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terstützung und dass Sie immer zu mir hält. Leider starb mein Vater Jürgen Fritz

zu früh, nicht nur um das Ende meiner Promotion zu erleben. Im Geiste sehe ich
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Abstract

The demands of computational resources of a simulator and the necessary efforts in

defining boundary and initial conditions increase with the physical complexity of a

model. Thus, a trade-off between physical accuracy and computational demands of a

model are made. In many practical applications of porous media flow simulators, the

most complex processes are confined to a small part of the model domain. In such a

case, either high complexities are neglected in favor of a slim model or all processes

are captured with a complex model which is superfluous in large parts of the domain.

As a compromise between both options, an interface coupling method is introduced. It

couples simple and complex models and adapts the resulting multiscale model to the

actually occurring physical processes. As a basis for this, a decoupled formulation for

non-isothermal compositional multiphase flow is introduced. It provides the advantage

that the size of the linear system of equations does not grow with the number of phases

or components involved.

This work reviews the common concepts for the description of multiphase flow in

porous media and provides a consistent derivation of the conservation equations of

non-isothermal compositional flow and transport processes. Based on these equations,

decoupled formulations for isothermal and non-isothermal compositional flow are de-

rived using the concept of local conservation of total fluid volume. The implementation

of the derived formulations into a finite volume method with an implicit pressure ex-

plicit concentration time discretization is presented. The resulting simulation tool is

tested and verified with results from different experimental and computational investi-

gations and its range of applicability is considered.

Based on the decoupled formulations derived before, an isothermal and a non-

isothermal multiphysics concepts for the transition of complexity within a porous media

domain is presented. Furthermore, a simple and robust subdomain control scheme is

developed which assures optimal adaption of the model complexity to the occurring pro-

cesses at any time. Both models are implemented and tested towards their accordance

with the globally complex decoupled models. It is shown that computational demands

of a simulator can be lowered by incorporation of the multiphysics schemes. Finally,

further ideas for the extension of the multiphysics towards more complex systems and

possible interfaces with multiscale methods are considered.





Zusammenfassung

Numerische Modelle zur Beschreibung von Mehrphasen-

Mehrkomponentenströmungsprozessen in porösen Medien finden vielfältigen Einsatz

bei der Lösung technischer oder umweltrelevanter Fragestellungen aus Wissenschaft

und Industrie. Seit der Einführung erster Grundwassermodelle hat sich die Komplex-

ität der Modelle und der beschreibbaren Prozesse enorm gesteigert. Die Anwendbarkeit

hochkomplexer numerischer Modelle wird jedoch durch verfügbare Rechenkapazitäten

und die finanzielen und technischen Möglichkeiten zur Messung entsprechend de-

tailierter Eingangswerte begrenzt. Dies begründet eine Abwägung zwischen der

physikalischen Genauigkeit eines Modells einerseits und seiner Aufwändigkeit an-

dererseits. Zwar sollte die Auswahl des Modells so erfolgen, dass alle relevanten

physikalischen Prozesse abgebildet werden, allerdings ist es möglich, dass die ver-

fügbaren Rechenkapazitäten oder Messwerte den Anforderungen des Modells nicht

gerecht werden. Wenn sich nun sehr komplexe physikalischen Prozesse auf einen

kleinen Teil des zu untersuchenden Gebiets beschränken, eröffnen sich grundsätzlich

die zwei Möglichkeiten, die komplexen Prozesse entweder zu vernachlässigen um ein

schlankes Modell benutzen zu können oder ein detailiertes Modell zu verwenden, das in

der Lage ist alle auftretenden Prozesse abzubilden, dessen Komplexität aber in großen

Teilen des zu untersuchenden Gebiets überflüssig ist. Erstere Möglichkeit hat den

Nachteil, dass eventuell wichtige Vorgänge nicht abgebildet werden können, Zweitere,

dass hoher Aufwand erzeugt wird, der zu großen Teilen vermeidbar sein sollte.

Aus diesem Konflikt heraus ergibt sich die Motivation, eine Mutliphysics-Methodik

zu entwickeln, die die Modellkomplexität den tatsächlich auftretenden Vorgängen

anpasst, um dadurch beide vorgenannten Nachteile zu überwinden und ein schlankes

und gleichzeitig hinreichend genaues Modell zu erlangen.

Die Basis für jedes numerische Modell bilden mathematische Formulierungen der auftre-

tenden Fluss- und Transportprozesse. Diese lassen sich im Fall der Mehrphasenströ-

mungen in porösen Medien in voll Gekoppelte (auch voll implizit genannt) und Entkop-

pelte (oder sequentielle) unterteilen. Die Namensgebung rührt im Wesentlichen von der

Lösungsmethodik des sich ergebenden Systems partieller Differentialgleichungen her.

Während die Primärvariablen bei der voll gekoppelten Formulierung simultan in einem

iterativen Prozess ermittelt werden, trennt die entkoppelte Formulierung die Drücke

von den Erhaltungsgrößen um sie getrennt – oder eben entkoppelt – zu berechnen.

Aufgrund der iterativen Lösungsstrategie sind voll gekoppelte Modelle im Allgemeinen

flexibler bezüglich der Einführung neuer Prozesse in die mathematische Formulierung,
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wohingegen dies bei entkoppelten Modellen in der Regel wesentlich mehr Aufwand

erfordert. Es ist daher nicht verwunderlich, dass bisher keine einsatzbereiten Simula-

tionsprogramme für die Berechnung von Mehrphasen-Mehrkomponentenströmungen in

porösen Medien verfügbar sind, die auf entkoppelten Formulierungen basieren. Allerd-

ings haben entkoppelte Modelle den entscheidenden Vorteil der weniger aufwändigen

und schnelleren Lösung, was bei großen und komplexen Systemen in immensen Un-

terschieden zwischen voll gekoppelten und entkoppelten Modellen in der benötigten

Rechenzeit resultieren kann. Aufgrund der klaren Trennung zwischen Fluidbewegung

und Massen-/Energietransport in der entkoppelten Formulierung, eignet diese sich

besonders gut für die Einbeziehung in das zu entwickelnde Multiphysics-Modell. Daher

wird im Rahmen dieser Arbeit ein Beitrag zur Entwicklung eines entkoppelten Modells

zur Modellierung von nicht-isothermen Mehrphasen-Mehrkomponentenströmungen in

porösen Medien geleistet.

Entwicklung einer entkoppelten Formulierung für nicht-isotherme Mehrphasen-

Mehrkomponentenströmungen Als Basis für die Umsetzung der angestrebten

Multiphysicsmethoden wird eine entkoppelte Formulierung für nicht-isotherme

Mehrphasen- Mehkomponentenströmungen in porösen Medien entwickelt. Dafür wer-

den zunächst die relevanten physikalischen Prozesse beleuchtet und etablierte Metho-

den zu ihrer Beschreibung eingeführt. Diese dienen als Grundlage zur Formulierung von

Erhaltungsgleichungen der Masse und Energie, die konstequent aus dem Reynold’schen

Transporttheorem hergeleitet werden und die Systeme partieller Differentialgleichun-

gen bilden, die die betrachteten Mehrphasenströmungen beschrieben. Zur Entkop-

plung dieser Differentialgleichungen wird für gewöhnlich die so genannte Fractional

Flow Formulierung, welche auf Umformungen der Massenerhaltungsgleichung basiert,

verwendet. Je nach Abwandlung wird Sie in der Literatur unterschiedlich benannt,

wobei sich die Namen in der Regel auf die Behandlung der Phasendrücke beziehen.

Lokale Änderungen des Fluidvolumens werden darin lediglich durch Kompressibil-

itäten berücksichtigt. In Mehrkomponentensystemen treten jedoch Lösungs- und Ent-

mischungsprozesse auf, welche in nicht-isothermen Systemen durch Verdampfung und

Kondensation ergänzt werden. Diese Prozesse können erheblichen Einfluss auf das Vol-

umen haben, das ein Fluidgemisch einnimmt. Als Beispiel kann die Verdunstung oder

Verdampfung einer Flüssigkeit genannt werden. Hierdurch kann sich das spezifische

Volumen einer Komponente um mehrere Größenordnungen verändern, was sich auch

bei kleinen Massenumsätzen merklich auf das Volumen einer Gas-Flüssig-Mischung

auswirken kann. Diese Veränderungen werden von der Fractional Flow Formulierung

jedoch nicht erfasst. Um die Nachteile der massenbasierten Formulierung zu umgehen

wird ein Konzept aufgegriffen, das der Druckgleichung der entkoppelten Formulierung

die lokale Erhaltung des Fluidvolumens zugrunde legt. Hierbei wird postuliert, dass in-

nerhalb eines Kontrollvolumens immer dasselbe Volumen – nämlich das Porenvolumen

– für Fluidphasen bereit steht. Dieses Volumen muss stets mit einer Fluidphase oder
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einem Gemisch mehrerer Fluidphasen ausgefüllt sein. Verändert sich nun das Volumen

des im Kontrollvolumen enthaltenen Gemisches, so muss zwangsläufig Masse zu- bzw.

abströmen. Dieses Verhalten wird mittels Ableitungen des Fluidvolumens nach Masse,

Druck und Energie in eine Druckgleichung umgesetzt.

Numerische Umsetzung des entkoppelten Modells Die eingeführte, entkoppelte

Formulierung wird als numerisches Modell implementiert. Dies erfordert die räum-

liche und zeitliche Diskretisierung der entwickelten partiellen Differentialgleichungen,

die es ermöglicht, Differential- durch Differenzenausdrücke und kontinuierliche Funk-

tionen durch diskrete Werte zu ersetzen. Zur räumlichen Diskretisierung wird eine zell-

zentrierte Finite Volumen Methode verwendet. Obwohl sie lediglich ein Verfahren erster

Ordnung darstellt, bietet sie die Vorteile, dass sie intuitiv, sehr robust und massenkon-

servativ ist. Die Zeitdiskretisierung wird mittels des IMPES-Verfahren (IMplicit Pres-

sure Explicit Saturation) bewerkstelligt. Wie der Name bereits erahnen lässt, wird

dabei die Druckgleichung zeitlich implizit und die Transportgleichung zeitlich explizit

gelöst, was den mathematischen Eigenschaften beider Gleichungen (Druck: elliptisch,

Transport: hyperbolisch, sofern advektionsdominiert) entspricht.

Bedingt durch die Formulierung kann am Ende eines jeden Zeitschritts nur die Gesamt-

menge an innerer Energie und Masse der Komponenten in einem Kontrollvolumen

ermittelt werden. Die Anzahl der Phasen und Aufteilung der Komponenten auf die

Phasen ist daraus jedoch noch nicht ersichtlich. Um die Sättigungen und Massenbrüche

in den Phasen zu berechnen bedarf es daher noch einer Phasengleichgewichtsberech-

nung oder Flash-Calculation. Dazu wird in der Regel die Rachford-Rice Gleichung

herangezogen, welche noch zusätzlicher Parameter, der Gleichgewichtsverhältnisse, be-

darf. Diese Gleichgewichtsverhältnisse werden oft aus thermodynamischen Zustands-

gleichungen berechnet, was jedoch sehr komplex ist und im Rahmen dieser Arbeit

nicht weiter behandelt wird. Stattdessen wird ein Vorschlag aufgegriffen, die Gle-

ichgewichtsverhältnisse mittels einfacher Löslichkeitsgesetze, wie dem von Raoult oder

Henry zu berechnen. Die Implimentierung der Flash-Calculation wird für bestimmte,

in dieser Arbeit relevante, Kombinationen aus Phasen- und Komponentenanzahl für

isotherme und nicht-isotherme Systeme behandelt.

Um ein robustes numerisches Modell zu erhalten, müssen die Koeffizienten für die

Druck- und Transportgleichungen durch eine konsequente Oberstromgewichtung er-

mittelt werden. Dies ist insofern nicht trivial, als dass die Oberstromrichtung bei

gravitativ beeinflussten Systemen je nach Phase unterschiedlich sein kann. Bei eben-

solchen Systemen hat sich auch gezeigt, dass die mathematisch konsistente Art und

Weise, den Durchfluss durch eine Kontrollvolumengrenzfläche zu bestimmen – dieser

wird benötigt um am Kontrollvolumen die Massen- und Energieflüsse zu bilanzieren

– bei bestimmten Gitterausformungen zu fehlerhaften Druckverteilungen führen kann.

Daher wird eine alternative Berechnung vorgeschlagen, bei der die Filtergeschwindigkeit
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nicht mit der Einheitsnormalen und dem Inhalt der Kontrollvolumengrenzfläche, son-

dern mit dem Verbindungsvektor der Zellmittelpunkte und einer korrigierten Fläche

multipliziert wird.

Außer der Diskretisierung der entkoppelten Gleichungen stellt sich auch noch die

Frage nach der Bestimmung der Ableitungen des Volumens nach Masse, Energie und

Druck. Es wird vorgeschlagen, diese Ableitungen numerisch durch Vorwärtsdifferenti-

ation (entspricht Taylor-Reihe erster Ordnung) zu ermitteln. Anstatt dafür einen sehr

kleinen Schritt zu wählen um eine (mathematisch korrekte) Tangente an die Volumen-

funktion anzunähern, wird vorgeschlagen, den Schritt entsprechend der im nächsten

Zeitschritt zu erwartenden Veränderungen zu wählen, was einer Sekante entspricht.

Um diese Veränderung abzuschätzen, wird jeder Zeitschritt durch eine vorgeschaltete

Lösung der Transportgleichung mit altem Geschwindigkeitsfeld ergänzt.

Multiphysics Ansätze für zwei-Phasen, zwei-Komponenten Flüsse Der

Kerngedanke des Multiphysics Ansatzes ist es, das Modellgebiet in Untergebiete

zu teilen. Je nach auftretenden relevanten Prozessen im Untergebiet werden unter-

schiedliche Modelle angewandt. Die Kopplung der Modelle wir am internen Rand,

der die Untergebiete voneinander abgrenzt, realisiert. Dadurch wird ein Übergang

von Modellkomplexitäten geschaffen, der die Anpassung des Modells and die lokale

Komplexität der auftretenden physikalischen Prozesse erlaubt. Dieser Ansatz wird

sowohl für isotherme als auch nicht-isotherme Systeme zweier Komponenten realisiert.

Wo der Übergang einer Komponente von einer Phase in eine Andere durch Lösung,

Ausgasung, Verdunstung oder Kondensation geschieht, muss ein zwei-Phasen zwei-

Komponenten (2p2c) Modell angewandt werden, das ebenjene Prozesse abbilden kann.

An Stellen, an denen lediglich ein-Phasen Fluss und Transport der gelösten Kompo-

nenten beobachtet wird, ist ein entsprechend einfacheres Modell ausreichend. Vergle-

icht man die volumenbasierte entkoppelte Formulierung mit der Fractional Flow For-

mulierung, so wird deutlich, dass diese für den Fall, dass eine einzelne Phase vorliegt,

quasi identisch sind. Das bedeutet, dass sich zwei Modelle, die auf den unterschiedlichen

Formulierungen basieren, an einem Rand, an dem nur ein-Phasen Fluss vorliegt, ohne

besondere Schwierigkeiten koppeln lassen. Der daraus erwachsende Vorteil ist, dass im

ein-Phasen Gebiet wesentlich einfachere Gleichungen angewandt werden können und

die Ausführung von Phasengleichgewichtsberechnungen und Ableitungen des Fluidvol-

umens entfallen. Wenn im ein-Phasen Untergebiet eine Flüssigkeit vorliegt und daher

von inkompressibler Strömung ausgegangen werden kann, so vereinfacht sich das math-

ematische Modell sogar soweit, dass lediglich eine Laplace-Gleichung zur Ermittlung

des Druck- und Geschwindigkeitsfeldes gelöst werden und eine einzelne Massenbilanz-

gleichung für die gelöste Komponente ausgewertet werden muss.

Für die Gültigkeit des Multiphysics Modells ist die richtige Wahl der Untergebiete von

entscheidender Bedeutung. Da a priori nur schwer oder überhaupt nicht festzustellen
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ist, wo im Gebiet die relevanten Prozesse auftreten, die das 2p2c Modell erforderlich

machen, ist eine adaptive Gebietsunterteilung notwendig. Es zeigt sich, dass Ent-

mischungseffekte direkt unterstromig eines bereits bestehenden zwei-Phasen Bereichs

am wahrscheinlichsten sind. Daher kann eine adaptive Gebietszerlegung unter Aus-

nutzung des Courant-Kriteriums für die explizite Zeitdiskretisierung (innerhalb eines

Zeitschrittes kann Transport um maximal eine Maschenweite im Gitter stattfinden) de-

rart umgesetzt werden, dass das 2p2c Untergebiet ein Element größer gewählt wird als

der eigentliche zwei-Phasen Bereich. So wird gewährleistet, dass eventuell auftretende

Entmischungen am Ende eines jeden Zeitschrittes erfasst werden. Nach Beendigung

des Zeitschritts wird die Wahl des 2p2c Untergebietes überprüft und gegebenenfalls

angepasst.

Im Allgemeinen ist davon auszugehen, dass der Zusammenhang zwischen Energie, Tem-

peratur, Fluidvolumen und anderer Größen in einem Kontrollvolumen nichtlinear ist,

was sich besonders bei zwei Phasen bildenden Gemischen oder am Siedepunkt einer

Flüssigkeit zeigt. Allerdings kann dieser Zusammenhang innerhalb kleiner Bereiche

durchaus als linear angenähert werden. Wenn nun eine maximale Veränderung der

Temperatur gegenüber der Anfangstemperatur definiert wird, innerhalb derer eine lin-

eare Annäherung hinreichend ist, so kann das Modellgebiet danach in zwei Untergebiete

geteilt werden. In einem Untergebiet mit niedrigen Temperaturänderungen wird die

isotherme Druckgleichung und isotherme flash-calculation angewandt. Die Temperatur

wird über die Veränderung der internen Energie und der Wärmekapazität des Kontrol-

lvolumens berechnet. Durch Überschneidung der Grenzen zwischen Bereichen niedriger

und maßgeblicher Temperaturveränderung einerseits und Grenzen zwischen ein- und

zwei-Phasen Bereichen andererseits, ergeben sich vier mögliche Untergebiete. Dabei

wird das 2p2c-Untergebiet wie zuvor festgelegt, während die Grenze des Gebietes, wo

nicht-isotherme Modelle anzuwenden sind, durch den angesprochenen Grenzwert der

Temperaturveränderung definiert wird.

Bei der Implementierung der Multiphysics Ansätze wird der Umstand ausgenutzt, dass

die Druckgleichungen in den verschiedenen Untergebieten letzlich dieselbe physikalis-

che Bedeutung haben: die Erhaltung des Fluidvolumens. Durch Formulierung in den

gleichen physikalischen Einheiten ist es somit möglich, die Beiträge aller Elemente

(unbesehen des Untergebietes) in ein einzelnes, globales, lineares Gleichungssystem zu

assemblieren und gleichzeitig zu lösen. Dazu muss lediglich sichergestellt werden, dass

die Fließgeschwindigkeit der Phasen auf beiden Seiten einer Untergebietgrenze gleich

berechnet wird. Wenn ebenfalls der Massentransport auf beiden Seiten gleich berechnet

wird, so können auch die Transportgleichungen ohne weitere Vorkehrungen gemeinsam

gelöst werden. Dadurch kann das Einschritt-Verfahren der IMPES Zeitdiskretisierung

beibehalten werden. Dies ist ein wesentlicher Vorteil gegenüber anderen Multiphysics

Ansätzen, bei denen die Erfüllung der Kopplungsbedingungen an den internen Rän-

dern über eine Iteration bewerkstelligt wird, was eine mehrmalige Lösung der Modelle

in den Teilgebieten notwendig macht.
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Validierung des Entkoppelten Modells und Anwendung des Multiphysics Ansatzes

an realistischen Beispielen Um die Verlässlichkeit des entwickelten nicht-isothermen

Modells zu überprüfen, wurde es gegen die Ergebnisse mehrerer Experimente und Simu-

lationsläufe des HYDROTHERM Programms validiert. Dabei wurde die Komplexität

der Prozesse zunehmend gesteigert. Zunächst wurde ein zwei-dimensionales Exper-

iment zur Untersuchung von statischen Wärmequellen in der gesättigten Bodenzone

betrachtet. Mit einem Heizelement wird thermische Energie in Boden und Grund-

wasser eingebracht, was zu einer Erwärmung und – durch die damit einhergehende

Dichteveränderung – zu auftriebsbedingtem Fluss und Transport von Gelöststoffen

führt. Die dadurch erzeugte Verteilung des gelösten Tracers in der Versuchapparatur

konnte mithilfe des Modells qualitativ vorausgesagt werden.

HYDROTHERM ist ein voll gekoppeltes Modell zur Simulation von nicht-isothermen

Strömungsprozessen von reinem Wasser. Es wurde verwendet, um jeweils ein ein- und

zwei-dimensionales Beispiel von Dampfinjektionen in voll wassergesättigte Böden zu

simulieren. Die Ergebnisse wurden wiederum mit denen des in dieser Arbeit vorgestell-

ten, entkoppelten Modells verglichen. Eine sehr gute Übereinstimmung von Druck-

Sättigungs- und Temperaturwerten konnte festgestellt werden. Allerdings zeigten sich

auch unphysikalische Druckoszillationen im entkoppelten Modell, die auf die schwierige

Handhabbarkeit des starken Dichtekontrasts zwischen flüssigem und dampfförmigem

Wasser zurückzuführen sind. Dabei zeigt sich auch, dass die Bestimmung der Kom-

pressibilitäten sehr sorgfältig zu erfolgen hat, da diese am Siedepunkt einer Flüssigkeit

– bedingt durch Verdampfung- und Kondensationseffekte – um einige Größenordnun-

gen größer sein können, als die Kompressibilitäten über oder unter dem Siedepunkt

und sich stabilisierend auf das Modell auswirken.

Nicht-isotherme zwei-Phasen zwei-Komponenten Prozessen wurden anschließend

mithilfe der Ergebnisse zweier, quasi ein-dimensionaler Säulenexperimente betrachtet.

Im ersten Experiment wurde Wasserdampf in eine horizontale, luftgesättigte Säule in-

jiziert. Dabei wird Luft verdrängt und die Feststoffmatrix durch die latente Wärme

des kondensierenden Wasserdampfs erhitzt. Im zweiten Experiment wird Heißluft in

eine teilgesättigte, vertikale Säule injiziert. Wieder wird die Feststoffmatrix dadurch

erhitzt und das in der Säule enthaltene Wasser verdunstet und wird von der vorbeiströ-

menden Luft aus der Säule ausgetragen. Beim Beispiel der Dampfinjektion wurden die

zeitlichen Verläufe von Temperatur und Druckanstieg an mehreren Punkten mit guter

Genauigkeit prognostiziert. Lediglich der absolute Wert des Druckveränderungen dif-

ferierte zwischen Experiment und Simulation, was jedoch auf Unsicherheiten bei der

Bestimmung der Permeabilität zurückgeführt wird. Bei der Heißluftinjektion wurden

die Durchgangszeiten der Trocknungsfront und des Temperaturanstieges sehr gut vom

Modell vorausgesagt, allerdings zeigte sich eine lokal wesentlich langsamere Erwär-

mung als im Experiment. Durch Veränderung der Berechnung der Wärmeleitfähigkeit

dergestalt, dass sie durch das Vorhandensein von Wasser nicht erhöht wird, werden die

experimentellen Ergebnisse sehr gut getroffen. In der Beschreibung des Säulenexper-
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imentes in Färber [1997] wurde darauf hingewiesen, dass sich speziell bei langsamen

Prozessen (die Heißluftinjektion wird dazugezählt) über den Querschnitt der Säule

veränderliche Sättigungen und Temperaturen ausbilden können. Dies kann die lokale

Erwärmung und Wärmeleitung durchaus beeinflussen und wird als Grund für die auf-

fälligen Abweichungen zwischen Modell und Experiment vermutet. Somit kann auch

bei den beiden Beispielen der nicht-isothermen zwei-Phasen zwei-Komponentenprozesse

von einer erfolgreichen Validierung gesprochen werden.

Zuletzt wurde die drei-Phasen drei-Komponenten Implementierung der entkoppelten

Gleichung am Beispiel einer Bodenluftabsaugung zur Sanierung einer Kontamination

der teilgesättigten Bodenzone getestet. Die Ergebnisse wurden mit denen eines voll

gekoppelten Modells aus Class [2001] verglichen. Das entkoppelte Modell zeigte eine

qualitativ richtige Nachbildung des Systemverhaltens. Die Abweichungen im Fortschre-

iten der Trocknungsfront der nicht-wässrigen Flüssigphase werden hier nicht weiter

erörtert, da das Beispiel lediglich die grundsätzliche Tauglichkeit der drei-Phasen drei-

Komponenten Implementierung zeigen sollte.

Zwei drei-dimensionale Problemstellungen wurden herangezogen um die Anwend-

barkeit der vorgestellten Muliphysics-Ansätze zu demonstrieren. Dabei wurden die

Ergebnisse der Multiphysics-Modelle mit denen der jeweiligen global komplexen, en-

tkoppelten Modelle verglichen. Das heißt, das isotherme Multiphysics-Modell wurde

mit dem, auf dem ganzen Modellgebiet angewandten, zwei-Phasen zwei-Komponenten

Modell und das nicht-isotherme Multiphysics-Modell mit dem nicht-isothermen zwei-

Phasen zwei-Komponenten Modell verglichen. Das isotherme Multiphysics-Modell

wurde am Beispiel einer Injektion von CO2 in eine voll mit Wasser gesättigte, geol-

ogische Formation getestet. Die zeitlichen Verläufe der Masse des im Wasser gelösten

CO2 und des Gesamtvolumens des CO2 in Phase waren dabei nahezu deckungsgleich.

Am Ende der Simulationszeit, als sich die CO2-Blase am weitesten ausgebreitet hatte,

wurden im Multiphysics-Modell lediglich fünf Prozent des Modellgebiets vom 2p2c-

Untergebiet abgedeckt. Dadurch ergab sich eine Veringerung der Anzahl an Phasen-

gleichgewichtsberechnungen um einen Faktor von 46. Angesichts der Tatsache, dass

in Simulationsprogrammen, die komplexe thermodynamische Zustandsgleichungen ein-

beziehen, bis zu 70 Prozent der Gesamtrechenzeit auf ebenjene Berechnungen entfallen,

eröffnet dies eine Perspektive auf massive Zeiteinsparungen.

Das nicht-isotherme Multiphysics Modell wurde am Beispiel einer Schadstoffsanierung

mithilfe von Bodenluftabsaugung und statischen Wärmequellen getestet. Auch hier

waren die betrachtete Größe – die Masse des im Modellgebiet befindlichen Schad-

stoffes – in ihrem zeitlichen Verlauf deckungsgleich mit den in der Referenzsimula-

tion ermittelten Werten. Aufgrund der zunehmenden Erwärung des Bodens durch

die statischen Wärmequellen wuchs das nicht-isotheme Untergebiet stetig an, während

das zwei-Phasen zwei-Komponenten Untergebiet durch fortschreitenden Schadstoffaus-

trag kontinuierlich schrumpfte. Mithilfe des Multiphysics Konzeptes konnte in diesem

Fall die Anzahl an aufwändigen, nicht-isothermen Phasengleichgewichtsberechnungen
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um einen Faktor von 22 verringert werden, was mit einer nahezu Verdoppelung der

Berechnungsgeschwindigkeit einherging und im Fall von komplizierteren Materialge-

setzen noch größere Vorteile verspricht.

Ausblick Sowohl das entkoppelte Modell für nicht-isotherme Mehrphasen-

Mehrkomponentenflüsse als auch die eingeführten Multiphysics-Konzepte bilden

die Grundlage für weitere Untersuchungen. So sollten für die Weiterentwicklung beider

Ansätze weitere Anstrengungen unternommen werden.

• Das isotherme drei-Phasen drei-Komponenten Modell bedarf weiterer

Verbesserungen und der Valididerung.

• Um eine möglichst große Bandbreite von umwelt- und industietechnischen Proble-

men der Strömungen in porösen Medien abdecken zu können, sollte anschließend

eine Erweiterung zu einem nicht-isothermen drei-Phasen mehrkomponenten Mod-

ell vorgenommen werden.

• Dabei sollte die Implementierung flexibel für die Einbeziehung einer beliebigen

Anzahl von Komponenten gemacht werden. Dies wirft die Notwendigkeit einer

Schnittstelle zu externen Algorithmen zur Berechnung von Phasengleichgewichten

auf, da es dadurch möglich wird die Stärken anderer akademischer Disziplinen,

wie der Thermodynamik oder des Chemieingenieurwesens, miteinzubeziehen.

• Die vorgestellte Implementierung des drei-Phasen drei-Komponenten Modells

kann bereits als Grundlage für einen weiteren Multiphysics-Ansatz genutzt wer-

den. Bei der Sanierung einer Kontamination der teilgesättigten Bodenzone mit-

tels Bodenluftabsaugung ist beispielsweise die Lösung von Luft in Wasser oder

von Wasser in Luft nicht von Interesse. Vielmehr soll der Austrag des Schadstoffes

mit der Luft und die Lösung des Schadstoffes im Wasser betrachtet werden. Da-

her bietet es sich an, das drei-Phasen drei-Komponenten Modell auf den Bereich

zu beschränken, wo der Schadstoff in Phase vorliegt und Lösungs- und Verdamp-

fungsprozesse zu beobachten sind. In anderen Teilen des Modellgebietes ist ein

zwei-Phasen Modell, das den Transport des Schadstoffes berücksichtigt, ausre-

ichend. Dort kann die Verteilung des Schadstoffes auf die Gas- und Wasserphase

mittels eines einfachen Phasengleichgewichtskoeffizienten beschrieben werden.

• In Niessner and Helmig [2007] wurde angestoßen, ein Multiphysics-Modell mit

einem Mehrskalen-Modell zu verbinden. Dabei wurde das Untergebiet, in

dem komplexe Prozesse stattfinden fein diskretisiert, wohingegen in den Bere-

ichen des Gebiets, wo einfache Prozesse ablaufen, mithilfe eines Upscaling-

Ansatzes vergröbert wurden. Die Kopplung beider Modelle basierte auf der

Annahme eines divergenzfreien Geschwindigkeitsfeldes. Da diese Annahme auf-

grund Kompressibilitäten und Phasenübergangseffekten nicht allgemeingültig

ist, erscheint es vielversprechend, die in der vorliegenden Arbeit vorgestellten
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Multiphysics-Modelle inklusive adaptiver Gebietszerlegung mit dem vorgeschla-

genen Mehrskalen-Ansatz zu verbinden.





1 Introduction

Originating from the simulation of groundwater flow, single-phase and multi-phase

porous media flow models are used for the investigation and prediction of flow processes

in numerous environmental and industrial materials. The complexity of such models

has increased rapidly since the first groundwater flow modesl were developed, enabling

an increasingly realistic description of the relevant physical processes. With increasing

physical accuracy of a model, not only the computational costs but also the demand for

input parameters specifying initial and boundary conditions increases. This will always

motivate the choice of a model which is as simple as possible while still providing the

complexity which is needed to represent the physical processes under consideration.

Thus, the most complex relevant physical processes determine the complexity of the

model.

In many applications, however, very complex processes only occur in a narrow region

of the considered domain. In this case, basically two options can be considered: Either,

for economic reasons, a simple model is chosen to the price of negligence of the complex

processes, or the model which accounts for the complex processes is chosen accepting

the fact that the complexity is superfluous in most parts of the model domain. This

conflict motivates the use of a concept which couples both models to adapt the resulting

multiphysics scheme to the occurring processes.

To implement such a multiphysics model, the occuring physical processes have to be

described in such a way that they can be mathematically decoupled. This, in turn,

creates the need of the development of according mathematical models concepts. The

already available model concepts can in general be classified into two categories: fully

coupled (fully implicit) and decoupled (sequential) models. The most important dif-

ference between these concepts are their temporal discretizations and – linked to that

– the corresponding solution strategies. While the decoupled models commonly work

with single step solution schemes, the fully coupled models incorporate an iterative

solver. Due to the non-linear behavior of many coefficients involved in porous media

flow formulations, the fully coupled models are generally easier to extend to represent

highly complex physical processes. As an example, models for the simulation of real-

istic non-isothermal compositional multiphase flow phenomena in porous media only

exist in a fully-coupled form. However, the decoupled models have the advantage of

simpler solution schemes which take advantage of the formal resemblance of the de-

coupled formulations to single-phase flow formulations (Chen and Ewing [1997]). This
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Figure 1.1: Flow regimes in a porous medium. Below the groundwater table, two-phase
flow and mass exchange between phases is restricted to the marked area.

resemblance is achieved by splitting the governing equations for the flow phenomena in

a (elliptic) pressure and a (hyperbolic/parabolic) transport equation. The splitting is

the basis for a sequential solution scheme which can solve a timestep without iterations

and with small systems of equations making the decoupled formulations much faster

(Binning and Celia [1999]). A practical example for this advantage may be given by

a comparison on a benchmark problem: carbon dioxide is injected into a 200 km long

and 100 km wide aquifer which is discretized by about 100,000 cells. After an injection

period of 25 years, the spreading and dissolution of the carbon dioxide is simulated by

a decoupled simulator based on the concepts presented in this work and a fully coupled

simulator, both being implemented in the simulating toolbox DuMuX. The decoupled

model simulated a period of 30,000 years within two days. The fully coupled simulator

implemented in the same numerical framework and running on a comparable machine

was stopped after twelve days having simulated less than 3000 years.

For many environmental, technical and biological applications of porous media flow

simulators, the representation of non-isothermal compositional multiphase processes

is necessary. For most of these processes, the assumption of a local thermodynamic

equilibrium holds. As an example, the thermal in-situ remediation of contaminated

soils requires at least the representation of non-isothermal two-phase two-component

processes.

To exemplify the multiphysics idea, consider Figure 1.1. A dense, non-aqueous phase

liquid (NAPL) leaks into the subsurface and contaminates the groundwater. To cap-

ture the movement of the NAPL phase and the dissolution of the contaminants in

the groundwater, a compositional two-phase simulator is necessary. However, these

processes only happen inside the small area marked by the dashed line, while the

movement of the contaminants inside the groundwater could as well be described by a

simple, single-phase transport model. The goals of this work are the development of

• a multiphysics model that allows for the systematic application of simple and

complex models at the same time inside one domain.

• the decoupled models needed for the representation of the respective physics

under realistic conditions inside different parts of a domain in a multiphysics

framework.
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• a simple, efficient and robust scheme which provides optimal adaption of the

multiphysics model to the occurring physical complexities.

To get an overview of existing decoupled and multiphysics methods, a literature review

is given in the following section.

1.1 Literature

The first decoupled formulation for immiscible, two-phase flow was published in

Chavent [1976] where the author called it a new formulation. In order to obtain a

pressure equation, the velocities of the two phases were added to a total velocity which

is separated to its fractions by so-called fractional-flow factors. These factors later

on gave the approach the name “fractional flow formulation”. However, this formula-

tion could only be used for the description of immiscible and incompressible phases.

A sequential model for compositional, compressible flow was introduced in Acs et al.

[1985]. In this approach, the pressure equation is not derived from the fluid mass bal-

ance equations as the fractional flow formulations before, but rather from a volume

conservation constraint. In Trangenstein and Bell [1989], the authors examine the pro-

posed model for its mathematical structure and its formal adequacy for the established

numerical methods to solve partial differential equations. In Chen et al. [2000], the au-

thors study the mathematical properties of the volume conservation approach in terms

of different pressure formulations for three-phase flow. The approach was also adapted

in vanOdyck et al. [2009], where a non-isothermal formulation for one-dimensional,

two-phase systems under simplified physical conditions was considered.

Existing multiphysics approaches either have the aim of coupling porous media flow

with other flow regimes or the transition of complexity within a porous medium. Mult-

inumerics schemes have a certain relation to multiphysics methods. They couple sub-

domains with different solution approaches instead of different physics. The existing

methods can, however, be classified into two categories. The first are double- or mul-

ticontinua models, where the model domain is projected on two or more overlapping

continua with different properties. This means that a certain range of points in space

exists in two or more continua and their physical state is described and influenced by

two or more models. The coupling of the continua is usually realized via source and

sink terms depending on the differences of one or more primary variables in the dif-

ferent continua. This is referred to as vertical coupling and is sketched in Figure 1.2,

left. In the second category, every point in space only exists in a single domain. This

model domain is divided into subdomains which are occupied by different models. The

coupling is then realized at the interface between the subdomains by a set of conti-

nuity requirements as examplarily sketched in Figure 1.2, right. This is referred to as

horizontal coupling.
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Figure 1.2: Vertical and horizontal model coupling.

Figure 1.3 examplarily sketches different vertical and horizontal concepts for model

coupling in porous media flow.On the left, it shows vertical coupling methods starting

with the double- or multi-continua approach for modeling flow and transport in fis-

sured porous media. It approximates the randomly and evenly distributed fissures and

fractures as an additional continuum with its own permeability and porosity which is

connected to the porous medium matrix by source and sink terms. The method was

introduced in Barenblatt et al. [1960] and has been adapted in numerous models, e.g.

Moench [1984], Wang and Narasimhan [1985], Wang [1991]. A comprehensive introduc-

tion is given in Dietrich et al. [2005]. In Dogan et al. [accepted], the authors propose

a hybrid model for the incorporation of discrete fractures into a double-continuum

concept: while standard double-continuum concepts consider fractures on an equidi-

mensional second domain, this approach confines the fluid movement in the second

domain to flow along one-dimensional pipes. The MINC method (Multiple INteract-

ing Continua) published in Pruess and Narasimhan [1982] and Pruess and Narasimhan

[1985] regards the fact that, in a fractured porous medium, any disturbance in reservoir

conditions will travel rapidly through the network of interconnected fractures, while in-

vading the matrix blocks only slowly (Pruess [1992]). This is done by representing the

medium by a continuum of fractures where flow and transport takes place, while the

matrix is represented by several levels of disconnected blocks which exchange mass and

energy with the fractures. An example for vertical coupling leading the way to multi-

physics is the approach proposed in Niessner and Helmig [2006, 2007, 2009], where the

model domain is projected on three continua: a fine-scale continuum to solve the pres-

sure equation, and a coarse-scale continuum to solve a two-phase transport equation

which is locally extended by a fine-scale continuum with a compositional three-phase

transport equation. This method allows for the local adaption of the model complexity

to the physical complexity and is related to the concept presented in this work. How-

ever, the method was developed under the assumption of a divergence-free velocity field

at every point in space which is not valid under general conditions as will be discussed

in Section 2.7.2.
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The methods of horizontal coupling in the right column of Figure 1.3 begin with the

non-overlapping domain decomposition concept published in Albon et al. [1999]. It con-

siders the interface coupling of subdomains with different soil types and the coupling

of porous media with lower dimensional fractures (discretized as a highly permeable

porous medium), where the coupling conditions involve pressure continuity and mass

conservation. The discrete fracture approach represents discrete single fractures equidi-

mensionally or in lower dimensions and couples the different flow regimes inside the

fractures and the porous medium at the fracture walls (e.g. Therrien and Sudicky

[1996], Dverstorp and Andersson [1989], Reichenberger et al. [2006], Haegland et al.

[2009]). In discrete fracture approaches, the fractures are often represented in a sim-

plified way. For example, the fractures are considered as gaps between parallel plates

and the equations of Hagen-Poiseuille are applied (e.g., Dietrich et al. [2005]) . Other

coupling approaches for the interactions between free flow and porous media (e.g. at

river beds or for technical filtration problems) solve Stokes or Navier-Stokes equations,

see e.g. Discacciati et al. [2002], Layton et al. [2003], Vassilev and Yotov [2009]. At

the interface between the free-flow subdomain and the porous medium, not only conti-

nuity of pressure and mass transfer are considered but also the velocities tangential to

the interface (Beavers and Joseph [1967]). Instead of coupling different flow regimes,

the authors of Wheeler et al. [1999] introduce a method to connect different solution

schemes for porous media flow to each other. Subject to the dominating processes,

decoupled or fully implicit model formulations are solved within different subdomains.

Related to that, a multiphysics approach is presented in Peszynska [2002] which couples

a black-oil, two-phase or single phase model, using a non-linear iteration algorithm at

the interface.

Using the insights from the literature, a decoupled model for non-isothermal composi-

tional multiphase flow has to be formulated. To be able to represent realistic systems,

it is to be implemented for up to three dimensions regarding gravitational effects. Fur-

thermore, a validation of the implemented model has to be made in order to obtain

a simulator suitable for making predictions. A horizontal coupling using a non-linear

iteration which requires the solution of a whole timestep in all subdomains for ev-

ery iteration step is cumbersome. Therefore, a coupling concept which allows for a

single-step solution of a timestep is to be developed.

1.2 Structure

In the following, an overview is given which shows the structure of this work:

Chapter 2 introduces the physical properties of fluids, models for the interaction be-

tween solids and fluids in porous media and the assumptions which are made in order

to describe porous media flow. Additionally, the mathematical equations for flow and
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Figure 1.3: Exemplarily overview of horizontal and vertical coupling methods.
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transport in porous media are introduced. Based on these equations, decoupled for-

mulations for compositional and non-isothermal multiphase flow are derived before

introducing two multiphysics concepts for transition of complexity in porous media

flow simulation.

In Chapter 3, the main assumptions of this work are introduced and the spatial and

temporal discretization of the flow and transport equations of Chapter 2 are derived.

After the consideration of the implementation of the multiphysics schemes, the need

for subdomain adaption is discussed and an associated method is presented.

The decoupled models are tested and validated on the results of several laboratory

experiments and other numerical models in Chapter 4. To show practical applicability

of both the decoupled models and the multiphysics schemes, two realistic examples of

applications are presented in Chapter 5 before concluding in Chapter 6.



2 Physical Model

A general step in every engineering approach to solve a problem is to formulate a

model describing the physical behavior of the considered system. In order to describe

multiphase flow through porous media, many different models have to be combined to

a complex system. The parts and concepts which constitute this system are introduced

in the following section. A crucial precondition for the formulation of these concepts is

the choice of an adequate scale of observation, which is in our case the continuum scale.

That is, matter is regarded as a hypothetical substance which is continuous in space and

time and can be described by continuous in space variables (Bear and Bachmat [1990]).

2.1 Definition of scales and domains

Ω

Ω1

Ω2

∂Ω

∂Ω12

Figure 2.1: Definition of model do-

main and subdomains.

In order to design an appropriate modeling strat-

egy for particular problems, it is important to con-

sider the spatial and temporal scales involved, and

how the physical processes and parameters of the

system relate to these scales. A careful defini-

tion of relevant length scales can clarify any in-

vestigation of scale considerations, although such

definitions are a matter of choice and modeling

approach (Hristopulos and Christakos [1997]). In

general, we define the following length scales of

concern: the molecular length scale, which is of

the order of the size of a molecule; the microscale,

or the minimum continuum length scale on which

individual molecular interactions can be neglected

in favor of an ensemble average of molecular col-

lisions; the local scale, which is the minimum continuum length scale at which the

microscale description of fluid movement through individual pores can be neglected in

favor of averaging the fluid movement over a representative elementary volume (REV,

see Section 2.2); the mesoscale, which is a scale on which local scale properties (such

as porosity or permeability, see Section 2.2) vary distinctly and markedly; and the

megascale or field-scale.
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In the following, two domain types are going to be distinguished: the model domain

and subdomains. In order to process a simulation, a finite area or volume with clear

boundary conditions has to be defined. This will be referred to as model domain and

the associated boundaries are called external boundaries. In Figure 2.1, the external

boundaries ∂Ω are situated on the solid rectangle while the model domain is sketched

as the area Ω within this rectangle. In order to apply a multiphysics scheme with

horizontal coupling, the model domain is divided into subdomains (as will be discussed

in Section 2.8). In Figure 2.1, the subdomains are represented by the areas Ω1 and Ω2,

while the boundary between the subdomains, the internal boundary is marked with

∂Ω12.

2.2 Representative elementary volume concept

The model concepts in this work are based on the consideration of the porous medium

as a continuum consisting of a solid and one or more fluid phases being present at

every point in space. This means that the fluid flow is not considered in individual

pores but is averaged over a representative elementary volume (REV) and described

by averaged velocities. The reason for this average is that the microscale modeling –

i.e. the modeling of the complex velocity field inside every pore – is not practicable for

the most interesting questions since already a model domain of one cubic meter may

contain millions or billions of pores. Thus, neither the exploration of their topology

nor the calculation of microscale flow through every single pore lies within today’s

capabilities.

As basis for a correct averaging, a size of the REV has to be specified. A minimum size

is reached, when the average of the considered quantity stays constant, i.e. that slight

extensions or reductions of the considered volume do not lead to significant changes of

the averaged quantity. Figure 2.2 illustrates the relation between the size (radius r) of

an averaging volume and the value of an averaged physical quantity on the example

of the porosity φ. For a disappearing radius, the porosity is either zero or one as

becomes clear from Figure 2.2, right. With increasing radius, the porosity fluctuates

until it reaches a constant value at rmin. If a heterogeneous medium is considered, the

porosity begins to change again when the volume is large enough to hit heterogeneities

as, e.g., sand lenses in a loamy soil. The same considerations as for the porosity

can be applied to other physical quantities giving the possibility to replace the actual

medium by a fictitious continuum in which we may assign values of any property to

any point in space (Bear [1979]). That is, all physical quantities are now described

by functions continuous in space, where it has to be mentioned that many quantities

which are of importance for the following derivations – such as porosity, permeability

and saturations – only exist in this continuum approach, making the introduction of

the REV concept indispensable. Finally it has to be mentioned that minimum and
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radius r

φ

rmin rmax

r
P

Figure 2.2: Relation between an averaged quantity and the size of the averaging volume
(after Bear [1972]).

maximum REV sizes may differ between different parameters (such as porosity or

permeability) or processes (such as fluid flow or heat conduction) as is pointed out, for

instance in Buchter [1984].

2.3 Fluid properties

The fundamental step in the development of a model for porous media flow, is the dis-

tinction of the phases. A phase is defined as a continuous substance with homogeneous

properties which is separated from other phases – with other properties – by a sharp

interface. In the context of porous media flow, two types of phases are distinguished:

the immobile solid phase, of which the matrix of the porous medium consists and one

or several fluid phases – which are in turn distinguished in gaseous and liquid – flowing

through the pore space of the matrix.

2.3.1 Phase composition

Each phase is made up of one or more components, where a component can be any

chemical substance or group of substances such as air (which is then called pseudo-

component). Although distinct phases may not be miscible, there is mass transfer

between them at the interface. Mass transfer from a solid, liquid or gaseous phase to

a liquid phase is usually called dissolution. Mass transfer from a liquid to a gaseous

phase is called vaporization or, if a usually gaseous component is transferred, degassing.

Finally, the mass transfer from a liquid or gaseous to a solid phase and vice versa is

addressed by adsorption and desorption, respectively. If a usually solid component is

transferred from a fluid to a solid phase, this is called precipitation. The composition of
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a phase may have strong influences on its properties and physical and chemical behav-

ior, making it necessary to introduce measures for the amount of contained components.

Depending on the scientific disciplines, different measures are preferred. However, only

those being of interest for this thesis are introduced. In general, the index α denotes

the phase and the index κ the component.

• The mole fraction (dimensionless) relates the number of molecules nκ
α of one

component in a phase to the overall number of molecules in the phase nα:

xκ
α =

nκ
α

nα
, (2.1)

• The mass fraction (dimensionless) relates the mass of a single component κ to

the total mass of the phase α and is related to the mole fraction via the molar

masses Mκ by

Xκ
α =

xκ
αMκ

∑

κ

xκ
αMκ

. (2.2)

• Concentrations (in units of density) are defined as mass of a component per unit

volume and are related to the mass fractions via the phase density ̺α (see below)

by

Cκ
α = Xκ

α̺α . (2.3)

By definition, mass fractions as well as mole fractions sum up to unity

∑

κ

Xκ
α =

∑

κ

xκ
α = 1 . (2.4)

2.3.2 Density

As physical quantity of each phase, the density is defined by mass per volume with

SI-unit [kg/m3]. In general, densities depend on temperature T , pressure p and com-

position of a phase:

̺α = ̺α (p, T, Xκ
α) (2.5)

Liquids Due to the small distances between the molecules in liquids, pressure has

only little influence on their density. In most applications of flow models in porous

media, the pressure changes are relatively small compared to the immense forces that

are needed to significantly compress liquids. Thus, the pressure dependence of these

phases is usually neglected. As an example, the compressibility of water at normal

conditions is κwater = 4.8 · 10−10 Pa−1, which means that a pressure increase of 208 bar

would result in a volume decrease of one percent. Temperature, however, does affect
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the density of liquids stronger and its influence may not be neglected in non-isothermal

models. Depending on the solute and its interactions with the solvent, the composition

of liquids may have a strong influence on density of a liquid phase. As an example, salt

may raise the density of water by 20 percent, whereas it is hardly affected by dissolved

oxygen.

Gases Both temperature and pressure have a strong influence on the density of gases,

as is expressed by the ideal gas law, which is approximately valid for all gases at low

pressures:

̺ =
RsT

p
(2.6)

Here, Rs is the specific gas constant and T is the absolute temperature. According to

Amagat’s law, the volume of ideal gas mixtures equals the sum of the volume of the

components. The composition of the gas phase can thus be incorporated easily by the

calculation of a medium-specific gas constant

Rs =
R

∑

κ Mκxκ
= R ·

∑

κ

Mκ

Xκ
, (2.7)

with R, the universal gas constant.

2.3.3 Viscosity

Fluids may be defined as materials that continue to deform in presence of any shear

stress (Bear [1972]). Viscosity is a measure that relates the velocity of this deformation

to the applied shear stress. Consider an infinitesimal fluid volume as displayed in Figure

2.3. Shear stress τyx in horizontal direction applies to the top and bottom edge of the

volume and thus it is deformed with an angular velocity ∂ϕ/∂t. Newtonian fluids have

τyx

τyx

∂ϕ
∂t

Figure 2.3: Fluid volume deformed with angular velocity ∂ϕ/∂t by shear stress τyx.
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a linear relation between shear stress and deformation velocity which is expressed by

the dynamic viscosity µ with the unit [Pa · s] (or in SI-units [kg/ (m · s)]):

τ = µ
∂ϕ

∂t
(2.8)

Another common parameter in hydromechanics is the kinematic velocity with the unit

[m2/s], obtained through division of the dynamic viscosity by the fluids density

ν =
µ

̺
. (2.9)

For liquids, viscosity does not change significantly with varying pressures, whereas it

decreases with increasing temperatures. Gases, in contrary, have increasing viscosity

with increasing temperature, where the proportionality µ ∝
√

T can be expressed for

ideal gases (Atkins [1994]). The viscosity of ideal gases is independent of pressure and

also in real gases, the viscosity is not affected by pressure over wide ranges (Atkins

[1994]). For the calculation of the temperature dependence of real gases, Sutherland’s

formula (e.g. Böswirth [2005]) can be used:

µ = µ0
T0 + C

T + C

(

T

T0

)3/2

(2.10)

Different approaches exist, to account for the composition of gases. The simplest is to

weight the viscosities of the components with their mole fractions:

µ =
∑

κ

µκxκ , (2.11)

where the index κ denotes the components. In Herning and Zipperer [1936], it was

found that the additional incorporation of the molar masses gives better matches to

the viscosity of the mixture:

µ =

∑

κ µκxκ
√

Mκ

∑

κ xκ
√

Mκ
. (2.12)

2.3.4 Internal energy and enthalpy

To be able to describe the behavior of non-isothermal systems, the concept of internal

energy U as caloric state variable has to be introduced. From the molecular point

of view, internal energy is the amount of energy that is stored in the movement of

molecules and atoms in terms of deviatoric translation, rotation, and vibration. From

the continuum mechanic point of view, an infinitesimal change of internal energy is

reached due to an amount of heat dQ brought into the system and due to mechanic
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Figure 2.4: Selected viscosities at atmospheric pressure. Left: viscosity of liquid water
and xylene. Right: viscosities of air, steam and xylene vapor.

work dW done on the system:

dU = dQ + dW (2.13)

In the cases considered in this work, the mechanical work can be restricted to volume

changing work done on the system. That is, the work which is necessary to change the

volume of the system against a pressure. This gives

dU = dQ − p dV . (2.14)

Since the internal energy of a system can not be measured directly, but only the men-

tioned amounts of heat or mechanic work, a reference point with defined temperature,

pressure and volume is chosen and the internal energy of the system in other states is

calculated by integrating equation 2.14. For continuum mechanic considerations it is

more convenient to divide the internal energy by the mass of the associated phase to

get the specific internal energy u denoting the energy stored in one unit mass

u =
U

m
, (2.15)

with m, the mass of the considered system. The unit of the specific internal energy is

[J/kg] or [m2/s2].

The internal energy of a phase changes with temperature. The changes in temperature

and internal energy can be related to each other by a proportionality factor cv, which

is defined as the derivative of internal energy with respect to temperature at constant

volume:

cv =
∂u

∂T

∣

∣

∣

∣

v

(2.16)

This proportional factor is called specific heat capacity and has the unit [J/ (kg · K)].
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It denotes the amount of energy required to increase the temperature of one unit mass

by one Kelvin. This relation, however, is only valid if the volume does not change. A

second specific heat capacity is defined as the change of internal energy with respect

to a change in temperature at constant pressure:

cp =
∂h

∂T

∣

∣

∣

∣

p

(2.17)

To increase the temperature of a phase at constant pressure, more energy is needed

than in case of constant volume. That is because at constant pressure, the volume of

matter increases with increasing temperature and thus volume changing work is done.

If the volume is kept constant, the change of internal energy equals the heat added to

a system. If the system can increase its volume against a constant pressure, a part of

the added heat is emitted in form of mechanical work and the change of internal energy

is not the same as the added heat. The added heat, however, equals the increase of

another quantity, the enthalpy, which is defined as

H = U + pV . (2.18)

As the internal energy, the enthalpy is related to the mass of the considered matter as

well and thus the specific enthalpy is defined as the enthalpy per unit mass and denoted

by the lower case letter h. The specific heat capacity at constant pressure can now be

identified as the amount of heat required to increase the enthalpy by one Kelvin.

If a substance changes its state of matter, i.e. if a solid melts or if a liquid is vaporized,

the molecules have to overcome the forces of attraction which hold them in the current

state. For this, additional energy in the form of heat is needed. This is called latent

heat, since an increase of energy does not change the temperature of the substance (as

sensible heat does). The amount of energy which is needed to vaporize a unit mass of

liquid is called enthalpy of vaporization.

2.3.5 Phase equilibria

A basic assumption in this work is that the compositions of phases are in thermody-

namic equilibrium. That is, the phases have the same temperature, pressure and no

more mass transfer between the phases takes place. Below, basic thermodynamic laws

for the description of the phase equilibria are introduced. Related to modeling issues,

this assumption is further discussed in Section 3.1.

Vapor pressure Consider a pure substance which is present as gas and liquid phase.

The two phases are in contact and in equilibrium, i.e. there is no mass transfer of

the substance between the phases. Then the pressure of the gas phase is called vapor
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pressure. Its non-linear dependence on the temperature T can be described e.g., with

Antoine’s equation (e.g., Römpp et al. [1999])

pvap = 10[a−b/(T−c)] , (2.19)

where the parameters a, b and c are fluid specific constants.
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Figure 2.5: Vapor pressures of water and xylene

Dalton’s Law Dalton’s Law states that the pressure of a mixture of gases equals the

sum of the pressures each component would have if it filled the whole volume alone

pg =
∑

κ

pκ
g , (2.20)

where pκ
g is called partial pressure of component κ. This definition, however, is only

valid for ideal gases where the pressure is a linear function of the molar density (Atkins

[1994]). To make equation (2.20) valid for real gases, the partial pressure pκ
g is defined

to be proportional to the mole fraction of component κ in the gas

pκ
g = xκ

gpg . (2.21)

If this definition is combined with the vapor pressure, the mole fraction of a component

κ inside a gas over a liquid can be evaluated as the ratio of the vapor pressure over the

gas pressure.

Raoult’s Law In a liquid which does not consist of only one component, the vapor

pressure of each component is lowered. This lowering is described by Raoult’s law to
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be proportional to the mole fraction of the component in the liquid phase

pκ
g = xκ

wpκ
vap , (2.22)

where pκ
vap is the vapor pressure of the pure liquid. Mixtures in which Raoult’s law is

valid for all mole fractions are called ideal. Although this behavior is seldom observed

in reality, Raoult’s law sufficiently describes the case of rather large mole fractions and

is true for the vapor pressure of the solvent in an ideally diluted solution.

Henry’s law Since Raoult’s law is in reality only valid for solvents, another relation

between partial gas pressure and liquid phase mole fraction is needed for the solute.

This relation is given by Henry’s law

pκ
g = Hκ

wxκ
w , (2.23)

where Hκ
w is the Henry coefficient. The alternative name Henry constant is rather mis-

leading since it has a strong temperature dependence which may be described according

to Sander [1999]

H (T ) = HΘ · exp

(−∆hsol

R

(

1

T
− 1

TΘ

))

. (2.24)

The superscript Θ denotes values at standard temperature 298.15 K and ∆hsol is the

solution enthalpy.

Figure 2.6 shows the range of applicability of both Henry’s law and Raoult’s law for a

binary system, where component 1 is a component forming a liquid phase, e.g. water,

and component 2 is a component forming a gaseous phase, e.g. air. One can see that

for low mole fractions of component 2 in the system (small amounts of dissolved air in

the liquid phase), Henry’s law can be applied whereas for mole fractions of component

1 close to 1 (small amounts of vapor in the gas phase), Raoult’s law is the appropriate

description. In general, the solvent follows Raoult’s law as it is present in excess,

whereas the dissolved substance follows Henry’s law as it is highly diluted.

2.4 Permeability and Darcy’s law

Fluid flow in porous media is driven by pressure differences. The relation between the

pressure difference ∆p and the discharge Q of a fluid through a one-dimensional column

without gravity influences is given by the permeability of the porous medium and the

viscosity of the fluid:
Q

A
=

1

µ
K

∆p

l
, (2.25)
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Figure 2.6: Applicability of Henry’s law and Raoult’s law for a binary gas–liquid system
(after Lüdecke and Lüdecke [2000]).

where k denotes the permeability and A the cross-section area of the column and l its

length. The ratio of discharge over area is the definition of the Darcy velocity. It is also

often referred to as filtration velocity or specific discharge and is usually the quantity

which is referred to when speaking of velocity of a fluid in this work. As all quantities

presented in this section, it is only defined on a macroscopic scale reasonably larger

than a single pore and is the result of averaging. Equation (2.25) is a definition of a

scalar permeability in a one-dimensional fashion. In reality, however, the permeability

may be anisotropic, which is the reason why it is commonly written as a tensor K.

Furthermore, not only the pressure gradient but also gravity has an effect on the fluid

flow and thus Darcy’s law for single phase flow is expressed in a vectorial notation as

v =
1

µ
K (−∇p + g̺) , (2.26)

where the negative sign in front of the pressure gradient points out that flow is occurring

in the direction of falling pressures. As stated above, the Darcy velocity is not the

actual velocity of the fluid inside the porous medium, since it is an area average. To

approximate the actual movement of the fluid in the flow direction, the Darcy velocity

is divided by the effective porosity φe to get the average velocity

va =
v

φe
.

The effective porosity considers the pore volume where flux actually takes place which

means that dead-end pores are excluded. For the sake of simplicity, however, the

effective porosity is usually approximated by the known porosity φ.

The validity of Darcy’s law is limited to creeping flow conditions, which are in general

defined by Reynolds numbers below one. The dimensionless Reynolds number is defined
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as

Re =
|va| · d

ν
, (2.27)

with d a characteristic length and ν the kinematic viscosity. The characteristic length

would in a porous medium be a pore diameter. Since this is not easily measured, for

natural soils, the median grain diameter d50 is commonly used. Although creeping flow

is limited to Re < 1, the influence of inertial and turbulent effects is negligible for

Reynolds numbers up to 10 (Freeze and Cherry [1979], Bear [1979]).

2.5 Multi-phase flow in porous media

The laws and quantities describing the flow of fluids on the macroscale are presented in

this section. These quantities are all based on the approach of averaging over a REV

and are thus effective. They form the basis for the mathematical description of porous

media flow on considerable scales.

2.5.1 Saturation

As the porosity, the saturation S is a dimensionless number describing a volume ratio.

Consider the pore space volume Vp as introduced in section 2.2 and furthermore Vα,

the volume occupied by a certain phase, e.g. water. Obviously, Vα must be included in

Vp, since the rest of the REV volume is occupied by solids. The saturation of phase α

is defined as the fraction of pore space, which is occupied by the phase: Sα = Vα/Vp.

The pore space must always be filled by some fluid, i.e. that the volume of all phases

must sum up to the pore space volume and thus all saturations must sum up to unity:

∑

α

Sα = 1 . (2.28)

If the saturation of one phase reaches unity, i.e., all the pore space is filled with this

phase, the porous medium is commonly referred to as being saturated or fully saturated

by this phase.

If in real system, one phase gets displaced by another, not all of the first phase is going

to be removed. In contrary, there is a certain saturation which is held back inside

the medium. This is due to capillary forces acting between the solid and the fluid

phases. The saturation of a phase which can not be removed through displacement by

another phase is called residual saturation Srα. It depends on the shape and size of the

pores, the temperature and also on the displacement: If the medium was fully saturated

before or if another phase was already present or if the saturation increased or decreased

several times before, this generally has an influence on the residual saturation. This
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Figure 2.7: Contact angle between solid surface and fluid interface.

phenomenon is commonly referred to as hysteresis. However, the easiest approach,

which is also used in this work, is to assign a residual saturation (which may also

vary in space) to each phase. If a phase is present in residual saturation, or if the

actual saturation is even lower, the phase is considered to be immobile and can only

be removed by phase transition, i.e., vaporisation or dissolution.

2.5.2 Capillarity

Due to interfacial tension, forces occur at the interface of two phases. This effect is

caused by interactions of the fluids on the molecular scale. Therefore, the interface be-

tween two fluid phases is curved and the equilibrium at the interface leads to a pressure

difference between the phases called capillary pressure. It is commonly differentiated

between wetting and non-wetting fluids. The difference is the contact angle which is

measured between the solid surface and the interface of the phases as shown in Figure

2.7. The fluid with the accute contact angle has a higher affinity to the solid and tends

to wet its surface. It is therefore called wetting. The non-wetting phase has corre-

spondingly a lower affinity to the solid and is displaced by the wetting phase at the

solid surface. The wetting and non-wetting behavior of fluids is caused by the already

mentioned surface tension which is the energy needed to enlarge the surface between

two phases by a unit area. In fact, the unit for the surface tension is [N/m], which

reveals the term tension misleading, since it is better understood as a line load acting

perpendicular to the contact line in the tangent direction of the interface. However,

knowing the surface tensions between the non-wetting and wetting phase σwn, the non-

wetting and solid phase σsn, and the wetting and solid phase σsw, the contact angle

can be calculated using Young’s equation

cos (Θ) =
σsn − σsw

σwn

. (2.29)

Assuming that the interface between the two fluid phases lies inside a pore and no

fluid movement can be observed, the capillary effect will lead to a pressure difference

between the two fluids, which is called capillary pressure and is expressed by the Laplace
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equation

pc = pn − pw =
2σwn cos (Θ)

r
, (2.30)

where r denotes the pore radius. From Equation (2.30), it can be seen that the cap-

illary pressure is highest in pores of small diameters. That means if the non-wetting

phase infiltrates a porous medium previously filled with the wetting phase, it will first

penetrate the larger pores, whereas the wetting phase will stick to the smaller pores

where the capillary pressure is high. To be able to calculate capillary pressures on an

REV- or higher scale without explicitly resolving all pores, it is related to the ratio

of amount of the phases (i.e. saturation, see Section 2.5.1). However, as discussed in

Section 3.1, capillary pressures will not be further considered in the following.

2.5.3 Relative permeabilities and extended Darcy’s law

In the case of multiphase flow, the different phases influence each other in their flow

properties, which is accounted for by introducing a dimensionless factor kr, the relative

permeability. A basic consideration for the determination of this factor is that one phase

will occupy parts of the flow paths which are therefore not passable for the second phase

and vice versa. If the phases are assumed to be randomly distributed over the different

flow paths, it appears reasonable to linearly scale the permeability of a phase with

its saturation and thus set the relative permeability to krα = Sα. Due to capillary

effects, however, the distribution of the phases in the pores will not be randomly but

strongly specific. Capillary forces are low in wide pores which causes a non-wetting

phase to penetrate these at first, while a wetting phase will stay inside narrow pores

when its saturation drops. The narrower a pipe (or pore), the higher the occurring

viscous friction. Thus, at low saturations of the wetting phase, its relative permeability

rises slowly with increasing saturations because only narrow pores are occupied. For

higher saturations, when the larger pores are penetrated, the relative permeability

increases faster. The contrary holds for the non-wetting phase, which occupies large

pores at low saturations making its relative permeability rise fast whereas it rises slower

for high saturations when all large pores are already occupied and only small pores

can be gained. As described, this behavior leads to a non-linear relation between

relative permeability and saturation. The two most commonly used approaches for the

mathematical description of the relative permeability are those after Brooks and Corey

with

krw = S
2+3λ

λ
e (2.31)

krn = (1 − Se)
2
(

1 − S
2+λ

λ
e

)

(2.32)
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and after Van Genuchten with

krw = Sǫ
e

(

1 −
(

1 − S
1

m
e

)m)2

(2.33)

krn = (1 − Se)
γ
(

1 − S
1

m
e

)2m

. (2.34)

The effective saturation Se is determined by

Se =
Sw − Srw

1 − Srw − Srn

. (2.35)

In the Brook-Corey model, the parameter λ is a measure for the uniformity of the

pore-sizes and is, as well as the parameters ǫ, γ and m in the Van Genuchten approach,

determined experimentally. Note that for non-linear relative permeability–saturation

relations, the relative permeabilities of all phases do in general not sum up to unity,

which emphasizes that the phases influence each other more than only blocking flow

paths. As well as the residual saturation, the relative permeability shows hysteretic

behavior which is, however, not further considered in the scope of this work.

The relative permeability concept is incorporated into Darcy’s law by multiplication of

the velocity of phase α by its relative permeability krα to get

vα = λαK (−∇pα + ̺αg) , (2.36)

where λα = krα/µα denotes the mobility of phase α and pα points out that the pressure

of different phases may not be equal (caused by capillary effects).

2.6 Balance equations

In this section, the mass, momentum and energy balance equations for porous media

flow are derived. In Hassanizadeh and Gray [1979], a general derivation of microscalic

and macroscalic conservation equations can be found. In this work, however, only the

macroscalic balance equations are considered. The basis for the balance will be the

Reynolds transport theorem. It states that the total change of an extensive quantity

E =
∫

G
e dG inside a control volume G that is moved with the fluid is the sum of local

changes of the intensive quantitye in the control volume and the net flux of E over the

control volume boundaries:

dE

dt
=

∫

G

∂e

∂t
dG +

∫

Γ

n · ve dΓ , (2.37)
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where Γ denotes the control volume boundary. Using Gauß’ theorem, the second term

can also be expressed as a volume integral

dE

dt
=

∫

G

[

∂e

∂t
+ ∇ · (ve)

]

dG . (2.38)

For the statement of a general balance equation, it is required that the physical property

E is conserved and therefore does not change in time, i.e., dE/dt = 0. This requirement

is extended by sources / sinks and a diffusive flux vector w of the property

∫

G

[

∂e

∂t
+ ∇ · (ve)

]

dG =

∫

G

(qe −∇ · w) dG (2.39)

2.6.1 Multi-phase flow and transport

For the derivation of a multi-phase flow balance equation, the conservation of mass is

required. That is, the mass of each phase has to be conserved which gives

e = φSα̺α . (2.40)

On the REV-scale, diffusion and dispersion is not considered for multi-phase flow and

the source term is expressed as a volumetric source qα multiplied with the phase

density. To account for the actual fluid movement, the borders of the control vol-

ume in Reynold’s theorem are moved with the average velocity which is defined as

vaα = vα/ (φSα). Applying these considerations to equation (2.39) yields

∫

G

[

∂ (φSα̺α)

∂t
+ ∇ · (vαaφSα̺α)

]

dG =

∫

G

qα̺α dG , (2.41)

Inserting the average velocity and rewriting equation (2.41) in differential form for

each phase yields a system of nα partial differential equations (with nα, the number of

phases):
∂ (φSα̺α)

∂t
= −∇ · (̺αvα) + qα̺α (2.42)

2.6.2 Compositional multi-phase flow and transport

The conserved quantity for the derivation of a compositional multi-phase flow equation

is again mass. In the compositional case, however, it is required that the mass of each

component is conserved. In general, each component may be present in each phase

which means that the masses of the component in the different phases have to be

summed up:

e = φ
∑

α

(̺αSαXκ
α) = Cκ . (2.43)
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Cκ is called total concentration with the unit [kg/m3] and denotes the total mass of

component κ inside a unit volume. A component is spread by advection, diffusion and

dispersion. Diffusion is the spreading of a component inside a phase due to molecular

motion and causes a transport of the component in the direction of falling concen-

trations. It levels out spatial differences in concentrations and occurs in static and

moving fluids. Dispersion is also called a diffusive flux, since it also reduces differences

in concentration and transports a component in the direction of falling concentrations.

It is, however, a hydrodynamic phenomenon and thus only occurs in moving fluids.

The transport mechanism is not the movement of molecules but microscalic velocity

fluctuations, swirls and differences of flow directions inside adjacent pores. These are

caused by the pore geometries as well as by the presence of other fluid phases which

block single pores and make the fluid flow around them inducing an accelerated or

deflected flow. Both diffusion and dispersion are usually subsumed in a hydrodynamic

dispersion tensor Dpm to write the diffusive/dispersive flux in the same fashion as the

Fickian law

w = −
∑

α

(Dpm,α̺α∇Xκ
α) . (2.44)

In equation (2.44), it is emphasized that diffusion takes place inside each phase, where

each phase may also have an own dispersion tensor. The molecular diffusion in gas

phases is higher than in liquids or in solids. It increases with increasing temperature

and depends on the dissolved component and the solvent. The hydrodynamic diffusion

tensor has the unit [m2/s]. Inserting the total concentration, the diffusive flux and the

mass source term qκ into equation (2.39) yields

∫

G

[

∂Cκ

∂t
+ ∇ ·

(

φ
∑

α

vaαSα̺αXκ
α

)]

dG =

∫

G

[

qκ + ∇ ·
(

∑

α

Dpm,α̺α∇Xκ
α

)]

dG .

(2.45)

Inserting the average velocity rewriting the equation in differential form yields a system

of nκ partial differential equations (with nκ, the number of components):

∂Cκ

∂t
= −∇ ·

∑

α

(vα̺αXκ
α) +

∑

α

(Dpm,α̺α∇Xκ
α) + qκ (2.46)

2.6.3 Non-isothermal Systems

In order to consider non-isothermal flow, energy has to be introduced as conserved

quantity. In particular, only the internal energy is considered, since kinematic energy

is of minor importance in light of the low flow velocities occurring in porous media.

The internal energy per control volume is expressed as the sum of internal energies of
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the fluids and the solid:

E = U =

∫

G

[

φ
∑

α

(uαSα̺α) + (1 − φ) ̺scsT

]

dG , (2.47)

where the subscript s denotes the solid and the internal energy in the solid is assumed

to be a linear function of temperature with the heat capacity cs. As mentioned in

Section 2.3.4, changes in internal energy are caused by heat flux to, or by mechanical

work done on a system,
dU

dt
=

dQ

dt
+

dW

dt
. (2.48)

The heat flux to the system occurs due to conduction, which is a transport of energy

in the direction of falling temperatures. This transport is expressed in the same way

as a diffusive flux by incorporating the heat conductivity of the porous medium with

the unit [W/ (m · K)],

J = −λpm∇T . (2.49)

Note, that the heat conductivity in the porous medium λpm is subject to the saturation.

That is because solid matrix and the different phases have different heat conductivities

which contribute to the overall heat conductivities. Considerations on the determi-

nation of λpm subject to porosity and saturation can be found in Class [2001] and

Hartmann et al. [2005]. In this work, the approach of Somerton as published in Somer-

ton et al. [1974] is used. The heat conductivity is interpolated between the dry matrix

conductivity λpm,d and the conductivity of the fully liquid saturated porous medium

λpm,w by a root function of saturation:

λpm = λpm,d +
√

Sw (λpm,w − λpm,d) . (2.50)

The heat flux to the system can be expressed as the net conduction rate across the

control volume boundaries, or, after applying Gauß’ theorem, as the divergence of

conductive flux. Additionally a heat source qu – which may be induced due to external

heating – is part of the heat flux to the system.

dQ

dt
= −

∮

Γ

n · J dΓ +

∫

G

qu dG = −
∮

Γ

n · (−λpm∇T ) dΓ +

∫

G

qu dG

=

∫

G

[∇ · (λpm∇T ) + qu] dG . (2.51)

The mechanical work done on the system is the flow of fluid phases across the control

volume boundary against a pressure p,

dW

dt
= −

∮

Γ

∑

α

pα (n · vα) dΓ = −
∫

G

∇ · (pαvα) dG . (2.52)
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The left hand side of equation (2.48) can be rewritten using Reynolds’ transport theo-

rem, where the velocity of the solid phase equals zero,

dU

dt
=

∫

G

∂

∂t

[

φ
∑

α

uαSα̺α + (1 − φ) ̺scsT

]

dG +

∫

G

∇ ·
∑

α

(vα̺αuα) dG(2.53)

Inserting equations (2.51) through (2.53) into equation (2.48) and exploiting the def-

inition of specific enthalpy hα = uα + pα/̺α yields the energy balance equation for

multi-phase flow,

∫

G

∂

∂t

[

φ
∑

α

(uαSα̺α) + (1 − φ) ̺scsT

]

dG

= −
∫

G

[

∇ ·
∑

α

(vα̺αhα) + ∇ · (λpm∇T ) + qu

]

dG . (2.54)

Abbreviating the internal energy per unit volume by

ut = φ
∑

α

(uαSα̺α) + (1 − φ) ̺scsT (2.55)

and rewriting the equation in differential form yields

∂ut

∂t
= −∇ ·

∑

α

(vα̺αhα) + ∇ · (λpm∇T ) + qu . (2.56)

Due to the fact that internal energy cannot be measured, it is inconvenient for the use

as a primary variable. Therefore, the right hand side of Equation 2.56 is commonly

changed to a derivative of temperature with respect to time by inserting Equation

2.16. That way, temperature can be used as primary variable. The relation between

temperature and internal energy, however, deviates considerably from this linear ap-

proximation. This has to be considered especially in gas/liquid systems where phase

changes take place. Thus, the use of the internal energy – which is a quantity that can

be balanced – is preferred in this work.

2.7 Model formulations

The methods for the solution of the equations for flow and transport in porous media

as presented in Section 2.6, can basically be divided in two groups. If m is the number

of phases or components considered, one way is to solve the m balance equations

simultaneously. Since each equation influences the others, there exists a strong coupling

between the variables and the solution of the equations which is why this method is
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often referred to as fully coupled. The other possibility is to transform the system

of equations into one pressure equation and m − 1 transport equations to capture

different processes: on the one hand, the motion of the fluids and on the other hand,

the transport of mass or energy. Since in this case, the two processes are considered

apart from each other, the method is often referred to as decoupled. In the further

course, the decoupled methods are chosen to implement the derived equations. Thus,

the focus will be set on their derivation. For the sake of completeness, however, the

fully coupled methods will be addressed briefly.

2.7.1 Fully coupled formulations

In the derived balance equations, one can see an obvious coupling of the different

variables. As an example, velocity is a function of pressure and therefore pressure affects

the transport of mass and energy and thereby the actual saturation. Saturation, in

turn, affects velocity and thereby the pressure distribution due to its impact on relative

permeabilities and capillary pressures. Due to this relations, the balance equations for

multiphase or compositional multiphase flow are commonly solved in a fully coupled

way. That is, all primary variables are iterated simultaneously to match the criteria

expressed by the balance equations. In order to use such an iterative scheme, several

steps have to be done. First, primary variables have to be chosen. In case of a two-

phase system, equation (2.42) gives two relations for two pressures and two saturations.

This means, that two out of the four variables can be chosen as primary variables, while

the other two have to be defined as secondary variables via closure relations. If, for

example, one pressure and one saturation are chosen as primary variables, the secondary

saturation is determined via the constraint that all saturations must sum up to unity.

The secondary pressure is determined by the capillary pressure. The choice of primary

variables may have a strong influence on the convergence of the algorithm and on the

quality of the results, as discussed for example in Helmig [1998]. Furthermore, there

may be situations, where one primary variable is not properly defined in the course

of the simulation. The total displacement or dissolution of a phase in a three-phase

or compositional model, respectively, can be mentioned as examples. In Class et al.

[2002] and Huber [2000], the authors present primary variable switch methods to avoid

numerical problems in such cases.

After having defined primary and secondary variables and the necessary closure rela-

tions, the balance equations are written in discrete form at each discretization point

(nodes or cell centers, respectively, depending on the spatial discretization scheme).

That is, the balance equations are transformed and expressed subject to the primary

variables of the neighboring or all discretization points to get an expression of the form

A (u)u− r (u) = f (u) . (2.57)
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A (u)u r (u) f (u)

Phase mass ∂(φSα̺α)
∂t

+ ∇ · (̺αvα) +qα̺α = 0

Comp. mass ∂Cκ

∂t
+ ∇ · (vα̺αXκ

α) +
∑

α Dpm,α∇Cκ
α +qκ = 0

Energy ∂ut

∂t
+ ∇ · (∑α vα̺αhα) + ∇ · (λpm∇T ) +qu = 0

Table 2.1: Conservation equations for fluid flow in porous media.

In this equation, u represents the vector of unknown primary variables at all discretiza-

tion points at the timestep n + 1. The left hand side represents the discretized set of

balance equations as summarized in Table 2.1. The vector of primary variables at time

n is known from the last solution step or from the initial conditions. This expression is

referred to as implicit time discretization. Since the whole set of equations is expressed

in an implicit way (as u are the still unknown primary variables at time level t + ∆t),

the fully coupled method is also known as fully implicit. As can be seen in Table 2.1,

the equations are expressed such that the right hand side vector f (u) equals zero. The

task is now to find a set of primary variables u such that f (u) fulfills this constraint.

The set of equations contains expressions which are non-linear functions of the primary

variables such as relative permeabilities or spatial or temporal derivatives. Therefore,

an iterative solution is sought which may be provided by the Newton-Raphson method.

The result of the r − th iteration step f (ur) is taken as defect and the next iteration

step is calculated with

ur+1 = ur −
(

∂f

∂u

)−1

r

· f (ur) . (2.58)

The Jacobian matrix ∂f/∂u contains the derivatives of defects of the balance equation

at each discretization point subject to each primary variable. Since a rigorous eval-

uation of these derivatives is not possible or too costly, a numerical differentiation is

carried out by

(

∂f

∂u

)

ij

=
∂fi

∂uj
≈ fi (..uj−1, uj + ∆uj , uj+1..) − fi (..uj−1, uj − ∆uj, uj+1..)

2∆uj
, (2.59)

where ∆uj = δuj is a very small increment (In Helmig [1998], δ = 10−8 is proposed).

The advantages of the fully coupled method are the possibility of large time steps due

to the time-implicit formulation. The disadvantage is that for each iteration step a

system of equations of the size nenu (with ne, the number of discretization points and

nu, the number of phases or components per point) has to be assembled and solved

which involves rather high CPU time consumption.
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2.7.2 Decoupled formulations

As the name implies, decoupled formulations split the balance equations in one pressure

equation and one or more transport equations. The separation was originally intended

to be able to mathematically classify the two equations as parabolic (pressure) and

hyperbolic (transport) and was developed for a two-phase system neglecting capillarity

in the classical paper Chavent [1976], where the author called its method a new formu-

lation. Due to the introduction of the concept of fractional flows in the same paper, it

is also often referred to as fractional flow formulation. In the following, the decoupled

formulations for multiphase flow and transport and for isothermal and non-isothermal

compositional multiphase flow and transport are introduced.

Multi-phase flow and transport In the case of immiscible phases, the transport

of mass can be related directly to saturations. Therefore, the multi-phase balance

equations are split into one pressure and one or more saturation equations.

Summation of the mass balance equation (2.42) over all phases yields

∑

α

∂ (φSα̺α)

∂t
= −

∑

α

∇ · (̺αvα) +
∑

α

qα̺α . (2.60)

Applying the product rule to the left-hand side and to the first term on the right hand

side of this equation and division by the density ̺α yields

∑

α

Sα
∂φ

∂t
+
∑

α

φ
∂Sα

∂t
+
∑

α

φSα

̺α

∂̺α

∂t
= −

∑

α

∇ · vα −
∑

α

vα

̺α

· ∇̺α +
∑

α

qα . (2.61)

Since the saturations sum up to unity, the first term simplifies to ∂φ/∂t. The sum of

derivatives of the saturations equals the derivative of the sum of saturations (which

always equals unity). Hence, the derivative of the sum of saturations equals zero

and the second term vanishes. Another reformulation yields the pressure equation for

multiphase flow

∇ ·
∑

α

vα = −∂φ

∂t
−
∑

α

1

̺α

(

φSα
∂̺α

∂t
+ vα · ∇̺α

)

+
∑

α

qα (2.62)

The phase velocities on the left hand side are commonly summed up to the total velocity

v =
∑

α

vα . (2.63)

Introducing the total mobility λt =
∑

α λα and the fractional flow function fα = λα/λt
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and insert extended Darcy’s law from equation (2.36) to equation (2.63) yields

v = λtK
∑

α

(−fα∇pα + fα̺αg) . (2.64)

To make the presented equations mathematically and numerically convenient in the

presence of capillary pressures, several formulations for the pressure in the definition of

the total velocity have been developed. The most common global pressure formulations

have been reviewed for two-phase flow in Helmig et al. [submitted]. In the same article,

the authors present the phase pressure formulation for two-phase flow. A comparison

of various three-phase flow formulations was published in Chen and Ewing [1997]. The

idea of all these formulations is to rewrite equation (2.64) in terms of only one pressure,

where different concepts of replacing one or all phase pressures are applied.

Since phase saturations sum up to unity, it is sufficient to formulate only one saturation

equation for two-phase flow and two saturation equations for three-phase flow, respec-

tively. It is derived by inserting the respective reformulation of equation (2.64) into the

multiphase balance equation (2.42). Hence, the actual formulation of the saturation

equation depends on the chosen pressure formulation.

Compositional multi-phase flow and transport A pressure equation similar to the

multiphase decoupled formulation can be derived from equation (2.46). In Niessner

[2006] and Huber [2000], the authors took the same steps as for the derivation of

the multiphase decoupled formulation to get a pressure equation for the compositional

multiphase system which is identical to equation (2.62) and derived transport equations

in terms of a global pressure formulation. This formulation, however, does not consider

significant changes in the volume of the fluid mixture and therefore estimates the overall

density of the mixture wrongly. In fact, the pressure equation captures the spatial

and temporal volume changes of the single phases due to compressibilities. However,

volume changes of the whole mixture due to dissolution effects are not captured by the

pressure equation. Consider for example a gas/liquid mixture with two components,

where the component affine to the liquid may evaporate. An amount of the component

will occupy a volume in the gas phase which may be magnitudes larger than its volume

in the liquid phase. Since equation (2.62) assumes the velocity field to be divergence-

free except of compressibilities, volume changes due to the described dissolution effect

can not be captured.

An alternative pressure equation for compositional two-phase flow without capillary

pressures was presented in Trangenstein and Bell [1989]. An expansion to three-phase

compositional flow including capillary pressures – here, the authors used pressure for-

mulation concepts as known from fractional flow formulations – was presented in Chen

et al. [2000]. Inside an arbitrary control volume on REV-scale, the dimensionless spe-

cific phase volume vα relates the volume occupied by phase α to the total cubature of
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the control volume. It is emphasized, that vα is not the specific fluid volume in the

thermodynamic sense of volume per mass or mole. Since the pore space always has

to be filled by some fluid, the sum of specific phase volume has to equal the porosity.

Expressed for any time level t + ∆t, this is

vt (t + ∆t) = φ (t + ∆t) , (2.65)

where vt is the total specific fluid volume defined as the sum of specific fluid volumina

vt =
∑

α vα. This volume constraint is now expressed by a Taylor expansion of first

order about time level t

vt (t) + ∆t
∂vt

∂t
+ O

(

∆t2
)

= φ (t) + ∆t
∂φ

∂t
+ O

(

∆t2
)

. (2.66)

From the set of total concentrations Cκ and the pressure p, the splitting of components

to the different phases can be evaluated as shown in Section 3.3. From this, in turn the

specific fluid volumina are calculated easily with equation (3.11). Using the functional

dependence vt = vt (p, C
κ), the derivative of total specific volume over time in equation

(2.66) can be expanded to

∂vt

∂t
=

∂vt

∂p

∂p

∂t
+
∑

κ

∂vt

∂Cκ

∂Cκ

∂t
(2.67)

If furthermore the porosity is assumed to be a function of pressure, one can express its

temporal derivative as
∂φ

∂t
=

∂φ

∂p

∂p

∂t
. (2.68)

Inserting this to equation (2.66) yields after some reordering

(

∂vt

∂p
− ∂φ

∂p

)

∂p

∂t
+
∑

κ

∂vt

∂Cκ

∂Cκ

∂t
=

φ − vt

∆t
. (2.69)

The derivative of total volume with respect to total concentration represents the in-

crease of fluid volume if a unit mass of component κ is added to the mixture. In case of

a single phase, it corresponds to the reciprocal of the fluid’s mass density. The deivative

∂vt/∂p is the compressibility of the fluid mixture. Inserting the compositional multi-

phase balance equation (2.46) into Equation (2.69) yields the compositional multi-phase

pressure equation

ct
∂p

∂t
+
∑

κ

∂vt

∂Cκ

∑

α

∇ · (vα̺αXκ
α)

=
∑

κ

∂vt

∂Cκ

(

qκ + ∇ ·
(

∑

α

Dpm,α̺α∇Xκ
α

))

+ ε , (2.70)
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where ε replaces the negative of the right hand side term in equation (2.69) and ct

expresses a total compressibility

ε = −φ − vt

∆t
(2.71)

ct = −∂vt

∂p
+

∂φ

∂p
. (2.72)

As in equation (2.46), the phase velocity vα is expressed by extended Darcy’s law. It

is emphasized that at time level t the fluid volume does not necessarily match the pore

volume. In fact, the pressure is to be chosen in such a way, that volume errors are

corrected and equation (2.65) is fulfilled at time t + ∆t (Trangenstein and Bell [1989]).

That is, if too much fluid is present in the control volume (vt > φ), the pressure

has to increase in order to push fluid out and vice versa. Equation (2.70) predicts the

changes in total specific volume due to changes in total concentrations and compensates

potential volume mismatches by adjusting the pressure field accordingly. The equation

is readily ordered by known parameters on the right hand side and unknowns on the

left hand side.

Since the volume constraint is not always satisfied numerically, the saturations Sα are

redefined to be the ratio of the volume of phase α to the volume of all phases or

Sα =
vα

∑

α vα
, (2.73)

which is the same as the previous definition in Section (2.5.1) in case the volume

constraint is fulfilled.

After having solved the pressure equation, the phase velocities can be easily computed

with extended Darcy’s law and inserted to the multiphase component balance.

Non-isothermal compositional multi-phase flow and transport The derivation of

the non-isothermal compositional pressure equation is basically identical to the isother-

mal pressure equation. Starting from the Taylor expansion of the volume constraint,

the functional dependence of the total specific volume is extended to the internal energy

per unit volume ut to vt = vt (p, Cκ, ut). Instead of the internal energy, also the tem-

perature could be used as variable of for vt. At the boiling point of a liquid, however,

the derivative ∂vt/∂T gets infinite. Additionally to the argument outlined in Section

2.6.3, this motivates to prefer internal energy as primary variable. Now the derivative

of the total specific volume is expanded to

∂vt

∂t
=

∂vt

∂p

∂p

∂t
+
∑

κ

∂vt

∂Cκ

∂Cκ

∂t
+

∂vt

∂ut

∂ut

∂t
. (2.74)
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Inserting this into the Taylor expansion of the volume constraint (Equation (2.66))

yields
(

∂vt

∂p
− ∂φ

∂p

)

∂p

∂t
+
∑

κ

∂vt

∂Cκ

∂Cκ

∂t
+

∂vt

∂ut

∂ut

∂t
=

φ − vt

∆t
. (2.75)

As above, the compositional multiphase balance equation (2.46) and additionally the

energy balance equation (2.56) is inserted to yield the pressure equation for non-

isothermal compositional multiphase flow

ct
∂p

∂t
+
∑

κ

∂vt

∂Cκ

∑

α

∇ · (vα̺αXκ
α) +

∂vt

∂ut

∑

α

∇ · (vα̺αhα)

=
∑

κ

∂vt

∂Cκ

(

qκ + ∇ ·
(

∑

α

Dpm,α̺α∇Xκ
α

))

+
∂vt

∂ut
(qu + ∇ · (λpm∇T )) + ε . (2.76)

After solving this equation, the resulting pressures are used to evaluate the component

mass balance and the energy balance equations. The derivative ∂vt/∂ut is a measure

of thermal expansion of the fluid mixture. For a single phase – i.e. there are no phase

changes due to an increase of internal energy – this derivative is

∂vt

∂ut
= φ

1

Vf

∂Vf

∂T

∂T

∂ut
= φ

αT

cv,t
, (2.77)

where αT is the thermal expansion coefficient and cv,t is the combined isocoric heat

capacity of the fluid and the solid matrix.

2.8 Multiphysics concepts

In this section, the concepts for horizontal coupling (see Figure 1.2) are presented. The

main idea is to split up the model domain to use models of different complexity in the

different parts of the domain. In a subdomain of special interest, a complex model

of high physical accuracy is employed, whereas in the rest of the domain, a simpler

model matching the simpler physics is sufficient. By that, only as much effort as

necessary is spent in the particular domain parts, computational power can be saved

and the informations provided by the model are not redundant. Such a horizontal

coupling of models requires the formulation of coupling conditions or internal boundary

conditions. These involve basically the preservation of physical quantities, such as

velocity, mass flux and pressure at the internal boundary. In the following, the concepts

and formulations of the isothermal multiphysics model are introduced. Based on that,

the non-isothermal multiphysics model is derived.
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Figure 2.8: Example for a possible multiphysics application and decomposition of the
model domain.

2.8.1 Multiphysics concept for isothermal systems

Consider, for example, a common application in the field of environmental engineering:

a subsurface contamination as sketched in Figure 2.8, top. If the spreading of the

contaminant in the groundwater is considered, the model domain would be chosen

to begin at the water table. The model domain is then fully saturated with water

except of a spill of NAPL. Inside this spill, contaminants of the NAPL are dissolved in

water and transported away with the ambient water flow. To capture these effects, a

two-phase two-component model would be necessary. However, two-phase flow is only

taking place directly at the place where NAPL entered the soil, whereas the rest of the

domain may be modeled with a single phase model. Furthermore, dissolution and mass

exchange processes with effects on the flow and phase masses only take place where

both phases are present, while the propagation of solutes can as well be simulated by a

simple transport model. The concept is now to split the domain into two subdomains to

apply different models: a two-phase two-component model and a single-phase transport

model. The two subdomains are linked with each other at the internal boundary and

so are the two models.

To realize this model, a formulation is needed which accounts for the physical processes

happening in each part of the domain. The formulation has to allow for the distinct

consideration of the different subdomains and also for their coupling via the internal

boundaries. Therefore a decoupled formulation of a single-phase transport model is

derived in the following.
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Single phase pressure equation Reformulating the compositional multiphase pres-

sure equation (2.70) for one phase (and therefore skipping the index α) yields

ct
∂p

∂t
+
∑

κ

∂vt

∂Cκ
∇ · (v̺Xκ) =

∑

κ

∂vt

∂Cκ
(qκ + ∇ · (Dpm∇Cκ)) + ε . (2.78)

Since phase changes do not take place, the volume derivative subject to total concen-

trations can be set to 1/̺ for both components. In a binary mixture, the diffusive flux

of one component equals the negative of the diffusive flux of the second component,

which means that they cancel out on the right hand side. Together, this gives

ct
∂p

∂t
+ ∇ · v = −1

̺
v · ∇̺ +

∑

κ

1

̺
qκ + ε . (2.79)

Since only one phase is present, the sum of the mass sources of components divided

by the phase density is the same as the volumetric source of the phase qα as used in

Section 2.6.1. Again skipping the phase indices yields

∇ · v = −ct
∂p

∂t
− 1

̺
v · ∇̺ + q + ε . (2.80)

Alternatively, a single phase pressure equation can be derived from the (immiscible)

multiphase pressure equation (2.62) which is shown after introducing two transforma-

tions for single-phase flow. The mass of a single phase filling the pore space of a unit

volume is φ̺. The change of the volume of a unit mass of a fluid is dv = d(1/̺). The

change of volume of a fluid filling a unit volume is then obtained by multiplying the

change of the volume of a unit mass with the mass filling a unit volume:

∂vt

∂p
= φ̺

∂1/̺

∂p
. (2.81)

This corresponds to the common definition of compressibility as

c =
1

V

∂V

∂p
. (2.82)

The derivative of total volume with respect to pressure can be expanded to get

∂vt

∂p
= φ̺

∂1/̺

∂p

∂̺

∂1/̺

∂1/̺

∂̺
= φ̺

∂̺

∂p

(

− 1

̺2

)

= −1

̺
φ

∂̺

∂p
. (2.83)

To derive the single-phase pressure equation from the decoupled immiscible multiphase

formulation, Equation (2.62) is rewritten for one phase:

∇ · v = −∂φ

∂t
− 1

̺

(

φ
∂̺

∂t
+ v · ∇̺

)

+ q . (2.84)
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Now, equation 2.83 is used to replace the temporal derivative of the density by the

derivative of the total volume. Then, the total compressibility ct as defined in equation

(2.72) can be introduced to get

∇ · v = −ct
∂p

∂t
− 1

̺
v · ∇̺ + q . (2.85)

The pressure equations (2.80) and (2.85) differ in the error term, which can not be

found in the multiphase pressure equation. By this comparison, however, it can be

motivated to introduce a similar term to the multiphase pressure equation for the case

of compressible flow. To be able to quantify the volume mismatch, the saturation

equation must be reformulated to a mass transport equation and must be evaluated

for each phase (as addressed in Coumou [2008]).

Single phase transport equation The transport equation is clearly found by rewrit-

ing the compositional transport equation (2.46) for only one phase:

∂Cκ

∂t
= −∇ · (v̺Xκ) + Dpm̺α∇Xκ + qκ (2.86)

If, additionally, incompressible flow can be assumed, this equation can be simplified fur-

ther. Inserting the definition of the total concentration (Equation (2.43)) and applying

the product rule yields

S̺
∂Xκ

∂t
+ SXκ∂̺

∂t
+ ̺Xκ ∂S

∂t
= −∇ · (v̺Xκ) + Dpm̺∇Xκ + qκ . (2.87)

Since only one phase is present, the saturation always equals unity. Hence, the third

term on the left hand side equals zero. The same holds for the second term due to the

assumed incompressibility. For the same reason, the density can be written in front of

the derivative operators on the right hand side. Now introduce a volumetric source q

as above with qκ = q̺Xκ
q , where Xκ

q is the mass fraction of component κ in the source

flow. Together this yields

∂Xκ

∂t
= −∇ · (vXκ) + Dpm∇Xκ + qXκ

q . (2.88)

Note that this equation is only valid for incompressible flow.

Coupling concept A comparison of the pressure equations for compositional multi-

phase flow (Equation (2.70)) and for single phase transport (Equation (2.85)) shows

their resemblance. As the name implies, both equations have the pressure distribution

as unknown. The terms of both equations have the same dimension (specific volume per
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time). Furthermore, both equations have the same physical relevance: the local con-

servation of fluid volume. The same holds for the transport equations, which represent

the conservation of mass.

For incompressible single-phase flow, the pressure equation (2.85) and the transport

equation (2.88) of the solute is evaluated. If compressible flow is considered, the trans-

port equation (2.86) of all components is evaluated and volumetric errors are calculated.

Figure 2.8 (bottom) shows a possible model domain for the example problem introduced

above. Inside the subdomain, which is marked by the dashed rectangle, a two-phase

two-component model is applied whereas the rest of the domain is represented by a

single-phase transport model. The coupling conditions at the internal boundary are

continuity of pressure and continuity of mass flux for each component. Furthermore,

the subdomain has to be chosen in such a way that only one phase may flow across its

boundaries. This is to guarantee that the assumption of single-phase flow outside the

subdomain is not violated (see also Section 3.6.3).

2.8.2 Multiphysics concept for non-isothermal Systems

Consider again the example of subsurface contamination but now with a source of

thermal energy. This could for example be a so-called heat well which is an enhanced

subsurface remediation technique as displayed in Figure 2.9, top. At the spot where

thermal energy is brought into the system, the soil and the fluid phases are heated

and heat is also transported to the surrounding area by convection and conduction.

In some cases, the source of thermal energy may even be that strong that a liquid

phase reaches its boiling point. To capture these effects, a rather expensive, non-

isothermal compositional multiphase flow model has to be set up. This is, however, not

necessary in all parts of the model domain since a significant change in temperature

only takes place near the heat source. It is therefore proposed to incorporate non-

isothermal models in this subdomain of special interest. A possible model domain

setup for this approach is sketched in Figure 2.9, bottom, where the subdomain for

the non-isothermal models is marked by the dashed rectangle (green). Inside this

subdomain, non-isothermal isoenergetic phase equilibrium calculations as presented in

Section 3.3.4 and the non-isothermal pressure equation (2.76) are applied. For the case

of non-isothermal one-phase flow, equation (2.76) can be simplified in a similar way as

presented in Section 2.8.1, where the term containing the derivative of total specific

volume subject to internal energy will remain to get

1

̺
∇ · (v̺) +

∂vt

∂ut

∇ · (v̺h) = −ct
∂p

∂t
+ q + ε . (2.89)

This pressure equation is applied to the subdomain which is labeled with 1pni. The

full compositional, non-isothermal multiphase model will, however, only be applied in
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Figure 2.9: Multiphysics decomposition of the model domain for non-isothermal mod-
els.

the brown shaded subdomain where the non-isothermal and the 2p2c-subdomain over-

lap to the 2p2cni-subdomain. Inside the rest of the dash-dotted subdomain (red), the

compositional multiphase pressure equation (2.70) is applied. The remaining part of

the model domain is described by the single phase model as derived in Section 2.8.1.

Analytic solutions of the heat conduction equation state that the whole system will

change its temperature instantaneously if thermal energy is added at one place. How-

ever, considerable changes will only occur in the near field around the energy source,

whereas temperature changes in farther away areas will stay very low. It is therefore

proposed to define a threshold of temperature change ∆Tthresh as criterion for consider-

ably low temperature changes. The dash-dotted “non-isothermal” subdomain in Figure

2.9 has to be chosen in such a way, that the difference between initial temperature and

actual temperature in course of the simulation never exceeds the threshold. Outside

the dash-dotted subdomain, the temperature is approximated linearly by

T = Tinit + Cv (ut − ut (Tinit)) , (2.90)

where the overall isochoric heat capacity per unit volume Cv is evaluated by

Cv = φ̺scs + (1 − φ)
∑

α

Sα̺αcv,α , (2.91)

with cv,α, the specific heat capacity of phase α.
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Multiphase flow Eq.

∇ ·
∑

α vα = −∂φ
∂t

−
∑

α
1

̺α

[

φSα
∂̺α

∂t
+ vα · ∇̺α

]

+
∑

α qα 2.62

Compositional multiphase flow

ct
∂p
∂t

+
∑

κ
∂vt

∂Cκ

∑

α ∇ · (vα̺αXκ
α) =

∑

κ
∂vt

∂Cκ (qκ + ∇ · (
∑

α Dpm,α∇Cκ
α)) + ε 2.70

Non-isothermal compositional multiphase flow

ct
∂p
∂t

+
∑

κ
∂vt

∂Cκ

∑

α ∇ · (vα̺αXκ
α) + ∂vt

∂ut

∑

α ∇ · (vα̺αhα) =
∑

κ
∂vt

∂Cκ (qκ + ∇ · (
∑

α Dpm,α∇Cκ
α)) + ∂vt

∂ut
(qu + ∇ · (λpm∇T )) + ε 2.76

Table 2.2: Pressure equations for flow and transport in porous media.

2.9 Summary

This section introduces the physical basis for the mathematical description of flow pro-

cesses in porous media. After the definition of spatial scales and the introduction of

the representative elementary volume concept, the physical properties of fluids and

descriptions of their interactions were described. Using the REV concept, conceptual

models for fluid-matrix interactions and fluid movement in single and multi-phase sys-

tems were introduced. Based on these flow equations and the physical properties, the

balance equations for mass and energy in non-isothermal, compositional multiphase

flow processes were derived as summarized in Table 2.1. To be able to properly de-

couple the occurring physical processes, decoupled mathematical formulations for the

introduced conservation equations are derived. The pressure equations of the intro-

duced decoupled models are summarized in Table 2.2. These are combined with the

respective conservation equations from Table 2.1. Based on the decoupled models,

multiphysics concepts for compositional isothermal and compositional non-isothermal

flow processes were presented.
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The equations for flow and transport derived in the previous chapter can only be solved

analytically under strong assumptions and in most cases only in one dimension in space.

For higher dimensional calculations involving complex physical processes, numerical

methods have to be used. The basis for the numerical solution is a discretization of

the model domain in space and time to replace differential by discrete expressions.

The discretization in space is done by a grid containing elements in shape of lines for

a one-dimensional domain, triangles or squares or both for a two-dimensional domain

(see Figure 3.1, left and middle), and tetrahedra or hexahedra or both for a three-

dimensional domain. Each element spans between nodes which form its corners. It is

usually assumed that the nodes and interfaces of adjacent cells match. If this is not the

case, so-called hanging nodes result (see Figure 3.1, right). The spatial distribution of

the variables between the discretization points is represented by discrete values at the

discretization points and interpolation functions between them. The distance between

the discretization points is in the following referred to as discretization length.

The temporal discretization is done by dividing the total time span of the simulation

into a finite number of timesteps which may be of equal or different length. The change

of a quantity e within one timestep can be calculated by a single step of the form

et+∆t = et + ∂e/∂t ·∆t. If the temporal derivative is calculated at the time level t, the

timestep is called explicit Euler step. If, in contrary, the derivative is expressed subject

to the variables at time level t + ∆t, this is referred to as implicit Euler step. Other

possibilities are multistep methods as Runge-Kutta or predictor-corrector schemes (see

e.g., Deuflhard and Hohmann [2002]).

Figure 3.1: Example for a structured grid of quadrilaterals, an unstructured grid of
quadrilaterals and triangles and hanging nodes in a quadrilateral grid due
to local refinement.
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In this work, a cell-centered finite volume method (FVM) spatial discretization is used,

as this method is numerically robust and mass conservative (e.g., Huber and Helmig,

2000). This method considers the elements as control volumes and balances in- and

outflow across the faces of the elements. The presented concepts are implemented to the

toolbox DuMuX (Flemisch et al. [2007]), which is build on the numerical environment

DUNE (Bastian et al. [2008a,b]).

3.1 General remarks

Before introducing the numerical methods in detail, some assumptions towards the

involved physical processes are addressed. Some of these assumptions are inherent to

the used model, i.e. only distinct processes can be described satisfactorily by the model.

Other assumptions are made to reduce the model complexity for a first approach. In

particular

• Capillary pressure is neglected (pα = p, ∀α). This actually is a strong assump-

tion which is made to be able to concentrate on other processes in a first step.

Capillary pressure may strongly affect the flow behavior of different fluids espe-

cially when considering slow processes where they may introduce counter-current

flow. The introduction of capillary pressure to the presented models should be

possible with a proper implementation of the remarks related to gravity-induced

counter-current flow which are addressed in Section 3.4.3.

• All processes are assumed to be advectionally dominated, i.e., the transport of

quantities is mainly influenced by fluid movement and not by diffusive processes.

This is an assumption for the meaningful application of the presented IMPES

scheme. Particularly, molecular diffusion and hydrodynamic dispersion are ne-

glected (Dpm = 0). For reasonable advective fluid fluxes, the influence of molec-

ular diffusion is very low, whereas a sound representation of hydrodynamic dis-

persion introduces further sophisticated calculations which are not focus of this

work.

• A maximum of three components is assumed, where certain mixtures, such as air

or xylol, are combined to pseudo-components. The reason for this is that fur-

ther components would introduce complex iteration schemes to phase stability

calculations. It is emphasized that exactly these complex phase stability calcula-

tions and their time consumption are one of the motivations of the present work

and the author is well aware of their relevance. However, the focus lies on their

avoidance rather than on their elaborate implementation which, in turn, lies in

the field of thermodynamics or chemical engineering.

• Thermodynamic equilibrium is assumed. That is, at the end of each timestep, no

local kinetics are considered. In particular, this means that the soil and all fluid
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phases have locally the same temperature and no heat exchange is taking place,

and the mass exchange between the fluid phases is completed. These assump-

tions are justified by the fact that the considered flow velocities are sufficiently

low and the contact areas between the phases are sufficiently large to obtain an

instantaneous equilibrium.

Although, in general, advectional domination of transport processes is assumed, heat

conduction – which is a diffusive process – will not be neglected. It has a very strong

influence on energy transport and may in fact be dominant.

3.2 Time discretization

The particular advantage of the decoupled equations presented in Section 2.7.2 is their

formal resemblance to single-phase flow and transport equations (Chen and Ewing

[1997]) and the possibility to apply similar numerical methods. As shown in Trangen-

stein and Bell [1989] and Chen et al. [2000], the compositional pressure equation is of

parabolic type and the saturation equation is of hyperbolic type. A solution approach

for such a system of equations is the so-called IMPES (Implicit Pressure Explicit Sat-

uration) method which was introduced for immiscible two-phase flow in Sheldon et al.

[1959]. A more general formulation can be found in Aziz and Settari [1979]. An expan-

sion of this concept to compositional multiphase systems was presented in Young and

Stephenson [1983] and later on referred to as IMPESC or IMPEC (Implicit Pressure

Explicit Saturation and / or Concentration) method (Sleep and Sykes [1993]). The core

of these concepts is that the pressure equation is solved implicitly, and the transport

equations are solved explicitly. The (unknown) pressure at each node or cell center

at the current time level depends on the (also unknown) pressures at the neighboring

nodes or cell centers at the same time level, which means that an implicit formulation

is necessary. This will lead to a system of equations with as many unknowns as dis-

cretization points (as will be shown in Section 3.4). After the solution of the pressure

equation, the fluid phase velocities can be calculated by extended Darcy’s law and used

as input to the saturation or concentration equations (here called transport equations),

which are then solved explicitly. That is, the coefficients are assumed to stay constant

throughout one timestep. Due to its hyperbolic property, the transport equation can

then be solved for the current time level by using the known distribution and temporal

derivatives of the conserved quantity from the last time level. Both, implicit and ex-

plicit solutions are schematically displayed in Figure 3.2. The transport equation could

also be solved implicitly, which leads to better approximations of diffusive processes

but yields bad solutions of advective processes due to large numerical diffusion. After

the solution of the transport equations, the total concentrations and the total internal

energy per unit volume are known. However, the coefficients needed for the calculations

of the next time step depend on the still unknown saturation and mass fractions inside
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t t

x x

Figure 3.2: IMPES / IMPESC solution technique. Left: Explicit solution. Right: Im-
plicit solution. Filled circles represent nodes with known primary variables,
empty circles represent unknowns.

the phases. These secondary variables are determined by phase equilibrium calculations

(also called flash calculations) as described in the following sections. All together, one

timestep of the IMPEC method can be summarized as follows

1. Use the primary and secondary variables for time level t from the last time step

solution to calculate the needed coefficients such as λα, ̺α, λpm, etc.

2. Solve the pressure equation for time level t using the coefficients evaluated in step

1.

3. Use the gained pressure and the coefficients from step 1. to calculate phase

velocities and solve the transport equation to get the temporal derivatives of

total concentrations and internal energy.

4. Determine a timestep ∆t according to the velocities (as discussed below) and

multiply it with the derivatives from step 3. to get the concentrations and internal

energies at time level t + ∆t.

5. Perform a phase equilibrium calculation to get the saturations and mass fractions

at time level t + ∆t from the total concentrations calculated in step 4.

To guarantee stability of the explicit solution of the transport equations, the timestep

has to be limited subject to discretization lengths and velocities. For one-dimensional

propagation, this was already analyzed in Courant et al. [1928], leading to the stability

criterion

∆t ≤ ∆x

vx

, (3.1)

which is – according to the names of the authors – commonly referred to as the Courant-

Friedrich-Lewy- or CFL-criterion. For more than one dimension and multiphase flow,

this criterion has to be extended. For a FVM discretization, the following timestep



44 Numerical Implementation

restriction is proposed (Helmig et al. [submitted]):

∆tin =
V

∣

∣

∫

Γ

∑

α (vα,in · n) dΓ
∣

∣

∆tout =
V

∣

∣

∫

Γ

∑

α (vα,out · n) dΓ
∣

∣

∆t ≤ a min (∆tin, ∆tout) , (3.2)

where V is the cubature of the current control volume and the denominators represent

the total volumetric inflow and outflow over the control volume boundaries. This

local criterion has to be evaluated for every cell and the minimum local ∆t determines

the timestep. Due to the non-linear behavior of multiphase flow, it is necessary to

strengthen the timestep condition by adjusting the parameter a to a value smaller

than unity. This can either be done heuristically or by a calculation taking into account

some more detailed analysis of the non-linear behavior as presented in Aziz and Settari

[1979]. Writing equation (3.2) for one dimension, a constant velocity in x-direction vx

and a equal to unity will lead to the CFL criterion again. In Sleep and Sykes [1993], a

local stability criterion considering diffusive fluxes is expressed as

∆t ≤
[

2Dpm

(

1

∆x2
+

1

∆y2

)

+
vx

∆x
+

vy

∆y

]−1

, (3.3)

where ∆x and ∆y denote the discretization lengths and vx and vy the velocity compo-

nents in x and y direction, respectively. As mentioned above, diffusive mass transport is

assumed to be negligible. However, heat conduction is still considered to take place, as

it has a high influence on energy transport. By comparison of dimensions, the diffusion

coefficient can be replaced by the thermal conductivity and the overall heat capacity

per unit volume as introduced in Section 2.8.2 to get a local stability criterion including

thermal conduction

∆t ≤
[

2
λpm

Cp

(

1

∆x2
+

1

∆y2

)

+
vx

∆x
+

vy

∆y

]−1

. (3.4)

Equation (3.3) is obviously defined for a regular axis-parallel grid in two dimensions.

To get a more general criterion for finite volume methods and arbitrary dimensions,

the first term is reformulated and combined with (3.2) to

∆t ≤ a

[

2
λpm

Cp

ndim

l̄2
+

1

min (∆tin, ∆tout)

]−1

. (3.5)

Here, the sum of square reciprocals of discretization lengths was replaced by the number

of dimensions ndim over the square of a mean discretization length l.
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From the stability criteria considering diffusive effects, it becomes obvious that an

explicit discretization of the transport equations is only meaningful for advection-

dominated processes, as diffusion considerably lowers the maximum timestep size. For

diffusion-dominated processes, an implicit discretization is more advantageous since

it is stable for all time-step sizes. Transport processes which are significantly influ-

enced by both, advection and diffusion, may be represented best by operator splitting

schemes, which combine the advantages of explicit and implicit time-stepping by solv-

ing an advective and a diffusive transport equation separately (see e.g., Espedal and

Karlsen, 1998).

3.3 Isobaric flash calculation

At the end of each transport step, the total concentration of each component is known.

However, the saturation and the phase compositions are not regarded during the eval-

uation of the transport equation since only the total concentrations are balanced. To

determine saturations and phase compositions from the known data, a flash-calculation

has to be performed. The extend of such flash calculations varies depending on the num-

ber of phases and components. To get a clear understanding of the involved concepts,

this section is structured as follows: First, some basic definitions are introduced, the

equations for phase equilibrium calculations are derived and the assessment of equi-

librium ratios (see below) is discussed. Afterwards, the practical implementation of

isothermal two- and three-phase flash calculations is discussed to eventually introduce

a method for a non-isothermal two-phase flash.

3.3.1 Rachford-Rice equation

Instead of the total concentrations, their relations to each other, expressed by the feed

mass fractions Zκ, are used. These are defined as the ratio of the mass of component

κ to the total mass of the feed (the mixture of all components)

Zκ =
Cκ

∑

κ Cκ
. (3.6)

Note that the total concentrations, which are of the unit
[

kg/m3] are replaced by a

dimensionless variable. It is assumed that the phases are in equilibrium, i.e., the phase

compositions are stable. For this case, equilibrium ratios or K-factors are defined as

the ratio of the mass fractions of one component inside phase α over the mass fraction

of the same component inside a reference phase r,

Kκ
α =

Xκ
α

Xκ
r

, (3.7)
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where Kκ
r obviously always equals unity:

Kκ
r =

Xκ
r

Xκ
r

≡ 1 . (3.8)

As stated in Aziz and Wong [1989], the dominant phase of a component is often selected

as reference phase, so r can be different for each component. As well as the masses of

the components, the masses of the phases are related to each other by the phase mass

fractions να. These are defined as the mass of phase α over the mass of all phases. The

phase mass fractions can be evaluated from the saturations and vice versa by

να =
Sα̺α

∑

α Sα̺α
(3.9)

Sα =
να/̺α

∑

α (να/̺α)
. (3.10)

Note that these relations also hold if the volume constrain in Equation (2.65) is not

fulfilled. The specific phase volumes can only be expressed by inclusion of the total

concentrations and the phase densities with

vα =
να

̺α

∑

κ

Cκ . (3.11)

As any mass fraction introduced before, the phase mass fractions sum up to unity

∑

α

να = 1 . (3.12)

To relate the phase mass fractions to the feed mass fractions, the total concentrations

from equation (2.43) are inserted to equation (3.6):

Zκ =

∑

α (Sα̺αXκ
α)

∑

κ (
∑

α Sα̺αXκ
α)

. (3.13)

The denominator can be rewritten as
∑

α (Sα̺α

∑

κ Xκ
α), where the mass fractions of

each phase sum up to unity (see Section 2.3.1). Thus, equation (3.13) can be rewritten

as

Zκ =
∑

α

(

Xκ
α

Sα̺α
∑

α Sα̺α

)

=
∑

α

Xκ
ανα . (3.14)

Inserting the definition of the equilibrium ratios (Equation (3.7)) for Xκ
α to equation

(3.14) and rearranging for Xκ
r yields

Xκ
r =

Zκ

∑

α Kκ
ανα

. (3.15)
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Since, by definition, the phase mass fractions sum up to unity, one phase mass fraction

can be eliminated by νe = 1 −
∑

α6=e να to get

Xκ
r =

Zκ

∑

α6=e (Kκ
α − Kκ

e ) να + Kκ
e

, (3.16)

where the phase e may be chosen arbitrarily. The component mass fractions of any

phase sum up to unity and thus the difference of the sum of component mass fractions

of any phase and the phase e equals zero, which can be written as (nα − 1) equations for

all phases except of the eliminated one. To avoid mistakes, the phases in this equation

are denoted by the subscript β, where the equation is written for all β 6= e

∑

κ

Xκ
β −

∑

κ

Xκ
e =

∑

κ

(

Xκ
β − Xκ

e

)

= 0 . (3.17)

Substituting Xκ
β with the equilibrium ratio according to Equation (3.7) and Xκ

e ac-

cording to Equation (3.16) yields another set of (nα − 1) equations, which are again

written for all β 6= e:
∑

κ

Zκ
(

Kκ
β − Kκ

e

)

Kκ
e +

∑

α6=e (Kκ
α − Kκ

e ) να
= 0 (3.18)

If one phase is chosen as reference phase for all components and the same phase is also

chosen to be eliminated (e = r), then Kκ
e = 1 holds for all κ and the set of equations

(3.18) simplifies to
∑

κ

Zκ
(

Kκ
β − 1

)

1 +
∑

α6=e (Kκ
α − 1) να

= 0 , (3.19)

which is known as the Rachford-Rice equation. Equations (3.18) or (3.19) together with

the constraint (3.12) give nα relations for the nα unknowns να. In case of three or more

phases, the set of Rachford-Rice equations in general has to be solved simultaneously

using an iterative procedure (e.g., Newton-Raphson as explained in Section 2.7.1).

Note that the same equations can be derived considering mole fractions. In this case,

all variables have to be replaced by the corresponding mole-fraction based ones. The

equilibrium ratios for mole fractions be denoted by

kκ
α =

xκ
α

xκ
r

, (3.20)

the feed mole fractions by

zκ =
Zκ/Mκ

∑

κ Zκ/Mκ
, (3.21)

and the phase mole fraction by να,mole. To compute the phase mass fraction from the
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phase mole fraction, one can use

να =
να,moleM̄α

∑

α να,moleM̄α

, (3.22)

where M̄α is the mean molar mass of phase α with

M̄α =
∑

κ

xκ
αMκ . (3.23)

For two phases, only one equation remains, which may be solved analytically for two

or three components or iteratively for more than three components. For three phases

and three components, phase equilibria can be calculated analytically as well, whereas

in the general case, the Rachford-Rice equation has to be solved iteratively. It is

emphasized that the equilibrium ratios are not necessarily constant but may depend

on the phase composition. In this case, the flash calculation is done by successive

substitution. That is, after each solution of the Rachford-Rice equation and calculation

of the compositions, new equilibrium ratios are evaluated to be put into the Rachford-

Rice equation again. In the following, equations to obtain equilibrium ratios as well as

some analytical solutions of equations (3.18) and (3.19) are presented.

3.3.2 Equilibrium ratios

Obtaining the equilibrium ratios for the phase distribution is one of the cruxes of matter

in performing a flash calculation. For the applications in petroleum and reservoir engi-

neering, pressure and temperature dependent K-factors can be found in the literature

(e.g., Wiesepape et al. [1977], McCain [1990]). However, the formally most accurate

way to derive equilibrium ratios is to start from the thermodynamic requirement of

equality of fugacities. The fugacity f is originally used to describe the deviations of

chemical potentials from those of an ideal gas and can be regarded as an adjusted pres-

sure, since it has the same unit as pressure. It describes the tendency of a component

to exit a phase which is also the meaning of the name (lat. fugere = to flee). It is

formally defined as (Michelsen and Mollerup [2007])

RT ln
fκ (T, p, x)

p0

= µκ (T, p, x) − µκ◦ (T, p, x) , (3.24)

where R is the universal gas constant, p0 is a reference pressure, µ is the chemical poten-

tial and the superscript ◦ denotes an ideal substances. The temperature T , pressure p

and compositions x in parenthesis emphasize the dependencies on these variables. The

fugacity of a component in a mixture is commonly defined using the fugacity coefficient

fκ = ϕκpxκ . (3.25)
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If the equality of fugacity is stated as equilibrium condition, the fugacity of a component

κ inside each phase has to equal the fugacity of the component in its reference phase

fκ
α = fκ

r .Inserting equation (3.25) for both phases yields

ϕκ
αpxκ

α = ϕκ
rpx

κ
r . (3.26)

The pressure p cancels out and one can easily derive an equilibrium ratio for mole-

fractions

kκ
α =

xκ
α

xκ
r

=
ϕκ

r

ϕκ
α

. (3.27)

The crucial point is to find the fugacity coefficients of mixtures, which is commonly

done by integrations of real gas factors gained from thermodynamic equations of state

(see e.g. Michelsen and Mollerup [2007]) and involves rather complex thermodynamics.

Since the fugacities depend on the phase compositions, the flash calculation has to be

carried out iteratively in any case. However, highly exact flash calculations lie beyond

the scope of this work. Hence, this approach is not further considered in this work,

but it is emphasized that determining equilibrium ratios via fugacity coefficients is

common practice especially in petroleum and chemical engineering and may involve

massive consumptions of computational power.

Equilibrium ratios for a two-phase two-component mixture In this work, the con-

siderations from Niessner and Helmig [2007] are used for a fast and easy evaluation

of equilibrium ratios. First, a two-phase two-component system of one gaseous phase

g and one liquid phase w is considered, where component A is affine to the liquid

phase and component B is a gas. This could be, as an example a system of air and

water at standard conditions, where air as a pseudo-component would be tagged as

component B and water as component A. Using Raoult’s law, the mole fraction of

component 1 in the liquid phase can be expressed by its partial pressure in the gas

phase by rearrangement of equation (2.22)

xA
w =

pA
g

pA
vap

. (3.28)

The partial pressure, in turn, can be replaced by inserting equation (2.21) to get

xA
w =

xA
g pg

pA
vap

. (3.29)

Taking the liquid phase as reference for component A, the equilibrium ratio can be

defined by rearranging equation (3.29) to

kA
g =

xA
g

xA
w

=
pA

vap

pg
. (3.30)
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component κ A B
phase ref. phase r w w g

liquid kκ
w = xκ

w/xκ
r 1 1 pg/H

B
w

gas kκ
g = xκ

g/x
κ
r pA

vap/pg HB
w /pg 1

Table 3.1: Equilibrium ratios for a two-component gas / liquid system.

Using the Henry coefficient HB
w of component B in the liquid phase, the mole fraction

xB
w can be expressed by rearranging equation (2.23)

xB
w =

pB
g

HB
w

. (3.31)

The partial pressure is again replaced by equation (2.21). If the liquid phase is defined

as reference phase for component B, the equilibrium ratio is

kB
g =

xB
g

xB
w

=
HB

w

pg
. (3.32)

If, however, the gas phase is selected as reference phase since it is dominant for com-

ponent B, the equilibrium ratio will be

kB
w =

xB
w

xB
g

=
pg

HB
w

, (3.33)

whereas in this case, kB
g would equal unity. In the latter case – with the gas phase being

the reference phase for component B – equation (3.18) would apply. The Rachford-

Rice equation (3.19) could be used, if the liquid phase is selected as reference for both

components. Table 3.1 shows the K-factors for the two-component gas / liquid system

in dependence of the choice of the reference phase.

Equilibrium ratios for a three-phase three-component mixture Now, a three-phase,

three-component system with two liquid phases w, n and a gas phase g is considered.

The components A through C are associated to the phases w through g, so component C

is a gas component now. As an example, this might be a system of an aqueous phase,

a NAPL (non-aqueous phase liquid), and air, where component A would be water,

component B a hydrocarbon as xylene and component C a pseudo-component air.

Now a set of nine equilibrium ratios is required (three phases times three components),

where the ratios for the respective reference phases are known to be unity (see Equation

(3.8)).

Phase w: Consider the water phase to be the reference phase for all components, then

kκ
w ≡ kκ

r ≡ 1 holds.
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Phase g: For components A and C in the phases w and g, the relations from above

can be used:

kA
g =

pA
vap

pg
(3.34)

kC
g =

HC
w

pg
. (3.35)

For low concentrations of component B in the water phase, its partial pressure in the

gas phase is computed using Henry’s law

pB
g = xB

wHB
w . (3.36)

Inserting Equation (2.21) for the partial pressure and rearranging yields

kB
g =

xB
g

xB
w

=
HB

w

pg

. (3.37)

Phase n: Component B is the solvent in n and thus its gas phase partial pressure is

calculated using Raoult’s law

pB
g = xB

n pB
vap , (3.38)

which must be equal to the partial pressure of component B over phase w, so equations

(3.36) and (3.38) can be combined to get

kB
n =

xB
n

xB
w

=
HB

w

pB
vap

. (3.39)

Combining the vapor pressure of component A over phase w

pA
g = xA

wpA
vap , (3.40)

and Henry’s law for component A in phase n

pA
g = xA

n HA
n , (3.41)

the equilibrium ratio kA
n is

kA
n =

xA
n

xA
w

=
pA

vap

HA
n

. (3.42)

What remains, is the equilibrium ratio of the gaseous components between the two

liquid phases. Over both phases w and n, the partial pressure of component C is
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component κ A B C
phase ref. phase r w w n w g

water kκ
w = xκ

w/xκ
r 1 1 pB

vap/H
B
w 1 pg/H

C
w

napl kκ
n = xκ

n/xκ
r pA

vap/H
A
n HB

w /pB
vap 1 HC

w /HC
n pg/H

C
n

gas kκ
g = xκ

g/x
κ
r pA

vap/pg HC
w /pg pB

vap/pg HC
w /pg 1

Table 3.2: Equilibrium ratios for a three-component gas / liquid / liquid system.

determined using Henry’s law with

pC
g = xC

wHC
w (3.43)

pC
g = xC

n HC
n . (3.44)

These two equations can again be combined to get

kC
n =

xC
n

xC
w

=
HC

w

HC
n

. (3.45)

The equilibrium ratios for the three-phase system with phase w as reference for all

components as derived here are summarized in Table 3.2 in the columns headed by

w. If all K-values are derived using the same reference phase, the Rachford-Rice equa-

tion (3.19) can be used for the phase equilibrium calculation. For the case of each

component’s dominant phase being chosen as reference phase, the equilibrium ratios

for component B and C are listed in the columns headed by n and g, respectively. In

the latter case, equation (3.18) has to be chosen for the phase equilibrium calculation.

The advantage of defining the dominant phase of a component as reference is that the

assumption of one component being not soluble in a certain phase can be made. If one

phase is chosen as reference phase for all components and any of the components is not

soluble in the reference phase then the K-values for this component were not defined

or infinite.

3.3.3 Isothermal isobaric flash

After having introduced the Rachford-Rice equation and the equilibrium ratios, simple

methods to implement isothermal two- and three-phase flash calculations are presented.

Two-phase, two-component flash To determine the phase distribution for two

phases and two components with phases w and g (this is just an exemplary choice

which can be replaced arbitrarily) where phase w is chosen as phase to eliminate,
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equation (3.18) is rewritten as

ZA
(

KA
g − KA

w

)

KA
w +

(

KA
g − KA

w

)

νg

+
ZB
(

KB
g − KB

w

)

KB
w +

(

KB
g − KB

w

)

νg

= 0 . (3.46)

The analytical solution to this equation is

νg = −
ZA
(

KA
g − KA

w

)

KB
w + ZB

(

KB
g − KB

w

)

KA
w

(

KA
g − KA

w

) (

KB
g − KB

w

) . (3.47)

The solution of the flash calculation for a given feed composition can be gained in two

ways.

a) First, by calculating the K-values related to mass fractions by solving the system

of equations

kA
wxA

r + kB
wxB

r = 1

kA
g xA

r + kB
g xB

r = 1 (3.48)

for the reference mole fractions xA
r , xB

r . The mole fractions in the other phases are

calculated using the definition of K-values (Equation (3.20)) which also holds . The

mole fractions are transformed to mass fractions using equation (2.2) and then the

mass fraction equilibrium ratios are computed by (3.7). Assume that the dominant

phase of component A is phase w and that component A is a solute in phase g and vice

versa for component B. A physical solution to Equation (3.47) – that is, 0 < νg < 1 –

exists if ZA > XA
g and ZB > XB

w . Otherwise, if ZA < XA
g , component A is completely

dissolved in phase g and only that phase is present. Then, νg is set to unity and XA
g is

corrected to match ZA. The same holds analogously for phase w if ZB < XB
w .

b) The second way is to rewrite equation (3.47) using the corresponding mole fraction

quantities

νg,mole = −
zA
(

kA
g − kA

w

)

kB
w + zB

(

kB
g − kB

w

)

kA
w

(

kA
g − kA

w

) (

kB
g − kB

w

) . (3.49)

To compute the feed mole fractions zκ from the feed mass fractions, the following

equation is used

zκ =
ZκMκ

∑

κ ZκMκ
.
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If all K-values are computed using phase w as reference, Equation (3.19) can be used

to evaluate the phase equilibrium. Rewritten for two phases, it is one equation

F (νg) =
∑

κ

Zκ
(

Kκ
g − 1

)

1 +
(

Kκ
g − 1

)

νg

= 0 . (3.50)

Equation (3.50) is monotonically decreasing with νg. If a physical solution 0 < νg < 1

exists, then F (0) ≥ 0 and F (1) ≤ 0 holds. Inserting this to equation (3.50) yields two

stability criteria

∑

κ

ZκKκ
g ≥ 1 , (3.51)

∑

κ

Zκ

Kκ
g

≥ 1 . (3.52)

If the former is violated, only phase w is present, if the latter is violated, only phase

g is present. The same criteria can be expressed analogously for mole fractions. Note

that these criteria can be applied for an arbitrary number of components.

Three-phase, three-component flash For three phases and three components, equa-

tion (3.14) is a system of three equations. Combined with equation (3.7) it can be

written for each component as

Xκ
r Kκ

wνw + Xκ
r Kκ

nνn + Xκ
r Kκ

g νg = Zκ (3.53)

This can also be expressed in terms of mole fractions by replacing the variables with

the corresponding mole fraction related quantities, which yields three equations for the

three unknowns να,mole:

xA
r kA

wνw,mole + xA
r kA

n νn,mole + xA
r kA

g νg,mole = zA

xB
r kB

wνw,mole + xB
r kB

n νn,mole + xB
r kB

g νg,mole = zB

xC
r kC

wνw,mole + xC
r kC

n νn,mole + xC
r kC

g νg,mole = zC . (3.54)

As coefficients in equation (3.54), the mole fractions inside the reference phase are

needed. These can be obtained in an analogous way as for the two-phase two-component

flash by solving the system of equations

xA
r kA

w + xB
r kB

w + xC
r kC

w = 1

xA
r kA

n + xB
r kB

n + xC
r kC

n = 1

xA
r kA

g + xB
r kB

g + xC
r kC

g = 1 . (3.55)
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The phase mole fractions from the solution of equation (3.54) can be transformed to

mass fractions using equation (3.22). If the solution yields any phase mass fraction

να < 0, this means that the corresponding phase is not present and a two-phase three-

component flash with the two remaining phases has to be evaluated instead.

Two-phase, three-component flash To confirm the presence of two phases, the sta-

bility criteria (3.51) and (3.52) have to be checked. Since these criteria only hold if

K-values are determined using the same reference phase for all components, the equi-

librium ratios may as well be transformed. Assume two phases w, g and K-values

Kκ
w, Kκ

n , where each component may have a different reference phase. If the K-values

Kκ
α|w with phase w as reference phase are sought, they can be gained with

Kκ
α|w =

Xκ
α

Xκ
w

=
Xκ

α/Xκ
r

Xκ
w/Xκ

r

=
Kκ

α

Kκ
w

. (3.56)

If we assume phase w to be eliminated, equation (3.18) can be written for two phases

and three components as

ZA
(

KA
g − KA

w

)

KA
w +

(

KA
g − KA

w

)

νg

+
ZB
(

KB
g − KB

w

)

KB
w +

(

KB
g − KB

w

)

νg

+
ZC
(

KC
g − KC

w

)

KC
w +

(

KC
g − KC

w

)

νg

= 0 . (3.57)

Multiplying by the denominators of all three terms and rearranging yields a quadratic

equation of the form

a (νg)
2 + bνg + c = 0 (3.58)

with the coefficients

a =
(

KA
g − KA

w

) (

KB
g − KB

w

) (

KC
g − KC

w

)

b = ZA
(

KA
g − KA

w

) ((

KB
g − KB

w

)

KC
w +

(

KC
g − KC

w

)

KB
w

)

+ZB
(

KB
g − KB

w

) ((

KA
g − KA

w

)

KC
w +

(

KC
g − KC

w

)

KA
w

)

+ZC
(

KC
g − KC

w

) ((

KA
g − KA

w

)

KB
w +

(

KB
g − KB

w

)

KA
w

)

c = ZA
(

KA
g − KA

w

)

KB
w KC

w + ZB
(

KB
g − KB

w

)

KA
wKC

w

+ZC
(

KC
g − KC

w

)

KA
wKB

w

After solving equation (3.58) with the quadratic formula, the mass fractions in the

phases can be evaluated with equation (3.15).



56 Numerical Implementation

300 320 340 360 380
0

0.2

0.4

0.6

0.8

1

T [K]

ν
w

 [
−

]

 

 

Z
1
 = 0,5

Z
1
 = 0.9

Z
1
 = 0.99

Z
1
 = 0.9999

300 320 340 360 380 400
0

0.5

1

1.5

2

2.5

x 10
6

T [K]

u
 [
J
/k

g
]

 

 

Z
1
 = 0,5

Z
1
 = 0.9

Z
1
 = 0.99

Z
1
 = 0.9999

Figure 3.3: Phase mass fractions and internal energy per unit mass of a water air mix-
ture.

3.3.4 Isoenergetic isobaric flash

In case of a non-isothermal compositional model, the total concentrations and the

internal energies per unit volume are known at the end of each transport step. Now,

the temperature is not fixed as in the isothermal flash calculation but is dependent on

the internal energy and the phase state of the mixture. The left hand side of Figure

3.3 shows the phase mass fraction νw of the liquid phase of an air-water mixture over

temperature for a pressure of 1 bar and different feed compositions (Z1 denotes the feed

mass fraction of water). The right hand side of Figure 3.3 shows the internal energy

per unit mass ut of the same mixtures. An isoenergetic flash calculation has to find a

temperature T and a corresponding phase distribution such that the internal energy

per unit volume ut matches the actual internal energy uspec. That is, the system of

equations (3.18) or (3.19) is extended by the constraint

ut =

(

∑

κ

Cκ

)(

∑

α

uανα

)

+ (1 − φ) ̺scsT
!
= uspec . (3.59)

Due to the strong non-linear behavior of the internal energy, this task can only be solved

iteratively. One possibility for a solution is the use of a Newton-Raphson iteration

to solve for the set of phase mass fractions να and the temperature T at the same

time. This, however, involves numerical evaluations of derivatives and an appropriate

starting point for the iteration. Finding suitable starting values is in fact an aspect

which may require much effort, as described for example in Saha and Caroll [1997].

Another solution method is to perform an outer loop iterating temperature around an

isothermal flash as presented in Agarwal et al. [1991].

Depending on the temperature of a two-component mixture of a gas and a liquid,
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different phase states exist: for temperatures below the boiling point, a single- or two-

phase mixture; at the boiling point, a boiling liquid and a gas phase; for temperatures

above the boiling point, a single gas phase. The flash calculation has to be carried

out according to these states. Therefore, as a first step, the boiling point temperature

of the liquid, i.e. the temperature where pvap = p, is determined. At this point, a

pure substance transforms from the liquid to the gaseous state. For the specified set

of total concentrations, the internal energy per unit volume ut

∣

∣

Tvap,νg=1 is determined

for the case, that the whole mixture is in the gaseous state. Now this internal energy

is compared to the internal energy uspec specified as input. If ut

∣

∣

Tvap,νg=1 < uspec,

the whole mixture is in gaseous state and the temperature inside the control volume

must be higher than the boiling point temperature. In this case, no phase equilibrium

calculations must be performed, since the mixture is definitely in the gaseous state.

If ut

∣

∣

Tvap,νg=1 > uspec, the mixture may be in a single- or two-phase state (see Figure

3.3, left hand side). In this case, an isothermal two-phase flash is performed for each

considered temperature.

After the determination of the possible phase state, the temperature is iterated. As

starting point, the boiling point temperature Tvap is used. A stable iterative scheme for

the task of matching the specified internal energy is the tangent method which needs a

second starting point. The temperature of the last time step or the initial temperature

is used for this. The temperature of the next iteration step is determined by

Tnew = Ti −
uj − ui

Tj − Ti

(ui − uspec) , (3.60)

where the indices i, j refer to the last two iteration steps. This procedure is depicted

in Figure 3.4, left hand side, where the arrow points to the temperature Tnew. In

Agarwal et al. [1991], the authors propose to define bounding temperatures Tup, Tlo

with corresponding levels of internal energy uup > uspec > ulow. These temperature /

energy pairs are updated whenever Tnew lies between them according to

Tup = Tnew if u (Tnew) > uspec

Tlo = Tnew if u (Tnew) < uspec .

If Tnew is outside of these boundaries, equation (3.60) is evaluated using the bounding

temperatures instead of the temperatures of the last iteration steps.

In case of a pure or nearly pure substance, the iteration scheme as proposed above

will not work if the specified internal energy lies between the internal energies of the

completely liquid and completely gaseous state due to the infinite inclination of the

internal energy function at the boiling point (see Figure 3.4, right hand side). In

this case, however, the internal energy is a linear function of the phase mass fraction.

Therefore the phase mass fraction can be determined according to the Lever rule (see
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Figure 3.4: Two-phase isoenergetic flash calculations for moderate (left) and very low
concentrations (right) of gas component.

e.g., Atkins [1994]) to

νl = ul +
uspec − ul

ug − ul
. (3.61)

3.4 Spatial discretization: Finite Volumes

As already mentioned in the introduction of this chapter, the cell centered finite volume

method is used for the spacial discretization due to its robustness and mass conserva-

tivity. It discretizes the model domain with control volumes which balance the fluxes of

mass or energy across their faces. Cell centered finite volumes use the elements of the

grid as control volumes and the discretization points are the element- or cell centers.

The partial differential equations are then integrated over each control volume.

3.4.1 Pressure equation

For the sake of readability, the discretization is shown on the example of the isothermal

compositional pressure equation. The extension of the presented considerations to the

non-isothermal pressure equation is straightforward.

Integration of equation (2.70) over the control volume G yields

∫

G

ct
∂p

∂t
dG +

∫

G

∑

κ

∂vt

∂Cκ
∇ ·
∑

α

(vα̺αXκ
α) dG

=

∫

G

∑

κ

∂vt

∂Cκ
qκdG +

∫

G

εdG , (3.62)

where the diffusion term is neglected according to the assumptions made in Section

3.1. Total compressibility, sources and the volumetric error term are considered to be
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piecewise constant and thus the corresponding integrals can be replaced by a multi-

plication with the control volume cubature |V |. The Gauss-Green formula allows to

replace the volume integral of the divergence by an integral over the control volume

surface Γ:

|V | ct
∂p

∂t
+

∮

Γ

∑

κ

∂vt

∂Cκ
n ·
∑

α

(vα̺αXκ
α) dΓ

−
∫

G

∑

κ

∇ ∂vt

∂Cκ
·
∑

α

(vα̺αXκ
α) dG

= + |V |
∑

κ

∂vt

∂Cκ
qκ + |V | ε , (3.63)

where n denotes the outward pointing normal on the surface. Inserting extended

Darcy’s law from Equation (2.36) yields

|V | ct
∂p

∂t
+

∮

Γ

∑

κ

∂vt

∂Cκ
n ·
∑

α

[λαK (−∇pα + ̺αg) ̺αXκ
α] dΓ

−
∫

G

∑

κ

∇ ∂vt

∂Cκ
·
∑

α

[λαK (−∇pα + ̺αg) ̺αXκ
α] dG

= + |V |
∑

κ

∂vt

∂Cκ
qκ + |V | ε . (3.64)

As discussed in Section 3.1, capillarity is being neglected. Hence, all phase pressures are

equal: pα = p. Some reordering and separation of the pressure gradients and gravity

vectors further leads to

|V | ct
∂p

∂t
−
∮

Γ

n · (K∇p)
∑

α

[

λα̺α

∑

κ

(

∂vt

∂Cκ
Xκ

α

)

]

dΓ

+

∫

G

(K∇p) ·
∑

α

[

λα̺α

∑

κ

(

∇ ∂vt

∂Cκ
Xκ

α

)

]

dG

= −
∮

Γ

n · (Kg)
∑

α

[

λα̺α̺α

∑

κ

(

∂vt

∂Cκ
Xκ

α

)

]

dΓ

+

∫

G

(Kg) ·
∑

α

[

λα̺α̺α

∑

κ

(

∇ ∂vt

∂Cκ
Xκ

α

)

]

dG

+ |V |
∑

κ

∂vt

∂Cκ
qκ + |V | ε . (3.65)
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All pressure-dependent terms are now aligned at the left hand side, while the gravi-

tational terms are shown on the right. This structure is already in accordance with

the structure of the linear system of equations which will be introduced below. The

right hand side only consists of known coefficients and can be evaluated at each time

level. The left hand side contains the sought pressures and will be transformed into a

stiffness matrix and a vector of unknowns.

The differential and integral operators in this equation now have to be transferred to

discrete forms to be able to calculate them numerically. Figure 3.5 schematically shows

a cell in the grid and its k-th neighboring cell. At each control volume, the pressure

equation is discretized in the following way:

• At each cell interface, the integrands are approximated to be constant . Then the

integral over the k-th interface can be replaced by the product with the area |Ak|
of the surface. The integral over the whole surface,

∮

Γ
n · (.) dΓ, is thus replaced

by a sum over all interfaces
∑

k |Ak|nk · (.), where nk is the outward pointing

normal on the k-th interface.

• The volume integrals are evaluated by a decomposition of the cell volume as

shown in Figure 3.5, right hand side. Each cell interface k is assigned a weighting

factor wk and the subvolume wk |V |. The sum over all weighting factors of a cell

obviously has to equal unity. The integrand is evaluated at the interface and

approximated to be constant inside the subvolume. Thus, the volume integral
∫

G
(.) dG can be replaced by

∑

k wk |V | (.).

• The pressure gradient is approximated to be constant between two discretiza-

tion points. Thus, the pressure gradient ∇p at the k-th interface is replaced by

−p−pk

|uk|
uk

|uk|
, with p and pk being the pressures at the current cell center and the

k-th neighboring cell center, respectively, while uk is the vector connecting the

two cell centers.

• The gradient of the volume derivatives, ∇ (∂vt/∂Cκ), can be interpreted in two

ways: either the volume derivative is approximated as piecewise constant, re-

sulting in a zero gradient; or the volume derivative is approximated by linear

interpolation between two cell centers and its gradient is determined in the same

way as the pressure gradient (as presented below).

• The time derivative of the pressure, ∂p/∂t, is approximated by
(

pt − pt−∆t
)

/∆t ,

where pt is the sought pressure at the current cell center and pt−∆t is the pressure

known from the last timestep.

Inserting these approximations into Equation (3.67) yields
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p pk

uk

nk

Ak

k-th neighboring cell k-th neighboring cell

∇p

∇
(

∂vt

∂Cκ

)

wk · |V |

Figure 3.5: Vector and interface notation in FVM scheme.

|V | ct
pt

∆t

+
∑

k

|Ak|nk ·
(

K
pt − pt

k

|uk|
uk

|uk|

)

∑

α

[

λα̺α

∑

κ

(

∂vt

∂Cκ
Xκ

α

)

]

− |V |
∑

k

wk

(

K
pt − pt

k

|uk|
uk

|uk|

)

·
∑

α

[

λα̺α

∑

κ

(

∂vt

∂Cκ −
(

∂vt

∂Cκ

)

k

|uk|
uk

|uk|
Xκ

α

)]

= −
∑

k

|Ak|nk · (Kg)
∑

α

[

λα̺α̺α

∑

κ

(

∂vt

∂Cκ
Xκ

α

)

]

+ |V |
∑

k

wk (Kg) ·
∑

α

[

λα̺α̺α

∑

κ

(

∂vt

∂Cκ −
(

∂vt

∂Cκ

)

k

|uk|
uk

|uk|
Xκ

α

)]

+ |V |
∑

κ

∂vt

∂Cκ
qκ + |V | ct

pt−∆t

∆t
+ |V | ε , (3.66)

where the known pressure pt−∆t is already written on the right hand side. The de-

termination of the volume derivatives in Equation (3.66) depends on the choice of

their approximation. In the case of a piecewise constant approximation, the volume

derivative is always chosen from the current cell. In case of a linear approximation, it

is evaluated at the interface by linear interpolation. For each neighboring cell k, the

permeability is determined by the harmonic mean of the permeabilities at the current

and at the k-th cell center. All other coefficients are determined by fully upwind as

discussed in Section 3.4.3.

Although this derivation is mathematically consistent, it turned out that it does not

represent gravitational effects properly for all grids. As an example, take the grid
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sketched in Figure 3.6. It has a constant inclination at which the top and bottom cell

interfaces are oriented, whereas the interfaces in the horizontal direction are vertical.

For convenience, consider the gradient of volume derivatives to vanish and incompress-

ible flow, so all terms but the interface integrating ones vanish in Equation (3.66). Now,

consider the zoomed-out cells in Figure 3.6. At the (vertical) interface between two

horizontally adjacent cells, the normal vector points in a horizontal direction. Thus,

the scalar product of the normal and the gravity vector vanishes. Consequently, the

right hand side of Equation (3.66) equals zero which means that gravity is not regarded

here. If no flow occurs (i.e. under hydrostatic conditions) one expects a higher pres-

sure in the left cell due to the elevation difference ∆z. The solution of Equation (3.66),

however, does only show a variation in pressure in the vertical direction and constant

pressure throughout the horizontal layers. To overcome this weakness, it is proposed

to replace the normal vector n by the vector connecting the cell centers normalized

to unit length u/ |u|. This would in turn overestimate the cross section of flow which

is smaller orthogonal to u than orthogonal to n. Therefore, the proposed vector is

furthermore scaled by the scalar product (u/ |u|) · n. The normal vector n is hence

replaced by

s = u (u · n) / |u|2 .

This yields the final form of the discretized pressure equation:

|V | ct
pt

∆t

+
∑

k

|Ak| sk ·
(

K
pt − pt

k

|uk|
uk

|uk|

)

∑

α

[

λα̺α

∑

κ

(

∂vt

∂Cκ
Xκ

α

)

]

− |V |
∑

k

wk

(

K
pt − pt

k

|uk|
uk

|uk|

)

·
∑

α

[

λα̺α

∑

κ

(

∂vt

∂Cκ −
(

∂vt

∂Cκ

)

k

|uk|
uk

|uk|
Xκ

α

)]

= −
∑

k

|Ak| sk · (Kg)
∑

α

[

λα̺α̺α

∑

κ

(

∂vt

∂Cκ
Xκ

α

)

]

+ |V |
∑

k

wk (Kg) ·
∑

α

[

λα̺α̺α

∑

κ

(

∂vt

∂Cκ −
(

∂vt

∂Cκ

)

k

|uk|
uk

|uk|
Xκ

α

)]

+ |V |
∑

κ

∂vt

∂Cκ
qκ + |V | ct

pt−∆t

∆t
+ |V | ε , (3.67)

Equation (3.67) is readily ordered by terms containing unknowns on the left hand side

and terms containing only known coefficients on the right hand side. It is evaluated at



3.4 Spatial discretization: Finite Volumes 63
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Figure 3.6: Non-Cartesian, regular grid with constant inclination.

each cell and written into a linear system of equations of the form

Ap = r , (3.68)

where A is the stiffness matrix, p contains the unknown pressures at each cell center and

r contains the right hand side of Equation (3.67) evaluated for each cell. This system

is solved using an iterative solver provided by the DUNE Iterative Solver Template

Library (see Bastian et al. [2008a]).

Treatment of the volume mismatch term In practical application of the described

model, it turned out that an unconditional incorporation of the volume mismatch

term ε causes a rather unstable behavior of the model. Since the pressure equation is

based only on a first order Taylor approximation, very low volume mismatches with

|φ − vt| ≪ φ occur quite randomly throughout the whole domain. Incorporating these

low mismatches into the pressure equation rather builds them up over several timesteps

than balancing them. If they are neglected, in contrary, they cancel out automatically

in subsequent timesteps. It therefore proved to be practical to define a threshold

value τε and only consider volume mismatches if |φ − vt| ≥ τε is fulfilled. A value of

τε = φ · 10−5 proved to work well. For very low timesteps ∆t, however it has to be

decreased. Since the denominator of ε contains ∆t, the error term may jump from zero

to considerably high values when the threshold is exceeded.

Additionally to the negligence of very low volume mismatches, it may be necessary to

dampen the error term ε by a factor fε < 1. In case of occurrence of larger volume

mismatches, this prevents abrupt local pressure changes and smoothly corrects the

errors. A factor of fε = 0.5...0.9 was found heuristically and proofed to be suitable in
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most applications.

3.4.2 Transport equations

As with the pressure equation, the concentration equation (2.46) is integrated over a

control volume to get

∫

G

∂Cκ

∂t
dG = −

∫

G

∇ ·
∑

α

(vα̺αXκ
α) dG +

∫

G

qκdG , (3.69)

where the hydrodynamic dispersion is again neglected. Application of the Gauss-Green

formula and insertion of extended Darcy’s law (2.36) yields

∫

G

∂Cκ

∂t
dG = −

∮

Γ

n ·
∑

α

(λαK (−∇p + ̺αg) ̺αXκ
α) dG +

∫

G

qκdG . (3.70)

The total concentration and its temporal derivative are approximated as piecewise

constants as well as the source term. Hence, the volume integrals are replaced by a

multiplication with the cell volume |V |. The pressure gradient and the surface integral

are approximated in the same way as discussed for the pressure equation in the pre-

ceding section. The time derivative is approximated in by rearranging the first order

Taylor series expansion Cκ (t + ∆t) = Cκ (t) + (∂Cκ/∂t) ∆t:

Cκ (t + ∆t) − Cκ(t)

∆t

= −
∑

k

|Ak|
|V | sk ·

∑

α

[

λαK

(

p − pk

|uk|
uk

|uk|
+ ̺αg

)

̺αXκ
α

]

+ qκ . (3.71)

The discretization of the energy balance equation (2.56) is straightforward from the

concentration equation. Integration over the control volume and application of the

Gauß-Green formula yields

∫

G

∂ut

∂t
dG = −

∮

Γ

n ·
[

∑

α

(vα̺αhα) + λpm∇T

]

dΓ . (3.72)

The temperature gradient in the conduction term is discretized in the same way as the

pressure gradient. The derivative of the internal energy with respect to time is again
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approximated in first order. The discretized form of the energy balance is then

∂ut

∂t
= −

∑

k

|Ak|
|V | sk ·

[

∑

α

(

λαK

(

p − pk

|uk|
uk

|uk|
+ ̺αg

)

̺αhα

)

−λpm
T − Tk

|uk|
uk

|uk|

]

. (3.73)

As the permeability, the heat conductivity is determined by the harmonic mean of the

current and k-th cell center’s conductivity.

After the solution of the pressure equation, all coefficients on the right hand side of

Equations (3.71) and (3.73) are known. Both transport equations are then evaluated

for each cell.

3.4.3 Determination of coefficients by full upwinding

In Aziz and Settari [1979], the authors point out that a central weighting of coefficients

– although of second order – leads to erroneous numerical results which is due to the

hyperbolic nature of the transport equation. As solution, the evaluation of coefficients

at the cell interfaces is done by upstream weighting or full upwinding. The upstream

cell is determined by evaluating the potential gradient of each phase

Φα = −∇p + ̺αg . (3.74)

Discretized for each interface, this is

Φα,k =
p − pk

|uk|
uk

|uk|
+ ̺αg . (3.75)

If the product of the potential gradient and the outward pointing normal at the k-th

interface, nk · Φα,k, is positive, the coefficients are chosen from the current cell. If the

product is negative, the coefficients are chosen from the k-th neighboring cell. At this

point, special care must be taken for gravity-influenced systems where counter-current

flow may occur. Here, upwind directions can be different for different phases. To obtain

a unique potential gradient, the density ̺α in Equation (3.75) is determined by central

weighting. If either of the densities were chosen for this equation, the direction of the

potential gradient might differ dependent on the choice of the “upwind” cell.

The pressures at the current time level are not yet known during the setup of the

pressure equation. Therefore, the pressures from the last timestep have to be used. If

boundary conditions change rapidly this might naturally lead to a false approximation

of the upwind direction. In this case, the pressure equation should thus be evaluated a

second time.
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3.4.4 Evaluation of derivatives of total specific volume

The volume derivatives are calculated numerically in the same way as introduced in

Section 2.7.1. To calculate the volume derivative with respect to component ι, the

following steps are carried out. (For notational convenience, ι denotes the component

respect to which the derivative has to be determined and ω 6= ι denotes the set of

remaining components)

• The current phase mass fractions να (Cω, Cι) are known from the last flash cal-

culation. The current total fluid volume is then determined by Equation (3.11):

vt (Cω, Cι) =
∑

α

vα =
∑

α

να

̺α

(

∑

κ

Cω + Cι

)

. (3.76)

• The total concentration of component ι is increased by the increment ∆Cι, while

the total concentrations of the other components and the internal energy stay

constant. With the increased total concentration, a flash calculation is performed

to determine the phase mass fractions να (Cω, Cι + ∆Cι) and the total volume

vt (C
ω, Cι + ∆Cι).

• The derivative ∂vt/∂Cι is then evaluated by

∂vt

∂Cι
=

vt (Cω, Cι + ∆Cι) − vt (C
ι)

∆Cι
. (3.77)

The derivative of total specific volume with respect to internal energy is determined

accordingly.

It turned out that best results were obtained when the increment of the conserved

quantity (i.e., total concentration or energy) is chosen as large as its estimated change

during the following timestep. As an example, consider a nonlinear relation between

total specific volume and total concentration as sketched in Figure 3.7. Choosing

∆Cι = δCι with δ being very small (e.g., δ = 10−8) approximates a tangent (the exact

derivative) to the function. Consider now, the concentration Cι to change by ∆tC
ι

during the timestep. The change in total volume expected by this tangent, ∆vt, T is

higher than the actual change ∆vt, S (see 3.7). A better approximation is therefore

found if the increment ∆Cι is chosen as what is expected to be ∆tC
ι. To determine

such an expected value, an additional step has to be included in the time discretization

as discussed in the following section.

For the determination of the derivative of total specific volume with respect to pressure

at temperatures below the boiling point, the execution of a flash calculation is not

necessary. It is sufficient to consider only the influence the effect on the phase densities.

If the temperature is at the boiling point, an increase in pressure results in condensation

of vapor. This, in turn, leads to large changes in volume, since the differences in
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Figure 3.7: Tangent and secant method for numerical derivatives.

densities of a liquid and a gas may be several orders of magnitude. In Grant and

Sorey [1979], the authors derive the compressibility of a gas-liquid mixture at boiling

point. Consider one phase to be at the boiling point, i.e. p = pvap. Consider further

the pressure to increase by an infinitesimally small amount δp. Since the system must

stay in a two-phase state, the temperature must rise by δT to ensure that the pressure

equals the vapor pressure:

δT =
δp

∂pvap/∂T
. (3.78)

To increase the temperature of the solid matrix and the fluid phases, the enthalpy per

unit volume must be increased by an amount δhs,l. This amount can be found from

the specific heat capacities of the fluids, cp,α, and solid phase, cs,

δhs,l =

(

(1 − φ) ̺scs + φ
∑

α

̺αcp,α

)

δT . (3.79)

This energy must be supplied by latent heat, i.e. by the condensation of vapor. The

mass of vapor that condenses within a unit volume is

δm = δhs,l/∆Hvap , (3.80)

where ∆Hvap is the enthalpy of vaporization. Due to the already mentioned difference

of the densities of the boiling liquid, ̺l, and the gas phase,̺g ,the total specific volume

changes by

δvt = δm

(

1

̺g
− 1

̺l

)

. (3.81)



68 Numerical Implementation

The derivative of volume with respect to pressure can now easily be found as

∂vt

∂p
=

((1 − φ) ̺scs + φ
∑

α ̺αcp,α)

(∂pvap/∂T ) ∆hvap

(

1

̺g

− 1

̺l

)

. (3.82)

This derivative does not consider the compressibilities of the phases. However, in the

case of a boiling liquid, the volume changes due to compressibilities are several orders

of magnitude smaller than those due to the phase change.

3.5 Adapted time discretization

For upwinding of coefficients during the setup of the pressure equation, the pressures

of the last time level are used (see Section 3.4.3). During the calculation of the initial

pressure, however, this time level is not available. A similar problem arises when

consistent initial conditions have to be found by a flash calculation. Thus, an initial

guess of the pressure field is necessary for the first timestep. It is found by a standard

fractional flow pressure equation with centrally weighted total mobilities (e.g., Cao

et al. [2007] or Helmig [1998]).

As discussed in Section 3.4.4, the change of total concentrations during the timestep

has to be estimated before solving the pressure equation. This is done in a pre-step by

evaluating the transport equations using the pressures of the old time level.

The whole program cycle of a simulation run is displayed by Figure 3.8.

3.6 Multiphysics Implementation

As discussed in Section 2.8, the basis for the multiphysics concept is to locally adapt

the model complexity to the occurring physical processes. The implementation of these

concepts requires

• the decomposition of the model domain into subdomains and assigning models

of the respective complexity to each of them

• discretization and application of the respective model inside the associated sub-

domain

• coupling the models at the subdomain boundaries.

The decomposition of the model domain to subdomains can be done statically, i.e. with

fixed internal boundaries. In this case, the subdomains have to be chosen such that

it is assured that complex processes never happen outside the associated subdomain.

However, the place where certain processes happen is hardly predicted in advance of
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Figure 3.8: Program cycle of the decoupled compositional model.
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the simulation. Therefore, a subdomain adaptivity scheme will be discussed in Section

3.6.3 after having introduced the implementation of the other tasks. For now, consider

subdomains which are limited by internal boundaries which follow element edges, i.e.

each cell lies definitely inside a single subdomain.

3.6.1 Multiphysics implementation for isothermal two-phase

two-component systems

1p2c

2p2c

For this scheme, the model domain is divided into

a single-phase two-component (1p2c) and a two-

phase two-component (2p2c) subdomain. The dis-

cretization of the compositional multiphase pres-

sure and transport equations was discussed elab-

orately in Section 3.4. Based on these considera-

tions, the discretization of the single-phase pres-

sure and transport equations is straightforward.

As mentioned in Section 2.8.1, the single-phase

pressure equation and the compositional multi-

phase pressure equation have the same physical relevance, the same unknowns and

the same dimensions. This motivates the use of both equations in the same global

system of linear equations to evaluate the pressure distribution in the whole domain

in a single step. The methods described in Wheeler et al. [1999] and Peszynska [2002],

in contrary, solve the global problem by an iteration at the interface between the sub-

domains. This involves an evaluation of the pressure and/or transport equation for

each subdomain for each iteration step, which obviously demands a manifold of the

efforts of a single step solution. In this work, a single system of equations is assembled

in order to solve the pressure equation. The assembly of this global system of linear

equations is done by evaluating the entries in each row of the stiffness matrix either

by the single-phase or the compositional multiphase pressure equation, depending on

the position of the considered cell. Internally, however, the subdomain is not repre-

sented by a spatial function but only by a vector of Boolean variables which assigns

the 1p2c/2p2c-state to each element index. If the cell lies inside the 2p-subdomain,

the compositional multiphase pressure equation is used. If the cell lies inside the 1p-

subdomain the single-phase pressure equation is used. This can also be applied to cells

adjacent to the subdomain boundary, since all necessary coefficients can be determined:

All coefficients of the phase not being present in the 1p-subdomain have to be set to

zero. Then, all terms considering this phase in the compositional multiphase pressure

equation vanish. Hence, the compositional multiphase pressure equation simplifies to

the single-phase pressure equation at the subdomain boundary. The single-phase pres-

sure equation, however, is only correct if no other phase flows across the boundary.
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The same considerations are made for the transport equations. Depending on the flow

conditions assumed in the single-phase domain (compressible or incompressible), the

discretized transport equation (3.71) is solved for all components, or a discretized form

of the simplified concentration equation (2.88) is solved for chosen components.

The coupling conditions – continuity of volumetric flux and mass flux across the bound-

ary – are expressed by

n∂Ωij ·
∑

α

vα = n∂Ωij · vβ (3.83)

n∂Ωij ·
∑

α

vα̺α = n∂Ωij · (vβ̺β) , (3.84)

where the left hand side represents the compositional multiphase subdomain and the

right hand side the single-phase subdomain. The vector n∂Ωij be a normal to the

internal boundary ∂Ωij , and β denotes the phase being present in the 1p-subdomain.

These conditions are fulfilled if the velocities and the densities at the boundary are the

same on both sides. The densities are determined by full upwinding and the velocities

by two-point flux approximation on both sides. Thus, the coupling conditions boil

down to the requirement that only phase β flows across the boundary, since the other

phase is not represented in the 1p-subdomain.

The benefit of this implementation is that in the single-phase subdomain, several com-

putations can be avoided:

• The evaluation of the transport equation in the pre-step only has to be performed

for the cells in the multiphase subdomain. Due to the explicit time discretization

of the transport equation, it is evaluated cell-wise and does not depend on the

results of other cells. Thus it can be computed only locally.

• The volume derivatives are only determined inside the multiphase subdomain.

Evaluation of these derivatives requires one flash-calculation per component.

• The flash-calculation at the end of each time-step is only performed inside the

multiphase subdomain.
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3.6.2 Multiphysics implementation for non-isothermal two-phase

two-component systems

1p2c

1p2cni

2p2cni

2p2c

For this scheme, the model domain is divided into

four subdomains: a two-phase subdomain with

considerable temperature changes (2p2cni), a two-

phase subdomain with low temperature changes

(2p2c), a single-phase subdomain with consider-

able (1p2cni) and low (1p2c) temperature changes.

The 1p2c and 2p2c subdomains are treated as be-

fore, whereas in the 1p2cni and 2p2cni subdomains

the discretized form of the non-isothermal pres-

sure equations (2.89) and (2.76), respectively, are

used. Hence, the temperature dependent changes in density are explicitly regarded in

the pressure equations of the 1p2cni and 2p2cni subdomains by an own term. In the

1p2c and 2p2c subdomain, this term is not included in the pressure equation. Since

temperature changes are very low in these domains, however, the density changes are

very low too and can be leveled out by the error terms of the pressure equations. It is

emphasized that the 2p2c and 1p2c subdomain are not isothermal. In fact, the tem-

perature may change but these changes are not explicitly considered in the pressure

equations.

Since temperature influences density, incompressible flow can not be assumed in a non-

isothermal system. To be able to consider compressibilities and temperature dependent

changes in density, the total fluid mass and the total internal energy per unit volume

have to be known throughout the whole domain. Hence, the concentration equations

of both components as well as the energy equation have to be evaluated also in the

single phase subdomains. Additionally to the coupling conditions of the preceding

multiphysics scheme, the continuity of energy flux has to be assured. As well as the mass

flux constraint, this is fulfilled as long as only one phase flows across the boundaries

between single-phase and two-phase subdomains.

The benefit here is that

• The evaluation of the mass transport equation in the pre-step only has to be

performed in the 2p2c and 2p2cni subdomains.

• The evaluation of the energy transport equation in the pre-step only has to be

performed in the 2p2cni and 1pni subdomains.

• Volume derivatives with respect to mass are only computed in the 2p2c and

2p2cni subdomains.

• Volume derivatives with respect to internal energy are only computed in the 1pni

and 2p2cni subdomains.
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Figure 3.9: Example setup for isothermal 2p2c multiphysics model. Left: permeability
field. Right: initial condition.

• The iterative isoenergetic isobaric flash calculation is only calculated in the 2p2cni

subdomain.

• In the 1pni subdomain only the temperature is iterated to match the internal

energy.

• In the 1p subdomain no flash calculation is performed.

3.6.3 Subdomain adaptivity

From the coupling conditions of the presented multiphysics implementations it becomes

clear that the appropriate choice of the subdomain boundaries is crucial for the model

quality. This can be demonstrated by comparing the multiphysics model with the

standard compositional two-phase model on the following example: Consider a domain

of ten by ten meter fully saturated with water except for a bubble of residual air and

a permeability field as displayed in Figure 3.9. On top and bottom, it is confined by

no-flow boundaries, while the pressure boundaries to the sides cause a flux from left to

right. In the two-phase zone, air is dissolved in water and transported further to the

right hand side boundary.

To show the necessity of an adaptive subdomain, the multiphysics model is first em-

ployed with a fixed, rectangular 2p2c-subdomain which is considerably larger than the

two-phase zone(see Figure 3.11, bottom line). This choice fulfills the coupling condition

that only one phase may flow across the subdomain boundary since the gas phase is im-

mobile anyway. However, when looking at the breakthrough curves of dissolved gas at

the right hand side boundary in Figure 3.10, differences between the full compositional

model and the multiphysics model can be discovered: the outflow of the multiphysics

model has a slightly higher peak, while it is more retarded in the full compositional

model. The reason for this behavior can be discovered when comparing the satura-
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Figure 3.10: Breakthrough curves of 2p2c model and multiphysics model.

tions of the models in Figure 3.11. The solubility of air in water is proportional to

the pressure (see Henry’s law in Section 2.3.5). When water flows by the bubble, air

is dissolved in it according to the local pressure. Since downstream of the bubble the

pressure decreases, the solubility decreases too. Therefore, degassing takes place and

the gas phase appears (see Figure 3.11, top row). In the multiphysics model, this pro-

cess can only be represented in the 2p2c-subdomain. Thus, the degassing in the upper

part of the domain is not represented as can be seen from Figure 3.11, middle row.

To avoid this problem, an adaptive subdomain was implemented. Demixing is most

likely to occur in the cell downstream of a cell where two phases are present since here,

the solubility is slightly decreased as compared to the upstream cell. The most logical

choice of the subdomain therefore contains all cells where two phases are present and

all cells downstream adjacent to them. Determining which cells are downstream of the

two-phase zone would require an additional step where velocities are calculated. To

avoid this superfluous calculations, all cells adjacent to the two-phase zone are included

in the 2p2c-subdomain. During the flash calculation at the end of each time step, the

two-phase state is controlled in each cell of the 2p2c-subdomain and, if necessary, the

subdomain is adapted. This guarantees that the subdomains are chosen such that the

coupling condition is fulfilled, demixing effects are represented and the 2p2c-subdomain

is as small as possible. The application of this subdomain to the considered problem

is shown in Figure 3.11, bottom row, where it can be seen that the demixing effects

of the full compositional model are completely represented. Note that this minimalist

choice of the 2p2c-subdomain is only possible due to the explicit solution scheme and

the Courant-Friedrich-Levy-criterion (see Section 3.2) which ensures that mass may

only be transported one cell further per time step.

The choice of the “non-isothermal” subdomains is controlled via the threshold tem-

perature. As described in Section 2.8.2, a threshold temperature difference ∆Tthresh
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1000 s 1300 s 1600 s

Figure 3.11: Saturations in full compositional 2p2c model (top) and in the multiphysics
model with fixed (middle) and adaptive (bottom) 2p2c-subdomain. The
white lines mark the subdomain boundary.
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is defined. For temperature changes below this threshold, internal energy is as-

sumed to be a linear function of temperature and the changes in total specific vol-

ume are considered to be low. The non-isothermal subdomain is then determined

such that outside its boundaries, the temperature changes stay below this threshold

difference:|T − Tinit| < ∆Tthresh. Naturally, the choice of this threshold difference is

a crucial decision which influences the quality of the model. Therefore, this choice

should be made according to the specific simulation problem. It must be guaranteed

that within the threshold, no discontinuities in internal energy (such as at the boiling

point of a liquid) may be reached. Furthermore, the threshold difference should be con-

siderably lower than the expected highest temperature difference during the simulation

run. Solubilities of any components in any phases have a considerable dependence on

temperature. That is, in the 1p2cni-subdomain an increased probability of demixing

exists. Therefore, mass fractions and solubilities are compared after each timestep in

this subdomain.



4 Test cases

In this section, several test cases are presented to validate the introduced models. First,

the non-isothermal model is compared to experimental data and results of other mod-

els. Then the accordance of the presented multiphysics approaches with the globally

complex models is shown.

4.1 Non-isothermal single-phase flow

The non-isothermal compositional model is compared to a two-dimensional experiment

which was set up by Li Yang at Institute of Hydraulic Engineering, University of

Stuttgart. Detailed descriptions of the setup and further experiments can be found in

Zhao [2006]. A heater element is placed in vertical direction inside a porous medium

made up of glass beads. Figure 4.1 shows the whole flume which consists of a steel

frame with vertical reinforcement bars, a glass plate on the front side and a steel and

plywood compound at the back side. Glass beads of uniform size are packed between

the glass plate and the steel plate with a thickness of 7 cm. The steel frame on top

and bottom and the distributors to the sides confine the packing which has a planar

size of 1 m × 1.2 m. Furthermore, the heater which is run with an input of 200 Watts

is shown in Figure 4.1.

Since the model is set up two-dimensionally, the heat conductivity of the glass and

steel plates have to be incorporated by increasing the conductivity of the matrix. This

is done using the thickness d of the various layers by

λ̄pm =
dpmλpm + dgλg + dstλst

dpm
, (4.1)

where the indices pm, g and st stand for the matrix, the glass plate and the steel plate,

respectively. The steel bars which are mounted for reinforcement of the glass plate

additionally increase the heat conductivity. However, since their extent orthogonally

to the glass plate is higher than the glass bead packing itself, it is unlikely, that the bars

contribute to the heat conduction inside the matrix with the whole cross-sectional area.

The increase of heat conduction at the bars is therefore set heuristically. The glass and

steel plates also have to be respected for the determination of the heat capacity of the
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Figure 4.1: Setup of single-phase non-isothermal flow flume experiment.
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Porosity φ 0.4

Permeability K 10−9 m2

Heat conductivity λ̄pm 1.53 W
mK

Heat conductivity at steel bar λ̄pm 2.0 W
mK

Heat capacity C̄p 3.22 · 106 J
m3K

Heat capacity at steel bar C̄p 3.5 · 106 J
m3K

Ambient air temperature Tamb 19 °C

Heat loss, front qu −0.214 W
m2K

· (T − Tamb)

Heat loss, front at steel bar qu −0.98 W
m2K

· (T − Tamb)

Heat loss, back qu −0.203 W
m2K

· (T − Tamb)

Initial temperature Tinit 17.5 °C

Heat input 200 W

Table 4.1: Model parameters for 2-D single-phase non-isothermal setup.

2-D model. A mean heat capacity C̄p of the solid per unit volume is calculated by

C̄p =
dpm (1 − φ) ̺gcp,g + dg̺gcp,g + dst̺stcp,st

dpm
, (4.2)

with the same indices as above. The influence of the steel bars is again estimated

heuristically. Although the flume is isolated with styrofoam, heat losses have to be

considered. They are incorporated using Fourier’s law:

qu = − 1
∑

di/λi

(T − Tamb) , (4.3)

where Tamb is the ambient air temperature. The layers considered for the heat con-

ductivity in this equation are the glass plate and the styrofoam or steel bar on the

front and the steel and plywood plates and the insulation or steel bar at the back. At

the front, the heat losses are considered to be higher at the steel bars, whereas it is

assumed that the steel and plywood plates homogeneously distribute the heat losses at

the back. All model parameters are listed Table 4.1.

During the experiment run, the temperature was measured by thermography. For

the visualization of the flow field, two stripes of tracer were brought into the flume
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Figure 4.2: Initial concentration distribution of the non-isothermal single-phase experi-
ment. Left: photography of the flume at initial state, Right: concentrations
calculated from the photography.

before starting the experiments. In further course, photographs of the flume were

taken. The tracer concentrations were calculated from the pictures by linking the

color of the porous medium to concentrations. The initial concentration distribution

is displayed in Figure 4.2. For the simulation, the domain was discretized by square

elements of 1 cm length in x and y direction, yielding a grid of 120 times 100 elements.

The temperatures from experimental measurements and simulation of the vertical heat

well are displayed in Figure 4.3. It can be seen that the simulated temperatures in

the direct vicinity of the heater are higher than the measured ones. This may have

different reasons. In the experiment, the heating element is placed in the middle of the

flume which explains a slight temperature decrease to the outside. Furthermore, the

temperature measurements using spectroscopy are dependent on the right assumption

of an emissivity of the surface being measured and the heat radiation may also be

distorted by absorptions of the glass front. From the pictures taken at advanced times,

however, it can be seen that the energy content of the simulated flume is significantly

higher than in the experiment. It is assumed that these deviations are due to heat

losses in the experiment which could not be captured in the simulation. Very good

accordance between measurement and simulations could be achieved in tracer transport

as displayed in Figure 4.4. Although the topmost front of very low concentrations

as observed in the experiment after 60 minutes could not be reproduced with the

simulation, the main front reached the same height. The vertical tracer stripes of

the experiment can only be reproduced rudimentary with the simulation, which could,

however be done by a higher grid resolution. For the time levels 300 and 500 minutes,

the tracer concentrations in the horizontal stripes of the simulation are rather low as

compared to the experimental data. This is due to the slow transport downwards.

The timestep size in the simulation is determined by the high velocities at the heater

element. The distance, the tracer is transported downwards per timestep is significantly

lower than the discretization length at the sides. This causes high numerical diffusion
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Figure 4.3: Comparison of measured and simulated temperatures for 2-D heat well
experiment. Left: measurements. Right: simulation.
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which smears out the concentration peaks. To decrease this effect, a finer grid could

be used. Since this causes considerable computational efforts and the principal effect

of buoyancy induced flow is also shown by the presented calculations, a recalculation

with a finer grid is not considered further.

4.2 Single-component two-phase flow

To verify the results of the implemented non-isothermal model for boiling point con-

ditions, it is compared with the model HYDROTHERM from US Geological Survey

(Kipp et al. [2008]). HYDROTHERM is developed to model the flow of pure water

through geological formations, where the water can be in the states liquid, gaseous

and supercritical. Since constitutive relations for supercritical water are not yet imple-

mented in DuMuX, the presented tests are performed for subcritical conditions near

the boiling point. As first test, steam is injected into a water-saturated one-dimensional

domain of 2000 m length. The boundaries are defined by constant pressure and tem-

perature. Table 4.2 lists all model parameters. Note that HYDROTHERM implements

the heat conductivity independent of saturation, i.e. as a constant value. For the two

simulations presented in this section, this assumption was also used in the DuMuX

code. The domain is discretized by 50 elements in the DuMuX code. HYDROTHERM

realizes Dirichlet-type boundary conditions by fixing the temperature and pressure val-

ues at the boundary cells. To get comparable results of both codes, the domain in the

HYDROTHERM simulation was chosen one discretization length larger in the horizon-

tal direction (40 meters) and discretized by 51 elements. Figure 4.5 shows the results

of both models after 1.2 · 109 s simulation time. In the top left picture, it can be seen

that the saturation calculated by the DuMuX code does not exactly match the residual

liquid water saturation. This is basically caused by pressure fluctuation which occur

during the model run. As will be discussed in Section 4.5, the determination of the

derivative of volume with respect to internal energy near boiling conditions is hardly

ever accurate. This leads to rather high volume errors at the condensation front (in

Figure 4.5, approximately at 1800 m) which have to be balanced by the pressure equa-

tion in the next timestep. Each time, the pressure is at a low level, a higher amount

of water is flashed into the gas phase. Since the evaporated water is transported away

with the gas phase in the next time step, the saturations fall below the residual satura-

tion. Although the saturations are underestimated by the DuMuX code, the position

of the saturation front is predicted very well and also the match between temperature

and pressure is satisfying. As a second test of single-component two-phase flow, a two-

dimensional setup is considered. The domain is 100 m long and 20 m high. The bottom

and top boundaries are assigned no-flow conditions, while the left and right boundaries

have Dirichlet type conditions: on the left, the pressure is constant at 10 MPa while on

the right, the pressure is hydrostatic with 1.7 MPa at the bottom of the domain. All

parameters are again listed in Table 4.2. The domain was discretized by a regular grid
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60 min.

180 min.

300 min.

540 min.

Figure 4.4: Comparison of measured and simulated tracer concentrations for 2-D heat
well experiment. Left: measurements. Right: simulation.



84 Test cases

Parameter 1 - D 2 - D

Porosity φ 0.3 0.4

Permeability K 10−14 m2 10−11 m2

Heat conductivity λ̄pm 1.54 W
mK

2.8 W
m K

Soil heat capacity cp,s 880 J
kg K

880 J
kg K

Soil density 2750 kg
m3 2750 kg

m3

Residual saturation liquid water Srw 0.3 0.1

Residual saturation steam Srn 0.0 0.0

Left hand side boundary pressure 107 Pa 107 Pa

Right hand side boundary pressure 106 Pa hydrostatic

Initial temperature Tinit 170 °C 20 °C

Injection temperature Tsteam 350 °C 370 °C

Table 4.2: Model parameters for steam injection in one-dimensional domain.
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Figure 4.5: Comparison of simulation results for steam injection into a water-saturated
1-D domain. Results of DuMuX and HYDROTHERM after 1.2 · 109 sec-
onds.
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HYDROTHERM DuMuX

Figure 4.6: Comparison of simulation results for steam injection in a water-saturated 2-
D domain. Results of DuMuX and HYDROTHERM after 14500 seconds.
Bottom row: phase state. Red: steam, blue: liquid water, yellow: two-
phase region.

with rectangular elements of 2.5 m by 1 m in x and y direction, respectively. Again,

the different realization of Dirichlet boundary conditions has to be regarded. Hence,

the HYDROTHERM grid contains 41× 20 cells as opposed to the DuMuX grid which

consists of 40× 20 cells. Figure 4.6 displays the results of both models after 14500 sec-

onds of simulation time. The additional cell of the HYDROTHERM results is already

cut off. As in the one-dimensional model, the condensation front is predicted similarly

by both models. As can be seen particularly from the bottom row pictures, the two-

phase zone is predicted more narrow by the DuMuX code. However, the liquid water

saturation in this zone is also higher than in the HYDROTHERM results. Thus, the

injected energy is comparable. A reason for this difference may be the slightly different

left hand side boundary conditions or the possibly occurring pressure fluctuations as

discussed for the one-dimensional example.

4.3 Non-isothermal two-phase two-component flow

The validation of the DuMuX model for non-isothermal two-phase two-component flow

is done by comparison with two one-dimensional experiments. The data is taken from

Färber [1997], where the author describes several experiments to investigate flow and
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Sand

Glass wall

Inlet

Outlet

98 mm
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z

Figure 4.7: Sketch of the setup of the 1-D column experiment.

transport during in-situ soil remediation measures. Both experiments were carried out

using a glass column filled with coarse sand as sketched in Figure 4.7. The sand filling

has diameter of 98 mm and a length of 290 mm, whereas the glass walls have a thickness

of 3 mm. As described for the flume experiments in Section 4.1, increased values for

the heat capacity and heat conductivity of the soil were used in the model to take into

account the influence of the glass walls. The further model parameters are summarized

in Table 4.3.

In the first experiment, saturated steam (i.e., boiling point temperature, no liquid

particles in the gas phase) is injected into a modified setup with a horizontal column of

one meter length. At the start, the column is completely dry and has a temperature of

20 °C. The further model parameters are summarized in Table 4.3. Steam is injected

from the left at a constant rate of 1.15 kg/h which was realized by a flow-controlled

pump. Considering the left hand side boundary as origin, the pressures were measured

during the experiment at the positions x = 0, x = 200 mm and x = 800 mm. The

temperatures were measured at the same positions and additionally at x = 350 mm,

x = 500 mm, x = 650 mm. Figure 4.8, top plots a selection of the measured values,

where the pressures are displayed as the difference to the surrounding air pressure.

The ordinate is scaled with the dimensionless enthalpy H∗. It is the enthalpy of the

injected steam over the amount of energy needed to heat the whole column from the

initial temperature to the boiling point where H∗ = 1 corresponds to approximately

1000 seconds. As the steam enters the cold soil, it condenses and forms a liquid water

phase. The released enthalpy of vaporization heats the soil until the boiling point is

reached. The injected steam can then pass the heated area and displace the condensed

water. This way, a front evolves which gradually moves through the column. Since
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Parameter for injection of... steam hot air

Column length 1 m 0.29 m

Column orientation horizontal vertical

Porosity φ 0.37

Permeability K 3 · 10−10 m2

Heat conductivity λ̄pm 0.35...1.7 W
m K

Soil heat capacity cp,s 840 J
kg K

Soil density 2750 kg
m3 2750 kg

m3

Residual saturation liquid water Srw 0.1 0.1...0.2

Residual saturation gas Srn 0.0 0.0

Inflow boundary pressure - 105 Pa

Injection rate 1.15 kg
h

-

Outflow boundary pressure 105 Pa 9.9 · 104 Pa

Initial temperature Tinit 20 °C 20 °C

Injection temperature Tinj 100 °C 155 °C

Table 4.3: Model parameters for injection of steam and hot air into the glass column.
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Figure 4.8: Measurements and simulation results for steam injection into dry horizontal
column. Top: experimental results after Färber [1997]. Bottom: simulation
results
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both, liquid water and the hot steam have a higher viscosity than air, the pressure

at the inlet increases. From the abrupt rise of the measured temperatures, it can be

seen that the condensation front is very sharp. After the front has passed x = 200 mm

and x = 800 mm, the pressures at these positions rise analogously to the pressure

at the inlet. Figure 4.8, bottom displays the simulation results for this setup with

the same scaling of the ordinate. Only the temperatures at the same positions as

the pressure sensors are plotted. As approximation to the pressure and temperature

sensor at the inlet, the values inside the first cell are displayed. By comparison with

Figure 4.8, top, it can be seen that the velocity of the condensation front as well

as the sharp shape are perfectly reproduced by the model. The pressure oscillations

which were already mentioned in the preceding section, can also be seen from this

graph. Although oscillations of the pressure are also observed in the experiment the

oscillations in the model are a purely numerical artefact which will be discussed in

Section 4.5. The oscillations which were observed during the experiment are caused by

the regulation of the injection pump and the resulting small oscillations of the injection

rate which is represented by the thick solid line in Figure 4.8, top (denoted by mD).

The absolute values of the pressures predicted by the experiment are lower than the

measured pressures. Since the Reynolds number is at Re50 ≈ 8, a significant deviation

from Darcy’s law can be excluded. However, the permeability of the coarse sand is given

as a general value for all experiments in Färber [1997] and is furthermore subject to the

conditions of the packing procedure. The differences of the measured and simulated

pressure are therefore likely to arise from deviations of the soil’s permeability.

In the second experiment, hot air was injected into a vertical column of 29 cm height as

sketched in Figure 4.7. Initially, the column is again at a temperature of 20 ◦C and the

saturation increases from Sw ≈ 0.09 at the top to Sw ≈ 0.21 at the bottom. Although

the residual saturation is at Srw = 0.1, the water at the bottom of the column is held

in place by capillary suction and is quasi immobile. To regard this in the model, the

residual saturation is linearly increased from Srw = 0.09 at the top to Srw = 0.21 at

the bottom. As well as the residual saturation, the initial saturation is set to increase

from top to bottom with the same values. The spatial mean of the initial saturation

– and therefore also the total amount of water in the column – is the same for model

and experiment. All model parameters are again summarized in Table 4.3. The hot air

heats the soil and the water as it enters the porous medium. Due to the heating, the

vapor pressure of the water is increased and a higher amount of water can evaporate.

A part of the evaporated water condenses in the cooler areas downstream such that

the saturation increases minimally and water can flow out of the column in phase.

The part of the water which is still dissolved in air is carried away with the gas phase.

Considering the lower boundary of the soil probe as z = 0 (see Figure 4.7), temperatures

are measured at z = 0 mm (T4), z = 90 mm (T3) and z = 200 mm (T2). Figure 4.9,

top plots the measured temperatures and the saturations at z = 30 mm, z = 90 mm,

z = 190 mm and z = 250 mm over time. The timescale on the ordinate is chosen as the
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number of injected pore volumes. The heat losses to the surrounding air are estimated

from the stationary state at the end of the experiment and included into the model

by a sink term of qu = ∆T · 9 W/ (m3 · K). The results of the simulation using the

parameters of Table 4.3 are plotted in Figure 4.9, middle. It can be seen, that the

arrival times of the drying front as well as of the temperature increase are comparable

in model and experiment. The considerable delay of the temperature increase at T3

can be explained by differences in the initial saturation distribution. The sensitivity of

the results to initial saturations was also emphasized in Färber [1997]. However, the

locally slower increase in temperature at all three measurement points stays peculiar.

The first suspicion which imposes itself is obviously a wrong consideration of the matrix

heat capacity. A significant lowering of the heat capacity, however, only resulted in a

faster progress of the drying front whereas the local increase of temperature did not

occur to be considerably faster. A good fit could be achieved by restricting the heat

conductivity to 0.35 W/(m·K) – i.e. the conductivity of the dry soil – for all saturations.

The results of this simulation run are plotted in Figure 4.9, bottom. A reason for this

behavior is not easily found. In Färber [1997], the author describes the evolution of

a wet layer at the walls of the column. This is especially observed for slow processes

as in the current experiment (the total duration was approximately 9 hours). Due to

the heat losses, the temperatures at the walls are lower and water can condense here.

Consequently, three-dimensional flow and transport processes take place which can not

be fully represented by the one-dimensional model setup.

4.4 Isothermal three-phase three-component flow

In this section, a simple example for the application of a three-phase three-component

model is presented. It is not meant as quantitative nor as qualitative validation but

only represents a short study for the applicability of the model. Following the two-

dimensional example for a soil vapor extraction in Class [2001], a domain of 1 m×0.74 m

of coarse sand (K = 9 · 10−10 m2) with a block heterogeneity (K = 6 · 10−12 m2) and a

residual mesethylen contamination is set up (see Figure 4.10). The domain is confined

by no-flow boundaries at top and bottom. At the left hand side boundary, air is

injected at a rate of 26.3 kg/s while the right hand side boundary is of Dirichlet type

with a constant pressure of 101300 Pa. The simulation is run twice: in the first run,

the injected air is water saturated with a mass fraction of XW
g = 0.02; in the second

run, pure air is injected. The results after 13 hours of injection are displayed in Figure

4.11. Due to the low permeability of the heterogeneity, air flows preferentially around

it. Hence, the contaminant is better removed in the area on top of the heterogeneity.

It can be seen that the same amount of NAPL is removed in both examples (The

drying front moved the same distance).Obviously, the remediation of mesethylen is

not affected by the water content of the injected air. In fact, the air has the same

water content as it reaches the contamination, since it gets saturated by the water
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Figure 4.9: Measurements and simulation results for injection of hot air into residually
saturated sand column. Top: experimental results according to Färber
[1997]. Middle: simulation with original parameters. Bottom: simulation
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Figure 4.10: Setup of 3p3c soil vapor extraction example.

present in the porous medium. This also results in the drying front which is marked

by grey isolines in Figure 4.11, right. The results in Class [2001], predict higher rates

of mesethylen removement. This is because there, a random permeability distribution

is used which distorts the permeability field sketched in Figure 4.10. It causes higher

permeabilities in the upper part of the domain and. Thus, more air flows through the

areas on top of the block heterogeneity causing more contaminant to be evaporated.

However, the results match qualitatively which basically proofs the applicability of the

presented model to compositional three-phase flow processes.

4.5 Discussion - Model applicability and oscillating

pressures

The test cases presented in this chapter show a good agreement of the non-isothermal

DuMuX model with the results of experiments and the HYDROTHERM simulator.

However, the applicability of the model is restricted. Especially steam injection into

dry as well as into liquid-saturated soils is a very hard benchmark example for which

unconditional stability of the model can not be guaranteed at present state. This is

mainly due to two phenomena which are inherent to the presented formulation. Both

phenomena arise at the condensation front, i.e. at the control volume where steam

flows in and condenses because the temperature lies below the boiling point. To ease

the explanation, water and air are considered as components and when speaking of the

boiling point, the one of water is meant. However, these considerations are general and

can also be applied to other components.

Consider a control volume at a temperature below the boiling point which is fully

saturated with gas. Steam flows into this control volume from an adjacent cell or
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Figure 4.11: Simulation results of 3p3c soil vapor extraction after 13 hours. Left: in-
jection of water saturated air. Right: injection of pure air.

boundary or from a source. This means that water and a high amount of energy flow

into the cell. When determining the volume derivatives for the pressure equation, the

change in mass of water without regarding the change of internal energy is considered

and vice versa. When the derivative of fluid volume with respect to water is determined,

a certain amount of water is added to the current mixture and a flash calculation at

constant internal energy is performed. This will predict that most of the water forms

a liquid phase and that a small amount evaporates. The same procedure for increased

energy and a dry control volume will predict increasing temperature and an expanded

gas phase. Compared to the actual steam injection, these derivatives overestimate

the change in temperature and underestimate the change in fluid volume (since too

much water is considered to be in the dense, liquid phase). Consequently, this will

lead to a wrong prediction of the volume change over the next time step and therefore

to considerable volumetric errors. This effect is dampened by the heat capacity of the

solid matrix. A high heat capacity leads to low temperature changes due to the internal

energy of the steam and therefore to the condensation of most of the steam. Hence,

the actual change of fluid volume approaches the volume derivatives for increasing heat

capacities.

Consider now a control volume saturated with liquid water. Again, steam flows into this

control volume and condenses causing the temperature to rise until it nearly reaches

the boiling point. The transport equation in the pre-step predicts that enough energy

will flow into the cell to reach the boiling point and vaporize some water. Accordingly,

the derivative of fluid volume with respect to energy will be considerably high. This,

in turn, means that liquid water must be displaced to fulfill the volume constraint

(Equation (2.65)). This is achieved by an increased pressure which causes a higher

fluid flux out of the cell. At a higher pressure, however, also the boiling temperature is
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higher and therefore the energy added during the following time step may not be enough

to heat the control volume to boiling conditions. Hence, water was pressed out of the

control volume to produce space for a steam phase that does not develop which results in

a negative volume error. In the next timestep, this error is compensated by a decreased

pressure which will in turn result in more vaporized water than predicted and so on.

This effect is also observed when the control volume is only heated without adding

any mass. In fact, the effect on the stability of the simulation is even worse since the

system is not affected by a pressure gradient originating from this cell before the boiling

starts. Especially this effect is the main reason for the oscillating pressures which were

observed in all steam injection examples and which can be particularly seen in Figure

4.8, bottom. Attempts to solve this problem by iterating the pressure equation did not

lead to success. The result then only jumps between two pressure distributions. The

effects is, however, influenced by several parameters. The pressure influences the steam

density and hence also the density contrast between steam and liquid. The contrast

decreases with increasing absolute pressure as does the derivative of fluid volume with

respect to internal energy at boiling conditions. Thus, high pressure levels make the

model more stable at boiling conditions. High pressure gradients enforce a clear flow

direction. At low pressure gradients, the volume errors may cause reversal flow. If large

parts of the domain are at a high temperature, the pressure drop which causes reversal

flow may cause a drop below the vapor pressure. This leads to a sudden (unphysical)

vaporization of water inside large parts of the domain. The accordingly occurring high

volume errors certainly cause an unsolvable system of equations in the next timestep.

The compressibility, however, has the highest influence on the volume errors occurring

at the condensation front. A high compressibility causes a high influence of the first

term of the pressure equation (3.67). For the limit of an infinite compressibility, the

pressure equation becomes

pt = pt−∆t ,

hence, to a constant pressure. Thus, a high compressibility dampens fast pressure

changes and stabilizes the model. This explains the importance to determine the

derivative ∂vt/∂p at boiling point conditions according to Equation (3.82). The value

of the derivative according to this equation is typically two to four orders of magnitude

higher than the compressibility of a gas.
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In this section, two applications of the multiphysics models are presented. This is,

on the one hand, to demonstrate the practical applicability of the models, and on the

other, to quantify the benefits in using the multiphysics schemes at concrete examples.

First, the isothermal and second, the non-isothermal case will be considered.

5.1 Injection of CO2 into the Johansen formation

The Johansen formation, located near the Norwegian coast, was discovered as a po-

tential site for the geological storage of carbon dioxide (see e.g. IPCC [2005]). This

gave reason to set up a benchmark problem in order to test and compare different

commercial and academic codes capable of handling the respective physics (Class et al.

[2007/2008], Eigestad et al. [2009]). Although the results of the models introduced in

this work lie within the range of the other results discussed in the comparative study

Class et al. [2009], they are not further discussed in this context. This example is

rather chosen to validate the results of the multiphysics model against the globally

applied decoupled 2p2c model. The specified model domain has a horizontal extend of

approximately 9600 m by 8900 m. The highest point lies 2510 m below sea level, the

lowest 3240 m. The formation thickness varies between 90 m and 140 m. The domain is

discretized by 54756 elements which are strongly stretched in the horizontal directions.

Figure 5.1 shows the permeability and porosity distributions in the formation. The do-

main is initially fully saturated by brine with a mass fraction of salt of Xs
w = 0.1. The

layers confining the formation to the top and bottom are assumed to be impermeable

while a hydrostatic pressure distribution defines the boundary condition to the sides.

Furthermore, a constant geothermal gradient of 0.03 K/m and a temperature of 100 °C

at a depth of 3000 m are given. The temperatures are assumed to stay constant, which

is confirmed by several non-isothermal simulations which did not predict significant

deviations from the initial temperatures. Over a period of 25 years, carbon dioxide is

injected at a rate of 15 kg/s. The full 2p2c-model solved the given problem for the

period of injection in 9540 timesteps. The multiphysics model needed four more steps.

Figure 5.2, left shows the saturation calculated with the global 2p2c-model after 25

years of injection. The result of the multiphysics scheme is not displayed here since it

looks perfectly the same. In Figure 5.2, right the extend of the 2p2c-subdomain inside

the model domain is marked by the white grid. To compare the results of the full
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Figure 5.1: Permeability and porosity inside the Johansen formation.

Figure 5.2: Model results after 25 years of carbon dioxide injection into the Johansen
formation. Left: saturation of carbon dioxide in phase. Right: extend of
the 2p2c-subdomain.
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Figure 5.3: Transient model results of full 2p2c-model and multiphysics model for car-
bon dioxide injection into the Johansen formation. Top: total amount
of dissolved carbon dioxide. Bottom: Total amount of carbon dioxide in
phase.

compositional model and the multiphysics model also quantitatively, the total mass

of dissolved carbon dioxide and the total volume of carbon dioxide in phase of both

models are plotted in Figure 5.3. Except of small deviations of the mass of dissolved

CO2, both models yield the same results. These are probably due to the assumption of

pressure independent density of the brine phase in the 1p-subdomain. At the end of the

simulation, the 2p2c-subdomain covered only 5.4 % of the whole model domain. The

total number of flash calculations in the multiphysics model during the whole run was

reduced by a factor of 46 as compared to the full 2p2c-model. Although only a rather

low speedup of around 20% could be achieved, the huge reduction of phase equilibrium

calculations is very promising. As discussed in Section 3.3, the determination of phase

equilibrium ratios is rather simple. The incorporation of a thermodynamically sound

concept including equations of state and concentration-dependent K-values would con-

siderably increase the CPU-time needed for these calculations. In fact, in Stenby and
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Wang [1993], the authors report that in EOS-simulators up to 70% of the total time

consumption are spent for phase equilibrium calculations. The possibility of saving a

large part of these calculations makes the use of the presented multiphysics concept

highly attractive.

5.2 Enhanced remediation of subsurface

contaminations

As already mentioned in Section 2.8, subsurface contaminations and enhanced remedi-

ation techniques are common problems for the application of compositional multiphase

flow models. As an example for the application of the decoupled 2p2cni-model and

the non-isothermal multiphysics model presented in Section 2.8.2, a square domain of

20 m×20 m×3 m with a random geostatistical permeability distribution and a xylene

contamination is considered. Figure 5.4 shows the permeability field, the initial con-

tamination and the placement of wells and heat sources. The grey field in the middle

of the domain marks the initially contaminated area with the NAPL phase in residual

saturation (Sn = 0.1). It has an approximate paraboloid shape and reaches a maxi-

mum depth of 1.5 m. The soil vapor extraction well with an extraction rate of about

140 m2/h is marked by the red arrow. The three wells marked by blue arrows together

inject air at a total rate of 160 m2/h. The injection wells and the extraction well reach

to a depth of 2 m. Finally, the four heat wells are marked by the red cylinders. They

reach to a depth of 1.5 m and have a maximum output of 5000 W each, where they

heat to a maximum temperature of 300 °C.

The domain is discretized by 31 × 31 × 10 = 9610 cells and a time period of 72 hours

is simulated. Both models solved the problem with some 94000 timesteps. Figure 5.5

plots the results of the global 2p2cni model and the multiphysics model: the total mass

inside the model domain is associated to the left y-axis, while the size of the subdomains

in the multiphysics model is associated to the right y-axis. The total extracted mass of

the contaminant is predicted nearly identically as plotted in Figure 5.5. The deviations

between both models stay below one percent. The Figure also shows the extend of

the subdomains in the domain. Initially, only the 2p2c and the 1p2c subdomains

are present. Around the heat wells, however, temperatures increase fast during the

first timesteps and the area between them is heated due to advection towards the

extraction well. By that, the temperature exceeds the threshold of ∆Tthresh = 2 K inside

increasing parts of the initial 2p2c-subdomain. Consequently, the 2p2c-subdomain

becomes smaller in favor of an increasing 2p2cni-subdomain. With increasing amounts

of contaminant being vaporized, the NAPL vanishes and the 2p2cni-subdomain shrinks

again until it only covers some 0.4 % of the model domain after 72 hours. Figure

5.6 examplarily shows the extend of the subdomains after 34 and 63 hours which

corresponds to 40,000 and 80,000 timesteps, respectively. The maximum extend of the
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Figure 5.4: Isosurfaces of permeability, initial contamination (grey, middle of domain)
and position of wells and heat wells for enhanced subsurface remediation
example. Injection wells: blue downward pointing arrows, extraction well:
red upward pointing arrow. Heat wells: red cylinders.

2p2cni-subdomain during the whole simulation run does not exceed 3.5% of the model

domain, meaning that a huge amount of iterative non-isothermal flash calculations can

be saved. In fact, the non-isothermal flash calculations were reduced by a factor of 22.

The speedup of the multiphysics model compared to the 2p2cni-model consequently

reaches a factor of 1.7 although computationally cheap material laws for xylene and

air were used. Apart from the speedup by avoidance of flash calculations, considerable

savings could be made by omitting the solution of the transport equation for the single

phase subdomains. It has to be emphasized once more, that the total possible speedup

depends on the complexity of the phase equilibrium calculations as pointed out in the

preceding section. Additionally, the choice of complex (and computationally expensive)

material laws increases the differences in CPU-time between a full non-isothermal,

compositional two-phase model and the proposed multiphysics method. Hence, the

benefits in applying the method increase with the desired physical accuracy of the

simulation.
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Figure 5.5: Contaminant mass and extend of subdomains in course of simulation of
enhanced subsurface remediation example.

Figure 5.6: Extend of subdomains during the simulation of enhanced subsurface reme-
diation example with the non-isothermal multiphysics model. Left: extend
after 34 hours. Right: extend after 63 hours. Volume surrounded by red
surface: 2p2cni-subdomain. Volume between blue and red surface: 1p2cni-
subdomain.



6 Summary and Outlook

The applicability of complex models to large systems is limited by the availability of

computational power and the possibility to obtain sufficiently accurate input parame-

ters. This causes a trade-off between physical accuracy of a model and its computa-

tional and conceptual demands. Although a model should always be chosen such that

the most complex physical process occurring in the model domain can be captured, this

might exceed the capabilities of computational resources or the accessibility of mea-

surements. In many practical applications of porous media flow simulators, the most

complex processes are confined to a small part of the model domain. Possible options

are thus to either neglect high complexities in favor of a slim model or to capture all

processes with a complex model which is superfluous in large parts of the domain. To

overcome the disadvantages of both options, a multiphysics scheme is proposed. It is

meant to adapt the model to the complexity of occurring processes and provide a slim

as well as accurate simulation method.

As basis for such a model, mathematical formulations for all occurring flow and trans-

port processes have to be provided. The available formulations for the simulation

of flow and transport in porous media can basically be divided into two categories:

fully coupled (also called fully implicit) and decoupled (also called sequential) formula-

tions. Fully coupled solution methods are generally more flexible in the incorporation

of new physical processes into the mathematical formulation since the partial differen-

tial equations involved are solved iteratively. In contrary, decoupled methods require

much more effort in the formulation of the mathematical model. It is therefore not

surprising that simulators readily applicable to non-isothermal compositional flow in

porous media only exist in a fully coupled form. Due to their solution method, however,

fully coupled methods have much higher computational demands. For large systems

involving complex physical processes, this may result in huge differences between the

CPU time required by fully coupled and decoupled methods. A readily applicable, de-

coupled method for the three-dimensional simulation of non-isothermal compositional

flow processes in porous media under realistic conditions does not exist thus far. This

work takes a step towards the development of such a model.

Formulation of a decoupled model for compositional multiphase flow An applica-

ble mathematical model for the description of non-isothermal multiphase flow in porous

media incorporating dissolution effects is developed.
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• The relevant physical processes are studied and established concepts for their

mathematical description are introduced.

• Balance equations for mass and energy are derived. The systems of partial dif-

ferential equations describing isothermal and non-isothermal flow and transport

in porous media are set up and the fractional flow formulation is introduced.

• Phase changes and dissolution effects strongly affect the volume of a fluid mix-

ture. The induced volume changes can not be captured mathematically by the

fractional flow formulation.

• In order to overcome the shortcomings of the fractional flow formulation, a de-

coupled formulation for isothermal and non-isothermal compositional flow based

on the local conservation of total fluid volume is presented. It relates the change

of the pressure distribution to the local volumetric influence of phase formation

by the introduction of derivatives of the total fluid volume.

Numerical implementation of the decoupled model To be able to solve the intro-

duced mathematical model numerically, a robust discretization method is derived and

implementation issues are discussed.

• The spatial discretization of the decoupled model for non-isothermal composi-

tional multiphase flow in porous media in a finite volume method is derived.

• The concept of flash calculations for the cell-wise determination of saturations and

phase compositions is introduced. The determination of the required parameters

is discussed and the implementation of flash calculations for several isothermal

and non-isothermal problems is considered.

• The assessment of the necessary coefficients for the pressure and transport equa-

tions is discussed. Special emphasis is put on the consistent upwinding of the

coefficients of Darcy’s law and a modification of the control volume surface in-

tegral in order to correctly describe the influence of gravity. Furthermore, the

numerical evaluation of the derivatives of total volume is discussed.

• A modified IMPES time discretization is introduced and stability criteria for

timestep control are formulated.

Development of multiphysics schemes for isothermal and non-isothermal two-

phase two-component flow processes A general concept for the transition of com-

plexities within a porous media domain is presented. Based on that, two multiphysics

models for isothermal and non-isothermal two-phase two-component flow and transport

are developed.

• The relation of decoupled formulations for immiscible multiphase flow and for

compositional multiphase flow are discussed.
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• A concept for the interface coupling of two-phase compositional flow and single-

phase flow is presented. It is extended to the incorporation of non-isothermal

processes and a simplified model for the description of low temperature changes

is introduced.

• The implementation of both models into the existing finite volume discretization

for non-isothermal compositional flow is discussed.

• The appropriate choice of the subdomains is crucial for the validity of the mul-

tiphysics models, since certain processes can only be represented in certain sub-

domains. The areas and times at which certain processes occur cannot be de-

termined a priori. Therefore, a method is presented which optimally adapts the

subdomains of the multiphysics models to the actual physical conditions.

Model validation and application to realistic examples Using the results of ex-

perimental investigations and of a published simulator, the presented non-isothermal

two-phase two-component model is validated. The applicability and accuracy of the

presented multiphysics models were demonstrated on realistic examples.

• Starting with a flume experiment for two-dimensional advectional and convec-

tional heat transport in a single phase, the non-isothermal compositional model

is compared to experimental and computational results of increasing complexity.

The model showed good qualitative and – as far as measurements were available

– quantitative accordance with the used experiments and the HYDROTHERM

model.

• The results of an isothermal three-phase three-component implementation of the

presented decoupled model are shown and discussed. They show qualitative good

results and a stable behavior of the model. However, more effort is required for

the proper quantitative description of compositional three-phase flow.

• Pressure oscillations occurring as a numerical artefact during the simulation of

systems with boiling fluids limit the applicability of the presented model. The

mechanisms causing these problems are discussed. A solution to the current

problems could, however, not be found.

• The multiphysics models are tested at two examples. An isothermal example

considers injection of carbon dioxide into a geologic formation. A non-isothermal

example simulates the remediation of soil contaminations by static heat sources.

Both show the applicability and the accuracy of the multiphysics methods. Al-

though the total savings of CPU time are moderate, the methods become increas-

ingly interesting with the incorporation of complex material laws and equation-

of-state flash calculations.
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Outlook The applicability of the horizontal coupling concept for the transition of

complexity inside a porous media domain was demonstrated. It shows the similarities

of the fractional flow and the volume conservation decoupled formulations for flow in

porous media and forms the foundations to further investigations. Future efforts and

scientific investigations should be made in the further development of the decoupled

non-isothermal model as well as in the development of other multiphysics strategies for

the transition of complexity in porous media domains.

• Additional efforts are required for the development of the compositional three-

phase model, for its validation has not yet been achieved.

• A consequent extension to a decoupled formulation for non-isothermal composi-

tional three-phase flow is necessary to be able to simulate general environmental

and industrial problems.

• The current implementation has to be made flexible for the consideration of an

arbitrary number of components. This also involves an interface to external flash

calculation algorithms in order to combine the expertise in multiphase porous

media flow with the expertise of other scientific disciplines as thermodynamics

and chemical engineering.

• The three-phase three-component model already forms a basis for further inves-

tigations of horizontal multiphysics schemes. An example for the remediation of

a NAPL contaminant from a residually saturated soil was shown. In this exam-

ple, the amount of air dissolved in water and vice versa is not of interest, since

the dissolution and remediation of the contaminant is the relevant process. The

actual dissolution process of the contaminant in the water and gas phase occurs

in the near field of the contamination. Here, dissolved water and air may also

interact with the contaminant. Thus, the three-phase three-component model

may be confined to the area with free-phase NAPL. In the rest of the domain,

the mixing of water and air may be neglected in favor of a fractional flow model

where the distribution of contaminant to the phases can be considered with a

single equilibrium ratio.

• In Niessner and Helmig [2007], a multiscale, multiphysics model was presented

in which the subdomain where complex processes happen is discretized by a fine

grid. The rest of the domain is represented by upscaled equations on a coarse

grid. It used vertical coupling of the different physical processes which is only

possible because a divergence-free total velocity was assumed in all parts of the

domain. Since this is not valid under general conditions, the merging of the

multiscale method with the multiphysics method presented in this work would

be a considerable progress towards general applicability. As a prerequisite, a

consistent incorporation of hanging nodes into the discretization of the decoupled

model has to be developed.
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R. Helmig. Gekoppelte Strömungs- und Transportprozesse im Untergrund - Ein Beitrag

zur Hydrosystemmodellierung. Universität Stuttgart, 1998.

R. Helmig, B. Flemisch, J. Niessner, M. Wolff, and J. Fritz. Efficient Modelling of Flow

and Transport in Porous Media using Multi-Physics and Multi-Scale Approaches.

In W. Freeden, Z. Nashed, and T. Sonar, editors, Handbook of Geomathematics.

Springer, submitted.

F. Herning and L. Zipperer. Beitrag zur Berechnung der Zähigkeit technischer Gas-

gemische aus den Zähigkeitswerten der Einzelbestandteile. Gas- und Wasserfach,

79:49–69, 1936.

D. Hristopulos and G. Christakos. An Analysis of Hydrocarbon Conductivity Upscal-

ing. Nonlinear Analysis, 30(8):4979–4989, 1997.

R. Huber and R. Helmig. Node-centered Finite Volume Discretizations for the Numer-

ical Simulation of Multiphase Flow in Heterogeneous Porous Media. Computational

Geosciences, 4(2), 2000.

R.U. Huber. Compositional Multiphase Flow and Transport in Heterogeneous Porous

Media. PhD thesis, Universität Stuttgart, 2000.

IPCC. Carbon Dioxide Capture and Storage. Special Report of the Intergovernmental

Panel on Climate Change. Technical report, 2005.

K.L.Jr. Kipp, P.A. Hsieh, and S.R. Charlton. Guide to the Revised Ground-Water Flow

and Heat Transport Simulator: HYDROTHERM – Version 3. US Geological Survey,

2008. http://wwwbrr.cr.usgs.gov/projects/GW Solute/hydrotherm/.

W. Layton, F. Schieweck, and I. Yotov. Coupling Fluid Flow with Porous Media Flow.

SIAM Journal on Numerical Analysis, 40(6):2195–2218, 2003.
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