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The following table shows the symbols used in this work. Local notations are ex-
plained in the text.
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µ dynamic fluid viscosity [kg/(m s)]
ν fluid viscosity [m2/s]
ρ fluid density [kg/m3]
τ shear stress [kg /(m s2)]
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a distance of the highway shoulder to the axis of
rotation

[m]

b pavement width [m]
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bc channel width [m]
C Chézy resistance coefficient [-]
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X Notation

g gravity constant [m/s2]
G dimensionless gravity [-]
h water depth [m]
hc critical water depth [m]
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H dimensionless water depth [-]
i rainfall intensity [mm/min]
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sition
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n Manning resistance coefficient [-]
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[%]
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rh hydraulic radius [m]
R curve radius [m]
Re Reynolds Number [-]
Re∗ grain Reynolds Number [-]
s longitudinal slope [%]
∆s relative gradient [%]
S0 bottom slope in the SWE [-]
Sf friction slope in the SWE [-]
SL, SR signal velocities in the HLL solver [m/s]
u, v, w velocities in x, y and z direction [m/s]
V dimensionless velocity [-]
X dimensionless distance [-]
zb bottom elevation [m]
Zb dimensionless bottom elevation [-]

Abbreviations:

CJ Concrete with jute fibre texture
CAT Concrete with artificial turf texture
CV Control Volume
DGA Dense graded asphalt



Notation XI

DUMUx DUNE for Multi-{Phase, Component,
Scale,Physics, ...} Flow and Transport in Porous
Media

DUNE Distributed and Unified Numerics Environment
EKA Design class for freeways according to the Ger-

man highway design guidelines
EKL Design class for rural highways according to the

German highway design guidelines
FD Finite Differences
FE Finite Elements
FV Finite Volumes
HLL Approximate Riemann Solver developed from

Harten, Lax and van Leer
HLLC HLL solver which considers contact waves
PSRM Pavement Surface Runoff Model
RAA German guidelines for the design of motorways
RAL German guidelines for rural highway design
SMA08 Stone matrix asphalt with 8 mm max. grain size
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SWE Shallow Water Equations





Zusammenfassung

Zielsetzung

Große Wassermengen auf der Fahrbahn, verursacht durch abflussschwache Zonen,
sind ein hohes Sicherheitsrisiko für den Straßenverkehr. Weiterhin beeinflussen
sie die Dauerhaftigkeit des Straßenoberbaus, der durch eindringendes Wasser in
Verbindung mit Frost-Tau-Wechseln strukturell stark geschädigt werden kann. Um
bestehende und geplante Straßenabschnitte hinsichtlich ihrer Entwässerungseigen-
schaften zu überprüfen und planerische Verbesserungsmöglichkeiten aufzuzeigen,
wird in dieser Arbeit ein Modell entwickelt, das den Wasserabfluss auf Fahrbahn-
oberflächen ganzheitlich beschreibt. Dies beinhaltet die zeitabhängige Simu-
lation des Abflusses auf realen Fahrbahnoberflächen mit irregulärer Topogra-
phie (Unebenheiten) unter Betrachtung unterschiedlicher Fahrbahnbeläge sowie
offener und geschlossener Fahrbahnränder, einschließlich der Entwässerungsein-
richtungen. Die Implementierung des Modells erfolgt in den Open Source Umge-
bungen DuMux [43] bzw. DUNE [104] in der Programmiersprache C++.

Modellansätze

Existierende Modelle zur Beschreibung des Fahrbahnoberflächenwasserabflusses
sind meist empirisch und bilden lediglich den stationären Gleichgewichtszustand
ab [46, 56, 59, 64, 90, 91, 97]. Das Fließverhalten wird eindimensional entlang der
Falllinien beschrieben, die sich aus der Geometrie der Fahrbahn (Lage im Raum)
und der Topographie der Fahrbahnoberfläche ergeben. Die Fließgleichung ist eine
mathematische Funktion, in der für den Abfluss relevante Variablen multiplika-
tiv verknüpft und mit experimentell gewonnenen Regressionskoeffizienten kali-
briert werden. Der Vorteil solcher Modelle ist, dass die Anzahl der Variablen im
Modell frei wählbar ist, sofern sie aus den Experimenten erhoben werden können.
Nachteilig ist, dass empirische Modelle ein sehr begrenztes Anwendungsspektrum
bieten und nachträglich nicht erweiterbar sind, da sie direkt an die Versuchsbe-
dingungen und -ergebnisse gekoppelt sind. Desweiteren werden zweidimensionale
und zeitabhängige Effekte vernachlässigt.

Um die oben gestellten Anforderungen an ein ganzheitliches Modell zu erfüllen,
empfiehlt sich der Einsatz eines hydrodynamischen Modells. Hydrodynamische



Modelle basieren auf den kontinuumsmechanischen Erhaltungsgleichungen für
Masse und Impuls. Gravitationsdominierte Strömungen mit freier Oberfläche wer-
den von den zweidimensionalen, tiefengemittelten Flachwassergleichungen, auch
bekannt als Saint Venant Gleichungen, beschrieben. Diese lassen sich direkt aus den
inkompressiblen Navier-Stokes-Gleichungen ableiten unter folgenden Annahmen:

• vernachlässigbar kleine Viskosität,

• hydrostatische Druckverhältnisse und

• vernachlässigbare Geschwindigkeit und Geschwindigkeitsvariationen in ver-
tikaler Richtung (tiefengemittelte Geschwindigkeiten).

Bisher existiert kein Modell zur Simulation des Fahrbahnoberflächenwasser-
abflusses auf Basis der tiefengemittelten Flachwassergleichungen. Bestehende
hydrodynamische Ansätze gehen von einer vereinfachten Impulsgleichung aus
(kinematische und diffusive Welle-Gleichungen) [25, 68]. Ein Grund dafür ist,
dass die Effekte, die mit der vollständigen Impulsgleichung beschrieben werden,
als nicht relevant erachtet werden. Weitere Gründe, die einen solchen Ansatz
bisher verhindert haben, sind neben der aufwändigeren Implementierung der hohe
Rechenaufwand und das Auftreten numerischer Instabilitäten in Verbindung mit
sehr kleinen Wassertiefen. Die Entwicklung neuer Diskretisierungsmethoden für
die Flachwassergleichungen, besonders im Bereich der Quelltermdiskretisierung ist
immer noch Gegenstand vieler Forschungsarbeiten. Zudem steigt die Rechnerka-
pazität weiter an. Darum wird in dieser Arbeit ein Modell entwickelt, das auf der
vollständigen Impulsgleichung beruht.

Fahrbahnoberflächenabfluss und mathematisches Modell

Beeinflusst wird das Abflussverhalten maßgeblich durch die Regenintensität, die
Fahrbahngeometrie und -topographie sowie die Textur der Fahrbahnoberfläche.
Diese Faktoren sind im Modell zu berücksichtigen. Weitere Einflussfaktoren wie
Wind und Regentropfenaufschlag besitzen zwar einen gewissen Einfluss, werden
aber in dieser Arbeit vernachlässigt. Diese Variablen werden für eine grundsätzliche
Beschreibung des Abflussverhaltens nicht benötigt.

Hydraulisch ist das Abflussverhalten als schwach ungleichförmig einzustufen. Ver-
suchsergebnisse aus anderen Arbeiten zeigen, dass der Fahrbahnoberflächenabfluss
prinzipiell laminare bis voll turbulente Strömungsverhältnisse annehmen kann
[95, 25]. Letztere treten aber nur bei unüblich starken Regenintensitäten auf, so dass
Strömungszustände im laminaren Bereich und im Übergangsbereich vorherrschend
sind. Aus diesem Grund wird auf die Implementierung eines Turbulenzmodells
verzichtet.



Der Fahrbahnoberflächenabfluss ist ein zeitabhängiger Prozess, wobei im sta-
tionären Zustand die größten Wasserfilmdicken auftreten. Bei der Simulation
irregulärer Topographien kann im stationären Zustand eine Überschätzung der
Wasserfilmdicken eintreten, da die vollständige Füllung von Unebenheiten bei Re-
genereignissen kürzerer Dauer nicht zwingend eintreten muss. Aus diesem Grund
ist eine zeitabhäangige Simulation sinnvoll.

Fahrbahnen sind sowohl längs als auch quer geneigt. In Bereichen, in denen
die Sohlneigungen variabel sind, zum Beispiel in Verwindungsbereichen oder auf
unebenen Fahrbahnoberflächen, ist das Abflussverhalten eindeutig zweidimen-
sional. Zudem wird der Abfluss einzig durch die Sohlneigungen angetrieben.
Er ist somit gravitationsdominiert. Ein weiteres Merkmal sind die sehr kleinen
Wassertiefen des Fahrbahnoberflächenabflusses im Verhältnis zu den horizontalen
Ausdehnungen der Fahrbahn. Vor allem im Bereich der Autobahnen sind die
Sohlneigungen relativ gering. In Verbindung mit den sehr kleinen Wassertiefen ist
somit die Annahme hydrostatischer Verhältnisse und folglich die Verwendung der
tiefengemittelten Flachwassergleichungen gerechtfertigt.

Das mathematische Modell zur Simulation des Fahrbahnoberflächenabflusses setzt
sich schließlich zusammen aus den tiefengemittelten Flachwassergleichungen,
bestehend aus der Kontinuitätsgleichung und zwei Impulsgleichungen, ergänzt um
Quellterme zur Beschreibung des Regeneintrages in der Kontinuitätsgleichung und
des Fließwiderstands in der Impulsgleichung.

Diskretisierung

Die Lösung der Modellgleichung erfolgt mit einem zell-zentrierten Finite-Volumen-
Verfahren auf einem kartesischen Gitter. Zwei Aspekte sind bei der Diskretisierung
von besonderer Bedeutung: die Flussapproximierung und die Zeitdiskretisierung
des Quellterms zur Beschreibung des Fließwiderstands.

Die tiefengemittelten Flachwassergleichungen bilden ein System nicht-linearer, hy-
perbolischer Differentialgleichungen, die auch diskontinuierliche Lösungen zu-
lassen. Physikalisch entspricht dies der Beschreibung von Wellenbewegungen, die
sich im diskontinuierlichen Fall als Schockwellen darstellen. Wichtig ist, dass
diese Eigenschaften bei der Lösung der diskreten Gleichungen erhalten bleiben.
Verfahren, die diese Eigenschaften bei der Flussapproximation berücksichtigen,
basieren auf der Lösung des Riemann-Problems an der Zellkante. Da die genaue
Lösung des Riemann-Problems sehr aufwändig und für nicht-lineare Systeme nur
iterativ möglich ist, kommen meist approximative Riemann-Löser in Verbindung
mit den Flachwassergleichungen zum Einsatz. Die approximativen Riemann-Löser
unterscheiden sich in ihrem Detailgrad, wobei komplexere Löser wie der Löser von
Roe Schockfronten sehr gut erhalten und daher genau abbilden. Bei einfacheren



Lösern, wie dem HLLC- oder HLL-Löser werden die Schockfronten dagegen etwas
verschmiert. Bei der Simulation des Fahrbahnoberflächenabflusses ist die detailge-
naue Abbildung von Schockfronten von untergeordneter Bedeutung, im Gegensatz
zu Simulationen, die sich mit Dammbruch- oder Tsunamiwellen beschäftigen. Da
die Gegenüberstellung der beiden einfachsten Löser in einem Testbeispiel keine sig-
nifikanten Unterschiede zeigt, wird der HLL Löser als Standardlöser implementiert.

Der Quellterm zur Beschreibung des Fließwiderstandes kann bei sehr kleinen
Wassertiefen numerische Instabilitäten provozieren. Zur Vermeidung dieser In-
stabilitäten wird der Term oft semi-implizit oder sogar vollständig implizit
diskretisiert. In dieser Arbeit wird ein vollständig impliziter Ansatz verfolgt. Mit
Hilfe eines Operator-Splitting-Verfahrens werden die Flachwassergleichungen in
einen explizit und einen implizit zu lösenden Teil getrennt. Der implizite Teil
besteht lediglich aus dem Quellterm zur Beschreibung des Fließwiderstandes. Je
Zeitschritt wird zuerst der explizite Teil gelöst und dann der dort bestimmte
Zeitschritt für die Lösung des impliziten Teils verwendet. Als Anfangsbedingung
geht die Lösung des expliziten Teils mit ein. Mit diesem Verfahren bleibt das Modell
auch bei sehr kleinen Wassertiefen numerisch stabil.

Modellanpassung

Das bisher beschriebene Modell bildet das Grundgerüst zur Simulation des Fahrbah-
noberflächenabflusses. Um jedoch reale Fallbeispiele rechnen zu können, müssen
einige Anpassungen und Erweiterungen vorgenommen werden. Diese beinhalten
die Entwicklung einer Routine für den Import und die Verarbeitung topographi-
scher Daten, die Entwicklung eines Fließwiderstandsmodells in Abhängigkeit un-
terschiedlicher Fahrbahntexturen sowie die Entwicklung einer Methode zur Model-
lierung von Entwässerungseinrichtungen.

Topographie Die Geometrie von Fahrbahnoberflächen ist im Entwurf durch
mathematische Funktionen beschreibbar. Diese können in das Modell integriert wer-
den, um die Sohlhöhen im Modellbereich zu berechnen. Komplexe Geometrien, wie
zum Beispiel Knotenpunkte oder bestehende Fahrbahnoberflächen, die zusätzlich
zur Geometrie auch eine Fahrbahntopographie besitzen, sind nicht analytisch exakt
zu beschreiben. Um für diese Fälle Höhendaten zu generieren, müssen topographi-
sche Daten, entweder aus einem Entwurfsprogramm oder einer Laserscanmessung
in das Modell importiert und auf das Simulationsgitter interpoliert werden.

Die hier entwickelte Routine zum Import und zur Verarbeitung topographischer
Daten besteht aus zwei Teilen: der Bestimmung des Randpolygons der Punktwolke
und der Interpolation der Höhendaten auf das Simulationsgitter.



Für die Bestimmung des Randpolygons einer Punktwolke existieren in der algo-
rithmischen Geometrie zahlreiche Methoden. Sie basieren auf der Theorie der kon-
vexen Hülle. Problematisch ist jedoch, dass Punktwolken, die eine Fahrbahngeo-
metrie abbilden, nicht rein konvex sind, sondern sowohl konvexe als auch konkave
Anteile besitzen. Um auch für diesen Fall ein Randpolygon automatisch bestim-
men zu können, wird ein bestehendes Verfahren zur Bestimmung der konvexen
Hülle angepasst [50]. Dabei wird die Punktwolke in eine definierte Anzahl von
Teilpunktwolken zerlegt und die konvexe Hülle für jede Teilpunktwolke bestimmt.
Anschließend werden die Teilpunktwolken zusammengeführt und die nun innen
liegenden Randpunkte eliminiert. Je kleiner die Teilgebiete gewählt werden, desto
besser können konvexe Bereiche erkannt werden. Nachteil des Verfahrens ist, dass
es nur relativ schwach konvexe Ränder auflösen kann. Der minimale konkave
Winkel zwischen zwei Polygonabschnitten beträgt 120◦. Für Straßen außerorts, die
mit großen Radien trassiert sind, wird diese Grenze nicht erreicht. Bei stark kon-
vexen Geometrien, wie zum Beispiel Knotenpunkten oder Straßen innerorts, muss
das Randpolygon vorher bestimmt und in das Modell importiert werden.

Die Interpolation der topographischen Daten erfolgt mit dem Inverse-Distance-
Weighting-Verfahren. Die Höhe des gesuchten Punktes wird aus den Höhen der
Nachbarpunkte ermittelt. Die Höhen der Nachbarpunkte werden dabei invers mit
deren Distanz zum gesuchten Punkt gewichtet. Im Gegensatz zu Verfahren, die auf
einer Triangulierung der Punkte und einer nachfolgenden Interpolation beruhen,
müssen die Daten für eine zuverlässige Anwendung dieses Verfahrens gleichmäßig
verteilt und relativ dicht sein. Für Punktwolken aus Laserscanmessungen und Ent-
wurfsprogrammen ist diese Voraussetzung erfüllt. Eine Interpolation aus Höhenli-
nien ist dagegen nicht möglich.

Fließwiderstand Der Fließwiderstand wird maßgeblich von der Textur der
Fahrbahnoberfläche beeinflusst. Um das Abflussverhalten auf unterschiedlichen
Fahrbahnoberflächen simulieren zu können, wird in dieser Arbeit ein Fließwider-
standsmodell in Abhängigkeit der mittleren Texturtiefe eines Fahrbahnbelags ent-
wickelt. Der Fahrbahnoberflächenabfluss ist eine Strömung über eine sehr raue
Oberfläche, da die Wassertiefen und Texturtiefen die gleiche Skala besitzen. Zur
möglichst genauen Abschätzung des Fließwiderstands müsste der dreidimensio-
nale Strömungszustand um die Textur auf der Mikroskala aufgelöst werden. Für
Anwendungen der Flachwassergleichung, bei denen die horizontalen Ausdeh-
nungen des Modellgebietes jedoch um ein vielfaches größer sind als die vertikalen,
ist ein derartiger Ansatz zu rechenintensiv. Aus diesem Grund wird auf empirische
Widerstandsgesetze zurückgegriffen.

Der Fließwiderstand in den Flachwassergleichungen wird üblicherweise mit einem
der beiden empirischen Widerstandsgesetze nach Manning oder Darcy-Weisbach



beschrieben. Letzteres wird in dieser Arbeit verwendet. Aufgabe ist es, den
Fließwiderstandsbeiwert in Abhängigkeit der mittleren Texturtiefe zu bestimmen.
Grundlage dafür bilden Versuchsergebnisse aus [95]. Darin wurden eindimen-
sionale Abflussversuche auf fünf verschiedenen Fahrbahnbelägen durchgeführt.
Mit Hilfe einer Dimensionsanalyse, die die mittlere Texturtiefe als charakteristische
Länge enthält, kann eine Variable abgeleitet werden, die den Widerstandsbeiwert
signifikant beeinflusst: die texturbezogene Froude-Zahl. Weiterhin wird die Sohlnei-
gung als Regressionsvariable verwendet. Es kann gezeigt werden, dass die multi-
plikative Verknüpfung beider Variablen mit entsprechenden Regressionskoeffizien-
ten die beste Anpassung an die Versuchergebnisse liefert. Das Bestimmtheitsmaß
liegt für die verschiedenen Beläge zwischen 0,88 und 0,99. Mit der Aufstellung einer
Gleichung für den Widerstandsbeiwert, die die mittlere Texturtiefe als Variable ent-
hält, ist es zukünftig möglich, auch Beläge mit anderen Texturtiefen zu simulieren.

Entwässerungseinrichtungen Entwässerungseinrichtungen an Straßen können
linienförmig (Rinnen) oder punktförmig (Einläufe) sein. Vereinfacht wird die
Kante der Entwässerungseinrichtungen als hydraulisch vollkommener Überfall
beschrieben. Diese Annahme impliziert, dass keinerlei Interaktionen zwischen
den Bereichen oberstrom und unterstrom der Abflusskante stattfinden. Daher
können mit diesem Ansatz keine Rückstaueffekte simuliert werden. Weiterhin
wird angenommen, dass der gesamte Zufluss von den Entwässerungseinrichtungen
aufgenommen werden kann und kein Wasser über die Schachtabdeckung hinweg
schießt.

Bei einem vollkommenen Überfall bilden sich an der Abflusskante unterschiedliche
Wassertiefen aus und zwar je nachdem, ob die Kante unter- oder überkritisch
angeströmt wird. An der Kante selbst werden kritische Strömungsbedingungen
angenommen. Diese Bedingung ermöglicht die Berechnung der Wassertiefe an der
Kante und die Berechnung des Abflusses über die Kante. Der Abfluss wird als
Neumannsche Randbedingung im Modell implementiert. Da die Abflusskanten im
Modell stets mit Zellkanten übereinstimmen, wird im zweidimensionalen Modell
nur der Abfluss orthogonal zur Zellkante berücksichtigt.

Modellanwendungen

Die Anwendung auf realitätsnahe Beispiele gibt abschließend einen Überblick über
das Anwendungsspektrum des Modells und grenzt es gleichzeitig von bestehenden
Modellen ab. Ferner kann auch die Plausibilität der Ergebnisse überprüft werden.
Eine Validierung des Modells an realen Bedingungen ist bisher nicht möglich, da
Wasserfilmdicken in situ nicht zu messen sind. Folgende Anwendungen werden in
der Arbeit vorgestellt:



• Fahrbahn mit Hochbord und seitlich angeordneten Einläufen: dieses
Beispiel demonstriert die Simulation des Abflusses in einer Rinne entlang
geschlossener Ränder und die Implementierung der Neumannschen Randbe-
dingung für die Entwässerungseinrichtungen. Zwei Rinnentypen werden
untersucht, eine Bordrinne und eine Spitzrinne. Zur Bemessung der Ent-
wässerungseinrichtungen entlang solcher Rinnen werden in den gültigen
Richtlinien die gängigen eindimensionalen Ansätze zur Berechnung von
Gerinneströmungen verwendet. Hier wird der seitliche Zufluss von der
Fahrbahn in das Gerinne als volumetrischer Quellterm integriert. Der Ver-
gleich beider Ansätze zeigt, dass vor allem bei Bordrinnen die zweidimension-
alen Effekte, die der seitliche Zufluss von der Fahrbahn in das Gerinne auslöst,
relevant sind. Ein weiterer Vorteil des zweidimensionalen Ansatzes ist die
Möglichkeit, eine überlaufende Rinne zu simulieren.

• Fahrbahn mit irregulärer Topographie: dieses Beispiel demonstriert den Im-
port und die Verarbeitung topographischer Daten, die aus einer Laserscan-
messung gewonnen wurden. Es zeigt, dass das Modell in der Lage ist, das
Randpolygon der Punktwolke problemlos zu erkennen und die Höhendaten
auf das Simulationsgitter zu interpolieren. Der dargestellte Fahrbahnabschnitt
weist außerdem in der Realität verschiedene Fahrbahnbeläge auf. Deren Ein-
fluss auf die Wasserfilmdicke wird ebenfalls abgebildet.

• Knotenpunkt mit stark konvexen Rändern: dieses Beispiel demonstriert den
Import und die Verarbeitung topographischer Daten aus einem Entwurfspro-
gramm. Hierbei wird das Randpolygon in das Modell importiert. Der Import
topographischer Daten und die Möglichkeit komplexe Geometrien und To-
pographien darzustellen, bieten einen großen Vorteil. Im Gegensatz zu gängi-
gen Entwurfsprogrammen, die eine Abflussanalyse gegenwärtig nur mit Hilfe
von Falllinien erlauben, kann mit dem entwickelten Modell das zweidimen-
sionale, zeitabhängige Abflussverhalten wiedergeben werden.

Neben den geschilderten Anwendungsbeispielen wird das Modell mit einem beste-
henden, empirischen Modell [95] verglichen. Der Vergleich ist möglich, da beide
Modelle mit der gleichen Datenbasis kalibriert wurden. Auf Grundlage der Wasser-
filmdickenverteilung in einem Verwindungsbereich wird gezeigt, dass die örtliche
Verteilung der Wasserfilmdicken und die jeweils maximale Wasserfilmdicke beider
Modelle vergleichbar sind. Bei kleinen Sohlneigungen liefert das zweidimensionale
Modell unter Berücksichtigung der vollständigen Impulsgleichung allerdings an-
dere Ergebnisse. Die Vermutung, dass diese Effekte vernachlässigbar sind, kann
dadurch nicht bestätigt werden.

Mit dem in dieser Arbeit entwickelten Modell steht erstmals ein Werkzeug zur Ver-
fügung, das auf Basis der tiefengemittelten Flachwassergleichungen den Abfluss
auf Fahrbahnoberflächen unter Berücksichtigung zahlreicher Randbedingungen



(Geometrie, Topographie, Textur, Ränder, Entwässerungseinrichtungen) beschreibt.
Die Implementierung in einer Open-Source-Umgebung und der hydrodynamische
Charakter ermöglichen es weiterhin, das Modell zu verfeinern und zu erweitern.

Ausblick

Eine Modellentwicklung ist stets mit dem Treffen von Annahmen und Verein-
fachungen verbunden. Zukünftige Modellverfeinerungen und -erweiterungen sind
unter anderem in folgenden Themenfeldern denkbar:

• Topographie: Die Interpolation topographischer Daten auf das Simulationsgit-
ter mit dem Inverse-Distance-Weighting-Verfahren ist ausschließlich bei dicht
und gleichmäßig verteilten Datensätzen möglich. Um auch ungleichmäßig
verteilte Datensätze verarbeiten zu können, wäre ein Interpolationsverfahren
hilfreich, das auf einer Delaunay-Triangulierung beruht. Wird eine Delaunay-
Triangulierung implementiert, könnte auch der Algorithmus zur Bestimmung
des Randpolygons verbessert werden. Ein Verfahren, das in der Lage ist,
auch ausgeprägte konkave Strukturen zu erkennen und auf der Delaunay-
Triangulierung beruht, ist das Alpha-Shape-Verfahren.

• Entwässerungseinrichtungen: im vorliegenden Modell wird angenommen,
dass der gesamte Zufluss, der auf einen Einlauf zuströmt aufgenom-
men werden kann. Versuche, die verschiedene Schachtabdeckungen und
Anströmungsbedingungen untersuchen, könnten hierzu verbesserte Aus-
sagen liefern.

• Fließwiderstandsmodell: Nachteile des entwickelten Modells ergeben sich
aus der relativ kleinen Datenbasis, die für die Kalibrierung verwendet
wurde. Weitergehende Versuche sollten Geschwindigkeitsmessungen, sowie
Zu- und Abflussmessungen beinhalten, um die Bedingung des gleichförmigen
Abflusses überprüfen zu können. Daher wird die Durchführung weiterer Ver-
suche empfohlen. Auf lange Sicht könnte der Fließwiderstand auch numerisch
untersucht werden, in dem die Prozesse auf der Mikroskala aufgelöst werden.

• Offenporige Fahrbahnbeläge: Die Simulation der Wirkungsweise offenporiger
Asphaltdeckschichten ist eine wichtige Erweiterung des Modells, da offen-
porige Beläge durch ihre lärm- und wasserabsorbierende Wirkung immer
mehr an Bedeutung gewinnen. Die Implementierung könnte entweder durch
einen Senkterm in der Kontinuitätsgleichung erfolgen oder durch die Kop-
plung des Oberflächenabflussmodells mit einem Modell zur Simulation der
Durchströmung poröser Medien. In diesem Fall müsste die Annahme der
hydrostatischen Druckbedingung aufgegeben und ein nicht-hydrostatisches
Modell implementiert werden.



Abstract

Water on the pavement significantly affects traffic safety. Climate change will lead to
a higher number of heavy rainstorms in Germany and the risk to have large amounts
of water on the pavement will even increase. Therefore, it is important to have a tool
which enables highway engineers to analyse existing and designed road sections
concerning their drainage capability. In this work, a model is developed, which al-
lows an integral simulation of pavement surface runoff. This includes features like
the simulation on real pavement surfaces with an irregular topography, the possi-
bility to treat different surface textures and the treatment of drainage facilities. As
mathematical model, the depth-averaged Shallow Water Equations are chosen. The
equations are extended with source terms to describe the influence of rainfall, bot-
tom topography and flow resistance. A cell-centred finite volume method is used for
spatial discretisation. The approximation of the intercell fluxes is done with the HLL
approximate Riemann solver. For time discretisation, the momentum equations are
splitted into an explicit and implicit part, where the implicit part solely consists of
the flow resistance source term. By the implicit treatment, numerical instabilities
in the case of small water depths can be avoided. For the simulation on pavement
surfaces with irregular topography or complex boundary shapes, e.g. intersections,
the model is extended by a routine to import and process topographic point data. It
consists of an Inverse Distance Weighting Algorithm for the interpolation of point
data and a modified Graham Scan algorithm for the detection of convex boundaries.
To model the effect of the surface texture on flow resistance, an empirical equation
for the Darcy-Weisbach resistance coefficient is developed on the basis of a texture
related dimensionless parameter. Drainage facilities are modelled as free overfalls
based on the theory of critical flow. So far, the use of the Shallow Water Equations
was often rejected due to the high computational effort and the occurrence of numer-
ical instabilities in the case of small water depths. Further, effects described by the
full momentum equation were considered nonrelevant. However, this work shows
that the Shallow Water Equations can provide a stable and flexible model for the
simulation of pavement surface runoff. Based on the water depth distribution in a
superelevation transition, it can also be demonstrated that especially in the presence
of small bottom slopes, the consideration of momentum and horizontal pressure gra-
dient influences the results.





1. Introduction

The road network is a lifeline of civilisation. Primarily, it is designed to provide max-
imum capacity. However, growing demands and the need for economic efficiency
bring up additional requirements, which have to be considered in the design and
construction process as well as in service. The most important are: durability, riding
quality and especially traffic safety. Water on the pavement significantly influences
these road characteristics. Therefore, a sufficient road drainage is indispensable to
provide durable, comfortable and safe roads.

The durability of a pavement structure can be defined as the property to withstand
the forces from traffic loading and to ensure sufficient bearing capacity and perfor-
mance characteristics over the desired life cycle. A pavement structure within this
context is defined as the sum of all unbound and bound pavement layers. A loss
of bearing capacity typically results in the formation of cracks in the bound layers.
Over time, they develop up to the pavement surface. Although the bound layers
are designed impervious, unless a porous asphalt structure is assumed, water en-
ters the structure. In combination with freeze and thaw cycles this can cause severe
damages. The process is even enforced if the pavement surface is not even and
water accumulates in pits instead of being drained off. Then, the impact time of
the water on the structure increases. Unevenness of the pavement results from the
thermo-viscoelastic behaviour of asphalt. High wheel loads in combination with
shear forces induced by braking and accelerating generate deformations in longitu-
dinal and transverse direction. Besides a decrease of drainage capability, uneven-
ness also reduces the riding quality of the pavement surface.

Ponded water on uneven pavement surfaces is not only relevant in terms of dura-
bility. It also is a major concern with respect to traffic safety. In the presence of high
water depths, splash and spray drastically decreases visibility. In combination with
high vehicle speeds, hydroplaning additionally constitutes a serious safety risk. Hy-
droplaning occurs when the tire is not able to suppress the water from the contact
area. As a result, a layer of water forms between tire and pavement what results in
a loss of traction. Therefore, it prevents the vehicle from responding to any action
like steering, braking or accelerating. Dangerous accumulations of water do, how-
ever, not only occur on uneven pavements. They are also generated when drainage
facilities are overloaded and backwater effects occur. In some cases they are even
generated systematically by special alignment configurations where bottom slopes
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are small and water is drained off slowly. Such configurations are for example tran-
sition curves. In [95], an accident study for a six lane motorway with a dual carriage-
way revealed that the risk of a wetness-related accident in transition curves is about
two times higher than in other road sections. If the pavement is dry, the accident
risk is roughly the same.

In summary, it can be stated that water on the pavement significantly affects traffic
safety. In addition, the road design as well as the pavement’s topography influence
the amount of water on the pavement. The climate change will lead to an increas-
ing number of heavy rainstorms in Germany [80]. Consequently, the risk to have
large amounts of water on the pavement will even increase. Highway engineers
have to face this development by analysing existing road sections concerning their
drainage capacity as well as by developing new design standards. This explains
the need for a tool, which allows an integral simulation of pavement surface runoff.
An integral simulation includes the possibility to simulate any type of boundaries,
namely, open and closed curbs, the consideration of drainage facilities and various
pavement surface textures as well as the simulation of water depth distributions on
uneven pavement surfaces. The latter are further on referred to as pavements with
irregular topography. Various models exist to simulate pavement surface runoff,
which will be reviewed shortly in the following paragraphs. None of them, though,
is able to cope with all of the mentioned aspects. Therefore, the clear objective of this
work is to set up an integral model for the simulation of pavement surface runoff.

Research on pavement surface runoff roughly dates back to 1930 [91]. At that time,
it was primarily motivated by the desire to improve the design of drainage facili-
ties. Not until the 1960ies, the effect of road drainage on traffic safety was detected
(e.g. [97]). This was due to growing road networks, wider roads and higher vehi-
cle speeds. Studies were limited to one dimensional experiments. The aim was to
investigate the correlation of slope and drainage path length on water depth. In the
1970ies, research on pavement surface runoff was firstly linked to the real roadway
geometry to investigate the effect of the design parameters on water depth [59].

In general, pavement surface runoff models can be classified in two groups: empir-
ical and hydrodynamic models. An extensive overview of various models is given
in [90, 25, 95]. Hydrodynamically, pavement surface runoff is a free surface flow.
The background for research on pavement surface runoff are therefore open-channel
flow theory, sheet flow mechanics and overland flow modelling.

Empirical models assume a one-dimensional flow behaviour. They try to link sig-
nificant flow parameters by empirical coefficients within a mathematical function,
which mostly is of potential type. The coefficients are determined by fitting the
equations to experimental data [56, 91, 97]. Most significant parameters with re-
spect to pavement surface runoff are bottom slope, friction slope and discharge. An
advantage of empirical models is that the set of considered parameters is arbitrary
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as long as it is considered in the conception of the experiments. This allows to in-
vestigate additional influences, which for pavement surface runoff, can be raindrop
impact or wind [59, 46, 64, 90]. In contrast, empirical models are very limited be-
cause they are restricted to the parameter set once defined and to the underlying
experiments. Therefore, a later extension of an existing empirical model is hardly
possible without performing a complete new set of experiments. This also explains
the big variety of models which are difficult to compare to each other.

Hydrodynamic models describe the flow behaviour by equations developed from
the basic laws of conservation, namely continuity as well as momentum equations.
The equations to model free surface flow are derived from the Navier Stokes Equa-
tions and are often referred to as Saint Venant or Shallow Water Equations. They are
commonly used in overland, river and ocean flow modelling [10, 12, 16, 37, 48, 109].
Several types of the Shallow Water Equations exist depending on the degree of sim-
plification of the momentum equations. Besides the time dependent change of mo-
mentum, the full momentum equations consider the convective momentum flux,
the pressure gradient and the source terms for bottom slope and friction slope. The
equation considering the full momentum equation without further simplification
is referred to as dynamic wave equation. If the convective part is neglected, one
speaks of the diffusive wave equation. Finally, the kinematic wave equation exclu-
sively considers bottom slope and friction slope. In the one dimensional case this
equals the open-channel flow equation.

The one dimensional kinematic wave equation has been a common choice to model
various topics in overland flow and sheet flow mechanics as described in [25]. In
[68], the kinematic wave equation was applied to pavement surface runoff. Three
reasons are commonly mentioned for the use of the simplest of the three equations.
First, the equation is easy to implement. Second, effects described by the full mo-
mentum equation can be neglected. Third, a one dimensional steady state simu-
lation seems sufficient to simulate pavement surface runoff. When looking at the
roadway geometry, pavement surface runoff is at least a two dimensional process.
To account for this, one dimensional models either empirical or hydrodynamic de-
scribe the flow on one dimensional drainage paths [59, 68, 95]. They are determined
from the two dimensional geometry as paths along the maximum gradient. Espe-
cially when bottom topography is irregular, though, flow paths are very difficult
to determine because they possibly end or start within the model domain. In ad-
dition, effects like ponding, flow over adverse slopes or backwater effects at curbs
can not be represented by the kinematic wave equation. Furthermore, two dimen-
sional effects become significant in areas with strongly varying topography where
lateral pressure gradients can not be neglected [25]. Thus, a kinematic wave model
does not seem appropriate to model pavement surface runoff in combination with
irregular topography and drainage facilities.

Contrary to one dimensional, steady state models, two dimensional models can not
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be solved analytically. Instead, numerical methods have to be applied to solve these
equations. For pavement surface runoff, a two dimensional model on the basis of
the diffusion wave equation was recently developed in [25].

Although the full two dimensional dynamic wave equation would be the most ac-
curate, attempts to implement such a model for pavement surface runoff were rare.
Problems are reported in [56]. One reason is the high computational intensity, which
made these kind of models slow and not practical. A second and even more im-
portant reason was lacking convergence and the occurrence of numerical instabili-
ties due to the highly non-linear nature of the equation. Instabilities can occur in
the presence of small water depths in combination with high friction slopes and
strongly varying topography. They are mainly a problem of source term discreti-
sation. Nowadays, computational power is steadily increasing and techniques like
parallelisation of the simulation code allow to perform intensive simulations in ac-
ceptable time periods. Furthermore, research and development of numerical meth-
ods focuses on the aforementioned problems. Researches have recognised that an
increased accuracy of the flux approximation is worthless as long as the source terms
for bottom slope and friction slope are not treated correctly. There is extensive liter-
ature about an improved treatment of source terms in the Shallow Water Equations.
This includes methods with an upwind-discretisation of the source terms [11, 15]
and methods with an implicit [78, 113] or semi-implicit treatment of the source terms
[10, 15, 70, 109].

Summarising, only a two dimensional hydrodynamic model based on either the
diffusive or dynamic wave equation will cope with the requirements specified for
an integral simulation of pavement surface runoff. Based on the development of
computational resources and available numerical techniques, the full dynamic wave
equation, thus, the Shallow Water Equations are chosen in this work. To the author’s
knowledge it will be the first attempt to simulate pavement surface runoff on the
basis of the Shallow Water Equations.

Implementation of the model is done in the open-source frameworks DUNE [104]
and DuMux [43]. DUNE (Distributed and Unified Numerics Environment) is a mod-
ular toolbox written in C++ for solving partial differential equations with grid-based
methods. It supports the implementation of methods like Finite Elements (FE),
Finite Volumes (FV), and also Finite Differences (FD). DuMux (DUNE for Multi-
{Phase, Component, Scale,Physics, ...} Flow and Transport in Porous Media) is a
simulator for flow and transport processes in porous media based on DUNE. It is
developed at the Department of Hydromechanics and Modelling of Hydrosystems
at the University of Stuttgart. DuMux provides the framework for a consistent im-
plementation of CFD models with the Finite Volume Method. The implementation
within DUNE/DuMux is advantageous in several ways. The framework specifies
the software architecture of the model. It defines the basic model components, their
function and their interaction. Therefore, structuring of the model can be omitted.
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Since all models in the framework have the same architecture, their comprehensibil-
ity is increased. This also enables a fairly easy extension and modification of exist-
ing models. Finally, the framework also provides basic routines like grid generation,
time discretisation etc., which can be readily used.

Due to the complexity of real world processes, a model is always an approxima-
tion of it including assumptions and simplifications. Figure 1.1 presents the typical
stages in the model development process. They also roughly coincide with the out-
line to this work.

Real World

Characterisation of the Flow

Mathematical Model

Numerical Model

Adaption and Calibration

Approximation to Real World

Figure 1.1.: Stages of model development.

Chapter 2 develops the basic model concepts by characterising pavement surface
runoff. This includes the identification of the relevant influencing factors as well as
the hydraulic characterisation of the underlying flow. Finally, the type and level of
detail of the mathematical model to describe the flow are defined.

Chapter 3 deals with the mathematical model. It presents the derivation of the Shal-
low Water Equations from the Navier Stokes Equations starting from the most gen-
eral formulation of fluid motion on the continuum scale. Afterwards, the mathe-
matical behaviour of the Shallow Water Equations is discussed with respect to its
influence on discretisation.



6 Introduction

Chapter 4 presents the development of the numerical model, namely, the discretisa-
tion of the Shallow Water Equations with a cell-centred finite volume method. Two
aspects are emphasised in the discretisation process: the approximation of the inter-
cell fluxes and the discretisation of the source terms.

Chapter 5 covers the adaption and calibration of the numerical model to describe
real flow problems. Besides a routine for the import and reconstruction of topo-
graphic data and the modelling of drainage facilities, the resistance model is a cen-
tral part herein. Data to calibrate the resistance model originate from [56] and [95].

Chapter 6 finally presents some simulation results to demonstrate possible appli-
cations of the model. In addition, the model is compared to the one dimensional
model developed in [56] and [95] and differences are discussed.

Chapter 7 summarises the work and provides an outlook on further topics of re-
search.



2. Characterisation of Pavement
Surface Runoff

A prerequisite for model development is the characterisation of the modelled flow.
This includes the definition of the relevant influencing factors, which have to be con-
sidered, as well as the characterisation of the hydraulic nature of the flow. Depend-
ing on that the type of the mathematical model and its level of detail are chosen.

Pavement surface runoff is influenced by environmental and roadway related fac-
tors. Environmental factors are precipitation and wind. Roadway related factors
are the geometry of the roadway, the topography of the pavement as well as the
texture of the pavement surface. In the following sections, the factors of influence
are described and their relevance to the model is discussed.

The hydraulic characterisation of pavement surface runoff includes the determi-
nation of the corresponding fluid and flow properties. From the hydraulic point
of view pavement surface runoff is a gravity driven free surface flow. Therfore,
characterisation is done on the basis of free surface flow classification as it can
be found in open-channel flow related as well as fluid mechanics literature like
[3, 26, 27, 55, 62, 111] and many more.

2.1. Factors of Influence

2.1.1. Precipitation

Any type of precipitation affects the pavement and riding characteristics, either in
the form of liquid water drops like drizzle and rain or solid particles like snow and
hail. With respect to drainage, the liquid form of precipitation is the one of interest.
Therefore, the only precipitation type considered further is rainfall. It is the primary
source for pavement surface runoff. First of all, rainfall determines the volume of
water on the pavement. Second, it can increase resistance to flow by the kinetic
energy released at the impact of the rain drops [102]. According to [63] the effect
of rain drop impact decreases with increasing turbulence and is almost negligible
in a turbulent flow regime. In [25] and [95] rain drop impact had no significant
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effect at all on the flow variables. It was thus neglected in these models. Due to
the complexity involved when modelling the raindrop impact and due to the lack
of reliable data this effect is also not considered herein.

Runoff refers to the flow which is occurring during and immediately after a rainfall
event. It is an unsteady, time-dependent process. Figure 2.1 shows a runoff profile
where the water volume on the pavement is plotted over time. In general, three
stages occur during a rainfall event: the wetting of the pavement, the steady flow
condition and the drying process. If the surface is not perfectly smooth, the wetting
and drying process are again divided in two stages and consequently the runoff
process consists of five stages: At the beginning (t0 - t1), water starts occupying
the available retention volume V1 provided by the surface texture (Section 2.1.4).
It is assumed that no considerable flow is taking place during this stage. As soon
as the retention volume is exceeded, a continuous water film starts to develop on
the pavement (t1 < t < t2) until the steady state is reached. The volume of the
continuous water film is defined as moving volume (V2 − V1). During the steady
state (t2 < t < t3), the water volume is constant. As soon as rainfall stops (t3), the
water film decreases. When the continuous water film has vanished, (t ≥ t4), the
remaining water within the texture evaporates.

Time
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Retention Volume

Wetting DryingSteady

Moving Volume

t0 t1 t2 t3 t4

V1

V2

Figure 2.1.: Time-dependent profile of pavement surface runoff.

For drainage and hydroplaning considerations the steady state constitutes the worst
case since the water depths reach their maximum. For this reason, most models only
consider the steady state. However, if the pavement’s topography is irregular with
ruts and depressions, a steady model might overestimate the water depth because
it does not consider the duration of a rainfall event and simply assumes that all
depressions are completely filled. Furthermore, a steady model can not describe
wetting and drying processes.

The water depth on the pavement at the steady state depends on the rainfall rate r
[l/(s ha)], which in turn depends on the duration of the rainfall event tr [min] and its
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return rate 1/n [-] with n as the return period of the rain event in years. Generally,
the rainfall rate decreases with increasing duration and decreasing return period.
Therefore, rare and short rain events have high rainfall rates. For the design of high-
way drainage facilities, usually a return period of n = 1 is chosen [40]. Rainfall rates
for a given duration and return period vary locally. There are two possibilities to de-
termine these parameters, which are shortly described in the following paragraphs.

On the basis of statistical data, Reinhold [94] published basic rainfall rates r15,1 for
a rainfall event with tr = 15 min and n = 1 for various locations in Germany [39].
Introducing a time factor ϕtr,n, the basic rainfall rate r15,1 can be transformed into a
rainfall rate for an event with arbitrary duration and return period rtr,n as follows:

rtr,n = ϕtr,n · r15,1. (2.1)

The determination of ϕ is also demonstrated in [39]. Although, rainfall rates and
statistical data used to determine ϕtr,n originate from the first half of the twentieth
century, the method is still suitable to roughly estimate the rainfall rate if no other
data is available.

An up-to date and very extensive data base is provided by The German Meteorolog-
ical Service, which published rainfall rates on the basis of statistical extreme value
analyses within the KOSTRA-atlas (heavy rainfall totals in Germany) [31]. The data
base in the current KOSTRA atlas is based on the time series from the years 1951
to 2000. Unlike the data of Reinhold, which is only available for a few distinct loca-
tions in Germany, KOSTRA values are available for the entire territory of Germany
in a 71.5 km2 raster. Another advantage is that the rainfall rates do not have to be
converted by a time factor but origin from the statistical analysis. The data base in
KOSTRA covers the range from a duration tr = 5 min to 72 h and return rate from
1/n = 0.01 (n = 100 a) to 2 (n = 0.5 a). The KOSTRA atlas is the recommended data
base also used in the new German guidelines for highway drainage design [40].

Besides the rainfall rate, often rainfall intensity i [mm/min] is used to characterise
the magnitude of a rainfall event. The magnitude can reach from light, moderate
and strong to very strong. Since rainfall intensity varies over time, commonly two
values are used for the characterisation of a rainfall event: the maximum rainfall
intensity which occurs within 6 or 10 minutes and the rainfall intensity averaged
over one hour. Several classifications exist in the literature. The hourly values of
[69], Lucas [79] and the American Meteorological Society [5] are presented in Table
2.1. Obviously, the values vary in a wide range. For example, Koppe defines a very
strong rainfall event as i ≥ 0.8 whereas Lucas gives i ≥ 1.7. The classification of
the American Meteorological Society does not even classify events as very strong. In
this work, the classification of Koppe is used as a reference. It can be viewed as an
average of the other classifications.
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Koppe Lucas American
Meteorological Society

light ≤ 0.04 ≤ 0.08 ≤ 0.04

moderate 0.04 - 0.2 0.25 - 0.33 0.04 - 0.13

strong 0.2 - 0.8 0.4 ≥ 0.13

very strong ≥ 0.8 ≥ 1.7 -

Table 2.1.: Classification of rain events depending on rainfall intensity according to
[5, 69] and [79].

2.1.2. Wind

The effect of wind on pavement surface runoff was experimentally investigated in
[59] and [90] and also discussed in [95]. Wind can significantly influence the flow
paths and depending on its direction increases or decreases resistance to flow. How-
ever, wind velocity and direction are highly variable and experimental data to in-
clude it into an empirical model is not sufficient. Further, the implementation of
wind effects into a mathematical model is very complex due to turbulence effects at
the boundary layer of water and air. Thus, no model has included wind effects so
far, neither empirically nor mathematically. In addition, wind is not a mandatory
parameter to model pavement surface runoff such as precipitation. Therefore, it is
neglected in this study.

2.1.3. Roadway Geometry

The three dimensional roadway geometry is defined by the merging of the horizon-
tal and vertical alignment as well as the cross sectional design of a roadway. The
term alignment is used for the coupling of standardised highway design elements.
Horizontal and vertical alignment and the cross section are designed in two space di-
mensions following specific design regulations. However, these parts are not totally
independent. In fact, the interaction also decides whether the geometry meets the
requirements set up for the alignment. These are: drainage capability, perceptibil-
ity, riding comfort and an appealing visual appearance. Before roadway geometry
and its influence on pavement surface runoff are discussed, the two terms geometry
and topography are demarcated because both are used within this work. Geometry
refers to the three dimensional shape of a roadway determined by the joining of
the design elements as already mentioned. Thus, roadway geometry is analytically
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defined. The pavement surface is curved but assumed to be even. In contrast, topog-
raphy refers to the pavement surface itself. A regular topography corresponds to a
perfectly even surface as defined by the roadway geometry. An irregular topogra-
phy corresponds to an uneven, real pavement surface with ruts and depressions. It
can not be determined analytically but has to be determined via the reconstruction
of point measurement data.

In Germany, there are two guidelines regulating the design of roads: the guidelines
for motorway design (RAA, [41]) and the guidelines for rural highway design (RAL).
The latter have not yet been introduced officially but can already be treated as state
of the art. Unlike the former guidelines, which used design speed as the determin-
ing factor for the design regulations, the new guidelines introduce design categories
(EKA for motorways and EKL for rural highways). The categorisation is based on
the importance of a road with respect to its role within the overall network. Each
category provides recommended cross sections and threshold values for the design
parameters. The use of design categories ensures that roads with comparable impor-
tance are designed similarly. The design categories for motorways are presented in
Table 2.2.

Design Category EKA 1 A EKA 1 B EKA 2 EKA 3

Description Interstate mo-
torway

Interregional
motorway

Motorway
type
road

Urban
motorway

Table 2.2.: Design categories for motorways in Germany [41].

Recapitulating the requirements for the road alignment, the focus in this work
clearly is on drainage capability. The geometry of the pavement defines the runoff
direction, runoff velocity and the drainage path lengths. To guarantee quick runoff,
the cross section is always inclined by a certain cross slope qp. This results in a su-
perelevation of the shoulders with respect to the axis of rotation. Usually, the axis
of rotation lies in the centre of the carriageway. Minimum cross slope is qp,min =
2.5 %, which, to withstand centripetal forces, increases in curves depending on their
radius. Nevertheless, there are sections within the alignment where drainage capa-
bility is not optimal, although design requirements are met, namely transition zones.
In the subsequent paragraphs, the geometry of transition zones is described. Since
hydroplaning risk increases in combination with high vehicle speeds and wide cross
sections, design regulations for motorways and in particular those of EKA 1 A are
exclusively considered.

Transition zones are a combination of elements in the horizontal alignment (tran-
sition curve) and the cross section design (superelevation transition). Figure 2.2
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R1

R2

qp,1

qp,2

qp,min

qp,min

qp = 0

Figure 2.2.: Superelevation transition sketched in three dimensions.

shows the superposition of both transitions sketched in three dimensions. In the
horizontal alignment transition zones link two opposite directed curves with con-
stant radius (R1 and R2) and curvature (κ1 and κ2) by a clothoide as shown in Figure
2.3. Curvature and radius are correlated by

κ =
1
R

. (2.2)

By the use of a clothoide, a linear change in curvature is guaranteed what results
in a gentle and gradual change in path and lateral acceleration. This enhances the
visual appearance of the alignment and, of course, the riding comfort. In Germany,
transition curves are a mandatory design element. Details about different types of
transition curves, their parameters and thresholds can be found in [41].

R1, κ1 = const
R2, κ2 = const

clothoide

κ = 0
R = ∞

Figure 2.3.: Clothoide linking two curves with constant radius.

The transition of curvature does not affect the drainage capability of a transition
zone. However, a change in curvature is always associated with a change in superel-
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evation as already mentioned. Apart from distinct exceptions, the cross slope is
usually directed to the inside of a curve what results in a positive superelevation of
the shoulder along the outside. If curvature changes direction, superelevation also
changes. In the centre of the transition, superelevation and cross slope are zero. Fig-
ure 2.4 shows the flow paths of a cross section with constant longitudinal and cross
slope on the left and a superelevation transition with constant longitudinal slope
on the right. Due to the change in superelevation flow paths in the transition are
significantly longer. In addition, the gradient of the flow paths decreases within the
transition since cross slope also decreases. Consequently, surface runoff is retarded
what leads to an accumulation of water within the transition zone. The geometry
of a superelevation transition is now described in more detail. It is used in Chapter
6 where the water depth distribution in a superelevation transition is used for the
comparison of two pavement surface runoff models.

Figure 2.4.: Flow paths in a road section with constant cross slope (left) and in a
superelevation transition (right), both with constant longitudinal slope.

Figure 2.5 shows the courses of the right and left shoulder within a superelevation
transition between two curves with cross slopes qp,1 and qp,2. The superelevation of
the shoulders can be determined by the cross slopes and the distance of the shoul-
ders to the rotation axis a. The cross sections in front and behind the transition are
sketched at the left and right side in the figure. The total length of the supereleva-
tion transition is LV and the length of the central part of the transition is LV,c. In case
that qp,1 = qp,2 = qp,min, the transition is referred to as ’basic’ and it follows that
LV = LV,c. Otherwise, the transition is referred to as ’divided’ with LV > LV,c.

LV

LV,c

a
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∆s
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Figure 2.5.: Courses of the left and right shoulder within a superelevation transition
between cross slopes qp,1 and qp,2.



14 Characterisation of Pavement Surface Runoff

For drainage capability the central part of a divided superelevation transition is
crucial because cross slope drops below the minimum value qp,min. The design of
the central part is thus strictly regulated by the guidelines. Since the central part
corresponds to a basic transition, the geometry of a basic transition is considered
exclusively herein.

Due to the change in superelevation, the shoulders are inclined with respect to the
longitudinal slope by the relative gradient ∆s defined by:

∆s =
qp,1 − qp,2

LV,c
a. (2.3)

To ensure sufficient drainage capability, ∆s is limited to a minimum value of 0.1 a. If
the axis of rotation is located in the centre of the cross section the maximum allowed
central transition length LV,c can therefore be determined from Equation (2.3) as

LV,c,max =
qp,min − (−qp,min)

0.1 a
a =

2.5 − (−2.5)
0.1 a

a = 50 (2.4)

If ∆s falls below the minimum value and LV,c exceeds 50 m, drainage capability
decreases. For reasons of driving dynamics ∆s is also limited to a maximum value,
which is ∆s = 0.9 %. Besides ∆s, the guidelines also suggest a minimum longitudinal
slope in superelevation transitions of s = 1 % to ensure sufficient drainage. Especially
for three and four lane cross sections, the drainage capability in transition zones
worsens even if the design regulations are met. Then, additional measures have to
be applied, such as the installation of additional inlets, the use of porous asphalt or
the construction of a diagonal superelevation transition [95].

2.1.4. Surface Texture

Pavement surface texture is a parameter which affects the road and riding charac-
teristics in many ways. Some examples are noise generation, rolling resistance, skid
resistance, splash and spray and surface runoff. The term texture is defined as the
deviation of the real pavement texture from an even surface within a specified wave-
length range. On the basis of wavelength λt, four ranges are distinguished [33]:

• microtexture: λt < 0.5 mm,

• macrotexture: 0.5 mm ≤ λt < 50 mm,

• megatexture: 50 mm ≤ λt < 500 mm and

• unevenness: 500 mm ≤ λt.
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Microtexture mainly affects skid resistance and is not considered further. The range
of interest with respect to surface runoff is macrotexture, which affects the runoff in
two ways. First, the texture provides a retention volume which depends on texture
depth. If the present water volume totally occupies the retention volume, there
is no continuous water film on the pavement. It is assumed that in this case, no
considerable flow takes place. Second, the texture constitutes a rough surface which
generates resistance to flow. This leads to retarded surface runoff and bigger water
depths. Megatexture and unevenness also influence surface runoff. They can be
described by varying bottom slopes and are treated as irregular bottom topography.
They are not considered in this section.

The depth of the pavement texture is highly variable and differs with the surface
cover used as wearing course. Table 2.3 displays the distribution of surface cov-
ers for the total network of German Federal Highways (freeways). Data originates
from the Federal Highway Research Institute (BASt), effective 2006. Asphalt pave-
ments form the majority with 57 %, these include stone matrix asphalt (SMA), dense
graded asphalt (DGA) and open graded asphalt (OGA) surface covers. Concrete
pavements make up 22 %.

SMA DGA OPA Concrete Others

32 % 23 % 2 % 22 % 21 %

Table 2.3.: Surface covers on German Federal Highways in percent (BASt).

Asphalt surface covers have a natural texture originating from the mixture of aggre-
gates and bitumen. The texture mainly varies with the gradation of aggregates. In
contrast, concrete covers have to be textured artificially after construction because
aggregates are totally covered by cement. Texturing techniques are regulated in [42].
Some examples are the screeding of the surface with a jute fibre cloth or artificial turf.
The most common technique, which has become standard for German freeways is
to wash out the concrete surface to expose the aggregate structure.

The characterisation of the pavement surface texture is important for pavement man-
agement applications and quality control as well as for further research on the effects
of texture on noise, skid resistance and runoff. Parameters used for the characteri-
sation of the macrotexture can be of volumetric, geometric or hydraulic type. A
well-known and widely used volumetric parameter is mean texture depth k. It is de-
termined by the sand patch method [52]. A known volume V of glass beads or sand
is distributed evenly over the pavement surface to form a circle, completely filling
the surface voids as shown in Figure 2.6. The diameter D of the circle is measured
and used to calculate the mean texture depth by:

k =
4V

πD2 . (2.5)
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Thus, mean texture depth corresponds to the height of a cylinder with volume V.
The advantage of this method is its easy application. Results may vary strongly
though depending on the user.

D

k

Figure 2.6.: Mean texture depth k determined with the sand patch method.

The fast development of digital profile measurement techniques enables the deter-
mination of geometric parameters on the basis of texture profile analysis. The anal-
ysis of pavement surface texture profiles is regulated by [33]. The two dimensional
equivalent to mean texture depth is the estimated texture depth, which in turn is
based on the geometric parameter mean profile depth (MPD). For the determina-
tion of mean profile depth the baseline of a sample, which is 100 mm in length, is
divided in two equal halves as shown in Figure 2.7. The texture peaks of each half
zmax,1 and zmax,2 are detected and mean profile depth is calculated as:

MPD =
zmax,1 − zmax,2

2
− zavg [mm] (2.6)

where zavg is the average profile depth. Finally, the estimated texture depth is deter-
mined via the empirical correlation:

ETD = 0.8 MPD + 0.2 [mm]. (2.7)

In general, results of profile analysis should be preferred to those of a volumetric
approach due to higher accuracy and reproducibility. However, the volumetric
method is still heavily used because there is no sound evaluation scheme for the
estimated texture depth.

MPD

zmax,1 zmax,2

zavg

base line 1 base line 2

Figure 2.7.: Determination of mean profile depth from profile analysis.
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Besides volumetric and geometric parameters such as the mean and estimated tex-
ture depth, textures can be characterised by the hydraulic parameter ks (equivalent
sand grain roughness). It represents an artificial roughness consisting of equally
sized spheres with diameter ks. It goes back to Nikuradse who did extensive exper-
iments to discover the influence of roughness on pipe flow [89]. Roughness was
generated by equally sized sand grains. Still, ks is one of the most important pa-
rameters to classify fluid flow over rough surfaces. It can only be determined in
hydraulic experiments. For various textures, ks-values are listed in tables, e.g. in
[26] or [62]. There are also approaches to estimate ks via the grain size distribution
obtained from sieving analysis [34].

2.2. Hydraulic Characterisation

Two types of parameters are important within a hydraulic characterisation: param-
eters which are related to the fluid itself (fluid properties) and parameters which
describe the behaviour of the flow (flow properties). In the following, fluid and
flow properties relevant for pavement surface runoff are shortly presented.

2.2.1. Fluid Properties

Density

Density ρ is defined as the mass per unit volume

ρ =
m
V

[kg/m3]. (2.8)

If a change in pressure or temperature significantly affects density a fluid is said to
be compressible. If density is constant and

dρ

dt
= 0 (2.9)

a fluid is called incompressible. The density of water only slightly changes with
temperature. In free surface flow applications, water is usually treated as an incom-
pressible fluid with ρ = 1000 kg/m3 = const.

Viscosity

Viscosity is a measure of internal friction. It describes the resistance of a fluid against
shear stresses. A fluid is defined as Newtonian fluid if the shear stresses τ are pro-
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portional to the velocity gradient perpendicular to the direction of shear

τ = µ
du
dx

. (2.10)

In the equation, the proportionality factor is the dynamic viscosity µ. The kinematic
viscosity is defined as

ν =
µ

ρ
[m2/s]. (2.11)

The viscosity of water decreases with increasing temperature. At 20◦ C
µ = 10−3 kg/(m s). Since viscosity of water changes only slightly with tempera-
ture, it is usually set constant. In many applications it is even neglected and treated
as a frictionless fluid because viscosity is very small. As an example, the dynamic
viscosity of engine oil is µ = 10−1 kg/(m s) at 25◦ C. The viscosity of bitumen can
even range from 104

< µ < 1010 kg/(m s).

2.2.2. Flow Properties

Free surface flows can be classified according to the following criteria:

• temporal variation,

• spatial variation,

• internal flow conditions and

• direction of information propagation.

Temporal Variation

If the flow variables at a given location do not change with respect to time, a flow is
called steady. In contrast, if flow variables at a given location do change with respect
to time, the flow is unsteady. Pavement surface runoff can be clearly characterised
as an unsteady flow, which, after a certain time reaches the steady state presumed
that the rain event lasts long enough.

Spatial Variation

Considering a change of flow variables with respect to space, a flow can be uni-
form or varied. Uniform flow behaviour implies that the flow variables do not
change along the flow path and that the cross section of the flow remains constant.
If flow variables change along the flow path, one distinguishes between gradually
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flow velocity

Fr < 1 (subcritical) Fr = 1 (critical) Fr > 1 (supercritical)

Figure 2.8.: Information propagation in subcritical, critical and supercritical flow.

varied and rapidly varied flow. In gradually varied flow, flow variables change
slightly what may be caused by relatively smooth changes in bottom slope or tex-
ture. Rapidly varied flow is caused by abrupt changes for example in geometry
(weirs, overfalls, change in cross section etc.). In those cases, the cross section of
flow does not remain constant.

Due to rainfall, flow depth of pavement surface runoff is neither constant over time
nor space. Furthermore, changes in bottom topography and texture influence the
flow depth. Therefore, pavement surface runoff is a gradual varying flow.

Direction of Information Propagation

The ratio of inertial to gravitational forces is defined as the Froude Number

Fr =
u

√
gh

(2.12)

where u represents the mean flow velocity and
√

gh the celerity of a gravity wave
travelling on the surface of the flow. The Froude Number is the equivalent to the
Mach Number in aerodynamics. It decides whether information is transported up
and downstream or only in downstream direction. Figure 2.8 illustrates this issue.
If the wave celerity is slower than the mean flow velocity, Fr < 1 and the flow is
called subcritical. In this case, information is transported up and downstream what
can give rise to backwater effects. If the wave celerity travels faster than the mean
flow, Fr > 1 and information is only transported downstream. This is called the su-
percritical state. Typical phenomena of supercritical flow are discontinuous effects
like shock waves. When, due to changes in channel geometry or bottom slope, flow
changes from super to subcritical or vice versa, Fr = 1 at a certain location. This is
called the critical flow state. Especially for free surface flows, the critical flow state is
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laminar

turbulent

Figure 2.9.: Flow over an airfoil [32].

very important. It allows, for example, the determination of the discharge at weirs
and overfalls. At the critical flow state, discharge becomes maximum.

The flow condition of pavement surface runoff is mainly subcritical. If water accu-
mulates in ruts or is transported along the curb, flow can also become supercritical.
The flow condition does not affect the mathematical model used. It rather affects
the implementation of the boundary conditions because it defines the direction of
information propagation at the boundary.

Internal Flow Condition

The internal flow condition can be either laminar or turbulent. Figure 2.9 shows the
flow over an airfoil where both flow regimes are present. The direction of flow is
from right to left. Beneath the airfoil, flow is laminar. Laminar flow appears as a
movement of thin fluid layers which do not interfere and therefore streamlines do
not intersect. The flow regime above and behind the airfoil is turbulent. Turbulent
flow is characterised by a chaotic movement of the fluid particles and intersecting
streamlines. Turbulence exerts two effects on the flow. First, the turbulent motion
increases resistance to flow. Second it is responsible for dispersion processes and
therefore plays an important role when transport processes are modelled. There
are various approaches to model turbulence. A review of turbulence models can be
found in [81].

The internal flow condition is defined by the ratio of inertial and viscous forces. It is
known as the dimensionless Reynolds Number

Re =
urh

ν
(2.13)
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where u is the depth-averaged velocity, rh the hydraulic radius and ν the kinematic
viscosity. Pavement surface runoff is characterised by a small flow depth compared
to the flow width. Therefore, the Reynolds Number can be formulated as:

Re =
uh
ν

(2.14)

with h as the flow depth.

If viscous forces dominate, Re becomes small and the flow is laminar. At higher
Reynolds Numbers, inertial forces dominate and flow is characterised as turbulent.
In between, there is a transitional zone where both forces influence the flow. This
transitional zone can not be clearly defined and its extension strongly varies with the
underlying flow. For simplification, a critical Reynolds Number is defined, which
characterises the turnover of a flow regime from laminar to turbulent for practical
purposes. In pipe flow, Recrit = 2300 is used as turnover what roughly corresponds
to Recrit = 600 in free surface flows due to the changed hydraulic radius (rh = 4 h
for pipes). In overland flow Recrit = 1000 is proposed for smooth surfaces. For
vegetated surfaces the critical Reynolds Number goes even up to Recrit = 105 [63].

The internal flow condition of pavement surface runoff can not be strictly identi-
fied as laminar or turbulent. Many publications have presumed laminar flow since
water depth and velocity are fairly small [64, 68, 116]. In [25] and [61] though, mea-
surements yielded Reynolds Numbers from 80 < Re < 17.000. However, the rain-
fall intensity in these experiments varied from i = 1.6 - 4.2 mm/min, what can be
classified as a very heavy rain storm referring to Table 2.1. Experiments in [95], in
turn, lead to Re < 6000 for i < 1.5 mm/min. Recalling the definition of the critical
Reynolds Number for free surface flows (Recrit = 600) and fairly smooth overland
flows (Recrit = 1000) pavement surface runoff covers the whole range from laminar
to turbulent. Keeping in mind the unknown extension of the transitional zone and
the fact that even i = 1.5 mm/min already corresponds to a heavy rain storm event,
pavement surface runoff will mainly be in the laminar and transitional flow regime.

2.3. Summary and Conclusions for Model
Development

In the previous sections, parameters influencing pavement surface runoff and its hy-
draulic nature were discussed. For model development, the following conclusions
can be drawn.

Pavement surface runoff is a time-dependent process. Although the steady state
constitutes the worst case with respect to hydroplaning, the model should be time-
dependent to include wetting and drying processes and to avoid an overestimation
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of water depths when bottom topography is irregular. The main generator of surface
runoff is rainfall. It can be considered as volumetric source which can vary in space
and time.

Although many models use a one dimensional flow equation working along flow
paths, pavement surface runoff is at least a two dimensional process. The direction
of flow is determined by the surface geometry. Elements used for road alignment are
mathematically defined. Therefore, they can be easily incorporated into the model
via mathematical functions. For more complex roadway geometries, e.g. at intersec-
tions, and to account for the effect of megatexture and unevenness the model should
also be able to process topographic point data originating from a design software or
from lidar measurement data.

Besides roadway geometry, flow resistance significantly influences surface runoff.
Among other factors like wind or raindrop impact, which are neglected, pavement
surface texture is the most relevant parameter. Consequently, the pavement´s macro-
texture is included as an explicit parameter to model flow resistance. Pavement sur-
face textures strongly vary with time and of course with the material used. There-
fore, the flow resistance model should be able to handle variable macrotextures.

The internal flow condition of pavement surface runoff covers the complete range
from laminar to turbulent. However, the focus is not on modelling dispersion effects.
Instead, the increased flow resistance due to turbulence is of interest. Therefore, tur-
bulence is not explicitly modelled. Implicitly, it is included in the resistance model
since turbulence effects were present in the experiments.

Unlike in open-channel flow, the flow depth of pavement surface runoff is fairly
small compared to the horizontal scale. In addition, surface runoff is dominated by
horizontal movements. Therefore, two simplifications can be made. First, the ver-
tical velocity component is much smaller than the horizontal velocity components
and consequently a hydrostatic pressure distribution can be assumed. Second, the
horizontal velocity components are distributed equally over flow depth and the ver-
tical velocity component can be omitted. This leads to depth-averaged equations. A
set of equations describing depth-averaged gravity-driven free surface flows are the
Shallow Water Equations (SWE). Due to the assumption of a hydrostatic pressure
distribution the Shallow Water Equations are only applicable with gentle bottom
slopes. According to [60], the maximum slope should not exceed 10 %. The guide-
lines for highway design propose a maximum longitudinal slope of 6 % for EKA 1 A
[41] . In the majority of cases, except very steep urban or rural roads, the Shallow
Water Equations are therefore applicable to describe pavement surface runoff. The
derivation and characterisation of the Shallow Water Equations is done in the fol-
lowing chapter.



3. The Shallow Water Equations

In Chapter 2, the relevant parameters and characteristics of pavement surface runoff
were discussed. Based on the findings, the two dimensional, depth-averaged Shal-
low Water Equations are chosen to describe the flow. Research on the Shallow Wa-
ter Equations is still a subject of high interest to mathematicians, physicians and
engineers. On the one hand, numerical methods are continuously developed and
enhanced to improve the reproduction of the mathematical characteristics of the
equations. On the other hand, the Shallow Water Equations are applied to practi-
cal flow problems. There is a wide range of applications in coastal and hydraulic
engineering. A good overview is given in [110]. A few examples are: wave run up
estimation and tsunami simulation, dam break and flood wave propagation, simu-
lation of waves caused by landslides, flood plain inundation in combination with
the simulation of the transport of dissolved substances or the design of urban sewer
systems.

This chapter deals with the derivation of the Shallow Water Equations starting from
the most general formulation of fluid motion on the continuum scale. Afterwards,
the Shallow Water Equations are characterised mathematically. This strongly influ-
ences the choice of the numerical method used to solve the equations.

3.1. Derivation

Fluid motion is described using the fundamental concept of conservation of the ex-
tensive fluid properties. Extensive fluid properties are for example mass, momen-
tum and energy. They depend on the system size. The opposite of extensive proper-
ties are intensive properties. They are independent of the system size e. g. velocity.
The concept of conservation states that the extensive fluid and flow properties in a
considered volume can not appear or dissappear without any reason. Such reasons
may be flux across the volume´s boundary, source or sink terms or forces acting
on the volume. Applying the concept of conservation allows to formulate a general
conservation law for fluid motion, which constitutes a continuum approach for fluid
dynamics. Since this issue is regarded essential, the derivation of the general con-
servation law is presented herein before dealing with the derivation of the Shallow
Water Equations in particular.
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3.1.1. Reynolds Transport Theorem

The mathematical description of fluid motion on the continuum scale is based on
two approaches, namely the Lagrangian and Eulerian approach. Both approaches
object to model the change in fluid properties over time as well as in space. If a single
fluid particle is considered, the Lagrangian description tracks this particle on its way
through the flow field. In contrast, the Eulerian description establishes a fixed point
respectively frame in space and monitors how fluid particles are passing by. The
extension to a volume filled with fluid particles yields the following definitions:

• System: a system is a volume which is always defined by the same particles.
Therefore, no particles can cross the system’s boundary. The shape of the sys-
tem and its position do however change with time. If the system size is re-
duced to zero it equals a single particle (Lagrangian description).

• Control volume (CV): a control volume is a fixed frame. Particles cross the
control volume’s boundaries as they pass along. The volume and position of
a control volume do not necessarily change with time. If a control volume
is reduced to zero it equals a single fixed point or frame in space (Eulerian
description).

Applying the Lagrangian description, the change of an extensive fluid property
Φ(x, y, z, t) of a fluid particle can be described by:

dΦ(x, y, z, t)
dt

=
∂Φ

∂t
+

∂Φ

∂x
∂x
∂t

+
∂Φ

∂y
∂y
∂t

+
∂Φ

∂z
∂z
∂t

(3.1)

what can be rearranged to

dΦ(x, y, z, t)
dt

=
∂Φ

∂t
+ Φ(v · ∇) (3.2)

where v is the three dimensional velocity vector. Equation (3.2) is called the material
or total derivative of Φ, which is split into a temporal part and a convective part. The
temporal part accounts for the change of Φ over time at a fixed position whereas the
convective part accounts for the change in Φ due to the shift in space generated
by the particle’s velocity. Generally, the same considerations apply for a system.
In fluid dynamics, the Eulerian approach is usually preferred to the Lagrangian.
The transformation of Equation (3.2) to the Eulerian description is done using the
Reynolds Transport Theorem, which will be derived subsequently.

A system of fluid particles Vsys is considered, which coincides with a control volume
VCV at time t as shown in Figure 3.1. The control volume is further assumed to be
fixed. After a time ∆t the system volume has partially moved out of the control
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t t + ∆t

V′

V

V′′

streamlines streamlines

VCV

VCV = Vsys,t

Vsys,t+∆t

Figure 3.1.: Position of a control volume VCV and system Vsys at times t and t + ∆t.

volume along the streamlines and may have changed in shape. The change of Φ

over time can be written as:

dΦ

dt
= lim

∆t→0

(ΦVSys,t+∆t − ΦVSys,t)

∆t
. (3.3)

Equation (3.3) can be rearranged applying the following definitions: Let V be the
volume which is occupied by both states t and t + ∆t. Further, let V′ be the part
of the control volume which is not occupied by the system and V′′ the part of the
system which is not within the control volume. Then, the change of Φ over time
reads:

dΦ

dt
= lim

∆t→0

(ΦV,t+∆t + ΦV′′,t+∆t)− (ΦV,t + ΦV′,t)

∆t
. (3.4)

Setting ΦV,t+∆t = ΦVCV,t+∆t − ΦV′,t+∆t and rearranging the equation finally yields

dΦ

dt
= lim

∆t→0

ΦVCV,t+∆t − ΦVCV,t

∆t
+ lim

∆t→0

ΦV′′,t+∆t − ΦV′,t

∆t
. (3.5)

Equation (3.5) also consists of two parts. The first part accounts for the change of
Φ within the control volume. The second part accounts for the change of Φ caused
by the shift in space, which transports Φ across the control volume’s surface. This
shift is further on referred to as flux. The flux through the surface ACV of the control
volume can be formulated as

∫

ACV

Φ v · n dACV (3.6)

where v is the velocity vector and n the normal vector of the surface. The change of
Φ in the control volume can therefore be expressed as

d
dt

∫

VCV

Φ dVCV =
∫

VCV

∂

∂t
Φ dVCV +

∫

ACV

Φ v · n dACV (3.7)
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and applying the Gauss Theorem

d
dt

∫

VCV

Φ dVCV =
∫

VCV

∂

∂t
Φ dVCV +

∫

VCV

∇ · (Φ v) dVCV. (3.8)

Since the control volume is assumed to be fixed (time-independent in shape and
position), the partial time derivative on the right side of Equation (3.8) can be moved
in front of the integral. This yields:

d
dt

∫

VCV

Φ dVCV =
∂

∂t

∫

VCV

Φ dVCV +
∫

VCV

∇ · (Φ v) dVCV. (3.9)

Equations (3.8) and (3.9) are called the Reynolds Transport Theorem. It transforms
the differential formulation of fluid motion to an integral formulation referenced to
a control volume. Physically, it states that the rate of change of a fluid property de-
pends on the change in the control volume and the net flux through the control vol-
ume´s surface. Besides the flux, source terms or forces acting on the control volume
can influence the rate of change of a property. By adding source terms and relevant
forces to the basic equation (Equation (3.8)), a variety of continuum scale conserva-
tion laws can be derived. In the subsequent section, the Navier-Stokes Equations are
derived using the Reynolds Transport Theorem. Further reading about the Reynolds
Transport Theorem can be found in [55] or [92].

3.1.2. Navier-Stokes-Equations

The Navier Stokes Equations are the basic equations in fluid dynamics to model
Newtonian fluids on a continuum scale. They are subsequently derived using the
Reynolds Transport Theorem (3.1.1). The derivation presented herein is done for
an incompressible fluid and laminar flow conditions. The extensive properties of
the flow are mass and momentum. Due to incompressibility also a temperature-
independent flow is assumed. Consequently, energy as a third extensive property is
neglected. The extensive properties are further on called conserved variables.

Conservation of Mass

The mass of a volume is defined by its density as m = ρV. Following Equation (3.9)
mass conservation can be formulated as:

∂

∂t

∫

V

ρ dV +
∫

∂V

ρ v · n dA = q, (3.10)
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where q is a source term. If the fluid is incompressible, change in density over time
is zero and the equation reduces to:

∫

∂V

v · n dA = q. (3.11)

Conservation of Momentum

According to Newton’s second law, momentum is defined as the product of mass
and velocity (m · v). The change of momentum per unit time is a force

F =
d(m · v)

dt
= m · a

with a being the acceleration, assuming that mass does not change with time. Source
terms influencing momentum can be any type of force acting on the control volume.
These can be surface forces due to shear stresses τ or pressure p:

Fsurface = τ · nA −∇pV

and forces acting on the volume, like gravity forces:

Fvolume = ρgV.

If momentum and source terms are inserted in Equation (3.9), the conservation of
momentum can be written as:

∂

∂t

∫

V
ρv dV +

∫

∂V
(ρv) v · n dA =

∫

∂V
τ · n dA −

∫

V
∇p dV +

∫

V
ρg dV. (3.12)

Equation (3.12) in combination with (3.11) are called the Navier-Stokes Equations.
In differential notation, the equations can be formulated as:

∇ · v = q

ρ
dv

dt
= −∇p +∇τ + ρg.

(3.13)

To close the system of four partial differential equations and five unknowns an ad-
ditional relation is needed. It is derived from the property of Newtonian fluids (see
Section 2.2). Inserting Equation (2.10) yields:

∇ · v = q

ρ
dv

dt
= −∇p + µ∇2v + ρg.

(3.14)
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To this day, the Navier Stokes Equations are the standard in the mathematical de-
scription of fluid dynamics on the continuum scale and no one has yet obtained a
general analytical solution to them. In many practical flow problems not necessarily
all forces and fluid properties which were described above are relevant. This leads
to simplified equations such as the Euler or the Shallow Water Equations (SWE),
which are presented in the following sections.

3.1.3. Incompressible Euler Equations

Shear stresses in a fluid are conveyed by fluid viscosity. The Euler Equations hold
for ideal frictionless fluids where no shear stresses due to viscosity appear. It fol-
lows that µ = 0 and τij = 0. With this simplification and assuming that gravity
acts in z-direction of a cartesian coordinate system, the Navier-Stokes Equations in
differential form can be simplified to obtain the Incompressible Euler Equations as
follows:

∂u
∂x

+
∂v
∂y

+
∂w
∂z

= 0

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

+ w
∂u
∂z

= −1
ρ

∂

∂x
p

∂v
∂t

+ u
∂v
∂x

+ v
∂v
∂y

+ w
∂v
∂z

= −1
ρ

∂

∂y
p

∂w
∂t

+ u
∂w
∂x

+ v
∂w
∂y

+ w
∂w
∂z

= −1
ρ

∂

∂z
p − g.

(3.15)

3.1.4. Shallow Water Equations

If water is treated as an ideal frictionless fluid, the Shallow Water Equations can
be derived from the Incompressible Euler Equations by integrating them over flow
depth. Figure 3.2 shows the variables of the Shallow Water Equations. Flow vari-
ables are water depth h and the two horizontal velocity components u and v. Bottom
elevation is denoted with zb and water level with η. The water level is the sum of
bottom elevation and water depth. In contrast to the Incompressible Euler Equa-
tions, the Shallow Water Equations represent flows with a free surface. Further on,
a hydrostatic pressure distribution is assumed. Before the depth-averaged Shallow
Water Equations are derived via integration over flow depth, the Incompressible
Euler Equations are further simplified by application of the hydrostatic pressure
condition and the condition for the free surface.
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Figure 3.2.: Variables used in the Shallow Water Equations.

Hydrostatic Pressure Condition

The hydrostatic pressure condition implies that the vertical velocity component is
much smaller than the horizontal components: w << u and v. Therefore, the
momentum equation in z-direction of Equation (3.15) reduces to

∂

∂z
p + ρg = 0. (3.16)

Integrating this over flow depth and assuming constant density over depth yields

p(z) = pref + ρg(zb + h − z), (3.17)

where pref stands for a spatially constant reference pressure, e.g. atmospheric pres-
sure. In the following, Equation (3.17) is differentiated in x and y-direction to apply
the hydrostatic pressure condition to the momentum equations. Differentiation in
x-direction yields:

∂

∂x
p(z) =

∂

∂x
pref + ρg

∂

∂x
(zb + h)

and with spatially constant pref:

∂p
∂x

= g(
∂zb

∂x
+

∂h
∂x

). (3.18)

For the y-direction, the same holds:

∂p
∂y

= g(
∂zb

∂y
+

∂h
∂y

). (3.19)
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Inserting Equations (3.18) and (3.19) in the Incompressible Euler Equations yields
the three dimensional Shallow Water Equations:

∂u
∂x

+
∂y
∂y

+
∂w
∂z

= 0

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

+ w
∂u
∂z

= −g(
∂zb

∂x
+

∂h
∂x

)

∂v
∂t

+ u
∂v
∂x

+ v
∂v
∂y

+ w
∂v
∂z

= −g(
∂zb

∂y
+

∂h
∂y

)

(3.20)

Boundary Conditions for Free Surface Flow

If the water depth is very small compared to the horizontal scale of the domain it
can be supposed that the vertical changes of the horizontal velocity components are
negligible and therefore depth-averaged values are justifiable. When integrating the
Shallow Water Equations over depth, the boundary conditions for free-surface flow
have to be considered. They are of kinematic and dynamic nature.

The kinematic boundary condition states that for a free surface flow over a non-
infiltrating bottom, no water can penetrate into the air or ground (free-slip condition
[57]). Therefore, the contribution of the velocity vector normal to the ground nb
is zero unless there is a source or sink. At the water level the contribution of the
velocity vector normal to the water level nη has to equal the change in water level
position ∂η/∂t. The boundary conditions can be formulated as

nb · v =








−∂zb/∂x

−∂zb/∂y

1








·








ub

vb

wb








= −∂zb

∂x
ub −

∂zb

∂y
vb + wb=0

nη · v =








−∂η/∂x

−∂η/∂y

1








·








ub

vb

wb








= −∂η

∂x
uη −

∂η

∂y
vη + wη=

∂η

∂t

where the subscript b refers to the bottom and η to the water level. Solving for the
vertical velocity component at the bottom and at the water level yields:

wb =
∂zb

∂x
ub +

∂zb

∂y
vb (3.21)

wη =
∂η

∂t
+

∂η

∂x
uη +

∂η

∂y
vη. (3.22)

The dynamic boundary condition also implies that the fluid does not move on the
ground: vb = 0.
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Integration over Flow Depth

Using the boundary conditions for free surface flow the two dimensional, depth-
averaged Shallow Water Equations can be obtained by integrating Equation (3.20)
over flow depth. Exemplarily, the integration of the continuity equation and the
momentum equation in x-direction is shown in detail.

The integration of the continuity equation can be written as:

η
∫

zb

∂u
∂x

dz +

η
∫

zb

∂v
∂y

dz +

η
∫

zb

∂w
∂z

dz = 0. (3.23)

For all terms of the equation, the Leibniz Rule has to be applied, which states:

d
∂x

b∫

a

f (x) dz =

b∫

a

∂

∂x
f (x) dz + f (b) · b′(x)− f (a) · a′(x). (3.24)

It follows for the first term of Equation (3.28):

η
∫

zb

∂u
∂x

dz =
d

∂x

η
∫

zb

u dz − uη
∂η

∂x
+ ub

∂zb

∂x
=

∂ũh
∂x

− uη
∂η

∂x
+ ub

∂zb

∂x
(3.25)

where ũ is the depth-averaged velocity defined as

ũ =
1
h

η
∫

zb

u dz. (3.26)

Transformation of the entire continuity equation according to Equation 3.25 yields:

η
∫

zb

(
∂u
∂x

dz +
∂v
∂y

dz +
∂w
∂z

dz) =

=
∂ũh
∂x

+
∂ṽh
∂y

− (uη
∂η

∂x
+ vη

∂η

∂x
− wη) + (ub

∂zb

∂x
+ vb

∂zb

∂y
− wb). (3.27)

Applying the conditions for free surface flow, which give expressions for wb and wH

(Equations (3.21) and (3.22)) and assuming that the bottom zb does not move

∂zb

∂t
= 0,

Equation (3.27) can be simplified to yield the depth-averaged continuity equation:

∂h
∂t

+
∂ũh
∂x

+
∂ṽh
∂y

= 0. (3.28)
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The integration of the momentum equation is splitted in two parts: the integration
of the conservative part and the integration of the pressure gradient:

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

+ w
∂u
∂z

︸ ︷︷ ︸

Conservative Part

= −1
ρ

∂p
∂x

︸ ︷︷ ︸

Pressure Gradient

. (3.29)

The steps of the integration are shown for the momentum equation in x-direction.
The integration in y-direction is done analogically.

Conservative Part For the integration of the conservative part the momentum
equation is transformed to:

η
∫

zb

(
∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

+ w
∂u
∂z

) =

η
∫

zb

(
∂u
∂t

+
∂u2

∂x
+

∂uv
∂y

+
∂uw
∂z

). (3.30)

Applying the Leibniz rule (Equation (3.24)) to the right side of Equation (3.30) yields:

η
∫

zb

∂u
∂t

dz +

η
∫

zb

∂u2

∂x
dz +

η
∫

zb

∂uv
∂y

dz +

η
∫

zb

∂uw
∂z

dz =

=
∂

∂t

η
∫

zb

u dz +
∂

∂x

η
∫

zb

u2 dz +
∂

∂y

η
∫

zb

uv dz + uηwη − ubwb−

−
[

u2
η

∂η

∂t
+ u2

η
∂η

∂x
+ uηvη

∂η

∂y

]

+

[

u2
b

∂zb

∂x
+ ubvb

∂zb

∂y

]

. (3.31)

Inserting the equations for wη and wb (Equation (3.21) and (3.22) and averaging the
velocity according to Equation (3.26) yields:

∂hũ
∂t

+
∂ũ2h
∂x

+
∂ũṽh

∂y
+

∂

∂x

η
∫

zb

(ũ − u)2 dz +
∂

∂y

η
∫

zb

(ũ − u)(ṽ − v) dz.

︸ ︷︷ ︸

Dispersion

(3.32)

The remaining integral expressions describe dispersion effects. They are induced
by a non uniform velocity distribution over depth due to the deviation of the real
velocities from the averaged velocity. Most often, dispersion effects are neglected
[88].
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Pressure Gradient The pressure gradient defined in Equation (3.29) can be rear-
ranged to:

η
∫

zb

−1
ρ

∂

∂x
p(z) dz =

η
∫

zb

− ∂

∂x
g(η − z) dz (3.33)

Applying the Leibniz Rule (Equation (3.24)) yields:

η
∫

zb

∂

∂x
g(η − z) dz =

∂

∂x
g

η
∫

zb

(η − z) dz + g(η − zb)
∂zb

∂x

=
∂

∂x
(

1
2

gh2) + gh
∂zb

∂x
.

(3.34)

The depth-averaged momentum equation in x-direction can finally be stated as:

∂ũh
∂t

+
∂ũ2h
∂x

+
∂ũṽh

∂y
+

∂

∂x
(

1
2

gh2) + gh
∂zb

∂x
= 0. (3.35)

Joining the depth-integrated continuity equation (Equation (3.28)) and the momen-
tum equations, denoting ũ further with u and assuming a flat bottom finally yields
the depth-averaged Shallow Water Equations:
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∂t








h

uh

vh








+
∂

∂x








uh

u2h + 1
2 gh2

uvh








+
∂

∂y








vh

uvh

v2h + 1
2 gh2








=








0

ghS0,x

ghS0,y








(3.36)

Equation (3.60) describes shallow water dynamics for a frictionless fluid without
any source terms besides bottom topography S0. However, rainfall and flow re-
sistance are relevant parameters when modelling pavement surface runoff. In the
subsequent sections, the corresponding source terms are presented.

3.2. Source Terms

3.2.1. Rainfall

Rainfall is considered as a positive source term Qr = qr(t) [m/s] in the continuity
equation:

∂h
∂t

+
∂(uh)

∂x
+

∂(vh)
∂y

= qr(t). (3.37)

The source term can also be negative if infiltration or evaporation processes are de-
scribed.
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3.2.2. Topography

The topography source term Q0 = ghS0 in the Shallow Water Equations evokes
from the hydrostatic pressure condition and the integration over flow depth. It rep-
resents the influence of the gravitational forces on momentum, which are caused by
bottom slope. Therefore, it is a source term in the momentum equations:

∂(uh)
∂t

+
∂(u2h + 1

2 gh2)

∂x
+

∂(uvh)
∂y

= ghS0,x

∂(vh)
∂t

+
∂(uvh)

∂x
+

∂(v2h + 1
2 gh2)

∂y
= ghS0,y

(3.38)

Bottom slope can be determined by:

S0 =




∂zb/∂x

∂zb/∂y



 . (3.39)

3.2.3. Flow Resistance

Flow resistance in free surface flows can be interpreted as a shear stress which coun-
teracts gravity and retards the flow. Therefore, it affects water depth and it is cru-
cial to be represented adequately. Depending on the application, flow resistance
is a combination of surface or bottom resistance, shape resistance, wave resistance,
resistance associated with unsteadiness of flow, rain resistance or wind resistance
[2, 34, 68, 112]. Bottom resistance shall be considered exclusively herein. Bottom
and shape resistance can only be modelled exactly by Direct Numerical Simulation
(DNS)[81]. This is computationally intensive and not possible for highly heteroge-
neous surface textures like pavement surfaces. As a consequence, empirical based
resistance laws are commonly used.

Flow resistance in the Shallow Water Equations can be viewed as a nonlinear sink
of momentum and is therefore treated as a source term in the momentum equations.
In analogy to bottom slope a friction slope Sf is defined. The friction slope is linked
to bottom shear stress τb by

Sf gh = τb. (3.40)

For a two dimensional flow τb can be estimated empirically by

τb,x = ξ u
√

u2 + v2, τb,y = ξ y
√

u2 + v2 (3.41)

where ξ is the empirical resistance coefficient [77]. The resistance coefficient varies
with the underlying resistance equation. In the following, three well-known em-
pirical flow resistance equations are described, which are commonly used with the
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Shallow Water Equations: the Darcy-Weisbach [37], Chézy [108] and Manning equa-
tion [6, 10, 15, 18, 20, 70, 78, 77, 86, 109, 113]. A detailed review of these equations
is given in [14] and [102]. In Chapter 2 pavement surface runoff was characterised
as gradually varied flow. All existing flow resistance equations, however, presume
uniform flow conditions.

Darcy-Weisbach

The Darcy-Weisbach equation was originally developed to describe the frictional
head loss hf for uniform and steady pipe flow depending on pipe length L, diameter
D and an empirical resistance coefficient f to

hf = f
L
D

ũ2

2g
(3.42)

where ũ is the depth averaged velocity. For laminar flow, Hagen and Poiseuille found
the relationship

f =
64
Re

. (3.43)

It states that the resistance coefficient decreases inversely with the Reynolds Num-
ber and that the roughness of the pipe does not explicitly influence flow resistance
in the laminar flow regime.

For the turbulent flow regime, boundary layer theory, which was introduced by
Ludwig Prandtl, provides the theoretical background for an estimation of f . This fact
is significant in two ways. First, the Darcy-Weisbach resistance coefficient is the only
empirical resistance coefficient which can be derived from a theoretical background.
Second, boundary layer theory provides the basic equations for its determination.
For this reason, the basic ideas are presented herein. For detailed information about
boundary layer theory the reader is referred to [100] or [111].

At high Reynolds Numbers (fully turbulent flow), a boundary layer develops when
a fluid passes a solid body. Flow resistance, which is induced between fluid and
solid surface, requires the no slip condition. Therefore, flow velocity is zero at the
bodies surface. This, in turn, induces a difference in velocity from free flow to zero.
This velocity gradient is confined to the boundary layer. Following this definition,
a turbulent flow can be divided in two parts: the boundary layer where friction
dominates and an outer layer where friction can be neglected. Flow in a boundary
layer can be laminar or turbulent. Transition occurs after a certain length x in flow
direction and can be estimated by the critical Reynolds Number

Recrit = (ũx)/ν. (3.44)
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Figure 3.3.: Velocity profile for turbulent flow.

According to [100] Recrit lies between 3 · 105 and 3 · 106 such that for pipe or open
channel flow where flow paths are long, the turbulent boundary layer prevails. Fig-
ure 3.3 shows a velocity profile with a turbulent boundary layer. Besides the fric-
tionless outer layer with free flow velocity U, two additional layers can be defined
which both belong to the boundary layer. Close to the solid boundary, a very thin
viscous sublayer develops. In this layer flow velocity is only influenced by fluid vis-
cosity and the velocity gradient in this layer can assumed to be linear. The second
layer connects the viscous sublayer and the outer turbulent layer. In the outer layer
friction is independent of viscosity and only influenced by turbulent shear stresses.
The velocity profile of the connecting layer can be derived with the mixing length
theory as proposed by Prandtl, for example described in [1] or [34]. It states that the
turbulent shear stresses τt is proportional to the square of the mixing length l2 and
the velocity gradient (du/dy)2:

τt = ρ l2
(

du
dy

)2

. (3.45)

At the solid boundary, τt equals the wall shear stress τw, which is defined by friction
velocity

u∗ =
√

τw

̺
. (3.46)

It is assumed that mixing length varies linearly with distance y to the boundary and
the dimensionless von Kármán constant κ. Applying the boundary condition for the
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shear stresses τt(y = 0) = τw (Equation (3.45)) and integrating the result yields

u(y)
u∗ =

1
κ

ln(y) + C. (3.47)

The integration constant C depends on the conditions at the solid boundary and
is used to connect the velocity profile of the viscous sublayer to the logarithmic
profile. Nikuradse did extensive experiments in rough pipes [89]. Roughness was
artificially generated by sand grains of equal size which were glued to the pipe
wall. The roughness parameter defined is equivalent sand grain roughness already
mentioned in Section 2.1.4. Depending on ks Nikuradse formulated an universal law
for the velocity profile, which is valid for smooth and rough surfaces

u(y)
u∗ =

1
κ

ln
(

y
ks

)

+ C(Re∗) (3.48)

with Re∗ = (u∗ks)/ν as the grain Reynolds Number. Depending on Re∗, three dif-
ferent flow regimes are defined [34]:

• Re∗ < 5: hydraulically smooth flow

• 5 ≤ Re∗ ≤ 70: transition

• Re∗ > 70: hydraulically rough flow.

In hydraulically smooth flow, the viscous sublayer exceeds the roughness heights
whereas in hydraulically rough flow, the viscous sublayer is well below the rough-
ness heights.

According to [111], the logarithmic layer approximates almost the entire velocity
profile whereas the viscous layer only extends over about 2 percent of the profile
and therefore can be neglected. For this reason the logarithmic approach is sufficient
to solve most of turbulent flow problems in pipes. Considering a uniform pipe flow
problem, head loss can be expressed in terms of the wall shear stress τw by means
of a momentum balance in flow direction as

h f =
4τwL
̺gd

. (3.49)

Equating 3.49 and 3.42 yields

f =
8τw

̺ũ2 . (3.50)

Combining this with the definition of the friction velocity (Equation (3.46)) results
in

ũ
u∗ =

(
8
f

)1/2

(3.51)
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where ũ represents the average velocity in the boundary layer which can be deter-
mined by integrating eq. 3.48. With this formulation the velocity distribution in the
boundary layer can readily be used to give an estimation for f .

Several equations were developed to estimate f for turbulent flow in smooth and
rough pipes. Using the concept of hydraulic radius rh, the approach can also
adapted to open-channel flow. Here, friction velocity can be expressed as

u∗ =
√

grhS0. (3.52)

Setting rh = h in Equation (3.52) and assuming steady state S0 = Sf, Equation (3.51)
yields the expression for S f in one dimension

Sf = f
ũ2

8gh
. (3.53)

In two dimensions, friction slope can be formulated following Equations (3.40) and
(3.41) as:

Sf,x = f
u
√

u2 + v2

8gh
and Sf,y = f

v
√

u2 + v2

8gh
. (3.54)

Two dimensional flow is depth-averaged. Therefore, the velocity components u and
v correspond to the depth-averaged velocities ũ and ṽ.

Chézy

Antoine Chézy proposed an equation for flow resistance in open-channels which is

u = C
√

rhSf (3.55)

where rh is the hydraulic radius and C the Chézy resistance coefficient. If the hy-
draulic radius for pipe flow rh = D/4 is inserted into the Chézy equation and Sf is
substituted by h f /L, the comparison with the Darcy-Weisbach equation yields

C =

√
8g
f

. (3.56)

In consequence, Chézy’s coefficient can be directly linked to the Darcy-Weisbach
coefficient. Many attempts have been made to find an adequate estimation for C.
These attempts were not successful since C depends on a variety of parameters be-
sides roughness [26]. According to [102] approaching C with the Darcy-Weisbach
friction coefficient f seems to be the most sound. However, experiments, which
yielded the Chézy equation were done in large channels with shallow flow condi-
tions and high relative roughness. That is why [84] suggests an approximation with
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the resistance coefficient resulting from Manning’s equation (Equation (3.58)), which
is presented in the next paragraph. In the context of the Shallow Water Equations
the Chézy equation is written as

Sf,x =
u
√

u2 + v2

C2h
and Sf,y =

v
√

u2 + v2

C2h
. (3.57)

Manning

Experiments performed by Manning showed that C is proportional to the sixth root
of the hydraulic radius C ∼ r1/6

h . Introducing a proportionality factor n, Chézy’s
equation (3.55) can be written as

V =
1
n

r2/3
√

Sf, (3.58)

which is known as Manning’s equation. Estimation of n is strictly empirical. Man-
nings’s n values are published in tables, which can be found in the basic hydraulic
literature e.g. in [27]. The formulation of the friction slopes for the Shallow Water
Equations using the Manning equation is:

Sf,x = n2 u
√

u2 + v2

h4/3
and Sf,y = n2 v

√
u2 + v2

h4/3
. (3.59)

In open-channel and overland flow, the Darcy-Weisbach, Manning as well as the
Chézy equation is used. However, each equation inherits advantages and disadvan-
tages which should be kept in mind when applying them. The advantage of the
Darcy-Weisbach equation is the fact that f is a dimensionless parameter and that
the equation is able to cover the entire flow regime from laminar to turbulent. A dis-
advantage is the absence of ready f -values. They have to be determined either from
the Moody diagram, by fitting a velocity profile or by directly fitting f to experimen-
tal data. For Manning’s equation many published n-values exist. Disadvantages are
that first, these values are mainly based on experiments in rough channels with high
Reynolds Numbers. The use of Manning’s equation should therefore be limited to
these flow regimes [8, 49, 62, 66] and [87]. Second, Manning’s equation is only ap-
plicable for relative roughness values of 100 < h/k < 10.000 [102]. For pavement
surface runoff, h/k lies between 1.0 and 15, approximately. Therefore, the appli-
cation to pavement surface runoff seems questionable. As already presented, the
Chézy coefficient always depends on f - or n-values, respectively. Therefore, Chézy
is also not considered further.
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Inserting specified source terms, the Shallow Water Equations used in this work can
be formulated as follows:
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uh
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+
∂

∂x
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u2h + 1
2 gh2

uvh








+
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v2h + 1
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=








qr

ghS0,x − ghSf,x

ghS0,y − ghSf,y








. (3.60)

3.3. Mathematical Characterisation

The Shallow Water Equation constitutes a system of partial differential equations.
Partial differential equations can be characterised as parabolic, elliptic or hyper-
bolic. Depending on the type of the equation, different physical phenomena are
described. Elliptic equations for example describe time-independent equilibrium
states in fluid and structural mechanics as well as diffusion dominated thermody-
namic processes. The Shallow Water Equation consists of hyperbolic partial differ-
ential equations. Hyperbolic equations describe wave propagation phenomena as
well as transport processes which are convection dominated. The subsequent sec-
tions deal with the properties of hyperbolic partial differential equations because
they strongly influence the numerical method used.

An extensive mathematical motivated overview of hyperbolic partial differential
equations is given in [29], an overview of hyperbolic partial differential equations
with focus on appropriate numerical methods can be found in [47] and [74]. For
supplementary reading about the characterisation of partial differential equations
in general the reader is referred to [9, 58] and [85].

3.3.1. Hyperbolic Partial Differential Equations

A homogeneous system of m partial differential equations in two space dimensions
is defined by

∂U

∂t
+

∂F(U)

∂x
+

∂F(U)

∂y
= 0 (3.61)

where U denotes the vector of conserved variables and F the numerical flux tensor.
In the Shallow Water Equations, these terms correspond to

U =








h

uh

vh








F =








uh vh

u2h + 1
2 gh2 uvh

uvh v2h + 1
2 gh2








. (3.62)
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As can be seen from the flux tensor, the system is non-linear. Equation (3.61) is
known as the conservative form of a partial differential equation. Using the Jaco-
bians, which are defined by

Jx(U) =
∂(F · nx)

∂U
, Jy(U) =

∂(F · nx)

∂U
(3.63)

the non-linear system can be transformed into its quasi-linear form

∂U

∂t
+ Jx(U)

∂U

∂x
+ Jy(U)

∂U

∂y
= 0. (3.64)

The quasi-linear form of a partial differential equation also determines whether it
is elliptic, parabolic or hyperbolic. A system of partial differential equations is said
to be hyperbolic if the Jacobian has m real eigenvalues and m linearly independent
right eigenvectors. For the Shallow Water Equations, the Jacobians are [4]:

Jx =








0 1 0

−u2 + c2 2u 0

−uv v u








, Jy =








0 0 1

−uv v u

−v2 + c2 0 2v








(3.65)

and the respective eigenvalues are:

λw,1,x = u + c, λw,2,x = u, λw,3,x = u − c

λw,1,y = v + c, λw,2,y = v, λw,3,y = v − c
(3.66)

where c =
√

gh is the celerity of gravity waves. Consequently, the Shallow Water
Equations consist of hyperbolic partial differential equations.

Hyperbolic partial differential equations describe propagation phenomena. Physi-
cally, the eigenvalues represent the speeds of information propagation. Information
always travels along the characteristic curves. That is why the eigenvalues are often
referred to as characteristic speeds. Characteristic curves can be defined as curves
in the time-space plane along which the solution remains constant. In linear hy-
perbolic equations, characteristic curves always run parallel and the characteristic
speed is constant. In non-linear hyperbolic equations, such as the Shallow Water
Equations, characteristic speed depends on the flow variables. Consequently, char-
acteristic curves are not parallel. They can rather merge, diverge or cross. In the
latter case, the solution becomes discontinuous giving raise to shock formation. The
fact that a discontinuous solution can occur within a continuous equation, even for
smooth initial data, is special for hyperbolic partial differential equations. It requires
solution strategies which are able to correctly describe and preserve the disconti-
nuities. A helpful tool for the development of adequate solution strategies is the
Riemann Problem, which is presented in the following section.
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Figure 3.4.: Position of the discontinuity of a Riemann Problem for a linear, scalar
equation at times t0 and t1.

3.3.2. Riemann Problem

A Riemann Problem is defined as an initial value problem for a partial differential
equation with initially piecewise constant data separated by a single jump disconti-
nuity as shown in Figure 3.3.2. The initial states, expressed by the conserved vari-
ables to the left and right of the discontinuity are denoted with the subscripts L re-
spectively R. With time, the discontinuity will move along the characteristic curves
with characteristic speed. Physically, this can be interpreted as a wave propagation.
In this chapter, a characteristic curve carrying a discontinuity with characteristic
speed is referred to as wave. Depending on the type of equation, the number and
type of waves differ as shown in Figure 3.5. Scalar equations, for example, only
exhibit one wave whereas a system of m equations exhibits m waves. The solution
to the Riemann Problem aims to define the wave structure to find the solution for
the conserved variables within the wave structure. A short overview of the differ-
ent solution strategies shall be given herein because it substantially affects the flux
approximation in the numerical method (see Chapter 4). The solution strategy for
the Riemann problem and its complexity also vary with the underlying type of par-
tial differential equation (linear, non-linear, scalar or system). A detailed description
can be found in [74] and [105].

For linear partial differential equations, whether scalar or system, the characteristic
speeds are constant and the characteristic curves run parallel. In a linear scalar par-
tial differential equation, there is only one wave travelling at constant speed λw. The
corresponding characteristic curve is shown in Figure 3.5a. There are two possible
solutions to the Riemann Problem, either uL or uR. For a linear system of partial
differential equations with m equations there are m waves as shown in Figure 3.5b.
The solution at the leftmost and rightmost side corresponds to the states UR and
UL. The solution in the wedge between the λw,1 and λw,m wave can be found by a
superposition of the waves.
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Figure 3.5.: Wave structure of the Riemann Problem for linear PDEs.

In non-linear partial differential equations the characteristic speeds are not constant
but depend on the conserved variables and consequently λw = λw(u). This can be
verified when looking at the eigenvalues of the Shallow Water Equations (Equation
(3.66)). The dependency on the conserved variables results in a deformation of the
waves. The deformation can either be a compression or rarefaction. In a non-linear
scalar partial differential equation of the form

ut + f (u)x = 0 (3.67)

the flux function f (u) strongly influences whether a wave has compressive or expan-
sive character. The characteristic speed is given by f ′(u) = λw(u). The behaviour
of λw(u) reveals information about the character when looking at the criterion of
monotonicity. Three possible cases are distinguished:

• convex flux: λ(u) is a monotone increasing function: For increasing values of
u, λw(u) is also increasing.

• concave flux: λ(u) is a monotone decreasing function: For increasing values
of u, λw(u) is decreasing.

• non-convex, non-concave flux: λw(u) shows extrema.

Figure 3.6 illustrates the difference of convex and concave flux. In the uppermost
figure, the initial conditions ui

0 with i = 1to7 are plotted. The two plots below show
the corresponding characteristic curves for a convex respectively concave flux. It is
obvious that in case of a convex flux, there is a rarefaction in direction of increasing
u whereas for decreasing u a compression forms. For the concave flux, the situation
is reversed. High magnitudes of u provoke a compression whereas decreasing u
produces an expansion respectively rarefaction. An example for concave flux is the
traffic flow equation.

There are three solutions to a non-linear Riemann Problem: rarefaction waves, shock
waves and contact discontinuities. A contact discontinuity develops when the flow
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Figure 3.6.: Characteristics of a concave and convex flux.
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Figure 3.7.: Initial value problem and characteristic curves of a rarefaction wave for
convex flux.

variables such as velocity and water depth are continuous and discontinuities occur
in density or temperature. Since water is an incompressible fluid and temperature is
neglected in this application, contact discontinuities are not further discussed here.

Rarefaction waves occur if the initial value problem shown in Figure 3.7 is consid-
ered in connection with a non-linear scalar equation. If convex flux is assumed, the
characteristic speed on the left side of the interface is smaller than on the right. The
characteristic curves expand and the solution is continuous.

In case of a shock wave, the initial values are switched (see figure 3.8). Consequently,
the characteristic speed on the left side is higher than on the right side. Assuming
convex flow, characteristics cross and the solution gets discontinuous. The speed of
the shock wave can be determined by imposing an integral conservation condition
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Figure 3.8.: Initial value problem and characteristic curves of a shock wave for con-
vex flux.

on the jump, which is known as the Rankine Hugoniot Condition [74]:

s =
f (uR)− f (uL)

uR − uL
(3.68)

with s denoting the shock speed. Knowing the shock speed, the solution of the
Riemann Problem is defined by

u(x, t) =







uL x < s · t

uR x > s · t.
(3.69)

Sometimes there exist several solutions to the shock speed. To pick the unique and
physically correct solution a second condition has to be imposed, which is known as
Entropy Condition. A shock travelling with speed s satisfies the entropy condition
if

λw(uL) > s > λw(uR). (3.70)

It could be demonstrated that for a scalar non-linear equation the discontinuous
solution to a Riemann Problem can be determined quite easily. For non-linear sys-
tems of partial differential equations the situation is more complex. There are m
families of characteristics which are all parametrised over the conserved variables.
If the Rankine-Hugoniot Condition is expanded to systems of equations, f and u

are vectors and there are m + 1 different states. Not every combination of vectors
allows to solve for the shock speed s and additional conditions have to be imposed.
Only if the vectors are linearly dependent, s can be determined holding the Rankine
Hugoniot condition. That is the case, if u consists of eigenvectors of the linearised
coefficient matrix and s the associated eigenvalue [73]. It is evident that the strategy
to develop an analytical solution for these Riemann Problems is very complex. For
detailed information the reader is referred to [73] and [74]. For practical purposes,
approximate Riemann solvers have been developed. They do not consider the full
wave structure of a Riemann problem but assume a simplified wave structure. Two
of them are presented in Chapter 4.
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Summarising, the mathematical model for the description of pavement surface
runoff was set up in this chapter. Starting from the most general form of a con-
servation law, the depth-averaged Shallow Water Equations were derived from the
Navier-Stokes Equations applying several assumptions and simplifications, which
were discussed in Chapter 2. The Shallow Water Equations were completed by
source terms to describe the relevant factors influencing pavement surface runoff:
rainfall, bottom topography and flow resistance. Next, the Shallow Water Equa-
tions were characterised mathematically. They constitute a hyperbolic system of
non-linear partial differential equations. Physically, these equations describe wave
propagation phenomena. Special to hyperbolic equations is the possible occurrence
of discontinuous solutions within the continuous equations. Finally, the Riemann
problem was shortly discussed. It provides strategies for a consistent solution in the
presence of discontinuities. This especially affects the discretisation of the mathe-
matical model, which is presented in the following chapter.



4. Discretisation

In the preceeding chapter the mathematical model for a description of pavement
surface runoff, namely the depth-averaged Shallow Water Equations with specific
source terms, was derived. It is a system of three non-linear partial differential
equations, which can not be solved analytically. Therefore, numerical methods are
applied, which solve the discretised equations numerically. Discretisation is the pro-
cess of expressing the general flow laws written for a continuous medium in terms
of discrete values at a finite number of points in time as well in space. As discussed
in section 3.3, the Shallow Water Equations are hyperbolic. Hyperbolic equations
have strong directional properties and although they are formulated continuously,
they allow discontinuous solutions. This has to be preserved when discretising the
equations. Several methods exist to discretise and solve partial differential equa-
tions. Most common are the Finite Difference (FDM), Finite Element (FEM), Finite
Volume (FVM) and Discontinuous Galerkin (DG) methods. For the discretisation
of the Shallow Water Equations the Finite Volume Method is used. It is the stan-
dard discretisation method in fluid dynamics and is advantageous in several ways.
First, there is a variety of methods available. Second, according to [114] it is usually
less time consuming than other methods. Third, it is based on the integral form of
the conservation law as will be explained in the subsequent section. Thus, the dis-
cretisation itself is conservative. Fourth, the discretised equations allow locally dis-
continuous solutions as required by hyperbolic partial differential equations. The
numerical treatment of the Shallow Water Equations and hyperbolic equations in
general is covered by many publications. An extensive overview can be found in
[74, 103, 105, 106] and [110]. This chapter presents the finite volume discretisation
of the Shallow Water Equations including its source terms. One focus is on the ap-
proximation of the intercell numerical fluxes using approximate Riemann solvers.

4.1. Finite Volume Discretisation

The finite volume discretisation is an approximation of the integral conservation law

∫

∂V

U

∂t
dV +

∫

∂A

F · n dA =
∫

∂V

Q dV (4.1)
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where

U =








h

uh

vh








F =








uh vh

u2h + 1
2 gh2 uvh

uvh v2h + 1
2 gh2








Q =








qr

ghS0,x − ghSf,x

ghS0,y − ghSf,y








.

(4.2)
Space discretisation is done by transferring the continuous model domain into a grid
consisting of a finite number of grid points. Finite volume methods can generally be
applied to structured and unstructured grids. Since data handling and discretisation
are easier for structured grids, a cartesian grid is used in this work. The underlying
two dimensional grid is shown in Figure 4.1. Note that in a two dimensional grid
the volume V of a grid cell is reduced to its area and V = ∆x · ∆y. If ∆x = ∆y the
grid is called equidistant. The conserved variables are stored at the centre of each
grid cell as cell-averaged values.
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uh

vh








Figure 4.1.: Cell-centred finite volume discretisation on a cartesian grid.

Time discretisation is done with an explicit first order time step method. If the in-
tegral conservation equation (Equation (4.1)) is discretised in space and time as de-
scribed before, the resulting finite volume scheme for the update of the conserved
variables reads:

Ut+1 = Ut +
∆t
∆V

4

∑
r=1

(F · nr) Ar + ∆tQ. (4.3)

The update equation states that the new set of conserved variables at time t + 1 is
determined on the basis of the state at time t and the change of conserved variables
during the time step due to the flux and source term. The net flux of each grid cell
is calculated as the sum of the fluxes F across the four interfaces r = 1, 2, 3, 4 with
length Ar in direction of the normal vector nr. The source terms are not evaluated
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at the interfaces but for the grid cell. Before the evaluation of the source term Q is
presented, the approximation of the intercell flux is discussed.

4.2. Flux Approximation

The objective of flux approximation is to give a reasonable well estimation of the
flux between two cells on the basis of the cell averaged values. For the computation
of the intercell flux the conserved variables at the interface have to be determined.
This is done using central or upwind methods.

A central method determines the conserved variables independently of the direc-
tion of information propagation. At the interface, the values of the two neighbour-
ing cells are simply averaged and then used for flux calculation. This symmetric
method is suitable for problems with diffusive character. However, the Shallow Wa-
ter Equations have strong directional properties due to their hyperbolic character.
As presented in Section 3.3 information is carried through the domain along the
characteristics. Therefore, the direction of information propagation and the num-
ber of waves carrying the information has to be considered when determining the
conserved variables at the interface. This is done with so-called upwind methods.
The simplest upwind method is the first oder upwind method. It is a purely one
sided method considering only one direction of information propagation, thus only
one wave. In systems of partial differential equations at least two waves occur and
therefore a one-sided method is not sufficient. The determination of the conserved
variables at the interface within a wave structure corresponds to solving a Riemann
Problem as discussed in Section 3.3.2. An upwind method which includes the solu-
tion to the Riemann Problem into the flux approximation is the method of Godunov.

Figure 4.2 shows a one dimensional grid with three grid cells i − 1, i and i + 1. The
conserved variables are cell averaged values. As a consequence, jump discontinu-
ities develop at the interfaces i − 1/2 and i + 1/2.

∆x

i − 1
2

i + 1
2

Ui−1 Ui Ui+1

Figure 4.2.: Discontinuities at the cell interfaces due to volume averaging.
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To compute the intercell fluxes Fi−1/2 and Fi+1/2, the conserved variables around the
interface have to be determined by solving a Riemann Problem. Figure 4.3 shows the
Riemann Problems at the interfaces and the emanating characteristics between times
t and t + 1. The dashed lines represent the interfaces and the solid lines represent
the characteristics.

∆x

t

t + 1

∆t

i − 1
2

i + 1
2

U∗

Ui−1 Ui Ui+1

Figure 4.3.: Riemann Problems forming at the cell interfaces.

The solution of the Riemann problem between cells i and i + 1 yields

U∗ = RP[Ut
i , Ut

i+1]. (4.4)

Using U∗, the intercell flux F∗ is finally calculated as

F∗ = Fi+ 1
2
(U∗

i+ 1
2
). (4.5)

In general, the Godunov intercell numerical flux is defined as

Fi+ 1
2
= F∗(Ut

i , Ut
i+1). (4.6)

An important restriction for the method in combination with an explicit time dis-
cretisation is that the waves emanating from an interface must not travel beyond
the cell within a time step. Consequently, the time step size has to be restricted. This
restriction is commonly known as the Courant Friedrichs Lewy (CFL) restriction.
The restricted time step size is determined depending on the biggest wave celerity
λmax as

∆tCFL =
∆x

|λmax|
. (4.7)

According to Section 3.3.1, wave celerities are the eigenvalues of the Jacobian ma-
trices. For the Shallow Water Equations the eigenvalues are given in Equation 3.66
and the CFL restriction in one dimension is defined as:

∆tCFL =
∆x

max(
∣
∣u −

√
gh

∣
∣ ,
∣
∣u +

√
gh

∣
∣)

. (4.8)

Godunov’s method has first order accuracy in time and space. The method has the
important property that it respects the entropy condition (see Section 3.3.2) which
guarantees a physically meaningful solution. Further information about Godunov’s
method can be found in [36, 53] and [105].
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4.2.1. Approximate Riemann Solvers

The analytical solution to the Riemann Problem considers the complete characteris-
tic wave structure. Therefore, Godunov’s method is a ’natural upwinding’ method.
However, solving the Riemann Problem analytically for non-linear systems of equa-
tions is an iterative process and computationally expensive. Thus, approximate
Riemann solvers were developed and combined with the Godunov method. A
good overview and extensive description of various approximate Riemann solvers
is given in [74] and [105]. The solvers mostly used for solving the Shallow Water
Equations are the Roe solver [12, 15, 21, 45, 70], the HLL solver [20, 51, 108, 113, 115]
and the HLLC solver [65, 77]. All three solvers are Godunov type methods. Other
approximate Riemann solvers besides the Godunov type methods are the Osher
Scheme and the Flux Vector Splitting Methods. The Osher scheme is used to solve
the Shallow Water Equations in combination with a finite volume method in [106].
A well-known Flux Vector Splitting Method is the method of Steeger Warming used
in [114]. A comparison of the various approximate Riemann solvers with an appli-
cation to the depth-averaged Shallow Water Equations is given in [114].

Approximate Riemann solvers do not consider the full wave structure. Instead, they
assume a simplified wave structure for the Riemann Problem. The solvers differ in
the number of waves considered. The HLL solver developed by Harten [53] is the
most simple and assumes a two wave structure, which considers the fastest wave
in each direction. If the wave speeds are estimated according to Einfeldt [36], the
HLL solver is also known as HLLE. The HLLC solver [107] considers a three wave
structure with an additional wave travelling at intermediate speed. Roe’s solver [96]
considers the full wave structure but it approximates the solution to the Riemann
Problem by exactly solving for the linearised equation (see Equation (3.64)). This is
much more time efficient than solving the non-linear system.

It is evident that the quality of the flux approximation and the shock capturing prop-
erties increase with the number of waves considered. Good shock capturing proper-
ties and a high resolution of the shock wave are for example needed in dam break or
tsunami simulations to determine the exact position and shape of the shock front. In
pavement surface runoff modelling the description of shock fronts on a local scale
is irrelevant. It rather focuses on the description of the global water depth distribu-
tion. For this reason, the HLL solver is considered sufficient. In the model, both, the
HLL and HLLC solver are implemented. In the following sections, the latter is only
shortly described. Both solvers are compared by a numerical experiment.

HLL Solver

The HLL solver assumes a two wave structure for the Riemann Problem with the
fastest waves in each direction as shown in Figure 4.4. The wave speeds are SL
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and SR for the directions left respectively right form the interface. The two wave
structure separates three states of the conserved variables. The states UL and UR at
time t and the state developing around the interface during the time step UHLL.

t

x
xL xR∆tSL ∆tSR

∆t

SL SR

UL UR

UHLL

Figure 4.4.: Wave Structure assumed for the HLL solver within a control volume
[xL, xR].

For the derivation of the HLL solver, a control volume around the cell interface
is considered. For a given time step ∆t, the control volume exceeds the distance
travelled by the two waves. The CFL restriction is thus fulfilled. The borders of the
control volume are defined as

xL ≤ ∆tSL and xR ≥ ∆tSR. (4.9)

The integral form of the conservation law for the control volume can be expressed
as

xR∫

xL

U(x, t0 + ∆t) dx =

xR∫

xL

U(x, t0) dx +

t0+∆t∫

t0

F(U(xL, t)) dt −
t0+∆t∫

t0

F(U(xR, t)) dt.

(4.10)
The new solution U at time t0 + ∆t depends on the old solution at time t and the
fluxes FL and FR through the boundaries at xL and xR during the time step. The
evaluation of the right side of Equation (4.10) yields:

xR∫

xL

U(x, t0 + ∆t) dx = xRUR − xLUL + ∆t(FL − FR). (4.11)

The left part of Equation (4.11) can be splitted into the three states defined before:

xR∫

xL

U(x, t0 +∆t) dx =

∆tSL∫

xL

U(x, t0 +∆t) dx+

∆tSR∫

∆tSL

U(x, t0 +∆t) dx+

xL∫

∆tSR

U(x, t0 +∆t) dx.

(4.12)
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Evaluating the integrals for the left and right state yields

xR∫

xL

U(x, t0 + ∆t) dx =

∆tSR∫

∆tSL

U(x, t0 + ∆t) dx + (∆tSL − xL)UL + (xR − ∆tSR)UR.

(4.13)
Inserting Equation (4.11) into Equation (4.13) and solving for the integral ∆tSL −
∆tSR gives

∆tSR∫

∆tSL

U(x, t0 + ∆t) dx = ∆t(SRUR − SLUL + FL − FR). (4.14)

The width of the of wedge between the two waves can be determined to be

∆t(SR − SL). (4.15)

Dividing Equation (4.14) by Equation (4.15) yields

1
∆t(SR − SL)

∆tSR∫

∆tSL

U(x, t0 + ∆t) dx =
SRUR − SLUL + FL − FR

SR − SL
. (4.16)

It can be seen from the equation that the average of the integral on the left side is
constant if the wave speeds are known. This state corresponds to the approximate
solution in the star region UHLL as determined by the HLL solver. It is defined as

UHLL =
SRUR − SLUL + FL − FR

SR − SL
. (4.17)

Now that the conserved variables around the interface UHLL are known, the flux
across the interface is estimated. Note, that FHLL is not simply F(UHLL) because the
width of the state UHLL varies during the time step. To evaluate the intercell flux
FHLL the conservation law (Equation (4.10)) is applied to the left and right side of
the interface reaching from [∆tSL, 0] and [0, ∆tSR] and [t0, t0 + ∆t]. The fluxes across
the interface at x = 0 are denoted with F0,L and F0,R. Evaluating these integral
equations according to Equation (4.14) and solving for the intercell fluxes yields

F0,L = FL − SLUL −
1

∆t

0∫

∆tSL

U(x, t0 + ∆t) dx

F0,R = FR − SRUR +
1

∆t

∆tSR∫

0

U(x, t0 + ∆t) dx.

(4.18)
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Consistency requires that F0,L = F0,R and thus the fluxes can be denoted as FHLL.
Substitution of the integrands in Equation (4.18) by UHLL gives

FHLL = FL + SL(U
HLL − UL)

FHLL = FR + SR(U
HLL − UR).

(4.19)

This is equal to applying Rankine-Hugoniot jump condition at the interface (see
Equation (3.68). Inserting Equation ((4.17)) yields

FHLL =
SRFL − SLFR + SLSR(UR − UL)

SR − SL
(4.20)

and it can be seen from the equation that the intercell flux is only depending on the
left and right state variables and the wave speeds. Within a Godunov type method,
the intercell flux can be defined as follows:

FHLL
i+ 1

2
=







FL if SL ≥ 0

SRFL−SLFR+SLSR(UR−UL)
SR−SL

if SL ≤ 0 ≤ SR

FR if SR ≤ 0

(4.21)

A common estimate for the wave speeds, which is also used in [20], [113], [77] and
[109] is

SL = min (vL · n −
√

ghL, u∗ −
√

gh∗)

SR = max (vR · n +
√

ghR, u∗ +
√

gh∗)
(4.22)

with the velocity vector v = (u, v) and

u∗ =
1
2
(vL + vR) · n +

√

ghL −
√

ghR

√

gh∗ =
1
2
(
√

ghL +
√

ghR) +
1
4
(vL + vR) · n.

(4.23)

In presence of a dry neighbour cell the estimates reduce to

SL =







vL · n −
√

ghL if the right neighbour cell is dry

vR · n − 2
√

ghR if the left neighbour cell is dry
(4.24)
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t
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UL UR

U∗
L U∗

R

Figure 4.5.: Wave Structure assumed in the HLLC solver.

respectively

SR =







vL · n + 2
√

ghL if the neighbour cell is dry

vR · n +
√

ghR if the neighbour cell is dry.
(4.25)

The assumption of a two wave structure as done in the HLL solver is not suitable
for all kinds of flow problems. Especially for problems in two space dimensions, the
neglection of intermediate waves can lead to smearing. The main disadvantage of
the two wave assumption is that shear waves and contact discontinuities can not be
resolved. A solver which considers an intermediate wave is the HLLC solver.

HLLC Solver

The HLLC solver assumes three waves emanating from the cell interface: the two
fastest waves as well as a contact wave propagating at intermediate speed. Figure
4.5 shows the configuration. The derivation of the HLLC flux is similar to that of
the HLL flux. The formulation of the integral conservation law yields Equation
(4.14). To include the contact wave, the left part of Equation (4.14) is splitted in two
parts, one going from ∆tSL to S∗ and the other from S∗ to ∆tSR where S∗ is the
speed of the intermediate wave. Definition of the intermediate states U∗

L and U∗
R,

substitution into the consistency condition (Equation (4.11)) and application of the
Rankine Hugoniot condition yields the HLLC flux expressed by

FHLLC
i+ 1

2
=







FL if 0 ≤ SL

F∗
L = FL + SL(U

∗
L − UL) if SL ≤ 0 ≤ S∗

F∗
R = FR + SR(U

∗
R − UR) if S∗ ≤ 0 ≤ SR

FR if 0 ≥ SR.

(4.26)
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To compute the HLLC intercell flux, an approximation for the intermediate wave
speed is necessary. In [106] it is recommended to estimate the intermediate speed as

S∗ =
SLhR(uR − SR)− SRhL(uL − SL)

hR(uR − SR)− hL(uL − SL)
. (4.27)

4.2.2. Test Example

The two approximate Riemann solvers HLL and HLLC are compared within a nu-
merical test example. Further, the example should verify that the finite volume
discretisation of the Shallow Water Equations including the flux approximation is
implemented correctly. As an example, a problem similar to a circular dam break
problem is chosen. The domain is quadratic (20 x 20 m) and discretised with an
equidistant grid with 50 cells in each coordinate direction. At the boundaries of the
domain a no flow boundary condition is imposed. Thus, no water can enter or exit
the domain. The initial water depth follows a Gaussian distribution with

h = 2.0 + 3.0 e(
−(x−10)2−(y−10)2

4 ). (4.28)

The bottom of the domain is flat and friction forces are neglected. Figures 4.6
and 4.7 show the time dependent change of the water level for the time steps
t = 0, 1, 2, 3, 4, 5, 10 and 15 s. For a better illustration isolines representing the water
depth are added to the figures.

Both solvers show the expected symmetrical behaviour. Since the flux approxima-
tion is based on a two point stencil, flow behaviour in diagonal direction is slightly
different than in coordinate direction and wave propagation is not perfectly radial.
When comparing the isolines of the water depth distribution time steps t = 1s and
t = 3s, the HLLC solver seems to exhibit steeper waves. This can indicate better
shock capturing properties due to the consideration of an intermediate wave.

In summary, the results of both solvers are very similar. For pavement surface runoff
modelling, one is not interested in the detailed description of the wave front but
rather in the resulting water depth distribution. And since the differences are very
small, the two wave assumption of the HLL solver is justifiable. Another advantage
of the HLL solver is its computational efficiency. It is slightly faster than the HLLC.
Therefore, the HLL solver is chosen as the standard solver in the pavement surface
runoff model.
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(a) t = 0 s (b) t = 1 s

(c) t = 2 s (d) t = 3 s

(e) t = 4 s (f) t = 5 s

(g) t = 10 s (h) t = 15 s

Figure 4.6.: Time dependent water level calculated with the HLL solver.
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(a) t = 0 s (b) t = 1 s

(c) t = 2 s (d) t = 3 s

(e) t = 4 s (f) t = 5 s

(g) t = 10 s (h) t = 15 s

Figure 4.7.: Time dependent water level calculated with the HLLC solver.
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4.3. Source Term Discretisation

Source terms in the Shallow Water Equations include topography Q0 = ghS0 and
flow resistance Qf = ghSf. Currently, the numerical treatment of source terms is sub-
ject to extensive research. Much effort has been put in developing and improving
approximate Riemann solvers but they exclusively deal with homogeneous partial
differential equations. Homogeneous equations, though, can barely be applied to
practical flow problems where source terms exert a great influence on the flow be-
haviour. Especially, when dealing with irregular topography and large gradients,
high roughness coefficients or wetting and drying, source terms can evoke great
numerical difficulties if they are not well-balanced with the flux approximation.

4.3.1. Topography

The topography source term in the Shallow Water Equations is defined as

Q0 =








0

gh S0,x

gh S0,y








(4.29)

where S0,x and S0,y represent the bottom slopes in the coordinate directions. The
discretisation of the source term can follow various concepts:

• treatment in an upwinding manner like the flux approximation,

• inclusion into the flux term or

• straight evaluation of the source term.

The treatment of the source term in an upwinding manner is proposed in [11] or [15].
Like the intercell flux, the source term is splitted according to the wave structure of
the underlying Riemann problem. It is recommended to use the same wave struc-
ture as for the flux approximation. Most often, the upwinding of the source term is
used in combination with the Roe approximate Riemann solver.

In [108], the topography source term is reformulated as divergence term. This allows
to include it in the flux term. The divergence formulation for the topography source
term is

∆t
∆V

∫

∆V

S0 dV =
∆t
∆V

4

∑
r=1

(
1
2

gh2
r · n Ar). (4.30)

In the equation, hr is the water depth at the interface r with length Ar. Figure 4.8
shows a section of an equidistant grid with two neighbour cells i and j. For the
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centre cell, the water level ηi is additionally illustrated. It is assumed to be horizontal
and is defined as the sum of water depth hi and bottom elevation zb,i:

ηi = hi + zb,i. (4.31)

First, the bottom elevation at the interface zb,r is determined by averaging the bot-
tom elevations of the neighbouring cells:

zb,r =
1
2
(zb,i + zb,j). (4.32)

Then, the water depth above each interface is estimated by subtracting the bottom
elevation of the interface from the cell-averaged water level ηi:

hr = ηi − zb,r. (4.33)

The influence of bottom slope in the divergence formulation is thus represented as
the difference in water depth at the four interfaces related to the horizontal water
level.

hi

zb,i
zb,j

zr

hr

hr

hr

hr

Figure 4.8.: Determination of water depth at the interface when using the divergence
term formulation.

In [108], the divergence term formulation yielded very good results. The method
was also implemented and tested within the pavement surface runoff model. Due
to the small water depths though, numerical instabilities occurred, which is shortly
explained by reference to Figure 4.9. The figure shows the profile of a cell. The solid
line represents the bottom and the dashed line the water level. If the water level
is assumed horizontal and the cell averaged water depth is very small, the water
depth at the interface might become negative. For this reason, this discretisation
method is rejected.
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PSfrag

hi

zb,i

hr ≤ 0

hr ≥ 0

Figure 4.9.: Determination of water depth at the interface when using the divergence
term formulation in combination with very small water depths.

In the pavement surface runoff model, the most simple way to discretise the source
term is chosen. It is the straight evaluation of the source term equation (Equation
(4.29)). However, in contrast to the conserved variables, which are stored as cell
averaged values at the cell centre, bottom elevations are stored at the cell vertices.
This has two advantages. First, the bottom elevation is continuous across the inter-
face without exhibiting a jump discontinuity. Second, the average bottom slopes
of a cell, which are needed for the evaluation of the source term are determined
independently of the neighbouring cells. Although, in a quadrilateral grid, the ver-
tices are not necessarily on the same plane, the bottom slopes are determined by
an averaging method. First, the average bottom elevation for the interfaces zb,r is
calculated:

zbr,i =
1
2
(zb,i + zb,i+1). (4.34)

Then, the bottom slopes S0,x and S0,y are determined to:

S0,x =
(zbr,1 − zbr,3)

∆x

S0,y =
(zbr,2 − zbr,4)

∆y
.

(4.35)

The discretisation of the topography source term is tested with a well-known bench-
mark test where an analytical solution is available [77, 65, 108, 115]. It considers a
25 m long frictionless channel. At x = 10 m a bump is placed at the channel bottom.
The bottom elevation at the bump is defined by:

zb = 0.2 − 0.05 (x − 10)2. (4.36)

The domain is discretised with an equidistant grid with 250x10 cells of size 0.1 m.
Depending on the boundary conditions imposed at the inflow (left) and outflow
boundary (right), different flow states occur, which result in different profiles for the
water level at the steady state. Three sets of boundary conditions are considered:

• subcritical: (hu)inflow = 4.42 m2/s, houtflow = 2 m

• transcritical: (hu)inflow = 1.53 m2/s, houtflow = 0.66 m
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• transcritical with shock: (hu)inflow = 0.18 m2/s, houtflow = 0.33 m.

The simulated time is 150 s for the subcritical and transcritical case and 300 s for the
transcritical case with the shock. Figure 4.10 compares the resulting water level of
the numerical model and the analytical solution. It can be observed that for all three
cases there is a very good agreement.
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(b) Transcritical
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(c) Transcritical with shock

Figure 4.10.: Water level profiles for various boundary conditions at the steady state:
comparison of analytical and numerical solution.

4.3.2. Flow Resistance

The flow resistance source term Qf = ghSf in the Shallow Water Equations can be
implemented in an explicit [37, 108], semi-implicit [15, 109] or fully implicit way
[78, 113, 70, 10]. Especially when water depths are very small, an explicit treatment
can cause numerical instabilities whereas a semi-implicit or implicit treatment of the
flow resistance source term stabilise the solution.

Small water depths and a notable influence of bottom roughness suggest a fully
implicit discretisation of the flow resistance source term in the pavement surface
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runoff model. This is achieved with an operator splitting technique as described
for example in [78]. Operator splitting enables the overall update of the conserved
variables ∆U to be splitted in two parts: an explicit update ∆Uexpl, which includes
the intercell fluxes and the topography source term and an implicit update ∆Uimpl ,
which includes the flow resistance source term. The explicit update is used as initial
condition for the implicit update.

In a cell-centred finite volume method assuming piecewise constant data, the im-
plicit update of cell i is an ordinary differential equation:

dUi,impl

dt
= Qf. (4.37)

Performing a Taylor series expansion about the nth time level leads to

Qn+1
f,i = Qn

f,i +

(
∂Qf,i

∂U

)n

∆Ui,impl + O(∆U2). (4.38)

After some algebraic manipulations and the neglection of the higher order terms
Equation (4.38) can be written as

(

I − ∆t
∂Qn

f,i

∂U

)

∆Ui,impl = ∆t Qn
f,i (4.39)

where I is the identity matrix and ∂Qn
f,i/∂U = Jf the Jacobian matrix of the flow

resistance term. It can be easily verified that the implicit update can be determined
by solving the system of non-linear equations for ∆Ui,impl.

In the pavement surface runoff model, the update sequence with explicit and im-
plicit update is implemented as follows. First, the explicit part is solved and the
explicit time step is determined by the CFL restriction. The global solution is then
updated yielding Un+1

i,expl. As mentioned before, the explicit solution Un+1
i,expl is taken

as initial condition for the solution of the implicit part. The implicit part is solved
with the time step determined for the explicit part yielding ∆Ui,impl. Finally, the new
solution can be determined to

Un+1
i = Un+1

i,expl + ∆Ui,impl. (4.40)

The CFL restriction is applied for the explicit part. Since the influence of flow re-
sistance damps the flow velocities, the CFL restriction is rather too stringent and
anyway fulfilled for the entire solution.

For the evaluation of the implicit discretisation of the flow resistance part, a bench-
mark is used which has been already presented in [48] and [54]. The analytical
solution can be found in [48]. The test example considers the rainfall-runoff from an
inclined slab. At the downstream end of the slab discharge produced by the runoff is
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measured and summarised to a hydrograph. Flow resistance is modelled using the
Manning equation. The length of the slab is l = 400 and bottom slope is s = 0.05 %.
Manning’s n is chosen to n = 0.02 and rainfall intensity is i = 0.33 mm/min. Rain-
fall starts at t = 0 min and ends after t = 200 min. The total simulated time is
t = 300 min. Therefore, the drying process is partially simulated in this problem.
The domain is discretised by an equidistant grid with 400 cells.

Figure 4.11 compares the hydrograph of the analytical solution and the hydrograph
generated with the numerical model.
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Figure 4.11.: Discharge at the outflow boundary of an inclined slab over time using
the Manning’s resistance equation: comparison of analytical and nu-
merical solution.

It can be observed that the steady state is reached after 100 min simulated time. Until
the steady state is reached, discharge increases almost linearly. As soon as rainfall
stops, discharge decreases. There is a very good agreement between the numerical
and analytical results. The deviation of the solutions between t = 50 and 100 min
can be significantly reduced when using a finer mesh [54].

In summary, this chapter defined the numerical model to solve the Shallow Water
Equations. Discretisation was done with a cell centred finite volume method on a
cartesian grid. To account for the hyperbolic characteristic of the equations, the HLL
approximate Riemann solver was applied to determine the intercell fluxes. It is the
simplest of the Godunov type Riemann solvers and was considered to be sufficient
for the modelling of pavement surface runoff. The topography source term was
discretised by a direct evaluation of the term. For the flow resistance discretisation
an implicit scheme on the basis of an operator splitting method was chosen. This
enables to solve the flow resistance source term without numerical instabilities. The
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discretisation was tested with well-known benchmarks. In the following chapter,
the numerical model is adapted to handle real pavement surface runoff problems.





5. Pavement Surface Runoff Model

In the previous chapter, the numerical framework to solve the Shallow Water Equa-
tions was set up. It allows to solve flow problems including arbitrary bottom topog-
raphy and flow resistance. This chapter covers the adaption of the Shallow Water
Equations to yield a model which is able to describe pavement surface runoff con-
sidering the requirements formulated in Chapter 2. These include: the import and
processing of topographic point data, the development of a flow resistance model,
which is able to consider various pavement surface textures and a model to repre-
sent drainage facilities.

5.1. Import of Topographic Data

Topography in the Shallow Water Equations is represented by the bottom slopes
in both coordinate directions. The bottom slopes are calculated from the bottom
elevations, which are stored at the vertices of each grid cell (see Section 4.3.1). There
are two ways to assign bottom elevations to the grid vertices: by geometric functions
or the interpolation of point clouds.

If a surface can be described mathematically, bottom elevations can be directly as-
signed to the vertices applying the underlying geometric function. Usually, these
surfaces are alignment elements, e. g. transition curves. They are used as model
surfaces for example to perform alignment parameter studies. Model surfaces are
restricted to a rectangular model domain. For alignment elements this implies that
only the vertical alignment as well as the superelevation of the cross section are con-
sidered. Curvature is neglected because it can not be represented by a rectangular
domain. For drainage purposes curvature is not an essential parameter. Therefore,
the application of rectangular model domains is possible.

Complexity increases if instead of isolated alignment elements, road sections with
several different elements or variable road widths are modelled. In this case, it is
cumbersome to establish the geometric functions and it would be helpful to use data
from CAD based highway design tools. Another application is the examination of
existing road sections for which alignment parameters are not available anymore.
Further, one could be interested to model the real pavement topography including
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main domain sub domain point cloud

Figure 5.1.: Main and sub domain of a grid defined by a point cloud.

the irregularities caused by traffic loading. For the latter application data originating
from lidar (light detection and ranging) measurements should be processed. If point
clouds either exported from CAD tools or generated by lidar measurements are used
to represent the pavement’s topography, bottom elevations have to be interpolated
to the grid vertices.

Another specialty evokes when looking at the shape of the point clouds. In contrast
to the model surfaces, the domain represented by a point cloud is not rectangular
because curvature is included in the data. The elimination of curvature via coordi-
nate transformation is only possible when the alignment elements and parameters
are known. Since this assumption will not hold in the majority of cases, the model
is extended to treat arbitrary shaped domains. The import and processing of arbi-
trary shaped point clouds is divided in three steps. First, a rectangular bounding
box with an equidistant grid is reconstructed around the point cloud as shown in
Figure 5.1. Then, the sub domain occupied by the point cloud is defined by setting
up a boundary polygon. Since the sub domain is relevant for the simulation, only
grid vertices within the sub domain are interpolated from the point cloud. For the
simulation, the sub domain is exported as an independent grid to the model using
the "Multi Domain Grid" module available in DUNE [104]. The method developed
for the definition of the boundary polygon (boundary tracing) and the chosen inter-
polation algorithm are presented in the subsequent sections.

5.1.1. Boundary Tracing

For the processing of point clouds, the definition of the boundary polygon is essen-
tial. If point data is exported from a CAD tool the boundary polygon is already
known. Therefore, boundary tracing mainly focuses on data generated with lidar
measurements.

The boundary tracing algorithm developed in this work is based on the theory of
convex hulls [30, 67]. A convex hull is defined as the minimal set of connected
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boundary points surrounding the entire data set. This implies that all angles be-
tween the polygon sections are < 180◦. Relating this to a visual presentation, a
convex hull can be compared to an elastic rubber band spanned around the data set
as shown in Figure 5.2a. The convex hull is also the shortest way to enclose the data
set.

(a) Convex hull (b) True boundary

Figure 5.2.: Convex hull and true boundary of a point cloud.

For the computation of the convex hull, computational geometry provides several
algorithms, e.g.the graham scan, Jarvis march or quick hull algorithm [50, 93]. Gra-
ham scan is the fastest of the above mentioned and therefore included in the Pave-
ment Surface Runoff Model. It is described shortly by reference to Figure 5.3.

x
P0

P1
P2

P3

Pi

ϕ1

ϕi

Figure 5.3.: Concept of the graham scan algorithm to determine the convex hull of a
point cloud.

First, a data point P0 is selected which definitely is part of the convex hull. A pos-
sible choice would be the left-, rightmost, lowest or uppermost point of the data
set. Subsequently, the angles ϕi from P0 to all other data points are computed and
sorted anti clockwise in increasing order P1 − Pi. Sorting of the point cloud is time
consuming and point clouds processed in the Pavement Surface Runoff Model can
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include up to 500,000 points. Thus, a stable and fast sorting algorithm is needed
such as the merge sort or quicksort algorithm [28]. In this work, the merge sort algo-
rithm is implemented. It is a stable comparison-based algorithm on the basis of the
’divide and conquer’ principle. Contrary to quicksort, it needs less comparisons to
sort a data set. Assuming n points, its worst case performance is about O(n log(n))
comparisons whereas quicksort has O(n2).

After the data points have been sorted, a stack is created and filled with the first two
points P0 and P1. In each step, the algorithm checks three points, the two points on
top of the stack, which are already part of the convex hull, and the new point. The
basic idea of graham scan is that during the traversion of the sorted data set only
left turns are allowed. At first, the algorithm looks at P0, P1 and P2 and checks if
the third point lies left or right of P0P1. In figure 5.3, P2 is left. Consequently, P1

is further on part of the convex hull and P2 is added to the stack. The next step
includes P1, P2 as upper elements of the stack and P3 as new point. Since P3 lies
right of P1P2, P2 is no longer part of the convex hull and erased from the stack.
P3 is added instead. The algorithm will proceed until all points are checked and
the boundary polygon is complete. Finding the convex boundary polygon for a
point cloud is almost trivial. The construction of the boundary polygon of point
clouds representing road geometries is challenging though. The reason is that in
the majority of cases they are not convex. Consider the point cloud in Figure 5.2b.
There are convex as well as concave parts and the true boundary does not match
the convex hull in figure 5.2a. On freeways, curvature of the roadcurb is usually
very small. However, the smallest concave curvature distorts the boundary polygon.
Therefore, the method has to be modified such that also concave boundaries are
detected.

One method to detect non-convex boundaries are so called alpha shape methods
[7, 35, 82]. Alpha shapes are a generalisation of the convex hull and constitute a
subgraph of the Delaunay triangulation. For a finite point set S and a real parameter
alpha with 0 ≤ α ≤ ∞, the alpha shape of S is a polytope, which is not necessarily
convex. The level of detail of the alpha shape is controlled by α. For sufficiently
large alpha, the alpha shape is identical to the convex hull of S. As alpha decreases,
the shape shrinks and gradually develops cavities. For sufficiently small α, the alpha
shape is empty. A big advantage of the method is that it even works on unevenly
distributed data sets. Draw-backs are that α has to be chosen properly. Therefore,
the performance of the method strongly depends on α. Furthermore, the method is
computationally complex and intensive. Another approach is to divide the data into
subsets and to apply the convex hull algorithms to the sub sets as done in [99]. Such
methods are easier to implement as alpha shapes. However, they only work well
on evenly distributed data sets. Data originating from lidar measurements is evenly
distributed and due to the easier implementation, the latter approach is used.

A method is developed which is further on referred to as segmented graham scan.
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∆x∆x∆x

(a) Segmented Graham Scan

∆x∆x∆x

(b) Result of the Segmented Graham Scan

Figure 5.4.: Preliminary and final result of a segmented graham scan.

It divides the data set into an arbitrary number of rectangular segments with equal
widths ∆x as shown in 5.4a. For each segment, the convex hull is computed with the
ordinary graham scan method. Next, the convex hulls of the segments are merged.
After merging, points which belonged to the convex hull of a segment are not nec-
essarily part of the convex hull of the whole data set. These points are eliminated as
follows: For each point of the data set the angles to all other data points are calcu-
lated. If the difference between the smallest and biggest angle exceeds a given value
ϕboundary the point is identified as true member of the convex hull. Results of the
method strongly depend on the choice of ϕ and ∆x. If the concavity of the data set
is pronounced with boundary angles < 120◦, the results are not perfectly reliable.
Therefore, it is recommended to set ϕboundary > 120◦.

Figure 5.5 shows the influence of the segment width ∆x. The boundary points of
a road section are determined with the segmented graham scan for the segment
widths ∆x of 1, 2, 5, 7 and 10 m. The smaller ∆x the more points in the concave part
are detected. For ∆x = 7 m, point density in the concave parts is already much
lower than in the convex parts of the point cloud. If ∆x exceeds a certain value con-
cave boundaries are not detected at all (Figure 5.5e). The choice of ∆x depends on
the shaping and the density of the data set. Besides a maximum limit, ∆x should
also not be chosen too small to guarantee a sufficient number of points in a subset.
Unlike the ordinary graham scan where boundary points are ordered anti clockwise
in the stack, the sequence in the stack resulting from the segmented graham scan is
orderless. To define the boundary polygon, boundary points have to be sorted. Due
to the concave parts of the boundary, conventional methods to generate the bound-
ary polygon fail. Instead, points are sorted by distance in a nearest neighbour sense.
However, it has to be guaranteed that the distance between two boundary points
across the polygon (what corresponds to road width) is bigger than the distance
along the boundary. Otherwise, sorting fails. Therefore, it is convenient to choose
∆x well below the modelled road width to assure that the maximum distance of two
polygon points is smaller. A reasonable range for ∆x can be given to 2 ≤ ∆x ≤ 10
m.
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Figure 5.5.: Boundary points determined by a segmented graham scan with variable
segment widths ∆x [m].
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In summary, the segmented graham scan algorithm developed for the Pavement
Surface Runoff Model allows to define the boundary polygon for the majority of
point clouds. Most road sections exhibit small concavities compared to the size of
the entire domain. However, the method inherits limitations. If concave angles
along the boundary are ϕboundary < 120◦ application of the segmented graham scan
does not yield proper results. Further on, the sorting of the boundary points with
the nearest neighbour method can only be safely applied if the distance of boundary
points along the boundary is significantly higher than across the boundary.

5.1.2. Interpolation

Various methods for spatial interpolation exist. An extensive overview of methods
and their classification is given in [19] and [75]. A short summary is given in the
following:

• Global vs local: global interpolation methods use the entire data set for in-
terpolation and capture the general trend. A change in a single value may
therefore affect the whole domain. Global methods tend to generate smooth
surfaces with less abrupt changes. Local methods are repeatedly applied to
subsets of the data. A changed input value may therefore only affect the result
in the subset. Local methods capture the short-range variation which may also
lead to abrupt changes. Global methods are for example trend surface analy-
sis or regression models. Nearest neighbour methods or triangulation are local
methods.

• Deterministic vs stochastic: in contrast to deterministic models, stochastic
models include the concept of randomness. Besides the estimation of miss-
ing data, they provide an error prediction for the estimation. An example for
a stochastic model is kriging which is often used in geostatistics.

• Exact vs inexact: if a surface is generated with an exact interpolation method,
every data point used for interpolation is part of the surface. An example are
triangular irregular network based models. An inexact method is regression
or trend surface analysis where data points are not necessarily part of the gen-
erated surface.

• Grid based vs triangular: In terrain modelling, triangular irregular network
as well as grid based models are used to reconstruct surfaces. All geometric
elements like quadrilaterals, polygons, etc. can be split up in a set of triangles.
Triangles are therefore the basic geometric element which can be adapted well
to nearly every shape. Triangle based methods are thus used to describe bro-
ken terrain with steep slopes and break lines and they are suitable for any data
pattern, regular or irregular [76]. The triangular network is generated via a
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triangulation algorithm such as the delaunay triangulation. Implementation
and data handling are fairly complex. Grid based models, which work on rect-
angular grid cells, are easy to implement and to handle [13]. They are suited to
model rolling terrain over large areas. However, they do not work well with
clustered data or data originating from contour lines. Grid based models are
for example nearest neighbour, natural neighbours or inverse distance weight-
ing.

For the reconstruction of the pavement topography, a local and deterministic model
is chosen. The only decision left is whether the model is triangle or grid based, exact
or inexact. Since the Pavement Surface Runoff Model works on a cartesian grid, it
is necessary to have gridded elevation data. If a triangular based method was used,
elevations at the vertices would have to be determined via interpolation within the
triangular structure. Consequently, the triangulation as well as interpolation proce-
dure would have to be implemented. When a grid based model is used, only the
interpolation procedure has to be implemented. Data from lidar measurements is
dense and regularly distributed. Therefore, the grid based inverse distance weight-
ing algorithm is chosen.

Inverse distance weighting is a widely used, inexact, spatial interpolation method to
create raster overlays from point data [19]. The main idea of this method can be de-
scribed best by Tobler’s first law of geography: “Everything is related to everything else,
but near things are more related than distant things.” [83]. It assumes that the elevation
of an unknown point is inversely related to the distance to its known neighbours.
The unknown elevation of a vertice i can be determined by the summation of the
weighted elevations of the neighbouring data points :

zi =
n

∑
k=1

wkzk (5.1)

where n is the number of data points used for the interpolation and wk is the weight-
ing factor expressed by

wk = d−p
ik . (5.2)

The weighting factor wk of a single neighbour is proportional to its distance dik. Pro-
portionality can be varied by the power parameter p. To ensure that the sum of
weights equals one, the single weight factor is normalised with the sum of weights:

wk =
d−p

ik

∑
n
k=1 d−p

ik

. (5.3)

If a point coincides with a grid vertice, the weight is set to 1 and all other weights
to 0. The number of data points included in the interpolation n is either determined
by specifying a fix search radius or a fix number of data points. In this model, both
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parameters are specified. The fix search radius restricts the area the model has to
screen. A fix number of data points ensures that always the same number of points is
used. Since n is constant over the entire domain the method only works for equally
distributed data. On irregularly distributed data, the search radius for regions with
sparse data could become too small to get the desired number of points. Usually, n is
chosen between 15 and 30 [17]. When choosing n it is important that the data points
surround the unknown point so that every possible direction is covered. One disad-
vantage of inverse distance weighting is that it is not directional. If a point is only
estimated with data points from the same direction, the result might be distorted.
Therefore, inverse distance weighting does not work when data from contour lines
is interpolated.

As already mentioned. the power parameter p decides whether the distance weight-
ing is more or less than proportional. Three cases are distinguished:

• p > 1: distance will be accounted more than proportional,

• p = 1: corresponds to an inverse proportionality,

• p < 1: distance will be accounted less than proportional.

The most popular choice is p = 1 or 2 [17, 75]. Although it seems that the choice
of p is rather arbitrary it also depends on the the data pattern, especially on data
density. If data is dense, p should not be too big as all neighbouring points will have
relatively large weights. A value for p close to 1 ensures that very close points do not
have too much influence on the result. If data points are sparse, a bigger value for p
should be chosen so that closer points explicitly have more influence. Apparently, a
constant value for p can only be satisfactory for an equally distributed data set with
a fairly constant density. Data used in the Pavement Surface Runoff Model are dense
and equally distributed. Thus, a constant p is chosen and set to p = 1 by default.

The advantage of inverse distance weighting is its easy implementation. Disadvan-
tages are that it only works reliably on equally distributed and fairly dense data
sets and that the interpolation is not directional. To face these shortcomings, sev-
eral modifications if the method for the use with scattered data sets were devel-
oped. For detailed information about the improved methods the reader is referred
to [44, 75, 101].

5.2. Flow Resistance

Flow resistance in the Pavement Surface Runoff Model is described by the Darcy-
Weisbach equation. Reasons for this choice are given in Section 3.2.3. For the estima-
tion of the resistance coefficient f a model based on experimental data is developed.
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First, the experimental setup is described. Afterwards, different methods to setup
a model for the estimation of f are discussed and relevant parameters are defined.
Finally, the experimental data is analysed with the chosen method and results are
discussed.

5.2.1. Experimental Setup

Data to calibrate the flow resistance model originates from experiments performed
in [95]. The experimental setup is only described briefly herein. For more informa-
tion the reader is referred to [56] and [95].

Figure 5.6 shows a schematic view of the test station. The experiments were carried
out on platforms 2.0 m in length and 1 m in width. The platforms consisted of
variable asphalt and concrete material placed on a steel plate. The concrete covers
were additionally textured after placement with jute fibre cloth and artificial turf.
For the characterisation the roughness of the surface covers, mean texture depth k
was measured with the sand patch method described in Section 2.1.4. Five surface
covers were tested:

• concrete with jute fibre texture (CJ), k = 0.4 mm,

• concrete with artificial turf texture (CAT), k = 0.84 mm,

• stone matrix asphalt with 8 mm max. grain size (SMA08), k = 0.89 mm,

• stone matrix asphalt with 11 mm max. grain size (SMA011), k = 0.98 mm and

• dense graded asphalt with 8 mm max. grain size (DGA), k = 1.83 mm.

The platforms were adjustable in longitudinal slope. Tested slopes varied from 0.5 %
to 5 %. Rainfall was simulated with a pipe system containing regularly spaced leaks.
The leak diameter was 0.6 mm and the spacing 15 cm. The rainfall intensities gen-
erated with the pipe system ranged from 0.5 mm/min to 1.5 mm/min. According
to the definitions made in Section 2.1.1 this corresponds to a very strong rain event.
Beneath the pipe system, a metal grid mesh with mesh size 3 mm was installed to
ensure realistic drop sizes and a random but steady distribution of the drops. In ad-
dition to the rainfall simulator there was an inflow installed on top of the platform.
Inflow varied from 0.0 m3/h up to 5 m3/h.



5.2 Flow Resistance 77

b
bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb

b
bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb

b
bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb

b
bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb

d
ddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddd

d
ddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddd

d
ddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddd

d
ddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddd

a
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa

a
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa

a
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa

a
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa

c
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

c
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

c
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

c
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

rain simulator mesh

platform
with surface
cover

ultrasound
measuring
device

headbox

qin

qout

Figure 5.6.: Schematic view of the test station used in [95].

Water depths on the platform were measured at 27 points with an ultrasound mea-
suring device. The experiments showed that water depths did not increase in down-
stream direction. Further on, the cross section and surface texture remained con-
stant over the platform. Therefore, uniform conditions were assumed and all water
depth measurements were combined to one averaged water depth per experiment
as shown in Figure 5.7a:

h =
1
n

n

∑
i=1

hi with n = 27. (5.4)

The averaged water depth h was used to calibrate the one dimensional model in [95].
It is also used in the Pavement Surface Runoff Model as conservative variable and
for the calibration of the resistance model. This corresponds to the assumption of
a flat bottom with a certain resistance coefficient where the actual texture geometry
is neglected as shown in Figure 5.7b. As mentioned in Section 2.1.4, the surface
texture provides a retention volume and therefore, the averaged water depth h is
not a sound parameter to describe the hydroplaning risk. Only the water depth
above the roughness peaks is relevant for the hydroplaning effect. Therefore, an
additional water depth is defined, which takes into account the retention volume.
This parameter is called the referenced water depth href and can be calculated as

href = h − k (5.5)

as shown in Figure 5.7c. The simulations are based on h, the visualisation of water
depths is done on the basis of href.
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(a) Averaged water depth h
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(c) Referenced water depth href

Figure 5.7.: Definition of averaged and referenced water depth and model concept
for flow resistance.

The experiments in [95] were carried out with and without simulated rainfall. The
tests with rainfall though were limited to a zero inflow condition. In total, 275 config-
urations were tested (75 with and 200 without rainfall). Available data from the ex-
periments are discharge q and averaged water depth h. For the experiments carried
out without rainfall, q is readily available from the inflow measurement. As men-
tioned before uniform flow is assumed. For the experiments with simulated rainfall,
q is not available since flow is gradually varied and discharge changes along flow
path. Discharge would have to be determined depending on rainfall intensity at
every cross section where water depth is measured. Since only three measurements
per cross section are available the experiments with simulated rainfall are neglected
in this study. This is acceptable since the effect of rainfall on the flow variables was
shown to be very small [25, 95]. For the calibration of the resistance model a set of
200 data points (40 for each surface cover) are available.

5.2.2. Estimation of the Resistance Coefficient

Assuming steady state and uniform flow conditions, the Darcy-Weisbach resistance
coefficient f can be computed from the experiments by

f =
8gh3S0

q2 . (5.6)
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The process which influences flow resistance in pavement surface runoff the most, is
bottom friction. Bottom friction in turn is caused by the pavement’s surface texture.
For the characterisation of the surface texture, mean texture depth k is available from
the experiments. Therefore, the objective is to set up a general equation to estimate
f depending on mean texture depth. A general equation will enable to estimate f
also for surface covers which were not considered in the experiments. Although
bottom friction will be the only parameter used to estimate the resistance coefficient,
it has to be noted that the quantities obtained from the experiments also include
other effects on flow resistance, like turbulence or shape resistance. Therefore, these
effects are included indirectly in the resistance model.

Existing Approaches to Estimate the Resistance Coefficient

For pipe flow the Darcy-Weisbach resistance coefficient f can be determined by
Equation (3.51) if the velocity profile near the boundary is known. For turbulent
flow, the velocity profile can be assumed to be logarithmic. The logarithmic equa-
tions derived for pipe flow have been modified to open-channel flow on the basis
of extensive experiments. A general form of these equations for the flow regimes
’smooth’ and fully ’rough’ was given by the ASCE Task Force on Friction Factors in
Open Channels, which are presented in [38]:

Smooth:
1

√
f
= c log10

(
a h
ks

)

(5.7)

Rough:
1

√
f
= c log10

(
Re

√
f

b

)

. (5.8)

The coefficients a, b and c vary with channel shape among others. Values are also
given in [38]. In these equations, the Reynolds Number and an inundation ratio
based on the equivalent sand grain roughness h/ks are used as explaining param-
eters. For open-channel flow over very rough and irregular surfaces, like natural
river beds, equations depending on other parameters than ks and Re such as grain
size distribution or roughness density were established. A detailed review can be
found in [1, 34] and [98].

The use of logarithmic equations to estimate the resistance coefficient constitutes the
standard analysis technique in open-channel flow hydraulics. However, they can
not be applied in this work for the following reasons. First, they presume fully turbu-
lent flow conditions. Pavement surface runoff is, however, dominated by Reynolds
Numbers covering the entire flow regime from laminar to turbulent with a signifi-
cant portion being in the transitional regime. Second, the parameters describing the
roughness of a surface, e. g. ks, are not available from the experiments. Third, the
logarithmic equations presume sufficient inundation.
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Figure 5.8.: Comparison of real and logarithmic velocity profile for a flow over large
scale roughness according to [34] (not to scale).

Inundation is expressed by the inundation ratio λ, which is defined as the relation
of water depth h to a characteristic length scale of the rough surface kchar

λ =
h

kchar
. (5.9)

In the equations posted above, the characteristic length scale of the rough surface is
the equivalent sand grain roughness ks and therefore, kchar = ks. In the following,
mean texture depth is chosen as characteristic length scale for the surface roughness
in pavement surface runoff since it is available from the experiments. It follows that
kchar = k. In pavement surface runoff, mean texture depth has a similar length scale
as water depth and therefore it exhibits rather low inundation ratios, which range
only up to λ = 15. For low inundation ratios, the velocity profile of turbulent flow
close to the boundary deviates from the logarithmic shape as shown in Figure 5.8.
According to [34] the profiles coincide at an inundation ratio of λ = 4. Comparing
mean texture depth k with the characteristic length scale marked in Figure 5.8 and
recapitulating the definition of k in Section 2.1.4, it has to be noted that k is not
absolutely equal to kchar. It rather follows that k < kchar. Therefore, threshold values
for λ may be slightly bigger using k than using kchar. Approximately 50 % of the
experimental data is below λ = 4. If an increased threshold is assumed due to
the difference between k and kchar, the portion even increases. As a consequence, an
altered velocity profile should be considered in the Pavement Surface Runoff Model.

In summary, the application of existing logarithmic equations to estimate f is re-
jected because the condition of fully turbulent flow is not met. Furthermore, for low
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Figure 5.9.: Flow regions defined in [72] depending on inundation ratio λ.

inundation ratios, the velocity distribution near the boundary deviates from the log-
arithmic profile. Consequently, velocity measurements would be needed to verify
the velocity profile. Measurements of the velocity profile are, however, not available
and it would be difficult to measure them for such small water depths.

Nevertheless, inundation is a parameter which strongly influences flow resistance
over rough surfaces. An approach to estimate f depending on inundation ratio was
given in [72]. Depending on λ = h/kchar three flow regimes are defined (also see
Figure 5.9):

• well inundated: λ > 10,

• marginally inundated: 1 ≤ λ ≤ 10 and

• partially inundated: λ < 1.

In the well inundated region roughness elements are relatively small compared to
the flow depth and fully rough flow conditions can be assumed. Since a high inunda-
tion allows to interpret roughness rather as a microscale than macroscale roughness,
standard hydraulic analyses can be applied. The following logarithmic equation is
derived for fully rough turbulent flow

1
√

f
∽ 1.64 + 0.803 ln(λ). (5.10)

In [72], comparison with experimental data showed that the well inundated region
can be described sufficiently by Equation (5.10). The fact that the logarithmic law
(Equation (5.10)) is suggested for λ > 10 confirms the assumption that the velocity
profile deviates from the logarithmic shape close to the boundary. Recalling that
k < kchar the threshold for being in a well inundated region would be even larger
than 10. Consequently, this region is neglected.
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The marginally inundated flow region is also characterised by fully inundated
roughness elements. However, inundation is small enough that roughness affects
the whole velocity profile. It is assumed that the disturbance introduced into the
flow field scales with the size of the roughness elements. The following equation
is derived mathematically applying a modified mixing length model where mixing
length scales with surface roughness

f = 10 λ−2. (5.11)

The potential relationship of f and λ could not be verified in [72] due to a lack of
available data. Furthermore, hydraulics in this region are not well understood yet.
Nevertheless, it is the region which is of interest when modelling flow resistance for
pavement surface runoff.

In the third region, roughness elements are partially inundated. Variations in water
depth do not only result in changes of flow resistance but also change the hydraulic
radius. Further, the effect of individual roughness elements becomes important. To
account for this, the drag force associated with a roughness element is used to esti-
mate bottom shear stress. For spherical particles and a bimodal distribution of par-
ticles an equation for f is presented in [72]. For a highly heterogeneous surface such
as the pavement surface texture, drag forces can not be determined reliably. In this
work, the partially inundated region is therefore neglected. Instead, it is assumed
that no considerable flow occurs when λ < 1.

Since the marginally inundated region is the one of interest in this work, the po-
tential relationship of Equation (5.11) is checked on the available experimental data.
Figure 5.10 shows the computed f -values plotted against λ. There is a tendency
of decreasing flow resistance with increasing inundation. However, data is consid-
erably scattered and the potential relationship can not be verified clearly. For this
reason, a new approach to estimate the resistance coefficient is developed in this
work, which is presented in the following section.

Approach Used in this Work

The preceeding section illustrated that inundation ratio λ influences the flow re-
sistance coefficient f . Since no clear relationship could be established with the ex-
perimental data, other parameters influencing f have to be found. To identify the
relations among physical quantities, dimensional analysis is a powerful tool. There-
fore, a dimensional analysis of the momentum equation is performed. For reasons
of simplicity, the one dimensional momentum equation is chosen. Since steady and
uniform conditions are assumed in the experiments, only the steady state is consid-
ered. Applying these simplifications to the one dimensional momentum equation
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Figure 5.10.: Darcy-Weisbach resistance coefficient f plotted against inundation ra-
tio λ for the five investigated surface covers.

yields:
∂zb

∂x
= f

u2

8gh
. (5.12)

First, a characteristic length lc and a characteristic acceleration ac = g are defined.
This enables the definition of dimensionless expressions for water depth H, velocity
H, length X , bottom elevation Z and gravity G:

H =
h
lc

, V =
u

√
glc

, X =
x
lc

, Z =
zb

lc
, G =

g
g
= 1. (5.13)

Inserting the expressions into Equation (5.12) and solving for f yields

f =
∂Z
∂X

8H
V2 . (5.14)

Depending on the choice of lc, two dimensionless groupings can be generated. Note
that independent of the choice of lc, the term ∂Z/∂X will always yield bottom slope
as a dimensional parameter.

Usually, water depth h is chosen as characteristic length lc. Then, the resistance
coefficient f can be expressed as a function of bottom slope S0 and Froude Number
Fr since H = 1. The dimensionless grouping can thus be identified as:

f = f (Fr, S0). (5.15)
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An estimation of f using one of these parameters would fail because mean texture
depth k is not included as well as any other friction related parameters. For the de-
velopment of the second dimensionless grouping, it is therefore suggested to define
lc as mean texture depth k. As mentioned before, bottom slope S0 can be already
identified as part of the dimensionless grouping. The dimensionless water depth
can be formulated as

H =
h
k
= λ (5.16)

which corresponds to inundation ratio. Finally, the dimensionless velocity can be
written as

V =
u

√
gk

= Frk. (5.17)

The expression for the dimensionless velocity is similar to that of the Froude Num-
ber. Thus, it is further on defined as texture related Froude Number Frk. It repre-
sents the relation of inertial forces of the flow and the gravitational forces acting at
height k. Finally, the second dimensionless grouping can be summarised as

f = f (λ, Frk, S0). (5.18)

The influence of λ on f was already illustrated in Figure 5.10. No clear relationship
f = f (λ) could be identified. In Figure 5.11, f is plotted against the texture related
Froude Number Frk. Although data is slightly scattered, the potential dependency
is much more distinct than for λ. To model flow resistance in pavement surface
runoff, mean texture depth was defined significant. Therefore, it is mandatory to
include either λ or Frk or both quantities into a flow resistance model. Bottom slope
S0 can be included as a second parameter. This will be discussed later.

Besides their influence on the resistance coefficient, inundation ratio and texture re-
lated Froude Number exhibit one important difference: inundation ratio depends
on water depth and the texture related Froude Number depends on velocity. Wa-
ter depth and velocity are directly coupled and therefore, including both quantities
into the model is rejected. (Data analysis moreover showed that adding inundation
ratio to the model does not increase its accuracy.) Furthermore, the influence of Frk
is more pronounced. For this reason, it is chosen as an explaining variable in the
resistance model. Bottom slope, which is independent of mean texture depth might
be added as a second explaining variable as mentioned before. Figure 5.11 shows
again f plotted against the texture related Froude Number Frk. However, data is
not grouped by surface cover but by bottom slope. It can be verified that bottom
slope influences the resistance coefficient and that f can probably be expressed as a
family of potential functions f = f (Frk, S0).

So far, the texture related Froude Number Frk was derived from dimensional anal-
ysis. It will be used as explaining variable for an estimation of the resistance co-
efficient f . In the next section possible potential equations depending on Frk and
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Figure 5.11.: Darcy-Weisbach resistance coefficient f plotted against the texture re-
lated Froude Number Frk for the five investigated surface covers.

optionally S0 will be set up an fitted to the experimental data to obtain a general
equation for the estimation of the resistance coefficient depending on mean texture
depth.

5.2.3. Data Analysis and Results

Three potential functions are set up and fitted to the experimental data. A one pa-
rameter model, which only includes the texture related Froude Number as explain-
ing variable

f = a (Frk)
c (5.19)

and a two parameter model with an additional linear dependency on bottom slope

f = (a S0 + b) Frk
c (5.20)

which is further on referred to as linear two parameter model. Finally, a potential
two parameter model of the form

f = a S0
b Frk

c (5.21)

is formulated. Curve fitting is performed with the least squares method on the basis
of the entire data set containing all surface covers. In this way, the resulting resis-
tance model has general coefficients and can also be used for surface covers which
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Figure 5.12.: Darcy-Weisbach resistance coefficient f plotted against the texture re-
lated Froude Number Frk for the five investigated surface covers and
variable bottom slopes.

were not tested in the experiments. The coefficients of determination R are calcu-
lated for each surface cover separately to better evaluate the fit. The coefficient of
determination is interpreted as the percentage of explained data expressed by

R = 1 − RSS
SSY

R ≤ 1 (5.22)

with RSS being the residual sum of squared errors

RSS =
n

∑
i=1

( fi,experiments − fi,model)
2 (5.23)

and SSY the sum of squared measured f-values

SSY =
n

∑
i=1

( fi,experiments)
2. (5.24)

Table 5.1 presents the results of the curve fitting process with the three models. In
general, the two parameter models have higher coefficients of determination than
the one parameter model. The question is if the increased accuracy is justifiable in
a physical sense or if it is just a mathematical phenomenon. Adding an additional
explaining variable to a regression model will always increase its mathematical ac-
curacy. On the one hand, longitudinal slope is reflected by velocity and therefore
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Figure 5.13.: Logarithmus of the Darcy-Weisbach resistance coefficient ln( f ) plotted
against ln(Frk) for the investigated surface covers.

would not have to be included necessarily as a separate explaining variable. On the
other hand, velocity is not explicitly included in the equation but only indirectly by
Frk. To account explicitly for gravitational forces due to longitudinal slope, S0 is
therefore added to the model.

When looking at the results for the surface covers, CJ has the lowest coefficient of
determination independent of the model used. In case of the one parameter model,
actually R < 0. A negative coefficient of determination indicates that the sum of the
squared deviations exceeds the sum of the squared "f-values". This can be explained
by the fact that the curve fitting process is performed on the whole data set. The
least squares method weights the absolute deviations and tries to find the minimum
deviation with respect to the whole data set. Since CJ has the lowest resistance
coefficients because of the small mean texture depth, deviations for other surface
covers, especially SMA011 and DGA, have a bigger influence on the fit. Therefore,
the absolute deviations for CJ with respect to the entire data set are small but the
relative deviations with respect to the CJ data set are big. To achieve a more balanced
fit, data and model equations are transformed to a logarithmic form. Figure 5.13
shows the ln( f )-values plotted against the ln(Frk)-values. It can be seen that each
surface cover roughly covers the same range of ln( f ). Therefore, deviations in the
fitting process are also in the same range and a more balanced fit is expected. The
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Figure 5.14.: Comparison of the non-logarithmic and logarithmic fit for the Darcy-
Weisbach resistance coefficient.

model equations in logarithmic form read:

ln( f ) = ln(a) + c ln(Frk)

ln( f ) = ln(a S0 + b) + c ln(Frk)

ln( f ) = ln(a) + b ln(S0) + c ln(Frk).

(5.25)

After the logarithmic equations are fitted to the experimental data, the model equa-
tions including the coefficients are transformed back into the original equations. Fig-
ure 5.14 shows the resulting curves with a non-logarithmic and a logarithmic fit for
the one parameter model. As expected, the curve resulting from the logarithmic
approach achieves a more balanced fit. This can be confirmed when looking at the
coefficients of determination shown in Table 5.2. In contrast to the non logarith-
mic fit, CJ has much higher coefficients of determination. However, coefficients of
determination for the other surface covers are slightly lower. Due to the more bal-
anced fit, the equations from the logarithmic fit are used in the Pavement Surface
Runoff Model. The equation with the best performance is the potential two param-
eter model.
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Surface
cover

f =

0.6 Frk
−1.19

f =

(13.93 S0 + 0.28) Frk
−1.41

f =

3.41 S0
0.45 Frk

−1.44

CJ -0.13 0.74 0.79

CAT 0.76 0.95 0.96

SMA08 0.89 0.98 0.98

SMA011 0.94 0.95 0.95

DGA 0.91 0.98 0.98

Table 5.1.: Coefficients of determination for the one and two parameter models.

Surface
cover

f =

0.47 Frk
−1.35

f =

(5.0 S0 + 0.36) Frk
−1.40

f =

3.50 S0
0.47 Frk

−1.50

CJ 0.62 0.82 0.88

CAT 0.75 0.83 0.95

SMA08 0.87 0.92 0.98

SMA011 0.93 0.93 0.95

DGA 0.89 0.95 0.99

Table 5.2.: Coefficients of determination for the one and two parameter models cal-
culated with the logarithmic transformation.
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5.2.4. Extended Model Equations

The experiments used to calibrate the resistance coefficient were restricted to one
dimension. Therefore, the model equations have to be extended to two dimensions.
Additionally, new Jacobians for the implicit friction update have to be defined.

The model used to describe the resistance coefficient f in one dimension is

f = aS0
b Frk

c = aS0
b
(

u
√

gk

)c

. (5.26)

When the equation is extended to two dimensions it has to be discussed if velocity
and bottom slope are included as vectorial or scalar quantities. Since mean texture
depth is the main factor of influence and it is assumed that it is independent of
direction, the resistance coefficient should be a scalar quantity. Therefore, velocity
and bottom slope are not included as vectors but as scalars representing the absolute
cell values defined by

|U| =
√

u2 + v2 and |S0| =
√

S2
0,x + S2

0,y. (5.27)

This results in a scalar resistance coefficient for a cell. Friction slope Sf in two dimen-
sions can be written as:

Sf = a|S0|b
(√

u2 + v2
√

gk

)c








0
u
√

u2+v2

8gh

v
√

u2+v2

8gh








. (5.28)

For the implicit friction update according to Equation (4.39) the Jacobian Jf of the
flow resistance source term Qf = gh Sf is needed. The Jacobian of the newly intro-
duced two parameter model is presented in the Appendix A.1.

5.3. Drainage Model

An effective drainage of road pavements is essential to maintain their service level
and traffic safety. Drainage facilities consist of the visible gutter and inlets on the
pavement as well as the closed drain system underground, which conveys the wa-
ter from the inlet to the point of discharge. Here, only the gutters and inlets are
considered, which remove the storm water from the pavement.

There are two possible failures of drainage facilities. First, the drainage capacity
of the drain system is exceeded what results in backwater effects. These are not
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Figure 5.15.: Water depth at a brink depending on upstream flow conditions.

modelled in this work. Second, velocity and discharge of the approaching flow from
the gutter are that high that it passes the drain grate (splash-over). In this case, a
certain amount of water does not even enter the inlet. The ratio of intercepted flow
qin and approaching flow qapproach is defined as drainage efficiency

ε =
qin

qapproach
. (5.29)

Drainage efficiency varies with the type of inlet, the discharge from the gutter, flow
velocity and longitudinal slope of the gutter. There are various types of inlets such
as curb-opening inlets, grate-inlets and combinations of these. Therefore, imple-
menting drainage efficiency in the Pavement Surface Runoff Model would require
detailed experimental data for various inlet and gutter configurations. Since these
are not available, drainage efficiency is implemented as factor ε, which can be ad-
justed by the user. In general it is set to 1.

Assuming ε = 1, flow into an inlet can be interpreted as a free overfall. It is the
simplest case of a weir flow where the weir has zero height as shown in Figure
5.15. The brink divides the flow into the upstream zone (approaching flow) and
into the downstream jet zone (flow behind the brink). Flow processes behind the
brink are not investigated further. A free overfall implies that the upstream zone
is not influenced by the downstream jet zone. This is a valid assumption as long
as the drainage capacity of the inlet is not exceeded and no backwater effects occur.
Therefore, disturbances can only be transmitted downstream. Consequently, flow in
the downstream jet zone is always supercritical. Depending on the flow condition
in the upstream zone two cases have to be considered, which are presented in Figure
5.15. Depending on the flow condition in the upstream zone, different water depths
will set up at the brink. For supercritical flow in the upstream zone as shown in
Figure 5.15a, flow conditions across the brink do not change and water depth at the
brink hb equals water depth in the upstream zone h0. Thus, discharge can be simply



92 Pavement Surface Runoff Model

modelled as a free outflow condition. If flow in the upstream zone is subcritical
as shown in Figure 5.15b, flow state changes to reach the supercritical state behind
the brink. As a consequence, water depth at the brink will be smaller than in the
upstream zone (hb 6= h0) and the flow will inevitably pass the critical state, which is
characterised by Fr = 1. The water depth at the brink can be determined on the basis
of the concept of critical flow. For the sake of simplicity it is assumed that the critical
state will set up right at the brink. The concept of critical flow presented in the
next paragraph assumes a hydrostatic pressure distribution and a uniform velocity
distribution. Since the Shallow Water Equation is based on the same assumptions,
the use of this concept is justifiable. It was also applied in [25]. Literature about
the concept of critical flow, especially extended and generalised equations as well as
historical review are presented in [22, 23] and [24].

According to the Bernoulli equation, the energy head E for a parallel streamline flow
(hydrostatic pressure conditions) with uniform velocity distribution is defined as

E = h +
u2

2g
(5.30)

where h is the water depth respectively pressure head representing the amount of
potential energy Epot and u2/2g the velocity head representing the amount of kinetic
energy Ekin. Equation (5.30) is derived for a single point not for a channel section. If
a rectangular cross section is assumed Equation (5.30) can be reformulated to

E = h +
q2

2gh2 . (5.31)

When expressed in terms of h, the equation becomes

h3 − Eh2 +
q2

2g
= 0. (5.32)

Therefore, the local water depth is a function of specific energy and unit discharge.
Figures 5.16a and 5.16b show Equation (5.32) plotted for E = const and q = const
respectively. It is obvious that for every given E and q there are two possible and
physically correct solutions for h (besides the third negative solution). However,
there exists one singularity solution for h when E = Emin and q = qmax. This solution
occurs at the critical depth hc. For the critical state, Fr = 1 and therefore

uc =
√

ghc. (5.33)

Inserting the expression for uc into (5.30) yields

E =
3
2

hc. (5.34)
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Figure 5.16.: Relation of water depth, discharge and energy.

The critical water depth hc can therefore be determined depending on the specific
energy (Equation (5.30)). The critical velocity follows from Equation (5.33).

In the Pavement Surface Runoff Model, inlets are cells which do not belong to the
model domain. Instead, the interface between an inlet and a computational cell is
treated as a boundary where the Neumann condition is applied. Depending on the
Froude Number in the computational cell i, the Neumann flux into the inlet Fneu is
defined as free flow condition (Fri > 1) or as critical flow condition (Fri < 1).

In case of a free flow condition, the conserved variables at the boundary are the
same as in the cell (Uneu = Ui) and the flux reads:

Fneu(Ui) = ε




hu

0.5 gh2 + hu2



 . (5.35)

If the critical flow condition applies, the critical variables hc and uc are used (Uneu =
Uc) and the Neumann flux reads:

Fneu(Uc) = ε




hcuc

0.5 ghc
2 + hcuc

2



 . (5.36)

If the velocity of the computational cell i is directed away from the inlet, Fneu = 0.

Figure 5.17 shows the water level profiles at the steady state along a slab with a free
overfall calculated with the Pavement Surface Runoff Model using Equations 5.35
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Figure 5.17.: Comparison of water depths near a brink for sub and supercritical flow
conditions calculated with the Pavement Surface Runoff Model.

and 5.36. The brink is located at x = 4.5 m. The solid line represents the water level
profile for subcritical flow conditions in the upstream zone whereas the dashed line
represents the water level profile for supercritical flow conditions in the upstream
zone. The profiles clearly exhibit the differences regarding the water depth at the
brink hb. For supercritical conditions in the upstream zone, water depth at the brink
equals the water depth in the upstream zone (h0 = hb). For subcritical inflow condi-
tions water depth at the brink is smaller (h0 > hb).

The concept of critical flow is one dimensional. For the application in two dimen-
sional flow problems, the following assumptions are made. The Pavement Surface
Runoff Model is developed for the use on a cartesian grid. Consequently, the bound-
aries to an inlet always coincide with one of the coordinate directions. If the flow
variables are splitted into the coordinate directions, the fraction orthogonal to the
boundary primarily influences the flow into the inlet. Therefore, the velocity com-
ponent and the flow parallel to the brink are neglected. Thus, the energy head at the
boundary Ebound is calculated as:

Ebound =




u2/2g

v2/2g



 · nbound + hi. (5.37)

Using Ekin and Epot, which remains unchanged in two space dimensions, the critical
variables can be calculated according to Equations (5.34) and (5.33). In two dimen-
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sions, flux into the inlet reads:

Fneu = ε








hu hv

0.5 gh2 + hu2 0

0 0.5 gh2 + hv2








· n (5.38)

Depending on the Froude Number the neumann flux is calculated as Fneu(Ui) or
Fneu(Uc).

In this chapter, the Pavement Surface Runoff Model was set up by adding specific
features to the Shallow Water Equations, which are needed to solve real pavement
surface runoff flow problems. First, a method to import and process topographic
point data was developed. It includes a boundary tracing algorithm on the basis of
the graham scan algorithm. A modification of the algorithm enables the detection of
convex boundaries. For the interpolation of the topographic data to the underlying
grid, the inverse distance weighting algorithm was implemented. Second, an equa-
tion was developed to describe the Darcy-Weisbach resistance coefficient depending
on the mean texture depth of a pavement surface. Since a rather theoretical estima-
tion of the resistance coefficient assuming a logarithmic velocity distribution was
rejected due to the flow characteristics and available data, a potential equation was
fitted directly to the experimental data originating from [95]. The best coefficients of
determination were obtained with a two parameter model including bottom slope
and the texture related Froude Number Frk, which was derived from a dimensional
analysis. Finally, a method was suggested to describe drainage facilities on the basis
of the one dimensional critical flow theory. In the following chapter, the Pavement
Surface Runoff Model is applied to various flow problems to demonstrate the fea-
tures developed herein.





6. Model Application

In the preceeding chapters, the development of the Pavement Surface Runoff Model
(PSRM) was described. The model is based on the depth-averaged Shallow Water
Equations, which are discretised by a cell-centred finite-volume method on a carte-
sian grid. For the approximation of the intercell fluxes, the HLL approximate Rie-
mann solver is used. Flow resistance is modelled with the Darcy-Weisbach equation.
For the resistance coefficient, a potential equation depending on velocity and mean
texture depth was developed and calibrated using the experimental data from [95].
Additional features of the model are its ability to import and process topographic
data for a simulation on pavements with irregular topography and the simulation
of drainage facilities.

Now, all the above mentioned parts, which were treated separately in the previous
chapters, are put together and the Pavement Surface Runoff Model is applied to real
world flow problems. The objective of the chapter is to present the spectrum of pos-
sible applications of the model. These include a model road section with drainage
facilities, an existing road section with irregular topography as well as a road section
designed in CAD with a complex boundary. At first, though, the Pavement Surface
Runoff Model is compared to Planus, the model which was developed in [95].

6.1. Comparison with Planus

The simulation of water depths on surfaces with regular topography (parametrised
surfaces) is the simplest case, which is covered by all pavement surface runoff mod-
els, either empirical or hydrodynamic, e. g. [25, 59, 68, 95]. However, the compar-
ison of models is rather difficult since they are calibrated with different data and
experiments are restricted to different conditions. In fact, Planus and the Pavement
Surface Runoff Model were calibrated with the same data base. This offers the pos-
sibility to compare both models and to discuss differences and similarities. First of
all, both model concepts are briefly summarised.

Planus is an empirical model, which considers the steady state equilibrium of bot-
tom and friction slope along a flow path similar to a kinematic wave equation. The
flow paths are determined from the surface topography as paths along the maxi-
mum bottom slope. Although the flow paths move in two dimensional space, the
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flow is strictly limited to these flow paths and therefore, the model is quasi one
dimensional. After the steady state water depth distribution on the flow paths is de-
termined, water depths are interpolated between the flow paths to generate a two
dimensional distribution. The flow parameters in Planus are combined in a poten-
tial function as follows:

h = c · ka · qb · Sd
0. (6.1)

In the equation, k is mean texture depth, S0 bottom slope and q the discharge, which
depends on flow path length and rainfall intensity. The coefficients a, b, c, and d are
empirically determined. It can be seen from Equation (6.1) that the flow is solely
generated by bottom slope, hence gravitational forces.

The Pavement Surface Runoff Model is a two dimensional, time dependent hydro-
dynamic model. In contrast to Planus, flow is not limited to the flow paths but can
move in two dimensions. Therefore, water depth distributions are not interpolated
but directly result from solving the Shallow Water Equations. Further on, the model
considers the full dynamic wave equation including the time dependent change of
momentum, the momentum flux, the horizontal pressure gradient as well as bottom
and friction slope. Therefore, momentum and horizontal pressure gradient are addi-
tional driving forces for the flow besides bottom slope. In addition, all terms of the
Shallow Water Equations are based on the physical law of conservation and apart
from friction slope, they are all uniquely defined. The friction slope is the only term
to be determined empirically.

The two models are compared on the basis of the water depth distribution in a ba-
sic superelevation transition as shown in Figure 6.1 and presented in Section 2.1.3.
These are the most critical sections in the road alignment with respect to drainage.
The chosen configuration is a superelevation transition within a 120 m long road sec-
tion of a 6 lane divided motorway with a cross section RQ 36 according to German
guidelines [41]. Modelled pavement width is b = 14.5 m since only one direction
is considered. The superelevation transition is implemented according to the guide-
lines with a transition length of LV = 50 m and a relative gradient of 0.1 a, which
corresponds to 0.725 %. Superelevation respectively cross slope outside the transi-
tion zone is set to the minimum value of qp = 2.5 %. Longitudinal slope is set to s =
-2 %. Rainfall intensity is chosen to i = 0.75 mm/min. This corresponds to a rainfall
event with a return period of n = 1 year and a duration of tr = 15 min in the area
around Stuttgart (see Section 2.1.1). The simulations are performed on a cartesian
grid with 0.2 m x 0.2 m grid cells.

Three aspects are treated by the comparison:

• the maximum water depth

• the spatial distribution of water depths and

• the frequency distribution of water depths.
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qp = 2.5%

qp = -2.5%

∆s

LV = 50 m

L = 120 m

rotation axis

Figure 6.1.: Superelevation transition used for the comparison of the Pavement Sur-
face Runoff Model and Planus.

The maximum water depth on a pavement is strongly influenced by the surface
cover and its mean texture depth k. Five different surface covers are implemented
in the models as presented in Section 5.2.1. These are: CJ (k = 0.4 mm), CAT (k = 0.84
mm), SMA08 (k = 0.89 mm), SMA011 (k = 0.98 mm) and DGA (k = 1.83 mm). Table
6.1 presents the maximum averaged water depths h and referenced water depths href
(defined in Section 5.2.1) for the different surface covers calculated for the example
transition.

CJ CAT SMA08 SMA011 DGA

Planus h [mm] 2.5 3.6 3.8 4.0 5.2

PSRM h [mm] 2.5 3.5 3.6 3.8 5.1

Planus href [mm] 2.1 2.8 2.9 3.0 3.4

PSRM href [mm] 2.1 2.6 2.7 2.8 3.3

Table 6.1.: Maximum averaged water depths h and referenced water depths href for
the basic superelevation transition with s = -2 % and variable surface cov-
ers.

Both models confirm the correlation of mean texture depth and maximum water
depth. The higher mean texture depth, the higher is h and href respectively. The
maximum deviation of the water depths between the models is 0.2 mm what is ne-
glectable. Besides flow resistance, water depths are also affected by the retention
volume of the surface texture. This becomes visible when the arithmetic and ref-
erenced water depths are compared. The difference of h between the two surface
covers CJ and DGA is 2.7 mm (Planus) and 2.6 mm (PSRM) and for href it is only 1.3
mm (Planus) and 1.2 mm (PSRM). Therefore, a surface cover with high mean tex-
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ture depth can partially compensate the increased flow resistance by an increased
retention volume. However, this is only valid to a certain extent. Since href = h − k
the effect of the retention volume is equally reproduced by both models.

Figures 6.2 to 6.6 show the spatial distribution of the referenced water depths href for
the example transition. The upper plot in each figure corresponds to the distribution
calculated with the Pavement Surface Runoff Model, the lower plot is calculated
with Planus.
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Figure 6.2.: Comparison of water depth distribution for surface cover CJ.
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Figure 6.3.: Comparison of water depth distribution for surface cover CAT
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Figure 6.4.: Comparison of water depth distribution for surface cover SMA08
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Figure 6.5.: Comparison of water depth distribution for surface cover SMA011.
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Figure 6.6.: Comparison of water depth distribution for surface cover DGA.

Both models show an accumulation of water in the transition zone next to the point
of zero cross slope (q = 0 %). Since longitudinal slope is negative the accumulation is
slightly shifted downwards (to the right). The range of water depths in the transition
depends on the surface cover and is also nearly the same for both models. However,
the location of the water accumulation differs what can be explained best referring
to Figure 6.6. In Planus, the accumulation develops from the lower boundary of
the plot whereas in the Pavement Surface Runoff Model it emanates from the upper
boundary of the plot. Figure 6.7 shows again the water depth distribution for the
DGA surface cover. Additionally, a qualitative sketch of the flow paths is added.
The arrows indicate the direction of flow.
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Figure 6.7.: Water depth distribution for surface cover DGA including qualitatively
determined flow paths and flow directions.
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The accumulation of water in the Pavement Surface Runoff Model emanates from
the outflow boundary. This is consistent because the volume of water reaches its
maximum near the outflow boundary as long as it is not decreased by an inlet or
damed in a pit. In Planus though, the accumulation does not develop at the outflow
boundary but at the turning point of the longest flow path. One explanation could
be that the slope of the flow path at this point is very low. Furthermore, momentum
and horizontal pressure gradient are neglected as driving forces. Since the model is
one dimensional and water is forced to move on the given flow path, bottom slope
significantly affects water depth. In the Pavement Surface Runoff Model, the two
dimensional effects are preserved. Especially the consideration of momentum and
pressure gradient avoid an accumulation of water at the lower boundary. This effect
is emphasised if a transition with a longitudinal slope of s = 0 % is considered as
shown in Figure 6.8. The flow paths are qualitatively sketched around the centre.
Again, the water accumulation in Planus emanates from the turning points of the
flow paths because there the slopes are very small. Right in the centre of the tran-
sition, a pond seems to develop. The model treats this location as a sag and water
depth in the centre reaches up to href = 5 mm. However, geometrically the centre
is not a sag but a saddle point. If water depth in the centre reaches a certain depth
momentum and pressure gradient should lead to a movement of water towards the
boundary. This behaviour is observed in the Pavement Surface Runoff Model. As a
result, water depth in the centre is only href = 3 mm instead of 5 mm.
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Figure 6.8.: Water depth distribution of a basic superelevation transition with
s = 0 %.

Summarising it can be stated that the spatial distribution of water depths as well as
the maximum water depth calculated with the two models is comparable as long as
slopes are not too small. Then, momentum and pressure gradient as driving forces
can be neglected. As soon as these forces become significant driving forces, Planus
tends to create a distinct accumulation of water. In these cases, the Pavement Surface
Runoff Model yields better results.

When looking at Figures 6.2 to 6.6 again, another difference in the models becomes
visible, which was neglected so far. The Pavement Surface Runoff Model shows
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Figure 6.9.: Histogram of water depths in the example superelevation transition for
SMA011 and s = 0 %).

slightly higher water depths at the boundaries. In Figure 6.6, water depth at the
boundary is around 2.0 mm whereas Planus shows water depths around 1.5 mm.
In addition, the increase of the water depths near the boundary is higher for the
Pavement Surface Runoff Model than for Planus. This difference in water depth
distribution can be very well illustrated when plotting the relative frequency curves
(histogram) for the water depths calculated with both models. Data is divided in 11
frequency classes ranging from 0 to 5.0 mm. The first class only includes href = 0 mm.
Note that href = 0.0 mm does not mean that there is no water on the pavement but
that h < k. The histograms are plotted for the example transition with longitudinal
slopes s = 0 %, 2 %, and 4 % and for all surface covers. Since the general trend is
similar for all surfaces, the plots for SMA011 are exemplary presented herein. The
histograms for the remaining surface covers can be found in the appendix (A.2).

Figures 6.9 to 6.11 show the histograms for the SMA011 surface cover and the three
longitudinal slopes. The following aspects are observed when looking at the fre-
quency distributions. First, in Planus, the relative frequency frel of water depths
increases almost steadily from href = 0 until href = 1.5 mm. In contrast, frequencies of
the Pavement Surface Runoff Model tend to increase exponentially. Second, results
of the Pavement Surface Runoff Model exhibit a larger fraction href = 0.0 mm (’dry
fraction’). The water depth range href < 1.5 mm is mainly present in the pavement
section outside the superelevation transition. Here, bottom and cross slope are con-
stant. One explanation for the different behaviour of the models in this range can
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Figure 6.10.: Histogram of water depths in the example superelevation transition for
SMA011 and s = 2 %).
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be the flow resistance model. In Planus (Equation (6.1)), flow resistance is modelled
as a constant. Besides flow resistance, water depth depends on bottom slope, flow
path length and rainfall intensity. Bottom slope is constant outside the supereleva-
tion transition and rain intensity is also constant for the simulation. Therefore, flow
path length is the only varying parameter. This leads to the almost linear behaviour.
In the Pavement Surface Runoff Model, the flow resistance equation and the resis-
tance coefficient are non-linear because they depend on velocity. Furthermore, the
Shallow Water Equation itself is a non-linear equation. This, in turn, can explain the
non-linear increase of water depths. Third, In the range of href > 1.5 mm, the Pave-
ment Surface Runoff Model shows higher frequencies than Planus but the decrease
of frequencies is also non-linear. Frequencies of Planus, however, significantly drop
in comparison to the lower range. After the drop, they also decrease non-linearly but
as already discussed above, Planus tends to create distinct accumulations of water
for s = 0 %. In these cases, maximum water depth calculated with Planus is signifi-
cantly higher than for the Pavement Surface Runoff Model. The non-linear decrease
of frequencies can be explained as follows. In contrast to the lower range of water
depths, the range of href > 1.5 mm is mainly related to the superelevation transition.
Here, bottom and cross slope are not constant. Consequently, the flow path length
is not the only variable factor determining water depth. The significant drop of fre-
quencies in Planus shows that accumulations of water within the transition zone are
locally bounded. Maybe this is due to the fact that the one dimensional approach
does not allow water moving between the flow paths. Additionally, flow velocity in
sections with small longitudinal slope is small what also evokes accumulations.

The comparison shows that both models yield the same maximum water depth.
However, the spatial and frequency distribution of water depths differ. The frac-
tion of water depths above 1.5 mm is bigger in the Pavement Surface Runoff Model
than in Planus. In contrast, the Pavement Surface Runoff Model exhibits smaller
fractions in the lower range. Furthermore, the accumulations of water develop from
different locations in the transition. In Planus, they develop from the turning point
of the longest flow path whereas in the Pavement Surface Runoff Model they de-
velop from the outflow boundary. Reasons for that are due to the different model
concepts. The Pavement Surface Runoff Model is two dimensional and considers
momentum and horizontal pressure gradient as additional driving forces besides
bottom slope. Therefore, it yields more reasonable results in the presence of small
slopes.

6.2. Drainage

Modelling drainage facilities is a substantial element in an integrated simulation
of pavement surface runoff. In the following, a road section is considered which
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inlet 500 x 500 mm
inlet spacing ad

Figure 6.12.: Sketch of the modelled road section.

drains to the median as shown in Figure 6.12. The median is constructed as a curb
and constitutes a closed boundary. This configuration can be a serious safety risk
because surface runoff accumulates at the median right beside the lane of fast traffic.
If accumulations extend to the lane, the hydroplaning risk will increase drastically.
Therefore, inlets are placed along the curb to prevent water from extending to the
lane. The simulation of closed boundaries in combination with inlets is an exclusive
feature of the Pavement Surface Runoff Model. Therefore, a comparison with Planus
is not possible.

The modelled roadway section is sketched in Figure 6.12. The pavement is 14.5 m
in width and belongs to a 6 lane motorway with a dual carriageway and a cross
section RQ 36 according to [41]. Driving direction is indicated by the white arrow.
Longitudinal slope s = 2.0 % and cross slope qp = 2.5 % are both constant. Inlets
are placed at fixed spacings ad and are assumed to have a size of 500 x 500 mm.
According to the German road drainage guidelines (RAS-Ew, [40]) the cross section
close to the curb can be constructed in two ways:

• forming a simple channel with the same cross slope qp as the roadway shown
in Figure 6.13a, or

• forming an inclined channel with a higher cross slope than the roadway (qp,1 >

qp,2) as shown Figure 6.13b.

The spacing ad of the inlets is designed depending on the desired maximum water
level width bw at the curb. In the guidelines, the design is done with a one dimen-
sional open-channel flow equation. Runoff from the pavement is treated as lateral
inflow into the channel. Velocity and direction of the inflow are not considered.
Flow resistance is modelled using the equation of Manning-Strickler with a resis-
tance coefficient kStr = 70. In the following, variable spacings and the correspond-
ing water level widths as determined by the guidelines are compared to the results
of the Pavement Surface Runoff Model. To guarantee similar conditions, the Man-
ning equation (Equation (3.59)) is used to describe flow resistance in the Pavement
Surface Runoff Model. The Manning coefficient can be derived from the Strickler
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Figure 6.13.: Channel geometries near the curb.
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Figure 6.14.: Two dimensional water depth distribution for the modelled road sec-
tion with ad = 39 m calculated with the Pavement Surface Runoff
Model.

coefficient by n = 1/kStr. Rain intensity is i = 0.75 mm/min, assuming a drainage
efficiency of 100 % (ε = 1). The simulation is performed on a cartesian grid with
grid cells of size 0.25 x 0.25 m.

Before the water level widths for various configurations are compared, the two di-
mensional water depth distribution calculated with the Pavement Surface Runoff
Model for an inlet spacing ad = 15 m and a simple channel is exemplary shown in
Figure 6.14. The effect of the inlets becomes clearly visible in the plot. Water accu-
mulates at the curb and water depth as well as water level width increase towards
the inlet. Since a drainage efficiency of 100 % is assumed, water is totally removed
by the inlet and no water is conveyed to the next section. The inlet is further on
sufficient to prevent water level width reaching the marking of the fast traffic lane.
Table 6.2 summarises the water level widths for a simple channel calculated accord-
ing to the guidelines and with the Pavement Surface Runoff Model for the spacings
ad = 6 m , 15 m and 35 m. The water level widths calculated with the Pavement Sur-
face Runoff Model are consistently smaller than those determined by the guidelines.
The difference between the water level widths increases with increasing inlet spac-
ing. Since a drainage efficiency of 100 % is assumed and the water level widths are
smaller, the velocity in the channel must be higher in the two dimensional Pavement
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ad[m] 6 15 39

bw,RAS-Ew 0.50 0.70 1.00

bw,PSRM 0.45 0.65 0.90

Table 6.2.: Water level widths calculated according to [40] and with the Pavement
Surface Runoff Model for a simple channel.

ad [m] 63 135

bw,RAS-Ew 0.50 0.70

bw,PSRM 0.50 0.68

Table 6.3.: Water level widths calculated according to [40] and with Pavement Sur-
face Runoff Model for an inclined channel with bc = bw.

Surface Runoff Model. One explanation can be that the Pavement Surface Runoff
Model simulates the two dimensional flow on the entire pavement and therefore
also considers the direction and velocity of the lateral inflow. In the one dimensional
open-channel equation inflow is just quantitatively added as source term along the
channel. Another explanation might be that the two dimensional model considers
momentum, which constitutes an additional force in downslope direction. In the
open-channel equation, bottom slope is the only driving force.

Table 6.3 summarises the results for an inclined channel with a cross slope of 10 %.
The channel width bc is identical to the desired maximum water level width bw. In
contrast to the simple channel the water level widths calculated with the models
are the same for ad = 63 m and differ only slightly for ad = 135 m. Therefore, two
dimensional effects do not seem to be as strong as for the simple channel. Due
to the significant inclination of the channel, flow in the channel is influenced less
from the flow on the pavement and therefore flow behaviour has a more distinct
one dimensional character. In this case, the one dimensional open-channel flow
equation is a better approximation than for a simple channel.

A shortcoming of the one dimensional approach is, however, that it can not cope
with an overflowing channel. It has been mentioned already that for an inclined
channel the guidelines assume the channel width to equal the desired maximum
water level width (bc = bw). Consequently, the guidelines always assume the chan-
nel running full. The resulting water level width in case of an overflow can not
be determined since this would presume the capability of the model to deal with
variable cross sections. For the determination of the inlet spacings for a new road



6.2 Drainage 109

7.3

7.35

7.4

7.45

7.5

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2

[m
]

Distance to Curb [m]

Pavement Cross Section
Water Level (ad = 135 m)

(a) Channel width = 0.7 m

7.3

7.35

7.4

7.45

7.5

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2

[m
]

Distance to Curb [m]

Pavement Cross Section
Water Level (ad = 135 m)

(b) Channel width = 0.5 m

Figure 6.15.: Width of water level for a drainage spacing of 135 m and variable chan-
nel widths.

design, the assumption bc = bw is adequate since the channel width should be de-
signed depending on the worst case. If existing road sections are modelled though,
the feature of describing an overflowing channel is indispensable. In the Pavement
Surface Runoff Model this effect can be represented. Figure 6.15a shows the water
level width for a spacing of ad = 135 m calculated with the Pavement Surface Runoff
Model. The channel width is chosen according to the guidelines to be bc = 0.7 m
and consequently also bw = 0.7 m. Figure 6.15b, in contrast, shows the water level
width for the same inlet spacing ad = 135 m but for a decreased channel width bc =
0.5 m. For this configuration, the channel capacity is not sufficient and the channel
is overflowing. The resulting water level width is bw = 1.1 m and would probably
reach the fast traffic lane.

Finally, three conclusions can be drawn from the example. First, the results of the
Pavement Surface Runoff Model and the guidelines are very well comparable, what
confirms the Pavement Surface Runoff Model to a certain extent. Second, the Pave-
ment Surface Runoff Model considers the entire pavement and is therefore able to
model the whole two dimensional runoff process. In case of a simple channel two
dimensional effects such as the direction and velocity of the lateral inflow have
proven to be significant when determining the resulting water level width. Since
water level widths calculated with the one dimensional approach are larger than
those determined by the two dimensional model, they constitute the ’worser’ case.
Thus, the findings do not have negative influence on the existing guidelines. Third,
the Pavement Surface Runoff Model offers the possibility to simulate channels with
a variable cross section as well as overflowing channels. This feature is especially
important when existing road sections are investigated.
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6.3. Analysis of an Existing Road Section

If existing road sections are evaluated three additional aspects have to be considered
in comparison to parametrised road sections as covered in the preceeding sections:

• Alignment parameters are usually not known. Therefore, the topography can
not be described by a mathematical function. Furthermore, one is interested
in modelling the real surface including deformations due to traffic loading.
Consequently, the topography has to be measured and reconstructed in the
model.

• The domain to be modelled can not be represented as a rectangle since the
measured topography includes the curvature of the horizontal alignment.

• Surface covers vary spatially and may not correspond to the ones used in the
experiments to calibrate the resistance model. therefore, a model should be
able to handle varying surface covers in the model domain. In addition, the
flow resistance model should provide the possibility to simulate surface covers
with arbitrary texture depths.

To the authors knowledge, there is no pavement surface runoff model which can
handle all these aspects without limitation. The reasons are described referring to
the both recently developed models. The model developed in [25] is not adjusted
to process and simulate on irregular topographic data, although the underlying
diffusion wave equation could handle it correctly. Furthermore, the empirical co-
efficient of the resistance model was determined for each surface cover separately.
Consequently, the resistance model can not be used to simulate surface covers which
were not experimentally investigated. In [56], Planus was enhanced to process point
clouds and to do simulations on irregular topography. However, determining the
flow paths on the irregular topography is not trivial. They may start or end inside
the model domain. This makes the algorithm unstable and strongly depending on
input parameters for the flow path generation. Further, flow over adverse slopes
and ponding can not be adequately described by a the model where the only driv-
ing force is bottom slope. If the model equation of Planus is recalled (Equation (6.1)),
setting S0 = 0 leads to an infinite water depth since the exponent is negative. Hence,
the flow equation can not be solved for S0 = 0. In most cases, the slope of the flow
paths is not zero. Then, the model can be applied as far as flow paths are gener-
ated adequately. However, the model is limited to the restriction S0 6= 0. Due to
its hydrodynamic nature and the consideration of the full dynamic wave equation,
the Pavement Surface Runoff Model can be applied easily to irregular topographies.
The flow resistance equation developed in Section 5.2.3 also allows the use of arbi-
trary mean texture depths.

The import and processing of topographic data as well as the simulation of the water
depth distribution on the reconstructed surface with variable surface covers is illus-
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km 171 zero cross slope km 170

Figure 6.16.: Aerial picture of the example road section [71].

trated for a section which was also considered in [56]. This section is chosen because
the alignment parameters were determined from the point cloud therein. This offers
the possibility to compare the results for the irregular pavement surface and the reg-
ular, parametrised surface. The example road section is part of the Federal Highway
A8. It is situated between km 171.000 and km 170.000 and designed as a six lane
dual carriageway. Lidar measurement data is available for the carriageway in driv-
ing direction Stuttgart-Munich. Figure 6.16 shows an aerial picture of the section.
The different colours of the wearing course indicate different surface covers. The
pale areas correspond to concrete with a jute fibre texture (CJ) whereas the darker
areas correspond to stone matrix asphalt (SMA011). The varying surface covers are
considered in the simulation. Figure 6.17 presents the parameters of the vertical
alignment (top) and the cross section design (bottom) as determined from the lidar
data in [56]. They are used as input for the parametrised version of the transition
zone into the Pavement Surface Runoff Model. The vertical alignment consists of a
sag curve between km 170.259 and 170.840 connecting the two grades s1 = −1.59
% and s2 = 2.81 %. The sag curve parameter is determined to be H = 13187 m and
the tangent length T = 290.1 m. The cross section design includes a superelevation
transition between km 170.207 and km 170.361 with the cross slopes q1 = 2.36 % and
q2 = 3.49 %. The length of the transition zone is 154 m and the location of zero cross
slope is identified at km 170.266. The resulting relative gradient of the transition is
ds = 0.2754 %, which falls well below the minimum of ds = 0.725 % required by the
guidelines [41]. To reconstruct the real surface the point cloud resulting from the
measurements is imported into the Pavement Surface Runoff Model. The routine
to determine the boundary polygon and the interpolation of the topographic data
with the inverse distance weighting algorithm were described in Section 5.1.1 and
Section 5.1.2. The cartesian simulation grid consists of cells with size of 0.2 x 0.2 m.
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H =  13187 m
T =  290.1 m

s =  2.81 %2

s1 =  -1.59 %

q =  2.36 %1
q =  3.49 %2

ds =  0.2754 %

left shoulder
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rotation axis

km 171.000 170.266 170.000170.207170.361

170.259170.840

Figure 6.17.: Vertical alignment (top) and superelevation design (bottom) of the ex-
ample road section.

Both configurations, irregular topography and parametrised surface, are simulated
with a rainfall intensity i = 0.75 mm/min and a free flow boundary condition at all
domain boundaries.

Figure 6.18 presents the elevation plots and the steady state water depth distribu-
tions for the parametrised surface (top) and the real surface (bottom). In addition,
the variable surface covers are indicated. First of all, it can be stated that the bound-
ary of the real surface is well defined when comparing it to the aerial picture in
Figure 6.16. On a large scale, there are also no significant differences in the two ele-
vation plots. The sag curve and the superelevation transition can be easily verified
from the plots. The general trend of the water depths is also similar for both surfaces.
For example, water depths increase for the SMA011 surface cover and, of course,
near the centre of the superelevation transition. However, water depths on the irreg-
ular surface reach higher values and vary stronger than those on the parametrised
surface. Obviously, this is due to the deformations in the surface, which give rise to
accumulations of water. For the irregular topography, a water accumulation is ob-
served within the SMA011 surface cover right at the boundary. This accumulation
can be a result of the low longitudinal slopes in this section, which is right beside
the low point of the sag curve. For the parametrised surface, this accumulation can
not be detected though. Another explanation would be the irregular topography. If
the boundary cells have a lower or even adverse bottom slope in comparison to the
cells in the model domain, flow retards and water depth increases, although there is
not necessarily a depression.

Figure 6.19 shows the water depth distribution in the transition zone for the example
with the real topography. Obviously, deformations of the pavement surface have a
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Figure 6.18.: Comparison of the water depth distribution of the example road sec-
tion for the parametrised and real topography calculated with the Pave-
ment Surface Runoff Model.
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Figure 6.19.: Water depth distribution in the transition zone for the real topography
calculated with the Pavement Surface Runoff Model.

bigger effect in the transition zone near the point of zero cross slope than outside.
This can be explained by the fact that cross slope in the transition zone is very low
and therefore the effective depth of a deformation is bigger than for a section with
higher cross slopes. Consequently, unevenness of the pavement, especially in the
form of ruts, carries a higher risk in terms of drainage in transition zones than in
other road sections.

The example shows that the Pavement Surface Runoff Model easily handles irreg-
ular topographies and that the boundary tracing algorithm developed in this work
detects the non-rectangular boundary. The results of the water depth distribution
are very well comparable to the parametrised surface. Further on, the variable sur-
face covers are represented adequately. Due to general resistance equation, surface
covers with arbitrary mean texture depth can be approximatively simulated. This is
very important when examining existing road sections.

6.4. Analysis of a Designed Road Section

Importing topographic data is not only required when lidar measurement data are
to be processed. For road designs with several alignment elements, variable pave-
ment widths or the design of intersections, the parametrisation of the surface is very
complex and time consuming. Thus, the import of point data form a CAD software
is preferred to the implementation of a parametrised surface. Due to its complex-
ity, an intersection is chosen exemplary to demonstrate this feature of the Pavement
Surface Runoff Model.

The example intersection was designed within the software tool VESTRA CAD.
First, the underlying digital elevation model is converted into a set of raster points,
which can then be imported into the Pavement Surface Runoff Model. In case of
an intersection, the boundary polygon has a strong curvature. Therefore, it is de-
termined within the CAD tool and exported independently as point set to the Pave-
ment Surface Runoff Model. As discussed in Section 5.1.1, the developed boundary
tracing method is limited to ϕboundary > 120◦. The detection of the boundary poly-
gon within the Pavement Surface Runoff Model is thus omitted. For a comparison of
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(a) CAD (b) Pavement Surface Runoff Model

Figure 6.20.: Elevation contour lines determined in CAD and with the Pavement Sur-
face Runoff Model for the example intersection.

the reconstruction, the pavement surface is additionally reconstructed in VESTRA.
Figure 6.20 presents the elevation contour lines calculated with CAD and the Pave-
ment Surface Runoff Model. There is a very good agreement with respect to the
elevation as well as the boundary of the domain.

Since the geometry of an intersection is very complex due to variable longitudinal
and cross slopes drainage capability should be checked during the design process.
For this purpose, VESTRA offers the possibility to determine flow paths on the ba-
sis of the contour lines. Flow paths are paths along the maximum gradient and are
therefore strictly orthogonal to the elevation contour lines. The flow paths deter-
mined in VESTRA are shown in Figure 6.21. When looking at the flow paths four
neuralgic points in terms of drainage can be identified for the intersection. They are
indicated with circles numbered from 1 to 4. In circles number 1,2 and 4 drainage
paths end within the domain. This signalises that water is not carried to the bound-
ary but accumulates on the pavement. In circle number 3, drainage paths reach the
boundary but they happen to merge. This indicates that due to strongly varying
topography channels form where the water accumulates and is transported to the
domain boundary. Figure 6.21 presents the two dimensional water depth distribu-
tion calculated with the Pavement Surface Runoff Model on a cartesian grid with
cells of size 0.2 m x 0.2 m. The four neuralgic points can easily be verified in the plot.
Especially locations 1 and 2 can be clearly identified as an accumulation of water. In
contrast to the analysis using drainage paths, the Pavement Surface Runoff Model
yields the corresponding two dimensional water depth distribution and allows to
analyse the water depth distribution quantitatively. Further on, it enables to anal-
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Figure 6.21.: Drainage paths and water depth distribution for the example intersec-
tion.

yse the drainage capability of the intersection applying different rainfall intensities
or surface covers. Additionally, the effect of drainage facilities could be simulated.

The examples presented in this chapter show the big spectrum of applications pro-
vided by the Pavement Surface Runoff Model. At the same time they demarcate
it from existing models. The comparison with the empirical model Planus empha-
sises that a quasi one dimensional treatment of pavement surface runoff does not
always yield appropriate results. Especially in presence of small bottom slopes, the
two dimensional effects and the consideration of momentum and pressure gradient
can not be ignored. Further on, the Pavement Surface Runoff Model enables an easy
simulation of water depths on irregular topographies and varying surface covers.
By the routines developed in this work, an import and processing of point clouds
even with complex boundaries is achieved. At last, the model is also able to repre-
sent drainage facilities in the form of inlets or gutters. Summarising, it can be stated
that the Pavement Surface Runoff Model is, so far, the first model which combines
all features necessary for an integral simulation of pavement surface runoff.
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7.1. Summary

In this work, the Pavement Surface Runoff Model, a two dimensional and time-
dependent model for the simulation of pavement surface runoff was developed. Un-
like the various existing models, it should enable an integral simulation of pavement
surface runoff. This includes features like the treatment of an irregular topography,
the possibility to treat different surface textures and the consideration of drainage
facilities. Generally, models can be empirically or physically motivated. The prob-
lem with empirical models is that they are closed-systems, which strongly depend
on the boundary conditions of the underlying experiments. Therefore, the range of
of application of empirical models is often restricted and their extension is difficult.
For this reason, a physically motivated approach was chosen, namely on the basis
of the depth-averaged Shallow Water Equations.

At first, pavement surface runoff was characterised. This included the hydraulic
characterisation of the flow and the definition of the relevant factors influencing
pavement surface runoff. Only the most relevant factors were considered in the
model. These are: rainfall, bottom topography and flow resistance, which is mainly
induced by the pavement’s surface texture. Hydraulically, pavement surface runoff
was characterised as a time-dependent and gradually varied free surface flow. Al-
though experimental data showed that the flow covers the entire flow regime from
laminar to turbulent, the laminar and transitional flow regime significantly prevail.
Therefore, the explicit modelling of turbulence effects was abandoned. Another im-
portant characteristic of pavement surface runoff is its small flow depth in compari-
son to the horizontal scale. Consequently, the vertical change of the horizontal veloc-
ity components is very small. In addition, the bottom topography of a pavement is
dominated by rather gentle slopes. For these reasons, vertical velocity components
are neglible. These facts suggested the use of a depth-averaged, two dimensional
model.

On the basis of the characterisation of the flow, in a second step, the mathematical
model was set up. An equation describing depth-averaged free surface flows are
the two dimensional or depth-averaged Shallow Water Equations. Starting from the
most general conservation law, which was derived using the Reynolds Transport
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Theorem, the derivation of the depth-averaged Shallow Water Equations was pre-
sented via the Navier-Stokes and Incompressible Euler Equations. Finally, the math-
ematical model could be defined as the depth-averaged Shallow Water Equations
including source terms for rainfall, bottom topography and flow resistance. Subse-
quently, the model was characterised mathematically since this exerts great influ-
ence on the numerical method used. The Shallow Water Equations constitute a sys-
tem of three partial differential equations. Special to the equations is their non-linear,
hyperbolic behaviour which allows discontinuous solutions although the equations
themselves are continuous. By the help of the Riemann problem, solution strategies
for discontinuous initial value problems were presented.

In a third step, the numerical model to solve the Shallow Water Equations within a
finite volume method was established. For reasons of simplicity, space discretisation
was done with a cell centred scheme. The finite volume method was chosen because
it is based on the integral form of the conservation law and therefore the discretisa-
tion itself is also conservative. Furthermore, the method allows discontinuous solu-
tions. Two aspects were emphasised in the discretisation process: the approximation
of the intercell fluxes and the discretisation of the source terms. For the calculation
of the intercell fluxes the HLL approximate Riemann solver was chosen. Approx-
imate Riemann solvers are developed for solving hyperbolic equations. They are
based on an approximate solution of the Riemann problem mentioned in the previ-
ous paragraph. The HLL solver is the simplest of the approximate Riemann solvers
but was considered to be sufficient. The source term discretisation focused on the
flow resistance source term. Due to the small flow depths and high resistance coef-
ficients, this term can easily evoke numerical instabilities. Therefore, the equations
were splitted into an explicit and implicit part by the help of an operator-splitting
technique, where the implicit part solely consists of the flow resistance source term.
An implicit treatment of the flow resistance source term enables a stable solution
process.

In a fourth step, the numerical model was adapted to the description of real pave-
ment surface runoff problems. This includes the import of topographic point data
to represent irregular pavement topographies, the development of a flow resistance
model depending on available surface texture parameters and the modelling of
drainage facilities:

• The import of topographic data is based on two algorithms, one to define the
boundary polygon of the point cloud and one for the interpolation of the point
data to the simulation grid. Computational geometry offers various methods
to define the boundary polygon of a point cloud on the basis of the theory
of convex hulls. However, point clouds representing roadway geometries do
not fullfill the requirement of convexity. Therefore, a modified algorithm was
developed based on the well-known graham scan algorithm. One drawback
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of the algorithm is that it is limited to concave boundary angles larger than
120◦. Consequently, boundaries of pronounced concave model domains are
not detected. Instead, they have to be determined by the help of CAD tools
and exported to the model. The interpolation of the point data to the simula-
tion grid was implemented with the inverse distance weighting algorithm. It
enables the model to reconstruct real pavement topographies recorded with
lidar measurements or pavement topographies of complex road sections de-
signed with CAD tools. The main advantage of inverse distance weighting is
its computational speed. However, it presumes densely distributed input data.
Lidar measurement data and point clouds exported from CAD tools meet this
requirement. The import of point data reconstructed from elevation contour
lines is not yet possible.

• Flow resistance is modelled with the Darcy-Weisbach equation. To model real
pavement surfaces a model for the resistance coefficient had to be developed
which considers the pavements mean texture depth as variable parameter. The
calibration of the model was done with experimental data originating from
[95]. Five surface covers were tested in the experiments. One advantage of the
Darcy-Weisbach equation is that the resistance coefficient can be determined
on a profound theoretical basis assuming logarithmic velocity profiles, which
develop in fully turbulent flow. Analysis of the experiments showed, how-
ever, that a fully turbulent flow could not be assumed and an estimation of
the resistance coefficient assuming a logarithmic velocity profile was rejected.
Consequently, a potential equation was fitted directly to the experimental data.
Parameters which were investigated according to their influence on flow resis-
tance were inundation ratio, bottom slope and the texture related dimension-
less Froude Number, which was derived from a dimensional analysis. Both,
inundation ratio and texture related Froude Number depend on mean texture
depth. It could be shown that an equation including the texture related Froude
Number and bottom slope yields the best coefficients of determination for all
tested surface covers. The equation was fitted with the entire data set contain-
ing all surface covers. Therefore, it is a general equation, which can also be ap-
proximately applied to surface covers which were not part of the experiments
once their mean texture depth is known.

• Modelling of drainage facilities (inlets) is based on the theory of critical flow
assuming that the flow into an inlet can be interpreted as a free overfall.

Finally, the Pavement Surface Runoff Model was applied to various real word flow
problems: a road section with drainage facilities, an existing road section with ir-
regular topography and an intersection with a complex boundary. The examples
demonstrated the wide range of applications of the model and demarcated it from
existing models. The model enables an easy simulation of water depths on irregular
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topographies. Further, it can deal with varying surface covers. By the routines de-
veloped in this work, an import and processing of point clouds even with complex
boundaries is achieved. At last, the model is also able to represent drainage facil-
ities in the form of inlets or gutters. Another focus was on the comparison of the
quasi one dimensional, empirical model developed in [95] and the Pavement Sur-
face Runoff Model (PSRM). The comparison was possible because both models are
based on the same experimental data base. This offered the chance to discuss simi-
larities and differences of the model concepts. Based on the water depth distribution
in a basic superelevation transition it could be shown that in general, both models
yield similar results. However, especially in the presence of small bottom slopes,
the Pavement Surface Runoff Model yields better results because it considers the
full momentum equation. Here, momentum and horizontal pressure gradient are
considered as additional driving forces besides bottom slope.

To the authors knowledge, the Pavement Surface Runoff Model is the first model
which describes pavement surface runoff on the basis of the depth-averaged Shal-
low Water Equations including momentum and horizontal pressure gradient. In the
literature, the use of the Shallow Water Equations was often rejected due to their
high computational intensity and the occurrence of numerical instabilities induced
by the small water depths. Further on, effects described by the full momentum
equation were considered nonrelevant. However, computational power has been
steadily increasing and the development of new and the refinement of existing nu-
merical methods is still subject of intensive research. This work shows that the use
of the Shallow Water Equations enable a stable and flexible simulation of Pavement
Surface Runoff and that for sections with small bottom slopes the effects described
by the full momentum equation have a significant influence on the results.

7.2. Topics of Future Research

Model development usually includes various assumptions and simplifications. De-
pending on the applications that have to be addressed these simplifications or as-
sumptions can be reasonable or not sufficient. Thus, increasing the complexity of an
existing model to widen the range of applications often provides interesting topics
for future research activities. In the case of the Pavement Surface Runoff Model de-
veloped in this work possible future steps for model extension and refinement are
listed in the following:

Topography Reconstruction The inverse distance weighting interpolation algo-
rithm used in the model is only able to deal with densely distributed input data.
Therefore, the reconstruction of point data from elevation contour lines is not yet
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possible. To overcome this, an interpolation algorithm based on the delaunay trian-
gulation could be used. It can deal with densely and sparsely distributed point data
and it is not directional. The use of a delaunay triangulation also offers possibili-
ties to improve the boundary tracing algorithm. By the use of alpha-shape methods,
which are based on the delaunay triangulation, the reconstruction of concave bound-
aries could overcome the limiting boundary angle of 120◦.

Modelling of Drainage Facilities So far, drainage facilities are modelled as free
overfalls on the basis of the one dimensional critical flow theory. Flow into an inlet
can be varied by a parameter introduced as drainage efficiency. Drainage efficiency
varies with the inflow conditions and the type of the inlet. Currently, it is set to 100 %
because there are no detailed data available. Experiments investigating different
inlets with regard to their effect on drainage efficiency could yield a more detailed
model.

Flow Resistance Model Shortcomings of the empirical flow resistance model are
due to the scarcity of the experimental data available for its calibration. Additional,
useful data should include velocity measurements as well as inflow and outflow
measurements to check the assumption of the uniform flow conditions. Further on,
the surface texture could be analysed by digital techniques to derive more accurate
texture parameters. Therefore, the performance of a new set of experiments is sug-
gested. In the long run, flow resistance could also be investigated numerically by
resolving the processes at the surface on the micro scale. This would enable to in-
clude turbulence explicitly into the flow resistance model.

Porous Asphalt Surface Covers The simulation of the effect of porous asphalt
surfaces on pavement surface runoff would constitute a valuable extension of the
model. There is currently lots of research on porous asphalt surface covers. Due to
their noise absorbing and draining properties, they gain in importance. Infiltration
into the porous surface cover could be implemented in two ways. First, it could
be realised as a volumetric sink in the continuity equation and second, it could be
modelled by resolving the vertical flow processes. For the latter, a non-hydrostatic
model should be applied, which also considers vertical velocity components.

Non-Hydrostatic Model Vertical velocity components are neglected in the depth-
averaged Shallow Water Equations since a hydrostatic pressure distribution is as-
sumed. To widen the range of applications, a non-hydrostatic model could be used.
Then, the surface runoff model could also be coupled with a model describing infil-
tration processes into the porous pavement structure.
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A. Appendix

A.1. Jacobian Matrix of the Two Parameter
Resistance Model

∂S f 1

∂h
=

∂S f 1

∂q
=

∂S f 1

∂r
= 0

∂S f 2

∂h
= (−c − 2)

1
hc+3 (q2 + r2)0.5c+0.5 q

∂S f 2

∂q
=

1
hc+2 [(c + 1) (q2 + r2)0.5c−0.5 q2 + (q2 + r2)0.5c+0.5]

∂S f 2

∂r
=

1
hc+2 [(c + 1 )(q2 + r2)0.5c−0.5 qr]

∂S f 3

∂h
= (−c − 2)

1
hc+3 (q2 + r2)0.5c+0.5 q

∂S f 3

∂q
=

1
hc+2 [(c + 1 )(q2 + r2)0.5c−0.5 qr]

∂S f 3

∂r
=

1
hc+2 [(c + 1) (q2 + r2)0.5c−0.5 r2 + (q2 + r2)0.5c+0.5].

(A.1)
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A.2. Histograms

Histograms for the referenced water depth hre f calculated for a basic superelevation
transition with Planus and the PSRM:
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Figure A.2.: Histogram of water depths in the example superelevation transition for
CJ and s = 2 %)



136 Appendix

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.45

 0.5

0.0
0.0-0.5

0.5-1.0

1.0-1.5

1.5-2.0

2.0-2.5

2.5-3.0

3.0-3.5

3.5-4.0

4.0-4.5

4.5-5.0

f re
l [

-]

href [mm]

CJ, s = 4 %

Planus
PSRM

Figure A.3.: Histogram of water depths in the example superelevation transition for
CJ and s = 4 %)
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Figure A.5.: Histogram of water depths in the example superelevation transition for
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Figure A.7.: Histogram of water depths in the example superelevation transition for
SMA08 and s = 0 %)

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.45

 0.5

0.0
0.0-0.5

0.5-1.0

1.0-1.5

1.5-2.0

2.0-2.5

2.5-3.0

3.0-3.5

3.5-4.0

4.0-4.5

4.5-5.0

f re
l [

-]

href [mm]

SMA08, s = 2 %

Planus
PSRM

Figure A.8.: Histogram of water depths in the example superelevation transition for
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Figure A.9.: Histogram of water depths in the example superelevation transition for
SMA08 and s = 4 %)
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Figure A.10.: Histogram of water depths in the example superelevation transition
for DGA and s = 0 %)
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Figure A.11.: Histogram of water depths in the example superelevation transition
for DGA and s = 2 %)
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