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Notation

Symbol Definition Dimension

Greek Letters:

αi coefficient of the BDF method [ - ]
αup upwinding parameter [ - ]
β0 coefficient of the BDF method [ - ]
∆p hydrostatic pressure difference [kg / (m s2)]
∆pij pressure difference between node i and j [kg / (m s2)]
∆π oncotic pressure difference [kg / (m s2)]
∆zij geometrical distance in z direction between node i

and j
[m]

ε residuum [ - ]
µ dynamic fluid viscosity [kg / (m s)]
µij dynamic fluid viscosity for a vessel segment ij [kg / (m s)]
µl location parameter [ - ]
ν kinematic viscosity [m2 / s]
π mathematical constant describing the ratio of a cir-

cle’s circumference to its diameter
[ - ]

πc oncotic pressure in a capillary [kg / (m s2)]
πis oncotic pressure in the interstitial space [kg / (m s2)]
ρmass mass density [kg / m3]
ρi,mass mass density at node i [kg / m3]
ρi,mol molar density at node i [mol / m3]
ρmol molar density [mol / m3]
σ osmotic reflection coefficient [ - ]
σf solvent-drag reflection coefficient [ - ]
σs scale parameter [ - ]
τ tortuosity [ - ]
τ̂ tortuosity factor [ - ]
τs shear stress [kg / (m s2)]
φ porosity [ - ]
ψ maximum allowable local error [ - ]



X Notation

Latin Letters:

ass coefficient of the Dormand-Prince method [ - ]
A area [m2]
Aij cross-sectional area of a vessel segment ij [m2]
Axz,REV cross-section of a REV parallel to the x-axis [m2]
Alymph

Vtissue
surface area of the lymphatic vessels per unit volume
of tissue

[1 / m]

Avessel
Vtissue

surface area of vessels per unit volume of tissue [1 / m]
b variate drawn from a normal distribution [ - ]
bs weight of the Dormand-Prince method [ - ]
b vector containing the boundary conditions and

source and sink terms
B box volume [m3]
c concentration [kg / m3]
cs coefficient of the Dormand-Prince method [ - ]
[CARP] concentration of CARP [molecules / cell]
[C0] concentration of TRAIL-receptor complexes [molecules / cell]
[C1] concentration of TRAIL-receptor complexes with

bounded FADD
[molecules / cell]

[C2] concentration of the internalized TRAIL-receptor
complexes

[molecules / cell]

[C3] concentration of caspase-3 [molecules / cell]
[C3∗] concentration of activated caspase-3 [molecules / cell]
[C8] concentration of caspase-8 [molecules / cell]
[C8∗] concentration of activated caspase-8 [molecules / cell]
D diffusion coefficient [m2 / s]
Deff effective diffusion coefficient [m2 / s]
e local truncation error [ - ]
E element [ - ]
f subcontrol-volume face [m2]
fdeadCells percentage of cancer cells undergoing cell death [ - ]
fC capillary volume fraction [ - ]
fT volume fraction of tissue [ - ]
F force [kg m / s2]
Fij molar mass flow rate through a vessel segment ij [mol / s]
[FLIP] concentration of FLIP [molecules / cell]
Fx,REV flow in x-direction [m3 / s]
g vector of gravitational acceleration (0, 0,−g)T [m / s2]
g (scalar) gravitational acceleration [m / s2]
G discretized domain [ - ]
hn time-step size [s]



Notation XI

J diffusive flux [kg / (m2 s)]
k first order rate constant of a drug [1 / s]
kf hydraulic conductivity [m / s]
koff kinetic constant for the backward reaction [1 / s]
kon kinetic constant for the forward reaction [m3 / (mol s)]
K tensor of (intrinsic) permeability [m2]
KC (intrinsic) permeability tensor of a cuboid [m2]
KCB (intrinsic) permeability tensor of a capillary bed [m2]
Kx (intrinsic) permeability in x-direction [m2]
lvessel length of a capillary [m]
[L] ligand concentration [molecules / cell]
L length [m]
Lij length of a vessel segment ij [m]
Llymph hydraulic conductivity of a lymphatic vessel wall [m2 s / kg]
Lp hydraulic conductivity of a vessel wall [m2 s / kg]
Ly,REV length of a representative elementary volume (REV)

in y-direction
[m]

m mass [kg]
M molar mass [kg / mol]
n number of moles [mol]
n normal vector [m]
nnodes number of nodes [ - ]
nsteps number of steps [ - ]
N shape function [ - ]
NA Avogadro constant [ - ]
Nvessel number of vessels [ - ]
o m-vector of parameters [ - ]
pc hydrostatic pressure in a capillary [kg / (m s2)]
peff effective filtration pressure [kg / (m s2)]
pis hydrostatic pressure in the interstitial space [kg / (m s2)]
plymph hydrostatic pressure in a lymphatic vessel [kg / (m s2)]
po order [ - ]
p1 pressure [kg / (m s2)]
p2 pressure [kg / (m s2)]
P diffusive permeability of a capillary wall [m / s]
q source and sink terms [mol / (m3 s)]
qF coupling variable for describing the exchange of fluid

between the two continua
[mol / (m3 s)]

qi,fDCM coupling of the mass flow between the DCM and the
VGM at node i

[mol / s)]

qi,xDCM exchange of dissolved therapeutic agent between the
DCM and the VGM at node i

[mol / s)]

qo order [ - ]
qT coupling variable for describing the exchange of ther-

apeutic agent between the two continua
[mol / (m3 s)]



XII Notation

Q flow rate [m3 / s)]
r radius of a drug molecule [m]
radsorption sink term for describing the interaction of the drug

molecules with the tumor cells
[mol / (m3 s)]

rc radius of a capillary [m]
rdegradation sink term for describing the degradation of a thera-

peutic agent
[mol / (m3 s)]

ri,degradation sink term for describing the degradation of a thera-
peutic agent at node i

[mol / (m3 s)]

rij radius of a vessel segment ij [m]
rinner sphere radius of the inner sphere [m]
rlymph sink term for describing the influence of the lym-

phatic system
[mol / (m3 s)]

rlymph−drug sink term for describing the reduction of dissolved
therapeutic agent by the lymphatic system

[mol / (m3 s)]

router sphere radius of the outer sphere [m]
rvessel radius of a capillary [m]
[R] receptor concentration [mol / m3]

or [molecules / cell]
R three-dimensional rotation matrix [ - ]
R gas constant [ - ]
RT transpose of a three-dimensional rotation matrix [ - ]
[R ∼ L] receptor-complex concentration [mol / m3]
Rij flow resistance of vessel segment ij [kg / m4 s]
S local sensitivity matrix [ - ]
S̃ normalized local sensitivity matrix [ - ]
t time [s]
t1/2 half-life of a drug [s]
T temperature [K]
Tij vessel conductance [m4 s / kg]
u upscaled node [ - ]
up primary variable [ - ]
up vector of primary variables [ - ]
v velocity [m / s]
vf Darcy velocity [m / s]
V volume [m3]
Vi volume associated to a node i [m3]
Wi weighting function for node i [ - ]
x mole fraction of a therapeutic agent [ - ]
xc mole fraction of a therapeutic agent in a capillary [ - ]
xco initial mole fraction of a therapeutic agent [ - ]
xi mole fraction of a therapeutic agent within the vol-

ume of a node i
[ - ]

xij mole fraction of a therapeutic agent at the physical
upstream node

[ - ]



Notation XIII

xis mole fraction of a therapeutic agent in the interstitial
space

[ - ]

X mass fraction [ - ]
Xf integration point [ - ]
[XIAP] concentration of XIAP [molecules / cell]
y n-vector of output variables [ - ]
Y log-normally distributed random variable [ - ]
z geodetic height [m]
zi distance of a node i to the entry of the pulmonary

artery into the lung
[m]

Subscripts:

α phase α
D Dirichlet boundary
h healthy
i node i
ij vessel segment ij
j node j
N Neumann boundary
s number of stages
t tumorous
u upscaled node u
up(i , j ) upstream node

Superscripts:

ˆ discrete value at a node
C component of a phase
n total number of components in a phase
t old time step
t+ ∆t new time step
∗ activated form of a protein





Abstract

According to the World Health Organization, lung cancer kills more people than any other
type of cancer and is responsible for 1.4 million deaths worldwide yearly [6]. This the-
sis proposes a multi-scale model for describing cancer-therapeutic transport in the human
lung. The developed multi-scale model represents flow, transport and reaction processes:
in the pulmonary macrocirculation on the organ scale, in the capillary bed around an alve-
olus, in the surrounding pulmonary tissue and in the tumor on the tissue scale, and in the
tumor cell population and in the single cancer cells on the cells scale. The model concept is
specialized for an alveolar cell carcinoma. The therapeutic agent is administered via a bolus
injection into the blood stream.
The relevant processes occurring on these three scales are described by three different nu-
merical models that are sequentially coupled to each other. On the organ scale, the dis-
crete vascular graph model (VGM) simulates the advection and reaction of the blood-
dissolved drug within the non-capillary part of the pulmonary vasculature (arteries, arte-
rioles, venules and veins). To determine the amount of administered therapeutic agent that
will reach the cancer cells, the VGM is coupled to the alveolus model: a double-continuum
approach for porous media (DCM). The processes occurring in the alveolar capillaries and
in the surrounding pulmonary tissue are represented by the DCM. The DCM is also used to
describe the tumor regions in the lung. The system of equations of the coupled discrete /
continuum model contains terms that account for degradation processes of the therapeutic
agent, the reduction of the number of drug molecules by the lymphatic system and the in-
teraction of the drug with the tissue cells. Further, the low-dimensional population model
for TRAIL-induced proapoptotic signaling ([PMTS] s) is sequentially coupled to the alve-
olus model. In this way, the spatiotemporal distribution of the therapeutic agent in the
pulmonary tissue is linked with the biochemical reactions occurring on the cells scale. The
low-dimensional population model for TRAIL-induced proapoptotic signaling describes the
reactions of a heterogeneous cancer cell population to the administered therapeutic agent
and calculates the percentage of cancer cells undergoing cell death.
As such, the multi-scale model can predict the spatial and temporal distribution of a drug
administered by a continuous bolus injection in the human lung and the reaction of the
cancer to the therapeutic agent. The functionality of the developed multi-scale model is
demonstrated in example simulations using simplified pulmonary vascular networks.





Zusammenfassung

Die Motivation für diese Arbeit stellt die Entwicklung eines mathematischen und nu-
merischen Modells für die Beschreibung der Verteilung eines Medikaments und dessen
therapeutische Wirksamkeit in der menschlichen Lunge zur Lungenkrebstherapie dar. Das
entwickelte Modellkonzept zur Beschreibung der Fluss-, Transport- und Reaktionsprozesse
in der menschlichen Lunge ist auf das Medikament scFv-TRAIL, einem Fusionsprotein, für
die Behandlung eines Alveolarkarzinoms ausgelegt. Gemäß der Weltgesundheitsorganisa-
tion (WHO) tötet Lungenkrebs mehr Menschen als jede andere bekannte Krebsart und ist
jährlich für ungefähr 1,4 Millionen Tote weltweit verantwortlich (siehe [6]). Ungefähr 80
Prozent aller Lungenkrebserkrankungen werden durch eine über viele Jahre andauernde
Inhalation von Zigarettenrauch verursacht. Andere Lungenkrebs verursachende Karzino-
gene sind zum Beispiel Asbest, Arsen oder Nickel. Luftverschmutzung, Röntgenstrahlung,
Vitaminmangel oder genetische Faktoren sind nur in ungefähr sieben Prozent aller Fälle die
Ursache für eine Erkrankung an Lungenkrebs (Frommhold und Gerhardt (1987) [39]).
Die gängigsten Behandlungen von Krebserkrankungen beruhen auf der Entnahme des Tu-
mors durch einen chirurgischen Eingriff, dem Einsatz einer Strahlentherapie oder der Ver-
wendung von Zytostatika (Chemotherapie). Ein großer Nachteil der Strahlentherapie und
der Chemotherapie ist, dass diese Behandlungsmethoden zur Apoptose, dem program-
mierten Zelltod, oder zur Hemmung der Zellteilung und des Zellwachstums von allen sich
schnell teilenden Zellen im menschlichen Körper führen: den Krebszellen wie aber auch
den Haarzellen, den Zellen im Mund, im Darm und den Knochenzellen. Somit sind die
heutzutage üblichen Therapien von Krebserkrankungen mit erheblichen Nebenwirkungen
verbunden, wie zum Beispiel Haarausfall, Übelkeit, Erbrechen. Ein weiteres Problem ist,
dass durch einen chirurgischen Eingriff selten alle Krebszellen aus dem Körper entfernt
werden können und somit nur eine Kombination aus allen drei Behandlungsansätzen zur
Heilung des Patienten führen kann. Einen neuen Ansatz in der Behandlung von Krebs-
erkrankungen stellt die Entwicklung von Zytostatika dar, die gezielt nur die Apoptose
der Tumorzellen herbeiführen. Hierzu zählt auch das in dieser Arbeit betrachtete Fusions-
protein scFv-TRAIL. Dieses Fusionsprotein bewirkt den programmierten Zelltod von Lun-
genkrebszellen.
Diese Arbeit befasst sich mit der Entwicklung und Implementierung eines Mehrskalenmo-
dells zur Beschreibung der Fluss-, Transport- und Reaktionsprozesse in der menschlichen
Lunge zur Behandlung eines Alveolarkarzinoms mit einem tumorselektiven zytostatischen
Therapeutikum.
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Entwicklung eines Mehrskalenmodells zur Beschreibung der Fluss-, Transport- und
Reaktionsprozesse in der menschlichen Lunge zur Lungenkrebstherapie
Das Zytostatika zur Behandlung des Alveolarkarzinoms wird durch eine intravenöse
Injektion verabreicht. Das im Blut gelöste Medikament wird vom rechten Herzventrikel in
diskreten Pulsen in die rechte und linke Lungenarterie gepumpt. Von dort strömt das Blut
und der zytostatische Wirkstoff durch ein Netzwerk aus Arterien und Arteriolen zu den
Kapillaren. Die Kapillaren umschließen die Lungenbläschen. Nur durch die Gefäßwände
der Kapillaren kann das Therapeutikum den Blutkreislauf verlassen und in das umliegende
Lungengewebe und somit zu den Krebszellen gelangen. Das Blut und ein Teil des gelösten
Wirkstoffes fließt durch ein Netzwerk aus Venulen und Venen zurück zum Herzen. Um
die Fluss- und Transportprozesse des verabreichten Medikaments und die Reaktion des
Tumors auf diese Zytostatikum zu beschreiben, muss das entwickelte Modell sowohl die
Prozesse im Lungenkreislauf, den Austauch von Flüssigkeit und Therapeutikum zwischen
dem Kapillarbett und dem umliegenden Lungengewebe, die Fluss-, Transport- und Reak-
tionsprozesse im Gewebe und die Reaktion des Tumors und der einzelnen Krebszellen
auf das Zytostatikum abbilden. Hierfür wird die Kopplung von drei räumlichen Skalen
notwendig.
Auf der Organebene, der räumlich gesehen größten Skala, wird der advektive Transport des
gelösten Wirkstoffes durch den Lungenkreislauf, genauer durch die Arterien, Arteriolen,
Venulen und Venen des Lungenkreislaufs, betrachtet. Ebenso wird der Abbau des Medika-
ments durch metabolische Transformationsreaktionen und Mikturation berücksichtigt.
Dazu wird das sogenannte Vascular Graph Model (VGM) verwendet. Auf der mittleren
Skala, der Gewebeebene, wird der advektive und diffusive Transport im Kapillarbett um ein
Lungenbläschen und dem umliegenden Gewebe, sowie die Fluss- und Transportprozesse
im Tumor, durch das Alveolus Model (DCM), einem Doppelkontinuumsansatz, beschrieben.
Das VGM beschreibt die Geometrie der Blutgefäße durch einen diskreten Ansatz. Wohinge-
gen das DCM einen Homogenisierungsansatz verwendet, um die räumliche Anordnung
der Kapillaren um ein Lungenbläschen und das umliegende Lungengewebe zu repräsen-
tieren. Ein Lungenbläschen ist von zirka 1800 Kapillarsegmenten umgeben (Renkin et al.
(1984) [82]). Die menschliche Lunge besitzt ungefähr 300 Millionen Lungenbläschen (Weibel
(1991) [102]) und somit müsste die räumliche Anordnung von 5, 4 ·1011 Kapillarsegementen
beschrieben werden. Um dies zu umgehen und den Rechenaufwand zu reduzieren,
verwendet das DCM, wie bereits zuvor erwähnt, einen Homogenisierungsansatz zur
Beschreibung der räumlichen Anordnung des Kapillarbetts und des Lungengewebes.
Auf der kleinsten Skala, der Zellebene, wird das Low-Dimensional Population Model for
TRAIL-Induced Proapoptotic Signaling ([PMTS] s) eingesetzt. Auf der Zellebene werden
sowohl die Reaktionen des Alveolarkarzinoms, als auch die der einzelnen Krebszellen
auf das verabreichte Medikament betrachtet. Die Fluss- und Transportprozesse durch die
Blutgefäße des Lungenkreislaufs und durch das Lungengewebe spielen sich im Bereich
von Sekunden bis hin zu wenigen Minuten ab. Wohingegen die Reaktion des Tumors auf
das verabreichte Zytostatikum, die Apoptose der Krebszellen, erst nach mehreren Stunden
abgeschlossen ist.
Das entwickelte Mehrskalenmodell besteht aus den drei oben erwähnten Modellen und
koppelt sequentiell das VGM mit dem DCM und das DCM mit [PMTS] s, um die Fluss-,
Transport- und Reaktionsprozesse in der gesamten Lunge darzustellen.
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Mathematisches Umsetzung des Mehrskalenmodells
Die Aufgabe eines mathematischen Modells ist es das entwickelte konzeptionelle Modell in
mathematische Formulierungen zu übertragen. Dies bedeutet, dass die durch das konzep-
tionelle Modell ausgewählten, relevanten Prozesse nun durch mathematische Gleichungen
beschrieben werden.
Das Gleichungssytem des Vascular Graph Model basiert auf einem Ein-Phasen Zwei-
Komponenten Ansatz. Die strömende Phase besteht aus den beiden Komponenten Blut
und verabreichtes Medikament. Das mathematische Modell beruht auf der vereinfachen-
den Annahmen einer nicht pulsierenden Strömung. Weiter wird angenommen, dass die
Strömungsgeschwindigkeiten an den Gefäßwänden Null ist (Haftbedingung). Der Einfluss
von Verzweigungen im Blutgefäßbaum auf die Strömungsprozesse wird vernachlässigt.
Somit berücksichtigt das VGM keine turbulenten Strömungen. Die betrachtete Phase, beste-
hend aus Blut und darin gelöstem Medikament, wird als inkompressible, pseudoplastische
Flüssigkeit beschrieben. Der Fluss durch die einzelnen Blutgefäße wird mit Hilfe der Kon-
tinuitätsgleichung berechnet. Der advektive Transport des gelösten Medikaments durch
den Gefäßbaum wird durch die Transportgleichung beschrieben. Die Transportgleichung
enthält einen Senkterm, der die Abbauprozesse des Medikaments im Blut berücksichtigt.
Das Gleichungssystem des Alveolus Model verwendet für jedes der beiden Kontinua
einen Ein-Phasen Zwei-Komponenten Ansatz für starre, poröse Medien. Im Falle des
Gewebekontinuums besteht die Phase aus den Komponenten Gewebsflüssigkeit und darin
gelöstes Medikament. Die Phase des Kapillarbettkontinuums setzt sich aus Blut und
Therapeutikum zusammen. Die beiden Phasen werden als inkompressible, newtonsche
Flüssigkeiten betrachtet. Sowohl im Gewebekontinuum, als auch im Kapillarbettkontinu-
um liegt eine schleichende Strömung vor. Dies bedeutet, dass die Reynolds-Zahl in beiden
Kontinua immer kleiner als eins ist und somit das Gesetz von Darcy für die Berechnung der
Fließgeschwindigkeiten verwendet werden kann. Der Fluss in den beiden Kontinua wird
mit Hilfe von Kontinuitätsgleichungen berechnet. Der advektive und diffusive Transport
des gelösten Medikaments im Gewebekontinuum und im Kapillarbettkontinuum werden
durch Transportgleichungen beschrieben. Die Kontinuitäts- und Transportgleichungen
der beiden Kontinua sind über Quell- und Senkterme miteinander gekoppelt. Zusätzlich
beinhalten die Gleichungen des Gewebekontinuums Senkterme für die Beschreibung der
Einflüsse des Lymphsystems und der Wechselwirkungen der Wirkstoffmoleküle mit den
Krebszellen auf die Fluss- und Transportprozesse im Gewebe. Die Transportgleichung
im Kapillarbettkontinuum enthält einen weiteren Senkterm. Dieser berücksichtigt die
Abbauprozesse des Medikaments im Blut.
Das Gleichungssystem des Low-Dimensional Population Model for TRAIL-Induced Proapoptotic
Signaling beinhaltet ein Einzelzellmodell zur Abbildung der Reaktionen einer einzelnen
Krebszelle auf einen proapoptotischen Stimulus. Das Einzelzellmodell ist in ein hetero-
genes Zellpopulationsmodell eingebunden. Die heterogene Reaktion aller Krebszellen
eines Tumors auf den gleichen Stimulus wird durch das Zellpopulationsmodell abgebildet.
Das gewöhnliche Differentialgleichungssystem ist für alle Zellen gleich aufgebaut. Jedoch
werden für jede Zelle andere Anfangsbedingungen und Parameterwerte gewählt.
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Numerische Implementierung des Mehrskalenmodells
Die entwickelten mathematischen Modelle zur Beschreibung der Fluss-, Transport- und
Reaktionsprozesse in der menschlichen Lunge sind analytisch, wenn überhaupt, nur sehr
schwer zu lösen. Deshalb werden die Gleichungssysteme der mathematischen Modelle
mit Hilfe numerischer Algorithmen gelöst. Dies erfordert die zeitliche Diskretisierung
der gewöhnlichen Differentialgleichungen des Low-Dimensional Population Model for TRAIL-
Induced Proapoptotic Signaling und die räumliche und zeitliche Diskretisierung der partiellen
Differentialgleichungen des Vascular Graph Model und des Alveolus Model. Die durch die
zeitliche und räumliche Diskretisierung erhaltenen numerischen Algorithmen der drei ver-
wendeten mathematischen Modelle des Mehrskalenmodells und die numerische Umset-
zung der Kopplungen zwischen den Modellen sind unter der Verwendung von drei ver-
schiedenen Simulatoren realisiert worden. Mit Hilfe der implementierten numerischen Al-
gorithmen können die Prozesse, welche durch das konzeptionelle Modell definiert worden
sind, berechnet werden.
Das lineare, partielle Differentialgleichungssystem des VGM wird numerisch gelöst nach
den beiden Primärvariablen Druck und Molenbruch an gelöstem Medikament. Hierfür
wird für die räumliche Diskretisierung des Gleichungssystems ein Finite Differenzen Ver-
fahren und für die zeitliche Diskretisierung ein explizites Euler-Verfahren verwendet. Die
Kontinuitätsgleichung, zur Ermittlung des Druckfeldes in den Blutgefäßen, wird entkoppelt
von der Transportgleichung, zur Bestimmung der Medikamentenverteilung im Gefäßbaum,
gelöst. Das Courant-Friedrichs-Lewy (CFL) Kriterium stellt die Stabilität und die Konver-
genz der Lösung sicher, trotz der Verwendung einer expliziten Zeitdiskretisierung. Das
nicht-lineare, partielle Differentialgleichungssystem des DCM wird ebenso nach den bei-
den Primärvariablen Druck und Molenbruch an gelöstem Medikament im Lungengewebe
(Kontinuum 1) und nach den beiden Primärvariablen Druck und Molenbruch an gelöstem
Medikament im Kapillarbett (Kontinuum 2) gelöst. Für die räumliche Diskretisierung des
nicht-linearen Gleichungssystems wird die Box-Methode (siehe Helmig (1997) [45]) ver-
wendet. Die zeitliche Diskretisierung der Gleichungen beruht auf dem impliziten Euler-
Verfahren. Das Anfangswertproblem des gewöhnlichen Differentialgleichungssystem des
[PMTS] s wird mit Hilfe eines expliziten Runge-Kutta Verfahrens, der Dormand-Prince
Methode, und dem BDF-Verfahren numerisch gelöst.
Für die sequentielle Kopplung des DCM an das VGM wird das sogenannte Python Sub-
process Module verwendet. Das Vascular Graph Model liefert die Anfangs- und Randbedin-
gungen für die beiden Primärvariablen Druck und Molenbruch an gelöstem Medikament
im Kapillarbett. Das DCM übergibt an das VGM die Menge an Flüssigkeit und gelöstem
Medikament, welche den Blutkreislauf innerhalb eines Simulationzeitschrittes verlassen
haben. Die sequentielle Kopplung des [PMTS] s an das DCM wird durch die Verwen-
dung der MATLAB ENGINE Routine realisiert. Das Doppelkontinuumsmodell übergibt an
das Low-Dimensional Population Model for TRAIL-Induced Proapoptotic Signaling die Medika-
mentenkonzentration im Tumorgewebe. Das [PMTS] s berechnet die Prozentzahl apoptoti-
scher Krebszellen auf Grund der Wirkstoffkonzentration im Tumor. Diese Information wird
an das DCM zurückgegeben.
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Simulationsergebnisse und lokale Sensitivitätsanalyse des Mehrskalenmodells
In dieser Arbeit werden zwei verschiedene Simulationsbeispiele gezeigt. Das erste Beispiel
zeigt die räumliche und zeitliche Verteilung des verabreichten Medikaments in einem
kleinen Ausschnitt der Lunge für eine Modellierungszeit von elf Sekunden.
Das zweite Beispiel stellt die räumliche und zeitliche Verteilung des verabreichten Medika-
ments in einem kleinen Ausschnitt der Lunge über einen Zeitraum von zwölf Stunden und
die Reaktion der Krebszellen auf das Therapeutikum dar.
Die lokale Sensitivitätsanalyse des Mehrskalenmodells zeigt den Einfluss der einzelnen Pa-
rameter auf das Modellergebnis auf. Es wird untersucht, wie sich eine Änderung eines
einzelnen Parameterwertes auf die Drücke und Molenbrüche in den Blutgefäßen, im Lun-
gengewebe und im Tumor, sowie auf den Anteil apoptotischer Zellen im Tumorgewebe
auswirken. Insgesamt ist der Einfluss von 64 Parametern untersucht worden. Als einer
der wichtigsten Parameter ist der Durchmesser der Blutgefäße identifiziert worden. Hinge-
gen sind die Senkterme, die den Einfluss des Lymphsystems und die Abbauprozesse des
Medikaments beschreiben, eher zu vernachlässigen.

Zusammenfassung und Ausblick
Diese Arbeit stellt ein Mehrskalenmodell zur Beschreibung der Fluss-, Transport- und Reak-
tionsprozesse in der menschlichen Lunge zur Behandlung von Lungenkrebs vor. Das ent-
wickelte mathematische und numerische Modell verbindet drei unterschiedliche räumliche
Skalen und die entsprechenden physikalischen Prozesse jeder Skala miteinander. Es ex-
istiert bereits eine Vielzahl von Veröffentlichungen über die Modellierung von Fluss- und
Transportprozessen in Tumoren, zum Beispiel: Baxter und Jain (1989) [18], Baxter und Jain
(1990) [16], Baxter und Jain (1991) [17], Chapman et al. (2008) [24], Eikenberry (2009) [33]
oder Shipley und Chapman (2010) [91]. Ebenso gibt es zahlreiche Publikationen über die
Simulation der Strömungsprozesse in den menschlichen Blutgefäßen: Boas et al. (2008)
[21], Reichold et al. (2009) [81], Guibert et al. (2010) [40], Lorthois et al. (2011) [65] oder
Lorthois et al. (2011) [66]. Auch auf dem Gebiet der Apoptosemodellierung sind bereits
viele Veröffentlichungen vorhanden, wie zum Beispiel: Bagci et al. (2006) [13], Eißing et al.
(2009) [34] oder Hasenauer et al. (2010) [43]. Das in dieser Arbeit vorgestellte Mehrskalen-
modell basiert auf den oben erwähnten Publikationen. Jedoch die Kopplung eines Modells
für die Makrozirkulation mit zwei weiteren Modellen, einem für die Mikrozirkulation und
dem umliegenden Gewebe und einem zweitem Modell für die Apoptosemodellierung im
Tumor, und somit die Repräsentation eines ganzen Organs befallen von einem Tumor sind
neu.
Das entwickelte Mehrskalenmodell besteht aus den folgenden drei Modellen: dem Vascu-
lar Graph Model zur Darstellung der Prozesse in der Makrozirkulation, dem Alveolus Model
für die Beschreibung der Prozesse im Kapillarbett um eine Alveole und dem umliegenden
Lungengewebe, sowie dem Low-Dimensional Population Model for TRAIL-Induced Proapoptotic
Signaling zur Abbildung der Reaktionen der Krebszellen auf das verabreichte Medikament.
Allerdings, sind noch weitere Verbesserungen an den einzelnen Modellen möglich. Bis jetzt
bilden das VGM und das DCM noch nicht die zyklischen Druckschwankungen im Blutkreis-
lauf auf Grund des Herzschlags ab. Weiterhin wäre es interessant unterschiedliche Behand-
lungszyklen zu simulieren, um den Einfluss der Behandlungsdauer und der verabreich-
ten Medikamentendosis auf die Anzahl apoptotischer Zellen im Tumor zu untersuchen.



h Zusammenfassung

Zusätzlich ist es von Nöten das bestehende Mehrskalenmodell um ein Tumor-Wachstums-
Modell zu erweitern. Um die Vorhersagekraft des Modells zu stärken, ist es unumgänglich
hochauflösende Angiographiedaten vom Lungenkreislauf für die Gewinnung realistischer
Parameterwerte zu verwenden.
Das in dieser Arbeit vorgestellte Modellkonzept stellt einen ersten Schritt in Richtung eines
prädiktiven numerischen Modells dar, das in der Lage wäre die Behandlung eines Alveo-
larkarzinoms zu leiten. Nur durch die kontinuierliche Verbesserung des bereits bestehen-
den Mehrskalenmodells kann das Ziel, den Einsatz dieses Modells bei der Behandlung von
Lungenkrebspatienten, erreicht werden.



1 Introduction

1.1 Motivation

The motivation for this work is the development of a mathematical and a numerical model,
that describe the distribution and the therapeutic efficacy of a targeted protein therapeutic
within the human lung for cancer therapy. The therapeutic agent, that is used for this
model, is a bifunctional fusion protein, the so-called scFv-TRAIL. The TRAIL molecule
is combined with a monoclonal antibody that recognizes the cell surface of the tumor. It
binds to the epidermal growth factor receptor that is overexpressed in a number of cancers,
especially in lung tumors. The scFv-TRAIL molecule belongs to the targeted protein
therapeutics and seems to be the future in cancer treatment.

According to the World Health Organization, lung cancer kills more people than any
other type of cancer and is responsible for 1.4 million deaths worldwide yearly [6]. Lung
cancer, especially the bronchial carcinoma, is the most frequently occurring malignant
tumor in our country. In about 85 percent of all cases, this kind of tumor is induced by
the continuous inhalation of tobacco smoke. It is estimated that for every three million
cigarettes purchased, a lung cancer follows 35 years later. Lung cancer is a paradigm of car-
cinogen induced human cancer. Other pulmonary carcinogens are, for example, asbestos,
arsenic, and nickel. Air pollution, X-rays, vitamin deficiency and genetic factors are only
the cause of lung cancer in about 7 percent of all cases (Frommhold and Gerhardt (1987) [39]).

The delivery of the therapeutic agent to the solid cancer and its selectivity are the de-
cisive factors for a high therapeutic efficacy of the drug. In general, the delivery of the
therapeutic agent to the tumor cells involves three processes:

- the transport within the blood vessels,

- the transport across vasculature walls into the surrounding tissues, and

- the transport through the interstitial space towards the cancer cells.

If the tumor exceeds a diameter of about three millimeters, tumor induced angiogenesis
will occur (Shijubo et al. (2003) [90]). In this case, a direct transport of the therapeutic
agent via the blood vessels to the targeted cells is also possible. The model has to account
for all four aforementioned modes of transport. The transport processes are determined
by the physiochemical properties of the therapeutic agent (particle size, diffusivity, drug
binding) and the biological properties of the tumor (tumor vasculature, tissue structure and
composition, interstitial fluid pressure, tumor cell density) (Jang et al. (2003) [54]). Further,
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the reaction of the tumor to the administered therapeutic agent has to be taken into account
to describe the therapeutic efficacy of the drug.

The development of a mathematical and a numerical model that are suitable to guide
lung cancer therapeutic strategies is an ambitious aim. This work does not claim to fully
achieve this ultimate goal. However, it is a first step towards it. The developed model is
based on the anatomy and histology of the human lung and is specialized in the therapeutic
agent scFv-TRAIL.

1.2 Structure of the Thesis

Following these introductory comments, the anatomy, the histology and the cardiovascular
system of the human lung are described in Chapter 2. An overview about the properties and
the composition of blood is also given. Further, the characteristics of tumors and the cancer
cell-selective apoptogenic therapy are explained. Chapter 2 provides the basis for Chapter 3:
the model concept for describing cancer-therapeutic transport in the lung. The description
of the flow, transport and reaction processes in the lung is a multi-scale problem. There-
fore, three different models are used. Chapter 3 gives an overview about the individual
models and how these models interact with each other. The therapeutic agent is adminis-
tered via a bolus injection into the blood stream. The vascular graph model (VGM) repre-
sents the processes occurring in the pulmonary circulation: the arteries, arterioles, venules
and veins. In Chapter 4, the underlying assumptions, the balance equations and the nu-
merical implementation of the VGM are explained. The vascular graph model is coupled
to the alveolus model, a double-continuum approach. The alveolus model represents the
flow, transport and reaction processes in the capillary bed around a single alveolus and
the surrounding pulmonary tissue. Chapter 5 introduces the idea and the reason for using
a double-continuum model. Furthermore, the balance equations for each continuum, the
coupling functions for the flow and transport processes between the two continua, and the
numerical implementation of the alveolus model are described. The alveolus model is cou-
pled to the low-dimensional population model for TRAIL-induced proapoptotic signaling
([PMTS] s). This model describes the reaction of the cancer cells to the present concentration
of the therapeutic agent in the pulmonary tissue. In Chapter 6, the model concept, the sys-
tem of ordinary differential equations and the numerical implementation of the [PMTS] s
are explained. Chapter 7 describes in detail the coupling of the three individual models that
have been introduced in Chapter 4, Chapter 5 and Chapter 6. In Chapter 8, two different sce-
narios are presented to demonstrate the functionality and the capabilities of the developed
model concept for describing cancer-therapeutic transport in the lung. A local sensitivity
analysis is performed to determine the impact of the individual parameters on the model
results. Chapter 9 summarizes the important points of this thesis and gives an outlook to
possible enhancements. In the appendix of this thesis, a more detailed overview about the
numerical implementation of the VGM, the DCM and the [PMTS] s is given.
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2.1 Anatomy of the Lung

The lungs are a pair of cone-shaped breathing organs: the left lung and the right lung. They
bring oxygen into the body when breathing in and take out carbon dioxide when breathing
out. The lungs are arboreal segmentations of the bronchi with a vascular system that are
united by connective tissue. Figure 1 shows the anatomy of a human lung.

Figure 1: Lung anatomy (with kind permission of T. Winslow, copyright 2006).

Each lung has sections called lobes. The left lung has two lobes and the right lung, which
is slightly larger, has three. The lobes are further subdivided into smaller segments, the
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so-called lobules. A thin membrane named the pleura surrounds the lungs. The bronchial
system consists of air conducting and respiratory sections. The branching of the bronchial
tree occurs strictly by dichotomy (see Figure 2). However, the branching is irregular. Diame-
ters and lengths of daughter branches vary and terminal branches are reached after a diverse
number of generations. Table 2 shows in detail the subdivision of the human bronchial tree.
The average number of generations is about 23 for human airways (Weibel (1991) [102]). The
trachea (zeroth generation of airways) divides into the two main bronchi (first generation
of airways) that lead to the right and the left lung. Each bronchi is further subdivided and
gives rise to the bronchioles. The bronchioles lead to the alveolar sacs. A single alveolar
sac consists of a cluster of alveoli. In the alveoli the gas exchange occurs. In total, the lung
contains about 300 million alveoli (Schiebler et al. (1999) [84]). The respiratory bronchioles,
alveolar ducts and alveolar sacs which originate from a single terminal bronchiole (terminal
part of the non respiratory bronchioles) are referred to as acinus (see Figure 2). A single
acinus contains about 2000 alveoli (Des Jardins (2008) [55]).

Table 2: Organization of the human airways: generation number G according to the dichoto-
mous branching of the airways (Schiebler et al. (1999) [84]).

air conducting sections respiratory sections1

trachea bronchi bronchioles alveolar system
lobar segmental non respiratory respiratory AD3 AS4

G2 0 1 2 3 4→ 15 16 17 18 19 20 21 22 23
1 sites of gas exchange
2 G: generation number
3 AD: alveolar ducts
4 AS: alveolar sacs

Figure 2: Part of the bronchial system: showing the dichotomous branching of the bronchial
tree (adapted from Tillmann (2005) [97] with kind permission from Springer Sci-
ence+Business Media).
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2.2 Cardiovascular System of the Lung

The cardiovascular system of the human body is divided into the systemic circulation sup-
plied by the left heart ventricle and the pulmonary circulation supplied by the right ventricle
(Formiggia et al. (2009) [38]). The pulmonary blood circuit, as well as the systemic blood cir-
cuit, are composed of arteries, arterioles, capillaries, venules and veins (Des Jardins (2008)
[55]). Every vessel that transmits blood away from the heart is called artery. Its end section
is termed arteriole. Veins are all vessels that lead the blood back to the heart. The smallest
type of veins are the so-called venules, that end in the veins. According to Formiggia et al.
(2009) [38], venules can be classified into microvenules (diameter of 15-100 µm), minivenules
(diameter of 100-300 µm) and venules (diameter 300-500 µm).
The blood supply of the lung occurs by a dual vascular supply: the bronchial vessels and
the pulmonary vessels. The pulmonary vessels belong to the pulmonary circulation while
the bronchial vessels are related to the systemic circulation. The main task of the pulmonary
blood circuit is the arterialization1 of the venous blood. Further, all structures distal2 to the
terminal bronchioles are supplied with nutrients by the pulmonary vascular system. Blood
is ejected from the right heart ventricle in discrete pulses where it flows through a network
of branching arteries of decreasing size to the arterioles and then to the capillaries. From the
capillaries, blood returns to the heart through a network of venules and veins. The arteries
and veins have a pure conduit function: the delivery of blood to and from the capillary beds.
Whereas, the pulmonary capillaries are responsible for the perfusion of the tissue with oxy-
gen and nutrients, the removal of carbon dioxide and catabolites, and the oxygenation of
blood (Formiggia et al. (2009) [38]). The pulmonary capillaries which surround the alveoli
form a hexagonal network around the single alveoli (Weibel (1963) [101]). Capillaries are
muscular free endothelial tubes. The structure of the capillary wall is organ-specific and
therefore function-related. The capillary wall consists of the glycocalyx, the endothelium,
the basal membrane and the pericytes. The glycocalyx covers the entire surface of the en-
dothelium and the intercellular gaps. It forms the first contact between the blood and the
vessel wall. The glycocalyx is highly hydrated and extends up to 100 nm into the lumen of
the vessel. Due to the charged surface of the glycocalyx, it provides the first barrier to trans-
port of substances from the intravascular space across the vessel wall into the surrounding
tissue (Formiggia et al. (2009) [38]). The endothelium is the main constituent of the vessel
wall forming the interface between the flowing blood and the vessel wall. It can be distin-
guished between capillaries with thin endothelial cells (0.1-0.2 µm) and thick endothelial
cells (0.3-1.0 µm). The basal membrane appears as a closed layer in the lateral direction and
can be discontinuous in the longitudinal direction. It is 30-60 nm thick. The pericytes are
flat cells with strongly branched appendices, that finger-shaped encompass the endothelial
tube. The pericytes are covered by the basal membrane. As it is shown in Figure 3, there
are three types of capillaries: continuous, fenestrated and discontinuous. Continuous capil-
laries do not have inter- or intracellular gaps (see Section 5.4). The endothelial cells overlap
and are closely linked by tight junctions (mean pore radius of 4 to 5 nm (Schmidt and Lang

1Arterialization means the conversion of the venous blood into arterial blood during its passage through the
lungs by the absorption of oxygen and the release of carbonic acid gas into the inspired air.

2An adjective used for a body part that is further away from another part, referring, for example, to the trunk
(Marcovitch (2005) [68]).
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(2007) [87])). The endothelium of fenestrated capillaries is penetrated by intracellular pores
(fenestrations). These pores have a diameter of 50 to 60 nm (Schmidt and Lang (2007) [87]).
The vessel wall of discontinuous capillaries is characterized by wide gaps between the cells,
a discontinuous basal lamina, and numerous fenestrations in the endothelium (Baber (2009)
[11]). In the lung there are only continuous, non-fenestrated capillaries (Tillmann (2005)
[97]).

Figure 3: Different types of capillaries (adapted from Schiebler and Korf (2007) [85] with
kind permission from Springer Science+Business Media). A Continuous capillary:
continuous basal membrane. B Fenestrated capillary. C Discontinuous capillary:
endothelial cells with intercellular pores; discontinuous basal membrane.

The two pulmonary arteries that originate from the pulmonary trunk enter the correspond-
ing lung through the pulmonary hilum3. The branching of the pulmonary artery occurs by
an irregular dichotomy. Each artery divides into 2 daughter branches of unequal length and
diameter until the alveolar capillaries are reached (Milnor (1972) [71]). The arterial tree runs
and branches in parallel to the tracheobronchial tree. The venous tree also shows a dichoto-
mous branching behavior. In contrast to the arteries, the veins run away from the bronchial
tree and take a more direct way to the hilus of the lung. The veins of each lung merge
into two large veins so that blood of four pulmonary veins is drained into the left atrium
of the heart (Des Jardins (2008) [55]). In Table 3, the properties of the human pulmonary
circulation are summarized.

The bronchial vessels, the second blood vessel system in the lung, are a part of the systemic
circulation and have a purely nutritive function. The bronchial vessels are responsible for
the supply of oxygen to the bronchi up to the terminal bronchioles, the tissue of the pul-
monary artery walls, and the peribronchial tissue (Larsen and Ziegenfuß (2009) [60]). The
blood flow through the bronchial arteries and veins is about one per cent of the total blood
flow through the lungs. The bronchial arteries follow the tracheobronchial tree up to the
terminal bronchioles. There, the bronchial arteries merge with the pulmonary arteries and

3Pulmonary hilum denotes the location where the pulmonary artery, the pulmonary vein, the main bronchus,
nerves and lymphatic vessels penetrate the lung.
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Table 3: Properties of the human pulmonary circulation (Singhal et al. (1973) [92]).

diameter range [mm] number of vessels volume [ml] mean velocity [mm/s]

30 (main pulmonary artery) 1 64 110
8-30 10 21 155
1-8 103 37 104
0.1-1 0.25 · 106 19 44
0.02-0.1 20 · 106 5 23
0.01 (capillaries) 300 · 106 5 2

capillaries that are part of the pulmonary vascular system. One third of the bronchial ve-
nous blood returns to the right atrium through the azygos, hemiazygos and intercostal veins.
The other two-thirds of the bronchial venous blood drain into the pulmonary circulation via
bronchopulmonary anastomoses4 and return to the left atrium through the pulmonary veins
(Des Jardins (2008) [55]). Figure 4 depicts a part of the bronchial tree showing the division
of the bronchial and pulmonary vessels.

Figure 4: Bronchial tree and alveoli with bronchial and pulmonary vessels (adapted from
Tillmann (2005) [97] with kind permission from Springer Science+Business Media).

4An anastomosis is a direct connection between different branches of veins or arteries without any intervening
network of capillaries (Marcovitch (2005) [68]).
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2.3 Composition and Function of the Body Fluid Blood

The body fluid blood is a suspension of erythrocytes (red blood cells), leukocytes (white
blood cells) and thrombocytes (blood platelets) in blood plasma. The portion of cells is
about 45 percent and the portion of blood plasma amounts to 55 percent (Schiebler (1999)
[84]). The volume fraction of cells is termed the hematocrit. Blood can be described as a
liquid organ with several different functions like the transport and distribution of oxygen,
carbon dioxide, cells, nutrients, hormones, metabolites, vitamins, mineral nutrients, and
temperature. Certain organs control and change the chemical and physical properties of
blood, that the concentration of dissolved components, the pH value and the temperature
stay constant. Further functions of blood are the hemostasis (blood clotting) and the immune
defense (Schmidt and Lang (2007) [87]).

Blood plasma is composed of about 90 percent water. The remaining ten percent consist of
proteins (about eight percent), electrolytes, food substances, respiratory gases, hormones,
vitamins and waste products (Des Jardins (2008) [55]). Albumins amount to 60 percent of

Table 4: Composition and properties of blood in a healthy human (modified according to
Formiggia et al. (2009) [38]).

composition unit value function

erythrocytes number per mm3 4.2− 6.3 · 106 transport of O2 and CO2

leukocytes number per mm3 4− 10 · 103

neutrophils % 40-70 phagocytosis of bacteria
eosinophils % 1-2 defense against parasites, partic-

ipation in allergic reactions
basophils % 0.5-1 release of histamine (causes al-

lergic reactions) and heparin (for
fat metabolism)

lymphocytes % 20-40 immune defense
monocytes % 2-10 phagocytosis, movement into

the tissue and differentiation
into macrophages

blood platelets number per mm3 2− 4 · 105 blood clotting
ions mEq/l 295-310
protids g/l 70-80

lipids g/l 5-7
glucids g/l 0.8-1.1

properties unit value

density kg/m3 1040-1060
hematocrit % 40-50
osmotic pressure mOsm 280-300
pH 7.39-7.41
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the proteins. The remainder of proteins is composed of globulins and fibrinogen (Schiebler
(1999) [84]).
Erythrocytes, the red blood cells, consist of a bilipid membrane and a membrane cytoskele-
ton that surrounds a solution called hemoglobin. Hemoglobin is a protein that shows a high
affinity for oxygen. The red blood cells have a biconcave discoid shape with a diameter
of about 8 µm and a thickness of approximately 2 µm. Erythrocytes are highly deformable
(Formiggia et al. (2009) [38]). Thrombocytes, the blood platelets, have a diameter in the
range of 2 to 4 µm. Thrombocytes are anuclear cells and play an important role in the coag-
ulation of blood. Red blood cells as well as blood platelets are not able to cross the vessel
walls of the circulatory system whereas leukocytes, the white blood cells, can pass through
the walls of venules (Schiebler (1999) [84]). Leukocytes are involved in the immune defense
of the body. Due to the structural and chemical properties of leukocytes, the different kind
of leukocytes are grouped into granulocytes and agranulocytes. Neutrophils, eosinophils
and basophils belong to the granulocytes. These cells contain granules5 in their cytoplasm.
Lymphocytes and monocytes lack granules and belong to the agranulocytes (Des Jardins
(2008) [55]). The precise composition and the properties of blood, as well as the functions of
the different cells, are specified in Table 4.

2.4 Types of Tissues

A tissue is an assembly of cells and intercellular substances. Depending on the function of
the tissue, it is termed parenchyma or stroma. Parenchyma means all kinds of tissue in an
organ that have special, organ-specific functions. If the tissue mainly forms the supporting
structure of the organ it will be termed stroma. In many cases, it cannot be distinguished be-
tween parenchyma and stroma. In the human body, four basic types of tissue can be found:
epithelial tissue, muscular tissue, nerve tissue and connective tissue. The cells that belong
to the same kind of tissue are characterized by special morphological properties and func-
tions. The epithelial tissue is a cellular layer that forms the lining of internal and external
surfaces. The epithelium fulfills functions like resorption, absorption, transport and secre-
tion of substances. The muscular tissue is characterized by cells whose primary function is
contraction. The nervous tissue is composed of neurons, neuroglias, nerves and nerve fibers.
The neurons transmit the electrical impulses and the neuroglias provide a support system
for the neurons. Nervous tissue is necessary for the selective communication between, and
the control of, body parts. For in-depth information about the structure and the functions of
the different types of tissue, the reader is referred to Schiebler (1999) [84] and Junqueira et
al. (2002) [56]. The tissue of the lung consists mainly of connective tissue. The structure and
function of the connective tissue will be explained in the following subchapter.

2.4.1 Structure and Function of the Connective Tissue

The connective tissue is a type of tissue made up of fibers forming a framework and support
structure for body tissues and organs. The connective tissue is allotropic and its structure

5A granule is a small particle. The release of granules is called degranulation.
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depends on the local demands. It can be differentiated between formed and unformed con-
nective tissue (see Table 5). The unformed tissue is not able to hold its shape in contrast to
the formed one. However, all kinds of connective tissue consist of connective tissue cells
and intercellular substances.

Table 5: Different types of connective tissue.

unformed connective tissue formed connective tissue

mesenchyme tendons and ligaments
mucous connective tissue cartilage
spinocellular connective tissue bone
reticular connective tissue dentin
loose connective tissue
dense connective tissue
adipose tissue

2.4.1.1 Connective Tissue Cells

There are different types of connective tissue cells:

- fixed connective tissue cells, which are attached to a certain place, for example fibro-
cytes, adipocytes, reticulum cells and

- mobile connective tissue cells, for example macrophages, lymphocytes, plasma cells,
and granulocytes. The mobile connective tissue cells belong predominantly to the
immune system.

Fixed connective tissue cells stabilize the tissue and provide the matrix for the exchange of
metabolites. Mobile connective tissue cells are able to change their positions but they do not
take part in the production of intercellular substances.

2.4.1.2 Intercellular Substances - Extracellular Matrix

The intercellular substances fill the free spaces in the tissue and consist mainly of:

- fibers of different structures and physical properties (formed intercellular substance),

- amorphous ground substance and

- interstitial fluid.

Collagen fibers, reticular fibers and elastic fibers are the different types of fibers of the
formed intercellular substance. Collagen fibers are the main component of the loose and
the dense connective tissue (see Table 5). The mechanical properties of the connective tissue
are determined by the arrangement of the collagen fibers. The reticular fibers generate a
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scaffold of fibers in hematopoietic (blood-forming) organs. They are found on the surface
of muscle cells, capillaries and some epithelial cells. The reticular fibers give the tissue a
certain stiffness. The elastic fibers are cross-linked and form a three dimensional network.
Normally, elastic fibers are found together with collagen fibers. In the lung the amount of
elastic fibers is relatively high. The elasticity of the tissue is defined by these fibers.
The amorphous ground substance consists mainly of proteins and polysaccharides. The
strength of the intercellular substance depends on the degree of polymerization of the
polysaccharides.
The interstitial fluid is predominantly bound to the amorphous ground substance and forms
a hydrational shell there. The amount of mobile interstitial fluid is very small and has a simi-
lar composition like blood plasma (see Section 2.3). A part of the blood plasma filtrates from
the arterial part of the capillaries into the surrounding tissue where it becomes the intersti-
tial fluid. Compared to blood plasma the concentration of proteins is lower in the interstitial
fluid (Schmidt and Lang (2007) [87]).

2.4.2 Pulmonary Tissue

The loose connective tissue will be called stroma if it connects the individual parts of an
organ. In the case of the lung these individual parts are the lobules, bronchi, bronchioles
and alveolar sacs. The stroma contains mainly collagen fiber bundles. The number of elastic
and reticular fibers is smaller. The wide intercellular spaces, the large number of mobile
connective tissue cells, and large amounts of amorphous ground substance are characteristic
for the loose connective tissue of the lung. An illustration of the stroma of the lung can be
seen in Figure 5.

Figure 5: Loose connective tissue (adapted from Schiebler et al. (1999) [84] with kind per-
mission from Springer Science+Business Media).
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2.5 Characteristics of Tumors

The expression tumor stands for a swelling or lesion due to an abnormal growth of pre-
viously normal cells. The abnormal proliferation of cells (neoplasia) results in a structure
known as a neoplasm (Reiche (2003) [79]).
A tumor can be benign or malignant. A benign tumor pushes the surrounding tissue away,
but it does not invade other tissues and does not seed to other parts of the body via the
lymphatics or the bloodstream (metastasis). A malignant tumor is also called cancer. This
kind of tumor is harmful and potentially lethal because the malignant tumor locally erodes
the tissue and spreads either by direct growth or by metastasis (Marcovitch (2005) [68]). The
malignant cells are characterized by the following six capabilities, the hallmarks of cancer
according to Hanahan and Weinberg (2000) [41]:

- the ability to evade apoptosis,

- the self-sufficiency in growth signals,

- the insensitivity to anti-growth signals,

- the sustained angiogenesis,

- the limitless replicative potential and

- the invasion of tissue and metastasis.

The cancer is classified according to the organ of its origin as well as the type of cell from
which it is derived:

- carcinoma: A type of cancer developing from cells found in the surface layer of an
organ (epithelial tissue).

- sarcoma: Sarcomas are malignant tumors of the connective tissue.

- lymphoma and leukemia: These tumors are derived from hematopoietic cells.

- blastoma: Blastoma is a tumor that arises in the embryonic tissue.

A solid tumor is spatially heterogeneous with large differences in the vasculature. The
tumor vasculature varies in function and morphology from the vasculature in the normal
tissue. The blood vessels of the tumor are larger in size and more permeable. The tumor
vasculature has pores between 100 and 2000 nanometers, whereas the pore size of the
normal vasculature is between two and six nanometers (Dreher and Chilkoti (2007) [31]).

A large tumor can be divided into three regions:

- a necrotic region in the tumor core,

- a semi-necrotic region and

- a well vascularized region in the outer border area.
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Most of the cells are dead in the center of the tumor, the necrotic core. The outer region of
the tumor has rapidly dividing cells, a large blood supply and an abundance of exchange
vessels (Baxter and Jain (1989) [18]). Due to an inadequate supply with nutrients, cells
of the semi-necrotic region enter the G0-phase (see Section 2.6.1). They are quiescent.
However, these cells can start dividing again. Cytotoxic therapeutic agents cannot affect
quiescent cells. In consideration of this fact, a single chemotherapy will never be successful
(Dingermann et al. (2002) [29]).

Small tumors (tumor diameter smaller than two millimeters) are perfused by the vas-
culature that originates from the surrounding host tissue. If a small avascular tumor
exceeds this critical diameter, tumor-induced angiogenesis will occur, because the normal
tissue vasculature is no longer able to support the growth of the tumor. Angiogenesis
is defined as the process of new blood vessel development from an existing vasculature
through endothelial cell sprouting, proliferation and fusion (McDougall et al. (2006) [70]).

The extracellular matrix of a tumor is characterized by (Jain (1987) [50]):

- a large interstitial space,

- a high collagen concentration,

- a low proteoglycan and hyaluronate concentration,

- a high interstitial fluid pressure,

- an absence of an anatomically well-defined, functional lymphatic network and

- a large hydraulic conductivity.

The physiological functions of the extracellular matrix in the normal tissue are to stabilize
the spatial and functional relations between the cells, to pose as a barrier to bacterial inva-
sion and to regulate the transport of macromolecules through the interstitium. However,
the amorphous ground substance of the tumor tissue is seen as the source of the physical
resistance for the drug transport due to the high collagen concentration (Jang et al. (2003)
[54]).

The adenocarcinoma, the squamous carcinoma, the large-cell carcinoma and the small-cell
carcinoma comprise 80 percent of all known lung cancers. The adenocarcinoma is a tumor
that originates in glandular tissue and grows mainly in the pulmonary periphery. The
squamous carcinoma is usually found in the lung center, either in a lobe or in one of the
bronchi. It can grow to large sizes and forms cavities in the lung. The squamous cells
are formed from the reserve cells. These are round cells that replace injured or damaged
cells in the epithelium of the bronchi. The large-cell carcinomas are all tumors that cannot
be identified as squamous cell cancers or adenocarcinomas. They occur very seldom and
have a huge necrotic core. The large cells are the characteristic feature of this cancer. The
small-cell carcinoma is characterized by a rapid and invasive growth. Therefore, the process
of metastasis starts very soon (Komietzko et al. (1994) [57]).
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2.6 Idea of the Cancer Cell-Selective Apoptogenic Therapy

From animal experiments it is known that a certain dose rate of a cytotoxic therapeutic agent
will lead to the cell death of a relatively constant fraction of cancer cells. Normally 99.99 per-
cent of the tumor cells will undergo cell death. For a tumor with about 1011 cells this means
that 107 cells will survive the treatment. Therefore, the tumor should be treated as early as
possible. However, most of the cancer diseases cannot be diagnosed before the tumor has
reached a certain size. Assuming the development of a tumor from a single, malignant cell
and an exponential growth behavior of the cell, the tumor reaches two centimeters in size
after 30 duplications (109 cells). Depending on the type of cancer, this can take one day, two
weeks, several months, or more than one year. A tumor consisting of 109 cells needs only
ten further duplications to reach the critical tumor mass of 1012 cells. Now the tumor has
a diameter of 20 cm and this leads to the death of the patient in most cases. Three quarters
of the time, from the cancer development to the death of the patient, the tumor will not be
diagnosed (Dingermann et al. (2002) [29]). There is only a very limited time frame for a
successful cancer therapy. The large majority of today’s cancer therapies are based on the
removal of solid tumor masses by surgery, and a plethora of physical and chemical treat-
ments like chemo- and radiotherapy, that induce the death of all particularly sensitive or
rapidly growing cells. These approaches are variously combined in order to optimize the
therapeutic efficiency. It is common knowledge that today’s cancer therapies have serious
side effects. One reason for this is that neither cancer cells nor the cancer cause are directly
targeted. A new approach in cancer therapy is the development of a treatment that targets
the cause of a cancer. The TRAIL based apoptogenic therapy seems to be a great promise in
tumor targeting therapy. It combines high cell killing potential with tumor cell selectivity.

2.6.1 Explanation of the Cell Cycle

A cell proliferates by a tightly linked series of events (see Figure 6). These events can be
divided in two periods: the interphase and the M-phase. The interphase consists of the
G0/G1-phase, the S-phase and the G2-phase. A fully differentiated cell only rarely divides
or not at all. It leaves the G1-phase and enters the G0-phase, the so-called quiescent state
of a cell. During the two other G-phases, G1 and G2 (G indicating gap), the cell has time to
grow and it is ensured that the preparations for the subsequent S-phase or M-phase are fin-
ished. The DNA of the cell is duplicated during the S-phase (synthesis phase). The M-phase
starts with the division of the nucleus, the so-called mitosis. The cell division is complete
after the division of the cytoplasm, the cytokinesis. The progression through the cell cycle is
regulated by the assembly of the single phases and the activation of the cell cycle regulatory
complexes comprised of cyclins and cyclin-dependent protein kinases (Cdks) (Alberts et al.
(2004) [8]). To initiate a particular step in the cell cycle, the protein kinases are activated and
deactivated by the binding of the cyclins and additional phosphorylation. The enzymatic
activity of the Cdks rises and falls in a cyclic manner due to the cyclic concentration varia-
tions of the proteins cyclins during one cell cycle. Cyclins do not have to be enzymatically
activated themselves. Further, two checkpoints in the G1- and G2-phase guarantee the right
chronological sequence of the events during one cell cycle and give the cell the possibility to
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repair DNA damages before and after the replication of the DNA. At these checkpoints the
cell cycle can be stopped and will not enter the next phase of the cell cycle until the cell is
prepared. The G1 checkpoint ensures favorable extracellular conditions for cell proliferation
and an intact DNA. Unfavorable extracellular conditions lead to a slowed progress through
the G1-phase and sometimes the cell enters a specialized resting state, the G0-phase. Before
the M-phase starts, the G2 checkpoint guarantees that damaged DNA is repaired and the
DNA duplication is complete (Alberts et al. (2004) [7]).

G2

∼ 6h

M
∼ 0.5h

G1

∼ 12hS
∼ 6h

G0

G2 checkpoint

G1 checkpoint

Figure 6: Phases of the cell cycle (the information about the duration of the single phases is
taken from Koolman and Röhm (2009) [58]).

If the cells divide with a defect in the DNA (deoxyribonucleic acid) this process can cause
cancer or other diseases in the human organism. Therefore, the cells with a DNA defect
try to induce the programmed cell death (apoptosis) to stop the replication of the genetic
misinformation.

2.6.2 Process of Apoptosis

Apoptosis is a process in which the cells actively participate in their own death. It is a
programmed cell death in multicellular organisms. During the apoptosis the cell starts
to shrink and gets denser. The cytoskeleton and the nuclear membrane collapse and the
DNA is fragmented. The cell surface is changed in such a way that the moribund cell is
phagocytized before the intracellular content can be released into the surrounding tissue.
Therefore, the programmed cell death does not cause acute inflammation reactions in the
body.
Necrosis, the second cell death mechanism in multicellular organisms, always leads to
inflammation reactions. Necrosis serves to remove damaged cells from an organism and
is a passive process. This kind of cell death is not based on, and regulated by, cell signals.
During the necrosis the cell and the mitochondria swell. This causes the rupture of the
membranes and thus the inflammation in the organism.
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Table 6 shows the different characteristics of the two major cell death processes: apoptosis
and necrosis.

Table 6: Different characteristics of the two cell death processes.

apoptosis necrosis

membrane blebbing, no loss of integrity loss of membrane integrity
shrinking of cytoplasm swelling of cytoplasm and mitochondria
alteration of membrane asymmetry preservation of membrane asymmetry
condensation of nucleus -
mono- and oligonucleosomal length frag-
mentation of nuclear DNA

random digestion of DNA

ends with fragmentation of cell into smaller
bodies

ends with total cell lysis

activation of caspases -
involves two different pathways -
no inflammatory response inflammatory response

The apoptosis can be triggered by endogenous stimuli, such as the deprivation of the growth
factor, or by exogenous stimuli, like the ultraviolet- and the γ-irradiation or other DNA
damaging agents. The programmed cell death is based on the cysteine proteases, the so-
called caspases (c for cysteine and asp for aspartic acid). The caspases are enzymes that
are involved in the digestion of long protein chains into short fragments. They cleave the
target proteins at specific aspartic acids. The inactive form of the caspase, the procaspase,
is present in the cytosol and is activated by the proteolytic cleavage at specific aspartate
residues. Each caspase molecule is able to activate other procaspases. In this way, an ini-
tial activation of a small number of procaspase molecules can lead, via an amplifying chain
reaction (a cascade), to the explosive activation of a large number of procaspase molecules.
The different properties of the caspases allow the classification of these enzymes into the
initiators (caspase-8, caspase-9 and caspase-10) and the executioners (caspase-3, caspase-6
and caspase-7) of the apoptosis (Alberts et al. (2004) [7]).
The programmed cell death can be activated in two ways: extracellular (death receptor path-
way) or intracellular (mitochondrial apoptotic pathway). The procaspase activation from
the outside of the cell is realized by the activation of the death receptors on the cell surface.
A death receptor is a transmembrane protein and consists of an extracellular ligand-binding
domain, a single transmembrane domain, and an intracellular death domain. The Fas lig-
and binds to the death receptor protein Fas on the surface of the target cell. This leads to a
aggregation of the Fas receptors. The clustered Fas proteins recruit the intracellular adaptor
proteins FADD (Fas-associated death domain). These adaptor proteins bind and aggregate
procaspase-8 molecules, procaspase-10 molecules, or both, that cleave and activate one an-
other. The complex consisting of the death domain of the Fas death receptor, the intracellu-
lar adaptor protein FADD and the procaspase-8 or -10 is termed death-inducing signaling
complex (DISC). The initiator caspase-8 and caspase-10 activate downstream procaspases to
induce apoptosis (see Figure 7) (Alberts et al. (2004) [7]).
The cell can also kill itself by triggering the procaspase activation from within the cell: the
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intracellular pathway of apoptosis (see Figure 8). This will occur if the cell is damaged or
stressed. With the help of Bcl proteins like Bad, Bak, Bax and Bid, the outer mitochondrial6

membrane is permeabilized. This causes the release of cytochrome c into the cytosol, the in-
tracellular fluid. The cytochrome c binds and activates an adaptor protein Apaf-1 and Apaf-
1 activates procaspase-9. The caspase-9 cleaves downstream caspases that lead to apoptosis
(Alberts et al. (2004) [8]).
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Figure 7: Extracellular pathway of apoptosis (according to Alberts et al. (2004) [7]).
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Figure 8: Intracellular pathway of apoptosis (according to Alberts et al. (2004) [7]).

6The mitochondrium is a membrane-enclosed organelle - a subunit of the cell (Koolman and Röhm (2009) [58]).
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2.6.3 Induction of the Cancer Cell-Selective Apoptosis by TRAIL

The new therapeutic concept, the induction of cancer cell-selective apoptosis by TRAIL, is
similar to chemotherapy at inducing an efficient cancer cell kill but has a large, if not exclu-
sive, selectivity for tumor cells. This concept uses a system already existing in the human
body that is involved in the tumor surveillance by the innate immune system.
The abbreviation TRAIL stands for tumor necrosis factor (TNF)-related apoptosis-inducing
ligand. TRAIL is a type II transmembrane protein and member of the TNF-superfamily.
The TNF-superfamily refers to a group of cytokines that are essential in host defense mech-
anisms and the control of inflammatory processes (Hehlgans and Pfeffer (2004) [44]). A
transmembrane protein is located on the cell surface. If it binds to a receptor this protein
will be activated and will start a cascade of intracellular signals.
The TRAIL molecule is a homotrimer that can bind to three single receptors. The binding
of TRAIL to the death receptors DR4 (TRAIL-R1) and DR5 (TRAIL-R2) results in the apop-
tosis of the cancer cell. The TRAIL molecule can also bind to three other receptors: DcR1
(TRAIL-R3), DcR2 (TRAIL-R4) and a soluble receptor called osteoprotegerin (OPG). These
three receptors act as decoys. As they have a close homology to the extracellular domains
of DR4 and DR5, but are not able to induce the apoptosis. The DcR2 receptor has a trun-
cated, non-functioning death domain and the DcR1 receptor lacks the transmembrane and
the death domain. The overexpression of these two receptors protects the cell from the apop-
tosis induction by TRAIL (LeBlanc and Ashkenazi (2003) [61]).
The structure of the TRAIL molecule bound to receptor molecules is shown in Figure 9. The
receptor subunits are shown in gray, the three TRAIL subunits are colored, and the single
zinc atom is represented by the red sphere. The zinc atom is essential for optimal biological
activity like solubility and stability.

Figure 9: Structure of the TRAIL molecule (adapted by permission from Macmillan Pub-
lishers Ltd: [Cell Death and Differentiation] LeBlanc and Ashkenazi (2003) [61],
copyright 2003).
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Figure 10 illustrates the apoptotic signaling cascade induced by the TRAIL molecule. The
binding of TRAIL to DR4 or DR5 results in the aggregation of the receptors and the death
inducing signaling complex DISC is formed. The adapter protein FADD (Fas-associated
death domain) moves and interacts with the death domain of the receptor. FADD binds the
procaspase-8 molecule. This leads to the activation of caspase-8 and so the caspase cascade
and the programmed cell death is initiated by the activation of executioner caspases like
caspase-3 (Falschlehner et al. (2007) [35]).
Additionally, caspase-8 also cleaves Bid and this starts the intrinsic pathway of apoptosis
(see Figure 10). Thus, the intracellular pathway of apoptosis is connected to the extracellular
pathway and can amplify the extracellular pathway. The truncated Bid (tBid) interacts with
Bax and leads to the release of cytochrome c and Smac. The cytochrome c activates the
adaptor protein Apaf-1. Further, cytochrome c binds to the activated adaptor protein Apaf-
1 and procaspase-9 forming the apoptosome7 which activates caspase-9. Then, the caspase-9
cleaves downstream caspases that leads to the apoptosis of the cell. The protein Smac that is
also released from the mitochondrium into the cytosol promotes the cell death by blocking
the inhibitor protein XIAP (X-linked inhibitor of apoptosis). Normally, XIAP inactivates
caspase-3 by binding to the activated form of caspase-3 and can so delay or even stop the
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Figure 10: TRAIL signal transduction pathway (adapted by permission from J. Hasenauer,
Institute for Systems Theory and Automatic Control - University of Stuttgart).

7Complex consisting of Apaf∗-1, cytochrome c and procaspase-9; some scientists already use the term apopto-
some for the complex containing only Apaf∗-1 and cytochrome c (Alberts et al. (2004) [7])
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caspase cascade leading to the death of the cell. The proteins Bcl28 and CARP9 also counter-
act the triggering of the apoptotic signaling pathway by blocking the activation of Bax and
the inactivation of caspase-8. A further protein that inhibits the apoptotic signaling cascade
is FLIP. FLIP competes with the procaspase-8 proteins for the binding to the adapter protein
FADD. Therefore, FLIP reduces the recruitment of procaspase-8 to the death inducing sig-
naling complex DISC and the propagation of apoptotic signals (Cretney et al. (2007) [27]).
Until now, the activation of the NF-κB signaling pathway by TRAIL and its influence on the
cell fate by enhancing cell development or proliferation are not well understood (symbolized
by the question mark in Figure 10). NF-κB is known to play an important role in the reg-
ulation of the immune reaction, cell proliferation and apoptosis. The predominance of the
TRAIL-induced anti- or proapoptotic effects of NF-κB seems to be dependent on the differ-
ent cell types. The NF-κB signaling pathway regulates the expression of the anti-apoptotic
proteins XIAP and FLIP ( Falschlehner et al. (2007) [35]).

2.6.4 Use of the Bifunctional Fusion Protein scFv-TRAIL

To increase further the therapeutic efficacy and selectivity of TRAIL, the TRAIL molecule is
combined with a monoclonal antibody that recognizes cell surface markers specific for can-
cer cells or tumor stroma cells. This allows TRAIL to exert its apoptotic action only within
the tumor. A single-chain fusion protein scFv-TRAIL is created that binds to the epidermal
growth factor receptor (EGFR). Fusion proteins are by definition synthetic molecules that do
not occur in this composition in nature. Monoclonal antibodies are antibodies which have
been artificially produced to regonize a single epitop of a specific antigen. They only bind
to their target antigens. In general, antibodies are proteins that attach to foreign material
in the body and are released by certain cells of the immune system. Any foreign substance
that can induce the immune system to release antibodies is called an antigen. The epidermal
growth factor receptor is a cell surface receptor and belongs to the ErbB family. The ErbB
protein family consists of four structurally related receptor tyrosine kinases: ErbB-1 (EGFR),
ErbB-2, ErbB-3 and ErbB-4. EGFR is overexpressed in a number of cancers, including lung
tumors. The monoclonal antibodies block the extracellular ligand binding domain of the
EGFRs. If the binding sites are blocked the signal molecules can no longer attach there and
activate the tyrosine kinase. The tyrosine kinase is an enzyme that is important for the signal
transduction and so the tumor proliferation can be stopped.

8This protein belongs to the Bcl2 protein family. The Bcl2 protein family consists of about 20 members that
can be classified into four groups: the “effectors” Bax or Bak whose oligomerization creates pores in the
mitochondrial membrane; the “inhibitors” of the effectors such as Bcl2, BclxL or Bclw; the “activators” of Bax
and Bak as Bid and Bim; and the “sensitizers” for example Bad, Bik and Noxa which counteract antiapoptotic
Bcl2-like proteins (Spencer and Sorger (2011) [93]).

9CARPs (caspase-8 and caspase-10 associated RING proteins) are proteins that interact with caspase-8 and
caspase-10 and provide the cancer cells with a resistance mechanism against death ligand-induced apoptosis
by the inhibition of the caspase activation (McDonald and El-Deiry (2004) [69]).



3 Model Concept for Describing
Cancer-Therapeutic Transport in the Lung

The basis of every numerical simulation of a physical process is the development of a suit-
able model concept. The model concept reduces the complex system and its physical pro-
cesses to the relevant ones. The following section introduces the developed model concept
for describing cancer-therapeutic transport in the lung, which is a multi-scale problem. Fur-
ther, the theoretical fundamentals on which the developed multi-scale model is based on are
briefly summarized.

3.1 Definition of Basic Terms

Phase
The term phase stands for a region with a homogeneous chemical composition and physical
state. Normally, a phase is either solid, liquid or gaseous. Under the assumption of
a thermodynamic equilibrium, the Gibbs’ phase rule defines the maximum number of
coexisting phases.

Component
A phase is composed of at least one component. A component can be a pure chemical
substance or a combination of different chemical substances with similar properties such as
the pseudo-components interstitial fluid or blood.

Mass- and Mole Fraction
The composition of a multi-component system can be described by mass or mole fractions.
The mass fraction of a component C in a phase α, XC

α , is defined as the mass mC
α of the

component C in the phase α, divided by the total mass of all components n in the phase∑n
k=1m

k
α:

XC
α =

mC
α∑n

k=1m
k
α

. (1)

Similarly, the mole fraction of the component C in the phase α can be calculated by:

xCα =
nCα∑n
k=1 n

k
α

, (2)
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where nCα is the number of moles of the component C in the phase α. The sum of all the
mass or mole fractions of a phase add always up to one. In this thesis, mole fractions are
used to describe the composition of the considered phases.

Reaction Rate
The reaction rate represents the number of particles that are consumed during a chemical
reaction per time. Among others, the reaction rate depends on the concentration of the
reactants, the temperature and the presence of catalysts.

3.2 Definition of Structures and Scales

There are two main possibilities to describe the flow and transport processes in a biological
system: the molecular approach and the continuum approach. The molecular approach con-
siders the movement of single molecules or particles and their interactions under external
influences. A continuum approach assumes that the fluid is continuously distributed over
the whole space. The continuum approach is based on the averaging over a huge amount
of molecules. Due to the high number of molecules in fluids, the molecular approach is in-
appropriate for the solution of fluid flow problems (Helmig (2008) [46]). In this thesis, the
fluid phases considered by the vascular graph model and the alveolus model are always
described with a continuum approach.
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Figure 11: Left: from a biological tissue towards a porous medium. Right: definition of the
representative elementary volume according to Bear (1972) [19].

The structure of the biological system can also be considered either in a discrete or a contin-
uous fashion. In the case of the VGM, the structure of the pulmonary circulation is described
with a discrete approach, whereas the alveolus model uses a continuum approach to repre-
sent the structure of the capillary bed and the pulmonary tissue around an alveolus. Figure
11 shows the continuum approach for the pulmonary tissue on the different scales. The left
picture in this figure shows the pulmonary tissue on the micro scale. The individual com-
ponents can be easily identified. The right picture belongs to the macro scale. On the macro
scale it is no longer possible to identify the discontinuities that can be seen on the micro
scale. The connection between the micro and the macro scale is the so-called meso scale. On
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the meso scale the solid components of the tissue are united and build the porous network.
It is no longer differentiated between the individual solid components. The pores are filled
with the interstitial fluid. To come from the micro scale to the macro scale an averaging of
the properties of the porous medium within a representative elementary volume (REV) is
necessary. The representative elementary volume has to be chosen in such a way that the
averaged property is not influenced by the REV, see Figure 11. This is the case between V0

and V1. If the REV is smaller than V0 the averaged quantity will show strong oscillations.
For volumes greater than V1 the averaged quantity will only change in a heterogeneous
medium. However, the representative elementary volume should always be smaller than
the model domain, so that the characteristic properties of the material points do not get
lost. The averaging process creates new effective parameters like porosity, permeability or
tortuosity.

3.3 Definition of Effective Parameters

As already mentioned in Section 3.2, an averaging of the properties of the porous medium
within a representative elementary volume is necessary to come from the micro scale to the
macro scale. This averaging process creates new effective parameters like the porosity or
the permeability. In the following, all effective parameters relevant for this thesis will be
explained.

Porosity
The porosity φ is defined as follows:

φ =
volume of the pore space within the REV

total volume of the REV
. (3)

Due to the fact that the porosity φ is an effective parameter, it exists only on the macro scale.
On smaller scales, the pore space has to be described discretely.

Permeability
The permeability of a porous medium characterizes the ability of the material to allow
fluids to pass through it. It is a measure of the resistance of a porous matrix to the flowing
fluid. The intrinsic permeability K is derived from Darcy’s law (see Equation (20)) and is
defined as follows:

K = −QµL
∆pA

, (4)

where Q represents the flow rate of a fluid with the dynamic viscosity µ through a porous
medium with the flow area A over the length L driven by the pressure difference ∆p (Class
(2001) [25]). The intrinsic permeability K is strongly related to the hydraulic conductivity
kf :
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kf = K
ρmass g

µ
, (5)

where ρmass is the density of the fluid and g is the gravitational constant. The intrinsic
permeability K and the hydraulic conductivity kf are both tensors. The intrinsic perme-
ability K is only a property of the porous medium, whereas the hydraulic conductivity kf

is related to the porous substance and the flowing fluid.

Tortuosity
The tortuosity τ takes into account the shape of the pores and characterizes the way in
which the pores of the considered material are connected. Tortuosity is physically defined
as the ratio of the length of the actual path of a traveled species through a porous medium
to the unit length of this medium (Shen and Chen (2007) [89]). The tortuosity characterizes
the degree of sinuousness of the routes of transport within the porous medium.

In this thesis, the solid matrix of the considered porous media is assumed to behave
as a rigid material. Therefore, the effective parameters porosity, permeability and tortuosity
are not affected by pressure changes in the model domain. By the comparison of a rigid
model versus a linear-elastic model for modeling convection-enhanced drug delivery into
brain tissue, Støverud and coworkers have shown that there is no significant difference
between the resulting concentration distribution within the brain tissue using the rigid or
the linear-elastic model (Støverud et al. (2011) [94]).

3.4 Definition of Fluid Properties

Density
The physical quantity density is influenced by the composition of the considered phase, the
temperature and the pressure. It can be distinguished between the mass density ρmass and
the molar density ρmol of a phase. The mass density is defined as:

ρmass =
m

V
, (6)

where m is the mass, and V is the volume. The molar density is the ratio of the number of
moles n per volume V :

ρmol =
n

V
. (7)

Knowing the molar density of a phase and its composition, the mass density of this phase
can be obtained by the following relationship (Class (2001) [25]):

ρmass = ρmol

n∑
k=1

(
xkMk

)
, (8)
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where xk represents the mole fraction of the component k in the considered phase, and Mk

is the molar mass of this component k.

Viscosity
The term viscosity describes the resistance of a fluid against shear or tensile stress. The
dynamic viscosity µ is defined as the ratio of the shear stress τs divided by the velocity
gradient dv

dy . Hence, the shear stress τs is proportional to the velocity gradient and the
proportional factor is the dynamic viscosity µ:

τs = µ
dv

dy
. (9)

This equation can be obtained from an experiment. The experimental setup is outlined
on the left picture in Figure 12. A fluid is arranged between two parallel plates with the
distance y. The upper plate is moved with a constant velocity v due to the acting force F .
It is assumed that the fluid adheres at the plates. Thus, the fluid at the border to the fixed
plate has the velocity zero and the fluid at the border to the moving plate has the velocity
v. This causes that the fluid shears off into single layers and a velocity gradient is generated
between the two plates.

fixed plate
v = 0 v > 0

moving plate

F

⇒y

τs

dv
dy

dilatant fluid,
e.g. mixture of water
and cornstarch
(shear thickening)

Newtonian fluid,
e.g. water,
interstitial fluid

pseudoplastic fluid,
e.g. blood
(shear thinning)

Figure 12: Left: definition of the shear stress. Right: flow behavior of different fluids.

The force F that is necessary to move the upper plate with the velocity v is proportional to
the plate area A and indirectly proportional to the velocity gradient dvdy :

F ∼ A dv

dy
. (10)

The proportional constant is given by the dynamic viscosity µ and so the following equation
can be obtained:

F = µA
dv

dy
. (11)
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The quotient
F

A
is equal to the shear stress τs, and thus Equation (9) follows from the experi-

ment. The quotient of the dynamic viscosity µ and the mass density ρmass is called kinematic
viscosity ν. On the right picture in Figure 12, different kind of fluids exhibiting various flow
behaviors are shown.

3.5 Definition of Processes

The main task of the conceptual model is to identify the relevant processes of the described
system. In the following, a summary of all possible processes is given.

Advection
The term advection describes the transport of a substance in a stationary flow field. The
transport direction during advection is determined by the direction of the flow field. The
driving force for this process is a pressure gradient.

Diffusion
Diffusion is a transport process originating from a concentration gradient. The molecules
move from areas of high concentration to areas of low concentration. Contrary to the
advective transport, the molecules spread equally in all directions. The diffusive flux J of a
solute is described by Fick’s first law:

J = −D∇c, (12)

where D represents the diffusion coefficient and c the concentration of the transported sub-
stance.
In a porous medium, there are different types of diffusion, for example, molecular diffusion,
Knudsen diffusion or surface diffusion. In this thesis only molecular diffusion is considered.
The molecular diffusion in a porous medium is also described by Fick’s first law. However,
the diffusion coefficient D is replaced by the so-called effective molecular diffusion coeffi-
cient Deff . The effective molecular diffusion coefficient in porous media is always smaller
than the values given in literature for common mixtures. The tortuosity τ of the considered
porous medium reduces the diffusive flux. The porosity φ of the system itself also influences
the molecular diffusion in the porous medium. The porous matrix forces the molecules to
deviate from their straight diffusion paths (Shen and Chen (2007) [89]). The effective molec-
ular diffusion coefficient Deff is defined as follows:

Deff = τ̂ φDC
α with τ̂ =

1

τ2
, (13)

where DC
α is the diffusion coefficient of the component C in the phase α and τ̂ is the

tortuosity factor. The tortuosity factor is greater than zero and less than or equal to one (Yu
and Neretnieks (1996) [103]).
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Dispersion
The term dispersion is used to describe the transport of a component due to fluctuations
in the velocity field. These fluctuations have different reasons. On the micro scale, the
parabolic velocity distribution of the fluid inside the pore channels and the tortuosity of the
pore space cause the fluctuations in the velocity field. On the macro scale, dispersion arises
from the heterogeneous structure of the porous medium.

Reaction
The last possible process, that can be described by a conceptual model, is the reaction of the
single components. The substances come into contact, react, and form a new product. In the
human body, the therapeutic agent has several possibilities to react and change its chemical
composition: the drug molecule can be metabolized and undergo degradation, bind non
specifically to proteins and other components, or bind specifically to the target (Jain (1987)
[50]).

3.6 Idea of the Multi-Scale Model

Chapter 2, dealing with the anatomy, the histology and the cardiovascular system of the
lung, makes clear that the lung is a complex organ. Based on the medical knowledge about
the human lung, a model concept has been developed. This model concept is specialized for
an alveolar cell carcinoma. The therapeutic agent is administered via a bolus injection into
the blood stream. The developed concept includes the transport of the injected therapeutic
agent scFv-TRAIL through the pulmonary circulation, the transition of the dissolved drug
molecules from the pulmonary capillaries into the tissue and vice versa, the processes oc-
curring within the pulmonary tissue, and the reaction of the cancer cells to the administered
drug. Hence, the description of the flow and transport processes in the lung is a multi-scale
problem (see Figure 13). The following three scales are considered:

1. the pulmonary macrocirculation on the organ scale,

2. the capillary bed around an alveolus, the surrounding pulmonary tissue and the alve-
olar cell carcinoma on the tissue scale, and

3. the tumor cell population and the single cancer cells on the cells scale.

organism
organ

tissue
cells

Figure 13: Relevant scales for describing cancer-therapeutic transport in the lung.
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Figure 14 depicts the idea of the developed model concept for describing cancer-therapeutic
transport in the lung. The relevant processes occurring on these three scales are described
by three different simulators that are sequentially coupled to each other.
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Figure 14: General model concept for describing cancer-therapeutic transport in the lung -
solving a multi-scale problem.

The simulation toolbox VGM includes the vascular graph model (VGM, see Chapter 4 and
Reichold et al. (2009) [81]). The advection and reaction of the blood-dissolved drug within
the non-capillary part of the pulmonary vasculature (arteries, arterioles, venules and veins)
are simulated using this vascular graph model. Due to the high flow velocities in the macro-
circulation, the diffusive transport of the dissolved therapeutic agent through the arteries,
arterioles, venules and veins is neglected. Degradation processes of the administered drug
such as micturition and metabolic transformation reactions are included in the vascular
graph model. The geometry of the arteries, arteriole, venules and veins is described in a
discrete way.
The abundance of pulmonary capillaries (about 1800 capillary segments per alveolus
(Renkin et al. (1984) [82]); total number of alveoli: 300 · 106 according to Weibel (1991)
[102]) prevents the application of this discrete approach to the capillary bed around an alve-
olus due to the high computational cost incurred. Therefore, the flow, transport and reaction
processes within the capillary bed and the surrounding tissue around a single alveolus are
described by the so-called alveolus model instead, which is a double-continuum approach.
The structure of the capillary bed and the pulmonary tissue is represented in a continu-
ous fashion using the effective parameters defined in Section 3.3. The double-continuum
model (DCM) is implemented in the simulation toolbox DuMux, which is a free and open-
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source simulator for flow and transport processes in porous media (Flemisch et al. (2011)
[36]), to represent the flow, reaction, and transport processes in the alveolar capillary bed,
in the surrounding tissue and between this two compartments (see Chapter 5). The double-
continuum approach is based on two separated continua: the pulmonary tissue, and the
pulmonary capillaries, that are coupled by transfer functions (see Section 5.4). The tissue
continuum represents the advective and diffusive transport of the dissolved drug molecules
through the interstitial space of the pulmonary tissue. The influence of the lymphatic sys-
tem on the flow and transport processes and the reaction of the drug molecules with the
tissue cells are considered. The capillary bed continuum describes the advective and dif-
fusive transport of the dissolved drug molecules through the microcirculation around an
alveolus. As in the vascular graph model, the degradation processes of the administered
drug are taken into account. The DCM is also used to represent the tumor regions in the
lung.
The processes on the smallest scale, the reaction of the single cancer cell and the tumorous
cell population to the administered drug, are modeled with the MATLAB toolbox CellPoT
(Cell Population Toolbox; free download from [1]). CellPoT contains a low-dimensional
population model for TRAIL-induced proapoptotic signaling ([PMTS] s) that calculates the
percentage of cancer cells undergoing cell death (see Chapter 6) due to the present drug con-
centration in the tumor cell population. The use of the [PMTS] s gives information about the
therapeutic efficacy of the administered drug.

Figure 15 depicts the scheme about the sequential coupling of the three models introduced
in the paragraphs above. The vascular graph model is coupled to the alveolus model and
provides the initial and boundary conditions for the pressure p and for the mole fraction of
dissolved therapeutic agent x needed for the capillary bed continuum of the DCM. For the
realization of the sequential coupling of the alveolus model to the vascular graph model,
so-called upscaled edges and nodes are inserted into the computational lattice of the VGM,

VGM

DCM

time

capillary bed
continuum

tissue
continuum

[PMTS] s

VGM

pc, xc qfDCM , qxDCM

qF , qT

xis

fdeadCells

Figure 15: Sequential coupling of the three models for describing cancer-therapeutic trans-
port in the lung.
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which represent the capillary bed described by the alveolus model. For every upscaled node
contained in the considered vascular graph, the VGM calls the DCM. The administered
therapeutic agent can leave the blood stream through the transvascular pathways in the
capillary walls. In this way, the VGM blood flow simulations have to be corrected for
the loss of therapeutic agent qxDCM and fluid qfDCM by the transit of the dissolved drug
molecules and of the blood plasma through the capillary walls into the tissue. The coupling
of the alveolus model and the vascular graph model is described in more detail in Section
7.1.
The toolbox CellPoT, containing the low-dimensional population model for TRAIL-induced
proapoptotic signaling, is coupled to the free and open-source simulator DuMux containing
the alveolus model. In this way, the spatiotemporal distribution of the therapeutic agent in
the pulmonary tissue is linked with the biochemical reactions occurring on the cells scale.
The alveolus model provides the spatial and temporal distribution of the administered
therapeutic agent xis in the tumorous tissue to the [PMTS] s. Based on this information, the
low-dimensional population model for TRAIL-induced proapoptotic signaling calculates
the percentage of cancer cells undergoing cell death fdeadCells. Further, the amount of
dissolved drug molecules in the pulmonary tissue is reduced by the bond of the therapeutic
agent to the cancer cells. This information can be either determined by the low-dimensional
population model [PMTS] s, and is incorporated in the alveolus model as a sink term for
the mole fraction of dissolved drug, or is directly calculated by the alveolus model. The
decision about the model applied for the calculation of the amount of bound therapeutic
agent depends on the specific application for which the multi-scale model will be used.
A detailed explanation about the coupling of the low-dimensional population model for
TRAIL-induced proapoptotic signaling to the double-continuum model is given in Section
7.2.

With the aim of improving the therapy of pulmonary tumors, the developed model
concept is the basis for a computational simulation framework that sequentially couples
a discrete vascular graph model to a double-continuum model to determine the amount
of administered scFv-TRAIL that will reach the tumor cells. Knowing the concentration
of therapeutic agent over a certain time interval in the pulmonary tissue, the amount of
cancer cells that will undergo cell death is estimated with the help of the low-dimensional
population model for TRAIL-induced proapoptotic signaling. The following Chapters
4, 5 and 6 introduce the individual models of the multi-scale model, define the decisive
physical, chemical and biological processes for the transport of a therapeutic agent from
the blood circuit through the pulmonary tissue to the cancer cells, explain the used system
of equations and the made assumptions, and describe the numerical implementation of the
mathematical models.
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The vascular graph model developed by Reichold and coworkers (Reichold et al. (2009)
[81]) describes flow and transport processes in vascular networks. Here it is used to com-
pute the spatial and temporal distribution of a therapeutic agent in the pulmonary arteries,
arterioles, venules and veins. This chapter gives a brief summary of the VGM and exten-
sions / adaptations of the vascular graph model are explained (for in-depth information see
Reichold et al. (2009) [81]).

4.1 General Model Concept

The VGM treats the vasculature as a graph, i.e. a collection of vertices or nodes, connected
by edges (see Figure 16). The nodes are the locations at which the vessels bifurcate or end.
The edges represent the blood vessels themselves. The diameters of blood vessels vary along
their length, typically they are widest at the points of bifurcation. The VGM assigns a mean
diameter to each vessel and computes its conductance based on this value.

Figure 16: Schematic representation of a vascular graph: a collection of nodes i connected by
edges ij.

The blood flow from the right heart ventricle to the alveolar capillaries and the backflow
of blood from the capillaries to the heart are modeled using a single-phase two-component
(blood and therapeutic agent) scenario. Blood and the therapeutic agent are assumed to
be completely miscible and are considered as one homogeneous phase. Further, the fluid
phase is assumed to be incompressible. According to Schmidt and Lang (2007) [87], blood
is a heterogeneous, non-Newtonian fluid that exhibits pseudoplastic behavior. The interac-
tions of the different blood components, which are the main origin of the blood properties,
are accounted for implicitly via a non-constant viscosity that depends mainly on the vessel
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diameter and the hematocrit. In-vivo data reported by Lipowsky and coworkers (Lipowsky
et al. (1980) [64]) are used to determine the hematocrit in a vessel based on its diameter. In a
second step, the blood viscosity within the vessel is computed from the hematocrit value us-
ing the relation derived by Pries et al. (1992) [78]. To simplify the description of the complex
flow behavior within the blood vessels further, blood flow is treated as a non-pulsating flow
and the influence of the vessel bifurcations on the flow is neglected. For the approximation
of the flow velocity at the vessel wall, the no-slip condition is used.

4.2 Mathematical Model

If two adjacent nodes (vertices that are connected by an edge, e.g. node 1 and 2 in Figure 16)
are at different blood pressure values, blood flow will be induced between them. For every
node i of the vascular graph a continuity equation can be formulated:

∂(ρi,mol Vi)

∂t
+
∑
j

Fij + qi,fDCM = 0, (14)

where ρi,mol and Vi are the blood density and the volume term at node i, respectively. The
mass flow rate through the pulmonary vessel segment ij is denoted Fij and t designates the
time. To a good approximation, it may be assumed that blood is an incompressible fluid.
Therefore, ρi,mol will remain constant unless the blood composition changes significantly.
The variable qi,fDCM mediates the coupling of mass flow between the double-continuum
model and the vascular graph model. qi,fDCM is zero for every node i of the vascular graph
except for the so-called upscaled nodes (for details see Section 7.1).

The mass flow rate between two nodes i and j depends on their pressure difference ∆pij ,
their geometrical distance ∆zij in the direction of gravitational acceleration g (assumed to
act in negative z-direction), the molar fluid density ρi,mol, the mass density of the fluid ρi,mass
and the vessel resistance Rij :

Fij =
ρi,mol (∆pij + ρi,massg∆zij)

Rij
. (15)

By inserting Equation (15) into the continuity equation (14) for all vertices, one obtains
a linear system of equations whose solution yields the vertex pressures. The flow in the
pulmonary vasculature can then be computed from the pressure field using Equation (15).
The system of equations is linear due to the fact that the coupling variable qi,fDCM is known
at the time of solving the equations of the VGM (see Section 7.1).

The distribution of blood in the lung is a function of the cardiac output, gravity, and
pulmonary vascular resistance. An average human lung is about 30 cm long from the base
(bottom of the lung) to the apex (top of the lung). The pulmonary artery enters each lung
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about midway between base and apex. Due to the influence of gravity, most of the blood
flows through the lower half of the lung (Des Jardins (2008) [55]). The model captures the
gravitational effects, by correcting the blood pressure value of each vertex by (ρi,massgzi),
where zi is the distance of node i to the entry of the pulmonary artery into the lung (see
Figure 17). The difference in z of two nodes i and j appears as ∆zij in Equation (15).
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Figure 17: Gravity dependence of the pulmonary blood flow.

The resistance Rij to flow within a pulmonary vessel segment ij is a result of the viscous
forces, of the friction between the flowing blood and the vessel wall, as well as of the friction
between the different blood components. Assuming that the flow can be described by the
Hagen-Poiseuille law (neglecting wall roughness), the resistance of a vessel segment ij can
be written as:

Rij =
8µij Lij
r4
ij π

, (16)

where µij is the dynamic blood viscosity for the vessel segment ij calculated with the rela-
tion derived by Pries et al. (1992) [78]. Lij and rij are the length and radius of the vessel
segment, respectively. The Hagen-Poiseuille equation is only valid for laminar flow. In a
pipe laminar flow occurs for Reynolds numbers up to 2300. Even in the large arteries and
veins the critical Reynolds number of 2300 is not reached (see Table 7).

The volume Vi associated to a node i (as in Equation (14)), is defined as the sum of half the
volume of all adjacent edges:

Vi =
∑
j

(
1

2
Aij Lij

)
, (17)

where Aij is the cross-sectional area of vessel ij. The diameter of the blood vessels, and
consequently the vessel volume, change dynamically with the transmural pressure. The
VGM takes this effect into account by making the area of the cross-sections pressure
dependent. The values proposed by Li and Cheng (1993) [62] could be used to describe the
cross-sectional compliance (∂Aij) / (∂p) of the different types of pulmonary vessels.
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Table 7: Properties of typical vessels for an adult (modified according to Formiggia et al.
(2009) [38]).

diameter
[mm]

length
[cm]

peak
velocity
[cm/s]

wave
speed
[m/s]

Reynolds
number

ascending aorta 15 4 1.0 5 4000
thoracic aorta 11 15 0.8 6 2500
iliac artery 5 20 0.8 6 1000
femoral artery 4 45 0.8 7 800
brachial artery 5 40 0.8 7 1000
common carotid artery 4 20 0.8 7 800
left anterior descending 3 12 0.5 12 400
small artery 2 10 0.2 20 100
arteriole 0.02 0.4 0.01 - 0.5
capillary 0.01 0.2 0.001 - 0.003
venule 0.02 0.4 0.01 - 0.5
small vein 2 10 0.6 2 100
large vein 8 50 0.8 1 1700

The transport of the dissolved drug molecules with the blood stream is modeled by
the subsequent equation:

∂(ρi,mol xi Vi)

∂t
+
∑
j

Fijxij + Vi ri,degradation + qi,xDCM = 0, (18)

where xi is the mole fraction of the therapeutic agent within the volume of node i, xij rep-
resents the mole fraction of dissolved drug at the physical upstream node and qi,xDCM de-
scribes the coupling of the double-continuum model to the vascular graph model, taking
into account the exchange of dissolved drug molecules between the two models (see Section
7.1).
The variable ri,degradation is the sink term that accounts for the degradation processes of the
therapeutic agent, such as micturition and metabolic transformation reactions (Lüllmann et
al. (2004) [67])):

ri,degradation = ρi,mol k xi with k =
ln2

t1/2
, (19)

where k denotes the first order rate constant of a drug administered by a bolus injection and
t1/2 is the half-life of the administered drug.
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4.3 Numerical Model

The linear system of equations of the VGM (explained in Section 4.2) is numerically solved
using a finite difference method for the spatial discretization, and an explicit Euler scheme
for the time discretization. The system of equations of the VGM is solved for the two pri-
mary variables, the pressure p and the mole fraction of dissolved therapeutic agent x, using
a decoupled scheme. First, Equation (14) is used to compute the pressure field in the vas-
cular graph. Then the distribution of the dissolved drug can be determined using Equation
(18). The simulation toolbox VGM provides Dirichlet and Neumann boundary conditions
for these two primary variables. As a consequence of the explicit time discretization, the
Courant-Friedrichs-Lewy (CFL) condition is applied to guarantee the convergence of the
solution. The transport equation (Equation (18)) is a hyperbolic partial differential equation.
Therefore, a first-order upwind scheme is applied for the discretization of the advection
term. The vascular graph model is programmed in Python, while performance-critical parts
are written as C-extensions using Cython. The coupling of the DCM to the VGM (see Section
7.1) is realized with the Python subprocess module. A detailed description of the numerical
model of the VGM is given in the appendix of this thesis.



5 Alveolus Model - A Double-Continuum
Approach (DCM)

The events occurring in the arteries, arterioles, veins and venules are described by the vas-
cular graph model (see Chapter 4). The flow, transport, and reaction processes within the
capillaries around a single alveolus and within the surrounding tissue are modeled using
the alveolus model, a double-continuum approach (see Figure 18).

5.1 General Model Concept

As it has already been mentioned in Section 3.2, there are two main possibilities to describe
the flow and transport processes in a biological system: the molecular approach and the
continuum approach. As the inner diameter of an alveolus is in the order of 140 µm, the
domain size of the alveolus model is very large compared to the size of fluid and drug
molecules. The excessive number of computational particles required thus forbids the
usage of a molecular approach. Therefore a continuum approach is chosen to describe the
transport of the dissolved drug molecules through the pulmonary capillaries and tissue, as
well as the transfer between blood vessels and tissue.
The structure of the biological system is also considered in a continuous fashion. To move
from a discrete to a continuous description of the biological system, the concept of the
representative elementary volume (REV), a volume averaging approach, is used (Bear
(1972) [19]). The pulmonary tissue and the capillary bed are both described as two distinct
continua. By means of volume averaging, the discrete properties of the capillary bed and
pulmonary tissue (such as the size of the different cell types, pore-space geometry, and
capillary-characteristics) are represented by a continuum with new effective parameters,
e.g. porosity, tortuosity or permeability (for methodological details see Bachmann et al.
(2005) [12] or Section 3.2 and Section 3.3).

As shown on the left image in Figure 18, the pulmonary capillaries are embedded in
the pulmonary tissue. Flow, transport, and reaction processes in both compartments are
of interest - they are, however, very different from each other. Therefore, the capillary bed
around a single alveolus and the surrounding tissue are treated as two separate continua
(see Figure 18). The flow and transport processes between them, i.e. the exchange of fluid
and substances across the capillary walls into the pulmonary tissue and vice versa, are
honored via exchange terms, the so-called transfer functions (see Section 5.4).
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Figure 18: Explanation of the general concept of the double-continuum model.

The tissue continuum consists of cells, fibers, amorphous ground substance and interstitial
fluid (a detailed description is given in Section 2.4). The individual components are not
densely packed. Therefore, a fraction of the interstitial fluid can flow freely within the
tissue. Hence, the pulmonary tissue can be described with a porous medium approach as it
has already been done by Serikov (1991) [88].
About 1800 capillary segments, of 10 µm average length and 8 µm mean diameter, enwrap
a human alveolus (Renkin et al. (1984) [82]). The whole lung consists of 300 million alveoli
(Weibel (1991) [102]). A discrete modeling approach would therefore need to resolve
5.4 · 1011 capillary segments. To avoid the high computational expense incurred, one can
introduce a capillary continuum instead, which represents the pulmonary capillary bed
around one alveolus as an averaged quantity.
The porous media concept requires new, effective parameters to be determined such as the
permeability and porosity. The permeability expresses the ability of a porous medium to
transmit fluids. In the case of the capillary continuum, this is determined by the spatial
distribution and the cross linking of the individual vessel segments. The Hagen-Poiseuille
law is a measure of the blood flow velocity in the vessels (Schmidt and Lang (2007) [87])
and relates it to the permeability. The volume averaging over the capillary bed results in a
porosity value of one, i.e. the volume of the voids is equal to the total volume.

In summary, the double-continuum approach treats the pulmonary tissue and the
capillary bed as two separate porous media continua. The interactions between them are
taken into account by transfer-functions. The models of Shipley and Chapman (2010) [91]
and Chapman et al. (2008) [24] also comprise a double porous medium using Darcy’s law
for the flow through the interstitium and the vasculature. However, the alveolus model
differs from these previously presented models in that the coupling functions for the flow
and transport processes between the capillary bed and the interstitium are the Starling
equation (Equation (31)) and the Stavermann-Kedem-Katchalsky equation (Equation
(32)) respectively. Both equations are traditionally used to describe microvascular liquid
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transport in the lung (Tuma et al. (2008) [99]) and therefore ideally suited as coupling
functions for the alveolus model (see Section 5.4).

5.2 Pulmonary Tissue Continuum

The phase moving within the tissue continuum consists of two components, namely the in-
terstitial fluid and the therapeutic agent. It is assumed that the fluid phase is incompressible.
Thus the movement of the dissolved drug molecules in the interstitial tissue of the lung is
modeled using a single-phase two-component approach in a rigid, porous medium. The
influence of the respiratory movement on the pulmonary tissue is not considered. The drug
molecules are completely miscible with the interstitial fluid. The interstitial fluid is treated
as a Newtonian fluid because it consists mainly of water. It has a composition similar to
blood plasma, which consists of 90 percent of water, nine percent organic, and one percent
inorganic substances that are dissolved in water (Schmidt and Lang (2007) [87]). With the
additional assumption that the flow within the tissue is creeping, the flow velocity of the
interstitial fluid can be described by Darcy’s law:

vf = −K

µ
(∇p+ ρmassg∇z) , (20)

where vf is the Darcy velocity, K is the intrinsic permeability tensor, ρmass is the mass
density of the fluid, g is the gravitational acceleration, and µ is the dynamic viscosity of
the fluid phase. The calculation of the flow velocity through the interstitium with Darcy’s
law has been done previously by Baxter and Jain (1989) [18] or Baish et al. (1997) [15], for
example.

Due to the assumption of an incompressible fluid phase, a constant fraction of tissue
fT within the model domain and a constant tissue porosity, the temporal variation of the
product of the porosity φ, the fraction of tissue fT and the molar density ρmol does not have
to be considered in the continuity equation. The following form of the continuity equation
is used:

∇ · (fT ρmol vf ) + fT rlymph − qF = 0. (21)

Here, ρmol is the molar density of the fluid and qF is the coupling variable for the flow
between the two continua. The exact definition of the variable qF is given in Section 5.4.
The flow processes in the tissue and capillary continuum are calculated in the same model
domain. For this reason, a factor fT is introduced to describe the volume fraction of tissue
within the model domain. The volume fraction of tissue fT and the capillary volume fraction
fC add up to unity:

fT + fC = 1. (22)
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The exchange of fluid and dissolved components between the tissue and the capillary
continuum is a surface related process. Therefore, the intercompartmental exchange rate
(and thus, the coupling variable qF ) depends, among others, on the surface area of the
capillaries per unit volume of tissue Avessel/Vtissue (see Equation (31)). It is therefore not
explicitly corrected with the tissue volume fraction fT .

At the arterial side of the capillary bed, about 0.5 per cent of the plasma that flows
through the capillaries is filtered out into the surrounding tissue. 90 per cent of this
extravasated fluid is reabsorbed at the venous side of the capillary bed. The remaining 10
per cent of the extravasated fluid is removed by the lymphatic system from the interstitial
space (Schmidt and Lang (2007) [87]). The lymphatic system carries the excess of interstitial
fluid and, with it dissolved and suspended substances like macromolecules, through the
lymph vessels and nodes into the great veins (Muthuchamy and Zawieja (2008) [73]). The
influence of the lymphatic system on the mass balance (Equation (21)) is included by the
sink term rlymph (Baxter and Jain (2009) [18]):

rlymph = Llymph
Alymph
Vtissue

(pis − plymph) ρmol, (23)

where Llymph is the hydraulic conductivity of the lymphatic vessel wall, Alymph is the
surface area of the lymphatic vessels in the lung, Vtissue is the unit volume of tissue, and
pis and plymph are the hydrostatic pressure in the interstitial space and lymphatic system
respectively. As there is no functional lymphatic system within a tumor (Jain (1998) [51]),
the sink term rlymph is omitted in tumor tissue.

The transport of the dissolved therapeutic agent in the pulmonary tissue is described
by the following equation:

∂(fTφ ρmol xis)

∂t
+∇ · (fT ρmol xis vf − fT ρmolDeff∇xis)

+fT rlymph−drug + fT radsorption − qT = 0.

(24)

The first term of Equation (24) is the so-called storage term. It describes the temporal vari-
ation of the product of tissue volume fraction fT , porosity φ, molar density ρmol and mole
fraction of the dissolved component xis. The advective and diffusive transport of the ther-
apeutic agent within the tissue are expressed by the second term. The diffusive transport
of the drug depends on the effective molecular diffusion coefficient Deff of the therapeutic
agent (see Equation (13)). The variable qT is the transport coupling variable. It defines the
amount of dissolved drug molecules that is transported from the intravascular space across
the capillary wall into the tissue and vice versa (see Section 5.4). The sink term rlymph−drug
describes the reduction of the number of drug molecules by the lymphatic system:

rlymph−drug = rlymph · xis. (25)
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This sink term is defined in a similar way as the term for the flow reduction by the lymphatic
system (Equation (23)), except that the mole fraction xis of the dissolved therapeutic agent
is additionally required.
The sink term radsorption (Bongrand (1999) [22]) defines the interaction of the drug molecules
with the tumor cells. The ligand-receptor interaction decreases the mole fraction of free
flowing therapeutic agent:

radsorption = kon xis ρmol [R]− koff [R ∼ L]. (26)

Here, [R] is the receptor concentration, [R ∼ L] is the receptor-ligand-complex concentration,
kon is the kinetic constant for the forward reaction, i.e. the binding of a ligand of the drug
molecule with a tumor cell receptor. The kinetic constant for the backward reaction, i.e.
the splitting of the chemical bond between the therapeutic agent and the cell, is termed
koff . If the alveolus model is coupled to the low-dimensional population model for TRAIL-
induced proapoptotic signaling (see Chapter 7 and Chapter 6) the sink term radsorption will
be provided by the [PMTS] s. Therefore, it is not necessary to calculate the amount of bound
drug molecules by Equation (26).
The sink term radsorption is only considered in tumor regions, whereas rlymph and rlymph−drug
are only included in regions of healthy pulmonary tissue.

5.3 Pulmonary Capillary Bed Continuum

The capillary continuum represents the pulmonary capillary bed around one alveolus as an
averaged quantity. The movement of the dissolved drug molecules within the pulmonary
capillaries is described with a single-phase two-component approach. The incompressible
fluid phase consists of the two, completely miscible, components: blood and therapeutic
agent. According to Beard et al. (2008) [20], the velocity within the single capillaries is con-
stant in time. The capillaries may be treated as rigid tubes (Li and Cheng (1993) [62]) and
due to the low Reynolds number within the capillaries, about 0.003 according to Formiggia
et al. (2009) [38], the flow is creeping. Currently, the double-continuum model does not ac-
count for variations in capillary morphology. It assumes that the diameter of all pulmonary
capillaries is constant (8 µm: the mean pulmonary capillary diameter according to Renkin et
al. (1984) [82]). Consequently, a constant viscosity value of 0.0021 Pa · s is assumed, which
agrees with the diameter and hematocrit dependent viscosity relation developed by Pries et
al. (1992) [78] that is used in the VGM.
As the capillary bed is treated as a porous media continuum, Darcy‘s law may be applied
to determine the blood flow velocity. This has been demonstrated by Vankan et al. (1997)
[100]. The method requires the computation of the continuum’s intrinsic permeability ten-
sor, which depends mainly on the connectivity of the capillary segments and their diameter.
The intrinsic permeability tensor of the capillary bed can be obtained analogous to the ef-
fective conductance computation in Reichold et al. (2009) [81]. The domain is divided into
a number of cuboid subvolumes. In order to compute the permeability of one such sub-
volume in x-direction, the integral mass flow Fx,REV is computed between the two faces
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normal to the x-axis (using the VGM and the discrete capillary network). Arbitrary (but
different) pressure boundary conditions p1 and p2 are set at all vessel-endpoints crossing the
two respective faces, and no-flow boundary conditions are set at the remaining four faces
(see Figure 19). The permeability of the subvolume in x-direction now reads:

Kx =
Fx,REV µLy,REV
|p1 − p2|Axz,REV

, (27)

where Ly,REV is the length of the cuboid in y-direction and Axz,REV is the cross-section
of the considered REV parallel to the x-axis. The permeabilities in y- and z-direction are
computed analogously. Repeating this method for each subvolume yields a heterogeneous
permeability field for the capillary bed around a single alveolus.

Figure 19: Computation of the effective permeability of a REV. Fixed pressures p1 and p2

set at all nodes crossing the left and right face normal to x respectively (no-flow
boundary condition at all nodes crossing the other four faces). Effective perme-
ability computed from pressure gradient and integral mass flow FREV through
the REV’s capillary network (reprinted by permission from Macmillan Publish-
ers Ltd: [Journal of Cerebral Blood Flow & Metabolism] Reichold et al. (2009)
[81], copyright 2009).

Ideally, one would use a high-resolution angiography technique, such as synchrotron radia-
tion X-ray tomographic microscopy (srXTM), to obtain the fully resolved capillary network
around an alveolus. Then, the above methodology can be applied to determine a realistic
intrinsic permeability tensor (see Figure 20).

As high-resolution pulmonary angiography data are not available for the present work,
an artificial network is constructed instead. According to Weibel (1963) [101], the alveolar
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synchrotron X-ray tomography image

VGM

REV

calculation

permeability
field

heterogeneous permeability field

Figure 20: Generation of a realistic permeability field for the capillary continuum.

capillaries form a hexagonal network. Using the values provided by Renkin et al. [82], an
artificial capillary bed is constructed consisting of 1800 capillary segments, each 8 µm in
diameter and 10 µm long (see Figure 21). The intrinsic permeability tensor of the pulmonary
capillary bed is obtained for the cuboid illustrated in Figure 21 by using the aforementioned
method. The dimensions of the cuboid in which the hexagonal network of the capillaries
is embedded depend on the size of the model domain of the alveolus model and have an
influence on the permeability values (results shown in Section 8.1.3).

Figure 21: Determination of the permeability tensor for the capillary continuum: hexagonal
mesh of pulmonary capillaries embedded in a cuboid.

With the assumptions made at the beginning of Section 5.3 and given the intrinsic perme-
ability tensor of the capillary continuum, the flow of blood and dissolved therapeutic agent
can be described with the following continuity equation:

∇ · (fC ρmol vf ) + qF = 0. (28)

The transport of the dissolved therapeutic agent is represented by the subsequent equation:

∂(xc fC ρmol)

∂t
+∇ · (fC ρmol xc vf − fC ρmolDeff∇xc) + fCrdegradation + qT = 0, (29)

where xc is the mole fraction of drug molecules dissolved in blood. The degradation pro-
cesses of the therapeutic agent are equal to those described earlier for the vascular graph
model, hence rdegradation is given by Equation (19). As the porosity φ of the capillary contin-
uum is set to one, φ does not appear in Equation (28) and (29).
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5.4 Coupling Functions for the Flow and Transport Processes
between the Two Continua

The flow and transport processes between the tissue and the capillary continuum are de-
scribed by the coupling functions qF and qT , based on the transepithelial transport via
transvascular pathways. Figure 22 illustrates the different cell morphologies, which can fa-
cilitate transvascular transport, namely interendothelial clefts, fenestrae, transcellular pores
and vesicles. The interendothelial or intercelluar clefts are gaps between neighboring cells.
Adjacent endothelial cells are connected by tight junctions. Tight junctions are small strands
composed of membrane proteins. They prevent the passage of ions and molecules through
the space between cells. Pores with a mean radius of 4-5 nm are formed by the tight junctions
between the endothelial cells (Schmidt and Lang (2007) [87]). In some organs the endothe-
lium of the capillaries is partly thinned so that fenestrations arise. During the generation of
a fenestration, the cytoplasm is pushed away. So the cytosome consists only of two or even
one plasma membrane. This plasma membrane is called diaphragm. The intracellular pores,
the fenestrations, have a diameter of 50-60 nm. There are also fenestrations that are not cov-
ered by diaphragms. Transcellular pores are formed by chains of fused vesicles. Vesicles
are small, membrane-enclosed sacs that transport substances through a cell. The transcellu-
lar pores only develop as a response to inflammation or injury (Petrak and Goddard (1989)
[76]).
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Figure 22: Paracellular and transcellular pathways (adapted from Baber (2009) [11] with
kind permission of K. Baber).

There are two main ways of transport: transcellular and paracellular. The transcellular path-
way crosses the apical and basolateral membrane of the endothelial cell and in most cases
leads through a part of the intercellular cleft. The paracellular way spans the entire length
of the intercellular cleft. The permeability of the capillary wall depends also on the type
of the transported molecules. The shape, size, charge, and hydrophobicity of the molecule
affect its transport across the vessel wall. According to the different properties of the single
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molecules only certain transvascular pathways can be used for their transepithelial trans-
port (see Table 8).

Table 8: Transvascular pathways (Curry (1984) [28]).

species pathways1

water 1, 2, 3, 4, 7
lipophilic solutes 1, 2, 3, 4, 7, 8
hydrophilic solutes 1, 2, 3, 4, 7
macromolecules 1, 2, 3, 4, 5, 6
1 The numbering of the pathways corresponds to the numbers in Figure 22:

1 - small intercellular clefts, 2 - large intercellular clefts, 3 - closed fenestrae,
4 - open fenestrae, 5 - transcellular channels of fused vesicles, 6 - vesicles,
7 - transcellular transport mechanisms, 8 - lateral membrane diffusion.

The transport across the capillary wall mainly depends on relative pressure and concentra-
tion gradients (see Figure 23). The hydrostatic and the oncotic pressures in the capillary and
the interstitial space determine the direction and the magnitude of fluid flow between the
two compartments. The oncotic pressure is the sum of the colloid-osmotic pressure and an
osmotic pressure caused by the Gibbs-Donnan effect. The colloid-osmotic pressure relates to

vascular compartment
pc πc xc

transcellular

paracellular

vesicular

blood
flow arterial end of

microvascular
wall

venous end of
microvascular
wall

intersitial compartment
pis πis xis

reabsorption

fi
lt

ra
ti

o
n

drainage via
lymphatics

pispc
∆p

πisπc ∆π

Figure 23: Processes and forces of transvascular exchange (adapted from Baber (2009) [11]
with kind permission of K. Baber).
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the osmotic pressure caused by macromolecules. The large anionic proteins in blood plasma
cannot pass through the capillary walls. Small cations are attracted, but not bound to the
large anionic proteins. Consequently, small anions will cross the capillary walls away from
the plasma proteins more rapidly than small cations. This unequal distribution of perme-
able ions between the intravascular and the interstitial space is called Gibbs-Donnan effect
and influences also the flow of water across the semipermeable capillary wall. The outflow
of fluid from the capillaries into the interstitium across the microvascular wall is called fil-
tration or extravasation. The inflow of fluid is termed reabsorption. The extravasated fluid
can either be reabsorbed by the same or a different capillary, or it can leave the tissue via the
lymphatic system (Kurbel et al. (2001) [59]).
The difference of the hydrostatic pressures, also called transmural pressure, and the oncotic
pressures between the intravascular and the interstitial space determine the fluid transport
through the capillary wall:

peff = ∆p−∆π = (pc − pis)− (πc − πis). (30)

peff is the effective filtration pressure, pc and pis are the hydrostatic pressure in capillar-
ies and interstitial space respectively. πc and πis are the corresponding oncotic pressures.
Solvent flux across the microvascular wall is proportional to the effective filtration pressure
peff . According to Starling’s law, net fluid flow across a vessel wall is given by (Jain (1987)
[53]):

qF = ρmol Lp
Avessel
Vtissue

(pc − pis − σ (πc − πis)) , (31)

where Lp is the hydraulic conductivity of the vessel wall,Avessel/Vtissue is the surface area of
pulmonary capillaries per unit volume of tissue. The capillary wall acts as a semipermeable
membrane and thus has a strong influence on the degree of transvascular fluid flow. The
reflection coefficient σ describes how well solute particles can move across the vessel wall.
It can vary from zero (i.e. no reflection, all particles pass the barrier) to one (impermeable
membrane). Equation (31) is used as the coupling function qF for the fluid flow across the
interface between tissue and capillary continuum.
At the arterial side of the capillary bed, the transmural pressure is higher than the osmotic
pressure difference between the plasma and interstitial fluid. Therefore an outflow of
fluid is observed at these locations. Due to the flow resistance in the blood vessels, the
hydrostatic pressure in the capillaries decreases along their length. At the venous side of
the capillary bed, the transmural pressure is equal to or often smaller than the osmotic
pressure difference. This is where reabsorption of water takes place.

The Stavermann-Kedem-Katchalsky equation describes the advective and diffusive
transport of the therapeutic agent across the microvascular wall (Jain (1987) [53]):

qT = ρmolP
Avessel
Vtissue

(xc − xis) + qF (1− σf ) x̄, (32)
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where P is the permeability of the capillary wall. The solvent-drag reflection coefficient σf
describes the retardation of the therapeutic agent as it passes through the vessel wall. The
variable x̄ represents the mean mole fraction of dissolved therapeutic agent within the pores
of the capillary walls. According to Jain (1987) [53], the mean mole fraction of dissolved
therapeutic agent within the pores can be calculated by the logarithmic mean: x̄ = xc−xis

ln(xc/xis) .

In this thesis, x̄ is approximated by (xc−xis)
2 . Equation (32) is used as the coupling function

qT for the transport of the therapeutic agent between tissue and capillary continuum.

5.5 Numerical Model

The non-linear system of equations of the DCM is numerically solved using a fully upwind
vertex centered finite volume method, also called fully upwind box method (see Helmig
(1997) [45] and A.2.2), for the spatial discretization, and an implicit Euler scheme for the
time discretization. The system of equations of the alveolus model is solved for the four
primary variables, the pressures pis and pc and the mole fraction of dissolved therapeutic
agent in the tissue continuum xis and in the capillary continuum xc, using a fully coupled
scheme. Equation (21) and Equation (28) are used to compute the pressure fields in the pul-
monary tissue and in the capillaries. Then, the distribution of the dissolved drug in the two
continua can be determined using Equation (24) and Equation (29). The coupling of the two
continua is realized by the exchange terms defined in Chapter 5.4 and numerically imple-
mented as additional source/sink terms. The numerical model is implemented within the
framework of the simulation toolbox DuMux. DuMux is a multi-scale multi-physics tool-
box for the simulation of flow and transport processes in porous media. DuMux provides
a framework for the implementation of porous media flow models. This includes several
problem formulations, selection of spatial and temporal discretization schemes, nonlinear
solvers and general concepts for model coupling. The toolbox DuMux inherits functionality
from the framework DUNE. DUNE, the Distributed and Unified Numerics Environment,
is a modular toolbox for solving partial differential equations with grid-based methods. It
supports the easy implementation of methods like finite elements, finite differences and fi-
nite volumes (Flemisch et.al. (2007) [37] and Flemisch et al. (2011) [36]). The simulation
toolbox DuMux provides Dirichlet, Neumann and outflow boundary conditions. A detailed
description of the numerical model of the alveolus model is given in the appendix of this
thesis.



6 Low-Dimensional Population Model for
TRAIL-Induced Proapoptotic Signaling
([PMTS] s)

The low-dimensional population model for TRAIL-induced proapoptotic signaling
([PMTS] s) developed by Hasenauer and coworkers (Hasenauer et al. (2011) [42]) describes
the reaction of a heterogeneous cell population to TRAIL. The low-dimensional population
model is coupled to the alveolus model (see Chapter 5) to obtain information about the per-
centage of cancer cells that will undergo cell death due to the TRAIL concentration in the
tumor tissue. This chapter gives a brief summary about the [PMTS] s. The coupling of the
[PMTS] s to the DCM is explained in Section 7.2.

6.1 General Model Concept

The low-dimensional population model for TRAIL-induced proapoptotic signaling
([PMTS] s) describes whether a cancer cell is or is not sensitive to a proapoptotic stimulus by
TRAIL. The response of several cells to the same TRAIL stimulus is highly heterogeneous.
This heterogeneous behavior of the cancer cells is also represented by the cell population
model [PMTS] s. In Section 2.6.3, a detailed overview of the induction of the programmed
cell death by TRAIL is given. However, the [PMTS] s does not include all signaling path-
ways explained in Section 2.6.3. It is therefore called a low-dimensional population model for
TRAIL-induced proapoptotic signaling.
Figure 24 illustrates the reactions described by the single cell model of the [PMTS] s. The
single cell model includes the binding of TRAIL to the death receptors DR4 and DR5, the
subsequent aggregation of the receptors and the formation of the death inducing signaling
complex (DISC). Further, the movement of the adapter protein FADD to the DISC and the
interaction with the death domain of the receptors are contained in the model. FADD binds
the procaspase-8 molecules (C8). This leads to the activation of caspase-8 (C8∗) and thus
to the initiation of the caspase cascade and the programmed cell death by the activation
of the executioner caspase, caspase-3 (C3). The concentration of activated caspase-3 (C3∗)
is assumed to be the decisive factor for the cell whether or not to undergo programmed
cell death. If the concentration of activated caspase-3 exceeds the chosen threshold in a cell
this cell will irreversibly undergo the programmed cell death. The anti-apoptotic effects of
the three proteins FLIP, XIAP and CARP are also included in the single cell model of the
[PMTS] s.
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([PMTS] s)

DR4/5

TRAIL

FADD

FLIP

C8 C8∗

C3C3∗XIAP

CARP

Figure 24: TRAIL signal transduction pathway as modeled by the [PMTS] s (image from J.
Hasenauer, Institute for Systems Theory and Automatic Control - University of
Stuttgart).

As it has been already mentioned, [PMTS] s considers a heterogeneous tumor cell popula-
tion. The heterogeneity of the cell population is represented by differences in the parameter
values and initial conditions of the single cell model for the individual cells. A multivari-
ate probability density function is used to describe the distribution of the parameter values
within the cell population. The dynamics of the single cell model are assumed to be iden-
tical in all cells and the effects of cell-cell interactions are neglected (for further details see
Hasenauer et al. (2010) [43]).

6.2 Governing Equations

Table 9 shows all reactions represented by the [PMTS] s. For each reaction of the low-
dimensional population model for TRAIL-induced proapoptotic signaling one reaction rate
is obtained (see Table 9). From these reaction rates, molecular balances are deduced for each
species resulting in a system of 15 ordinary differential equations:

d[R]

d t
= −v1 − v4, (33)

d[C0]

d t
= v1 − v2 − v5, (34)

d[C1]

d t
= v2 − v3 − v6, (35)

d[C2]

d t
= v3 − v7 − v8 − v9 + v10 + v11 + v12 + v13, (36)
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d[C8]

d t
= −v8 − v10 − v12 − v16 − v21, (37)

d[C8∗]
d t

= v10 + v16 − v18 − v27, (38)

d[C3]

d t
= −v17 − v22, (39)

d[C3∗]
d t

= v17 − v19 − v28, (40)

d[CARP]

d t
= −v18 − v23, (41)

d[FLIP]

d t
= −v9 − v11 − v13, (42)

d[XIAP]

d t
= −v19 − v20 − v24, (43)

d[C2 ∼ C8]

d t
= v8 − v10 − v11 − v14, (44)

d[C2 ∼ FLIP]

d t
= v9 − v12 − v13 − v15, (45)

d[C8∗ ∼ CARP]

d t
= v18 − v25, (46)

d[C3∗ ∼ XIAP]

d t
= v19 − v26. (47)

In Equation (33), the variable R is the receptor concentration and L is the ligand concen-
tration. This model is specialized in the TNF-related apoptosis-inducing ligand TRAIL.
Equation (34) describes the time-dependent behavior of the TRAIL-receptor complex C0.
C0 is the complex consisting of the aggregated receptors DR4 and DR5 after the binding of
TRAIL. If the protein FADD is bounded to the complex C0 the newly formed complex will
be represented by the variable C1 (see Equation (35)). The binding of FADD to the complex
C0 triggers the internalization of the receptor-ligand complexes by receptor-mediated en-
docytosis1 and activates the proapoptotic signaling pathway. This configuration is denoted
as C2 in Equation (36). In the Equations (33) - (47) and in Table 9, the symbol * depicts the
activated form of a protein and the tilde ∼ illustrates a complex consisting of two different
proteins bound to each other. The reaction rates from v1 to v26 in the Equations (33) - (47)
are defined in Table 9. Further, the used parameter values are given in Table 9.

1The cell absorbs the receptor-TRAIL complex. The receptor will then either be degraded or brought back to
cell membrane where it is able to interact with a new ligand.
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The system of ordinary differential equations (from Equation (33) to Equation (47)) is the
same for every cell of the population. The heterogeneity within the cell population is sim-
ulated by differences in the initial conditions and parameter values between the individual
cells. Experiments of M. Doszczak and P. Scheurich have shown that there is a high cell-to-
cell variability for the synthesis rate of the inhibitor of apoptosis XIAP k−24, for the receptor
synthesis rate k−4, for the synthesis rate of the caspase-8 k−21, for the synthesis rate of the
caspase-3 k−22 and for the initial condition of the FLIP concentration [FLIP](0) in a cell.
Therefore, these five quantities are simulated by different log-normal distributions (see Ta-
ble 10) and are varied in the single cells. However, all the other reaction rates of the model
remain unchanged for the individual cells of the population.

Table 10: Log-normally distributed parameters of the low-dimensional population model
for TRAIL-induced proapoptotic signaling (values fitted to unpublished experi-
mental data of M. Doszczak and P. Scheurich by J. Hasenauer).

k−4 k−21 k−22 k−24 [FLIP](0)
location parameter µl 1318.7 315.62 1501.6 651.82 83586
minimum 0 0 0 0 0
maximum ∞ ∞ ∞ ∞ ∞
scale parameter σs 0.5 0.6260 0.6164 0.6833 0.5716

Log-normally distributed random variables Y for the rates k−4, k−21, k−22, k−24 and for
the initial condition of the FLIP concentration [FLIP](0) are assigned to every cell of the
population calculated with the following formula:

Y = e(σsb+log(µl)) (48)

where b denotes a variate drawn from a normal distribution with a mean of zero and a
standard deviation of one.

To solve the system of equations of the single cell model for the whole population,
the initial conditions of all parameters have to be known for each cell of the population.
Thus, the low-dimensional population model for TRAIL-induced proapoptotic signaling
has to be always initialized before the start of the simulation. As it has been already
mentioned above, the initial concentration of FLIP is drawn from a log-normal distribution
for every cell. Further, it is assumed that the ligand concentration L is zero at the beginning
of the simulation. All the other required initial conditions are calculated for the individual
cells. For the calculation of the initial conditions for each cell of the tumor cell population,
the initial conditions shown in Table 9 are taken as the starting points. Due to the assump-
tion that there is no external stimulus of the cell population, the initial conditions that are
later used for the simulation are set to the steady state values of the ordinary differential
equations (33) - (47). This results in an initial concentration of zero for the parameters C0,
C1, C2, C2∼C8, C2∼FLIP, C8∗, C3∗, C8*∼CARP, and C3*∼XIAP. The remaining parameters
R, FLIP, C8, C3, CARP, XIAP are not zero and their values depend on the reaction rates
drawn from the log-normal distribution.
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6.3 Numerical Model

The low-dimensional population model for TRAIL-induced proapoptotic signaling is pro-
grammed in MATLAB and performance-critical parts are written as C-extensions using
MEX-files (for details see [2]). The system of ordinary differential equations (see Equations
(33) - (47)) is implemented within the framework of the MATLAB toolbox CellPoT. CellPoT
is designed for the simulation and analysis of heterogeneous cell populations. It is suitable
for the simulation of large cell populations and the estimation of parameter distributions
using a least-square or a maximum likelihood approach (see [1]). CellPoT is based on the
Systems Biology Toolbox 2 (SBTOOLBOX2) for MATLAB and the SBPD extension package
for the Systems Biology Toolbox 2 (for details see [3]). The SBTOOLBOX2 provides a math-
ematical analysis framework for biological and biochemical systems (Schmidt and Jirstrand
(2006) [86]).
Before the system of ordinary differential equations of the [PMTS] s is numerically solved,
the reaction rates k−4, k−21, k−22, k−24 and the initial condition of the FLIP concentration
[FLIP](0) are drawn from their log-normal distributions for every cell of the heterogeneous
cancer cell population. Then, the initialization of the low-dimensional population model
for TRAIL-induced proapoptotic signaling is numerically solved using the ode45 solver of
MATLAB. This solver is based on an explicit Runge-Kutta scheme, or more precisely the
Dormand-Prince method (for details see Dormand and Prince (1980) [30] and Appendix
A.3.1).
After the initialization of the [PMTS] s, the simulation can be started. The model imple-
mented within the MATLAB toolbox CellPoT is transferred to a MEX simulation function
by the SBPD package. The MEX simulation function is a compiled C-code version of the
model implemented in CellPoT and contains a CVODE integrator and a MATLAB inter-
face. The CVODE integrator is provided by SUNDIALS (SUite of Nonlinear and DIfferen-
tial/ALgebraic equation Solvers; for details see [5]). SUNDIALS offers five different solvers
and one of them is the so-called CVODE solver. The integrator CVODE is a solver for initial
value problems of ordinary differential equation systems. The system of ordinary differen-
tial equations of the [PMTS] s is numerically solved with the Backward Differentiation For-
mulas (BDF) method provided by the CVDENSE linear solver and Newton iterations with
a Jacobian routine (for details see Cohen and Hindmarsh (1996) [26] and Appendix A.3.2).
The compiled MEX simulation function generated by the SBPD package is then executed by
CellPoT.



7 Coupling of the Individual Models to Each
Other

As it has been already discussed in Chapter 3, the description of the flow, transport and
reaction processes of a therapeutic agent administered via a bolus injection for the treatment
of an alveolar cell carcinoma represents a challenging task, which includes three different
scales. To account for all the different scales, three models have been introduced:

1. the vascular graph model (VGM) for describing the processes occurring in the pul-
monary circulation (arteries, arterioles, venules and veins) on the organ scale (see
Chapter 4),

2. the double-continuum model (DCM) for describing the processes occurring in the pul-
monary microcirculation, in the surrounding pulmonary tissue, and the tumor (see
Chapter 5) on the tissue scale, and

3. the low-dimensional population model for TRAIL-induced proapoptotic signaling
([PMTS] s) for describing the reaction of the single cancer cell and the whole tumor
cell population to the administered therapeutic agent (see Chapter 6) on the cells scale.

In this chapter, the numerical implementation of the coupling of the DCM to the VGM
(see Section 7.1) and the coupling of the [PMTS] s to the DCM (see Section 7.2) are ex-
plained. Further, the work flow of the multi-scale model which consists of all three models
is presented in Section 7.3. The vascular graph model, the alveolus model and the low-
dimensional population model for TRAIL-induced proapoptotic signaling are sequentially
coupled to each other.

7.1 Coupling of the DCM to the VGM

The vascular graph model and the alveolus model have been described in Chapter 4 and in
Chapter 5 respectively. This section gives an overview of the approach used to couple these
two models. The coupling of the VGM and the DCM has the advantage that one obtains a
discrete representation of the vasculature where it is computationally affordable (i.e. at the
non-capillary level) and a continuum representation where a fully-resolved approach would
be too expensive (i.e. at the level of the capillary bed and its surrounding tissue).
The vascular graph model describes the flow and transport of the therapeutic agent within
the non-capillary pulmonary vasculature. Each pre-capillary arteriole and each post-
capillary venule are connected via an upscaled edge to a so-called upscaled node, represent-
ing the capillary bed of a single alveolus and its associated tissue. These upscaled nodes are
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in turn described by the double-continuum model. It is at these sites that the administered
drugs and blood plasma can leave the blood compartment and enter the surrounding tissue.
The double-continuum model is used to compute the amount of therapeutic agent and fluid
leaving the bloodstream and provides this information to the VGM, where it is incorporated
as additional sink terms qxDCM and qfDCM for the upscaled nodes. This coupling concept
is illustrated in Figure 25.

Figure 25: Coupling of the DCM to the VGM.

At each time step, the pressure and the flow field for the whole vascular graph and the distri-
bution of the therapeutic agent in the graph are computed. Then, the additional sink terms
qxDCM and qfDCM , also termed correction factors, are recomputed separately for each up-
scaled node of the vascular graph by calling the double-continuum model with the Python
subprocess module (for further details see [4]). The correction factors correspond to the
amount of therapeutic agent and fluid that leave the blood compartment in a time dt, which
is the duration of an (explicit) time step of the VGM transport simulation. After the system
of equations of the DCM has been solved for every upscaled node of the VGM to obtain the
two coupling variables qxDCM and qfDCM for the current time step of the VGM, the pressure
and the flow field of the vascular graph and the transport of the drug through the graph are
corrected by the calculated sink terms.
The DCM and the VGM are linked using sequential execution and data transfer through the
coupling variables qxDCM and qfDCM . Initial and boundary conditions of the pressure as
well as the mole fraction of the dissolved therapeutic agent are required for both continua of
the alveolus model, in order to solve for the additional sink terms qxDCM and qfDCM . The
initial and the Dirichlet boundary conditions of the pressure for the capillary continuum are
taken from the two VGM nodes adjacent to the upscaled node. As the VGM provides no
information about the pressure in the pulmonary tissue, the initial and the Dirichlet bound-
ary conditions for the pressure in the tissue continuum are taken from literature (Kurbel et
al. (2001) [59] and Jain (1998) [52]). The two VGM nodes on the arterial and on the venous
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side of the capillary bed provide the initial and the Dirichlet boundary conditions of the
mole fraction of dissolved therapeutic agent in the capillary bed. The initial mole fraction
of therapeutic agent in the capillary bed continuum decreases in a linear manner from the
arterial side of the model domain to the venous side. The initial mole fraction of drug in the
tissue is assumed to be zero. At every further time step, the final mole-fraction distribution
of the previous time step is taken as initial condition. The outflow boundary condition ex-
plained in the appendix of this thesis is used for the boundary condition of the mole fraction
of dissolved drug in the pulmonary tissue.

7.2 Coupling of the [PMTS] s to the DCM

To describe the influence of the administrated drug on the cancer, the low-dimensional pop-
ulation model for TRAIL-induced proapoptotic signaling (see Chapter 6) is coupled to the
alveolus model (see Chapter 5). The population model determines the percentage of apop-
totic cancer cells and can calculate the amount of bound therapeutic agent. If the [PMTS] s
is also used for calculating the amount of bound drug the sink term radsoption of the alveolus
model defined in (26) and incorporated in (24) will be replaced by the amount of bound
therapeutic agent calculated by the [PMTS] s.
The realization of the coupling of the population model to the double-continuum model is
shown in Figure 26. First, the [PMTS] s needs the total number of mesh nodes of the model
domain of the DCM. At every node of the finite-element mesh of the alveolus model, the
number of cancer cells represented by this node has to be defined. Further, the mole fraction
of therapeutic agent present in the tissue continuum has to be stored for each time step and
for every mesh node of the DCM. These three pieces of information are needed as input
for the [PMTS] s. Then, the system of equations of the low-dimensional population model
for TRAIL-induced proapoptotic signaling is solved and the amount of bound therapeutic
agent and the percentage of apoptotic cells for each node of the DCM grid is provided to
the alveolus model. The DCM and the [PMTS] s are linked using sequential execution. The
data transfer between the two models is realized by writing the needed information and
calculated results to various files.

The [PMTS] s can be called either for every time step, after certain time intervals or only at
the end of the simulation of the double-continuum model. Before the low-dimensional pop-
ulation model for TRAIL-induced proapoptotic signaling is called by the alveolus model for
the first time, the population model has to be initialized. This means that the initial condi-
tions and the parameter vectors are generated for the simulation of the [PMTS] s. Therefore,
the information about the total number of grid nodes of the double-continuum mesh and
the number of cancer cells per mesh node have to be already available at this time. The
initialization of the [PMTS] s is explained in detail in Section 6.2.
The decision, how often the population model is called by the DCM, depends on the thera-
peutic agent that is described by the [PMTS] s. Until now, the parameters and the reactions
of the population model are fitted to the protein TRAIL. There are other interesting forms
of the therapeutic agent TRAIL, for example the bifunctional fusion protein scFv-TRAIL or
nanoparticles of TRAIL. In the case of the single TRAIL molecule, the reaction of the can-
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capillary bed continuum

tissue continuum

input for the [PMTS] s provided by the DCM:
- number of cancer cells
- temporal distribution of the therapeutic agent in the tissue

output of the [PMTS] s:
- amount of bound therapeutic agent
- percentage of apoptotic cells

Figure 26: Coupling of the [PMTS] s to the DCM.

cer cell to the drug can be first observed after approximately twelve hours and the amount
of TRAIL that binds to the cells is negligible compared to the amount of unbound TRAIL
in the tissue. In case of the bifunctional fusion protein scFv-TRAIL, the binding of the fu-
sion proteins to the cancer cells has to be considered. Thus, the decision, how often the
low-dimensional population model for TRAIL-induced proapoptotic signaling is called by
the alveolus model, depends on the specific problem one wants to describe by the coupling
of these two models: Which kind of TRAIL is modeled? Which period of time should be
simulated?

7.3 Multi-Scale Model for Describing Cancer-Therapeutic
Transport in the Lung

The model concept presented in Chapter 3 introduces the idea of a computational simulation
framework for describing cancer-therapeutic transport in the lung. To comprise all relevant
processes on the different scales, three models are used. For the realization of the model
concept, the three individual models are sequentially coupled to each other and interfaces
between the different simulation toolboxes are defined. How is the numerical implemen-
tation of the multi-scale model realized? This question will be answered in the subsequent
paragraph.

Figure 27 depicts the flow chart of the multi-scale model consisting of the vascular graph
model, the double-continuum model and the low-dimensional population model for
TRAIL-induced proapoptotic signaling. The initialization of the multi-scale model and
the sequence of the simulation is controlled by the VGM. For the initialization of the
multi-scale model, the vessels building the vascular graph have to be defined: the lengths,
the diameters, the connectivity and the type of the vessels. Further, the upscaled nodes
and edges representing the capillary bed and the pulmonary tissue around an alveolus
have to be added to the vascular graph. There are two kinds of upscaled nodes: healthy
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Figure 27: Work flow of the multi-scale model.
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and tumorous ones. As the name tumorous upscaled node already states, the alveolar cell
carcinoma is represented by this type of upscaled nodes. The difference between these two
kinds of nodes lies in other parameter values and source and sink terms of the mathematical
model (for details see Chapter 5 ). The last two necessary steps of the initialization of the
multi-scale model are the definition of the initial and boundary conditions of the vascular
graph model for the pressure and the concentration of administered therapeutic agent, and
the specification of the total model time.
After a successful initialization of the multi-scale model, the system of equations of the
vascular graph model is solved the first time for the two primary variables, the pressure and
the mole fraction of dissolved therapeutic agent, using the decoupled scheme explained
in the appendix of this thesis. Within this first time step of the vascular graph model, the
DCM is sequentially called for every upscaled node and the fluxes and the mole-fraction
distribution of the vascular graph model are corrected afterwards as it has been already
explained in Section 7.1. In case of a tumorous upscaled node, the call of the DCM leads
to the call of the low-dimensional population model for TRAIL-induced proapoptotic
signaling. The coupling of the low-dimensional population model for TRAIL-induced
proapoptotic signaling to the double-continuum model has already been explained in
Section 7.2. The simulation results of the [PMTS] s are taken into account by the DCM. If the
simulations of the low-dimensional population model and the double-continuum model
are finished and the results of all three models are corrected the vascular graph model starts
with the second time step.

The time-step size of the multi-scale model is restricted by the use of the Courant-
Friedrichs-Lewy (CFL) condition due to the explicit time discretization of the vascular
graph model (for further details see Appendix A.1.1). The time-step size of the vascular
graph model is in the order of tenth of seconds because the blood flow velocities are lower
than 1 cm/s (see Table 7) in the vessel segments of the vascular graph. To get biologically
meaningful simulation results, it is necessary to run the multi-scale model for at least twelve
hours due to the fact that the response of the cancer cell population to a proapoptotic stim-
ulus takes more than ten hours. To call the double-continuum model during every explicit
time step of the VGM would mean that the total simulation time would take several years.
The investigations of the multi-scale model have shown that the most calculation-intensive
process is the call of the DCM by the VGM. Therefore the program cycle of the multi-scale
model has been optimized and sped up for the long-time applications. The simulation time
of the multi-scale model has been reduced from several years to hours. The realization of
the simulation time reduction and the application of the multi-scale model to a realistic
scenario are presented in the following chapter.
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The simulation results of two different examples are presented in this chapter. The first ex-
ample uses the vascular graph model (see Chapter 4) and the alveolus model (see Chapter
5) to describe the spatiotemporal distribution of a therapeutic agent within a subset of the
human lung.
The second example consists of all three models coupled to each other: the vascular graph
model, the alveolus model and the low-dimensional population model for TRAIL-induced
proapoptotic signaling (see Chapter 6). Using all three models, the spatiotemporal distribu-
tion of the administered drug can be simulated as well as the reaction of the cancer cells to
the administered therapeutic agent.

8.1 First Example - Simulating the Flow and the Transport of a
Therapeutic Agent within the Lung

This section demonstrates how the coupled model described in Section 7.1 can be applied
to simulate the spatiotemporal distribution of a therapeutic agent in the lung. The simula-
tion demonstrates the functionality of the coupled model consisting of the discrete vascular
graph model and the alveolus model which is a continuum approach. The model time of
this simulation is about eleven seconds.
The computational grid is based on the literature values given in Horsfield (1978) [47] and
Horsfield and Gordon (1981) [48] (see Table 11). Horsfield and coworkers studied the mor-
phometry of the human pulmonary arterial and venous trees, based on Strahler’s ordering
system. The Strahler algorithm defines the smallest non-capillary blood vessels as order 1.
If two vessels of the same order meet, the order number of the confluent vessel will be in-
creased by one. If a blood vessel of order n meets another vessel of an order smaller than
n, the order of the confluent vessel will remain n (Huang et al. (1996) [49], see also Figure
28). The precondition that the Strahler ordering system can be used for the classification
of pulmonary vessels is the dichotomous branching of the pulmonary vascular tree (Weibel
(1991) [102]).
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Figure 28: Classification of blood vessels according to the Strahler ordering system.

Table 11: Classification of the pulmonary arterial tree (according to Horsfield (1978) [47]) and
of the pulmonary venous tree (according to Horsfield and Gordon (1981) [48]) using
Strahler’s ordering system.

arterial tree venous tree
order number of

branches
diameter
[mm]

length
[mm]

order number of
branches

diameter
[mm]

length
[mm]

17 1.000 30.000 90.50
16 3.000 14.830 32.00
15 8.000 8.060 10.90 15 4.000 13.88 36.7
14 2.000 · 101 5.820 20.70 14 1.400 · 101 5.23 39.0
13 6.600 · 101 3.650 17.90 13 5.300 · 101 2.90 25.4
12 2.030 · 102 2.090 10.50 12 1.580 · 102 1.90 18.5
11 6.750 · 102 1.330 6.60 11 4.960 · 102 1.21 11.0
10 2.290 · 103 0.850 4.69 10 1.842 · 103 0.61 3.20
9 6.062 · 103 0.525 3.16 9 7.546 · 103 0.39 2,54
8 1.877 · 104 0.351 2.10 8 2.384 · 104 0.22 1.98
7 5.809 · 104 0.224 1.38 7 7.387 · 104 0.14 1.34
6 1.798 · 105 0.138 0.91 6 2.331 · 105 0.096 0.910
5 5.672 · 105 0.086 0.65 5 7.355 · 105 0.064 0.617
4 1.789 · 106 0.054 0.44 4 2.321 · 106 0.043 0.418
3 5.641 · 106 0.034 0.29 3 7.324 · 106 0.029 0.283
2 2.028 · 107 0.021 0.20 2 2.311 · 107 0.019 0.192
1 7.292 · 107 0.013 0.13 1 7.292 · 107 0.013 0.130
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8.1.1 Simulation Setup

A subset of the full pulmonary vasculature is chosen as the domain for the simulation. Start-
ing from Strahler order 4, a dichotomous branching tree of arterioles is generated, leading
to 21 pre-capillary arteries of order 1. These connect to as many upscaled nodes, which in
turn are connected to 21 post-capillary venules of order 1. The veins dichotomously reunite
until order 4 is reached (see Figure 29). The diameters and lengths of the individual vessels
are assigned according to the measurement results of Horsfield (1978) [47] and Horsfield and
Gordon (1981) [48], as listed in Table 11.

Figure 29: Visualization of the vascular graph coupled to the DCM. The black lines represent
the blood vessels, which form the unstructured grid of the VGM. The red nodes
and the blue rectangles symbolize the capillary bed and pulmonary tissue around
an alveolus, which are simulated using the DCM. The red nodes are the healthy
upscaled nodes and the blue rectangles are the tumorous ones. The blood vessels
above / below the alveoli are arteries / veins of the order one to four, with a
morphology according to Table 11 respectively.

Three of the 21 upscaled nodes have been assigned tumor properties, representing an alve-
olar cell carcinoma. These are the three upscaled nodes depicted by the blue rectangles in
Figure 29. The model domain of the DCM for a healthy upscaled node represents an alveo-
lus with its capillary bed and surrounding tissue. It is constructed as a spherical shell with
an inner diameter of 140 µm (the mean diameter of a human alveolus according to Renkin
et al. (1984) [82]) and an outer diameter of 364 µm (see Figure 30). On the alveolar surface,
the capillaries are arranged in the form of a hexagonal network with a few interspersed pen-
tagonal meshes to close the spherical surface (Weibel (1991) [101]). In-between the capillary
segments and above the capillary mesh, the pulmonary tissue is located. The thickness of
the tissue layer, 100 µm, is arbitrarily chosen. The lumen of a pulmonary capillary is about
8 µm wide, and the endothelial cell wall is approximately 2 µm thick (according to Renkin
et al. (1984) [82] and Schmidt and Lang (2007) [87]). The individual layers thus add up
to a total thickness of 112 µm. Therefore, the model domain has an outer diameter of 364
µm. The model domain of the DCM for a tumorous upscaled node is a sphere with a di-
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ameter of 364 µm. It is assumed that the cancer cells have destroyed the alveolar walls, and
have penetrated into and filled the alveolus. The tumor vasculature consists of vessels from
the already existing network of the host vasculature and new vessels resulting from the an-
giogenesis response of the host vessels to the cancer cells (Jain (1998) [52]). There are no
necrotic regions. It is assumed that the arterial input to the capillary bed is on the left side of
the alveolus, and the venous drainage occurs at the right side (see Figure 30). Blood cannot
enter or leave the model domain via any other pathway. According to Singhal et al. (1973)
[92], the pulmonary arterioles, also termed pre-capillary vessels, give rise to the capillary
networks and they number between one and two per alveolus. Therefore, the assumption
of a single feeding arteriole and a single draining venule is made.

Figure 30: Left: Model domain of the alveolus model for a healthy upscaled node consisting
of a spherical shell with an inner diameter of 140 µm and an outer diameter of
364 µm (according to Weibel (1991) [101]). Right: Different kind of structures
comprised by the model domain of the DCM.

This setup is meant to demonstrate the functionality of the coupled model rather than being
a realistic description of the spatial and temporal distribution of a therapeutic agent within
the human lung for cancer therapy. Two simplifications are made. First, the cross-sectional
compliance, the pressure dependent change of the cross-section of a vessel segment, is not
considered in this example. Second, the influence of the gravity on the blood flow through
the vessel segments is neglected. The data of Horsfield (1978) [47] and Horsfield and Gordon
(1981) [48] only allow the generation of a two-dimensional graph. The distance of each single
vessel segment to the entrance of the pulmonary artery into the lung cannot be determined.
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8.1.2 Initial and Boundary Conditions

The systems of equations of the vascular graph model and the double-continuum model
are solved for the two primary variables: the pressure p and the mole fraction of dissolved
therapeutic agent x. Initial and Dirichlet pressure boundary conditions are set at the root ar-
terial and root venous vertex. The numerical values chosen are 1067 and 200 Pa respectively,
taken from Des Jardins (2008) [55]. At the root arterial vertex, the mole fraction of dissolved
therapeutic agent x is set to 1.1249 · 10−8.
At the outer boundaries of the model domain, the initial and boundary conditions for the
upscaled nodes, where the double-continuum model’s system of equations is solved, are
automatically taken from the corresponding adjacent VGM nodes, as is explained in Section
7.1. In the case of a healthy upscaled node, there is an additional model domain boundary
located at the inner surface of the spherical shell. There, Neumann no-flow boundary con-
ditions are set for the primary variables. In this way, no fluid and no dissolved therapeutic
agent can enter or leave the pulmonary capillary bed and the pulmonary tissue through the
alveolar wall.

8.1.3 Parameters

The results, shown in Section 8.1.4, are based on the parameter values presented here. The
vascular graph model requires the diameters and lengths of the vessel segments that make
up the vascular graph. The numerical values of these vessel properties are taken from Ta-
ble 11. Table 12 gives an overview of the parameters used in the alveolus model for the
healthy and the tumorous case. Most variables are taken from literature. However, for some
parameters no suitable values could be found.
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Table 12: Model parameters of the alveolus model.
parameter symbol unit tissue value ref.

tissue continuum
diffusion coefficient3 D m2

/s 5.12 · 10−14 see text
dynamic viscosity1 µ Pas 0.0012 [95]
hydraulic conductivity of lymphatic vessel wall2 Llymph

m/Pas healthy 1.9 · 10−12 see text
initial receptor concentration [R0] mol/m3 tumorous 1.7 · 10−5 see text
kinetic constant: forward reaction kon m3

/(mol s) tumorous 1 · 102 see text
kinetic constant: backward reaction koff 1/s tumorous 1 · 10−3 see text
interstitial fluid pressure pis Pa healthy -1064 [59]

tumorous 133 [52]
lymphatic pressure2 plymph Pa healthy -1200 see text
mass density1 ρmass

kg/m3 1030 [63]
molar density1 ρmol

mol/m3 303.5 [87]
intrinsic permeability K m2 healthy 4.43 · 10−18 [96]

tumorous 2.14 · 10−17 [96]
porosity φ - healthy 0.13 [18]

tumorous 0.27 [50]
surface area of lymph vessels per unit volume
of tissue2

Alymph

Vtissue

1/m healthy 3.0 see text

tortuosity factor τ̂ - healthy 0.28 [23]
tumorous 0.71 [77]

volume fraction of tissue fT - healthy 0.96 see text
tumorous 0.8 [18]

capillary continuum
capillary volume fraction fC - healthy 0.04 see text

tumorous 0.2 [18]
diffusion coefficient3 D m2

/s 2.93 · 10−14 see text
dynamic viscosity1 µ Pas 0.0021 [78]
half-life of therapeutic agent t1/2 s 21600 see text
mass density1 ρmass

kg/m3 1050 [38]
molar density1 ρmol

mol/m3 284 [87]
intrinsic permeability K m2 healthy see Table 13 see text

tumorous 1.25 · 10−11 see text
porosity3 φ - 1 see text
tortuosity factor3 τ̂ - 1 see text

transfer equations
capillary oncotic pressure πc Pa healthy 3724 [59]

tumorous 2660 [18]
diffusive permeability P m/s healthy 2.2 · 10−9 [18]

tumorous 1.73 · 10−8 [18]
hydraulic conductivity Lp

m/Pas healthy 2.71 · 10−12 [18]
tumorous 2.11 · 10−11 [18]

interstitial oncotic pressure πis Pa healthy 1862 [59]
tumorous 1995 [18]

molar density1 ρmol
mol/m3 293.75 see text

osmotic reflection coefficient3 σ - 0.8 [74]
solvent-drag reflection coefficient σf - healthy 0.91 [18]

tumorous 0.82 [18]
surface area of capillaries per unit volume of tis-
sue

Avessel
Vtissue

1/m healthy 1.9 · 104 see text

tumorous 2.0 · 104 [18]
1 It is assumed that the fluid properties do not change in a tumor.
2 There is no lymphatic system in a tumor.
3 The healthy parameter value is also taken for the tumor area.
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Table 13: Calculation of permeability field of the cuboid shown in Figure 21.

Kx [(µm)2] Ky [(µm)2] Kz [(µm)2]

cuboid with hexagonal network 0.15 0.22 0.00

As already discussed in Section 5.3, the processes in the alveolar capillary bed are described
with a porous media approach. The results of the permeability field calculation for a healthy
upscaled node are shown in Table 13. The cuboid used to compute the permeability tensor
has an edge length of 364 µm in the x- and y-directions and extends 112 µm in the z-direction.
The dimensions of the cuboid depend on the model domain of the DCM - a spherical shell
with an inner diameter of 140 µm and an outer diameter of 364 µm. The permeability in z-
direction is zero because the capillary bed forms a two-dimensional hexagonal mesh in the
xy-plane (see Figure 21). As the capillary bed enwraps the spherical alveolus, it is necessary
to transform the permeability tensor computed for the cuboid KC into the coordinate system
of the model domain, a spherical shell, to obtain the intrinsic permeability tensor of the
capillary bed KCB. This is done by setting:

KCB = RTKCR, (49)

where R is the three-dimensional rotation matrix and RT is its transpose. The result of this
transformation is the symmetric, positive semi-definite matrix KCB. Due to the transforma-
tion of the permeability tensor from the coordinate system of the cuboid to the coordinate
system of the spherical shell, the permeability values normal to the surface of the shell be-
come zero (see Figure 31).

KCB,xx

(a)

KCB,xz

(b)

KCB,zz

(c)

Figure 31: Visualization of the permeability field of the capillary bed in units of (µm)2 for a
healthy upscaled node: (a) in x-direction, (b) in xz-direction, (c) in z-direction, in
all the other directions the permeability is zero.

Solid tumors are characterized by many tortuous vessels, shunts, vascular loops, irregular
intervascular distances and large avascular areas (Baish et al. (1996) [14]). Hence, the cap-
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illary bed for the three tumorous upscaled nodes is not represented by a hexagonal mesh-
work. Due to the lack of high resolution angiography data of an alveolar cell carcinoma, the
Hagen-Poiseuille equation is used to estimate the intrinsic permeability K of the tumorous
capillary bed. Comparing the Hagen-Poiseuille equation with Darcy’s law (see Equation
(20)), a relationship for the intrinsic permeability K of the capillary bed of the tumor can be
found:

K =
r2
c

8
, (50)

where rc is the mean capillary radius of a tumor vessel. According to Jang et al. (2003) [54],
rc is set to 10 µm.
The diffusion coefficient D of the injected therapeutic agent depends strongly on the size of
the considered drug molecules. For drug molecules dissolved in blood and interstitial fluid,
it can be calculated using the Stokes-Einstein-Equation:

D =
RT

NA6πµr
, (51)

where R is the gas constant and NA is the Avogadro number. For the body temperature T a
value of 310.15 Kelvin is assumed. The radius r of the drug molecules is approximated by a
mean value of 3.7 nm. The value for the dynamic viscosity µ of blood and of the interstitial
fluid are assigned as listed in Table 12.
The balance equations (21) and (24) of the tissue continuum contain a sink term that con-
siders the influence of the lymphatic system on the amount of interstitial fluid and drug
molecules within the tissue. Lymph formation occurs when the lymphatic pressure plymph
drops below the pressure in the interstitial space pis (see Equations (23) and (25)). However,
the pulmonary lymphatic pressure has not been measured until now. Experiments have
merely shown that the pulmonary lymphatic pressure is at least as low as the local intersti-
tial pressure (Negrini and Passi (2007) [74]). The values for Llymph, Alymph/Vtissue and plymph
are based on assumptions.
In the case of a tumorous upscaled node, the transport equation of the tissue continuum con-
tains a sink term that considers the interaction of the drug molecules with the cancer cells.
The values for the two kinetic constants kon and koff and for the concentration of initially
free receptors on the cell surface [R0] are based on experimental data studying the binding
effect of scFv225scTRAIL fusion proteins to H460 cells (unpublished data of M. Doszczak
and P. Scheurich, Institute of Cell Biology and Immunology - University of Stuttgart).
For the half-life of the drug molecules t1/2, an arbitrary value is used. If the model is applied
to a specific drug administered by bolus injection, the properties of that particular therapeu-
tic agent need to be implemented. Further, no specific value for the molar density of blood
could be found. The value listed in Table 12 is only valid for blood plasma. The values for
the porosity φ and the tortuosity factor τ̂ of the capillary continuum are based on the con-
siderations in Section 5.3.
In the case of a healthy upscaled node, the chosen values for the volume fraction of tissue fT
and for the capillary volume fraction fC of the model domain are chosen as outlined below.
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According to Effors (1984) [32], the vascular volume fraction in a 12 µm thick section of the
alveolar surface is 0.9. Above this layer, we assume a 100 µm thick layer of pulmonary tissue
that is not vascularized. Therefore, the overall volume fractions in the entire model domain
(representing a healthy upscaled node) are fT = 0.96 and fC = 0.04 for tissue and capillaries
respectively. The transfer equations that couple flow and transport processes between tissue
and capillary continuum contain the molar density of the exchanged fluid. In the tissue con-
tinuum the considered fluid is the interstitial fluid and in the capillary continuum it is blood.
Therefore, the molar density used in the transfer equations is the arithmetic mean of the mo-
lar densities of these two fluids. Additionally, the capillary surface area per unit volume of
tissue Avessel/Vtissue is included in the transfer equations. For the healthy upscaled nodes,
this value is calculated based on the geometry of the model domain (a spherical shell):

Avessel
Vtissue

=
Nvessel2rvesselπlvessel

4

3
π
(
r3
outer sphere − r3

inner sphere

) . (52)

Nvessel stands for the number of vessels inside the model domain. rvessel and lvessel are the
radius and length of the capillary segments. router sphere and rinner sphere are the radius of the
outer and inner sphere respectively.

8.1.4 Simulation Results

The simulation is performed as detailed in the previous sections. Initially, the pressure and
flow fields of the vascular graph are computed. A therapeutic agent is then introduced at
the arterial root vertex. The dissolved drug molecules are advected through the vasculature.
At the alveoli, a fraction of the blood plasma and therapeutic agent migrates into the tissue.
The exchange rates and pharmacokinetics of this process differ between healthy and
tumorous alveoli. Due to the inter-compartmental exchange, the pressure and flow field of
the vascular graph have to be recomputed at each time step.

Figure 32 depicts the pressure field and the mole fraction of the drug molecules at different
times during the simulation. The effective vessel resistance of a tumorous upscaled node
is smaller than the vessel resistance of a healthy upscaled node. Therefore, the pressure
gradient along the two edges that are connected with a tumorous upscaled node is smaller
(see Figure 32 (a)). The dissolved therapeutic agent is irregularly distributed in the vascular
graph (see Figure 32 (c)). The total amount of therapeutic agent that leaves the blood stream
at the tumorous upscaled nodes is higher compared to the healthy upscaled nodes (see Fig-
ure 32 (c)). The maximum value for the drug concentration in the tissue is also higher for
a tumorous upscaled node than for a healthy one (compare Figure 33 (d) with Figure 34
(d)). This depends on the different pressure fields in the blood and tissue continuum for the
two kinds of upscaled nodes, as well as on the higher diffusive permeability and hydraulic
conductivity of tumor vessels, and the increased number of blood vessels per unit volume
of tissue in the tumor region.
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pressure [Pa]

(a)

therapeutic agent [mol/mol]

(b)

therapeutic agent [mol/mol]

(c)

Figure 32: Results of the vascular graph model. (a) Pressure distribution [Pa]. (b) A thera-
peutic agent is introduced at the arterial root vertex. Drug distribution [mol/mol]
after one time step. (c) Drug distribution [mol/mol] after 11 seconds.
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Figure 33 depicts the pressure and mole fraction distribution within the two continua of
the double-continuum model for a single healthy upscaled node. For the visualization of
the results of a healthy upscaled node, the red node situated in the leftmost position in
Figure 29 is chosen. Figure 33 (a) and (b) show a cross-section through the model domain
representing the pressure and mole fraction distribution for the capillary continuum. The
pressures at the left side and the right side of the capillary continuum are equal to the
pressures at the two adjacent nodes connected to the upscaled node. The administered
therapeutic agent is distributed within the capillary bed as shown in Figure 33 (b). Figure
33 (c) and (d) show a cross-section through the model domain representing the pressure
and mole fraction distribution for the pulmonary tissue continuum. According to Kurbel
et al. (2001) [59], the interstitial fluid pressure in the human pulmonary tissue is -1064 Pa.
Due to filtration and reabsorption processes across the capillary walls, the pressure slightly
changes within the model domain (see Figure 33 (c)). The therapeutic agent is distributed
within the pulmonary tissue corresponding to the pressure gradients in the pulmonary
tissue. However, the amount of active ingredient is about three orders smaller compared to
the capillary continuum (see Figure 33 (d)).

Figure 34 depicts the pressure and mole fraction distribution within the two continua
of the double-continuum model for a tumorous upscaled node. In Figure 34 the results of
the middle tumorous upscaled node are shown. For the tumorous upscaled node other
parameters are used than for the healthy upscaled node (see Table 12). A further difference
is that the flow and transport equations of the DCM for the tumorous upscaled node have
no sink terms for describing the effects of the lymphatic system. The sink term radsorption
in (24) is only considered for the tumorous case. Due to the pressure distribution in the
vascular graph (see Figure 32 (a)), the pressure boundary conditions for the capillary bed
continuum of the healthy and the tumorous upscaled node are not the same (see Figure 33
(a) and Figure 34 (a)). The differing permeability fields used for the two kinds of upscaled
nodes are a further reason for the different pressure fields in the capillary bed continuum of
the tumorous upscaled node and the healthy upscaled node. The administered therapeutic
agent is distributed within the capillary bed as shown in Figure 34 (b). Figure 34 (c) and
(d) show a cross-section through the model domain representing the pressure and mole
fraction distribution for the tumorous pulmonary tissue continuum. According to Jain
(1998) [52], tumors exhibit high interstitial fluid pressures. Therefore, a Dirichlet pressure
boundary condition of 133 Pa is set for the tissue continuum. Due to the lack of a functional
lymphatic system and a higher filtration of fluid from the capillaries into the tumor tissue,
the interstitial fluid pressure increases further in the model domain (see Figure 34 (c)).
However, a certain amount of fluid is reabsorbed at the venous ends of the capillaries.
Due to the higher vascular permeability and hydraulic conductivity of tumors (Jain (1998)
[52]) and the presence of blood vessels in the whole model domain, the drug molecules are
spread in the entire tumor tissue (see Figure 34 (d)).
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pressure in blood continuum [Pa]

(a)

therapeutic agent in blood continuum [mol/mol]

(b)

pressure in tissue continuum [Pa]

(c)

therapeutic agent in tissue continuum [mol/mol]

(d)

Figure 33: Results for a healthy alveolus (leftmost red node in Figure 29), at the final time
step of the simulation. (a) Pressure distribution within the pulmonary capillary
bed continuum [Pa]. (b) Drug distribution [mol/mol] within the pulmonary capil-
lary bed continuum. (c) Pressure distribution within the pulmonary tissue contin-
uum [Pa]. (d) Drug distribution [mol/mol] within the pulmonary tissue continuum.
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therapeutic agent in blood continuum [mol/mol]

(b)

pressure in tissue continuum [Pa]

(c)

therapeutic agent in tissue continuum [mol/mol]

(d)

Figure 34: Results for a tumor alveolus (middle blue rectangle in Figure 29), at the final time
step of the simulation. (a) Pressure distribution within the pulmonary capillary
bed continuum [Pa]. (b) Drug distribution [mol/mol] within the pulmonary capil-
lary bed continuum. (c) Pressure distribution within the pulmonary tissue contin-
uum [Pa]. (d) Drug distribution [mol/mol] within the pulmonary tissue continuum.
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8.2 Second Example - Simulating the Flow, Transport and
Reaction of TRAIL Using the Multi-Scale Model

In this section, the multi-scale model described in Section 7.3 is applied to show the thera-
peutic efficiency of TRAIL against an alveolar cell carcinoma. The multi-scale model consists
of:

- the vascular graph model for describing the spatiotemporal distribution of the drug in
the pulmonary arteries, in the arterioles, in the venules and in the veins,

- the alveolus model for characterizing the spatiotemporal distribution in the alveolar
capillaries, in the surrounding pulmonary tissue and in the cancer,

- and the low-dimensional population model for TRAIL-induced proapoptotic signal-
ing for describing the reaction of the tumor cells to the administered therapeutic agent.

The model time of the second example is about twelve hours. The spatiotemporal distribu-
tion of the drug in the pulmonary blood vessels and in the pulmonary tissue lies in the order
of several seconds up to minutes. However, the completion of apoptosis in the cancer cells
induced by the administered therapeutic agent can take from several hours to more than 24
hours. The duration of apoptosis differs according to the type of the cell and of the tissue
(Jang et al. (2003) [54]).
In addition, a local sensitivity analysis is done to identify the most important influences on
the multi-scale model.

8.2.1 Simulation Setup

For the VGM, the same subset of the pulmonary vasculature (see Figure 29) is chosen as
taken for the previous application in Section 8.1. There are still 18 healthy upscaled nodes
and three tumorous upscaled nodes. The location of the single upscaled nodes remains
unchanged. As in the first example, the cross-sectional compliance of the vessel segments
and the influence of gravity on the blood flow through the vascular graph are neglected.

However, the model domains of the DCM for the different kinds of upscaled nodes are
modified. In the case of a healthy upscaled node, a cube with a side length of 210 µm is
used now. Inside the cube, there is a spherical hole with a diameter of 140 µm representing
the alveolus (see Figure 35). The processes occurring within the alveolus are not considered

inflow outflow

adjacent
arterial VGM node

adjacent venous
VGM node

210 µm

alveolus
140 µm

Figure 35: Model domain of an healthy upscaled node.
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because the therapeutic agent is administered via a bolus injection into the blood stream.
The model domain of the DCM for a tumorous upscaled node is now a cube with a side
length of 364 µm. As in the previous example, it is assumed that the cancer cells have
destroyed the alveolar walls, and have penetrated into and filled the alveolus. The tumor
vasculature consists of vessels from the already existing network of the host vasculature and
new vessels resulting from the angiogenesis response of the host vessels to the cancer cells
Jain (1998) [52]. There are still no necrotic regions. It is assumed that the arterial input to the
capillary bed is on the left side of the alveolus, and the venous drainage occurs at the right
side (see Figure 35). Blood cannot enter or leave the model domain via any other pathways.
The [PMTS] s is called for all three tumorous upscaled nodes.

8.2.2 Initial and Boundary Conditions

The system of equations of the vascular graph model is solved for the two primary variables:
the pressure p and the mole fraction of dissolved therapeutic agent x. As in the previous ap-
plication (see Section 8.1), the initial and the Dirichlet boundary conditions for the pressure
are set at the root arterial and root venous vertex. The numerical values chosen do not differ
from the one taken for the first application (see Chapter 8.1.2). At the root arterial vertex,
the mole fraction of dissolved therapeutic agent x is set to 1.1249 · 10−10. In this example,
the initial condition for the mole fraction of dissolved therapeutic agent is two orders of
magnitude smaller compared to the previous application. A too high initial mole fraction of
dissolved therapeutic agent would result in the death of all cancer cells and so the heteroge-
neous behavior of the single tumor cells simulated with the [PMTS] s cannot be shown.
The system of equations of the alveolus model is also solved for the two primary variables,
the pressure p and the mole fraction of dissolved therapeutic agent x, in each of the two con-
tinua. The chosen initial and boundary conditions for the primary variables of the double-
continuum model in the case of a healthy and a tumorous upscaled node are the same as for
the first example (see Section 8.1.2)
The initial conditions for the low-dimensional population model for TRAIL-induced
proapoptotic signaling are obtained by the approach that has already been described in de-
tail in Section 6.2.

8.2.3 Parameters

For the simulation results shown in Section 8.2.5, most of the used parameter values are
consistent with the parameters taken for the first example (see Section 8.1). The setup of the
vascular graph is the same for the two examples presented in this chapter. Therefore, the
vessel orders, the diameters and the lengths of the vessel segments that make up the vascu-
lar graph agree with the values presented in Section 8.1.3.
The parameter values used for the alveolus model are consistent with the values taken for
the first application (see Table 12) except for three parameters in the case of a healthy up-
scaled node. These three parameters are the volume fraction of tissue fT , the intrinsic per-
meability tensor K in the continuum representing the capillary bed, and the surface area of
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capillaries per unit volume of tissue Avessel
Vtissue

. The new values are shown in Table 14 and are
caused by the change of the model domain for a healthy upscaled node.

Table 14: Changed model parameters of the alveolus model in the case of a healthy upscaled
node.

parameter symbol unit tissue value ref.

volume fraction of tissue fT - healthy 0.9 see text
intrinsic permeability K m2 healthy 2.0 · 10−12 see text
surface area of capillaries per unit
volume of tissue

Avessel
Vtissue

1/m healthy 5.8 · 104 see text

It is still assumed that the alveolus is surrounded by a 12 µm thick layer which has a vascu-
lar volume fraction fC of 0.9 (Effors (1984) [32]). Now, the volume of the non-vascularized
tissue region above the 12 µm thick layer is smaller compared to the non-vascularized tissue
region of the previous example. This results in a volume fraction of tissue fT of 0.9. Due to
the modified model domain volume of a healthy upscaled node, the value for the surface
area of capillaries per unit volume of tissue Avessel

Vtissue
changes from 1.9 · 104 1/m to 5.8 · 104 1/m.

In the first example, the intrinsic permeability tensor K in the continuum representing the
healthy capillary bed is determined by the method described in Section 5.3. Now, the intrin-
sic permeability of the healthy capillary bed is determined by the relationship (50) as it is
already done in the case of a tumorous capillary bed. The intrinsic permeability field of the
healthy capillary bed is simplified to clearly identify the influence of K on the multi-scale
model by the local sensitivity analysis (see Section 8.2.6).
The model parameters of the low-dimensional population model for TRAIL-induced
proapoptotic signaling for describing the reaction of the tumor cells to the administered
therapeutic agent are listed in Table 9 and in Table 10. Due to the coupling of the [PMTS] s
to the DCM, the number of cancer cells represented by every node of the finite-element mesh
of the alveolus model for a tumorous upscaled node has to be defined. The grid consists of
8000 cubic elements with a side length of 18.2 µm. A single human cell has an average vol-
ume of about 1000 (µm)3 (unpublished date of M. Doszczak and P. Scheurich). Thus, six
cancer cells are assigned to each node of the finite element mesh. Further, the total number
of grid nodes of the tumorous model domain of the DCM is required. The mesh used for
the tumorous upscaled node consists of 9261 nodes.
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8.2.4 Optimization of the Work Flow of the Multi-Scale Model for Long-Time
Applications

To get biologically meaningful simulation results of the multi-scale model, it is necessary
to run this model for at least twelve hours due to the fact that the response of the cancer
cell population to a proapoptotic stimulus can take up to 24 hours (Jang et al. (2003) [54]).
In the case of the multi-scale model, the maximum time-step size of all three models is
given by the explicit time discretization of the VGM. The construction of the vascular graph
and the assigned properties to the single vessel segments of the vascular graph used for
the examples presented in this chapter result in a maximum time-step size of 0.0859512
seconds. If the DCM is called for all 21 upscaled nodes of the vascular graph and the
[PMTS] s is executed for every tumorous upscaled node at every time step of the VGM this
will lead to a total simulation time of the multi-scale model of about 48 years for a model
time of twelve hours.
The investigations of the multi-scale model have shown that the most calculation-intensive
process is the call of the DCM by the VGM. Therefore, the work flow of the multi-scale
model has been optimized and sped up for the long-time application. Instead of executing
the DCM for all upscaled nodes at every explicit time step of the VGM, the alveolus
model is called after a previous determined time interval, for example every hour of the
model time, and then the flow field and the drug distribution of the vascular graph are
corrected for the length of this time interval. After the correction of the simulation results
of the VGM, the vascular graph model simulates the next time period and calls the DCM
afterwards to adjust the results. Now, the alveolus model provides the amount of fluid and
therapeutic agent leaving the blood stream for the duration of the determined time interval
to the vascular graph model. To minimize the error between the solutions of the detailed
simulation and the sped up simulation, the type of the boundary condition for the mole
fraction of dissolved therapeutic agent xc in the capillary bed continuum is modified for the
sped up case. Now, the Dirichlet boundary condition for xc changes with time. For every
upscaled node of the vascular graph, the mole fractions of dissolved therapeutic agent x in
and x out at the two nodes connected with the arterial and venous side of the considered
upscaled node (see small picture in Figure 37) are written to two different files for each
time step of the vascular graph model. Thus, the mole fractions of dissolved therapeutic
agent at the two adjacent nodes of the considered upscaled node are known at each time
point of the simulation of the DCM. When the alveolus model is executed x in and x out
are taken as initial and Dirichlet boundary condition on the left and on the right side of the
model domain of the alveolus model. A linear decrease of the mole fraction of dissolved
therapeutic agent xc between x in and x out provide the initial and the boundary conditions
for the remaining sides of the model domain. The initial and boundary condition for xc
are looked up in the two files written by the VGM and adapted at each time step of the
simulation of the alveolus model.
The above described approach can only be applied if the error done by the speed up of
the work flow of the multi-scale model is negligibly small. For the application presented
in this section, the DCM should be executed at every full hour of the total model time. A
model time of twelve hours for a model consisting only of the alveolus model coupled to
the vascular graph model would result in a simulation time of about 20 years. To determine
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the error done by the speed up of the work flow of the multi-scale model, three different
simulations have been performed and have been compared against one another. The result
of the twelve hours simulation (coupling of the DCM to the VGM in one hour steps; total
model time of twelve hours) is compared with the one hour simulation (coupling of the DCM
to the VGM in one minute steps; total model time of one hour). If there is a good agreement
between the two simulations the one hour simulation will be compared with the one minute
simulation (coupling of the DCM to the VGM at every explicit vascular graph time step; total
model time of one minute). The simulation results of the three scenarios, the twelve hours
simulation, the one hour simulation and the one minute simulation, are tested and controlled for
every upscaled node of the considered asymmetric vascular graph. However, the findings
of this simulation study are only shown for one healthy upscaled node, namely the red node
situated in the leftmost position in Figure 29 called node 42, and for one tumorous upscaled
node, namely the middle tumorous upscaled node in Figure 29 called node 58. Figure 36
(a) depicts the comparison of the simulation results of the twelve hours simulation with the
results of the one hour simulation. There is no difference between the solutions of the two
scenarios for the two types of upscaled nodes. The same applies to the comparison of the
simulation results of the one hour simulation with the results of the one minute simulation (see
Figure 36 (b)). The results of the remaining upscaled nodes also show the same agreements
between the twelve hours simulation and the one hour simulation and between the one hour
simulation and the one minute simulation. From this it follows that it is acceptable to execute
the alveolus model at hourly intervals of the total model time.

For the tumorous upscaled nodes, the low-dimensional population model for TRAIL-
induced proapoptotic signaling is also not called for every explicit time step of the vascular
graph model. The [PMTS] s is only executed at the last time step of the simulation.
However, the simulation of the [PMTS] s takes into account the temporal distribution of the
administered therapeutic agent in the tumor tissue over the total model time. There are two
reasons for executing the low-dimensional population model for TRAIL-induced proapop-
totic signaling only once at the end of the simulation. First, the whole interest is to know the
per cent of the apoptotic cell fraction at the end of the simulation. The intermediate results
of the [PMTS] s are not of interest. Changes of the drug transport in the tumor occur after
a 16- to 24-hours time lag after the first treatment due to a decreased tumor cell density
and an expanded interstitial space (Jang et al. (2003) [54]). The structural changes within
the tumor caused by the drug-induced apoptosis are not covered by the multi-scale model
until now. Second it is omitted to calculate the amount of bound therapeutic agent with the
[PMTS] s to reduce the simulation time of the multi-scale model further. The reduction of
the free available therapeutic agent in the cancer by the binding of the drug molecules to
the tumor cells is already taken into account by the sink term (26) in the system of equations
of the alveolus model.

A third approach to speed up the simulation time of the multi-scale model is applied.
If an upscaled node has the same initial and boundary conditions and equal properties as
its adjacent upscaled node in the vascular graph the DCM will not be called again by the
vascular graph model. The results of the simulation of the corresponding adjacent upscaled
node are taken as correction factors for the VGM for the considered upscaled node.
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Figure 36: (a) Comparison of the simulation results of the twelve hours simulation with the re-
sults of the one hour simulation for the healthy upscaled node 42 and the tumorous
upscaled node 58. (b) Comparison of the simulation results of the one hour simu-
lation with the results of the one minute simulation for the healthy upscaled node
42 and the tumorous upscaled node 58.
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start of simulation: ini-
tialization of the model

calculation of the flow
field of the vascular graph

for step in nSteps:

calculation of the drug distri-
bution in the vascular graph

for vertex in upscaledVertices:

write c in and c out to file

if step in DCMstep:

if step = LastStep:

call of DCMcall of DCM

if vertex = tUVertex:

call of [PMTS] s

if step in DCMstep:

correction of the flow field
and the drug distribution

in the vascular graph

end of simulation

x in x out

upscaled node
neighbor node of upscaled node

nSteps list containing the VGM’s time steps
upscaledVertices list of all upscaled nodes

x in mole fraction of dissolved drug at the node
which is connected with the arterial side of
the considered upscaled node

x out mole fraction of dissolved drug at the node
which is connected with the venous side of
the considered upscaled node

DCMstep time steps for which the DCM is called
LastStep last time step
tUVertex tumours upscaled node

no yes

yesno

no yes

no yes

Figure 37: Work flow of the multi-scale model for a long-time application.
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The above described methods reduce the simulation time of the multi-scale model from sev-
eral years to hours. Figure 37 depicts the modified work flow of the multi-scale model for the
long-time application. After the initialization of the coupled model, Equation (14) is solved
the first time to determine the flow field in the vascular graph. Then, a for loop over all time
steps of the VGM is executed. First, the distribution of the administered therapeutic agent is
calculated using Equation (18). Afterwards, a second for loop over all upscaled nodes of the
vascular graph is entered. For every upscaled node, the mole fraction of dissolved therapeu-
tic agent at the arterial and at the venous side of the considered upscaled node are written
to two different files. If the actual time step of the VGM is a so-called DCMstep the alveolus
model will be called for the considered upscaled node. A DCMstep is defined as such a time
step for which the double-continuum model should be executed. The duration of the sim-
ulation of the alveolus model is equivalent to the length of the time interval between two
DCMsteps. For each time step of the simulation of the DCM, the boundary conditions for the
capillary bed continuum are adapted by the values provided by the vascular graph model
(see Figure 38). If the actual time step is also the last time step of the current simulation,
the so-called LastStep, and the considered upscaled node is a tumorous upscaled node the
[PMTS] s will be executed. As it is depicted in Figure 38, the [PMTS] s takes into account all
time steps of the DCM’s simulations.
After the successful execution of the second for loop, the flow field and the spatial drug dis-
tribution of the VGM will be corrected if the actual time step of the vascular graph model is
a DCMstep. Then, the calculations for the next time step of the vascular graph model start.
This work flow is used for the generation of the simulation results shown in the subsequent
section.
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data exchange between two models

symbol for a single time step

Figure 38: Different time scales of the multi-scale model for the long-time application.
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8.2.5 Simulation Results

The multi-scale model is applied to simulate the therapeutic efficiency of TRAIL against an
alveolar cell carcinoma. The drug is administered by a continuous bolus injection of twelve
hours. The simulation is performed using the simulation setup explained in Section 8.2.1,
the initial and boundary conditions defined in Section 8.2.2, the parameter values presented
in Section 8.2.3 and the work flow described in Section 8.2.4.

As the setup of the vascular graph is the same as for the first example presented in this
chapter, the pressure field of the vascular graph remains unchanged. Therefore, it is not
depicted again. The pressure distribution of the first example has been shown in Figure 32
(a). The correction of the pressure field of the VGM after the execution of the DCM lead to
no significant changes of the pressure distribution in the vascular graph.
In Figure 39 the drug distribution over the total model time of twelve hours is illustrated
for three nodes of the considered asymmetric vascular graph, namely the healthy upscaled
node 42, the tumorous upscaled node 58 and the root venous vertex. The effective resistance
of the upscaled edges connected with the tumorous upscaled node 58 is smaller than the

Figure 39: Drug distribution over the model time of twelve hours shown at three different
nodes of the vascular graph: the healthy upscaled node 42, the tumorous up-
scaled node 58 and the root venous node.
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resistance of the upscaled edges connected with the healthy upscaled node 42. The reason
for this is the larger radius of the tumor capillaries rc. According to Jang et al. (2003) [54], rc
is set to 10 µm for the tumor blood vessels and to 4 µm for the healthy capillaries according
to Renkin et al. (1984) [82]. Due to the lower resistance of the tumorous upscaled edges, the
flow rate through this segments of the vascular graph is faster. So, the therapeutic agent
will reach these parts earlier. However, the effective volume of the tumorous upscaled
edges is higher than the effective volume of the healthy upscaled edges. The consequence is
that the dissolved drug molecules are transported faster to the tumor nodes of the vascular
graph and need longer time to pass through those nodes (see Figure 39). After about ten
seconds, the initial mole fraction of dissolved therapeutic agent x of 1.1249 · 10−10 set at the
root arterial vertex reaches the root venous vertex.

Figure 40 depicts the pressure and the mole fraction distribution within the two con-
tinua of the double-continuum model for the healthy upscaled node 42 after one hour.
Figure 40 (a) and (b) depict a cross-section through the model domain representing the
pressure and the mole fraction distribution for the capillary bed continuum. The pressures
at the left side and the right side of the capillary continuum are equal to the pressures at the
two adjacent nodes connected to the upscaled node 42. In the capillary bed continuum, the
mole fraction of dissolved therapeutic agent xc has reached its maximum value (see Figure
40 (b)). Figure 40 (c) and (d) show a cross-section through the model domain representing
the pressure and the mole fraction distribution for the pulmonary tissue continuum.
According to Kurbel et al. (2001) [59], the interstitial fluid pressure in the human pulmonary
tissue is set to -1064 Pa. Due to filtration and reabsorption processes across the capillary
walls, the pressure slightly changes within the model domain (see Figure 40 (c)). At
the arterial side of the model domain, the pressure difference between the capillary bed
continuum and the pulmonary tissue continuum is much higher than on the venous side
of the model domain. According to Starling’s law (see Equation (31)), more fluid filtrates
into the tissue continuum on the arterial side of the model domain than on the venous
side. Therefore, there is a higher pressure increase on the left side of the model domain
of the tissue continuum. The therapeutic agent is distributed within the pulmonary tissue
corresponding to the pressure gradients in the pulmonary tissue. However, the amount of
active ingredient is still smaller compared to the capillary continuum after one hour of the
total model time of twelve hours (see Figure 40 (d)).

Figure 41 depicts the pressure and the mole fraction distribution within the two con-
tinua of the double-continuum model for the tumorous upscaled node 58 after one hour
model time. Due to the pressure distribution in the vascular graph, the pressure boundary
conditions for the capillary bed continuum of the healthy and the tumorous upscaled nodes
are not the same (compare Figure 40 (a) with Figure 41 (a)). The administered therapeutic
agent is distributed within the capillary bed as shown in Figure 41 (b) and has reached its
maximum value as in the case of the healthy upscaled node 42. Figure 41 (c) and (d) show
a cross-section through the model domain representing the pressure and the mole fraction
distribution for the tumorous pulmonary tissue continuum. According to Jain (1998) [52], a
Dirichlet pressure boundary condition of 133 Pa is set for the tissue continuum. Due to the
lack of a functional lymphatic system and an higher filtration of
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Figure 40: Results for the healthy alveolus (leftmost red node in Figure 29; node 42) after one
hour. (a) Pressure distribution within the pulmonary capillary bed continuum
[Pa]. (b) Drug distribution [mol/mol] within the pulmonary capillary bed contin-
uum. (c) Pressure distribution within the pulmonary tissue continuum [Pa]. (d)
Drug distribution [mol/mol] within the pulmonary tissue continuum.
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Figure 41: Results for the tumorous alveolus (middle blue rectangle in Figure 29; node 58) af-
ter one hour. (a) Pressure distribution within the pulmonary capillary bed contin-
uum [Pa]. (b) Drug distribution [mol/mol] within the pulmonary capillary bed con-
tinuum. (c) Pressure distribution within the pulmonary tissue continuum [Pa].
(d) Drug distribution [mol/mol] within the pulmonary tissue continuum.
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fluid from the capillaries into the tumor tissue, the interstitial fluid pressure increases further
in the model domain (see Figure 41 (c)). However, a certain amount of fluid is reabsorbed
at the venous ends of the capillaries. Due to the higher vascular permeability and hydraulic
conductivity of tumors (Jain (1998) [52]) and the presence of blood vessels in the whole
model domain, the drug molecules are spread in the entire tumor tissue (see Figure 41 (d)).

By the comparison of Figure 40 (d) with Figure 41 (d) it becomes visible that after one hour
model time the average amount of therapeutic agent in the healthy pulmonary tissue of the
upscaled node 42 is higher than in the tumor tissue of the upscaled node 58. The first exam-
ple presented in this chapter has shown that the average amount of therapeutic agent in the
healthy pulmonary tissue of the upscaled node 42 is smaller than in the tumor tissue of the
upscaled node 58 after a model time of eleven seconds (compare Figure 33 (d) with Figure 34
(d)). Figure 42 proves the observations made by the comparison of Figure 33 (d) with Figure
34 (d) and Figure 40 (d) with Figure 41 (d). For the first 100 seconds of the simulation the
mole fraction of dissolved therapeutic agent is higher in the tumor tissue. Afterwards, the
situation changes. Finally, the mole fraction of dissolved therapeutic agent in the tissue con-
tinuum of the upscaled node 42 is six times higher than in the tumor tissue of the upscaled
node 58. Neither in the tissue continuum of the tumorous upscaled node 57, of the tumor-
ous upscaled node 58, nor of the tumorous upscaled node 59 is a higher maximum value
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Figure 42: Average drug distribution in the tissue continuum over the model time of twelve
hours for the healthy upscaled node 42 and for the tumorous upscaled node 58.
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for the mole fraction of TRAIL reached (see Figure 43). The higher diffusive permeability
P , the higher hydraulic conductivity Lp and the lower solvent-drag reflection coefficient σf
of the tumorous capillary walls cause the faster enrichment of the therapeutic agent in the
tissue continuum of the upscaled node 58. The maximum mole fraction of TRAIL that can
be reached in the tissue continuum is mainly determined by the pressure gradients and the
concentration gradients between the capillary bed and the tissue continuum of the alveolus
model (see Stavermann-Kedem-Katchalsky equation (32)). The maximum mole fraction of
dissolved therapeutic agent in the capillary bed continuum is identical for the healthy and
the tumorous upscaled nodes. However, the pressure gradients between the two continua
of the DCM are different for the two kinds of upscaled nodes. This explains the higher
maximal mole fraction of dissolved therapeutic agent in the tissue continuum of a healthy
upscaled node. Further, the increased pressure gradients in the tumor interstitium (see Fig-
ure 41 (c) or Jain (1987) [50]) cause an outflow of interstitial fluid and dissolved therapeutic
agent.

Figure 43: Average drug distribution in the tissue continuum over the model time of twelve
hours shown for all three tumorous upscaled nodes (left black rectangle = node
57, middle black rectangle = node 58, right black rectangle = node 59).
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When the double-continuum model is executed for the last time, the simulation of the low-
dimensional population model for TRAIL-induced proapoptotic signaling is started for all
three tumorous upscaled nodes of the vascular graph model: node 57, node 58 and node
59. For the upscaled node 58, Figure 44 depicts the percent of cancer cells that irreversibly
undergo the programmed cell death after a continuous bolus injection of the therapeutic
agent TRAIL over twelve hours. The response of the cells to the TRAIL stimulus is highly
heterogeneous. There are two sources for this heterogeneous behavior of the alveolar cell
carcinoma to the administered therapeutic agent: the variability of the individual cancer
cells in the tumor and the spatial difference in the TRAIL concentration over the model
domain.
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Figure 44: Percent of dead cancer cells at the upscaled node 58 (top view on the horizontal
cross section through the middle of the model domain).

8.2.6 Local Sensitivity Analysis of the Multi-Scale Model

To apportion the uncertainty in the output variables to the uncertainty in all used model pa-
rameters in other words to identify the most important influences on the multi-scale model,
a local sensitivity analysis1 is done. The local sensitivity analysis helps to determine:

1According to Saltelli et al. (2000) [83], the different sensitivity analysis methods can be grouped into three
classes: local, global and screening. The choice of the method is a decision between the computational cost
and the information gained by the applied sensitivity analysis.
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- the factors that mainly contribute to the output variability and that require additional
investigations to strengthen the understanding of the model and

- the parameters or the mathematical terms of the system of equations of the multi-scale
model that are irrelevant and so can be eliminated from the final model (Saltelli et al.
(2000) [83]).

The local sensitivity matrix S of the multi-scale model is determined using the finite-
difference approximation. The elements of the sensitivity matrix Syoj (t) at the time t are
calculated by:

∂y

∂oj

∣∣∣∣
o,t

≈ y(t, oj + ∆oj)− y(t, oj)

∆oj
, j = 1, ...,m, (53)

where oj is the varied parameter of the m-vector of parameters o, y is the n-vector of output
variables and ∆oj is the parameter change (Saltelli et al. (2000) [83]). To make the local
sensitivity matrix S independent of the physical units of the parameters and variables of the
multi-scale model, the normalized local sensitivity matrix S̃ defined as:

S̃(t) =

{
oj
yi(t)

∂yi(t)

∂oj

}
(54)

for the time t is used (Saltelli et al. (2000) [83]). In contrast to the coefficients of the local sen-
sitivity matrix S, the normalized sensitivity coefficients can be compared with each other.
The local sensitivity analysis presented in this section consists of 44 realizations, namely the
baseline case plus the variation of 43 different parameters. For a single run, one parame-
ter out of the 43 is changed by five per cent of its nominal value and all the other model
parameters are kept constant (see Table 15). According to Saltelli et al. (2000) [83], a pa-
rameter change of five per cent is the upper limit for the assumption of the local linearity
in the case of a nonlinear model. The model is run repeatedly for each realization to get the
output variables for the parameters of interest. The vector y consists of the following output
variables:

- the pressure pc in the capillary bed continuum,

- the pressure pis in the interstitial space of the tissue continuum,

- the mole fraction of dissolved therapeutic agent xc in the capillary bed continuum,

- the mole fraction of dissolved therapeutic agent xis in the tissue continuum,

- the fluid flow qF across the pulmonary capillary walls (defined by Equation (31)),

- the transport of dissolved drug molecules qT through the capillaries into the tissue and
vice versa (defined by Equation (32)) and

- the percentage of cancer cells undergoing cell death after a treatment of the tumor
tissue with TRAIL for twelve hours fdeadCells.
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In this thesis, the findings of the sensitivity analysis are depicted for the healthy upscaled
node 42 (see Figure 45) and for the tumorous upscaled node 58 (see Figure 46). Due to
the non-linearity of the multi-scale model and the different conditions at the individual
upscaled nodes of the considered asymmetric vascular graph, the coefficients of the nor-
malized local sensitivity matrix vary slightly from one upscaled node to another. However,
the same parameters are of importance for all healthy upscaled nodes and for all tumorous
ones. The multi-scale model is a time-dependent problem. Therefore, Figure 45 and Figure
46 represent the maximal normalized local sensitivity matrix over the total model time
of twelve hours. On the x-axis all varied parameters are plotted. The considered output
variables are depicted on the y-axis. Both figures illustrate that only a few of the parameters
listed in Table 15 are of great importance.
In the case of the healthy upscaled node 42, as well as in the case of the tumorous upscaled
node 58, the radius of the healthy and the tumorous capillary vessels, rvessel,h and rvessel,t,
are relevant. An increase of rvessel,h or rvessel,t leads to a decreased vessel resistance Rij (see
Equation (16)) for the upscaled edges of the affected upscaled nodes in the vascular graph
and a higher intrinsic permeability K (see Equation (50)) in the capillary bed continuum. A
smaller vessel resistance for the upscaled edges results in a higher mass flow rate through
these vessel segments. Thus, more therapeutic agent is transported to the upscaled nodes.
This is confirmed by the high local sensitivity coefficients for the two output variables qT
and xc (see Figure 45 and Figure 46). Looking at the healthy upscaled node 42 (Figure 45),
the variation of the radius of the healthy capillary vessels rvessel,h affects the pressure pc
in the capillary bed continuum and the pressure pis in the tissue continuum. A change
of the radius of the tumor blood vessels rvessel,t also has an influence on pc and pis of the
upscaled node 42. This behavior of the multi-scale model is caused by the modification of
the pressure field in the vascular graph by the variation of the vessel resistance Rij of the
upscaled edges by changing rvessel,h or rvessel,t. The same is valid for the tumorous upscaled
node 58. For the tumorous upscaled node 58, the parameters rvessel,h and rvessel,t are the
only two parameters of the parameter vector o that significantly influence the percentage
of cancer cells undergoing cell death after a treatment of the tumor tissue with TRAIL
for twelve hours (see output variable fdeadCells in Figure 46). As Figure 46 depicts, the
initial mole fraction of therapeutic agent xco set at the root arterial vertex of the considered
asymmetric vascular graph is of less importance for the output variable fdeadCells. The flow
rate through the vascular graph determined by the parameters rvessel,h and rvessel,t seems
to have a higher influence on the amount of therapeutic agent reaching the cancer cells
than the parameter xco. This assumption is strengthened by the sensitivity coefficients of
the output variable xis for the parameters rvessel,h, rvessel,t and xco. The variation of the
molar density ρmol of blood and of the interstitial fluid, of the surface area of tumor blood
vessels per unit volume of tumor tissue Avessel,t/Vtissue,t, of the diffusive permeability Pt
of the capillary wall, of the volume fraction of tumor tissue fT,t, of the initial receptor
concentration [R0] in the tumor tissue, and of the kinetic constant kon describing the binding
of the TRAIL molecules with the receptors of the cancer cells influence the output variable
xis in the same order of magnitude as the parameter xco. Figure 46 illustrates that every
parameter which is significant for the mole fraction of dissolved therapeutic agent xis in the
tissue continuum of the tumorous upscaled node also affects the percentage of cancer cells
undergoing cell death represented by the output variable fdeadCells.
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The parameter Avessel/Vtissue regulates the fluid flow qF as well as the advective and
diffusive transport qT between the two continua of the alveolus model. In contrast to the
variable qF defined by the Starling equation (31), the output variable qT calculated with
the Stavermann-Kedem-Katchalsky equation (32) contains the surface area of capillaries
per unit volume of tissue Avessel/Vtissue twice. Therefore, the variable qT is more sensitive
with respect to a change of Avessel/Vtissue than the variable qF (see Figure 45 and Figure
46). However, the mole fraction of dissolved therapeutic agent xis in the tissue continuum
is neither strongly affected by the ratio Avessel/Vtissue nor by all the other parameters of
the transfer equations of the double-continuum model: the Starling equation (31) and
the Stavermann-Kedem-Katchalsky equation (32). The surface area of capillaries per unit
volume of tissue Avessel/Vtissue, the diffusive permeability P of the capillary wall and the
hydraulic conductivity Lp of the vessel wall can be seen as weighting factors for the mass
flow rates and the transport processes between the capillary bed continuum and the tissue
continuum. These parameters have no impact on the balance between the inflow and
outflow into a continuum. A change of the capillary oncotic pressure πc, of the interstitial
oncotic pressure πis, of the osmotic reflection coefficient σ, or of the solvent-drag reflection
coefficient σf of the administered therapeutic agent influences the pressure gradients be-
tween the two continua of the alveolus model. These four parameters therefore determine
the balance between the outflow and inflow into a continuum. However, a variation of 5
per cent of πc, πis, σ or σf does also not result in significant changes of the output variables
xc, xis, pc, pis and fdeadCells.
The influences of the lymphatic system (Equation (23) and Equation (25) of the alveolus),
represented by the parameters plymph, Llymph and Avessel/Vtissue, and of the degradation
processes (Equation (19) used by the vascular graph model and by the alveolus model)
represented by the parameter t1/2 on the considered output variables seem to be small.
The lymphatic system is only considered in the case a of healthy upscaled node. The
degradation processes are taken into account by both kind of upscaled nodes. For the
considered output variables, the significance of the sink term radsorption (see Equation (26))
that represents the interaction of the drug molecules with the cancer cells in the pulmonary
tissue continuum in the case of a tumorous upscaled node is expressed by the parameters
[R0], koff and kon in Figure 46. This sink term has a higher, however not a significant,
impact on the output variables than the other two sink terms of the multi-scale model.
A change of the molecular radius of TRAIL rTRAIL results in new values for the diffusion
coefficient D of the injected therapeutic agent in both continua of the alveolus model. The
diffusion coefficient D is obtained by Equation (51). The considered output variables are
not very sensitive with regard to the variation of the parameter rTRAIL (see Figure 45 and
Figure 46). So, diffusion is not the dominant transport mechanism in the two continua of
the DCM.

Summing up, the local sensitivity analysis of the multi-scale model shows that the
the radius of the healthy and the tumorous capillary vessels, rvessel,h and rvessel,t contribute
the most to the variability of the considered output variables. The sink terms describing
the influences of the lymphatic system and the degradation processes are irrelevant. The
variation of the parameters πc, πis, σ or σf results in more significant changes of the output
variables qF and qT than of the output variables xc, xis, pc, pis and fdeadCells.
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Table 15: Model parameters varied for the local sensitivity analysis.
parameter symbol unit nominal value variation of 5 %

capillary continuum
dynamic viscosity µ Pas 2.1 · 10−3 2.205 · 10−3

mass density ρmass
kg/m3 1050 11025.5

molar density ρmol
mol/m3 284 298.2

vessel radius rvessel,h m2 healthy 4.0 · 10−12 4.2 · 10−12

rvessel,t m2 tumorous 10.0 · 10−12 10.5 · 10−12

half-life of therapeutic agent t1/2 s 21600 22680
transfer equations

surface area of capillaries per unit
volume of tissue

Avessel,h

Vtissue,h

1/m healthy 5.8 · 104 6.09 · 104

Avessel,t

Vtissue,t

1/m tumorous 2.0 · 104 2.1 · 104

capillary oncotic pressure πc,h Pa healthy 3724 3910.2
πc,t Pa tumorous 2660 2793

diffusive permeability Ph
m/s healthy 2.2 · 10−9 2.31 · 10−9

Pt
m/s tumorous 1.73 · 10−8 1.8165 · 10−8

hydraulic conductivity Lp,h
m/Pas healthy 2.71 · 10−12 2.8455 · 10−12

Lp,t
m/Pas tumorous 2.11 · 10−11 2.2155 · 10−11

interstitial oncotic pressure πis,h Pa healthy 1862 1955.1
πis,t Pa tumorous 1995 2094.75

osmotic reflection coefficient σh - healthy 0.8 0.84
σt - tumorous 0.8 0.84

solvent-drag reflection coefficient σf,h - healthy 0.91 0.9555
σf,t - tumorous 0.82 0.861

tissue continuum
dynamic viscosity µ Pas 1.2 · 10−3 1.26 · 10−3

interstitial fluid pressure pis,h Pa healthy -1064 -1117.2
pis,t Pa tumorous 133 139.65

mass density1 ρmass
kg/m3 1030 1081.5

molar density1 ρmol
mol/m3 303.5 318.675

intrinsic permeability Kh m2 healthy 4.43 · 10−18 4.6515 · 10−18

Kt m2 tumorous 2.14 · 10−17 2.247 · 10−17

porosity φh - healthy 0.13 0.1365
φt - tumorous 0.27 0.2835

molecular radius of TRAIL rTRAIL m 3.7 · 10−9 3.885 · 10−9

tortuosity factor τ̂h - healthy 0.28 0.294
τ̂t - tumorous 0.71 0.7455

volume fraction of tissue fT,h - healthy 0.9 0.945
fT,t - tumorous 0.8 0.84

initial receptor concentration [R0] mol/m3 1.7 · 10−5 1.785 · 10−5

kinetic constant: forward reaction kon m3
/(mol s) 1.0 · 102 1.05 · 102

kinetic constant: backward reaction koff 1/s 1.0 · 10−3 1.05 · 10−3

lymphatic pressure plymph Pa -1200 -1260
hydraulic conductivity of lymphatic
vessel wall

Llymph
m/Pas 1.9 · 10−12 1.995 · 10−12

surface area of lymph vessels per
unit volume of tissue

Alymph

Vtissue

1/m 3.0 3.15

VGM
initial mole fraction of therapeutic
agent

xco mol/mol 1.1249 · 10−10 1.181145 · 10−10

pressure at arterial root vertex p0,artery Pa 1067 1120.35
pressure at venous root vertex p0,vein Pa 200 210
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8.3 Conclusions

The first example simulates the spatiotemporal distribution of a therapeutic agent using the
vascular graph model and the alveolus model in a small part of the human lung affected
by an alveolar cell carcinoma for a model time of eleven seconds. It accounts for the
influence of micturition and metabolic transformation reactions on the agent concentration.
Moreover, the role of the lymphatic system as well as the binding of the drug molecules to
tumor cells are captured.

The second example uses the vascular graph model, the alveolus model and the low-
dimensional population model for TRAIL-induced proapoptotic signaling to describe the
spatiotemporal distribution of the therapeutic agent and the reaction of the alveolar cell
carcinoma to the administered therapeutic agent TRAIL after a treatment time of twelve
hours. The modified work flow of the multi-scale model for this long-time application
shows that it is not necessary to couple all three models for every explicit time step of the
VGM to each other. The flow and transport processes in the considered vascular graph are
hardly affected by the coupling to the alveolus model. However, new coupling conditions
between the three models will be required if the initial mole fraction of therapeutic agent
in the vascular graph is increased or the exchange processes between the two continua of
the DCM become more relevant. Further, an increase of the model time to several days or
the simulation of a complete treatment schedule for alveolar cell carcinoma might affect the
coupling between the models. Depending on the special application, the coupling between
the three individual models of the developed multi-scale model has to be reconsidered
again.
The local sensitivity analysis of the multi-scale model shows that it is important to know
the physical properties of the vessel segments considered by the vascular graph model and
the alveolus models. A small variation of the capillary diameter has a significant influence
on the amount of therapeutic agent that will reach the cancer cells and so on the per cent
of tumor cells undergoing cell death after the applied treatment. Therefore the developed
approach for calculating the intrinsic permeability field of the healthy capillary bed contin-
uum should be extended to the capillary bed continuum of the tumor. Furthermore, high
resolution angiography data should provide the basis for the determination of the intrinsic
permeability tensor of the capillary continuum of the alveolus model.
Further, the longer model time of the second example unveils the inhibition of the TRAIL
distribution in the tumor tissue due to the increased interstitial fluid pressure. The inhibited
drug penetration of solid tumors caused by an increased interstitial fluid pressure has been
already reported, for example by Trédan et al. (2007) [98], Minchinton and Tannock (2006)
[72] or Jain (1987) [50].

As blood is a heterogeneous, non-Newtonian fluid that exhibits pseudoplastic behav-
ior (Schmidt and Lang (2007) [87]), the VGM determines the blood viscosity within the
vessel segments of the considered vascular graph from the hematocrit value using the
relation derived by Pries et al. (1992) [78]. Currently, the DCM does not account for
variations in the capillary morphology. It is assumed that all capillaries have the same
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physical properties. Consequently, a constant viscosity value is taken. According to
Obrist et al. (2010) [75], models treating capillaries as a spatial continuum with a given
permeability which is based on the local morphology of the capillary network neglect the
role of the red blood cells on the flow and transport processes through this network of
capillaries. As it is already stated in the paragraph above, high resolution angiography data
are required for the pulmonary capillary bed and the alveolar cell carcinoma to determine
the intrinsic permeability tensor for Darcy’s law. The approach explained in Section 5.3
should be extended by the continuum model for red blood cell transport in capillary
networks presented in Obrist et al. (2010) [75] and Reichold (2011) [80] to account for the
influence of the red blood cells on the vessel resistance of capillaries.



9 Final Remarks - Summary and Outlook

As already mentioned in the motivation of this thesis, lung cancer kills more people than
any other type of cancer and is responsible for 1.4 million deaths worldwide yearly [6].
Often, drug treatments employ a trial and error procedure to determine the most effective
dosage. A predictive mathematical model suitable to guide cancer-therapeutic strategies
is still lacking. There exist plenty of publications about the modeling of fluid flow and
delivery of macromolecules in solid tumors, for example: Baxter and Jain (1989) [18], Baxter
and Jain (1990) [16], Baxter and Jain (1991) [17], Chapman et al. (2008) [24], Eikenberry
(2009) [33] or Shipley and Chapman (2010) [91]. Further, there are several publications
about blood flow simulations in vascular networks, for example: Boas et al. (2008) [21],
Reichold et al. (2009) [81], Guibert et al. (2010) [40], Lorthois et al. (2011) [65] and Lorthois
et al. (2011) [66]. There exist also a lot of publications about the modeling of the pathway of
apoptosis in a single cell or in a cell population, for example: Bagci et al. (2006) [13], Eißing
et al. (2009) [34] or Hasenauer et al. (2010) [43]. While the application of these models is
restricted to tumor tissue, to vascular networks or to cell populations, the modeling concept
presented here is designed for the simulation of the fluid and drug transport in the entire
organ affected by the cancer (the macrocirculation, the microcirculation, the tissue and the
tumor) as well as for the simulation of the reaction of the tumor cells to the administered
therapeutic agent.
In this thesis, a computational simulation framework for describing cancer-therapeutic
transport in the lung has been developed. The mathematical models and the numerical
models presented in this thesis couple three different spatial scales and the corresponding
physical processes of each scale with each other. The developed model concept is based on
the above mentioned publications. However, the coupling of a model for the macrocircula-
tion to two further models, one model for the microcirculation and the surrounding tissue
and a second model for the process of apoptosis in the heterogeneous cancer cell population
and so the representation of a whole organ affected by a tumor are new. The discrete
vascular graph model is coupled to the double-continuum model to determine the amount
of administered therapeutic agent that will reach the cancer cells. The low-dimensional
population model for TRAIL-induced proapoptotic signaling is coupled to the alveolus
model to know the percent of cancer cells undergoing cell death. The system of equations of
the coupled model contains terms that account for degradation processes of the therapeutic
agent, the reduction of the number of drug molecules by the lymphatic system and the
interaction of the drug with the tissue cells. The numerical implementation of the fully
coupled model has the advantage of very flexible numerical interfaces between the three
single models. Each model can be improved and adapted to the new requirements without
changing the already defined numerical interfaces.
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This thesis shows the process of the development of a mathematical and a numerical
model for describing cancer-therapeutic transport in the human lung, and its application
to two artificial scenarios. The fully coupled model includes the transport of the injected
therapeutic agent through the pulmonary circulation, the transition of the dissolved drug
molecules from the blood vessels into the tissue and the processes occurring within the
pulmonary tissue and the tumor. However, there remains room for improvement.
Future work should include the acquisition of high-resolution angiography data of the
pulmonary circulation (e.g. via srXTM) to generate a realistic vascular graph. A fully
resolved capillary bed around a single alveolus and of the alveolar cell carcinoma are the
prerequisite to determining the accurate permeability tensor of the capillary continuum
in the case of a healthy or a tumorous upscaled node. Once these data are available, the
simulation results can be compared with existing measurements to verify the developed
numerical model. The presented concept is chiefly based on theoretical considerations and
thus requires validation by comparison with experimental results.
Currently, the focus of the model is on predicting the spatiotemporal distribution and the
therapeutic efficacy of therapeutic agents. Until now, the proposed model is not sufficient
to guide cancer-therapeutic strategies because the influence of the tumor is not completely
covered by the model. The absence of the lymphatic system within a tumor and the interac-
tion / reaction of the drug molecules with / to the cancer cells are described. Angiogenesis,
tumor growth, decreased tumor cell density and expanded interstitial space caused by the
drug-induced apoptosis are currently not considered. These effects occur at timescales
that are much larger than those of drug transport and adsorption (Baxter and Jain (1989)
[18]). Jang et al. (2003) [54]) report of changes of the drug transport in tumors after a 16-
to 24-hours time delay of the cancer treatment. Therefore, the next necessary step would
be the implementation of a tumor-growth model. One can use the vascular graph model
coupled to the alveolus model as described in this thesis to compute the evolution of blood
flow and drug distribution. After several hours, the vascular and the tissue configuration
in the cancerous region change slightly, according to the progression of tumor growth and
the angiogenesis (needs to be implemented) and due to the completion of apoptosis in the
cancer cells induced by the administered drug (already implemented by the coupling of the
DCM to the [PMTS] s).
Further, it would be interesting to simulate different treatment schedules of the alveolar cell
carcinoma. Jang et al. (2003) [54] have already shown the influence of varying treatment
schedules on the apoptotic cell fraction in tumors.
Until now, the simplifying assumption of a non-pulsating flow through the vessel segments
of the vascular graph and the capillary bed of the alveolus model is made. However, the
arterial blood pressure rises and falls due to the phases of the cardiac cycle (Des Jardins
(2008) [55]). In the future, the vascular graph model and the double-continuum model
should include the cyclic pressure changes in the blood vessels.

The numerical simulation concept presented here is a first step towards a predictive
mathematical and numerical model that is suitable to guide pulmonary cancer-therapeutic
strategies. It should be the goal to further improve the accuracy of the model by the
extensions outlined above such that the model can be of clinical value.
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[58] Koolman, J. and Röhm, K. Taschenatlas der Biochemie des Menschens. Georg Thieme
Verlag Stuttgart, 2009.

[59] Kurbel, S., Kurbel, B., Belovari, T., Marić, S., Steiner, R., and Božić, D. Model of in-
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A Numerical Model

In general, mathematical models can only be solved analytically under the assumption
of special initial and boundary conditions. Therefore, mathematical models are strongly
restricted in their applications. The equations have to be solved with the help of a numerical
method. A numerical model transforms the associated mathematical model into numerical
algorithms. The numerical model has to be chosen in such a way that the mathematical
equations can be solved for different geometries, initial and boundary conditions with
regard to the chosen primary variables. The obtained numerical algorithms are imple-
mented into a software to calculate the processes that are described by the conceptual and
mathematical model (Helmig (2008) [46]).
The quality of a discretization method depends on three criteria: the consistency of the
discretization, the stability of the solution and the convergence of the solution. The con-
sistency of the discretization means that the discretization matches the original differential
equation of the mathematical model for the limit ∆t, ∆x → 0 . Therefore, it is ensured
that the correct problem is solved. A numerical solution will be stable if the error does not
increase with time and thus the error is bounded. The numerical solution has to converge
to the exact solution for the limit ∆t, ∆x → 0. The fulfillment of these three criteria is the
basis for a good numerical model.

Initial and Boundary Conditions: A differential equation describes a time and spa-
tially dependent problem. To solve a system of differential equations, an adequate set of
initial and boundary conditions is required. The initial conditions provide the values for
all primary variables at each point in the model domain at the beginning of the simulation.
Additionally, boundary conditions have to be defined to link the solution within the model
domain to the situation at the boundary. The multi-scale multi-physics toolbox DuMux

provides three different types of boundary conditions:

1. Dirichlet Boundary Condition
The Dirichlet boundary condition is necessary to get an unique solution of the system
of equations. The value of the primary variable up is fixed at the boundary of the
model domain Γ:

up = uD on ΓD.

2. Neumann Boundary Condition
The flux of a primary variable perpendicular to the model domain boundary is
described. The Neumann Boundary Condition is understood as the normal derivative
of the primary variable up at the boundary Γ:
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∂up
∂n

= uN on ΓN .

3. Outflow Boundary Condition
The outflow boundary condition describes the flux of a primary variable up perpen-
dicular to a boundary of the model domain where this primary variable is unknown
previous to the solution of the problem. The value for the primary variable at the
boundary will be calculated from the interior.

The simulation toolbox VGM supports Dirichlet and Neumann boundary conditions.

A.1 Vascular Graph Model

In the following, the numerical method and the discretization employed in this thesis for the
vascular graph model (see Chapter 4) are explained in detail. The VGM describes a transient
problem. Therefore, a discretization in time and space is necessary.

A.1.1 Time Discretization

For the time discretization an explicit Euler scheme is used (see Figure 47). The known
solution of the old time step t is used to calculate the unknowns, the primary variables, of
the algebraic system of the new time step t+ ∆t:

∂up
∂t
≈
ut+∆t
p − utp

∆t
= f(up)

t. (55)

The expression f(up)
t represents the system of equations that is evaluated at the old time

level t. To guarantee the convergence of the solution, the time-step size is restricted accord-
ing to the Courant-Friedrichs-Lewy (CFL) condition:

|v|
∆x/∆t

6 1 → ∆t 6
∆x

|v|
(56)

where v is the average flow velocity, ∆x the dimension of the grid cell and ∆t the maximum
time-step size. In the case of the vascular graph model, the Courant-Friedrichs-Lewy (CFL)
condition is implemented as follows:

∆t = | Vij
2Fij
|, (57)

where Vij is the volume of a single edge ij, the cross-section Aij times the length Lij of this
vessel segment, and Fij is the flow along the considered edge ij. To determine the maximum
allowed time-step size for the vascular graph, the Courant-Friedrichs-Lewy (CFL) condition
is applied to every edge of the graph and the smallest calculated ∆t is chosen for the current
time step of the simulation.
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m
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space
i-1 i i+1

t

t+∆t

Figure 47: Explicit time discretization.

A.1.2 Spatial Discretization

The method for the spatial discretization of the vascular graph model is a fully upwind finite
difference method. The numerical implementation of the mathematical model described in
Chapter 4 is explained using the example of the vascular graph shown in Figure 48.

1

23

7

6

5

4

8

9

Neumann boundary

Dirichlet boundary

Figure 48: Example of a vascular graph.

Every vascular graph is treated as a zero-dimensional problem in space. First of all, a linear
system of the following form A · up = b is defined. The matrix A contains the information
about the conductance of the considered graph. The conductance Tij of a vessel segment ij
is 1/Rij where Rij is the vessel resistance (see Equation (16)). The vector up comprises the
pressures at the nodes of the vascular graph for which the system needs to be solved. The
vector b contains the boundary conditions and source and sink terms.
For the vascular graph shown in Figure 48, the following linear system of equations needs
to be solved to get the pressure at every node i:
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∑n

i=1 T1,n −T1,2 −T1,3 0 0

−T2,1
∑n

i=1 T2,n 0 −T2,4 0

−T3,1 0
∑n

i=1 T3,n 0 −T3,5

0 −T4,2 0
∑n

i=1 T4,n −T4,5

0 0 −T5,3 −T5,4
∑n

i=1 T5,n




p1

p2

p3

p4

p5

 =


q1

T2,7p7

T3,6p6

T4,9p9

T5,8p8

 . (58)

The linear system of equations (58) is solved using the Gauss-Seidel algorithm. Knowing the
pressures at every vertex of the graph, the flow through all vessel segments ij is calculated:

Fij =
ρi,mol(pi − pj)

Rij
. (59)

In case of the coupling of the DCM to the VGM for an upscaled node u, the flow field of the
vascular graph has to be corrected by the mass flow between the two models qu,fDCM :

Fuj =
ρu,mol(pu − pj)

Ruj
− qu,fDCM . (60)

The correction of the flow field requires the recalculation of the pressure field.

After the determination of the flow field for the whole graph, the distribution of a
therapeutic agent in the considered vascular graph can be identified. The transport of the
dissolved therapeutic agent is described by a hyperbolic differential equation (see (18)). For
the numerical implementation of this equation, a first-order upwind scheme is used. The
amount of a therapeutic agent x at a node i is determined with the help of the subsequent
equation:

xt+∆t
i =


xti −

∆t

ρi,molVi

(∑n
j=1 Fijx

t
i + Vi r

t
i,degradation + qti,xDCM

)
for Fij > 0,

xti −
∆t

ρi,molVi

(∑n
j=1 Fijx

t
j + Vi r

t
i,degradation + qti,xDCM

)
for Fij < 0.

(61)

xt+∆t
i is the amount of dissolved drug molecules at the node i for the new time level and xti

for the old time level. The result further depends on the sum of all fluxes from the considered
node i to all neighboring nodes j and vice versa

∑n
j=1 Fij .



A.2 Alveolus Model 109

A.2 Alveolus Model

In this section, the numerical method and the discretization applied for the alveolus model
(see Chapter 5) are introduced. The alveolus model also describes a transient problem.
Therefore, a discretization in time and space has to be applied.

A.2.1 Time Discretization

For the time discretization, the implicit Euler scheme is used. An implicit method evaluates
the system of equations on the new time level (see Figure 49). The implicit Euler scheme has
no stability-motivated restriction of the time-step size and is unconditionally stable (Helmig
(1997) [45]). For the two transport equations (24) and (29) of the single continua, the time
discretization with the implicit Euler method leads to:

∂up
∂t
≈
ut+∆t
p − utp

∆t
= f(up)

t+∆t. (62)

The expression f(up)
t+∆t represents the system of equations that is evaluated at the new

time level t+ ∆t.

unknown

knownti
m

e

space
i-1 i i+1

t

t+∆t

Figure 49: Implicit time discretization.

A.2.2 Spatial Discretization

The method for the spatial discretization is a fully upwind vertex centered finite volume
method, also called fully upwind box method (see Figure 50). The model domain is dis-
cretized by a finite element mesh and an additional finite volume mesh. For each node of
the finite element mesh, a control volume (boxBi) is constructed with its corners at the edge
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midpoints and on the centers of gravity of the finite elements surrounding the node (see Fig-
ure 50 a)). Thus, each node of the finite element mesh is surrounded by a box Bi of the finite
volume mesh. As shown in Figure 50 b), the boxes Bi are divided into subcontrol volumes
V k
i by the finite element mesh. The fluxes are computed on the subcontrol-volume faces f

at the integration points Xf (see Figure 50 c)). However, the chosen primary variables are
evaluated at the nodes of the finite element mesh. The implementation of the discretized
equations is done element-wise and it is looped over all subcontrol volumes V i

k inside the
considered element Ek. The method is locally mass conservative at each control volume.
This means that the numerical flux cannot produce non-physical sources or sinks (Helmig
(1997) [45]).

node i

a) b)

c)

node i

node i

node j

element Ek

box Bi

finite
element
mesh

finite volume mesh

subcontrol
volume V k

i

box Bi

element Ek

nf

integration
point Xf

subcontrol
volume
face fij

finite
element
mesh

Figure 50: Vertex centered finite volume method (box method). a) Construction of the grid.
b) Division of the boxBi into subcontrol volumes V i

k . c) computation of the fluxes
(according to Baber et al. (2011) [10]).

The spatial discretization is shown on the example of the transport equation (24) for the
tissue continuum. The spatial discretization of all the other equations of the alveolus model
has to be done similarly and the discretized form of these equations is shown at the end of
this chapter.

The first step is the integration of (24) over the discretized domain G:
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∫
G

∂(fT φ ρmol xis)

∂t
dG−

∫
G

∇ ·
(
fT K ρmol xis

µ
(∇pis + ρmass g∇z)

)
dG

−
∫
G

∇ · (fT ρmolDeff ∇xis) dG+

∫
G

fT Llymph
Alymph
Vlymph

(pis − plymph) ρmol xis dG

+

∫
G

fT (kon xisρmol[R]− koff [R− L]) dG −
∫
G

ρmolP
Avessel
Vtissue

(xc − xis)

+

(
ρmol Lp

Avessel
Vtissue

(pc − pis − σ (πc − πis))
)

(xc − xis)
2

(1− σf ) dG = 0.

(63)

Until now, the primary variables up (e.g. pressure pis, pressure pc and mole fraction of dis-
solved therapeutic agent xis and xc) are only described exactly at the nodes of the finite
element mesh. The next step includes the introduction of the shape function Ni at each dis-
crete nodal point i of the finite element mesh to approximate the primary variables between
these nodes. For this model, linear shape functions Ni(up,k) are applied with the following
additional restriction:

Ni(up,k) = δik =

{
1 for i = k,

0 for i 6= k.
(64)

δik stands for the Kronecker symbol. Due to the applied restriction (64), the shape function
Ni(up,k) is one at the respective node and zero at all other nodes.

The primary variables are now expressed as follows:

xis =

nnodes∑
i=1

x̂is,iNi, pis =

nnodes∑
i=1

p̂is,iNi, xc =

nnodes∑
i=1

x̂c,iNi, pc =

nnodes∑
i=1

p̂c,iNi, (65)

where nnodes is the number of nodes in the discretized domain G and x̂is,i, p̂is,i, x̂c,i and
p̂c,i represent discrete values of the primary variables at the node i of the finite element mesh.

The insertion of (65) into the transport equation (63) generates an error ε on the right
hand side, the so called residuum:
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∫
G

∂

(
fT,i φi ρmol,i

(
nnodes∑
i=1

x̂is,iNi

))
∂t

dG

−
∫
G

∇ ·

fT,iKij ρmol,i

(
nnodes∑
i=1

x̂is,iNi

)
µi

(
∇

(
nnodes∑
i=1

p̂is,iNi

)
+ ρmass,i gi∇zi

) dG

−
∫
G

∇ ·

(
fT,i ρmol,iDeff,ij ∇

(
nnodes∑
i=1

x̂is,iNi

))
dG

+

∫
G

fT,i Llymph,i
Alymph,i
Vlymph,i

((
nnodes∑
i=1

p̂is,iNi

)
− plymph,i

)
ρmol,i

(
nnodes∑
i=1

x̂is,iNi

)
dG (66)

+

∫
G

fT,i (kon,i

(
nnodes∑
i=1

x̂is,iNi

)
ρmol,i[R]i − koff,i[R− L]i) dG

−
∫
G

ρmol,iPi
Avessel,i
Vtissue,i

((
nnodes∑
i=1

x̂c,iNi

)
−

(
nnodes∑
i=1

x̂is,iNi

))

+

(
ρmol,i Lp,i

Avessel,i
Vtissue,i

((
nnodes∑
i=1

p̂c,iNi

)
−

(
nnodes∑
i=1

p̂is,iNi

)
− σi (πc,i − πis,i)

))
((

nnodes∑
i=1

x̂c,iNi

)
−
(
nnodes∑
i=1

x̂is,iNi

))
2

(1− σf,i) dG =

∫
G

ε dG.

The intrinsic permeability Kij is defined as the harmonic mean of the intrinsic permeabilities
of the neighboring nodes i and j. The harmonic mean is also applied to the calculation of the
effective diffusion coefficient Deff,ij = (τ̂ φD)ij . All the other parameters are determined at
the node of the considered box.
The residuum ε has to become zero so that the transport equation is fulfilled exactly over the
discretized domain G. This is achieved by the use of the weighted residual method. For fur-
ther details see Helmig (1997) [45]. The weighting function Wi is introduced for every node
i. The characteristic of the weighted residual method is that the integral of the residuum
over G is set to zero:

∫
G

Wi ε dG = 0 i = 1, 2, ..., nnodes. (67)

In addition, it is required that
nnodes∑
i=1

Wi = 1 for a node i within the domain G and that the



A.2 Alveolus Model 113

weighting functions are linearly independent. Therefore, the weighting function Wi is one
in the respective box volume Bi and zero in all other boxes:

Wi = δik =

{
1 if i ∈ boxBi,

0 if i /∈ boxBi.
(68)

Inserting (67) and the weighting function Wi into (66) the following equation is obtained:

∫
G

Wi

∂

(
fT,i φi ρmol,i

(
nnodes∑
i=1

x̂is,iNi

))
∂t

dG

−
∫
G

Wi∇ ·

fT,iKij ρmol,i

(
nnodes∑
i=1

x̂is,iNi

)
µi

(
∇

(
nnodes∑
i=1

p̂is,iNi

)
+ ρmass,i gi∇zi

) dG

−
∫
G

Wi∇ ·

(
fT,i ρmol,iDeff,ij ∇

(
nnodes∑
i=1

x̂is,iNi

))
dG

+

∫
G

WifT,i Llymph,i
Alymph,i
Vlymph,i

((
nnodes∑
i=1

p̂is,iNi

)
− plymph,i

)
ρmol,i

(
nnodes∑
i=1

x̂is,iNi

)
dG

(69)

+

∫
G

Wi fT,i (kon,i

(
nnodes∑
i=1

x̂is,iNi

)
ρmol,i [R]i − koff,i [R− L]i) dG

−
∫
G

Wiρmol,iPi
Avessel,i
Vtissue,i

((
nnodes∑
i=1

x̂c,iNi

)
−

(
nnodes∑
i=1

x̂is,iNi

))

+Wi

(
ρmol,i Lp,i

Avessel,i
Vtissue,i

((
nnodes∑
i=1

p̂c,iNi

)
−

(
nnodes∑
i=1

p̂is,iNi

)
− σi (πc,i − πis,i)

))
((

nnodes∑
i=1

x̂c,iNi

)
−
(
nnodes∑
i=1

x̂is,iNi

))
2

(1− σf,i) dG = 0.

The third step is the application of the mass lumping technique to the storage term and to the
source/sink terms. Mass lumping allows the transformation of a finite element discretiza-
tion to a finite volume form (Helmig (1997) [45]). Based on this technique the following
condition:

∫
G

WiNj dG =

{
Vi for i = j,

0 for i 6= j,
(70)
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where Vi is a single volume of the finite volume mesh, a box volume Bi, is inserted into (69):

Vi
∂ (fT,i φi ρmol,ix̂is,i)

∂t

−
∫
G

Wi∇ ·

fT,iKij ρmol,i
nnodes∑
i=1

x̂is,iNi

µi

(
∇

(
nnodes∑
i=1

p̂is,iNi

)
+ ρmass,i gi∇zi

) dG

−
∫
G

Wi∇ ·

(
fT,i ρmol,iDeff,ij ∇

(
nnodes∑
i=1

x̂is,iNi

))
dG

+Vi fT,i Llymph,i
Alymph,i
Vlymph,i

(p̂is,i − plymph,i) ρmol,i x̂is,i

+Vi fT,i (kon,i x̂is,i ρmol,i [R]i − koff,i [R− L]i)

−Vi ρmol,i Pi
Avessel,i
Vtissue,i

(x̂c,i − x̂is,i)

−Viρmol,i Lpi
Avessel,i
Vtissue,i

(p̂c,i − p̂is,i − σi (πc,i − πis,i))
(x̂c,i − x̂is,i)

2
(1− σf,i) = 0.

(71)

Further, the Green-Gaussian integral is applied on the integrals of the advective and diffu-
sive term. In this thesis the Green-Gaussian integral is exemplified for the diffusive term:

∫
G

Wi∇ ·

(
fT,i ρmol,iDeff,ij∇

(
nnodes∑
i=1

x̂iNi

))
dG

=

∫
G

∇ ·

(
Wi fT,i ρmol,iDeff,ij∇

(
nnodes∑
i=1

x̂iNi

))
dG

−
∫
G

∇Wi ·

(
fT,iρmol,iDeff,ij∇

(
nnodes∑
i=1

x̂iNi

))
dG

=

∫
Γ

(
Wi fT,i ρmol,iDeff,ij∇

(
nnodes∑
i=1

x̂iNi

))
· n dΓ

−
∫
G

∇Wi ·

(
fT,i ρmol,iDeff,ij∇

(
nnodes∑
i=1

x̂iNi

))
dG.

(72)

The diffusive term is expressed as the difference of two integrals where the minuend can
be simplified with the Gaussian integral theorem. A volume integral of the divergence of a
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function is transformed into a surface integral. This function times the normal vector n is
integrated along the boundary of the discretized domain Γ.

In the same way it is done for the advective term:

∫
G

Wi∇ ·

fT,iKij ρmol,i
nnodes∑
i=1

x̂is,iNi

µi

(
∇

(
nnodes∑
i=1

p̂is,iNi

)
+ ρmass,i gi∇zi

) dG =

∫
Γ

Wi

fT,iKij ρmol,i
nnodes∑
i=1

x̂is,iNi

µi

(
∇

(
nnodes∑
i=1

p̂is,iNi

)
+ ρmass,i gi∇zi

) · n dΓ

−
∫
G

∇Wi ·

fT,iKij ρmol,i
nnodes∑
i=1

x̂is,iNi

µi

(
∇

(
nnodes∑
i=1

p̂is,iNi

)
+ ρmass,i gi∇zi

) dG.

(73)

For the box method the weighting functions are piecewise constant in the individual boxes
and are chosen according to the definition of (68) which leads to ∇Wi = 0. If the transport
equation is only integrated over the control volume of one box Bi of the discretized domain
G the volume integral in (72) and (73) will vanish.

Combining the time and the spatial discretization and the fully upwinding for the
advective term, the following discretized form for the transport equation (24) is obtained:
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(Vi fT,i φi ρmol,ix̂is,i)
t+∆t − (Vi fT,i φi ρmol,i x̂is,i)

t

∆t

−
∫

ΓBi

(
fT,iKij ρmol,up(i,j) xis,up(i,j)

µup(i,j)

(
∇

(
nnodes∑
i=1

p̂is,iNi

)
+ ρmass,i gi∇zi

))t+∆t

· n dΓBi

−
∫

ΓBi

(
fT,i ρmol,iDeff,ij∇

(
nnodes∑
i=1

x̂iNi

))t+∆t

· n dΓBi

(74)

+

(
Vi fT,i Llymph,i

Alymph,i
Vlymph,i

(p̂is,i − plymph,i) ρmol,i x̂is,i

)t+∆t

+ (Vi fT,i (kon,i x̂is,i ρmol,i [R]i − koff,i [R− L]i))
t+∆t

−
(
Vi ρmol,i Pi

Avessel,i
Vtissue,i

(x̂c,i − x̂is,i)

)t+∆t

−
(
Vi ρmol,i Lp,i

Avessel,i
Vtissue,i

(p̂c,i − p̂is,i − σ (πc,i − πis,i))
(x̂c,i − x̂is,i)

2
(1 − σf,i)

)t+∆t

= 0,

where up(i, j) is the physical upstream node of the two neighboring nodes i and j. The
discretization of the continuity equation of the tissue continuum (see (21)) is done in the
same way as shown for the transport equation. The discretized continuity equation of the
tissue continuum is defined as follows:

−
∫

ΓBi

(
fT,iKij ρmol,up(i,j)

µup(i,j)
∇

(
nnodes∑
i=1

p̂is,iNi

)
+ ρmass,i gi∇zi

)t+∆t

· n dΓBi

+

(
Vi fT,i Llymph,i

Alymph,i
Vlymph,i

(p̂is,i − plymph,i) ρmol,i
)t+∆t

−
(
Vi ρmol,i Lp,i

Avessel,i
Vtissue,i

(p̂c,i − p̂is,i − σ (πc,i − πis,i))
)t+∆t

= 0.

(75)

Applying the above explained discretization scheme for the continuity equation (28) and
the transport equation (29) of the capillary bed continuum, the following two discretized
equations are obtained:
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1) Continuity equation

−
∫

ΓBi

(
fC,iKij ρmol,up(i,j)

µup(i,j)
∇

(
nnodes∑
i=1

p̂c,iNi

)
+ ρmass,i gi∇zi

)t+∆t

· n dΓBi

+

(
Vi ρmol,i Lp,i

Avessel,i
Vtissue,i

(p̂c,i − p̂is,i − σ (πc,i − πis,i))
)t+∆t

= 0,

(76)

2) Transport equation

(Vi fC,i φi ρmol,ix̂c,i)
t+∆t − (Vi fC,i φi ρmol,i x̂c,i)

t

∆t

−
∫

ΓBi

(
fC,iKijρmol,up(i,j)xc,up(i,j)

µup(i,j)

(
∇

(
nnodes∑
i=1

p̂c,iNi

)
+ ρmass,i gi∇zi

))t+∆t

· n dΓBi

−
∫

ΓBi

(
fC,i ρmol,iDeff,ij∇

(
nnodes∑
i=1

x̂c,iNi

))t+∆t

· n dΓBi (77)

+

(
Vi x̂c,i ρmol,i

ln2

t1/2

)t+∆t

+

(
Vi ρmol,i Pi

Avessel,i
Vtissue,i

(x̂c,i − x̂is,i)
)t+∆t

+

(
Viρmol,i Lp,i

Avessel,i
Vtissue,i

(p̂c,i − p̂is,i − σi (πc,i − πis,i))
(x̂c,i − x̂is,i)

2
(1− σf,i)

)t+∆t

= 0.

A.2.3 Solving the Non-Linear Problem

The discretized balance equations (74), (75), (76) and (77) for all control volumes Bi of the
model domain G form a system of equations of the following type:

f(up) = 0. (78)

f is a non-linear function of up and up is a vector composed of the primary variables. To lin-
earize the non-linear system of equations, the Newton-Raphson method is used (for further
details see Helmig (1997) [45]):

up,n+1 = up,n −
(

∂f

∂up,n

)−1

· f(up,n), (79)

where the index n is the iteration step and
∂f

∂up,n
is the Jacobi matrix. The Jacobi matrix is

determined by numerical differentiation. For the solution of the linearized problem at each
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Newton iteration step, the simulation toolbox DuMux offers various direct and iterative
linear solvers. In this case a BiCGStab Solver with an ILU preconditioner is used.

A.3 Low-Dimensional Population Model for TRAIL-Induced
Proapoptotic Signaling

In this section, the numerical methods used for the solution of the initial value problem
of the low-dimensional population model for TRAIL-induced proapoptotic signaling (see
Chapter 6) are explained in detail. The Dormand-Prince method is applied to determine the
initial conditions for the system of ordinary differential equations (ODEs) of the [PMTS] s.
Afterwards, this system of ordinary differential equations is numerically solved using the
Backward Differentiation Formulas (BDF) method.

A.3.1 Explicit Runge-Kutta Scheme - The Dormand-Prince Method

The initial conditions for the system of ordinary differential equations of the [PMTS] s for
every cell of the heterogeneous cancer cell population are obtained by calculating the steady-
state solutions of the Equations (33) - (47) with the initial conditions shown in Table 9. The
system of ODEs is numerically solved using an explicit Runge-Kutta scheme, the so-called
Dormand-Prince method (Dormand and Prince (1980) [30]). As every method belonging to
the family of Runge-Kutta methods, the Dormand-Prince method is a single-step procedure.
This means that only the actual solution tn is used to determine the solution of the next time
step tn+1. Every explicit Runge-Kutta method approximates the solution of an initial value
problem ẏ = f(t, y) with y(t0) = y0 at the new time step tn+1 = tn + hn by:

yn+1 = yn +

s∑
i=1

bidi with di = hn f(tn + cihn, yn +

i−1∑
j=1

aijdj) (80)

where hn is the step size, s is the number of stages, the different bi are named weights and
the coefficients aij are summarized to the matrix A. All coefficients aij , and bi and ci are
usually arranged in a so-called Butcher tableau that has the following form for an explicit
Runge-Kutta method:
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0 0 0 · · · 0 0
c2 a21 0 · · · 0 0
c3 a31 a32 · · · 0 0
...

...
...

. . .
...

...
cs as1 as2 · · · as,s−1 0

b1 b2 · · · bs−1 bs

In case of an explicit Runge-Kutta method, the matrix A is strictly lower triangular. To spec-
ify a certain explicit approach out of the family of the Runge-Kutta methods, the number of
stages s and the coefficients aij for 1 ≤ j < i ≤ s, bi and ci for i = 1, 2, 3, ..., s have to be
determined.
The Butcher table of the Dormand-Prince method is defined in Dormand and Prince (1980)
[30]. For the Dormand-Prince method, the number of stages s is equal to seven. The
Dormand-Prince approach is an embedded explicit Runge-Kutta method. An embedded
Runge-Kutta technique consists of two Runge-Kutta formulas of orders po and qo (usually
qo = po+1) which share the same coefficients ci and function evaluations aij but use different
weights bi:

0 0 0 · · · 0 0
c2 a21 0 · · · 0 0
c3 a31 a32 · · · 0 0
...

...
...

. . .
...

...
cs as1 as2 · · · as,s−1 0

b1 b2 · · · bs−1 bs
b̃1 b̃2 · · · b̃s−1 b̃s

where b̃i is the weight of the lower-order Runge-Kutta formula. An embedded Runge-Kutta
method results in two solutions (Dormand and Prince (1980) [30]):

yn+1 = yn +

s∑
i=1

bidi and ỹn+1 = yn +

s∑
i=1

b̃idi, (81)

where ỹn+1 is the calculated solution for the time step tn+1 with the lower-order Runge-
Kutta formula. Due to the two solutions for one time-step, it is possible to estimate the local
truncation error en+1 of the Runge-Kutta time step tn+1 by (Dormand and Prince (1980) [30]):

en+1 = yn+1 − ỹn+1 = hn

s∑
i=1

(bi − b̃i)di. (82)

By calculating the local truncation error, the selection of the new time-step size hn+1 can be
controlled with the following formula (Dormand and Prince (1980) [30]):

hn+1 = 0.9hn

[
ψ

‖ en+1 ‖

] 1
po+1

. (83)
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where ψ is the maximum allowable local error. The Dormand-Prince method calculates
fourth- and fifth-order accurate solutions based on seven function evaluations (short form
for the Dormand-Prince technique: RK5(4)). However, this technique uses only six different
function evaluations. The first evaluation at the nth step is equal to the last evaluation at the
previous step. This property of the Dormand-Prince approach is called FSAL (First Same
As Last). A further characteristic of the Dormand-Prince method is that this technique has a
small principal truncation error in the fifth order formula (Dormand and Prince (1980) [30]).

A.3.2 Backward Differentiation Formulas Method

The Backward Differentiation Formulas (BDF) method belongs to the linear multistep meth-
ods for the numerical solution of ordinary differential equations. In contrast to the single-
step methods such as the Euler method or the different Runge-Kutta techniques that refer
to only one previous integration step for the calculation of the solution of the current value,
the multistep methods use the information from several previous integration steps (Ascher
and Petzold (1998) [9]). For a linear multistep method as the BDF approach, a linear com-
bination of the prior values and derivatives is chosen. According to Cohen and Hindmarsh
(1996) [26], the Backward Differentiation Formulas technique approximates the solution of
an initial value problem ẏ = f(t, y) with y(t0) = y0 at the new time step tn = tn−1 + hn by:

yn =

nsteps∑
i=0

αiyn−i + hnβ0ẏn. (84)

Here, hn is the time-step size and nsteps is the number of steps. In case of the BDF method,
the used order po of the BFD method is equal to the number of steps nsteps. The values for
the coefficients αi and β0 depending on the two parameters po and nsteps are shown in Table
16.

Table 16: Coefficients of the Backward Differentiation Formulas method up to the order 6
(Ascher and Petzold (1998) [9]).

po nsteps β0 α0 α1 α2 α3 α4 α5 α6

1 1 1 1 -1
2 2 2

3 1 -4
3

1
3

3 3 6
11 1 -18

11
9
11 - 2

11

4 4 12
25 1 -48

25
36
25 -16

25
3
25

5 5 60
137 1 -300

137
300
137 -200

137
75
137 - 12

137

6 6 60
147 1 -360

147
450
147 -400

147
225
147 - 72

147
10
147

If the coefficient β0 is zero the linear multistep method is explicit. An implicit linear
multistep method uses for the method’s coefficient β0 a value different from zero. The
Backward Differentiation Formulas method is thus an implicit linear multistep method
(Ascher and Petzold (1998) [9]).
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For the solution of the system of ordinary differential equations of the [PMTS] s, the
CVODE solver uses the BDF method. The order po is set to five. The nonlinear system
at each time step is numerically solved with a modified Newton method. The following
nonlinear system:

G(yn) ≡ yn − hnβ0ẏn −
∑
i>0

(αiyn−i) = 0 (85)

has to be numerically solved at each time step. The Newton iterations m for a single time
step solve the equation M(yn(m+1)− yn(m) = −G(yn(m)) in which M ≈ I −hnβn,0 ∂f∂y (Cohen
and Hindmarsh (1996) [26]).
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