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Zusammenfassung

In dieser Arbeit werden stark korrelierte Quantenvielteilchensysteme in Gleich-
gewichts- und Nichtgleichgewichtssituationen untersucht. Dazu werden etablierte
numerische Methoden angewandt und weiterentwickelt. Der Schwerpunkt der Ar-
beit liegt dabei in der Weiterentwicklung derDichtematrixrenormierungsgruppe
(DMRG) zur Behandlung quantenmechanischer Vielteilchensysteme ausserhalb
des Gleichgewichts.

Die DMRG ist eine der exaktesten Methoden zur Untersuchung eindimen-
sionaler Quantensysteme auf Gittern. Nach ihrer Einführung 1992 durch S. White
[1] wurde sie weiterentwickelt um dynamische Korrelationsfunktionen und Sys-
teme bei endlichen Temperaturen zu berechnen. In ihren Varianten ist sie auf eine
Vielzahl von Problemen angewandt worden und wird nun als ein Standardver-
fahren für niedrigdimensionale Quantenvielteilchensysteme angesehen; für eine
Einführung in die Methode und eine Übersicht über die mit diesem Verfahren
behandelten Probleme Verweisen wir auf die Literatur [2, 3, 4].

Die Möglichkeit, ultrakalte Atome inoptischen Gitternzu speichern [5], hat
in den letzten Jahren die experimentelle Untersuchung stark korrelierter Quan-
tensysteme weit voran getrieben. Das vielleicht bekannteste Beispiel ist die ex-
perimentelle Realisierung einesMott-Isolatorsin einem optischen Gitter [6]. Die
Experimente lassen ein hohes Mass an Kontrollmöglichkeiten zu. Dies ermöglicht
es, Quantenvielteilchensysteme auchausserhalbdes Gleichgewichts kontrolliert
zu untersuchen. Prominente Beispiele dafür sind der “Collapse and Revival”
eines Bose-Einstein-Kondensats (BEC) [7], die Realisierung einer “Newtonschen
Wiege” mit ultrakalten Atomen [8], und das “Quenchen” eines ferromagnetis-
chen Spinor-BECs [9]. Das Grundprinzip, das die Speicherung ultrakalter Atome
in optischen Gittern ermöglicht, ist die Wechselwirkung zwischen einem durch
ein externes elektrisches Feld induziertesDipolmomentin den Atomen mit einem
elektrischen Feld. Im Fall der optischen Gitter wird dieses elektrische Feld durch
einen Laserstrahl bereitgestellt. Ein periodisches Gitter kann dann erhalten wer-
den indem gegeneinander laufende Strahlen überlagert werden. Durch Ändern
der Parameter der Laserstrahlen kann nun das Experiment sehr genau kontrol-
liert werden. Es ist, vor allem, auch möglich, dieWechselwirkungzwischen den

1



2 Zusammenfassung

Teilchen zu beinflussen, so dass das System in einer wohldefinierten Weise aus
dem Gleichgewicht gebracht werden kann.

Ist die Wechselwirkung sehr stark, so treten starkeKorrelationseffekteauf,
so dass das System nicht mehr durch effektive Einteilchenmodelle, wie z.B. in
der Mean-Field-Näherung, behandelt werden kann. Es ist zwar möglich, einige
Systeme mit Hilfe desBethe-Ansatzesexakt zu lösen, aber im allgemeinen ist
es notwendig auf Näherungsverfahren, wie z.B. die Störungstheorie, zurückzu-
greifen. Diese Verfahren sind aber für bestimmte Parameterwerte nicht gut kon-
trolliert und können zu fehlerhaften Ergebnissen führen. Daher ist es wichtig,
effizientenumerische Verfahrenzur Verfügung zu haben. Ausser der bereits er-
wänten DMRG werden wir in dieser Arbeit auch exakte Diagonalisierungsver-
fahren, wie die Lanczos- oder die Jacob-Davidson-Methode, behandeln. Eine
Erweiterung des Lanczos-Verfahrens ermöglicht es, die Zeitentwicklung stark ko-
rrelierter Quantensysteme mit einer Genauigkeit vergleichbar zurMaschinenge-
nauigkeitzu berechnen. Diese Methode ist die Grundlage für eine mögliche Er-
weiterung der DMRG zur Behandlung von Nichtgleichgewichtsproblemen, der
sogenanntenadaptiven zeitabhängigen DMRG(“adaptive t-DMRG”). Eine zweite
Variante der adaptiven t-DMRG baut auf der Suzuki-Trotter-Zerlegung des Zeit-
entwicklungsoperators auf [10]. Eine Fehleranalyse zeigt, dass beide Methoden,
bei geeigneter Wahl der Kontrollparameter, am Ende der Zeitentwicklung einen
Fehler von< 1% für schwierig zu berechnende Observablen, wie z.B. die Im-
pulsverteilungsfunktion, besitzen. In dieser Arbeit werden diese Methoden einge-
setzt, um zwei Nichtgleichgewichtssituationen von aktuellem Interesse zu unter-
suchen. Als erstes wird ein System aus sogenanntensoft-coreBosonen, die an-
fangs in einem Fallenpotential festgehalten wurden, nach dem Ausschalten des
Potentials untersucht. Ähnlich wie für sogenanntehard-coreBosonen, dieex-
aktbehandelt werden können, entstehen (quasi-)kohärente Materiewellen, die die
Möglichkeit zur Realisierung einesAtomlasersauf optischen Gittern aufzeigen.
Die zweite von uns untersuchte Nichtgleichgewichtssituation ist ein System stark
korrelierter Fermionen nach einem sogenannten “Quanten-Quench”, d.h., nach
einer plötzlichen Änderung einesintrinsischenParameters, wie z.B. der Stärke
der Wechselwirkung zwischen den Teilchen. Bei diesem System interessieren wir
uns vor allem für das Verhalten nach langen Zeiten; insbesondere stellt sich die
Frage, ob, BoltzmannsErgodenhypothesefolgend, einthermischerZustand erhal-
ten wird.

Die Arbeit ist wie folgt gegliedert. In Kapitel 2 werden stark korrelierte Quan-
tensysteme eingeführt und die für diese Arbeit relevanten Modelle vorgestellt.
Die KonzepteLuttinger-FlüssigkeitundQuantenkritikalitätund die mögliche Re-
alisierung von Quantenvielteilchensystemen in optischen Gittern werden disku-
tiert. In Abschnitt 2.5 werden Nichtgleichgewichtssituationen stark korrelierter
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Quantensysteme diskutiert, wobei ein besonderes Augenmerk auf die Ergodenhy-
pothese und die möglicheThermalisierngsolcher Systeme gelegt wird.

In den Kapiteln 3 und 4 werden die für diese Arbeit wichtigen numerischen
Methoden und ihre Implementierung vorgestellt. In Abschnitt 3.2 wird die Er-
weiterung der Lanczos-Methode für zeitabhängige Probleme vorgestellt und ihr
Fehler untersucht, der innerhalb von Hochbruck und Lubich [11] gefundenen
Fehlergrenzen liegt. Wie bereits erwähnt, sind die Fehler sehr klein und können
von der Grössenordnung der Maschinengenauigkeit gehalten werden.

In Kapitel 5 wird die DMRG Methode angewandt um das Quantenkritische
Verhalten des sogenanntenionischen Hubbardmodellszu untersuchen. Die nu-
merischen Ergebnisse stimmen mit einem Phasendiagramm mitzwei kritischen
Punkten, in Übereinstimmung mit Ergebnissen aus einer Bosonisierungsrechnung
[12], überein. Wir finden einedimerisierteZwischenphase und eine stark-Kopp-
lungs-Phase mit einerdivergierenden elektrischen Suszeptibilität, obwohl diese
Phase ansonsten Eigenschaften eines stark korrelierten Isolators aufweist.

In Kapitel 6 werden die erwähnten zwei Varianten deradaptiven zeitabhängi-
gen DMRGvorgestellt und eine Fehleranalyse beider Methoden für beide in dieser
Arbeit behandelte Nichtgleichgewichtssituationen vorgestellt.

In Kapitel 7 wird die adaptive t-DMRG angewandt um ein System aus anfangs
durch ein Fallenpotential festgehaltenen soft-core Bosonen zu untersuchen, nach-
dem das Fallenpotenzial abgeschalten wird. Die Ergebnisse werden mit exakten
Ergebnissen für hard-core Bosonen verglichen [13]. Obwohl die theoretische Be-
handlung der hard-core Bosonen es erlaubt, sehr grosse Systeme sehr genau zu
behandeln, ist die experimentelle Realisierung schwieriger im Vergleich zu den
soft-core Bosonen. Daher ist es von Bedeutung für die Experimente, von theo-
retischer Seite Vorhersagen für die soft-core Bosonen treffen zu können. Ähnlich
zu den hard-core Bosonen finden wir, dass sichkohärente Materiewellenbilden.
Zusätzlich finden wir, dass sich der Wellenvektor durch die Stärke der Wechsel-
wirkung steuern lässt. Dies zeigt, dass es in optischen Gittern möglich ist, einen
Atomlasermit einstellbaren Parametern zu realisieren.

In Kapitel 8 wird die Zeitentwicklung stark korrelierter spinloser Fermio-
nen nach einem Quench untersucht, d.h. in unserem Fall nachdem die Stärke
der Wechselwirkung zwischen den Teilchen plötzlich geändert wurde. Im Stark-
Kopplungs-Limes finden wir, vergleichbar zu den Experimenten mit einem BEC
[7], einen “collapse and revival” einer Luttingerflüssigkeit. Die adaptive t-DMRG
erlaubt es, die Zeitentwicklung für relativ grosse Systeme über ausreichend lange
Zeiträume zu verfolgen, so dass das Relaxationsverhalten untersucht werden kann.
Der Ergodenhypothese entsprechend, ist die allgemeine Erwartung, dass das Sys-
tem zu einem thermischen Zustand relaxiert. Wir finden jedoch Relaxation zu
einemnicht-thermischen quasistationären Zustand. Das untersuchte System ist
integrabel mit Hilfe des Bethe-Ansatzes; eine allgemeine Erwartungshaltung für
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klassische Systeme ist, dass ein Systemnicht integrabelsein muss, um zu thermal-
isieren. Dies wird untersucht, indem das System durch einen zusätzlichen Wech-
selwirkungsterm nicht-integrabel gemacht wird. Auch in diesem Fall finden wir
Relaxation zu einem nicht-thermischen Zustand. Wir finden jedoch, innerhalb der
Genauigkeit der Methode, dass für bestimmte Anfangsbedingungen zwei unter-
schiedliche Anfangszustände mit der selben Energie zum selben quasistationären
Zustand relaxieren können, der sich zwar vom thermischen Zustand unterscheidet,
ihm aber sehr nahe kommen kann. Wir diskutieren die Möglichkeit, den entste-
henden quasistationären Zustand durch einverallgemeinertes Gibbs-Boltzmann
Ensemblezu beschreiben.



Chapter 1

Introduction

Recent experiments on optical lattices [5] have made it possible to study proper-
ties of quantum many-body systems in equilibrium (see, e.g., Refs. [6, 14]) and
in situations out-of-equilibrium. Prominent examples for the latter are the obser-
vation of collapse and revival of an initial Bose-Einstein condensate (BEC) [7],
the realization of a quantum version of Newton’s cradle [8] and the quenching of
a ferromagnetic spinor BEC [9]. The experimental investigation of these systems
has only become possible due to the unprecedented possibilities of controlling the
parameters of the systems allowed by the storage of ultracold atoms in optical
dipole traps. In optical lattices, it is exploited that the electric field of a laser beam
induces a dipole moment in an atom which, in turn, interacts with the electric
field of the laser beam. In this way, a periodic potential building up the optical
lattice is obtained by overlapping counter-propagating laser beams. Controlling
the parameters of the laser beams leads to a high degree of control of the system;
in particular, it is possible to tune the interaction strength between the particles,
so that systems can be pushed out of equilibrium in a controlled way.

For large values of the interaction, the systems become strongly correlated
and cannot be treated using mean-field like approaches. Although certain models
can be solved exactly by means of theBethe Ansatz[15], in general, approximate
methods like perturbation theory must be applied. For certain parameter regimes,
the validity of such approximate approaches is questionable and their application
can lead to erroneous results. Numerical methods are, therefore, of great impor-
tance for the investigation of strongly correlated systems. In this thesis, we focus
on the so-calledexact diagonalizationtechniques (ED) and on thedensity matrix
renormalization groupmethod (DMRG), one of the most accurate numerical ap-
proaches for treating strongly correlated systems in one spatial dimension. Since
the invention of the DMRG by S.R. White in 1992 [1], it has become a standard
tool. A multitude of quasi one-dimensional systems has been treated using this
method; for an overview we refer to Refs. [2, 3, 4]. In this approach, the ground
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6 Chapter 1. Introduction

state of a system is obtained in an iterative procedure based on an extension of
Wilson’s numerical renormalization group (NRG) [16]. Instead of working in an
efficient basis of energy eigenstates like in the NRG, in the DMRG the system is
divided into two parts and an effective basis of eigenvectors of thereduced density
matrixof one part of the system is considered. The resulting iterative procedure is
very efficient, and the method allows for the investigation of ground-state proper-
ties of strongly correlated systems with several hundred to several thousand lattice
sites. Extensions to calculate dynamical correlation functions and finite tempera-
ture properties have been developed in the course of the years [2, 3, 4]. However,
these methods are applicable to systems in equilibrium only.

Strongly correlated systemsout of equilibriumbelong to the most challenging
problems in theoretical physics. Due to the lack of appropriate analytical as well
as numerical methods, only little is known about the non-equilibrium properties
of these systems. However, the DMRG has recently been extended to treattime-
dependentsystems in situations out-of-equilibrium, opening up new possibilities
for the investigation of their properties. In this thesis, we present two variants
of the adaptive time-dependent DMRGwhich make it possible to investigate a
variety of quasi one-dimensional systems out of equilibrium with high accuracy.
Using these methods, we investigate the emergence of (quasi-)coherent matter
waves ofsoft-core bosonson an optical lattice after releasing the particles from
an initial trapping potential, as well as the relaxation dynamics of a strongly cor-
related fermionic system after a quantum quench.

The thesis is organized as follows. In chapter 2, strongly correlated quan-
tum systems are introduced and themodelsrelevant for this thesis are presented.
TheLuttinger liquid phenomenology, the concept ofquantum criticality, and the
possiblerealizationof such systems on optical lattices is discussed. In Sec. 2.5,
situations out-of-equilibrium for strongly correlated systems are discussed, with a
focus on the possiblethermalizationof a general quantum many-body system.

In chapters 3 and 4, algorithms foriterative diagonalization proceduresand
theDMRGas well as implementation details are presented. An extension of the
Lanczos methodfor time-dependent problems is shown to have extremely small
errors during the time-evolution, in agreement with an estimate for an upper error
bound found by Hochbruck and Lubich [11].

In chapter 5, using the DMRG, susceptibilities and correlation functions of
the ionic Hubbard modelare obtained. The results presented elucidate the quan-
tum critical behavior of this model in one spatial dimension. In particular, we
find strong indications for the existence oftwo critical points, in accordance with
a scenario found by Fabrizio, Gogolin, and Nersesyan [12] using a bosonization
ansatz. At the first critical point, only the charge degrees of freedom become
critical while at the second transition point only the spin degrees of freedom are
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critical. The intermediate phase is found to have a finite dimerization. The strong
coupling regime is a strongly correlated insulator phase, but with adivergent elec-
tric susceptibility.

In chapter 6, we present two variants of theadaptive time-dependent DMRG
(adaptive t-DMRG). The first variant is based on the Lanczos time-evolution me-
thod introduced in Sec. 3.2. The second approach is based on a Suzuki-Trotter
decomposition of the time-evolution operator [10]. Both approaches are compared
to each other, and an error analysis is performed for each one.

In chapter 7, we apply the adaptive t-DMRG to treat a system of initially
trappedsoft-core bosons(SCB) and compare to exact results obtained for hard-
core bosons (HCB) [13]. Although HCBs can be treated theoretically in an ef-
ficient way, it is more difficult to realize them in experiments on optical lattices.
Therefore, it is of relevance for the experiments to treat SCBs. This can be done
in a very accurate way using the adaptive t-DMRG. We find that, similar to the
HCBs,coherent matter wavesemerge when releasing the trap. Our results show
that the wavevector depends on the interaction strength, demonstrating that it is
possible to engineeratom laserson optical lattices.

In chapter 8, the time evolution of strongly correlated spinless fermions after a
quantum quench is investigated. In the strong coupling limit,collapse and revival
of a Luttinger liquidstate is found, reminiscent of the experimental realization of
the collapse and revival of a BEC on an optical lattice [7]. Using the adaptive
t-DMRG, it is possible to investigate systems and times large enough so that the
relaxation of the system after the quench can be analyzed. We investigate the time
evolution of a model which is integrable using the Bethe Ansatz, but which can
be easily made non-integrable by adding an additional interaction term. We find
relaxation to anon-thermal quasi-stationary state, independent of the integrability
of the system. However, for certain initial conditions, two initial states with the
same energy are found to relax, within the resolution of our method, to the same
quasi-stationary state. We discuss the possibility of describing the quasi-stationary
state in terms of ageneralized Gibbs-Boltzmanndistribution.
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Numerical Methods for Strongly
Correlated Quantum Systems
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Chapter 2

Strongly Correlated Quantum
Systems

Many problems in condensed matter physics can be described effectively within
a single-particle picture [17] or by introducing quasiparticles according to Lan-
dau’s Fermi liquid theory. However, in systems where interaction leads to strong
correlation effects between the system’s component parts, mapping to an effective
single-particle model can lead to an erroneous description of the system’s behav-
ior. In such cases, it is necessary to treat the full many-body problem. However, in
the investigation of condensed matter systems, one is often interested in the low-
energy properties of a system. For the investigation of these properties numerical
methods have been developed which enable us to efficiently treat effective models
that describe these low-energy properties.

In this thesis, we treat systems on lattices, i.e., systems composed ofN quan-
tum mechanical subsystems, where each subsystem is located on a sitej and is
described by a (usually finite) number of basis states|α(`)

j 〉, ` = 1, . . . , sj, which
depend on the model and may vary from site to site. One often is interested in
general properties of the physical models that go beyond their behavior on finite
lattices. In these cases, it is necessary to investigate the behavior in particular
limits, e.g., by investigating the model’s behavior whenN → ∞ (the thermody-
namic limit). Insight can also be gained by considering the limit of a continuous
quantum field by taking̀→ x/a, wherea is the lattice constant. Here, we restrict
ourselves to treat finite lattices, as, e.g., realized in recent experiments on optical
lattices [6]. Given the site basis{|α(`)

j 〉}, a possibleconfiguration|α(`)
1 , α

(`)
2 , . . . α

(`)
N 〉

of the total system is given by the direct product of the component basis,

|α(`)
1 , α

(`)
2 , . . . , α

(`)
N 〉 ≡ |α(`)

1 〉 ⊗ |α(`)
2 〉 ⊗ . . . ⊗ |α(`)

N 〉 . (2.1)

After symmetrizing (for bosons) or antisymmetrizing (for fermions) and under

11
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consideration of the correct normalization factor, one thereby obtains the basis
states of the many-body system [18]. In the following, we will omit the state
index `. The set of all of these states constitutes a complete basis in which the
total number of possible combinations and therefore the dimension of the result-
ing Hamiltonian matrix or state vector is

∏N
j=1 sj. This exponentially increasing

dimension of the basis of the system is the key problem to overcome when treat-
ing quantum many-body systems. In principle, a quantum computer would be
needed to provide the full solution of an arbitrary quantum many-body problem
[19, 20, 21]. However, a variety of numerical approaches exist to investigate such
systems with a high precision on ordinary (or “classical”) computers. A number of
different numerical methods for many-body systems have recently become avail-
able as parts of an open source project, the ALPS application library (Applications
andLibraries forPhysicsSimulation) [22, 23], in which the author is one of the
developers.

The behavior of a quantum mechanical system is, in general, governed by the
time-dependent

i~
∂

∂t
|Ψ(t)〉 = H|Ψ(t)〉 (2.2)

or time-independent Schrödinger equation,

H|Ψ〉 = E|Ψ〉 . (2.3)

One approach to treating quantum mechanical systems numerically is to solve
(at least partially) the eigenvalue problem, Eq. (2.3), formed by the Hamiltonian
for equilibrium situations, or numerically solve the ordinary differential equation
(ODE), Eq. (2.2), for systems out of equilibrium. The eigenstates of such sys-
tems are many-body states, and the excited states cannot, in general, be mapped
to single-particle excitations. In the following, we will focus on exact diagonal-
ization (ED) and on the density matrix renormalization group method (DMRG),
numerical methods which work in the many-body basis. These methods have been
successfully applied to the investigation of equilibrium properties of strongly in-
teracting quantum systems, especially in one spatial dimension. In this thesis, we
develop extensions of these approaches for the treatment of such systems out of
equilibrium which enable one to investigate the full time evolution of the systems.

2.1 Models

A regular solid is usually modelled assuming that the atomic nuclei are moving
slowly enough so that they can be considered to be fixed on the relevant time
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scale for the electronic problem. The simplest fermionic lattice model is thetight-
bindingmodel [17], which treats electrons as being localized to Wannier orbitals
centered on a regular array of sites. Such a model would be appropriate for unfilled
d or f orbitals in transition metals, for example. In the simplest case, one restricts
the description to only a single band, although multi-band models can also be
considered. Due to the finite overlap between nearby orbitals, the particles can
“hop” from one site to another, i.e., tunnel between the corresponding Wannier
orbitals, with an amplitudet. The mapping of unfilled strongly localized orbitals
to the tight-binding model is sketched in Fig. 2.1.

In this thesis, we discuss fermionic as well as bosonic models. Fermionic
models are usually considered when describing electronic properties of solids.
However, the recent developments in the experimental realization of ultracold
atom gases has spurred the theoretical interest in bosonic models since most of
the experiments are performed with bosonic atoms.

We start describing the fermionic models. Since the overlap between strongly
localized orbitals typically decreases exponentially with separation, in most cases
one considers hopping only between nearest-neighbor sites, or at most hopping to
next-nearest neighbor sites. The Hamiltonian for the simple tight-binding chain
with nearest-neighbor hopping in second quantization is given by

Htb = −
∑

j

t j

(
c†j cj+1 + c†j+1cj

)
. (2.4)

Throughout this thesis, we will choose units so that~ = 1. The quantityt j is the
tunneling matrix element between the sitesj and j + 1 and corresponds to the
kinetic energy of the particle “hopping” between these two sites. The operatorsc†j
(cj ) create (annihilate) fermions in the subsystem labeled byj, and obey the usual

anticommutation relations,
{
c†i , cj

}
= δi j and

{
c†i , c

†
j

}
= {ci , cj} = 0. This model is

a basic model and describes free “particles in a box” if fixed boundary conditions
are selected (i.e., if the wavefunction is chosen to be zero at the boundaries).
Below, we will discuss the formulation of this basic model for bosons, usually
referred to as “hard-core bosons”.

It is possible to include the Coulomb interaction, which on a lattice is formu-
lated in terms quadratic in the local particle number operators,ni = c†i ci . Due
to screening, usually only the interaction between particles sitting on nearest- or
next-nearest-neighbor sites plays a role. If the spin is not relevant, or if it is po-
larized, e.g., as↑, a simple extension of the tight-binding Hamiltonian, Eq. (2.4),
including Coulomb interaction is

HtV = −
∑

j

t j

(
c†j+1cj + c†j cj+1

)
+

∑
j

Vj njnj+1 . (2.5)
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t
V(x)

ψ(x)

Figure 2.1: Left-hand side: sketch of the pseudo-potential for a chain of atoms
and the corresponding localized Wannier orbital centered on the positions of the
atoms, which are assumed to be fixed on a regular lattice. Right-hand side: sketch
of the effective lattice model.

This model is usually referred to as “interacting spinless fermions” or the “t −
V−model”. Due to the interaction term, strong correlations are present in the
system and it is not possible to work in a single-particle basis anymore. However,
in one spatial dimension, it is possible to solve this model exactly using theBethe
Ansatz; it is one of the fewintegrablequantum many-body systems. In analogy
to classical systems, it is expected that integrable quantum systems should posses
a time evolution which is qualitatively different from non-integrable systems (see,
e.g., Ref. [24]), an issue that will be discussed in detail in Secs. 2.1.1 and 2.5.
In chapter 8, a system of spinless fermions that is perturbed from equilibrium by
a quantum quenchis investigated in detail using the methods developed in this
thesis. In particular, the question of whether non-integrable quantum systems, in
contrast to integrable systems, reach an equilibrium state at a finite temperature is
discussed in detail.

When spin is included, Pauli’s exclusion principle allows up to two fermions
with opposite spin to occupy a Wannier orbital. The possible states on a sitej
are then{|α(`)

j 〉} = {|0 j〉, | ↑ j〉, | ↓ j〉, |(↑↓) j〉}. This is an appropriate site basis
for modeling systems with alocal Coulomb interaction, e.g., a repulsion between
electrons localized at the same atom. The simplest model which can be formulated
in this spirit is the well knownHubbard model(HM),

HHM = −t
∑
j,σ

(
c†j,σ cj+1,σ + c†j+1,σ cj,σ

)
+ U

∑
j

nj,↑nj,↓ , (2.6)

withσ labeling the spin andnj,σ = c†j,σcj,σ the local particle number operator. This
model is named after John Hubbard, who introduced it in 1963 for modeling elec-
tronic correlations in narrow energy bands [25] (it was independently introduced
by Gutzwiller [26] and Kanamori [27] at around the same time). It has been used
to describe the Mott metal-insulator transition, band magnetism in iron, cobalt
and nickel, and attempts have been made to characterize electronic properties of
high-Tc superconductors, see Ref. [28] and references therein. For the HM and its
variants, the dimension of the Hilbert space grows as 4N, whereN is the number
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of lattice sites. Due to screening effects, it is usual to reduce the Coulomb inter-
action to the on-site term (theHubbard term), or sometimes the nearest-neighbor
term V

∑
nini+r , in which case the model is called theextended Hubbard model

(EHM). In chapter 5, the transition from a band insulator to a strongly correlated
Mott insulator is studied for a variant of the HM with alternating external poten-
tial, the so-calledionic Hubbard model(IHM). A comprehensive overview of the
HM and its physical properties in one spatial dimension is available in Ref. [28],
where it is shown that the model is integrable using the Bethe Ansatz. However,
its extensions like the EHM and the IHM can no longer be treated with exact
analytic approaches. Therefore, it is necessary either to treat these problems us-
ing approximate analytical tools such as perturbation theory or using numerical
methods, such as the ones described in this thesis.

An important class of models are spin models. IfSi describes a localized
quantum mechanical spin with magnitudeS = 1/2, 1, 3/2, . . ., the possible states
on a sitej are{|α(`)〉} = {|−S〉, | −S+1〉, . . . , |S〉}, i.e., such models possess (2S+
1)N degrees of freedom. A prominent example is theHeisenberg Hamiltonian,

HHeis = J
∑
〈 j,m〉

Sj · Sm. (2.7)

TheS = 1/2 Heisenberg model can be derived as the strong-coupling limit of the
Hubbard model (U/t → ∞) at half filling, i.e., average particle density〈n〉 = 1.
The corresponding antiferromagnetic exchange coupling in second-order pertur-
bation theory (see Fig. 2.2) isJ = 4t2/U [29]. In chapter 5, we use the Heisenberg
model for the description of some aspects of the strong-coupling phase of the
IHM. In one spatial dimension, the Heisenberg model is solvable using the Bethe
Ansatz, for which it was originally introduced by H. Bethe in 1931 [15]. When
Jz , Jxy, it is termed the Heisenberg model with XY anisotropy, whenJx = Jy it
is referred to as the XXZ-model,

Hxxz = Jz
∑
〈 j,m〉

Sz
jS

z
m+

1
2

Jxy
∑
〈 j,m〉

(
S+j S

−
m+ S−j S

+
m

)
, (2.8)

with the usual spin ladder operatorsS+, S−. ForS = 1/2, using a Jordan-Wigner
transformation [30], the spinless fermion Hamiltonian, Eq. (2.5), can be mapped
to the XXZ Hamiltonian Eq. (2.8), withV = Jz and Jxy = 2t, showing that the
Hamiltonian Eq. (2.5) is solvable using the Bethe Ansatz.

Recently, it has become possible to realize strongly correlated quantum sys-
tems in optical lattices [6]. Although some progress in experiments with ultracold
fermions has been reached, in general the experiments are easier when bosonic
atoms are utilized, since it is more difficult to cool down fermions due to Pauli
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Figure 2.2: The second-order virtual exchange process in the Hubbard model
which leads to the antiferromagnetic Heisenberg coupling, see Ref. [29].

blocking. The standard notation for the bosonic version of the Hubbard model is

HBHM = −J
∑
〈i, j〉

(
b†i bj + h.c.

)
+

U
2

∑
i

ni (ni − 1) , (2.9)

with hopping amplitudeJ between neighboring sites and bosonic annihilation
(creation) operatorsb(†)

i on the lattice sitei with the usual commutation relations[
bi , b

†
j

]
= δi j and

[
b†i , b

†
j

]
=

[
bi , bj

]
= 0. The particle number operator is given by

ni = b†i bi . Particles described by this model are usually referred to assoft-core
bosons(SCB), as there is no restriction to the number of particles on each lattice
site. This model is not integrable using the Bethe Ansatz. The phase diagram was
obtained in Ref. [31] using approximate analytical methods, and the extension
with nearest-neighbor interaction was treated in Ref. [32] using the DMRG. In
the limit U → ∞, only one particle per site is possible. This can be modelled by
additionally introducing the restrictions

b†2i = b2
i = 0 ,

{
bi , b

†
i

}
= 1, (2.10)

where {·, ·} denotes the anticommutator of the operators. The resulting model
Hamiltonian

HHCB = −J
∑
〈i, j〉

(
b†i bj + b†j bi

)
(2.11)

is usually referred to as thehard-core boson(HCB) model. In one spatial di-
mension, it can be mapped to the tight-binding Hamiltonian Eq. (2.4) using the
Jordan-Wigner transformation [30]. Hard-core bosons and free fermions therefore
have the same spectrum, but off-diagonal correlation functions behave differently
due to the different algebra underlying the creation and annihilation operators.
Using the Jordan-Wigner transformation, it is possible to efficiently compute the
exacttime-evolution of HCBs in out-of-equilibrium situations [33] for very large
systems for all times of interest. This will be exploited in chapter 6 as a benchmark
for analyzing the errors of the time-dependent extensions of the DMRG which are
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developed in this thesis.
In Refs. [33, 13, 34], it was found that an initial Fock-state of HCBs evolves

into a (quasi-)coherent matter wave. Although it has been possible to realize
HCBs on an optical lattice [14], the experiments are rather difficult compared
to the realization of SCBs, since this limit is only attainable in elongated traps for
large positive three-dimensional scattering lengths, at low densities, or with very
strong transversal confinement [35, 36, 37].

It is therefore of experimental relevance to compute a similar out-of-equilibrium
situation for the complicated many-body problem with SCBs. Using the time-
dependent extensions of the DMRG presented in chapter 6, it is possible to reach
system sizes and times large enough to make predictions relevant for experiments.
The results are described in detail in chapter 7.

2.1.1 Integrability of Quantum Systems

In contrast to classical systems, as discussed below, the concept of integrability
of quantum systems needs to be changed. In this section, we summarize the dis-
cussion of the integrability of quantum systems presented in chapter 12 of Ref.
[28]. To start with, we recall the definition of an integrable system in classical
mechanics, which is provided byLiouville’s theorem[38].

For N classical point particles whose dynamics is governed by a Hamiltonian
H(p, q), the equations of motion are

ṗ = −∂H
∂q

, q̇ =
∂H
∂p

. (2.12)

For a conservative system,H(p, q) is time-independent and thus a constant of
the motion. Suppose that in total there areN constants of the motionI j(p, q),
j = 1, ...,N, with H(p, q) among theI j(p, q), and whose Poisson-brackets{·, ·}P
vanish,

{Il , Im}P = 0 . (2.13)

Then, Liouville’s theorem states that the equations of motion (2.12) are solvable
by “quadrature”, i.e., by solving the resulting integrals of motion. This is due to
the fact that Eq. (2.13) allows us to construct a canonical transformation which
leads to trivial equations of motion in the new action-angle variables. No further
input for obtaining the dynamics of the system is needed.
One often considers integrable systems to posses aregular dynamics, whereas
non-integrable systems are expected to bechaotic. This follows from the lack of
constraints which allows the system to access every possible state with the same
energy during the time evolution, while the trajectories of integrable systems are
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restricted to (quasi-)periodic motion on so called “invariant tori” in phase space,
see, e.g., Ref. [24]. As discussed in further detail in Sec. 2.5.1, non-integrable
systems are assumed to end up in a state whose time average is equivalent to a
statistical average at a finite temperature.

For quantum systems, no concept of integrability exists which is as general as
Liouville’s theorem. If, by analogy, the same discussion as above is extended by
simply replacing the Poisson brackets with commutators, there is no way to obtain
the spectrum and eigenfunctions of the Hamiltonian operatorĤ – the construction
of action-angle variables is not easily translated into quantum mechanics. A more
general approach to find and solve integrable systems is found in the context of
the Bethe Ansatz approach, whose general form is the quantum inverse scattering
method. In this algebraic approach, the crucial prerequisite is the validity of the
Yang-Baxter equation, see, e.g., chapter 12 of Ref. [28]. In contrast to classical
systems, it is generally unknown if the dynamics of an integrable quantum many-
body system should be qualitatively different from that of a non-integrable one.
However, in analogy to the expectation for classical systems, non-integrable quan-
tum systems are widely believed to thermalize, while integrable ones are expected
not to thermalize. Thermalization is discussed in more detail in Sec. 2.5.1. In
chapter 8, we discuss in detail the relaxation of an integrable quantum many-body
system and a non-integrable variant of the same model, and compare the emergent
quasi-stationary state with a state at a finite temperature.

2.2 One dimensional systems: Luttinger Liquids

It is well known that the low-energy properties of many metals are well described
within Landau’s Fermi liquid theory [39, 40, 41, 18], whose key feature is the
introduction ofquasiparticles, i.e., the excitations of the interacting system are
described by the same set of quantum numbers as the ones of the non-interacting
system. These quasiparticles manifest themselves as peaks of finite width in the
system’s Green function, i.e., they have only a finite lifetime. The jump in the
momentum distribution function〈nk〉 of free fermions at temperatureT = 0 at
the Fermi momentumkF is “weakened”, and is determined by the quasiparticle
weight Z, with 0 < Z < 1. However, in one dimension, Fermi liquid theory
does not apply at all and is replaced by theLuttinger liquid (LL) concept. In
this section, we follow the presentation in Refs. [42, 43]. We concentrate on the
properties relevant for the discussion of the results presented in this thesis and
therefore omit many interesting aspects of this peculiar class of quantum liquids.

The reason for the invalidity of the Fermi-liquid description in one spatial
dimension is the breakdown of perturbation theory. The quasiparticle poles in the
spectral function disappear and, therefore, no Fermi surface is found in〈nk〉. One
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finds instead apower-lawdependence for values ofk asymptotically closeto kF ,

〈nk〉 − 1
2
∼ |k− kF |α sign(kF − k) , (2.14)

with α < 1 depending on the interaction strength. The jump at the Fermi surface is
replaced by a power-law singularity atkF . Formally, this is equivalent to a quasi-
particle weightZ = 0, i.e., it is, in contrast to the Fermi liquid picture, not possible
to ascribe a single-particle character to the excitations; instead, the excitations are
collectiveones. This form of the momentum distribution function is one of the
properties of theTomonaga-Luttinger model(TL) [44, 45],

HTL =
2π~
L

∑
n>0

n

{(
vF +

g4(kn)
2π~

) (
b†nbn + b†−nb−n

)

+
g2(kn)
2π~

(
b†nb

†
−n + b−nbn

)}
+
~π

2L

{
vNÑ2 + vJJ̃2

}
. (2.15)

Here,L is the length of the system,vF is the Fermi velocity,g2(kn) andg4(kn) are
interaction parameters for “forward scattering” processes of particles in the vicin-
ity of ±kF with small momentum transfers. (“Umklapp” and “Backscattering”
processes with parametersg1(kn) andg4(kn), respectively, are neglected in the TL
model). Furthermore,vN = vF+(g4(0)+g2(0))/2π~, vJ = vF+(g4(0)−g2(0))/2π~,
Ñ is the total particle number operator, andJ̃ is the “current operator”. A more
general model including spin and Umklapp as well as Backscattering processes
of particles is the so-called “g-ology” model [46, 47], which we do not discuss
here. A renormalization group (RG) study of this model [46] shows that, for re-
pulsive interactions, a fixed-point Hamiltonian of the TL-type is obtained, unless
the metallic state is destroyed by the opening of a gap (as, e.g., for the Hubbard
model at half filling [47]). This led Haldane to propose the concept of Luttinger
liquids as a replacement for Fermi liquid theory for fermions in one spatial dimen-
sion [48, 49]. Note that, although we are dealing with fermions, the TL model,
Eq. (2.15), is formulated in terms ofbosonicoperatorsb(†)

n . This is obtained when
the TL model is derived starting from a general form of the interaction term,

V̂ =
1

2L

∑
n,0

ṽ(kn)ρ̂nρ̂−n +
1

2L
N2ṽ(0) , (2.16)

with the Fourier components of the operator of the density ˆρn =
∫

dxρ̂(x)e−iknx.
Tomonaga’s idea was to restrict himself to excitations with|kn| � kF , so that
he could work with alinearized spectrumaround the Fermi points, and then to
split ρ̂n into operators for “right moving” particles ( ˆρn,+ with k ≈ kF), and “left
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moving” particles ( ˆρn,− with k ≈ −kF) with particle velocities±vF , respectively. If
we restrict ourselves to thelow energysector and introduce

bn ≡ 1√|n|
{
ρ̂n,+ for n > 0
ρ̂n,− for n < 0

, (2.17)

we find that thebn obey the usual bosonic commutation relations.

It is possible to extend the boson operators defined in Eq. (2.17) to include
spin. It turns out that then the TL-Hamiltonian retains its form, but separates into
a purechargeand a purespincomponent,

HTL, spinfull = HTL, charge+ HTL, spin . (2.18)

One can show that
[
HTL, charge,HTL, spin

]
= 0, i.e., charge and spin excitations are

completelyindependent. This is the celebratedspin-charge separation. The el-
ementary excitations arebosonic collective modescalledspinonsandholonsfor
spin or charge excitations, respectively. These excitations are seen as power-law
divergences in the one-particle spectral function [50, 51]. In general, spinon and
holon excitations disperse with different velocities; therefore, it is, in principle,
possible to observe them by calculating the system’s full time evolution after an
electron is added. Using the time-dependent DMRG, this scenario has been in-
vestigated for the Hubbard model. As expected, independent spin and charge
responses to the perturbation are obtained [52].

An experimental verification of LL behavior is difficult. The main difficulty
lies in the fact that LL behavior is only to be expected forstrictly one-dimensional
systems at very low energies – i.e., already a small coupling to the environment
might destroy the LL behavior. However, there are several candidates showing
behavior which is very close to the predictions of the LL concept. The perhaps
most promising experiments deal with electrons at the edges of a two-dimensional
fractional quantum Hall system, describable by a so-calledchiral Luttinger liq-
uid [53]. The tunneling density of states found in the tunneling current-voltage
characteristics shows power-laws of “extraordinary quality” [42, 54]. Another
important class of systems are artificial quantum wires, as realized, e.g., in semi-
conductor heterostructures, on surface substrates, or as carbon nanotubes. Highly
anisotropic quasi-one-dimensional conductors, like, e.g., the Bechgaard salts, are
also candidates for LL behavior. Recently, in ARPES experiments on the quasi-
one-dimensional organic conductor TTF-TCNQ (tetrathiafulvalene tetracyano-
quinodimethane), significant differences from Fermi liquid theory and predictions
from conventional electronic structure calculations have been found [55, 56]. The
spectral function obtained in the experiments can be mapped onto separated spin
and charge excitations of the one-dimensional Hubbard model away from half-
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filling. The spectral function obtained by Benthienet. al [57, 58] using the
dynamical DMRG shows very good agreement with the experimental data and
reveals that, in this material, the elementary excitations are indeed spinons and
holons. This is one of the strongest experimentally observed signatures of spin-
charge separation and therefore of possible LL behavior.

Examples for fermionic lattice models with interaction showing Luttinger liq-
uid behavior are the Hubbard model, Eq. (2.6), away from half filling, and the
t − V−model, Eq. (2.5), which, at half filling has a Luttinger liquid phase for
V < 2t. In general, in a Luttinger liquid consisting of spinless particles, one finds
that correlation functions can be parameterized by two constants, which depend
only from the interaction strength and the Fermi velocity:

K =

(
1+ g4/(2πvF) − g2/(2πvF)
1+ g4/(2πvF) + g2/(2πvF)

)1/2

(2.19)

u = vF

[
(1+ g4/(2πvF))2 − (g2/(2πvF))2

]1/2
. (2.20)

Here,K is a dimensionless parameter, andu has the dimensions of a velocity. Note
that, quite generally, for attractive interactiong2/(πvF) < 0 andK > 1, while for
repulsive interactiong2/(πvF) > 0 andK < 1. In the spinfull case, it is possible to
introduce similar, dimensionless parametersKρ, σ anduρ, σ for the charge (ρ) and
spin (σ) degrees of freedom, respectively. Here we focus on the spinless case. For
the long-distance behavior of the density-density correlation function one obtains
(for details see [43])

〈n̂i n̂j〉 ∼ cos(2kF |i − j|)
|i − j|2K

, (2.21)

i.e., a power-law decay with an exponent that depends on the interaction strength
and on the Fermi velocityvF only. For the momentum distribution function one
finds

〈n̂k〉 ∼ |k− kF |(K+ 1
K −2)/2 (2.22)

whenk ≈ kF. The metallic behavior can be seen in the finite compressibility,
which is found to be

κ =
∂n
∂µ
=

K
uπ

, (2.23)

with the chemical potentialµ.
In chapter 8, the time evolution of a Luttinger liquid state in a system of spin-

less fermions given by the Hamiltonian Eq. (2.5) on afinite lattice is investigated.
Thus, finite-size effects are found in the correlation functions. In particular, a jump
is visible in〈nk〉 atkF. This jump doesnotsignal a finite quasiparticle weight, but
is rather due to the finite resolution when calculating〈nk〉 as the Fourier transform
of the one-particle density matrix. Indeed, the power-law behavior can only be
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Figure 2.3: Phase diagram of the quantum Ising model with a transverse magnetic
field whose strength is proportional tog. Quantum criticality is obtained atT = 0
by varyingg.

seen for values ofk asymptotically closeto kF ; that is, system sizes of thousands
of lattice sites would be necessary to obtain the necessary resolution. However,
we will see that, under certain circumstances, the initial〈nk〉 for the finite system
is restored to a very high precision, showing that one can, indeed, obtain collapse
and revival of the initial Luttinger liquid state.

2.3 Quantum Criticality

Phase transitions in classical statistical mechanics and thermodynamics are sup-
ported by thermodynamic fluctuations. In quantum systems atzero temperature
it is also possible to obtain phase transitions which are, however, supported by
quantum fluctuationsalone. These transitions can be obtained by changing the
system’sintrinsic parameters, such as the value of the on-site Coulomb interac-
tion U in the Hubbard model, Eq. (2.6).

The basic model used to introduce and discuss quantum criticality is the one-
dimensional quantum Ising model in a transverse magnetic field [59]. The phase
diagram of the system is sketched in Fig. 2.3. It is possible to map the one-
dimensional quantum model to the classical two-dimensional model [59], hence,
the model’s quantum critical behavior belongs to thesameuniversality class as
the two-dimensional classical Ising model.

Similar to classical phase transitions, it is possible to identifyfirst-orderquan-
tum phase transitions which are due to a level crossing in the ground state when
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moving through the critical point,second-ordertransitions with “order parame-
ters” that exhibit power-law behavior with characteristiccritical exponentsclose
to the critical point, andinfinite order (or Kosterlitz-Thouless, KT-type) phase
transitions with exponential change in a characteristic quantity (e.g., exponen-
tial closing of a gap). In order to investigate quantum criticality using numerical
approaches, excitation gaps, order parameters, and their susceptibilities are cal-
culated for finite system sizeL and extrapolated to the thermodynamic limit, i.e.,
the system size is extrapolated,L → ∞, while the filling N/L = const. with N
the particle number for the system with sizeL. As in classical systems,universal
behavior is found. In Tab. 2.1, the critical behavior of some observables and the
corresponding critical exponents for the universality class of the classical 2d Ising
model are listed, which in chapter 5 is discussed as the possible universality class
at one of the critical points in the phase diagram of the ionic Hubbard model.

The critical exponents are connected via hyperscaling relations [60],

α + 2β + γ ≥ 2 (2.24)

α + β(1+ δ) ≥ 2 (2.25)

γ ≤ (2− η)ν (2.26)

dν ≥ 2− α (2.27)

γ ≥ β(δ − 1) , (2.28)

whereδ is an additional exponent determining the behavior of the critical isotherm
in the classical 2d Ising model. Indeed, one finds by inserting the values for the
critical exponents listed in Tab. 2.1 (and in addition withδ = 15), that for the
Ising universality class the scaling relations Eqs. (2.24) - (2.28) hold as equalities.
It is possible to obtainν by directly calculating the correlation length [61, 62].
For quantum systems, thedynamical critical exponent zinfluences the critical
behavior of the associated gap; for a second-order transition,

∆ ∼ |g− gc|zν . (2.29)

Thus, the scales of the energetic excitations (i.e., time-scales) and of the charac-
teristic length in the system are related byξ ∼ ∆z; if z = 1, space and time are
treated on the same footing, as in relativistic invariant theories. In these cases,ν
can be determined by calculating the relevant gap around the critical point. Using
the DMRG, this is usually much easier than direct calculation of the correlation
lengthξ. Note that for a KT-type transition,z is assumed to be one; the gap opens
like

∆ ∼ e
A

(g−gc)σ , (2.30)

i.e., it is characterized by some constantA and some exponentσ.
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Observable behavior atgc value for the Ising universality class
Specific heat C ∼ |g− gc|−α α = 0
Magnetization M ∼ (gc − g)β β = 1/8
Susceptibility χ ∼ |g− gc|−γ γ = 7/4
Correlation length ξ ∼ |g− gc|−ν ν = 1
Correlation function G(r) ∼ 1/rd−2+η η = 1/4

Table 2.1: Critical exponents and their values for the Ising universality class. [60].

The susceptibility associated with an order parameterÔ and the corresponding
external fieldh is given by

χÔ =
∂〈Ô〉(h)
∂h

∣∣∣∣∣∣
h=0

(2.31)

at zero temperature.
Relying on thehyperscaling hypothesis, a scaling analysis can be performed.

In this approach, the ground-state energy of a finite system of sizeL in an external
field h has a regular componentEreg

0 independent ofh and a componentEsing
0 with

singular behavior atgc [61, 63],

E0(g, h, L) = Esing
0 (g, h, L) + Ereg

0 (g, L) . (2.32)

Assuming thatEsing
0 (g, h, L) is a homogeneous function, one can rewrite it as

Esing
0 (g, h, L)

Ld
= L−(d+z)Y(c1g

νL, c2hL1+z) , (2.33)

with a universal, homogeneous functionY and some constantsc1, c2. The sus-
ceptibility for the fieldh at temperatureT = 0 is obtained asχh =

∂2E0

∂h2 , which is,
due to the Hellman-Feynman theorem [64], equivalent to Eq. (2.31). Taking into
account the scaling relations, Eqs. (2.24) - (2.28), for the Ising universality class
lead to the general scaling form

χh(g, L) = L2−ηχ̃(L/ξ), (2.34)

whereχ̃ is a universal function. This expression, in conjunction with Eq. (2.31),
is used in chapter 5 to analyze the critical exponents of the ionic Hubbard model.

As we have seen in the previous section, in one spatial dimension, spin and
charge degrees of freedom are decoupled. Therefore, in principle, it is possible
to observe different critical behavior in the two sectors. A prominent example
is the phase diagram of the repulsive Hubbard model at half filling, where spin
excitations remaingaplessfor all values of the interaction, while an infinitesimal
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value of the on-site repulsionU already leads to the opening of a charge gap. In
chapter 5, the phase diagram of the ionic Hubbard model at half filling is shown
to have two critical points – at the first one only the charge degrees of freedom
become critical, while at the second one only the spin sector is affected.

Recently, the concept of quantum phase transitions has been extended to sys-
tems in a trap, as often encountered in experiments on optical lattices. In these
inhomogeneoussystems, Rigolet al. [33, 65, 66, 67] have investigated local ob-
servables, such as thelocal compressibility, which they define as

κ`i =
∑
| j|≤`(U)

(
〈n̂i n̂i+ j〉 − 〈n̂i〉 〈n̂i+ j〉

)
, (2.35)

where` is estimated by the correlation length of the correlation function in the un-
confined system. For a one-dimensional fermionic Hubbard model in a trap, criti-
cal behavioranduniversality are obtained when entering Mott-insulating regions
of the trapped system. Introducing an appropriate scaling form for the character-
istic density, anL → ∞ extrapolation is possible, and agenericphase diagram is
obtained, with this behavior referred to aslocal quantum criticality. In chapter 8,
we will discuss the use of Eq. (2.35) for characterizing the phases of a system out
of equilibrium.

2.4 Experimental Realization in Optical Lattices

Cold atoms in optical lattices currently constitute one of the most promising ways
to investigate quantum many-particle systems. The optical lattices can be consid-
ered to be stable, artificial crystals of light obtained by creating arrays of optical
microtraps using interference of laser beams. The realization of these experi-
mental setups has opened new control possibilities for many-body systems, mak-
ing it possible to realize structures which are difficult or impossible to obtain in
condensed-matter systems. The control possibilities are so pronounced that, in
principle, quantum many-body Hamiltonians can be “implemented” in the experi-
mentat will, so that the experiments are sometimes named “quantum simulator”∗.

The perhaps most notable realization of a strongly correlated quantum system
on an optical lattice is the creation of a Mott insulator, i.e., one of the paradigms of
strongly correlated quantum systems [6, 68]. Remarkably, this was achieved with
bosonic atoms and not with fermions, which is rather unusual considering that
one more frequently encounters electronic systems in condensed matter physics.

∗Not to be confused with a “quantum computer” – the experimental realization of a particular
quantum-mechanical model situation does not yet enable one to perform complicated calculations,
like, e.g., integer factorizations.
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These systems are describable by the Bose Hubbard model, Eq. (2.9). Even the
limit of very strong interactions, where the bosons can be considered to be im-
penetrable particles (hard-core bosons, Eq. (2.11), or a Tonks-Girardeau gas [69])
could be reached experimentally [14, 70]. More recently, controlled studies of
the evolution of Bose gases prepared or pushed out of equilibrium have been per-
formed, like the collapse and revival of an initial Bose condensate [7], or the
realization of a “quantum” version of Newton’s cradle [8].

The basic technique for storing neutral atoms is the use ofoptical dipole traps
which exploit the interaction between an induced dipole moment in an atom and
an external electric field. In optical lattices, the external electric field is provided
by the oscillating electric light field of the laser beam. This field induces an oscil-
lating dipole moment in the atom andat the same timeinteracts with this dipole
moment. In this way, the trapping potential [71, 5]

Vdip(r ) ∼ α(ωL) |E(r )|2 (2.36)

is obtained, whereα(ωL) is the polarizability of the atom and|E(r )|2 ∼ I (r ) is the
intensity of the laser light field induced by its electric field amplitude at position
r . In order to avoid spontaneous emission effects from resonant excitations and
to obtain a purely conservative potential, the laser light is usually tuned far away
from atomic resonance frequencies. For a frequency of the laser lightωL smaller
than the atomic resonance frequencyω0, one obtains an attractive potential, while
for ωL > ω0 the potential is repulsive [5]. The periodic potential building the op-
tical lattice is now simply obtained by overlapping two counter-propagating laser
beams, leading to a standing wave with periodλL/2 which becomes the lattice
constant of the system. Thus, in principle, it is possible to obtain periodic po-
tentials in arbitrary spatial dimensionsd ≤ 3. In this way, the geometry and the
strength of the local potential are under complete control, and it is therefore also
possible to push the system out of equilibrium by changing the properties of the
optical lattice. Note that changing the strength of the trapping potential can be
considered as a change in the tunneling probabilityJ between two neighboring
lattice sites. Thus, when working in a regime which can be modeled by the Bose
Hubbard model, Eq. (2.9), changing the intensity of the laser beams is equiva-
lent to changing the ratioU/J. However, due to the Gaussian profile of the laser
beams, an additional harmonic confinement, which usually is quite weak and is
expected to be negligible, arises. Nevertheless, the atoms are trapped in an in-
homogeneous environment – when comparing experiments to theoretical results,
care has to be taken.

The possibility to realizing out-of-equilibrium situations of strongly correlated
systems on optical lattices has spurred theoretical interest in this field, our work
is connected in various ways to these experiments. Inspired by the observation of
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collapse and revival of a Bose Einstein condensate (BEC) on an optical lattice [7],
we investigate in chapter 8 the possibility of obtaining the collapse and revival of
aLuttinger liquidin a system of interactingfermions. In chapter 7, the possibility
of obtaining anatom laseron an optical lattice using coherent matter waves of
soft-core bosons is discussed. In the next section and in chapter 8 we discuss in
detail the possiblethermalizationof a strongly correlated quantum system, which
has been recently investigated experimentally on optical lattices for an integrable
system of interacting bosons [8].

2.5 Strongly Correlated Systems out of Equilibrium

Only little is known about strongly correlated quantum systems out of equilib-
rium. Both the experimental as well as the theoretical investigation of the time
evolution of the systems is difficult and has been hampered by the complexity of
the possible situations. In this thesis, we focus on the simpler set of problems
where the Hamiltonian operator is time-independent, although, with the methods
developed, it is possible to also treat problems with a time-dependent Hamilto-
nian operator. We treat isolated systems and compute the time evolution of a
pure initial state governed by the time-dependent Schrödinger equation, Eq. (2.2),
i.e., at all instants of time the system remains in a pure state. We introduce three
categories of non-equilibrium situations with a time-independent Hamiltonian op-
erator, where the system is pushed out of equilibrium by some “sudden” change,
and which correspond to different kinds of possible experiments:

A. The initial state isconstructedby applyingexternal fieldswhich are switched
off at the beginning of the time evolution. In this way, the system can be
prepared in an initial state with the desired properties, e.g., particles in a
trap.

B. Quantum quenchsituations, whereintrinsic parametersof the system, e.g.,
the interaction strength, undergo a sudden change. This can be realized in
experiments on optical lattices by suddenly changing the properties of the
optical lattice.

C. Apply abias to the initial state. The resulting non-equilibrium steady state
carries a permanent current. Such situations are realized in experiments,
e.g., for quantum dot systems coupled to leads at different voltages.

Using the methods developed in this thesis, it is possible to treat problems of each
of the three categories. In this work, we discuss out-of-equilibrium situations with



28 Chapter 2. Strongly Correlated Quantum Systems

an initial state prepared by external fields in chapter 7, and a quantum quench sit-
uation in chapter 8.

The formal solution of the time-dependent Schrödinger equation, Eq. (2.2),
with time-independent HamiltonianH is

|ψ(t)〉 = U |ψ0〉 , (2.37)

whereU = exp(−iHt) is the time evolution operator and|ψ0〉 the initial state. Due
to the oscillatory character ofU, for systems with a small number of degrees of
freedom, recurrences of the initial state on experimentally relevant time scales are
expected. However, the large number of degrees of freedom in strongly corre-
lated systems leads todephasingand makes the time scales for such recurrences
extremely large, so that, for experimentally relevant time scales, the systems can
be considered to showno recurrence of the initial state. Independent from the
recurrences, the systems can show “collapse and revival” of the initial state on
short time scales, as, e.g., observed in Ref. [7]. In general, the amplitude de-
creases in time, so that a quasi-stationary state with oscillations of very small
amplitude (compared to the oscillations at the beginning of the time evolution)
around a “quasi-stationary state” is obtained. This phenomenon we refer to as
“relaxation” to a quasi-stationary state, although the systems are not coupled to
an external bath. However, for a general situation, it is unclear on which time
scales this might happen, and how the eventually emerging “steady state” could
be characterized.

2.5.1 Thermalization

A basic assumption in classical statistical mechanics is thatclosedsystems pushed
out of equilibrium can be described by a finite temperature state after long enough
times. This expectation is due to Boltzmann’sergodic hypothesisintroduced in
1871, according to which, roughly speaking, the system will pass close to nearly
all the states compatible with conservation of energy during the time evolution.
(For a nice introduction to ergodic theory we refer to Ref. [72]). In this way,
when taking the time average over times long enough, every state of the system
with the same energy has been passed by with (nearly) the same probability, so
that the situation can be described by a microcanonical ensemble. Thus, the time
average of observables should be equal to a thermal expectation value in a canon-
ical ensemble. However, this expectation is only valid if the portion of the phase
space compatible to energy conservation iscompletelycovered by the dynamics.
If the system is integrable, the motion is restricted to parts of the phase space due
to the constraints of the motion – the system can not thermalize. However, for
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non-integrable models, the general expectation is that the complete phase space is
covered by the dynamics, such that thermalization should occur.

The first numerical investigation of thermalization in a classical non-integrable
system was done by Fermi, Pasta, and Ulam (FPU) in the 1950s who investigated
the dynamics of a vibrating string with a non-linear term. According to the ergodic
hypothesis, they expected the system to thermalize. However, they did not find re-
laxation to a thermal state; instead, they obtained a complicated quasi-periodic
behavior. This numerical experiment inspired theoretical research and spurred the
development ofchaos theory. For an introduction to this theory we refer to Ref.
[24]. Usually, the (quasi-)periodic motion found for integrable systems is referred
to as “regular” dynamics. The motion is restricted due to constraints to so-called
“invariant tori” in phase space (the notion “quasi”-periodic is due to the fact that
trajectories on such topologies may not close). In contrast, non-integrable sys-
tems are considered to posses “chaotic” dynamics, because the complete phase
space may be covered by the evolution [24] – therefore, FPU’s finding is indeed
surprising. However, it was shown by Kolmogorov, Arnold, and Moser (KAM)
that, under certain circumstances, adding a “small” perturbation to a system with
regular dynamics does not automatically take the dynamics out of an invariant
torus [24]. Thus, although non-integrable, the system remains non-ergodic. How-
ever, a perturbation “strong enough” can lead to a chaotic dynamic and hence to
ergodicity, so that such systems are considered to relax to a thermal state. Note
that ergodicity has been found to benot sufficient for a classical system to ther-
malize – in addition, it has to be “mixing”, as discussed in Ref. [72], i.e., the
phase space has to be covered “completely” and reversible behavior should be
impossible (like, e.g., the demixing of milk and coffee in a cup of cappuccino).
However, chaotic systems are usually considered to be mixing [73], so that for
classical chaotic many-body systems, relaxation to a thermal state should indeed
take place.

In analogy to this discussion for classical systems, a qualitative difference be-
tween the time evolution and the emerging quasi-stationary state for integrable and
non-integrable quantum many-body systems has been widely considered. How-
ever, as discussed in Sec. 2.1.1, the concept of integrability of a quantum system
is different from the one for classical systems. Nevertheless, for some systems,
in quantum chaos[24, 74], a distinction between quantum systems with a regular
and a chaotic phase space is obtained by considering the dynamics of the system
when taking theclassical limit(i.e., formally taking the limit~ → 0) [74]. For
strongly correlated quantum many-body systems, this classical limit, in general,
does not exist [75]. Therefore, characterization of the dynamics of strongly cor-
related systems in terms of regular or chaotic is not possible. Recently, however,
for the one-dimensional Bose-Hubbard model in a certain parameter regime, the
spectrum was found to obey theWigner-Dysonstatistics [75], which is a signature
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of quantum chaotic behavior [74], indicating that concepts from quantum chaos
might be helpful for characterizing the dynamics of strongly correlated systems.
However, it is difficult to gain insight about possible differences of the dynamics
of integrable or non-integrable quantum many-body systems from these consider-
ations.

In recent work, Bergeset al. have investigated the non-equilibrium dynamics
of quantum fields in a low-energy quark-meson model [76]. Choosing two dif-
ferent initial states with the same energy density, the authors find that both states
relax to the same quasi-stationary state on anintermediatetime scale, while on a
much larger time scale the quantities further relax to thermal expectation values.
This phenomenon is referred to asprethermalization. Also, other authors have
given voice to the expectation of a thermal finite state when a strongly correlated
quantum system is non-integrable [77, 78]. However, it remains quite unclear if
this relaxation behavior is only due to the non-integrability of the systems. In or-
der to clarify this issue, we now consider the general form of a time average for
an observable after a quantum quench and discuss the possible connection of the
time average of observables to generalized statistical operators.

The time evolution of the expectation value of an observableO for systems
with time-independent HamiltonianH can be written as

〈O〉(t) = 〈ψ0| eiHt O e−iHt |ψ0〉
=

∑
n

|〈n |ψ0〉|2 〈n|O|n〉

+
∑
m,n

〈m |ψ0〉 〈ψ0 | n〉 e−it(Em−En) 〈n|O|m〉, (2.38)

with initial state|ψ0〉 and |m〉, |n〉 the eigenstates ofH with energiesEm, En. In
the following, we use the abbreviation%n ≡ |〈n |ψ0〉|2. If no degeneracies in the
spectrum are present, i.e., ifEm , En∀m, n, the time-independent part of the
observable is

〈O〉static=
∑

n

%n 〈n|O|n〉, (2.39)

an expression which can be interpreted as a trace over the product of a statistical
operator with the observable∑

n

%n 〈n|O|n〉 ≡ Tr(% O), (2.40)

with unknown statistical operator%. In the general case with some degenerate
energy levels, i.e.,Em = En for somem, n, this can be easily generalized. IfEm =

En, the corresponding term loses its time dependence, and the term contributes to
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the time-independent part,

〈O〉static, degeneracies =
∑

n

%n〈n |O | n〉

+
∑
m>n

Em=En

(〈m |ψ0〉 〈ψ0 | n〉 〈n |O |m〉+ c.c.) . (2.41)

Transforming to the basis|α〉 in which the observableO is diagonal, we obtain

〈O〉static, degeneracies =

=
∑
α


∑

n

%n|〈n |α〉|2 +
∑
m>n

Em=En

(〈m |ψ0〉 〈ψ0 | n〉 〈n|α〉 〈α|m〉 + c.c.)

 〈α|O |α〉 (2.42)

≡
∑
α

%′α〈α|O |α〉 ≡ Tr(%′O). (2.43)

Thus, the static part of the observables canalwaysbe identified with a statisti-
cal average with, however, an unknown statistical operator. Note that in the case
without degeneracies, the static part of the expectation value of the observable
is completely determined by the initial state and the trace is formally taken with
the same statistical operator foreveryobservable, while in the case of a degen-
erate spectrum, the statistical operator would depend on the eigenbasis|α〉 of the
observable.

Now we consider the time-dependent part of Eq. (2.38). After relaxation at
time t0, 〈O〉(t) starts to oscillate around a time average which is defined by

〈O〉 := lim
T→∞

1
T

t0+T∫
t0

dt 〈O〉(t) . (2.44)

The time-dependent part in Eq. (2.38) is a sum of sinusoidal functions. Thus, tak-
ing the time average, Eq. (2.44), the contributions of the oscillatory part of〈O〉(t)
cancel out and the time average is given by〈O〉static [79]. This is confirmed by
numerical calculations which we present in chapter 8. Therefore, the time aver-
age of observables can indeed be identified with the static part of the observable,
and, hence, with an unknown statistical operator. At this point we can see that
thermalization only takes place if

%n =
1
Z

e−βEn , (2.45)

whereZ =
∑

n exp(−βEn) is the partition function andβ is the inverse temper-
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ature. This, in general, will not be the case – quantum systems after quenches
do, therefore,not thermalize, independent of whether the systems are integrable
or non-integrable. In particular, in case of a degenerate spectrum, the time aver-
age of the expectation values of different observables is associated with different
density matrices, showing that in this case the term “thermalization” is not mean-
ingful. However, from these considerations, we cannot exclude that the emerging
quasi-stationary state can be close to a thermal state. In chapter 8 we will show
that one can indeed find situations where the final state is very close to a thermal
state.

When defining thermal equilibrium, one considers a small system coupled to a
bath so that the interaction between both systems can be neglected (aside from the
energy that is exchanged) and the total energy is given by the sum of the energy of
both systems. In order to investigate this situation, Tasaki considered in Ref. [79]
an isolated quantum system consisting of a heat bath and a subsystem with special
requirements on the spectrum of both systems and to the coupling between both.
When the “hypothesis of equal weights for eigenstates” proposed by him is valid,
he derives that〈Osub〉(t) for observables on the subsystem after large enough times
are very similar to the thermal expectation values. In his proof, he finds that the
time average is similar to a thermal expectation value if|〈n|ψ0〉|2 is non-negligible
only for energies close to a certain energyEn. This, however, is not the general
case. From these considerations, it therefore remains open if, in the general case,
thermalization can be found in a subsystem. However, note that the expectation
values forlocal observables or correlation functions within the extension of the
subsystem also follow Eq. (2.38). Therefore, if%n is non-thermal, the time average
of expectation values for observables of the total system as well as of a subsystem
will not be similar to a thermal expectation value, hence thermalization for the
subsystem only is also not to be expected.

The considerations above leave the question of what nature the statistical oper-
ator% could be open. A general framework for obtaining an appropriate statistical
operator for a given system is the principle ofmaximum statistical entropyintro-
duced by Jaynes in 1957 [80]. The basic idea is that, from all density operators
compatible with the available information, the operator ˜ρ is chosen for which the
statistical entropy

S = −Tr (ρ̃ ln ρ̃) (2.46)

is maximized [81]. This is obtained by considering constants of the motion, which
are required to satisfy the condition

Tr (ρ̃ Ii) = 〈Ii〉 . (2.47)

With these constraints, the expression for the statistical entropy is generalized by
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introducing Lagrangian multipliersλi,

Sgeneral= −Tr (ρ̃ ln ρ̃) −
∑

i

λiTr (ρ̃ Ii) − λ0Tr (ρ̃) . (2.48)

This leads to a generalized Gibbs-Boltzmann distribution,

%gen= e−
∑

i λi Ii , (2.49)

where I0 = 1, so that normalization is enforced via Tr(%gen I0) = 〈I0〉. Re-
cently, this approach has been used to investigate the relaxation of hard-core
bosons [82, 83] and the behavior of the Luttinger model [84]. For these inte-
grable systems, it is possible to formulate the integrals of motion. However, for a
general Bethe-Ansatz integrable many-body system, the constraints are unknown.
We note that expectation values for all powers of the Hamiltonian〈Hn〉 are time-
independent. Therefore, we propose to formulate the generalized Gibbs ensemble
using these constants of the motion. We concentrate on the case without degenera-
cies in the spectrum of the Hamiltonian. Reformulating the Hamiltonian in terms
of projectorsPn on its eigenstates,

H =
dim(H)∑

i=1

En Pn , (2.50)

the density operator with all powers ofH can be rewritten as

ρ = exp

−
dim(H)∑

m=0

λmHm


= exp

−∑
n

∑
m

λmEm
n

 Pn

 , (2.51)

sincePm
n = Pn. Hence, one can consider thePn as the set of constraints. Note that

〈Pn〉 = |〈n|ψ0〉|2 (2.52)

Tr(ρ Pn) = e−
∑

mλmEm
. (2.53)

Since〈Pn〉 = Tr(ρ Pn), Eqs. (2.52) and (2.53) show thatall Lagrangian multipliers
λm can be determined via

dim(H)∑
m

λmEm
n = − ln |〈n|ψ0〉|2 , (2.54)
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since the number of coefficients |〈n|ψ0〉|2 is dim(H). The statistical operator is,
therefore,completely determined, and the time-average of all observables is, via
Eqs. (2.39) and (2.40), identical to the statistical average with this density-matrix.

To conclude, in this section we have discussed the possibility of obtaining
relaxation to a quasi-stationary state similar to a finite-temperature state when
pushing a system with time-independent Hamiltonian out of equilibrium. Ac-
cording to Boltzmann’s ergodic hypothesis, this should happen for most systems.
Thermalization is not expected for integrable classical systems due to phase-space
arguments. Non-integrable, chaotic classical systems are considered to be mixing
and hence should thermalize. However, it is not clear if non-integrable quantum
many-body systems should show a similar behavior. By analyzing the time evo-
lution of an observable, we find, in the case of a non-degenerate spectrum, that
the quasi-stationary state reached after relaxation is fully determined by the initial
state, independent of whether the system is integrable or not. Hence, quantum
systems after a quench, in general, do not thermalize. We find that the quasi-
stationary state is described by a generalized Gibbs-Boltzmann ensemble when
using dim(H) powers ofH as constraints of the motion. This will be supported by
the results presented in chapter 8.



Chapter 3

Krylov Space Approach to
Calculating the Time Evolution

3.1 Iterative Diagonalization Methods

A number of approaches for (at least partially) solving eigenvalue problems up to
machine precision or a desired tolerance are known as “Exact Diagonalization”
methods. The simplest and most time- and memory- consuming approach is the
complete diagonalizationof the (Hamiltonian) matrix which enables one to cal-
culateall desired properties. Usually, this is done by combining the Householder
transformation and the QL or QR algorithm, as described, e.g., in Ref. [85]. How-
ever, as was shown in the introduction, the dimension of the basis for a strongly
interacting quantum system grows exponentially with the system size, so that it is
impossible to treat systems with more than a few lattice sites. If only properties
of low- or high-lying eigenstates are required, it is possible to reach substantially
larger system sizes usingiterative diagonalizationprocedures, which, for the ob-
tained eigenstates, yield results to almost machine precision in most cases. The
iterative diagonalization methods allow for the calculation of ground-state prop-
erties, and (with some extra effort) some low-lying excited states are also acces-
sible. In addition, it is possible to calculate dynamical properties (e.g., spectral
functions, time-evolution) as well as behavior at finite temperature. Nearly every
system and observable can be calculated in principle, although the convergence
properties depend on the system under investigation. In the following, theLanc-
zosand theJacobi-Davidsonmethods are presented, which are the most widely
used iterative diagonalization procedures in physics and quantum chemistry. In
particular, the density matrix renormalization group method (DMRG) presented
in the next chapter relies on an efficient implementation of an iterative diagonal-
ization procedure. Both algorithms are used in this context; because of its greater

35
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stability we choose the Jacobi-Davidson algorithm for most applications. In the
next section, an extension of the Lanczos method is presented which makes it
possible to calculate the full time evolution of interacting many-body systems in
out-of-equilibrium situations with a very high accuracy.

It is crucial to exploit the symmetries of the system of interest in order to be
able to reach the largest possible system sizes – due to the block-diagonal structure
of the Hamiltonian matrix, the dimension of the matrices which actually need to
be diagonalized is then significantly reduced. An additional advantage is that the
results obtained are resolved according to the quantum numbers associated with
the symmetries. Useful introductions and discussions of the use of symmetries for
specific example Hamiltonians can be found in Refs. [86, 87, 88]. A more general
mathematical description in terms of group theory is presented in Ref. [89]. With
present-day computers, system sizes can be treated which are large enough to
provide insight into the physics of many systems of interest. Applying efficient
implementations of iterative diagonalization procedures and maximally exploiting
the systems’ symmetries, it is possible to treatS = 1/2 spin models with up to
aboutN = 40 sites. Thet-J model on a checkerboard and on a square lattice with
2 holes have been treated on up toN = 32 sites. Hubbard models at half filling
on a square lattice with up toN = 20 sites have been diagonalized; the same
size was also reached for quantum dot structures. Models with phonon degrees of
freedom such as the Holstein model are much harder to treat because the phonons
are bosons, which, in principle, have an infinite number of degrees of freedom.
By truncating the number of phonon states, it was possible to treat a chain with
N = 14+ phonon pseudo-sites. For these calculations, it was necessary to store
between 1.5− 30 · 109 basis states [90].

3.1.1 Implementation of Quantum Many Body Systems

When implementing the many-body problem on a computer, it is necessary to
represent the basis and then to define the action of the Hamiltonian operator on
the basis states. In order to have an efficient implementation, it is convenient to
map the basis states of the site basis to a single bit or to a set of bits, which, e.g.,
in C/C++ can be represented by (unsigned) integer variables. The action of an
operator on a single basis state can then be implemented by applying a sequence
of bit-operators on the integer representing the basis state. However, for bosonic
systems, it is necessary to first introduce a cut-off in the number of particles per
site so that the site basis has a finite number of states. Typically, one only keeps
a very small number of on-site bosons, which may depend on the desired system
sizes and the parameter values.

As discussed above, in order to minimize the dimension of the Hamiltonian
matrix, it is essential to exploit symmetries of the system, as described in more
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full Hilbert space: dim= 240 = 1012

constrain toSz = 0: dim= 138× 109

using spin inversion: dim= 69× 109

utilizing all 40 translations: dim= 1.7× 109

using all 4 rotations: dim= 430, 909, 650

Table 3.1: The reduction of the dimension of the sector of the Hamiltonian con-
taining the ground state for theS = 1/2 Heisenberg model on a tilted square
lattice with

√
40× √40 sites. The dimension of the Hilbert space is reduced by a

factor of more than 2500 (from Ref. [90]).

detail in Ref. [89]. Given a symmetry groupG with generatorsgp, if

[H, gp] = 0, (3.1)

the Hilbert space can be partitioned into sectors corresponding to irreducible rep-
resentations of the symmetry group so that the Hamiltonian matrixH becomes
block diagonal. The solution of the eigenvalue problem for each block then yields
the portion of the spectrum of the system associated with a particular conserved
quantum number.

It is possible to exploit continuous symmetries, such as the conservation of the
particle number or the conservation or thez projection of the spin,Sz. For these
symmetries, all possible basis states preserving the symmetry can be obtained by
calculating all possible permutations of the bits representing a suitable basis state.
It is in principle also possible to implement non-Abelian symmetries like the con-
servation of the total spin, which is an SU(2) symmetry. However, in general the
treatment of these non-Abelian symmetries is more difficult than the treatment
of the Abelian ones. When possible, one tries to use other symmetries instead,
e.g., instead of using the SU(2) symmetry of the total spin, theZ2 symmetry re-
lated to spin inversion can be used. Space group symmetries include translational
invariance, which is an Abelian symmetry, or point group symmetries such as re-
flections or rotations, which are non-Abelian in general. A set of representative
basis states can be formed from symmetrized linear combinations of the original
basis states generated by applying the appropriate generators [89].

As an example of how symmetries can reduce the dimension of the largest
block of the Hamiltonian that must be diagonalized, we show the size of the sector
containing the ground state in Table 3.1.1 for aS =1/2 Heisenberg model on a√

40× √40 cluster. In this case, the dimension of the sector to be diagonalized is
reduced by a factor of more than 2500.

After considering the symmetries, a set of basis states{|n〉} is stored in an ap-
propriate form such as a set of bit strings or linear combinations of bit strings. The
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most important operation for all iterative diagonalization methods is the multipli-
cation of the Hamiltonian with some wavefunction|ψ〉. When the Hamiltonian is
applied to a basis state|n〉, the result is a linear combination of basis states

H |n〉 =
∑

n′
〈n′|H|n〉 |n′〉 , (3.2)

where there are typically only a few nonzero terms for a Hamiltonian with only
short-ranged interaction or hopping terms. When the states|n〉 can be represented
as bit strings, it is usually easy to identify the bit string corresponding to the set
of states{|n′〉} and to determine the coefficients〈n′|H|n〉. However, the bit strings
then have to be mapped back to an index into the vector of basis coefficients in
order to calculate the coefficients〈n|ψ〉. There exist various ways to implement
the needed bookkeeping, e.g., by indexing the basis states or by using hash tables
[85].

3.1.2 The Lanczos and the Jacobi-Davidson Algorithm

If only the ground state and the low-lying excited states of a system are required,
the powerful iterative diagonalization procedures described in this section can
handle systems with a Hilbert space dimension substantially (up to four or five
orders of magnitude for short-range quantum lattice models) larger than complete
diagonalization. Extensions of these methods exist which enable one to inves-
tigate dynamical properties, time evolution, and the finite-temperature behavior
of the system. In addition, they form a key part of the DMRG algorithm, which
carries out an iterative diagonalization in an optimal, self-consistently generated
reduced basis for a system.

The basic common idea of the different iterative diagonalization algorithms
is to project the matrix to be treated,H, onto a subspace of dimensionM � N
(whereN is the dimension of the Hilbert space in which the diagonalization is
carried out). This subspace is cleverly chosen so that the extremal eigenstates
within the subspace converge very quickly withM to the extremal eigenstates
of the system. The most commonly used approach used in physics is theLanc-
zosmethod, while in quantum-chemistry theDavidsonor its generalization the
Jacobi-Davidsonalgorithm is more widely used.

In this section, we will discuss only the basic Lanczos and Davidson methods
for handling hermitian eigenvalue problems. Standard References are Refs. [91,
92, 93], a nice overview and a compact representation of the algorithms can be
found in Ref. [94]. The mathematical theory of the Lanczos algorithm has been
worked out in Ref. [95].
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The Power Method

The simplest iterative diagonalization procedure is the so calledpower method. In
this approach, the eigenpair with the extremal eigenvalue is obtained by repeatedly
applying the Hamiltonian to a random initial state|v0〉,

|vn〉 = Hn|v0〉 . (3.3)

Expanding in the eigenbasisH|i〉 = λi |i〉 yields

|vn〉 =
∑

i

〈i|v0〉Hn|i〉

=
∑

i

〈i|v0〉 λn
i |i〉 .

It is clear that the state with the eigenvalue with the largest absolute value will have
the highest weight after many iterationsn, provided that|v0〉 has a finite overlap
with this state. The convergence behavior is determined by the spacing between
the extremal eigenvalue and the next one. Since the convergence of the power
method is generally much poorer than other methods we will discuss below, it is
generally not used in practice.

The subspace generated by the sequence of steps in the power method,

{|v0〉,H|v0〉,H2|v0〉, ...,Hn|v0〉} (3.4)

is calledthe nth Krylov subspaceand is the starting point for the Lanczos method.
Note that, in general, the vectors spanning the Krylov subspace are not orthogonal
to each other and thus do not represent a basis. The iterative diagonalization
methods discussed now partly rely on orthogonalizing the Krylov vectors. Also
note that, if a basis is constructed using the Krylov vectors, andn > dim(H), the
Krylov vectors withn > dim(H) are linear combinations of the previousdim(H)
vectors.

The Lanczos Method

In the Lanczos method [96], the Hamiltonian is projected onto the Krylov sub-
space using a basis generated by orthonormalizing the sequence of vectors (3.4)
to each other as they are generated. This results in a basis in which the matrix
representation of the Hamiltonian becomestridiagonal. The basic algorithm is as
follows:

0) Choose an initial state|u0〉 represented in the system’s many-body basis|n〉
which has finite overlap with the groundstate of the Hamiltonian, but which
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must not be an eigenstate of the Hamiltonian. This can be realized by taking
{|n〉} as a vector with random entries.

1) Generate the states of the Lanczos basis using the recursion relation

|un+1〉 = H |un〉 − an|un〉 − b2
n |un−1〉

where an =
〈un|H|un〉
〈un|un〉

and b2
n =

〈un|un〉
〈un−1|un−1〉 (3.5)

with b0 ≡ 0 and|u−1〉 ≡ 0.

2) Check if the stopping criterion〈un+1|un+1〉 < ε is fulfilled.
If yes: carry out step 4) and then halt.
If no: continue.

3) Repeat starting with 1) untiln = dim(H).

4) If the stopping criterion is fulfilled, diagonalize the resulting tridiagonal
matrix

Tn =



a0 b1

b1 a1 b2 0

b2 a2
. . .

0
. . .

. . . bn

bn an


(3.6)

using the QL algorithm [85]. The diagonalization yields eigenvaluesE0, . . . , En,
and eigenstates|ψ0〉, . . . , |ψn〉 which are represented in the Lanczos basis.

5) Obtain the desired eigenvectors represented in the original many-body basis
|n〉. This is necessary in order to calculate observables. In order to avoid
storing all of the basis states|u0〉, . . . , |un〉, the procedure is repeated starting
with the same initial vector|u0〉. One obtains the coefficientsαn of the
eigenstate in the original basis|n〉 by carrying out the basis transformation

|ψm〉 =
∑

i

ci |ui〉

=
∑

n

∑
i

ci 〈n|ui〉|n〉 , (3.7)

with αn ≡ ∑
i

ci 〈n|ui〉.
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The algorithm is memory-efficient, since only the 3 vectors|un−1〉, |un〉, and
|un+1〉 need to be stored at once. As is typically the case in iterative diagonal-
ization procedures, the most time-consuming step is carrying out the multipli-
cation H|un〉, which should be implemented as efficiently as possible, either as
described in Sec. 3.1.1, or using other sparse-matrix multiplication routines. The
time needed to perform the other steps of the algorithm is generally negligible
whenN is realistically large. Therefore, optimizing the routine performingH|ψ〉
is crucial to the efficiency of the implementation.

The Lanczos procedure results in a variational approximation to the extremal
eigenvalue which usually attains quite high accuracy after a number of iterations
much smaller than the dimension of the Hilbert space. Typically, 100 recursion
steps or less are sufficient to attain convergence to almost machine precision for
ground state properties [97]. As is evident because the Lanczos method is based
on the power method, convergence to extremal eigenvalues occurs first; additional
iterations are then necessary to obtain converged excited states. The algorithm is
generally considered to be a standard method which can be robustly applied to a
wide spectrum of systems. Nevertheless, there are two technical problems which
require some care to be taken. First, the convergence of excited states can be
irregular; in particular, apparent convergence to a particular value can occur for
some range of iterative steps, followed by a relatively abrupt change to another,
substantionally lower value. It is therefore important to carry out sufficient itera-
tions for the higher excited states. Generally, the number of iterations required to
obtain convergence becomes larger for higher excited states.

The second technical problem is the appearance of so-called “ghost” eigen-
values, i.e., spurious eigenvalues which cannot be mapped to eigenvalues of the
original Hamiltonian. The origin of such “ghost” eigenvalues can be traced to the
loss of the orthogonality of the Lanczos vectors|un〉 due to finite machine preci-
sion. It can be shown that the smaller the coefficientsbn, the larger the loss of
orthogonality of the vector|un〉 to the other vectors [91, 92]. This is an intrinsic
limitation of the algorithm, since, in general, the coefficientsbn become smaller
with increasingn. For this reason, the much more stable Householder algorithm
[85] rather than the Lanczos procedure is generally used to transform an entire ma-
trix to tridiagonal form. However, because of the good convergence to the ground
state and the algorithm’s memory efficiency, the Lanczos method is nevertheless
widely used for the investigation of quantum lattice systems with short-ranged
coupling.

With some extra effort, it is also possible to overcome the loss of orthogonal-
ity which is a basic drawback of the algorithm. The most straightforward solution
is to reorthogonalizethe Lanczos vectors relative to each other using a modified
Gram-Schmidt procedure. However, this requiresall vectors|un〉 to be stored in
memory, so that the advantage of memory efficiency is lost. However, an appro-
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Figure 3.1: Typical convergence behavior of the Lanczos algorithm. In this ex-
ample, convergence to the ground-state is already reached after approximately 10
iterations, while additional iterations are required to reach convergence for the
excited states. “Ghost” eigenvalues appear and converge to a real eigenvalue as
additional iterations are performed, leading to erroneous multiplicity at the com-
pletion of the calculation.

priately chosen partial reorthogonalization is also sufficient; for details see Refs.
[92, 93, 94]. Cullum and Willoughby [95, 98] developed a method to eliminate
ghost states without reorthogonalizing the Lanczos vectors. In their approach, the
eigenvalues of the resulting tridiagonal matrixTn are compared to the ones of a
similar matrixT̃n, which can be obtained by deleting the first row and column of
Tn. This gives a heuristic criterion for the elimination of spurious eigenvalues:
since the ghost eigenvalues are generated by roundoff errors, they do not depend
on the initial state|v0〉 and will be the same for both matrices. After sufficiently
many iterations, ghost eigenvalues will converge towards true eigenvalues of the
original matrixH. Thus, every multiple eigenvalue ofTn is not a ghost and every
unique eigenvalue which is not an eigenvalue ofT̃n is a true eigenvalue ofH. This
approach is as memory-efficient as the original Lanczos algorithm and approxi-
mately as fast, but generally yields the wrong multiplicity for the eigenvalues.

A number of variants exist like theimplicitly restarted Lanczos, theBand-or
theBlock-Lanczoswhich can be better for certain problems or have a better treat-
ment of degenerate eigenvalues. For details and for other variants of the Lanczos
procedure, see, e.g., Ref. [94].

The generalization of the Lanczos method to non-hermitian operators is the
Arnoldi method, see, e.g., Ref. [94]. For such problems, a Krylov-space approach
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similar to the Lanczos procedure is used to reduce a general matrix to upper Hes-
senberg form.

A number of software packages are available which provide implementations
of iterative diagonalization routines, such as ARPACK [99] or the IETL [100], a
part of the ALPS-library [22, 23]. Parts of the results obtained in this thesis are
built on the implementation of the Lanczos procedure in the IETL. In order to use
this software, a routine which performs the multiplicationH|ψ〉must be defined by
the user; as discussed above, an efficient implementation is crucial to the overall
efficiency of the algorithm.

There has been a large number of investigations using the Lanczos proce-
dure. Examples for recent work are the treatment of frustrated quantum magnets,
Ref. [101], two-leg ladder systems, Ref. [102], transport through molecules and
nanodevices [103], and atomic gases on optical lattices [104].

Davidson and Jacobi-Davidson

The common idea of iterative diagonalization methods is to project the matrix to
be diagonalized onto a subspace much smaller than the complete Hilbert space.
The subspace, spanned by a set of orthonormal states{|uk〉}, is then expanded
in a stepwise manner so that the approximation to the extremal eigenstates im-
proves. At particular points in or at the end of the procedure, the representation of
the Hamiltonian matrix in this subspace is diagonalized. The resulting extremal
eigenvaluẽλk is called theRitz-valueand the corresponding eigenvector theRitz-
vector |ψ̃k〉. According to the Ritz variational principle,̃λk is always an upper
bound to the real ground-state energy, see, e.g., Ref. [64]. The error in applying
H to the eigenvector|ψ̃k〉 associated with the Ritz-valuẽλk is approximated by the
residual vector

|rk〉 = H|ψ̃k〉 − λ̃k|ψ̃k〉 . (3.8)

This expression would be exact ifλ̃k were replaced by the exact eigenvalueλk.
In the Lanczos procedure, the recursion is formulated so that the subspace is ex-
panded by the component of the residual vector|rk〉 orthogonal to the subspace.

In 1975, Davidson formulated an alternate iterative algorithm in which the
subspace is expanded in the following way [105]. The exact correction to the
Ritz-vector is given by

|z〉 = |ψ〉 − |ψ̃k〉
so that

(H − λk1) |z〉 = − (H − λk1) |ψ̃k〉 . (3.9)

Thus, solving
(H − λk1) |z〉 = −|rk〉 (3.10)
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would lead to the exact correction to|ψ̃k〉. This amounts toinverse iteration(see,
e.g., Ref. [85]). However, the exact eigenvalueλk is not known, and the numerical
solution of this linear system is of comparable numerical difficulty to the entire
diagonalization of the matrix. Davidson’s idea was to approximate the correction
vector|z〉 by

|z̃〉 = −(D − λ̃k1)−1|rk〉 , (3.11)

where the diagonal matrixD contains the diagonal elements ofH. This is a good
approximation ifH is diagonally dominant. IfD were replaced by the unit matrix
1, the Davidson algorithm would be equivalent to the Block Lanczos procedure.
Therefore, if the diagonal elements ofH were all the same, both methods would
have the same performance. For many problems, however, this variation of the di-
agonal elements is important and the Davidson algorithm converges more rapidly.

In its original formulation, the Davidson algorithm follows the procedure [105]:

0) If thekth eigenvalue is to be obtained, choose a subspace ofl ≥ k orthonor-
mal vectors|v1〉, |v2〉, . . . , |vl〉. In the following, the matrixB is the matrix
containing these vectors as columns.

1) i) Form and save the vectorsH|v1〉, H|v2〉, . . . , H|vl〉. In the following,
the matrixÃ is the matrix containing these vectors as columns.

ii) Construct the matrixA = 〈vi |H|vj〉 and diagonalize it, obtaining the
kth eigenvalueλ(l)

k and the corresponding eigenvector|α(l)
k 〉. The upper

index (l) denotes that this eigenpair was obtained by keepingl vectors
for building the matrixA.

2) Form the residual vector corresponding to thekth eigenvector,

|ql〉 =
(
Ã − λ(l)

k B
)
|α(l)

k 〉.

3) Calculate the norm| |ql〉 |. If | |ql〉 | < ε, accept this eigenpair, otherwise
continue.

4) Compute the correction vector|wl〉 = (D − λkI )−1|ql〉, whereD is a matrix
containing the diagonal elements ofA and I is the unit matrix. Orthonor-
malize|wl〉 against|v1〉, |v2〉, . . . , |vl〉 to form |vl+1〉. Expand the the matrix
B by adding|vl+1〉 as an additional column.

5) Form and save the vectorH|vl+1〉. Setl = l + 1 and continue with step 1).

Although the Davidson algorithm is somewhat more complicated to imple-
ment than the Lanczos algorithm, its convergence is usually of higher order than
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the Lanczos method and it is more stable. In particular, spurious ghost eigenval-
ues do not appear. The disadvantages compared to Lanczos are that〈ui |H|uj〉 is
not tridiagonal, andall the |ui〉 must be kept in order to carry out the explicit or-
thogonalization in step 4). Similarly to the Lanczos method, this algorithm can
fail for particular choices of the initial vector, e.g., if|u0〉 = |ψ0〉. In practice, one
performs a small number of Davidson iterations and, if necessary, restarts the pro-
cedure using the outcome of the previous iteration as initial vectors|v1〉, . . . , |vl〉.

A generalization of the original Davidson approach is given by the Jacobi-
Davidson method [106]. In this approach, one approximates the correction vector
|z〉 by (

H − λ̃k1
)
|z̃〉 = −|rk〉 − ε|uk〉 , (3.12)

whereε is chosen so that that〈uk|z̃〉 = 0. Here the preconditionerH is an eas-
ily invertible approximation toH. The choice of an optimal preconditioner is
non-trivial and must be tailored to suit the specific problem treated. The Jacobi-
Davidson method is more general and flexible than the Davidson method and does
not suffer from the lack of convergence when|u0〉 = |ψ0〉. It is (almost) equivalent
to the Davidson method whenH = D. Therefore, it is now widely used instead
of the Davidson algorithm, especially in quantum chemistry.

An additional advantage of the Jacobi-Davidson algorithm over the Davidson
procedure is that it can be applied to generalized eigenvalue problems,

A |x〉 = λ B |x〉, (3.13)

whereA, B are general, complexn× n matrices [106].

3.2 Time Evolution with the Lanczos Method

Using numerical diagonalization procedures, the most straightforward way to
compute the time-evolution of an initial state|ψ0〉 is to fully diagonalize the Hamil-
tonian and compute the wave function at the desired instant of time via

|ψ(t)〉 =
∑

n

e−iEnt 〈n|ψ0〉 |n〉, (3.14)

with En and |n〉 the eigenvalues and eigenstates of the Hamiltonian, respectively.
Unfortunately, as we have seen before, this is only possible for small system sizes.
However, generalizing the Lanczos method makes it possible to treat somewhat
larger systems with a very high precision, while the additional effort remains com-
parable to the one when calculating ground states.

The time-dependent Schrödinger equation, Eq. (2.2), is a first-order ODE
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which can be numerically solved directly by approximate explicit or implicit inte-
gration schemes. An example of an explicit scheme is the 4th order Runge-Kutta
method [85], where the next time step is obtained via

|ψ(t + dt)〉 ≈ |ψ(t)〉 + 1
6

(|k1〉 + 2(|k2〉 + |k3〉) + |k4〉)
|k1〉 = dt ·

(
−iĤ|ψ(t)〉

)
|k2〉 = dt ·

(
−iĤ

(
|ψ(t)〉 + dt

2
|k1〉

))

|k3〉 = dt ·
(
−iĤ

(
|ψ(t)〉 + dt

2
|k1〉 + dt

2
|k2〉

))

|k4〉 = dt ·
(
−iĤ

(
|ψ(t)〉 + dt

2
|k1〉 + dt

2
|k2〉 + dt|k3〉

))
. (3.15)

These expressions rely on the operationĤ|ψ(t)〉. Thus, in principle, an efficient
implementation of an iterative diagonalization procedure can be easily expanded
for computing time evolution of the system.

This integration scheme is a standard approach, with an errorε ∝ (dt)4, but
does not conserve unitarity. An alternative, implicit integration scheme conserv-
ing unitarity is the Crank-Nicholson procedure [85]

|ψ(t + dt)〉 ≈ 1− iĤ(t)δt/2

1+ iĤ(t)δt/2
|ψ(t)〉 . (3.16)

In this method, the most costly numerical step is the calculation of the inverse (the
denominator in Eq. 3.16), which can be carried out using, e.g., a biconjugate gra-
dient approach [107]. The accuracy of this operation also determines the error of
this approach. In principle, other, more involved implicit and explicit integration
schemes are known (see, e.g., Ref. [85]), but we refrain from discussing them here
and turn to an algorithm which we find to work very accurately.

An alternative to the direct integration of the Schrödinger equation is to treat
the formal solution

|ψ(t)〉 = Û |ψ(t)〉 (3.17)

with the time evolution operator̂U = e−iĤt. Thus, it is necessary to treat the
exponential of a, in our case usually sparse, matrix. In Ref. [108] a number of
methods for computing this matrix exponential are discussed. As it turns out,
when computing products of matrix exponentials with vectors, e.g.,eA |ψ〉, Krylov-
space methods can be formulated which are considered to belong to the most
efficient approaches.

By projecting the time evolution operator through one interval [t, t + dt] onto
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the basis ofn Lanczos vectors, one obtains [108, 109]

|ψ(t + dt)〉 = e−idt Ĥ |ψ(t)〉 ≈ Vn(t) e−idt Tn(t) VT
n (t) |ψ(t)〉 , (3.18)

whereVn is the matrix containing all the Lanczos vectors{|uj〉} andTn is the re-
sultant tridiagonal matrix representation of the Hamiltonian in the same subspace.
Again, an efficient implementation of an iterative diagonalization procedure can
be easily extended to implement this algorithm. Compared to the Lanczos pro-
cedure in equilibrium, it is necessary to store the matrixVn, making the method
less memory efficient, i.e., the maximum system size is somewhat restricted com-
pared to the iterative diagonalization procedure. However, as discussed below,
for typical situations, it is sufficient to keep onlyn < 20 Lanczos vectors, which
is only a minor restriction considering the exponential increase of the memory
needed when increasing the system size. The matrix exponentiale−idt Tn is then
easily obtained by diagonalizing the small tridiagonal matrixTn.

It is possible to derive exact error bounds for this Lanczos approximation
scheme [109, 11, 110]. For hermitian matrices, one finds

εn := || |ψ(t + dt)〉 − |ψ(t + dt)〉approx||
≤ 12 exp

{
−(% dt)2

16n

} (
e% dt
4n

)n

, (3.19)

with n ≥ 1
2
% dt . (3.20)

Here || · || represents the Euclidean norm and% = |Emax− Emin| is the width of
the spectrum of the Hamiltonian. For typical situations one finds thatn < 20 is
sufficient.

However, in general,% is unknown and the error can thus not be computed.
It is necessary to formulate a stopping criterion for the Lanczos iteration. Based
on a generalization of the bound for a residual usually used for iterative solvers,
a useful stopping criterion, which has been found to work reliably [109], can be
formulated [110]. Following Refs. [109, 110], we use the stopping criterion

βn

∣∣∣[exp(−idtTn)
]
1,n

∣∣∣ |||un〉|| < tol (3.21)

in our calculations. Putting these steps together, as proposed in Ref. [109], the
algorithm for the Lanczos time evolution method is

1. ObtainVn andTn by performing the Lanczos iteration scheme with|ψ(t)〉
as starting vector. Stop the iteration if the stopping criterion, Eq. (3.21), is
fulfilled. Orthogonalize the Lanczos vectors to each other so that numerical
round-off errors are avoided.
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Figure 3.2: Error of the Lanczos time evolution method computed for a system of
spinless fermions withL = 16 lattice sites, which is accessible to full diagonal-
ization of the Hamiltonian matrix. The error shown is 1− |〈ψLanczos|ψFD〉(t)|2. (The
displayed data shows results obtained within a calculation time of 24 h on a NEC
SX-8).

2. Compute|ψ(t + dt)〉 = Vn(t) e−idt Tn(t) VT
n (t) |ψ(t)〉.

3. If of interest, calculate observables at this time step.

4. Continue starting with step 2 and replacing|ψ(t)〉 by |ψ(t + dt)〉 until tmax is
reached.

For the systems discussed in this thesis and with the present code, it is possible
to calculate the time-evolution for up toL = 26 sites for spinless fermions, or
L = 16 sites for soft-core bosons, respectively, using this Krylov-space approach.
Using a highly optimized code, somewhat larger system sizes can be reached, but,
as discussed above, they would still be quite small. Using the extension of the
DMRG to treat time-dependent problems, it is possible to treat the same system
sizes much faster and to reach larger systems, as discussed in the next chapters.
Nevertheless, it is crucial to have exact, reliable results for smaller systems for
testing the various variants of the t-DMRG.

In Fig. 3.2, the evolution of the error with time is shown. The error displayed
is the error in the overlap between the state at timet obtained with full diago-
nalization,|ψFD〉(t), and with the Lanczos method,|ψLanczos〉(t). The plots display
1 − |〈ψLanczos|ψFD〉(t)|2. (Note that this quantity is roughly the square of the error
defined in Eq. (3.19)). As can be seen, the error is very small.
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In Fig. 3.2 (a), the number of Lanczos vectorsmL used during the time evo-
lution is kept fixed tomL = 5 and the time step is changed. In Fig. 3.2 (b), the
time step is fixed todt = 0.01 and the number of Lanczos vectors is varied from
5 to 10. Since we are treating the system with complete diagonalization,% is
known and the error bound (3.19) can be computed. The error estimate obtained
in this way is much higher than the error obtained in the simulation. When using
mL = 5 anddt = 0.01, the error estimate from Eq. (3.19) for one time step is
|| |ψLanczos〉 − |ψFD〉 || ≈ 0.09. After 10000 time-steps at timet = 100, the error
in the overlap is≈ 3.5%, a number which is of the order of the error estimate,
Eq. (3.19), for asingletime step. For more complicated situations when% is not
accessible, the stopping criterion, Eq. (3.21), is used. The parameters used for the
calculations presented are tol< 10−13, dt = 0.0005 and the minimum number of
Lanczos vectorsmL,min = 10. For the systems of interest with sizes accessible to
full diagonalization, we find that these quite strong restrictions lead to an error
of the order of the machine precision for all times computed. Thus, results for
the time evolution obtained using the Lanczos method are considered to beexact
in the following. This is particularly important when testing the accuracy of the
time-dependent DMRG presented in chapter 6.





Chapter 4

The Density Matrix
Renormalization Group Method for
Systems in Equilibrium

The basic idea of the density-matrix renormalization group method is to represent
one or more states of a finite system approximately by dividing the system in two
and retaining only them most highly weighted eigenstates of the reduced density
matrix of the partial system. The combination of thenumerical renormalization
groupapproach (NRG) developed by Wilson [16] and the superblock algorithms
developed by White and Noack [111] leads to a very powerful and efficient tool
for the investigation of one-dimensional strongly correlated quantum systems on
a lattice. Reviews can be found in Refs. [2, 3, 4, 112].

As depicted in Fig. 4.1, the key steps are toincreasethe number of degrees
of freedom of the partial system by adding sites, then todecreasethe number of
degrees of freedom by retaining states above a cutoff. In this way, the method
carries out a renormalization group procedure closely related to Wilson’s NRG,
who was awarded the Nobel prize in physics in 1982 for his renormalization group
theory for critical phenomena. The key idea of the NRG is to work in a restricted
basis composed of the lowest lying eigenstates of the Hamiltonian. It is then
possible to formulate a renormalization group (RG) transformation and to find the
fixed points of the RG flow. The NRG can be applied successfully to impurity
systems (e.g., to the Kondo problem) and is still being actively developed. In
particular, extensions for time-dependent problems have been formulated recently
[113]. An introduction to the NRG can be found in Ref. [4] and references therein.

As it turns out, the approach used by the NRG can only treat a restricted class
of systems accurately. The main reason for this is that the basis of energy eigen-
states is not always appropriate for representing all features of the system while
performing the renormalization group procedure. As a simple test system for
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Obtain |Ψ>

Obtain ρ
Diagonalize ρ

New basis: eigenstates of ρ

Cutoff after m states
RG−step 2: Decrease number of degrees of freedom:

into new basis with only m states
Transform system block

RG−step 1: Increase number of degrees of freedom:
Add exact site to old system block

Figure 4.1: Sketch of the lattice and flowchart of the DMRG iteration scheme.
The lattice is shown in the usual “superblock” configuration, where the left part of
the lattice is the subsystem which is used to compute the basis of density matrix
eigenstates. At the ‘dividing’ bond, two “exact” sites are added; the “sweep”
proceeds from left to right. The flowchart at the right shows the relevant steps of
the DMRG procedure as described in the text.

renormalization group methods, Wilson suggested treating a single quantum par-
ticle in a box. The NRG procedure is not able to find the real ground state. When
working in real space, adding the energy eigenstates of two subsystems will lead
to a wave function which differs significantly from the wave function of the full
system, as demonstrated in Fig. 4.2. In the following, we discuss how algorithms
for the solution of this basic problem have been formulated which, when extended
to interacting systems, lead to the DMRG.

4.1 RG-like methods for a particle in a box

For a single particle on a lattice modelled by the tight-binding model,

Htb = −
∑

j

t j

(
c†j cj+1 + c†j+1cj

)
. (4.1)

the basic idea of the NRG, i.e., to work in an effective basis obtained by retain-
ing only a part of the energy eigenstates, can be improved by applying a more
general set of boundary conditions to the subsystems building up the complete
system. When putting two subsystems (referred to as “blocks”) together, one can
apply fixed (vanishing wave function in the continuum limit) or free boundary
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Figure 4.2: Failure of the NRG procedure for a single quantum particle confined
in a box. Adding the energy eigenstates of two subsystems leads to a state signif-
icantly different to the real eigenstate of the combined system.

conditions (vanishing first derivative) by forming the matrix

Hbb′
2L =

(
H̄b,fixed

L T̄L

T̄†L H̄fixed,b′
L

)
. (4.2)

Here,H̄ is the Hamiltonian matrix on one of the blocks andT̄ contains the terms
connecting both blocks. Both operators are, in the course of the iteration, rep-
resented in an appropriate, effective basis, as discussed below. The boundary
conditionb can be fixed or free [111], and the HamiltonianHbb′

2L can then be diag-
onalized for all 4 combinations of boundary conditions to obtain a more general
set of basis functions. A transformation matrixOL is now constructed by taking
a small number of eigenstates from each set{b, b′} and orthogonalizing them nu-
merically using the Gram–Schmidt procedure, thus obtaining an undercomplete
set of basis states, resulting in an orthogonal transformation in an undercomplete
basis, as in the NRG. The new operators,H̄ andT̄, are obtained by transforming to
this new basis in order to prepare for the next step. This “combination of boundary
conditions” method works astoundingly well, producing the first few eigenvalues
to almost machine accuracy for a 2048-site lattice, keeping onlym = 8 states
[111]. Unfortunately, no good method has been found to extend these “combina-
tion of boundary conditions” methods to the general case of an interacting many-
particle system. The reason is that it is not clear that an appropriately general set
of boundary conditions can be found for a many-particle wave function, which is
a complicated function of the coordinates of all the particles. However, another
method developed in Ref. [111], called thesuperblockmethod, can be generalized
to interacting systems, leading to the DMRG. Rather than applying a general set
of boundary conditions to a block of sizeL, in the superblock method a new ba-
sis for H̄2L andT̄2L is formed based on the idea that these blocks will eventually
make up part of a larger system. In order to do this, a “superblock” (with periodic
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boundary conditions) made up ofp > 2 blocks is formed and diagonalized. For
example,

Hp=4
2L =


H̄L T̄L 0 T̄†L
T̄†L H̄L T̄L 0
0 T̄†L H̄L T̄L

T̄L 0 T̄†L H̄L

 . (4.3)

The transformation matrixO2L is then obtained by projecting them lowest–lying
eigenstates ofHp

2L onto the coordinates of the first two blocks, and then orthonor-
malizing the resulting vectors. In other words, ifuαj (with j = 1, . . . , 4m) is an
eigenvector of the superblock HamiltonianH4

2L, then projecting onto the coordi-
nates of the first two blocks means considering the first 2melementsj = 1, . . . , 2m
of uαj , assumingH̄L is anm×m matrix. The resulting vectors are then orthonor-
malized and give the column vectors of the transformation matrixO2L. This new
basis is used to transform the block-operators,H̄2L = O†2LH2LO2L and T̄2L =

O†2LT2LO2L, used as a starting point to build up the superblock in the next iteration
step.

The superblock method yields good results for the single-particle tight-binding
chain, albeit not as accurate as the fixed-free variant of the combination of bound-
ary conditions method [111]. In the subsequent sections we describe how DMRG
algorithms for interacting systems building on the superblock method can be for-
mulated.

It is worth mentioning that it is possible to treat the single particle on a tight-
binding chain, Hamiltonian (4.1), using an algorithm that is a direct adaptation
of the DMRG for interacting systems [114]. This algorithm is linear in the sys-
tem sizeL and involves diagonalizing only a 4× 4 matrix at each DMRG step
[115], since the effective basis obtained for each block can be shown to consists
of only one number for the non-interacting problem [114, 115]. Since the single-
particle algorithm contains the essential ingredients of the DMRG algorithm for
interacting systems, understanding the single-particle algorithm is useful in gain-
ing insight into the algorithm for interacting systems. Example implementations
of this algorithm can be found in [114], and as part of the ALPS application li-
brary [22, 23].



4.2. Density Matrix Projection for Interacting Systems 55

4.2 Density Matrix Projection for Interacting Sys-
tems

The density matrix renormalization group method is one of the most efficient nu-
merical methods for one-dimensional strongly correlated quantum systems. By
now, the method has been discussed in a number of review articles [2, 3, 4, 116].
In addition, a collection of papers using the DMRG or treating subjects connected
to the DMRG can be found in Ref. [117]; a survey is presented in Ref. [118].

As we have seen in Sec. 4.1, the crucial step of the superblock method is a
projection of the wave function of the superblock onto a subsystem, consisting
of two identical blocks in the algorithm for the noninteracting particle. Here we
consider how to carry out such a projection for a many-body wave function in an
optimal way. In order to do this, we briefly review the general quantum mechani-
cal description of a system divided into two parts.

The density matrix is the most general description of a quantum mechanical
system because, in contrast to a description in terms of the wave function, it can
be used to describe a system in a mixed state as well as in a pure state [119, 120].
For a general, mixed state, the density matrix of a system is given by

ρ =
∑
α

Cα |Ψα〉〈Ψα| , (4.4)

where the coefficientsCα are the weights of the states in the mixed ensemble and
are normalized so that Trρ = 1. The density matrix for a system in a pure state
would have just one term in the sum. Givenρ, a subsystemA can be described
by tracing out the degrees of freedom| j〉 of the rest of the system, yielding the
reduced density matrix

ρA = Tr| j〉 ρ . (4.5)

The eigenstates ofρA form a complete basis for the subsystemA; its eigenvalues
wα give the weight of stateα in the ensemble and carry the information about the
entanglement of the subsystem with the rest of the system. The amount of entan-
glement can be quantified by the mutual quantum information (orvon Neumann)
entropy

S(ρ) = −Tr| j〉
(
ρ logρ

)
= −

∑
α

wα logwα . (4.6)

This feature makes a connection between the DMRG and quantum information
theory, which is an active topic of current research. If a system in a pure state|ψ〉
is divided into two parts (A and B),|ψ〉 can be expressed in terms of the eigenstates
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of the reduced density matrices of part A,|φα〉, and part B,|χα〉 using theSchmidt
decomposition[121, 122]

|ψ〉 =
∑
α

√
wα |φα〉 |χα〉 . (4.7)

Here the sum is over the nonzero eigenvalueswα of the density matrices of either
part, which can be shown to be the same. The dependence of the eigenvalues
wα on α relies on the wave function considered and on how the two subsystems
are chosen. If only a small number (i.e., substantially less than the dimension
of the smallest of the two density matrices) of thewα are nonzero,|ψ〉 can be
represented exactly by the sum over the corresponding states. If thewα fall off
sufficiently rapidly withα, |ψ〉 can be well approximated by truncating the sum
in Eq. (4.7) to them eigenstates of the density matrix with the largest eigenval-
ues. This is the case for, e.g., one-dimensional quantum many-body systems with
a gapped spectrum, i.e., away from a quantum critical point, for whichwα falls
off exponentially. The behavior of thewα for various quasi one-dimensional and
two dimensional systems is discussed in Ref. [3]. A useful approximation can be
achieved ifm can be taken to be much smaller than the dimension of the eigenba-
sis of the density matrix. This approximation can be shown to be optimal in the
sense of a least-squares minimization of the differences between the exact|ψ〉 and
the approximate one [123] and is equivalent to the singular value decomposition
[85]. Finally, if thewα fall off too slowly or not at all, a truncation of the Schmidt
decomposition becomes a bad approximation for|ψ〉. The worst case is when all
thewα are equal, which occurs for a maximally entangled state. A representation
optimized for multiple states rather than just|ψ〉 can be constructed by including
additional states (called “target states”) in the density matrix, Eq. (4.4) with ap-
propriate weightsCα. However, the density-matrix eigenstates now have to be
selected such that all target states can be represented well; a rough estimate is that
for each target state the same number of density-matrix eigenstates is needed in
order to obtain the same accuracy, so that, roughly,m is expected to grow propor-
tionally with the number of target states. Now, we focus on the case with only
one target state. A measure for the error of this approximation is the sum over the
weights of the discarded density-matrix eigenstates,

εdiscard=

N∑
m

wα, (4.8)

with N the dimension of the system’s Hilbert space. This is called thediscarded
weight. In typical DMRG runs, after having reached convergence, one obtains
εdiscard∼ 10−6−10−9 by keeping onlym= 1000 or less density matrix eigenstates.
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Thus, using the basis of density matrix eigenstates, an “optimal” description
for a quantum many-body system can be found (for details, see Ref. [114]). In the
usual case, the calculation is performed in order to obtain the ground state of the
system in a particular symmetry sector of the Hilbert space. Thus, only one target
state is kept and the density matrix, Eq. (4.4), has just one term in the sum. Here
and in the following, we will therefore discuss the procedure for a calculation with
a single target state; the generalization to multiple target states is straightforward.
The basic procedure to carry out the truncation is then:

1. Obtain the ground state|ψ〉 of a finite lattice system using an iterative diag-
onalization procedure (e.g., the Lanczos or Davidson algorithms).

2. Divide the system in two and obtain themmost important eigenstates of the
reduced density matrix of one of the subsystems.

3. Transform the system block into the new (approximate) basis with onlym
states.

In the following, the implementation of the DMRG is discussed. For pedagogi-
cal example implementations for the noninteracting case, we refer the reader to
Refs. [23, 114].

4.3 DMRG Algorithms

The goal in formulating DMRG algorithms is to embed an NRG-like iterative
buildup and truncation of a system, termed “system block”, in a larger system, the
superblock. As described in the previous section, an iterative diagonalization is
carried out on the superblock to obtain the ground state and possibly some other
states, and the eigenstates of the corresponding reduced density matrix with the
largest weights are used to form a new truncated basis for the system block. In
order to construct DMRG algorithms, two elements of the procedure must still be
formulated: how the system block is built up, i.e., how degrees of freedom are
added, and how the remainder of the superblock, termed “environment” or “en-
vironment block”, is chosen. In the NRG a single site at a time is added to the
system, allowing a substantial fraction of the energy eigenstates (1/N`, whereN` is
the number of states on site`) to be kept at each step. In the DMRG, it is also im-
portant to minimize the number of degrees of freedom, especially since the system
to be diagonalized, the superblock, contains many additional degrees of freedom
in the environment block. Therefore, a single site is added to the system block at
each step in almost all variants of the DMRG algorithm. There is more freedom
to choose how the environment block is constructed: the algorithms generally fall



58
Chapter 4. The Density Matrix Renormalization Group Method for Systems

in Equilibrium

H H ll

H

R

l+1

Figure 4.3: Typical superblock configuration for DMRG algorithms.

into two classes, depending on how the superblock evolves with iteration. In the
infinite system procedure, the size of the superblock increases at each step in a
fashion reminiscent of the NRG, and in the finite system procedure, the environ-
ment block is chosen so that the size of the superblock remains constant, allowing
an iterative improvement of the wave function or wave functions for one particular
finite system.

4.3.1 Infinite System Algorithm

In the infinite system algorithm, the environment block is chosen to be a reflection
of the system block, (usually) including the added site. Therefore, the superblock
grows by two sites at each iteration (as opposed to one site in the NRG) and the
algorithm can be used to scale towards the infinite system fixed point, or, as we
will see, can be used to build up an initial approximation to a system of a particular
size, which can then be further improved with the finite system procedure. Such
additional finite system iteration is necessary for most systems because the infinite
system algorithm is not guaranteed to achieve variational convergence with the
number of states kept, see Refs. [114, 124].

The infinite system algorithm for the calculation of the ground state of a one-
dimensional reflection symmetric lattice proceeds as follows.

1. Form a superblock containingL sites which is small enough to be exactly
diagonalized.

2. Diagonalize the superblock HamiltonianHsuper
L numerically, obtainingonly

the ground state eigenvalue and eigenvectorψ using the Lanczos or David-
son algorithm.

3. Form the reduced density matrixρii ′ for the current system block fromψ
usingρii ′ =

∑
j ψ
∗
i jψi′ j, where|i〉 is the basis of the system block of size`+1,

| j〉 the basis of the corresponding environment block, andψi j = 〈i| 〈 j|ψ〉.
Note that̀ ′ = ` = L/2− 1.
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4. Diagonalizeρii ′ with a dense matrix diagonalization routine to obtain them
eigenvectors with the largest eigenvalues.

5. Construct the Hamiltonian matrixH`+1 of the new system block (i.e., the
left block A + s) and other operators needed in the course of the iteration
(e.g., observables). Transform them to the reduced density matrix eigenba-
sis usingH̄α

`+1 = O†LHα
`+1OL, Ā`+1 = O†LA`+1OL, etc., where the columns of

OL contain themeigenvectors ofρii ′ with the highest eigenvalues, andA`+1

is an operator in the system block.

6. Form a superblock of sizeL + 2 usingH̄`+1, two single sites and̄HR
`+1.

7. Repeat starting with step 2, substitutingHsuper
L+2 for Hsuper

L .

The implementation details for the individual steps will be described in Sec. 4.3.3.
In order to obtain an efficient program, bases and operators should be decomposed
according to the symmetries of the Hamiltonian whenever possible. For an intro-
duction to the use of symmetries within the DMRG framework, see Ref. [88].

This procedure has been formulated to obtain only the ground state, but it is
easy to extend it to multiple target states by constructing additional states during
step 2, either by continuing the diagonalization to obtain excited states or by ap-
plying operators to|ψ〉. These additional states are then mixed into the reduced
density matrix in step 3 with appropriate weights, as discussed in Sec. 4.2.

Here a reflection-symmetric one-dimensional system has been assumed. It is
possible to generalize the infinite system algorithm to non-reflection-symmetric
lattices by building up the left half and the right half of the system alternately.
However, such algorithms have not been particularly important because the finite
system algorithm, discussed below, can treat such cases and can be generalized to
systems that are not one-dimensional chains.

The results of the procedure are the energies and wave functions obtained in
step 2. At this point, matrix elements of operators within a state and between states
can be calculated, provided that the operators have been formed in the appropriate
basis, i.e., the same basis in which|ψ〉 is represented in step 2.

4.3.2 Finite System Algorithm

The infinite system method has the weakness that the wave function targeted at
each step is different because the lattice size is different. This can lead to poor
convergence or complete lack of convergence withm if the wave function changes
qualitatively between steps. This can occur for states with some incommensura-
tion with the lattice caused by, for example, fermions with a non-integral filling or
excited states characterized by a particular wavevector.
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Figure 4.4: A schematic depiction of a step in the finite system algorithm.

Therefore, an algorithm in which the same finite system is treated at each
step is very useful. Instead of convergence to an infinite-system fixed point with
iteration, there is variational convergence to the wave function or set of wave
functions for a particular finite system. Such an algorithm can be formulated
by choosing a block of appropriate size from a previous step as the environment
block.

The finite system algorithm for finding the ground state on a one-dimensional
lattice proceeds as follows:

0. Carry out the infinite system algorithm or another buildup procedure un-
til the superblock reaches sizeL, storing H̄` and the operators needed to
connect the blocks at each step.

1. Carry out steps 3-5 of the infinite system algorithm to obtainH̄`+1. Store it.
(Now ` , `′.)

2. Form a superblock of sizeL using H̄`+1, two single sites and̄HR
`′−1. The

superblock configuration is shown in Fig. 4.4 where`′ = L − ` − 2.

3. Repeat steps 1-2 until` = L − 3 (i.e. `′ = 1). This is theleft to right phase
of the algorithm.

4. Carry out steps 3-5 of the infinite system algorithm, reversing the roles of
H̄` andH̄R

`′ , i.e. switch directions to build up the right block and obtainH̄R
`′+1

using the stored̄H` as the environment. StorēHR
`′+1.

5. Form a superblock of sizeL usingH̄`−1, two single sites and̄HR
`′+1.

6. Repeat steps 4-5 until` = 1. This is theright to leftphase of the algorithm.

7. Repeat starting with step 1.

This procedure is illustrated schematically in Fig. 4.4.
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One iteration of the outermost loop is usually called a finite system iteration
or finite system sweep. If the lattice is reflection symmetric, the procedure can be
shortened by reversing direction at the reflection symmetric point,` = L/2 − 1,
i.e., by using the reflection symmetry to interchange the role of the left and right
blocks at this point. In this formulation, we have assumed that the infinite system
algorithm can be carried out to build up the lattice to the desired size and to gen-
erate an initial set of environment blocks. If this is not the case, the finite system
method can still be applied if a reasonable approximation is used for the environ-
ment block in the first finite system sweep. The simplest such approximation is to
use a null environment block, which is equivalent to the Wilson NRG procedure;
a better one is to use a few exactly treated sites as the environment. As long as
this initial procedure does not lead to a system block basis that is too bad, con-
vergence is reached after a relatively small number of finite system iterations for
most systems, typically between 2 and 10 for one-dimensional systems.

Note that, as in the infinite system algorithm, it is also possible to obtain results
for several target states by mixing additional states into the density matrix in step
3.

We show an example of the behavior of the ground-state energy in the course
of a DMRG run for the half-filled one-dimensional Hubbard model in Fig. 4.5.
Note that the convergence is clearly variational and that there is a significant
downwards jump in the energy when the direction is changed at the middle of
the chain in the finite system algorithm. This is due to a qualitative improvement
in the representation of the system at the point where the reflected system block
can also be used as the environment block.

Since its introduction in 1992, the DMRG has become a standard method for
obtaining the ground-state properties of one-dimensional short-range quantum lat-
tice models. Among the first and most extensive areas of application have been
spin chains with half-integral and integral spin [1, 123, 125], as well as frustrated
spin chains [126]. One-dimensional fermionic systems [127, 128, 129] have been
treated in many variations. Since the amount of work done on such models is
quite large, a comprehensive survey is beyond the scope of this thesis; we refer
the reader to [2, 116, 3, 112] for further references.

4.3.3 Programming Details

In this section, we discuss the details of implementing the DMRG algorithm, pay-
ing particular regard to efficiency. We follow Ref. [2] in that we take the one-
dimensional Heisenberg model with nearest-neighbor exchange term

S̀ · S̀ +1 = Sz
`S

z
`+1 +

1
2
(
S+` S−`+1 + S−` S+`+1

)
(4.9)
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Figure 4.5: Convergence of the DMRG for a one-dimensional Hubbard model of
lengthL = 1024 withU/t = 4 at half-filling. The absolute error in the ground-
state energy when comparing to the exact ground state energy obtained from the
Bethe Ansatz is shown in (a), while in (b) the relative error is displayed. “Position”
refers to the position at which a site is added. The infinite system algorithm (not
shown) followed by ten sweeps of the reflection-symmetric version of the finite
system algorithm are carried out.

as an example. Generalization to other short-range Hamiltonians is straightfor-
ward. Any DMRG program will contain the following three crucial elements:

1. The addition of two blocks (usually the system block and a site).

2. The multiplicationHsuper|ψ〉.
3. The basis transformation of relevant operators on a block to the truncated

basis of density matrix eigenstates.

When two blocks are added, the part of the Hamiltonian internal to each block
as well as all terms connecting the two blocks must be constructed. For the exam-
ple, the terms that must be constructed are

[H12] ii ′ ; j j ′ = [H1] ii ′ δ j j ′ + δii ′ [H2] j j ′ +
[
Sz
`

]
ii ′

[
Sz
`+1

]
j j ′

+
1
2

([
S+`

]
ii ′

[
S−`+1

]
j j ′ +

[
S−`

]
ii ′

[
S+`+1

]
j j ′
)
. (4.10)

Note that the matrix representation of each operator appearing in Eq. (4.10) must
be available in the current basis; such operators must be constructed and trans-
formed at each appropriate previous step.
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The multiplicationHsuper|ψ〉 is the most time-consuming operation in the DMRG
algorithm. The following is an efficient procedure to perform this operation within
the framework of the DMRG; it should be regarded as the standard method. As-
suming that the system is bipartite, the superblock Hamiltonian can be constructed
using [

Hsuper]
i j ;i′ j′ =

∑
α

Aα
ii ′B

α
j j ′ , (4.11)

where theAα are the matrix representations of the appropriate operators on the
left block, and theBα on the right block. The indexα iterates over all pairs of
operators that are needed to construct the superblock Hamiltonian, as given in
Eq. (4.10), for the example system. The product with the wave function in the
appropriate superblock configuration is then∑

i′ j′

[
Hsuper]

i j ;i′ j′ ψi′ j′ =
∑
α

∑
i′

Aα
ii ′

∑
j′

Bα
j j ′ψi′ j′ . (4.12)

For eachα, this expression is equivalent to the multiplication of three matrices

Hsuperψ =
∑
α

Aα
(
BαψT

)T
, (4.13)

which can be carried out in orderm3 operations. Note that when using complex
arithmetics the same expression is valid.

In the course of the DMRG procedure, all of the above matrices as well as
the operators required to calculate desired observables must be transformed into
the new truncated basis given by them density-matrix eigenvectors with largest
weight. If the transformation matrixOi j ;α is composed ofm basis vectorsuαi j , the
operatorAi j ;i′ j′ is transformed as

Aαα′ =
∑

i, j,i′, j′
O∗i j ;αAi j ;i′ j′Oi′ j′;α′ , (4.14)

leading to a reduction of the dimension of the matrix representingA from (m1m2)×
(m1m2) to m×m.

In order to make the above procedures as efficient as possible, it is necessary to
exploit the symmetries of the system, like, e.g, conservation of the particle num-
ber. The sums over sets of states can be divided up into sectors corresponding to
different quantum numbers. Once this is done, only the nonzero parts of the ma-
trix representations of the operators which connect particular quantum numbers
must be stored and the multiplications can be decomposed into sums over multi-
plications of these non-vanishing pieces. Use of non-Abelian symmetries is also
possible, but is substantially more difficult [130, 131, 132]. In order to treat large
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systems and makem as large as possible, it is also important to minimize the use
of main memory. This can be done by storing the matrix representations of oper-
ators not currently needed on secondary storage. In particular, relevant operators
for blocks that are not needed in the superblock configuration at a given step of
the finite system procedure, but which will be needed in a subsequent step, need
not be retained in primary storage.

4.3.4 Measurements

What are termed “measurements” in the DMRG framework are expectation val-
ues of operators calculated within a state or between states of the superblock,
which are obtained in the iterative diagonalization step. The procedure is straight-
forward, provided that the necessary operators are available in the appropriate
basis. Given a stateψi j of the two-block system, the single-site expectation value
〈ψ|Sz

`|ψ〉 is given by

〈ψ|Sz
` |ψ〉 =

∑
i,i′, j

ψ∗i j [Sz
`] ii ′ ψi′ j . (4.15)

The matrix representation [Sz
`] ii ′ is constructed when the site` is added to the sys-

tem block, and must be transformed at each subsequent step so that it is available
in the basis|i〉.

For expectation values of operators on two different sites, such as the correla-
tion function〈ψ|Sz

`S
z
m|ψ〉, how the operators are constructed depends on whether

the two sites̀ andmare on the same or on different blocks. If they are located on
different blocks, then the expectation value can be formed using

〈ψ|Sz
`S

z
m|ψ〉 =

∑
i,i′, j, j′

ψ∗i j [Sz
`] ii ′ [S

z
m] j j ′ ψi′ j′ , (4.16)

where [Sz
`] ii ′ and [Sz

m] j j ′ are the individual single-site operators. However, if` and
m are on thesameblock, the expression

〈ψ|Sz
`S

z
m|ψ〉 ≈

∑
i,i′,i′′, j

ψ∗i j [Sz
`] ii ′ [S

z
m] i′ i′′ ψi′′ j (4.17)

is incorrectwithin the approximation forψi j because the sum overi′ extends over
the current truncated basis rather than a complete set of states. The correct way to
calculate the two-site expectation value is to use the relation

〈ψ|Sz
`S

z
m|ψ〉 =

∑
i,i′, j

ψ∗i j [Sz
`S

z
m] ii ′ ψi′ j , (4.18)

where the operator [Sz
`S

z
m] ii ′ has been calculated at the appropriate step; this is
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l l+1 l+2 l+31 ... ... L

Figure 4.6: Superblock configuration relevant for the wave function transforma-
tion.

correct within the variational approximation forψi j . The general rule is that com-
pound operators internal to a block must be accumulated as the calculation pro-
ceeds. In this way, almost all correlation functions as well as more complicated
equal-time expectation values can be calculated.

Recent developments have made the calculation of dynamical correlation func-
tions possible. These extensions of the DMRG are usually referred to asdynami-
cal DMRG (DDMRG), see Refs. [58, 133, 134, 135, 136]. In chapter 6 we discuss
the extension of the DMRG for time-dependent quantities.

4.3.5 Wave Function Transformations

The most time-consuming part of the DMRG algorithm is the iterative diagonal-
ization of the superblock Hamiltonian. Here we discuss how to optimize this
procedure significantly by reducing the number of steps in the iterative diagonal-
ization, in some cases by up to an order of magnitude.

As discussed in Sec. 3.1.2, the key operation and most time-consuming part
of any iterative diagonalization procedure is the multiplication of the Hamiltonian
and an arbitrary wave function, i.e., the operationHsuperψ in the DMRG. Typi-
cally, of the order of 40-100 such multiplications are required to reach conver-
gence. Reducing this number would thus directly lead to a proportional speedup
of the diagonalization. If the Davidson or Lanczos procedure were started with a
wavevector that is a good approximation to the desired wavevector, much fewer
iterations would be required. Since an approximation to the same system is treated
at each step of the finite system algorithm, an obvious starting point is the result
|ψ`0〉 of a previous finite system step. However, this wave function is not in an
appropriate basis forHsuper because it was obtained using a different superblock
configuration. In order to be able to perform the multiplicationHsuper

`+1 |ψ`0〉, the
wave function must be transformed from the basis at step` to a basis suitable to
describe the system configuration at step` + 1.

At step`, a state in the superblock basis is given by

|α` s̀ +1 s̀ +2 β`+3〉 = |α`〉 ⊗ |s̀ +1〉 ⊗ |s̀ +2〉 ⊗ |β`+3〉 , (4.19)
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where|α`〉 is the basis of the left block containing sites 1, . . . , `, |s̀ +1〉, |s̀ +2〉 are
the bases of the single sites,` + 1 and` + 2, and|β`+3〉 is the basis of the right
block in the four-block description of the superblock, as depicted in Fig. 4.3.5.
Assuming the algorithm is building up the system block from left to right, these
states must be transformed to the configuration of the superblock at step`+1 with
basis

|α`+1 s̀ +2 s̀ +3 β`+4〉 . (4.20)

This transformation is performed in two steps. The left block is transformed from
the original product basis{|α`〉 ⊗ |s̀ +1〉} to the effective density-matrix basis ob-
tained at the end of the previous DMRG step,{|α`+1〉} using

|α`+1〉 =
∑

s̀ +1,α`

L`+1[ s̀ +1]α`+1,α` |α`〉 ⊗ |s̀ +1〉 . (4.21)

The transformation matrixLl+1[sl+1]αl+1,α` contains the density-matrix eigenvectors
uα`+1

s̀ +1α` and is a simple rearrangement of the matrix elements of the transformation
matrixOs̀ +1α` ;α`+1 used in Eq. (4.14) for the transformation of operators to the new
(truncated) density matrix basis. Similarly, for the right basis one defines

|β`+3〉 =
∑

s̀ +3,βl+4

R`+3[ s̀ +3]β`+3,β`+4|s̀ +3〉 ⊗ |β`+4〉 . (4.22)

Transformation matrices similar toLl+1[sl+1]αl+1,α` andR`+3[ s̀ +3]β`+3,β`+4 were intro-
duced by Östlund and Rommer in Ref. [137], where they show that the resultant
wave function is a so calledmatrix product state.

To perform the wave function transformation needed for the left-to-right part
of the DMRG, we expand the superblock wave function at step` as

|ψ〉 =
∑

α`,s̀ +1,s̀ +2,β`+3

ψ(α`, s̀ +1, s̀ +2, β`+3) |α` s̀ +1 s̀ +2 β`+3〉 . (4.23)

The basis transformation is formally performed by inserting
∑
α`+1
|α`+1〉〈α`+1|.

Since there is a truncation, this is only an approximation,∑
α`+1

|α`+1〉〈α`+1| ≈ 1 . (4.24)

The coefficients of the wave function in the new basis therefore become

ψ(α`+1, s̀ +2, s̀ +3, β`+4) ≈∑
α`,s̀ +1,β`+3

L`+1[ s̀ +1]α`+1,α` ψ(α`, s̀ +1, s̀ +2, β`+3) R`+3[ s̀ +3]β`+3,β`+4 .
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It is convenient to perform the procedure in two steps:

1. Form the intermediate result

ψ(α`+1, s̀ +2, β`+3) =
∑
α`,s̀ +1

L`+1[ s̀ +1]α`+1,α`ψ(α`, s̀ +1, s̀ +2, β`+3) . (4.25)

2. Then form

ψ(α`+1, s̀ +2, s̀ +3, β`+4) =
∑
β`+3

ψ(α`+1, s̀ +2, β`+3)R
`+3[ s̀ +3]β`+3,β`+4 . (4.26)

An analogous transformation is used for a step in the right-to-left sweep.
The wave function transformations are relatively inexpensive in CPU time and

in memory compared to other steps of the DMRG procedure. In addition to lead-
ing to faster convergence in the iterative diagonalization due to the good starting
vector, wave function transformations also allow the convergence criterium of the
Davidson or Lanczos algorithm to be relaxed so that the variational error in the
iterative diagonalization is comparable to the variational error of the DMRG trun-
cation, saving additional iterations. Normally such a relaxation would lead to the
strong possibility of convergence to a qualitatively incorrect state. However, since
the initial state comes from a diagonalization of the same finite lattice, there is
little danger of this occuring.

Implementing this transformation requires saving the transformation matrices
L [ s̀ ] andR[ s̀ ] at every finite-system step, which was not necessary in the orig-
inal formulation of the algorithm. In an efficient implementation of the DMRG
algorithm, the transformation matrices (as well as the matrices needed to describe
blocks not currently needed) are stored on hard disk. This additionally makes
it possible to reconstruct all operatorsafter the final ground state wave function
|ψ0〉 has been obtained, which saves memory during the DMRG run when many
measurements are made.





Chapter 5

Applying the DMRG:
Susceptibilities and Correlation
Functions of the Ionic Hubbard
Model

5.1 Introduction

In this chapter, we apply the DMRG method discussed in the previous chapter and
use it to clarify controversial issues on the quantum critical behavior of the so-
calledionic Hubbard model (IHM). In particular, we focus on the strong-coupling
phase. As discussed below, the phase is expected to be a Mott insulator, but, as the
numerical calculation using the DMRG shows, with unexpected properties such
as adivergingelectrical susceptibility.

Theoretical studies of the IHM date back as far as the early seventies (see
Ref. [138] and references therein). The model consists of the usual Hubbard
model with on-site Coulomb repulsionU, Eq. (2.6), supplemented by an alter-
nating one-particle potential of strengthδ. It has been used to study the neutral to
ionic transition in organic charge-transfer salts [139, 138] and to understand the
ferroelectric transition in perovskite materials [140]. Based on results obtained
from numerical [141, 142] and approximate methods [143, 144], it was gener-
ally believed that, at temperatureT = 0 and for fixedδ, a single phase transition
occurs ifU is varied. This quantum phase transition was also interpreted as an
insulator-insulator transition from a band insulator (U � δ) to a correlated insu-
lator (U � δ). In 1999, Fabrizio, Gogolin, and Nersesyan used bosonization to
derive a field-theoretical model which they argued to be the effective low-energy
model of the one-dimensional IHM [12]. Surprisingly, the authors found, us-

69
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ing various approximations, that the field-theoretical model displaystwoquantum
critical points asU is varied for fixedδ. ForU < Uc1 the system is a band insulator
(with finite bosonic spin and charge gaps), as expected from general arguments. At
the first transition pointUc1, they found Ising critical behavior as well as metallic
behavior in the sense that the gap to the bosonic charge modes goes to zero at the
critical point only. In the intermediate regime,Uc1 < U < Uc2, a spontaneously
dimerized insulator phase (in which the bosonic spin and charge gaps are finite)
was found. In this phase, the bond order (BO) parameter, which is the ground-
state expectation value of the staggered kinetic energy per bond (for details see
below), is finite. The authors argued that the system goes over into a correlated
insulator phase (in which the bosonic charge gap is finite) with vanishing bond
order and spin gap at a second critical pointUc2 which is of Kosterlitz-Thouless
(KT) type. Several groups have attempted to verify this phase diagram for the
IHM using mainly numerical methods. Variational and Green function Quantum
Monte Carlo (QMC) data obtained for the BO parameter, the electric polarization,
and the localization length were interpreted in favor of a scenario with a single
critical point Uc and finite BO forU > Uc [145]. In a different calculation us-
ing auxiliary-field QMC, data for the one-particle spectral weight were argued to
show two critical points with an intermediate metallic phase [146]. Exact diago-
nalization studies of the Berry phase [147] and energy gaps [148, 149, 150] have
been interpreted as favoring one critical point [149] or two points [147]; in two
investigations this issue was left unresolved [148, 150]. Several DMRG studies
have been performed focusing on different energy gaps, the localization length,
the BO parameter, the BO correlation function, different distribution functions,
and the optical conductivity [151, 152, 150, 153]. Some of the results have been
interpreted to be consistent with a two-critical-point scenario [151, 152, 153]. In
Ref. [150] the signature of only one phase transition was found and the possible
existence of a second transition was left undetermined. The phase diagram of the
IHM has also been studied using approximate methods such as the self-consistent
mean-field approximation [154, 155, 156], the slave-boson approximation [154],
and a real space renormalization group method [155]. Although these studies led
to interesting insights, the validity of the approximations in the vicinity of the
critical region can be questioned on general grounds.

In this chapter, we discuss theT = 0 phase diagram of the one-dimensional
IHM as discussed in detail in Ref. [129]. The results presented are mainly based
on DMRG calculations on systems with both open and periodic boundary condi-
tions (OBC’s and PBC’s).

We have calculated a number of different energy gaps, including the spin gap,
the one-particle gap (the energy difference of ground states withN + 1, N, and
N − 1 electrons), and the gaps to the first (in the literature sometimes referred to
as “excitonic gap”) and second excited states. As discussed in Refs. [129, 157],
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different gaps associated with charge degrees of freedom do not coincide in the
thermodynamic limit, although they are often believed to in the literature (see
also Refs. [150] and [152]). In order to obtain a comprehensive picture of the
ground-state phase diagram, we have studied the different phases (as a function
of U) for differentδ’s which cover a wide range of the parameter space. We
consider the limit of large Coulomb repulsionU → ∞ (for fixed δ and hopping
matrix elementt) and show that some aspects of the physics of the model in this
limit can be understood in terms of an effective Heisenberg model, as has been
suggested earlier [138] but has been questioned in Ref. [150]. As a result of our
investigations, we are able to resolve many of the controversial issues discussed
in the literature and present indications in favor of a scenario with two quantum
critical points and a strong coupling phase with peculiar properties.

5.1.1 Model and exactly solvable limits

The one-dimensional IHM is given by the Hamiltonian

H = −t
∑
j,σ

(
c†jσcj+1σ + h.c.

)
+ U

∑
j

nj↑nj↓ +
δ

2

∑
j,σ

(−1)jnjσ , (5.1)

wherecjσ (c†jσ) destroys (creates) an electron with spinσ on lattice sitej and

njσ = c†jσcjσ. We set the lattice constant equal to 1 and denote the number of lat-
tice sites byL. Here we study the properties of the half-filled system withN = L
electrons. The system corresponds to the usual Hubbard model with an additional
local alternating potential. It is useful to consider various limiting cases in order
to gain insight into possible phases and phase transitions. ForU = 0 andδ > 0,
the model describes a conventional band insulator with a band gapδ. Since the
alternating one-particle potential explicitly breaks the one-site translational sym-
metry, the ground state has finite ionicity. The one-dimensional half-filled Hub-
bard model without the alternating potential (δ = 0) and withU > 0 describes
a correlated insulator with vanishing spin gap∆HM

S (U) and critical spin-spin and
bond-bond correlation functions [158]. All gaps associated with the charge de-
grees of freedom, such as the one-particle gap∆HM

1 (U), are finite [47]. The ion-
icity and the dimerization are zero for all values ofU. These two limiting cases
suggest that the system will be in two qualitatively different phases in the limits
U � δ andU � δ.

In the atomic limit,t = 0, for 0 < U < δ and at temperatureT = 0, every
second site of the lattice with on-site energy−δ/2 (A sites) is occupied by two
electrons, while the sites with energyδ/2 (B sites) are empty. The energy differ-
ence between the ground state and the highly degenerate first excited state isδ−U.
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ForU > δ, both the A and B sites are occupied by one electron and the energy gap
is U − δ. Thus fort = 0 a single critical pointUc(δ) = δ with vanishing excitation
gap can be found. One expects similar critical behavior with at least one critical
point to persist for the full problem with finitet.

To describe the physics of the IHM in the limitU � t, δ, an effective Heisen-
berg Hamiltonian

HHB = J
∑

j

(
Sj · Sj+1 − 1

4

)
, J =

4t2U
U2 − δ2

(5.2)

was derived in Ref. [138] analogously to the strong-coupling perturbation expan-
sion of the usual Hubbard model [29]. It has been pointed out that this strong-
coupling mapping does not take into account an explicitly broken one-site trans-
lational symmetry [150]. However, it was shown in Ref. [138] that the strong-
coupling expansion preserves the one-site translation symmetry in the effective
spin Hamiltonian toall orders in the strong-coupling expansion. In addition, the
ionicity can be derived directly from the effective spin Hamiltonian as follows.
The symmetry of the Hamiltonian [Eq. (5.1)] implies that, after taking the ther-
modynamic limit,njσ = nj+2σ for σ =↑, ↓ and all j. Using the Hamiltonian Eq.
(5.1) and the Hellman-Feynman theorem [64], the ionicity

〈nA − nB〉 = −2
L

∑
j,σ

(−1)j〈njσ〉 (5.3)

can be determined via

〈nA − nB〉 = −4
L

〈
∂H
∂δ

〉
= −4

L
∂E0

∂δ
. (5.4)

The ground-state energyE0 of the effective Heisenberg model [Eq. (5.2)] is known
analytically [15] and, in terms ofU andδ, is given by

EHB
0 = L

4Ut2

U2 − δ2

(
ln 2− 1

4

)
(5.5)

in the thermodynamic limit. In the limitU � δ, we can thus derive an analytic
expression for the ionicity

〈nA − nB〉 = 32 ln 2
Uδt2(

U2 − δ2
)2
. (5.6)

Eq. (5.6) implies that for anyU < ∞, the ionicity of the IHM is nonzero and, for
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largeU, vanishes as 1/U3. Since CDW order is explicitly favored by the Hamilto-
nian, it is not surprising that the ionicity is non-vanishing for all finiteU. As will
be shown in Sec. 5.3, this expression shows excellent agreement with our DMRG
data for the IHM. This gives us confidence that the effective Heisenberg model
indeed gives correctly at least certain aspects of the low-energy physics. Since
the Heisenberg model [Eq. (5.2)] has a vanishing spin gap [159], the mapping
suggests that the spin gap also vanishes in the large-U limit of the IHM.

Although the alternating potential breaks the one-site translational symme-
try explicitly, the model remains invariant to a translation by two lattice sites.
This leads to a site-inversion symmetry for closed-chain geometries with periodic
or antiperiodic boundary conditions, a symmetry which is not present for open
boundary conditions (OBC). As pointed out in Ref. [148], the ground state of the
effective Heisenberg model with periodic boundary conditions for systems with
4n lattice sites or antiperiodic boundary conditions for systems with 4n + 2 sites
has a parity eigenvalue of−1 whereas the ground state forU = 0 has a parity
eigenvalue of+1. This suggests that the IHM undergoes at least one phase tran-
sition with increasingU for fixed δ. This level crossing will be replaced by level
repulsion and approximate symmetries for other boundary conditions [160]. In
the thermodynamic limit, the effect of the boundaries will disappear and the level
repulsion becomes vanishingly small. It is important to point out, however, that
a level crossing on small finite systems does not necessarily lead to a first-order
transition in the thermodynamic limit; careful finite-size scaling must be carried
out in order to determine the critical behavior.

From these considerations, one expects to find at least one quantum phase tran-
sition from a phase with physical properties similar to those of a non-interacting
band insulator to a phase with properties similar to those of the strong-coupling
phase of the ordinary Hubbard model. However, the details of the transition and
the physical properties of the different phases remain unclear from these argu-
ments. In particular, as will be demonstrated below, the strong coupling phase in
some aspects differs significantly from the expected behavior. Furthermore, the
magnitude of the BO parameter in the critical region cannot be estimated from
these simple limiting cases. Therefore, a detailed and careful calculation of the
characterizing gaps and order parameters is necessary. Since no direct analytic
approach is known to be able to treat the parameter values in the critical regime,
we restrict ourselves to numerical calculations using the DMRG method, with the
details described in the next section.

In the following, we measure energies in units of the hopping matrix element
t, i.e., sett = 1. In order to be able to cover a significant part of the parameter
space, we have carried out calculations withδ = 1, δ = 4, andδ = 20 for weak
interaction valuesU � δ, for strong couplingU � δ and in the intermediate
critical regimeU ≈ δ. Results forδ = 1 have been discussed in Ref. [157]. Here,
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we will mostly focus onδ = 20, where the results are much clearer to interpret
than forδ = 1. The results presented are generic to all threeδ-regimes.

5.1.2 Details to the Application of the DMRG

We have carried out our calculations using the finite-system DMRG algorithm
discussed in Sec. 4.3.2. Our investigation focuses on the ground-state properties
for systems with OBC’s, i.e., we have performed DMRG runs mostly with OBC’s
and one target state, the case in which the DMRG algorithm is most efficient. In
order to perform the demanding finite-size scaling necessary, we have performed
calculations for systems with up toL = 768 sites.

In order to investigate the low-lying excitations, we have also performed calcu-
lations targeting up to three states simultaneously on systems with OBC’s. These
numerically more demanding calculations were carried out for systems with up to
L = 256 sites for three target states and with up toL = 450 sites for two target
states. In order to compare with exact diagonalization calculations and to extend
its finite-size scaling to larger systems, we have performed calculations for PBC’s
with up toL = 64 sites and one to three target states. In this case, the maximum
system size is limited by the relatively poor convergence.

The DMRG calculations for OBC’s with one target state were carried out by
performing up to six finite-system sweeps keeping up tom = 800 states. For
calculations with multiple states and with PBC’s up to 12 sweeps were performed,
keeping up tom= 900 states. In order to test the convergence of the DMRG runs,
the sum of the discarded density-matrix eigenvalues and the convergence of the
ground-state energy were monitored. For OBC’s, the discarded weight was of
order 10−6 for the worst case, and the ground-state energy was converged to an
absolute error of 10−3, but in most cases the absolute error was 10−5 or better.
This accuracy in both the energy and the discarded weight gives us confidence
that the wave function is also well-converged and that local quantities are quite
accurate.

For PBC’s, the discarded weight was of the order 10−5 in the worst case, and
the ground-state energy for most runs was converged up to an absolute error of
10−3 or better, but for extreme cases such asL = 64 and three target states for
parameter values near the phase transition points, the convergence in the energy
was sometimes reduced to an absolute error of only 10−1. However, we believe
that this accuracy is high enough for the purposes of the discussion sketched in
the following sections.

In general, we find that our data are sufficiently accurate so that extrapola-
tion in the number of statesm kept in the DMRG procedure does not bring about
significant improvement in the results (at least for OBC’s). Details of the extrap-
olations and error estimates for particular calculated quantities are given in the
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corresponding sections.

5.2 Energy gaps

One important way to characterize the different phases of the IHM is via the en-
ergy differences between many-body eigenstates. Gaps to excited states can be
used to characterize phases by making contact with the gaps obtained in bosoniza-
tion calculations and also form the basis for experimentally measurable excitation
gaps, found, for example, in inelastic neutron scattering, optical conductivity, or
photoemission experiments. In addition to the gaps themselves, however, matrix
elements between ground and excited states as well as the density of excited states
are important in forming the full experimentally relevant dynamical quantities. An
example is the matrix element of the current operator that comes into calculations
of the optical conductivity. The behavior of the matrix elements for the dynami-
cal spin and charge structure factors and for the optical conductivity using exact
diagonalization on systems with both PBC’s and OBC’s has been investigated and
discussed in Ref. [157] and is not part of this thesis.

In this section, we study excitations between a non-degenerateS = 0 ground
state and various excited states. In the numerical calculations, we have found that
for OBC’s the ground state is non-degenerate with total spinS = 0 for all parame-
ter values studied here. We define the “exciton” gap (following the nomenclature
of Ref. [152])

∆E = E1(N,S) − E0(N,S = 0) (5.7)

as the gap to the first excited state in the sector with the same particle number
N and witharbitrary spinS, but with thez-component of the total spinSz = 0.
We also calculate the expectation value of the total spin operator〈S2〉 so thatS is
known.

The spin gap is defined as the energy difference between the ground state and
the lowest lying energy eigenstate in theS = 1 subspace

∆S = E0(N,S = 1)− E0(N,S = 0) . (5.8)

The first excited stateE1(N,S) in theSz = 0 subspace is a spin triplet withS =
1, ∆S = ∆E. Within the DMRG, this gap can be calculated by determining the
ground-state energies in differentSz subspaces in two different DMRG runs.

If ∆E < ∆S, we call the lowest excitation a charge excitation. In fact, exact
diagonalization calculations for system with PBC’s suggest that the gap∆E corre-
sponds to the gap in the optical conductivity [150]. We have carried out additional
exact diagonalization calculations that show that the corresponding matrix ele-
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ments of the current operator are also nonzero for OBC’s. We therefore expect
that∆E (for excitations withS = 0 and when∆E < ∆S) corresponds to the optical
gap in the thermodynamic limit [157].

In the literature, gaps to excitations which can be classified as charge exci-
tations are often calculated by considering differences in the chemical potential
when changing the particle number. This can be obtained by calculating differ-
ences between ground-state energies in sectors with different numbers of particles
(this gap is commonly called the “charge gap”). In particular, one can define a
p-particle gap

∆p =
[
E0(N + p,Sz

min) + E0(N − p,Sz
min) − 2E0(N,S = 0)

]
/p (5.9)

which is essentially the difference in chemical potential for adding and subtracting
p particles to the system withN particles. The spinSz

min is the minimal value, 1/2
or 0 for p odd and even, respectively. Either the one-particle gap∆1 or the two-
particle gap∆2 are commonly used. The calculation of∆1 or ∆2 is numerically
less demanding than that of∆E since it is sufficient to calculate the ground-state
energies in the subspaces with the corresponding particle numbers. However,
since these gaps involve changing the particle number and, forp = 1, the spin
quantum number, it is not a priori clear if they can be used to characterize possible
phase transition points of theN-particle system. Consider, e.g.,p = 1; in this case,
the gap considers simultaneously charge excitations and excitations to states with
Sz = 1/2. Thus, it can not be used to analyze if, at a certain critical point, only spin
or only charge degrees of freedom become critical, a phenomenon that, however,
is predicted for the IHM by the bosonization calculation presented in Ref. [12]. In
addition, it is, indeed, found that in many cases of interest the difference between
∆1, ∆2, and∆E vanishes forL → ∞, but in other systems (an example is the
Hubbard chain with an attractive interaction), their behavior differs. As we shall
see,∆1 and∆E do behave differently nearUc1.

Gaps are also used to characterize the phase diagram within the bosonization
approach [12, 150]. It is generally believed that the bosonic charge gap defined
there can be identified with the gap to the first excited state with spin quantum
numberS = 0, i.e. the exciton gap∆E, Eq. (5.7), as long as∆E < ∆S, and the
bosonic spin gap with∆S, Eq. (5.8), although a formal proof is missing. Based on
∆E, ∆S, and∆SE and the very limited knowledge about matrix elements due to the
small system sizes available to exact diagonalization, no reliable characterization
of the metallic or insulating behavior of different phases and transition points can
be given.

The finite size extrapolation of the gaps is discussed in detail in Refs. [157,
129] and is not further considered here. Fig. 5.1 summarizes our findings. The
plot shows the extrapolated spin gap forδ = 20 presented together with the extrap-
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Figure 5.1: The exciton gap∆E, the spin gap∆S, and the one-particle gap∆1 for
δ = 20 after extrapolating to the thermodynamic limitL → ∞. The inset shows
the result for a larger range ofU.

olated values for∆1 and∆E. All three gaps are approximately equal forU � Uc1

(see the inset). Close to the transition, as can be seen on the expanded scale in
the main plot,∆E goes to zero atUc1, while∆S and∆1 stay finite and are (almost)
equal. We find a region ofU > Uc1 in which∆S(L = ∞) has a value that is clearly
nonzero, well above the accuracy of the data, which is of the order of the symbol
size. The behavior is similar forδ = 4 (not shown). For even smaller values of
δ, ∆S close toUc1 becomes significantly smaller. As a consequence, the region
in which ∆S is non-vanishing forU > Uc1 is less pronounced atδ = 1. In this
case,∆S at Uc1 is only a factor of six larger than the estimated accuracy of our
data (this should be compared to the factor of 20 forδ = 4 and 40 forδ = 20) with
a fast decrease forU > Uc1. We take the estimate of accuracy from comparison
of DMRG calculations for the one-particle gap of the usual 1D Hubbard model
with Bethe ansatz results. We find that As obtained in Ref. [157], the difference
is about

∣∣∣∆HM,DMRG
1 − ∆HM,exact

1

∣∣∣ = 0.003 in the worst case. We therefore interpret
this small spin gap to be finite forδ = 1 and in a small region ofU ≥ Uc1. For
δ substantially smaller than 1, it is impossible to resolve a non-vanishing∆S at
U ≥ Uc1 using the DMRG.

The spin gap data in Fig. 5.1 indicate that∆S goes to zero very smoothly
between 21.55 and 21.8 and remains zero from there on. We here defineUc2

as the coupling at which∆S goes to zero. As we have argued in Sec. 5.1.1, the
mapping onto a Heisenberg model at strong coupling [Eq. (5.2)] suggests that
the spin gap should vanish at sufficiently largeU. However, we cannot strictly
speaking exclude thatUc2 = ∞ from the spin-gap data. However, we will give
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Figure 5.2: Left plot: the ionicity〈nA−nB〉 for δ = 1, 4, 20. The solid lines indicate
analytical results from Eq. (5.6) and the symbols numerical DMRG results for
L = 32 sites. Right plot: The ionicity for finite systems withL = 16, 32,. . . , 512
for δ = 20. The inset shows theL→ ∞ extrapolated value.

further evidence in support of two transition points at finiteU below.
To summarize the behavior of the finite-size extrapolated gaps, we find that

for U � Uc1, ∆E = ∆S = ∆1 as in a non-interacting band insulator. AsUc1 is
approached, the gaps to two (or more)S = 0 excitations drop below∆S and at
least one of them goes to zero atUc1. The one-particle gap∆1 reaches a finite
minimum aroundUc1 and then increases (linearly for largeU), and the spin gap
∆S goes to zero smoothly atUc2 > Uc1. This smooth decay of the spin gap makes
it difficult to quantitatively estimateUc2. Since the above behavior is similar for
the widely different potential strengths studied here,δ = 1, 4, and 20, we believe
that it is generic forall δ.

5.3 Ionicity

As argued in Sec. 5.1.1, the effective strong-coupling model (5.2) predicts that the
ionicity 〈nA − nB〉 ∼ 1/U3 for largeU. For t = 0, on the other hand, one expects
a discontinuous jump from〈nA − nB〉 = 2 to 〈nA − nB〉 = 0 at the single transition
point Uc. Here we explore the behavior of〈nA − nB〉 for all U calculated within
the DMRG.

In Fig. 5.2 we compare Eq. (5.6) forδ = 1, 4, 20 and variousU to results
obtained from DMRG with OBC’s andL = 32. By also considering larger system
sizes (up toL = 512) and PBC’s (up toL = 64), we have verified that theL = 32
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results shown are already quite close to the thermodynamic limit forU � δ. On
the scale of the figure the difference betweenL = 32 andL = ∞ is negligible.
For largeU, the DMRG data agree quite well with the analytical prediction, Eq.
(5.6). This gives a strong indication that the large-U mapping of the IHM onto an
effective Heisenberg model [138] is applicable at large but finiteU. It is therefore
tempting to conclude thatUc2 < ∞. One should nevertheless keep in mind that
the excellent agreement of the numerical data with the analytical prediction for
the ionicity does not constitute a proof of this statement.

The DMRG data for〈nA − nB〉 for L = 32 shown in Fig. 5.2 are continuous as
a function ofU for all U. We examine〈nA − nB〉 more carefully as a function of
system size in the vicinity of the first phase transition atUc1 for δ = 20 in the right
plot of Fig. 5.2. The main plot shows DMRG data for variousL as a function ofU
for δ = 20. While the data are continuous as a function ofU for all sizes, there is
significant size dependence betweenU = 21.2 and 21.5, near the first critical point
at Uc1. We have extrapolated the data to the thermodynamic limit using a second
order polynomial in 1/L and have checked that other extrapolation schemes do not
lead to significant differences in the extrapolated values. TheL = ∞ extrapolated
curve is shown in the inset. While the curve is still continuous, an inflection point
can be observed close toUc1. This might be related to non-analytic behavior at
Uc1. Forδ = 1 and 4, we find that〈nA − nB〉 behaves similarly.

5.4 Order parameters and susceptibilities

5.4.1 The bond order parameter and susceptibility

The energy gaps have given us indications for two critical points. To study the
nature of the intervening phase and the possibility of dimerization in more detail,
we calculate the BO parameter

〈B〉 = 1
L − 1

∑
j,σ

(−1)j
〈
c†j+1σcjσ + c†jσcj+1σ

〉
. (5.10)

This quantity has been used to characterize dimerized phases in other models,
e.g., the frustrated Heisenberg chain investigated in Ref. [126]. Since the OBC’s
break the symmetry between even and odd bonds,〈B〉 , 0 for all finite systems.
Therefore, a spontaneous dimerization can be obtained directly by extrapolating
〈B〉 to L → ∞, i.e., without adding a symmetry-breaking field explicitly. One can
form the corresponding BO susceptibilityχBO by adding a term

Hdim = ρ
∑
j,σ

(−1)j
(
c†j+1σcjσ + c†jσcj+1σ

)
(5.11)
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Figure 5.3: (a) The bond order parameter〈B〉 for δ = 20 for finite systems as a
function ofU for various system sizes. (b) The scaling of the data as a function
of the inverse system size 1/L. The solid lines are least-squares fits to the data
as described in the text. The inset shows an expanded view of the scaling forU
values near the critical point.

to the Hamiltonian (5.1) and taking

χBO =
∂〈B〉(ρ)
∂ρ

∣∣∣∣∣
ρ=0

. (5.12)

In practice, the derivative is discretized as [〈B〉(ρ)−〈B〉(−ρ)]/(2ρ) whereρ is taken
to be small enough so that the system remains in the linear response regime (close
to a critical point, the linear response regime shrinks and very small amplitudes of
the external field are required).

Fig. 5.3(a) shows〈B〉 as a function ofU for δ = 20 and differentL. The
same detailed analysis forδ = 1 was performed in Ref. [157]. A similar picture
was found, but the situation remains less clear than for the case withδ = 20.
Thus, we focus in this section on the latter case. The data develop a well-defined
maximum nearUc1 for large L. The width of the “peak” forL = 512 gives a
first indication that there is a region in which the dimerization is non-vanishing.
Typical results for the finite-size scaling of〈B〉 are presented in Fig. 5.3(b). For
U � Uc1, the data extrapolate linearly to zero in 1/L. In the opposite limit,
U � Uc1, we find 〈B〉 ∼ 1/Lκ with κ ≈ 0.5 − 0.6. A similar slow decay of the
BO parameter has also been found in the standard and extended Hubbard models
at half-filling [161]. The substantial finite-size corrections thus require very large
systems to distinguish between scaling to zero with a slow power-law and scaling
to a finiteL → ∞ limit. Below, but close toUc1, the data for smallL initially
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Figure 5.4: The bond-order parameter〈B〉∞ in the thermodynamic limitδ = 20
plotted as a function ofU near the transition points.

display power-law-like finite-size scaling withκ < 1, but for larger system size,
one finds a crossover to a linear scaling of the BO parameter (to zero) asL → ∞.
There is also a crossover in the behavior forU-values near, but aboveUc1. One
again finds a crossover from a power law withκ < 1 for smaller system sizes to
linear behavior that can be extrapolated to finite values of〈B〉∞ for larger system
sizes. The crossover length scale increases asU approachesUc1 until it becomes
larger than the largest system size considered here. This length scaleLc can be
used to estimate the correlation length, which diverges at the first (continuous)
critical point. We have been able to calculateLc for U values on both sides ofUc1

and find that it diverges approximately linearly in|U − Uc1|. This impliesν1 = 1
(see also below). Taking into account thatz1ν1 = 1, as extracted from the linear
closing of∆E [129], one findsz1 = 1 for the dynamical critical exponent.

This diverging crossover length scale makes it essential to treat system sizes
that are significantly larger than the scaleLc (which we associate with the correla-
tion length); especially when close to the critical pointUc1, one has to consider in
detail results for system sizes much larger than treated before. In order to obtain
reliable results, we have calculated〈B〉L for a number of system sizesL > 200.
In carrying out the finite-size extrapolation, we fit to a linear form for the largest
system sizes if it is clear thatLc has been reached, as can be seen in the inset of
Fig. 5.3(b).

In Fig. 5.4, the finite-size extrapolation〈B〉∞ is shown as a function ofU for
δ = 20. As can be seen,〈B〉∞ = 0 to well within the error of the extrapolation
for U < Uc1. For U > Uc1, we find a region of width≈ 0.4 in U in which
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〈B〉∞ is distinctly finite. We find that the onset of finite〈B〉∞ at Uc1 is rather
steep for all three values ofδ, but seems to be continuous [129]. This steep onset
suggests a critical exponentβ of the order parameter that is substantially smaller
than 1. Within bosonization the first critical point was predicted to be Ising-like
with β1 = 1/8 [12]. The fall-off to zero asU increases, on the other hand, is
slow, with a small or vanishing slope. This behavior would be consistent with a
second critical point at which the critical exponent for the order parameter is larger
than one or at which a higher order phase transition such as a Kosterlitz-Thouless
transition takes place [12]. As discussed in Ref. [129], the height of the maximum
increases with increasingδ. Forδ significantly smaller than 1, the BO parameter
is so small that it cannot be concluded to be finite within the numerical accuracy
of the DMRG. For the couplings at which the finite dimerization sets in we obtain
Uc1(δ = 20) ≈ 21.39 andUc1(δ = 4) ≈ 5.61, which are in excellent agreement
with the results obtained from the vanishing of∆E. The value obtained forδ = 1,
Uc1(δ = 1) ≈ 2.67, is also in reasonably good agreement with the results obtained
from the analysis of the gaps.

While our data suggest that a critical couplingŨc2, with 〈B〉∞ = 0 for U > Ũc2,
exists, no reliable quantitative estimate ofŨc2 can be given based on the DMRG
data for the BO parameter. Due the close proximity of the two critical points, we
were not able to obtain quantitative results for the critical exponentsβ1 andβ2 at
the critical points, either by a direct fit of theL = ∞ results or by a scaling plot of
the finite-size data. As discussed next, accurate exponents atUc1 can be extracted
from both the BO and the electric susceptibilities, and a more accurate estimate
of Ũc2 can be obtained from the BO susceptibility.

In order to understand the behavior of the BO susceptibility, it is useful to first
examine the behavior of the BO parameter〈B〉 as a function of the applied dimer-
ization fieldρ. From theρ-dependence of〈B〉 it becomes also apparent that fol-
lowing the standard procedure of first applying a finiteρ, then takingL→ ∞, and
afterwardsρ → 0 will lead to the same results for the BO parameter as presented
in Fig. 5.4. In Fig. 5.5〈B〉(ρ) is shown forδ = 20, three representative values of
U, and different system sizes. ForU = 19 < Uc1, the system is in a phase with
vanishing BO parameter, and the slope atρ = 0 remains finite for all system sizes,
corresponding to a finite susceptibility. The valueU = 21.42 is in the intermediate
regime where we have found a finite BO parameter in the thermodynamic limit.
As can be seen in the main part of the figure, a jump in〈B〉(ρ) then develops.
As the system size increases, the absolute value of dimerization field at which
the jump occurs becomes smaller. This is the behavior expected in a dimerized
phase in a system with OBC’s. Therefore, the jump in〈B〉(ρ) provides additional
evidence in support of an intermediate phase with finite dimerization. For the
approximate calculation of the susceptibilityχBO ≈ [〈B〉(ρ) − 〈B〉(−ρ)]/(2ρ), we
have takenρ = 10−4, which is small enough to stay to the right of the jump for
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Figure 5.5: The BO parameter〈B〉 as a function of applied dimerization fieldρ
for δ = 20 andU = 21.42. The upper inset shows data forU = 19 and the lower
inset data forU = 50.

all system sizes considered. Finally, forU = 50� Uc2, 〈B〉(ρ) goes to zero for
|ρ| → 0 and increasing system size consistent with the behavior in a phase without
spontaneous dimerization. However, the slope at small|ρ| becomes steeper with
increasing system size, indicating a divergence ofχBO.

In Fig. 5.6, the BO susceptibility as a function ofU is shown forδ = 1, 4, 20
and differentL. For allδ values, one observes a two-peak structure that becomes
progressively better defined with increasing system size. There is a narrow peak
at aU-value that agrees well withUc1 determined earlier, and whose height grows
rapidly with system size. It signals the onset of spontaneous dimerization. For
somewhat largerU there is a minimum inχBO, surrounded by a narrow region
in which its value saturates with system size. To demonstrate this more clearly,
the finite-size scaling for a representativeU located in the dip region is shown for
eachδ in Fig. 5.6(d). For still largerU values, a second, broad peak develops. The
position of this second maximum is roughly atŨc2, theU-value at which the BO
parameter vanishes. We argue that the second peak is related to the second phase
transition from the dimerized phase into an undimerized phase. To the right of the
second peak,χBO does not seem to saturate for increasing system size, implying
thatχBO is divergent for allU ≥ Uc2. One can understand this divergent behavior
by studying the BO susceptibility for the ordinary Hubbard modelχHM

BO . One finds
thatχHM

BO is divergent for allU > 0 because the bond-bond correlation function is
critical [158]. A finite-size extrapolation ofχBO is shown in Fig. 5.7 for largeU
values for bothδ = 0 andδ = 20. We find a power-law divergence,χBO(L) ∼ Lζ ,
with ζ ≈ 0.68 for the ordinary Hubbard model andζ ≈ 0.65 for the IHM. These
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Figure 5.6: The BO susceptibilityχBO as a function ofU for (a) δ = 1, (b)δ = 4,
and (c)δ = 20 and differentL. (d) Finite-size scaling ofχBO for aU located in the
dip region of (a)-(c).

values are in good agreement with each other, considering the accuracy of the
fit and additional finite-size effects. This similarity between the strong coupling
phase of the ordinary HM and of the IHM indicates that one is confronted with
a critical phase forU ≥ Uc2, in agreement with the expectations for a KT-type
transition atUc2.

SinceχBO diverges for allU to the right of the second peak, it is difficult to
accurately determine the critical coupling̃Uc2. However, two different ways of
estimatingŨc2(δ) under- and overestimate its value. In the first method,Ũc2 is
estimated as the lowestU value for whichχBO seems to diverge for increasing
L and the available system sizes. It is then still possible that a crossover occurs
at a length scale larger than those that can be treated, andχBO scales to a finite
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bard model (δ = 0) andU = 10 and the ionic Hubbard model forδ = 20 and
U = 50. DMRG data are indicated by the corresponding symbols and the solid
curves represent a least-squares fit to the indicated forms.

value. This tends to underestimateŨc2. In the second method,̃Uc2 is taken to be
the position of the second peak at fixedL, extrapolated toL→∞. Since the peak
position decreases for increasingL, this method tends to overestimateŨc2. From
these two procedures, we obtain the bounds 21.55< Ũc2(δ = 20)< 21.69. For the
other values ofδ, it is very difficult to accurately determine the lower bound with
the data available. We therefore only give the upper boundŨc2(δ = 1) < 2.95 and
Ũc2(δ = 4) < 5.86.

A quantum critical point is accompanied by a vanishing characteristic energy
scale [59]. AtŨc2 the most obvious candidate is∆S, consistent with our numer-
ical data [129] and implying that̃Uc2 = Uc2. This is assumed in the following
discussion.

Since the peak inχBO atUc1 is well-defined and has a clear growth with system
size, it is reasonable to perform a finite-size scaling analysis. We use a scaling
ansatz of the form

χ(U, L) = L2−ηχ̃(L/ξ) , (5.13)

with ξ ∼ |U−Uc|−ν. As can be seen in Fig. 5.8, data forδ = 20 and system sizes of
L = 128 and greater collapse onto one curve. The best fit is obtained withUc1 =

21.385 and the critical exponentsη1 = 0.45 and, relying on the value obtained
from the closing of the gap, choosingν1 = 1. The latter value is consistent with
the valueν1 = 1 extracted from the divergence of the length scale discussed above.
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Figure 5.8: A scaling analysis ofχBO for δ = 20.

We have also applied the scaling ansatz forδ = 1 and 4. For decreasingδ, the
quality of the collapse of the data for the available systems sizes becomes poorer
and the extracted exponents therefore become less reliable. The best fit is again
obtained withν1 = 1 for bothδ, η1(δ = 4) ≈ 0.55 andη1(δ = 1) ≈ 0.65. For
the critical coupling, we obtainUc1(δ = 1) ≈ 2.7 andUc1(δ = 4) ≈ 5.6, in
excellent agreement with the values found by other means. The differences in the
η1 obtained for differentU is most likely due to the limited accuracy in extracting
the exponent. Since the scaling works better for largerδwe conclude thatη1 ≈ 0.5.
Note that this value ofη1 is not in agreement with the value expected in the two-
dimensional Ising transition,η = 1/4 [12].

It is also possible to collapse the finite-size data onto one curve at the second
transition point using the scaling ansatz (5.13). We find that the best results are
obtained forξ ∼ exp(A/(U − U′c2)

B), indicating that the divergence of the sus-
ceptibility atUc2 may indeed be exponential as expected for a KT-like transition.
However, fitting the limited amount of data available to this form does not pro-
duce completely unambiguous results for all fit parameters. Therefore, we have
not further attempted to obtain results forA, B, U′c2, andη2 with this method.

5.4.2 The electric susceptibility and the density-density corre-
lation function

In order to further investigate the physical properties of the different phases and
transition points, we calculate the electric polarization and susceptibility [62]. The
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polarization is given by

〈P〉 = 1
L

∑
j

xj

〈
nj↑ + nj↓

〉
, (5.14)

wherexj = j−L/2−1/2 is the position along the chain, measured from the center.
The polarization is the response due to a linear electrostatic potential

Hel = −E
∑

j

xj

(
nj↑ + nj↓

)
(5.15)

which is added to the Hamiltonian (5.1). The electric susceptibility

χel =
∂〈P〉(E)
∂E

∣∣∣∣∣
E=0

(5.16)

is the susceptibility associated with this field.
The electric susceptibility has been used to investigate the metal-insulator tran-

sition in thet-t′-Hubbard model [62]. In this model, both a phase in whichχel

diverges asL2 (a perfect metal) and a phase in which for increasing system size
χel scales to a finite value (an insulator) were found when varyingU for fixed
nearest-neighbor hoppingt and next-nearest-neighbor hoppingt′.

In contrast to the ordinary Hubbard model, the polarization does not always
vanish at fieldE = 0 in the IHM. ForU = 0, δ > 0, one finds〈P〉 = −1/2. This
is due to the alternating ionic potential which induces a charge displacement to
the sites with lower potential energy. Due to the OBC’s, a chain with even length
L starts and ends with a different potential, inducing a dipole moment. This is
a boundary effect. In the strong coupling limit,U � δ, we find that〈P〉 → 0,
as expected. The electric susceptibilityχel can be calculated by discretizing the
derivative as [〈P〉(E) − 〈P〉(E = 0)]/E. The fieldE must be taken to be small
enough so that the system remains in the linear response regime (as discussed for
χBO, close to a critical point, the linear response regime shrinks and very small
amplitudes of the external field are required). Note that it is necessary to subtract
〈P〉(E = 0) since it is nonzero in general.

A plot of χel as a function ofU for various system sizes is shown in Fig. 5.9(a)
for δ = 20. ForU � Uc1 and increasingL, χel converges to a finite value, similar
to the behavior in a non-interacting band insulator and in the correlated insulator
phase of thet-t′-Hubbard model [62]. The data clearly develop a maximum at
Uc1 whose height increases markedly with system size, indicating a divergence
at the first critical point. The finite-size scaling of this height is consistent with
a power-law increase,L2−η1, with η1 ≈ 0.46. This increase is weaker than the
L2 divergence (which impliesη = 0) found in Ref. [62] and associated with a



88
Chapter 5. Applying the DMRG: Susceptibilities and Correlation Functions

of the Ionic Hubbard Model

0

50

100

150

200

250

300

350

21.2 21.4 21.6 21.8

χ e
l.

U

(a) L=32

L=64

L=128

L=256

L=512

0

0.005

0.01

0.015

0.02

0.025

-40 -20 0 20 40
χ e

l(L
 (

U
-U

c1
))

/L
µ

L (U-Uc1)

µ=1.55, Uc1=21.377

(b)
L = 32
L = 64

L = 128
L = 256
L = 512

Figure 5.9: (a) The electric susceptibilityχel for δ = 20 plotted as a function ofU.
(b) A scaling analysis of the data of (a).

perfect metal. ForU slightly larger thanUc1, the data again seem to saturate with
system size. Assuming the scaling form of Eq. (5.13), the data close toUc1 can be
collapsed on a single curve as demonstrated in Fig. 5.9(b). The best fit is obtained
for ν1 = 1 andη1 ≈ 0.45. Both of these exponents are in excellent agreement
with those found in the scaling analysis forχBO. We have carried out a finite-
size scaling analysis forδ = 4 andδ = 1 and also find diverging peaks atUc1,
as well as collapse of the data onto a single curve using the scaling form (5.13)
with exponentsη1(δ = 1) = 0.52, η1(δ = 4) = 0.45, andν1 = 1 (for bothδ).
The criticalU values obtained from this scaling procedure areUc1(δ = 1) = 2.68,
Uc1(δ = 4) = 5.59, andUc1(δ = 20) = 21.38, which compare well to the values
for the critical coupling obtained from the gaps and from the BO parameter and
susceptibility.

The data forδ = 20 andδ = 4 for the largest system sizes,L = 256 and
L = 512, suggest that a second peak may develop aroundUc2. In order to in-
vestigate the behavior ofχel(L) more precisely in this region, we fit a quadratic
polynomial to〈P〉(E) through several data points and then take the derivative of
this fit function atE = 0. This procedure should eliminate errors caused by a
small linear response regime. Results obtained from this procedure forδ = 20
indicate a weak divergence atU = 21.65, corresponding to aU-value nearUc2.
In addition, we find an even weaker divergence forall U > 21.65. The larger the
U-value, the smaller the coefficient of the diverging part, so that the divergence
is very difficult to observe numerically deep in the strong-coupling-phase. One
generally expects the divergence ofχel to be connected to the closing of a gap
to excited states which possess at least some “charge character” (in the sense dis-
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over a range ofr in which the behavior is linear on the log-log scale.

cussed below). AtUc1 the divergence is accompanied by the closing of the exciton
gap, leading to a consistent picture.

The strong coupling phaseU ≥ Uc2 can further be investigated by examining
the behavior of the density-density correlation function

Cden(r) = 〈nini+r〉 − 〈ni〉 〈ni+r〉 , (5.17)

shown in Fig. 5.10 forδ = 1, δ = 20, and differentU > Uc2. Here we have
averaged over a number ofi-values (typically six) for eachr. For each value
of U, it is evident that the correlation function behaves linearly on the log-log
scale above some value ofr, indicating that the dominant long-distance behavior
is a power law. (Forr close to the system size, finite-size effects from the open
boundaries also appear.) Note that the sign of the correlation function is negative
for r > 0, so that the negative is plotted. A least-squares fit to the linear portion of
the curve yields an exponent of approximately 3− 3.5 for all values ofU > Uc2.
This behavior is markedly different from the behavior forU < Uc1, where we
find a clear exponential decay as in a non-interacting band insulator, and from the
behavior atUc1, where we find a power law decay with an exponent of≈ 2. Note
that if the decay were exponential forU > Uc2, we would expect the correlation
length to change quickly withU, leading to a marked variation in the slope. We
have ruled out finite-size effects as an origin of the power-law tails as well as
possible symmetry breaking due to the OBC’s by comparing calculations forL =
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128 andL = 256 with OBC’s andL = 64 with PBC, which yield identical values
except for distancesr near the lattice size (or half the lattice size for PBC’s).

As demonstrated in Fig. 5.10, similar behavior is obtained forδ = 1 andδ =
20. It therefore seems justified to conclude that this power-law decay is a generic
feature of the strong-coupling phase for allδ.

Our findings forχel andCden(r) are consistent with a scenario in which there is
a continuum of gapless excitations forU > Uc2, where matrix elements of charge
operators such as the densitynj = nj↑+nj↓, are nonvanishing for some of the states
belonging to this continuum. These are the states mentioned above which possess
charge character. To further confirm this idea, we have calculated matrix elements
〈m|nj |0〉, where|m〉 denotes them-th excited state and|0〉 the ground state, for up
to m= 4, δ = 20,U > Uc2, andL = 32. We find that the third excited state is the
first S = 0 state, both for the ordinary Hubbard model and the IHM (the fourth
state as well as them= 1,2 states haveS = 1). For the ordinary Hubbard model,
〈3|nj |0〉 vanishes for allj to within the accuracy of our data and thisS = 0 state
can be classified as a spin excited state since its excitation energy is well below
the charge gap. In contrast,〈3| nj |0〉 is nonvanishing for the IHM and shows a
non-trivial dependence onj which has a wavelength of approximately the lattice
size, implying that the wave vector characterizing the excitation is nearq = 0.

As a consequence, this state contributes to the dynamical charge structure fac-
tor in the IHM but not in the ordinary Hubbard model. This shows that although
several similarities between the strong coupling phase of the IHM and the Hub-
bard model were found, low-lying excitations in both models are of quite different
nature. As we have verified, the energy of|3〉 becomes smaller for increasingU,
in contrast to the behavior of the one-particle gap which increases linearly with
U. Due to the numerical effort necessary to target such a large number of states,
we were unable to perform these calculations on larger lattices in order to carry
out a finite-size scaling analysis of the matrix elements.

In Ref. [162], Aligia finds, using a canonical transformation, that for the IHM
the charge operatorni can be (approximately) expressed in terms of spin operators.
Basing on this finding, using a bosonization Ansatz, he concludes that the density-
density correlation function decays as

Cden(r) ≈ 48
U2δ2t4

(U2 − δ2)4
r−3 ln−3/2 r . (5.18)

This expression is in good agreement with the data presented in Fig. 5.10, and
supports our surmise that in the strong-coupling regime of the IHM charge and
spin degrees of freedom are not completely decoupled, in contrast to the ordinary
Hubbard model.
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5.5 Summary

In this chapter, we have applied the DMRG introduced in the previous chapter in
order to investigate the quantum critical behavior in the ionic Hubbard model at
half filling. Our results elucidate the nature of the phase diagram. By carrying out
extensive and precise numerical calculations and by carefully choosing the quan-
tities used to probe the behavior, we have been able to investigate the structure of
the transition more accurately than in previous work. This has allowed us to re-
solve a number of outstanding uncertainties and ambiguities. We have worked at
three different strengths of the alternating potentialδ covering a significant part of
the parameter space and find the same qualitative behavior for all threeδ-values.
In particular, we have carried out extensive finite-size scaling analyses of three
different kinds of gaps: the exciton gap, the spin gap, and the one-particle gap.
This detailed analysis can be found in Refs. [129, 157]. We find that for fixed
δ and in the thermodynamic limit, the exciton gap goes to zero as a function of
U at a first critical pointUc1, the spin gap goes to zero at a distinct second crit-
ical point Uc2 > Uc1 and is clearly nonzero atUc1. While Uc2 for the spin gap
is finite to within our resolution, we cannot completely rule out an unresolvably
small spin gap for largeU, i.e.,Uc2→ ∞. The one-particle gap (the two-particle
gap behaves similarly) reaches a minimum close toUc1, but never goes to zero
and never becomes smaller than the spin gap. Due to the explicitly broken one-
site translational symmetry, the ionicity is finite for all finiteU. For U � δ the
ionicity found numerically agrees very well with the one obtained analytically
from the strong-coupling mapping of the ionic Hubbard model onto an effective
Heisenberg model.

We have also studied the bond-order parameter, the order parameter associ-
ated with dimerization, as well as the associated bond-order susceptibility. The
result of the delicate finite-size extrapolation indicates that there is a finite bond-
order parameter in the intermediate region betweenUc1 andUc2. Here we again
cannot strictly rule outUc2→ ∞ on the basis of the bond-order parameter. There
is a divergence in the bond-order susceptibility at bothUc1 and atUc2, as one
would expect from two continuous quantum phase transitions. However, the
bond-order susceptibility diverges, albeit more weakly than atUc1, in the entire
strong-coupling phase,U ≥ Uc2, in agreement with the expectation for a KT-type
transition atUc2. We have pointed out that this is in accordance with the behavior
found in the strong coupling phase of the ordinary Hubbard model.

We find that the electric susceptibility is finite forU < Uc1 but diverges
roughly asL1.5 at Uc1. This divergence is weaker than the one found for non-
interacting electrons (withδ = 0) and in the metallic phase of thet-t′-Hubbard
model [62]. A finite-size scaling analysis of both the bond-order susceptibility
and the electric susceptibility yield the same critical exponents atUc1. However,
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the value,η1 ≈ 0.5, is not consistent with the critical exponents of the classical
two-dimensional Ising model, listed in Tab. 2.1, in contradiction to the findings of
Ref. [12].

The electric susceptibility also shows a divergence, albeit quite weakly, for
U ≥ Uc2. Correspondingly, the density-density correlation function has a long-
distance decay which is of power-law form, but with a small prefactor which be-
comes smaller with increasingU, and a relatively large exponent of approximately
3−3.5. We surmise that this behavior is related to mixed spin and charge character
of excitations present in the strong coupling phase of the ionic Hubbard model, in
contrast to the ordinary Hubbard model. Using a bosonization Ansatz, the power-
law decay of the correlation function has been confirmed [162]. The analytical
and numerical results agree quite well with each other.

We point out that the divergence of the electric susceptibility atUc1 and for
U ≥ Uc2 does not necessarily imply a finite Drude weight. Based on our results
for various energy gaps and the electric susceptibility, we therefore cannot unam-
biguously classify all different phases and transition points as being metallic or
insulating.

The behavior of all of the quantities we have presented here supports a sce-
nario with two transition points at finiteUc1 andUc2, with a dimerized phase in
the intermediate region. One might nevertheless ask the question whether other
scenarios are consistent with our data.

One possibility would be that there is no dimerization forU > Uc1. However,
this is inconsistent with our results for the spin gap, the bond order parameter, and
the divergence of the bond-order susceptibility atUc1. Thus, such a scenario is not
supported by our calculations.

Another possibility would be that there is a single dimerized phase forU >
Uc1, i.e., thatUc2 → ∞. While an unresolvably small gap and dimerization at
largeU cannot be strictly ruled out by a numerical calculation with finite resolu-
tion, we can put quite strong limits on the spin gap and dimerization for a value
of U that is only a fraction oft greater thanUc1. In addition, we have made argu-
ments involving the strong-coupling limit that support the plausibility of a finite
Uc2. Together with the divergence of the susceptibilities at two distinct parameter
values, we feel that an interpretation of our numerical results in favor of a scenario
with an intermediate dimerized phase and a finite value forUc2 is compelling.



Chapter 6

Adaptive Time-Dependent Density
Matrix Renormalization

As we have discussed in Sec. 3.2, the time evolution of a quantum system is
obtained either by directly integrating the time-dependent Schrödinger equation,
Eq. (2.2), or by applying a suitable approximation for the time-evolution operator
Û = exp(−iHt). In the context of the DMRG, both approaches have been utilized.
Recent developments are recapitulated in Ref. [163].

The first attempt to calculate the time evolution using the DMRG was to in-
tegrate the Schrödinger equation by applying a fourth-order Runge-Kutta scheme
[85] using the result of a standard DMRG ground state calculation as the initial
state|ψ0〉 [164]. However, note that both|ψ0〉 and the Hamiltonian̂H determining
the time evolution are represented within the restricted basis obtained from the
ground-state DMRG calculation. As pointed out in Ref. [165], the main difficulty
in calculating the time evolution using the DMRG is that this effective basis de-
termined at the beginning of the time evolution is not able, in general, to represent
the state well at later times because it covers only a small subspace of the sys-
tem’s total Hilbert space. In general, this subspace is not suited to represent the
system’s state at later times|ψ(t)〉 since the dynamics will lead the state out of this
subspace. Even though the discarded weight might seem to be sufficiently small,
the error of the time-evolutionε = ||ψ(t)〉DMRG − |ψ(t)〉exact| grows continuously.
The question of how to control and minimize this error arises. The first suggested
improvement was to take into accountall desired time steps when calculating the
restricted basis by adding them to the density matrix [165, 166]. The expecta-
tion is that, if at the end of the calculation convergence is achieved, the error for
each time step should be of the order of the discarded weight, since the only dif-
ference with standard DMRG calculations with more than one target state is that
the diagonalization of the Hamiltonian is replaced by the calculation of the time
steps. (The error of each target state is expected to be of the order of the discarded
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Figure 6.1: Schematic representations of the “static”, “enlarging”, and “adaptive”
variants of the t-DMRG.

weight, see Sec. 4.3.2). However, this approach is very expensive with regard to
usage of memory and CPU-time, due to the fact that the huge number of target
states requires a large number of density matrix eigenstates to be kept in order to
have a sufficiently small discarded weight.

A more efficient approach is to try toadaptthe restricted basis at every time
step. Roughly speaking, one determines the restricted basis not by taking all time
steps into account, but only the ones relevant for the calculation of the next time-
step, e.g., the time steps|ψ(t)〉 and |ψ(t + dt)〉. Fig. 6.1 summarizes the three
approaches. The way in which the next time-step is obtained is, for now, sec-
ondary. However, the two most promising schemes use approximations to the
time-evolution operator. In the following, we discuss two candidates for an effi-
cient adaptive time-evolution DMRG method and compare them with each other:
In the first approach, the Lanczos time-evolution method discussed in Sec. 3.2 is
combined with the DMRG. For the second variant, an approach relying on the
second order Trotter-Suzuki [10] decomposition ofÛ is used. These approaches
have been applied successfully to various systems, and an error analysis shows
that the basis adaption works well [167]. However, a detailed comparison of both
approaches has not yet been carried out. To do this, we calculate the error in the
time evolution by comparing expectation values for observables obtained using
the t-DMRG with “exact” results, either from the Lanczos time evolution method,
or from exact calculations with hard-core bosons [33]. We use a very smalldt for
the Lanczos time-evolution method, so that the error can be regarded as negligible
at the time scales treated. We also discuss the efficiency and the applicability of
both approaches to different systems and situations.

6.1 Time-Evolution Schemes

As discussed above, the basic idea of the basis adaption is to take into account
only states relevant for the calculation of the next time step, so that the dimen-
sion of the restricted basis becomes as small as possible and the efficiency of the
calculation is maximized. The key idea is that the portion of the Hilbert space
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covered by the restricted basis is changed so that the representation of the state
|ψ(t + dt)〉 is optimized. One measure for the error is the discarded weight. How-
ever, as discussed above, there is a second source of error which is related to the
capability of the restricted basis to represent the states|ψ(t)〉 so that expectation
values would have (up to the error that comes from the basis truncation) the same
values as when the full Hilbert space is used. Note that, in principle, this error
is also relevant for DMRG calculations in equilibrium systems. However, the it-
erative diagonalization carried out at every step of the DMRG procedure corrects
the target state(s), and, therefore, the restricted basis is improved at every step of
the iteration procedure, so that the method is variational in the energies. A similar
correction step is missing when performing the finite-system sweeps in the calcu-
lation of the time evolution. However, as discussed below, for appropriate sets of
parameters, the results agree very well, up to errors of the order of 10−3, to exact
results. As discussed below, the error is strongly determined by the size of the
time step and the number of DMRG steps used to reach a certain time.

In the basis adaption schemes, the subspace of the Hilbert space is modified
by adding, e.g., the two time-steps|ψ(t)〉 and|ψ(t + dt)〉. In this way the restricted
basis is ensured of being capable of representing these states well. This would be
exact if the representation of the starting state,|ψ(t)〉, and of the (approximation
to the) time-evolution operator̂U were exact. Both, in general, are not. Thus, at
every time-step, four sources of error are present:

1. Error due to theapproximationof the time-evolution operator.

2. Error in therepresentationof Û in the present density-matrix basis.

3. Error in the representation of thetarget states(e.g.,|ψ(t)〉, |ψ(t + dt)〉) due
to the cut-off in the density-matrix basis.

4. Non-optimal density-matrixbasis; if the basis does not cover the “relevant”
parts of the Hilbert space, even for a small discarded weight, expectation
values can be, in the worst casequalitativelywrong.

The last item, in principle, is also relevant for ground-state calculations. There,
the calculations can get stuck in local minima and might not converge to the “true”
ground state. Usually, by repeating runs with different parameter sets, this error
can be controlled. However, for the time evolution, this is more difficult.

Every basis adaption scheme must minimize these errors. In general, this is
done by “appropriately” choosing the time stepdt, the sweeping procedure, and
the target states, as will be discussed in detail in the next sections. One important
parameter to control the calculation is the number of statesmkept in the restricted
basis. The simplest approach is to keepmsufficiently high and keep it fixed during
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|ψ (t)> |ψ(t+dt/n)> (t+2dt/n)>|ψ |ψ(t+dt)>

Obtain m density−matrix basis states

using the ’wave function transformation’
Shift the ’dividing bond’ by one lattice site 

Add the following states to the density matrix:
...

Apply local U at the bond dividing
the system and the environment block

Obtain m density−matrix basis states

using the ‘wave function transformation’
Shift the ‘dividing bond’ by one lattice site 

Figure 6.2: Flowcharts for the Lanczos (left scheme) and the Trotter (right
scheme) adaptive t-DMRG algorithms.

the whole time evolution. The second possibility is to keep the discarded weight
fixed and to changem during the time evolution. We find this approach to be
preferable. Especially at the beginning of the time evolution, we find that only a
smallm is needed to reach a small error in the observables, so that calculations by
adaptingm become faster. Note that, in principle, there is also the possibility of
changing the time stepdt during the time evolution. We refrain from doing so and
leave this issue open for future investigations.

The basis adaption schemes for the Lanczos and for the Trotter adaptive t-
DMRG are sketched in Fig. 6.2 and are discussed in more detail below. Note that
errors under points 3 and 4 are immanent to every known basis adaption scheme
- the difference in the behavior, and in the details of the sweeping are thus solely
determined by the approximation to the time-evolution operator used.

6.1.1 Lanczos t-DMRG

To formulate the basis adaption scheme applied to the Lanczos t-DMRG, we fol-
low a suggestion of Feiguin and White in Ref. [168]. In their approach, an adap-
tion scheme for a Runge-Kutta integration of the Schrödinger equation is devel-
oped. The idea is to use the time steps|ψ(t)〉, |ψ(t + dt)〉 as well as additional,
intermediate time steps within the interval [t, t + dt] as target states. This is ex-
pected to be a better approximation to the density matrix during one time step,

ρ(t, t + dt) =
∫ t+dt

t
dτ |ψ(τ)〉〈ψ(τ)|. (6.1)

On the same grounds, we expect that this scheme should enable one to perform
a suitable basis adaption for the Lanczos t-DMRG. However, it remains unclear
how many intermediate time-steps are needed, what the optimal value fordt is,
and how many sweeps should be performed. In addition, it might well be that
using additional target states, e.g., the Lanczos vectors, could improve the quality
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of the time evolution.

First, we analyze the number of sweeps needed. As depicted in Fig. 6.2, the
wave-function transformation is needed in order to perform the basis updates.
Each of these transformations is a projection to the restricted basis belonging to
the current superblock configuration. The error of each projection is the discarded
weightεl at the current configuration. Thus, performing a series of wave function
transformations froml = 1 to l = L leads to an error which increases with every
step. It is therefore evident that the error during the time evolution is minimized
if the number of wave-function transformations is minimized. In order to update
the representations of the local observables, it is necessary to sweep at leastonce
through the lattice. We find that the quality of the results is not improved com-
pared to using only one half-sweep when using two or more half-sweeps, but,
in agreement with this discussion, can become worse. Thus, in the Lanczos t-
DMRG, only onehalf sweep should be used to update the basis of the system.

It is preferable to have as small a number of target states as possible, since, on
general grounds, one expects that a smaller number of basis states should lead to
the same discarded weight. Thus, utilizing a pure-state density matrix containing
only |ψ(t + dt)〉 would be preferable. Note, however, that such a basis might lose
its capability to represent the previous time step|ψ(t)〉 well, leading to a possibly
large error during the time evolution. On the other hand, if the time step is small
enough, the two time steps should be sufficiently similar, so that the effective basis
should be capable of representing both states well. In Secs. 6.2.1 and 6.2.2 we
discuss the effect of changing the number of intermediate states on the error.

6.1.2 Trotter t-DMRG

The idea of using a Trotter-Suzuki decomposition [10] of the time-evolution op-
erator for carrying out the time evolution in DMRG-like algorithms was first dis-
cussed by G. Vidal [169], who called the algorithm ’time-evolving block deci-
mation’ (TEBD) procedure. There is a large overlap between this algorithm and
the DMRG; Daleyet al. [107] used it as a basis to incorporate the adaptive Trot-
ter t-DMRG into an existing DMRG code. Independently, White and Feiguin
[170] implemented the method into their code. The approach is discussed in de-
tail in Ref. [171]. The idea is to split up the time-evolution operator intolocal
time-evolution operatorsUl acting only on thebond l. For lattice Hamiltonians
containing only terms connecting nearest-neighbor sites, this is easily performed
using the Trotter-Suzuki decomposition, which in second order is given by

e−i∆τH ≈ e−i∆τHeven/2 e−i∆τHodd e−i∆τHeven/2 . (6.2)
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Here Heven and Hodd are the parts of the Hamiltonian containing terms on even
and odd bonds, respectively. Since each bond termHl with Heven or Hodd com-
mutes with the other terms,e−i∆τH can then be factorized into terms acting on
individual bonds. As depicted in Fig. 4.4, in the DMRG procedure two sites are
usually treated exactly, i.e., the entire Hilbert space of the two sites is included.
The Trotter variant of the t-DMRG exploits this feature by applyingUl = e−i∆τHl

at the bond given by the two “exact” sites. In this way, in contrast to the Lanczos
approach discussed above, the time-evolution operator has no further approxima-
tions other than the error introduced by the Trotter decomposition. In particular,
the error introduced by the cutoff is avoided. The wave function of the lattice is
then updated by performing two half-sweeps over the lattice and applyingUl at
the “dividing bond”. In this way, only one wave function must be retained and
it is possible to work with the density matrix for a pure state. The flowchart is
sketched in Fig. 6.2. However, the method is restricted to systems with local or
nearest-neighbor terms in the Hamiltonian.

6.1.3 Comparing the Adaptive Lanczos and Trotter t-DMRG
Variants

While the sweeping procedure in the Lanczos and the Trotter approach is very
similar, the number of sweeps in the Trotter approach is determined by the order
of the Trotter decomposition. For a Trotter decomposition to second order, two
half-sweeps are needed, instead of one in the Lanczos case; for higher order de-
compositions, more sweeps are needed [171], so that, in general, one might expect
that this approach might be slower than the Lanczos approach. Note, however, that
the dimension of the site basis normally is quite small so that the application of
a local time-evolution operator is much faster than the calculation of all the nec-
essary Lanczos vectors. Usually, the gain in time in the Lanczos approach by
avoiding one half-sweep is therefore smaller than the time spent for the additional
half-sweep in the Trotter approach. However, the Trotter error is, in general, larger
than the error in the Lanczos approximation of the time-evolution operator, which
was discussed in Sec. 3.2. Thus, there is an interplay of possible errors - it is not a
priori clear which method is more exact and which requires smaller resources. The
errors of both approaches are discussed in the next section. As a rule of thumb, the
more target states, the larger the dimensionmof the density-matrix basis must be.
Due to the fact that the Trotter approach relies on a single target state, it is to be
expected that it needs a smallerm than the Lanczos approach which, as discussed
in Sec. 6.1.1, is based on a variable number of intermediate time-steps in the time-
interval [t, t+dt]. Therefore, it is expected to be slower than the Trotter approach.
As we will see now, although the Lanczos approach is more difficult to control
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Figure 6.3: Maximum value of the deviation between results for the momentum
distribution〈nk〉 obtained with the Lanczos time-evolution method and with the
Lanczos and Trotter adaptive t-DMRG for a system of spinless fermions at half
filling with L = 18 pushed out of equilibrium by changing the interaction strength
from V0 = 0.5 toV = 10. The left plot shows results fordt = 5 ·10−4, the right for
dt = 5 · 10−3. The results compare calculations that took 8 CPU hours.

than the Trotter variant, both are very accurate and errors< 1% after several hun-
dred time steps can be attained. Thus, in combination, both approaches give a
toolset to treat a large class of strongly correlated out-of-equilibrium systems in
quasi one-dimensional geometries.

6.2 Error analysis

Fig. 6.3 displays an error analysis for a quench scenario for a system withL = 18
sites. As can be seen, an appropriate choice of the parameters leads to errors
in the observables that is� 1% at the end of the time evolution. However, a
bad choice of parameters can lead to results with errors as big as errors≈ 10%.
Therefore, care has to be taken when choosing the control parameters for the
calculation. In the following, we investigate the error for two out-of-equilibrium
situations treated in this thesis in detail. First, we analyze the errors for the quench
scenario discussed in chapter 8 for various choices of parameters by comparing
observables to results from the Lanczos time-evolution method forL = 24 at half
filling. Next, we analyze the error for a system of hard-core bosons by comparing
to exact results obtained via the Jordan-Wigner transformation [33, 13, 34] for a
system withL = 60 and 20 particles.

The possible control parameters for the Trotter variant are the time stepdt and
the maximum numbermmax of density-matrix basis states kept during the time evo-
lution. As discussed above, we aim to reach a particular target discarded weight
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Parameters Error
dt = 0.005, mmax = 1000, ε = 10−9 4.7 · 10−3

dt = 0.005, mmax = 300, ε = 10−9 7.1 · 10−3

dt = 0.005, mmax = 1000, ε = 10−6 2.0 · 10−2

dt = 0.001, mmax = 1000, ε = 10−9 2.7 · 10−2

dt = 0.01, mmax = 1000, ε = 10−9 1.9 · 10−3

Lanczos, 5 interm. states 6.1 · 10−4

dt = 0.1, mmax = 1000, ε = 10−9

Table 6.1: Error in〈nk〉 at the end of the time evolution (t = 15) obtained with the
various sets of control parameters when using the Trotter t-DMRG, compared to
the Lanczos t-DMRG when using large time-steps.

during the time evolution – hence, the third control parameter for the Trotter t-
DMRG is ε.

For the Lanczos variant, two more control parameters play a role: The calcu-
lations can be controlled by changing the number of intermediate time steps, and,
in principle, by changing the number of half-sweeps. As discussed before, we
choose to perform only one half-sweep. We compare in the following the results
when keeping only|ψ(t + dt)〉 as a target state, and, hence, working with a pure
state density-matrix as in the Trotter variant, with the case when includingψ(t)〉
and |ψ(t + dt)〉 as target states. In addition, when choosing relatively large time
steps, the accuracy is tested when including five intermediate states in total from
the current time-interval. Note that the tolerance in the stopping criterion of the
Lanczos procedure, Eq. 3.21, is another control parameter. Based on the discus-
sion in Sec. 3.2, we choose the same parameters, i.e., tol= 10−13 and a minimum
number of Lanczos vectorsmL,min = 10. In this way, the error contributed by the
Lanczos approximation of the time-evolution operator is minimized.

In principle, one can consider adding additional target states in both variants,
e.g.,Ĥ|ψ〉 during the time evolution. Since the situation is already pretty difficult
(for the Lanczos case we already have afive-dimensionalparameter space), we do
not do so and investigate only the simplest situations.

6.2.1 Accuracy of the Method for a Quench Scenario

As discussed in Sec. 2.5, an important class of out-of-equilibrium situations is
the sudden change of an intrinsic parameter, i.e., a quench. Usually the initial
state is homogeneous, i.e., the particle number is non-zero everywhere on the
lattice, so that problems arising from regions with small or zero particle number
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as encountered, e.g., for particles in a trap, are avoided. Quenches should thus
be scenarios where the t-DMRG is expected to work reliably without any further
complications (aside from the correct choice of control parameters).

In Fig. 6.4, the relative error in the energy is displayed for a quench for a one-
dimensional, half-filled system of spinless fermions. Note that the energy should
be constant in time. Therefore, no comparison to exact results obtained by other
methods is needed, so that it can always be monitored in a t-DMRG run as long as
the Hamiltonian is time-independent. Hence, this quantity is the main source of
information about the accuracy of a certain simulation, and, therefore, it is helpful
to compare it with the errors in other observables obtained by comparing them to
exact results, where available.

The initial state is the ground state atV = 0.5. The time evolution is performed
with V = 2, i.e., the interaction is changed by a small amount, andV = 40, i.e.,
a change of the order of 10 times the bandwidth. As can be seen in Fig. 6.4,
the relative error in the energy at the end of the time evolution can be< 10−4.
However, the accuracy varies significantly depending on the choice of the control
parameters.

In Fig. 6.5, the relative error in the momentum distribution function,

〈nk〉 = 1
L

∑
l,m

e−i(l−m)k〈c†mcl 〉 , (6.3)

is shown for the same choice of control parameters as in Fig. 6.4. The plots show
the maximum deviation found in〈nk〉 at the various instances of time and thus
the upper bound for the error in this quantity. In most cases, its magnitude is,
unfortunately, much higher than the error found in the energy. It is therefore not
possible to quantify the error in other observables using the error in the energy.
However, an appropriate choice of parameters leads to an error in〈nk〉 which is
less than 1% at the end of the time evolution. This is reflected in a very small
error in the energy. Calculations with large system sizes therefore need to aim
for a possibly small relative error in the energy, if possible of the order of 10−3 or
smaller, in order to obtain errors in other observables of a few percent or less.

The momentum distribution function is obtained as the Fourier transform of
the one-particle density matrix; thus, an average over the lattice is performed. In
order to analyze errors in quantities where no average is performed, the density-
density correlation function

Cd(r) = 〈ni ni+r〉 − 〈ni〉〈ni+r〉 (6.4)

is analyzed in Fig. 6.6 for the same sets of parameters as in Figs. 6.4 and 6.5. This
quantity goes to zero for|i − j| → ∞ and, in addition, oscillates between positive
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and negative values. Hence, the relative error is not meaningful due to the possible
division by numbers very close to zero. Therefore, in Fig. 6.6 the absolute value
of the maximum difference with the exact results is plotted. Depending on the
choice of parameters, the error ranges from values∼ 10−4 up to∼ 0.1.

For the calculations presented in chapter 8, the standard choice for the parame-
ters is a time stepdt = 0.005, a target discarded weight ofε = 10−9 and a maximal
number of basis statesmmax = 1000, i.e., the case analyzed in the top row in Figs.
6.4 – 6.6. We find this set of parameters to be “best” by comparing the errors in
〈nk〉 at timet = 15 and the needed CPU time. For this choice of parameters, the
relative error in the energy is, for both variants of the t-DMRG,≤ 10−4, the rela-
tive error in〈nk〉 is< 0.01, and the absolute error in the density-density correlation
function is< 3 · 10−4.

In Appendix A, we present more details about these calculations. For the
cases considered, the time evolution of the number of density-matrix eigenstates
m as well as the discarded weightε are shown. As one can see for most of the
chosen sets of control parameters, one needs a largerm for the Lanczos approach,
making it slower. However, in order to better analyze the two quenches withV = 2
or V = 40, respectively, time steps small enough for resolving the oscillations for
the latter case have been chosen. For larger time steps, using intermediate time
steps should lead to a smaller error in the Lanczos t-DMRG when compared to the
Trotter approach. In order to investigate this situation, we focus now onV = 2,
choosedt = 0.1, and use 5 intermediate time steps as target states. In Fig. 6.7
we compare the error of the Lanczos t-DMRG with five intermediate time steps
against the Trotter t-DMRG when usingdt = 0.005,mmax = 1000,ε = 10−9, i.e.,
our standard set of parameters. As can be seen, although the error in the energy is
larger, the errors of the observables in the Lanczos approach for this large value of
dt are smaller than the errors of the Trotter approach. However, when comparing
the CPU times, we find that it is, in spite of the larger time step, much slower
than the Trotter variant. It is not helpful to use a much larger time step since
otherwise the resolution in the time evolution becomes too small for a meaningful
investigation of the observables of interest. Hence, when applicable, we choose
the faster Trotter variant of the t-DMRG with small values ofdt to treat quenches.
In Tab. 6.1, the errors in〈nk〉 at the end of the time evolution (t = 15) for a quench
with V = 2 are compared for the various sets of control parameters for the Trotter
variant and for the Lanczos variant withdt = 0.1.

6.2.2 Accuracy of the Method for Wavepacket Dynamics

Another important class of non-equilibrium situations is when the initial state is
prepared by applying external fields. An example is a system of trapped parti-
cles which is investigated after the trap is released. Such a situation is discussed
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in chapter 7. The situation with trapped particles is a rather difficult case for
the DMRG because the density on extended regions of the system is zero – this
leads to a vanishing entanglement with the rest of the system, i.e., an appropriate
density-matrix basis is difficult to obtain when calculating the ground state of such
systems. In order to overcome this difficulty, we modify the warmup sweep and
adjust the quantum numbers according to the desired local filling. Our calcula-
tions show that the initial state found in this way has very small errors (the energy
for a trapped system of hard-core bosons is correct up to deviations of the order
of 10−6). In Fig. 6.8, the maximum of the absolute error of the local density〈ni〉
and the maximum of the relative error in〈nk〉 are displayed for a system ofL = 60
lattice sites and withN = 20 initially trapped hard-core bosons. The compari-
son is done with exact results obtained via a Jordan-Wigner transformation. (At
this point, we acknowledge Marcos Rigol for giving us his data for the hard-core
bosons). As can be seen, even for this more difficult system, the errors at the end
of the time evolution are< 1% for an appropriate choice of control parameters.

In Appendix A, we present the time dependence of the number of density-
matrix statesm and discarded weightε for this case. As can be seen in Fig. 6.8,
the Lanczos method with only one target state is found to have, by far, the smallest
error for this kind of problem. Hence, we conclude that for this class of problems,
the Lanczos variant of the t-DMRG works better. This is supported by similar
calculations with initially trapped soft-core bosons [172].

6.3 Discussion

In this chapter, we have presented extensions to the DMRG that can treat time-
dependent problems. In particular, the Lanczos and the Trotter variants of the
adaptive t-DMRG have been presented. An error analysis for a quench and for
particles released from a trap have been presented. For quenches, we find that the
Trotter variant has the smaller errors or is much faster than the Lanczos variant.
For the particles released from a trap, the Lanczos method with a single target state
works significantly better. We find that, with an appropriate choice of parameters,
the errors of the methods can be controlled to within 1% at the end of the time
evolution. Therefore, both approaches represent powerful tools to treat a variety
of strongly correlated quantum systems in general out-of-equilibrium situations.
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Figure 6.4: Relative error in the energy for a quench in a system withL = 24 sites
for the choices of control parameters indicated. The plots in the left column show
results withV = 2, in the right column withV = 40. In all cases, the initial state
is obtained withV0 = 0.5.
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Figure 6.5: Relative error in〈nk〉 for the same situation as in Fig. 6.4.
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Figure 6.6: Absolute error of the cumulant of the density-density correlation func-
tion for the same situation as in Fig. 6.4.
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Figure 6.7: Comparison of the errors obtained for the Trotter variant and our
standard set of parameters (i.e.,dt = 0.005, mmax = 1000,ε = 10−9) with the
errors of the Lanczos approach with a larger time stepdt = 0.1 and 5 intermediate
time steps as target states. The plots display the relative error in the energy (top),
the relative error in〈nk〉 (middle) and the absolute error in the cumulant of the
density-density correlation function (bottom).
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Figure 6.8: Error analysis for a system withL = 60 andN = 20 hard-core bosons
released from a trap. The comparison is done with exact results obtained via a
Jordan-Wigner transformation [33]. The left column shows the maximum of the
absolute error in the local density. The right column shows the maximum of the
relative error in the momentum distribution function. The cases fordt = 0.005
(upper row) anddt = 0.01 (lower row) are shown.
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Chapter 7

Coherent Matter Waves of
Interacting Bosons on a Lattice

In this chapter, we study how coherent matter waves emerge after releasing ini-
tially trapped bosons on a one-dimensional lattice. This is relevant for the possible
realization of an atom laser in experimental setups using optical lattices. We treat
the general out-of-equilibrium evolution of a one-dimensional Bose gas with finite
on-site Coulomb repulsionU, whose initial state is prepared as a Mott insulator.
It was previously shown that, in the hard-core limit,U → ∞, an initial Fock state
develops quasi-long-range correlations when the bosons are allowed to evolve
freely on a one-dimensional lattice [13, 34]. In particular, the momentum distri-
bution functionnk ≡ 〈nk〉 develops sharp peaks at momentak = ±π/2a, wherea
is the lattice constant. An examination of the one-particle density matrix shows
that, after the formation of the peaks innk, it decays as 1/

√
x at long distances, as

it does for hard-core bosons in equilibrium [173, 174], demonstrating that, in fact,
the peaks innk signal the emergence of quasi-coherence at a finite wavevector. A
detailed picture of the (quasi-)coherent part is obtained by examining the lowest
natural orbital (NO), i.e., the eigenvector of the one-particle density matrix corre-
sponding to the largest eigenvalue. Once the peaks in〈nk〉 form, the NO evolve
at a constant velocityvNO = ±2at/~, wheret is the nearest-neighbor hopping am-
plitude, without appreciable change in their form. These are the maximal group
velocities on a lattice with a tight-binding dispersionεk = −2t coska. The process
of formation of the quasi-condensate is also characterized by a power law. The
population of the quasi-condensate increases in a universal way as∼ 1.38

√
tτ/~,

as a function of the evolution timeτ, independently of the initial number of par-
ticles in the Fock state. The timeτm at which the maximal occupation of the NO
is reached depends linearly on the number of particlesNb in the initial Fock state,
and is given byτm = 0.32Nb~/t.

The appearance of quasi-condensates atk = ±π/2a can be understood on the
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Figure 7.1: Time evolution of the local density〈ni〉 of an initially uncorrelated
Fock state of 10 hard-core bosons on a lattice withL = 50 sites obtained using the
t-DMRG.

basis of total energy conservation, as discussed in Ref. [33]. Given the disper-
sion relation of hard-core bosons on a lattice, since the initial Fock state has a
flat momentum distribution function, its total energy isET = 0. If all the par-
ticles were to condense into one state, it would be to the one with an energy
εk = ET/N. Taking into account the dispersion relationεk = −2t coska, εk = 0
corresponds tok = ±π/2a. Actually, since there is only quasi-condensation in the
one-dimensional case, the argument above applies only in that the occupation of
a given state is maximized. In addition, the minimum in the density of states at
these quasi-momenta strengthens the quasi-condensation into a single momentum
state.

Since hard-core bosons can be treated exactly [14, 13, 175, 34, 30], they are
extremely well-suited for a theoretical study of nonequilibrium dynamics because
large systems (with hundreds to thousands of bosons) can be examined over long
times. However, the experimental investigation is hampered by the quite stringent
requirements for the realization of such systems. We therefore consider here the
case of finite interactions, modeled by the one-dimensional Hubbard model

H = −t
∑

i

(
b†i bi+1 + h.c.

)
+

U
2

∑
i

ni (ni − 1) , (7.1)

whereb†i andbi are bosonic creation and annihilation operators, respectively, and
ni = b†i bi is the density operator. The hard-core limit corresponds toU → ∞. The
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value at which the Mott insulator appears has been estimated asUc/t ∼ 3.5 in one
dimension for a commensurate densityn = 1 [32]. We treat systems with values
of the interactionU ≥ 6, hence, for all the cases considered here, the systems are
clearly Mott insulators.

In this chapter, we apply the t-DMRG to study the free expansion of soft-core
bosons out of an initial Mott insulator state in which the bosons are spread over
several lattice sites and compare it to the hard-core case. The error analysis for
the t-DMRG has been discussed in Sec. 6.2.2. Fig. 7 shows the expansion of
hard-core bosons obtained with the t-DMRG. At least for large values ofU, the
results are expected to be very similar to those for hard-core bosons. However,
it is quite unclear if the scenario obtained with hard-core bosons prevails when
going to small values of the interaction. As shown next, the essential features
are preserved even for small values of the interactionU. In addition, tuning the
strength of the interaction allows for new control possibilities.

We consider here the free expansion ofNb interacting bosons described by the
Hamiltonian (7.1) on a one-dimensional lattice withL sites, lattice constanta, and
open boundary conditions. In the cases considered here, we takeNb = 20 and
L = 60. Due to memory limitations, it is not possible to allow for all possible
occupations of a given site. In general, the maximum number of bosons per site
needed to have an accurate description of the system increases asU decreases. In
all cases treated here, a maximum of three bosons per site was sufficient. Even
at the smallest interaction studied here (U/t = 6), no appreciable difference was
observed when the cutoff was changed from 3 to 4 bosons per site. Since the
system becomes more dilute in the course of the free expansion, the limitation in
the number of bosons per site becomes even less important at later times. The
time sequences shown are all limited to times shorter than the time it takes the
matter wave to reach the boundary of the system.

7.1 Local Density and Momentum Distribution Func-
tion

In this section, we compare the time evolution of the local density,〈ni〉(t), and of
the momentum distribution function for a system with a high value of the interac-
tion, U/t = 40.

Figure 7.2 shows a comparison of the density (Fig. 7.2(a)) and the momentum
distribution function (Fig. 7.2(b)) at four different times. At such high values of
the interaction, it is expected that the particles behave as hard-core bosons. In
fact, there is no noticeable difference in the density profiles at any time. However,
the momentum distribution functions atτ = 0 show clear differences. While hard-
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Figure 7.2: Comparison between hard-core bosons (filled black symbols) and soft-
core bosons (unfilled colored symbols) withU/t = 40 for (a) density and (b)nk at
timeτ = 0 (∇), τ = 2.52 (�), τ = 4.98 (©), andτ = 7.5 (4) in units of 1/t.

core bosons are equally distributed over all momenta, the soft-core case has a
maximum atk = 0, showing that even in a Mott insulator, the fluctuations of the
number of particles at each side populate that state preferentially. Nevertheless,
after the Mott insulator is allowed to expand, the difference between both systems
becomes barely noticeable. Already at the second time shown in Fig. 7.2, where
a Mott plateau still exists at the center of the cloud (Fig. 7.2(a)), the momentum
distribution functions of the hard- and soft-core bosons are very close to each
other. This is expected because the constraint of a hard core should become less
relevant when the system is diluted.

Now we discuss the behavior of the expansion for smaller values of the in-
teractionU. Although atU/t = 40 the momentum distribution function closely
follows the shape ofnk of hard-core bosons, a tiny asymmetry can be seen in Fig.
7.2(b) around the peaks atk = π/2a. Such an asymmetry indicates that the max-
imum of nk is not exactly atk = π/2a, but is shifted slightly. A more detailed
analysis for 6≤ U/t ≤ 40 is presented in Fig. 7.3. Figure 7.3(a) showsnk around
k = π/2a with the data points from the t-DMRG calculations denoted by symbols
and the connecting lines resulting from spline interpolations between them. It is
clearly seen that the maximum ofnk is displaced to smaller momenta asU de-
creases. The spline interpolation allows for a better determination of the maxima
in nk, since a denser set ofk-points corresponds to having a much longer lattice in
a physical realization. On the other hand, the actual set ofk-points in the t-DMRG
simulation corresponding toL = 60 is dense enough to allow for a smooth inter-
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Figure 7.3: (a) The momentum distributionnk at timeτ = 4.5/t for different values
of U/t. The symbols correspond to t-DMRG results on a lattice withL = 60, while
the lines in the respective colors are spline interpolations. (b) The position of the
peaks of the interpolated splines innk as a function ofU/t.

polation without introducing artefacts due to the spline procedure. Figure 7.3(b)
shows the location of the maxima ofnk as a function of U in units of 2a/π, giving
a guide for a fine tuning of the wavelength of the matter wave via the interaction
strength.

7.2 Spatial Decay of Correlations

In order to see the establishment of coherence explicitly, we examine the spatial
behavior of the one-particle density matrix. We would expect a change from an
exponential decay in the Mott-insulating state to a power-law behavior if (quasi-)-
coherence emerges. Fig. 7.4 shows the spatial behavior of the one-particle density
matrix both at timeτ = 0 [Fig. 7.4(a)], when bosons are in a Mott-insulating state,
and at timeτ ∼ 7.5 [Fig. 7.4(b)], when the peaks aroundk = ±π/2a are well es-
tablished. Figure 7.4(a) shows the spatial dependence of the one-particle density
matrix measured from the center of the bosonic region in a semi-logarithmic plot
for different values ofU. As expected for a Mott insulator, an exponential decay
with a correlation length that shortens asU is increased is observed. Figure 7.4(b)
shows the decay of the one-particle density matrix on a log-log scale at a time long
enough so that the peaks aroundk = ±π/2a are fully developed. The evaluation
was made in the part of the system where the lowest NO is appreciable, i.e., in the
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Figure 7.4: (a) Modulus of the one-particle density matrixρi j versus distance
| xi − xj | in units of the lattice constanta at τ = 0. (b) The same quantity at
time τ = 7.38, where the peaks innk are fully developed. Crosses (U = 20E)
correspond to the one-particle density matrix in equilibrium for the same number
of particles and system size. The black line corresponds tof (x) ∼ 1/

√| xi − xj |.

region of the system where a well developed quasi-condensate can be expected.
Fig. 7.5 shows the spatial dependence of the lowest NO at the same time as in Fig.
7.4(b). The correlations in Fig. 7.4(b) were measured from the sitexj = 37a (a
position where the NO is well developed) and withxi > xj. For comparison, we
superimpose the one-particle density matrix forU/t = 20,Nb = 20, andL = 60 in
equilibrium, where, due to the lower density with respect to the initial state in Fig.
7.4(a), a quasi-condensate exists. Over the distances where the NO has an appre-
ciable value, no difference with the corresponding quantity in equilibrium can be
noticed. It can be clearly seen that the one-particle density matrix has developed
a power-law decay (the same as the one in the system in equilibrium) at the later
time, with a power that approaches the one of hard-core bosons. Unfortunately,
the expansion of the cloud and the total system size are not as large in the soft-core
as in the hard-core case, so that the exponent cannot be as accurately determined.
Nevertheless, it is clear that a change from an exponential to a power-law decay
takes place, indicating that a quasi-coherent matter wave has developed.

7.3 Conclusions

In this chapter, we have presented the non-trivial generalization of a nonequilib-
rium phenomenon originally found in systems of hard-core bosons that expand
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Figure 7.5: Spatial dependence of the lowest NO at time t= 7.38 forU/t = 20.

freely on a one-dimensional lattice. First, we have shown that, starting from a
strongly correlated Mott-insulating state, the emergence of coherent matter waves
at finite momenta persists away from the hard-core limit, i.e., to finite values of
the on-site repulsionU which range down to the critical values, as long as a Mott-
insulating state is attainable for the initial state. Although of relevance for ex-
periments, the accurate treatment of this complicated many-body problem has not
been possible – only the development of the t-DMRG enables us to carry out the
investigation for systems large enough and times long enough so that predictions
useful for experiments can be made. By comparing to exact results in the hard-
core case, we have shown that our t-DMRG calculations, although approximate,
are very reliable, as discussed in detail in Sec. 6.2.2. Two new features appear
in the soft-core case:(i) Although the time evolution of the density profiles is
indistinguishable from those of hard-core bosons at large values ofU, the initial
momentum distribution functions are markedly different. Nevertheless, after the
Mott region melts, the momentum distribution functions of both systems become
nearly identical.(ii) As the strength of the interaction is reduced, a shift of the
momentum of the coherent matter wave to values smaller thanπ/2a is observed.
The appearance of a power law in the spatial decay of the one-particle density
matrix demonstrates explicitly the (quasi-)coherent nature of the resulting matter
wave. The results show that it is possible to engineer atom lasers with a high de-
gree of control. The momentum of the coherent matter wave can first be regulated
by setting the wavelength of the underlying optical lattice and further fine-tuned
by regulating the depth of the potentials in the lattice, i.e., the intensity of the
corresponding laser beam.





Chapter 8

Strongly Correlated Fermions after
a Quantum Quench

As described in chapter 2, recent experiments on optical lattices have made it pos-
sible to investigate the behavior of strongly correlated quantum systems after they
have been quenched. Such systems can be considered to be closed, i.e., they have
no significant exchange of energy with a heat bath, so that energy is conserved
to a very good approximation during the time evolution. As discussed in Sec.
2.5.1, since these systems are characterized by a large number of interacting de-
grees of freedom, application of the ergodic hypothesis leads to the expectation
that the time average of observables should become equal to the thermal average
after sufficiently long times. Various authors have recently given voice to such an
expectation [76, 77, 78]. However, in Sec. 2.5.1 we have argued that relaxation
to a thermal state is not expected to happen. This has been confirmed in an ex-
periment on a one-dimensional optical lattice, where, however, the non-thermal
behavior was ascribed to integrability [8]. Rigolet al. found that an integrable
system of hard-core bosons relaxes to a state well-described by the generalized
Gibbs-Boltzmann ensemble, Eq. (2.49), that takes into account the full set of in-
tegrals of motion [82]; similar results were found by Cazalilla for the integrable
Luttinger model [84].

As discussed in Sec. 2.5.1, a non-thermal behavior is to be expected for both
integrable as well as non-integrable systems. In this chapter, we investigate this
by calculating the full time evolution of a strongly correlated system whose in-
tegrability can easily be destroyed by turning on an additional interaction term.
Using the adaptive time-dependent density matrix renormalization group method
(t-DMRG) introduced in chapter 6, we find that, in a certain parameter range, two
different initial states with the same energy relax, to within numerical precision,
to states with indistinguishable momentum distribution functions. A comparison
with quantum Monte Carlo (QMC) simulations [176] shows that they do not cor-
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respond to a thermal state. By using a generalized Gibbs ensemble, Eq. (2.49),
we can improve the agreement with the time averages of the evolved system when
using the expectation values of the powers of the Hamiltonian〈Ĥn〉 as constraints.
This applies to both the integrable as well as to the non-integrable case.

We investigate spinless fermions on a one-dimensional lattice modelled by the
Hamiltonian

Ĥ = −th
∑

j

(
c†j+1cj + h.c.

)
+ V

∑
j

nj nj+1 , (8.1)

with nearest-neighbor hopping amplitudeth (taken to be one) and nearest-neighbor
interaction strengthV at half-filling. The well-known ground-state phase diagram
for the half-filled system consists of a Luttinger liquid (LL) forV < Vc = 2th,
separated from a charge-density-wave (CDW) insulator (V > Vc) by a quantum
critical point [177]. This model is integrable, with an exact solution via the Bethe
Ansatz [15, 178]. We consider open chains of up toL = 100 sites pushed out of
equilibrium by suddenly quenching the strength ofV from an initial valueV(t =
0) = V0 to a different valueV(t > 0) = V. Furthermore, we study the effect of
adding a next-nearest-neighbor repulsion

V2

∑
j

nj nj+2 (8.2)

to the model, which makes it non-integrable. We compute the time evolution
using the Lanczos time-evolution method described in Sec. 3.2 and the adaptive
t-DMRG. We study the momentum distribution function (MDF)

〈nk〉(t) = 1
L

L∑
l,m=1

eik(l−m)〈c†l cm〉(t), (8.3)

i.e., the Fourier transform of the one-particle density matrix,ρlm = 〈c†l cm〉. In the
t-DMRG, we utilize the Trotter approach developed in Refs. [107, 170] as well
as the Lanczos approach [166, 179] with additional intermediate time steps added
within each time interval [168]. We hold the discarded weight fixed toε ≤ 10−9

during the time evolution, but additionally restrict the number of states kept to
be in the range 100≤ m ≤ 1500. A detailed error analysis of the t-DMRG for
quantum quenches has been presented in Sec. 6.2.1. In all calculations presented
in this chapter, the maximum error in the energy, which is a constant of motion, is
1%, and, in most cases, less than 0.1%, at the largest times reached.
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Figure 8.1: Time evolution of an initial LL state (V0 = 0.5) in the strong coupling
limit with V = 100 forL = 100 sites at the times indicated. Inset: spectral analysis
of 〈n〉(k = π).

8.1 The Strong Coupling Limit

When an initial Luttinger liquid state is quenched to the strong coupling regime,
V � th, we find that〈nk(t)〉, displayed in Fig. 8.1, exhibits collapse and revival on
short time scales, whereas the density-density correlation function remains essen-
tially unchanged, i.e., retains the power-law decay of the LL. This can be under-
stood by considering a quench to the atomic limit,th = 0. In this limit, the time
evolution of an observable is given by

〈O〉(t) = 〈ψ0| eitV
∑

j njnj+1 O e−itV
∑

j njnj+1 |ψ0〉 , (8.4)

i.e., all observablesO that commute with the density operator, including the density-
density correlation function, are time-independent. Furthermore, since the only
remaining interaction is the nearest-neighbor density-density interaction, it can be
shown analytically that the one-particle density matrix%m l(t) involves only two
frequencies (ω1 = V andω2 = 2V), resulting in a periodic oscillation with a re-
vival time ofTrevival = 2π/V. The exact expression is derived in Appendix B. Thus,
in analogy to the observed collapse and revival of a BEC in an optical lattice [7],
the single-particle properties of an initial LL state exhibit collapse and revival with
this period. However, in the course of the time evolution, one- and two-particle
propagators are not connected any more by only one anomalous dimension. As
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discussed in Sec. 2.3, in Ref. [65], thelocal compressibility

κl
i =

∑
| j|≤l(Vtrap)

(
〈n̂i n̂i+ j〉 − 〈n̂i〉 〈n̂i+ j〉

)
(8.5)

can be used to characterize local quantum phases in non-homogeneous systems
(l(Vtrap) is estimated by the correlation length). In the atomic limit, this quantity
does not change with time, while〈nk〉(t) exhibits insulating behavior for times
between two revivals, as displayed in Fig. 8.1. This shows that in non-equilibrium
situations it is difficult to characterize a system as “metallic” or “insulating”.

8.2 Relaxation to a Non-Thermal Quasi-Stationary
State

For small but finite hopping amplitudes,th << V, the time evolution retains the
oscillatory behavior of the atomic limit; two frequenciesω1 andω2 are indeed
dominant in the spectrum, as can be seen in the inset of Fig. 8.1. However, the
finite hopping amplitude leads to a dephasing of the oscillation on a time scale of
tdephase∼ 1/th. Afterwards, observables oscillate with a small amplitude around a
fixed value, suggesting that the system reaches a quasi-stationary state.

In order to further characterize such states, we study the evolution of the sys-
tem for various values ofV. In Fig. 8.2, the momentum distribution function,
obtained by performing an average in time from timet = 3 to t = 10, at the
quantum critical point,V = Vc, and at a point in the CDW region,V = 5th, are
shown. In order to investigate to what extent the (quasi-)stationary behavior is
generic, we examine its dependence on the initial state. We do this by prepar-
ing two qualitatively different initial states with the same average energy〈H〉 for
each case: one a ground state in the LL regime and the other a ground state in
the CDW regime. This is possible for a certain range ofV in the intermediate
coupling regime. In Fig. 8.2, results for two such initial states are compared with
each other and with the MDF obtained for a system in thermal equilibrium and
the same average energy, calculated using QMC simulations [176].

At the critical point,V = Vc, Fig. 8.2(a), the MDFs for the two initial states co-
incide with each other, to within the accuracy of the calculations (approximately
the symbol size) or less. Therefore, information about the initial state is not pre-
served in this quantity, consistent with the expectation for an ergodic evolution.
However, the difference from the thermal distribution is significant; thermaliza-
tion is not attained. The left inset shows the time evolution of〈nk〉(t) for k = π for
both initial conditions, demonstrating that the system reaches a quasi-stationary
state. A small, but discernible shift from the thermal value can also be seen for
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Figure 8.2: Time-averaged momentum distributions when quenching to (a)V = 2
(quantum critical point) and (b)V = 5 (insulator) forL = 50 sites. The time
averages of two independent initial states with the same energy are compared to
each other and to the thermal expectation value. In the right inset, results for
L = 50 (∗) are compared toL = 100 (5). As a reference, the finiteT results for
L = 50 (blue lines) andL = 100 (dashed line) are shown. In (c), the results for a
quench when remaining in the Luttinger liquid phase (V = 1.5) are shown.

both initial conditions, even atk = π. In the right inset, the points with the largest
differences just below the Fermi vectorkF = π/2 are plotted when the system size
is doubled fromL = 50 toL = 100. As can be seen, the finite-size effects are of
the order of the symbol size or smaller and do not affect the conclusions.

In order to investigate the importance of quantum criticality, we have also
examined the behavior forV = 1.5 andV = 2.5 , i.e., below and above the
transition point. We find almost identical behavior, indicating that the lack of
thermalization is not associated with the quantum critical point. Note, however,
that the LL regime (V < 2) is critical.

For V = 5, Fig. 8.2 (b), all three curves show small, but significant differ-
ences. This means that the time evolution starting from different initial states can
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Figure 8.3: Time-averaged momentum distribution〈nk〉 for V=10.

be distinguished from each other as well as from the thermal state, i.e., neither re-
laxation to one distinguished quasi-stationary state nor thermalization occurs. For
this case,|V0 − V| is larger than forV = 2, and, in addition, the values ofV0 nec-
essary to obtain the same energy in the initial state (V0 = 1.5 andV0 = 44.2165)
differ strongly. This suggests that the initial states are far apart from each other in
some sense, a notion that will be made more precise below.

The differences with the thermal distribution increase for larger|V0 − V|. As
can be seen in Fig. 8.3 forV = 10, the difference between the time average and
the thermal distribution is significant, clearly confirming that thermalization does
not occur. The differences observed increase gradually as a function of|V0 − V|,
ruling out a transition, as suggested for the Bose-Hubbard model [78].

In order to investigate the impact of the lack of integrability on thermalization,
we now extend our model (8.1) by turning on a next-nearest-neighbor interaction.
In Fig. 8.2, we display results withV0 = 0.5 andV0 = 2.46689 (zero n.n.n. inter-
action), and the quenched evolution atV = 2, V2 = 0.4. As in the integrable case,
both initial states lead to indistinguishable time-averaged MDF’s, but significantly
different from the thermal one, showing differences very similar to those in Figs.
8.2 (a). WhenV0 = 0.5 andV = 10, V2 = 1, the difference from the thermal state
is comparable to the case shown in Fig. 8.3. Therefore, the non-thermal nature of
the emerging steady state is clearlynot related to the integrability of the system.
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8.3 Application of the Generalized Gibbs Ensemble

In Sec. 2.5.1, we discussed the use of a generalized Gibbs ensemble taking into
account powers ofH as constraints,

% = exp

−∑
n

λnHn

 . (8.6)

The values of theλn are fixed by the condition that Tr(%Hn) = 〈Hn〉, takingH0 = 1
to enforce normalization. Here,% is fully determined by dim(H) powers ofH. The
statistical expectation value of any observable is then given (for a non-degenerate
spectrum) by

Tr (%O) =
∑
ν

|〈ν|ψ0〉|2〈ν|O|ν〉 , (8.7)

with |ν〉 the eigenstates ofH. As discussed in Sec. 2.5.1, the r.h.s. of this expres-
sion is equal to the time average of〈Ô〉(t).

For Hamiltonian (8.1) withL = 16 sites, we can follow the time evolution
to long times by carrying out a full diagonalization. We find that the time aver-
age does not change when the time range is increased fromt ≤ 10 to t ≤ 100
and that this average agrees with Tr(%O). This is shown in Fig. 8.5. Although
the available times are limited tot ∼ 10 for the larger systems accessible to the
t-DMRG, comparison with theL = 16 results yields qualitative and rough quanti-
tative agreement of the time averages for the times available. This provides some
evidence that the quasi-stationary state found using the t-DMRG will not change
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Figure 8.5: Comparison of time averages for times betweent = 3 andtmax = 10
andtmax = 100 with the statistical average of Eq. (8.7) and with a thermal state for
a quench withV0 = 0.5 andV = 2 for a system withL = 16 sites. Note that the
results presented are obtained using full diagonalization of the Hamiltonian and
have, therefore, an error much smaller than the symbol size.

strongly on larger time scales. Note that the accuracy of the results presented in
Fig. 8.5 is of the order of the machine precision. Although the results are very
similar to each other, a clear difference remains which would be better visible if
morek−points closer tokF would be available.

We now investigate the extent to which the statistical expectation value within
the generalized Gibbs ensemble approaches the time average of the evolution after
a quench by studying the energy distribution, defined as

Pψ(E) =
∑
ν

δ (E − εν) |〈ν|ψ〉|2 , (8.8)

which is normalized if〈ψ|ψ〉 = 1. The energy distribution in the generalized Gibbs
ensemble can analogously be defined asPG(E) = Tr δ (E − H) % ,with % as defined
previously. In Fig. 8.6, we showPψ(E) calculated using full diagonalization on
L = 16 sites for an initial stateV0 = 0.5 evolved at the quantum critical point,
V = 2, compared with the distribution in the Gibbs ensemblePG(E) as the number
of constraints is increased from 1 to 3. It is evident that increasing the number of
constraints systematically improves the agreement and that only a small number
of moments are necessary to obtain very good agreement, at least for this case.

A quantitative measure of the distance∆ of two different quench situations can
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be introduced as

∆ =

∫
dE | P(E) − P′(E) | . (8.9)

Based on this, we take as an estimate the distance of two distributions as|P(E) −
P′(E)| = ∆/W, whereW is the bandwidth of the spectrum ofH. For the moments
of H for two different energy distributionsP andP′, we have

〈Ĥn〉P − 〈Ĥn〉P′ =
∫

dE En
{
Pψ(E) − Pψ′(E)

}

≤
∫

dE En | Pψ(E) − Pψ′(E) |

' 1
n+ 1

Wn∆ . (8.10)

Therefore, if the distance of the distributions∆ � 1, the relative distance of the
moments

(
〈Ĥn〉P − 〈Ĥn〉P′

)
/Wn < ∆/(n+ 1) will also remain small, such that the

values of the observables after a quench converge to values close to each other.
Estimating∆ for the respective two initial states of Fig. 8.2, albeit in smaller
systems withL = 16, we obtain for the case of Fig. 8.2 (a),∆ = 0.12439, for
Fig. 8.2 (b),∆ = 0.41521, and for Fig. 8.2 (c),∆ = 0.16752. On the other
hand, the comparison ofPψ and the thermal distributionPβ leads to∆ = 0.68581,
∆ = 1.24616, and∆ = 0.71432, respectively. Thus, the distance between the
thermal distribution and the one defined by the initial states is always larger than
those defined by the pair of initial states with the same energy, in accordance with
the observation that a non-thermal quasi-stationary state is reached.
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8.4 Discussion

In this chapter, we have investigated the short-time behavior and the relaxation
of an initial Luttinger liquid state after a quantum quench. Using the adaptive
time-dependent DMRG, we have been able to investigate systems and times large
enough to find the quasi-stationary state. In the atomic limit, we find collapse
and revival of the initial Luttinger liquid state. This persists in the strong cou-
pling limit tH � V, but due to the finite hopping amplitude, relaxation on a time
scale∼ 1/th is obtained. In the general case, independent of the integrability of
the system, the emerging quasi-stationary state is non-thermal. The time average
is identical to expectation values with a generalized Gibbs ensemble when con-
sidering dim(H) powers ofH as constants of the motion, as following from Eq.
(2.54). Under certain conditions, independent initial conditions relax to the same
quasi-stationary state which can, in turn, be very close to a thermal state. This can
be quantified using a measure∆, which we have calculated on small systems for
various pairs ofV0 andV.



Chapter 9

Summary and Conclusion

In this thesis, we have studied strongly correlated quantum systems on one-dimen-
sional lattices in equilibrium and out-of-equilibrium situations. We have demon-
strated that it is possible to extend well-established numerical methods like the
Lanczos method, discussed in Chapter 3, and the DMRG, treated in detail in
Chapter 4, to handle non-equilibrium systems with a high accuracy. The Lanc-
zos time-evolution method can be applied in such a way that the errors become
of the order of the machine precision. For the DMRG, we have discussed in
chapter 6 two possible variants of algorithms foradaptivetime-dependent DMRG
procedures. The first approach is based on the Lanczos time-evolution method
introduced in Sec. 3.2. The second approach uses a Trotter-Suzuki decomposition
of the time-evolution operator in a quite clever way. In Sec. 6.2, both approaches
are shown to have errors in the observables that are< 1% at the end of the time-
evolution. For quantum quenches with an initial state with a homogeneous distri-
bution of the particles on the lattice, we find that for a suitable choice of control
parameters, the Trotter approach is faster while the error of both approaches is
comparable. For a system of particles released from an initial trap, we find the
Lanczos variant to be more accurate. Thus, both variants represent powerful tools
to treat non-equilibrium situations of quasi one-dimensional strongly correlated
quantum systems.

In chapter 5, we have applied the usual DMRG method to elucidate the quan-
tum critical behavior of the ionic Hubbard model in one spatial dimension. We
find strong indications for a scenario withtwocritical points, in accordance with a
calculation using a bosonization Ansatz [12]. The critical points are characterized
by the closing of gaps and by the divergence of the electric and the bond-order sus-
ceptibilities. We find that, at the first critical point, only charge degrees of freedom
become critical, while the second transition point is associated with a closing of
the spin gap. We find that at the first critical point a second order transition takes
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place, albeit with values of the exponents different from the Ising values, which
were proposed in Ref. [12]. The second transition is also continuous and possibly
of Kosterlitz-Thouless type, although it is difficult to clarify this point.

Using the adaptive t-DMRG, we have investigated two non-equilibrium situa-
tions:
In chapter 7 we have found an emerging (quasi-)coherent matter wave of soft-core
bosons with a wavevector that depends on the interaction strength. This demon-
strates that it is possible to engineer atom lasers on optical lattices using soft-core
bosons.

In chapter 8 we have investigated the time evolution of a strongly correlated
fermion system after a quantum quench. The system is integrable using the Bethe
Ansatz, but can easily be made non-integrable by adding an additional next-
nearest-neighbor interaction. In the strong coupling limit, we find collapse and
revival of an initial Luttinger liquid state on short time scales. After a typical time
of the order of∼ 1/th, whereth is the nearest neighbor hopping amplitude, we
find relaxation to a quasi-stationary state, i.e., the observables oscillate around an
average with an amplitude which is much smaller than the amplitude at the begin-
ning of the time evolution. According to Boltzmann’s ergodic hypothesis, ther-
malization might be expected. However, as discussed in Sec. 2.5.1, the emergent
quasi-stationary state after a quantum quench is expected to benon-thermal. This
is independent of the integrability and the dimensionality of the system. However,
for certain parameters, we find that two different initial states with the same en-
ergy are found to relax to the same non-thermal quasi-stationary state, and that
the obtained quasi-stationary state for certain parameters can be quite close to a
thermal state. The difference is small, so that in experiments it may be difficult to
distinguish it from a thermal state.By considering dim(H) powers of the Hamilto-
nianH as constants of the motion, it is, basing on Jayne’s principle of maximum
entropy, possible to formulate a generalized Gibbs-Boltzmann ensemble. We find
that the statistical expectation value then is equal to the time average, showing that
emergent quasi-stationary state can, indeed, be described by a density-matrix.

The investigation of strongly-correlated quantum systems out of equilibrium
is at its beginnings. With the methods developed in this thesis, it is possible to
investigate a large class of non-equilibrium situations and exciting new results are
expected. For example, considering the successful application of the ground-state
DMRG to systems of coupled chains, the treatment of non-equilibrium situations
for systems that are not purely one-dimensional should be possible. This is of
particular interest for a better understanding of the relaxation dynamics of quan-
tum many-body systems. Although, as discussed in this thesis, the final state is
non-thermal, experiments on optical lattices seem to indicate that in higher di-
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mensional systems thermalization is obtained within resolution of the methods
[180]. Therefore, further theoretical investigations on this issue are necessary
which should be, at least partially, possible with the new methods available. It
is also of interest for experiments to consider the emergence of coherent matter
waves on systems beyond one spatial dimension. An investigation is on the way
[181].

Further examples for possible applications of the new methods can be found
in the field of ultrafast processes. The advent of femtosecond and evenattosecond
spectroscopy [182] opens new possibilities to investigate elementary processes,
e.g., in chemical reactions. We expect that the numerical methods developed in
this work should be helpful to gain theoretical insight into experimental results.
This is also valid for experiments on optical lattices, where a combination of our
numerical approaches with the excellent possibilities of controlling the experi-
ments promises new developments and insights into the non-equilibrium dynam-
ics of strongly correlated quantum systems. Our knowledge about the behavior
of quantum many-body systems in non-equilibrium situations is very limited; we
believe that the development of the numerical methods discussed in this thesis will
contribute to change this situation.





Appendix A: Details to the t-DMRG

In this appendix, we show the time dependence of the numbermof density-matrix
basis states kept during the time-evolution and of the discarded weightε when
performing the t-DMRG runs with a variablem and a fixedε, but a maximum
numbermmax of kept basis states. In Figs. 1 and 2, the analysis for a quench is
shown. In Fig. 3, the case of initially trapped hard-core bosons is shown.
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Figure 1: Time dependence of the number of density-matrix eigenstates kept (left
column) and of the discarded weight (right column) for the various sets of param-
eters for a quench withV = 2.
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Figure 2: Time dependence of the number of density-matrix eigenstates kept (left
column) and of the discarded weight (right column) for the various sets of param-
eters for a quench withV = 40.
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Figure 3: The same analysis as before for a system of initially trappedN = 20
hard-core bosons on a lattice withL = 60 sites.



Appendix B: Time Dependence of
the OPDM after a Quantum Quench
in the Atomic Limit

In this appendix, we present the detailed calculation of the time evolution of the
one-particle density matrix (OPDM) for a system of spinless fermions, when at
later times the hopping is set to zero. As a starting point, we consider the time
evolution of an arbitrary observable

〈Ô〉(t) = 〈ψ0 | e
iVt

∑
j

njnj+1

Ô e
−iVt

∑
j′

nj′nj′+1 |ψ0〉 (1)

= 〈ψ0 |
∏

j

eiVtnj nj+1Ô
∏

j′
e−iVtnj′nj′+1 |ψ0〉 (2)

Therefore,all observableŝO which commute with the density operatorni ≡ c†i ci
are time independent. However, one-particle propagators, like the OPDM, are
time dependent due to the fermionic commutation relations. The elements of the
OPDM evolve in time according to

%ml(t) = 〈ψ0 |
∏
µ

eiVtnµnµ+1c†mcl

∏
ν

e−iVtnνnν+1 |ψ0〉 (3)

For the detailed calculation, we need to consider various cases:

1.) m= l:⇒ %ml(t) = const.

2.) |m− l | > 1:

If µ , m, l andµ + 1 , m, l, the operatoreiVtnµnµ+1 commutes withc†mcl and
will find a “partner” in the product overν, such that the contribution of these two
operators reduces to a factor 1. Since this happens for most values ofµ andν, as
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intermediate result we obtain

⇒ %ml(t) = 〈 eiVtnmnm+1 eiVtnm−1nm eiVtnlnl+1 eiVtnl−1nl c†l cm e−iVtnmnm+1 e−iVtnm−1nm e−iVtnl nl+1 e−iVtnl−1nl 〉
(4)

The operatornmnm+1 is idempotent:

(nmnm+1)
a = nmnm+1, a ∈ N

This leads to the following useful relation:

e−iVtnm−1nm = 1+
∞∑

a=1

(−iVt)a

a!
(nmnm+1)

a

= 1+ nmnm+1

(
e−iVt − 1

)
︸      ︷︷      ︸

≡T

(5)

With this, we can calculate the commutation of the remaining time-evolution
operators with the operatorc†l cm. For example we obtain (with̄T = e(iVt) − 1)

eiVtnl−1nl c†l cm =
[
1+ nl−1nlT̄

]
c†l cm

= c†l cm+ T̄nl−1c
†
l cl c

†
l︸︷︷︸

=1−nl

cm

= c†l cm+ T̄c†l cmnl−1 − T̄nl−1 c†l c
†
l︸︷︷︸

→0

cl cm

= c†l cm

(
1+ T̄nl−1

)
= c†l cm eiVtnl−1,

where in the last line we used the fact that, according to Eq. (5), for any idempo-
tent operatorn the equalityeαn = 1+ n(eα − 1). Similarly, we obtain

eiVtnl+1nl c†l cm = c†l cm eiVtnl+1 (6)

eiVtnm+1nm c†l cm = c†l cm (7)

eiVtnm−1nm c†l cm = c†l cm (8)

c†l cm e−iVtnmnm+1 = e−iVtnm+1c†l cm (9)

c†l cm e−iVtnm−1nm = e−iVtnm−1c†l cm (10)

c†l cm e−iVtnl nl+1 = c†l cm (11)

c†l cm e−iVtnl−1nl = c†l cm (12)

(13)



139

The time-dependence of the elements of the one-particle density-matrix is thus
given by

%ml(t) = 〈 eiVtnl+1 eiVtnl−1c†l cm e−iVtnm+1 e−iVtnm−1 〉
= 〈

[
1+ nm+1T

] [
1+ nm−1T

] [
1+ nl+1T̄

] [
1+ nl−1T̄

]
c†l cm 〉

= 〈
[
1+ T(nm+1 + nm−1) + T2nm+1nm−1

] [
1+ T̄(nl+1 + nl−1) + T̄2nl+1nl−1

]
c†l cm 〉

= 〈 c†l cm 〉
+T〈 (nm+1 + nm−1) c†l cm 〉
+T̄〈 (nl+1 + nl−1) c†l cm 〉
+T2〈 nm+1nm−1c

†
l cm 〉

+TT̄〈 (nm−1nl−1 + nl+1nm−1 + nm+1nl−1 + nm+1nl+1) c†l cm 〉
+T̄2〈 nl+1nl−1c

†
l cm 〉

+T2T̄〈 (nl−1nm+1nm−1 + nl+1nm+1nm−1) c†l cm 〉
+TT̄2〈 (nm−1nl+1nl−1 + nm+1nl+1nl−1) c†l cm 〉
+T2T̄2〈 nm+1nm−1nl+1nl−1c

†
l cm 〉

with

T = (e−iVt − 1)

T̄ = (eiVt − 1)

T2 = e−2itV − 2e−itV + 1

T̄2 = e2itV − 2eitV + 1

TT̄ = 2(1− cos(tV))

T2T̄ = 2(cos(tV) − 1)− ( e−itV − 1)2

TT̄2 = 2(cos(tV) − 1)− ( eitV − 1)2

T2T̄2 = 2(3− 4 cos(tV) + cos(2tV))

Thus the time-evolution of the density matrix is governed by only two fre-
quencies∝ 1/V and∝ 1/2V.

3.) m= l ± 1:

We will perform the calculation form = l + 1 – the other case is analogous.
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Starting point is again

%m m+1(t) = 〈ψ0 |
∏
µ

eiVtnµnµ+1c†mcm+1

∏
ν

e−iVtnνnν+1 |ψ0〉 (14)

Forµ , m,m+ 1 andµ + 1 , m,m+ 1, the time evolution operators on the right
commute withc†mcm+1 and do not contribute to the time evolution. This leads to
the simplified expression

%m m+1 = 〈 eiVtnmnm+1 eiVtnm+1nm+2 eiVtnmnm−1 c†mcm+1 e−iVtnmnm+1 e−iVtnm+1nm+2 e−iVtnmnm−1 〉
(15)

Similar to the above step, the time-evolution operators are further simplified,
leading to the expression

%m m+1(t) = 〈 eiVtnm−1c†mcm+1 e−iVtnm+2〉
= 〈c†mcm+1〉
+(eitV − 1)〈 nm+2c

†
mcm+1〉

+(e−itV − 1) 〈 nm−1c
†
mcm+1〉

+2(1− cos(tV)) 〈 nm−1nm+2c
†
mcm+1〉

An analogous calculation forl = m− 1 leads to

%m m−1(t) = 〈eitVnm+1c†mcm−1e
−itVnm−2〉 (16)

Thus, the time-evolution of the next-to-diagonal elements of% is governed by
only one frequency∝ 1/V.

The time-evolution of the momentum distribution is obtained as the Fourier
transform of the OPDM,

n(k, t) =
1
L

L∑
m,l=1

e−ik(l−m)%ml(t) . (17)

Thus, considering the obtained expressions for%ml(t), it is also governed by only
two frequencies∝ 1/V and∝ 1/(2V).
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[115] M. A. Ḿ-D, G. S, and R. M. N, J. Phys. A: Math.
Gen.32, 6079 (1999).

[116] K. H, Density Matrix Renormalization, inTheoretical Methods
for Strongly Correlated Electrons, edited by D. Ś́, A.-M. T-
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