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Abbreviations

Technical abbreviations:

FMM Fourier modal method
FFT fast Fourier transform
ASR adaptive spatial resolution
S-matrix scattering matrix
TE transverse electric
TM transverse magnetic
s from German senkrecht = perpendicular
p parallel
FP Fabry-Perot
SEM scanning electron microscopy

General definitions:

α, β, γ, δ variable integers for components 1, 2, 3 of three-dimensional
vectors

m,n, p, q variable integers or placeholders for integers
M,N fixed positive integers
εαβγ Levi-civita symbol, see equation (2.5)
δαβ , δαβ , δα

β Kronecker delta
A three-dimensional vector
eα contravariant basis vectors
eα covariant basis vectors
Aα contravariant vector components
Aα covariant vector components
Â,A, A operators
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Physical quantities:

c speed of light in vacuum
ε, µ permittivity and permeability tensors with components εαβ

and µαβ , respectively
ε, µ permittivity and permeability scalars
% charge term
ω angular frequency
k0 vacuum wave number k0 = ω

c
k, kα incident wave vector and its covariant components
E, Eα electric field and its covariant components
H,Hα magnetic field and its covariant components
D, Dα electric displacement and its contravariant components
B, Bα magnetic induction and its contravariant components
j, jα current vector and its contravariant components
S, Sα Poynting vector and its contravariant components
Gmn, Gαm lattice vector and components
Kαm Kαm = kα + Gαm

Coordinate systems:

r three-dimensional vector with spatial components
x, y, z, xα Cartesian coordinates
x̌α coordinates of uniform skewed coordinate system
u, v, w, xα general non-uniform coordinates
x̀α dummy coordinates
∂α, ∂

∂xα derivative with respect to xα

gαβ , g metric components and their determinant, see equation (2.7)
gαβ conjugate metric components, see equation (2.10)
ζ angle between y axis and x2 axis
χ angle between z axis and x3 axis
ξ angle between x axis and projection of x3 axis on xy plane
θ polar incidence angle as angle between incident wave vector

and z axis
φ azimuth incidence angle as angle between x axis and projec-

tion of incident wave vector on xy plane
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Special quantities:

Fαmn Fourier coefficient of order mn for vector component Fα

fmn,pq matrix elements for inner product
∑

p,q fmn,pq gpq = hmn in
Fourier space

l̂−α Li operator, see equation (2.20)
ε̂, µ̂ Fourier transform of permittivity and permeability tensors
ε̃, µ̃ l̂−3 (ε̂) and l̂−3 (µ̂), respectively
N̂ , L̂ special operators, see equations (2.23) and (2.24)
Kα derivative operator in direction α, see equation (2.25)
~Eα, ~Hα vectors composed of components Eαmn,Hαmn

~E||, ~H||, ~F|| reciprocal representation of lateral field components, see
equations (2.22) and (2.26)

λn, λ±n ,Λ± eigenvalues of equation (2.27) and eigenvalue matrix, with
+/− indicating the subsets of forward/backward propagat-
ing or decaying solutions in direction x3

E±|| ,H
±
|| ,F|| eigenvector matrices and material matrix, see equation (2.29)

K±
3mn, λ±mn covariant third wave vector components of plane waves with

order mn
K3

mn contravariant third wave vector component corresponding to
K+

3mn

E
(β,m,n,±)
α plane wave of polarization β and order mn

eβ±
αmn polarization state of plane wave with polarization β and order

mn
~A±n vector of expansion coefficients for forward or backward prop-

agation or decay in layer n
SNM scattering matrix between layer M (top) and layer N (bot-

tom)
|O〉, |I〉 output and input vector of scattering matrix
Pn(L) matrix for propagation over distance L in layer n
Tn(n−1) matrix describing boundary conditions at an interface be-

tween adjacent layers n, n− 1
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Abstract

The optical properties of nanostructures such as photonic crystals and meta-
materials have drawn a lot of attention in recent years [1–9]. The numerical
derivation of these properties, however, turned out to be quite complicated, es-
pecially in the case of metallo-dielectric structures with plasmonic resonances.
Hence, advanced numerical methods as well as semi-analytical models are re-
quired. In this work, we will show that the scattering matrix formalism can
provide both.

The scattering matrix approach is a very general concept in physics. In the
case of periodic grating structures, the scattering matrix can be derived by the
Fourier modal method [10]. For an accurate description of non-trivial planar
geometries, we have extended the Fourier modal method by the concept of
matched coordinates [11], in which we introduce a new coordinate system that
contains the material interfaces as surfaces of constant coordinates. In combi-
nation with adaptive spatial resolution [12, 13], we can achieve a tremendously
improved convergence behavior which allows us to calculate complex metallic
shapes efficiently.

Using the scattering matrix, it is not only possible to obtain the optical
properties for far field incidence, such as transmission, reflection, absorption,
and near field distributions, but also to solve the emission from objects inside
a structure and to calculate the optical resonances of a system. In this work,
we provide an efficient method for the ab initio derivation of three-dimensional
optical resonances from the scattering matrix [14].

Knowing the resonances in a single system, it is in addition possible to obtain
approximated resonance positions for stacked systems using our method of the
resonant mode coupling [15, 16]. The method allows describing both near field
and far field regime for stacked two-layer systems, including the strong coupling
to Fabry-Perot resonances. Thus, we can study the mutual coupling in such
systems efficiently.

The work will provide the reader with a basic understanding of the scatter-
ing matrix formalism and the Fourier modal method. Furthermore, we will
describe in detail our extensions to these methods and show their validity for
several examples.
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Zusammenfassung

Die optischen Eigenschaften von Nanostrukturen wie zum Beispiel photoni-
schen Kristallen und Metamaterialien haben in letzter Zeit große Aufmerk-
samkeit erfahren [1–9]. Dabei hat sich die numerische Berechnung dieser
Eigenschaften als relativ kompliziert erwiesen, besonders im Falle von metallo-
dielektrischen Strukturen, welche plasmonische Resonanzen aufweisen. Des-
halb sind sowohl fortschrittliche numerische Methoden als auch semianaly-
tische Modelle wünschenswert. In dieser Arbeit zeigen wir, dass der Streuma-
trixformalismus beides bieten kann.

Der Streumatrixansatz ist in der Physik ein weitverbreitetes Konzept. Im
Falle von periodischen Strukturen kann man die Streumatrix über die Fourier-
modale Methode bestimmen [10]. Um komplexere ebene Geometrien exakt
beschreiben zu können, haben wir die Fourier-modale Methode um das Kon-
zept der angepassten Koordinaten erweitert [11], in welchem neue Koordi-
naten eingeführt werden, die die Grenzflächen zwischen verschiedenen Ma-
terialien als Flächen konstanter Koordinaten beinhalten. In Kombination mit
der adaptiven Ortsauflösung [12, 13] konnten wir enorme Verbesserungen des
Konvergenzverhaltens erzielen, so dass es nun auch möglich ist, komplexere
metallische Strukturen effizient zu berechnen.

Aus der Streumatrix können wir nicht nur die optischen Eigenschaften wie
Transmission, Reflektion, Absorption und Nahfelder unter Fernfeldeinfall be-
stimmen, sondern auch die Emission von Objekten aus dem Inneren einer
Struktur sowie die optischen Resonanzen eines Systems berechnen. In dieser
Arbeit zeigen wir eine effiziente Methode, mit der man dreidimensionale op-
tische Resonanzen direkt aus der Streumatrix ableiten kann [14].

Ausgehend von den Resonanzen eines einzelnen Systems ist es außerdem
möglich, mit Hilfe unserer Methode der resonanten Modenkopplung Approxi-
mationen für die Resonanzen gestapelter Systeme zu erhalten [15, 16]. Die
Methode erlaubt sowohl die Beschreibung des Nahfeld- als auch des Fernfeld-
regimes für gestapelte Zweischichtsysteme, wobei sogar die starke Kopplung zu
Fabry-Perot Moden enthalten ist. Damit sind wir in der Lage, die gegenseitigen
Wechselwirkungen solcher Systeme effizient zu untersuchen.

Diese Arbeit ist so angelegt, dass sie dem Leser einen fundamentalen Einblick
in den Streumatrixformalismus und die Fourier-modale Methode gewährt. Da-
rüber hinaus beschreiben wir im Detail, wie unsere Erweiterungen zu diesen
Methoden funktionieren, und zeigen deren Gültigkeit an verschiedenen Beispie-
len auf.

10



Résumé

Les propriétés optiques des nanomatériaux, tels que les cristaux photoniques ou
les métamatériaux, ont reçu beaucoup d’attention dans les dernières années [1–
9]. La dérivation numérique de ces propriétés se révèle pourtant très com-
pliquée, en particulier dans le cas des structures métallo-diélectriques, qui
comportent des résonances plasmoniques. C’est pourquoi des méthodes numé-
riques avancées et des modèles semi-analytiques sont nécessaires. Dans cette
thèse, nous montrerons que le formalisme de la matrice de diffraction peut
satisfaire ces deux aspects.

La méthode de la matrice de diffraction est un concept très général en
physique. Dans le cas des structures périodiques, on peut dériver la matrice
de diffraction à l’aide de la méthode modale de Fourier [10]. Pour la descrip-
tion exacte des géométries planes, nous avons développé la méthode des co-
ordonnées adaptées [11], qui nous donne un nouveau système de coordonnées,
dans lequel les interfaces des matériaux sont des surfaces de coordonnées con-
stantes. En combinaison avec la méthode de la résolution spatiale adaptative,
la méthode des coordonnées adaptées permet d’améliorer considérablement la
convergence de la méthode modale de Fourier, de telle sorte qu’on peut calculer
des structures métalliques compliquées très efficacement.

Si on utilise la matrice de diffraction, il est non seulement possible de dériver
les propriétés optiques en illumination de champ lointain, comme la trans-
mission, la réflexion, l’absorption, et le champ proche, mais aussi de décrire
l’émission d’un objet à l’intérieur d’une structure et d’obtenir les résonances
optiques d’un sytème. Dans cette thèse, nous présenterons une méthode ef-
ficace pour la dérivation des résonances optiques tridimensionnelles, utilisant
directement la matrice de diffraction [14].

Si on connâıt les résonances d’un système isolé, il est aussi possible d’obtenir
une approximation des résonances dans le cas d’un système combiné à l’aide
de notre méthode du couplage des résonances [15, 16]. Cette méthode permet
de décrire le régime de couplage des champs lointain et proche, y compris
le couplage fort avec les résonances Fabry-Perot, pour des systèmes qui se
composent d’un empilement de deux structures planes et périodiques. Pour
cette raison, on peut étudier efficacement le couplage de ces systèmes.

Cette thèse est écrite de manière à donner une idée d’ensemble du formalisme
de la matrice de diffraction et de la méthode modale de Fourier. En outre, nous
décrivons notre généralisation de ces méthodes et nous montrons la validité de
nos approches pour différents exemples.
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1 Introduction

It had been around the end of the 19th century, when people believed that
the fundamentals of physics were in principle understood, and new discoveries
would be made only for very specialized problems. Most notably, the formu-
lation of the Maxwell’s equations [17] turned out to be one of the milestones
in physics which led to this assumption. Today, we know that even such a
classical field as electrodynamics can still provide a multitude of discoveries
that are so fundamental that they open up new paths in science.

Especially, the field of nano-optics has drawn a lot of attention in recent
years. Fabrication techniques such as electron beam lithography and focused
ion beam etching provide means to fabricate particles of feature sizes in the
range of the optical wavelengths with optical properties that have not been
achieved so far.

A remarkable type of materials are the so-called photonic crystals [18–21],
which consist of periodically arranged structures with a period in the order of
the wavelength of light and provide band gaps for the propagation of photons
similar to the band gaps for electrons in standard crystals [22]. This allows a
confinement of light, either in one or two dimensions for new types of waveg-
uides (see, e.g., [23]) and fibers (also known as photonic crystal fibers [24]), or
in all three spatial directions for a strong localized field enhancement [25].

When the particle size is decreased below the wavelength of light, we enter
the region of so-called metamaterials [26–29]. Owing to the small feature size,
the light interacts with the metamaterial as a kind of effective material because
several metamaterial particles (so-called meta-atoms [30]) are excited over one
wavelength. Depending on the meta-atoms and their spatial arrangement, the
metamaterial can be designed such that it provides specific optical properties
that are not available in nature, which allows the construction of optimized
optical devices for various applications.

A very prominent example of metamaterials is that of a material with a
negative refractive index [31–34], which allows – at least theoretically – the
construction of a perfect lens [26]. Another application of metamaterials is a
cloaking device that bends the light around an object, so that this object seems
to be invisible [27]. For a single wavelength and a single incident polarization,
it has been demonstrated in the microwave regime that such a device can in
principle be fabricated [28]. Similarly, it has been shown in the optical regime
that an object can be hidden under a carpet cloak on a reflecting surface [35].

Many ideas for new metamaterials evolve from the field of transformation
optics [36], which uses the fact that Maxwell’s equations can be formulated
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invariantly under coordinate transformations, when we redefine the permittiv-
ity and permeability tensors [37]. Thus, non-uniform coordinate systems and
non-trivial permittivity and permeability distributions provide the same re-
sult. Hence, we can construct a deformed space, in which the light propagates
in an unusual way. The equivalence principle then provides us permittivity
and permeability distributions that lead to the same physical behavior. The
remaining problem is to construct a metamaterial that exhibits such artificial
material properties.

Owing to the challenging task of constructing appropriate metamaterials, it
is essential to analyze the role of the individual meta-atoms in detail. A lot of
work has been devoted to this subject, especially by Liu et al. [9, 38–41]. Thus,
it has been possible to construct new optically active and polarization sensitive
materials [42, 43], as well as structures mimicking quantum-mechanical effects
such as electromagnetically induced transparency [9, 44]. Possible applications
would be sensor devices [45], perfect absorbers [46], and measurements of the
spatial arrangement of molecules with so-called plasmon rulers [47].

Many metamaterials and photonic crystals contain metallic particles which
exhibit so-called plasmonic resonances. Plasmon resonances occur due to col-
lective oscillations of free electrons in metallic structures and can be either de-
localized surface plasmon polaritons that propagate along a metallo-dielectric
interface [2, 3, 6, 21, 48], or localized particle resonances [49, 50]. A well-
known example of localized plasmon resonances is the bright color of windows
in medieval churches, which is caused by metallic nanoparticles inside the glass.

The advantage of plasmonic resonances is a strong light-matter interaction,
which has been applied for constructing nanoantennas [51], for instance, in
order to enhance the emission of light from quantum dots [52]. Furthermore,
plasmonic resonances are often used for constructing metamaterials with a
negative refractive index, because the resonant phenomenon can provide a
negative permeability, which leads in combination with the negative real part
of the metallic permittivity to a negative refractive index [32–34]. Other work
has been devoted to the interaction of localized and delocalized plasmonic
resonances with different kinds of optical resonances such as slab waveguide
modes [53, 54].

Unfortunately, nanoparticles are too small for a simplified description of
their optical properties in standard ray optics and – in most cases – yet
too large for a quasi-static approximation of Maxwell’s equations. Hence,
Maxwell’s equations have to be solved either analytically or numerically. As
there are only a few systems such as spheres [55] and infinite cylinders [56]
with a known analytical solution, most problems have to be solved numeri-
cally. This is especially challenging in the case of metallo-dielectric structures,
which usually require an accurate description of the interfaces between metallic
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1 Introduction

and dielectric materials.
There are plenty of methods available for solving Maxwell’s equations nu-

merically. In general, they can be distinguished as time domain and frequency
domain solvers. In the case of the former, the time dependence of Maxwell’s
equations is discretized, leading to a system of equations that can be solved
usually rather quickly. The downside of most time domain solvers is on the
one hand a reduced accuracy in calculations with non-rectangular structures;
on the other hand it is difficult to describe dispersive material parameters cor-
rectly. A common commercial time domain solver is the finite integral method
of CST microwave studio [57]. Other approaches use the finite difference time
domain method or the discontinuous Galerkin time domain method [58].

In the case of frequency domain solvers, only one frequency is considered
in each calculation, and the time-harmonic Maxwell’s equations are solved.
Typical frequency solvers use the finite element method [59, 60], which has the
advantage that one can include adaptive meshes for an appropriate description
of arbitrary shapes. The disadvantages of all frequency domain solvers are a
restriction to linear material response as well as an increased calculation time
compared to time domain solvers. In this work, we focus on the Fourier modal
method as a special frequency solver, which is well-suited and fast for stacks
of periodic layers. Nevertheless, within this approach, it is – in contrast to the
finite element method – difficult to describe arbitrary shapes correctly.
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2 Fourier modal method and
scattering matrix

2.1 Introduction

The Fourier modal method (FMM), also known as rigorous coupled wave ap-
proach or scattering matrix method,1 is one of the most popular numerical
methods for deriving the optical properties of stacked grating structures. Its
history started more than 40 years ago with volume gratings consisting of sim-
ple sinusoidal permittivity variations [61]. Nowadays, the method is widely
used in the fields of photonic crystals [53, 62], metamaterials [63–67], and
plasmonics [68]. An interested reader will get a short overview of the devel-
opment of the Fourier modal method in reference [69]. In this chapter, we
present the state of the art techniques in the Fourier modal method, which
are commonly used and provided the basis for the extensions developed in this
work.

One of the most remarkable features of the Fourier modal method is the
fact that its formulation remains very simple. Assuming an invariance un-
der translation in one spatial direction, it is straight-forward to derive from
Maxwell’s equations an eigenvalue problem for field distributions that can
propagate or decay forward or backward in the direction of invariance with
only a change in the global phase and amplitude [10]. Whenever the system of
interest is periodic in two other spatial directions, which do not coincide with
the direction of translation invariance, it is possible to solve the eigenvalue
problem effectively by an expansion in truncated Fourier series. The solu-
tions are so-called Fourier-Bloch modes, which span the subspace of general
solutions within such a layer of translation invariance and explain the origin
of the name Fourier modal method. For constructing the optical properties
of several stacked layers with identical directions of invariance, the solutions
of neighboring layers can be combined by considering the correct boundary
conditions [62, 70, 71].

The required periodicity is both an advantage and a disadvantage, as it re-
stricts the Fourier modal method to specific geometries, but simultaneously
includes a correct formulation of periodic boundary conditions intrinsically. A
clear downside of the method is the required translation invariance. Hence,

1In fact, the name scattering matrix method refers to a special form of the Fourier modal
method using the scattering matrix formalism for the description of stacked layers.
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2 Fourier modal method and scattering matrix

the Fourier modal method can be applied only to systems that can be sepa-
rated into several planar layers effectively (see figure 2.1). Still, the method
is applicable to most of the standard problems in modern grating systems,
because these structures are usually fabricated by techniques such as electron
beam lithography or focused ion beam etching, which are also limited to planar
structures.

a) b) c)

Figure 2.1: Typical structures for calculations with the Fourier modal method:
(a) Periodic multilayer structure with rectangular geometry; (b) Skewed structure
with non-orthogonal directions of periodicity and translation invariance; (c) Cylin-
ders approximated by zig-zag lines.

In its original formulation, a poor convergence behavior was noticed for the
transverse magnetic (TM) polarization in one-dimensional gratings, whereas
calculations of two-dimensional gratings seemed to be practically impossible.
Some attempts have been made in order to improve the convergence behavior
by a reformulation of the involved eigenvalue problem [72, 73]. Then, in 1996,
Lifeng Li provided a detailed analysis as regards the convergence behavior of
the involved products in Fourier space and formulated the so-called factoriza-
tion rules [74], which finally led to a systemically optimized eigenvalue problem
of the Fourier modal method [10, 75].

Still, the convergence behavior of the Fourier modal method was not very
convincing in the case of metallo-dielectric structures. The reason is that the
permittivity distribution of such structures exhibits a jump in the real part
from positive to negative values, so that the truncated Fourier expansion of
the real part passes through zero at the interface, leading to a singularity in
cases where the imaginary part equals zero. In addition, the contrast between
the permittivity of the metallic and the dielectric area is rather large. Hence,
the description of the discontinuous permittivity distribution is hampered by
the over- and undershoots due to the Gibbs phenomenon. In order to improve
the convergence behavior beyond the limits of the factorization rules, it has
been suggested to introduce a coordinate transformation such that the spatial
resolution is increased close to the jump discontinuities [12, 13]. This so-
called adaptive spatial resolution allows an efficient calculation of metallo-
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2.2 Conventions

dielectric structures, because the jump discontinuities are much smaller in the
transformed coordinates than in the original physical space [76].

However, the application of the correct Fourier factorization in combina-
tion with adaptive spatial resolution is only straight-forward in cases where
the lateral interfaces coincide with the directions of periodicity (see examples
in figure 2.1). Therefore, it is possible to calculate the optical properties of
skewed geometries [10], whereas even simple shapes such as cylinders have to
be approximated by zig-zag lines. Several extensions have been made to the
concept of factorization rules [77] and its application to arbitrary interface ge-
ometries [78–80]. In this work, we present the scheme of matched coordinates
as an alternative approach for the description of more or less arbitrary inter-
face geometries that allows us to also include the concept of adaptive spatial
resolution efficiently [11, 81].

Although the Fourier modal method is designed for linear phenomena and
periodic structures, it is worth mentioning that it is possible to extend the
method to aperiodic structures [82–84] as well as to nonlinear material re-
sponse [85, 86].

2.2 Conventions

If not stated otherwise, we use a covariant notation with sum convention in this
work, as it turned out to be most efficient for the description of the occurring
equations, because it allows a simple application of coordinate transforma-
tions. The components of three-dimensional vectors will be denoted by Greek
subscripts or superscripts, whereas Latin letters usually indicate elements of
the infinite or truncated Fourier expansions. The underlying unit system is
centimeter, gram, second (cgs).

Let us define a coordinate system Ox1x2x3 with the x3 axis as the direction
of translation invariance and the x1 and the x2 axes as the two lateral directions
of periodicity. Note that the structures of interest can be also invariant under
translations in the directions x1 and x2. In this case, we can attribute a pseudo-
period of arbitrary length along such directions. If the complete structure is
periodic in only one of the two lateral directions but translation invariant
in the other direction, we define x1 as the direction of periodicity and refer
to the structure as one-dimensional. If the structure has two directions of
periodicity,2 we call it two-dimensional.

The physical coordinate system Oxyz = Ox1x2x3 is related to the coordi-
nate system Ox1x2x3 such that the x1 axis coincides with the x1 axis (see
2Strictly speaking, we can attribute infinitely many lateral directions of periodicity to a

two-dimensional periodic structure. For the sake of simplicity, we count in this case only
the directions of periodicity with the smallest periods.
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2 Fourier modal method and scattering matrix

figure 2.2), the x2 axis is located in the x1x2 plane and inclined by an angle
ζ with respect to the x2 axis; the orientation of the x3 axis is defined by the
angles χ and ξ as polar and azimuth, respectively. The coordinates in the
skewed coordinate system Ox1x2x3 are related to the physical coordinates as
follows [10]:

x = x1 = x1 + x2 sin ζ + x3 sinχ cos ξ , (2.1a)

y = x2 = x2 cos ζ + x3 sinχ sin ξ (2.1b)

z = x3 = x3 cos χ . (2.1c)

For most of the practical applications, χ = ξ = 0. However, we decided to keep
the description of the Fourier modal method as general as possible regarding
the inclination, because the concept of inclined coordinate systems discussed
by Li [10] is very similar to what we introduce as the concept of matched
coordinates in the following chapter 3.
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Figure 2.2: Definition of an orthonormal coordinate system Ox1x2x3 and a skewed
coordinate system Ox1x2x3 as well as the orientation of the incidence wave vector.
Panel (b) and (c) depict the schematic of a typical multilayer structure used in the
Fourier modal method in top and side view, respectively.

In general, the structure of interest is illuminated from the top via far field
incidence with an incident wave vector k. The orientation of the x3 axis is
chosen such that the projection of the incident wave vector on the x3 axis
results in a positive value. The wave vector itself can be defined in the system
Ox1x2x3 by the angles θ and φ (see figure 2.2a) as well as its absolute value
k0n0, where n0 denotes the refractive index of the homogeneous superstrate
layer on top of the structure of interest (see figure 2.2c), and k0 = ω/c. In
the coordinate system Ox1x2x3, the covariant in-plane components k1 and k2

obey:
k1 = k0n0 sin θ cos φ , k2 = k0n0 sin θ sin(φ + ζ) . (2.2)
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2.3 Solution for Maxwell’s equations in one layer

In this work, the occurring materials are described by anisotropic permit-
tivity and permeability tensors ε and µ, neglecting bi-anisotropy as well as
any higher order contributions. Thus, Maxwell’s equations remain linear and
we can assume a time dependence exp(−iωt), which we omit throughout this
work for the sake of simplicity.

2.3 Solution for Maxwell’s equations in one layer

Let us now focus on the solution of Maxwell’s equations inside a layer with
translation invariance. Note that we keep the formulation as general as possible
and follow more or less the descriptions in reference [10], with some extensions
towards the concept of matched coordinates [11, 81].

2.3.1 Covariant formulation of Maxwell’s equations

Owing to the general description in skewed coordinates, it is appropriate to
formulate Maxwell’s equations in a covariant form that is invariant under well-
behaved coordinate transformations [36, 37]. For instance, the curl equations
read in the covariant form as follows:

∇×E = ik0µH ⇒ εαβγ∂βEγ = ik0µ
αβHβ ,

∇×H = −ik0εE +
4π

c
j ⇒ εαβγ∂βHγ = −ik0ε

αβEβ +
4π

c
jα .

(2.3)

The bold letters E and H indicate the electric and magnetic field vectors,
the corresponding covariant components are Eα and Hα, respectively. They
are related with the orthonormal components Eα and Hα by the standard
transformation of covariant tensors with rank one and weight zero:

Eα =
∂xβ

∂xα
Eβ , Hα =

∂xβ

∂xα
Hβ . (2.4)

The expression εαβγ in equation (2.3) denotes the Levi-Civita symbol, with

εαβγ =


1 for αβγ = 123, 231, 312 ;
−1 for αβγ = 321, 213, 132 ;
0 otherwise .

(2.5)

The contravariant components of the permittivity and permeability tensors
εαβ and µαβ transform as relative contravariant tensors of rank two and weight
one:

εαβ =
√

g
∂xα

∂xγ

∂xβ

∂xδ
εγδ , µαβ =

√
g
∂xα

∂xγ

∂xβ

∂xδ
µγδ . (2.6)
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2 Fourier modal method and scattering matrix

Here, g denotes the determinant of the metric components gαβ , which are
defined as

gαβ =
3∑

γ=1

∂xγ

∂xα

∂xγ

∂xβ
. (2.7)

Thus, the square root of g equals the following Jacobian determinant:

√
g = det

[
∂(x1, x2, x3)
∂(x1, x2, x3)

]
= det


∂x1

∂x1
∂x1

∂x2
∂x1

∂x3

∂x2

∂x1
∂x2

∂x2
∂x2

∂x3

∂x3

∂x1
∂x3

∂x2
∂x3

∂x3

 . (2.8)

In the case of isotropic tensors with scalar permittivity and permeability
values ε and µ, equation (2.6) simplifies to

εαβ =
√

ggαβε , µαβ =
√

ggαβµ , (2.9)

with gαβ as the conjugate metric components. They obey the relation δα
β =

gαγgγβ , where δα
β stands for the Kronecker delta. In particular,

gαβ =
3∑

γ=1

∂xα

∂xγ

∂xβ

∂xγ . (2.10)

The general source terms in Maxwell’s equations transform also as relative
tensors of weight one:

jα =
√

g
∂xα

∂xβ
j

β
, % =

√
g % . (2.11)

With the general charge term %, we find for the covariant form of Maxwell’s
divergence equations [36]:

∇ ·D = 4π% ⇒ ∂αDα = 4π% ,

∇ ·B = 0 ⇒ ∂αBα = 0 .
(2.12)

Here, Dα and Bα denote the contravariant components of the generalized
electric displacement and magnetic induction, respectively. Note that Dα and
Bα transform as relative contravariant tensors of weight one in order to keep
the form of equation (2.12) invariant. For instance, we find for the electric
displacement:

Dα = εαβEβ =
√

g
∂xα

∂xγ

∂xβ

∂xδ
εγδEβ =

√
g
∂xα

∂xγ εγδEδ =
√

g
∂xα

∂xγ D
γ

. (2.13)
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2.3 Solution for Maxwell’s equations in one layer

2.3.2 Eigenvalue equation

In the Fourier modal method, no layer contains any charges or currents.3 Fur-
thermore, the permittivity and permeability tensors εαβ and µαβ are periodic
with respect to x1 and x2 with periods P 1 and P 2, respectively. Hence, we
find for any integer values m,n:

εαβ(x1+mP 1, x2+nP 2, x3) = εαβ(x1, x2, x3) ,

µαβ(x1+mP 1, x2 +nP 2, x3) = µαβ(x1, x2, x3) .
(2.14)

Owing to the periodicity, we can use Bloch’s theorem and employ the fol-
lowing ansatz for the electric and magnetic field:

Fα(x1, x2, x3) = eik1x1+ik2x2
fα(x1, x2, x3) . (2.15)

Here, Fα stands for either the electric or magnetic field component, and
fα(x1, x2, x3) indicates a periodic function with respect to x1 and x2. The
terms kα with α = 1, 2 are conserved in all layers and equal the lateral com-
ponents of the incident wave vector.

The next steps for deriving the master equation of the Fourier modal method
can be interchanged in their order. We suggest to start with inserting equa-
tion (2.15) in the covariant form of the curl Maxwell equations (2.3) and to
Fourier transform the results in the lateral directions x1 and x2. Thus, we
obtain for the curl of the magnetic field [10]:

K2nH3mn + i∂3H2mn = −k0

∑
p,q

ε̂1α
mn,pqEαpq , (2.16a)

−i∂3H1mn −K1mH3mn = −k0

∑
p,q

ε̂2α
mn,pqEαpq , (2.16b)

K1mH2mn −K2nH1mn = −k0

∑
p,q

ε̂3α
mn,pqEαpq . (2.16c)

Similarly, the curl of the electric field yields in Fourier space [10]:

K2nE3mn + i∂3E2mn = k0

∑
p,q

µ̂1α
mn,pqHαpq , (2.17a)

−i∂3E1mn −K1mE3mn = k0

∑
p,q

µ̂2α
mn,pqHαpq , (2.17b)

K1mE2mn −K2nE1mn = k0

∑
p,q

µ̂3α
mn,pqHαpq . (2.17c)

3It is in principle possible to solve the emission problem with an oscillating point dipole
inside the structure of interest by reformulating the boundary problem at the interface
between two adjacent layers [70], but the discussion on this topic is beyond the scope of
this work.
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2 Fourier modal method and scattering matrix

The reciprocal space representations Eαmn and Hαmn of the electric and
magnetic field evolve from the Fourier transform of the periodic function
fα(x1, x2, x3) that has been introduced in equation (2.15), and still depend
on x3:

Fαmn(x3) =
1

P 1P 2

∫
V

fα(x1, x2, x3)e−iG1mx1−iG2nx2
dx1dx2 . (2.18)

In this case, V denotes the area of one unit cell, and Gαm are the covariant
components of the reciprocal lattice vectors Gmn with Gαm = 2πm/Pα for
m ∈ Z. The terms Kαm in equations (2.16a) to (2.17c) originate from the
derivative operators in direction α and are related to the reciprocal lattice
vectors as Kαm = kα + Gαm.

The most complicated expressions in the reciprocal curl Maxwell equations
(2.16a) to (2.17c) are ε̂αβ

mn,pq and µ̂αβ
mn,pq as the Fourier representations of the

permittivity and permeability tensors. In a straight-forward calculation, they
are connected with the spatial tensors by the following relation:

f̂αβ
mn,pq(x

3) =
1

P 1P 2

∫
V

fαβ(x1, x2, x3)e−i(G1m−G1p)x1−i(G2n−G2q)x2
dx1dx2 .

(2.19)
However, this so-called Laurent’s rule is only correct in an infinite Fourier
space. A detailed analysis of the Laurent’s rule in a truncated Fourier space
yields a poor convergence in the case of discontinuous functions. In order to
overcome this problem, Li developed the factorization rules for discontinuous
functions [74], where it is suggested to reformulate the Laurent’s rule under
certain conditions. We will discuss the factorization rules in detail in sec-
tion 2.5. For the moment, the reader may consider ε̂αβ

mn,pq and µ̂αβ
mn,pq simply

as the Fourier representations of the permittivity and permeability tensors
that can be obtained by well-defined operations.

The next step towards the master equation of the Fourier modal method
is to eliminate the E3 and H3 components in equations (2.16a) to (2.17c),
which is rather lengthy and tedious. However, we can display the results in a
compact form by introducing the operator l̂±γ of reference [10]. This operator
applied to an arbitrary 3 × 3 matrix A results in the matrix Ã ≡ l̂±γ (A) with
the following components:

Ãαβ =


(Aγγ)−1 for α = γ, β = γ ;
(Aγγ)−1Aγβ for α = γ, β 6= γ ;
Aαγ(Aγγ)−1 for α 6= γ, β = γ ;
Aαβ ±Aαγ(Aγγ)−1Aγβ for α 6= γ, β 6= γ .

(2.20)
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2.3 Solution for Maxwell’s equations in one layer

Note that the elements of A can be also elements of a finite or infinite Hilbert
space, so that the inverse has to be understood as an operator. For instance,
we can define

ε̃ = l̂−3 (ε̂) , µ̃ = l̂−3 (µ̂) , (2.21)

where ε̂ and µ̂ are 3 × 3 block matrices with elements ε̂αβ
mn,pq and µ̂αβ

mn,pq

that evolve from the Fourier transform of the generalized permeability and
permittivity tensor elements defined by equation (2.6).

Thus, the elimination of E3 and H3 in equations (2.16a) to (2.17c) leads to

−i∂3

(
~E||
~H||

)
︸ ︷︷ ︸
≡ ~F||

=
[
N̂ (µ̃, ε̃) −L̂(µ̃, ε̃)
L̂(ε̃, µ̃) N̂ (ε̃, µ̃)

]
︸ ︷︷ ︸

≡M

(
~E||
~H||

)
︸ ︷︷ ︸
≡ ~F||

, (2.22)

with the tensor operators

N̂ (A,B) =
(
−A23K2 −K1B31 A23K1 −K1B32

A13K2 −K2B31 −A13K1 −K2B32

)
, (2.23)

L̂(A,B) =
1
k0

(
−k2

0A21 −K1B33K2 −k2
0A22 +K1B33K1

k2
0A11 −K2B33K2 k2

0A12 +K2B33K1

)
. (2.24)

In this case, A and B denote 3× 3 block tensors. Furthermore, we define Kα

as the derivative operator, which is a diagonal matrices with elements

(K1)mn,pq = K1mδmpδnq , (K2)mn,pq = K2nδmpδnq . (2.25)

Note the following conventions. By calligraphic letters ~X with vector sym-
bols, we denote either the full set of Fourier coefficients Xmn as defined by
equation (2.18) or – in order to cope with the vectorial quantities in Maxwell’s
equations – a block vector with blocks consisting of such sets of coefficients.
For instance, the vectors ~E|| and ~H|| represent the lateral components of the
electric and magnetic field, respectively:

~E|| =
(

~E1

~E2

)
, ~H|| =

(
~H1

~H2

)
. (2.26)

Furthermore, we usually distinguish by calligraphic letters X without vector
symbols the full Fourier representation of a matrix operator from its element-
wise representation Xmn,pq defined by equation (2.19). In some cases, calli-
graphic letters may also be used for block matrix operators, where each block
consists of matrix operators X with elements Xmn,pq [see, e.g., the operator
M defined in equation (2.22)].
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2 Fourier modal method and scattering matrix

The matrix and vector notations are motivated by the numerical calcula-
tions, where X becomes a finite matrix of size NG × NG, and ~X is a column
vector of size NG × 1 in a truncated Fourier space with a total amount of NG

Fourier harmonics.
So far, we have made no assumptions on the x3 dependence of the permeabil-

ity and permittivity tensors defined by equation (2.6). If we consider a layer
with a translation invariance along the x3 axis, the matrixM in equation (2.22)
is constant, so that we can construct a general solution of equation (2.22) by
linear combination of vectors ~F||n that solve the eigenvalue equation

λn
~F||n = M ~F||n . (2.27)

This is the master equation of the Fourier modal method [10]. Its solutions
represent field distributions with a spatial dependence

F (n)
α (x1, x2, x3) = eik1x1+ik2x2+iλnx3 ∑

p,q

F (n)
αpqe

iG1px1+iG2qx2
, (2.28)

where Fα denotes either Eα or Hα. As the vectors ~F||n originate from Bloch’s
theorem and span the eigenvector space ofM, such field distributions are called
Fourier-Bloch modes. They can propagate and decay forward or backward in
the direction of translation invariance without changing their lateral shape. It
is therefore convenient to distinguish them by their direction of propagation or
decay as regards the x3 axis and summarize the eigenvalues into subsets {λ+

n }
and {λ−n }, where {λ±n } contains eigenvalues λn with either positive or negative
imaginary part for forward or backward decay, respectively. In the special case
that an eigenvalue λn is purely real, we assign it to {λ±n } in dependence on
the sign of the real part.

In the case of a truncated Fourier space, equation (2.27) can be solved
by standard tools of linear algebra. Throughout this work, we use a rect-
angular truncation with Gαm = 2πm/Pα for m = 0,±1,±2, ...,±Nα, and
NG = (2N1 + 1)× (2N2 + 1).

As mentioned above, we can construct a general solution of equation (2.27)
by linear combination. In compact matrix notation, we find:[

~E||(x3)
~H||(x3)

]
=

(
E+
|| E−||
H+
|| H−

||

)
︸ ︷︷ ︸

≡F||

[
exp(iΛ+x3) 0

0 exp(iΛ−x3)

](
~A+

~A−

)
.

(2.29)
The vectors ~A± contain a set of coefficients that define the amplitude and phase
of the Fourier-Bloch modes at x3 = 0. The x3 dependence is determined by
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2.3 Solution for Maxwell’s equations in one layer

the matrices exp(iΛ±x3), where Λ± denotes a diagonal matrix with diagonal
elements λ±n . The corresponding eigenvectors are assigned as columns to the
so-called material matrix F|| [62] with equally sized blocks E±|| and H±

|| for the
electric and magnetic field in forward and backward direction, respectively.

The Fourier representation of E3 and H3 can be derived from equation
(2.16c) and (2.17c):

[
~E3(x3)
~H3(x3)

]
=

 −ε̃31 −ε̃32 ε̃33

k0
K2 − ε̃33

k0
K1

− µ̃33

k0
K2

µ̃33

k0
K1 −µ̃31 −µ̃32




~E1(x3)
~E2(x3)
~H1(x3)
~H2(x3)

 . (2.30)

2.3.3 Special tensors

In section 2.3.2, we allowed any kind of periodic permittivity and permeability
tensors. Significant simplifications occur, when we assume that ε3α and εα3 as
well as µ3α and µα3 are identical to zero for α 6= 3. Consequently, the tensor
N̂ defined by equation (2.23) equals zero, too. Hence, we can eliminate, for
instance, the Fourier representation of the magnetic field in equation (2.27) [75]
and solve the simplified eigenvalue equation

(λ±n )2~E±||n = −L̂(µ̃, ε̃)L̂(ε̃, µ̃)~E±||n . (2.31)

The integer n labels the different eigenvalues and eigenvectors for forward (+
sign) or backward (− sign) propagation and decay. Owing to the peculiar form
of the eigenvalue problem, λ−n = −λ+

n and ~E+
||n = ~E−||n. Hence, it is convenient

to introduce a single diagonal eigenvalue matrix Λ with diagonal elements λ+
n

and to summarize the corresponding eigenvectors as columns in a matrix E||.
In a next step, we can construct the Fourier representation of the magnetic

field as
H±
|| = ±H|| , H|| = L̂(ε̃, µ̃)E||Λ−1 . (2.32)

Hence, the material matrix F|| exhibits a simplified form:

F|| simple =
(
E|| E||
H|| −H||

)
. (2.33)

Care has to be taken in the special case that an eigenvalue equals zero. Then,
we cannot construct the corresponding magnetic field via equation (2.32), be-
cause we would have to divide by zero. Instead, we have to consult equa-
tion (2.27), where it is obvious that we can choose the electric and magnetic
field independently for N̂ = 0 and λ0 = 0. In this case, the magnetic field can
be constructed as an element of the kernel of L̂(µ̃, ε̃).
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2 Fourier modal method and scattering matrix

Note that we can consider instead of equation (2.31) also an equivalent
problem for the magnetic field [70]. To the best of our knowledge, there is no
significant advantage for one or the other. If possible, it is however recom-
mended to solve one of these equations instead of equation (2.27), because the
calculation time for an N×N eigenvalue problem grows with N3. In addition,
we can use group theoretic approaches in order to benefit from specific sym-
metry properties of the structure of interest, and, thus, solve the eigenvalue
equation (2.27) or (2.31) very efficiently [87–91]. However, we have not imple-
mented this approach in our code yet. Therefore, we refrain from a detailed
discussion on this topic.

2.3.4 Homogeneous layers

As long as we consider uniform coordinate transformations with ∂xα/∂xβ =
constant – such as the inclination defined by equations (2.1a) to (2.1c) – we
can find the solution of homogeneous layers analytically. Homogeneous layers
are uniform and isotropic with respect to the orthonormal coordinate system
Ox1x2x3:

εαβ = εδαβ , ε = constant , (2.34)

µαβ = µδαβ , µ = constant . (2.35)

Due to the fact that all metric terms g, gαβ , and gαβ are constant, the
Fourier transform of the redefined tensors εαβ and µαβ [see equation (2.6)] is
trivial, independently on the application of the different Fourier factorizations
described later in section 2.5. Thus, we find for the expressions ε̃ and µ̃ in
equation (2.22):

f̃αβ
mn,pq = δmpδnq g̃

αβ ×


f−1 for α = β = 3 ,

1 for α = 3 ∨̇β = 3 ,

f otherwise .

(2.36)

In this case, f stands for either ε or µ, and ∨̇ denotes the exclusive or. The
terms g̃αβ evolve from the application of the operator l̂−3 [see definition in
equation (2.20)] on the tensor of the conjugate metric components times the
square root of the metric determinant,

√
ggαβ .

Owing to the peculiar diagonal form of the matrices in equation (2.36), the
eigenvalue problem defined by equation (2.27) can be split into independent
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2.3 Solution for Maxwell’s equations in one layer

sub-blocks for the different Fourier harmonics, with

(
λmn + K1mg̃13 + K2ng̃23

)( E1mn

E2mn

)
= −Lmn

(
H1mn

H2mn

)
, (2.37)

(
λmn + K1mg̃13 + K2ng̃23

)( H1mn

H2mn

)
=

ε

µ
Lmn

(
E1mn

E2mn

)
, (2.38)

where the 2× 2 matrix Lmn is defined as

Lmn =
1

k0ε

(
−k2

0εµg̃21 −K1mg̃33K2n −k2
0εµg̃22 + K1mg̃33K1m

k2
0εµg̃11 −K2ng̃33K2n k2

0εµg̃12 + K2ng̃33K1m

)
. (2.39)

The eigenvalues λmn of each Fourier harmonic can be derived by the com-
bination of equation (2.37) and (2.38), which yields

(
λmn + K1mg̃13 + K2ng̃23

)2( F1mn

F2mn

)
= − ε

µ
L2

mn

(
F1mn

F2mn

)
. (2.40)

In this case, Fαmn denotes either Eαmn or Hαmn. As L2
mn is diagonal, with

− ε

µ
L2

mn =
(

K3
mn

g33

)2(
1 0
0 1

)
, (2.41)

where the terms K3
mn are defined as

K3
mn =

{
g33
[
k2
0εµ−(K1m)2g11−(K2n)2g22−2K1mK2ng12

]
+
(
K1mg13+K2ng23

)2}1
2

,

(2.42)

we obtain two eigenvalues λ±mn as the covariant components K±
3mn of wave

vectors K±
mn, with ±K3

mn = g31K1m + g32K2n + g33K±
3mn [10]:

K±
3mn ≡ λ±mn =

1
g33

[
±K3

mn −
(
K1mg13 + K2ng23

)]
. (2.43)

The corresponding eigenvectors can be chosen as plane waves with the spatial
representation

E(β,m,n,±)
α (x1, x2, x3) = eβ±

αmn eiK1mx1+iK2nx2+iK±
3mnx3

, (2.44)

where we can distinguish for each pair m,n two solutions of different polar-
ization β, which is defined according to the orientation of the polarization
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2 Fourier modal method and scattering matrix

term eβ±
αmn in the x1x2 plane. In the simplest case, the lateral components

(α = 1, 2) are oriented in either direction 1 or 2. Denoting these two solutions
by β = 1 and β = 2, respectively, we can define the lateral polarization terms
as eβ±

αmn = δβ
α. Note that we have normalized in this definition the lateral

components of the electric field without the loss of generality. The exact con-
tribution of each plane wave in a specific problem depends on the structure
of interest as well as the incidence parameters, and will be derived later in
section 2.4.

It should be mentioned that we can construct new eigenvectors E
(β,m,n,±)
α

for equation (2.40) by any linear combination of eigenvectors with the same
eigenvalue. Common alternative sets are the sp basis (see section 2.4.3) or
left and right circularly polarized light (see, e.g., [92, 93]). Therefore, the
variable β denotes in general a specific basis state of the plane wave defined
in equation (2.44), whereas m, n, and ± can be considered as the quantum
numbers of the respective state.

Similar to the general solution of equation (2.27), we define for the ho-
mogeneous layers the diagonal matrices Λ±homo with diagonal elements λ±mn.
Furthermore, we assign the values K3

mn to the diagonal elements of a diago-
nal matrix ∆, so that the material matrix of the homogeneous layers can be
written without the loss of generality as [10]

F|| homo =
[

I I
ε
µ L̂(µ̃, ε̃)∆−1 − ε

µ L̂(µ̃, ε̃)∆−1

]
. (2.45)

In this case, I denotes a unity matrix, whereas L̂(µ̃, ε̃) contains independent
sub-blocks as defined by equation (2.39).

As in section 2.3.3, we have to be careful whenever K3
mn = 0 for some

solutions. In such cases, the lateral magnetic field distribution can be chosen
as H

(β,m,n,±)
αpq = ±δm

p δn
q δβ

α, with α, β = 1, 2.

2.4 Scattering matrix formalism

From the general solution of Maxwell’s equations inside a layer with transla-
tion invariance, we can derive the solution of a stack of layers with identical
periodicity and direction of translation invariance in a scattering matrix for-
malism. Scattering matrices S provide a relation between the input |I〉 of
a system and the respective output |O〉 as |O〉 = S|I〉, and are used in many
fields of physics [94–96]. In the following, we will show how to construct such a
scattering matrix from the solution of equation (2.27) in an iterative procedure
(see also schematic in figure 2.3).
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Figure 2.3: Schematic of scattering matrix calculations. The system is separated
into several layers with translation invariance along the x3-axis. Then, a general
solution is constructed inside each layer using equation (2.27). Finally, the solutions
are combined by considering the vertical boundary conditions in a scattering matrix
approach.

For a stack of periodic layers, the input |I〉 summarizes all waves propagating
or decaying towards the top layer 1 and the bottom layer N .4 The output |O〉
contains all waves propagating or decaying away from the system. Therefore,
the corresponding scattering matrix SN1 is defined as follows:(

~A+
N

~A−1

)
︸ ︷︷ ︸

≡ |O〉

=
(

S++
N1 S+−

NN

S−+
11 S−−1N

)
︸ ︷︷ ︸

≡ SN1

(
~A+

1
~A−N

)
︸ ︷︷ ︸

≡ |I〉

. (2.46)

The construction of SN1 is not unique. A detailed discussion on this topic
can be found in reference [97]. In this work, we present the instructive method
using a propagation matrix P inside a layer and an interface transfer matrix
T for the connection of neighboring layers, which turns out to be also very
efficient in the case that the material matrix F|| of equation (2.29) exhibits
specific symmetry properties [97].

2.4.1 Propagation and interface transfer matrices

Inside a layer n, the propagation matrix Pn(L) provides solutions at positions
x3 = x3

0 + L when knowing the solutions at x3 = x3
0:[

~A+
n (x3

0 + L)
~A−n (x3

0 + L)

]
=
[

exp(iΛ+
n L) 0

0 exp(iΛ−n L)

]
︸ ︷︷ ︸

≡ Pn(L)

[
~A+

n (x3
0)

~A−n (x3
0)

]
. (2.47)

4Note that the top layer is located at smaller values x3 than the bottom layer due to the
orientation of the x3 axis defined in figure 2.2.
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2 Fourier modal method and scattering matrix

When passing an interface at position x3
0 between layers n − 1 and n, we

can relate the amplitude vectors ~A±n−1(x
3
0 − δ) and ~A±n (x3

0 + δ) for δ → 0 by
the interface transfer matrix Tn(n−1):[

~A+
n−1(x

3
0 − δ)

~A−n−1(x
3
0 − δ)

]
=

[
T++

n(n−1) T+−
n(n−1)

T−+
n(n−1) T−−n(n−1)

]
︸ ︷︷ ︸

≡Tn(n−1)

[
~A+

n (x3
0 + δ)

~A−n (x3
0 + δ)

]
. (2.48)

Its elements can be derived by the material matrices F||n−1 and F||n as well
as the continuity condition for the lateral field components ~E|| and ~H|| [92].
From equation (2.29), we obtain:(

E+
||n−1 E−||n−1

H+
||n−1 H−

||n−1

)
︸ ︷︷ ︸

≡F||n−1

(
~A+

n−1
~A−n−1

)
=

(
E+
||n E−||n
H+
||n H−

||n

)
︸ ︷︷ ︸

≡F||n

(
~A+

n
~A−n

)
. (2.49)

Hence,
Tn(n−1) = F−1

||n−1F||n . (2.50)

Equation (2.50) simplifies in the case of the permittivity and permeability
tensors described in section 2.3.3. Owing to the special form of F|| simple derived
in equation (2.33) [71],

Tsimple
n(n−1) =

1
2

(
E−1
||n−1E||n+H−1

||n−1H||n E−1
||n−1E||n−H

−1
||n−1H||n

E−1
||n−1E||n−H

−1
||n−1H||n E−1

||n−1E||n+H−1
||n−1H||n

)
. (2.51)

2.4.2 Derivation of the scattering matrix

For the scattering matrix iteration, it is convenient to define some non-commu-
tative operations on 2× 2 block matrices X and Y, with

X =
(

X11 X12

X21 X22

)
, Y =

(
Y11 Y12

Y21 Y22

)
. (2.52)

The scattering matrix is calculated in an iterative procedure, where each
step consists of either adding a propagation over a distance Ln inside a layer
n or passing an interface between two layers n− 1 and n.

Let X be either an interface transfer matrix T or an inverse propagation
matrix P(−L). It is straight-forward to derive an operation X ∗ Y with Y
as a scattering matrix that results in a new scattering matrix including the
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2.4 Scattering matrix formalism

interface described by T or an additional propagation over length L in the
current layer [62]. In particular,

X ∗ Y =
(

−W−1
11 Y11 −W−1

11 W12

Y21 − Y22X21W−1
11 Y11 Y22X22 − Y22X21W−1

11 W12

)
, (2.53)

with
Wαβ = Yα2X2α − Xαβ . (2.54)

For two scattering matrices X and Y, we can define the following operation
in order to construct the scattering matrix of the combined system with the
structure described by X below5 the structure described by Y [71]:

X?Y=
[

X11 (I− Y12X21)
−1Y11 X12+X11 (I− Y12X21)

−1Y12X22

Y21+Y22 (I− X21Y12)
−1X21Y11 Y22 (I− X21Y12)

−1X22

]
.

(2.55)
Here, I denotes the identity matrix of dimensions equal to the blocks of X and
Y.

With the operators defined by equations (2.53) and (2.55), it is possible to
write the scattering matrix iteration in an elegant way. The scattering matrix
iteration is initialized by an identity matrix S11. Knowing the scattering matrix
Sbottom

(n−1)1 on the bottom of layer n − 1, we can construct the scattering matrix
Sbottom

n1 on the bottom of layer n as follows:

Sbottom
n1 = Pn(−Ln) ∗ Tn(n−1) ∗ Sbottom

(n−1)1︸ ︷︷ ︸
= Stop

n1

. (2.56)

Here, Ln denotes the propagation length inside layer n along the x3 axis.
In a typical scattering matrix calculation, we set the propagation length in

the top and bottom layer to zero, because we assume these layers to be infinite
half spaces, where the Fourier-Bloch modes are either damped or propagate to
the far field. With these simplifications, the scattering matrix SN1 of a stacked
system from layer 1 to layer N can be derived as

SN1 =TN(N−1) ∗ PN−1(−LN−1) ∗T(N−1)(N−2) ∗ . . . ∗T32 ∗ P2(−L2) ∗T21 ∗ S11.
(2.57)

Alternatively, we can combine two scattering matrices SNM and SM1 by equa-
tion (2.55):

SN1 = SNM ? SM1 . (2.58)

5For the orientation of the x3 axis defined in figure 2.2, a system is below another system
if it is located at larger x3.
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2 Fourier modal method and scattering matrix

In principle, any combination of equation (2.57) and (2.58) is possible and
it depends on the application, which scheme is preferable [97].

The combination of scattering matrices as described by equation (2.58) is
definitely superior in cases where a lot of similar problems have to be calculated
that differ only by the propagation length in a specific layer M . Then, we can
calculate the scattering matrices Stop

M1 and SNM once and derive the combined
scattering matrix for various propagation lengths LM as follows[76]:

SN1(LM ) = SNM ?
[
PM (−LM ) ∗ Stop

M1

]
. (2.59)

2.4.3 Small scattering matrix

In the previous sections, the scattering matrix was assumed to be either in-
finitely large or – in the case of truncation – of size 4NG × 4NG with NG as
the total amount of Fourier-Bloch modes. Among the Fourier-Bloch modes
of the top layer 1 and bottom layer N , only a few contribute to the far field
spectra. We denote these modes as open far field channels. The condition
for a propagation into the far field is a purely real eigenvalue λn in equa-
tion (2.27). Therefore, we can truncate the final scattering matrix SN1 further
when interested in the far field spectra, because all modes with a nonzero
imaginary part of λn are damped down in the infinite half spaces on top and
on bottom [98, 99].6

We assume in this section that the top and bottom layers are homoge-
neous, with far field channels corresponding to plane waves as defined by
equation (2.44). Note that this is not necessarily the case in situations where
some eigenvalues of equation (2.27) are degenerate in the top or bottom layer.
Furthermore, the lateral electric field components of the open far field channels
are supposed to obey for α, β = 1, 2:7

E(β,m,n,±)
α (x1, x2, x3) = δβ

α exp(iK1mx1 + iK2nx2 + iK±
3mnx3) . (2.60)

When considering a small scattering matrix containing only open far field
channels, it is convenient to carry out a normalization and rotation such that
the elements of this so-called small scattering matrix SR correspond to reflec-
tion and transmission coefficients of the different input and output diffraction

6It should be kept in mind that such a truncation to propagating channels cannot be carried
out in the internal layers 2 to N − 1, because we cannot neglect the decaying modes in
general.

7Note that we consider in this case a coordinate system Ox1x2x3 that is uniform. In the
next chapters of this thesis, we refrain from this restriction so that the occurring fields
have to be converted from the non-uniform coordinate system to a uniform coordinate
system in order to apply the equations derived in this section.
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2.4 Scattering matrix formalism

orders in s (from German senkrecht = perpendicular) and p (parallel) polar-
ization [98]:

SR
N1 =


rpp
11 rps

11 tpp
1N tps

1N

rsp
11 rss

11 tsp1N tss1N

tpp
N1 tps

N1 rpp
NN rps

NN

tspN1 tssN1 rsp
NN rss

NN

 . (2.61)

Here, rββ′

11 and tββ′

N1 denote general reflection and transmission coefficients for
all open channels with β′ polarized input from the top layer and β polarized
output, where β and β′ stand for either s or p. Similarly, rββ′

NN and tββ′

1N indicate
the reflection and transmission coefficients for bottom input.

Note that s and p polarization are defined to be such that the electric field
vibrates either perpendicular or parallel to the plane defined by the x3 axis
as the normal of the planar layers and the wave vector K±

mn with components
K1m, K2n, and K±

3mn. If m and n specify the input channel for a plane
wave incidence, the latter plane equals the incidence plane (see figure 2.2).
Alternative notations for s and p are transverse electric (TE) and transverse
magnetic (TM) orientation.

It should be mentioned that our definition of s and p is relative to the
diffraction orders defined by the integers m and n. Thus, it is not necessary
to fix the input channel of the small scattering matrix to m = 0 and n = 0.
Furthermore, the orientation of s and p changes in dependence on the compo-
nent K±

3mn, which allows to treat incidence from the top or the bottom layer
in the same way. For this purpose, we additionally choose the sp basis such
that the vectors Ep±

mn, Es±
mn, and K±

mn form a right handed system in that
order. This definition has the advantage that it corresponds one by one to the
experimental measurements, where the light beam is supposed to be defined
with respect to its source, which is either the sample in the case of reflection,
transmission, and diffraction measurements, or the illuminating light. How-
ever, care has to be taken when constructing secondary quantities such as left
or right circularly polarized light as well as Stokes parameters [93] and the
related Jones and Jones-Mueller matrices [100] from this sp basis (for further
information, see also section 2.4.4). A detailed discussion on the problem is
beyond the scope of this work, and we refer to well-known text books such
as [92, 93].

Denoting β = s,p for s or p polarized light, the polarization terms eβ±
αmn of
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2 Fourier modal method and scattering matrix

the plane wave expansion [see equation (2.44)] obey:

ep±
1mn =

±1
Np±

mn

K3
mnK1m, es±

1mn =
1

N s±
mn

(
±K3

mng32−K2
ng33

)
, (2.62a)

ep±
2mn =

±1
Np±

mn

K3
mnK2n, es±

2mn =
1

N s±
mn

(
K1

mg33∓K3
mng31

)
, (2.62b)

ep±
3mn =

−1
Np±

mn

(
K1

mK1m+K2
nK2m

)
, es±

3mn =
1

N s±
mn

(
K1

mg32−K2
ng31

)
. (2.62c)

The scalars Np±
mn and N s±

mn define the normalization of the fields to a constant
component S3 of the Poynting vector S in order to preserve the power flux
through the x1x2 plane for lossless media [99]:

|S3±
mn| =

c

8π
eα±
mne±αmn

K3
mn

µk0
= constant . (2.63)

Note that we assume K3
mn to be real, because we are interested in open far

field channels. As a valid normalization, we have chosen |S3±
mn| = c/8π. Thus,

Np±
mn =

√
k0εK3

mn

[
g33
(
K1

mK1m + K2
nK2n

)
∓K3

mn

(
K1mg13 + K2ng23

)] 1
2 ,

(2.64a)

N s±
mn =

√
K3

mn

gk0µ

[
g33
(
K1

mK1m + K2
nK2n

)
∓K3

mn

(
K1mg13 + K2ng23

)] 1
2 .

(2.64b)

Equations (2.62a) to (2.62c) result by straight-forward calculus from the
divergence condition of homogeneous layers with

K1
meβ±

1mn + K2
neβ±

2mn ±K3
mneβ±

3mn = 0 , (2.65)

and the conditions e3±
mn = 0 for s polarized fields as well as ep±

1mn = c±mnK1m

and ep±
2mn = c±mnK2n with constant c±mn for p polarized light. Note that there

exists an ambiguity in the definition of s and p polarization whenever K1m =
K2n = 0 for some diffraction orders. In such cases, we define p polarized
light by an electric field parallel to the x1x3 plane and s polarized light by the
corresponding orthogonal polarization.

Defining diagonal matrices Es±
α and Ep±

α with the diagonal components es±
αmn

and ep±
αmn, respectively, we obtain the following transformation matrices U±

from a sp basis to the standard basis eβ±
αmn = δβ

α with α, β = 1, 2:

U± =
(
Ep±
1 Es±

1

Ep±
2 Es±

2

)
. (2.66)
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2.4 Scattering matrix formalism

Hence, the small scattering matrix can be constructed via the restriction to
open channels as

SR
N1 =

[
0

(
U−1
)−1(

U+
N

)−1
0

]
open

(
S++

N1 S+−
N1

S−+
N1 S−−N1

)
open

(
U+

1 0
0 U−N

)
open

, (2.67)

where the subscripts 1 and N indicate that the transformation matrix origi-
nates from the eigenvalue equation in the top and bottom layer, respectively.

Note that other authors may consider a slightly different normalization [98,
101]. However, the presented normalization leads to simplified symmetry prop-
erties of the small scattering matrix. For instance, SR

N1 is unitary in the case
that all layers consist of lossless materials.

2.4.4 Jones matrix, Mueller matrix, and polarization ellipse

In many practical applications, people are used to describing the optical prop-
erties of a system by different concepts than the scattering matrix formalism.
In this section, we will present the connection between the small scattering
matrix and the Jones and Mueller matrices. In addition, we are going to show
how to derive the polarization ellipse from the outgoing sp basis of the small
scattering matrix.

Jones matrix

In the small scattering matrix, we describe the incoming and outgoing waves in
terms of a sp basis. If we restrict ourselves to only one incoming and one out-
going diffraction order in either reflection or transmission, the corresponding
matrix elements of the small scattering matrix set up a 2× 2 matrix that can
be understood as a Jones matrix J . Thus, we can benefit from the established
Jones calculus for the description of linear optical elements such as linear and
circular polarizers, as long as we can neglect any interaction between these
elements and the structure described by the scattering matrix.

In the Jones calculus [102], the light is described by two orthogonal polar-
izations – usually s and p, and any optical elements in an experimental setup
can be translated into a so-called Jones matrix Jn. It is generally assumed
that the optical elements do not interact with each other. Therefore, we can
derive the relation between incoming and outgoing light by a product of the
different Jones matrices as(

Ep

Es

)
out

=
∏
n

Jn︸ ︷︷ ︸
≡ Jtot

(
Ep

Es

)
in

. (2.68)
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Polarization ellipse

So far, we have neglected the time dependence in Maxwell’s equations. In
this section, we would like to remind the reader that the physical solution
corresponding to a plane wave with complex components Ep and Es has to
be constructed by taking the real part of Ep exp(−iωt) and Es exp(−iωt), re-
spectively. For these real quantities, the sp basis defines the plane of vibration
for the electric field. Depending on the phase relation between Ep and Es,
the electric field vector can be characterized as linearly polarized, circularly
polarized, or elliptically polarized [93].

Let us define ϕ as the relative phase between s and p polarization. Linearly
polarized light corresponds to ϕ = 0, so that the electric field vector vibrates
along a line in the plane of vibration. In the case of circularly polarized light,
the trajectory of the tip of the electric field vector describes a circle in the plane
of vibration, which requires |Ep| = |Es| and ϕ = ±π/2. The most general case
is that of an elliptically polarized light with arbitrary Es, Ep, and ϕ. In this
case, the tip of the electric field vector rotates on an ellipse in the plane of
vibration, which is called polarization ellipse.

In general, the directions defined by s and p do not coincide with the long
and short semi-axes of the polarization ellipse. Let us denote the long and
short semi-axes by a and b, respectively. The angle between the direction of
the p polarized light and the large semi-axis shall be defined as Ψ. We find
for the polarization ellipse [93]:

a=

√
1
2

(|Ep|2+|Es|2+|L|) , b=

√
1
2

(|Ep|2+|Es|2−|L|) , Ψ=
1
2

arg(L).

(2.69)
In this case,

L = |Ep|2 − |Es|2 + 2i<(EpE
∗
s ) . (2.70)

Stokes vector and Mueller matrix

The Jones calculus as well as the polarization ellipse are quantities that de-
scribe polarized light. However, in many cases, light is incoherent and ran-
domly polarized. A general description of such unpolarized light can be
achieved by the Stokes vector ~S with components S0, S1, S2, and S3. The
first component S0 defines the total intensity of the light; the components S1,
S2, and S3 characterize the polarization state.

A positive or negative component S1 corresponds to p or s polarized con-
tributions, respectively. Component S2 specifies linear polarization along an
axis that is rotated by 45◦ with respect to s and p polarization; component
S3 indicates the left and right circularly polarized contribution. In general,
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2.5 Factorization rules

S2
0 ≥ S2

1 + S2
2 + S2

3 , with the equality sign denoting fully polarized light. In
this case, we find for the Stokes vector [92]:

S0 = |Ep|2+|Es|2 , S1 = |Ep|2−|Es|2 , S2 = 2<(EpE
∗
s ) , S3 = 2=(EpE

∗
s ) .

(2.71)
Especially for ellipsometry measurements, the description via Stokes vectors

is quite common. Similar to the Jones calculus, the relation between incoming
and outgoing Stokes vectors can be written in a matrix notation as

~Sout = M ~Sin , (2.72)

where M denotes the so-called Mueller matrix. In contrast to the Jones cal-
culus, the Mueller calculus can treat also unpolarized light. However, in this
work, we are interested in fully polarized light only, for which it is sufficient
to consider the subclass of the so-called Jones-Mueller matrices. The relation
between a Jones matrix J and the corresponding Jones-Mueller matrix M is
as follows [100]:

M = U† (J ⊗ J∗) U . (2.73)

In this case, ⊗ denotes the Kronecker product, and

U =
1√
2


1 1 0 0
0 0 1 −i
0 0 1 i
1 −1 0 0

 . (2.74)

2.5 Factorization rules

As mentioned above in section (2.3.2), the straight-forward computation of
matrix elements for products in Fourier space [see equation (2.19)] does not
converge very fast under certain circumstances. In 1996, Li investigated this
problem and formulated some rules for an optimized convergence [74], which
are proven in reference [69]. We are going to discuss in this section the factor-
ization rules of Li briefly and provide their general application to Maxwell’s
equations.

2.5.1 Products in Fourier space

For the sake of simplicity, let us merely consider now one-dimensional functions
f(x), g(x), and h(x). Their Fourier transforms shall be denoted by Fourier
coefficients fn, gn, and hn. If we are interested in the product f(x) = g(x) ·
h(x), it transforms in Fourier space into a convolution:

f(x) = g(x) · h(x) ⇒ fm =
∑

n

gm−nhn . (2.75)
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The multiplication rule for constructing the Fourier coefficients of the product
function, as written on the right side of equation (2.75), is usually referred to
as Laurent’s rule.

It is well-known that the truncated Fourier expansion of discontinuous func-
tions exhibits a hampered convergence due to the Gibbs phenomenon [103],
which is manifested in over- and undershoots close to the jump discontinuity
(see dashed line in figure 2.4a). The influence of this phenomenon becomes
worse when carrying out the product of two functions with concurrent jump
discontinuities in a truncated convolution as defined by equation (2.75). For
instance, the dashed line figure 2.4b denotes the spatial representation of the
convolution

∑
n gm−nhn, with g(x) = 1/h(x), h(x) = 1+Θ(x−0.4)Θ(0.6−x)

in the interval [0, 1], and Θ(x) as the Heaviside function. Evidently, the result
of Laurent’s rule exhibits a large deviation at the concurrent jump discontinu-
ities, even though the product should be continuous. For this special case of
a continuous product, Li formulated the so-called inverse rule, so that we can
distinguish the following two different constructions of matrices for products
in Fourier space:

normal rule : ~f = [g]~h , inverse rule : ~f = [g−1]−1~h . (2.76)

Here, ~f and ~h denote column vectors with a size equal to the truncation
order, whereas [g] and [g−1] represent square matrices derived by Laurent’s
rule from the functions g(x) and g−1(x), respectively. Using the inverse rule
in the example of figure 2.4b (diamonds) results in a perfect convergence for
the used truncation order of 32 harmonics.

For the general definition of the factorizations rules, let us define {xf}, {xg},
and {xh} as the locations of jump discontinuities of function f(x), g(x), and
h(x), respectively. The factorization rules state [74]:

1. In the case that g(x) and h(x) have no concurrent jump discontinuities
so that {xg} ∩ {xh} = {}, the product f(x) = g(x) · h(x) should be
constructed in Fourier space by the Laurent’s rule.

2. If g(x) and h(x) have concurrent jump discontinuities such that f(x) is
continuous at these points with {xg}∩{xh} /∈ {xf}, the best convergence
of the product f(x) = g(x) ·h(x) can be achieved in Fourier space by the
inverse rule.

3. Whenever g(x) and h(x) have at least one concurrent jump discontinuity
for which f(x) = g(x) · h(x) is discontinuous with {xf} ∩ {xg} 6= {} or
{xf} ∩ {xh} 6= {}, neither normal nor inverse rule converge very fast.
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Figure 2.4: (a) Convergence of a truncated Fourier transform with (diamonds)
and without (dashed line) adaptive spatial resolution in the case of a discontinuous
function f (thick black line). (b) Comparison of the normal and inverse rule in
the case of a pair of discontinuous functions g(x) = 1/h(x) and h(x) with h(x) =
1 + Θ(x− 0.4)Θ(0.6− x).

2.5.2 Boundary conditions

The factorization rules are of essential importance for the Fourier modal me-
thod, because the master equation (2.27) contains matrices that evolve from
the permittivity and permeability tensors εαβ and µαβ with discontinuities at
the material interfaces. On the other hand, the products εαβEβ and µαβHβ

may be continuous. The conditions for the continuity can be derived by con-
sidering the boundary conditions of Maxwell’s equations, which is basic text
book knowledge in the case of orthonormal coordinate systems Ox1x2x3 [92].

At any source-free material interfaces, the boundary conditions state that
the normal component of the electric displacement and the magnetic induction
are conserved. Furthermore, the tangential components of the electric and
magnetic field are continuous at these interfaces. Owing to the invariance
of the covariant form of Maxwell’s equations defined in section 2.3.1, we can
directly deduce identical relations for the electric and magnetic field as well as
the general displacement and induction in a new coordinate system Ox1x2x3.

It should be kept in mind that the covariant components Aα of a vector A
are tangential to both the xαxβ and xαxγ planes, whereas the contravariant
components Aα are normal to the xβxγ plane for α 6= β, β 6= γ, and α 6= γ (see
discussion in section 3.1). Hence, it is trivial to identify normal and tangential
vector components at material interfaces in the case that all interface normals
are collinear to one of the coordinate axes x1, x2, and x3 of the underlying
coordinate system [10]. Thus, we find that Eα and Hα are continuous at any
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source-free interfaces parallel to the xαxβ planes, whereas both Dα and Bα are
conserved in the general coordinate system Ox1x2x3 when passing an interface
parallel to the xβxγ plane with α 6= β and α 6= γ. We will henceforth assume
such a peculiar configuration, as it simplifies the correct application of the
factorization rules to Maxwell’s equations tremendously.

2.5.3 Application to Maxwell’s equations

The Fourier factorization rules state that we must not apply the Laurent’s rule
to the product of functions with concurrent jump discontinuities but continu-
ous product. The derivation of the correct application to Maxwell’s equations
is rather lengthy and not unique [10, 11], but the final results can be sum-
marized effectively by the operators l̂±γ defined in equation (2.20). Let F̂α be
an operator that creates the matrices for products in Fourier space from the
Fourier transform in direction xα by using Laurent’s rule. Thus, we can derive
the following equivalent forms of correct Fourier factorization [10]:

f̂ = l̂+2 F̂2 l̂
−
2︸ ︷︷ ︸

≡ L̂2

l̂+1 F̂1 l̂
−
1︸ ︷︷ ︸

≡ L̂1

(f) , f̂ = l̂+1 F̂1 l̂
−
1︸ ︷︷ ︸

≡ L̂1

l̂+2 F̂2 l̂
−
2︸ ︷︷ ︸

≡ L̂2

(f) . (2.77)

Here, f represents either the permittivity or the permeability tensor defined in
equation (2.6). The corresponding output ε̂ and µ̂ should then be inserted in
equation (2.21) for a convincing convergence behavior of the numerical solution
for equation (2.27).

As mentioned by Li, the tensors defined by equation (2.77) exhibit an asym-
metry in the case that the structure of interest is symmetric in the lateral
directions [10]. Instead, he suggests considering a mean value of both opera-
tors at the cost of a violation of the energy conservation in the case of lossless
materials.

For the special tensors discussed in section 2.3.3, we suggest as an alternative
to the mean value to take the Fourier transformed elements partially from both
definitions in equation (2.77) [11]:

f̂ =



[
L̂2L̂1(f)

]11 [
L̂2L̂1(f)

]12
0[

L̂1L̂2(f)
]21 [

L̂1L̂2(f)
]22

0

0 0
[
F̂1F̂2(f)

]33
 . (2.78)

Here, [L̂αL̂β(f)]γδ and [F̂αF̂β(f)]γδ denote the tensor elements f̂γδ constructed
by one of the schemes in equation (2.77) or the simple Laurent’s rule, respec-
tively. Thus, we do not violate the energy conservation, but also have a perfect
symmetry in the Fourier transformed tensors.
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It is worth mentioning that several papers are devoted to an application of
the correct Fourier factorization rules in cases, where the interface normals
do not coincide with the coordinate axes [78–80]. These papers refer to the
so-called fast Fourier factorization [77], where it is suggested to consider the
application of factorization rules by projecting to a normal and a tangent
vector with respect to the interfaces and to apply either the inverse or normal
rule to the resulting projections.

2.6 Adaptive spatial resolution

Although the correct application of factorization rules improves the conver-
gence of the Fourier modal method tremendously, the Gibbs phenomenon still
hampers the convergence of the Fourier transformed discontinuous permittiv-
ity and permeability tensors. Especially metals exhibit a slow convergence,
so that additional improvements are necessary. Granet suggested in 1999 to
apply a coordinate transformation, where the spatial resolution is increased at
the material interfaces [12]. In this section, we are going to explain the fun-
damental principles behind this concept of adaptive spatial resolution (ASR).
For further details, the reader may consult chapter 3, where the application of
coordinate transformations is described in a more general context.

2.6.1 General concept

The permittivity and permeability tensors defined in equation (2.6) consist
of the product of a metric term and the tensor of a orthonormal coordinate
system Ox1x2x3 = Oxyz. Let us consider an isotropic layer with simplified
permittivity and permeability distributions εαβ = ε(x)δαβ and µαβ = µ(x)δαβ

that are translation invariant in directions y and z and periodic with period
L in x. Defining a new coordinate system Ox1x2x3 = Ouyz with x = x(u) =
x(u + L), we obtain permittivity and permeability tensors of the form

A =


(

∂x
∂u

)−1
f [x(u)] 0 0

0 ∂x
∂uf [x(u)] 0

0 0 ∂x
∂uf [x(u)]

 , (2.79)

where f represents either the permittivity or permeability distribution ε and
µ, respectively.

As the factorization rules dictate that we should use the inverse rule for
the element A11 and the normal rule for the other diagonal elements A22 and
A33, we have to carry out the following type of Fourier transforms in the
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non-uniform coordinate system Ouyz:

fn =
1
L

L∫
0

∂x

∂u
f(u)ei(kx+ 2π

L n)udu . (2.80)

Hence, the effective jump height at a discontinuity can be reduced if the co-
ordinate transformation is chosen such that ∂x/∂u is small at the jump dis-
continuities of f(u). This can be achieved by increasing the spatial resolution
at these points. Figure 2.4a illustrates the superior convergence when trans-
forming a discontinuous function f (thick black line) through the concept of
adaptive spatial resolution. The standard fast Fourier transform (FFT) is de-
picted by the dashed line and clearly suffers under the Gibbs phenomenon.
For the same truncation order of 32 harmonics, the diamonds indicate the
improved description via adaptive spatial resolution by showing the spatial
representation of [∂x/∂u]−1 ~f . We have used in that case the one-dimensional
coordinate transformation defined in reference [104], where x(u) is constructed
between two discontinuities at xl−1 and xl as follows:

x[ul−1,ul](u) =
ulxl−1 − ul−1xl

ul − ul−1
+

xl − xl−1

ul − ul−1
u

+
(1− η)(ul − ul−1)− (xl − xl−1)

2π
sin
(

2π
u− ul−1

ul − ul−1

)
.

(2.81)

The transformation strength is given by the parameter η with 0 ≤ η ≤ 1,
where η = 1 corresponds to the maximum possible resolution increment with
a zero derivative ∂x/∂u at the interfaces. In figure 2.4a, we use a transforma-
tion strength η = 0.99. Note that the interface positions ul and ul−1 of the
transformed coordinate system Ouyz can differ from those in the uniform coor-
dinate system Oxyz. Usually, they are chosen such that all intervals [ul−1, ul]
are of equal size.

The concept of adaptive spatial resolution can be easily applied whenever all
interface normals are collinear to one of the coordinate axes of the underlying
uniform coordinate system. Let us denote such a general uniform coordinate
system by coordinates x̌α. Then, the transformation defined in equation (2.81)
can be applied to the coordinates x̌1 and x̌2 independently.

In a similar manner, perfectly matched layers can be introduced in the
Fourier modal method by using a nonlinear coordinate transformation [83].
Thus, the method is capable of deriving the optical properties of non-periodic
structures. Although of general interest, it is beyond the scope of this work
to present further details on this topic. An interested reader may consult the
provided references [82, 83] and references therein.

44



2.6 Adaptive spatial resolution

2.6.2 Numerical example

Let us illustrate the convergence improvements of adaptive spatial resolution
and factorization rules using the example 4 of reference [10]. There, an inclined
coordinate system Ox̌1x̌2x̌3 with ζ = 30◦ and χ = ξ = 0◦ is introduced.
The structure itself consists of a metallic film with εαβ

metal = (1 + 5i)2δαβ

and µαβ = δαβ with air on top and a quartz substrate with εαβ
sub = 2.25δαβ .

Inside the metal film, there are air holes of side length 1µm (see figure 2.5a).
The lateral periods are 2 µm; the incidence parameters are wavelength 1µm,
θ = 30◦, and φ = 30◦.
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Figure 2.5: (a) Array of holes in a metallic film as defined by example 4 in [10].
(b) Convergence of the absolute square value of the reflection coefficient from the
fundamental diffraction order to the fundamental diffraction order at a wavelength
of 1 µm without factorization rules (diamonds), with factorization rules (squares),
and additionally adaptive spatial resolution for η = 0.99 (circles).

As it can be seen in figure 2.5b, the absolute square value of the reflection
coefficient from the fundamental diffraction order to the fundamental diffrac-
tion order converges worst when using the simple Laurent’s rule (diamonds).
A tremendous convergence improvement can be achieved by the correct appli-
cation of factorization rules (squares), whereas the best convergence behavior
occurs with factorization rules and adaptive spatial resolution (circles). The
coordinate system Ox1x2x3 with adaptive spatial resolution has been gener-
ated by applying the transformation defined in equation (2.81) to both direc-
tions x̌1 and x̌2 independently with a transformation parameter η = 0.99 (see
mesh in figure 2.5a).

Note that the conjugate metric components gαβ as well as the determi-
nant g of the metric components have been computed analytically, whereas
the Fourier expansion of the redefined permittivity and permeability tensors
defined in equation (2.6) has been carried out via the fast Fourier transform
algorithm on a spatial grid of 1024×1024 points. The results without adaptive
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spatial resolution resemble more or less the findings of figure 6 in reference [10].
Further examples for the superior convergence behavior of calculations with

the standard one- and two-dimensional adaptive spatial resolution can be
found in references [11–13, 104].

2.7 Comparison between Fourier modal method
and experiment

For practical applications, it is not only necessary to achieve a good con-
vergence behavior, but also a good agreement between numerical calculation
and experiment. Here, the Fourier modal method with the correct rules of
Fourier factorization and adaptive spatial resolution has proven to be quite
accurate [45, 47, 48, 66, 105], in spite of the experimental imprecision. In this
section, we show exemplarily the numerical and experimental results of our
recent publication on plasmon rulers [47].

The general idea of a plasmon ruler is as follows. The spectral response of a
specific metallo-dielectric system crucially depends on the spatial arrangement
of the metallic elements. The reason is that the plasmonic resonances occurring
in the case of single metallic elements hybridize when two or more metallic
particles are placed close to each other [50]. Thus, we observe a mode splitting
that depends on the distance between the metal particles, which means that we
can derive the distance between the particles from the spectral positions of the
hybridized modes. However, optically active plasmonic resonances are usually
rather broad, so that it is difficult to derive the exact resonance positions from
a measured spectrum. Hence, we suggest to couple the broad dipolar resonance
of one metal wire to the quadrupolar higher order plasmon resonance of two
parallel metal wires, which exhibits a narrow linewidth. Thus, we observe
sharp features in the far field spectra, which we can trace in dependence on
the spatial arrangement of the metal wires.

As a proof of principle experiment, the structure described in our publication
on plasmon rulers is periodic with a period of 600 nm in both lateral directions.
The directions of periodicity and the direction of translation invariance are
orthogonal with respect to each other (ζ = χ = ξ = 0). Using a Cartesian
coordinate system Oxyz for the description of the spatial arrangement, the
sequence of layers is as follows.

The uppermost superstrate layer is an infinite half space filled with air, fol-
lowed by a homogeneous layer consisting of the photopolymer PC403 (scalar
permittivity ε = 2.4) with thickness 30 nm. The next layer contains two par-
allel y oriented rectangular gold wires with center to center distance 230 nm,
variable length L1, width 80 nm, and height 40 nm. The wires are surrounded
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by PC403; their permittivity function is described by a Drude model with
εAU = ε∞ − ω2

P/(ω2 + iγω), where ε∞ = 1, ωP = 1.37 × 1016 rad/s, and
γ = 1.22 × 1014 rad/s. The next layer is again a homogeneous PC403 layer
with thickness 30 nm, followed by a 40 nm thick layer that includes a single x
oriented rectangular gold wire with length 260 nm and width 80 nm, which is
centered in x direction with respect to the two wires above, but may be shifted
by a distance ∆S with respect to the center of the two wires in y direction.
After another homogeneous PC403 layer with thickness 30 nm, we have placed
a second layer with two y oriented gold wires, which have the same thickness
and width as the first two wire layer, but the length L2 may differ. These
wires are positioned exactly below the upper two y oriented wires such that
one end of the upper and lower wire pair coincides. Note that a positive y shift
of the middle wire by a distance ∆S means a shift towards the coinciding ends
of the two wire layers. Schematics of the structure can be seen in figure 2.1a
as well as figure 2.6.
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Figure 2.6: Comparison between experimental measurements and numerical results
for a periodic multilayer system of metal wires (see figure 2.1a) at normal incidence.
The experimentally measured transmittance spectra as well as some scanning elec-
tron microscopy (SEM) images can be seen on the left hand side for different spatial
configurations. On the right hand side, we show the corresponding numerical results
obtained by the Fourier modal method with factorization rules and adaptive spatial
resolution for a truncation order of 25× 25 harmonics.

Figure 2.6 displays the comparison between experimentally measured8 and
numerically calculated transmittance spectra of the multilayer system in the
8Fabrication and measurement by M. Hentschel.
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case of three different spatial configurations at normal incidence. The upper-
most curve depicts results for L1 = 340 nm, L2 = 270 nm, and ∆S = 40 nm.
The parameters for the middle curve are L1 = 310 nm, L2 = 300 nm, and
∆S = 40 nm; the bottom curve has been calculated for L1 = L2 = 310 nm and
∆S = 0 nm.

The numerical calculations have been carried out for a truncation order of
25×25 harmonics with the Fourier modal method including factorization rules
and adaptive spatial resolution. Note that the interface positions coincide in
the adaptive and the physical coordinates; the parameter for adaptive spa-
tial resolution is η = 0.999 [see equation (2.81)]. The underlying spatial grid
contains 1024 × 1024 points for a good convergence of the fast Fourier trans-
forms. Although the multilayer structure contains many metallic elements
with a complex spatial arrangement, the agreement between the numerical
results and the experimental measurements is quite good.

48



3 Matched coordinates

The derivation of accurate numerical results is one of the major problems
in modern nano-optics. While the experimentally produced structures can be
already quite complex [42, 106], especially the numerical calculation of metallo-
dielectric composite structures is quite challenging. One reason for the slow
convergence is a poor description of the metallo-dielectric interface using a
staircase approximation (see, e.g., figure 2.1c) [107].

In order to avoid any staircasing, we developed the scheme of matched co-
ordinates in the Fourier modal method, where general coordinate transfor-
mations are applied such that the interfaces can be described everywhere by
surfaces of constant coordinates in the new coordinate system. Thus, we are
able to combine adaptive spatial resolution and factorization rules in order to
describe non-trivial structures such as those shown in figure 3.1 efficiently.

a) b) c)

Figure 3.1: Simple structures that cannot be described efficiently by the standard
Fourier modal method, either because the material interfaces are not aligned along
the axes of periodicity as in case of the examples shown in panel (a) and (b), or
it is necessary to consider a larger supercell with more than one element per unit
cell for the standard calculations, as in the case of the structure in panel (c). An
accurate description at low computational cost requires additional improvements of
the Fourier modal method such as the presented concept of matched coordinates.

This chapter is devoted to explaining the general concept of matched coordi-
nates as well as showing its validity in the case of several numerical examples.
In addition, we present some possibilities for constructing the required coor-
dinate transformations.

3.1 Invariance of Maxwell’s equations

The previous chapter about the classical Fourier modal method has been for-
mulated such that the application of arbitrary coordinate transformations is
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rather simple and straight-forward. Most equations of chapter 2 remain cor-
rect when considering the coordinate system Ox1x2x3 not only as inclined,
but as non-uniform and curvilinear. In order to avoid any confusion, let us
define here the different available coordinate systems:

1. The physical coordinate system Oxyz = Ox1x2x3 is orthonormal. Re-
lated quantities are denoted by one line over the respective variable.

2. For cases where the directions of periodicity are not orthogonal or the
axis of translation invariance does not coincide with the x3 axis, we
introduce an uniform coordinate system Ox̌1x̌2x̌3 denoted by a check
symbol on top of the respective quantities. The corresponding coordi-
nate transformation xα = xα(x̌1, x̌2, x̌3) is defined by equations (2.1a)
to (2.1c).

3. The general coordinate system used in the numerical calculations is de-
fined as Ouvw = Ox1x2x3 and can be neither uniform nor orthonormal.
In this coordinate system, the material interfaces should be described by
surfaces of constant coordinates.

4. In some examples, we introduce also a non-trivial intermediate coordi-
nate system Ox̀1x̀2x̀3.

3.1.1 General quantities in curvilinear coordinate systems

By choosing a center point in a three-dimensional space, any other point can
be displayed as a coordinate vector r that is determined by the distance and
the direction with respect to the center. In a Cartesian coordinate system
Ox1x2x3,

r(x1, x2, x3) = xαeα , α = 1, 2, 3 . (3.1)

Owing to the orthonormality of the Cartesian coordinate system, the coordi-
nates xα are the projection of r to the orthonormal Cartesian basis vectors
eα. Alternatively, r can be displayed in dependence on new coordinates xα:

r(x1, x2, x3) = xα(x1, x2, x3)eα . (3.2)

If the transformation is continuous, invertible, and has no singular points,
then the above equation defines the coordinate curves r(x1, c2, c3), r(c1, x2, c3),
and r(c1, c2, x3) with cα = constant. The tangential vectors of these curves
are usually denoted by eα [36, 108]. Furthermore, it is possible to construct
coordinate surfaces with xα(x1, x2, x3) = constant and normal vectors eα. The
vectors eα and eα can be derived as

eα =
∂r

∂xα
, eα = ∇xα . (3.3)
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3.1 Invariance of Maxwell’s equations

The orientation of these vectors and curves is depicted for a two-dimensional
transformation in figure 3.2(a).
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Figure 3.2: Panel (a) depicts the orientation of the conjugate basis vectors eα

and eα of a matched curvilinear coordinate system Ox1x2x3, which contains the
interface between two materials as a surface of constant x1. The concept of matched
coordinates aims at finding such new coordinate systems Ox1x2x3, where the unit cell
is rectangular, and the material interfaces are aligned along the axes of periodicity
[see panel (b)]. Panel (c) displays an example of matched coordinates in the physical
coordinate system Ox1x2x3, with interfaces described by lines of constant xα = aα

and xα = bα. The gray area in panel (c) denotes a staircase approximation of the
shape defined by the thick curved black lines. As discussed in chapter 2, the Fourier
modal method allows also calculations with non-rectangular unit cells, for which we
define the inclined uniform coordinate system Ox̌1x̌2x̌3.

It is possible to show that the vectors in equation (3.3) form a set of recip-
rocal bases with eα · eβ = δα

β [36, 108]. The representation of any vector A in
one of these bases is

A = Aαeα = Aαeα . (3.4)

Note that the representation of vector A by the coefficients Aα or Aα may
be spatially dependent, in contrast to the global representation in uniform
coordinate systems.

The covariant component Aα is the projection of A on eα, while the con-
travariant component Aα results from the projection on eα. These relations
can be deduced from the orthogonality relation eα ·eβ = δα

β by scalar multipli-
cation of equation (3.4) with either eα or eα. In addition, we can derive [108]:

Aα = (eα · eβ) Aβ =
3∑

γ=1

∂xγ

∂xα

∂xγ

∂xβ
Aβ = gαβAβ , (3.5)

Aα = (eα · eβ) Aβ =
3∑

γ=1

∂xα

∂xγ

∂xβ

∂xγ Aβ = gαβAβ . (3.6)
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3 Matched coordinates

The quantities gαβ and gαβ have been introduced in section 2.3.1. With the
above equations (3.5) and (3.6), we can interpret them now as tensors that
provide the relation between covariant and contravariant components.

The general rule for the transformation of contravariant tensors A
α

and
covariant tensors Aα of rank one and weight w from the Cartesian system
Ox1x2x3 to the general non-uniform system Ox1x2x3 is as follows [108]:

Aα =
√

g
w ∂xα

∂xβ
A

β
, Aα =

√
g

w ∂xβ

∂xα
Aβ . (3.7)

Similarly, we can transform tensors of rank 2 and weight w as

Aαβ =
√

g
w ∂xα

∂xγ

∂xβ

∂xδ
A

γδ
, Aαβ =

√
g

w ∂xγ

∂xα

∂xδ

∂xβ
Aγδ , (3.8)

whereas scalars a of weight w obey a =
√

gwa. The quantity g denotes the
square root of the metric determinant and is defined in equation (2.8).

3.1.2 Transformation of Maxwell’s equations

As discussed in section 2.3.1, Maxwell’s equations can be written invariantly as
regards well-behaved coordinate transformations. Hence, all relations provided
in chapter 2 – except those of section 2.3.4 and 2.4.3 – remain unchanged when
redefining the occurring quantities as follows:

1. The covariant components of the electric and magnetic field E and H
transform as absolute tensors of rank one and weight zero as defined in
equation (2.4).

2. The contravariant components of the permittivity and permeability ten-
sors ε and µ transform as relative tensors of rank two and weight one
[see equation (2.6)].

3. The contravariant components of the electric displacement and the mag-
netic induction D and B as well as the current j transform as relative
tensors of rank one and weight one [see equations (2.11) and (2.13)].

4. As defined in equation (2.11), the general charge term % transforms as a
scalar tensor of weight one.

Thus, even in the case of complicated curvilinear coordinate transformations,
we can derive the general solution of Maxwell’s equations inside a layer with
translation invariance along direction x3 and periodicity in the directions x1

and x2 by the equivalent eigenvalue problem defined in equation (2.27). The
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3.1 Invariance of Maxwell’s equations

only condition is that εαβ and µαβ do not depend on x3. In particular, we
assume that ∂xα/∂x3 = constant for α = 1, 2, 3, and εαβ as well as µαβ are in-
dependent on x3. As in the case of uniform coordinate systems, equation (2.27)
simplifies to equation (2.31) if ε3α = εα3 = µ3α = µα3 = 0 for α = 1, 2.

At this point, we have to emphasize that the reciprocal space in which
we describe the lateral components of the electric and magnetic field in the
case of non-uniform coordinate systems Ox1x2x3 according to equation (2.18)
does not coincide with the reciprocal space one would use in the uniform
coordinate system Ox̌1x̌2x̌3. That is one of the main differences between the
concept of matched coordinates and the fast Fourier factorization by Popov
and others [77–80], where the solution of Maxwell’s equations is obtained in
the same reciprocal space as in the case of the standard Fourier modal method
described in chapter 2.

The most important property for the numerical solution of Maxwell’s equa-
tions in non-trivial systems Ox1x2x3 is that also the boundary conditions (see
section 2.5.2) for the normal components of the electric displacement D and the
magnetic induction B as well as for the tangential components of the electric
and magnetic fields E and H remain unchanged. In particular, if the material
interfaces are described in the coordinate system Ox1x2x3 everywhere by sur-
faces of constant coordinates, we can deduce from equations (3.5) and (3.6)
that Eα and Hα as the tangential components as well as Dα and Bα as the
normal components are conserved at any interface. Therefore, we can use the
same factorization rules for the Fourier transform of the occurring products as
provided in section 2.5.

Furthermore, if all layers in a stacked system are described by the same
lateral coordinate transformation and share the direction of translation in-
variance, we can use the scattering matrix formalism described in section 2.4
without any modifications in order to derive the optical properties of such a
stacked system. However, care has to be taken in the case of homogeneous
layers, as it is described later in section 3.4.

3.1.3 Adaptive spatial resolution in general coordinate
systems

An important question is whether the concept of adaptive spatial resolution
works even in the case of complicated non-uniform coordinate systems. As we
cannot distinguish formally between a complex coordinate transformation and
anisotropic permittivity and permeability tensors, it is sufficient to show that
the principles of adaptive spatial resolution described in section 2.6.1 are valid
in the case of the latter.

Let us consider a coordinate system Ox̀1x̀2x̀3, in which ὲαβ and µ̀αβ denote
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3 Matched coordinates

the components of general anisotropic permittivity and permeability tensors.
Furthermore, we describe the transformation between Ox̀1x̀2x̀3 and the coordi-
nate system Ox1x2x3 with adaptive spatial resolution by the functions x̀1(x1)
and x̀2(x2) as defined in equation (2.81), and x̀3 = x3. Thus, the redefined
permittivity and permeability tensors ε and µ can be obtained according to
equation (2.6) as

A=
(

∂x1

∂x̀1

∂x2

∂x̀2

)−1
 ∂x1

∂x̀1 0 0
0 ∂x2

∂x̀2 0
0 0 1

 À11 À12 À13

À21 À22 À23

À31 À32 À33

 ∂x1

∂x̀1 0 0
0 ∂x2

∂x̀2 0
0 0 1



=


(

∂x̀1

∂x1

)−1
∂x̀2

∂x2 À11 À12 ∂x̀2

∂x2 À13

À21 ∂x̀1

∂x1

(
∂x̀2

∂x2

)−1

À22 ∂x̀1

∂x1 À23

∂x̀2

∂x2 À31 ∂x̀1

∂x1 À32 ∂x̀1

∂x1
∂x̀2

∂x2 À33

=

A11 A12 A13

A21 A22 A23

A31 A32 A33

 ,

(3.9)

where the 3 × 3 tensor A denotes either ε or µ. Looking at the correct ap-
plication of the Fourier factorization rules defined in equation (2.77), we find
that the Fourier transform in direction γ involves always the pair of operators
F̂γ l̂−γ . According to equation (2.20), the operator l̂−γ contains the inverse of
Aγγ , which yields in the case of equation (3.9) the following expressions:

(A11)−1 =
∂x̀1

∂x1

(
∂x̀2

∂x2
À11

)−1

, (A22)−1 =
∂x̀2

∂x2

(
∂x̀1

∂x1
À22

)−1

. (3.10)

Almost every element in equation (2.20) contains these inverse elements, except
the terms Aαβ with α 6= γ and β 6= γ. However, these elements are also
proportional to ∂x̀γ/∂xγ , so that all the elements of Ã = l̂±γ (A) fulfill Ãαβ ∝
∂x̀γ/∂xγ for α, β = 1, 2, 3.

As ∂x̀γ/∂xγ is by construction small at any interface, the effective jump
height is reduced before carrying out the Fourier transform in direction γ.
Hence, the influence of the Gibbs phenomenon should be decreased for both
of the subsequent Fourier transformations in equation (2.77). Thus, the prin-
ciples of adaptive spatial resolution are valid even for non-trivial permittivity
and permeability tensors due to anisotropic media or general coordinate trans-
formations or both.

Note that we assumed so far an independent application of adaptive spa-
tial resolution in the directions x̀1 and x̀2. In practical applications, it turns
out that this is not a necessary condition, and we can apply adaptive spatial
resolution locally inside an unit cell [81], so that adaptive spatial resolution
cannot be formally separated from the matched coordinates anymore.
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3.2 Derivation of appropriate coordinate transformations

3.2 Derivation of appropriate coordinate
transformations

As described above, the application of general coordinate transformations is
straight-forward in the Fourier modal method and can be combined easily
with the correct application of factorization rules if the interfaces are described
everywhere by surfaces of constant coordinates. The remaining problem is the
derivation of appropriate transformations including adaptive spatial resolution.

The most powerful tool for the derivation of the coordinate transforma-
tions would be an automatized procedure with interfaces as the input and
the matched coordinates as the output. Some work has been devoted to this
problem in the case of the Fourier modal method by minimizing a fictitious
functional favoring points close to the interfaces [81, 109]. The concept is
taken from a paper on the derivation of adaptive coordinates for calculations
of the electronic structure of molecules [110]. In general, this approach is quite
promising, but the minimization has to be carried out over a large parameter
space, which makes the method rather slow.

In this work, we present some alternatives that provide appropriate coor-
dinate transformations for a large class of problems. The advantage of these
methods compared to the minimization of a fictitious functional is a fast com-
putation of the coordinate transformations for various geometry parameters.

3.2.1 Scheme of smooth modulation

A quite intuitive approach for finding appropriate coordinate transformations
is to imagine that the matched coordinates arise from a deformation of the
standard uniform coordinate system inside the unit cell. Then, adaptive spatial
resolution can be added in a second step on such a deformed system. In general,
it may be difficult to derive an expression for the transformation between the
different coordinate systems. However, for some simple systems, we can derive
the transformation rather easily.

It should be kept in mind that we have to apply the transformation to
matched coordinates only in the lateral directions, because we assume a trans-
lation invariance in direction x̌3 of the underlying uniform coordinate system
Ox̌1x̌2x̌3. Hence, we can define in this section x3 = x̌3 and neglect for the
sake of simplicity the x3 dependence of the provided functions describing the
coordinate transformations.
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3 Matched coordinates

Hexagonal structure

In the simplest kind of lateral geometries, it is sufficient to construct a trans-
formation x̌α(x1, x2) for only one lateral coordinate. For instance, as seen in
figure 3.3a, a hexagonal structure can be aligned in a quadratic unit cell such
that two planar interfaces are oriented tangential to the directions x̌2 = y
and x̌3 = z. In that case, we have to find only an appropriate transformation
x̌2(x1, x2), because all surfaces with constant x̌1 = x are already matched to
the lateral geometry.
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Figure 3.3: Examples of coordinate transformations matching a periodic array of
hexagons in panel (a) and circular cylinders in panel (b).

Let x̌1
a and x̌1

b be the vertical interface positions of a given structure. Fur-
thermore, the bottom and top interfaces can be described inside the planar
unit cell by functions fa(x̌1) and fb(x̌1), respectively. Then, we can introduce
new coordinates x1 and x2 with x1 = x̌1 such that x̌2(x1, x2

a/b) ≡ fa/b(x̌1),
and

x̌2(x1, x2) =



x2 + P 2 − x2
b

x2
a + P 2 − x2

b

fa(x1) + x2 − x2
a

x2
b − P 2 − x2

a

fb(x1) for 0 ≤ x2 ≤ x2
a ,

x2 − x2
b

x2
a − x2

b

fa(x1) + x2 − x2
a

x2
b − x2

a

fb(x1) for x2
a ≤ x2 ≤ x2

b ,

x2 − x2
b

x2
a + P 2 − x2

b

fa(x1) + x2 − P 2 − x2
a

x2
b − P 2 − x2

a

fb(x1) for x2
b ≤ x2 ≤ P 2 .

(3.11)
Owing to the linear interpolation between different functions fa(x̌1) and

fb(x̌1), we refer to the construction of such coordinate transformations as the

56



3.2 Derivation of appropriate coordinate transformations

scheme of smooth modulation. Note that we assume fa(x̌1) and fb(x̌1) to
be defined over the whole unit cell and periodic with period P 1. The interval
[0, x2

a] describes the area below the bottom interface, whereas [x2
b, P 2] is located

above the top interface. In addition, we can apply adaptive spatial resolution
to the above defined coordinate transformation by replacing x1 and x2 with
functions x̀1(x1) and x̀2(x2) that are constructed using equation (2.81).

Circular structure

For some structures, we can derive an analytic expression for the coordinate
transformation even when we have to deform both coordinates x1 and x2 in
order to match the material interfaces. One example is the transformation to
match a periodic array of circular cylinders in a rectangular unit cell depicted
in figure 3.3b.

Let us denote the radius of the cylinders by R and consider without the loss
of generality the situation, where the cylinders are centered in one unit cell
described by x = x1 ∈ [0, P 1) and y = x2 ∈ [0, P 2). Thus, the interfaces can
be written as lines

fα
±(xβ 6=α) =

P α

2 ±
√

R2 −
(
xβ − P β

2

)2

for cβ
− ≤ xβ ≤ cβ

+ ,

cα
± elsewhere ,

(3.12)

with cα
± = (Pα ±

√
2R)/2 (see figure 3.3b). Similarly to the hexagons, we

can construct the transformation xα(x1, x2) by smoothly changing the profile
between the border of the unit cell and the functions fα

± [11]:

xα(xα, xβ 6=α) =



xα

cα
−

fα
−(xβ) for 0 ≤ xα < cα

− ,

xα − cα
−

cα
+ − cα

−
fα
+(xβ) +

xα − cα
+

cα
− − cα

+
fα
−(xβ) for cα

− ≤ xα ≤ cα
+ ,

xα − Pα

cα
+ − Pα fα

+(xβ) +
xα − cα

+

Pα − cα
+

Pα for cα
+ < xα ≤ Pα .

(3.13)
As in the previous section, we can introduce adaptive spatial resolution by
substituting x̀α(xα) for xα.

General approach

The scheme of smooth modulation can be extended also to more complicated
structures than the periodic array of hexagonal or circular shapes. A schematic
of the approach can be seen in figure 3.4.
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Figure 3.4: (a) Corner points Cm (circles) and boundary lines fmn (dashed lines)
of a more or less arbitrarily shaped area. (b) Reference system of straight lines as
defined by equation (3.14). (c) Coordinate lines with adaptive spatial resolution that
are constructed by equation (3.15) and match the boundary lines. (d) Example of a
bowtie structure constructed via sectioning of the unit cell (dashed lines) and using
equation (3.15) for the description of the areas in between.

In general, the idea is to separate the unit cell into several areas – as it is
indicated by the dashed boundary lines in figures 3.2 to 3.4 – and to derive a
system of matched coordinates for each area independently. An appropriate
division of the unit cell depends on the given geometry, but it is essential that
the material interfaces are described in the lateral directions by boundary lines.

Using an orthonormal coordinate system Ox1x2x3, each area can be de-
fined in the x1x2 plane by four corner points Ca = (c1

a, c
2
a), Cb = (c1

b, c2
b),

Cc = (c1
c , c

2
c), and Cd = (c1

d, c2
d) as well as by the boundary lines fab(s) =

[f1
ab(s), f2

ab(s)], fbc(s) = [f1
bc(s), f

2
bc(s)], fdc(s) = [f1

dc(s), f
2
dc(s)], and fad(s) =

[f1
ad(s), f2

ad(s)] in between (see figure 3.4a). Without the loss of generality, we
choose the parameterization of the lines fmn(s) such that fmn(0) = Cm and
fmn(1) = Cn for m,n = a,b, c,d.

The next step is to create in each area an intermediate coordinate system
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3.2 Derivation of appropriate coordinate transformations

Ox̀1x̀2x̀3, laterally consisting of straight lines (see figure 3.4b)

x̀α(s1, s2) = cα
a +(cα

b − cα
a )s1 +[cα

d +(cα
c − cα

d )s1− cα
a − (cα

b − cα
a )s1]s2 , (3.14)

where α = 1, 2; the third component should remain unchanged with x̀3 = x3.
As for the parameterization of fmn(s), we define 0 ≤ sα ≤ 1. The straight
lines x̀α serve as a reference frame that deviates at the boundary lines from
the desired geometry as follows:

∆α
mn(s) = fα

mn(s)− cα
m − (cα

n − cα
m)s . (3.15)

As ∆α
mn(0) = ∆α

mn(1) = 0, we are able to construct the coordinate lines
x1(s1, s2) and x2(s1, s2) matching the boundary lines via a linear interpolation:

xα(s1, s2) =x̀α(s1, s2) + ∆α
ab(s1)(1− s2)

+ ∆α
dc(s

1)s2 + ∆α
ad(s2)(1− s1) + ∆α

bc(s
2)s1 .

(3.16)

As in the previous examples, we can add adaptive spatial resolution by
replacing sα with s̀α(sα), where s̀α(sα) is defined by equation (2.81). An
example of such a coordinate transformation can be seen in figure 3.4c.

This general method of constructing adaptive coordinate systems provides
the possibility to describe a large variety of different structures such as the
bowtie depicted in figure 3.4d. In the case of metallic bowties, these struc-
tures may exhibit a high field enhancement between the tips of the opposing
triangles, leading to enhanced nonlinear effects [106], but the numerical deriva-
tion of even the linear properties is very challenging.
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Figure 3.5: Equilateral triangular lattice of cylinders in panel (a) and squares in
panel (b) with equal periods P 1 = P 2 and ζ = 30◦.

It should be mentioned that it is not necessary to keep the border of the unit
cell invariant under the coordinate transformation. Sometimes, it even cannot
be avoided to deviate at the border of the unit cell from the uniform coordinate
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system Ox̌1x̌2x̌3, or it simplifies the derivation of appropriate coordinate trans-
formations significantly. For instance, we can derive transformations matching
shapes with curved interfaces in non-rectangular unit cells by shifting parts of
the unit cell below or above the material interfaces. Thus, we can calculate
the equilateral triangular lattice of cylinders depicted in figure 3.5a, as well as
the inclined system of squares shown in figure 3.5b.

With the method of smooth modulation, it is also possible to construct
matched coordinates for structures that evolve from a rotation of a rectangular
structure inside the unit cell. The example depicted in figure 3.6a exhibits
coordinate lines that are either normal or tangential at the material interfaces
with smooth coordinate derivatives, whereas figure 3.6b has been constructed
without these additional restrictions for the same rotation angle of 45◦.
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Figure 3.6: Coordinate transformations matching a rotated square with normal
coordinate lines at the interfaces in panel (a) and simply straight lines in panel (b).

Note that the quality of the coordinate transformation strongly depends
on the sectioning of the unit cell. Unfortunately, we cannot provide general
rules for an optimized coordinate transformation up to now, and the obtained
transformations have to be tested individually.

3.2.2 Rotated elements

In order to compare different coordinate transformations, we want to introduce
also an alternative for the construction of coordinate systems matching rotated
elements, which is specifically designed for such systems.
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3.2 Derivation of appropriate coordinate transformations

The starting point is an unrotated structure described in an intermediate
coordinate system Ox̀1x̀2x̀3 that may contain adaptive spatial resolution and
that exhibits interfaces perfectly aligned along the axes of periodicity inside
a rectangular unit cell (see figure 3.7a). The outermost interfaces provide
us a rectangle (white line in figure 3.7a) that is supposed to be rotated by
a specific angle ϕ inside the x̀1x̀2 plane. For this purpose, we construct a
function h(x̀1, x̀2) such that

h(x̀1, x̀2) =

{
1 at the border of the unit cell ,
0 inside the unrotated rectangle .

(3.17)

In addition, h should change smoothly between 0 and 1 outside the rectangle.
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Figure 3.7: (a) Unrotated and (b) rotated square (white lines) inside a rectangular
unit cell. The background color denotes a function h1 that equals zero inside the
square and one at the border of the unit cell. Thus, we can define a local degree
of rotation in the unit cell with maximum rotation at points with h1 = 0 and no
rotation at h1 = 1.

An example for such a function is indicated by the background color in
figure 3.7a, which has been constructed by normalizing the distance between
points outside the unrotated rectangle and the boundary lines of the rectangle.
Thus, the profile changes almost linearly from 0 to 1, except at the corners
of the unit cell. Henceforth, we refer to this function as h1. Using h1 as a
starting point, we can furthermore defined the following alternative smooth
functions:

h2 = h2
1 , h3 = −2

(
h1 −

1
2

)3

+
3
2
h1 −

1
4

. (3.18)
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The subscripts denote the order of the polynomial with argument h1.
With the function h, we can define a local degree of rotation inside the

unit cell that changes between unrotated at the border of the unit cell and
maximum rotation at the border and inside of the rotated rectangle.

The concept of a smooth function h has been taken from a paper by An-
tos [80], where it is suggested to smoothly alter the polarization bases for the
application of the fast Fourier factorization [77] between circular at the bor-
der as well as the center of the unit cell and linear at the border of a round
cylinder. Hence, it is necessary to describe the local polarization state by a
smooth function similar to h, which is – in contrast to our function – also one
at the center of the unit cell.

As a next step, it is convenient to map the lateral components x̀1 and x̀2 to
the complex plane as X̀ ≡ x̀1 + ix̀2. Thus, we can define the rotation of the
rectangle by the function

R(X̀, X̀0, ϕ) = (X̀ − X̀0)eiϕ + X̀0 , (3.19)

where X̀0 defines the center of the rectangle, and ϕ denotes the rotation angle.
Hence, the coordinate transformation matching the rotated rectangle can be
found as x1 = <(X) and x2 = =(X), with

X = R[X̀, X̀0, (1− h)ϕ] . (3.20)

Depending on the function h, we can influence the behavior of the coordinate
transformation. Using simply function h1 results in merely a small deforma-
tion of the unit cell, but we observe discontinuous coordinate derivatives at the
edges of the rectangle and the border of the unit cell (see figure 3.8a). Function
h2 leads to transformations that exhibit continuous coordinate derivatives at
the edges of the rotated rectangle, but the coordinate derivatives are not con-
tinuous at the border of the unit cell (see figure 3.8b). Completely continuous
coordinate derivatives can be achieved by using function h3. However, this
results in a strong deformation of the unit cell and works only in cases where
the rectangle is small enough compared to the unit cell. Therefore, we refrain
from the application of h3 in the following.

In contrast to the transformations in figure 3.6, the transformations obtained
by equation (3.20) equal the unrotated coordinate system at the border of the
unit cell (see figure 3.8). Hence, it may be a drawback of the method that there
are areas inside the unit cell at which the matched coordinates deviate strongly
from the uniform coordinate system, resulting in large coordinate derivatives,
or – in some cases – a complete failure of the approach. On the other hand,
the concept is rather simple and straight-forward, because it is not necessary
to think about an appropriate sectioning of the unit cell.
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Figure 3.8: Alternative coordinate transformations matching a rotated square. The
transformations have been constructed by equation (3.20) using the smooth function
h1 for panel (a) and h2 for panel (b).

It should be mentioned that the presented concepts for rotated systems can
be applied in order to rotate structures that are more complex than rectangles
aligned in the unit cell. One example may be a periodic array of split ring
resonators, where each split ring is rotated by a specific angle inside the unit
cell [9]. Alternatively, the rotated rectangle can itself contain a curvilinear
coordinate transformation such as the transformations depicted in figure 3.3.
For the sake of simplicity, we have merely discussed the peculiar case of the
rectangles.

3.3 Array of dielectric cylinders

As the first test system of the matched coordinates, we discuss in the following
a periodic array of dielectric cylinders. The coordinate transformation match-
ing such a system is depicted in figure 3.3b. For the sake of simplicity, we
define the permeability to be µαβ = δαβ in all further calculations.

3.3.1 Solution for isolated cylinders

The problem of an isolated cylinder can be solved analytically by considering
Maxwell’s equations in cylindrical coordinates and results in a transcendental
equation for an effective propagation constant λ in the invariant direction of
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3 Matched coordinates

the cylinder [56].
Let us denote the radius of the cylinder by R and define scalar permittivity

and permeability values as εm and µm, respectively, with m = 1 inside and
m = 2 outside the cylinder. Then, the transcendental equation for the effective
propagation constant λ is

n2λ2

R2

(
1
κ2

1

− 1
κ2

2

)2

− k2
0

(
µ1J̃n

κ1
+

µ2K̃n

iκ2

)(
ε1J̃n

κ1
+

ε2K̃n

iκ2

)
= 0 , (3.21)

where

κm =
√

k2
0εmµm − λ2 , J̃n =

J ′n(κ1R)
Jn(κ1R)

, K̃n =
K ′

n(−iκ2R)
Kn(−iκ2R)

, (3.22)

with Jn(x) as the Bessel function of the first kind, Kn(x) as the modified
Bessel function of the second kind, and the prime denoting the derivative of
Jn(x) and Kn(x) with respect to the argument x, respectively. The solutions
can be distinguished by the integer n occurring as the order parameter of the
Bessel functions. For n = 0, we find independent sets of transverse electric
(TE) and transverse magnetic (TM) fiber modes, whereas the fundamental
fiber mode HE11 with no cut-off energy is found for n = 1 [56].

The solution of equation (3.21) can be derived numerically with an accuracy
that is more or less limited only by the machine precision. In the following
examples, we have chosen the tolerance for finding solutions of equation (3.21)
to be < 10−15, which is more than enough for a comparison with the Fourier
modal method. Henceforth, we refer to these solutions of equation (3.21) as
λexact.

3.3.2 Comparison with isolated cylinders

If the solution of the fields decays exponentially outside the cylinder and the
decay length is much shorter than the size of the chosen period in the Fourier
modal calculation, the interaction of different unit cells can be neglected for
such modes. Hence, the propagation constant λexact should be a solution of
the eigenvalue problem defined by equation (2.27).

We chose a structure with vacuum outside and ε = 4 inside the cylinder [11].
The diameter is 2R = 1 µm and the unit cell size is 1.5 µm × 1.5 µm. At
2562.21 meV, we determined the propagation constants of the HE11 mode as
λexact

HE = 25.56 1/µm, the fundamental TE mode as λexact
TE = 25 1/µm, and

the fundamental TM mode as λexact
TM = 24.87 1/µm. As Kn(x) ∝ exp(−x) for

x →∞, and −iκ2 ≈ 21 for λ ≈ 25 at 2562.21 meV, we can estimate the decay
of these modes to be in the order of exp(−21) at a distance of 1 µm away from
the center of the cylinder. The mode profiles are depicted in figure 3.9.
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Figure 3.9: Three different fundamental fiber modes that are used for comparison
between exact results of single cylinders and solutions of the Fourier modal method
with a periodic array of cylinders. The mode profiles have been extracted from the
Fourier modal method using a truncation order of 25×25 harmonics. The gray scale
denotes the energy density of the electric field normalized to the maximum value.
All three modes decay more or less rapidly outside the cylinder (interface indicated
by dashed white line).

The relative deviation between the numerical solutions and the analytically
derived propagation constant can be seen in figure 3.10. By square symbols,
we depict the results for a zig-zag approximation of the cylinders in a square
lattice configuration, where the round interface of the cylinders is replaced
in a Cartesian coordinate system Ox1x2x3 by surfaces of constant x1 and
x2, respectively. A schematic of such a zig-zag approximation can be seen in
figure 2.1c. While the latter sketch shows a coarse zig-zag approximation, we
used a very fine approximation in the calculations with a side length in the
order of 1 nm.

The results with matched coordinates and adaptive spatial resolution are
displayed for two different lattice configurations; a square lattice (circles) with
a transformation according to equation (3.13) and an equilateral triangular
lattice (diamonds) with an unit cell as depicted in figure 3.5.

All numerical results were obtained at normal incidence with k1 = k2 = 0.
The parameter for the adaptive spatial resolution [see equation (2.81)] is η =
0.99. For all three fiber modes, we observe an increased convergence behavior
using matched coordinates, independently on the lattice configuration.1

In order to allow a better comparison with other methods or implementa-
tions of the concept of matched coordinates, we provide the numerically derived
propagation constant λ for the fundamental TE mode also in table 3.1.

1In principle, it would be preferable to compare our results with the normal vector field
approach [78], as it is superior compared to the zig-zag approximation. However, we
have not implemented this method yet.
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Figure 3.10: Relative deviation between exact propagation constants of single cylin-
ders and solutions for equation (2.27) obtained with and without matched coordi-
nates for varying total truncation orders. The corresponding mode profiles can be
seen in figure 3.9. The different lines depict solutions of the Fourier modal method
for a zig-zag approximation of the cylinder (squares) as well as matched coordinates
for cylinders in a square lattice (circles) and an equilateral triangular lattice with
an inclined unit cell (diamonds). Starting from 289 harmonics, the scheme with
matched coordinates is superior to the zig-zag approximation in all three examples,
independently on the lattice configuration.

N1 ×N2 zig-zag matched inclined
11× 11 24.986337483 24.968437868 24.967105007
13× 13 24.989639658 24.990751544 24.991167549
15× 15 24.992071833 24.997479027 24.997796029
17× 17 24.994369210 24.999808869 24.999792612
19× 19 24.995390180 24.999974789 24.999968379
21× 21 24.996045273 24.999990818 24.999988351
23× 23 24.996777530 24.999997029 24.999995320
25× 25 24.997214319 24.999998088 24.999996939
27× 27 24.997495400 24.999998181 24.999997364
29× 29 24.997815900 24.999998134 24.999997246
31× 31 24.998044004 24.999998134 24.999997217
33× 33 24.998197869 24.999998131 24.999997215

Table 3.1: Values of the propagation constant λ derived by the Fourier modal
method for the fundamental TE mode with λexact = 25 1/µm at 2562.2076384 meV
for different truncation orders NG = N1 ×N2.

Note that we have achieved an improved convergence compared to our paper
on matched coordinates [11], because we chose a higher parameter for the
adaptive spatial resolution and we designed the coordinate transformation such

66



3.4 Homogeneous layers

that the interfaces of the cylinder are located between two grid lines on the
lateral spatial grid of 1024 × 1024 points. Thus, the fast Fourier transform
resembles the desired cylinder radius better than in cases where the cylinder
interface is included explicitly on the grid. The reason is that there exists
an ambiguity on the exact position of discontinuities in the discrete Fourier
transform, because there is no difference between continuous functions with
steep slopes and a real discontinuity when describing such functions by a finite
set of points.

3.4 Homogeneous layers

3.4.1 General problem

It is a central assumption of the concept of coordinate transformations in the
Fourier modal method that the convergence of the numerical solutions can be
improved in the new coordinate system Ox1x2x3. This assumption has to be
validated individually. One problem is that not every layer converges better
in a non-uniform coordinate system Ox1x2x3.

For instance, we can derive the solution of a homogeneous layer analytically
in an uniform coordinate system Ox̌1x̌2x̌3, as it is described in section 2.3.4.
Even the numerical solution will be correct up to a round-off error in the order
of the machine precision, because the involved matrices consist of independent
diagonal blocks of maximum size 4 × 4. However, the matrices are no longer
block-diagonal in a complex curvilinear coordinate system Ox1x2x3, so that
we cannot derive the solution of equation (2.27) analytically in most cases.

It is worth mentioning that only in the limit of an infinite truncation order,
the analytical solutions obtained in the uniform system Ox̌1x̌2x̌3 should coin-
cide with the solutions of equation (2.27) in the curvilinear coordinate system
Ox1x2x3. For a finite truncation order, the Hilbert space ȞNG spanned by
the exact solutions and the Hilbert space HNG spanned by the solution of
equation (2.27) in a truncated curvilinear space will differ. In other words, the
Fourier representation of the analytical solutions in the adaptive curvilinear
space Ox1x2x3 does not reproduce in general the solution of equation (2.27)
for a finite truncation order NG.

The reason for the mismatch between the Hilbert spaces ȞNG and HNG can
be easily explained in the case of one-dimensional structures with adaptive
spatial resolution. For the sake of simplicity, k1 = k2 = 0 and ζ = χ =
ξ = 0, so that the uniform coordinate system for solving equation (2.27)
can be chosen orthonormal. As discussed in section 2.3.4, the analytical
solutions for homogeneous layers can be chosen as plane waves, which ex-
hibit in the case of one-dimensional structures the functional dependence
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E
(β,n,0,±)

α (x1, x2, x3) ∝ exp(iG1nx1 + iλ±n0x
3). Hence, the eigenvalues λ±n0

correspond to specific harmonics in the uniform coordinate system. On the
other hand, the exact transformation of E

(β,n,0,±)

α (x1, x2, x3) to the reciprocal
space of Ox1x2x3 = Ox1x2x3 yields for this particular example:

E
(1,n,0,±)
1pq =

δq0

P

∫
V

∂x1

∂x1
E

(1,n,0,±)

1 (x1, x2, x3)e−iG1px1
dx1 , (3.23a)

E
(2,n,0,±)
2pq =

δq0

P

∫
V

E
(2,n,0,±)

2 (x1, x2, x3)e−iG1px1
dx1 . (3.23b)

Figure 3.11a depicts the real part of the component ∂x1/∂x1E
(1,n,0,±)

1 for
n = 1, 2, 3. Evidently, these functions exhibit steep slopes, so that the expan-
sion in terms of harmonics exp(iG1px

1) requires a sufficient number of higher
order harmonics. Figure 3.11b shows the L2 convergence for the Fourier ex-
pansions of different exact solutions in dependence on the truncation order
NG.
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Figure 3.11: One-dimensional example showing real part of analytical solutions for
Maxwell’s equations in homogeneous layers versus adaptive coordinate u in panel (a).
The convergence of the corresponding fast Fourier transform is depicted in panel (b)
by the L2 norm. The parameters of the used adaptive spatial resolution are as in
the numerical example described in section 2.6.1. Note that the legend of line styles
is valid for both panels.

Obviously, it is a necessary condition for a good convergence of a specific
solution E

(β,n,0,±)
α that the truncation order NG is much larger than 2|n|+ 1.

Hence, it is impossible that ȞNG and HNG span the same subspaces.
The same conclusion can be drawn in the case of two-dimensional structures.

In summary, only a few eigenvalues λ±mn and eigenvectors ~E(β,m,n,±)
|| corre-
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3.4 Homogeneous layers

sponding to small spatial harmonics exp(iG1mx̌1 + iG2nx̌2) converge properly.
Fortunately, these solutions are the most important contributions in homoge-
neous layers, because we can deduce from equation (2.43) that the correspond-
ing eigenvalues λ±mn usually have a large real and a small imaginary part, so
that they can propagate very far along the direction of invariance in these lay-
ers. All other solutions are damped rather quickly due to their large imaginary
parts.

Still, the difference between the exact solutions of Maxwell’s equations in
homogeneous layers and the solutions of equation (2.27) obtained in a curvi-
linear coordinate system may spoil any convergence improvements obtained in
other layers. Especially close to the opening of additional diffraction orders,
the effect may be large, because a small deviation from the exact solution can
cause the plane wave anomaly to appear at the wrong position.

Figure 3.12 depicts the convergence of the numerical eigenvalues λ+
10 derived

by equation (2.27) with matched coordinates for hexagons (diamond symbols),
circles (circles), and rotated squares (squares). The corresponding coordinate
transformations have been constructed by equations (3.11), (3.13), and (3.20),
respectively. The structures are all in a square lattice with a period of 700 nm;
the eigenvalues have been calculated for k1 = k2 = 0 at 1000 meV in panel (a)
and 1750 meV in panel (b). Evidently, the convergence is worst for the rotated
squares (see figure 3.8b) close to the opening of the first additional diffraction
order around 1771meV. The reason may be the discontinuous coordinate
derivatives at the border of the unit cell.
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Figure 3.12: Relative deviation between the exact eigenvalues λ+
10 of homoge-

neous layers and the numerical solutions of equation (2.27) obtained by using the
matched coordinates for hexagons (see figure 3.3a), circles (see figure 3.3b), and ro-
tated squares (see figure 3.8b) at 1000meV in panel (a) and 1750 meV in panel (b).
The material of the homogeneous layer is vacuum.

69



3 Matched coordinates

3.4.2 Replacement of far field channels

There is an ongoing discussion on how to treat the eigenvalue equation (2.27)
appropriately in an adaptive non-uniform coordinate system [11, 111–113].
Especially, the efficient and accurate treatment of the homogeneous layers has
drawn a lot of attention. However, it is beyond the scope of this work to
discuss this problem in greater detail due to the following reasons.

Firstly, we do not know a straight-forward application of the reformulations
discussed by Guizal et. al [111] to the concept of coordinate transformations
in two-dimensional systems and a general proof for the superiority of this
reformulation is missing.

Secondly, we have made so far very good experience with the approach
discussed in the original paper on two-dimensional adaptive spatial resolu-
tion [13], namely to replace the solution of those channels that allow light to
propagate to the far field by the expansion of the exact solutions in terms of
the harmonics of the adaptive coordinate system Ox1x2x3. Thus, we not only
warrant an accurate convergence of the far field spectra, but we also get rid
of any problems with a potential eigenvalue degeneracy. In such a case, any
linear combination of eigenvectors corresponding to the same eigenvalue pro-
vides another solution to the same eigenvalue. Hence, the numerical solution
of equation (2.27) does not necessarily correspond to a plane wave expansion,
which is in turn a fundamental assumption for the derivation of the far field
spectra in section 2.4.3. Therefore, we must be able to construct the plane
wave expansion in terms of the adaptive harmonics at least for the open far
field channels.

If F̌β denotes the β component of an exact solution of the electric or mag-
netic field in the uniform coordinate system Ox̌1x̌2x̌3, we can construct its
equivalent solution in the adaptive non-uniform coordinate system Ox1x2x3

by the following Fourier transform:

Fαmn =
1
V

∫
V

∂x̌β

∂xα
F̌β e−iK1mx1−iK2nx2

dx1dx2 . (3.24)

In practical applications, we choose the exact solutions as a plane wave
expansion, for which the reciprocal representation of the lateral electric field
components can be written as

Ě(β,m,n,±)
α = eiK1mx̌1+iK2nx̌2+iK±

3mnx̌3
δβ
α , (3.25)

with α, β = 1, 2. The divergence condition (2.65) provides the third component
of the respective fields:

Ě
(β,m,n,±)
3 = ∓

(
K1

m

K3
mn

δβ
1 +

K2
n

K3
mn

δβ
2

)
eiK1mx̌1+iK2nx̌2+iK±

3mnx̌3
. (3.26)
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The transformation of these electric fields to the reciprocal space of the
adaptive curvilinear coordinate system Ox1x2x3 yields

E(1,m,n,±)
αpq =

1
V

∫
V

(
∂x̌1

∂xα
∓ K1

m

K3
mn

∂x̌3

∂xα

)
eiK1mx̌1+iK2nx̌2+iK±

3mnx̌3

× e−iK1px1−iK2qx2
dx1dx2 , (3.27)

E(2,m,n,±)
αpq =

1
V

∫
V

(
∂x̌2

∂xα
∓ K2

n

K3
mn

∂x̌3

∂xα

)
eiK1mx̌1+iK2nx̌2+iK±

3mnx̌3

× e−iK1px1−iK2qx2
dx1dx2 . (3.28)

The exact solution of the magnetic fields can be found from equation (2.45)
as follows:[

Ȟ
(1,m,n,±)
1

Ȟ
(1,m,n,±)
2

]
=± eiK1mx̌1+iK2nx̌2+iK±

3mnx̌3

k0µK3
mn

(
−k2

0εµg̃21−K1mg̃33K2n

k2
0εµg̃11−K2ng̃33K2n

)
,

(3.29)[
Ȟ

(2,m,n,±)
1

Ȟ
(2,m,n,±)
2

]
=± eiK1mx̌1+iK2nx̌2+iK±

3mnx̌3

k0µK3
mn

(
−k2

0εµg̃22+K1mg̃33K1m

k2
0εµg̃12+K2ng̃33K1m

)
.

(3.30)

In this case, the terms g̃αβ evolve from the application of the operator l̂−3
[see equation (2.20)] on the metric tensor

√
ggαβ . Similar to the electric field,

the divergence condition for the magnetic field provides the respective third
component:

Ȟ
(β,m,n,±)
3 = ∓ K1

m

K3
mn

Ȟ
(β,m,n,±)
1 ∓ K2

n

K3
mn

Ȟ
(β,m,n,±)
2 ∝ eiK1mx̌1+iK2nx̌2+iK±

3mnx̌3
.

(3.31)
Hence, the spatial representation of the exact magnetic field yields in the
adaptive coordinate system Ox1x2x3

H(β,m,n,±)
α =

(
∂x̌1

∂xα
∓ K1

m

K3
mn

∂x̌3

∂xα

)
Ȟ

(β,m,n,±)
1 +

(
∂x̌2

∂xα
∓ K2

n

K3
mn

∂x̌3

∂xα

)
Ȟ

(β,m,n,±)
2 .

(3.32)
Abbreviating equations (3.29) and (3.30) as

Ȟ(β,m,n,±)
α = ȟβ±

αmneiK1mx̌1+iK2nx̌2+iK±
3mnx̌3

, (3.33)

we derive for the expansion of the exact magnetic field in terms of the har-
monics of the adaptive coordinate system Ox1x2x3:

H(β,m,n,±)
αpq = ȟβ±

1mnE(1,m,n,±)
αpq + ȟβ±

2mnE(2,m,n,±)
αpq . (3.34)
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In order to warrant a stable numerical algorithm for the derivation of the far
field spectra according to section 2.4.3, all solutions for equation (2.27) that
correspond to open far field channels should be replaced by the exact solutions
using equations (3.27) and (3.28) as well as equation (3.34).

Note that we recommend to replace only a few properly converged eigenvec-
tors, not all of them. Otherwise, one would introduce elements in the Fourier
modal method that are not a proper solution of equation (2.27). Thus, the
boundary conditions at the border of two stacked layers may be spurious.

3.4.3 Material and energy dependence of solutions for
homogeneous layers

The numerical solution of equation (2.27) in homogeneous layers causes not
only a stability problem in the derivation of the far fields when using matched
coordinates, but it also leads to an increased calculation time compared to
calculations in an uniform coordinate system, where we can use the analytical
solution derived in section 2.3.4.

For the stability issue, we recommend to replace the open channels by the
exact solutions, as discussed in subsection 3.4.2. Regarding the calculation
time, we extended the approach by Yala et al. [112], which suggests to ob-
tain the numerical solution of homogeneous layers only once and to use it for
the derivation of the solution in all other homogeneous layers with the same
incidence parameters. In addition, we proposed to use the solution also at
different energies in the case that k1 and k2 as the in-plane projections of the
incident wave vector are kept constant [14].

First of all, the analytic eigenvector solution in homogeneous layers does
not depend on the energy when fixing k1 and k2. Second, the square of the
contravariant eigenvector components K3

mn defined by equation (2.42) contains
for fixed k1 and k2 only one term that depends on the energy and the material
parameters ε and µ, namely g33k2

0εµ. Thus,(
K3

mn

)2−g33k2
0εµ =− g33

[
(K1m)2g11+(K2n)2g22+2K1mK2ng12

]
+
(
K1mg13+K2ng23

)2 ≡ f(k1, k2) ,
(3.35)

with f as a function that is independent on the energy and the material pa-
rameters.

When describing homogeneous layers in non-uniform coordinate systems, we
assume now that the numerical solution of equation (2.27) exhibits for different
energies and materials an identical systematic error, so that the eigenvector
matrix F|| homo of one set of k0, ε, and µ diagonalizes equation (2.27) for all
other sets of k0, ε, and µ. Furthermore, we can construct a K3

n, which is related
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with K±
3n via equation (2.43).2 For such a K3

n in non-uniform coordinates, it
seems to be reasonable to assume that

(
K3

n

)2−g33k2
0εµ is also independent on

the energy and the material parameters.
At least for the coordinate systems with gα3 = g3α = 0 for α = 1, 2, we can

circumstantiate this hypothesis [14]. In this case, K±
3n = ±K3

n/g33, and we
can determine K3

n/g33 as eigenvalues of equation (2.31). In particular,(
K3

n

g33

)2

~E±||n = − ε

µ
L̂2(µ̃, ε̃)~E±||n . (3.36)

The matrix operator on the right side of equation (3.36) can be written as
follows:

ε

µ
L̂2(µ̃, ε̃) =

1
k2
0εµ

[
k2
0εµ

(
−G̃21 −G̃22

G̃11 G̃12

)
︸ ︷︷ ︸

≡A

+
(
−K1G̃33K2 K1G̃33K1

−K2G̃33K2 K2G̃33K1

)
︸ ︷︷ ︸

≡B

]2

.

(3.37)
Here, G̃αβ are the tensor elements evolving from the application of l̂−3 on
the Fourier representation of the metric tensors

√
ggαβ , with l̂−3 defined by

equation (2.20).
Assuming that G̃αβ = G̃βα and G̃αβG̃γδ = G̃γδG̃αβ as in the case of the

respective spatial representations, it is straight-forward to show that

A2 = − 1
g33

I , B2 = 0 , (3.38)

where I denotes an unit matrix. Hence, we can reformulate equation (3.36)
as follows: [(

K3
n

g33

)2

− k2
0εµ

g33

]
︸ ︷︷ ︸

≡σn

~E±||n = −(AB + BA)~E±||n . (3.39)

As neither A nor B depend on the energy or the material constants ε and
µ, the redefined eigenvalues σn must also be independent on the energy and
the material parameters. Hence, ~E±||n should be a solution for all homogeneous
layers with the same in-plane wave vector components k1 and k2, and we can
calculate the eigenvalues σn for any homogeneous layer by the condition

σn(k0, ε, µ) = σref , (3.40)
2In the case of homogeneous layers in non-uniform coordinates, we label eigenvalues and

eigenvectors by a single integer n in order to avoid the impression that it is possible to
identify for all solutions of equation (2.27) in a truncated Fourier space a corresponding
analytic result in an uniform coordinate system.
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where σref has been derived as the solution for a reference layer. It should be
emphasized that this relation is only valid in cases where k1 and k2 are fixed as
the incidence parameters. If we fix the incident angles θ and φ (see figure 2.2a)
in analogy to a given experiment, k1 and k2 vary with the incidence energy.

Note that condition (3.38) is fulfilled only approximatively in numerical cal-
culations. Hence, equation (3.40) provides also only approximate solutions for
the eigenvalues. However, the deviation is more or less negligible over a wide
energy range. Figure 3.13 depicts the relative deviation between solving equa-
tion (2.27) for all energies and using equation (3.40) for a reference energy of
1000 meV. The calculations have been carried out for the examples described
in section 3.5.1, 3.5.2, and 3.5.3. In the case of the latter, the transformation
for the rotated square has been derived via equation (3.20) using function h2

(see section 3.2.2).
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Figure 3.13: Comparison between results obtained by solving equation (2.27) in
all layers numerically and approximating the solutions for homogeneous layers by
equation (3.40) for a reference energy of 1000 meV in the case of (a) the eigenvalues
as mean value and (b) the zeroth order transmission spectra. The different curves
show a periodic array of gold cylinders as defined in section 3.5.1 (dashed-dotted
lines), hexagons as defined in section 3.5.2 (dashed lines), and rotated squares as
defined in section 3.5.3 (solid lines).

Both the mean value of the relative eigenvalue deviation as well as the
relative difference in the zeroth order transmission3 remain rather small for
the chosen truncation order of 25×25 harmonics over the whole energy range.
Especially in the case of the far field spectra, the deviation is mainly on the
level of numerical noise.

3Zeroth order transmission means input and output in the fundamental harmonic.
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3.5 Numerical examples

Except for figure 3.13b, the previous examples have been purely dielectric,
and one may be able to derive a good accuracy at reasonable computational
cost also without the concept of matched coordinates. In the following, we are
going to present results for gold structures, where we expect a derivation of
appropriate results only with the concept of matched coordinates.

For all the following examples, we have chosen a spatial grid of 1024× 1024
points, with the interfaces located everywhere between two grid lines. Ex-
cept for the calculations with standard adaptive spatial resolution, we have
computed the occurring derivatives ∂xα/∂xβ numerically. In the case of the
standard adaptive spatial resolutions, we were able to use the correspond-
ing analytical expressions. From ∂xα/∂xβ , it is straight-forward to construct
∂xα/∂xβ for equation (2.6). Finally, we carried out a fast Fourier transform
using the correct rules of Fourier factorization.

Note that all examples have been calculated by approximating the eigenval-
ues of homogeneous layers according to equation (3.40), unless the opening of
an additional far field channel has been reached.

In the system of matched coordinates with adaptive spatial resolution, we
have chosen a resolution parameter η = 0.999 [see equation (2.81)], and an
equal distance between neighboring interfaces in agreement with our experi-
ence with the standard adaptive spatial resolution. Thus, the structures of
interest fill 25% of the unit cell.

3.5.1 Gold cylinders

Let us first compare the convergence between matched coordinates and a zig-
zag approximation in the case of a periodic array of round gold cylinders in
a square lattice configuration. The system of matched coordinates has been
constructed according to equation (3.13).

The geometry parameters are taken from reference [14], with a period of
700 nm and a radius of 250 nm. The gold cylinders are surrounded by vacuum;
the height of the cylinders is 30 nm. As in the case of [14], we describe the
gold permittivity by the analytic model introduced by Etchegoin et al. [114],
the permeability is set to 1. A sketch of the periodic array of gold cylinders
can be seen in figure 3.1a.

Figure 3.14a depicts the far field spectra for the given geometry at normal
incidence. We observe a broad resonance around 1240 meV, with a minimum
in transmittance (solid line) and a maximum in reflectance (dashed line) and
absorbance (dashed-dotted line). Furthermore, the opening of the first addi-
tional far field channels can be seen around 1780meV. Black lines denote the
results obtained with adaptive spatial resolution and matched coordinates for

75



3 Matched coordinates

a truncation order of 25 × 25 harmonics, whereas the results of the zig-zag
approximation are indicated by blue lines for a truncation order of 35 × 35.
Although the truncation order has been chosen much larger in the case of the
zig-zag approximation, the spectra still exhibit a spurious oscillating behav-
ior, manifested in small oscillations that can be assumed to be spurious extra
resonances.
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Figure 3.14: Example of an array of round gold cylinders in a square lattice con-
figuration at normal incidence. Black color denotes matched coordinates, blue lines
indicate a zig-zag approximation. Panel (a) depicts the far field spectra in trans-
mittance (solid line), reflectance (dashed line), and absorbance (dashed-dotted line).
The convergence behavior is shown in panels (b-d) versus inverse truncation order
at 1750 meV in panel (b), 1000meV in panel (c), and 1240meV in panel (d). Note
that the legend of line styles is valid for all panels.

The convergence behavior of transmittance, reflectance, and absorbance can
be seen in panels (b-d) of figure 3.14 for different energies and truncation orders
between 11 × 11 and 51 × 51 (2601 harmonics in total) at normal incidence.
Similar to the results of reference [81], we observe a very good convergence
with matched coordinates and adaptive spatial resolution, whereas the zig-
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zag approximation exhibits a tendency towards the results of the matched
coordinates, but converges rather slowly. Essig and Busch have investigated
the convergence behavior of the zig-zag lines even up to a total truncation
order of 23993 harmonics via symmetry considerations [81], with the same
qualitative result that both zig-zag lines and matched coordinates seem to
converge to the same values.

In the presented example, the worst convergence behavior can be observed
in 3.14b at 1750 meV, close to the opening of the additional far field channels.
At energies below the resonance (see figure 3.14c) and at the resonance (see
figure 3.14d), the convergence behavior is much better. In all three cases,
we can achieve convincing convergence with matched adaptive coordinates
starting from a truncation order of 17× 17 harmonics.
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Figure 3.15: Array of gold cylinders as in figure 3.14, but for incidence angles θ = 5◦

and φ = 0◦. Panels (a) and (c) show p polarization, (b) and (d) s polarization. The
upper row depicts the far field spectra in transmittance (solid green line), reflectance
(dashed blue line), and absorbance (dashed-dotted black line). The convergence
behavior is shown in (c) for 1550 meV and in (d) for 1360 meV. The insets in the
lower panels denote the orientation of the incident electric field.
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With the concept of matched coordinates, we can of course also derive spec-
tra for inclined incidence. Figure 3.15a and 3.15b depict the far field spectra in
p and s polarization, respectively, with adaptive spatial resolution and matched
coordinates for incidence angles θ = 5◦ and φ = 0◦ (see figure 2.2a for the def-
inition of θ and φ). In addition to the broad resonance seen in figure 3.14a,
two sharp features appear; an additional resonance in s polarization around
1360 meV, and another resonance around 1550 meV in p polarization.

We have chosen these additional resonances in order to calculate the conver-
gence behavior with matched coordinates in s and p polarization for inclined
incidence. The results are depicted in figure 3.15c for p polarization and fig-
ure 3.15d for s polarization and reflect in general very well the behavior at
normal incidence. Only the spectra in s polarization converge a little bit worse.
Due to the similar convergence behavior, we are going to focus henceforth on
calculations with normal incidence.

3.5.2 Gold hexagons

The concept behind the coordinate transformation defined in equation (3.11)
for hexagonal structures is almost identical to that behind the transformation
matching round cylinders [see equation (3.13)]. Hence we chose the test system
for the hexagonal structures similar to the previous example of round cylinders.

The unit cell has a size of 700 nm× 700 nm and is filled with an equilateral
gold hexagon with an edge length of 250 nm and a thickness of 30 nm (see
figure 3.2b). The gold is described by the analytic method of reference [114],
the hexagons are surrounded by vacuum.

As in the case of the gold cylinders, we combine the concept of matched
coordinates with adaptive spatial resolution. The corresponding coordinate
transformation can be seen in figure 3.3a. The main difference between the
gold cylinders and the gold hexagons is that the gold cylinders are isotropic
at normal incidence, whereas we can expect different results for orthogonal
incidence polarizations in the case of the hexagons.

Figure 3.16a depicts the far field spectra of the gold hexagons at normal
incidence with the incident electric field aligned along the x direction. The
resonance position is very similar to the array of round gold cylinders. As in
figure 3.14a, blue color denotes results obtained by a zig-zag approximation of
the hexagons for a truncation order of 35 × 35 harmonics, whereas the spec-
tra in black have been derived with adaptive spatial resolution and matched
coordinates for a truncation order of 25× 25 harmonics.

Evidently, the far field spectra still exhibit numerical artifacts using the zig-
zag approximation at the presented truncation order, whereas the results with
matched coordinates look reasonable. The convergence plots in panels (b-d) of
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Figure 3.16: Transmittance (solid lines), reflectance (dashed lines), and absorbance
(dashed-dotted lines) in the case of a periodic array of gold hexagons with the incident
electric field aligned along the x direction [see inset in panel (b)]; panel (a) depicts
the far field spectra, whereas panels (b-d) show the convergence behavior at different
energies for truncation orders between 11 × 11 and 51 × 51 harmonics. Black color
denotes results obtained with matched coordinates and adaptive spatial resolution
as described by equation (3.11), whereas the results shown by blue color have been
obtained by a zig-zag approximation.

figure 3.16 confirm this observation. The behavior is similar to the gold cylin-
ders; the zig-zag approximation approaches the results with matched coordi-
nates for very large truncation orders, whereas the calculations with matched
coordinates exhibit only fluctuations on a small scale for the different trunca-
tion orders at all three energies.

For the sake of completeness, we display in figure 3.17 also the results for the
case where the incident electric field is aligned along the y direction. Obviously,
the results are more or less identical to figure 3.16. We observe in figure 3.17a
a broad resonance around 1250meV, which is better described by the calcu-
lations with matched coordinates for a truncation order of 25× 25 harmonics
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than with the zig-zag approximation and a truncation order of 35 × 35 har-
monics. Also, the convergence behavior is close to the orthogonal polarization
of figure 3.16 with a superior convergence behavior using matched coordinates
and adaptive spatial resolution. In contrast to figure 3.16, the convergence of
the zig-zag approximation seems to be worse, especially in figure 3.17b for an
energy of 1600 meV close to the opening of the additional far field channels.
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Figure 3.17: Results of transmittance (solid lines), reflectance (dashed lines), and
absorbance (dashed-dotted lines) for the same structure as in figure 3.16, but with
the incident electric field aligned along the y axis [see inset in panel(b)].

Because of the inferior convergence behavior of calculations with the zig-zag
approximation, we will henceforth refrain from the results obtained by this
approximation and focus on alternative validations for the scheme of matched
coordinates.

3.5.3 Rotated gold squares

In section 3.2, we have derived several possible coordinate transformations
matching a system with rotated rectangles, which allows us a comparison of
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the different approaches.
Firstly, we have the scheme of smooth modulation described in section 3.2.1,

where we can choose the intermediate areas such that we either have every-
where continuous coordinate derivatives (see figure 3.18a) or connect neigh-
boring rectangles via straight lines (see figure 3.18c). Henceforth, we are going
to refer to these transformations as type A smooth and type A straight, respec-
tively.

a)

matched A smooth

c)

matched A straight

b)

matched B smooth

d)

matched B straight

e) supercell

Figure 3.18: Different coordinate systems for the calculation of a square rotated by
45◦ in a quadratic unit cell; (a) and (c) are obtained by the scheme of smooth modu-
lation described in section 3.2.1 with smoothly curved coordinates in (a) and simply
straight lines in (c), whereas (b) and (d) have been constructed via equation (3.20)
using functions h2 and h1, respectively. Alternatively, the rotated squares can be
calculated for this particular geometry by the standard Fourier modal method with
adaptive spatial resolution, when considering a supercell with two square elements
per unit cell, as depicted in panel (e). A possible unit cell is indicated by the solid
black lines.

Secondly, we can use the approach described in section 3.2.2, where we
can also obtain lines that exhibit continuous coordinate derivatives at the
interfaces (see figure 3.18b). This transformation requires a strong deformation
of the unit cell, so that it is questionable, whether we should not overcome the
restriction of smooth derivatives, as depicted in figure 3.18d. We will refer to
transformations according to section 3.2.2 as type B.

In addition, we can compare the rotated structures with the standard Fourier
modal method including adaptive spatial resolution in the case of specific
rotation angles. For instance, a rotation by 45◦ can be described by calculating
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a supercell with two elements per unit cell (see figure 3.18e). Hence, the system
of rotated squares is ideal for testing the influence of the underlying coordinate
system on the convergence behavior.

We have chosen to keep the unit cell size 700 nm×700 nm as in the previous
examples described in sections 3.5.1 and 3.5.2. The rotated elements are gold
squares in vacuum with a side length of 300 nm and a thickness of 30 nm (see
figure 3.1c). As for the hexagons and the cylinders, we describe the gold by
the model provided in reference [114].

Figure 3.19a depicts the corresponding far field spectra obtained by transfor-
mation type A with smooth coordinate lines for a truncation order of 25× 25
harmonics. The incidence is normal with the incident electric field aligned
along the x axis. We observe a resonance around 1300 meV, which is narrower
than in the case of the gold cylinders or hexagons.
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Figure 3.19: Comparison of different approaches for the description of a periodic
array of rotated squares as depicted in figure 3.18. Panel (a) shows the far field spec-
tra at normal incidence, with transmittance (solid lines), reflectance (dashed lines),
and absorbance (dashed-dotted lines). The convergence behavior of the different
approaches is depicted by the transmittance in panels (b-d) at different energies.
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The comparison of the convergence behavior between the supercell as well
as transformation types A and B with continuous coordinate derivatives at the
interfaces is depicted in panels (b-d) of figure 3.19 at three different energies.
As it can be seen, all approaches converge to the same values, but transforma-
tion type A exhibits the best convergence behavior. Especially at 1500meV,
transformation type B is only slightly better than the supercell. Evidently, the
strong deformation of the unit cell in combination with the discontinuous co-
ordinate derivatives at the border of the unit cell is inferior to transformation
type A, but the results are still better than those of the supercell.

It is worth mentioning that the general convergence behavior of the rotated
squares is similar to the examples of the gold hexagons and the gold cylinders
described in the previous sections 3.5.1 and 3.5.2. Note that the scale of the
convergence plots in figure 3.19 is much smaller than in figures 3.14 to 3.17.

Now, we want to address the question whether it is superior to have contin-
uous coordinate derivatives at all material interfaces. This question is of great
importance, because it is in general more challenging to construct transforma-
tions with continuous derivatives ∂xα/∂xβ .

In figure 3.20, we compare the transmittance at 1500meV for both trans-
formation types A and B. In the case of transformation type A, it seems that
the system with continuous coordinate derivatives is superior compared to the
straight lines. This underlines the intuitive assumption that smooth coordinate
transformations are superior.
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Figure 3.20: Comparison of transmittance between transformations with (black
curves) and without (blue curves) continuous coordinate derivatives at the material
interfaces. The transmittance has been computed at 1500 meV for normal incidence
using the coordinate transformation of type A in panel (a) and type B in panel (b).

For the transformation type B, the difference with and without continuous
coordinate derivatives is more or less negligible. We observe only a slight
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improvement by the straight coordinates obtained by using function h1 in
equation (3.20), which may be attributed to a reduced deformation of the unit
cell.

3.5.4 Magneto-optical waveguide structure

So far, the presented examples contained merely isotropic permittivity and
permeability values. Therefore, we provide in this section an example with an
anisotropic permittivity tensor ε.

The example is taken from a paper by Belotelov et al. [54] and consists
of a gold film with quadratic air holes and a thickness of 68 nm on top of
a magneto-optical waveguide layer of thickness 118 nm. The unit cell size is
750 nm× 750 nm, the hole diameter is 395 nm. The top and the bottom layers
of the structure are filled with air.

a) ζ = 0° b) ζ = 45°

Figure 3.21: (a) Standard adaptive coordinate system for the calculation of
quadratic shapes in a square lattice configuration. (b) Inclined coordinate system
with an inclination angle of 45◦ that describes the same system as in (a).

The gold is described by a Drude model (see section 2.7) with ε∞ = 7.9,
ωP = 8770meV, and γ = 1.13 × 1014 rad/s. The magneto-optical waveguide
consists of a material with the permittivity tensor

ε =

 εwg −ig 0
ig εwg 0
0 0 εwg

 , (3.41)
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with εwg = 5.5 + 0.0025i, and g = (1 − 0.15i) × 10−2. The parameters are
taken from reference [54].
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Figure 3.22: Results of a magneto-optical waveguide structure covered with a gold
film. The gold film contains quadratic air holes in a square lattice configuration.
The upper row depicts far field spectra in panel (a) as well as the Faraday and
Kerr rotation angles in panel (b), derived by the standard Fourier modal method
with adaptive spatial resolution at normal incidence. Due to the square lattice, we
can compare these results with those calculated with matched coordinates in an
inclined coordinate system for an inclination angle of ζ = 45◦ and P 2 =

√
2P 1 (see

figure 3.21b). The corresponding convergences behavior can be seen for the far field
spectra in panel (c) and for the rotation angles in panel (d), derived at 975 nm.
Note that the legends in panels (a) and (b) are also valid for panels (c) and (d),
respectively.

Such a magneto-optical structure exhibits non-vanishing Faraday and Kerr
rotations. These properties can be derived from the polarization ellipse [93],
which results from the s and p polarized output of the small scattering matrix
(see section 2.4.4). In the work of Belotelov, it is shown that the Faraday
and Kerr rotation can be enhanced by tuning the interplay of plasmonic res-
onances and waveguide modes. We are going to reproduce Belotelov’s results
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using the classical Fourier modal method with adaptive spatial resolution (see
figure 3.21a) as well as an inclined coordinate system with inclination an-
gle ζ = 45◦ (see figure 3.21b). By choosing the period P 2 =

√
2P 1 with

P 1 = 750 nm in the case of the inclined coordinate system, we obtain again a
square lattice configuration. Of course, nobody will carry out the calculation
of a square lattice using the inclined coordinate system, but it is a good test
case for the convergence of derived quantities such as the Faraday and Kerr
angle in an inclined coordinate system, because we can compare the results
with the standard calculation without inclination.

Figure 3.22 depicts the far field spectra of the magneto-optical waveguide
in panel (a) at normal incidence. The calculations have been carried out
with the standard Fourier modal method and adaptive spatial resolution for a
truncation order of 25× 25 harmonics. The corresponding Faraday and Kerr
angles are shown in panel (b). Both the spectra and the rotation angles exhibit
a very good agreement with reference [54].

At a wavelength of 975 nm, we show the convergence behavior of the far
field spectra in figure 3.22c; the results for the rotation angles are depicted in
figure 3.22d. Black color denotes the standard calculation without inclination
and equal periods P 1 = P 2; the results with an inclination angle of 45◦ and
P 2 =

√
2P 1 are shown by blue color. Evidently, both calculations converge

to the same results, but the inclined coordinate system needs at least 25× 25
harmonics for a convincingly converged result. For small truncation orders,
the deviation is especially large in the case of the rotation angles.

3.5.5 Gold bowties

As it has been mentioned in section 3.2, a periodic array of gold bowties is one
of the most challenging structures used in modern nano-optics. As it is difficult
to obtain a numerical reference for this system, we are going to compare our
results in this section with experimental measurements.

An array of gold bowties on a quartz substrate (ε = 2.25) has been fabricated
by electron beam lithography with periods P 1 = 800 nm and P 2 = 500 nm, in
which the bowties consist of equal-sided triangles that exhibit a base length of
150 nm with the base aligned in the direction x2 (see figure 3.4d and sketch in
figure 3.23a); the height is 180 nm, the thickness is 40 nm.4 The gap between
the tips of the triangles is 20 nm.

The numerical results of transmittance, reflectance, and absorbance spec-
tra with adaptive spatial resolution and matched coordinates are depicted
in figure 3.24a at normal incidence. Furthermore, figure 3.24a contains the

4Fabrication and measurements by M. Hentschel.
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a) b) c)

Figure 3.23: Sketches of experimentally fabricated structures for comparison with
the Fourier modal method including matched coordinates: (a) gold bowties; (b) gold
film; (c) gold dots on thick gold film with spacer layer.

experimental data in transmittance, which exhibit a good agreement in the
resonance position with some deviation in the linewidth.

Note that we have described the gold with measured permittivity data ac-
cording to [115] in order to obtain a slightly better agreement of the resonance
position. Regarding the linewidth, it is a general property of experimental
data that the resonances are broader (see, e.g., figure 2 in reference [45]). The
reason is most likely a broadening due to the inhomogeneities occurring due to
the fabrication tolerances. Thus, we observe only an average over a whole class
of slightly different structures in the measurements. In summary, the qualita-
tive agreement between the experiment and the calculation with a truncation
order of 35× 35 harmonics is quite good.

Panels (b-d) of figure 3.24 show the convergence behavior of the far field
spectra at three different energies. Although there is a tendency to converge
to specific values, it is obvious that the convergence behavior is worse com-
pared to the previous examples. However, the qualitative agreement between
experiment and numerical calculations is very convincing, so that the devia-
tion between different truncation orders can be neglected for most practical
applications, where the exact numbers are usually not crucial. Whether the
convergence is good enough for nonlinear Fourier modal calculations according
to references [85, 86] is an interesting question that should be addressed in the
future.

3.6 Comparison between experiment and matched
coordinates

In this section, we show two examples, where it has been superior to describe
the occurring geometries by matched coordinates in order to achieve a good
agreement between experimental data and numerical calculations with the
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Figure 3.24: Transmittance (solid lines), reflectance (dashed lines), and absorbance
(dashed-dotted lines) for a periodic array of gold bowties at normal incidence. Thick
lines in panel (a) depict the far field spectra obtained by the Fourier modal method
with matched coordinates and adaptive spatial resolution, the thin lines show the
experimentally measured transmittance. The convergence behavior of the Fourier
modal method is presented in panels (b-d) at different energies.

Fourier modal method. As the structures in both examples can be described
by the coordinate transformation of section 3.2.1, which has been studied inten-
sively in the previous sections as regards the convergence behavior, we refrain
from additional convergence plots and show just some results at reasonable
truncation orders.

3.6.1 Mueller matrix of perforated gold film

In the case of ellipsometry measurements, it is common to derive the Mueller
matrix instead of elements of the scattering matrix. As mentioned in sec-
tion 2.4, we can convert the small scattering matrix into Mueller matrices.
In this subsection, we present the comparison of experimentally and numeri-
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3.6 Comparison between experiment and matched coordinates

cally derived Mueller matrix elements for a periodic array of holes in a gold
film [116]. The gold layer is 20 nm thick and contains air holes of diameter
225 nm in a square lattice configuration with period 400 nm (see figure 3.23b).
The gold is described by tabulated permittivity values [115]; the superstrate
consists of air and the substrate is quartz (refractive index 1.5).

Figures 3.25 to 3.27 depict a selection of experimentally and numerically
derived Mueller matrix elements in reflection for incidence angles θ (see fig-
ure 2.2a) between 20◦ and 72◦ (incidence from the superstrate) at 1200 meV.5

All Mueller matrix elements are normalized to the element M11, which defines
the outgoing intensity.
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Figure 3.25: Selection of experimentally measured Mueller matrix elements for a
periodic array of air holes in a gold film (see figure 3.23b).

The experimentally measured Mueller matrix elements are shown in fig-
ure 3.25. As it is not clear from the fabricated structure whether the hole
shape is rather quadratic or round (see scanning electron micrograph image
in the left upper panel of figure 3.25), we have calculated the Mueller matrix
elements for both quadratic and circular holes.

The results for circular holes using the transformation described in sec-
tion 3.2.1 with a truncation order of 21 × 21 harmonics are displayed in
figure 3.26 and exhibit a good agreement with the experimentally measured
5Fabrication by U. Hübner; ellipsometry measurement by J. Braun.
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Figure 3.26: Same Mueller matrix elements as in figure 3.25, calculated for round
holes by the Fourier modal method with matched coordinates.
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Figure 3.27: Mueller matrix elements as in figure 3.25, calculated for quadratic
holes by the standard Fourier modal method with adaptive spatial resolution.
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3.6 Comparison between experiment and matched coordinates

Mueller matrix elements. In contrast, the results obtained for quadratic holes
(see figure 3.27) deviate clearly from the experimental measurement. Evi-
dently, the influence of the hole shape cannot be neglected for the example of
the periodic hole array.

3.6.2 Perfect absorber

The consideration of the exact shape is not only crucial for hole arrays, but
also for the inverse structure with dots. In a recent publication [46], we have
shown that we can achieve nearly 100% absorbance by placing a periodic array
of gold dots in an appropriate distance on top of a thick gold layer. In our
design, the gold layer has a thickness of 200 nm, which is thick enough so that
almost no light is transmitted. The gold dots are located on top of a MgF2

spacer layer (permittivity value ε = 1.9) with thickness 30 nm and arranged in
a square lattice with period 600 nm. The gold dots are round cylinders with
thickness 20 nm and diameter 352 nm. We describe the gold permittivity by
a Drude model (see section 2.7) with ε∞ = 1, ωP = 1.37 × 1016 rad/s, and
γ = 1.22 × 1014 rad/s. The substrate is quartz (refractive index 2.25); the
superstrate is air. A schematic of the structure can be seen in figure 3.23c.

Without the gold dots, the thick gold layer can be considered as a mirror with
100 % reflectance and 0% transmittance. Owing to the fundamental plasmonic
resonance of the gold dots, also the reflectance of the structure is reduced.
For the parameters described above, even in the experiment, we achieved a
maximum absorbance of ≈ 99 % at normal incidence. The experimental data
of reflectance and absorbance can be seen in figure 3.28a.
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Figure 3.28: Far field spectra of periodic arrays of gold dots on a thick gold layer
(see figure 3.23c) with nearly 100 % absorbance (blue curves). Panel (a) depicts
experimental measurements. The numerical results in panel (b) have been calculated
for round dots, whereas the calculations in panel (c) have been derived for quadratic
dots. The black dashed lines denotes reflectance.
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3 Matched coordinates

If we calculate the gold dots in the Fourier modal method with matched co-
ordinates using the coordinate transformation for circular structures described
in section 3.2.1, the agreement between experiment and numerical calculation
is very good, as it can be inferred from the numerical results in figure 3.28b,
which have been derived for a truncation order of 25 × 25 harmonics. If we
use a quadratic shape instead of the circular dots with the side length equal
to the dot diameter (see figure 3.28c), the maximum absorbance is clearly
shifted compared to the experimental measurements. We do not claim that it
is impossible to achieve a good agreement between numerical calculations and
experiment also in the case of the quadratic dots by tuning the side length
of the square dots, but the advantage of a correct description of the shape is
obvious in the case that we can derive the shape parameters directly from the
experiment.

3.7 Notes on coordinate transformations

We have shown in this chapter that the concept of matched coordinates im-
proves the convergence behavior of the Fourier modal method when comparing
it with simple zig-zag approximations. Both approaches – the zig-zag and the
matched coordinates – evidently converge to the same results. In the case
of metals, however, the concept of matched coordinates with adaptive spatial
resolution is definitely superior.

Regarding the derivation of appropriate coordinate transformations, we find
that smooth transformations with continuous coordinate derivatives may con-
verge better; however, there is a trade-off between smooth transformations
and the fact that the change of coordinates should be carried out slowly over
the unit cell with a smooth modulation. For achieving the latter, one should
consider curvilinear borders of the unit cell, as seen in figure 3.18a.

It should be kept in mind that our findings are not based on any rigor-
ous proofs. They have been derived only in agreement with our experience.
Hence, one should not consider them as too strict; it is in any case better to
have matched coordinates, independently on the exact shape of the coordinate
transformation.

For the future, it is also important to develop methods that allow the ap-
plication of different coordinate transformations in the different layers of a
stacked system. Some work has been devoted to this problem in the case of
one-dimensional adaptive spatial resolution [104], but an extension to two-
dimensional coordinate transformations has not been achieved yet.
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4 Derivation of resonances in the
scattering matrix formalism

The examples presented in chapter 3 exhibit optical resonances, which can
be clearly seen as distinct features in the far field spectra. In most cases,
it is possible to investigate resonances by determining the far field spectra;
however, some resonances cannot be exited for specific incidence parameters
(see, e.g., comparison between normal and inclined incidence in section 3.5.1),
so that it is often much more efficient to determine resonances ab initio either
analytically or by some numerical method.

In this chapter, we are going to present an efficient numerical method for
the derivation of optical resonances using the scattering matrix formalism. We
are showing here several examples with different types of resonances, without
going into details on the origin of these resonances. For more information on
the physics of the resonances, an interested reader may consult established
text books, such as reference [21].

4.1 Mode solver for optical resonances

We have shown in several publications that it is possible to use the scattering
matrix theory for obtaining the three-dimensional eigenmodes of a given struc-
ture [14, 15, 62, 99, 117]. We follow in this section mostly these references,
especially that with the application of adaptive spatial resolution and matched
coordinates [14]. In the first place, we address the question how resonances
can be expressed in terms of the scattering matrix theory.

An eigenmode is a solution of Maxwell’s equation that can oscillate in time
with a resonance energy Ω and damping Γ without any external excitation |I〉.
Formally, we would have to derive a non-vanishing output |O〉 = S(E,k)|I〉
[see equation (2.46)] for zero input |I〉. This means that we are searching for
poles of the scattering matrix. In practice, it is more convenient to formulate
the inverse problem S−1(E,k)|O〉 = |I〉 [14, 62, 101], which yields in the case
of zero input the nonlinear eigenvalue problem

S−1(E,k)|O〉 = 0 , (4.1)

where the derivation of resonances is equivalent to finding non-trivial solutions
|O〉 that solve equation (4.1) for specific pairs of resonance energy Eres and
resonant wave vector kres.
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4 Derivation of resonances in the scattering matrix formalism

As E and the absolute value of k are not independent, we can derive k3

as a function of E (or vice versa) in the homogeneous top and bottom layer
of our stacked system. Furthermore, the in-plane momentum defined by k1

and k2 can be fixed as an external quantity, because it is conserved in all
layers due to momentum conservation (excluding Umklapp processes). Thus,
we have to find specific complex energies Eres = Ω− iΓ so that equation (4.1)
is fulfilled. In numerical calculations, the solution has to be derived in an
iterative procedure on the complex energy plane.

4.1.1 Iterative mode derivation

Although it is possible to solve equation (4.1) by considering the determinant
of the inverse scattering matrix and searching its roots by a simple Newton
method, it is much more efficient to derive the solution iteratively by lineariza-
tion around an energy E0 [14, 15]:

S−1(E)|O〉 ≈

[
S−1(E0) +

∂ S−1

∂E

∣∣∣∣
E0

∆E

]
|O〉 = 0 . (4.2)

In this case, ∆E = E − E0 expresses the energy dependence of the linearized
form. The non-trivial solutions of vectors |O〉 for the linearized equation (4.2)
can be found by considering the relation on the right hand side of the approx-
imation sign as a linear eigenvalue problem for eigenvalues ∆E. Those vectors
that correspond to eigenvalues ∆E → 0 provide also non-trivial solutions for
the original problem defined by equation (4.1), with resonances at Eres = E0.
These resonances have to be determined iteratively by linearization around
different energies E0, until at least one eigenvalue obeys ∆E → 0.

As it is possible to derive from equation (4.2) more than one candidate for
the next iteration step, the amount of iterations for finding a resonance can
be decreased significantly in dependence on the used strategy for choosing an
appropriate energy for the next iteration step. In general, the absolute value
of ∆E should not be very large, so that we need to find only a few eigenvalues
of equation (4.2) with a small magnitude. In addition, we can analyze the
output vectors with respect to symmetry and far field properties in order
to specify additional search criteria. Another advantage compared to simply
solving det(S−1) = 0 is that the degeneracy of an eigenvalue ∆E corresponds
to the degeneracy of the associated resonance. Furthermore, the approach is
rather stable, and we can also save other candidates during the iteration in
order to use them as starting points for further iterations.

Figure 4.1 depicts a stability map, where each point of the equidistant grid
in the complex energy plane corresponds to a start value for the iterative mode
search procedure in the case of the test system described in section 4.2.1. Panel
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2500 3000 3500 4000
−200

−150

−100

−50

0

Real part energy [meV]

Im
ag

in
ar

y 
pa

rt
 e

ne
rg

y 
[m

eV
] a)

eigenvalue equation 

2500 3000 3500 4000
−200

−150

−100

−50

0

Real part energy [meV]

Im
ag

in
ar

y 
pa

rt
 e

ne
rg

y 
[m

eV
] b)

↑  2677 meV 

3725−10i meV →

3849 meV ↑

↑  3179−93i meV 

determinant 

Figure 4.1: Stability map for (a) the eigenvalue method described by equation (4.2)
and (b) a Newton method using the determinant of the inverse scattering matrix
in the case of the example described in section 4.2.1. Black thin lines depict a
grid of starting points, from which both methods should converge to one of the
four resonances indicated by the black crosses within maximum ten iteration. No
convergence has been achieved when the area around the starting value is displayed
in white; otherwise, it is indicated by the different colored areas, to which resonance
the method converged [for details on the convergence areas, see colors and labels in
panel (b)].

(a) of figure 4.1 has been derived via equation (4.2); for the calculation of panel
(b), we used the determinant of the inverse scattering matrix in combination
with a simple Newton method. The truncation order for both cases is NG = 31
harmonics and chosen to be sufficiently large in order to reproduce the physical
phenomena correctly. In the presented range, we determined four resonances
with resonance energies 2676.9 meV, 3179.2− 92.9imeV, 3725.3− 10.4imeV,
and 3848.7 meV.

Evidently, almost every starting point in figure 4.1a converged to one of
the four resonances in the sense that the smallest eigenvalue of equation (4.2)
reached a relative magnitude |∆E/E0| smaller than 10−5 within maximum
ten iterations. The average number of iterations was 5.1, the average relative
magnitude of the smallest eigenvalue has been determined as 4× 10−7 in the
case of convergence. In contrast, we can deduce from figure 4.1b that the
determinant method requires good starting values in order to converge to a
resonance in maximum ten iterations.

One reason for the poor convergence of the determinant method is a short
average iteration distance of 15.9 meV compared to 72.8 meV in the case of
the eigenvalue equation (4.2). It seems that the linearized determinant does
not reproduce the exact resonance position as good as the eigenvalue method.
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4 Derivation of resonances in the scattering matrix formalism

Note that the particular convergence map shown in figure 4.1a depends
strongly on the strategy used for finding the modes. For instance, the regions
converging to the optically inactive modes can be increased by adjusting the
strategy such that modes with a small linewidth and a vanishing far field
contribution are preferred.

The downside of solving equation (4.2) is that we have to calculate the
derivative of the complete scattering matrix. Therefore, using numerical dif-
ferentiation, we have to warrant the continuity of the scattering matrix on the
complex energy plane.

4.1.2 Inverse scattering matrix

It is noteworthy that the scattering matrix becomes close to singular when
approaching a resonance. Hence, it is not very stable to invert the scattering
matrix numerically. Instead, it is just as correct to invert the order of incoming
and outgoing channels in the top and bottom layers. Thus, the scattering
matrix S in equation (2.46) is replaced by a matrix S̃ of the form[

~A−N
~A+

1

]
=
(

S̃−−N1 S̃−+
NN

S̃+−
11 S̃++

1N

)
︸ ︷︷ ︸

= S̃N1

[
~A−1
~A+

N

]
, (4.3)

which resembles basically a permutation of the inverse scattering matrix.
The reordering of incoming and outgoing channels can be carried out easily

when considering a redefinition of the material matrix F|| of equation (2.29),
which connects expansion coefficients ~A± in one layer with the Fourier repre-
sentation of the corresponding electric and magnetic fields:

F||

(
~A+

~A−

)
=
(

~E
~H

)
= F̃||

(
~A−
~A+

)
. (4.4)

In this case, the matrix F̃|| is constructed from the matrix F|| by reordering
the columns. We suggest now to keep the scattering matrix iteration in all
internal layers unchanged, but to replace the matrix F|| in the outermost layers
by F̃|| in order to derive the inverse scattering matrix.1

It is worth mentioning that this approach involves partially reordered scat-
tering matrix expressions, where the input and output contain either forward

1For stability reasons, note that the outer layers should be included with zero thickness.
Otherwise, S̃ becomes unbalanced due to the occurring exponentially increasing terms.
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4.1 Mode solver for optical resonances

or backward solutions. For instance, for the description of layers 1 to n with
n < N , we compute matrices of the form[

~A+
n

~A+
1

]
=
(

S+−
n1 S+−

nn

S+−
11 S+−

1n

)[
~A−1
~A−n

]
. (4.5)

It is evident that equation (4.5) becomes instable when the reflection drops to
zero, as in this case forward and backward solutions are no longer connected.
We have experienced such a behavior especially for larger truncation orders,
but the principle can be easily understood when trying to exchange the orders
at a fictitious interface between identical layers. Then, the construction of the
matrix in equation (4.5) requires the inversion of a singular matrix.

In particular, the derivation of the scattering matrix contains the inverse
of S12Y21 − Y11 [see equation (2.53)], where S12 = 0 at the top interface,
and – according to equation (2.48) – after exchanging the order of input and
output in the outermost layers, Y11 = T−+

21 . Hence, if the element T−+
21 of the

uppermost interface transfer matrix is close to singular, the construction of
the scattering matrix becomes unstable.

Figure 4.2a depicts the convergence of the resonances determined in the
case of the example described in section 4.2.1. We have extrapolated the
convergence behavior for 1/NG → 0 in order to derive reference energies Eext

for an infinite truncation order, with the extrapolated energies 2676.8557 meV,
3179.1749−92.9041imeV, 3725.319−10.3878imeV, and 3848.6674 meV. Note
that we excluded in the extrapolation all results for truncation orders beyond
NG = 31 harmonics, because these solutions seem to be already unstable.

Evidently, the modes start to converge rather quickly to the extrapolated
values for truncation orders between 11 and 31 harmonics, but already around
NG = 19, we observe a saturation; truncation orders beyond 31 harmonics
provide already questionable results. Figure 4.2b elucidates the origin of the
saturated convergence, which is an increasing condition number of the element
T−+

21 for increasing truncation orders in the case of the top interface transfer
matrix. Note that the condition number is defined as the ratio of the largest
singular value of a matrix to its smallest singular value. Hence, large condition
numbers imply instabilities in the inversion of T−+

21 , so that the convergence of
the mode solver is hampered. Similar problems can be found for the bottom
interface transfer matrix.

In order to avoid such problems, it is of course possible to reorder also the
inner layers, but then we would have to deal with exponentially growing terms
in these layers, which may grow beyond the maximum floating point number
available in the numerical calculation.

Despite the stability issue, we believe that the advantages of the inverse
order approach outperform the drawbacks, as the method is faster than the
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Figure 4.2: Panel (a) depicts the relative convergence behavior of the different
resonances determined for the example described in section 4.2.1. The reference
values Eext have been extrapolated from the inverse truncation order for 1/NG → 0.
Panel (b): Condition number of the matrix element T−+

21 [see equation (2.48)] that
has to be inverted at the top interface according to equation (2.53) when exchanging
the order of input and output in the top layer.

numerical inversion of the scattering matrix. Also, it requires only a minimum
amount of changes in order to derive the resonant field distribution inside
the structure of interest in the same way as one usually calculates the field
distribution in these layers for far field excitation. We only have to use the
resonant output vector |O〉 of equation (4.2) as the input of the partially
reordered scattering matrices. More details on the way we use in order to
construct fields inside a structure can be found in reference [118].

4.1.3 Continuity of scattering matrix

As mentioned before, using equation (4.2) for finding optical resonances re-
quires that the numerically derived scattering matrix is continuous with re-
spect to energy, because the linearization involves the computation of the
matrix derivative. The derivative can be calculated numerically, but care has
to be taken that the basis set in the top and bottom layer is chosen properly,
including the sorting of incoming and outgoing channels. These requirements
can be easily fulfilled in cases where we are able to use the analytical Rayleigh
expansion of section 2.3.4. Then, the sorting of the channels can be fixed
uniquely, as the basis solution of the homogeneous layers does not depend on
the energy.

In the case that the underlying coordinate system is not uniform, it has
been discussed in section 3.4 that the solution of homogeneous layers cannot
be derived analytically. Hence, care has to be taken, because the numerically
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derived eigenvalue matrix F|| homo for homogeneous layers [see equation (2.29)]
may be discontinuous with respect to energy. In order to overcome this prob-
lem when calculating the derivative of the inverse scattering, we have suggested
to use the numerical solution for one homogeneous layer in order to derive the
numerical solutions of all other homogeneous layers according to the method
described in section 3.4.3 [14]. Thus, we can maintain the basis set as well as
the ordering of the channels even in non-uniform coordinate systems.

In addition, we have to warrant the continuity of the propagation con-
stants K3

mn. Note that there exists an ambiguity in its definition according
to equation (2.42), because the square root of complex numbers is only fixed
up to an artificial cut in the complex energy plane. First of all, we choose
<(K3

mn) + =(K3
3mn) > 0. Then, we ensure that the propagation constants

K3
mn remain continuous when calculating the derivative of the inverse scatter-

ing matrix at each iteration step, in spite of the artificial cut in the complex
plane.

4.2 Numerical examples

In the previous chapter, we have focused on structures which are periodic
in two directions. Henceforth, we will consider also one-dimensional periodic
structures, because it is easier to acquire a large amount of data for detailed
analysis. Figure 4.3 presents some examples of such structures.

a)

b)

c)

waveguide

substrate

Figure 4.3: Examples of one-dimensional periodic structures with translation in-
variance in a direction perpendicular to the direction of periodicity: (a) array of
wires; (b) meander layer; (c) multilayer system with wires on top of a waveguide.
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4 Derivation of resonances in the scattering matrix formalism

4.2.1 Dielectric grating

One of the one-dimensional structures that we will discuss in detail is the
dielectric grating introduced in our recent publications on resonant mode cou-
pling [14, 15]. The structure consists of a dielectric slab of thickness 50 nm with
a refractive index of 2.5 (e.g., ZnO), which contains air slits of width 100 nm
that repeat periodically with a period of 300 nm; the surrounding medium is
air. Would the slab be homogeneous, it would exhibit TE and TM polarized
waveguide resonances, which lie outside the light cone [21]. By cutting periodic
slits into the slab, we can excite back-folded branches of these resonances even
at normal incidence [62]. In this particular example, we find the back-folded
first order branches in the region between 2500meV and 4000meV. Figure 4.4
depicts the corresponding far field spectra for TM and TE polarization in panel
(a) and (b), respectively.
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Figure 4.4: Transmittance (solid green line) and reflectance (dashed blue line) for
a dielectric waveguide slab with periodic air slits for TM polarization in panel (a)
and TE polarization in panel (b).

Note that the back-folded waveguide dispersions exhibit a band gap at
k1 = k2 = 0 [21, 62], where one branch is optically active and the other
one is optically inactive. Hence, we observe in the spectra only one reso-
nance per polarization at normal incidence; a sharp TM polarized resonance
around 3700 meV (see figure 4.4a), and a broad TE polarized resonance around
3200 meV (see figure 4.4b).

We are now going to present the resonance energies as well as the resonant
field distributions obtained by the methods described in section 4.1. Note
that section 4.1 contains already results for this particular dielectric grating;
figure 4.1 depicts the stability of the iterative mode search procedure in depen-
dence on different starting energies, whereas figure 4.2 contains convergence
and stability plots for increasing truncation orders.
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a) TM at 3725−10i meV b) TM at 3849 meV

0.2

0.4

0.6

0.8

1

Figure 4.5: Electric field distributions of the TM polarized resonances occurring in
the case of a dielectric grating. The calculations have been carried out by the mode
solver described in section 4.1 without external excitation. Panel (a) depicts an
optically active mode; the mode in panel (b) is optically inactive. The cones indicate
the electric field at a typical time step, whereas the background color denotes the
energy density of the electric field in a normalized logarithmic scale.

In figure 4.5a, we can see the resonant electric field distribution of the op-
tically active TM polarized resonance obtained by the mode solver without
external excitation. We found a resonance energy of 3725−10imeV for a trun-
cation order of 31 harmonics with adaptive spatial resolution, which resembles
perfectly the resonant phenomenon in the far field spectra (see figure 4.4a).
Note that the application of adaptive spatial resolution is not really necessary
for the dielectric grating, but we included it for the sake of consistency with the
following metallic examples, which require the application of adaptive spatial
resolution for an efficient calculation [12, 76].

Using the mode solver of section 4.1, we can also derive the symmetry for-
bidden TM resonance at normal incidence, which is located at 3849 meV. The
corresponding electric field distribution is shown in figure 4.5b. At this point,
we have to emphasize that the field distributions have been calculated without
external incidence using the resonant output vector |O〉 as the input of the
partially reordered scattering matrices [see, e.g., equation (4.5)].

The field distributions of the fundamental optically active and inactive TE
modes are depicted in figure 4.6. The calculations have been carried out for
the same truncation order of 31 harmonics as we have used for the TM po-
larization, but we display in figure 4.6 the magnetic field distribution instead
of the electric field, because the latter field has a vanishing component in the
direction of periodicity for TE polarized modes. We derived resonance energies
of 2677 meV and 3179 − 93imeV for the optically inactive and active mode,
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4 Derivation of resonances in the scattering matrix formalism

a) TE at 2677 meV b) TE at 3179−93i meV
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Figure 4.6: Magnetic field distributions of TE polarized resonances derived by
our mode solver without external excitation for the same dielectric grating as in
figure 4.5. We obtained an optically inactive mode at 2677meV, which is shown in
panel (a). The nearest optically active mode has been derived at 3179−93i meV and
is depicted in panel (b). The cones indicate the magnetic field at a typical time step;
the background color denotes the energy density of the magnetic field in a normalized
logarithmic scale.

respectively. As in the case of the TM polarized optically active mode, both
the resonance position (real part of resonance energy) as well as the linewidth
(twice the imaginary part of resonance energy) agree very well with the far
field spectra depicted in figure 4.4b.

4.2.2 One-dimensional periodic gold wires

A typical structure in modern nano-optics are periodic arrays of infinite gold
wires [53, 68] (see figure 4.3a). We have chosen wires of width 200 nm, height
30 nm, and period 400 nm. The surrounding medium has a scalar permittivity
of 2.13 (quartz), the gold is described via the analytic model of reference [114].
Note that the mode solver requires an analytic continuation of any dispersive
material parameters on the complex energy plane, which limits the method to
either constant material parameters or standard model functions. Figure 4.7a
depicts the far field spectra of this type of metallo-dielectric grating at normal
incidence, with the incident electric field aligned in x direction (see inset in
the upper right corner). We observe a broad plasmonic resonance in the range
of 1000meV to 2200 meV and small features beyond 2000 meV.

When using the linearized equation (4.2) for finding optical resonances it-
eratively, it should be kept in mind that some candidates at a given iteration
energy are only solutions for the linearized inverse scattering matrix and do
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Figure 4.7: Transmittance (solid green line), reflectance (dashed blue line), and ab-
sorbance (dashed-dotted black line) for one-dimensional periodic metal structures.
Panel (a) depicts the results of a periodic array of gold wires, the structure in
panel (b) consists of a single metallic meander layer [105].

not correspond to physical resonances at all, whereas others reflect spurious
resonances (see figure 4.8a). Such spurious resonances appear mostly in the
case of metallo-dielectric systems and originate from the approximation of the
permittivity and permeability distributions by a truncated Fourier expansion.

In particular, the permittivity and permeability of the numerical calcula-
tion exhibit an oscillating behavior on a small spatial scale, depending on the
truncation order. We have determined that the spurious modes usually re-
flect these oscillations as if they were small cavities. In order to avoid finding
such modes in our implementation, we analyze the resonant output vectors
during the iterative mode search and consider all modes as spurious that are
dominated by higher harmonics.

Besides the spurious resonance shown in figure 4.8a, we obtained the reso-
nance energy of the broad plasmon resonance at 1683− 514imeV. The corre-
sponding resonant field distribution exhibits the typical form of a fundamental
plasmon resonance with a dipolar field pattern, as it can be seen in figure 4.8b.

In addition to the fundamental plasmon resonance, we found a higher order
plasmon resonance with one node in the vertical yz plane through the center of
the wire at 2034−37imeV. As it can be deduced from the symmetry properties
of the corresponding resonant mode distribution shown in figure 4.8c, this
mode is optically inactive at normal incidence, so that it cannot be seen in
the far field spectra. The tiny far field feature around 2070 meV corresponds
already to an optically active higher order plasmon mode at 2071 − 8imeV
with a node in the horizontal xy plane through the center of the wire (see
figure 4.8d).
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4 Derivation of resonances in the scattering matrix formalism

a) spurious mode at 901−35i meV b) 1st order plasmon at 1683−514i meV 

c) higher order plasmon at 2034−37i meV d) higher order plasmon at 2071−8i meV 
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Figure 4.8: Electric resonant field distributions of an array of one-dimensional gold
wires in quartz, calculated for a truncation order of 31 harmonics and adaptive spatial
resolution; panel (a) depicts a spurious mode at 901 − 35i meV, the fundamental
plasmon mode at 1683− 514i meV is shown in panel (b), and higher order plasmon
modes can be found in panels (c) and (d) at the energies 2034− 37i meV and 2071−
8i meV, respectively. The cones indicate the electric field at a typical time step;
the background color denotes the energy density of the electric field in a normalized
logarithmic scale.

4.2.3 Metallic meander structure

As another metallic test system, we use a single metallic meander layer in
vacuum [105] (see figure 4.3b). It consists of a corrugated film of thickness
d = 30nm, which has two equally sized grooves on both sides with a depth
of h = 16 nm that are shifted laterally by half a period with respect to each
other (see sketch in figure 4.7b). As in reference [105], we describe the metal
by a Drude model (see section 2.7) with ε∞ = 1, plasma frequency ωP =
1.37 × 1016 rad/s and damping constant γ = 8.5 × 1013 rad/s. The period is
400 nm.

We have derived two delocalized surface plasmon polariton modes [6, 21]
for the single meander layer in the range of 2000meV to 3200 meV at k1 =
k2 = 0. Below the opening of the first diffraction order around 3100 meV, a
C2 antisymmetric surface plasmon polariton is located at 2947−18imeV, and
a C2 symmetric surface plasmon polariton can be found at 2606 − 23imeV
(see field distributions in figure 4.9). The C2 rotation center is marked by a
white cross in figure 4.9. Both surface plasmon polariton modes can be also
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Figure 4.9: Electric field distribution (cones) of a C2 symmetric surface plasmon
polariton mode at 2606 − 23i meV in panel (a) and a C2 antisymmetric surface
plasmon polariton mode at 2947 − 18i meV in panel (b). The field distributions
have been derived for a truncation order of 31 harmonics without external excitation
and are depicted in one unit cell. The background color denotes the time averaged
energy density of the electric field in a normalized logarithmic scale. The white
crosses indicate the C2 rotation center.

seen very well in the far field spectra in figure 4.7b.
Ideally, delocalized surface plasmon polaritons are surface modes that prop-

agate along a metal-dielectric interface, but decay in the normal directions of
the interface. A detailed description of such modes for single interfaces can
be found, e.g., in reference [21]. As in the case of the waveguide modes, the
surface plasmon polariton modes are outside the light cone for homogeneous
slabs. Only due to the corrugation do they become visible at normal incidence.
If the structure consists of a thin enough metal film with a thickness in the
order of the skin depth of the metal, we furthermore observe as in the present
example a mode splitting due to the coupling of modes that propagate on the
opposing interfaces.

4.2.4 Magneto-optical waveguide coupled to gold wires

In section 3.5.4, we have briefly introduced a magneto-optical waveguide sys-
tem, which is located below a thin gold layer that is periodic in two direc-
tions. In contrast, we present in this chapter a system that consists of a one-
dimensional periodic array of gold wires on top of a magneto-optical waveguide
with thickness 200 nm, which is described by the same permittivity tensor as
the waveguide in section 3.5.4. The superstrate is air, the substrate is quartz
with a permittivity value ε = 2.13. The wire width is 100 nm, the height is
30 nm. As in the previous section, we describe the gold by the analytic model
of reference [114]. A schematic of the structure is depicted in figure 4.3c.

We have chosen a one-dimensional wire system, because we have gained
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4 Derivation of resonances in the scattering matrix formalism

a lot of experience in our group with similar structures containing dielectric
waveguide slabs [53, 119, 120]. In addition, the calculation time for one-
dimensional periodic structures is orders of magnitudes smaller than that for
two-dimensional systems, so that we can generate systematic parameter studies
efficiently. The downside of these one-dimensional structures is a reduced
lateral symmetry, which means that even at normal incidence any determined
effects are strongly polarization dependent.
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Figure 4.10: Period dispersion of spectra and modes for a one-dimensional array
of gold wires on top of a magneto-optical waveguide. The background color denotes
transmittance at normal incidence for TM polarized incidence in panel (a) and TE
polarized incidence in panel (b); the dispersion of the occurring resonances is shown
by dots. White dots indicate a predominantly TM polarized mode, red dots are
modes with dominating TE contribution. The black dashed line denotes the opening
of the first additional diffraction order in the substrate (Rayleigh anomaly); crosses
in panel (b) mark the position of the field distributions shown in figures 4.12 and
4.13.

As mentioned in section 4.2.1, a planar homogeneous slab exhibits waveg-
uide modes, which become optically active by introducing a periodicity in the
system. Depending on the chosen period, the spectral position of the waveg-
uide modes changes. In addition, the gold wires on top of the magneto-optical
waveguide provide plasmon resonances, which are more or less independent
on the period and interact with the waveguide modes. Figure 4.10 depicts
as background color the period dependence of the transmittance at normal
incidence (k1 = k2 = 0), with the incident electric field aligned long x and
y direction, respectively. Although the magneto-optical waveguide couples x
and y polarized fields, we refer to x polarized incidence as TM polarization
and y polarized incidence as TE polarization,2 because the coupling of the or-

2The terms TE and TM polarization refer to the xz plane, in which we obtain the additional

106
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thogonal x and y polarizations is rather weak. Hence, we can also distinguish
the waveguide modes as predominantly TE or TM polarized.

In addition to the transmittance, we plot also the period dispersions of
the occurring resonances in figure 4.10, which have been calculated by our
mode solver. We observe an anticrossing behavior between the TM dominated
optically active waveguide mode and the plasmon mode in the region between
1600 meV and 1800 meV. The coupling between TE dominated waveguide
modes (modes close to the minimum in transmittance for TE input) and the
plasmon resonance of the wires seems to be negligible. However, the optically
active TE and TM dominated branches do interact, as we can infer from the
period dispersion of the Faraday rotation angle (see figure 4.11).
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Figure 4.11: Period dispersion for the same structure as in figure 4.10, but with
the Faraday rotation angle as background. All other lines and symbols are as in
figure 4.10.

The maximum Faraday rotation of 2.87◦ is reached close to the crossing of
the optically active TE and TM dominated branches around 450 nm period at
an energy of 1400meV. Hence, the crucial mechanism for the large Faraday
rotation (3 times larger than in the case of reference [54]) is the weak coupling
between the TM and the TE dominated resonances, which allows to transfer
light from one to the other polarization.

Note that the maximum rotation is not observed at the exact position of
the crossing between the optically active TE and TM dominated branches,
but slightly shifted, because a specific incidence in TM or TE polarization can
excite only the TM or TE dominated mode efficiently. The respective other
mode can then be regarded as a driven oscillator with a maximum amplitude
that occurs slightly off the resonance.

in-plane wave vector contributions for the excitation of the waveguide modes.
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a) 1506−359i meV b) 1684−113i meV 
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Figure 4.12: Resonant electric field distribution of a TE dominated Fabry-Perot
mode in panel (a) and a TM dominated waveguide-plasmon mode in (b) at 300 nm
period. Cones indicate the projection of the electric field on the xz plane; background
color denotes the energy density of the electric field in a normalized logarithmic scale.

In the current design, the maximum Faraday rotation is located in a mini-
mum of transmittance. However, it should be possible to increase the trans-
mittance by carefully designing the wire-waveguide system, similar to the work
by Belotelov et al. [54].

In order to illustrate our findings, we show also resonant electric field dis-
tributions in figures 4.12 and 4.13. Both figures depict the projection of the
electric field to the xz plane as cones; the background color denotes the energy
density of the electric field.

In the case of figure 4.12, the period is 300 nm, for which we find in figure 4.10
only one TM and one TE dominated branch. The TE dominated branch
corresponds to a Fabry-Perot mode of the slab layer, which has – in contrast
to the waveguide modes – a broad linewidth. We determined a resonance
energy of 1506− 359imeV at 300 nm period. The corresponding electric field
distribution is depicted in figure 4.12a. Owing to the large linewidth of this
branch, we can neglect its contribution to the enhanced Faraday rotation, as
the change of the Faraday rotation with the energy is too quick.

Figure 4.12b shows the resonant field distribution of a TM dominated branch
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a) 1397−1i meV b) 1539−0i meV 

c) 1423−12i meV d) 1763−45i meV 
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Figure 4.13: Field distribution of TE (left column) and TM (right column) domi-
nated modes at normal incidence without external excitation for a period of 450 nm.
Cones and colors are as in figure 4.12. The modes in the upper row are optically
inactive, the lower row shows field distributions of optically active resonances.

with a resonance energy of 1684−113imeV at 300 nm period. This branch orig-
inates from the strong coupling of the optically active TM dominated waveg-
uide mode and the plasmon mode of the gold wire.

The allowed interaction of TE and TM dominated resonances can be seen
from the fact that the projection of the electric field distribution on the xz
plane differs from zero also in the case of the TE dominated modes. Fig-
ure 4.13 displays a set of TE and TM dominated modes at 450 nm period as
columns, where the upper row is optically inactive at normal incidence with
resonance energies of 1397−1imeV and 1539 meV, respectively. The optically
active resonances have been determined at 1423−12imeV and 1763−45imeV;
the corresponding resonant field distributions are shown in the lower row of
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4 Derivation of resonances in the scattering matrix formalism

figure 4.13.

4.2.5 Gold cylinders

In section 3.5.1, we have introduced a periodic array of gold cylinders with
parameters taken from reference [14]. Figure 4.14 depicts a selection of reso-
nant field distributions for this test system at k1 = k2 = 0 without external
excitation.
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Figure 4.14: Resonant electric field distributions of a periodic array of gold cylinders
(see section 3.5.1) calculated for a truncation order of NG = 17 × 17 harmonics
without external excitation [14]. Columns depict from left to right: the fundamental
plasmon resonance at 1263 − 446i meV, an optically inactive higher order mode at
1373 − 10i meV, and an optically inactive resonance at 1564 − 12i meV. The lower
row shows a top view of one unit cell in the xy-plane, 10 nm below the upper interface
of the cylinders. The upper row contains side views of planes normal to the y-axis
and shifted by 100 nm with respect to the center of the unit cell. The locations
of the slices are indicated by white dashed lines. Cones show the typical electric
field pattern, the background color denotes the energy density of the time-averaged
electric field in a normalized logarithmic scale.

The calculations have been carried out with matched coordinates for a trun-
cation order of NG = 17 × 17 harmonics. The truncation order is sufficiently
large for a convincing convergence of the results (see figure 3.14), but yet small
enough in order to avoid problems with the stability of the partially reordered
scattering matrices (see discussion in section 4.1.2). For the broad optically
active resonance seen in figure 3.14a, we have derived a resonance energy of
1263−446imeV. The resonance is twice degenerate and exhibits a dipolar field
distribution. An example of the corresponding resonant field distributions is
depicted in panels (a) and (d) of figure 4.14 in side and top view, respectively.
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The optically inactive modes expected from figure 3.15 have been found at
1373 − 10imeV and 1564 − 12imeV and possess a quadrupolar field pattern
(see right two columns in figure 4.14). Both mode patterns correspond very
well to our expectations of the physical behavior.

4.2.6 Gold hexagons

Similar to the array of gold cylinders, the example of gold hexagons described
in section 3.5.2 exhibits plasmon resonances with a dipolar character. In con-
trast to the cylinders, these resonances are not degenerate due to the missing
C4 symmetry of the unit cell. For k1 = k2 = 0 and a truncation order of
21 × 21 harmonics, we determined two close resonances at 1263 − 320imeV
and 1264 − 322imeV, where the first one is oriented in y direction, and the
second one is oriented in x direction (see first two columns of figure 4.15).
These findings agree very well with our observations made for the far field
spectra shown in figures 3.16a and 3.17a.
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Figure 4.15: Resonant electric field distributions of a periodic array of hexagons
in the first two columns and a periodic array of rotated squares in the last column.
Cones show the typical electric field pattern, the background color denotes the energy
density of the time-averaged electric field in a normalized logarithmic scale. We
determined the following resonance energies (from left to right): 1263 − 320i meV,
1264−322i meV, and 1300−144i meV. The upper row shows side views through the
center of the structures; the lower row depicts the top view of one unit cell. White
lines indicate in each column the slices of the respective other row. The examples
correspond to those described in sections 3.5.2 and 3.5.3.
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4.2.7 Rotated gold squares

In addition to the previous two-dimensional periodic systems, we also derived
the resonance energies of the rotated gold squares described in section 3.5.3 by
our mode solver. We found a twice degenerate resonance at 1300− 144imeV
for k1 = k2 = 0 and a truncation order of 17 × 17 harmonics. Note that
we used the coordinate transformation depicted in figure 3.18a, which seems
to converge best when calculating the far field spectra. The resonant field
distribution of this test system is depicted in the right column of figure 4.15.
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5 Coupling model for stacked
grating structures

In the field of optics, a lot of work is devoted to the understanding of the
electromagnetic coupling between individual nanostructures [9, 32, 41, 50, 66,
68, 121, 122]. In addition to rigorous experimental and numerical studies,
some simplified models have been developed for the description of the mutual
coupling [9, 50, 66, 121–123], but these models either are restricted to the
near-field by using a quasi-static approximation or include fitting parameters
or both.

In this chapter, we present our approach of the resonant mode coupling for
the approximation of the coupled resonances in a vertical stack of two gratings
that is based on the derivation of the resonances in the case of isolated grat-
ings [15, 16]. Our approach follows directly from Maxwell’s equations without
any fitting parameters by using the so-called resonant mode approximation
of the scattering matrix [15, 99, 117]. The master equation of the resonant
mode coupling is a linear eigenvalue problem with dimensions equal to the
total number of relevant resonances from both layers.

Owing to the consideration of optical near fields, this method is even valid for
the strong coupling regime in the case of closely stacked gratings. In addition,
we extended the approach so that it is capable of describing the strong coupling
regime between the individual grating resonances and the Fabry-Perot (FP)
modes, which are formed between the grating layers in the far field regime [16].

5.1 Resonant mode coupling

5.1.1 Resonant mode approximation

Similar to the Breit-Wigner formula known in quantum mechanical scatter-
ing theory (see, e.g., [124]), the scattering matrix can be approximated by
the resonant mode approximation, in which we express the resonances of the
scattering matrix as follows [99]:

S(E) ≈ S̃(E) +
∑

n

|On〉〈In|
E − En

. (5.1)

Here, we sum up over resonances with energies En and resonant output vectors
|On〉 [see equation (4.1)]; the functional dependence of the resonances is that
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5 Coupling model for stacked grating structures

of poles of order one. From the vector 〈In| associated with each resonance, we
can furthermore derive the contribution of a resonance for a given incidence
vector |I〉 by evaluating the overlap term 〈In|I〉. Mathematically speaking,
|On〉〈In| can be considered as a residue operator, which can be obtained by
integration on a closed loop around the pole [125].

In principle, the sum in equation (5.1) can be extended over all resonances
of the structure for the same incidence parameters k1 and k2. However, it
is questionable, whether the functional dependence of the poles is correctly
reproduced far away from the resonances, and it is practically impossible to
find all modes of a given structure. Thus, the background term S̃(E) takes
into account all resonances that have a vanishing contribution in the region of
interest. Usually, S̃(E) changes only slowly with the energy compared to the
explicit resonance contributions in equation (5.1).

Figure 5.1 illustrates the principle of the resonant mode approximation by
depicting the Frobenius norm1 of the exact scattering matrix as well as the
resonant contributions and the background term of equation (5.1) in the case
of the dielectric grating described in section 4.2.1. Evidently, the resonant
contributions can describe the poles very well, whereas the background term
is more or less constant.
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Figure 5.1: Frobenius norm of the exact scattering matrix (dashed-dotted black
line) as well as the resonant contributions (dashed blue line) and the background
term (solid green line) of equation (5.1) in the case of the dielectric grating described
in section 4.2.1. The calculations have been carried out for a truncation order of 31
harmonics for varying energies with an imaginary part of −93i meV in panel (a) and
−10i meV in panel (b), which equal the imaginary part of optically active resonances.

Note that other authors prefer to describe the resonant mode approximation
of the scattering matrix in terms of a complex in-plane wave vector compo-

1The Frobenius norm of a square matrix M is defined as ||M || = (
∑

ij |Mij |2)1/2.
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5.1 Resonant mode coupling

nent for a fixed real energy [101, 125], but the functional dependence of their
approximation is similar to the one described in this work. In the description
of poles in dependence on a complex in-plane wave vector component, the
imaginary part of the wave vector component provides the lateral propagation
length of resonant fields that originate from the local excitation of specific
modes. In contrast, our formulation with real in-plane wave vector compo-
nents but complex energy is well-suited for plane wave incidence and gives
access to the linewidth and the life time of the modes. Hence, it depends on
the investigated problem, which description is preferable. We have mainly en-
countered situations with – at least approximatively – a plane wave incidence,
so that we focus in this work on the description of the scattering matrix in
terms of a complex energy.

We can construct the resonant mode approximation of the scattering ma-
trix directly from the solution for the linearized equation (4.2), whenever there
are only resonances very close to the linearization energy E0. Summarizing
all eigenvectors |On〉 of equation (4.2) as columns in a matrix X, and con-
structing a diagonal matrix ∆ with diagonal elements ∆En as the eigenvalues
corresponding to the vectors |On〉, it is straight-forward to show that

S−1(E0) = − ∂ S−1

∂E

∣∣∣∣
E0

X∆X−1 . (5.2)

By substituting equation (5.2) for S−1(E0) in equation (4.2), we obtain [15]:

S ≈ X[(E − E0)I−∆]−1Y =
∑

n

|On〉〈In|
E − En

. (5.3)

In this case, En = E0 + ∆En, with ∆En as eigenvalues of equation (4.2) cor-
responding to eigenvectors |On〉. Furthermore, Y denotes a matrix consisting
of row vectors 〈In|, with

Y =

(
∂S−1

∂E

∣∣∣∣
E0

X

)−1

=

 〈I1|
〈I2|
...

 . (5.4)

As mentioned in chapter 4, only those eigenvectors of equation (4.2) can
be considered as resonant output vectors of the scattering matrix that corre-
spond to eigenvalues ∆En with a small magnitude. Hence, the corresponding
resonance energy En is close to E0.

Let us denote all vectors |On〉 and 〈In| as well as the energies En with a
diacritic tilde that define no resonant contribution due to |∆En| � 0. Thus, we
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can split the sum on the right side of equation (5.3) into a resonant contribution
and the background term S̃:

S ≈
∑

n

|Õn〉〈Ĩn|
E − Ẽn︸ ︷︷ ︸
≡ S̃

+
∑

n

|On〉〈In|
E − En

= S̃(E) +
∑

n

|On〉〈In|
E − En

. (5.5)

Whenever Ẽn � E for all n, we can neglect the energy dependence of S̃ and
evaluate it at an energy close to the resonance energies En.

It should be mentioned that the eigenvectors |On〉 in X are generally not
orthogonal, which means that the vector 〈On| is not defined as the Hermitean
conjugate of vector |On〉, but as a row vector of X−1 with 〈On|On〉 = 1.
Similarly, |In〉 can be constructed as a column vector of Y−1. Note that by
construction, S̃|On〉 = 〈In|S̃ = 0, whenever |On〉 and 〈In| correspond to a
resonant contribution of equation (5.5), because 〈Õn|Om〉 = 〈In|Ĩm〉 = 0.
Furthermore, 〈Om|On〉 = 〈Im|In〉 = δmn.

In many cases, a good approximation of the scattering matrix by equa-
tion (5.1) requires that we take into account several resonances that cannot be
found by a linearization around the same energy E0. Hence, we derive in most
cases only the resonant contributions from equation (5.5), whereas the back-
ground term S̃ can be constructed by subtracting the resonance terms from
an exact result of the scattering matrix, which has usually been calculated at
a real energy value in the region of the relevant resonances.

5.1.2 Ansatz for resonant mode coupling

Let us assume that we have a stacked grating system with top layer 1 and
bottom layer N , which contains an internal homogeneous layer that we denote
by the subscript M . Then, we can separate the total system into two sub-
systems A and B adjacent to the internal homogeneous layer, which include
the interface to layer M . The top system A and the bottom system B can be
described by scattering matrices SA = Sa1 and SB = SNb, respectively. The
subscript a indicates in this case the top interface of layer M , the subscript b
denotes the bottom of layer M . For each of these scattering matrices, we can
furthermore construct the resonant mode approximation in an energy region
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of interest:

SA(E) ≈
(

S̃++
a1 S̃+−

aa

S̃−+
11 S̃−−1a

)
︸ ︷︷ ︸

= S̃A

+
∑

n

|OA
n 〉〈IA

n |
E − EA

n

, (5.6)

SB(E) ≈
(

S̃++
Nb S̃+−

NN

S̃−+
bb S̃−−bN

)
︸ ︷︷ ︸

= S̃B

+
∑

n

|OB
n 〉〈IB

n |
E − EB

n

. (5.7)

Henceforth, it is convenient to split the vectors |OA
n 〉, |OB

n 〉, 〈IA
n |, and 〈IB

n |
into the individual contributions of the corresponding top and bottom layers:

|OA
n 〉 =

(
|Oa+

n 〉
|O1−

n 〉

)
, |OB

n 〉 =
(
|ON+

n 〉
|Ob−

n 〉

)
. (5.8)

〈IA
n | =

(
〈I1+

n | , 〈Ia−
n |
)

, 〈IB
n | =

(
〈Ib+

n | , 〈IN−
n |

)
. (5.9)

As in chapter 2, the + and − sign denote forward and backward propagation
or decay, respectively.

Figure 5.2 depicts examples of stacked grating structures and provides a
sketch with the orientations of the resonant output and input vectors.

Let us define the amplitude vectors for forward propagating and decaying
waves at the bottom interface as |b+〉 and denote its counterpart for backward
propagating and decaying waves at the top interface as |a−〉 in agreement with
the notations of the resonant output and input vectors (see figure 5.2c). Now,
we want to derive resonances of a stacked system with subsystem A on top,
a homogeneous layer M with thickness L in the middle, and subsystem B at
the bottom of the structure. Owing to the resonance condition of vanishing
input, we can reduce equations (5.6) and (5.7) [15, 16] to

|b+〉=P+
M

(
S̃+−

aa +
∑

n

|Oa+
n 〉〈Ia−

n |
E − EA

n

)
|a−〉 , (5.10)

|a−〉=P−M

(
S̃−+

bb +
∑

n

|Ob−
n 〉〈Ib+

n |
E − EB

n

)
|b+〉 , (5.11)

where the matrices P±M = exp(±iΛ±ML) denote the forward and backward
propagation and decay inside the homogeneous layer M over a distance L, with
Λ±M being the corresponding eigenvalue matrices as defined in section 2.3.4.

Substituting the definitions

ca
n ≡

1
E − EA

n

〈Ia−
n |a−〉 , cb

n ≡
1

E − EB
n

〈Ib+
n |b+〉 , (5.12)
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Figure 5.2: Examples of stacked grating systems; panel (a) depicts a stack of
two single layer gratings, the structure in panel (b) is a stack of meanders, where
each meander has to be described by at least three layers in the scattering matrix
algorithm. Panel (c) displays a sketch of the resonant mode approximation for the
stacked gratings.

we can formulate equations (5.10) and (5.11) as

M
(
|b+〉
|a−〉

)
=
∑

n

(
ca
nP+

M |Oa+
n 〉

cb
nP−M |Ob−

n 〉

)
, (5.13)

with the Fabry-Perot matrix

M =
(

I −P+
M S̃+−

aa

−P−M S̃−+
bb I

)
. (5.14)

Note that I denotes the identity matrix.

5.1.3 Fabry-Perot matrix

In our first paper on the resonant mode coupling [15], the energy dependence
of M has been neglected completely. Both the background terms S̃+−

aa and S̃−+
bb

as well as the matrices Λ±M were evaluated at a specific energy E0 close to the
resonances and kept constant. In this work, we follow reference [16], where we
took the energy dependence of M explicitly into account.
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5.1 Resonant mode coupling

For treating equation (5.13) further, we have to invert M. This operation
has to be carried out carefully close to Fabry-Perot resonances, as M becomes
singular, whenever

det(I− P−M S̃−+
bb P+

M S̃+−
aa ) = 0 . (5.15)

This is a standard condition for Fabry-Perot resonances. Hence, Fabry-Perot
resonances fulfill

M|OFP〉 = 0 . (5.16)

Owing to this peculiarity, it seems to be appropriate to derive the inverse of M
in the same way as we approximate the scattering matrix [see equation (5.1)]:

M−1 ≈ M̃ +
∑

n

|OFP
n 〉〈IFP

n |
E − EFP

n

. (5.17)

Here, only a few Fabry-Perot resonances close to E
a/b
n are taken into account

explicitly. The rest is assumed to have a vanishing influence and is put into
the background term M̃. Of course, this is only a rough approximation, as we
replace the periodic repetition of the Fabry-Perot resonances by a sum over
only a few resonance terms.

Let us consider a stacked system with homogeneous slabs A and B, so
that the different Fourier harmonics and polarizations do not interact, and we
can split M into independent sub-blocks Mmn for each Fourier harmonic and
polarization, which yield in a Cartesian coordinate system Oxyz:

Mmn =

(
1 ra

mneiK+
3mnL

rb
mneiK+

3mnL 1

)
. (5.18)

By ra
mn and rb

mn, we denote the reflection coefficients at the top and bottom
interface of layer M for internal reflections between systems A and B. Note
that we find for the propagation constants K+

3mn and K−
3mn of layer M due to

the Cartesian coordinate system the relation K+
3mn = −K−

3mn. Furthermore,
we can reformulate equation (5.18) as follows:

Mmn =
∑

s=±1

|s,m, n〉
(

1 + s
√

ra
mnrb

mneiK+
3mnL

)
〈s,m, n| . (5.19)

In this case, the two-dimensional vectors |s,m, n〉 and 〈s,m, n| obey

|s,m, n〉 =
1

2
√

ra
mnrb

mn

( √
ra
mn

s
√

rb
mn

)
, 〈s,m, n| =

( √
rb
mn , s

√
ra
mn

)
.

(5.20)
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Thus, the inverse of Mmn consists of independent 2× 2 blocks

M−1
mn =

∑
s=±1

|s,m, n〉〈s,m, n|
1 + s

√
ra
mnrb

mneiK+
3mnL

. (5.21)

We can therefore deduce that the background term M̃ in equation (5.17)
equals zero in the limit of independent propagation channels inside the two
subsystems if we take into account the correct functional dependence (1 ±√

ra
mnrb

mneiK+
3mnL)−1 with an infinite amount of poles, which is defined for

p ∈ Z by the conditions

arg(ra
mn) + arg(rb

mn) + 2<(K+
3mn)L = 2πp , |ra

mn||rb
mn| = e−2=(K+

3mn)L .
(5.22)

Hence, we infer that equation (5.17) is only a good approximation close to a
Fabry-Perot resonance so that we can neglect the influence of the other Fabry-
Perot modes in the same subspace. On the other hand, this approximation
allows us the construction of a simplified system of equations that reproduces
the resonances of stacked systems correctly up to some extent.

5.1.4 Effective eigenvalue equation

Explicit inclusion of Fabry-Perot resonances

Let us assume that we can decompose the vectors |a−〉 and |b+〉 into Fabry-
Perot contributions and background terms |ã−〉 and |b̃+〉 that are linear inde-
pendent:

|a−〉 =
∑

n

|OFP−
n 〉cFP

n + |ã−〉 , |b+〉 =
∑

n

|OFP+
n 〉cFP

n + |b̃+〉 . (5.23)

This ansatz has to be substituted in equation (5.12) in order to set up the
desired system of equations. Furthermore, using equations (5.17) and (5.23),
the inversion of M in equation (5.13) yields

∑
n

|OFP
n 〉cFP

n +
(
|b̃+〉
|ã−〉

)
=

(
M̃ +

∑
m

|OFP
m 〉〈IFP

m |
E − EFP

m

)∑
n

(
ca
nP+

M |Oa+
n 〉

cb
nP−M |Ob−

n 〉

)
.

(5.24)
When constructing M̃ in the same way as S̃ in equation (5.5), it is evident

that we can find vectors 〈OFP
m | such that 〈OFP

m |OFP
n 〉 = δmn and 〈OFP

m |M̃ = 0.
Considering the correct functional behavior of M−1, we can deduce from the
limit of independent Fourier harmonics that this conclusion becomes incorrect,
because equation (5.21) contains a periodic repetition of poles in the same
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5.1 Resonant mode coupling

subspaces. Hence, 〈OFP
m |M̃ 6= 0, but it seems to be reasonable to assume that

we can neglect 〈OFP
m |M̃ when we are close enough to one specific resonance

energy EFP
n .

Using this hypothesis, we can identify cFP
n in equation (5.24) by comparison

of coefficients. Similarly, we can derive |ã−〉 and |b̃+〉 and substitute the results
in equation (5.12). Finally, we obtain:

(E − EFP
m )cFP

m =
∑

n

〈IFP+
m |P+

M |O
a+
n 〉ca

n +
∑

n

〈IFP−
n |P−M |O

b−
n 〉cb

n , (5.25)

(E − EA
m)ca

m =
∑

n

〈Ia−
m |OFP−

n 〉cFP
n +

∑
n

〈Ia−
m |M̃−+P+

M |O
a+
n 〉ca

n

+
∑

n

〈Ia−
m |M̃−−P−M |O

b−
n 〉cb

n ,
(5.26)

(E − EB
m)cb

m =
∑

n

〈Ib+
m |OFP+

n 〉cFP
n +

∑
n

〈Ib+
m |M̃++P+

M |O
a+
n 〉ca

n

+
∑

n

〈Ib+
m |M̃+−P−M |O

b−
n 〉cb

n .
(5.27)

Equations (5.25) to (5.27) define a linear eigenvalue problem with an effective
non-Hermitian Hamiltonian Heff [15, 16]:

E

 ~c a

~c b

~cFP

 = Heff

 ~c a

~c b

~cFP

 . (5.28)

The eigenvalues of Heff are the approximated resonance positions of the cou-
pled system. Note that the vector arrows indicate that we summarize all
coefficients of one kind into a vector.

Schematically, we can separate the effective Hamiltonian Heff into the fol-
lowing block matrices:

Heff =

 Ωa+∆a Va,b Va,FP

Vb,a Ωb+∆b Vb,FP

VFP,a VFP,b ΩFP

 . (5.29)

Here, Ων denotes a diagonal matrix with the decoupled resonance energies of
each contribution. The matrices ∆ν can be understood as a shift of the reso-
nance energies of subsystem A or B due to the presence of the non-resonant
background of the respective other subsystem, whereas Vν,ν′ indicates cou-
pling terms as the modified overlap integrals of the resonant input and output
vectors.

It should be mentioned that equation (5.28) is usually of a small dimension-
ality that equals the total number of relevant resonances. Therefore, we can
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5 Coupling model for stacked grating structures

find the solution of the eigenvalue problem very fast. In addition, we need to
compute the resonances of the subsystems only once in order to approximate
the coupled resonances for various inter-grating distances, because the depen-
dence of P±M on the distance is trivial and the Fabry-Perot modes can be found
rather quickly.

Weak coupling to Fabry-Perot resonances

As mentioned above, the accuracy of the resonant mode coupling depends on
the appropriate formulation of the inverse of the Fabry-Perot matrix M. In
some cases, it is sufficient to evaluate M at a specific energy and invert it
directly without considering explicit Fabry-Perot terms [15] in order to obtain
the simplified effective Hamiltonian

Hweak
eff =

(
Ωa+∆a Va,b

Vb,a Ωb+∆b

)
. (5.30)

A necessary condition for the validity of Hweak
eff is a merely weak coupling

between Fabry-Perot resonances and the grating resonances, as it is shown in
the following numerical examples.

5.2 Numerical examples

We present in this section a variety of numerical examples, where each subsys-
tem A and B corresponds to one of the one-dimensional examples of chapter 4.
It should be mentioned that the method is not limited to one-dimensional
structures, but can handle also structures that are periodic in two direc-
tions. However, in that case, the derivation of the exact results is rather
time-consuming, so that we focus here on simpler examples.

5.2.1 Optically inactive resonances

In the first place, let us focus on optically inactive resonances. We know that
these resonances do not interact with the far field, and we can neglect the
Fabry-Perot resonances in the resonant mode coupling. Hence, we discuss
only results derived by equation (5.30).

Planar waveguide slab

As mentioned earlier in section 4.2.1, a homogeneous planar waveguide slab
exhibits optically inactive resonances, which lie outside the light cone. We have
chosen a system, where each waveguide is surrounded by air and consists of a
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dielectric medium with a refractive index of n = 2.5 and a thickness of 50 nm,
similar to the dielectric grating of section 4.2.1. The bare waveguide resonance
of a single waveguide is located for an in-plane wavenumber of k|| = 28µm−1

in TM polarization at 4301meV. The results of the coupling equation (5.30)
are shown in figure 5.3a for a varying spacer thickness from 10 nm to 200 nm
and agree very well with the analytical results available for these systems.
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Figure 5.3: Comparison between exact results of optically inactive modes and the
resonant mode coupling for a stack of planar waveguide slabs in panel (a) and a
dielectric grating in panel (b).

We see a large mode splitting for small inter-grating distances, where the
lower branch exhibits an antisymmetric electric field distribution with respect
to the stacking direction, the upper branch is symmetric. For larger distances,
both branches approach the resonance energy of the single layer.

Dielectric grating

When considering the dielectric grating of section 4.2.1 instead of a homoge-
neous slab, we have found an optically inactive TM polarized mode, which is
located at 3849 meV for k1 = k2 = 0 (see figure 4.5b). If we place the same
grating with a certain horizontal distance but no lateral shift below the first
layer, we do not break the general symmetry, so that the coupled modes re-
main optically inactive. Hence, the distance dispersion is very similar to the
case of the stacked homogeneous waveguide slabs, and we can approximate the
exact mode behavior very well by the resonant mode coupling from small to
large inter-grating distances (see figure 5.3b).
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5 Coupling model for stacked grating structures

5.2.2 Symmetric dielectric grating stack

TM polarization

Let us now consider the optically active TM resonance of the dielectric grat-
ing discussed in section 5.2.1. The single layer exhibits an optically active
resonance at 3725− 10imeV, which leads in contrast to the optically inactive
modes to an oscillating behavior in the distance dispersion at larger inter-
grating distances (see blue dots in figure 5.4).
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Figure 5.4: Distance dispersion of coupled resonances in a stack of identical dielec-
tric gratings. The background denotes transmittance spectra in TM polarization.
Solid green lines depict the position of the resonances of each subsystem as well as
the Fabry-Perot modes. The exact mode position of the coupled system is shown by
blue dots. We observe an oscillating behavior for larger distances, which is caused by
a weak coupling between grating and Fabry-Perot resonances, and is better repro-
duced in the resonant mode coupling without Fabry-Perot terms in equation (5.17)
denoted by thin red solid lines. However, the explicit inclusion of the Fabry-Perot
resonances in the resonant mode coupling (red crosses) provides also a good esti-
mation of the exact resonance position. Black crosses mark positions of the field
distributions shown in figures 5.5 and 5.6.

The reason for the oscillating behavior is a weak coupling to the occurring
Fabry-Perot resonances that are formed by the multiple reflections between
the top and the bottom grating. Both the resonant mode coupling with [equa-
tion (5.28)] and without [equation (5.30)] explicit Fabry-Perot resonances can
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reproduce the exact behavior qualitatively. However, the results without the
explicit Fabry-Perot terms exhibit a better agreement with the exact results.

Figure 5.5 provides three examples of typical resonant field distributions
of Fabry-Perot modes, which can be clearly distinguished by the number of
nodes between the two gratings. As it can be seen in panels (a) and (d) of
figure 5.5, Fabry-Perot modes with an even number of nodes are symmetric
with respect to the horizontal symmetry plane of the structure (see white
dashed line in figure 5.5), whereas Fabry-Perot modes with an odd number of
nodes are antisymmetric (see figure 5.5b).
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energy 3929−289i meV
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energy 3625−213i meV
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Figure 5.5: Electric field distribution of Fabry-Perot modes for a stack of identi-
cal dielectric gratings, calculated without external excitation. The background color
denotes the time averaged energy density of the electric field in a normalized loga-
rithmic scale. White dashed lines depict the symmetry plane of the stacked system.

The resonant field distributions of waveguide modes can be seen in figure 5.6.
Similarly to the Fabry-Perot modes, the occurring waveguide resonances are
either symmetric or antisymmetric with respect to the horizontal symmetry
plane of the structure. In particular, the field distributions in panel (a) and
(b) can be clearly identified as the antisymmetric and symmetric combination
of the single waveguide modes depicted in figure 4.5a, respectively.

Even the field distribution in panel (c) exhibits more or less a linear com-
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a)

distance 150 nm,
energy 3619−1i meV
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energy 3884−3i meV
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energy 3751−9i meV
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Figure 5.6: Electric field distribution of coupled waveguide modes occurring in a
stack of identical dielectric gratings. Colors and symbols are as in figure 5.5.

bination of the resonances occurring in each single layer, although the field
distribution has been derived at a position with maximum deviation from the
resonance energy of a single layer. The deviation from the single layer reso-
nance position can be attributed to the weak coupling to the nearest Fabry-
Perot branch (see figure 5.4), which exhibits the same symmetry behavior as
the combined waveguide mode (compare figure 5.5c and figure 5.6c).

TE polarization

When we focus on TE polarization for the stack of the dielectric gratings dis-
cussed in the previous section, we observe no longer a weak coupling between
Fabry-Perot and optically active waveguide resonances, but the coupling be-
comes strong, manifested in an anticrossing behavior of the respective branches
(see figure 5.7).

For small distances, the behavior is dominated by the waveguide modes
originating from the single subsystems A and B. We observe two branches that
exhibit a large splitting which decreases with increasing inter-grating distance.
Around 100 nm distance, the situation changes, as the modes approach the
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first Fabry-Perot resonance. We can clearly see an anticrossing behavior in
the case of the lower branch that has an antisymmetric magnetic mode profile
in stacking direction (see figure 5.8a). The upper branch with a symmetric
profile (see figure 5.8c) is not affected by the first Fabry-Perot mode, but
strongly interacts with the next one. This alternation between crossing and
anticrossing repeats periodically with increasing inter-grating distance.
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Figure 5.7: Coupled resonances in a stack of identical dielectric gratings for varying
inter-grating distance. The background denotes transmittance spectra in TE polar-
ization. Lines and symbols are as in figure 5.4. The comparison between resonant
mode coupling with (red crosses) and without (thin red solid lines) Fabry-Perot terms
in equation (5.17) reveals a clearly improved agreement with the exact modes (blue
dots) when including the Fabry-Perot resonances explicitly. Black crosses mark the
positions of the field distributions shown in figure 5.8.

The reason for the strong coupling of Fabry-Perot and waveguide modes
in TE polarization is a large coupling term V ν,ν′ in equation (5.29) with a
magnitude that is at least comparable to the distance |Eν − Eν′ | of the in-
volved resonance energies. First of all, the Fabry-Perot resonances are gov-
erned mostly by the fundamental harmonic of the plane wave expansion in the
intermediate layer. Second, the TE mode can couple much more efficiently to
the far field, and, thus, to the fundamental harmonic than the TM mode. In
addition, the bare TM waveguide mode is located at 3725 − 10imeV with a
much smaller linewidth than in TE polarization, whereas the linewidth of the
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Fabry-Perot modes is in the same order of magnitude for both polarizations.
Hence, the coupling between TE waveguide modes and Fabry-Perot modes is
much stronger.2

When we try to approximate the position of the coupled modes by neglecting
the Fabry-Perot terms of equation (5.17), we cannot reproduce correctly the
behavior at the crossing of the Fabry-Perot modes and the position of the bare
waveguide mode (compare blue dots as exact mode positions and the thin solid
line as the resonant mode coupling in figure 5.7). In contrast, the formulation
of the resonant mode coupling with explicit Fabry-Perot terms (red crosses)
exhibits a good agreement with the exact mode positions.
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Figure 5.8: Magnetic field distributions of combined modes for a stack of identi-
cal dielectric gratings, calculated without external excitation. The background color
denotes the time averaged energy density of the magnetic field in a normalized loga-
rithmic scale. White dashed lines depict the symmetry plane of the stacked system.

Note that we consider for each distance in the resonant mode coupling with
Fabry-Perot terms only up to two Fabry-Perot resonances, which are close to
the bare grating modes. Hence, the inter-grating dispersion of the resonant
2For larger distances around 2 µm, we observe also strong coupling in TM polarization,

because the linewidth of the Fabry-Perot modes approaches the linewidth of the TM
modes, as it roughly scales with the inverse of the inter-grating distance L.
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mode coupling exhibits discontinuities, whenever we exchange the involved
Fabry-Perot terms. These discontinuities arise from the assumed energy depen-
dence of the inverse Fabry-Perot matrix in equation (5.17), which neglects com-
pletely the periodic repetition of the Fabry-Perot modes [see equation (5.21)]
and becomes less accurate far away from the Fabry-Perot resonances.

Another limitation of the resonant mode coupling is the resonant mode
approximation of the involved scattering matrices, which fails when passing the
opening of the first diffraction order around 4133 meV (not shown in figure 5.7).
Hence, we can trace the Fabry-Perot modes only up to that limit. However, a
detailed discussion on this problem is beyond the scope of this work.
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Figure 5.9: Real part of the eigenvalues (see also red crosses in figure 5.7) and
composition of the eigenvectors from equation (5.28) for the different coupled modes
in the case of a stack of identical dielectric gratings, indicated by the absolute value.
Values close to one mean a dominating influence of the individual waveguide or FP
modes. Thin black dashed-dotted lines indicate the uncoupled resonances.

It should be mentioned that the resonant mode coupling not only allows
us to predict the resonance positions effectively, but also to gain additional
insight into the coupling of the involved resonances, because we can analyze the
individual contributions in equation (5.29). Furthermore, we can decompose
the eigenvectors of equation (5.28) into their individual contributions, as shown
in figure 5.9 by depicting the absolute values of the eigenvector components in
panels (b-d). Closer to the energy of the single grating mode and for distances
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5 Coupling model for stacked grating structures

below 200 nm, the resulting coupled modes can be considered more or less as a
linear combination of the single grating modes. For larger or smaller energies,
the coupled modes have predominantly the character of a Fabry-Perot mode.

Note the branch in the lower left corner of figure 5.9 that exhibits a dis-
persion similar to the other Fabry-Perot branches, except that it seems to
approach a finite energy instead of growing to infinity at zero distance. It
is definitely an interesting task for the future to study the mode dispersion
for vanishing inter-grating distances in detail, which may require including
non-locality [92].

5.2.3 Asymmetric dielectric grating stack

In the previous section, the two grating layers had an identical thickness.
Thus, the system exhibited a mirror symmetry in stacking direction, which
led to the peculiar alternation of crossing and anticrossing between grating
and Fabry-Perot modes. Let us now consider an asymmetric configuration by
decreasing the thickness of the upper waveguide to d = 30 nm (see figure 5.2).
All other parameters are chosen as in section 5.2.2. The bare TE resonance of
the thinner grating is located at 3503− 100imeV.
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Figure 5.10: Distance dispersion of coupled resonances in an asymmetric stack
consisting of a thin and a thick dielectric grating layer. The background denotes
transmittance spectra in TE polarization. Lines and symbols are as in figure 5.4.
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Due to the symmetry breaking, we observe a distinct difference in the behav-
ior of the coupled modes. As seen in figure 5.10, every branch exhibits a strong
coupling to the Fabry-Perot resonances. Again, this behavior is very well re-
produced by the extended resonant mode coupling with explicit Fabry-Perot
terms [see equation (5.28)].

As in the case of the symmetric grating stack, we can analyze the different
mode contributions in detail. However, the situation is more complicated in
the case of the asymmetric configuration (see figure 5.11).

When looking at the contribution of the single waveguide modes originating
from the top or bottom grating, we can find an antipodal behavior in each
coupled resonance. When the coupled resonance is close to the resonance
energy of the bare top or bottom grating, the dominating contribution is of
course from the respective mode.
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Figure 5.11: Real part of the eigenvalues (see also red crosses in figure 5.10) and
composition of the eigenvectors from equation (5.28) for the different coupled modes
in the case of a stack of two dielectric gratings with different thickness, indicated by
the absolute value. Thin black dashed-dotted lines depict the uncoupled resonances.

In the case of the Fabry-Perot contribution, let us start with a coupled
branch in the upper left corner of figure 5.11a. At a distance of 200 nm and an
energy of 3800 meV, one particular Fabry-Perot mode is dominating the phys-
ical phenomena (see figure 5.11c). Approaching the resonance energy of the

131



5 Coupling model for stacked grating structures

thinner top grating, its influence vanishes. Between the two waveguide modes,
another Fabry-Perot branch becomes important, but immediately vanishes
when approaching the resonance position of the bottom grating. For smaller
energies, the contribution of the subsequent Fabry-Perot branch increases.

5.2.4 Coupling of stacked metallic meander layers

Let us consider the example of a metallic meander layer as described in sec-
tion 4.2.3 in order to show the validity of the resonant mode coupling in the
case of metals. For the sake of simplicity, we choose the top system A and
the bottom system B to be completely identical, with parameters as in sec-
tion 4.2.3.
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Figure 5.12: Exact and approximated mode dispersion for a stack of identical
metallic meanders in TM polarization. Colors and lines are as in figure 5.4. White
crosses mark the positions of the field distributions shown in figure 5.13.

In the case of the stacked meander system, we can see for small inter-grating
distances and energies below 2800meV two largely split branches in figure 5.12
that originate predominantly from the C2 symmetric surface plasmon polariton
at 2607− 23imeV (see figure 4.9a) with a negligible contribution from the C2

antisymmetric surface plasmon polariton (see figure 4.9b). Another branch
around 2850 meV comes mainly from the C2 antisymmetric surface plasmon
polariton of the single meander layer, for which we determined a resonance
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energy of 2947− 18imeV. The uppermost C2 antisymmetric surface plasmon
polariton branch is beyond the opening of the first diffraction order, so that
we cannot approximate its behavior by the resonant mode coupling properly.
The splitting between the branches decreases when increasing the inter-grating
distance until we reach the first Fabry-Perot branch.

As in the case of the symmetric waveguide, we observe either a crossing
or anticrossing behavior when following each branch to larger distances. In
contrast to the mirror symmetry of the symmetric dielectric grating stack
described in section 5.2.2, the avoided crossing is attributed to a C2 symmetry
with a center of rotation in the middle of the grating (see field distributions in
figure 5.13). The electric field distributions of the Fabry-Perot branches with
an odd number of nodes between the meander layers are symmetric under
rotation by 180◦, whereas even Fabry-Perot modes exhibit an antisymmetry.
Depending on the C2 symmetry of the combined surface plasmon polariton
branches (see figure 5.13), we observe either crossing or anticrossing.

a)

distance 150 nm,
energy 2812−63i meV

b)

distance 375 nm,
energy 2590−16i meV

c)

distance 375 nm,
energy 2795−47i meV

0

0.2

0.4

0.6

0.8

1

Figure 5.13: Electric field distribution of combined modes for a meander stack,
calculated without external excitation. The background color denotes the time av-
eraged energy density of the electric field in a normalized logarithmic scale. The C2

rotation center is indicated by crosses.

Following one branch, it can be seen from figure 5.13 that the characteristic
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5 Coupling model for stacked grating structures

of the branches changes in dependence on the inter-grating distance between
strong surface plasmon polariton contribution in panel (b) and strong Fabry-
Perot contribution in panel (c).

As in the dielectric examples, the extended resonant mode coupling can re-
produce the qualitative behavior correctly, including the alternation of crossing
and anticrossing due to the C2 symmetry. Note that the simpler method with-
out explicit Fabry-Perot terms (see thin solid lines in figure 5.12) fails at the
crossing of Fabry-Perot and surface plasmon polariton modes of single meander
layers.
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In this work, we have shown that it is possible to include curvilinear coordi-
nate systems easily in the Fourier modal method when we formulate Maxwell’s
equations in a covariant form [37]. Moreover, if we choose the coordinate trans-
formation such that all interfaces can be described in the curvilinear coordinate
system by surfaces of constant coordinates, we can apply the correct Fourier
factorization rules in combination with adaptive spatial resolution for an op-
timized convergence behavior. Through this concept of matched coordinates,
even in the case of metallo-dielectric structures, we are able to calculate the
scattering matrix of a given geometry with a high accuracy at low computa-
tional cost. The scheme has been validated for numerous examples such as
circular and hexagonal cylinders as well as rotated elements and bowties.

In the future, we should also benefit from the symmetry properties of the
investigated structures and implement the group theoretic approach of Bai
and Li in order to reduce the calculation time for the involved eigenvalue
problems [87–91]. Furthermore, it is of general interest to extend the Fourier
modal method with matched coordinates to aperiodic structures [82–84] and
nonlinear material response [85, 86].

One of the most challenging problems will be the usage of different coor-
dinate transformations in different layers. According to our experience, the
simple ansatz of Vallius and Honkanen [104] with a projection of basis func-
tions of one Fourier space on the Fourier basis of the other coordinate system
is not very stable. A promising alternative may be an extension of the Leg-
endre expansion method by Khavasi et al. [126]. Thus, we would be able to
overcome the restriction of translation invariance inside each layer, so that we
could change the coordinate system for the description of Maxwell’s equations
smoothly from one layer to the other in cases when there is a homogeneous
spacer layer in between. In addition, we can develop a kind of three dimen-
sional system of matched coordinates in order to calculate the optical prop-
erties of complex systems such as spheres or spirals, which cannot be derived
with the standard Fourier modal method.

In any case, once the scattering matrix has been derived for a specific struc-
ture, we have shown in this work how to efficiently derive the optical resonances
of a system directly from the scattering matrix [14]. The presented lineariza-
tion of the inverse scattering matrix is very stable and easy to implement. We
have described the method in general and shown in particular, how to war-
rant the continuity of the inverse scattering matrix when expanding it into
its Taylor series up to the linear order. In addition, we have presented var-
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ious examples, including the resonant field distributions of optically inactive
resonances.

The only problem with the mode solver is an instability occurring for larger
truncation orders due to the inversion of a nearly singular matrix. In order
to avoid this problem, we have started to alternatively search the optical res-
onances by a separation of a complete system into two subsystem. From the
exact scattering matrices of both subsystems, we can then construct a matrix
similar to that in the determinant of equation (5.15), from which we can derive
the resonances in the same way as from the inverse scattering matrix. First
results are quite promising, but the downside of this approach is that it may
be necessary to introduce in some cases an artificial homogeneous layer of van-
ishing thickness in order to warrant the continuity of the occurring matrices
with respect to energy.

Knowing the resonances of a system, it is well-known that we can approxi-
mate the scattering matrix by its resonant mode approximation [99, 101, 125],
where the resonances are described as poles of order one. We have used this
approximation as a starting point for the derivation of coupling equations that
allow us to estimate the resonances in a stacked two-layer system when know-
ing the relevant resonances of both subsystems in the stack [15, 16]. We have
shown in this work that the method provides a good approximation of the exact
resonance positions from the near to the far field regime. With some exten-
sions, we can even describe the strong coupling of the single layer resonances
to Fabry-Perot resonances, which are formed between the two subsystems in
the far field region.

So far, the so-called resonant mode coupling works very efficient, whenever
the coupling between Fabry-Perot resonances and single layer resonances re-
mains weak. Some more work should be devoted in the future to a better
approximation of the Fabry-Perot contribution in order to improve the agree-
ment to the exact resonance positions, but already the current method provides
a good estimation of the coupled resonances for many practical systems.
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