-
tems arising from dynamic saturated porous media models with incompressible solid and
fluid constituents. Without any limitations on the permeability controlling the strength of
coupling, our investigations proceed from a general three-field (u-v-p) formulation based
on the Theory of Porous Media. For convenience, the presentation is restricted to linear
elastic skeleton properties and lingering flow conditions in the realm of a geometrically
linear theory. The numerical treatment is based on a Galerkin variational finite element
formulation of the governing balance relations. At this, particular focus is drawn to the
structure of the resulting space-discrete DAE system and the inherent coupling terms,
where modifications in the set of equations and primary unknowns are discussed con-
cerning their influence on the numerical solution behavior. In this regard, two types of
solution strategies with associated algorithms are presented: (1) an implicit monolithic
scheme, where a stiffly accurate DIRK time-stepping algorithm is applied to the different
semi-discrete formulations based on an equal- or mixed-order interpolation of the respec-
tive unknowns; (2) a semi-explicit-implicit splitting scheme which is realized in form of a
predictor-corrector algorithm proceeding from a uniform linear FE approximation of the
unknowns. Then, on the basis of two canonical wave propagation examples, we compile
a comprehensive comparison of the accuracy and stability habits of the given algorithms
and formulations for large and small values of the permeability parameter. As far as the
authors are aware, neither a detailed discussion of monolithic and splitting solutions ap-
plied to the general three-field formulation nor a quantitative comparison of these methods
and formulations exists in the related literature. In conclusion, our investigations clearly
expose the merits and drawbacks of the presented approaches and provide a valuable de-
cision support to find the appropriate solution strategy for a particular dynamic porous
media problem.

To give an overview, in Section 2, the basics of the biphasic TPM model and the govern-
ing equations are presented. Section 3 is concerned with the variational formulation and
the spatial semi-discretization by use of the FEM. The major contribution is in Section
4, which is devoted to the time discretization of the coupled problem giving a detailed
description of the monolithic and splitting solution algorithms. The presented formula-
tions and solution schemes are compared in Section 5 on a 1-d and 2-d wave propagation
example followed by the conclusions in the last section.

4.2 Theoretical Basics

In preparation for a comprehensible introduction of the numerical solution procedures for
dynamic porous media problems, some fundamentals of multiphasic continuum theories
are briefly recapitulated including the basic concepts of the TPM approach, the mixture
kinematics, and the governing balance and constitutive relations required in the sequel.
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4.2.1 Theory of Porous Media (TPM)

For the purpose of this work but without loss of generality, we study the dynamic ex-
citation of a biphasic porous body consisting of a solid skeleton saturated by a single
interstitial fluid (pore fluid). The theoretical framework is provided by the macroscopic
Theory of Porous Media (TPM), where a biphasic porous body is treated as a de facto
immiscible mixture ϕ of superimposed and interacting solid and fluid constituents ϕα

(α = S : solid skeleton; α = F : pore fluid). In the macroscopic model, ϕ = ϕS ∪ ϕF , the
incorporated physical quantities are then understood as the local averages of their micro-
scopic representatives, and the microstructural composition of the mixture is captured by
local volumetric ratios (Figure 4.1). In particular, the volume fractions nα := dvα/dv of
ϕα are defined as the local ratios of the partial volume elements dvα with respect to the
bulk volume element dv of ϕ. Apparently, assuming fully saturated conditions implies
the saturation constraint to hold:

∑

α

nα = nS + nF = 1 with

{
nS : solidity ,
nF : porosity .

(4.1)

Here, we additionally proceed from 0 < nα < 1, i. e., the transition of ϕ to a singlephasic
material (pure solid or fluid) is not considered. The introduction of the nα is furthermore
associated with two density functions, namely a material (effective or intrinsic) density
ραR and a partial density ρα relating the local mass of ϕα to the partial or the bulk volume
element, respectively. It is easily concluded that ρα = nαραR, which underlines the general
compressibility of porous solids through possible changes of the volume fractions.

mixture theory

homogenized model

concept of volume fractions

REV

microstructure

dv

dvF

dvS





biphasic

ϕ = ϕS ∪ ϕF

macro model

Figure 4.1: REV with the granular microstructure of sand and the biphasic TPM macro
model.

4.2.2 Mixture Kinematics

Concerning the kinematics of mixtures, the idea of superimposed and interacting continua
implies that, starting from different reference positions Xα at time t0, each constituent is
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supposed to follow its unique individual Lagrangean (material) motion function χα and
has its own velocity and acceleration fields, viz.:

x = χα(Xα, t) ⇔ Xα = χ−1
α (x, t) , vα :=

′
xα =

dαx

dt
, (vα)′α =

′′
xα =

d2
αx

dt2
. (4.2)

Therein, supposing that χα is a local diffeomorphism, χ−1
α represents the inverse (Eulerian

or spatial) motion function and

( q )′α :=
dα( q )

dt
=
∂ ( q )

∂ t
+ grad ( q )vα with grad ( q ) =

∂ ( q )

∂x
(4.3)

indicates the material time derivative following the motion of ϕα. By virtue of (4.2)1,
each spatial point x of the current configuration at time t is simultaneously occupied by
material points of both constituents reflecting the overlay of the partial continua (Figure
4.2).

χS(XS , t)

χF (XF , t)

(t0) (t)

O

PS,PF

PS

PF

XS

XF

x

dVS

dVF

dv

B0 B

Figure 4.2: Motion of a biphasic mixture. dVα := dv0α is the reference bulk volume element
with respect to an arbitrary initial state of the motion of ϕα at time t0.

In porous media theories, it is moreover convenient to proceed from a Lagrangean descrip-
tion of the solid matrix via the solid displacement uS and velocity vS as the kinematical
variables. However, the pore-fluid flow is expressed either in a modified Eulerian setting
via the seepage velocity vector wFR describing the fluid motion relative to the deforming
skeleton or by using the fluid velocity vF itself. In detail, we have

uS = x − XS , vS = (uS)′S =
′
xS , vF =

′
xF , wFR = vF − vS . (4.4)

4.2.3 Governing Balance and Constitutive Relations

With regard to a clear and concise representation, the biphasic model excludes thermal
effects as well as any mass exchanges (inert ϕα) and proceeds from intrinsically incompress-
ible constituents associated with ραR = const. In particular, the arising purely mechanical
binary model is governed by the following constituent balance equations ∀ x ∈ B and
α = {S, F}:
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� Partial mass balance −→ partial volume balance:

(ρα)′α + ρα div vα = 0 −→ (nα)′α + nα div vα = 0 , (4.5)

� Partial momentum balance:

ρα(vα)′α = div Tα + ρα b + p̂α . (4.6)

Herein, proceeding from materially incompressible ϕα, the mass balance degenerates to a
volume balance as (nαραR)′α = (nα)′α ρ

αR due to (ραR)′α ≡ 0. In (4.6), Tα = (Tα)T is the
symmetric partial Cauchy stress assuming non-polar materials and b is the mass-specific
body force (here: constant gravitational acceleration) acting on the mixture. Moreover,
p̂α denotes the direct momentum production which can be interpreted as the volume-
specific local interaction force between the percolating fluid and the solid skeleton, where,
proceeding from a closed mixture system, p̂S + p̂F = 0 must hold due to the overall
conservation of momentum. From (4.5)2 with α = S, one directly obtains the solidity as
a secondary variable by analytical integration:

(nS)′S = −nS div vS −→ nS = nS
0S detF−1

S ≈ nS
0S (1 − div uS) . (4.7)

Therein, nS
0S denotes the initial volume fraction of ϕS at time t0 and FS = ∂x/∂XS is the

solid deformation gradient. The second identity is valid in the geometrically linear case.

To continue, according to the principle of effective stresses, see [8] for references, Tα

and p̂F are split into effective field quantities, the so-called extra terms indicated by the
subscript ( q )E , and parts that are governed by the excess pore-fluid pressure p:

Tα = Tα
E − nαp I , p̂F = p̂F

E + p gradnF (4.8)

with I as the 2nd-order identity tensor. Actually, (4.8) can be deduced from thermody-
namic considerations, where p enters the entropy principle for mixtures as a Lagrangean
multiplier to preserve the saturation constraint (4.1) in the sense of a penalty per violation
of a continuity-like condition. More precisely, the volume balance of the incompressible
biphasic model,

−(nS + nF )′S = div (nSvS + nFvF ) = div (vS + nFwFR) = 0 , (4.9)

takes over the role of an algebraic constraint of the coupled problem noting that

( q )′S = ( q )′F − grad ( q ) · wFR . (4.10)

Next, against the background of a thermodynamically consistent model, admissible consti-
tutive equations for the response functions Tα

E and p̂F
E must be provided. For convenience,

confining to the small strain regime, the solid extra stress is determined by the Hookean
elasticity law,

TS
E = 2µS εS + λS (εS · I) I with εS = 1

2
(graduS + gradTuS) (4.11)



84 4 Monolithic vs. Splitting Solutions in Porous Media Dynamics

as the geometrically linear solid strain tensor and µS and λS as the macroscopic Lamé
constants of the porous solid matrix. Moreover, it follows from a dimensional analysis
that in a macroscopic porous media approach div TF

E ≪ p̂F
E (cf. [44]), i. e., TF

E can a priori
be neglected such that TF = −nFp I. Then, assuming isotropic, lingering flow conditions
at low Reynolds numbers, the percolation process is appropriately described by a linear
filter law (Darcy’s law) which can be traced back to the simple but thermodynamically
consistent ansatz

p̂F
E = −(nF )2 γFR

kF
wFR , (4.12)

where kF > 0 denotes the conventional hydraulic conductivity (Darcy permeability) in
m/s and γFR = ρFRg is the effective fluid weight with g = |b| = const. as the scalar
gravitational acceleration. For continuative details see, e. g., [27] and the quotations
therein.

In summary, inserting the above constitutive relations into (4.6) and using (4.10) to
express the material time derivatives with respect to the solid motion, one obtains the
natural set of coupled partial differential equations for the determination of the fields
uS,vS,vF , and p:

� Solid displacement-velocity relation:

(uS)′S = vS , (4.13)

� Solid momentum balance:

ρS(vS)′S = div (TS
E − nSp I) + ρS b +

(nF )2 γFR

kF
wFR − p gradnF , (4.14)

� Fluid momentum balance:

ρF (vF )′S + ρF (gradvF )wFR = −nF grad p+ ρF b − (nF )2 γFR

kF
wFR , (4.15)

� Mixture volume balance:
div (vS + nFwFR) = 0 . (4.16)

Please note that depending on the choice of the primary unknowns, this set of equations is
referred to as uS-vF -p or uS-wFR-p formulation. Thus, vS(uS) as well as TS

E(uS), nS(uS),
nF (uS), and wFR(vF ) or vF (wFR), respectively, represent secondary variables.

In this context, it is worth mentioning that the general three-field description in some cases
may be boiled down to a special bivariate formulation. For low and moderate frequencies,
say below about 30 Hz2, it is particularly for geomechanical problems convenient to assume
the fluid acceleration almost identical to the solid acceleration, (vF )′S ≈ (vS)′S, i. e.,

2 Biot [6, Eq. (6.11)] introduced a critical frequency depending on the pore-fluid properties and the size
of the pores in order to distinguish the low from the higher frequency range. Roughly speaking, as
long as the apparent wavelength is considerably larger than the pore size, we are in the low frequency
range associated with Poiseuille-type flow on the microscale.
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(wFR)′S ≈ 0, and revert instead to a simpler consolidation model based on the primary
unknowns uS and p, thereby accepting some additional error [41, 61]. In this case, the
fluid momentum balance (4.15) just serves as an explicit equation for the filter velocity
nFwFR which is then substituted into the other balances. In doing so, (4.14–4.16) are
replaced by:

� Modified solid (or mixture) momentum balance:

(ρS + ρF )(vS)′S = div (TS
E − p I) + (ρS + ρF )b , (4.17)

� Modified mixture volume balance:

div
(
vS − kF

g
[(vS)′S − b]

)
− kF

γFR
∆p = 0 . (4.18)

Therein, ∆( q ) = div grad ( q ) denotes the Laplace operator and the convective term and
the porosity gradient were neglected as usual in linear analysis (cf. Section 4.4.1). In fact,
for low permeability conditions with the pore fluid almost trapped in the solid matrix,
this is a reasonable possibility to reduce the number of unknowns. Nevertheless, here
we will proceed with the more general three-field description but the presented solution
procedures can in the same way be applied to the simpler uS-p formulation.

4.3 Weak Formulation and Spatial Discretization

4.3.1 Governing Weak Formulations

Following the idea of the FEM, (4.13 – 4.16) are transferred to weak formulations, where
the weak form of (4.13) is merely introduced for a coherent representation of the subse-
quent discretization procedure. Therefore, the balance relations are weighted by indepen-
dent test functions and integrated over the spatial domain Ω occupied by the mixture
body B. As usual, the surface Γ = ∂Ω is split into a Dirichlet (essential) and a Neumann
(natural) boundary yielding Γ = ΓuS

∪ ΓtS and Γ = ΓvF
∪ ΓtF for the solid and fluid

momentum balances, and Γ = Γp ∪ Γv for the mixture volume balance. Then, applying
the product rule and the Gaußian integral theorem, one obtains the weak forms as

G(vS)(δuS,uS,vS) ≡
∫

Ω

δuS · [(uS)′S − vS] dv = 0 , (4.19)

GuS
(δuS,uS,vS,vF , p) ≡

∫

Ω

grad δuS · (TS
E − nSp I) dv −

∫

Γ
tS

δuS · tS da+

+

∫

Ω

δuS ·
{
nSρSR [(vS)′S − b] − (nF )2 γFR

kF
(vF − vS) + p gradnF

}
dv = 0 ,

(4.20)

GvF
(δvF ,uS,vS,vF , p) ≡ −

∫

Ω

div δvF n
Fp dv −

∫

Γ
tF

δvF · tF da+

+

∫

Ω

δvF ·
{
nFρFR [(vF )′S − b +

(
gradvF +

nF g

kF
I
)
(vF − vS)]

}
dv = 0 ,

(4.21)
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Gp(δp,vS,vF ) ≡
∫

Ω

δpdiv vS dv−
∫

Ω

grad δp ·nF (vF −vS) dv+

∫

Γv

δp v da = 0 . (4.22)

Herein, δuS, δvF , and δp are the test functions which can be interpreted as virtual fields
corresponding to the primary variables uS, vF , and p. In this context, note that uS = uS

on ΓuS
, vF = vF on ΓvF

, and p = p on Γp exactly fulfill the Dirichlet boundary conditions,
whereas the test functions δuS, δvF , and δp identically vanish on Dirichlet boundaries.
Moreover, tS = (TS

E − nSp I)n and tF = −nF pn are the external solid and fluid load
vectors acting on the Neumann boundaries ΓtS and ΓtF with outward-oriented unit surface
normal n, and v = nF wFR · n denotes the volume efflux of the incompressible fluid
draining through the Neumann boundary Γv of the mixture body. In this context, it
seems at first sight to be more convenient to proceed also from the momentum balance
of the whole mixture instead of using (4.20) as the surface traction t = tS + tF would
then concurrently act on both the solid and the fluid phase such that no separation of the
boundary conditions is needed. However, in this case, the mass matrix of the semi-discrete
system contains additional off-diagonal elements, which causes additional complexities and
expenses when splitting solution schemes are to be used. Here, we substitute tS = t− tF

in (4.20) noting that tF = tF (uS, p) represents an implicit boundary term which depends
on the solution of the coupled problem. It is moreover apparent that in the case of a
fully drained boundary tF ≡ 0 as p ≡ 0 on that boundary. It should also be noted that
the boundary conditions in general cannot be chosen independent from each other as on
overlapping boundaries, such as Γp ∩ ΓtF , the related Dirichlet and Neumann boundary
conditions must be compatible.

Next, for the sake of a clear and compact representation, the weak formulations (4.19 –
4.22) are collected in a function vector Gu and the unknown field variables are summarized
in a vector of unknowns u = u(x, t):

Gu =




G(vS)

GuS

GvF

Gp


 , u =




uS

vS

vF

p


 , δu =



δuS

δvF

δp


 , (u)′S =




(uS)′S
(vS)′S
(vF )′S
(p)′S


 , u0 =




uS0

vS0

vF0

p0


 . (4.23)

In this connection, one additionally introduces the corresponding vector of test functions
δu, the solid time derivative of the vector of unknowns (u)′S, and its initial value u0 =
u(x, t0). Actually, vS = (uS)′S will be strongly fulfilled and, just as the terms in (u)′S,
represents as secondary variable no additional degree of freedom (DOF) in the proper
sense of a weak formulation. They only serve to transform the global set of equations
into a system of first-order differential equations in time. Consequently, the three-field
variational problem (uS-vF -p formulation) can be rewritten in abstract form as follows:

Find u ∈ Su(t) such that Gu(δu,u) = 0 ∀ δu ∈ Tu, t ∈ [t0, T ] . (4.24)

Herein, Su(t) is the trial space for the external variables u, Tu is the test space for the
corresponding test functions δu, and [t0, T ] is the considered time interval. Without going
into mathematical details, the function spaces Su and Tu must be chosen in such a way
that the integrals involved in the definition of Gu ‘make sense’.
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4.3.2 Finite Element Discretization

Now, for the solution of the variational problem (4.24), the Finite Element Method (FEM)
is applied. Therefore, the spatial domain occupied by the mixture body B is subdivided
into Ne finite elements yielding an approximation of the continuous domain Ω by the
discrete domain Ωh. This spatial semi-discretization yields a finite element mesh with
Nx nodes for the geometry approximation, on which the following discrete trial and test
functions are defined:

uh(x, t) = uh(x, t) +
Nu∑

i=1

Nu(i)(x) u(i)(t) ∈ Sh
u(t) ,

δuh(x) =
Mu∑

i=1

Mu(i)(x) δu(i) ∈ T h
u .

(4.25)

Therein, uh represents the approximated Dirichlet boundary conditions of the considered
problem, Nu denotes the number of FE nodes used for the approximation of the respective
fields in u, and Nu(i) represents the global basis functions at node i which depend only on
the spatial position x, whereas the degrees of freedom u(i) are the time-dependent nodal
coefficients. Moreover, Mu is the number of FE nodes used for the test functions δuS,
δvF , and δp, respectively, Mu(i) denotes the global basis functions, and δu(i) represents
the corresponding nodal values of the test functions. Furthermore, Sh

u(t) and T h
u are the

discrete, finite-dimensional trial and test spaces. In this context, the Bubnov-Galerkin
procedure is applied using the same basis functions Nu(i) ≡ Mu(i) for the approximation
of u and δu, which implies that the trial and test spaces coincide except for the shift
through the Dirichlet boundary conditions Sh

u(t) = uh + T h
u . However, the individual

approximation spaces usually differ in the sense of a mixed method meaning that in
general not all interpolation functions Nu(i) coincide.

To continue, in the course of the FE discretization, the semi-discrete FE-Galerkin formu-
lation of the variational problem (4.24) reads:

Find uh ∈ Sh
u(t) such that G

h
u(δuh,uh) = 0 ∀ δuh ∈ T h

u , t ∈ [t0, T ] . (4.26)

To complete the spatial discretization procedure, the discrete trial and test functions
must be specified by choosing an appropriate mixed finite element formulation. However,
the suitable choice in regard to accuracy, stability, and computational costs is by no
means trivial. Actually, it depends, inter alia, on the applied time-stepping algorithm and
will therefore be revisited later. For some general particulars on mixed methods, where
multiple discretization spaces are used to approximate the multiple primal variables of a
problem, we refer to [1, 10, 14, 16, 33] among others.

4.4 Time Discretization of the Coupled Problem

A system of equations which consists of two or more interconnected subsystems, where
an independent solution of any subsystem is impossible without simultaneous solution of
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the others is called a coupled system. The coupling can be classified from weak to strong
depending on the degree of subsystem interaction [46, 66], where a coupling is commonly
regarded as strong if the solution depends significantly on the accuracy of the coupling
term calculation [41]. In this context, an obvious coupled problem is that of dynamics
in saturated porous materials, where neither the fluid nor the solid motion can be solved
independently due to the mutual momentum exchanges governed by (4.12).

4.4.1 The Time-Continuous Coupled Problem

To make the inherent coupling of the problem more visible, we first rewrite (4.26) in
descriptive matrix form. Therefore, (4.25) is given in a shortened representation using
the following abbreviations for the approximated fields and related quantities:

uh =




U uS

U vS

V vF

P p


 , (uh)′S =




U u̇S

U v̇S

V v̇F

P ṗ


 , grad uh =




∇U uS

∇U vS

∇V vF

∇P p


 ,

δuh =




U δuS

V δvF

P δp


 , grad δuh =



∇U δuS

∇V δvF

∇P δp


 .

(4.27)

Herein, U ,V ,P represent the interpolation functions corresponding to the nodal un-
knowns of the FE mesh uS, vS = u̇S, vF , and p with associated test functions δuS, δvF ,
and δp. Moreover, we define ( q )̇ := ( q )′S and ∇( q ) := grad ( q ). Note that the Dirichlet
boundary conditions uh in (4.25) are explicitly fulfilled during the assembling of the FE
system and need not to be considered in the sequel. Thus, the space-discrete system
(4.26) yields in matrix form

G
h
u =




I 0 0 0
0 M22 0 0
0 0 M33 0
0 0 0 0




︸ ︷︷ ︸
M




u̇S

v̇S

v̇F

ṗ




︸ ︷︷ ︸
ẏ

+




0 −I 0 0
K21 K22 K23 K24

0 K32 K33 K34

0 K42 K43 0




︸ ︷︷ ︸
K




uS

vS

vF

p




︸ ︷︷ ︸
y

−




0
b2 + fS

b3 + fF

fp




︸ ︷︷ ︸
f

= 0 .

(4.28)
Herein, the semi-discrete momentum balances build the first two differential subsystems
(2nd and 3rd row), whereas the mixture volume balance (4th row) enters (4.28) as an
algebraic subsystem leading to a system of coupled differential-algebraic equations (DAEs)
in time. It is quite evident that the stiffness submatrices Kij can easily be distinguished
into coupling terms (highlighted) and non-coupling or internal terms. Focusing on the



4.4 Time Discretization of the Coupled Problem 89

coupling expressions only, they read:

K23 = −
∫

Ωh

UT (nF )2 γFR

kF
V dv , K24 = −

∫

Ωh

∇UTnSP dv ,

K32 = −
∫

Ωh

V T (nF )2γFR

kF
U dv , K34 = −

∫

Ωh

∇V TnF P dv ,

K42 =

∫

Ωh

P T ∇U dv +

∫

Ωh

∇P TnFU dv , K43 = −
∫

Ωh

∇P TnF V dv .

(4.29)

It is obvious that the subsystem interaction is very sensitive to changes in the permeability
parameter, where small values of kF provoke a strong coupling and increase the stiffness
of the problem. The remaining terms are not directly affected by rough parameter values
and in the geometrically linear regime are only subjected to mild changes. In this regard,
by virtue of (4.7)2 with uS := ǫuS and small values ǫ ≥ 0, we have nα(uS) ≈ nα

0S =
const., gradnα ≈ 0, and thus, no direct contribution to K. By the same arguments,
the nonlinear convective term gradvF (vF − vS) is omitted, which actually corresponds
to a formal linearization of the model. Essentially, it is convenient to consider M and
K as almost constant under infinitesimal conditions being aware of the fact that they in
general are implicit functions of the nodal unknowns. Moreover, in (4.28), K21 contains
the constant elastic solid tangent, K22,K33 and M22,M33 are non-coupling stiffness and
mass submatrices, b2, b3 represent the apparent body force contributions, and fS,fF ,fp

are the space-discrete Neumann boundary terms.

Next, in preparation for the time discretization, let y = [uS, vS, vF ,p]T ∈ R
m with m =

dim(y) represent all nodal degrees of freedom u(i)(t) of the FE mesh (recall (4.25)). Then,
the DAE system (4.28) takes the abstract form

F (t,y, ẏ) ≡ G
h
u(t,y, ẏ) ≡ M ẏ + K y − f

!
= 0 (4.30)

with M and K as generalized mass and stiffness matrices, and f as generalized external
force vector. In the considered case of a materially incompressible description, M (and
for the moment also K) does not possess the full rank as no evolution equation for the
pore pressure exists and, as a consequence, M has no entry corresponding to ṗ (algebraic
coupling). Accordingly, an explicit monolithic solution is not possible such that proceeding
from a strongly coupled problem (realistic values 0 < kF ≪ 1 provided) only some implicit
monolithic or splitting time integration scheme is appropriate. Following this, for the
solution of the time-continuous initial-value problem

Find y(t) ∈ R
m such that F

[
t,y, ẏ

]
= 0 , y(t0) = y0 ∀ t ∈ [t0, T ] (4.31)

the considered time interval is divided into a finite number of subintervals [tn, tn+1] with
time-step size ∆tn = tn+1 − tn > 0, on which (4.31) is successively solved according to the
time-stepping algorithms discussed in the following subsections.
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4.4.2 Implicit Monolithic Time-Integration Scheme

In (4.28), the algebraic equation, i. e., the space-discrete volume balance, is independent
of the pressure variable. This causes problems for the monolithic time integration as it
makes (4.28) a DAE system of higher differential index [30]. An order reduction to an
index-1 DAE is achieved by solving the fluid momentum balance (4.15) with respect to
the filter velocity nFwFR on the right hand side and replacing it into the weak form of
the mixture volume balance (4.22) yielding

Gp(δp,vS,vF , p) ≡
∫

Ω

δp div vS dv +

∫

Γv

δp v da+

+

∫

Ω

grad δp · k
F

g

( 1

ρFR
grad p+ (vF )′S − b

)
dv = 0 ,

(4.32)

where the convective term was directly omitted. Moreover, the fluid traction tF = −nFpn

in the boundary term of the solid momentum balance tS = t − tF is treated implicitly
within the domain and, as before, the fluid momentum balance (4.15) is inserted such
that (4.20) yields the suitable form of a (‘convectiveless’) mixture momentum balance:

GuS
(δuS,uS,vS,vF , p) ≡

∫

Ω

grad δuS · (TS
E − p I) dv −

∫

Γ
tS

δuS · t da+

+

∫

Ω

δuS ·
{
nSρSR [(vS)′S − b] + nFρFR [(vF )′S − b]

}
dv = 0 .

(4.33)

This manipulation removes the destabilizing off-diagonal entry K23 containing the factor
1/kF , which has a favorable effect on the condition of the system. In fact, proceeding
with the original solid momentum balance (4.20) would yield oscillations and even wrong
numerical solutions of the pressure field for low values of the permeability (see Section
4.5). Note that (4.33) could also be directly achieved by first adding the solid and fluid
momentum balances (4.14) and (4.15) and then building the weak form (cf. [24]). The
resulting changes to the structure of the DAE system are again best displayed in matrix
form,

G
h
u =




I 0 0 0
0 M22 M23 0
0 0 M33 0
0 0 M43 0




︸ ︷︷ ︸
M




u̇S

v̇S

v̇F

ṗ




︸ ︷︷ ︸
ẏ

+




0 −I 0 0
K21 0 0 K24

0 K32 K33 K34

0 K42 0 K44




︸ ︷︷ ︸
K




uS

vS

vF

p




︸ ︷︷ ︸
y

−




0
b2 + fS

b3 + fF

b4 + fp




︸ ︷︷ ︸
f

= 0 ,

(4.34)
where the new or modified terms are highlighted. The affected coupling submatrices read:

M23 =

∫

Ωh

UTnFρFRV dv , M43 = −
∫

Ωh

∇P T k
F

g
V dv ,

K24 = −
∫

Ωh

∇UT P dv , K42 =

∫

Ωh

P T ∇U dv , K44 =

∫

Ωh

∇P T kF

γFR
∇P dv .

(4.35)
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In this regard, it is worth mentioning that a change in the primary unknowns from vF to
wFR would, on the one hand, further ‘enhance’ the generalized stiffness matrix in (4.34) as
1/kF then solely occurs in the diagonal term K33. However, on the other hand, this would
yield additional entries M32 and M42 in the generalized mass matrix, where it is observed
that the uS-wFR-p formulation is more vulnerable to instabilities in the pressure variable.
In fact, M42 depends on kF yielding an additional source for instabilities particularly
under high permeability conditions if marginally stable time integrators are used (see
Section 4.5 and also [49]). Therefore, we stick to the presented uS-vF -p formulation and
keep tabs on the 1/kF expression in K32.

Coming back to the spatial semi-discretization, the simultaneous approximation of the
primary unknowns uS, vF , and p entails the usage of the mixed FEM, which is known
to exhibit a great robustness with respect to the roughness of the coefficients of the
equations. However, the considered three-field variational principle yields a saddle-point
problem rather than an extremal problem. More precisely, the minimization of the en-
ergy functionals is subject to a side condition, namely the saturation constraint in form of
the volume balance, such that the space-discrete system is indefinite, which excludes the
direct application of standard solution methods. To furthermore overcome the instabil-
ity problem of mixed formulations [1], i. e., to avoid non-physical oscillations in the pore
pressure caused by spurious pressure modes [16], in case of the monolithic solution, we
choose Taylor-Hood-like elements with a quadratic approximation of uS and vS and linear
approximations of vF and p which fulfill the discrete version of the inf-sup or Ladyzhen-
skaya-Babuška-Brezzi (LBB) condition (cf. [33] for references) or the more pragmatic
patch test for mixed formulations of Zienkiewicz et al. [63], respectively. In the context
of stable mixed FE approximations, it is moreover worth to mention the MINI element of
Arnold [1] which in lieu of a quadratic approximation proceeds from a linear interpolation
of uS and vS extended by barycentric bubble nodes in triangular or tetrahedral elements.
Basically, the additional bubble functions enrich the corresponding trial space thereby
guaranteeing stability [14, 48]. For a comparative study of the MINI element applied to
porous media problems, see [45].

An alternative approach which proceeds from uniform linear interpolation functions is
feasible if the overall volume balance is extended in the sense of adding some artificial
compressibility to the mixture3. It is apparent from (4.35)5 that the K44 entry in (4.34)
tends towards zero if kF becomes very small, which is the root cause for the pressure
instability. In a reverse conclusion, for large enough permeabilities K44 stabilizes the
pressure solution even in the case of a linear equal-order approximation. In this regard,
to overcome the instability problem for the more interesting low permeability case, one
extends the original volume balance (4.16), viz.

div (vS + nFwFR) − ǫ∆p = 0 (4.36)

with ǫ ≥ 0 being a small parameter controlling the influence of the Laplacian. In fact,

3 Note that the instability problem can be totally avoided by reverting to porous media models with a
compressible fluid phase. This entails an additional constitutive law that uniquely assigns the effective
fluid density to the present pressure state and vice versa, e. g., ρFR = ρFR(p) in the case of a barotropic
fluid [45]. Thus, additional terms M44 and K44, which are independent of kF , enter the semi-discrete
system (4.34) that consequently boils down to an ODE system.
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this is comparable to the pressure stabilization or quasi-compressibility methods used in
computational fluid dynamics (CFD) [50, 51]. Proceeding with (4.36) in the same way as
before, the sensitive stiffness term now becomes

K44 =

∫

Ωh

∇P Tα∇P dv with α :=
( kF

γFR
+ ǫ

)
≥ αmin . (4.37)

Herein, αmin > 0 is associated with a ‘moderately small’ permeability large enough to
prevent oscillations in the pressure variable. Its magnitude can be estimated against the
poroelastic pressure wave speed in the discretized domain. A detailed discussion on that
will be presented in the context of the splitting method in the next section. It should
further be noted that the stabilization term ǫ∆p also causes an additional boundary term
grad p · n which vanishes on impermeable boundaries. For further reading on stabilized
monolithic schemes in porous media dynamics, we refer to [39].

To continue, in order to integrate large DAE systems of index 1, one-step s-stage diago-
nally-implicit Runge-Kutta (DIRK) methods provide suitable means at moderate storage
and computational costs as they allow the solution of the stage equations in a decoupled
fashion [25, 30]. In this connection, with regard to a proper treatment of the included al-
gebraic equations, stiffly accurate methods are appropriate being aware of certain stability
requirements to guarantee the accurate time integration with large time steps. A straight-
forward method would be the implicit (backward) Euler (IE) scheme which, however, is
deemed as inappropriate for the time stepping of dynamic problems due to its consider-
able artificial numerical damping. Another common possibility would be the 2nd-order
accurate trapezoidal rule (TR) which shows no damping but is only marginally stable
(no L-stability) so that the time-step size has to be limited, e. g., by tightening the error
tolerances. Therefore, the method of choice is the TR-BDF2 method [3] as a composite
integration scheme combining the advantages of both the trapezoidal rule and the 2nd-
order backward difference formula (BDF2) which can be easily recast in the framework
of Runge-Kutta (RK) methods [37]. The representation in Butcher tableaus [17] yields:

c1 a11 · · · a1s

...
...

. . .
...

cs as1 · · · ass

b1 · · · bs

1 1

1

0 0 0

1 1
2

1
2

1
2

1
2

0 0 0 0

θ θ
2

θ
2

0

1 3θ−θ2−1
2θ

1−θ
2θ

θ
2

3θ−θ2−1
2θ

1−θ
2θ

θ
2

Butcher tableau IE TR TR-BDF2 with θ = 2 −
√

2

(4.38)

In fact, TR-BDF2 (and also TR) is almost a singly diagonal-implicit Runge-Kutta (SD-
IRK) method, which is advantageous for mildly nonlinear systems as it allows the reusabil-
ity of previously factorized matrices, which may drastically reduce the required solution
time. Hence, applying a stiffly accurate s-stage DIRK method, the initial-value problem
(4.31) with the modifications as per (4.34) is successively solved according to the following



4.4 Time Discretization of the Coupled Problem 93

time-step algorithm:

Time-step algorithm of a stiffly accurate s-stage DIRK method

Given: coefficients ci, aij, bj = asj of a stiffly accurate s-stage DIRK method,
approximate solution yn ≈ y(tn) at time tn, time-step size ∆tn

Find: approximate solution yn+1 ≈ y(tn+1) at time tn+1

Step 1: for each Runge-Kutta stage i = 1, ..., s

(a) set stage time Tni := tn + ci ∆tn and

accumulated stage derivative Yni := ∆tn
i−1∑
j=1

aijẎnj

(b) solve nonlinear system for stage increments ∆Yni

Rni(∆Yni) ≡ F
(
Tni, yn + ∆Yni,

1
∆tn aii

[
∆Yni − Yni

])
= 0

(c) set stage derivative Ẏni := 1
∆tn aii

[
∆Yni − Yni

]

Step 2: set yn+1 := Yns = yn + ∆Yns and tn+1 := Tns

(4.39)

In this context, it is evident from the Butcher tableaus (4.38) that TR-BDF2 and TR
have a singular coefficient matrix [aij ]. Nevertheless, they can be treated by the DIRK
algorithm (4.39) by simply skipping the first RK stage as c1 = a11 = 0, and thus, Tn1 = tn,
Yn1 = yn and ∆Yn1 = Ẏn1 = 0 . It should further be noted that for a current time step
n, instead of the stage solutions Yni, the stage increments ∆Yni := Yni − yn are used
as unknowns to reduce round-off errors during the solution of the time-discrete system
in step 1(b) [35, IV.8]. In contrast, the accumulated stage derivatives Yni depend only
on previously computed quantities, and thus, are constant for the current Runge-Kutta
stage i. Apparently, the main computational effort is in the solution of the generally
nonlinear system in step 1(b) of (4.39). For its efficient solution with the Newton-Raphson
method, the derivative of the nonlinear vector function Rni(∆Yni) with respect to the stage
increments ∆Yni is required. The Jacobian matrix takes the form

Jni :=
dRni

d∆Yni

=
1

∆tn aii

∂F

∂ ẏ

∣∣∣∣
z

+
∂F

∂y

∣∣∣∣
z

, (4.40)

where z = {Tni,Yni,Y
′

ni} denotes the current set of arguments of F in Rni. However, the
biphasic model under study proceeds from geometrical as well as material linearities, so
that

∂F

∂ ẏ

∣∣∣∣
z

= M ≈ const. ,
∂F

∂y

∣∣∣∣
z

= K ≈ const. −→ Jni =
1

∆tn aii
M + K , (4.41)

and thus, the discrete sparse FEM system, Rni(∆Yni) = 0 , is already linear and can
be solved by common means. For the general nonlinear case, in the Newton iteration
procedure, for each Newton step k of the current RK stage i of the current time step
n, ∆Y k

ni = −(Jk
ni)

−1Rk
ni has to be solved until a suitable convergence criterion, such
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as ‖Rk
ni‖ < TOLR or ‖∆Y k

ni‖ < TOLy, is met. For further particulars on embedded
and error-controlled DIRK methods applied to the solution of inelastic and geometrically
nonlinear problems, see, e. g., [25, 28, 30, 36, 45] and the quotations therein.

4.4.3 Semi-Explicit-Implicit Splitting Scheme

In dynamic problems, small time steps are usually needed in order to get a correct descrip-
tion of the applied dynamic load. This situation coincides with explicit time-integration
schemes or those strategies including explicit steps which for stability reasons are subject
to crucial time-step size restrictions. However, as already mentioned, due to the algebraic
coupling, the holistic application of explicit time integrators to the entire space-discrete
system (4.28) is not possible. To overcome this problem, splitting methods can be used to
separate the constituent momentum balances from the algebraic saturation constraint by
decoupling the displacement and velocity fields uS,vS, and vF from the pore-fluid pres-
sure p. The splitting is accomplished by introducing constituent intermediate velocities
v∗

α which represent an approximation to the velocities in the next time step. In contrast to
the monolithic scheme, the differential operator-splitting technique, which allows the de-
coupling of physical phenomena in complex initial boundary-value problems (IBVP), first
demands the time discretization and second the spatial FE discretization of the decoupled
equations.

Time Discretization and Splitting

Starting from the governing set of balance equations (4.13 – 4.16) and adopting the es-
tablished splitting algorithms used to solve the incompressible Navier-Stokes equations
[20, 33, 34, 50], the splitting is carried out by advancing each time step in multiple steps
(fractional-step method), such that {vα n, pn,uS n} → v∗

α → {vα n+1, pn+1,uS n+1}. Simi-
lar strategies have already been successfully applied to soil dynamic problems based on the
reduced uS-p formulation, see, e. g., [38, 39]. In porous media dynamics, it is furthermore
rational to perform the time discretization of the decoupled subproblems on the basis of a
semi-explicit-implicit approach. To this end, we begin with a standard implicit time dis-
cretization of the solid displacement-velocity relation (4.13) by applying the trapezoidal
rule:

(uS n+1 − uS n)

∆tn
= 1

2
(vS n+1 + vS n) . (4.42)

Next, in the solid momentum balance (4.14) with nα ≈ nα
0S , gradnF ≈ 0 (cf. Section

4.4.1), and b = const., the extra stress is treated explicitly, TS
E n := TS

E(uS n) according
to (4.11), the pressure term is considered implicitly, and the seepage velocity is discretized
in time with the aid of the intermediate velocities, i. e., w∗

FR = v∗
F − v∗

S:

ρS (vS n+1 − vS n)

∆tn
= div TS

E n − nSgrad pn+1 + ρSb +
(nF )2 γFR

kF
w∗

FR . (4.43)

Then, exploiting the solid intermediate velocity v∗
S enables the splitting of (4.43) into

ρS (v∗
S − vS n)

∆tn
= divTS

E n − nSgrad pn + ρSb +
(nF )2 γFR

kF
(v∗

F − v∗
S) , (4.44)
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ρS (vS n+1 − v∗
S)

∆tn
= −nSgrad(pn+1 − pn) . (4.45)

Applying the same procedure to the fluid momentum balance (4.15) with omitted con-
vective term (cf. Section 4.4.1), we have

ρF (vF n+1 − vF n)

∆tn
= −nF grad pn+1 + ρFb− (nF )2 γFR

kF
w∗

FR , (4.46)

such that with the fluid intermediate velocity v∗
F , one obtains

ρF (v∗
F − vF n)

∆tn
= −nF grad pn + ρFb − (nF )2 γFR

kF
(v∗

F − v∗
S) , (4.47)

ρF (vF n+1 − v∗
F )

∆tn
= −nF grad(pn+1 − pn) . (4.48)

The remaining mixture volume balance (4.16) is again treated fully implicitly:

div (nSvS n+1 + nFvF n+1) = 0 . (4.49)

Note that the intermediate treatment of the seepage velocity gives (4.44) and (4.47) an
implicit character in the respective intermediate velocity and makes the choice of the time-
step size independent of the actual permeability. If instead wFR is considered explicitly,
additional improvements for the low permeability case are necessary as, e. g., described by
Li et al. [43]. Moreover, the consideration of grad pn in the sense of a predictor in (4.44)
and (4.47) is commonly referred to as Chorin-Uzawa scheme [50] which is in line with
the incremental projection schemes à la Goda [32], van Kan [56], or Rannacher [51], see
also [34]. Essentially, inserting (4.45) and (4.48) into the volume balance (4.49) results
in a Poisson-like equation for the pore-fluid pressure. It is also worth mentioning that
a reformulation of (4.49) such as for the monolithic scheme (cf. Section 4.4.2) has no
beneficial effect on the solution behavior.

Weak Formulation

To continue, the above time discrete relations except for the solid displacement-velocity
relation (4.42) are transferred to weak formulations as in Section 4.3.1. They finally read:

� Split solid momentum balance:

∫

Ω

δuS ·
{
nSρSR

[ (v∗
S − vS n)

∆tn
− b

]
− (nF )2 γFR

kF
(v∗

F − v∗
S)

}
dv+

+

∫

Ω

grad δuS · (TS
E n − nSpn I) dv −

∫

Γ
tS

δuS · tS
n da = 0 ,

(4.50)

∫

Ω

δuS ·
[
ρSR (vS n+1 − v∗

S)

∆tn
+ grad(pn+1 − pn)

]
dv = 0 , (4.51)
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� Split fluid momentum balance:

∫

Ω

δvF · nFρFR
[ (v∗

F − vF n)

∆tn
− b +

nF g

kF
(v∗

F − v∗
S) +

1

ρFR
grad pn

]
dv = 0 ,

(4.52)∫

Ω

δvF · nFρFR (vF n+1 − v∗
F )

∆tn
dv−

−
∫

Ω

div δvF n
F (pn+1 − pn) dv −

∫

Γ
tF

δvF · t̃F
n+1 da = 0 ,

(4.53)

� Mixture volume balance:
∫

Ω

δpdiv v∗
S dv +

∫

Γv

δp ṽn+1 da−

−
∫

Ω

grad δp ·
[
nF (v∗

F − v∗
S) − ∆tn

( nF

ρFR
+
nS

ρSR

)
grad(pn+1 − pn)

]
dv = 0 .

(4.54)

Herein, the weak form of the mixture volume balance has been reformulated by use of
(4.9) and substitution of vS n+1 and vF n+1 as given by (4.45) and (4.48), respectively.
The included time discrete boundary terms read as follows:

tS
n = (TS

E n − nSpn I)n , t̃F
n+1 = −nF (pn+1 − pn)n ,

ṽn+1 =
[
nF (vF n+1 − vS n+1) −

∆tn
ρSR

grad(pn+1 − pn)
]
· n .

(4.55)

Apparently, the treatment of the volume efflux ṽn+1 is not that straight-forward as for
the monolithic case. However, the majority of initial boundary-value problems proceeds
either from undrained (no-flow) boundaries with nFwFR ·n ≡ 0 and grad p ·n ≡ 0 or fully
permeable conditions with p ≡ 0, such that (4.55) simplify accordingly (recall Section
4.3.1).

Spatial Discretization

For the spatial discretization, the strong form (4.42) and the weak forms (4.50 – 4.54) are
treated in the same way as before using again the concise notations (4.27) of Section 4.4.1.
As the splitting procedure requires also the approximation of the intermediate velocities,
we additionally proceed from (v∗

S)h = U v
∗
S and (v∗

F )h = V v
∗
F . Herein, the nodal values

v
∗
S and v

∗
F must not be regarded as genuine DOFs of the problem as for them no boundary

conditions exist and the associated conditional equations (4.50) and (4.52) just represent
fractions of the physical balance relations. Finally, the discrete equations read as follows:

� Solid displacement-velocity relation:

uS n+1 − uS n

∆tn
− 1

2
(vS n+1 − vS n) = 0 . (4.56)
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� Split solid momentum balance:

M22
v
∗
S − vS n

∆tn
+ K21 uS n + K22 v

∗
S + K23 v

∗
F + K24 pn − b2 − fS n = 0 , (4.57)

M22
vS n+1 − v

∗
S

∆tn
+ K̃24 (pn+1 − pn) = 0 . (4.58)

� Split fluid momentum balance:

M33
v
∗
F − vF n

∆tn
+ K32 v

∗
S + K33 v

∗
F + K̃34 pn − b3 = 0 , (4.59)

M33
vF n+1 − v

∗
F

∆tn
+ K34 (pn+1 − pn) − f̃F n+1 = 0 . (4.60)

� Mixture volume balance:

K42 v
∗
S + K43 v

∗
F + K̃44 (pn+1 − pn) − f̃p n+1 = 0 . (4.61)

Herein, the mass and stiffness matrices Mik and Kik as well as the load vectors bi and fS

coincide with those in (4.28). In addition, the splitting procedure induces the following
terms:

K̃24 =

∫

Ωh

UT∇P dv , K̃34 =

∫

Ωh

V TnF∇P dv ,

K̃44 =

∫

Ωh

∇P T∆tn
( nF

ρFR
+
nS

ρSR

)
∇P dv ,

f̃F n+1 =

∫

Γ h

tF

V T t̃F
n+1 da , f̃p n+1 =

∫

Γ h
v

P T ṽn+1 da .

(4.62)

For the further treatment, we exploit the beneficial property of splitting methods which
permit a continuous and equal-order interpolation to be used for all occurring fields.
Thus, proceeding from uniform linear interpolation functions, i. e., U = V = P and
∇U = ∇V = ∇P , it is easily deduced that K22 = −K23 = −K32 = K33 =: K and that
the discrete equations (4.57) and (4.59) simplify accordingly:

M22
v
∗
S − vS n

∆tn
+ K21 uS n + K v

∗
S − K v

∗
F + K24 pn − b2 − fS n = 0 , (4.63)

M33
v
∗
F − vF n

∆tn
− K v

∗
S + K v

∗
F + K̃34 pn − b3 = 0 . (4.64)

By some simple algebraic manipulations, equations (4.63) and (4.64) can now be solved
with respect to the intermediate velocities yielding the explicit relations

v
∗
S = vS n + h1(uS n, vS n, vF n,pn,∆tn) ,

v
∗
F = vF n + h2(uS n, vS n, vF n,pn,∆tn) ,

(4.65)

where for a concise representation the remainder expressions are collected in the auxiliary
functions h1 and h2 which only depend on known quantities of time tn.
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Predictor-Corrector Algorithm

The semi-explicit-implicit splitting scheme can be very conveniently implemented in form
of the predictor-corrector (P-C) algorithm given in box (4.67). This algorithm is well-
suited for mass matrix lumping, which is recommended as an economical numerical device
generally paid for by some additional errors. However, it is noticed that the lumping, mass
conservation provided, can improve the accuracy of some problems by error cancellation
[59, 65]. Moreover, it is proven that in transient problems the lumping process introduces
some additional dissipation of ‘stiffness matrix form’ which can help in case of numerical
oscillations. Here, we proceed from the classical row-sum procedure which diagonalizes
the mass matrix by adding all entries in a row to the diagonal element of that row. Thus,
the lumped mass matrix is given as

M̃ = diag(M̃i) with M̃i =

m∑

k=1

Mik , i = 1, ..., m , (4.66)

where m represents the number of columns (or rows) related to the number of nodal DOFs
of the FE mesh. In particular, mass lumping is applied on M22 and M33 which need to
be inverted in Steps 2 and 4 of the P-C algorithm (4.67).

Predictor-corrector algorithm of the semi-explicit-implicit scheme

Given: approximate solution yn ≈ y(tn) at time tn, time-step size ∆tn

Find: approximate solution yn+1 ≈ y(tn+1) at time tn+1

Step 1: set predictor values

v
P
S := vS n , v

P
F := vF n , p

P := pn , u
P
S := uS n + ∆tn v

P
S

Step 2: compute intermediate velocities

v
∗
S = v

P
S + h1(u

P
S , v

P
S , v

P
F ,p

P ,∆tn) ,

v
∗
F = v

P
F + h2(u

P
S , v

P
S , v

P
F ,p

P ,∆tn)

Step 3: calculate the pore-fluid pressure (pressure projection)

pn+1 = p
P − K̃−1

44

(
K42 v

∗
S + K43 v

∗
F − f̃p n+1

)

Step 4: compute velocity correctors and solid displacement

vS n+1 = v
∗
S − ∆tn M−1

22 K̃24 (pn+1 − p
P )

vF n+1 = v
∗
F − ∆tn M−1

33

[
K34 (pn+1 − p

P ) − fF n+1

]

uS n+1 = uS n + 1
2
∆tn (vS n+1 − vS n)

Step 5: update yn := yn+1 and advance in time tn+1 = tn + ∆tn





in
te
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al

it
er

at
io

n
lo

op

(4.67)

Moreover, before the update in Step 5, the convergence can be checked by comparing the
results of subsequent internal iteration loops (Steps 1 to 4) within the same time step.
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That is, repeat the iteration loop i of the current time step n until a suitable convergence
criterion, such as ‖yi+1

n+1 − yi
n+1‖ < TOLy, is met. For the numerical examples presented

in Section 4.5, we found it sufficient to pass only once through the internal loop in each
time step of the implemented P-C algorithm.

The major drawback of the presented splitting procedure is the restriction to a criti-
cal time-step size ∆tcr due to the included explicit steps. In particular, the Courant-
Friedrichs-Lewy (CFL) condition has to be satisfied which limits the maximal time-step
size depending on the minimal discrete element dimensions and the speed of poroelastic
pressure wave propagation in the solid domain [39, 43]. Basically, the CFL condition bal-
ances the propagation speed of the algorithmic solution with the physical solution speed of
the differential equation. For 1-d two-node and 2-d four-node linear elements, the critical
time-step size is estimated as

∆tIcr =
∆hx

cxp
, ∆tIIcr =

∆hx ∆hy

cxp∆hy + cyp∆hx

. (4.68)

Herein, ∆hx and ∆hy are the minimal discrete element dimensions in x and y direction,
cxp and cyp represent the speed of elastic pressure wave propagation in x and y direction,
respectively, which for a drained, isotropic poroelastic medium with incompressible con-
stituents is4

cp =

√
2µS + λS

ρS
. (4.69)

In general, numerical studies reveal that the stability of the implemented P-C algorithm
(4.67) depends very strongly on the chosen time-step size. Although the CFL condition
requires that ∆tn ≤ ∆tcr, an optimal solution is obtained just for ∆tn ≈ ∆tcr, whereas
significant oscillations in the pressure variable can be observed when ∆tn ≪ ∆tcr. Because
of that, the presented algorithm is not feasible in cases where non-uniform FE meshes are
required, e. g., when space adaptive strategies are to be used, as the whole dynamic prob-
lem is advanced with the same global time step. However, the time-step restriction can be
partly overcome by taking recourse to staggered implicit-implicit schemes with stabilizing
parameters, cf. [33, 38, 39] for details. In fact, the instability due to ∆tn ≪ ∆tcr is in
contrast to standard explicit methods and is inherent to the splitting procedure. This
becomes apparent from the additional stiffness term K̃44 in (4.62)1 which tends towards
zero in the limit of an infinitely small time-step size causing a pressure ‘overshoot’ in
the projection step (Step 3) of the P-C algorithm (4.67). This problem can be tackled
by adding some artificial compressibility to the mixture in analogy to (4.36). This ma-
nipulation yields a semi-explicit quasi-compressibility strategy, which in CFD is known

4 In fact, there are three apparent types of bulk waves in a saturated porous medium (cf. [6, 57]): (1)
the fast and only weakly damped longitudinal pressure wave (P1-wave, Biot wave of 1st kind) with
in-phase motion of solid and fluid mainly governed by the constituent compressibility, (2) the slow
and strongly damped longitudinal pressure wave (P2-wave, Biot wave of 2nd kind) with anti-phase
motion of solid and fluid mainly determined by the solid skeleton deformability, and (3) the even
slower transverse shear wave (S-wave) transmitted only in the solid governed by its shear stiffness.
In the considered case of materially incompressible constituents, the theoretical speed of the 1st Biot
wave is infinite.
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as artificial compressibility or modified Chorin-Uzawa method [50]. Following this, we
extend (4.49),

div (nSvS n+1 + nFvF n+1) − ǫ∆(pn+1 − pn) = 0 , (4.70)

where again ǫ ≥ 0 is a small parameter and ∆( q ) is the Laplace operator. Then, pro-
ceeding through all steps, one finally arrives at

K̃44 =

∫

Ωh

∇P Tβ∇P dv with β :=
[
∆tn

( nF

ρFR
+
nS

ρSR

)
+ ǫ

]
≥ βmin , (4.71)

where βmin is associated with a critical time-step size. As the CFL condition suggests,
the optimal solution is obtained for ∆tn ≈ ∆tcr, so that it is natural to choose

βmin = β0 ∆tcr
( nF

ρFR
+
nS

ρSR

)
. (4.72)

It is obvious that the parameter β0 > 0 controls the imposed artificial compressibility
(see numerical examples), and thus, the deviation from the volume preserving solution
of a mixture with materially incompressible constituents. Moreover, in analogy to βmin,
(4.72) can also provide as a good estimate for αmin to stabilize the monolithic scheme if
uniform equal-order elements are used, although α is independent of the FE mesh size
(recall (4.37)), cf. [39].

4.5 Numerical Examples

For the numerical examples, the monolithic solution scheme using the DIRK time-stepping
algorithm (4.39) is implemented in the FE package PANDAS5 and the splitting procedure
using the predictor-corrector algorithm (4.67) is realized in the free software Scilab6. As
the coding in Scilab using built-in functions is not that optimized and high-performance
as the C-based routines in PANDAS, we waive an efficiency contest in regard to the
required net computing times and memory demands. We rather compare the accuracy
and stability habits of the different formulations and algorithms. Therefore, to keep an
overview, unique abbreviations for each distinct test case are introduced according to
Table 4.1.

4.5.1 Saturated Poroelastic Column under Harmonic Load

In this example, the response of a homogeneous and isotropic, water-saturated, poroelastic
column (height: 10 m, width: 2 m) is analyzed under plane-strain, confined compression
conditions. Therefore, the mixture domain is surrounded by impermeable, frictionless
but rigid boundaries except for the loaded top side which is perfectly drained. The
geometry with boundary conditions and the loading path are illustrated in Figure 4.3.

5 Porous media Adaptive Nonlinear finite element solver based on Differential Algebraic Systems, see
http://www.get-pandas.com

6 Scientific software package for numerical computations, see http://www.scilab.org
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Table 4.1: Abbreviations used in the examples. For instance, uvp(2)-TB2-QL stands for the
monolithic solution of the uS-vF -p formulation based on the weak forms (4.19, 4.33, 4.21, 4.32)

using the TR-BDF2 time-integration scheme and mixed quadratic-linear finite elements.

Abbr. Prim. vars. Governing equations Solution algorithm

uvp(1) uS , vF , p (4.19, 4.20, 4.21, 4.32) monolithic implicit (4.39)
uvp(2) uS , vF , p (4.19, 4.33, 4.21, 4.32) monolithic implicit (4.39)
uwp uS , wFR, p (4.19, 4.33, 4.21, 4.32) + (4.4)4 monolithic implicit (4.39)
uvp(α) uS , vF , p (4.19, 4.33, 4.21, 4.32) + (4.37) monolithic implicit (4.39)
uvp(pc) uS , vF , p (4.19, 4.20, 4.21, 4.22) semi-explicit-implicit (4.67)
uvp(β) uS , vF , p (4.19, 4.20, 4.21, 4.22) + (4.72) semi-explicit-implicit (4.67)
up uS , p (4.19) + weak forms of (4.17, 4.18) monolithic implicit (4.39)

Abbr. Time integration Abbr. Approximation of primary variables

IE implicit Euler QL uS , vS : quadratic; vF /wFR, p: linear
TR trapezoidal rule LL uS , vS : linear; vF /wFR, p: linear
TB2 TR-BDF2 QQ uS , vS : quadratic; vF /wFR, p: quadratic

The constitutive material parameters are adopted from the related literature [9] and
listed in Table 4.2. The objective of this simple benchmark problem is to principally
compare the different cases of Table 4.1 with existing (semi-)analytical solutions for the
solid displacement and the pore-fluid pressure of an infinite half-space under dynamic
loading obtained via Laplace transform [9]. In particular, two scenarios are tested: (1)
a high permeability case with kF = 10−2 m/s and (2) a moderately low permeability
case with kF = 10−5 m/s which is the lowest permeability for which we achieved the
(semi-)analytical solutions using Maple.

10m

2m

uSx = 0
vSx = 0
vFx/wFRx = 0
∂xp = 0

uSy = 0
vSy = 0
vFy/wFRy = 0
∂yp = 0
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p = 0
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Figure 4.3: Geometry and boundary conditions (left) and loading path (right) of the dynamic
confined compression of a saturated poroelastic column.
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Table 4.2: Material parameters for elastic soil used in the example problems [9].

Parameter Symbol Value SI unit

1st Lamé constant of solid skeleton µS 5.583 · 106 N/m2

2nd Lamé constant of solid skeleton λS 8.375 · 106 N/m2

effective density of dense solid ρSR 2000 kg/m3

effective density of pore fluid ρFR 1000 kg/m3

initial volume fraction of solid nS
0S 0.67 –

Darcy permeability kF 10−2, 10−5, 10−10 m/s

The 1-d wave propagation example mainly serves to compare uvp(2)-TB2 as the best
combination for solving the coupled problem monolithically (see Section 4.5.2) with the
splitting solution uvp(pc). In addition, we provide the results for the monolithic solution
of the reduced uS-p formulation up-TB2. All computations proceed from isotropic meshes
with uniform and fully integrated quadrilateral elements, where several refinement levels
from 1 to 50 elements per meter of column height are considered. This entails a respective
choice of the time-step size (∆t ≈ ∆tcr) for the semi-explicit-implicit scheme by virtue of
the CFL condition (4.68). For the monolithic scheme, we waive time adaptive strategies
and proceed from a constant ∆t of 10−3 s. Essentially, for reasonably chosen time steps,
the monolithic solution of the uniaxial dynamic consolidation problem is not very sensitive
to the applied time-integration scheme, so that only TR-BDF2 (TB2) is used. Further
details are provided in Table 4.3.

Table 4.3: Used time-step sizes and number of nodal unknowns for different quadrilateral FE
discretizations of the column problem. Note that uvp(pc)-LL requires additional expenses for

the discretization of the intermediate velocities (recall Section 4.4.3).

#elements/meter 1 5 10 15 20 30 40 50

∆tcr (CFL) [10−3 s ] 5.5 1.5 0.78 0.53 0.4 0.27 0.2 0.16
∆t (pc) [10−3 s ] 5.0 1.0 0.5 0.25 0.25 0.2 0.1 0.1
∆t (monol.) [10−3 s ] 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
#DOFs uvp-LL 154 714 1414 2114 2814 4214 5614 7014
#DOFs uvp-QL 278 1318 2618 3918 5218 7818 10418 13018
#DOFs uvp-QQ 371 1771 3521 5271 7021 10521 14021 17521
#DOFs up-QL 234 1114 2214 3314 4414 6614 8814 11014

To begin with the high permeability case (kF = 10−2 m/s), there is no need for a pressure
stabilization of the monolithic scheme for equal-order approximations as in (4.37). On the
first view, all formulations yield convergent approximations of the solid displacement field
following the analytical reference solution uref of a point at the top of the column (Figure
4.4, left). However, regarding the relative displacement error ERRu = |(uSy − uref)/uref |
in Figure 4.4 (right), one observes an unforeseen inadequate solution of the often praised
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quadratic-linear Taylor-Hood elements (QL) in comparison to the linear equal-order ap-
proximation (LL). The same holds for the splitting solution uvp(pc)-LL. Obviously, the
reduced uS-p formulation up-TB2-QL shows the highest deficiency as expected for large
values of kF .
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Figure 4.4: Top displacement history (left) for kF = 10−2 m/s, t = [0, 0.5] s, 5 elements/meter
and corresponding relative error (right, logarithmic scale) over mesh size at t = 0.15 s.
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Figure 4.5: Top displacement history (left) for kF = 10−5 m/s, t = [0, 0.5] s, 10 elements/
meter and corresponding relative error (right, logarithmic scale) over mesh size at t = 0.15 s.

This finding becomes even more prominent for the lower permeability case with kF = 10−5

m/s. Comparing again the displacement history of a point on top of the column (Figure
4.5, left), one now directly sees the faulty approximation of uS. Only uvp(2)-TB2-LL and
uvp(2)-TB2-QQ yield good results, where still no pressure stabilization is used. Figure
4.5 (right) showing the relative displacement error further underlines the result. However,
it is also observed that the reduced formulation up-QL for lower values of kF is almost as
accurate as the more expensive uvp(2)-QL formulation.

Basically, the problem lies in the zero pressure (perfect drainage) boundary condition
at the loaded top. According to the effective stress principle (4.8)1, the applied load is
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concurrently carried by the solid matrix and the pore fluid. Starting from an undeformed
initial state, equilibrium requires the pore fluid to bear the entire load until deformation
activates the resistance of the solid skeleton (consolidation process). However, at the
top we have p = 0 which must be compensated by an immediate pressure increase in a
small layer below the boundary. In case of a coarse FE discretization, the apparent steep
pressure gradient cannot be resolved, consequently yielding an inaccurate displacement
solution in the strongly coupled problem. This inaccuracy is even more pronounced for
mixed quadratic-linear (QL) approximations. The linear interpolation of p yields wrong
pressure values related to the mid-nodes of the quadratic approximation of uS, and thus,
further falsifies the overall displacement solution. The problem is depicted in Figure 4.6,
where the nodal displacement and pressure values in the first half meter below the top of
the column are given for a coarse discretization with 10 elements per meter. In fact, the
QQ interpolation yields an adequate approximation of the displacement and the pressure.
The solution of uvp(2)-TB2-LL already shows distinct oscillations indicating that for
lower permeabilities some pressure stabilization should be used. However, despite the
inaccurate displacement solution at the top, the semi-explicit-implicit splitting scheme
gives an accurate approximation of uS in the domain and even a better pressure solution
than uvp-TB2-QQ which also starts showing some very slight instability. A feasible way
to principally overcome this problem is to use an anisotropic mesh with some fine layers
of elements at affected permeable (p = 0) and loaded (t 6= 0) boundaries. However, this is
not reasonable for the semi-explicit-implicit splitting method as the CFL condition would
demand too tiny global time increments.
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Figure 4.6: Solid displacement (left) and pore pressure distribution (right) in the first half
meter under the loaded top of the column for kF = 10−5 m/s, 10 elements/meter at t = 0.15 s.
In the middle, exemplary mixed quadratic-linear (QL) FE discretization of the uvp(2) test case.

In this regard, it should also be noted that although implicit methods allow large time
steps associated with large Courant or CFL numbers, the size of the time increment is still
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Figure 4.7: Relative displacement error of a point at the top over time-step size (double
logarithmic scale) at t = 0.15 s for kF = 10−2 m/s with 10 elements/meter (left) and

kF = 10−5 m/s with 20 elements/meter (right).

limited not only to accurately capture the phase and amplitude of the applied dynamic
load7 but also to keep the discretization error in time small enough. In Figure 4.7, we
therefore compare the relative displacement error for different time increments of the
implicit monolithic scheme using TR-BDF2. It is observed that there is a clear influence
of ∆t on the accuracy, which in case of the mixed quadratic-linear (QL) discretization is
not that much apparent due to its general poor approximation as described previously.
For the linear equal-order approximation (LL) it is noticed that the somehow ‘optimal’
time step is close to ∆tcr of the CFL condition.

Moreover, it is worth mentioning that for accuracy reasons not only the highest frequency
has to be sufficiently resolved in time but also the highest wave number (reciprocal lowest
wave length) must be adequately resolved in space in order to avoid the so-called pollution
effect associated with the dispersion of the FEM solution, see, e. g., [23] for details. As
a rule of thumb, the lowest wave length should at least be represented by 10 data points
(FE nodes) which corresponds to 9 linear elements. However, in the considered uniaxial
example, the incompressibility of the fluid in combination with a moderately low per-
meability causes an immediate damping of the propagating pressure waves, so that this
example is not well suited to reveal the pollution error. Therefore, for the further reliable
comparison of the test cases in Table 4.1, the column problem is deemed not meaningful
and we revert instead to a real 2-d scenario giving rise to shear and surface waves. Please
note that wave reflections are not discussed in this contribution. All numerical studies
are computed to a time before reflections corrupt the actual solution.

7 According to the Nyquist-Shannon sampling theorem, the sampling rate for perfect signal reconstruc-
tion should be at least twice the highest frequency in the original signal. Applied to the dynamic load,
the maximum time step should not exceed half the minimum period, i. e., ∆tmax = 0.5Tmin = 5 ·10−2

s. In practice, time increments below one-tenth of the minimum period are feasible, see, e. g., [4, Sec.
9.3].
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4.5.2 Two-Dimensional Wave Propagation

In this example, we study the 2-d dynamical wave propagation in a rectangular symmetric
domain under plane-strain conditions (Figure 4.8) as presented in Breuer [15]. The ma-
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Figure 4.8: Geometry, boundary conditions, and loading path of the 2-d problem.

terial parameters are the same as before (Table 4.2) and the applied distributed impulse
force is

f(t) = 105 sin(25 π t) [1 −H(t− τ)] N/m2 (4.73)

with H(t− τ) as the Heaviside step function and τ = 0.04 s.

Table 4.4: Mesh sizes and time steps for the 2-d problem. Note that except for the coarsest
mesh only half of the problem is computed by exploiting the symmetry to x = 10.5 m.

#elements (width–height) 21–10 42–20 84–40 168–80

∆tcr (CFL) [10−3 s ] 4.14 2.07 1.04 0.52
∆t (pc) [10−3 s ] 2.0 1.0 0.5 –
∆t (monol.) [10−3 s ] 1.0 1.0 1.0 1.0
αmin/α0 for uvp(α) 2.7 · 10−6 1.4 · 10−6 7.0 · 10−7 3.5 · 10−7

βmin/β0 for uvp(β) 2.7 · 10−6 1.4 · 10−6 7.0 · 10−7 3.5 · 10−7

From the problem set-up, one expects the following wave types: First, two modes of bulk
waves generated inside the domain (recall footnote on page 99), i. e., the slow pressure wave
(P2-wave) and the transverse shear wave (S-wave) transmitted through the elastic solid
matrix. Second, at the free top surface, the Rayleigh wave (R-wave) as an elastic surface
wave showing an elliptic particle movement in planes normal to the surface and parallel
to the direction of propagation, commonly noticed as ‘ground rolling’ during earthquake
events. In Figure 4.9, exemplary contour plots of the computed solid displacement field
and the deformed mesh geometry make the 2-d wave propagation apparent.



4.5 Numerical Examples 107
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t = 0.15 s t = 0.20 s
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|uS |
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Figure 4.9: Time sequence of displacement contour plots with |uS | =
√
u2

Sx + u2
Sy and

deformed mesh (scale factor 500) using uvp(2)-TB2-QL with 84–40 elements and
kF = 10−2 m/s.

Again, we apply our tests and comparisons for two cases of permeabilities, where the
spatial discretization is again based on fully integrated quadrilateral elements as given
in Table 4.4. In particular, we focus on the displacement solution at the free surface
(point A) and the pressure history in the domain (point B). In addition, we compare the
displacement and pressure distribution directly under the impulse load (vertical down at
point C). Finally, the pollution of the numerical solution is investigated along a diagonal
cut line through the domain, cf. Figure 4.8.

Starting with the high permeability case (kF = 10−2 m/s), the equal-order approximation
of the variables demands no stabilization of the monolithic solution as already shown in
the example before. First, we examine the numerical damping and the stability of the
monolithic time-stepping rules by comparing the R-wave specific motion of point A. Fig-
ure 4.10 (left) shows the strong artificial damping of the IE scheme which is reduced by
choosing a smaller time step. Figure 4.10 (right) shows that TR and TR-BDF2 (TB2)
exhibit no numerical damping and yield throughout a stable displacement solution for all
considered formulations. Therefore, we exclude the IE scheme from the further compar-
isons and focus on TR and TB2 only.

Next, we study the displacement solution at point A for different mesh and time-step sizes.
As can be seen in Figure 4.11 (left), uvp(2)-TB2-QL yields already a good approximation
for 84–40 elements and will thus be taken as reference. From Figure 4.11 (right), it follows
that the implicit monolithic time discretization is sufficiently accurate for ∆t = 10−3 s,
which is the time step of choice.

To continue, we examine the uwp formulation for both implicit time integrators and
different interpolation cases in regard to the stability of the pressure solution at point B.
As depicted in Figure 4.12 (left), the combination uwp-TR-QL yields oscillations around



108 4 Monolithic vs. Splitting Solutions in Porous Media Dynamics

-1

-0.5

 0

 0.5

 1

-1 -0.5  0  0.5  1  1.5

uvp(2)-TB2-QL
uvp(2)-TR-QL
uvp(2)-IE1-QL
uvp(2)-IE2-QL

displ. uSx [10−4 m ]

d
is

p
l.
u

S
y

[1
0−

4
m

]

-1

-0.5

 0

 0.5

 1

-1 -0.5  0  0.5  1  1.5

uvp(2)-TB2-QL
uvp(1)-TB2-QL

uwp-TB2-QL
uvp(1)-TR-QL

uwp-TR-QL

displ. uSx [10−4 m ]

d
is

p
l.
u

S
y

[1
0−

4
m

]

Figure 4.10: Comparison of the elliptic in-plane motion of point A for kF = 10−2 m/s, 42–20
elements, and uniform step-size ∆t = 10−3 s except for IE2 where ∆t = 5 · 10−4 s.
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Figure 4.11: Comparison of the elliptic in-plane motion of point A for kF = 10−2 m/s using
different mesh sizes and a fixed time step ∆t = 10−3 s (left) and a fixed mesh with 84–40

elements but different time-step sizes (right).

the solution due to the marginal stability of the trapezoidal rule, which, however, can be
reduced by using smaller ∆t or avoided if TB2 is applied. For linear equal-order elements
(LL), the uwp formulation exhibits a stable pressure solution for both TR and TB2, see
Figure 4.12 (right).

In the same way, the uvp(1) and uvp(2) formulations are compared. Figure 4.13 (left)
shows that unincisive oscillations occur when TR in combination with the mixed QL
discretization is used independent of the formulation. As before, one obtains a stable
pressure solution for both cases if TB2 instead of TR is applied or if one proceeds from
LL elements which work for both time-stepping rules (Figure 4.13, right).

In this regard, we also compare the displacement and pressure solutions of different LL
discretizations with the reference uvp(2)-TB2-QL using 84–40 elements and a coarse QQ
elementation. Figure 4.14 shows the expected convergence of uvp(2)-TB2-LL to the ref-
erence solutions as finer meshes are considered, whereas already 42–20 QQ elements yield
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Figure 4.12: Pressure history at point B for kF = 10−2 m/s, 42–20 elements, and ∆t = 10−3 s.
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Figure 4.13: Pressure history at point B for kF = 10−2 m/s, 42–20 elements, and ∆t = 10−3 s.
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Figure 4.14: In-plane motion of point A (left) and pressure history at point B (right) for
kF = 10−2 m/s and ∆t = 10−3 s.

good results. An almost identical behavior is observed for uvp(pc)-LL (Figure 4.15) not-
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Figure 4.15: In-plane motion of point A (left) and pressure history at point B (right) for
kF = 10−2 m/s, ∆t = 10−3 s for uvp(2)-TB2, and ∆t according to Table 4.4 for uvp(pc).
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Figure 4.16: In-plane motion of point A (left) and pressure history at point B (right) for
kF = 10−2 m/s and ∆t = 10−3 s.

ing that coarse meshes yield an even poorer pressure approximation than uvp(2)-TB2-LL.

The final comparison for the high permeability case reveals the deficiencies of the reduced
up formulation. As depicted in Figure 4.16 (left), the simplifying assumption (wFR)′S ≡ 0

results in a severe overestimation of the displacement solution. However, one still obtains
a good approximation of the pressure field (Figure 4.16, right).

In what follows, we switch to an extremely low permeability of kF = 10−10 m/s which
further unveils the merits and drawbacks of the considered test cases. The monolithic
solution now requires stable mixed FE formulations such as the quadratic-linear Taylor-
Hood elements (QL) or some pressure stabilization as in the uvp(α) formulation if equal-
order elements (LL or QQ) are used.

To begin with, we compare the monolithic solutions of the uvp(1), uvp(2), and uwp
formulations. It becomes apparent from Figure 4.17 that uvp(1) yields an inaccurate
displacement solution at point A and a totally wrong pore pressure history at point B.
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However, for low values of kF , the uwp formulation shows the same performance as uvp(2).
This becomes also clear from Figure 4.18, where both exhibit the same vulnerability to
pressure instabilities if the trapezoidal rule (TR) or a too coarse mesh is used.
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Figure 4.17: In-plane motion of point A (left) and pressure history at point B (right) for
kF = 10−10 m/s and ∆t = 10−3 s.
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Figure 4.18: In-plane motion of point A (left) and pressure history at point B (right) for
kF = 10−10 m/s and ∆t = 10−3 s.

The implicit monolithic solution by use of mixed equal-order finite elements is accom-
plished by use of the stabilized uvp(α) formulation. At this, the magnitude of the stabi-
lization parameter α is reasonably estimated by recourse to (4.72), such that

αmin = α0 ∆tcr
( nF

ρFR
+
nS

ρSR

)
with 0 < α0 ≤ 2 . (4.74)

It follows from Figure 4.19 that the stabilizing parameter controls the accuracy of the
solution. Here, α0(1) = 2 → αmin = 1.4 · 10−6 in comparison to α0(2) = 0.15 → αmin =
1.05 · 10−7 (cf. Table 4.4) yields an erroneous ‘weak’ response due to the added artificial
compressibility.
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Figure 4.19: In-plane motion of point A (left) and pressure history at point B (right) for
kF = 10−10 m/s, ∆t = 10−3 s, and parameters α0(1) = 2 and α0(2) = 0.15 given in (4.74).

Next, the solution behavior of the splitting scheme is investigated based on uvp(pc)-LL.
Figure 4.20 shows that the formulation converges to the reference solutions, where the
approximation of the pressure is better than that of the displacements.
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Figure 4.20: In-plane motion of point A (left) and pressure history at point B (right) for
kF = 10−10 m/s, ∆t = 10−3 s for uvp(2)-TB2, and ∆t according to Table 4.4 for uvp(pc).

Moreover, in the context of the semi-explicit-implicit splitting scheme, we examine the case
of using a time step that is much smaller than the critical one (∆t = 5 · 10−5 ≈ ∆tcr/20).
Figure 4.21 shows that in this case only the stabilized uvp(β) formulation yields a viable
pressure solution, whereas the displacement result is not much affected. Here, two values
of the stabilizing parameter β as given in (4.72) are used, viz. β0(1) = 1 → βmin = 7 · 10−7

and β0(2) = 4 → βmin = 2.8 · 10−6 (see Table 4.4). Please note that the choice of β is
independent of the permeability.

For the considered low permeability case, the relative acceleration between the solid and
the fluid constituent is negligible, i. e., (wFR)′S ≈ 0. Consequently, the reduced up formula-
tion yields similar results for the displacement and the pressure variable as the three-field
reference uvp(2), see Figure 4.22.
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Figure 4.21: In-plane motion of point A (left) and pressure history at point B (right) for
kF = 10−10 m/s with ∆t = 10−3 s for uvp(2)-TB2, and with ∆t = 5 · 10−5 s for uvp(pc) and

uvp(β) with parameters β0(1) = 1 and β0(2) = 4 used in (4.72).
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Figure 4.22: In-plane motion of point A (left) and pressure history at point B (right) for
kF = 10−10 m/s and ∆t = 10−3 s.

In the simple column problem, we observed an insufficient displacement solution of the
mixed QL discretization at the permeable loaded boundary. As this is a systematic
problem caused by the imposed boundary conditions, it should also be observable in
the 2-d example. Therefore, we zoom into the domain and look what happens with
the displacement and the pressure field directly under the applied load below point C.
Proceeding from a moderately low permeability of kF = 10−5 m/s as in the 1-d problem,
we consider the following spatial FE discretization: 28 elements in x direction (10 for
the first 10 m, 8 for the middle 1 m, and 10 for the last 10 m) and in y direction 200
elements (20 elements/meter) for the QQ reference solution compared to 50 elements
(5 elements/meter) for the coarse QL solution. Using uvp(2)-TB2 and the two mesh
sizes 28–200 (20) and 28–50 (5), we oppose the results of the QQ 20 to the QL 5 and
QL 20 elementation. Figure 4.23 shows that similarly to the column problem, a faulty
approximation of uS under the applied load is observed when using mixed QL elements.
However, it is not that much distinctive as in the 1-d problem as the steep pressure increase
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Figure 4.23: Solid displacement (left) and pore pressure distribution (right) in the first half
meter under the load vertical down point C for kF = 10−5 m/s at t = 0.02 s.

is relieved also in horizontal x direction. However, the principle problem is retained and
might be compensated by a local mesh refinement at permeable and loaded boundaries
to better resolve the pressure gradients.
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Finally, we reveal briefly the pollution effect which is provoked by a poor spatial resolution
of the exact wave length in the dynamic problem [23] and responsible for the dispersion
of the finite element solution. Therefore, proceeding from uvp(2)-TB2, the displacement
value |uS| is plotted along a diagonal cut line from the left corner of the applied load at
(10,10) to the lower left corner of the domain at (0,0), see Figure 4.8. Figure 4.24 (left)
shows the wave propagating with time along the cut line. The interpolation and pollution
errors are depicted in Figure 4.24 (right) for a coarse LL elementation at time t = 0.15
s. Therein, the interpolant defines the curve that runs through the exact solution at



4.6 Summary and Discussion of Results 115

the discrete nodes, while the values in-between are approximated according to the chosen
interpolation function, e. g., a linear interpolation in our example. The deviation from the
interpolant to the reference solution defines the interpolation error ERRint. The difference
between the interpolation error and the total error is the pollution error ERRpol. In fact,
pollution cannot be avoided but kept small by use of finer meshes and/or higher-order
elements [23].

4.6 Summary and Discussion of Results

For the reliable discussion of our findings, let us briefly recapitulate the preceding. We
started from a dynamic TPM model with materially incompressible constituents defined
by the solid and fluid momentum balances and the mixture volume balance for the deter-
mination of the primary unknowns, i. e., solid displacement, fluid velocity, and pore-fluid
pressure, plus the solid velocity-displacement relation, which is just used for an order
reduction in time. In fact, different formulations relying on different primal variables
and governing equations are feasible, which we denoted shortly by uvp(···), uwp, and up
according to Table 4.1.

The achieved sets of coupled partial differential equations (PDEs) were then cast into a
variational form yielding a general three-field initial boundary-value problem. The spatial
semi-discretization was carried out by the mixed Finite Element Method (FEM) resulting
in a stiff system of coupled differential-algebraic equations (DAEs) of first order in time
with the coupling strength mainly controlled by the permeability parameter kF . For the
further treatment of the time-continuous DAEs, two time-integration strategies, namely
an implicit monolithic and a semi-explicit-implicit splitting scheme, were introduced, their
algorithmic treatment presented, and lastly, compared on the basis of a 1-d and a 2-d wave
propagation example. A summary of all investigated test cases and their solution behavior
is provided in Table 4.5.

For the implicit monolithic solution, the system of equations was first discretized in space
and second in time applying a diagonal implicit Runge-Kutta (DIRK) algorithm using
IE, TR, and TR-BDF2 as underlying time-stepping rules. In this regard, TR-BDF2
shows the best performance for solving the dynamic TPM problem, whereas the implicit
Euler (IE) scheme is unsuitable due to its strong damping behavior and the trapezoidal
rule (TR) only provides marginal stability. The monolithic solution requires a stable
mixed FE formulation fulfilling the LBB condition, such as the quadratic-linear (QL)
Taylor-Hood elements, which is obligatory for low permeability conditions. In those cases,
equal-order approximations show strange pressure instabilities unless a pressure stabilized
formulation is used, which, however, is inconsistent in the sense that it implies an artificial
compressibility of a de facto materially incompressible porous medium. Applying the
monolithic procedure, one has to swallow the bitter pill of a generally higher computational
effort due to the inversion of the Jacobian and the larger bandwidth of the system matrices
coming along with quadratic interpolations if the stable QL approximation is used.

The semi-explicit-implicit splitting scheme has been implemented in form of a predictor-
corrector (P-C) algorithm. In contrast to the monolithic solution, differential operator
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Table 4.5: Summary of the observed solution behavior for the distinct test cases. Used
symbols: X : successful computation, © : working but not recommended, – : no convergence,

computation aborted.

Formulation
large kF (10−2 m/s) small kF (10−10 m/s)

IE TR TB2 IE TR TB2

uvp(1)
LL/QQ ©1

X X

QL ©1
X

2
X 4 4 4

uvp(2)
LL/QQ ©1 X X

QL ©1
X

2
X ©1

X
2

X
5

uwp
LL/QQ ©1 X X

QL ©1 ©3 X ©1 X2 X5

up QL ©1,7 ©2,7 ©7 ©1
X

2
X

5

uvp(α) LL/QQ not needed ©1
X

6
X

6

uvp(pc) LL
∆t ≈ ∆tcr X X

∆t≪ ∆tcr

uvp(β) LL
∆t ≈ ∆tcr not needed not needed

∆t≪ ∆tcr X6 X6

1 artificial numerical damping; reducible by using a smaller ∆t
2 pressure oscillations; reducible by using a smaller ∆t and a finer mesh
3 strong pressure oscillations
4 wrong pressure solution
5 slight pressure oscillations for coarse meshes
6 accuracy depends on stabilizing parameter
7 inaccurate displacement solution

splitting demands first the time discretization and the split of the equations and second
their spatial discretization allowing a continuous and linear equal-order FE approximation.
Due to the included explicit steps, the stability of this splitting scheme is sensitive to the
time-step size ∆t but independent of the permeability. In this regard, an optimal solution
is obtained for ∆t being slightly smaller than the critical time step ∆tcr given by the CFL
condition. The use of ∆t ≪ ∆tcr yields pressure oscillations and requires a stabilized
formulation. The general drawback that the finest mesh patch or the highest wave speed
(CFL condition) dictates the global time step might be overcome by use of multirate time-
stepping strategies [52] or asynchronous variational integrators [40]. Further demerits are
the observed need of finer meshes in order to obtain similar accuracy in comparison with
the monolithic solution and the required special treatment of the volume efflux boundary
condition.

In conclusion, based on the comprehensive investigation of the test cases and the compari-
son of the accuracy and stability of the implemented algorithms, we favor and recommend
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the implicit monolithic solution of the uvp(2) formulation using TR-BDF2 in combination
with an efficient solver that exploits the capabilities of modern hardware architectures.
Moreover, such fully coupled approaches negate the need to transfer data from one solver
to another, which helps to achieve good scalability on parallel systems. The procedure
is also beneficial if inelastic, e. g., elastoplastic, solid properties are considered since the
DIRK algorithm can as well be used for the time integration of the associated rate equa-
tions, e. g., the plastic flow rule, which are commonly evaluated at integration point level
in the sense of a collocation method. Furthermore, embedded Runge-Kutta methods al-
low for a cheap error estimation and step-size control. In cases where the dynamic load
demands a fine temporal resolution, such that pure implicit strategies cannot take advan-
tage of their unconditionally stable step size, the application of implicit-explicit (IMEX)
Runge-Kutta methods [2] might aid to further convenience. As far as it is known to
the authors, IMEX schemes have not yet been discussed in the context of porous media
dynamics and open an avenue for future investigations.

Concerning the choice of the mixed FE formulation, we recommend the usage of the
Taylor-Hood-like quadratic-linear elements being aware of their deficiencies at permeable
loaded boundaries, which can be countervailed by a locally refined mesh. The mixed
equal-order elements behave well up to moderately low permeabilities. However, as in
general problems the permeability is deformation-dependent and may locally change over
magnitudes, one has to be aware of unphysical oscillations in the pressure variable giving
rise to some pressure stabilization at the expense of accuracy. The permeability moreover
governs the possibility of using the reduced and computationally cheaper uS-p formulation,
which could be shown to yield acceptable displacement solutions only for moderately
small values of kF associated with negligible accelerations of the seepage flow in the low
frequency range.

4.7 Conclusions

In this chapter, the numerical solution of wave propagation problems in porous media
dynamics has been investigated. At this, the presentation proceeds from a saturated
biphasic solid-fluid material with intrinsically incompressible constituents. The governing
conservation laws and the constitutive equations are introduced in the framework of the
established Theory of Porous Media (TPM) accounting for elastic solid matrix properties
and lingering flow conditions based on a geometrically and materially linear description.
As it has been shown, the choice of the primary variables and the corresponding bal-
ances plays a crucial role for the accuracy and stability of the numerical solution. In
particular, two solution algorithms have been presented, viz. an implicit monolithic and
a semi-explicit-implicit splitting scheme. Based on that, several test cases, differing in
the multi-field formulation, the monolithic time-stepping method, and the approximation
order of the primal unknowns, have been constructed and finally studied in the numerical
examples. It turned out that both the monolithic and the splitting approach are basi-
cally applicable to the solution of the coupled two-phase problem. However, the implicit
monolithic procedure ultimately convinced due to its more general suitability, provided
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that the right multi-field formulation, stable mixed finite elements, and an appropriate
time integrator are used.
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5 Continuum Biomechanics of Tissues

bibliographic note: The contents of this chapter is based on the following original article:

Ehlers, W.; Markert, B. & Röhrle, O.: Computational continuum biomechanics with application

to swelling media and growth phenomena. GAMM-Mitteilungen 32 (2009), 135–156.

SUMMARY

Biological tissues, no matter if soft or hard tissues are concerned, basically consist of a solid ma-
trix saturated by an interstitial fluid, which is composed of a liquid solvent and various dissolved
solutes. In case of vascular tissues, the blood system including the arteries, the capillary system
and the veins has to be added. Based on the complex geometric and bio-physical nature of bi-
ological systems, a biomechanical description is based on a macroscopic, continuum-mechanical
approach proceeding from homogenized microstructures rather than on a full microscopic inves-
tigation.

Consequently, the present article provides a continuum-biomechanical approach for the descrip-
tion of biological tissues. This includes the well-founded framework of the Theory of Porous
Media (TPM), which can be seen as an extension of the classical Theory of Mixtures (TM)
towards immiscible materials. Based on this approach, which easily can be extended by electro-
chemical information, swelling tissues like the intervertebral disc and growth phenomena like
avascular tumor growth and muscle stimulation as the basis of any motion of biological systems
can be described. However, as a result of page limitations, the article excludes the incorporation
of the blood system into the present modeling and simulation examples as well as the description
of any muscle stimulation.

5.1 Introduction

General biomaterials such as soft and hard biological tissues as well as bio-like materials
as, for example, hydrogel, basically fall into the category of biphasic, multi-component
materials. Biomaterials consist of a cellular solid matrix, built of collagen fibers and
muscle cells, as well as proteoglycans, such as aggrecan with their adhering fixed charges
(negatively charged ions). Furthermore, there is an interstitial fluid composed of almost
water and dissolved solutes, such as the positive and negative ions of a dissolved salt
as, for example, monovalent Na+Cl−. In the frame of vascular tissues, also the blood
system of its arteries, capillaries and veins has to be considered. Furthermore, if muscles
are concerned, one additionally has to include the electrical stimulations leading to mus-
cle contraction. Since biomaterials generally undergo large solid deformations, the solid
behavior is described in the framework of finite elasticity or viscoelasticity, respectively.

Based on the fact that biomaterials have a very complex microstructure, one has to
decide whether or not this microstructure has to be included into the mechanical de-
scription in detail or in a homogenized manner. Apart from a few articles including
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bio-microstructures in an overall macroscopic framework [2, 36, 40], the majority of au-
thors have rather proceeded from a direct macroscopic framework than from micro-to-
macro transitions where the microstructure is numerically embedded into the macroscopic
procedure. From the macroscopic point of view, biomaterials are often considered as a
single-phasic material with complex material properties including viscosities and electro-
chemical effects in a comprehensive way [6, 13, 23–28, 32, 42–44]. However, this procedure
will fail to include transport and diffusion processes as they occur, for example, as nu-
trient transport or ion diffusion. If these effects have to be considered, which obviously
is true in case of growth and swelling phenomena, one has to switch the modeling pro-
cedure from a single-phasic to a multi-phasic approach. The advantage of describing
multi-phasic materials with multiple components is obvious and can be embedded in the
well-founded Theory of Porous Media (TPM). A complete review of various achievements
in the biomechanics of biological tissues including growth and remodeling is given, for
example, by Taber [47] and Humphrey [29].

The TPM, cf. [7, 9, 10, 14–17], proceeds from the same basis as the Theory of Mixtures
(TM), cf. [8], thus describing multi-component media on a homogenized basis by smearing
out the individual materials over the control volume and allowing for convenient interac-
tion terms between them. Modeling biomaterials on a macroscopic level makes use of the
basic idea of the TPM describing immiscible phases, such as the solid skeleton and the
interstitial fluid, by smearing out their microstructures. In addition, use is made of the
TM while considering the interstitial fluid as a real mixture of the liquid solvent and the
dissolved solutes. When electro-chemical interactions come into play, one has to enrich
the TPM by further information describing the electrical and chemical fields, cf. [19, 22].

5.2 The TPM Basis

5.2.1 Immiscible Components and Volume Fractions

The TPM proceeds from superimposed and interacting but immiscible constituents cover-
ing the same amount of space as a result of a real or a virtual averaging process. Following
this, a biological tissue ϕ is understood as a multi-component continuum B, generally con-
sisting of k components ϕα, given by the solid part ϕS of the tissue, the components of
the interstitial fluid ϕF and the components of the blood ϕB. As a result, the volume V
of B stems from the sum of the partial volumes of the components ϕα in B:

V =

∫

B

dv =

k⋃

α=1

V α , where V α =

∫

B

dvα =:

∫

B

nα dv . (5.1)

Therein, nα is defined as the local ratio of the volume element dvα of a given constituent
ϕα with respect to the volume element dv of the overall medium ϕ:

nα =
dvα

dv
with

∑

α=S,F,B

nα = 1 . (5.2)
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By use of the volume fractions nα, two different density functions can be introduced:

ραR =
dmα

dvα
and ρα =

dmα

dv
. (5.3)

The effective density ραR is given as the local mass dmα over the local constituent volume
dvα, while the partial density defines the same local mass with respect to the local bulk
volume dv. As a result,

ρα = nα ραR . (5.4)

Based on the above relation, it is immediately evident that the property of material
incompressibility (ραR = const.) is not equivalent to the property of bulk incompressibility,
since the partial density functions ρα can still change through changes in the volume
fractions nα.

5.2.2 Miscible Components and Molar Concentrations

If the interstitial fluid ϕF or the blood ϕB has to be treated as a real fluid mixture in
the sense of a solution of a solute and dissolved solvents, such as nutrients or ions, it is
necessary to distinguish differently between the components compared to the introduction
of volume fractions. Proceeding from the fact that volume fractions cannot be measured in
case of real mixtures, the mixture components ϕγ are considered by their partial densities
ργ

β , which is defined with respect to the compartment of the pore space covered by ϕβ

with β = {F,B}. Thus,

ργ =: nβργ
β , where ρβR =

∑

γ

ργ
β and ρβ = nβρβR. (5.5)

Comparable to the TM, ρβR defines the so-called mixture density of the interstitial fluid
or the blood, respectively, given through the sum of the partial densities ργ

β in ϕβ. Fur-
thermore, ρβ relates ρβR to the volume of the whole aggregate, while ρβR itself is related
to the compartment of the pore space covered by ϕβ.

Given ργ
β, the portion of matter is defined through the molar concentration cγm and the

molar mass Mγ
m via

ργ
β = cγmM

γ
m , where cγβ =

dnγ
m

dvβ
. (5.6)

Therein, dnγ
m is the local number of moles. Since Mγ

m is a constant of the species ϕγ , the
variation of ργ

β is uniquely determined by cγm .

5.2.3 Constituent Balance Relations

Following the basic ideas and definitions of the TPM, one proceeds from the following
balance relations of the components ϕα constituting the overall biological aggregate [17]:
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� mass: (ρα)′α + ρα div
′
xα = ρ̂α ,

� momentum: ρα ′′
xα = divTα + ρα bα + p̂α ,

� m. o. m.: 0 = I × Tα + m̂α,

� energy: ρα(εα)′α = Tα · Lα − divqα + ρα rα + ε̂α,

� entropy: ρα (ηα)′α = div (− 1

θα
qα) +

1

θα
ρα rα + sζ̂α .

(5.7)

Therein,
′
xα and

′′
xα are the velocity and acceleration functions of ϕα. Furthermore, Tα

stands for the partial Cauchy stress, bα for the body force density, εα for the mass-specific
internal energy , Lα for the spatial velocity gradient, qα for the heat influx vector, rα for
the radiation term, ηα for the mass-specific entropy and θα for the Kelvin’s tempera-
ture. Moreover, div( q ) is the divergence operator corresponding to the gradient operator
grad( q ) = ∂( q )/∂x, while ( q )′α characterizes the material time derivative following the
individual motion of ϕα. If growth phenomena are concerned, cf. Section 5.4, the concept
of constituent temperatures θα and their energetically conjugate counterparts, the en-
tropies ηα, is extended towards additional temperature-analogous “growth energies” and
entropy-analogous “configurational growth entropies”.

The direct production terms of mass, momentum, moment of momentum, energy and
entropy, given through ρ̂α, p̂α, m̂α, ε̂α and ζ̂α, are related to the total productions via

ŝα = p̂α + ρ̂α ′
xα ,

ĥα = m̂α + x × (p̂α + ρ̂α ′
xα) ,

êα = ε̂α + p̂α· ′
xα +ρ̂α (εα + 1

2

′
xα · ′

xα) ,

η̂α = ζ̂α + ρ̂αηα.

(5.8)

By summing up the relations (5.7) over all constituents ϕα, one obtains the following
constraints of the production terms:

∑

α

ρ̂α = 0 ,
∑

α

ŝα = 0 ,
∑

α

ĥα = 0 ,
∑

α

êα = 0 ,
∑

α

η̂α ≥ 0 . (5.9)

For details concerning the above setting of the balance laws of the TPM, the interested
reader is again referred to [17, 35] and the quotations therein.

Given the relations (5.7)–(5.9), the entropy principle for the overall biological tissue reads

k∑

α=1

[
ρα(ηα)′α + ρ̂αηα + div

( 1

θα
qα

)
− 1

θα
ραrα

]
≥ 0 . (5.10)

Introducing mass-specific constituent free energy functions ψα via the Legendre transfor-
mation

ψα := εα − θαηα , (5.11)
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one obtains with the aid of the energy balance relations (5.7)3 the mostly used form of
the entropy principle for multi-component materials, viz.:

k∑

α=1

1

θα

[
Tα · Lα − ρα [(ψα)′α + (θα)′αη

α] − p̂α· ′
xα −

− ρ̂α (ψα + 1
2

′
xα · ′

xα) − 1

θα
qα · grad θα + êα

]
≥ 0 .

(5.12)

5.3 Swelling Media as Biphasic, Four-Component

Aggregates

In the mechanics of biological tissue, such as avascular cartilage or the intervertebral disc
as well as in various other fields, swelling problems occur and have to be described on a
computational basis. The phenomenon of swelling is triggered by the fact that negative
electrical charges are fixed to the skeleton material such that the chemical equilibrium
can change as a result of the composition of an external solution.

To describe swelling processes of avascular tissue and further swellable materials, one has
to consider a biphasic medium of a solid skeleton ϕS with adhering fixed charges ϕfc and
a pore fluid ϕF , understood as a mixture of a liquid solvent ϕL, e. g. water, and dissolved
solutes, e. g. positive and negative ions ϕ+ and ϕ− of a salt such as the monovalent
Na+CL−. Based on the balance equations (5.7)1,2, the biphasic, four-component material
under study is governed by the following mass and momentum balances:

(ρα)′α + ρα div
′
xα= 0 ,

0 = divTα + ραbα + p̂α

}
= {S, L, +, −} and ϕF =

⋃

γ=L,+,−

ϕγ. (5.13)

To obtain (5.13), quasi-static processes (
′′
xα= 0) at constant temperature (θα = θ = const.)

and a general absence of phase transitions (ρ̂α = 0) have been assumed. Based on the
concept of material incompressibility (ραR = const.) of the porous solid including the fixed
charges and the fluid components, liquid, cations and anions, the mass balances reduce
to volume balances

(nα)′α + nα div
′
xα= 0 . (5.14)

Although the component densities ραR are constant, the partial densities ργ
F of the fluid

components as well as the effective pore-fluid density ρFR, given by (5.5) and (5.6), can
vary as a result of varying molar concentrations cγm in the pore-fluid mixture:

ρFR =
∑

γ=L,δ

ργ
F with ργ

F = cγmM
γ
m and δ = {+,−} . (5.15)

Since the molar masses Mγ
m of the fluid components are constant, (5.13)1 is rewritten to

yield

(nF cγm)′γ + nF cγm div
′
xγ= 0 or

nF (cγm)′γ + cγm div (uS)′S + nF cγm divwγ + cγm gradnF · wγ = 0 ,
(5.16)
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respectively. Proceeding from the fact that the fixed charges adhere to the skeleton
material, the fixed charges volume balance reads

(ρfc)′S + ρfc div
′
xS = 0 , where ρfc =: nF cfc

mM
fc
m . (5.17)

Therein, cfc
m and Mfc

m are the molar concentration and the molar mass of ϕfc.

Proceeding from an isothermal four-component formulation of a biphasic material, quasi-
static computational procedures are based on a basic set of seven primary variables given
by the solid displacement uS, the pore-fluid seepage velocity wF , the relative ion velocities
w+ and w−, the hydraulic pore-fluid pressure P and the cation and anion concentrations
c+m and c−m. Under quasi-static conditions, one obtains a coupling between wF and P as
well as between wδ and cδm resulting from the individual fluid momentum balances and
the constitutive setting yielding Darcy-like and Nernst-Planck-like relations. Following
this reduces the set of primary variables from seven to four: the solid displacement uS,
the pore-fluid pressure P and the ion concentrations cδm. Thus, the corresponding set of
governing equations is given by the overall momentum balance corresponding to uS, the
fluid volume balance corresponding to P and the ion concentration balances corresponding
to cδm. Following this, one obtains

0 = divT + ρg ,

0 = (nF )′S + nF div (uS)′S + div (nF wF ) +
nF

ρFR
(ρFR)′F ,

0 = nF (cδm)′S + cδm div (uS)′S + div (nF cδmwδ) .

(5.18)

Therein, (5.18)1 was obtained by summing up (5.13)2, where use was made of ρ :=
∑

α ρ
α,

T :=
∑

α Tα and of constant body force densities equivalent to the overall gravitation g

through bα = b =: g. Furthermore, the constraint (5.9)2 was considered with the aid of
(5.8)1 and ρ̂α = 0. Describing the pore-fluid mass balance (5.18)2 and the ion concen-
tration balances (5.18)3 with respect to the moving solid skeleton, the relative velocities

wF =
′
xF −(uS)′S and wγ =

′
xγ −(uS)′S come into play, where (uS)′S =

′
xS. To obtain

(5.18)2 and (5.18)3, additional use was made of (5.5) and (5.6).

5.3.1 Restrictions Obtained from the Entropy Inequality

To close the model under consideration, constitutive equations are required for the partial
Cauchy stresses Tα and the linear momentum productions p̂γ of the fluid components.
Note in passing that defining Tα will include the constitutive equations for the chemical
potentials and the osmotic pressure.

An evaluation of the overall entropy inequality

TS · LS − ρS (ψS)′S +
∑

γ

[
Tγ · Lγ − ργ (ψγ)′γ − p̂γ · wγ

]
≥ 0 , (5.19)

obtained from (5.12) under consideration of constant temperatures and vanishing density
productions, imposes the necessary thermodynamical restrictions on the process. How-
ever, since the model includes a pore-fluid mixture instead of an immiscible combination
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of pore liquids and pore gases, the free energy functions of the fluid components will be
formulated per fluid volume [8] instead of per constituent mass as in (5.19). Thus,

ργ ψγ = nF (ργ
Fψ

γ) =: nF Ψγ
F , where Ψγ

F := ργ
Fψ

γ. (5.20)

In addition, the pore-fluid free energy yields

ΨF
F :=

∑

γ

Ψγ
F . (5.21)

Inserting (5.20) and (5.21) into (5.19), the entropy inequality transforms towards

(TS − nSΨF
F I) · LS − ρS (ψS)′S +

∑
γ

[
(Tγ − nFΨγ

F I) · Lγ − nF (ΨF
F )′F−

−gradΨγ
F · (nFdγF ) − ( p̂γ + Ψγ

F gradnF ) · wγ

]
≥ 0 ,

(5.22)

where the diffusion velocities dγF are given through dγF = wγ − wF . Furthermore, the
process is affected by two constraints, the saturation constraint and the electroneutrality
constraint. These constraints read:

(nS +
∑
γ

nγ)′S = −nS div
′
xS −∑

γ

(nγ div
′
xγ + gradnγ · wγ) = 0 ,

(ρfc
e +

∑
δ

ρδ
e)

′
S = −ρfc

e div
′
xS −∑

δ

(ρδ
e div

′
xδ + grad ργ

e · wγ) = 0 .
(5.23)

To obtain the first constraint, the solid material time derivative of the saturation condition
(5.2)2 has been taken, while to obtain the second one, the solid material time derivative
has been applied to the electroneutrality condition

ρe = ρfc
e +

∑

δ

ρδ
e = 0 . (5.24)

Therein, the densities of the volumetric electrical charges of the free moving ions ϕδ and
of the fixed charges ϕfc adhering at the skeleton are given by

ρδ
e := nF zδcδmF and ρfc

e := nF zfccfc
mF , (5.25)

where zδ and zfc are the valances of the ions, and F is the Faraday constant.

Multiplying the saturation constraint (5.23)1 by the hydraulic excess pressure P and
the electroneutrality constraint (5.23)2 by the electrical potential ϕe, both acting as La-
grangean multipliers, the entropy inequality (5.22) yields after having been combined with
these equations

(TS
E − nSΨF

F I) · LS − ρS (ψS)′S +
∑
γ

[
(Tγ

E − nFΨγ
F I) · Lγ − nF (ΨF

F )′F−

−grad Ψγ
F · (nFdγF ) − (p̂γ

E + Ψγ
F gradnF ) · wγ

]
≥ 0 .

(5.26)

Therein, both P and ϕe occur as new fields via the extra quantities indicated by ( · )E,
which are not matched by governing equations yet. In particular, in (5.26), the extra
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stresses TS
E and T

γ
E as well as the extra momentum productions p̂

γ
E with γ = {L, δ} are

defined as

TS
E = TS + nSP I + ρfc

e ϕe I ,

Tδ
E = Tδ + nδ P I + ρδ

e ϕe I , p̂δ
E = p̂δ − P gradnδ − ϕe grad ρδ

e ,

TL
E = TL + nLP I , p̂L

E = p̂L − P gradnL .

(5.27)

From the above relations, one can see that the extra quantities and the total quantities are
related to each other by the action of the incompressibility constraint (5.23)1 multiplied
by P and by the electroneutrality constraint (5.23)2 multiplied by ϕe.

Combining (5.26) with the constitutive assumptions

ψS = ψS(FS) and Ψγ
F = Ψγ

F (cγm) (5.28)

yields with the aid of the standard evaluation procedure:

TS
E mech. := TS

E + nS

( ∑

γ

cγm
∂Ψγ

F

∂cγm
− ΨF

F

)
I = ρS ∂ψ

S

FS

FT
S ,

T
γ
E dis. := T

γ
E + nF

(
cγm
∂Ψγ

F

∂cγm
− Ψγ

F

)
I ≈ 0 ,

p̂
γ
E dis. := p̂

γ
E −

(
cγm
∂Ψγ

F

∂cγm
− Ψγ

F

)
gradnF .

(5.29)

Therein, TS
E mech. is the purely mechanical part of the solid extra stress, while T

γ
E dis. and

p̂
γ
E dis. are the frictional stresses and the drag and diffusion forces of ϕγ. Note in passing

that it can be shown by use of a dimensional analysis that T
γ
E dis. approximately vanishes

in comparison with p̂
γ
E dis., cf. [21, 35]. In addition to the results obtained with (5.29), it

remains the dissipation inequality

D = −
∑

γ

p̂
γ
E dis. · wγ ≥ 0 . (5.30)

As a result, the dissipation inequality is fulfilled with

p̂δ
E dis. = −(

′
xδ −

′
xL) ,

p̂L
E dis. = −∑

δ

SLδ(
′
xL − ′

xδ) − SLS wL .
(5.31)

Therein,

SLδ = nF nLRθ cδm
Dδ

I and SLS = nF nLµLR

KS
I (5.32)

are the positive definite permeability and diffusion tensors under isotropic conditions,
where Dδ is the ion diffusion coefficients of ϕδ, µLR is the effective shear viscosity of ϕL,
and KS is the intrinsic permeability of ϕS.
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5.3.2 The Fluid Components

Based on the the assumption of vanishing frictional stresses T
γ
E dis., cf. (5.29)2, the extra

stresses of the fluid components ϕγ read

T
γ
E = −nF

(
cγm
∂Ψγ

F

∂cγm
− Ψγ

F

)
I yielding T

γ
E − nF Ψγ

F I = nF cγm
∂Ψγ

F

∂cγm
I . (5.33)

From these relations, it is easily concluded that (5.33)2 contains the molar chemical po-
tential µγ

m of ϕγ , while (5.33)1, as the “extra pressure” of ϕγ , is the contribution πγ of ϕγ

to the overall osmotic pressure π. Thus,

µγ
m =

∂Ψγ
F

∂cγm
, πγ = cγm

∂Ψγ
F

∂cγm
− Ψγ

F = cγmµ
γ
m − Ψγ

F and π =
∑

γ

πγ . (5.34)

Combining (5.27)(1−3), (5.29) and (5.33), one obtains the constituent partial stresses as

TS = −nS(P + π) I − ρfc
e ϕe I + TS

E mech. ,

Tδ = −nδ P I − nFπδ I − ρδ
e ϕe I ,

TL = −nL P I − nFπL I ,

(5.35)

where (5.21) has been used. Furthermore, one recovers the total momentum productions
(5.27)4,5 to yield

p̂δ = P gradnδ + πδ gradnF + ϕe grad ρδ
e + p̂δ

E dis. ,

p̂L = P gradnL + πL gradnF + p̂L
E dis. .

(5.36)

Finally, summing over the components of the pore-fluid mixture yields the overall fluid
stress and the overall fluid momentum production, viz.:

TF = −nF (P + π) I− ∑
δ

ργ
e ϕe I ,

p̂F = (P + π) gradnF + ϕe

∑
δ

grad ρδ
e +

∑
γ

p̂
γ
E dis. .

(5.37)

5.3.3 Ion Diffusion and Fluid Flow

Proceeding from the standard assumption that the free energy of the fluid components
can be given as

Ψγ
F = cγmµ

γ
0m + cγm Rθ (ln cγm − 1) , (5.38)

where θ is the absolute Kelvin’s temperature and R the universal gas constant, the chem-
ical potentials and the osmotic pressure read

µγ
m = µγ

0m +Rθ ln cγm and π = Rθ
∑

γ

cγm . (5.39)

Therein, µγ
0m is known as the constant standard potential.
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Inserting the partial ion stress Tδ from (5.35)2 and the ion momentum production p̂δ

from (5.36)1 into the ion momentum balance (5.13)2 yields

0 = −nδ (gradP − ρδRg) − nF gradπδ − ρδ
e gradϕe + p̂δ

E dis. . (5.40)

Since partial osmotic pressures cannot be measured, πδ must be substituted by µδ
m with

the aid of (5.34)2. Thus, with the aid of (5.28)2 and (5.34)1, the ion momentum balance
(5.40) yields

0 = −nδ (gradP − ρδRg) − nF cδm gradµδ
m − ρδ

e gradϕe + p̂δ
E dis. . (5.41)

Proceeding from the assumption that the ion volume fraction nδ is negligible compared
to the liquid volume fraction nL including

nδ ≪ nL and nL ≈ nF , (5.42)

one obtains with the aid of (5.5)

ρFR ≈ ρL
F with

∑

δ

ρδ
F ≈ 0 and

′
xF ≈ ′

xL , (5.43)

and (5.41) transforms towards the extended Nernst-Planck equation

nFdδF = − Dδ

Rθ cδm
(cδm gradµδ

m + ρδ
eF gradϕe) , (5.44)

where dδF =
′
xδ − ′

xF ≈ ′
xδ − ′

xL has been used. Furthermore, in analogy to (5.5)1,
ρδ

e = nFρδ
eF . In order to obtain (5.44) describing the ion diffusion process from (5.41), the

first term on the rhs of (5.41), the drag term, has been neglected with respect to (5.43)1.
Expressing the chemical potentials µδ

m by the concentrations cδm yields the final version
of the diffusion equation (5.44), viz.:

nFdδF = − Dδ

Rθ cδm
(Rθ grad cδm + ρδ

eF grad ϕe) . (5.45)

Therein, (5.39) together with the assumption of isothermal processes has been used.

Inserting the fluid stress and the fluid momentum production given by (5.37) into the
fluid momentum balance obtained by summing (5.13)2 over γ = {L,+,−} yields

0 = −nF
[
grad (P + π) − ρFRg − ∑

δ

ρδ
eF gradϕe

]
+ p̂F

E dis. . (5.46)

Therein, p̂F
E dis. is obtained from (5.31), (5.32) and (5.43)1 as

p̂F
E dis. = p̂L

E dis. +
∑
δ

p̂δ
E dis. = −(nF )2 µF R

KS wF . (5.47)

Combing (5.46) and (5.47), one recovers the extended Darcy equation

nFwF = −KS

µFR

[
grad (P + π) − ρFRg − ∑

δ

ρδ
eF grad ϕe

]
(5.48)

governing the fluid flow.
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5.3.4 Electrical Potential

The electrical potential ϕe entering the process through the entropy inequality (5.26)
together with the electroneutrality constraint (5.23)2 reveals that there is no matching
governing equation. Thus, this additional equation must be found and added to the
process. To overcome this situation, use is made of the Poisson equation of the electrical
potential of electrostatics yielding

div gradϕe = − 1

ǫF
ρe , (5.49)

where div grad ( q ) =: ∆ ( q ) is the Laplace operator, ǫF the constant electric fluid per-
mittivity, while the density ρe of the electrical charges is given through (5.24) and (5.25).
In contrast to the electroneutrality condition (5.24) stating ρe = 0, ρe is usually obtained
from the Gauss’s law

divd = ρe , (5.50)

where d is the electric displacement obtained from the electrical field e via

d = ǫF e with e = −gradϕe . (5.51)

Combining (5.49) with (5.25) finally yields

div gradϕe = −n
F F

ǫF
(∑

δ

zδcγm + zfccfc
m

)
. (5.52)

This equation will be used in the numerical setting to match ϕe.

5.3.5 The Solid Skeleton

As was mentioned at the beginning of this section, swelling phenomena are usually com-
bined with large solid deformations. Following this results in the fact that a non-linear
elasticity law is needed to describe the elastic solid deformations. Following [20], a com-
bination of the neo-Hookean law with a non-linear volumetric deformation yields by use
of (5.29)1

TS
E mech. = J−1

S

[
2µS KS + λS (1 − nS

0S)2

(
JS

1 − nS
0S

− JS

JS − nS
0S

)
I

]
, (5.53)

where µS and λS are the Lamé constants and JS = detFS. Concerning the description
of finite volumetric deformations of a materially incompressible solid skeleton, recall that
the property of material incompressibility (ρSR = const.) does not include total incom-
pressibility (ρS = const.), since ρS can still change through nS. As a result, the volumetric
deformation included in (5.53) is only due to variations of the pore space, such as those
initiated by swelling processes, and is not due to volumetric changes of the matrix material
itself.
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5.3.6 Swelling Media

Simulation of a Swelling Experiment

Based on the weak forms of the general swelling model, cf. [1, 18, 19], the numerical scheme
governing swelling media is based on extended Taylor-Hood elements with quadratic shape
functions for the solid displacement uS and linear shape functions for hydraulic fluid pres-
sure P, the ion concentrations c+m and c−m and the electrical potential ϕe. The implemen-
tation is realized in the FE package PANDAS.

The following numerical example concerns a 2-d plane-strain simulation of a swelling ex-
periment carried out by the group of Jacques Huyghe in Eindhoven (The Netherlands). In
this experiment, a soot-colored hydrogel disc is taken from a given bathing solution, where
it was in chemical equilibrium, and put into another solution with a lower concentration
of both cations and anions. As a result, the chemical equilibrium in the disc is violated
and can only be regained, when the disc absorbs a certain amount of liquid such that
the internal and external solutions return to a state of chemical equilibrium. To simu-
late this experiment, a rectangular cross section is discretized under symmetry conditions
(Figure 5.1). During the computation, the chemically uncharged hydrogel is firstly equili-

c̄m

c̄m0

c̄m1

c̄m2

tt0 t2t1 t3 t4

Figure 5.1: Chemical loading (left) and geometry (right) of a 2-d free swelling simulation.
The solid and the dashed line concentration curves on the left side belong to the respective

boundaries on the right side. The dotted line at the bottom left corner of the geometry
indicates the transition from the concentration value of the solid to the dashed line.

brated in a bathing solution with the initial external concentration c̄m0. This is necessary
in order to transform the hydrogel from a fictitious non-loaded reference configuration in
the sense of a natural state at t = t0 towards a pre-swollen initial configuration. Note
in passing that there is no uncharged configuration in any real experiment, since swelling
materials are always somehow in a swollen state. In the fictitious non-loaded reference
configuration, there is neither a solid stress (TS

E mech.0S = 0) nor an osmotic pressure
(π0 = 0). To avoid numerical problems during initial loading, the initial osmotic pressure
is applied slowly by increasing the referential concentration of the fixed charges from 0 to
the prescribed value cfc

m0S over time. After a certain time of computation, an equilibrium
state is reached defined as the “initial configuration” at which the initial osmotic pres-
sure π∗

0, the initial concentration c∗m0 and the initial purely mechanical solid extra stress
TS ∗

E mech.0S fits the volumetric deformation (detFS)∗0S through the balance equations and
the constitutive setting.
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Figure 5.2: Qualitative comparison between the free swelling experiment of a soot-colored
hydrogel disc carried out by the group of Jacques Huyghe at the TU Eindhoven and our

numerical simulation. Starting from a pre-swollen initial state (top, right), the contour plots
show the deformation and the overall pressure (hydraulic and osmotic) development.

Concerning the numerical simulation prior to the actual swelling process, the specimen
is equilibrated for a period of t0 = 7 000 s in a c̄m0 = 4.1 molar sodium chloride (NaCl)
solution, where cfc

m0S is increased from 0 to 0.8meq/l within the first 4 000 s. After an
equilibrium state is obtained, the initial configuration is reached, and the hydrogel is
placed in another NaCl solution. There, the external salt concentration is decreased at
all boundaries from c̄m0 = 4.1mol/l to c̄m1 = 2.7mol/l until t1 = 7 080 s. Thereafter,
only the boundaries denoted by the solid line are exposed to the solution, cf. Figure 5.1.
Then, the concentration is further decreased to c̄m2 = 0.3mol/l until t2 = 7 220 s, while
the concentration at the bottom is kept constant. At t3 = 8 000 s, the bottom of the
hydrogel gets in contact with the bathing solution as well. Therefore, c̄m1 is decreased to
c̄m2 = 0.3mol/l until t4 = 10 000 s.

Figure 5.2 compares the experiment results on the left-hand side with the simulation on
the right-hand side. Besides the comparison of the deformation, the contour plots show
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the development of the overall fluid pressure within the material. The first line shows the
computed initial configuration (t0 = 7 000 s) after having increased cfc

0S from 0 to its full
amount and after having reached chemical equilibrium. This is a swollen state, i. e., there
is an osmotic pressure and a deformation. The next line shows the phase of the negative
osmosis (t = 7 107 s), during which the hydrogel shrinks initially in its inner region. Note
in passing that this effect results from the state of chemical non-equilibrium at the domain
boundary yielding an influx of liquid both from the bathing solution through the domain
boundary and from the inner part of the specimen to the outer parts. Thereafter, the state,
at which the greatest bending occurs, is shown (t = 7 224 s). The subsequent pictures
present how the final equilibrium state is reached (t = 7 650 s and t = 11 000 s). At the
end of the simulation process, the cross-sectional area of the specimen is approximately
2.2 times larger than the area of the computed initial state.

Swelling of an Intervertebral Disc

Applying the theoretical framework presented before to swelling phenomena of biological
tissue such as the intervertebral disc, one is able to compute the disc-bulging observed in
an in-vitro experiment by the group of Gerhard Holzapfel in Graz (Austria), cf. Figure 5.3.
The computations are carried out by the additional use of Lanir’s assumption [34] of an
immediate chemical equilibrium not only at the domain boundary but also in the overall
domain. This assumption proceeds from the fact that the ion diffusion is much faster
than the solid deformation coming along with the corresponding swelling or shrinking
processes. Furthermore, one proceeds from the idea that biological tissue, especially
under in-vivo conditions, where it is generally in an equilibrium state, cannot be exposed
suddenly to a rapid decrease or increase of the molar ion concentration of the surrounding
interstitial fluid. As a result, the general model can be simplified by only using the solid

Figure 5.3: Swelling of an intervertebral disc. Experiment by Gerhard Holzapfel (left) and
numerical computation (right).

deformation and the fluid pressure as primary variables solving the week forms of the
overall momentum and volume balances. The chemical information is included by using
the external concentration as material parameters in combination with van’t Hoff’s law
∆π = Rθ[(c+ + c−) − (c̄+ + c̄−)], where the concentrations c̄δ represent the boundary
values of the bathing solution.
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5.4 Avascular Growth as Energy-Controlled Phase

Transition

The simulation of avascular growth in general and of tumor growth in particular poses a
very difficult challenge due to the complicated biological scenario that has to be consid-
ered. With respect to the complex metabolic processes governed by nutrient, angiogenic
and growth factors, it is convenient, as before, to proceed from the macroscopic model-
ing approach of the TPM instead of getting lost in the description of the physiochemical
mechanisms at the cellular level. Thus, the hydrated organic tissue is treated as a biphasic
aggregate constituted by a porous solid (tumor cells and extracellular matrix) which is
permeated by an organic interstitial fluid mixture. Since the imbalances of production
and degradation of the individual constituents associated with growth and necrosis of the
tumor tissue are strongly influenced by several chemical factors (nutrients, enzymes etc.),
the model incorporates two additional caloric state variables. These new variables are
introduced as the “growth energies” compared to the thermodynamic temperatures and
their energetically conjugate terms, the “configurational growth entropies” compared to
the thermodynamic entropies.

In the context of biological tissue, cf. Cowin [12] for details, Preziosi & Farina [38] and
Steeb & Diebels [45] formally employed the TPM to account for the separate contributions
of each constituent during growth. In the same sense, Klisch & Hoger [31] additionally
used the multiplicative geometric concept of Rodriguez et al. [39] by introducing a growth
deformation gradient in combination. Humphrey & Rajagopal [30] developed a theory
that considers the continual production and removal of constituents in potentially dif-
ferently stressed configurations. The goal of this section is to present a consistent TPM
model that enables the analysis of the early stages of solid tumor growth by considering
the avascular growth of a tumor (neoplastic) cell cluster towards a tumor spheroid. As a
result of not yet being supplied by blood vessels, the tumor receives nutrients from the
surrounding tissue only by diffusion.

The structure of a tumor spheroid distinguishes an outer rim of proliferating tumor cells,
an intermediate region where tumor cells are alive but do not proliferate (quiescent state)
and a central core of nutrient-starved necrotic tumor cells. The mechanisms affecting the
growth of cells are the diffusion and the consumption of nutrients and oxygen, the resis-
tance or stress exerted by the surroundings on the cells and the frequency of mechanical
loads on the cells, cf. [33, 46] The model concept and the constitutive relations presented
here are inspired by and partially adopted from the already existing continuum-mechanical
models for avascular tumor growth, such as the single-phasic formulation of Ambrosi &
Mollica [3, 4]. This model is extended by a reaction-diffusion equation for the nutrients,
whose concentration is treated like a measure of a metabolistic energy. Furthermore, it is
inspired by the work of Byrne & Preziosi [11], Ambrosi & Preziosi [5], and Roose et al.
[41], where tumor tissue is described as a multi-component material.
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5.4.1 Biphasic Porous Media Growth Model

Following the TPM approach in Section 5.2, a solid tumor is considered as a biphasic
aggregate consisting of two immiscible constituents, a solid skeleton ϕS representing the
living tumor cells embedded into the extracellular matrix and a single pore-fluid mixture
consisting of interstitial liquid, necrotic debris and cell precursors, cf. Figure 5.4. Fol-
lowing this, the growth process is described by a distinct mass exchange between both
constituents. The complex metabolic mechanisms are governed by the introduction of a
non-mechanical, temperature-equivalent “growth energy” Cα

θ > 0 (α ∈ {S, F}) as a mea-
sure of the average amount of chemical energy available for cell metabolism, which can be
regarded in full analogy to the thermodynamic temperature θα as a measure of the aver-
age kinetic energy of atoms. To be in line with continuum thermodynamics, this further
entails the introduction of an associated (conjugate) “configurational growth entropy” ηα

c

as a measure for the randomness in the distribution of matter analogously to the thermal
entropy ηα previously introduced.

living tumor cells
extracellular matrix

}

interstitial fluid
necrotic debris
cell precursors









biphasic

ϕ = ϕS ∪ ϕF

macro model
dvF

dvS

Figure 5.4: Biphasic porous media model for avascular tumor growth.

As in Section 5.3, one proceeds from quasi-static processes (
′′
xα= 0) and materially in-

compressible constituents (ραR = const.). However, in contrast to Section 5.3, the density
productions ρ̂α are not zero which, due to the incompressibility assumption, yields a
volume production n̂α := ρ̂α/ραR entering the partial volume balance

(nα)′α + nα div
′
xα= n̂α , where

∑

α

n̂α = n̂S + n̂F = n̂S
(
1 − ρSR

ρFR

)
. (5.54)

Note that in contrast to (5.9)1,
∑

α n̂
α 6= 0. As a result, the corresponding volume balance

of the whole aggregate obtained by summing up (5.54) over α = {S, F} yields

∑

α

(nα)′S = (nS + nF )′S = n̂S
(
1 − ρSR

ρFR

)
− div

[
(uS)′S + nFwF

]
= 0 . (5.55)

Neglecting the gravitational body forces (bα = g = 0), the quasi-static partial and total
momentum balances read with the aid of (5.7)2, (5.8)1 and (5.9)2

0 = divTα + p̂α with p̂S = −p̂F + n̂SρSR wF and 0 = div T , (5.56)

where, as in (5.18)1, T := TS + TF . For the determination of the growth energies, the
partial energy balances are required. Proceeding from (5.7)4 under the assumption of
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adiabatic circumstances (qα = 0, rα = 0) and omitting furthermore an unphysiological
external supply of growth energy, one obtains

ρα(εα)′α = Tα · Lα − div jα + ε̂α , (5.57)

where jα denotes the growth energy influx vector in analogy to the heat influx qα.

5.4.2 Thermodynamical Restrictions and Constitutive Setting

In analogy to standard TPM models, one introduces the internal energies εα = εα(.., ηα
c , ..)

as a function of the partial configurational growth entropy and further quantities. By use
of the standard Legendre transformation technique, this assumption directly leads, similar
to (5.12), to the formal definition of a free Helmholtz energy density:

ψα := εα − Cα
θ η

α
c . (5.58)

Like in all other TPM models, it is a basic requirement that the saturation constraint
(5.2) is fulfilled throughout the thermodynamic process. This is accomplished by adding
(5.55) multiplied by a Lagrangean multiplier P to the general entropy inequality (5.12).
Accounting for the growth energy and the associated configurational entropy, one arrives
at

∑

α

{ 1

Cα
θ

[
Tα · Lα − ρα

[
(ψα)′α + (Cα

θ )′α η
α
c

]
− p̂α· ′

xα −

−n̂αραR (ψα + 1
2

′
xα · ′

xα) − 1

Cα
θ

jα · grad Cα
θ + êα

]
− P (nα)′S

}
≥ 0 ,

(5.59)

where êα is the total energy production according to (5.8)3. From Section 5.3, it is obvious
that P represents the excess pore-fluid pressure.

Inserting the constitutive assumptions

ψS = ψS(FS, n
S, CS

θ ) and ψF = ψF (CF
θ ) (5.60)

for the free-energy densities in (5.59) yields after some algebraic manipulations:

� solid Cauchy stress with solid growth pressure

TS = ρS ∂ψ
S

∂FS

FT
S

︸ ︷︷ ︸
TS

E mech.

−nSpS
grow. I

︸ ︷︷ ︸
TS

E grow.

−nS CS
θ

CF
θ

P I with pS
grow. = ρS ∂ψ

S

∂nS
, (5.61)

� fluid Cauchy stress and fluid momentum production

TF = TF
E dis. − nFP I , p̂F = p̂F

E +
CS

θ

CF
θ

P gradnF , (5.62)
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� configurational growth entropies

ηS
c = −∂ψ

S

∂CS
θ

, ηF
c = −∂ψ

F

∂CF
θ

. (5.63)

The reminder of (5.59) imposes restrictions on the dissipative contributions of the process.
Here, the residual inequality is sufficiently fulfilled if the following proportionalities are
met:

TF
E mech. ∝ LF

p̂F
E ∝ −wF

ε̂F ∝ (CS
θ − CF

θ )

jα ∝ −grad Cα
θ





−→





TF
E mech. ≈ 0 : see [21, 35],

p̂F
E = −(nF )2 SFS wF : cf. (5.31) and (5.32),

ε̂F = τS
c n

S (CS
θ − CF

θ ) : caloric interaction,

jα = −Dα
c grad Cα

θ : energy diffusion.

(5.64)

Herein, SFS is the inverse permeability tensor, τS
c ≥ 0 is the growth energy absorption rate

and Dα
c ≥ 0 denotes the growth energy diffusion coefficient in ϕα. A more complicated

restriction is found for the solid volume production:

n̂S ∝
{

1
2
ρSR wF · wF

︸ ︷︷ ︸
cell migration

(erosion)

+ρSR
[
εF− εS− CS

θ (ηF
c − ηS

c )
]

︸ ︷︷ ︸
metabolism

(growth factors)

−CS
θ

CF
θ

P
(
1 − ρSR

ρFR

)
− pS

grow.

︸ ︷︷ ︸
effective pressure
on cell membrane

}
. (5.65)

Although the individual terms in (5.65) can be interpreted to some extent, they are far
away from being understood on a physiological basis. Therefore, we follow a reduced
ansatz motivated by the work of Ambrosi & Preziosi [5] assuming n̂S being controlled
only by the growth energy difference CF

θ − CS
θ and the apparent tumor cell fraction nS:

n̂S =





γ
CF

θ − CS
θ

CS
θ bm

nS − δ nS if CF
θ > CS

θ > CS
θ bm ,

−δ nS else .
(5.66)

Therein, γ and δ are positive parameters and CS
θ bm indicates the basal metabolic energy

required for keeping the tumor cells alive (quiescent state).

Moreover, for the treatment of the caloric contributions, it is convenient to accept some
further simplifications. It is quite obvious that biochemical processes and growth occur
on different time and space scales. Essentially, the growth energy is asymptotically at
steady state on the time scale of growth such that energy diffusion and direct energy
production always balance. As a consequence, proceeding from a time-scale separation
and the quasi-steady-state assumption (QSSA) together with (5.64)3,4, the partial energy
balances take the simplified form

0 = DF
c ∆ CF

θ + τS
c n

S (CS
θ − CF

θ ) , 0 = DS
c ∆ CS

θ + ε̂S with

ε̂S = −τS
c n

S (CS
θ − CF

θ ) − p̂F · wF − n̂SρSR
(
εS− εF − 1

2
wF · wF

)
.

(5.67)
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For the free energies (5.60), it is particularly assumed that

ψS := ψS
mech.(FS) + ψS

grow.(n
S) + ψS

cal.(CS
θ ) , ψF := ψF

cal.(CF
θ ) , (5.68)

using a convenient Ansatz for the caloric parts

ψα
cal.(Cα

θ ) = −Sα
c (Cα

θ ln Cα
θ − Cα

θ ) , where Sα
c = −Cα

θ

∂2ψα
cal.

∂(Cα
θ )2

, (5.69)

is the specific growth energy in the sense of a specific metabolic heat comparable to the
specific heat in thermal problems. The mechanical part of the solid free energy ψS

mech. in
(5.68) is taken of neo-Hookean type yielding TS

E mech as in (5.53). The solid growth part
ψS

grow. accounts for the cell-to-cell interaction via the solid growth pressure (5.61). Here,
a formulation of Preziosi [37] is adopted, which is capable of mimicking cell attraction as
well as cell repulsion:

pS
grow. =





α
nS

nS
0S

(nS − nS
1S)2 (nS − nS

0S)√
1 − nS

for nS
1S < nS ,

0 for 0 < nS ≤ nS
1S ,

(5.70)

where α and nS
1S are positive parameters.

5.4.3 FE Simulation of Finite 3-D Growth of a Tumor Spheroid

For the numerical treatment, the highly nonlinear coupled five-field problem is recast in
variational form using the weak formulations of the solid volume balance (5.54) with α = S
to determine nS, the overall volume balance (5.55) to get P, the overall momentum balance
(5.56)3 to compute uS and the QSSA solid and fluid energy balances (5.67) to obtain CS

θ

and CF
θ . Proceeding from an implicit monolithic solution procedure, the spatial semi-

discretization is carried out with stable mixed finite elements and the time discretization
is based on the implicit Euler scheme with adaptive step-size control governed by the
convergence behavior of the Newton method. The implementation is realized in the FE
package PANDAS.

Accounting for the symmetry properties, only one eighth of the spheroid must be com-
puted, cf. Figure 5.5. The initial solid volume fraction is 0.6, initial and ambient pressure
are set to zero and the initial distribution of the growth energies is above the basal
metabolic threshold value. During the computation, the Dirichlet boundary conditions
of the growth energies are kept constant at the level of the initial conditions at the outer
boundary surface.

In Figure 5.5, the result of a qualitative simulation shows the finite growth behavior of the
tumor spheroid. As is directly apparent from the shading representing the distribution
of the tumor cell fraction, the spheroid is distinguished into the aforementioned three
regions, viz. a proliferating rim (red), a transition region with quiescent cells (green) and
a necrotic core (blue) of nutrient-starved fluidized tissue. Looking closer to the largest
spheroid depicted in Figure 5.5, one recognizes some buckles on the tumor surface (surface
instabilities) which are caused by the fact that the outer rim grows faster than the inner
domain, an observation also made in in-vitro experiments.
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P0 = 0, nS
0S = 0.6

CF
θ0 > CS

θ0 > CS
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Figure 5.5: 3-d FE mesh with initial and boundary conditions and qualitative results of the
simulated development of the solid volume fraction mimicking the early stages of avascular

spheroidal tumor growth.

5.5 Conclusion

In the present chapter, the complex material behavior of biological tissue was described
on the basis of the TPM, thus allowing for a detailed description of solid deformation,
interstitial fluid flow, ion diffusion and growth. As a result, coupled processes can be
considered and computed, for example, by use of the FE package PANDAS. In addition
to the examples presented in this article, further features can be described and have been
omitted due to page limitations. For example, the vascular system can be added to the
description such that vascular tissues can be described as well as tumor growth after blood
vessels have entered the tumor region.
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6 Fluid Penetration Effects in Porous

Media Contact

bibliographic note: The contents of this chapter is based on the following original article:
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SUMMARY

The contact boundary conditions at the interface between two fluid-saturated porous bodies are
derived. The general derivation is performed within the well-founded framework of the Theory
of Porous Media (TPM) based on the constituent balance relations of mass, momentum, and
energy accounting for finite discontinuities at the contact surface. Particular attention is drawn
to the effects associated with the interstitial fluid flux across the interface. The derived contact
conditions include two kinetic continuity conditions for the solid velocity and the fluid seepage
velocity as well as two jump conditions for the effective solid stress and the pore-fluid pressure.
As an application, the common case of biphasic porous media contact proceeding from materially
incompressible constituents and inviscid fluid properties is discussed in detail.

6.1 Introduction

The modern Theory of Porous Media (TPM) originates from the idea of combining the
classical Theory of Mixtures (TM) [12] with the concept of volume fractions. It seems
that Drumheller [17] was one of the first to use this idea for the description of an empty
porous medium. Bowen [13, 14] extended this approach to fluid-saturated porous solids
considering both incompressible and compressible constituents. The following develop-
ment of the TPM has been mainly contributed by the works of de Boer & Ehlers [10],
and Ehlers [19, 20].

The TPM is a multiphasic continuum theory which, proceeding from superimposed and
interacting continua, allows to describe the behavior of porous materials on the macro
level accounting for the microstructural composition by means of volumetric ratios, the
volume fractions, which are treated as local secondary variables of the thermodynamic
process. At present, the TPM is well-elaborated and established for the description of
manifold multi-phase materials in all branches of engineering, such as elastoplastic soils
[22], hydrated biological tissues [23], or viscoelastic polymer foams [38], to name but a
few. A summary of the recent developments and new trends within the TPM can be
found in the works of Ehlers [21], and de Boer [9].

Parallel to the development of the TPM, Mow and coworkers [42] suggested a model for
soft biological tissues within their linear biphasic theory. Basically, the approach used by
Mow and coworkers is founded on the same concepts as the TPM, viz. Bowen’s TM, in
principle leading to the same basic equations. The biphasic model has been intensively
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exploited in numerous investigations to study the creep and stress-relaxation behavior of
living tissues, in particular cartilaginous tissues [3, 37]. Extensions to linear viscoelastic
solid deformations [36], large strains [43], as well as triphasic formulations accounting for
electrical charges [33] have been developed. Further information on porous media theories,
particularly following the ideas of Biot [7], can be found in the textbooks by Coussy [16]
and Lewis & Schrefler [34].

Despite the obvious progress in the development of theoretical porous media models,
there still remain some unclear problems regarding the formulation of suitable boundary
conditions especially in contact situations. In fact, the problem is no less important
than the task of deriving admissible constitutive equations to close the theoretical model.
In order to obtain physically sound solutions, besides the relevant governing equations
within a certain domain, it is necessary to pose physically adequate conditions at the
boundary (cf. [44]). The problem is much more complicated if one considers the general
contact of two mechanically distinct porous bodies. The conditions to be satisfied at the
contact interface are by no means obvious and not intuitively clear from a mechanical
point of view, such as in classical contact mechanics of single-phase materials, see, e. g.,
[24, 30, 46, 52] for details. The problem arises already at the stage where the boundary of a
porous medium has to be defined. Beavers & Joseph [6] introduced the notion of a nominal
boundary as “a smooth geometric surface assuming that the outermost perimeters of all
the surface pores of the permeable material are in this surface.” However, this definition
as the authors say “is precise when the geometry is simple (planes, spheres, cylinders etc.)
but may be not fully adequate in more complicated situations.”

Among the sparse references in the related literature on the subject of deriving contact
boundary conditions for porous media, the majority of the papers is devoted to the contact
conditions at the saturated porous solid-to-fluid interface. One of the first contributions
in this field are the papers by Beavers & Joseph [6] and Taylor [49]. The main result of
these works is a semi-empirically derived boundary condition also known as Beavers and
Joseph or Taylor condition. A series of subsequent theoretical investigations [15, 45, 51]
confirms the validity of the contact condition under certain circumstances. For a detailed
review of the different approaches for the interfacial conditions between a porous medium
and a bulk fluid layer, the interested reader is referred to Alazmi & Vafai [1].

Closely related to the subject of the present chapter is the work of Hou et al. [27]. Therein,
the authors use contact boundary conditions at the cartilage-synovial fluid interface which
are derived from a discontinuity analysis. Their result can be extended to the case where
two fluid-saturated porous solids come into contact provided the continuity of the solid
displacements over the contact interface is guaranteed. However, the authors rather fo-
cus on deriving boundary conditions at the interface between a porous medium and a
viscid bulk fluid than discussing the general case of porous media contact. Later, Hou
et al. [28] applied the boundary conditions for the investigation of squeeze-film lubrication
mechanisms in diarthrodial human joints.

Adopting the boundary conditions of Hou et al. [27], several researchers posed and solved
frictionless contact problems between two biphasic porous solids [5, 18, 50, 53]. However,
there are always restrictions imposed on the boundary conditions. In particular, none of
the works considers the effects associated with the fluid penetration from one contacting
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body into the other. Ateshian [4] suggested a theoretical formulation for boundary friction
in saturated porous media taking articular cartilage as an example. He introduced the
concepts of the equilibrium kinetic frictional coefficient and the effective frictional coeffi-
cient assuming that only the solid-to-solid contact areas contribute to the appearance of
frictional forces. The effects due to possible fluid fluxes through the contact interface are
neglected.

The objective of the present contribution is to derive convenient boundary conditions
at the interface between two contacting fluid-saturated porous bodies. In this regard,
the special focus lies in the effects resulting from interstitial fluid penetration from one
body into the other. Due to the fluid flux across the interface, the mated bodies interact
and interchange by mass, linear momentum, and energy. In the related literature, these
effects are usually not considered. To begin with, in Section 2, the general derivation of
the contact conditions based on the balance principles for mixtures in the framework of
the TPM is presented. Section 3 is then concerned with the detailed discussion of the case
where two porous bodies come into contact of which both have materially incompressible
constituents and are saturated with the same inviscid liquid. Section 4 presents an analysis
of the boundary conditions for some special cases: (1) quasi-static contact, (2) the contact
of identical porous bodies, and (3) the contact of a porous body and a bulk medium.
Finally, the conclusions and discussions are given in Section 5 at the end of the chapter.

6.2 Saturated Porous Body with Discontinuity

Surface

6.2.1 Preliminaries

For the purpose of this work but without loss of generality, we study the contact interaction
of two biphasic porous bodies each consisting of a solid skeleton saturated by a single
interstitial fluid (pore fluid). The theoretical framework is provided by the macroscopic
Theory of Porous Media (TPM), where a biphasic porous body is treated as a de facto
immiscible mixture ϕ of superimposed and interacting solid and fluid constituents ϕα

(α = S : solid skeleton; α = F : pore fluid). In the macroscopic model, ϕ = ϕS ∪
ϕF , the incorporated physical quantities are then understood as the local averages of
their microscopic representatives and the microstructural composition of the mixture is
captured by local volumetric ratios. In particular, the volume fractions nα := dvα/dv of
ϕα are defined as the local ratios of the partial volume elements dvα with respect to the
bulk volume element dv of ϕ. Apparently, assuming fully saturated conditions implies
the saturation constraint to hold:

∑

α

nα = nS + nF = 1 with

{
nS : solidity ,
nF : porosity .

(6.1)

The introduction of the nα is furthermore associated with two density functions, namely
a material (realistic or effective) density ραR and a partial density ρα relating the local
mass of ϕα to the partial or the bulk volume element, respectively. It is easily concluded
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that ρα = nαραR, which underlines the general compressibility of porous solids through
possible changes of the volume fractions.

Next, concerning the kinematics of mixtures, the idea of superimposed and interacting
continua implies that, starting from different reference positions Xα at time t0, each
constituent is supposed to follow its unique individual Lagrangean (material) motion
function χα and has its own velocity and acceleration fields, viz.:

x = χα(Xα, t) ⇔ Xα = χ−1
α (x, t) ,

vα :=
′
xα =

dαx

dt
,

′′
xα =

d2
αx

dt2
.

(6.2)

Therein, supposing that χα is a local diffeomorphism, χ−1
α represents the inverse (Eulerian

or spatial) motion function and

( · )′α :=
dα( · )

dt
=
∂( · )
∂t

+ grad( · ) · ′
xα (6.3)

indicates the material time derivative following the motion of ϕα. According to Equation
(6.2)1, each spatial point x of the current configuration at time t is simultaneously occupied
by material points of both constituents reflecting the overlay of the partial continua.

In porous media theories, it is moreover convenient to proceed from a Lagrangean de-
scription of the solid matrix via the solid displacement uS and velocity vS as the primary
kinematical variables. In contrast, according to Gibson et al. [25], the pore-fluid flow
is better expressed in a modified Eulerian setting via the seepage velocity vector wFR

describing the fluid motion relative to the deforming skeleton. Moreover, relating wFR

only to the fluid part of the mixture, the so-called filter or superficial velocity wF can be
introduced. In detail,

uS = x −XS , vS = (uS)′S =
′
xS , wFR = vF − vS , wF = nF wFR . (6.4)

6.2.2 Introduction of a Singular Surface

In preparation for a convenient treatment of porous media contact, consider a porous
mixture body B =

⋃
α Bα with boundary surface S =

⋃
α Sα that is separated by a

persistent, immaterial smooth surface Γ into two parts indicated by + and −, such that
B = B+ ∪ B− and S = S+ ∪ S− with outward oriented unit surface normal vectors n

and n+, n−, respectively (see Figure 6.1). Obviously, S± ∪ Γ builds the entire surface of
the partitions B± not to be confused with the partial bodies Bα of ϕα. The inner surface
Γ with unit normal vector nΓ pointing from B− to B+ is allowed to propagate through
B, and we introduce its velocity as well as the relative velocity of a constituent ϕα with
respect to the moving interface Γ as

vΓ :=
′
xΓ , wαΓ = vα − vΓ , (6.5)

where ( · )′Γ = dΓ ( · )/dt is in analogy to (6.3). Note that here only one singular surface
is introduced for the description of the contact surface. In general, discontinuity surfaces
can be introduced for each individual constituent ϕα of the mixture.
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n n+

n−

nΓ

mΓ

−nΓ

nΓ

B

B+

B−

S S+

S−

ΓΓ

Figure 6.1: Mixture body B = B+ ∪ B− separated by a singular surface Γ .

Now, consider a scalar-valued function Ψ(x, t) which is continuous in B+ and B− and has
the following limits on Γ with xΓ ∈ Γ :

Ψ+ = lim
ǫ→0

Ψ(xΓ + ǫnΓ , t) , Ψ− = lim
ǫ→0

Ψ(xΓ − ǫnΓ , t) . (6.6)

The jump of Ψ at Γ is then defined as the difference of the limits, viz.

[[Ψ]] := Ψ+ − Ψ− . (6.7)

If the jump exists with [[Ψ]] 6= 0, the surface Γ is said to be singular with respect to Ψ,
where the order n = m + 1 of the singular surface is defined by the maximum order m
of jump-free position derivatives of Ψ, see [26, 32, 35] for details. From the above, it is
moreover apparent that the normal vector on Γ and the interface velocity are jump-free,
i. e.,

[[nΓ ]] = 0 , [[vΓ ]] = 0 . (6.8)

In connection with the jump expression (6.7) recall the product rule

[[Ψ Φ]] = [[Ψ]] 〈Φ〉 + 〈Ψ〉 [[Φ]] with 〈Ψ〉 = 1
2
(Ψ+ + Ψ−) . (6.9)

6.2.3 Modified Reynolds’ Transport Theorem

First, recall Reynolds’ transport theorem for a volume-specific density of a physical quan-
tity Ψα of a constituent ϕα in the mixture body B:

dα

dt

∫

B

Ψα dv =

∫

B

∂Ψα

∂t
dv +

∫

S

Ψα vα · n da . (6.10)

Then, expressing the rate of change of Ψα relative to the surface Γ moving with velocity
vΓ through B, one obtains with (6.5)2

dα

dt

∫

B

Ψα dv =
dΓ

dt

∫

B

Ψα dv +

∫

S

Ψα wαΓ · n da . (6.11)
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Next, supposing all field functions to be continuous in B+ and B− as well as on Γ , we
allow for finite discontinuities and jumps at the interface. Evaluating (6.11) separately for
both partitions of B accounting for the discontinuity Γ in the sense of a singular surface
yields

dα

dt

∫

B+

Ψα dv =
dΓ

dt

∫

B+

Ψα dv +

∫

S+

Ψα wαΓ · n+ da +

∫

Γ

(Ψα)+ w+
αΓ · n+

Γ da , (6.12)

dα

dt

∫

B−

Ψα dv =
dΓ

dt

∫

B−

Ψα dv +

∫

S−

Ψα wαΓ · n− d +

∫

Γ

(Ψα)− w−
αΓ · n−

Γ da . (6.13)

Finally, summation of (6.12) and (6.13) together with the transport theorem (6.10), the
jump operator (6.7), and the normal vectors on Γ associated with B+ and B− (Figure 6.1),

n+
Γ = −n−

Γ =: −nΓ , (6.14)

yields a modified form of Reynolds’ transport theorem:

dα

dt

∫

B

Ψα dv =

∫

B\Γ

∂Ψα

∂t
dv +

∫

S

Ψα vα · n da−
∫

Γ

[[Ψα wαΓ ]] · nΓ da . (6.15)

Analogous considerations for a vector-valued quantity Ψα lead to

dα

dt

∫

B

Ψα dv =

∫

B\Γ

∂Ψα

∂t
dv +

∫

S

(Ψα ⊗ vα)n da−
∫

Γ

[[Ψα ⊗ wαΓ ]]nΓ da . (6.16)

In (6.15) and (6.16), the left-hand sides describe the material temporal change of Ψα,Ψα

with respect to a material volume element that varies with time. The right-hand sides
describe the local temporal change and the convective flux of the physical quantity with
respect to spatially fixed (temporally constant) volume and area elements of the control
space. The integrals over the jump expression in (6.15) and (6.16) represent for wαΓ 6= 0
the internal flux of Ψα,Ψα across the interface Γ .

6.2.4 Modified Constituent Master Balances

Following the same arguments, by considering the flux through an inner discontinuity
surface and additionally a fictitious influx at Γ implying an intrinsic surface production,
one straightforwardly arrives at global master balance relations for the constituent ϕα:

dα

dt

∫

B

Ψα dv =

∫

B\Γ

σα dv+

∫

B\Γ

Ψ̂α dv+

∫

S

(φα ·n) da−
∫

Γ

Ψ̂
α
Γ da−

∫

Γ

[[φα]]·nΓ da , (6.17)

dα

dt

∫

B

Ψα dv =

∫

B\Γ

σα dv+

∫

B\Γ

Ψ̂α dv+

∫

S

(Φα n) da−
∫

Γ

Ψ̂
α
Γ da−

∫

Γ

[[Φα]]nΓ da . (6.18)

Therein, Ψα,Ψα are the volume-specific densities of the physical quantity to be balanced,
σα,σα are the volume densities describing the supply (external source), and Ψ̂α, Ψ̂α rep-
resent the total production (intrinsic supply) of the physical quantity due to mutual
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couplings and interactions of the ϕα. Moreover, (φα · n), (Φα n) are the surface densities
representing the efflux of the physical quantity at the outer surface S of B. In the same
way, [[φα]] · nΓ , [[Φ

α]]nΓ and Ψ̂
α
Γ = (φα

Γ · nΓ ), Ψ̂α
Γ = (Φα

Γ nΓ ) consider the changes of
Ψα,Ψα due to the flux across and the total production at the interface Γ , respectively.

Following the mixture approach, the local partial continua can be regarded as open sys-
tems staying in thermodynamical exchange with each other through the intrinsic supply
and production terms. However, the way of introducing these terms is of somehow consti-
tutive nature as their link to the other field variables eventually depends on the physical
problem at hand. Here, the fictitious surface influxes φα

Γ ,Φ
α
Γ are introduced to render the

hardly distinguishable surface and body contributions to the interaction transfers at Γ ,
thus accounting for the inherent physical nature of the singular surface in the sense of a
thin, immaterial transition layer within a reacting mixture continuum [2, 29, 48]. Further
possible motivations and interpretations of the intrinsic surface supplies are discussed by
Kelly [31], Morland & Gray [40], and Morland & Sellers [41] among others.

To continue, we insert (6.15) and (6.16) into (6.17) and (6.18), respectively, and apply
the Gaussian theorem to the integrals over the outer surface S. As intermediate results,
one obtains ∫

B\Γ

(∂Ψα

∂t
+ div(Ψα vα)− div φ

α − σα − Ψ̂α
)

dv =

=

∫

Γ

(
[[Ψα wαΓ − φ

α]] · nΓ − Ψ̂
α
Γ

)
da ,

(6.19)

∫

B\Γ

(∂Ψα

∂t
+ div(Ψα ⊗ vα)− div Φα − σα − Ψ̂α

)
dv =

=

∫

Γ

(
[[Ψα ⊗wαΓ − Φα]]nΓ − Ψ̂

α
Γ

)
da .

(6.20)

Proceeding from adequate continuity properties for all occurring fields in B outside the
discontinuity surface Γ , the equivalent local (differential) forms of the left-hand sides of
(6.19) and (6.20) read

(Ψα)′α + Ψα div vα = div φα + σα + Ψ̂α ,

(Ψα)′α + Ψα div vα = div Φα + σα + Ψ̂α

}
∀ x ∈ B \ Γ . (6.21)

In the same way, one obtains the local relations for the interface Γ as

[[Ψα wαΓ − φα]] · nΓ = Ψ̂
α
Γ ,

[[Ψα ⊗ wαΓ − Φα]]nΓ = Ψ̂
α
Γ

}
∀ x = xΓ ∈ Γ . (6.22)

Analogous results can be obtained for the averaged physical fields of the whole multiphasic
continuum ϕ accounting for additional summation conditions in regard to the overall
conservation of the mixture quantities (cf. [21]).
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6.3 Contact Boundary Conditions for Saturated

Porous Media

6.3.1 Solid-Skeleton Contact

Following the preceding, consider the situation depicted in Figure 6.1 as a contact problem
of two deformable porous bodies. Then, Γ represents a contact surface defined as the
nominal surface of mutual solid-skeleton contact. Accordingly, Γ is material, i. e., at rest,
with respect to the normal motion of ϕS, which for the mated bodies implies the following
condition at the interface:

vΓ · nΓ = vS · nΓ ⇔ wSΓ · nΓ = 0 . (6.23)

The condition states that the solid matrices of the porous bodies are in normal contact but
their mutual sliding is not forbidden. However, (6.23) does not provide any information
about the movement of the fluid constituent ϕF . From a physical perspective, it is ap-
parent that the contact of fluid-saturated porous bodies generally provokes the existence
of a pore-fluid flux across the contact surface depending on the apparent pore pressure
and the local hydraulic properties. At this point, we merely assume that the seepage flow
through the interface remains subsonic, which applies to common TPM problems.

It is now our goal to derive the contact boundary conditions at the interface based on the
modified constituent balance relations, namely of mass, momentum, and energy.

6.3.2 Distinct Balances and Jump Conditions

Proceeding from the modified constituent master balances (6.17), (6.18) and (6.21), (6.22),
respectively, one identifies the physical quantities according to Table 1. In detail, ρ̂ α

Table 6.1: Identified physical quantities of the modified constituent master balances.

Balance Ψα,Ψα φα,Φα σα,σα Ψ̂α, Ψ̂α
Ψ̂

α
Γ ,Ψ̂

α
Γ

mass ρα
0 0 ρ̂ α ̺̂α

Γ

momentum ραvα Tα ραbα ŝα ŝα
Γ

energy ρα(εα + 1
2 vα · vα) (Tα)Tvα − qα ρα(vα · bα + rα) êα êα

Γ

and ̺̂α
Γ are the density productions describing the mass exchanges and phase transitions

between the ϕα in B and at Γ , Tα denotes the partial Cauchy stress tensor, bα is the
external mass-specific body force, and ŝα and ŝα

Γ are the total momentum productions
of ϕα in B and at Γ . Moreover, εα is the mass-specific internal energy of ϕα, qα is the
heat influx vector, rα is the external heat supply, and êα and êα

Γ are the total constituent
energy productions in B and at Γ .

In mixture theories, it is moreover convenient to split the total production terms into
direct parts and parts including productions of the preceding (lower) balances [21]. In
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particular, we have

ŝα = p̂α + ρ̂ α vα ,

êα = ε̂ α + p̂α · vα + ρ̂ α (εα + 1
2
vα · vα)

}
∀ x ∈ B \ Γ , (6.24)

where p̂α denotes the direct momentum production which can be interpreted as the
volume-specific local interaction force between ϕα and the other constituents of ϕ and
ε̂ α is the direct part of the energy production. Moreover, proceeding from a closed mix-
ture system, the following restrictions hold:

∑

α

ρ̂ α = 0 ,
∑

α

ŝα = 0 ,
∑

α

êα = 0 . (6.25)

Applying the same procedure to the intrinsic surface supplies yields

ŝα
Γ = π̂α

Γ + ̺̂α
Γ vα ,

êα
Γ = ǫ̂ α

Γ + π̂α
Γ · vα + ̺̂α

Γ (εα + 1
2
vα · vα)

}
∀ x = xΓ ∈ Γ . (6.26)

where, in analogy to (6.25), we claim

∑

α

̺̂α
Γ = 0 ,

∑

α

ŝα
Γ = 0 ,

∑

α

êα
Γ = 0 . (6.27)

In (6.26), π̂α
Γ and ǫ̂ α

Γ represent the direct parts of the intrinsic surface productions of
momentum and energy at the interface Γ .

In summary, by substituting the partial physical quantities of Table 1 into (6.21) and
(6.22) under consideration of (6.23), one obtains the well-known local balances plus ad-
ditional jump conditions at the nominal solid-skeleton contact surface:

� mass:
(ρα)′α + ρα div vα = ρ̂ α ∀ x ∈ B \ Γ , α = {S, F} ,
[[ρF wFΓ ]] · nΓ = ̺̂F ∀ x = xΓ ∈ Γ ,

(6.28)

� momentum:

ρα (vα)′α = div Tα + ρα b + p̂α ∀ x ∈ B \ Γ , α = {S, F} ,
[[−TS ]]nΓ = ŝS

Γ

[[ρF vF ⊗wFΓ −TF ]]nΓ = ŝF
Γ

}
∀ x = xΓ ∈ Γ ,

(6.29)

� energy:

ρα (εα)′α = Tα · gradvα − div qα + ρα rα + ε̂ α ∀ x ∈ B \ Γ , α = {S, F} ,
[[−(TS)T vS + qS]] · nΓ = êS

Γ

[[ρF (εF + 1
2
vF · vF )wFΓ − (TF )T vF + qF ]] · nΓ = êF

Γ

}
∀ x = xΓ ∈ Γ .

(6.30)
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6.3.3 Simplifying Assumptions

With regard to a concise derivation of the relevant boundary conditions at Γ , we restrict
the presentation to a special but most common case of biphasic porous media contact
accepting some simplifying assumptions. In particular, we proceed from:

� inert constituents with ρ̂ α ≡ 0 and ̺̂α
Γ ≡ 0 ,

� negligible body forces, i. e., bα = 0 ,

� non-polar Boltzmann continua such that Tα = (Tα)T ,

� isothermal and adiabatic processes with qα ≡ 0 and rα ≡ 0 .

Moreover, the contacting biphasic solid-fluid mixture bodies B± are assumed to be com-
posed of materially incompressible constituents, i. e.,

ραR = const. ∀ α = {S, F} , (6.31)

and the pore fluid is supposed to be the same on both sides, such that

(ρFR)+ = (ρFR)− ⇔ [[ρFR]] = 0 . (6.32)

Then, by virtue of (6.31), the constituent mass balances (6.28)1 reduce to volume balances
reading

(nα)′α + nα div vα = 0 ∀ x ∈ B \ Γ , α = {S, F} . (6.33)

Moreover, proceeding from isothermal conditions and ρFR = const. entails that the inter-
nal energy of the fluid constituent is constant in the domain, and thus, jump-free across
Γ :

εF = const. −→ [[εF ]] = 0 . (6.34)

Hence, the general jump conditions (6.28)2, (6.29)2,3, and (6.30)2,3 at the contact surface
between B+ and B− reduce to

[[nF wFΓ ]] · nΓ = 0 ⇔ [[nS vS + nF vF ]] · nΓ = 0 , (6.35)

[[TS + TF ]]nΓ = ρFR [[nF vF ⊗ wFΓ ]]nΓ , (6.36)

[[TS vS + TF vF ]] · nΓ = ρFR [[nF 1
2
(vF · vF )wFΓ ]] · nΓ . (6.37)

Herein, the alternative representation of the jump condition on the right-hand side of
(6.35) can be obtained with the saturation constraint (6.1) and the continuity of the
normal components of the solid velocity vector according to (6.8) and (6.23). The contact
conditions (6.36) and (6.37) represent the sums of the original partial relations under
consideration of (6.27). It is worth mentioning that this procedure is very convenient due
to the fact that no separation into actions on the different phases is needed as it is well-
established for the treatment of traction boundary conditions when solving TPM problems
based on some variational formulation associated with the Finite Element Method (FEM).
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6.3.4 Derivation of the Contact Conditions

To continue, we exploit the effective stress principle [8, 11, 47]

Tα = −nα p I + Tα
E ∀ α = {S, F} , (6.38)

where p is the excess pore-fluid pressure, I is the second-order identity tensor, and Tα
E

denotes the extra or effective stresses to be determined from constitutive equations. Ad-
mittedly, on the basis of a dimensional analysis, the fluid extra (friction) stress TF

E can
be a priori neglected implying that the fluid behaves more or less inviscid in the flow and
the fluid viscosity is not considered explicitly but only implicitly via the viscous drag (in-
terphase friction) included in the fluid momentum production governed by a constitutive
filter law [39]. In this regard, note that (6.38) is not of constitutive nature as it can be
deduced from thermodynamical considerations with p entering the mixture entropy prin-
ciple as a Lagrangean multiplier to preserve the saturation constraint (6.1) in the sense
of a penalty per violation of a continuity-like condition [38].

Then, inserting (6.38) into (6.36) and (6.37) accounting for TF
E ≈ 0 and (6.35)2, the jump

conditions are rewritten as

−[[p]]nΓ + [[TS
E ]]nΓ = ρFR [[nF vF ⊗ wFΓ ]]nΓ , (6.39)

−[[p]] (nS vS + nF vF ) · nΓ + [[TS
E vS]] · nΓ = ρFR [[nF 1

2
(vF · vF )wFΓ ]] · nΓ . (6.40)

Although we proceed from isothermal conditions and inviscid fluid properties (TF
E ≈ 0),

the jump relation related to the energy balance (6.40) is still required to derive separated
contact conditions for the pore pressure and the effective solid stress. In this context, for
simplicity, we assume frictionless contact, which requires the absence of frictional forces
associated with the solid skeleton at Γ . This is ensured if

(TS
E nΓ )+ · mΓ = (TS

E nΓ )− ·mΓ = 0 (6.41)

with mΓ denoting any unit tangential vector to Γ (cf. Figure 6.1), where [[mΓ ]] = 0 and
nΓ · mΓ = 0. Then, taking the scalar product of Equation (6.39) and mΓ together with
(6.9), (6.35)1, and (6.41) yields the continuity of the tangential component of the fluid
velocity along the contact surface:

[[vF ]] ·mΓ = 0 . (6.42)

Moreover, with (6.23), (6.41), and the symmetry of the stress tensors, the solid stress
expression in (6.40) can be rewritten as

[[TS
E vS]] · nΓ = [[TS

E nΓ · vS]]

= [[TS
E nΓ · {(vS · nΓ )nΓ + (vS ·mΓ )mΓ}]]

= [[TS
E nΓ · nΓ ]] (vΓ · nΓ ) .

(6.43)

Next, taking the scalar product between (6.39) and (vΓ ·nΓ )nΓ and subtracting the result
from (6.40) including (6.43), after straightforward manipulation, we obtain

[[p]] = −ρFR [[1
2
(vF · nΓ )2 − (vF · nΓ ) (vS · nΓ )]] . (6.44)
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By insertion of the resulting jump condition for the pore pressure into (6.39), we deter-
mine the corresponding condition for the normal component of the effective solid-skeleton
traction. Omitting the details, the final result reads

[[TS
E nΓ ]] · nΓ = −ρFR [[1

2
(vF · nΓ )2 − (vF · nΓ ) (nF vF + nS vS) · nΓ ]] . (6.45)

Hence, we have obtained the boundary conditions (6.35), (6.44), and (6.45) at the interface
between two contacting fluid-saturated porous bodies provided they share the same pore
fluid. This set of boundary conditions must be completed by relation (6.23) accounting
for normal solid-skeleton contact at the interface.

However, in order to emphasize more the effects caused by the fluid percolation, we bring
the above conditions in a more transparent shape. Therefore, it is expedient to introduce
the volumetric average velocity of the biphasic mixture as

v := nFvF + nSvS , where [[v]] · nΓ = 0 (6.46)

is apparent from (6.35)2. Using (6.46), the fluid velocity vF can be eliminated from (6.44)
and (6.45), so that by means of the relations

[[vF · nΓ ]] = (v+
F − v−

F ) · nΓ =
[[ 1

nF

]]
(v − vS) · nΓ ,

1
2
(v+

F + v−
F ) · nΓ =

〈 1

nF

〉
(v − vS) · nΓ ,

(6.47)

after some algebraic transformations, we obtain

[[p]] = −ρFR
[[ 1

nF

]]
(v − vS) · nΓ

(〈 1

nF

〉
(v − vS) · nΓ − vS · nΓ

)
, (6.48)

[[TS
E nΓ ]] · nΓ = −ρFR

[[ 1

nF

]]
(v − vS) · nΓ

(〈 1

nF

〉
(v − vS) · nΓ − v · nΓ

)
. (6.49)

The influence of the pore-fluid flow in the above conditions becomes obvious by means of
the identity (recall (6.4))

v − vS = nF wFR = wF . (6.50)

Eventually, by combining (6.48) and (6.49), we arrive at a jump condition for the traction
force normal to Γ acting on the whole mixture ϕ:

[[(−p I + TS
E)nΓ ]] · nΓ = ρFR

[[ 1

nF

]]
(wF · nΓ )2 . (6.51)

It is worth noting that this relation could also be deduced from (6.36) exploiting (6.35)1

in combination with (6.23), the effective stress principle (6.38), and the relation (6.47)1.

6.4 Application to Specific Contact Situations

6.4.1 Quasi-Static Contact

In the dynamic case, the biphasic TPM model under consideration incorporates four inde-
pendent fields, namely the solid displacement and velocity uS and vS, the seepage velocity
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wFR, as well as the effective pore-fluid pressure p. Proceeding from quasi-static conditions
associated with (vα)′α = 0, vS = (uS)′S does no more belong to the set of unknowns and,
based on an admissible constitutive ansatz for the fluid momentum production, the seep-
age velocity can be explicitly computed from the fluid momentum balance and substituted
into the other equations. Consequently, also wFR looses the nature of an independent field
variable, so that the number of degrees of freedom (DOFs) of the process as well as the
number of associated conditional equations is reduced. More precisely, in porous media
theories, the fluid percolation through the solid skeleton is generally governed by some
constitutive filter law. For instance, neglecting the external body forces during contact,
a convenient 3-d form of such a filter law is given by

wF = −KF grad p (6.52)

with KF representing a specific permeability tensor (unit: m4/N s) which may depend
on the deformable pore structure, the fluid properties, and also on the filter velocity to
render the most relevant nonlinearities of a general non-Darcy filtration process (cf. [39]).
In this context, it is moreover obvious from (6.35)1 that

[[−KF grad p]] · nΓ = 0 . (6.53)

Inserting (6.52) in the traction jump relation (6.51) of the mixture, together with the
continuity conditions (6.23) and (6.53), one ends up with the boundary conditions for
quasi-static porous media contact in displacement-pressure formulation. It should be
noted that the uS - p formulation allows for an efficient numerical treatment within the
mixed Finite Element Method (FEM).

6.4.2 Contact of Identical Porous Bodies

From (6.48) and (6.49) or (6.51), respectively, it is easy to note that for the case of contact
of two identical porous bodies, the jump conditions simplify to continuity conditions for
the pore-fluid pressure and the normal component of the solid stress vector or of the overall
traction vector, respectively, because [[1/nF ]] = 0, and consequently, the right-hand sides
of (6.48), (6.49), and (6.51) vanish:

[[p]] = 0 , [[TS
E nΓ ]] · nΓ = 0 , [[(−p I + TS

E)nΓ ]] · nΓ = 0 . (6.54)

The above continuity conditions for the pore pressure and the normal component of
the solid stress vector can also be obtained by a priori neglecting the products of the
constituent velocities in (6.44) and (6.45). Doing so, one recovers the results of Hou et al.
[27].

6.4.3 Contact of a Porous Body with a Bulk Medium

The derived boundary conditions at the interface between two fluid-saturated porous solids
given by (6.23), (6.46)2, (6.48), and (6.49) remain also valid at the interface between a
biphasic porous medium and a bulk fluid. It is only required that both the pore fluid and
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the bulk fluid are the same substance. In this case one simply has to set (nF )− = 1 (pure
fluid) in the respective relations with the superscript − indicating the side of the bulk
fluid.

However, if we consider the contact between a porous medium and a bulk solid body,
the associated boundary conditions cannot be obtained directly as some of the quantities
appearing in the jump relations have no physical meaning for a dense solid material. For
the separate treatment of this contact problem let − now indicate the solid bulk body,
so that + as before denotes the porous counterpart of the contacting couple. In order to
derive the relevant boundary conditions, we return to relations (6.35)1, (6.36), and (6.37).
By setting (nF )− = 0, which implies (nS)− = 1 (pure solid), in (6.35)1, we arrive at

(nF )+ w+
FΓ · nΓ = w+

F · nΓ = 0 . (6.55)

The physical meaning of (6.55) is merely the absence of fluid flux through the contact
interface. This sounds reasonable as dense, non-porous solids are impenetrable for fluids
making (6.52) needless. Note that by virtue of (6.42), it is moreover apparent that v+

F ·
mΓ = 0. Next, inserting (6.55) into (6.36) or (6.37) finally yields

−p+nΓ + (TS
E)+nΓ = T−nΓ (6.56)

with T− denoting the Cauchy stress tensor of the bulk solid.

6.5 Conclusions and Discussion

In this chapter, we derived the contact conditions at the interface between two fluid-
saturated porous bodies on the basis of a discontinuity analysis. The theoretical treat-
ment has been carried out within the framework of the Theory of Porous Media (TPM), a
well-established continuum model for the description of porous solid behavior. However,
following this macroscopic approach, the microtopography of the contact surface is not
distinguished. More precisely, the surface microstructure of the contacting porous bound-
aries is only taken into account by limit boundary values of the volume fractions in the
sense of an average macrocharacteristic of the real surface topography. In this regard, it is
perspective to investigate more accurate descriptions of the surface topography in porous
media contact and to find significant surface characteristics both on the micro and the
macro level.

Two of the four derived contact conditions are simple continuity conditions, namely for
the solid-phase velocity and the seepage velocity normal to the contact interface, while
the two others represent jump conditions, namely for the pore-fluid pressure and the
effective normal stress of the solid skeleton. Alternatively, the latter can be combined in a
single jump relation for the normal traction on the entire mixture. The discontinuities are
caused by the penetration of the pore fluid from one porous body into the other, which
is associated with an exchange of momentum and energy due to the mutual fluid mass
interchange. The order of the jumps is thereby defined by products of the constituent
velocities. By neglecting these terms, one recovers the boundary conditions usually used



References 161

in the related literature. However, for the derivation of the boundary conditions some
restrictions have been imposed. In detail, the contacting porous bodies were assumed
to be saturated by the same pore fluid, which is actually not a rigorous simplification
as it holds for the majority of conceivable porous media contact problems. Besides that
dissipative effects at the contact interface have been neglected, thus remaining some area
of unexplored space for further investigations.
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(2009), 233–251.

SUMMARY

Finite element models for hydrated soft biological tissue are numerous but often exhibit certain
essential deficiencies concerning the reproduction of relevant mechanical and electro-chemical
responses. As a matter of fact, singlephasic models can never predict the interstitial fluid flow
or related effects like osmosis. Quite a few models have more than one constituent, but are often
restricted to the small-strain domain, are not capable of capturing the intrinsic viscoelasticity of
the solid skeleton, or do not account for a collagen fiber reinforcement.

It is the goal of this contribution to overcome these drawbacks and to present a thermodynam-
ically consistent model, which is formulated in a very general way in order to reproduce the
behavior of almost any charged hydrated tissue. Herein, the Theory of Porous Media (TPM)
is applied in combination with polyconvex Ogden-type material laws describing the anisotropic
and intrinsically viscoelastic behavior of the solid matrix on the basis of a generalized Maxwell
model. Moreover, other features like the deformation-dependent permeability, the possibility to
include inhomogeneities like varying fiber alignment and behavior, or osmotic effects based on
the simplifying assumption of Lanir are also included.

Finally, the human intervertebral disc is chosen as a representative for complex soft biological
tissue behavior. In this regard, two numerical examples will be presented with focus on the
viscoelastic and osmotic capacity of the model.

7.1 Introduction and Overview

Finite element models of hydrated soft biological tissues can remarkably aid the design of
new implants, thereby serving as a diagnostic tool or numerical laboratory. In the context
of spine mechanics, the intervertebral disc (IVD) plays a key role, as it is a representative
for complex soft biological tissue behavior dominating the overall mechanical performance
of the spine. Hence, the IVD is chosen for the development of a general model describing
several relevant effects.

Note in passing that in industrialized western countries, almost everybody has been suf-
fering from low back pain (LBP) at least once in his lifetime, e. g., in a representative
survey carried out in the early nineties and another one conducted ten years later, about
85 % of the German population had already experienced this widespread disease Raspe
et al. [74], Schmidt et al. [80]. Moreover, LBP is the number one cause of work related
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health problems in many European countries. The fourth European survey on working
conditions in 2007 reported an overall average of 25 % of the working people in Europe
suffering from LBP, cf. Parent-Thirion et al. [73]. This clearly reveals the need for re-
search in the field of IVD mechanics, in order to better understand the complex, coupled
behavior of the IVD and its influence on the overall performance.

Before discussing the features of an appropriate finite element model, a short overview of
the necessary tissue properties is given. For a more detailed description, the reader is re-
ferred to Urban & Roberts [96], Ayad & Weiss [3], Mow & Hayes [69], Marchand & Ahmed
[63], Ehlers et al. [31] and references therein. As the name implies, the IVD is embedded
in between two vertebrae, where the cartilaginous endplates build the transition between
the disc and the bony vertebrae but will not be addressed separately in this contribution.
Two main regions can be distinguished in an axial cut through the IVD, a gelatinous core,
the nucleus pulposus (NP) enclosed by a fibrous, lamellar structure, the anulus fibrosus
(AF). Both regions are composed of a porous multi-component microstructure consisting
of a charged, hydrated extracellular matrix (ECM) as well as an ionized interstitial fluid
yielding a swelling-active material. The ECM, also referred to as solid skeleton, consists
of proteoglycans (PGs), glycosaminoglycans (GAGs), and collagen fibers of type I and II
saturated by a liquid containing dissolved anions and cations as solutes. In this regard, the
collagen of type I forms large parallel fiber bundles representing the structural collagen in
the AF, whereas the collagen of type II is distributed statistically equal, thereby forming
a loose network of fibrils contributing to the isotropic behavior of the NP. The relatively
large PGs and GAGs carry negative fixed charges, but cannot move freely as they are
trapped in the fine collagen network. Thus, the fixed negative charges underly the same
movement as the whole solid matrix. Apart from that, the fixed charge density (FCD) is
highest in the NP and lowest at the perimeter of the AF, cf. Iatridis et al. [47], Urban &
Holm [95] or Urban & Roberts [96]. Moreover, the structural collagen is inhomogeneously
distributed throughout the AF concerning its alignment as well as its occurrence yielding
varying mechanical properties of the lamellae, cf. Holzapfel et al. [44], Eberlein et al. [18],
Ebara et al. [17] or Skaggs et al. [87]. Finally, the IVD is characterized by a coupled
dissipative behavior resulting from the viscous fluid flow, the intrinsic viscoelasticity of
the ECM protein meshwork and the resulting swelling phenomena, see, e. g., Ehlers &
Markert [28], Ehlers et al. [29] or Iatridis et al. [48, 50] and references therein. Thus, all
the properties characterizing soft biological tissues in general are unified within the IVD.

Currently, there are several models and modules available, which are used to describe soft
biological tissues in general. However, most of them do not cover all the requirements
needed for the continuum mechanical modeling of the IVD. For example, the models used
for state-of-the-art simulations of the spine are often restricted to singlephasic materials,
thereby a priori excluding effects resulting from interstitial fluid flow and osmosis. The
first spine simulations with an advanced IVD model were carried out by Shirazi-Adl
[83, 84] or Shirazi-Adl et al. [85, 86] using a deformation-dependent Hooke-type material
tangent and non-linear spring elements to capture the collagen fibers in the AF. In order
to overcome the resulting grid dependency of the alignment of the spring elements, the
anisotropic continuum theory based on Spencer [89, 90] and Boehler [9] was adopted and
applied to the unique behavior of the collagen fibers by, e. g., Klisch & Lotz [53], Elliott
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& Setton [33] or Holzapfel & Gasser [42], whereas Schröder & Neff [81], Balzani et al.
[6] or Markert et al. [66] further developed the theory towards a polyconvex framework.
This knowledge was then incorporated in the lumbar spine simulations of Eberlein et al.
[18, 19].

Since these models are singlephasic, they do not account for the fluid flow in the disc
which is important for nutritional purposes and maintaining the biological composition,
see, e. g., Holm & Nachemson [41] or Urban & Holm [95]. Hence, at least a second phase,
the interstitial fluid, has to be introduced to overcome this deficiency. In this context,
several biphasic models, based on the works of Biot [7], Bowen [11] and Mow et al. [70],
are applied to describe soft biological tissues in general or with application to the IVD,
see, e. g., Argoubi & Shirazi-Adl [1], Iatridis et al. [49], Klisch & Lotz [54], Ayotte et al.
[4], Li et al. [60, 61] or Riches et al. [76]. However, as the occurring osmotic effects
influence the fluid flow in the tissue, it also has to be considered. In order to include
these electro-chemomechanically driven swelling phenomena, the biphasic models need to
be extended which can be accomplished in two different approaches. On the one hand,
there is the independent description of the freely movable ions of the pore fluid yielding a
complex and strongly coupled system of partial differential equations (PDEs) leading to
a difficult numerical treatment, cf. Frijns et al. [36, 37], Ehlers et al. [29], Huyghe et al.
[46], Kaasschieter et al. [51], Lai et al. [55], van Loon et al. [97] or Sun et al. [92]. On
the other hand, a much simpler algorithm capable of describing osmosis is based on the
assumption of an instantaneous chemical equilibrium throughout the domain of the IVD,
cf. Lanir [57]. Following this, only the solid skeleton is extended by the almost volume-
free, fixed negative charges and a constitutively computed osmotic pressure is added to
the hydrostatic pressure. This procedure is adopted in the context of a two-phase model
by Laible et al. [56], Iatridis et al. [47], Hsieh et al. [45] or Ehlers et al. [31]. A comparison
of the two approaches yields a good approximation of the exact solution for the simplified
model, even when simulating sudden concentration changes in the external solution, cf.
Wilson et al. [101]. However, as sudden changes in the surrounding concentration are
usually not applicable for living organisms, Lanir’s assumption is perfectly suitable for
the numerical simulation of the IVD for instance.

Most of the models in the above cited works suffer from the limitation to the small strain
domain with often purely elastic material behavior. In contrast, the solid skeleton of soft
biological tissues or cartilage emerges intrinsic viscoelastic properties, see, e. g., Hayes &
Bodine [40] and Ehlers & Markert [28] among others. In this regard, it is still not clear,
to what extent intrinsic viscoelastic effects stem from the proteoglycans, the loose (type
II) collagen network, or the structural (type I) collagen. In this contribution, only the
isotropic part of the solid matrix including the randomly distributed type II collagen is
modeled to be viscoelastic, while the structural collagen fibers of type I remain hyper-
elastic. The reason for this assumption becomes clear when the findings of Holzapfel et al.
[44] are observed, stating that there was little to no rate dependency when a lamella of
the AF is pulled in fiber direction. Hence, the dissipative effects must stem from the
isotropic part of the matrix.

Moreover, the efficient numerical treatment of the governing equations is often not imple-
mented, and therefore, the presented numerical exames are restricted to rather simple 1-d
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and 2-d boundary-value problems (BVP), respectively. Thus, the goal of this contribution
is to present a thermodynamically consistent model based on the well-founded Theory of
Porous Media (TPM), cf. Bowen [12], Mow et al. [68], de Boer [10] and Ehlers [23], which
is suitable for the simulation of any electro-chemically active soft biological tissues in gen-
eral and the IVD in particular. In addition, the respective constitutive equations needed
to include the anisotropic and viscoelastic material behavior as well as the osmotic pres-
sure are presented in a modular manner allowing for a convenient handling. Finally, the
efficiency of the model is shown by two fully coupled 3-d simulations. Firstly, a torsional
shear experiment is used to fit the viscoelastic parameters to the experimental findings of
Iatridis et al. [48], which are then taken for a swelling experiment of the nucleus pulposus
in an ex vivo sagittally cut IVD.

7.2 Theory of Porous Media (TPM)

The TPM, originally designed for geotechnical problems, is a well-founded macroscopic
continuum theory, which is based on the theory of mixtures extended by the concept of
volume fractions, cf. Bowen [12], Mow et al. [68], de Boer [10] and Ehlers [23]. In the case
of a liquid-saturated linear elastic and quasi-static material behavior in the small strain
domain, the TPM results in the same set of equations as the theory of Biot [7], cf. Schanz
& Diebels [79]. However, when extended to finite deformations with varying porosity
in combination with arbitrary, non-linear dissipative material laws, the TPM offers a
transparent theoretical access regarding the separation of the balance and constitutive
equations. In contrast to Biot’s constitutively derived theory, the TPM approach allows
for a clear identification of materially independent equations (i. e. balance equations) and
so-called constitutive equations characterizing the material behavior (i. e. viscoelasticity,
anisotropy or osmosis), thereby ensuring a convenient modular character of the overall
theoretical framework.

Proceeding from a binary aggregate composed of solid and fluid constituents ϕα denoted
by α = {S, F}, the solid phase (i. e. the ECM consisting of PGs, GAGs and collagen)
is extended by incorporating the almost volume-free fixed negative charges ϕfc (cf. Fig-
ure 7.1). Furthermore, the interstitial fluid ϕF as an ionic solution is composed of water
as a liquid solvent ϕL and mobile electrolytes (Na+Cl−) as solutes ϕ+ and ϕ−. In this con-
text, it is assumed that all constituents ϕα are statistically equal distributed throughout a
representative elementary volume (REV). Hence, a real or a virtual averaging process over
the REV is possible finally leading to a model of superimposed and interacting continua,
i. e., the homogenized or ‘smeared’ model.

Following this leads to a quadriphasic model describing each of the solutes ϕ+ and ϕ−

independently, cf. Frijns et al. [36]. Exploiting the electroneutrality condition allows for
a reduction to a triphasic model yielding a decrease of the primary variables from four to
three (i. e. the solid displacement, the hydraulic pressure and the cation concentration)
as is described in, e. g., Ehlers et al. [29, 30]. However, the first benchmark computations
on simple geometries using the triphasic displacement-pressure-concentration formula-
tion were accompanied by oscillations and a general numerical instability, cf. Ehlers &
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Figure 7.1: Multicomponent TPM model of charged hydrated biological tissues.

Acartürk [24]. The cause of the oscillations can be traced back to the dependence of the
concentration boundary condition (BC) on the solution of the solid displacement field
inside the domain. A numerical stabilization is only possible if the BC is weakly fulfilled
and included in the iteration process, cf. Ehlers et al. [30]. Hence, an alternative modeling
ansatz must be applied, bearing in mind that future simulations of the intensely inhomo-
geneous, anisotropic IVD (including the much stiffer, adjacent vertebrae) already evolve
several other numerical difficulties. Note in passing, that other triphasic theories which
exhibit four primary degrees of freedom, i. e., solid displacement and 3 modified chemical
potentials for water, cations and anions, do not suffer from these oscillations, cf. Lai et al.
[55], Sun et al. [92].

As already mentioned in the introduction, it is possible to further reduce this model by
applying the assumption of Lanir [57] stating that the tiny mobile ions are assumed to
diffuse rapidly through the liquid and by themselves, do not give rise to concentration gra-
dients. In the context of living soft biological tissues, such as the IVD, this simplification
makes sense because sudden concentration changes of the surrounding fluid yielding large
perturbations of the chemical equilibrium do not occur. Hence, the soft biological tissue
is always immediately in electro-chemical equilibrium, which allows the application of the
Donnan [16] equilibrium not only at the domain boundary but also in the inside. The
arising osmotic properties can therefore be sufficiently described without considering the
ion concentrations (or electro-chemical potentials) as additional unknowns of the process.
The resulting osmotic pressure is simply computed via a constitutive equation depending
on the fixed charge density inside the domain and added to the hydraulic pore pressure.
The result is an extended biphasic formulation consisting of a fully saturated solid skeleton
carrying volume-free fixed negative charges and an incompressible pore fluid.

In this context, the volume fractions nα = dvα/dv (partial volume dvα per bulk volume
dv) serve as describing physical quantities consistent with the saturation constraint

∑

α

nα = nS + nF = 1 , where nfc ≈ 0 . (7.1)

Exploiting the definition of the volume fractions nα, a partial density ρα = dmα/dv
(constituent mass mα) and a material or realistic density ραR = dmα/dvα can be defined
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for each constituent ϕα, which are related to each other via

ρα = nαραR. (7.2)

The kinematics for such an ansatz is based on the framework of superimposed continua,
where each spatial point x of the current configuration is at any time t simultaneously
occupied by material points P α of all constituents. Following this, all particles proceed
from different reference positions Xα, which leads to individual motion and velocity fields
for each constituent reading

x = χα(Xα, t) and
′
xα=

dχα(Xα, t)

dt
, (7.3)

respectively. Therein, ( · )′α denotes the material time derivative following the motion of
ϕα. Describing multiphasic materials, it is convenient to express the solid in a Lagrangean
setting via the displacement vector uS = x − XS and the overall fluid in a modified
Eulerian setting relative to the deforming solid skeleton through the seepage velocity

wF =
′
xF − ′

xS. Furthermore, the fixed charges are assumed to move with the deforming
solid skeleton described by the solid deformation gradient given by FS = ∂x/∂XS .

7.3 Balance Relations

Materially independent balance equations are needed to solve for the previously introduced
unknown field quantities, i. e., the solid displacement uS and the seepage velocity wF as
well as to restrict the necessary constitutive equations needed to close the set of equations.
In this context, the mass and the momentum balances for each of the constituents are
usually applied as well as the entropy inequality. Moreover, the model under consideration
is assumed to be composed of materially incompressible constituents (defined by ραR =
const.), which is always valid for the case of soft biological tissues under physiological
levels of pressure, cf. Bachrach et al. [5], yielding a reduction of the mass balance to a
volume balance. Note in passing that the property of material incompressibility does not
lead to a macroscopic incompressibility as the partial density ρα can still change through
changes in the volume fraction nα, cf. equation (7.2). Furthermore, all thermal effects as
well as internal mass productions are neglected in this contribution, thereby excluding any
biochemical reactions and growth processes. Proceeding from quasi-static and isothermal
conditions in accordance to Ehlers [23], the respective volume and momentum balances
as well as the entropy inequality in the Clausius-Planck form for the solid and fluid
constituents (denoted by α) read

(nα)′α + nα div
′
xα = 0 ,

div Tα + ρα b + p̂α = 0 ,

∑
α

(Tα · Lα − ρα (ψα)′α − p̂α· ′
xα) ≥ 0 .

(7.4)

Herein, Tα is the partial Cauchy stress tensor and ρα b is the body force. Furthermore, a
measure for the produced interaction force of the fluid while it percolates through the pore
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space is represented by the direct momentum production term p̂
α satisfying the conser-

vation constraint p̂S + p̂F = 0. The spatial velocity gradient is denoted by Lα = grad
′
xα,

while ψα stands for the Helmholtz free energy. As usual for multi-component models,
equations (7.4) are combined for the solid and the fluid phase yielding the respective set
of governing equations for the overall aggregate in local form

div [(uS)′S + nFwF ] = 0 ,

div (TS + TF ) + (nSρSR + nFρFR)b = 0 ,

TS· LS − ρS (ψS)′S + TF· LF − ρF (ψF )′F − p̂
F· wF ≥ 0 ,

(7.5)

where T := TS +TF defines the overall stress of the model, when lingering flow conditions
are assumed inside the tissue.

In order to include the electro-chemical effects while the tissue is deforming, it is necessary
to derive an equation describing the extensive change of the number of the fixed negative
charges via an intensive concentration measure. As the fixed charges almost behave like
dissolved ions when they are surrounded by a pore fluid, the molar concentration cfc

m of the
fixed charges is introduced, relating the molar number of charges to the surrounding fluid
volume. In this regard, we do not distinguish between the intra- and extrafibrillar fluid
compartments and relate the fixed charges ϕfc to the total local fluid volume knowing
well that this may lead to an overestimate in the AF with its high collagen content, cf.
Schröder et al. [82]. Following this, two different densities can be introduced for the
fixed charges, one relating to the fluid volume, ρfc

F , and the other one relating to the
overall volume of the aggregate, ρfc. Making use of the constant molar mass of a single
fixed negative charge, i. e., the molar mass of an electron Mfc

m ≈ 5.486 · 10−7 kg/mol, the
following relations become obvious

ρfc =: nFρfc
F = nF cfc

mM
fc
m . (7.6)

Bearing in mind that the fixed charges are attached to the solid skeleton and thus, undergo
the same movement, the mass balance of the fixed charge density ρfc is applied with
respect to the deforming solid yielding

(ρfc)′S + ρfc div
′
xS = 0 , (7.7)

or after insertion of (7.6) and dividing by the constant molar mass Mfc
m

(nF cfcm)′S + nF cfcm div
′
xS = 0 . (7.8)

Following this, the volume balance (7.4)1 of the solid skeleton for α = S as well as the
mass balance (7.8) can be analytically integrated

nS = nS
0S detF−1

S ,

cfc
m = cfc0S n

F
0S (detFS − nS

0S)−1
(7.9)

from an initial solidity nS
0S, porosity nF

0S, and molar concentration cfc
0S, respectively.

Herein, the latter relation can be understood as an evolution equation for the concen-
tration of the fixed charges needed for the postulation of a constitutive equation used to
compute the osmotic pressure contribution.
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7.4 Constitutive Assumptions

In order to close the set of governing equations, certain constitutive assumptions for the
Helmholtz free energies ψα, the partial Cauchy stress tensors Tα as well as the interaction
term p̂F = −p̂S need to be defined. In this regard, the chosen constitutive equations must
reflect the material behavior in a best possible manner, thereby embracing anisotropic and
viscoelastic effects, the viscous fluid flow as well as the electro-chemical couplings yielding
the osmotic pressure contribution.

7.4.1 Saturation Constraint and Entropy Inequality

Proceeding from general thermodynamical considerations, cf. Ehlers [22], a Lagrangean
multiplier P is introduced in the sense of an incompressibility constraint. This becomes
clear, when the material time derivative of the saturation constraint (7.1) is taken with
respect to the deforming solid. Utilization of (7.4)1 yields a continuity-like condition

−P [ (nS)′S + (nF )′S ] = P [nS div
′
xS + nF div

′
xF + gradnF · wF ] = 0 , (7.10)

which is then added to the Clausius-Planck inequality (7.5)3 yielding

(TS + nS P I) · LS − ρS (ψS)′S + (TF + nF P I) · LF−
−ρF (ψF )′F − (p̂F − P gradnF ) · wF ≥ 0 .

(7.11)

Herein, use was made of the relation div
′
xα = Lα · I , where I denotes the identity tensor.

Hence, the partial quantities Tα and p̂F are split into an undetermined part resulting
from P and a so-called extra term ( · )E to be determined via appropriate constitutive
equations, viz.:

Tα = −nαP I + Tα
E and p̂F = P gradnF + p̂F

E . (7.12)

The overall Cauchy stress of the model is simply obtained by a summation of the partial
stresses under utilization of (7.1) such that

T = −P I + TE with TE = TS
E + TF

E , (7.13)

where according to Bishop [8] or Skempton [88], TE is known as the effective or extra
stress. Hence, P is easily identified as the unspecified hydraulic pore pressure, whereas
the extra stress is purely governed by an electro-chemical contribution, the deformation
state as well as the fluid viscosity and velocity.

7.4.2 Effective Stress of the Fluid and Solid Constituent

As a usual assumption in hydraulics, the fluid extra stress is neglected (i. e. TF
E ≈ 0) in

comparison with the extra momentum production term p̂F
E , which is responsible for the
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drag force resulting from the percolating fluid. This fact can be deduced from an order-
of-magnitude analysis, see, e. g., Hassanizadeh & Gray [39], Ehlers et al. [25] or Markert
[65] and quotations therein. Moreover, concerning the incompressible fluid constituent, it
can be shown that the set of constitutive variables for the free energy function is empty,
i. e., its free energy ψF = ψF ( · ) is constant, cf. Ehlers [23].

The remaining undetermined solid extra stress is then further split into an osmotic and
a mechanical contribution. The reason for this split becomes clear, when the physical
effect of the attached negative fixed charges of the ECM on the behavior of the overall
tissue is analyzed. Herein, a phenomenon called osmosis is activated, which results in a
spontaneous fluid movement across the tissue boundary. In this context, the fluid will flow
from places with lower solute concentration to regions with higher concentrations, thereby
dilating the tissue. As the incompressible fluid constituent is assumed to be non-sensitive
to changes in porosity nF , the volume dilatation is solely carried via tension in the solid
matrix. This is due to the fact that an externally applied hydrostatic pore pressure is
constant in an incompressible fluid, no matter how much space (i. e. nF ) is available for
the pore-fluid. The osmosis-driven inflow of fluid takes place until it is balanced with the
outflow of fluid resulting from the “squeezing force” of the dilated solid matrix. Finally,
the tension in the ECM at osmotic equilibrium is then defined as the osmotic pressure
difference ∆π contributing to the hydrostatic stress state. Thus, the solid extra stress is
further split, viz.:

TS
E = TS

E,OSM + TS
E,MECH , where TS

E,OSM = −∆π I . (7.14)

Moreover, concerning the purely mechanical behavior of the anisotropic and viscoelastic
ECM, another additive concept is assumed yielding

TS
E,MECH = TS

ISO + TS
ANISO with TS

ISO = TS
EQ + TS

NEQ , (7.15)

where the respective mechanical Cauchy stress is split into an isotropic (PGs, GAGs etc.)
and an anisotropic (oriented collagen of type I) contribution. In this regard, the isotropic
part is further split into equilibrium and non-equilibrium parts accounting for the intrinsic
viscoelastic behavior of the isotopic fraction of the ECM.

7.4.3 Inelastic Solid Kinematics

In order to describe finite viscoelasticity, it is convenient to proceed from a generalized
Maxwell model as depicted in Figure 7.2 and described in Ehlers et al. [29], Markert [64] or
Reese & Govindjee [75], which accounts for the purely elastic equilibrium (EQ) stress via
its elastic spring as well as for the non-equilibrium (NEQ) overstresses via the respective
n = 1, ..., N Maxwell branches. As usual in finite inelasticity, the model is constitutively
based on a multiplicative split of the solid deformation gradient FS = (FSe)n (FSi)n into
inelastic deformations (FSi)n operating between the reference and the stress-free inter-
mediate configurations of the nth Maxwell element as well as elastic deformations (FSe)n

connecting the respective nth intermediate configuration with the actual frame. In this
context, an additive decomposition of the resulting finite strain measures into elastic and
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FS

(FSe)n

(FSi)n

Figure 7.2: Generalized Maxwell model composed of a spring-element and n Maxwell
elements.

inelastic parts is achieved, cf. Lee [59], Kleiber [52] or Ehlers [20, 21, 22]

ES = 1
2
(CS − I) , (ESi)n = 1

2
[(CSi)n − I ] ,

(ESe)n = ES − (ESi)n = 1
2
[CS − (CSi)n] ,

(7.16)

directly reflecting the structure of the underlying rheological model given in Figure 7.2.
Herein, ES, (ESi)n, and (ESe)n are the respective total, inelastic and elastic Green-
Lagrangean strains, which are defined in the reference configuration. Note in passing
that

(Γ̂Se)n = (FT−1
Si )n (ESe)n (F−1

Si )n = 1
2
[(ĈSe)n − I ] (7.17)

are the associate elastic strain measures defined on the intermediate configurations of the
respective Maxwell branches, subsequently denoted by ( ·̂ ), and can be computed via an
inelastic push-forward of (ESe)n, cf. Ehlers [20, 21, 22]. In this regard, the intermediate
configurations can be understood as the reference configurations of the springs in the
Maxwell branches. Moreover, the respective right Cauchy-Green deformation tensors are
defined as

CS = FT
S FS , (ĈSe)n = (FT

Se)n (FSe)n , (CSi)n = (FT
Si)n (FSi)n . (7.18)

7.4.4 Entropy Principle for Viscoelastic Solid Skeleton

As a next step, the modified Clausius-Planck inequality (7.11) has to be evaluated in
order to achieve rules for the computation of the solid extra stress as well as restrictions
for the evolution equations of the internal variables. Proceeding from an incompressible
fluid at thermodynamical equilibrium, i. e., [ψF ( · )]′F = 0 and TF

E ≡ 0, respectively, the
inequality (7.11) is evaluated using the conjugate pair of the solid stress power in the
referential frame,

SS
E · (ES)′S − ρS

0S (ψS)′S − p̂F
E · wF ≥ 0 , (7.19)

where SS
E is the 2nd Piola-Kirchhoff solid extra stress. Due to the fundamental principles

of constitutive modeling, cf. Noll [71] and Truesdell [94], namely determinism, local action
and equipresence, the solid Helmholtz free energy ψS may depend on the solid deformation
gradient FS as well as on some 2nd-order structural tensors M

S characterizing the kind of
anisotropy. In view of the fact that the free energy can only be stored as an elastic potential
in the spring elements, the non-equilibrium parts of the Maxwell elements have to depend
on (FSe)n. Thus, the suggested split of ψS yields osmotic (ψS

OSM), equilibrium (ψS
EQ),
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and anisotropic (ψS
ANISO) contributions, each associated with the total deformation FS,

as well as a non-equilibrium part (ψS
NEQ) explicitly depending on the elastic deformations

(FSe)n of the Maxwell branches, thereby including an implicit dependence on the internal
variables (FSi)n, as the respective time-dependent dashpot deformations influence the
elastic deformation gradient.

Recalling the arguments stemming from the concept of material frame indifference (objec-
tivity), the respective deformation gradients are not admissible as process variables and
have to be replaced by the set of deformation tensors (7.18), or according to (7.16) by the
corresponding strain measures. Proceeding from the definition of a strain-energy function
W S = ρS

0S ψ
S representing the stored elastic energy defined per unit reference volume, the

stress power in the referential frame evolves as

(W S)′S =
[∂W S

OSM

∂ES
+
∂W S

EQ

∂ES
+
∂W S

ANISO

∂ES

]
· (ES)′S +

N∑

n=1

∂W S
NEQ

∂(ESe)n
· [(ESe)n]′S . (7.20)

The implicit dependence of W S
NEQ on the inelastic deformations (FSi)n is identified, when

the derivative of the non-equilibrium part is rewritten with the aid of the inelastic push-
forward used in equation (7.17) yielding

∂W S
NEQ

∂ESe
=

( ∂Γ̂Se

∂ESe

)T ∂W
S
NEQ

∂Γ̂Se

=
[∂(FT−1

Si ESe F−1
Si )

∂ESe

]T ∂W
S
NEQ

∂Γ̂Se

= F−1
Si

∂W S
NEQ

∂Γ̂Se

FT−1
Si ,

(7.21)
carried out in an exemplary way using N = 1. The latter part of (7.21) clearly reveals that
the non-equilibrium strain energy depends explicitly on the elastic strain, while the in-
elastic push-forward F−1

Si ( · )FT−1
Si is associated with the movement of the time-dependent

position of the inelastic intermediate configuration. Thus, in regard of an iterative nu-
merical implementation, the need for evolution equations of the internal variables (FSi)n

or (CSi)n becomes clear.

Inserting equations (7.20) and (7.21) into the inequality (7.19) as well as utilizing the
material time derivative [(ESe)n]′S = (ES)′S − [(ESi)n]′S stemming from equation (7.16)3,
finally yields an expression for the determination of the solid extra stress SS

E ,

[
SS

E − ∂W S
OSM

∂ES
︸ ︷︷ ︸
S

S

OSM

−
∂W S

EQ

∂ES
︸ ︷︷ ︸
S

S

EQ

−
N∑

n=1

S
S

n︷ ︸︸ ︷
(F−1

Si )n

∂W S
NEQ

∂(Γ̂Se)n

(FT−1
Si )n

︸ ︷︷ ︸
S

S

NEQ

− ∂W S
ANISO

∂ES
︸ ︷︷ ︸
S

S

ANISO

]
· (ES)′S = 0 ∀ (ES)′S ,

(7.22)
where SS

n is the non-equilibrium stress of a single Maxwell element and SS
NEQ is the sum

of the generalized model. The remainder of (7.19) is known as dissipation inequality

N∑

n=1

(F−1
Si )n

∂W S
NEQ

∂(Γ̂Se)n

(FT−1
Si )n · [(ESi)n]′S − p̂

F
E · wF ≥ 0 ∀

{
[(ESi)n]′S ,wF

}
, (7.23)

which is needed to derive the evolution equations for the internal variables (FSi)n or (CSi)n

as well as the constitutive assumption for the fluid momentum production p̂F
E . Finally,



176 7 An Extended Biphasic Model for Charged Hydrated Tissues

the Cauchy extra stress TS
E and the Kirchoff extra stress τ S

E can be computed applying
a push-forward operation to the 2nd Piola-Kirchhoff stress such that

τ S
E = FS SS

E FT
S and TS

E = detF−1
S τ S

E . (7.24)

7.4.5 Dissipation of the Viscous Solid Skeleton

In order to derive the evolution equation for the chosen internal variables (CSi)n, the solid
part of the dissipation inequality (7.23) is expressed in terms of the respective intermediate
configuration as the current configuration of the inelastic process. This is done, because
one describes the dissipation process of the solid material using real quantities on its actual
(i. e. intermediate) configuration rather than using the image of these quantities in the
reference configuration. Having in mind the push-forward (7.24)1, it is easily concluded
that a similar transport with the inelastic part of the deformation gradient yields the
intermediate-state overstress tensor of a Maxwell branch

τ̂
S
n = (FSi)n (SS

n) (FT
Si)n . (7.25)

Note that the computation of an entire intermediate-state overstress tensor τ̂
S

NEQ is only
possible in the case of N = 1, as the individual intermediate overstresses of more than
one Maxwell element may operate on different intermediate configurations. For N ≥ 1,
a summation has to be carried out on the referential or the actual configuration using
SS

n or τ S
n , respectively. Hence, the first part of the dissipation inequality (7.23) has to

be evaluated in a mathematically sufficient sense for every Maxwell element and can be
rewritten as

τ̂
S
n · (FT−1

Si )n [(ESi)n]′S (F−1
Si )n = τ̂

S
n · (D̂Si)n ≥ 0 , (7.26)

where (D̂Si)n are the respective symmetric deformation velocity tensors of the intermedi-
ate configurations. This inequality is sufficiently satisfied with the simple ansatz

(D̂Si)n ∝ τ̂
S
n −→ (D̂Si)n =

1

2 ηS
n

τ̂
S
n − ζS

n

2 ηS
n (2 ηS

n + 3 ζS
n )

(τ̂
S
n · I) I , (7.27)

where ηS
n and ζS

n are the macroscopic shear and bulk viscosities of the dashpot in a Maxwell
element, respectively. In this context, relation (7.27)2 is the inverse from the well-known
stress-strain rate relation for a dashpot yielding a linear relation between τ̂

S
n and (D̂Si)n,

see, e. g., Markert [64]. Since inequality (7.26) has to be satisfied, it is easily concluded,
that the restrictions on the viscosities ηS

n > 0 and 2 ηS
n + 3 ζS

n > 0 must hold. However,
with regard to the numerical evaluation of the evolution equation, it is most convenient,
when the spatio-temporal discretization of (7.27)2 is carried out on the constant reference
configuration. Applying the known transport mechanisms for D̂Si described in (7.26) as
well as for τ̂

S

n in (7.25) yields the final form of the evolution equation

[(CSi)n]′S − 1

ηS
n

(CSi)n SS
n (CSi)n +

ζS
n

ηS
n (2 ηS

n + 3 ζS
n )

[SS
n · (CSi)n] (CSi)n = 0 , (7.28)

where the chosen internal variables (CSi)n appear in an explicit manner, when integrated
using a backward Euler scheme.
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7.4.6 Dissipation of the Viscous Interstitial Fluid

Finally, the remaining unspecified extra quantity p̂F
E needs to be defined by an appropri-

ate constitutive law reflecting the properties of a viscous interstitial fluid. Inserting the
constitutive assumption p̂

F
E = −(nF )2 (KF )−1 wF into equation (7.12) and then into the

fluid momentum balance (7.4)2 leads to the well known Darcy filter law

nFwF = −KF (gradP − ρFR b) with KF =
KS

µFR
I (7.29)

relating the hydraulic pressure gradient to the filter velocity nFwF via the Darcy per-
meability tensor KF . In this context, KS is the intrinsic permeability, which is solely a
measure of the pore geometry, and µFR > 0 is the effective fluid viscosity. A deformation
dependence can be introduced for the intrinsic permeability which, according to Markert
[65], can be computed using

KS = KS
0S

(JS − nS
0S

nF
0S

)
κ. (7.30)

Herein, KS
0S is the initial permeability of the undeformed tissue and κ≥ 0 is a parameter

governing the non-linearity of the deformation dependency. Note that κ = 0 turns off the
deformation dependency. Moreover, due to the positive definiteness of KF , the remaining
fluid part of the entropy inequality (7.19) is satisfied for KS

0S > 0.

7.4.7 General Structure of the Solid Strain Energy

Regarding the definition of constitutive equations describing the respective parts of W S, it
is advantageous to a priori define a general structure to be used. Starting with the osmotic
part, the beginning of the section states that osmosis triggers a variation of the volume
which is occupied by the incompressible pore-fluid. In this regard, a purely volumetric
deformation can be initiated in the case of purely isotropic material behavior, which
is accompanied by shape changes in the case of an anisotropic behavior resulting from
the presence of collagen fibers. Following this, the most suitable process variable would
be detFS = (detCS)

1
2 which describes the local dilatation of the ECM. The change in

shape may then be caused by the anisotropic stress response of the material. Moreover,
the solid strain energy functions are often formulated in a very general way using the
principal stretches of the deformation. In this regard and in order to adopt the results of
the classical mechanics of single phase materials, the process variables of choice are CS

and (ĈSe)n. This allows for the conclusive form

W S = W S
OSM(detCS) +W S

EQ(CS) +
N∑

n=1

W S
NEQ[(ĈSe)n] +W S

ANISO(CS,M
S) . (7.31)

Applying the chain rule to equations (7.16)1 and (7.17), the stress computation concluded
from equation (7.22) can be rewritten in terms of the actual configuration yielding the
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Kirchhoff stress

τ S
E = 2FS

∂W S
OSM

∂CS

FT
S

︸ ︷︷ ︸
τ S

OSM

+ 2FS

∂W S
EQ

∂CS

FT
S

︸ ︷︷ ︸
τ S

EQ

+ 2
N∑

n=1

τ S
n︷ ︸︸ ︷

(FSe)n

∂W S
NEQ

∂(ĈSe)n

(FT
Se)n

︸ ︷︷ ︸
τ S

NEQ

+ 2FS
∂W S

ANISO

∂CS

FT
S

︸ ︷︷ ︸
τ S

ANISO

.

(7.32)

7.4.8 Specific Solid Strain Energies

As a final step, the respective solid strain energies need to be defined, which is achieved
by the concept of scalar-valued isotropic tensor functions. Starting with the osmotic
contribution, a volumetric strain energy is postulated by use of (7.9)2 together with the
relation detFS = (detCS)

1
2 yielding

W S
OSM[cfc

m (detCS)] = RΘ cfc
0S n

F
0S

[
2 c̄m

cfc
m

−

√
4 c̄2m + (cfc

m )2

cfc
m

+ arsinh

(
cfc
m

2 c̄m

) ]
,

where cfc
m = cfc0S n

F
0S

[
(detCS)

1
2 − nS

0S

]
−1 .

(7.33)

Herein, R denotes the universal gas constant, Θ is the absolute temperature, whereas
c̄m is the molar concentration of the external monovalent solution surrounding the tis-
sue, which can be treated as a material parameter. In this regard, (7.33)1 yields the
scalar-valued function relating the osmotic pressure difference ∆π to the concentration
differences between the pore fluid and the external solution. Hence, (7.33) in combination
with (7.24)2 and (7.32) is equivalent to the classical way, where one proceeds from the
simple example of a reservoir filled with two solutions of different concentrations being
separated by a semi-permeable membrane. Following this approach, van’t Hoff’s osmotic
law can be applied yielding the osmotic pressure difference of the two chemically active
solutions at the semi-permeable membrane:

TS
E,OSM = detF−1

S τ S
E,OSM = −∆π I with ∆π = RΘ

[
(c+m + c−m) − (c̄+

m + c̄−m)
]
. (7.34)

Herein, cγm and c̄ γ
m for γ = +,− are the molar solute concentrations (i. e. anions and

cations) of the internal and external solutions, respectively. Following this, the concen-
trations of one solution can be prescribed in the sense of a boundary condition, while the
concentrations of the other solution may be determined using the Donnan [16] equation,

c+m c
−
m = c̄+

m c̄−m , (7.35)

which provides the chemical equilibrium at the semi-permeable membrane. Applying this
concept to the IVD means firstly that the two solutions will be referred to as internal
and external (surrounding) solutions while the semi-permeable membrane must be under-
stood as the boundary surface of the IVD. Note in passing that exploiting the Lanir [57]
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assumption allows to extend the applicability of equation (7.35) from the domain bound-
ary to the whole IVD. Secondly, it is crucial to incorporate the fixed negative charges as
they contribute to the ion-concentration of the internal solution yielding the osmotic ef-
fect. Hence, the electro-neutrality condition needs to be applied, thereby always ensuring
enough cations being left to balance out the fixed negative charges. In this context, the
following relations hold for the external and internal solutions, respectively:

z+c̄+
m + z−c̄−m = 0 −→ c̄−m = c̄+

m =: c̄m : external solution,

z+c+m + z−c−m + zfccfc
m = 0 −→ c−m = c+m − cfc

m : internal solution.
(7.36)

Therein, use was made of the corresponding valences for a monovalent salt solution (i. e.
Na+Cl−) reading z+ = 1 and z− = zfc = −1. Inserting the results of equations (7.36)
into the Donnan equation (7.35) yields the two relations

c+m =

√

c̄ 2
m+

(
cfc
m

2

)
2 +

cfc
m

2
and c−m =

√

c̄ 2
m+

(
cfc
m

2

)
2 − cfc

m

2
(7.37)

also known as the Donnan equilibrium. Finally, the constitutive equation for the osmotic
pressure (i. e. osmotic pressure caused by large molecules, such as PGs and GAGs) can
be postulated by inserting equations (7.37) and (7.36)1 into (7.34) and (7.14)2 yielding

TS
E,OSM = −∆π I = −2RΘ [

√
c̄ 2
m + (cfc

m/2)2 − c̄m ] I , (7.38)

where cfc
m is deformation dependent as seen in equation (7.9)2.

In order to keep the model as general as possible, an Ogden ansatz is chosen for the
mechanical equilibrium and non-equilibrium strain-energies, thereby allowing for the sim-
ulation of any complexity level ranging from very simple to highly non-linear material
behavior

W S
EQ = µS

0

M0∑
m=1

[ 3∑
k=1

µ∗
0(m)

α0(m)

(
λ

α0(m)/2

S(k) − 1
)
− µ∗

0(m) ln (JS )
]

+ US
EQ(JS) ,

W S
NEQ =

N∑
n=1

µS
n

Mn∑
m=1

[ 3∑
k=1

µ∗
n(m)

αn(m)

(
(λ

αn(m)/2

Se(k) )n − 1
)
− µ∗

n(m) ln (JSe)n

]
+ US

NEQ[(JSe)n] .

(7.39)

Herein, λS(k) and λSe(k) for k = 1, 2, 3 denote the eigenvalues of the right CS and CSe

or the left BS and BSe deformation tensors, respectively. The Jacobians are defined as
JS = detFS and (JSe)n = det (FSe)n, and the indices m and k denote the number of Ogden
terms to be taken and the dimension in space, respectively. Moreover, µS

0 > 0 and µS
n > 0

are the first Lamé constants, i. e., the classical ground-state shear moduli, whereas µ∗
0(m),

µ∗
n(m), α0(m), and αn(m) represent dimensionless, real-valued material parameters. By

making specific choices of the parameters M , µ∗
m and αm it turns out that the Ogden law

(7.39)1 comprises other well-known finite elasticity models, such as the Varga, neo-Hooke,
or Mooney-Rivlin model, see, e. g., Mooney [67], Rivlin [77], Varga [98], and Treloar [93]
(see Table 7.1). Since the strain energies (7.39) describe a porous material, a volumetric
response function needs to be defined in order to ensure the compaction point, which is



180 7 An Extended Biphasic Model for Charged Hydrated Tissues

Table 7.1: Elasticity models included in the general Ogden law (7.39)1.

Model M µ∗m αm

Varga 1 µ∗1 = 2 α1 = 1
neo-Hooke 1 µ∗1 = 1 α1 = 2
Mooney–Rivlin 2 µ∗1 − µ∗2 = 1 α1 = 2, α2 = −2

reached when there is no pore space left. However, due to the very small permeability
of soft biological tissues in general, the volumetric response function mainly serves to
limit the dilatation of the ECM, as the compaction point is rarely reached. Thus, the
volumetric extension can be taken in accordance to Eipper [32], viz.:

US
EQ =

ΛS
0

γS
0

(
γS

0 − 1 + 1
(1−nS

0S
)2

)
(
J

γS
0

S − 1 − γS
0 ln

JS − nS
0S

1 − nS
0S

+ γS
0 n

S
0S

JS − 1

1 − nS
0S

)
,

US
NEQ =

N∑
n=1

ΛS
n

γS
n

(
γS

n − 1 + 1
[1−(nS

Si
)n]2

)

(
(J

γS
n

Se )n − 1 − γS
n ln

(JSe)n − (nS
Si)n

1 − (nS
Si)n

+ γS
n (nS

Si)n
(JSe)n − 1

1 − (nS
Si)n

)
.

(7.40)

Herein, ΛS
0 > 0 and ΛS

n > 0 are the second Lamé constants, whereas γS
0 > 1 and γS

n > 1 are
dimensionless material parameters governing the non-linearity of the volumetric extension
terms. Moreover, the inelastic solidities (nS

Si)n := nS
0S(J−1

Si )n are introduced with the aid
of the inelastic Jacobian determinants (J−1

Si )n = det (FSi)n.

The anisotropic contribution of the strain-energy function describing the locally ortho-
tropic fiber reinforcements (cf. Markert et al. [66]) can be postulated following a similar
polynomial concept as is used in the Ogden ansatz yielding

W S
ANISO =

Mf∑
q=1

[ µ̃S
q

γ̃S
q

(I
γ̃S

q /2
4 + I

γ̃S
q /2

6 − 2) − µ̃S
q ln (I4 I6)

1/2
]

∀ I4, I6 ≥ 1 . (7.41)

Therein, Mf denotes the number of polynomials to be used, µ̃q and γq are material
parameters, and

I4 = M
S
a · CS = (a0 ⊗ a0) · CS = a0 · CS a0 ,

I6 = M
S
b · CS = (b0 ⊗ b0) · CS = b0 · CS b0

(7.42)

are the mixed invariants describing the squared stretches in the respective fiber direc-
tions, thereby having a clear physical interpretation, cf. Spencer [91]. In this context, the
unit fiber vectors a0 and b0 are defined in the undeformed state. Like in the theory of
ropes, the collagen fibers are assumed to carry loads only under tension. Therefore, the
restriction {I4, I6} ≥ 1 must hold, which simultaneously satisfies restrictions stemming
from polyconvexity considerations, cf. Holzapfel et al. [43] and Schröder & Neff [81]. Note
in passing that the equilibrium and non-equilibrium parts also fulfill the polyconvexity re-
quirement, thereby ensuring the existence of minimizers in variational problems appearing
in the framework of the finite element method (FEM).
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7.5 Numerical Modeling

The FEM has been proven to provide a suitable algorithm to approximate the resulting
set of coupled partial differential equations stemming from the extended biphasic solid-
fluid model. In this context, the local forms of the governing multi-field equations (7.5)1,2

must be brought into a form suitable for the numerical approximation process. After
inserting equation (7.29) into equation (7.5)1, the quasi-static model under consideration
incorporates two main fields, namely the solid displacement uS and the hydraulic pore-
fluid pressure P. As the osmotic pressure difference ∆π of the solid extra stress TS

E,OSM

can be added on the hydraulic pressure P, the entire pressure p = ∆π + P of the model
is introduced.

In regard of the FEM as the chosen variational approximation method, the corresponding
local forms of the field equations are transferred into a so-called weak formulation claiming
to be fulfilled in an integral sense instead of seeking for a closed-form solution for the
strong formulation. Thus, the strong forms (7.5)1,2 are integrated over the spatial domain
Ω occupied by the porous tissue at time t. Subsequently, the variational formulation
is obtained, when the respective terms are weighted by independent test functions δuS

and δP. However, in order to allow the application of boundary conditions, some of the
volume integrals have to be transformed into surface integrals. As there are two coupled
differential equations, the overall surface Γ = ∂Ω of the domain Ω is mathematically split
into

Γ = Γu ∪ Γt with Γu ∩ Γt = ∅ ,
Γ = ΓP ∪ Γq with ΓP ∩ Γq = ∅ ,

(7.43)

where Γu and ΓP are the Dirichlet boundaries for the unknown quantities uS and P,
while Γt and Γq represent the respective Neumann parts. After applying the product rule
and the Gaußian integral theorem, the weak formulations for the corresponding balances
evolve

∫

Ω

div (uS)′S δP dv +

∫

Ω

[ KS

µFR
(gradP − ρFR b)

]
· grad δP dv +

∫

Γq

q δP da = 0 ,

∫

Ω

(TS
E,MECH − p I) · grad δuS dv −

∫

Ω

(nSρSR + nFρFR)b · δuS dv −
∫

Γt

t · δuS da = 0 .

(7.44)
Herein, q = nFwF · n is the volume efflux of ϕF over the boundary Γq with the outward
oriented unit surface normal n and t = (TS

E,MECH − p I)n denotes the external load vec-
tor acting on the boundary Γt. Note that the respective Neumann boundaries include
the surface fractions of all constituents, i. e., solid and fluid, thereby ensuring physically
meaningful boundary conditions. However, it is still possible to set conditions for q̄ and t

at the same surface, while a simultaneous application of a Dirichlet and a Neumann con-
dition is forbidden according to (7.43). Following the standard Bubnov-Galerkin method,
the basis functions for the trial functions of uS and P as well as the corresponding test
functions of δuS and δP are identical. As a result, the respective test functions correspond
with the trial functions, which causes δuS and δP to vanish at Dirichlet boundaries Γu
and ΓP , where discrete values are prescribed.
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As a next step, the weak forms (7.44) have to be discretized in space, i. e., an appropriate
approximation for the unknowns uS and P has to be defined. Concerning the spatial
discretization, i. e., the semi-discretization with respect to the space variable x, special care
must be taken, as the governing equations represent a strongly coupled solid-fluid model,
i. e., the unknown field quantities uS and P appear in both equations of (7.44), cf., e. g.,
Zienkiewicz & Taylor [103]. Hence, the unknowns have to be approximated simultaneously
yielding a so-called mixed finite element formulation. Regarding the volume balance
(7.44)1 of the overall aggregate, the gradient of the hydraulic pressure field needs to
be computed, leading to at least a linear discretization of P. Moreover, as the solid
Cauchy extra stress tensor TS

E,MECH implicitly depends on the gradient of the discretized
displacement field uS, its approximation needs to be one order higher compared with the
approximation used for the hydraulic pressure field P. Then, an equal order approximation
of the first term in equation (7.44)2 is achieved. Thus, according to Sandhu & Wilson [78]
the natural choice yields the usage of so-called Taylor-Hood elements having quadratic
basis functions for the displacement uS and linear basis functions for the hydraulic pressure
P.

However, regarding numerical accuracy, stability and numerical costs, the suitable choice
of mixed finite element formulations is by no means phenomenological, but rather strictly
mathematical. In this regard, the inf-sup condition, often referred to as Ladyzhenskaya-
Babuška-Brezzi (LBB) condition, needs to be fulfilled, cf., e. g., Brezzi & Fortin [14],
Braess [13] or Wieners [99]. Following this, the Taylor-Hood elements fulfill the LBB
condition and are the best possible choice from a stability and accuracy point of view. In
regard of the complex geometries frequently involved in computational biomechanics, the
quadratic discretization also leads to a good geometry approximation, even with a small
number of elements. However, concerning the general 3-d case, the enormous number
of mid nodes in finer meshes causes quite large systems of equations, which often have
to be solved in parallel, cf. Wieners et al. [100] or Ehlers et al. [27]. One possibility to
overcome this problem is to use the so-called MINI element of Arnold et al. [2] which has
an enriched linear ansatz for uS using a bubble node. This leads to stable results but the
obtained solution is not as accurate anymore. Note that a linear-linear approximation
of uS and P leads to strange instabilities causing mesh dependent solutions due to the
so-called spurious pressure modes, cf. Brezzi & Fortin [14].

Finally, the weak forms (7.44) have to be discretized in time using a suitable numerical
time integration method. In this regard, finite differences are applied using the implicit
Euler scheme. More detailed information on how the biphasic model is solved using
general Runge-Kutta methods can be found in Ellsiepen [34], Diebels et al. [15] or in the
special case of viscoelastic solid deformations in Markert [64].

As a next step, a brief introduction into the structure of the resulting system of equations
is given. Following the abstract illustration of Ellsiepen [34], the space-discrete variables
at Nu nodes are unified in u and the internal variables at Nq quadrature points can be
combined to q yielding

u =
[
(u1

S,P1), ...., (uNu

S ,PNu)
]T
,

q =
[
C1

Si(kl), ...., C
Nq

Si(kl)

]T



 y = (uT , qT )T , (7.45)
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where CSi(kl) are the six scalar history variables of the symmetric inelastic deformation
tensor CSi. If more than one Maxwell element is used, the number of inelastic history
deformation tensors is increased proportionally. The vector u includes all the nodal
degrees of freedom while q contains all the history variables. Note that for the sake
of clarity, the different ansatz functions for the solid displacement (quadratic) and the
hydraulic pressure (linear) are not regarded in (7.45). Using the abbreviation ( · )′ := ( · )′S,
the entire semi-discrete initial-value problem of first order in time can be condensed to

F (t,y,y′) =

[
g(t,u,u′, q)

l(t, q, q′,u)

]
=

[
M u′ + k(u, q) − f

A q′ − r(q,u)

]
!
= 0 . (7.46)

Herein, initial conditions can be prescribed by applying y(t0) = y0 at an initial time
t0 < t. Moreover, k represents the generalized stiffness vector containing the non-linear
dependencies on (u, q), while f denotes the vector of the external forces including the
Neumann load functionals. The property of material incompressibility leads then to a
non-regular generalized mass matrix M , which turns the global system g(t,u,u′, q) into
a system of differential algebraic equations (DAEs). A possible time integration scheme
solving this system is the implicit or backward Euler scheme which is also used for the
computations in the next section. For more information on the systematic comparison of
the available time-integration schemes towards their performance, the reader is referred
to Diebels et al. [15] and Ellsiepen [34]. As the material behaves partly inelastic, the
non-linear system g cannot be solved straight forward using Newton’s method. Instead,
the local system l(t, q, q′,u) containing the space-discrete evolution equation (7.28) has to
be solved in each step of the global Newton iteration. Comparing the structure of (7.28)
with the general structure of l allows for the identification of the regular matrix A with
r denoting the rest of the evolution equation. This local system of ordinary differential
equations (ODE) is also best suitably solved using the backward Euler scheme in combi-
nation with a local Newton iteration on element level. For more detailed information on
this so-called multilevel-Newton method, the reader is referred to the comprehensive work
of Ellsiepen & Hartmann [35] and references therein. In this regard, the convergence of
Newton’s method strongly depends on the consistent linearization of the non-linear DAEs,
which will not be given here due to its rather lengthy form. However, apart from the os-
motic and anisotropic contributions to the material tangent, a comprehensive description
of the missing linearization of the remaining major parts can be found in Markert [64].

During every iteration step of the global Newton iteration, a finite element code requires
an algorithm computing the solid Cauchy extra stress tensor TS

E,MECH at every integration
point of the numerical quadrature. According to the known procedure from elastoplas-
ticity, every time the stress needs to be computed in the global iteration, the local ODE
have to be solved on element level in order to accumulate the viscoelastic overstress with
the isotropic and anisotropic equilibrium parts. The only difference is that no yield cri-
terion has to be checked in the case of viscoelastic material behavior. As a first step, the
actual left solid deformation tensor (BS)act as well as its eigenvalues and eigentensors,
needed to compute the purely elastic Kirchhoff stress τ S

EQ, is obtained from the actual
solid deformation gradient (FS)act. Thereafter, the local Newton iteration starts and an
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independent elastic trial state

(BSe)
trial
n = (FS)act (C−1

Si )last
n (FT

S )act (7.47)

is computed via a transport of the last deformation tensor (C−1
Si )last

n taken from the last
time step, but using the actual deformation gradient (FS)act as transporting quantity.
Once more, the elastic eigenvalues and tensors are calculated, but now in order to ob-
tain the trial overstress (τ S

NEQ)trial from the elastic part of the trial deformation tensor
(BSe)

trial
n . As the right-hand side of the viscoelastic evolution equation contains the non-

equilibrium trial stress expressed in the referential frame, the non-equilibrium trial stress
is pulled back using the transport (SS

NEQ)trial = (F−1
S )act (τ S

NEQ)trial (FT−1
S )act. If the evo-

lution equation is fulfilled on a satisfactory level, the local iteration is stopped and the
isotropic Kirchhoff stress is finally obtained with the last trial stress satisfying (7.28).
The anisotropic contribution is computed thereafter using equations (7.32) and (7.41).
Together with equation (7.24)2, the sum of the isotropic and anisotropic parts finally
yields the purely mechanical solid Cauchy extra stress tensor TS

E,MECH.

Due to the choice of P as primary variable, the model does not a priori exhibit a stress-free
reference configuration. This becomes clear when the overall stress (7.14) of the model
is computed, thereby using values of the natural state, i. e., uS = 0 and P = 0. Due to
(7.34), there is always an initial osmotic pressure

∆π0S = RΘ
[√

4 c̄ 2
m + (cfc

0S)2 − 2 c̄m
]
. (7.48)

Hence, the constant part ∆π0S I is added onto the mechanical extra stress (7.15) to enforce
a stress-free reference configuration in the sense of classical continuum mechanics. Note
that without this modification, the model would describe an initial swelling of the tissue
until equilibrium between (7.48) and the tension in the mechanical extra stress (7.15) is
reached. For the sake of this contribution, the described simpler approach is followed and
all computations start from a stress free reference configuration having the initial osmotic
pressure (7.48) added onto the mechanical solid extra stress.

7.6 Numerical Examples

7.6.1 Torsion Experiment on a Cylindrical NP Specimen

The first example addresses the intrinsic viscoelastic material behavior of the nucleus pul-
posus in shear. In this context, a numerical torsion experiment is computed, following the
real experiments on non-degenerated cylindrical NP specimens performed by Iatridis et al.
[48]. Herein, the specimens were harvested from shock frozen IVDs (region L2–L5) and
directly placed in a humidity chamber of a testing apparatus. Note that according to the
preliminary swelling tests performed by Iatridis et al. [48], the humidity chamber provides
the most stable hydration environment yielding a relatively constant water content of the
discs over the three hours of testing time, i. e., no swelling occurs due to the extraction of
the specimen from its natural environment. The specimen was then imposed to an axial
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compression of 10% of the original height of the disc in order to ensure a sufficient grip
between the specimen and the two fully planar and impermeable testing plates, when the
angular displacement ϕ is applied, thereafter. The relaxation of the recorded torque MT

of the top platen was then measured over time, whereas the respective average maximum
shear stress τ was computed using the Saint-Venant theory for a circular cross section,
i. e.,

τ = 2MT/π r
3, (7.49)

where r is the radius of the cylinder. For the numerical parameter fit of the presented
model to the experiments performed in Iatridis et al. [48], the disc was discretized using
20-noded mixed Taylor-Hood elements, as it is seen in Figure 7.3. The upper and lower

r

h

∆h

ϕ
P = 0

(a) (b)

Figure 7.3: (a) Average dimensions (radius r = 4mm, height h = 1.44mm) of the cylindrical
NP specimen, boundary conditions (vertical displacement ∆h = 0.144mm, rotation angle ϕ)

and (b) spatial discretization (441 elements) for the torsion experiment. The coloring indicates
the qualitative distribution of the shear stress τ after the vertical displacement ∆h and the

rotation angle ϕ was applied. Note that the angular outer shape of the deformed specimen in
(b) is due to the incapability of the post-processing to resolve quadratic elements.

surface of the disc have movements prevented in the horizontal direction, whereas the
upper surface is displacement-driven in axial direction for 0.144mm and a duration of
2.0 s. This vertical displacement is then held constant over the rest of the computation
as well as the hydrostatic pressure P = 0MPa at the hoop surface and the concentration
c̄m = 0mol/l of the external solution. Six hundred seconds after the vertical displacement
was applied, a rotation angle ϕ is induced within 0.025 s on the top surface and is again
held constant for another 600 s, while the relaxation of the torsional shear stress is com-
puted. For a better comparability of the experiments in Iatridis et al. [48] and in order to
overcome the problem of local solution deficiencies, the torque MT is computed, i. e., the
corresponding shear stresses are integrated over the top surface, and afterwards inserted
into (7.49).

In a first approach, the isotropic NP specimen was modeled using one of the simpler
material laws included in (7.39), i. e., the neo-Hooke model. In contrast, a total number
of two Maxwell elements was needed, in order to reproduce the rapid relaxation of the
shear stress depicted in Figure 7.4. Herein, the lines indicate the computed curves using
the model described above, whereas the circles display the measured values from Iatridis
et al. [48]. In this context, the parameters were fit manually to the curve corresponding
to an angular displacement of ϕ = 0.036. The other two curves, i. e., ϕ = 0.018 and
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Figure 7.4: Results of the parameter fit for the torsion experiment in Iatridis et al. [48]. The
lines (dashed, solid, dotted) show the shear-stress relaxation of the numerical simulation, while
the dots are the measured points at three different rotation angles, respectively. The parameter

fit was carried out for ϕ = 0.036 and held constant for ϕ = 0.018 and ϕ = 0.054.

ϕ = 0.054, were then computed with the identified parameters yielding a good agreement
with the measured points.

Some of the respective material parameters for the NP (i. e. µS
j , ΛS

j , ηS
j , and ζS

j for
j=0,1,2) have been fitted using the shear stress-relaxation experiment and are listed in
Table 7.2. As the parameters occurring in (7.40) have an influence on the volumetric
deformations solely, they can hence not be determined clearly. In this context, the as-
sumption of a constant Poisson ratio was made and the relation stemming from the linear
theory ΛS

j = 2µS
j ν/(1 − 2 ν) with ν = 0.2 has been used, even though it is in the strict

sense only valid around the natural state. Moreover, it was assumed that the volumetric
viscosities have the same values as the solid shear viscosities, i. e., ζS

j = ηS
j . The parame-

ters γS
j were chosen to limit the disc bulge in the swelling experiment of the IVD, as seen

in Figure 7.5, whereas remaining isotropic parameters (also for the AF as well as for the
vertebrae) were taken in accordance to the average values given in Argoubi & Shirazi-Adl
[1], Eberlein et al. [19], Iatridis et al. [48, 50], Lee et al. [58], Lim & Hong [62], Ochia &
Ching [72], Shirazi-Adl et al. [86], Wu & Chen [102] and references therein. The parame-
ters for the anisotropic stress contribution (7.41) were fitted to the regional curves given
in Holzapfel et al. [44]. Note in passing that according to Gu et al. [38] the young AF
has an anisotropic permeability which becomes isotropic with age or degeneration. Due
to the almost impermeable character of the AF and the fact that the directional variation
of the permeability is ‘only’ of factor two while the values given in literature span over
decades, the anisotropic permeability of the AF is neglected in this contribution.

7.6.2 Swelling Experiment of a Sagittally Cut NP

The second example concerns with the swelling capability of the presented model. In this
context, a swelling phenomenon is computed, which occurred while Holzapfel et al. [44]
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Table 7.2: Material parameters of the biphasic model for the vertebrae, nucleus pulposus and
anulus fibrosus, respectively. Isotropic contributions are always using the neo-Hookean model

and inhomogeneities as is described in Ehlers et al. [26].

Vertebrae: treated with no distinction between cortical shell and spongiosa

KS
0S = 2.7 · 10−5 [mm2] nS

0S = 0.2 [ - ] µS
0 = 192.0 [MPa] κ = 0.0 [ - ]

µFR = 3.8 · 10−8 [MPa·s] cfc
0S = 0.0 [mol/l] ΛS

0 = 88.7 [MPa] γS
0 = 1.0 [ - ]

Nucleus pulposus: treated as isotropic, viscoelastic and charged material

KS
0S = 3.5 · 10−12 [mm2] nS

0S = 0.2 [ - ] µS
0 = 0.5 [kPa] κ = 0.0 [ - ]

µFR = 6.9 · 10−10 [MPa·s] cfc
0S = 0.3 [mol/l] ΛS

0 = 0.3 [kPa] γS
0 = 50.0 [ - ]

1st Maxwell element: ζS
1 = 0.37 [kPa·s] µS

1 = 2.8 [kPa] [ - ]
ηS
1 = 0.37 [kPa·s] ΛS

1 = 1.9 [kPa] γS
1 = 12.0 [ - ]

2nd Maxwell element: ζS
2 = 10.0 [kPa·s] µS

2 = 0.85 [kPa] [ - ]
ηS
2 = 10.0 [kPa·s] ΛS

2 = 0.57 [kPa] γS
2 = 12.0 [ - ]

Anulus fibrosus: treated as inhomogeneous anisotropic charged material

KS
0S = 6.2 · 10−12 [mm2] nS

0S = 0.3 [ - ] µS
0 = 0.95 [MPa] κ = 0.0 [ - ]

µFR = 6.9 · 10−10 [MPa·s] cfc
0S = 0.1 [mol/l] ΛS

0 = 2.2 [MPa] γS
0 = 1.0 [ - ]

Ventro-lat. int. Ventro-lat. ext. Dorsal ent. Dorsal ext.

µ̃S
1 [kPa] 34.3 146.3 5.9 50.8
γ̃S
1 [ - ] 44.1 97.1 30.5 54.2

performed an experiment on a sagittally cut motion segment. Right after the specimen
was cut in half and placed on the laboratory table, the NP started to swell out of the IVD
and reached a maximum bulge of 4.9mm, cf. Figure 4 in Holzapfel et al. [44].

This behavior is clearly a result of the tissue being removed from its physiological setting,
i. e., the state where the net movement of fluid over the tissue boundary is balanced out
between the osmotically driven influx of fluid and the mechanically driven efflux due to
the pre-stressed solid skeleton. Whenever this equilibrium is disturbed, the tissue tends
to gain chemical equilibrium again. For example, the excess of ions inside the tissue
attracts the surrounding fluid with a lower ion concentration to get sucked inside, until
equilibrium is reached with the resulting excess of tension in the solid skeleton. The
cylindrical NP specimens could not swell as they were not surrounded by any fluid. Even
though the sagittally cut motion segment is also not surrounded by a fluid, the IVD is still
connected with the adjacent vertebrae, and hence, to the bone marrow. The results of the
computation in Figure 7.5 (b) shows clearly that the influx of fluid, which is responsible
for the bulge, stems from the vertebrae.

The simulations are carried out on a sagittally cut geometry of an L4-L5 motion seg-
ment, which is discretized using 1898 20-noded Taylor-Hood elements, cf. Figure 7.5 (a),
where the vertebrae, the NP, and the AF are highlighted in blue, red and yellow, re-
spectively. The corresponding material parameters are listed in Table 7.2, whereas the



188 7 An Extended Biphasic Model for Charged Hydrated Tissues

inhomogeneities are modeled as is described in Ehlers et al. [26]. Following the swelling
experiment, only essential boundary conditions are applied, which do not lead to a me-
chanical loading of the tissue. In this regard, the top and bottom surfaces of the vertebrae
are fixed in space and a drainage (P = 0MPa) is ensured on all free surfaces. Further-
more, the concentration of the external solution is lowered from c̄m = 0.15 to 0.0mol/l
within 50 s and is then held constantly at zero for another 5000 s.

A

(a) (b) (c)

Figure 7.5: (a) Discretization of the L4-L5 motion segment using 1898 Taylor-Hood elements,
where the vertebrae are displayed in blue, the NP in red and the AF in yellow. (b)

Visualization at t = 50 s, where the arrows indicate the seepage velocity of the fluid inside the
vertebra and the colors display the osmotic pressure contribution (red =̂ 0.78MPa and

blue =̂ 0.0MPa). (c) The coloring indicates the bulge of the NP with a peak value of 5.7mm.

Figure 7.5 (b) shows the tendency of the fluid movement when c̄m reaches zero, i. e., at
t = 50 s. The seepage velocity of the bone marrow is directed towards the IVD with its
maximum osmotic pressure difference ∆π = 0.78MPa indicated in red. The reason for
the fluid being attracted by an excess of pressure becomes clear when Figure 7.6 (a) is
observed, which shows the evolution of p, ∆π, and P measured at point A depicted in
Figure 7.5 (b). In the beginning of the computation, i. e., at t0 = 0 s, there is an initial
osmotic pressure of ∆π0 = 0.31MPa, which is solely carried via an ‘ingrown’ pre-stress
in the solid skeleton. Hence, the hydraulic pressure vanishes at t0 = 0 s. As the concen-
tration c̄m of the surrounding fluid is lowered, the osmotic pressure difference ∆π rises
gradually inside the NP and the fluid starts to flow into the IVD to equal out the excess
of ions, thereby causing a volume dilatation. However, due to the almost impermeable
characteristics of the IVD, the inflow is constrained, and hence, the volume dilatation in-
side the IVD happens really slowly. Thus, the excess osmotic pressure difference is firstly
carried via a suction power of the hydraulic pressure P (part I in Figure 7.6 (a)) and is
then gradually released into tension carried by the dilated solid skeleton (part II). The
duration of this process is strongly dependent upon the filter velocity of the fluid that gets
sucked inside, which is finally a function of the gradient of the negative hydraulic pressure
and the resistance (i. e. permeability) of the tissue. In principle, this behavior is just like
a reverse consolidation problem from geomechanics, where a load on the top surface is
firstly carried by the pore fluid alone and later via the extra stress of the solid skeleton.
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Note that if the medium was permeable without any resistance, the consolidation or the
swelling process would be finished just after applying the load or concentration drop.
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Figure 7.6: (a) Evolution of the osmotic pressure difference ∆π, the hydraulic pressure P and
the overall pressure p measured at point A, cf. Figure 7.5 (b), inside the NP and (b)

development of the NP bulge for the viscoelastic computation of the swelling experiment.

The endpoint of the swelling process is reached, when the negative hydraulic pressure
inside the tissue is discharged. According to Figure 7.6, this is the case at about t ≈ 3000 s.
The resulting bulge of the NP can be seen in Figure 7.5 (c) with the maximum bulge of
5.7mm, whereas the development of the bulge is depicted in Figure 7.6 (b).

7.7 Conclusions

Even though the presented numerical examples included only the simpler possibilities of
the constitutive equations (7.39) and (7.41), the results clearly reveal the high capacity
of the model. In this regard, it was the idea to develop a model which includes several
levels of complexity, thereby having the advantage of relatively easy identified material
parameters on the one hand and the possibility to describe arbitrary material behavior
on the other.

In particular, it is a huge benefit to have a model, which is capable to describe finite
deformations with finite material behavior in the framework of a thermodynamically con-
sistent biphasic theory. In this context, the constitutive equations involved fully satisfy
the premise of polyconvexity and therefore, solutions of the numerical approximation are
guaranteed. Moreover, it is possible to numerically reproduce all the key functions that
occur in charged tissues. On that account any complexity level concerning the mechanical
behavior of the solid skeleton, i. e., viscoelasticity, elasticity and anisotropy, is possible.
Regarding the electro-chemical couplings, it is unfortunately not practicable to simulta-
neously have a tri- or quadriphasic model in combination with the presented extended
biphasic model, as the resulting set of governing equations cannot be treated in a nice
modular manner. Keeping in mind that the model is to be used on complex geometries
in combination with other materials in the framework of real applications, the choice was
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made in favor of the simpler approach to only capture the basic osmotic effects. This is
adequate for most of the applications, thereby ensuring a reasonable computation time
on today’s personal computers.

As a matter of fact, the application range of the model is rather vast. For instance, it
is possible to model any soft biological tissue, i. e., cartilage, IVD or brain tissue, as well
as hard tissues like bones. Even man-made materials like charged hydro-gel or super-
absorbent polymers (SAP), which are able to absorb as much as a thousandfold of their
own dry weight, are easily modeled.

The next step in the enhancement of this model is to include degeneration effects like the
loss of the fixed charge density which, as a consequence, is often accompanied by calcifi-
cation, fracture or other mechanical damage. As already seen in the numerical examples,
the concentration of the fixed negative charges attracts a certain amount of water, thereby
causing a certain extra pressure in the tissue. If this mechanism is disturbed, the basic
load-bearing behavior is modified, and in the case of the IVD, the collagen fibers might
be loaded with pressure instead of tension. This again might trigger a cell metamorphosis
leading to substantial structural and, therefore, mechanical changes in the tissue. In this
context, it is necessary to derive appropriate evolution equations, which trigger the re-
spective damage due to certain mechanical or chemical influences. With focus on the IVD,
it is then possible to identify possible mechanisms leading to herniation or calcification of
the disc.
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Nomenclature

As far as possible, the nomenclature in this monograph follows the conventions and sym-
bols that are commonly used in modern tensor calculus, such as in the books by de Boer
[1], Ehlers [4], Papastavridis [6], or Holzapfel [5, Ch. 1].Concerning porous media theories,
the work adheres to the established notations given by de Boer [2] and Ehlers [3].

Conventions

Index and suffix conventions

i, j, k, l, . . . indices as sub- or superscripts range from 1 to N ; usually
N = 3 in the 3-d physical space of our experience

( q )k ( q )k =
∑

k ( q )k ( q )k Einstein’s summation convention, i. e., summation over in-
dices that appear twice unless stated otherwise, e. g.,

∑| k
( q )S , ( q )F capital subscripts indicate the belonging of kinematical quan-

tities to a constituent within mixture theories

( q )S , ( q )F capital superscripts indicate the belonging of non-kinematical
quantities to a constituent within mixture theories

Kernel conventions

( q ) place holder for kernel quantity

s, t, . . . or σ, τ, . . . scalars (0th-order tensors)

s, t, . . . or σ, τ , . . . vectors (1st-order tensors)

S,T, . . . or σ,τ , . . . 2nd-order tensors
n

S,
n

T, . . . or
n

σ,
n

τ , . . . nth- or higher-order tensors, e. g.,
4

D,
3

E,
2

F = F,
1

G = g

s, t, . . . and S,T , . . . general column vectors (n× 1) and general matrices (n×m)

Selected tensor operations1

( q )T transpose of vectors, tensors or matrices

( q )
kl

T special transposition of higher-order tensors by an exchange
of the kth and the lth basis system of the tensorial basis

n

S
s

T =
n−s

R with n ≥ s contracting (inner) tensor product (linear mapping)
n

S ·
n

T = r scalar (dot) product (special contracting tensor product)
n

S⊗
s

T =
n+s

R dyadic (vector space) tensor product

s× t = r or S× T = r outer vector (cross) product of vectors or tensors

s× T = R outer (cross) tensor product of vector and tensor

S ��@@��@@ T = R outer (double cross) tensor product of tensors

1 Further specific formulae and rules of tensor algebra and analysis are directly provided in the text.

i



ii Nomenclature

Acronyms

Acronym Definition

ADI alternating direction implicit

ADR advection diffusion reaction

AF anulus fibrosus

BC boundary condition

BDD balancing domain decomposition

BDF backward differentiation formula

BDF2 2nd-order backward differentiation formula

BEM Boundary Element Method

BT Biot’s Theory

BVP boundary-value problem

CFD computational fluid dynamics

CFL Courant-Friedrichs-Lewy

CSS conventional serial staggered

DAE differential-algebraic equation

DD domain decomposition

DE differential equation

DEM Discrete Element Method

DIRK diagonal-implicit Runge-Kutta

DOF degree of freedom

EAP electroactive polymer

ECM extracellular matrix

EQ equilibrium

FCD fixed charge density

FDM Finite Difference Method

FE finite element

FEM Finite Element Method

FETI finite element tearing and interconnect

FVM Finite Volume Method

FSI fluid-structure interaction

GAG glycosaminoglycan

IBVP initial boundary-value problem

IE implicit (backward) Euler

IMEX implicit-explicit

IRK implicit Runge-Kutta

IVD intervertebral disc



Nomenclature iii

IVP initial-value problem

LBB Ladyzhenskaya-Babuška-Brezzi

LBP low back pain

MKS meter-kilogram-second

NEQ non-equilibrium

NP nucleus pulposus

ODE ordinary differential equation

PDE partial differential equation

PG proteoglycans

QSSA quasi-steady-state assumption

REV representative elementary volume

RK Runge-Kutta

RKN Runge-Kutta-Nyström

SAP super-absorbent polymer

SDIRK singly diagonal-implicit Runge-Kutta

TG Taylor-Galerkin

TM Theory of Mixtures

TPM Theory of Porous Media

TR trapezoidal rule

Remark: Acronyms are viewed as ordinary words such that plural forms are generated
by simply adding “s”; apostrophes are only used for possessives.
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