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List of important symbols

Dimensional variables carry a tilde (∼) throughout the thesis. Nondimensional variables

and constants carry no tilde.

α Chemical reaction rates

a Radius of fluid constituents

b Hydrodynamic slip length

ci Molecular concentration of i-type fluid constituents

c∞
i Concentration of i-type molecules at the outer periphery of the boundary layer

Ci Concentration scale for ionic solutes in Chap. 2

C Concentration scale for nonionic solutes in Chap. 3

δ Relative bulk concentration of free protons and salt ions in Chap. 2

D Diffusion constant of solutes

DS Diffusion constant of the swimming particle

Drot Rotational diffusion constant of the swimming particle

Dmn Diffusion matrix

ǫ Overall efficiency

ǫh Hydrodynamic efficiency

ǫ∗h Hydrodynamic efficiency at maximum power

ǫi Internal chemical energy of i-type molecules

ε Absolute electric permittivity of the solution

η Viscosity of the Newtonian fluid

E Hydrodynamic strain rate tensor

F Force acting on the swimming particle

Fm Externally applied force acting on the swimming particle

ji Flux of molecules of type i relative to the center of mass

jΘ Flux of entropy relative to the center of mass

jq Heat flux

Ji Flux of molecules of type i

kT Thermal energy scale at room temperature

k, κ Reaction rate constants

Km Unnormalized moments of excess solute concentration; see Eq. (1.46)

λ Dimensionless lengthscale of the solute-swimmer interaction

λs Dimensionless thickness of the Stern layer

L Lengthscale of the solute-swimmer interaction potential



LD Dissipation length

Lik Phenomenological constants

µi Chemical potential of molecules of type i

mi Mass of molecules of type i

̟ Nondimensional surface reaction rate

ψ Solute-swimmer interaction potential

Ψ Equilibrium solute-swimmer interaction potential

φ Electric potential

∆φs Voltage change across the Stern layer

δQ̇ Heat exchange rate of a closed system

p Hydrodynamic pressure

pH Hydrostatic pressure

Pin Power consumed by the external apparatus

Ph,in Overall hydrodynamic dissipation rate

Pout Power output of the system

Pe Peclét number

ρ Local mass density

r Radial distance from the center of the swimming particle

R Radius of the swimming particle

r Spatial coordinate; origin is at the center of the swimming particle

σ Hydrodynamic stress tensor

s Local entropy density

S Stream function

θ Polar angle in the spherical coordinate system fixed at the center of the swimmer

Θ Local entropy production rate

τrot Timescale of the particle’s rotational diffusion

τh Timescale of hydrodynamic fluctuations

T Hydrodynamic resistance tensor of translation

u Local fluid velocity

uS ”Slip” velocity at outer periphery of the hydrodynamic boundary layer

U Velocity of the swimming particle

U Velocity scale of hydrodynamic flow and particle speed

vi Molecular volume of molecules of type i

V Electric potential a the surface of the swimming particle

ξ Relative equilibrium concentration perturbation in Chap. 3

Ξ̃ Legendre transform of divergence of uS; see Eq. (1.47)

y Stretched radial variable in the hydrodynamic boundary layer

Ze Single unit charge (Z = 1)



Zusammenfassung

In der vorliegenden, theoretischen Arbeit werden verschiedene Facetten einer von Kon-

zentrationsgradienten getriebenen Bewegung untersucht. Befinden sich die Mikro- oder

Nanopartikel in einer nichtionischen Lösung, so spricht man von Diffusiophorese. Von

Konzentrationsgradienten getriebenes Schwimmen in ionischen Lösungen wird Chemipho-

rese oder auch Elektrophorese genannt, wenn ein elektrisches Feld zur Bewegung beiträgt.

Wegweisende Arbeiten zu diesen phoretischen Effekten wurden schon von Smoluchowsky

[117] und Derjaguin [34] publiziert. Es ist hingegen ein recht neues Konzept, den Konzen-

trationsgradienten von aktiven Partikeln selbst erzeugen zu lassen. Dabei katalysieren die

Partikel zumeist eine chemische Reaktion asymmetrisch an ihrer Oberfläche. Die Herstel-

lung dieser Schwimmer ist seit einigen Jahren, in verschiedener Form, im Labor möglich.

Deshalb werden sie zur Zeit intensiv von experimenteller und theoretischer Seite her un-

tersucht. Man verfügt mit ihnen über ein künstliches Modellsystem zur Erforschung von

Nichtgleichgewichtsphänomenen im Mikrobereich. Die Größenordung der Schwimmer ist

vergleichbar mit der von biologischen Zellen. Daher liegt auch eine Wechselwirkung mit

der mikrobiologischen Forschung auf der Hand. Des Weiteren erhofft man sich auch tech-

nische Anwendungen. Beispielsweise ließen sich Suspensionen von Mikroschwimmern zur

Veränderung der effektiven Viskosität einer zähen Flüssigkeit einsetzen.

Diese Arbeit soll durch eine verbesserte theoretische Beschreibung zum Verständnis der

aktiven, phoretischen Fortbewegung beitragen. Darüber hinaus werden hier auch energe-

tische Aspekte zum ersten Mal eingehend untersucht.



Kapitel 1: Einführung und theoretisches Grundgerüst.– Nach einer kurzen Vor-

stellung der wichtigsten experimentellen Befunde werden im ersten Kapitel die der Arbeit

zugrunde liegenden theoretische Konzepte erläutert. Phoretische Effekte werden auf einer

mittleren Zeitskala betrachtet, auf der ein stationärer Zustand eintritt. Auf sehr kurzer

Zeitskala treten Fluktuationen in den Vordergrund. Die Hydrodynamik und die Stoff-

transporte in der Umgebung des Partikels werden durch eine mesoskopische, grobkörnige

Beschreibung dargestellt. Dabei beschränken wir uns von vorne herein auf stark verdünnte

Lösungen. Diese Annahme erlaubt es, nur lokale Mittelwerte zu betrachten und ortsunab-

hängige Diffusionskonstanten und Viskositäten zu verwenden. Es ergeben sich Diffusions-

gleichungen, welche auch die Wechselwirkungen der gelösten Stoffe mit dem Schwimmer

berücksichtigen. Der hydrodynamische Fluß wird durch die stokessche Gleichung beschrie-

ben. Im Rahmen der grobkörnigen Beschreibung entsteht durch die Wechselwirkung von

Konzentrationsgradienten mit dem Schwimmer eine Volumenkraft, welche für eine Bewe-

gung der Flüssigkeit sorgt. Aus der Kenntnis der Konzentrationen lässt sich also die Ge-

schwindigkeit des Schwimmers berechnen. Allerdings lassen sich die Diffusionsgleichungen

mit Wechselwirkungspotential in drei Dimensionen zumeist nicht analytisch lösen. Hier

muss auf Störungsrechnung zurückgegriffen werden. Häufig existiert eine Skalenseparation

zwischen Transportprozessen auf der Längenskala der Partikelgröße R und auf der Län-

genskala L der Wechselwirkung mit den gelösten Stoffen. Diese Separation ermöglicht die

Verwendung einer etablierten Grenzschichttheorie. Für L ≪ R entkoppeln die räumlichen

Komponenten der Transportgleichungen nahe der Oberfläche des Partikels. Die effektiv

eindimensionalen Gleichungen lassen sich analytisch lösen. In größerer Entfernung vom

Partikel lassen sich die Transportgleichungen ebenfalls analytisch lösen, da hier die Wech-

selwirkung keine Rolle mehr spielt. Die Balance der Kräfte am Schwimmer, und damit

auch seine Geschwindigkeit U , ist durch das hydrodynamische Fernfeld festgelegt. U ist

proportional zu L2, also stark von der Reichweite der Wechselwirkung abhängig. Auch

mit der Grenzschichttheorie lassen sich zumeist nur dann analytische Lösungen finden,

wenn die Grundgleichungen für kleine Störungen eines gegebenen Zustandes linearisiert

wurden.

Kapitel 2: Elektrophoretische Bewegung.– Hier widmen wir uns einem Modell für

die Bewegung von elektrokatalytisch aktiven Partikeln. Letztere sind etwa einen Mikro-

meter lang und bestehen in beiden Hälften aus unterschiedlichen Metallen. Die Partikel

werden in eine Wasserstoffperoxidlösung gebracht. Eine Dissoziation der Reagenzie an den

Partikeloberflächen führt zur Bewegung. Es wird angenommen, dass die Bewegung von

elektrophoretischer Natur ist. Durch Redoxreaktionen auf den unterschiedlichen Metallen

entsteht ein elektrischer Strom durch das Partikel. Dieser wird durch einen Kationenfluß in



der Lösung kompensiert. Somit entsteht auch ein hydrodynamischen Fluß, der das Partikel

antreibt. Für bimetallische Schwimmer sind verhältnismäßig viele experimentelle Daten

zugänglich [90, 130]. Daher bietet sich hier die Validierung eines Modells des phoretischen

Schwimmens anhand experimenteller Befunde an. Dies setzt jedoch eine vollständige Be-

schreibung aller Prozesse, inklusive der chemischen Reaktion, voraus. Bisherige Arbeiten

[119, 79, 134] sind im Hinblick auf die Modellierung der Reaktion unvollständig oder lie-

fern mit dem Experiment unverträgliche Vorhersagen [78]. Auch Adsorbtion von Salzionen

auf der Oberfläche der Schwimmer wurde bisher nicht untersucht. Die hier vorgestellte

Arbeit schließt diese Lücken.

Beim betrachteten Modell liegt eine geringe Konzentration von Elektrolyten in der

Lösung vor. Das elektrische Feld wird aus der Poisson-Bolzmann Gleichung bestimmt.

Dabei wird adsorbierten Ionen auf der Oberfläche des Partikels durch eine sternsche

Schicht Rechnung getragen. Die sternsche Schicht verändert die Randbedingungen und

damit das elektrische Potential des Partikels. Der Redoxprozess an der Oberfläche wird

durch eine Ratengleichung des Butler-Volmer Typs beschrieben. Die Konzentrationen von

Wasserstoffperoxid und verfügbaren Protonen gehen linear in die Reaktionsrate ein. Der

Einfluss der sternschen Schicht auf den Ladungstransport wird phänomenologisch durch

eine Korrektur der Ratenkonstanten beschrieben. Die elektrostatische Abschirmlänge in

der Lösung ist viel geringer als der Radius des schwimmenden Partikels. Somit ist eine

Grenzschichttheorie anwendbar. Das Rechenverfahren ergibt sich aus einer Verallgemei-

nerung der im ersten Kapitel vorgestellten Theorie. Im betrachteten Fall, fern des Gleich-

gewichtes, liefert die klassische Grenzschichttheorie keine analytische Lösung. Sie kann

jedoch trotzdem zur Vereinfachung des Gleichungssystems verwendet werden und stellt

einen ganz beträchtlichen Gewinn für die Lösung des Zwei-Skalen-Problems dar. Nahe der

Oberfläche erhält man, wie zuvor, eindimensionale Transportgleichungen, welche analy-

tisch lösbar sind. Außerhalb des elektrostatisch abgeschirmten Bereichs um das Partikel

sind die Konzentrationen nun durch einen Satz numerisch gelöster, nichtlinearer Differen-

tialgleichungen vorgegeben. Die Geschwindigkeit ergibt sich schließlich durch eine einfache

Formel aus den numerischen Ergebnissen für die Konzentrationen und das Potential. Für

die Numerik wird ein pseudospektrales Verfahren zusammen mit einer Newton-Raphson

Iteration verwendet. Neben der numerischen Lösung wird auch eine analytische Nähe-

rung für die Geschwindigkeit hergeleitet. Sie gilt für den Fall, dass der Unterschied in den

Redoxpotentialen der beiden Metalle klein ist. Somit kann die relative Variation der Ra-

tenkonstanten als Entwicklungsparameter verwendet werden. Mit dieser Näherung wird

also angenommen, dass das Wasserstoffperoxid überwiegend gleichmäßig auf der Oberflä-

che des Schwimmers zersetzt wird, ohne zu einem elektrischen Strom zu führen.

Eine weitestmögliche Anpassung der Konstanten des Modells an experimentell zugängliche



Werte liefert Geschwindigkeiten, welche den gemessenen ähnlich sind. Anfänglich steigt

die Geschwindigkeit linear mit der Wasserstoffperoxidkonzentration an. In einer Flüssig-

keit mit einem neutralen pH-Wert limitiert die Diffusion von Protonen von der Anode zur

Kathode die Reaktionsrate. Dies führt im Modell zu einer Abflachung der Kurve von Ge-

schwindigkeit vs. Wasserstoffperoxidkonzentration. Dieser Effekt wird in sauren Lösungen

durch die größere Verfügbarkeit von freien Protonen unterdrückt. Da Wasserstoffperoxid

durch seine natürliche Dissoziation den pH-Wert senkt, ist die Abflachung der Geschwin-

digkeit also nur bedingt beobachtbar. Das elektrische Potential des Metallpartikels wird

durch die Ladungserhaltung im stationären Zustand bestimmt. In früheren theoretischen

und experimentellen Arbeiten [79, 89] wurde zumeist angenommen, dass das Potential

auf dem Partikel in Gegenwart von Wasserstoffperoxid dem Gleichgewichtspotential in

einer ionischen Lösung entspricht. Im hier betrachteten Modell ist dies nicht der Fall. Das

elektrische Potential auf Metall in Wasserstoffperoxidlösungen unterscheidet sich deutlich

vom Gleichgewichtspotential.

Im einfachen Grenzschichtmodell für passive Elektrophorese skaliert die Geschwindigkeit

wie das Inverse der Ionenkonzentration. Bei aktiver, phoretische Bewegung beeinflusst

die Ionenkonzentration jedoch auch die Reaktionsrate. Durch die Verwendung von Raten

des Butler-Volmer Typs spielt im vorliegenden Modell insbesondere die sternsche Schicht

eine Rolle. Im Ergebnis skaliert die Geschwindigkeit nicht mehr genau wie eins durch die

Ionenkonzentration. Eine Abweichung von der einfachen Grenzschichttheorie wurde auch

im Experiment in qualitativer Form beobachtet [89].

Kapitel 3: Diffusiophoretische Bewegung.– Hier wird ein stark idealisiertes Modell

für aktives, phoretisches Schwimmen in elektrisch neutralen Lösungen betrachtet. Solch

ein Modell lässt sich wohl am ehesten auf die von Howse und Koautoren [54] experimentell

untersuchten Kunststoffpartikel in einer Wasserstoffperoxidlösung anwenden. Die Partikel

sind auf einer Hälfte mit Platin bedampft und katalysieren dort die Dissoziation des Was-

serstoffperoxids. Da die Partikel elektrische Nichtleiter sind, spielen elektrophoretische

Effekte wohl keine Rolle. Diffusiophoretische Bewegung basiert hier etwa auf einer van

der Waals Wechselwirkung mit dem entstehenden Sauerstoff. Mit einem vorgegebenen,

radialsymmetrischen Wechselwirkungpotential ist die Modellierung einfacher als im elek-

trokatalyischen Fall, denn hier muss keine Poisson-Bolzmann Gleichung gelöst werden. In

analytischen Arbeiten zur aktiven Diffusiophorese wird bisher nur die Grenzschichtteorie

niedrigster Ordnung in der Reichweite des Potentials betrachtet. Außerdem wird zumeist

angenommen, dass die Reaktionsrate von der lokalen Konzentration der Reaktanden un-

abhängig ist [47, 12]. Das hier vorgestellte Modell dient einerseits dazu, Korrekturen der

einfachen Grenzschichtmodelle zu berechnen und soll andererseits als Basis für Betrach-



tungen der Energetik in Folgekapiteln dienen.

Wir modellieren eine inhomogen ablaufende Oberflächenreaktion der Form a ↔ b. Die

Moleküle der Sorte a und b liegen stark verdünnt vor. Moleküle der Sorte b wechselwirken

mit dem Schwimmer durch ein Potential mit der Reichweite L. Die chemischen Potentiale

der Reaktanden werden am Rand des Systems festgelegt, welcher vom Schwimmer unend-

lich weit entfernt ist. Alle Gleichungen werden systematisch für kleine Abweichungen vom

Gleichgewicht linearisiert. Die Transportgleichungen beinhalten so eine näherungsweise

Beschreibung der Konvektion von gelösten Stoffen im hydrodynamischen Fluss.

Zunächst wird angenommen, dass Edukte der Reaktion im Überschuss vorhanden sind,

so dass die Diffusion der Reaktanden für die Reaktionsrate keine Rolle spielt. Dann ent-

spricht die Emissionsrate von Produkten nur der lokalen, katalytischen Aktivität der

Oberfläche. Die einfache Grenzschichttheorie aus Kapitel 1 wird durch eine systematische

Entwicklung für L/R ≪ 1 untermauert und Korrekturen zur Geschwindigkeit berechnet.

Korrekturen höherer Ordnung in L/R zeigen sich vor allem bei Wechselwirkungspotentia-

len sinnvoll, deren Betrag größer als die thermische Energie bei Raumtemperatur kT ist.

Von besonderem Interesse ist darüber hinaus ein Korrekturterm, welcher direkt aus der

chemischen Umwandlung der Moleküle an der Oberfläche folgt. Bei einem überwiegend

repulsiven Wechselwirkungspotential erhöht diese Korrektur die Geschwindigkeit. Zum

Vergleich wird die Geschwindigkeit auch numerisch für beliebige Reichweiten der Wech-

selwirkung ermittelt.

Als Nächstes wird die Oberflächenreaktion durch eine Ratengleichung erster Ordnung

beschrieben. Sowohl die Hinreaktion, als auch die Rückreaktion hängen von der Kon-

zentration der gelösten Stoffe an der Oberfläche des Partikels ab. Somit koppelt die Re-

aktionsrate verschiedene räumliche Momente der Konzentrationsverteilungen. Die Felder

werden mit einer Reihendarstellung in Legendre Polynomen berechnet. Es ergibt sich ein

rekursives System für die Koeffizienten der Reihe, welches näherungsweise gelöst werden

kann. Dieses Vorgehen ist im Rahmen der Grenzschichttheorie ebenso wie für den all-

gemeinen Fall möglich. Die Geschwindigkeit wird analytisch in niedrigster Ordnung der

Grenzschichttheorie und numerisch für beliebige Werte von L/R berechnet. Es zeigt sich,

dass die Kopplung der räumlichen Momente der Konzentrationsverteilung eine erhebliche

Reduktion der Geschwindigkeit zur Folge haben kann.

Kapitel 4: Irreversible Thermodynamik.– In diesem kurzen Kapitel wird ein knap-

per Abriss eines etablierten Formalismus für die Thermodynamik nahe beim Gleichgewicht

gegeben. Anschliessend wird erklärt, wie diese Theorie des lokalen Gleichgewichtes zur

Beschreibung der Energetik von aktiver Diffusiophorese verwendet werden kann. Abwei-

chend von der klassischen Thermodynamik wird keine Ungleichung für die Entropieän-



derung aufgestellt, sondern die Entropieänderung wird direkt aus einem mesoskopischen

Modell berechnet und mit dem ersten Hauptsatz verknüpft. In die Formel für die lokale

Entropieproduktion gehen grobkörnig gemittelte Flüsse und thermodynamische Kräfte

ein. Es wird auch ein Entropiefluß definiert und eine entsprechende Erhaltungsgleichung

formuliert. Daran anknüpfend lässt sich für ein System ohne Teilchenaustausch mit der

Umwelt ein Wärmestrom definieren. Für eine energetische Betrachtung des diffusiopho-

retischen Schwimmens soll zunächst der gesamte Energiedurchsatz des Systems ermittelt

werden. Zur Erhaltung des stationären Zustandes, werden am Rand des Systems laufend

Moleküle ausgetauscht. Damit ist jedoch im Rahmen des verwendeten Formalismus kein

Wärmestrom definierbar und also auch keine Energiebilanz möglich. Als Ausweg wird

ein zusätzlicher Apparat angenommen, welcher Moleküle durch einen reversiblen Prozess

ineinander umwandelt und dafür nur Energie aufnimmt. Dieser Apparat sorgt nun für

konstante chemische Potentiale am Rand des Systems. Die Gesamtheit aus System und

Apparat tauscht keine Teilchen mit der Umwelt aus, womit die Energiebilanz berechenbar

wird. Die dargestellte Hilfskonstruktion zeigt, dass die Entropieproduktion der Diffusion

der Moleküle an der Energiebilanz des Systems teilhat. Dies ist zunächst erstaunlich, weil

statistisch diffundierende Moleküle im thermischen Gleichgewicht mit der Lösung sind

und im Mittel keine Energie dissipieren. Jedoch findet der eigentliche Energieverlust hier

im externen Apparat statt.

Kapitel 5: Effizienz von Diffusiophorese.– Hier wird die Effizienz der aktiven, dif-

fusiophoretischen Bewegung eines freien Teilchens berechnet. Dabei wird auf das Modell

aus Kapitel 3 zurückgegriffen. Die Effizienz is definiert als Quotient aus der Leistung

beim Ziehen eines passiven Partikels in Wasser und dem Leistungsaufwand für das akti-

ve Schwimmen mit derselben Geschwindigkeit. Die vom System aufgenommene Leistung

wird mit dem Formalismus aus Kap. 4 berechnet. Für das betrachtete Fluid aus Mole-

külen mit ähnlichen Massen und Volumina wird gezeigt, dass die Leistungsaufnahme des

externen Apparates gleich der Rate der vom System aufgenommenen freien Energie ist.

Die Berechnung dieser Größe setzt die vollständige Beschreibung aller Prozesse im Sys-

tem voraus. Hydrodynamische Dissipation kann dabei als Folge der Konvektion gelöster

Stoffe im Potentialgradienten interpretiert werden. Daher führt eine Vernachlässigung der

Konvektion zu einem energetisch unvollständigen Bild des autonomen Schwimmens. Im

Fall von Mikroschwimmern mit L ≪ R lässt sich die Effizienz näherungsweise analytisch

berechnen. Bei Nanoschwimmern mit L & R werden numerische Berechnungen angestellt.

Dabei verwenden wir, wie zuvor, für kleine Abweichungen vom Gleichgewicht linearisierte

Gleichungen. Daher ist die Effizienz nicht direkt von der treibenden Kraft, der Differenz

der chemischen Potentiale am äußeren Rand des Systems, abhängig.



Die Effizienz skaliert mit dem Produkt dreier dimensionsloser Größen. Der erste Beitrag

ist ein Quotient aus dem Wechselwirkungsreichweite L und dem Radius des Schwim-

mers R. Für Mikroschwimmer bedeutet dieser Faktor eine Beschränkung der Effizienz

auf weniger als ∼ 10−3. Der zweite Beitrag ist die Diffusionskonstante des Schwimmers

geteilt durch die Diffusionskonstante der gelösten Moleküle. Dies reduziert die Effizienz

auf jeden Fall um einen Faktor . 10−3. Der dritte Beitrag ist eine typische Konzentra-

tion der gelösten Stoffe im Volumen L3. Dieser Faktor legt nahe, dass die Effizienz mit

der absoluten Konzentration von gelösten Stoffen zunimmt. Insgesamt ergeben sich maxi-

mal mögliche Effizienzen von ∼ 10−3 im Fall von Nanoschwimmern. Typische Effizienzen

von Mikroschwimmern liegen jedoch weit darunter, bei ∼ 10−9. Für ein verschwindendes

Wechselwirkungspotential wird die Effizienz null, da der Schwimmer sich nicht bewegt.

Für anziehende, wie auch für abstoßende Potentiale existiert jeweils ein Maximum der Ef-

fizienz. Auch die Abhängigkeit der Effizienz von den Ratenkonstanten ist nicht monoton.

Kapitel 6: Obere Grenzen für die Effizienz.– Hier werden allgemeine, über die Ana-

lyse eines detaillierten Modells hinaus gehende Überlegungen zur Energetik von kleinen

Schwimmern dargestellt. Ein wichtiges Konzept ist dabei die hydrodynamische Effizienz,

bei deren Berechnung von den Details der Dissipation im Antriebsmechanismus abgesehen

wird. Lediglich der Energieverlust in der Hydrodynamik wird betrachtet. Die hydrody-

namisch dissipierte Energie ist geringer als der gesamte Energieverlust. Damit stellt die

hydrodynamische Effizienz eine obere Schranke für die Gesamteffizienz dar. Das Konzept

lässt sich sowohl auf phoretische Fortbewegung wie auch zum Beispiel auf das autonome

Schwimmen von Mikroorganismen mit Zilien anwenden.

Wir betrachten den Fall, in dem eine äußere Kraft auf den Mikroschwimmer wirkt. Die

hydrodynamische Effizienz setzt die gegen die Kraft geleistete Arbeit zu der gesamten

hydrodynamischen Arbeit ins Verhältnis. Um die Abhängigkeit dieser Größe von der ex-

ternen Kraft zu eliminieren wird die Effizienz bei maximaler Leistung betrachtet. Für die

überdämpfte Bewegung eines beliebigen Schwimmers wird gezeigt, dass die hydrodynami-

sche Effizienz bei maximaler Leistung kleiner als 1/2 ist. Dies ist eine direkte Konsequenz

der Linearität der Gleichung von Stokes.

Wird das Fluid in einer dünnen Schicht nahe der Oberfläche des Schwimmers angetrie-

ben, so entsteht in der Grenzschicht ein starker Geschwindigkeitsgradient mit naturgemäß

großer Dissipation. Die hydrodynamische Effizienz skaliert nun mit der Dicke der Grenz-

schicht geteilt durch den Partikelradius R. Dieser limitierender Faktor für die Effizienz

wurde auch im Modell von Kapitel 5 identifiziert. Nun ist klar, dass er von der Hydrody-

namik in der Grenzschicht herrührt und eine modellunabhängige, obere Schranke für die

Effizienz darstellt.



Um die Skalenargumente zu konkretisieren wird beispielhaft die hydrodynamische Effi-

zienz von passiver Bewegung in extern angelegten Konzentrationsgradienten betrachtet.

Ionische und nichtionische Lösungen werden dabei gemeinsam behandelt. Zunächst wird

die Grenzschichttheorie herangezogen. Es stellt sich heraus, dass die Längenskala der hy-

drodynamischen Dissipation nur für sehr spezielle, einfache Modelle genau der Reichweite

des Oberflächenpotentials L entspricht. Die aus der Grenzschichttheorie berechnete, hy-

drodynamische Effizienz erlaubt jedoch die Definition einer neuen Längenskala die ∼ L

ist. Damit ist die einfache Skalenabschätzung gültig.

Als Nächstes werden die hydrodynamischen Effizienzen numerisch berechnet. Im Fall von

Diffusiophorese in nichtionischen Lösungen beschränkt sich hier der Aufwand auf die Lö-

sung von separablen Differentialgleichungen. Die Differentialgleichungen für Felder in io-

nische Lösungen werden in Potenzen der Oberflächenladung des Partikels entwickelt. So

entsteht eine ”Debye-Hückel” Theorie, die semi-analytisch zugänglich ist [63]. Für ionische

und nichtionische Systeme ergeben sich qualitativ übereinstimmende Ergebnisse bezüglich

der hydrodynamischen Effizienz bei maximaler Leistung. Bei Mikropartikeln ist die Effizi-

enz verschwindend gering. Bei Nanopartikeln, mit L > R, erreicht die hydrodynamischen

Effizienz bei maximaler Leistung nahezu ihr Optimum von 1/2. Phoretische Bewegung

von Nanopartikeln ist also viel effizienter als die von Mikropartikeln.

Bei einer Anwendung autonomer Schwimmer für den gerichteten Transport ist nicht nur

die Rate der Energiedissipation wichtig. Interessant ist auch wie viel Energie pro Trans-

portvorgang dissipiert wird. Letztere Größe ergibt sich aufgrund der Mischung aus ge-

richteter und diffusiver Bewegung des Schwimmers nicht direkt aus der Rate der Ener-

giedissipation. Dies verlangt nach einer neuen Größe, die wir Transporteffizienz nennen.

Die Transporteffizienz ist der Quotient aus der Energiedissipation beim gerichteten Trans-

port eines passiven Teilchens und der Energiemenge, die beim aktiven Transport durch

einen Schwimmer verbraucht wird. Bei einem Transportweg, der viel größer als eine typi-

sche Persistenzlänge der Bewegung des Partikels ist, ergibt sich eine einfache Formel für

die Transporteffizienz. Diese ist dann proportional zu einer Persistenzlänge geteilt durch

die Länge des Transportweges. Die Transporteffizienz ist nochmals kleiner als die in den

vorigen Kapiteln studierte Effizienz des Schwimmens. Sehr allgemein stellt die geringe

Transporteffizienz eine inhärente Schwäche des ungerichteten, aktiven Transports auf der

Mikroskala dar.



Summary

This work is dedicated to different aspects of the motion of micro- and nanoparticles that

are driven by interaction with a concentration gradient. The swimming of particles in

a solution is called diffusiophoresis if it results from the interaction with nonionic sol-

vent gradients. Motion driven by ionic concentration gradients is called electrophoresis or

chemiphoresis, depending on whether or not an electric field moves the particle. Theoret-

ical investigation of electrophoresis and diffusiophoresis have their origin in seminal works

of Smoluchowsky [117] and Derjaguin [34]. Recently, the concept of active phoresis has

emerged. The new idea is here that the swimming particle produces the concentration

gradient by itself. In corresponding experiments, the particle mostly catalyzes a chemical

reaction in an asymmetric way on its surface. Various realizations of such systems have

been explored experimentally during the last years. These swimmers are a unique model

system for the investigation of microscale non-equilibrium phenomena. Also, the size of

phoretic swimmers is comparable to the size of bacteria, which makes them an attractive

subject of biophysical and biological research. Finally, there also is hope for technological

applications. A most prominent example is here the control of the effective viscosity by

microswimmers in complex mixtures.

For the above reasons, the theoretical investigation of active phoresis is a very timely

subject. The aim of the thesis is to contribute to an improved understanding of active,

phoretic motion. In particular energetic aspects of this type of swimming are investigated

for the first time.



Chapter 1: Introduction to active, phoretic transport.– Following a brief dis-

cussion of important experimental findings, we explain here the theoretical concepts that

constitute the foundation of this work. We focus on a steady-state description of swim-

ming for timescales where the fluctuations in the system average out. The multicom-

ponent fluid around the swimmer is modeled on a coarse-grained, hydrodynamic level.

The fluid is to be a very dilute solution. Solutes and solvent interact differently with

the swimming particle. These assumptions result in standard diffusion equations for the

solutes. The hydrodynamic flow is described with the Stokes equation. Within the coarse

grained model, the concentration gradients lead to a body force that drives fluid flow.

The flow, in turn, results in motion of the swimmer. The knowledge of the concentration

field therefore allows for the computation of the swimming speed. However, the three-

dimensional diffusion equations cannot be solved analytically and perturbation techniques

are called for. Frequently, we have a scale separation between transport processes on a

lengthscale of the size of the swimmer R and processes near the swimmer’s surface on the

lengthscale of the solute-swimmer interaction L. This scale separation allows to employ

an established boundary layer theory for L ≪ R. Calculation of the swimming speed in

the boundary layer theory mostly requires a linearization of the pertaining equations for

small deviations from a given state. Near the particle surface, the transport equations

become quasi one-dimensional and can be solved analytically. The transport equations

outside the range of the solute-swimmer interactions can also be solved analytically. The

boundary layer theory predicts that the swimming speed U is proportional to L2.

Chapter 2: Self-electrophoretic motion.– We model here the phoretic motion of

electrocatalytically active particles. These are about one micrometer long and consist of

two different metals that are joined together. The particles are immersed in a hydrogen

peroxide solution. Dissociation of the hydrogen peroxide on the surface of the swimmer

leads to a directed motion. Most probably, the motion is of electrophoretic nature. Redox

reactions on the different metals lead to an electric current through the swimmer. This

current is compensated by a flux of cations around the swimmer. The particle moves since

the charge imbalance results in hydrodynamic flow around it. A comparably large amount

of experimental data is available for these bimetallic swimmers [90, 130]. Therefore, a the-

oretical model of phoretic motion can be validated here. Such an undertaking demands

a complete modeling of all involved processes, including the chemical surface reactions.

Currently available models of self-electrophoresis are either incomplete [119, 79, 134] or

yield results which are inconsistent with the experimental findings [78]. In this chapter

we improve on these shortcomings.

The electric field, calculated from the Poisson-Boltzmann equation, mediates the inter-



action between swimmer and solutes. We assume the presence of a low concentration of

electrolytes in the solution around the swimmer. Salt that is adsorbed at the surface of the

swimmer is modeled with a Stern layer. A Stern layer modifies the boundary conditions

and thereby affects the electric potential of the particle. The redox processes on the sur-

face are modeled by linear rate equations of the Butler-Volmer type. Here, the influence

of the Stern layer on the redox reactions is modeled with a phenomenological modification

of the rate constants. Surrounding the swimmer, we have a charged, diffuse layer. The

Debye screening length, which is a measure for the thickness of the charged layer, is much

shorter than the particle Radius R. Therefore, a boundary layer theory can be employed.

We extend the theory introduced in the first chapter to cover transport equations which

are nonlinear in the fields. In this case, an analytical calculation is no longer possible, but

the boundary layer theory still constitutes a considerable simplification of the two-scale

problem. Near the surface, the transport equations are one-dimensional and can be solved

analytically. The concentrations outside the electrically screened region are determined

by numerical solution of coupled differential equations. For this purpose we implement a

pseudospectral method in conjunction with a Newton-Raphson iteration. The swimming

speed can eventually be calculated with a simple formula from the numerical results. We

also derive an analytical approximation for the speed. Here, it is assumed that the relative

spatial variation of the reaction rate constants is small. This amounts to a perturbation

theory for a steady state where the hydrogen peroxide decomposes homogenously on the

surface of the swimmer.

After adjusting the model constants as far as possible to values that are known from the

experiment, our theory yields swimming speeds that are similar to the measured results.

Initially, the speed increases linearly with the concentration of hydrogen peroxide. We

find that the diffusion of cations around the swimmer can limit the reaction rate when

the pH value of the solution is neutral. This limitation of the rate leads to a saturation

of the swimming speed for hydrogen peroxide concentrations above a certain threshold.

However, the excess of available protons in a acidic solution suppresses this effect. A low

pH value can result, for example, from the natural dissociation of hydrogen peroxide in the

bulk. The electric potential of the metal particle is determined by charge conservation. It

has been assumed in previous theoretical and experimental works that the electric poten-

tial of the swimmer is similar to its equilibrium potential in water, even in the presence of

hydrogen peroxide [134, 89]. Our model demonstrates that this assumption is not valid.

The standard boundary layer theory for passive electrophoresis predicts that the speed

is proportional to the inverse of the ion concentration. In our model, the ion concentra-

tion also affects the reaction rate at the active particle. Furthermore, the voltage drop

across the Stern layer depends also on the ion concentrations. As a result, the model



predicts deviations from the standard scaling of the swimming speed. These deviations

are qualitatively confirmed by experimental results [89].

Chapter 3: Self-diffusiophoretic motion.– We consider here idealized models of

active, diffusiophoretic motion in neutral solutions. This class of models might be used

to describe experimentally investigated polysterene microspheres in a hydrogen peroxide

solution [54]. The spheres are half-coated with platinum and catalyze the decomposition

of hydrogen peroxide. Electrophoretic effects are thought to be negligible since the par-

ticles do not conduct electric current. Diffusiophoresis could occur, e.g., through van der

Waals interaction with the produced oxygen. We model diffusiophoresis with a prescribed,

radially symmetric solute-swimmer interaction potential with lengthscale L. Analytical

theories to date only consider the boundary layer theory to lowest order in L/R. Also,

it is mostly assumed that the reaction rate is independent of the local concentration of

educts and products [47, 12]. We calculate here corrections to the simple boundary layer

theory and investigate how the form of the reaction rate influences the swimming speed.

Our model also permits us to study the energetics of diffusiophoresis in later chapters.

The solution around the particle contains dilute a- and b-type solutes. The particle inho-

mogeneously catalyzes a surface reaction of the form a ↔ b. The b-type molecules interact

with the swimmer through a potential. The chemical potentials are maintained constant

at the outer boundaries of the system that are infinitely far away from the swimmer. All

equations are systematically linearized for small deviations from equilibrium. The trans-

port equations incorporate convection of solutes in an approximate way.

We first consider a reaction-limited surface process. Here, the reaction rate is solely de-

termined by the local catalytic activity on the swimmer’s surface. We systematically

calculate the swimming speed in orders of L/R ≪ 1. Corrections to the lowest order

results are seen to become important when the magnitude of the solute-swimmer inter-

action potential exceeds the thermal energy. A particularly interesting correction results

from the chemical transformation of molecules within the range of the surface potentials.

This correction increases the swimming speed for repulsive potentials. We also calculate

the swimming speed numerically for arbitrary interaction lengths.

Next, we consider first order rate equations for the surface reaction. The forward and

backward reaction are both linear in the local concentrations, which leads to a coupling

of different spatial moments of the concentration fields. A series expansion of the fields in

Legendre Polynomials furnishes a recursive system of equations for the series coefficients.

This system can be solved in an approximative way. We employ this technique within the

boundary layer approximation and for the full numerical solution of the transport equa-

tions. We find that the explained coupling of the spatial moments of the concentration



field can strongly reduce the swimming speed.

Chapter 4: Linear, irreversible thermodynamics.– This short chapter provides

a brief summary of an established formalism for thermodynamics close to equilibrium.

The application of the formalism to our phoretic systems is explained. Unlike in classical

thermodynamics, a local equilibrium is assumed. Gradients in state variables lead to

an entropy production. The entropy production rate is calculated from a coarse-grained

mesoscopic model for average fluxes and thermodynamic forces. Also, an entropy flux and

a conservation equation for entropy are defined. These quantities allow to calculate the

heat exchange of a system with its environment if no particle exchange occurs. However, in

order to assess the energetics of active, diffusiophoretic motion, we need to study systems

with particle exchange. Particle exchange happens since the steady state is maintained

by constant replenishment of reacting molecules at the outer boundaries of the system.

We remedy this situation by assuming an ideal external apparatus that transforms the

product molecules back into educts. The apparatus works quasi-reversibly. The ensemble

of apparatus and system do not exchange particles with the environment. Heat flux and

energy consumption can be calculated. The result shows that the diffusion of solute

molecules contributes to the overall energy balance. This is somewhat astonishing since

the randomly diffusing molecules are in thermal equilibrium with their environment and

dissipate no energy. However, the energy is really spent in the external apparatus on

maintaining the chemical potential.

Chapter 5: Efficiency of self-diffusiophoretic swimming.– Here we calculate the

efficiency of the self-diffusiophoretic swimmer studied in Chap. 3. The efficiency is de-

fined as the power spent on dragging the particle through water divided by the power

input that is necessary for phoretic swimming at the same speed. The power input at

the diffusiophoretic system is calculated with the formalism presented in Chap. 4. We

assume that the constituents of the multi-component fluid have similar molecular masses

and volumes. It then follows that the power input of system plus apparatus equals the

flux of free energy from the apparatus to the system. Calculation of this quantity requires

a complete description of reactions and transport. Particularly the neglect of convection

of solutes leads to an incomplete energetic picture.

The efficiency of microswimmers with L ≪ R is calculated analytically. We perform

numerical calculations for the case of nanoswimmers with L & R. All equations are lin-

earized for small deviations from equilibrium. Therefore, the efficiency does not directly

depend on the driving chemical potential difference that keeps the system out of equilib-

rium.



The efficiency scales as the product of three dimensionless factors. First, we have the

diffusion constant of the swimmer divided by the diffusion constant of the solutes. This

quotient generally limits the efficiency to values . 10−3. The second contribution is L/R,

the quotient of solute-swimmer interaction length and swimmer radius. This quotient

implies for microswimmers a further reduction of the efficiency by a factor ∼ 10−3. The

third factor is a typical concentration of solutes in a volume of L3. The efficiency there-

fore should increase with the absolute concentration of solutes. Taken together, we find

maximal efficiencies of ∼ 10−3 for the case of nanoswimmers. We also predict that typical

efficiencies for the experimentally investigated microswimmers are ∼ 10−9. The efficiency

tends to zero for vanishing solute-swimmer interactions. Maxima of the efficiency occur

for both positive and negative values of the interaction potential. We also demonstrate a

nonmonotonous dependence of the efficiency on the rate constants.

Chapter 6: General limits on the efficiency.– This chapter is devoted to general

characteristics of the efficiency of small swimmers. In order to go beyond predictions for a

detailed model system we employ the concept of hydrodynamic efficiency. For this quan-

tity, only hydrodynamic dissipation is taken into account. The hydrodynamic efficiency

is an upper bound for the full efficiency. The concept is general and can be employed not

only for phoretic swimming but also, e.g., for biological swimmers.

In the presence of an external force, the swimmer can do work by moving against it. To

calculate the hydrodynamic efficiency, we divide this work output by the overall hydrody-

namic work. The dependence of our efficiency measure on the external force is eliminated

by only considering the hydrodynamic efficiency at maximum power. We show that the

hydrodynamic efficiency at maximum power for an arbitrary swimmer in the overdamped

regime is always smaller than 1/2. This result is a direct consequence of the linearity of

the Stokes equation.

If the fluid motion is driven from within a thin layer on the surface, large dissipation is

expected to occur in this boundary layer. The resulting hydrodynamic efficiency scales

as the quotient of a thickness L of the boundary layer and the radius R. This factor also

appeared in the efficiency of self-diffusiophoresis calculated in Chap. 5. It is now clear

that this limitation of the efficiency generally results from the presence of hydrodynamic

boundary layers.

To illustrate these results we now consider phoretic motion that is driven by externally

applied concentration gradients. We treat the cases of ionic and nonionic solutes together.

The boundary layer theory for L ≪ R shows that the short lengthscale in the hydrody-

namic efficiency in general does not exactly agree with the lengthscale L. However, the

magnitude of this new dissipation length is found to be comparable to L. Therefore the



scaling prediction for the hydrodynamic efficiency of microswimmers is satisfied. Next, the

hydrodynamic efficiencies are calculated numerically. For the case of diffusiophoresis in

nonionic solute gradients, only separable differential equations must be solved. For ionic

solutes, we resort to an expansion of the fields in powers of the surface charge density.

This approach leads to a Debye-Hückel-like theory which yields semi-analytical solutions.

The hydrodynamic efficiency at maximum power is for ionic and nonionic systems quali-

tatively similar. For nanoswimmers with L > R the hydrodynamic efficiency at maximum

power almost attains its optimal value of 1/2. Phoretic motion of nanoparticles is there-

fore much more efficient than that of microparticles.

Autonomous microswimmers can be used for the transportation of cargo. Then, the effi-

ciency is not only limited by the rate of energy dissipation. It is also important how much

energy is spent for each transport process. This quantity is affected by the randomness

of the motion of the swimmer. Therefore, we define a new efficiency measure, termed

efficiency of transport. Efficiency of transport is the energy dissipation during directed,

passive transportation across a given distance divided by the necessary energy input for

the corresponding active transport with a microswimmer. The efficiency of transport is

given by a simple formula if the transport distance is much larger than a typical per-

sistence length. Efficiency is now not only limited by the energy dissipation rate but

also by the quotient of the persistence length and the transport distance. Therefore, a

low efficiency of transport is an inherent weakness of undirected, active transport on the

microscale.
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Chapter 1

Introduction to active, phoretic

transport

The question how it is possible that invisibly small objects can actively move around

has puzzled scientists for a long time. Swimming of micrometer-sized biological mat-

ter was first demonstrated with the discovery of bacteria by A. van Leewenhoeck (or

Leeuwenhoek) around 1680. Using a very basic microscope, he was able to discern ac-

tively moving creatures from passive objects in dental plaque. His description of this

finding as ”very many small living animals, which moved themselves very extravagantly”

[72] demonstrates, that active motion was associated with the concept of life. Owing to

the rapid advance of microscopy and biochemistry during the last century, many modes of

microbiological self-propulsion are now well known. Most notably, these are based on the

active motion of even smaller units, namely of flagella or motile cilia [21]. Non-reciprocal

shape distortions of the swimmer and lateral streaming of the cell surface have also been

discussed [71]. Recently, the quest for a physical understanding of biological micro-motion

led to the suggestion of non-living, man-made microswimmers, see e.g. [22, 61, 41, 38].

These can in principle fulfill similar tasks as the biological swimmers. Possible applications

of swimmers are, e.g., enhanced mixing of chemicals [65], transportation of micro-cargo

[12] and controlling rheological properties of complex fluids [103]. Accordingly, much effort

has been spent in recent years to develop artificial self-propellers [38]. Since nanomechan-

ical degrees of freedom are still very hard to control, many models of synthetic swimmers

are not driven by mechanical actuation. It is more expedient to employ chemical surface

reactions on the swimmers for their propulsion. The predominant opinion is that the

physical mechanism underlying this mode of propulsion is of phoretic nature [6]. The

following section shall give a brief introduction to this concept.
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1.1 Phoretic motion in a nutshell

The ancient Greek suffix ”-phoresis” indicates that something is carried or transported.

Accordingly, the derived technical term ”phoretic motion” refers to a class of transport

mechanisms in the domain of colloids. A colloidal particle that is driven by an electric

field undergoes electrophoresis. Chemiphoresis means that the particle is carried along by

a concentration gradient of ionic solutes. Diffusiophoresis refers to motion that is driven

by a nonionic concentration gradient. We do not concern ourselves with motion driven

by temperature gradients, but thermophoresis is also mentioned here for completeness.

We briefly focus on diffusiophoresis for illustration of the common physical principle.

Picture a micrometer-sized particle immersed in a viscous solution. A concentration

gradient of solutes is present. The particle interacts through some distance-dependent

force with the solutes and therefore ”feels” the concentration imbalance. Since the whole

system tries to relax to an equilibrium configuration, the solute molecules and the particle

will both start to move. The steady state swimming speed Ũ can be estimated from a

simple scaling argument. Let us denote the lengthscale of the solute-particle interaction

with L and the particle radius with R. The thermal energy scale is written as kT , η is

the viscosity and c̃ is the concentration of solute molecules. The hydrodynamic friction

force per volume is proportional to a second spatial derivative of the fluid velocity and we

therefore estimate it to be ∼ ηŨ/L2. The driving force is determined by the gradient of

the chemical potential per volume ∼ −kT∇c̃. The balance of these force estimates yields

Ũ ∼ −L2 kT

η
∇c̃. (1.1)

We have chosen L instead of R as lengthscale in the friction term since the shorter

lengthscale dominates in the spatial derivative and we expect L ≪ R. Conversely, if

L ≫ R, then the dominating lengthscale in the hydrodynamic friction is R. The main

message of Eq. (1.1) is that the swimming speed is proportional to the square of the

interaction length if L ≪ R. This scaling is due to the hydrodynamic dissipation and not

due to the driving force. It therefore also holds for the other phoretic effects.

The concentration gradient or the electric field can also be generated by the particle

itself. Then, we use the terms ”self-diffusiophoresis” or ”self-electrophoresis”. Since the

direction of swimming is not fixed in this case, active particles reorient on the timescale

of rotational diffusion τrot = 8πηR3/kT . On timescales much larger than τrot, swimming

of particles merely enhances their diffusion. Self-diffusiophoresis and self-electrophoresis

are the mechanisms considered for active motion in this thesis.
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1.2 Realizations of autonomous, phoretic swimmers

Active, phoretic motion was originally suggested by Mitchell [77] as a mode of biological

self-propulsion. The reported absence of flagella at swimming cyanobacteria [131] led

to the speculation that these might be driven by a self-electrophoretic effect. Phoretic

swimming of protists and bacteria was investigated theoretically by Anderson [5] and later

by Lammert et al. [69]. Self-electrophoresis is in many cases arguably not the mechanism

employed by microorganisms since they can mostly swim in the presence of quite high

salt concentrations, where the interaction length L becomes negligibly small. Moreover,

reported swimming speeds of ∼ 10µm/s would require unrealistically high ion currents.

For cyanobacteria, the self-electrophoretic mechanism was rejected since it has been found

that they do not drift in external electric fields [93].

However, the advance of micro-fabrication techniques in recent year has led to a variety

of artificial swimmers whose motion is based on phoretic effects [22, 38]. The employed

reactions often involve hydrogen peroxide (H2O2) which decomposes on the surface of

microparticles. A notable first demonstration of the use of H2O2 for micro-propulsion is

due to Ismagilov et al. [56]. Millimeter-sized plates with a platinum attachment were

placed on the surface of a H2O2 solution. It was found that the plates are propelled

by the recoil of oxygen bubbles that result from the decomposition of H2O2. With a

further miniaturization of the swimmers into the µm range, these bubbles are no longer

observable and phoretic effects are presumably dominant.

Three-dimensional motion of metallic, micro- and nanoswimmers was first studied in

a series of experiments led by Sen and Mallouk [90, 91, 66, 31, 92, 130]. Bimetallic rods

(often gold/platinum particles) were immersed in a H2O2 solution. The surfaces of the

rods catalyze a decomposition of H2O2 into oxygen (O2 (g)) and water. Fig 1.1 shows

typical swimming trajectories and a microscopic image of such a swimmer.

It was found that the decomposition of H2O2 at the surface of the swimmers occurs at

least in two different modes [92, 130]. First, a non-electrochemical decomposition of the

form

2H2O2 → 2H2O +O2 (1.2)

takes place at the metal surfaces. Second, an electrochemical decomposition has been

found for swimmers that are built of a combination of different metals. Different redox

potentials of the metals lead to an electric current in the swimmer. The resulting electric

field and ion fluxes in the solution cause self-electrophoretic motion of the particle. Fig. 1.2

shows experimental data for the short-time swimming of microswimmers. The swimming

speed increases linearly with the concentration of H2O2 until it saturates above concen-

trations of about 5 % wt/v (1 % wt/v corresponds to 10g of H2O2 per liter solvent). An
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Figure 1.1: Swimming trajectories (5 s) of 2µm long gold/platinum rods in a 2.5 % wt/v

hydrogen peroxide solution. The rods are seen to move in the direction of the platinum

end. The inset shows a microscopic image of a gold/nickel swimmer which moves in the

direction of the nickel end. Adapted from [90, 130] with permission. Copyright (2004,

2006) American Chemical Society.

interpretation of this saturation can be given in the framework of a Michaelis-Menten like

surface kinetics [115]. Wang et al. [130] conducted a comprehensive study using different

combinations of metals for bimetallic microswimmers. A clear correlation between the

mixed potential differences between the two metals and the swimming speed was found.

By choice of optimal materials for the anode, cathode and intermediate part of the swim-

mer, the speed could be increased to more than 50µm/s. Addition of exothermically

decomposing reagents like Hydrazine (N2H4), can even lead to higher speeds [30, 70].

In the long-time average, enhanced diffusive motion is observed in a three dimensional

setup [90]. However, the motion of microrods in a Gibbs monolayer was reported to be

super-diffusive, Levi-walk-like [31].

A different kind of experiment, with polystyrene spheres instead of metallic rods, was

first conducted by Howse et al. [54]. The polystyrene spheres were half coated with plat-

inum as a catalyst and also suspended in an H2O2 solution. Fig. 1.3 shows a microscopic

recording of a swimming trajectory. Since the spheres are nonconducting, no electric cur-

rent inside the swimmer is expected here. The fuel decomposes non-electrocatalytically

at the platinum-coated side. Fig. 1.4 shows the dependence of swimming speed on H2O2.

The data was explained with a generic model of diffusiophoresis proposed by Golestanian
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Figure 1.2: Measured swimming speed of 2µm long gold/platinum rods at different hy-

drogen peroxide concentrations. (⋆): data from [91], (�): data from [70], (Dotted line):

fit with a rational polynomial of first order.

et al. [47]. An interaction length L was estimated to be about 0.5 nm. The concave shape

of the dependence of speed on H2O2 concentration was attributed to a Michaelis-Menten-

like surface kinetics. A crossover between directed swimming and random diffusion at the

timescale of τrot was confirmed. The rotational diffusion of the swimmers was experimen-

tally analyzed in detail by Ke et al. [62]. An enzyme coating of microswimmers [126] can

be used to enhance the reaction rate.

It should be mentioned that the motion of platinum-coated polymer microspheres can

also be explained by an emission of so-called nano-bubbles [43, 44]. The latter, however,

are not assumed to contribute to a phoretic effect but drive the swimmer through their

recoil. Since the bubbles are so small, they may not be resolved under the microscope.

A characteristic of bubble propulsion is that motion only occurs towards the non-coated

side while phoretic swimming can also occur towards the platinum-coated side. A study

by Ebbens and Howse [39] correlated the orientation of the sphere with the direction of

motion. The movement was found to occur away from the platinum side of the sphere.

This is consistent with both the diffusiophoretic mechanism, and nano-bubble propulsion.

Thus, the influence of nano-bubbles on the swimming speed remains somewhat unclear.

Pressure waves have also been discussed in the context of autonomous, reaction driven

motion [42]. Their contribution to the motion depends on the compressibility of the
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Figure 1.3: Swimming trajectory (45 s) of a green-fluorescent polymer particle in a 5 %

vol. hydrogen peroxide solution. The platinum-coated side appears dark. Platinum

catalyzes an asymmetric decomposition of hydrogen peroxide. The inset shows the process

schematically. Adapted from [39] with permission. Copyright (2011) American Chemical

Society.

solvent. Such dynamical effects have not yet found wide appreciation and their importance

remains to be experimentally assessed.

The decomposition of H2O2 is by no means the only way how swimmers can produce

concentration gradients. Mano and Heller [75] have demonstrated the propulsion of mi-

croswimmers through asymmetric oxidation and reduction of glucose. A related approach

was used to generate H2O2 in situ from the conversation glucose [87]. The produced H2O2

was then directly decomposed by a catalase on the carbon-nanotube swimmer. Finally,

thermally induced phase separation of a critical mixture of 2,6 lutidine has also been used

to propel microparticles. Heating the particle asymmetrically by a laser leads to strong

local concentration gradients and diffusiophoretic swimming [127].

Superficially very similar to diffusiophoresis are propulsion mechanisms based on chem-

ical modification of fluid-fluid interfaces. Examples include asymmetric hydrolyzation [52]

or bromination [123] at a droplet surface. The resulting interfacial tension gradient moves

the droplet through the so-called Marangoni effect. This motion is however fundamen-

tally different from the phoretic swimming discussed in this thesis. The no-slip boundary

condition on solid-fluid interfaces necessitates a very strong velocity gradient near the

surface. This gradient is not present at fluid-fluid interfaces. The scaling of the phoretic

swimming speed Ũ ∼ L2 is replaced by a scaling Ũ ∼ R2 for the Marangoni effect [8].

A number of experiments have been carried out in order to demonstrate the practical

applicability of microswimmers, some of which are summarized in [85]. Phoretic swimmers

can transport other small objects that are chemically bound to them [119, 35, 12]. They

can even be employed to to sort and manipulate biological cells if they are functionalized



29

Figure 1.4: Measured swimming speed of platinum-coated polymer particles at different

hydrogen peroxide concentrations. (�): data from [54], (Dotted line): fit with a rational

polynomial of first order.

with specific receptors [11]. Controlling microswimmers remotely might also be important

in this context. Therefore, steering of phoretic transport with externally applied fields has

been investigated [66, 36]. Mixing of a solution can be enhanced by diffusiophoresis [2] and

possibly also by the motion of microswimmers. Also, active motion of fluid constituents

changes the bulk flow behavior [76]. The possibility to tune the effective viscosity of a

complex fluid through addition of a chemical fuel may have many applications in the

chemical and petrochemical industry. From the point of view of pure research, phoretic

microswimmers are a very promising model system to investigate the physical principles of

nonequilibrium diffusive motion [46, 86, 104]. A further active field of research are mutual

interactions [133, 67, 60, 14] and boundary effects in suspensions with many swimmers

[102, 40, 94].

1.3 Previous theoretical work and the aim of this the-

sis

The theory for electrophoresis of particles with thin charged surface layers, L ≪ R,

dates back to Smoluchowski [117]. Subsequent work put this so-called boundary layer
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theory on firm mathematical grounds and extended it (see e.g. [125, 109]). The corre-

sponding theory for diffusiophoretic effects was developed by Derjaguin and Dukhin [34].

Here, the interaction between the solutes and the swimmer is modeled with an effective,

phenomenological approach. Anderson and Prieve employed this theory extensively for

studies of passive diffusiophoresis in an external gradient [8, 6]. After establishing the ba-

sic model equations in Sec. 1.4, we discuss the classic theory of diffusiophoresis in Sec. 1.5.

This includes a short calculation of the swimming speed of a diffusiophoretic swimmer.

The classic boundary layer theory is the basis for most of our contributions to active,

phoretic motion.

Self-electrophoresis.– A major issue for the theoretical explanation of the experi-

mental data on active, phoretic motion is the general lack of knowledge concerning the

complex details of the surface decomposition of H2O2 on microparticles. In addition, the

exact nature of the solute-solute and solute-swimmer interactions is often unknown. The

self-electrophoretic swimmers studied by Sen, Mallouk and co-workers [92, 130] are in

this respect advantageous since careful experiments have demonstrated the electrokinetic

mechanism at work here. A few previous theoretical studies have been conducted in order

to understand self-electrophoresis quantitatively. Sundararajan et al. [119] compared ex-

perimental data with results from a numerical solution of hydrodynamic equations where

the rate of cation exchange was fixed. Yariv [134] conducted a throughout study of the

case of a thin diffuse layer of charges surrounding the particle (L → 0). His theory includes

surface reaction kinetics explicitly. Although the framework is in principle complete, it

leaves a number of effective parameters and is limited to the linear response regime. Moran

and Posner [79] investigated a full numerical model for rather thick, diffuse layers of ions

around the swimmer (L ∼ R). Most recently, they included a surface reaction which

was second order in H+ concentration[78]. This provided a closed, quantitative model

which could be directly compared to experimental data. However, the results indicated

a quadratic increase of the swimming speed with the concentration of H2O2, which, as

seen in Fig. 1.2, is not consistent with the experimental data. To resolve this unsatisfac-

tory situation, Chap. 2 of this thesis is devoted to a model of self-electrophoresis which

can explain the experimental data. After an introduction of our framework in Sec. 2.2

we investigate in Sec. 2.3 the limit of thin diffuse layers. In Sec. 2.5 we present various

numerical and analytical model predictions that could partly be tested experimentally.

Self-diffusiophoresis of nonconducting swimmers.– A theoretical description of

self-diffusiophoresis can be simpler than in the case of self-electrophoresis since the govern-

ing equations are not inherently nonlinear. However, a true theoretical understanding is
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here hampered by the fact that both the interaction between solutes and swimmer and the

chemical processes are not well understood. Computer simulations of self-diffusiophoresis

have been done by Kapral and co-workers [105, 120] with a combination of molecular

dynamics and multiparticle collision dynamics. Newer work includes different, reversible

reaction schemes at the swimmer surface [122]. However, the in silico reconstitution of

the real chemical process and interaction forces remains very challenging. Analytical work

[47, 94] is based on a hydrodynamic boundary layer theory. The strength and also the

weakness of these theories lies in the fact that very generic assumptions are made concern-

ing the solute-particle interactions and the boundary conditions. A further shortcoming

of this previous work is the assumption of a spatially fixed distribution of solute emis-

sion by the chemical reaction [54]. As the present thesis was completed, a more detailed

model was put forth by Ebbens et al. [37], where the above problem was alleviated. In

Chap. 3 we revisit the boundary layer theory with a systematic approach and describe

how previous analytical theories can be improved. The common limitation to the lowest

order boundary layer theories may lead to errors in the swimming speed. In Sec. 3.2 we

therefore calculate corrections for nonvanishing L/R. In Sec. 3.3 we investigate a simple,

but complete chemical reaction mechanism and calculate the resulting swimming speed

in the linear response. The novelty is here that we do not assume that diffusive trans-

port is much faster than the chemical transformation. In this sense, our work presents a

first attempt to formulate a complete, albeit simplified model for active, diffusiophoretic

motion.

Energetics and efficiency.– Although phoretic effects are known for more than a

century their energetic aspects have hardly been explored. This contrasts with the sit-

uation for biological molecular motors [88, 58] and other swimming mechanisms at low

Reynolds numbers [118, 10]. The assessment of energetics requires a thermodynamical

framework. In the case of idealized molecular motors with few degrees of freedom, it

is possible to model the processes with stochastic equations and the resulting thermody-

namics [111, 101]. This approach even allows the investigation of the far-from equilibrium

situation. However, the description of active, phoretic motion involves multiple, spatially

dependent degrees of freedom. The transport equations commonly used for this system

employ the assumption of local equilibrium to avoid a probabilistic description in favour

of describing averaged quantities [27, 59]. It is therefore only consistent to also use this

local equilibrium framework for thermodynamical considerations. In Chap. 4 we provide

a very brief introduction to the theory of linear, irreversible thermodynamics. The next

Chap. 5 then contains an energetic analysis of the model of self-diffusiophoresis explored

in Chap. 3. This includes analytical and numerical calculations of the efficiency of a freely
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moving swimmer.

In order to go beyond the predictions for concrete models, we study in Chap. 6 generic

limits on the efficiency of autonomous swimmers. Hydrodynamic dissipation imposes clear

upper bounds on the efficiency of phoretic motion. In Sec. 6.1.2 we propose a widely appli-

cable and simple scaling relation to estimate the hydrodynamic efficiency without detailed

knowledge of the system. Finally, we briefly investigate in Sec. 6.2 how the orientational

randomness of free swimmers affects their ability to efficiently transport themselves across

a given distance.

1.4 Theoretical foundations

1.4.1 The coordinate system

Figure 1.5: The coordinate system employed throughout this thesis. r̃ is the position

vector and θ is the polar angle in a spherical coordinate system. Azimuthal symmetry is

assumed. The swimmer has a radius R and moves with speed Ũ .

Throughout this thesis, we will designate dimensional variables with a tilde ( ˜ ). Con-

stants and nondimensional quantities carry no tilde. Fig. 1.5 depicts the system schemat-

ically. The swimming particle is placed in an infinitely large container. We employ a

spherical coordinate system aligned in the êz direction, where r̃ is the distance from the

particle center and θ is the inclination angle. The unit vectors of the spherical system are

denoted by êr, êθ, êϕ. Since all systems considered in this thesis are axially symmetric,

no use is made of the azimuthal variable ϕ. The swimming velocity Ũ is aligned with the
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êz axis.

1.4.2 Conservation of substance

We describe multicomponent mixtures on a hydrodynamic level, as it is common, e.g., for

models of electrophoresis [109]. All position-dependent variables are thought of as local

averages. The molecular concentration of the fluid constituent of type i is denoted by c̃i.

For the solvent, we write the index s. Molecular volumes are constants, denoted by vi. A

flow of molecules is denoted by J̃i = c̃iũi with ũi being the velocity of the molecules of

type i. The conservation of the amount of substance is written as

∂tc̃i + ∇ · J̃i = ∂tc̃i + ∇ · (c̃iũi) =
∑

r

α̃ir, (1.3)

where α̃ir is the rate at which the reaction with index r changes the concentration of

species i inside the volume. Assigning a mass per molecule mi to the fluid constituents,

we can define a mass density as

ρ̃ ≡
∑

i

mic̃i. (1.4)

The center of mass flow velocity is accordingly given by

ũ ≡
∑

i

mic̃iũi
ρ̃

. (1.5)

Conservation of mass follows from Eq. (1.3) by multiplication with mi and subsequent

summation. Since the overall mass is not affected by the chemical transformations we

have

∂tρ̃+ ∇ · (ũ ρ̃) = 0. (1.6)

It is now possible to define a flux of solution constituent of type i relative to the center

of mass as

j̃i ≡ J̃i − ũ c̃i. (1.7)

The relative fluxes then obey the condition

∑

i

mij̃i = 0. (1.8)

Explicit expressions for the fluxes are obtained from phenomenological laws [27]. It is

an experimental finding that the fluxes are proportional to local, thermodynamic driving

forces. Driving forces on molecules of type i are the gradients in the chemical potentials

µ̃k. Also, a gradient of potential energy per molecule, denoted by ψ̃k, may be present.

The phenomenological law for the fluxes of the solute molecules reads

j̃i = −
∑

k

Lik∇
(

µ̃k + ψ̃k
)

, (1.9)
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where the Lik are called phenomenological coefficients. The cross-coefficients Lik with

i 6= k obey the Onsager symmetry relation Lik = Lki while the diagonal coefficients obey

Lii ≥ 0 and LiiLkk ≥ L2
ik [83]. Since the potentials are independent, Eq. (1.8) imposes a

further condition on the coefficients, namely that for all i

∑

k

Likmk = 0. (1.10)

This condition allows to eliminate the phenomenological coefficients of the solvent, car-

rying an index s. We obtain

j̃i = −
∑

k 6=s

Lik∇
[

µ̃k + ψ̃k − mk

ms

(

µ̃s + ψ̃s

)

]

. (1.11)

Eq. (1.11) is well established for viscous solutions and is consistent with an approach

coming from microscopic statistical mechanics [13]. In the following we will focus on the

particularly simple case of very dilute, multicomponent solutions.

Dilute solutions

Dilute, aqueous solutions can be seen for our purposes as incompressible. Therefore, the

fluid constituents take up almost all the free volume

∑

i

vic̃i ≃ 1. (1.12)

The solvent has a much larger volume fraction than the diluted solutes. We assume

vsc̃s ≃
∑

i

vic̃i ≃ 1. (1.13)

The local chemical potential of the fluid constituent of type i is then given by

µ̃i =kT log (c̃ivi) − kT log(
∑

i

vic̃i) + vip̃H + ǫi, (1.14)

where p̃H is the hydrostatic pressure and an internal, chemical energy of the molecules is

denoted by ǫi. The expression for the chemical potentials , Eq. 1.14, is in accord with a

derivation from classical expressions for a local free energy [59, 107]. On insertion of the

chemical potentials into Eq. (1.11), it becomes clear that the pressure p̃H affects relative

solute fluxes if the molecular masses mi or volumes vi of the solution constituents are

different. This very basic result seems to have been neglected throughout the literature

on diffusiophoresis on the hydrodynamic level. Pressure-driven fluxes complicate the

governing equations considerably. In order to avoid this issue, we will in the following

always assume that all fluid constituents are similar to the solvent as

vi6=s ≃ vs, (1.15)

mi6=s ≃ ms. (1.16)
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Now, particle fluxes and mass fluxes are equivalent. We will also assume throughout

this thesis that the size of the molecules is much smaller than any other lengthscale in

the system. In order to calculate the fluxes from Eq. (1.11), we take a closer look at

the coefficients Lik. They can be interpreted as generalized friction coefficients, relating

thermodynamic forces to fluxes. For diluted solutes, the diagonal coefficients Lii are

proportional to the product of a solute volume fraction and the solvent volume fraction.

The solvent volume fraction is close to unity and we can therefore set Lii = c̃iDi/kT with

a diffusion coefficient Di. The cross-coefficients Lki are proportional to the product of

two solute volume fractions. We therefore have Lik = Lki ≈ 0 for k 6= i to lowest order

in solute volume fractions. Upon employing these results along with Eq. (1.13) we finally

obtain

j̃i = −Di

(

∇c̃i +
c̃i
kT

∇ψ̃i
)

. (1.17)

The solute conservation Equation (1.3), for a steady state in absence of chemical reactions

in the volume, becomes

0 = ∇ ·
(

−Di∇c̃i −Di
c̃i
kT

∇ψ̃i + ũ c̃i

)

. (1.18)

Convective transport vs. diffusive transport

The convection term ∇ · (ũ c̃i) in Eq. (1.18) is nonlinear since it contains a product of the

field variables ũ and c̃i. However, on short lengthscales, diffusive transport often domi-

nates over convective transport. The relative magnitude of the two modes of transport

can be quantified by nondimensionalization of the transport equation. Assuming only one

diffusion constant D, we multiply Eq. (1.18) with R2/D. Then we nondimensionalize the

space variables with R and ũ with a typical fluid speed scale U . The convection term

obtains a prefactor, called Peclét number. It reads

Pe ≡ U R

D
. (1.19)

Typical values for colloidal particles moved by a phoretic effect are U ∼ 10µm/s, D ∼
10−9 m2/s and R ∼ 1µm leading to Pe ∼ 10−2. This value suggests that convection

can be neglected. However, a problem occurs for distances larger than ∼ R/Pe . Due to

different orders of radial derivatives, the convection terms dominate the diffusion terms

for large r̃ in Eq. (1.18). An analytical technique due to Acrivos and Taylor [3] provides

remedy. The expansion scheme for Pe ≪ 1 guarantees that the inner solution, near the

particle, is still dominated by diffusion. Outer solutions, which are affected by convection,

are matched asymptotically with the inner solutions. A lengthy calculation shows that

the Pe 0 solution of such a matching scheme is for autonomous, phoretic swimmers just
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the solution of Eq. (1.18) without the convection term. Usually, the range L of the solute-

swimmer interaction is much shorter than the distance ∼ R/Pe , at which the outer

solution becomes important. The interaction that drives the swimmer then only takes

place in the diffusion-dominated region. A modification of the concentration profile by

convection far away from the swimmer becomes irrelevant. Accordingly, we will avoid the

asymptotic matching throughout this thesis by assuming that LPe ≪ R.

Diffusion in a freely rotating frame of reference

The frame of reference introduced in Sec. 1.4.1 is fixed at the center of the swimmer

and aligned with its swimming direction. A freely moving swimmer undergoes rotational

diffusion, resulting in a modification of the diffusion equation in this frame of reference.

The solute fluxes from Eq. (1.17) read in the co-moving frame

j̃i = −D
(

∇c̃i +
c̃i
kT

∇ψ̃i
)

− êθr̃ Drot ∂θ c̃i, (1.20)

where Drot = kT/ (8πηR3) is the rotational diffusion coefficient of the swimmer. Due

to the assumed azimuthal symmetry, only the angular derivative in θ occurs. When

nondimensionalizing the flux, we multiply Eq. (1.20) with R/D. The relative magnitude

of the rotational correction is then found to be

R2Drot/D. (1.21)

We employ the Einstein relation to calculate the diffusion coefficient of solute molecules

with radius a as D = kT/ (6πηa). This yields R2Drot/D = 3a/(4R). While the solute

radii a are in the Å range, the size of the swimmer is restricted by fabrication techniques to

R & 100 nm. Accordingly, since a ≪ R, the relative contribution of the particle rotation

to the concentration profile is negligible near the swimmer. However, for large distance

from the particle, the rotation of the frame leads to a perfectly homogeneous concentration

distribution. Depending on the values of Pe and R2Drot/D one finds intermediate regimes

where convection is the dominant transport mechanism. This point has not yet found

appreciation in the literature. Nevertheless, we avoid the multiple-scale problem in this

thesis by focusing on the diffusion-dominated region.

1.4.3 Momentum conservation in the fluid

Navier-Stokes equation

A further conservation law, naturally entailed by a mass flow on a mesoscopic scale, is

the Navier-Stokes equation

ρ̃ ∂tũ + ρ̃ ũ · ∇ũ − ∇ · σ̃ = −
∑

i

c̃i∇ψ̃i, (1.22)
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where we write the vector gradient with ∇ operating on a vector. The stress tensor σ̃(r̃, θ)

is a measure for the flux of momentum through the fluid and depends on the nature of

the fluid. The right hand side of Eq. (1.22) is called the body force. We think of −c̃i∇ψ̃i
as the average force acting on a small fluid parcel due to the local forces on the point-like

molecules of type i. In the following we will focus on the steady state where the time

derivative vanishes.

Microhydrodynamics of a dilute solution

The common incompressibility condition, applicable for single component fluids, reads

∇ · ũ = 0. (1.23)

The equation is in general not valid for multicomponent fluids that are incompressible.

However, it can be used for dilute solutions with an incompressible solvent in steady state

since Eq. (1.6) yields then

0 =∂tρ̃ = −∇ · (
∑

i

mic̃iũ) ≈ −c̃sms ∇ · ũ. (1.24)

The typical solvent employed for the realization of phoretic swimmers is water. Water

is a Newtonian fluid, i.e., the stress tensor depends linearly on the rate of deformation

tensor. The stress tensor reads [95]

σ̃ ≡ η
(

∇ũ + (∇ũ)T
)

− p̃ I = 2ηẼ − p̃ I. (1.25)

The pressure accounting for the incompressibility of the fluid is denoted by p̃. For incom-

pressible fluids, the pressure can be thought of as a Lagrange multiplier that enforces the

condition Eq. (1.23). The quantity Ẽ is called the strain rate tensor. We assume that the

viscosity η is spatially constant. Corrections of the local viscosity due to concentration

variations are proportional to the volume fractions of the solutes and therefore negligible.

The second term on the left hand side of Eq. (1.22) is nonlinear in ũ. Its magnitude

can be assessed through the Reynolds number Re, which appears in the Navier-Stokes

equation when it is nondimensionalized. It reads

Re ≡ ρU R
η

. (1.26)

Employing U ∼ 10µm/s, ρ ≃ 103 kg/m3, η ≃ 10−3 Pa s and R ∼ 1µm we have Re ∼ 10−5.

Therefore, it is a very good approximation to neglect the inertia of the fluid. This leads

to the Stokes equation for a dilute solution in steady state

∇ · σ̃ = η∇2ũ − ∇ p̃ =
∑

i

c̃i∇ψ̃i. (1.27)
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The Stokes equation is linear in the fluid velocity and pressure. Since we are treating the

fluid in the overdamped limit, we will also neglect the inertia of the swimmer.

From an experimental point of view, it is important to determine the timescales on

which the steady state velocity of the swimmer can be measured. Hydrodynamic fluctua-

tions require temporal averages which are longer than a timescale of τh ≡ ρR2/η ∼ 10−6 s.

If the particle can rotate freely, its swimming velocity can only be measured by tem-

poral averages which are shorter than the timescale of Brownian rotation τh. We find

τrot = 1/Drot = 8πηR3/kT ∼ 6 s. Therefore, there exists a clearly defined range of

timescales, τh ≪ τ ≪ τrot, over which the velocity is quasi-stationary in the laboratory

frame.

1.4.4 Swimming speed and force balance

In the co-moving frame, the particle speed Ũ enters the stationary solution of the Stokes

equation through the boundary conditions as

ũ(∞, θ) = −Ũ êz,

ũ(R, θ) = 0.
(1.28)

The speed Ũ is determined from the balance of forces on the swimmer. The force which

the swimmer exerts via the potential ψ̃ on the fluid must also act on itself, resulting in

a ”reactio” force F̃reactio. This force, hydrodynamic forces on the surface of the particle

F̃surf and an external force F̃m = Fm êz balance each other as

0 = F̃m + F̃reactio + F̃surf = F̃mêz +
∫

∑

i

c̃i∇ψ̃idṼ +
∫

σ̃êrdÃr̃=R. (1.29)

Ãr̃=R is the swimmer’s surface. Since the swimmer is spherical, we identify the normal

vector on its surface with the unit radial vector êr. A volume element of the fluid in the

system is denoted by dṼ . The Stokes equation (1.27) can be written in integral form as
∫

∑

i

c̃i∇ψ̃ dṼ = −
∫

σ̃ êrdÃr̃=R +
∫

σ̃ êrdÃr̃=∞. (1.30)

Here Ãr̃=∞ is some arbitrary surface, which we choose such that it completely encloses

the volume where body forces are present. Inserting (1.30) into (1.29) we have

0 = F̃m +
∫

σ̃ êrdÃr̃=∞, (1.31)

which expresses a balance of external forces on whole the system. Eq. (1.31) permits to

calculate the force on the swimmer only from the hydrodynamic farfield. This ”insensi-

tiveness” of the force balance to details of the nearfield will be exploited in various ways

later. If no body forces are present, the force balance on a dragged particle reads

0 = F̃m − T Ũ. (1.32)
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The resistance tensor of translation is given by T = 6πηR I for a spherical particle. Given

an expression for the body force, a simple formula for the speed Ũ can be derived from

the reciprocal theorem for the Stokes equation [121]. The integral form of this theorem

reads
∫

ũ′ σ̃ ndÃ +
∫

ũ′ ∇ · σ̃dṼ =
∫

ũ σ̃′n dÃ+
∫

ũ ∇ · σ̃′dṼ , (1.33)

where we have two (non related) fluid velocities ũ′ and ũ, both satisfying a Stokes equa-

tion. The surface normal, pointing into the fluid, is denoted by n. We choose the auxil-

iary field ũ′ to be a velocity tensor that is the solution to the force free Stokes equation

∇ · σ̃′ = 0. The boundary conditions for ũ′ are

ũ′|r=R = I,

ũ′|r→∞ = 0.
(1.34)

For a spherical particle, the solution for ũ′ reads in Cartesian coordinates [53]

ũ′ =
3R
4r̃

(

δij +
r̃ir̃j
r̃2

)

+
3R3

4r̃3

(

δij
3

− r̃ir̃j
r̃2

)

. (1.35)

The other fluid velocity, ũ, is chosen such that it satisfies the Stokes equation with body

forces, Eq. (1.27) with the boundary conditions in Eq. (1.28). Eq. (1.33) becomes

F̃surf =
∫

Iσ̃ ndAr̃=R = −
∫

ũ′∇ · σ̃dṼ +
∫

ũσ̃′ ndÃr̃=R

= −
∫

ũ′ ∑

i

c̃i∇ψ̃i dṼ − 6πηRŨ.
(1.36)

The force balance Eq. (1.29) reads

F̃m = −F̃surf − F̃reactio = 6πηRŨ +
∫

[ũ′ − I]
∑

i

c̃i∇ψ̃i dṼ , (1.37)

which provides a simple relation between the swimming speed Ũ and the externally ap-

plied force. For a spherical particle, swimming in êz direction, we have

Ũ =
F̃m

6πηR
− 1

6πηR

∫

[(
3R
2r̃

− R3

2r̃3
− 1) cos θ

∑

i

c̃i∂rψ̃i

−(
3R
4r̃

+
R3

4r̃3
− 1) sin θ

∑

i

c̃i
∂θψ̃i
R

]dṼ .

(1.38)

We will refer to Eq. (1.38) as Teubner’s formula [121]. It should be noted that Teubner’s

formula is only useful in the strictly linear regime where the body forces are independent

of the fluid velocity ũ. If convection modifies the concentration fields c̃i, a calculation of

Ũ is not possible since the velocity appears in the integral on the right hand side of Eq.

(1.38). Therefore, the equation can only be used rigorously in perturbative approaches,

where convection plays no role. Weak potentials with ψ̃/kT ≪ 1 or, alternatively, very

short ranged potentials L/R ≪ 1, permit this approach.
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1.5 Boundary layer theory for phoretic swimming

We will in the following always assume that there is one dominating lengthscale of the

solute-swimmer potentials ψ̃i denoted by L. Very often L is in the nanometer range with

R being a micrometer or so. The separation of those two lengthscales can be employed

to construct approximate analytical solutions. The theory we will discuss in this section

is a nonrigorous but pedagogical approach, popularized by Anderson [6]. Systematic

calculations for the same problem are detailed in later chapters.

1.5.1 The inner region

L is also the lengthscale over which the fluid speed changes strongly near the particle.

Inside this boundary layer, we employ a dimensionless, stretched variable for the distance

to the surface

y ≡ (r̃ − R)/L. (1.39)

The magnitude of the radial derivative near the surface of the swimmer can be estimated

as ∂y ∼ 1/L while the lateral derivative is 1/R∂θ ∼ 1/R ≪ 1/L. The short ranged nature

of ψ̃ therefore allows to neglect the derivatives parallel to the surface near the particle.

Also, we assume that the fluid velocity normal to the surface is at least one order of L/R

smaller than the velocity parallel to the particle surface. The Stokes equation (1.27) can

then be approximated as

η∂2
y ũθ ≈ 1

R
∂θp̃+

1
R

∑

i

c̃i ∂θψ̃i, (1.40)

−∂y p̃ ≈
∑

i

c̃i ∂yψ̃i, (1.41)

where ũθ is the speed in êθ direction. The equation (1.41) is equivalent to an equilibrium

condition normal to the surface. The flux of solutes j̃ is given by Eq. (1.17). In order to

prevent a divergence of the radial flux for y → 0 it must vanish in O(1). This condition

yields for the concentration in the boundary layer

c̃i(θ, y) ≈ c̃i(θ,∞) e− ψ̃i(θ,y)−ψ̃i(θ,∞)

kT = c̃∞
i (θ) e− Ψ̃i(y)

kT , (1.42)

where we have introduced the new variable Ψ̃ and assumed that the lateral variations of

Ψ̃ are negligible. c̃∞
i (θ) is the concentration at the outer perimeter of the boundary layer.

Integration of (1.41) yields immediately

p̃(θ, y) ≈ p̃(∞) +
∑

i

kT c̃∞
i (θ)[e− Ψ̃i(y)

kT − 1]. (1.43)
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On inserting this pressure into Eq. (1.40) and using the no-slip boundary condition

Eq. (1.28) the velocity inside the boundary layer is obtained as

ũθ(θ, y) ≈ − kT L2

η R

∑

i

∫ y

0

∫ ∞

y′

[

e− Ψ̃i(y
′)

kT − 1
]

dy′dy ∂θ c̃
∞
i (θ) êθ

− L2

η R

∑

i

∫ y

0

∫ ∞

y′

c̃∞
i (θ)e− Ψ̃i(y

′)

kT dy′dy ∂θψ̃i(θ,∞) êθ.

(1.44)

The so-called slip velocity is the limit of the inner solution far away from the surface

ũS(θ) ≡ ũx(θ, y)|y→∞. After partial integration one can write this quantity as

ũS(θ) = −kT L2

η R

∑

i

K1, (i)∂θ c̃
∞
i (θ)êθ − L2

η R

∑

i

∫ ∞

0

∫ ∞

y′

e− Ψ̃i(y
′)

kT dy′dy c̃∞
i (θ)∂θψ̃i(θ,∞) êθ,

(1.45)

with

Km, (i) ≡
∫ ∞

0
ym (e

−Ψ̃i(y)

kT − 1) dy. (1.46)

The Km,(i) can be interpreted as the unnormalized moments of the excess surface concen-

trations [7]. We only write the index i if more than one potential is present. Note that

the second term in Eq. (1.45) can diverge. A well defined slip velocity only results if the

body force vanishes in the bulk. The slip velocity ũS is calculated in order to employ

it as inner boundary condition for an outer hydrodynamic flow. In the next section we

describe an explicit solution for the outer flow that also yields the swimming speed.

1.5.2 The outer region and Lamb’s general solution

Outside the boundary layer the body forces are negligible. The hydrodynamic flow is

driven by the boundary condition between the inner and outer region. The flow field in

the outer region around a spherical particle is given by Lamb’s solution [53]. The radial

variable in the outer region is r̃. The lateral divergence of the slip velocity −r̃∇|| · ũS =

−∂θũSêθ relates the inner and outer flow. The Legendre transform of the divergence is

Ξ̃n ≡ 2n+ 1
2

∫ π

0

[

−r̃∇|| · ũS(θ)
]

Pn(cos θ) sin θ dθ, (1.47)

where Pn(cos θ) are Legendre polynomials. Lamb’s solution makes use of two harmonic

functions, pn and ςn, that we express in terms of their Legendre expansions for an infinite

system as

p−2 =
η R

2r̃2

(

3Ũ − Ξ̃1

)

P1(cos θ) n = 1 (1.48)

p−(n+1) = −η(2n− 1)
(n+ 1)R

(

R

r̃

)n+1

Ξ̃nPn(cos θ) n > 1 (1.49)
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ς−2 =
R3

4r̃2

(

Ũ − Ξ̃1

)

P1(cos θ) n = 1 (1.50)

ς−(n+1) = − R

2(n + 1)

(

R

r̃

)n+1

Ξ̃nPn(cos θ) n > 1 (1.51)

The solution for the hydrodynamic flow in laboratory frame is given by

ũ =
∞
∑

n=1

[

∇ς−(n+1) − n− 2
η 2n(2n− 1)

r̃2∇p−(n+1) +
n+ 1

η n(2n− 1)
r̃p−(n+1)

]

, (1.52)

which can be evaluated in principle for any given tangential slip velocity ũS. The speed

Ũ must be calculated from a balance of hydrodynamic force, body force and external

force F̃m. According to Eq. (1.31), it suffices to calculate the hydrodynamic force on a

surface very far away of the swimmer to obtain the force balance. The Stokeslet, which

decays ∼ 1/r, is the only contribution of the fluid flow that is non-vanishing here. Lamb’s

solution yields

4π∇
(

r̃3p−2

)

|r̃=R = 2πηR
(

3Ũ − Ξ̃1

)

êz = F̃m, (1.53)

where we have assumed that F̃mêz is parallel to Ũ. Particle speed is given by

Ũ =
F̃m

6πηR
+

Ξ̃1

3
, (1.54)

which only depends on the dipole moment of the concentration. Contributions to the slip

velocity with pn<−2 and ςn<−2 do not influence the swimming speed. If the external forces

vanish, the swimming speed becomes independent of the radius R of the swimmer. It can

be shown from Eq. (1.38) that the swimming speed is for similar average concentration

gradients even independent of the shape of the particle when L ≪ R. As a concrete

example, we consider the case where the tangential component of the slip velocity is

∼ sin θ and then Ξ̃n>1 = 0. The potential is to be radially symmetric ψ̃ = ψ̃(r). We have

for Ξ̃1 explicitly

Ξ̃1 =
3
2

∫ π

0
ũS sin2 θ dθ = −3L2kT

2η

∑

i

K1,(i)

∫ π

0

∂θc̃
∞
i (θ)
R

sin2 θ dθ (1.55)

where partial integration was used. Note that Ξ̃1 is three times the average of the surface

velocity projected on the direction of movement. Usage of Ξ̃n>1 = 0 in Eq. (1.52) leads

to simple expressions for the outer fluid velocity

ũr =

(

R

r̃

[

3Ũ
2

− Ξ̃1

2

]

+
R3

r̃3

[

−Ũ

2
+

Ξ̃1

2

])

cos θ,

ũθ =

(

R

r̃

[

−3Ũ
4

+
Ξ̃1

4

]

+
R3

r̃3

[

−Ũ

4
+

Ξ̃1

4

])

sin θ.

(1.56)
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1.5.3 Diffusiophoresis and hydrodynamic surface slip

It has been suggested that the hydrodynamic no-slip boundary condition could lose its

validity on hydrophobic surfaces. Ajdari and Bocquet [4] found that a finite fluid slip

modifies the speed of phoretic swimming. The no-slip boundary condition is replaced

with the Navier boundary condition on the swimmer

Λũ|y=0 = η∂yũ|y=0 (1.57)

where a slip-length b ≡ η/Λ can be defined. The length b is the distance at which the

velocity would become zero if it decayed linearly into the surface. The slip velocity at the

outer periphery of the boundary layer can be calculated in analogy to the no-slip case. For

simplicity, we focus here on a single, nonionic solute with concentration c̃1 and a radially

symmetric potential ψ̃(y). The slip velocity becomes

ũS(x) ≈ −kT
η

∑

i

(

L2K1,(i) + L bK0,(i)

) ∂θ c̃
∞
i (x)
R

êθ. (1.58)

When bK0,(i) > 0, the new second term in Eq. (1.58) increases the swimming speed.

1.6 A little beyond the classical models of phoresis

The emphasize of this thesis is on the classical, coarse grained theories where the solutes

are dilute, point-like molecules. However, it is instructive to consider a model that de-

scribes the system on a statistical level. We would also like to treat the solute molecules

on the same footing as the swimmer, namely as particles with a non-vanishing size. To do

this, we employ a formalism for colloidal suspensions, discussed e.g. in [32]. We show that

the classical equations describing diffusiophoresis follow as a special limit and calculate

corrections for finite solute sizes.

As before, we neglect inertia. A joint probability density for the position of N particles

is denoted by P̃(r̃1 . . . r̃N). The coordinate of the swimmer is r̃1. The particles of number

n and m interact through an additive potential ψ̃nm. Upon defining

Υ̃(r̃1 . . . r̃N) ≡
∑

n<m

ψ̃nm(r̃n, r̃m) + kT log[P̃(r̃1 . . . r̃N)], (1.59)

the probability density function can, in principle, be calculated from the stationary Smolu-

chowski equation which reads

0 =
N
∑

m,n=1

∇r̃n ·
[

Dmn P̃∇r̃nΥ̃
]

, (1.60)

where Dmn is the symmetric diffusion matrix which contains hydrodynamic interactions.

The mean velocity of the swimmer at position r1, interacting with N − 1 solute particles
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at positions rn, is calculated as

〈Ũ1〉 = − 1
kT

〈
N
∑

n=1

D1n∇rnΥ̃〉. (1.61)

We now assume very dilute solutions, where the solutes do not interact with each other.

Therefore, we only need consider the steady-state two-particle probability distribution

function P̃2. P̃2(r2, r1) ≡ P12(r̃)/Ṽ is the probability to find the swimmer at position r̃1

somewhere in the volume Ṽ and a further particle at a distance r̃ = r̃2 − r̃1. The swimmer

has radius R and the solute has radius a. It is required that the solutes are much smaller

than the lengthscale of the potential a ≪ L. For the two-particle probability density

function Eq. (1.60) simplifies to

0 = ∇ ·
[

(D11 + D22 − 2 D12)
(

∇P̃12(r̃) +
1
kT

P̃12(r̃)∇ψ̃(r̃)
)]

. (1.62)

where ∇ = ∇r̃. The tensor Dmn containing the hydrodynamic interaction between the

swimmer and the solute molecule is given in [32] up to O((R/r̃)4) as

Dkl
11 =δkl kT/ (6πη R) , (1.63)

Dkl
22 =δkl kT/ (6πη a) , (1.64)

Dkl
12 =

kT

6πη

[ 3
4r̃

(δkl +
xk xl
r̃2

) +
1

4r̃3

[

a2 +R2
]

(δkl − 3
xk xl
r̃2

)
]

. (1.65)

The average speed is calculated with the two-particle approximation and Eq. (1.61) as

〈U1〉 ≈ − N

kT
〈(D11 − D12) ∇r1Υ̃2〉

= − N

kT

∫

dṼ2

∫

dṼ1P̃2(r1, r2) (D11 − D12) ∇r1Υ̃2(r2, r1)

= − 1
6πη R

∫

NP̃12(r) [(
3R
2r̃

− R3 +Ra2

2r̃3
− 1)∂rψ̃ cos(θ)

− (
3R
4r̃

+
R3 +Ra2

4r̃3
− 1)

∂θψ̃

r
sin(θ)] dṼ ,

(1.66)

where the swimming velocity is aligned with êz and incompressibility of the solvent was

used. We can identify N P̃12 with the concentration c̃ from the preceding sections. Upon

taking the limit a/R → 0 we find that Eq. (1.62) agrees with the classical diffusion

equation and Eq. (1.66) agrees with Teubner’s formula for the speed (1.38). Thus, the

classical theory of diffusiophoresis is confirmed here.

When R ≫ L ≫ a, the boundary layer theory from Sec. 1.5.1 can be employed to

calculate corrections up to O(a/R). A radially symmetric potential is assumed that

interacts with one type of solute. Remarkably, we find that the formula for the slip

velocity (1.45) is not directly modified by the corrections. The swimming speed can be

calculated from Eq. (1.54) up to O(a/R). A finite size of the solute molecules merely
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influences the concentration gradient outside of the boundary layer that appears in Ξ̃1.

The concentration at the outer periphery of the boundary layer c̃∞(θ) results to lowest

order in L/R from Eq. (1.62) as

c̃∞(θ) ≈
∞
∑

k=1

ι−k

(

1 − 3a
4(k + 1)R

)

Pk(cos(θ)) + ι1 cos(θ) + ι0 + c̃(∞). (1.67)

The coefficients ι−k of the expansion in Legendre polynomials depend on the bound-

ary conditions of the considered system. The new concentration c̃∞(θ) can be used in

Eq. (1.55) to calculate the swimming speed from Eq. (1.54) up to O(a/R). We find for

self-diffusiophoresis of a free particle a correction factor for Ũ of (1−3a/(8R)). The speed

of passive diffusiophoresis in an externally applied concentration gradient is reduced by a

factor of (1 − a/(8R)). We conclude that diffusiophoretic motion is slowed down by the

effect of finite solute size when a ≪ L ≪ R holds.
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Chapter 2

Self-electrophoretic motion

In this chapter, nonlinear, self-electrophoretic swimming through electrocatalytic decom-

position of H2O2 is investigated. In our model, the solution surrounding the swimmer

also contains a low concentration of salt. A combined numerical and analytical approach

is chosen to obtain a deeper understanding of this, experimentally well studied, kind of

motion. The reader is referred back to Sec. 1.2 for a phenomenological introduction to

the self-electrophoretic mechanism.

2.1 Redox reactions at the metal swimmer

The electrochemical reactions leading to the decomposition of H2O2 at the swimmer’s sur-

face are complicated and not well understood. Fig. 2.1 illustrates schematically how the

coupled reduction and oxidation of H2O2 cause an electric current through the swimmer

and a corresponding flux of protons around the swimmer. Experiments with compar-

atively large (mm-sized) electrodes suggest that the decomposition of H2O2 at metal

surfaces in acidic medium happens via a formation of oxides at the surfaces [15]. We

illustrate the processes with simplified prototypical reaction pathways. These schemes

merely present one possible way to justify the mathematical model we use later on.

During the electrokinetic reduction of H2O2, H+ ions in the vicinity of the metal surface

combine with electrons from the metal substrate S. The following reaction has been used

previously for a simulation of the reduction on platinum electrodes [80]

S +H2O2 +H+ + e− → S(OH) +H2O,

S(OH) +H+ + e− → S +H2O.
(2.1)

Additional processes that possibly slow down the reduction are neglected here. Applying

the steady-state condition, we find that the concentration of S(OH) is independent of

[H+]. This implies that the effective rate equation for H+ consumption is first order in

47
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Figure 2.1: Sketch of the electrokinetic process taking place at the bimetallic swimmer

in an H2O2 solution. Note that the swimmer is found to move with the oxidizing end

forwards.

[H+] and [H2O2]. A second order reaction rate cannot be excluded, but we deem the

suggested presence of a multi-step decomposition sufficient to allow the simpler modeling

of the reduction as a first order process.

The oxidation of H2O2 at metal electrodes has been studied in great detail by Hall et

al. [50, 51]. It is also found to depend on surface oxide films. After diffusive encounter

with the oxide, H2O2 reduces the surface film as

S(OH)2 +H2O2 ⇄ S(OH)2 ·H2O2 → S + 2H2O +O2. (2.2)

Hydrogen ions are released when the surface is oxidized again

S + 2H2O → S(OH)2 + 2H+ + 2e−. (2.3)

Neglecting side processes, one can again assume that the reaction is first order in [H2O2].

Wang et al. [130] have suggested an alternative oxidation process with a transfer of four

electrons. This is neglected here for simplicity. The presence of multi-step reactions

suggests that inhibitory mechanisms could lead to a Michaelis-Menten-like kinetics [115].

If the saturation of swimming speed seen in Fig. 1.2 is due to nonlinear reaction kinetics,

nonlinearity should only set in for cH2O2 & 5 % wt/v. Here, we do not model nonlinear

reactions but focus on low concentrations of educts and products.
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2.2 Model of a conducting swimmer in an ionic solu-

tion

The concentrations of monovalent salt anions and cations are denoted by c̃i,− and c̃i,+,

respectively. The hydroxide (OH−) and proton (H+) concentrations, resulting from the

spontaneous dissociation of water and from a dissociation of H2O2, are denoted by c̃H− and

c̃H+. All types of ions are assumed to have the same diffusion constant D. Concentrations

of cations and anions are written summarily with

c̃+ ≡ c̃H,+ + c̃i,+,

c̃− ≡ c̃H,− + c̃i,−.
(2.4)

The ions couple to an electric field φ̃. In the bulk, far away from the swimmer, we have

charge neutrality and the concentrations of ions are equal c̃−(∞) = c̃+(∞).

We nondimensionalize length with the swimmer radius R and the concentrations of

ions c̃{H,i},± with the bulk concentration of salt ions

Ci ≡ c̃i,+(∞) = c̃i,−(∞). (2.5)

Energies are normalized with the thermal energy scale kT . The charge per ion is denoted

by Ze where we set Z = 1 throughout this thesis. Accordingly, the electric potential φ̃

is made nondimensional with the thermal voltage kT/Ze ≃ 25 mV. Diffusive fluxes are

nondimensionalized with DCi/R. The velocity scale of the flow ũ and the swimming speed

Ũ is given by a typical speed U . The associated Peclét number is defined in Eq. (1.19).

2.2.1 Poisson-Boltzmann and diffusion equations

The fluxes of cations and anions are given in dimensionless form by

J{H,i},+ = −∇c{H,i},+ − c{H,i},+∇φ+ Pe u c{H,i},+, (2.6)

J{H,i},− = −∇c{H,i},− + c{H,i},−∇φ+ Pe u c{H,i},−. (2.7)

Diffusion equations guarantee the conservation of substance in the fluid. They determine

the concentration field and read

∇ · J{H,i},+ = 0, (2.8)

∇ · J{H,i},− = 0. (2.9)

A connection between the ion density and the electric field is given by the Poisson-

Boltzmann equation. It reads in dimensionless form

∇2φ = − 1
2 λ2

(c+ − c−). (2.10)
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Figure 2.2: Schematic representation of the model for a self-electrophoretic swimmer with

radius R moving with swimming speed U . The electric potential outside the swimmer

is denoted by φ. The inset shows an enlarged version of our double layer model. The

swimmer surface is covered by an immobile, compact layer of salt ions, termed Stern

layer. The inner Helmholtz plane (iHp) and outer Helmholtz plane (oHp) delimit the

modeled region of the Stern layer with thickness λs. The voltage drop across the diffuse

layer is ∆φs. Bordering to the outer Helmholtz plane we have the diffuse layer, where

dilute solutes form a charge cloud around the swimmer. The diffuse layer has a thickness

λ. The voltage drop across the diffuse layer is ∆φ0.

The lengthscale of the potential φ in Eq. (2.10) is given by the dimensionless Debye length

λ, which we define as

λ ≡
√

ε kT

8π (Ze)2 Ci

1
R

(2.11)

with ε being the permittivity of the solution.

2.2.2 Stern layer and boundary conditions

In the bulk, far away from the swimmer, the electric potential takes on an uniform value,

which is set to zero

φ(r → ∞, θ) = 0. (2.12)

The presence of salt in the solution suggests some form of adsorption of ions onto the

metal surface. The inset of Fig. 2.2 illustrates the employed model of a Stern (compact)

layer of immobile ions covering the metal surface [28]. All the charge in the Stern layer is

assumed to be concentrated in one plane, called inner Helmholtz plane (iHp). This plane
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almost coincides with the metal surface. We do not consider the details of the structure

beyond the inner Helmholtz plane. The boundary between the Stern layer and the diffuse

layer is termed outer Helmholtz plane (oHp). The voltage difference between inner and

outer Helmholtz plane is called Stern layer voltage drop ∆φs(θ). The electric potential

V at the inner Helmholtz plane is determined by ∆φs(θ) and the change of the potential

between outer Helmholtz plane and infinity φ(1, θ) as

V = ∆φs(θ) + φ(1, θ). (2.13)

Since an electric current is flowing through the swimmer, the potential V cannot be strictly

constant inside the metal. However, the electric conductivity of the metal swimmer is

much higher than the conductivity of the surrounding solution. Therefore, the variation of

V is negligible. The potential drop ∆φs(θ) across the Stern layer needs to be determined.

Since the Stern layer outside the inner Helmholtz plane is charge free, Gauss’s law can be

employed to arrive at

∆φs(θ) = −λs
∂φ(r, θ)
∂r

|r=1, (2.14)

where the parameter λs is the dimensionless thickness of the Stern layer between inner

and outer Helmholtz plane.

The electrocatalytic process leading to a decomposition of H2O2 is supposed to take

place at the inner Helmholtz plane. It leads to an absorption and emission of H+ ions with

a rate α(θ), nondimensionalized with the flux Ci D/R. Boundary conditions, determining

the concentrations of ions, result as

êrjH,+(1, θ) = α(θ), (2.15)

êrji,±(1, θ) = êrjH,−(1, θ) = 0, (2.16)

ci,±(r → ∞, θ) = 1, (2.17)

cH,±(r → ∞, θ) = δ. (2.18)

The constant δ is the relative concentration of H+ ions in the bulk. It is defined by

δ ≡ c̃H,+(∞)/Ci. (2.19)

In order to keep the charge of the swimmer constant the exchange of cations at its surface

must satisfy
∫

êrjH,+(1, θ) dAr=1 = 0. (2.20)

The redox reactions at the swimmer’s surface cause proton fluxes and involve a charge

transfer. Therefore, the electric potential influences the reaction rate. This dependence

is modeled with Butler-Volmer kinetics [81, 19, 16]. One assumes that the reaction takes

place at the inner Helmholtz plane, which almost coincides with the metal surface of the
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swimmer (see Fig. 2.2). Since the Stern layer is only described in an effective way, the

energetic cost of passing from the outer to the inner Helmholtz plane must be incorpo-

rated explicitly into the reaction rates. This is commonly done with a so-called Frumkin

correction where the rates depend exponentially on ∆φs(θ). Rates ∼ e± ∆φs(θ)
2 are chosen

here, where the transfer coefficient, modifying ∆φs in the exponents, is set to 1/2. Further

effects of the compact salt layer, that could, e.g., reduce the catalytic activity by covering

the active sites, are neglected. Evidently, φ also modifies the reaction rate by influencing

the concentration of protons right outside the Stern layer cH,+(1, θ). This dependence is

however implicit and it does not appear in the rate equation.

We assume that the same types of reactions happen on both sides of the swimmer. How-

ever, the two different metal properties lead to different rate constants on opposite sides of

the particle. The following rate of proton exchange at the swimmer’s surface is assumed:

α(θ) = − (κ1 + k1 cos θ) e− ∆φs(θ)
2 cH,+(1, θ)cH2O2 + (κ2 − k2 cos θ) e

∆φs(θ)
2 cH2O2, (2.21)

with κ1 ≥ k1 and κ2 ≥ k2. The first term in Eq. (2.21) models the catalytic reduction

of H2O2 while the second term models the provision of H+ ions through an oxidation.

The reaction rate constants vary from κ1 + k1, κ2 − k2 on one side of the swimmer to

κ1 − k1, κ2 + k2 on the other side. The smooth variation between the two values is a

simplifying assumption. It is further assumed that a diffusive supply of H2O2 is not the

bottleneck of the reaction mechanism and that the encounter of H2O2 with the surface

can be incorporated in the effective rate constants. The linear dependence of α(θ) on the

bulk concentration of H2O2 rescales all rate constants in the same way. cH2O2 is expressed

in (dimensionless) fractions of 1 % wt/v.

For a single metal, an electric potential can be defined with respect to infinity at which

the electric current vanishes. Such potentials are given for the surface properties at ϑ = 0

and ϑ = π by V mix
ϑ=0 ≡ ln[δ(κ1 + k1)/(κ2 − k2)] and V mix

ϑ=π ≡ ln[δ(κ1 − k1)/(κ2 + k2)]

respectively. These are not equilibrium electrode potentials since both the forward and

the reverse reaction rely on the continuous dissociation of H2O2. The difference of the

potentials can be compared to measurements of mixed potentials as

Ṽ mix
ϑ=0 − Ṽ mix

ϑ=π =
kT

Ze
ln

[

(κ1 + k1)(κ2 + k2)
(κ2 − k2)(κ1 − k1)

]

. (2.22)

Wang et al. [130] found mixed potentials of 15 − 150 mV for their microswimmers.

2.2.3 Hydrodynamic equations

The mass flow velocity u is determined by the Stokes equation (1.27) with an electrostatic

body force

∇ · σ = ∇2u − ∇p = g (c+ − c−) ∇φ (2.23)
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where the nondimensional constant

g ≡ R CikT

η U (2.24)

was defined. The boundary conditions on the fluid flow are

u(r → ∞, θ) = −U êz , (2.25)

u(0, θ) = 0. (2.26)

For a body force g (c+ − c−) ∇φ that is independent of the fluid velocity u one can employ

Teubner’s formula, Eq. (1.38), to calculate the speed.

2.3 Theory for thin diffuse layers

In this section, a systematic expansion for small dimensionless Debye length, λ ≪ 1, is

presented. The theory is in line with the classical approach outlined, e.g, by Hunter [55]

but applies to active swimming and is not limited to a linear response regime.

2.3.1 Nonlinear theory

The strategy applied in the following is to solve the nonlinear field equations both in an

outer region, far away from the surface, and inside the diffuse layer. The inner and outer

solutions are then matched to each other, such that an uniformly valid solution can be

constructed. New variables for the concentrations are defined as

m{H,i} ≡ c{H,i},+ − c{H,i},−

= m
{H,i}
0 + λm

{H,i}
1 + . . . ,

M{H,i} ≡ c{H,i},+ + c{H,i},−

= M
{H,i}
0 + λM

{H,i}
1 + . . . ,

φ = φ0 + λφ1 + . . . .

(2.27)

Outer variables carry a hat ( )̂, variables for the fields inside the diffuse layer do not carry

a hat. The potential φ0 is written as sum of an inner and outer solution

φ0 = ψ0 + ψ̂0. (2.28)

The equations determining the outer variables M̂{H,i}
0 , m̂{H,i}

0 and ψ̂0 are written in terms

of r and θ. The Poisson-Boltzmann equation (2.10) in the outer region reads with m̂ ≡
m̂H + m̂i

∇2
(

ψ̂0 + λψ̂1 . . .
)

= − 1
2λ2

(

m̂0 + λm̂1 + λ2m̂2 . . .
)

, (2.29)
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which is singular for λ → 0 and therefore we require m̂0 = m̂1 = 0. This provides the

condition of charge neutrality outside the diffuse layer. The number of lowest order outer

variables is hence reduced by one

m̂H
0 = −m̂i

0. (2.30)

Note that the condition of charge neutrality does not require that the charges of the

different ions balance individually. The relation m̂H = m̂i = 0 only holds in the bulk,

infinitely far away from the particle. Concerning the singular behavior of Eq. (2.29), it

is clear that a charge of (vanishing) magnitude ∼ λ2 ∼ 1/Ci results in a non-vanishing

lowest order electric field in the outer region. Therefore, the electric potential cannot be

neglected in the diffusion equations (2.8,2.9) outside the diffuse layer. To lowest order

Eqns. (2.8, 2.9) read in the outer region

∇ ·
(

∇m̂H
0 + M̂H

0 ∇ψ̂0

)

= 0, (2.31)

∇ ·
(

−∇m̂H
0 + M̂ i

0∇ψ̂0

)

= 0, (2.32)

∇ ·
(

∇M̂H
0 + m̂H

0 ∇ψ̂0

)

= 0, (2.33)

∇ ·
(

∇M̂ i
0 − m̂H

0 ∇ψ̂0

)

= 0. (2.34)

The convection terms do not appear in lowest order because the fluid velocity scales as

λ2 (see below). The boundary conditions for r → ∞ are given by the bulk concentration

of ions as

M̂H
0 (r → ∞, θ) = 2 δ, (2.35)

M̂ i
0(r → ∞, θ) = 2, (2.36)

m̂H
0 (r → ∞, θ) = 0, (2.37)

ψ̂0(r → ∞, θ) = 0. (2.38)

Near the surface, a stretched radial coordinate y ≡ (r−1)/λ is employed like in Sec. 1.5.1.

The diffusion equations in the inner region are expanded up to O(λ0) and read

0 = − ∂y
(

∂ym
{H,i}
0 +M

{H,i}
0 ∂yψ0

)

, (2.39)

0 = − ∂y
(

∂yM
{H,i}
0 +m

{H,i}
0 ∂yψ0

)

. (2.40)

The lowest order ion flux is O(1). However, the fluxes pertaining to concentrations of

O(λ0) vanish since the radial derivative introduces a factor of 1/λ

−
(

∂ym
{H,i}
0 +M

{H,i}
0 ∂yψ0

)

y=0
= 0, (2.41)

−
(

∂yM
{H,i}
0 +m

{H,i}
0 ∂yψ0

)

y=0
= 0. (2.42)
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The leading order result for the variables m{H,i}
0 (y, θ), M{H,i}

0 (y, θ) in the diffuse layer are

then given by

m
{H,i}
0 (y, θ) = a{H,i}(θ) e−ψ0(y,θ) − b{H,i}(θ) eψ0(y,θ), (2.43)

M
{H,i}
0 (y, θ) = a{H,i}(θ) e−ψ0(y,θ) + b{H,i}(θ) eψ0(y,θ), (2.44)

with yet unknown constants. Matching between the diffuse layer and the outer region as

limy→∞{m{H,i}
0 ,M

{H,i}
0 } = limr→1{m̂{H,i}

0 , M̂
{H,i}
0 } yields

a{H,i}(θ) − b{H,i}(θ) = m̂
{H,i}
0 (1, θ), (2.45)

a{H,i}(θ) + b{H,i}(θ) = M̂
{H,i}
0 (1, θ). (2.46)

The number of constants a{H,i}, b{H,i} in the solutions is larger than the number of equa-

tions. One needs to consider the matching of the O(λ) solutions in order to obtain the

full lowest order solution. The result of this further matching process are conservation

equations for the radial solute fluxes, which are not derived here for brevity
(

−∂rM̂H
0 (r, θ) − m̂H

0 (r, θ)∂rψ̂0(r, θ)
)

r=1
= α0(θ), (2.47)

(

−∂rM̂ i
0(r, θ) + m̂H

0 (r, θ)∂rψ̂0(r, θ)
)

r=1
= 0, (2.48)

(

−∂rm̂H
0 (r, θ) − M̂H

0 (r, θ)∂rψ̂0(r, θ)
)

r=1
= α0(θ), (2.49)

(

∂rm̂
H
0 (r, θ) − M̂ i

0(r, θ)∂rψ̂0(r, θ)
)

r=1
= 0. (2.50)

α0(θ) is the lowest order reaction rate at the surface, see Eq. (2.21). In the inner region,

the Poisson-Boltzmann equation is non-singular. It reads up to O(λ0)

∂2
yψ0(y, θ) = −m0

2
= B(θ) sinhψ0(y, θ). (2.51)

This equation, determining the nonequilibrium concentration near the surface, has the

same form as the corresponding equilibrium equation. The result for the potential in the

diffuse layer is

φ0(y, θ) =ψ0(y, θ) + ψ̂0(1, θ) = 2 ln





1 + γ(θ)e−
√
B(θ)y

1 − γ(θ)e−
√
B(θ)y



+ ψ̂0(1, θ), (2.52)

with

B(θ) =
(

M̂H
0 (1, θ) + M̂ i

0(1, θ)
)

/2. (2.53)

We also employed a yet undefined function γ(θ). The value of the potential at the outer

periphery of the diffuse layer ψ̂0(1, θ) is determined through the solution of Eqns. (2.31-

2.34). Given ψ̂0(1, θ), the overall change in potential over the diffuse layer ∆φ0(θ) is

according to Eq. (2.13)

∆φ0(θ) ≡ ψ0(0, θ) = V0 − ∆φs(θ) − ψ̂0(1, θ). (2.54)
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The voltage drop over the Stern layer is calculated through Eq. (2.14), which is in terms

of inner variables

∆φs(θ) = −λs
λ

∂ψ0(y, θ)
∂y

|y=0 =
λs
λ

√

B(θ)
γ(θ)

1 − γ(θ)2
. (2.55)

Insertion of Eq. (2.55) into Eq. (2.54) yields a transcendental equation for γ(θ) as

V0 =
λs
λ

√

B(θ)
γ(θ)

1 − γ(θ)2
+ 2 ln

[

1 + γ(θ)
1 − γ(θ)

]

+ ψ̂0(1, θ), (2.56)

which now allows the full determination of the potential in the diffuse layer. The voltage

drop across the Stern layer ∆φs(θ) is calculated through Eq. (2.14). ∆φ0(θ) can be

interpreted as an angle-dependent zeta potential. In order to calculate the lowest order

swimming speed in êz-direction Teubner’s formula (1.38) is expanded for λ ≪ 1. The

lowest order result is

U0 = gλ2
∫ ∞

0

∫ π

0

m0(y, θ)
2

[

y2∂yφ0(y, θ) cos θ − y∂θφ0(y, θ) sin θ
]

sin θ dθdy. (2.57)

On inserting Eqns. (2.43, 2.44, 2.52) including the matched constants and using partial

integration we find

U ≈U0 = gλ2
∫ π

0
[∆φ0(θ)

∂ψ̂0(1, θ)
∂θ

sin2(θ)−

4 ln

(

cosh

(

∆φ0(θ)
4

))

∂ ln (B(θ))
∂θ

sin2(θ) ]dθ.
(2.58)

We will omit the index at U0 in the following since we do not deal with higher orders

in λ. An explicit calculation of the swimming speed requires the knowledge of the outer

fields at r = 1. Therefore, the pertaining differential Eqns. (2.31-2.34) need to be solved

with the boundary conditions (2.35-2.38, 2.47-2.50). Moreover, the potential V0 of the

swimmer depends through the charge conservation equation (2.20) on α and must be

determined simultaneously with the concentration fields. The whole task can only be

done numerically. To this end, we implement an efficient pseudospectral method [20, 24],

where the discretized system of differential equations is solved with the Newton-Raphson

method. In radial direction, we use a Chebychev grid with 30 nodes. The grid in angular

direction, for θ = 0 . . . π, is uniformly spaced with 40 nodes.

Remarkably, Eq. (2.58) has the same form as the celebrated formula by Dukhin and

Derjaguin [34, 6], which was derived for the linear response regime. The only difference

is that the potential drop across the diffuse layer cannot be approximated by the equi-

librium zeta potential and is now θ-dependent. The dependence of U on ∆φ0 allows

to separate electrophoretic and chemiphoretic (diffusiophoretic) contributions in the low-

est order swimming speed [96]. The first term in the integrand of Eq. (2.58) changes
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sign with ∆φ0, similar to electrophoresis, where the particle swimming is also reversed

with the sign of the zeta potential. Therefore, the first term can be interpreted as the

electrophoretic part. The second term does not change sign with the potential ∆φ0 since

−4 ln (cosh (∆φ0/4)) = 2 ln(1−γ2) is negative semi-definite. Its dependence on a gradient

in overall concentration suggests an interpretation of the second term as chemiphoretic

contribution.

2.3.2 Analytical approximation

We assume now that the chemical properties of the two metals of which the swimmer con-

sists are quite similar. This case can be modeled by setting κ1, κ2 ≫ k1, k2. If k1 and k2

are neglected, no net cation flux can take place since a radially symmetric flux violates the

charge conservation. Although being a nonequilibrium steady state, the concentrations

of ions follow an equilibrium distribution throughout the whole system. Solutions for the

outer field variables of order (k0
1, k

0
2) are easily determined from Eqns. (2.31-2.34) with

ψ̂0,0 = 0 to be M̂H
0,0 = 2δ, M̂ i

0,0 = 2, m̂H
0,0 = m̂i

0,0 = 0. The second indices 0 designate the

solution of order (k0
1, k

0
2). The inner fields of order k0

1, k
0
2 obey the differential equations

0 = −
(

∂ym
H,i
0,0 +MH,i

0,0 ∂yφ0,0

)

, (2.59)

0 = −
(

∂yM
H,i
0,0 +mH,i

0,0∂yφ0,0

)

, (2.60)

and the solutions are given by Eqns. (2.43, 2.44) with aH
0,0 = bH

0,0 = δ, and ai
0,0 = bi

0,0 = 1.

The indices again denote the λ0 and k0
1, k

0
2 order. The potential φ0,0 is

φ0,0(y) = 2 ln

[

1 + γ0e
−

√
B0y

1 − γ0e−
√
B0y

]

, (2.61)

with B0 = δ+1 and γ0 = tanh(φ0,0(0)/4). The chemical reaction rate, Eq. (2.21), becomes

0 = −κ1e
− ∆φs,0

2 δ e−φ0,0(0)cH2O2 + κ2e
∆φs,0

2 cH2O2, (2.62)

It follows that the swimmer’s potential in steady state

V0,0 ≡ ∆φs,0 + φ0,0(0) = ln (κ1δ/κ2) (2.63)

does not depend explicitly on the H2O2 concentration to lowest order. Nevertheless, V0,0

is not the equilibrium potential. For the outer variables of first order in k1, k2 we demand

m̂i
0,1 = −m̂H

0,1. The field equations read then

∇2ψ̂0,1 = ∇2MH
0,1 = ∇2M i

0,1 = 0, (2.64)

∇2mH
0,1 + (1 + δ)∇2ψ̂0,1 = 0. (2.65)
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The corresponding boundary conditions are

−∂rM̂H
0,1|r=1 = α0,1,

−∂rM̂ i
0,1|r=1 = 0,

−
(

∂rm̂
H
0,1 − 2δ∂rψ̂0,0

)

|r=1 = α0,1,
(

∂rm̂
H
0,1 − 2∂rψ̂0,0

)

|r=1 = 0,

M̂H
0,1|r=∞ = M̂ i

0,1|r=∞ = m̂H
0,1|r=∞ = 0,

ψ̂|r=∞ = 0.

(2.66)

Taken together, these equations yield

M̂ i
0,1 = 0, (2.67)

M̂H
0,1 =

∞
∑

n=0

An Pn(cos θ) r−n−1, (2.68)

m̂H
0,1 = M̂H

0,1/(δ + 1), (2.69)

ψ̂0,1 = M̂H
0,1/(2δ + 2), (2.70)

where the coefficients of the expansion in Legendre polynomials Pn(cos θ) are calculated

from

−∂rM̂H
0,1|r=1 =

∞
∑

n=0

(n+ 1)AnPn(cos θ) = α0,1. (2.71)

For the corresponding inner variables of first order in k1, k2 the differential equations

0 = − (∂ym0,1 +M0,1∂yψ0,0 +M0,0∂yφ0,1) , (2.72)

0 = − (∂yM0,1 +m0,1∂yψ0,0 +m0,0∂yφ0,1) , (2.73)

result in

mH,i
0,1 = aH,i

0,1e
−φ0,0 − bH,i

0,1e
φ0,0 − φ0,1M

H,i
0,0 , (2.74)

MH,i
0,1 = aH,i

0,1e
−φ0,0 + bH,i

0,1e
φ0,0 − φ0,1m

H,i
0,0. (2.75)

Matching now as limy→∞MH,i
0,1 = M̂H,i

0,1 |r=1, limy→∞mH
0,1 = m̂H

0,1|r=1, limy→∞ ψ0,1 = ψ̂0,1|r=1

we find bi
0,1 = −ai

0,1 = 0, bH
0,1 = 0 and

aH
0,1 =

∞
∑

n=0

AnPn(cos θ). (2.76)

Up to first order in k1, k2, the H+ concentration just outside the Stern layer follows as

cH+ ≈ δe−φ0,0 +
MH

0,1 +mH
0,1

2
= δe−φ0,0 +

(

aH
0,1 − δφ0,1

)

e−φ0,0 . (2.77)
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Now the reaction rate α0 can be calculated in first order. The concentration from

Eq. (2.77) is inserted in Eq. (2.21) with (2.62). The boundary condition for the po-

tential Eq. (2.63) in order k0
1, k

0
2 is also employed along with the corresponding first order

Stern layer boundary condition

V0,1 = ψ0,1(0, θ) + ∆φs,1(θ), (2.78)

to yield

α0,1(θ) = e
∆φs,0

2

(

−aH
0,1κ2

δ
+ κ2V0,1 − cos θ

(

k2 + k1
κ2

κ1

)

)

. (2.79)

This expression along with Eqns. (2.71, 2.76) allows to determine aH
0,1. Since the swimmer

can not emit a net flux of cations, we demand that the radially symmetric part of α0,1

vanishes. Therefore we find with Eqns. (2.71, 2.76), A0 = 0, V0,1 = 0, and

aH
0,1 = −δ

k2 + k1
κ2

κ1

2δ e− ∆φs,0
2 + κ2

cos θ. (2.80)

In order to calculate the swimming speed with Eq. (2.57) we first consider the body force

in the diffuse layer

m0∇φ0 ≈(mH
0,1 +mi

0,1) êr ∂rφ0,0 + (1 + δ)(e−φ0,0 − eφ0,0)∇φ0,1. (2.81)

On inserting the expressions for m0,1, we find

m0∇φ0 ≈aH
0,1e

−φ0,0 êr ∂rφ0,0 + (1 + δ)∇
(

(e−φ0,0 − eφ0,0)φ0,1

)

. (2.82)

Since the second term in the body force is a gradient, it only modifies the hydrodynamic

pressure and does not cause motion of the swimmer in the incompressible limit. Therefore,

the first order potential φ0,1 is irrelevant for the swimming speed. Inserting Eq. (2.82)

with Eq. (2.80) into Eq. (2.57), the swimming speed up to first order becomes

U ≈ gλ2 8
3

ln (1 + γ0)
1 + δ

δ
(

k2 + k1
κ2

κ1

)

cH2O2

2δ e− ∆φs,0
2 + κ2cH2O2

. (2.83)

For a weak potential outside the compact layer, φ0,0 . 1, the dependence of the swimming

speed on the particle potential can be estimated with ln (1 + γ0) ≃ (V0 − ∆φs,0)/4. A

slightly more general version of Eq. (2.83) for arbitrary distribution of solute emission

reads

U ≈ −gλ2 2 ln (1 + γ0)
1 + δ

∫ 1

−1
α0,1(θ) cos θ d cos θ (2.84)

where the integral is a measure of the dipole moment of the first orderH+ emission/absorption

rate α0,1. Expressions similar to Eq. (2.84) have been derived with other techniques for

the linear response regime [134], but not for the steady-state system considered here.
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2.4 Numerical values for the model constants

The thermal energy scale is kT = 4.11 × 10−21J. The solution viscosity is fixed at

η = 9 × 10−4 Pa s. The permittivity of the solution around the swimmer is ε = 80 εvacuum.

Typically, the experimental swimmers have lengths in the 300 nm - 5µm range. Accord-

ingly, the radius of our swimmer is set to

R ≡ 1µm. (2.85)

A velocity scale can be defined independently of the concentration scale as

Ugλ2 =
(kT )2 ε

8πη (Ze)2R
≃ 20.6µm/s. (2.86)

In this chapter, the primary purpose of the salt in the solution is the explicit justification

of the thin diffuse layer model. Where not mentioned otherwise, the bulk concentration

of salt ions is in the following set to

Ci = 5 × 10−5 mol/L. (2.87)

For a monovalent salt, e.g., NaNO3 as used by Paxton et al. [89], the diffuse layer is

according to Eq. (2.11) about 12 nm thick. Since this is much less than R = 1µm, the

theory for λ ≪ 1 is expected to work well. The absolute thickness of the Stern layer is

assumed to be in the order of a molecular diameter [129], which might be about 0.3nm.

We consider a [10−4 . . . 5] % solution of H2O2 in water. Percent of H2O2 concentration

are given in wt/v. 1 % wt/v corresponds to 10 g H2O2 per liter solvent, molar mass

of H2O2: 34.02 g/mol. The pH value decreases here almost linearly with an increase of

H2O2 concentration [1]. It lies roughly between 7 and 5. This sets the concentration

of bulk protons and hydroxide ions to c̃H,±(∞) ≃ [10−7 . . . 10−5] mol/L. The relative

concentration of H+ ions in the bulk is then in the range δ = c̃H(∞)/Ci ≃ [10−3 . . . 10−1].

For the diffusion constant D = 7 × 10−9m2/s is chosen. The ion fluxes at the surface

are then nondimensionalized with

CiD/R = 3.5 × 10−4 mol/(m2 s). (2.88)

A measured [89] evolution rate of O2 for a 3.7 % solution of H2O2 is 8.7×10−6mol/(m2 s).

Within the reaction model, Eq. (2.21), this rate roughly determines the magnitude of the

second term, responsible for the oxidation of H2O2. For cH2O2 = 1 (1 %) we estimate that

κ2 cH2O2 is on the order of 10−2. The constants κ1, k1, k2 are chosen such that reasonable

values for the swimming speed and the proton fluxes are obtained.
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2.5 Results

In this section, dimensional results are plotted in order to facilitate a (future) comparison

with experimental data. The dimensional speed is calculated as Ũ = U U = 20.6µm/s ×
U/(gλ2). Results for the analytical approximation of U (Eq. (2.83)) are also shown where

applicable.

Figure 2.3: Concentrations of H+ ions and positive salt ions. Figs. a,b and c,d each

have have the same color coding. cH2O2 = 1 (1 %), κ1 = 0.0185, κ2 = 0.185, δ = 0.1,

and λs = 0. Figs. a,b: Reactivity varies only slightly across the swimmer k1 = 0.1 κ1,

k2 = 0.1 κ2; resulting in V0 = −4.61 and U = −0.0398. Figs. c,d: Reactivity varies

strongly across the swimmer k1 = κ1, k2 = κ2; resulting in V0 = −5.03 and U = −0.485.

2.5.1 Reaction induced concentration distortion

Fig. 2.3 shows exemplary concentration fields of positive ions around the swimmer. While

the concentrations of H+ in Figs. 2.3 a,c are directly determined through the surface

reactions, the inhomogeneous distribution of positive salt ions seen in Figs. 2.3 b,d is

an indirect effect. The positive salt ions accumulate oppositely to the H+ ions. They
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present a non-negligible contribution to the local charge balance. In Figs. 2.3 a,b we

have (k1, k2) ≪ (κ1, κ2), i.e, the decomposition of H2O2 happens fairly homogeneously

around the swimmer. In this case the concentration profile is antisymmetric and follows

the distribution of surface reactivity. In Figs. 2.3 c,d we have set k1 = κ1 and k2 = κ2,

i.e., the reaction happens mainly in an asymmetric way, where oxidation and reduction

take place on different sides of the swimmer. Also, the concentration of H+ ions in the

bulk is not assumed to be excessive. Therefore the reaction is, to some extent, a diffusion

limited process. Then, the concentration variation around the swimmer feeds back on

the overall reaction rate, Eq. (2.21). Consequently, the antisymmetric distribution of the

cations seen in Figs. 2.3 a,b is lost.

Figure 2.4: Swimming speed Ũ vs. H2O2 concentration at fixed pH value. κ1 = 0.005,

δ = 0.1, λs = 0. Symbols are numerical results. Full lines are approximative speeds from

Eq. (2.83). (�): κ2 = 0.1, k2 = κ2, k1 = κ1. (�): κ2 = 0.1, k2 = 0.25 κ2, k1 = 0.25 κ1.

(�): κ2 = 0.05, k2 = κ2, k1 = κ1. (♦): κ2 = 0.05, k2 = 0.25 κ2, k1 = 0.25 κ1. (N):

κ2 = 0.025, k2 = κ2, k1 = κ1. (△): κ2 = 0.025, k2 = 0.25 κ2, k1 = 0.25 κ1.

2.5.2 Swimming and H2O2 concentration, fixed pH

Fig. 2.4 demonstrates the dependence of the swimming speed Ũ on the concentration of

H2O2 with a fixed pH value. A fixed pH value means that the availability of H+ in the

bulk, determined by δ, does not change with H2O2 concentration. Eq. (2.83) approximates

the numerically calculated swimming speed well for k1 < κ1 and k2 < κ2. However, the
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condition k2 < κ1 for the validity of the analytical approximation seems here unnecessary.

Figure 2.5: Average ion current 〈|α(θ)|〉 vs. H2O2 concentration at fixed pH value. Sym-

bols are the same as in Fig. 2.4.

Figure 2.6: Electric potential of the swimmer V0 vs. H2O2 concentration at fixed pH

value. Symbols are the same as in Fig. 2.4.

The curves in Fig. 2.4 have a concave shape, which is not attributed to a saturation

of the catalytic surface in our model. Rather, it results from a limitation of the reaction

rate through the diffusion around the swimmer. Quantitative understanding of this effect
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Figure 2.7: Dependence of swimming speed Ũ on H2O2 concentration where the pH value

varies with cH2O2 . We use δ = 0.002 + 0.02 cH2O2. Symbols are the same as in Fig. 2.4.

can be gained from the approximative equation (2.83). Here the swimming speed levels

of since the rate of ion flux through the swimmer saturates for κ2cH2O2 & 2δ e− ∆φs,0
2 . This

estimate is seen to hold also for the results from the nonlinear numerics. A negative Stern-

layer voltage-drop ∆φs shifts the saturation of the speed to higher values of cH2O2, while

also reducing the speed (see Sec. 2.5.5). Figs. 2.5,2.6 show how the average reaction rate

〈|α(θ)|〉 and the electric potential on the swimmer’s surface V0 change with the increase

of H2O2. Note that 〈|α(θ)|〉 cannot be identified with the measurable oxygen evolution

rate. 〈|α(θ)|〉 vanishes for equal redox potentials on both sides of the swimmer, i.e., if

k1 = k2 = 0, while the oxygen evolution rate in this limit is, within the present model,

an unknown constant. The measured values for the mixed potential from [130] are in

accord with estimates from our model constants. From Eq. 2.22 we calculate approximate

mixed potential differences of 15 − 150 mV if we fix the constants k1/κ1 = k2/κ2 roughly

between 0.1 and 0.9.

2.5.3 Swimming and H2O2 concentration, variable pH

Since the concentration of H2O2 also influences the pH value we plot in Fig. 2.7 the

speed vs. cH2O2 with H2O2-dependent δ. The pH value decreases almost linearly with

an increase of H2O2 concentration [1]. Therefore we set δ = δ0 + δ1 cH2O2 where the

dissociated water molecules at a pH value of 7 contribute δ0 = (10−7mol/L)/Ci. The slope

of the function is roughly estimated as δ1 = 0.02. As seen from Eq. (2.83), the speed does
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Figure 2.8: Dependence of swimming speed Ũ on the rate constant of H2O2 reduction κ1

at cH2O2 = 1 (1 %) with k2 = κ2, k1 = κ1, and λs = 0. (�): δ = 0.1, κ2 = 0.05. (•):

δ = 0.1, κ2 = 0.025. (◦): δ = 0.01, κ2 = 0.025. (N): δ = 0.1, κ2 = 0.01.

not saturate in this case until δ & 1. The curves in Fig. 2.7 show a reduced tendency to

level-off in the investigated range of H2O2 concentration.

2.5.4 Swimming and H2O2 reduction rate

In Fig. 2.8 we investigate the role of the rate constants of H2O2 reduction, κ1 and k1, for

the swimming speed. The quotient of κ1 and k1 is held constant. Eq. (2.83) therefore

suggests that the swimming speed is only influenced through its dependence on the particle

potential V0 via the function γ. The approximation for the swimmer’s potential, Eq.

(2.63), in turn suggests that V0 depends logarithmically on κ1δ/κ2. The numerical data

qualitatively supports a scaling of Ũ with this logarithm. The magnitude of the swimming

speed is seen to decrease with an increase of κ1. The negative sign of Ũ is in accordance

with the experimental finding that the swimming occurs in direction of the H2O2-oxidizing

end [130]. However, the swimming direction is reversed for κ1δ > κ2, which results from

the sign change of V0.

2.5.5 Effect of the Stern layer

The Stern layer modifies the swimming speed for V0 < 0 by reducing the reaction rate and

the potential change in the diffuse layer, appearing in Eq. (2.58). Fig. 2.9 demonstrates
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Figure 2.9: Dependence of swimming speed Ũ on the average Stern layer voltage drop

〈∆φs(θ)〉. Inset: dependence of 〈∆φs(θ)〉 on relative Stern layer thickness λs/λ. cH2O2 = 1

(1 %) with k2 = κ2, k1 = κ1. (�): δ = 0.1, κ1 = 0.001, κ2 = 0.1. (•): δ = 0.1, κ1 = 0.001,

κ2 = 0.05. (⋆): δ = 0.1, κ1 = 0.001, κ2 = 0.01. (N): δ = 0.01, κ1 = 10−4; κ2 = 0.01.

(Dotted lines): slopes predicted by an expansion of Eq. (2.83) for small ∆φs.

that Ũ decreases for our rate constants almost linearly with the average Stern layer voltage

drop 〈∆φs(θ)〉. The approximation from Eq. (2.83) does not yield satisfactory absolute

values for Ũ in Fig. 2.9 since we have here k1 = κ1 and k2 = κ2. However, Eq. (2.83)

can be expanded for small ∆φs. It then predicts the slopes of the decrease of Ũ with

∆φs fairly well. The inset of Fig. 2.9 demonstrates that ∆φs depends nonlinearly on on

the thickness of the layer λs/λ. This nonlinear relationship occurs since the Stern layer

voltage drop is determined through a transcendental equation (see appendix, Eq. (2.56)).

The swimming speed scales within the thin diffuse layer model, Eq. (2.58), as the

inverse of the overall bulk ion concentration 1/(Ci + Ciδ). Experimental data qualitatively

supports this scaling, but also indicates that the decrease of speed with salt concentration

may be somewhat stronger [89]. One reason may be the Stern layer, which influences

the reaction rate. In our simple model, the connection between the Stern layer and the

reaction is given through the appearance of ∆φs in the Butler-Volmer equation (2.21).

For simplicity, we keep here the absolute thickness of the Stern layer constant. The

variations of the bulk salt concentration still affects the Stern layer voltage drop ∆φs
since λs/λ ∼

√
Ci. Fig. 2.10 demonstrates that this suffices to cause a reduction of the

swimming speed compared with the standard scaling. A precise measurement of the effect
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Figure 2.10: Deviation of Ũ from the standard thin diffuse layer scaling with the inverse ion

concentration ∼ 1/(Ci+Ciδ). Bulk salt concentrations are varied Ci = n×(5×10−5 mol/L)

with n = 1 . . . 10. Speed is multiplied with n(1 + δ) to remove the standard scaling.

cH2O2 = 3.7 (3.7 %), κ1 = k1 = 0.005, κ2 = k2 = 0.025/n, δ = 0.1/n. (N): λs/λ = 0. (⋆):

λs/λ = 0.005
√
n. (•): λs/λ = 0.025

√
n. (�): λs/λ = 0.1

√
n.

of salt ions, along with a more refined model of the ion adsorption is called for to improve

the quantitative understanding here.

2.6 Discussion

In this chapter we introduce a new model for self-electrophoresis to improve on many

shortcomings of previous models and render predictions applicable to the experimental

situation. In Sec. 2.2 we explain how the model is set up. We consider two types of ions

to capture the effect of salt or pollutants in the solution. The extra salt fluxes couple

to reaction-driven proton fluxes. A Stern layer models adsorption of salt ions to the

swimmer’s surface. The nonlinear conservation equations are complemented by a Butler-

Volmer kinetics for the chemical reaction. In Sec. 2.3.1 we introduce the thin diffuse layer

approximation. Although this approximation hardly alleviates the numerical solution of

the diffusion equations, it renders the hydrodynamics relatively simple and serves to avoid

a quite demandingly high density of grid nodes near the swimmer. The numerical results

in Sec. 2.5 are in full qualitative agreement with an analytical approximation for the

swimming speed given in Eq. (2.83).
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The first order Butler-Volmer reaction kinetics leads to a linear increase of swimming

speed at low H2O2 concentrations. Diffusion limitation of the reaction rate causes a

saturation of the swimming speed at high H2O2 concentrations (Fig. 2.4). However, high

concentrations of available protons in the bulk can widely suppress the leveling off of the

speed. A decrease of the pH value with an increase of the H2O2 concentration has similar

effects since this provides more H+ ions for the catalytic reduction (Fig. 2.7). This data

is in qualitative agreement with the experiment. (Fig. 1.2)

The swimmer’s potential V plays an important role for the swimming speed since it is

directly related to the potential drop across the diffuse layer (the zeta potential). In our

model, we found V to be in most cases much lower than −40 mV, which is about the zeta

potential of a metal particle without the presence of H2O2. This value was used previously

as a rough estimate [91]. Such a high potential V can only be found within our model

if the overall oxidation and reduction rates are similar (see Eq. (2.63)). Experimental

determination of the potential of the swimmer is possible, e.g., through a measurement

of the electrophoretic motion of actively moving particles.

A Stern layer reduces the swimming speed by modifying the potential drop across

the diffuse layer and by lowering the reaction rate. For simplicity, we keep the absolute

width of the Stern layer constant. Still, it causes a decrease of speed with increased salt

concentration that is stronger than the inverse of the bulk ion concentration (Fig. 2.9).

This finding in agreement with qualitative experimental results [89].

It should be emphasized that the thin diffuse layer model may describe the swimming

well, even in absence of electrolytes in the solution. Spontaneous dissociation of H2O2

in the bulk can be an important factor here. A reasonable pH value of 6 translates,

e.g., to a double layer thickness, Eq. (2.11), of about 90 nm. This number is an order

of magnitude smaller than R. It justifies the approximative use of the thin diffuse layer

model for H2O2 concentrations, say, above the 2 % range. A contamination of the water

with atmospheric carbon dioxide has also been found to be important for electrophoresis

in a salt-free environment [23]. The somewhat unknown details of the reaction mechanism

at the surface of the swimmer could further contribute to making the thin diffuse layer

model valid. It is for example possible that the reactions at the swimmer’s surface lead,

beyond this model, to an accumulation of other types of ions and radicals.

In spite of the successful qualitative explanation of the experimental data, a few sim-

plifying assumptions prohibit the direct fit of the model constants. First, we consider a

spherical swimmer with a reactivity varying like a cosine across the surface. This geom-

etry is chosen for its numerical robustness since no sharp edges and sudden changes are

present. However, the experimentally studied swimmers are short, bimetallic rods where

the reactivity varies quite suddenly across the boundary from one metal to the other. The
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second strong assumption is that all solutes have similar diffusivities.

Our approach to not model salt adsorption to the swimmer explicitly could also be some-

what refined. We hope to justify our theory somewhat by the low (sub millimolar) con-

centrations of salt. The influence of ion adsorption on electrophoretic mobility is a long

standing problem. A number of different models have been suggested to quantitatively ac-

count for different kinds of salt ions [55, 74]. The common statement that the capacitance

of the compact layer is roughly independent of salt concentration is somewhat justified

for nonreactive, metallic interfaces [48] but remains an assumption for the system inves-

tigated here. Is well known that charged double layers can exhibit lateral ion transport if

they are highly charged [17]. When contributions of the order λ e−∆φ0/2 are non-negligible,

corrections to the λ0 theory must incorporate electro-osmosis and electromigration in the

diffuse layer. These surface conduction phenomena were neglected in order to focus on

the important features of the model.

In conclusion of this chapter on self-electrophoresis, it can be said that the presented

work is the first closed model that captures all the important experimental trends [108].

The model quantitatively supports an explanation of the motion of bimetallic particles

through a self-electrophoretic effect.
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Chapter 3

Self-diffusiophoretic motion

This chapter is devoted to a simple model of self-diffusiophoresis in a three-component

solution. The fluid contains two types of solutes, designated by a and b, and a solvent (s).

The dilute concentrations of the solutes are denoted by c̃a and c̃b. All fluid constituents

have the same diffusion constant D. In contrast to the charged solutes examined in

Chap. 2, the solutes do not interact with each other in this model. Only the solute

of b-type interacts via a fixed, radially symmetric, potential ψ̃ with the swimmer. The

potential is assumed to decay over a characteristic lengthscale L. The interaction could

represent, e.g., a van der Waals force when the solutes have different polarizabilities. In

order to make sure that the total force on the fluid is, even for a linear concentration

gradient (c̃b ∼ r̃ cos θ), convergent we assume in the following

ψ̃ (r̃ → ∞) < O
(

r̃−3
)

. (3.1)

The spherical swimmer, placed in an infinitely large container, is depicted in Fig. 3.1. As

before, the radius of the swimmer is denoted by R. A chemical transformation a ↔ b takes

place at the swimmer’s surface with rate α̃{a,b}̟(θ). The θ-dependence of the solute flux

at the surface is contained in the dimensionless function ̟(θ). We will always assume that

the emission of solutes happens in a spatially asymmetric way. α̃{a,b} has the dimensions

of solute flux and quantifies the magnitude of the reaction rate.

3.1 The model equations

Convective transport renders the diffusion equation (1.18) nonlinear since the fluid veloc-

ity and the concentration fields are both unknown. In order to make the system more

amenable to analytical calculations the nondimensionalized equations are linearized in

this section around equilibrium. The natural length- and energy scales are the radius of

the swimmer, R, and the thermal energy kT . Accordingly, we rescale as r ≡ r̃/R and

71
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Figure 3.1: Schematic representation of the model for an active swimmer. Molecules of

type a and b are dissolved in the fluid surrounding the swimmer with radius R. The

molecules are transformed into each other through chemical surface reactions and the

overall concentrations are maintained constant. An interaction between the swimmer and

the type b molecules occurs through the potential ψ̃, whose lengthscale is given by L. An

inhomogeneous distribution of solutes causes the swimmer to move with the speed Ũ .

ψ ≡ ψ̃/kT . The intrinsic lengthscale L of the potential ψ̃ is nondimensionalized as

λ ≡ L/R. (3.2)

The swimming is driven by an asymmetric concentration perturbation of the equilibrium

distribution of b-type solutes c̃eq
b (r̃). Owing to the radial symmetry of ψ̃, only the dipole

moment of the concentration perturbation

3
2

∫ 1

−1

R α̃b

D
̟(θ) cos θ d(cos θ) (3.3)

contributes here. We can accordingly define the concentration scale C, which is relevant

for the particle motion, as

C ≡ R α̃b/D. (3.4)

In the following we will always assume that the concentration perturbation C is much

smaller than the equilibrium concentration scale. We can then define a new dimensionless

parameter as

ξ ≡ C/c̃eq
b (∞). (3.5)
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We employ C for the nondimensionalization of concentrations. The equilibrium perturba-

tions of the concentration fields are

ca ≡ c̃a − c̃eq
a (∞)
C , (3.6)

cb ≡ c̃b − c̃eq
b (∞)e−ψ

C . (3.7)

A typical diffusiophoretic speed magnitude [6] is given for λ . 1 by

U ≡ kT L2

η

C
R
. (3.8)

The associated Peclét number is defined in Eq. (1.19). Sample calculations, employing

measured particle speeds [89, 54], show that Pe is typically smaller than 10−2. The Peclét

number thus constitutes, besides ξ, a second small expansion parameter.

3.1.1 Diffusion equations

The solute fluxes j̃ are nondimensionalized by DC/R and obey the boundary conditions

êrj{a,b}(1, θ) =
R α̃{a,b} ̟(θ)

DC ≡ α{a,b}̟(θ). (3.9)

Employing the nondimensional hydrodynamic velocity field u ≡ ũ/U , the equations for

solute conservation (1.18) become

∇2cb + ∇ · (cb∇ψ) − Pe
ξ

u∇e−ψ = Pe u∇cb, (3.10)

∇2ca = Pe u∇ca, . (3.11)

The form of Eqns. (3.10, 3.11) suggests a perturbation scheme in Pe to cope with the

nonlinearities. However, difficulties arise if ξ is of the same magnitude as Pe . Then only

the right hand sides of Eqns. (3.10, 3.11) are small. Furthermore, because ξ ∼ C and also

Pe ∼ C, it is in the spirit of a linear response theory in C to set

Pe u∇ca ≃ Pe u∇cb ≃ 0. (3.12)

3.1.2 Hydrodynamic equations

The Stokes equation (1.27) is given in dimensionless form by

∇2u − ∇p− 1
λ2
cb∇ψ = 0, (3.13)

where p ≡ p̃R/(Uη). The fluid boundary conditions are, as before,

u(∞, θ) = −U êz ,

u(1, θ) = 0.
(3.14)
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The force balance is given by Eq. (1.29). For concrete numerical and analytical calcu-

lations, the Stokes equation (3.13) is rewritten with the stream function formalism [53].

Due to the linearization approach, the mobility of the swimmer, relating U to α{a,b}, can

be calculated straightforwardly with a procedure described by O’Brien and White [82].

In brief, one determines the force balance for the case α{a,b} = 0, U 6= 0 and also for

α{a,b} 6= 0, U = 0. The combination of the results yields the response of the particle

speed to a non-vanishing reaction rate.

3.2 Swimming speed - reaction limited case

We assume here that the diffusion of the a and b-type molecules is so fast that the

concentration profiles are entirely determined by reactivity of the swimmer’s surface. The

emission rate of the solute of type b is fixed as ̟(θ) = (1 + cos θ) and α̃b = κ = const.

Then

êr j̃b(θ) = κ (1 + cos θ) (3.15)

and C = κR/D. This boundary condition for the surface interacting solute does not

contain ca. The species a is thus irrelevant for the particle swimming in this section. The

concentration field cb is determined by the differential Eq. (3.10) with Eq. (3.12). In

spite of its linearity, there seems to be no analytical solution of this equation available

for arbitrary ψ. The nature of the potential ψ, comprising a variety of possible physical

interactions, is important for the diffusiophoretic speed. The reaction limited model

studied in this section offers the possibility to investigate the role of the potential in a

relatively simple setting.

3.2.1 Analytical approximation

The speed of active swimmers is calculated in this section analogous to work by Anderson

and Prieve [8] for passive swimmers. We resort to a technique of matched asymptotic

expansions for λ ≪ 1. The diffusion equation (3.10, 3.12) becomes in spherical coordinates

∂2
r cb(r, θ) +

(

ψ′(r) +
2
r

)

∂rcb(r, θ)

+
(

ψ′′(r) +
2
r
ψ′(r)

)

cb(r, θ) +
1

r2 sin θ
∂θ (sin θ ∂θcb(r, θ))

− Pe
ξ

êru ∂r e
−ψ(r) = 0.

(3.16)

Due to the radial symmetry of ψ(r), only the dipole moment of the concentration field

can move the particle. In absence of a coupling between different spherical harmonics it

is therefore sufficient to consider the field contributions which are ∼ cos θ. We split the
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concentration field of the b-type solute into an inner field Cb(y) cos θ and an outer field

Ĉb(r) cos θ. Cb(y) is written in terms of the inner variable y = (r − 1) /λ. The outer field

lies in the region with r ≫ λ+ 1 where the effect of the surface potential ψ is negligible.

Eq. (3.16) thus becomes here in the outer region

∂2
r Ĉb(r) +

2
r
∂rĈb(r) − 2

r2
Ĉb(r) = 0. (3.17)

For active diffusiophoresis, the concentration perturbation must vanish far away of the

swimmer. Therefore, the solution of Eq. (3.17) is given by Ĉb(r) = A/r2, where the

coefficient A is yet undetermined. The smallness of λ suggests an expansion of the inner

and outer fields as

Cb = Cb 0(y) + Cb 1(y)λ+ Cb 2(y)λ2 +O(λ3), (3.18)

Ĉb =
1
r2

(

A0 + A1λ+ A2λ
2 + . . .

)

= A0+

(A1 − 2A0y)λ+
(

A2 − 2A1y + 3A0y
2
)

λ2 +O(λ3).
(3.19)

In the inner region we substitute r by λy + 1 in Eq. (3.16) and expand for small λ. The

resulting equations for the two lowest coefficients Cb 0 and Cb 1 are

∂y (∂yCb 0(y) + Cb 0(y)∂yψ) = 0, (3.20)

∂y (∂yCb 1(y) + Cb 1(y)∂yψ) + 2 (∂yCb 0(y) + Cb 0(y)∂yψ) = 0. (3.21)

The boundary condition Eqns. (3.9, 3.15) yield for the coefficients of Cb(y)

−λ
λ

(∂yCb 1(y) + Cb 1(y)∂yψ) |y=0 =
κR

DC = 1; (3.22)

−λn
λ

(∂yCbn(y) + Cbn(y)∂yψ) |y=0 = 0 when n 6= 1. (3.23)

Employing the above equations, the concentration is

Cb =e−ψa0 + λ e−ψ
[

a1 −
∫ y

0

(

eψ(y′) − 1
)

dy′ − y
]

+O
(

λ2
)

. (3.24)

The O (λ) term diverges for y → ∞. In order to make this divergence explicit, we have

removed it from the integral in Eq. (3.24) by subtracting 1. The unknown constants

in the inner and outer solution are determined by matching them asymptotically [125]

through Ĉbn (y → 0) = Cbn (y → ∞). The resulting conditions, which must be valid for

all y, are

A0 = a0, (3.25)

A1 − 2A0y = a1 −
∫ ∞

0

(

eψ(y′) − 1
)

dy′ − y. (3.26)
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This yields the lowest order coefficients a0 = A0 = 1/2 and the innermost concentration

field is thus given by Cb ≈ exp(−ψ)/2.

In order to calculate the fluid flow near the surface of the swimmer, we employ the

Stokes equation (3.13) and assume that the body force vanishes in the outer region.

Applying the curl to Eq. (3.13) and defining a stream function S(r) via u = ∇ ×
(sin θS(r)/r êϕ) the Stokes equation becomes

∂4
rS(r) − 4 ∂2

rS(r)
r2

+
8 ∂rS(r)

r3
− 8S(r)

r4
= −Cb(r)

λ2
∂rψ(r). (3.27)

In the outer region, where the body force vanishes, we have the stream function Ŝ =

X/r + Y r + Z r2. The constants X,Y and Z are expressed as a power series of λ. The

fluid velocity in the outer region thus is

êθû

sin θ
=

−∂rŜ(r)
r

= −2Z0 − Y0 +X0 +O (λ) , (3.28)

êrû

cos θ
=

2Ŝ(r)
r2

= 2Z0 + 2Y0 + 2X0 +O (λ) . (3.29)

In the inner region, we expand Eq. (3.27) for small λ and insert Cb(y) for the concentration

field. The leading order differential equation for the stream function near the surface of

the swimmer S(y) reads

1
λ
∂4
yS(y) = −e−ψ

2
∂yψ(y). (3.30)

This yields

S(y) =k0 + l0 y +m0 y
2 + n0 y

3 − λ

2
h(y)

λ
(

k1 + l1 y +m1 y
2 + n1 y

3
)

+O
(

λ2
)

;
(3.31)

h(y) ≡
∫ y

0

∫ y′

0

∫ ∞

y′′

(

e−ψ(y′′′) − 1
)

dy′′′dy′′dy′. (3.32)

The fluid flow in the inner region becomes

êθu(y)
sin θ

≈ −1
λ

(

l0 + 2m0 y + 3n0 y
2
)

+
1
2
∂yh(y)+

(

−l1 + l0y − 2m1y + 2m0y
2 − 3n1y

2 + 3n0y
3
)

+O (λ) ,
(3.33)

êru(y)
cos θ

≈ 2
(

k0 + l0 y +m0 y
2 + n0 y

3
)

+O (λ) . (3.34)

Due to the no slip boundary conditions on the surface of the swimmer we have k0 = l0 =

l1 = 0. The far field boundary condition on the outer velocity field u|r→∞ = −U êz yields

Z = −U/2. Matching the lowest order velocities through u(y)n (y → ∞) = ûn (y → 0),
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as done for the concentrations above, we find

0 = −1
λ

(

2m0 y + 3n0 y
2
)

, (3.35)

−2Z0 − Y0 +X0 =
K1

2
− 2m1y + 2m0y

2 − 3n1y
2 + 3n0y

3, (3.36)

2Z0 + 2Y0 + 2X0 = 2m0 y
2 + 2n0 y

3, (3.37)

where we have used ∂yh(y)|y→∞ = K1 with Kn =
∫∞

0 yn
(

e−ψ(y) − 1
)

dy (see Eq. (1.46)).

From Eq. (3.35) we deduce that m0 = n0 = 0. On imposing the physical constraint

that ∂yh(y) remains finite for y → ∞ we conclude that m1 = n1 = 0 in order to avoid

divergence of the right hand side of Eq. (3.36). Finally, Eqns. (3.36, 3.37) yield together

the two last constants X0 = (K1 − U0) /4 and Y0 = (3U0 −K1) /4. This fully determines

the lowest order velocity fields. To further relate the speed of the swimmer U0 to the

balance of forces, one only needs to consider the Stokeslet û ∼ 1/r, whose long range

nature reflects the presence of external forces. For a free swimmer the Stokeslet vanishes

and we therefore have Y0 = 0. This condition determines the lowest order swimming

speed

U0 =
Ũ0

U =λ2 κ kT

Uη D
R2

3

∫ ∞

0
y
(

e−ψ(y) − 1
)

dy =
1
3
κ kT L2

U Dη
K1 =

K1

3
. (3.38)

We extend the scheme presented above to a correction of O(λ3). The calculation is rather

straightforward but the details are lengthy and therefore omitted here. The result, written

as a first order Padé approximant of the swimming speed reads

Ũ ≈ Ũ0/

[

1 + λ

(

K0 +
7K2

2K1
+

Pe
ξ

G

2
+
N

K1

)]

, (3.39)

where the following definitions are employed

G ≡
∫ ∞

0

∫ y

0
y′
(

e−ψ(y′) − 1
)

dy′
(

e−ψ(y) − 1
)

dy, (3.40)

N ≡ − 2
∫ ∞

0

∫ y

0
y′
(

e−ψ(y′) − 1
)

dy′
(

eψ(y) − 1
)

dy

+
∫ ∞

0
y2
(

e−ψ(y) − 1
) (

eψ(y) − 1
)

dy.
(3.41)

Note that the chemical reaction must occur at a finite distance from the physical hard-

core boundary of the swimmer. Therefore, the potential ψ(r = 1) cannot diverge in active

diffusiophoresis and all the constants defined above remain finite.

3.2.2 Numerical results

In order to go beyond the λ ≪ 1 limit, we solve Eqns. (3.10-3.13, 3.12) numerically for the

boundary conditions given in Eqns. (3.14, 3.15). Results are displayed in Figs. 3.2, 3.3, 3.4



78

where the swimming speed is plotted as λ2U = L2Ũ/(R2U) in order to demonstrate

the physical dependence of the speed on the interaction length L. As it is the case

for other phoretic effects[109, 97], convection causes a nonmonotoneous relation between

particle speed and λ (Fig. 3.2). An increasing magnitude of the surface potential ψ(1)

reduces the range of validity of the lowest order approximation U0 to smaller values of

λ (Fig. 3.3). The Padé approximant of U , Eq. (3.39), then describes the case of strong

surface interactions much more satisfyingly [9]. Therefore, the Padé approximant presents

a significant improvement over the lowest order estimate U0, in spite of being useful only

for λ < 1.

Fig. 3.4 shows the swimming speed for a truncated van der Waals-like interaction where

the potential decays ∼ 1/r6 only far away of the swimmer. The result demonstrates

that multiple lengthscales of the interaction potential may modify the simple scaling of

Ũ0 ∼ L2. Furthermore, the similarity of the results for Pe /ξ = 0 and Pe /ξ = 5 qualifies

the simple notion that convection of solutes reduces the speed of the particle. Since, for

Fig. 3.4, we have ψ(r) ≪ 1 when λ > 1, the influence of the Peclét number is suppressed

almost completely. This dependence of the effect of convection on the strength of the

surface interaction also appears through the constant G in the Padé approximant given

in Eqns. (3.39, 3.40).

Figure 3.2: Swimming speed vs. interaction lengthscale λ for an exponential repulsion:

ψ(r) = exp [− (r − 1) /λ]. (Dashed line) Swimming speed in lowest order approximation

λ2|U0| for λ ≪ 1 from Eq. (3.38). (◦) Numerical solution for Pe /ξ = 0. (•) Padé

approximant, Eq. (3.39), for Pe /ξ = 0. (�) Numerical solution for Pe /ξ = 5. (�)

Padé approximant for Pe /ξ = 5. (△) Numerical solution for Pe /ξ = 10. (N) Padé

approximant for Pe /ξ = 10.
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Figure 3.3: Swimming speed vs. interaction potential magnitude ψ(1) for ψ(r) =

ψ(1) exp [− (r − 1) /λ] with Pe /ξ = 0. (�) Numerical solution for λ = 0.05. (�)

Padé approximant, Eq. (3.39), for λ = 0.05. (Dashed line) λ2|U0| from Eq. (3.38) for

λ = 0.05. (◦) Numerical solution for λ = 0.1. (•) Padé approximant for λ = 0.1. (Dot-

ted line) λ2|U0| for λ = 0.1. Inset: Relative deviation of the lowest order approximation

(U0 − U) /U0 vs. ψ(1) with Pe /ξ = 0. (N) λ = 1. (◦) λ = 0.1. (△) λ = 0.01.

3.2.3 Comparison with passive diffusiophoresis

It is of interest to compare the swimming speed given in Eqns. (3.38, 3.39) with the

analogous formulae for passive diffusiophoresis in an externally imposed concentration

gradient. The results are those given by Anderson et al. [7]. See also Sec. 1.5 and

Sec. 6.1.4. Here the boundary conditions for the concentration of the solute of type b read

êr j̃b(1, θ) = 0,

∇c̃|∞ = const. × êz.
(3.42)

The lowest order result for swimming speed in passive diffusiophoresis Ũp is

Ũp
0 = |∇c̃|∞

kTL2

η
K1. (3.43)

The formulae (3.38) and (3.43) for active and passive swimming are, apart from a re-

placement of κ/3D by |∇c̃|∞, the same. These different prefactors result from the

dipole moments of the concentration fields around the swimmer. The concentration

far away from the particle is given by c̃b ≈ Rκ/D [1/r + cos θ/(2r2)] in our case and

c̃b ≈ R|∇c̃|∞ [r + 1/(2r2)] cos θ for an externally imposed concentration gradient. At

r = 1, the self generated dipole is therefore only ∼ κRD/2 while the imposed concentra-
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Figure 3.4: Swimming speed vs. λ for a van der Waals -like attraction: ψ(r) = −Aλ3/(r−
1 + λ)3/(r − 1 + λ + 2)3 with A = 1. λ is here interpreted as solute radius divided by

the swimmer radius and the potential is truncated at a distance λ away from the surface.

(Dashed line) λ2|U0| from Eq. (3.38). (◦) Numerical solution for Pe /ξ = 0. (•) Padé

approximant, Eq. (3.39), for Pe /ξ = 0. (�) Numerical solution for Pe /ξ = 5. (�) Padé

approximant for Pe /ξ = 5.

tion dipole is ∼ 3R|∇c̃|∞/2. This leads to the differing factor of 1/3, appearing in the

swimming speeds.

The general agreement of both lowest order formulae for active and passive diffusio-

phoresis can be rationalized by noting that both concentrations are, in close proximity to

the swimmer’s surface, in radial equilibrium. Accordingly, the lowest order solute flux also

vanishes for active diffusiophoresis since the diffusive exchange of solute near the active

swimmer is ∼ ∂cb/∂(λy) = O(1/λ) while the emission/absorption of solute, determined

by ̟(θ), is only of O(1).

For passive diffusiophoresis [9], the analogous formula to the first order swimming speed

Eq. (3.39) is, in our notation,

Ũp ≈ Ũp
0 /

[

1 + λ

(

K0 +
K2

2K1
+

Pe
ξ

G

2

)]

. (3.44)

The main difference between Eq. (3.39) and Eq. (3.44) is the appearance of the term

λN/K1 for active diffusiophoresis. The constant N , defined in Eq. (3.41), contains an

integral over exp (ψ(r)). It increases the relative importance of the λ1 correction for

strong repulsive surface interactions. For monotonic potentials, N is a positive quantity.

Therefore, the correction for active swimmers increases the swimming speed for purely

repulsive interactions where we have K1 < 0. Convective corrections ∼ Pe /ξ are, both
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for active and passive swimming, relevant if the equilibrium concentration scale c̃eq
b is

much larger than the concentration disturbance C. It is an interesting side note to the

convective correction that the constant G is related to the hydrodynamic dissipation in

the boundary layer (see Chap. 6.1) W̃hyd ≈ L3 G 4π (kT C)2 / (3η).

3.3 Swimming speed - general case

The kinetics of the chemical transformations at the swimmer’s surface depend in general

on the local concentrations and correlation functions of educts and products. An inhomo-

geneous reactivity profile on the swimmer, realized, e.g., through partial coating with a

catalyst, couples to the angular solute distributions. Therefore, resulting solute flux at the

swimmer might not have the same angular dependence as the reactivity profile. We term

the interplay between reaction and diffusion ”reaction induced concentration distortion”.

For the considered case of dilute solutions one might anticipate that the fraction of

unoccupied catalytic sites on the swimmer is always very small. Then the overall reaction

rates depend linearly on the concentrations of the reactants. For simplicity, a reversible,

first order kinetics for the reaction a ↔ b is assumed. In this section we employ as

boundary conditions for the concentration fields at r = 1

êr j̃b(1, θ) = (1 + cos θ)
[

k̃abc̃a(1, θ) − k̃bac̃b(1, θ)
]

, (3.45)

êr j̃a(1, θ) = −êr j̃b(1, θ), (3.46)

where k̃ab and k̃ba are rate constants which we nondimensionalize with D/R. The concen-

tration dependence of the flux at the swimmer surface is also termed a radiation boundary

condition. Similar mathematical problems have occurred in the calculation of mean first

passage times for the combined encounter and reaction of asymmetric molecules [128, 116].

In equilibrium, where the fluxes vanish, the radially symmetric distributions of solutes

obey c̃eq
a (r) = c̃eq

a (∞), c̃eq
b (r) = c̃eq

b (∞)e−ψ(r) and

c̃eq
a (∞)
c̃eq

b (∞)
=
k̃bae

−ψ(1)

k̃ab

. (3.47)

A finite reaction rate at the swimmer’s surface is ultimately driven by chemical potential

differences far away, at the boundary of the system. Within the linear response regime we

expect that
(

c̃{a,b}(∞)/c̃eq
{a,b}(∞) − 1

)

≪ 1. Therefore, the chemical potential difference

at r̃ → ∞ becomes

∆µ∞ ≡ µ̃a(∞) − µ̃b(∞)
kT

≈ c̃a (∞)
c̃eq

a (∞)
− c̃b (∞)
c̃eq

b (∞)
=

1
k̃abc̃

eq
a

[

k̃ab c̃a(∞) − k̃bae
−ψ(1) c̃b(∞)

]

.

(3.48)
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The concentration scale Eq. (3.4) can now be defined as

C =
R

D
k̃ab c̃

eq
a (∞) ∆µ∞ = kba c̃

eq
b (∞)e−ψ(1) ∆µ∞. (3.49)

Nondimensionalization of Eq. (3.45) yields together with Eq. (3.9)

êrjb(1, θ) = êr j̃b(1, θ) × R/(D C) = ̟(θ). (3.50)

The parameter ξ and the velocity scale U are accordingly given by

ξ =
C

c̃eq
b (∞)

= ∆µ∞e
−ψ(1) kba, (3.51)

U =
kTL2

η

kabc̃
eq
a ∆µ∞
R

. (3.52)

The calculation of the concentration perturbations c{a,b} around the swimmer proceeds

by expanding latter quantities in Legendre polynomials Pn(cos θ) as

ca =ca (∞) +
∞
∑

n=0

cna(r)Pn (cos θ) ,

cb =cb (∞) e−ψ(r) +
∞
∑

n=0

cnb(r)Pn (cos θ) ,
(3.53)

which includes the boundary conditions at r → ∞. The boundary conditions at the

surface of the swimmer, Eqns. (3.45, 3.46), couple different coefficients of the expansion

Eq. (3.53) and one has

−2
2n+ 1

[∂rcnb + cnb∂rψ] |r=1 =
∫ π

0
Pn (cos θ)̟(θ) sin θdθ, (3.54)

− [∂rcnb + cnb∂rψ] |r=1 = [∂rcna ] |r=1. (3.55)

3.3.1 Analytical approximations

Again, a swimmer with short interaction length λ ≪ 1 is considered. Calculations of the

solutions to leading order in λ are done employing the methods presented in Sec. 3.2.1.

Far away of the swimmer, where ψ(r) → 0, Eqns. (3.10, 3.12) can be replaced by Laplace’s

equations and cn{a,b}(r) = An{a,b}/r
n+1 holds in Eq. (3.53). For ca, this expansion is valid

throughout the whole system. For the b-type solute we have to leading order near the

surface of the swimmer cnb(y) ≈ anbe
−ψ(y). Matching these solutions and employing the

boundary condition Eq. (3.55) leads to anb = Anb = −Ana . Finally, Eq. (3.54) yields a

recursion equation for the constants Anb
[

2δn,0 +
2
3
δn,1

]

=
2 (n+ 1 + k+)

2n+ 1
Anb +

2n k+

(2n+ 1) (2n− 1)
An−1

b +

2(n+ 1)k+

(2n + 1) (2n+ 3)
An+1

b .

(3.56)
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Here we defined

k+ ≡ kab + kbae
−ψ(1) = kab

(

1 +
c̃eq

a (∞)
c̃eq

b (∞)

)

. (3.57)

Eq. (3.56) can be written in matrix form as Bj = wjnA
n
b. The off-diagonal elements of

{wjn} decay like ∼ 1/n and we can invert a finite matrix {wjn} to determine a numerical

approximation of the {Anb}. In the following, plots of analytical results involving Anb,

are created by employing Eq. (3.56) and nmax = 70. Since ψ(r) is radially symmetric,

the swimming speed depends only on the dipole moment of the concentration field. An

expansion of Eq. (1.38) for small λ yields for the lowest order the free swimming speed

U0 =
Ũ0

U =
K1

3
2A1

b. (3.58)

For small bare rates, and therefore small k+, one can expand the inner concentration field

of the b-type solute

cb =cb(∞)e−ψ(r) + e−ψ(r)×
[

A0
b + A1

b cos θ + A2
bP2(cos θ) + A3

bP3(cos θ) +O(k3
+)
] (3.59)

with following approximations for the constants

A0
b ≈ 42 + 2k+

42 + 51k+
, A1

b ≈ 135 − 26k+

270 + 353k+
, (3.60)

A2
b ≈ − 2k+

18 + 33k+

, A3
b ≈ k2

+

60
. (3.61)

The magnitude of the dipole moment is determined by A1
b ≈ (1/2 − 3k+/4). Reaction

induced concentration distortion, emerging here through the corrections in orders of k+,

reduces the dipole moment and thus slows the particle swimming down.

3.3.2 Numerical results

To complement the analytical approximations, we calculate the swimming speed numeri-

cally. Eqns. (3.45, 3.46) with fixed concentrations far away of the swimmer are employed

for numerical solution of Eqns. (3.10-3.12). The boundary conditions result in an infinite

system of equations where the solute concentrations far away of the swimmer c{a,b}(∞)

determine the reaction speed. The system can be truncated above a certain order nmax

of the Legendre polynomials. For nmax = 4 the errors in the presented data is negligible.

Fig. 3.5 contains an exemplary plot of how the reaction induced concentration distortion

influences the swimming speed U . The chosen velocity scale U (Eq. 3.52) contains the

linear dependence on c{a,b}(∞). With the employed first order reactions, the concen-

tration distortion depends nonlinearly on the bare rates kab and kba but linearly on the

concentration scales c{a,b}(∞). Thus, in an experiment in the linear regime, with fixed
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Figure 3.5: Particle speed U as a function of kab and kba for ψ(r) = exp [− (r − 1) /λ],

Pe /ξ = 1 and λ = 0.1.

Figure 3.6: Rate constant dependence of the swimming speed U for ψ(r) =

exp [− (r − 1) /λ]. See Eq. (3.57) for the definition of k+. (Dashed line) Reaction in-

duced concentration distortion neglected as explained in the text, leading to U = K1/3

with K1 ≃ −0.89. (Dotted line) Approximation U0 (Eq. (3.58)) for λ ≪ 1 which takes

the concentration distortion into account. Full symbols are numerical results for kba = 0

and open symbols are results for kab = 0. (�) λ = 0.005, Pe /ξ = 0. (�,�) λ = 0.1,

Pe /ξ = 0. (•,◦) λ = 0.1, Pe /ξ = 10. (N,△) λ = 1, Pe /ξ = 0.

kab and kba, the reaction induced concentration distortion might be accounted for by a

constant prefactor, modifying the swimming speed.
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Figure 3.7: Swimming speed as a function of the potential strength ψ(1). Numerical

results are computed with ψ(r) = ψ(1) exp [− (r − 1) /λ] and Pe /ξ = 0. Full symbols

indicate (kab = 1, kba exp (ψ(1)) = 0). Open symbols indicate (kab = 0, kba exp (ψ(1)) =

1). (�,♦) λ = 0.005. (�,�) λ = 0.1. (N,△) λ = 1.

In Fig. 3.6 we plot numerical results for the swimming speed as a function of k+,

defined in Eq. (3.57). Neglecting the reaction induced concentration distortion, the naive

boundary condition for the concentration would be êrjb|r=1 = (1 + cos θ). The resulting

swimming speed is independent of k+. It agrees with the analytical approximation in Eq.

(3.58) in the limit k+ → 0. However, Fig. 3.6 shows that neglecting reaction induced

concentration distortion in this way leads to significant errors in the speed estimate for

finite reaction rate constants. The analytical approximation, Eq. (3.58), is found to be

useful for λ . 0.01.

Fig. 3.7 shows the dependence of swimming speed on the strength of the interaction

potential ψ(1). The symmetry between the effects of changing kab exp (−ψ(1)) and kba,

apparent in the parameter k+ in U0 when λ ≪ 1, is lost for finite λ. Increasing the

strength of the interaction potential ψ(1) makes this asymmetry more pronounced.

3.4 Discussion

We take in this chapter a close look at self-diffusiophoretic swimming in the linear re-

sponse regime [107]. In particular, we are interested in two aspects which have not been

treated so far in the literature. Namely, how swimming speed is affected by finite solute-

swimmer interaction lengths and by a mass-action law for the chemical reaction. The

model equations are set up in Sec. 3.1. We assume a radially symmetric solute-swimmer
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interaction and include convection of solutes to a first approximation. In Sec. 3.2 we

consider a reaction process where the spatial distribution of the reaction rate is indepen-

dent of the concentration. This simplification allows to analyze the role of the surface

interaction potential ψ with regards to the dynamics of the swimmer. The details of the

interaction become important when L/R & 0.01 (see Fig. 3.2). Analytical corrections

to the lowest order swimming speed for L/R → 0 are given in Eq. (3.39). These include

various moments of the solute concentration and also the effect of solute convection. The

corrections are for active diffusiophoresis qualitatively similar to those for passive diffu-

siophoresis [8]. However, in active diffusiophoresis, the emission of solutes can cause an

increase of speed for repulsive surface interactions. This speed enhancement reflects the

effect of ”producing” molecules inside the region from which they are repelled. In Sec. 3.3

we consider a simple mass-action law for the reaction kinetics at the swimmers surface

(see Eq. (3.45)). Here, the boundary conditions for the flux depend on the solute concen-

trations. This kinetics results in a modification of the concentration fields as compared

to the reaction limited case. Fig. 3.6 illustrates that this reaction induced concentration

distortion leads to a pronounced reduction of the swimming speed. The effect also occurs

in the lowest order boundary layer approximation and a corresponding analytical result

is given in Eq. 3.58.

It goes without saying that the here studied model is highly idealized. The assumption

of a radially symmetric interaction potential may be inadequate for many realizations of

diffusiophoretic swimmers. However, qualitative insights from the boundary layer theory

may still hold. The studied linear response regime is equally criticizable, at least for the

swimmers driven by H2O2 decomposition. Nevertheless, the linear response approxima-

tion presents a physically consistent, minimalist approach in the light of the fact that

the details of the reaction process are not well understood. Moreover, we expect that

the concentration dependence of a nonlinear rate equation can qualitatively reduce the

swimming speed in a similar way as demonstrated here.



Chapter 4

Linear, irreversible thermodynamics

The framework for irreversible thermodynamics employed in this thesis originates from

work by Kelvin, Rayleigh and Onsager [83]. It has been become very popular through work

done in the Bruxelles school [45]. In Sec. 4.1 we only aim to provide a brief introduction

to the formalism. A thorough discussion of linear, irreversible thermodynamics with

applications can be found in the book of De Groot and Mazur [27]. A somewhat more

pedagogical introduction is given in [132]. In Sec. 4.2 we suggest a model setup that

allows to use the formalism for the analysis of the energetics of phoretic motion.

4.1 Thermodynamic framework

The second law of thermodynamics states that the entropy production rate in any system

is either positive or zero. One reason for the generality of this statement is that the

existence of an entropy function is merely postulated [98]. The definition of the entropy

depends on the level of coarse-graining applied for the description of a physical system. In

order to progress beyond the second law, the irreversible processes which contribute to the

entropy production must be modeled. One way to do so is to assume that the variables

that describe a macroscopic equilibrium can also be used to describe a mesoscopic local

equilibrium. Such theories have been applied very successfully to liquid mixtures with

chemical reactions and mass flow [27, 49, 68]. Their validity results from a large disparity

of timescales between relaxation on a microscopic, molecular level and relaxation on the

mesoscopic scale. Since the equilibrium is only local, gradients of the state variables

exist. The fluxes associated to these gradients cause a local entropy production rate. The

formalism involves the very same local variables that have been introduced in Chap. 1

and were used throughout the preceding parts of the thesis.

The local entropy per volume is denoted by s̃ and the entropy production rate per

volume is denoted by Θ̃. According to the second law of thermodynamics we have Θ̃ ≥ 0.

87
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The only way how the entropy in a control volume can be reduced is by exchanging

entropy with the outside world. Entropy balance is formulated in local equilibrium ther-

modynamics as

∂ts̃+ ∇(s̃ ũ + j̃Θ) = Θ̃, (4.1)

where j̃Θ is a flux of entropy [27]. The expression for Θ̃ is model dependent. Dissipation,

and therefore also the entropy production rate, is proportional to the product of thermo-

dynamic forces and fluxes. The assumption of local equilibrium implies the use of average

fluxes and forces for the calculation of the entropy production. Employing average fluxes

and forces is in contrast to treating entropy itself as a fluctuating quantity [113, 114].

However, near equilibrium, the statistical average of the fluctuating entropy production

rate agrees with the result from the local equilibrium theory when all correlations vanish

in the long time limit. The established formula for the entropy production rate Θ̃ in

linear, irreversible thermodynamics is [27, 59]

Θ̃ =
1
T

2ηẼ : (∇ũ) − 1
T

∑

i

j̃i∇
(

µ̃i + ψ̃i
)

− 1
T

∑

ri

(

µ̃i + ψ̃i
)

α̃ir, (4.2)

where α̃ir is the rate at which the reaction with index r changes the concentration of species

i. Eq. (4.2) can be derived from a Gibbs relation for the local thermodynamic quantities

[27, 132]. A little consideration of the different terms in Eq. (4.2) makes clear that

entropy is produced in two distinct ways. First, heat is produced through hydrodynamic

dissipation and conversion of potential energy. Second, particle fluxes change the chemical

potentials and thereby cause entropy production that is not directly linked to heat. It

therefore makes sense to define the heat flux j̃q as

j̃q ≡ T j̃Θ +
∑

i

µ̃ij̃i. (4.3)

The consistency of Eq. (4.3) with the thermodynamic formalism is shown in length, e.g.,

in [29, 27]. This definition allows to calculate the heat exchange rate δQ̇ of a closed

volume with its environment as

δQ̇ ≡
∫

j̃q n dÃ. (4.4)

The normal n points into the volume. For thermalized boundaries that are impermeable

to flux of matter we have from Eqns. (4.1, 4.3, 4.4)

δQ̇ =
∫

T j̃Θ ndÃ =
∫

T∂ts̃dṼ −
∫

T Θ̃ dṼ ≤
∫

T∂ts̃dṼ , (4.5)

which is the classical form of the second law of thermodynamics.

Energy balance requires that the heat exchange rate δQ̇ is balanced by the work rate P̃

and the rate of internal energy change dẼ/dt as

dẼ/dt = −P̃ + δQ̇. (4.6)
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4.2 Energy balance of a system with particle exchange

We now consider a system in steady state. The equation for the entropy production rate,

Eq. (4.2), contains a contribution from chemical reactions inside the system. Maintaining

the steady state implies that the molecules that are modified by a chemical reaction

need to be replenished from outside the system. Once a matter flow occurs across the

boundaries, Eqns. (4.5, 4.6) do no longer apply and therefore δQ̇ cannot be calculated.

The problem is that the entropy production rate Θ̃ also contains contributions that do

not immediately lead to heat in the system. Diffusion of molecules constantly increases

the entropy but the involved statistical motion of the molecules dissipates no energy on

average. However, diffusion may still lead to an enhanced energy spending of an external

agent who keeps the concentrations at the outer boundaries of the system constant.

Figure 4.1: Sketch of the idealized model for energy balance.

In order to be able to calculate an estimate for the overall power and heat exchange we

suggest to extend the system with an external apparatus that is connected to the system.

The total of system and apparatus does not exchange matter but only work and heat with

the external world. The apparatus is to maintain the values of the chemical potentials at

the outer boundary of the system by replacing the molecules that were converted through

the reaction. Inside the apparatus, the molecules are converted back in a reversible, ideal

process consuming the power P̃in. A power output of the system is denoted by P̃out. We

set P̃out > 0 when the system delivers work and P̃in > 0 if the apparatus consumes power.

P̃in is balanced by P̃out plus the overall heat outflow from the system and apparatus

0 = −P̃out + P̃in + δQ̇sys + δQ̇app. (4.7)

In steady state, Eq. (4.5) can be employed to calculate δQ̇sys + δQ̇app since ∂ts̃ = 0. The
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entropy production rate of the system Θ̃sys and of external apparatus Θ̃app yield together

P̃in = P̃out +
∫

T Θ̃sys dṼ +
∫

T Θ̃app dṼapp (4.8)

Here Ṽapp denotes the volume of the apparatus. Since the external apparatus is ideal, we

set Θ̃app = 0. However, this does not mean that the apparatus exchanges no heat with

the outer world. The reversible nature of the processes in the apparatus allows to equate

δQ̇app with the entropy flux between system and apparatus as

δQ̇app =
∫

T j̃Θ ndÃapp−sys, (4.9)

with n pointing from apparatus to system. Eq. (4.9) illustrates that the entropy produc-

tion in the system that does not directly lead to heat is converted to heat in the external

apparatus. The formula (4.8) allows the calculation of the power input for arbitrary re-

action rates and model setups. Note however, that the power input is only a lower bound

for the energy consumption of an experimental setup since a real external apparatus will

operate with Θ̃app > 0.



Chapter 5

Efficiency of self-diffusiophoretic

swimming

The efficiency of swimming is calculated with the model for self-diffusiophoresis that was

introduced in Chap. 3. We first employ the framework for nonequilibrium thermodynamics

from Chap. 4 to calculate the energy input and then provide detailed analytical and

numerical results for the efficiency.

5.1 Energetic cost of self-diffusiophoresis

Energetically, the active motion considered here is very distinct from classical diffusio-

phoresis in externally applied concentration gradients. For the latter systems, the ab-

solute level of concentration around the particle changes when it moves in the gradient.

In our case, the absolute concentrations remain the same on average. Therefore, self-

diffusiophoresis can truly be described with a steady-state model. In the model considered

in Chap. 3, no external force acts on the swimmer. Particle swimming is driven by an

interaction with a solute of type b via the potential ψ. Besides, we required already in

Sec. 1.4.2 that the fluid constituents be very similar as

va ≃ vb ≃ vs, (5.1)

ma ≃ mb ≃ ms. (5.2)

For convenience, we restate the boundary conditions for the fluxes at the swimmer’s

surface given in Sec. 3.3 as

êrjb|r=1 = ̟(θ),

êrja|r=1 = −êrjb|r=1,

êrjs|r=1 = 0.

(5.3)

91



92

The entropy production rate in Eq. (4.2) can be simplified for our system. The reaction

rate in the volume is replaced by the surface reaction rate δ (r − 1)̟(θ) with δ(. . .)

denoting the Dirac delta function. Upon employing Eqns. (3.10-3.13), we find

R2

kTCD × T Θ̃sys = − Pe u
c̃b

C ∇ψ

− (jb∇ψ +
∑

{a,b,s}
ji∇µi)

+ δ (r − 1)̟(θ) (µa − ψ − µb) .

(5.4)

The first line on the right hand side of Eq. (5.4) is the work done by the hydrodynamic

body force. Since no external force is applied to the swimmer, it can be identified with

hydrodynamic dissipation. For the dilute system near equilibrium it can be rewritten as

−u
c̃b

C ∇ψ = −u

(

cb +
e−ψ

ξ

)

∇ψ. (5.5)

The term ∼ e−ψ does not contribute to hydrodynamic dissipation since it expresses a

radially symmetric force. This force cannot induce flow due to the incompressibility

condition ∇ · u = 0. The scaling of the hydrodynamic dissipation ∼ Pe emphasizes an

interpretation as convection of b-type solute within the potential ψ. The Peclét number

also occurs implicitly in the second and third term of Eq. (5.4) since convection modifies

the concentrations and therefore also the chemical potential. Hence, the common neglect

of convection in dynamical problems [6] can make a proper energy balance impossible.

To calculate P̃in as described in Sec. 4.2, we assume that the chemical potentials µa,µb

and µs are fixed by the external apparatus at r → ∞. This, together with the assumption

of diluteness, implies that the concentrations are held constant at the outer boundaries.

Since no external force acts on the swimming particle, the work output of the system

vanishes, i.e., P̃out = 0. Inserting the entropy production rate Eq. (5.4) into the expression

for the power input Eq. (4.8) and using the diffusion equation (1.18) for the solute of type

b, we find

1
kTDCR

∫

T Θ̃sysdṼ = −
∫

[∇ · [(jb + ucb)ψ] +
∑

{a,b,s}
ji∇µi] dV

+
∫

̟(θ)(µa − ψ − µb) dAr=1.

(5.6)

Upon using Gauss’s theorem for the first term, it becomes clear that the potential ψ

only occurs in surface integrals. ψ(r) decays quickly for r → ∞ (see Eq. (3.1)) and the

corresponding surface integrals can be neglected. Using Eq. (5.3) leads to a cancellation

of surface integrals at r = 1 containing ψ. We are thus left with

1
kTDCR

∫

T Θ̃sysdṼ = −
∫

[jb∇µb + ja∇µa + js∇µs] dV

+
∫

̟(θ) (µa − µb) dAr=1.
(5.7)
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Since we consider a local equilibrium, the Gibbs-Duhem equation can be employed to

relate a change of hydrodstatic pressure pH to concentration changes [59] as

0 =
∑

i

ci∇µi − ∇pH. (5.8)

Multiplication of Eq. (5.8) by u and insertion into Eq. (5.7) yields

1
kTDCR

∫

T Θ̃sysdṼ = −
∫

[
∑

{a,b,s}
(ji + uci) ∇µi − u∇pH] dV

+
∫

̟(θ) (µa − µb) dAr=1

= −
∫

[
∑

{a,b,s}
Jiµi − upH] êrdAr=∞

+
∫

[
∑

{a,b,s}
êrjiµi +̟(θ) (µa − µb)] dAr=1,

(5.9)

where the diffusion equations and ∇ · u = 0 were used to produce the boundary integrals.

Due to the boundary conditions, Eq. (5.3), the last integral in Eq. (5.9) vanishes. Since

the swimmer is not subjected to external forces, the fluid flow contains no Stokeslet. With

the assumptions in Eqns. (5.1, 5.2) and the incompressibility condition the boundary work

of the pressure vanishes
∫

upH dAr=∞ → 0 and is consequently dropped in Eq. (5.9). The

power input becomes

P̃in =
∫

T Θ̃sysdṼ = − kTDCR
∫

∑

{a,b,s}
Jiµi êrdAr=∞

≈kTDCR
∫

Jb∆µ∞êrdAr=∞.

(5.10)

In the last step, the chemical potential for the dilute a and b solutes from Eq. (3.48) was

employed. Note that ∆µ∞ is the chemical potential difference at the outer boundary of

the system, not the local chemical potential difference at the reaction site. The power

input, Eq. (5.10), equals the free energy exchange between the system and the apparatus.

Due to the similarity of masses and sizes of the fluid constituents it does not make a

difference whether we consider a fixed pressure at the outer boundaries of the system

(Gibbs free energy) or a fixed system size (free energy).

5.2 Definition of the efficiency of swimming

In absence of a real power output, the efficiency of self-diffusiophoresis must be assessed

by comparison with some other way of moving. A natural way to do this is to compare

the energy dissipation of active swimming with the energy dissipation occurring when

the same particle is dragged with constant speed through pure water. The swimming
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efficiency is accordingly defined as

ǫ ≡ 6πηR Ũ2

P̃in

= Pe λ2 6π U2

∫

Jb∆µ∞ êrdAr=∞

=
Pe
ξ
kbae

−ψ(1)λ2 6π U2

∫

JbêrdAr=∞
.

(5.11)

The Peclét number appears through nondimensionalization of the variables. Eq. (3.51)

was used to produce the second line. The numerator of Eq. (5.11) is the hydrodynamic

dissipation of a passively dragged sphere and the denominator is the power consumption

of our external apparatus, providing the energy for active swimming. This definition is

a natural extension to Lighthill’s formula for hydrodynamic efficiency [73], where only

hydrodynamic dissipation is considered in the denominator. The power consumption P̃in

is bounded from below by the hydrodynamic dissipation 2η
∫

Ẽ : ∇ũ dṼ . This statement

results formally from Eq. (4.2) with linear force-flux relationships. The hydrodynamic

dissipation during active motion is always larger than the dissipation during the dragging

of a passive particle in water

6πηR Ũ2 ≤ 2η
∫

Ẽ : ∇ũ dṼ . (5.12)

See Sec. 6.1.3 for a proof of this relation. We therefore always have ǫ ≤ 1 as long as no

approximation is used to evaluate Eq. (5.11).

5.3 Analytical approximation

In the limit λ ≪ 1 the lowest order boundary layer theory and speed Ũ0, Eq. (3.58), can

be employed for the calculation of the efficiency from Eq. (5.11). The result is

ǫ ≈λ2 Pe
6π

4π A0
b∆µ∞

(2
3
A1
bK1

)2

, (5.13)

where the constants A0
b and A1

b reflect the effect of reaction induced concentration dis-

tortion and can be approximated with Eqns. (3.60). The efficiency can be rewritten into

a somewhat more intuitive form by making use of the translational diffusion constant of

the swimmer

DS ≡ kT

6πηR
, (5.14)

to yield from Eq. (5.13)

ǫ ≈ λ CL3 DS

D

kT

∆µ̃∞

4π (A1
bK1)2

A0
b

. (5.15)

The first three dimensionless groups in Eq. (5.15) are inherently linked to the mechanism of

self-diffusiophoresis and pose a fundamental limit on the magnitude of the efficiency. The



95

factor λCL3 = C L4/R reduces the efficiency of swimmers with a short interaction length

L. It also indicates that increasing the solute concentration can lead to an increase in

efficiency. The solute is usually much smaller than the swimmer and therefore DS/D ≪ 1

also reduces the efficiency. The last two factors in Eq. (5.15) depend on the chemical

reaction. Their contribution to the efficiency may be optimized by a smart choice of

the reaction mechanism. We evaluate Eq. (5.15) by employing the parameters A0
b , A

1
b

calculated from Eq. (3.56) with nmax = 70. The results agree with numerical solutions

for Eq. (5.11) when λ . 0.01 (see below). The asymptotic efficiency in Eq. (5.15) is not

strictly bounded by unity since taking the limit λ → 0 implies neglecting the convection

of solutes in the denominator of Eq. (5.11).

Figure 5.1: The swimming efficiency ǫ as a function of λ with constant Pe /ξ for ψ(y) =

exp [−(r − 1)/λ] and kab = kba = 1. (Dashed lines) Asymptotic results calculated from

Eq. (5.15). (△) Pe /ξ = 10. (♦) Pe /ξ = 1. (�) Pe /ξ = 0.1. (◦) Pe /ξ = 0.01.

5.4 Numerical results

The full efficiency, Eq. (5.11), is evaluated numerically as done for the swimming speed in

Sec. 3.3. An expansion in Legendre polynomials is truncated at nmax = 4. In the linear

response theory, numerator and denominator of Eq. (5.11) are both quadratic in ∆µ∞.

Therefore, ∆µ∞ does not affect the efficiency in our framework.

The formula for the efficiency in the second line of Eq. (5.11) suggests that ǫ ∼
λ2 Pe /ξ ∼ L4. As seen in Figs. 5.1 and 5.2, this scaling breaks down for λ & 1. With a

fixed Peclét number, Pe /ξ > 0, the swimming efficiency even decreases for λ & 1 (Fig.

5.1). Comparison with Fig. 3.2 shows that the reduction in efficiency is due to the re-
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Figure 5.2: The swimming efficiency ǫ as a function of Pe /ξ with constant λ for ψ(y) =

exp [−(r − 1)/λ], kab = kba = 1. (Dashed line) Asymptotic result for λ = 0.01 calculated

from Eq. (5.15). (�) λ = 10. (△) λ = 1. (◦) λ = 0.1. (N) λ = 0.01.

duction of swimming speed in this regime. When, for λ & 1, the swimming speed does

not increase ∼ λ2 , fixing the Peclét number in Eq. (5.11) introduces a scaling of ǫ with

a negative power of λ. As an alternative, one could remove the dependence of Pe on the

interaction lengthscale L by setting Pe /(ξλ2) = const for Fig. 5.1. This way of plotting

the data would render the decrease of ǫ for λ & 1 less pronounced.

According to Eqns. (1.19, 3.51, 3.52), fixing Pe /ξ and λ implicitly sets an absolute

equilibrium concentration scale. Therefore, Fig. 5.2 also suggests that the efficiency of

diffusiophoretic swimming increases with the absolute concentration scale for λ . 1. Only

the asymptotic analytical result for λ = 0.01 has been plotted in Fig. 5.2 because the

curve for λ = 0.1 already showed significant deviations from the numerical data.

In Fig. 5.3, the dependence of the swimming efficiency on the strength of the interaction

potential ψ(1) is plotted. ψ(1) influences both the reaction rate and the swimming speed

and therefore it has a nonlinear effect on ǫ. Reaction induced concentration distortion

plays an important role for the shape of the curve, in particular for ψ(1) < 0 when k+

can become much larger than unity. For ψ(1) → 0, the swimming efficiency vanishes.

Fig. 5.4 shows the swimming efficiency for fixed equilibrium constant c̃eq
a (∞)/c̃eq

b (∞)

and varying reaction rate kba. For simplicity, we consider here only λ = 0.01 ≪ 1. Due to

the truncation of the full numerical solution at Legendre polynomials of the order nmax = 4

the error in the numerical data becomes large beyond the plotted range. The reaction

induced concentration distortion again explains major features of the plotted curves. For

kba exp(−ψ(1)) ≪ 1 and kba exp(−ψ(1)) . c̃eq
a (∞)/c̃eq

b (∞) the reaction induced concen-
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Figure 5.3: Swimming efficiency ǫ vs. the strength of the interaction potential ψ(1), where

ψ(y) = ψ(1) exp [−(r − 1)/λ], kab = kba = 1 and Pe /ξ = 0.1. (Dashed line) Asymptotic

result for λ = 0.01 calculated from Eq. (5.15). (△) λ = 1. (◦) λ = 0.1. (N) λ = 0.01.

Figure 5.4: Dependence of the swimming efficiency ǫ on the reaction rate constant kba

with fixed equilibrium constant Ka ≡ c̃eq
a (∞)/c̃eq

b (∞) and Pe /ξ = 0.1, λ = 0.01, ψ(y) =

exp [−(r − 1)/λ]. (Dashed lines) Asymptotic results calculated from Eq. (5.15). (N)

Ka = 10−5. (�) Ka = 10−2. (◦) Ka = 1. (�) Ka = 102. (△) Ka = 105.

tration distortion is negligible. Then ǫ rises linearly with kba and the curves fall onto

each other. For larger equilibrium constants with c̃eq
a (∞)/c̃eq

b (∞) ≫ 10 the location of

the maximum of swimming efficiency becomes independent of the equilibrium constant.

On employing Eq. (5.15) we here find the maximum of ǫ at kba ≃ 1.13 expψ(1).
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5.5 Discussion

This chapter presents a systematic calculation of the efficiency of an active, phoretic

swimmer. We analyze the model for self-diffusiophoresis from Chap. 3. The pertaining

framework of irreversible thermodynamics is laid out in Chap. 4. Our model of self-

diffusiophoresis comprises three modes of entropy production. Namely, hydrodynamic

dissipation, dissipation in the chemical reaction and entropy production through diffusion

of solutes. While the dissipative nature of the former two mechanisms is self-evident,

the work equivalent of the entropy production through diffusion is not immediately clear.

Diffusion only relates to an energetic contribution when considering an external apparatus

that maintains the system in steady state. The external apparatus converts free energy

change into work and thereby ”pays” for the entropy production by diffusion. In Sec. 5.1,

we identify the overall power consumption with the free energy exchange at the outer

boundaries of the system. This finding contrasts somewhat with the commonly employed

formalism for biomolecular motors [88], where the rate of local free energy change is

identified with the power input. Our result can be seen as a natural extension of the

former theories for a spatially extended driving mechanism.

From a conceptual viewpoint, one must stress the importance of solute convection for

energy conservation in our system. For illustration, we picture a situation where the

reaction rates are fully independent of the fluid motion. This would mean that the net

exchange of solutes with the external apparatus is independent of the motion of the

particle. Thus, according to Eq. (5.10), the power input would be independent of the

hydrodynamic dissipation and energy conservation would be violated. Within this model,

the only way how the particle speed may feed-back on the chemical reaction is via a

convective modification of the concentrations.

In Sec. 5.2 we define the efficiency of swimming ǫ. This quantity compares the real

power input with the power that would be necessary to drag a passive particle of the

same size through water. In Eq. (5.15) we propose a scaling relation for the swimming

efficiency as ǫ ∼ DS/D × L4C/R, which holds for L ≪ R. The efficiency of experimental

catalytic swimmers can be estimated from this formula. For swimmers with size in the

1µm range and solute radii of about 1 Å, we have DS/D ≃ 10−4 (see Eq. (5.14)). Given a

concentration scale [54] of C ≃ 107 1/µm3 and an interaction length of L ≃ 1 nm we have

L4C/R = 10−5. Together we find ǫ ≃ 10−9. This number also corresponds to an estimate

for the swimmers of Paxton et al. [91], although those are driven by self-electrophoresis.

Sec. 5.4 provides detailed numerical results for the efficiency of self-diffusiophoresis. The

efficiency has a maximum for L/R ∼ 1. We also find a nonmonotonous dependence of ǫ

on the magnitude of the interaction ψ and on the reaction rates.

In conclusion, we point out that this chapter details the first systematic assessment of
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the energetics of active, phoretic motion [107]. We expect that the main relevance of this

work lies in the scaling predictions and in the trends demonstrated in the numerical data.

It would be highly desirable to compare these results with numerical simulations that go

beyond the methodology employed in this thesis.
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Chapter 6

General limits on the efficiency

6.1 Hydrodynamic efficiency

Hydrodynamic flow around a microparticle can be generated by a variety of mechanisms.

Surface actuations can drive soft objects due to a no-slip boundary condition [73, 118].

In contrast, ciliated microorganisms produce a fluid flow near the surface, leading to

an effective slip boundary condition [18]. The latter mechanism is similar to phoretic

swimming of a microparticle inasmuch both exhibit a scale separation. In both cases,

the lengthscale on which the fluid is driven is much shorter than a typical size of the

swimmer. We refer here summarily to surface-near driving mechanisms. Surface-near

driving mechanisms can rely on a variety of energy sources and differ accordingly in their

thermodynamic description. In principle, their energy balance can be calculated, thus

allowing for the computation of efficiencies. However, this approach is often not practical

since the governing equations are either nonlinear or partly unknown. Seeking more

general predictions for the efficiency of surface-near driving mechanisms, we now leave

process-specific details aside. We consider only the hydrodynamic efficiency ǫh, which is

a common upper bound for the true efficiency ǫ.

6.1.1 Definition of hydrodynamic efficiency

We assume that a constant, externally applied, force F̃m acts on the swimmer. When

working against this force, the system’s power output is given by

P̃out ≡ −ŨF̃m, (6.1)

where the magnitude of the force is to be chosen such that P̃out > 0. The (positive)

hydrodynamic power input P̃h,in is defined as the sum of power output and hydrodynamic

dissipation

P̃h,in ≡ −ŨF̃m + 2η
∫

Ẽ : ∇ũ dṼ . (6.2)
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Here we also use ∇ · ũ = 0, which implies, besides incompressibility, that the specific

volumes of all fluid constituents are similar. We define the hydrodynamic efficiency as

ǫh ≡ P̃out

P̃h,in

=
−ŨF̃m

−ŨF̃m + 2η
∫

Ẽ : ∇ũ dṼ
. (6.3)

This efficiency depends on the external force F̃m. In order to eliminate this dependence,

we choose to use the force at maximum power output

F̃∗
m ≡ arg max

F̃m
P̃out. (6.4)

The hydrodynamic efficiency at maximum power is then defined as

ǫ∗h ≡ ǫh|
F̃m=F̃∗

m
. (6.5)

6.1.2 Scaling of the efficiency of surface-near driving

A scaling argument for the efficiency can be given in line with the scaling argument for

the speed in Sec. 1.1. The thickness of the boundary layer L is to be much smaller than

R. First, we estimate the power output P̃out. The external force in the expression for

the power output −ŨF̃m demands for the presence of a long ranged Stokeslet [53] and

therefore

P̃out ∼ ηR Ũ2. (6.6)

The overall hydrodynamic work rate, P̃h,in, consists of the hydrodynamic work rate in the

outer region and in the boundary layer. The dissipation rate in the outer region scales

as R3 × ηŨ2/R2 ∼ ηRŨ2. The thinness of the boundary layer together with a no-slip

condition at the surface of the particle leads to a drastic change of fluid velocity. This

leads to large viscous dissipation near the particle. We write for the dissipation rate per

volume in the boundary layer 2η Ẽ : ∇ũ ∼ ηŨ2/L2. The volume of the boundary layer is

approximated with R2 L. Taken together, we have

P̃h,in ∼ η Ũ2 R2/L. (6.7)

Here, P̃out and the dissipation outside the boundary region were dropped because their

relative contribution O(L/R). All together, the hydrodynamic efficiency scales to leading

order in L/R as

ǫh ∼ ǫ∗h ∼ L/R. (6.8)

This results applies generically to any surface-near driving mechanism with L ≪ R.

Surface-near driving mechanisms are therefore quite inefficient.
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6.1.3 Upper bounds on the hydrodynamic efficiency

Above estimate for the hydrodynamic efficiency loses its validity for swimmers where L

is comparable to R. To derive a general upper limit for the hydrodynamic dissipation we

employ an auxiliary fluid velocity ũ′. The auxiliary fluid velocity obeys ∇ · ũ′ = 0 and

satisfies the Stokes equation as

η∇2ũ′ − ∇p̃′ = 0. (6.9)

The true fluid velocity ũ obeys for arbitrary, nonzero body forces

η∇2ũ − ∇p̃ 6= 0. (6.10)

The boundary conditions for ũ′ are to be the same as for ũ, see Eq. (1.28). Starting from

the inequality
(

Ẽ′ − Ẽ
)

:
(

Ẽ′ − Ẽ
)

≥ 0, (6.11)

we find that the hydrodynamic work rate is always bounded from below by the power

that is necessary to drag a passive particle

2η
∫

Ẽ : ∇ũ dṼ ≥
∫

∇ ·
(

ũ
[

−p̃′I + 2ηẼ′
])

dṼ = ŨTŨ. (6.12)

See below Eq. (1.32) for a definition of T. Therefore we find from Eq. (6.2) that

ŨTŨ/P̃h,in ≤ 1. (6.13)

Due to linearity of the Stokes equation, the power output working against an external

force can be written as

P̃out = −Ũ
[

TŨ + F̃
]

, (6.14)

where F̃ is a function of the driving forces but independent of the fluid velocity. Explicit

expressions for F̃ are model-dependent. For diffusiophoretic swimming, one might refer,

e.g., to Sec. 1.4.4 where Teubner’s formula can provide an expression for F̃ . The particle

velocity at maximum power output is

Ũ∗ = −T−1F̃/2. (6.15)

Using Ũ∗ and Eq. (6.12) in Eq. (6.3) yields

ǫ∗h ≤ 1/2. (6.16)

Remarkably, this is, in a quite general sense, an upper bound for the efficiency at maximum

power of any hydrodynamic motor or swimmer in the Stokes regime. It is formally related

to results for heat engines [124] but differs in the definition of efficiency and in that we are

dealing with hydrodynamic systems. This bound, together with the scaling relation for

the efficiency put forth in Sec. 6.1.2, capture the important features of the hydrodynamic

efficiency at maximum power.
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6.1.4 Hydrodynamic efficiency of passive phoresis

In order to illustrate the results from the preceding sections we now calculate the hydro-

dynamic efficiency of passive phoretic motion in externally maintained solute gradients.

The model from the introductory part, Sec. 1.5, is directly used to accommodate ionic and

nonionic solutes in one framework. Concentrations of ions are denoted by c̃i,±(r, θ) with

diffusion constants D±. Due to charge neutrality in the bulk we have c̃bulk
i ≡ cbulk

i,+ = cbulk
i,− .

As an alternative, we also consider one nonionic solute whose concentration is denoted by

c̃n(r, θ). The externally maintained concentration gradient of ionic or nonionic solutes is

modeled by the boundary conditions as

êr j̃{i,n}|r=R = 0
(

∇c̃{i,n}
)

|r→∞ = ∇c̃bulk
{i,n} = const. × êz.

(6.17)

The concentration scale is chosen to be the concentration at the origin in absence of a

swimmer c̃bulk
{i,n}(0). We limit our investigation to the linear response regime, where the

equilibrium concentration is only slightly perturbed on the lengthscale of the particle

R|∇c̃bulk
{i,n}|/c̃bulk

{i,n}(0) ≪ 1. (6.18)

The interaction potential is denoted by ψ̃ in both the ionic and nonionic case. In equilib-

rium, ψ̃ is to be radially symmetric. As in the preceding chapters, we denote the length-

scale of the potental by L. The systems are described by the diffusion equation (1.18),

the Stokes equation (1.27), and the boundary conditions (1.28, 1.29, 6.17).

In the case of ionic solutes, ψ̃ is determined by the Poisson-Boltzmann equation (2.10),

which reads here

∇2ψ̃ = −4π(Ze)2

ε
(c̃i,+ − c̃i,−) . (6.19)

The range of the ionic potential is determined by the Debye length

L =
√

εkT/ [8π(Ze)2cbulk
i (0)]. (6.20)

See the paragraph around Eq. (2.11) for the definition of the constants occurring in the

Debye length. For electrolytes, the imposed concentration gradient can lead to an electric

field in the bulk if the diffusion coefficients of the solutes are different. Since the electric

current in the bulk vanishes, we require

0 = j̃bulk
i,+ − j̃bulk

i,− = −D+

(

∇c̃bulk
i,+ +

c̃bulk
i,+

kT
∇ψ̃bulk

)

+D−

(

∇c̃bulk
i,− − c̃bulk

i,−
kT

∇ψ̃bulk

)

. (6.21)

The electric field in the bulk then follows as

∇ψ̃bulk = −kTν∇ ln c̃bulk
i , (6.22)

with reduced diffusion constant

ν ≡ (D+ −D−)/(D+ +D−). (6.23)
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Boundary layer theory

As a prerequisite for the calculation of the efficiency, we first present the formula for

the swimming speed put forth by Anderson and Prieve [6, 96]. The fluid velocity in

the boundary layer is calculated in Sec. 1.5.1 to lowest order in L/R. We set Ψ =

(ψ̃ − ψ̃bulk)/kT and denote the concentrations at the outer periphery of the boundary

layer with c̃∞
{i, n}(θ). It follows from the assumption of linear response, Eq. (6.18), that

Ψ is the equilibrium potential that is assumed to be radially symmetric. For nonionic

solutes we define

fn(y) ≡
[

e−Ψ − 1
]

, (6.24)

while for ionic solutes

fi(y) ≡
[

e−Ψ + eΨ − 2
]

+ ν
[

eΨ − e−Ψ
]

. (6.25)

with y = (r̃−R)/L. Using these definitions along with Eq. (6.22) to rewrite the speed in

the boundary layer given in Eq. (1.44) leads to

ũθ(y, θ) ≈ −kTL2

η

∫ y

0

∫ ∞

y′

f{i, n}(y′′)dy′′dy′ ∂θ c̃
∞
{i,n}(θ)

R
. (6.26)

The slip velocity at the interface between the boundary layer and the outer flow was

defined in Sec. 1.5.1 as ũS(θ) ≡ êθũθ(y, θ)|y→∞. The particle speed is

Ũ ≈ F̃m

6πηR
+

1
2

∫ π

0
ũs(θ) sin2 θ dθ =

F̃m

6πηR
+

Ξ̃1

3
. (6.27)

The expression Ξ̃1/3 is simply the average of the slip velocity over the surface of the

sphere. Upon maximizing the power output P̃out = −Ũ F̃m we find F̃ ∗
m = −ηπRΞ̃1. F̃ ∗

m is

half the stall force at which no swimming occurs. The formula for the maximum power

output is

P̃ ∗
o =

πηR Ξ̃2
1

6
=

3π(kT )2

8Rη

[

L2
∫ ∞

0
yf{i, n}(y)dy

]2 (∫ π

0
∂θc̃

∞
{i,n}(θ) sin2 θ dθ

)2

. (6.28)

We now calculate the hydrodynamic work rate P̃h,in. Inside the boundary layer we have

2η
∫

Ẽ : ẼdṼinner ≈ 2πη
R2

L

∫ ∞

0

∫ π

0
(∂yũθ(y))2 sin θ dθ dy (6.29)

to lowest order in L/R. Insertion of the speed in the boundary layer (6.26) yields

2η
∫

Ẽ : ẼdṼinner ≈ 2π(kT )2

η

∫ π

0

(

∂θ c̃
∞
{i,n}(θ)

)2
sin θ dθ Ih, (6.30)

where the integral Ih is defined as

Ih ≡ L3
∫ ∞

0

[
∫ ∞

y
f{i, n}(y′)dy′

]2

dy = L3 2
∫ ∞

0
f{i, n}(y)

∫ y

0
y′f{i, n}(y′)dy′dy. (6.31)
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Partial integration was used to produce the latter formula. For the evaluation of the

dissipation rate in the outer volume we use the identity 2Ẽ : Ẽ = (∇ × ũ)2 + 2 (∇ũ) :

(∇ũ), where ∇ × ũ is the vorticity of the fluid. The dissipation in the outer region is

given by

2η
∫

Ẽ : Ẽ dṼouter = η
∫

(∇ × ũ)2 dṼouter + 2η
∫

(ũ · ∇ũ) ndÃr̃=∞. (6.32)

Any solution for the outer velocity field can be evaluated with this formula. In contrast

to the power output, the second and higher moments of the slip velocity play a role for

the overall dissipation. Explicit expressions for the outer fluid velocity can be found in

Sec. 1.5.2. Upon inserting outer fields in Eq. (6.32), we find

2η
∫

Ẽ : Ẽ dṼouter ≪ 2η
∫

Ẽ : Ẽ dṼinner, (6.33)

since the left hand side is ∼ L4/R while the right hand side is ∼ L3. We hence neglect

the work in the outer region. The result for the hydrodynamic efficiency at maximum

power, Eq. (6.5), becomes

ǫ∗h ≈
9
[

∫ π
0 ∂θc̃

∞
{i,n}(θ) sin2 θ dθ

]2

32
∫ π

0 [∂θ c̃∞
{i,n}(θ)]2 sin θ dθ

LD

R
, (6.34)

where we have defined a dissipation length as

LD ≡ L

[

∫∞
0 yf{i,n}(y)dy

]2

3
∫∞

0 f{i,n}(y)
∫ y

0 y
′f{i,n}(y′)dy′dy

. (6.35)

The dissipation length LD is a measure for the radial extension of the layer where velocity

gradients are strong. It is expected to be similar to the thickness of the layer where the

fluid is driven by the body forces. For the considered ionic solution, LD can be explicitly

calculated with the boundary layer theory. We obtain here

LD ≈ L

[

ln(1 − γ2
w) + νΨ(R)

4

]2

3
[

γ2
w+νγw(2+νγw)

(1−γ2
w)

+ ln(1 − γ2
w) + νΨ(R)

4

] ∼ L, (6.36)

where Ψ(R) = (ψ̃(R, θ)−ψ̃bulk(R, θ))/kT is the constant equilibrium value of the potential

on the surface of the particle and we define γw ≡ tanh (Ψ(R)/4).

In the case of nonionic solutes, the expression for LD depends on the specific choice of

ψ̃. We find for a hard-core repulsion Ψ(y) = Θ(L− y) as well as for Ψ(y) = (L/y)n with

n → ∞ and L ≪ R that LD = L/2. Together, the results from this section demonstrate

that the boundary layer theory supports the scaling arguments for the hydrodynamic

efficiency given in Eq. (6.8). In the following section we present numerical results that go

beyond the boundary layer theory.
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Numerical analysis

In order to extend our analysis to nanoparticles where L & R we solve the Eqns. (1.27,

1.18) with the boundary conditions Eqns. (1.28, 1.29, 6.17). For nonionic solutes we

directly solve the equations after choosing a radially symmetric potential ψ̃(r). Solute

convection is fully neglected for simplicity.

In the case of ionic solutes we also solve the Poisson-Boltzmann equation (6.19). Here

we employ a ”Debye-Hückel” theory for concentration-gradient driven motion of weakly

charged particles. Details of this theory can be found in [63]. The charge density on the

particle q̃ is used as small parameter in the form q ≡ 4πZeq̃L (ε kT )−1 ≪ 1. Nonlinear-

ities in the differential equations are avoided by a systematic expansion up to q2. The

results of this procedure are semi-analytical and can be directly employed to evaluate the

formula (6.3) for the hydrodynamic efficiency.

Figure 6.1: Efficiency at maximum power ǫ∗h for diffusiophoresis in nonionic solutes. (�):

Van der Waals attraction ψ̃(y) = −16/9 kT a3R3y−3(y + 2R)−3 where a is the solute

radius. a/R = [10−4 . . . 1] and attraction is truncated at y = a. Concentration gradient is

established externally. (�): Same potential as before but concentration gradient is pro-

duced by an active particle described in Sec. 3.2 with a solute emission rate ∼ (1 + cos θ),

Eq. (3.15). (· · · · · · ): Generic repulsion ψ̃(y) = kT exp (−y/l) with l/R = [10−4 . . . 102].

Concentration gradient is established externally. (——): Same potential as before but

concentration gradient is produced by the active particle from Sec. 3.2. Inset: diffusio-

phoresis in an externally established gradient of ionic solutes and κ−1/R = [10−4 . . . 102].

(• • •): q = 0.1, ν = 0. (◦ ◦ ◦): q = −0.5, ν = 10. (——): q = 0.1, ν = 1.
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The calculated efficiency at maximum power ǫ∗h is displayed in Fig. 6.1. Note that ǫ∗h
is independent of η and (∇ci) |r→∞. The absolute concentration level enters ǫ∗h only for

ionic solutes via the Debye length. For LD . R we find good agreement of the numerical

results with the boundary layer theory where Eq. (6.34) predicts ǫ∗h = (3/8)LD since

the concentrations are linear in cos θ. For LD > R the efficiencies of nanoswimmers are

actually in the range of the upper bound given by 1/2. The deviations from the analytical

predictions are most pronounced in the intermediate regime of LD ≃ R. The results for

ionic solutes are shown in the inset of Fig. 2.3. The results for ionic solutes are obviously

quite similar to those for diffusiophoresis in a nonionic solute. However, it is interesting

to note that the efficiency is larger when the two solutes have different mobilities ν 6= 0.

According to Eq. (6.22), we then have an electric field in the bulk. Thus, electrophoresis

in the diffusion-generated electric field can enhance the hydrodynamic efficiency.

Hydrodynamic efficiency and slip boundary conditions

The boundary layer theory for the efficiency can be straightforwardly extended for finite

hydrodynamic slip. We revert to the brief calculation in Sec. 1.5.3 for a single nonionic

solute. The maximum power output is found to be

P̃ ∗
out ≈ 3πηR

8

(

kT L2

η R

[

∫ ∞

0
yfn(y)dy +

b

L

∫ ∞

0
fn(y)dy

])2 (
∫ π

0
∂θc̃

∞
n (θ) sin2 θ dθ

)2

.

(6.37)

Importantly, we now need to augment the hydrodynamic work rate P̃h,in from Eq. (6.2) by

an extra term taking the friction at the solid-liquid interface into account. The frictional

force at the particle surface is ∼ −Λũ|y=0 with a friction coefficient Λ = η/b. This force

causes a dissipation given by
∫

Λũ2|y=0dÃy=0 ≈ b
(kT )2L2

η R2

(
∫ ∞

0
yfn(y)dy

)2 ∫

(∂θc̃∞
n (θ))2 dÃy=0. (6.38)

The dissipation at the surface, Eq. (6.38), is added to the hydrodynamic work in the

boundary layer given in Eq. (6.30). When calculating the hydrodynamic efficiency at

maximum power, we again find Eq. (6.34) with a modified dissipation length. The new

dissipation length includes the effect of surface slip and reads

LD, slip =
L
[

∫∞
0 yfn(y)dy + b

L

∫∞
0 fn(y)dy

]2

3
∫∞

0 fn(y)
∫ y

0 y
′fn(y′)dy′dy + 3 b

2L
(
∫∞

0 fn(y)dy)2 . (6.39)

Depending on the details of the surface interaction, slip lengths of b ≈ 30 nm are achievable

[25]. For b ≫ L, one can approximate LD, slip ≈ 2b/3. Therefore, hydrodynamic slip can

strongly affect the hydrodynamic efficiency. However, given that hydrodynamic efficiency

is determined by LD, slip/R, it is hardly expected that one can reach a good hydrodynamic

efficiency ǫh only through a finite slip length.
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In the previous sections of this chapter we have studied how Stokesian hydrodynamics

imposes upper bounds on the overall efficiency of swimming. However, if the swimmers

are to be employed for active transport of cargo, the randomness of motion of a free

swimmer might also limit the efficiency in a very fundamental way. This subject shall be

discussed in the following section.

6.2 Efficiency of transport

The notion of efficiency is only meaningful in the context of a well-defined task. The

swimming efficiency in Eq. (5.11) is based on the comparison of two quanta of energy

dissipation per unit time. In certain practical applications of diffusiophoresis one might

prefer other efficiency measures. It is, e.g., interesting to have a measure for the energetic

cost of using small swimmers for transport between two locations. In this case it may

be appropriate to compare energy dissipation per transport distance, not per time. For

concreteness, we think here of a slab geometry which the swimmers are to cross. Thereby,

they move from one side at x̃ = 0 to the other side at x̃ = X̃ > 0. Since the swimmers are

Figure 6.2: Model setup for undirected phoretic transport.

freely suspended, they will not swim straightly but Brownian, translational and rotational,

diffusion comes into play. The translational diffusion has a constant DS = kT/ (6πηR)

and the rotational diffusion happens on a timescale τrot = 8πηR3/kT . For long times

t̃ ≫ τrot, one can employ an effective translational diffusion constant [54, 46, 62, 86]

where the effects of random diffusion and active, translational motion are incorporated

as Deff = DS + Ũ2 τrot/6. This approach neglects possible modifications of DS and τrot

due to the active processes. In our setup, we expect the transport distance X̃ to be

much larger than a characteristic length of the random walk X̃ ≫ Deff/|Ũ |. Employing

reflecting boundary conditions at x̃ = 0, the mean first passage time t̃mf to reach x̃ = X̃

is simply given by t̃mf = X̃2/ (2Deff). The energy consumed by the swimmer during the

time t̃mf can be estimated by P̃in t̃mf . For an energetic comparison, one might consider
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dragging a passive particle directly across X̃. The corresponding dissipated work would

be 6πηR|Ũ | X̃. Hence, we define a new efficiency of transport as

ǫtransp ≡6πηR|Ũ | X̃
P̃in t̃mf

= ǫ
X̃

|Ũ | t̃mf

, (6.40)

which we relate on the right hand side to the efficiency of swimming ǫ through Eq. (5.11).

Upon employing the result for the mean first passage time t̃mf given in the text above we

find

ǫtransp =
ǫ

X̃

2Deff

|Ũ |
=

ǫ

X̃

(

2DS

|Ũ |
+

|Ũ |τrot

3

)

. (6.41)

This dependence ∼ 1/X̃ of the relative energetic cost of direct transport compared to

enhanced diffusion is a quite generic result. It emphasizes the necessity to impose a

directionality on the active motion if the transport distance is to be of macroscopic size.

6.3 Discussion

The present chapter is dedicated to two mechanisms that generally limit the overall ef-

ficiency of active, phoretic transport. Namely, hydrodynamic dissipation and directional

randomness of the motion. In Sec. 6.1 we suggest a generic scaling relation for the hydro-

dynamic efficiency of surface-near driving mechanisms as ǫh ∼ L/R [106]. This scaling

provides a widely applicable and simple concept to estimate the hydrodynamic efficiency

without detailed knowledge of the system. The factor which limits the hydrodynamic effi-

ciency also occurs in the formula for the full efficiency of a self-diffusiophoretic swimmer,

Eq. (5.15) in Sec. 5.3. We exemplify the result with detailed analytical and numerical

calculations for diffusiophoresis in an externally maintained solute gradient. Numerical

calculations demonstrate that phoretic nanoswimmers with R & L offer energetic ad-

vantages compared to microswimmers. Hydrodynamic dissipation plays a negligible role

for their efficiency and they asymptotically attain the maximum possible hydrodynamic

efficiency. The concept of a nanoswimmer with L & R is much easier realized with ionic

solutes where the Debye length can be tuned than with nonionic solutes whose surface

interactions are quite complex. A further result of this chapter is a very general scaling

prediction for the efficiency of undirected transport. We conclude here that autonomous

swimmers can only transport micro-cargo efficiently if they are directed by some means.

Finally, one may ask the question whether the efficiency of small swimmers has a real-

world relevance. Purcell famously argued that hydrodynamic efficiency is irrelevant for

swimming microorganisms [99, 100]. The lower bound for the hydrodynamic dissipation

rate of an organism with R = 1µm and Ũ = 1µm/s is 6πηRŨ2 ≃ 4.5 kT/s. This is less

than the energy equivalent of a single molecule of ATP (≃ 23 kT ) per second. Even with
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a swimming efficiency that is somewhat below 10−3, hydrodynamic dissipation is only a

minute fraction of the overall metabolic energy throughput of a microorganism. However,

with the emergence of technical applications for phoretic mechanisms, energetic aspects

necessarily become relevant because of the sheer number of swimming particles. Fur-

thermore, if a high swimming velocity is to be attained, the quadratic speed dependence

of dissipation will also bring energetic viewpoints to attention. A particularly promi-

nent example is the industrial application of electrophoretic or diffusiophoretic deposition

[33, 8]. Further applications are displays for electronic devices that are based on the

electrophoretic control of colored particles [84]. Since battery lifetime of portable devices,

such a e-readers, is limited, the displays are designed to be as efficient as possible. Indeed,

we found that genuine nanoparticles [57] or particles with thick Debye layers are employed

here [26], which is in accordance with our quantitative results.



112



Perspectives

Many aspects of the theories presented in this thesis invite a deepened future investigation.

A major limitation on predictions for self-electrophoresis (Chap. 2), as well as for self-

diffusiophoresis (Chap. 3), is the assumption of dilute solutes. High densities of solutes

near the swimmer may change the local viscosity, lead to modified diffusive transport

and can cause educt or product inhibition of the chemical reaction. The model of self-

electrophoresis studied in Chap. 2 could be improved here in two ways. First, analytical

extensions of the boundary layer model could include the surface charge transport. Given

that the electric potential of self-electrophoretic swimmers is higher than the thermal

voltage, surface transport will almost certainly occur to some extent. In conjunction

with this, the adsorption of salt or pollutants to the swimmer surface could be studied

in greater detail. Second, a non-linear, Michaelis-Menten-like reaction kinetics can be

studied. Usage of this kinetics for models of microswimmers can lead to more reliable

predictions of the swimming speed at any concentration of H2O2. With regard to self-

diffusiophoretic swimmers, it may be difficult to assess the importance of corrections

for finite solute density since the solute-swimmer interactions are not well understood. In

general, molecular dynamics simulations may offer a compelling alternative to increasingly

complicated analytical corrections of the boundary layer theory.

The efficiency in Chap. 5 is calculated for the linear response regime. The assumption of

small equilibrium perturbations limits the applicability of our theory. In future work, the

condition of linear response could be relaxed in part of the processes, e.g., in the chemical

reaction. The framework of irreversible thermodynamics presented in Chap. 4 might still

be of use here [68].

Most promising perspectives lie however beyond increasingly detailed studies of the

here established models. Active, phoretic motion can also be described in the framework

of Langevin equations for the trajectory of the swimmer [110, 112]. Both, the particle

position and the self-generated concentration field fluctuate. For small particles, these

fluctuations may together influence the average swimming speed and lead to memory

effects. An effective description could be derived from the standard framework for fluc-

tuating hydrodynamics and concentrations [64, 46]. The coarse scale of a theory with

113
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Langevin equations for the particle motion prohibits a calculation of the efficiency. How-

ever, questions related to the efficiency can still be addressed. For example, the efficiency

of transport could be calculated for motion in complex environments. Neglecting some of

the details of the phoretic mechanism could also allow to study the thermodynamics of

several swimmers with interactions. Here, the long timescales introduced by the mutual

interactions call for a modification of the local equilibrium theory.
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