
From Static to Dynamic Couplings in
Consensus and Synchronization among
Identical and Non-Identical Systems

Von der Fakultät Konstruktions-, Produktions-, und Fahrzeugtechnik

der Universität Stuttgart zur Erlangung der Würde eines
Doktors der Ingenieurwissenschaften (Dr.–Ing.) genehmigte Abhandlung

Vorgelegt von

Peter Wieland

aus Stuttgart–Bad Cannstatt

Hauptberichter: Prof. Dr.–Ing. Frank Allgöwer
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Abstract

Consensus and synchronization problems have been popular subjects in systems and con-
trol theory over the last couple of years, mainly motivated by the fact that phenomena
summarized under these two terms are observed in various instances in a wide range of
scientific disciplines. The two terms both refer to the property that individuals in a group
reach agreement in some sense. In addition, couplings are typically of a diffusive type in
both cases, i.e., the individual systems exchange only relative information.
We will consider consensus and synchronization in networks of individual dynamical

systems interconnected according to a specific communication topology, where the indi-
vidual systems are modeled by ordinary differential equations and the communication
topology is modeled by a graph. Typically, consensus problems deal with simple individ-
ual system dynamics and weak assumptions on the communication graph. In contrast,
synchronization problems commonly focus on complex individual system dynamics and
simple communication topologies. In both cases, couplings are typically static and of a
diffusive type. Yet, very few results exist that consider complex individual systems and
complex communication topologies at the same time. There seems to be a tradeoff be-
tween admissible system complexity and admissible topological complexity in consensus
and synchronization problems.
In view of this observation, we address two questions in this thesis. Firstly, we ask for

the reasons for this tradeoff, i.e., we ask for the limitations that are inherent to static
diffusive couplings. Secondly, we ask to what extent these limitations can be removed by
appropriately extending static diffusive couplings.
We show that weak assumptions on the communication graph yield strong requirements

imposed on the acting and sensing capabilities of the individual systems as well as their
stability properties. On top of this tradeoff between system and topological complexity,
static diffusive couplings are generally not suited to achieve consensus or synchronization
if the individual systems admit non-identical dynamical models.
We propose diffusive couplings that are extended by dynamic compensators to overcome

some of the aforementioned limitations of static diffusive couplings.
Strong requirements on the sensing capabilities are partly removed with the help of

dynamic observers. The observer design problem for consensus problems is addressed
subject to a relative sensing constraint in this thesis. We explain that this constraint
yields a state estimation problem with unknown inputs and propose a solution based on
unknown-input observers.
In case of heterogeneous networks, we show that the satisfaction of an internal model

principle is necessary for consensus and synchronization. We argue that this principle
can generally only be satisfied if dynamic couplings are employed. The internal model
principle derived in this thesis is related and compared to the theory of output regulation
with its well-known internal model principle of control theory. Thereby we establish a
link between consensus and synchronization on the one hand and the theory of output
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Abstract

regulation on the other hand.
Eventually, we are able to give solutions to consensus and synchronization problems

for arbitrary heterogeneous linear networks and for networks of heterogeneous nonlinear
oscillators. We thereby remove most of the limitations mentioned above and thus allow
for consensus and synchronization in networks with increased system and topological
complexity.

xiv



Deutsche Kurzfassung

Motivation und grundsätzliche Fragestellungen

Konsens und Synchronisation sind weit verbreitete Phänomene, die in zahlreichen ver-
schiedenen Wissenschaftsdisziplinen eine Rolle spielen. Konsens- und Synchronisations-
probleme treten z.B. in den Sozialwissenschaften, der Biologie, der Physik sowie den In-
genieurwissenschaften auf (Pikovsky et al., 2001, Strogatz, 2003). Vor diesem Hintergrund
trägt die vorliegende Arbeit zu einem grundlegenden systemtheoretischen Verständnis ei-
niger Mechanismen bei, die zu Konsens und Synchronisation führen.

Sowohl Konsens als auch Synchronisation bezeichnen in der Systemtheorie ein spezifi-
sches strukturiertes Verhalten in einer Gruppe von dynamischen Systemen. Beide Begriffe
beschreiben die Eigenschaft, dass die einzelnen Systeme in der Gruppe eine

”
Einigung“

über bestimmte Zustands- oder Ausgangsgrößen erreichen. Die betrachtete Größe in Kon-
sensproblemen ist in der Regel der konkrete Wert, auf den sich die einzelnen Systeme
einigen, während sich Synchronisationsprobleme eher auf die Zeitpunkte beziehen, zu de-
nen bestimmte Werte erreicht werden. Diese Unterscheidung ist jedoch in erster Linie
eine Frage des Standpunktes, da Konsens bezüglich Zeitpunkten zu Synchronisation und
Synchronisation von Systemtrajektorien zu Konsens führt. Konsens und Synchronisation
beschreiben also im Wesentlichen dasselbe strukturierte Verhalten in Gruppen dynami-
scher Systeme. Dennoch werden die Begriffe in der Regel sehr unterschiedlich verwendet,
wie im Folgenden dargelegt wird.

Eine wesentliche Voraussetzung, um Konsens oder Synchronisation in einem Netzwerk
aus einzelnen Systemen zu erreichen, ist ein bestimmtes Maß an Kopplungen zwischen
den Teilsystemen des Netzwerks. Häufig entstehen diese Kopplungen durch einen gewis-
sen Informationsaustausch, d.h. im weitesten Sinne durch Kommunikation zwischen den
Teilsystemen. Diese Kommunikation erfolgt zumeist gemäß einer spezifischen Kommuni-
kationstopologie. In diesem Fall können drei wesentliche Quellen von Komplexität im Ge-
samtnetzwerk unterschieden werden: Systemkomplexität, topologische Komplexität und
Kopplungskomplexität. Die Systemkomplexität wird durch die Komplexität der Dynamik
der einzelnen Teilsysteme festgelegt, die topologische Komplexität beschreibt welche Sy-
steme miteinander kommunizieren können und die Kopplungskomplexität berücksichtigt,
dass die Kommunkationskanäle zwischen den einzelnen Systemen nicht ideal sind, sondern
z.B. Übertragungstotzeiten existieren oder Information in Form von Paketen übertragen
wird. In der vorliegenden Arbeit werden nur die beiden ersten Komplexitätsdimensionen
berücksichtigt (Scardovi and Sepulchre, 2009, siehe auch), welche insbesondere erlauben,
eine Unterscheidung zwischen klassischen Konsensproblemen einerseits und klassischen
Synchronisationsproblemen andererseits wie folgt vorzunehmen:

Konsensprobleme beschäftigen sich in der Regel mit hoher topologischer Komplexität,
während die einzelnen Systeme durch sehr einfachen dynamischen Modelle beschrieben
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Deutsche Kurzfassung

werden. Die hohe topologische Komplexität wird dabei durch schwache einschränkende
Annahmen an die Kommunikationstopologie widergespiegelt (Moreau, 2005). Im Gegen-
satz dazu beschäftigt sich Synchronisation mit komplexen Teilsystemen, z.B. nichtlinearen
Oszillatoren (Stan and Sepulchre, 2007, Wang and Slotine, 2005), während die topologi-
sche Komplexität häufig sehr gering ist. Oft wird der extreme Fall betrachtet, dass es gar
keine Einschränkungen an die Kommunikationstopologie gibt.

Seither existieren nur wenige Ergebnisse für Netzwerke mit hoher topologischer Kom-
plexität, wie Sie typischerweise in Konsensproblemen betrachtet wird, und gleichzeitig
hoher Systemkomplexität, die häufig Gegenstand von Synchronisationsproblemen ist. In
dieser Arbeit wird daher zum einen untersucht, inwieweit sich hohe topologische Kom-
plexität und hohe Systemkomplexität unter Verwendung bestimmter Kopplungsmecha-
nismen gegenseitig ausschließen, und zum anderen wird der Frage nachgegangen, wel-
che Erweiterungen bestehender Kopplungsmechanismen geeignet sind, um Konsens und
Synchronisation in Systemen mit größerer Systemkomplexität und gleichzeitig größerer
topologischer Komplexität zu ermöglichen.

Einführung in die Lösungsansätze der Arbeit

Typischerweise werden sowohl in Konsens- als auch in Synchronisationsproblemen sta-
tische diffuse Kopplungen zwischen den einzelnen Teilsystemen betrachtet (Hale, 1997).
Beispiele hierfür sind das Vicsek Modell (Vicsek et al., 1995), das häufig als Prototyp für
Konsensprobleme angesehen wird, sowie das Kuramoto Modell (Kuramoto, 1975), welches
ein generisches Modell für Synchronisation von Oszillatoren darstellt. Diffuse Kopplungen
zeichnen sich dadurch aus, dass sie nur von relativen Größen zwischen den einzelnen Teil-
systemen abhängen. Wenn die relevante Größe z.B. eine Position darstellt, werden diffuse
Kopplungen nur mit Hilfe relativer Abstände realisiert und sind daher unabhängig von
absoluten Positionen. Dies impliziert insbesondere, dass diffuse Kopplungen verschwin-
den, sobald Konsens bzw. Synchronisation zwischen den einzelnen Systemen im Netzwerk
erreicht ist. Diffuse Kopplungen werden als statisch bezeichnet, wenn sie nur vom aktu-
ellen Wert der relativen Größen abhängen und es keinen eigenen Kopplungszustand gibt.
In diesem Fall wird der Zusammenhang zwischen den Kopplungen und den jeweiligen
relativen Systemgrößen durch eine algebraische Gleichung beschrieben.

Zur Modellierung der Kommunikationstopologie sind Graphen ein geeignetes Mittel
(Godsil and Royle, 2004). Dies gilt insbesondere im Zusammenhang mit diffusen Kopplun-
gen. Graphen, welche die Kommunikationstopologie eines Netzwerkes beschreiben, werden
als Kommunikationsgraphen bezeichnet. Insbesondere die algebraische Graphentheorie
stellt zahlreiche wichtige Methoden und Werkzeuge zur Modellierung und Analyse der
Kommunikationstopologie in Konsens- und Synchronisationsproblemen zur Verfügung.
Diese Werkzeuge erlauben es zum einen, Aussagen über die gegenseitige Einflussnah-
me einzelner Systeme im Netzwerk zu machen und dadurch vorherzusagen, wie sich das
synchronisierte Netzwerk verhalten wird, und zum anderen ermöglichen Sie die topo-
logische Komplexität des Netzwerkes durch Annahmen an einen Graphen und dessen
Eigenschaften auszudrücken. Dabei spielen vor allem die Eigenschaften

”
stark zusam-

menhängend“ (strongly connected),
”
zusammenhängend“ (connected) und

”
gleichmäßig

zusammenhängend“ (uniformly connected) eine wichtige Rolle. Dabei ist
”
stark zu-
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sammenhängend“ die stärkste Eigenschaft und
”
gleichmäßig zusammenhängend“ die

schwächste Eigenschaft.

Mit Hilfe der Kommunikationsgraphen sind wir in der Lage, Konsens in Netzwerken
identischer linearer zeitinvarianter Systeme mit statischen diffusen Kopplungen zu unter-
suchen. Es stellt sich heraus, dass schwache Annahmen an den Kommunikationsgraphen
– hier sind insbesondere gleichmäßig zusammenhängende Graphen zu erwähnen – zu er-
heblichen Einschränkungen an die dynamischen Modelle der einzelnen Systeme führen.
Diese Einschränkungen betreffen sowohl Stabilitätseigenschaften als auch benötigte Sen-
soren und Aktuatoren. Um Konsens über statische diffuse Kopplungen und gleichmäßig
zusammenhängende Graphen zu erreichen, müssen die Eingangs- und Ausgangsdimensio-
nen der einzelnen Systeme der Zustandsdimension entsprechen und die Systemdynamik
darf keine exponentiell instabilen Anteile aufweisen (Scardovi and Sepulchre, 2009). Diese
starken Annahmen können zum Teil abgeschwächt werden, indem zusammenhängende
oder stark zusammenhängende Kommunikationsgraphen angenommen werden. Es ist je-
doch nicht möglich, die Einschränkungen an die einzelnen Teilsysteme und gleichzeitig die
Annahmen an den Kommunikationsgraphen gering zu halten.

Um diese Begrenzung der Gesamtkomplexität des Netzwerks aufzuheben ist es in
der Regel nötig, die statischen diffusen Kopplungen durch lokale dynamische Regler zu
ergänzen, was zu dynamischen diffusen Kopplungen führt. Eine naheliegende Erweiterung
besteht im Einsatz dynamischer Beobachter zur Zustandsschätzung. Im Zusammenhang
mit diffusen Kopplungen müssen allerdings relative Zustände geschätzt werden. Dies führt
zu zusätzlichen Herausforderungen, die in der vorliegendend Arbeit mit Hilfe von Beob-
achtern mit unbekannten Eingängen gelöst werden (Darouach et al., 1994, Willems and
Commault, 1981). Dabei kommen Beobachter mit voller und mit reduzierter Ordnung
zum Einsatz.

Ein weiterer wesentlicher Beitrag der vorliegenden Arbeit besteht in der
Berücksichtigung von heterogenen Netzwerken, d.h. Netzwerke deren einzelne Teilsysteme
nicht-identische Dynamiken aufweisen. Zunächst wird das Innere-Modell-Prinzip der Syn-
chronisation als notwendige Bedingung für Synchronisation nicht-identischer linearer und
nichtlinearer Systeme hergeleitet. Es wird gezeigt, dass dieser Bedingung im Allgemeinen
nur genügt werden kann, wenn die Kopplungen durch dynamische Anteile ergänzt werden.
Die Lösungsansätze werden mit dem klassischen Inneren-Modell-Prinzip der Regelungs-
technik verglichen und in diesem Zusammenhang interpretiert. Dadurch wird eine enge
Verbindung zwischen Konsens- und Synchronisationsproblemen einerseits und Problemen
der Ausgangsfolgeregelung andererseits hergestellt.

Das Innere-Modell-Prinzip der Synchronisation führt schließlich auf einen neuen hier-
archischen Lösungsansatz des Synchronisationsproblems in heterogenen Netzwerken. Es
werden konkrete Lösungen für zwei Fälle vorgestellt. Diese sind zum einen Netzwerke, die
aus beliebigen stabilisierbaren und entdeckbaren linearen zeitinvarianten Systemen beste-
hen, und zum anderen Netzwerke, die aus nichtlinearen exponentiell stabilen Oszillatoren
aufgebaut sind. Es stellt sich heraus, dass die dynamischen Kopplungen, die in den beiden
Fällen zum Einsatz kommen, nicht nur nötig sind um die unterschiedlichen Dynamiken
der einzelnen Systeme zu kompensieren, sondern zusätzlich auch geeignet sind, um die
oben genannte Begrenzung der Gesamtkomplexität in homogenen Netzwerken teilweise
aufzuheben.
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Forschungsbeiträge und Gliederung der Arbeit

Die nachfolgende Übersicht erläutert die Gliederung der Dissertation und führt die wich-
tigsten Forschungsbeiträge der einzelnen Kapitel auf.

Kapitel 2 – Graph Theory for Consensus Problems
(Graphentheorie für Konsensprobleme)
In diesem Kapitel werden die grundlegenden Definitionen und Eigenschaften von Graphen
dargelegt, sofern sie für Konsens- und Synchronisationsprobleme relevant sind (Wieland
et al., 2008, 2010a). Insbesondere werden die Eigenschafte zusammenhängend, stark zu-
sammenhängend und gleichmäßig zusammenhängend diskutiert. Darüber hinaus werden
Interpretationen erörtert, die es erlauben, einen tiefgreifenden Zusammenhang zwischen
Graphentheorie einerseits und Konsens- und Synchronisationsproblemen andererseits her-
zustellen. Besonderes Augenmerk liegt in diesem Kapitel auf der Laplace-Matrix eines
Graphen, und insbesondere deren Eigenstruktur, deren Interpretation schließlich zur Er-
weiterung von Komponenten eines ungerichteten Graphen zu unabhängigen stark zusam-
menhängenden Komponenten von gerichteten Graphen führt.

Kapitel 3 – Consensus with Static Diffusive Couplings
(Konsens mit statischen diffusen Kopplungen)
Dieses Kapitel behandelt zum einen bereits existierende Ergebnisse für Konsens mit sta-
tischen diffusen Kopplungen und enthält zum anderen zahlreiche Erweiterungen und Ver-
besserungen (Wieland et al., 2008, 2010a). Die einzelnen Systeme sind in diesem Kapitel
durch identische lineare zeitinvariante Differenzialgleichungssysteme gegeben. Insbeson-
dere werden die Wechselwirkungen zwischen Systemeigenschaften und Eigenschaften der
Kommunikationstopologie herausgestellt, und es wird ein auf linearen Matrizenunglei-
chungen basierender Entwurf der Verstärkungsfaktoren in den Kopplungen vorgeschlagen.
Neben Konsens für konstante und zeitvariante Kopplungen in homogenen Netzwerken
wird auch das Konsens-Problem mit Anführer erörtert, wobei die Dynamik des Anführers
von der Dynamik der restlichen Systeme abweichen darf. Das Ergebnis schließt insbesonde-
re auch eine Methode ein, um einen Anführer in ein bestehendes Netzwerk zu integrieren.

Kapitel 4 – Observer-Based Output Consensus with Relative Output Sensing
(Beobachterbasierter Ausgangskonsens mit relativen Ausgangsmessungen)
Dieses Kapitel diskutiert den Einsatz von Beobachtern für Konsens mit relativen Aus-
gangsmessungen (Wieland and Allgöwer, 2010). Es werden die grundsätzlichen Herausfor-
derungen diskutiert, die sich beim Beobachterentwurf in diesem Zusammenhang ergeben,
und es wird ein Lösungsansatz vorgeschlagen, der diesen Herausforderungen adequat be-
gegnet, indem das Problem auf ein Zustandsschätzproblem mit unbekannten Eingängen
zurückgeführt wird. Es werden Lösungen vorgeschlagen, die auf Zustandsschätzern mit
voller und reduzierter Ordnung und mit unbekannten Eingängen basieren. Der Schätzer
mit reduzierter Ordnung stellt dabei geringere Anforderungen an die einzelnen Systeme,
macht jedoch Anpassungen der Methoden aus dem vorhergehenden Kapitel nötig.

Kapitel 5 – The Internal Model Principle for Consensus and Synchronization
(Das Innere-Modell-Prinzip für Konsens und Synchronisation)
Während sich die vorhergehenden Kapitel mit Konsensproblemen in homogenen Netzwer-
ken beschäftigt haben, d.h. in Netzwerken, in denen die dynamischen Modelle aller einzel-
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ner Systeme identisch sind, wird in diesem Kapitel der Frage nachgegangen, unter welchen
Voraussetzungen Konsens und Synchronisation in heterogenen Netzwerken möglich ist
(Wieland and Allgöwer, 2009a,b, Wieland et al., 2010c). Die Beantwortung dieser Frage
führt sowohl in linearen als auch in nichtlinearen Netzwerken auf das Innere-Modell-
Prinzip für Konsens und Synchronisation. Dieses Prinzip besagt, dass alle einzelnen Sy-
steme, ggf. gemeinsam mit einem lokalen dynamischen Regler, ein internes Modell eines
gemeinsamen virtuellen Exosystems enthalten müssen. Die Bedingungen an die einzelnen
Systeme entsprechen dabei denjenigen, die von Problemen der linearen und nichtlinearen
Ausgangsfolgeregelung als Francis-Gleichungen bzw. Francis-Byrnes-Isidori-Gleichungen
bekannt sind. Dadurch werden zwei wichtige Gebiete der System- und Regelungstheorie,
nämlich Konsens und Synchronisation einerseits und Folgeregelung andererseits, in einen
Zusammenhang gesetzt.

Kapitel 6 – Synchronization in Heterogeneous Networks with Dynamic Couplings
(Synchronisation in heterogenen Netzwerken mit dynamischen Kopplungen)
In diesem Kapitel werden schließlich zwei neue Kopplungsmethoden vorgestellt. Die erste
Methode führt zu Synchronisation in beliebigen linearen heterogenen Netzwerken sofern
die einzelnen Systeme entdeckbar und stabilisierbar sind (Wieland et al., 2010c). Die zwei-
te Methode führt zu Synchronisation in Netzwerken von unterschiedlichen nichtlinearen
Oszillatoren (Wieland et al., 2010b). Beide Methoden nutzen die Erkenntnisse aus dem
vorhergehenden Kapitel. Die dynamischen Kopplungen werden so gewählt, dass durch
einen Vorsteuerungsanteil das Innere-Modell-Prinzip erfüllt wird und ggf. gemeinsam mit
einem stabilisierenden Rückführungsanteil Synchronisation garantiert wird. Für das li-
neare Netzwerk wird der stabilisierende Rückführungsanteil analog zu einer Ausgangs-
folgeregelung entworfen. Für das Netzwerk aus Oszillatoren stellt sich heraus dass keine
stabilisierende Rückführung notwendig ist, da die strukturelle Robustheit exponentiell sta-
biler Grenzzyklen gemeinsam mit dem Vorsteuerungsanteil ausreicht um Synchronisation
zu erreichen. Es wird schließlich gezeigt, dass die vorgeschlagenen dynamischen Kopplun-
gen auch in homogenen Netzwerken höhere Systemkomplexität und höhere topologische
Komplexität erlauben.
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Chapter 1

Introduction

Consensus and synchronization are everywhere!

Admittedly, a very strong statement to start with. Most probably one of the strongest
to be made in this thesis. As a matter of fact, there will be no stringent justification
of this claim. The objective of the present thesis is not to provide a proof of the above
statement. The reason to start with this striking claim is the fact that its apparent truth
served as inspiration and motivation for the present work at large. The contribution of
this thesis is an improved understanding – in a systems theoretic framework – of some of
the diverse mechanisms leading to phenomena summarized under the terms consensus and
synchronization. In particular, we will be interested in the question how the use of static
consensus and synchronization mechanisms is a limiting factor in such phenomena and
how mechanisms that employ dynamic couplings may remove some of those limitations.

At first, we will however substantiate the introductory statement. To this end, we first
need to understand the meaning of the terms consensus and synchronization and how
the two relate. Therefore, we will have a look on the two terms from an etymological
perspective.

The word consensus derives from Latin com meaning ‘with’ or ‘together with’ and
sentire meaning ‘to feel’. Hence, consensus means to feel together with other individuals
or to agree on a common feeling about something.

The term synchronization originates from Greek syn having the same meaning as com
in consensus, namely ‘with’ or ‘together with’, and chronos meaning ‘time’. Therefore,
synchronization refers to the fact that individuals share a common notion of time or
achieve temporal coincidence of some events.

From the above explanations, it is apparent, that the two terms are closely related.
Both describe the effect of reaching agreement in a group of individuals in some sense.
In the case of consensus, the relevant quantity is frequently the concrete value agreed
upon. In contrast, in synchronization the focus is on a common timing. Therefore,
consensus deals with the problem of agreement about the value of some variable while
synchronization deals with the problem of agreement on the time instants, when a variable
takes specific values. That said, one can of course argue that consensus about time instants
yields synchronization, and synchronization of trajectories yields consensus. As a result,
whether some phenomenon is termed consensus or synchronization often depends on the
point of view one decides to take.

With this first systems theoretic picture of consensus and synchronization in mind, it is
easy to find various examples of phenomena fundamentally relying on these principles in all
kind of scientific disciplines. It is impossible to give an exhaustive list of such phenomena
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here. We only mention some examples from a range of scientific and engineering disciplines
to illustrate how widespread examples of consensus and synchronization are. Many more
examples are found in Pikovsky et al. (2001), Strogatz (2003).

Probably closest to the habitual language use of the word ‘consensus’ is the example of
collaborative decision making (Baron et al., 1992). But consensus is also essential in other
social phenomena like for example crowd dynamics (Helbing et al., 2000), where consen-
sus mechanisms appear to play a crucial role in escape scenarios. Of course, examples
in the living world are not restricted to humans. Flocking or swarming (see Reynolds,
1987, Tanner et al., 2007) are extremely fascinating phenomena to be observed, e.g., in
groups of birds or fish. There seems to be a spontaneous agreement among all individ-
uals in the group about the new direction. Such phenomena keep exciting researchers
and eliciting the quest for scientific explanations. Another example from biology, which
keeps astonishing researchers since more than two centuries, is the phenomenon of fire-
flies flashing in synchrony, to be observed, e.g., in Southeast Asia (Buck, 1938, 1988).
Besides those fascinating inter-organism examples, consensus and synchronization play
a vital role within single organisms. Neuroscientists believe that synchronization is re-
sponsible for phenomena like, e.g., epilepsy, locomotion, or particular rhythms observed
in electroencephalography (see Izhikevich, 2007).

In the engineering world, one of the most commonly cited examples for consensus and
synchronization is the problem of coordinated motion of individual mobile agents in its
various occurrences. Examples include Fax and Murray (2002, 2004), Jadbabaie et al.
(2003), Nair and Leonard (2008), Olfati-Saber (2006), Qu et al. (2008), Ren et al. (2007),
Sepulchre et al. (2008), Tanner et al. (2003). But the range of examples of consensus
and synchronization reaches way beyond coordinated motion. Recently, consensus and
synchronization have been used, e.g., to control a very large telescope (Sarlette et al.,
2010), for force allocation in a paper moving device (Fromherz and Jackson, 2003), to
control the directional sensitivity of smart antennas (Hutu et al., 2009), or for speed
synchronization in motors (Zhao et al., 2010), to name only a few.

The above list of examples illustrates, that consensus and synchronization is relevant in
an extremely wide range of applications from various disciplines including, but not limited
to, social sciences, biology, physics, and engineering. This observation is supported by
Pikovsky et al. (2001) and justifies the statement at the outset of this chapter: indeed
consensus and synchronization are everywhere!

1.1 Dimensions of Complexity in Consensus and

Synchronization

In this thesis, we are taking a systems theoretic point of view on consensus and synchro-
nization in groups of individuals. In this context, individuals are commonly modeled as
dynamical systems usually described by ordinary differential equations (ODEs). Those
individuals are said to reach consensus or to synchronize if they get close to each other
in the sense that some specific quantities, like outputs or states, of all individual systems
are asymptotically identical, or at least close to each other. To achieve this goal, it is
necessary that all individuals in the group share some amount of common information,
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Figure 1.1: The complexity cube for coupled dynamical systems.

i.e., the individuals in the group are coupled in some way.

A naive approach to tackle consensus and synchronization problems would be to con-
sider the whole group together with the couplings as a single, very large dynamical system.
This corresponds to some extent to the classical point of view in systems and control the-
ory, where the objects to analyze and to design controllers for are single, potentially large
dynamical systems. This point of view however neglects that, in many instances, large
dynamical systems exhibit highly structured behavior (see Lin, 2006) and admit a natu-
ral decomposition in smaller subsystems with a specific interconnections (see Vidyasagar,
1981). To cope with large, interconnected systems in a scalable1 fashion and in response
to continuously increasing system complexity, it is indispensable to take the structure of
those systems into account for both analysis and design.

Consensus and synchronization of coupled individual systems are often considered to
represent canonical examples of such structured behavior. If we assume couplings between
the individual systems to be described by some specific interconnection topology, three
independent dimensions of complexity can be identified: complexity of individual system
dynamics, complexity of the interconnection topology, and complexity of the individual
links that actually couple the systems. These three dimensions of complexity are illus-
trated in the complexity cube in Figure 1.1. System complexity may range, e.g., from
simple linear integrator models to complex nonlinear systems or hybrid systems. Topo-
logical complexity deals with the question ‘who talks to whom’ or ‘who listens to whom’
and typically ranges from single feedback loops to complex, time-varying interconnection
topologies, where individuals may join or leave the group at any time. The couplings
between the individual systems regularly stem from some level of communication, usu-

1In the context of interconnected dynamical systems, scalability is the property that analysis and design
complexity grows slowly as compared to system size, i.e., number of subsystems. Usually, the term
scalability is used in software engineering and describes the property of software systems to handle
growing amounts of work or system size in a graceful manner (Hill, 1990).
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ally subject to communication constraints like, e.g., limited number of links or limited
sensing ranges. Severe communication constraints yield high topological complexity and
weak communication constraints yield low topological complexity. We will use the terms
interconnection topology and communication topology interchangeably in what follows.
Link complexity deals with the question how sending information across the network in-
fluences the information. It takes into account that the coupling links between individual
systems are imperfect, e.g., because they are subject to time delays (see Olfati-Saber and
Murray, 2004, Papachristodoulou et al., 2010, Sun et al., 2008) or suffering from effects of
packet-switched networks (see Hespanha et al., 2007, Olfati-Saber et al., 2007, Zampieri,
2008). Problems arising along the latter dimension of complexity are often summarized
under the term networked control systems. These problems are not subject of the present
work, i.e., we assume all links to be perfect and focus our attention to system complexity
and topological complexity.
These two remaining dimensions of complexity help to make a distinction between

consensus problems and synchronization problems, as they are commonly considered in
the context of dynamical systems. Even though, the definitions of the two terms lack
clear distinctive features, the common usage of the terms ‘consensus’ and ‘synchronization’
applies to rather different problems. In what follows, we will discuss the difference between
those problems in terms of the dimensions of complexity introduced above.
Consensus research is mostly focused on topological complexity, in particular on com-

munication constraints, while individual system dynamics are usually fairly simple. Com-
monly, individual systems are modeled as simple integrators (Jadbabaie et al., 2003, Lee
and Spong, 2007) and the dynamic evolution of the group is entirely determined by the
couplings, i.e., the exchange of information between the individuals (see Carli et al., 2008,
Cortés, 2008, Fax and Murray, 2004, Goldman and Zilberstein, 2003, Jadbabaie et al.,
2002, 2003, Moreau, 2004b, 2005, Ren, 2007, Ren and Beard, 2005, Tahbaz-Salehi and
Jadbabaie, 2008, Wang et al., 2008, and the references therein). A common extension,
which is still an active field of research, is to consider individuals modeled as chains of
integrators (Hu and Lin, 2010, Ren and Atkins, 2005, Ren et al., 2006).
In contrast to consensus, the topic of synchronization usually deals with more complex

system dynamics – for instance nonlinear oscillators – while putting less emphasis on the
topological complexity. Often, the extreme case of an all-to-all coupling is assumed, which
can be considered as unconstrained communication. The problem of synchronization was
first addressed by Huygens in 1665 (see Bennett et al., 2002). More recent examples can
be found in Canavier and Achuthan (2007), Hoppensteadt and Izhikevich (1997), Kopell
and Ermentrout (1986), Slotine and Wang (2004), Stan and Sepulchre (2007), Wang and
Slotine (2005), Wu (2002).
The observation that consensus and synchronization research often focuses on either

topological or system complexity, but rarely both at the same time, raises two impor-
tant questions: What are the reasons for this tradeoff between system complexity and
topological complexity in existing results and how can we get over this limitation? These
questions will be partly answered in the present thesis. In particular, we will motivate and
illustrate the use of dynamic couplings, i.e., couplings that are extended by dynamic com-
pensators, to achieve consensus and synchronization in networks of systems with elevated
complexity, including non-identical system dynamics, and couplings that are subject to
strong communication constraints.
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Concluding this section, a remark on other relevant types of structured behavior is indi-
cated. For instance, Reynolds (1987) identifies three rules that control flocking behavior,
namely alignment, cohesion, and separation. While the first two are closely related to
consensus and synchronization, the opposite seems to be true for the latter one. In this
case, the structured behavior can be interpreted as cooperative constraint satisfaction (see
Bürger and Guay, 2008, Chang et al., 2003, Wieland and Allgöwer, 2007, Wieland et al.,
2007, and the references therein). The scope of the present thesis is however focused on
the behavior described above, i.e., consensus and synchronization.

1.2 Coupling Mechanisms

In the discussion above, we have not been specific about the mechanisms used to actually
realize the couplings between the individual systems in the network. Among the vari-
ous mechanisms potentially leading to consensus and synchronization, the one which is
probably most commonly used is diffusive couplings (Hale, 1997).
We will give two examples to illustrate the idea. A publication that served as inspiration

for many and triggered the interest in consensus of researchers in systems and control
is due to Tamás Vicsek (Vicsek et al., 1995). He considered the problem of N particles
moving in the plane with a common, constant speed and was interested in update schemes
for the headings of the individual particles leading to alignment. The update scheme he
proposed, which is commonly referred to as the Vicsek model, has been interpreted as a
feedback mechanism in Jadbabaie et al. (2002, 2003). It can be defined as

θk(t+ 1)− θk(t) = ∆k(t) + uk(t) (1.1a)

uk(t) = − 1

1 + |Nk(t)|
∑

j∈Nk(t)

(θk(t)− θj(t)) , (1.1b)

where θk(t) ∈ S1 is the heading of the kth particle at time t, Nk(t) ⊆ {1, . . . , N} is the set
of indices of the neighbors of the kth particle at time t, i.e., describes the interconnection
topology, and ∆k(t) ∈ S

1 represents noise for all k ∈ NN .
The Vicsek model has a striking similarity (Sepulchre et al., 2004) to a famous model

for synchronization, namely the Kuramoto model (Acebrón et al., 2005, Kuramoto, 1975)

φ̇k(t) = ωk + uk(t) (1.2a)

uk(t) = −
N
∑

j=1

Kk,j sin (φk(t)− φj(t)) , (1.2b)

where φk(t) ∈ S1 is the kth oscillator’s phase, ωk ∈ R is the kth oscillator’s natural
frequency, and Kk,j ∈ R are coupling gains for k ∈ NN .
The couplings (1.2b) in the Kuramoto model can be viewed as a nonlinear version of the

linear couplings (1.1b) of the Vicsek model. In fact, the nonlinearity in (1.2b) takes into
account the symmetry of the configuration space S1 of the Kuramoto model (see Sarlette,
2009, Sarlette and Sepulchre, 2009a,b). In both cases, the couplings are expressed in
terms of weighted sums of relative information, which is the defining property of diffusive
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couplings. The diffusive couplings in the Vicsek and the Kuramoto model have the effect
that the headings θk(t), k ∈ NN and the phases φk(t), k ∈ NN converge to an average of
the headings respectively phases of the neighboring systems.

To make the term diffusive couplings plausible, consider a one-dimensional diffusion

model ∂θ(t,z)
∂t

= ∂2θ(t,z)
∂z2

with time t ∈ R and space coordinate z ∈ R. Define θk(t) , θ(t, kh)

and Nk , {k − 1, k + 1} for some h ∈ R+ and all k ∈ N. Then we have

θ̇k(t) =
∂2θ(t, z)

∂z2

∣

∣

∣

∣

z=kh

= − 1

h2

∑

j∈Nk

(θk(t)− θj(t)) +O
(

h2
)

, k ∈ N.

Thus, the couplings (1.1b) in the Vicsek model can be viewed as a discretized diffusion
model. Similar arguments hold for the nonlinear couplings (1.2b).

Diffusive couplings often seem a natural choice to achieve consensus or synchroniza-
tion in groups of individual systems. They possess a number of beneficial properties.
Namely, diffusive couplings can be realized using relative sensors, i.e., no absolute refer-
ence framework is required. In addition, diffusive couplings represent a completely decen-
tralized mechanism while still allowing for certain systems in the group to act as leaders
or reference by an appropriate choice of the communication topology. Furthermore, once
synchronization is achieved, diffusive couplings vanish and the individuals evolve inde-
pendently. This fact has important implications that will be discussed in detail in this
thesis.

Note that the diffusive couplings used in the Vicsek model and the Kuramoto model are
static couplings in the sense that they only depend on the instantaneous value of relative
states and do not possess a coupling state. The system inputs are related to the relative
states by an algebraic equation. As opposed to this, dynamic couplings are characterized
by the property that they depend on the instantaneous value of the relative states and on
a coupling state, i.e., they are themselves described by a dynamical system. In dynamic
couplings, the system inputs are related to the relative states by a differential equation.
This corresponds to static as opposed to dynamic feedback in classical feedback control.

In view of the above discussion, we will analyze static diffusive couplings among linear
systems in the first part of this thesis. We will discuss some existing and provide several
new extensions to the Vicsek model. Graph theory, in particular algebraic graph theory,
will be used to model the communication topology in the network, and graph properties
will be related to properties of the interconnected network of dynamical systems. It will
turn out that the use of static diffusive couplings requires strong assumptions on the indi-
vidual systems and the communication topology. Therefore, we show in the second part of
this thesis, how to extend static diffusive couplings by adding coupling dynamics in order
to be able to relax parts of those assumptions. First, we discuss output consensus with
static diffusive couplings extended by dynamic observers under the constraint of relative
output sensing. Afterwards, we consider consensus and synchronization in heterogeneous
networks, i.e., networks of individual systems that possess non-identical dynamical mod-
els. We will give necessary conditions for synchronization in terms of an internal model
requirement for linear and nonlinear networks and provide constructive methods to syn-
chronize networks of general non-identical linear systems and networks of non-identical
nonlinear oscillators.
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1.3 Outline and Contributions

1.3 Outline and Contributions

The following overview reveals the outline of this thesis and briefly summarizes its con-
tributions.

Chapter 2 – Graph Theory for Consensus Problems
In this chapter we review basic definitions from graph theory and provide new interpre-
tations linking graph theory to consensus problems. Parts of this chapter are based on
Wieland et al. (2008, 2010a).

• We review basic definitions of graph theory, as far as they are relevant for consensus
and synchronization problems. In particular, we introduce relevant definitions of
graph connectedness.

• We establish the link between algebraic graph theory, namely properties of the Lapla-
cian matrix and the adjacency matrix, and diffusive couplings.

• We give new interpretations of the eigenstructure of the graph Laplacian, introducing
the concept of isolated strongly connected components as an extension of connected
components of undirected graphs to directed graphs.

Chapter 3 – Consensus with Static Diffusive Couplings
This chapter addresses different algorithms that employ static diffusive couplings to
achieve consensus among identical linear systems over fixed and time-varying commu-
nication graphs. In particular we discuss interdependencies between system properties
and topological properties of the network. Parts of this chapter are based on Wieland
et al. (2008, 2010a).

• We discuss and partly improve existing results for consensus among identical linear
systems with static diffusive couplings.

• A new LMI-based design method is proposed to determine the gains to be used in
static diffusive couplings.

• We propose methods to achieve consensus in a network with a leader, potentially
with different dynamics than the remaining group. The results give conditions on
the leader dynamics and explain how to connect the leader to the existing group.

Chapter 4 – Observer-Based Output Consensus with Relative Output Sensing
This chapter identifies the specific difficulties induced by relative sensing in the design of
observers to be used in conjunction with static diffusive couplings and proposes a method
to circumvent these difficulties. The results in this chapter are available in Wieland and
Allgöwer (2010).

• We explain why unknown-input observers need to be used in conjunction with static
diffusive couplings and relative sensing and why time-varying communication topolo-
gies induce additional problems.
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• We propose a design method to implement static diffusive couplings with full order
unknown-input observers.

• We relax the constraints imposed by a full order unknown input observer by propos-
ing a design based on reduced order unknown input observers.

Chapter 5 – The Internal Model Principle for Consensus and Synchronization
In this chapter, we deal with the question of consensus and synchronization in heteroge-
neous networks and provide new necessary conditions for consentability and synchroniz-
ability. This chapter is mainly based on Wieland and Allgöwer (2009a,b), Wieland et al.
(2010c).

• We derive necessary conditions for consentability and synchronizability of heteroge-
neous linear networks in terms of linear matrix equations.

• We derive similar necessary conditions for consentability and synchronizability of
heterogeneous nonlinear networks in terms of nonlinear partial differential equations.

• The linear and nonlinear conditions are interpreted in terms of an internal model
requirement.

• We establish a close link between the necessary conditions for consentability and
synchronizability and conditions known from linear and nonlinear output regulation.

Chapter 6 – Synchronization in Heterogeneous Networks with Dynamic Couplings
This chapter proposes new mechanisms for synchronization in heterogeneous networks
based on the internal model requirement from the previous chapter. It is shown that
coupling dynamics are necessary to solve the problem. Most of this chapter is based on
Wieland et al. (2010b,c).

• We show, by constructing appropriate dynamic coupling controllers, that mild tech-
nical assumptions are sufficient to make the necessary conditions from the previous
chapter also sufficient for synchronizability of heterogeneous linear networks.

• We derive a method, based on entrainment of nonlinear oscillators by weak forcing,
that allows to satisfy the internal model requirement from the previous chapter in
groups of non-identical nonlinear oscillators and show that this is sufficient to achieve
synchronization.

Chapter 7 – Conclusions
This final chapter provides some conclusive remarks summarizing the thesis and hints to
possible future directions of research.

Supplementary material is provided in several appendices, referenced at appropriate
places, with the aim to make this thesis self-contained.
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Chapter 2

Graph Theory for Consensus Problems

In the study of consensus and synchronization problems, we deal with networks of indi-
vidual dynamical systems that are interconnected according to a specific communication
topology. The communication topology characterizes the links between the individual sys-
tems, i.e., it describes which individuals are close to each other within the network. More
precisely, the communication topology determines the set of neighbors – or predecessors
and successors if links are directional – for every member of the network, which is certainly
a topological property.

In this context, the term communication is to be understood in a very broad and
general sense. Specifically, the meaning of communication is not restricted to exchange of
information via some high-level network that possesses the ability to transmit arbitrary
information like, e.g., a digital network, but communication may take place for instance
by means of physical links or some level of relative sensing, to name only a few among a
multitude of possible types of interactions among individual systems. Therefore, whenever
we talk about communication topologies in this thesis, we do that without being specific
about the method used to interconnect individuals in the network.

To suitably model the communication topology in a network of individual systems,
graph theory proved to be a useful tool (see Fax and Murray, 2002, de Gennaro and Jad-
babaie, 2006, Jadbabaie et al., 2003, Kim and Mesbahi, 2006, Wieland et al., 2008, 2010a).
Graph theory, and more specifically algebraic graph theory, is particularly useful in the
case of diffusively coupled systems (as introduced in Section 1.2) as will be demonstrated
in this chapter. Early results on algebraic graph theory, which related spectral proper-
ties of specific matrices to graph properties, can be found in von Collatz and Sinogowitz
(1957), Fiedler (1973, 1975). In particular, the seminal papers by Miroslav Fiedler intro-
duce among other things the algebraic connectivity of graphs which proved to be a very
powerful tool since the time it was first published. Since then, graph theory has been
and remains to be a very active field of research. See Bollobás (1998), Diestel (2005),
Godsil and Royle (2004), Merris (1995), Mohar (1992), Newman (2000), Wu (2005), and
the references therein for an overview over the topic of graph theory.

In this chapter, we summarize the most important definitions and results from graph
theory and algebraic graph theory as far as they are relevant for the study of consensus
problems. Furthermore, we generalize the concept of connected components of undirected
graphs to directed graphs.

9



Chapter 2 Graph Theory for Consensus Problems

2.1 Basic Definitions and Link to Diffusive Couplings

Graphs consist of vertices (or nodes) and edges (or arcs) connecting the vertices. Edges
can be undirected or directed. The latter case results in a directed graph, abbreviated
digraph. In addition, weights can be assigned to the (directed) edges to obtain a weighted
(di)graph.
In this thesis, we consider the most general case of weighted digraphs – containing

undirected and unweighted graphs as special cases – to model the communication topology
of networks of interconnected systems. In this context, it is often required to consider the
communication topology as a network characteristic which may change over time. For
that reason, it is appropriate to allow the graph to depend on time t ∈ R.

Definition 2.1 (Communication Graph). A time-varying communication graph G(t) is
a tuple G(t) = {V, E(t),W (t)} of vertices V = {v1, . . . , vN} with |V| = N > 0, edges

E(t) ⊂ V × V, and adjacency matrix W (t) = [wk,j(t)] ∈ R
N×N

+ , where t ∈ R represents
time, satisfying the following properties:

(P1) The graph contains no self-loops, i.e., (vk, vk) 6∈ E(t) and wk,k(t) = 0 for all t ∈ R

and all k ∈ NN .

(P2) The elements wk,j(·) : R → R+, k, j ∈ NN of the adjacency matrix W are non-
negative, piecewise continuous1, and bounded functions of time.

(P3) Given k, j ∈ NN , the edge (vj , vk) is contained in E(t) at time t if and only if
wk,j(t) > α for some fixed threshold α ∈ R+.

In the above definition, the vertices vk, k ∈ NN represent the individual systems and
the edges (vj , vk) ∈ E(t) model interconnections between the individual systems. For a
given edge (vj , vk) ∈ E(t), we denote the first vertex vj as the tail and the second vertex
vk as the head of the edge e and adopt the convention that information flows from the tail
to the head of an edge, i.e., the system represented by the tail of an edge influences the
system represented by the head of that edge. Usually, edges are represented by arrows
pointing from the tail to the head. An example of a weighted digraph with five vertices,
with edges represented by arrows, is depicted in Figure 2.1.
The elements wk,j(t), k, j ∈ NN of the adjacency matrix W (t) quantify the weights for

the corresponding edges (vj , vk) ∈ E(t) at time t. It should be remarked that representa-
tions of the adjacency matrix W (t) depend on a specific ordering of the vertices, i.e., the
adjacency matrix for a given graph G(t) is uniquely defined modulo vertex permutations.
Of course, spectral properties of W (t) are invariant with respect to these permutations
and the results in this chapter do not depend on a specific vertex ordering. Properties (P2)
and (P3) from Definition 2.1 restrict the evolution of the edge weights wk,j(·), k, j ∈ NN

over time. Property (P2), besides imposing piecewise continuity, excludes the case that
edge weights grow unbounded over time, while Property (P3) excludes the case that edge
weights become arbitrarily small by imposing α as a uniform lower bound. More precisely,

1A function w : R → R is said to be piecewise continuous if it has at most finitely many points of
discontinuity in any closed interval of its domain and at the points of discontinuity the left and right
limits exist (see Lang, 1987).
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2.1 Basic Definitions and Link to Diffusive Couplings
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Figure 2.1: Weighted digraph with five vertices.

the values wk,j(t) may get arbitrarily close to zero at specific times t or for t → ∞, but
the corresponding edge will not be present in the graph if wk,j(t) ≤ α. The requirements
imposed by Properties (P2) and (P3) are actually only relevant for time-varying graphs,
in which case fixed upper and lower bounds must exist uniformly in t. Thereby, the precise
values of these bounds, in particular the threshold α, is not important and will never be
used. For fixed times t, i.e., for fixed graphs, upper and lower bounds for the edge weights
always exist. Therefore, when dealing with fixed graphs, we will frequently and without
loss of generality impose the following assumption:

Assumption 2.2. The graph G(t) = {V, E(t),W (t)} is such that the elements of the
adjacency matrix W (t) satisfy wk,j(t) ∈ {0}⋃(α,∞) ⊂ R+ for some fixed threshold α ∈
R+, i.e., (vj , vk) ∈ E(t) if and only if wk,j(t) > 0 for all k, j ∈ N|V|.

It should be noted that, for a fixed set of vertices V and a fixed threshold α, the graph
G(t) is entirely characterized by the adjacency matrix W (t) by Property (P3). Therefore,
we shall write E(W (t)) ⊂ V ×V to denote the edge set induced by some adjacency matrix
W (t) and G(W (t)) = {V, E(W (t)),W (t)} to denote the graph induced by that matrix.
Some special cases of graphs are included in Definition 2.1 as follows: A graph G(t) is

unweighted if the elements of the adjacency matrix W (t) are constraint to take values in
{0, 1}. In that case, we may drop the adjacency matrix W (t) from the graph description
and simply write G(t) = {V, E(t)}. The special case of an undirected graph G(t) is obtained
by imposing wk,j(t) = wj,k(t) for all k, j ∈ NN , i.e., W (t) = W T (t). This implies that
(vj , vk) ∈ E(t) if and only if (vk, vj) ∈ E(t) for all k, j ∈ NN . Another important class
of weighted digraphs worth mentioning is the class of balanced graphs. A graph G(t) is
balanced if

∑N
j=1wk,j =

∑N
j=1wj,k for all k ∈ NN , i.e., the sum of the edge weights of the

incoming edges equals the sum of the edge weights of the outgoing edges. Balanced graphs
enjoy many of the properties of undirected graphs while the restriction to balanced graphs
is substantially weaker than requiring the graph to be undirected. Since in undirected
graphs the adjacency matrix is symmetric, any undirected graph is also a balanced graph.
Later on, we will need the concept of (unweighted) induced subgraphs. Given a graph

G(t) = {V, E(t),W (t)}. Consider a subset Ṽ ⊆ V of the vertices of G(t) with |Ṽ| = Ñ .
The subgraph G̃(t) induced by Ṽ is the graph G̃(t) = {Ṽ, Ẽ(t)}, where Ẽ(t) , {(v, w) ∈
E(t) : v, w ∈ Ṽ}. That is, the induced subgraph G̃(t) is obtained from G(t) by removing
some of the vertices together with all edges starting or ending at these vertices.
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Chapter 2 Graph Theory for Consensus Problems

2.1.1 Graph Connectedness

In order to achieve a consensus among individual systems, a basic requirement is that
all individuals share a minimum amount of common information. As explained before,
information propagates in the network along the (directed) edges of the graph modeling
the communication topology. To ensure that common pieces of information may reach
all individuals, the graph needs to be connected in some appropriate sense. To introduce
different definitions of connectivity, we first need to define a path in a graph as follows:

Definition 2.3 (Path). For fixed t, a path p from vertex vl1 to vertex vlr in a graph
G(t) is a sequence {vl1, . . . , vlr} of r > 1 distinct vertices such that (vli , vli+1

) ∈ E(t), i =
1, . . . , r − 1. The length of the path is r − 1.

Existence of a path p from vertex v ∈ V to vertex w ∈ V in some graph G(t) implies
that information can propagate from the system represented by vertex v to the system
represented by vertex w. With the help of paths, we can define the set of vertices which
can receive information from a specific vertex v ∈ V, called the set of descendants of v, as

D(v,G(t)) , {w ∈ V, ∃ path from v to w in G(t) at time t}.

The property of being descendant is transitive, i.e., v1 ∈ D(v2,G(t)) and v2 ∈ D(v3,G(t))
implies v1 ∈ D(v3,G(t)). If there is no ambiguity of the graph G(t), we may drop the
second argument and simply write D(v) instead of D(v,G(t)) to denote the descendants
of v in G(t). With these preliminaries at hand, we give the following definition of graph
connectedness:

Definition 2.4 (Connected at Time t, Centroid). A graph G(t) = {V, E(t),W (t)} is
connected at time t if there exists a vertex v ∈ V such that for all w ∈ V \ {v}, w ∈
D(v,G(t)), i.e., {v}⋃D(v,G(t)) = V. The vertex v is called a centroid of G(t).
If a graph G(t) is connected at time t, then its vertex set V contains at least one

specific vertex v, called a centroid of G(t), from which information can propagate to all
other vertices along paths in G(t). A graph obtained from G(t) by removing all edges
that do not belong to one of theses paths is called a spanning tree of G(t). The centroid
vertex v is the root of this spanning tree. Hence, a graph G(t) is connected at time t if
a spanning tree exists at time t. It should be noted that neither the centroid vertex v
nor the spanning tree need to be unique. Some authors refer to connected graphs in the
sense of Definition 2.4 as quasi strongly connected graphs (Ren et al., 2007, Wu, 2005).
The terminology used here is in accordance with Moreau (2005), Scardovi and Sepulchre
(2009).
If a graph is connected, the information that may be shared throughout the network

is determined by the information initially available at the centroid vertices. Sometimes,
a stronger definition of connectedness is needed, in which information can propagate
between any two vertices.

Definition 2.5 (Strongly Connected at Time t). A graph G(t) = {V, E(t),W (t)} is
strongly connected at time t, if any vertex v ∈ V is a centroid of G(t), i.e., for any
pair of distinct vertices v, w ∈ V, w ∈ D(v,G(t)) and v ∈ D(w,G(t)) or equivalently for
any vertex v ∈ V, {v}⋃D(v,G(t)) = V.
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Figure 2.2: Strongly connected weighted digraph with five vertices.

To illustrate the above definitions, consider the graph depicted in Figure 2.1. This
graph is connected with centroid v1, but it is not strongly connected since v1 is the only
centroid. However, adding a single edge from vertex v2 to vertex v1, the resulting graph
– depicted in Figure 2.2 – is strongly connected (and therefore also connected). To verify
strong connectedness of the graph depicted in Figure 2.2, it suffices to find paths between
all pairs of distinct vertices in the graph.
It is a remarkable fact that for balanced graphs the Definitions 2.4 of connectedness and

2.5 of strong connectedness are equivalent (Wu, 2005, Lemma 17). Since any undirected
graph is balanced, the same holds of course true for undirected graphs.
Definitions 2.4 and 2.5 both deal with graph connectedness at a specific time t, i.e., for

a fixed graph. Since the graph G(·) may vary over time, definitions taking into account
the evolution of the communication topology over time are of interest. To this end, we
define the T -averaged adjacency matrix as

W T (t) =
1

T

∫ t+T

t

W (τ)dτ,

where T ∈ R+ is a time horizon. The graph induced by the averaged adjacency matrix,
denoted GT (t) = G(W T (t)) = {V, ET (t),W T (t)} with ET (t) = E(W T (t)), is called the
union graph over intervals of length T . The definition below is taken from Moreau (2004b,
2005).

Definition 2.6 (Uniformly Connected). A graph G(·) = {V, E(·),W (·)} is called uni-
formly connected, if there exists a vertex v ∈ V and a time horizon T ∈ R+ such that v
is a centroid of the union graph GT (t) = G(W T (t)) uniformly in t.

It should be noted that uniformly connected is weaker than connected. In particular
a graph G(·) may be uniformly connected without ever being connected. Consider for
example the two constant graphs G1 and G2 depicted in Figures 2.3(a) and 2.3(b). Both
are not connected. Let G(t) = G1 for t ∈ [kT, (k + 1/2)T ) and G(t) = G2 for t ∈
[(k+1/2)T, (k+1)T ) for all k ∈ Z. Then the graph GT (t) is the constant, connected graph
depicted in Figure 2.1, i.e., G(t) is uniformly connected without ever being connected.
Since any fixed, strongly connected graph is connected and any fixed, connected graph is

uniformly connected, Definition 2.5 is the strongest of the three connectedness definitions
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(a) Graph G1 = {V , E1,W1}.
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(b) Graph G2 = {V , E2,W2}.

Figure 2.3: Two unconnected graphs G1 and G2 sharing a common vertex set V with
connected union graph.

and Definition 2.6 is the weakest. In terms of complexity of the network (cf. Section 1.1),
weaker connectedness assumptions imply less information propagated through the network
or stronger communication constraints, i.e., higher topological complexity.

2.1.2 The Graph Laplacian

As a next step, we will establish a tight link between algebraic graph theory and diffusive
couplings. To this end, consider again the Vicsek model (1.1) from Section 1.2 and assume
the set of indices of the neighbors of the kth particle Nk(t) is defined by an unweighted
digraph G(t) = {V, E(t),W (t)} with |V| = N vertices as Nk(t) = {j ∈ NN : (vj , vk) ∈
E(t)}. Then (1.1) can be rewritten as

θk(t + 1)− θk(t) = ∆k(t)−
1

1 +
∑N

j=1wk,j(t)

(

N
∑

j=1

wk,j(t) (θk(t)− θj(t))

)

or, using the stacked vectors θ(t) = (θ1(t), . . . , θN(t))
T and ∆(t) = (∆1(t), . . . ,∆N (t))

T ,

θ(t + 1)− θ(t) = ∆− (IN +D(t))−1L(t)θ(t). (2.1)

In the latter expression, D(t) ∈ RN×N is the degree matrix of G(t), which is defined as
D(t) , diag(W (t)1N), and L(t) = [lk,j(t)] ∈ RN×N is the graph Laplacian matrix of G(t),
defined as

L(t) , D(t)−W (t),

or element-wise

lk,j(t) ,











N
∑

i=1

wk,i(t), j = k,

− wk,j(t), j 6= k.

In (2.1), multiplication of the Laplacian matrix L(t) by (IN +D(t))−1 from the left can
be interpreted as normalization or additional weighting, which could also be included in
the Laplacian matrix directly. The qualitative dynamic evolution of θ(t) is therefore de-
termined by the Laplacian matrix L(t). In particular, since (IN +D(t))−1 is non-singular,
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L(t) determines the equilibria of (2.1). Moreover, the graph Laplacian L(t) uniquely
determines the adjacency matrix W (t) and therefore completely characterizes the graph
G(t), just like the adjacency matrix. Hence, the graph Laplacian on the one hand charac-
terizes the communication topology and on the other hand describes the interconnection
dynamics for linearly diffusively coupled systems. This observation motivates the interest
in relating algebraic properties of L(t) to properties of the graph G(t), which is the main
subject of the next section.

2.2 Algebraic Graph Properties in Consensus and

Synchronization Problems

We start the discussion of algebraic graph properties by some general remarks on the
spectrum of the Laplacian matrix L(t). By definition, all rows of the Laplacian sum up
to zero, diagonal elements are non-negative and off-diagonal elements are non-positive.
These observations yield some important properties of the Laplacian (see Godsil and
Royle, 2004):

The all ones vector 1N is an eigenvector of L(t) with corresponding eigenvalue 0 for
all times t ∈ R. In consensus problems this eigenvector spans the consensus subspace,
i.e., the subspace where all individuals have reached a common value. The fact that the
corresponding eigenvalue is 0 translates to the observation that diffusive couplings vanish
once consensus is reached.

To determine the loci of the remaining eigenvalues of the Laplacian matrix, define
dmax(t) , maxk∈NN

∑N
j=1wk,j(t) be the maximum degree of a graph G(t). The Geršgorin

Disk Theorem (Horn and Johnson, 1985, Theorem 6.1.1) implies that

σ(L(t)) ⊂ {z ∈ C : |z − dmax(t)| ≤ dmax(t)} ⊂ C+,

i.e., the spectrum of the Laplacian is contained in a disk in C centered at dmax(t) + j0
with radius dmax(t) which is contained in the closed right-half complex plane. How-
ever, that disk depends on time t. To obtain a time-independent set containing the
Laplacian eigenvalues, consider the supremum of the maximum edge weight wmax ,

supt∈R maxk,j∈NN
wk,j(t). The supremum exists due to boundedness of the edge weights

(cf. Property (P2) in Definition 2.1) and dmax(t) ≤ (N − 1)wmax holds uniformly in t.
Consequently, the Geršgorin Disk described above is uniformly contained in a disk in C

centered at (N − 1)wmax + j0 with radius (N − 1)wmax, i.e.,

σ(L(t)) ⊂ {z ∈ C : |z − (N − 1)wmax| ≤ (N − 1)wmax} ⊂ C+

for all t ∈ R. That is, all eigenvalues of the graph Laplacian are uniformly contained
in a compact subset of the closed right-half complex plane C+. The only intersection
of this compact set with the imaginary axis jR is the origin. As explained before, any
Laplacian matrix has at least one eigenvalue at the origin with a particular interpretation
in consensus problems. Below, we will have a closer look at this eigenvalue, first for
undirected graphs and subsequently generalized to digraphs.
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2.2.1 Connected Components and Algebraic Connectivity for

Undirected Graphs

The graph property, which corresponds to the algebraic property represented by the kernel
of the Laplacian matrix, is characterized by the connected components of an undirected
graph. Connected components represent an important concept for undirected graphs,
closely related to graph connectivity, as will be illustrated below.

Definition 2.7 (Connected Component). At fixed time t, a connected component of
an undirected graph G(t) = {V, E(t),W (t)} is an induced subgraph G̃ = {Ṽ, Ẽ} which is
maximal, subject to being connected. That is, G̃ is connected and the unweighted graph
induced by any set V̂ with Ṽ ⊆ V̂ ⊆ V is connected if and only if V̂ = Ṽ.
As a consequence from the above definition, no path exists in G(t) between two ver-

tices that belong to distinct connected components of G(t), i.e., each distinct connected
component represents a subgraph which is independent of the remaining graph. Con-
nected components are related to the graph Laplacian in the following lemma adopted
from Fiedler (1973), Wu (2005):

Lemma 2.8. Let t be fixed time and G(t) = {V, E(t),W (t)} an undirected graph with
|V| = N vertices satisfying Assumption 2.2. Assume G(t) has c ≥ 1 distinct connected
components G̃i = {Ṽi, Ẽi}, i ∈ Nc. Define vectors pi ∈ RN , i ∈ Nc element-wise as

pij ,

{

1 if vj ∈ Ṽi,

0 if vj 6∈ Ṽi,
j ∈ NN .

Then, dim(ker(L(t))) = c and ker(L(t)) = ker(LT (t)) = span(p1, . . . , pc), i.e., the c
vectors pi, i ∈ Nc span a non-negative, orthogonal basis of the kernel of the Laplacian
matrix L(t) (as well as the kernel of the transposed Laplacian matrix LT (t)).

The proof of the above lemma is omitted, as it can be found in any standard book on
algebraic graph theory (see Godsil and Royle, 2004). We only would like to mention that
orthogonality of the vectors pi, i ∈ Nc results from the fact that, at fixed time t, no vertex
can belong to two distinct connected components. Since an undirected graph is connected
if and only if it has exactly one connected component, namely the complete graph, and
the Laplacian matrix L(t) of an undirected graph is symmetric, connectivity implies that
0 is a simple eigenvalue of the Laplacian matrix L(t). This yields the following corollary:

Corollary 2.9. Let t be fixed time and G(t) = {V, E(t),W (t)} an undirected graph satis-
fying Assumption 2.2.
Then G(t) is strongly connected (or equivalently connected) at time t if and only if the

second smallest eigenvalue of the graph Laplacian L(t) is positive, i.e. λ2(L(t)) > 0.

The importance of the second smallest eigenvalue λ2(L(t)) of the Laplacian matrix
L(t) was first recognized by Fiedler (1973, 1975), who introduced the term algebraic
connectivity for that quantity. The remarkable properties of the algebraic connectivity of
an undirected graph include the fact that its value cannot decrease when undirected edges
are added to the graph. Therefore, the algebraic connectivity is a meaningful measure for
the level of connectedness of an undirected graph.
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Figure 2.4: Directed graph with maximal subgraphs. The subgraphs induced by the vertex
sets {v1}, {v2}, and {v3, v4} are maximal subject to being strongly connected.
The subgraphs induced by the vertex sets {v1, v2} and {v1, v3, v4} are maximal
subject to being connected.

2.2.2 Independent Strongly Connected Components for Directed
Graphs

In undirected graphs, each vertex belongs to exactly one connected component, distinct
connected components are mutually independent subgraphs, i.e., there exist no paths
connecting them, and – due to equivalence of Definitions 2.4 and 2.5 – there is no ambiguity
about the definition of a connected component. In directed graphs, the situation is more
subtle. For a given graph G(t) = {V, E(t),W (t)}, at fixed time t, there might be an
induced subgraph G̃ = {Ṽ, Ẽ} which is maximal subject to being strongly connected, but
for which a path from some vertex v ∈ V\Ṽ to some vertex ṽ ∈ Ṽ, or the other way round,
exists in G(t). In other words, induced subgraphs of directed graphs that are maximal,
subject to being strongly connected, are not necessarily mutually independent. If one
requires the induced subgraphs to be connected instead of strongly connected, distinct
subgraphs, maximal subject to being connected, may even have vertex sets that are not
disjoint. An example graph with subgraphs that are maximal subject to being connected
and strongly connected respectively is depicted in Figure 2.4.
These properties, inherent to directed graphs, constitute a major difference to undi-

rected graphs and explains why directed graphs pose additional challenges. The objective
of this section is to introduce and explain a well-defined generalization of connected com-
ponents of undirected graphs to digraphs. The particular choice taken in this thesis is
motivated by the specific intended use for consensus problems.

Definition 2.10 (Independent Strongly Connected Component). At fixed time t, an
independent strongly connected component (iSCC) of a digraph G(t) = {V, E(t),W (t)}
is an induced subgraph G̃ = {Ṽ, Ẽ} which is maximal, subject to being strongly connected,
and satisfies (v, ṽ) 6∈ E(t) for any v ∈ V \ Ṽ and ṽ ∈ Ṽ. That is G̃ is strongly connected
and the unweighted digraph induced by any set V̂ with Ṽ ⊆ V̂ ⊆ V is strongly connected if
and only if V̂ = Ṽ. Furthermore, there is no edge in E(t) with tail outside Ṽ and head in
Ṽ.

The property, that no edge starting outside an iSCC and ending inside an iSCC may
exist, explains why these components are qualified as being independent. Since edges of
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a digraph model information flows between interconnected systems, the fact that there
exists no edge with tail outside an iSCC and head inside that iSCC means that the systems
represented by the vertices within the iSCC are not influenced by the systems represented
by vertices outside the iSCC. That is, the systems represented by the vertices contained
in an iSCC form an independent subgroup within the network. In other words, those
systems are not aware of systems outside the group. Note that any connected component
of an undirected graph matches Definition 2.10 and therefore is an iSCC. Furthermore, it
should be noted that Definition 2.10 does not exclude edges with tail inside an iSCC and
head outside that iSCC.
It follows from the definition of an iSCC, that, at fixed time t, distinct iSCCs of digraphs

are mutually independent, i.e., no paths exist connecting vertices contained in distinct
iSCCs. However, there may exist a vertex not belonging to any iSCC that is a descendant
of vertices belonging to distinct iSCCs. Such a situation occurs in the graph depicted in
Figure 2.4: The iSCCs are the subgraphs induced by the vertex sets {v2} and {v3, v4};
vertex v1 is a descendant of all other vertices. The graph depicted in Figure 2.1 has
only one iSCC, namely the graph induced by the vertex set {v1}. In the graph depicted
in Figure 2.2, the unique iSCC coincides with the graph itself. Intuitively, the iSCCs
identify the individuals which exert influence on other individuals in the network while
themselves not being influenced by vertices outside the iSCC. In terms of consensus, the
iSCCs identify the individuals to “control” in order to achieve agreement in the whole
group. Below, we discuss important properties of iSCCs in digraphs eventually resulting
in a generalization of Lemma 2.8 to digraphs. The following results are predominantly
based on Wieland et al. (2008, 2010a).
It has been argued already, that – in contrast to undirected graphs where each vertex

belongs to exactly one connected component – in digraphs there might be vertices which
do not belong to any iSCC. An example is vertex v1 in the graph depicted in Figure 2.4.
However, iSCCs are well defined in the sense that any vertex belongs to at most one iSCC
and any vertex not belonging to an iSCC is descendant of vertices that belong to an iSCC,
as stated in the following theorems:

Theorem 2.11. Let t be fixed time and G(t) = {V, E(t),W (t)} a digraph. Let G̃i =
{Ṽi, Ẽi}, i = 1, 2 be two iSCCs of G(t).
Then Ṽ1

⋂ Ṽ2 6= ∅ if and only if Ṽ1 = Ṽ2, i.e., G̃1 = G̃2.

Proof. The proof of sufficiency is immediate. To prove necessity, assume there exists a
vertex v ∈ Ṽ1

⋂ Ṽ2. Strong connectivity of iSCCs implies on the one hand that Ṽi ⊆
{v}⋃D(v,G(t)), i = 1, 2 and on the other hand that D(v,G(t)) ⊆ D(w,G(t)) for any
w ∈ Ṽ1

⋃ Ṽ2. That is, all vertices of either of the two iSCCs are descendants of any
vertex of either of the two iSCCs. By Definition 2.10 of an iSCC, or more specifically
the property that iSCCs are maximal, subject to being strongly connected, this implies
Ṽ1 = Ṽ2.

Theorem 2.12. Let t be fixed time and G(t) = {V, E(t),W (t)} a digraph. Let v ∈ V.
Then there exists at least one iSCC G̃ = {Ṽ, Ẽ} such that either v ∈ Ṽ or v ∈ D(w,G(t))

for any w ∈ Ṽ, denoted as v ∈ D(Ṽ ,G(t)).

Proof. The proof is given in Appendix A.3.1
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Finally, we give the generalization of Lemma 2.8 to digraphs as follows.

Theorem 2.13. Let t be fixed time and G = {V, E(t),W (t)} a digraph with |V| = N ver-
tices, satisfying Assumption 2.2. Assume G(t) has c ≥ 1 distinct iSCCs G̃i = {Ṽi, Ẽi}, i ∈
Nc.

Then, dim(ker(LT (t))) = c and there exist unique (modulo vertex permutations) vectors
pi ∈ R

N , i ∈ Nc satisfying

pij > 0 if vj ∈ Ṽi,

pij = 0 if vj 6∈ Ṽi,
i ∈ NN (2.2)

element-wise and (pi)T1N = 1, i ∈ Nc, such that ker(LT (t)) = span(p1, . . . , pc), i.e., the
c vectors pi, i ∈ Nc span a non-negative, orthogonal basis of the kernel of the transposed
Laplacian matrix LT (t).

Proof. The proof is given in Appendix A.3.2.

Theorem 2.13 conveys that the dimension of the kernel of the transposed Laplacian ma-
trix LT (t) (and therefore also the Laplacian matrix L(t)) is given by the number of iSCCs
of the corresponding digraph. This is very similar to the situation of undirected graphs,
where the number of connected components determines the dimension of ker(LT (t)) (and
ker(L(t))) by Lemma 2.8. The kernel of LT (t) is spanned by a uniquely defined set of
non-negative, orthogonal vectors pi, i ∈ Nc. In contrast to the case of undirected graphs,
for which those vectors are specified in Lemma 2.8, Theorem 2.13 just states existence of
those vectors with the aforementioned properties. The values taken by the elements of
the vectors pi, i ∈ Nc depend on the precise digraph G(t). The normalization conditions
(pi)T1N = 1, i ∈ Nc are imposed to ensure uniqueness of the vectors pi, i ∈ Nc. Since
the vectors pi, i ∈ Nc are unique, a possibility to determine the iSCCs of a given graph
G(t) is to construct a non-negative, orthogonal basis of the kernel of LT (t). Then (2.2)
determines the vertex sets of the iSCCs of G(t).
In analogy to Corollary 2.9 for undirected graphs, Theorem 2.13 has an immediate

corollary relating the spectrum of L(t) to graph connectivity.

Corollary 2.14. Let t be fixed time and G = {V, E(t),W (t)} a digraph satisfying As-
sumption 2.2.

Then G(t) is connected at time t if and only if the second eigenvalue λ2(L(t)) of the
Laplacian L(t) has positive real part, i.e., Re(λ2(L(t))) > 0, where the second eigenvalue
λ2(L(t)) is the eigenvalue of L(t) with the second smallest real part by convention.

Proof. (⇒) If G(t) is connected, it has at most one iSCC; by Theorem 2.12, it must have
at least one iSCC, thus it has exactly one iSCC. Then, by Theorem 2.13, 0 is a simple
eigenvalue of L(t) and thus all other eigenvalues, and in particular the second eigenvalue,
of L(t) have positive real part.

(⇐) If Re(λ2(L(t))) > 0, 0 is a simple eigenvalue of L(t) which implies that the graph
has exactly one iSCC by Theorem 2.13. By Theorem 2.12, any vertex contained in that
iSCC must be a centroid of G(t), i.e., the graph is connected.
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1
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Figure 2.5: Digraph where an additional edge decreases the second smallest real
part Re(λ2(L(t))) of the Laplacian spectrum. Without the dashed edge,

Re(λ2(L(t))) = 1, with the dashed edge, Re(λ2(L(t))) =
3−

√
5

2
< 1.

Corollary 2.14 suggests that the second smallest real part Re(λ2(L(t))) of the Laplacian
L(t) of a digraph G(t) plays, to some extent, the role of the algebraic connectivity of
undirected graphs. Most importantly, we know that this quantity is positive if and only
if the corresponding graph is strongly connected and zero otherwise. It should be noted
that, for undirected graphs, Re(λ2(L(t))) = λ2(L(t)) because L(t) = LT (t) and thus
σ(L(t)) ⊂ R. That is the second smallest real part Re(λ2(L(t))) of the Laplacian L(t)
is indeed a generalization of the algebraic connectivity to digraphs. However, the value
Re(λ2(L(t))) does not possess many of the nice properties of the algebraic connectivity
for undirected graphs, e.g., Re(λ2(L(t))) may decrease when edges are added to a graph
as in the graph depicted in Figure 2.5. An alternative proof of Corollary 2.14 is given in
Ren and Beard (2005).
Other generalizations of the algebraic connectivity to directed graphs exist in the liter-

ature. For completeness, we mention here the definition due to Wu (2005), who defines
the algebraic connectivity with the help of a Rayleigh-Ritz ratio (see Horn and Johnson,
1985) as

a(t) = min
x∈RN

x 6=0

x⊥1N

xTL(t)x

xTx
.

For undirected graphs, a(t) = λ2(L(t)), i.e., the quantity a(t) is indeed a generalization of
the algebraic connectivity to digraphs. This definition of algebraic connectivity is used for
consensus and synchronization problems in Scardovi et al. (2010). However, for general
digraphs, no simple relation exists between the algebraic connectivity a(t) and graph
connectedness according to Definitions 2.4 and 2.5. Therefore, the algebraic connectivity
a(t) is not used for the results in this thesis.

2.3 Summary

In this chapter we introduced basic concepts from graph theory and more specifically
algebraic graph theory as far as they are relevant for consensus and synchronization
problems.
We started by introducing the most important definitions, including several definitions

for graph connectedness in fixed and time-varying communication topologies. Further-
more, a link between the graph Laplacian matrix and the Vicsek model was highlighted.
The second part of this chapter was devoted to generalizations of concepts from al-

gebraic graph theory for undirected graphs to digraphs as they will be used to model
communication topologies later on (see Wieland et al., 2010a). Particularly, we developed
the concept of iSCCs of digraphs as a generalization to components of undirected graphs.
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Chapter 3

Consensus with Static Diffusive
Couplings

In the previous chapter, a close link between linear diffusive couplings and algebraic
graph theory, more specifically the Laplacian matrix L(t) of the communication graph
G(t) = {V, E(t),W (t)}, has been established. In particular, we argued that the dynamics
of the Vicsek model is essentially characterized by the graph Laplacian L(t). In this
chapter, we will have a closer look on the dynamics for consensus models inspired by
the Vicsek model and different generalizations. Particularly, we will quantify convergence
properties of the consensus dynamics.
Static diffusive couplings have been used in several setups. For instance, Slotine and

Wang (2004), Stan and Sepulchre (2007), Wang and Slotine (2005) use static diffusive cou-
plings to synchronize nonlinear oscillators over constant, balanced communication graphs.
Arcak (2007), Chopra and Spong (2006), Pogromsky (1997) use diffusive couplings to syn-
chronize passive systems. Nijmeijer and Mareels (1997) relate the observer design problem
to master-slave synchronization with diffusive couplings. Another example is of course the
Kuramoto model (Kuramoto, 1975) introduced in Section 1.2. The methods presented in
this chapter are restricted to individuals modeled as LTI systems.
Inspired by the results obtained for the Vicsek model (1.1), we start with a continuous

time consensus model given as

ẋ(t) = u(t) (3.1a)

u(t) = −L(t)x(t), (3.1b)

where x(t) = (x1(t), . . . , xN(t))
T ∈ RN is the stacked vector of the scalar states xk(t) ∈

R, k ∈ NN of the individual systems, u(t) = (u1(t), . . . , uN(t))
T ∈ RN is the stacked

vector of the inputs uk(t) ∈ R, k ∈ NN to the individual systems, and L(t) ∈ RN×N is
the time-varying Laplacian matrix of some communication graph G(t) = {V, E(t),W (t)}
with |V| = N (see Jadbabaie et al., 2003). The above model (3.1) consists of N open
loop integrator systems (3.1a) and diffusive couplings realized as a static state feedback
(3.1b). It can be viewed as the prototype for many consensus models. The feedback is
determined by the communication graph G(t) represented by its Laplacian matrix L(t).
Consensus in the above model (3.1) means that all individual systems asymptotically

reach a common value. That is consensus is asymptotically achieved if (xk(t)−xj(t)) → 0
as t → ∞ for all j, k ∈ NN or equivalently if (x(t) − 1Nξ(t)) → 0 as t → ∞ for some
real valued function ξ(·) : R → R. If the individual systems converge to consensus, this
implies that u(t) → 0 as t → ∞, thus one expects that x(t) asymptotically reaches a
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constant vector and ξ(t) can be chosen constant, i.e., ξ(t) ≡ ξ0 for some ξ0 ∈ R in case of
the model described by (3.1).
An important generalization of the prototype model (3.1) consists in considering in-

dividual systems whose models are given by more general dynamical systems. In this
chapter, we thus consider networks of N identical individuals, modeled as general LTI
systems

ẋk(t) = Axk(t) +Buk(t), k ∈ NN , (3.2)

with state vectors xk(t) ∈ R
n and input vector uk(t) ∈ R

p. We are interested in the effect
induced by static, diffusive couplings

uk(t) = K
N
∑

j=1

wk,j(t)(xk(t)− xj(t)), k ∈ NN (3.3)

on the network of systems (3.2). In the couplings (3.3), the matrix K ∈ Rp×n is a feedback
gain, which we consider as a degree of freedom in the design methods proposed in this
chapter; the values wk,j(t) ∈ R+, j, k ∈ NN are the elements of the adjacency matrix
W (t) = [wk,j(t)] ∈ RN×N of some communication graph G(t) = {V, E(t),W (t)} with
|V| = N . We would like to stress that the couplings defined by (3.3) are indeed diffusive
couplings as defined in Section 1.2 because they are proportional to a weighted (by the
coefficients wk,j(t)/

∑N
j=1wk,j(t), j, k ∈ NN) average of relative states xk(t)− xj(t), j, k ∈

NN .
Similarly to (3.1), we frequently consider the ensemble of the states xk(t) ∈ Rn, k ∈ NN

of the individual systems as a single, large state vector and write the whole network as
one big system. Using the Kronecker product1, a compact notation of the network of
systems (3.2) with couplings (3.3) is obtained as

ẋ(t) = (I ⊗ A)x(t) + (I ⊗B)u(t) (3.4a)

u(t) = (L(t)⊗K)x(t) (3.4b)

with stacked state vector x(t) = (xT1 (t), . . . , x
T
N (t))

T ∈ RNn and stacked input vector
u(t) = (uT1 (t), . . . , u

T
N(t))

T ∈ RNp (see Fax and Murray, 2004, Wieland et al., 2010a). The
system description (3.4) possesses a useful property. Namely, despite the fact that (3.4)
is a global representation of the network, the local coupling structure and the system
dynamics of the individual network members stay manifest in the system equations.
The model (3.4) includes several important special cases, some of which we would like

to mention below. A first example is the prototype model (3.1), which is obtained from
(3.4) by setting n = p = 1, A = 0, B = 1 and K = −1.
A second important case is consensus among chains of integrators, which was treated,

e.g., in Hu and Lin (2010), Ren and Atkins (2005), Ren et al. (2006), Yang and Fang
(2010). This particular case is obtained from (3.4) by setting p = 1 and

A =











0 1 0
. . .

. . .

0 1
0 0











, B =











0
...
0
1











.

1Details on the Kronecker product are found in Horn and Johnson (1991). We will frequently use the
identiy (A⊗B)(C⊗D) = (AC)⊗(BD) for matrices A ∈ R

m×n, B ∈ R
p×q, C ∈ R

n×k, and D ∈ R
q×r.
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3.1 Definition of Consensus and Problem Setup

The interest in consensus of individual systems modeled by chains of integrators is moti-
vated, e.g., by the observation that flocking behavior may require consensus about posi-
tions, speed, and acceleration among the individuals (see Ren et al., 2006).
A third example which received considerable attention in literature (Ren, 2008, Scardovi

and Sepulchre, 2009) is consensus (or synchronization) of harmonic oscillators. This
corresponds to (3.4a) with n = 2 and

A =

(

0 ω
−ω 0

)

for some frequency of oscillation ω ∈ R \ {0}.
Consensus with general LTI systems (3.2) thus represents a unifying picture for sev-

eral relevant special cases and thereby contributes to a deepened understanding of linear
consensus problems.

3.1 Definition of Consensus and Problem Setup

As before, we define consensus as the property that (xk(t)− xj(t)) → 0 as t→ ∞ for all
j, k ∈ NN . More formally, state consensus can be defined as follows:

Definition 3.1 (State Consensus). The N systems (3.2) are said to asymptotically reach
state consensus, if there exists some trajectory ξ(·) : R → Rn such that

lim
t→∞

‖xk(t)− ξ(t)‖ = 0 (3.5)

for all k ∈ NN . In that case, the trajectory ξ(·) is called a consensus trajectory.

The consensus trajectory ξ(·) in the above definition is a curve in Rn parameterized
by time t. Condition (3.5) expresses that consensus is reached if the state trajectories
xk(·), k ∈ NN of all individual systems asymptotically converge to the common consensus
trajectory. However, Definition 3.1 makes no statement about properties of that consensus
trajectory besides being close to state trajectories xk(t) for t → ∞. In particular, the
consensus trajectory is not directly related to the dynamics of the individual systems
in the network. Definition 3.1 does not even require the consensus trajectory to be a
solution of any linear ODE system. Since for a given communication graph G(t) the
solutions xk(t), k ∈ NN are determined by initial conditions xk(0), k ∈ NN , it is natural
that the consensus trajectory ξ(t) will also depend on initial conditions xk(0), k ∈ NN .
However, for fixed initial conditions xk(0) ∈ R

n, k ∈ NN consensus trajectories are not
unique. This fact is readily verified as follows: let ξ(t) be a consensus trajectory for some
initial conditions xk(0) ∈ Rn, k ∈ NN and let ψ(·) : R → Rn be any mapping such that
limt→∞ ψ(t) = 0, then ξ̃(t) , ξ(t) + ψ(t) is also a consensus trajectory. Yet, assuming
an exponential convergence rate in (3.5), the specific couplings used in (3.4) imply that,
if there exists any consensus trajectory, there exists a particular, canonical consensus
trajectory. This fact is formally stated in the following lemma:

Lemma 3.2. Let ξ̃(·) : R → Rn be a consensus trajectory for (3.4) for fixed initial
conditions xk(0) ∈ R

n, k ∈ NN .
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If (3.5) is satisfied with an exponential convergence rate, i.e., there exist constants
M1, µ1 ∈ R+ such that

‖xk(t)− ξ̃(t)‖ ≤M1e
−µ1t max

j∈NN

‖xj(0)− ξ̃(0)‖

for all k ∈ NN , then there exists ξ0 ∈ Rn and constants M2, µ2 ∈ R+ such that

‖xk(t)− eAtξ0‖ ≤M2e
−µ2t max

j∈NN

‖xj(0)− ξ0‖

for all k ∈ NN , i.e., the solution ξ(t) = eAtξ0 of the open-loop dynamics (3.2) with
uk(t) ≡ 0 is a consensus trajectory for (3.4) with exponential convergence rate for the
same initial conditions xk(0) ∈ Rn, k ∈ NN .

Proof. If ξ̃(·) is a consensus trajectory, then by condition (3.5)

lim
t→∞

‖x(t)− (1N ⊗ ξ̃(t))‖ = 0,

i.e., x(t) asymptotically converges to the subspace im(1N ⊗ In) ⊂ RNn. If x(t) ∈ im(1N ⊗
In), then x(t) = 1N⊗ξ(t) for some trajectory ξ(·) : R → Rn. We obtain u(t) = (L(t)1N)⊗
(Kξ(t)) = 0 and ẋ(t) = 1N ⊗ ξ̇(t) = 1N ⊗ (Aξ(t)) ∈ im(1N ⊗ In). That is, im(1N ⊗ In) is
an invariant subspace of dimension n with dynamics described by the open loop dynamics
of the individual system, i.e., (3.2) with uk(t) ≡ 0.
Convergence of x(t) to the subspace im(1N ⊗ In) ⊂ RNn is exponential by assumption.

By Lemma B.1 given in Appendix B, this implies that x(t) exponentially converges to a
particular solution 1N ⊗ ξ(t) contained in im(1N ⊗ In). This completes the proof.

The key property of the diffusive couplings (3.4b) used in the proof of Lemma 3.2 is that
the couplings vanish once consensus is reached. This results from the fact that diffusive
couplings exclusively depend on relative information. Lemma 3.2 expresses that, under
the assumption that consensus is reached exponentially fast, the synchronized solutions
of all individual systems behave like the individual system without input. This property
is exactly what one would intuitively expect to happen: Consensus algorithm (3.3) does
not alter the system behavior but just ‘aligns’ the individual solutions in a network of
systems.
In the context of static, diffusive couplings (3.4b), there are two problems of potential

interest that are related to consensus in the sense of Definition 3.1 and that we will be
considering subsequently. The first problem is an analysis problem and can be posed as
follows:

Problem 3.3 (State Consensus Analysis). Let the N individual systems (3.2) be mod-
eled by given matrices A ∈ Rn×n and B ∈ Rn×p and let the diffusive couplings (3.3)
be defined by some given coupling gain K ∈ Rp×n and some communication graph
G(t) = {V, E(t),W (t)} with |V| = N belonging to a given class.
Decide whether state consensus is asymptotically reached for all initial conditions xk(0),

k ∈ NN of the individual systems and, in case the answer is yes, what the consensus
trajectory ξ(·) will be.
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If consensus is reached exponentially fast, the question about the consensus trajectory
ξ(·) is partly answered by Lemma 3.2. But in some instances, it is possible to specify
the initial condition ξ0 = ξ(0) of the consensus trajectory in dependence of the initial
conditions xk(0), k ∈ NN of the individual systems and the communication graph G. A
slight modification of the State Consensus Analysis Problem 3.3 consists in considering the
question under which conditions on the communication graph G(t) consensus is reached.
The second problem is the corresponding design problem given below.

Problem 3.4 (State Consensus Design). Let the N individual systems (3.2) be modeled
by given matrices A ∈ Rn×n and B ∈ Rn×p. Let the communication topology in the
diffusive couplings (3.3) be defined by some communication graph G(t) = {V, E(t),W (t)}
with |V| = N belonging to a given class.
Find, if possible, a coupling gain K ∈ Rp×n such that consensus is asymptotically

reached for all initial conditions xk(0), k ∈ NN of the individual systems.

In the following sections, we will propose different solutions for Problems 3.3 and 3.4,
first for fixed communication topologies, i.e., constant communication graphs and thus
constant graph Laplacian matrices in Section 3.2, and subsequently for time-varying com-
munication topologies in Section 3.3. In Section 3.4, we will comment on the problem of
consensus with a leader and, in this context, consider a slightly different version of the
State Consensus Design Problem 3.4, where we also consider parts of the communica-
tion graph as degree of freedom in the design. To conclude this chapter, we will shortly
summarize the results in Section 3.5.

3.2 Consensus for Fixed Communication Topologies

In this section, we consider the problem of consensus under fixed communication topolo-
gies, i.e., constant communication graphs. We therefore omit the parameter t in the
description of the communication graph and simply write G = {V, E ,W}. Throughout
this section, we assume without loss of generality that the communication graph G satisfies
Assumption 2.2, i.e., (vj , vk) ∈ E if and only if wk,j > 0 for all j, k ∈ N|V|.

3.2.1 Integrator Consensus for Fixed Communication Topologies

We start by discussing a solution to Problem 3.3 for the prototype model (3.1). The
interest in starting with this special case lies primarily in its simplicity. Insight gained
from the special case of this simple model will be helpful when generalizing to the model
(3.4) later on. Our first solution to the State Consensus Analysis Problem 3.3 is given in
the following lemma:

Lemma 3.5. Let G = {V, E ,W} be a constant communication graph with |V| = N > 1
and Laplacian matrix L satisfying Assumption 2.2.
Then consensus in the prototype model (3.1) is reached for all initial conditions x(0) ∈

RN if and only if the graph G is connected.
In that case, there exists a unique, element-wise non-negative vector p ∈ RN satisfying

pT1N = 1 and pTLT = 0 and constants M,µ ∈ R+, such that

‖x(t)− 1Np
Tx(0)‖ ≤Me−µt‖x(0)− 1Np

Tx(0)‖ (3.6)
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i.e., the consensus value is given by ξ0 = pTx(0), and it is reached exponentially fast.

Proof. The set where consensus is reached is the subspace im(1N) ⊂ RN . By the properties
of the Laplacian matrix L, namely L1N = 0, this subspace is invariant for (3.1). Consensus
is reached for all initial conditions if and only if all modes of (3.1) not contained in im(1N)
are asymptotically stable which is the case if and only if 0 is a simple eigenvalue of L and
all other eigenvalues of L have positive real part. By Corollary 2.14 this is equivalent to
G being connected.
If 0 is a simple eigenvalue of L, there exists a unique element-wise non-negative vector

p ∈ RN such that pT1N = 1 and pTL = 0 by Theorem 2.13, i.e., pT is the normalized
left-eigenvector of L for the eigenvalue 0. Thus, it defines the projection of the initial
condition x(0) ∈ R

N to the mode contained in the consensus subspace im(1N). Since all
other modes are asymptotically stable and thus exponentially stable, the inequality (3.6)
follows.

In simple words, Lemma 3.5 states the well-known result that connectedness of the
constant communication graph G is necessary and sufficient for consensus in the prototype
model (3.1). In view of Theorem 2.13, this means that consensus is achieved if and only
if the graph G has exactly one iSCC. In that case, all states xk(t) converge to a common
constant value ξ0 = pTx(0), where p ∈ RN is the unique vector satisfying pTL = 0 and
pT1N = 1. Again by Theorem 2.13, we know that pk ≥ 0 with pk > 0 if and only if the
corresponding vertex vk ⊂ V belongs to the unique iSCC of G for k ∈ NN . That is, the
information initially available at the members of the unique iSCC determines the ultimate
value all individuals will eventually converge to.
To understand this observation, remember that an iSCC is a strongly connected induced

subgraph G̃ with some subset Ṽ ⊂ V of vertices such that no path exists in the complete
graph G starting at some vertex v ∈ V \ Ṽ outside the iSCC and ending at some vertex
w ∈ Ṽ within the iSCC. That is information from systems that are represented by vertices
not belonging to an iSCC cannot be transmitted through the communication graph G to
systems represented by vertices belonging to the iSCC. Therefore, if all systems eventually
agree upon some value, this value cannot depend on information that was not initially
available to some system represented by a vertex belonging to the unique iSCC of G. This
fact is reflected by pk = 0 if the corresponding vertex vk ∈ V does not belong to the
iSCC (cf. Theorem 2.13). On the other hand, within the iSCC, paths exist between any
pair of distinct vertices, i.e., information can be exchanged between any pair of distinct
vertices. Thus, all systems represented by vertices belonging to the iSCC contribute to the
final value, the group agrees upon. This contribution is quantified by the corresponding
elements pk > 0 of the vector p.
A particular case of consensus in the prototype model (3.1) is average consensus, i.e., the

states xk(t), k ∈ NN converge to the arithmetic mean of the initial conditions xk(0), k ∈
NN , formally

lim
t→∞

∥

∥

∥

∥

x(t)− 1N
1TNx(0)

N

∥

∥

∥

∥

= 0.

Necessary and sufficient conditions for average consensus are given in the corollary below.

Corollary 3.6. Let G = {V, E ,W} be a constant communication graph with |V| = N > 1
and Laplacian matrix L satisfying Assumption 2.2.
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Then average consensus in the prototype model (3.1) is reached for all initial conditions
x(0) ∈ RN if and only if the graph G is balanced and connected.

Proof. By Lemma 3.5, average consensus is reached if and only if the communication graph
is connected and p = 1N satisfies pTL = 0, i.e., 1TN is a left-eigenvector of the Laplacian
matrix L corresponding to the simple eigenvalue 0. By definition of the Laplacian matrix,

1TNL =
(

∑N
j=1w1,j −

∑N
j=1wj,1, . . . ,

∑N
j=1wN,j −

∑N
j=1wj,N

)

.

Thus, 1TNL = 0 is equivalent to G being balanced.

With these first solutions for Problem 3.3 at hand, we now proceed with solutions for
Problems 3.3 and 3.4 in the case of individuals modeled as general, identical LTI systems.

3.2.2 Consensus among Identical Linear Systems with Fixed

Communication Topologies

The objective of this section is to generalize and extend the results given in the previous
section for the prototype model (3.1) to networks of identical LTI systems (3.4). We start
by a solution to the State Consensus Problem 3.3 generalizing Lemma 3.5. The result
below is essentially due to Fax and Murray (2004). It has also been reported independently
in Wieland and Allgöwer (2010), Wieland et al. (2008) and partly in Tuna (2008a).

Theorem 3.7. Let G = {V, E ,W} be a constant communication graph with |V| = N > 1
and Laplacian matrix L satisfying Assumption 2.2. Let A ∈ Rn×n, B ∈ Rn×p, and
K ∈ Rp×n.
Then the individual systems in the model (3.4) reach consensus for all initial conditions

xk(0) ∈ Rn, k ∈ NN if and only if the systems

ẋ(t) = (A+ λk(L)BK)x(t), k ∈ NN \ {1} (3.7)

with state vector x(t) ∈ Rn are asymptotically stable.
In that case, there exists an element-wise non-negative vector p ∈ RN satisfying pT1N =

1 and pTLT = 0 and constants M,µ ∈ R+, such that

∥

∥x(t)− 1N ⊗
[

eAt
(

(pT ⊗ In)x(0)
)]∥

∥ ≤Me−µt
∥

∥x(0)− 1N ⊗
(

(pT ⊗ In)x(0)
)∥

∥ (3.8)

i.e., ξ(t) = eAt
(

(pT ⊗ In)x(0)
)

is a consensus trajectory and convergence to consensus is
exponentially fast.

Proof. The set where consensus is reached is the subspace im(1N ⊗ In) ⊂ RNn. As in the
proof for Lemma 3.5, the properties of the Laplacian matrix imply that this subspace is
invariant for (3.4). In fact

(L⊗K)(1N ⊗ In) = (L1N ⊗K) = 0,

i.e., for x(t) ∈ im(1N ⊗ In), the couplings vanish and u(t) ≡ 0. Furthermore, this implies
that for x(t) ∈ im(1N ⊗ In), the dynamic evolution is governed by ẋ(t) = (IN ⊗ A)x(t),
i.e., all systems are decoupled and evolve according to their open loop dynamics.
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The projection of the initial conditions x(0) to the modes contained in im(1N ⊗ In)
is defined by some matrix (pT ⊗ In) for some vector p ∈ RN satisfying pT1N = 1 and
pTL = 0. By Theorem 2.13, we can choose p to be element-wise non-negative. This
implies that, if consensus is reached exponentially, then inequality (3.8) is satisfied.
Let T ∈ CN×N be a transformation matrix such that Λ , T−1LT is upper triangular

and the elements on the diagonal of Λ are the eigenvalues λk(L), k ∈ NN ordered by
increasing real parts. We can choose T such that

T











1
0
...
0











= 1N , (T−1)T











1
0
...
0











= p,

i.e., the first column of T is the all ones vector and the first row of T−1 equals pT .
Consider the change of coordinates x(t) = (T ⊗ In)z(t). Then

ż(t) = ((IN ⊗ A) + (Λ⊗BK))z(t),

where (IN ⊗ A) + (Λ ⊗ BK) is an upper block-triangular matrix. Due to the particular
choice of T , the first (n× n) diagonal block of (IN ⊗ A) + (Λ⊗ BK) corresponds to the
dynamics of (3.4) restricted to the consensus subspace im(1N ⊗ In).
Consensus is asymptotically (or equivalently exponentially) reached for all initial con-

ditions x(0) ∈ RNn if and only if all modes of (3.4) not contained in im(1N ⊗ In) are
asymptotically stable. The stability of these modes is determined by the stability of the
remaining diagonal blocks which is exactly the stability of the systems (3.7).

Theorem 3.7 establishes equivalence between consensus in the network described by
(3.4) and asymptotic stability of (N −1) LTI systems of order n (3.7). Those systems are
obtained from the description of the members (3.2) of the network with state feedback
u(t) = λk(L)Kx(t), k ∈ NN \{1}, i.e., all N−1 systems are equivalent except for different
gains in the feedback. Those gains are determined by the eigenvalues of the Laplacian
matrix L encoding the communication topology.
The gains λk(L), k ∈ NN \{1} may take complex values. Therefore, a remark is in order

concerning stability of the systems (3.7). Just as in case of LTI systems with real dynamics
matrices, the systems (3.7) are asymptotically stable if and only if all eigenvalues of the
complex matrices A + λk(L)BK ∈ Cn×n have negative real part. Instead of checking
stability of these complex matrices, an equivalent condition involving only real quantities
is readily obtained by observing that σ(A + λk(L)BK) ⊂ C− if and only if the real
(2n× 2n) matrix

(

A+Re(λk(L))BK Im(λk(L))BK
− Im(λk(L))BK A+Re(λk(L))BK

)

is Hurwitz. The latter condition can be checked with standard stability tests for linear
systems.
Theorem 3.7 does not relate consensus to graph connectedness directly. However, in

Corollary 2.14, a relation between the eigenvalues of the Laplacian matrix and connected-
ness was established. Namely, 0 is a simple eigenvalue of L if and only if the corresponding
graph is connected. We use this observation to relate graph connectedness to consensus
in LTI systems.
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Corollary 3.8. Let G = {V, E ,W} be a constant communication graph with |V| = N > 1
and Laplacian matrix L satisfying Assumption 2.2. Let A ∈ Rn×n, B ∈ Rn×p, and
K ∈ Rp×n.
If the individual systems in the model (3.4) reach consensus for all initial conditions

xk(0) ∈ Rn, k ∈ NN , then the pair (A,B) is stabilizable and the communication graph G
is connected or the matrix A is Hurwitz.

Proof. Stability of the systems (3.7) implies stabilizability of the pair (A,B).
It remains to show that consensus implies either connectedness of the communication

graph G or the matrix A being Hurwitz. Assume the graph G is not connected and A is
not Hurwitz. Then, by Corollary 2.14, λ2(L) = 0, thus ẋ = A + λ2(L)BKx = Ax is not
asymptotically stable. Therefore, by Theorem 3.7, consensus is not reached for all initial
conditions.

In Corollary 3.8, we established a necessary condition for the model (3.4) reaching
consensus for all initial conditions x(0) ∈ R

Nn. Namely, consensus can only be reached
if either A is Hurwitz, i.e., the individual systems (3.2) are asymptotically stable or the
communication topology in the network is represented by a connected communication
graph and (A,B) is stabilizable, i.e., the individual systems (3.2) are stabilizable.
We want to shortly comment on the case when A is Hurwitz and G is not necessarily

connected. If consensus is reached, we know by Theorem 3.7, that ξ(t) = eAt(pT ⊗In)x(0)
is a consensus trajectory. Furthermore, since A is Hurwitz, there exist constants K,µ ∈
R+ such that ‖ξ(t)‖ ≤ Ke−µt‖ξ(0)‖. This implies that ξ̃(t) ≡ 0 is a consensus trajectory
as well, which does not depend on initial conditions x(0) ∈ RNn. That is, all individual
systems asymptotically converge to the origin or, in other words, the network (3.4) as a
whole is asymptotically stable. Such a type of behavior, is easily obtained without any
couplings. It is thus considered the trivial case in the context of consensus problems.

Definition 3.9 (Non-Trivial Consensus). Let G = {V, E ,W} be a constant communica-
tion graph with |V| = N > 1 and Laplacian matrix L. Let A ∈ Rn×n, B ∈ Rn×p, and
K ∈ R

p×n.
The network (3.4) is said to reach non-trivial consensus if it reaches consensus for all

initial conditions x(0) ∈ RNn and there exists some initial condition x(0) ∈ RNn such that
ξ(t) ≡ 0 is not a consensus trajectory for (3.4).

With the above definition, we can refine Corollary 3.8 as follows:

Corollary 3.10. Let G = {V, E ,W} be a constant communication graph with |V| = N > 1
and Laplacian matrix L satisfying Assumption 2.2. Let A ∈ R

n×n, B ∈ R
n×p, and

K ∈ Rp×n.
If the individual systems in the model (3.4) reach non-trivial consensus, then the pair

(A,B) is stabilizable and the communication graph G is connected.

Proof. If the individual systems reach non-trivial consensus, A is not Hurwitz and the
result follows from Corollary 3.8.

We thus know that graph connectedness, together with stabilizability of the pair (A,B),
is necessary for non-trivial consensus in the model (3.4). Note that, for the prototype
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model (3.1), A = 0, i.e., A is not Hurwitz, and non-trivial consensus is reached if and
only if the communication graph G is connected. Though, in contrast to the situation
described in Lemma 3.5 for the model (3.1), consensus depends on the feedback gain K
for general LTI systems (3.2), and connectedness of the communication graph G is not
sufficient for non-trivial consensus. Therefore, as a next step, we analyze how non-trivial
consensus depends on the choice of K and how this choice of K is constrained by the
communication topology.

Double Integrator Consensus

We start our analysis with the special case of double integrator systems, i.e., n = 2, p = 1,
and

A =

(

0 1
0 0

)

, B =

(

0
1

)

. (3.9)

Consensus among double integrator systems received a lot of attention in the context of
multi-agent system consensus. See de Gennaro and Jadbabaie (2006), Olfati-Saber (2006),
Ren and Atkins (2005), Ren et al. (2006). The following result is taken from Wieland
et al. (2008, 2010a):

Theorem 3.11. Let G = {V, E ,W} be a constant communication graph with |V| = N > 1
and Laplacian matrix L satisfying Assumption 2.2. Let A ∈ R2×2 and B ∈ R2×1 be defined
as in (3.9). Let K = (k1, k2) ∈ R1×2.
The individual systems in the model (3.4) reach consensus for all initial conditions

xk(0) ∈ R2, k ∈ NN if and only if G is connected and

k2 < 0, (3.10a)

k22
k1

< − max
j∈NN\{1}

1

Re(λj(L))

(

Im(λj(L))

|λj(L)|

)2

. (3.10b)

Proof. Since A is not Hurwitz, by Corollary 3.10 there exist initial conditions such that
consensus is not reached if G is not connected.
Therefore, we need to show that stability of the systems (3.7) is equivalent to conditions

(3.10). To establish this equivalence, we apply the Routh-Hurwitz stability criterion (Horn
and Johnson, 1991, Theorem 2.3.3) to the matrices

(

A+Re(λk(L))BK Im(λk(L))BK
− Im(λk(L))BK A+Re(λk(L))BK

)

for k ∈ NN \ {1}. The resulting stability conditions read

k2 < 0,

k21 Im(λk(L))
2 + k1k

2
2 Re(λk(L))|λk(L)|2 < 0.

The first condition is exactly (3.10a). Note that the second condition implies k1 < 0.
Therefore, since G is connected and thus Re(λk(L)) > 0 for all k ∈ NN \ {1}, the second
condition is equivalent to

k22
k1

< − 1

Re(λk(L))

(

Im(λk(L))

|λk(L)|

)2

.
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Since the above condition needs to be satisfied for all k ∈ NN \ {1}, this is equivalent to
condition (3.10b). This completes the proof.

Theorem 3.11 provides necessary and sufficient conditions for consensus among double
integrator systems. These conditions relate the elements k1, k2 ∈ R of the coupling gain
matrix K to the spectrum of the Laplacian matrix L of the communication graph G.
To obtain the exact bound in (3.10b), complete knowledge of the Laplacian spectrum is
required. However, the conditions can be relaxed as follows:

Corollary 3.12. Let G = {V, E ,W} be a constant communication graph with |V| = N > 1
and Laplacian matrix L satisfying Assumption 2.2. Let A ∈ R2×2 and B ∈ R2×1 be defined
as in (3.9). Let K = (k1, k2) ∈ R1×2.
If G is connected and

k2 < 0, (3.11a)

k22
k1

< − 1

Re(λ2(L))
, (3.11b)

then the individual systems in the model (3.4) reach consensus for all initial conditions
xk(0) ∈ R2, k ∈ NN .

Proof. Since
(

Im(λk(L))

|λk(L)|

)2

≤ 1

for any non-zero eigenvalue of L, and mink∈NN\{1} Re(λj(L)) = Re(λ2(L)) by convention,
(3.11b) implies (3.10b). This proves the corollary.

Condition (3.11b) in Corollary 3.12 depends only on the real part of the second eigen-
value of L. It has been argued in Chapter 2 that Re(λ2(L)) is a measure for the coupling
strength of a communication graph G. That is, it suffices to know a lower bound on the
coupling strength in order to choose the coupling gain K such that non-trivial consensus
is achieved.
One can argue that conditions (3.10) of Theorem 3.11 and conditions (3.11) of Corol-

lary 3.12 represent solutions to the State Consensus Analysis Problem 3.3 as well as
the State Consensus Design Problem 3.4 in the case of consensus among double inte-
grator systems. Given a connected communication graph G and some coupling gain
K = (k1, k2) ∈ R1×2, those conditions provide an easy method to check whether non-
trivial consensus is reached. On the other hand, if the communication graph G is known
to belong to a class of graphs characterized as

G =

{

G
∣

∣

∣

∣

∣

1

Re(λk(L(G)))

(

Im(λk(L(G)))
|λk(L(G))|

)2

≤ a, k ∈ NN \ {1}, a ∈ R+

}

,

the conditions k2 < 0 and −ak22 < k1 < 0 provide a simple method to choose the gains k1
and k2.
To conclude the discussion of the double integrator case, we would like to give two

remarks concerning speed of convergence and a comparison to previously known conditions
on the coupling strength for double integrator consensus.
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Table 3.1: Different bounds on k2 with k1 = −1 for non-trivial consensus among double
integrators over the communication graph depicted in Figure 3.1.

Theorem 3.11 Corollary 3.12 Ren and Atkins
(2005)

k2 < −0.3351 k2 < −0.8646 k2 < −1.223

Remark 3.13. Theorem 3.11 and Corollary 3.12 give conditions for non-trivial consensus
among double integrator systems. They do not make any statement about the rate of
convergence. A slight modification of the argument used in the proof of Theorem 3.11
yields such a statement. If we apply the Routh-Hurwitz stability criterion to the matrices

(

A +Re(λk(L))BK Im(λk(L))BK
− Im(λk(L))BK A+Re(λk(L))BK

)

+ χI2n

for some χ ∈ R+ and all k ∈ NN\{1}, then σ(A+λk(L)BK) ⊂ {z ∈ C|Re(z) ≤ −χ}, i.e.,
χ determines the exponential rate of convergence. If we set k1 = χk2, the corresponding
Routh-Hurwitz conditions yield

k2 < − 2χ

Re(λ2(L))
.

That is, if we choose any k2 ∈ R satisfying the above inequality and let k1 = χk2, then
there exists a constant M ∈ R+ such that (3.8) is satisfied with µ = χ.

Remark 3.14. Previous results for double integrator consensus (Ren and Atkins, 2005,
Ren et al., 2004) considered a coupling gain K = (−1, k2) and derived the consensus
condition

k2 < − max
j∈NN\{1}

√

√

√

√

2

|λj(L)| cos
(

π
2
− tan−1

(

Re(λj(L))

Im(λj(L))

)) .

Some algebraic manipulations lead to the identity

√

√

√

√

2

|λj(L)| cos
(

π
2
− tan−1

(

Re(λj(L))

Im(λj(L))

)) =

√

2

Re(λj(L))
.

This bound is by a factor
√
2 worse than the bound given in the sufficient conditions

(3.11) of Corollary 3.12 in case k1 = −1. The exact bounds (3.10) given in Theorem 3.11
are significantly tighter. As an example consider the graph depicted in Figure 3.1. The
bounds on k2 resulting from Theorem 3.11, Corollary 3.12 and Ren and Atkins (2005)
are given in Table 7.1. If the Laplacian spectrum is real, Theorem 3.11 actually predicts
that k2 < 0 is sufficient for non-trivial consensus independent of the eigenvalues of L,
while the condition by Ren and Atkins (2005) always yields a bound which depends on the
Laplacian spectrum.
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Figure 3.1: Connected graph on 4 vertices where Theorem 3.11 gives significantly better
bounds on coupling gains that Ren and Atkins (2005).

A Sufficient Condition for Solvability of the State Consensus Problem

As a consequence of Theorem 3.11, we know that connectedness of the communication
graph G is necessary and sufficient for existence of some coupling gain K ∈ R1×2 such that
non-trivial consensus is achieved among double integrator systems. This situation is ac-
tually very similar to the situation for the prototype model (3.1) described in Lemma 3.5.
In this model, we have K = −1. If we considered K as a degree of freedom in the proto-
type model (3.1), Lemma 3.5 implies that connectedness of the communication graph G
is necessary and sufficient for existence of some coupling gain K ∈ R such that non-trivial
consensus is achieved in the model (3.1). In fact, non-trivial consensus is achieved for
any K < 0. The main difference between single and double integrator consensus is that
the bounds on the coupling gain K are independent of the Laplacian spectrum for the
single integrator case, while they generally depend on the Laplacian spectrum for double
integrator consensus as expressed in the inequality (3.10b).

In what follows, we will show that the above statement for consensus among single
and double integrator systems generalizes to consensus in the model (3.4) for individuals
modeled as arbitrary (but identical) LTI systems. The result below is based on results by
Tuna (2008a).

Theorem 3.15. Let G = {V, E ,W} be a constant communication graph with |V| = N > 1
and Laplacian matrix L satisfying Assumption 2.2. Let A ∈ Rn×n and B ∈ Rn×p.

Assume A is not Hurwitz and the pair (A,B) is stabilizable.

Then there exists some matrix K ∈ Rp×n such that the individual systems in the model
(3.4) reach non-trivial consensus if and only if G is connected.

Proof. Since, by assumption, A is not Hurwitz we know from Corollary 3.8 that non-trivial
consensus cannot be reached if G is not connected.

It remains to show that connectedness of G is sufficient for existence of some coupling
gain K ∈ Rp×n such that the systems (3.7) in Theorem 3.7 are asymptotically stable. We
will prove this fact by constructing one such feedback gain K:

Let µ ∈ R with 0 < µ < 2Re(λ2(L)). Such a constant µ exists because connectedness
of G implies Re(λ2(L)) > 0 by Corollary 2.14. Let q ∈ N with 1 ≤ q ≤ n and M ∈ Rq×n

such that the pair (M,A) is detectable. Define Q , MTM ∈ R
n×n. Let R ∈ R

p×p with
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R = RT � 0. Let P ∈ Rn×n be the solution to

ATP + PA− µ2PBR−1BTP +Q = 0 (3.12)

satisfying P = P T � 0. Since (A,B) is stabilizable, (M,A) is detectable and R � 0, this
solution is guaranteed to exist and to be unique (see Boyd et al., 1994). We will show
that

K = −µR−1BTP (3.13)

stabilizes all systems (3.7).
Consider the Lyapunov function V (x) = xHPx, x ∈ Cn. Using (3.13), the time deriva-

tive along solutions of (3.7) reads

V̇ = xH
(

ATP + PA− µ
(

λk(L) + λk(L)
)

PBR−1BTP
)

x

= xH
(

ATP + PA− 2µRe(λk(L))PBR
−1BTP

)

x.

A sufficient condition for stability of systems (3.7) is V̇ < 0 for x 6= 0. With (3.12), this
is equivalent to

µ(µ− 2Re(λk(L)))PBR
−1BTP −Q ≺ 0.

The latter inequality is satisfied for all k ∈ NN \ {1} because µ was chosen to satisfy
0 < µ < 2Re(λ2(L)). This completes the proof.

In the above proof, we used the fact that the second eigenvalue λ2(L) of the Laplacian
matrix L of a connected graph has positive real part to construct a stabilizable system
ẋ(t) = Ax(t) + µBu(t). We designed an LQR controller (see Boyd et al., 1994) for that
system and used the guaranteed robustness properties of the feedback system ẋ(t) =
Ax(t) + µBu(t), y(t) = Kx(t) with u(t) = −y(t), which are characterized by a disk
margin D(1

2
) (see Sepulchre et al., 1997). This stability margin guarantees stability of the

feedback system with the nominal gain µ replaced by any eigenvalue λk(L), k ∈ N\{1} of
the Laplacian matrix L, i.e., stability of all systems (3.7) in Theorem 3.7 (see also Wieland
et al., 2010a). Consequently, connectedness of G is sufficient for existence of some coupling
gain K that ensures non-trivial consensus. Since connectedness of G is also necessary as
a consequence of Corollary 3.10, we know that the State Consensus Design Problem 3.4
over constant graphs G has a non-trivial solution if and only if G is connected. Prior to
continuing with the discussion of the State Consensus Design Problem 3.4, a short remark
is in order concerning an important generalization of the above ideas:

Remark 3.16. Exploiting the close link between disk margins and passivity (Sepulchre
et al., 1997), similar ideas can be used to show consensus and synchronization among
passive systems as, e.g., in Arcak (2007), Chopra and Spong (2006), Pogromsky (1997),
Stan and Sepulchre (2007); we do not pursue these ideas any further in this thesis.

In contrast to consensus among double integrator systems, we do not have exact bounds
on the coupling gain K for general LTI systems. However, the proof of Theorem 3.15
provides a design method for K that only depends on a lower bound on Re(λ2(L)),
similarly to Corollary 3.12 in the case of double integrator systems. Subsequently, an
alternative solution to the State Consensus Design Problem 3.4 is presented.

34



3.2 Consensus for Fixed Communication Topologies

An LMI-based Solution to the State Consensus Design Problem

The results below have been published in Wieland et al. (2008, 2010a).

Theorem 3.17. Let G = {V, E ,W} be a constant communication graph with |V| = N > 1
and Laplacian matrix L satisfying Assumption 2.2. Let A ∈ Rn×n, B ∈ Rn×p, and χ ∈ R+.
If there exist matrices Q ∈ Rn×n and κ ∈ Rp×n such that Q = QT � 0 and

QAT + AQ + 2χQ+ λk(L)Bκ+ λk(L)κ
TBT � 0, k ∈ NN \ {1}, (3.14)

then the coupling gain K = κQ−1 in (3.4b) ensures that there exists a constant M ∈ R+

such that (3.8) is satisfied with µ = χ.

Proof. Let P = Q−1. Then substituting (3.13) into (3.12) and multiplying by P from the
left and the right yields

(A+ λk(L)BK)HP + P (A+ λk(L)BK) � −2χP, k ∈ NN \ {1}

Together with P = P T � 0, the above matrix inequality proves exponential stability of
the systems (3.7) with exponential convergence rate χ (see Boyd and Vandenberghe, 2004,
Boyd et al., 1994, for details). In fact, V (x) = xHPx, x ∈ C

n is a quadratic Lyapunov
function for the systems (3.7) with V̇ ≤ −2χV . Therefore

‖xH(t)Px(t)‖ ≤ e−2χt‖xH(0)Px(0)‖

and with λ1(P )‖x‖2 ≤ ‖xHPx‖ ≤ λn(P )‖x‖2 for any x ∈ C, this yields

‖x(t)‖ ≤
√

λn(P )

λ1(P )
e−χt‖x(0)‖

for any solution x(t) of the systems (3.7).

While existence of a quadratic Lyapunov function is necessary and sufficient for asymp-
totic stability of an LTI system, the conditions in Theorem 3.17 are conservative to some
extent. Firstly, since the systems (3.7) may be complex due to the complex gains λk(L),
restricting Q to be real symmetric instead of complex Hermitian may be conservative.
Secondly, and more importantly, we use the same Lyapunov function xHPx to prove
asymptotic stability of all systems (3.7) for k ∈ NN \ {1}. This second constraint is
necessary in order to obtain a linear matrix inequality. Allowing for different Lyapunov
functions for the different systems would result in a bilinear matrix inequality involving
terms PkBK, k ∈ NN \ {1} with unknowns Pk, k ∈ NN \ {1} and K. However, if P is
the unique positive definite solution to (3.12) and K is defined as (3.13), we know that
Q = P−1 and κ = KQ solve (3.14). That is, if G is connected and χ is chosen small
enough (or more precisely if χ is such that the pair (A + χIn, B) is stabilizable), there
always exists a solution to the LMI (3.14) despite the conditions being conservative.
A drawback of the LMI condition in Theorem 3.17 above is the explicit dependence on

the complete spectrum of the Laplacian matrix L (except for the 0 eigenvalue). Exploiting
convexity of (3.14) in λk(L), we give relaxed conditions below, that are easier to check
based on simple bounds on the Laplacian spectrum.
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Corollary 3.18. Let G = {V, E ,W} be a constant communication graph with |V| = N > 1
and Laplacian matrix L satisfying Assumption 2.2. Let A ∈ Rn×n, B ∈ Rn×p, and χ ∈ R+.
Let r ∈ N and µj ∈ C, j ∈ Nr such that λk(L) ∈ conv({µ1, . . . , µr, µ1, . . . , µr}) ⊂ C for
all k ∈ NN \ {1}.
If there exist matrices Q ∈ Rn×n and κ ∈ Rp×n such that Q = QT � 0 and

QAT + AQ + 2χQ+ µjBκ + µjκ
TBT � 0, j ∈ Nr, (3.15)

then the coupling gain K = κQ−1 in (3.4b) ensures that there exists a constant M ∈ R+

such that (3.8) is satisfied with µ = χ.

Proof. We define the matrix-valued map C : C → Cn×n as C(µ) = QAT + AQ + 2χQ +
µBκ + µκTBT . Since CT (µ) = C(µ), C(µ) � 0 is equivalent to C(µ) � 0. Furthermore
C(µ1) � 0 and C(µ2) � 0 implies that C(θµ1 + (1− θ)µ2) � 0 for all θ ∈ [0, 1]. Thus the
set {µ ∈ C|C(µ) � 0} is convex and symmetric with respect to the real axis.
Consequently, (3.15) implies that C(µ) � 0 for any µ ∈ conv({µ1, . . . , µr, µ1, . . . , µr}).

Therefore, by choice of the complex numbers µj, j ∈ Nr, (3.14) follows.

With the help of Corollary 3.18, we are now able to design the coupling gain K with the
help of the knowledge of any convex set containing the non-zero eigenvalues of the Lapla-
cian matrix L. However, this is of limited use, as long as we are not able to construct such
a convex set based on limited knowledge on the Laplacian spectrum. The corollary below
is based on one possibility to construct a convex set containing all non-zero eigenvalues
of L.

Corollary 3.19. Let G = {V, E ,W} be a constant communication graph with |V| = N > 1
and Laplacian matrix L satisfying Assumption 2.2. Let A ∈ Rn×n, B ∈ Rn×p, and χ ∈ R+.
Let σ, d ∈ R+ with σ ≤ Re(λ2(L)) and d ≥ maxk

∑N
j=1wk,j. Let µ1 = σ+ jσ

√

(2d− σ)/σ,

µ2 = d
√

σ/(2d− σ) + jd, and µ3 = 2d+ jd.
If there exist matrices Q ∈ Rn×n and κ ∈ Rp×n such that Q = QT � 0 and (3.15) is

satisfied for all j ∈ N3, then the coupling gain K = κQ−1 in (3.4b) ensures that there
exists a constant M ∈ R+ such that (3.8) is satisfied with µ = χ.

Proof. We shall show that λk(L) ∈ conv({µ1, µ2, µ3, µ1, µ2, µ3}), k ∈ NN \ {1}. To this
end, we define a set L(d, σ) ⊂ C as

L(d, σ) , {λ ∈ C : |λ− d| ≤ d ∧Re(λ) ≥ σ} .

Let dmin = maxk∈NN

∑N
j=1wk,j and σmax = Re(λ2(L)). As a consequence of the the

Geršgorin Disk Theorem (see Horn and Johnson, 1985, Theorem 6.1.1), we know that the
eigenvalues of the Laplacian matrix satisfy λk(L) ∈ L(dmin, σmax), k ∈ NN \ {1}. Fur-
thermore, by choice of d and σ, we have that L(dmin, σmax) ⊆ L(d, σ). Since the complex
number µj, j ∈ N3 have been chosen such that L(d, σ) ⊂ conv({µ1, µ2, µ3, µ1, µ2, µ3}),
λk(L) ∈ conv({µ1, µ2, µ3, µ1, µ2, µ3}), k ∈ NN \ {1} follows. The different sets used in the
proof are illustrated in Figure 3.2.

The numbers µj ∈ C, j ∈ N3 given in Corollary 3.19 depend on a lower bound for the real
part of the second eigenvalue λ2(L) of the Laplacian matrix L, similarly to Corollary 3.12
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σ σmax dmin d 2dmin 2d

dmin

d

µ1

µ2 µ3

L(dmin, σmax)

L(d, σ)

Re

Im

0
0

Figure 3.2: Construction of convex sets containing the non-zero eigenvalues of the Lapla-
cian matrix L

for consensus among double integrators. In addition, the numbers µj depend and on an
upper bound on the maximal diagonal element of L or equivalently an upper bound on
the maximal edge weight with the relation maxk∈NN

∑N
j=1wk,j ≤ (N − 1)maxj,k∈NN

wk,j.
Such a number is frequently known since edge weights are commonly bounded by design,
e.g., when edge weights are constraint to take values in {0, 1}.

Example

We will illustrate the results obtained for consensus among general LTI systems over
fixed communication graphs on a formation problem for vehicles moving on a plane. We
assume a group of holonomic vehicles with identical dynamics whose objective is to reach
a fixed formation. Each vehicle in the group is assigned a fixed and a priori known
position within the target formation. Thus, the formation problem is readily reduced to
a consensus problem.

In the literature, very often kinematic models, i.e., integrator models, or double inte-
grator models are employed in vehicle formation problems (see Olfati-Saber, 2006, Ren
et al., 2007, and the references therein). This approach however neglects damping and
actuator dynamics. In the present example, we consider holonomic vehicles whose models
include both damping and actuator dynamics. The N vehicles are modeled as

ẏk(t) = vk(t)

v̇k(t) = −α1vk(t) + pk(t)

ṗk(t) = −α2pk(t) + wk(t)

k ∈ NN ,

where yk ∈ R2 is the position on the plane, vk ∈ R2 represents the kth vehicle’s velocity,
pk ∈ R2 is an actuator state, and wk ∈ R2 is an input. The parameters α1, α2 ∈ R+

characterize the damping and the actuator dynamics. The target position of the kth
vehicle relative to the center of the formation is given by some constant vector dk ∈ R

2.

Because the vehicles are considered to be holonomic, the vehicles evolve independently
on the two planar directions. For that reason, we only solve the consensus problem in one
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Figure 3.3: Shape of target formation and communication graph.

direction resulting in the individual system model

ẋk(t) =





0 1 0
0 −α1 1
0 0 −α2



 xk(t) +





0
0
1



 uk(t), k ∈ NN (3.16)

with state vector xk(t) = (yk,j(t)−dk,j, vk,j(t), pk,j(t))T ∈ R3 and input uk(t) = wk,j(t) ∈ R

for j = 1 or j = 2. The coordinate yk,j(t) − dk,j corresponds to the position of the kth
system translated to the center of the target formation. That is, if a consensus for the
state vectors xk(t), k ∈ NN is achieved, the vehicles have reached the desired formation.
If ξ(t) is a consensus trajectory for the systems (3.16), then yk,j(t) → ζk,j(t), k ∈ N9 for
j = 1 or j = 2 as t→ ∞, where ζk,j(t) , ξ1(t) + dk,j is an individual consensus trajectory
for the kth system.

The target formation and the communication graph G = {V, E ,W} are depicted in
Figure 3.3. The graph G contains one iSCC consisting of the vertices v1, v2, and v3 and
is thus connected. The second eigenvalue of the corresponding Laplacian matrix L is
λ2(L) ≈ 0.2451.

With the parameters in the vehicle dynamics chosen as α1 = 1 and α2 = 5, Corol-
lary 3.19 with σ = 0.2, d = (N − 1) = 8, and χ = 2 yields K ≈ −(284.1, 154.4, 25.38).
For reference, we also give the solution to the LMIs (3.14) in Theorem 3.17 with χ = 2
in which case the solution K ≈ −(310.8, 157.8, 21.42) has been found. The fact that the
coupling gains resulting from Corollary 3.19 are smaller than the coupling gains obtained
from Theorem 3.17 is not a generic property of the proposed methods but is rather due
to implementation details of the LMI solver that has been used. Simulation results are
depicted in Figure 3.4. Since the system dynamics (3.16) are stable, the individuals even-
tually reach constant positions corresponding to the target formation. This consensus
position depends only on the initial conditions of the systems represented by vertices v1,
v2, and v3, i.e., the members of the unique iSCC of the communication graph G.
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yk,1, ζk,1, k ∈ N9

y k
,2
,
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,2
,
k
∈
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9

Figure 3.4: Vehicle positions yk,j, k ∈ N9, j ∈ {1, 2} in the plane (black lines) for iSCC
members (solid) and non iSCC members (dashed) and individual consensus
trajectories ζk,j, k ∈ N9, j ∈ {1, 2} (grey lines).

3.3 Consensus for Switching and Time-Varying

Communication Topologies

In the previous section, we were concerned with consensus of arbitrary LTI systems over
fixed communication graphs. In many cases, the assumption of a constant communication
topology is however invalid. In the Vicsek model (Vicsek et al., 1995), the communication
topology is determined by nearest neighbor rules, i.e., what an individual ‘sees’ depends
on where it is located in space. In gossip algorithms (Boyd et al., 2005), individual systems
are often considered close to each other, if the values to agree upon are already close to
each other. This reflects the fact that individuals tend to have higher confidence in beliefs
that are close to their own belief. As a result, the communication topology may depend
directly on the value consensus shall be achieved about.

Very often, the exact evolution of the communication graph as a function of time
is unknown or hard to predict. The results below provide thus necessary conditions
for consensus over time-varying communication graphs that do not depend on a specific
evolution of the communication graph but rather on uniform connectedness in the sense of
Definition 2.6. These results apply to situations where the communication graph depends
on the states to agree upon as well as situations where the communication graph depends
on exogenous signals.

The first version of the result applies to the prototype model (3.1). It is taken from
Moreau (2004a,b, 2005) and will be stated below without proof. The proof can be found
in the original publications cited before.

Theorem 3.20. Let G(t) = {V, E(t),W (t)} be a communication graph with |V| = N > 1
and Laplacian matrix L(t).

If G(t) is uniformly connected, then consensus in the prototype model (3.1) is reached
for all initial conditions x(0) ∈ R

N and there exist constants M,µ ∈ R+ and a vector
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Chapter 3 Consensus with Static Diffusive Couplings

Table 3.2: Comparison between Lemma 3.5 and Theorem 3.20.

Lemma 3.5
(constant graphs)

Theorem 3.20
(time-varying graphs)

Type of Condi-
tion

connectedness is necessary
and sufficient

uniform connectedness is
only sufficient

Consensus Value Consensus value is given as
pTx(0), where pTL = 0
and pT1N = 1

Consensus value is con-
tained in [mink∈NN

xk(0),
maxk∈NN

xk(0)] but it is
not possible to predict the
exact consensus value

Convergence
Rate

Bounded by Re(λ2(L)) Bounded as a function of
the threshold α in Defini-
tion 2.1 and the time hori-
zon T in Definition 2.6;
may be arbitrarily slow

ξ0 ∈ [mink∈NN
xk(0),maxk∈NN

xk(0)] ⊂ R such that

‖x(t)− 1Nξ0‖ ≤Me−µt‖x(0)− 1Nξ0‖, (3.17)

i.e., the consensus value, given by ξ0, is reached exponentially fast.

The idea of the proof of Theorem 3.20 in Moreau (2004a,b, 2005) is based on the obser-
vation that on the one hand the network cannot diverge when not connected and on the
other hand connected parts of the network exponentially converge. Uniform connected-
ness of the communication graph ensures that any two distinct vertices in the graph can
share information from time to time. Using these observations, exponential convergence
to consensus is established. Similar ideas have been proposed earlier by Tsitsiklis (1984).
In contrast to Lemma 3.5, where the communication graph was assumed to be constant,

Theorem 3.20 allows for arbitrary time-varying communication graphs G as long as they
are uniformly connected. The time horizon T in Definition 2.6 may be arbitrarily large.
However, speed of convergence generally decreases for increasing T . Besides strongly
relaxed connectedness conditions, i.e., the possibility to deal with significantly higher
topological complexity, there are some more remarkable properties of Theorem 3.20 as
compared to Lemma 3.5. A comparison of the two results is given in Table 3.2.
As in the case of constant communication graphs, there exists a simple corollary to

Theorem 3.20 providing a condition for average consensus.

Corollary 3.21. Let G(t) = {V, E(t),W (t)} be a communication graph with |V| = N > 1
and Laplacian matrix L(t).
If G(t) is uniformly connected and balanced at all times, then average consensus in

the prototype model (3.1) is reached for all initial conditions x(0) ∈ RN and there exist
constants M,µ ∈ R+ such that

∥

∥

∥

∥

x(t)− 1N
1TNx(0)

N

∥

∥

∥

∥

≤Me−µt

∥

∥

∥

∥

x(0)− 1N
1TNx(0)

N

∥

∥

∥

∥

, (3.18)

i.e., average-consensus is reached exponentially fast.
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3.3 Consensus for Switching and Time-Varying Communication Topologies

Proof. Consensus is exponentially reached by Theorem 3.20. We need to show that the
consensus value is the average of the initial conditions. Let ξ(t) , (1TNx(t))/N ∈ R be
the average of the states xk(t), k ∈ NN at time t. Then ξ̇(t) = 1NL(t)x(t). Since G(t)
is balanced at all times, 1NL(t) = 0 at all times. Thus ξ(t) ≡ (1TNx(0))/N . Thus, if
consensus is reached, then xk(t) → (1TNx(0))/N as t→ ∞.

In Section 3.2, we generalized the result of Lemma 3.5 for consensus in the prototype
model (3.1) to general LTI systems (3.4). We provided solutions to the State Consensus
Analysis Problem 3.3 as well as the State Consensus Design Problem 3.4. The question
to be answered in what follows is to what extent similar results exist for time-varying
communication topologies. One answer to that question has been given in Scardovi and
Sepulchre (2008, 2009) and is repeated in the following theorem:

Theorem 3.22. Let G(t) = {V, E(t),W (t)} be a communication graph with |V| = N > 1
and Laplacian matrix L(t). Let A ∈ Rn×n, B = In, and K = −In.
If G(t) is uniformly connected and σ(A) ⊂ C−, then consensus in the model (3.4) is

reached for all initial conditions x(0) ∈ RNn and there exist constants M,µ ∈ R+ and a
vector ξ0 ∈ conv({x1(0), . . . , xN (0)}) ⊂ Rn such that

∥

∥x(t)− 1N ⊗
(

eAtξ0
)∥

∥ ≤Me−µt ‖x(0)− 1N ⊗ ξ0‖ , t ≥ 0, (3.19)

i.e., the consensus trajectory, given by ξ(t) = eAtξ0, is reached exponentially fast.

Proof. Consider the change of variables zk(t) = e−Atxk(t), k ∈ NN . Then

żk(t) = −Ae−Atx(t) + e−AtAx(t)− e−At

N
∑

j=1

wk,j(t)(xk(t)− xj(t))

= −
N
∑

j=1

wk,j(t)(zk(t)− zj(t)).

That is, the quantities zq,k(t) , qT zk(t), k ∈ NN satisfy żq,k(t) = −∑N
j=1wk,j(t)(zq,k(t)−

zq,j(t)) and thus reach consensus with consensus value in the interval [mink∈NN
zq,k(0),

maxk∈NN
zq,k(0)] by Theorem 3.20 for any vector q ∈ R

n. Thus, there exist constants
M1, µ1 ∈ R+ and ξ0 ∈ conv({z1(0), . . . , zN(0)}) ⊂ Rn such that

‖z(t)− 1N ⊗ ξ0‖ ≤M1e
−µ1t‖z(0)− 1N ⊗ ξ0‖.

Since σ(A) ⊂ C−, we know that
∥

∥eAt
∥

∥ ≤ p(t) for some real polynomial p(t) of degree less
than or equal to n in t satisfying p(t) ≥ 0 for t ≥ 0. Using x(0) = z(0), it follows that for
t ≥ 0,

∥

∥x(t)− 1N ⊗
(

eAtξ0
)∥

∥ =
∥

∥

(

IN ⊗ eAt
)

(z(t)− 1N ⊗ ξ0)
∥

∥

≤
∥

∥IN ⊗ eAt
∥

∥ ‖(z(t)− 1N ⊗ ξ0)‖
≤ p(t)M1e

−µ1t ‖x(0)− 1N ⊗ ξ0‖ .
Thus, for any µ < µ1, there exists a constant M ∈ R+ such that (3.19) holds.
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Table 3.3: Comparison between Theorem 3.17 and Theorem 3.22.

Theorem 3.17
(constant graphs)

Theorem 3.22
(time-varying graphs)

Communication
Topology

G connected G(t) uniformly connected

Coupling gain K is degree of freedom;
knowledge of Laplacian
spectrum required

K = −I (or K = −B−1)

Dynamics arbitrary σ(A) ⊂ C−
Inputs (A,B) stabilizable B = I (or rank(B) = n)

It is interesting to compare Theorem 3.22 with the results for fixed communication
topologies presented in Section 3.2, in particular Theorem 3.17. Some of the features of
these two results are compared in Table 3.3. As argued before, Theorem 3.22 allows for
significantly higher topological complexity. But there is a price to pay with respect to
system complexity. Theorem 3.17 applies to individual systems modeled with arbitrary
dynamics matrices A and more importantly only requires (A,B) to be stabilizable, while
the result in this section requires p = n and B = In

2, i.e., thus full control of all the states
of the individual systems.

Particularly the requirement of having full control of all states may be restrictive in
practice. Theorem 3.22 puts this requirement as an assumption, i.e., B = In is not a
necessary condition by Theorem 3.22. But simple examples have been reported in Scardovi
and Sepulchre (2008, 2009), where rank(B) < n prevents individual systems from reaching
a consensus over uniformly connected communication graphs. This suggests that there is
some trade-off between topological complexity and system complexity for consensus with
static diffusive couplings.

3.4 Consensus with Leader

In this section, we will have a look at the special case of consensus in presence of a leader or
a reference. A leader is one particular individual system which prescribes the asymptotic
behavior of the whole network of systems, i.e., all individuals adopt the behavior of the
leader or reference. Examples of such problems can be found for instance in Bai et al.
(2009), Ren (2007), Tanner et al. (2004).

In this section, we will first consider the case that the leader is modeled with dynamics
identical to the dynamics of the other network members. As a second step, we consider the
case, when the leader dynamics differ from the dynamics of the other network members.
Finally, we will comment on the problem of connecting a leader to an existing network
of dynamical systems, i.e., the identification of those systems in a group which a leader
needs to influence such that the whole group asymptotically follows the leader.

2The requirement B = In could be replaced by rank(B) = n. In that case K = −In can be replaced by
K = −B−1 to obtain the same result.
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3.4.1 Leader with Identical Dynamics

As a consequence of the symmetry inherent to the diffusive couplings (3.4b), consensus
with a leader is readily dealt with in the framework of diffusively coupled systems. In fact,
consensus with a leader whose dynamics correspond to the dynamics of the other systems
in the network merely corresponds to a specific communication topology, as stated below.

Lemma 3.23. Let G(t) = {V, E(t),W (t)} be a communication graph with |V| = N > 1
and Laplacian matrix L(t). Let A ∈ Rn×n, B ∈ Rn×p, and K ∈ Rp×n.
Assume the individual systems in the model (3.4) reach consensus independent of initial

conditions xk(0) ∈ R
n, k ∈ NN .

If there exists some k ∈ NN such that wk,j(t) ≡ 0, j ∈ NN , then ξ(t) = eAtxk(0) is a
consensus trajectory, i.e., the kth system is a leader.

Proof. If wk,j(t) ≡ 0, j ∈ NN , then uk(t) ≡ 0, i.e., xk(t) = eAtxk(0). Then consensus
implies

lim
t→∞

∥

∥xj(t)− eAtxk(0)
∥

∥ = 0, j ∈ NN .

This completes the proof.

The condition that wk,j(t) ≡ 0, j ∈ NN implies that the system represented by vertex
vk ∈ V evolves independently of all other systems uniformly in t. If the graph G(t) satisfies
Assumption 2.2, this is equivalent to the condition that there is no edge in E(t) with vk
as its head uniformly in t, i.e., {vj ∈ V : (vj, vk) ∈ E(t)} = ∅ for all t ∈ R3. Another way
to state this property is to say that the graph G̃ induced by Ṽ , {vk} ⊂ V must be an
iSCC of G(t) uniformly in t. If G(t) = G is constant and satisfies Assumption 2.2, the
condition in Lemma 3.23 is equivalent to the condition that G̃ is the unique iSCC of G as
a consequence of Theorem 2.13.

3.4.2 Leader with Different Dynamics

Lemma 3.23 above applies for constant and time-varying communication topologies. The
leader is simply one of the individual members of the network. It is qualified as a leader
or reference merely through specific properties of the communication topology. As a
consequence, the leader essentially determines the initial condition xk(0) ∈ Rn of the
solution xk(t) to the open loop system (3.2) with uk(t) ≡ 0 which serves as a consensus
trajectory. One may ask the question, whether it is also possible to influence the dynamic
evolution of the group at consensus through a leader. This question is addressed in the
following.
In what follows, we consider a leader in addition to a network of N individual systems.

The leader is modeled as an autonomous LTI system

ν̇(t) = Sν(t) (3.20)

with state vector ν(t) ∈ Rn of the same dimension as the state vectors xk(t) of the
individual systems (3.2). Given some initial condition ν(0) ∈ Rn, consensus with the

3The implication wk,j(t) = 0 ⇒ (vj , vk) 6∈ E(t) is always true. Assumption 2.2 ensures that wk,j(t) =
0 ⇐ (vj , vk) 6∈ E(t).
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leader (3.20) means that ξ(t) = ν(t) = eStν(0) is a consensus trajectory. The couplings
(3.3) are modified to account for the leader as

uk(t) = K

N
∑

j=1

wk,j(t)(xk(t)− xj(t)) + E1ck(t)(xk(t)− ν(t)) + E2ck(t)ν(t) (3.21)

for all k ∈ NN . The matrices E1, E2 ∈ R
p×n are additional design parameters and

ck(·) : t → R+, k ∈ N are piecewise continuous functions of time whose value at some
specific time indicates whether there exists a link between the leader and the kth system
or not at that time. The above couplings include the leader in a very general way, allowing
for a relative feedback part with gain E1 and a feedforward part with gain E2. We will
later on comment on the role of these two parts and put constraints on the values that
E1 and E2 may take.
Let C(t) = diag

(

(c1(t), . . . , cN(t))
T
)

∈ RN×N and define the error variable e(t) =
x(t)− (1N ⊗ ν(t)) ∈ RNn. Then (3.2) and (3.21) yield

ė(t) = (I ⊗ A)e(t) + (I ⊗ (A− S))(1N ⊗ ν(t)) + (I ⊗ B)u(t) (3.22a)

u(t) = [(L(t)⊗K) + (C(t)⊗E1)] e(t) + (C(t)⊗ E2)(1N ⊗ ν(t)), (3.22b)

where we used the fact that (L(t)⊗K)e(t) = (L(t)⊗K)x(t). Since e(t) is the consensus
error, ν(t) is a consensus trajectory if and only if e(t) → 0 as t→ ∞. We use this fact to
establish a necessary condition for consensus of the model (3.22) with leader (3.20) below
(see Wieland et al., 2010a).

Theorem 3.24. Let G(t) = {V, E(t),W (t)} be a communication graph with |V| = N > 1
and Laplacian matrix L(t). Let A ∈ Rn×n, B ∈ Rn×p, K ∈ Rp×n, S ∈ Rn×n, and
E1, E2 ∈ Rp×n. Let ck(·) : R → R+, k ∈ NN be piecewise continuous functions of time.
Let T ⊂ Rn be the invariant subspace for the leader dynamics (3.20) which is maximal
subject to not containing asymptotically stable modes and let T ∈ Rn×q be such that
rank(T ) = q ∈ Nns

⋃{0} and im(T ) = T .
If the individual systems in the model (3.22) reach consensus for all initial conditions

ν(0) ∈ Rn, then
lim
t→∞

ck(t)BE2T = (S −A)T, k = 1, . . . , N. (3.23)

Proof. We already explained before that consensus in the model (3.22) with leader (3.20)
is equivalent to e(t) → 0 as t → ∞. The model (3.22) represents a non-autonomous
dynamical system with state e(t) and input ν(t). A necessary condition for e(t) → 0 as
t→ ∞ is thus that the influence of ν(t) in (3.22) asymptotically vanishes, i.e.,

lim
t→∞

[(I ⊗ (A− S)) + (C(t)⊗ BE2)] (1N ⊗ ν(t)) = 0

We know that ν(t) asymptotically converges to im(T ) = T and, within im(T ), ν(t)
persists. Therefore, the above limit is attained independently of initial conditions ν(0) ∈
Rn if and only if

lim
t→∞

[(I ⊗ (A− S)) + (C(t)⊗BE2)] (1N ⊗ T ) = 0.

Considering the diagonal structure of C(t), the latter condition is equivalent to condition
(3.23) given in the theorem.
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Condition (3.23) in Theorem 3.24 represents a constraint on the leader dynamics in
dependence of the link strengths ck(t), k ∈ NN . There are two possibilities to satisfy
condition (3.23): either BE2T = 0 and ST = AT in which case the limit is satisfied
independently of ck(t), k ∈ NN , or the matrix equation BXT = (S − A)T admits a
solution X ∈ Rp×n. In the latter case (3.23) is satisfied if and only if ck(t) → c∗, k ∈ NN

as t → ∞ for some c∗ ∈ R+ and E2 = 1
c∗
X . In the first case, the condition ST = AT

means that im(T ) is invariant for the individual systems (3.2) with uk(t) ≡ 0 and the
dynamics restricted to this subspace is identical to the leader dynamics (3.20) restricted
to the subspace im(T ). That is, all modes of the leader dynamics (3.20) that are not
asymptotically stable, are also modes of the individual system dynamics (3.2). In other
words the persistent part of the leader model must be contained in the agent models. In
the second case, ck(t) → c∗, k ∈ NN as t→ ∞ means that asymptotically the leader must
have direct access to all other members of the network with a constant link strength c∗.
In the case when the leader has direct access to all individuals in the network, the

couplings between the individuals systems are superfluous. The problem of consensus
reduces to a tracking problem for each individual system. Therefore, the more interesting
case in the framework of consensus is the first case, where ST = AT and E2 = 0. In
that case, the following result relates consensus with a leader to the consensus problems
considered in Section 3.2 for fixed communication topologies:

Corollary 3.25. Let G(t) = {V, E(t),W (t)} be a communication graph with |V| = N > 1
and Laplacian matrix L(t). Let A ∈ Rn×n, B ∈ Rn×p, K ∈ Rp×n, S ∈ Rn×n, E1 = K,
and E2 = 0 ∈ Rp×n. Let ck(·) : R → R+, k ∈ NN be piecewise continuous functions
of time. Let T ⊂ Rn be the invariant subspace for the leader dynamics (3.20) which
is maximal subject to not containing asymptotically stable modes and let T ∈ Rn×q be
such that rank(T ) = q ∈ Nn

⋃{0} and im(T ) = T . Define an augmented graph Ĝ(t) =
Ĝ(Ŵ (t)) = {V̂ , Ê(Ŵ (t)), Ŵ (t)} with |V̂| = (N + 1) vertices as the graph induced by the
adjacency matrix

Ŵ (t) =











c1(t)

W (t)
...

cN (t)
0 · · · 0 0











∈ R
(N+1)×(N+1).

Assume ST = AT .
Consensus is achieved exponentially fast in the model (3.22) over the graph G(t) with

leader (3.20) independently of initial conditions ν(0) ∈ Rn and xk(0) ∈ Rn, k ∈ NN if
and only if consensus is achieved exponentially fast in the model (3.4) over the extended
graph Ĝ(t) independently of initial conditions xk(0) ∈ Rn, k ∈ NN+1.

Proof. For the graph Ĝ(t), the graph induced by {vN+1} ⊂ V̂ is an iSCC uniformly in
t by definition of Ĝ(t). Thus consensus is reached exponentially if and only if εk(t) ,

(xk(t)− xN+1(t)) → 0 as t→ ∞ exponentially fast for all k ∈ NN . We have

ε̇(t) = [(I ⊗ A) + ((L(t) + C(t))⊗K)] ε(t),

where ε(t) = (εT1 (t), . . . , ε
T
N(t))

T is the stacked vector of the errors εk(t), k ∈ NN . On the
other hand, we obtain from (3.22) with E1 = K and E2 = 0

ė(t) = [(I ⊗A) + ((L(t) + C(t))⊗K)] e(t) + (I ⊗ (A− S))(1N ⊗ ν(t)).
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Except for some exogenous signal w(t) , (I ⊗ (A − S))(1N ⊗ ν(t)), these dynamics are
identical to the dynamics for ε(t) derived above.
Assume e(t) → 0 exponentially fast as t → ∞ independent of initial conditions e(0) ∈

R
Nn and ν(0) ∈ R

n. Since this holds for all initial conditions, it also holds for ν(0) = 0,
i.e., ν(t) ≡ 0. This implies that ε(t) → 0 exponentially fast as t → ∞ independent of
initial conditions ε(0).
Assume ε(t) → 0 exponentially fast as t → ∞ independent of initial conditions ε(0) ∈

RNn. This implies that the dynamics of ε(t), and thus the dynamics of e(t) with input
w(t), are input to state stable (see Khalil, 2002). Since AT = ST by Assumption, we know
that w(t) → 0 exponentially fast as t → ∞ independent of initial conditions ν(0) ∈ R.
Thus e(t) → 0 exponentially fast as t → ∞ independent of initial conditions e(0) ∈ RNn

and ν(0) ∈ R
n.

Together with Theorem 3.24, the above corollary has interesting implications. We need
to distinguish two cases:
The first case is characterized by AT = ST , i.e., the persistent parts of the leader

model are contained in the remaining systems’ models. If this is satisfied, Corollary 3.25
suggests to choose E1 = K and E2 = 0 in (3.21) and the consensus problem reduces to
the consensus problems considered before, in which one system is qualified as a leader
merely by specific topological properties. In particular, there is no need to distinguish
between the leader and the other systems in the couplings (3.21).
The second case is characterized by AT 6= ST . In that case, the individual systems can

only asymptotically track the leader, if they have access to the absolute value of the leader
state ν(t) and it is impossible to solve the problem with diffusive couplings. It has been
argued before, that this case is the less interesting case in the framework of consensus
problems, since it can be reduced to tracking problems solved for the individual systems.
Thus, whenever there is a need to distinguish between the leader and the remaining

systems in the coupling algorithm in order to achieve consensus, this should be considered
as a hint that the problem should be solved in a tracking framework rather than in a
consensus framework.

Remark 3.26. We shortly comment on a result presented in Ren (2007) which seems
to contradict our findings at first glance. Ren (2007) consider integrator agents ẋk(t) =
uk(t), k ∈ NN with a nonlinear leader modeled as ν̇(t) = f(t, ν(t)). To reach consensus
with the leader, the algorithm

uk(t) =

∑N
j=1wk,j

(

ẋj(t)− γk(xk(t)− xj(t))
)

+ ckαk

(

f(t, ν(t))− γk(xk(t)− ν(t))
)

∑N
j=1wk,j + ckαk

for all k ∈ NN is proposed, where αk, γk ∈ R, k ∈ NN are design parameters. The author
claims that, in the above algorithm, only a portion of the individual systems has access
to the leader state. Defining Γ = diag((γ1, . . . , γN)

T ) and Cα = diag((c1α1, . . . , cNαN )
T )

and substituting ẋk(t) = uk(t), the above algorithm can be rewritten as

(L+ Cα)(u(t)− 1Nf(t, ν(t))) = −Γ(L+ Cα)(x(t)− 1Nν(t))

If rank(L + Cα) = N , which is claimed to be necessary and sufficient for consensus in
Ren (2007), this can be solved for u(t) as

u(t) = −(L+ Cα)
−1Γ(L+ Cα)(x(t)− 1Nν(t)) + 1Nf(t, ν(t)),
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where every local input uk(t) explicitly depends on ν(t). Hence, the result proposed in Ren
(2007) is qualitatively consistent with the findings described above.

3.4.3 Connecting the Leader to an Existing Network

So far, we addressed the question whether consensus with a leader is reached over some
given communication topology, i.e., we presented solutions to the State Consensus Anal-
ysis Problem 3.3 and the State Consensus Design Problem 3.4 in presence of a leader.
In what follows, we slightly change our perspective. We consider a given network of sys-
tems and ask which members of the network a leader shall influence in order to make
all network members asymptotically follow the leader. That is, we consider parts of the
communication topology as a degree of freedom in the design. In view of the results from
Section 3.4.2, we do not consider the effect of differences between the leader dynamics and
the remaining systems dynamics. The result below does actually not depend on system
dynamics but exclusively characterizes properties of the communication topology.

Lemma 3.27. Let G(t) = {V, E(t),W (t)} be a communication graph with |V| = N > 1.
Define an augmented graph Ĝ(t) = Ĝ(Ŵ (t)) = {V̂, Ê(Ŵ (t)), Ŵ (t)} with |V̂| = (N + 1)
vertices as the graph induced by the adjacency matrix

Ŵ (t) =











c1(t)

W (t)
...

cN (t)
0 · · · 0 0











∈ R
(N+1)×(N+1).

Assume the graph G(t) contains exactly r distinct iSCCs G̃k(t) = {Ṽk, Ẽk(t), W̃k(t)} with
k ∈ Nr uniformly in t.
Then Ĝ(t) is uniformly connected if and only if there exist a threshold α ∈ R+, a time

horizon T ∈ R+, and integers lk ∈ NN such that vlk ∈ Ṽk for k ∈ Nr and
∫ t+T

t
clk(τ)dτ >

α, k ∈ Nr uniformly in t.

Proof. Let W T (t) ,
∫ t+T

t
Ŵ (τ)dτ and GT (t) , G(W T (t)) = {V̂, E(W T (t)),W T (t)}. By

definition of Ĝ(t), the subgraph induced by {vN+1} ⊂ V̂ is an iSCC of Ĝ(t) uniformly in
t. Therefore, the subgraph of GT (t) induced by {vN+1} ⊂ V̂ is also an iSCC of GT (t)
uniformly in t and Ĝ(t) is uniformly connected if and only if there exists some T ∈ R+

such that the subgraph induced by {vN+1} ⊂ V̂ is the unique iSCC of GT (t) uniformly in
t.
Assume α ∈ R+, T ∈ R+, and lk ∈ NN , k ∈ Nr are such that vlk ∈ Ṽk for k ∈ Nr and

∫ t+T

t
clk(τ)dτ > α, k ∈ Nr uniformly in t. Then (vN+1, vlk) ∈ E(W T (t)), k ∈ Nr. Since

for any t ∈ R and for every vertex v ∈ V there exists a vertex w ∈ ⋃k∈Nr
Ṽk such that

there exists a path from w to v in G(t) by Theorem 2.12. Thus, there also exists a path
from vN+1 to any vertex v ∈ V at any time t ∈ R in the union graph GT (t). This shows
that the subgraph induced by {vN+1} ⊂ V̂ is the unique iSCC of GT (t).
Assume on the other hand that the subgraph induced by {vN+1} ⊂ V̂ is the unique

iSCC of GT (t). Then there exists a path from vN+1 to any vertex v ∈ V, in particular to
those vertices belonging to the iSCCs G̃k(t), k ∈ Nr. This implies that there exist integers
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1

v5 v1 v4

v2 v3

c2

c4

1

1

1

1

Figure 3.5: Graph with four vertices with two iSCCs (solid lines) augmented by a leader
v5 in a way to obtain a connected graph (dashed lines).

lk ∈ NN , k ∈ Nr such that vlk ∈ Ṽk and (vN+1, vlk) ∈ ET (t) for all k ∈ Nr. The latter
statement in turn implies existence of a threshold α ∈ R+ and a time horizon T ∈ R+

such that
∫ t+T

t
clk(τ)dτ > α, k ∈ Nr uniformly in t.

Lemma 3.27 tells us, that in order to influence a network, it suffices to influence just
one system for every iSCC contained in the network. In case of constant communication
graphs, we can use Theorem 2.13 to identify the links between the leader and the existing
network needed to enable consensus as follows:

(S1) Construct an orthogonal non-negative basis of ker(LT ). Let r = dim(ker(LT )) and
denote the basis vectors pk, k ∈ Nr.

(S2) Connect the leader to r vertices vlk such that pk,lk > 0, k ∈ Nr.

Each basis vector constructed in Step (S1) corresponds to one iSCC of the graph. Step (S2)
thus ensures, that the leader is connected to each iSCC in the graph, i.e., the leader is
the unique iSCC of the graph augmented by one vertex corresponding to the leader. An
example is depicted in Figure 3.5. The original graph (solid lines) contains two iSCCs,
namely the graphs induced by {v4} and {v2, v3}. Accordingly, the kernel of LT is spanned
by the vectors p1 = (0, 0, 0, 1)T and p2 = (0, 1, 1, 0)T . Connecting the leader with as
depicted in Figure 3.5 (dashed lines) yields a connected graph.

3.5 Summary

In this chapter, we investigated several instances of consensus problems employing static
diffusive couplings. We posed two basic problems, namely the State Consensus Analysis
Problem 3.3 and the State Consensus Design Problem 3.4 and presented solutions to those
problems under different assumptions and preconditions.
In a first part, necessary and sufficient conditions for consensus of general LTI sys-

tems over fixed communication topologies have been presented and an LMI based design
procedure was developed, based on Wieland et al. (2008, 2010a). These results include
an improvement on existing bounds on the coupling gains for consensus among double
integrator systems.
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3.5 Summary

The second part has been devoted to consensus of LTI systems over communication
topologies that may change over time. Results known from Literature have been reviewed
and compared to the results for fixed communication topologies.
It has been demonstrated that there is a trade-off between allowable topological com-

plexity and system complexity in consensus via static diffusive couplings. While consensus
can be achieved among arbitrary stabilizable LTI systems over constant communication
graphs, consensus over uniformly communication graphs requires system models that do
not contain exponentially unstable parts and, more importantly, where the input di-
mension equals the state dimension. This observation motivates the quest for dynamic
couplings that allow to move beyond the compromise between system and topological
complexity we are forced to accept in case of static couplings and to further relax con-
straints on individual systems as well as the communication topology.
Finally, we considered the special case of consensus with a leader and showed based

on Wieland et al. (2008, 2010a) that the leader dynamics is constrained to be essentially
identical to the dynamics of the remaining systems in the network in meaningful consensus
problems. Furthermore, we proposed an algorithm to determine how to connect a leader
to an existing network in order to achieve consensus.
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Chapter 4

Observer-Based Output Consensus with
Relative Output Sensing

In Chapter 3, the problem of state consensus by means of static diffusive couplings has
been considered. The different solutions proposed for the various instances of problems
that have been investigated all share one common feature. Namely, consensus is achieved
by relative state feedback, i.e., in order to achieve consensus, information of the relative
values of the full states are required. Compared to the feedback stabilization problem,
the situation corresponds to stabilization by state feedback.

In practice, the complete state vector is often not available for measurement. Instead,
the only information available for measurement is frequently some output of dimension
much lower than the complete state vector. Thus, feedback control problems have to be
solved based on the only information of the measured output. In many instances, it is
possible to design dynamic observers that yield estimates of the original state vector and
to apply a state feedback in which the actual state vector is replaced by its estimate.
The well-known separation principle (Kailath, 1980) gives a sufficient condition for this
approach to be valid and to actually solve the original control problem.

In this chapter, we investigate to what extent these ideas can be adopted to consen-
sus problems. Similarly to the case of feedback stabilization, it might be unrealistic in
consensus problems to assume complete knowledge of the relative states. It is rather the
case, that only relative outputs are available to solve the consensus problem. These rela-
tive outputs stem, e.g., from relative sensors. For instance in a group of mobile vehicles,
sensors may be available that measure relative positions or relative velocities. In what
follows, we will thus tackle the question, how observer design techniques commonly used
in feedback stabilization problems can be adapted to the consensus problem.

The problem of consensus with relative output sensing is non-trivial. In standard
observer designs for linear systems, information on the output and the input is required
in order to reconstruct the system state. While this is frequently not a restriction in
feedback stabilization problems, the situation is more difficult in consensus problems
with relative output sensing. In that case information on relative inputs in required. Yet,
this information depends on the inputs of the neighboring systems and is thus unknown.
Subsequently, the difficulties that occur in this context will be detailed and solutions
to overcome these problems will be proposed. Time-varying communication topologies
may induce additional difficulties for observer designs in the context of output consensus
problems, but we will restrict our attention to challenges induced by relative output
sensing over constant communication topologies.
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Since the objective of this chapter is to design dynamic observers to be used in the
couplings between individual systems, we will for the first time in this thesis fulfill the
promise to demonstrate the benefit of dynamic couplings in consensus and synchronization
problems. As argued before, in this chapter, we use dynamic couplings to overcome the
specific constraint of full state information in order to achieve consensus, i.e., to relax
conditions on the individual system dynamics.

4.1 Problem Statement

In contrast to Chapter 3, where LTI systems (3.2) without explicit output were considered,
we now consider networks of N individual systems modeled as

ẋk(t) = Axk(t) +Buk(t) (4.1a)

yk(t) = Cxk(t) (4.1b)

for k ∈ NN , where xk(t) ∈ Rn is the state vector, uk(t) ∈ Rp is the input vector and
yk(t) ∈ Rq is the output vector. Without loss of generality, we assume that B has full
column-rank and C has full row-rank, i.e., rank(B) = p and rank(C) = q.

4.1.1 Dynamic Diffusive Couplings and Output Consensus
Trajectories

We are no longer interested in state consensus in the sense of Definition 3.1 but rather
consider output consensus as the property that (yk(t) − yj(t)) → 0 as t → ∞ for all
j, k ∈ NN . We give the formal counterpart to Definition 3.1 below.

Definition 4.1 (Output Consensus). The N systems (4.1) are said to asymptotically
reach output consensus, if there exists some trajectory η(·) : R → Rq such that

lim
t→∞

‖yk(t)− η(t)‖ = 0 (4.2)

for all k ∈ NN . In that case, the trajectory η(·) is called an output consensus trajectory.

The static couplings (3.3) from Chapter 3 are replaced by dynamic couplings given as

żk(t) = Ezk(t) + Fδk(t) (4.3a)

uk(t) = Gzk(t) +Hδk(t) (4.3b)

δk(t) =
N
∑

j=1

wk,j(t)(yk(t)− yj(t)) (4.3c)

with coupling state zk(t) ∈ Rm for k ∈ NN . Couplings (4.3) represent a general LTI
dynamic controller driven by the relative output signal δk(t) as defined by the last
equation (4.3c). Similarly to (3.3), the values wk,j(t) ∈ R+, j, k ∈ NN are the ele-
ments of the adjacency matrix W (t) = [wk,j(t)] ∈ RN×N of some communication graph
G(t) = {V, E(t),W (t)} with |V| = N . We put some constraints on the coupling matrices
E ∈ R

m×m, F ∈ R
m×q, G ∈ R

p×m, and H ∈ R
p×q formulated as an assumption below.
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4.1 Problem Statement

Assumption 4.2. The matrix E ∈ Rm×m is Hurwitz, the matrix F ∈ Rm×q is such that
the pair (E, F ) is controllable, and the matrix G ∈ Rp×m is such that the pair (G,E) is
observable.

Assuming controllability and observability in (4.3a), (4.3b) is in fact not a restriction. It
essentially means that we choose a minimal realization (see Kailath, 1980) of the dynamic
couplings. Requiring E to be Hurwitz means that the coupling dynamics are asymp-
totically – and thus exponentially – stable. Therefore, δk → 0 as t → ∞ exponentially
fast implies by Lemma B.1 that uk(t) → 0 as t → ∞ exponentially fast. With this last
property couplings (4.3) can be considered a generalization of static diffusive couplings as
defined in Section 1.2 to dynamic diffusive couplings. While the system input uk(t) is no
longer proportional to a weighted average of relative variables uniformly in t, this relation
still holds when we consider steady states, i.e., in the limit as t→ ∞, if the limits exist.
In case of static diffusive couplings we showed in Lemma 3.2 that consensus trajectories

are open loop solutions of the individual system dynamics if convergence to consensus is
exponential. Using Assumption 4.2, we are able to give an analogous result for output
consensus in the network (4.1), (4.3).

Lemma 4.3. Let η̃(·) : R → Rq be an output consensus trajectory for (4.1), (4.3) for
fixed initial conditions xk(0) ∈ Rn and zk(0) ∈ Rm, k ∈ NN .
If (C,A) is observable, the matrices E, F , and G in (4.3) satisfy Assumption 4.2,

and (4.2) is satisfied with an exponential convergence rate, i.e., there exist constants
M1, µ1 ∈ R+ such that

‖yk(t)− η̃(t)‖ ≤M1e
−µ1t max

j∈NN

‖yj(0)− η̃(0)‖

for all k ∈ NN , then there exists ξ0 ∈ Rn and constants M2, µ2 ∈ R+ such that

‖yk(t)− CeAtξ0‖ ≤M2e
−µ2t max

j∈NN

‖yj(0)− Cξ0‖

for all k ∈ NN , i.e., the output η(t) = CeAtξ0 of the open loop dynamics (4.1) with
uk(t) ≡ 0 initialized as xk(0) = ξ0 is an output consensus trajectory for (4.1), (4.3) with
exponential convergence rate for the same initial conditions xk(0) ∈ R

n and zk(0) ∈ R
m,

k ∈ NN .

Proof. If η̃(t) is a consensus trajectory, then y(t) asymptotically converges to the subspace
im(1N ⊗Iq) ⊂ RNq. By observability of the pair (C,A), it follows that x(t) asymptotically
converges to the subspace im(1N ⊗ In) ⊂ RNn. If x(t) ∈ im(1N ⊗ In), then x(t) =
1N ⊗ ξ(t) and y(t) = 1N ⊗ (Cξ(t)) for some trajectory ξ(·) : R → R

n. Therefore δ(t) =
(L(t)⊗C)x(t) = (L(t)⊗ Iq)y(t) = 0, i.e., (x(t), z(t)) converges to im(1N ⊗ In)× {0} and
im(1N ⊗ In)× {0} ⊂ RNn × RNm is an invariant subspace for the closed loop system.
Convergence of (x(t), z(t)) to the subspace im(1N⊗In)×{0} ⊂ RNn×RNm is exponential

by assumption. In fact δ(t) → 0 exponentially fast as t→ ∞ implies that x(t) converges
to im(1N⊗In) exponentially fast as t→ ∞ by observability of the pair (C,A) and z(t) → 0
exponentially fast as t → ∞ by Lemma B.1. Using again Lemma B.1, this implies that
(x(t), z(t)) exponentially converges to a particular solution (1N ⊗ ξ(t)) × 0 contained in
im(1N ⊗ In)× {0}. This completes the proof.
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Similarly to Lemma 3.2 in the state consensus case, Lemma 4.3 relates output consensus
trajectories to solutions of the open loop system (4.1) with uk(t) ≡ 0. The key property of
the couplings (4.3) used in the above proof is that the couplings exponentially vanish once
consensus is reached. In addition, we assume observability of (C,A) in Lemma 4.3. This
assumption can be dropped by decomposing the system in observable and unobservable
subsystems (see Kailath, 1980) and applying the above lemma to the observable subsystem
only.

4.1.2 Limitations of Luenberger Observers in Output Consensus with

Relative Output Sensing

In view of the results of Chapter 3, the most proximate approach to design dynamic
couplings (4.3) might seem to design Luenberger observers (Kailath, 1980, Chapter 4) to
obtain asymptotic estimates for the relevant states and use the methods from Chapter 3
where true system states are replaced by their estimates.
In order to realize couplings (3.3) with the help of asymptotic observers, we need to

estimate the weighted sum of relative states ρk(t) ,
∑N

j=1wk,j(t)(xk(t)−xj(t)) appearing
in the couplings (3.3). With γk(t) ,

∑N
j=1wk,j(t)(uk(t)− uj(t)) and (4.3c), these relative

state vectors evolve according to the dynamics

ρ̇k(t) = Aρk(t) +Bγk(t) +

N
∑

j=1

ẇk,j(t)(xk(t)− xj(t))

δk(t) = Cρk(t)

for all k ∈ NN . If the pair (C,A) is detectable, classical Luenberger observers for these
systems are given as

˙̂ρk(t) = (A+ JC)ρ̂k(t)− Jδk(t) +Bγk(t) +

N
∑

j=1

ẇk,j(t)(xk(t)− xj(t))

for all k ∈ NN , where ρ̂k(t) ∈ Rn is an estimate for ρk(t) ∈ Rn for k ∈ NN and J ∈ Rn×q

is the observer gain chosen such that A + JC is Hurwitz. Obviously, these observer
dynamics structurally differ from the dynamics (4.3a) of the couplings we aim to design.
The above observer dynamics depend on the relative inputs γk(t), k ∈ NN and the sum
∑N

j=1 ẇk,j(t)(xk(t)− xj(t)), k ∈ NN , both of which are unknown. The difficulties induced
by the latter term are manifold: it cannot be measured, it may take any value in Rn, i.e.,
if considered as an input, the corresponding input matrix would be the identity matrix,
and the input signal might exhibit impulsive behavior at time instances t ∈ R where
wk,j(t), j ∈ NN is not continuous. We avoid those problems by restricting the analysis to
problems with constant communication topologies in what follows. We instead focus on
the difficulty induced by the unknown relative inputs γk(t), k ∈ NN . That is, we aim at
observers for the systems

ρ̇k(t) = Aρk(t) +Bγk(t) (4.4a)

δk(t) = Cρk(t) (4.4b)
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for k ∈ NN , that yield asymptotic estimates ρ̂k(t) ∈ Rn for ρk(t) based on output measures
δk(t) ∈ Rq with unknown input γk(t) ∈ Rp. These observers shall be such that state
consensus for the systems (4.1a) is achieved with uk(t) = Kρk(t) (corresponding to the
couplings (3.3) in Chapter 3) if and only if output consensus is reached for the systems
(4.1) with uk(t) = Kρ̂k(t).
One approach to solve this problem is to take advantage of the fact that we are not

interested in the actual value of the estimate ρ̂k(t), but rather want to use it for a specific
task, namely to achieve consensus. Fulfillment of this task implies γk(t) → 0. Thus,
we actually do not need to design an observer, that yields a perfect estimate for any
input γk(t) but it is enough if an imperfect observer is used that ensures γk(t) → 0 when
combined with an appropriate static feedback. This idea is pursued in Kim et al. (2010),
Seo et al. (2009a,b). However, since this observer only delivers and asymptotic estimate
of the true system state under the condition that γk(t) → 0, the separation principle
no longer holds. Consequently the observer design and the static feedback design are
no longer independent, which makes it difficult to apply the results from the previous
chapter.
Therefore, we pursue a different approach. Namely, we aim at designing general ob-

servers that yield state estimates independent of the input, i.e., unknown-input observers.
The advantage of this approach is the possibility to design observers and state feedback
independent of each other, i.e., the separation principle holds. Furthermore, the use of
unknown-input observers yields nice robustness properties. The results below are based
on Wieland and Allgöwer (2010).

4.2 Consensus with Full Order Unknown-Input Observers

Our first approach is to use unknown input observers as proposed in Darouach et al.
(1994). The observers for the systems (4.4) take the general form

żk(t) = Ezk(t) + Fδk(t) (4.5a)

ρ̂k(t) = Rzk(t) + Sδk(t) (4.5b)

for k ∈ NN , with observer state zk ∈ Rm, m ≤ n, and estimate ρ̂k(t) ∈ Rn for k ∈
NN . Necessary and sufficient existence conditions for such an observer are stated in the
following lemma taken from Darouach et al. (1994) and repeated here for reference and
without proof:

Lemma 4.4. Let A ∈ Rn×n, B ∈ Rn×p, and C ∈ Rq×n.
Assume rank(B) = p and rank(C) = q.
There exist matrices E ∈ Rm×m, F ∈ Rm×q, R ∈ Rn×m, and S ∈ Rn×q such that

(4.5) is an asymptotic observer for (4.4), i.e., ρk(t)− ρ̂k(t) → 0 as t → ∞ for all initial
conditions ρk(0) ∈ Rn, zk(0) ∈ Rm if and only if

rank(CB) = rank(B) = p (4.6)

and

rank

(

A− sIn B
C 0

)

= n + p, s ∈ C+. (4.7)
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The conditions given in the above lemma have direct systems theoretic interpretations.
Namely, condition (4.6) implies that system (4.4) has relative degree one with respect to
every scalar output while condition (4.7) is equivalent to requiring asymptotically stable
zero dynamics. If p = q, i.e., system (4.4) has the same number of inputs and outputs,
the pair (A,B) is controllable, and the pair (C,A) is observable, conditions (4.6), (4.7)
are satisfied if and only if system (4.4) is feedback equivalent to a strictly passive system
(Byrnes et al., 1991, Sepulchre et al., 1997).
Given the matrices A ∈ Rn×n, B ∈ Rn×p and C ∈ Rq×n satisfy the conditions of

Lemma 4.4, the following result gives a method to design the dynamic couplings (4.3)
ensuring output consensus among the systems (4.1):

Theorem 4.5. Let G = {V, E ,W} be a constant communication graph with |V| = N > 1
and Laplacian matrix L. Let A ∈ Rn×n, B ∈ Rn×p, C ∈ Rq×n, and K ∈ Rp×n.
Assume G, A, B, and K satisfy the assumptions and conditions of Theorem 3.7 and

A, B, and C satisfy the assumptions and conditions of Lemma 4.4.
Then it is possible to choose J ∈ Rn×q such that PA + JC is Hurwitz, where P ,

In − SC, S , B(CB)+.
In that case, the dynamic couplings (4.3) with m = n, E = PA + JC, F = PAS −

J(Iq−CS), G = K, and H = KS ensure that systems (4.1) reach consensus exponentially
fast independent of initial conditions xk(0) ∈ R

n, zk(0) ∈ R
n, k ∈ NN .

Proof. We first consider the observer (4.5) with R = In. The observer error is εk(t) =
ρk(t)− ρ̂k(t) and satisfies

ε̇k(t) = (In − SC)(Aρk(t) +Bγk(t))−Ezk(t)− Fδk(t)

= PAρk(t)− E(ρ̂k(t)− Sδk(t))− Fδk(t)

= (PA+ JC)εk(t)− (J − (PA+ JC)S + PAS − J(Iq − CS))δk(t)

= (PA+ JC)εk(t) = Eεk(t),

where we used PB = (In−B(CB)+C)B = 0 as a consequence of condition (4.6). Thus, if
J is chosen such that E = PA+JC is Hurwitz, the estimate ρ̂k(t) exponentially converges
to the true system state ρk(t).
With ρ̂k(t) = ρk(t)−εk(t) and uk(t) = Kρ̂k(t) = K

∑N
j=1wk,j(xk(t)−xj(t))−Kεk(t), k ∈

NN , it follows that the closed loop dynamics for the whole network is given as
(

ẋ(t)
ε̇(t)

)

=

(

(IN ⊗ A) + (L⊗BK) −(IN ⊗ BK)
0 (IN ⊗ E)

)(

x(t)
ε(t)

)

with stacked vectors x(t) = (xT1 (t), . . . , x
T
N (t))

T ∈ RNn and ε(t) = (εT1 (t), . . . , ε
T
N(t))

T ∈
RNn. That is, the separation principle indeed holds.
It remains to show that the given assumptions are sufficient to guarantee existence of

some matrix J ∈ Rn×q such that PA+JC is Hurwitz, which is equivalent to detectability
of the pair (C, PA) (see Kailath, 1980). However, detectability of the pair (C, PA) is
equivalent to condition (4.7) by Darouach et al. (1994, Theorem 2). This completes the
proof.

Lemma 4.4 provides necessary and sufficient conditions for existence of an unknown-
input observer to estimate the quantities ρk(t) =

∑N
j=1wk,j(xk(t)−xj(t)) and Theorem 4.5
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provides an observer based design method to obtain dynamic couplings of the type (4.3)
that yield consensus in the network (4.1), (4.3) with coupling gain K determined using the
methods from Chapter 3. Unfortunately, the existence conditions for the unknown-input
observer (4.5) specified in Lemma 4.4 are rather restrictive. In the next section we will
try to modify this design to obtain less restrictive existence conditions.

4.3 Consensus with Reduced Order Unknown-Input

Observers

The observers in the solution proposed in Theorem 4.5 yield estimates ρ̂k(t) ∈ Rn, k ∈ NN

for the full states ρk(t) ∈ Rn, k ∈ NN . However, to solve the output consensus problem,
these estimates are never used directly, but only the quantities Kρ̂k(t) are needed to
achieve output consensus. Therefore, in what follows, we investigate to what extent the
existence conditions (4.6), (4.7) can be relaxed if we aim for estimates of the quantities
Kρk(t) directly, using reduced order unknown-input observers.
The approach used to obtain these estimates is the following: In a first step, we ad-

dress the question which parts of the states ρk(t) of systems (4.4) can be asymptotically
estimated without knowledge of the inputs γk(t) without assuming (4.6) and (4.7). That
is, we seek maximal unknown input observers for a given system. In a second part, we
then try to find couplings with methods from Chapter 3. The methods will be adapted
such that the couplings depend only on those parts of the state vectors ρk(t) for which
an asymptotic estimate is available.

4.3.1 Maximal Functional Unknown-Input Observers

To estimate parts of the states ρk(t) ∈ Rn of systems (4.4), we use unknown input
observers

żk(t) = Ezk(t) + Fδk(t) (4.8a)

ζ̂k(t) = Rzk(t) + Sδk(t) (4.8b)

for k ∈ NN , with state vectors zk(t) ∈ Rm and estimate ζ̂k(t) ∈ Rr, r ≤ n, such that
ζ̂k(t) is an asymptotic estimate for ζk(t) = Dρk(t) ∈ Rr independent of initial conditions
ρk(0) ∈ Rn, zk(0) ∈ Rm for some matrix D ∈ Rr×n and ρk(t) evolving according to (4.4).
We use the following definition subsequently:

Definition 4.6 (Unknown-Input Observable, Complementary Unknown-Input Observ-
able Subspace). Let A ∈ Rn×n, B ∈ Rn×p, C ∈ Rq×n, and D ∈ Rr×n.
If there exist matrices E ∈ Rm×m, F ∈ Rm×q, R ∈ Rr×m, and S ∈ Rr×q such that

the observer (4.8) yields an asymptotic estimate ζ̂k(t) for ζk(t) = Dρk(t) independent of
initial conditions ρk(0) ∈ Rn, zk(0) ∈ Rm, where ρk(t) evolves according to the dynamics
(4.4), then ζk(t) = Dρk(t) is said to be unknown-input observable and ker(D) ⊂ Rn is
the corresponding complementary unknown-input observable subspace.

We are interested in recovering as much information as possible about the original
system state through the observer (4.8). Therefore, we are interested in the maximal
unknown input observer of the type (4.8) in the following sense:
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Lemma 4.7. Let A ∈ Rn×n, B ∈ Rn×p, and C ∈ Rq×n. Let T be the set of all comple-
mentary unknown-input observable subspaces for system (4.4)
Then there exists a complementary unknown-input observable subspace Tmin ∈ T such

that Tmin ⊆ T for any T ∈ T.

Proof. Assume T1, T2 ∈ T with dim(T1) = n − r1 and dim(T2) = n − r2. Choose D1 ∈
R

r1×n and D2 ∈ R
r2×n such that ker(D1) = T1 and ker(D2) = T2, i.e., D1ρk(t) and

D2ρk(t) are unknown-input observable. Consequently, (DT
1 , D

T
2 )

Tρk(t) is also unknown-
input observable and ker((DT

1 , D
T
2 )

T ) = T1

⋂ T2 ∈ T. That is, T is closed under subspace
intersection. Since Rn is finite dimensional and ker(C) ∈ T, there exists an infimal member
Tmin ∈ T.

The minimal complementary unknown-input observable subspace Tmin from the above
lemma yields the maximal unknown-input observable part of the state ρk(t) as follows.
Let r = n − dim(Tmin) ≥ q and choose any D ∈ Rr×n such that ker(D) = Tmin. Then
ζk(t) = Dρk(t) is maximal subject to being unknown-input observable and unique modulo
linear transformations. In what follows, we explain how to determine Tmin and how to
choose the observer matrices in (4.8) to estimate the maximal unknown input-observable
ζk(t).
In order to construct the observer, we need some geometric concepts from linear control

theory summarized in Appendix C. As a consequence of Lemma C.4, we know that Tmin =
S∗
g,im(B)

⋃

ker(C), where S∗
g,im(B) is the minimal complementary detectability subspace

containing im(B).
The procedure to construct the maximal unknown-input observer is summarized in the

following algorithm:

Algorithm 4.8.

(S1) Determine the conditionally invariant subspace (see Definition C.1) S∗
im(B) which is

minimal subject to containing im(B) using Algorithm C.5.

(S2) Determine the complementary observability subspace (see Definition C.3) M∗
im(B)

which is minimal subject to containing im(B) using Algorithm C.6.

(S3) Choose χ ∈ R+ and define Cg , {z ∈ R|Re(z) < −χ} and Cb , C \ Cg.

(S4) Choose any friend (see Definition C.1) J0 ∈ J(S∗
im(B)). Determine Xg ⊂ Rn and

Xb ⊂ R
n such that (A+J0C)Xg ⊂ Xg and (A+J0C)Xb ⊂ Xb, σ ((A + J0C)|Xg) ⊂ Cg

and σ ((A+ J0C)|Xb) ⊂ Cb, and Xg ⊕Xb = Rn. Then S∗
g,im(B) is obtained as

S∗
g,im(B) = S∗

im(B) + Xb

⋂

M∗
im(B).

Define s , n− dim
(

S∗
g,im(B)

)

and r , n− dim
(

S∗
g,im(B)

⋂

ker(C)
)

.

(S5) Let P ∈ Rs×n be a matrix representation of the canonical projection P : Rn →
R

n/S∗
g,im(B). Choose D ∈ R

r×n such that ker(D) = S∗
g,im(B)

⋂

ker(C) and a friend
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J ∈ J(S∗
g,im(B)) such that σ

(

(A+ JC)/S∗
g,im(B)

)

⊂ Cg. Define

E , P (A+ JC)P+, F , −PJ,
R , DP+, S , D(In − P+P )C+.

Note that in Step (S5) above, restricting J ∈ R
n×q to be contained in J(S∗

g,im(B)) is a

matter of solving a set of linear equations while choosing J ∈ J(S∗
g,im(B)) to assign the

spectrum of P (A+ JC)P+ is achieved using standard pole placement techniques.

The matrices defined in the last Step (S5) of Algorithm 4.8 above indeed yield the
observer we are looking for as stated in the theorem below.

Theorem 4.9. Let system (4.4) be described by matrices A ∈ Rn×n, B ∈ Rn×p, and
C ∈ Rq×p. Let D ∈ Rr×n, E ∈ Rs×s, F ∈ Rs×q, R ∈ Rr×s, and S ∈ Rr×q be determined
by the above Algorithm 4.8.

Then the observer (4.8) is such that ζ̂k(t) is an asymptotic estimate for ζk(t) = Dρk(t)
and the observer error converges to zero exponentially fast with convergence rate χ inde-
pendent of initial conditions ρk(0) ∈ Rn, zk(0) ∈ Rs.

Proof. Consider the observer error εk(t) = zk(t)− Pρk(t). The error dynamics reads

ε̇k(t) = P (A+ JC)P+zk(t)− PJCρk(t)− P (Aρk(t) +Bγk(t))

= P (A+ JC)(P+zk(t)− ρk(t)).

Note that P : Rn → Rn/S∗
g,im(B) is the canonical projection and P (A+JC)P+ is a matrix

representation of the map (A+ JC)/S∗
g,im(B), i.e., P (A+ JC) = P (A+ JC)P+P and we

obtain ε̇k(t) = P (A+ JC)P+εk(t).

By definition of P and D, we have ker(D) = ker(P )
⋂

ker(C), i.e., D(In−P+P )C+C =
D(In − P+P ). Thus, we obtain

ζ̂k(t)− ζk(t) = Rzk(t) + SCρk(t)−Dρk(t)

= Rzk(t) +D(In − P+P )C+Cρk(t)−Dρk(t)

= Rzk(t)−DP+Pρk(t)

= Rεk(t).

To summarize, σ
(

(A+ JC)/S∗
g,im(B)

)

⊂ Cg is equivalent to P (A + JC)P+ + χIs being

Hurwitz, which implies ‖εk(t)‖ ≤ Me−χt‖εk(0)‖ for some M ∈ R+. This in turn implies
‖ζ̂k(t)− ζk(t)‖ = ‖Rεk(t)‖ ≤M‖R‖e−χt‖εk(0)‖.

By Theorem 4.9, we thus know how to construct a maximal unknown-input observer
(4.8) for the system (4.4). As a next step, we need to use the estimate obtained from this
observer to achieve consensus. This will be addressed in the next section.
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4.3.2 Diffusive Couplings with Reduced State Information

Since the observer (4.8) designed in the previous section is independent of the system
input, the separation principle holds despite unknown parts of the input. Assume, the
observer (4.8) is designed as described in Algorithm 4.8 in Section 4.3.1. With εk(t) =
zk(t) − Pρk(t), systems (4.1) together with observers (4.8) and inputs uk(t) = K̃ζ̂k(t) =
K̃Dρk(t) + K̃Rεk(t) for some K̃ ∈ Rp×r can be written as

(

ẋk(t)
ε̇k(t)

)

=

(

A BK̃R
0 E

)(

xk(t)
εk(t)

)

+

(

B
0

)

K̃Dρk(t)

for k ∈ NN . These systems are equivalent modulo uncontrollable, asymptotically sta-
ble parts (namely the observer error dynamics) to systems (4.1) with diffusive cou-
plings uk(t) = K̃Dρk(t). Therefore, the problem to solve is the State Consensus
Design Problem 3.4 from Chapter 3 with K ∈ Rp×n constraint to be of the form
K = K̃D, K̃ ∈ Rp×r. That is, by Theorem 3.7, we need to find K̃ ∈ Rp×r such that
the matrices A + λk(L)BK̃D, k ∈ NN \ {1} are Hurwitz, i.e., a static output feedback
problem for the virtual output ζk(t) = Dρk(t).
Similar problems are dealt with in Tuna (2008b), where the focus is on neutrally stable

systems. In what follows, we adapt the method proposed in Cao et al. (1998) and modify
the LMI-based design proposed in Theorem 3.17 to obtain an iterated LMI condition for
the coupling gain K̃.
For that purpose, we first need some preliminary definitions and results. For fixed

system matrices A ∈ Rn×n, B ∈ Rn×p, and D ∈ Rr×n, define the complex matrices

Γ1 , (A+ χI)TP + P (A+ χI) +XBBTX −XBBTP − PBBTX ∈ C
n×n (4.9a)

Γ2(λ) , PB + (λK̃D)H ∈ C
n×n (4.9b)

Γ(λ) ,

(

Γ1 Γ2(λ)
ΓH
2 (λ) −I

)

∈ C
2n×2n (4.9c)

in dependence of the matrices P = PH ∈ Cn×n, X = XH ∈ Cn×n, and K̃ ∈ Rp×r and the
scalars χ ∈ R and λ ∈ C. In what follows, the above matrices are related to the static
output feedback problem we are trying to solve.

Lemma 4.10. Let A ∈ Rn×n, B ∈ Rn×p, D ∈ Rr×n, λ ∈ C, and χ ∈ R.
Given a feedback gain K̃ ∈ R

p×r, we have σ(A+χI+λBK̃D) ⊂ C− if and only if there
exist matrices P = PH ∈ Cn×n with P � 0 and X = XH ∈ Cn×n with X � 0 such that
Γ(λ) ≺ 0, with Γ(λ) defined by (4.9).

Proof. The condition σ(A+χI +λBK̃D) ⊂ C− is equivalent to existence of some matrix
P = PH ∈ Cn×n with P � 0 such that Γ̃(λ) ≺ 0 with

Γ̃(λ) , (A+ χI + λBK̃D)HP + P (A+ χI + λBK̃D).

We will establish equivalence of the above condition and the necessary and sufficient
conditions given in the lemma.
(⇒) Using the Schur complement (see Boyd et al., 1994), Γ(λ) ≺ 0 is equivalent to

Γ1 + ΓH
2 (λ)Γ2(λ) ≺ 0. Note that Γ1 + ΓH

2 (λ)Γ2(λ) = Γ̃(λ) + |λ|2(K̃D)T K̃D + (X −
P )BBT (X − P ) � Γ̃(λ) for any X = XH ∈ C

n×n. Thus Γ(λ) ≺ 0 implies Γ̃(λ) ≺ 0.
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(⇐) Assume P = PH ∈ Cn×n is such that P � 0 and Γ̃(λ) ≺ 0. Then we may
assume without loss of generality that Γ̃(λ) ≺ −|λ|2(K̃D)T K̃D. With X = P , we obtain
Γ1 + ΓH

2 (λ)Γ2(λ) = Γ̃(λ) + |λ|2(K̃D)T K̃D ≺ 0. Thus Γ̃(λ) ≺ 0 implies existence of some
matrix X = XH ∈ C

n×n with X � 0 such that Γ(λ) ≺ 0.

The matrix Γ(λ) defined by (4.9) and involved in the conditions of Lemma 4.10 above
is quadratic in the auxiliary matrix variable X = XH ∈ Cn×n and bilinear in X and
P = PH ∈ Cn. Yet, it possesses some convenient properties. Namely, for fixed X , it
is linear in the matrix variables P = PH ∈ Cn×n and K̃ ∈ Rp×r. Furthermore, the
parameter λ ∈ C enters Γ affinely and Γ(λ) = ΓT (λ). With these observations, we are
ready to relate Lemma 4.10 to the consensus problem as follows:

Theorem 4.11. Let G = {V, E ,W} be a constant communication graph with |V| = N > 1
and Laplacian matrix L satisfying Assumption 2.2. Let A ∈ Rn×n, B ∈ Rn×p, C ∈ Rq×n,
and χ ∈ R+. Let S∗

g,im(B) be the complementary detectability subspace of (4.4) which is

minimal subject to containing im(B) with the good part Cg of the complex plane defined

as Cg , {z ∈ C|Re(z) < −χ}. Let r = n − dim
(

S∗
g,im(B)

⋂

ker(C)
)

and D ∈ Rr×n

such that ker(D) = S∗
g,im(B)

⋂

ker(C). Let s ∈ N and µj ∈ C, j ∈ Ns such that λk ∈
conv({µ1, . . . , µs, µ1, . . . , µs}) ⊂ C for all k ∈ NN \ {1}.
If there exist matrices P = PH ∈ Cn×n, X = XH ∈ Cn×n and K̃ ∈ Rp×r such that

P � 0, X � 0 and Γ(µj) ≺ 0, j ∈ Ns, then the dynamic couplings (4.3) with G = K̃R
and H = K̃S and matrices E, F,R, S determined in Algorithm 4.8 in Section 4.3.1 ensure
that output consensus is reached exponentially fast with convergence bound proportional
to e−χt.

Proof. We know that the separation principle holds. Furthermore, by Theorem 4.9, we
know that the observer errors εk(t) satisfy ‖εk(t)‖ ≤ Me−χt‖εk(0)‖. It remains to show
that σ(A + λkBK̃D) ⊂ Cg for all k ∈ NN \ {1}. Note that Γ(µ1) ≺ 0 and Γ(µ2) ≺ 0
by convexity of Γ(·) implies that Γ(θµ1 + (1 − θ)µ2) = θΓ(µ1) + (1 − θ)Γ(µ2) ≺ 0 for
any θ ∈ [0, 1]. Furthermore Γ(µ) ≺ 0 is equivalent to Γ(µ) = ΓT (µ) ≺ 0. Thus since
λk(L) ∈ conv({µ1, . . . , µs, µ1, . . . , µs}) for k ∈ NN \ {1}, Γ(µj) ≺ 0, j ∈ Ns implies
Γ(λk(L)) ≺ 0, k ∈ NN \ {1}. The theorem then follows by Lemma 4.10.

Theorem 4.11 above can be used to determine the coupling gain K̃ ∈ Rp×r by solving
a set of matrix inequalities depending on complex numbers µj, j ∈ Ns whose convex
hull contains the non-zero eigenvalues of the Laplacian matrix L1. As mentioned before,
those matrix inequalities involve quadratic and bilinear terms in the unknowns, i.e., they
are not solvable using standard LMI solvers. However, it is possible to solve the matrix
inequalities by iteratively solving LMIs as described in the following algorithm adapted
from Cao et al. (1998):

Algorithm 4.12.

(S1) Set ν = 1 and X1 ∈ Rn×n the unique positive definite solution to the algebraic
Riccati equation ATX1 +X1A−X1BB

TX1 +Q = 0 for some Q = QT ∈ Rn×n with
Q � 0.

1A method to determine the values µj ∈ C, j ∈ Ns was given in Corollary 3.19.

61



Chapter 4 Observer-Based Output Consensus with Relative Output Sensing

(S2) Solve the optimization problem

min
Pν ,K̃ν ,χν

χν

s.t. Pν = PH
ν � 0

Γ(µj) ≺ 0, j ∈ Ns,

with P = Pν, X = Xν, K̃ = K̃ν , and χ = χν substituted into Γ(·), for Pν ∈ Cn×n,
K̃ν ∈ R

p×r, and χν ∈ R performing a bisection on χν. Denote the optimal value as
χ∗
ν.

(S3) If χ∗
ν ≤ χ, the algorithm stops and P = Pν, X = Xν and K̃ = K̃ν solve the original

matrix inequalities from Theorem 4.11.

(S4) Solve the optimization problem

min
P ′
ν ,K̃

′
ν

trace(P ′
ν)

s.t. P ′
ν = (P ′

ν)
H � 0

Γ(µj) ≺ 0, j ∈ Ns,

with P = P ′
ν, X = Xν , K̃ = K̃ ′

ν, and χ = χ∗
ν substituted into Γ(·), for P ′

ν ∈ Cn×n

and K̃ ′
ν ∈ Rp×r. Denote the optimum as P ∗

ν .

(S5) If ‖Xν −P ∗
ν ‖ < δ – a prescribed tolerance – the iteration stops without solution; else

set Xν+1 = P ∗
ν and ν = ν + 1 and go to Step (S2).

For a proof of convergence of Algorithm 4.12 and a discussion of some of its features,
the reader is referred to Cao et al. (1998). It should be noted that the choice of the
iterated LMI condition proposed in Cao et al. (1998) is to some extent arbitrary. It could
be replaced by other approaches from static output stabilization like Ghaoui et al. (1997),
Leibfritz (2001), Mangasarian and Pang (1995).

4.3.3 Example

As an illustrative example, we choose a scenario similar to Section 3.2.2, i.e., we consider
again a formation problem for a group of N = 9 vehicles moving on a plane. We choose
the same communication graph and target formation as in Section 3.2.2 (see Figure 3.3).
We refrain from giving further simulation figures in the present example, since the results
would look very similar to those given in Figure 3.4 before. The main objective of this
example is to illustrate the design of the unknown-input observer (4.8) and the solution
of the matrix inequalities involved in Theorem 4.11 and Algorithm 4.12.

We consider slightly modified dynamic models for the individual systems as compared
to the model (3.16) used in the example in Section 3.2.2. Namely, we consider vehicles
actuated by a second order dynamical system and we assume that we can measure the
relative position and the relative first actuator state of the individual vehicles. The
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resulting individual systems model is given by (4.1) with

A =









0 1 0 0
0 −α1 1 0
0 0 −α2 1
0 0 0 −α3









, B =









0
0
0
1









,

C =

(

1 0 0 0
0 0 1 0

)

.

As a first step, we need to determine the maximal unknown-input observable. To
that end, we determine S∗

im(B), M∗
im(B), and S∗

g,im(B) using the algorithms given in Ap-

pendix C.2.2 as described in Steps (S1) – (S5) of Algorithm 4.8. The sequence in Algo-
rithm C.5 reads

S0
im(B) = {0},

S1
im(B) = im(B),

S2
im(B) = im

((

02×2

I2

))

,

S3
im(B) = S2

im(B) = S∞
im(B),

i.e., S∗
im(B) = S2

im(B). The sequence in Algorithm C.6 reads

M0
im(B) = R

n,

M1
im(B) = ker

((

1 0 0 0
))

,

M2
im(B) = ker

((

I2 02×2

))

= S∗
im(B),

i.e., M∗
im(B) = M2

im(B) = S∗
im(B). Due to the inclusion relation S∗

im(B) ⊂ S∗
g,im(B) ⊂ M∗

im(B),
we thus know that S∗

g,im(B) = M∗
im(B).

A matrix D ∈ Rr×4 such that ker(D) = Sg,im(B)

⋂

ker(C) is given as

D =
(

I3 0
)

with r = 3, i.e., we can construct an observer for the first three components of the relative
states of the individual systems.
To construct the observer, we first determine the canonical projection P : R

4 →
R4/S∗

g,im(B) in matrix form as P = (I2, 02×2). The set J(S∗
g,im(B)) of friends of S∗

g,im(B) can

then be characterized as the set of matrices J ∈ R4×2 that solve P (A+JC)(I4−P+P ) = 0,
i.e., matrices of the form

J =









j1,1 0
j2,1 −1
j3,1 j3,2
j4,1 j4,2









∈ R
4×2.

Finally, the observer matrices read

E =

(

j1,1 1
j2,1 −α1

)

, F =

(

j1,1 0
j2,1 −1

)

,

R =





1 0
0 1
0 0



 , S =





0 0
0 0
0 1



 ,
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ν

χ
∗ ν

0

−0.8

101 1331 51

Figure 4.1: Convergence of χ∗
ν in Algorithm 4.12.

where j1,1, j2,1 ∈ R are degrees of freedom that can be chosen to assign the spectrum of
E, e.g., using standard pole placement methods. For instance, equating coefficients yields
j1,1 = α1 + λ1(E) + λ2(E) and j2,1 = −(α1 + λ1(E))(α1 + λ2(E)). Note that j3,k and j4,k,
k = 1, 2 do not influence the observer dynamics at all.
The static output feedback problem is solved using Algorithm 4.12. With χ = −0.8 and

Q = diag((100, 10, 2, 1)), Algorithm 4.12 terminates after 133 iterations. The evolution
of χ∗

ν in Algorithm 4.12 is depicted in Figure 4.1. Note that smaller values of χ can be
achieved, but Algorithm 4.12 progresses much slower for smaller values of χ. The resulting
coupling gain is K̃ ≈ −(166.0, 164.2, 47.54).

4.4 Summary

In this chapter, we considered the problem of consensus subject to the constraint of
relative output sensing, i.e., a restriction on the type of couplings between the individual
systems. As a consequence of this restriction, the consensus problem has to be solved
using only limited information. Namely, the only information available is that of relative
output measurements. This situation corresponds to more general system descriptions,
i.e., higher system complexity, in the framework of relative sensing.
We showed that relative output sensing imposes severe restrictions in case of time-

varying communication topologies. In case of fixed communication topologies, i.e., con-
stant communication graphs, the problem can be solved with the help of unknown-input
observers.
We proposed solutions (see Wieland and Allgöwer, 2010) based on full order unknown

input observers which come on the one hand with the advantage that the static couplings
from Chapter 3 can be applied without modification by virtue of the separation prin-
ciple. But those full-order unknown-input observers on the other hand come with the
disadvantage of quite severe restrictions on the individual system dynamics.
Those restrictions have been partially relaxed with the help of reduced order unknown-

input observers. Since, in that case, we only estimate parts of the relative states, the
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methods from Chapter 3 need to be adapted to take into account the constraint on the
coupling gains to only depend on the parts of the states that are estimated be the observer.
This yields to a static output feedback problem. An adaptation of the LMI based design
methods in Chapter 3 has been proposed yielding an iterated LMI condition.
In both cases, the observer based design yields dynamic couplings, that allow for con-

sensus among larger classes of systems, i.e., higher system complexity, than what would
be possible with static couplings proposed in Chapter 3.
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Chapter 5

The Internal Model Principle for
Consensus and Synchronization

In the previous two chapters, as well as in the huge majority of the references given therein,
the state and output consensus problem has been addressed under the assumption that
all individuals in the group admit identical dynamical models. However, in a group of
physical systems, there will be hardly two individuals that are exactly identical. Systems
may be structurally different, e.g., due to different types of actuators, like for instance
groups of mobile robots, some of which are equipped with combustion engines of different
power while some others use electric motors. But even if the individuals are structurally
the same, they still may exhibit non-identical behavior, e.g., due to different parameter
values. There is a huge variety of possible sources of such heterogeneity in parameters.
Examples include different friction or damping coefficients, different or changing masses
or change of material properties due to abrasion, to mention only a few.

Despite the fact, that individual systems in a group are generally non-identical to some
extent, we still observe synchronization and consensus in many cases. Therefore, we ask
what properties need to be shared by the dynamic models of the individual systems in
a group in order to be able to synchronize the individuals in a meaningful way. We
already gave one answer to a specific instance of this problem in Section 3.4, where we
considered a particular system in the group to be a leader and derived constraints on the
leader dynamics that need to be satisfied in order to achieve state consensus. In fact,
we showed that the leader dynamics needs to have some specific parts in common with
the dynamics of the remaining systems. In what follows, we will not assume a specific
communication topology, like, e.g., a specific leader, but derive results, which constrain
the dynamic models of all individuals in the group.

Consensus in heterogeneous groups has been addressed before, e.g., in Qu et al. (2008).
The approach chosen there uses agent level controls that transform all individuals into
a canonical form which is the same for all individuals. However, such an approach is
not always possible due to required system properties or communication constraints in
the network. The approach presented here is based on Wieland and Allgöwer (2009a),
Wieland et al. (2010c) for linear system models and Wieland and Allgöwer (2009b) for
nonlinear system models.

In both cases, we will derive an internal model principle for synchronization. We will
show that output synchronization among non-identical systems using diffusive-like cou-
plings is possible only if all individual systems, together with their local coupling dynam-
ics, contain an internal model of some common virtual exosystem. Moreover, if such a

67



Chapter 5 The Internal Model Principle for Consensus and Synchronization

common virtual exosystem exists, it generates all possible synchronous outputs for the
network in the linear case. In the nonlinear case additional assumptions are needed for
this property to be satisfied.

The internal model requirement will be expressed in terms of linear matrix equations,
known as Francis equations, in the linear case and nonlinear partial differential equations,
known as FBI equations, in the nonlinear case. These equations relate the individual
system dynamics to the virtual exosystem dynamics. Both types of conditions are known
from the theory of output regulation of linear and nonlinear systems. It will in fact turn
out that the internal model principle for synchronization is very similar to the classical
internal model principle for control theory (Francis and Wonham, 1976). Yet, there are
some important differences. While the classical internal model principle deals with a
special case of the output regulation problem (see Byrnes et al., 1997, Knobloch et al.,
1993), namely the problem of one system which shall track one specific exosystem, the
situation in synchronization problems is more complex. There exists no exosystem to be
tracked by individual agents. Instead, all individual systems need to mutually track each
other and thereby all systems mutually influence each other.

The internal model principle for synchronization in groups of linear systems will be
presented in Section 5.1. The case of networks of nonlinear systems is dealt with in
Section 5.2.

5.1 The Linear Case

5.1.1 Problem Setup

The network we are considering here is similar to the one considered in Section 4.1, except
that the individuals are modeled with non-identical dynamics, i.e., we consider a group
of N LTI systems

ẋk(t) = Akxk(t) +Bkuk(t) (5.1a)

yk(t) = Ckxk(t) (5.1b)

where xk(t) ∈ Rnk is the state vector, uk(t) ∈ Rpk is the input vector and yk(t) ∈ Rq is the
output vector for k ∈ NN . We do not require that ni = nj or pi = pj for i, j ∈ NN , i 6= j,
i.e., the dynamics of the individual systems, described by the matrices Ak ∈ Rnk×nk ,
Bk ∈ Rnk×pk , and Ck ∈ Rq×nk may be different including state and input dimensions. The
outputs yk(t) ∈ Rq, k ∈ NN have the same dimension q for all individual systems. In fact
the outputs all have the same physical meaning, since these are the quantities we want
to compare and synchronize. That is, we are again interested in output consensus in the
sense of Definition 4.1, but this time we replace the network of identical systems (4.1) by
the heterogeneous network (5.1).

The couplings between the individual systems are taken more general than in the pre-
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vious section as

żk(t) = Ekzk(t) + Fkδk(t) +Mkyk(t) (5.2a)

uk(t) = Gkzk(t) +Hkδk(t) +Okyk(t) (5.2b)

ζk(t) = Pkzk(t) +Qyk(t) (5.2c)

δk(t) =
N
∑

j=1

wk,j(t)(ζk(t)− ζj(t)) (5.2d)

with coupling states zk(t) ∈ R
mk and virtual outputs ζk(t) ∈ R

r for k ∈ NN . Couplings
(5.2) represent a general LTI dynamic controller driven by the system outputs yk(t) and
the relative controller output signal δk(t). The outputs of the controller are the system
input uk(t) and the virtual output ζk(t) obtained as a linear function of the system out-
puts yk(t) and the controller states zk(t). The virtual output is introduced to allow for
exchange of relative system and controller states over the network. Since the system out-
puts yk(t), k ∈ NN all have the same physical meaning, the matrix Q in (5.2c) is the same
for all k ∈ NN . Similarly to previous chapters, the values wk,j(t) ∈ R+, j, k ∈ NN are
the elements of the adjacency matrix W (t) = [wk,j(t)] ∈ R

N×N of some communication
graph G(t) = {V, E(t),W (t)}. A block diagram of an individual system (5.1) with its
local coupling dynamics (5.2a) – (5.2c) and network interconnections (5.2d) is depicted
in Figure 5.1(a). Different to the dynamic couplings (4.3) considered before, we do not
impose asymptotically stable coupling dynamics at this point. The reason for that will
become apparent later on.
It will be convenient in what follows to write the closed loops of systems (5.1) together

with their couplings (5.2) as a single system

ẋ∗k(t) = A∗
kx

∗
k(t) +B∗

kδk(t) (5.3a)

yk(t) = C∗
kx

∗
k(t) (5.3b)

ζk(t) = P ∗
kx

∗
k(t) (5.3c)

for k ∈ NN with extended state x∗k(t) = (xk(t)
T , zk(t)

T )T ∈ Rnk+mk and matrices

A∗
k ,

(

Ak +BkOkCk BkGk

MkCk Ek

)

, B∗
k ,

(

BkHk

Fk

)

,

C∗
k ,

(

Ck 0
)

, P ∗
k ,

(

QCk Pk

)

for all k ∈ NN . As before, in order to stay in the framework of generalized diffusive cou-
plings, we want the effect of the network interconnections to disappear once the systems
are synchronized. That is, in what follows, we will not only require the system outputs
yk(t), k ∈ NN to asymptotically synchronize but also the virtual outputs ζk(t), k ∈ NN

to be asymptotically identical. In addition, we will impose the constraint of exponential
convergence to the synchronous trajectories. This yields the following formal problem
description:

Problem 5.1 (Linear Heterogeneous Output Synchronization). Let the N individual sys-
tems (5.1) be modeled by given matrices Ak ∈ R

nk×nk , Bk ∈ R
nk×pk, and Ck ∈ R

q×nk
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ζ1 ζN

System k

δk

uk yk

ζk

Couplings k

· · ·

Network

(a) General case.

ζ1 ζN

System k

δk

uk yk

ζk

Couplings k

· · ·

Network

(b) Relative output sensing.

Figure 5.1: Block diagrams of an individual system (5.1) with local coupling dynamics
(5.2a) – (5.2c) and network interconnections (5.2d) in the general case (a) and
in the special case of relative output sensing (b).

for k ∈ NN . Let the communication topology in the couplings (5.2d) be defined by some
communication graph G(t) = {V, E(t),W (t)} with |V| = N .

Find, if possible, matrices Ek ∈ Rmk×mk , Fk ∈ Rmk×r, Mk ∈ Rmk×q, Gk ∈ Rpk×mk ,
Hk ∈ R

pk×r, Ok ∈ R
pk×q, Pk ∈ R

r×mk for k ∈ NN , and Q ∈ R
r×q, such that the closed

loop of the N systems (5.1) with the dynamic couplings (5.2) satisfies (yk(t)− yj(t)) → 0
exponentially fast as t → ∞ and (ζk(t) − ζj(t)) → 0 exponentially fast as t → ∞ for all
j, k ∈ NN and all initial conditions xk(0) ∈ Rnk , zk(0) ∈ Rnk , k ∈ NN .

Note that, as before, asymptotic convergence in the above problem does not necessarily
imply exponential convergence even though the systems are linear. The reason for that
is the time-varying dynamics in (5.2d) stemming from the time-varying communication
topology. We avoid these cases by making exponential convergence part of the above
problem statement.

Remark 5.2. In many instances, one is interested in particular solutions to the above
problem, i.e., solutions with additional constraints imposed on the couplings (5.2). One
case, which is often considered to be relevant, is the case of relative output sensing that
was considered in Chapter 4 (see also Kim et al., 2010, Wieland and Allgöwer, 2009a).
This case corresponds to a solution to the Linear Heterogeneous Output Synchronization
Problem 5.1 with Mk = 0, Ok = 0, Pk = 0 for k ∈ NN and Q = Iq. The corresponding
block diagram is depicted in Figure 5.1(b). However, we are interested in necessary con-
ditions for solvability of Problem 5.1. Since any necessary condition for the general case
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is also a necessary condition for special cases, we formulate the results in this section for
the general couplings (5.2).

In case of output consensus in networks of identical LTI systems, we showed in
Lemma 4.3 that under some technical assumptions on the system and coupling dynamics
exponential convergence to consensus implies convergence to an output trajectory of the
open loop system. That is, if consensus is reached, the behavior of the group at consensus
corresponds to the open loop behavior of the individual systems. We cannot hope for
a similar result in the case of non-identical systems considered in this Chapter. Since
there is not one open loop model of the individual systems but there are N different
models (5.1), we cannot make an a priori statement about the synchronized behavior of
the group. However, similarly to Definition 3.9 in Chapter 3, we want to exclude trivial
consensus, i.e., the case when yk(t) → 0, k ∈ NN as t → ∞ independent of initial con-
ditions xk(0) ∈ Rnk , zk(0) ∈ Rmk , k ∈ NN . In order to formulate an assumption which
excludes trivial consensus, we write the global system as

ẋ∗(t) = A∗x∗(t) +B∗δ(t) (5.4a)

y(t) = C∗x∗(t) (5.4b)

ζ(t) = P ∗x∗(t) (5.4c)

δ(t) = (L(t)⊗ Ir)ζ(t) (5.4d)

with stacked state vector x∗(t) = (x∗1(t)
T , . . . , x∗N(t)

T )T ∈ Rσ where σ =
∑N

k=1(nk +mk),
stacked system output vector y(t) = (y1(t)

T , . . . , yN(t)
T )T ∈ RNq, and stacked virtual

output vector ζ(t) = (ζ1(t)
T , . . . , ζN(t)

T )T ∈ RNr, where A∗, B∗, C∗, and P ∗ are block
diagonal matrices obtained by stacking the systems (5.3). The couplings between the
systems appear as static diffusive couplings between the virtual output ζ(t) and the input
δ(t). The communication topology is encoded through the Laplacian matrix L(t).
In what follows, we will call a time-varying linear map A(t) : Rσ → Rσ asymptotically

(exponentially) stable if the corresponding dynamical system ẋ(t) = A(t)x(t), x(t) ∈
Rσ is asymptotically (exponentially) stable, i.e., if the corresponding fundamental map
Φ(t, t0) : R

σ → Rσ satisfies ‖Φ(t, t0)‖ → 0 as t → ∞ (‖Φ(t, t0)‖ ≤ Me−µ(t−t0), t > t0 for
some M,µ ∈ R+).
The assumption that excludes trivial consensus reads as follows:

Assumption 5.3. The pair (C∗, A∗) is detectable and the closed loop matrix A∗
cl(t) ,

A∗ +B∗(L(t)⊗ Ir)P
∗ is not asymptotically stable.

In simple words, Assumption 5.3 states that the origin is not an asymptotically stable
equilibrium for the closed loop system (5.4). If that was the case, consensus would clearly
be trivial. In addition to non-decaying state trajectories x∗(t) for system (5.4), we need
that the state trajectories are visible at the output y(t). This is guaranteed by assuming
detectability of the pair (C∗, A∗). Detectability of (C∗, A∗) is actually slightly more than
what we need to exclude trivial consensus. It would be enough to guarantee existence of
some solutions x∗(t) of (5.4) such that y(t) = C∗x∗(t) does not converge to the origin.
The reason for the stronger assumption is twofold: firstly, it is probably not desirable
that parts of the system state x∗(t) grow unbounded without being measurable at the
output and secondly, detectability is a technical assumption needed in the presentation
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of the results below. In addition, assuming detectability of the system (5.4a), (5.4b) or
equivalently the systems (5.3a), (5.3b) seems generally not to be a severe restriction.

In what follows, we will not aim for a solution to the Linear Heterogeneous Output
Synchronization Problem 5.1 but instead answer the question what can be deduced about
the individual systems and their dynamic coupling controllers if we know that there exists
a solution to Problem 5.1. That is, we will derive necessary conditions for solvability of
Problem 5.1.

5.1.2 The Internal Model Principle for Synchronization among

Linear Systems

The objective in this section is to derive conditions on the problem data, i.e., the descrip-
tion of the models of the individual systems (5.1), that are necessary for solvability of
the Linear Heterogeneous Output Synchronization Problem 5.1. As a first step, we derive
necessary conditions that are implicit in the sense that they depend not only on the prob-
lem data but also on the solution to Problem 5.1, i.e the dynamic coupling controllers
(5.2). Once this result is established, it will however be easy to obtain explicit conditions,
that depend on the problem data only.

Implicit Internal Model Principle

We state the first version of the necessary conditions for solvability of the Linear Hetero-
geneous Output Synchronization Problem 5.1 as follows:

Theorem 5.4. Let G(t) = {V, E(t),W (t)} be some communication graph with |V| = N >
1 and Laplacian matrix L(t). Let Ak ∈ Rnk×nk , Bk ∈ Rnk×pk , and Ck ∈ Rq×nk for k ∈ NN .

If the matrices Ek ∈ Rmk×mk , Fk ∈ Rmk×r, Mk ∈ Rmk×q, Gk ∈ Rpk×mk , Hk ∈ Rpk×r,
Ok ∈ R

pk×q, Pk ∈ R
r×mk for k ∈ NN , and the matrix Q ∈ R

r×q solve the Linear Hetero-
geneous Output Synchronization Problem 5.1 while satisfying Assumption 5.3, then

(a) there exist a positive integer ν ∈ N and matrices Ψk ∈ R(nk+mk)×ν with rank(Ψk) = ν
for k ∈ NN , S ∈ Rν×ν, and R ∈ Rq×ν such that σ(S) ⊂ C+, the pair (R, S) is
observable, and

A∗
kΨk = ΨkS (5.5a)

C∗
kΨk = R (5.5b)

for all k ∈ NN ; and

(b) there exists a vector ξ0 ∈ Rν, depending on initial conditions x∗k(0) ∈ Rnk+mk , k ∈ NN

and the communication graph G(t), and constants M,µ ∈ R+ such that

∥

∥yk(t)−ReStξ0
∥

∥ ≤Me−µt max
j∈NN

‖yj(0)−Rξ0‖, t ≥ 0 (5.6)

for all k ∈ NN .
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X ∗
s

(C∗)−1Ys

R
σ

X ∗
max

0 X
∗

pX ∗
p

X ∗
max

Figure 5.2: Lattice diagrams for subspace inclusions of subspaces needed for the proof of
Theorem 5.4.

To prove Theorem 5.4 we need to define several subspaces. First, we define the syn-
chronous system output subspace

Ys ,
{

y = (yT1 , · · · , yTN)T ∈ R
Nq|y1 = · · · = yN ∈ R

q
}

⊂ R
Nq

where all individual system outputs yk(t), k ∈ NN have the same value and the syn-
chronous virtual output subspace

Ws ,
{

ζ = (ζT1 , · · · , ζTN)T ∈ R
Nr|ζ1 = · · · = ζN ∈ R

r
}

⊂ R
Nr

where all individual virtual outputs ζk(t), k ∈ NN have the same value. If the Linear
Heterogeneous Output Synchronization Problem 5.1 is solved, the outputs y(t) and ζ(t)
of (5.4) asymptotically converge to these subspaces, i.e. the state x∗(t) asymptotically
converges to the synchronous subspace

X ∗
s ,

(

(C∗)−1Ys

)

⋂

(

(P ∗)−1Ws

)

⊂ R
σ.

The largest subspace of Rσ contained in X ∗
s , which is invariant under A∗, called the

maximal invariant synchronous subspace, is denoted as X ∗
max. This subspace is well-

defined; yet, it may be the trivial subspace without further assumptions on the matrix A∗

and the subspace X ∗
s . The closed loop dynamics of the global system (5.4) is governed

by the time-varying matrix A∗
cl(t) , A∗ + B∗(L(t) ⊗ Ir)P

∗. Since A∗
cl(t)x

∗ = A∗x∗ for
all x∗ ∈ X ∗

s and all t ∈ R by definition of X ∗
s , X ∗

max is also invariant under A∗
cl(t) and is

the largest subspace of X ∗
s with that property. Finally, let X ∗

p ,X
∗
p ⊂ X ∗

max be subspaces

such that X ∗
max = X ∗

p ⊕ X ∗
p, A

∗X ∗
p ⊂ X ∗

p , A
∗X ∗

p ⊂ X ∗
p, the spectrum of A∗ restricted

to X ∗
p is contained in the closed right-half complex plane, i.e., σ(A∗|X ∗

p ) ⊂ C+, and the

spectrum of A∗ restricted to X ∗
p is contained in the open left-half complex plane, i.e.,

σ(A∗|X ∗
p) ⊂ C−. We call X ∗

p the persistent invariant synchronous subspace. The inclusion
relations between the subspaces thus defined are illustrated in the lattice diagrams in
Figure 5.2.

Proof of Theorem 5.4. We start by showing that any solution of (5.4) converges exponen-
tially fast to a solution of (5.4) contained in the persistent invariant synchronous subspace
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X ∗
p ⊂ Rσ, i.e., in particular, A∗

cl(t)/X ∗
p is exponentially stable (see Appendix C for a def-

inition of the induced map A∗
cl(t)/X ∗

p ). Furthermore, X ∗
p is the smallest subspace with

this property.

Suppose (yk(t) − yj(t)) → 0 and (ζk(t) − ζj(t)) → 0 exponentially fast as t → ∞ for
all j, k ∈ NN . Then, inf x̌∗∈X ∗

s
‖x∗(t) − x̌∗‖ → 0 exponentially fast as t → ∞ for any

solution x∗(t) of (5.4). Since L(t)1N = 0 for all t ∈ R, we have (L(t) ⊗ Ir)P
∗X ∗

s = {0}
and thus δ(t) = (L(t)⊗ Ir)P

∗x∗(t) → 0 exponentially fast as t→ ∞. Using Lemma B.1,
we deduce that there exists some ξc ∈ Rσ such that (x∗(t) − eA

∗tξc) → 0 exponentially
fast as t→ ∞, and consequently inf x̌∗∈X ∗

s
‖eA∗tξc − x̌∗‖ → 0 exponentially fast as t→ ∞.

Since eA
∗tξc converges to the synchronous subspace X ∗

s exponentially fast, it converges
to an invariant subspace of X ∗

s exponentially fast, i.e., there exists ξmax ∈ X ∗
max such

that eA
∗t(ξc − ξmax) → 0 exponentially fast as t → ∞. Furthermore, by definition of

the persistent invariant synchronous subspace X ∗
p and its complement X ∗

p, there exists

ξ0 ∈ X ∗
p such that ξmax − ξ0 ∈ X ∗

p and thus eA
∗t(ξmax − ξ0) → 0 exponentially fast as

t → ∞. In summary, for any solution x∗(t) to (5.4), there exists ξ0 ∈ X ∗
p such that

(x∗(t) − eA
∗tξ0) → 0 exponentially fast as t → ∞. Since σ(A∗|X ∗

p ) ⊂ C+, X ∗
p is the

smallest subspace satisfying this property.

Next, we exploit properties of the persistent invariant synchronous subspace X ∗
p to

prove the statement (a) of the theorem.

Since A∗
cl(t)/X ∗

p is exponentially stable and A∗
cl(t) is not asymptotically stable by As-

sumption 5.3, we know that X ∗
p ⊂ Rσ is a non-trivial subspace. Hence, ν , dim(X ∗

p ) > 0.

Furthermore, since σ(A∗|X ∗
p ) ⊂ C+ and (C∗, A∗) is detectable by Assumption 5.3, we

know that M⋂X ∗
p = {0}, where M ,

⋂σ−1
k=0 ker(C

∗A∗) is the unobservable subspace of

(5.4a), (5.4b). Let S , A∗|X ∗
p : X ∗

p → X ∗
p be the restriction of A∗ to X ∗

p and define

R , C∗|X ∗
p : X ∗

p → Ys as x 7→ C∗x, x ∈ X ∗
p . Let Ψ : X ∗

p → Rσ be the injection x 7→ x.
Then A∗Ψ = ΨS and C∗Ψ = R. Since M⋂X ∗

p = {0}, the pair (R, S) is observable.

Furthermore, the spectrum of S satisfies σ(S) ⊂ C+ by definition of the persistent in-
variant synchronous subspace X ∗

p . Define the projections Ξk : Rσ → Rnk+mk , k ∈ NN

as x∗ = ((x∗1)
T , . . . , (x∗N )

T )T 7→ x∗k and let Ψk , ΞkΨ : X ∗
p → R

nk+mk , k ∈ NN . Note
that ΞkA

∗ = A∗
kΞk and thus A∗

kΨk = ΨkS, i.e., Ψk solves (5.5a). Furthermore, define
the projections Υk : RNq → Rq, k ∈ NN as y = (yT1 , . . . , y

T
N)

T 7→ yk. Since im(R) ⊂ Ys,
we have Υ1R = · · · = ΥNR and can thus define R , ΥkR. Note that ΥkC

∗ = C∗
kΞk

and thus C∗
kΨk = R, i.e., Ψk also solves (5.5b). Since ΥkR = (Υk|Ys)R and the maps

Υk|Ys : Ys → Rq, k ∈ NN are isomorphisms, observability of the pair (R, S) is equivalent
to observability of the pair (R, S). As a consequence of (5.5) and observability of the
pair (R, S), the maps Ψk have full rank, for RSj = C∗

k(A
∗
k)

jΨk for all k ∈ NN and all
j ∈ N

⋃{0}, i.e.,

ν−1
⋂

j=0

ker(RSj) = Ψ−1
k

(

ν−1
⋂

j=0

ker(C∗
k(A

∗
k)

j)

)

= {0}, k ∈ NN .

This completes the proof of statement (a).

It remains to prove statement (b). Recall that the map A∗
cl/X ∗

p is exponentially stable,
i.e., inf x̌∗∈X ∗

p
‖x∗(t) − x̌∗‖ → 0 exponentially fast as t → ∞ for any solution x∗(t) of
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(5.4). The solutions ξ(t) contained in X ∗
p satisfy ξ̇(t) = Sξ(t), yk(t) = Rξ(t) for k ∈ NN .

Inequality (5.6) then follows from Lemma B.1. This completes the proof.

Before refining the result from Theorem 5.4 above, some comments and interpretations
are in order. We showed that the persistent invariant synchronous subspace X ∗

p is non-
trivial with dim(X ∗

p ) = ν > 0. Furthermore, X ∗
p is exponentially attractive for the

closed loop system (5.4). Since x∗(t) ∈ X ∗
p ⊂ X ∗

s implies δ(t) = 0, X ∗
p is invariant for

the open-loop system (5.4a) – (5.4c) with δ(t) ≡ 0. Thus, we obtain properties of the
uncoupled systems by imposing conditions on the coupled systems, namely exponential
convergence to a synchronized solution. The key observation is that couplings, since
they are assumed to be of the diffusive type, vanish once the control objective, i.e.,
synchronization, is achieved. In fact, the couplings depend on synchronization errors,
i.e., the synchronization errors are used as a controller input, and the control objective
is to drive that input to zero. The situation is similar to the output regulation problem
where the regulation error is used as a controller input, and the objective is to drive
that regulation error to zero. The situation can be paraphrased as follows: since we
want to achieve some property (i.e., synchronization) exponentially fast, there must be an
invariant subspace (i.e., X ∗

p ) on which the property is identically satisfied. Furthermore,
since satisfaction of this property implies that the error signal driving the controller (i.e.,
δ(t) = (L(t) ⊗ Ir)P

∗x∗(t)) vanishes, the set must be invariant for the open loop system,
i.e., the uncoupled individual systems. The set X ∗

p is non-trivial by assumption. In fact,
X ∗

p = {0} would imply that y(t) → 0 independent of initial conditions x∗(0) ∈ R
σ, i.e.,

X ∗
p = {0} implies trivial synchronization.
Since X ∗

p is invariant for the open loop system (5.4a) – (5.4c) with δ(t) ≡ 0, we know

that x∗(t) = ((x∗1(t))
T , . . . , (x∗N(t))

T )T ∈ X ∗
p implies ẋ∗k(t) = A∗

kx
∗
k(t) with x

∗
k(t) ∈ X ∗

k,p ,

ΞkX ∗
p ⊂ R

nk+mk , k ∈ NN , i.e., the individual systems evolve independently. The situation
is illustrated in Figure 5.3 for a network of two systems. Since X ∗

p is A∗-invariant and the
individual systems are decoupled if x∗(t) ∈ X ∗

p , we know that X ∗
k,p must be A∗

k-invariant
subspaces for all k ∈ NN and the dynamics of A∗

k restricted to X ∗
k,p must be identical to

the dynamics of A∗ restricted to X ∗
p for all k ∈ NN . Furthermore, since x∗(t) ∈ X ∗

p implies
y(t) ∈ Ys, i.e., yk(t) = yj(t) for all j, k ∈ NN , we know that the systems (5.3) restricted
to X ∗

k,p are similar to the global system (5.4a) – (5.4c) with δ(t) ≡ 0 restricted to X ∗
p for

all k ∈ NN . Thus in particular, the systems (5.3) restricted to X ∗
k,p are equivalent for all

k ∈ NN . This fact is expressed by conditions (5.5) in Theorem 5.4. The model of the
systems (5.3) restricted to the subspaces X ∗

k,p are given by a dynamical system

ξ̇(t) = Sξ(t) (5.7a)

η(t) = Rξ(t) (5.7b)

with state vector ξ(t) ∈ Rν and output η(t) ∈ Rq. By (5.6) we know that exponen-
tial synchronization in the network (5.3) implies that for any initial conditions x∗k(0) ∈
Rnk+mk , k ∈ NN there exists an initial condition ξ(0) ∈ Rν such that (yk(t) − η(t)) → 0
exponentially fast as t → ∞ where η(t) is the output of (5.7). That is, the individual
systems track the system (5.7) similar to systems tracking an exosystem in the output
regulation problem. However, in synchronization problems, there is no true exosystem
and (5.7) exists only as part of the network itself. Therefore we term system (5.7), where
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R n1+m1

X ∗
1,p

R
n2
+m

2

X
∗
2,p

X ∗
p

X ∗
1,p

×X ∗
2,p

Figure 5.3: State spaces Rn1+m1 , Rn2+m2 of two individual systems with dynamic coupling
controllers with invariant subspaces X ∗

1,p and X ∗
2,p and invariant subspace X ∗

p ⊂
X ∗

1,p × X ∗
2,p ⊂ Rσ, σ =

∑2
k=1(nk +mk).

S ∈ Rν×ν and R ∈ Rq×ν satisfy conditions (5.5) of Theorem 5.4, virtual exosystem for the
network (5.3).
Thus we can give a verbalized statement of Theorem 5.4 as follows:

A necessary condition for solvability of the Linear Heterogeneous Output Syn-
chronization Problem 5.1 is that the individual systems together with their dy-
namic coupling controllers all contain an internal model of some virtual exosys-
tem (5.7)1. Furthermore, if synchronization is observed, the synchronous out-
puts are generated as outputs η(t) of the virtual exosystem (5.7) for some initial
condition ξ(0) ∈ Rν depending on initial conditions x∗k(0) ∈ Rnk+mk , k ∈ NN

and the communication topology.

The virtual exosystem (5.7) possesses the properties that σ(S) ⊂ C+ and the pair
(R, S) is observable. In fact, if σ(S)

⋂

C− 6= ∅, it is possible to decompose the virtual
exosystem in an asymptotically stable system and a system with eigenvalues in the closed
right-half complex plane. Since the asymptotically stable part asymptotically decays to
zero, this part can be neglected. Observability of the pair (R, S) is a consequence of
Assumption 5.3, more precisely detectability of the pair (C∗, A∗). If the pair (C∗, A∗) was
not detectable, conditions (5.5) would still be satisfied but the pair (R, S) might not be
observable. As a consequence, we would not be able to guarantee rank(Ψk) = ν anymore.
Thus the interpretation given above saying that any individual system contains an internal

1A system is said to contain an internal model of a virtual exosystem if its state space admits an invariant
subset such that the system restricted to that subset is similar to the virtual exosystem.
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model of the virtual exosystem (5.7) would not be valid anymore. Similar conditions and
interpretations can however be obtained by considering only the observable part of the
system (5.4).
To illustrate the implications of Theorem 5.4, we give two simple examples below.

Example 5.5. Consider a network of N = 2 scalar systems modeled as A1 = a1, B1 = 1,
and C1 = 1 and A2 = a2, B2 = 1, and C2 = 1 respectively, i.e., nk = pk = q = 1, k = 1, 2
with static coupling controllers ζk(t) = yk(t), uk(t) = κkδk(t), κk ∈ R for k = 1, 2, i.e.,
mk = 0, k = 1, 2. Conditions (5.5) reduce to AkΨk = ΨkS and CkΨk = R. With
C1 = C2 = 1, we obtain R = Ψ1 = Ψ2 6= 0. Since Ψk, k = 1, 2 are scalars, we obtain
ak = S ≥ 0, i.e., a1 = a2 ≥ 0 and thus the two systems are identical and not asymptotically
stable.
Necessity of this condition is verified as follows: The closed loop system reads

(

ẏ1(t)
ẏ2(t)

)

=

(

a1 + κ1w1,2(t) −κ1w1,2(t)
−κ2w2,1(t) a2 + κ2w2,1(t)

)(

y1(t)
y2(t)

)

.

Synchronization means y1(t) − y2(t) → 0 as t → ∞. Define e(t) = y1(t) − y2(t) and
s(t) = y1(t) + y2(t). We have

ė(t) =

(

a1 + a2
2

+ κ1w1,2(t) + κ2w2,1(t)

)

e(t) +

(

a1 − a2
2

)

s(t).

Thus, e(t) → 0 implies that either a1 = a2, i.e., the two systems are identical and con-
ditions (5.5) are trivially satisfied or s(t) → 0, i.e., trivial synchronization. If a1 = a2,
the results from Chapter 3 can be applied to show under what assumptions (e.g., con-
stant, connected communication graph or uniformly connected communication graph and
ak ≤ 0, k = 1, 2) a1 = a2 is also sufficient for solvability of the synchronization problem.

Example 5.6. As a second example consider again a network of N = 2 systems with
dynamic coupling controllers modeled as

A∗
1 =





0 0 0
1 −2 1
0 −2 0



 , B∗
1 =





1
0
−1



 , C∗
1 =

(

2 −1 1
)

,

A∗
2 =

(

0 1
0 −1

)

, B∗
2 =

(

1
0

)

, C∗
2 =

(

1 −1
)

.

The conditions of Theorem 5.4 are satisfied with Ψ1 = (1, 0,−1)T , Ψ2 = (1, 0)T , S = 0,
and R = 1. The pair (R, S) is trivially observable and rank(Ψ1) = rank(Ψ2) = 1. In
fact, minimal realizations of both individual systems with dynamic coupling controllers
are given as ẏk(t) = uk(t), k = 1, 2. Thus, we can again apply methods from Chapter 3 to
synchronize the network. For instance uk(t) = δk(t), k = 1, 2 yields synchronization for
any uniformly connected communication graph by Theorem 3.20.

Example 5.6 suggests a general procedure to synchronize heterogeneous networks by
designing dynamic coupling controllers such that the input-output behavior for all sys-
tems is the same and then apply the results from Chapters 3 and 4 to the controllable and
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observable part of the individual systems with their dynamic coupling controller. Theo-
rem 5.4 conveys that, if the pairs (C∗

k , A
∗
k), k ∈ NN are detectable, a necessary condition

for this to be possible is given by (5.5).
As mentioned earlier, these conditions for solvability of the Linear Heterogeneous Out-

put Synchronization Problem 5.1 given in Theorem 5.4 have an important drawback.
Namely, they depend on the solution to the problem, i.e., they are implicit conditions.
We are however interested in explicit conditions that depend on the problem data only,
i.e., the description of the system models (5.3). Such conditions are derived below.

Explicit Internal Model Principle

The explicit conditions are in fact obtained as a corollary of the implicit conditions given
in Theorem 5.4. To state that corollary, we first need an intermediate result relating
conditions (5.5) in Theorem 5.4 to conditions that depend only on the problem data.

Lemma 5.7. Let k ∈ NN fixed. Let Ak ∈ Rnk×nk, Bk ∈ Rnk×pk, Ck ∈ Rq×nk , S ∈ Rν×ν,
and R ∈ R

q×ν.
There exist matrices Ek ∈ Rmk×mk , Fk ∈ Rmk×r, Mk ∈ Rmk×q, Gk ∈ Rpk×mk , Hk ∈

Rpk×r, Ok ∈ Rpk×q, Pk ∈ Rr×mk , Q ∈ Rr×q, Ψk ∈ R(nk+mk)×ν such that conditions (5.5)
are satisfied (with A∗

k ∈ R(nk+mk)×(nk+mk) and C∗
k ∈ Rq×(nk+mk) as defined before) if and

only if there exist matrices Πk ∈ Rnk×ν and Λk ∈ Rpk×ν that solve

AkΠk +BkΛk = ΠkS, (5.8a)

CkΠk = R. (5.8b)

Proof. Assume Ψk ∈ R(nk+mk)×ν solves (5.5). Let Ψk = (ΠT
k ,Σ

T
k )

T with Πk ∈ Rnk×ν and
Σk ∈ Rmk×ν . Substituting the definitions of A∗

k and B∗
k into (5.5) yields

AkΠk +Bk(OkCkΠk +GkΣk) = ΠkS,

MkCkΠk + EkΣk = ΣkS,

CkΠk = R.

Necessity is shown by defining Λk , OkCkΠk+GkΣk = OkR+GkΣk. To prove sufficiency,
we thus need to show that the equations

EkΣk = ΣkS −MkR,

GkΣk = Λk −OkR

admit a solution Ek, Gk, Mk, Ok, and Σk for given matrices S, R, and Λk. One such
solution is given as Ek = S, Gk = Λk, Mk = 0, Ok = 0 and Σk = Iν .

By virtue of the above lemma, it is easy to obtain an explicit solvability condition for
the Linear Heterogeneous Output Synchronization Problem 5.1. Before doing so, we want
to shortly comment on the sufficiency part of the above proof, which has been carried out
constructively. Given a solution Πk ∈ Rnk×ν , Λk ∈ Rpk×ν to (5.8), the dynamic couplings
(5.2) chosen as Ek = S, Gk = Λk,Mk = 0, Ok = 0 are such that Ψk = (ΠT

k , I
T
ν )

T solves the
implicit conditions (5.5a). The matrices Fk, Hk, Pk and Q of the dynamic couplings are
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5.1 The Linear Case

left unspecified. If we set them to be equal to zero, we obtain dynamic couplings that act
in a purely feedforward manner on the corresponding individual system. This feedforward
control ensures that the set {(xk, zk) ∈ Rnk × Rmk |xk = Πkzk} is invariant for (5.3) and
the dynamics restricted to this set are those of the virtual exosystem (5.7a). Of course,
the dynamic couplings proposed above will generally not solve the Linear Heterogeneous
Output Synchronization Problem 5.1 on their own but they will need to be extended by
a stabilizing part using the remaining degrees of freedom.

Using the above result, the explicit solvability condition is stated in the corollary below.

Corollary 5.8. Let G(t) = {V, E(t),W (t)} be some communication graph with |V| =
N > 1 and Laplacian matrix L(t). Let Ak ∈ Rnk×nk , Bk ∈ Rnk×pk, and Ck ∈ Rq×nk for
k ∈ NN .

If there exist matrices Ek ∈ Rmk×mk , Fk ∈ Rmk×r, Mk ∈ Rmk×q, Gk ∈ Rpk×mk , Hk ∈
R

pk×r, Ok ∈ R
pk×q, Pk ∈ R

r×mk for k ∈ NN , and Q ∈ R
r×q that solve the Linear

Heterogeneous Output Synchronization Problem 5.1 while satisfying Assumption 5.3, then
there exists a positive integer ν ∈ N and matrices Πk ∈ Rnk×ν, Λk ∈ Rp×ν for k ∈ NN ,
S ∈ Rν×ν, and R ∈ Rq×ν such that σ(S) ⊂ C+, the pair (R, S) is observable, and (5.8)
holds for all k ∈ NN . Furthermore, there exists a vector ξ0 ∈ Rν, depending on initial
conditions xk(0) ∈ Rnk , zk(0) ∈ Rmk , k ∈ NN and the communication graph G(t), and
constants M,µ ∈ R+ such that (5.6) holds for all k ∈ NN .

Proof. Since solvability of (5.5) in the unknowns Ψk ∈ R(nk+mk)×ν implies solvability of
(5.8) in the unknowns Πk ∈ Rnk×ν and Λk ∈ Rpk×ν for all k ∈ NN by Lemma 5.7, the
corollary follows from Theorem 5.4.

We showed in Lemma 5.7, that solvability of conditions (5.5) given in Theorem 5.4 is
equivalent to solvability of conditions (5.8) involving the individual system matrices Ak ∈
Rnk×nk and Ck ∈ Rq×nk , the virtual exosystem matrices S ∈ Rν×ν and R ∈ Rq×ν , and the
unknowns Πk ∈ Rnk×ν and Λk ∈ Rpk×ν . We do not know yet whether solvability of (5.8)
implies solvability of (5.5) under the additional constraints imposed by Assumption 5.3.
Though we know that the conditions of Theorem 5.4 imply the conditions of Corollary 5.8
and the conditions of Corollary 5.8 imply the conditions of Theorem 5.4 except for the
constraints imposed by Assumption 5.3. In subsequent chapters of this thesis, we will
show that the conditions are actually equivalent under suitable assumptions.

The conditions (5.8) correspond to the well-known Francis equations for the tracking
problem in the framework of linear systems (see Francis, 1977, Francis and Wonham,
1975, Trentelman et al., 2001). Conditions (5.8a) implies that the system

(

ẋk(t)

ξ̇(t)

)

=

(

Ak 0
0 S

)(

xk(t)
ξ(t)

)

+

(

Bk

0

)

uk(t)

with xk(t) ∈ Rnk , ξ(t) ∈ Rν , and uk(t) ∈ Rpk admits a controlled invariant subspace
{(xk, ξ) ∈ Rnk × Rν : xk = Πkξ} ⊂ Rnk × Rν . The subspace is rendered invariant using
the control uk(t) = Λkξ(t). Condition (5.8b) implies that on the above subspace, i.e., for
xk(t) = Πξ(t), yk(t) = Ckxk(t) = Rξ(t) = η(t), i.e., the system outputs yk(t), k ∈ NN are
identical to the output η(t) of the virtual exosystem. Recall that the condition (5.5a) in
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Theorem 5.4 implies that the controlled system (5.3) contains an internal model of the
virtual exosystem, i.e., the system

(

ẋ∗k(t)
ξ̇(t)

)

=

(

A∗
k 0
0 S

)(

x∗k(t)
ξ(t)

)

with x∗k(t) ∈ Rnk+mk and ξ(t) ∈ Rν admits an invariant subspace {(x∗k, ξ) ∈ R(nk+mk) ×
Rν : x∗k = Ψkξ} ⊂ R(nk+mk) × Rν while condition (5.5b) implies that on that subspace
yk(t) = C∗

kx
∗
k(t) = Rξ(t) = η(t). It appears natural that imposing existence of an invariant

subspace with certain properties for a controlled system translates to the requirement that
a controlled invariant subspace possessing the same properties exists for the open-loop
system. That is exactly what the conditions in Corollary 5.8 are.

A comparison between the implicit conditions from Theorem 5.4 and the explicit con-
ditions from Corollary 5.8 yields an interesting (though not at all surprising) consequence
for synchronization of heterogeneous networks with static diffusive couplings stated in the
remark below.

Remark 5.9. In the special case of static diffusive couplings, we have mk = 0 and
A∗

k = Ak, C
∗
k = Ck for all k ∈ NN . Thus, solvability of the Linear Heterogeneous Output

Synchronization Problem with static diffusive couplings implies that (5.8) has a solution
Πk ∈ Rnk×ν, Λk ∈ Rpk×ν with Λk = 0 and rank(Πk) = ν for all k ∈ NN . This is of course
much more restrictive than requiring existence of any solution Πk ∈ Rnk×ν, Λk ∈ Rpk×ν

to (5.8). As a consequence, dynamic couplings are in general a necessary precondition
for solvability of the Linear Heterogeneous Output Synchronization Problem 5.1. This
observation is in perfect alignment with the idea promoted in the present thesis, that
dynamic couplings are needed to allow for increased system and topological complexity in
consensus and synchronization problems.

The Virtual Exosystem

In classical tracking problems, the type of trajectories that are to be tracked, and thus
the exosystem generating those trajectories, is known a priori. The problem to solve
is to find a tracking controller for a given exosystem. The internal model conditions
presented in Theorem 5.4 and Corollary 5.8 merely require existence of some virtual ex-
osystem an internal model of which is embedded in the individual system models in an
appropriate sense. The relevance of this virtual exosystem is highlighted in condition
(5.6) in Theorem 5.4. Namely, the virtual exosystem (5.7) determines the possible syn-
chronous trajectories of the network. Thus, by choosing a particular virtual exosystem,
we determine the asymptotic behavior of the network if synchronization can be achieved.
Therefore, we next address the question what conditions need to be satisfied by the virtual
exosystem such that the conditions of Theorem 5.4 or Corollary 5.8 may be satisfied.

Since the Francis equations (5.8) are well known from output regulation problems, we
can adopt the solvability conditions that were proved in Hautus (1983) (see also Knobloch
et al., 1993, Trentelman et al., 2001). To this end, we repeat the following Lemma without
proof:
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5.1 The Linear Case

Lemma 5.10. Let Vk ∈ Rn×m, k ∈ Nr and W ∈ Rp×p be constant matrices and let
qk(·) : R → R, k ∈ Nr be polynomials. The equation

r
∑

k=1

VkXqk(W ) = Z (5.9)

admits a solution X ∈ Rm×p for any Z ∈ Rn×p if and only if

rank

(

r
∑

k=1

qk(s)Vk

)

= n for all s ∈ σ(W ).

With the help of Lemma 5.10, we can state and proof a well known result which gives
sufficient conditions for solvability of conditions (5.8).

Lemma 5.11. Let Ak ∈ Rnk×nk , Bk ∈ Rnk×pk, Ck ∈ Rq×nk , S ∈ Rν×ν and R ∈ Rq×ν be
constant matrices.
If

rank

(

sI −Ak −Bk

−Ck 0

)

= nk + q for all s ∈ σ(S), (5.10)

then conditions (5.8) admit a solution Πk ∈ Rnk×ν , Λk ∈ Rpk×ν.

Proof. In order to apply Lemma 5.10 to conditions (5.8) given in Corollary 5.8, we rewrite
these conditions as

(

Ak Bk

Ck 0

)(

Πk

Λk

)

Iν +

(

−Ink
0

0 0

)(

Πk

Λk

)

S =

(

0
−R

)

.

This equality is of the form (5.9), and we can identify the matrices

V1 =

(

Ak Bk

Ck 0

)

, V2 =

(

−Ink
0

0 0

)

, X =

(

Πk

Λk

)

, Z =

(

0
−R

)

,

and W = S, and the polynomials q1(s) = 1 and q2(s) = s. Using Lemma 5.10 we thus
know that conditions (5.8) are solvable for Πk ∈ Rnk×ν and Λk ∈ Rpk×ν if (5.10) holds.

Condition (5.10) in Lemma 5.11 can only be satisfied if the individual systems have
at least as many inputs as outputs, i.e., pk ≥ q, k ∈ NN . In that case, condition (5.10)
can be interpreted as a non-resonance condition in the sense that no zero of an individual
system must be a pole of the virtual exosystem. Note that condition (5.10) is sufficient for
solvability of (5.8) but generally not necessary. Necessary and sufficient conditions exist
(see Trentelman et al., 2001) in terms of equating transfer matrices of different systems.
However, since condition (5.10) does not impose an important restriction on the choice
of S, we stick to the conditions of Lemma 5.11.
To conclude the section on the linear internal model principle, we give a short summary.

The point of departure has been a network of N non-identical LTI systems and we were
interested in necessary conditions for existence of dynamic coupling controllers, subject
to the constraint of exchanging only relative information over the network, that guar-
antee non-trivial output-synchronization. It turned out, that systems can synchronize
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asymptotically only if the closed loop system possesses an invariant subspace on which
the outputs of all individual systems are identical. This translates into the requirement
that every individual system together with its dynamic coupling controller embeds an
internal model of some virtual exosystem, which determines the behavior of the network
once all individuals are synchronized. Links to the well-known output regulation problem
for linear systems have been established at several places. In particular, the necessary
condition for the individual system has been given in terms of linear matrix equations,
which are known as Francis equations in the context of output regulation problems. In the
last subsection, we stressed that the virtual exosystem can be considered as a degree of
freedom of the design, i.e., one can choose to what type of trajectories the individual sys-
tems shall synchronize. This choice is however constraint by properties of the individual
systems.

5.2 The Nonlinear Case

In what follows, we will investigate to what extent the ideas presented for synchroniza-
tion in networks of non-identical linear systems (5.1) possess a nonlinear analogue. We
will first present a nonlinear version of the heterogeneous output synchronization prob-
lem and derive necessary conditions for solvability of that problem – under appropriate
assumptions – subsequently. The results presented in this chapter are largely based upon
Wieland and Allgöwer (2009b).

5.2.1 Problem Setup

The network under consideration is the nonlinear generalization of the network (5.1)
considered in Section 5.2.1, i.e., we consider a group of N systems modeled by nonlinear
ODEs of the form

ẋk(t) = fk(xk(t), uk(t)) (5.11a)

yk(t) = hk(xk(t)) (5.11b)

where xk(t) ∈ Rnk is the state vector, uk(t) ∈ Rpk is the input vector and yk(t) ⊂ Rq is
the output vector for k ∈ NN . As before, we do not require that ni = nj or pi = pj for
i, j ∈ NN , i 6= j, i.e., the dynamics of the individual systems in the group, modeled by
the maps fk : Rnk × Rpk → Rnk and hk : Rnk → Rq, may be different including state and
input dimensions. Since the problem under consideration is to synchronize the outputs
of the systems (5.11), the outputs are constrained to have the same dimension. In order
to guarantee existence and uniqueness of solutions, we assume that the maps fk and hk
are locally Lipschitz in their arguments.
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The nonlinear analogue to couplings (5.2) from Section 5.1.1 are given as

żk(t) = φk(zk(t), δk(t), yk(t)) (5.12a)

uk(t) = αk(zk(t), δk(t), yk(t)) (5.12b)

ζk(t) = βk(zk(t), yk(t)) (5.12c)

δk(t) =
N
∑

j=1

wk,j(t)d(ζk(t), ζj(t)) (5.12d)

with coupling state zk(t) ∈ Rmk and virtual outputs ζk(t) ∈ Rr for k ∈ NN . Couplings
(5.12) represent a general nonlinear dynamic controller driven by the system outputs yk(t)
and the relative virtual output signal δk(t). The outputs of the controller are the system
input uk(t) and the virtual output ζk(t) obtained as a nonlinear function of the system
outputs yk(t) and the controller states zk(t). Again, the values wk,j(t) ∈ R+, j, k ∈ NN are
the elements of the adjacency matrix W (t) = [wk,j(t)] ∈ RN×N of some communication
graph G(t) = {V, E(t),W (t)}. The situation is thus identical to the situation depicted in
the block diagrams in Figure 5.1 for the linear case. The maps φk : R

mk ×Rr×Rq → Rmk ,
αk : Rmk × Rr × Rq → Rpk , and βk : Rmk × Rq → Rr are assumed to be locally Lipschitz
in their arguments to guarantee existence and uniqueness of solutions. The map d :
R

r×R
r → R

r models the relative values of the virtual outputs ζk of the dynamic coupling
controllers (in the linear case, d(ζk(t), ζj(t)) = ζk(t) − ζj(t)), i.e., (5.12d) is a nonlinear
generalization of the diffusive couplings considered so far. Since we are interested in
necessary conditions for solvability of the heterogeneous output synchronization problem,
we do not need to define precisely the meaning of relative value and the properties this
imposes for the map d. We will merely assume that d is locally Lipschitz in its arguments
and d(ζ, ζ) = 0 for all ζ ∈ Rr.
We define the closed loop of systems (5.11) together with the couplings (5.12) as a

single system

ẋ∗k(t) = f ∗
k (x

∗
k(t), δk(t)) (5.13a)

yk(t) = h∗k(x
∗
k(t)) (5.13b)

ζk(t) = β∗
k(x

∗
k(t)) (5.13c)

for k ∈ NN with extended state vector x∗k(t) = (xk(t)
T , zk(t)

T )T ∈ Rnk+mk and maps

f ∗
k (x

∗
k(t), δk(t)) ,

(

fk

(

xk(t), αk

(

zk(t), δk(t), hk(xk(t))
)

)

φk

(

zk(t), δk(t), hk(xk(t))
)

)

,

h∗k(x
∗
k(t)) , hk(xk(t)), β∗

k(x
∗
k(t)) , βk

(

zk(t), hk(xk(t))
)

.

Note that the maps f ∗
k : Rnk+mk×R

r → R
nk+mk , h∗k : R

nk+mk → R
q, and β∗

k : Rnk+mk → R
r

are locally Lipschitz in their arguments if the original system and controller maps are
locally Lipschitz. We define the global system obtained from (5.13) with couplings (5.12d)
as

ẋ∗(t) = f ∗(x∗(t), δ(t)) (5.14a)

y(t) = c∗(x∗(t)) (5.14b)

ζ(t) = β∗(x∗(t)) (5.14c)

δ(t) = D(t, ζ(t)) (5.14d)
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with stacked state vector x∗(t) = (x∗1(t)
T , . . . , x∗N (t)

T )T ∈ Rσ where σ =
∑N

k=1(nk +mk),
stacked system output vector y(t) = (y1(t)

T , . . . , yN(t)
T )T ∈ RNq, and stacked virtual

output vector ζ(t) = (ζ1(t)
T , . . . , ζN(t)

T )T ∈ RNr. The maps f ∗ : Rσ × RNr → Rσ,
h∗ : Rσ → R

Nq, and β∗ : Rσ → R
Nr are obtained by stacking the maps for the individual

systems defined above. The map D(t, ζ(t)) : R × RNr → RNr summarizes the couplings
in the network. If d(ζk, ζj) is locally Lipschitz in its arguments and wk,j(t) is piecewise
continuous for all j, k ∈ NN , D(t, ζ) will be piecewise continuous in t and locally Lipschitz
in ζ . Furthermore, if d(ζ, ζ) = 0 for all ζ ∈ Rr, we have D(t, 1N ⊗ ζ) = 0 for all t ∈ R

and all ζ ∈ Rr. The latter property is a consequence of the fact that D(t, ζ(t)) depends
only on relative values of pairs of virtual outputs ζk(t), k ∈ NN .
With those definitions in place, we are ready to state the nonlinear analogue to the

Linear Heterogeneous Output Synchronization Problem 5.1 as follows:

Problem 5.12 (Nonlinear Heterogeneous Output Synchronization). Let the N individual
systems (5.11) be modeled by locally Lipschitz maps fk : R

nk ×Rpk → Rnk and hk : R
nk →

Rq for k ∈ NN . Let Xk ⊂ Rnk , k ∈ NN be closed sets. Let the communication topology
in the couplings (5.12d) be defined by some communication graph G(t) = {V, E(t),W (t)}
with |V| = N and let d : Rr × Rr → Rr be a locally Lipschitz map satisfying d(ζ, ζ) = 0
for all ζ ∈ Rr.
Find, if possible, locally Lipschitz maps φk : R

mk×Rr×Rq → Rmk , αk : R
mk×Rr×Rq →

Rpk , βk : Rmk × Rq → Rr, and closed sets Zk ⊂ Rmk such that the closed loop system
(5.14) satisfies the following properties:

(P1) The set X ∗ = X1×Z1 × · · ·×XN ×ZN ⊂ Rσ is positively invariant for (5.14), i.e.,
solutions x∗(t0 + t) of (5.14) with x(t0) ∈ X ∗ for any t0 ∈ R exist and remain in
X ∗ for all t ≥ 0.

(P2) Solutions x∗(t0 + t) of (5.14) with x∗(t0) ∈ X ∗ are ultimately bounded uniformly in
initial time t0, i.e., there exists a bounded set B∗ ⊂ X ∗ with the property that for
any compact subset X ∗

0 ⊂ X ∗, there exists some time T ∈ R+ such that all solutions
of (5.14) with initial data (t0, x(t0)) ∈ R×X ∗

0 satisfy x(t0 + t) ∈ B∗ for all t ≥ T .

(P3) The system outputs and the virtual outputs uniformly synchronize, i.e., (yk(t0+ t)−
yj(t0+ t)) → 0 as t→ ∞ and (ζk(t0+ t)−ζj(t0+ t)) → 0 as t→ ∞ for all j, k ∈ NN

uniformly in initial data (t0, x
∗(t0)) ∈ R×X ∗

0 for any compact subset X ∗
0 ⊂ X ∗.

As before, we are not interested in solutions to the Nonlinear Heterogeneous Output
Synchronization Problem 5.12 in first place, but we aim at answering the question what
can be deduced about the individual systems and their dynamic coupling controllers if
we know that there exists a solution to Problem 5.12. That is, we are again interested
in necessary conditions for solvability of Problem 5.12 imposed on the individual systems
(5.11).
However, before deriving those conditions, we shortly comment on the Properties (P1) –

(P3) given in the problem statement and compare Problem 5.12 to Problem 5.1. In Prob-
lem 5.1 we aimed at global exponential synchronization among linear systems while Prob-
lem 5.12 aims at synchronization for initial conditions taken in some closed set X ∗ ⊂ Rσ.
In order for the problem to be well defined, we need the set X ∗ to be positively invariant
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which is stated in Property (P1). Property (P2) means, that we are not interested in
synchronized solutions that grow unbounded over time. This is certainly a reasonable
requirement in many instances. We did not have such a requirement for Problem 5.1
because it actually makes no difference in the resulting conditions in the linear case. The
simple reason for this is that invariant sets for linear systems are subspaces which implies
that it is sufficient to know the behavior of the system near the origin to know its be-
havior everywhere. This is certainly not true for nonlinear systems, where it is generally
hard to characterize the asymptotic behavior if solutions grow unbounded. The vari-
ous uniformity assumptions in Properties (P2) and (P3) ensure that convergence times
can grow unbounded only if initial conditions grow unbounded, i.e., it excludes singular
points in the state space. Since convergence is always uniform for linear systems similar
requirements have not been included for the linear case in Problem 5.1.

5.2.2 The Internal Model Principle for Synchronization among
Nonlinear Systems

In Section 5.1.2, we showed that solvability of Problem 5.1 implies existence of a non-
trivial persistent invariant synchronous subspace for the global system. Since we are
considering nonlinear systems here, linear subspaces are clearly not suited for deriving
solvability conditions of Problem 5.12. However, there may still be some invariant sets
which take over the role played by invariant linear subspaces in Section 5.1. In fact, in
the linear problem we showed that synchronization implies that all solutions converge
to an invariant set for the global closed loop system (a linear subspace for the linear
problem), on which the outputs are identically synchronous and solutions x∗(t) starting
in that set are persistent, i.e., do not converge to the origin (unless x∗(t) ≡ 0). It can
thus be argued that this invariant set characterizes the steady state locus of the linear
network considered in Section 5.1. The dynamics restricted to this set, i.e., the dynamics
of the virtual exosystem (5.7), characterizes the steady state behavior of the network.
It will turn out that, under appropriate assumptions, similar arguments are valid for

the nonlinear case. We will prove that, in order to synchronize the network (5.11), (5.12),
the global closed loop system must admit a steady state locus, i.e., an invariant set which
attracts all solutions and on which solutions persist, such that all outputs are synchronous
once the steady state is reached. A large portion of the subsequent discussion will be
dedicated to characterizing adequately the invariant sets that define the steady state locus
of system (5.14). The notion of ω-limit sets, explained in some detail in Appendix B.2,
will be essential for that purpose (see also Byrnes and Isidori, 2003, Isidori and Byrnes,
2008).

Implicit Internal Model Principle

As in the linear case, we will first derive implicit solvability conditions for Problem 5.12,
i.e., conditions that depend on the problem data and the solution of the problem. In a
second step, we will try to remove the dependence on the solution to obtain necessary
solvability conditions for Problem 5.12 that exclusively depend on the problem data.
The implicit version of the solvability conditions for the nonlinear Heterogeneous Out-

put Synchronization Problem are derived below. After some preliminary results, we will
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proceed in two steps. First, we prove that solvability of Problem 5.12 implies existence
of a set characterizing the steady state locus for system (5.14) on which the outputs are
identically synchronous. In a second step, we characterize the steady state behavior by
giving an internal model interpretation.
We first give some results concerning the set B∗ ⊂ X ∗ used in Property (P2) of the

problem statement to characterize ultimate boundedness of solutions. Clearly, the set B∗

is not unique. For, given any bounded set B∗ which ultimately bounds solutions of (5.14),
any bounded set B̂∗ ⊃ B∗ will also ultimately bound solutions of (5.14). However, we
have the following result adapted from Isidori and Byrnes (2008, Lemma 5):

Lemma 5.13. Given a system ẋ(t) = f(t, x(t)) where f : R × Rn → Rn is piecewise
continuous in the first argument and locally Lipschitz in the second argument. Suppose
X ⊂ Rn is a closed set such that solutions x(t0 + t) with initial data (t0, x(t0)) ⊂ R× X
exist and remain in X for all t ∈ R+ and are ultimately bounded uniformly in initial
time t0 ∈ R, i.e., there exists a bounded set B with the property that for any compact
subset X0 ⊂ X there exists a time T ∈ R+ such that solutions x(t0 + t) with initial data
(t0, x(t0)) ∈ R× X0 satisfy x(t0 + t) ∈ B for all t ≥ T .
Then ω(R× B̂) ⊂ ω(R× B) for any bounded set B̂ ⊂ X .

Proof. Let z ∈ ω(R × B̂). By definition, there exist sequences {tk}, {(τ̂k, x̂k)}, k ∈ N

such that tk → ∞ as k → ∞, (τ̂k, x̂k) ∈ R × B̂, and x(τ̂k + tk; (τ̂k, x̂k)) → z as k → ∞,
where x(τ̂k + tk; (τ̂k, x̂k)) denotes the solution satisfying x(τ̂k) = x̂k. Since all x̂k ∈ Cl B̂,
which is a compact subset of X , there exists a time T ∈ R+ such that xk , x(τ̂k +
T ; (τ̂k, x̂k)) ∈ B for all k ∈ NN . Define τk = τ̂k − T and consider the sequence {(τk, xk)}
with (τk, xk) ∈ R × B for all k ∈ NN . We have x(τ̂k + tk; (τ̂k, x̂k)) = x(τk + tk, (τk, xk)),
i.e., limk→∞ x(τk + tk; (τk, xk)) = z, which shows that z ∈ ω(R× B).

An immediate consequence of the above lemma is the following corollary:

Corollary 5.14. Given a system ẋ(t) = f(t, x(t)) where f : R × Rn → Rn is piecewise
continuous in the first argument and locally Lipschitz the second argument. Suppose X ⊂
Rn is a closed set such that solutions x(t0 + t) with initial data (t0, x(t0)) ⊂ R× X exist
and remain in X for all t ∈ R+.
Assume there are two bounded sets B1 ⊂ X and B2 ⊂ X with the property that for any

compact subset X0 ⊂ X there exist times T1, T2 ∈ R+ such that solutions x(t0 + t) with
initial data (t0, x(t0)) ∈ R×X0 satisfy x(t0 + t) ∈ B1 for all t ≥ T1 and x(t0 + t) ∈ B2 for
all t ≥ T2.
Then ω(R× B1) = ω(R× B2).

Proof. By Lemma 5.13, we have ω(R×B1) ⊂ ω(R×B2) and ω(R×B1) ⊃ ω(R×B2).

Together, Lemma 5.13 and Corollary 5.14 show that the set ω(R×B∗), where B∗ is an
ultimate bound for solutions of (5.14) with initial data (t0, x

∗(t0)) ∈ R× X ∗, is uniquely
defined despite B∗ not being unique. Furthermore, the limit set of any bounded set
contained in X ∗ is contained in ω(R×B∗), i.e., ω(R×B∗) contains all relevant limit sets.
Thus ω(R × B∗) is a candidate set for characterizing the steady state locus of a given
system.
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We aim at conditions that imply that the steady state outputs are synchronous. There-
fore, similarly to the linear case, we define the synchronous system output set and the
synchronous virtual output set

Ys ,
{

y = (yT1 , . . . , y
T
N)

T ∈ R
Nq |y1 = · · · = yN ∈ R

q
}

⊂ R
Nq,

Ws ,
{

ζ = (ζT1 , . . . , ζ
T
N)

T ∈ R
Nr |ζ1 = · · · = ζN ∈ R

r
}

⊂ R
Nr,

where all system outputs and all virtual outputs respectively are identical. Furthermore,
we define the synchronous set

X ∗
s , {x∗ ∈ R

σ |h∗(x∗) ∈ Ys ∧ β∗(x∗) ∈ Ws} ⊂ R
σ,

i.e., the set of states that are mapped to Ys by h∗(·) and to Ws by β∗(·). Note that
X ∗

s ⊂ R
σ is closed by continuity of the maps h∗ and β∗. With these definitions, we are

ready to state the first part of the result.

Theorem 5.15. Let G(t) = {V, E(t),W (t)} be some communication graph with |V| =
N > 1. Let fk : Rnk × R

pk → R
nk and hk : Rnk → R

q be locally Lipschitz maps for
k ∈ NN , Xk ⊂ Rnk be closed sets, and let d : Rr × Rr → Rr be a locally Lipschitz map
satisfying d(ζ, ζ) = 0 for all ζ ∈ Rr

Suppose the sets Zk ⊂ Rmk and the maps φk : Rmk ×Rr ×Rq → Rmk , αk : R
mk ×Rr ×

Rq → Rpk , and βk : Rmk × Rq → Rr for k ∈ NN are such that Properties (P1) and (P2)
of the Nonlinear Heterogeneous Output Synchronization Problem 5.12 are satisfied.
Then Property (P3) is also satisfied if and only if ω(R× B∗) ⊂ X ∗

s .

Proof. (⇐) Let X ∗
0 ⊂ X ∗ be any compact set. By Property (P2), there exists T ∈ R+ such

that solutions x(t0+t) of (5.14) with initial data (t0, x(t0)) ∈ R×X ∗
0 satisfy x(t0+t) ∈ B∗

for all t ≥ T . Thus ω(R×X ∗
0 ) ⊂ ω(R× B∗) by Lemma 5.13. Therefore ω(R× B∗) ⊂ X ∗

s

implies ω(R×X ∗
0 ) ⊂ X ∗

s and thus, by Lemma B.6 Property (P3).
(⇒) Since X ∗

0 is arbitrary in Property (P3), it needs in particular to be satisfied for
X ∗

0 = ClB∗. In that case ω(R × X ∗
0 ) = ω(R × B∗) by definition of limit sets. That is,

ω(R× B∗) ⊂ X ∗
s is also sufficient for Property (P3) by Lemma B.6.

Theorem 5.15 states that any solution to Problem 5.12 is such that the set ω(R×B∗) is
contained in the set where the outputs and virtual outputs are identically synchronous. If
we take Properties (P1) and (P2) as assumptions, this inclusion relation is even necessary
and sufficient for given dynamic coupling controllers (5.12) to solve the problem. Hence,
we know that there exists some attractive set possessing certain properties with respect
to the system outputs y(t) and the virtual outputs ζ(t). Yet, in order for the set to be a
meaningful characterization of the steady state locus of the global system (5.14), we need
some invariance properties, which are the subject of the next theorem.

Theorem 5.16. Let G(t) = {V, E(t),W (t)} be some communication graph with |V| =
N > 1. Let fk : Rnk × Rpk → Rnk and hk : Rnk → Rq be locally Lipschitz maps for
k ∈ NN , Xk ⊂ Rnk be closed sets, and let d : Rr × Rr → Rr be a locally Lipschitz map
satisfying d(ζ, ζ) = 0 for all ζ ∈ Rr.
Suppose the sets Zk ⊂ Rmk and the maps φk : Rmk ×Rr ×Rq → Rmk , αk : R

mk ×Rr ×
Rq → Rpk , and βk : R

mk ×Rq → Rr for k ∈ NN solve the Nonlinear Heterogeneous Output
Synchronization Problem 5.12.
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Then ω(R×B∗) is a nonempty compact subset of X ∗ invariant for (5.14a)–(5.14c) with
δ(t) ≡ 0.

Proof. We show that (5.14) is asymptotically invariant with limit system (5.14a)–(5.14c)
with δ(t) ≡ 0. Since d(·, ·) is continuous and wk,j(·) is uniformly bounded by the def-
inition of a communication graph, we know as a consequence of Property (P3) that
δ(t) = (δ1(t)

T , . . . , δN(t)
T )T = D(t, β∗(x∗(t))) → 0 as t → ∞ uniformly in initial data

(t0, x
∗(t0)) ∈ R×X ∗

0 for any compact subset X ∗
0 ⊂ X ∗. Thus, using the fact that f ∗

k (·, ·) is
locally Lipschitz, f ∗

k (x
∗
k, δk(t)) → f ∗

k (x
∗, 0) as t→ ∞ uniformly in x∗k ∈ X ∗

k,0 for all compact
subsets X ∗

k,0 ⊂ R
nk+mk , and, by definition of f ∗(·, ·), we thus have f ∗(x∗, δ(t)) → f ∗(x∗, 0)

as t → ∞ uniformly in x∗ ∈ X ∗
0 for any compact subset X ∗

0 ⊂ Rσ. The theorem then
follows from Lemma B.7.

Together with Theorem 5.15, we know by Theorem 5.16 that any solution to Prob-
lem 5.12 is such that the set ω(R × B∗) is contained in the set where the outputs and
virtual outputs are identically synchronous, it attracts all solutions of (5.14) uniformly for
compact sets of initial conditions, and it is invariant for the uncoupled systems (5.14a)–
(5.14c) with δ(t) ≡ 0 (and thus also for the global system (5.14)). Furthermore, by
Lemma 5.14, we know that the set ω(R×B∗) is well defined in the sense that it does not
depend on the choice of the set B∗, which can be any bounded set that ultimately con-
tains all solutions of (5.14) as described in Property (P2) of the problem statement. Note
furthermore that ω(R×B∗) is the smallest set with the above properties since any closed
set that uniformly attracts solutions of (5.14) must contain ω(R × B∗) by Lemma B.6,
which we interpret as the property that solutions contained in ω(R× B∗) persist. Thus,
the set ω(R × B∗) plays the role of the persistent invariant synchronous subspace X ∗

p in
the linear case and it is well suited to characterize the steady state locus of (5.14) (see
Isidori and Byrnes, 2008, and the references given there).
Having settled the steady state locus of the network (5.14), we will now investigate the

steady state behavior, i.e., the type of synchronous trajectories in the network. Motivated
by the results obtained for the linear case, we assume that the synchronous outputs of
the network (5.14) are generated by some virtual exosystem

ξ̇(t) = s(ξ(t)) (5.15a)

η(t) = ĥ(ξ(t)) (5.15b)

with state vector ξ(t) ∈ X̂ ⊂ Rν and output vector η(t) ∈ Rq, where the subset X̂ ⊂ Rν is
compact and invariant. We say that the exosystem (5.15) uniformly generates synchronous
trajectories of (5.14) if it possesses the property that (i) for any solution x∗(t0+t) to (5.14),
there exists a solution ξ(t) with initial data ξ(0) ∈ X̂ to the virtual exosystem such that
h∗(x∗(t0+t))−1N⊗ĥ(ξ(t)) → 0 as t→ ∞ uniformly in initial data (t0, x(t0)) ∈ R×X ∗

0 for
any compact subset X ∗

0 ⊂ X ∗; and (ii) there exists a compact subset X ∗
0 ⊂ X ∗ with the

property that for any solution ξ(t) to the virtual exosystem there exists a solution x∗(t0+t)
to (5.14) with initial data (t0, x(t0)) ∈ R×X ∗

0 such that h∗(x∗(t0+ t))− 1N ⊗ ĥ(ξ(t)) → 0
as t→ ∞ uniformly in initial data ξ(0) ∈ X̂ . These properties can be described formally
as follows: (i) given any compact set X ∗

0 ⊂ X ∗ and any ε ∈ R+, there exists T ∈ R+ such
that for all initial conditions (t0, x

∗(t0)) ∈ R× X ∗
0 there exist initial conditions ξ(0) ∈ X̂

such that ‖h∗(x∗(t0 + t))− 1N ⊗ ĥ(ξ(t))‖ ≤ ε for all t ≥ T and (ii) there exists a compact
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subset X ∗
0 ⊂ X ∗ with the property that for any ε ∈ R+, there exists T ∈ R+ such that

for all initial conditions ξ(0) ∈ X̂ there exists initial conditions (t0, x
∗(t0)) ∈ R × X ∗

0

such that ‖h∗(x∗(t0 + t))− 1N ⊗ ĥ(ξ(t))‖ ≤ ε for all t ≥ T . The first property says that
any synchronous output of the network is generated by the virtual exosystem while the
second property says that the virtual exosystem is minimal in the sense that it does not
produce outputs that cannot be synchronous outputs for the network. In any case, we
require convergence to be uniform for compact sets of initial conditions. The following
result relates the exosystem (5.15) to the steady state behavior of the network (5.14):

Lemma 5.17. Let G(t) = {V, E(t),W (t)} be some communication graph with |V| = N >
1. Let fk : Rnk × Rpk → Rnk and hk : Rnk → Rq be locally Lipschitz maps for k ∈ NN ,
Xk ⊂ Rnk be closed sets, and let d : Rr × Rr → Rr be a locally Lipschitz map satisfying
d(ζ, ζ) = 0 for all ζ ∈ Rr.
Suppose the maps φk : Rmk × Rr × Rq → Rmk , αk : Rmk × Rr × Rq → Rpk, βk :

Rmk × Rq → Rr for k ∈ NN , and the sets Zk ⊂ Rmk for k ∈ NN solve the Nonlinear
Heterogeneous Output Synchronization Problem 5.12.
Suppose the compact set X̂ ⊂ Rν and the maps s : X̂ → X̂ and ĥ : X̂ → Rq are such

that X̂ is invariant for (5.15a), and (5.15) uniformly generates synchronous trajectories
for (5.14).
Then for any solution x∗(t) to (5.14) contained in ω(R × B∗), there exists a solution

ξ(t) to (5.15) contained in X̂ and conversely for any solution ξ(t) to (5.15) contained in
X̂ , there exists a solution x∗(t) to (5.14) contained in ω(R × B∗) such that h∗(x∗(t)) =
1N ⊗ ĥ(ξ(t)) along these solutions.

Proof. Denote the solution of (5.14) satisfying x∗(t0) = x∗0 as x
∗(t; (t0, x0)) and the solution

of (5.15) satisfying ξ(0) = ξ0 as ξ(t; ξ0). Suppose (5.15) uniformly generates synchronous
outputs for (5.14).
Then, given any compact set X ∗

0 ⊂ X ∗, there exists a map c1 : R× X ∗
0 → X̂ such that

[

h∗(x∗(t0 + t; (t0, x
∗
0))) − ĥ∗(ξ(t; c1(t0, x∗(t0))))

]

→ 0 as t → ∞ uniformly in (t0, x
∗
0) ∈

R × X ∗
0 . That is, solutions to the composite system (5.14), (5.15) with initial data in

the set T1 , {(t0, x∗0, ξ0) ∈ R × X ∗
0 × X̂ |ξ0 = c1(t0, x

∗
0)} uniformly converge to the set

X̃ , {(x∗, ξ) ∈ X ∗ × X̂ |h∗(x∗) = ĥ(ξ)}. By Lemma B.6, this implies that ω(T1) ⊂ X̃ .
Choose X ∗

0 = ω(R×B∗). Since the two subsystems (5.14), (5.15) are decoupled, ω(T1) =
ω(R×B∗)×ω(c1(R, ω(R×B∗))) ⊂ ω(R×B∗)×X̂ . The forward direction of the statement
follows.
On the other hand, there exists a set X ∗

0 and a map c2 : X̂ → R × X ∗
0 such that

[

h∗(x∗(t0 + t; c2(ξ0))) − ĥ∗(ξ(t; ξ0))
]

→ 0 as t → ∞ uniformly in (t0, x
∗
0) ∈ R × X ∗

0 .
That is, solutions to the composite system (5.14), (5.15) with initial data in the set
T2 , {(t0, x∗0, ξ0) ∈ R × X ∗

0 × X̂ |(t0, x∗0) = c2(ξ0)} uniformly converge to the set X̃ . By
Lemma B.6, this implies that ω(T2) ⊂ X̃ . Since the two subsystems (5.14), (5.15) are
decoupled, ω(T2) = ω(c2(X̂ )) × X̂ ⊂ ω(R × B∗) × X̂ . The backwards direction of the
statement follows.

By Lemma 5.17, we know that any virtual exosystem, which uniformly generates syn-
chronous output trajectories for the network (5.14), completely characterizes the steady
state output behavior of (5.14). A candidate for a virtual exosystem (5.15) that uniformly
generates synchronous outputs is given by s(ξ(t)) = f ∗(ξ(t), 0), ĥ(ξ(t)) = Υkh

∗(ξ(t)), and
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X̂ = ω(R×B∗), where Υk : R
Nq → Rq is the projection defined as y = (yT1 , . . . , y

T
N)

T 7→ yk
for k ∈ NN . Since ω(R × B∗) ⊂ X ∗

s , the choice of k ∈ NN is arbitrary. However, even
though this virtual exosystem is simply a copy of the global system in steady state, it
is not guaranteed to uniformly generate synchronous outputs. This is because uniform
convergence to some set does not imply convergence to a particular solution contained
in that set in general. Hence, we will formulate existence of a virtual exosystem that
uniformly generates synchronous outputs as an assumption in the results below.
To state the final version of the implicit internal model principle, we need in addition

some observability assumption as follows:

Assumption 5.18. There exists some ρ ∈ N
⋃{0} such that the map f ∗(·, 0) : Rσ → Rσ

restricted to ω(R× B∗) is ρ− 1 time continuously differentiable, the map h∗ : Rσ → RNq

restricted to ω(R × B∗) is ρ times continuously differentiable, and there exists a map
φ : RρNq → Rσ with the property that

x∗ = φ
(

h∗(x∗), Lf∗h∗(x∗), . . . , Lρ
f∗h

∗(x∗)
)

for all x∗ ∈ ω(R× B∗).

Assumption 5.18 represents a strong observability requirement imposed on the network
(5.14) in steady state. Namely, we require that in steady state, the state vector can be
uniquely reconstructed from the outputs and their derivatives up to some order ρ and
thus in particular that output derivatives exist up to that order. Since this requirement
is restricted to the steady state, it can be interpreted as detectability of the network on
the set X ∗ defined in Property (P1) of the problem statement. Assumption 5.18 is thus
a nonlinear analogue for the detectability assumption in the linear case.
In the theorem below, we will need the projections Ξk : Rσ → Rnk+mk defined as

x∗ = ((x∗1)
T , . . . , (x∗N)

T )T 7→ x∗k for all k ∈ NN and the sets X ∗
k,p , Ξkω(R× B∗).

Theorem 5.19. Let G(t) = {V, E(t),W (t)} be some communication graph with |V| =
N > 1. Let fk : Rnk × Rpk → Rnk and hk : Rnk → Rq be locally Lipschitz maps for
k ∈ NN , Xk ⊂ Rnk be closed sets, and let d : Rr × Rr → Rr be a locally Lipschitz map
satisfying d(ζ, ζ) = 0 for all ζ ∈ Rr.
Suppose the maps φk : Rmk × Rr × Rq → Rmk , αk : Rmk × Rr × Rq → Rpk , βk :

R
mk × R

q → R
r for k ∈ NN , and the sets Zk ⊂ R

mk for k ∈ NN solve the Nonlinear
Heterogeneous Output Synchronization Problem 5.12 and Assumption 5.18 holds.
Suppose furthermore that there exists a compact set X̂ ⊂ Rν and maps s : X̂ → X̂

and ĥ : X̂ → Rq such that X̂ is invariant for (5.15a) and the virtual exosystem (5.15)
uniformly generates synchronous outputs for the network (5.14).
Then there exist surjective maps ψk : X̂ → X ∗

k,p, k ∈ NN with the property that the

sets {(ξ, x∗k) ∈ X̂ × X ∗
k,p|x∗k = ψk(ξ)}, k ∈ NN are invariant sets for (5.15), (5.13) with

δk(t) ≡ 0 and

∂ψk(ξ)

∂ξ
s(ξ) = f ∗

k (ψk(ξ), 0) (5.16a)

ĥ(ξ) = h∗k(ψk(ξ)) (5.16b)

for all ξ ∈ X̂ in case of (5.16b) and for all ξ ∈ X̂ at which ψk(ξ) is continuously
differentiable in case of (5.16a) for all k ∈ NN .
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Proof. By virtue of Lemma 5.17, we know that for any solution x∗(t) to (5.14) contained
in ω(R×B∗), there exists a solution ξ(t) to (5.15) contained in X̂ with the property that
y(t) = 1N ⊗η(t) along those solutions for all t ∈ R. Furthermore, by Assumption 5.18, we
know that there exists some ρ ∈ N

⋃{0} such that the derivatives y(j)(t) exist along the
solution x∗(t) for all j ∈ NN

⋃{0}. Thus, the derivatives η(j)(t) along the solution ξ(t)
exist as well and y(j)(t) = 1N⊗η(j)(t) for all j ∈ NN

⋃{0}. This shows that the derivatives
y(j)(t) are uniquely determined as functions of the exosystem state ξ(t). However, by
Assumption 5.18 those derivatives uniquely determine x∗(t), which in turn implies that
there exists a map ψ : X̂ → ω(R × B∗) such that along the solutions x∗(t) and ξ(t),
x∗(t) = ψ(ξ(t)) holds identically. Since the solution x∗(t) is any solution in ω(R×B∗) and
the equality holds for all times t ∈ R, the map ψ(·) is surjective and the set {(x∗, ξ) ∈
ω(R × B∗) × X̂ |x∗ = ψ(ξ)} is invariant for (5.15), (5.14) with δ(t) ≡ 0. Furthermore,
1N ⊗ ĥ(ξ) = h∗(ψ(ξ)) for all ξ ∈ X̂ by construction of ψ(·).
Define the maps ψk : X̂ → X ∗

k,p, k ∈ NN as ψk(ξ) , Ξkψ(ξ), where Ξk is the projection
from Rσ onto Rnk×mk defined before. The maps ψk(·) thus defined are surjective. And,
since the individual systems (5.13) are decoupled if x∗ ∈ ω(R × B∗), the sets {(x∗k, ξ) ∈
X ∗

k,p × X̂ |x∗k = ψk(ξ)}, k ∈ NN need to be invariant for (5.15), (5.13) with δk(t) ≡ 0.
Condition (5.16a) is simply an infinitesimal characterization of this invariance obtained
from the observation that x∗k(t) = ψk(ξ(t)) for all t ∈ R implies ẋ∗k(t) = d

dt
ψk(ξ(t)), if

the derivatives exist. To see that (5.16b) also holds, it is enough to note that h∗(x∗) =
(

(h∗1(Ξ1x
∗))T , . . . , (h∗N(ΞNx

∗))T
)T

by definition of h∗(·). This completes the proof.

This final version of the implicit internal model principle conveys a rather strong state-
ment. Namely, whenever the Nonlinear Heterogeneous Output Synchronization Problem
(5.14) is solved and the synchronous outputs are uniformly generated by some virtual ex-
osystem (5.15), each of the individual systems with its dynamic coupling controller (5.13)
must be able to produce all steady state outputs of the exosystem, i.e., it needs to have
an internal model of the virtual exosystem embedded in its dynamics. Conditions (5.16)
are a mathematical statement of this fact. Assumption 5.18 is needed in the theorem to
make the maps ψk(·), k ∈ NN unique by imposing that the states x∗k are uniquely deter-
mined by outputs and output derivatives. The result is then a consequence of the fact
that the exosystem states uniquely determine the exosystem outputs and their derivatives
and the property that exosystem solutions produce the same output trajectories as the
synchronized network.
The result is illustrated in Figure 5.4 for the case when the network synchronizes to

some oscillatory trajectories. In that case, it is possible to define the virtual exosystem on
the circle X̂ = S1, and ψk(·) maps the circle to the limit cycles of the individual systems.
We pursue the example of the oscillators a little further below.

Example 5.20. Consider a network of N systems with static diffusive couplings, i.e.,
mk = 0, x∗k = xk, and f

∗
k (x

∗
k, δk) = fk(xk, αk(δk)), and assume the systems synchronize

and the synchronous outputs are uniformly generated by the virtual exosystem given as

ξ̇(t) =

(

0 −ω0

ω0 0

)

ξ(t)

η(t) = arg(ξ1(t) + jξ2(t))
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R
n1
+
m1

X
∗
1,
p

R
n2+m2

X ∗
2,p

ψ1(·)

ψ2(·)X̂

Figure 5.4: State spaces Rn1+m1 , Rn2+m2 of two individual systems with dynamic coupling
controllers with invariant sets X ∗

1,p and X ∗
2,p and steady state set X̂ of the

virtual exosystem.

with X̂ = {ξ ∈ R
2|‖ξ‖ = 1}. Then we know by Theorem 5.19 that the individual systems

admit compact invariant subspaces X ∗
k,p ⊂ Rnk+mk that are mapped to the circle by h∗k(·),

i.e., h∗k(X ∗
k,p) = S1, with the property that Lf∗

k
h∗k(x

∗
k) = ω for all x∗k ∈ X ∗

k,p.

In particular, we know that a group of N oscillators can be synchronized by means of
static diffusive couplings only if they all have the same frequency of oscillation.

The results presented so far are the nonlinear analogue to the implicit internal model
principle derived in the linear case in Section 5.1.2. In fact, it is easily verified that
conditions derived in Theorem 5.19 exactly reduce to the conditions given in Theorem 5.4
if the network is linear. As a next step, in parallel to the presentation of the linear case in
Section 5.1.2, we derive explicit conditions for solvability of the Nonlinear Heterogeneous
Output Synchronization Problem 5.12.

Explicit Internal Model Principle

We have the following Lemma, analogue to Lemma 5.7 for the linear case:

Lemma 5.21. Let k ∈ NN fixed. Let fk : Rnk × Rpk → Rnk , hk : Rnk → Rq, s : X̂ → X̂ ,
and ĥ : X̂ → Rq, where X̂ ⊂ Rν is compact and invariant for (5.15a).

There exist maps φk : Rmk × Rr × Rq → Rmk , αk : Rmk × Rr × Rq → Rpk , βk : Rmk ×
Rq → Rr, and ψk : X̂ → X ∗

k,p such that (5.16) holds (with f ∗
k : Rnk+mk × Rr → Rnk+mk

and h∗k : Rnk+mk → Rq as defined before) if and only if there exists a surjective map
πk : X̂ → X̂k with X̂k =

{

xk ∈ R
k
∣

∣(xTk , z
T
k )

T ∈ X ∗
k,p, zk ∈ R

mk

}

and a map λk : X̂ → R
pk
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such that

∂πk(ξ)

∂ξ
s(ξ) = fk(πk(ξ), λk(ξ)) (5.17a)

ĥ(ξ) = hk(πk(ξ)) (5.17b)

for all ξ ∈ X̂ in case of (5.17b) and for all ξ ∈ X̂ at which πk(ξ) is continuously differ-
entiable in case of (5.17a).

Proof. Assume ψk : X̂ → X ∗
k,p solves (5.16). Decompose ψk(·) as ψk(ξ) =

(

πT
k (ξ), σ

T
k (ξ)

)T

with πk : X̂ → X̂k and σk : X̂ → Rmk and observe that πk(·) is surjective. Substituting
the definitions of f ∗

k and h∗k into (5.16), we obtain

∂πk(ξ)

∂ξ
s(ξ) = fk

(

πk(ξ), αk

(

σk(ξ), 0, hk(πk(ξ))
)

)

,

∂σk(ξ)

∂ξ
s(ξ) = φk

(

σk(ξ), 0, hk(πk(ξ))
)

,

ĥ(ξ) = hk(πk(ξ)).

Defining λk(ξ) , αk

(

σk(ξ), 0, hk(πk(ξ))
)

= αk

(

σ(ξ), 0, ĥ(ξ)
)

shows necessity. To prove
sufficiency, we thus need to show that

∂σk(ξ)

∂ξ
s(ξ) = φk

(

σ(ξ), 0, ĥ(ξ)
)

,

λ(ξ) = αk

(

σ(ξ), 0, ĥ(ξ)
)

admit a solution σk : X̂ → Rmk , φk(·, 0, ·) : Rmk × Rq → Rmk , and λk(·, 0, ·) : Rmk ×
Rq → Rq. One such solution is given as σk(ξ) = ξ, φk(ξ, 0, η) = s(ξ) and αk(ξ, 0, η) =

λk(ξ). Defining X ∗
k,p =

{

(xTk , z
T
k )

T ∈ Rnk+mk

∣

∣

∣
xk = πk(ξ), zk = σk(ξ), ξ ∈ X̂

}

and ψk(ξ) =
(

πT
k (ξ), σ

T
k (ξ)

)T
completes the proof.

As in the linear case, the dynamic couplings proposed in the proof of sufficiency rep-
resent purely feedforward control for the individual systems with the property that in-
variance of the steady state set, i.e., X ∗

k,p, is guaranteed. This feedforward coupling will
usually be supplemented by some stabilizing feedback in order to solve the Nonlinear
Heterogeneous Output Synchronization Problem 5.12.
With the help of the above result, we are finally able to state the explicit solvability

conditions for the Nonlinear Heterogeneous Output Synchronization Problem 5.12.

Corollary 5.22. Let G(t) = {V, E(t),W (t)} be some communication graph with |V| =
N > 1. Let fk : Rnk × Rpk → Rnk and hk : Rnk → Rq be locally Lipschitz maps for
k ∈ NN , Xk ⊂ Rnk be closed sets, and let d : Rr × Rr → Rr be a locally Lipschitz map
satisfying d(ζ, ζ) = 0 for all ζ ∈ Rr.
Suppose the sets Zk ⊂ Rmk and the maps φk : Rmk ×Rr ×Rq → Rmk , αk : R

mk ×Rr ×
Rq → Rpk , and βk : R

mk ×Rq → Rr for k ∈ NN solve the Nonlinear Heterogeneous Output
Synchronization Problem 5.12 and Assumption 5.18 holds.
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Suppose furthermore that there exists a compact set X̂ ⊂ Rν and maps s : X̂ → X̂
and ĥ : X̂ → Rq such that X̂ is invariant for (5.15a) and the virtual exosystem (5.15)
uniformly generates synchronous outputs for the network (5.14).

Then there exist surjective maps πk : X̂ → X̂k and maps λk : X̂ → Rpk , for all k ∈ NN ,
with X̂k as defined in Lemma 5.21, that solve (5.17b) for all ξ ∈ X̂ and (5.17a) for all
ξ ∈ X̂ for which πk(ξ) is continuously differentiable.

Proof. By Lemma 5.21, solvability of (5.16) implies solvability of (5.17). The corollary
thus follows from Theorem 5.19.

The conditions (5.17) given in Lemma 5.21 are known as FBI equations (named after
Bruce A. Francis, Christopher I. Byrnes, and Alberto Isidori) in the context of output
regulation (see Byrnes and Isidori, 1998, 2003, Byrnes et al., 1997, Isidori and Byrnes,
2008, Knobloch et al., 1993, Krener, 1999, Pavlov et al., 2006). The systems theoretic
interpretation of the FBI conditions is similar to the linear case. Namely, conditions
(5.17) state that the individual systems (5.11) admit a controlled invariant set with the
property that the restriction of the controlled system to that set is characterized by the
virtual exosystem. While it was easy to solve the corresponding conditions in the linear
case, for the nonlinear case, the conditions manifest in the form of partial differential
equations which are hard to solve in general. However, even in cases when one does not
find a solution to the FBI equations, one might still use the fact that they are guaranteed
to exist under the assumptions and hypothesis given in the theorems.

There is one important difference in the nonlinear case as compared to the linear case
which is worth being mentioned. In the linear case we showed that if the Heterogeneous
Output Synchronization Problem 5.1 is solved, then the Francis equations admit a solution
for a given virtual exosystem if and only if the virtual exosystem generates all synchronous
outputs. In the nonlinear case we merely showed that if the Nonlinear Heterogeneous
Output Synchronization Problem 5.12 is solved the FBI equations admit a solution for
a given virtual exosystem if the virtual exosystem generates all synchronous outputs.
In fact, the converse is not true in general. The reason for this is that in nonlinear
systems convergence of a solution to a given invariant set does not imply convergence to
a particular solution contained in this set. Therefore, for nonlinear systems, convergence
to the steady state locus does not imply convergence to a steady state solution. To
have this additional property, often referred to as the asymptotic phase property (see
Coddington and Levinson, 1955, Hartman, 1964, Knobloch and Aulbach, 1981), additional
assumptions are needed. Usually, one imposes (or simply assumes) that the convergence
to the steady state locus is locally exponentially fast to enforce the asymptotic phase
property. However, since we were interested in necessary conditions in terms of existence
of an appropriate steady state locus in the preceding discussion, we ignored the subtlety
of asymptotic phase properties of the steady state locus.

Finally, we would like to mention that Remark 5.9 given in the linear case is identically
true for the nonlinear case. That is, solvability of the Nonlinear Heterogeneous Output
Synchronization Problem 5.12 generally requires dynamic couplings.
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5.3 Summary

In this chapter, we derived necessary conditions for synchronization in networks of indi-
viduals with non-identical dynamics. The first part of the chapter was dedicated to linear
networks while the second part generalized the problem to nonlinear networks. The con-
ditions were obtained as a consequence of one of the most fundamental paradigms for
feedback control, which can be paraphrased as follows: If a certain property (in our
case synchronization) shall be satisfied asymptotically, the system needs to possess a
steady state locus, i.e., an invariant subset of the state space, which attracts all solutions
and which is such that the system in steady state identically satisfies the property un-
der consideration. Thus, whenever designing a feedback controller with the objective to
asymptotically satisfy a given property, the first requirement, which the controller needs
to comply with, is the existence of an appropriate steady state locus such that, in steady
state, the property is identically satisfied. The second requirement is to make the in-
variant set representing the steady state attractive. The most simple application of this
paradigm is stabilization of a single point, which is only possible if that point is an equi-
librium for the closed loop system. More advanced problems include asymptotic tracking
and disturbance rejection, summarized under the term output regulation, where a given
system shall asymptotically track or reject signals generated by some exosystem. Again,
for this to be possible, an appropriate steady state locus must exist for the closed loop
system such that in steady state, the exosystem signals are identically tracked or rejected.
We showed in this chapter (see also Wieland and Allgöwer, 2009a,b, Wieland et al.,

2010c) that the same kind of reasoning applies in the heterogeneous synchronization prob-
lem. If the network asymptotically synchronizes, the global system needs to possess an
appropriate steady state locus such that the system in steady state exhibits identically syn-
chronous outputs. The results in this chapter are essentially existence conditions for such
a steady state locus and characterizations of the steady state behavior in terms of internal
model interpretations. By imposing the constraint of exchanging only relative informa-
tion over the network, i.e., the individual systems being decoupled once synchronized, the
conditions apply to all individual systems with their local controllers independently. In
fact, we derived conditions on the individual systems that correspond to the well-known
Francis equations for the linear case and FBI equations in the nonlinear case, which show
that a network can synchronize to the outputs of some dynamical system – called virtual
exosystem in analogy with the exosystem appearing in output regulation – if the dynamic
models of all individual systems together with their local coupling controllers embed an
internal model of the virtual exosystem. The Francis equations and FBI equations give
necessary conditions for a coupling controller to exist such that this internal model re-
quirement is satisfied. They manifest in terms of linear matrix equations in the linear case
and nonlinear partial differential equations in the nonlinear case. Since we were interested
in synchronization over time-varying communication topologies, we derived all results for
non-autonomous systems.
It has been argued that both in the linear case and in the nonlinear case, dynamic

couplings are necessary to synchronize non-identical systems, because they are necessary
to guarantee existence of an appropriate steady state locus. This observation supports
the claim of this thesis, that dynamic couplings are necessary for solvability of consensus
and synchronization problems with increased system and topological complexity.
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Chapter 6

Synchronization in Heterogeneous
Networks with Dynamic Couplings

In Chapter 5 we extensively discussed the fact that a network of individual systems with
dynamic coupling controllers can achieve output synchronization by exchange of rela-
tive information, i.e., diffusive-like couplings, only if an internal model of some virtual
exosystem is embedded in all individual systems together with their dynamic coupling
controllers. It was shown that, in both the linear and the nonlinear case, dynamic cou-
plings are generally necessary to enforce existence of appropriate steady states of the
individual systems together with their dynamic coupling controllers. More precisely, we
showed how the embedding of the internal model of a virtual exosystem in each individual
system with its dynamic coupling controller yields an invariant set for the global system
with the property that the dynamics restricted to this set exhibit identically synchronized
outputs of the individual systems. The part which is missing to the solution of the het-
erogeneous output synchronization problems posed in the previous chapter, is the design
of couplings that render this synchronous steady state set attractive. This is the subject
of the present chapter.

To this end, the general approach will be to reduce the actual problem, i.e., making
the synchronous steady state attractive, to simpler consensus and synchronization prob-
lems. Namely, in both the linear and the nonlinear case the problem will be reduced
to a consensus problem with static diffusive couplings among linear systems, as it has
been considered in Chapter 3. The solution to the heterogeneous output synchronization
problem is then obtained by applying the methods presented there. In the following,
we will consider strong communication constraints, i.e., we are interested in synchroniza-
tion over uniformly connected communication graphs without any further assumptions on
the communication topology. Hence, we are considering problems with great topological
complexity.

We present solutions for two cases below: First, we consider solutions to the Linear
Heterogeneous Output Synchronization Problem 5.1 in a very general way in Section 6.1.
The results presented there have been published in Wieland et al. (2010c). It will turn out
that under the assumption that the individual systems are all stabilizable and detectable
and the synchronous outputs are polynomially bounded, the internal model conditions
that were shown to be necessary for solvability of the linear heterogeneous output syn-
chronization problem in Corollary 5.8 are also sufficient. Afterwards, in Section 6.2, we
consider solutions to the Nonlinear Heterogeneous Output Synchronization Problem 5.12
in the particular case when the individual systems are exponentially stable oscillators.
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The latter result is based on Wieland et al. (2010b), where the mechanism is illustrated
for identical oscillators. We will show that, as long as the heterogeneity in the network is
small enough (in a sense to be defined), solutions to the nonlinear heterogeneous output
synchronization problem exist.

6.1 Synchronization in Networks of Non-Identical Linear

Systems

6.1.1 Problem Statement

The problem setup is similar to the one presented in Section 5.1 and repeated here for the
reader’s convenience. As in Section 5.1, we consider a network of N different LTI systems
modeled as

ẋk(t) = Akxk(t) +Bkuk(t) (6.1a)

yk(t) = Ckxk(t) (6.1b)

with state vector xk(t) ∈ R
nk , input vector uk(t) ∈ R

pk and output vector in yk(t) ∈ R
q

for k ∈ NN . The objective is to exponentially synchronize the outputs yk(t), k ∈ NN by
means of dynamic couplings

żk(t) = Ekzk(t) + Fkδk(t) +Mkyk(t) (6.2a)

uk(t) = Gkzk(t) +Hkδk(t) +Okyk(t) (6.2b)

ζk(t) = Pkzk(t) +Qyk(t) (6.2c)

δk(t) =

N
∑

j=1

wk,j(t)(ζk(t)− ζj(t)) (6.2d)

with coupling states zk(t) ∈ Rmk and virtual outputs ζk(t) ∈ Rr for k ∈ NN . The
controllers are driven by the system outputs yk(t) and the relative controller output signals
δk(t). The outputs of the controller are the system input uk(t) and the virtual output ζk(t)
(see also the block diagram given in Figure 5.1(a)). The values wk,j(t) ∈ R+, j, k ∈ NN are
the elements of the adjacency matrix W (t) = [wk,j(t)] ∈ RN×N of some communication
graph G(t) = {V, E(t),W (t)}. In view of the results from the previous chapter, we do not
only require the outputs yk(t), k ∈ NN to synchronize but we impose in addition that the
synchronous outputs are given by the outputs of some virtual exosystem

ξ̇(t) = Sξ(t) (6.3a)

η(t) = Rξ(t) (6.3b)

with state vector ξ(t) ∈ Rν and output η(t) ∈ Rq. That is, we require that for all
initial conditions xk(0) ∈ Rnk , zk(0) ∈ Rmk , k ∈ NN , there exist initial conditions ξ(0) ∈
Rν such that the network consisting of the individual systems (6.1) together with their
dynamic coupling controllers (6.2) possesses the property that (yk(t)− η(t)) → 0, k ∈ NN

exponentially fast as t → ∞. Without loss of generality, we assume that the pair (R, S)
is observable.

98



6.1 Synchronization in Networks of Non-Identical Linear Systems

The problem we aim at solving is summarized in the following modified version of the
Linear Heterogeneous Output Synchronization Problem 5.1:

Problem 6.1 (Linear Heterogeneous Output Synchronization with Virtual Exosystem).
Let the N individual systems (6.1) be modeled by given matrices Ak ∈ Rnk×nk , Bk ∈
Rnk×pk , and Ck ∈ Rq×nk for k ∈ NN . Let the communication topology in the couplings
(6.2d) be defined by some communication graph G(t) = {V, E(t),W (t)} with |V| = N . Let
the virtual exosystem (6.3) be given by matrices S ∈ R

ν×ν and R ∈ R
q×ν.

Find, if possible, matrices Ek ∈ Rmk×mk , Fk ∈ Rmk×r, Mk ∈ Rmk×q, Gk ∈ Rpk×mk ,
Hk ∈ Rpk×r, Ok ∈ Rpk×q, Pk ∈ Rr×mk for k ∈ NN , and Q ∈ Rr×q, such that the pairs

(

(

Ck 0
)

,

(

Ak +BkOkCk BkGk

MkCk Ek

))

, k ∈ NN

are detectable and the closed loop of the N systems (6.1) with the dynamic couplings
(6.2) is not asymptotically stable and possesses the property that for all initial conditions
xk(0) ∈ R

nk , zk(0) ∈ R
nk , k ∈ NN , there exist initial conditions ξ(0) ∈ R

ν such that
(yk(t) − η(t)) → 0 exponentially fast as t → ∞ for all k ∈ NN and (ζk(t) − ζj(t)) → 0
exponentially fast as t→ ∞ for all j, k ∈ NN .

Note that the above problem is stated such that Assumption 5.3 is satisfied for any
solution to the problem, i.e., trivial synchronization is excluded in the problem statement.

6.1.2 An Internal Model is Necessary and Sufficient for Linear
Output Synchronization

Based on the foregoing discussions, particularly the results from Section 3.3 and 5.1, we
give the following result:

Theorem 6.2. Let G(t) = {V, E(t),W (t)} be some communication graph with |V| = N >
1 and Laplacian matrix L(t). Let Ak ∈ Rnk×nk , Bk ∈ Rnk×pk , and Ck ∈ Rq×nk for k ∈ NN .
Let S ∈ Rν×ν and R ∈ Rq×ν.
If the pair (R, S) is observable, σ(S) ⊂ jR, G(t) is uniformly connected, there exist

matrices Kk ∈ Rpk×nk and Jk ∈ Rnk×q such that the matrices Ak + BkKk and Ak + JkCk

are Hurwitz for k ∈ NN , and there exist matrices Πk ∈ Rnk×ν, Λk ∈ Rpk×ν, k ∈ NN such
that

AkΠk +BkΛk = ΠkS (6.4a)

CkΠk = R (6.4b)

for all k ∈ NN , then the matrices

Ek =

(

S 0
Λk −KkΠk A+ JkCk +BkKk

)

, Fk =

(

Iν
0

)

, Mk =

(

0
−Jk

)

,

Gk =
(

Λk −KkΠk Kk

)

, Pk =
(

Iν 0
)

,

Hk = 0, Ok = 0 and Q = 0 for all k ∈ NN solve Problem 6.1.
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Proof. Define mk , ν + nk and zk(t) , (ζk(t)
T , x̂k(t)

T )T . Then substituting the matrices
defined in the theorem into the couplings (6.2a)–(6.2c) yields

ζ̇k(t) = Sζk(t) + δk(t) (6.5a)

˙̂xk(t) = Akx̂k(t) +Bkuk(t) + Jk(Ckx̂k(t)− yk(t)) (6.5b)

uk(t) = Kk(x̂k(t)−Πkζk) + Λkζk (6.5c)

for all k ∈ NN . Define ek(t) , xk(t)− x̂k(t) and εk(t) , xk(t)−Πkζk(t). With (6.4a), we
then obtain

ε̇k(t) = (Ak +BkKk)xk(t)− BkKkek(t)− Bk(KkΠk − Λk)ζk(t)−ΠkSζk(t)−Πkδk(t)

= (Ak +BkKk)εk(t)−BkKkek(t)−Πkδk(t),

for k ∈ NN . That is, the individual systems with their dynamic coupling controllers in
coordinates ζk(t), ek(t), εk(t) are given as





ζ̇k(t)
ε̇k(t)
ėk(t)



 =





S 0 0
0 Ak +BkKk −BkKk

0 0 Ak + JkCk









ζk(t)
εk(t)
ek(t)



+





Iν
−Πk

0



 δk(t)

yk(t) =
(

R Ck 0
)





ζk(t)
εk(t)
ek(t)





for all k ∈ NN , where we used (6.4b) to obtain the output equation. These systems
are detectable by observability of (R, S) and not asymptotically stable since σ(S) ∈ jR.
The dynamics for ek(t) and εk(t) are governed by an asymptotically stable LTI system
driven by the input δk(t). The dynamics for ζk(t), k ∈ NN with static diffusive couplings
(6.2d) satisfy the conditions of Theorem 3.22, i.e., (ζk(t) − ζj(t)) → 0 exponentially fast
as t → ∞ for all j, k ∈ NN and thus δk(t) → 0 exponentially fast as t → ∞ for all
k ∈ NN . Thus, by Lemma B.1, ek(t) → 0 and εk(t) → 0 exponentially fast as t → ∞ for
all k ∈ NN . The claim then follows from the observation that εk(t) = 0 and ζk(t) = ζj(t)
implies yk(t) = Rζk(t) = Rζj(t) = yj(t).

It is worth giving some remarks about the dynamic coupling controller (6.5) proposed
in the above theorem. In fact, (6.5) is a particular case of the general dynamic coupling
controller (6.2) posed in the problem statement. The specific structure of the dynamic
coupling controller (6.5) is illustrated in the block diagram depicted in Figure 6.1. The
three blocks in the block diagram represent the individual system, a Luenberger observer
for the individual system, and a copy, i.e., an internal model, of the virtual exosystem.
We first discuss the local part of the couplings, i.e., the dynamics for δk(t) ≡ 0. Note

that the input uk(t) produced by the dynamic coupling controller consists of two parts:
uk(t) = uk,1(t) + uk,2(t) with uk,1(t) = Λkζk(t) and uk,2(t) = Kk(x̂k(t) − Πkζk(t)). The
first part uk,1(t) is a feedforward part which guarantees invariance of the local steady
state set {(xk, x̂k, ζk) ∈ Rn × Rn × Rν |xk = x̂k = Πkζk}. The second part uk,2(t) is a
feedback part which renders the local steady state set attractive. In fact, with δk(t) ≡ 0,
the feedforward control uk,1(t) corresponds exactly to the controller given in the proof
of Lemma 5.7 (modulo the observer), where equivalence of solvability of the implicit
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yk(t)

δk(t) ζk(t) ζk(t)

x̂k(t)

δk(t)

uk(t)

Kk

Λk−Πk

ẋk(t) = Akxk(t) + Bkuk(t)

ηk(t) = Rζk(t)

ζ̇k(t) = Sζk(t) + δk(t)

˙̂xk(t) = (Ak + JkCk)x̂k(t)

yk(t) = Ckxk(t) +Bkuk(t) − Jkyk(t)

Figure 6.1: Block diagram of an individual system with dynamic coupling controller.

and the explicit internal model conditions has been demonstrated. Existence of such a
control is guaranteed by the results from the previous chapter, in particular Corollary 5.8.
By Theorem 6.2 above, we know that imposing stabilizability and detectability of the
individual systems on top of the conditions of Corollary 5.8 is sufficient to guarantee
existence of a control that renders the local state set attractive. In fact, in absence
of couplings over the network, i.e., for δk(t) = 0, the individual systems with dynamic
coupling controllers can be viewed as an exosystem tracked by the individual system with
the help of a Luenberger observer. This structure is well-known in linear output regulation
(see Francis, 1977, Knobloch et al., 1993).
If δk(t) 6≡ 0, the couplings between the individual systems in the network with their

local dynamic coupling controllers yield additional loops on top of the local control loops
depicted in Figure 6.1 and discussed above. However, since the dynamics for ζk(t) are
not influenced by the remaining local dynamics, from what is ‘seen’ at the outputs ζk(t),
the individual systems look like they were all identical to the virtual exosystem. Thus
synchronization of the virtual exosystems is guaranteed by the results presented in Chap-
ter 3.
In summary, output synchronization in the network (6.1) is achieved using a hierarchical

strategy. On the local level of the hierarchy, tracking controllers ensure that the system
output tracks the output of an internal model of the virtual exosystem. On the network
level of the hierarchy, a consensus protocol based on static diffusive couplings ensures
synchronization of the internal models. The combination of the two yields synchronization
of the network.

This hierarchical approach comes with the benefit of robustness to individual systems
failure. In fact, since the internal models of the virtual systems are synchronized and
synchronization of the network is achieved by local tracking controllers, there is no feed-
back from the individual system to the network. That is, if one of the systems behaves
unexpectedly, it may not synchronize with the remaining group, but it will not destroy
synchronization in the remaining group neither.

Combining Corollary 5.8 and Theorem 6.2 we obtain the following simple but important
corollary:

Corollary 6.3. Let G(t) = {V, E(t),W (t)} be some communication graph with |V| =
N > 1 and Laplacian matrix L(t). Let Ak ∈ Rnk×nk , Bk ∈ Rnk×pk, and Ck ∈ Rq×nk for
k ∈ NN . Let S ∈ R

ν×ν and R ∈ R
q×ν.
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Assume the pairs (Ck, Ak), k ∈ NN are detectable,the pairs (Ak, Bk), k ∈ NN are
stabilizable, the pair (R, S) is observable, σ(S) ⊂ jR, and G(t) is uniformly connected.
Then Problem 6.1 admits a solution if and only if for all k ∈ NN there exist matrices

Πk ∈ R
nk×ν, Λk ∈ R

pk×ν that solve (6.4).

Proof. Necessity was shown in Corollary 5.8. Sufficiency is a direct consequence of The-
orem 6.2.

6.1.3 Discussion

To facilitate the understanding of the different assumptions and conditions involved in
Theorem 6.2 and Corollary 6.3, we will compare these results to a result proposed in
Scardovi and Sepulchre (2008, 2009) for synchronization in networks of identical linear
systems stated as follows:

Theorem 6.4. Let G(t) = {V, E(t),W (t)} be some communication graph with |V| = N >
1 and Laplacian matrix L(t). Let Ak = A ∈ Rn×n, Bk = B ∈ Rn×p, and Ck = C ∈ Rq×n

for all k ∈ NN .
Assume the pair (C,A) is detectable and the pair (A,B) is stabilizable, σ(A) ⊂ R−, and

G(t) is uniformly connected.
Then the dynamic couplings

η̇k(t) = (A+BK)ηk(t)−
N
∑

j=1

wk,j(t)(ηk(t)− ηj(t) + x̂j(t)− x̂k(t)) (6.6a)

˙̂xk(t) = Ax̂k(t) +Buk(t) + J(Cx̂k(t)− yk(t)) (6.6b)

uk(t) = Kηk(t) (6.6c)

with K ∈ Rp×n such that (A + BK) is Hurwitz and J ∈ Rn×q such that (A + JC) is
Hurwitz ensures that for any initial conditions xk(0) ∈ Rn, ηk(0) ∈ Rn, and x̂k(0) ∈ Rn,
k ∈ NN , there exists some x0 ∈ Rn such that xk(t) − eAtx0 → 0 exponentially fast as
t→ ∞ for all k ∈ NN .

The proof is similar to the proof of Theorem 6.2. In fact, with the change of coordinates
ζk(t) = x̂k(t)− ηk(t), (6.6a) becomes

ζ̇k(t) = Aζk(t) + J(Cx̂k(t)− yk(t))−
N
∑

j=1

wk,j(t)(ζk(t)− ζj(t))

and (6.6c) yields uk(t) = K(x̂k(t)− ζk(t)). Thus, the coupling dynamics (6.6) are almost
identical to those proposed in Theorem 6.2 with Πk = In, Λk = 0 and the internal model
of the virtual exosystem replaced by a copy of the individual system itself. The only
difference is the observer error appearing in the dynamics for ζk(t), which does not affect
convergence properties.
It may appear surprising that the couplings (6.6) proposed by Scardovi and Sepulchre

(2009) include an internal model of the individual system itself. Since all individual
systems are supposed to admit identical dynamical models, in contrast to the situation
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considered in Theorem 6.2, no additional internal model is needed to guarantee existence of
an appropriate steady state for the global network. There must thus be another motivation
for the internal model of the individual system embedded in the couplings (6.6). Indeed
such a motivation exists and was already mentioned when discussing consensus with static
diffusive couplings over time-varying communication topologies in Section 3.3: the result
for consensus with static diffusive couplings over uniformly connected communication
graphs given in Theorem 3.22 requires that the input matrix B has full column rank, i.e.,
there exist as many independent inputs as state components. Although this condition was
not shown to be necessary, the discussion in Scardovi and Sepulchre (2009) suggests that
stronger assumption on the communication graph are needed to achieve consensus with
static diffusive couplings if B does not have full column rank. The dynamic couplings
(6.6) are thus used to surmount the necessary tradeoff between system complexity and
topological complexity we have been faced with in the case of static diffusive couplings.
Just like observers are used to compensate for the requirement that the output matrix C

has full row rank (see also Chapter 4), the internal model in (6.6) compensates for the con-
straint that the input matrix B has full column rank. However, in the latter case, it turns
out that the same type of coupling dynamics allows to compensate for the constraint that
all individual systems admit identical dynamical models as shown in Theorem 6.2. While
in case of identical systems, it is possible to choose static couplings if one imposes stronger
connectedness assumptions on the network, this is not true for the case of non-identical
systems, where coupling dynamics are needed to impose a synchronous steady state for
the network. That is, dynamic couplings are again necessary to synchronize individual
systems with increased complexity while maintaining high topological complexity.
It is worth mentioning that even for networks with identical individual systems, The-

orem 6.2 is more general than Theorem 6.4, since the latter requires σ(A) ⊂ R− while
there is no such requirement in Theorem 6.2. In fact, in Theorem 6.2, this requirement
is replaced by the constraint σ(S) ∈ jR and the tracking controller is used to stabilize
unstable parts of the individual systems. Thus, in both cases, the network synchronizes
to trajectories that grow at most polynomially fast in time.
A common feature of both results given in Theorems 6.2 and 6.4 is that relative con-

troller states are exchanged over the network, i.e., a communication network with the
ability to transmit arbitrary information over the network is needed. Heterogeneous out-
put synchronization with the additional constraint of relative output sensing (similar to
the results presented in Chapter 4) is studied in Kim et al. (2010). However, the results
in Kim et al. (2010) are restricted to constant communication graphs, i.e., the results
presented here are more general in terms of admissible communication topologies while it
is more demanding in terms of the type of information being communicated between the
individual systems.
It was argued in Section 5.1.2, that the virtual exosystem is part of the design, i.e.,

one can choose the type of outputs the network shall synchronize to. This fact is stressed
by the fact that the matrices S ∈ Rν×ν and R ∈ Rq×ν are part of the problem data
in Theorem 6.2. While this makes the result general and flexible, it may seem slightly
counter-intuitive in the context of consensus and synchronization. When synchronizing a
group of dynamical systems, one usually expects that the solutions of the synchronized
systems are similar to the solutions of the uncoupled systems. This is however not possible
if the individual systems have arbitrary non-identical dynamical models. Yet, usually the
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individual systems in a network are not completely unrelated. Very often, their dynamical
models admit parts that are identical or at least similar for all individual systems and the
choice of the virtual exosystem in Theorem 6.2 appears naturally. This is illustrated on
a simple example in what follows.

6.1.4 Example

As an example, we consider a network of mobile agents which we assume to be modeled
as ÿk(t) = vk(t), k ∈ NN where yk(t) is the position and ẏk(t) is the velocity of the kth
agent. Heterogeneity comes into play by considering different types of actuators yielding
individual systems modeled as

ẋk(t) =





0 1 0

0 0 Ĉk

0 D̂k Âk



 xk(t) +





0
0

B̂k



 uk(t)

yk(t) =
(

1 0 0
)

with state xk(t) ∈ Rnk , nk ≥ 2, input uk(t) ∈ Rpk , and actuator matrices Âk ∈ Rn̂k×n̂k ,
B̂k ∈ R

n̂k×pk , Ĉk ∈ R
1×n̂k , and D̂k ∈ R

n̂k×1 with n̂k = nk − 2 for k ∈ NN . Note that
the actuators for the individual systems are not required to have the same dynamical
order. Furthermore, we allow the actuator dynamics to be influenced by the velocity of
the agents through the matrices D̂k.
We want to synchronize the output and the velocity of the individual agents and the

synchronous solutions shall correspond to the solutions of an agent with an ideal actuator.
This determines the choice

S =

(

0 1
0 0

)

, R =
(

1 0
)

for the matrices modeling the virtual exosystem. By Lemma 5.11, we know that the
Francis equations (6.4) are solvable if the individual systems do not have invariant zeros
at the origin. In the present case this implies solvability of

(

Âk B̂k

Ĉk 0

)(

πk,32
λk,2

)

= −
(

D̂k

0

)

for πk,32 ∈ Rn̂k×1 and λk,2 ∈ Rpk×1 for all k ∈ NN . With these quantities, the solution to
the Francis equations (6.4) read

Πk =





1 0
0 1
0 πk,32



 , Λk =
(

0 λk,2
)

.

If D̂k = 0, we have πk,32 = 0 and λk,2 = 0, i.e., Λk = 0. This is explained by the fact

that, if D̂k = 0, the individual system with uk(t) ≡ 0 admits an invariant subspace with
the property that the dynamics restricted to that subspace corresponds the the dynamics
of the virtual exosystem, i.e., no internal model is needed to guarantee existence of the
desired steady state of the individual system with dynamic coupling controller.
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Figure 6.2: Evolution of the system outputs yk(t), k ∈ N4 (a) and the corresponding
internal reference signals ζk,1(t), k ∈ N4 (b) of the closed loop double integrator
dynamics with different dynamic actuators. In (b), vertical lines indicate the
time instances when changes in the interconnection topology occur.

In a simulation study, we consider a group of four individual systems with n̂k = 1 and
pk = 1 for k ∈ N4 and parameters {Âk, B̂k, Ĉk, D̂k} chosen as {−1, 1, 1, 0}, {−10, 2, 1, 0},
{−2, 1, 1,−10}, and {−2, 1, 1,−1} respectively, i.e., the first system has a slow indepen-
dent actuator, the second system has a fast independent actuator, the third system’s
actuator is strongly influenced by the corresponding agent’s velocity, and the fourth sys-
tem’s actuator is mildly influenced by the corresponding agent’s velocity. The feedback
gains Kk and the observer gains Jk, k ∈ N4 are chosen using an LQG design for each
individual system independently. The time-varying communication topology is assumed
periodic with period T = 8 with

E(κT + t) =























{(v1, v2)}, for t ∈
[

0, T
4

)

,

{(v2, v3)}, for t ∈
[

T
4
, T
2

)

,

{(v3, v4)}, for t ∈
[

T
2
, 3T

4

)

,

{(v4, v1)}, for t ∈
[

3T
4
, T
)

for any κ ∈ N
⋃{0} and wk,j(t) ∈ {0, 1}, i, j ∈ N4. Initial conditions are chosen randomly.

Figure 6.2(a) shows the system responses yk(t), k ∈ N4. Figure 6.2(b) shows the
corresponding controller states ζk,1, k ∈ N4 which are exponentially synchronized with the
approach described in Theorem 3.22. It can be seen in Figure 6.2(b) that the controllers
synchronize quickly, i.e., the individual systems evolve independently from each other
most of the time. The difference between the outputs depicted in Figure 6.2(a) and the
references in Figure 6.2(b) are due to observer and tracking errors as well as the different
actuator dynamics of the individual systems.
With this example, we conclude the linear case. We showed that solvability of the

Francis equations is necessary and sufficient for solvability of the Linear Heterogeneous
Output Synchronization Problem 6.1 under mild technical assumptions. We cannot hope
for such a general result in case of nonlinear networks. However, some of the ideas used
for linear systems will be useful for synchronization of nonlinear oscillators discussed in
what follows.
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6.2 Synchronization of Nonlinear Oscillators

6.2.1 Problem Setup

The problem considered here is a particular case of the nonlinear heterogeneous output
synchronization problem introduced in Section 5.2.1. We consider a network of N expo-
nentially stable oscillators modeled as

ẋk(t) = fk(xk(t)) + bkuk(t) (6.7)

with state xk(t) ∈ Rnk , input uk(t) ∈ R and fk : Rnk → Rnk locally Lipschitz for
k ∈ NN . The reason for assuming the input to enter the dynamics linearly is mainly
for ease of presentation of the results below. It is not completely obvious how to define
synchronization in the above network in a meaningful way. Thus, we will define the
outputs to be synchronized later on, after some preliminary discussions. We assume that,
in absence of exogenous signals, i.e., for uk(t) ≡ 0, all of the above systems admit a
particular solution xk(t) = γk(t) which is defined for all t ∈ R, non-constant, and periodic
with period Tk, i.e., γk(t) = γk(t+Tk) for all t ∈ R. We denote the corresponding periodic
orbit as Γk , γk(R) ⊂ Rnk , i.e., the periodic orbit Γk is the locus of the periodic solution
γk(·). The frequency of the periodic solution γk(t) is defined in the usual way as ωk ,

2π
Tk
.

We are interested in the particular case when all solutions of (6.7) with uk(t) ≡ 0 starting
in a neighborhood of Γk converge to a solution contained in Γk exponentially fast. In that
case, we call Γk an exponentially stable limit cycle, formally defined below.

Definition 6.5 (Exponentially Stable Limit Cycle, Asymptotic Phase). Let fk : Rnk →
Rnk locally Lipschitz and xk(t) = γk(t) a periodic solution to (6.7) with uk(t) ≡ 0 of
frequency ωk and periodic orbit Γk , γk(R).
The periodic orbit Γk ⊂ Rnk is an exponentially stable limit cycle for (6.7) with uk(t) ≡

0, if there exists some neighborhood Uk ⊂ Rnk of Γk, constants µ,M ∈ R+, and a map
θk : Uk → S

1 with the property that

∥

∥

∥

∥

xk(t)− γk

(

t +
1

ωk

θk(xk(0))

)∥

∥

∥

∥

≤Me−µt

∥

∥

∥

∥

xk(0)− γk

(

1

ωk

θk(xk(0))

)∥

∥

∥

∥

holds along solutions xk(t) to (6.7) uniformly in initial conditions xk(0) ∈ Uk and t ∈ R+.
Given any xk ∈ Uk, the value ϕk = θk(xk) is called the asymptotic phase of xk with

respect to the periodic solution γk(·).

Exponential stability of limit cycles is a common assumption in the analysis of oscilla-
tory systems (see Hoppensteadt and Izhikevich, 1997, Izhikevich and Ermentrout, 2008).
This assumption guarantees that the asymptotic phase exists and the map θk(·) is well
defined in a neighborhood of the periodic orbit and is a key assumption for many more
results. Beyond those technical reasons, there is a systems theoretic reason to assume
exponential stability of the limit cycles. Namely, without this particular property, also
commonly referred to as hyperbolicity (see Fenichel, 1972), the limit cycle is non-robust
in the sense that arbitrarily small perturbations may be enough for a bifurcation to occur
and the limit cycle to disappear.
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The concept of asymptotic phase will be important in what follows and is worth being
discussed in some more detail. To this end, we define the phase of some point xk ∈ Γk,

i.e., a point on the limit cycle, as the unique value ϕk ∈ S1 satisfying xk = γk

(

1
ωk
ϕk

)

.

Note that with this definition, the phase of a point on the limit cycle is identical to its
asymptotic phase. Since all solutions to (6.7) with uk(t) ≡ 0, which start in a neighbor-
hood of the limit cycle, converge to a particular periodic solution, it is natural to define
the asymptotic phase of those solutions as the phase of the limiting periodic solution.
This is exactly the asymptotic phase defined above. With theses definitions, the phase
and asymptotic phase satisfy the differential equation ϕ̇k(t) = ωk. It should be noted that
the phase and asymptotic phase are defined relative to the solution γk(·), which is unique
modulo time shifts. That is, the choice of a particular solution γk(·) determines the point
on the limit cycle which has zero phase.

Synchronization in networks of oscillators is usually understood as synchronization of
the oscillators’ phases. That is, in the above network, we would say that the oscillators are
synchronized if ϕk(t) = θk(xk(t)) = θj(xj(t)) = ϕj(t) holds identically for all times t ∈ R

for all j, k ∈ NN . We know from the internal model principle discussed in Chapter 5 that
dynamic controllers are required for this to be possible, unless ωk = ωj for all j, k ∈ NN .

In fact, for every individual oscillator, a dynamic controller needs to be designed which
embeds an internal model of some common virtual exosystem in the local closed loop in
such a way that the closed loop possesses a steady state with the property that the steady
state dynamics are characterized by the virtual exosystem dynamics. We explained ear-
lier that the virtual exosystem is a degree of freedom in the design procedure, i.e., one
can choose the type of synchronous trajectories by appropriately choosing the virtual ex-
osystem. However, since we are interested in synchronization of oscillators in the present
case, we want to maintain the oscillatory behavior of the uncoupled systems in the cou-
pled network and in particular in steady state, i.e., once the systems are synchronized.
Therefore, we are interested in solutions with a virtual exosystem that exhibits oscillatory
behavior, i.e., we impose the virtual exosystem as η̇(t) = ω̂, η(t) ∈ S

1 for some target
frequency ω̂ ∈ R+, which is the simplest model for an oscillator. We denote the period of
this virtual exosystem as T̂ = 2π

ω̂
.

The most proximate solution then seems to be the one which does not change the limit
cycles, i.e., the steady state locus, of the individual systems, but uniformly speeds up or
slows down the oscillators on their limit cycles such that they all oscillate with the common
frequency ω̂ of the virtual exosystem. Yet, this cannot be achieved in general without
further assumptions on the individual systems, since this would require the possibility to
design a control which yields a constant influence tangent to the limit cycle and which
has no effect transverse to the limit cycle. Thus we relax the problem in two ways. The
first relaxation concerns the steady state locus of the individual oscillators. Instead of
requiring the limit cycle of the controlled system to coincide with the limit cycle Γk ⊂ Rnk

of the open loop system, we allow the controller to modify the steady state locus yielding
a controlled limit cycle Γ̂k ⊂ Rnk . We only require Γ̂k to be contained in the domain
of the phase map θk(·) and to satisfy θk(Γ̂k) = S1. The synchronized network will then
admit periodic solutions γ̂k : R → Γ̂k, k ∈ NN of period T̂ and we can define controlled
asymptotic phase maps θ̂k : Ûk → S1 in some neighborhood Ûk of Γ̂k using Definition 6.5.
The second relaxation concerns the question when we consider a group of oscillators to be
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Figure 6.3: Unforced and forced limit cycles Γk and Γ̂k for a Van der Pol oscillator (a)
with evolution of the phases θ̂k(γ̂k(t)) and θk(γ̂k(t)) (b) for the forced peri-
odic solution γ̂k(t) defined relative to the unforced periodic solution γk(t) and
relative to the forced periodic solution itself respectively.

synchronized. Instead of requiring ϕk(t) = ϕj(t) for all times t ∈ R and all j, k ∈ NN , we
only require this condition to hold true for all t ∈ R such that ϕk(t) = 0 for some k ∈ NN .
If we choose the controlled periodic solutions γ̂k(·) such that θk(γ̂k(0)) = 0, k ∈ NN , this
corresponds to the condition ϕ̂k(t) = θ̂k(xk(t)) = θ̂j(xj(t)) = ϕ̂j(t) identically for all t ∈ R

and all j, k ∈ NN .

To illustrate these relaxations, suppose we are interested in synchronizing an ensem-
ble of analogue metronomes and assume the phase is defined such that the metronomes
produce a click whenever the phase is zero. Then the above definition means that the
metronomes, if they are synchronized, produce clicks simultaneously, but we do not re-
quire the pendulums of the metronomes to move exactly synchronously and we allow the
pendulums to move differently for the controlled system than for the open loop system.
An example of a limit cycle Γk compared to a controlled limit cycle Γ̂k is given in Fig-
ure 6.2(a). The asymptotic phase ϕ̂k(t) = θk(γ̂k(t)) of the controlled periodic solution
γ̂k(t) defined relative to the unforced periodic solution γk(t) is exemplarily depicted in
Figure 6.2(b).

With the above problem statement and in view of the internal model principle presented
in Chapter 5, the first step in designing the dynamic coupling controllers for the network
(6.7) is to find dynamic controllers that ensure existence of limit cycles Γ̂k and asymptotic
phase maps θ̂k : Ûk → S1 defined in a neighborhood Ûk of Γ̂k such that in the local closed

loop systems ∂θ̂k(xk)
∂xk

f(xk) + buk = ω̂ holds for all k ∈ NN . That is, the dynamic coupling
controllers need to be such that the dynamics of the controlled individual systems on
Γ̂k correspond to the virtual exosystem dynamics. In the linear case, the corresponding
steady state dynamics was imposed using a standard tracking controller. For the case
of nonlinear oscillators, a tracking controller is hard to design. In particular, it would
require a priori knowledge of the controlled limit cycles Γ̂k, k ∈ NN . For this reason, we
use a different approach here. Namely, we use entrainment of oscillators to guarantee the
desired steady state behavior of the individual oscillators.
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6.2.2 Entrainment of Oscillators by Small Periodic Forcing

Exponentially stable limit cycles possess some useful properties that will be partially
exploited in what follows. In particular, exponentially stable limit cycles are structurally
robust. In fact any exponentially stable limit cycle Γk of some oscillator (6.7) is an
attractive normally hyperbolic invariant manifold, i.e., convergence to the manifold is
exponentially fast and contraction on the manifold is slower than convergence to the
manifold (see Fenichel, 1972 or Hoppensteadt and Izhikevich, 1997, Section 4.3). This
implies that Γk persists under small perturbations. We will be interested in the case
when small periodic forcing yields a perturbed limit cycle Γ̂k for the oscillator (6.7) with
the period of the forcing.
A key tool in this analysis is the reduction of the oscillator dynamics (6.7) to a simple

one-dimensional phase model. By definition of the maps θk : Uk → S1 (see Definition 6.5),
we know that for uk(t) ≡ 0 the asymptotic phase ϕk(t) = θk(xk(t)) satisfies

ϕ̇k(t) = ωk

for all k ∈ NN (see Hoppensteadt and Izhikevich, 1997, Izhikevich, 2007, Izhikevich and
Ermentrout, 2008, Pikovsky et al., 2001). If we let uk(t) = εk cos(ω̂t) for some small
parameter εk ∈ R+ and some frequency ω̂ ∈ R+, we obtain a perturbed version of the
phase model as

ϕ̇k(t) = ωk + εk 〈qk(ϕk(t)), bk〉 cos(ω̂t) +O(ε2k) (6.8)

where 〈·, ·〉 denotes the standard inner product in Rn. The map qk : S1 → S1 is the
infinitesimal phase response curve (iPRC) for the kth oscillator. It accounts for effects
of the input tangent to the limit cycle while the higher order terms in εk account for
perturbations of the locus of the limit cycle. For any k ∈ NN , the iPRC qk : S1 → S1 can
be obtained as the unique periodic solution to the adjoint problem

dqk(ϕk)

dϕk

= − 1

ωk

{Dfk(γk(ϕk/ωk))}T qk(ϕk)

satisfying the normalization condition 〈qk(0), f(γk(0))〉 = 1. (Malkin’s Theorem, see
Izhikevich, 2007). Defining the phase difference χk(t) , ϕk(t) − ω̂t and the normalized
frequency mismatch νk , (ωk − ω̂)/εk yields

χ̇k(t) = εkgk(χk(t), t, εk)

with
gk(χk, t, εk) , ν + 〈qk(χk + ω̂t), bk〉 cos(ω̂t) +O(εk)

for k ∈ NN . Thus, if νk and εk are small enough, the phase difference χk(t) varies slowly
compared to the forcing phase ω̂t and averaging can be applied to obtain approximations
χk(t) ≈ ϑk(t) with

ϑ̇k(t) = εkgk(ϑk(t)) +O(ε2k), (6.9)

where gk is defined as

gk(ϑk) ,
1

T̂

∫ T̂

0

g(ϑk, t, 0)dt
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for all k ∈ NN . If (6.9) has a hyperbolic equilibrium, then χk(t) = ϑk(t)+O(εk) uniformly
in t ∈ R+, i.e., the approximation is valid for all times t ∈ R+. Details can be found in
Hoppensteadt and Izhikevich (1997, Chapter 9).
The maps gk are 2π-periodic in ϑk. Its precise form depends on the vector fields fk(xk)

and on the forcing signal. Using the fact that uk(t) = εk cos(ŵt) if harmonic forcing is
applied, we can however predict the general form of gk with the help of the following
lemma:

Lemma 6.6. Let Q : R → R be a 2π-periodic map. Then there exist a ∈ R and ϑ̂ ∈ S1

such that
1

T̂

∫ T̂

0

Q(ϑ+ ω̂t) cos(ω̂t)dt = a cos(ϑ+ ϑ̂).

Proof. Consider the change of variables ϕ = ϑ− ω̂t to obtain

1

T̂

∫ T̂

0

Q(ϑ+ ω̂t) cos(ω̂t)dt =
1

2π

∫ ϑ+2π

ϑ

Q(ϕ) cos(ϕ− ϑ)dϕ

=
1

2π

∫ 2π

0

Q(ϕ) cos(ϕ− ϑ)dϕ.

Using the identity cos(ϕ − ϑ) = cos(ϕ) cos(ϑ) + sin(ϕ) sin(ϑ), terms in ϑ can be pulled
out of the integral and the lemma follows.

Defining Qk(ϕk) , 〈qk(ϕk), bk〉 , k ∈ NN , we know by the above lemma that there exist
gains ak ∈ R and phase shifts ϑ̂k ∈ S

1, k ∈ NN such that

gk(ϑk) = νk + ak cos(ϑk + ϑ̂k)

for all k ∈ NN . As a consequence, for εk and νk small enough, the averaged phase
difference equation (6.9) possesses a unique exponentially stable equilibrium, i.e., the
phase difference χk(t) = ϕk(t)− ω̂t will become constant on average and the asymptotic
behavior of the oscillators (6.7) is entirely determined by the forcing signal.
Thus, in particular, the forced oscillators (6.7) admit periodic solutions γ̂k(·) and limit

cycles Γ̂k = γ̂k(R) and it is possible to define an asymptotic phase map θ̂k : Ûk → S1 in
some neighborhood Ûk of Γ̂k relative to the solution γ̂k(·), such that ϕ̂k(t) = θ̂k(γ̂k(t))
satisfies ˙̂ϕk(t) = ω̂ for all t ∈ R. With a constant phase shift, i.e., uk = εk cos(ŵt + ξ̂k)
for some constant ξ̂k ∈ S

1, we can moreover achieve that θ̂k(γ̂k(t)) = 0 if and only
if θk(γ̂k(t)) = 0. The example depicted in Figure 6.3 shows the limit cycles and phase
evolutions of a forced Van der Pol oscillator ẋk,1(t) = −3(x2k,2(t)−1)xk,1(t)−xk,2(t)+uk(t),
ẋk,2(t) = xk,1(t) with u(t) = cos(ωkt + ξ̂k) where ωk ≈ 0.709 is the natural frequency of

the unforced oscillator and ξ̂k ≈ π/3.
The above result can be interpreted in terms of the internal model principle from

Chapter 5 as follows: The virtual exosystem is defined as ξ̇(t) = ω̂, η(t) = ξ(t) with
ξ(t) ∈ S1. Define the maps πk : S1 → Γ̂k and λk : S1 → R as πk(ξ) , γ̂k(ξ/ω̂) and
λk(ξ) = εk cos(ξ + ξ̂k). If we consider θ̂k(xk) as the oscillators output, the FBI equations
read

∂γ̂k(ξ/ω̂)

∂ξ
ω̂ = fk(γ̂k(ξ/ω̂)) + bεk cos(ξ + ξ̂k)

ξ = θ̂k(γ̂k(ξ/ω̂))
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for all k ∈ NN . The equations are trivially satisfied. Substituting ξ/ω̂ = t in the first
equation yields exactly the defining equation (6.7) for the oscillator with input uk(t) =
ε cos(ω̂t + ξ̂k) evaluated along the forced solution γ̂(t) which was obtained using exactly
that input. The second equation reduces to the definition of the phase map θ̂k(xk) for
xk ∈ Γ̂k. It turns out in this particular case, that the dynamic controller

żk(t) = ω̂ (6.10a)

uk(t) = εk cos(zk(t) + ξ̂k) (6.10b)

with state zk ∈ S1, which is obtained as a copy of the virtual exosystem with uk(t) =
λk(zk(t)), not only renders the set {(xk, zk) ∈ Rnk ×S1|xk = πk(zk), zk ∈ S1} invariant but
it also renders this set locally exponentially attractive for all k ∈ NN . That is, using the
stability and robustness properties of exponentially stable limit cycles mentioned at the
outset of this section, a feedforward control is enough to achieve invariance and attractivity
of the controlled steady state of the oscillators. Comparing the controller (6.10) to the
linear tracking controllers (6.5), the control uk(t) defined in (6.10b) corresponds to the
feedforward part Λkζk(t) in the control (6.5c). The feedback part Kk(x̂k(t) − Πkζk(t))
from (6.5c) has no counterpart in (6.10b) since attractivity of the steady state set defined
above comes for free in the case of exponentially stable limit cycles.

It must be noted that the above convergence results are local results due to different
reasons. If the unforced systems (6.7) with uk(t) ≡ 0 possess non-trivial invariant subsets
of their state spaces other than the limit cycles Γk ⊂ Rn, k ∈ NN , it is likely that the
forced systems possess invariant sets other than the forced limit cycle Γ̂k ⊂ Rn, k ∈ NN .
Furthermore, the averaged phase difference equation (6.9) always possesses an unstable
equilibrium, i.e., there exist sets Γ̃k (possibly identical to Γ̂k) and maps π̃k : S1 → Γ̃k for
all k ∈ NN such that the set Γ̃∗

k , {(xk, zk) ∈ Γ̃k × S1|xk = π̃k(zk), zk ∈ S1} is an unstable
limit cycle for the closed loop system. If the unforced oscillator possesses a unique limit
cycle and all other invariant sets are unstable, almost all solutions of the closed loop
system will converge the forced limit cycle Γ̂k.

6.2.3 Phase Synchronization through Entrainment by a Consensus

Input

Based on the discussion above and guided by the result for linear systems from Section 6.1,
we can state the following result:

Theorem 6.7. Let G(t) = {V, E(t),W (t)} be some communication graph with |V| = N >
1 and Laplacian matrix L(t). Let fk : Rnk → Rnk be such that the oscillators (6.7) with
uk ≡ 0 possess unique, exponentially stable limit cycles Γk ⊂ Rnk of period Tk ∈ R+ and
frequency ωk ∈ R+ and no other stable invariant sets for all k ∈ NN and let bk ∈ R

n such
that 〈qk(ϕk), bk〉 6≡ 0 where qk : S

1 → S1 is the iPRC of the kth system.

If maxk∈NN
ωk − mink∈NN

ωk is sufficiently small, then there exist ω̂ ∈ R+, εk ∈ R+,
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ζk(t)ζk(t)

uk(t)

δk(t) δk(t)

λk(·)

ζ̇k(t) = Sζk(t) + δk(t)

ẋk(t) = fk(xk(t)) + bkuk(t)

Figure 6.4: Block diagram of individual oscillator with dynamic coupling controller.

and ξ̂k ∈ S1, for all k ∈ NN such that the dynamic couplings

ζ̇k(t) =

(

0 −ω̂
ω̂ 0

)

ζk(t) + δk(t) (6.11a)

uk(t) =







εk
‖ζk(t)‖

(

cos
(

ξ̂k

)

, sin
(

ξ̂k

))

ζk(t), ‖ζk(t)‖ 6= 0

0, ‖ζk(t)‖ = 0
(6.11b)

δk(t) = −
N
∑

j=1

wk,j(t)(ζk(t)− ζj(t)) (6.11c)

ensure synchronization of the network (6.7) for almost all initial conditions xk(0) ∈ Rnk ,
ζk(0) ∈ R2, k ∈ NN .

Proof. By the discussion of Section 6.2.2, uk(t) = εk cos(ω̂t+ ξ̂k) yields entrainment with
exponential convergence rate for almost all initial conditions.
Furthermore, by Theorem 3.22, uk(t) − εk cos(ω̂t + ξ̂k + t0) → 0 exponentially fast as

t → ∞ for almost all initial conditions ζk(0) ∈ R
2 (in fact all initial conditions that do

not yield consensus of the systems (6.11a) at the origin). We can assume without loss of
generality that t0 = 0.
Since the forced limit cycles Γ̂k, k ∈ NN are normally hyperbolic attractive manifolds

(see Fenichel, 1972), it follows that solutions converge to arbitrary small neighborhoods of
Γ̂k, k ∈ NN in finite time. Thus, in particular, they converge in finite time to the domain
of validity of the linearization about the periodic solution.

The structure of the dynamic coupling controller (6.11) is depicted in Figure 6.4. It is
very similar to the structure of the dynamic coupling controller (6.5) used in the linear
case in Section 6.1.2 and depicted in Figure 6.1. The only structural difference is that the
feedback term x̂k(t)−Πkζk(t) is missing in the couplings (6.11). The reason for this is that
attractivity of the steady state set is guaranteed by feedforward control only, as explained
in Section 6.2.2. Thus, once the internal models are synchronized, synchronization is
achieved by a stimulus or forcing signal which is common to all individual systems. Similar
mechanisms are popular, e.g., in synchronization problems for populations of neurons (see
Bulsara et al., 1996).
Compared to the controller (6.10) proposed in Section 6.2.2 to achieve entrainment,

the dynamic coupling controllers (6.11) proposed in the above theorem looks a bit more
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6.2 Synchronization of Nonlinear Oscillators

Table 6.1: Comparison of Theorem 6.7 to existing results for synchronization of nonlinear
oscillators.

Slotine and Wang
(2004)

Stan and Sepul-
chre (2007)

Theorem 6.7

Idea Contraction
Analysis

Dissipativity Consensus and
Entrainment

Couplings static, diffusive dynamic
Graph balanced, connected directed,

uniformly connected
Systems identical,

partial contraction
property

identical,
incrementally pas-
sive

non-identical,
exponentially stable
limit cycles

complicated at first glance. However, the two are closely related and (6.11) with δk(t) ≡ 0
is obtained from (6.10) by adding a second state rk(t) ∈ R with dynamics ṙk(t) = 0 and
using the transformation ζk(t) = (rk(t) cos(zk(t)), rk(t) sin(zk(t)))

T for rk(t) = ‖ζk(t)‖ 6= 0.
We choose the slightly more complicated representation (6.11) for the dynamic coupling
controllers in order to be able to apply Theorem 3.22. With this choice, the steady state
locus of the local closed loops of the oscillators (6.7) with the dynamic coupling controllers
(6.11) can be defined as {(xk, ζk) ∈ Rnk × R2|xk = θ̂k(arg(ζk,1 + jζk,2) + ξ̂k), ‖ζk‖ > 0}.
The steady state dynamics are thus defined by an internal model of a linear harmonic
oscillator and synchronization is achieved by synchronizing these internal models, exactly
as in the linear case considered in Section 6.1.

In order to apply the control (6.11), it is necessary to know the precise phase shifts
ξ̂k, k ∈ NN for all oscillators in the group. This generally requires either precise knowledge
of the oscillator models or the possibility to determine the phase shifts experimentally.
In many cases, neither of the two is possible. Furthermore, if the phase shifts ξ̂k are
determined incorrectly, this will result in synchronization errors that do not decay to
zero. To overcome this problem, it is a straightforward extension of the dynamic coupling
control (6.11) to determine the phase shifts ξ̂k adaptively by a slow feedback loop added on
top of the controller (6.11). Using again the example of the metronomes introduced in the
problem setup, the simple idea is to adjust the phase shift ξ̂k by a small amount every time
the metronome produces a click, such that arg

(

(cos(ξ̂k), j sin(ξ̂k))ζk(t)
)

becomes closer to
zero. We will not further pursue this approach here.

6.2.4 Discussion

The result presented in Theorem 6.7 is, to the author’s best knowledge, the first result for
synchronization of nonlinear oscillators over uniformly connected communication graphs.
Existing results like Slotine and Wang (2004), Stan and Sepulchre (2007), Wang and
Slotine (2005) usually allow for synchronization over fixed and balanced communication
topologies using static diffusive couplings. In addition the only requirement imposed by
Theorem 6.7 on the individual systems is existence of an exponentially stable limit cycle. It
has been argued in the problem statement already, that this assumption is often reasonable
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and does not impose an important restriction. Since limit cycles that are not exponentially
stable are not structurally robust, they are rarely observed in physical systems. As a
matter of fact, the conditions imposed on the individual systems by Slotine and Wang
(2004), Stan and Sepulchre (2007), Wang and Slotine (2005) imply exponential stability
of the limit cycles under consideration. The results mentioned above are compared to the
result proposed in Theorem 6.7 in Table 6.1.
Similarly to the linear case, where we showed that the dynamic couplings (6.6) pro-

posed by Scardovi and Sepulchre (2009) can be used with very small changes to allow for
synchronization among non-identical systems, the coupling dynamics (6.11) proposed in
Theorem 6.7 allow for synchronization among non-identical oscillators. The permissible
heterogeneity is limited in the approach presented here since the difference in the unforced
frequencies of the oscillators needs to be small. In addition, the precise meaning of small
depends on the specific oscillators. In fact, it boils down to the question to what range of
frequencies a given oscillator can be entrained by harmonic forcing. That question has no
generic answer. Despite this restriction, the proposed dynamic couplings are much more
flexible than static diffusive couplings. In fact, it is a consequence of the internal model
principle discussed in Chapter 5, that it is impossible to synchronize oscillators with dif-
ferent frequencies by means of static diffusive couplings. Thus, the coupling dynamics
clearly allow for solutions with increased system and topological complexity.
In contrast to most of the existing approaches, that are typically based on static diffusive

couplings, we use diffusive couplings only to synchronize the linear internal models of some
virtual exosystem embedded in the local closed loop systems by means of dynamic coupling
controllers. This allows to apply Theorem 3.22 and thereby, we can guarantee exponential
synchronization of the internal models over uniformly connected communication graphs.
Synchronization among the oscillators (in the sense defined in the problem statement) is
achieved on a local level of the hierarchical approach using entrainment by small periodic
forcing with the forcing signal produced by the synchronized internal models.
On the one hand, it has been argued already that the entrainment taking place on the

local level of hierarchy is purely a feedforward effect. Static diffusive couplings on the other
hand are purely a feedback mechanism. We know from Chapter 5 that feedforward control
is generally necessary for synchronization among non-identical systems and illustrated in
this chapter why it is also sufficient in case of exponentially stable oscillators. But besides
the implication for heterogeneous networks, the fact that only feedforward control is used
has an important influence on the sensing and communication capabilities that are needed
for synchronization.
While synchronization by means of static diffusive couplings requires only fairly simple

sensing capabilities, namely only relative sensors are needed, synchronization by means
of entrainment does not require any sensors at all, simply because it is a feedforward
mechanism. This might be an important advantage especially in the case of nonlinear
oscillators, where it is often difficult or even impossible to sense relative or absolute states.
Simple improvements, like an adaptive control to determine the phase shifts ξ̂k can be
implemented based on sensors that merely detect zero phase times. While it might be
convenient to do without or with very simple sensors, there is of course some downside:
The approach of Theorem 6.7 requires some communication network to exchange relative
controller states. However, the amount of information, that needs to be communicated
over the network is small, since we only require uniform connectedness of the communica-
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Table 6.2: Parameter values for Van der Pol oscillators considered in simulations.

k 1 2 3 4 5

µk 2 3 4 5 6
ωk 0.8235 0.7092 0.6158 0.5411 0.4810
Tk 7.630 8.859 10.20 11.61 13.06
εk 1 1 1 1 1

ξ̂k 4.303 4.827 5.176 5.480 5.814

tion graph. Thus, our approach requires no sensing and simple communication networks
while approaches based on static diffusive couplings require fairly simple sensing capa-
bilities and no high-level communication network. Both setups are of potential use in
different applications.
Finally, we comment on the rate of convergence. Theorem 6.7 requires the gains εk, k ∈

NN to be sufficiently small. However, the values εk directly influence the convergence speed
as seen from the averaged phase difference equation (6.9). Thus, it is not possible to give
any convergence bounds. The admissible values for εk, k ∈ NN crucially depend on the
specific oscillators. As a rule of thumb, one can say that the faster solutions converge to
the limit cycle of the unforced oscillator, the larger the gains εk can be tuned.

6.2.5 Example

As an example, we consider a network of Van der Pol oscillators modeled as

ẋk(t) =

(

xk,2(t) + µk

(

xk,1(t)− 1
3
x3k,1(t)

)

−xk,1(t)

)

+

(

0
1

)

uk(t)

with state vector xk(t) ∈ R2, input uk(t) ∈ R, and parameter µk ∈ R+ for k ∈ NN .
The Van der Pol oscillator is a popular member of the class of Liénard systems (see
Liénard, 1928, Slight et al., 2008) for which existence and uniqueness of the limit cycle
can be shown. Furthermore it is well-known that the unique limit cycle of the Van der
Pol oscillator is exponentially stable (see Grasman et al., 2005). The parameter µk has
a strong influence on the steady state behavior of the Van der Pol oscillator. For small
values of µ, the Van der Pol oscillator is very similar to a linear harmonic oscillator while
for large values of µ, relaxation oscillations are observed. Moreover, for increasing values
of µ, the frequency of oscillation of the unforced Van der Pol oscillator decreases.
To pose the synchronization problem among a group of Van der Pol oscillators with

possibly non-identical parameter values µk, k ∈ NN , we need to define the zero phase
points, i.e., the points on the respective limit cycles that should be visited by the syn-
chronized oscillators simultaneously. We define the phase to be zero if xk,2(t) = 0 with
positive derivative for all k ∈ NN . Of course, any other choice would be possible. This
choice merely affects the phase shifts ξ̂k ∈ S1, k ∈ NN .
Below, we will give simulation results for a group of 5 Van der Pol oscillators with

parameter values given in Table 6.2. We choose the frequency ω̂ of the virtual exosystem,
i.e., the target frequency for the synchronized network to be identical to the unforced
frequency of the third oscillator, i.e., ω̂ = ω3. Note that the frequency mismatch between
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(a) Oscillator states.
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(b) Dynamic coupling states.

Figure 6.5: Synchronization of non-identical Van der Pol oscillators (a) by entrainment
with a synchronized harmonic forcing signal (b).

the individual oscillators is important. The frequency of the fastest oscillator is more than
70% bigger compared to the frequency of the slowest oscillator. The parameters εk have
been chosen as εk = 1, k ∈ NN and the parameters ξ̂k, k ∈ NN have been determined in
simulations as given in Table 6.2.
The communication graph used to synchronize the internal models is assumed, similarly

to the graph considered in Section 6.1.4, periodic with period T = 75 with

E(κT + t) =































{(v5, v1)}, for t ∈
[

0, T
5

)

,

{(v1, v2)}, for t ∈
[

T
5
, 2T

5

)

,

{(v2, v3)}, for t ∈
[

2T
5
, 3T

5

)

,

{(v3, v4)}, for t ∈
[

3T
5
, 4T

5

)

,

{(v4, v5)}, for t ∈
[

4T
5
, T
)

for any κ ∈ N
⋃{0} and wk,j(t) ∈ {0, 1}, i, j ∈ N4. That is, the graph contains exactly

one edge at any fixed time t and the union graph over one period T is a directed cycle.
Simulation results are depicted in Figure 6.5. Figure 6.5(b) shows the state components

ζk,2(t), k ∈ N5 of the dynamic coupling controller. After only a few periods of oscillation,

116



6.3 Summary

they converge to a common harmonic forcing signal. Figure 6.5(a) shows the oscillator
state components xk,2(t), k ∈ N5. The synchronization objective, namely xk,2(t) = 0 to
occur simultaneously for all k ∈ N5, is obviously achieved after some periods of oscillation.
However, due to heterogeneity of the network, the oscillator state trajectories are clearly
not synchronized identically for all times, as expected.

6.3 Summary

In this chapter, we derived sufficient conditions for synchronization among non-identical
systems based on the ideas and the understanding gained from the discussion of the
necessary conditions given in Chapter 5.
The first part of this chapter was devoted to synchronization of non-identical linear

systems. We were able to give a very general result in that case (see Wieland and Allgöwer,
2009a). Namely, if the individual systems are stabilizable and detectable, the internal
model principle is necessary and sufficient for synchronization of heterogeneous linear
networks. In addition, the internal model requirement given in Corollary 5.8 can always
be satisfied for some linear virtual exosystem. The admissible virtual exosystems are only
constrained to not contain poles at the zeros of the individual systems. Furthermore,
the virtual exosystems must not contain poles in the open right-half complex plane for
consensus over uniformly connected communication networks to be applicable, i.e., we
need to exclude exponentially unstable synchronous trajectories. The solution proposed
for linear systems consists of two levels of hierarchy: on the network level of the hierarchy,
consensus results from Chapter 3 are used to synchronize internal models while on the
local level of the hierarchy, dynamic tracking controllers are implemented to make the
individual systems track the synchronized internal models. It was argued that coupling
dynamics are needed to cope with both uniformly connected communication graphs and
non-identical system dynamics.
In the second part of this chapter, a similar hierarchical approach was used for syn-

chronization of non-identical nonlinear oscillators. The network level of the hierarchy
was exactly the same as in the linear case, namely we used results from Chapter 3 to
synchronize internal models of some linear virtual exosystem. For the case of synchro-
nization of oscillators, the virtual exosystem was modeled as a linear harmonic oscillator.
On the local level of the hierarchy, the tracking controllers used in the linear case have
been replaced by entrainment of oscillators by small periodic forcing. We showed that,
using structural robustness properties of exponentially stable limit cycles, it is possible to
generate an attractive invariant steady state set for the individual oscillators by simply
acting upon the oscillators with a small periodic forcing signal, i.e., a purely feedfor-
ward mechanism. With this result, we were able to propose a synchronization scheme
for nonlinear oscillators representing several improvements over existing results: the only
assumption on the communication graph is uniform connectedness, the only assumption
on the individual oscillators is exponential stability of the limit cycles, and the individual
oscillators may be non-identical, including non-identical unforced frequencies.
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Chapter 7

Conclusions

7.1 Summary and Discussion

We started this thesis with the observation that consensus and synchronization are ev-
erywhere. Numerous phenomena from various scientific and engineering disciplines fun-
damentally rely on consensus and synchronization. In view of this, the objective of the
present thesis was to contribute to an improved systems theoretic understanding of some
mechanisms underlying consensus and synchronization. Diffusive couplings are among the
most important of these mechanisms. They are commonly considered in both consensus
and synchronization problems. For this reason, they constituted the main theme in this
thesis. In Chapters 2 and 3, we focused on classical static diffusive couplings (with minor
modifications in case of consensus with a leader considered in Section 3.4). In Chapters 4
and 6, we presented diffusive couplings extended by dynamic compensators in order to
overcome various limitations inherent to static diffusive couplings and thereby allowing
for increased system and topological complexity of the network.

Together with link complexity, system and topological complexity form the three main
dimensions of complexity for interconnected systems, yielding the complexity cube in-
troduced in Section 1.1. In fact, consensus and synchronization problems for networks
of individual systems pursue very similar objectives and, in both cases, these objectives
are typically achieved by means of diffusive couplings, as e.g. in the Kuramoto model
for synchronization and the Vicsek model for consensus introduced in Section 1.2. Yet,
the two problems are usually classified very differently in the complexity cube. Consen-
sus is often focused on topological complexity, in particular communication constraints,
while synchronization problems are usually more concerned with system complexity. To
understand and possible surmount the tradeoff between topological complexity on the
one hand and system complexity on the other hand, we started by specifying appropriate
models for the communication topology and the individual system dynamics. Specifically,
in this thesis, we considered the case where the communication topology is modeled by
communication graphs – described in detail in Chapter 2 – and the individual systems
are modeled as ODEs.

The topological complexity was expressed in terms of assumptions and preconditions
imposed on the communication graph. Weaker assumptions on the communication graph
lead to increased topological complexity of the network. The best we were able to deal with
were time-varying, directed, and uniformly connected communication graphs (Section 3.3
and Chapters 5, 6). The remaining results required constant, directed, and connected
graphs (Chapters 3, 4). In some instances, stronger results could be obtained by enforcing
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balanced or undirected graphs instead of directed graphs. In order to achieve consensus in
networks of arbitrary, identical LTI systems over constant communication graphs, graph
connectedness is usually not even enough. This is reflected by the conditions provided
in Sections 3.2 and 3.4, which generally depend on the spectrum of the Laplacian matrix
of the communication graph. As a general insight from the analysis of consensus with
static diffusive couplings performed in Chapter 3, we found that weak assumptions on
the communication graph yield constraints on the individual system dynamics and vice
versa. Specifically, consensus over uniformly connected communication graphs requires
full control of the individual system’s states, i.e., the input to be of the same dimension as
the state, and constrains the individual systems to have no exponentially unstable modes.
If the communication graph is assumed constant and connected, with known bounds on the
spectrum of the Laplacian matrix, the requirement of having full control of the individual
system’s states may be dropped and consensus can be achieved for individual systems
modeled by arbitrary, identical LTI systems, independent of their stability properties.
All results from Chapter 3 provide statements about consensus or synchronization by

means of relative state feedback. This can be interpreted as the constraint of having full
information of the individual system’s states, i.e., the output to be of the same dimension
as the system’s state. In classical feedback stabilization problems, similar constraints are
easily removed using observers, yielding a dynamic, stabilizing controller. We showed in
Chapter 4 that the problem of designing observers to be used in conjunction with diffu-
sive couplings is non-trivial. Time-varying communication graphs and the constraint of
relative output sensing that is often relevant in consensus problems yield important addi-
tional challenges. We proposed solutions based on full order and reduced order unknown
input observers for the case of constant communication graphs. The resulting couplings
were interpreted as dynamic generalization of the static diffusive couplings considered in
Chapter 3.
The symmetry inherent to static diffusive couplings, resulting from the fact that only

relative information is used, yields an additional important constraint on the dynamical
models of the individual systems in the network. Namely, the models of the individual
systems need to be similar in a specific sense. This constraint was shown for the case of
a network of identical linear systems with a leader of potentially different dynamics in
Section 3.4. In Chapter 5, the problem of consensus and synchronization in heterogeneous
networks was addressed for linear and nonlinear networks with arbitrary communication
topologies. We obtained an internal model principle for synchronization, saying that a
network of non-identical systems can synchronize only if it is possible to design local
dynamic controllers such that the individual systems together with their local dynamic
controllers embed an internal model of a common virtual exosystem. This shows that
coupling dynamics are needed to synchronize heterogeneous networks. We derived ex-
plicit consentability and synchronizability conditions imposed on the individual system
dynamics. These conditions take the form of linear matrix equations in case of linear
networks and nonlinear partial differential equations in case of nonlinear networks. They
relate the individual system dynamics to the virtual exosystem dynamics. More precisely,
these conditions express the fact that the individual systems possess controlled invariant
subsets of their state spaces with the property that the closed loop dynamics restricted
to these subsets can be controlled to be a copy, i.e., an internal model, of the virtual
exosystem dynamics. The key observation was that any couplings, static or dynamic,
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that yield synchronization in a network of non-identical systems needs to be designed in
such a way that the coupled network possesses a synchronous steady state set, i.e., an
invariant attractive subset of the state space of the complete network with the property
that solutions contained in this set yield identically synchronous outputs. The internal
model conditions enforce existence of an invariant set possessing this property. Since at-
tractivity of this set is not included in the internal model conditions, they are necessary
but in general not sufficient for synchronizability of the network.

We established close links between the internal model principle for synchronization and
the classical internal model principle of control theory of Francis and Wonham (1976) as
well as the theory of linear and nonlinear output regulation. In fact, the internal model
conditions for synchronization correspond to those known from output regulation with the
exosystem replaced by the virtual exosystem. Thus, this thesis connects two important
areas of research in systems and control theory, namely consensus and synchronization on
the one hand and output regulation on the other hand. In contrast to the classical output
regulation problem, there is no autonomous exosystem in synchronization problems. The
virtual exosystem merely exists as part of the dynamical models of the individual systems
with their local controllers. Since all parts in the network potentially influence any other
part in the network, there are multiple feedback loops in the network and, in particular,
there is no exosystem with autonomous dynamics. In addition, since we considered the
case of time-varying communication topologies, those feedback loops may change over
time and the resulting system dynamics are time-varying, i.e., non-autonomous. We
showed that the internal model principle remains valid in this configuration, i.e., despite
the aforementioned differences, synchronization problems and output regulation problems
admit similar necessary solvability conditions.

In Chapter 6, we derived sufficient conditions for the solvability of consensus and syn-
chronization problems for the case of arbitrary linear heterogeneous networks and the
case of networks of non-identical exponentially stable oscillators. In both cases, we used
static diffusive couplings to synchronize internal models. In the linear network, we used
tracking controllers to synchronize the individual systems while in the network of oscil-
lator entrainment by small periodic forcing was used. Both solutions require a high-level
communication network to exchange controller states between the individual systems. It
was shown that this type of dynamic couplings is also beneficial for networks of identical
systems as it allows to relax assumptions and preconditions imposed on the individual
system dynamics and the communication graph.

We thus showed how static diffusive couplings impose various constraints and limita-
tions on systems and topological complexity in consensus and synchronization problems.
We explained how dynamic couplings are suitable to surmount these limitations and to
handle increased system and topological complexity at the same time. In particular, we
demonstrated that dynamic couplings allow for synchronization of heterogeneous networks
with high system complexity over uniformly connected communication graphs.

7.2 Outlook

Throughout this thesis, we considered a very specific definition of consensus and syn-
chronization. Namely, we required outputs or states of a group of individual systems

121



Chapter 7 Conclusions

to be asymptotically the same. This definition may however be too restrictive in some
cases. The discussion of an appropriate problem setup for synchronization of nonlinear
oscillators in Section 6.2 supports this argument. A broad definition of synchronization
is, e.g., given in Blekhman et al. (1997). Since the internal model principle from Chap-
ter 5 merely relies on the property that the individual systems are uncoupled once the
systems are synchronized, it is expected that the results remain valid whenever this spe-
cific property holds true in a network. If this property is not satisfied, the general need
for an appropriate steady state set in the closed loop system will not change; however,
this will not necessarily result in conditions that need to be independently satisfied by
the individual systems. A detailed analysis of the internal model principle for broader
definitions of synchronization may carry over some understanding of the properties and
features of specific notions of synchronization.
Besides restricting our focus to a specific definition of synchronization, we only con-

sidered exact solutions to consensus and synchronization problems in the sense that the
outputs or states were required to be asymptotically exactly identical. Yet, very often it is
enough to guarantee that synchronization errors become asymptotically small. This prop-
erty is sometimes referred to as practical or approximate synchronization (see Blekhman
et al., 1997). Such a type of synchronization implies in particular that couplings do not
vanish asymptotically, i.e., the internal model principle does not hold in the form stated
in this thesis. In Andrews et al. (2006, 2008), an approximate internal model principle has
been proposed in the context of biochemical systems, relating an adaptation error to an
internal model mismatch. It may be interesting to carry this idea over to synchronization
problems and relate the synchronization error to an internal model mismatch.
Another extension of the results presented in this thesis may concern the coupling

mechanism used in the network. It might be interesting to ask what are the distinctive
features of different coupling mechanisms and how do these features affect the results
presented in this thesis. Besides the mechanism of diffusive couplings considered in this
thesis, impulsive couplings and synchronization by a common stimulus are frequently
considered.
Impulsive couplings are, e.g., presumed by Peskin (1975) in a model for synchronization

of pacemaker cells of the heart and they are standard in many other biological models (see
Canavier and Achuthan, 2007, Mauroy and Sepulchre, 2008, Memmesheimer and Timme,
2006, Mirollo and Strogatz, 1990). They have been interpreted in a hybrid systems frame-
work in Goebel et al. (2009). The adaptive determination of the phase shifts discussed in
Section 6.2.3 can be considered as an example for an impulsive mechanism. In contrast to
diffusive couplings, which require continuous sensing of relative states or outputs, impul-
sive couplings require sensors that detect specific events. Similar to diffusive couplings,
impulsive couplings usually have no effect once the network is synchronized.
Synchronization by a common stimulus is popular, e.g., in populations of neurons (Bul-

sara et al., 1996, Izhikevich, 2007). Since synchronization by a common stimulus is a
feedforward mechanism, no sensors are needed in this mechanism. The relevance of feed-
forward control for synchronization among non-identical systems has been highlighted
in Chapters 5 and 6. In fact, the solution presented in Section 6.2 can be interpreted as
synchronization by a common stimulus generated by means of consensus among harmonic
oscillators.
Some distinctive features of the different coupling mechanisms are compared in Ta-
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Table 7.1: Comparison of different mechanisms leading to consensus and synchronization.

Diffusive
Couplings

Impulsive
Couplings

Common
Stimulus

General
Mechanism

continuous
feedback

impulsive feed-
back

feedforward

Sensing
Requirements

relative sensing detection of
events

no sensing

Behavior once
Synchronized

uncoupled when
synchronized

uncoupled when
synchronized

persistently
forced
even when
synchronized

ble 7.1. It is expected that these different features play an important role in achievable
topological and system complexity of the network. Furthermore, it is interesting to in-
terpret the different coupling mechanisms with respect to the internal model principle
derived in this thesis.
The results presented in this thesis may thus serve as a starting point for a sound theo-

retical understanding of consensus and synchronization in a broader sense. In particular,
a profound understanding of the implications and the relevance of different notions of
synchronization and different coupling mechanisms may help to establish further links
to classical control theory and thereby open up new analysis and design possibilities in
consensus and synchronization problems.
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Appendix A

Intermediate Results and Proofs for
Chapter 2

A.1 Perron-Frobenius Theorem

A famous result crucial in the proofs of the results of Chapter 2 is the Perron-Frobenius
Theorem. In the interest of making this thesis self-contained, the Perron-Frobenius The-
orem is repeated here together with some definitions.

Definition A.1 (Spectral Radius, cf. Horn and Johnson, 1985, Def. 1.1.4). For a matrix
W ∈ R

n×n, the spectral radius ρ(W ) is the maximum modulus of the eigenvalues of W ,
i.e., ρ(W ) , maxλ∈σ(W ) |λ|.

Definition A.2 (Reducible Matrix, cf. Horn and Johnson, 1985, Def. 6.2.21). A matrix
W ∈ R

n×n is said to be reducible if either n = 1 and W = 0 or n ≥ 2 and there is a
permutation matrix P ∈ Rn×n and some integer r with 1 ≤ r ≤ n− 1 such that

P TWP =

(

B C
0 D

)

where B ∈ Rr×r, D ∈ R(n−r)×(n−r), C ∈ Rr×(n−r), and 0 ∈ R(n−r)×r is a zero matrix.

Definition A.3 (Irreducible Matrix, cf. Horn and Johnson, 1985, Def. 6.2.22). A matrix
W ∈ Rn×n is said to be irreducible if it is not reducible.

With these definitions, we are ready to state the Perron-Frobenius Theorem (cf. Horn
and Johnson, 1985, Theorem 8.4.4).

Theorem A.4 (Perron-Frobenius). Let W ∈ Rn×n and suppose that W is irreducible and
element-wise non-negative, then

(a) the spectral radius ρ(W ) of W satisfies ρ(W ) > 0;

(b) the spectral radius ρ(W ) of W is an algebraically (and hence geometrically) simple
eigenvalue of W ;

(c) There is an element-wise positive vector p such that Wp = ρ(W )p.
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A.2 Intermediate Results

For the readers convenience, we repeat Assumption 2.2 and Definition 2.10 of independent
strongly connected components (iSCC) of a graph, which will be used below.

Assumption 2.2. The graph G(t) = {V, E(t),W (t)} is such that the elements of the
adjacency matrix W (t) satisfy wk,j(t) ∈ {0}⋃(α,∞) ⊂ R+ for some fixed threshold α ∈
R+, i.e., (vj , vk) ∈ E(t) if and only if wk,j(t) > 0 for all k, j ∈ N|V|.

Definition 2.10. At fixed time t, an independent strongly connected component (iSCC)
of a digraph G(t) = {V, E(t),W (t)} is an induced subgraph G̃ = {Ṽ, Ẽ} which is maximal,
subject to being strongly connected, and satisfies (v, ṽ) 6∈ E(t) for any v ∈ V \ Ṽ and
ṽ ∈ Ṽ. That is G̃ is strongly connected and the unweighted digraph induced by any set V̂
with Ṽ ⊆ V̂ ⊆ V is strongly connected if and only if V̂ = Ṽ . Furthermore, there is no edge
in E(t) with tail outside Ṽ and head in Ṽ .

The following result relates irreducibility to graph connectedness and is obtained from
Horn and Johnson (1985, Def. 6.2.11 and Theorems 6.2.14 and 6.2.24):

Lemma A.5. Let t be fixed time and G(t) = {V, E(t),W (t)} a digraph satisfying Assump-
tion 2.2. Let L(t) be the Laplacian matrix of G(t).
Then, the adjacency matrix W (t) is irreducible if and only if the Laplacian matrix L(t)

is irreducible if and only if G(t) is strongly connected.

With this fact, the following corollary is readily shown:

Lemma A.6. Let t be fixed time and G(t) = {V, E(t),W (t)} a strongly connected digraph
satisfying Assumption 2.2. Let L(t) be the Laplacian matrix of G(t).
Then the Laplacian matrix L(t) has a simple eigenvalue 0 and there exists an element-

wise positive vector p ∈ R
|V| such that LT (t)p = 0.

Proof. By Lemma A.5, W (t) is irreducible. Since W (t) is element-wise non-negative,
this implies that the diagonal degree matrix D(t) = diag(W (t)1|V|) is positive definite.

We define the normalized adjacency matrix W̃ = D−1(t)W (t) and the corresponding
normalized Laplacian L̃ = D−1(t)L(t) = I − W̃ .
All rows of the normalized adjacency matrix W̃ sum up to one, i.e., W̃1|V| = 1|V|. As

a consequence of the Geršgorin Disk Theorem (Horn and Johnson, 1985, Theorem 6.1.1),
the spectral radius of W̃ satisfies ρ(W̃ ) = 1. By the Perron-Frobenius Theorem A.4, 1 is
a simple eigenvalue of W̃ and there exists an element-wise positive vector p̃ ∈ R|V| such
that W̃ T p̃ = p̃. Therefore 0 is a simple eigenvalue of L̃T and L̃T p̃ = 0. Consequently, 0
is a simple eigenvalue of L(t) and p = Dp̃ ∈ R|V| is an element-wise positive vector such
that LT (t)p = 0.

Finally, we need a result for irreducibly diagonally dominant matrices due to Taussky.

Definition A.7 (Irreducibly Diagonally Dominant). Let L = [li,j] ∈ RN×N . We say that
L is irreducibly diagonally dominant if

(a) L is irreducible;
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(b) L is diagonally dominant, i.e., |lk,k| ≥
∑

j∈NN
j 6=k

|lk,j| for all k ∈ NN ;

(c) For at least one k ∈ NN , we have |lk,k| >
∑

j∈NN
j 6=k

|lk,j|.

Lemma A.8 (Taussky, see Horn and Johnson, 1985, Corollary 6.2.27). Let L ∈ RN×N

be irreducibly diagonally dominant. Then L is invertible.

A.3 Proofs

Below we will repeat and prove Theorems 2.12 and 2.13.

A.3.1 Proof of Theorem 2.12

Theorem 2.12. Let t be fixed time and G(t) = {V, E(t),W (t)} a digraph. Let v ∈ V.
Then there exists at least one iSCC G̃ = {Ṽ, Ẽ} such that either v ∈ Ṽ or v ∈ D(w,G(t))

for any w ∈ Ṽ, denoted as v ∈ D(Ṽ,G(t)).
Proof. We shall prove that any vertex v ∈ V, either belongs to an iSCC or is descendant
of all vertices of at least one iSCC.
Let G̃ = {Ṽ, Ẽ} be an iSCC of G(t) at time t and assume w ∈ Ṽ is such that v ∈ D(w).

Since w ∈ D(u) for all u ∈ Ṽ \ {w}, by transitivity, this implies that v ∈ D(u) for all
u ∈ Ṽ . Therefore, it suffices to show that v either belongs to an iSCC or is descendant of
one vertex contained in some iSCC.
Given a vertex v ∈ V, we claim that the following algorithm stops after a finite number

of steps at v itself, if it belongs to an iSCC, or at a vertex w ∈ V belonging to an iSCC
with v ∈ D(w), if v does not belong to an iSCC. To initialize the algorithm, set W0 = ∅,
v1 = v , and k = 1.

(S1) If vk belongs to some iSCC, the algorithm terminates.

(S2) Set Wk = {vk}
⋃

{

w ∈ ⋂k−1
l=0 Wl |vk ∈ D(w) ∧ w ∈ D(vk)

}

.

(S3) Choose vk+1 ∈ Tk with Tk , {w ∈ V \Wk|∃u ∈ Wk : (w, u) ∈ E(t)}.
(S4) Increase k by 1 and continue at Step (S1).

As long as the algorithm does not terminate in Step (S1), we have that |Wk| ≥ 1 since
vk ∈ Wk by definition. Furthermore, the graph induced by Wk is strongly connected by
definition. Since vk does not belong to an iSCC, the graph induced by Wk cannot be an
iSCC, i.e., it cannot be independent, which implies that Tk 6= ∅. That is, if the algorithm
terminates during step k∗, vk∗ belongs to an iSCC and either vk∗ = v or v ∈ D(vk∗).
To show that the algorithm terminates in a finite number of steps, we show that vk1 =

vk2 if and only if k1 = k2 by contradiction. We assume without loss of generality that
k2 > k1. First note that k2 6= k1 + 1, because Tk1

⋂Wk1 = ∅ by definition. Assume
k2 > k1 + 1 and vk1 = vk2 . Then on the one hand vk2 ∈ D(vk2−1) and on the other
hand vk2 ∈ Tk2−1 implies that vk2−1 ∈ D(vk2). However, this implies vk2 ∈ Wk2−1, a
contradiction to vk2 ∈ Tk2−1. This shows that the algorithm terminates after at most |V|
steps.
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A.3.2 Proof of Theorem 2.13

Theorem 2.13. Let t be fixed time and G = {V, E(t),W (t)} a digraph with |V| = N ver-
tices, satisfying Assumption 2.2. Assume G(t) has c ≥ 1 distinct iSCCs G̃i = {Ṽi, Ẽi}, i ∈
Nc.

Then, dim(ker(LT (t))) = c and there exist unique (modulo vertex permutations) vectors
pi ∈ RN , i ∈ Nc satisfying

pij > 0 if vj ∈ Ṽi,

pij = 0 if vj 6∈ Ṽi,
i ∈ NN

element-wise and (pi)T1N = 1, i ∈ Nc, such that ker(LT (t)) = span(p1, . . . , pc), i.e., the
c vectors pi, i ∈ Nc span a non-negative, orthogonal basis of the kernel of the transposed
Laplacian matrix LT (t).

Proof. Let G̃i = {Ṽi, Ẽi}, i ∈ Nc denote the c iSCCs of G(t). Let Ñi = |Ṽi| for i ∈ Nc,
N0 = N −∑c

i=1 Ñi, and V0 = V \ ⋃i∈Nc
Ṽi. Without loss of generality, we may assume

that

L(t) =











L̃1 0
. . . 0

0 L̃c

−M0 diag(M0 · 1N0
) + L0











,

where L̃i ∈ RÑi×Ñi, i ∈ Nc are the Laplacian matrices corresponding to the iSCCs G̃i,M0 ∈
R(N−N0)×N0 is an element-wise non-negative matrix, and L0 ∈ RN0×N0 is the Laplacian
matrix corresponding to the graph induced by V0.

By Lemma A.6, the matrices L̃i(t) have simple eigenvalues 0 and there exists unique

element-wise positive vectors p̃i ∈ RÑi such that (p̃i)T1Ñi
= 1 and L̃T

i p̃
i = 0. Conse-

quently, the vectors pi ∈ RN , i ∈ Nc, defined by

(p1, . . . , pc) =











p̃1 0
. . .

0 p̃c

0 · · · 0











,

are pairwise orthogonal and satisfy (pi)T1N = 1 and LT (t)pi = 0, i ∈ Nc. To prove
Theorem 2.13, it remains to show that the matrix diag(M0 · 1N0

) + L0 ∈ RN0×N0 is
invertible.

To this end, define D0 = diag(M0 · 1N0
) ∈ RN0×N0 and let G0 = {V0, E0,W0} be the

graph induced by V0 with Laplacian L0. Define a sequence of graphs {Gk = {Vk, Ek,Wk}},
k = 0, . . . , k∗ as follows: Denote by ck the number of iSCCs of the graph Gk and by
Ṽk,i, i ∈ Nck the vertex sets of those iSCCs. Define Vk+1 = Vk \

⋃

i∈Nck
Ṽk,i. If |Vk+1| > 0,

define Gk+1 = {Vk+1, Ek+1,Wk+1} to be the graph induced by Vk+1. If |Vk+1| = 0, the
sequence stops and k∗ = k. Since any graph has at least one iSCC and any iSCC contains
at least one vertex, the sequence contains at most |V0| elements, i.e., k∗ ≤ |V0| − 1.
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Without loss of generality, we may assume that, for k = 0, . . . , k∗ − 1,

Dk + Lk =











Dk,1 + L̃k,1 0
. . . 0

0 Dk,ck + L̃k,ck

−Mk D∗
k + diag(Mk · 1|Vk+1|) + Lk+1











,

where L̃k,i ∈ R|Ṽk,i|×|Ṽk,i|, i ∈ Nck are the Laplacian matrices corresponding to the iS-
CCs G̃k,i, Mk ∈ R(|Vk|−|Vk+1|)×|Vk+1| is an element-wise non-negative matrix, and Lk+1 ∈
R|Vk+1|×|Vk+1| is the Laplacian matrix corresponding to the graph Gk+1. The matri-
ces Dk ∈ R|Vk|×|Vk| are non-negative diagonal matrices defined recursively as Dk+1 =
D∗

k + diag(Mk · 1|Vk+1|) + Lk+1 ∈ R|Vk+1|×|Vk+1|, k = 0, . . . , k∗ − 1.
Furthermore, since all vertices of Gk∗ belong to an iSCC by construction, we can assume

without loss of generality that

Dk∗ + Lk∗ =







Dk∗,1 + L̃k∗,1 0
. . .

0 Dk∗,ck∗ + L̃k∗,ck∗






.

In Theorem 2.12, we showed that any vertex not belonging to an iSCC of some graph
is descendant of vertices that belong to an iSCC. Since the vertices of Gk+1 do not belong
to an iSCC of Gk for k = 0, . . . , k∗ − 1 and the vertices of G0 do not belong to an
iSCC of G(t), this implies that Dk,i 6= 0, k = 0, . . . , k∗, i ∈ Nck , thus Dk,i + L̃k,i is
irreducibly diagonally dominant, and therefore by Lemma A.8 invertible. Consequently
D0 + L0 = diag(M0 · 1N0

) + L0 ∈ RN0×N0 is invertible. This completes the proof.
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Asymptotic Properties of Ordinary
Differential Equations

B.1 Linear Systems with Exponentially Decaying Inputs

At several places in this thesis, we use the fact that, under certain conditions, solutions
of an asymptotically autonomous linear system converge to particular solutions of the
corresponding autonomous linear system. More precisely, we consider linear systems of
the form

ẋ(t) = Ax(t) + u(t) (B.1)

with state vector x(t) ∈ Rn and input u(·) : R → Rn, vanishing for t → ∞. We are
interested in the asymptotic behavior of solutions x(t) of (B.1) and how these solutions
relate to solutions of (B.1) in case u(t) ≡ 0. Frequently, the answer to this question is
taken as granted although most standard books on linear systems theory lack its proof.
If system (B.1) is asymptotically stable, the answer is a particular case of the theory
of input to state stability (see Khalil, 2002). For the sake of completeness, we give the
answer, for arbitrary systems (B.1) in the case when the input u(t) decays exponentially
fast, in the following Lemma:

Lemma B.1. Let x(t) be any solution of the non-autonomous linear system (B.1). Let
M1, µ1 ∈ R+ and assume the input u(t) satisfies

‖u(t)‖ ≤M1e
−µ1t (B.2)

Then there exists some x̃ ∈ R
n and constants M2, µ2 ∈ R+ such that

‖x(t)− eAtx̃‖ ≤ M2e
−µ2t (B.3)

for all t ≥ 0.

Proof. Without loss of generality, we assume that A ∈ Rn×n is given in Jordan canonical
form

A =







Jm1
(λ1) 0

. . .

0 Jmr
(λr)







with Jordan blocks Jmk
(λk) ∈ Rmk×mk , k ∈ Nr for some r ∈ Nn with

∑r
k=1mk = n.

There exist an integer r∗ with 0 ≤ r∗ ≤ r such that λk ∈ C− for all k ∈ Nr∗ and λk ∈ C+
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for all k ∈ Nr \ Nr∗ , i.e., the first r∗ Jordan blocks have eigenvalues with negative real
parts and the remaining Jordan blocks have eigenvalues with non-negative real parts. We
consider a partitioning of the the state vector x(t), the input vector u(t), and the vector x̃
corresponding to the Jordan blocks as xk(t) ∈ R

mk , uk(t) ∈ R
mk , and x̃k ∈ R

mk , k ∈ Nr.
The solutions xk(t), k ∈ Nr are independently given as

xk(t) = eJmk
(λk)txk(0) +

∫ t

0

eJmk
(λk)(t−τ)uk(τ)dτ, k ∈ Nr.

In the sequel, we will make use of upper norm bounds on the matrix exponential
eJm(λ) ∈ Rm×m of a Jordan block Jm(λ) ∈ Rm×m for some m ∈ N and λ ∈ C. Let ν ∈ R

with ν > Re(λ). There exists a constant α ∈ R+ and a real polynomial p(t) of degree
m− 1 in t satisfying p(t) ≥ 0 for t ≥ 0, such that

‖eJm(λ)‖ ≤ p(t)eRe(λ)t ≤ αeνt, t ≥ 0.

These bounds are consequences of properties of the matrix exponential and the special
form of a Jordan block. See Horn and Johnson (1991) for details.
We first consider the case that λk ∈ C−. Let ν̃k ∈ R+ with ν̃k < −Re(λk). Then there

exists a constant α̃k ∈ R+ such that ‖eJmk
(λk)t‖ ≤ α̃ke

−ν̃kt for all t ≥ 0. Consequently,
using (B.2),

‖xk(t)‖ ≤ α̃ke
−ν̃kt‖xk(0)‖+

∫ t

0

α̃ke
−ν̃k(t−τ)M1e

−µ1τdτ

≤ α̃ke
−min(ν̃k,µ1)t‖xk(0)‖+

∫ t

0

α̃kM1e
−min(ν̃k ,µ1)tdτ

= e−min(ν̃k,µ1)t(α̃k‖xk(0)‖+ α̃kM1t).

Hence, for any k ∈ Nr∗ and any νk ∈ R+ with 0 < νk < min(ν̃k, µ1), there exists a constant
αk ∈ R+ such that

‖xk(t)‖ ≤ αke
−νkt, t ≥ 0. (B.4)

That is, (xk(t)− eJmk
(λ)tx̃k) → 0 as t→ ∞ with x̃k = 0.

Next, we consider the case that λk ∈ C+. We rewrite the solution as

xk(t) = eJmk
(λk)t

(

xk(0) +

∫ t

0

e−Jmk
(λk)τuk(τ)dτ

)

.

There exists a real polynomial pk(t) of degree mk−1 in t satisfying pk(t) ≥ 0 for t ≥ 0 such
that ‖e−Jmk

(λk)t‖ ≤ pk(t)e
−Re(λk)t for t ≥ 0. Using (B.2), this implies that the integrand

in the above solution is norm-bounded as

∥

∥e−Jmk
(λk)tuk(t)

∥

∥ ≤ pk(t)M1e
−(Re(λk)+µ1)t.

Let νk ∈ R+ with Re(λk) < νk < Re(λk) + µ1 (we choose νk < Re(λk) + µ1 in order to
obtain a bound for the integrand which does not depend on a polynomial; the reason for
the lower bound νk > Re(λk) will become apparent later). Then there exist constants
αk ∈ R+ such that pk(t)M1e

−(Re(λk)+µ1)t ≤ αke
−νkt. Hence, the integrands in the above
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solutions xk(t) are norm-bounded by exponentially decaying functions. This implies (see
Apostol, 1974, Section 10.13) that there exist vectors ξk ∈ Rmk such that

∫ ∞

0

e−Jmk
(λk)τuk(τ)dτ = ξk.

Moreover, since the integrals exist, we have
∥

∥

∥

∥

∫ t

0

e−Jmk
(λk)τuk(τ)dτ − ξk

∥

∥

∥

∥

=

∥

∥

∥

∥

∫ ∞

t

e−Jmk
(λk)τuk(τ)dτ

∥

∥

∥

∥

≤
∫ ∞

t

αke
−νkτdτ =

αk

νk
e−νkt.

Let ν̂k ∈ R+ with Re(λk) < ν̂k < νk (such a constant ν̂k exists because we chose νk >
Re(λk) before). Then there exist constants α̂k such that ‖eJmk

(λk)t‖ ≤ α̂ke
ν̂kt for all t ≥ 0.

Finally, we combine the bounds on
∥

∥

∥

∫ t

0
e−Jmk

(λk)τuk(τ)dτ − ξk

∥

∥

∥
and ‖eJmk

(λk)t‖: With

αk = α̂kαk

νk
and νk = νk − ν̂k > 0, k ∈ Nr \ Nr∗ we obtain

∥

∥xk(t)− eJmk
(λk)t(xk(0) + ξk)

∥

∥ ≤ αke
−νkt, t ≥ 0. (B.5)

That is (xk(t)− eJmk
(λk)tx̃k) → 0 as t→ ∞ with x̃k = xk(0) + ξk.

Combining (B.4) and (B.5), this implies that (B.3) is satisfied with x̃ = (x̃T1 , . . . , x̃
T
r )

T ,
where x̃k = 0 ∈ R

mk for k ∈ Nr∗ , x̃k = xk(0) + ξk ∈ R
mk for k ∈ Nr \ Nr∗, M2 =√

rmaxk∈Nr
αk, and µ2 = mink∈Nr

νk.

B.2 Limit Sets

If one is interested in the asymptotic (or steady-state) behavior of a system modeled by
nonlinear ODEs, limit sets prove to be a useful tool. Below, we will give the most basic def-
initions and properties for autonomous and asymptotically autonomous (see Mischaikow
et al., 1995, Strauss and Yorke, 1967) systems. Further details, including detailed proofs,
of the notions and results presented below can be found in Hahn (1967), Hale (1988),
Hale et al. (2002). The importance of limit sets of sets for the characterization of the
steady-state behavior of nonlinear systems is stressed in Byrnes and Isidori (2003), Isidori
and Byrnes (2008).

B.2.1 Autonomous Systems

Consider a dynamical system modeled by the set of first order ODEs

ẋ(t) = f(x(t)) (B.6)

with state vector x(t) ∈ Rn and time t ∈ R. Assume f : Rn → Rn is locally Lipschitz,
i.e., solutions of (B.6) with initial condition x(0) = x0 ∈ R

n exist in some open interval
containing the point t = 0 (see Khalil, 2002). We denote the solution of (B.6) passing
through x0 ∈ Rn at time t = 0 as x(t; x0).
If the solution x(t; x0) to (B.6) is defined for all t ∈ R+, the positive orbit through x0

is defined as Γ+(x0) ,
⋃

t∈R+
x(t; x0). Likewise, if x(t; x0) is defined for all t ∈ R, the

complete orbit through x0 is defined as Γ(x0) ,
⋃

t∈R x(t; x0).
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The limiting behavior of a single solution x(t; x0) of (B.6) can be characterized by the
ω-limit set of x0 (or the ω-limit set of the positive orbit Γ+(x0)). If Γ

+(x0) exists for some
initial condition x0 ∈ Rn, the ω-limit set of x0 is defined as

ω(x0) =
⋂

t≥0

Cl
(

Γ+(x(t; x0))
)

.

This definition is equivalent to saying that x̂ ∈ ω(x0) if and only if there exists a sequence
{tk}, k ∈ N with tk → ∞ as k → ∞ such that x(tk, x0) → x̂ as k → ∞. That is, the
points contained in ω(x0) are precisely those points to which the solution x(t; x0) gets
arbitrarily close for arbitrarily large times.
The ω-limit set of a point enjoys some nice properties summarized in the following

lemma (see Hahn, 1967, Chapter III):

Lemma B.2. Given system (B.6) with initial condition x0 ∈ Rn. Suppose x(t; x0) exists
and is bounded for all t ≥ 0.
Then ω(x0) is a nonempty connected compact set such that infy∈ω(x) ‖x(t; x0)−y‖ → 0 as

t→ ∞. Furthermore, for any y ∈ ω(x0), x(t; y) is defined for all t ∈ R and Γ(y) ⊂ ω(x0).

That is, the ω-limit set of a bounded orbit is guaranteed to exist, to attract the orbit,
and to be an invariant set for (B.6).
All the definitions and results stated as properties of points above are readily extended

to properties of sets. Given system (B.6) and some set B ⊂ Rn. The positive and
complete orbit through B is defined as Γ+(B) = ⋃x∈B Γ

+(x) =
⋃

t∈R+
x(t;B) and Γ(B) =

⋃

x∈B Γ(x) =
⋃

t∈R x(t;B) respectively, if the corresponding orbits Γ+(x) and Γ(x) are
defined for all x ∈ B.
With the help of the orbit of a set, invariance of a set under (B.6) is conveniently

characterized as follows: A set B ⊂ Rn is called invariant under (B.6) if Γ+(B) = B. It is
called positively invariant under (B.6) if Γ+(B) ⊂ B.
The ω-limit set of a set B ⊂ R

n, for which Γ+(B) exists, is defined as

ω(B) =
⋂

t≥0

Cl
(

Γ+(x(t;B))
)

.

This definition is equivalent to saying that x̂ ∈ ω(B) if and only if there exists sequences
{tk} and {xk}, k ∈ N with tk → ∞ as k → ∞ and xk ∈ B, k ∈ N such that x(tk; xk) → x̂
as k → ∞. That is, the points contained in ω(B) are precisely those points to which the
family of solutions x(t;B) gets arbitrarily close for arbitrarily large times.
Note that ω(B) ⊃ ⋃x∈B ω(x) by definition while equality does not hold in general (see

Hale, 1988, Hale et al., 2002). The generalization of Lemma B.2 to limit sets of sets can
be found in Hale et al. (2002, Lemma 2.0.1) (in a much more general version) and is
repeated below.

Lemma B.3. Given system (B.6) and some set B ⊂ R
n. Suppose B is nonempty and

Γ+(B) exists and is bounded (which implies boundedness of B).
Then ω(B) is a nonempty compact set such that

lim
t→∞

sup
x̂∈x(t;B)

inf
x̌∈ω(B)

‖x̂− x̌‖ = 0. (B.7)

Furthermore, Γ+(ω(B)) is defined and Γ+(ω(B)) = ω(B). If B is connected, so is ω(B).
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Property (B.7) means that all points of B are uniformly attracted by ω(B). We say
that ω(B) attracts the set B. Lemma B.2 is obviously a special case of Lemma B.3. It is
recovered by setting B = {x0}.
We conclude the section about limit sets for autonomous systems with an important

result adapted from Byrnes and Isidori (2003, Lemma 4.1).

Lemma B.4. Given system (B.6) and some set B ⊂ Rn. Suppose B is nonempty and
Γ+(B) exists and is bounded. Let K ⊂ R

n be some closed set.
Then

lim
t→∞

sup
x̂∈x(t;B)

inf
x̌∈K

‖x̂− x̌‖ = 0 (B.8)

if and only if ω(B) ⊂ K.

Proof. Sufficiency is immediate from Lemma B.3.
Now suppose (B.8) holds and x̂ ∈ ω(B). Then there exist sequences {tk}, {xk}, k ∈ N

with tk → ∞ as k → ∞ and xk ∈ B, k ∈ N with the property that for any ε > 0, there
exists k̃ such that ‖x(tk, xk) − x̂‖ ≤ ε for all k ≥ k̃. On the other hand (B.8) implies
that for any ε > 0, there exists t such that inf x̌∈K ‖x(t; x0)− x̌‖ ≤ ε for any x0 ∈ B and
all t ≥ t. Since tk → ∞ as k → ∞, there exists k ≥ k̃ such that tk ≥ t for all k ≥ k.
Then, using the triangle inequality, it follows that inf x̌∈K ‖x̂− x̌‖ ≤ 2ε, i.e., since ε > 0 is
arbitrary, inf x̌∈K ‖x̂− x̌‖ = 0. Thus, since K is closed, x̂ ∈ K. Since x̂ ∈ ω(B) is arbitrary,
ω(B) ⊂ K follows.

Note that (B.8) implies uniform convergence of all solutions starting in B to the set K,
i.e., given an ε-neighborhood of K, the time for any solution starting in B to enter the
neighborhood does not depend on the initial condition. If one drops this requirement and
replaces (B.8) by the weaker notion that inf x̌∈K ‖x(t; x0)−x̌‖ → 0 as t→ ∞ for all x0 ∈ B,
a necessary and sufficient condition is

⋃

x0∈B ω(x0) ⊂ K. Since in general
⋃

x0∈B ω(x0) is
a proper subset of ω(B), the property that inf x̌∈K ‖x(t; x0) − x̌‖ → 0 as t → ∞ for all
x0 ∈ B does not imply ω(B) ⊂ K in general.
The difference between the limit set ω(B) and the union of the limit sets

⋃

x∈B ω(x) is
illustrated in Figure B.1 when (B.6) is the Van der Pol oscillator. Figure B.1(a) shows the
case when B is a compact set containing the limit cycle together with the set enclosed by
the limit cycle. The set

⋃

x∈B ω(x) is depicted in bold black. It consists of the limit cycle
and the unstable equilibrium. The limit set ω(B) is depicted in dark grey. It consists
of the limit cycle and the entire set enclosed by the limit cycle. This fact is verified as
follows: Consider any point x0 in the set enclosed by the limit cycle. Then the solution
x(t; x0) is defined for all t ∈ R and remains in that set. Let {tk}, k ∈ N be any sequence
such that tk → ∞ as k → ∞ and define xk = x(−tk; x0) ∈ B, k ∈ N. Then x(tk, xk) = x0
for all k ∈ N which proves that x0 ∈ ω(B). Note that the points xk are contained in ω(B)
but not in

⋃

x∈B ω(x). Since for any time t ∈ R+, there exists k ∈ N such that tk > t for

any k ≥ k, i.e., the time needed to reach x0 starting from xk is at least t for all k ≥ k. This
shows that convergence to

⋃

x∈B ω(x) cannot be uniform in the initial condition x ∈ B
despite B being compact. Such situations can be excluded by appropriately modifying
the set B. Figure B.1(b) depicts the situation when the unstable equilibrium together
with an open neighborhood is excluded from B, i.e., B contains no unstable invariant set.
In that case, the only solutions contained in B for all times t ∈ R are those which are
contained in

⋃

x∈B ω(x), thus ω(B) =
⋃

x∈B ω(x).
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x0

B

ω(B)

⋃

x∈B
ω(x)

(a) Case ω(B) 6= ⋃x∈B
ω(x).

x0

B
ω(B) =

⋃

x∈B
ω(x)

(b) Case ω(B) = ⋃x∈B
ω(x).

Figure B.1: Limit sets for the Van der Pol oscillator.

B.2.2 Asymptotically Autonomous Systems

Throughout this thesis, we often investigate systems which are coupled over time-varying
communication topologies. This leads to systems of ODEs that explicitly depend on time,
i.e., to non-autonomous ODEs of the form

ẋ(t) = f(t, x(t)) (B.9)

with state vector x(t) ∈ Rn and time t ∈ R. We assume that f : R × Rn → Rn is
piecewise continuous in t and locally Lipschitz in x to guarantee existence and uniqueness
of solutions as in the case of autonomous systems considered before. Since solutions
depend on initial conditions and initial time for systems of the type (B.9), we denote
solutions of (B.9) passing through x0 ∈ Rn at time t = t0 ∈ R as x(t; (t0, x0)).
We can define orbits and limit sets as in the autonomous case. We skip the definition

for single solutions, as they are obtained as special cases of orbits and limit sets of sets.
Consider some extended set Be ⊂ R × R

n of initial times and initial states. To simplify
notation, we define the set X(t;Be) ,

⋃

(t0,x0)∈Be
x(t0 + t; (t0, x0)). If x(t0 + t; (t0, x0))

exists for all t ∈ R+ and all (t0, x0) ∈ Be, the positive orbit through Be is defined as
Γ+(Be) ,

⋃

t∈R+
X(t;Be). If x(t0 + t; (t0, x0)) exists for all t ∈ R and all (t0, x0) ∈ Be, the

complete orbit through Be is defined as Γ(Be) ,
⋃

t∈RX(t;Be). The ω-limit set of Be is
defined by

ω(Be) ,
⋂

t∈R+

Cl
⋃

τ≥t

X(τ ;Be).

Note that Γ+(Be) ⊂ Rn, Γ(Be) ⊂ Rn, and ω(Be) ⊂ Rn are subsets of the state space
Rn while the argument Be ⊂ R × Rn is a set of initial states and initial times. Thus,
in particular, we cannot expect orbits or limit sets to be invariant in general, i.e., for
general non-autonomous systems, limit sets are significantly less useful than in the case
of autonomous systems considered in Section B.2.1.
However, some of the results can be generalized to the case of non-autonomous systems.

For instance, Lemma B.3 can partly be generalized to non-autonomous systems as follows:
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Lemma B.5. Given system (B.9) and some set Be ⊂ R × Rn. Suppose Be is nonempty
and Γ+(Be) exists and is bounded.
Then ω(Be) is a nonempty compact set such that

lim
t→∞

sup
x̂∈X(t;Be)

inf
x̌∈ω(Be)

‖x̂− x̌‖ = 0. (B.10)

Proof. Suppose Γ+(Be) exists and is bounded, then Cl
⋃

τ≥tX(τ ;Be) is nonempty and
compact for any t ≥ 0 and, by definition of limit-sets, ω(Be) is nonempty and compact.
We now prove (B.10) by contradiction. Suppose (B.10) does not hold. Then there exist

ε ∈ R+ and sequences {tk}, {(τk, xk)}, k ∈ N with tk ≥ 0, tk → ∞ as k → ∞, and
(τk, xk) ∈ Be, k ∈ N such that inf x̌∈ω(Be) ‖x(τk + tk; (τk, xk))− x̌‖ > ε for all k ∈ N. Since
x(τk+tk; (τk, xk)) ∈ Cl Γ+(Be), which is compact, the sequence {x(τk+tk; (τk, xk))}, k ∈ N

has a convergent subsequence. Since the limit of this sequence must belong to ω(Be), we
obtain a contradiction. Thus (B.10) holds.

With this, it is also easy to generalize Lemma B.4, which is done below.

Lemma B.6. Given system (B.9) and some set Be ⊂ R × Rn. Suppose Be is nonempty
and Γ+(Be) exists and is bounded. Let K ⊂ Rn be some closed set.
Then

lim
t→∞

sup
x̂∈X(t;Be)

inf
x̌∈K

‖x̂− x̌‖ = 0 (B.11)

if and only if ω(Be) ⊂ K.

Proof. Sufficiency is immediate from Lemma B.5.
To prove necessity, suppose (B.11) holds and x̂ ∈ ω(Be). Then there exist sequences

{tk}, {τk, xk}, k ∈ N with tk → ∞ as k → ∞ and (τk, xk) ∈ Be, k ∈ N with the
property that for any ε > 0, there exists k̃ such that ‖x(τk + tk; (τk, xk)) − x̂‖ ≤ ε
for all k ≥ k̃. On the other hand (B.11) implies that for any ε > 0, there exists t
such that inf x̌∈K ‖x(t0 + t; (t0, x0)) − x̌‖ ≤ ε for any (t0, x0) ∈ Be and all t ≥ t. Since
tk → ∞ as k → ∞, there exists k ≥ k̃ such that tk ≥ t for all k ≥ k. Then, using
the triangle inequality, it follows that inf x̌∈K ‖x̂ − x̌‖ ≤ 2ε, i.e., since ε > 0 is arbitrary,
inf x̌∈K ‖x̂ − x̌‖ = 0. Thus, since K is closed, x̂ ∈ K. Since x̂ ∈ ω(Be) is arbitrary,
ω(Be) ⊂ K follows.

To obtain generalizations of other results for limit sets, in particular results related
to invariance properties, we need to consider special cases of non-autonomous systems.
One such special case in which limit sets for non-autonomous systems inherit much of
the useful properties of limit sets for autonomous systems, is the case of asymptotically
autonomous systems. Consider an autonomous system modeled as the set of ODEs

ẋ(t) = f(x(t)), (B.12)

with state vector x(t) ∈ Rn. System (B.9) is called asymptotically autonomous with limit
system (B.12) if

lim
t→∞

‖f(t, x)− f(x)‖ = 0 (B.13)
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uniformly on every compact subset of Rn (see Mischaikow et al., 1995). Intuitively, since ω-
limit sets describe the asymptotic behavior of a system and system (B.9) is asymptotically
equal to an autonomous system (B.12), what one would hope for is that ω-limit sets are
a meaningful notion for the limit system (B.12). And that is exactly what one obtains.
We skip all the details and just present the basic idea and the result below. For a

thorough presentation, the reader is referred to Mischaikow et al. (1995), Strauss and
Yorke (1967). We define z(t) = (s(t), x(t)) ⊂ [−∞,∞] × Rn where [−∞,∞] is the
extended real line, i.e., a compact set homeomorphic to the unit interval [1, 1] ⊂ R. Then

ż(t) =

{

(1, f(s(t), x(t))) if s(t) 6= ∞,

(0, f(x(t))) if s(t) = ∞,
(B.14)

which is an autonomous system. The limit sets for system (B.14) are all contained in
{∞}×Rn ⊂ [−∞,∞]×Rn. In fact, given a set of initial conditions Be ⊂ [−∞,∞]×Rn,
the limit set for (B.14) is {∞}×ω(Be) where ω(Be) is the limit set for (B.9) defined before.
Thus, we can extend Lemma B.3 to asymptotically autonomous systems as follows:

Lemma B.7. Given system (B.9) with limit system (B.12). Assume (B.13) is satisfied
uniformly in any compact subset of Rn. Given a set Be ⊂ R×Rn. Suppose Be is nonempty
and Γ+(Be) exists and is bounded.
Then ω(Be) is a nonempty compact set such that

lim
t→∞

sup
x̂∈X(t;Be)

inf
x̌∈ω(Be)

‖x̂− x̌‖ = 0. (B.15)

Furthermore, ω(Be) is invariant for the limit system (B.12), i.e., x(t;ω(Be)) exists and
satisfies x(t;ω(Be)) = ω(Be) for all times t ∈ R. If Be is connected, so is ω(Be).

Note that boundedness of Γ+(Be) does not imply boundedness of Be in R×Rn. However,
if P : R×Rn is the projection defined as (t0, x0) 7→ x0, then boundedness of Γ+(Be) implies
boundedness of PBe = X(0,Be) in Rn.
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Geometric Concepts from Linear
Control Theory

In what follows, we investigate properties of linear maps A : X → Y where X ' Rn and
Y ' Rm are linear vector spaces. For given bases of X and Y , A can be represented by
some matrix MatA (see e.g. Wonham, 1985). We will not distinguish sharply between
maps A and its matrix representation MatA and write simply A = MatA if the bases that
are used are clear from the context.

C.1 Factor Spaces

In Chapter 4 and Section C.2.1 below, we need the concept of factor spaces of real vector
spaces. We give some basic definitions and ideas here. For details, the reader is referred
to Wonham (1985) and the references given there.
Consider a subspace X ⊆ Rn. We call two vectors x, y ∈ Rn equivalent modX if

(x− y) ∈ X . The factor space Rn/X is defined as the set of all equivalence classes

x+ X , {y : y ∈ R
n, y − x ∈ X}, x ∈ R

n.

The factor space Rn/X is a real vector space of dimension n− dim(X ) with

(x+ X ) + (y + X ) = (x+ y) + X , x, y ∈ R
n,

c(x+ X ) = (cx) + X , x ∈ R
n, c ∈ R.

Note that Rn/X is not a subspace of Rn.
Given a map A : Rn → Rn and a subspace X ⊆ Rn invariant under A, i.e., AX ⊆ X .

We denote by A/X : Rn/X → Rn/X the map x+ X 7→ (Ax) + X .
Let P : Rn → R

n/X be the canonical projection defined as x 7→ x + X . Then the
map A/X is uniquely defined by (A/X )P = PA. The situation is illustrated in the
commutative diagram in Figure C.1.

C.2 Observers, Observability, and Detectability

C.2.1 Observers and Conditionally Invariant Subspaces

Given two subspaces X1,X2 ⊆ Rn, we use the standard convention that X1 + X2 ⊆ Rn

denotes the subspace {x1 + x2 ∈ R
n : x1 ∈ X1, x2 ∈ X2} ⊆ R

n. Below, we need the
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R
n

R
n

R
n/XR

n/X
A/X

A

P P

Figure C.1: Commutative diagram for a map A : Rn → Rn and the induced map A/X :
R

n/X → R
n/X for an A-invariant subspace X ⊆ R

n with the canonical
projection P : Rn → Rn/X .

following notational conventions: Given a map A : Rn → Rn and a subspace X ⊆ Rn, we
denote as AX the subspace obtained as the image of X under A and by A−1X ⊆ Rn the
subspace {x ∈ Rn|∃y ∈ Rn : x = Ay}. In particular, if A is represented by some matrix
and A+ is the Moore-Penrose generalized inverse of A (see Horn and Johnson, 1985), then
A−1X = A+X + ker(A). We denote by A|X : X → AX the restriction of the map A to
X defined as x 7→ Ax, x ∈ X .
Consider an LTI system

ẋ(t) = Ax(t) +Bu(t) (C.1a)

y(t) = Cx(t) (C.1b)

with state vector x(t) ∈ Rn, input vector u(t) ∈ Rp, and output vector y(t) ∈ Rq. The
state space Rn of system (C.1) possesses some important geometric properties related to
the construction of observers. The concepts introduced below can be found in much more
detail e.g. in Willems and Commault (1981), Wonham (1985).
We start by formally defining conditionally invariant subspaces, complementary de-

tectability subspaces and complementary observability subspaces.

Definition C.1 (Conditionally Invariant Subspace, Friend). Given system (C.1), a sub-
space S ⊆ Rn is called conditionally invariant, if there exists a matrix J ∈ Rn×q such that
(A + JC)S ⊆ S. Such a matrix J is called a friend of S. The set of all friends of S is
denoted as J(S) ⊆ Rn×q. The set of all conditionally invariant subspaces is denoted as S.

Definition C.2 (Complementary Detectability Subspace). Let C = Cg

⋃

Cb, Cg

⋂

Cb = ∅
be a symmetric partitioning of the complex plane (where Cg is the ‘good’, e.g. stable, part
and Cb is the ‘bad’, e.g. unstable, part; symmetric means x ∈ Cg if and only if x ∈ Cg).
Given system (C.1), a subspace Sg ⊆ Rn is a complementary detectability subspace with
respect to Cg if Sg ∈ S and there exists a matrix J ∈ J(Sg) such that σ((A+JC)/Sg) ⊆ Cg.
The set of all complementary detectability subspaces is denoted as Sg.

Definition C.3 (Complementary Observability Subspace). Given system (C.1), a sub-
space M ⊆ Rn is a complementary observability subspace if M ∈ S and the spectrum
of (A + JC)/M can be freely assigned by suitably choosing J ∈ J(M). The set of all
complementary observability subspaces is denoted as M.
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C.2 Observers, Observability, and Detectability

Any complementary observability subspace is a complementary detectability subspace
(independent of the choice of Cg), i.e., M ⊆ Sg ⊆ S.
The sets M, Sg, and S are all closed under subspace intersection (see e.g. Willems and

Commault, 1981, Section 4). As a consequence, given any set Y ⊆ R
n, there exist members

S∗
Y , S∗

g,Y , and M∗
Y of S, Sg, and M respectively, that are minimal subject to containing Y .

As a consequence of the relation M ⊆ Sg ⊆ S, we have that Y ⊆ S∗
Y ⊆ S∗

g,Y ⊆ M∗
Y ⊆ Rn.

Conditionally invariant subspaces are closely related to the construction of observers.
Assume S ∈ S. Consider the observer

ż(t) = [(A+ JC)/S]z(t) + [(Bu(t)) + S]− [(Jy(t)) + S] (C.2)

with state vector z(t) ∈ Rn/S for the system (C.1). Define the observer error ε(t) =
(x(t) + S)− z(t). Then

ε̇(t) = [(Ax(t) +Bu(t)) + S]− [(A+ JC)/S]z(t) − [(Bu(t)) + S] + [(Jy(t)) + S]
= [(A+ JC)/S]ε(t),

i.e., the observer error dynamics are governed by (A + JC)/S. The spectrum of the
observer error dynamics can be chosen to be contained in Cg if and only if S ⊆ Sg.

C.2.2 Unknown Input Observers

The methods proposed in Chapter 4 require unknown input observers, i.e., dynamic ob-
servers that yield asymptotic estimates despite the system inputs being unknown.
In the above construction, the observer dynamics (C.2) are independent of the input

u(t) if im(B) ⊆ S. This suggests that, for some matrix D ∈ Rr×n, an unknown-input
observer that yields an asymptotic estimate ŵ(t) for the quantity w(t) = Dx(t) ∈ Rr with
spectrum of the observer error dynamics contained in Cg exists if Sg,im(B) ⊆ ker(D). Since
trivial observers exist for w(t) = Cx(t), it actually suffices if Sg,im(B)

⋂

ker(C) ⊆ ker(D).
This condition is also necessary as stated in the following lemma due to Willems and
Commault (1981, Proposition 4), which is repeated here without proof:

Lemma C.4. Let system (C.1) be described by matrices A ∈ Rn×n, B ∈ Rn×p, C ∈ Rq×n.
Let D ∈ R

r×n and let C = Cg

⋃

Cb, Cg

⋂

Cb = ∅ be a symmetric partitioning of the
complex plane.
There exists an unknown-input observer

ż(t) = Ez(t) + Fy(t)

ζ̂(t) = Rz(t) + Sy(t)

with state vector z(t) ∈ Rm and estimate ζ̂(t) ∈ Rr for ζ(t) = Dx(t) such that the spectrum
of the observer error dynamics is contained in Cg if and only if S∗

g,im(B)

⋂

ker(C) ⊆ ker(D).

In order to verify the conditions of Lemma C.4 or to determine which part of the state
can be reconstructed with an unknown-input observer, we need to construct the subspace
S∗
g,im(B). To this end, we first need the subspaces S∗

im(B) and M∗
im(B). Those subspaces can

be obtained with the following algorithms that are proved e.g. in Willems and Commault
(1981):
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Appendix C Geometric Concepts from Linear Control Theory

S∗
g,Y

S∗
Y

M∗
Y/S∗

g,Y = X ∗
g X ∗

b ' S∗
g,Y/S∗

Y

0

Y

' M∗
Y/S∗

Y

R
n

M∗
Y

Figure C.2: Lattice diagrams for the set inclusion conditions involved in the construction
of S∗

g,Y .

Algorithm C.5 (Willems and Commault 1981, Algorithm ISA’). Consider the sequence
{Sµ

Y}, µ ∈ N
⋃{0} with

S0
Y = {0},

Sµ
Y = Y + A

(

Sµ−1
Y

⋂

ker(C)
)

, µ ∈ N.

This sequence converges, strictly increasingly, in a finite number of steps and S∞
Y = S∗

Y
is the member of S which is minimal subject to containing Y.

Algorithm C.6 (Willems and Commault 1981, Algorithm ACSA’). Consider the se-
quence {Mµ

Y}, µ ∈ N
⋃{0} with

M0
Y = R

n,

Mµ
Y = S∗

Y +
(

A−1Mµ−1
Y
)

⋂

ker(C), µ ∈ N.

This sequence converges, strictly decreasingly, in a finite number of steps and M∞
Y = M∗

Y
is the member of M which is minimal subject to containing Y.

The procedure to obtain S∗
g,Y is obtained fromWonham (1985, Section 5.6) using duality

and can be summarized as follows (cf. Figure C.2): Choose any friend J ∈ J(S∗
Y). By

Wonham (1985, Corollary 5.1) and duality, we have J ∈ J(M∗
Y), i.e., J is also a friend of

M∗
Y . Let P be the canonical projection P : Rn → Rn/S∗

Y . Define the maps AJ , (A+JC)

and A
J
, AJ/S∗

Y . The subspace M∗
Y/S∗

Y ⊆ Rn/S∗
Y is A

J
invariant for

A
J
(M∗

Y/S∗
Y) = A

J
PM∗

Y = PAJM∗
Y ⊆ PM∗

Y = M∗
Y/S∗

Y .

Furthermore, using a duality argument, it follows from Wonham (1985, Theorem 5.7)

that the restriction A
J |M∗

Y/S∗
Y : M∗

Y/S∗
Y → M∗

Y/S∗
Y of A

J
to M∗

Y/S∗
Y is independent of

J ∈ J(S∗
Y). Thus, there exist subspaces X ∗

b ⊆ M∗
Y/S∗

Y and X ∗
g ⊆ M∗

Y/S∗
Y independent
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C.2 Observers, Observability, and Detectability

of J ∈ J(S∗
Y) with the property that A

JX ∗
b ⊆ X ∗

b and A
JX ∗

g ⊆ X ∗
g , σ

(

A
J |X ∗

b

)

⊆ Cb and

σ
(

A
J |X ∗

g

)

⊆ Cg, and X ∗
b ⊕ X ∗

g = M∗
Y/S∗

Y . We have

S∗
g,Y = P−1X ∗

b . (C.3)

It is sometimes more convenient to decompose the entire state space R
n instead of the

space M∗
Y/S∗

Y . There always exist subspaces Xb ⊆ Rn and Xg ⊆ Rn with the property
that AJXb ⊆ Xb and A

JXg ⊆ Xg, σ(A
J |Xb) ⊆ Cb and σ(A

J |Xg) ⊆ Cg, and Xb ⊕Xg = Rn.
These subspaces generally depend on J ∈ J(S∗

Y). Yet, they are related to the subspaces
X ∗

b ⊆ M∗
Y/S∗

Y and X ∗
g ⊆ M∗

Y/S∗
Y as P (Xb

⋂M∗
Y) = X ∗

b and P (Xg

⋂M∗
Y) = X ∗

g . It is
thus possible to replace (C.3) and determine S∗

g,Y as

S∗
g,Y = S∗

Y + Xb

⋂

M∗
Y . (C.4)

The latter equation has the advantage that it can be used to determine S∗
g,Y without

computing the maps A
J
and A

J |M∗
Y/S∗

Y , which are needed to determine the set X ∗
b

involved in (C.3).
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with linear high-order agents. In Proceedings of the 17th IFAC World Congress, pages
1541–1546, 2008.
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