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Zusammenfassung

Diese Dissertation handelt von Systemen von sogenannten groÿen Polaronen in elektromag-

netischen Feldern. Wir interessieren uns insbesondere für die Grundzustandsenergie im Fall

starker Wechselwirkung, α� 1, zwischen Elektronen und Phononen und für die Existenz von

Bindungszuständen zwischen mehreren Polaronen. Zur Beschreibung der Polaronen verwen-

den wir das Modell von H. Fröhlich, sowie die approximativen Modelle von Pekar, und Pekar

und Tomasevich. Die Vermutung, dass die Grundzustandsenergie dieser Modelle asympto-

tisch, für α→∞, in führender Ordnung übereinstimmen, war der Ausgangspunkt dieser Ar-

beit. Wir beweisen diese Vermutung für eine groÿe Klasse äuÿerer elektromagnetischer Felder.

Eine geeignete Skalierung der Felder sorgt dafür, dass sie bereits in führender Ordnung eine

nicht-triviale Rolle spielen. Die asymptotische Übereinstimmung der Grundzustandsenergien

erlaubt es uns, die Frage nach der Bindung von Fröhlich Polaronen im Fall groÿer α auf die

entsprechende Frage im Modell von Pekar und Tomasevich zurückzuführen.

Die Niederschrift dieser Dissertation ist unterteil in vier Kapitel, wobei das erste die Ein-

leitung ist. Die Kapitel 2, 3 und 4 stellen drei unabhängige Publikationen dar.

Das Kapitel 2 ist dem Pekarfunktional mit elektromagnetischen Feldern gewidmet. Wir

beweisen die Existenz eines Minimierers im Fall wo das Magnetfeld konstant ist und das

elektrische Feld verschwindet. Der Minimierer existiert aber auch dann, wenn diese Feldkon-

�guration lokal so gestört wird, dass die minimale Energie dabei reduziert wird. Aus der

Existenz eines Minimierers des Pekarfunktionals leiten wir die Bindung von zwei Polaronen

im Modell von Pekar und Tomasevich her.

In Kapitel 3 vergleichen wir die Grundzustandsenergie des 1-Teilchen Fröhlich Modells im

Limes α → ∞ mit dem Minimum des entsprechenden Pekarfunktionals. Wir beweisen die

oben erwähnte Vermutung im Fall eines einzigen Polarons. Dieses Resultat, in Verbindung

mit den Ergebnissen aus Kapitel 2, erlaubt es uns die Bindung zweier Fröhlich Polaronen in

starken elektromagnetischen Feldern zu beweisen.

In Kapitel 4 wird die Analyse aus dem vorherigen Kapitel auf N -Polaronen ausgeweitet.

Es wird eine Abschätzung der Wechselwirkungsenergie räumlich getrennter Gruppen von Po-



laronen in elektromagnetischen Feldern hergeleitet. Diese erlaubt es uns die asymptotische

Exaktheit der Minimalenergie des Pekar-Tomasevichfunktionals für starke Kopplungen zu be-

weisen, wobei, wie in Kapitel 3, die externen Felder geeignet skaliert werden. Als Anwendung

wird Bindung von N Polaronen in konstanten starken Magnetfeldern bewiesen.



Abstract

This dissertation is concerned with a system of so-called large polarons in electromagnetic

�elds. We are especially interested in the ground state energy in the case of strong interac-

tions, α � 1, between electrons and phonons and in the existence of bound states of several

polarons. For the description of the polarons we use the model of H. Fröhlich, as well as the

approximative models of Pekar, and Pekar and Tomasevich. The conjecture, that the ground

state energy asymptotically coincides in the leading order, α → ∞, was the starting point

of this work. We prove this conjecture for a large class of external electromagnetic �elds. A

suitable scaling of the �elds makes sure, that they already play a non-trivial role in the leading

order. The asymptotic coincidence of the ground state energies allows us to trace back the

question of binding of Fröhlich polarons in the case of large α to the corresponding question

in the model of Pekar and Tomasevich.

The transcription of this dissertation is divided into four chapters, of which the introduction

is the �rst one. The Chapters 2, 3 and 4 constitute three independent publications.

The Chapter 2 is dedicated to the Pekar functional with electromagnetic �elds. We proof

the existence of a minimizer in the case of a constant magnetic �eld and a vanishing electric

�eld. The minimizer exists as well, if this �eld con�guration is locally perturbed such that

the minimal energy is lowered. From the existence of the minimizer of the Pekar functional

we derive binding of two polarons in the model of Pekar and Tomasevich.

In Chapter 3, we compare the ground state energy of the 1-particle Fröhlich model in the

limit α → ∞ with the minimum of the corresponding Pekar functional. We prove the above

mentioned conjecture in the case of a single polaron. This result, in connection with the results

of Chapter 2, allows us to prove binding of two Fröhlich polarons in strong electromagnetic

�elds.

In Chapter 4 the analysis of the previous chapter is extended to N -polaron systems. To

do so, an estimate of the interaction energy of spatially divided clusters of polarons in elec-

tromagnetic �elds is derived. This allows us to proof the asymptotic exactness of the minimal

energy of the Pekar-Tomasevich functional for strong couplings, whereas, as in Chapter 3, the



external �elds are suitably rescaled. As an application binding for N polarons in constant

strong magnetic �elds is proved.
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Chapter 1

Introduction

This introductory chapter interconnects the individual results of the present thesis and puts

them into a more general context.

In this dissertation we are interested in polarons and multipolarons in magnetic and electric

�elds. We want to know how they a�ect the properties of the Fröhlich model and the Pekar

functional. Especially, we examine the existence of a minimizer of the electromagnetic Pekar

functional. Furthermore, in the case of electromagnetic �elds we prove that in the leading

order for α → ∞ the minimal energy of the Pekar functional and the Pekar-Tomasevich

functional for N particles exactly describe the ground state energy of the Fröhlich model. We

also study conditions of binding for bipolarons and multipolarons in electromagnetic �elds.

The presence of an excess electron in a ionic crystal generates a polarization of the crystal

lattice. The potential well, that is generated this way, was supposed to trap the electron,

which was already long ago assumed by Landau [20]. The system of an electron with the

induced deformation of the lattice is called a polaron. A N -polaron or a multipolaron is a

system of N electrons with its corresponding deformations of the lattice. Since energetically

it is more favorable to distort the lattice in a small region, the electrons tend to stay near to

each other and hence there acts an attractive force between the electrons which competes with

the repulsive electron-electron interaction. The question which force is stronger or in other

words whether there exist bound states, is discussed in the context of the Fröhlich model in

the subsequent chapters.

A hamilton operator for the description of a polaron was introduced by H. Fröhlich [16].

The polarons in this model are called 'large polarons', since the spatial extension of the

polarons is assumed to be big in comparison to the lattice spacing. Further, it is supposed

that the electron only interacts with the optical, longitudinal modes of the phonon �eld.

Relativistic e�ects and spin are not taken into account. The Fröhlich hamiltonian acts on
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L2(R3)⊗F , where F is the symmetric Fock space over L2(R3), and it is de�ned by

−∆ +

√
α√
2π

∫
1

|k|
(
a(k)eikx + h.c.

)
dk +

∫
a∗(k)a(k)dk. (1.1)

The coupling constant α describes the strenght of the interaction between electron and

phonons. The coupling constant α has to be bounded from above in terms of the electron-

electron repulsion strenght U in the physical regime, intuitively because the polarization of

the lattice is a response to the presence of the electron [30]. For general information about

polarons see [1, 8] and references therein.

If the Fröhlich hamilton operator (1.1) is evaluated on the product ansatz ϕ⊗η ∈ L2(R3)⊗
F for ‖ϕ‖ = 1 and if it is minimized over all normalized η, then one �nds the Pekar functional

after scaling out α ∫
|∇ϕ(x)|2dx−

∫
|ϕ(x)|2|ϕ(y)|2

|x− y|
dxdy. (1.2)

The product ansatz can be understood as an adiabatic approximation, i.e. the electron follows

adiabaticly the deformation of the lattice that was generated by itself [24].

Lieb [23] proved the existence of a minimizer of (1.2) subject to
∫
|ϕ|2dx = 1 by an

application of the symmetric decreasing rearrangement inequalities. Furthermore, he showed

that the minimizer is sperically symmetric, unique up to translations and that it can be chosen

pointwise positive. If a constant magnetic �eld with corresponding vector potential A is turned

on in (1.2), i. e. −i∇ is replaced by −i∇+A, there still exists a normalized minimizer. This

is proved in Chapter 2 with the help of Lions' concentration compactness lemma [25].

Since the minimizer of (1.2) constrained by
∫
|ϕ|2dx = 1 is a radial function, it is likely that

in the case of constant magnetic �elds there exists a minimizer that is rotational symmetric

about the direction of the magnetic �eld. This remains an open problem. For bipolarons

without external �elds it is known by [13], that for small values of the Coulomb constant U

the minimizer of the Pekar-Tomasevich functional is rotation invariant after some translation.

If general electric V and magnetic potentials A are imposed, i.e. −∆ is substituted by

(−i∇+A)2 +V in (1.1), and if they locally lower the energy of the corresponding generalized

Pekar functional, then there also exists a normalized minimizer. The existence of a minimizer

is proved in Chapter 2. The presence of locally perturbed electric and magnetic �elds break

up the translation invariance of the Pekar functional, thus a minimizer can be catched in the

low energy region. Furthermore, in Chapter 2, in the model of Pekar in electromagnetic �elds

we show an easy variational argument to derive binding of two polarons from the existence of
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the minimizer. This argument can be generalized to N -polaron systems [3].

It is well-known from Donsker and Varadhan [9] that the ground state energy of (1.1) times

α−2 converges for α → ∞ to the minimal energy of (1.2) constrained by ‖ϕ‖ = 1. Lieb and

Thomas presented another proof for the asymptotic exactness of the Pekar minimal energy

[24], but in addition they found an error bound of the order α−9/5. The asymptotic exactness

implies that the Pekar functional has a certain physical relevance since it describes polarons

for strong couplings. In return, this motivates us, from the physical point of view, to study

the Pekar functional.

In Chapter 3, we prove that the ground state energy of the Fröhlich model for N = 1

subject to electromagnetic �elds in the leading order for α → ∞ is exactly described by the

minimal energy of the Pekar functional. In our proof we make use of the operator theoretical

methods developed in [24]. For the external �elds not to be negligible for strong couplings,

they have to grow with α, which is done by a suitable rescaling of the �elds. However, the

translation invariance, that is used in the proof in [24], breaks up in the presence of general

electric and magnetic �elds. By a modi�cation, we show that this feature is not needed for

our proof to work.

In Chapter 3, in the case of electromagnetic �elds we show that binding for two polarons

in the Pekar model, proved in Chapter 2, leads to binding for Fröhlich polarons in the strong

coupling regime. A question arises: Does the presence of a magnetic �eld increase the binding

energy of bipolarons or not? For �xed α > 0, in the recently developed paper [12], Frank and

Geisinger explicitly specify the dependence of the Fröhlich and Pekar ground state energies

on large constant magnetic �elds. Maybe a generalization of their work to bipolarons gives

an answer to the above question.

Systems of large N -polarons are described by a generalization of (1.1). Here, additionally

the electron-electron interaction has to be taken into account, see (4.1). Similarly the Pekar

functional is generalized to the N -Pekar-Tomasevich functional, see (4.31).

The Fröhlich ground state energy for N -polarons in electromagnetic �elds is described

by the Pekar-Tomasevich minimal energy plus a higher order error term that is proportional

to α42/23N3. We prove this statement in Chapter 4 with the help of a generalization of the

techniques developed in [24]. However they have to be modi�ed, since they only work for

polarons that are in a neighborhood of each other. On account of this, all polarons that are

close to one another are grouped into the same ball and then the inter-ball interaction energies

are estimated from above. Like in Chapter 3 the translation invariance is not needed for the

proof to work. A similar analysis was done in [2] in order to examine the Fröhlich ground

state energy for N -polarons without external �elds in the strong coupling limit.
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As a corollary, in Chapter 4, if U/α takes values in the lower physical admissible range,

binding for N -polarons subject to strong constant magnetic �elds is proved. On the other

hand, by [15] we know that in the case without external �elds binding does not occur for U/α

su�ciently large. It would be interesting to know where the binding non-binding transition

occurs and if there is binding for small values of α. At least numerical calculations suggest

that there is no bipolaron formation in the case without external �elds for small α [31, 32].

This dissertation is based on the articles

1. M. Griesemer, F. Hantsch and D. Wellig. On the Magnetic Pekar Functional and the

Existence of Bipolarons.

2. M. Griesemer and D. Wellig. The Strong-Coupling Polaron in Electromagnetic Fields.

3. D. Wellig. On the Strong Coupling Limit of Many-Polaron Systems in Electromagnetic

Fields.

Remark. For simplicity and clarity, the notation may partly di�er in distinct chapters. Since

the notation is introduced in every chapter no misunderstandings should occur.



Chapter 2

On the Magnetic Pekar Functional and

the Existence of Bipolarons

M. Griesemer, F. Hantsch and D. Wellig

Abstract

First, this paper proves the existence of a minimizer for the Pekar functional

including a constant magnetic �eld and possibly some additional local �elds that

are energy reducing. Second, the existence of the aforementioned minimizer is

used to establish the binding of polarons in the model of Pekar-Tomasevich

including external �elds.

2.1 Introduction

The Pekar functional including external electric and magnetic potentials is given by∫ (
|DAϕ|2 + V |ϕ|2

)
dx−

∫
|ϕ(x)|2|ϕ(y)|2

|x− y|
dxdy (2.1)

where DA := −i∇+A and ϕ ∈ H1
A(R3). The letters V and A denote (real-valued) scalar and

vector potentials associated with the external electric and magnetic �elds −∇V and curlA.

Since ϕ denotes the wave function of a quantum particle (electron) we impose the constraint

that ∫
|ϕ|2 dx = 1. (2.2)
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The functional (2.1) arises e.g. in the study of the ground state energy of the polaron [9, 24] and

in the analysis of a self-gravitating quantum particle [27]. Depending on the context, the Euler-

Lagrange equation associated with (2.1), (2.2) is called Choquard equation or Schrödinger-

Newton equation. The time-dependent version of the Euler-Lagrange equation describes the

dynamics of interacting many-boson systems in the mean �eld limit [10]. We are interested in

the question whether the functional (2.1) subject to (2.2) has a minimizer, and we shall give

a positive answer for a class of potentials including all previously considered cases. Second,

we shall use the existence of a minimizer to prove binding of polarons in the model of Pekar

and Tomasevich with an external magnetic �eld.

In the case A = 0 and V = 0 it is a well-known result, due to Lieb [23], that the Pekar

functional (2.1), (2.2) possesses a unique, rotationally symmetric minimizer, which moreover

can be chosen pointwise positive. For the existence part a second proof has been given by

Lions as an application of his concentration compactness principle [25]. Lions also considered

the case of non-vanishing V ≤ 0. In this paper we establish existence of a minimizer for

constant magnetic �elds and vanishing V , as well as for certain local perturbations of this �eld

con�guration. For example, if curlA is constant, V (x) = −|x|−1, then (2.1) has a minimizer

as well. More generally, the Pekar functional has a minimizer for any local perturbation of

the �elds A(x) = (B ∧ x)/2, V = 0 that leads to a reduction of the energy. We give examples

of non-linear vector potentials for which this trapping assumption is satis�ed.

In the second part of the paper we address the question of binding of two polarons subject

to given electromagnetic �elds A, V in the model of Pekar and Tomasevich. For A = 0, V = 0

this question has been studied by Miyao, Spohn and by Lewin and answered in the a�rmative

for admissible values of the electron-electron repulsion close to the critical one [26, 21]. In

fact, Lewin proved the binding of any given number of polarons by establishing a Van der

Waals type interaction between two polaron clusters. This method makes use of a spherical

invariance which is broken by the presence of a magnetic �eld. We here describe a much

softer argument to explain the binding of two polarons that works for any given A, V and

requires nothing but the existence of a minimizer for (2.1), (2.2). This argument is based on

the observation that the product ψ⊗ψ of two copies of a minimizer ψ of (2.1), (2.2) does not

solve the Euler-Lagrange equation of the Pekar-Tomasevich functional and hence cannot be

a minimizer of this functional. This argument does not depend on the presence of external

�elds and seems to be novel. It can be extended to multipolaron systems, and this will be

done in subsequent work.

In a companion paper we derive estimates on the ground state energy of the Fröhlich

polaron subject to electromagnetic �elds A, V in the limit of strong electron-phonon coupling,
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α→∞. For �elds A, V that are suitably rescaled with α, it turns out that this ground state

energy is correctly given by α2 times the minimum of (2.1), (2.2) up to errors of smaller order.

In view of the results of the present paper the binding of Fröhlich polarons subject to strong

external �elds and large α will follow. In the case A = 0, V = 0 a similar result has previously

been established by Miyao and Spohn on the bases of [9, 24, 23]. In the physical literature

the existence of Fröhlich bipolarons in the presence of magnetic �elds is studied e.g. in [5].

Solutions to the Choquard equation with magnetic �eld have very recently been studied in

[7, 6]. In [6] in�nitely many solutions are found whose symmetry corresponds to the symmetry

of A. Constant magnetic �elds seem to be excluded, however. The constrained minimization

problem (2.1), (2.2) with non-vanishing magnetic �eld does not seem to have been studied yet.

Nevertheless, as our methods are not new, we would not be surprised if some of our results on

the existence of a minimizer for (2.1),(2.2) with A 6= 0 could be inferred from existing results

in the literature.

Section 2 is devoted to the problem of existence of minimizers for (2.1), (2.2); in Section 3

the binding of polarons is established. There is an appendix where technical auxiliaries are

collected.

Acknowledgments. Fabian Hantsch is supported by the Studienstiftung des Deutschen

Volkes, David Wellig has been supported by a stipend of the Landesgraduiertenförderung of

Baden-Württemberg.

2.2 The Magnetic Pekar Functional

This section contains all our results on the existence of a minimizer for the Pekar functional,

as well as the main parts of the proofs. Some technical auxiliaries have been deferred to the

appendix.

The minimal assumptions that we shall make throughout the paper, are that A, V are

real-valued with Ak, V ∈ L2
loc(R3) and that V is in�nitesimally small with respect to −∆,

V � −∆. This means that for every ε > 0 there exists Cε ∈ R such that

‖V ϕ‖ ≤ ε‖∆ϕ‖+ Cε‖ϕ‖

for all ϕ ∈ C∞0 (R3). Here and henceforth ‖ · ‖ denotes an L2-norm. Every potential V that

admits a decomposition V = V1 + V2 with V1 ∈ L2(R3) and V2 ∈ L∞(R3) is in�nitesimally

small w.r.t. −∆.
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We de�ne DA := −i∇+ A and

H1
A(R3) =

{
ϕ ∈ L2(R3) | DAϕ ∈ L2(R3; C3)

}
.

Equipped with the norm ‖ϕ‖2
A := ‖DAϕ‖2 +‖ϕ‖2 this space is complete and C∞0 (R3) is dense.

This means that the quadratic form 〈DAϕ,DAϕ〉 is closed on H1
A(R3) and that C∞0 (R3) is a

core. The unique self-adjoint operator associated with this form is denoted D2
A.

We de�ne the Pekar functional EA,V (ϕ) by the expression (2.1). For the domain of this

functional we take
{
ϕ ∈ H1

A(R3)|
∫
|ϕ|2dx = 1

}
unless explicitly stated otherwise. In partic-

ular, by a minimizer of EA,V we mean a vector ϕ from this domain. It is not hard to see,

using the Hardy and the diamagnetic inequalities, that EA,V is bounded below and that every

minimizing sequence is bounded in H1
A(R3), see Lemma 2.4.2. We set

CA,V (λ) := inf
{
EA,V (ϕ)

∣∣ϕ ∈ H1
A(R3), ‖ϕ‖2 = λ

}
(2.3)

where λ > 0. As a preparation for the proofs of the theorems of this section we �rst establish

a few general properties of the Pekar functional (2.1) and its lower bounds (2.3). To this end,

and for use throughout the paper, we introduce the following notation:

Vϕ(x) :=

∫
|ϕ(y)|2

|x− y|
dy, D(ρ) :=

∫
ρ(x)ρ(y)

|x− y|
dxdy,

where usually ρ = ρϕ := |ϕ|2.

Lemma 2.2.1. Under the above minimal assumptions on V,A, the following is true:

(i) If EA,V (ϕn) → CA,V (1) and ϕn → ϕ as n → ∞, where ‖ϕn‖ = 1, then EA,V (ϕ) =

CA,V (1) and ϕn → ϕ in H1
A(R3).

(ii) If EA,V (ϕ) = CA,V (1), then ϕ is an eigenvector of D2
A + V − 2Vϕ associated with the

lowest eigenvalue of this operator, which is CA,V (1)−D(ρϕ).

(iii) The map λ 7→ CA,V (λ) is continuous.

(iv) If lim infn→∞D(ρϕn) > 0 for every (normalized) minimizing sequence of EA,V , then for

all λ ∈ (0, 1),

CA,V (1) < CA,V (λ) + CA,V (1− λ).

Proof. (i) Since (ϕn) is bounded in H1
A(R3) and ϕn → ϕ we see that ϕn ⇀ ϕ in H1

A(R3), and

hence that EA,V (ϕ) ≤ lim infn→∞ EA,V (ϕn), by Lemma 2.4.2, (ii). It follows that EA,V (ϕ) =
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CA,V (1) = limn→∞ EA,V (ϕn) and, using Lemma 2.4.2 again, that ‖DAϕn‖2 → ‖DAϕ‖2. This

proves (i).

(ii) We claim that

EA,V (ψ) ≤ 〈ψ, (D2
A + V − 2Vϕ)ψ〉+D(ρϕ) (2.4)

for any given ψ ∈ H1
A(R3). This follows from 0 ≤ D(ρϕ − ρψ) = D(ρϕ) +D(ρψ)− 2〈ψ, Vϕψ〉.

If ϕ is a minimizer of EA,V , then it follows from (2.4) that for every normalized ψ ∈ H1
A(R3),

CA,V (1) ≤ 〈ψ, (D2
A + V − 2Vϕ)ψ〉+D(ρϕ)

with equality if ψ = ϕ. This proves part (ii).

(iii) Clearly for all λ > 0,

CA,V (λ) = λ · inf
{
‖DAϕ‖2 + 〈ϕ, V ϕ〉 − λD(ρϕ)

∣∣‖ϕ‖ = 1
}
. (2.5)

We see that g(λ) = CA,V (λ)/λ is the in�mum of linear functions of λ. It follows that g is

concave and hence continuous.

(iv) It su�ces to show that

CA,V (λ) > λCA,V (1) for all λ ∈ (0, 1). (2.6)

Then CA,V (1 − λ) > (1 − λ)CA,V (1) and the asserted inequality follows. Since, by (2.5),

CA,V (λ) ≥ λCA,V (1), it remains to exclude equality. Again by (2.5), the equality CA,V (λ) =

λCA,V (1) would imply the existence of a normalized sequence (ϕn) with ‖DAϕn‖2+〈ϕn, V ϕn〉−
λD(ρϕn)→ CA,V (1). A fortiori, this sequence would be minimizing for EA,V and D(ρϕn)→ 0,

in contradiction with the assumption.

Lemma 2.2.2. If A is linear with B = curlA, then

(i) C0,0(1) ≤ CA,0(1) ≤ C0,0(1) + |B|, and C0,0(1) < 0.

(ii) If (ϕn) is a minimizing sequence for EA,0 then lim infn→∞D(ρϕn) > 0.

Proof. The inequality C0,0(1) ≤ CA,0(1) follows from the diamagnetic inequality, and C0,0(1) <

0 follows from a simple variational argument. By combining (2.4) with the enhanced binding
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inequality of Lieb [4, Theorem A.1], we conclude that, for ϕ ∈ H1(R3) with ‖ϕ‖ = 1,

CA,0(1) ≤ inf σ(D2
A − 2Vϕ) +D(ρϕ)

≤ inf σ(−∆− 2Vϕ) +D(ρϕ) + |B|

≤ 〈ϕ, (−∆− 2Vϕ)ϕ〉+D(ρϕ) + |B|

= E0,0(ϕ) + |B|.

To prove (ii), suppose that D(ρϕn)→ 0 as n→∞ for some minimizing sequence (ϕn) of EA,0.
Then

CA,0(1) = lim
n→∞

EA,0(ϕn) = lim
n→∞

‖DAϕn‖2 ≥ |B|, (2.7)

which is in contradiction with the fact that CA,0(1) ≤ C0,0(1) + |B| < |B|, by (i).

Theorem 2.2.3. Suppose that A is linear. Then there exists a ϕ ∈ H1
A(R3) with

∫
|ϕ|2 dx = 1

such that

EA,0(ϕ) = CA,0(1),

and every minimizing sequence for EA,0 has a subsequence that converges to a minimizer after

suitable translations and phase shifts.

Remark. The Pekar functional EA,0 with a linear vector potential A is invariant under magnetic

translations ψ 7→ ψv, v ∈ R3, where

ψv(x) := e−iχ(x)ψ(x− v), χ(x) := A(v) · x, v ∈ R3. (2.8)

This means that minimizing sequences will in general not be relatively compact. By the con-

centration compactness principle every minimizing sequence has a subsequence that becomes

relatively compact upon suitable translations of the type (2.8).

Proof. Let (ϕn) be a minimizing sequence for EA,0 and let (ϕnk
) be the subsequence given by

Lemma 2.4.1. We shall exclude vanishing and dichotomy in order to conclude compactness of

the sequence of suitably shifted functions. In the following we use ρn as a short hand for ρϕn .

Vanishing does not occur. We show that vanishing implies D(ρnk
) → 0 as k → ∞,

which contradicts Lemma 2.2.2 (ii). To this end we use that D(ρϕ) =
∫
Vϕρϕ dx ≤ ‖Vϕ‖∞

where ϕ ∈ L2(R3) is normalized. For every R > 0, by the Hölder and the magnetic Hardy



20 On the Magnetic Pekar Functional and the Existence of Bipolarons

inequalities,

|Vϕnk
(x)| ≤

∫
BR(x)

|ϕnk
(y)|2

|x− y|
dy +

1

R

≤ 2‖DAϕnk
‖
(∫

BR(x)

|ϕnk
(y)|2 dy

)1/2

+
1

R
.

Since supk ‖DAϕnk
‖ <∞, vanishing implies ‖Vϕnk

‖∞ → 0 and D(ρnk
)→ 0 as k →∞.

Dichotomy does not occur. Suppose dichotomy holds, that is, there exists some λ ∈ (0, 1),

such that for every ε > 0 there exists k0 ∈ N and bounded sequences (ϕ
(1)
k ), (ϕ

(2)
k ) in H1

A(R3)

having the properties (a)�(d) from Lemma 2.4.1. Then, from (a), (c) and the continuity of

ϕ 7→ D(ρϕ), Lemma 2.4.2, we see that for k ≥ k0∣∣D(ρnk
)−D(ρ

(1)
k )−D(ρ

(2)
k )
∣∣

≤
∣∣D(ρnk

)−D(|ϕ(1)
k + ϕ

(2)
k |

2)
∣∣+
∣∣D(|ϕ(1)

k + ϕ
(2)
k |

2)−D(ρ
(1)
k )−D(ρ

(2)
k )
∣∣

= δ(ε) + o(1), (k →∞),

where δ(ε) = o(1) as ε→ 0. It follows that, using Lemma 2.2.1 (iii) and Lemma 2.4.1 (d),

CA,0(1)

= lim
k→∞
EA,0(ϕnk

)

≥ lim inf
k→∞

[
EA,0(ϕnk

)− EA,0(ϕ
(1)
k )− EA,0(ϕ

(2)
k )
]

+ CA,0(λ) + CA,0(1− λ) + o(1)

≥ lim inf
k→∞

∫
R3

|DAϕnk
|2 − |DAϕ

(1)
k |

2 − |DAϕ
(2)
k |

2 dx+ CA,0(λ) + CA,0(1− λ) + o(1)

≥ CA,0(λ) + CA,0(1− λ) + o(1), (ε→ 0).

This proves that CA,0(1) ≥ CA,0(λ) + CA,0(1 − λ) for some λ ∈ (0, 1), which contradicts

Lemma 2.2.1 (iv).

Compactness. Since vanishing and dichotomy have been excluded, the subsequence (ϕnk
)

must have the compactness property of Lemma 2.4.1. Let χk(x) := A(yk) · x with yk ∈ R3

given by this lemma, and let unk
(x) = eiχk(x)ϕnk

(x + yk). Then, for every ε > 0 there exists

R > 0 such that ∫
BR(0)

|unk
|2dx ≥ 1− ε for all k. (2.9)

The phase χk has been chosen in such a way that A(x) +∇χk(x) = A(x+ yk), which implies

that ‖DAunk
‖ = ‖DAϕnk

‖. It follows that EA,0(unk
) = EA,0(ϕnk

) and that (unk
) is bounded
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in H1
A(R3). Hence there exists a u ∈ H1

A(R3) and a subsequence of (unk
), denoted by (unk

) as

well, such that

unk
⇀ u, in H1

A(R3), (2.10)

and therefore unk
⇀ u in L2(R3). We claim that ‖u‖ = 1 and hence that unk

→ u in L2(R3).

Indeed, since A is locally bounded, (2.10) implies that unk
→ u locally in L2(R3), and by (2.9)

we conclude that

1 ≥ ‖u‖2 ≥
∫
BR(0)

|u|2 dx = lim
k→∞

∫
BR(0)

|unk
|2 dx ≥ 1− ε

for every ε > 0. The theorem now follows from Lemma 2.2.1 (i).

We say A is asymptotically linear if there exists a linear vector potential A∞ such that

|A(x)− A∞(x)| → 0, as |x| → ∞.

In addition we shall assume that A ∈ L3
loc(R3) whenever A is asymptotically linear. This

technical assumption ensures, e. g. that H1
A(R3) = H1

A∞(R3) and that the norms of these

spaces are equivalent (see Lemma 2.4.3).

To ensure relative compactness of minimizing sequences we shall impose one of the following

trapping assumptions :

(T1) V (−∆ + 1)−1 is compact and

CA,V (1) < CA,0(1).

(T2) V (−∆ + 1)−1 is compact, A is asymptotically linear and

CA,V (1) < CA∞,0(1).

Further below we shall give examples of potentials that satisfy either (T1) or (T2).

Theorem 2.2.4. Suppose that one of the trapping assumptions (T1) or (T2) is satis�ed. Then

every minimizing sequence of EA,V has a convergent subsequence, the limit being a minimizer.

Remark. If V (−∆ + 1)−1 is compact and A is asymptotically linear, then the inequality

CA,V (1) < CA∞,0(1) is not only su�cient, but also necessary for the conclusion of Theo-

rem 2.2.4 to hold.

Proof. Let (ϕn) be a minimizing sequence for EA,V . After passing to a subsequence we may

assume that ϕn ⇀ ψ in H1
A(R3). We claim that ψ = 0 is in contradiction with (T1) and (T2).
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Indeed, if ϕn ⇀ 0 then 〈ϕn, V ϕn〉 → 0, by Lemma 2.4.4, which implies that CA,V (1) ≥ CA,0(1)

in contradiction with (T1). If A is asymptotically linear, then DAϕn = DA∞ϕn + (A−A∞)ϕn

where (A− A∞)ϕn → 0 by Lemma 2.4.3. It follows that

CA,V (1) = lim
n→∞

EA,V (ϕn) = lim
n→∞

EA∞,0(ϕn) ≥ CA∞,0(1).

This is in contradiction with (T2).

Using that the weak limit of a minimizing sequence cannot vanish, we conclude, from

Lemma 2.4.2 (iii), that

lim inf
n→∞

D(ρϕn) > 0

for every minimizing sequence (ϕn). It follows that λ 7→ CA,V (λ) is subadditive in the sense

of Lemma 2.2.1. We now use this to show that a weakly convergent minimizing sequence (ϕn)

is in fact strongly convergent. To this end suppose that ϕn ⇀ ψ where λ := ‖ψ‖2 ∈ (0, 1) and

consider the decomposition ϕn = ψ + (ϕn − ψ) =: ψ + βn. Clearly, βn ⇀ 0 in H1
A(R3) and

‖βn‖2 → 1− λ. We claim that

EA,V (ϕn) = EA,V (ψ) + EA,V (βn) + o(1), (n→∞). (2.11)

The kinetic and potential energy ‖DAϕn‖2 +〈ϕn, V ϕn〉 decompose as desired, which is a direct

consequence of the weak convergence βn ⇀ 0 in H1
A(R3) and the compactness of V (−∆+1)−1.

It is not hard to see, using βn → 0 locally in L2(R3), that

D(ρψ+βn) = D(ρψ) +D(ρβn) + o(1), (n→∞).

From (2.11) we see that

EA,V (ϕn) ≥ CA,V (λ) + CA,V (‖βn‖2) + o(1)

= CA,V (λ) + CA,V (1− λ) + o(1)

for n→∞, by the continuity of CA,V (Lemma 2.2.1 (iii)). Thus CA,V (1) ≥ CA,V (λ)+CA,V (1−
λ) which contradicts the subadditivity of CA,V , i.e. Lemma 2.2.1 (iv).

Since we have shown that ‖ψ‖ < 1 is impossible, we conclude that ‖ψ‖ = 1 and ϕn → ψ

in L2(R3). The theorem now follows from Lemma 2.2.1 (i).

Examples:

1) Suppose A is any C1-vector potential for which EA,0 has a minimizer ϕ, see Theo-
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rems 2.2.3 and 2.2.4. Then the Euler-Lagrange equation satis�ed by ϕ is a Schrödinger

equation and hence ϕ cannot vanish a.e. on a non-trivial open set, see [19]. It follows

that
∫
V |ϕ|2 dx < 0 for every potential V ≤ 0 with the property that V < 0 on some

non-empty open set. If, moreover, V (−∆ + 1)−1 is compact, then (T1) is satis�ed.

2) We choose V = 0 and we de�ne the vector potential A by A = AR where

AR(x) = χR(x)A∞(x)

and A∞(x) = (−Bx2, 0, 0), with χ ∈ C∞0 (R3; [0, 1]), χ(x) = 0 for |x| ≤ 1/2, χ(x) = 1

for |x| ≥ 1 and χR(x) := χ(x/R). We claim that CA,0(1) < CA∞,0(1) for B ≥ 4

and R su�ciently large. Indeed, by Lemma 2.4.2, EA∞,0(ϕ) = ‖DA∞ϕ‖2 − D(ρϕ) ≥
B − 2‖ϕ‖3‖DA∞ϕ‖ ≥ 0, while CAR,0(1)→ C0,0(1) < 0 as R→∞.

The following corollary summarizes the conclusions of Example 1) above and Theorem 2.2.4.

Corollary 2.2.5. Suppose that V (−∆ + 1)−1 is compact, V ≤ 0, and V < 0 on some non-

empty open set. Then EA,V has a minimizer, provided EA,0 has a minimizer and A belongs to

C1. In particular EA,V has a minimizer for every linear vector potential A.

2.3 Binding of Polarons

Let V and A satisfy the minimal assumption introduced in the previous section. The magnetic

Pekar-Tomasevich functional EA,VU : H1
(A,A)(R6)→ R is de�ned by

EA,VU (ψ) :=
2∑

k=1

∫ (
|DA,xk

ψ(x1, x2)|2 + V (xk)|ψ(x1, x2)|2
)
dx1dx2

+ U

∫
|ψ(x1, x2)|2

|x1 − x2|
dx1dx2 −

∫
ρ(x1)ρ(x2)

|x1 − x2|
dx1dx2,

where

ρ(x) :=

∫
(|ψ(x, y)|2 + |ψ(y, x)|2)dy

denotes the density. The minimal energy of EA,VU is de�ned by

CA,V
U = inf

{
EA,VU (ψ)

∣∣∣ψ ∈ H1
(A,A)(R6), ‖ψ‖ = 1

}
.
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Theorem 2.3.1. Suppose that EA,V possesses a minimizer ϕ0; see Theorem 2.2.3, Theo-

rem 2.2.4, and Corollary 2.2.5. Then there exists UA > 2 such that for 2 < U < UA we

have

CA,V
U < 2CA,V (1).

Proof. Since CA,V
U is continuous with respect to U it su�ces to prove that CA,V

U < 2CA,V (1)

for U = 2. By a straightforward computation

EA,VU=2(ϕ0 ⊗ ϕ0) = 2EA,V (ϕ0) = 2CA,V (1),

and it remains to prove that ϕ0⊗ϕ0 is not a minimizer of EA,VU=2. To this end, suppose ϕ0⊗ϕ0

were a minimizer of EA,VU=2. Then it would have to solve the Euler equation of the functional,

which implies that

〈
η ⊗ η

∣∣∑2
k=1(D2

A,xk
+ V (xk)− 4Vϕ0(xk)) + 2|x1 − x2|−1 − E

∣∣ϕ0 ⊗ ϕ0

〉
= 0 (2.12)

for some E and all η ∈ H1
A(R3). We claim that (2.12) cannot be true for all η. Since ϕ0

minimizes EA,V , we know from Lemma 2.2.1 (ii), that (D2
A + V − 2Vϕ0)ϕ0 = λϕ0 for some

λ ∈ R. Hence equation (2.12) reduces to

〈
η ⊗ η

∣∣2λ− E − 2
∑2

k=1 Vϕ0(xk) + 2|x1 − x2|−1
∣∣ϕ0 ⊗ ϕ0

〉
= 0 (2.13)

for all η ∈ H1
A(R3). Since Vϕ0 is bounded while |x1− x2|−1 is positive and unbounded, we can

choose r > 0 so that for all z ∈ R3 and all x1, x2 ∈ Br(z),

g(x1, x2) := 2λ− E − 2
2∑

k=1

Vϕ0(xk) + 2|x1 − x2|−1 ≥ 1. (2.14)

Let χ(r,z) ∈ C∞0 (R3; [0, 1]) with χ(r,z)(x) = 1 for x ∈ Br/2(z) and χ(r,z)(x) = 0 for x 6∈ Br(z).

In view of (2.14) the choice η = χ(r,z)ϕ0 in (2.13) leads to

0 =
〈
χ(r,z)ϕ0 ⊗ χ(r,z)ϕ0 |g|ϕ0 ⊗ ϕ0

〉
≥

(∫
Br/2(z)

|ϕ0(x)|2 dx

)2

,

for all z ∈ R3. It follows that ϕ0 = 0 in contradiction with ‖ϕ0‖ = 1.
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2.4 Appendix

The following is a variant of the Lions' concentration compactness principle, Lemma III.1, in

[25], the only di�erence being that D = −i∇ is replaced by DA in our version. This does not

a�ect the proof.

Lemma 2.4.1 (Concentration Compactness Lemma). Suppose that A : R3 → R3 is real-

valued and in L2
loc(R3). Let (ϕn)n∈N be a bounded sequence in H1

A(R3), let ρn = |ϕn|2 and

suppose ∫
ρn(x)dx = 1 for all n ∈ N.

Then there exists a subsequence (ϕnk
) which has one of the following three properties:

1. Compactness: There exists a sequence (yk)k≥0 ⊂ R3 such that for all ε > 0 there is

R > 0 with ∫
BR(yk)

ρnk
(x)dx ≥ 1− ε for all k ≥ 0.

2. Vanishing: For all R > 0 :

lim
k→∞

(
sup
y∈R3

∫
BR(y)

ρnk
(x)dx

)
= 0.

3. Dichotomy: There exists λ ∈ (0, 1) such that for every ε > 0 there exists k0 ∈ N and

bounded sequences (ϕ
(1)
k ), (ϕ

(2)
k ) in H1

A(R3) satisfying,

(a) ‖ϕnk
− (ϕ

(1)
k + ϕ

(2)
k )‖ = δ(ε), k ≥ k0,

(b) |‖ϕ(1)
k ‖

2 − λ| ≤ ε, |‖ϕ(2)
k ‖

2 − (1− λ)| ≤ ε, k ≥ k0,

(c) dist(supp(ϕ
(1)
k ), supp(ϕ

(2)
k ))→∞ (k →∞),

(d) lim inf
k→∞

∫ (
|DAϕnk

(x)|2 − |DAϕ
(1)
k (x)|2 − |DAϕ

(2)
k (x)|2

)
dx ≥ 0,

where δ(ε)→ 0 as ε→ 0 in property (a).

Lemma 2.4.2. Under our minimal assumptions on A, V the following is true:

(i) D(ρϕ) ≤ 2‖ϕ‖3‖DAϕ‖ for all ϕ ∈ H1
A(R3).

(ii) On bounded subsets of H1
A(R3) the maps ϕ 7→ 〈ϕ, V ϕ〉 and ϕ 7→ D(ρϕ) are continuous

w.r.t. the norm of L2(R3).
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(iii) In H1
A(R3) the map ϕ 7→ D(ρϕ) is weakly lower semi-continuous.

(iv) For every ε ∈ (0, 1) there exists Cε such that for all ϕ ∈ H1
A(R3)

‖DAϕ‖2 ≤ 1

1− ε
EA,V (ϕ) + Cε

(
‖ϕ‖2 + ‖ϕ‖6

)
.

Proof. (i) We have D(ρϕ) =
∫
ρϕ(x)Vϕ(x)dx ≤ ‖ρϕ‖1‖Vϕ‖∞, where

‖Vϕ‖∞ ≤ ‖ϕ‖
(∫

|ϕ(y)|2

|x− y|2
dy

)1/2

≤ 2‖ϕ‖‖∇|ϕ|‖,

by the Hölder and the Hardy inequalities. (i) now follows from the diamagnetic inequality

|∇|ϕ|| ≤ |DAϕ|.
(ii) The continuity of ϕ 7→ D(ρϕ) follows from

|D(ρϕ)−D(ρψ)| =
∣∣∣∣∫ (ρϕ(x)− ρψ(x)

)(
Vϕ(x) + Vψ(x)

)
dx

∣∣∣∣
≤ ‖ρϕ − ρψ‖1

(
‖Vϕ‖∞ + ‖Vψ‖∞

)
where ‖ρϕ − ρψ‖1 ≤ ‖ϕ− ψ‖(‖ϕ‖+ ‖ψ‖) and ‖Vϕ‖∞ ≤ 2‖DAϕ‖‖ϕ‖, by (i). We now turn to

the map ϕ 7→ 〈ϕ, V ϕ〉. The assumption V � −∆ is equivalent to |V | � −∆ which implies

that |V | ≤ ε(−∆) + Cε for all ε > 0. From here the continuity of ϕ 7→ 〈ϕ, V ϕ〉 is easily

established.

(iii) Let χ ∈ C∞0 (R3; [0, 1]) with χ(x) = 1 for |x| ≤ 1 and let χR(x) := χ(x/R). The weak

convergence ϕn ⇀ ϕ in H1
A(R3) implies the norm convergence χRϕn → χRϕ in L2(R3). This

can be seen from Lemma 2.4.4 with the choice V = χ2
R. Since the sequence (χRϕn) is bounded

in H1
A(R3), it follows from (ii) that lim infn→∞D(ρϕn) ≥ lim infn→∞D(χ2

Rρϕn) = D(χ2
Rρϕ) for

all R > 0 and the desired inequality is obtained using monotone convergence.

(iv) The assumption V � −∆ and the diamagnetic inequality imply that εD2
A + V is

bounded below for every ε > 0. With the help of (i) the inequality in (iv) now easily follows.

Lemma 2.4.3. (i) If A1, A2 belong to L3
loc(R3; R3) and A1 − A2 is uniformly bounded in

the complement of some compact set, then H1
A1

(R3) = H1
A2

(R3) and the corresponding

norms ‖ · ‖A1 and ‖ · ‖A2 are equivalent.

(ii) If A is asymptotically linear, then the linear map H1
A(R3)→ L2(R3; C3), ϕ 7→ (A−A∞)ϕ

is compact.
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Remark. Further embedding results similar to Lemma 2.4.3 can be found in [11].

Proof. (i) Suppose that |A1 −A2| ≤ C in the complement of the compact set K ⊂ R3. Then,

for all ϕ ∈ C∞0 (R3), ‖DA2ϕ‖ ≤ ‖DA1ϕ‖+ ‖(A1 − A2)ϕ‖ and

‖(A1 − A2)ϕ‖2 ≤
∫
K

|A1 − A2|2|ϕ|2dx+ C2‖ϕ‖2

≤
(∫

K

|A1 − A2|3dx
)2/3

‖ϕ‖2
6 + C2‖ϕ‖2.

Since ‖ϕ‖6 ≤ const‖DA1ϕ‖ by the Sobolev and the diamagnetic inequalities, it follows that

‖DA2ϕ‖ ≤ const‖ϕ‖A1 for all ϕ ∈ C∞0 (R3). This extends to all ϕ ∈ H1
A1

(R3) and then proves

the lemma since the roles of A1 and A2 are interchangeable.

(ii) The boundedness of the map has been established in the proof of (i). To prove the

compactness, let (ϕn) be a bounded sequence in H1
A(R3). After passing to a subsequence we

may assume that ϕn ⇀ ϕ in H1
A(R3). By the Sobolev inequality, the sequence (|ϕn − ϕ|2) is

bounded in L3(R3), which is a re�exive Banach space. Hence we may assume that |ϕn−ϕ|2 ⇀
ψ in L3(R3) by passing to a subsequence once more. We claim that ψ = 0. Indeed, from

ϕn ⇀ ϕ in H1
A(R3) it follows that

∫
χ|ϕn − ϕ|2 dx → 0 for χ ∈ C∞0 (R3), as explained

in the proof of Lemma 2.4.2 (iii). On the other hand,
∫
χ|ϕn − ϕ|2 dx →

∫
χψ dx because

C∞0 (R3) ⊂ L3/2(R3), which is the dual of L3(R3). Thus
∫
χψ dx = 0 for all χ ∈ C∞0 (R3), which

implies ψ = 0. Hence |ϕn−ϕ|2 ⇀ 0 in L3(R3) and it is easy to see that (A−A∞)(ϕn−ϕ)→ 0 in

L2(R3; C3) using that |A−A∞| ≤ ε on the complement of some ball BR and that χBR
|A−A∞|2

belongs to L3/2(R3), the dual of L3(R3).

Lemma 2.4.4. In addition to the minimal assumptions on A, V , suppose that V (−∆ + 1)−1

is compact. Then the map ϕ 7→ 〈ϕ, V ϕ〉 is weakly continuous in H1
A(R3).

Proof. The compactness of V (−∆+1)−1 implies that V (D2
A+1)−1 is compact [4]. By interpo-

lation it follows that (D2
A + 1)−1/2V (D2

A + 1)−1/2 is compact, which implies that ϕ 7→ 〈ϕ, V ϕ〉
is weakly continuous.



Chapter 3

The Strong-Coupling Polaron in

Electromagnetic Fields

M. Griesemer and D. Wellig

Abstract

This paper is concerned with Fröhlich polarons subject to external electromag-

netic �elds in the limit of large electron-phonon coupling. To leading order in

the coupling constant,
√
α, the ground state energy is shown to be correctly

given by the minimum of the Pekar functional including the electromagnetic

�elds, provided these �elds in the Fröhlich model are scaled properly with α.

As a corollary, the binding of two polarons in strong magnetic �elds is obtained.

3.1 Introduction

The purpose of this paper is to determine the ground state energy E(A, V, α) of Fröhlich

polarons subject to external electromagnetic �elds B = curlA and E = −∇V in the limit of

large electron-phonon coupling, α → ∞. We show that E(A, V, α), to leading order in α, is

given by the minimum of the Pekar functional including the electromagnetic �elds, provided

these �elds in the Fröhlich model are scaled properly with α. Combining this result with our

previous work on the binding of polarons in the Pekar-Tomasevich approximation, we prove

here, for the �rst time, the existence of Fröhlich bipolarons in the presence of strong magnetic

�elds. These results were announced in [17].
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The Fröhlich large polaron model without external �elds has only one parameter, α, which

describes the strength of the electron-phonon interaction. Hence the ground state energy E(α)

is a function of α only, and since α is not small for many polar crystals, one is interested in the

limit α→∞. It had been conjectured long ago, and �nally proved by Donsker and Varadhan

[9], that

E(α) = α2EP + o(α2), (α→∞), (3.1)

where EP is the minimum of the Pekar functional∫
|∇ϕ(x)|2dx−

∫ ∫
|ϕ(x)|2|ϕ(y)|2

|x− y|
dxdy, (3.2)

constrained by ∫
|ϕ(x)|2 dx = 1. (3.3)

Statement (3.1) has later been reproved by Lieb and Thomas who also provided a bound

on the error of the size O(α9/5) [24]. An interesting application of (3.1) is that it reduces

the question of bipolaron formation, in the case α � 1, to the analog question regarding

the minimal energies of the Pekar and the Pekar-Tomasevich functionals. For these e�ective

energy-functionals the binding of two polarons follows from a simple variational argument,

provided the electron-electron repulsion constant belongs to the lower end of its physically

admissible range. The minimizer of (3.2), (3.3), which is needed for the variational argument,

is well-known to exist [23, 25]. This line of arguments, due to Miyao and Spohn [26], to our

knowledge provides the only mathematically rigorous proof of the existence of bipolarons.

While it assumes that α � 1, numerical work suggest that α ≥ 6.6 may be su�cient for

binding [32].

Whether or not polarons may form bound states if they are subject to external electro-

magnetic �elds, e.g. constant magnetic �elds, is an interesting open question. In view of

[26, 17], this question calls for a generalization of (3.1) to systems including a magnetic �eld.

In the present paper, for a large class of scalar and vector potentials V and A, respectively,

we establish existence of a constant C = C(A, V ), such that

α2EP (A, V ) ≥ E(Aα, Vα, α) ≥ α2EP (A, V )− Cα9/5, (3.4)

where Aα(x) = αA(αx), Vα(x) = α2V (αx) and EP (A, V ) is the in�mum of the generalized
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Pekar functional ∫
|DAϕ(x)|2 + V (x)|ϕ(x)|2 dx−

∫ ∫
|ϕ(x)|2|ϕ(y)|2

|x− y|
dxdy (3.5)

constrained by (3.3). Here DA = −i∇ + A. Non-scaled electromagnetic potentials become

negligible in the limit α→∞. In fact, we show that α−2E(A, V, α)→ EP as α→∞.

As explained above, (3.4) allows us to explore the possibility of bipolaron formation in the

external �elds A, V . The corresponding question concerning the e�ective theories of Pekar

and Tomasevich with electromagnetic �elds was studied in [17]. It was found, under the usual

condition on the electron-electron repulsion (see above), that two polarons will bind provided

the functional (3.5) attains its minimum, which is the case, e.g., for constant magnetic �elds

and V ≡ 0. This leads to our second main result, the binding of two polarons in strong

constant magnetic �elds, which follows from the more general Theorem 3.4.1, below. Of

course it would be interesting to know whether or not the binding of polarons is enhanced by

the presence of a magnetic �eld, as conjectured in [5]. This question is not addressed in the

present paper.

The strong coupling result (3.1) was generalized in the recent work [2] to many-polaron

systems, and one of us, Wellig, is presently extending this work to include magnetic �elds. In

work independent and simultaneous to ours, Frank and Geisinger have analyzed the ground

state energy of the polaron for �xed α > 0 in the limit of large, constant magnetic �eld,

i.e., A = B ∧ x/2 and |B| → ∞ [12]. They show that the ground state energy, both in the

Fröhlich and the Pekar models, is given by |B|− α2

48
(ln |B|)2 up to corrections of smaller order.

The question of binding is not addressed, however, and seems to require a similar analysis of

the ground state energy of the Pekar-Tomasevich model. For the binding of N > 2 polarons

in the Pekar-Tomasevich model with and without external magnetic �elds we refer to [21]

and [3], respectively. For the thermodynamic stability, the non-binding, and the binding-

unbinding transition of multipolaron systems the reader may consult the short review [15]

and the references therein.

3.2 The Lower Bound

In this section we study the strong coupling limit of the minimal energy of the polaron subject

to given external electric and magnetic �elds. To exhibit the general validity of the method we

shall allow for fairly general electric and magnetic potentials V : R3 → R and A : R3 → R3.
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We assume that Ak ∈ L2
loc(R3), V ∈ L1

loc(R3) and that for any ε > 0 and all ϕ ∈ C∞0 (R3),

|〈ϕ, V ϕ〉| ≤ ε‖∇ϕ‖2 + Cε‖ϕ‖2. (3.6)

This is satis�ed, e.g., when V ∈ L3/2(R3) +L∞(R3), see [29] or the proof of (3.22). Of course,

here 〈ϕ, V ϕ〉 denotes a quadratic form de�ned by 〈ϕ, V ϕ〉 =
∫
V |ϕ|2dx. Since 〈DAϕ,DAϕ〉 on

H1
A(R3) := {ϕ ∈ L2(R3) | DAϕ ∈ L2(R3)} is a closed quadratic form with form core C∞0 (R3),

it follows, by the KLMN-theorem, that 〈DAϕ,DAϕ〉 + 〈ϕ, V ϕ〉 is the quadratic form of a

unique self-adjoint operator D2
A + V whose form domain is H1

A(R3). Our assumptions allow

for constant magnetic �elds, the case in which we are most interested.

We shall next de�ne the Fröhlich model associated with V and A through a quadratic

form, which we shall prove to be semi-bounded. In this way the introduction of an ultraviolet

cuto� is avoided. However, such a cuto� is used in the proof of semi-boundedness. The Hilbert

space of the model in this section is the tensor product H = L2(R3) ⊗ F , where F denotes

the symmetric Fock space over L2(R3), and the form domain is Q := H1
A(R3)⊗F0 where

F0 :=
{

(ϕ(n)) ∈ F|ϕ(n) ∈ C0(R3n), ϕ(n) = 0 for almost all n
}
.

We de�ne a quadratic form H on Q by

H(ψ) := 〈ψ, (D2
A + V )ψ〉+N(ψ) +

√
αW (ψ)

N(ψ) :=

∫
‖a(k)ψ‖2 dk (3.7)

W (ψ) :=
1√
2π

∫
dk

|k|
(〈
ψ, eikxa(k)ψ

〉
+
〈
eikxa(k)ψ, ψ

〉)
. (3.8)

Note that a(k) is a well-de�ned, linear operator on F0 but a∗(k) is not and neither is∫
|k|−1e−ikxa∗(k) dk, because |k|−1e−ikx is not square integrable with respect to k. The Theo-

rems 3.3.1 and 3.3.2 in the next section relate

E(A, V, α) := inf{H(ψ) | ψ ∈ Q, ‖ψ‖ = 1}

to the minimum, EP (A, V ), of the Pekar functional (3.5) on the unit sphere ‖ϕ‖ = 1. For

the proofs it is convenient to introduce a coupling constant α in the Pekar functional and to

de�ne EP (A, V, α) as the minimum of

Eα(A, V, ϕ) =

∫
|DAϕ(x)|2 + V (x)|ϕ(x)|2 dx− α

∫ ∫
|ϕ(x)|2|ϕ(y)|2

|x− y|
dxdy
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with the constraint ‖ϕ‖ = 1. We set E(ϕ) = Eα=1(0, 0, ϕ), which is the Pekar functional (3.2).

It is easy to check that

EP (Aα, Vα, α) = α2EP (A, V ) (3.9)

where Aα(x) = αA(αx), Vα(x) = α2V (αx).

The number EP (A, V, α) is �nite because EP (A, V, α) ≥ EP (0, V, α), by the diamagnetic

inequality [22], and EP (0, V, α) > −∞ by assumption on V and a simple exercise using the

Hölder and Hardy inequalities. Our key result is the following lower bound on E(A, V, α):

Proposition 3.2.1. Suppose that A, V satisfy the assumptions described above and β = 1 −
α−1/5. Then

E(A, V, α) ≥ βEP (A, β−1V, αβ−2)−O(α9/5), (α→∞), (3.10)

the error bound being independent of A and V .

The proof of Proposition 3.2.1 is done in several steps following [24]. Some of them can be

taken over verbatim upon the substitution −i∇x → −i∇x+A(x). Surprisingly, the translation

invariance that seemed to play some role in [24] is not needed for the arguments to work. For

the convenience of the reader we at least sketch the main ideas.

To begin with, we introduce a quadratic form 〈ψ,HΛψ〉 on Q in terms of

HΛ := βD2
A + V +NBΛ

+

√
α√
2π

∫
BΛ

dk

|k|
(eikxa(k) + e−ikxa∗(k))

where β := 1− 8α
πΛ
, BΛ := {k ∈ R3 : |k| ≤ Λ} and generally, for subsets Ω ⊂ R3,

NΩ :=

∫
Ω

a∗(k)a(k) dk.

The quadratic form HΛ is bounded below provided that Λ > 8α/π.

Lemma 3.2.2. In the sense of quadratic forms on Q, for any Λ > 0,

H(ψ) ≥
〈
ψ, (HΛ − 1

2
)ψ
〉
.

This lemma, without electromagnetic �elds, is due to Lieb and Thomas [24]. Its proof is

based on the operator identity

eikxa(k) =
3∑
`=1

[
DA,`,

k`
|k|2

eikxa(k)
]

(3.11)
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where DA,` = −i∂x`
+ A`(x). Obviously, A(x) plays no role in (3.11) as it drops out of the

commutator, but we need it for the estimates to follow. For any given Λ > 0 and x ∈ R3 we

de�ne the Fock space operators

φΛ(x) :=
1√
2π

∫
BΛ

(eikxa(k) + e−ikxa∗(k))
dk

|k|

Z`(x) :=
1√
2π

∫
R3\BΛ

k`
|k|3

eikxa(k) dk

and we extend them to operators φΛ, Z` on H by setting (φΛψ)(x) := φΛ(x)ψ(x), (Z`ψ)(x) :=

Z`(x)ψ(x) for ψ ∈ H ' L2(R3;F). Then, by (3.11), the electron-phonon interaction W can

be written as

W (ψ) =
〈
ψ,
(
φΛ +

∑3
`=1[DA,`, Z` − Z∗` ]

)
ψ
〉
. (3.12)

Following [24] one now shows that

√
α

3∑
`=1

[DA,`, Z` − Z∗` ] ≥ − 8α

πΛ
D2
A − (N −NBΛ

)− 1

2
. (3.13)

The Lemma 3.2.2 follows from (3.12) and (3.13).

The next step is to localize the electron in a box of side length L. To this end we de�ne

the localization function

ϕ(x) =


∏3

j=1 cos( π
L
xj) for |xj| ≤ L/2,

0 otherwise,

and ϕy(x) := ϕ(x− y).

Lemma 3.2.3. For given ∆E > 0 de�ne L > 0 by 3β( π
L

)2 = ∆E and let ϕ be as above. Then

for every non-vanishing ψ ∈ Q there exists a point y ∈ R3, such that ϕyψ 6= 0 and

〈ϕyψ,HΛϕyψ〉 ≤ (E + ∆E)‖ϕyψ‖2,

where E := 〈ψ,HΛψ〉.

Proof. Using ϕyD2
Aϕy = DAϕ

2
yDA + ϕy(−∆ϕy) and βϕy(−∆ϕy) = ϕ2

y∆E one shows that∫
〈ϕyψ, (HΛ − E −∆E)ϕyψ〉 dy = 0,

which proves the lemma. Note that −∆ϕy is a distribution and not a function on the boundary
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of suppϕy. Nevertheless ϕy(−∆ϕy) is a function, since ϕy is zero on the boundary of suppϕy.

The Lemma 3.2.3 is to be read as a bound on E = 〈ψ,HΛψ〉 from below: using that

HΛ is translation invariant, except for the terms involving A and V , it implies together with

Lemma 3.2.2 that

E(A, V, α) ≥ inf
y∈R3

(
inf

ψ∈QL, ‖ψ‖=1
〈ψ,HΛ,yψ〉

)
−∆E − 1

2
, (3.14)

where HΛ,y is de�ned in terms of the shifted potentials Ay(x) = A(x+y) and Vy(x) = V (x+y),

QL := (L2(CL) ⊗ F) ∩ Q, and CL = supp(ϕ) ⊂ R3 is the cube of side length L centered at

the origin.

The next step is the passage to block modes. For given P > 0 and n ∈ Z3 we de�ne

B(n) := {k ∈ BΛ | |ki − niP | ≤ P/2},

ΛP := {n ∈ Z3 | B(n) 6= ∅}.

In each set B(n) we pick a point kn, to be speci�ed later, and we de�ne block annihilation

and creation operators an and a∗n by

an :=
1

Mn

∫
B(n)

dk

|k|
a(k), Mn =

(∫
B(n)

dk

|k|2

)1/2

.

For given δ > 0 we de�ne the block Hamiltonian

Hblock
Λ,y := βD2

Ay
+ Vy + (1− δ)

∑
n∈ΛP

a∗nan

+

√
α√
2π

∑
n∈ΛP

Mn

(
eiknxan + e−iknxa∗n

)
,

and we set Hblock
Λ := Hblock

Λ,0 . The reason for introducing block modes is well explained in [24]

and related to (3.18).

Lemma 3.2.4. In the sense of quadratic forms in QL, for all (kn),

HΛ,y ≥ Hblock
Λ,y −

9αP 2L2Λ

2πδ
.

Proof. For each n ∈ ΛP , by a completion of squares w.r.t. a(k) and a∗(k) we �nd, in the sense
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of quadratic forms in QL,

δNB(n) +

√
α√
2π

∫
B(n)

dk

|k|
(
eikxa(k) + e−ikxa∗(k)

)
≥
√
α√
2π

∫
B(n)

dk

|k|
(
eiknxa(k) + e−iknxa∗(k)

)
− α

2π2δ

∫
B(n)

dk

|k|2
|eikx − eiknx|2

≥
√
α√
2π
Mn

(
eiknxan + e−iknxa∗n

)
− α

2π2δ
(
3

2
PL)2

∫
B(n)

dk

|k|2
, (3.15)

where we used the de�nition of an and that

|eikx − eiknx| ≤ 3

2
PL, for x ∈ CL, k ∈ B(n).

After summing (3.15) with respect to n ∈ ΛP , the lemma follows from
∫
BΛ
|k|−2dk = 4πΛ and

from a∗nan ≤ NB(n).

We now use Lemma 3.2.4 to bound (3.14) from below and then we replace QL by Q. This
leads to

E(A, V, α) ≥ inf
ψ∈Q,‖ψ‖=1

sup
kn

〈
ψ,Hblock

Λ,y ψ
〉
− 9αP 2L2Λ

2πδ
−∆E − 1

2
. (3.16)

Recall that L depends on ∆E. It remains to compare
〈
ψ,Hblock

Λ,y ψ
〉
with the minimum of the

Pekar functional. This will be done in the proof of the following lemma using coherent states.

Lemma 3.2.5. Let µ = αβ−1(1− δ)−1. Then for every normalized ψ ∈ Q and every y ∈ R3,

sup
kn

〈
ψ,Hblock

Λ,y ψ
〉
≥ βEP (A, V, µ)− |ΛP |.

Proof. Since EP (Ay, Vy, µ) is independent of y it su�ces to prove the asserted inequality

without the y-shift in the block Hamiltonian. Let M = span{| · |−1χB(n) | n ∈ ΛP}, which
is a �nite dimensional subspace of L2(R3). From L2(R3) = M ⊕ M⊥ it follows that F is

isomorphic to F(M)⊗F(M⊥) with the isomorphism given by

Ω 7→ Ω⊗ Ω

a∗(h) 7→ a∗(h1)⊗ 1 + 1⊗ a∗(h2)

where h1 and h2 are the orthogonal projections of h onto M and M⊥ respectively. Here Ω
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denotes the normalized vacuum in any Fock space. Note that

F(M) = span
{ ∏
n∈Λp

(a∗n)mnΩ
∣∣∣mn ∈ N

}
(3.17)

where span denotes the closure of the span. With respect to the factorization H = HM ⊗
F(M⊥) where HM = L2(R3) ⊗ F(M), the block Hamiltonian is of the form Hblock

Λ ⊗ 1. To

bound Hblock
Λ ⊗ 1 on HM ⊗ F(M⊥) from below we introduce coherent states |z〉 ∈ F(M) for

given z = (zn)n∈ΛP
, zn ∈ C, by

|z〉 :=
∏
n∈ΛP

ezna∗n−z̄nanΩ.

Clearly, 〈z, z〉 = 1 and it is easy to check that an|z〉 = zn|z〉. On F(M), in the sense of weak

integrals, ∫
dz|z〉〈z| = 1,∫

dz(|zn|2 − 1)|z〉〈z| = a∗nan, (3.18)

where
∫
dz :=

∏
n∈ΛP

1
π

∫
dxndyn. The second equation follows from a∗nan = ana

∗
n−1 and from

the �rst one. Now suppose that ψ ∈ Q and let ψz(x) = 〈z, ψ(x)〉. Then ψz ∈ L2(R3)⊗F(M⊥)

and 〈
ψ,Hblock

Λ ψ
〉

=

∫
dz〈ψz, (hz ⊗ 1)ψz〉

where hz denotes the Schrödinger operator in L2(R3) given by

hz = βD2
A + V + (1− δ)

∑
n∈ΛP

(|zn|2 − 1) +

√
α√
2π

∑
n∈ΛP

Mn

(
zne

iknx + zne
−iknx

)
.

Let ρ̂z(k) :=
〈
ψz, e

−ikxψz
〉
be the Fourier transform of ρz(x) = |ψz(x)|2. By completion of the

square w.r.to zn and zn it follows that

sup
kn

∫
dz〈ψz, (hz ⊗ 1)ψz〉

≥
∫
dzβ‖DAψz‖2 + 〈ψz, V ψz〉 −

α

2π2(1− δ)

∫
dz

∫
BΛ

dk

|k|2
|ρ̂z(k)|2 1

‖ψz‖2
− |ΛP |

≥
∫
dz
(
β‖DAψz‖2 + 〈ψz, V ψz〉 −

α

(1− δ)‖ψz‖2

∫
ρz(x)ρz(y)

|x− y|
dxdy

)
− |ΛP |.
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The integrand is readily recognized as

β‖ψz‖2Eµ(A, β−1V, ψz/‖ψz‖),

with coupling constant µ := αβ−1(1− δ)−1. Its minimum is

β‖ψz‖2EP (A, β−1V, µ).

Since
∫
‖ψz‖2dz = 1, the proof of the lemma is complete.

Proof of Proposition 3.2.1. By (3.16) and Lemma 3.2.5 it follows that

E(A, V, α) ≥ βEP (A, β−1V, µ)− |ΛP | −
9αP 2L2Λ

2πδ
−∆E − 1

2

where β = 1− 8α
πΛ
, µ = αβ−1(1−δ)−1 and L2 = π23β/∆E. Λ, δ, P and ∆E are free parameters.

We choose Λ = 8
π
α6/5, δ = α−1/5, P = α3/5 and ∆E = α9/5. Then β = 1 − δ and hence the

proposition follows.

3.3 The Strong Coupling Limit

Equipped with Proposition 3.2.1 we can turn to the proofs of the results described in the

introduction in the more precise forms of Theorems 3.3.1 and 3.3.2, below.

Theorem 3.3.1. Suppose the potentials A and V satisfy the assumptions of Proposition 3.2.1,

Aα(x) := αA(αx) and Vα(x) := α2V (αx). Then there exists a constant C = C(A, V ) such

that for α > 0 large enough,

α2EP (A, V ) ≥ E(Aα, Vα, α) ≥ α2EP (A, V )− Cα9/5.

Proof. The �rst inequality follows from the well-known EP ≥ E, see the proof of (3.30), and

from the scaling property (3.9) of EP . Using Proposition 3.2.1 and (3.9), we see that

E(Aα, Vα, α) ≥ α2βEP (A, β−1V, β−2)−O(α9/5) (3.19)

where β = 1 − α−1/5 and where the function λ 7→ EP (A, λV, λ2), as an in�mum of concave

functions, is concave. Therefore it has one-sided derivatives, which implies that

EP (A, β−1V, β−2) ≥ EP (A, V )−O(α−1/5). (3.20)
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Combining (3.19) and (3.20) the second inequality from Theorem 3.3.1 follows.

Theorem 3.3.2.

(a) If A ∈ L3
loc(R3) and V ∈ L3/2

loc (R3) with (3.6), then α−2E(A, V, α)→ EP as α→∞.

(b) If A = (B ∧ x)/2 and V ∈ L5/3(R3) + L∞(R3), then

E(A, V, α)

α2
= EP +O(α−1/5), (α→∞).

The fact that non-scaled �elds A, V should become negligible in the limit α →∞ is seen

as follows: by Proposition 3.2.1 and by (3.9), α−2E(A, V, α) is bounded from above and from

below by

EP (Aα−1 , Vα−1) ≥ E(A, V, α)

α2
≥ βEP (Aα−1 , β−1Vα−1 , β−2)−O(α−1/5), (3.21)

where Aα−1(x) = α−1A(x/α) and Vα−1(x) = α−2V (x/α). In the limit α→∞ these �elds are

vanishing in the sense of the following lemma. The theorem will thus follow from parts (b)

and (c) of Lemma 3.3.4 below. As a preparation we need:

Lemma 3.3.3. (i) Suppose A ∈ L3
loc(R3) and V ∈ L3/2

loc (R3). Then

Aα−1 → 0 (α→∞) in L2
loc(R3),

Vα−1 → 0 (α→∞) in L1
loc(R3).

(ii) If V = V1 + V2 ∈ L5/3(R3) + L∞(R3), then for all ϕ ∈ H1(R3)

|〈ϕ, V ϕ〉| ≤ C‖V1‖5/3‖ϕ‖2
H1 + ‖V2‖∞‖ϕ‖2. (3.22)

In particular, V is in�nitesimally form bounded w.r.to −∆.

Proof. (i) Let Ω ⊂ R3 be compact. By Cauchy-Schwarz,∫
Ω

|Aα−1(x)|2dx = α

∫
α−1Ω

|A(x)|2dx

≤
(∫
|A(x)|3χα−1Ω(x)dx

)2/3

|Ω|1/3 → 0 (α→∞).

The second statement of (i) is proved similarly.
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In statement (ii) the contribution due to V2 is obvious. Let us assume that V = V1 ∈
L5/3(R3). By Hölder`s inequality |〈ϕ, V ϕ〉| ≤ ‖V ‖5/3‖ϕ‖2

5 and

∫
|ϕ|5 dx ≤ ‖ϕ‖1/2

(∫
|ϕ|6 dx

)3/4

. (3.23)

Using the general inequality ab ≤ p−1ap + q−1bq with p = 10 and q = 10/9 we obtain

‖ϕ‖2
5 ≤ ‖ϕ‖1/5‖ϕ‖9/5

6 ≤ 1

10
‖ϕ‖2 +

9

10
‖ϕ‖2

6.

Statement (ii) now follows from the Sobolev inequality ‖ϕ‖2
6 ≤ C‖∇ϕ‖2. The in�nitesimal

form bound follows from the fact that the norm of the L5/3-part of V can be chosen arbitrarily

small.

Lemma 3.3.4. Let A, V be real-valued potentials satisfying the hypothesis of Lemma 3.3.3

(i), and suppose that (3.6) holds. If limα→∞ λ(α) = 1, then

(a) limα→∞ Eλ2(Aα−1 , λVα−1 , ϕ) = E(ϕ) for all ϕ ∈ C∞0 (R3),

(b) limα→∞EP (Aα−1 , λVα−1 , λ2) = EP .

If A = (B ∧ x)/2, V ∈ L5/3(R3) + L∞(R3) and limα→∞ λ(α) = 1, then

(c) EP (Aα−1 , λVα−1 , λ2) = λ4EP +O(α−1/5), (α→∞).

Proof. (a) For ϕ ∈ C∞0 (R3), Lemma 3.3.3 implies that ‖Aα−1ϕ‖ → 0 and 〈ϕ, Vα−1ϕ〉 → 0 as

α→∞. This proves (a).

(b) For any normalized ϕ ∈ C∞0 (R3), by (a),

lim sup
α→∞

EP (Aα−1 , λVα−1 , λ2) ≤ lim sup
α→∞

Eλ2(Aα−1 , λVα−1 , ϕ) = E(ϕ).

This implies that lim supα→∞EP (A, λV, λ2α)α−2 ≤ EP .

For (b) it remains to prove that lim infα→∞EP (Aα−1 , λVα−1 , λ2) ≥ EP . By the hypothesis

on V , for any ε > 0 and any normalized ϕ ∈ C∞0 (R3),

|〈ϕ, Vα−1ϕ〉| ≤ ε‖∇|ϕ|‖2 +
Cε
α2
. (3.24)
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From (3.24), the diamagnetic inequality and the scaling property of EP , it follows that

Eλ2(Aα−1 , λVα−1 , ϕ) ≥ (1− λε)EP (0, 0, λ2/(1− λε))− λCε
α2

(3.25)

≥ λ4

(1− λε)
EP − λ

Cε
α2
, (3.26)

and hence that

EP (Aα−1 , λVα−1 , λ2) ≥ λ4

(1− λε)
EP − λ

Cε
α2
.

Now letting �rst α→∞ and then ε→ 0, the desired lower bound is obtained.

The proof of the lower bound in (c) is similar to the proof of the lower bound in (b), the

main di�erence being that we now have (3.22) from Lemma 3.3.3, which implies that

|〈ϕ, Vα−1ϕ〉| ≤ Cα−1/5
(
‖ϕ‖2 + ‖∇|ϕ|‖2

)
(3.27)

with some C > 0 that is independent of α and ϕ. By the diamagnetic inequality and by

(3.27), for any normalized ϕ ∈ C∞0 (R3),

Eλ2(Aα−1 , λVα−1 , ϕ) ≥ Eλ2(0, 0, |ϕ|)− Cλα−1/5
(
1 + ‖∇|ϕ|‖2

)
≥ (1− Cλα−1/5)EP (0, 0,

λ2

1− Cλα−1/5
)− Cλα−1/5

=
λ4

1− Cλα−1/5
EP − Cλα−1/5.

Hence EP (Aα−1 , λVα−1 , λ2) ≥ λ4EP −O(α−1/5).

It remains to prove the upper bound on EP (Aα−1 , λVα−1 , λ2) in (c). To this end let ϕ0 be

a (real-valued) minimizer of the Pekar functional [23], i.e. E(ϕ0) = EP and let ϕλ be scaled

in such a way that Eλ2(ϕλ) = λ4E(ϕ0). Then

EP (Aα−1 , λVα−1 , λ2) ≤ Eλ2(Aα−1 , λVα−1 , ϕλ)

= λ4EP + ‖Aα−1ϕλ‖2 + λ〈ϕλ, Vα−1ϕλ〉

= λ4EP +O(α−1/5).

We have used that Re 〈−i∇ϕλ, Aα−1ϕλ〉 = 0, since ϕλ is real-valued, and (3.22) from Lemma 3.3.3
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3.4 Existence of Bipolarons

Let A, V be vector and scalar potentials, respectively, satisfying the assumptions of the Sec-

tion 3.2. Let α, U > 0. We de�ne a two-body Hamiltonian HA,V
U on L2(R6) by

HA,V
U := (D2

A + V )⊗ 1 + 1⊗ (D2
A + V ) + UVC (3.28)

where VC(x, y) := |x − y|−1. More precisely, we de�ne HA,V
U in terms of the quadratic form

given by the right hand side of (3.28) on C∞0 (R6). Its form domain will be denoted by H1
A(R6).

In the two-polaron model of Fröhlich, the minimal energy, E2(A, V, U, α) of two electrons

in a polar crystal is the in�mum of the quadratic form〈
ψ, (HA,V

U ⊗ 1)ψ
〉

+N(ψ) +
√
αW2(ψ), (3.29)

whose domain is the intersection of H1
A(R6) ⊗ F0 with the unit sphere of the Hilbert space

L2(R6)⊗F . Here N(ψ) and W2(ψ) are de�ned by expressions similar to (3.7) and (3.8), the

main di�erence being that eikx in (3.8) becomes eikx1 + eikx2 in W2(ψ).

In the two-polaron model of Pekar and Tomasevich the minimal energy, EPT (A, V, U, α)

of two electrons in a polar crystal is the in�mum of the functional〈
ϕ,HA,V

U ϕ
〉
− α

∫ ∫
ρ(x)ρ(y)

|x− y|
dxdy

on the L2-unit sphere of H1
A(R6), where ρ(x) :=

∫ (
|ϕ(x, y)|2 + |ϕ(y, x)|2

)
dy. For any �xed

ϕ ∈ L2(R6) ∩H1
A(R6), ‖ϕ‖ = 1, and corresponding density ρ the identity

inf
‖η‖=1

(
N(ϕ⊗ η) +

√
αW2(ϕ⊗ η)

)
= −α

∫ ∫
ρ(x)ρ(y)

|x− y|
dxdy

holds. By choosing ψ = ϕ⊗ η in (3.29) it follows that

EPT (A, V, U, α) ≥ E2(A, V, U, α), (3.30)

which, together with Theorem 3.3.1 and the results of [17] enables us to prove the following

theorem on the binding of polarons :

Theorem 3.4.1. Suppose A, V ∈ L2
loc(R3) and that V is in�nitesimally operator bounded

w.r.to ∆. Let Aα(x) = αA(αx) and Vα(x) = α2V (αx). If the Pekar functional (3.5) attains
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its minimum, then there exists uA,V > 2 such that for U < αuA,V and α large enough

2E(Aα, Vα, α) > E2(Aα, Vα, U, α).

Proof. Let U = αu. By a simple scaling argument

EPT (Aα, Vα, αu, α) = α2EPT (A, V, u, 1), (3.31)

which is analogous to (3.9). By Theorem 3.1 of [17] there exists uA,V > 2 such that for

u < uA,V ,

2EP (A, V ) > EPT (A, V, u, 1). (3.32)

From Theorem 3.3.1, (3.32), (3.31), and (3.30) it follows that, for α large enough,

2α−2E(Aα, Vα, α) = 2EP (A, V )− o(1)

> EPT (A, V, u, 1)

= α−2EPT (Aα, Vα, αu, α)

≥ α−2E2(Aα, Vα, U, α),

which proves the theorem.



Chapter 4

On the Strong Coupling Limit of

Many-Polaron Systems in

Electromagnetic Fields

D. Wellig

Abstract

In this paper estimates on the ground state energy of Fröhlich N -polarons in

electromagnetic �elds in the strong coupling limit, α → ∞, are derived. It is

shown that the ground state energy is given by α2 multiplied by the minimal

energy of the corresponding Pekar-Tomasevich functional for N particles, up to

an error term of order α42/23N3. The potentials A, V are suitably rescaled in

α. As a corollary, binding of N -polarons for strong constant magnetic �elds for

large coupling constants is established.

4.1 Introduction and Main Results

An ionic crystal is deformed by the presence of an excess electron via the Coulomb attraction

resp. repulsion. The distortion induces a potential which acts on the electron. The resulting

composite particle is called a polaron. More generally a N -polaron is a system of N electrons

with the corresponding distortions of the ionic lattice. In the physically admissible region

the coupling constant α between electron and lattice, in our units, is bounded from above by
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the electron-electron repulsion strenght U . Energetically it is more favorable if the electrons

deform the lattice in a small region, hence they tend to stay close together. Therefore an

attractive force operates between the electrons which is counteracted by their Coulomb repul-

sion. Which force is stronger, depending on α and U , is discussed further below. For more

information about the physical properties of polarons we refer to [8, 1] and references therein.

The goal of this work is to prove that in the leading order of the coupling constant the

ground state energy of N -polarons subject to a certain class of electromagnetic �elds is given

by the minimal energy of the Pekar-Tomasevich functional. For large values of α the e�ect of

the external �elds is negligible. Hence they are rescaled such that they grow with increasing

α. Combining this with the binding of Pekar-Tomasevich N -polarons subject to a constant

magnetic �eld, which was recently established in [3], we prove binding for Fröhlich N -polarons

in strong constant magnetic �elds for large couplings. In the N -particle case without external

�elds, similar asymptotic exactness and binding results have recently been derived in [2]. The

common strategy of the latter work and ours is to split up the N -polaron into disjoint groups of

polarons, to estimate the interaction energy between the groups, and to derive the asymptotic

coincidence with Pekar-Tomasevich for the individual groups by the techniques developed by

Lieb and Thomas [24].

We consider the model, introduced by H. Fröhlich [16], that describes large polarons, i.e.

polarons with large spatial extension compared to the lattice spacing. Additionally external

potentials V : R3 → R and A : R3 → R3 are introduced, which generate the electric �eld

−∇V and the magnetic �eld curlA. The Fröhlich hamilton operator for N -polarons on the

Hilbert space H = L2(R3N)⊗F , with F as the bosonic Fock space over L2(R3), is given by

H(N) =
N∑
j=1

(
D2
A,xj

+ V (xj) +
√
αφ(xj)

)
+Hph + UVC(x1, . . . , xN), (4.1)

where DA,xj
= −i∇xj

+ A(xj). VC(x1, . . . , xN) =
∑

i<j
1

|xi−xj | is the Coulomb potential and

the interaction between the electron and the quantized lattice vibrations (i.e. phonons) is

φ(x) =
1√
2π

∫
dk

|k|
(
a(k)eikx + a∗(k)e−ikx

)
.

Where a(k) represents the creation- and a∗(k) the annihilation operator with momentum k

and Hph =
∫

R3 dka
∗(k)a(k) denotes the phonon energy. The ground state energy of H(N) is

de�ned by

E(N)(A, V, U, α) = inf
‖ψ‖=1

〈
ψ
∣∣H(N)

∣∣ψ〉.
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For simplicity reasons E(N)(A, V, U, α) sometimes is written as E(N). Because of Lemma 4.4.1

E(N)(A, V, U, α) is bounded from below and hence it exists.

The Fröhlich model is closely related to the Pekar-Tomasevich functional E (N)
U,α (A, V, .),

which for normalized ϕ ∈ L2(R3N) may be de�ned by

E (N)
U,α (A, V, ϕ) = inf

‖η‖=1

〈
ϕ⊗ η

∣∣H(N)
∣∣ϕ⊗ η〉. (4.2)

See Section 4.4 for a more explicit de�nition. The minimal energy of the Pekar-Tomasevich

functional with external magnetic and electric �elds is denoted by

CN(A, V, U, α) = inf
‖ϕ‖=1

E (N)
U,α (A, V, ϕ).

Sometimes the short hand CN instead of CN(A, V, U, α) is used. By (4.2)

CN ≥ E(N). (4.3)

The dimensionless constant ν := U/α describes the physical region for ν > 2. Does there exist

a similar estimate converse to (4.3)? In the following theorem we give an a�rmative answer.

Theorem 4.1.1. For any values of ν > 0 and N , the following is true:

(a) Suppose A, V satisfy assumptions (AV1) and (4.10) described in Section 4.2, then there

exists c(A, V )

E(N)(Aα, Vα, αν, α) ≥ α2CN(A, V, ν, 1)− c(A, V )α42/23N3,

for α large and Aα(x) = αA(αx), Vα(x) = α2V (αx).

(b) Suppose A, V satisfy assumptions (AV2) and (4.10) described in Section 4.2, then

lim
α→∞

α−2E(N)(A, V, αν, α) = CN(0, 0, ν, 1), (α→∞), for all N. (4.4)

Theorem 4.1.1 b) shows what one physically would expect, that the ground state energy of

the Fröhlich model does not depend on the external �elds in the leading order of the coupling

constant for α→∞. The external �elds are rescaled such that they are appreciable for large

α. Furthermore the scaling property from Theorem 4.1.1 a) ensures that the minimal energy
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of the electromagnetic Pekar functional is proportional to α2, i.e.

CN(Aα, Vα, αν, α) = α2CN(A, V, ν, 1). (4.5)

In the case N = 1 Theorem 4.1.1 was recently proved in [18]. The previous results without

external �elds are discussed further below.

Furthermore, we want to study the formation of multipolarons in constant magnetic �elds.

Binding for N -polarons is established if

∆E(N) := min
1≤k≤N−1

(
E(k) + E(N−k)

)
− E(N) > 0, (4.6)

and analogously for Pekar-Tomasevich N -polarons

min
1≤k≤N−1

(Ck + CN−k)− CN > 0. (4.7)

We already know binding for Pekar-Tomasevich N -polarons in constant magnetic �elds for

ν in some neighborhood of ν = 2 [3], hence as a corollary of Theorem 4.1.1, it follows the

existence of bound states for Fröhlich N -polarons in strong constant magnetic �elds for α

large enough. Thus:

Theorem 4.1.2. For any values of N , let A be linear, i.e. the corresponding magnetic �eld

is constant, then there exists νN,A > 2 such that for ν < νN,A and α large enough

∆E(N)(Aα, 0, αν, α) > 0,

where Aα(x) = αA(αx).

Remark. Suppose A, V satisfy (4.10) and assumption (AV2) described in Section 4.2, then

there exists νN > 2 such that for ν < νN and α large enough

∆E(N)(A, V, αν, α) > 0. (4.8)

This follows from (4.4) and the binding of N -polarons in the Pekar-Tomasevich model without

external �elds (see [21] or [3] for A = 0). In other words, in the leading order for α→∞ the

binding energy does not depend on the (non-scaled) external �elds.

For N = 1 without external �elds a �rst proof of Theorem 4.1.1 was given by means of

stochastic integration by Donsker and Varadhan [9], however they did not mention an explicit

error bound. Later, Lieb and Thomas [24] gave another proof using operator theoretical
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methods, which was the basis for subsequent generalizations, i.e. to the case of polarons

subject to electromagnetic �elds [18] and to the case of N -polarons without external �elds

[2]. Since the idea of the proof in [24] only applies to multipolarons in a neighborhood of one

another, Theorem 4.1.1 can not simply be adapted. Considering that, in Proposition 4.3.2 we

estimate the interaction-energy between di�erent clusters of multipolarons by a generalization

of a lemma recently appeared in [14].

The basic idea of our proof of Theorem 4.1.2 goes back to Miyao and Spohn [26], where

they proved formation of bipolarons. They argued that in the strong coupling regime, binding

for bipolarons is implied by the binding for Pekar-Tomasevich bipolarons and the fact that

in the leading order for α → ∞ the Fröhlich ground state energy is exactly described by the

Pekar minimal energy. By a similar reasoning, the existence of bipolarons subject to elec-

tromagnetic �elds was recently derived in [18] with the help of binding of the corresponding

Pekar bipolarons [17]. For binding of N -polarons, but without external �elds we refer to

[2, 21]. There are further binding and non-binding results in the mathematical and physical

literature. Namely non-binding for N -polarons without external �elds have been proved for

the Fröhlich model and the Pekar functional for su�ciently large values of ν > 0 [14]. Nu-

merical calculations suggest that binding for bipolarons does not occur for small couplings

[31, 32], but there exists no rigorous proof yet.

Acknowledgements. It is a pleasure to thank Marcel Griesemer and Ioannis Anapolitanos for

many fruitful discussions, for their comments and corrections. This work is supported by the

German Science Foundation (DFG), grant GR 3213/1-1.

4.2 Preparations and Structure of the Proof

Let the aforementioned external potential V : R3 → R be form-bounded with bound zero, i.e.

for all ε > 0 there exists Cε > 0

|〈ϕ, V ϕ〉| ≤ ε‖∇ϕ‖2 + Cε‖ϕ‖2, ϕ ∈ C∞0 (R3). (4.9)

Two di�erent assumptions on the magnetic and electric �elds are given

(AV1) Ak ∈ L2
loc(R3), V ∈ L1

loc(R3) and (4.9),

(AV2) Ak ∈ L3
loc(R3), V ∈ L3/2

loc (R3) and (4.9).

Obviously (AV2) is contained in (AV1). If nothing is mentioned, always (AV1) is supposed.

(AV1) ensures that the quadratic form
∑N

j=1

〈
DA,xj

ϕ,DA,xj
ϕ
〉
on C∞0 (R3N) is well de�ned. It
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is closable and the domain of the closure is H1
A(R3N) := {ϕ ∈ L2(R3N)|(−i∂xj ,` + A`(xj))ϕ ∈

L2(R3N), 1 ≤ ` ≤ 3, 1 ≤ j ≤ N} (see [4]).
We recall the important diamagnetic inequality that is frequently used in the present paper.

It states, that if ϕ ∈ H1
A(R3), then |ϕ| ∈ H1(R3) and

|∇|ϕ|(x)| ≤ |DAϕ(x)|, pointwise for almost every x ∈ R3.

For a proof see [22].

(AV1) and the diamagnetic inequality imply that
∑N

j=1

〈
DA,xj

ϕ,DA,xj
ϕ
〉

+ 〈ϕ, V (xj)ϕ〉 is
a closed quadratic form on H1

A(R3N). Since
∫
dk|k|−1a∗(k) makes no sense on F0 = {(ϕ(n)) ∈

F|ϕ(n) ∈ C0(R3N), ϕ(n) = 0 for all but �nitely many n}, the Fröhlich hamiltonian is not well-

de�ned on Q = C∞0 (R3N)⊗F0. This drawback is avoided by interpreting H(N) as a quadratic

form
〈
ψ
∣∣H(N)

∣∣ψ〉 on Q. Because of Lemma 4.4.1 it is closable and semibounded on Q,
therefore the closure is a quadratic form of a self-adjoint operator.

Further, we assume the following energy inequality

Cn + Cm ≥ Cm+n, for m+ n ≤ N. (4.10)

The following choices of potentials A, V satisfy (4.10).

1) There exists w ∈ R3 and f ∈ H2(R3), f(x+ w) = f(x): A(x+ w) = A(x) +∇f(x) and

V (x+ w) = V (x) (periodic electric potential and periodic magnetic �eld).

Proof. Let ϕi ∈ L2(R3ni), 1 ≤ i ≤ 2 be approximative minimizers of E (ni)
ν,1 (A, V, .) up to

an error of ε. We de�ne the discrete magnetic translation by

ϕk2(x) = ϕ2(x+ kw)eif(x)k, k ∈ Z

then ‖DAϕ
k
2‖ = ‖DAϕ2‖ for all k ∈ Z. Hence

E (n1+n2)
ν,1 (A, V, ϕ1 ⊗ ϕk2) <

2∑
i=1

Cni
(A, V, ν, 1) + 2ε+ o(1)k→∞,

where o(1)k→∞ stems from the mixing terms of the self-interaction and the Coulomb

interaction of the �rst n1 and the last n2 particles.

2) A linear, and V ∈ L∞(R3), V ≥ 0, lim|x|→∞ V (x) = 0.

Structure of the Proof. Our proof of Theorem 4.1.1 is a generalization of the N -polaron

case without external �elds [2]. In [2] the polarons are divided into clusters in order to distin-
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guish the ones that are in a neighborhood of each other to the ones that are not. With the help

of a formula from Feynman and Kac (see Lemma 1 of [14]), derived by stochastic integration,

the energy of the inter-cluster interactions is bounded from above. The formula from Feynman

and Kac seems not to be easily generalizable to magnetic Schrödinger operators. Instead, in

this paper the polarons are grouped into disjoint balls with su�ciently large distances to each

other and bounded radii. The localization and the regrouping into suitable balls is done in

Lemma 4.3.1. In Proposition 4.3.2 then the energy of the inter-ball interactions are estimated

by a generalization of Lemma 3 of [14].

In the next step, the energies of N -polarons localized in balls are bounded from below by

the ground state energy of the N -particle Pekar-Tomasevich functional. A proof is done in

Proposition 4.4.2, which is based on [24]. From the proof it is also clear that the estimate

does not depend on the concrete centers of the balls, although the �elds A, V do not have to

be translation invariant.

4.3 Estimate of the Multipolaron Interaction Energy

The N -polarons are �rst localized into N arbitrarily distributed equal sized balls. These balls

then can be grouped in the following manner: There exist bigger disjoint balls that contain

the smaller ones, additionally each radius is bounded in terms of the number of smaller balls

in the corresponding bigger one. The following lemma addresses this issue.

Lemma 4.3.1. Suppose R > 0, then for every normalized ψ ∈ Q there exists a normalized

ψ0 ∈ Q satisfying

〈
ψ
∣∣H(N)

∣∣ψ〉 ≥ 〈ψ0

∣∣H(N)
∣∣ψ0

〉
− 9Nπ2

4R2
(4.11)

and suppψ0 ⊂×m
i=1 B

ni
i , Bni

i =×ni

j=1Bi. Here Bi are balls with radius Ri, ni > 0,
∑m

i=1 ni =

N such that

(i) dist(Bi, Bj) ≥ R for i 6= j,

(ii) Ri = 1
2
(3ni − 1)R.

Proof. In Step 1 ψ ∈ Q is localized. More explicitly: We show that for every ψ ∈ Q there exists

ψ̃0 ∈ Q satisfying (4.11) and supp ψ̃0 ⊂×N
k=1BR(yk), where BR(yk) are balls with radius R

and centers yk ∈ R3. Then in Step 2 we regroup theN ballsBR(yk) found in Step 1 and inscribe

them into disjoint bigger balls, i.e. we prove the existence of ballsBi, 1 ≤ i ≤ m, wherem ≤ N ,
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satisfying (i), (ii) and of a permutation σ ∈ SN such that ×N
k=1BR(yσ(k)) ⊂×m

i=1 B
ni
i . The

lemma then follows by ψ0(x1, . . . , xN) := ψ̃0(xσ−1(1), . . . , xσ−1(N)) and the fact that
〈
.
∣∣H(N)

∣∣ .〉
is invariant under permutations of the variables x1, . . . , xN .

Proof of Step 1. For arbitrary L > 0, which later will be chosen as L = 2R/
√

3, a suitable

localization function on R3N is de�ned by

φ(x) :=
3N∏
j=1

cos(xjπ/L)χ[−L/2,L/2](xj) and φy(x) := φ(x− y), y ∈ R3N .

Thus φy is supported in a 3N -dimensional cube of sidelength L and center y. By straightfor-

ward calculations∫
R3N

dy
〈
φyψ

∣∣H(N)
∣∣φyψ〉

=

∫
R3N

dy
[〈
ψ
∣∣H(N)

∣∣ψ〉‖φyψ‖2 + 2 Re 〈(−i∇φy)ψ, φyDAψ〉+ ‖(−i∇φy)ψ‖2
]

=

∫
R3N

dy

[〈
ψ
∣∣H(N)

∣∣ψ〉‖φyψ‖2 +
3Nπ2

L2
‖φyψ‖2

]
. (4.12)

By (4.12) ∫
R3N

dy

[〈
φyψ

∣∣H(N)
∣∣φyψ〉− (3Nπ2

L2
+
〈
ψ
∣∣H(N)

∣∣ψ〉) ‖φyψ‖2

]
= 0.

Hence there exists y = (y1, . . . , yN), yk ∈ R3, 1 ≤ k ≤ N , such that

〈
φyψ

∣∣H(N)
∣∣φyψ〉 ≤ (3Nπ2

L2
+
〈
ψ
∣∣H(N)

∣∣ψ〉) ‖φyψ‖2

and ‖φyψ‖ 6= 0. The support of ψ̃0 := φyψ‖φyψ‖−1 is contained in the cartesian product of

N boxes of sidelength L and centers yk ∈ R3, 1 ≤ k ≤ N , and since L = 2R/
√

3 then the

support is also located in×N
k=1BR(yk).

Proof of Step 2. Proof by induction in N . For N = 1 the statement is trivial. Now let us

assume that for some N there exist m ≤ N , balls B1, . . . Bm and a permutation σ ∈ SN such

that ×N
k=1BR(yσ(k)) ⊂ ×m

i=1B
ni
i and (i), (ii) hold. For N + 1 balls BR(yk) two cases can

arise.

Case 1: There exists 1 ≤ i ≤ m such that dist(Bi, BR(yN+1)) ≥ R. Then we de�ne
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Bm+1 := BR(yN+1). Thus ×N+1
k=1 BR(yσ̃(k)) ⊂×m+1

i=1 Bni
i for nm+1 = 1 and (i), (ii) is satis�ed

for all balls Bi and where σ̃ ∈ SN+1 such that σ̃(k) = σ(k), 1 ≤ k ≤ N and σ̃(N + 1) = N + 1.

Case 2: There exists i1 ∈ {1, . . .m} such that dist(Bi1 , BR(yN+1)) < R. Then there is a

ball B(1) ⊃ Bi1∪BR(yN+1) with radius 1
2
(3(ni1 +1)−1)R. If there is a i2 ∈ {1, . . .m}\{i1} with

dist(Bi2 , B
(1)) < R, then there exists a ball B(2) ⊃ B(1)∪Bi2 with radius

1
2
(3(ni1+ni2+1)−1)R.

By repeating this procedure Step 2 is proved by choosing a convenient permutation.

Let n ≥ 1 and let Ω ⊂ R3 be a measurable set, then we de�ne

En(Ω) = inf
suppϕ⊂Ωn

‖ϕ‖=1

〈
ϕ
∣∣H(n)

∣∣ϕ〉.
With the help of Lemma 4.3.1 any wave function ψ ∈ Q can be localized into a collec-

tion of disjoint balls. The proposition below speci�es a concrete estimate for the inter-ball

interactions.

Proposition 4.3.2. Let N be any positive integer and let A, V satisfy (AV1). Suppose ψ ∈ Q
is normalized with suppψ ⊂ ×m

i=1 B
ni
i . Let Bi be balls with radius Ri and de�ne di :=

minj 6=i dist(Bi, Bj) > 0 for 1 ≤ i ≤ m. Then

〈
ψ
∣∣H(N)

∣∣ψ〉 ≥ m∑
i=1

Eni
(Bi) + (U − 2α)

∑
i<j

∑
si∈Ci
`j∈Cj

〈
ψ, 1
|xsi−x`j

|ψ
〉
− 8αN

π2

m∑
i=1

(
ni
di

)
. (4.13)

Ci denotes the index set of the electrons supported in Bi.

Our proof of Proposition 4.3.2 is a generalization of Lemma 3 of [14], where the two-

particle case was studied. The proof in [14] shows, that it is useful to localize the phonon �eld

about the respective particles. The phonon �eld is divided into two half-spaces each including

one particle. In our case we have N polarons that are localized in m balls Bi containing ni
particles. It turns out that it is suitable to split up the phonon �eld in such a way, that every

point of it is allocated to the nearest ball. We de�ne

Si := {y ∈ R3| dist(Bi, y) < dist(Bj, y), j 6= i}.

Since dist(Bi, Bj) > 0 for i 6= j, the de�nition especially ensures Bi ⊂ Si for 1 ≤ i ≤ m and

⋃
i

Si = R3, where Si ∩ Sj = ∅ for i 6= j. (4.14)
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Magnetic and electric �elds that satisfy (AV1) can easily be added in Lemma 3 of [14], since

no special properties of the laplacian are needed.

Proof of Proposition 4.3.2. It is useful to rearrange the Fröhlich hamiltonian (4.1) such that

it allows for the partition into balls

H(N) =
m∑
i=1

∑
`i∈Ci

(
T`i −

√
αφ(x`i)

)
+ U

∑
si,`i∈Ci
si<`i

1

|xsi
− x`i |

+Hph + U
∑
i<j

∑
si∈Ci
`j∈Cj

1

|xsi
− x`j |

,

(4.15)

with T`i = D2
A,x`i

+ V (x`i). De�ne

â(x) =
1

(2π)3/2

∫
dkeikxa(k), â∗(x) =

1

(2π)3/2

∫
dke−ikxa∗(k).

â(x) is a properly de�ned operator on the Fock space, but â∗(x) is not. Below, the operators

are interpreted as quadratic forms, in which case they are well-de�ned. By Plancherel

φ(x) =
1

π3/2

∫
dy
â(y) + â∗(y)

|x− y|2
, Hph =

∫
â∗(y)â(y)dy. (4.16)

Let 1 ≤ i ≤ m, then for the surrounding Si of Bi we associate the annihilation operator âi(y).

It is de�ned by

âi(y) = â(y)− gi(y), y ∈ Si, (4.17)

where

gi(y) =

√
α

π3/2

m∑
j=1
j 6=i

∑
`j∈Cj

1

|x`j − y|2
χSi

(y). (4.18)

Using (4.14), (4.16) and (4.17) and the phonon energy Hph becomes

Hph =
m∑
i=1

∫
Si

dyâ∗i (y)âi(y) +
m∑
i=1

∫
Si

dy(âi(y) + â∗i (y))gi(y) + F1, (4.19)
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with multiplication operator

F1 =
m∑
i=1

‖gi‖2. (4.20)

Using (4.14) and (4.16) the interaction-term φ(x) splits up into two parts

√
α

m∑
i=1

∑
`i∈Ci

φ(x`i) =

√
α

π3/2

m∑
i=1

∑
`i∈Ci

∫
Si

dy
â(y) + â∗(y)

|x`i − y|2
+

m∑
i=1

∫
Si

dy(â(y) + â∗(y))gi(y)

=

√
α

π3/2

m∑
i=1

∑
`i∈Ci

∫
Si

dy
âi(y) + â∗i (y)

|x`i − y|2
+

m∑
i=1

∫
Si

dy(âi(y) + â∗i (y))gi(y)

+ 2F1 + F2, (4.21)

where in the second step (4.17) was used and

F2(x1, . . . xN) =
2
√
α

π3/2

m∑
i=1

∑
si∈Ci

∫
Si

dy
gi(y)

|xsi
− y|2

. (4.22)

Inserting (4.19) and (4.21) in (4.15), we obtain that

H(N) =
m∑
i=1

Ki + U
∑
i<j

∑
si∈Ci
`j∈Cj

1

|xsi
− x`j |

− (F1 + F2), (4.23)

where

Ki =
∑
`i∈Ci

(
T`i −

√
α

π3/2

∫
Si

dy
âi(y) + â∗i (y)

|x`i − y|2

)
+

∫
Si

dyâ∗i (y)âi(y) + U
∑

si,`i∈Ci
si<`i

1

|xsi
− x`i |

.

Let ψ ∈ Q be normalized and suppψ ⊂×m
i=1B

ni
i , then by (4.23)

〈
ψ
∣∣H(N)

∣∣ψ〉 =
m∑
i=1

〈ψ |Ki|ψ〉+ U
∑
i<j

∑
si∈Ci
`j∈Cj

〈
ψ, 1
|xsi−x`j

|ψ
〉
− 〈ψ, (F1 + F2)ψ〉. (4.24)

A bound for 〈ψ, (F1 + F2)ψ〉 is derived in Lemma 4.3.4. It remains to bound 〈ψ |Ki|ψ〉. Be-
cause L2(R3) =

⊕m
i=1 L

2(Si) the corresponding symmetric Fock space satis�es F =
⊗m

i=1FSi
,

where FSi
:= F(L2(Si)). Since the precise form ofKi is 1⊗. . .⊗Ki⊗. . .⊗1 on

⊗m
i=1 L

2(R3ni)⊗
FSi

= L2(R3N)⊗F and since
⊗m

i=1FSi,0⊗C∞0 (R3ni) is a form-core, the proof of the theorem
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is a consequence of Lemma 4.3.3.

The key ingredients Lemma 4.3.1 and Proposition 4.3.2, together with the generalization

of [24] from Section 4.4 enables us to proof Theorem 4.1.1.

Proof of Theorem 4.1.1. Let ψ ∈ Q be normalized. By Lemma 4.3.1 and Proposition 4.3.2

there exists a constant C > 0

〈
ψ
∣∣H(N)

∣∣ψ〉 ≥ m∑
i=1

Eni
(Bi)− Cα

N2

R
− 9Nπ2

4R2
. (4.25)

We choose R = N−1α−19/23 and since we use scaled �elds Aα, Vα, by Corollary 4.4.3 there

exists a constant c(A, V )

Eni
(Bi) ≥ α2Cni

(A, V, ν, 1)− c(A, V )α42/23n3
i

(
1 +

n2
i

N2

)
. (4.26)

Statement a) of the theorem is then a consequence of (4.25), (4.26), of the fact
∑m

i=1 n
q
i ≤ N q

for q ≥ 1 and the energy inequality (4.10). If the �elds A, V are not rescaled, an analogous

calculation as above proves (4.4), where Corollary 4.4.3 and Lemma 4.5.3 are used.

Lemma 4.3.3. Suppose 1 ≤ i ≤ m. Let ψi ∈ L2(Bni
i )⊗FSi

be normalized. Then

〈ψi |Ki|ψi〉 ≥ Eni
(Bi).

Proof. Let Ωi be the normalized vacuum of FSc
i
. Let gi be de�ned by (4.18) and â(gi) by (4.17),

then W (gi) = eâ
∗(gi)−â(gi) is a unitary operator acting on F . Further it satis�es W (gi)â(y) =

âi(y)W (gi), and therefore in the sense of quadratic forms

W (gi)H
(ni)W (gi)

−1 = Ki +

∫
Sc

i

dy

[
â∗(y)â(y)−

√
α

π3/2

∑
`i∈Ci

â(y) + â∗(y)

|x`i − y|2

]
, (4.27)

which follows by (4.15), (4.16). By (4.27)

Eni
(Bi) ≤

〈
ψi ⊗ Ωi

∣∣W (gi)H
(ni)W (gi)

−1
∣∣ψi ⊗ Ωi

〉
= 〈ψi |Ki|ψi〉.

Lemma 4.3.4. Suppose ψ satis�es the assumptions of Proposition 4.3.2. Then for F1 and F2

de�ned in (4.20) and (4.22)
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a) 〈ψ, F1ψ〉 ≤ N 8α
π2

∑m
i=1

ni

di
‖ψ‖2.

b) 〈ψ, F2ψ〉 ≤ 2α
∑

i<j

∑
si∈Ci
`j∈Cj

〈
ψ, 1
|xsi−x`j

|ψ
〉
.

Proof. a) By Cauchy-Schwarz m∑
j=1
j 6=i

∑
`j∈Cj

1

|x`j − y|2


2

≤ N
m∑
j=1
j 6=i

∑
`j∈Cj

1

|x`j − y|4
. (4.28)

By the de�nition of F1 and (4.28)

F1(x1, . . . xN) ≤ α

π3
N

m∑
i=1

m∑
j=1
j 6=i

∑
`j∈Cj

∫
Si

1

|x`j − y|4
dy

=
α

π3
N

m∑
j=1

∑
`j∈Cj

∫
Sc

j

1

|x`j − y|4
dy. (4.29)

In the last step we exchanged the sums with respect to i and j and used that
∑m

i=1
i 6=j

χSi
= χSc

j
.

Since x`j ∈ Bj ∫
Sc

j

1

|x`j − y|4
dy ≤

∫
Bc

dj/2
(0)

1

|y|4
dy =

8π

dj
. (4.30)

(4.30) and (4.29) now conclude a).

b) By the de�nition of F2 and gi

F2(x1, . . . xN) =
2α

π3

∑
i<j

∫
dy

∑
`j∈Cj

1

|x`j − y|2

(∑
si∈Ci

1

|xsi
− y|2

)(
χSi

(y) + χSj
(y)
)

≤ 2α

π3

∑
i<j

∑
si∈Ci
`j∈Cj

∫
dy

1

|x`j − y|2
1

|xsi
− y|2

= 2α
∑
i<j

∑
si∈Ci
`j∈Cj

1

|xsi
− x`j |

.

In the second step χSi
(y) + χSj

(y) ≤ 1 for i 6= j was used. The last equality follows by direct

integration using cylindrical coordinates.
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4.4 Compactly Supported Multipolarons

The objective of this section is to bound the energy of compactly supported N -polarons in

electromagnetic �elds by the respective N -particle Pekar-Tomasevich functional from below.

The Pekar-Tomasevich functional with external electric and magnetic �elds for N particles

acting on L2(R3N) is de�ned by

E (N)
U,α (A, V, ϕ) =

∫
R3N

dx
N∑
j=1

(
|DA,xj

ϕ|2 + V (xj)|ϕ|2
)

+ UVC(x1, . . . xN)|ϕ|2 − αD(ρϕ), (4.31)

with density

ρϕ(x) =
N∑
j=1

∫
R3

dx|ϕ(x1, . . . , xj−1, x, xj+1, . . . xN)|2dx1 . . . d̂xj . . . dxN ,

and self-interaction term

D(ρ) =

∫
R6

ρ(x)ρ(y)

|x− y|
dxdy. (4.32)

(4.31) coincides with the de�nition (4.2). This fact can be seen by choosing η to be the

coherent state that is determined by a(k)η = −f(k)η and f(k) = 2
√
απρ̂ϕ(k)|k|−1, then η

minimizes ξ 7→
〈
ϕ⊗ ξ

∣∣H(N)
∣∣ϕ⊗ ξ〉. The argument goes back to Pekar [28].

This section is in principle based on [24]. For completeness reasons the main ideas of the

proofs are performed nevertheless. Since we allow for general A, V the translation invariance

of the Fröhlich, and the Pekar and Tomasevich model is abolished. The translation invariance

seems to play some role in [24], however after a little modi�cation it is not necessary for our

proof to work. In the case N = 1 this issue was already noticed in [18].

Let h ∈ L2(R3), then a(h) :=
∫
dkh(k)a(k) is a well-de�ned Fock space operator. Suppose

Ω ⊂ R3 be a measurable set, then

NΩ =

∫
Ω

dka∗(k)a(k).

Let h ∈ L2(R3) be normalized and supph ⊂ Ω, then in the sense of quadratic forms

a∗(h)a(h) ≤ NΩ. (4.33)

Let BΛ := BΛ(0) denote the ball centered in the origin with arbitrary radius Λ > 0. Suppose
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β = 1− 8αN
πΛ

. For any positive integer N we de�ne

H
(N)
Λ :=

N∑
j=1

(
βD2

A,xj
+ V (xj) +

√
α(a(fxj

) + a∗(fxj
))
)

+ βUVC(x1, . . . xN) +NBΛ
, (4.34)

where fx(k) = χBΛ
(k)|k|−1e−ikx.

Lemma 4.4.1. For any values of N and Λ > 0 in the sense of quadratic forms on Q

H(N) ≥ H
(N)
Λ − 1

2
. (4.35)

H(N) can be interpreted as a selfadjoint Operator.

Proof. Let ψ ∈ Q. The interaction term of the Fröhlich hamilton operator is rewritten in

terms of Fock space operators

〈ψ |φ(x)|ψ〉 =
〈
ψ, (a(fx) +

∑3
l=1[DA,l, a(gl,x)])ψ

〉
+ c.c., (4.36)

where DA,l denotes the l-th component of DA and

gl,x(k) =
1√
2π
χBc

Λ
(k)

eikxkl
|k|3

.

For every ε1, ε2 > 0

√
α|〈ψ, a(fx)ψ〉| ≤

ε1

2
〈ψ,NBΛ

ψ〉+
Λα

πε1

‖ψ‖2, (4.37)

√
α
∣∣〈ψ,∑3

l=1[DA,l, a(gl,x)]ψ
〉∣∣ ≤ ε2

2
〈ψ,D2

Aψ〉+
4α

ε2πΛ

〈
ψ,NBc

Λ
ψ
〉

+
2α

ε2πΛ
‖ψ‖2. (4.38)

(4.37) is a consequence of the Cauchy-Schwarz inequality and (4.33). For the proof of (4.38)

see [24].

Suppose ε2 = 8αN/(Λπ), then (4.36) and (4.38) imply (4.35).

Let ε1 = N−1ε2 and Λ = 8αN/(ε2
2π), then by (4.37) and (4.38)

√
α
∑N

j=1 〈ψ |φ(xj)|ψ〉 is
relatively form-bounded by

∑N
i=1D

2
A,xi

+N with bound ε2. Hence there exists a corresponding

self-adjoint operator with form core Q (see [29]), where in addition (4.9) is used.

Proposition 4.4.2. Suppose N > 0 is an integer. Let ψ ∈ Q be normalized and suppψ ⊂
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Br(y)N for any r > 0 and y ∈ R3. Then for arbitrary P,Λ > 0

〈
ψ
∣∣H(N)

∣∣ψ〉 ≥ βCN(A, β−1V, U, αβ−2)− 6N2αP 2r2Λ

(1− β)π
− 1

2
−
(

2
Λ

P
+ 1

)3

. (4.39)

Proof. Since CN is constant with respect to translations of the potentials, i.e. A(. − y) and

V (.−y), we may assume that y = 0. By Lemma 4.4.1 the left-hand side of (4.39) is estimated

from below by
〈
ψ,H

(N)
Λ ψ

〉
with error 1

2
.

In the next step the modes are replaced by the so called block modes, of which only �nitely

many exist. For a given P > 0, we de�ne

B(n) := {k ∈ BΛ|ki − niP | ≤ P/2}, n ∈ Z3,

ΛP := {n ∈ Z3|B(n) 6= ∅}.

In every B(n) an arbitrary kn is chosen, they are speci�ed later. The block modes are de�ned

by

an :=
1

Mn

∫
B(n)

dk

|k|
a(k), Mn =

(∫
B(n)

dk

|k|2

)1/2

.

They are well-de�ned normalized annihilation operators acting on the Fock space F . For

random δ > 0

H
(N)
block =

N∑
j=1

(
βD2

A,xj
+ V (xj) +

√
α√
2π

∑
n∈ΛP

Mn

(
eiknxjan + e−iknxja∗n

))
+βUVC(x1, . . . xN) + (1− δ)Nblock, (4.40)

where Nblock =
∑

n∈ΛP
a∗nan.

Next we show 〈
ψ,H

(N)
Λ ψ

〉
≥ inf

ψ̃∈Q
‖ψ̃‖=1

sup
{kn}

〈
ψ̃, H

(N)
blockψ̃

〉
− 6N2αP 2r2Λ

δπ
. (4.41)

Let 1 ≤ j ≤ N , then in the sense of quadratic forms

δ

N
NB(n) +

√
α√
2π

∫
B(n)

dk

|k|
(
(eikxj − eiknxj )a(k) + (e−ikxj − e−iknxj )a∗(k)

)
≥− Nα

2π2δ

∫
B(n)

dk
|eikxj − eiknxj |2

|k|2
, (4.42)



Compactly Supported Multipolarons 59

which follows by completion of squares. Let k ∈ B(n) and |xj| < r, 1 ≤ j ≤ N

|eikxj − eiknxj |2 ≤ 3P 2r2, 1 ≤ j ≤ N. (4.43)

(4.41) is a consequence of (4.42) summed over all n ∈ ΛP ,
∑

n∈ΛP
a∗nan ≤ NBΛ

and (4.43).

It remains to prove that for all normalized ψ ∈ Q

sup
{kn}

〈
ψ,H

(N)
blockψ

〉
≥ βCN(A, β−1V, U, αβ−2)− |ΛP |. (4.44)

To do so, the block operators an are replaced by complex numbers zn using coherent states.

The closed subspace M := span{χB(n)|.|−1|n ∈ ΛP} ⊂ L2(R3) generates the symmetric Fock

space F(M), i.e. the Fock space that is constructed by the block operators a∗n, n ∈ ΛP . Since

M is a closed subspace

F = F(M ⊕M⊥) ∼= F(M)⊗F(M⊥).

Suppose z = (zn)n∈ΛP
, zn ∈ C, then we de�ne normalized coherent states ηz ∈ F(M) by

ηz :=
∏
n∈ΛP

ezna∗n−znanΩ, (4.45)

where Ω ∈ F(M) denotes the normalized vacuum. From (4.45) anηz = znηz. If ψ ∈ Q
normalized and ψz = 〈ηz, ψ〉, note that the inner product acts on F(M), then ψz ∈ L2(R3N)⊗
F(M⊥). For notational simplicity hereinafter the inner products are not labeled explicitly.

By a short calculation in the sense of weak integrals on the Fock space F(M) for dz =∏
n∈ΛP

1
π

∫
dxndyn∫

dz〈., ηz〉ηz = 1,

∫
dzzn〈., ηz〉ηz = an,∫

dz(|zn|2 − 1)〈., ηz〉ηz = a∗nan,

∫
dzzn〈., ηz〉ηz = a∗n, (4.46)

where the last equality follows from the �rst one and the fact [an, a
∗
n] = 1 for all n ∈ ΛP . Let

the block modes be replaced by the identities (4.46), then〈
ψ,H

(N)
blockψ

〉
=

∫
dz〈ψz, hz ⊗ 1ψz〉, (4.47)
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whereas hz is a Schrödinger operator on L2(R3N)

hz =
N∑
j=1

(βD2
A,xj

+ V (xj)) + βUVC(x1, . . . xN) + (1− δ)
∑
n∈ΛP

(|zn|2 − 1)

+

√
α√
2π

N∑
j=1

∑
n∈ΛP

Mn

(
zne

iknxj + zne
−iknxj

)
.

Since ρz(x) :=
∑N

j=1

∫
R3(N−1) |ψz(x1, . . . , xj−1, x, xj+1, . . . , xN)|2dx1 . . . d̂xj . . . dxN , then

N∑
j=1

〈
ψz, e

−ikxjψz
〉

= (2π)3/2ρ̂z(k).

Obviously

inf
{kn}

∫
dz|ρ̂z(kn)|2‖ψz‖2 ≤

∫
dz|ρ̂z(k)|2‖ψz‖2, ∀k ∈ B(n). (4.48)

By completion of squares of (4.47) with respect to zn and (4.48)

sup
{kn}

∫
dz〈ψz, hzψz〉

≥
∫
dz
〈
ψz,
[∑N

j=1(βD2
A,xj

+ V (xj)) + βUVC(x1, . . . xN)
]
ψz

〉
− 4πα

(1− δ)

∫
dz

∫
BΛ

dk
|ρ̂z(k)|2

‖ψz‖2|k|2
− |ΛP |

≥
∫
dz
〈
ψz,
[∑N

j=1(βD2
A,xj

+ V (xj)) + βUVC(x1, . . . xN)
]
ψz

〉
− α

(1− δ)

∫
dz

∫
ρz(x)ρz(y)

‖ψz‖2|x− y|
dxdy − |ΛP |.

The integrand is estimated from below by

β‖ψz‖2CN(A, β−1V, U, αβ−2),

where δ = 1 − β has been chosen. The assumption follows by
∫
‖ψz‖2dz = 1 and |ΛP | ≤(

2 Λ
P

+ 1
)3
.

Next we evaluate (4.39) on a single localized n-polaron found in Lemma 4.3.1. The con-

stants Λ and P can be chosen freely, but the radius r of the corresponding ball is determined
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by Lemma 4.3.1 (ii), i.e. r = 1
2
(3n− 1)R for any R > 0 �xed.

Corollary 4.4.3. Let ν > 0 be arbitrary and let n > 0 be any integer. Let R > 0 and let B

be a ball of radius 1
2
(3n− 1)R. Suppose A, V satisfy (AV1) and (4.10), and let them be scaled

by Aα(x) = αA(αx), Vα(x) = α2V (αx). Then there exists c(A, V )

En(B) ≥ α2Cn(A, V, ν, 1)− 3R2α80/23n5 − c(A, V )α42/23n3. (4.49)

Moreover, if A, V satisfy (AV2), then c(Aα−1 , Vα−1) is uniformly bounded for α large.

Proof. Since λ 7→ Cn(A, λV, ν, λ2) is concave, the one-sided derivatives exist and

Cn(A, β−1V, ν, β−2) ≥ Cn(A, V, ν, 1) + (β−1 − 1)
d

dλ
Cn(A, λV, ν, λ2)

∣∣∣
λ=2−

. (4.50)

The derivation term of (4.50) is estimated by Lemma 4.5.1. The statement is then a con-

sequence of Proposition 4.4.2, the scaling property (4.5), (4.50) and Lemma 4.5.1, where we

determine the free parameters Λ = nα27/23, P = α13/23 and hence
(
2 Λ
P

+ 1
)3 ≤ 9n3α42/23 and

1− β = 8
π
α−4/23.

If the �elds A, V are not rescaled, then in (4.50) A, V are replaced by Aα−1 , Vα−1 . Hence

the second statement follows by Lemma 4.5.1.

4.5 Appendix

Lemma 4.5.1. For any values of N and ν > 0. Suppose (AV1) and (4.10) are satis�ed, then

there exists c(A, V )

c(A, V )N ≥ CN(A, V, ν, 1) ≥ −c(A, V )N3, N ∈ N. (4.51)

Moreover, if (AV2) is satis�ed, then there exists a constant c > 0 such that c(Aα−1 , Vα−1) ≤ c

for α large enough.

Remark. In the physical regime ν > 2 without external �elds, in [14] it was proven that

CN(0, 0, ν, 1) ≥ −c(ν)N for c(ν) > 0.

Proof of Lemma 4.5.1. Let ν > 0, then by (4.10)

CN(A, V, ν, 1) ≤ NC1(A, V, 1), (4.52)
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which proves the upper bound in (4.51). Let ϕ ∈ C∞0 (R3N) be normalized, then by the Hardy

and the diamagnetic inequality

D(ρϕ) ≤ 2N3/2

(
N∑
j=1

‖DA,xj
ϕ‖2

)1/2

. (4.53)

Thus from (4.53), (4.9) and by completion of squares with respect to
(∑N

j=1 ‖DA,xj
ϕ‖2
)1/2

,

we conclude

E (N)
ν,1 (A, V, ϕ) ≥ − N3

(1− ε)
− CεN,

where Cε > 0. This proves the lower bound of (4.51).

By a similar calculation

E (N)
ν,1 (Aα−1 , Vα−1 , ϕ) ≥ − N3

(1− ε)
− Cεα−2N. (4.54)

For α large, there exists a constant c > 0 such that (4.54) is bounded from below by −cN3.

Lemma 4.5.3 and (4.52) �nish the proof.

Lemma 4.5.2. Suppose A ∈ L3
loc(R3) and V ∈ L3/2

loc (R3). Then

Aα−1 → 0 (α→∞) in L2
loc(R3),

Vα−1 → 0 (α→∞) in L1
loc(R3).

For the proof of this Lemma we refer to the proof of Lemma 3.3.3.

Lemma 4.5.3. For any values of N and ν > 0. If the assumptions (AV2) are satis�ed, then

lim
α→∞

CN(Aα−1 , Vα−1 , ν, 1) = CN(0, 0, ν, 1).

Proof of Lemma 4.5.3. For any normalized ϕ ∈ C∞0 (R3N)

lim sup
α→∞

CN(Aα−1 , Vα−1 , ν, 1) ≤ lim sup
α→∞

E (N)
ν,1 (Aα−1 , Vα−1 , ϕ) = E (N)

ν,1 (0, 0, ϕ),

where the last equality is a consequence of Lemma 4.5.2. This implies

lim sup
α→∞

CN(Aα−1 , Vα−1 , ν, 1) ≤ CN(0, 0, ν, 1).

It remains to prove the other direction. For all normalized ϕ ∈ C∞0 (R3N) and by (4.9) for
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all 1 > ε > 0 there exists Cε > 0 such that

E (N)
ν,1 (Aα−1 , Vα−1 , ϕ) ≥ (1− ε)CN(0, 0, ν, (1− ε)−1)− CεNα−2 (4.55)

where the diamagnetic inequality has been used. The Lemma follows immediately from (4.55).
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