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Tag der mündlichen Prüfung: 14. Dezember 2012

Institut für Mechanik (Bauwesen) der Universität Stuttgart
2013



Herausgeber:

Prof. Dr.-Ing. habil. C. Miehe

Organisation und Verwaltung:

Institut für Mechanik (Bauwesen)
Lehrstuhl I
Universität Stuttgart
Pfaffenwaldring 7
D-70550 Stuttgart
Tel.: ++49–(0)711/685-66378
Fax : ++49–(0)711/685-66347

© Ilona Zimmermann
Institut für Mechanik (Bauwesen)
Lehrstuhl I
Universität Stuttgart
Pfaffenwaldring 7
D-70550 Stuttgart
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Abstract

The present work deals with the modeling of evolving crystal orientation microstructures
in finite polycrystal plasticity and its impact on the macroscopic material behavior by
means of a two-scale approach. A micro-mechanical plasticity model is developed that lo-
cally accounts for microscopic structural changes in the form of grain reorientations. The
algorithmic treatment captures in a numerically efficient manner the crystal reorientation
for evolving face- and body-centered cubic textures. Thereby, the parametrization of ro-
tations is carried out in the Rodigues space. The performance is demonstrated by means
of representative numerical examples. As a key ingredient the crystallographic texture is
responsible for the development of macroscopic anisotropy, entailing the necessity of a
multiscale approach for appropriately predicting the material behavior. Crystal orienta-
tion distribution functions govern the evolution of structural tensors, representing in a
homogenized sense the crystal reorientation within a model-inherent scale bridging tech-
nique. The texture estimation is incorporated in a modular format into a micro-macro
model resulting in a computationally manageable approach compared to straightforward
homogenization-based multiscale methods, such as e.g. FE2. A macro-mechanical model
of anisotropic finite plasticity is based on evolving structural tensors accounting for the
texture-induced macroscopic anisotropy. The general framework for the micro-macro mod-
eling is a purely phenomenological setting of anisotropic plasticity in the logarithmic strain
space. The capabilities and computationally efficiency of this hybrid two-scale model of fi-
nite polycrystalline plasticity is demonstrated by means of a variety of numerical examples
including the comparison with benchmark analyses and experimental observations.

Zusammenfassung

Inhalt der vorliegenden Arbeit ist die Modellierung von Mikrostruktur-Entwicklungen in
der finiten Kristallplastizität sowie deren Einfluss auf das makroskopische Materialverhal-
ten im Rahmen einer Zweiskalenmodellierung. Ein mikromechanisches Plastizitätsmodell,
das die lokale Orientierungsänderung der mikroskopischen Kornstruktur abbildet, wird
entwickelt. Dazu wird ein Algorithmus vorgeschlagen, mit dem die Orientierungsänderung
in kubisch-flächen- und kubisch-raumzentrierten Kristallen numerisch effizient beschreibar
ist. Die Parametrisierung der Rotationen erfolgt dabei im Rodrigues Raum. Repräsentative
numerische Beispiele zeigen die Leistungsfähigkeit dieses Modells. Die Textur, d.h. die
Orientierungsverteilung der Mikrostruktur, ist entscheidende Ursache für das Entstehen
makroskopischer Anisotropie, für deren genaue Modellierung ein Mehrskalenansatz sinn-
voll ist. Strukturtensoren, die mit Hilfe von Orientierungsverteilungsfunktionen berech-
net werden, beschreiben in einem homogenisierten Sinn den Reorientierungsvorgang von
Kristallen in einem modellinhärenten Skalenübergang. Dazu werden die Strukturten-
soren in modularer Weise in ein Mikro-Makro-Modell eingebaut, das -im Vergleich zu
homogenisierungsbasierten Mehrskalenmethoden, wie z.B. FE2- einen numerisch effizien-
ten Ansatz darstellt. Die durch mikrostrukturelle Effekte induzierte makroskopische Aniso-
tropie wird durch diese Strukturtensoren in ein makroskopisches, anisotropes Plastizitäts-
modell integriert. Den übergeordneten Rahmen dieses hybriden Mikro-Makro-Ansatzes
bildet ein phänomenologisches, anisotropes Plastizitätsmodell im logarithmischen Ver-
zerrungsraum. Die Leistungsfähigkeit und die numerische Effizienz des vorgeschlagenen
Zweiskalenmodells der finiten Kristallplastizität werden anhand einiger numerischer Bei-
spiele, die einen Vergleich mit experimentellen Ergebnissen und mit Benchmark-Unter-
suchungen beinhalten, gezeigt.
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Introduction 1

1. Introduction

The overall objective of this work is the modeling of anisotropic material behavior, which
physically originates from a heterogeneous microstructure. This task is a wide area of
current research with active interest over the last decades as the modeling of developing
anisotropies in materials undergoing finite elastic-plastic strains has a high importance for
industrial applications. In particular, the work is concerned with the modeling of texture
evolution in polycrystalline materials and its influence on the macroscopic material behav-
ior. An efficient model with regard to the grain reorientation mechanism of an idealized
reorientation continuum is incorporated by a model-inherent scale bridging technique in
a hybrid micro-macro approach.

1.1. Motivation and State of the Art

For many engineering applications such as beverage or food can manufacturing and deep
drawing or folding processes of thin-walled materials in the automotive, aircraft, civil en-
gineering or household industry, illustrated in Figure 1.1, the simulation of the production
progress is notably reasonable. Prediction of material rupture and fatigue, mechanical

a) b) c)

Figure 1.1: Engineering applications. a) Beverage can manufacturing, forming of b) front
lids in the automotive and c) kitchen sinks in the household industry. (Sources of pictures:
www.aluminium.matter.org.uk [1], www.schulergroup.com [2], www.thomasnet.com [3])

properties, material shape, springback and thickness distribution after forming are main
objectives of computer simulations. By means of these simulations experimental costs are
avoided and moreover a better understanding of the process development is obtained,
which may result in an improved fabrication design. For instance, the earing formation
during a deep drawing process could be reduced and a post-trimming might be elimi-
nated. On the one hand material can be saved, on the other hand production costs can
be reduced and the production rate can be increased by an omitting finishing process.
The finite element method is a very successful tool for the simulation of deformation pro-
cesses, but the preciseness of the simulation results critically depends on the constitutive
material formulation and the accompanying parameter identification. Induced by a rising
request with regard to a qualitative and quantitative prediction of computer simulations,
an accurate modeling of the material and structural properties is necessary. Therefore,
additional, so-called internal variables as for instance the plastic strains, need to be taken
into account. A crucial perspective towards the description of macroscopic visible effects,
such as anisotropy, is provided by multiscale approaches which account for the evolution
of the material on a lower scale by model-inherent scale bridging techniques. The physical
source of macroscopic anisotropic, i.e. direction dependent material behavior originates
in general from the heterogeneous constitution of the microstructure. The prediction of
anisotropy in polycrystalline materials such as metals, polymers or minerals due to the
crystallographic texture evolution is very complicated to describe within a direct macro-
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scopic approach. Most macroscopic material models are therefore restricted to isotropic
response or cover an initial, non-evolving texture by an anisotropic initial yield surface.
Nevertheless, effects of the macroscopic deformation influencing the evolving microstruc-
ture need to be taken into account. This explains a phenomenological description of the
material on different scales, each defined by its dimension and characteristic structural
effects: Atomistic effects on the quantumscale, atom or molecular interaction on the

m
10−210−610−910−12

Figure 1.2: Multiscale modeling on different length-scales.

nanoscale, dislocation dynamics on the microscale, grain interaction on the mesoscale and
visible phenomena, such as necking or earing development on the macroscale. An approx-
imative link of scale clusters to length scales is shown in Figure 1.2. Note, that this link
is only an indicative classification which varies in the literature. Micromechanical models
are proved to provide better predictions compared to purely macroscopic models. In a
top-down modeling the macroscopic description of polycrystalline materials can be based
on two phenomenological scales, denoted in this contribution macroscale and microscale,
governing effects taking place on the crystalline structure such as dislocation movement
or crystal reorientation. An essential ingredient is the link between the different scales
representing the influence of the effects on one scale to a higher or lower scale, respec-
tively.

In order to incorporate microstructural effects of polycrystalline aggregates into a mul-
tiscale formulation, physically occurring processes need to be understood and put into a
mathematical continuum description. For many deformation processes of polycrystalline
materials at large strains and in a large range of temperature the plastic deformation is
alleviated by the movement of dislocations and the reorientation of crystals comprising
the underlying microstructure, see for instance Hull & Bacon [60], Honeycombe [55],
Wassermann & Grewen [141] and Bunge [36]. The movement of dislocations takes
place on given crystallographic planes and hardening effects occur if dislocations hin-
der each other. This induces a direction-dependent plastic flow and hence, anisotropic
material response on the macroscale is caused by the crystalline microstructure of poly-
crystalline materials. Hardening effects, e.g. isotropic, kinematic or distortional hardening
can be modeled by internal variables in continuum mechanics, which influence the size,
position and shape of the yield surface. The modeling of the well-known Bauschinger ef-
fect of kinematic hardening is anisotropic in nature. It covers a displacement of the yield
surface but not a change of its shape. In this work, the focus is put on the distortional
hardening with the yield surface changing its shape during the deformation process. This
distortional hardening originates from the reorientation of crystals with the polycrystalline
microstructure developing preferential orientations or texture.

Many publications exist with regard to the constitutive modeling of single crystals. The
phenomenological description of plastic strains in single crystals bases on the pioneer-
ing works of Taylor [133, 134], Schmid & Boas [127], Nye [107] and Kröner [71].
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Hereby, the inelastic distortion of single crystals is governed by the movement of disloca-
tions resulting in plastic slip on crystallographic slip systems. This dislocation movement
is caused by shear stresses reaching a critical value. Hardening effects influence the re-
lation between shear stresses and plastic slip. A rate formulation for the modeling of
slip resistance due to hardening was suggested by Hill [51] with e.g. isotropic, weighted
self-latent or saturation-type approaches for the hardening, cf. Taylor [134], Hutchin-

son [61] or Peirce, Asaro & Needleman [111], among others. The elastic-plastic
deformations of crystals at small and finite strains is cast in a mathematical formulation
by Hill [51], Teodosiu [135], Rice [123] and Mandel [82], respectively. It is assumed,
that the overall deformation of single crystals consists of two independent atomic mecha-
nisms representing on the one hand the elastic distortion of the crystal lattice and on the
other hand a plastic deformation preserving the lattice geometry and implying an overall
effect of dislocation motion on active slip systems. In the macroscopic continuum slip the-
ory of finite elasto-plasticity this decoupling is modeled by a multiplicative decomposition
of the local deformation gradient. This ansatz is widely used for the simulation of tex-
ture evolution. For a comprehensive overview with regard to the micromechanics and the
modeling of single crystals and polycrystals the reader is referred e.g. to the publications
of Asaro [14] and Cuitiño & Ortiz [39].

A central cause for the evolution of macroscopic anisotropy is the texture development in-
duced by the response of individual crystals. In this sense, many existing models are based
on the characterization of a polycrystal by a discrete aggregate of single crystals. Under
a deformation, individual crystals deform and reorient, which is characterized through (i)
a micro-macro linking hypothesis and (ii) a single crystal model, cf. Asaro & Needle-

man [15], Harren & Asaro [47], Mathur & Dawson [84], Bronkhorst, Kalidindi

& Anand [33], Miehe, Schröder & Schotte [98] and Miehe & Schotte [95].
These works apply the widely used Taylor ansatz, describing a uniform deformation gra-
dient to all grains, cf. Taylor [134]. The assumption of a rigid-plastic decomposition
of the deformation gradient neglects elastic contributions, which is often reasonable ac-
cording to Bunge [36] and was applied by several authors such as Mathur & Daw-

son [84], Rashid [122] and Dafalias [40]. Alternative polycrystalline models describe
the texture evolution by crystal orientation distribution functions governed by (i) a model
of crystal plasticity and (ii) a crystal fraction conservation equation, cf. Rashid [122],
Dafalias [40], Kumar & Dawson [72] and Böhlke, Risy & Bertram [30]. In many
publications, the crystal orientations are parametrized by Eulerian angles. A parametriza-
tion of crystal orientations by Rodrigues vectors was first discussed by Frank [42] and
applied to texture simulations e.g. by Becker & Panchanadeeswaran [22], Kumar

& Dawson [73, 74, 75] and Randle & Engler [121].

The constitutive relationship between macroscopic quantities as a function of the mi-
crostructure is called homogenization. Here, the macroscale is associated with a homoge-
nized continuum and the microscale is often characterized by a statistically representative
set of crystal grains, cf. Figure 1.3. Typical material properties on the microscale are for in-
stance the orientation distribution of crystal grains, the morphology, the hardening of the
crystal grains or the distribution of any defects such as cracks, pores, voids or inclusions.
Based on the works of e.g. Hill [53] and Suquet [132] the homogenization is character-
ized by a volume average of a certain quantity across a representative volume element.
In the work of Miehe, Schröder & Schotte [98] a computational homogenization
takes place in each integration point of a macro-continuum furnished by a microstructure
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x
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Figure 1.3: Homogenized continuum on the macroscale with locally, i.e. pointwise, attached
polycrystalline aggregates on the microscale in both the undeformed state B as well as the
deformed state S.

consisting of a finite amount of crystal grains represented by another finite element mesh,
known as FE2 method. An averaging procedure of micro-stresses in polycrystalline aggre-
gates gives a homogenized macroscopic stress-state, cf. Harren & Asaro [47], Mathur

& Dawson [84],Bronkhorst, Kalidindi & Anand [33],Anand & Kothari [10] and
Böhlke & Bertram [28], among others. Based on homogenization, the overall response
of a polycrystalline material is described by micro-macro-transitions, where the computa-
tional effort is extremely high. Therefore, these approaches can barely be used for large-
scale applications and stronger idealizations for micro-macro approaches are necessary.
The rootage of homogenization techniques in recently developed energy-minimization-
based incremental homogenization and relaxation methods of Ortiz & Repetto [109],
Ortiz & Stainier [110],Miehe [87] andMiehe, Schotte & Lambrecht [96] provide
an important new perspective for the analysis of plastic microstructures in single crystals
and polycrystals. However, many of the scale bridging techniques developed so far are
computationally extremely demanding. Thus, they are only of restricted applicability to
large-scale computations, such as two-scale descriptions of texture-induced anisotropy in
polycrystals based on microstructures with a large amount of discretized grains. As these
scenarios are more and more to be incorporated to capture all the requirements within
the afore mentioned industrial applications, there is in deed a need for the construction of
multiscale-based constitutive models. These models need to be able to deliver predictive
and trustable results at manageable numerical effort.

With regard to a numerically efficient realization of evolving texture-induced anisotropy,
Raabe & Roters [118] introduced a texture component method based on a reduced
set of orientations, approximating the crystal orientation distribution function. An im-
portant step towards a manageable micro-macro theory of texture evolution is provided
by Böhlke & Bertram [28] and Böhlke [25]. This approach bases on the description
of the crystal orientation distribution function by a tensorial Fourier series, cf. Adams,

Boehler, Guidi & Onat [8], Guidi, Adams & Onat [45], Zheng & Zou [146] and
Zheng & Fu [145]. It is equivalent to the representation of the crystal orientation dis-
tribution function by generalized spherical harmonics, cf. Bunge [35] and Roe [126]. In
contrast to the representation by generalized spherical harmonics, the Fourier series rep-
resentation has the advantage of being coordinate-independent and the coefficients can
be interpreted as internal variables which govern the distortion of the yield surface, cf.
Man [80, 81] and Böhlke & Bertram [28]. The challenge of these models is the de-
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velopment of efficient material models which describe a macroscopic anisotropy resulting
from both initial and evolving texture. A rational approach to the quantification of these
texture effects can only be realized by multiscale methods which derive the macroscopic
response of a polycrystal by explicitly linking the response of individual crystals. Hy-
brid micro-macro models mix ingredients of a purely macroscopic modeling with those
of full two-scale models. In the particular approach of the underlying contribution the
hybrid model is characterized by the coupling of a macroscopic plasticity model with
a microscopic plasticity model, where the latter describes in a simplified manner a key
microstructural mechanism such as grain reorientation. The coupling is provided by a link-
ing hypothesis governed by specific homogenization assumptions, defining the evolution
of effective structural anisotropy tensors entering the macro model based on the micro-
mechanism described by the micro-model. Thereby, the present work conceptually follows
the recent publications of Miehe & Rosato [93], Miehe, Rosato & Frankenre-

iter [94] and Miehe, Frankenreiter & Rosato [91]. Following the structure of this
thesis, the content of these publications is reorganized and supplemented with additional
comments and more detailed numerical examples.

1.2. Overview and Outline

The first part of Chapter 2 is devoted to the introduction of the basic notation of this
thesis and the key equations of continuum mechanics for the mathematical description of
large deformations. By means of the motion of a material body, fundamental mappings
and main quantities such as the deformation gradient, metric tensors and strain measures
are introduced. With the definition of stress tensors generally accepted balance princi-
ples are formulated. As this thesis is concerned with the texture-induced anisotropy in
polycrystalline materials, in the second part of this chapter a rough overview concerning
modeling aspects in crystal plasticity is given. To be specific, this concerns the hierarchical
modeling and microstructure-based anisotropy of textured aggregates.

In Chapter 3 some fundamentals of polycrystalline materials are reviewed. By means
of an ideal crystalline structure the common indication of crystallographic planes and
directions with Miller indices is introduced. Shortly, defects in real crystalline materials
are listed and a closer discussion is concerned with line defects, so-called dislocations,
which are the dominant origin for the plastic deformation of polycrystalline materials.
The movement of dislocations on crystallographic planes involves the introduction of
slip systems for face-centered and body-centered cubic crystals. These slip systems are
governed by a slip plane normal and slip plane direction included with the plastic slip in the
flow rule of crystal plasticity. Polycrystalline materials are composed by a finite amount of
crystal grains, each characterized by a certain orientation. The distribution of orientations
and its evolution towards preferential directions is known as the crystallographic texture.
Therefore, different parameterizations of crystal orientations are presented, where the one
with Rodrigues parameters is favored in this contribution. The graphical representation by
means of pole figures and in the Rodrigues space as well as the experimental determination
of textures are shortly discussed. A measure for the volume fraction of grains having a
certain orientation is the so-called orientation distribution function. Its representation as
Fourier series expansion defines structural tensors, which turn out to be interpreted as
homogenized quantities characterizing the anisotropy effect of the microstructure.

Discrete reorientations are obtained by the fast updates of rigid crystal plasticity out-
lined in Chapter 4. A Taylor-type approach where the lattice rotation is driven by the
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macroscopic deformation of the polycrystalline aggregate is considered. For fully devel-
oped plastic flow at large strains, the assumption of a rigid-plastic decomposition of the
deformation is reasonable. In the rate-independent setting, the update of the active set of
slip systems is governed by a purely kinematic criterion. As the computation of the plastic
slip on these active slip systems for face-centered and body-centered cubic crystals is not
unique, a supplementary optimization condition is solved. The numerical integration is
performed in terms of an incrementally objective mid-point-type scheme. Closed-form al-
gorithmic representations for the current Rodrigues parameters of discrete orientations are
derived. The formulation is applied to planar crystals undergoing double slip, which gives
a simple linear differential equation for the crystal reorientation. By means of represen-
tative numerical examples the reorientation process is demonstrated for planar crystals,
face-centered cubic crystals and body-centered cubic crystals under different characteris-
tic deformation modes. These are associated with typical industrial processes such as wire
drawing, extrusion and rolling. The texture evolution is analyzed and compared qualita-
tively to experimental and numerical results. The computational speed of the proposed
update algorithm is demonstrated and offers an important ingredient with regard to a
hybrid micro-macro modeling.

In Chapter 5, the polycrystalline microstructure is idealized as a crystal orientation
continuum, with the single crystal grains being represented by material points of the
orientation continuum. A deformation of the orientation continuum is described by a
crystal reorientation map as mapping between Lagrangian and Eulerian configuration.
The parametrization of rotations by Rodrigues vectors induces the definition of a metric
which relates volume elements of the Rodrigues space to volume elements of the orien-
tation space. The evolution of the reorientation map is governed by a constitutive as-
sumption for the lattice spin providing the link to the macroscopic deformation of the
polycrystalline aggregate. A so-called crystal orientation distribution function describes
the orientation texture of the polycrystalline aggregates. Its evolution in time is governed
by the crystal reorientation map. The underlying concept is a mass-type conservation of
crystal fractions, which describes the probability that orientations fall into certain control
orientation sectors. In detail, the Eulerian and Lagrangian representations of these con-
servation statements are outlined and their discretization is considered. With regard to a
fast implementation into homogenization methods over the orientation space, rough esti-
mates of the crystal orientation distribution function are developed. Within an Eulerian
geometric setting, discrete reorientations are projected onto control spaces. The current
discrete crystal orientation distribution function is then simply determined by the number
of current orientations in the control space. In the Lagrangian geometric setting, the crys-
tal orientation distribution function update is based on the deformation of the tetrahedral
cells in the orientation space. Clearly, such an approach is restricted to smooth reorien-
tation processes at moderate deformations. The crystal orientation distribution function
is analyzed for planar crystals and face-centered cubic crystals. With these formulations
at hand, orientation averages based on the homogenization over the current orientation
space are introduced. These averages are defined in the Eulerian setting in terms of the
crystal orientation distribution function. However, the pull-back to the Lagrangian set-
ting gives a representation where the current crystal orientation distribution function is
not needed. That is of particular importance for the discrete setting. It is shown that an
orientation average in the discrete setting with cells of equal size is essentially determined
by an arithmetic average of discrete quantities which depend on the current orientation.
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For a simple Hill-type yield function including distortional hardening, the influence of the
crystalline microstructure on the yield surface, on the normalized yield stress and on the
Lankford coefficient is discussed.

In Chapter 6 a hybrid micro-macro model is proposed. It concerns a purely macro-
scopic plasticity model with structural tensors accounting for an evolving macroscopic
anisotropy. This macro model is coupled to an accompanying microscopic plasticity model
that accounts locally for the microscopic structural changes in the form of grain reorien-
tations, motivated by a crystal fraction conservation of a polycrystalline aggregate. The
macroscopic model of anisotropic plasticity is framed by a plastic-spin free metric-type
plasticity model in the logarithmic strain space. In a preprocessing step logarithmic strains
are computed from the current and plastic metric. This makes it possible to formulate the
constitutive model in a framework similar to the geometrically linear theory of plasticity.
In a postprocessing step nominal stresses and moduli are obtained by a purely geometric
transformation from the logarithmic counterparts. The texture-induced anisotropy enter
the macroscopic plasticity model in the anisotropic parts of the elasticity modulus and
the Hill tensor, solved by an operator splitting of the micro-macro problem convenient
with regard to its numerical implementation. By means of representative examples the
texture evolution within a shearband development of a two-dimensional strip and within
the necking region of a three-dimensional rod is analyzed. Furthermore, deep drawing sim-
ulations relevant for industrial applications including texture-induced anisotropy effects
are examined demonstrating the high predictive capabilities as well as the computational
efficiency of the proposed model.
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2. General Aspects of Material Modeling

2.1. Basics of Continuum Mechanics

The aim of this section is to give a short introduction to continuum mechanics and the
notation used in this work, based on the lecture notes Miehe [88, 89]. For a more de-
tailed discussion the reader is referred to the textbooks of Truesdell & Noll [138],
Malvern [79] and Marsden & Hughes [83] or the recent publications of Chad-

wick [37], Holzapfel [54] and Haupt [48], among others.

2.1.1. Kinematics. This subsection is dedicated to the geometrical description of the
deformation of material bodies on the basis of dual bases and metric tensors. The deforma-
tion gradient, its meaning as a tangent, area and volume map and its decomposition into
stretch and rotation is discussed. Furthermore, strain measures are derived and material
and spatal velocities are introduced.

2.1.1.1. Motion of a Body and Dual Bases. Consider a material body B as a physical
object occupied with specific properties such as density, texture, stiffness, etc. B is defined
as an entity of material points P ∈ B which are mapped to a subset of the Euclidean space
E3, i.e.

χ :

{
B× R → E3

(P, t) 7→ x = χ(P, t) .
(2.1)

The coordinates x ∈ E3 represent the current, spatial or Eulerian configuration S = St

of the body B with respect to a global Cartesian coordinate system, see Figure 2.1. Here,
the consecutive configurations at time t define the motion of the body B along its path,
where the stress-free state at t = t0 is denoted by the reference, material or Lagrangian

E3

St0 =: B

St

xt0

xtχt0

χt

ϕt

B

P

path of P

Figure 2.1: Motion of a material body B. The map χ defines the current configuration St

of the body B within the Euclidean space E3. The motion of the material body is described
by a sequence of configurations, usually related to the reference configuration B.

configuration B with the mapping

χt0 :

{
B → B ⊂ E3

P 7→ X = χt0(P) .
(2.2)

The Lagrangian coordinates are indicated by X ∈ B ⊂ E3 with respect to the global
Cartesian coordinate system. This global frame can be represented by covariant and con-
travariant material and spatial base vectors {Ei,E

i}i=1,2,3 and {ei, e
i}i=1,2,3, which are
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related through the orthogonality relation

δij = Ei ·Ej and δij = ei · ej with δij =

{
1 if i = j
0 if i 6= j

(2.3)

representing the Kronecker-Delta δ. Covariant elements are denoted with superscript in-
dices and contravariant elements with subscript indices. For now, the differentiation is
maintained, but as curvilinear coordinates are not considered in this work, the base vec-
tors coincide.

2.1.1.2. Deformation Gradient and Jacobi Determinant. By means of the above
introduced mappings, the spatial coordinates can be represented by x = χ(P, t) = χ ◦
χ−1
t0 = ϕ(X, t), where the nonlinear deformation map

ϕt :

{
B → S
X 7→ x = ϕt(X)

(2.4)

describes the relative motion between B and S parametrized in the position X and the
time t. Variation in time describes the path ϕX of a material point and ϕt describes the
configuration for a specific time t. A key quantity for the description of finite deformations
is the deformation gradient, defined by the Fréchet derivative

F (X) := ∇Xϕt(X) =
∂ϕ(X, t)

∂X
. (2.5)

It is a linear map between tangent vectors T ∈ B to material curves and t ∈ S to spatial
curves

F :

{
TXB → Tx S
T 7→ t = FT

(2.6)

in the tangent spaces TXB and Tx S. A relation between material and spatial normal
vectors dA and da is found by Nansons formula

da = dx1 × dx2 = F dX1 × F dX2 = det[F ]F−T (dX1 × dX2) =: cof[F ]dA , (2.7)

where cof[F ] represents the cofactor of the deformation gradient. With dA = NdA and
da = nda, it is clear, that F −T is a linear map between normal vectors N ∈ B to material
area elements and n ∈ S to spatial area elements

F−T :

{
T ∗
XB → T ∗

x S
N 7→ n = F−TN

(2.8)

in the cotangent spaces T ∗
XB and T ∗

x S. In order to ensure invertibility, det[F ] 6= 0 must
hold. By means of the tangent and normal mappings (2.6) and (2.8) the deformation
gradient links the Lagrangian covariant and contravariant bases to the Eulerian covariant
and contravariant bases via

ea = FEA and ea = F−TEA . (2.9)

Similar to area elements, a relation for material and spatial volume elements can be given.
The volume element is spanned by dx1, dx2 and dx3, i.e.

dv = dx1 · (dx2 × dx3) = F dX1 · (F dX2 × F dX3) = det[F ]dV . (2.10)
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Hence, the determinant of the deformation gradient is a linear map between material
volume elements and spatial volume elements

J := det[F ] :

{
R → R

dV 7→ dv = J dV ,
(2.11)

with the constraints J 6= 0 of a bijective deformation and J > 0 in order to avoid
penetration of the material. The covariant and contravariant bases {Ei}, {Ei}, {ei} and
{ei} defined above span the tangent and cotangent spaces, illustrated in Figure 2.2.

F

F−T

G g

TXB

T ∗
XB

Tx S

T ∗
x S

T t

N n

Figure 2.2: Fundamental mappings between vector spaces. F maps elements between the
tangent spaces TXB, Tx S and F−T maps elements between the cotangent spaces T ∗

XB, T ∗

x S.
The metric tensorsG and g govern the mappings between the tangent and cotangent spaces.

2.1.1.3. Metric Tensors and Strain Measures. The Lagrangian and Eulerian metric
tensors G and g

G = δABE
A ⊗EB and g = δabe

a ⊗ eb

G−1 = δABEA ⊗EB and G−1 = δabea ⊗ eb

(2.12)

can be interpreted as index lowering or raising, i.e. mappings between the tangent and
cotantent spaces

G :

{
TXB → T ∗

XB
T 7→ N = GT

and g :

{
Tx S → T ∗

x S
t 7→ n = gt

. (2.13)

Note, that these metric tensors do not contain any information with regard to the defor-
mation state. Metric tensors are used for the computation of the length of a vector with
respect to a certain basis. The length of a material and a spatial vector

|T |G = [T · (GT )]
1
2 = [F−1t · (GF−1t)]

1
2 = [t · (ct)]

1
2 = |t|c

|t|g = [t · (gt)]
1
2 = [FT · (gFT )]

1
2 = [T · (CT )]

1
2 = |T |C

(2.14)

is defined as the scalar product of a covariant vector with its contravariant counterpart.
Herein, the so-called right and left Cauchy Green tensors

C = ϕ∗(g) = F TgF and c = ϕ∗(G) = F−TGF−1 (2.15)

are introduced. They can be interpreted as linear maps between tangent and cotangent
spaces, i.e. dual to g and G. Similar to metric tensors, the Cauchy Green tensors are
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symmetric and positive definite, but depend on the deformation state. ϕ∗(g) represent a
pull-back operation of the Eulerian metric g and ϕ∗(G) a push-forward operation of the
Lagrangian metric G. A measure for the strains is half the quadratic change in length
compared either in the material or in the spatial configuration, i.e.

δ := 1
2

[
|dx|2g − |dX|2G

]
= dXE · dX = dxe · dx . (2.16)

Therefore, the Lagrangian Green and Eulerian Almansi strain tensors

E = 1
2
(C −G) and e = 1

2
(g − c) , (2.17)

both comparing current and reference metric, are defined. A general representation of
strain tensors is given by the Seth-Hill family, cf. Seth [129] and Hill [52], of strain
measures

E(m) =

{
1
m

[
C

m
2 −G

]
if m 6= 0

1
2
ln[C] if m = 0

and e(m) =

{
1
m

[
g − c

m
2

]
für m 6= 0

1
2
ln[c] für m = 0

(2.18)

giving the Green and Almansi tensor (2.17) for m = 2 and the logarithmic Hencky strains
for m = 0, used in Section 6.

2.1.1.4. Polar Decomposition of the Deformation Gradient. The deformation
gradient (2.5) can be multiplicatively decomposed

F = RU = vR (2.19)

into a stretch and a rotation. The orthogonal rotation tensor R with det[R] = 1 either
follows a stretch U or is followed by a stretch v. The symmetric and positive definite
tensors U and v are denoted Lagrangian right or Eulerian left stretch tensor. With the
polar decomposition and the symmetry property of the stretch tensors, the right and left
Cauchy Green tensor can be rewritten according to

C = F TgF = UT (RTgR)U = UTGU = U 2

c−1 = FG−1F T = vT (RG−1RT )v = vg−1vT = v2

.

(2.20)

Hence it is clear, that strain measures do not include any rotational information. The
stretch tensors can be computed by means of a spectral decomposition.

2.1.1.5. Time Derivatives of Material and Spatial Objects. As the nonlinear
deformation map ϕt is a function of the Lagrangian coordinates X and the time, the
material velocity is defined as the partial derivative of the deformation of fixed material
points with respect to the time t. A parameterization by the Eulerian coordinates x is
obtained by a composition with the inverse deformation map. Hence, material and spatial
velocities are defined as

V (X, t) =
∂

∂t
ϕ(X, t) and v(x, t) =

∂

∂t
ϕ(X, t) ◦ϕ−1

t (x) (2.21)

and represent both the same quantity but in different parametrizations. The temporal
changes of a material field F (X, t) and a spatial field f(x, t)

d

dt
F =

∂

∂t
F and

d

dt
f =

∂

∂t
f +∇xf · v (2.22)

are given by the total time derivative consisting of a local part ∂f/∂t and a convective
part ∇xf · v for the spatial field, whereas for the material field F (X, t) the total time
derivative is equal to the partial time derivative.
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2.1.2. Notion of Stresses and Heat Flux. An arbitrary part P is cut out of the
material body S and phenomenological quantities such as the surface traction t and the
heat flux qn representing the effect of the cut-off part of the body on P are introduced,
see Figure 2.3.

S PP

qn

n

t

xx

Figure 2.3: Eulers cut principle. A part P is cut out of the deformed material body and
the effects on P are represented by the surface traction t and the heat flux qn.

2.1.2.1. Stress Tensors. The surface traction t represents the mechanical effect on P
as an infinitesimal force vector df = tda acting on an infinitesimal area element of the
cut surface ∂P. According to Cauchys theorem, the surface traction t is a linear function
of the normal n to the cut-surface

t(x, t,n) = σ(x, t)n , (2.23)

with the true Cauchy stress tensor σ giving a relation of the actual force acting on the cut-
surface and the deformed area element. The Cauchy stress tensor as a covariant Eulerian
tensor can be interpreted as a mapping between cotangent space T ∗

x S and tangent space
Tx S according to

σ :

{
T ∗
x S → Tx S

n 7→ t = σn .
(2.24)

Multiplication of the Cauchy stresses σ with the determinant J of the deformation gra-
dient defines the Kirchhoff stress tensor τ = Jσ. Relating the force df to a Lagrangian
surface element dA, the traction vector acting on the undeformed cut-surface is called
nominal surface traction vector t̃. A Cauchy-type relation gives the linear relation be-
tween the nominal traction and the Lagrangian normal N

t̃ = PN (2.25)

in terms of the nominal or first Piola-Kirchhoff stress tensor P . It can be interpreted as a
mapping between the cotangent space T ∗

XB of the reference configuration and the tangent
space Tx S of the current configuration

P :

{
T ∗
XB → Tx S
N 7→ t̃ = PN .

(2.26)

The alternative representation of the resultant force yields the identity df = tda = t̃dA.
With Nansons formula (2.7) a relation between the true and nominal stresses is given by

P = JσF−T = τF−T . (2.27)
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The second Piola-Kirchhoff stress tensor S is the Lagrangian counterpart of the Eulerian
Kirchhoff stresses τ . It can be interpreted as a mapping between the cotangent space T ∗

XB
and the tangent space TXB of the reference configuration

S := F −1τF−T . (2.28)

In Figure 2.4 the alternative representations of the introduced stresses are visualized.

F

F−T

S σ, τP

TXB

T ∗
XB

Tx S

T ∗
x S

t̃t

N n

Figure 2.4: Definition of stress tensors. The second Piola-Kirchhoff stress tensor S and the
Kirchhoff stress tensor τ are purely contravariant Lagrangian and Eulerian objects, whereas
the first Piola-Kirchhoff stress tensor P is a mixedvariant two-field tensor.

2.1.2.2. Heat Flux. As shown in Figure 2.3, the thermal effects onto the part P are
described by the scalar heat flux qn, characterizing the heat flux through the surface in
the direction of the normal n. Analogously to Cauchys theorem for the stresses, Stokes
heat flux theorem

qn(x, t,n) = q(x, t) · n (2.29)

assumes a linear dependence of the heat flux on the normal with q representing the true
heat flux vector defined per unit deformed area. Through q · n da = Q · NdA, the
Lagrangian counterpart of q is introduced which yields with Nansons formula (2.7) the
identity

Q = JF−1q (2.30)

in terms of the Lagrangian or nominal heat flux vector Q.

2.1.3. Balance Principles. In this subsection the classical balance principles, conser-
vation of mass, balance of linear and angular momentum, balance of energy and balance
of entropy are discussed. These principles are generally admitted and can be applied to
any material. A part P is cut out of the body B for which integral balances must hold.
These global balances can be transformed by application of the Gauss and localization
theorem into local balances valid at every point x ∈ P. The Reynolds transport theorem

d

dt

∫

P
f(x, t)dv =

∫

P
ḟ + f div[ẋ]dv =

∫

P
ḟdv +

∫

∂P
f ẋ · nda (2.31)

is used for the derivation of the following balance laws.
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2.1.3.1. Balance of Mass. For the part P the material density is defined by ρ0 =
dm/dV and the spatial density by ρ = dm/dv. The balance of mass states that the
temporal change of the mass is equal to zero, presumed that there is no transport of mass

d

dt
mP = 0 with mP =

∫

P
dm =

∫

P
ρdv =

∫

P
ρ0dV =MP (2.32)

which is the global form of the balance of mass. Either reformulating (2.32)2 or taking
the time derivative of (2.32)1 and application of the localization theorem dV → 0 yields
the local forms of the balance of mass

ρ0 − Jρ = 0 and ρ̇+ ρ div v = 0 . (2.33)

These equations represent the Lagrangian (material) and Eulerian (spatial) formats of
the balance equations being valid for the limit P → B;S for all material points X ∈ B
or x ∈ S, respectively.

2.1.3.2. Balance of Linear Momentum. The global balance of linear momentum
postulates that the temporal change of the momentum IP of the part P ∈ B is identical
to the resultant forces F P acting on P

d

dt
IP = F P (2.34)

with the linear momentum and the resultant forces

IP =

∫

P
v dm =

∫

P
ρv dv and F P =

∫

∂P
t da+

∫

P
γ dv , (2.35)

containing a surface and a volume part. t is the contact traction acting on the boundary
∂P of the part P and b out of γ = ρb is the gravitational acceleration. With the Cauchy
theorem t = σn and the gauss integration theorem the boundary integral is converted
into a volume integral. Furthermore, the local balance of mass is used and with the fact
that P is not a function of the time, the limit dV → 0 results in the local form of the
balance of linear momentum

DivP + γ0 = ρ0v̇ and divσ + γ = ρv̇ , (2.36)

again in the dual Lagrangian and Eulerian formats.

2.1.3.3. Balance of Angular Momentum. This axiom states that the change in time
of the angular momentum of the part P ⊂ B with regard to the origin o is equal to the
resultant moment M o

P acting on P with respect to o

d

dt
Do

P = M o
P (2.37)

in terms of the angular momentum and the definition of the moment M o
P , composed in

a surface and a volume part,

Do
P =

∫

P
x× v (x, t) dm. and M o

P =

∫

∂P
x× t da+

∫

P
x× ρb dv . (2.38)
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Application of the local balance of mass, the local balance of linear momentum, the
Cauchy, Gauss and localization theorem yields the local forms of the balance of angular
momentum

S = ST and σ = σT , (2.39)

which claims the symmetry of the second Piola-Kirchhoff stress tensor S and the Cauchy
stress tensor σ. The latter demands the symmetry of the Kirchhoff stress tensor τ = τ T .
Note, that this symmetry property does not hold for the first Piola-Kirchhoff stress tensor
P .

2.1.3.4. Balance of Energy. First Axiom of Thermodynamics. The total energy
EP of a part P ⊂ B

EP =

∫

P
ρe dv =

∫

P

1
2
ρv · v dv +

∫

P
ρu dv = K + U (2.40)

is defined in terms of the specific energy e per unit mass and can be split in a kinetic part
K and a potential part U with the specific internal energy u per unit mass. Restriction
to thermo-mechanical problems means, that temporal change of the energy is identical to
the sum of external mechanical and thermal power

d

dt
(K + U) = PP +QP , (2.41)

which is also named the global balance of energy or the first axiom of thermodynamics.
Herein, the external mechanical power as well as the external thermal power

PP =

∫

P
v · γ dv +

∫

∂Pt

v · t da and QP =

∫

P
ρr dv +

∫

∂Ph

−qn da (2.42)

consist of a volume and a surface term. r is the heat supply and qn = q · n the heat
flux with the heat flux vector q, see Figure 2.3. With these definitions at hand, a local
balance of energy can be derived. Application of the Cauchy theorem, the local balance of
angular momentum and the Gauss integration theorem are necessary to reformulate both
the mechanical and the thermal surface terms. The localization theorem finally yields

ρ0ė = Div [vP −Q] + v · γ0 + ρ0r and ρė = div [v · σ − q] + v · γ + ρr . (2.43)

Substituting the balance of mass and linear momentum, the energy balance boils down
to the dual local forms of the balance of internal energy

ρ0u̇ = ρ0r − div[Q] + P : gḞ and ρu̇ = ρr − div[q] + σ : g∇xv (2.44)

With this balance at hand, the local energy balance reduces to the local form of the
balance of the kinetic energy

d

dt

(
1
2
ρv · v

)
= v · divσ + v · γ , (2.45)

corresponding to the balance of linear momentum. By consideration of the corresponding
global balances of internal and kinetic energy

d

dt
U = QP +

∫

B
σ : g∇xv dv and

d

dt
K = PP −

∫

B
σ : g∇xv dv (2.46)
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it is clear, that neither the internal energy nor the kinetic one are conservation quantities
due to the production term

∫

B σ : g∇xv dV , referred to as the stress power. The velocity

gradient g∇xv = gl can be replaced by the symmetric rate of deformation d = 1
2
(gl+lTg)

due to the Cauchy stress being symmetric. Nevertheless, the balance of total energy is
fulfilled, as the temporal change of the kinetic energy is equal to the mechanical power
minus the stress power and the temporal change of the internal energy is equal to the
thermal power plus the stress power.

2.1.3.5. Balance of Entropy. Second Axiom of Thermodynamics. Entropy is a
state variable which measures microscopic randomness and disorder and determines the
direction of a thermodynamical process. It is defined in terms of the specific entropy η
per unit mass

H =

∫

P
ρη dv . (2.47)

The total entropy production Γ =
∫

B ργdv depends on the entropy production γ per unit
mass and time as difference between the temporal change of the entropy and the rate of
entropy input Q, with

Q =

∫

P
ρ
r

θ
dv −

∫

∂Ph

1

θ
q · n da . (2.48)

The second law of thermodynamics states that the entropy production is always positive,
i.e.

Γ =
d

dt
H −Q ≥ 0 , (2.49)

which can be interpreted as the global form of the balance of entropy. Without any entropy
production, Γ = 0, the thermodynamical process is reversible whereas in an irreversible
process energy dissipates. The rate of entropy input is the external thermal power written
in terms of entropy sources and fluxes instead of heat sources and fluxes. A relation of
the entropy sources r̃ = r/θ and the entropy fluxes q̃ = qn/θ to the heat sources r and
the heat fluxes qn is given through the temperature θ. With these definitions at hand and
with the local form of the balance of energy, the local material and spatial forms of the
so-called Clausius-Duhem inequality read

ρ0γ = ρ0η̇ − ρ0
r
θ
+ 1

θ
DivQ− 1

θ2
Q · ∇Xθ ≥ 0

ργ = ρη̇ − ρ r
θ
+ 1

θ
div q − 1

θ2
q · ∇xθ ≥ 0 .

(2.50)

Via a Legendre transformation the Helmholtz free energy Ψ per unit mass is defined as
Ψ = u− θη, which yields the alternative representation of the Clausius-Duhem inequality

ρ0θγ = gP : Ḟ − ρ0Ψ̇− ρ0θ̇η − 1
θ
Q · ∇Xθ ≥ 0

ρθγ = σ : g∇xv − ρΨ̇− ρθ̇η − 1
θ
q · ∇xθ ≥ 0 .

(2.51)

With the mechanical dissipation D = θγ the Clausius-Duhem inequality for isothermal
processes reduces to the so-called Clausius-Planck inequality

ρ0D = gP : Ḟ − ρ0Ψ̇ ≥ 0 and ρD = σ : g∇xv − ρΨ̇ ≥ 0 . (2.52)
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2.1.4. Modeling of Standard Dissipative Materials. Many materials are character-
ized by an inelastic material behavior represented by a nonlinear relation between stresses
and strains. The so-called standard dissipative materials can be described mathematically
by two scalar-valued tensor functions. The Helmholtz free energy

Ψ = Ψ(F ,Q) (2.53)

depends on the deformation gradient F and a set of internal variables Q, characterizing
the internal state of the material, as for instance the plastic deformation gradient or
variables describing hardening effects. By means of the dissipation inequality (2.52)1 and
the so-called Colemans exploitation method, this ansatz for the free energy governs the
constitutive function for the first Piola-Kirchhoff stress tensor

gP := ρ0∂FΨ (2.54)

and yields with the definition of the internal forces P := −∂QΨ dual to the internal
variables Q the reduced dissipation inequality

D = P : Q̇ ≥ 0 . (2.55)

The dissipation function is assumed to depend on the internal variables and the flux of
the internal variables, i.e.

Φ = Φ(Q̇,Q) (2.56)

and needs to be convex and homogeneous of degree one with respect to the flux. This
function determines the evolution of the internal variables by the well-known Biot equation
of standard dissipative materials

0 ∈ ∂QΨ(F ,Q) + ∂Q̇Φ(Q̇,Q) . (2.57)

The free energy and dissipation function determine the stress response of standard dissi-
pative materials in a deformation-driven scenario.
With these phenomenological models an exact solution or the general trend with regard
to the stress-strain response can be predicted. Nevertheless, there remain discrepancies
for many materials as their response is critically determined by physical processes on
lower length scales inside the material. Therefore, phenomenological models are often not
sufficient. More advanced models take into account these microstructural effects of the
material by means of so-called multiscale methods.

2.2. Modeling Aspects in Crystal Plasticity

Solids, fluids and structures can be considered at the engineering scale, called macroscale,
as continuous bodies described successfully by the above discussed continuum mechanics.
To gain a better understanding of the visible and measurable material response, in recent
years more and more questions about meso-, micro-, nanostructural and atomistic effects
appeared. Clearly, it is impossible to formulate a single macroscopic theory including all
these effects. Effects on the macroscale are driven by microscopic effects taking place on
the microstructure of the material. Advanced techniques are needed, which directly take
into account effects of the material on a lower scale, called the microscale of the material.
The scale bridging between the microstructure and the macroscopic response can be cov-
ered by homogenization methods entailing an increase in complexity and data storage.
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Therefore, numerical efficient approaches both of microstructure modeling and linking
the microstructural response to the macroscale need to be designed, related to compu-
tational multiscale models. Multiscale models are applied among others in processes in
environmental and biomechanical, automotive and aircraft engineering and in the forming
industry. Phenomena such as developing anisotropies, size effects or phase transitions on
the macroscale need to take into account microstructural mechanisms. In metal plasticity
effects on the atomistic scale, dislocation dynamics on the microscale, crystal plasticity
simulations on the mesoscale and polycrystal simulations on the macroscale illustrated in
Figure 2.5 need to be covered. Hierarchical top-down multiscale methods serve for a quan-
titatively accurate material modeling where micro mechanisms are directly incorporated
in existing macroscopic models. An exact modeling of the micro mechanisms alleviate the
understanding of the macroscopic behavior driven by these microscopic effects. A com-
bination of a purely macroscopic model including micro mechanisms by scale bridging
scenarios is called hybrid micro-macro modeling.

Microscale Mesoscale Macroscale

Figure 2.5: Micro-, meso- and macroscale. Dislocation movement on the micro-scale, grain
interaction on the meso-scale and deep drawing on the macro-scale. (Sources of pictures:
www-hrem.msm.cam.ac.uk [4], www.en.wikipedia.org [5], Wilson & Butler [143])

2.2.1. Hierarchical Methods for Textured Aggregates. Crystalline materials are
characterized by grains of different orientation, shape and size. The distribution of grain
orientations in polycrystalline materials is named crystallographic texture. Some funda-
mental aspects of polycrystalline materials are outlined in Section 3. During deformation
preferred grain orientations develop which entail an overall anisotropic response of the
polycrystalline material. For engineering applications it makes sense to rather simulate
the texture and anisotropy development by means of computational models in order to
avoid the enormous experimental costs. Furthermore, additional information of the poly-
crystalline materials, e.g. concerning dislocation density, energy storage or plastic strain,
is provided by simulations which cannot or hardly be measured in experiments. The de-
formation of a polycrystalline material is a complex, heterogeneous process with moving
dislocations which interact and accumulate at the grain boundaries. Thereby, the grains
reorient and interact with neighboring grains. The arising local stresses and strains cause
material hardening. Despite the local heterogeneity of the microstructure stress equilib-
rium and strain compatibility between the crystal grains need to be sustained. With regard
to the modeling of texture and anisotropy at large plastic strains, homogenization models
are developed describing the polycrystalline response by averaging the individual behav-
ior of a collection of single crystals. With regard to the numerical treatment of multiscale
methods in polycrystal plasticity, the finite element method is an indispensable tool. At
each integration point a microstructure consisting of a discrete set of crystals is attached.
Herefore, two main ingredients need to be specified:



20 General Aspects of Material Modeling� a certain micro-macro linking hypothesis, representing the chain between microscale
and macroscale and� a single crystal model, describing the microscopic material behavior including among
others the number, size, shape and kind of crystals.

Note, that the number of crystals directly influences on the one hand the accuracy of the
texture and on the other hand the computational effort, i.e. data storage and especially
computation time.
With regard to the micro-macro linking hypothesis in 1928 Sachs proposed a polycrys-
talline model with homogeneous external stresses for all grains representing a lower bound
for the stresses. Here, stress equilibrium is fulfilled, whereas strain compatibility is vio-
lated due to all crystals deforming independently. A homogenized global strain is obtained
by an averaging over the grains. The deformation is often concentrated in some grains
and only the most loaded slip system is activated. This results in partly wrong texture
predictions and hence this model did not establish. In 1938, Taylor [134] suggested
a polycrystalline model with homogeneous strains for all grains representing an upper
bound for the strains. Contrarily to the Sachs model, strain compatibility is assured in
the Taylor model, but stress equilibrium is violated. Averaging the stress over all grains
gives a homogenized global stress

P̄ =
1

V

∫

B
P dV ≈ 1

N

N∑

i

P i . (2.58)

For materials where the strength of many slip systems is comparable, the Taylor as-
sumption yields reasonable results regarding the texture. Note, that the Sachs and Taylor
models base on the elastic counterparts of Voigt (1910) and Reuss (1929). For arbitrary
deformations with a large number of slip systems, Taylor-type models yield in general
good results for fcc and bcc crystals. Therefore, it was applied by several authors such as
e.g. Asaro & Needleman [15], Harren & Asaro [47], Bronkhorst, Kalidindi &

Anand [33] and Kumar & Dawson [73]. It is well-known that such an approach tends
to overpredict peak texture intensities and to shift the position of texture components,
especially at large strains, see Harren & Asaro [47] and Bronkhorst, Kalidindi

& Anand [33], and in cases where experiments show evidence of inhomogeneous defor-
mation inside grains, see Molinari, Canova & Azhi [100]. It yields an upper bound
for the stiffness of the microstructure due to the rigorous kinematic constraint and pro-
vides good estimates for the macroscopic texture of fcc polycrystalline materials, see for
instance Miehe, Schröder & Schotte [98], Miehe, Schotte & Lambrecht [96].
Nevertheless, the activation of too many slip systems, too sharp textures and the negli-
gence of the volume, position and interaction of grains caused several authors to suggest
modified Taylor models. Relaxed constraint models, discussed e.g. by Honnef & Meck-

ing [56], van Houtte [58], to name but a few, use a strain relaxation between grains,
i.e. shear strains at the grain scale are allowed and not prescribed. In the so-called lath
model, the shear component rolling-normal direction is not prescribed and in the pancake
model, the one in transverse-normal direction. A change in the reorientation rate and
hence the texture development is obtained by a relaxation of different strain components.
This method is not appropriate for any arbitrary deformation state but for modes with
flat or elongated grains resulting e.g. from plane compression modes. In order to take into
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account the interaction between grains and the grain shape, self-consistent models in the
small and large strain context were proposed, see for instance Molinari, Canova &

Ahzi [100], Lebensohn & Tomé [77], among others. Here, each crystal is treated as
an elastic-plastic inclusion within a homogeneous elastic or an elastic-plastic matrix sat-
isfying strain compatibility and stress equilibrium. Despite the higher accuracy, for each
crystal a boundary value problem needs to be solved to compute the active slip systems
which makes this method computationally expensive. Variations of the relaxed constraint
and self-consistent models were proposed. For a detailed discussion, see the monographs
Müller [103], Risy [124] as well as the indicated literature, respectively. In Harren

& Asaro [47] the crystal grains are modeled by the elements of a finite element mesh,
which was enhanced to three-dimensional problems and to the large strain context. Here,
the crystalline aggregate is treated as continuum with stress equilibrium as well as strain
compatibility being fulfilled automatically. E.g. Miehe, Schröder & Schotte [98, 97]
and Miehe [86, 87] attach to each material point a local microstructure, i.e. a repre-
sentative volume element (RVE) with single crystal grains. By means of a finite element
discretization of the RVE, with the grains assumed to be cubic, a volume average of the
micro stresses relate the microscopic and macroscopic scales. Each finite element repre-
sents one crystal grain, whereas e.g. Acharya & Beaudoin [7] discretize one grain by
several finite elements. Kumar & Dawson [75, 76] use Rodrigues parameters to describe
the crystal orientations. By a finite element discretization of the Rodrigues space with
each element representing a crystal orientation, a crystal orientation distribution function
is calculated, being the link between microstructure and macrostructure. The finite ele-
ment modeling of the microstructure is superior compared to Taylor-type models, due to
the kinematic constraint of the Taylor models. Nevertheless, the computational effort of
the so-called FE2 ansatz is enormous when being applied in large-scale applications. Fur-
thermore, the deformed meshes clearly show, that claiming a homogeneous deformation
of the microstructure is a strong restriction.

2.2.2. Macroscopic Anisotropy Modeling of Textured Aggregates. The descrip-
tion of macroscopic anisotropy is based for most materials on the heterogeneous mi-
crostructure, which makes the modeling of the microstructure obvious for the simulation
of macroscopic anisotropy. For polycrystalline materials the movement of dislocations on
the microscale and the grain interaction on the mesoscale induce an anisotropic mate-
rial behavior on the macroscale. Taking a polycrystalline material with initially isotropic
distributed orientations, the preferred texture and the corresponding plastic anisotropy
are caused by a defined pre-deformation such as the rolling to a flat sheet, which serves
as input for a forming process, see Figure 2.6. This crystallographic texture is the main
source of anisotropy, resulting e.g. in the appearance of earings within a deep drawing
process. As is well-known, the amount of pre-texture, i.e. the degree of anisotropy, is
directly related to the height of the ears, the thickness distribution and formability of a
metal sheet. Several approaches exist for the modeling of macroscopic anisotropic material
behavior induced by the crystalline microstructure, see e.g. the review articles of Raabe,

Zhao & Roters [119] and Raabe, Klose, Engl, Imlau, Friedel & Roters [117].
Mainly, the approaches can be divided in two categories: anisotropic yield surfaces within
a phenomenological ansatz and crystallographic texture models.
Anisotropic yield surface formulations date back to Mises [99] for the anisotropy descrip-
tion of single crystals. His quadratic yield criterion corresponds to the orthotropic yield
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Figure 2.6: Rolling of an initial isotropic polycrystalline material yields grains with pre-
ferred orientations accounting for earing development in deep drawing processes.

function of the generalized yield criterion proposed by Hill [50] in the form

2f = F (σyy−σzz)2+G(σyy−σxx)2+H(σxx−σyy)2+2Lσ2
yz+2Mσ2

zx+2Nσ2
xy = 1 . (2.59)

Herein, {σij}i,j=x,y,z represent the stresses and the set of parameters {F,G,H, L,M,N}
characterizes the anisotropy. Main drawback of the Hill criterion is that certain effects
cannot be modeled due to its particular quadratic form. For instance the simulation of
six ears, resulting either from the pre-production process or the type of material of a
metal sheet, is not possible. However, many commercially processed metal sheets exhibit
four ears, which can be modeled with the quadratic Hill criterion. In Habraken [46]
and Banabic [19] a detailed description of advanced yield criteria can be found. Phe-
nomenological yield surfaces have several advantages, such as the simplicity with regard to
their interpretation and implementation, the computational efficiency and the availability
in several commercial software packages. They yield in general reasonable results, espe-
cially for moderate strains. In empirical or phenomenological yield surface approaches,
the anisotropy coefficients in (2.59) are determined by simple mechanical tests such as
the calculation of the so-called Lankford coefficient. The Lankford coefficient is a mea-
sure for the planar sheet anisotropy. It can be measured by uniaxial tension tests relating
the strains in width and thickness direction, which is correlated to the drawability of a
sheet. Another possibility is the formulation of anisotropic yield surfaces based on tex-
ture data, see e.g. Kocks, Tomé & Wenk [69], van Houtte, Mols, van Bael &

Aernoudt [59]. Here, the anisotropy coefficients are calculated from experimentally ob-
tained orientation distributions extracted from X-ray or electron diffraction. In contrast
to empirical yield surfaces, six-dimensional yield loci can be obtained. Note, that the ex-
perimental determination of anisotropy coefficients takes additional time and is rather
tedious. Recapitulatory, the main advantages of anisotropy incorporation by yield sur-
faces are short calculation times and robust results. Nevertheless, only an initial texture
is accounted for, whereas a texture evolution is disregarded. The rotation of crystal grains
induced by the crystal slip during the deformation, e.g. a forming process, influences the
skew part of the velocity gradient. This results in an evolving texture and anisotropy by
means of an expansion, contraction, translation and distortion of the yield surface, which
needs to be accounted for.
The microstructural behavior can also be incorporated in the constitutive approach by
crystallographic texture models. For the simulation of forming processes the finite element
method is proved to be successful. Nevertheless, the accurate description of macroscopic
anisotropy depends on the constitutive microscopic material law and an exact param-
eter identification. Taylor-type homogenization models use a finite element simulation
with a discrete set of grain orientations at each integration point, which all undergo the
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same deformation. Herein, texture, hardening and anisotropy evolve during the defor-
mation process. Differences occur in the single crystal modeling. With this approach at
hand, an accurate simulation of texture evolution during complex deformation processes
is possible. This requires a large number of crystal orientations (internal variables) being
directly related to the computation time. Otherwise, i.e. with a small number of crystal
orientations, the macroscopic anisotropy is overestimated. For the modeling of the crystal
orientation distribution functions, which models the texture effect of the microstructure,
Raabe, Zhao & Roters [119] suggest a so-called texture component crystal plastic-
ity method. The motivation originates from the fact, that more texture information as
necessary is obtained by experimental techniques, see Section 3.3.3, with regard to the
modeling of plastic anisotropy. Furthermore, the macroscopic anisotropy should be de-
scribed accurately with a small number of representative orientations. Each texture com-
ponent is described by one discrete crystal orientation corresponding to a maximum in
the crystal orientation distribution. This means that the small amount of representative
orientation components reduces the computational effort enormously. The overestimation
of the plastic anisotropy is in average reduced by Raabe & Roters [118] through a
scattering of the crystallites around the ideal texture components. The idea bases on the
isotropic or anisotropic decrease of the crystal orientation distribution function around
the representative texture components modeled by a Gauss distribution. Böhlke, Risy

& Bertram [29, 30] suggest two Taylor-type models to overcome the overestimation
of anisotropy. In the continuous model the earing height is adopted by a varying half-
width of the Mises-Fisher distribution, whereas in the discrete model the sharpness is
reduced by means of an additional isotropic orientation distribution. An important step
towards a manageable micro-macro theory of texture evolution is provided by Böhlke

& Bertram [28] and Böhlke [25, 26] based on a tensorial Fourier approximation of the
crystal orientation distribution function and its incorporation in the macroscopic yield
criterion.
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3. Fundamentals of Polycrystalline Materials

Before starting with the main development of this contribution, some fundamentals of
polycrystalline materials are reviewed. Various materials, as metals for instance, possess
a crystalline structure formed by a regular distribution of atoms or molecules, with the
finite neighborhood of all atoms being identical. They exhibit completely different charac-
teristics compared to so-called amorphous materials, as for instance fluids, glass or some
polymers, e.g. with regard to fracture mechanisms. A crystal, i.e. an ideal crystalline struc-
ture, discussed in Section 3.1, can be abstractly described by a regular, three-dimensional
space lattice. The corners of this space lattice pose the atoms. A single crystal is charac-
terized by its orientation. This property of a distinctive orientation dependence makes a
crystal a priori anisotropic, i.e. some physical properties are orientation dependent. For
the determination of the orientation the arrangement of atoms is crucial. Crystallographic
planes or directions are formed by layers or lines of closest packed atoms. The introduc-
tion of a notation for crystallographic planes and directions is necessary as loading of
a material with a crystalline structure results in shearing on such planes. In the major-
ity of materials found in nature the regular crystalline structure is discontinuous as the
material features defects, see Section 3.2. The most important defects in crystals are dis-
locations, whose movement is caused by loading of a material and which yields slip on
crystallographic planes. A real crystalline structure with dislocations is inhomogeneous
and the orientations of neighboring crystals differ. Regions with the same crystal orien-
tation are called grains and are separated by so-called grain boundaries from each other.
Therefore, a material consisting of several crystal grains is called polycrystalline. The dis-
tribution of those crystallographic orientations is named the texture of a polycrystalline
material. The large amount of grains forming a polycrystalline material provides a statis-
tically uniform contribution of crystal orientations. Under certain production processes,
such as rolling, textures develop, i.e. the single crystals orient in a certain manner and
an anisotropic behavior of the material evolves. Section 3.3 deals with the mathematical
description and graphical representation of crystallographic textures. Several possibilities
for the representation of crystal orientations exist. In this work mainly the representation
by Rodrigues vectors is used. Following Frank [42], this is a particular form of the repre-
sentation by quaternions based on an axis-angle description. With regard to the graphical
representation of crystallographic texture, a stereographic projection is needed for the vi-
sualization with pole figures. This visualization method is well-established in the literature
and most suitable for the qualitative comparison with experimental results. Nevertheless,
a representation of texture in the Rodrigues space is discussed as it is compared to sim-
ulation results of Kumar & Dawson [75]. Drawback of this texture representation is
the direct or tedious experimental determination of Rodrigues vectors, see Becker &

Panchanadeeswaran [22]. The orientation distribution of a material can be described
by continuous crystal orientation distribution functions (codf), introduced by Bunge [35]
and Roe [126]. It is a measurement for the volume fraction of crystals having a certain
orientation. In contrast to pole figures, the visualization of crystal orientation distribution
functions has the advantage of being a quantitative representation. The function can be
approximated by a tensorial Fourier expansion where the coefficients of this expansion can
be identified as homogenized quantities representing the crystallographic texture of the
material. These evolving texture coefficients are used later in this contribution in order
to describe the microscopic texture effect on the macroscopic behavior of the material. A
lot of research is done on the subject of polycrystalline materials with regard to special



26 Fundamentals of Polycrystalline Materials

topics. In the following, some selected key literature is given, which, to the authors opin-
ion, provides a comprehensive overview of this subject. For a more detailed discussion
on the basic description of polycrystalline materials with a view to the crystalline struc-
ture see e.g. Bargel & Schulze [20], Ilschner & Singer [63] and Troost [137].
Moreover the reader is referred for instance to Buerger [34], Jagodzinski [64], Raaz

& Tertsch [120] and Kleber, Bautsch & Bohm [68] for an emphasis on symmetry
properties of crystal structures. Several publications treat the stereographic projection,
especially Barrett & Massalski [21]. A discussion on dislocations and plastic defor-
mation in crystalline materials can be found in Hull & Bacon [60], Honeycombe [55],
Hosford [57] or Nemat Nasser [105]. An extended overview on texture is given among
others inWassermann & Grewen [141],Bunge [36] andKocks, Tomé & Wenk [69].
With regard to the experimental techniques for the texture determination, the reader is
referred to Randle & Engler [121] and Schwartz, Kumar, Field & Adams [128].

3.1. Ideal Crystalline Structure

3.1.1. Space Lattice Composition and Symmetry Properties. A regular lattice
is obtained by an infinite repetition of a point in three non-coplanar directions, see Fig-
ure 3.1. Translations of a point x0 with {ia}i∈Z, {jb}j∈Z and {kc}k∈Z gives the coordinates

Figure 3.1: Regular space lattice. Different possibilities of linear independent translation
vectors for the generation of the same lattice.

of the lattice points

x = x0 + ia+ jb+ kc with i, j, k ∈ Z (3.1)

of a three-dimensional lattice. Here, a, b and c are linear independent vectors and Z is
the set of all integers. As can be seen in Figure 3.1, there are different possibilities of lin-
ear independent translation vectors a, b and c for the generation of the same lattice. An
important characterization for space lattices are the symmetry properties of the lattice.
Symmetry operations are translations, rotations around an axis, inversions with respect
to a point, reflections with respect to a plane or a combination of two operations. A
n−rotation symmetry exists if a rotation with 2π/n gives an equivalent arrangement, i.e.

1 2 3 4 6

Figure 3.2: Space lattice symmetry. Rotation with 2π/n for n ∈ {1, 2, 3, 4, 6} gives an
equivalent arrangement, with the rotation axis normal to the drawing plane.
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Figure 3.3: Space lattice symmetry. Rotation axis and mirroring planes of a cube taken
from Kleber, Bautsch & Bohm [68]. 4-fold rotation symmetry g for the six cube faces,
3-fold rotation symmetry o for the eight long body diagonals and a 2-fold symmetry  for
the twelve short body diagonals.

all material properties remain unchanged. Common graphical symbols for rotation sym-
metry are shown in Figure 3.2. For a rectangular cube with equal side lengths the rotation
symmetry axes and reflection planes are shown in Figure 3.3. A 4-fold rotation symmetry
exists for the six cube faces, a 3-fold rotation symmetry for the eight long body diagonals
and a 2-fold symmetry for the twelve short body diagonals. For the exact definiton of a
space lattice, one considers primitive unit cells as illustrated in Figure 3.4. By successive,
periodic arrangement of such unit cells in three linear independent directions a regular
space lattice, as depicted in Figure 3.1, is produced, where all unit cells are of the same
size, shape and orientation. The unit cell is uniquely described by the three grid vectors
a, b and c or equivalently the grid constants a, b, c with corresponding angles α, β and γ
for the lattice itself. These parameters define the size and shape of the unit cell formed as
parallelepiped. For most of the metals a, b, c are in the range 0.25− 0.5nm. With specific
choices of the grid constants a, b, c and α, β, γ seven different types of unit cells can be
defined:

• Triclinic cell: a 6= b 6= c, α 6= 90◦, β 6= 90◦, γ 6= 90◦. n = 1.
• Monoclinic cell: a 6= b 6= c, α 6= 90◦, β = γ = 90◦. n = 2.
• Orthorhombic cell: a 6= b 6= c, α = β = γ = 90◦. n = 2.
• Tetragonal cell: a = b 6= c, α = β = γ = 90◦. n = 4.
• Cubic cell: a = b = c, α = β = γ = 90◦. n = 4.
• Trigonal cell: a = b = c, α = β = γ 6= 90◦. n = 3.
• Hexagonal cell: a = b 6= c, α = β = 90◦, γ = 120◦. n = 6.

For crystalline materials the cubic, tetragonal and hexagonal cells are the important ones.

a

b

c

a
b

c

αβ

γ

Figure 3.4: Primitive unit cell. The grid vectors a, b, c or the grid parameters a, b, c and
α∠(b, c), β ∠(c,a), γ ∠(a, b) characterize size and shape of the unit cell.
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Primitive unit cells consist of eight atoms at the lattice points. The lattice point density of
each unit cell is one, as one eighth of the volume of each atom belongs to a single unit cell.
As mentioned above, there are several possibilities for a space lattice assembly with regard
to the translation vectors. Hence, the election of a unit cell is also arbitrary. Preferential
is an orthogonal unit cell with minimal volume under short base vectors with the same
symmetry properties as the lattice itself. These preferences cause, that most unit cells
are not primitive, i.e. they have additional atoms, see Figure 3.5 for a two-dimensional
representation. The unit cell in Figure 3.5a) is orthogonal, of smallest area and the base

a)

m

m

b) c)

Figure 3.5: Unit cell. a) Primitive unit cell with the preferred properties of orthogonality,
minimal volume under short base vectors and symmetry according to the lattice symmetry.
b) Primitive unit cell with neither orthogonal axis nor symmetry corresponding to the lattice
symmetry. Therefore, c) a centered unit cell with additional atom in the center is preferred.

vectors coincide with symmetry axes of the lattice resulting in a primitive unit cell. The
symmetry does not change in Figure 3.5b), but for a unit cell with smallest area the base
vectors are not orthogonal. Therefore, a unit cell according to Figure 3.5c) is favored due
to the higher symmetry and the orthogonal base vectors although it contains more lattice
points. Additional atoms in the center of either the faces or the body give face-centered,
body-centered or base-centered cells. The seven primitive unit cells are supplemented with
the seven centered unit cells to the so-called 14 Bravais cells according to Bravais [32].
They are summarized in Table 3.1.

3.1.2. Miller Indices. Crystallographic Planes and Directions. As the grid con-
stants a, b and c are in general not equal, the distance between the atoms differ for the
primitive as well as for the so-called centered unit cells. For the face-centered cell the
body diagonal is the largest distance, whereas the face diagonal is the smallest and for
the body-centered cell it is the other way round. This results in the evolution of so-called
crystallographic planes and directions. For the indication of the crystallographic direc-
tions as well as the crystallographic planes in a characteristic coordinate system so-called
Miller indices are used. A crystallographic plane is uniquely defined by three points, e.g.
the three intersections A, B and C with the coordinate axes corresponding to the grid
triad, see Figure 3.6a). As introduced above a, b and c are the known vectors character-
izing the unit cell. Hence, the components m, n and p are enough for the characterization
of the crystallographic plane. The Miller indices

(hkl) = (
N

m

N

n

N

p
) (3.2)

can be computed with N being the common denominator of the values 1
m
, 1
n
and 1

p
. For the

crystallographic planes the Miller indices (hkl) are written in round brackets and in curly
brackets {hkl} for a set of crystallographic planes, see Table 3.2. E.g. the crystallographic
planes (100), (010), (001), (1̄00), (01̄0) and (001̄) can be summarized by the set {100}
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Table 3.1: The 14 Bravais unit cells according to Bravais [32].

unit cell primitive body-centered base-centered face-centered

triclinic

a
b

c

αβ
γ

monoclinic

a
b

c

α

orthorhombic

a
b

c

tetragonal

a
a

c

cubic

a
a

a

trigonal

a
a

a

αα
α

hexagonal

a
a

c

120◦

of crystallographic planes which is useful for equivalent planes due to symmetry. Herein,
negative coordinates are marked by a bar. In addition to planes, Miller indices are used
for the indication of directions, see Figure 3.6b). Here, the Miller indices

[uvw] = [NrNsNt] (3.3)
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Figure 3.6: Miller indices. a) Specification of a plane (hkl) and b) description of a direction
[uvw] by means of Miller indices.

are obtained by multiplication of the coefficients r, s and t characterizing the crystal-
lographic direction with the smallest common factor N . Respectively, for directions the

Table 3.2: Equivalent crystallographic directions and planes in the cubic lattice.

set elements

direction 〈100〉 [100], [010], [001], [1̄00], [01̄0], [001̄]

plane {100} (100), (010), (001), (1̄00), (01̄0), (001̄)

direction 〈110〉 [011], [101], [110], [01̄1], [1̄01], [1̄10], [01̄1̄], [1̄01̄], [1̄1̄0], [011̄], [101̄], [11̄0]

plane {110} (011), (101), (110), (01̄1), (1̄01), (1̄10), (01̄1̄), (1̄01̄), (1̄1̄0), (011̄), (101̄), (11̄0)

direction 〈111〉 [111], [1̄11], [11̄1], [111̄], [1̄1̄1̄], [11̄1̄], [1̄11̄], [1̄1̄1]

plane {111} (111), (1̄11), (11̄1), (111̄), (1̄1̄1̄), (11̄1̄), (1̄11̄), (1̄1̄1)

Miller indices [uvw] are written in square brackets, whereas for a set of directions 〈uvw〉
angle brackets are used. Equivalent planes/directions are listed in Table 3.2 and selected
planes/directions are illustrated in Figure 3.7 for a cubic lattice with the corresponding
Miller indices. Miller indices specify equivalent planes and directions relative to the crys-
tal axes without giving the position with respect to a global origin. In Figure 3.8 packed

a) b) c)
x x x

y y y

z z z

[001]

[110]

[111]

(001)

(110)
(111)

Figure 3.7: Crystallographic planes and directions in the cubic lattice. Selected directions
[001], [110], [111] and equivalent planes (001), (110), (111) can be described by the sets
〈100〉, 〈110〉, 〈111〉 and {100}, {110}, {111}, for directions and planes, respectively.

cubic primitive, face centered cubic and body centered cubic unit cells and corresponding
closest packed planes are shown. The packing density in percent can be calculated by the
ratio of the volume of atoms within the unit cell with respect to the volume of the unit
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cell itself. Alternatively, the ratio of the area of atoms within a crystallographic plane
with respect to the area of the crystallographic plane itself gives the packing density. As
for the primitive cells the packing density is very low and hence the structure is unstable,
most materials form face centered cubic (fcc) or body centered cubic (bcc) cells. Materials
for face centered cubic, body centered cubic or hexagonal closest packed cells (not further
considered) are

• face centered cubic (fcc): Al, Cu, Ni, Ag, Pt, Au, Pb, γ-FE
• body centered cubic (bcc): Na, Li, Cr, Nb, Ta, W, α-Fe, Mo, β-Ti
• hexagonal closest packed (hcp): Mg, Be, Zr, Co, Zn, Cd, α-Ti .

Plastic slip mainly occurs in the direction of highest packing density within the closest
packed crystal plane. For the cubic primitive cell these directions are 〈100〉, for the body
centered cubic cell 〈111〉 and for the face centered cubic cell 〈110〉. These closest packed
planes are arranged in a certain manner, called stacking order, see Figure 3.8. For a cubic
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Figure 3.8: Packed unit cells, closest packed planes and stacking order of closest packed
planes. Packing density for a) cubic primitive cells is 52%(79%), b) for body centered cubic
cells 68%(83%) and c) for face centered cells 74%(91%) based on volume (area) ratios.
Closest packed planes play a crucial role for the slip within a crystal lattice.

primitive arrangement the atoms of two closest packed atom rows A lie on top of each
other indicated by the stacking order AA . . . . Here, the structure can be sheared off rela-
tively easy. In the bcc arrangement the atoms of each second closest packed atom row B
are shifted with respect to the other atom rows A. Hence, the stacking order is ABAB . . . .
For the fcc arrangement the stacking order is ABCABC . . . .

3.2. Real Crystalline Structure

In contrast to ideal crystal structures considered so far, in real crystal structures several
types of imperfections may appear. In this contribution, structural imperfections such as
deviations from the ideal crystal lattice are considered.
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3.2.1. Defects in Crystalline Materials. One differentiates between 0-dimensional
point defects, 1-dimensional line defects, 2-dimensional surface defects and 3-dimensional
volume defects. Possible point defects are shown in Figure 3.9. Intrinsic point defects are

a) b) c) d) e)

Figure 3.9: Point defects. Intrinsic defects such as a) vacancies, b) interstitial atoms or c)
Frenkel pairs and extrinsic defects such as d) substitutional or e) interstitial impurity atom.

e.g. vacancies or interstitial atoms, leaving their regular place and accumulating some-
where in-between the lattice. The amount of voids increases with temperature and is
about 10−12 at room temperature, implying one void for one billion lattice points or
1mm2 lattice area. A combination of a close lying pair of vacancy and interstitial atom
is called Frenkel pair. Extrinsic point defects are substitutional or interstitial impurity
atoms, which are atoms of a different type or size replacing a regular atom or occupying
a place in-between the lattice, respectively. Line defects, called dislocations, are the most
important defects and will be discussed in detail in Section 3.2.2. Surface defects are grain
boundaries, phase boundaries, twin boundaries or stacking faults, shown in Figure 3.10. A

a) b) c) d)

ABA

ABC

Figure 3.10: Surface defects. a) Grain boundary, b) phase boundary consisting of a solid
and a liquid phase, c) twin boundary and d) stacking fault.

real material consists of a large amount of single crystals where the characteristic orienta-
tions of all unit cells vary and hence grain boundaries occur if the orientation of a grain is
rotated with respect to neighboring grains. One distinguishes between small angle grain
boundaries and large angle grain boundaries. The length and motion of dislocations is
limited by grain boundaries and hence, a material with smaller grains is stiffer due to the
larger grain boundary surface area. Phase boundaries are interfaces between two separate
phases. Twin boundaries appear if two crystals reflect or mirror at a grain boundary.
A stacking fault is an interruption in the stacking sequence. Finally, volume defects are
voids or precipitates. Voids occur, if a larger number of atoms is missing within a certain
region resulting from the production process. Precipitates are several impurity atoms of
a different phase forming a small region.

3.2.2. Dislocations. The shearing of crystallographic glide planes is micromechanically
motivated by the movement of dislocations through the crystal. Dislocations appear by
growth or due to local deformations. There are two types of dislocations: edge dislocations
and screw dislocations, illustrated in Figure 3.11. Edge dislocations are lattice planes end-
ing within the crystal, whereas screw dislocations are spiral-like shifted lattice planes. In



Fundamentals of Polycrystalline Materials 33

a)

b

ξ
b)

b

ξ

c) b

ξ1

ξ2

ξ3

Figure 3.11: Line defects - dislocations. a) Pure edge dislocation, b) pure screw dislocation
and c) mixed dislocation.

addition a combination of both exists. Either the dislocations start and end at the bound-
ary of the crystal or they form a closed line within the crystal. The dislocation density
is measured as dislocation length per volume. For soft-annealed and cold-rolled metals
it ranges from 108/cm2 to 1012/cm2, respectively. From a thermodynamical perspective
a certain amount of derangement is required. This induces, that crystals intrinsically
include point defects in order to fulfill the thermodynamical balance. By occurrence of
dislocations, however, the energetic state of the lattice is raised and hence, there is never
a thermodynamical balance in a real crystal with dislocations. Therefore, the effort of dis-
location movement through the crystal is comparatively small resulting in a good plastic
deformability of metals. In the following subchapters some characteristics of dislocations
are summarized.

3.2.2.1. Dislocation Movement. Shear stresses cause glide deformations on crystallo-
graphic planes. A reversible elastic deformation with changing lattice angle results from
small shear stresses, whereas an irreversible plastic deformation occurs above a critical
shear stress. Here, an atom within a certain lattice plane gets into the field of the next
atom within a neighboring lattice plane whereby crystallographic glide planes develop. By
reversal of the elastic strains, the geometrical form of the lattice is similar to the initial
lattice, but the upper atom row moves about one lattice point, see Figure 3.12 for a vi-
sualization. In 1926 Frenkel [43] calculated stresses necessary for plastic deformations.

ττ

ττ

|b|

Figure 3.12: Sliding of crystallographic planes. Sliding about one atom interval occurs after
reaching a critical shear stress.

But as the theoretical limit was higher than in the experimental observations, the idea of
an ideal crystal structure was clear to be wrong. Orowan [108], Polanyi [113] and Tay-

lor [133] independently suggested a concept for the movement of dislocations, visualized
in Figure 3.13. Herein, the symbol ⊥ represents the dislocation line corresponding to the
ξ axis in Figure 3.11. A dislocation enters an ideal structure under a shear loading and
moves consecutively through the crystal structure. This results in the same configuration
as in Figure 3.12, but the necessary stresses are much lower. As mentioned above, the
dislocation line is a closed curve or it moves until it reaches the grain boundary and a slip
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ττ τ

ττ τ

|b|

Figure 3.13: Dislocation movement. Dislocation enters an ideal structure under a shear
loading and moves through the crystal structure. Elastic deformation is neglected.

step with the length |b| of the so-called Burgers vector, see Section 3.2.2.2, is microscop-
ically visible. The dislocation movement with regard to an edge and screw dislocation is
shown in Figure 3.14. The shear stress τ causes a force F perpendicular to the dislocation

|b|

τ

τ

edge dislocation

screw dislocation

F F
FF

FF

FF

Figure 3.14: Dislocation movement of edge and screw dislocation.

line in the direction of the Burgers vector, driving the dislocation line through the mate-
rial in the case of an edge dislocation. An edge dislocation is characterized by a unique
slip plane spanned by the Burgers vector b and the dislocation line axis ξ, illustrated
in Figure 3.11. Reaching the boundary the length |b| of the Burgers vector is visible, as
explained above. If the dislocation meets a barrier such as an interstitial atom or another
dislocation line, it changes to a parallel glide plane, called climbing. For a screw dislo-
cation the two parts glide in the direction of the shear stress, which causes a force F
perpendicular to the dislocation line. The result is the same as for an edge dislocation
as it only depends on the Burgers vector and not on the type of dislocation. Reaching a
barrier, the screw dislocation changes its direction, called cross gliding. This is due to the
fact, that the Burgers vector and the dislocation line axis point in the same direction and
do not span a unique slip plane. A mixed dislocation can always be decomposed into an
edge and a screw dislocation by splitting the Burgers vector in a part perpendicular and
parallel to the dislocation line axis. If a dislocation forms a closed line within the crystal
it is called dislocation loop.

3.2.2.2. Burgers Vector. The Burgers vector b, already introduced above, characterizes
the direction and size of a lattice distortion caused by a dislocation. For the determination
of the Burgers vector a closed circuit surrounding a dislocation in a real crystal is run in
discrete steps from lattice point to lattice point following the right hand rule. Taking the
same path in an ideal, same orientated crystal without dislocation, the circuit does not
close, see Figure 3.15. The vector required to close the circuit between end and starting
point in the ideal crystal is called the Burgers vector. As the Burgers vector is defined in an
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b

real crystal ideal crystal

Figure 3.15: Definition of the Burgers vector. A closed circuit in a real crystal containing
a dislocation does not close in an ideal crystal.

undistorted lattice, it is a vector with length of an interatomic spacing, which is common
practice in most metallic materials. The Burgers vector b lies in the crystallographic plane
of closest packed atoms with b = 〈100〉, |b| = a for primitive cells, b = 1

2
〈110〉, |b| = a√

2

for fcc and b = 1
2
〈111〉, |b| =

√
3
2
a for bcc in a cubic lattice with the lattice parameter a.

3.2.2.3. Plastic Deformation and Critical Schmid Stress. As discussed before, a
plastic deformation takes place if a certain shear stress is applied. This limit stress τc is
called critical resolved shear stress or Schmid stress. Frenkel [43] calculated this stress
based on the simplified model depicted in Figure 3.12. He thought about two interdig-
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d

b/2

b/4

2bτ
τc
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γ
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A
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W
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I II III

Figure 3.16: Critical resolved shear stress, adopted from Troost [137]. a) Simplified ideal
crystal structure, b) work W and c) shear stress τ as a function of the deformation x.

itating saws with equal teeth representing two whole atom rows which are sheared off.
In order to find the critical resolved shear stress, consider a simplified crystal structure
pictured in Figure 3.16 with two atom rows A and B being arranged in stable states I, II
and III with interatomic spacing b corresponding to the length |b| of the Burgers vector
b and glide plane distance d = b of a cubic primitive structure. A shear stress τ results in
a shear strain γ = x/d. The shear stress τ and its corresponding work

W =
Wmax

2

[

1− cos
(

2π
x

b

)]

(3.4)

are periodic functions of the deformation x, see Figure 3.16. For the instable deformation
state x = b/2 the work reaches a maximum and an excess ofWmax results in an irreversible
plastic deformation. The atom falls in the neighboring equilibrium state II, whereas the
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neighboring atom moves from II to III. Hence, the two atom rows are sheared off about
one atom spacing corresponding to the deformation in Figure 3.12. The shear stress

τ =
Wmax

2

2π

b
sin

(

2π
x

b

)

= τFrenkel
c sin

(

2π
x

b

)

. (3.5)

follows by derivation of the work W with respect to the deformation x. Furthermore, for
linear elastic material response the shear stress τ = µγ is written in terms of the shear
strain γ = x/d and the shear modulus µ. With the assumption of small deformations
x ≪ b, i.e. sin(·) = (·), the critical shear stress reads

τFrenkel
c =

µ

2π

b

d
. (3.6)

The critical shear stress and hence the glide mechanism depends on the ratio b/d of the
interatomic spacing with respect to the glide plane distance. Consider the atom sample
depicted in Figure 3.17. It contains a body centered cubic structure with glide plane

d1

b1 d 2
b
2

x1, τ1

x
2 , τ

2

1 2 3 4

5

6

7

8

Figure 3.17: Critical resolved shear stress. Sliding on the closest packed 4-5-6-7-8-plane is
preferred compared to the 1-2-3-4-plane.

1-2-3-4 in the direction x1 ∈ [0, b1] caused by the shear stress τ1 and a cubic primitive
structure with glide plane 4-5-6-7-8 in the direction x2 ∈ [0, b2] caused by the shear stress
τ2. Obviously, for the first glide plane, x1 = 0 and x1 = b1 are stable and x1 = b1/2 instable
equilibrium states, whereas for the second glide plane x2 = 0, x2 = b2 are instable and x2 =
b2/2 stable equilibrium states. As the ratio b/d for the glide plane 4-5-6-7-8 in Figure 3.17
is smaller, the critical stress is lower and sliding on this plane is preferred compared
to glide plane 1-2-3-4. However, the critical shear stress τFrenkel

c evaluated according to
(3.6) is 104 times higher compared to experimental results. Motivated by this discrepancy,
the idea of a corrugated sheet model goes back to Orowan [108], Polanyi [113] and
Taylor [133] for the movement of dislocations illustrated in Figure 3.13. Here, the atoms
close to a dislocation are progressively in an instable equilibrium state where less energy
is necessary for their movement. See Figure 3.18 for a representation of the equilibrium

a)

b)

Figure 3.18: Critical resolved shear stress. Representation of one atom row of an a) ideal
and a b) real crystal, taken from Troost [137].
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states of an ideal and a real crystalline structure. In an ideal crystal each atom lays in
a sink, i.e. a stable equilibrium state, with one atom per sink ensured by the springs
representing interatomic bonds. A large amount of energy is necessary to lift all atoms
to the top, representing a plastic deformation. Contrarily in a real crystal the atoms are
partly in an unstable equilibrium state due to the lattice defects and therefore a plastic
deformation is achieved at less shear stresses. As mentioned above, the plastic shearing,
i.e. the motion of e.g. an edge dislocation, can be expressed by the shear strain γ = b/d, if
the dislocation reaches a grain boundary. The total shearing of n dislocations reaching the
crystal boundary adds up to γ = nb/h with h being the height of the crystal. However, if
dislocations cover only a fraction xi of the distance, the shear strain is

γ =
b(
∑n

i xi)/w

h
=

bx

wh
. (3.7)

Here, x =
∑n

i xi is the total length of dislocation movement and w is the width of
the crystal. With the definitions of an average dislocation length x̄ = (

∑n
i xi)/n and a

dislocation density ρd = n/(wh) the strain follows to

γ = bρdx̄ . (3.8)

For a constant dislocation density ρd = const., time differentiation of (3.8) yields the
Orowan equation

γ̇ = bρdv̄ (3.9)

for the macroscopically visible shear velocity γ̇ as a function of the average dislocation
velocity v̄ = ˙̄x. This equation is considered as the main relation between dislocation and
continuum mechanics in crystal plasticity.

3.2.3. Slip Systems. Basic properties such as slip on closest packed planes and direc-
tions can be explained by the ansatz of Frenkel [43]. The critical resolved shear stress
τ decreases with a decreasing length b of the Burgers vector b at a glide plane distance d.
A small magnitude of the Burgers vector is achieved by a lattice direction which is closest
packed. Again, this is clear in Figure 3.17 for plane 4-5-6-7-8 compared to plane 1-2-3-4
due to the reduced ratio of interatomic spacing b to glide plane distance d. All closest
packed planes and directions form the possible slip systems and are crucial for the plastic
deformation of a crystal. There are 12 slip systems for the fcc crystal, i.e. four planes
{111} with three directions 〈110〉 each, see Figure 3.19. There are 48 slip systems for the
bcc crystal with the planes {110} , {112} , {123} and directions 〈111〉. These slip systems
are characterized by a slip direction sα and a slip normal nα. The slip directions sα and
slip normals nα with α = 1, . . . , m and m being the number of slip systems are listed in
Table 3.3 for fcc and Table 3.4 for bcc crystals, respectively.

3.2.4. Classical Flow Rule of Crystal Plasticity. The macroscopic shear rate (3.9)
can be related to the plastic deformation F p as part of the total deformation of the
body, characterized by the deformation gradient (2.5). F p describes the plastic slip on
given crystallographic slip systems with the slip plane normal nα and the slip direction
sα of the α = 1, . . . , m slip systems, see Figure 3.20. A continuous macroscopic plastic
deformation

p :

{
B → Bp

X̄ 7→ p(X̄) = F pX̄
(3.10)
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Table 3.3: Slip directions sα and planes nα for fcc crystals

α sα nα α sα nα α sα nα

1 [ 1̄ 1 0 ] ( 1 1 1 ) 5 [ 1 0 1 ] ( 1̄ 1 1 ) 9 [ 1̄ 0 1̄ ] ( 1̄ 1̄ 1 )

2 [ 0 1̄ 1 ] ( 1 1 1 ) 6 [ 0 1 1̄ ] ( 1̄ 1 1 ) 10 [ 1 1 0 ] ( 1 1̄ 1 )

3 [ 1 0 1̄ ] ( 1 1 1 ) 7 [ 1 1̄ 0 ] ( 1̄ 1̄ 1 ) 11 [ 1̄ 0 1 ] ( 1 1̄ 1 )

4 [ 1̄ 1̄ 0 ] ( 1̄ 1 1 ) 8 [ 0 1 1 ] ( 1̄ 1̄ 1 ) 12 [ 0 1̄ 1̄ ] ( 1 1̄ 1 )

Table 3.4: Slip directions sα and planes nα for bcc crystals

α sα nα α sα nα α sα nα α sα nα

1 [1 1̄ 1̄] (1 1 0) 13 [1̄ 1̄ 1] (1 1 2) 25 [1̄ 1̄ 1] (1 2 3) 37 [1̄ 1 1̄] (2 3 1)

2 [1̄ 1 1̄] (1 1 0) 14 [1 1̄ 1] (1̄ 1 2) 26 [1 1̄ 1] (1̄ 2 3) 38 [1 1 1̄] (2̄ 3 1)

3 [1 1 1] (1 1̄ 0) 15 [1̄ 1 1] (1 1̄ 2) 27 [1̄ 1 1] (1 2̄ 3) 39 [1 1 1] (2 3̄ 1)

4 [1 1 1̄] (1 1̄ 0) 16 [1 1 1] (1 1 2̄) 28 [1 1 1] (1 2 3̄) 40 [1̄ 1 1] (2 3 1̄)

5 [1̄ 1̄ 1] (1 0 1) 17 [1̄ 1 1̄] (1 2 1) 29 [1̄ 1 1̄] (1 3 2) 41 [1 1̄ 1̄] (3 1 2)

6 [1̄ 1 1] (1 0 1) 18 [1 1 1̄] (1̄ 2 1) 30 [1 1 1̄] (1̄ 3 2) 42 [1 1 1] (3̄ 1 2)

7 [1̄ 1̄ 1̄] (1 0 1̄) 19 [1 1 1] (1 2̄ 1) 31 [1 1 1] (1 3̄ 2) 43 [1 1 1̄] (3 1̄ 2)

8 [1 1̄ 1] (1 0 1̄) 20 [1̄ 1 1] (1 2 1̄) 32 [1̄ 1 1] (1 3 2̄) 44 [1 1̄ 1] (3 1 2̄)

9 [1 1 1̄] (0 1 1) 21 [1 1̄ 1̄] (2 1 1) 33 [1̄ 1̄ 1] (2 1 3) 45 [1 1̄ 1̄] (3 2 1)

10 [1 1̄ 1] (0 1 1) 22 [1 1 1] (2̄ 1 1) 34 [1 1̄ 1] (2̄ 1 3) 46 [1 1 1] (3̄ 2 1)

11 [1 1 1] (0 1 1̄) 23 [1 1 1̄] (2 1̄ 1) 35 [1̄ 1 1] (2 1̄ 3) 47 [1 1 1̄] (3 2̄ 1)

12 [1̄ 1 1] (0 1 1̄) 24 [1 1̄ 1] (2 1 1̄) 36 [1 1 1] (2 1 3̄) 48 [1 1̄ 1] (3 2 1̄)

describes as a homogenized quantity the macroscopic impact of multiple moving dislo-
cations. F p maps points X̄ ∈ B of the reference configuration B onto points p ∈ Bp in
a purely plastically deformed configuration Bp. Following Rice [123], F p is chosen such,
that the orientation of the slip system remains unchanged. He determines the plastic
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Figure 3.19: 12 slip systems of a face centered cubic crystal.
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Figure 3.20: Plastic deformation. The plastic map F p ∈ SL(3) describes the plastic slip
on given slip systems.

velocity

ṗ =

m∑

α=1

γ̇αsα(nα · p) (3.11)

in terms of the shearing rates γ̇α, also called plastic slip, of the m slip systems which
can be related to the Orowan equation (3.9). Time differentiation of F p = pX̄

−1
yields

Ḟ p = ṗX̄
−1

due to X̄ = const. in the reference configuration. The plastic velocity
gradient reads

Ḟ pF p−1 = ṗp−1 =

m∑

α=1

γ̇αsα(nα · p)p−1 . (3.12)

By means of index notation, it follows the classical flow rule of crystal plasticity

Ḟ p
ilF

p−1
lj =

m∑

α=1

γ̇αsαi (n
α
k · pk)p−1

j =
m∑

α=1

γ̇αsα ⊗ nα , (3.13)

describing the evolution problem for the plastic deformation in terms of the dislocation
mechanism.

3.3. Description of Crystallographic Texture

A polycrystalline material consists of a large number of crystal grains. The orientation
distribution of these grains is called the orientation texture of the polycrystal. Hence, the
crucial purpose is to determine the crystal orientation. As an orientation is the result of a
sequence of rotations, first the different possibilities for the representation of rotations are
outlined. A discussion on the graphical representation and the experimental determination
of textures follows. The distribution of crystal orientations of a polycrystalline material can
be described by the crystal orientation distribution function, which can be approximated
by a Fourier series. As described in Section 5.4, the coefficients of the Fourier series
are the key quantities to describe the influence of the microscopic mechanism of crystal
reorientation on the macroscopic behavior of the material.

3.3.1. Representation of Crystal Orientations. In order to describe the orientation
of crystals, two coordinate systems with three orthonormal directions need to be intro-
duced. One system is attached to the crystal lattice where e.g. in a cubic, tetragonal or
orthorhomic lattice the three axes coincide with the base vectors, introduced in Section 3.1.
These base vectors of this lattice frame are in the following denoted by {gi}i=1,2,3. The
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global sample system {ei}i=1,2,3 is chosen according to the shape or loading of the macro-
scopic specimen, e.g. in a metallic sheet the three axes point in the rolling, transverse and
normal directions of the sheet. The two coordinate systems gi = Rei are related by a
rotation R. In the following subsections equivalent possibilities for the representation of
rotations by a proper orthogonal tensor, by Eulerian axis angles and an alternative series
expansion, by Eulerian angles, by quaternions and by Rodrigues vectors as a specific form
of quaternions are discussed. For a detailed discussion on rotations the reader is referred
among others to Angeles [11], Argyris [13], Altmann [9] and Morawiec [102].

3.3.1.1. Rotation Matrix. A rotation of an arbitrary vector a onto a vector b can be
described by a linear map

b = Ra (3.14)

in terms of the second-order rotation tensor R. The length of the vector needs to be
invariant under such an operation, i.e. |a|2 = |b|2. Therefore, the rotation tensor R needs
to be orthogonal according to

aT
{
RTR− 1

}
a = 0 (3.15)

for an arbitrary vector a. Consider furthermore a set of three unit vectors {e1, e2, e3}
and a corresponding rotated set {g1 = Re1, g2 = Re2, g3 = Re3}, with the three vectors
being orthonormal, i.e.

e1 × e2 · e3 = 1 and Re1 ×Re2 ·Re3 = 1 . (3.16)

As introduced above, these two sets of unit vectors will be used as the axes of the crystal
lattice and sample frame, respectively. For the two matrices E := [e1, e2, e3] and G :=
[g1, g2, g3] the determinants are detE = 1 and detG = 1. From tensor algebra it follows

G = RE ⇒ detG = det (RE) = detR detE ⇒ detR = 1 . (3.17)

Hence, the rotation is characterized as an element of the proper orthogonal group SO(3)

R ∈ SO(3) :=
{
R | RTR = 1 and detR = 1

}
. (3.18)

The nine entries, so-called direction cosines, of the rotation tensor consist of only three
degrees of freedom, as a consequence of Eulers Rotation Theorem. As it is simple to rotate
a vector or to combine sequenced rotations, the parameterization of an orientation by a
rotation tensor is quite popular, but not very compact and rather difficult to visualize.

3.3.1.2. Rotation Representation in terms of Eulerian Angles. A well established
representation of a rotation is done by the three independent Eulerian angles. Here, the
rotation is decomposed into three sequenced rotations about a prescribed axis. There are
several conventions for specifying Eulerian angles, where the one introduced in Bunge [36]
is the most common. Starting point is that the axes of the sample {X, Y, Z} and the
crystal coordinate system {X ′, Y ′, Z ′} coincide. First, the crystal coordinate system is
rotated with the angle ϕ1 about the Z

′-axis, second about the rotated X ′-axis with Φ and
third about the rotated Z ′-axis with ϕ2, see Figure 3.21. Hence a rotation

R = Rϕ1RΦRϕ2 =





cosϕ1 − sinϕ1 0
sinϕ1 cosϕ1 0
0 0 1









1 0 0
0 cos Φ − sin Φ
0 sinΦ cosΦ









cosϕ2 − sinϕ2 0
sinϕ2 cosϕ2 0
0 0 1



 (3.19)
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Figure 3.21: Eulerian angle representation. Definition of rotation by Eulerian angles ac-
cording to Bunge[36].

is represented by the three Eulerian angles ϕ1,Φ, ϕ2. As pointed out in Frank [42] due to
some disadvantages, an axis angle representation is preferred for the description of rota-
tions compared to Eulerian angles. Eulerian angles are asymmetric relative to the sample
frame and behave pathological for small rotations. Furthermore, the fundamental region
obtained through a highly distorted metric from the Eulerian angle space is bounded by
curved surfaces. Therefore, Eulerian angles are used rarely in this work and the reader is
referred to the literature for further details.

3.3.1.3. Axis Angle Representation of a Rotation. According to Eulers Theorem
the displacement of a sphere with a fixed point can equivalently be described by a rotation
about a certain axis comprising the fixed point and a certain angle. I.e. the nine linear
dependent direction cosines can be reduced to two components of an axis e of rotation,
with |e| = 1 and a scalar rotation angle ϑ about this axis. The rotation can be described
by the so-called axial pseudo vector

w = ϑe . (3.20)

In general, this axis angle parameterization has four coordinates [ϑ, e1, e2, e3]. However,
due to the normalization |e| = 1 it can be reduced to R3. The pseudo vector w can fully
describe a rotation, but the standard vector algebra cannot be applied, e.g. application
of two sequenced rotations does not give the same result if the multiplication order is
changed. Instead, the algebra of quaternions has to be used, see Section 3.3.1.4. Consider

w

e

a

b

Ra

Ra⊥

a‖

a⊥
ϑ

Figure 3.22: Axis angle parametrization.

a rotation R about a unit axis e. The vector a starts from an origin which lays on the
rotation axis and is rotated to Ra, see Figure 3.22. It can be decomposed

a = a‖ + a⊥ with a‖ = (a · e)e and a⊥ = a− (a · e)e (3.21)
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in a part parallel and a part perpendicular to the rotation axis. The vector b = e ×
a⊥ = e × a is perpendicular to a and e as e × a‖ = 0 . With Ra = a‖ + Ra⊥ and
Ra⊥ = cosϑa⊥ + sinϑb it follows

Ra = (a · e)e+ cos ϑ(a− (a · e)e) + sin ϑ(e× a) (3.22)

as the Rodrigues rotation formula. Usage of the vector triple product e × (e × a) =
e(e · a) − a, the trigonometric identity cos ϑ = 1 − 2 sin2(ϑ/2), equation (3.20) and
|w| = ϑ yields

Ra = a+
sin |w|
|w| (w × a) + 1

2

[
sin(|w|/2)
|w|/2

]2

w × (w × a) (3.23)

as an equivalent representation. The Rodrigues rotation formula represents a rotation
from an initial vector a to a rotated vector Ra in terms of the axial pseudo vector w.
In order to find a relation between the axial pseudo vector w and the rotation tensor R
introduced in Section 3.3.1.1 consider a skew second-order tensor W with W = −W T .
W has the properties

Wa = w×a and Ww = 0 where w = − 1
2
ǫ : W , wk = − 1

2
Wijǫijk (3.24)

with an arbitrary vector a, the axial vector w = vectW and the Levi-Civita permutation
tensor ǫ. W applied to a corresponds to a rotation about the axial vector w. Writing
(3.24)1 in index notation and eliminating a gives

Wikak = −ǫijkwjak → Wik = −ǫijkwj , W = 1 ×w = w × 1 , (3.25)

in terms of the second-order identity 1 . The skew tensor and corresponding axial vector
have the coordinate representation

W =





0 −w3 w2

w3 0 −w1

−w2 w1 0



 and w =





W32

W13

W21



 . (3.26)

Replacing a in equation (3.24)1 by w × a yields

w × (w × a) = W 2a with W 2 =WijWjk . (3.27)

Substitution of (3.24)1, (3.25) and (3.27) in (3.23) gives the Rodrigues representation

R(w) = 1 +
sin |w|
|w| 1 ×w + 1

2

[
sin(|w|/2)
|w|/2

]2

(1 ×w)2 (3.28)

of the rotation matrix in terms of the axial pseudo vector w. Argyris [13] managed to
obtain the same result by a series expansion of W . First, he expanded the trigonometric
function

sin |w| = |w| − |w|3
3!

+
|w|5
5!

− · · ·+ (−1)n
|w|2n+1

(2n+ 1)!
+ . . . (3.29)
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and second, he observed relations for the powers of W . Therefore, one can write W 2 =
WisWsk = (−ǫistwt)(−ǫsklwl) = . . . = w⊗w− (w ·w)1 . Multiplying both sides with W ,
W 2 and so on, gives the relations

W 3 = −|w|2W , W 4 = −|w|2W 2 , W 5 = +|w|4W , W 6 = +|w|4W 2 , . . . (3.30)

for the powers of W . Putting the expansion of the trigonometric function (3.29) and the
relations for the powers of W (3.30) in the Rodrigues formula (3.28) yields the expansion
of the rotation

R = 1 +W +
1

2!
W 2 +

1

3!
W 3 +

1

4!
W 4 + · · ·+ 1

n!
W n = exp(W ) (3.31)

which corresponds to the Taylor series expansion of the exponential tensor function
exp(W ). I.e. a rotation can be expressed by the exponential map of a skew second-order
tensor W .

3.3.1.4. Quaternion representation of a Rotation. A rotationR can be represented
by a quaternion

Q := (q, q) = q + q1i+ q2j + q3k (3.32)

consisting of a real number q and a pseudo vector q with the imaginary directions i, j, k.
Some basics of quaternion algebra are reviewed. For a more detailed description see e.g.
Altmann [9]. For the three quaternion units i, j, k the Hamilton rules

ij = −ji = k , jk = −kj = i , ki = −ik = j (3.33)

follow from the fundamental formula for quaternion multiplication

i2 = j2 = k2 = ijk = −1 , (3.34)

which Hamilton scratched 1843 in a bridge in Dublin. The multiplication of the quaternion
units is similar to complex numbers. Hence for the multiplication of two quaternions Q̄

and Q̂ it follows

Q̄Q̂ = (q̄, q̄)(q̂, q̂) = (q̄q̂ − q̄ · q̂, q̄q̂ + q̂q̄ + q̄ × q̂) . (3.35)

The multiplication of quaternions is associative, but not commutative. The so-called real
quaternion (q,0 ) multiplies like real numbers and for the product of two pure quaternions

(0, q̄)(0, q̂) = (q̄ · q̂, q̄ × q̂) (3.36)

holds. Hence, a quaternion (q, q) = (q,0 )+(0, q) can always be decomposed in a real and
a pure quaternion. A quaternion of the form (0,n) with |n| = 1 being a unit vector is
called unit quaternion. With the definition of the conjugate Q∗ := (q,−q) of a quaternion
the norm of the quaternion can be identified by

QQ∗ = (q, q)(q,−q) = (q2 + q · q,0 ) =: |Q|2 . (3.37)

A quaternion with |Q|2 = (1,0 ), i.e. q2 + q21 + q22 + q23 = 1 is called normalized quater-
nion, which holds e.g. for the Hamilton quaternion (cosϑ, sin ϑe). The likewise normalized
Rodrigues quaternion

Q = (q, q) = (cos(ϑ/2), sin(ϑ/2)e) , (3.38)
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with the rotation angle ϑ and the axis of rotation e was introduced earlier than Hamiltons
quaternion. Therein, the four coordinates of the quaternion are called Euler-Rodrigues
parameters. In order to get the rotation tensor in terms of Rodrigues quaternions (3.38)
the axial pseudo vector

w = ϑe =
ϑ

sin(ϑ/2)
q (3.39)

can be inserted in (3.28). With the trigonometric identity sinϑ = 2 sin(ϑ/2) cos(ϑ/2) and
q · q = 1− q2 a rotation

R(Q) = 1 + 2q(1 × q) + 2(1 × q)2 = (2q2 − 1)1 + 2q(1 × q) + 2q ⊗ q (3.40)

can be represented in terms of the Rodrigues quaternion Q.

3.3.1.5. Rodrigues Parameters. As a specific form of the axial vector, the Rodrigues
vector

r := tan(ϑ/2)e (3.41)

is introduced, as e.g. discussed in Frank [42]. The vector r is coaxial to the axial vector w
but scales the rotation with tan(ϑ/2) about this axis. With the definition of the Rodrigues
quaternion (3.38) the Rodrigues vector

r =
q

q
(3.42)

can be formulated in terms of quaternions (q, q) = (cos(ϑ/2), sin(ϑ/2)e). Despite the
singularity at ϑ = π, the parameterization with Rodrigues vectors is a quite simple rep-
resentation. Proceed as in the previous subsection by replacing the axial vector

w = ϑe =
ϑ

tan(ϑ/2)
r (3.43)

in (3.28) yields with the trigonometric identities sin ϑ = 2 tan(ϑ/2)/[1 + tan2(ϑ/2)] and
cos2(ϑ/2) = 1/[1 + tan2(ϑ/2)] the rotation

R(r) = 1 +
2 [(1 × r) + (1 × r)2]

1 + r · r =
(1− r · r)1 + 2(1 × r) + r ⊗ r)

1 + r · r (3.44)

in terms of the Rodrigues parameter r.

3.3.2. Graphical Representation of Orientations. Several possibilities exist for the
visualization of textures, such as pole figures, inverse pole figures, orientation distribution
by means of Eulerian angles or a representation in the Rodrigues space. The most popular
one is the representation by pole figures using a stereographic or equal-area projection.
The visualization of rotations by means of Eulerian angles does not have an immediate
physical interpretation, hence it must be compared to calculations of reference deformation
modes. A representation through an axis angle parameterization, Section 3.3.1.3, is unique
if the symmetry of the material is taken into account. In this contribution, pole figures
and a representation in the Rodrigues space are used.
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3.3.2.1. Stereographic Projection and Pole Figures. As discussed in Section 3.1.2,
Miller indices describe crystal planes/orientations with respect to the local coordinate
system of the unit cell. Contrarily, pole figures describe the crystallographic directions
with respect to an arbitrary global coordinate system, chosen according to the shape or
loading of a macroscopic specimen. For the construction of a pole figure, the unit cell
is attached to the origin of the coordinate system and surrounded by a unit sphere, see
Figure 3.23. The vectors of all crystallographic directions belonging to a desired set of

ND

TDTD

RD

RD

Northern
Hemisphere

Equatorial
Plane

South Pole

[100]

[100]

[010]

[010] [001][001]

[1̄00]

[01̄0][001̄]

Figure 3.23: Concept of the stereographic projection, exemplarily shown for 〈100〉 set of
directions. ND, TD and RD represent the normal, transverse and rolling direction, respec-
tively.

directions are elongated until they intersect the unit sphere. In Figure 3.23 the procedure
is shown for 〈100〉. A convenient projection of the three-dimensional points on the unit
sphere is desired for a two-dimensional representation. Therefore, the intersections on the
northern hemisphere are connected to the south pole of the unit sphere. Finally, the inter-
sections of these lines with the equatorial plane represent the orientations of the unit cell
in space on a two-dimensional plane. The orthogonal view of the equatorial plane is called
the stereographic projection, see e.g. Barrett & Massalski [21]. Two-dimensional pole
figures provide incomplete informations with regard to the texture of a material as it only
shows the orientation of selected planes/directions. But in some cases it is sufficient to
know only a portion of the orientation information, e.g. for fiber textures with respect to
a certain axis, which makes a projection with respect to this axis reasonable. Although
providing incomplete information, the representation of orientations by pole figures is the
most popular as people are familiar with this representation and it is straightforward to
handle with regard to its physical interpretation. Despite the symmetry, it is common in
the literature to represent the entire pole figure. The stereographic projection of a stan-
dard cubic lattice is exemplarily shown in Figure 3.24 with the corners representing the

b)

[1̄00]

[̄1
1̄0
] [1̄10]

[̄1
1̄1
] [1̄01]
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1] [001] [011]

[010]

[11̄1] [101] [1
11
]

[11̄0] [1
10
]

[100]

Figure 3.24: Standard stereographic cubic projection.
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directions 〈100〉, 〈110〉 and 〈111〉. Here, the projection plane is divided into 24 unit stere-
ographic triangles of varying area. As pointed out e.g. in Kocks, Tomé & Wenk [69]
a uniform point density on a hemisphere, results in a more or less uniform distribution
in the equal area mapping, whereas in the stereographic projection, which is equal of
angle and equal of circle, the distribution is more dense near the center. Stereographic
projection of a polycrystalline material results in a large amount of points in the equato-
rial plane. Typical experimental 〈100〉 pole figures for a rolling deformation are shown in
Figure 3.25. Drawback of the graphical representation by pole figures is, that the points

Figure 3.25: Pole figure representation. Experimental pole figures for rolling deformation
taken from Bronkhorst, Kalidindi & Anand [33].

do not account for the volume fraction of the grains. In pole figures the crystal orientation
in a crystal lattice system is represented with respect to the sample coordinate system.
Another possibility is the projection of the sample system on the crystal system, called
inverse pole figure. Due to the crystal symmetry, an inverse pole figure e.g. for a cubic
system contains 24 equal areas, where usually only one is pictured.

3.3.2.2. Representation in Rodrigues Space. As discussed in Section 3.3.1.5 a ro-
tation can be described by the Rodrigues vector

r := tan(ϑ/2)e (3.45)

as a mathematical entity built up of the direction of the unit vector e and the magnitude
tan(ϑ/2) describing the rotation axis and angle, respectively. The vector lies in a Cartesian
coordinate system with the axes corresponding either to the sample or the crystal axes. For
the representation of orientations possessing symmetries, the infinite space for Rodrigues
vectors can be reduced. For all possible orientations the tip of the Rodrigues vector is a
point lying within a polyhedron around the origin, which Frank [42] named fundamental
zone. Hence, each point lying outside the fundamental zone of the Rodrigues space has an
equivalent point inside this fundamental zone representing the same orientation. Proved
by Heinz & Neumann [49], all bounding surfaces of the fundamental zone are planes in
the Rodrigues space obtained by a geodesic projection. Heinz & Neumann [49] discussed
the size and shape of the fundamental zone for different crystals according to its symmetry.
In order to find the bounds of the fundamental zone, consider a symmetry rotation H ∈
SO(3) giving an identical structure, if

R̄ = R ·H (3.46)

with the two rotations R ∈ SO(3) and R̄ ∈ SO(3). Parameterizing the rotations by
Quaternions Q = (q, q) and H = (h,h), the multiplication rule (3.35) gives

Q̄ = (qh− q · h, qh+ hq + q × h) . (3.47)
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Herein, qh−q ·h represents the angle of rotation and qh+hq+q×h the direction of the
rotation axis. For materials with symmetry, there eventually exist several rotation angles in
the same direction giving an identical structure. E.g. for a cube, rotations with 0◦, 90◦, 180◦

and 360◦ with respect to a face normal give the same configuration. As a rotation axis
representing the direction of the Rodrigues vector is a straight line passing through the
origin of the Rodrigues space, the smallest rotation angle bounds the fundamental region,
i.e.

q ≤ ±(qh− q · h) (3.48)

in the Quaternion space. With the geodesic projection (3.42), i.e. q = qr, it follows

±r · h− (1± h) ≥ 0 . (3.49)

With the Rodrigues parameters h = cos(ϑ/2), h = sin(ϑ/2)e for the symmetry ro-
tation and the trigonometrical half angle formulas (1 − cosϑ)/ sinϑ = tan(ϑ/2), (1 +
cos ϑ)/ sinϑ = cot(ϑ/2), (3.49) results in the two conditions

±r · e ≤ tan(
ϑ

4
) and ± r · e ≤ cot(

ϑ

4
) . (3.50)

As cot(ϑ/4) ≥ tan(ϑ/4) in the range 0 ≤ ϑ ≤ π, condition (3.50)1 is the relevant one.
It defines an opposite pair of planes with the normal e at a distance tan(ϑ/4) from the
origin of the Rodrigues space. Points lying on such a bounding face represent the same
orientation as points on the opposite face. According to Neumann [106], orientations
with a common direction such as ideal fiber textures are represented by straight lines in
the Rodrigues space. For a cubic crystals, the Rodrigues space reduces to a truncated
cube with six octagonal and eight triangular faces, illustrated in Figure 3.26. Equivalent

Figure 3.26: Rodrigues truncated cube for cubic crystals. Reduction of the sample without
symmetry for orthorombic and cubic samples, see Neumann[106].

structures are obtained (i) by a ϑ = π/2 rotation about the 〈100〉 directions and (ii) by a
ϑ = 2π/3 rotation about the 〈111〉 directions. These conditions result in a truncated cube
formed by six planes perpendicular to the 〈100〉 directions and eight planes perpendicular
to the 〈111〉 direction with

tan
π

8
=

√
2− 1 and tan

π

6
=

1√
3

(3.51)

distance from the origin, respectively. With regard to the graphical representation of the
fundamental zone of the Rodrigues space, one avoids the three-dimensional plotting by
cutting equidistant sections through the truncated cube. Here, all orientations within a
specific slice are plotted, but this method is usually used for plotting the orientation dis-
tributions, see Section 3.3.4. The main drawback of the parameterization with Rodrigues
parameters is the inability of the determination of Rodrigues vectors directly from exper-
iments.
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3.3.3. Experimental Determination of Textures. In the past, optical methods were
applied for the determination of grain orientations. Nowadays, textures are measured by
diffraction techniques such as X-ray, neutron or electron diffraction. For X-ray diffraction
texture goniometers are used to measure angles, which the physicist Max von Laue used
to prove the existence of a lattice structure of crystals. 1914 he won the Nobel Prize
in Physics for the discovery of the X-ray diffraction. Ideally, a thick plate with a flat
surface is clamped into a cradle, where it can be rotated about three axes in order to
investigate all orientations of the sample. A detector receives the reflected or transmis-
sioned X-rays giving a reflection intensity as a function of the orientation. With X-ray
diffraction a quite large area and a large penetration depth with a large number of grains
being analyzed at once can be scaned. Disadvantage is the poor spatial resolution of X-
ray diffraction. Electron backscatter diffraction (EBSD) is another diffraction technique

a) b)

Figure 3.27: a) Electron backscatter pattern (EBSP) taken from Schwartz, Kumar,

Field & Anand [128] and b) 3D electron backscatter diffraction (EBSD) interface according
to Khorashadizadeh, Raabe, Zaefferer, Rohrer, Rollett & Winning [67]

to measure the crystallographic orientation by means of scanning (SEM) or transmis-
sion (TEM) electron microscopes. Here, diffracted electrons form an electron backscatter
pattern (EBSP), shown in Figure 3.27a), on a phosphor screen. It includes the angu-
lar relationship between crystallographic planes and crystal symmetries. The pattern is
recorded digitally by a camera and an orientation imaging microscopy (OIM) is produced
providing information about grain size, grain and phase distribution, grain boundaries
and crystal orientations. Nowadays, it is possible to generate three-dimensional images
from EBSD as a map of the grain orientations on the surface of the specimen, indicated by
different colors, see Figure 3.27b). Contrarily to X-ray diffraction, the orientation distri-
bution function, important for the quantitative description of textures, can be calculated
directly. The good spatial and angular resolution makes it possible to relate texture mea-
surements and microstructural parameters. Two phase materials can be easily measured
and through thickness measurements are possible. Disadvantage is, that the microscope
is expensive and small samples are required, which implies more effort on the sample
preparation. For heavily deformed grains or particular slip directions the texture calcula-
tion may be incorrect. Randle & Engler [121] distinguish between microtexture and
macrotexture. They use X-ray diffraction for the determination of macrotexture, as it
efficiently provides an overview. For their belief EBSD is the most suitable and widely
used technique for the determination of texture.

3.3.4. Orientation Distribution Function. A polycrystal consists of a large number
of grains and its orientation distribution is a key microstructural feature with regard to the
overall response of a macroscopic specimen. The orientation distribution of a polycrystal
can be described by a continuous crystal orientation distribution function (codf) f , which
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is a quantitative measure with respect to the texture representation of polycrystalline
materials. This function is a measurement for the volume fraction dv(R) of crystals having
a certain orientation

dv(R)

v
= f(R)dR , (3.52)

which evolves during the deformation due to distortions and rigid rotations of the grains.
For the volume average Ā of a quantity A(R), which depends on the orientation R, (3.52)
yields

Ā =
1

v

∫

v

A(R)dv =

∫

SO(3)

f(R)A(R)dR . (3.53)

The codf is restricted to be positive and normalized, i.e.

f(R) ≥ 0 and

∫

SO(3)

f(R)dR = 1 . (3.54)

Furthermore, it reflects both crystal and sample symmetry

f(R) = f(RRC) ∀RC ∈ GC and f(R) = f(RSR) ∀RS ∈ GS , (3.55)

where GC ∈ SO(3) and GS ∈ SO(3) are the crystal and sample symmetry groups. The
codf is assumed to be square integrable, i.e. it can be approximated in a Fourier series

f(R) = 1 +

∞∑

m=0

fm(R) (3.56)

by means of generalized spherical harmonics as tensorial base functions, introduced by
Adams, Boehler, Guidi & Onat [8] and Guidi, Adams & Onat [45]. Their ansatz
for cubic symmetry was adopted for arbitrary crystal and sample symmetries by Zheng

& Zou [146] and Zheng & Fu [145]. For a cubic lattice symmetry the codf

f(R) = 1 + f4(R) + f6(R) + f8(R) + . . . with fm(R) = cm · bm (3.57)

can be reduced with m being the rank of the irreducible base tensor bm reflecting the
cubic symmetry and the irreducible coefficient tensor cm reflecting the sample symmetry.
The base tensor

bm(R) = R ⋆ tm = tmi1,...,im(Rei1)⊗ · · · ⊗ (Reim) (3.58)

can be calculated by the Rayleigh product ⋆ of the base coefficient tensor tm with |tm| = 1
with the orthogonal tensor R. The tensorial coefficients cm of the Fourier representation
can be expressed in terms of the base tensor bm and are used in Section 5.4. Therefore,
first the base coefficient tensor tm and the base tensor bm need to be determined.

3.3.4.1. Base Coefficient Tensor. The irreducible, i.e. symmetric and traceless, base
coefficient tensor tm of rank m satisfies the condition

tmi1i2...im = tmp{i1i2...im}, tmp{ikik...im} = 0 , (3.59)

where the indices ik ∈ {1, 2, 3} for k = 1, . . . , m and p{i1i2 . . . im} represents the permu-
tation of the sequence {i1i2 . . . im}. In (3.59)2 the Einstein summation convention is used.
According to this condition, an irreducible tensor of order m features 2m+1 independent
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components, see Gelfand, Minlos & Shapiro [44]. All other entries of the irreducible
tensor can be expressed by these independent components. The base coefficient tensor tm

reflects the lattice symmetry like the base tensor bm, i.e.

tmi1...im = tmj1...jmRi1j1 · . . . · Rimjm ∀R ∈ Gc , (3.60)

with Gc representing the lattice symmetry group. Herewith, the number of non-zero ele-
ments of tm reduces drastically. The independent elements of cubic symmetric irreducible
tensors up to rank 21 are given in Guidi, Adams & Onat [45]. According to the con-
dition |tm| = 1, the components need to be normalized. Due to the cubic symmetry,
many entries of the base coefficient tensor are zero. The tensor is filled according to the
irreducibility conditions (3.59), i.e. being symmetric and traceless.

3.3.4.2. Base Tensor. With the base coefficient tensor tm at hand, the base tensor bm of
same rank m is obtained by the rotation (3.58). As the base tensor is also irreducible, the
rotation has to be performed only on the independent components of the base coefficient
tensor. Furthermore, the nonzero entries of tm are ignored. The full base tensor follows
from the irreducibility conditions

bmi1i2...im = bmp{i1i2...im}, bmp{ikik...im} = 0 , (3.61)

i.e. bm is symmetric and traceless. For the fourth-order base tensor the closed form ex-
pression is

b41111 = R4
11t

4
1111+6R2

11R
2
12t

4
1122+6R2

11R
2
13t

4
1133+R

4
12t

4
2222+6R2

12R
2
13t

4
2233+R

4
13t

4
3333 (3.62)

in terms of the six non-zero components {t1111, t1122, t1133, t2222, t2233, t3333, } of the base
coefficient tensor t4.

3.3.4.3. Coefficient Tensor. As the representation of the codf is of tensorial character
and coordinate-independent, the tensorial quantities cm can be considered as internal
state variables characterizing the crystallographic texture, see Böhlke [25] or Böhlke

& Bertram [28]. By means of the orthogonality relation
∫

SO(3)

bm(R)⊗ bn(R)dR =

{
0 m 6= n

1
2m+1

I m = n
(3.63)

and a given orientation distribution f(R) the coefficient tensor can be computed according
to

cm = (2m+ 1)

∫

SO(3)

f(R)bm(R)dR . (3.64)

I is the fourth order identity on irreducible tensors. For a polycrystalline material with n
discrete orientations the codf can be approximated by the summation

f(Q) ≈
n∑

k=1

νkδRk
(3.65)

with the set {Rk, νk} of discrete crystal orientation Rk and corresponding volume fraction
νk. δ represents the Dirac distribution. Hence, the coefficient tensor is

cm = (2m+ 1)
n∑

k=1

νkb
m(Rk) . (3.66)

In this contribution the coefficient tensor cm is used to describe the texture influence on
the macroscopic behavior of the material.
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4. Texture Modeling in Rigid Crystal Plasticity

The aim of this section is the modeling of texture evolution in rigid-plastic crystal plas-
ticity. The content of this section is in accordance to parts of the recent publications of
Miehe & Rosato [93], Miehe, Frankenreiter & Rosato [91] and an extension
from fcc to bcc crystals is outlined in Miehe, Rosato & Frankenreiter [94]. In the
current work, some additional comments and explanations are given and a more extensive
part of numerical examples especially with regard to the comparison with experimental
results is presented.
The modeling of a crystal reorientation process is characterized through (i) a micro-macro
linking hypothesis and (ii) a single crystal model. Such discrete models for polycrystalline
aggregates have found a wide range of applications, see for example Asaro & Needle-

man [15], Mathur & Dawson [84], Bronkhorst, Kalidindi & Anand [33, 65],
Miehe, Schröder & Schotte [98],Miehe & Schotte [95], Roters & Raabe [118].
These formulations are critically based on computationally efficient models of single crys-
tal plasticity that govern the reorientation of the grains. Standard approaches to crystal
plasticity with rate-dependent power laws are discussed for instance by Peirce, Asaro &

Needleman [111] and the advanced computational settings based on active set definitions
by Cuitiño & Ortiz [39], Anand & Kothari [10] and Miehe, Schotte & Lam-

brecht [96], among others. The latter are conceptually applicable in a rate-independent
limit. Micro-macro linking hypotheses drawn for a general theory of homogenization are
outlined e.g. in Miehe, Schröder & Schotte [98] and Miehe, Schotte & Lam-

brecht [96]. Comparative investigations outlined in these works showed that the classical
Taylor-type micro-macro-linking ansatz, Taylor [134], provides reasonable approxima-
tions of the macroscopic texture of fcc polycrystalline aggregates, see Section 2.2. Here,
it is assumed that all grains have equal volume and the deformation gradient within each
grain has a uniform value throughout the aggregate. Deformation producing mechanisms
of twinning, diffusion and grain boundary sliding are not considered, and other sources of
anisotropy due to the morphological effects of grain shape, size and arrangement are not
taken into account. Following e.g. Rashid [122], Dafalias [40], Kumar & Dawson [75]
and Böhlke, Risy & Bertram [30] the applied model of crystal plasticity neglects elas-
tic contributions and is considered as rigid-plastic, see Section 4.1. As mentioned in the
classical work on texture development by Bunge [36], this assumption is reasonable for
the determination of crystal reorientations in the range of fully developed plastic flow at
large strains. A kinematic condition determines the plastic slip and the so-called lattice
spin W l(Rl, t) at time t. W l describes the plastic slip mechanism of single crystal grains,
governed by the crystal reorientation process which is represented by the lattice rota-
tion Rl. For idealized plane crystals undergoing double slip as treated by Rashid [122],
Dafalias [40] the lattice reorientation is purely geometric in nature and the kinematic
condition yields a unique solution for the plastic slip. In contrast, for three-dimensional
formulations of fcc and bcc crystals this is not the case. As a consequence, the intention
of Section 4.2 is to develop a fast reorientation model for fcc and bcc crystals. Basic
elements of such an estimate were recently proposed in Miehe & Rosato [93], where
an algorithm for the update of the lattice spin of fcc crystals was developed based on
geometric arguments. Similar to results of planar double slip, the most simple setting is a
linear differential equation that estimates the crystal reorientation in terms of the macro-
scopic deformation of the aggregate. A closed-form linear differential equation is derived
for the lattice spin of fcc and bcc crystals that is based on purely geometric considerations
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combined with some optimality conditions. The first key step is a distinct estimation of
the active set of slip systems in fcc and bcc crystals based on the introduction of ficti-
tious pseudo-stresses, which are directly related to the incremental macro-deformation.
Arithmetic means of these fictitious stresses result in a closed-form representation that
determines the current active set as a function of the rate of deformation tensor. Still, the
computation of the slip on these active system is not unique, which is solved by an opti-
mization condition. This scheme minimizes the Euclidean norm of all slips and provides
a robust unique solution in terms of a penalty functional. Due to consistency conditions,
the active set needs to be enlarged. The key result is a linear formula for the active plastic
slip. Finally, this geometric estimate results in a linear differential equation for the lattice
spin of the crystal. In Section 4.3, the numerical implementation for a finite-step-sized
incremental reorientation process is developed in terms of an incrementally objective mid-
point-type scheme. This setting is based on the exploitation of exponential updates for
the incremental rotations. It results in a precise update algorithm for the crystal lattice
rotation, i.e. the Rodrigues parameters. In contrast to standard formulations based on
power-type laws, the proposed purely geometric algorithm does not need iterations in
deformation-driven scenarios of single crystals and polycrystals. It provides in combina-
tion with the exponential updates an optimal and fast estimate of the orientation texture
for large deformation increments. In Section 4.4 representative numerical examples are
presented. A simple representation is discussed for the closed-form solution of the reori-
entation of planar crystals and validated for single crystals and polycrystals undergoing
pure and simple shear deformations. Furthermore, the performance of the rigid-plastic
active-set model is compared with experimental results and simulations for a discussed
standard power-type model of rigid-plasticity as well as an advanced elastic-plastic crystal
plasticity model according to Miehe & Schotte [95]. It turns out that the geometric
approach produces excellent texture estimates for a wide spectrum of deformation pro-
cesses. It does this at a computational cost that is only a fraction of that of the other
models. Taking this into account, the proposed scheme provides a sound basis for further
development of polycrystal models.

4.1. Rigid-Plastic Deformation of Polycrystalline Microstructures

4.1.1. Taylor-Type Micro-Macro Linking. Consider an isochoric, homogeneous de-
formation governed by the deformation map

ϕ̄t = F̄(t)X̄ : X̄ 7→ x̄ = ϕ̄t (4.1)

in terms of the prescribed macroscopic deformation tensor F̄(t) = ∇ϕ̄t ∈ SL(3), where
SL(3) is the special linear group of unimodular tensors with unit determinant det[F̄ ] =
1. Here, macroscopic quantities are denoted with a bar. An overview with respect to
micro-macro linking hypotheses is provided in Section 2.2, where the Taylor approach,
according to Taylor [134], is used in the following. According to this assumption, each
material element of the crystal grains is assumed to have equal volume and to undergo
the deformation

F(t) = F̄(t) ∈ SL(3) (4.2)

at any point in the reference configuration. Thus, the local deformation of the microstruc-
ture is affine to the macro deformation gradient (2.5) that does not allow for local dis-
placement fluctuations.
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4.1.2. Rigid-Plastic Decomposition of Crystal Deformation. The deformation
(4.2) of a crystal at the point X̄ ∈ B of the polycrystalline microstructure is multiplica-
tively decomposed by

F(t) = Rl(t)F p(t) (4.3)

into a part F p(t) ∈ SL(3) solely due to plastic slip on given crystallographic slip systems
and a rigid lattice rotation Rl(t) of the crystal lattice into its current configuration. In
Rashid [122], Dafalias [40] or Kumar & Dawson [73, 74, 75] for instance elastic
contributions are neglected and the model is considered as rigid-plastic. According to
Bunge [36] this assumption is reasonable for the determination of texture evolution in
the range of fully developed plastic flow at large strains. The multiplicative decomposition
of the deformation is visualized in Figure 4.1. Taking the time derivative of (4.3) gives

F

nα
0

nα
0

sα0

sα0

nα
t

sαt

F p
Rl

Figure 4.1: Basic geometry of rigid crystal plasticity. The plastic map F p ∈ SL(3) describes
the dislocation flow as a simple shear mode. The lattice rotation Rl ∈ SO(3) rotates the
crystal into its current position.

the additive decomposition of the velocity gradient

˙̄
F(t)F̄−1(t) = Ṙl(t)RlT (t) +Rl(t)

[

Ḟ p(t)F p−1(t)
]

RlT (t) , (4.4)

by means of the Taylor assumption (4.2). Observe the decoupled contributions due to
rigid rotation and plastic slip on the right hand side of this equation, which appears in
the geometric representation of this rate relative to the intermediate configuration of the
crystal. As derived in (3.13), the classical flow rule of crystal plasticity

Ḟ p(t)F p−1(t) =

m∑

α=1

γ̇αt sα0 ⊗ nα
0 (4.5)

is written in terms of given crystallographic unit vectors {sα0 ,nα
0} for the slip directions

and the slip plane normals of m slip systems α = 1, . . . , m in the initial configuration of
the polycrystalline continuum. Recall, that γ̇αt denotes the plastic slip on the system α and
the plastic part F p of the deformation does not affect the slip system {sα0 ,nα

0}. Rl rotates
the crystal lattice to its current configuration, see Figure 4.1, with the crystallographic
structural vectors

sαt := Sα
i g

t
i and nα

t := Nα
i g

t
i (4.6)
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in terms of the time-independent coordinates {Sα
i ,N

α
i } in the current lattice frame gt

i =
Rl(t)ei. (4.4) can be rewritten in the form

˙̄
FF̄

−1 = Ṙl(t)RlT (t) +

m∑

α=1

γ̇αt sαt ⊗ nα
t . (4.7)

4.1.3. Rate Equations of Rigid Crystal Plasticity. The macroscopic velocity gra-

dient ˙̄
FF̄

−1 = D̄t + W̄ t may be decomposed additively with

D̄t := sym[ ˙̄FF̄
−1] and W̄ t := skew[ ˙̄FF̄

−1] (4.8)

representing the macroscopic rate of deformation tensor D̄t and the macroscopic spin
tensor W̄ t as the symmetric and skew parts of the velocity gradient. Furthermore, current
symmetric and skew second-order structural tensors

Pα
t := 1

2
[sαt ⊗ nα

t + nα
t ⊗ sαt ] and Qα

t := 1
2
[sαt ⊗ nα

t − nα
t ⊗ sαt ] . (4.9)

are defined. With these definitions at hand, a decomposition of (4.7) into symmetric and
skew parts gives the two equations

m∑

α=1

γ̇αt P
α
t = sym[ ˙̄FF̄

−1]
︸ ︷︷ ︸

D̄t

and Ṙl
tR

lT
t = skew[ ˙̄FF̄

−1]
︸ ︷︷ ︸

W̄ t

−
m∑

α=1

γ̇αt Q
α
t (4.10)

corresponding to the two key rate equations of rigid crystal plasticity. These can be
abbreviated by

D
p
t = D̄t and W l

t = W̄ t −W
p
t , (4.11)

i.e. the plastic rate of deformation D
p
t :=

∑m
α=1γ̇

α
t P

α
t can be identified with the macro-

scopic rate of deformation D̄t and the lattice spin W l
t := ṘlRlT is the difference between

macroscopic spin W̄ t and plastic spin W
p
t :=

∑m
α=1γ̇

αQα
t . For a given macroscopic de-

formation of the polycrystal the plastic slip γ̇αt can be calculated by (4.10)1. With this
at hand, the lattice spin, i.e. the reorientation velocity Ṙl

t, is determined with (4.10)2,
which is the key constitutive ingredient that governs the evolution of the crystal orien-
tation distribution function. The solution of equations (4.11) is discussed in detail in the
following two subsections. First, for the determination of the plastic slip two methods are
presented. In Section 4.2.2 a power-type formulation is reviewed and in Section 4.2.3 the
plastic slip of all active slip systems is determined, where the set of active slip systems
is estimated by a purely kinematic argument. Afterwards the lattice spin and the crystal
orientation are updated in an incremental setting, see Section 4.3.

4.2. Constitutive Formulation for the Determination of the Slip

4.2.1. Non-Uniqueness of Plastic Slip in Fcc and Bcc Crystals. Due to the
deviatoric character of the structural tensors and the rate of deformation tensor tr[Pα

t ] = 0
and tr[D̄t] = 0, the above system (4.10)1 provides a maximum of n = 5 equations in the
three-dimensional case and n = 2 equations in the two-dimensional case. As a consequence,
this set of linear equations is non-unique for the case m > n when the number m of slip
systems exceeds the number n of independent degrees of D̄t. Unfortunately, this is the
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standard situation in crystal plasticity. Only for the case of planar crystals (n = 2)
undergoing double slip (m = 2), the above purely kinematic condition (4.10)1 yields a
unique identification of the plastic slip and lattice rotation, see for example Rashid [122],
Dafalias [40] and Prantil, Jenkins & Dawson [114]. For the general case of three-
dimensional crystal deformations through multislip, equation (4.10)1 is not sufficient for
a unique determination of the plastic slip, i.e. the n = 5 equations are not sufficient to
determine the slip on the m = 12 or m = 48 slip systems of fcc or bcc crystals. To this
end, additional constitutive assumptions which govern the slip activity of the plastically
deforming crystal are necessary.

4.2.2. Standard Power-Type Formulation. For the determination of the plastic slip
within a viscoplastic formulation, a classical Norton-type law

γ̇αt = a
ταt
τc

∣
∣
∣
∣

ταt
τc

∣
∣
∣
∣

p−1

with ταt := Pα
t : Σt (4.12)

is chosen as constitutive approach, cf.Hutchinson [62] and Peirce, Asaro & Needle-

man [112]. ταt is the resolved shear stress driving the plastic slip γ̇αt on the α = 1, . . . , m
slip systems. It is obtained by the symmetric second-order structural tensor Pα

t and the
back-rotated Kirchhoff stress Σt = Rl−1

t τ tR
l
t defined on the intermediate configuration.

a, p and τc are parameters representing the reference slip rate, the power exponent and
the critical resolved shear stress, respectively. With (4.11)1 and (4.12) 2m+ n equations
are available for the determination of the plastic slip γ̇αt , the resolved shear stress ταt and
the stress Σt. Insertion of the constitutive approach (4.12) in (4.11)1 yields the nonlinear
system

m∑

α=1

a
ταt
τc

∣
∣
∣
∣

ταt
τc

∣
∣
∣
∣

p−1

Pα
t = D̄t (4.13)

in Σt with n linear independent equations and the assumption of all m slip systems being
active. For p = 1 the system is linear and the solution

γ̇αt = Pα
t :

[
m∑

β=1

Pβ
t ⊗Pβ

t

]−1

: D̄t (4.14)

for the plastic slip γ̇αt does not depend on the parameters a, p and τc, i.e. it is purely
geometric in nature. But as it provides n < m equations, the choice p = 1 is not sufficient
for the determination of the plastic slips. Otherwise, the assumption of all m slip systems
being active is weighted by a large power exponent p resulting in dominant plastic slips
for the resolved shear stress ταt close to the critical shear stress τc. Hence, p serves as a
parameter for a reasonable choice of an active set of slip systems. The resulting nonlinear
system (4.13) needs to be solved by a Newton-type algorithm causing high computational
costs.

4.2.3. Purely Geometric Approach. This purely geometric estimate for the determi-
nation of the plastic slip γ̇αt for the case of multislip in crystals consists of three ingredients.
In the first step, an active set of slip systems is obtained from the current rate of defor-
mation by a purely kinematic argument. In the second step, the plastic slip on the active
systems is determined by a quadratic optimization problem. As the kinematic constraint
(4.10)1 might be violated, the non-consistent active set needs to be enlarged in a third
step.
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4.2.3.1. First Estimate for Active Set of Slip Systems. In order to estimate a
set of active slip systems based on a purely geometric argument, the rate of deformation
tensor is projected onto the slip system, defining the pseudo-stresses

ταt := Pα
t : D̄t (4.15)

on the slip systems α = 1, . . . , m. Pseudo-stresses means, that ταt can be interpreted
as fictitious resolved shear stress obtained from a viscous constitutive stress function
Σ̄t = ηD̄t with viscosity η = 1. Observe that these pseudo-stresses can be computed
in a straightforward manner, because D̄t is prescribed. With these pseudo-stresses at
hand, Miehe & Rosato [93] proposed a purely kinematic selection of an active set of
slip systems in fcc crystals, which was expanded to bcc crystals by Miehe, Rosato &

Frankenreiter [94]. Let S := {1, . . . , m} denote the set of the m = 12 slip systems in
a fcc crystal and m = 48 slip systems in a bcc crystal. This set can be subdivided into
the mG subgroups

S =

mG⋃

p=1

Sp , (4.16)

with mG = 4 for fcc crystals and mG = 16 for bcc crystals, respectively. According to the
definitions in Table 3.3, each of these subgroups

S1 := {1, 2, 3} , S2 := {4, 5, 6} , S3 := {7, 8, 9} , S4 := {10, 11, 12} (4.17)

consists of three slip systems for fcc crystals and the classification of slip systems in
Table 3.4 yields

S1 := {3, 7, 11} , S2 := {16, 19, 22} , S3 := {31, 36, 46} , S4 := {28, 39, 42} ,
S5 := {1, 6, 12} , S6 := {15, 20, 21} , S7 := {32, 35, 45} , S8 := {27, 40, 41} ,
S9 := {2, 8, 10} , S10:= {14, 17, 24} , S11:= {29, 34, 48} , S12:= {26, 37, 44} ,
S13:= {4, 5, 9} , S14:= {13, 18, 23} , S15:= {30, 33, 47} , S16:= {25, 38, 43}

(4.18)

for bcc crystals. These subgroups are chosen as for each of the subgroups {Sp}p=1,mG
,

the sum
∑

α∈SpPα = 0 vanishes and therefore
∑

α∈Spταt = 0, see Nemat Nasser [105].
Thus, the three pseudo stresses {ταt }α∈Sp on a typical slip plane p are linear dependent.
Assuming that some of the pseudo stresses reach a critical value where a plastic slip
is activated, the above argument restricts the number of simultaneously possible active
systems on a plane to two. Assuming at least two of the pseudo stresses to be non-zero
in each subgroup, the relevant active systems are characterized by the subgroup criterion

Ap
t := { α ∈ Sp| |ταt | =

3

2
τ̄ pt } ⊂ Sp with τ̄ pt :=

1

3

∑

α∈Sp|ταt | , (4.19)

with the arithmetic average τ̄ pt of the absolute values of the pseudo stresses on the slip
plane p. Considering for example the plane p = 1 of a fcc crystal, two important cases
can appear. For (i) τ 1 = τ 2 = k, according to

∑

α∈Spταt = 0 the third shear stress needs
to be τ 3 = −2k, for arbitrary k ∈ R. Hence, only one system α = 3 is active. If (ii)
τ 1 = −τ 2 = k and τ 3 = 0, the two systems α = 1, 2 are active. The same can be applied
to the subgroups of bcc crystals. In order to weight the response of the full fcc crystal
with simultaneous slip activity on the p = 1, . . . , mG planes, a criterion needs to take all
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systems into account. Similar to the subgroup criterion (4.19), a global criterion for slip
activity

At := { α ∈ S| |ταt | ≥ κ
3

2
τ̄t } ⊂ S with τ̄t :=

1

mG

mG∑

p=1

τ̄ pt (4.20)

is formulated in terms of the arithmetic average τ̄t of the mean values of the pseudo
stresses on the planes. The parameter κ influences the sharpness of the chosen active set.
It is assumed to be in the range

2

3
≤ κ ≤ 1 . (4.21)

The selection procedure picks out a number mA ≤ 2mG < m of most loaded systems
and ensures that a maximum of two systems can be active on each slip plane. Thus, a
maximum number of mA = 2mG active slip systems is possible in the case of a fully
developed plastic flow in fcc and bcc crystals.

In summary, the proposed estimate of a purely kinematic selection of an active set of slip
systems in fcc and bcc crystals follows by combination of (4.19) and (4.20) in the compact
statement

At := { α ∈ S | |ταt | ≥ κ
3

2

1

m

m∑

β=1

|τβt |} ⊂ S . (4.22)

Observe, that this definition of the selection procedure is purely geometric in nature and
follows directly for a given rate of deformation tensor D̄t of the crystal. The performance
of the selection procedure was demonstrated in Miehe & Rosato [93] for fcc crystals
and in Miehe, Rosato & Frankenreiter [94] for bcc crystals to give excellent texture
estimates for representative deformation modes of polycrystalline aggregates.

4.2.3.2. Slip on Active Systems Obtained by Optimization. For a given first
estimate of the active set (4.22), the current slip is computed from the optimization
condition ∑

α∈At

|γ̇αt | → Min! (4.23)

Obviously, for the case of ideal plasticity with critical resolved shear stress τc such a solu-
tion minimizes the power

∑

α∈At
τc|γ̇αt | needed for the plastic deformation of the crystal,

see Anand & Kothari [10]. Contrarily to Taylor [134] and Bishop & Hill [24, 23],
the criterion (4.23) is not used for the selection of the active slip systems, but in com-
bination with the particular active set At (4.22) for the determination of the plastic slip
γ̇αt . The minimization problem (4.23) is subject to the constraint (4.10)1, included in the
penalty-type functional

P̃t({γ̇αt }α∈At) =
1

2

∑

α∈At

|γ̇αt |2 +
1

2ǫ

[
∑

β∈At

γ̇βt P
β
t − D̄t

]2

→ Stat! (4.24)

where 1/ǫ is a constant penalty factor. The necessary condition of this stationary problem
gives a linear system of equations of the dimension dim[At] < m for the current slip

∑

β∈At

[

ǫδαβ +Pα
t : Pβ

t

]

γ̇βt = Pα
t : D̄t for α ∈ At , (4.25)
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which can be solved for the non-zero slip γ̇βt with β ∈ At. Clearly, the slip γ̇βt on the
non-active systems β ∈ S \ At is set to zero. Note, that the inverse penalty parameter ǫ
plays in a natural way the role of a regularization of the singular matrix Pα

t : Pβ
t , with

δαβ representing to the Kronecker-Delta. The matrix becomes well-posed due to diagonal
regularization. A convenient choice is ǫ = 10−8 for double precision machines.

4.2.3.3. Enlargement of Non-Consistent Active Set. The fast estimate of the active
set may in some situations not be consistent with the kinematic constraint (4.10)1, i.e.
the residual

Rt := D̄t −
∑

α∈At

γ̇αt P
α
t 6= 0 (4.26)

is non-zero. In order to achieve consistency for the case |Rt| 6= 0 , the active set is enlarged
by the maximum loaded system

At ⇐ At ∪
{

Arg

[

max
α∈Sres

[ταt ]

]}

(4.27)

with the possible residual variables

Sres := {[α ∈ S\At] ∧ [dim[Sp(α)] ≤ 2]} (4.28)

for the non-active system such that no more than two systems are active on one plane p.
With the new set At the slip for the enlarged active set is recomputed via (4.25) until the
condition |Rt| < tol is satisfied. The computational case of studies shows that only very
few iterations for this consistency update are necessary. Note carefully, that in contrast to
power-type formulations based on Norton-Bayley-type viscosity laws, the formulation is
linear based on the reduced system size dim[At] < m of the matrix with active systems.
This is a key source for the fast solution of the proposed selection procedure.

4.3. Fast Incremental Updates of Crystal Orientation

In this subsection the determination of the crystal orientation is analyzed within an in-
cremental formulation at discrete time steps. All internal variables at time tn on a time
interval [tn, tn+1] ∈ R+ are known. The subsequent steps concern the successive update of
the crystal reorientation within the time increment under consideration.

4.3.1. Incremental Macroscopic Deformation. The first ingredient of the time-
discrete setting concerns the definition of the incremental macroscopic deformation. To
this end, consider a deformation-driven scenario where the last macroscopic deforma-
tion ϕ̄n(X̄) at time tn and the current value ϕ̄n+1(X̄) at time tn+1 are given. Within a
midpoint-type objective integration algorithm the deformation update of the polycrystal
is related to the midpoint of these configurations, i.e.

ϕ̄n+1/2(X̄) = 1
2
[ϕ̄n+1(X̄) + ϕ̄n(X̄)] . (4.29)

In a typical time interval the macroscopic deformation gradient of the midpoint configu-
ration reads

F̄n+1/2 := ∇X̄ϕ̄n+1/2 =
1
2
[F̄n+1 + F̄n] , (4.30)

cf. Figure 4.2. The objective integration of the macroscopic spatial velocity gradient
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X̄

F̄n

F̄n+1/2

F̄n+1

∆F̄
n+1
n

x̄n

x̄n+1/2

x̄n+1

Figure 4.2: Algorithmic midpoint configuration of the polycrystalline aggregate. The in-

cremental macroscopic deformation gradient ∆F̄
n+1

n := F̄n+1F̄
−1

n along with the midpoint
deformation gradient F̄n+1/2 := [F̄n+1 + F̄n]/2 define the incremental spatial displace-

ment gradient H̄n+1/2 := [F̄n+1 − F̄n]F̄
−1

n+1/2 of the aggregate relative to the midpoint
configuration.

l̄ = ˙̄
FF̄

−1 by a midpoint rule and the conversion F̄n+1 − F̄n = (F̄n+1F̄
−1
n −1 )F̄n gives

the result

H̄n+1/2F̄n+1/2 = F̄n+1 − F̄n , (4.31)

with the incremental macroscopic displacement gradient H̄n+1/2 = ∆t̄ln+1/2. This equa-
tion is solved for the incremental spatial displacement gradient

H̄n+1/2 = 2 [F̄n+1 − F̄n][F̄n+1 + F̄n]
−1 (4.32)

that deforms the polycrystal in the time increment [tn, tn+1]. This is the gradient of the
incremental displacement ūn+1

n := [ϕ̄n+1 − ϕ̄n] ◦ ϕ̄−1
n+1/2(X̄) with regard to the midpoint

coordinates x̄n+1/2 = ϕ̄n+1/2(X̄), i.e.

H̄n+1/2 = ∇x̄n+1/2
ūn+1

n (x̄n+1/2) . (4.33)

The symmetric and skew parts of the incremental displacement gradient

D̄∗
n+1/2 := sym[H̄n+1/2] and W̄

∗
n+1/2 := skew[H̄n+1/2] (4.34)

are then time-discrete counterparts of the continuous macroscopic rate of deformation and
spin tensors in the sense D̄∗

n+1/2 = D̄n+1/2∆t and W̄ ∗
n+1/2 = W̄ n+1/2∆t. The definitions

(4.34) are objective in the following sense. Assuming a pure incremental rotation ∆F̄
n+1
n =

F̄n+1F̄
−1
n = Q ∈ SO(3), the incremental displacement gradient is expected to vanish,

i.e. D̄
∗
n+1/2 = 0 . This reflects the demand of objectivity in the time increment [tn, tn+1]

under consideration. In this situation (4.32) yields the skew tensor

H̄n+1/2 = 2[F̄n+1F̄
−1
n − 1 ][F̄n+1F̄

−1
n + 1 ]−1 = 2[Q− 1 ][Q+ 1 ]−1 , (4.35)

which underlines the desired feature of the proposed integration algorithm.
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4.3.2. Incremental Equations of Rigid Crystal Plasticity. With the above incre-
mental macroscopic deformation at hand, the time discrete algorithmic counterpart of
(4.10)

m∑

α=1

∆γαn+1/2P
α
n = D̄∗

n+1/2 (4.36)

is used for the update of the incremental slip ∆γαn+1/2 and for the exponential update of
the lattice rotation

Rl
n+1 = exp[W l∗

n+1/2 ]R
l
n with W l∗

n+1/2 := W̄ ∗
n+1/2 −

m∑

α=1

∆γαn+1/2Q
α
n , (4.37)

compare (3.31). Note carefully, that an explicit dependence of the algorithm on the struc-
tural tensors Pα

n and Qα
n at time time tn is considered. Thus, (4.36) is linear for given

D̄∗
n+1/2 in the deformation-driven context.

4.3.3. Algorithmic Determination of Plastic Slip. Two algorithmic treatments
are presented for the determination of the plastic slip, i.e. the power-type formulation
discussed in Section 4.2.2 and the formulation with a geometric estimate of the active slip
presented in Section 4.2.3.

4.3.3.1. Power-Type Slip Law. The incremental form of equation (4.12) for the stan-
dard power-type slip law reads

∆γαn+1 = ∆tn+1a
ταn+1

τc

∣
∣
∣
∣

ταn+1

τc

∣
∣
∣
∣

p−1

with ταn+1 := Pα : Σn+1 , (4.38)

with the incremental time step ∆tn+1. Similar to the continuous setting, by insertion of
the discrete key equations (4.36), the nonlinear system

Rn+1(Σn+1) :=
m∑

α=1

∆tn+1a
ταn+1

τc

∣
∣
∣
∣

ταn+1

τc

∣
∣
∣
∣

p−1

Pα − D̄n+1/2 = 0 (4.39)

has to be solved for the stress deviator Σn+1 for given D̄n+1/2. High values of p model
dominant active slip systems α for τα close to τc causing a high nonlinear equation to be
solved. Due to the deviatoric character of the rate of deformation and the stresses, this
system provides five equations for the determination of the stress Σ, which is updated in
a Newton iteration

Σn+1 ⇐ Σn+1 −Kn+1(Σn+1)
−1
R(Σn+1) (4.40)

until convergence is reached, i.e. |Rn+1| < tol. Herein,

Kn+1(Σn+1) :=
∂Rn+1(Σn+1)

∂Σn+1
=

m∑

α=1

∆tn+1a
p

τc

∣
∣
∣
∣

ταn+1

τc

∣
∣
∣
∣

p−1

Pα ⊗Pα (4.41)

is the tangent. As Kn+1 is deviatoric, its inversion needs to be performed in the deviatoric
space. The incremental plastic slip ∆γαn+1 is then obtained for known current stresses Σn+1

according to (4.38). Newtons method does not guaranty a convergence for any starting
point. Therefore, Press, Teukolski, Vetterling & Flannery [115] suggest a com-
bination of Newtons method allowing a fast local convergence with a globally convergent
method guarantying convergence from any starting point.
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4.3.3.2. Geometric Estimate of Plastic Slip. For a given incremental Eulerian de-
formation D̄∗

n+1/2, (4.36) yields the incremental plastic slip by the procedure outlined in
Section 4.2.3 for the continuous setting. In the algorithmic setting, the pseudo Schmid
stress (4.15)

ταn+1/2 := Pα
n : D̄n+1/2 (4.42)

is defined to depend explicitly on the structural tensor Pα
n at time tn. Thus, the pseudo

Schmid stress is considered to be constant in the deformation-driven incremental process.
As the symmetric structural tensor and axial vector of the skew structural tensor

Pα
n := sym[ sαn ⊗ nα

n ] and qα
n := vect{ skew[ sαn ⊗ nα

n ] } (4.43)

are obtained from the slip directions sαn := Sα
i g

n
i and slip normals nα

n := Nα
i g

n
i , these

need to be transformed to the lattice frame gn
i . Therefore, the rotation is parametrized

with Rodrigues parameters r, discussed in detail in Section 3.3.1.5. The lattice frame

gn
i := ei + 2[ rn × ei + rn × (rn × ei) ]/(1 + rn · rn) (4.44)

is then given by rotation of the sample frame ei by means of the Rodrigues parameters
rn at time tn. From the Schmid stresses, the active set

An+1/2 := { α ∈ S| |ταn+1/2| ≥ κ
3

2

1

m

m∑

β=1

|τβn+1/2| } (4.45)

can be estimated and the associated incremental slips

∆γαn+1/2 =
∑

β∈An+1/2

[ ǫ δαβ +Pα
n : Pβ

n ]−1[ Pβ
n : D̄n+1/2 ] (4.46)

are computed. For a non-consistent active set |Rn+1/2| > tol with |Rn+1/2| := D̄n+1/2 −∑

α∈An+1/2
∆γαn+1/2P

α
n the active set is enlarged by the maximum loaded non-active system

An+1/2 ⇐ An+1/2 ∪ { Arg[ max
α∈Sc

res

|ταn+1/2| ] } , (4.47)

otherwise the lattice rotation is updated. Recall, that a maximum of two systems can be
active on one crystallographic plane.

4.3.4. Incremental Update of Orientation. With known plastic slip ∆γαn+1/2, the

incremental lattice rotation can be updated by the exponential algorithm (4.37). This
update can be evaluated in closed-form by the Euler-Rodrigues formula. To this end, the
axial vector

ωl∗
n+1/2 = vect[W l∗

n+1/2 ] (4.48)

and similar to (3.28) the closed-form representation of the incremental rotation

exp[W l∗
n+1/2 ] = 1 +

sin |ωl∗
n+1/2|

|ωl∗
n+1/2|

W l∗
n+1/2 +

1

2

[

sin |ωl∗
n+1/2|/2

|ωl∗
n+1/2|/2

]2

W l∗ 2
n+1/2 (4.49)

can be computed. With this at hand, the update of the rotation is then given in (4.37)1.
Alternatively, the incremental rotation can directly be formulated in terms of the Ro-
drigues vector parametrization. With the axial vector (4.48), equation (3.43) yields the
straightforward result

rn+1
n = tan[|ωl∗

n+1/2|/2]
ωl∗

n+1/2

|ωl∗
n+1/2|

(4.50)
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Box 4.1: ALGO: Incremental update of lattice orientation in fcc/bcc crystals.

1. Initialization. Let {rc
n}c=1,...,Eh be the known lattice orientations of Eh crystal

grains at time tn. Given are the macroscopic deformations of the polycrystal F̄n

and F̄n+1 at tn and tn+1, respectively. Initialize the crystal counter c = 1.
2. Macro-deformation. Get incremental gradient H̄n+1/2 := (F̄n+1−F̄n) [

1
2
(F̄n+1+

F̄n) ]
−1 and compute incremental deformation tensor and axial spin vector

D̄n+1/2 := dev{ sym[H̄n+1/2] } and ω̄n+1/2 := vect{ skew[H̄n+1/2] }

3. Structural tensors. Get lattice frame gc n
i := ei + 2[ rc

n × ei + rc
n × (rc

n × ei) ]/(1 +
rc
n · rc

n), the slip directions and normals sc αn := Sα
i g

c n
i and nc α

n := Nα
i g

c n
i and

compute α = 1, . . . , m structural tensors of crystal c at time tn

Pc α
n := sym[ sc αn ⊗ nc α

n ] and qc α
n := vect{ skew[ sc αn ⊗ nc α

n ] }

4. Active set estimate. Get pseudo stresses τ c αn+1/2 := Pc α
n : D̄n+1/2 and set

Ac
n+1/2 := { α ∈ S| |τ c αn+1/2| ≥ κ

3

2

1

m

∑m
β=1|τ

c β
n+1/2| }

5. Incremental slip. Compute slip on active systems α ∈ Ac
n+1/2 by the linear update

∆γc αn+1/2 =
∑

β∈Ac
n+1/2

[ ǫ δαβ +Pc α
n : Pc β

n ]−1[ Pc β
n : D̄n+1/2 ]

6. Consistency check. Define residual Rc
n+1/2 := D̄n+1/2−

∑

α∈Ac
n+1/2

∆γc αn+1/2P
c α
n . For

a consistent active set |Rc
n+1/2| ≤ tol, go to 8.

7. Enlarge active set. Enlarge active set by maximum loaded non–active system

Ac
n+1/2 ⇐ Ac

n+1/2 ∪ { Arg[ max
α∈Sc

res

|τ c αn+1/2| ] }

with Sc
res := {[α ∈ S \ Ac

n+1/2 ] ∧ [ dim[Sp(α)] ≤ 2 ] } and go to 5.
8. Lattice rotation. Compute the incremental lattice spin tensor

ωc l
n+1/2 := ω̄n+1/2 −

∑

α∈Ac
n+1/2

∆γc αn+1/2q
i α
n

and update the lattice orientation

rc
n+1 =

rc n+1
n + rc

n − rc n+1
n × rc

n

1− rc n+1
n · rc

n

with rc n+1
n := tan[|ωc l

n+1/2|/2]
ωc l

n+1/2

|ωc l
n+1/2|

9. Advance crystal counter. Set c⇐ c + 1. For c ≤ Eh, go to 3.

for the Rodrigues vector that parametrizes the incremental rotation. The update of the
Rodrigues vectors dual to (4.37)1 then follows from the standard composition rule of
Rodrigues vectors as outlined for example in Becker & Panchanadeeswaran [22],
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i.e.

rn+1 =
rn+1
n + rn − rn+1

n × rn

1− rn+1
n · rn

, (4.51)

analogous to the multiplication of quaternions, see equation (3.35). This update gives for
known rn at time tn directly the Rodrigues vector rn+1 at time tn+1. The algorithmic
steps for the update of the lattice rotation of a polycrystalline aggregate is summarized
in Box 4.1 for the purely geometric approach.

4.4. Representative Numerical Examples

In this subsection, the performance of the above discussed rigid-plastic active-set and
rigid-plastic power-law models is demonstrated. For the sake of comparison several exper-
imental results and simulation results serve as reference. With regard to the simulation
results, the elastic-plastic active-set model of Miehe & Schotte [95] is chosen as a
benchmark, as it is proven to yield good texture predictions. The subsection is divided in
three parts, namely the texture development in planar crystals, face-centered cubic (fcc)
crystals and body-centered cubic (bcc) crystals. For the first two parts, the reorientation
process of single crystals is discussed before expanding to polycrystals. In a deformation-
driven scenario, several deformation modes are chosen such as uniaxial compression, plane
strain compression and simple shear modes. These are associated with the uniaxial com-
pression, channel die compression and torsion used to examine large strain behavior of
materials in industrial processes such as wire drawing, extrusion and rolling.

4.4.1. Texture Development in Planar Crystals. A descriptive representation of the
above proposed method for orientation updates is obtained for the monotonic deformation
of planar crystals exhibiting double slip. In this specific case, the reorientation θt is scalar
and m = 2 slip systems exist. Here, the angle ξ specifies the separation angle between
the two slip systems. For this planar double slip model, a closed form solution for the
reorientation update is available. In the continuous setting it reads

θ̇t = Ω− [ sin(2θt) Λ− cos(2θt) Γ ]/ cos(2ξ) with θt(t0) = θ0 (4.52)

in terms of the macroscopic rate of stretching Λ, rate of shearing Γ and spin Ω. A derivation
of this continuous equation and its discrete counterpart can be found in Appendix A.

4.4.1.1. Reorientation of Planar Single Crystals. In order to point out the basic
characteristics of deformation-induced lattice reorientations, the reorientation of a single
crystal undergoing planar double slip is simulated. The subsequent investigations assume
a slip system separation angle of 2ξ = 60°, corresponding to Asaro’s planar double slip
model, see Asaro [14]. Employing the closed-form algorithm of planar crystal plasticity

a)

e1

e2

λ

1/λ

b)

e1

e2

γ

Figure 4.3: Homogeneous deformation tests. a) Pure shear test and b) simple shear test.
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dual to (4.52) developed in Appendix A, a single crystal with an initial orientation of
θ0 = 80° is deformed under pure shear up to a final deformation of λ = 3.5, cf. Fig-
ure 4.3a) for the definition of λ. The evolution of the crystal orientation θt throughout
the subsequent deformation process is obtained by the closed-form update (A.11) and is
visualized in Figure 4.4. It is observed that the crystal rotates from its initial orientation
θ0 = 80° at λ = 1.0 towards the preferred orientation θt = 0°. The rotation saturates for

λ = 1.0 λ = 1.5 λ = 2.0 λ = 2.5 λ = 3.0 λ = 3.5

Figure 4.4: Planar single crystal undergoing double slip. Lattice reorientation under pure
shear with initial orientation θ0 = 80◦. Rotation towards preferred orientation θt = 0◦.

applied deformations beyond λ = 3.0. Another example is a homogeneous deformation
test treating the simple shear of a single crystal, where the initial orientation is again
chosen to θ0 = 80°. The shear deformation is advanced from γ = 0.0 up to a final shear of
γ = 2.5, see Figure 4.3b) for the definition of γ. The corresponding evolution of the lattice
orientation is visualized in Figure 4.5. Here, the rotation saturates towards a final angle

γ = 0.0 γ = 0.5 γ = 1.0 γ = 1.5 γ = 2.0 γ = 2.5

Figure 4.5: Planar single crystal undergoing double slip. Lattice reorientation under simple
shear with initial orientation θ0 = 80◦. Rotation towards preferred orientation θt = 30◦.

of θt = 30° for the simple shear mode under consideration, which is directly correlated to
the chosen slip separation angle 2ξ = 60°, compare Prantil, Jenkins & Dawson [114].
These results are immediately observable from the closed form solution (4.52). For the
pure shear test the saturation angle does not depend on the slip separation angle ξ, as
Ω = Γ = 0. In contrast, for the simple shear test Λ = 0 and Ω = −Γ holds and therefore
the orientation saturates towards the slip separation angle ξ.

4.4.1.2. Reorientation of Planar Polycrystals. With the above basic mechanisms
of single crystals at hand, the focus is now put on a comparative study of crystal reori-
entation for planar polycrystals undergoing the homogeneous deformation modes of pure
and simple shear, illustrated in Figure 4.3. For the pure shear mode, the initial state
is visualized in the first image of Figure 4.6 starting from an equidistant discretization
of the orientation space, cf. (A.10). For the interval [−π

2
, π
2
] of the orientation space, cf.

Figure A.3, Eh = 15 orientations are chosen. The crystal orientations are updated using
the closed-form solution (A.11). For all subsequent simulations, the slip system separation
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λ = 1.0 λ = 1.5 λ = 2.0 λ = 2.5 λ = 3.0 λ = 3.5

Figure 4.6: Planar polycrystal undergoing double slip. Lattice reorientation under pure
shear with Eh = 15 orientations. Rotation towards preferred orientation θt = 0◦.

γ = 0.0 γ = 0.5 γ = 1.0 γ = 1.5 γ = 2.0 γ = 2.5

Figure 4.7: Planar polycrystal undergoing double slip. Lattice reorientation under simple
shear with Eh = 15 orientations. Rotation towards preferred orientation θt = 30◦.

angle is again taken to be 2ξ = 60°. Similar to the single crystals in the previous subsec-
tion, the polycrystal is subjected to homogeneous pure shear deformation up to λ = 3.5.
Six levels of deformation are depicted in Figure 4.6. The initial configuration λ = 1.0
shows the equidistant partition of the orientation space with center points indicated by
squares. As the deformation proceeds, the orientations move towards the preferred direc-
tions of 0° and 180°, similar to single crystals. For the simple shear test the evolution
of the crystal orientations is shown in Figure 4.7. Again, six levels of deformation with
a maximum shear of γ = 2.5 are depicted. Starting from an equidistant distribution of
the orientations, a reorientation towards the preferred direction can be observed. Finally
all grains are oriented at 30°/210°, which results directly from the chosen slip separation
angle 2ξ = 60°, as discussed above.

4.4.2. Texture Development in Fcc Crystals. In this subsection the two above
outlined formulations are compared with regard to their capabilities of modeling the lat-
tice reorientation in fcc single crystals and polycrystals with simulation and experimental
results. As (i) reference, two different options are chosen. For the single crystal simula-
tions, the elastic-plastic crystal plasticity model with active set search outlined in Miehe,

Schotte & Lambrecht [96],Miehe & Schotte [95] serves as reference, as it is proven
to predict the texture evolution in fcc crystals very well. For fcc polycrystalline aggregates
experimental results are chosen as a sound reference. The (ii) geometric approach and the
(iii) standard power-type setting have been derived in Section 4.2, while their algorithmic
treatment has been presented in Section 4.3. For the deformation tests of single crys-
tals a parametrization with Euler angles according to Section 3.3.1.2 is chosen, whereas
for polycrystals a parametrization with Rodrigues vectors, presented in Section 3.3.1.5,
is preferred. Fcc crystals are characterized by the 12 possible slip systems listed in Ta-
ble 3.3, i.e. four {111} planes with three 〈110〉 directions, see Figure 4.8 for an illustrative
sketch. As discussed in Section 4.2.3 at the most 8 slip systems can be active at once. In
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e
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e1

g2

e2

g3

e3
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[011]

[011][101]

[101] [110]

gi = Rei
(111)

Figure 4.8: Orientation of the fcc unit cell. The standard Cartesian base {ei}i=1,2,3 is
rotated to the base {gi}i=1,2,3 aligned to the fcc crystal. The (111) slip plane of the fcc
crystal is marked by the shadow.

the subsequent simulations the parameters for the rigid-plastic active-set model with the
update algorithm summarized in Box 4.1 are set to κ = 1, ǫ = 10−8 and tol = 10−6 for
the sharpness, regularization parameter and relative tolerance for the consistency check,
respectively. The parameters for the rigid-plastic power-type model are chosen to a = 1/s
for the reference slip, τc = 7.17MPa for the critical resolved shear stress and p = 20 for
the power exponent.

4.4.2.1. Deformation Tests for Fcc Single Crystals. Two different deformation
modes are examined for single crystals. Initial and deformed configurations for simple
compression and simple shear are illustrated in Figure 4.9.

a)

e1
e2

e3

exp(vt/2)

exp(vt/2)

exp(−vt)

b)

e1

e2

e3

vt

Figure 4.9: Homogeneous deformation tests and sample coordinate system {ei}i=1,2,3.
a) Simple compression and b) simple shear test.

The elastic-plastic active-set model according Miehe, Schotte & Lambrecht [96],
Miehe & Schotte [95] serves as a reference for the simulations. The results are repre-
sented in 〈111〉 pole figures obtained by stereographic projection. A single fcc crystal is
subjected first to deformation-driven homogeneous simple compression specified by the



Texture Modeling in Rigid Crystal Plasticity 67

deformation gradient

F̄(t) =





exp(vt/2) 0 0
0 exp(vt/2) 0
0 0 exp(−vt)



 (4.53)

with v = 1/s and augmenting time t by a step size ∆t = 0.01s. Three different initial

(i)

(ii)

(iii)

0°/ 0°/ 0°, 0°/ 22.5°/ 0°, 0°/ 45°/ 0°
Figure 4.10: Simple compression of a fcc single crystal. Development of the 〈111〉 ori-
entation for initial orientations 0°/ 0°/ 0°, 0°/ 22.5°/ 0°, 0°/ 45°/ 0°with (i) elasto-plastic
active-set model, (ii) rigid-plastic active-set model, (iii) rigid-plastic power-law model.

orientations (0°,0°,0°), (0°,22.5°,0°), (0°,45°,0°) parametrized by Euler angles are chosen.
Consecutively, the whole reorientation process of a single crystal is visualized in Fig-
ure 4.10 until the final compression vt = 2. For an initial orientation (0°,0°,0°) the fcc
unit cell remains unrotated for all three models. Contrarily, for (0°,22.5°,0°), the orienta-
tion tends with a small rotation to a saturated orientation. Especially for the power-type
model, the rotation is overpredicted. Again, for the third initial orientation (0°,45°,0°), the
orientation remains almost unrotated, which is similar in all models. The second test is
dedicatd to a homogeneous simple shear deformation driven by the deformation gradient

F̄(t) =





1 vt 0
0 1 0
0 0 1



 (4.54)

with v = 1/s and augmenting time t by a step size ∆t = 0.01s up to a total shear
vt = 2. For the same initial orientations (0°,0°,0°), (0°,22.5°,0°), (0°,45°,0°) as above, the
reorientation of a single crystal is shown in Figure 4.11. In all three tests, the orientation
tends to a saturated value. For (0°,0°,0°) and (0°,45°,0°) on the one hand a rotation in
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(i)

(ii)

(iii)

0°/ 0°/ 0°, 0°/ 22.5°/ 0°, 0°/ 45°/ 0°
Figure 4.11: Simple shear of a fcc single crystal. Development of the 〈111〉 orientation
for initial orientations 0°/ 0°/ 0°, 0°/ 22.5°/ 0°, 0°/ 45°/ 0°with (i) elasto-plastic active-set
model, (ii) rigid-plastic active-set model, (iii) rigid-plastic power-law model.

the 1-2 plane can be observed and on the other hand a perfect agreement of the three
models is achieved. The results of the rigid-plastic active-set model and the elastic-plastic
active-set model coincide for (0°,22.5°,0°) while the rigid-plastic power-type model shows
some minor deviations. Recapitulatory, the models exhibit a good qualitative agreement
for the modeling of texture reorientation in single crystals.

4.4.2.2. Deformation of Fcc Polycrystalline Aggregate. In contrast to the simula-
tions in the previous subsection, Rodrigues vectors are chosen in the following examples.
With regard to a parametrization of the orientations by means of Rodrigues parameters
r, recall, that all rotations can uniquely be represented within a truncated cube with the
cube geometry discussed in Sections 3.3.1.5 and 3.3.2.2, respectively. A quasi-isotropic,
initial orientation distribution of a polycrystal is obtained from a regular discretization of
the truncated cube. Four different discretizations are considered, arising from the partition
of the edges of the cube with 1, 2, 4 and 8 cells, respectively. In the subsequent treatment,
these discretizations, illustrated in Figure 4.12, will be indicated by cube1, cube2, cube4

a) b) c) d)

Figure 4.12: Discretizations of Rodrigues cube: a) cube1, b) cube2, c) cube4 and d) cube8.
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and cube8, respectively. Let T h denote the triangulation of the Rodrigues space R by
Eh four-noded tetrahedral finite cells with Nh nodal points {rI}I=1,...,Nh. Associated with
this triangulation, the initial element volumes

|Re
0| :=

1

6
| (rT h(4,e) − rT h(1,e)) · (rT h(3,e) − rT h(1,e))× (rT h(2,e) − rT h(1,e)) | (4.55)

and the initial center rotation parameters

re :=
1

4

4∑

i=1

rT h(i,e) (4.56)

of the elements e = 1, . . . , Eh can be expressed in terms of the global topology map
T h of the triangulation that assigns to the local nodes i of the cell e the global nodal
number I = T h(i, e). The pairs {|Re

0|, re}e=1,...,Eh of volume fractions and center orien-
tation parameters characterize the initial discretization of the Rodrigues space. These
quantities are determined by the discrete values {rI}I=1,...,Nh at the nodes and the mesh
topology. It is pointed out, that in this context the mesh is solely used for the specifica-
tion of an initial distribution of orientations, i.e. the center rotation parameters shown
in Figure 4.13. A stereographic projection of this quasi-isotropic initial distribution of

a) b) c)

Figure 4.13: Initial orientations in the Rodrigues space: a) cube1, b) cube2 and c) cube4
(cube8 is not visualized).

a) b) c)

Figure 4.14: Pole figures of the discrete Rodrigues space: a) cube1, b) cube2 and c) cube4
(cube8 is not visualized).

orientations parametrized by Rodrigues vectors is shown in Figure 4.14. Cube1, cube2,
cube4 and cube8 (not visualized) possess 56, 448, 3400 and 28672 cells/center orientations.
The texture accuracy depends on the different discretizations of the Rodrigues cube, i.e.
the amount of orientations. This will be of particular importance in Section 5.4 for the
prediction of average quantities with regard to a multiscale modeling. For the graphical
representation of the following simulations, pole figures of the cube2 discretization with
448 orientations are chosen for the comparison with experimental results. The reorienta-
tion process for the fcc polycrystal under plane strain compression, simple compression
and simple shear is compared to experimental results taken from Bronkhorst, Ka-

lidindi & Anand [33].
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Fcc Crystals undergoing Plane Strain Compression First, the fcc polycrystalline
material with 448 orientations is subjected to plane strain compression driven by the
macroscopic deformation gradient

F̄ =





1 0 0
0 exp(vt) 0
0 0 exp(−vt)



 . (4.57)

For constant v = 1/s, the time t ∈ [0, 1.54s] is linearly increased with a step size ∆t =
0.001s until a total compression of 78.6% in e3 direction. A deformation in e1 direction is
disabled in order to guarantee plane strain conditions. For the rigid-plastic active set model
the development of 〈111〉 pole figures at vt1 = 0.21, vt2 = 0.52, vt3 = 1.01 and vt4 = 1.54
in Figure 4.15 shows a reasonable agreement with experimental results. The same holds

(i)

(ii)

vt1 = 0.21 vt2 = 0.52 vt3 = 1.01 vt4 = 1.54

Figure 4.15: Plane strain compression of a fcc polycrystal. Development of 〈111〉 pole
figures at different deformation states, i.e. vt1 = 0.21, vt2 = 0.52, vt3 = 1.01 and vt4 = 1.54.
(i) Experimental results from Bronkhorst, Kalidindi & Anand [33] and (ii) simulation
with rigid-plastic active-set model.

for the 〈111〉, 〈100〉 and 〈110〉 pole figures at the final deformation state vt4 = 1.54
illustrated in Figure 4.16 for both models of rigid plasticity. While the experimental
〈111〉 pole figures show a dumbbell texture, the shapes of the simulated textures are
rather elliptical, cf. Bronkhorst, Kalidindi & Anand [33]. Compared to the rigid-
plastic active-set model the rigid-plastic power-law model shows a better agreement in
the 〈100〉 pole figures. All pole figures are extracted from an equal area projection. They
show a pronounced symmetry with respect to the perpendicular mirroring planes, which
is a typical property of a material with orthotropic symmetry. In order to point out
the capabilities of the rigid-plastic models with respect to their computational effort,
the plane strain compression test was performed for cube1 with 56 orientations, cube2
with 448 orientations, cube4 with 3400 orientations and cube8 with 28672 orientations.
Table 4.1 reports the CPU time (Intel Core2 Duo 3.0GHz), spent to run the plane strain
compression test for polycrystals with different amount of grains, i.e. cube1, cube2, cube4
and cube8. The computation time of the standard power-law model is approximately 14
times higher than the computation time of the active-set model. This clearly emphasizes
the computational attractiveness of the geometric approach.
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(i)

(ii)

(iii)

〈111〉 〈100〉 〈110〉

Figure 4.16: Plane strain compression of a fcc polycrystal. 〈111〉, 〈100〉 and 〈110〉 pole
figures at vt4 = 1.54. (i) Experimental results from [33] and simulation with (ii) rigid-plastic
active-set model and (iii) rigid-plastic power-law model.

Table 4.1: Plane strain compression for fcc polycrystals. Comparison of CPU time [s] for
rigid-plastic active-set and rigid-plastic power-law formulation.

orientations rigid-plastic power-law rigid-plastic active-set

56 18.40 1.51

448 146.44 10.07

3400 1134.35 74.55

28672 9378.51 625.52

Fcc Crystals undergoing Simple Compression A planar simple, isochoric compres-
sion test of a fcc polycrystalline material with 448 orientations described by the macro-
scopic deformation gradient

F̄ =





exp(vt/2) 0 0
0 exp(vt/2) 0
0 0 exp(−vt)



 (4.58)

is performed. Initial and deformed configuration for this deformation mode are shown in
Figure 4.9a). Again, the time t ∈ [0, 1.53s] is linearly increased with a step size ∆t = 0.001s
until a total compression of 78.4% in e3 direction accompanied by a transversal contraction
in e1 and e2 direction. The simulation results of the rigid-plastic active-set model are
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compared with experimental results at the deformation states vt1 = 0.20, vt2 = 0.49,
vt3 = 0.99 and vt4 = 1.53. Figure 4.17 shows very good results for the texture evolution,
represented by 〈111〉 pole figures. The same holds for the 〈111〉, 〈100〉 and 〈110〉 pole
figures at the intermediate deformation state vt3 = 0.99 illustrated in Figure 4.18 for
experimental data, the rigid-plastic active-set as well as the rigid-plastic power-law model.

(i)

(ii)

vt1 = 0.20 vt2 = 0.49 vt3 = 0.99 vt4 = 1.53

Figure 4.17: Planar simple compression of a fcc polycrystal. Development of 〈111〉 pole
figures at different deformation states, i.e. vt1 = 0.20, vt2 = 0.49, vt3 = 0.99 and vt4 = 1.53.
(i) Experimental results from Bronkhorst, Kalidindi & Anand [33] and (ii) simulation
with rigid-plastic active-set model.

(i)

(ii)

(iii)

〈111〉 〈100〉 〈110〉

Figure 4.18: Planar simple compression of a fcc polycrystal. 〈111〉, 〈100〉 and 〈110〉 pole
figures at vt3 = 0.99. (i) Experimental results from [33] and simulation with (ii) rigid-plastic
active-set model and (iii) rigid-plastic power-law model.
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Simple compression yields an axis-symmetric texture with respect to the loading axis. All
grains of the polycrystalline material rotate almost such that the {110} planes become
perpendicular to the loading axis, i.e. the {110} directions take a preferred position almost
parallel to the compression direction.

Fcc Crystals undergoing Simple Shear The last example for fcc polycrystalline
materials with 448 orientations is dedicated to a simple shear test. Initial and deformed
configuration for this deformation mode are shown in Figure 4.9b) and the deformation
gradient within the deformation-driven scenario reads

F̄ =





1 vt 0
0 0 0
0 0 0



 . (4.59)

The 〈111〉 pole figures obtained by the rigid-plastic active-set model are illustrated for
the deformation states vt1 = 0.26, vt2 = 0.75, vt3 = 1.40 and vt4 = 1.50 in Figure 4.19
and show an excellent agreement with experimental results. The same holds for the 〈111〉,

(i)

(ii)

vt1 = 0.26 vt2 = 0.75 vt3 = 1.40 vt4 = 1.50

Figure 4.19: Simple shear of a fcc polycrystal. Development of 〈111〉 pole figures at different
deformation states, i.e. vt1 = 0.26, vt2 = 0.75, vt3 = 1.40 and vt4 = 1.50. (i) Experimental
results from Bronkhorst, Kalidindi & Anand [33] and (ii) simulation with rigid-plastic
active-set model.

〈100〉 and 〈110〉 pole figures at the last deformation state vt4 = 1.50 illustrated in Fig-
ure 4.20. The rigid-plastic active-set model shows a better agreement compared to the
rigid-plastic power-law model, which is not able to model the distinct texture evolution
in an appropriate fashion.

4.4.3. Texture Development in Bcc Polycrystals. This subsection deals with the
performance of the constitutive formulation for the reorientation of bcc crystals. The
texture evolution of bcc crystals predicted with the active-set model, Section 4.2.3, is
compared with the standard power-law model, Section 4.2.2, for rigid crystal plasticity and
with experimental results. It is shown that the geometric approach provides an extremely
fast estimate for texture developments in bcc polycrystals.
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(i)

(ii)

(iii)

〈111〉 〈100〉 〈110〉

Figure 4.20: Simple shear of a fcc polycrystal. 〈111〉, 〈100〉 and 〈110〉 pole figures at
vt3 = 1.40. (i) Experimental results from [33] and simulation with (ii) rigid-plastic active-
set model and (iii) rigid-plastic power-law model.

4.4.3.1. Geometric Representation of Bcc Crystals. In the subsequent numerical
examples bcc polycrystals with m = 48 possible slip systems in each crystal are treated.
The structure of bcc crystals is characterized by three families of slip planes {110}, {112},
and {123}, with 〈111〉 providing the corresponding family of slip directions, see Figure 4.21
for a graphical visualization. The slip systems α = 1, ..., m are defined in Table 3.4 with
respect to an orthogonal frame {gi}i=1,2,3 aligned to the crystal with the slip plane normals
nα and the slip directions sα. As discussed in Section 4.2.3 at the most 32 slip systems
can be active at once. The orientation of the crystal is described by the rotation R with
respect to a fixed orthogonal frame {ei}i=1,2,3. The local frame of the crystal gi = Rei

is related to the given fixed orthogonal frame ei by the rotation R, parametrized in the
following by Rodrigues vectors r, with the relationship (3.44).

4.4.3.2. Deformation of Bcc Polycrystalline Aggregates. A comparative numer-
ical study for the texture evolution of the rigid-plastic active-set and power-law models
with experimental results is carried out. The microstructure evolution is driven by a
prescribed macro-deformation F̄(t) according to the Taylor approach, see Section 4.1.1.
A bcc polycrystalline material with 448 orientations is subjected to two macroscopic,
isochoric deformation modes, namely plane strain compression and planar simple shear.
These tests coincide with the experimental and computational benchmarks outlined in
Raabe [116], Kocks, Tomé & Wenk [69], Li, Han, Jiang, Pi, Wei & Tieu [78]
and Williams [142]. An initial distribution of the 448 orientations (cube2) is discussed
in Section 4.4.2.2. The parameters for the rigid-plastic active-set model are set to κ = 1
for the sharpness parameter, ǫ = 10−4 for the regularization parameter and tol = 5 · 10−5
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[111]
(110)gi = Rei

Figure 4.21: Orientation of the bcc unit cell. The standard cartesian base {ei}i=1,2,3 is
rotated to the base {gi}i=1,2,3 aligned to the bcc crystal. The (111) slip plane of the bcc
crystal is marked by the shadow.

for the relative tolerance for the consistency check. The parameters for the rigid-plastic
power-type model are chosen to a = 1/s for the reference slip, τc = 7.17MPa for the
critical resolved shear stress and p = 20 for the power exponent.

Bcc Crystals undergoing Plane Strain Compression First, the polycrystalline
microstructure is subjected to a plane strain compression mode. The macroscopic defor-
mation is prescribed by

F̄(t) =





1 0 0
0 exp[vt] 0
0 0 exp[−vt]



 (4.60)

with v = 1/s. During the simulation the time is linearly increased in an interval t ∈
[0, 1.61s] in equal time steps ∆t = 0.001s. Figure 4.22 presents the {100} pole figures at
different deformation states. The final state at time t = 1.61s corresponds to a compres-
sion of the unit cube down to 20% of its initial height. The intermediate deformation
states display a compression down to 70%, and 40% of the initial unit cube height. The
deformed configuration is the one visualized in Figure 4.9a). The experimental results
in Figure 4.22a) are taken from Li, Han, Jiang, Pi, Wei & Tieu [78] and those in
Figure 4.22b) from Raabe [116]. Similar results are also obtained by Kocks, Tomé

& Wenk [69]. Li, Han, Jiang, Pi, Wei & Tieu [78] compare their experimental re-
sults with a power-law model and test three possible combinations of slip systems: (1) 12
{110}〈111〉 slip systems, (2) 24 {110}〈111〉, {112}〈111〉 slip systems and (3) 48 {110}〈111〉,
{112}〈111〉, {123}〈111〉 slip systems, using the same critical shear stress. Contrarily,
Raabe [116] includes for the comparison with his experimental data 24 {110}〈111〉,
{112}〈111〉 slip systems, choosing k = 1 and k = 10 for the ratio of the critical shear
stresses

k :=
τ{110}〈111〉
τ{112}〈111〉

. (4.61)



76 Texture Modeling in Rigid Crystal Plasticity

(i.1)

(i.2)

(ii)

(iii)

vt1 = 0.36 vt2 = 0.92 vt3 = 1.61

Figure 4.22: Plane strain compression of a bcc polycrystal. {100} experimental pole figures
taken from (i.1) Li, Han, Jiang, Pi, Wei & Tieu [78] and (i.2)Raabe [116] and simulation
results of (ii) rigid-plastic active-set model and (iii) rigid-plastic power-law model at vt1 =
0.36, vt2 = 0.92 and vt3 = 1.61.

For k = 10, the slip on {110}〈111〉 is impeded and the slip on{112}〈111〉 is favored. It was
observed, that these 24 slip systems are sufficient to describe the texture evolution for the
plane strain compression mode, see Raabe [116] and references therein. Accordingly, only
the first 24 slip systems reported in Table 3.4 are used for the plane strain simulations
that follow. The ratio k of the critical shear stresses can be related to a ratio between two
different values of the parameter κ for the sharpness of the active set as introduced in
(4.20). In order to consider different weights for the groups {110}〈111〉, {112}〈111〉 and
{123}〈111〉 of slip systems, (4.22) can be rewritten to

A := { α ∈ S| |τα| ≥ K(α)
3

2

1

m

∑m
β=1|τβ |} ⊂ S (4.62)

with the definition

K(α) =







κ1 for α ∈ {1 . . . 12} ,
κ2 for α ∈ {13 . . . 24} ,
κ3 for α ∈ {25 . . . 48} .

(4.63)



Texture Modeling in Rigid Crystal Plasticity 77

Here, the ratio κ1/κ2 = k corresponds to the parameter k defined in (4.61) byRaabe [116].
In order to consider only the first 24 systems, set κ3 → ∞. For the simulation with the
rigid-plastic active-set model and the rigid-plastic power-law model the results for the
〈100〉 pole figures with k = 1.1 are plotted in Figure 4.22. A sharper texture is ob-
tained for the power-law model, but nevertheless both simulations are in good qual-
itative agreement to the experimental results. With increasing deformation a strong
α-fiber with {001}〈110〉, {111}〈110〉, {112}〈110〉 texture components develops, whereas
the γ-fiber with {111}〈112〉 texture component degrades. In the power-law model, the
{112}〈110〉, and in the active-set model, the {001}〈110〉 texture components are predom-
inant. In Figure 4.23, the ratio for the critical shear stress is k = 1 for the active-set
as well as the power-law model. In both models the {111}〈112〉 texture component is

(ii)

(iii)

vt1 = 0.36 vt2 = 0.92 vt3 = 1.61

Figure 4.23: Plane strain compression of a bcc polycrystal. Comparison of {100} pole
figures of (ii) rigid-plastic active-set model and (iii) rigid-plastic power-law model at vt1 =
0.36, vt2 = 0.92 and vt3 = 1.61.

overestimated compared to the experimental results. As observed by Raabe [116], the
simulations for a larger ratio k, yield better texture results. The computational effort of
the two models of rigid crystal plasticity is compared using the four different discretiza-
tions of the Rodrigues space, i.e. cube1, cube2, cube4 and cube8. In Table 4.2, the CPU
time (Intel Core2 Duo 3.0GHz) spent to run the plane strain compression test for poly-
crystals with different amount of grains, i.e. 56 orientations for cube1, 448 orientations for
cube2, 3400 orientations for cube4 and 28672 orientations for cube8, and using different
material models is reported. Observe, that the computation time with the rigid-plastic
active-set model is only a fraction of that with the rigid-plastic power-law model.

Bcc Crystals undergoing Planar Simple Shear The second example for texture
development in bcc polycrystals is dedicated to a simple shear mode of the microstructure
defined by the macro-deformation

F̄(t) =





1 vt 0
0 1 0
0 0 1



 (4.64)
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Table 4.2: Plane strain compression for bcc polycrystals. Comparison of CPU time [s]
for rigid-plastic active-set and rigid-plastic power law formulation.

orientations rigid-plastic power-law rigid-plastic active-set

56 48.0 2.1

448 385.9 15.3

3400 2917.2 116.6

28672 22807.8 954.3

with v = 1/s. Again, the shear deformation is linearly increased up to a value vt =
2.1, corresponding to the same deformation state as discussed in Williams [142]. The
experimental results for iron, taken fromWilliams [142], and the simulations of the rigid-
plastic active-set model, are reported in Figure 4.24, for {100} and {110} pole figures.
Contrarily to the plane strain compression mode, the ratio k = 1 is chosen. For planar

(i)

(ii)

(iii)

〈100〉 〈110〉

Figure 4.24: Planar simple shear test. 〈100〉 and 〈110〉 pole figures of (i) experimental
results taken from Williams [142] for iron, (ii) rigid-plastic active-set model and (iii) rigid-
plastic power-law model.
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simple shear, the results obtained by using 24 {110}〈111〉, {112}〈111〉 slip systems are
similar to the ones obtained by 48 {110}〈111〉, {112}〈111〉, {123}〈111〉 slip systems. The
texture components {112}〈111〉 and {110}〈111〉 are observed, where the former dominates
with increasing deformation, see Montheillet, Cohen & Jonas [101]. This behavior
can be observed for both the experimental as well as the simulated textures shown in
Figure 4.24.

In summary, the two Taylor models of rigid crystal plasticity give reasonable results
for the texture evolution undergoing characteristic deformation modes, i.e. plane strain
compression also named rolling, planar simple compression and simple shear also named
torsion, with the proposed active-set model being superior especially in terms of computa-
tional effort. The geometric estimate of the set of active slips and the geometrically exact
finite-step-sized reorientation update produces reorientation estimates of large deforma-
tions with a speed up by a factor 20 when compared with standard power-law models at
similar qualitative results.
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5. Reorientation Continuum and Fourier Expansion

It is the objective of this section to idealize the polycrystalline microstructure as an
orientation continuum with regard to the modeling of the crystal reorientations. This
idealization results in a simple expression for crystal orientation distribution functions
represented as a Fourier series and finally in so-called orientation averages, which can
serve as input for a hybrid micro-macro approach. The section conceptually follows the
recent publication of Miehe, Frankenreiter & Rosato [91], with the just mentioned
topics being extracted from this publication and some additional comments and explana-
tions being given.
Polycrystalline models, which are more directed towards the macroscopic modeling, de-
scribe the texture evolution by crystal orientation distribution functions (codf), which
express the distribution of the crystal orientations over the space of orientation parame-
ters. The evolution of these distribution functions are typically governed by (i) a model of
crystal plasticity and (ii) a crystal fraction conservation equation. The reader is referred
in this context to the works of Rashid [122], Dafalias [40], Kumar & Dawson [75]
and Böhlke, Risy & Bertram [30]. In the underlying contribution, fast estimates
of crystal orientation distribution functions and orientation averages suitable for an in-
corporation into multiscale models are proposed. To this end, the geometrically-based,
rate-independent approach for crystal reorientation, discussed in Section 4, is advanced
to the computational treatment of codf evolutions on polycrystalline orientation continua.
In Section 5.1 the kinematic equations which govern the evolution of the orientation con-
tinuum are outlined. Therefore, the polycrystalline microstructure is considered as a con-
tinuum of crystal orientations. This includes a precise definition of the Lagrangian and
Eulerian orientation states, respectively associated with the initial and the reference ori-
entations of single crystals. The reorientation process is governed by a reorientation map,
whose time derivative defines the material reorientation velocity, locally prescribed by a
constitutive assumption governed by the lattice spin of a model of rigid plasticity. With
regard to a parameterization of the orientation continuum by Rodrigues vectors a pre-
cise definition of the parameter maps and its inverse, including the definition of a metric
is given. The spatial discretization of the fundamental Rodrigues space, which exploits
symmetry properties, is achieved by a triangulation in terms of tetrahedral cells. Crystal
fraction conservation equations in both the Eulerian as well as the Lagrangian geomet-
ric setting, discussed in Section 5.2, determine the evolution of the crystal orientation
distribution functions. These balances are driven by a constitutive assumption for the
crystal lattice spin, which determines the current value of the crystal reorientation map
on the orientation continuum. The constitutive input is given by an improved version of
the geometric approach to rigid crystal plasticity proposed by Miehe & Rosato [93]. In
contrast to the formulation of Kumar & Dawson [75] based on finite element discretiza-
tion of the parameterized orientation continuum, a pointwise discretization is performed.
The update of the codf at a particular point of the orientation continuum may alterna-
tively be obtained within a Lagrangian or an Eulerian geometric setting. In Section 5.3 the
performance of the proposed method is demonstrated by means of representative numer-
ical examples. A simple representation is achieved by considering planar crystals. Here,
closed form solutions for the codf evolution are available, see for example Rashid [122],
Dafalias [40] and Prantil, Jenkins & Dawson [114]. In this one-dimensional set-
ting of the orientation continuum, the update methods of crystal orientation distribution
functions respectively in the Lagrangian and Eulerian geometric setting are demonstrated
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in a descriptive format. The Lagrangian approach is restricted to smooth reorientations,
which is trivial in the one-dimensional setting but not guaranteed in 3D applications. The
proposed Eulerian method gives rough estimates, but is very robust and well suited for
the estimation of orientation averages, outlined in Section 5.4. With a modeling approach
of the microstructure as orientation continuum, the evaluation of the crystal orientation
distribution function is not explicitly necessary for the calculation of these orientation
averages. Orientation averages can be applied to the development of a macroscopic yield
function by distortional changes caused by the texture development. Following concep-
tually the works of Man [80, 81] and Böhlke & Bertram [28], the coefficients which
govern the distortion of the yield surface are obtained from a Fourier expansion of the
codf and appear in the form of orientation averages. It turns out that already a rough
discretization of the orientation space gives reasonable results for the macroscopic dis-
tortion of the yield surface. Basic features of the developing overall anisotropy of the
polycrystalline aggregate can be described by a coarse discretization of the Rodrigues
space. The evolving anisotropy described by the yield surfaces or the Lankford coeffi-
cients are shown to be in good qualitative agreement with results obtained by Böhlke,

Risy & Bertram [30] and Kowalczyk & Gambin [70]. Hence, the proposed method
is considered to be an appropriate ingredient for a multiscale method with regard to the
description of texture-induced anisotropy as will be shown in Section 6.

5.1. Kinematics of an Orientation Continuum

Consider polycrystalline microstructures with a very large number of single crystal grains
as indicated in Figure 5.1. The orientation distribution of these grains is called the

χ

gtig0
i

Figure 5.1: Orientation-texture microstructure. The macroscopic deformation of a poly-
crystalline microstructure causes a reorientation of the microscopic crystal grains. The mi-
crostructure is idealized by an orientation continuum where the reorientation map χ rotates
crystal lattice frames from initial to current orientations, g0

i and gt
i, respectively.

orientation texture of the polycrystal. This texture is a key ingredient for the macro-
scopic modeling of the overall response of the polycrystalline aggregate. Due to the large
number of grains, the texture is statistically described by continuous crystal orientation
distribution functions (codf). Comprehensive reviews of this classical viewpoint are given
in Bunge [36] and Kumar & Dawson [75].

5.1.1. Orientation Continuum of Crystals. The polycrystalline microstructure is
idealized as an orientation continuum of crystals, schematically depicted in Figure 5.2,
that occupies at a particular time a fundamental region in the orientation space of proper
orthogonal tensors. Material points of the orientation continuum are the crystals itself
which are placed in the orientation space by their individual orientation. During the
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G = ∇θ0χ

eiei

gtig0
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Figure 5.2: Deformation of an orientation continuum. O0 ⊂ SO(3) and Ot ⊂ SO(3) are
initial and current configurations of the orientation continuum. The smooth reorientation
map χ : θ0 7→ θt with gradient G = ∇θ0

χ maps initial crystal orientations θ0 ∈ O0 onto
current crystal orientations θt ∈ Ot, defining the lattice frames g0

i = θ0ei and gt
i = θtei.

deformation of the polycrystalline aggregate, the texture develops due to distortions and
rigid rotations of the grains. This causes a deformation of the orientation continuum of
crystals in time accompanied by the change of the crystal orientation distribution function.

5.1.1.1. Initial Configuration. Similar to formulations of standard continuous media,
the crystal orientation continuum is defined in a referential description by its placement
in a reference or initial configuration as visualized in Figures 5.1 and 5.2. Let O0 ⊂ SO(3)
be a given initial configuration of the orientation continuum of crystals at a reference time
t0 ∈ R+. Elements θ0 ∈ O0 are rotations which relate in a unique format the reference
orientation of the lattice frame {g0

i }i=1,3 aligned to a crystal grain of the polycrystalline
aggregate to the fixed sample frame {ei}i=1,3

g0
i = θ0ei with θ0 ∈ O0 ⊂ SO(3) (5.1)

as depicted in Figures 5.1 and 5.2. θ0 is called the initial or Lagrangian orientation of a
crystal grain. O0 may also be denoted as the Lagrangian configuration of the orientation
continuum. It is a fundamental subset of the set SO(3) of proper orthogonal tensors that
reflects the symmetry of the single crystal grains under consideration.

5.1.1.2. Current Configuration. Let Ot ⊂ SO(3) be the current configuration of the
orientation continuum of crystals at a time t ∈ R+. Elements θt ∈ Ot are rotations which
relate the current orientation of the lattice frame to the fixed sample frame

gt
i = θtei with θt ∈ Ot ⊂ SO(3) . (5.2)

θt is the current or Eulerian orientation of a crystal grain. Ot is also called the Eulerian
configuration of the orientation continuum. It is a fundamental subset of the set SO(3)
that reflects the symmetry of the single crystal grains.

5.1.2. Crystal Reorientation Map, Gradient and Velocity. In order to describe
the evolving texture, it is necessary to follow the orientation of individual grains as the
deformation proceeds, i.e. the current orientation θt ∈ Ot of a crystal at time t depends
on its initial orientation θ0 ∈ O0 at time t0. This is achieved by the introduction of a
crystal lattice reorientation map

χ :

{
O0 × [t0, T ] → Ot

(θ0, t) 7→ θt = χ(θ0, t) ,
(5.3)
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which maps at a current time t ∈ [t0, T ] the initial orientation θ0 of a crystal onto its
current orientation θt. This fundamental kinematic function determines the motion of the
orientation continuum of crystal grains in the orientation space SO(3) by mapping at
time t its reference configuration O0 onto the current configuration Ot. The map is such
that it gives the identity θ0 = χ(θ0, t0) at the initial time t0 of the deformation process.
The continuous reorientation map is assumed to be smooth and differentiable. Its gradient
with respect to the initial orientation

G(θ0, t) := ∇θ0 χ(θ0, t) (5.4)

is called the reorientation gradient which determines the relationships between infinitesi-
mal volume elements

dOt = J(θ0, t)dO0 with J(θ0, t) := det[G(θ0, t)] > 0 (5.5)

of the orientation continuum in its initial and current configurations O0 and Ot, respec-
tively, similar to (2.11). As outlined in Section 5.2, the Jacobian J governs the Lagrangian
formulation of a crystal orientation distribution function. The constraint (5.5)2 on the Ja-
cobian expresses the assumption that the reorientation map (5.3) is one-to-one and such
that crystals do not penetrate in the orientation space. The time derivative of the reori-
entation map defines the material reorientation velocity

V (θ0, t) :=
∂

∂t
χ(θ0, t) , (5.6)

which is parameterized by the initial orientation of the crystal θ0 ∈ O0. The material
reorientation velocity is related to the spatial reorientation velocity v(θt, t) parameterized
by the current orientation θt ∈ Ot of the crystal by

V (θ0, t) = v(θt, t) ◦ χ(θ0, t) = v(χ(θ0, t), t) . (5.7)

The spatial reorientation velocity field v plays a critical role in the subsequent linking of
the crystal reorientation to the macroscopic deformation of the polycrystalline aggregate.
Its spatial reorientation velocity gradient is defined by

∇θt v(χ(θ0, t), t) = [
∂

∂t
G(θ0, t)]G

−1(θ0, t) . (5.8)

Using ∂G det[G] = det[G]G−T , the time evolution of the Jacobian of the reorientation
gradient reads

∂

∂t
J(θ0, t) = tr[∇θt v(χ(θ0, t), t)] J(θ0, t) . (5.9)

5.1.3. Parameterization of Rotations by Rodrigues Vectors. The manifold SO(3)
of rotations may be parameterized in a singular-free format by quaternionsQ := (q, q) := ( cos[ϑ/2], sin[ϑ/2]e ) ∈ R4 (5.10)

as pseudo-vectors in the four-dimensional Euclidean space R4, cf. Section 3.3.1. Here,
ϑ ∈ R1 is the rotation angle and e ∈ R3 the axis of the rotation. The four coordinates of
the quaternion are called the Euler-Rodrigues parameters of the rotation, see for example
Angeles [11]. From the definition (5.10), it is clear that Q satisfies the normalization
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condition, i.e. q2 + q · q = 1. Thus, rotations may be considered as points on the unit
sphere S3 ⊂ R4 in the four-dimensional space R4 of quaternions. Elements of the Hamil-
tonian algebra of quaternions are reviewed for example in Altmann [9]. A projection of
the quaternion space R4 onto a three-dimensional space R3 is provided by the so-called
Rodrigues vectors

r :=
q

q
= tan[ϑ/2] e ∈ R3 (5.11)

for q = cos[ϑ/2] 6= 0. Though the parameterization with Rodrigues vectors has a singu-
larity at ϑ = π, it has strong advantages with regard to the representation of orientation
textures, see for example Frank [42], Becker & Panchanadeeswaran [22], Heinz

& Neumann [49] and Kumar & Dawson [75, 76]. In the subsequent treatment, exclu-
sively the Rodrigues vector parameterization of the rotations is used.
Let R0 ⊂ R3 and Rt ⊂ R3 denote the Lagrangian and Eulerian parameter manifolds with
Lagrangian and Eulerian rotation parameters r0 ∈ R0 and rt ∈ Rt, respectively. The
Lagrangian and Eulerian parameter maps are defined as

θ̂0 :

{R0 → O0

r0 7→ θ0 = θ̂0(r0)
and θ̂t :

{Rt → Ot

rt 7→ θt = θ̂t(rt) .
(5.12)

As conceptually outlined in Angeles [11] and derived in Section 3.3.1.5, the parameter-
ization with Rodrigues vectors gives the closed form of these mappings

θt = θ̂t(rt) =
1

1 + rt · rt

[ (1− rt · rt)1 + 2(1 × rt + rt ⊗ rt) ] . (5.13)

With the linear invariants

tr[θt] =
1

1 + rt · rt
[ (1− rt · rt)3 + 2(rt · rt) ] and vect[θt] =

1

1 + rt · rt
2rt (5.14)

the inverse representation for the Rodrigues vector reads

rt = r̂t(θt) = 2vect[θt]/(1 + tr[θt]) . (5.15)

Here 1 × rt is a second-order tensor A with components Ajk = ǫijkδim(rt)m, where ǫijk is
the permutation operator. The current lattice frame may directly be expressed in terms
of the Rodrigues vector. Inserting (5.13) into (5.2) gives the closed form result

gt
i =

1

1 + rt · rt
[ (1− rt · rt) ei + 2(rt × ei + (rt · ei) rt) ] . (5.16)

With the above parameterization of the Lagrangian and Eulerian rotation manifolds at
hand, the modified crystal reorientation map

χ̃ :

{
R0 × [t0, T ] → Rt

(r0, t) 7→ rt = χ̃(r0, t)
(5.17)

maps the Lagrangian rotation parameters r0 ∈ R0 directly onto the Eulerian rotation
parameters rt ∈ Rt. This map is defined by the composition

χ̃ = r̂t ◦ χ ◦ θ̂0 . (5.18)
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O0 ⊂ R4 Ot ⊂ R4
χ

G

θtθ0

R0 ⊂ R3 Rt ⊂ R3
χ̃

G̃

r0 rt

J0 J tθ̂0 θ̂t

Figure 5.3: Parametrization of orientation manifolds. The configurations O0 ⊂ R4 and
Ot ⊂ R4 of the orientation continuum are parametrized by θ̂0 : r0 7→ θ0 and θ̂t : rt 7→ θt.
Then χ̃ := r̂t ◦χ◦ θ̂0 : r0 7→ rt is the parameter reorientation map that links the parameter
manifolds R0 ⊂ R3 and Rt ⊂ R3.

As visualized in Figure 5.3, this composition first parameterizes the Lagrangian initial
orientation θ0 by the Lagrangian rotation parameter r0, then evaluates the current ori-
entation θt via the reorientation map χ in terms of the initial orientation θ0 and finally
computes the Eulerian rotation parameter rt in terms of the current orientation θt. Re-
call, that the current crystal orientation θt can be considered as an element of a three-
dimensional manifold of quaternions that characterizes the unit sphere Ot ⊂ R4 in the
four-dimensional space. In order to compute metric tensors associated with the manifold
Ot, the gradient of the parameter map

J t(rt) := ∇rtθ̂t(rt) (5.19)

is introduced. This gradient induces the current metric tensor

Ct(rt) := JT
t (rt)J t(rt) (5.20)

of the orientation manifold Ot in its convected representation with respect to the parame-
ter manifold Rt. For a parameterization in terms of Rodrigues vectors, the current metric
appears in the closed form representation

Ct(rt) =
1

(1 + rt · rt)2
[ (1 + rt · rt)1 − rt ⊗ rt ] , (5.21)

see also Kumar & Dawson [75, 76]. With these definitions at hand, the volume elements
of the orientation manifolds and the rotation parameter spaces

dOt =
√

det[Ct(rt)] dRt =
dRt

(1 + rt · rt)2
(5.22)

are related in a very simple form for the parameterization with Rodrigues parameters.
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5.1.4. Spatial Discretization of Orientation Space.

5.1.4.1. Discrete Lagrangian Parameter Space. Consider now the spatial dis-
cretization of the Lagrangian rotation space. Let T h denote a triangulation of the three-
dimensional Lagrangian parameter space R0 by Eh four-noded tetrahedral finite cells
{Re

0}e=1,...,Eh with Nh nodal points {RI}I=1,...,Nh. Associated with this triangulation, the
initial element volumes

|Re
0| :=

1

6
| (RT h(4,e) −RT h(1,e)) · (RT h(3,e) −RT h(1,e))× (RT h(2,e) −RT h(1,e)) | (5.23)

and the initial center rotation parameter of the elements

Re :=
1

4

4∑

i=1

RT h(i,e) (5.24)

for e = 1, . . . , Eh are defined. Here, T h is the global topology map of the triangulation that
assigns to the local nodes i of the cell e the global nodal number I = T h(i, e). The pairs
{|Re

0|,Re}e=1,...,Eh of volume fractions and average orientation parameters characterize
the initial discretization of the Rodrigues space. These quantities are determined by the
discrete values {RI}I=1,...,Nh at the nodes and the mesh topology. Taking into account
(5.22), the initial cell volumes in the orientation space are

|Oe
0| =

|Re
0|

(1 +Re ·Re)2
(5.25)

for a parameterization with Rodrigues vectors.

5.1.4.2. Discrete Eulerian Parameter Space. In the Lagrangian description the
reorientation of the discrete grains is determined. For a known reorientation process, the
Eulerian rotation parameters at the discrete nodal points of the triangulation are obtained
by the modified reorientation map defined in (5.18), i.e.

rI = χ̃t(RI) for I = 1, . . . , Nh . (5.26)

These parameters define a deformed mesh in the Rodrigues space with deformed cell
domains Re

t = χ̃t(Re
0). Thus, the current volumes

|Re
t | :=

1

6
| (rT h(4,e) − rT h(1,e)) · (rT h(3,e) − rT h(1,e))× (rT h(2,e) − rT h(1,e)) | (5.27)

and the current center rotation parameter

re :=
1

4

4∑

i=1

rT h(i,e) (5.28)

of the cells e = 1, . . . , Eh can be computed. Following (5.22), the volume of the deformed
cell is

|Oe
t | =

|Re
t |

(1 + re · re)2
. (5.29)
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5.1.5. Constitutive Formulation of Crystal Reorientations.

5.1.5.1. Continuous Formulation. The lattice reorientation of the crystal is assumed
to be governed by a constitutive assumption for the spatial reorientation velocity defined
in (5.7)

v(θt, t) = W l(θt, t)θt . (5.30)

The constitutive function W l(θt, t) for the lattice spin incorporates the plastic slip mech-
anisms of a local crystal and its link to the macroscopic deformation of the polycrystalline
aggregate, as discussed in detail in Section 4.1. With this constitutive function at hand,
the reorientation function is defined by the initial-value-problem

∂

∂t
χ(θ0, t) = W l(χ(θ0, t), t)χ(θ0, t) with χ(θ0, t0) = θ0. (5.31)

This ordinary differential equation with the initial condition determines the orientation
of the crystal at current time t ∈ [t0, T ].

5.1.5.2. Discrete Formulation. The spatial discretization of the orientation space
considers a finite number of evolution equations (5.31) at the Eh center points of the mesh
introduced above. Thus, simply consider Eh time-dependent reorientations associated
with the representative initial orientations θe

0 = θ̂0(r
e
0) for e = 1, . . . , Eh. The time

discretization then gives an incremental update of the center orientations in the form

θe
n+1 = exp[W l∗ ] θe

n (5.32)

for e = 1, . . . , Eh, where W l∗/(tn+1 − tn) is a time-discrete algorithmic approximation of
W l in the time interval [tn, tn+1] under consideration. The details of this algorithm are
outlined in Box 4.1.

5.2. Evolution of Crystal Orientation Distribution Function

In this subsection alternative formulations for the evolution of orientation distribution
functions in an Eulerian and a Lagrangian geometric setting are outlined. The spatial
discretization of these equations provides simple Eulerian and Lagrangian updates of the
codfs, which are used for the computation of orientation averages based on a homogeniza-
tion of state variables over the orientation space.

5.2.1. Eulerian Formulation of Crystal Fraction Conservation.

5.2.1.1. Eulerian Codf. Consider a crystal reorientation process in a fixed control
space O ⊂ SO(3) of possible crystal orientations. Define the spatial (Eulerian) crystal
orientation distribution function

f :

{
O × [t0, T ] → R+

(θ, t) 7→ f(θ, t)
(5.33)

as a function of the spatially fixed crystal orientation θ ∈ O at the current time t ∈ [t0, T ].
The function has the following physical meaning. Let P ⊂ O be an arbitrary part of the
crystal orientation space O, referred to as the control orientation sector. Then

νE(P, t) :=
∫

P⊂O
f(θ, t) dO (5.34)
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is the probability that the current orientation θ ∈ SO(3) of crystals falls into the sector
P. Based on this physical meaning, the codf is constrained to be positive and normalized
to one, when integrated over the full domain of the orientation continuum

f(θ, t) ≥ 0 and

∫

O
f(θ, t) dO = 1 . (5.35)

5.2.1.2. Eulerian Conservation Equation. The physical basis for the evolution of
the crystal orientation distribution function in time is a mass-type conservation law for
the probability of crystal orientations. The balance of crystal orientations for the control
orientation sector P reads

d

dt
νE(P, t) = −tE(∂P, t) (5.36)

in terms of the flux of crystal orientations out of the control volume

tE(∂P, t) :=
∫

∂P
f(θ, t) v(θ, t) · n(θ) dO (5.37)

for a given spatial reorientation velocity field v. Here, n is the outward normal on the
surface ∂P of the control sector as depicted in Figure 5.4a). Application of the Gauss

a) b)P ∈ O∂P P0 ∈ O0 Pt ∈ Ot

χt

v = V ◦ χ−1

vv
f = F ◦ χ−1

f
n

crystal reorientation
path line

crystal reorientation
stream line

θ ∈ P
θtθ0

Figure 5.4: Eulerian and Lagrangian description of reorientation. a) Eulerian formulation
based on a fixed control volume P ∈ O in orientation space O, where the reorientation veloc-
ity v is tangential to crystal reorientation streamlines. b) Lagrangian formulation based on
moving crystal fraction Pt in orientation space, where v is tangential to crystal reorientation
path lines. f(θt, t) and F (θ0, t) are the Eulerian and Lagrangian codfs, respectively.

theorem ∫

∂P
f(θ, t) v(θ, t) · n(θ) dO =

∫

P
f(θ, t) tr[∇θv(θ, t)] dO (5.38)

transforms the surface integral in a volume integral. The local Eulerian form of the crystal
fraction conservation equation

∂

∂t
f(θ, t) +∇θf(θ, t) · v(θ, t) + f(θ, t) tr[∇θv(θ, t)] = 0 (5.39)

in O follows from the material time derivative df/dt := ∂f/∂t+∇θf · v of the codf with
the second term being a typical convective part. For a given reorientation velocity v, the
Eulerian conservation equation (5.39) is a linear hyperbolic differential equation. It has
been derived by Clement [38] in the context for a parameterization of the rotations by
Euler angles and in the general context by Kumar & Dawson [75].
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5.2.2. Lagrangian Formulation of Crystal Fraction Conservation.

5.2.2.1. Lagrangian Codf. Consider now a volume Pt ⊂ Ot with a fixed fraction of
crystals that moves through the spatial orientation space. Again, f is the spatial (Eule-
rian) crystal orientation distribution function. In contrast to (5.33), the function is now
defined on the time-dependent moving orientation space Ot. Let Pt ⊂ Ot be a part of
the orientation space Ot which is currently occupied by the crystal fraction. Then this
moving fraction is defined by

νL(Pt, t) :=

∫

Pt⊂Ot

f(θt, t) dOt . (5.40)

When taking into account the Lagrangian reorientation function χ and the relationship
between initial and current volume elements in (5.5), (5.40) can be recast into the form

νL(P0, t) :=

∫

P0⊂O0

F (θ0, t) det[∇θ0χ(θ0, t)] dO0 (5.41)

with respect to the time-independent initial configuration O0 of the orientation space.
Here,

F :

{
O0 × [t0, T ] → R+

(θ0, t) 7→ F (θ0, t)
(5.42)

is the material (Lagrangian) crystal orientation distribution function. The Lagrangian
codf

F (θ0, t) = f(θt, t) ◦ χ(θ0, t) = f(χ(θ0, t), t) (5.43)

is related to the Eulerian codf by a composition with the crystal reorientation function
in analogy to the material reorientation velocity in (5.7). Due to (5.35), the Lagrangian
codf is constrained to be positive and normalized to one when integrated over the full
orientation domain, i.e.

F (θ0, t) ≥ 0 and

∫

O0

F (θ0, t) det[∇θ0χ(θ0, t)] dO0 = 1 . (5.44)

5.2.2.2. Lagrangian Conservation Equation. The constant crystal fraction associ-
ated with the moving sector Pt in the orientation space is defined by the Lagrangian form
of the conservation

d

dt
νL(P0, t) = 0. (5.45)

This gives with the time evolution of the Jacobian (5.9) and the localization P0 → dV of
the local field equation

∂

∂t
F (θ0, t) + F (θ0, t) tr[∇θt v(χ(θ0, t), t)] = 0 (5.46)

in O0. In contrast to the Eulerian form (5.39), this evolution equation for the Lagrangian
codf is for given reorientation velocity v a simple ordinary differential equation. An alter-
native formulation is based on the statement

νL(P0, t) = νL(P0, t0) , (5.47)
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which states explicitly that the number of crystals remains constant in the moving domain
as an immediate consequence of (5.45). The localization P0 → dV gives the field equation

F (θ0, t) det[∇θ0χ(θ0, t)]− F (θ0, t0) = 0 , (5.48)

which determines for a given reorientation map χ(θ0, t) at time t and the initial orientation
function F (θ0, t0) at time t0 directly the current orientation function F (θ0, t). Clearly,
(5.46) is the rate form of (5.48).

5.2.3. Discrete Formulation of Crystal Fraction Conservation.

5.2.3.1. Eulerian Formulation. An elementary simple discrete representation of the
Eulerian codf is obtained by projecting the moving discrete orientations onto fixed control
volumes of the orientations space. To this end, the Eulerian orientation space is discretized
by the control volumes {Oe}e=1,...,Eh, where the mesh is constructed such that the cell
volumes

|Oe| = |Oh|/Eh (5.49)

are equal in the orientation space. The cells represent a fraction of crystals with orientation
θe ∈ Oe associated with the center of the cell. From (5.35), the constant initial orientation
distribution function fh(θe, t0) = f0 characterizes a uniform virgin state of the polycrystal
at time t0. Hence, the discretization

∫

O
f(θ, t0) dO ≈

Eh
∑

e=1

fh(θe, t0)|Oe| = 1 (5.50)

gives the value of the initial orientation distribution function

fh(θe, t0) = 1/

Eh
∑

e=1

|Oe| =: 1/|Oh| (5.51)

with the same value at all center points θe ∈ Oe of the e = 1, . . . , Eh fixed control element
domains Oe. Assigning to each center point of the control volume the Lagrangian initial
orientation θe

0 = θe of a representative crystal, there exists one representative orientation
associated with the control volume Oe. Thus, the initial codf reads

fh(θe, t0) = N(Oe, t0)/|Oh| with N(Oe, t0) = 1 . (5.52)

If the process time proceeds, the representative cell orientations reorientate according to
(5.32) to the current value θe

t = χ(θe
0, t) = χ(θe, t) at time t. Projecting this current ori-

entation onto the fixed Eulerian mesh gives the current number N(Oe, t) of representative
orientations which fall into the control segment Oe. Hence, the current crystal orientation
distribution function can be estimated as

fh(θe, t) = N(Oe, t)/|Oh| . (5.53)

The projection is realized by a search algorithm that assigns for each current orientation
the associated control cell, discussed below. This search is performed in the Rodrigues
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space. The procedure automatically preserves the normalization constraint due to the
conservation property

Eh
∑

e=1

N(Oe, t) = Eh (5.54)

of moving representative orientations. Clearly, such a strong approximation of the current
codf is for coarse meshes only useful for a rough visualization. The evolution of the discrete
codf fh in time is non-smooth due to the counting procedure that is related to finite control
spaces. However, the estimate is straightforward and avoids completely the differentiation.
As a consequence, the method is applicable to non-smooth reorientation processes.

5.2.3.2. Lagrangian Formulation. An approximative formulation of the Lagrangian
form of crystal fraction conservation can be obtained as a discrete counterpart of (5.48).
To this end, a constant initial orientation distribution function F h(θe

0, t0) = F0 that
characterizes a uniform virgin state of the polycrystal at time t0 is determined. The
discretization of (5.44) reads with χ(θ0, t0) = θ0

∫

O0

F (θ0, t0) dO0 ≈
Eh
∑

e=1

F h(θe
0, t0)|Oe

0| = 1 . (5.55)

This gives the value of the initial orientation distribution function

F h(θe
0, t0) = 1/

Eh
∑

e=1

|Oe
0| =: 1/|Oh

0 | (5.56)

with the same value at all center points θe
0 ∈ Oe

0 of the e = 1, . . . , Eh Lagrangian element
domains Oe

0. With known initial orientation function, the current orientation function
immediately follows by applying the balance (5.47) to a discrete element volume, yielding
the element conservation statement

F h(θe
0, t)|Oe

t | − F h(θe
0, t0)|Oe

0| = 0 . (5.57)

This is the discrete counterpart of (5.48), yielding the simple update equation

F h(θe
0, t) = F h(θe

0, t0) |Oe
0|/|Oe

t | . (5.58)

Note, that the initial and current volumes |Oe
0| and |Oe

t | of the cells are given by the
discrete reorientation updates discussed in Section 5.1.4. The above equation satisfies
exactly the normalization constraint (5.44). However, such an update that includes the
computation of deformed cell volumes Oe

t is intrinsically related to smooth crystalliza-
tion processes. This smoothness is not guaranteed in three-dimensional applications, if
active-set selection procedures are used for rate-independent problems. Furthermore, in
these situations, the mesh distortion plays a major role and Lagrangian schemes must be
enhanced by mesh update procedures. This is in particular for three-dimensional reori-
entation processes, where discontinuities develop. In these situations, the above outlined
robust Eulerian formulation should be applied.
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5.3. Numerical Examples

5.3.1. Evolution of Codf in Planar Polycrystals. The reorientation process of Sec-
tion 4.4.1.2 is now expanded by the evolution of crystal orientation distribution functions
for planar polycrystals exhibiting double slip. Again, the polycrystal is subjected to the
homogeneous deformation modes of pure and simple shear, illustrated in Figure 4.3. The
Lagrangian conservation equation (5.46) appears with the scalar reorientation (4.52) in
the closed form

Ḟ − F [ 2 cos(2χ) Λ + 2 sin (2χ) Γ ]/ cos(2ξ) = 0 with F (θ0, t0) = 1/π . (5.59)

The two equations (4.52) and (5.59) govern the reorientation and the codf evolution in
the planar double slip model in terms of the macroscopic rate of stretching Λ, rate of
shearing Γ and spin Ω.

Starting point for the simulations of pure shear and simple shear deformation test is
an equidistant discretization of the orientation space and an isotropic initial orientation
distribution, see (5.49), (5.51) and (5.56) as visualized in the left images of Figure 5.5
and 5.6, respectively. Here, the center points are highlighted by red squares and the
initial isotropic codf is plotted in blue on the unit circle. In the Eulerian approach the
discrete center orientations are projected onto a fixed control volume of the orientation
space, see Figure 5.5, whereas in the Lagrangian approach the cell size changes due to
moving nodes, see Figure 5.6. The crystal reorientations, represented by the nodes in the
Lagrangian approach and the center points in the Eulerian approach, are updated via
equation (A.11) and (A.12)2. For given current orientations, the codf for the Eulerian
approach at the nodes I and I + 1, of the fixed control volume in which the current
orientation θJ lies, are computed according to

fh
I =

1

π

θI+1 − θJ
∆θ

and fh
I+1 =

1

π

[

1− θI+1 − θJ
∆θ

]

(5.60)

with ∆θ = θI+1 − θI . This update is performed for all current center orientations and
summed up at the global nodes of the mesh. The ratio of the initial and current volumes
|Oe

0| and |Oe
t | yields the codf for the Lagrangian approach

F h
t = F h

0 |Oe
0|/|Oe

t | (5.61)

at the center point of the deformed control segment. This value is projected onto the
nodes for the visualization. Nh = 15 orientations for one half of the unit circle are chosen.
For all subsequent simulations, the slip system separation angle is taken to be 2ξ = 60°.
5.3.1.1. Codf Evolution in Planar Polycrystals: Pure Shear. In the first example,
the polycrystal is subjected to homogeneous pure shear mode shown in Figure 4.3a) up to
λ = 2.5. Four levels of deformation are depicted in Figure 5.5 for the Eulerian approach
and in Figure 5.6 for the Lagrangian approach. In both cases, first the equidistant partition
of the orientation space with center points highlighted by red squares and the initial
isotropic codf plotted in blue on the unit circle can be observed. As the deformation
proceeds, the orientations move towards the preferred directions of 0°and 180°. With
increasing deformation, the isotropic initial codf of the single crystalline constituents
evolves into a strongly anisotropic codf. In order to obtain an appropriate illustration,
the maximum value of the codf has been scaled to a constant value. For the Lagrangian
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λ = 1.0 λ = 1.5 λ = 2.0 λ = 2.5

Figure 5.5: Evolution of the codf in planar crystals under pure shear for the Eulerian
approach with an initial isotropic codf and Nh=15 discrete orientations.

λ = 1.0 λ = 1.5 λ = 2.0 λ = 2.5

Figure 5.6: Evolution of the codf in planar crystals under pure shear for the Lagrangian
approach with an initial isotropic codf and Nh=15 discrete orientations.

γ = 0.0 γ = 0.5 γ = 1.0 γ = 1.5

Figure 5.7: Evolution of the codf in planar crystals under simple shear for the Eulerian
approach with an initial isotropic codf and Nh=15 discrete orientations.

γ = 0.0 γ = 0.5 γ = 1.0 γ = 1.5

Figure 5.8: Evolution of the codf in planar crystals under simple shear for the Lagrangian
approach with an initial isotropic codf and Nh=15 discrete orientations.
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approach, smoother results are obtained. Here, in contrast to the Eulerian approach,
a sharply varying codf can be resolved. Such a resolution cannot be achieved within
the Eulerian approach, because of the projection of the codf onto the nodes of a coarse
partition of the orientation space. However, the qualitative overall picture is the same for
both approaches.

5.3.1.2. Codf Evolution in Planar Polycrystals: Simple Shear. The second ex-
ample treats the simple shear test, with the initial and deformed configurations shown in
Figure 4.3b). Reorientations and the evolution of the codf for the Eulerian and the La-
grangian approaches are shown in Figures 5.7 and 5.8, respectively. Again, four levels of
deformation with a maximum shear of γ = 1.5 are depicted. Starting from an equidistant
distribution of the orientations, a reorientation towards the preferred direction can be
observed. The isotropic initial codf evolves into a strongly anisotropic codf, where finally
all grains are oriented at 30°/210°.
For the two approaches the resolution of the codf is compared for different discretizations.
At γ = 0.0, 1.0, 2.0 the reorientation and the codf are illustrated in Figure 5.9 for the
Eulerian approach and in Figure 5.10 for the Lagrangian approach, with Nh = 15, 25, 45
cells, respectively. One observes that with increasing number of orientations, the Eulerian
approach shows improved results with regard to the resolution of sharp codfs. In contrast,

N = 30

N = 50

N = 90

γ = 0.0 γ = 1.0 γ = 2.0

Figure 5.9: Evolution of the discretized codf in planar crystals for the simple shear mode
within the Eulerian approach, obtained for different discretizations of the orientation space.
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N = 30

N = 50

N = 90

γ = 0.0 γ = 1.0 γ = 2.0

Figure 5.10: Evolution of the discretized codf in planar crystals for the simple shear mode
within the Lagrangian approach, obtained for different discretizations of the orientation
space.

the influence of the number of orientations Nh on the codf within the Lagrangian approach
is insignificant. The number of orientations Nh is directly related to the computational
effort. Since the amount of center points and nodes coincide in the planar examples, the
computation time does not differ for the two approaches. Even though the computation
time is relatively insignificant in the simple one-dimensional case under consideration, it
increases with the number of orientations. For Nh = 15 the CPU time is t = 0.120s, for
Nh = 25 it is t = 0.155s and for Nh = 45 it is t = 0.210s.

5.3.2. Evolution of Codf in Fcc Crystals. Similar to the previous subsection, the re-
orientation process of fcc polycrystals in Section 4.4.2.2 is now expanded by the evolution
of crystal orientation distribution functions for fcc polycrystals. As mentioned above, due
to developing discontinuities in three-dimensional reorientation processes in the following
solely the robust Eulerian formulation is applied. As homogeneous deformation modes
plane strain compression and simple compression modes have been chosen for this inves-
tigation, as performed by Kumar & Dawson [72, 76] and Acharjee & Zabaras [6].
Recall, that all orientations can be represented inside the fundamental cube. Hence, if
there are orientations leaving the cube during deformation, they must be projected back
into the cube on the diametrically opposite face, see Frank [42]. This requires the iden-
tification of the associated face of the truncated cube, where an orientation leaves the
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fundamental Rodrigues space. Within the Eulerian approach to fcc crystals, the compu-
tation of the codf is performed similar to the procedure for planar polycrystals. Again,
the cell of the initial mesh must be determined in which the considered orientation re lies.
To this end, the linear set of equations

re = Ae · ξe with e = 1, . . . , Eh (5.62)

must be solved for the volume coordinates ξe. The transformation matrix Ae is constant
for every cell e during the deformation process and needs to be set up and inverted just
once. For all Rodrigues vectors re the parameter coordinates ξe are computed at every
time step. If the coordinate condition

|ξT h(1,e)
e + ξT

h(2,e)
e + ξT

h(3,e)
e + ξT

h(4,e)
e − 1| ≤ tolξ (5.63)

is satisfied, the cell e∗ = e is detected. Finally, the contribution of the codf at the nodes
of cell e∗ is accumulated according to

fh
T h(k,e∗) ⇐ fh

T h(k,e∗) +
1

Eh
ξ
T h(k,e∗)
e∗ (5.64)

for the k = 1, . . . , 4 local nodes of the cell. As in the one-dimensional case, this procedure
is performed for all center orientations and summed up as shown above at the global
nodes by use of the topology field. Notice that the codf is weighted by the volume coor-
dinates ξe∗ . In order to optimize the search algorithm, the truncated cube is partitioned
into eight sections for ±x i.e. [(+x,+y,+z), (+x,−y,+z), (+x,+y,−z), (+x,−y,−z),
(−x,+y,+z), (−x,−y,+z), (−x,+y,−z), (−x,−y,−z) ]. It should be pointed out, that
the mesh is solely used for the specification of an initial distribution of orientations and
for the search algorithm discussed above.

5.3.2.1. Codf Evolution in Fcc Crystals: Plane Strain Compression. Focus is
put on the deformation-induced reorientation of the crystals represented in the Rodrigues
space and the associated orientation distribution functions for the plane strain compres-
sion test based on the macro-deformation gradient (4.57). The computation of the reorien-
tation follows from the procedure summarized in Box 4.1 and discussed in Section 4.4.2.2.
In Figure 5.11, the reorientations of the cell center points in the Rodrigues space are
shown, considering cube2 at four deformation states vt1 = 0.25, vt2 = 0.50, vt3 = 0.75
and vt4 = 1.00. The codf on the boundary of the Rodrigues space is illustrated in Fig-
ure 5.12 for the four established deformation states of cube2. At vt2 = 0.5 the cube is sliced
and the codf on these slices (z = −0.368, z = −0.276, z = −0.184, z = −0.095, z = 0.0,
z = 0.095, z = 0.184, z = 0.276, z = −0.368) is displayed in Figure 5.13. The comparison
with Kumar & Dawson [76] shows a very good qualitative agreement. Recall, that in
Kumar & Dawson [76] a finite element procedure with a very fine discretization was
used to resolve the codf. Clearly, in the coarse discretization of the Rodrigues space under
consideration, sharp codfs cannot be resolved.

5.3.2.2. Codf Evolution in Fcc Crystals: Simple Compression. The second test
considers a simple compression with the macro-deformation gradient (4.58). As in the
plane strain compression case examined above, the reorientation and the evolution of
the codf are computed. For cube2 the evolution of the orientations in Rodrigues space
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vt1 = 0.25 vt2 = 0.5 vt3 = 0.75 vt4 = 1.0

Figure 5.11: Codf evolution in fcc crystals under plane strain compression. Discrete re-
orientations at vt1 = 0.25, vt2 = 0.5, vt3 = 0.75 and vt4 = 1.0, plotted in the Rodrigues
space.

vt1 = 0.25 vt2 = 0.5 vt3 = 0.75 vt4 = 1.0

Figure 5.12: Codf evolution in fcc crystals under plane strain compression. Codf on the
surface of the Rodrigues space at vt1 = 0.25, vt2 = 0.5, vt3 = 0.75 and vt4 = 1.0.

a)

b)

c)

Figure 5.13: Codf evolution in fcc crystals under plane strain compression. Comparison
of discrete reorientations and codf on slices through the Rodrigues space. a) Results taken
from Kumar & Dawson [76], b) codf and c) orientations with cube2 discretization.

is shown in Figure 5.14. With these reorientations at hand, the codf is computed in a
post-processing manner as described above. The codf on the boundary of the truncated
cube and on slices through the cube are illustrated in Figures 5.15 and 5.16. The results
match those of Kumar & Dawson [76].
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vt1 = 0.25 vt2 = 0.5 vt3 = 0.75 vt4 = 1.0

Figure 5.14: Codf evolution in fcc crystals under simple compression. Discrete reorienta-
tions at vt1 = 0.25, vt2 = 0.5, vt3 = 0.75 and vt4 = 1.0, plotted in the Rodrigues space.

vt1 = 0.25 vt2 = 0.5 vt3 = 0.75 vt4 = 1.0

Figure 5.15: Codf evolution in fcc crystals under simple compression. Codf on the surface
of the Rodrigues space at vt1 = 0.25, vt2 = 0.5, vt3 = 0.75 and vt4 = 1.0.

a)

b)

c)

Figure 5.16: Codf evolution in fcc crystals under simple compression. Comparison of dis-
crete reorientations and codf on slices through the Rodrigues space. a) Results taken from
Kumar & Dawson [76], b) codf and c) orientations with cube2 discretization.

5.4. Orientation Averages and Homogenization

5.4.1. Continuous Formulation. With the above formulation at hand, orientation
averages of quantities on the orientation space can be defined. The Eulerian definition of
an orientation average is

s̄(t) :=

∫

Ot

f(θt, t) s(θt, t) dOt , (5.65)
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compare (3.53). Here, s(θt, t) may be a time-dependent scalar or tensor-valued state
function defined on the orientation space. s̄ is the homogenized quantity of values s

defined on the orientation space, weighted by the codf f . Pulling back this integral to the
Lagrangian setting gives

s̄(t) :=

∫

O0

F (θ0, t) s(χ(θ0, t), t) det[∇θ0χ(θ0, t)] dO0 (5.66)

with (5.43) and the relationship between initial and current volume elements in (5.5). The
insertion of the local Lagrangian conservation equation (5.48) results in

s̄(t) :=

∫

O0

F (θ0, t0) s(χ(θ0, t), t) dO0 (5.67)

with the uniform initial codf F (θ0, t0) = 1/|O0|, yielding the Lagrangian expression

s̄(t) :=
1

|O0|

∫

O0

s(χ(θ0, t), t) dO0 . (5.68)

Note carefully, that in the Lagrangian expression the current crystal orientation distribu-
tion function is not needed for the computation of the orientation averages, if the values are
evaluated with known reorientation function χ at the current orientations θt = χ(θ0, t).

5.4.2. Discrete Formulation. In the discrete setting, the counterpart of the Eulerian
definition (5.65) of an orientation average

s̄(t) :=
Eh
∑

e=1

fh(θe
t , t)s(θ

e
t , t) |Oe

t | (5.69)

is obtained based on the cell discretization outlined above in terms of the discrete Eulerian
codf, introduced in (5.50). The insertion of the discrete function (5.53) with constant
Eulerian control volumes (5.49) results in the simple formulation

s̄(t) :=
1

Eh

Eh
∑

e=1

N(Oe, t)s(θe, t) (5.70)

in terms of the number N(Oe, t) of crystal orientations which fall currently into the sector
Oe ⊂ Oh. However, such a formulation is non-smooth due to the elementary counting
procedure and only suitable for a rough estimate. A smooth formulation is achieved by
pulling back the integral (5.69) to the Lagrangian setting

s̄(t) :=
Eh
∑

e=1

F h(θe
0, t0)s(χ(θ

e
0), t)) |Oe

0| . (5.71)

With the uniform initial orientation distribution function (5.56), the discrete counterpart
of (5.68) reads

s̄(t) :=
1

|Oh
0 |

Eh
∑

e=1

s(χ(θe
0), t) |Oe

0| . (5.72)
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A particular simple result is obtained for a Lagrangian mesh with equal cell size |Oe
0| =

|Oh
0 |/Eh, yielding the arithmetic average

s̄(t) :=
1

Eh

Eh
∑

e=1

s(χ(θe
0, t), t) . (5.73)

Again, note carefully that the explicit representation of the crystal orientation distribution
function is not needed for the evaluation of the averages (5.72) and (5.73), respectively.

5.4.3. Evolution of Texture-Induced Anisotropy. Definition of Anisotropy Co-

efficients. This subsection considers the numerical evaluation of evolving yield surfaces
in fcc polycrystals based on the ingredients outlined above. The approach follows con-
ceptually the works Man [80, 81] and Böhlke & Bertram [28]. In order to describe
the evolving anisotropy, texture-dependent parameters introduced in Section 3.3.4 are in-
cluded in the yield criterion.
The tensorial coefficients of each rank can be computed for given codf f(θ, t) by the scaled
orientation averages

cm = (2m+ 1)

∫

O
f(θ, t)bm(θ, t)dO , (5.74)

compare (3.64). Thus, cm represents a homogenized quantity as defined in general in
equation (5.65). Comparison of (5.74) with (5.65) yields, together with the procedure
described above, the discrete evaluation for the anisotropy coefficients

cm =
(2m+ 1)

Eh

Eh
∑

e=1

bm(θ, t) (5.75)

as an application of the general representation (5.73). Note again, that this representation
is independent of the codf and will be one of the key ingredients for a hybrid micro-macro
model to be discussed in Section 6.

5.4.4. Numerical Study.

5.4.4.1. Distortional Evolution of Yield Surfaces. The evolving anisotropy due to
texture development can be illustrated by distortional changes of a yield surface. To this
end, a classical Hill-type yield function of metal plasticity

φ = ‖S‖H −
√

2

3
y0 ≤ 0 (5.76)

is considered, where ‖S‖H :=
√
S : H : S is the norm of the second Piola stress tensor S

with respect to the fourth-order Hill tensorH. To simplify matters, isotropic and kinematic
hardening are not considered so far. For H = P := I − 1

3
1 ⊗ 1 , (5.76) gives the classical

isotropic von Mises yield criterion with the fourth order projection tensor P, the fourth
order identity tensor I and the second order identity tensor 1 . Simply assume that the
yield criterion is governed by the fourth-order anisotropy coefficient tensor c4. Thus, the
Hill tensor

H = P+ ζ4c4 (5.77)
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is texture-dependent through the evolving fourth-order anisotropy coefficient c4. This is
considered to be the simplest representation accounting for an evolving anisotropy. The
macroscopic material parameter ζ4 scales the microstructural influence on the macroscopic
anisotropy and consequently the shape of the yield surface.
The evolution of the yield surfaces for fcc polycrystals under a plane strain compression
mode, usually called a rolling mode is examined with the associated deformation gradient
defined in (4.57). For the discretizations cube1, cube2, cube4 and cube8, the yield surfaces
for plane strain compression are shown on top in Figure 5.17 for vt0 = 0.0 and vt4 =
1.0. In a) the scaling parameter is chosen to be ζ4 = 0.2. Observe initially a von Mises
ellipse related to the isotropic initial state for all discretizations. At vt4 = 1.0, the yield
stress during the deformation process increases and a rotation of the yield surface occurs,
comparable to the observations reported in Kowalczyk & Gambin [70] and Kocks,

Tomé & Wenk [69]. A very good agreement for cube2, cube4 and cube8 is observed. For
the coarse discretization cube1, however, the yield surface is larger. As pointed out before,
the important task under consideration is the determination of the shape of the yield
surface. Using different values of the macroscopic parameter ζ4, the yield surface can be
scaled appropriately. For ζ4 = 0.15, the yield surface for cube1 is in good agreement to the
yield surface for cube8 obtained with ζ4 = 0.2, see top of Figure 5.17b). Hence, the most
coarse discretization of the microstructural orientation space already describes the main
features of the texture-induced anisotropy on the macroscopic level. This is a consequence
of the hybrid micro-macro modeling of the evolving texture-induced anisotropy governed
by the ansatz (5.77).

5.4.4.2. Normalized Yield Stress and Lankford Coefficient. In order to examine
the evolved anisotropy, uniaxial tension tests are performed on the sheet plane e1 − e2

of Figure 5.18. Here different directions parameterized by the angle φ with respect to the
rolling direction e2 are examined. With these uniaxial tension tests, the yield stress Sφ

and the so-called Lankford coefficient Rφ can be determined as a function of the angle φ.
The vector eφ1 in Figure 5.18 characterizes the uniaxial tension direction. As discussed in
Kowalczyk & Gambin [70], the specimen under uniaxial tension is subject to a stress

S = Sφeφ1 ⊗ eφ1 with eφ1 = sinφe1 + cos φe2 (5.78)

in terms of the rolling direction e2 and the transverse direction e1. Using the yield criterion
(5.76) and ‖S‖H = Sφ‖dev [eφ1 ⊗ eφ1] ‖H, a normalized yield stress reads

Sφ

y0
=

√

2/3

‖dev [eφ1 ⊗ eφ1] ‖H
. (5.79)

For the isotropic case with ζ4 = 0 the denominator on the right hand side is equal
to

√

2/3 and hence Sφ/y0 = 1. In Figure 5.17, Sφ/y0 is plotted as a function of φ in
correspondence with two different deformation stages and different discretizations. In the
right column the adaption of cube1 to cube8 is shown by using ζ4 = 0.15 and ζ4 = 0.2,
respectively. Observe, that the relative yield stress at π/4 falls below the initial value. The
obtained result exhibits a very good qualitative agreement compared to the corresponding
results presented e.g. in Böhlke, Risy & Bertram [30]. For the same deformation
mode, they plotted a normalized yield stress for an initially anisotropic texture, where
the normalization is performed with respect to the maximum value of the yield stress.
Furthermore, the Lankford coefficients, also called r-values, as a function of the angle to
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Figure 5.17: Yield surfaces, normalized yield stresses and r-values plotted for different
discretizations of the orientation space cube1, cube2, cube4 and cube8 for plane strain
compression mode at λ = 0, λ = 0.5 and λ = 1. The macroscopic scaling in the hybrid
approach is set to a) ζ4 = 0.2 and b) ζ4 = 0.15.

the rolling direction are plotted in Figure 5.17. It is a measure for the anisotropy and
defined as

Rφ =
dp,φ22

dp,φ33

=
eφ2 · dp · eφ2

eφ3 · dp · eφ3
, (5.80)
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Figure 5.18: Uniaxial tension test in the direction φ of a metal sheet for the characterization
of anisotropy.

where dp,φ22 and dp,φ33 are the components of the plastic strain rate tensor dp = λ∂Sφ. Making
use of the yield function (5.76) it follows

Rφ =
eφ2 · (H : dev [eφ1 ⊗ eφ1]) · eφ2

(H : dev [eφ1 ⊗ eφ1])33
. (5.81)

For the isotropic case ζ4 = 0 the Lankford coefficient is Rφ = 1, i.e. the material yields
isotropically in all directions. For an r-value less/greater than 1 the behavior is anisotropic
whereas more material yields in thickness/width under tension. The sheet has more resis-
tance against a decrease in width/thickness. In a deep-drawing process an inhomogeneous
deformation called earing appears whose behavior depends on the r-value. Ears develop
in locations of maximum r-value. The results obtained for the r-value are in a very good
qualitative agreement for instance with the ones in Böhlke, Risy & Bertram [30] and
Kowalczyk & Gambin [70].



Hybrid Modeling of Texture-Induced Anisotropy 105

6. Hybrid Modeling of Texture-Induced Anisotropy

The underlying goal of this section is the embedding of the microscopic mechanism of
grain reorientation into a hybrid micro-macro modeling by means of tensorial texture
components. As outlined in Section 2.2, there exist a lot of approaches in crystal plas-
ticity to incorporate microstructural information directly into a macroscopic material
model. With regard to two-scale descriptions of texture-induced anisotropies in poly-
crystals e.g. Mathur & Dawson [84], Bronkhorst, Kalidindi & Anand [33] and
Miehe, Schröder & Schotte [98] assume a microstructure with discretized grains. Un-
fortunately such a modeling is computationally extremely demanding and less interesting
for large-scale applications. Phenomenological anisotropic approaches based on anisotropic
yield surfaces are indeed computationally less expensive but neglect the texture evolution
during the deformation process. In polycrystalline materials the texture evolves during
large strain deformations such as in deep drawing processes and hence this effect needs
to be accounted for. Another possibility to reduce the computational effort is the use of
texture components, which goes back to Wassermann & Grewen [141] using discrete
texture components for the interpretation of pole figures with regard to its physical signif-
icance. For the modeling of the crystal orientation distribution functions, representing the
texture effect of the microstructure, Raabe, Zhao & Roters [119] suggest a so-called
texture component crystal plasticity method, cf. Section 2.2 for more details. This method
was adopted by Raabe & Roters [118] and Böhlke, Risy & Bertram [29, 30] to
overcome the overestimated anisotropy, i.e. to adopt the arising earing height. Contrarily
to these Taylor-type polycrystal models, Engler & Kalz [41] derive earing profiles from
texture data by means of a visco-plastic self-consistent polycrystal plasticity approach.
The microstructural effects discussed in the previous sections can be used within a multi-
scale framework in order to improve the macroscopic description with regard to evolving
texture-induced macroscopic anisotropy. Therefore, the response of individual crystals has
to be put into a relationship to the macroscopic response of the material. This coupling
is provided by a linking hypothesis governed by specific homogenization assumptions. In
contrast to the definition of macroscopic overall stresses by straightforward computational
homogenization methods such as FE2 methods, cf. Miehe, Schröder & Schotte [98]
and Balzani, Schröder & Brands [18], or Taylor-type methods, the hybrid approach
presented in this contribution consists of a coupled micro-macro modeling based on three
ingredients:� A microscopic plasticity model outlined in Section 4 is formulated in a simplified

manner for rigid-plastic grain reorientations. The key aspect with regard to the
computational efficiency is a fast, purely geometric estimate of crystal reorientations.� A homogenization-based bridging concept couples the micro-mechanism of grain ori-
entation with the evolution of structural anisotropy tensors presented in Section 5.4.
These macroscopic structural tensors are governed by a specific homogenization pro-
cedure of the crystal orientation distribution functions, cf. Section 5.� A macroscopic plasticity model includes the afore calculated evolving structural
tensors and describes the evolution of the macroscopic anisotropy.

The proposed fast reorientation update and homogenization procedure of the reorien-
tation continuum are perfect ingredients for the description of evolving texture-induced



106 Hybrid Modeling of Texture-Induced Anisotropy

t

x

S

Ot

X

O0

B

ϕ

gt
ig0

i

homogenized
continuum
on macroscale

reorientation
continuum
on microscale

Figure 6.1: Homogenized continuum on the macroscale with locally, i.e. pointwise, attached
polycrystalline aggregates idealized as reorientation continua on the microscale in both the
undeformed state B as well as the deformed state S.

anisotropy and computationally efficient micro-macro scenarios for polycrystalline plas-
ticity can be developed. To each material point a polycrystalline aggregate idealized as
reorientation continuum is attached, cf. Figure 6.1. In a deformation-driven scenario, the
macroscopic deformation causes a reorientation process of the microstructure, which in
turn induces the macroscopic anisotropy resulting among others in the evolution of earings
and varying thickness distribution of metal sheets during deep drawing. As deep drawing
processes undergo large strain deformations, the material model needs to be formulated
in a finite strain context. Following Miehe, Apel & Lambrecht [90], an additive for-
mulation of finite plasticity in the logarithmic strain space is used in this work.
In Section 6.1 the continuous formulation of the hybrid micro-macro model in finite poly-
crystal plasticity is presented. The corresponding algorithmic treatment is discussed in
Section 6.2 and summarized in Box 6.3. In Section 6.3 representative numerical examples
are presented. Here, the local texture evolution within a shearband of a 2D strip with
initial isotropic and anisotropic texture and within the necking region of a 3D metallic
rod is examined. Furthermore, the earing development within a circular and a square deep
drawing process is simulated. Therefore, the material model is implemented in the user
subroutine UEL of the finite element software package ABAQUS STANDARD 6.9-2.

6.1. Framework for Hybrid Micro-Macro Modeling in Finite Crystal Plasticity

The proposed hybrid micro-macro model in finite crystal plasticity is based on purely
geometric transformations relating large and small strain settings. This additive approach
of finite plasticity in the logarithmic strain space is proven to be in good agreement with
the multiplicative approach, cf. Miehe, Apel & Lambrecht [90]. Therefore, the hybrid
micro-macro model to be developed in the following comprises the three major steps� Preprocessor: ε̄ = 1

2
ln[F̄

T
ḡF̄ ]� Hybrid Micro-Macro Model: {ε̄, q̄n} ⇒ {σ̄, q̄}

Input: current logarithmic strains ε̄ and historic state of micro-macro internal
variables q̄n, with subscript n indicating the last time step.

Output: current logarithmic stresses σ̄ and current internal variables q̄.� Postprocessor: ḡP̄ = σ̄ : Q̄
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Within the preprocessing step logarithmic strains ε̄ are computed from the finite macro-
scopic deformation gradient F̄ . The hybrid micro-macro material model is formulated in
terms of these logarithmic strains ε̄ and an additional set of internal variables q̄, namely
the plastic strains and variables governing both macroscopic and microscopic hardening
effects, in a format similar to the geometric linear theory. The macroscopic stresses σ̄ and
moduli Ēep obtained from the hybrid model in the logarithmic strain space are transformed
in the postprocessing step to their nominal counterparts P̄ and C̄ep, respectively.

6.1.1. Kinematic Approach in terms of a Plastic Metric. With regard to a hybrid
modeling technique, the microstructural orientation continuum is linked via the in Sec-
tion 5.4 outlined homogenization method to a macroscopic plasticity model. The macro-
scopic fundament is formed by a purely phenomenological framework of plasticity based
on a plastic metric, developed in Miehe [85]. Due to the plastic metric being a symmet-
ric and positive definite second-order tensor with six linear independent components, the
macroscopic plastic rotations are a priori excluded. In the following macroscopic quantities
are denoted with a bar. Let B̄ ⊂ R3 be the reference configuration of the macro-continuum
of the solid, ϕ̄(X̄, t) the nonlinear deformation map at time t ∈ R+ and F̄ the macro-
scopic deformation gradient, introduced in (2.4) and (2.5). According to (2.12), ḡ and Ḡ

are the standard covariant metric tensors on the current configuration and the reference
configuration, respectively. The right and left Cauchy-Green tensors C̄ and c̄ introduced
in (2.15) are denoted by Miehe [85] as convected current metric and convected reference
metric, respectively. For the modeling, the classical concept of internal variables is ap-
plied. These internal variables are additional quantities dual to the primary macroscopic
variables describing the history and the current state of the inelastic deformation. The
description of plastic deformations is based on the so-called covariant Lagrangian plastic
metric Ḡp = F̄ pT ḠF̄ p with Ḡp(t = t0) = Ḡ identified with the standard covariant metric
on the reference configuration at the beginning t = t0 of an elasto-plastic deformation.
The evolution of Ḡp is governed by the plastic flow rule (3.13). The stress power

P := ḡP̄ (t) : ˙̄F (t) (6.1)

with respect to the unit volume of the reference configuration of the material is defined
in terms of the non-symmetric first Piola or nominal stress P̄ introduced in Section 2.1.2.

This tensor is said to be work-conjugate to the rate ˙̄F of deformation. The non-symmetric
tensors P̄ and F̄ are considered as the canonical pair of dual external variables of the
local elastic-plastic material element.

6.1.2. Geometric Preprocessing into the Logarithmic Strain Space. A particular
dependence of a Lagrangian elastic strain variable ε̄e := ε̄e(C̄, Ḡp) on both the current
metric C̄ and the plastic metric Ḡp is provided by the additive decomposition

ε̄e := ε̄− ε̄p (6.2)

in the logarithmic strain space as suggested in Miehe, Apel & Lambrecht [90]. Here,

ε̄ := 1
2
ln C̄ and ε̄p := 1

2
ln Ḡp , (6.3)

are Hencky-type total and plastic strains, respectively. Due to the one-to-one relationship
between ε̄p and Ḡp, in what follows the logarithmic plastic strains ε̄p are considered as
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internal variable which describes the local plastic deformation. The volume change due to
plastic deformation is described by the plastic Jacobi determinant

J̄p :=
√

det[Ḡp] = {det[exp[2ε̄p]]}1/2 = exp[tr[ε̄p]] (6.4)

with the identity det[exp(A)] = exp[tr(A)] of a quadratic tensor A. The plastic incom-
pressibility constraint J̄p = 1 as a basic feature in metal plasticity yields

det[Ḡp] = 1 ↔ tr[ε̄p] = 0 (6.5)

in the logarithmic strain space in analogy to the geometric linear theory.

6.1.3. Hybrid Constitutive Model the Logarithmic Strain Space.

6.1.3.1. Micro-Macro Bridging. In the hybrid micro-macro modeling, the macro-
scopic plastic strains Ḡp introduced above are assumed to determine the deformation
(4.2) of the microscopic orientation continuum via

F̄ :=
√

Ḡp = exp[ε̄p] . (6.6)

Thus, the microstructural aggregate is driven by a macroscopic plastic stretch of the plas-
tic metric theory. For the typical scenario in metal forming the elastic strains are small
compared to the large plastic strains. i.e. F̄ ≈ Ū , where Ū is the stretch tensor from
the polar decomposition (2.19), F̄ = R̄Ū , of the macroscopic deformation gradient. As a
consequence, the aggregate deformation F ≈ R̄−1F̄ is related to the macroscopic defor-
mation by the macroscopic rigid rotation R̄. The definition of the aggregate deformation
(6.6) independent from the macroscopic rigid rotation is a key ingredient of an objective
constitutive modeling. Hence, the macroscopic plastic stretch Ū drives the reorientation,
parametrized by Rodrigues vectors r, of the crystal grains on the microstructure. The
specific homogenization of this reorientation process results in structural tensors

cm =
(2m+ 1)

Eh

Eh
∑

e=1

bm(r, t) , (6.7)

discussed in detail in Section 5.4. These tensors represent the averaged anisotropy of the
microstructure on the macro-scale and reflect the texture-induced orientation dependence

B̄ Oh
t

x ∈ B̄

c̄m

Ū
p
= exp[ε̄p]

Figure 6.2: Deformation-driven homogenization. A macro-plastic strain ε̄p deforms the mi-
crostructure. Homogenization over the orientation space determines the macroscopic struc-
tural tensors c̄m.
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of the material. This deformation-driven homogenization procedure is visualized in Figure
6.2 with the macroscopic continuum B̄ and the microscopic orientation continuum Oh

t

representing the different scales. A key assumption is, that for the underlying work, this
homogenization is performed in an operator splitting. Hence, the macroscopic problem is
solved for frozen microstructure and afterwards the microstructure is updated at frozen
macrostructure.

6.1.3.2. Energy Storage and Elastic Stress Response. With the logarithmic total
and plastic strains (6.3) at hand, a constitutive model restricted to the logarithmic strain
space is to be formulated. The state of the material at a local material point is assumed
to be described by the total Hencky strains ε̄ together with a set of macroscopic inter-
nal variables q̄. These internal variables consist of the plastic strains ε̄p, and strain-like
internal variables modeling hardening effects. The free energy function

Ψ̄ = Ψ̄(ε̄, q̄) (6.8)

is a function of the state of the material, i.e. it depends on the total strains ε̄ and the set q̄
of internal variables. Recall, that this definition is similar to a geometric linear formulation.
To link explicitly the macroscopic constitutive response with the microscopic resolution of
grain-reorientation, distortional hardening and the anisotropy of the macroscopic material
behavior due to texture development is taken into account according to Section 5 by the
structural tensors defined in (6.7). Thus, the model problem is defined by the reduced set
of macroscopic internal variables

q̄ :=
{
ε̄p , ᾱ , ᾱ , Ā

}
(6.9)

with the plastic strains ε̄p introduced in (6.3), the second-order tensor ᾱ, the scalar ᾱ and
the fourth-order tensor Ā representing strain-like internal variables modeling kinematic,
isotropic and distortional hardening effects. In the following formulation the fourth-order
tensor Ā = Ā(c̄m) is assumed to be frozen within a typical time increment [tn, t], which
reduces the set of internal variables q̄r := {ε̄p, ᾱ, ᾱ}. The macroscopic constitutive re-
sponse is governed by the free energy function Ψ̄ = Ψ̄e + Ψ̄p, which is in metal plasticity
usually decomposed into elastic and plastic parts. The elastic part Ψ̄e covers the energy
storage due to macroscopic lattice deformations whereas the plastic part Ψ̄p covers the
energy storage due to micro-stress fields associated with dislocations or point defects, see
Rice [123]. In the following, a fully decoupled representation of the free energy function

Ψ̄ = Ψ̄e(ε̄− ε̄p; c̄m) + Ψ̄k(ᾱ) + Ψ̄i(ᾱ) (6.10)

is considered with the specific form in the logarithmic strain space

Ψ̄(ε̄, q̄r; c̄m) = 1
2
‖ε̄− ε̄p‖2

Ē
+
c̄k
2
ᾱ : ᾱ+

c̄i
2
ᾱ2 (6.11)

at frozen texture. Herein, c̄k, and c̄i are kinematic and isotropic hardening moduli. ‖ε̄−
ε̄p‖2

Ē
:= (ε̄ − ε̄p) : Ē : (ε̄ − ε̄p) is the norm of the elastic strains with respect to the

fourth-order macroscopic elasticity tensor. This tensor is assumed to have the major and
minor symmetries

ĒABCD = ĒBACD = ĒABDC = ĒCDAB . (6.12)

Ē is assumed here to consist of an isotropic and anisotropic part according to

Ē := Ē0 + ζ̄eĒa(c̄
m) . (6.13)
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The isotropic initial modulus Ē0 := λ̄1 ⊗ 1 + 2µ̄I is written in terms of the macroscopic
Lamé parameters λ̄ and µ̄ and the second- and fourth-order identities 1 and I, respectively.
ζ̄e is a macroscopic material parameter that scales the effect of texture-based anisotropy
on the elastic moduli and Ēa(c̄

m) is a fourth-order tensor function of the structural tensors
c̄m, see Böhlke & Bertram [27].

6.1.3.3. Dissipation and Plastic Flow Response with Hill-Type Yield Condi-

tion. With the functional dependence of the free energy on the total strains and a set of
internal variables at hand, the local dissipation for the isothermal case is obtained from
the Clausius-Planck inequality (2.52)1

ρ0D := ḡP̄ : ˙̄F − ˙̄Ψ(ε̄, q̄) ≥ 0 (6.14)

defined per unit of reference volume. Incorporation of the time derivative of the free energy
gives the expression

D := (ḡP̄ − ∂ε̄Ψ̄(ε̄, q̄) : Q̄) : ˙̄F − ∂q̄Ψ̄(ε̄, q̄) · ˙̄q ≥ 0 , (6.15)

with the fourth-order nominal transformation tensor Q̄ := ∂
F̄
ε̄. Following standard argu-

ments, the constitutive expression for the nominal stress tensor P̄ can be determined by
the free energy Ψ̄(ε̄, q̄), i.e.

ḡP̄ = ∂ε̄Ψ̄(ε̄, q̄) : Q̄ . (6.16)

Note, that the nominal stresses can be written in the form ḡP̄ = σ̄ : Q̄, in terms of the
logarithmic stresses

σ̄ = ∂ε̄Ψ̄(ε̄, q̄) (6.17)

dual to ε̄, which are mapped by the transformation tensor Q̄ to the nominal stresses. The
identification (6.16) reduces the Clausius-Planck inequality (6.14) to the form

D := p̄ · ˙̄q ≥ 0 with p̄ := −∂q̄Ψ̄(ε̄, q̄) (6.18)

representing the dissipative forces dual to the set of macroscopic internal variables q̄. To
complete the constitutive setting, evolution equations need to be specified for the set of
macroscopic internal variables q̄. These equations can be formulated by postulating the
existence of a dissipation potential Φ̄( ˙̄q) depending on the flux ˙̄q of the internal variables,
cf. Biot equation (2.57). Here, the particular representation of the evolution equations for
the internal variables are derived by invoking the principle of maximum dissipation

Φ̄( ˙̄q) = sup
p̄∈Ē

{
p̄ · ˙̄q

}
(6.19)

where Ē models a reversible domain usually called the elastic domain in the space of the
dissipative macroscopic forces p̄

Ē := {p̄ | χ̄(p̄) ≤ 0} (6.20)

defined in terms of the threshold function χ̄(p̄). This threshold function χ̄(p̄) = f̄(p̄)− c̄
can be expressed in terms of a level set function f̄ and a constant threshold parameter
c̄ ∈ R+. The level set function is restricted to be convex, positively homogeneous of degree
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one, zero at the origin and always positive. Consider an approximate penalty-type solution
of the maximum problem (6.19)

Φ̄( ˙̄q) = sup
p̄

{

p̄ · ˙̄q− 1

2η̄
〈χ̄(p̄)〉2

}

(6.21)

where the penalty parameter η̄ > 0 is interpreted as material parameter associated with
the viscosity of the macroscopic material response. 〈x〉 = 1

2
(x+ |x|) is the ramp function

expressed by the McAuley brackets. The necessary conditions for the maximum problem
(6.21) provides the non-linear evolution equations for the macroscopic internal variables

˙̄q =
1

η̄
〈χ̄(p̄)〉∂p̄χ̄(p̄) . (6.22)

Having the internal variables at hand, the current stress σ̄ dual to the logarithmic strains
and the associated elastic-plastic tangent moduli Ēep are computed. These quantities are
the main output of the constitutive model with regard to an algorithmic implementation.
Note, that the underlying representation in the logarithmic strain space is very attractive
as it makes the additive structure of the small strain theory applicable to the finite strain
context.
Adopting the penalty solution (6.21) of the principle of maximum dissipation (6.19), the
dissipation

Φ̄( ˙̄qr; c̄m) = sup
p̄r

{

p̄r · ˙̄qr − 1

2η̄
〈 χ̄(p̄r; c̄m) 〉2

}

(6.23)

can be formulated in terms of the reduced set of dissipative forces

p̄r := {σ̄, β̄, β̄} =
{
−∂ε̄pΨ̄ , −∂ᾱΨ̄ , −∂ᾱΨ̄

}
(6.24)

dual to the reduced set q̄r of internal variables (6.9). The internal force driving the plastic
strains corresponds to the logarithmic stress (6.17), i.e. σ̄ = −∂ε̄pΨ̄ = ∂ε̄Ψ̄, which again
is a typical feature of the small strain theory. The threshold function is specified by

χ̄(p̄r; c̄m) = ‖σ̄ − β̄‖H̄ − c̄χ(ȳ0 + β̄) . (6.25)

Here ȳ0 is the initial yield stress, c̄χ > 0 a scaling factor for the isotropic hardening
contribution and ‖σ̄ − β̄‖H̄ := [(σ̄ − β̄) : H̄ : (σ̄ − β̄)]1/2 the norm of the relative stress
with respect to the Hill tensor

H̄ := P+ ζ̄pH̄a(c̄
m) , (6.26)

which is assumed here to consist of an isotropic and anisotropic part. It is a fourth-order
irreducible tensor with the major and minor symmetries, i.e.

H̄ABCD = H̄BACD = H̄ABDC = H̄CDAB and H̄ : 1 = 0 . (6.27)

In (6.26), P = I− 1
3
1 ⊗1 represents the fourth-order deviatoric projection tensor and ζ̄p

is a macroscopic parameter that scales the texture effects on the yield surface. The texture
effects are taken into account by the fourth-order tensor function H̄a(c̄

m). Note, that the
key constitutive equations (6.11), (6.23) and (6.25) in the logarithmic strain space have
a structure similar to the geometric linear theory, which is considered as an important
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advantage of the proposed framework. The hybrid coupling of the macro model to the
polycrystalline microstructure is governed by (6.13) and (6.26). The necessary conditions
(6.22) for the maximum problem (6.23) provide the non-linear evolution equations for the
macroscopic internal variables q̄r

˙̄εp =
1

η̄
〈χ̄(p̄; cmn )〉

H̄ : ξ̄

‖ξ̄‖H̄
, ˙̄α = −1

η̄
〈χ̄(p̄; cmn )〉

H̄ : ξ̄

‖ξ̄‖H̄
, ˙̄α = −1

η̄
〈χ̄(p̄; cmn )〉c̄χ (6.28)

with the definition of the relative stress ξ̄ := (σ̄ − β̄) and the internal forces p̄r

σ̄ = Ē : (ε̄− ε̄p) , β̄ = −c̄kᾱ , β̄ = −c̄iᾱ (6.29)

derived with the definitions (6.24) and the specific free energy function (6.11). Note, that
the evolution equations for the kinematic hardening strains ᾱ and the plastic strains ε̄p

are identical except for the sign. Due to the irreducibility (6.27) of the Hill tensor, it holds
tr[ε̄p] = 0, satisfying the incompressibility constraint (6.5).
Alternatively to the penalty-type solution (6.23), the maximum problem (6.19) can be
solved by a Lagrangian multiplier method

Φ̄( ˙̄qr; c̄m) = sup
p̄r

{
p̄r · ˙̄qr + λ̄χ̄(p̄r; c̄m)

}
, (6.30)

yielding a rate-independent formulation. The dissipation is here extended by the threshold
function χ̄ weighted with the Lagrangian multiplier λ̄. This multiplier is constraint by the
well-known Karush-Kuhn-Tucker loading/unloading conditions

λ̄ ≥ 0 , χ̄ ≤ 0 and λ̄χ̄ = 0 (6.31)

being equivalent to

λ̄ =

{
1
η̄
〈χ̄(p̄; cmn )〉 if χ̄ = 0

0 if χ̄ < 0
(6.32)

in the rate-independent case. Hence, in rate-independent plasticity, the Lagrangian mul-
tiplier is governed by the Karush-Kuhn-Tucker conditions, whereas in viscoplasticity it is
determined by an additional constitutive equation.

6.1.3.4. Continuous Elastic-Plastic Tangent Moduli. The derivation of the elastic-
plastic tangent moduli starts with the rate expressions for the internal forces

˙̄σ = Ē : ˙̄εe = Ē : [ ˙̄ε− ˙̄εp] , ˙̄β = −c̄k ˙̄α and ˙̄β = −c̄i ˙̄α (6.33)

dual to the macroscopic internal variables q̄r in terms of the second-order derivatives of
the free energy function Ē = ∂2ε̄eε̄eΨ, c̄k = ∂2ᾱᾱΨ and c̄i = ∂2ᾱᾱΨ. The consistency condition
demands that in case of plastic loading χ̄ = 0 the stress state remains on the border of
the elastic domain Ē , i.e. ˙̄χ = 0. This gives the expression

∂σ̄χ̄ : ˙̄σ + ∂β̄χ̄ : ˙̄β + ∂β̄χ̄ · ˙̄β = 0 . (6.34)

With the rate forms (6.33) and the evolution equations for the macroscopic internal vari-
ables (6.28), the consistency can be rewritten in

∂σ̄χ̄ : Ē : ˙̄ε− 1

η̄
〈χ̄〉k̄ = 0 with k̄ := ∂σ̄χ̄ : Ē : ∂σ̄χ̄+∂β̄χ̄ : c̄k∂β̄χ̄+∂β̄χ̄· c̄i∂β̄χ̄ (6.35)
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and resolved for 〈χ̄〉/η̄. Insertion of the resulting term into the rate expression (6.33)1
yields the rate of the stress tensor

˙̄σ = Ēep : ˙̄ε (6.36)

in terms of the elastic-plastic tangent moduli

Ēep := Ē− k−1(Ē : ∂σ̄χ̄)⊗ (∂σ̄χ̄ : Ē) . (6.37)

Clearly, for the case of plastic loading, i.e. 〈χ̄〉/η̄ > 0, a plastic softening term appears in
the elastic-plastic tangent moduli.

6.1.4. Geometric Postprocessing from the Logarithmic Strain Space. In a post-
processing step, the stresses and moduli obtained by the constitutive model in the loga-
rithmic strain space need to be transformed back to the nominal stresses P̄ and moduli
C̄ep in a purely geometric way. These stresses and moduli

ḡP̄ = σ̄ : Q̄ and C̄ep = Q̄T : Ēep : Q̄+ σ̄ : L̄ (6.38)

are obtained in terms of the fourth-order and sixth-order nominal transformation tensors

Q̄ := ∂F̄ ε̄ and L̄ := ∂2F̄ F̄ ε̄ . (6.39)

For the explicit forms of the transformation tensors of the stresses and tangent in the
logarithmic strain space to their nominal, Lagrangian or Eulerian counterparts, seeMiehe

& Lambrecht [92]. The nominal elastic-plastic moduli C̄ep govern the rate of the nominal
stresses with respect to the rate of deformation. For a more detailed discussion on additive
plasticity in the logarithmic strain space and a comparison to multiplicative plasticity, the
reader is referred to Miehe, Apel & Lambrecht [90] and Apel [12]. The continuous
setting of the proposed hybrid micro-macro model in finite crystal plasticity is summarized
in Figure 6.3.

Preprocessor

ε̄ = 1
2
ln F̄ T ḡF̄

Macro-Model

at frozen microstructure

{ε̄, q̄r
n; c̄

m
n } ⇒ {σ̄, Ēep, q̄r}

Postprocessor

{σ̄, Ēep} ⇒ {P̄ , C̄ep}

Micro-Model

to update microstructure

1. Reorientation
r = ALGO(ε̄p, r)

2. Homogenization
{r} ⇒ {c̄m}

ε̄p

c̄m

Figure 6.3: Hybrid micro-macro modeling in the logarithmic strain space
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6.2. Algorithmic Formulation at Frozen Texture

The objective of this subsection is the algorithmic treatment of the proposed hybrid
micro-macro model in the finite strain context. Consider a time interval [tn, tn+1], where
all variables without a subscript are to be evaluated at time tn+1. The logarithmic strains
are computed according to

ε̄ = 1
2
ln
[
∇T

X̄ϕ̄ ḡ ∇X̄ϕ̄
]

(6.40)

for known deformation ϕ̄. An implicit integration algorithm is performed for the evolution
of the macroscopic internal variables q̄r = {ε̄p, ᾱ, ᾱ}. The internal variables ε̄pn, ᾱn = −ε̄pn
and ᾱn at time tn are known. Recall, that the structural tensor c̄mn is assumed to be frozen,
i.e. evaluated at time tn.
An implicit integration scheme of the evolution equations (6.28) for the internal variables
gives the discrete equations

ε̄p = ε̄pn +∆γ̄∂σ̄χ̄
ᾱ = ᾱn +∆γ̄∂β̄χ̄
ᾱ = ᾱn +∆γ̄∂β̄χ̄

(6.41)

in terms of the incremental plastic parameter ∆γ̄ := λ̄∆t with the plastic multiplier λ̄
according to (6.32). In order to first check for plastic loading, an elastic trial state at time
t is introduced. The logarithmic trial strains

ε̄e∗ := ε̄− ε̄pn = ε̄− (ε̄p −∆γ̄∂σ̄χ̄) = ε̄e +∆γ̄∂σ̄χ̄ , (6.42)

the internal strain-like variables associated with this trial state as well as the dual forces

ε̄p∗ := ε̄pn = ε̄p −∆γ̄∂σ̄χ̄ σ̄∗ := ∂ε̄e∗Ψ
∗ = −∂ε̄p∗Ψ∗

ᾱ∗ := ᾱn = ᾱ−∆γ̄∂β̄χ̄ β̄∗ := −∂ᾱ∗Ψ∗

ᾱ∗ := ᾱn = ᾱ−∆γ̄∂β̄χ̄ β̄∗ := −∂ᾱ∗Ψ∗ ,
(6.43)

and the free energy Ψ∗ = Ψ(ε̄e∗, ᾱ∗, ᾱ∗) are furnished by (·)∗ indicating a variable asso-
ciated with the trial state. Insertion of the trial forces into the threshold function (6.25)
yields elastic loading for the threshold function χ̄∗(σ̄∗, β̄∗, β̄∗) ≤ 0 and plastic loading
else. For plastic loading the nonlinear system of equations (6.41) and the loading con-
dition (6.31) at frozen total deformation need to be solved iteratively with a Newton
algorithm for the internal variables and the incremental plastic parameter. Therefore,
named equations are rewritten in the residual format

rε̄ := −ε̄p + ε̄p∗ +∆γ̄∂σ̄χ̄ = 0

rᾱ := −ᾱ+ ᾱ∗ +∆γ̄∂β̄χ̄ = 0

rᾱ := −ᾱ + ᾱ∗ +∆γ̄∂β̄χ̄ = 0
rχ̄ := χ̄ = 0 .

(6.44)

For the set of internal variables p̄r =
{
σ̄, β̄, β̄

}
the linearization of (6.44)

Lin[rε̄] = rε̄ −∆ε̄p +∆∆γ̄∂σ̄χ̄+∆γ̄∂2σ̄p̄χ̄ ·∆p̄ = 0

Lin[rᾱ] = rᾱ −∆ᾱ +∆∆γ̄∂β̄χ̄+∆γ̄∂2
β̄p̄
χ̄ ·∆p̄ = 0

Lin[rχ̄] = rχ̄ + ∂p̄χ̄ ·∆p̄ = 0

(6.45)

has to vanish at the solution point. The linearization Lin[rᾱ] can be dropped due to
the relationships of the plastic strains and the kinematic hardening for the increments
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∆ᾱ = −∆ε̄p and the corresponding derivatives of the threshold function. Note, that
within the Newton iteration the total strains are constant, i.e. ∆ε̄ = 0 holds. With the
incremental forms ∆σ̄ = −∂ε̄eε̄eΨ̄ : ∆ε̄p, ∆β̄ = −∂ᾱᾱΨ̄ : ∆ᾱ, ∆β̄ = −∂ᾱᾱΨ̄∆ᾱ and the
specific threshold function (6.25), (6.45) can be solved for the increments

∆ε̄p = F̄−1 : (Ē+ Ēk)
−1 : {rε̄ +∆∆γ̄∂σ̄χ̄} with F̄ := (Ē+ Ēk)

−1 + N̄

∆ᾱ = F̄−1Ē−1
i

{
rᾱ +∆∆γ̄∂β̄χ̄

}
with F̄ := Ē−1

i + N̄ .
(6.46)

Here, the elasticity tensor Ē := ∂2ε̄ε̄Ψ̄, the kinematic modulus Ēk := ∂2ᾱᾱΨ̄I, the isotropic
modulus Ēi := ∂2ᾱᾱψ̄ and N̄ := ∆γ̄∂2σ̄σ̄χ̄, N̄ := ∆γ̄∂2

β̄β̄
χ̄ are defined, respectively. The

linearized discrete consistency condition (6.45)3 yields with these incremental internal
variables the increment of the incremental plastic parameter

∆∆γ̄ =
1

ḡ

[
rχ̄ − (∂σ̄χ̄ : F̄−1 : rε̄ + ∂β̄χ̄F̄

−1rᾱ)
]

(6.47)

with ḡ := ∂σ̄χ̄ : F̄−1 : ∂σ̄χ̄ + ∂β̄χ̄F̄
−1∂β̄χ̄. Then the incremental plastic parameter can be

updated according to
∆γ̄ ⇐ ∆γ̄ +∆∆γ̄ . (6.48)

The incremental internal variables can then be calculated from (6.46). Furthermore, the
residual r̄ =

√

|rε̄|2 + |rᾱ|2 + |rᾱ|2 + |rχ̄|2 is evaluated and the plastic parameter is up-
dated within the Newton algorithm (6.41) - (6.48) until r̄ < tol. In Box 6.1 this so-called
general return algorithm for frozen texture is summarized.
With (6.6), the evaluation of the texture-based structural tensors (6.7) in a typical time
increment [tn, t] are assumed to be an algorithmic function

c̄m =
(2m+ 1)

Eh

Eh
∑

e=1

θ̂(ε̄p, ε̄pn, r
e
n) ⋆ t

m (6.49)

of the plastic macro-deformation and the microstructural state at time tn, i.e. the set of
e = 1, . . . , Eh grain orientations parametrized by Rodrigues vectors re

n. This deformation-
driven homogenization procedure is visualized in Figure 6.2 and summarized in Box 6.2.
It includes the fast reorientation update ALGO, discussed in Section 4 and summarized
in Box 4.1.

The algorithmic formulation of the algorithmic elasto-plastic tangent moduli connects the
incremental stress with the incremental strain

∆σ̄ = Ēep : ∆ε̄ . (6.50)

Starting point for the derivation of the elasto-plastic tangent moduli is the additive de-
composition ε̄ = ε̄e + ε̄p of the strain and the incremental elasticity law

∆σ̄ = Ē : ∆ε̄e = Ē : (∆ε̄−∆ε̄p) . (6.51)

The incremental form of (6.43) yields the incremental plastic strains and the incremental
isotropic hardening

∆ε̄p = ∆∆γ̄∂σ̄χ̄+∆γ̄∂2σ̄p̄χ̄ ·∆p = (Ē+ Ēk)
−1 : F̄−1 :

[
∆∆γ̄∂σ̄χ̄ + N̄ : Ē : ∆ε̄

]

∆ᾱ = ∆∆γ̄∂β̄χ̄ +∆γ̄∂2
β̄p̄
χ̄ ·∆p = Ē−1

i F̄−1∆∆γ̄∂β̄χ̄
.

(6.52)
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Box 6.1: General return algorithm for hybrid micro-macro model.

1. Set initial values. Given are the current macroscopic strains ε̄ at tn+1 and the
macroscopic internal variables q̄n = {ε̄pn, ᾱn, ᾱn} at time tn. Set trial variables and
initialize incremental plastic parameter

ε̄e∗ := ε̄− ε̄pn, ε̄p∗ := ε̄pn, ᾱ∗ := ᾱn, ᾱ∗ := ᾱn, ∆γ̄ = 0 .

2. Elasticity tensor and Hill tensor. The elasticity tensor and the Hill tensor are split
into an isotropic and an anisotropic part

Ē := Ē0 + ζ̄eĒa(c̄
m
n ) and H̄ := P+ ζ̄pH̄a(c̄

m
n ) ,

with frozen texture c̄mn .

3. Trial state and plastic loading. Compute trial forces p̄r∗ := −∂q̄r∗Ψ∗ with trial free
energy function Ψ∗ = Ψ(ε̄e∗, ᾱ∗, ᾱ∗). Determine threshold function

χ̄∗(p̄r∗; c̄mn ) = ‖σ̄∗ − β̄
∗‖H̄ − c̄χ(ȳ0 + β̄∗) .

Check criterion for plastic loading: For χ̄∗ < 0 the response is elastic → EXIT.

4. Residuals. Compute residuals and check tolerance

rε̄ := −ε̄p + ε̄e∗ +∆γ̄∂σ̄χ̄, rᾱ := −ᾱ+ ᾱ∗ +∆γ̄∂β̄χ̄, rᾱ := −ᾱ + ᾱ∗ +∆γ̄∂β̄χ̄

For r̄ =
√

|rε̄|2 + |rᾱ|2 + |rᾱ|2 + |rχ̄|2 < tol → EXIT.

5. Plastic parameter. Linearization of residuals gives the increment of the incremental
plastic parameter

∆∆γ̄ =
1

ḡ
[rχ̄ − (∂σ̄χ̄ : F̄−1r̄ε̄ + ∂β̄χ̄ : F̄−1r̄ᾱ)] .

6. Internal variables and dual forces. Update plastic parameter ∆γ̄ ⇐ ∆γ̄ + ∆∆γ̄
and evaluate internal variables and incremental internal forces

ε̄p ⇐ ε̄p + F̄−1 : (Ē+ Ēk)
−1 : {rε̄ +∆∆γ̄∂σ̄χ̄} σ̄ = Ē : (ε̄− ε̄p)

ᾱ ⇐ ᾱ + F̄−1Ē−1
i

{
rᾱ +∆∆γ̄∂β̄χ̄

}
β̄ = −c̄iᾱ ,

GOTO 4

Insertion of the incremental internal forces ∆σ̄ according to (6.51), ∆β̄, ∆β̄ and the
incremental internal variables (6.52) into the incremental plastic consistency condition
∆χ̄ = ∂p̄χ̄∆p̄ gives the increment of the incremental plastic parameter in the form

∆∆γ̄ =
1

g
∂σ̄χ̄ : (Ī− F̄−1 : N̄) : Ē : ∆ε̄ . (6.53)
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Box 6.2: Deformation-driven reorientation and homogenization of texture.

Driving macro-deformation. Given are the current macroscopic plastic deforma-
tions ε̄p at time t. Compute aggregate deformation

F := exp[ε̄p]

1. Microstructural reorientation. The lattice orientations {rc
n}c=1,...,Eh and the aggre-

gate deformation F n at time tn are given. Compute current grain orientations

(r1, . . . , rEh

) = ALGO( F ; F n, r
1
n, . . . , r

Eh

n )

by the fast orientation update algorithm ALGO in Box 4.1
2. Homogenization. Compute texture-based macroscopic structural tensors by ho-

mogenization over the orientation space

c̄m =
(2m+ 1)

Eh

Eh
∑

e=1

θ̂(re) ⋆ tm

With this formulation for the increment of the incremental plastic parameter ∆∆γ̄, (6.51)
yields the incremental stresses in terms of the incremental total strains. Comparison with
(6.50) results in the algorithmic elasto-plastic tangent moduli

Ēep = Ē− Ē : (N̄−1 + Ē+ Ēk)
−1 : Ē− 1

ḡ
T̄ : ∂σ̄χ̄⊗ ∂σ̄χ̄ : T̄ (6.54)

in terms of the abbreviation of the fourth-order tensor

T̄ := Ē : F̄−1 : (Ē+ Ēk)
−1 = (Ī− F̄−1 : N̄) : Ē . (6.55)

Finally, the stresses and moduli are transformed to the nominal stresses and moduli via

ḡP̄ = σ̄ : Q̄ and C̄ep = Q̄T : Ēep : Q̄+ σ̄ : L̄ . (6.56)

An overview of the algorithmic treatment for the hybrid micro-macro model of finite
anisotropic plasticity in the logarithmic strain space is given in Box 6.3, representing the
algorithmic counterpart of the procedure sketched in Figure 6.3.

6.3. Representative Numerical Examples

The capability of the above outlined hybrid micro-macro model in the logarithmic strain
space is presented by means of representative numerical examples. These are concerned
with the simulation of shearband developments in a 2D strip at plane strain conditions,
the necking of a 3D metallic rod and the deep drawing of metal sheets. The local texture
evolution within the shearband of the 2D strip and the necking region of the 3D rod
is analyzed. With regard to the material testing, so-called earings develop during the
deep drawing process of a circular sheet due to the texture-induced anisotropy. As a
typical forming process, the deep drawing of a square metal sheet is simulated. For all
simulations the underlying microstructure consists of 448 fcc crystals obtained by a cube2
discretization, see Section 4.
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Box 6.3: Algorithmic hybrid micro-macro-model of finite anisotropic plasticity

1. Geometric preprocessor. Let ϕ̄(X̄, t) be the current deformation map. At each
X̄ ∈ B̄, define Lagrangian logarithmic strains

ε̄ := 1
2
ln
[
∇T

X̄ϕ̄ ḡ ∇T
X̄ϕ̄

]

2. Macro model in the logarithmic strain space at frozen microstructure.

internal variables q̄r := {ε̄p, ᾱ, ᾱ}
free energy Ψ̄ := 1

2
‖ε̄− ε̄p‖2

Ē
+ c̄k

2
ᾱ : ᾱ+ c̄i

2
ᾱ2

anisotropic elasticity modulus Ē := Ē0 + ζ̄eĒa(c̄
m
n )

internal forces p̄r :=
{
σ̄, β̄, β̄

}
= −∂q̄rΨ̄

threshold function χ̄ := ‖σ̄ − β̄‖H̄ − c̄χ(ȳ0 + β̄)

anisotropic Hill tensor H̄ := P+ ζ̄pH̄a(c̄
m
n )

Update internal variables and internal forces according to Box 6.1

{ε̄, q̄r, p̄r; c̄mn } ⇒ {q̄r, p̄r}

3. Microstructure update. For given plastic strains ε̄p and microstructural data
base {r1

n, . . . , r
Eh

n } at tn,

1. Update reorientation

(r1, . . . , rEh

) = ALGO( F ; F n, r
1
n, . . . , r

Eh

n )

2. Update structural tensors

c̄m =
(2m+ 1)

Eh

Eh
∑

e=1

θ̂(re) ⋆ tm

4. Geometric postprocessor. Compute nominal stresses and moduli

ḡP̄ = σ̄ : Q̄ and C̄ep = Q̄T : Ēep : Q̄+ σ̄ : L̄

6.3.1. Localization of a rectangular strip in tension. As a first numerical example
the localization of a two-dimensional rectangular strip under tension is investigated. The
system and boundary conditions of the polycrystalline strip with the ratio of height to
width h/w = 2.8 are illustrated in Figure 6.4a). Exploiting the symmetry of the problem,
only one quarter of the macroscopic continuum has been discretized using 450 four-noded
elements. Here, a Q1/E4 enhanced incompatible mode element formulation with bilin-
ear compatible and quadratic incompatible interpolations has been employed, cf. Simo
& Armero [130] for more details. The chosen Lamé parameters are the bulk modulus
κ = 164.21kN/mm2 and the shear modulus µ = 89.194kN/mm2. The linear hardening
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a)

ū

ū

w

A

B
h

b) c) d) e)

Figure 6.4: Localization of a 2D strip. a) System and boundary conditions. Due to sym-
metry, only a quarter of the specimen is discretized. Deformed specimen and distribution of
equivalent plastic strains at b) 2%, c) 5%, d) 8% and e) 11.5% deformation.

is governed by the hardening (softening) modulus h = −0.129kN/mm2 and an initial
yield stress y0 = 0.45kN/mm2. In order to trigger the development of a shear band,
the initial yield stress in the center of the strip is attenuated by 10%. Furthermore, the
factor ζ4 = 0.3 scales the microstructural influence on the macroscopic anisotropy. The
specimen is deformed within a deformation controlled process up to a total elongation of
ū = 0.115h in vertical direction, where free contraction of the strip is allowed. Concerning
the microstructure, a quasi-isotropic distribution of crystal orientations is obtained from
a regular cube2 discretization of the truncated cube containing 448 fcc crystals, see Fig-
ure 4.12. The evolving shape of the 2D rectangular strip and the distribution of equivalent
plastic strains are visualized in Figure 6.4, where a pronounced shear band develops. Here,
the deformation states correspond to 2%, 5%, 8% and 11.5% deformation with respect to
the initial height h. At the beginning of the loading process, the specimen shows a homo-
geneous state of deformation. At around 2% deformation, a symmetrical necking starts

A
B

a) b)

Figure 6.5: Localization of a 2D strip. a) Discrete reorientations and b) {111} pole figures
of a tensile test at initial state and 11.5% deformation.
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to develop and at a further state, the deformation mode changes to a pattern involving
shearbands. The discrete orientations in the Rodrigues space as well as the {111} pole
figures at both the initial state and the final state, i.e. 11.5% deformation, are compared
at points A and B in the shearband, see Figure 6.5. A pronounced texture develops with
increasing deformation, especially within the shearband. The texture evolution in the two
points A and B is shown in Figure 6.6 for the same deformation states as above, i.e. for
2%, 5%, 8% and 11.5% deformation, where the texture aligns with the prevailing orien-
tation corresponding to the one of the shear mode, compare Section 4.4.2.2. A less sharp

a)

b)

Figure 6.6: Localization of a 2D strip. {111} pole figures at 2%, 5%, 8% and 11.5% defor-
mation at a) point A and b) point B in the evolving shearband.

and rotated texture at point B in the shearband is observed in contrast to point A, which
can be ascribed to a rigid body rotation. In Bove [31] the influence of the specimen
discretization, the number of crystal orientations and the anisotropy scaling factor on
the texture evolution and the load deflection behavior is analyzed. Note, that there is no
major deflection for a coarse discretization of the Rodrigues cube on the global material
response but a much lower computation time as discussed in Section 4.4.2.2.

a)

ū

ū

w

h

b) c) d) e)

Figure 6.7: Localization of a 2D strip with initial anisotropic material behavior. a) System
and boundary conditions. Deformed specimen and distribution of equivalent plastic strains
at b) 2%, c) 4%, d) 6% and e) 8.5% deformation.
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By consideration of an initial anisotropic distribution of crystal orientations the whole
specimen, illustrated in Figure 6.7a) needs to be discretized with 1800 four-noded Q1/E4
elements. An initial anisotropy is obtained by a prior shear deformation, i.e. to each Gauss
point a microstructure with a shear texture obtained by the (ii) rigid-plastic active set
model, cf. Figure 4.19(ii). In a deformation-driven scenario, the specimen is deformed up
to a total state of ū = 0.085h with the evolution of the shape and the distribution of
equivalent plastic strains shown in Figure 6.7. The deformation states correspond to 2%,
4%, 6% and 8.5% deformation with respect to the original height. Due to the pretexture of
the specimen an anisotropic shear band evolves, which shows the influence of the texture
on the macroscopic material behavior.

6.3.2. Necking of a 3D rod in tension. The second boundary value problem is de-
voted to the tension of a circular metallic rod, illustrated in Figure 6.8, where the relation
between height and diameter is h = 4.2d. Due to symmetry considerations, only one eighth

h

ūū

d

Figure 6.8: Necking of a 3D rod: System and boundary conditions. Due to symmetry only
one eighth of the rod is analyzed.

of the specimen has been discretized with 120 eight-noded Q1/P0 elements. The finite
element formulation with mixed interpolations for the Jacobian and the pressure has been
proposed by Simo, Taylor & Pister [131] based on ideas from Nagtegaal, Parks

& Rice [104]. The Lamé parameters κ = 164.21kN/mm2, µ = 89.194kN/mm2 and the
anisotropy scaling factor in the Hill tensor ζ4 = 0.3 remain unchanged. The nonlinear
hardening response is governed by the hardening modulus h = 0.129kN/mm2, the initial
yield stress y0 = 0.45kN/mm2 and the infinite yield stress y∞ = 1.165kN/mm2 with the
saturation parameter ω = 16.93. Necking describes the decrease of the area in the cross
section at the middle of the strip under tensile loading. To achieve this behavior, the
initial and saturation flow stresses in the center of the rod are attenuated by 10%. The
specimen is elongated in a deformation-driven simulation in constant increments up to
a maximum prescribed displacement ū = 0.3h. Figure 6.9 depicts the initial and three

a) b) c) d)

Figure 6.9: Necking of a 3D rod. Deformed specimen and distribution of equivalent plastic
strains at a) initial configuration and b) 10%, c) 20% and d) 30% deformation.
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deformed configurations with the distribution of the equivalent plastic strains. The defor-
mation states correspond to 10%, 20% and 30% deformation with respect to the original
height. Up to a deformation of around ū = 0.1h, i.e. 10%, the load increases and the whole
rod contracts uniformly. As the load is increased further, necking starts at the center of
the rod, where the material is weak. In the center of the rod the deformation mechanism
can be compared to a simple tension test. The {111}, {100} and {110} pole figures in
a Gauss point near the center of the rod are illustrated in Figure 6.10 and compared to
experimental results for simple tension tests taken from Bronkhorst, Kalidindi &

Anand [33]. The pole figures of the simulation show a very good qualitative agreement

a)

b)

{111} {100} {110}

Figure 6.10: Necking of a 3D rod. a) {111}, {100} and {110} pole figures in the center of
the rod compared with b) experimental results for simple tension taken from Bronkhorst,

Kalidindi & Anand [33].

with those of the experiment. As one proceeds to Gauss points in x- and y-direction from
the center of the rod towards the outer surface, similar pole figures are observed, see
Figure 6.11, but they are clearly offset from the pole figure normal. Focusing attention

y

y

y

z

x

x

x

Point B

Point C

Figure 6.11: Necking of a 3D rod. Discrete reorientations, {111}, {100} and {110} pole
figures of a tensile test at 30 % deformation and in two different points within the specimen.

to a fiber within the rod with the fiber axis lying on the z-axis, this fiber deforms solely
in z-direction, i.e. the fiber is stretched. In contrast, a second fiber that connects two
points within the necking region and runs parallel to the z-axis at the beginning of the
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deformation process, experiences a rotation in addition to a change in length during the
deformation progress. The overall growth direction of the rod is not aligned to the growth
direction of this second fiber. Hence, the pole figures at points within the necking region
and not lying on the z-axis show an offset with respect to the pole figure normal. As can
be seen in Figure 6.11 the offset direction of the pole figure depends on the position of
the considered Gauss point. Here, the {111}, {100} and {110} pole figures are plot for
two different points, B and C respectively. For point B, near the x/z-plane, an above
mentioned fiber running through B rotates during deformation from the z-axis towards
the x-axis. Therefore, the pole figure for point B moves right compared to the point near
the center of the rod shown in Figure 6.10, i.e. towards the x-axis. The same holds for
point C towards the y-axis and similar for other points lying in-between. The amount of
offset depends on the distance of the considered Gauss point from the z-axis. Cutting a
plane perpendicular to the z-axis, for all points on this plane with same distance from
the z-axis, the pole figures are related to each other due to the rotational symmetry of
the metallic rod. For the specific case of point B and C, the pole figures of the points
in-between rotate from the one of point B towards the one of point C.

6.3.3. Circular Deep Drawing of a Metallic Sheet. The modeling of anisotropy
effects is extremely important for industrial applications such as sheet metal forming.
This simulation example is meaningful as it is widely discussed in the literature both
from simulation and experimental points of view. Furthermore, fundamental phenomena
can be modeled which appear in typical industry processes. Due to the texture of the mi-
crostructure metallic sheets exhibit an anisotropic behavior, which results on the one hand
in the evolution of earings and on the other hand in an inhomogeneous sheet thickness. To
capture those phenomena, the anisotropy formation and the development of earings in a
deep drawing process is discussed. In this context, the influence of the anisotropy scaling
factor ζ̄4, the amount of pretexture, the microstructure discretization and the so-called
drawing ratio is studied. In Figure 6.12a) the setup and dimensions for the subsequent

a)

punch

blankholder

die

sheet

rpunch

rt,punch

ri,blank

rdie

rsheet

tsheet
rt,die

b)

Figure 6.12: Deep drawing of a metal sheet. a) Geometry and boundary condition. Lengths
in mm. b) Detail of meshed sheet with six-noded linear triangular prisms and eight-noded
Q1/P0 elements.

deep drawing processes are sketched. For the circular deep drawing process the radius of
the circular sheet is rsheet = 39.5mm, its thickness is tsheet = 0.8mm and the radius of
the punch is rpunch = 20.6mm with corresponding transition radius rt,punch = 4.6mm. The
outer radius ro,blank = 39.5mm of the blankholder corresponds to the sheet radius and
the inner radius is chosen to ri,blank = 27.0mm. Finally, the die is characterized by its
radius rdie = 22.0mm and corresponding transition radius rt,die = 5.1mm. The configura-
tion is axisymmetric with respect to the punch direction. A flat, circular sheet is placed
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between a rigid die and a rigid, so-called blankholder. The latter one is fixed at a dis-
tance equal to the thickness of the sheet and prevents the raising of the sheet during the
deformation process as well as a possible wrinkling. The material parameters correspond
to the ones in the previous subsection, i.e. κ = 164.21kN/mm2, µ = 89.194kN/mm2,
ζ4 = 0.3, h = 0.129kN/mm2, y0 = 0.45kN/mm2, y∞ = 1.165kN/mm2 and ω = 16.93.
In a deformation-driven scenario the rigid punch descends into the die up to a total
punch deformation of ū = 45mm, i.e. the circular sheet is formed as a cup. In order to
circumvent a rigid body motion of the sheet after being hold by the blankholder, a fric-
tion coefficient of 1% is chosen. It has a minor influence on the cup height and shape,
see Raabe & Roters [118] and Tikhovskiy, Raabe & Roters [136] and references
therein. The whole sheet is discretized with 2160 finite elements, namely 240 ABAQUS
six-noded linear triangular prisms and 1920 eight-noded Q1/P0 elements, with one ele-
ment over the sheet thickness. A detail of the mesh discretization of one quarter of the
sheet is shown in Figure 6.12b). For an ideal isotropic material, the cup needs to keep
the axisymmetry with respect to the punch direction, hence the rim of the produced cup
would be level. But usually, distinct high points, so-called ears, and low points, so-called
troughs, occur. This is due to the fact of planar anisotropy resulting from the texture in
the sheet and varying plastic flow in the sheet. Usually, four ears and troughs evolve for
commercially processed aluminum sheets, cf. Engler & Kalz [41]. As sheets and plates
used for material forming operations are prerolled, an initial anisotropy exists prior to the
deep drawing operation. Therefore, the sheet is subjected to plane strain compression, i.e.
rolling, with 26% thickness reduction, see Miehe, Frankenreiter & Rosato [91] and
Section 4.4.2.2. For the subsequent examples the cube2 discretization with 448 orienta-
tions is chosen. A sequence of deformation states at ū = 0mm, ū = 15.3mm, ū = 18.7mm,
ū = 21.5mm, ū = 26.9mm, ū = 45.0mm shown in Figure 6.13 reports the evolution
of equivalent plastic strains throughout the sheet. In the first picture, the undeformed

rolling
direction

Figure 6.13: Circular deep drawing of a metal sheet. Evolution of four ears in deep drawing
of a polycrystalline sheet with rolling texture (26% thickness reduction) and anisotropy factor
ζ̄p = 0.3.

configuration as well as the rolling direction is indicated. Four ears develop, where the
shape and distribution of equivalent plastic strains of opposite ears are equal. As it is
clearly visible in Figure 6.13 the deformed structure exhibits a distinct symmetry. Thus,
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only one quarter of the circular sheets needs to be simulated. The plastic strains con-
centrate in the regions right below the ears as well as in the troughs. Similar results are
obtained in experiments and simulations by Tucker [139], Wilson & Butler [143],
Kanetake, Tozawa & Otani [66], Balasubramanian & Anand [16], Engler &

Kalz [41], Böhlke, Risy & Bertram [30], Tikhovskiy, Raabe & Roters [136],
Vladimirov, Schwarze & Reese [140].
To obtain different initial textures, the sheet is subjected to plane strain compression, i.e.
rolling, with 18%, 26% and 40% thickness reduction. The {111} pole figures and the final

a) b) c) d)

Figure 6.14: Circular deep drawing of a metal sheet. {111} pole figures at a) initial con-
figuration, b) 18%, c) 26% and d) 40% thickness reduction due to rolling deformation are
starting textures for the deep drawing simulation and cause texture-induced anisotropy.
The earing developments are shown at a total punch deformation of u = 45mm and for an
anisotropy factor ζ̄4 = 0.3.

deformation states with the equivalent plastic strains are shown for the different initial
textures in Figure 6.14. For all starting textures four ears develop while with increasing
initial texture more distinctive ears develop as well as the level of equivalent plastic strains
increases. For the in Figure 6.14 illustrated deep drawn cups with different initial texture
the normalized cup height

h̄ =
1

N

N∑

I=1

hI (6.57)

is plot over the angle with respect to the rolling direction in Figure 6.15. Herein, N is the
total number of nodes at the boundary of the sheet and hI the cup height at a specific node
I. According to Baldwin, Howald & Ross [17] andRoberts [125] cube texture results
in 0◦/90◦ earing and 45◦ earing occurs for rolling texture. In our simulations the troughs
form in rolling direction 0◦ and perpendicular to this direction, i.e. 90◦, 180◦, 270◦. The ears
develop under 45◦, 135◦, 225◦, 315◦ with respect to the rolling direction, as discussed by
Roberts [125] for rolling texture. Note, that the cup without pretexture does not have an
even rim, implying a non-isotropic initial microstructure. However, as no rolling has been
applied the microstructure in deed is isotropic and the anisotropy effect is solely caused by
the discretization of the microstructure, implying a non-isotropic initial microstructure.
A study concerning the impact of the anisotropy factor ζ̄4 is shown in Figure 6.16. More
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Figure 6.15: Circular deep drawing of a metal sheet. Texture induced earing yields two
equal pairs of ears. The relative cup height at a total punch deformation of ū = 45mm is
given for different pretextures with 0%, 18%, 26% and 40% thickness reduction.
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Figure 6.16: Circular deep drawing of a metal sheet. Texture induced earing yields two
equal pairs of ears. The relative cup height at a total punch deformation of ū = 45mm is
given for different anisotropy scaling factors ζ̄4 = 0.3, ζ̄4 = 0.2, ζ̄4 = 0.1 and ζ̄4 = 0.05.

distinctive earings develop with increasing anisotropy factor. This is in line with the
scaling of the yield surface, Section 5.4.4.1, representing the texture-induced macroscopic
anisotropy. For the different microstructures cube1 and cube2, the relative earing heights
are illustrated in Figure 6.17 as a function of the angle with respect to the rolling direction.
Due to the discretization of the microstructure with 56 orientations for cube1 and 448
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Figure 6.17: Circular deep drawing of a metal sheet. Texture induced earing yields two
equal pairs of ears. The relative cup height at a total punch deformation of ū = 45mm
is given for the different microstrucures cube1 with 56 orientations and cube2 with 448
orientations.

orientations for cube2, the relative earing heights differ. On the one hand an overestimation
of the anisotropy is obtained by a coarse discretization, which can be scaled by a smaller
anisotropy factor ζ̄4. But on the other hand, a significant shift of the earing position from≈
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45◦ towards lower angles is observed. This does not agree with experimental observations
for rolled sheets. The calculation of the metal sheet with cube2 microstructure takes about
2.5 times longer compared to the cube1 microstructure. Although the cube2 discretization
is computationally more expensive, a certain amount of crystal orientations is necessary
as the coarse cube1 discretization does not give physically reasonable results.
As outlined in Engler & Kalz [41] the final earing height depends on the drawing
ratio rd = rsheet/rpunch of the sheet radius to the punch radius, the sheet thickness, the
transition radius of the punch and the previous rolling reduction. An increasing drawing
ratio yields to more distinctive ears and an increasing overall cup height, see Figure 6.18.
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Figure 6.18: Circular deep drawing of a metal sheet. Texture induced earing yields two
equal pairs of ears. The relative cup height at a total punch deformation of ū = 45mm is
given for different drawing ratios rd = 1.6, rd = 1.7, rd = 1.8 and rd = 1.9.

Recapitulatory, the proposed hybrid micro-macro model simulates the earing develop-
ment and the earing position of a prerolled metallic sheet in a very good manner. The
studies with regard to the degree of pretexture, anisotropy scaling and drawing ratio
give reasonable results compared to relevant experimental and numerical benchmarks. A
microstructure with a small amount of grains is not able to predict the right earing po-
sition and therefore an appropriate number of grains, in the underlying analysis a cube2
discretization, has to be chosen.

6.3.4. Square Deep Drawing of a Metallic Sheet. Finally the deep drawing of a
square cup is simulated. The square deep drawing process is a fundamental forming op-
eration in industrial applications and in contrast to the circular deep drawing process
not axisymmetric. The setup corresponds to the one illustrated in Figure 6.12a). The
half width of the quadratic sheet is rsheet = 50.0mm, its thickness is tsheet = 0.8mm
and the half width of the punch is rpunch = 25.0mm with corresponding transition ra-
dius rt,punch = 5.0mm. The dimensions of the blankholder are ro,blank = 50.0mm and
ri,blank = 26.4mm. Finally, the die is characterized by rdie = 26.7mm and corresponding
transition radius rt,die = 4.7mm. The material parameters agree with the ones in the
circular deep drawing test and the punch is pressed in a deformation-driven process into
the die up to a total deformation of ū = 30mm. Again, the blankholder is fixed at a
distance equal to the thickness of the sheet and prevents the raising of the sheet during
the deformation process as well as a possible wrinkling. Different metal flow and uneven
material distribution in the corners, flanges and faces of the sheet cause wrinkles in the
flange. A natural evolution of ears is induced by the square geometry, with the quadratic
sheet being discretized with 2601 eight-noded Q1/P0 elements with one element over the
sheet thickness. Figure 6.19 shows the upper and lower perspective of the deep drawn
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a)

b)

c)

Figure 6.19: Deep drawing of a square sheet. Top and bottom view of square sheet with
evolution of plastic strains at a) ū = 10mm, b) ū = 20mm and c) ū = 30mm.

specimen with the distribution of plastic strains at the intermediate states ū = 10mm,
ū = 20mm and the final deformation state ū = 30mm. It can be observed that the maxi-
mum of accumulated plastic strains occurs at the corners of the die. Furthermore, wrinkles
form at the flanges of the deformed sheet. A study concerning the thickness distribution
is shown in Figure 6.20a). A localized thinning can be observed in the lower edges of the
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Figure 6.20: Deep drawing of a square sheet. a) Bottom view of square sheet with thickness
strains at ū = 30mm and b) thickness strain distribution along the sheet diagonal for
ū = 10mm, ū = 20mm and ū = 30mm.

sheet increasing with the deformation. The thickness strain along the blank diagonal at
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the same deformation states ū = 10mm, ū = 20mm and ū = 30mm is documented in Fig-
ure 6.20b). These results qualitatively agree with the experimental and simulation results
in Yoon, Yang, Chung & Barlat [144]. A study concerning the influence of an initial
anisotropic texture is documented in Figure 6.21. The simulation is performed for a metal
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Figure 6.21: Deep drawing of a square sheet. Draw-in profile at intermediate state
ū1 = 19mm and final deformation state ū2 = 30mm for initial isotropic texture and initial
pretexture due to rolling with 18% thickness reduction. TD and RD represent the transverse
and rolling direction, respectively.

sheet with quasi-isotropic initial texture and an initial anisotropic texture obtained by a
predeformation. Here, the metal sheet is deformed by rolling to 18% thickness reduction,
see Miehe, Frankenreiter & Rosato [91] and Section 4.4.2.2. Figure 6.21 shows an
upper view of the rim of a quarter of the square sheet at the intermediate deformation
state ū1 = 19mm and the final deformation state ū2 = 30mm. For both initial textures,
the amount of draw-in in rolling and transverse direction does not show a major differ-
ence, in agreement with Yoon, Yang, Chung & Barlat [144]. For the initial isotropic
texture, the profile is nearly symmetric to the bisecting line. In contrast, the simulation
with the prerolled texture shows a clear deflection from this symmetry.

Hence, the modeling of texture-induced anisotropy within a hybrid micro-macro approach
influences the macroscopic response towards a direction dependence. It is crucial to take
into account the microstructure and its impact with respect to an anisotropic macroscopic
material behavior.
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7. Conclusion

The underlying work is concerned with microstructure-based modeling of texture-induced
anisotropy in finite polycrystal plasticity. A short overview on general modeling aspects
and a concise description of fundamental characteristics of crystalline materials is given.
With this background information at hand, a microstructural material model is devel-
oped, which governs the texture evolution in rigid crystal plasticity. The polycrystalline
aggregate is idealized as reorientation continuum and the crystal orientation distribution
function is approximated as a Fourier series. The Fourier coefficients enter as evolving
structural tensors the hybrid micro-macro model capable of covering the simulation of
texture-induced anisotropy in polycrystalline materials at finite plastic deformation. This
hybrid model is a mixture of the earlier introduced rigid-plastic crystal plasticity model
including the microscopic effect of grain reorientation on the microscale and a purely
macroscopic material model of finite plasticity in the logarithmic strain space on the
macroscale. Specific homogenization assumptions bridge the gap between these two scales
and permit the simulation of macroscopic anisotropy induced by a heterogeneous mi-
crostructure.

The microstructural texture modeling in rigid crystal plasticity comprises a theoretical
and computational framework for the analysis of evolving textures in crystals. The key re-
sult is a purely geometric approach to rigid-plasticity of single crystals and polycrystalline
aggregates, which provides an extremely fast and robust computation of the developing
texture. For planar crystals undergoing double slip the crystal reorientation is purely
geometric in nature, which serves as basic idea for a similar ansatz with respect to three-
dimensional crystals. Therefore, arithmetic values of suitable defined pseudo-stresses are
chosen for a geometric estimate of the active set of slip systems in a rate-independent
setting. With this set of active slip systems at hand, an optimality condition results in
a closed-form expression for the lattice rotation in terms of the overall deformation of
the aggregate. Details of the algorithmic implementation are outlined, which updates in
a typical time increment of an objective mid-point scheme the lattice rotations param-
eterized by Rodrigues vectors. The excellent modeling capacity of the formulation was
documented for planar single crystals and polycrystals as well as for face-centered and
body-centered cubic crystals. With regard to qualitative texture estimates and a com-
putational efficiency, the proposed geometric rigid-plastic active-set model is compared
to numerical and experimental results. For characteristic, industry-relevant deformation
processes the proposed rigid-plastic active-set model yields very good qualitative results
at a fraction of time compared to an alternative rigid-plastic power-law model for face-
centered as well as body-centered cubic crystals. It turns out to be extremely robust and
is considered to be an attractive ingredient with regard to the description of evolving
anisotropy in polycrystals within multiscale models.

With these results at hand, the estimation of evolving crystal orientation distribution
functions in finite plasticity of polycrystals bases on the geometric approach to rate-
independent rigid-plasticity of crystals, allowing a fast and robust determination of local
crystal reorientations. The crystal orientations are represented by material points of an
idealized orientation continuum. A crystal reorientation map describes the reorientation
of the crystal grains, i.e. the deformation of the orienation continuum. Therefore, La-
grangian and Eulerian configurations are introduced in the orientation as well as in the
Rodrigues space involving the definition of a metric as a relation between volume elements
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of the two spaces. The reorientation process is governed by a crystal fraction conservation
equation yielding a Lagrangian and an Eulerian form of the crystal orientation distribu-
tion function. In the Lagrangian setting, the crystal orientations and its corresponding
crystal fractions are associated with moving sectors, whereas in the Eulerian setting the
crystal reorientations are projected onto fixed control volumes. Thus, the Lagrangian ap-
proach is restricted to a smooth reorientation process and in the Eulerian approach a
simple count of orientations directly determines discrete values of the crystal orienta-
tion distribution function. Such an estimate is rough but very robust and applicable to
non-smooth reorientation processes. Furthermore, a numerical method for the computa-
tion of orientation averages in the Eulerian setting is developed. This method recasts the
homogenization over the orientation space into arithmetic averages associated with the
discrete crystal orientations and providing a very robust scheme for a possible embedding
of structural anisotropy tensors into multiscale methods. It is shown that the discrete
evaluation of orientation averages does not need the explicit computation of crystal orien-
tation distribution function. For several deformation modes of polycrystalline aggregates
the proposed geometric model is proven to predict the evolution of the crystal orientation
distribution function and the overall anisotropy very good in the range of large strains.
Even for a coarse discretization of the orientation continuum, the main characteristics of
the anisotropy development are captured very well. This is documented by a comparison
of simulated anisotropy evolution with data available in the literature for the yield sur-
face, the normalized yield stress and the Lankford coeffient. Being very fast and robust,
the proposed algorithm is an attractive feature for the design of fast multiscale models of
anisotropic metal plasticity.

The microscopic effect of grain reorientation with its corresponding homogenization pro-
cedure is incorporated into a purely macroscopic model of finite polycrystal plasticity.
Within this hybrid micro-macro model the structural tensors govern the evolving texture
and result in an anisotropic macroscopic material behavior. The finite strain framework
is realized by an additive approach in the logarithmic strain space, which allows a formu-
lation of the constitutive model in a format similar to the geometric linear theory. Two
scalar-valued tensor functions, i.e. the free energy and dissipation function, govern this
constitutive hybrid micro-macro model. Hereby, the microstructure enters the macroscopic
material model by structural tensors. The algorithmic treatment solves the micro-macro
problem in an efficient operator splitting. By means of academic and engineering-relevant
simulations the texture and anisotropy evolution is qualitatively analyzed and successfully
compared to the literature. Hence the proposed hybrid micro-macro model is shown to
be very attractive for the description of finite deformation processes with the numerically
efficient and robust microstructure update, its corresponding homogenization procedure
and its embedding in a framework of finite plasticity in the logarithmic strain space.
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A. Planar Crystals undergoing Double Slip

This appendix is dedicated to planar crystals undergoing douple slip. A closed-form so-
lution of the crystal reorientation and the evolution of crystal orientation distribution
functions in both the continuous as well as the discrete setting is investigated. For a de-
tailed discussion on planar polycrystals see e.g. Rashid [122], Dafalias [40] or Prantil,
Jenkins & Dawson [114].
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Figure A.1: Planar crystal undergoing double slip. a) The lattice frame {gt
i}i=1,2,3 is

oriented by the angle θt relative to a fixed sample frame {ei}i=1,2,3. b) The two slip systems
α = 1, 2 are symmetrically oriented by the slip system separation angle ξ relative to the
lattice orientation vectors.

A.1. Continuous Formulation

For the planar double slip system depicted in Figure A.1, the rotation occurs in the
1-2 slip plane of the sample frame {ei}i=1,2,3. Thus, SO(3) reduces to SO(1) and the
polycrystalline microstructure is one-dimensional. The reorientation of the crystal can be
described by the coordinate representation

Rt =

[
cos(θt) − sin(θt)
sin(θt) cos(θt)

]

(A.1)

with respect to the sample frame {ei}i=1,2 in terms of the scalar angle θt. The reference
configuration is defined by θ0 ∈ R | − π

2
≤ θ0 <

π
2
}, which defines the fundamental range

of orientations of the double slip model. For the planar double slip model the reorientation
is scalar in nature. This simplifies the general formulation tremendously. As depicted in
Figure A.1, only m = 2 effective slip systems exist. The coordinates of the slip directions
and slip plane normals, defined in (4.6) relative to the rotated lattice system {gt

i}i=1,2,
are

s1,2i =

[
cos(ξ)

∓ sin(ξ)

]

and n1,2i =

[
sin(ξ)

± cos(ξ)

]

, (A.2)

yielding the coordinates of the structural tensors (4.9)

P
1,2
ij = 1

2

[
sin(2ξ) ± cos(2ξ)

± cos(2ξ) − sin(2ξ)

]

and Q
1,2
ij = 1

2

[
0 ±1

∓1 0

]

, (A.3)

in terms of the slip system separation angle ξ. In order to obtain a unique solution for the
crystallographic slip problem in the subsequent development, the slip system separation
angle is restricted to the range of 0 < ξ < π

2
. Since the two systems are always active,

the evaluation of the pseudo-stress τα in (4.15) is not needed and the selection criterion
(4.22) always gives A = S, where S := {1, 2} is the full set of slip systems. Based on the
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introduced definitions D
p
t :=

∑m
α=1γ̇

αPα
t and W

p
t :=

∑m
α=1γ̇

αQα
t in Section 4.1.3, the

plastic rate of deformation and the plastic spin are

D
p
t = 1

2
(γ̇1 + γ̇2)

[
sin(2ξ) 0

0 − sin(2ξ)

]

+ 1
2
(γ̇1 − γ̇2)

[
0 cos(2ξ)

cos(2ξ) 0

]

W
p
t = 1

2
(γ̇1 − γ̇2)

[
0 1

−1 0

]

.

(A.4)

Figure A.2 shows the response of two active systems in the planar double slip model. For
an isochoric macroscopic deformation of the planar polycrystalline aggregate, the spatial
rate of deformation and spin tensors defined in (4.8) have the coordinate representation

D̄t =

[
Λ Γ
Γ −Λ

]

and W̄ t =

[
0 −Ω
Ω 0

]

(A.5)

in the sample frame {ei}i=1,2 in terms of the macroscopic rate of stretching Λ, rate of
shearing Γ and spin Ω. For this macroscopic rate of deformation (4.25) yields the closed-
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2ξ2ξ
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n1n1

n2n2

a) b)

Figure A.2: Double slip system response. Simultaneous activity of both slip systems pro-
duce a) a pure shearing mode for γ̇2 = γ̇1 > 0 and b) a pure plastic rotation for γ̇2 = −γ̇1 > 0.

form result

γ̇1,2 = [ cos(2θt) Λ + sin(2θt) Γ ]/ sin(2ξ) ± [ cos(2θt) Γ− sin(2θt) Λ ]/ cos(2ξ) (A.6)

for the plastic slip in the current configuration in terms of the prescribed coordinates Λ
and Γ of the macroscopic rate of deformation tensor. By insertion of the plastic slip into
equation (4.11)2 and the expressions (A.4)2 and (A.5)2 for the plastic and the total spin,
the crystal reorientation has the simple scalar representation

θ̇t = Ω− [ sin(2θt) Λ− cos(2θt) Γ ]/ cos(2ξ) with θt(t0) = θ0 (A.7)

with the prescribed spin Ω. The Lagrangian conservation equation (5.46) appears with
the scalar reorientation (A.7) in the closed form

Ḟ − F [ 2 cos(2χ) Λ + 2 sin (2χ) Γ ]/ cos(2ξ) = 0 with F (θ0, t0) = 1/π . (A.8)

The two equations (A.7) and (A.8) govern the reorientation and the codf evolution in the
planar double slip model.
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A.2. Discrete Algorithmic Formulation

In the algorithmic setting at finite time steps, the incremental deformation and spin
tensors defined in (4.34) have the coordinate representation

D̄
∗
n+1/2 =

[
Λ∗

n+1/2 Γ∗
n+1/2

Γ∗
n+1/2 −Λ∗

n+1/2

]

and W̄
∗
n+1/2 =

[
0 −Ω∗

n+1/2

Ω∗
n+1/2 0

]

(A.9)

in the sample coordinate system. These tensors drive the reorientation process of the
polycrystal for the time step under consideration. The initial or Lagrangian orientation
space of planar crystals O0 := [−π

2
, π
2
] is discretized by e = 1, . . . , Eh equal elements

Oe
0 := [θe0, θ

e+1
0 ] with local nodal positions θe0 := π(e − 1)/Eh and θe+1

0 := πe/Eh. Thus,
the finite element mesh is characterized by the pair of element sizes and center positions

|Oe
0| = |θT

h(1,e)
0 − θ

T h(2,e)
0 | and θe0 :=

1

2
[θ

T h(1,e)
0 + θ

T h(2,e)
0 ] , (A.10)

where i is an element of the mesh topology T h(i, e). The Lagrangian mesh is used in the
Eulerian formulation as a fixed assembly of control volumes, see Figure A.3. With the
incremental deformation (A.9) at hand, integration of (A.7) yields the updates

θIn+1 = θIn + Ω∗
n+1/2 − [sin(2θIn)Λ

∗
n+1/2 − cos(2θIn)Γ

∗
n+1/2]/ cos(2ξ) (A.11)

of the orientation at the global nodes I = 1, . . . , Nh of the mesh. With known orientations
at the nodes, a pair of deformed element sizes and center positions is defined in analogy
to (A.10) by

|Oe
n+1| = |θT h(1,e)

n+1 − θ
T h(2,e)
n+1 | and θen+1 :=

1

2
[θ

T h(1,e)
n+1 + θ

T h(2,e)
n+1 ] (A.12)
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Figure A.3: Reorientation for planar crystals. a) Lagrangian formulation with deforming
cells. b) Eulerian formulation with fixed cells representing control volumes
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for e = 1, . . . , Eh. The Lagrangian update of the codf, based on equation (5.58), is vi-
sualized in Figure A.3a) with deforming element sizes and center positions according to
(A.12). With F h(θe0, t0) = 1/π and |Oe

0| = π/Eh the discrete Lagrangian codf reads

F h(θe0, tn+1) = F h(θe0, t0) |Oe
0|/|Oe

n+1| = [Eh|Oe
n+1| ]−1 . (A.13)

The Eulerian update of the codf based on equation (5.53) is visualized in Figure A.3b). It
is based on the count of the representative center orientations which fall into the control
cells, i.e.

fh(θe, tn+1) = N(Oe, tn+1)/|Oh| = N(Oe, tn+1)/π , (A.14)

by means of |Oh| = π. Clearly, such a definition only gives a rough and discontinuous
estimate, in particular for the coarse mesh depicted in Figure A.3.
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[28] Böhlke, T.; Bertram, A. [2003]: Crystallographic texture induced anisotropy in
copper: an approach based on a tensorial Fourier expansion of the codf. Journal De
Physique IV, 105: 167–174.
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I-8(2002) Theorie und Numerik von Materialinstäbilitaten elastoplastischer Festkörper
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