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Preface

The application of numerical analyses in geotechnical engineering is substantial, but
most usually quasi-static, small-deformation problems are analysed. Following pio-
neers in structural engineering, the Lagrangian finite element method (FEM) has been
introduced into geotechnical engineering, rather than the Eulerian FEM, or resembling
methods, as typically used in fluid mechanics for the analyses of flow problems with
corresponding large-displacements. In recent years coupled Eulerian Lagrangian FEM
has been applied successfully for solving dynamical large-deformation problems, e.g.
for simulating pile driving, but it is difficult to extend this method to soil-fluid interac-
tion problems as typical in branches of geotechnical engineering. For this reason, Issam
K.J. Al-Kafaji has chosen to focus his research on the so-called Material Point Method
(MPM), which may be conceived as an advancement of FEM.

At the beginning of this study Issam has set himself very ambitious goals, i.e. the
extension of MPM for application to large-deformation problems in geomechanics, in-
cluding pile driving in sand using an advanced highly non-linear constitutive model.
Secondly, the modeling of two-phase soil with full consideration of dynamic generation
and dissipation of pore pressures has been carried out. These goals have been reached
in a convincing way. In addition the candidate has performed an extensive survey of
relevant literature and is nicely putting his study in a wider context of leading edge,
worldwide research in geomechanics. As a consequence, his research has already at-
tracted good attention in the international research community. To my judgment this
well-written study is of finest quality and finally Issam passed his PhD examination
with the highest possible grade, i.e. ’with Honor’. The study was enabled with support
of the ’German Academic Exchange Service’.

On arriving at the University of Stuttgart Issam had to learn basics of both MPM and
German. So the first thing he did was to follow language courses. For getting familiar
with MPM he went to the University of Stellenbosch in South-Africa, where Dr. Corné
Coetzee taught him the essentials of this method. I am also indebted to Corné for his
continuing support of this PhD study. This support was embedded in the Geo-Install
IAPP project, being funded by the European Commission within the framework of Marie
Curie FP7. Within the framework of the Geo-Install project Issam was enabled to spend
a year at ’Deltares’ in Delft, The Netherlands. This gave him the experience of working
in an industry and of course in again another country. No doubt, Issam had to adjust
himself to different ways of working and together with his family he had to get used to
different places of living. This cannot always be easy, but to me it would seem that he
mostly enjoyed it.

During many years it was a great pleasure to me to work with Issam. This was not
only because of his fast progress in science and his abilities as a team player, but also be-
cause of his fine personality. I know that I share these feelings towards him with others
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who advised him, i.e. Dr. Corné Coetzee and Professor Dieter Stolle from McMaster’s
University in Hamilton, Canada.

Pieter A. Vermeer
Delft, March 2013
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Abstract

In geomechanics one often encounters large deformations, soil-structure interaction and
dynamical problems, e.g., in pile driving and installation of anchors. Moreover, geome-
chanical phenomena that include excessive movement of soil masses like landslides can
pose a danger to human life and property. The numerical simulation of the physics is
challenging, particularly if a saturated soil is subjected to dynamic loading, leading to
propagation of different waves in the soil.

Because of the reliance of Lagrangian finite element methods (FEM) on a mesh, they
are not well suited for the treatment of extremely large deformations of solids. The
need for overcoming this limitation urged researchers throughout the last decades to
devote considerable effort to the development of more advanced computational tech-
niques. Such techniques include the combination of Lagrangian and Eulerian finite ele-
ment methods, meshless methods and mesh-based particle methods.

The intent of this thesis is to further develop and extend the material point method
(MPM), which is a mesh-based particle method, for use in geomechanics. MPM can be
conceived as an extension of FEM, in which soil and structural bodies are represented
by Lagrangian particles that move through an Eulerian fixed mesh. The physical prop-
erties of the continuum reside with particles throughout the computations (deforma-
tions), whereas the Eulerian mesh and its Gauss points carry no permanent information.
Hence, MPM combines the best aspects of both Lagrangian and Eulerian formulations
and avoids as much as possible the shortcomings of them.

Three novel MPM development are described in this thesis. In the analysis of geome-
chanical problems that involve dynamics, absorbing boundaries are introduced to pre-
vent the reflection of waves at the selected boundary of the domain. The well-known vis-
cous boundaries, which will continuously creep under load, are modified to viscoelastic
boundaries by introducing Kelvin-Voigt elements to limit such non-physical displace-
ments.

The novel extension of MPM to model the behavior of saturated soils under dynamic
loading is formulated. Enhancement of volumetric strains is adopted to mitigate the
spurious pressure oscillations which plague low-order finite element implementations.
The algorithm is applied to predict the generation and dissipation of pore pressures in a
sea dike under heavy dynamic loading by wave attack.

Numerical simulation of pile driving is investigated. Results of shallow and deep
penetration are presented. Due to the complex behavior of sand in pile driving, a highly
non-linear advanced hypoplastic model is to be used for sand. Explicit Euler forward
scheme with sub-stepping technique is used in the integration of this model.

MPM is applied to analyze different geomechanical problems, including the collapse
of a tunnel face, the instability of a slope and the deep installation of a dynamic anchor.
The dynamic MPM can be applied to quasi-static problems. To this end, a local damping

v



Abstract

procedure for single and two-phase materials is discussed, being applied to reach fast
convergence to quasi-static equilibrium. Such convergence is detected by two proposed
criteria on force and energy. Mass scaling is presented as a procedure that allows the use
of large time step size for problems, in which inertia effect can be disregarded.
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Zusammenfassung

In der Geotechnik ergeben sich häufig Problemstellungen bei denen große Verformungen
auftreten, wie etwa Hangrutschungen oder das Einrammen von Pfählen. Die Analyze
solcher Fragestellungen stellt eine erhebliche Herausforderung für heutige numerische
Methoden dar. Die klassische Finite-Elemente-Methode (FEM) liefert infolge großer
Verzerrungen des FE-Netzes oft keine zuverlässigen Ergebnisse. In den vergangenen
Jahrzehnten wurden zahlreiche numerische Methoden mit dem Ziel entwickelt, große
Verformungen akkurat zu modellieren. Im Rahmen dieser Dissertation wurde der An-
satz der sogenannten Material-Punkt-Methode (MPM) verfolgt und für die Anwendung
in der Geotechnik weiterentwickelt.

Kapitel 2 In diesem Kapitel wird eine umfassende Literaturrecherche zur Entwick-
lung numerischer Methoden geboten. Zu Beginn wird die Entwicklung der Finite-Ele-
mente-Methode beschrieben, angefangen mit der Lösung von Randwertproblemen mit-
tels Variationsrechnung durch Rayleigh und Ritz und der Formulierung des Courant’
schen Konzeptes teilweise kontinuierlicher Funktionen. Hieraus entstanden später die
Lagrange’sche und Euler’sche FEM, deren Vor- und Nachteile im Weiteren diskutiert
werden. Anschließend werden netzfreie Methoden, die Smoothed-Particle-Hydrodynamics-
Methode, die Element-Free-Galerkin-Methode und die Particle-Finite-Element-Methode be-
handelt. Vor diesem Hintergrund wird die Entwicklung netzbasierter Partikel-Meth-
oden dargestellt: Aus der in der Mitte des letzten Jahrhunderts entstandenen Particle-
In-Cell-Methode entwickelte sich die Fluid-Implicit-Particle-Methode und schließlich die
in dieser Dissertation behandelte Material-Punkt-Methode. Neben einer ausführlichen
Darstellung der Entwicklung der Material-Punkt-Methode werden in diesem Kapitel auch
verschiedene Ingenieuranwendungen dieser Methode vorgestellt. Hierzu zählen die
Modellierung granularer Materialien, Rissweitensimulationen, die Simulation von Mem-
branen und der Interaktion zwischen Flüssigkeiten und Festkörpern.

Kapitel 3 In diesem Kapitel wird die klassische Lagrange’sche FEM behandelt, da
diese Methode die Basis der Formulierung der MPM darstellt.

Hierzu wird das mathematische Modell eines Festkörperkontinuums hinsichtlich der
Erhaltung von Masse, Moment und Energie erläutert. Anschliessend wird das Prinzip
der virtuellen Arbeit erläutert, welches zur Herleitung des FEM-Gleichungssystems führt.
Integrationsschemen, die zur Zeitintegration gewöhnlicher Differentialgleichungen 2.
Ordnung Anwendung finden, werden ausführlich behandelt. Hierbei wird zuerst ein
Feder-Masse-System mit einem Freiheitsgrad betrachtet. Anhand dieses einfachen me-
chanischen Problems wird die Stabilität verschiedener Integrationsschemen untersucht.
Anschließend wird das in dieser Dissertation gewählte Schema auf die FEM erweitert,
wobei inbesondere auf die Wahl der optimalen Größe eines Zeitschrittes eingegangen
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Zusammenfassung

wird. Es folgt die Validierung der durchgeführten FEM-Implementierung anhand nu-
merischer Beispiele.

Kapitel 4 Inhalt dieses Kapitels ist die Erweiterung der FEM zur MPM. Die grundle-
genden Konzepte der MPM sowie die Vorteile der MPM gegenüber der klassischen FEM
werden erläutert. Nach der Beschreibung der Diskretisierung eines Kontinuums anhand
einer Materialpunktmenge wird auf die Initialisierung der Materialpunkte eingegangen.
Hierbei wird detailliert die Zuweisung von Masse, Kräften, Zustandsvariablen und an-
derer Eigenschaften an die Materialpunkte beschrieben. Im Anschluß hieran wird die
Initialisierung und Lösung der Bewegungsgleichungen behandelt. Die Randbedingun-
gen des MPM-Gleichungssystems werden ausführlich behandelt. Hierzu zählt die Er-
weiterung des Verfahrens von Lysmer and Kuhlemeyer [110], welches zur Formulierung
eines Kelvin-Voigt-Elementes führt. In diesem Kapitel werden ferner Algorithmen zur
Vermeidung von Locking niedrigwertiger Finite-Elemente, die Konvergenz von Simula-
tionen zu quasi-statischem Gleichgewicht sowie der Einsatz künstlicher Dämpfung be-
handelt. Darüberhinaus wird ein Überblick über in der MPM eingesetzte Kontaktalgo-
rithmen geboten, einschließlich der Validierung eines in dieser Dissertation eingesetzten
Algorithmus.

Kapitel 5 In diesem Kapitel wird die Anwendung der MPM auf geomechanische Prob-
lemstellungen untersucht, bei denen große Verformungen und Bewegungen von Bo-
den eintreten. Möglichkeiten der Anwendung der MPM im Ingenieurwesen werden
aufgezeigt: das dynamische Versagen einer Tunnelortsbrust, das Versagen einer Böschung
und das dynamische Eindringen eines Ankers in Boden zeigen deutlich die Möglichkeiten
der MPM auf.

Kapitel 6 Viele Problemstellungen der Geotechnik erfordern nebst Modellierung des
Bodens auch die Berücksichtigung von Flüssigkeiten im Boden. Die Erweiterung der
MPM um die Modellierung von Flüssigkeiten in einem porösen Medium, gekoppelte
2-Phasen-Materialien wie etwa Grundwasser im Boden, wird in diesem Kapitel behan-
delt. Das Konzept der effektiven Spannungen als auch das mögliche Auftreten von
Kompressionswellen in einem gesättigten Boden werden erläutert und die Gleichun-
gen des Zwei-Phasen-Modells abgeleitet. Hierbei werden die Geschwindigkeiten der
festen und flüssigen Phase als primäre Variablen verwendet, was zur sogenannten v-w-
Formulierung führt. Anschließend wird eine Literaturstudie zu numerischen Algorith-
men für die Modellierung von Zwei-Phasen-Materialien präsentiert. In Abschnitt 6.4
wird die FE-Lösung der v-w-Formulierung dargestellt. Diese Ausführungen werden
auf die MPM erweitert. Die durchgeführte Implementierung wird validiert und mit an-
alytischen Lösungen verglichen. Abschließend wird die Implementierung auf das Prob-
lem periodischen Wellenschlags gegen einen Deich angewendet.

Kapitel 7 Das Rammen von Pfählen stellt eine häufig eingesetzte Gründungsmeth-
ode dar. Für die Planung dieser Gründungsmethode ist es erforderlich, Art und Größe
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Zusammenfassung

des Rammhammers zu bestimmen, der für die Erreichung der erforderlichen Rammtiefe
notwendig ist. Die numerische Simulation des Herstellungsvorganges kann einen wichti-
gen Beitrag zur Wirtschaftlichkeit dieser Technik leisten. Darüberhinaus ist es auch
erforderlich, die Möglichkeit eines Versagens des Pfahls vorherzusagen, sollte dieser
überbeansprucht werden. In diesem Kapitel wird eine dynamische, dreidimensionale
Simulation des Rammens eines Pfahls in Sand mittels der MPM vorgestellt. Das Ver-
halten des Bodens unter zyklischer Belastung wird mit einem adaptierten hypoplastis-
chen Sand-Modell simuliert, welches beispielhaft an Laborversuchen an Schlaberndorfer
Sand validiert wird. Abschließend werden die Ergebnisse verschiedener Eindringtiefen
miteinander verglichen und diskutiert.

Kapitel 8 In diesem abschließenden Kapitel werden die Ergebnisse zusammengefaßt
sowie Empfehlungen für zukünftige Forschungen behandelt.
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Chapter 1

Introduction

In geomechanics one often encounters problems involving large deformations and large
movement of soil masses. As examples of such problems, one may consider landslides,
tunnel collapse and pile driving. Figure 1.1 shows a disastrous landslide, in which the
soil experienced considerable movement. The collapse of a tunnel is shown in Figure
1.2, with a crater being formed on the ground.

The analysis of such problems is challenging. At times, it may not be possible for
classical finite element method (FEM) formulations to provide reliable solutions, owing
to severe mesh distortions that accompany updated Lagrangian approaches. Although
Lagrangian-Eulerian (ALE) methods largely overcome issues associated with mesh dis-
tortion, re-meshing may still be required for some applications. Furthermore, the issue
of the need to remap state variables associated with material points is a drawback, which
is of particular concern when the history of the material must be taken into account. This
has led to the development of meshless methods and mesh-based particle methods such
as the material point method (MPM), which is favored in this thesis. An attractive fea-
ture of MPM is that properties and state variables reside with material points that are
not fixed to a mesh, but move through the mesh allowing possibilities of modeling large
deformations.

The dynamic nature of the considered problems make the corresponding numerical
simulation even more challenging. Predictions of the deformation pattern of the tunnel
face and the ground settlement in real time require a fully dynamic formulation. In ad-
dition to the high dynamics in the pile driving, attention must be paid to the formulation
of soil-structure interaction.

It is also common in geomechanical engineering to encounter problems that include
the coupling of the solid and fluid phases. Such coupling adds considerable complex-
ities to the mechanical behavior of the material and the corresponding numerical sim-
ulations. Algorithm that is capable of capturing the physics of saturated soils under
dynamic loading, including the propagation of different waves, is to be formulated and
tested.

1.1 Basic objectives

The ultimate objective of this thesis is to further develop, extend and exploit the poten-
tials of the material point method to provide a new horizon for the modeling of prob-
lems in geomechanics. Examples to be analyzed include installation of anchors, slope
slide and the collapse of a tunnel face. Special attention is to be paid to the MPM simula-
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Chapter 1 Introduction

Figure 1.1: Landslide in Hongkong (1972) [179]

Figure 1.2: Collapse of tunnel face in Munich (1994) [180]
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tion of pile driving in sand, being modeled by a highly advanced non-linear constitutive
model. To this end, MPM will have to be extended to include absorbing boundaries to
avoid waves reflection.

This study will also focus on another extension of the material point method to ana-
lyze coupled dynamic, two-phase boundary-value problems via a velocity formulation,
in which solid and fluid phase velocities are the variables. This extension is applied to
the simulation of the dynamic generation and dissipation of pore pressures in a sea dike
being attacked by cyclic waves.

1.2 Thesis layout

Including this introduction, this thesis is arranged in eight chapters. An extensive litera-
ture review for numerical methods is presented in Chapter 2. Lagrangian and Eulerian
finite element methods and other methods resulting from the combination of them are
considered with the pros and cons of each method. Also reviewed, are the mesh-based
particle methods with special attention being paid to the original development and ap-
plication of the material point method.

The formulation of the classical Lagrangian finite element method is presented in
Chapter 3. First of all, the mathematical model of a solid continuum is described. It in-
cludes conservation of mass, conservation of momentum and energy, kinematics, stress-
strain relation, as well as boundary and initial conditions. A detailed study of one-step
integration scheme for a second-order ordinary differential equation (ODE) is presented.
The conservation properties and other attributes of the scheme are investigated and at-
tention is paid to the selection of the time step size for discrete systems when adopting
a conditionally-stable time integration scheme. Validation of the FEM model with some
numerical examples is given with some concluding remarks.

The extension of FEM to MPM is formulated in Chapter 4, in which the basic concept
of MPM is presented with the advantages of the method over the classical FEM. The
application of the boundary conditions and the solution procedures in the framework
of MPM are presented. The treatment of spatially unbounded domains using absorb-
ing boundaries is discussed. An approach to deal with locking in low-order element is
explained. The convergence of the solution to a quasi-static equilibrium and the applica-
tion of artificial damping are discussed. A penetration problem is considered to validate
the implementation of MPM.

The application of the material point method to geomechanical problems involving
large deformation and movement of soil masses is presented in Chapter 5. Examples
of this chapter include the dynamic collapse of a tunnel face, the instability of a slope
consisting of frictional material and the installation of a dynamic anchor.

The extension of MPM to analyze problems involving the coupling of solid and fluid
phase is formulated in Chapter 6. Numerical issues in solving two-phase problems are
discussed, including the modeling of unbounded saturated domains, spurious spatial
pressures, damping for water and solid phase as well as mass scaling. The implementa-
tion is validated with problems having analytical solutions. An application example of
wave attack on sea dike is analyzed at the end of this chapter.
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Simulation of pile driving in sand is discussed in Chapter 7. The pile is assumed to
behave according to the linear elastic constitutive relation so that the probability of its
damage is excluded from the present study. The sand is to be modeled as advanced as
possible at the present state of soil constitutive models. The attention focused on the
drivability of the pile considering sand with different initial densities. The results of
shallow and deep penetration with varying skin friction, pile damping and the driving
pressure are presented in this chapter.

The concluding remarks of the present study with outlook to future work are pre-
sented in Chapter 8.
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Chapter 2

Large deformation: A review

For complex problems in continuum mechanics, analytical (closed-form) solutions are
not possible because of the restrictions concerning geometries, loads and boundary con-
ditions. Therefore, it became essential in engineering that alternative approximate so-
lution procedures were adopted. During the last decades, several numerical methods
were developed and became attractive for many fields of engineering. In this chapter,
we present an overview of some numerical methods that are capable of modeling large
deformations. We consider three main methods, namely the finite element methods,
meshless methods and mesh-based particle methods.

2.1 The finite element methods

The finite element method (FEM) is a numerical technique that approximates the so-
lutions of boundary-value problems. FEM has been successfully used for decades to
analyze a wide range of problems in both solid and fluid mechanics. In this section, we
consider a brief historical review of the main line of FEM development.

Approximate solutions of boundary-value problems using calculus of variations were
established by Rayleigh [141] and Ritz [142]. In this approach, the differential equation
is approximated by means of a test or trial function that is selected to be continuous over
the domain and satisfies the boundary conditions. The ansatz or the approximation of
the test function is a combination of a finite number of coordinate functions, each being
weighted by a constant coefficient. The test function is substituted in the variational ap-
proximation of the problem. The extremum of the variational expression leads to a set of
linear equations that are solved for the constant coefficients of the test function. Rayleigh
[141] was the first to use the calculus of variation in 1877 in the calculation of the funda-
mental natural frequency for different systems, e.g., bars and plates. In 1909, Ritz [142]
applied the variational approach to vibrating plates.

Another method to approximate the solutions of differential equations is the method
of weighted residuals, in which the test function is used together with an integral form
of the differential equation to minimize the error in an average sense over the domain
of the problem. The method of weighted residuals includes many approximation tech-
niques, e.g., Galerkin method [69], subdomain method [28] and collocation method [68].
An excellent review of the method of weighted residuals and more detailed bibliogra-
phy are presented in reference [65]. At present, the Galerkin method is the most popular
method for finite element formulation.

Although the earlier variational and weighted residuals methods provided the basis
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for approximating the solution of boundary-value problems, they had a drawback. The
trial function that is valid for the whole domain may require an excessive number of
terms, making it cumbersome to use for problems with complex geometry and bound-
ary conditions. In 1943, Courant [49] introduced the concept of piecewise continuous
functions in the context of variational methods. He applied the concept to triangular
subdomains to solve a plane torsion problem. Courant’s concept might be considered
as the real start of the finite element method. Subsequently, a matrix structural analy-
sis method was developed by Argyris and Kelsey [4] in 1954 and the stiffness matrix
of two-dimensional elements was first derived by Turner et al. [175] in 1956. The name
finite element was first introduced by Clough [44] in 1960 when using triangular and
rectangular finite elements for plane-stress analysis.

Turner et al. [176] further developed the method in 1960 for large deformation and
thermal-mechanical coupling. Zienkiewicz and Cheung [204] wrote the first finite ele-
ment textbook in 1967. A year later, Zienkiewicz et al. [206] published an article about
the extension of the method to visco-elastic stress analysis. Costantino [48] was the first
to use the finite element method for dynamic analysis in 1967. Belytschko and Hsieh [18]
presented the use of the method for transient analysis of large-displacement, small-strain
problems with material non-linearities. They presented the formulation of the constant
strain triangular elements and Euler-Bernoulli beam elements. They compared the re-
sults with the available experimental data for several examples.

In the framework of the finite element method, there are two basic formulations,
namely Lagrangian FEM and Eulerian FEM. The former is widely used in modeling solid
mechanics, whereas the latter is mainly used in modeling fluid mechanics. Other finite
element formulations were developed from the combination of Lagrangian and Eulerian
FEM and named as arbitrary Lagrangian-Eulerian (ALE) formulations. The underlying
mechanics of different formulations are discussed in the next sections with emphasis on
the advantages and drawbacks of each one.

2.1.1 Lagrangian versus Eulerian FEM

In continuum mechanics, there are two different view points describing the deformation
of a continuum, namely Lagrangian description and Eulerian description. In Lagrangian
description, the time and material coordinates are used as independent variables to de-
scribe the motion and other physical properties of the material with time. The frame
of reference in Lagrangian description is the initial (undeformed) configuration of the
continuum and sometimes it is referred to as material description. On the other hand,
Eulerian description uses the spatial coordinates and time to track the motion and other
physical properties at points fixed in space while the material is passing through with
time. It uses the spatial configuration as a frame of reference.

In the framework of Lagrangian finite element, two formulations can be developed
depending on the frame of reference used to calculate strains and stresses. If the ini-
tial material coordinates are used to determine stresses, the formulation is then called a
total Lagrangian FEM. An updated Lagrangian FEM arises if the updated material co-
ordinates are used to calculate stresses. In 1975, Bathe et al. [15] presented the total and
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updated Lagrangian FEM for large deformation. The formulation of both methods for
a three-dimensional beam element were derived for large displacement and large rota-
tion analysis by Bathe and Bolourchi [14] in 1979. They showed that both formulations
yield identical element stiffness matrix and nodal force vectors, but that the updated
Lagrangian FEM is more effective from computational view point. In their textbook, Be-
lytschko et al. [21] showed in more detail that both total and updated Lagrangian FEM
lead to identical results and the choice between them is just a matter of convenience.

In Lagrangian FEM, the nodes are always coincident with the material points, see Fig-
ure 2.1. Hence, the nodes that are initially located at the boundary of the continuum
will always remain on the boundary throughout the computations, i.e., the free surface
of the continuum is well defined in the framework of Lagrangian FEM, allowing easy
track of the interface between different materials and simple imposition of the bound-
ary conditions. Another advantage of Lagrangian FEM is that, by definition, it does
not allow the material to flow between elements and hence history dependent material
behavior can be easily handled as the quadrature points remain coincident with the ma-
terial points. However, the mesh distortion problem makes the method cumbersome in
modeling very large deformation.

Unlike Lagrangian FEM, in Eulerian FEM the computational mesh is kept spatially
fixed while the material is deforming in time, see Figure 2.1. This allows the capability
of handling large deformation without the problem of mesh distortion that appears in
the updated Lagrangian FEM. As the computational mesh is completely decoupled from
the material, convective terms appear in Eulerian FEM, introducing numerical difficul-
ties because of their non-symmetrical properties [60]. In contrast to Lagrangian FEM,

material finite element active node inactive node

(a) deformed

deformed(b)initial

initial

Figure 2.1: Initial and deformed configurations of a deforming body with (a) Lagrangian
mesh and (b) Eulerian mesh
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difficulties arise in modeling interface between materials as well as the application of
the boundary conditions. Using coarse meshes with Eulerian FEM leads to smearing of
the state variables. High quality results need fine meshes and are computationally ex-
pensive [147]. Moreover, the convection of materials between elements yields elements
with different materials, leading to a change of the real material properties in these ele-
ments and reducing the quality of predictions.

2.1.2 Combined Lagrangian-Eulerian methods

The combination of Lagrangian and Eulerian descriptions results the so-called arbitrary
Lagrangian-Eulerian (ALE) methods. In ALE, the relation between the computational
mesh and the continuum can be arbitrary and selected by the user, allowing possibilities
of modeling large deformation by combining the best aspects of Lagrangian and Eule-
rian descriptions and avoiding as much as possible the drawbacks of each of them. The
state variables are mapped from the old (distorted) mesh to a new one. The mesh up-
dating methods have great influence on the success of ALE. The mesh can be completely
regenerated or adapted. Mesh adaptation keeps the same nodes and topology, but the
nodes are relocated to avoid element distortion. For more details about ALE and the
mesh updating methods, the reader is referred to reference [60] and references therein.

The so-called coupled Eulerian-Lagrangian (CEL) method is one of the most effective
ALE methods in modeling penetration problems. In CEL, the target is discretized with
Eulerian mesh, whereas the penetrometer is discretized with Lagrangian mesh. The in-
teraction between the two meshes is modeled using contact algorithm selected by the
user, see reference [89] for CEL applications in geotechnical engineering.

2.2 Meshless methods

In the meshless methods the nodes (points) connectivity is continuously adjusted as the
continuum deforms, avoiding the problem of mesh distortion. The approximation in the
meshless methods can be based on moving least squares, kernels or partitions of unity
[20]. The smoothed particle hydrodynamics (SPH) is the oldest meshless method [109]. The
SPH is a particle method, in which the closed form of the partial differential equation
(PDE) is discretized using collocation methods. The SPH does not require a pre-defined
mesh to calculate the spatial derivatives, which is a clear distinction from the material
point method, see Section 2.3. For more details about SPH, the reader is referred to the
publications of Monaghan and coworkers (e.g. [123]).

The element-free Galerkin (EFG) method is a relatively younger meshless method, in
which the trial functions for the weak form are constructed using moving least squares
interpolants, see reference [19].

Oñate et al. [98, 134] also classify the particle finite element method (PFEM) as a mesh-
less method as it involves the meshless finite element interpolation. In PFEM, the nodal
points represent the particles and the computational mesh is constructed by connecting
these points. The mesh is then used to solve the governing equations in Lagrangian fash-
ion. Large deformation requires frequent remeshing (adjustment of the connectivity).
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The research effort on the meshless methods is increasing and many of these methods
were developed recently. An extensive literature review is out of the scope of this thesis
and the reader is referred to the book of Liu and Liu [105] for more abroad review.

As mentioned by Belytschko et al. [20], the meshless methods are suited to problems
involving large deformation, but they still require considerable improvement in the com-
putational efficiency. It was also shown that the computational cost of the element-free
Galerkin (EFG) method is much higher than that of FEM.

2.3 Mesh-based particle methods

Unlike the meshless methods, the mesh-based particle methods involve a combination
of a pre-defined background mesh and material points moving within this mesh. Only
those methods most relevant to this thesis are presented in this section

2.3.1 Particle-in-cell method

The original development of the particle-in-cell (PIC) method can be tracked back to 1955.
It was developed at Los Alamos by Harlow to simulate problems in fluid dynamics. Al-
though the objective at that time was to develop a method that is capable of handling
problems in two and three dimensions, the early development of PIC was made for one-
dimensional problems [80].

However, it was shown later that the original PIC was suffering from energy dissi-
pation [36, 37, 61, 102, 121, 132]. The reason for such dissipation was attributed to the
fact that Harlow’s original formulation was partially Lagrangian, in the sense that only a
mass and position were assigned to each particle. Other physical properties such as ve-
locity, momentum and energy were only temporarily mapped to the particles to convect
information between cells at the end of the time step. The properties assigned to particles
at the end of the time step were weighted by the mass of each particle. In other words, if
a particle moves from a cell to another the momentum and energy associated with it are
subtracted from the old cell and added to the new cell, but not stored permanently at
particles. In this respect, the method might be considered more Eulerian [132]. In spite
of this drawback, PIC was successfully used in modeling problems in fluid dynamics
involving large distortion [63, 80–84].

Since the early development of PIC, many studies have been carried out to further
improve the method and increase its numerical accuracy. In 1983, Nishiguchi and Yabe
[132] developed a more accurate scheme for the convection between particles and grid
point. Although they used the partially Lagrangian representation of particles as in the
original PIC, they improved the accuracy of the advection of momentum and energy to
a second order accuracy in space. During the seventies and eighties, considerable im-
provements in the PIC were achieved, see references [38, 61, 102, 120, 121, 168]. The
main effort concentrated on modifying the original PIC from partially Lagrangian repre-
sentation of particles to fully Lagrangian. In this modification, all physical quantities such
as momentum and energy were assigned to particles. The grid was then used only to
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get the solution of the governing equations. As a consequence of using full Lagrangian
approach, a considerable reduction in the numerical diffusion was achieved. This reduc-
tion was however compromised by the need for more storage capacity than required by
the partially Lagrangian, which was an issue when solving complicated problems at that
time [120, 132].

2.3.2 Fluid-implicit particle method

In 1986, Brackbill and Ruppel [36] used the full Lagrangian PIC as a basis to extend
the applicability of the method by using adaptively zoned mesh. They developed what
is so-called fluid-implicit particle (FLIP), which is a PIC formulation, in which the parti-
cles carry all physical properties of the continuum, e.g., mass, momentum, energy and
constitutive properties. As a consequence of using adaptive mesh, complex geometries
could be modeled with FLIP and better accuracy could be achieved. Furthermore, they
clearly separated the computational cycle of PIC to Lagrangian and convection or Eu-
lerian phase, which was very helpful in understanding the method. In addition, this
separation allowed the use of existing finite difference algorithms to solve the discrete
equations in the Lagrangian phase, as particles play no permanent role in this phase. Fur-
ther understanding and more stability analysis of FLIP and its applications in hydrody-
namics are given in references [34, 35, 37].

In 1991, FLIP was extended by Sulsky and Brackbill [158] to model problems involving
interaction between elastic bodies and fluids. According to the fact that in PIC particle
velocities are single valued in the mapping and re-mapping procedure between grid
points and particles, the method is naturally capable of handling non-slip contact be-
tween different bodies without any special algorithm [165].

In 1992, Burgess et al. [41] showed that the mapping of velocities from particles to
nodes can be made conservative on the basis of a mass-weighted least square procedure.
This procedure required inverting the mass matrix to calculate velocities from momen-
tums. They also showed that the conservation of kinetic energy could be fully achieved
when using a consistent-mass matrix. However, inverting such matrix was found to be
computationally expensive. Thus the lumped-mass matrix, which is a diagonal matrix
with entries corresponding to the row sum of the consistent-mass matrix, was used as an
alternative solution having computational and storage advantages. It should be realized
that the cost of using a lumped-mass matrix is some numerical dissipation in the kinetic
energy [41]. However, it is widely used in literature (e.g. [47, 162]). The FLIP method
is fairly well developed for fluid flow problems. The discrete equations of motion are
solved using standard finite difference methods [34–37, 41].

2.3.3 Material point method

The material point method (MPM) is a sophisticated numerical technique suited to model
large deformation [47, 126, 162, 163, 192]. In MPM, the continuum is represented by La-
grangian points, called material points or particles. Large deformation is modeled by parti-
cles moving through an Eulerian fixed mesh. The particles carry all physical properties
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of the continuum such as mass, momentum, material parameters, strains, stresses as well
as external loads, whereas the Eulerian mesh and its Gauss points carry no permanent
information. At the beginning of the time step, information is transferred from particles
to the computational mesh. The mesh is then used to determine the incremental solu-
tion of the governing equations in a Lagrangian fashion. At the end of the time step, the
solution is mapped from the mesh back to particles to update their information.

Through this approach, MPM combines the best aspects of both Lagrangian and Eule-
rian formulations while avoiding some shortcomings of them. Indeed, numerical diffu-
sion associated with the convective terms in Eulerian approach does not appear in MPM
solution. Furthermore, the problem of mesh distortion, which an updated Lagrangian
solution shows for large deformation, is avoided in the framework of MPM [161, 165].
The material point method can eventually be viewed as an extension of the particle-in-
cell method. The following literature study on MPM is divided into paragraphs for the
sake of easy track by the reader.

Early development on MPM In 1993, Sulsky et al. [164]a considerably extended the
FLIP method to the application for solid mechanics. The weak formulation and the dis-
crete equations were casted in a form that is consistent with the traditional finite ele-
ment method. Furthermore, they applied the constitutive equation at each single par-
ticle, avoiding the interpolation of the history-dependent variables, as the particles are
tracked throughout the computations. Given this considerable extension, the method
was then made capable of handling history-dependent material behavior. Elements hav-
ing material with different parameters or different constitutive equations were automat-
ically treated which is a clear advantage over Eulerian FEM. They considered numerical
examples with large rigid body rotation and showed that the energy dissipation which
tends to occur in Eulerian approach did not occur in their approach. This extension was
then applied to different normal and oblique impact of objects in plane-strain condi-
tion with elastic and strain hardening plastic material behaviors [161]. In the same year
(1993), Sulsky and Schreyer [160] extended the application of PIC to incorporate con-
stitutive laws expressed in terms of Jaumann rate of stress. Further applications of PIC
method to solid mechanics are given in reference [166].

In 1996, Sulsky and Schreyer [162] named the method as the material point method
(MPM) and presented its axisymmetric formulation. They applied MPM to upsetting
of billets and Taylor impact problems. They also incorporated the thermal effect in the
constitutive equation.

MPM in granular materials In 1999, Więckowski et al. [194] applied the MPM to simu-
late the problem of silo discharge, which involved flow of granular material. The formu-
lation of a frictional contact algorithm and the solution procedure of contact problems
were presented in the framework of MPM. They used triangular elements with linear
shape functions to discretize the problem. Furthermore, a formula for calculating the

aTheir work was first documented as a technical report in 1993 [164] and was later published as a journal
article in 1994 [165].
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critical time step for MPM with one-dimensional linear element was suggested and de-
rived from stability condition. It was shown that, among the mesh size and the wave
speed, the critical time step size in MPM is significantly affected by the number and
position of particles in the elements. Moreover, they showed that MPM requires, in
general, a smaller time step size than FEM. Other publications of Więckowski on the
material point method are references [190, 191]. The macroscopic stress-strain response
of dry granular materials subjected to compression was investigated by Sulsky [157].
She showed that MPM can reproduce the experimental observations of stiffening under
compression. Bardenhagen and Brackbill [7] used MPM to model stress bridging and
localization in granular materials. Observations for both quasi-static and dynamic load-
ing were discussed. Coetzee [45] applied the material point method to model the flow
of granular material in front of flat bulldozer blades and into dragline type buckets. His
formulation was based on Cosserat continuum. He compared MPM results to experi-
mental measurements as well as results obtained by the discrete element method.

Quasi-static MPM All previous development of the material point method were based
on dynamics. Guilkey et al. [74] were among the first to formulate a quasi-static MPM to
simulate slow rate of loading. They applied their formulation to the modeling of multi-
cellular constructs. An implicit integration scheme was used to integrate the equilibrium
equation. They deviated a little from the traditional MPM by not resetting the mesh af-
ter each time step. The reason for this was to mitigate the error associated with particle
crossing between elements, which is known to be troublesome for quasi-static analysis
as there are no inertia forces [201]. However, it is felt that this approach should be used
with great care as it might lead to severe mesh distortion. Other work on quasi-static
MPM was carried out by Beuth et al. ([25–27, 182]).

Contact algorithms in MPM It was previously mentioned that, a natural consequence
of MPM is the capability of simulating non-slip contact between different bodies with-
out a special algorithm. However, in many engineering problems a contact algorithm is
required to model the relative motion at the interface between the contacting bodies. In
2000, Bardenhagen et al. [9] developed a frictional contact algorithm to model interac-
tion between grains in granular materials. The algorithm allows sliding and rolling with
friction as well as separation between grains, but does not allow interpenetration. The
strength of the algorithm is the automatic detection of the contact nodes, i.e., a pre-
definition of the contact surface is not required. In addition, special interface elements
to model the contact are not required. The algorithm is applicable to model contact be-
tween solid bodies. It was further improved by Bardenhagen et al. [12] and applied
to simulate stress propagation in granular materials. Although there exist other contact
algorithms (e.g. [95, 194]), Bardenhagen’s algorithm is the one most used in MPM litera-
ture [3, 10, 11, 45].

Fracture and crack growth in MPM Considerable research effort was put in exploit-
ing the capability of the material point method to model dynamic fracture and crack
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growth. In 2002, Tan and Nairn [169] developed a method to calculate fracture param-
eters, e.g., the dynamic energy release rate. They combined the method with adaptive
meshing technique to refine the mesh around the crack tip, which is necessary to cap-
ture the process of crack growth. Furthermore, they used a consistent-mass matrix to
accurately calculate the energy release rate. More development and applications of the
material point method in modeling fracture and crack growth are presented in references
[55, 76, 77, 126, 128, 129].

Membranes in MPM In 1997, York II [195] developed modifications to the material
point method to allow the simulation of thin membranes. He used the algorithm to study
the interaction between the membrane and compressible fluids. His work was then used
as a basis to further development of the membrane formulation within the material point
method. Ionescu et al. [99] used the membrane algorithm to simulate biological soft
tissues subjected to penetrating trauma. The response of geomembranes to quasi-static
loading condition due to the settlement in landfills was studied by Zhou et al. [202]. The
MPM membrane theory was also applied to solve several complex problems, e.g., the
pinching of a membrane and a pressurized membrane, see references [196, 197].

Implicit integration in MPM It is usual in the dynamic material point method to ad-
vance the solution in time using explicit integration schemes [6, 43, 146, 163, 200]. How-
ever, in problems involving slow rate of loading, i.e., quasi-static problems, the flow
of the material is much slower than the speed of the wave propagation in the mate-
rial. Hence, employing an implicit time integration scheme reduces the computational
time considerably. MPM was used together with implicit schemes in several studies.
Cummins and Brackbill [52] considered an implicit formulation of the material point
method and applied it to the simulation of quasi-static loading of granular materials.
They adopted the matrix-free Newton-Krylov algorithm to reduce the computational
time and avoid the construction of the tangent stiffness matrix. A similar approach with
a slightly different time discretization was used by Sulsky and Kaul [159]. In the lat-
ter, it was shown that the use of implicit solvers with large time step size results in some
energy dissipation and loss of accuracy when applied to problems of high frequency con-
tent. In contrast to references [52] and [159], Guilkey and Weiss [72] explicitly formed the
tangent stiffness matrix and used Newton’s method together with Newmark integration
scheme to solve the equilibrium equations in time.

Other examples of using implicit integration with MPM are found in the work of Love
and Sulsky [107, 108]. They showed that an implicit formulation of MPM can be uncon-
ditionally stable. They used a consistent-mass matrix together with the implicit scheme,
adding considerable complexity to the algorithm [155]. Apart from dynamic MPM, there
exist quasi-static formulation with implicit solvers (e.g. [26, 27, 74]).

Generalized interpolation MPM In 2004, Bardenhagen and Kober [8] generalized the
MPM solution procedure by applying a Petrov-Galerkin discretization scheme. They
used the shape functions together with particle characteristic functions in the variational
formulation. Different combinations of the shape functions and particle characteristic
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Chapter 2 Large deformation: A review

functions resulted in a family of methods named, by Bardenhagen and Kober, as the
generalized interpolation material point method that is abbreviated as GIMP. This generaliza-
tion allowed the material point method to be derived as a special case GIMP. Their main
motivation to investigate GIMP was to eliminate the numerical noise associated with
MPM when particles cross element boundary. Indeed, they showed in one-dimensional
examples that, GIMP is capable of eliminating the noise in stresses observed in MPM so-
lution. However, the use of Petrov-Galerkin discretization scheme deviated the method
more towards meshless methods [8]. GIMP was used in several studies, see references
[2, 55, 111, 187].

MPM in geomechanics The studies on using the material point method in modeling
geotechnical problems are limited. Andersen [3] used MPM to model the dynamic col-
lapse of slopes. Coetzee et al. [47] used it for studying the large deformation problem
of anchor pull-out. The ultimate capacity of the anchor pulled in sand with 45◦ was
predicted with 10% difference from the measured data. Furthermore, it was shown that
MPM can accurately capture the movement of the free surface. The group of Vermeer
applied the material point method mainly for modeling problems in geomechanics [25–
27, 182]. Examples of geotechnical problems solved using a quasi-static MPM are elastic-
plastic slope problem and retaining wall problem. Modeling the behavior of saturated
soils under rapid loading, e.g., pile driving in saturated soils is a challenge. It requires
a method that is capable of modeling large deformation and accounting for dynamic
generation and dissipation of pore water pressures, a phenomenon that is well-known
and of great importance in geotechnical community and called consolidation. The work
of Zhang et al. [199] is the only publication, we are aware of, on the application of the
material point method on the modeling of dynamic analysis of saturated porous media.

MPM in fluid-structure interaction Guilkey et al. [75] developed a numerical scheme
for fluid-structure interaction. In their scheme, they used the material point method to
model solid field in a Lagrangian frame, while an Eulerian frame was used for the fluid.
The fact that MPM uses a temporary mesh to calculate incremental solution of the gov-
erning equations, allowed them to use the same Eulerian mesh for the solid and fluid.
Moreover, they combined their approach with adaptive mesh refinement procedure in
order to refine the mesh in parts of the domain and hence improved the computational
efficiency. They applied the scheme to simulate explosions of energetic devices, which
are metal containers filled with high explosive materials such as bombs and rocket mo-
tors. References [73, 85, 136, 152, 198] contain more details and applications of fluid-
structure interaction and multiphase schemes using MPM. The use of the material point
method in modeling multiphase drag interactions with several modeling strategies was
investigated by Mackenzie-Helnwein et al. [118].

Improvement of MPM accuracy Fundamental studies were carried out on the im-
provement of MPM accuracy and reduction of some numerical errors, e.g., grid crossing
error and energy conservation error. Steffen et al. [153] studied the reduction of quadra-
ture error and grid crossing error. They concluded that the use of a smooth basis func-
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tion such as quadratic and cubic B-splines reduces these errors considerably. Further
investigations of different types of interpolation in the material point method were car-
ried out by Andersen and Andersen [1]. Love and Sulsky [107] investigated the energy
consistency of the material point method when used together with thermodynamically
consistent hyperelastic-plastic materials. They formulated the material point method in
a way that can dissipate energy and conserve momentum to achieve the desired prop-
erties of energy-consistent method. They considered a mixed discretization procedure
to avoid the volumetric locking, in which they split the governing equations into volu-
metric and deviatoric parts, allowing the use of different interpolation for each part. A
similar mixed approach was already used by Moresi et al. [125] in the framework of an-
other PIC formulation. Methods of updating strain and stress rates in MPM and energy
conservation issues associated with each method were subjects to several studies.

Bardenhagen [6] showed that the original MPM algorithm by Sulsky et al. [165] does
not conserve energy although it conserves mass and momentum by construction. In the
original MPM, the nodal velocities that are calculated directly from the integration of
nodal accelerations, are used to update particle strain and stress rates. This procedure is
referred to as update stress last (USL), see references [6, 126]. It is known to be numeri-
cally unstable having serious problem when a node gets almost zero mass. This situation
occurs in some scenarios like, when a single particle just entered a previously empty ele-
ment and located very close to the boundary of this element. A solution to this problem
was suggested by Sulsky et al. [166]. They modified the algorithm such that it has better
numerical properties and much better energy conservation features. In their modifica-
tion, they used the updated particle momentums to calculate the nodal velocities, which
are then used to update particle strain and stress rates. Nairn [126] named this approach
as modified update stress last (MUSL).

An alternative algorithm to improve the energy conservation properties of the orig-
inal MPM was proposed by Bardenhagen [6]. In his algorithm, he updated strain and
stress rates at the beginning of the time step from the velocities of the previous time
step. This approach is referred to as update stress first (USF). The main difference be-
tween MUSL and USF is that the former calculates the nodal velocities from particle
momentums at the end of the time step, i.e, before updating particles position, whereas
USF calculates the nodal velocities from particle momentums at the beginning of the
next time step, i.e., after updating particles position [126]. The two approaches were
compared and scrutinized by Nairn [126]. He observed that MUSL slowly dissipates en-
ergy while USF slowly increases energy. However, MUSL might be more logical choice
as the algorithm is almost consistent, except for some details, with the well-established
FEM solution procedure. Moreover, the slow dissipation observed in MUSL might be
required in some cases, acting as an artificial damping in the system. Issues like MPM
accuracy, energy conservation, implementation choices and extension of its applicability
are further discussed in other publications (e.g. [42, 143, 153–155, 185–188]).

MPM computational cost The material point method consumes less computational
time compared to the meshless methods. Unlike the meshless methods, the incremental
solution in MPM is obtained on a pre-defined background mesh and the CFL (Courant,
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Friedrichs and Lewy) condition depends on the mesh spacing rather than the material
point spacing [146]. The time step size may decrease significantly during computations
in the meshless methods. Ma et al. [112] showed in particular example of hypervelocity
impact that the SPH time step size was reduced by a factor of 3.8 during computations
due to the considerable reduction in the material point spacing resulting from the severe
compression of the material, whereas MPM kept the time step size constant throughout
the computations. In addition, the time consuming neighbor searching, which is not
required in MPM, is essential in most meshless methods like SPH and EFG.

Other applications of MPM The material point method finds itself applicable in a
wide spectrum of engineering problems. For instance, Nairn [127] applied MPM to the
modeling of transverse compression and densification of wood. He showed that MPM
has the potential to reproduce some physical phenomena in wood that are beyond the
capability of the finite element method, e.g., wood anatomy and variation in wood struc-
ture upon loading. Other studies on using MPM in modeling wood are found in refer-
ences [128, 130]. Banerjee [5] exploited the capability of the material point method to
model fragmentation of objects. He applied it to simulate cylinders that fragment due to
explosively expanding gases generated by reactions in a high energy material contained
inside. Examples of using MPM to model fragmentation on concrete walls are found in
reference [93]. Furthermore, the method was used to model the physics of foam densi-
fication (e.g. [13, 40]). It was also applied by Sulsky et al. [167] in the simulation of ice
transport. However, other formulations of PIC were already used to model sea ice trans-
port (e.g. [67, 96]).

Schreyer et al. [146] applied the material point method to the modeling of delami-
nation or decohesion, which is a failure mode that occurs in layered composite materi-
als. They exploited the capability of MPM of tracking history variables such as decohe-
sion without the need for remeshing and mapping history variables. Other applications
of using the material point method together with a decohesion constitutive models are
available in reference [163].

It is of interest to point out that there exists a recent mesh-based particle method with
almost the same underlying mechanics as that of MPM. The method is called Lagrangian
integration point finite element method [125]. It differs from MPM mainly in the way of
calculating the integration weights. In MPM, they are calculated from the initial con-
figuration and updated during computations, whereas in the other method, they are
calculated by defining the field quantity that needs to be integrated as a polynomial of
a certain order. The coefficients of the assumed polynomial are then equated to the co-
efficients of the usual quadrature expansion of the field quantity. Although this method
is not widely used, it was applied to some engineering problems, e.g., simulation of
landslides [140], modeling of geomaterials [125] and viscous flow [124].

Summary of literature review After this literature review, one can conclude that the
material point method has been proven as a robust numerical tool, having the capability
of modeling large deformation. It has been successfully employed in modeling a wide
range of problems in different engineering fields. MPM avoids most of the shortcom-

16



2.3 Mesh-based particle methods

ings that appear in both Lagrangian and Eulerian FEM. Another strong advantage is
that, MPM can be viewed as an extension of the well-developed finite element method.
Hence, the long tradition and experiences of FEM can be easily exploited and used with
MPM. Furthermore, when compared to meshless methods, it is less complex and com-
putationally more efficient.

Considering these "beautiful" features of MPM, we find a logical justification to our
strong motivation to put our effort into further development of the method and make
it applicable to practical problems in geomechanical engineering, especially for those
involving two-phase dynamics.
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Chapter 3

Mathematical and numerical models: FEM

We already mentioned in Chapter 2 that the material point method can be viewed as an
extension of the finite element method and that the solution procedure of the equilibrium
equations within a time step in MPM is consistent with that of Lagrangian FEM. For this
reason, we find it appropriate to devote this chapter to the classical Lagrangian finite
element method. This way we will have better understanding of the MPM basics and it
will be easier to highlight the differences between FEM and MPM, which is considered
in the next chapter. Section 3.1 considers the mathematical model of a solid continuum,
including the conservation of mass, momentum and energy; kinematics; stress-strain re-
lation; as well as boundary and initial conditions.

In Section 3.2, the weak form of momentum balance is considered, which leads to the
well-known virtual work equation that is used to develop FEM equations in Section 3.3.
The assemblage procedure of the global matrices from the element matrices is discussed
as well in this section. Special attention is paid in this section to the lumping procedure
of the mass matrix.

Time discretization follows in Section 3.4, in which a detailed study of one-step in-
tegration scheme for a second-order ordinary differential equation (ODE) is presented.
The scheme is applied first to a single degree-of-freedom spring-mass system and sta-
bility conditions, conservation properties and other attributes of the scheme are inves-
tigated. The application of the scheme is then extended to FEM equilibrium equations.
Attention is paid to the selection of the time step size for discrete systems when adopting
a conditionally-stable time integration scheme. Validation of the FEM model with some
numerical examples is given in Section 3.5. Some concluding remarks for this chapter
are discussed in Section 3.6.

3.1 Mathematical model

Let us consider a continuum that occupies a domain Ω0 ⊆ ℜ3 at time t0 and a do-
main Ω ⊆ ℜ3 at time t, where t ∈ [t0, tf ]. The domain Ω0 represents the initial state
of the continuum and is referred to as the initial configuration or the undeformed configura-
tion, whereas the domainΩ represents the state of the continuum after it has experienced
deformation. This domain is referred to as the current configuration or the deformed config-
uration, see Figure 3.1. The coordinates of a material point in the current configuration at
time t are denoted by the vector x, whereas the vector x0 denotes the coordinates of this
material point in the initial configuration at time t0. In Cartesian coordinate system, the
vectors x and x0 are defined as
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ΩΩ0

∂Ω = ∂Ωu ∪ ∂Ωτ

û

x

deformed configuration

t = tt = t0
initial configuration

ψ (x0, t)

x1

x2
x0

Figure 3.1: Initial and deformed configurations of a continuum

x =
[

x1 x2 x3
]T

and x0 =
[

x01 x02 x03
]T
, (3.1)

respectively, with T indicating the transpose. The position x in the current configuration
can always be linked to the position x0 in the initial configuration as

x = ψ (x0, t) , (3.2)

which implies that at t = t0, x = x0. The function ψ is used in the transformation
from the initial to the current configuration. This function is invertible, allowing the
identification of the initial position x0 of a material point currently located at x, i.e.,

x0 = ψ
−1 (x, t) (3.3)

with superscript -1 indicating the inverse.

3.1.1 Motion and kinematics

Let the displacement, velocity and acceleration vectors of a material point be

û (x, t) =
[

û1 û2 û3
]T
,

v̂ (x, t) =
[

v̂1 v̂2 v̂3
]T
,

â (x, t) =
[

â1 â2 â3
]T
, (3.4)

respectively. The displacement û can be defined in terms of the positions of the material
point in the initial and current configurations as indicated in Figure 3.1, i.e.,

û (x, t) = x− x0 (3.5)
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and the velocity v̂ is defined as the material time derivative of the displacement û,

v̂ (x, t) =
d

dt
û (x, t) , (3.6)

while the acceleration â is related to the velocity v̂ by

â (x, t) =
d

dt
v̂ (x, t) (3.7)

with
d

dt
=

∂

∂t
+ v̂i

∂

∂xi
(3.8)

being the material time derivative of a quantity. We should emphasize here that the sec-
ond term of the right-hand side of Equation 3.8, which represents the convective term,
vanishes in Lagrangian description and hence the material time derivative is simply
expressed by the partial derivative with respect to time [60]. Hence, the following con-
dition applies throughout this thesis

d

dt
=

∂

∂t
. (3.9)

The strain rate tensor ε̇ij , which is the symmetric part of the velocity gradient tensor is
defined as

ε̇ij =
dεij
dt

=
1

2

(

∂v̂i
∂xj

+
∂v̂j
∂xi

)

. (3.10)

The components of εij are

εij =





ε11 ε12 ε13
ε21 ε22 ε23
ε31 ε32 ε33



 . (3.11)

3.1.2 Constitutive relation

Having the strain tensor and its rate defined, a relation that relates the rate of stress to the
rate of strain and the state of the material is required. This is what is so-called constitutive
relation. Let us denote Cauchy stress tensor as σij , its rate as σ̇ij and Jaumann rate of stress

as
∇J
σ ij . Following Prager [139], these tensors are related as

σ̇ij =
∇J
σ ij + ωikσkj − σikωkj, (3.12)

in which ωij denotes the spin tensor, which is the antisymmetric part of the velocity
gradient tensor and is written as

ωij =
1

2

(

∂v̂i
∂xj

− ∂v̂j
∂xi

)

(3.13)
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and σij has the following components

σij =





σ11 σ12 σ13
σ21 σ22 σ23
σ31 σ32 σ33



 . (3.14)

The Jaumann rate of stress can now be defined in terms of the co-rotational rate of Kirch-
hoff stress

∇H
σ ij , also referred to as Hill stress rate [91], i.e.,

∇J
σ ij =

∇H
σ ij − ε̇kkσij, (3.15)

where ε̇kk is the volumetric strain rate, which is defined as

ε̇kk =
∂v̂k
∂xk

. (3.16)

Substituting Equation 3.15 into Equation 3.12 yields

σ̇ij =
∇H
σ ij − ε̇kkσij + ωikσkj − σikωkj. (3.17)

An incrementally linear constitutive relation can be written as

∇H
σ ij = Dijklε̇kl, (3.18)

where Dijkl denotes the constitutive tensor. In the special case of an isotropic linear
elastic material Hooke’s law applies and

Dijkl = (K − 2

3
G )δijδkl +G (δikδjl + δilδjk) (3.19)

with δij taking the usual definition of Kronecker delta, K and G being the bulk modulus
and the shear modulus of the material, respectively. They are related to Young’s modulus
E and Poisson’s ratio ν by

K =
E

3 (1− 2ν)
and G =

E

2 (1 + ν)
. (3.20)

For small deformations, Equation 3.19 corresponds to (isotropic) elasticity, but more gen-
eral constitutive models including plasticity are to be considered elsewhere in this thesis.
We emphasize that throughout this thesis, tensile stresses are considered to be positive
while compressive stresses are negative.

3.1.3 Conservation laws

We consider now the fundamental conservation laws of thermodynamics, which a con-
tinuum should satisfy. These laws are conservation of mass, conservation of momentum and
conservation of energy.
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Conservation of mass When sources and sinks are neglected, i.e., no mass entering or
leaving the domain Ω occupied by the material, the change of mass with time should be
zero. The mathematical form of the conservation of mass can be written as

d̺

dt
+ ̺

∂v̂i
∂xi

= 0 (3.21)

with ̺ being the mass density of the material. Equation 3.21 is also referred to as the con-
tinuity equation.

Conservation of momentum Conservation of momentum implies both, conservation
of linear and angular momentums. The conservation of linear momentum represents
the equation of motion of a continuum, i.e., Newton’s second law of motion. It relates
the motion or the kinetic of a continuum to the internal and external forces acting upon
it. Hence, it is a key equation in the formulation and consequently the discretization of
the continuum. Without going into details of development and derivation of the equa-
tion, we give the mathematical form of the conservation of linear momentum as

̺
dv̂i
dt

=
∂σij
∂xj

+ ̺gi, (3.22)

in which the term ̺gi represents the forces due to gravity or the self weight of the con-
tinuum, which are the only body forces considered in this thesis and gi stands for the
components of gravitational acceleration, i.e.,

gi =
[

g1 g2 g3
]T
. (3.23)

The value of the gravitational acceleration is assumed to be 10 [m/s2] unless stated oth-
erwise. The conservation of angular momentum implies that the stress tensor is symmet-
ric, i.e.,

σij = σji. (3.24)

As the conservation of angular momentum adds no new equation, most literature calls
the conservation of linear momentum as the momentum equation.

Conservation of energy As we disregard heat effects and any source of thermal energy
in this thesis and consider the mechanical work as the only source of energy, the conser-
vation of energy takes the form

̺
dr

dt
= ε̇ijσij (3.25)

with r being the internal energy per unit mass.

3.1.4 Boundary and initial conditions

Let ∂Ω represents the boundary of the domain Ω, which consists of two parts, namely
∂Ωu and ∂Ωτ . The boundary ∂Ωu denotes the prescribed displacement boundary, whereas
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τ̃i = σijnj

boundary of the domain traction boundarydisplacement boundary

σij

nj

Ω

∂Ωτ∂Ω

= +

ûi = 0

∂Ωu

Ω

τ̃i

Ω

Figure 3.2: Displacement and traction boundary conditions

∂Ωτ denotes the prescribed stress boundary or prescribed traction boundary as indicated in
Figure 3.2. The displacement boundary conditions can be written as

ûi (x, t) = Ûi (t) on ∂Ωu (t) (3.26)

and they are also referred to as essential boundary conditions or Dirichlet boundary condi-
tions. The surface traction vector τi (x, t) can be written as a multiplication of a space
vector of traction τ̃i (x) and a time function T (t), i.e.,

τi (x, t) = τ̃i (x) T (t) . (3.27)

Hence, the traction boundary conditions are defined as

σij (x, t)nj = τ̃i T (t) on ∂Ωτ (t) (3.28)

with nj indicating the unit vector normal to the boundary ∂Ω and pointing outward.
The vector τ̃i represents the prescribed traction at a boundary material point located at x.
The traction boundary conditions are also called natural boundary conditions or Neumann
boundary conditions with Equation 3.28 being the Cauchy’s formula. At each material point
located at the boundary ∂Ω, either displacement or traction must be prescribed, but not
both of them, i.e.,

∂Ωu ∩ ∂Ωτ = ∅ and ∂Ωu ∪ ∂Ωτ = ∂Ω. (3.29)

It should be realized that the above conditions should be satisfied for each of the three
directions. The initial conditions are considered as

ûi (x, t0) = Û0i, v̂i (x, t0) = V̂0i and σij (x, t0) = σ0ij . (3.30)

More details about the development and derivation of the basic equations of solid
continuum can be found in books dealing with continuum mechanics, e.g., Malvern
[119].
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3.2 Weak form of momentum and traction

As we mentioned previously, the conservation of the momentum (Equation 3.22) is a key
equation in continuum mechanics, representing the equation of motion of the contin-
uum. To discretize this equation, its strong form has to be transformed into the weak form
or the well-known virtual work equation. The momentum equation is now multiplied by
a test function or a virtual velocity δv̂i and is integrated over the current domain Ω occu-
pied by the continuum, i.e.,

∫

Ω

δv̂i̺
dv̂i
dt

dΩ =

∫

Ω

δv̂i
∂σij
∂xj

dΩ +

∫

Ω

δv̂i̺gi dΩ (3.31)

with
δv̂i = 0 on ∂Ωu. (3.32)

The virtual velocity δv̂i must be kinematically admissible, that is, it satisfies the essential
boundary conditions and is continuous over the domain. The first term on the right-hand
side of Equation 3.31 can be expressed as

∫

Ω

δv̂i
∂σij
∂xj

dΩ =

∫

Ω

∂

∂xj
(δv̂iσij) dΩ −

∫

Ω

∂(δv̂i)

∂xj
σij dΩ. (3.33)

Substituting Equation 3.33 into Equation 3.31 yields
∫

Ω

δv̂i̺
dv̂i
dt

dΩ =

∫

Ω

∂

∂xj
(δv̂iσij) dΩ −

∫

Ω

∂(δv̂i)

∂xj
σij dΩ +

∫

Ω

δv̂i̺gi dΩ. (3.34)

Using Gauss’ theorem, also called as divergence theorem, the first term on the right-hand
side of Equation 3.34 can be written as

∫

Ω

∂

∂xj
(δv̂iσij) dΩ =

∫

∂Ω

δv̂injσij dS (3.35)

with dS denoting an integral over a surface. One must keep in mind that the only in-
tegral which does not vanish in the weak form is the integral over the traction bound-
ary ∂Ωτ . The integral over the displacement boundary ∂Ωu vanishes in the weak form,
see Equation 3.32. This fact together with Cauchy’s formula (Equation 3.28) lead to

∫

Ω

∂

∂xj
(δv̂iσij) dΩ =

∫

∂Ωτ

δv̂iτi dS, (3.36)

which after substitution into Equation 3.34 yields the virtual work equation, that repre-
sents the weak form of the momentum equation, i.e.,

∫

Ω

δv̂i̺
dv̂i
dt

dΩ =

∫

∂Ωτ

δv̂iτi dS +

∫

Ω

δv̂i̺gi dΩ −
∫

Ω

∂(δv̂i)

∂xj
σij dΩ, (3.37)

which will be used then in the formulation of the finite element discrete equations.
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3.3 Space discretization of the virtual work

In finite element method, the domain Ω is decomposed into finite subdomains Ωe called
finite elements, see Figure 3.3. The union of these subdomains comprises the total domain,
Ω = ∪nelm

e=1 Ωe, where nelm denotes the total number of finite elements in the mesh. Each
element is jointed with its surrounding elements by number of points called nodes. The
state variable is assumed to have pre-defined interpolation functions within the element
and the solution is then obtained at the nodes. Hence, the equilibrium is satisfied at
the nodes. It is usual in the finite element method to use matrix notations in the dis-
cretization of the virtual work equation, see for instance, reference [150]. Throughout
this thesis, bold symbols are used to denote matrices and vectors. Taking advantage of
the symmetry of the strain tensor, the strain and its rate can be represented in a vector
form as

ε̇ (x, t) =
d

dt
ε (x, t) , (3.38)

where
ε (x, t) =

[

ε11 ε22 ε33 γ12 γ23 γ31
]T

(3.39)

with εij , i = j being the normal strain in the direction of xi coordinate and γij = 2εij ,
i 6= j being the shear strain in xixj plane. Similarly, the stress rate vector is

σ̇ (x, t) =
d

dt
σ (x, t) (3.40)

with
σ (x, t) =

[

σ11 σ22 σ33 σ12 σ23 σ31
]T
, (3.41)

where σij , i = j being the normal stress in the direction of xi coordinate and σij , i 6= j be-
ing the shear stress in xixj plane. The above representation of stress and strain is known
in the literature as Voigt notation [21]. Such representation has storage and computational

nodefinite element Ωe

Ω =
nelm
⋃

e=1

Ωe

material

Ω

discretized domaincontinuous domain

Figure 3.3: Finite element discretization of a domain
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3.3 Space discretization of the virtual work

advantage in numerical calculations. However, one should realize that the representa-
tion of the strain is different from stress in Voigt notation. The last three terms of the
strain vector are represented by γij = 2εij . The reason for this is to ensure that energy
is preserved and that different expressions of energy using tensors or vectors are equal,
i.e.,

εijσij = ε
Tσ. (3.42)

In finite element method, the discrete form is obtained by approximating the displace-
ment and eventually the velocity and acceleration as

û (x, t) ≈ N̄ (x)u (t) ,

v̂ (x, t) ≈ N̄ (x)v (t) ,

â (x, t) ≈ N̄ (x)a (t) , (3.43)

respectively. The corresponding virtual quantities are approximated the same way, for
instance, δv̂ ≈ N̄δv. The interpolation function or the shape function matrix N̄ has the
following form

N̄ (x) =
[

N̄1 (x) N̄2 (x) N̄3 (x) · · · N̄nT
(x)
]

(3.44)

with

N̄i (x) =







N̄i (x) 0 0

0 N̄i (x) 0

0 0 N̄i (x)






(3.45)

and nT denoting the total number of nodes in the mesh. The bar superscript implies that
the shape functions are written in terms of the global coordinate system x. The vectors of
nodal displacements, velocities and accelerations are denoted as u, v and a, respectively.
Using the notation of reference [27], these vectors can be written as

u (t) =
[

u11 u12 u13 . . . unT 1 unT 2 unT 3

]T
,

v (t) =
[

v11 v12 v13 . . . vnT 1 vnT 2 vnT 3

]T
,

a (t) =
[

a11 a12 a13 . . . anT 1 anT 2 anT 3

]T
(3.46)

with, for instance, v12 indicating the velocity at node 1 in the direction of coordinate
x2. The kinematic relation can be written using matrix notations as

ε̇ (x, t) = Lv̂ (x, t) (3.47)
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with L being a linear differential operator, that has the following form

L =









































∂

∂x1
0 0

0
∂

∂x2
0

0 0
∂

∂x3
∂

∂x2

∂

∂x1
0

0
∂

∂x3

∂

∂x2
∂

∂x3
0

∂

∂x1









































. (3.48)

Substituting the second of Equation 3.43 into Equation 3.47 yields

ε̇ (x, t) = B (x)v (t) , (3.49)

in whichB is the strain-displacement matrix that can be written as

B (x) =
[

B1 (x) B2 (x) B3 (x) . . . BnT
(x)
]

(3.50)

with
Bi (x) = LN̄i (x) . (3.51)

Substituting Equation 3.45 into Equation 3.51 yields

Bi (x) =















































∂N̄i (x)

∂x1
0 0

0
∂N̄i (x)

∂x2
0

0 0
∂N̄i (x)

∂x3

∂N̄i (x)

∂x2

∂N̄i (x)

∂x1
0

0
∂N̄i (x)

∂x3

∂N̄i (x)

∂x2

∂N̄i (x)

∂x3
0

∂N̄i (x)

∂x1















































. (3.52)

Now the virtual work equation (Equation 3.37) can be written in matrix form as

δvT
∫

Ω

N̄T̺ N̄a dΩ = δvT
∫

∂Ωτ

N̄Tτ dS + δvT
∫

Ω

N̄T̺ g dΩ − δvT
∫

Ω

BTσ dΩ, (3.53)
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3.3 Space discretization of the virtual work

where τ and g are vectors containing the components of tractions and gravitational ac-
celeration, respectively. The vector δv contains the virtual nodal velocities that are ar-
bitrary except where the velocities are prescribed. Hence, Equation 3.53 can be written
as

∫

Ω

N̄T̺ N̄a dΩ =

∫

∂Ωτ

N̄Tτ dS +

∫

Ω

N̄T̺ g dΩ −
∫

Ω

BTσ dΩ. (3.54)

It is of interest to emphasize here that in the computer implementation of the finite
element method, the integrals in Equation 3.54 are performed on each finite element
when sweeping over the elements in the mesh. Element matrices resulting from the
integration are gathered in global matrices through the assemblage procedure, which is
explained in Appendix D. Equation 3.54 can now take the following form

(

nelm

A
e=1

∫

Ωe

N̄T̺e N̄ dΩ

)

a =
nτelm

A
e=1

∫

∂Ωτe

N̄Tτe dS

+
nelm

A
e=1

∫

Ωe

N̄T̺e g dΩ −
nelm

A
e=1

∫

Ωe

BTσe dΩ (3.55)

with A indicating the assemblage. The first term on the right-hand side of the above
equation is the only term that consists of integrations over the surface and hence the
assemblage of this term includes only surface elements where the traction is prescribed.
The number of these elements is denoted as nτelm. The matrices N̄ and B in Equa-
tion 3.55 take the forms that are defined in Equations 3.44 and 3.50, respectively. The
subscript nT is replaced by nen, which denotes the number of nodes in each finite ele-
ment.

3.3.1 Numerical space integration

Closed-form integrations in Equation 3.55 are difficult, or even impossible in some cases.
Instead, numerical integration is adopted to evaluate these integrals. We consider, for in-
stance, the integral in the last term of Equation 3.55 as an example to explain the nu-
merical quadrature. On denoting the number of quadrature points in element e as neq, the
numerical integration of this term in element e is evaluated as

∫

Ωe

BT (x)σe (x, t) dΩ ≈
neq
∑

q=1

WqB
T (xq)σe (xq, t) (3.56)

with Wq being the global integration weight associated with the quadrature point q. It
represents a portion of the element volume, i.e.,

∑neq

q=1
Wq = Ωe. After applying the nu-

merical quadrature on the terms of Equations 3.55, it takes the form

M ca = F trac + F grav − F int

= F ext − F int, (3.57)
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whereM c denotes the consistent-mass matrix, F ext is the vector of external forces, which
consists of both the forces due to surface tractions F trac and due to gravity F grav, while
the vector F int denotes the internal forces due to stresses. The terms in Equation 3.57
correspond to those of Equation 3.55.

It is usual to perform the numerical integration in finite element method in the domain
of the parent element. Hence, the procedure requires the shape functions to be written in
terms of parent element coordinate system, i.e., natural coordinates or local coordinates. The
geometry of the element in the current domain is always related to the geometry of the
parent element via interpolation functions. This thesis is restricted to the use of isopara-
metric element and hence the same functions that are used to approximate the state vari-
ables are used to relate the current and the parent domains. For more details the reader
is referred to Appendix C.

3.3.2 Lumped-mass matrix

We already pointed out in Chapter 2 that the use of a consistent-mass matrix adds consid-
erable complexities to the algorithm. The main reason for such complexities is that the
solution of large system of algebraic equations can consume considerable computational
time. Hence, the consistent-mass matrix is not widely used in practice. The practical al-
ternative is the lumped-mass matrix, which has computational and storage advantages
over the consistent-mass matrix. However, the lumped-mass matrix is associated with
some numerical dissipation of the kinetic energy [41].

There are several methods to construct the lumped-mass matrix, but they are "ad hoc"
as described by Belytschko et al. [21] as there is little mathematical theory supporting
these methods. The reader is referred to the book by Hughes [97] for details about dif-
ferent methods of constructing the lumped-mass matrix. The most common method
however is the one in which, the lumped-mass matrix is constructed from the consistent
one so that the entries of the lumped matrix correspond to the row sum of the consistent
matrix. Let ML denotes the global lumped-mass matrix and ML

e is the element mass
matrix. The matrixML is then assembled as

ML =
nelm

A
e=1

ML
e (3.58)

with

ML
e =











m1 0 · · · 0

0 m2 · · · 0

...
...

. . .
...

0 0 · · · men











. (3.59)

A sub-matrixmi corresponds to the mass of node i, and the matrix 0 is a null matrix. For
three-dimensional finite element, they have the following forms

mi =





mi 0 0
0 mi 0
0 0 mi



 and 0 =





0 0 0
0 0 0
0 0 0



 (3.60)
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̺e, le, Ae

ξ1 = 0 ξ2 = 1

1 2

Figure 3.4: Two-noded rod element

with

mi ≈
neq
∑

q=1

wqNi (ξq) ̺e (x (ξq)) |J (ξq)| , (3.61)

in which wq is the local integration weight of the integration point q,Ni is the shape func-
tion of node i written in terms of the local coordinates system ξ, and J is the Jacobian
matrix, see Appendix B. With a close scrutiny of the above procedure of constructing
the lumped-mass matrix, one should realize that we never explicitly construct it from
the row sum of the consistent one, but we rather use a "direct lumping" procedure as de-
scribed above.

The direct lumping procedure gives identical lumped-mass matrix as the one con-
structed by the row sum of the consistent matrix and it requires much less computa-
tional time and is easy to implement. However, when considering Lagrangian FEM, this
is normally a minor priority as the mass matrix is constructed only once throughout the
calculations, but when considering MPM, this procedure is very efficient because the
mass matrix is constructed at each time step as particles move through the mesh and
hence the total number of degrees-of-freedom changes during the computations. The
above procedure can be proven to be identical to the row sum of the consistent-mass
matrix. To do so, we consider the 2-noded rod element of Figure 3.4. The two shape
functions of such element are

N1 (ξ) = 1− ξ,

N2 (ξ) = ξ (3.62)

with ξ ∈ [0, 1] being the local coordinate of the corresponding parent element. The shape
function matrix of this element is written as

N (ξ) =
[

N1 (ξ) N2 (ξ)
]

. (3.63)

The integration of the consistent-mass matrix of element e can be written as

M c
e =

∫

Ωe

NT̺eN dΩ. (3.64)

On considering a single Gauss point q located at ξq, the numerical integration of the
above equation gives

M c
e ≈ ̺e leAe

[

N2
1 (ξq) N1 (ξq)N2 (ξq)

N1 (ξq)N2 (ξq) N2
2 (ξq)

]

(3.65)
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with le and Ae being the length and the cross-sectional area of element e, respectively.
Let us now sum the rows of the matrixM c

e

∑

row1 = N2
1 (ξq) +N1 (ξq)N2 (ξq)

= (1− ξq)
2 + (1− ξq) ξq

= 1− ξq

= N1 (ξq)

and
∑

row2 = N1 (ξq)N2 (ξq) +N2
2 (ξq)

= (1− ξq) ξq + ξ2q

= ξq

= N2 (ξq) .

Hence, the lumped-mass matrix which results from the row sum of the consistent one is

ML
e ≈ ̺e leAe

[

N1 (ξq) 0

0 N2 (ξq)

]

, (3.66)

which confirms the "direct lumping" procedure explained in Equations 3.58-3.61. Having
the lumped-mass matrix defined, Equation 3.57 can now be written as

Ma = F trac + F grav − F int

= F ext − F int. (3.67)

The superscript L is dropped from ML to simplify the presentation of the equations.
Hence,M is used to denote the lumped-mass matrix.

3.4 Time discretization

The system in Equation 3.67 is discretized in space, but still continuous in time. It rep-
resents a series of second-order ordinary differential equations (ODE) in time. To get a
full discrete system of algebraic equations, Equation 3.67 has to be discretized in time.
A common procedure to do that is by replacing the differentials in the ODE by finite
difference quotients on a discretized time domain, which is the independent variable in
our ODE. The time domain is discretized using sampling points and the solution is then
advanced in steps starting from the initial time until the desired final time is reached.
The discretization of the time domain is shown in Figure 3.5, where uniformly spaced
sample points of a time step size ∆t are considered. The solution at a sample point
(t+∆t) can be approximated using one-step schemes, in which the solution at (t+∆t)
depends only on the state at point t and hence such schemes are also referred to as two-
point schemes. Two-step schemes can also be used to approximate the solution at the
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two-steps

one-step

t t+∆t t+ 2∆tt− 2∆t t−∆t

Figure 3.5: One and two-steps approximation of ODE

sample point (t+∆t). In such schemes, the solution at (t+∆t) depends on the state at t
and (t−∆t) and hence they are also known as three-point schemes.

The integration schemes of ODE and their applications in computational mechanics
are discussed in many well-known finite element books (e.g. [16, 97, 203]). The book
by Hughes [97] might be the most comprehensive one in this regard. Hughes in his
book arrived to the conclusion that the attributes of multi-step schemes can be achieved
within one-step schemes and that in one-step schemes, the accelerations, velocities and
displacements at the beginning of the time step together with the applied forces are suf-
ficient to advance the solution to the next time step. The one-step schemes require less
storage and computational effort when compared to multi-step schemes. Therefore, we
focus our attention in this thesis on the one-step schemes and their application to our
ODE. The reader is referred to the aforementioned books and the references therein for
details about the multi-steps schemes.

For easy understanding of the time integration and the discretization of an ODE, a
scalar function f is considered to be integrated in a time interval [t, t+∆t]. The integra-
tion of such function can be numerically approximated as

∫ t+∆t

t

fdt ≈
[

λf t+∆t + (1− λ) f t
]

∆t, (3.68)

in which the parameter λ ∈ [0, 1] is used to adjust the integration between fully explicit
(λ = 0) and fully implicit (λ = 1). The numerical integration in Equation 3.68 is illus-
trated in Figure 3.6. A field variable y is considered to be related to the function f by the

f t+∆t

f

t+∆tt

(1− λ)∆t λ∆t

t

f t

Figure 3.6: Illustration of a one-step integration of a first-order ODE [122]
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following first-order ordinary differential equation

ẏ =
dy

dt
= f. (3.69)

The time integration of this equation in the time interval [t, t+∆t] reads
∫ t+∆t

t

dy =

∫ t+∆t

t

fdt. (3.70)

Substituting Equation 3.68 into Equation 3.70 yields

yt+∆t − yt ≈
[

λf t+∆t + (1− λ) f t
]

∆t. (3.71)

Depending on the value of the parameter λ, different integration schemes can be defined.

3.4.1 Single degree-of-freedom spring-mass system

To keep matters as simple as possible, the one-step integration scheme of Equation 3.71
is applied to the second-order ODE of the single degree-of-freedom spring-mass system
of Figure 3.7. The equation of motion of this system is

m
dv̂

dt
= f = f ext − f int (3.72)

with
f ext = mg and f int = kû, (3.73)

where m and k are the mass and stiffness of the system, respectively and g stands for the
gravitational acceleration. This example is restricted to the case of linear spring, i.e., k is
constant. Integrating Equation 3.72 in the time interval [t, t+∆t] gives

∫ t+∆t

t

mdv̂ =

∫ t+∆t

t

fdt, (3.74)

k

m

Figure 3.7: Single degree-of-freedom spring-mass system
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which after using Equation 3.71 takes the form

m
(

v̂t+∆t − v̂t
)

≈
[

λff
t+∆t + (1− λf ) f

t
]

∆t. (3.75)

The subscript f indicates the integration of the forces. Substituting f = f ext − f int into
Equation 3.75 yields

m
(

v̂t+∆t − v̂t
)

≈
[

mg − λfkû
t+∆t − (1− λf ) kû

t
]

∆t. (3.76)

The gravitational acceleration g is assumed to be applied instantaneously and kept con-
stant and hence the external force f ext = mg is a step function in time. The velocity v̂ is
the time derivative of the displacement û, i.e., v̂ = dû

dt
. Integrating this equation in the

time interval [t, t+∆t] yields

∫ t+∆t

t

dû =

∫ t+∆t

t

v̂dt, (3.77)

which is approximated as

ût+∆t − ût ≈
[

λvv̂
t+∆t + (1− λv) v̂

t
]

∆t. (3.78)

The subscript v indicates the integration of the velocity. Substituting Equation 3.78 into
Equation 3.76 for ût+∆t gives

m
(

v̂t+∆t − v̂t
)

≈ ∆tmg − λfλv∆t
2kv̂t+∆t −∆tkût − λf (1− λv)∆t

2kv̂t, (3.79)

which is written for v̂t+∆t as

v̂t+∆t ≈ v̂t +∆tg − λfλv∆t
2 k

m
v̂t+∆t −∆t

k

m
ût − λf (1− λv)∆t

2 k

m
v̂t. (3.80)

Hence, the velocity recursion equation of the single degree-of-freedom spring-mass sys-
tem can be written for short, with an iteration index i, as

v̂t+∆t
i+1 ≈ At + Bv̂t+∆t

i i = 1, imax (3.81)

with

At = v̂t
[

1− λf (1− λv)∆t
2ω2

n

]

+∆t
[

g − ω2
nû

t
]

and B = −λfλv∆t2ω2
n, (3.82)

where ωn =
√

k/m is the angular natural frequency of the system, which will be shortly
denoted as natural frequency. To solve for the velocity at the end of the time step, Equa-
tion 3.81 is solved iteratively. However, for λf = 0 or λv = 0, the solution is straight
forward and requires no iteration. The iteration process starts with a predicted velocity
v̂t+∆t
i and then a couple of correction steps follow to correct the predicted value and bring

it to the converged solution. Hence, the considered scheme is a predictor-corrector pro-
cedure. The solution is assumed to be converged and the iteration process is terminated
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when the relative error Rerror between v̂t+∆t
i+1 and v̂t+∆t

i reached a pre-defined tolerance
tol, i.e.,

Rerror =

∣

∣v̂t+∆t
i+1 − v̂t+∆t

i

∣

∣

∣

∣v̂t+∆t
i+1

∣

∣

6 tol. (3.83)

The coefficient B in Equation 3.81 is constant as long as ∆t is constant throughout the
calculations and that the system is linear, i.e., the stiffness k has no dependency on the
displacement û, which is the case in our example. On the other hand, it is obvious
that the coefficient A changes from time step to another as, among other parameters, it
depends on the displacement and velocity at the beginning of the time step, i.e., ût and
v̂t, respectively. However, A is constant during the iteration process of the time step.

3.4.1.1 Effect of frequency content on the iteration procedure

For easy understanding of the effect of the frequency content of the dynamic system on
the iteration process, two systems with different frequency contents are considered for
comparison. The first system is denoted with the subscript 1 and the second with 2. The
first is assumed to have higher frequency than the second, i.e., ωn1 > ωn2. To only include
the effect of the frequency in the comparison of coefficient B, we assume that λf1 = λf2,
λv1 = λv2 and ∆t1 = ∆t2.

For a proper comparison, the first time step is considered, in which the effect of the
coefficient A is excluded and hence only the effect of the coefficient B and eventually
the natural frequency ωn is investigated. In the first time step, coefficient A equals to
∆tg for both systems as the initial conditions of the problem are û (0) = v̂ (0) = 0. The
numerical values of the considered parameters for both systems are listed in Table 3.1
and the gravitational acceleration is set to 10 [m/s2].

The numerical results of the iteration procedure in the first time step are given in
Table 3.2 and their graphical interpretations are illustrated in Figure 3.8. We see that
system 1, which has higher frequency than system 2, requires more iterations than what
system 2 requires to reach a solution with the desired accuracy. It must be realized that
the value of the velocity corresponding to i = 1 in Table 3.2 represents the predicted
value to start the iterations and the following values are the subsequent corrected values
of the velocity until convergence is reached. In this example, the velocity is predicted
so that v̂1 = A at the end of the first iteration (predictor). This is a result of setting
the velocity at the beginning of the first iteration to zero, i.e., the second term of the
right-hand side of Equation 3.81 is zero at the beginning of the first iteration. The time
superscript is dropped from the velocity v̂ in Table 3.2 and Figure 3.8 as only a particular
time step is considered for investigations. It remains to emphasize here that ∆t on one

Table 3.1: The numerical values of the parameters for the considered systems

system ωn [rad/s] ∆t [s] λf [−] λv [−] tol [%]
1 150 0.01 0.5 0.5 1
2 50 0.01 0.5 0.5 1
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Figure 3.8: Illustration of the iteration procedure of the first time step (a) high frequency
system (b) low frequency systema

aThe legends apply to both figures (a) and (b).
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Table 3.2: Iteration of the first time step

system i [−] v̂i [m/s] Ri
error [%]

1 1 0.10000 100.000
high frequency 2 0.04375 128.572

3 0.07539 41.9685
4 0.05759 30.9081
5 0.06760 14.8076
6 0.06197 9.08504
7 0.06514 4.86644
8 0.06336 2.80934
9 0.06436 1.55376
10 0.06379 0.89355

2 1 0.10000 100.000
low frequency 2 0.09375 6.66667

3 0.09414 0.41427

hand and λfλv on the other hand can have the same effect on the number of iterations as
the effect of ωn. This fact can be realized if one scrutinizes Equations 3.81 and 3.82.

3.4.1.2 Conservation properties of the scheme

A detailed study of the energy conservation properties of the integration scheme is pre-
sented here. A simple and direct understanding of the conditions under which the
scheme conserves, dissipates or increases energy can be achieved by applying Liou-
ville’s theorem [79]. For a dynamic system to be conservative, it should preserve the
phase-space area in the single degree-of-freedom system, and the phase-space volume
in general. Following the approach presented by Timberlake and Hasbun [173], one can
investigate the conservation properties of an integration scheme by comparing the in-
finitesimal phase-space area for two subsequent time steps. For this task, we compare
the phase-space areas at time t and (t+∆t), i.e.,

dût+∆tdv̂t+∆t = |H| dûtdv̂t, (3.84)

where |H| denotes the determinant of the Jacobian matrix H of the scheme, which is
defined as

H =











∂ût+∆t

∂ût
∂ût+∆t

∂v̂t

∂v̂t+∆t

∂ût
∂v̂t+∆t

∂v̂t











. (3.85)

The scheme conserves energy only if the infinitesimal phase-space area is preserved, i.e.,
|H| = 1. It dissipates energy and produces an artificial numerical damping if |H| < 1,
whereas energy is increased when |H| > 1. To investigate the effect of the parameters λf
and λv on |H| and eventually on the conservation properties of the scheme, we re-write
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Equations 3.76 and 3.78 as

v̂t+∆t ≈ v̂t +∆tg − λf∆tω
2
nû

t+∆t − (1− λf )∆tω
2
nû

t (3.86)

and
ût+∆t ≈ ût + λv∆tv̂

t+∆t + (1− λv)∆tv̂
t, (3.87)

respectively. Hence, Equation 3.85 can now be written as

H =













1− (1− λf )λv∆t
2ω2

n

1 + λfλv∆t2ω2
n

∆t

1 + λfλv∆t2ω2
n

−∆tω2
n

1 + λfλv∆t2ω2
n

1− λf (1− λv)∆t
2ω2

n

1 + λfλv∆t2ω2
n













(3.88)

and hence

|H| =
1 + (1− λf − λv + 2λfλv)∆t

2ω2
n +

(

λfλv − λfλ
2
v − λ2fλv + λ2fλ

2
v

)

∆t4ω4
n

1 + 2λfλv∆t2ω2
n + λ2fλ

2
v∆t

4ω4
n

. (3.89)

Scrutiny of Equation 3.89 shows that |H| is a symmetric polynomial of the param-
eters λf and λv. It can be easily shown that ∀ (λf + λv) = 1, |H| = 1 and hence the
scheme is conservative. The scheme is dissipative and produces numerical damping
1 < ∀ (λf + λv) 6 2, which results in |H| < 1, whereas energy is increased with time
0 6 ∀ (λf + λv) < 1 which gives |H| > 1. One must keep in mind that (λf , λv) ∈ [0, 1].

For numerical investigation, the spring-mass system with frequency ωn = 150 [rad/s]
is considered again. A series of calculations with different sets of λf and λv were per-
formed. All calculations for these investigations were carried out with ∆t = 0.001 [s]
and tol = 1 [%]. The numerical results confirm the approach presented by Timberlake
and Hasbun [173]. Figure 3.9 shows results for phase-space area for different values of
(λf + λv). One can obviously see that for (λf = 0.5, λv = 0.5), the scheme preserves the
phase-space area of the considered system and hence its energy. For (λf = 0, λv = 0), the
area increases, whereas it decreases for (λf = 1, λv = 1).

It should be pointed out here that both features, numerical dissipation and increase of
energy, inherent in the scheme do not resolve the physical properties of the system when
dynamics and wave propagation are of interest. However, energy dissipation could be
an attractive feature when considering quasi-static problems, in which the static equilib-
rium solution is of interest rather than the propagation of waves. Hence, an advantage of
the numerical artificial damping introduced by the scheme is that the static equilibrium
solution of a quasi-static problem can be reached much faster. When the scheme is used
as dissipative, i.e., 1 < ∀ (λf + λv) 6 2, the amount of numerical damping is proportional
to the value of (λf + λv). This fact is depicted in Figure 3.10, in which a comparison of
different values of (λf + λv) is shown. In this figure, it can be seen that the higher the
value of (λf + λv) the faster the decay of the amplitude. The results are compared to the
analytical solution which is given in reference [172] as

û (t) =
g

ω2
n

[1− cos (ωnt)] (3.90)
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and
v̂ (t) =

g

ωn

sin (ωnt) . (3.91)

3.4.1.3 Stability requirements and critical time step

To analyze the stability of the scheme, we follow the procedure presented in reference
[39]. The stability of a numerical integration scheme requires the following condition

a scheme is stable ⇐⇒ J (H) 6 1, (3.92)

in which J (H) is the spectral radius of the matrix H. It is defined as

J (H) = max |Ii| i = 1, 2 (3.93)

with Ii being the eigenvalues of the matrix H. For simplicity, we consider here the case
in which (λf = 0, λv = 1). Substituting these values in Equation 3.88, the matrix H is
then reduced to

H =





1−∆t2ω2
n ∆t

−∆tω2
n 1



 (3.94)

and hence the two eigenvalues of H are

I1 =

(

1− 1

2
∆t2ω2

n

)

+

√

1

4
∆t4ω4

n −∆t2ω2
n

I2 =

(

1− 1

2
∆t2ω2

n

)

−
√

1

4
∆t4ω4

n −∆t2ω2
n. (3.95)

Applying the stability condition of Equation 3.92, one can show that
(

1− 1

2
∆t2ω2

n +

√

1

4
∆t4ω4

n −∆t2ω2
n

)

6 −1

and hence
∆t2ω2

n 6 4

which leads to the following critical time step

∆tcrit =
2

ωn

. (3.96)

The same stability analysis can be applied to other cases with different values of λf and
λv. Table 3.3 lists some integration schemes depending on the values of the parameters
λf and λv. Regarding the accuracy of the one-step integration schemes, the analysis
done by Dahlquist [54] showed that all one-step schemes are first-order accurate except
Crank-Nicolson scheme is second-order accurate. It is worth mentioning here that Euler-
Cromer scheme results from a minor modification to the standard Euler scheme. The
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Table 3.3: Some one-step integration schemes for a second-order ODE

λf λv scheme implicitness |H| stabilitya accuracy
0 0 forward Euler fully explicit 1 + ∆t2ω2

n un-us O (∆t1)
0 1 Euler-Cromer semi implicit 1 ∆tcrit =

2

ωn
O (∆t1)

1

2

1

2
Crank-Nicolson fully implicit 1 un-s O (∆t2)

1 1 backward Euler fully implicit (1 + ∆t2ω2
n)

−1 un-s O (∆t1)
1 0 - semi implicit 1 ∆tcrit =

2

ωn
O (∆t1)

aun (unconditionally), us (unstable), s (stable).

parameter λv has a value of one in Euler-Cromer scheme instead of zero in the standard
Euler scheme [51]. This scheme is also known in literature as a modified Euler method
(MEM) [78] and is widely used in modeling dynamic problems, see reference [62] and
references therein.

It should be noted that the viscous damping decreases the size of the critical time
step [21]. On denoting the damping ratio as ζd, the critical time step for a damped system
is given as

∆tcrit =
2

ωn

(

√

ζ2d + 1− ζd

)

. (3.97)

Hence, for ζd > 0, the time step size decreases by a factor of
(

√

ζ2d + 1− ζd

)

.

3.4.1.4 A predictor for the first iteration

Attention should be paid to the possibilities of predicting the velocity for the first it-
eration which is corrected in a couple of correction steps during the iteration procedure
within the time step. The predicted value of velocity plays an important role in the speed
of convergence and eventually on the efficiency of calculations. For this task, the three
trivial possible predictors that follow are discussed:

• predictor 1: The velocity is predicted as v̂t+∆t
i=1 = v̂t+∆t [g − ω2

nû
t], which corresponds

to the velocity at (t+∆t) when setting λf = 0.

• predictor 2: Using the velocity of the previous time step, i.e., v̂t+∆t
i=1 = v̂t.

• predictor 3: The predictor is v̂t+∆t
i=1 = v̂t [1− λf (1− λv)∆t

2ω2
n] + ∆t [g − ω2

nû
t], which

results when setting the second term of the right-hand side of Equation 3.81 to zero.

A series of calculations was performed using the three proposed predictors with differ-
ent time steps. The system of ωn = 150 [rad/s] is considered again in these calculations.
Integration parameters λf = λv = 0.5 were adopted with a tolerance of tol = 1 [%].
The results of using a time step ∆t = 1.5/ωn were chosen to be shown in Figures 3.11
and 3.12. Figure 3.11 compares the results of using the three predictors to the analytical
solution. It can be seen that the curves corresponding to the three different predictors
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Figure 3.11: Normalized velocity using a time step size of ∆t = 1.5/ωn

coincide each other while they deviate considerably from the analytical solution. This is
expected as the time step is too large to accurately capture the analytical solution of the
problem.

When considering the computational effort and the speed of convergence, it is obvious
from Figure 3.12 that the solution corresponding to predictor 3 requires less iterations
than those for the other two predictors. However, predictor 3 has an explicit dependency
on the natural frequency ωn and hence it is difficult to generalize for FEM as the natural
frequency is costly to compute and sometimes even impossible when considering non-
linear systems. Therefore, using predictors 1 and 2 would seem to be most appropriate
choice. This would, of course, need more investigation when considering FEM problems
later in this chapter. It is worth mentioning that in this example, the maximum time step
size that could be adopted is ∆t ≈ 2.0/ωn. The calculations diverged when using a time
step size that is just beyond this size.
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3.4.2 Time integration of FEM equilibrium

In Section 3.4.1, the time integration of the second-order ODE of the single degree-of-
freedom spring-mass system was presented. After the detailed discussion of the inte-
gration scheme, its stability conditions and conservation properties, we focus in this
section on the time stepping of FEM equilibrium equations. For this we re-consider
Equation 3.67, which is conveniently re-written here as

Ma = F (3.98)

with F = F ext −F int. The above equation represents a system of second-order ordinary
differential equations in time, but discrete in space. Let us apply the time integration
scheme of Section 3.4.1 to Equation 3.98

M
dv

dt
= F , (3.99)

where the term dv
dt

replaces a. Integrating this equation in the time interval [t, t+∆t]
yields

∫ t+∆t

t

Mdv =

∫ t+∆t

t

F dt. (3.100)

Hence,
M
(

vt+∆t − vt
)

≈
[

λfF
t+∆t + (1− λf )F

t
]

∆t, (3.101)

which gives
vt+∆t ≈ vt +M−1

[

λfF
t+∆t + (1− λf )F

t
]

∆t. (3.102)
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The time superscript is dropped from the mass matrix M as in Lagrangian FEM the
mass matrix is constant throughout the computations. The displacement u is the time
integral of the velocity v, i.e., v = du

dt
. Hence,

∫ t+∆t

t

du =

∫ t+∆t

t

vdt, (3.103)

which is approximated as

ut+∆t − ut ≈
[

λvv
t+∆t + (1− λv)v

t
]

∆t (3.104)

or
∆ut+∆t ≈

[

λvv
t+∆t + (1− λv)v

t
]

∆t, (3.105)

where ∆ut+∆t = ut+∆t −ut represents the vector of incremental displacement at the end
of the time step. Unlike the single degree-of-freedom dynamic system, it is impossible
to find a recursion equation, similar to Equation 3.81, for the iteration within a time
step for a finite element system. Therefore, Equations 3.102 and 3.105 together with the
constitutive relation must be solved sequentially during iterations. The strain rate at a
Gauss point q of element e is calculated as

ε̇t+∆t
q = Bqv

t+∆t
e (3.106)

and the strain increment follows as

∆εt+∆t
q = Bq∆u

t+∆t
e . (3.107)

The vectors ve and ∆ue are the velocity and the incremental displacement vectors of
element e, respectively. They are extracted from the global vectors v and ∆u using the
connectivity matrix, see Appendix D. However, they have the following components

ve =
[

v11 v12 v13 . . . vnen1 unen2 unen3

]T
,

∆ue =
[

∆u11 ∆u12 ∆u13 . . . ∆unen1 ∆unen2 ∆unen3

]T
(3.108)

with, for instance, v12 indicating the velocity at node 1 of element e in the direction of
coordinate x2. The strain increment vector has the following components

∆ε =
[

∆ε11 ∆ε22 ∆ε33 ∆γ12 ∆γ23 ∆γ31
]T
, (3.109)

which is then used to update stresses of the Gauss point using the constitutive relation,
i.e.,

{σ,material state}t constitutive relation−−−−−−−−−−→
∆ε

t+∆t
{σ,material state}t+∆t. (3.110)

The flowchart of Figure 3.13 summarizes the iteration procedure and the way of ad-
vancing the solution from time t to t + ∆t for a finite element system. In this flowchart,
i denotes the iteration index, nelm is the total number of elements, neq is the number of
Gauss points per element, Rerror is the relative error, tol is the error tolerance and ‖ ‖
indicates the Euclidean norm of a vector.
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3.4.2.1 Critical time step for discrete systems

The stability analysis of Section 3.4.1 shows that the critical time step of a dynamic sys-
tem, when adopting a conditionally-stable integration scheme, depends directly on the
natural frequency of the system. For the single degree-of-freedom spring-mass system,
the natural frequency is trivial and explicitly available. However, for complex systems,
the calculation of the natural frequency requires considerable computational effort and
some times it is not possible to calculate for non-linear systems [62]. The alternative is to
use the CFL (Courant, Friedrichs and Lewy) condition [50] where the critical time step is
bounded by the characteristic length of the element and the wave speed of the material.
We shall consider first the critical time step of a rod element for better understanding.
For convenience, we re-call Figure 3.4, which represents a two-noded rod element. It
can be easily shown that the element lumped-mass matrix Me and the element stiffness
matrixKe are

Me ≈ ̺e leAe

[

1

2
0

0 1

2

]

and Ke ≈
EeAe

le

[

1 −1

−1 1

]

(3.111)

with ̺e being the mass density of the material of element e, Ee is Young’s modulus, le
and Ae are the length and cross-sectional area of element e, respectively. The natural
frequency ωn can be determined solving the following equation

∣

∣Ke − ω2
nMe

∣

∣ = 0, (3.112)

which results in

ωn =
2

le

√

Ee

̺e
, (3.113)

in which the term
√

Ee

̺e
represents the speed of wave propagation, which is denoted in

this thesis as cp. Hence,

ωn =
2cp
le
. (3.114)

Comparing the above equation to Equation 3.96, one can obviously see that

∆tcrit =
le
cp
, (3.115)

which tells us that the wave is limited to travel no farther than the element length within
a time step when adopting a conditionally-stable time integration scheme. In our ide-
alized example there is no Poisson’s effect as we assume one-dimensional deformation
and hence lateral strains do not take place. For this reason the speed of the wave is pro-
portional to Young’s modulus. For a general use of Equation 3.115, Young’s modulus E
should be replaced by Ec which is the constrained modulus of the material. It is related
to Young’s modulus E and Poisson’s ratio ν by

Ec =
(1− ν)

(1 + ν) (1− 2ν)
E. (3.116)
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Figure 3.14: Illustration of the minimum altitude hmin for a tetrahedral

Furthermore, le should be replaced by the characteristic length of the element, which
depends on the shape of the element. For the tetrahedral element adopted in this thesis,
the characteristic length is the minimum altitude of the tetrahedral, which is the shortest
distance from the side of maximum area to the opposite vertex, see Figure 3.14. In this
thesis, the minimum altitude of a tetrahedral is denoted by hmin. Hence, the critical time
step is

∆tcrit =
hmin
√

Ec

̺

. (3.117)

The above equation must be applied for all elements in the mesh and the smallest time
step must be used when adopting a conditionally-stable time integration scheme, see
Table 3.3.

3.5 Numerical examples

In this section, we consider two problems with existing analytical solutions to validate
the implementation of the FEM model and to investigate the applicability, advantages
and limitations of the time integration scheme with FEM. The first problem is the spring-
mass system. The motivation to consider this problem was that, its single degree-of-
freedom form was considered and analyzed comprehensively in Section 3.4. Hence,
the reader may easily link the single degree-of-freedom problem to its FEM solution.
The second problem is a tension bar problem, in which an elastic bar being stretched is
analyzed. Both problems are modeled as linear elastic material without any geometry
update.

3.5.1 Spring-mass system

In this example, the solution of the spring-mass system problem using FEM is presented.
Figure 3.15 shows how the spring-mass system can be modeled in three-dimensional
space as a rigid block attached to a light rod. The light rod acts here as a weightless

48



3.5 Numerical examples

(a)

k = EA
l

(b)

lk

m m

Figure 3.15: Spring-mass system (a) with equivalent rod-block system (b)

spring with a spring coefficient k related to Young’s modulus E, the cross-sectional area
A and the length l of the rod via

k =
EA

l
. (3.118)

Using the above equation together with the mass m of the attached block, one can find
a natural frequency that is equivalent to the one of the single degree-of-freedom spring-
mass system. Hence, the natural frequency can be written as

wn =

√

EA

lm
. (3.119)

For a FEM simulation of the problem, we analyzed a rod of 1 [m] length with a square
cross-section of 0.01 [m2] area. The attached block is a cube of 0.1 [m] edge length. The
properties of the block and the rod materials are listed in Table 3.4. With these proper-
ties, the natural frequency of the problem is ωn = 10 [rad/s]. The finite element mesh
of the problem is shown in Figure 3.16. It was constructed of 66 tetrahedral elements
with 48 nodes. The top surface of the mesh was fully fixed and roller boundaries were
prescribed along the sides so that only displacement in the vertical direction was pos-
sible. Considering the adopted mesh and the material properties, the critical time step
was found to be ∆tcrit = 5.7735× 10−4[s]. For all computations of this problem, an error
tolerance of tol = 1 [%] was used.

Table 3.4: Material properties of the spring-mass system problem

property unit rod block
E [kN/m2] 10 100
ν [−] 0 0
̺ [kg/m3] 1 1000
cp [m/s] 100 10
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rod

a
block

Figure 3.16: Mesh of the spring-mass system problem

Validation using critical time step We would like first to validate the implementation
of FEM and the time integration scheme. For this purpose, some calculations using the
critical time step, ∆tcrit = 5.7735 × 10−4 [s], were performed. These calculations were
carried out adopting predictor 1. Node a in Figure 3.16 was chosen as a sample point
to plot the results. Figure 3.17 shows the results of the vertical velocity v2 of node a for
two sets of integration parameters. We observe that the numerical predictions are almost
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Figure 3.17: FEM solution of the spring-mass system problem using critical time step
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identical to the analytical solution.

Beyond the critical time step Having validated the FEM solution using the critical
time step, investigations of the scheme performance with time step size beyond criti-
cal one were also carried out. A comparison between predictors 1 and 2 was included
in the investigations as well. The computations this time were restricted to the case of
λf = λv = 0.5. Figure 3.18(a) shows the results of two computations compared to the
analytical solution. The results in Figure 3.18(a) were computed using the critical time
step to t = 0.57735 [s] which corresponds to a normalized time tωn ≈ 1.837π. After this
point, the time step was increased linearly with an increment of ∆tcrit × 10−4 [s], i.e.,
5.7735× 10−8 [s].

Considering the results in which predictor 1 was adopted, the computations stopped
when a time step size of ∆t = 1.17∆tcrit was reached. These computations required
142536 iterations before diverging. The required number of iterations per time step in-
creased with increasing the time step size, see Figure 3.18(b). Up to a normalized time
tωn ≈ 3.91π, the average number of iterations per time step was 1.033. Although not
shown, the number of iterations then increased up to a couple of thousand per time
step. The results look much better when adopting predictor 2. The computations con-
tinued until a time step size of ∆t = 1.19∆tcrit was reached with a corresponding total
number of iterations of 5529 which is much less than what is required when adopting
predictor 1. The average number of iterations per single time step when using predictor
2 was found to be 1.89 with a maximum of 3 iterations, whereas with predictor 1 a couple
of hundreds of iterations were required when going beyond the critical time step size,
see Figure 3.18(b). We can see from Figure 3.18(a) that the FEM solution diverges more
from the analytical solution with increasing the time step size.
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Figure 3.18: FEM solution of the spring-mass system problem (a)a normalized velocity
using predictors 1 and 2 (b) number of iterations required when using pre-
dictor 1

aThe curves of predictor 1 and 2 are virtually identical
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3.5.2 Tension bar

In this example, a simple problem involving an elastic bar under tension is presented.
The bar has 0.3 [m] length, 0.3 [m] height and 0.1 [m] thickness. The material of the bar
has a density of ̺ = 10 [kg/m3], Young’s modulus of E = 1 [kN/m2] and a Poisson’s ratio
of ν = 0. The boundary conditions were prescribed so that the right end of the bar was
fully fixed, the left end and all sides were free from constraints. The left end of the bar
was given a sudden velocity of v̄ = 0.001 [m/s] to the left. The velocity at this end was
kept constant throughout the computations. At steady-state, the displacement along the
bar must be linearly distributed under the considered loading and boundary conditions
starting from zero at the fixed end to a value of v̄t at the left end, where t indicates the
time. The strain is constant through the bar and increases as time increases. It should
equal

ε (t) =
v̄t

l
, (3.120)

in which ε (t) is the strain in the direction of stretching at any time t and l is the length of
the bar. This uniform strain results in a uniform stress σ along the bar, which equals

σ (t) = E ε (t) . (3.121)

The mesh of the problem is shown in Figure 3.19. It consists of 54 tetrahedral elements
with 32 nodes. The minimum characteristic length in the mesh was hmin = 0.057735 [m],
which resulted in a critical time step of ∆tcrit = 5.7735×10−3 [s] as the wave speed of the
material is cp = 10 [m/s]. The first computation was carried out using the critical time
step and predictor 2. The problem was run to a time of t = 5 [s] with λf = 0 and λv = 1.
The left end displaced 5 × 10−3[m] to the left. The stress was found to be perfectly uni-
form along the bar with a value of 16.67× 10−3 [kN/m2]. The same results were obtained
when adopting λf = λv = 0.5 with the critical time step and predictor 2.

Other computations were carried out with λf = λv = 0.5 and predictor 2 which was
shown in the spring-mass example to perform much better when going beyond the criti-
cal time step size than predictor 1. The critical time step was adopted to a time of t = 5 [s]

v̄

Figure 3.19: Mesh of the tension bar problem
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and then the time step size was increased linearly with an increment of ∆tcrit× 10−4, i.e.,
5.7735 × 10−7 [s]. The calculations diverged when a time step size of ∆t = 1.1171∆tcrit
was reached, i.e., at a time of t ≈ 12.1683532 [s]. Table 3.5 lists the time step size with
the corresponding required number of iterations before the calculations diverged. Be-
fore time step number 2019 was reached, the average number of iterations per step was
found to be 3.72.

At step 2019, the number of iterations increased considerably to reach 13. The time
step size adopted at step 2019 was ∆t = 1.11510∆tcrit. The relative error after the first
iteration was Rerror ≈ 35.2 [%]. In spite of the high number of iterations, the results were
found to be as expected. The stress was uniformly distributed along the bar with a value
of 40.13157 × 10−3 [kN/m2]. At step 2021 the number of iterations was 1072, which is
considered very high. However, the relative error after the first iteration of this time
step was Rerror ≈ 16.7 [%], which then decreased and converged to the prescribed error
tolerance tol = 1 [%]. The converged solution of this time step showed expected results
as well. For the diverging point, i.e., step 2039, the relative error is plotted versus num-
ber of iterations, see Figure 3.20. We can see that the relative error reached a value of
Rerror ≈ 1.7 [%] and then increased slowly and continuously.

Table 3.5: Time step size with the corresponding required number of iterations for some
time steps before the calculations diverged

time step [−] t [s] ∆t/∆tcrit [−] iterations [−]
2018 12.0330333 1.11500 4
2019 12.0394713 1.11510 13
2020 12.0459099 1.11520 4
2021 12.0523491 1.11530 1072
2022 12.0587889 1.11540 4
2023 12.0652292 1.11550 4
2024 12.0716701 1.11560 3
2025 12.0781116 1.11570 4
2026 12.0845537 1.11580 4
2027 12.0909964 1.11590 4
2028 12.0974396 1.11600 4
2029 12.1038834 1.11610 4
2030 12.1103278 1.11620 4
2031 12.1167727 1.11630 4
2032 12.1232183 1.11640 4
2033 12.1296644 1.11650 4
2034 12.1361111 1.11660 4
2035 12.1425584 1.11670 4
2036 12.1490062 1.11680 4
2037 12.1554546 1.11690 3
2038 12.1619036 1.11700 4
2039 12.1683532 1.11710 diverged
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Figure 3.20: Number of iterations versus the relative error for time step 2039

3.6 Concluding remarks

Unfortunately, the algorithm in its current form is unable to circumvent the time step
size restriction associated with the conditionally-stable integration schemes. This is re-
alized even when adopting the integration scheme under conditions that are supposed
to be unconditionally-stable by definition, e.g., Crank-Nicolson integration. This is con-
sistent with the experience of others [46, 177, 193]. This might be attributed to the fact
that we do not construct a stiffness matrix explicitly. Guilkey and Weiss [72] adopted an
incremental-iterative solution algorithm, in which the stiffness matrix was constructed
explicitly and the equations of motion were solved with Newmark integration. They
reported a considerable increase in the time step size over the explicit time step size in
some numerical examples. However, our intention in this thesis is not to construct a
stiffness matrix, but rather to keep the algorithm simple and matrix-free to avoid com-
plexity, particularly when considering MPM.

It should be pointed out here that a scheme similar to that of Section 3.4 was employed
by Sulsky and Kaul [159]. In some numerical examples, a considerable increase of the
time step size beyond the CFL restriction was possible. However, this result should not
be very disappointing as long as the main goal of this thesis is concerned. The focus
in this thesis is to simulate geomechanical problems involving high dynamics and high
speed wave propagation, e.g., pile driving. Such problems need anyway small time step
size to resolve the physical properties of the system and to capture most frequencies. On
the other hand, some quasi-static problems would also be considered in this thesis, for
which a damping technique would be employed to get a fast convergence to a quasi-
static equilibrium. Hence, Euler-Cromer integration scheme [51] will be adopted in this
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thesis. In the rest of this thesis, a fraction of the critical time step size would be used, i.e.,

∆t = αCour ∆tcrit, (3.122)

in which αCour is a reduction factor called Courant number. Belytschko et al. [21] recom-
mend the following range for αCour

0.8 6 αCour 6 0.98. (3.123)
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Chapter 4

The dynamic material point method

In Chapter 3, the formulation of Lagrangian FEM was considered. The weak form, space
and time discretization of the governing equations were discussed as well. The focus in
this chapter is on the extension of FEM to MPM. In Section 4.1, we present the basic
concept of MPM and the advantages of the method over the classical FEM. The dis-
cretization of the continuum to a cloud of material points is explained in Section 4.2.
The initialization of the material points is given in Section 4.3. This includes assigning
mass, forces and other properties and state variables to each material point in the mesh.
The initialization of the equations of motion is discussed in Section 4.4. This section also
includes the solution procedure of the equations of motion in the framework of MPM.
Two solution algorithms are discussed with the advantages and disadvantages of each
of them. An overview of the overall MPM solution procedure for a single time step is
also given in this section.

Special attention is paid in this chapter to the applications of the boundary condi-
tions in MPM. Both zero and nonzero kinematic and traction boundary conditions are
discussed in Section 4.5. Mitigating the well-known grid-crossing error in MPM is con-
sidered in Section 4.6. In Section 4.7, the treatment of spatially unbounded domains
using absorbing boundaries is discussed. The well-known procedure by Lysmer and
Kuhlemeyer [110] is extended in this section to Kelvin-Voigt kind of response to limit
the continuous creep of the boundary induced by the dashpots. An approach to deal
with locking in low-order element is presented in Section 4.8. The convergence of the
solution to a quasi-static equilibrium and the application of artificial damping are dis-
cussed in Sections 4.9 and 4.10, respectively. In Section 4.11, we present an overview of
MPM contact algorithms and validate the implementation of the adopted algorithm. A
penetration problem is considered in Section 4.12 to validate the current implementation
of MPM.

4.1 Basic concept of MPM

The material point method can be viewed as an extension of a finite element procedure,
in which the continuum is represented by Lagrangian points, called material points or par-
ticles [47, 126, 162, 163, 192]. Deformations of the continuum are modeled by tracking
particles that move through an Eulerian fixed mesh, requiring special book-keeping for
mapping data from particles to grid points and vice versa. The particles carry all physi-
cal properties of the continuum such as mass, momentum, material parameters, strains,
stresses, constitutive properties as well as external loads, whereas the Eulerian mesh
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and its Gauss points carry no permanent information. At the beginning of the time step,
information is transferred from particles to the computational mesh to initialize the dis-
crete equations of motion. The computational mesh is used to determine the incremental
solution of the field equations in Lagrangian fashion. At the end of the time step, the
solution is mapped from the computational mesh back to particles to update their infor-
mation. The computational mesh is then redefined or reset to its initial configuration and
book-keeping is updated. We can observe in Figure 4.1 that as particles move through
the mesh, elements and eventually nodes might become active or inactive. Hence, the
number of active degrees-of-freedom changes with time during computations.

Through this approach, MPM combines the best aspects of both Lagrangian and Eule-
rian formulation while avoiding as much as possible the shortcomings of them. Indeed,
numerical diffusion associated with the convective terms in Eulerian approach does not
appear in MPM solution. On the other hand, the problem of mesh distortion, which
an updated Lagrangian solution shows in large deformation, is avoided as well in the
framework of MPM [161, 165]. Hence, the method is well suited to model engineering
problems involving large deformation. Examples of such problems in geomechanics are
slope instability, tunnel collapse and pile driving.

The weak formulation and discrete equations of motion in MPM are consistent with
those of the traditional finite element method. Furthermore, the constitutive equation is
applied at each single particle, avoiding the interpolation of the history-dependent vari-
ables as particles are tracked throughout the computations. Given this, the method is
then capable of handling history-dependent material behavior. Elements having ma-
terial with different parameters or different constitutive equations are automatically
treated which is a clear advantage over Eulerian FEM [165].

MPM is naturally capable of handling non-slip contact between different bodies with-
out a special algorithm. This is a consequence of the fact that, in MPM particle velocities
are single valued in the mapping procedure between grid points and particles [165]. For

time step

(a) beginning of (b) incremental (c) end of time step after

deformation resetting the mesh

active node inactive node particle

Figure 4.1: Basic concept of MPM: Lagrangian particles moving through Eulerian fixed
mesh
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more details about MPM, its potentials and features, the reader is referred to Chapter 2
of this thesis, in which an extensive literature review is presented. Throughout this the-
sis, we will often switch between both names, material point and particle. This should not
cause any confusion to the reader. The same applies for grid point and node.

4.2 Discretization in MPM

In Lagrangian FEM, the nodes (and integration points) correspond to material points of
the continuum and this is retained during the deformation of the continuum. One of the
essential differences between Lagrangian FEM and MPM is that, in the latter, the mesh
generally does not reflect any physical property of the continuum, but particles do so.
As particles move through a fixed mesh during deformations (computations), meshing
the whole region where particles are expected to move is necessary.

In this section, we discuss the discretization of a continuum in MPM. For this task,
we consider a simple problem for illustration purposes. This problem involves a block
being pushed, see Figure 4.2(a). Figure 4.2(b) shows the initially active and inactive fi-
nite elements of this problem. The initially active elements represent the undeformed
geometry of the block. In the next step, material points are initialized in the active ele-
ments representing the continuum in its undeformed state. Figure 4.2(c) shows that each
active element is filled with four particles in this particular example. Particles marked
(dark) red are identified as boundary particles. They carry surface tractions throughout
the computations. However, we have the option of filling the initially active elements
with different number of particles, see Appendix E.

Most of the existing dynamic MPM codes are based on a regular grid. For complex
structures, being represented by a cloud of material points, this would require a special
CAD-type preprocessor. On the other hand, existing user-friendly preprocessors can be
used in combination with non-regular and non-structured meshes. This is the main rea-
son for the use of non-structured meshes in this thesis. Another consequence of using a
non-structured mesh is that it allows for local mesh-refinement. This is applied in this
thesis for reason of achieving good accuracy in zones of intense deformations.

4.3 Initialization of particles

In this section, we discuss the initialization of particles within the background mesh.
This includes association of mass, body forces, tractions and other properties of the con-
tinuum to particles. Let us consider a single tetrahedral element to explain the full pro-
cedure of initialization of particles information. Each particle is initially positioned at
a predefined local position inside the parent element, see Appendix E, and hence the
local position vector ξp of particle p is initialized. The global position vector xp is then
obtained as

x (ξp) ≈
nen
∑

i=1

Ni (ξp)xi, (4.1)
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boundary particleparticle

(c)

inactive nodematerial active nodefinite element

roller boundary

v̄

τ̃ = prescribed traction

v̄ = prescribed velocity

τ̃

(a)

(b)

Figure 4.2: MPM discretization (a) continuum (b) Eulerian mesh with active and inactive
elements (c) particles are initialized in the initially active elements
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in which nen denotes the number of nodes per element and Ni (ξp) is the shape function
of node i evaluated at the local position of particle p. Volumes associated with particles
are calculated so that all particles inside the element have initially the same portion of
the element volume, i.e.,

Ωp =
1

nep

∫

Ωe

dΩ ≈ 1

nep

neq
∑

q=1

wq |J (ξq)| , (4.2)

where Ωp is the volume associated with particle p, nep denotes the number of particles in
the element, neq is the number of Gauss points in the element, wq is the local integration
weight associated with Gauss point q, and J is the Jacobian matrix. The mass mp is then
calculated as

mp = Ωp ̺p (4.3)

with ̺p being the mass density of the material to which particle p belongs. The gravity
force f grav

p is simply calculated using the mass of the particle and the vector of gravita-
tional acceleration g as

f grav
p = mp g. (4.4)

The prescribed traction of the element is integrated first in the classical way of FEM.
The following equation explains the integration of a prescribed surface traction τ̃e over
the triangular surface element e shown in Figure 4.3

F̃ trac
e (x) =

∫

Se

NT (ξ) τ̃e (x) dS

≈
nseq
∑

q=1

wqN
T (ξq)

(

ntri
∑

i=1

Ni (ξq) τ̃e (xi)

)

Se. (4.5)

One should realize that N in the above equation is a matrix containing the shape func-
tions of the surface element where traction is prescribed. For the 4-noded tetrahedral
element, the surface traction is prescribed on a 3-noded triangular element, (see also Ap-
pendix C). τ̃e (xi) denotes the traction vector at node i of the surface element e, Se is the
surface area of the triangular element, nseq indicates the number of Gauss points per tri-
angular element, ntri represents the number of nodes in the triangular element, wq and
ξq are the local integration weight and the local coordinate vector of Gauss point q in
two-dimensions, respectively. The resulting traction forces vector F̃ trac

e from the integra-
tion of Equation 4.5 has 9 components, each 3 corresponding to one node of the 3-noded
triangular element. On denoting the traction force vector of each node of the triangular
element as f̃ trac, one can write

F̃ trac
e =

[

f̃ trac
1 f̃ trac

2 f̃ trac
3

]T
, (4.6)

in which each vector f̃ consists of three components.

The traction vector τ̃e applied at the triangular surface e is interpolated from the nodes
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Figure 4.3: Initialization of surface traction in MPM (a) tetrahedral element (b) triangular
element (c) traction is mapped to the boundary particles

of this surface to the boundary particles located next to it. Hence, the traction at bound-
ary particle p is

τ̃e (xp) ≈
ntri
∑

i=1

Ni (ξp) τ̃e (xi) , (4.7)

where Ni is the shape function of node i of the triangular surface element and ξp are the
coordinates of the boundary particle p inside the parent triangular element. These coor-
dinates simply represent the projection of particle p on the triangular surface element.
The traction force vector f̃ trac

p of boundary particle p is then

f̃ trac
p = τ̃e (xp)

Se

nebp

=
Se

nebp

ntri
∑

i=1

Ni (ξp) τ̃e (xi) , (4.8)

in which nebp denotes the number of boundary particles located next to the loaded sur-
face.

In this thesis, only uniform surface tractions are considered and the boundary parti-
cles are initially positioned so that they are evenly distributed with respect to the loaded
surface. This implies that

f̃ trac
p = τ̃e

Se

nebp

, (4.9)

which is equivalent to

f̃ trac
p =

1

nebp

ntri
∑

i=1

f̃ trac
i . (4.10)
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In the initialization of particles, initial conditions, material parameters and constitu-
tive variables are assigned to them as well. Furthermore, book-keeping is initialized at
this step, including information such as to which element each particle initially belongs
and the initial number of particles per each active finite element.

4.4 MPM solution procedure

Chapter 3 details the momentum equation including the space and time discretization of
the weak form. The gathering and assemblage procedure of the discrete algebraic equa-
tions of motion in the framework of Lagrangian FEM is also presented in this chapter.
The weak form and the discrete equations of motion in the context of MPM are consis-
tent with those of the finite element method [165, 166]. The main difference is in the
way the weak form of the momentum equation is integrated in space. In FEM, standard
Gauss integration is commonly adopted in the space integration as explained in Chap-
ter 3 and Appendix C, whereas in classical MPM, the space integration is performed
using particles as integration points instead of Gauss points. This is, of course, a natural
consequence of the fact that in the context of MPM, the continuum is discretized using
a finite number of particles. We will not re-consider the full procedure of the weak for-
mulation and space discretization in this chapter, but rather focus on the procedure of
integrating and constructing the equations of motion in the framework of MPM and the
algorithm of solving thses equations within a time step.

4.4.1 Initialization of equations of motion

As mentioned previously, in MPM particles carry all physical information of the contin-
uum throughout the computations. Hence, in order to solve the discrete equations of
motion in Lagrangian frame, these equations must be initialized and solved at the grid
points. Thus information must be mapped from particles to the grid points temporarily.
The lumped-mass matrix is formed by the direct lumping procedure of Chapter 3. The
lumping is carried out using particle masses and the shape functions to construct the el-
ements mass matrices, which are gathered in the global mass matrix via the assemblage
procedure. On considering the state of the continuum at time t, the lumped-mass matrix
is written as

M t =
n̄elm

A
e=1

M t
e , (4.11)

where n̄elm represents the number of active finite elements in the mesh at time t andM t
e

is defined as

M t
e =











mt
1 0 · · · 0

0 mt
2 · · · 0

...
...

. . .
...

0 0 · · · mt
en











. (4.12)
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The matrix mt
i corresponds to the mass of node i and 0 is a null matrix. In three-

dimensions, they are defined as follows

mt
i =





mt
i 0 0

0 mt
i 0

0 0 mt
i



 and 0 =





0 0 0
0 0 0
0 0 0



 (4.13)

with

mt
i ≈

nep
∑

p=1

mpNi

(

ξtp
)

. (4.14)

In the initialization procedure, velocities are mapped from particles to the nodes of
the background mesh. A weighted mapping is used to determine nodal velocities from
particle velocities. The weighting is the mass of particles. Hence, the procedure is equiv-
alent to mapping the momentum of particles to the nodes and then calculating the nodal
velocities from the mapped momentum using the nodal masses. On denoting the global
vector (which contains the mapped momentum from particles to nodes) as P , the nodal
velocities vector v is calculated from

M tvt = P t, (4.15)

in which

P t ≈
n̄elm

A
e=1

nep
∑

p=1

mpN
T
(

ξtp
)

v̂tp, (4.16)

where v̂tp is the velocity of particle p at time t. It was shown by Burgess et al. [41] that
this procedure of mapping velocities from particles to nodes is conservative when a
consistent-mass matrix is used. A lumped-mass matrix is however associated with slight
dissipation of the kinetic energy [41].

The nodal traction vector is constructed by mapping the tractions from boundary par-
ticles to the nodes as

F̃ trac,t ≈
n̄τelm

A
e=1

nebp
∑

p=1

NT
(

ξtp
)

f̃ trac
p , (4.17)

then
F trac,t = F̃ trac,t T (t) (4.18)

with T (t) being the time multiplier of the traction and n̄τelm is the number of elements
that contain traction-carrying particles. This number will generally vary in time during
computations. The nodal vector of body forces due to the weight is integrated as follows

F grav,t ≈
n̄elm

A
e=1

nep
∑

p=1

NT
(

ξtp
)

f grav
p (4.19)

and the internal forces due to stresses are following as

F int,t ≈
n̄elm

A
e=1

nep
∑

p=1

BT
(

ξtp
)

σt
pΩ

t
p. (4.20)
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Hence, the resulting discrete equations of motion are

M tat = F trac,t + F grav,t − F int,t

= F t, (4.21)

in which the symbol a denotes the unknown vector of nodal accelerations. Equation 4.21
has a form similar to that obtained when considering Lagrangian FEM, see Equation
3.67. However, the difference is as explained before in the way of constructing those
equations. One should keep in mind that, unlike Lagrangian FEM, the number of the
active degrees-of-freedom is changing in MPM as particles move through the mesh and
hence the mass matrix changes with time, requiring computation of new matrix at the
beginning of each time step.

4.4.2 Solving the equations of motion

The algorithm of solving Equation 4.21 in the context of MPM to advance the state of the
continuum from time t to t+∆t is presented in this section. As MPM equations of motion
are casted in a way that is consistent to that of Lagrangian FEM, the early MPM solution
algorithm within the time step is identical to that of Lagrangian FEM [165]. In this thesis,
this algorithm is called identical Lagrangian algorithm. However, due to some shortcom-
ings of this algorithm, a slightly modified algorithm was proposed by Sulsky et al. [166]
and has subsequently been used in most MPM literature. We refer to this algorithm as
modified Lagrangian algorithm. In the following both algorithms are presented.

4.4.2.1 Identical Lagrangian algorithm

In this algorithm, Equation 4.21 is solved for the unknown nodal acceleration vector a
as

at =M t,−1F t. (4.22)

The nodal velocity vector then follows from the time integration of the acceleration vec-
tor

vt+∆t = vt +∆tat. (4.23)

The vector vt is already calculated in the initialization of the equations of motion, see
Equation 4.15. The velocity vector vt+∆t is used to determine the vector of incremental
displacement at the nodes

∆ut+∆t = ∆tvt+∆t. (4.24)
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Nodal velocities and displacements are used to update particles velocities, displace-
ments and positions as follows

v̂t+∆t
p = v̂tp +

nen
∑

i=1

∆tNi

(

ξtp
)

at
i,

ût+∆t
p = ût

p +
nen
∑

i=1

Ni

(

ξtp
)

∆ut+∆t
i ,

xt+∆t
p = xt

p +
nen
∑

i=1

Ni

(

ξtp
)

∆ut+∆t
i . (4.25)

The summation in the above equations runs over the nodes of the element where particle
p is located at time t. Strains and stresses at particles are updated using the same proce-
dure as for Gauss points with the standard FEM, see Section 3.4.2. However, the mesh
in most cases is not updated as usually done with the updated Lagrangian FEM. Hence,
only the location of particles is updated according to Equation 4.25. Particles eventually
cross element boundaries, which entails that the new element of a crossing particle has
to be detected.

With particles moving through the mesh, special attention must be paid to the case
that a particle hardly crosses a previously empty element. Thus this particle is located
very close to the element boundary, a scenario illustrated in Figure 4.4. Consider, for ex-
ample, the single particle in Figure 4.4 and following Equation 4.14, the mass of node 2
is m2 = mpN2 (ξp), in which mp is the mass of particle p and N2 (ξp) is the shape function
of node 2 evaluated at the position of particle p. The value of this shape function will

particle (p)inactive nodeactive node

1 2
(b)

(c)

1

ξ2ξ1

N2(ξ)

ξ

1 2

(a)

Figure 4.4: Particle hardly crossing element boundary (a) before crossing (b) after cross-
ing (c) the shape function of node 2 across the element length
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thus approach zero as the particle just crosses the element boundary. As a consequence,
the mass m2 approaches zero, yielding a nearly singular, ill-conditioned mass matrix.

The internal force involves the gradient of the shape function via the matrix B, see
Equation 4.20. The gradient of a linear shape function is constant in the element and
hence the internal force of node 2 does not approach zero. The consequence of this case
is that the acceleration at node 2 is non-physical when computed by dividing the force
by the mass of this node, which ultimately leads to particle separating from the rest of
the body [166].

A cutoff value for the small mass can be introduced to detect small nodal masses. If
a nodal mass is less than a predefined cutoff value, the internal forces corresponding
to this node are then set to zero. However, this procedure does not solve the problem
totally as it is difficult to choose a cutoff value [166]. Furthermore, from the author’s
experience, a consequence of such a procedure is that the algorithm inadvertently treats
the small mass node as a fixed node, introducing a constraint that does not exist in the
system. The problem of numerical instability and the non-physical accelerations can
also be mitigated by using tiny time step, but this is still not a practical solution as the
computational efficiency is of considerable importance.

4.4.2.2 Modified Lagrangian algorithm

As a remedy of the small mass dilemma in MPM, Sulsky et al. [166] introduced a slightly
modified algorithm. In this algorithm, Equation 4.21 is solved for the unknown nodal
acceleration vector a as

at =M t,−1F t. (4.26)

The above step is identical to the first step of the identical Lagrangian algorithm. The
computed vector of nodal accelerations can still have some non-physical component if a
small nodal mass occurs. However, the next step eliminates the problem on the level of
velocity. This step consists of the calculation of particle velocities directly from the nodal
accelerations as

v̂t+∆t
p = v̂tp +

nen
∑

i=1

∆tNi

(

ξtp
)

at
i. (4.27)

The key point in the modified Lagrangian algorithm is that the nodal velocities are not
directly integrated from the nodal accelerations as in the identical Lagrangian algorithm,
but they are calculated from the updated particles velocities as

M tvt+∆t = P t+∆t, (4.28)

in which

P t+∆t ≈
n̄elm

A
e=1

nep
∑

p=1

mpN
T
(

ξtp
)

v̂t+∆t
p . (4.29)

Nodal incremental displacements follow by integrating the nodal velocities as

∆ut+∆t = ∆tvt+∆t. (4.30)

67



Chapter 4 The dynamic material point method

Particles displacements and positions are updated by interpolating nodal displacements
using the shape functions as

ût+∆t
p = ût

p +
nen
∑

i=1

Ni

(

ξtp
)

∆ut+∆t
i ,

xt+∆t
p = xt

p +
nen
∑

i=1

Ni

(

ξtp
)

∆ut+∆t
i . (4.31)

Let us for the moment apply this algorithm to the one-dimensional case of Figure 4.4.
The accelerations at node 1 and 2 are calculated according to Equation 4.26 as

at1 =
f t
1

mt
1

and at2 =
f t
2

mt
2

, (4.32)

where
mt

1 = mpN1

(

ξtp
)

and mt
2 = mpN2

(

ξtp
)

(4.33)

according to Equation 4.14. These nodal accelerations are used to update the velocity of
particle p according to Equation 4.27. Hence,

v̂t+∆t
p = v̂tp +∆t

(

N1

(

ξtp
)

at1 +N2

(

ξtp
)

at2
)

= v̂tp +∆t

(

N1

(

ξtp
)

f t
1

mt
1

+
N2

(

ξtp
)

f t
2

mt
2

)

= v̂tp +∆t

(

N1

(

ξtp
)

f t
1

mpN1

(

ξtp
) +

N2

(

ξtp
)

f t
2

mpN2

(

ξtp
)

)

= v̂tp +∆t

(

f t
1

mp

+
f t
2

mp

)

, (4.34)

in which the effect of a small mass is eliminated from the denominator by the corre-
sponding shape function in the nominator. This obviously solves the problem of small
masses.

Let us continue the solution by assuming v̂tp = 0 for simplicity. Now the velocity of
particle p is used to calculate the nodal velocities according to Equation 4.28. Hence,

[

mpN1

(

ξtp
)

0

0 mpN2

(

ξtp
)

] [

vt+∆t
1

vt+∆t
2

]

=

[

∆t (f t
1 + f t

2)N1

(

ξtp
)

∆t (f t
1 + f t

2)N2

(

ξtp
)

]

, (4.35)

which gives
[

vt+∆t
1

vt+∆t
2

]

= ∆t
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mp

f t
1+f t

2

mp



 . (4.36)

However, solving the same problem using the identical Lagrangian algorithm yields the
following equation of motion

[

mpN1

(

ξtp
)

0

0 mpN2

(

ξtp
)

] [

at1

at2

]

=

[

f t
1

f t
2

]

(4.37)
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and the acceleration is then

[

at1

at2

]

=







f t
1

mp N1(ξtp)
f t
2

mp N2(ξtp)






, (4.38)

which results in the following velocity after integration and assuming that vt1 = vt2 = 0
as in the previous case

[

vt+∆t
1

vt+∆t
2

]

= ∆t







f t
1

mp N1(ξtp)
f t
2

mp N2(ξtp)






. (4.39)

Comparing the right-hand side of Equations 4.36 to that of Equations 4.39, we can see
that the effect of the shape functions is eliminated in the solution corresponding to the
modified Lagrangian algorithm and hence the problem of small nodal masses is solved.
It should be clarified that the accelerations computed by the modified Lagrangian algo-
rithm are smoothed, see the right-hand side of Equations 4.36. A consequence of such
smoothening is that the algorithm slowly dissipates energy with time [126]. Neverthe-
less, this algorithm improves the numerical stability and eliminates the problem of small
mass in MPM.

We can find in literature alternatives to improve the numerical stability of MPM. For
instance, Bardenhagen [6] proposed the procedure, in which strains and stresses are up-
dated before updating the momentum, i.e., at the beginning of the time step. How-
ever, Nairn [126] reports that the modified Lagrangian algorithm and Bardenhagen’s
algorithm are almost identical. The only mathematical difference between them is that
the modified Lagrangian algorithm uses the positions of particles at the end of the time
step, i.e., before updating particles positions, to calculate the shape functions that in turn
will be used to extrapolate the momentum from particles to nodes and eventually to cal-
culate the nodal velocities. Bardenhagen’s algorithm uses the new position of particles,
i.e., after resetting the mesh, to evaluate the shape functions and extrapolate the same
momentum from particles to nodes. It is also observed that Bardenhagen’s algorithm
tends to slowly increase energy with time [126], a feature that is not desired in numerical
procedures. Nairn [126] proposed a procedure, in which the strain increment is averaged
from the one calculated by modified Lagrangian algorithm and that of Bardenhagen’s al-
gorithm. He reported in his paper that this approach conserves energy nearly exactly.

Another approach to mitigate the small mass problem was proposed by Ma et al. [113].
In their approach, instead of setting the forces of small mass nodes to zero as in the early
development of MPM, they distribute these forces to surrounding nodes. The reader is
however referred to the aforementioned literatures and the references therein for further
information about MPM solution algorithms.

In the summary of this review, we would like to point out that the most common so-
lution algorithm in MPM literature is the one of Sulsky et al. [166], i.e., the modified
Lagrangian algorithm, which is also adopted in this thesis.
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4.4.2.3 Overall solution algorithm for a single time step

We summarize here the solution procedure of the modified Lagrangian algorithm. Let
us consider the state of a continuum at time t and describe the procedure of advancing
the solution to time t+∆t. It consists of the following steps

1. The lumped-mass matrix M t is computed at the beginning of the time step. This
is done as

M t =
n̄elm

A
e=1

M t
e ,

whereM t
e is integrated following the procedure described in Equations 4.12-4.14.

2. The momentum is mapped from particles to nodes using the shape functions and
is then used to calculate the nodal velocity vector vt solving the following equation

M tvt ≈
n̄elm

A
e=1

nep
∑

p=1

mpN
T
(

ξtp
)

v̂tp.

3. The traction force vector F trac,t follows as

F trac,t = F̃ trac,t T (t) , in which F̃ trac,t ≈
n̄τelm

A
e=1

nebp
∑

p=1

NT
(

ξtp
)

f̃ trac
p .

4. The gravity forces F grav,t and the internal forces F int,t are integrated as

F grav,t ≈
n̄elm

A
e=1

nep
∑

p=1

NT
(

ξtp
)

f grav
p and F int,t ≈

n̄elm

A
e=1

nep
∑

p=1

BT
(

ξtp
)

σt
pΩ

t
p.

5. At this stage, the discrete system of equations is complete

M tat = F trac,t + F grav,t − F int,t

= F t.

6. The system is now solved for the nodal accelerations as

at =M t,−1F t.

7. In this step, the velocities of particles are updated using the nodal accelerations
and the shape functions

v̂t+∆t
p = v̂tp +

nen
∑

i=1

∆tNi

(

ξtp
)

at
i.
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8. The nodal velocities vt+∆t are then calculated from the updated particles velocities
solving the following equation

M tvt+∆t ≈
n̄elm

A
e=1

nep
∑

p=1

mpN
T
(

ξtp
)

v̂t+∆t
p .

9. Nodal velocities are integrated to get nodal incremental displacements

∆ut+∆t = ∆tvt+∆t.

10. Strains and stresses at particles are calculated as

∆εt+∆t
p = B

(

ξtp
)

∆ut+∆t
e ,

{σp,material state}t constitutive relation−−−−−−−−−−→
∆ε

t+∆t
p

{σp,material state}t+∆t.

See Equation 3.108 for the definition of the nodal incremental displacement vector
∆ue.

11. Volumes associated with particles are updated using the volumetric strain incre-
ment ∆εvol

Ωt+∆t
p =

(

1 + ∆εt+∆t
vol,p

)

Ωt
p with ∆εvol = ∆ε11 +∆ε22 +∆ε33.

Consequently, the mass density is updated as follows

̺t+∆t
p =

̺tp
(

1 + ∆εt+∆t
vol,p

) (4.40)

12. Displacements and positions of particles are updated according to

ût+∆t
p = ût

p +
nen
∑

i=1

Ni

(

ξtp
)

∆ut+∆t
i ,

xt+∆t
p = xt

p +
nen
∑

i=1

Ni

(

ξtp
)

∆ut+∆t
i .

13. The book-keeping is updated at this step, including the detection of the new el-
ements for those particles that have left the old elements. Consequently the new
number of particles per each finite element must be determined. The active and
inactive elements must be identified and the new local position of each particle
inside the element must be obtained.

It can be observed that the nodal velocity vector vt calculated in Step 2 is not explic-
itly used in the algorithm. However, we need this vector in the calculation of the local
damping, which will be explained later in this chapter.
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Chapter 4 The dynamic material point method

4.5 Boundary conditions in MPM

Within the framework of traditional Lagrangian finite element, the application of pre-
scribed boundary conditions is trivial as they are specified more or less directly for the
degree-of-freedom on the boundary nodes and that the boundary nodes are well de-
fined throughout the computations. In the material point method, the computational
mesh does not align with the boundary, making the application of the prescribed bound-
ary conditions not straightforward. The difficulty arises, in particular, when dealing
with nonzero boundary conditions, including nonzero tractions and nonzero kinematic
boundary conditions. The discussion is split into two sub-sections, the first is dealing
with zero prescribed boundary conditions, whereas the second is treating the applica-
tion of nonzero boundary conditions in the framework of MPM.

4.5.1 Zero kinematic and traction boundary conditions

Such boundary conditions are easy to apply in MPM. Zero kinematic boundary condi-
tions are applied in a way that is identical to that of standard Lagrangian FEM. Special
attention should however be paid when applying those conditions in the framework
of MPM, that is they also have to be applied on those boundary nodes that might be-
come active during computations. This ensures that, when a previously inactive node
becomes active during computations, zero prescribed kinematic boundary conditions at
this node must be applied (activated). Figure 4.5 illustrates such a situation. Regarding
zero traction boundary conditions, they are automatically enforced to be satisfied by the
solution of equations of motion.

4.5.2 Nonzero kinematic and traction boundary conditions

Questions arise on how to deal with nonzero traction boundary conditions. The treat-
ment of surface tractions in the context of MPM deviates strongly from that of Lagrangian
FEM. A way to treat such tractions in MPM is to map them from boundary particles to
all nodes of the element where a boundary particle is located, see Figure 4.6. However,

(a) (b)

active fixityactive node inactive node inactive fixity

Figure 4.5: Kinematic boundary conditions are prescribed at the active and inactive
nodes (a) inactive fixity (b) active fixity
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f̃ trac
p

particle boundary particle (p)

Figure 4.6: Traction is mapped from a boundary particle to all nodes of the element

such mapping procedure is carried out according to Equation 4.17. One should remem-
ber here that in the initialization of particles, traction forces are mapped to the boundary
particles, see Section 4.3. The disadvantage of this way of dealing with surface tractions
is that the effect of the surface force is distributed over the layer of elements that borders
the boundary. To reduce such smearing error, the thickness of the elements along the
boundary should be small. However, this can be helpful in some cases, but it has to be
admitted that it is not a practical solution to the problem. To apply the nonzero bound-
ary conditions in a more consistent way with that of Lagrangian FEM, we introduce the
concept of moving mesh.

4.5.2.1 Concept of moving mesh

It is a procedure, in which the surface tractions and kinematic boundary conditions are
applied in a way that is consistent with that of Lagrangian FEM and hence considered
to be accurate. In the moving mesh procedure, we always ensure that the computational
mesh aligns with the surface where tractions are prescribed. To illustrate this procedure,
let us consider a rigid block being displaced by the action of surface tractions, see Fig-
ure 4.7. We deviate, in this procedure, from the standard MPM by using a mesh which
is fixed to the rigid block, indicated as moving mesh in Figure 4.7. Thereby, the traction
is kept at the same boundary nodes and never mapped between particles and nodes.
This way of treating the surface tractions is identical to that of Lagrangian FEM. A con-
sequence of such procedure, as shown in Figure 4.7, is that the mesh in front of the block
(right) gets compressed and that behind the block (left) gets stretched with time by the
same displacement of the rigid block.

For extremely large deformations the mesh can get distorted, a problem that could be
solved in this case by meshing a wider regions in the stretched and compressed zones or
if necessary re-meshing these zones to avoid mesh distortion, making use of the MPM
feature that the mesh could be arbitrarily modified after each time step. An advantage
of the moving mesh procedure is that the moving mesh zone could be made fine and
hence we ensure that this fine mesh will always remain around the block. With standard
MPM, the block would move through a fixed mesh, requiring mesh refinement over the
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z1 z2 z3

(a)

(b)

z3 compressed meshz1 stretched mesh z2 moving mesh

f

Figure 4.7: Illustration of the moving mesh procedure (a) initial configuration (b) de-
formed configuration with stretched, compressed and moving zones

complete region where the block is expected to displace. It remains to mention here
that the moving mesh concept could also be used to apply nonzero kinematic boundary
conditions. One can also find in literature that the nonzero boundary conditions could
be applied using what is so-called boundary layer method. The reader is however re-
ferred to the work of Hu and Chen [92] and references therein for more details about this
method.
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4.6 Mitigating error associated with grid-crossing for

quasi-static problems

When dealing with quasi-static problems, in which the rate of loading is very slow and
hence the effect of inertia is insignificant, a numerical dilemma could occur when par-
ticles cross element boundaries. The early description of such numerical difficulty or
phenomenon in MPM can be tracked back to the work by Zhou [201]. In this section,
we consider such numerical difficulty and discuss possible solutions for it in the frame-
work of the adopted MPM algorithm. In quasi-static problems, equilibrium could break
down and eventually computations fail, in some severe scenarios when particles cross
elements boundaries. The reason of this problem is that, such particle crossing leads
to significant unbalance forces at the nodes that are shared between previous and new
elements of crossing particles. Eventually, such numerical difficulties are imposed by
the linear shape functions. The gradient of a linear shape function is constant within
the element, but discontinuous at the element edges. Hence, artifact unbalance forces
are induced at elements boundaries when particles cross those boundaries. To explain
the problem of grid-crossing in a mathematical way, let us consider the one-dimensional
mesh of Figure 4.8. The mesh shows two elements, each having two particles initially.
The two shape functions of the 2-noded element are

N1 (ξ) = 1− ξ,

N2 (ξ) = ξ.

In Figure 4.8(c) and (d), the shape functions of node 2 and the corresponding gradient
are plotted across elements length, respectively. However, node 2 represents the shared
node between the two elements. The internal forces at this node are integrated according
to Equation 4.20 as follows

f int
2 ≈

nep1
∑

p=1

σpΩp −
nep2
∑

p=1

σpΩp, (4.41)

in which nep1 and nep2 are the number of particles in elements e1 and e2, respectively.
Assuming a static equilibrium and uniform mesh, Equation 4.41 is then reduced to

f int
2 ≈ σΩ (nep1 − nep2) , (4.42)

where σ is the constant stress in both elements resulting from equilibrium and Ω is a
constant volume associated with each particle resulting from the uniform mesh. Under
these conditions, the internal force of node 2 is zero as long as nep1 = nep2 and no crossing
occurs, the case of Figure 4.8(a). Once a particle crosses from one element to the other,
the equilibrium at node 2 breaks down as an artifact unbalance force is induced by the
integration of the internal forces, a situation of Figure 4.8(b), in which nep1 = 1 and
nep2 = 3 after a particle moved from element e1 to element e2. Hence, the internal force
of node 2 is then f int

2 = −2σΩ instead of zero, see Equation 4.42.

75



Chapter 4 The dynamic material point method

active node
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Figure 4.8: Grid-crossing in MPM (a) before crossing (b) after crossing (c) shape functions
of node 2 (d) gradient of shape functions of node 2
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4.6.1 Attempts to reduce the grid-crossing error

The problem is more severe when there are few particles in each finite element. On the
other hand, using a fine mesh may cause the migration of particles between elements to
be quicker and the problems is more pronounced then [74]. However, increasing the ini-
tial number of particle per element might be a partial solution to the problem, but again
the computational cost can be very high for high number of particles. Guilkey et al. [74]
were among the first to formulate a quasi-static material point method to simulate slow
rate of loading. They deviated a little from the traditional MPM by not resetting the mesh
after each time step. The reason for this was to avoid the error associated with particle
crossing between elements. The locations of particles, in this approach, with respect to
the nodes do not change as long as the mesh is not reset. However, this approach should
be used with a great care as it might lead to a severe mesh distortion. A "by-product" of
not resetting the mesh for a considerable deformation could be non-physical unbalance
forces induced at the nodes after resetting the mesh.

Recently, Beuth [24] introduced what is so-called zero load step to eliminate these un-
balance forces in the framework of quasi-static MPM. A zero load step is applied after
resetting the mesh without applying any additional load increment. Only the nodal
unbalance forces are reduced as in classical Lagrangian FEM. Particle positions are not
updated after a zero load step and stresses obtained are assumed to be artifact and hence
will be overwritten in the next load step [24].

Fernandes [64] investigated the performance of quadratic shape functions that are con-
tinuous across the element edge. Among other issues, he concluded that the negative re-
gions of the quadratic shape functions can induce negative entries when integrating the
mass matrix, resulting in a singular-mass matrix. This observation is however reported
for both lumped and consistent matrices.

Bardenhagen and Kober [8] generalized the MPM discrete solution by applying a
Petrov-Galerkin discretization scheme. They used the computational grid shape func-
tions together with particle characteristic functions in the variational formulations. Dif-
ferent combinations of grid shape functions and particle characteristic functions result in
a family of methods named, after Bardenhagen and Kober, as the generalized interpolation
material point method and abbreviated as GIMP. This generalization allows the material
point method to be derived as a special case from GIMP.

Unlike the traditional MPM [165], in which the mass of the particle represents the
whole mass of the subregion surrounding this particle, in GIMP each particle only con-
tributes to nodes whose shape functions overlap its characteristic function [8]. Hence,
the interpolation could span multi elements, providing a smooth crossing of particles be-
tween elements. Their main motivation to investigate GIMP was to eliminate the numer-
ical noise associated with MPM when particles cross elements boundaries. Indeed, they
showed, in one-dimensional examples, that GIMP is capable of eliminating the noise in
stresses obtained by MPM. The use of Petrov-Galerkin discretization scheme deviates
the method more towards some meshless methods [8]. Furthermore, the method adds
significant complexities to the MPM algorithm and its computational cost is considerably
higher than that of MPM. Fernandes [64] reported a slow down factor of 2.68 in a par-
ticular numerical example. However, GIMP was used in several studies, see references
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[2, 55, 111, 187]. Other attempts to reduce the problem of grid-crossing are proposed by
other researchers see, for instance, [153, 201] and references therein.

4.6.2 Gauss integration in MPM

As means to solve the numerical difficulty of grid-crossing in quasi-static problems, we
adopt Gauss integration in a way that is identical to that of Lagrangian FEM. In the
latter, the integration points have fixed local positions inside the element. Such points
move according to the deformation of the element, but never leave the element. Let us
assume having a single Gauss point located anywhere inside each element of Figure 4.8.
Considering the internal force of node 2, it is again

f int
2 ≈

nep1
∑

p=1

σpΩp −
nep2
∑

p=1

σpΩp.

If we replace the summation (integration) over particles by the summation over Gauss
points, we get

f int
2 ≈

neq
∑

q=1

wqσq |J (ξq)| −
neq
∑

q=1

wqσq |J (ξq)| , (4.43)

in which

σq =

∑nep

p=1
σpΩp

∑nep

p=1
Ωp

. (4.44)

Considering the assumed conditions that σ and Ω are the same for all particles, result-
ing from the equilibrium and the uniform mesh assumption, it yields that the internal
force of node 2 is f int

2 = 0 for any number of particles inside each element. Hence, when
particles cross elements boundaries, the unbalance forces induced from such crossing is
mitigated by adopting a classical finite element integration. However, one could argue
that we are integrating using the element volume which, in MPM, does not represent the
true volume of particles occupying the considered element. This is true, but it should be
clear that we adopt such integration only for quasi-static problems, in which the equi-
librium solution is of interest rather than the wave propagation. For dynamic prob-
lems, such integration is not used and the integration is done using particles as it is clear
that using Gauss integration with full element volume does not conserve energy. A sec-
ond reason that this integration procedure does not conserve energy is that, stresses are
mapped from particles to Gauss points using a weighted least square approach, which
smoothens stresses inside the element.

An important distinction must be made in the treatment of fully filled elements versus
partially filled elements, shown in Figure 4.9. For elements that are partially filled, regular
particle integration is adopted, whereas Gauss integration is used in the integration of
fully filled elements. Elements that are located in the interior of the considered body are
identified to be alway fully filled. An element located on the boundary of the body is
considered to be partially filled when the volume sum of all particles inside this element
is less than a prescribed percentage of the element volume, i.e.,
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partially filled element fully filled element

boundary particle particle

Figure 4.9: Illustration of partially and fully filled elements in MPM

nep
∑

p=1

Ωp < β Ωe, (4.45)

in which the factor β is set to 0.9 as the sensitivity study by Beuth [24] showed very little
influence when using a value of β around 0.9. It remains to mention here that elements
having at least a boundary particle are identified as boundary elements. Furthermore,
when using Gauss integration, the state variables of the constitutive model are averaged
using the same way of Equation 4.44, i.e., by a weighted least square. Elements that have
particles following different constitutive models are identified as mixed elements and are
integrated using particle integration. One should also keep in mind that Gauss integra-
tion for fully filled elements is applied only for the integration of the internal forces as
these forces are the main reason for the problem of particle crossing. We would like to
emphasize here that throughout this thesis wherever MPM integration is mentioned, it
means classical particle integration for all elements and no distinction is made between
fully and partially filled elements, whereas mixed integration means that we distinguish
between fully and partially filled elements.

An advantage of adopting the mixed integration is some gain in the computational
efficiency as the summation when integrating the internal forces runs over the number
of Gauss points in the element. In the adopted low-order tetrahedral element, we use
a single Gauss point per each element. Moreover, the stress increment and other state
variables are evaluated only for Gauss point and assigned then to all particles in the
element. The procedure adopted for mixed integration can be summarized as follows
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1. At the beginning of the time step, fully filled elements are identified. The fully
filled element e satisfies the following criterion

nep
∑

p=1

Ωp > β Ωe.

2. Stresses of the fully filled element e are averaged using the volume associated with
each particle as a weighting

σ =

∑nep

p=1
σpΩp

∑nep

p=1
Ωp

.

This stress is then assigned to all particles and Gauss points of the fully filled ele-
ment. All state variables of the constitutive model are treated with the same proce-
dure as for stresses.

3. The internal force vector is integrated using Gauss integration as follows

F int
e ≈

neq
∑

q=1

wqB
T (ξq)σq |J (ξq)| ,

in which σq is the average stress of the element.

4. The constitutive equations are applied to Gauss points of the fully filled elements.
After updating the stresses and other state variables of Gauss points, they are as-
signed to all particles of the element.

Partially filled elements are integrated using particle integration and hence the above
steps are not applied for them. It is worth mentioning here that the above mapping pro-
cedure of stresses and other state variables between particles and Gauss points is trivial
as we are considering low-order element, in which the stress is constant by definition.
However, for higher-order elements, the mapping procedure requires more complicated
least squares, in which higher-order polynomials have to be solved. These polynomi-
als have to be consistent with the stress field distribution inside the element, e.g., for a
second-order element, the stress is linear and hence the mapping polynomial has to be
linear as well.

4.6.3 Numerical example on MPM and mixed integration

In this example, the loading of a column by its self weight is analyzed. The column has a
height of 1 [m] and a square cross-section of 0.01 [m2] area. The bottom of the column was
fully fixed and roller boundaries were prescribed along the sides so that displacement
was only possible in vertical direction. The material of the column was assumed to be
linear elastic with a density of ̺ = 2000 [kg/m3], Young’s modulus of E = 40 [kN/m2]
and a Poisson’s ratio of ν = 0. The mesh of the problem was constructed of 504 tetra-
hedral elements with 198 nodes. Each active element in the initial configuration had 10
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Figure 4.10: Discretization and results of the column problem (a) initial configuration
(b) vertical stresses using MPM integration (c) vertical stresses using mixed
integration

particles, see Figure 4.10(a). The local damping procedure of Section 4.10 was used with
α = 0.75 to get faster convergence to quasi-static equilibrium. The convergence to quasi-
static equilibrium was detected by the convergence procedure of Section 4.9. A Courant
number of αCour = 0.98 was adopted for this problem.

The gravity load was applied instantaneously and kept constant throughout the com-
putations. A comparison of the mixed and MPM integration is shown in Figure 4.10. We
can see in Figure 4.10(b) that MPM integration produces a pronounced noise in stresses
because of the problem of particle crossing between elements. It is also shown that
some points have tensile (positive) stress and that there is considerable overestimation
of stresses. When adopting mixed integration, the problem of the spacial oscillations in
stresses is mitigated, see Figure 4.10(c). This figure shows a smooth and linear distribu-
tion of vertical stresses along the column with the expected values.
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4.7 Treatment of spatially unbounded domains using

absorbing boundaries

In numerical simulations of problems involving wave propagation, the use of finite
boundaries leads to reflection of waves upon reaching the boundaries of the mesh. In
geomechanics, rigid boundary is mostly numerical artifact and reflecting waves are not
physical. Hence, they affect the solution considerably. Therefore, the attenuation of
waves reflection is necessary in problems where there are artificial boundaries. This
problem might be overcome by choosing the finite boundaries of the mesh far enough
so that no reflection occurs. This is however not always a practical solution as it makes
the mesh unnecessarily large leading to a substantial increase in the computational ef-
fort. The literature on solving the reflections problem is quite extensive, see references
[101, 106] and references therein. An excellent review of treating wave reflection and
more detailed bibliography is given by Givoli [70]. We however do not intend to cover
such extensive literature, but rather briefly discuss the most common ones.

A solution to the problem was introduced by Lysmer and Kuhlemeyer [110]. They
proposed the procedure where the boundary is supported on a dashpot. They showed
that the absorption of the waves is nearly perfect for a wide range of incidence an-
gles. Smith [151] proposed a technique to eliminate the reflections. It is based on su-
perimposing solutions that satisfy both Dirichlet and Neumann boundary conditions.
Although the technique is based on analytical formulation and was shown to be effi-
cient in wave absorption, it is computationally very expensive. In general, if n boundary
faces are required to be absorbing, 2n solutions need to be superimposed to get the full
solution [151]. The so-called infinite elements introduced by Bettess [22], Bettess and
Zienkiewicz [23] are also used to solve infinite domain problems. Infinite elements are
defined as radiating strips in the exterior regions. The shape functions of such elements
include, for instance, an exponential decay term so that they mimic the asymptotic be-
havior at infinity [22, 23, 70]. However, Bettess and Zienkiewicz [23] pointed out that
infinite elements involve more computations than the finite elements as they use more
parameters. Furthermore, the choice of the decay length is somewhat arbitrary.

In this thesis, we intend to adopt the method of the boundary dashpots by Lysmer
and Kuhlemeyer [110] with some modification to the basic approach developed in this
study. Our motivation to adopt this kind of absorbing boundaries is that they are simple,
effective and ultimately based on analytical justification.

4.7.1 Formulation of boundary dashpots

A simple way to formulate the boundary dashpots is to consider the tractions corre-
sponding to them in the virtual work equation. The boundary of the continuum is then
defined as

∂Ωu ∪ ∂Ωτ ∪ ∂Ωτvb = ∂Ω (4.46)

and
∂Ωi ∩ ∂Ωj = ∅ i, j = u, τ, τ vb (4.47)
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∂Ωu
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Figure 4.11: Absorbing dashpots at the boundary of a continuum

with ∂Ωτvb being the boundary where the dashpots are prescribed. On denoting the
traction vector corresponding to boundary dashpots at a material point located at the
boundary of the domain as τ vbi , see Figure 4.11, one can write the following

τ vbi =
[

τ vbn τ vbt1 τ vbt2
]T
. (4.48)

It contains one normal component τ vbn and two tangential components, τ vbt1 and τ vbt2 . How-
ever, in Figure 4.11, we only see τ vbn and τ vbt1 as we consider a two-dimensional plot for
simplicity. Lysmer and Kuhlemeyer [110] investigated many possible analytical expres-
sions to control the tractions induced by the dashpots for best absorbing properties. They
however found that an effective control could be by the following expressions

τ vbn = −a̺cpv̂n,
τ vbt1 = −b̺csv̂t1 ,
τ vbt2 = −b̺csv̂t2 , (4.49)

in which a and b are dimensionless parameters, v̂n, v̂t1 and v̂t2 are the velocities of the
boundary point where the dashpots are applied. These velocities correspond to the di-
rections of τ vbn , τ vbt1 and τ vbt2 , respectively, cp and cs are the propagation speeds of the pri-
mary and secondary waves, respectively. They are defined in terms of the density ̺,
constrained modulus Ec and the shear modulus G as follows

cp =

√

Ec

̺
and cs =

√

G

̺
. (4.50)

Let us re-consider the virtual work equation (Equation 3.37) again

∫

Ω

δv̂i̺
dv̂i
dt

dΩ =

∫

∂Ωτ

δv̂iτi dS +

∫

Ω

δv̂i̺gi dΩ −
∫

Ω

∂(δv̂i)

∂xj
σij dΩ. (4.51)
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We account now for the boundary dashpots as an additional traction boundaries as
shown in Figure 4.11. Hence, we simply add them to the virtual work equation as

∫

Ω

δv̂i̺
dv̂i
dt

dΩ =

∫

∂Ωτ

δv̂iτi dS +

∫

∂Ω
τvb

δv̂iτ
vb
i dS

+

∫

Ω

δv̂i̺gi dΩ −
∫

Ω

∂(δv̂i)

∂xj
σij dΩ. (4.52)

Let us re-write Equation 4.49 in the following compact form

τ vbi = −ηij v̂j, (4.53)

in which

ηij =









a̺cp 0 0

0 b̺cs 0

0 0 b̺cs









and v̂j =
[

v̂n v̂t1 v̂t2
]T
. (4.54)

Substituting Equation 4.53 into Equation 4.52 yields
∫

Ω

δv̂i̺
dv̂i
dt

dΩ =

∫

∂Ωτ

δv̂iτi dS −
∫

∂Ω
τvb

δv̂iηij v̂j dS

+

∫

Ω

δv̂i̺gi dΩ −
∫

Ω

∂(δv̂i)

∂xj
σij dΩ. (4.55)

Without repeating the space discretization of the above equation, as it is already detailed
in Section 3.3, we directly write the discrete form of the virtual work equation using
matrix notations as

∫

Ω

N̄T̺N̄a dΩ =

∫

∂Ωτ

N̄Tτ dS −
∫

∂Ω
τvb

N̄TηN̄v dS

+

∫

Ω

N̄T̺g dΩ −
∫

Ω

BTσ dΩ, (4.56)

where η = ηij , see Equation 4.54. All other symbols and terms are previously defined.
Hence, one can write the equation of motion including the term corresponding to the
boundary dashpots as

Ma = F trac − F vb + F grav − F int, (4.57)

in which all terms are well defined previously except the second term of the right-hand
side which is defined as

F vb = Ccv, (4.58)

where

Cc =

∫

∂Ω
τvb

N̄TηN̄ dS (4.59)

is a consistent matrix containing the dashpot coefficients and called in this thesis dashpots
matrix.
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4.7.1.1 Integration of the dashpots matrix

In this thesis, our intention is not to construct consistent matrices, but rather use lumped
matrices for computational efficiency. Hence, the consistent dashpots matrix Cc will
be lumped in a way similar to that explained in Chapter 3. On denoting the lumped
dashpots matrix of the volume element e as Ce, we can define it in the following way

Ce =











c1 0 · · · 0

0 c2 · · · 0

...
...

. . .
...

0 0 · · · cen











. (4.60)

The sub-matrix ci corresponds to the dashpots coefficients of node i and the matrix 0 is
a null matrix. They have the following forms

ci =





cn 0 0
0 ct1 0
0 0 ct2



 and 0 =





0 0 0
0 0 0
0 0 0



 . (4.61)

One should realize here that when defining the element dashpot matrix Ce, all nodes
of the volume elements are included, but it is clear that the dashpots coefficients of the
interior nodes will be zero as the dashpots are only applied at the boundaries. We now
consider the integration of the dashpots matrix of node i, i.e., ci. It is integrated as

ci ≈
nseq
∑

q=1

wqNi (ξq)η Se, (4.62)

in which Se is the area of the triangular surface element where the dashpots are applied,
see Figure 4.12, and Ni is the shape function of node i of the 3-noded triangular surface

node integration point

τ vbnτ vbn

(c)(a)

3

2 ξ1

ξ2

1
14

1313

12 12

(b)

11 11

Figure 4.12: Tractions induced by the boundary dashpots are integrated using Newton-
Cotes scheme (a) tetrahedral element (b) surface element and (c) parent tri-
angular element with three Newton-Cotes points located at the nodes
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element. Adopting Newton-Cotes integration simplifies Equation 4.62. The integration
points in Newton-Cotes scheme are located at the same position of the nodes as shown
in Figure 4.12. Hence, Equation 4.62 reduces to

ci ≈
1

3
η Se, (4.63)

in which 1

3
represents the integration weight of each Newton-Cotes point in the 3-noded

triangular element. It is trivial that the shape function is eliminated in Equation 4.63 as it
has a value of 1 at its corresponding node and zero at other nodes. This is the simplicity
of Newton-Cotes scheme in that context. The element matrices are then constructed from
the nodal ones, see Equation 4.60. The global dashpots matrix is assembled as

C =
nelm

A
e=1

Ce. (4.64)

The superscript c is eliminated from the dashpots matrix indicating that it is lumped
matrix. It must be clarified here that the initially inactive elements are included in the
initialization of the dashpots matrix as well. The dashpots coefficients of an initially
inactive boundary node are activated once it becomes active. The same illustration of
Figure 4.5 applies here.

4.7.2 Extending the boundary dashpots to Kelvin-Voigt elements

Scrutiny of Equation 4.49 shows that the boundary that is supported by dashpots tends
to creep continuously, particularly under sustained loading. This is however not always
required and the creep of this boundary must be controlled. To do so, the technique
of the boundary dashpots is modified in the current study by replacing these dashpots
with Kelvin-Voigt elements, see Figure 4.13. The response of these elements is given by
the following equations

τ vbn = −a̺cpv̂n − κpûn,

τ vbt1 = −b̺csv̂t1 − κsût1 ,

τ vbt2 = −b̺csv̂t2 − κsût2 , (4.65)

in which κ represents a stiffness per unit area and û refers to a displacement component
of the boundary point where the Kelvin-Voigt element is prescribed. Equation 4.65 can
also be written in a compact form as

τ vbi = −ηij v̂j − κijûj, (4.66)

in which

κij =









κp 0 0

0 κs 0

0 0 κs









and ûj =
[

ûn ût1 ût2
]T
. (4.67)
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η

κ

τ vb

Figure 4.13: Kelvin-Voigt element

Now we simply add the tractions induced by the springs to Equation 4.55 as
∫

Ω

δv̂i̺
dv̂i
dt

dΩ =

∫

∂Ωτ

δv̂iτi dS −
∫

∂Ω
τvb

δv̂iηij v̂j dS −
∫

∂Ω
τvb

δv̂iκijûj dS

+

∫

Ω

δv̂i̺gi dΩ −
∫

Ω

∂(δv̂i)

∂xj
σij dΩ. (4.68)

After the space discretization, the above equation can be written in matrix notations as
∫

Ω

N̄T̺N̄a dΩ =

∫

∂Ωτ

N̄Tτ dS −
∫

∂Ω
τvb

N̄TηN̄v dS −
∫

∂Ω
τvb

N̄TκN̄u dS

+

∫

Ω

N̄T̺g dΩ −
∫

Ω

BTσ dΩ (4.69)

with κ = κij , see Equation 4.67. Hence, the term corresponding to the viscous boundary
in Equation 4.57 is now modified to

F vb = Cv +Kcu, (4.70)

where

Kc =

∫

∂Ω
τvb

N̄TκN̄ dS (4.71)

is a consistent matrix containing the springs coefficients and called in this thesis springs
matrix. A lumped springs matrix will be used in this thesis and it is integrated following
the procedure for the dashpots matrix, i.e.,

Ke =











k1 0 · · · 0

0 k2 · · · 0

...
...

. . .
...

0 0 · · · ken











, (4.72)

where

ki =





kn 0 0
0 kt1 0
0 0 kt2



 and 0 =





0 0 0
0 0 0
0 0 0



 . (4.73)
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The springs matrix of node i is then integrated using Newton-Cotes scheme as

ki ≈
1

3
κSe. (4.74)

The global lumped springs matrix K then follows from the assemblage of the element
matrices as with the dashpots matrix. Hence,

K =
nelm

A
e=1

Ke. (4.75)

4.7.2.1 Stability of Kelvin-Voigt element

An investigation of the restrictions of Kelvin-Voigt element on the critical time step size
is necessary. In order not to lose generality, we consider a general Kelvin-Voigt element
which is subjected to a primary or secondary wave. Hence,

τ vb = −ηv̂ − κû, (4.76)

which can also be written as

−ηdû
dt

= τ vb + κû. (4.77)

Integrating the above equation in the time interval [t, t+∆t] gives

−
∫ t+∆t

t

ηdû =

∫ t+∆t

t

(

τ vb + κû
)

dt, (4.78)

which results after explicit time integration in

−η
(

ût+∆t − ût
)

= ∆t
(

τ vb,t + κût
)

(4.79)

or
ût+∆t = ût −∆tη−1

(

τ vb,t + κût
)

. (4.80)

Following the stability analysis of Section 3.4, one can write

H =
dût+∆t

dût
, (4.81)

which gives
H = 1−∆tη−1κ. (4.82)

As explained in Section 3.4, the stability requires the following condition to be satisfied

|H| 6 1 (4.83)

and hence
∆t 6

2η

κ
. (4.84)
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4.7.2.2 Choosing the spring coefficients

The coefficients κp and κs are chosen so that they provide a virtual viscous layer that
goes beyond the boundaries of the mesh. The stiffness of this virtual layer is adopted
from the material that is adjacent to the boundary where the Kelvin-Voigt elements are
prescribed. Hence,

κp =
Ec

δ
and κs =

G

δ
, (4.85)

in which δ is the thickness of the virtual viscous layer. It has the following range

0 6 δ 6 ∞, (4.86)

which implies the following conditions

δ = 0 =⇒ the element reduces to a rigid boundary

δ = ∞ =⇒ the element reduces to a dashpot boundary. (4.87)

On introducing cp, the speed of the primary wave, and cs, the speed of the secondary
wave, one can write

Ec = ̺c2p and G = ̺c2s. (4.88)

Substituting the above equation into Equation 4.85 yields

κp =
̺c2p
δ

and κs =
̺c2s
δ
. (4.89)

If the Kelvin-Voigt element is subjected to a primary wave, i.e., the dashpot coefficient

η = a̺cp and the spring coefficient κ =
̺c2p
δ

, the critical time step is

∆tcrit =
2aδ

cp
(4.90)

and for a secondary wave

∆tcrit =
2bδ

cs
. (4.91)

However, for given cp and cs, one should make sure that

δ >
hmin

2a
and δ >

hmin

2b
(4.92)

to exclude the restriction of δ on the critical time step size. In the above equation hmin is
the characteristic length of the finite element mesh, see Equation 3.117.

4.7.2.3 Remark on the implementation of Kelvin-Voigt element

The values of the dimensionless parameters a and b are chosen depending on the wave
incidence angle so that they provide maximum absorption. However, Lysmer and Kuh-
lemeyer [110] showed that the absorption cannot be perfect over the whole range of the
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incidence angle by any choice of a and b. They performed series of tests for the values of
a and b for a wide range of the incidence angle. They noticed that the choice a = b = 1
is effective for both primary and secondary waves. Hence, we will use these values in
this thesis. As particles move through the mesh, the scheme must be implemented in
an incremental form so that displacement and velocity increments of a particle are only
accounted for when this particle enters the considered element. Hence,

F vb,t = F vb,t−∆t +∆F vb,t, (4.93)

where
∆F vb,t = Ct∆vt +Kt∆ut. (4.94)

Another advantage of such implementation is to allow flexibility in changing the param-
eter δ during computations.

4.7.3 Numerical example on viscous boundaries

As a numerical example, a material column is considered to be loaded instantaneously
by a compression surface traction of 1 [kN/m2]. The column has a height of 1 [m]. The ma-
terial of the column was assumed to be linear elastic with a density of ̺ = 1800 [kg/m3],
Young’s modulus of E = 100 [kN/m2] and a Poisson’s ratio of ν = 0. The problem was
discretized with 1000 rows of elements along the height, each containing 6 tetrahedral
elements. The total number of particles was 6000 and each element had a single parti-
cle. A fine grid was required to properly capture the propagating front for the idealized
loading. Roller boundaries were prescribed along the sides so that only displacement
along the column was possible.

Three different boundary conditions were considered at the bottom: fully fixed (rigid),
dashpot and Kelvin-Voigt boundary. With the rigid boundary, the entire energy reflected
back when the wave reached the bottom and hence the stress was doubled after reflec-
tion, see Figure 4.14. Considering the plots of the rigid boundary case, the wave front
was traveling downwards at time t = 0.107 [s] and upwards with double amplitude at
time t = 0.16 [s]. It happened to be at the same spatial point of the column, but with dif-
ferent travel directions, at both times. When replacing the rigid boundary by a dashpot,
only a very small portion of the energy reflected which is hardly seen in Figure 4.14. For
this case the wave front was plotted at time t = 0.16 [s], showing almost no reflections.
The high frequency oscillations observed in Figure 4.14 are attributed to the numerical
process and the instantaneous application of the full load in a single time step. They
can be suppressed by applying the load gradually over a couple of time steps. Further
refinement of the mesh can also mitigate them.

However, the drawback of using only dashpot is a continuous creep of the boundary
as shown in Figure 4.15. On the other hand, Kelvin-Voigt element limits the creep of the
boundary as shown in Figure 4.16. The final displacement of the bottom is calculated as

u =
σδ

Ec
(4.95)
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Figure 4.14: Wave propagation along the column with rigid and dashpots boundaries
prescribed at the bottom
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rigid and dashpots boundaries prescribed at the bottom
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Figure 4.16: Displacement of the bottom with time when Kelvin-Voigt boundary is used
with different values of δ

with Ec and σ being the constrained modulus and the applied stress, respectively. The
final displacement for the case of δ = 0.5 [m] was found to be 0.005 [m] as shown in
Figure 4.16 and that for the case of δ = 0.25 [m] was 0.0025 [m].

4.8 Pathological locking in low-order elements

It should be clearly stated that the material point method suffers from the same nu-
merical problems that are encountered when using low-order finite element method for
incompressible problems. Therefore, this section reviews the problems associated with
low-order element and possible procedures to mitigate them. Difficulties arise when de-
termining the displacement field for a solid that is nearly incompressible. For such a
material, the bulk modulus is very large and small errors in strain will yield large er-
rors in stress. Furthermore, when dealing with low-order elements, the mesh may lock
when incompressibility constraints from neighboring elements are imposed. For a sim-
ple demonstration of the locking phenomenon, a two-dimensional domain discretized
with 3-noded triangular elements is shown in Figure 4.17. Elements e1 and e2 share the
same free node. Taking into account the incompressibility constraint, the allowable dis-
placements at the free node are ue1 and ue2 , respectively. Since, the two directions are not
the same, this node locks. As the material is incompressible, constraining of this node
also leads to the locking of the free node attached to element e3. Hence, such locking
usually propagates throughout the entire mesh yielding unrealistic stiff response.

A common approach to deal with locking in low-order elements is through the use
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ue2

ue1

e1
e2

e3

Figure 4.17: Illustration of locking with 3-noded triangular elements

of enhanced strain fields such as bubble functions [170]. Bonet et al. [31] compare two
approaches to mitigate mesh locking, both taking advantage of explicit time-stepping
algorithms: average nodal pressure (ANP) formulation versus fractional step or velocity
correction procedure. A mixed discretization technique, which is similar to the ANP and
is useful for mitigating locking associated with incompressible plastic deformations, is
proposed by Detournay and Dzik [59]. The technique is referred to as nodal mixed dis-
cretization (NMD). In this thesis, we will adopt the NMD procedure, referred to here
as the enhanced volumetric strain approach, as it showed effectiveness in mitigating the
locking associated with (near) incompressible deformations that are encountered in en-
gineering problems.

4.8.1 Attenuation of locking by the enhanced volumetric strain

procedure

To formulate the procedure, let us decompose the stress rate tensor σ̇ij to a tensor of
deviatoric stress rate ṡij and a tensor containing the rate of the mean stress ṗδij as

σ̇ij = ṡij + ṗδij, (4.96)

in which δij takes the usual definition of Kronecker delta and ṗ is the rate of pressure or
mean stress. It is related to the stress rate tensor σ̇ij as

ṗ =
σ̇kk
3

=
σ̇11 + σ̇22 + σ̇33

3
. (4.97)

The strain rate tensor ε̇ij can also be partitioned into a tensor of deviatoric strain rate ε̇dij
and a tensor containing the rate of the volumetric strain ε̇volδij as

ε̇ij = ε̇dij +
1

3
ε̇volδij, (4.98)

where the volumetric strain rate ε̇vol can be written as

ε̇vol = ε̇kk = ε̇11 + ε̇22 + ε̇33. (4.99)
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For elastic material, the rate of pressure ṗ is related to the volumetric strain rate ε̇vol by
the bulk modulus of the material K as

ṗ = Kε̇vol. (4.100)

We now multiply Equation 4.100 by a virtual pressure rate δṗ and integrate over the
domain Ω as

∫

Ω

δṗ ṗ dΩ =

∫

Ω

δṗKε̇vol dΩ. (4.101)

The pressure rate can be discretized as

ṗ ≈ N̄p ṗ (4.102)

with N̄p being a matrix containing the interpolation functions for the pressure rate. It is
defined as

N̄p =
[

N̄1 N̄2 N̄3 · · · N̄nT

]

(4.103)

and ṗ is a vector containing the nodal values of pressure rate and defined as

ṗ =
[

ṗ1 ṗ2 ṗ3 . . . ṗnT

]T
, (4.104)

where nT denotes the total number of nodes. Substituting Equation 4.102 and its corre-
sponding virtual form into Equation 4.101 gives

δṗT
∫

Ω

N̄T
p N̄p ṗ dΩ = δṗT

∫

Ω

N̄T
p Kε̇vol dΩ, (4.105)

in which δṗ contains virtual values of pressure rate and hence can be eliminated so that
∫

Ω

N̄T
p N̄p ṗ dΩ =

∫

Ω

N̄T
p Kε̇vol dΩ. (4.106)

For a homogeneous material, Equation 4.106 can be written as
∫

Ω

N̄T
p N̄p ε̇vol dΩ =

∫

Ω

N̄T
p ε̇vol dΩ, (4.107)

where ε̇vol is a vector containing the smoothed values of the nodal volumetric strain rate.
This vector represents the unknown for which Equation 4.107 is solved. It is defined as

ε̇vol =
[

ε̇vol1 ε̇vol2 ε̇vol3 . . . ε̇volnT

]T
. (4.108)

Referring to Chapter 3 and Appendices D and C for the assemblage procedure of global
arrays from element arrays and for the space integration using the parent element do-
main, one can write the following

V cε̇vol = ˜̇εvol, (4.109)
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in which

V c ≈
n̄elm

A
e=1

neq
∑

q=1

wqN
T
p (ξq)Np (ξq) |J (ξq)| (4.110)

and

˜̇εvol ≈
n̄elm

A
e=1

neq
∑

q=1

wqN
T
p (ξq) ε̇vol (ξq) |J (ξq)| . (4.111)

We however adopt a lumped form of the matrix V c and denote it as V . The lumped
matrix is then assembled as

V =
n̄elm

A
e=1

Ve (4.112)

with

Ve =











V1 0 · · · 0
0 V2 · · · 0
...

...
. . .

...
0 0 · · · Ven











, (4.113)

where Vi is the volume associated with node i. It is integrated as

Vi ≈
neq
∑

q=1

wqNi (ξq) |J (ξq)| . (4.114)

Hence, Equation 4.109 takes its final form as

V ε̇vol = ˜̇εvol, (4.115)

which is solved for ε̇vol. Having calculated the vector ε̇vol, the field of the smoothed
volumetric strain rate ¯̇εvol inside an element is calculated as

¯̇εvol (ξq) =
nen
∑

i=1

Ni (ξq) ε̇voli. (4.116)

The modified strain rate tensor is then calculated as follows

¯̇εij = ε̇ij −
1

3
(ε̇vol − ¯̇εvol) δij. (4.117)

The idea of the procedure as explained above, also stated by Detournay and Dzik [59],
is to extend the volumetric behavior over which the incompressibility constraint applies
to include neighboring elements via a least squares smoothening process. Figure 4.18
illustrates the idea of such smoothening procedure.

We would like to remind the reader that the above procedure is adopted for low-order
elements, in which the strain is constant and usually a single Gauss point is used within
such elements. Hence, the summation over Gauss points in the above equations can
be replaced by evaluating the quantities at the position of the single point. We would
also like to emphasize here that in the computer implementation of the enhanced volu-
metric strain procedure, we never explicitly construct the matrix V , but rather adopt a
procedure which is as simple as prescribed in the following steps
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deviatoric strain discretization of point p

p

volumetric strain discretization of point p

Figure 4.18: Discretization of the enhanced volumetric strain procedure [59]

1. After calculating the strain rate tensor ε̇ij of each element, the nodal values of the
smoothed strain rate are calculated. On considering node i as an example, it yields

¯̇εvoli =

∑

ε̇voleΩe
∑

Ωe

, (4.118)

where the sum runs over all elements attached to node i.

2. Once the smoothed volumetric strain rate associated with each node is calculated,
the average volumetric strain rate for the element is determined by averaging the
nodal values of the considered element. Consider element e as an example, one
can write

¯̇εvole =
1

nen

nen
∑

i=1

¯̇εvoli, (4.119)

where ¯̇εvole is the enhanced volumetric strain of element e.

3. As explained before, the deviatoric strain rate tensor needs not to be enhanced,
only the volumetric strain rates. As a result, the final strain rate tensor within an
element is redefined as

¯̇εij = ε̇ij −
1

3
(ε̇vol − ¯̇εvol) δij

= ε̇dij +
1

3
¯̇εvolδij . (4.120)
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The new strains are then used to determine the stresses of particles using the constitutive
relation. It remains to clarify here that the enhanced volumetric strain should be applied
separately to each material in the domain of the problem.

4.8.2 Numerical example on the enhanced volumetric strain procedure

To illustrate the performance of the enhanced volumetric strain procedure, the numerical
prediction of the bearing capacity of a strip footing was analyzed. The problem domain
has a height of 10 [m] and a width of 40 [m]. The footing width is 6 [m]. In the numerical
simulation of the problem, plane-strain conditions were assumed. Half symmetry of the
domain was simulated and hence the mesh shown in Figure 4.19 has a width of 20 [m]
and footing width of 3 [m]. This mesh consists of 4800 tetrahedral element with 1722
node and 4800 particle, each element has one particle. The bottom of the domain was
fully fixed and roller boundaries were prescribed at the sides. Nodes that are located
underneath the footing were constrained in the horizontal direction to simulate a rough
contact. Small deformation solution was assumed, i.e., no geometry update. Hence,
particles were kept in their initial positions throughout the computations.

The soil on which the footing is located has a density of ̺ = 1800 [kg/m3], a cohesion
of c = 100 [kN/m2], Young’s modulus of E = 200000 [kN/m2], Poisson’s ratio of ν = 0.33,
a friction angle of φ = 0◦ and a dilation angle of ψ = 0◦. Tresca model was adopted in
the simulation of the problem. The footing pressure was increased incrementally from
zero, each increment consisting of a 10 [kN/m2] increase. The convergence procedure of
Section 4.9 was adopted to detect the quasi-static equilibrium at the end of each load
step. A local damping of α = 0.75 was used in the simulation. The application of the
local damping is explained in Section 4.10. A Courant number of αCour = 0.98 was
adopted in this problem. The analytical solution of the problem is given according to
Hill [90] as

q = (2 + π) c, (4.121)

q

Figure 4.19: Mesh and particles distribution of the footing problem
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in which q represents the footing pressure at collapse (bearing capacity) and c is the co-
hesion. Figure 4.20 compares the predicted load displacement curves to the analytical
solution of the problem. The numerical predictions consist of a case with enhancement
and another without enhancement of the volumetric strain. We can see the locking effect
predicted when strain enhancement was not used. In this case, the numerical solution
over predicts the stiffness because of the incompressibility constraints induced by the
low-order elements. When adopting the enhanced volumetric strain procedure, the nu-
merical solution predicts a collapse pressure of 520 [kN/m2] approximately. This value
is however close to the pressure calculated from Equation 4.121, that is 514.16 [kN/m2].
Figure 4.21(a) and (b) show the vectors of the incremental displacement and the contours
of the accumulated horizontal displacements at the end of computations for the case of
ν = 0.33 when the enhancement procedure was adopted. The predicted failure mecha-
nism is however consistent with the expectation.

To assess the performance of the enhanced volumetric strain procedure with nearly in-
compressible material, the previous computations were repeated with a Poisson’s ratio
of ν = 0.495. The results are shown in Figure 4.22. It is obvious that the predicted bear-
ing capacity is virtually identical to the analytical solution of the problem. It remains to
mention here that this problem required a smaller load increment to converge. Hence,
the load was increased by an increment of 2.5 [kN/m2] each load step. Therefore, the
results of this case are closer to the analytical solution than the previous case.
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Figure 4.20: Comparison of the numerical predictions with the analytical solution of the
bearing capacity of the strip footing problem with ν = 0.33a

aThe left top corner point of Figure 4.19 is selected as a sample point to plot the displacement.
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(a)
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(b)

Figure 4.21: Failure mechanism at the end of simulation for the case with strain enhance-
ment and ν = 0.33 (a) vectors of incremental displacements (b) contours of
accumulated horizontal displacements
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Figure 4.22: Comparison of the numerical predictions with the analytical solution of the
bearing capacity of the strip footing problem with ν = 0.495

4.9 Convergence to a quasi-static equilibrium

The dynamic MPM can also be adopted to model quasi-static problems, as demonstrated
in the previous example. Therefore, a detection of the quasi-static equilibrium is re-
quired. Such quasi-static equilibrium is reached when both the out-of-balance forces
and the kinetic energy of the system vanish. The out-of-balance convergence criterion
is usually adopted in quasi-static formulation to detect equilibrium. Let us define a di-
mensionless force ratio F as

F =
‖F ext − F int‖

‖F ext‖ . (4.122)

Together with the out-of-balance criterion, we adopt another criterion to ensure that the
kinetic energy of the system vanishes. Let us define E , a dimensionless energy ratio, as

E =
KE

W ext
, (4.123)

where KE denotes the kinetic energy of the system and W ext is the work induced by the
external forces. The kinetic energy is calculated as

KE =
1

2

nT
∑

i=1

mi v
T
i vi (4.124)

withmi and vi being the mass and the velocity vector of node i, respectively. The external
work is calculated as

W ext = W ext
0 +∆W ext, (4.125)
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in which
∆W ext = ∆uTF ext (4.126)

with ∆u and F ext being the global vectors of incremental displacements and external
forces, respectively. The system is assumed to have reached quasi-static equilibrium
when F and E reach a pre-defined tolerance. The experience of the author shows that
a tolerance of 0.01 is sufficient for both criteria. This value will be adopted throughout
this thesis.

Numerical example on convergence This example consists of a block of material sub-
jected to external pressure at the top surface. The block has a shape of a cube with 1 [m]
edge length. The material of the block was assumed to be linear elastic with a density of
̺ = 1800 [kg/m3], Young’s modulus of E = 10000 [kN/m2] and a Poisson’s ratio of ν = 0.
The mesh of the problem was constructed of 6 tetrahedral elements with 8 nodes and 6
particles. The bottom of the mesh was fully fixed and the sides had roller boundaries.
A pressure of 10 [kN/m2] was applied on the top surface of the block. A local damping
of α = 0.75 and a Courant number of αCour = 0.98 were adopted in the simulation of
this problem. The load was applied instantaneously and kept constant throughout the
computations. The convergence to quasi-static equilibrium was detected by the force
and energy criteria. Figure 4.23(a), (b) and (c) show forces, energy, work, force ratio
and energy ratio with time. It is seen that, at convergence the force and energy ratio
are bounded. However, the converged solution had a uniform distribution of vertical
stresses with a value of 10 [kN/m2] compression. The displacement had a linear distri-
bution with a value of 0.001 [m] at the top surface in the direction of the applied pressure.

4.10 Local damping

For quasi-static problems, in which the steady state solution is of interest rather than the
propagation of waves, the application of damping to the equation of motion plays an
important role in the convergence to the steady state solution in a faster way, allowing
a considerable reduction in the computational time. Viscous damping cab be used to
achieve such convergence. However, this kind of damping introduces body forces that
retard the steady state collapse and might influence the mode of failure [86]. Cundall
[53] describes a local non-viscous damping to overcome the difficulty associated with
the viscous damping. For any degree-of-freedom in the considered system, the local
damping can be described as follows

ma = f + fdamp (4.127)

with
f = f ext − f int

being the out-of-balance force and

fdamp = −α |f | sign (v) (4.128)
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Figure 4.23: Convergence to quasi-static equilibrium (a) norms of external and internal
forces with time (b) external work and kinetic energy with time (c) force and
energy ratio with time
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is the damping force at the considered degree-of-freedom. The parameter α is a dimen-
sionless damping factor and sign (v) is defined for nonzero values of v as

sign (v) =
v

|v| . (4.129)

It is clear from Equation 4.128 that the damping force fdamp is proportional to the
out-of-balance force and acts opposite to the direction of the velocity at the consid-
ered degree-of-freedom. This ensures that only accelerating motion, i.e., when f 6= 0 is
damped and hence energy is dissipated effectively [138]. One can also observe that, un-
like Rayleigh damping [137], the local damping is frequency independent as the damp-
ing factor α is a dimensionless parameter selected without any knowledge about the
frequency of the system. When having a close look at Equation 4.127, one can observe
that this equation may be put in the following form

m̄a = f (4.130)

with m̄ is a scaled mass that is related to m and α as

m̄ =















m

1− α
if sign (v) = sign (f)

m

1 + α
if sign (v) 6= sign (f) .

(4.131)

The application of the local damping can alternatively be viewed as a procedure that
scales the mass / density adaptively up or down depending on the signs of the out-of-
balance force and the velocity of the considered degree-of-freedom.

The analysis of the last part of Section 3.4.2 is re-considered taking into account Equa-
tion 4.131. Now Equation 3.117 takes the following form

∆tcrit =
hmin
√

Ec

¯̺

(4.132)

with ¯̺ being a scaled density,

¯̺ =















̺

1− α
if sign (v) = sign (f)

̺

1 + α
if sign (v) 6= sign (f) .

(4.133)

Reference [66] reports an important observation that the damping factor α can be directly
related to the damping ratio ζd by the following equation

α = πζd. (4.134)

The reader is referred to reference [66] for a detailed analysis that leads to Equation 4.134.
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4.10.1 Numerical example on damping

In this example we consider the spring-mass system of Section 3.5 with the same dimen-
sions, mesh and material properties. The only difference is that in this example we used
MPM with single particle per each active element in the initial configuration. The ana-
lytical solution of the single degree-of-freedom spring-mass-dashpot system is available
in many books, e.g., [137]. It is given as

v̂ (t) =
g

ωn

e−ζdωnt sin
(

ωnt
√

1− ζ2d

)

√

1− ζ2d
. (4.135)

In this example, the natural frequency was ωn = 10 [rad/s], see the properties in Sec-
tion 3.5. For comparison, a damping ratio of ζd = 0.05 was used which corresponds to
a local damping factor of α ≈ 0.157, see Equation 4.134. Figure 4.24 compares the nu-
merical solution of the problem to its analytical solution. Scrutiny of the numerical and
analytical solutions indicates that they are comparable, illustrating the performance of
the local damping procedure.

4.10.2 Numerical example on damping layers

The idea was that the local damping can be used as a substitute for the viscous bound-
ary. For this, we analyzed a column of 1 [m] height to study the effectiveness of different
damping layers. A compression surface traction of 1 [kN/m2] was applied on the top
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Figure 4.24: Comparison of the numerical and analytical solutions of the spring-mass-
dashpot system
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Figure 4.25: Early reflection of the wave in the two-layers column

surface of the column. The column has a density of ̺ = 1800 [kg/m3], Young’s mod-
ulus of E = 100 [kN/m2] and a Poisson’s ratio of ν = 0. The column was discretized
with 1000 row of elements along the height, in which each row contains 6 tetrahedral
elements. The total number of particles was 6000, each element having a single particle.
Roller boundaries were prescribed along the sides and the bottom was fully fixed. The
upper half of the column was assumed to have no damping, whereas the lower half was
assigned a local damping factor of α = 0.25. We can see from Figure 4.25 that, once the
wave reaches the interface between the upper and lower layers, it starts to reflect. This
means that this interface acts as an artificial constraints that cause the early reflection.
Indeed, we can see from Equations 4.127 and 4.128 that the local damping introduces
forces that act in an opposite direction of the momentum. Hence, we do not advocate
the use of local damping to replace the viscous boundary.

4.11 Interaction of deformable solid continuums

In geomechanics, it is common to deal with problems involving soil-structure interac-
tion, e.g., pile driving in soil. We already indicated, that MPM is naturally capable of
handling non-slip contact between different bodies without any special algorithm and
interpenetration between different bodies cannot occur [165]. However, when solid con-
tinuums come into contact, in most cases frictional sliding occurs at the contact surface.
To model such sliding and interaction, a contact algorithm that allows relative motion at
the interface between the contacting bodies is required.

In this section, we provide an overview of different contact algorithms and validate
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the implementation of the algorithm adopted in this thesis. The formulation and the
solution procedure of the algorithm are detailed in Appendix A

4.11.1 Contact algorithms in MPM

Recently, Beuth [24] extended the implementation of interface elements from Lagrangian
FEM to a quasi-static MPM. Such interface elements are placed at the surface where dif-
ferent bodies are expected to be in contact during deformation. An interface element
has pairs of surface nodes that allow sliding and relative motion between the contact-
ing bodies. Such sliding is modeled by relating the relative displacements between the
surface nodes to the contact stresses through a constitutive equation [24]. Although the
procedure is proven to be capable of handling large deformation and large sliding at
the contact surface, it needs full implementation of surface interface elements adding
considerable complexity to the MPM algorithm. Furthermore, a consequence of using a
contact algorithm that requires a special contact element is that the contact surface has
to be pre-defined and the contact elements have to be placed at that surface. In addition,
using contact elements in an explicit dynamic code might effect the size of the time step
as the contacting bodies exchange stress waves through the contact surface, which has
virtually no thickness. For these reasons, we do not advocate the concept for dynamic
MPM. In the following we consider a brief overview of the development of some MPM
contact algorithms that do not require a special contact element.

York II et al. [196] proposed a slight modification to the non-slip MPM algorithm
allowing for free separation of the contacting bodies. They proposed that when differ-
ent bodies approach each other at contact points, the non-slip MPM algorithm is used
at these points so that each contact point will move with a single valued velocity and
hence interpenetration between the contacting bodies is prevented. When the bodies are
separating from each other, no constraint is applied at the contact surface. Hence, the
algorithm does not relate the relative movement between the contacting bodies to a con-
stitutive equation, i.e., it is unable to model frictional contact between different bodies.

A more appropriate contact algorithm in the framework of dynamic MPM was devel-
oped by Bardenhagen et al. [9]. They developed a frictional contact algorithm to model
interaction and frictional sliding between different bodies. The algorithm also allows for
separation between bodies, but does not allow for interpenetration. The strength of the
algorithm is that it detects the contact surface automatically, i.e., a pre-definition of the
contact surface is not required and a special element to model the contact is not required
as well. Furthermore, the algorithm is shown to be efficient in modeling interaction be-
tween solid bodies as well as shearing in granular materials [12].

Hu and Chen [92] adopted another algorithm that allows free separation and pre-
vents interpenetration. They call their scheme a multi-mesh mapping scheme. In this
scheme, each continuum lies in its own background mesh. Interpenetration is prevented
by calculating the normal velocity of a contact point using the momentum of the cou-
pled bodies, whereas the tangential velocity is calculated from the momentum of the
single body. Although this algorithm is efficient in modeling separation between con-
tacting bodies, it does not consider frictional contact between different bodies. Pan et al.
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[135] improved the multi-mesh scheme by applying Coulomb friction in the tangential
direction. Huang et al. [95] proposed a general formulation of the contact problem in the
framework of MPM. They presented two methods to implement the contact in Lagrange
multiplier form. The methods are applied to simulate the penetration of a steel ball and
the perforation of a thick plate.

Although there exist other contact algorithms developed for MPM (e.g. [194]), Bar-
denhagen’s algorithm [9] is the one most used in MPM literature [3, 10, 11, 45]. This
algorithm is adopted in this thesis to model contact problems. The reader is referred to
Appendix A for the formulation of this algorithm and its extension to adhesive contact.

4.11.2 Sliding block

To validate the implementation of the contact algorithm, we analyzed the simple exam-
ple of the sliding block shown in Figure 4.26. The block starts sliding once

w sin (ϑ) = r, (4.136)

in whichw is the weight of the block and r is the resistance tangential force that is written
as

r = µw cos (ϑ) + fadh (4.137)

with fadh = aA being the force induced by the adhesion a, A is the area of the contact
surface and µ is the coefficient of friction. Substituting Equation 4.137 into Equation 4.136
and solving for ϑ yields

ϑ = tan−1

(

µ
√

µ2w2 + w2 − f 2
adh + fadh

−µfadh +
√

µ2w2 + w2 − f 2
adh

)

. (4.138)

Let us consider a block of 0.25 [m] length, 0.25 [m] height and 0.05 [m] thickness. The
material of the block is linear elastic with a density of ̺ = 100 [kg/m3], Young’s modulus
of E = 1000 [kN/m2] and a Poisson’s ratio of ν = 0. The mesh of the problem is shown
in Figure 4.27. Computations were carried out to find initial stresses due to gravity
in the initial configuration, i.e., ϑ = 0. Then ϑ was increased in steps, and at the end
of each step equilibrium was found due to the new rotation. For the case of frictional

w cos (ϑ)

w sin (ϑ)

r

ϑ

Figure 4.26: Forces acting on a sliding block
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Figure 4.27: Mesh of the sliding block problem

contact, i.e., a = 0 the block starts sliding once ϑ = tan−1(µ). Adopting µ = 0.5 results
in ϑ = 26.56◦ approximately. The MPM simulation resulted almost the same angle of
sliding, see Figure 4.28. Figure 4.29 shows the block after sliding. We can clearly see the
ability of the algorithm to simulate separation between different bodies.

Other computations were carried out with µ = 0 and a = 2 [kN/m2]. We used a density
of ̺ = 1800 [kg/m3] to get approximately the same sliding angle as for the frictional
contact case. According to Equation 4.138, the block starts sliding once w sin (ϑ) = fadh.
Although not shown here, the results are almost identical to those of Figure 4.28.
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Figure 4.28: Analytical and MPM results for the block problem
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Figure 4.29: Particles at different times for the case of frictional contact
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4.12 MPM validation: penetration example

This section consists of a validation example of the current MPM implementation. In
this example, we simulated the penetration of a rigid body into a sand layer. The mea-
surement data of the problem is available in reference [58]. In the test, the penetration
of a concrete hemisphere into a layer of Hokksund sand was measured with time. The
radius of the concrete hemisphere is 0.1525 [m] and it has a total mass of 27 [kg] includ-
ing the mass of the steel casting attached to it. The hemisphere was dropped from a
height of 5 [m] above the surface of the sand layer. In the simulation, the hemisphere
was assumed just touching the surface of the sand layer and assigned an initial velocity
of 10 [m/s]. This value corresponds to the velocity of a free falling object from a height
of h = 5 [m], calculated as v =

√
2gh.

Considering the symmetry of the problem, a sector of 20◦ was discretized in the three-
dimensional MPM simulation. A domain of 5 [m] height and 5 [m] width was considered
for the sand layer. The fine mesh region is shown in Figure 4.30. The Mohr-Coulomb
elastic-perfectly plastic model was used in the simulation of the sand layer of a density of
̺ = 1631 [kg/m3], a cohesion of c = 0 [kN/m2], a Young’s modulus of E = 55000 [kN/m2],
a Poisson’s ratio of ν = 0.2, a friction angle of φ = 58.7◦ and a dilation angle of ψ = 0◦.
These properties of the Hokksund sand were taken from reference [58], in which re-
sults of numerical simulation of the problem using Drucker-Prager model with isotropic
hardening and a dilation angle of ψ = 6◦ are reported. The initial stresses due to the self

Figure 4.30: A close up of the fine mesh region of the hemisphere penetration problem
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Figure 4.31: Comparison of the simulation results and the measured data

weight of the sand layer were calculated using K0-procedure.
The frictional contact algorithm of Appendix A was used to simulate the interaction

between the concrete hemisphere and the sand. A friction coefficient of µ = 0.25 was
used as proposed in reference [58]. The hemisphere was simulated as a stiff elastic body
with a Young’s modulus of E = 500000 [kN/m2] and a Poisson’s ratio of ν = 0. A density
of ̺ = 3650 [kg/m3] was assigned to the hemisphere to resolve its total mass. The moving
mesh concept of Section 4.5 was adopted in the simulation, with the zone from the bot-
tom to a height of 4 [m] being the compressed mesh zone and the upper zone being the
moving mesh zone. Of course, no stretched mesh zone was needed because the upper
boundary was open. Roller boundaries were prescribed along the sides of the domain
and the bottom was fully fixed. The domain was set to be large enough to ensure that
reflections from boundaries during computations do not disturb the results. The com-
putations were run for 0.035 [s], which is reasonably short time that one can disregard
the viscous boundaries.

Figure 4.31 compares the results of the numerical simulation to the measured data
and Figure 4.32 shows particles distribution after reaching the final penetration, with
principal stresses directions around the hemisphere being shown in Figure 4.33. The
numerical predictions are seen to be reasonable. The differences between the numerical
predictions and the measured data can most likely be attributed to the use of the simple
elastic-perfectly plastic Mohr-Coulomb model.
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Figure 4.32: Total displacement of particles in the final configuration

Figure 4.33: Principal stresses directions around the hemisphere (left) with a close up
(right)
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Chapter 5

Application of MPM to practical problems in
geomechanics

This chapter consists of the application of the material point method to geomechanical
problems involving large deformation and movement of soil mass. The examples of this
chapter show the capability of the material point method in modeling practical engi-
neering problems. In Section 5.1, the dynamic collapse of a tunnel face is analyzed. The
instability of a slope consisting of frictional material is discussed in Section 5.2 and the
problem of a dynamic anchor penetration is presented in Section 5.3.

5.1 Dynamic collapse of tunnel face

Tunnel collapse can pose a danger to life and property. Both the life of the workers
standing in front of the tunnel face and individuals at the ground surface might be in
danger. An example of tunnel collapse in Munich is shown in Figure 1.2. The aim of
this analysis was to estimate the real collapse time of a tunnel and the collapsing of the
ground. The pattern of the tunnel face collapse was also investigated. The dimensions of
the computational domain were 5 [m] height, 10 [m] width and 7.5 [m] depth. The tunnel
was assumed to have a circular profile with a radius of 2.5 [m]. The depth of the tunnel
was 5 [m]. The mesh of the problem is shown in Figure 5.1. It consists of 17035 tetrahe-
dral elements with 11816 of them being initially active. Each active element in the initial
configuration had 10 particles and hence the domain had in total 118160 particles.

A fine mesh was created around the tunnel opening where the soil is expected to flow.
Roller boundaries were prescribed to the sides of the domain and the upper surface was
free from constraints. Kelvin-Voigt elements were prescribed normal to the base with
δ = 3.0 [m]. The curved surface in front of the tunnel face was considered to be fully
fixed which automatically provided rough contact between the soil and the lining (fixed
surface). The Mohr-Coulomb model was used in the simulation of the soil. The soil
had a density of ̺ = 16 [kg/m3], a cohesion of c = 1 [kN/m2], a Young’s modulus of
E = 10000 [kN/m2], a Poisson’s ratio of ν = 0.3 and a friction angle of φ = 25◦. Consid-
ering the symmetry of the problem, only a half was considered in the computations.

For the first stage of computation, stresses due to the self weight of the soil were com-
puted. A local damping of α = 0.75 was used in this stage to get fast convergence
to quasi-static equilibrium. The converged solution was detected by the convergence
criteria of Section 4.9. During this stage equilibrium was maintained assuming roller
boundaries at the face of the tunnel. In the second stage, these supports were removed
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Figure 5.1: Mesh of the tunnel problem

suddenly to trigger instability and hence the collapse of the tunnel face. A Courant num-
ber of αCour = 0.98 was adopted in the computations.

The deformation sequences of Figure 5.2 show the progressive collapse of the tunnel
face and the flow mechanism of the soil with time. In this figure, we see the shading of
the total displacements. This shading was plotted using the nodal displacements that
were extrapolated from the particles displacements. We can also see the relatively fine
mesh region where the soil is expected to flow. The time required to reach the final static
equilibrium was found to be t = 9.21 [s]. The final pattern of the collapse is shown in the
last picture of Figure 5.2. In this picture, one can also see that the disturbance reached the
ground surface forming a crater. Figure 5.3 shows particle displacements after reaching
the final collapse pattern. The resulting slope at the final configuration was found to be
26◦, which is a little higher than the friction angle of the considered soil due to the co-
hesion. Figure 5.4 shows the displacement history of a sample particle that was initially
located at the top corner of the tunnel face.
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t = 0 [s]

t = 0.6 [s]

t = 1.0 [s]

Figure 5.2: Progressive collapse of the tunnel with time
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t = 1.5 [s]

t = 9.21 [s]

crater on ground
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4.20

Figure 5.2: Continued
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[m]

t = 9.21 [s]

0 4.2

Figure 5.3: Particles displacements in the final stage of the collapse
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Figure 5.4: Total displacement of a particle initially located at the top corner of the tunnel
face
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5.2 Slope instability

The instability of a slope consisting of frictional material is analyzed in this example.
The soil of the slope was assumed to behave according to the elastic-perfectly plastic
Mohr-Coulomb model, having a modulus of elasticity of E = 200 [kN/m2], a Poisson’s
ratio of ν = 0.33, a cohesion of c = 1 [kN/m2] and a friction angle of φ = 25◦. The slope
had a height of 1 [m], a base length of 2.1 [m], a thickness of 0.1 [m] and an inclination
angle of 45◦. The mesh of the problem is shown in Figure 5.5. A relatively fine mesh was
adopted along the base of the mesh where contact between the soil and the rigid bound-
ary occurred. The number of tetrahedral elements in the initial configuration was 11091
with 10 particles per element. Plane-strain condition was assumed with roller bound-
aries along the left side of the mesh.

A local damping of α = 0.75 was adopted. The frictional contact algorithm of Ap-
pendix A was used to model the interaction between the soil and the base boundary of
the mesh. A friction coefficient of µ = 0.5 was assumed at the contact surface. A Courant
number of αCour = 0.98 was adopted in the computations. The deformation of the slope
was obtained by increasing the unit weight of the soil to a value of γ = 160 [kN/m3] in
40 steps.

Figure 5.6 shows the deformed configuration of soil particles for various values of the
unit weight. The scale ranges from 0 to 0.6 [m], with extremes corresponding to blue and
red, respectively. We can see the movement of the soil on a curved slip surface. Figure 5.7
shows the accumulated shear strains at the final stage of deformation. We can see the
developed shear band along the slip surface. Vertical effective stresses at the last stage
of deformation are shown in Figure 5.8. The load-displacement curve corresponding to
the crest point is shown in Figure 5.9. More or less, elastic behavior is observed up to a
unit weight of approximately 28 [kN/m3].

Figure 5.5: Mesh of the slope problem
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γ = 160

γ = 0

γ = 80

Figure 5.6: Total displacement of particles (0 to 0.6 [m]) for various values of soil unit
weight [kN/m3]
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Figure 5.7: Accumulated shear strains at γ = 160 [kN/m3]

Figure 5.8: Vertical effective stresses (-145 to 0 [kN/m2]) at γ = 160 [kN/m3]
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Figure 5.9: Load-displacement curve for a particle initially located at the crest of the
slope
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5.3 Installation of dynamic anchor

The (drained) analysis of the dynamic anchor of Figure 5.10 is presented in this section.
These torpedo-shaped anchors are used in the offshore oil and gas industry as a cost
effective anchoring solution [156]. The anchor is dropped from a particular height and
penetrates the seafloor by the kinetic energy gained during the free fall. A similar prob-
lem was modeled by Sturm and Andresen [156] using a quasi-static procedure. In the
present study, a fully dynamic penetration process is presented.

The material of the stiff elastic anchor was assumed to have a Young’s modulus of
E = 500000 [kN/m2], a Poisson’s ratio of ν = 0 and a density of ̺ = 2500 [kg/m3]. The
Mohr-Coulomb elastic-perfectly plastic model was used in the simulation of the soil,
which was assumed to have a density of ̺ = 1600 [kg/m3], a cohesion of c = 5 [kN/m2],
a Young’s modulus of E = 10000 [kN/m2], a Poisson’s ratio of ν = 0.33 and a friction
angle of φ = 30◦. The mesh of the soil layer had a 5 [m] width and a 17 [m] height, see
Figure 5.11. The moving mesh concept of Section 4.5 was adopted in the simulation. The
domain from the bottom of the mesh to a height of 16 [m] represented the compressed
mesh zone, whereas the moving mesh zone was represented by the upper domain with
relatively fine mesh around the tip of the anchor. Although not shown, the domain from
the soil surface to the anchor head initially had inactive elements, representing particle
storage domain. The anchor had a diameter of 0.3 [m] and a length of 10 [m]. Taking ad-
vantage of the symmetry of the problem, only a sector of 20◦ was discretized. The mesh
was constructed from 23031 tetrahedral elements with 21557 of them being initially ac-
tive with 4 particles per each.

The drop height of the anchor was assumed to be h = 97 [m] with a corresponding
free falling velocity of v =

√
2gh = 44 [m/s]. In the simulation, this value was used as

initial velocity of the anchor. The initial stresses due to the weight of the soil layer were
calculated using K0-procedure with K0 = 0.5. To avoid wave reflection, Kelvin-Voigt
elements with δ = 5 [m] were prescribed on the bottom and the radial boundary of the
mesh.

Computations were carried out with different frictional coefficients of the contact sur-
face between the anchor and the soil. Figure 5.12 shows the computed penetration depth
for different values of µ plotted over time. For fully rough contact (µ = 1), the final pene-
tration depth was found to be 9.5D, with D being the diameter of the anchor. In the very
beginning, the anchor resistance was more or less linear with penetration, but later the
penetration slowed down because of the loss of the kinetic energy of the anchor. As the
anchor was penetrating deeper into the soil, the resistance was getting higher because
the contact between the anchor and soil was increasing and because the shear resistance
of the soil increased with depth. The ultimate penetration depth obviously increased
with smaller friction coefficients. The largest penetration depth (18.5D) corresponds to
the case of smooth contact (µ = 0), as one might expect. The principal stresses direc-
tions are shown in Figure 5.13 with a close up around the anchor tip being shown in
Figure 5.14. The right half represents the case of smooth contact (µ = 0) and the left is
the case of fully rough contact (µ = 1) after a penetration of 9.5D. We can see that the
case of smooth contact shows the expected result, with the principal stresses being more

121



Chapter 5 Application of MPM to practical problems in geomechanics

drop

installation line

mooring line

seabed

chain

anchor

height

penetration
depth

release unit

30
0
−

30
00

[m
]

permanent

Figure 5.10: A torpedo-shaped dynamic anchor [156]

or less perpendicular to the anchor. Figure 5.15 shows the horizontal stresses along the
depth of the soil layer for various offsets from the anchor. These results correspond to
the case of smooth contact after a penetration of 18.5D. As expected, high stresses devel-
oped around the tip of the anchor. In sections that are relatively far from the anchor the
stresses hardly deviated from those corresponding to the initial stresses calculated by
K0-procedure. Figure 5.16 shows the accumulated shear strains around the anchor for
the cases of the smooth and rough contact at their corresponding final configurations.
During the penetration of the anchor, considerable shearing of the soil was developed.
Figure 5.17 shows the particles distribution after a penetration of 18.5D for the case of
smooth contact (µ = 0). Soil heave around the anchor can also be seen in this figure.
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Figure 5.11: The mesh of the dynamic anchor problem
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Figure 5.12: Penetration with time for different values of the friction coefficient

124



5.3 Installation of dynamic anchor

Figure 5.13: Principal stresses directions around the anchor after a penetration of 9.5D
for the smooth contact (right) and the rough contact (left)

Figure 5.14: A close up of principal stresses directions around the anchor after a penetra-
tion of 9.5D for the smooth contact (right) and the rough contact (left)
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Figure 5.15: Horizontal stresses along the depth of the soil layer for various offsets (r)
form the anchor for the case of smooth contact after a penetration of 18.5D
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(a) (b)

Figure 5.16: Accumulated shear strains (a) smooth contact at a penetration of 18.5D and
(b) rough contact at a penetration of 9.5D
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(b)(a)

Figure 5.17: Particles distribution for the case of smooth contact (a) initial configuration
(b) after a penetration of 18.5Da

aThe domain was stretched radially by a factor of 2 for better visualization.
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Chapter 6

Dynamic generation and dissipation of pore
pressures

It is not uncommon in geotechnical engineering to encounter problems that include the
coupling of solid and fluid phase. A fluid in a porous material, e.g., groundwater in
soil, introduces considerable complexities to the mechanical behavior of the material
and its numerical simulation. The attention in this chapter focuses on the extension of
the material point method to analyze coupled dynamic, two-phase problems by a veloc-
ity formulation, in which solid and fluid phase velocities are the primary variables.

In Section 6.1, we present the phase relations of porous media and define the impor-
tant variables. The concept of effective stress is also presented in this section as well as
the possible compression waves in saturated soil. Section 6.2 contains the definitions of
the governing equations for two-phase problems, namely the conservation of mass, con-
servation of momentum for fluid and solid phase as well as the constitutive relation. In
Section 6.3, we provide a literature review on the two-phase numerical algorithms. Sec-
tion 6.4 presents the FEM solution procedure for the v − w−formulation. In this section,
we also discuss the boundary and initial conditions, weak form as well as the space and
time discretization. The algorithm is then extended to MPM in Section 6.5. Section 6.6
presents some important numerical issues with two-phase problems. This includes the
modeling of unbounded saturated domains, spurious spatial pressures, damping for
two-phase problems as well as mass scaling. Section 6.7 includes validation examples
and comparison with problems with existing analytical solutions. An application exam-
ple of wave attack on sea dike is analyzed in Section 6.8.

6.1 Preliminaries and definitions

In this section, we consider the definition of important quantities that are required in
the mathematical model of porous media. The first subsection consists of the phase
relations of porous media. The concept of effective stress is considered then in the second
subsection. We would like to point out that in the definitions and the mathematical
formulation, we consider the soil as a representative example for porous media.

6.1.1 Phase relations of soil

In general, soil is composed of three phases, namely solid, fluid and gas phase. The
fluid and gas phase of soil are mostly represented by water and air, respectively. Let us
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Figure 6.1: Soil element (a) with its representative volume diagram (b)

consider the soil element of Figure 6.1. This element has a volume V , which is composed
of void volume Vv and solid volume Vs. The void volume in turn is composed of water
volume Vw and air volume Va. Hence,

V = Vv + Vs = Vw + Va + Vs. (6.1)

The mechanical properties of soil are considerably affected by the proportion of the three
phases. From the phase relation, the following soil properties can be defined

e =
Vv
Vs

and n =
Vv
V
, (6.2)

where e is the void ratio and n is the porosity. They are related as

e =
n

1− n
. (6.3)

The degree of saturation Sr represents the ratio of the water volume to the void volume. It
is expressed as

Sr =
Vw
Vv

× 100%. (6.4)

The soil is said to be dry if Sr = 0 and fully saturated if Sr = 100% otherwise it is partially
saturated [183]. This thesis restricts itself to the cases of fully saturated soil (Sr = 100%),
and hence the soil is considered to be two-phase material containing solid grains and
pore water. When considering saturated soils, different densities can be defined. The dry
density ̺d is defined as

̺d = (1− n) ̺s, (6.5)

in which ̺s represents the grain density of the solid phase, which is the ratio of the mass
of solid grains to the volume of solid grains (solid volume). The saturated density ̺sat is
expressed as

̺sat = ̺d + n̺w = (1− n) ̺s + n̺w, (6.6)
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in which ̺w is the water density. The submerged density ̺′ is related to ̺sat and ̺w via

̺′ = ̺sat − ̺w (6.7)

6.1.2 Effective stress concept

The concept of effective stress might be the earliest theory that governs the deforma-
tion of soil. This concept accounts for the effect of pore pressures in the deformation
of soil. Hence, it plays a very important role in soil mechanics. The concept was first
introduced by Terzaghi [171]. Based on this concept, Terzaghi proposed a solution to
the one-dimensional consolidation problem in a homogeneous fully saturated soil. The
concept was then generalized by Biot [29] to a linear theory of three-dimensional poroe-
lastic material. The theory was further developed by other authors. However, it is not
our intention to give a wide overview in this regard. For abroad review of porous media
theories, the reader is referred to reference [56] and the references therein.

According to the effective stress concept for saturated soils, the total stress σij is de-
composed into effective stress σ′

ij and pore pressure p as

σij = σ′

ij + pδij, (6.8)

where σ and p are considered to be positive in tension and suction, respectively.

6.1.3 Waves in saturated soil

According to the study of Verruijt [183], there are two characteristic compression waves
in saturated soil. In the first wave, water and solid particles move practically with the
same velocity. This wave is called the undrained wave. It propagates with the following
speed

c1 =

√

Ec
u

̺sat
(6.9)

with Ec
u being the undrained constrained modulus of the saturated soil. It can be ex-

pressed as

Ec
u = Ec +

Kw

n
, (6.10)

in which Kw represents the bulk modulus of water. In the second wave, water and
solid particles move in opposite directions. Unlike the first wave, this wave is strongly
damped due to the interaction between water and solid particles. Hence, it can only be
observed in the vicinity of the loading source. Such waves can occur in very stiff porous
material, e.g., in porous rock. It propagates with the following speed

c2 = βscw (6.11)

with cw being the speed of the compression wave in water. It is given as

cw =

√

Kw

̺w
. (6.12)
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The dimensionless factor βs, which is written as

βs =

√

√

√

√

n Ec

Kw

1− n+ n Ec

Kw

(6.13)

is smaller than 1 and hence c2 is smaller than cw. We refer to the second wave, in this
thesis, as the damped wave.

6.2 Hydromechanical model for saturated soil

This section is devoted to the presentation of the governing equations that are required
for the solution of coupled dynamic, two-phase problems. The equations that describe
the two-phase physics are well-known (e.g. [183, 205]); conservation of mass; conser-
vation of momentum; and the constitutive relation. It is not our intention to consider
the detailed derivations that lead to those equations, but rather define the terms of the
equations and clarify the assumptions of such equations.

6.2.1 Conservation of mass

The conservation of mass of the solid phase is expressed as

d

dt
[(1− n) ̺s] +

∂

∂xj
[(1− n) ̺sv̂j] = 0, (6.14)

in which v̂j is a component of the velocity vector of the solid phase. On denoting the
components of the vector of the (true) velocity of the water phase as ŵj , the conservation
of mass of this phase can be written as

d

dt
(n̺w) +

∂

∂xj
(n̺wŵj) = 0. (6.15)

When considering incompressible solid grains and disregarding the spatial variations in
densities and porosity, one can reduce the expression for the conservation of mass of the
solid and water phases to

−dn
dt

+ (1− n)
∂v̂j
∂xj

= 0 (6.16)

and

n
d̺w
dt

+ ̺w
dn

dt
+ n̺w

∂ŵj

∂xj
= 0, (6.17)

respectively. Substituting Equation 6.16 into Equation 6.17 eliminates the term dn
dt

. Hence,

n
d̺w
dt

+ ̺w (1− n)
∂v̂j
∂xj

+ n̺w
∂ŵj

∂xj
= 0. (6.18)
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The water is assumed to be linearly compressible via the relation

d̺w
dp

= − ̺w
Kw

. (6.19)

Substituting Equation 6.19 into Equation 6.18 and re-arranging terms yields

dp

dt
=
Kw

n

[

(1− n)
∂v̂j
∂xj

+ n
∂ŵj

∂xj

]

. (6.20)

The above equation represents the conservation of mass of the saturated soil. It is also
known as the storage equation.

6.2.2 Conservation of momentum

The conservation of momentum of the solid phase can be expressed as

(1− n) ̺s
dv̂j
dt

−
∂σ′

ij

∂xi
− (1− n)

∂p

∂xj
− (1− n) ̺sgj −

n2̺wg

k
(ŵj − v̂j) = 0, (6.21)

where k is the hydraulic conductivity of soil, also referred to as the Darcy permeability.
It can be expressed in terms of the intrinsic permeability κ and the dynamic viscosity of
water µd as

k = κ
̺wg

µd

. (6.22)

The conservation of momentum of water phase is written as

n̺w
dŵj

dt
− n

∂p

∂xj
− n̺wgj +

n2̺wg

k
(ŵj − v̂j) = 0. (6.23)

The term n (ŵj − v̂j) represents the velocity of water with respect to the solid. It is also
known as the specific discharge, which is often denoted as qj ,

qj = n (ŵj − v̂j) . (6.24)

Adding the momentum of solid phase (Equation 6.21), to the momentum of the water
phase (Equation 6.23), yields the momentum of the mixture (saturated soil), which can
be expressed as

(1− n) ̺s
dv̂j
dt

+ n̺w
dŵj

dt
=
∂σij
∂xi

+ ̺sat gj. (6.25)

6.2.3 Constitutive relation

When considering saturated soils, the constitutive relation relates the effective stress of
the soil skeleton to the deformations. The constitutive relation is already considered in
Section 3.1. The difference here is that it is written in terms of effective stresses as

σ̇′

ij =
∇H
σ

′

ij − ε̇kkσ
′

ij + ωikσ
′

kj − σ′

ikωkj (6.26)
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with
∇H
σ

′

ij = Dijklε̇kl. (6.27)

We presume that the reader is already familiar with nomenclature of the above equations
from Section 3.1. Full description of the boundary and initial conditions is given in
Section 6.4.

6.3 Literature review on numerical modeling of two-phase

problems

The literature on the finite element implementation of two-phase problems is quite ex-
tensive (e.g. [209, 211]). Therefore, only references that are most relevant to the devel-
opment of numerical procedures of two-phase problems are included here, as the refer-
ences themselves refer to large amount of literature on the topic.

Early studies showed a preference for implicit or semi-implicit schemes together with
high-order elements, see reference [208]. In more recent years emphasis has been placed
on adopting low-order elements that incorporate stabilizing techniques to circumvent
the Babuška-Brezzi restriction imposed on elements with equal order interpolation for
displacement and pore pressure. References [94, 100, 104, 189, 210] provided an excellent
insight into the numerical analysis developed in this area.

Although the v − p−formulation, i.e., solid velocity-water pressure formulation, can
capture dynamic response for various scenarios, it was shown by van Esch et al. [178]
that such a formulation cannot accurately capture two-phase dynamic behavior that in-
volves, for instance, the propagation of a compression wave (undrained wave) followed
by a second wave that is associated with the consolidation process (damped wave). The
full set of equations including all acceleration terms such as the v − w−formulation, i.e.,
solid velocity-water velocity formulation, is required to capture both waves. An exten-
sive discussion on the applicability of various two-phase formulations can be found in
earlier publications by Zienkiewicz and coworkers (e.g. [205, 207]).

Many possibilities exist with regard to the selection of interpolation functions for
velocity and pressure (e.g. [97]). Hughes [97] presented various possibilities outlin-
ing the strengths and weaknesses within the context of incompressible elasticity. Van
Esch et al. [178] presented a detailed comparison on the finite element algorithms of
v−p−formulation and v−w−formulation. They showed that both formulations can cap-
ture the undrained wave, but the v − p−formulation is not able to capture the damped
wave. The capability of v − w−formulation to precisely capture the physical response
of saturated soil under dynamic loading is attributed to the fact that in this formulation
all acceleration terms are considered. From a physical view point, pressure should be
interpolated one order lower than that of velocity for consistency between variations in
pressure and stress. The v − w−formulation automatically ensures the consistency be-
tween pressure and stress.
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For the v − w−formulation, the size of the critical time step is limited by

∆tcrit = min

(

hmin

c1
,
hmin

c2

)

. (6.28)

In addition to the above criterion, another criterion must be satisfied when selecting
the size of the critical time step for v − p−formulation. For one-dimensional case, this
criterion is expressed, following Verruijt [183], as

∆tvpcrit =
h2min

2cv
(6.29)

with cv being the consolidation coefficient, which is defined as

cv =
k

̺wg

(

1

Ec
+

n

Kw

) . (6.30)

The v − w−formulation provides a physical based mapping of water momentum (ex-
tensive thermodynamic property) between particles and grid points when considering
MPM. As in this formulation, water velocity is a primary variable calculated at the
nodes. The mapping is done in the same way as for the solid phase, see Chapter 4.
When adopting v − p−formulation, in which pressure is calculated at the nodes, one
should map the pressure (intensive thermodynamic property) between particles and
grid points. For these reasons, the v − w−formulation is favored in this study.

In the v − w−formulation, one would have four unknown variables, these are the
velocity of solid phase v̂i, the velocity of water phase ŵi, water pressure p and the effec-
tive stress σ′

ij . The velocities are calculated at the nodes as primary variables, whereas
the pressure and stress are calculated at Gauss points (considering FEM) or particles
(considering MPM). Following Verruijt [183], the sequence of the solution for the four
unknowns starts with calculating the velocity of the water phase from the momentum
of water. Hence,

̺w
dŵj

dt
=

∂p

∂xj
+ ̺wgj −

n̺wg

k
(ŵj − v̂j) . (6.31)

The velocity of the solid phase follows from the momentum of the mixture as

(1− n) ̺s
dv̂j
dt

= −n̺w
dŵj

dt
+
∂σij
∂xi

+ ̺sat gj. (6.32)

The storage equation is then used to calculate the pressure rate as

dp

dt
=
Kw

n

[

(1− n)
∂v̂j
∂xj

+ n
∂ŵj

∂xj

]

. (6.33)

Eventually the constitutive relation is used to calculate the rate of the effective stress as

∇H
σ

′

ij = Dijklε̇kl. (6.34)
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It is important to realize that the order of the solution of equations is important to de-
velop good predictions.

Challenges associated with the use of low-order elements in two-phase problems that
involves incompressible water are mesh locking and spurious pressures due to incom-
pressibility. The enhanced volumetric strain procedure of Chapter 4 was found to be
useful for accommodating incompressible plastic strains. When dealing with incom-
pressible fluids, the fractional step method could mitigate the pathological locking and
spurious spatial pressure oscillations [133].

It is of interest to briefly refer here to the fractional step method. For single-phase
solids, the momentum equation is partitioned into two equations, one involves the de-
viatoric stress and the other involves the isotropic stress, with the sum of them yielding
the expression for the total momentum. The basic idea is to accommodate the influence
of pressure gradient in the pressure equation and hence relaxing the incompressibility
constraint and spurious pore pressure variations are suppressed. Within the context of
the considered two-phase v − w−formulation, such a partitioning occurs automatically
according to the mixture and water momentum equations, i.e., dŵi

dt
is separate from dv̂i

dt
.

When considering the enhanced volumetric strain procedure for the solid and water, it
plays an effective role in mitigating the mesh locking and spurious pressures due to in-
compressibility.

One more remark is that the considered two-phase formulation has an additional sta-
bilizing factor that is related to the interaction between solid and water. These forces are
represented by the last term of the right-hand side of Equation 6.31.

6.4 Finite element model for v-w-formulation

In this section, we consider the numerical algorithm of the v − w−formulation in the
framework of Lagrangian FEM. Boundary and initial conditions of two-phase problems
are discussed first followed by the weak and space discretization of the momentum
equations. Last part of this section focused on the time discretization of the equations.

6.4.1 Boundary and initial conditions

The v − w−formulation requires that the boundary ∂Ω of the domain Ω is the union of
the following components

∂Ω = ∂Ωu ∪ ∂Ωτ = ∂Ωw ∪ ∂Ωp, (6.35)

where ∂Ωw and ∂Ωp are the prescribed velocity and prescribed pressure boundaries of
the water phase, respectively, whereas ∂Ωu is the prescribed displacement (velocity)
boundary of the solid phase and ∂Ωτ is the prescribed total stress boundary. The fol-
lowing conditions should also be satisfied at the boundary

∂Ωu ∩ ∂Ωτ = ∅ and ∂Ωw ∩ ∂Ωp∅. (6.36)
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saturated soil solid phase water phase

τ̃i

ŵn

τ̃ ′i

v̂i = 0

p̃ni

Figure 6.2: Boundary conditions for two-phase problemsa

aThe effective traction τ̃
′

i
is included for completeness and ŵn represents the normal component of water

velocity.

The displacement (velocity) boundary conditions for the solid and water phases can be
written as

v̂i (x, t) = V̂i (t) on ∂Ωu (t) (6.37)

and
ŵi (x, t) = Ŵi (t) on ∂Ωw (t) , (6.38)

respectively. On defining the prescribed total traction as τi (x, t) = τ̃i (x) T (t) and the
prescribed pressure as p̄i (x, t) = p̃ (x)niT (t), the total traction and pressure boundary
conditions can be written as

σij (x, t)nj = τi (x, t) on ∂Ωτ (t) (6.39)

and
p (x, t)ni = p̄i (x, t) on ∂Ωp (t) , (6.40)

respectively. One should distinguish between the porosity n and the vector ni, which
represents the unit vector normal to the boundary ∂Ω. Figure 6.2 shows the boundary
conditions for a two-phase problem. The initial conditions for solid and water velocities
are considered as

v̂i (x, t0) = V̂0i and ŵi (x, t0) = Ŵ0i, (6.41)

respectively. Initial total stress and pressure are

σij (x, t0) = σ0ij and p (x, t0) = p0, (6.42)

respectively.
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6.4.2 Weak formulations

Section 3.3 considered the detailed procedure of the weak form and the space discretiza-
tion of the momentum equation of a single-phase material. The same procedure is ap-
plied to the two-phase formulation here. For the fine points, the reader is referred to
Section 3.3. The strong forms of the momentum equations have to be transfered to the
weak forms before the discretization. This is achieved by multiplying Equations 6.31
and 6.32 by weighting functions t̂j and integrating them over the current domain Ω oc-
cupied by the continuum. Hence,

∫

Ω

t̂j̺w
dŵj

dt
dΩ =

∫

Ω

t̂j
∂p

∂xj
dΩ +

∫

Ω

t̂j̺wgj dΩ −
∫

Ω

t̂j
n̺wg

k
(ŵj − v̂j) dΩ (6.43)

and
∫

Ω

t̂j (1− n) ̺s
dv̂j
dt

dΩ = −
∫

Ω

t̂jn̺w
dŵj

dt
dΩ +

∫

Ω

t̂j
∂σij
∂xi

dΩ +

∫

Ω

t̂j̺sat gj dΩ. (6.44)

Applying the divergence theorem and subsequently the traction boundary conditions
yield the final respective weak forms

∫

Ω

t̂j̺w
dŵj

dt
dΩ =

∫

∂Ωp

t̂j p̄j dS −
∫

Ω

∂t̂j
∂xj

p dΩ

+

∫

Ω

t̂j̺wgj dΩ −
∫

Ω

t̂j
n̺wg

k
(ŵj − v̂j) dΩ (6.45)

and
∫

Ω

t̂j (1− n) ̺s
dv̂j
dt

dΩ =−
∫

Ω

t̂jn̺w
dŵj

dt
dΩ +

∫

∂Ωτ

t̂jτj dS

−
∫

Ω

∂t̂j
∂xi

σij dΩ +

∫

Ω

t̂j̺sat gj dΩ. (6.46)

6.4.3 Space discretization

To proceed with the space discretization of the momentum equations, we follow the
same procedure of Section 3.3, in which matrix notation is used. The same shape func-
tions are used to approximate the velocities of water and solid phases as well as the
weighting function. Such approximation can be written as

v̂ (x, t) ≈ N̄ (x)v (t) , ŵ (x, t) ≈ N̄ (x)w (t) and t̂ (x, t) ≈ N̄ (x) t (t) . (6.47)

We presume here that the reader is already familiar with nomenclature and dimensions
of arrays from Chapter 3 and hence there is no need to repeat the definitions again un-
less there are new quantities. Substituting the above approximation into Equations 6.45
and 6.46 yields

∫

Ω

N̄T̺w N̄aw dΩ =

∫

∂Ωp

N̄T p̄ dS −
∫

Ω

BTδp dΩ

+

∫

Ω

N̄T̺w g dΩ −
∫

Ω

N̄T n̺wg

k
N̄ (w − v) dΩ (6.48)
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and
∫

Ω

N̄T (1− n) ̺s N̄as dΩ =−
∫

Ω

N̄Tn̺w N̄aw dΩ +

∫

∂Ωτ

N̄Tτ dS

−
∫

Ω

BTσ dΩ +

∫

Ω

N̄T̺sat g dΩ. (6.49)

The vector aw contains the nodal accelerations of the water phase, p̄ is a vector of pre-
scribed water pressure, which is defined in Section 6.4.1 and δ is expressed as

δ =
[

1 1 1 0 0 0
]T
. (6.50)

Let us now write the equations in terms of the local shape functions N , which are
written in terms of the parent element coordinates, to get

(

nelm

A
e=1

∫

Ωe

NT̺wN dΩ

)

aw =

npelm

A
e=1

∫

∂Ωpe

NT p̄e dS

+
nelm

A
e=1

∫

Ωe

NT̺w g dΩ −
nelm

A
e=1

∫

Ωe

BTδp dΩ

−
(

nelm

A
e=1

∫

Ωe

NT n̺wg

k
N dΩ

)

(w − v) (6.51)

and
(

nelm

A
e=1

∫

Ωe

NT (1− n) ̺sN dΩ

)

as =−
(

nelm

A
e=1

∫

Ωe

NTn̺wN dΩ

)

aw

+
nτelm

A
e=1

∫

∂Ωτe

NTτe dS +
nelm

A
e=1

∫

Ωe

NT̺sat g dΩ

−
nelm

A
e=1

∫

Ωe

BTσ dΩ, (6.52)

in which npelm represents the number of the surface elements where water pressure is
prescribed. We presume at this point that the reader is familiar with the numerical inte-
gration of the above equations from Chapter 3 and Appendix C. The discrete system of
equations can now be written as

Mwaw = F trac
w + F grav

w − F int
w − F drag

w (6.53)

and
Msas = −M̄waw + F trac + F grav − F int. (6.54)

The subscripts s and w indicate solid and water, respectively. No subscript indicates that
the quantity belongs to the mixture. All matrices are lumped in the above equations and
the direct lumping procedure of Chapter 3 is used again to lump them. The drag force
F drag

w is defined as
F drag

w = Q (w − v) (6.55)
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withQ being a lumped matrix expressed as

Q =
nelm

A
e=1

Qe (6.56)

with

Qe =











q1 0 · · · 0

0 q2 · · · 0

...
...

. . .
...

0 0 · · · qen











. (6.57)

Each sub-matrix qi corresponds to node i, and the matrix 0 is a null matrix, they are
expressed as

qi =





qi 0 0
0 qi 0
0 0 qi



 and 0 =





0 0 0
0 0 0
0 0 0



 (6.58)

with

qi ≈
neq
∑

q=1

wqNi (ξq)
n̺w
k

(x (ξq)) g |J (ξq)| . (6.59)

6.4.4 Time integration and solution procedure

As indicated previously, we adopt Euler-Cromer scheme, in which the velocity is up-
dated explicitly and the displacement increment is calculated implicitly. This also ap-
plies to the v − w−formulation. Let us re-write Equation 6.53 as

Mw

dw

dt
= F trac

w + F grav
w − F int

w −Q (w − v) , (6.60)

in which dw
dt

replaces aw. Integrating this equation in the time interval [t, t+∆t] yields
∫ t+∆t

t

Mwdw =

∫ t+∆t

t

[

F trac
w + F grav

w − F int
w −Q (w − v)

]

dt. (6.61)

The explicit numerical integration of the above gives

Mw

(

wt+∆t −wt
)

≈
[

F trac,t
w + F grav,t

w − F int,t
w −Qt

(

wt − vt
)]

∆t (6.62)

and hence the update of water velocity at time t+∆t can be written as

wt+∆t ≈ wt +M−1
w

[

F trac,t
w + F grav,t

w − F int,t
w −Qt

(

wt − vt
)]

∆t. (6.63)

The same integration procedure is then applied to Equation 6.54 to get

vt+∆t ≈ vt +M−1
s

[

−M̄−1
w at

w + F trac,t + F grav,t − F int,t
]

∆t, (6.64)

in which

at
w =

wt+∆t −wt

∆t
. (6.65)
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After calculating the velocity vt+∆t of the solid phase, the strain increment of the solid
phase at a Gauss point q of element e is calculated implicitly as

∆εt+∆t
q = Bqv

t+∆t
e ∆t, (6.66)

in which the vector ve contains velocities of element e. This vector is extracted from the
global vector v. Water pressure is updated by integrating the storage equation (Equa-
tion 6.33) implicitly. Hence,

pt+∆t
q ≈ ptq +∆t

Kw

n
δT
[

(1− n)Bqv
t+∆t
e + nBqw

t+∆t
e

]

. (6.67)

The effective stress is then updated using the constitutive relation, i.e.,

{σ′,material state}t constitutive relation−−−−−−−−−−→
∆ε

t+∆t
{σ′,material state}t+∆t. (6.68)

The total stress at the considered Gauss point is then calculated as

σt+∆t
q = σ′ t+∆t

q + δpt+∆t
q . (6.69)

6.5 Two-phase dynamic material point method

In previous sections of this chapter, the differential equations of the hydromechanical
model were presented. Some literature was reviewed to give an overview on different
discretization possibilities with their pros and cons. The finite element discretization of
the v − w−formulation was detailed as well in this chapter. This FEM discretization is
extended to MPM in this section. We would like to remind the reader that in this section,
we will repeat some initialization procedure and concepts from Chapter 4.

6.5.1 MPM discretization and particles initialization

The basic assumption here is that the domain of the saturated soil is represented by a
single set of particles. Hence, there is no distinction between solid and water particles.
The domain is discretized following the same procedure of Section 4.2. Particles carry
all properties of the solid and water phase and their positions are updated according to
the displacement of the solid phase. We will consider in this section the initialization of
particles including the association of mass, body forces, tractions and other properties of
the saturated soil to particles. Knowing the local and global positions of particle p, the
volume Ωp associated with it is calculated using Equation 4.2. One should realize that
this volume represents the total volume, which is composed of water and solid phase
volumes. Densities, porosity, hydraulic conductivity and bulk modulus of water are
then assigned to particle p. The following masses are then calculated and assigned to the
particle

ms,p = ̺s,pΩp, mw,p = ̺w,pΩp and mp = ̺sat,pΩp. (6.70)
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These masses are used to integrate the mass matrices that are required in the momentum
equations. The corresponding body forces are calculated from the masses associated
with each particle as follows

f grav
s,p = ms,p g, f grav

w,p = mw,p g and f grav
p = mp g. (6.71)

The total traction force vector f̃ trac
p of a boundary particle p is calculated following the

procedure of Section 4.3. This procedure is also applied in the calculation of the forces
corresponding to the prescribed pressure. For a boundary particle p these forces are
calculated as

f̃ trac
w,p = p̃e

Se

nebp

, (6.72)

in which Se is the surface area of the triangular element where the pressure is prescribed.
One should recall from Section 6.4 that

p̃ = p̃n = p̃ni, (6.73)

where p̃ is the prescribed pressure on the boundary and n = ni is the unit vector normal
to that boundary.

6.5.2 Solution procedure of a single time step

This section focuses on the initialization of the momentum equations by mapping the
state of the continuum from particles to nodes as these equations are eventually solved
on the nodes. A full description of the overall solution procedure of two-phase problems
in MPM is also considered in this section.

6.5.2.1 Initialization of momentum equations

As done in Chapter 4, we consider the state of the saturated soil at time t. First of all, the
mass matrices Mw, M̄w and Ms have to be integrated at the beginning of the time step.
The reader is referred to Equations 4.11 to 4.14 for the detailed procedure of integration
and construction of such matrices. We however concentrate here on the contribution of
particles to the nodes of the element where these particles are located at time t. This
means that Equation 4.14 is required to be written as

mt
w,i ≈

nep
∑

p=1

mw,pNi

(

ξtp
)

, (6.74)

m̄t
w,i ≈

nep
∑

p=1

nt
pmw,pNi

(

ξtp
)

(6.75)

and

mt
s,i ≈

nep
∑

p=1

(

1− nt
p

)

ms,pNi

(

ξtp
)

(6.76)
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when integrating the matrices Mw, M̄w and Ms, respectively. The next step in the ini-
tialization involves mapping the velocities from particles to nodes. This applies for the
solid and water phase velocities. For the solid phase this is done via solving the follow-
ing equation

M t
sv

t = P t
s , (6.77)

where the vector P t
s contains the mapped momentum from particles to nodes. It is as-

sembled as

P t
s ≈

n̄elm

A
e=1

nep
∑

p=1

(

1− nt
p

)

ms,pN
T
(

ξtp
)

v̂tp. (6.78)

The same procedure is repeated to map the velocity of the water phase from particles to
nodes. Hence, the following equation is solved

M̄ t
ww

t = P t
w. (6.79)

The water momentum vector is assembled as follows

P t
w ≈

n̄elm

A
e=1

nep
∑

p=1

nt
pmw,pN

T
(

ξtp
)

ŵt
p. (6.80)

Nodal forces vector that corresponds to the prescribed total traction is assembled as
follows

F̃ trac,t ≈
n̄τelm

A
e=1

nebp
∑

p=1

NT
(

ξtp
)

f̃ trac
p (6.81)

and the one that corresponds to the prescribed pressure is assembled as

F̃ trac,t
w ≈

n̄pelm

A
e=1

nebp
∑

p=1

NT
(

ξtp
)

f̃ trac
w,p . (6.82)

Then
F trac,t = F̃ trac,t T (t) and F trac,t

w = F̃ trac,t
w T (t) . (6.83)

The body force vectors are integrated as follows

F grav,t ≈
n̄elm

A
e=1

nep
∑

p=1

NT
(

ξtp
)

f grav
p (6.84)

and

F grav,t
w ≈

n̄elm

A
e=1

nep
∑

p=1

NT
(

ξtp
)

f grav
w,p . (6.85)

The internal forces due to total stresses and water pressure are

F int,t ≈
n̄elm

A
e=1

nep
∑

p=1

BT
(

ξtp
)

σt
pΩ

t
p. (6.86)
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and

F int,t
w ≈

n̄elm

A
e=1

nep
∑

p=1

BT
(

ξtp
)

δptpΩ
t
p, (6.87)

respectively, with the vector of the drag force calculated as

F drag,t
w = Qt

(

wt − vt
)

, (6.88)

where the lumped matrix Q is constructed following the procedure described by Equa-
tions 6.56 to 6.59, but with the integration of qi carried out as follows

qti ≈
nep
∑

p=1

nt
pmw,p g

ktp
Ni

(

ξtp
)

. (6.89)

The discrete momentum equations are then written as

M t
wa

t
w = F trac,t

w + F grav,t
w − F int,t

w − F drag,t
w (6.90)

and
M t

sa
t
s = −M̄ t

wa
t
w + F trac,t + F grav,t − F int,t. (6.91)

The above two equations are ready to be solved by the solution procedure that follows.

6.5.2.2 Solving the momentum equations using the modified Lagrangian algorithm

The momentum equations of two-phase problems are solved using the algorithm of Sec-
tion 4.4, i.e., the modified Lagrangian algorithm. The solution sequence is described in
the following steps

1. Equation 6.90 is solved for at
w as

at
w =M t,−1

w

[

F trac,t
w + F grav,t

w − F int,t
w − F drag,t

w

]

.

2. Once the vector at
w is calculated, the acceleration vector at

s is then calculated from
Equation 6.91 as

at
s =M

t,−1
s

[

−M̄ t
wa

t
w + F trac,t + F grav,t − F int,t

]

.

3. The velocities of particles are updated using the nodal accelerations and the shape
functions as

v̂t+∆t
p = v̂tp +

nen
∑

i=1

∆tNi

(

ξtp
)

at
s,i

and

ŵt+∆t
p = ŵt

p +
nen
∑

i=1

∆tNi

(

ξtp
)

at
w,i.
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4. Nodal velocities vt+∆t and wt+∆t are then calculated from the updated particles
velocities solving

M t
sv

t+∆t =
n̄elm

A
e=1

nep
∑

p=1

(

1− nt
p

)

ms,pN
T
(

ξtp
)

v̂t+∆t
p

and

M̄ t
ww

t+∆t =
n̄elm

A
e=1

nep
∑

p=1

nt
pmw,pN

T
(

ξtp
)

ŵt+∆t
p .

5. Nodal incremental displacements of the solid phase are calculated as

∆ut+∆t = ∆tvt+∆t.

6. Strains and effective stresses are determined using

∆εt+∆t
p = B

(

ξtp
)

∆ut+∆t
e

and
{σ′

p,material state}t constitutive relation−−−−−−−−−−→
∆ε

t+∆t
p

{σ′

p,material state}t+∆t.

The vector ∆ue is defined in Equation 3.108.

7. Water pressure at particle p is then updated via

pt+∆t
p ≈ ptp +∆t

Kw,p

nt
p

δT
[(

1− nt
p

)

B
(

ξtp
)

vt+∆t
e + nt

pB
(

ξtp
)

wt+∆t
e

]

.

8. The total stress at each particle is subsequently calculated as

σt+∆t
p = σ′ t+∆t

p + δpt+∆t
p .

9. Volumes associated with particles are updated using the volumetric strain incre-
ment ∆εvol as

Ωt+∆t
p =

(

1 + ∆εt+∆t
vol,p

)

Ωt
p with ∆εvol = ∆ε11 +∆ε22 +∆ε33.

10. Positions of particles are updated using the displacement of the solid phase as

xt+∆t
p = xt

p +
nen
∑

i=1

Ni

(

ξtp
)

∆ut+∆t
i .

11. The book-keeping is updated using the new positions of particles.
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6.6 Other numerical issues

This section addresses some issues that are of considerable importance in the numer-
ical schemes. We consider viscous boundaries for two-phase problems, mitigation of
spurious spatial pressures, damping for two-phase problems and mass scaling.

6.6.1 Unbounded saturated domain

The viscous boundaries of Section 4.7 are extended to saturated soil. We must define two
sets of Kelvin-Voigt elements, one for water phase and another for the solid phase. The
response of the Kelvin-Voigt element for the water phase is given as

pvb = −ηwŵ − κwûw, (6.92)

in which pvb represents the traction corresponding to the Kelvin-Voigt element of the
water phase at a material point located at the boundary. The matrices ηw and κw are
written as

ηw =







a̺wcw 0 0

0 0 0

0 0 0






and κw =







̺wc2w
δ

0 0

0 0 0

0 0 0






. (6.93)

The vectors ŵ and ûw are defined as

ŵ =
[

ŵn ŵt1 ŵt2

]T
and ûw =

[

ûwn ûwt1 ûwt2

]T
, (6.94)

where the first element in each vector represents the normal component and the other
two are the tangential ones. If we account for the boundary term as an additional traction
term in the momentum equation of the water phase (Equation 6.48), this equation can
now be written as

∫

Ω

N̄T̺w N̄aw dΩ =

∫

∂Ωp

N̄T p̄ dS −
∫

∂Ω
pvb

N̄TηwN̄w dS −
∫

∂Ω
pvb

N̄TκwN̄uw dS

−
∫

Ω

BTδp dΩ +

∫

Ω

N̄T̺w g dΩ −
∫

Ω

N̄T n̺wg

k
N̄ (w − v) dΩ.

(6.95)

Now we shall consider the traction terms of the water and the solid phase in the mo-
mentum equation of the mixture. One can re-call from Section 4.7 that the response of
Kelvin-Voigt element of the solid phase can be written as

τ vb = −ηsv̂ − κsû, (6.96)
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where all terms are defined in Section 4.7. Equation 6.49 can be written as
∫

Ω

N̄T (1− n) ̺s N̄as dΩ =−
∫

Ω

N̄Tn̺w N̄aw dΩ +

∫

∂Ωτ

N̄Tτ dS

−
∫

∂Ω
pvb

N̄TηwN̄w dS −
∫

∂Ω
pvb

N̄TκwN̄uw dS

−
∫

∂Ω
τvb

N̄TηsN̄v dS −
∫

∂Ω
τvb

N̄TκsN̄u dS

−
∫

Ω

BTσ dΩ +

∫

Ω

N̄T̺sat g dΩ. (6.97)

The resulting momentum equations become

Mwaw = F trac
w − F vb

w + F grav
w − F int

w − F drag
w (6.98)

and
Msas = −M̄waw + F trac − F vb

w − F vb
s + F grav − F int, (6.99)

where
F vb

w = Cww +Kwuw (6.100)

and
F vb

s = Csv +Ksu. (6.101)

The matrices for the dashpot and spring coefficients are defined as follows

Cw =

∫

∂Ω
pvb

N̄TηwN̄ dS, (6.102)

Kw =

∫

∂Ω
pvb

N̄TκwN̄ dS, (6.103)

Cs =

∫

∂Ω
τvb

N̄TηsN̄ dS, (6.104)

Ks =

∫

∂Ω
τvb

N̄TκsN̄ dS. (6.105)

The integration of these matrices and the lumping procedure is well explained in Sec-
tion 4.7. We should re-call from Section 4.7 that the forces induced by the viscous bound-
aries are calculated in an incremental form and accumulated with time. Considering the
water phase as an example, one can write the following

F vb,t
w = F vb,t−∆t

w +∆F vb,t
w , (6.106)

where
∆F vb,t

w = Ct
w∆w

t +Kt
w∆u

t
w. (6.107)
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6.6.2 Spurious spatial pressures

The enhanced volumetric strain procedure of Section 4.8 is applied here to the solid and
the water phase to mitigate the spurious spatial pressures. The water pressure rate at
any point q is calculated from

ṗ (ξq) =
Kw

n
δT [(1− n)B (ξq)ve + nB (ξq)we] , (6.108)

which can be put as

ṗ (ξq) =
Kw

n

[

(1− n) δTB (ξq)ve + nδTB (ξq)we

]

=
Kw

n
[(1− n) ε̇vols (ξq) + nε̇volw (ξq)] , (6.109)

where ε̇vols and ε̇volw are the volumetric strain rates for the solid and water phase, re-
spectively. Applying the enhanced strain procedure, Equation 6.109 takes the following
form

ṗ (ξq) =
Kw

n
[(1− n) ¯̇εvols (ξq) + n¯̇εvolw (ξq)] , (6.110)

where ¯̇εvols and ¯̇εvolw are the enhanced volumetric strain rates for the solid and water
phase, respectively. The calculation of the enhanced volumetric strain for the water
phase is summarized by the following steps

1. After calculating the volumetric strain rate ε̇volwe for each element, the nodal values
of the smoothed volumetric strain rate are calculated as follows

¯̇εvolwi =

∑

ε̇volweΩe
∑

Ωe

, (6.111)

where the sum runs over all elements attached to node i.

2. Once the smoothed volumetric strain rate associated with each node is calculated,
the average volumetric strain rate for the element is determined by averaging the
nodal values of the considered element. Considering element e as an example, one
can write

¯̇εvolwe =
1

nen

nen
∑

i=1

¯̇εvolwi, (6.112)

where ¯̇εvolwe is the enhanced volumetric strain of element e.

3. The enhanced volumetric strain of the element is then assigned to all points (parti-
cles) inside this element. Hence,

¯̇εvolw (ξq) = ¯̇εvolwe, (6.113)

which is used then to calculate the water pressure rate at the considered point from
Equation 6.110.

The new strain tensor which results from the enhancement of the volumetric strain of
the solid phase is then used to calculate the effective stress tensor from the constitutive
relation.
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6.6 Other numerical issues

6.6.3 Local damping for two-phase problems

The same concept of local damping that is explained in Section 4.10 for a single-phase
material is extended here to a two-phase material. Let us write the momentum equations
of a two-phase material for any degree-of-freedom as

mwaw = f trac
w + f grav

w − f int
w − fdrag

w (6.114)

and
msas = −m̄waw + f trac + f grav − f int (6.115)

or for simplicity
mwaw = fw − fdrag

w (6.116)

and
msas = −m̄waw + f, (6.117)

where
fw = f trac

w + f grav
w − f int

w and f = f trac + f grav − f int. (6.118)

The local damping is applied to the momentum of water as

mwaw = fw + fdamp
w − fdrag

w , (6.119)

with
fdamp
w = −αw |fw| sign (w) , (6.120)

in which αw is a dimensionless damping factor for the water phase and w is the water
phase velocity at the considered degree-of-freedom. One should realize that the term
fdrag
w is excluded when calculating the damping force. For two-phase interaction, this

term represents the drag between the solid and water phase and hence it already pro-
vides a natural damping. On applying local damping to the momentum of mixture,
Equation 6.117 can now be written as

msas = −m̄waw + f + fdamp
w + fdamp

s , (6.121)

where
fdamp
s = −αs |f − fw| sign (v) , (6.122)

which corresponds to the damping of the solid phase. The parameter αs is a dimension-
less damping factor for the solid phase and v is the solid phase velocity at the considered
degree-of-freedom.

6.6.4 Mass scaling for quasi-static problems

The mass scaling is adopted in this thesis as a means to increase the time step size in
problems involving slow rate of loading. The procedure consists of modification of
Equations 6.90 and 6.91 to the forms

βmM
t
wa

t
w = F trac,t

w + F grav,t
w − F int,t

w − F drag,t
w (6.123)
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and
βmM

t
sa

t
s = −βmM̄ t

wa
t
w + F trac,t + F grav,t − F int,t, (6.124)

respectively, with βm being the dimensionless scale factor. It must be realized that we
only scale the mass matrices, but not the densities and gravity loading. The new time
step ∆t2 is related to the one without scaling ∆t1 as

∆t2 =
√

βm ∆t1. (6.125)

This procedure can be used in case of dry soil as well. The assessment of the procedure
is given in the numerical example of Section 6.7.2.

6.7 Validation examples

In this section, we analyze some boundary-value problems with existing analytical so-
lutions to validate the implementation of the two-phase MPM. In the first example, we
analyze the propagation of the wave resulting from instantaneous loading of a column
of saturated porous material. The second example consists of the well-known one-
dimensional consolidation problem of Terzaghi.

6.7.1 One-dimensional wave propagation

The extreme case of the propagation of a pressure wave in a 2.5 [m] height column of
saturated porous material, discretized with 1000 rows of elements along the height, each
row containing 6 tetrahedral elements, is considered in this example. A fine grid was
required to properly capture the propagating front for the idealized loading. Zero dis-
placement and zero flux conditions were specified at the bottom, with roller boundaries
prescribed along the sides so that only displacement along the column was possible. A
compressive total stress and a pressure of 1 [kN/m2] were instantaneously applied and
maintained at the top surface of the column. Such loading conditions can be experimen-
tally achieved by increasing the ground water level from its initial position at the surface
by 0.1 [m].

The elastic porous material had a constrained modulus of Ec = 5000 [MN/m2], a dry
density of ̺d = 1600 [kg/m3], and a porosity of n = 0.4. The bulk modulus of wa-
ter was assumed to be Kw = 2000 [MN/m2]. The stiffness of the water phase reads
Kw/n = 5000 [MN/m2], which equals the constrained modulus of the porous material.
As a consequence, the uniform traction of 1 [kN/m2] will initially be equally carried by
the water and the solid phase.

Low permeability Computations were carried out with a hydraulic conductivity of
k = 10−5 [m/s] to observe the undrained wave. Given the selected properties, only the
undrained compression wave could be noticed. From Equation 6.9, the speed of this
wave was found to be 2236 [m/s]. Figure 6.3 shows the normalized increase of the initial
pore pressure with time for a particle originally located at 0.675 [m] from the top down.
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Figure 6.3: Normalized pore pressure history of a particle initially located at 0.675 [m]
depth for the case of rigid boundary and low conductivity

The increase of the initial pore pressure was normalized with respect to the total stress
applied at the top surface (1 [kN/m2]). Also shown, is the theoretical solution given in
reference [183]. The predicted time of arrival of the undrained wave (3× 10−4 [s]) agrees
well with that calculated using Equation 6.9. The theoretical solution for the increase
pore of pressure and effective stress from the initial values are given as

∆p0 =
1

Ec

1

Ec +
n

Kw

σs (6.126)

and

∆σ′

0 =
n

Kw

1

Ec +
n

Kw

σs, (6.127)

respectively, with ∆p0 and ∆σ′

0 being the increase of the initial pore pressure and the
effective stress, respectively, and σs is the total stress applied at the top surface. With the
selected properties, ∆p0 = ∆σ′

0 = 0.5σs. Figure 6.3 shows excellent agreement between
the analytical and the numerical predictions. Although not shown, the effective stress
history is identical to Figure 6.3. The high frequency oscillations that appear are typical
for numerical solutions, in which loads are applied instantaneously. They can be mit-
igated by applying the load gradually over a couple of time steps. Further refinement
of the mesh also helps mitigating them. Scrutiny of the figure shows a doubling of the
pressure due to the interaction of reflected waves at approximately 0.002 [s], which is
consistent with what is expected.
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Figure 6.4: Normalized pore pressure history of a particle initially located at 0.675 [m]
depth for the case of viscous boundary and low conductivity

Application of viscous boundaries To assess the activity of the viscous boundaries, the
problem was also solved applying Kelvin-Voigt elements with δ = 1.25 [m]. The results
are shown in Figure 6.4. The simulation confirms that the viscous boundaries absorb the
propagating waves. Nevertheless, the small reflection at time near 0.002 [s] is attributed
to the stiffness term in the Kelvin-Voigt element.

High permeability Additional computations were carried out with a hydraulic con-
ductivity of k = 10−3 [m/s] to observe the damped wave. With the adopted properties,
the speed of the damped wave was found to be 1118 [m/s], see Equation 6.11, whereas
the speed of the undrained wave was 2236 [m/s]. Figure 6.5 shows that the predicted
arrival time of the damped wave (6 × 10−4 [s]) agrees with Equation 6.11. Although not
shown, this wave was completely damped at a depth of approximately (2.2 [m]). The in-
crease of the pore pressure will asymptotically reach the prescribed value of 1 [kN/m2].

6.7.2 One-dimensional consolidation

Terzaghi’s well-known problem of one-dimensional consolidation is considered for an
elastic soil layer of 1 [m] thickness. In contrast to the example of Section 6.7.1, the surface
load in this problem was initially fully carried by the water. Hence, the initial pore water
pressure was equal 1 [kN/m2] throughout the soil layer. This example demonstrates the
capability of the dynamic material point method to capture the quasi-static equilibrium
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Figure 6.5: Normalized pore pressure history of a particle initially located at 0.675 [m]
depth for the case of rigid boundary and high conductivity

as the water is squeezed out of the pores of a saturated soil. A compression surface
traction of 10 [kN/m2] was applied and maintained at the drainage upper surface. The
hydraulic conductivity of the soil was k = 10−3 [m/s], with a constrained modulus of
Ec = 10 [MN/m2], a dry density of ̺d = 1600 [kg/m3] and a porosity of n = 0.4. The bulk
modulus of water was assumed to be Kw = 300 [MN/m2].

The layer was discretized using 40 rows, each row consisting of 6 tetrahedral elements
with one particle per element. To capture the "closed-form" solution by Terzaghi, the
undrained condition with a uniform pore pressure of p0 = 10 [kN/m2] was taken as an
initial condition. Possible wave reflections were suppressed by introducing the Kelvin-
Voigt boundary condition with δ = 0.5 [m]. Figure 6.6 compares the MPM and "closed-
form" solutions of normalized pore pressure versus normalized depth. The pore pres-
sure was normalized with respect to the initial value and the depth with respect to the
soil layer thickness. The isochrones of Figure 6.6 are plotted for various time factor T ,
which is defined as

T =
cvt

h2
(6.128)

with cv being the consolidation coefficient as defined in Equation 6.30 and h is the thick-
ness of the soil layer. We observe an excellent agreement between the two solutions. For
small time-factors, this was only possible by preventing reflections at the lower bound-
ary.

Application of mass scaling To assess the procedure of mass scaling, additional com-
putations were carried out using the same time step (∆t1 = 5 × 10−6 [s]) of the previous
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Figure 6.6: Comparison of analytical and MPM solution for one-dimensional consolida-
tion

case until T = 0.2. After that a scale factor of βm = 100 was used, allowing a time step of
(∆t2 = 5× 10−5 [s]). The results of Figure 6.7 show the effectiveness of the procedure.
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Figure 6.7: One-dimensional consolidation with mass scaling
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6.8 Application example: Wave attack on sea dike

6.8.1 Problem description

More than 400 [km] of the Dutch sea dikes have an asphalt revetment; mostly with a
thickness of 0.2 to 0.3 [m] in the wave attack zone. This asphalt revetment is typically
applied above the usual tidal zone, so that it is not subjected to regular daily wave attack.
During a storm, the so-called wind setup increases both the low and the high tide level;
in the Netherlands typically by an additional 3.5 [m]. As a consequence, the revetment is
severely and cyclically loaded during a storm. The duration of a Dutch design storm is
35 [hr], as shown in Figure 6.8. During a storm the so-called still water level (SWL) rises,
as it is the summation of the usual tidal SWL (with a period of 12 [hr]) and the wind
setup by the storm.

The ground water pressure underneath the asphalt revetment is largely controlled by
the SWL. For a very permeable soil, the phreatic ground water table (GWT) coincides
more or less with the SWL, whereas it lags behind the SWL for a more impermeable
soil. For a rising SWL after low tide, the GWT is below the SWL. After high tide, on the
other hand, the SWL is falling and the GWT is above the SWL. The latter case creates
uplift pore pressures below the revetment, also indicated in Figure 6.9. For the present
analysis, the GWT is simply taken to be equal to the SWL, so that there are no uplift
pressures at all.

The waves on the North Sea between England and the Netherlands have a period of
5 to 10 [s], but the impact period of a braking wave on the dike revetment is of much
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Figure 6.8: Still water level during a design storm [57]
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erosion
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Figure 6.9: Wave attack and uplift pressure on a sea dike

shorter duration of about 0.1 [s]. In the following analyses, a wave period of t2 = 10 [s]
was assumed and the load impact duration was taken to be t1 = 0.1 [s]. During this very
small period of loading a haversine time distribution was assumed, as indicated in the
insert to Figure 6.10.

According to De Looff et al. [57], the load intensity of a braking wave is inversely
proportional to the inclination of the slope, at least for a slope in the range between 1 : 3
and 1 : 8. Following De Looff et al. [57] and considering a slope inclination of 1 : 4, a
maximum wave impact pressure of q = 240 [kN/m2] was assumed. This corresponds to
a heavy wave attack during a storm with a wave height of 4 [m]. The spatial distribution
was assumed to be triangular with a width of 2 [m], as also indicated in Figure 6.10.

The maximum pressure of 240 [kN/m2] occurs at the so-called impact point, which
varies in reality significantly per event. Measurements showed that this point lies most
usually below the SWL. For a hydraulic conductivity of k = 10−4 [m/s], as assumed
in this study, the soil is very permeable and the ground water table (GWT) just below
the revetment is consequently taken to be equal to the outside SWL. This implies that
both above and below the revetment the quasi-static part of the (pore) water pressures
is equal. The latter simplifies the analysis, as both the weight of the revetment and the
saturated soil can be considered to be submerged. For the submerged unit weight, it
yields

γ′asphalt = γasphalt − γw = 24− 10 = 14
[

kN/m3
]

and
γ′soil = γsat,soil − γw = 20− 10 = 10

[

kN/m3
]

.

All computations were carried out with submerged unit weights. Considering dy-
namic loading, the following mass densities were applied

̺asphalt = 2400
[

kg/m3
]

and ̺s,soil = 2667
[

kg/m3
]

with ̺s,soil being the density of soil grains. The porosity of the soil was assumed to
be n = 0.4, giving a dry soil density of 1600 [kg/m3] and a saturated soil density of
2000 [kg/m3]. The bulk modulus of the pore water was estimated as Kw = p/ (1− Sr),
where p is roughly atmospheric pressure (100 [kN/m2]) and Sr is the degree of saturation
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Figure 6.10: Discretization and loading conditions for the dike problem
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of the soil. On assuming Sr = 99% for a soil that is being saturated by a rising ground
water level during a storm, it follows that Kw = 10 [MN/m2].

An asphalt revetment consists of bituminous concrete with a visco-plastic stress-strain
behavior, as studied for instance in detail by Bonnier [32]. On using MPM, it is possible to
use advanced constitutive models to model rupture (Figure 6.11) under extremely heavy
wave loads, but for the present study, the simple linear elastic constitutive model was
adopted. Realistic stiffnesses for bituminous concrete depend on the age and the quality
of the revetment. For the present study, both Easphalt = 20 [MN/m2] and 1 [GN/m2] were
used. Poisson’s ratio was fixed to be 0.3.

The mesh of the problem is shown in Figure 6.10. It consists of 19786 tetrahedral
elements and 19786 particles, each element having one particle. The impermeable revet-
ment had a thickness of 0.3 [m] and was divided into two layers of elements for proper
simulation of bending during loading. Figure 6.10 also shows the distribution of the
cyclic wave load in space and time. A repeated load pulse with a maximum intensity of
240 [kN/m2] was transferred via the asphalt to the Mohr-Coulomb soil that had Young’s
modulus of 10 [MN/m2], Poisson’s ratio of 0.33, cohesion of 1 [kN/m2] and friction angle
of 35◦. These properties were fixed for all computations of the problem. Local damp-
ing was used to generate initial stresses due to gravity with a damping factor of 0.75.
With regard to the dynamic analysis, no damping was applied in the domain. However,
Kelvin-Voigt elements were prescribed on the boundaries with δ = 5.0 [m] to minimize
reflections. No geometry update was considered in this problem. Hence, particles were
kept in their initial positions throughout the computations.

Figure 6.11: Rupture of a revetment by wave attack
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6.8.2 Simulation results

Before addressing the propagation of the pore pressure wave, the need for using the en-
hanced volumetric strain procedure is demonstrated in Figure 6.12. This figure compares
the excess pore pressure solution for the case of no enhancement (a) with that making
use of enhancement (b) corresponding to time 0.05 [s]. The contour scale ranges from -66
to 0 [kN/m2], with the extremes corresponding to red and blue, respectively. It is impor-
tant to appreciate that the strain enhancement is part of the solution scheme, and not
intended as a technique to make graphs look better. It is clear from the comparison that
the enhancement mitigates the spurious spatial pressures. This example also assesses
the applicability of the algorithm for a high ratio of water to soil stiffness. Water stiffness
of Kw = 2 [GN/m2] and concrete stiffness of Easphalt = 1 [GN/m2] were used in this com-
putation.

Figure 6.13 shows the evolution of excess pore pressure between 0.025 and 0.1 [s], as
well as that for vertical effective stress. The scale for the effective stress (from -218 to
0 [kN/m2]) is different from that for pore pressure (-80 to 0 [kN/m2]). An increase of ex-
cess pore pressure is observed within the soil from 0 and 0.05 [s], which corresponds to
the time of maximum impulse. Given that the asphalt concrete itself is impermeable,
pore pressures do not develop. With regard to the effective stress plot, we have a situa-
tion where there is initially an increase in effective stress with the maximum intensity oc-
curring in the asphalt concrete. The excess pore pressures and effective stresses decrease
thereafter. This simulation corresponds to Kw = 10 [MN/m2] and Easphalt = 20 [MN/m2].

The effect of the revetment stiffness is illustrated in Figure 6.14. This figure shows
the effect of load spreading directly below the revetment. The distribution of the to-
tal stresses is shown at the peak load, i.e., at 0.05 [s]. For a low revetment stiffness of
Easphalt = 20 [MN/m2], the soil is loaded much more locally (Figure 6.14(b)) than for
the high revetment stiffness of Easphalt = 1 [GN/m2] (Figure 6.14(a)). For the low stiff-
ness revetment, the total vertical stress directly under the impact point is 155 [kN/m2],
whereas the stiffer revetment yields a much smaller load transmission (85 [kN/m2]), as
might be expected. This means that the maximum total stress in the soil is approximately
65% and 35% of the maximum load intensity for the cases of low and high stiffness revet-
ment, respectively. This is mainly due to the load spreading by the stiffer revetment. In
addition a large effect of the revetment layer thickness is expected as well as a large effect
of the soil stiffness.

Figure 6.15 shows the deformation pattern after 10 successive waves for a revetment
with stiffness of Easphalt = 1 [GN/m2]. A maximum residual displacement of about
4.4 [cm] was computed for the impact point. Each wave resulted in a small contribu-
tion to the residual deformation, but one observes a so-called "shake-down". The latter
is defined as an asymptotical convergence to a particular final deformation. Compu-
tational results for revetment stiffness of Easphalt = 20 [MN/m2] showed much larger
deformation up to 26 [cm], indicating the importance of high quality revetment.
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(a)

(b)

Figure 6.12: Excess pore pressures at t = 0.05 [s] without enhancement (a) and with
enhancement (b) for Kw = 2 [GN/m2] and Easphalt = 1 [GN/m2], the scale
ranges from -66 to 0 [kN/m2]
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t = 0.1 [s]

t = 0.075 [s]

excess pore pressures

Figure 6.13: Evolution of excess pore pressure (-80 to 0 [kN/m2]) and vertical effective
stress (-218 to 0 [kN/m2]) for the case with Kw = 10 [MN/m2] and Easphalt =
20 [MN/m2]
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(b)

(a)

Figure 6.14: Vertical total stresses at t = 0.05 [s] for (a) Easphalt = 1 [GN/m2] and (b)
Easphalt = 20 [MN/m2], the scale ranges from -155 to 0 [kN/m2], both cases
with Kw = 10 [MN/m2]

Figure 6.15: Deformation pattern after 10 successive waves
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Chapter 7

Pile driving in dry sand

Pile driving is an essential installation method in foundation engineering. Engineers
have to assess the size and the type of the hammer needed to drive the pile to the re-
quired depth. They also need to assess the probability of pile damage due to high driv-
ing stresses. In future, numerical simulations of pile driving may help engineers in the
assessment and the investigation to design the best possible type of pile foundation.

A fully dynamic analysis of pile driving in sand using three-dimensional material
point method is presented in this chapter. The pile is assumed to behave as linear elas-
tic so that the assessment of its damage is excluded from the present study. To capture
the behavior under cyclic loading, the advanced hypoplastic model [184] is adopted for
sand. Attention is focused, in this study, on the drivability of a pile considering sand
with different initial densities. Results of the parametric study, including the variation
of the skin friction and the pile damping, are presented in this study.

Section 7.1 presents an overview of the previous studies on pile driving. The for-
mulation of the hypoplastic model and the explicit time integration with sub-stepping
technique are described in Section 7.2. Numerical simulations of laboratory tests on the
so-called "Schlabendorfer" sand, which is considered in the pile driving problem of this
chapter, are also shown. Section 7.3 presents the geometry and boundary conditions of
the problem, including the application of the moving mesh concept to the pile driving
problem, the approximation of the pile tip geometry, and the conversion of the hammer
impact into surface traction applied on the pile head. The results of shallow and deep
penetration are discussed in Sections 7.4 and 7.5, respectively.

7.1 Previous studies on pile driving

Saint-Venant’s one-dimensional wave equation, which was derived for the wave propa-
gation in an elastic rod, was widely used in the early analysis of pile driving problems.
In 1962, Smith [148] applied this equation to a problem, in which the pile was discretized
by a series of lumped masses connected by springs and the soil was represented by non-
linear springs and dashpots. Lee et al. [103] discretized the pile using one-dimensional
finite elements, whereas the soil resistance to driving was represented by a series of
springs and dashpots, with the springs being assumed to behave as elastic-perfectly
plastic. There have been extensive studies on the analysis of stress wave propagation
in driven piles. For abroad literature review about the use of the wave equation in pile
driving problems, the reader is referred to the work of Goble and Rausche [71].

Although the wave problem was widely used in modeling pile driving, the predicted

163



Chapter 7 Pile driving in dry sand

results were not accurate enough, which can be attributed, among other reasons, to
the one-dimensional approximation of the soil response. To predict realistic soil behav-
ior, axisymmetric or three-dimensional modeling is required to capture all stress waves
transfered from the pile to the soil and to properly model the interaction between the
soil and the pile and hence the soil resistance [115].

Until the early eighties the attempts of three-dimensional modeling of pile driving
problems were limited. In 1982, Smith and Chow [149] performed axisymmetric finite
element analysis for driven piles in clay. They reported considerable difference in com-
parison to the one-dimensional analysis. This analysis was then extended by To and
Smith [174] to different soil conditions and hammer characteristics. A landmark pa-
per was published in 1994 by Mabsout and Tassoulas [115] on pile driving in clays. The
problem was discretized using axisymmetric finite element technique. Bounding-surface
plasticity was adopted to model the inelastic behavior of clays, with a frictional contact
algorithm to characterize the interaction between the pile and the clay. Transmitting vis-
cous elements were added to the far field boundaries to mitigate wave reflections. The
impact of the hammer on the pile was simulated by a periodic force applied at the pile
head. Other studies by Mabsout and coworkers on pile driving are found in references
[114, 116, 117].

With the rapid development of numerical procedures and computational resources,
three-dimensional problems could be modeled more easily. Henke [87, 88] analyzed dif-
ferent methods of pile installation using three-dimensional finite element. He analyzed
the quasi-static pile jacking process and the vibratory pile driving. The effect of these
different installation methods on the behavior of the soil surrounding the pile was in-
vestigated and the influence of driving a pile near existing piles was examined.

7.2 Hypoplastic model for sand

This section presents a brief overview of the hypoplastic model by von Wolffersdorff
[184] and its extension to small strain stiffness by Niemunis and Herle [131]. The em-
phasis in this chapter is on pile driving in dry sand and therefore there is no distinction
between effective and total stresses.

7.2.1 Von Wolffersdorff model

Following von Wolffersdorff [184], the hypoplastic constitutive equation can be written
as

∇J
σ ij = Gij (σij , e, ε̇ij) , (7.1)

in which
∇J
σ ij is the Jaumann rate of stress, e is the current void ratio and ε̇ij is the strain

rate tensor. The rate of the void ratio with respect to the volumetric strain rate ε̇kk is

ė = (1 + e) ε̇kk (7.2)

Following von Wolffersdorff [184], tensorial function Gij is selected so that
∇J
σ ij = Lijklε̇kl +Nij

√

ε̇ij ε̇ij (7.3)
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with Lijkl and Nij being the linear and non-linear constitutive tensors, respectively. The
term

√

ε̇ij ε̇ij is the Euclidean norm of the strain rate tensor. The above decomposition
of the function Gij into a linear and a non-linear tensors is practical in achieving the
inelastic behavior of sand without any need to decompose the strain into elastic and
plastic parts [131]. The tensors Lijkl and Nij are functions of the stress and void ratio and
are written as

Lijkl = fbfe
1

σ̂ijσ̂ij

(

f 2δikδjl + a2σ̂ikσ̂jl
)

(7.4)

and

Nij = fdfbfe
af

σ̂ijσ̂ij
(σ̂ij + ˆ̂σij). (7.5)

The tensors σ̂ij and ˆ̂σij are defined as

σ̂ij =
σij
I1

and ˆ̂σij = σ̂ij −
1

3
δij (7.6)

with
I1 = σ11 + σ22 + σ33. (7.7)

Other parameters of Equations 7.4 and 7.5 are defined as

a =

√
3 (3− sinφc)

2
√
2 sinφc

and f =

√

√

√

√

1

8
tan2 ˆ̂

ψ +
2− tan2 ˆ̂

ψ

2 +
√
2 tan

ˆ̂
ψ cos 3ϑ

− 1

2
√
2
tan

ˆ̂
ψ, (7.8)

where φc is the critical state friction angle and the angles ˆ̂
ψ and 3ϑ are defined as

tan
ˆ̂
ψ =

√

3 ˆ̂σij ˆ̂σij and cos 3ϑ = −
√
6
δji(ˆ̂σik ˆ̂σkl ˆ̂σlj)

(ˆ̂σij ˆ̂σij)
3

2

. (7.9)

Let us define three characteristic void ratios, namely the maximum possible void ratio
ei corresponding to the minimum density, the minimum possible void ratio ed corre-
sponding to the maximum density and the critical void ratio ec; see Figure 7.1. Also
shown, are three void ratios ei0, ed0 and ec0 corresponding to vanishing pressure repre-
sented by the first stress invariant I1. In soil mechanics, ei0 and ed0 are usually denoted
as emax and emax, respectively. Density dependency is taken into account by factors fe
and fd, being defined as

fe =
(ec
e

)β

and fd =

(

e− ed
ec − ed

)ᾱ

(7.10)

with β and ᾱ being input indices. The pressure dependency of the soil stiffness is repre-
sented by the factor fb, being defined as

fb =
hs
n̄

(

1 + ei
ei

)(

ei0
ec0

)β (−I1
hs

)1−n̄ [

3 + a2 −
√
3 a

(

ei0 − ed0
ec0 − ed0

)ᾱ]−1

, (7.11)
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Figure 7.1: The characteristic void ratios [131]

where hs is the pressure independent granular stiffness and n̄ is an input index. The
characteristic void ratios are updated according to Bauer’s formula [17] as

ei
ei0

=
ec
ec0

=
ed
ed0

= exp

[

−
(−I1
hs

)n̄]

. (7.12)

Substituting Equations 7.4 and 7.5 into Equation 7.3 yields the final constitutive equation
for von Wolffersdorff model

∇J
σ ij = fbfe

1

σ̂ijσ̂ij

[

f 2ε̇ij + a2 (σ̂ikσ̂jl) ε̇kl + affd(σ̂ij + ˆ̂σij)
√

ε̇ij ε̇ij

]

. (7.13)

7.2.2 Extension to small strain stiffness after Niemunis and Herle

The major shortcoming of the von Wolffersdorff model is ratcheting in cyclic loading.
Therefore, the model was improved by Niemunis and Herle [131], in which they ex-
tended the formulation to account for small strain stiffness, by introducing a new state
variable called the intergranular strain, denoted as Sij and calculated as

Sij =

∫

Ṡijdt, (7.14)

where

Ṡij =











(δikδjl − ŜikŜjlr
β̄)ε̇kl for (Ŝij ε̇ij) > 0

ε̇ij for (Ŝij ε̇ij) 6 0

(7.15)

with Ŝij being the direction tensor of the intergranular strain, defined as

Ŝij =











Sij/
√

SijSij for Sij 6= 0

0 for Sij = 0

(7.16)
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with β̄ being a material constant controlling the degradation of the stiffness. The nor-
malized magnitude of Sij is denoted by r and calculated as

r =

√

SijSij

R
, (7.17)

where R is an input parameter for the size of the elastic range in strain space. In most
papers on hypoplastic model, r is denoted as ρ, but we do not use ρ to avoid the con-
fusion with the mass density. Following reference [131], the constitutive relation of the
extended hypoplastic model is written as

∇J
σ ij = Dijklε̇kl (7.18)

with Dijkl being the stiffness tensor constructed from the tensors Lijkl and Nij . It is mod-
ified by the two scalars mT and mR, depending on r and (Ŝij ε̇ij) as shown in Figure 7.2.
This tensor is written as

Dijkl = [rχmT + (1− rχ)mR]Lijkl +










rχ (1−mT )Lijmn(ŜmkŜnl) + rχNikŜjl for (Ŝij ε̇ij) > 0

rχ (mR −mT )Lijmn(ŜmkŜnl) for (Ŝij ε̇ij) 6 0

(7.19)

mTL

R

mTL

S22

mR
L

L±NmRL

S11

stress response for r = 1stress response for r = 0

Figure 7.2: Stiffness dependency on mR and mT for r = 0 and r = 1 [131]
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with χ being an index controlling the stiffness degradation. In elastoplastic modeling,
the case of (Ŝij ε̇ij) > 0 indicates loading and (Ŝij ε̇ij) 6 0 indicates unloading.

To avoid numerical problems associated with vanishing mean stress for cohesionless
soil, (artificial) cohesion can be introduced by shifting the mean stress by a value of pt.
The stress tensor thus becomes

σij = σij − ptδij. (7.20)

For all computations of this chapter we adopted pt = 1 [kN/m2].

7.2.3 Explicit time integration with sub-stepping

In all previous implementations, the Runge-Kutta method was adopted in the integra-
tion of the hypoplastic model. However, in this thesis we adopt the explicit Euler for-
ward integration scheme with sub-stepping technique. This technique tracks the change
in the mobilized friction angle φmob, which is calculated as

sin2 φmob =
9 + (I1I2/I3)

1 + (I1I2/I3)
(7.21)

with I1, I2 and I3 being the first, second and the third stress invariant, respectively. The
change in the mobilized friction angle, denoted as ∆φmob, is calculated as

∆φmob =
∣

∣φ1
mob − φ0

mob

∣

∣ (7.22)

with the superscripts 0 and 1 indicating the initial and the updated value for the time
step, respectively. If ∆φmob > tol, the strain increment is divided into ninc sub-increments
with

ninc = INT

(

∆φmob

tol

)

+ 2, (7.23)

in which INT indicates the integer of the value. The tolerance tol was set to 1◦ for all
computations of this chapter.

7.2.4 Calculation of the constrained modulus

For the present MPM formulation, the time integration of the momentum equation is
restricted by the CFL condition as explained in Section 3.4.2. This condition requires the
constrained modulus Ec to calculate the wave speed and eventually the size of the crit-
ical time step; see Equation 3.117. Let us consider the case of one-dimensional straining
as in the odometer test. Hence, ε̇22 6= 0, but all other components of the strain rate tensor
are zeros. For the sake of simplicity, stresses are assumed to be isotropic and it follows
from Equation 7.6 that

σ̂ij =
1

3
δij and ˆ̂σij = 0 (7.24)

with σ̂ijσ̂ij = 1

3
. Given these conditions, Equations 7.9 and 7.8 result in ψ̂ = 0 and f = 1,

respectively. It can be shown that

L = fbfe

(

3 +
a2

3

)

and N = afdfbfe (7.25)
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with L and N being the components of the tensors Lijkl and Nij , respectively, corre-
sponding to ε̇22. Adopting the von Wolffersdorff model (Equation 7.3), the constrained
modulus becomes

Ec = L∓N (7.26)

with the minus and the plus sign indicating the loading and unloading conditions, re-
spectively. Applying the same conditions to the extended model after Niemunis and
Herle yields the following constrained modulus

Ec = [rχmT + (1− rχ)mR]L+










rχ (1−mT )L+ rχN for (Ŝij ε̇ij) > 0

rχ (mR −mT )L for (Ŝij ε̇ij) 6 0.

(7.27)

7.2.5 Numerical simulations of laboratory tests on "Schlabendorfer"

sand

The properties of the Schlabendorfer sand for use in the pile driving problems of this
chapter are listed in Tables 7.1 and 7.2. Simulations of the oedometer and triaxial tests
were carried out with initial relative densities of Id = 30%, 63% and 80%, corresponding
to initial void ratios of e0 = 0.83, 0.645 and 0.55, respectively.

Oedometer test Simulations were performed by increasing the compressive vertical
stress up to 100 [kN/m2] followed by unloading, in which the stress was decreased to
50 [kN/m2], and then a reloading up to 100 [kN/m2]. Figure 7.3 shows the vertical stress
versus the vertical strain for this case. The effect of small strain stiffness is observed up
to a strain of approximately 7 × 10−4. This is in-line with the prescribed small strain
range of R = 10−4. One notices some hysteresis corresponding to the case of Id = 30%,

Table 7.1: Hypoplastic model parameters of Schlabendorfer sand

parameter φc hs n̄ ed0 ec0 ei0 ᾱ β
unit [deg] [MN/m2] [−] [−] [−] [−] [−] [−]

value 33 1600 0.19 0.44 0.85 1.0 0.25 1.0

Table 7.2: Small strain stiffness parameters of Schlabendorfer sand

parameter mT mR R β̄ χ
unit [−] [−] [−] [−] [−]

value 2 5 0.0001 0.5 6
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Figure 7.3: Stress-strain curves of the oedometer problem with loading-unloading-
reloading

but it is not apparent for Id = 63% and 80%. The constrained modulus Ec at a stress
of 100 [kN/m2] (loading) was found to be 6870, 10400 and 13700 [kN/m2] for Id = 30%,
Id = 63% and Id = 80%, respectively. It was calculated as the tangent of the stress-strain
curve at the considered value of stress, i.e.,

Ec =
dσ22
dε22

, (7.28)

in which σ22 is the vertical stress and ε22 is the corresponding vertical strain. On apply-
ing Equation 7.27, one gets Ec = 8261, 12100 and 15460 [kN/m2] for Id = 30%, Id = 63%
and Id = 80%, respectively. One notices that Equation 7.27 overpredicts the constrained
modulus as it assumes an isotropic stress state.

Considering data on Ec-values from different sources and for different normally con-
solidated quartz sands, Vermeer [181] proposed the correlation Ec = 60Id [MN/m2] for
the tangent modulus at a reference stress of 100 [kN/m2]. For the range 30% < Id < 80%,
this correlation yields the range 18 < Ec < 48 [MN/m2], which is well beyond the pre-
dicted values from the present numerical simulations. In fact, the present data would
seem to be typical for a silty sand rather than a pure sand, but a silty sand would yield
lower peak friction angles than the ones of the present "Schlabendorfer" sand, see dis-
cussion in the next paragraph. It is thus concluded that the input data being used for
this material is not typical for a quartz sand and neither for a silty sand.

Triaxial compression test For the triaxial compression test, a confining pressure of
100 [kN/m2] was applied and then the vertical stress was increased until failure. Figure
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Figure 7.4: Stress-strain curves for the triaxial test

7.4 shows the stress-strain curves for different values of Id, with q being the difference
between the principal stresses σ1 and σ3, i.e., q = |σ1 − σ3|. The maximum value of q,
denoted as qmax, was found to be 253, 391 and 623 [kN/m2] for Id = 30%, 63% and 80%,
respectively, corresponding to peak friction angles of 33.8◦, 41.5◦ and 49◦. The curves for
the volumetric strain versus the vertical strain are shown in Figures 7.5.

Bolton [30] published an experimental database on peak friction angles of quartz sands.
Considering stress levels as reached in the present triaxial test simulations, this database
indicates peak friction angles in the range 33◦ < φpeak < 40◦, at least for relative densities
in the range 30% < Id < 80%. Hence, for low relative densities, the hypoplastic model
would seem to yield realistic peak friction angles, but with φpeak = 49◦ the model over-
predicts the peak friction angle for Id = 80%.

Here it should be realized that the hypoplastic model does not include stress-level de-
pendency of the peak friction angle, as clearly observed for dense sands. Considering
low stress levels up to 20 [kN/m2], Bolton’s data does show high peak friction angles
approaching even the above value of 49◦. Unfortunately, stress levels are high in pile
driving, which makes the model less attractive for the simulation of pile driving in dense
sands. In such cases, resulting peak friction angles from hypoplastic input parameters
would need special attention.

The stiffness modulus E50 Figure 7.6 illustrates the procedure of calculating the stiff-
ness modulus E50 from the triaxial test. It corresponds to q at 50% of the strength. Ap-
plying this procedure to the curves of Figure 7.4, one finds that E50 = 10500, 14770 and
19540 [kN/m2] for Id = 30%, 63% and 80%, respectively, with the respective ratio E50/E

c

being 1.53, 1.42 and 1.43.
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Figure 7.5: Volumetric strain versus vertical strain for the triaxial test

A database on sand stiffnesses in triaxial test was published by Schanz [144]. Con-
sidering data for many different quartz sands in the void ratio range 0.5 < e < 0.9,
stiffnesses in standard drained triaxial tests were found to be in the range 10 < E50 <

q m
a
x

q m
a
x
/2

E50

q

1

ε

Figure 7.6: Illustration of the procedure of calculating the stiffness modulus E50 from
triaxial test results
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60 [MN/m2], at least for tests with a confining pressure of 100 [kN/m2]. Considering void
ratios, the "Schlabendorfer" sand fits in, but its stiffness range of 10 < E50 < 20 [MN/m2]
is out. Similarly, the "Schlabendorfer" stiffness ratio of about 1.5 indicates a very silty
sand rather than a pure sand with a typical stiffness ratio of about one [145].

7.3 Geometry and boundary conditions

In this section, the geometry, boundary and loading conditions of the problem are pre-
sented.

7.3.1 Application of the moving mesh concept to the pile driving

problem

The concept of moving mesh of Section 4.5 was adopted in the modeling of the pile
driving problem. The computational domain was divided into a moving mesh and a
compressed mesh zones as illustrated in Figure 7.7. The moving mesh zone is attached
to the pile, i.e., as the pile penetrates into the soil, this zone moves with the same dis-
placement as the pile. The elements of this zone keep the same shape throughout the
computations. In contrast to the moving mesh zone, the elements of the compressed
mesh zone are compressed during the computations. The compression of this zone is
linearly distributed along its depth, with the nodes of its top surface getting the same
displacement of the pile and those of the bottom surface having zero displacements.

Because of this procedure, the fine mesh is always kept around the pile and the occur-
rence of elements having pile and sand particles is avoided. Adopting this procedure,
the pile is simulated in a way similar to that of Lagrangian finite elements and hence the
load is applied at the nodes of the pile head and never mapped to particles. Moreover,
the Lagrangian pile eliminates the need of identifying the new interface between the pile
and the soil during computations as the interface nodes coincide with the geometry of
the pile throughout the computations. As a consequence, the unit normal vectors, which
are required in the contact algorithm do not change and hence the inaccuracy of recom-
puting them is eliminated.

We should emphasize that, because of the downwards movement of the moving mesh
zone, a region with initially empty elements is required above the soil surface to ac-
commodate the material during computations, see Figure 7.7. The elements of the com-
pressed zone must have a reasonable aspect ratio (vertical to radial dimensions) in the
initial configuration to avoid mesh distortion after considerable penetration as these el-
ements are continuously compressed during the computations as explained above.

7.3.2 Pile tip geometry

For all computations, the diameter of the pile was fixed to 0.3 [m] with a tip angle of
68◦ and a tip length of 0.34 [m] as shown in Figure 7.8. In order to avoid numerical
difficulties, the sharp transition from the shaft to the tip was made curved.
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Figure 7.7: Concept of moving mesh for the pile driving problem: (a) initial configura-
tion with embedded pile (b) after pile penetration
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68◦

0.
34
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]

Figure 7.8: Pile tip geometry

As the problem is axisymmetric, only a sector was modeled and the line of symmetry
which passes through the tip point had to have roller boundaries for proper modeling of
the symmetry. The non-regular displacement of the tip point could not be modeled easily
as also indicated in Figure 7.9(left half). We observe that the use of roller boundaries
at the tip point resulted in a downward movement of the soil beneath the tip point.
However, allowing the tip point to be free, improved the displacement considerably as
indicated in Figure 7.9(right half). In this case, the displacement arrow at the tip point is
normal to the pile, as one might expect.

7.3.3 Converting the hammer impact into surface traction

In practice the pile is driven by dropping a hammer from a certain height successively
as indicated in Figure 7.10(a), in which m is the mass of the hammer, h is the drop height
and v =

√
2gh is the free falling velocity. The procedure of dropping the hammer can be

modeled using MPM, but for simplicity, the momentum gained by the hammer during
the free fall was converted into a traction acting at the pile head with a pre-defined
function in time. Reference [71] provided measurements data for the loading function,
with its time history being shown in Figure 7.11(left), where t1 is the load duration and
fmax is the peak load. The function was approximated as a so-called haversine as shown
in Figure 7.11(right). For any hammer blow, the approximated loading function reads

f (t) =



















fmax sin

(

πt

t1

)

for t 6 t1

0 for t > t1.

(7.29)

The peak load fmax can be calculated from the following momentum balance
∫ t1

0

fmax sin

(

πt

t1

)

dt = ηm
√

2gh (7.30)

and hence

fmax =
πηm

√
2gh

2t1
(7.31)
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displacement corresponding

to roller condition at the tip point

displacement corresponding

Figure 7.9: Boundary conditions of the pile tip point: (left half) roller boundaries (right
half) free from constraints

with η representing the hammer efficiency, i.e, the fraction of load transfered to the pile.
Following Borja [33], we adopted η = 64% for all computations of this chapter. The peak
pressure pmax at the pile head can now be written as

pmax =
πηm

√
2gh

2t1A
, (7.32)

in which A is the cross-sectional area of the pile.
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Figure 7.10: Illustration of the hammer drop (a) and the corresponding forcing function
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Figure 7.11: The forcing function for pile driving: (left) measured [71] and (right) the
approximation to haversine time distribution
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7.4 Shallow penetration

7.4.1 Problem description

In this section, a shallow pile driving problem is analyzed. The finite element mesh for
the problem is shown in Figure 7.12, along with a moving and a compressed parts. Tak-
ing advantage of the symmetry of the problem, only a sector of 20◦ was discretized. The
soil domain had a height of 1.6 [m] and a width of 1.2 [m]. The compressed mesh had an
initial height of 0.9 [m], whereas the moving mesh zone had an initial height of 1.45 [m]
including the initially empty mesh, which was required to accommodate sand particles
during computations, see Section 7.3.1.

A relatively fine mesh was used around the pile tip. The mesh had a total number of
elements of 5256 including the initially inactive elements, with the total number of par-
ticles being 56704. Four particles per pile element were used, with each element in the
compressed mesh zone having initially 20 particles, whereas each active element in the
moving mesh zone had initially 10 particles. An aspect ratio of 2 to 1 (vertical to radial)
was selected for the elements of the compressed zone to a radial dimension of 0.15 [m].

The pile, which was initially embedded in the soil to a height of 0.4 [m] from its tip
point, was assumed to behave according to the linear elastic constitutive relation, with
a Young’s modulus of E = 500 [MN/m2], a Poisson’s ratio of ν = 0 and a density
of ̺ = 2500 [kg/m3]. The Schlabendorfer sand had the material parameters that are
listed in Tables 7.1 and 7.2. The mass density of the sand grains was assumed to be
̺s = 2667 [kg/m3]. Although we consider sand with different initial relative densities, all
computations of this chapter were preformed with a dry density of ̺d = 1600 [kg/m3].
Dry sand is rare in reality, but for the sake of simplicity, we considered the dry unit
weight.

Considering a hammer having a mass of m = 200 [kg] dropped from a height of
h = 1 [m] and a load duration of t1 = 0.012 [s], the corresponding peak pressure at the
pile head was found to be pmax ≈ 1000 [kN/m2], see Equation 7.32. The time between
successive blows was t2 = 0.25 [s], corresponding to a driving frequency of 4 [Hz].

Roller boundaries were prescribed along the planes and lines of symmetry and the
pile tip point was free from constraint. To simulate the infinite soil domain, Kelvin-Voigt
elements with δ = 1 [m] were prescribed along the bottom and the vertical boundaries of
the mesh. The wave speeds that were necessary to compute the spring and the dashpot
coefficients of the Kelvin-Voigt element were varied with depth.

The initial stresses due to the weight of the soil and the pile were calculated in two
stages. In the first stage, the stresses due to the soil weight were calculated using K0-
procedure with K0 = 0.5. The void ratio decreased with depth according to Bauer’s
formula. In the second stage, the pile weight was applied and the computations were
carried out until quasi-static equilibrium was reached, according to the convergence cri-
teria of Section 4.9.
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Figure 7.12: The mesh of the shallow driving problem with the moving and compressed
mesh zones
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7.4.2 Results for varying pile damping

As the hypoplastic model accounts for the material damping, no other type of damp-
ing was required for the sand. According to the work of Mabsout and Tassoulas [115],
it is appropriate to use structural damping of the viscous type for the elastic pile. The
frequency dependent Rayleigh damping was adopted in reference [115] with a damping
ratio of ζd = 3% estimated at the natural frequency of the pile. On the other hand, the use
of the frequency independent local damping described in Section 4.10 is recommended
instead of Rayleigh damping. As validated in Section 4.10, the local damping factor α is
related to the damping ratio ζd as α = πζd.

Computations were carried out with different values of the local damping factor α to
study the effect of damping on the drivability of the pile. Three values were selected,
α = 0%, 6% and 9%, corresponding to ζd = 0%, 2% and 2.8%, respectively. For all com-
putations with varying damping factor, the coefficient of friction between the sand and
the pile was fixed to µ = 0.5 and an initial relative density of Id = 63% corresponding to
e0 = 0.645 was used for the sand.

Figure 7.13 compares the penetration depth with time for the first blow of the three
values of α. One observes that damping effects the penetration significantly. The final
penetration depth for the first blow was found to be 8.3 [cm], 6 [cm] and 5.12 [cm], for
α = 0%, 6% and 9%, respectively. The time required to reach the final penetration was
also effected by the damping. For the case of α = 9%, the final penetration was reached
rapidly (0.0875 [s]), whereas for cases of α = 6% and α = 0%, 0.11 [s] and 0.18 [s], respec-
tively, were required to reach the final penetration depth. Figure 7.14 shows the number
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Figure 7.13: Penetration depth with time for the first blow with µ = 0.5 and Id = 63%:
comparison of different damping factors
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Figure 7.14: Number of blows versus penetration depth for the case of µ = 0.5 and Id =
63%: comparison of different damping factors

of blows versus penetration depth for the considered cases. These results confirm the
importance of good estimation of the damping factor for predicting realistic drivabil-
ity of a pile. Figure 7.15 compares the finite element mesh of the problem in the initial
and final configuration after a penetration of 0.75 [m]. One observes that the compressed
mesh zone (z2) compressed by the same displacement as the pile, whereas the moving
mesh zone moved downwards with this displacement without any deformation of its
elements.
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z 1

z 1

z 2

(a) (b)

z 2

Figure 7.15: The finite element mesh of the shallow penetration problem with the mov-
ing mesh zone z1 and the compressed mesh zone z2: (a) initial configuration
and (b) after a penetration of 0.75 [m]

7.4.3 Results for varying skin friction

Another important parameter in the study of pile driving is the friction between the soil
and the pile, also called the skin friction. The skin friction influences the forces that are
resisting the pile penetration and hence the pile drivability. For the study of the friction
effect, we selected three values of the friction coefficient, µ = 0 and 1, corresponding
to the fully smooth and fully rough contact, respectively, which are considered to be
theoretical cases. The third value was µ = 0.5, which is realistic for concrete piles. All
computations for studying the effect of µ were carried out with a damping factor of
α = 6% in the pile, and an initial relative density of Id = 63% for the sand.

Figure 7.16 shows the results of penetration with time for the first blow for different
values of µ. For the case of fully smooth contact (µ = 0), the final penetration was
found to be 12.3 [cm], whereas in the case of fully rough contact, the pile penetrated
4.5 [cm], indicating high skin resistance. The penetration depth for the case of µ = 0.5
was found to be 6 [cm]. The results of the number of blows versus the penetration depth
are shown in Figure 7.17, indicating considerable differences in the drivability of the pile
with different skin friction. Figure 7.18 shows the particles distribution in the initial and
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Figure 7.16: Penetration depth with time for the first blow with α = 6% and Id = 63%:
comparison of different values of the friction coefficient

the final configuration for the case of smooth contact (µ = 0).
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Figure 7.17: Number of blows versus penetration depth for the case of α = 6% and Id =
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(b)(a)

Figure 7.18: Particles distribution (a) initial configuration (b) final configuration for the
case of α = 6%, Id = 63% and µ = 0
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7.4.4 Results for varying sand density

Computations with different values of the relative density were carried out, in which
Id = 30%, 63% and 80%, corresponding to loose, dense and very dense sand, respec-
tively [179], were selected. The respective initial void ratios were e0 = 0.83, 0.645 and
0.55. The computations were performed with µ = 0.5 and α = 6%.

The results of the penetration with time are shown in Figure 7.19. The final penetra-
tion depth for the first blow was found to be 12.8 [cm], 6 [cm] and 3.36 [cm] for the case
of Id = 30%, 63% and 80%, respectively. It is observed that the driving in the loose sand
(Id = 30%) showed practically no rebound of the pile, whereas the driving in the dense
sand (Id = 63%) and very dense sand (Id = 80%) showed a rebound of 0.6 and 1.6 [mm],
respectively. The rebound of the pile in a blow was calculated as the difference between
the maximum and the permanent penetration for a blow.

Figure 7.20 compares the drivability of the pile in sand for the three relative densities,
indicating a slow rate of penetration for the very dense sand (Id = 80%). Driving the pile
to a penetration depth of approximately 75 [cm] in loose, dense and very dense sand re-
quired 9, 19 and 34 hammer blows, respectively, indicating the need for heavier hammer
for deep penetration in the very dense sand.

Figure 7.21 shows the distribution of the void ratio along the depth for the case of very
dense sand (Id = 80%) at different offsets relative to the pile after 27.5 [cm] of driving.
Also shown, is the initial distribution of the void ratio after applying gravity alone. The
effect of the compaction (decrease of the void ratio) is observed in the figure. The com-
paction influenced the zone within a radius of 0.85 [m] from the pile for the very dense

-0.16

-0.12

-0.08

-0.04

0
0 0.05 0.1 0.15 0.2 0.25

pe
n

et
ra

ti
on

de
pt

h
[m

]

time [s]

Id = 80%
Id = 63%
Id = 30%

Figure 7.19: Penetration depth with time for the first blow with α = 6% and µ = 0.5:
comparison of different relative densities
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Figure 7.20: Number of blows versus penetration depth for the case of α = 6% and µ =
0.5: comparison of different relative densities

sand. Although not shown, compaction was observed for the dense sand (Id = 63%)
and the loose sand (Id = 30%), with the zones of influence being limited to 0.7 [m] and
0.65 [m], respectively. Figure 7.22 shows the contours of the horizontal displacement af-
ter the final penetration was reached for the case of the very dense sand (Id = 80%).
The contour scale ranges from 0 to 0.15 [m], with the extremes corresponding to blue and
red, respectively. The accumulated shear strains around the pile are shown in Figure
7.23 for the cases of very dense sand (Id = 80%). Considerable shearing of the sand was
developed because of the high friction coefficient (µ = 0.5).
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Figure 7.22: Horizontal displacement of sand in the final configuration for the case of
α = 6%, µ = 0.5 and Id = 80%, the scale ranges from 0 to 0.15 [m]
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Figure 7.23: Accumulated shear strains in the final configuration for the case of α = 6%,
µ = 0.5 and Id = 80%
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7.5 Deep penetration

7.5.1 Problem description

A pile driving problem for deep penetration is analyzed in this section. Figure 7.24
shows the finite element mesh of the problem along with the zones of the moving and
compressed mesh. Similar to the problem of Section 7.4, only a sector of 20◦ was dis-
cretized. The soil domain had a height of 4.55 [m] and a width of 1.2 [m]. The domain
from the bottom of the mesh to a height of 4.0 [m] represented the compressed mesh
zone, whereas the moving mesh zone was represented by the upper domain including
the initially empty mesh.

The mesh had a total number of elements of 6051 including the initially inactive ele-
ments with the total number of particles being 74856, distributed as 4 particles per each
element for the pile, with each element in the compressed mesh zone having initially 20
particles, whereas each active element in the moving mesh zone had initially 10 parti-
cles. The aspect ratio (vertical to radial) of the compressed mesh zone was initially 3 to 1
up to a radial dimension of 0.15 [m].

Similar to the previous example, the pile was initially embedded in the soil to a height
of 0.4 [m] from its tip point. The same procedure for calculating the initial stresses due
to the weight and the same material properties and boundary conditions of the previous
example were adopted in this example. All computations were performed with an initial
relative density of Id = 63%.

7.5.2 Results for varying driving pressure

Two hammers with different masses were considered in this problem, one having a mass
of m = 200 [kg] and the other a mass of m = 300 [kg], dropped from a height of h = 1 [m]
with a load duration of t1 = 0.012 [s]. The respective peak pressures were found to be
pmax ≈ 1000 and 1500 [kN/m2]. The time between successive blows was t2 = 0.5 [s], cor-
responding to a driving frequency of 2 [Hz].

Computations were carried out with α = 0% and µ = 0.5. The results of the number
of blows versus the penetration depth are shown in Figure 7.25. A penetration depth
of about 0.92 [m] required 10 blows with a driving pressure of pmax = 1000 [kN/m2]
and 7 blows with a pressure of pmax = 1500 [kN/m2]. The computations with pmax =
1000 [kN/m2] were stopped after the 10th blow as it was realized that heavier hammer
was required.

With the available computational resources, we computed 70 blows for the case of
α = 6% and µ = 0.5 with the heavy hammer (pmax = 1500 [kN/m2]). The results are
shown in Figure 7.26. The final penetration after 70 blow was found to be 2.1 [m]. The
distribution of void ratios after a penetration of 0.5 [m] is shown in Figure 7.28. The
contour scale ranges from 0.36 to 0.6, with the extremes corresponding to blue and red,
respectively. The value of 0.6 represents the initial void ratio of the red region approxi-
mately, indicating practically no compaction in this region, whereas one observes com-
paction around the pile.
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Figure 7.25: Number of blows versus penetration depth for the case of α = 0%, µ = 0.5
and Id = 63%: comparison of different drving pressure

Nevertheless, a penetration depth of about 3 [m] was reached with the case of α = 0%
and µ = 0 using a driving pressure of pmax = 1000 [kN/m2]. The results are shown in
Figure 7.27. High rate of penetration is observed for this idealized case. The 3 [m] pene-
tration required 11 blows. Figure 7.29 shows the particles distribution in the initial and
the final configuration of this case.

Referring to the dynamic anchor problem of Section 5.3, much deeper penetration
could be achieved (5.5 [m]) as the problem required much less computational time, con-
sidering that the load was monotonic and the soil was modeled using Mohr-Coulomb.
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Figure 7.28: Void ratios for the case of α = 6%, µ = 0.5, Id = 63% and pmax =
1500 [kN/m2] after a penetration of 0.5 [m], the scale ranges from 0.36 (blue)
to 0.6 (red)
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(a) (b)

Figure 7.29: Particles distribution for the case of α = 0%, µ = 0, Id = 63% and pmax =
1000 [kN/m2]: (a) initial configuration (b) after a penetration of 3 [m]
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Chapter 8

Concluding remarks

In the present study, the attention focused on the extension of the material point method
to geomechanical applications. Many fundamental issues were discussed and treated.
This chapter draws some conclusions from this study.

An extensive literature review was presented about the development of the material
point method (MPM), starting from its infancy at Los Alamos where it was originally
developed by Harlow in 1950. From this literature review, one concludes that MPM was
successfully applied to solve a wide range of problems in different engineering fields.
The method was shown to be a powerfully numerical technique, providing possibilities
of modeling large deformation and interaction between solid bodies.

One-step integration schemes for a second-order ordinary differential equation (ODE)
were studied and extended for application to the finite element governing equations,
aiming to circumvent the time step size restriction associated with the conditionally-
stable integration schemes. However, it was not possible to increase the size of the time
step beyond the critical one. This is consistent with the experience of others [46, 177, 193].

A solution to the well-known numerical dilemma of grid-crossing in MPM was pro-
posed. Gauss integration was adopted for quasi-static problems in a way that is identical
to that of Lagrangian FEM, in which the integration points have fixed local positions in-
side the element and never cross element boundary. Furthermore, smoothening of the
stresses variations was accomplished by using a stress averaging technique for those el-
ements that are fully filled. It was shown that the problem of the spacial oscillations in
stresses is mitigated by this procedure.

It is clear that MPM suffers from the same problem of pathological locking, which
is encountered when using low-order finite element method for incompressible prob-
lems, if mitigation procedures are not introduced. The enhanced volumetric strain pro-
cedure, which extends the volumetric behavior to include neighboring elements via a
least squares smoothening process, helps mitigating the problem of mesh locking. It
was shown that, the problem of overpredicting the stiffness because of the incompress-
ibility constraints induced by the low-order elements, could be treated by the enhanced
volumetric strain procedure.

In the analysis of soil dynamics, absorbing boundaries are introduced to prevent the
reflection of waves at the arbitrary selected boundary of the domain. One usually em-

197



Chapter 8 Concluding remarks

ploys so-called dashpots that will continuously creep under load. In order to limit such
non-physical displacements, the technique of the boundary dashpots was modified to a
Kelvin-Voigt type of response by combining the dashpot with a spring.

The material point method was extended to model the behavior of saturated soils un-
der dynamic loading. A velocity formulation was adopted, in which solid and fluid
phase velocities are the variables. Key components of the proposed approach are the
adoption of Verruijt’s [183] sequence of update steps when integrating over time, and
the enhancement of volumetric strains that mitigates the spurious pressure oscillations
which plague low-order finite element implementations. It was shown that the adopted
algorithm can predict dynamic response of saturated soil for various scenarios and can
accurately capture the propagation of the undrained wave followed by the damped
wave that is associated with the consolidation process. The algorithm was applied to
the problem of a sea dike being subjected to cyclic waves. Predictions of the dynamic
generation and dissipation of pore pressures were discussed as well as the effect of the
revetment and water stiffness on soil stresses and permanent deformations.

Numerical issues for quasi-static problems including single and two-phase were dis-
cussed, including the use of local damping and the prediction of the convergence to
quasi-static equilibrium. It was shown that the local damping cannot replace the absorb-
ing boundaries for dynamic problems. The interfaces between layers of different damp-
ing act as artificial constraints, leading to early reflection of the waves before reaching
the boundaries of the domain. Mass scaling procedure was also presented and tested. It
was shown that this procedure allows the use of large time steps when used to model
problems with slow rate of loading, in which the inertia effect can be disregarded.

MPM was applied to analyze different geomechanical problems. The collapse of a
tunnel face was analyzed and it was shown that the method can predict the dynamic
collapsing of the ground with a crater being formed on the ground surface. The pattern
of the tunnel face collapse was also investigated with the real collapse time. The insta-
bility of a slope and its quasi-static deformation was investigated. The installation of a
dynamic anchor was simulated. Different values of the frictional coefficient were used
at the contact surface between the soil and the anchor. Deep penetration of about 5.5 [m]
was reached, showing the capability of MPM in modeling deep penetration problems.

Considering cyclic loading in pile driving, a highly non-linear hypoplastic model was
used for sand. In contrast to the previous implementation of this constitutive model,
explicit Euler forward integration scheme with sub-stepping technique was adopted. A
formula to calculate the constrained modulus was derived from the constitutive equa-
tion of the model. The constrained modulus was required in the calculation of the criti-
cal time step size and the dashpots and springs coefficients of the Kelvin-Voigt elements.
Numerical simulations of oedometer and triaxial test were performed. Comparing the
values of predicted peak friction angles to the experimental database with the same
stress level, we observed that the hypoplastic model predicts realistic peak friction an-
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gles for low relative densities, but overpredicts the peak friction angles for high relative
densities. However, experimental data corresponding to lower stress level shows high
peak friction angles that are in-line with the values of the numerical predictions. Hence,
high stress levels in pile driving make the hypoplastic model less attractive in modeling
pile driving in dense sand as the model does not include stress-level dependency of the
peak friction angle. Considering stiffness data for different quartz sands, we observed
that the calibration of the input data needs special attention when using the hypoplastic
model. For further numerical simulations of pile driving, it is recommended to use data
from cyclic test results, e.g., data from triaxial test, simple shear and hollow cylinder
test. Such experimental data may be required to assess the performance of the consid-
ered model in cyclic loading.

Numerical simulation of pile driving using MPM was investigated. A procedure was
proposed to convert the hammer impact into a surface traction applied at the pile head.
Results of pile drivability in sand with different initial densities were presented. Also
investigated, was a parametric study including the variation of the pile damping, skin
friction and the driving pressure. Computations with shallow and deep penetration up
to 3 [m] were performed. It was shown that damping of the pile and the friction at the
contact surface between the pile and the soil effect the penetration rate considerably. For
further simulations, estimation of the damping factor and the frictional coefficients is
recommended.

The moving mesh concept was used in the modeling of the drop anchor and the pile
driving. The concept allows the fine mesh to move with the pile, avoiding elements that
contain both pile and soil particles. Adopting this procedure, the pile is modeled in a
way similar to that of a Lagrangian finite element, in which the computational mesh
aligns with the surface where tractions are prescribed and hence the load is applied at
the nodes of the pile head and need not be mapped to the particles. Furthermore, a
Lagrangian pile eliminates the need of identifying the new interface between the pile
and the soil during computations as the nodes of the interface surface coincide with the
material points of the pile throughout the computations. Hence, the unit normal vectors
which are required in the contact algorithm do not change and the inaccuracy of recom-
puting them is eliminated.

For further application of MPM, it is recommended that simulations be completed for
piles driven into saturated soil. This would include the prediction of the generation and
dissipation of pore pressures. Another application of the algorithm would be the simu-
lation of sand liquefaction. Very loose sand has a tendency to collapse under shear with
a decrease of the volume, which may be especially dangerous when the sand is saturated
with water. A saturated sand that would densify in a short time under shear could de-
velop large pore pressures leading to shear failure. This can have serious consequences
for the stability of slopes. For example, the sand in the estuaries in the south west of the
Netherlands is loosely packed because of the ever continuing process of erosion by tidal
currents and deposition of the sand at the turning of the tide.
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Appendix A

Formulation of frictional and adhesive contact

This appendix is devoted to the formulation of contact in the framework of the dynamic
MPM. Section A.1 presents the formulation and solution procedure of frictional contact
algorithm. This algorithm is extended to a more general adhesive contact in Section A.2.

A.1 MPM formulation and solution procedure of frictional

contact

Let us consider a general representative case of two solid continuums in contact as
shown in Figure A.1. A boundary representing the contact surface must be defined. Such
a contact surface is denoted as ∂Ωτc and indicated in Figure A.1. Hence, the boundary
of a continuum is now defined as

∂Ωu ∪ ∂Ωτ ∪ ∂Ωτvb ∪ ∂Ωτc = ∂Ω (A.1)

and
∂Ωi ∩ ∂Ωj = ∅ i, j = u, τ, τ vb, τ c. (A.2)

The contact surface ∂Ωτc represents the intersection of the surfaces of the two contacting
bodies, i.e.,

∂Ωτc = ∂Ω1 ∩ ∂Ω2 (A.3)

∂Ωc

∂Ωτvb

∂Ωu

∂Ωτ

Figure A.1: Two solid continuums in contact
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Appendix A Formulation of frictional and adhesive contact

with ∂Ω1 and ∂Ω2 being the boundaries of the two contacting bodies.

The contact algorithm adopted in this thesis might be viewed as a predictor-corrector
scheme, in which the velocity is predicted from the solution of each body separately and
then corrected using the velocity of the coupled bodies following Coulomb friction. In
this section, we consider the detailed formulation and solution procedure of the fric-
tional contact problem.

A.1.1 Initialization of equations of motion

To keep matters simple, we consider the case of two bodies in contact as shown in Fig-
ure A.2. One body is labeled as g indicating grey and the other as b indicating black.
Let us assume that the bodies are in contact at time t. The procedure for solving contact
starts with initializing the equations of motion for each body separately as well as for the
combined bodies on virtual meshes, requiring nc + 1 virtual meshes, where nc denotes
the number of contacting bodies. In our example, we require 3 virtual meshes; two for
solving the equations of motion of body g and body b separately and one to solve the
equations of motion of the combined bodies. Considering body g as example for the
initialization of the equations of motion on its own mesh, one can write

M t
g a

t
g = F

trac,t
g + F grav,t

g − F int,t
g = F t

g . (A.4)

We presume that the reader is familiar with the above equation from previous chapters.
The subscript indicates body g. In this appendix, we disregard the forces induced by the
viscous boundaries as well as damping forces. This is only to simplify the equations.
Such forces can be added easily to the equations of motion as done in Chapter 4. The
contact forces are not added to the equations of motion, as we predict the solution for
each body separately. The effect of such forces will be taken into account later as an
additional constraint to the predicted velocity. The mass matrix of body g is constructed
as

M t
g =

n̄elm

A
e=1

M t
e,g (A.5)

with

M t
e,g =











mt
1,g 0 · · · 0

0 mt
2,g · · · 0

...
...

. . .
...

0 0 · · · mt
en,g











. (A.6)

The matrix 0 is a null matrix and mi,g represents the mass of node i of body g. It is
defined as

mt
i,g =





mt
i,g 0 0
0 mt

i,g 0
0 0 mt

i,g



 . (A.7)
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body bbody g

k

l

Figure A.2: Illustrative example of two bodies in contacta

aAlthough particles are not shown for simplicity, each body represents a cloud of particles.

The mass mt
i,g is integrated considering only particles that belong to body g, i.e.,

mt
i,g ≈

nep,g
∑

p=1

mpNi

(

ξtp
)

(A.8)

with nep,g being the number of particles that belong to body g in the element. The initial
nodal velocity vector of body g at time t is calculated from the following equation

M t
g v

t
g = P

t
g , (A.9)

in which

P t
g ≈

n̄elm

A
e=1

nep,g
∑

p=1

mpN
T
(

ξtp
)

v̂tp (A.10)

is the nodal momentum vector of body g at time t. The traction force vector is then
assembled as follows

F̃ trac,t
g ≈

n̄τelm

A
e=1

nebp,g
∑

p=1

NT
(

ξtp
)

f̃ trac
p (A.11)

with nebp,g being the number of boundary particles that belong to body g in the element.
Then

F trac,t
g = F̃ trac,t

g T (t) . (A.12)

The nodal vector of body forces due to the weight of body g is integrated as follows

F grav,t
g ≈

n̄elm

A
e=1

nep,g
∑

p=1

NT
(

ξtp
)

f grav
p (A.13)
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and the internal forces vector due to stresses of body g is

F int,t
g ≈

n̄elm

A
e=1

nep,g
∑

p=1

BT
(

ξtp
)

σt
pΩ

t
p. (A.14)

The same procedure is repeated for body b to construct its equations of motion. Hence,
the resulting equations of motion for that body are

M t
b a

t
b = F

trac,t
b + F grav,t

b − F int,t
b

= F t
b . (A.15)

The equations of motion of the combined bodies g and b are obtained by simply adding
the masses and forces of the two bodies g and b, i.e.,

M t at = F t, (A.16)

in which
M t =M t

g +M
t
b and F t = F t

g + F
t
b . (A.17)

A.1.2 Prediction of nodal velocities

Having the equations of motion of body g, b and the combined bodies initialized, they
are then solved for the nodal acceleration as

at
g =M

t,−1
g F t

g , at
b =M

t,−1

b F t
b and at =M t,−1F t. (A.18)

The predicted nodal velocities at time t+∆t are calculated from the accelerations as

vt+∆t
g = vtg +∆tat

g , vt+∆t
b = vtb +∆tat

b and vt+∆t = vt +∆tat. (A.19)

The initial velocity vector, vt, of the combined bodies is computed using the same pro-
cedure explained in Equations A.9 and A.10 considering particles of both bodies.

A.1.3 Detecting contact nodes

Contact at nodes is detected by comparing the velocity of a single body to that of the
combined bodies. When these velocities differ, the node is identified as a contact node.
Let us, for example, consider nodes l and k of body g, see Figure A.2. It is clear that the
velocity of node l from body g is identical to that of the combined bodies as this node is
interior node and hence body b does not contribute to its equations of motion. Hence,
one can write the following

vt+∆t
l,g = vt+∆t

l , (A.20)

which tells that node l is not a contact node and hence no correction is required to its
predicted velocity. On considering node k, its combined velocity is different from the
single body velocity as this node is shared between the two bodies and hence both of
them contribute to equation of motion of the combined bodies. This means that

vt+∆t
k,g 6= vt+∆t

k (A.21)

and consequently this node is identified as a contact node. In the rest, we consider the
contact node k of body g for the formulation of the contact algorithm.
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vk · nk,g

k

approaching

body g

vk,g
vk

nk,g

vk,g · nk,g

nk,g

vk,g

vk · nk,g

vk,g · nk,g

separation

body g

vk

Figure A.3: Approaching and separation cases at a contact nodea

aThe time index is dropped and node k is assumed to be on the interface for simple illustration.

A.1.4 Checking for approaching and separation at a contact node

Now we detect whether or not the contact at the contact node k is broken by separation
or continued by approaching. This is done by comparing the normal component of the
single body velocity with the normal component of the combined bodies velocity. Hence,
the following two cases are possible

vt+∆t
k,g 6= vt+∆t

k =⇒











(

vt+∆t
k,g − vt+∆t

k

)

· nt
k,g > 0 approaching

(

vt+∆t
k,g − vt+∆t

k

)

· nt
k,g < 0 separation

(A.22)

with n being the unit outward normal to body g at node k. The cases of approaching and
separation are illustrated in Figure A.3. The algorithm allows for free separation and no
correction is required in that case. The solution for the separating node k is then vt+∆t

k,g .
In case the two bodies are approaching each other at a contact node, we check whether
or not sliding occurs.

A.1.5 Check for sliding at an approaching contact node

Let us denote the predicted relative normal and tangential velocities at an approaching
contact node k as vk,norm and vk,tan, respectively. One can now write

vt+∆t
k,norm =

[(

vt+∆t
k,g − vt+∆t

k

)

· nt
k,g

]

nt
k,g (A.23)

and

vt+∆t
k,tan =

(

vt+∆t
k,g − vt+∆t

k

)

− vt+∆t
k,norm

=
(

vt+∆t
k,g − vt+∆t

k

)

−
[(

vt+∆t
k,g − vt+∆t

k

)

· nt
k,g

]

nt
k,g. (A.24)

From vector algebra, one can show that

a× (b× c) = (a · c) b− (a · b) c (A.25)
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1

stick contact forces

‖fnorm‖

fmax
tan = µ ‖fnorm‖‖ftan‖

µ

Figure A.4: Contact forces for a stick case

with a, b and c being arbitrary vectors. If the above rule is applied on Equation A.24, the
relative tangential velocity can then be re-written as

vt+∆t
k,tan = nt

k,g ×
[(

vt+∆t
k,g − vt+∆t

k

)

× nt
k,g

]

. (A.26)

Having calculated the normal and tangential components of the predicted relative veloc-
ity, they can be used to predict the contact forces at the node. Hence, the normal force,
fk,norm, and tangential force, fk,tan, can be computed as

f t+∆t
k,norm =

mt
k,g

∆t
vt+∆t
k,norm and f t+∆t

k,tan =
mt

k,g

∆t
vt+∆t
k,tan , (A.27)

in whichmk,g is the mass of node k integrated from particles of body g, see Equation A.8.
According to Coulomb, the magnitude of the maximum allowable tangential force is
defined as

fmax,t+∆t
k,tan = µ ‖f t+∆t

k,norm‖

= µ
mt

k,g

∆t

[(

vt+∆t
k,g − vt+∆t

k

)

· nt
k,g

]

(A.28)

with µ being the coefficient of friction between the contacting bodies and ‖ ‖ indicates
the Euclidean norm of a vector, i.e., the magnitude of a vector. Depending on the pre-
dicted contact forces, two cases can be distinguished at an approaching contact node as
follows

Case I: stick or non-slip contact The contacting bodies stick to each other at the contact
node k when

‖f t+∆t
k,tan ‖ < fmax,t+∆t

k,tan . (A.29)

Hence, the solution at this node corresponds to the predicted non-slip velocity, i.e., vt+∆t
k

and no correction is required. The friction force, in this case, balances the tangential force
and hence no sliding occurs, i.e.,

f t+∆t
k,fric = −f t+∆t

k,tan . (A.30)

Figure A.4 illustrates the contact forces for a stick contact.
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Case II: slip or sliding contact Sliding occurs between the contacting bodies at the
contact node k when

‖f t+∆t
k,tan ‖ > fmax,t+∆t

k,tan . (A.31)

In this case, correction is required to ensure that the contacting bodies do not interpene-
trate each other and the magnitude of the tangential force should be brought back to the
maximum allowable value, i.e., fmax,t+∆t

k,tan . Such corrections are discussed in the following
section.

A.1.6 Correction for a sliding node

In this section, we present the procedure of correcting the normal and tangential compo-
nents of the predicted (forces / velocities) at a sliding node.

Correction of the normal component The predicted single body velocity vt+∆t
k,g is cor-

rected to a new velocity ṽt+∆t
k,g such that the normal component of the new velocity is

equal to the normal component of the combined bodies velocity, i.e.,

ṽt+∆t
k,g · nt

k,g = v
t+∆t
k · nt

k,g, (A.32)

which can also be written as

ṽt+∆t
k,g = vt+∆t

k,g + ct+∆t
k,norm (A.33)

with
ct+∆t
k,norm = −

[(

vt+∆t
k,g − vt+∆t

k

)

· nt
k,g

]

nt
k,g (A.34)

being the correction of the normal component of the predicted velocity. The above cor-
rection ensures no interpenetration between the contacting bodies, i.e., it enforces the
impenetrability condition to be satisfied at the contact node. The impenetrability condi-
tion is written, following the book of Belytschko et al. [21], as

Ωg ∩Ωb = ∅ (A.35)

with Ωg and Ωb being the domains of the considered contacting bodies.

It is clear from Equation A.33 that the correction of the normal component is equiva-
lent to applying the following normal contact force

f̃ t+∆t
k,norm =

mt
k,g

∆t
ct+∆t
k,norm

= −
mt

k,g

∆t

[(

vt+∆t
k,g − vt+∆t

k

)

· nt
k,g

]

nt
k,g. (A.36)

The graphical illustration of such a correction is shown in Figure A.5.
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k

body g

vk

(vk,g − vk) · nk,g

vk,gnk,g

Figure A.5: Correction of the normal component of the velocity

Correction of the tangential component When sliding occurs, the tangential compo-
nent of the single body velocity should be corrected such that the magnitude of the re-
sulting tangential contact force is bounded by the maximum allowed tangential force,
see Equation A.28. Hence, the new tangential force is written as

f̃ t+∆t
k,tan = fmax,t+∆t

k,tan t (A.37)

with t being a unit vector indicating the direction of the tangential force. It is however
calculated from the predicted tangential force, Equation A.27, as

t =
f t+∆t
k,tan

‖f t+∆t
k,tan ‖

=

mt
k,g

∆t
nt

k,g ×
[(

vt+∆t
k,g − vt+∆t

k

)

× nt
k,g

]

∥

∥

∥

mt
k,g

∆t
nt

k,g ×
[(

vt+∆t
k,g − vt+∆t

k

)

× nt
k,g

]

∥

∥

∥

. (A.38)

Substituting Equations A.28 into Equation A.37 yields

f̃ t+∆t
k,tan = µ

mt
k,g

∆t

[(

vt+∆t
k,g − vt+∆t

k

)

· nt
k,g

]

t. (A.39)

Hence, the frictional force is

f t+∆t
k,fric = −f̃ t+∆t

k,tan

= −µ
mt

k,g

∆t

[(

vt+∆t
k,g − vt+∆t

k

)

· nt
k,g

]

t. (A.40)

Figure A.6 illustrates the correction of the tangential forces. Having calculated the con-
tact normal force (Equation A.36) and the frictional force (Equation A.40), one can write
the resulting total contact force, f̃ t+∆t

k,cont, as

f̃ t+∆t
k,cont = f̃

t+∆t
k,norm + f t+∆t

k,fric

= −
mt

k,g

∆t

[(

vt+∆t
k,g − vt+∆t

k

)

· nt
k,g

] (

nt
k,g + µt

)

, (A.41)
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contact forces after correction

contact forces before correction

1

‖fnorm‖

fmax
tan = µ ‖fnorm‖‖ftan‖

µ

Figure A.6: Contact forces for a slip case

which is used to calculate the corrected velocity, ṽt+∆t
k,g , as

ṽt+∆t
k,g = vt+∆t

k,g +
f̃ t+∆t
k,cont

mt
k,g

∆t

= vt+∆t
k,g −

[(

vt+∆t
k,g − vt+∆t

k

)

· nt
k,g

] (

nt
k,g + µt

)

(A.42)

or
ṽt+∆t
k,g = vt+∆t

k,g + ct+∆t
k,norm + ct+∆t

k,tan (A.43)

with ct+∆t
k,norm being the correction of the normal component of the velocity as given in

Equation A.34 and
ct+∆t
k,tan = −µ

[(

vt+∆t
k,g − vt+∆t

k

)

· nt
k,g

]

t (A.44)

is the correction of the tangential component. The flowchart of Figure A.7 summarizes
the complete procedure of the adopted contact algorithm.

A.1.7 Updating particles

Having calculated the velocity of the contact node k at time t+∆t, one must re-calculate
the corrected acceleration vector of that node as

ãt
k,g =

ṽt+∆t
k,g − vtk,g

∆t
. (A.45)

Consequently, the acceleration vector of body g is computed by repeating the same pro-
cedure for all active nodes of this body. This acceleration vector is then used to update
the velocity and other information of particles that belong to body g following the mod-
ified Lagrangian algorithm of Section 4.4. We would like to emphasize here that the
same procedure of calculating the corrected velocity and acceleration of body g is then
repeated for body b.
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Figure A.7: Flowchart of the contact algorithm applied to node k of body g
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A.2 Extending the algorithm to adhesive contact

As the need of adhesive contact algorithm is essential in modeling geomechanical prob-
lems, we find it necessary to extend the existing frictional contact to a more general
adhesive contact. Equation A.28 is now extended to

fmax,t+∆t
k,tan = f t+∆t

k,adh + µ ‖f t+∆t
k,norm‖ (A.46)

with f t+∆t
k,adh being the force induced by the adhesion a which can be written as

f t+∆t
k,adh = aAt

k, (A.47)

where Ak is the contact area associated with node k. This area is integrated from the
contact elements that share node k. On re-considering Equation A.37 for the correction
of the tangential forces, one can write that

f̃ t+∆t
k,tan = fmax,t+∆t

k,tan t (A.48)

and hence

f̃ t+∆t
k,tan =

(

aAt
k + µ

mt
k,g

∆t

[(

vt+∆t
k,g − vt+∆t

k

)

· nt
k,g

]

)

t. (A.49)

The friction force is

f t+∆t
k,fric = −f̃ t+∆t

k,tan

= −
(

aAt
k + µ

mt
k,g

∆t

[(

vt+∆t
k,g − vt+∆t

k

)

· nt
k,g

]

)

t (A.50)

and then the contact force is written as

f̃ t+∆t
k,cont = f̃

t+∆t
k,norm + f t+∆t

k,fric

= −
mt

k,g

∆t

[(

vt+∆t
k,g − vt+∆t

k

)

· nt
k,g

] (

nt
k,g + µt

)

− aAt
kt. (A.51)

Having calculated the contact force, the corrected velocity is calculated as

ṽt+∆t
k,g = vt+∆t

k,g +
f̃ t+∆t
k,cont

mt
k,g

∆t

= vt+∆t
k,g −

[(

vt+∆t
k,g − vt+∆t

k

)

· nt
k,g

] (

nt
k,g + µt

)

− aAt
k∆t

mt
k,g

t. (A.52)
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Appendix B

The tetrahedral 4-noded element

The isoparametric tetrahedral 4-noded element adopted in this thesis is shown in Fig-
ure B.1 in both parent and global domains. For isoparametric elements, the same func-
tions that are used to approximate the field variable are used to map the geometry of the
parent domain to the global domain, i.e.

x (ξ, t) ≈
4
∑

i=1

Ni (ξ)xi (t) , (B.1)

where ξ is a vector indicating the natural or local coordinates system and written as

ξ =
[

ξ1 ξ2 ξ3
]T

(B.2)

andxi (t) is the vector of the global coordinates of node i at time t. The symbolNi denotes
the shape function of node i written in terms of the local coordinates system ξ. The
shape functions of the tetrahedral 4-noded element in terms of the local coordinates
system ξ are

N1 (ξ) = 1− ξ1 − ξ2 − ξ3,

N2 (ξ) = ξ3,

N3 (ξ) = ξ1,

N4 (ξ) = ξ2. (B.3)

The shape functions matrix for an element reads

N (ξ) =
[

N1 (ξ) N2 (ξ) N3 (ξ) N4 (ξ)
]

(B.4)

with

Ni (ξ) =







Ni (ξ) 0 0

0 Ni (ξ) 0

0 0 Ni (ξ)






. (B.5)

The derivatives of the shape functions with respect to the global coordinates system x

are required in the calculation of the strain-displacement matrix. They can be written
using the chain rule as follows
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Appendix B The tetrahedral 4-noded element

parent domain �

ξ1 =
[

0 0 0
]T

ξ3 =
[

1 0 0
]T

ξ4 =
[

0 1 0
]T

ξ2 =
[

0 0 1
]T

12 (x2)

13 (x4)

14 (x3)

2 (ξ2)ξ3

1 (ξ1) 11 (x1)

ξ2

4 (ξ4)

3 (ξ3)

x1
x3

x2
ξ1

x (ξ, t) ≈
4
∑

i=1

Ni (ξ)xi (t)

global domain Ωe

Figure B.1: The tetrahedral 4-noded element in parent (left) and global (right) domains

∂Ni (ξ)

∂x1
=
∂Ni (ξ)

∂ξ1

∂ξ1
∂x1

+
∂Ni (ξ)

∂ξ2

∂ξ2
∂x1

+
∂Ni (ξ)

∂ξ3

∂ξ3
∂x1

,

∂Ni (ξ)

∂x2
=
∂Ni (ξ)

∂ξ1

∂ξ1
∂x2

+
∂Ni (ξ)

∂ξ2

∂ξ2
∂x2

+
∂Ni (ξ)

∂ξ3

∂ξ3
∂x2

,

∂Ni (ξ)

∂x3
=
∂Ni (ξ)

∂ξ1

∂ξ1
∂x3

+
∂Ni (ξ)

∂ξ2

∂ξ2
∂x3

+
∂Ni (ξ)

∂ξ3

∂ξ3
∂x3

. (B.6)

As the derivatives of the natural coordinates ξ to the global coordinates x are not ex-
plicitly available, the derivatives in Equation B.6 are determined using an alternative
indirect procedure as follows. Let us write
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i = 1, 4. (B.7)

The first matrix on the right-hand side of Equation B.7 is known as the Jacobian matrix and
denoted J . With the use of Equation B.1, J can be put as

J =

















∂x1
∂ξ1

∂x2
∂ξ1

∂x3
∂ξ1

∂x1
∂ξ2

∂x2
∂ξ2

∂x3
∂ξ2

∂x1
∂ξ3

∂x2
∂ξ3

∂x3
∂ξ3

















≈



















4
∑
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∂Ni (ξ)
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4
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∂ξ1
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∂Ni (ξ)
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∂Ni (ξ)

∂ξ2
xi2
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∂Ni (ξ)

∂ξ2
xi3
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∂Ni (ξ)
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∂ξ3
xi2

4
∑

i=1

∂Ni (ξ)
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(B.8)
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with, for instance, xi1 denoting the coordinates x1 of node i. The Jacobian matrix at any
point within the element can be numerically calculated as the derivatives of the shape
functions with respect to the local coordinates ξ are explicitly available. The Jacobian
matrix can then be easily inverted so that

















∂Ni (ξ)

∂x1
∂Ni (ξ)

∂x2
∂Ni (ξ)

∂x3

















= J−1

















∂Ni (ξ)

∂ξ1
∂Ni (ξ)

∂ξ2
∂Ni (ξ)

∂ξ3

















i = 1, 4 (B.9)

with J−1 being the inverse of the Jacobian matrix.
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Appendix C

Numerical quadrature

C.1 Numerical quadrature over volume

The integration of a function f (x) over the current global domain Ωe of an element e is
related to its integration over the element parent domain � by

∫

Ωe

f (x) dΩ =

∫

�

f (x (ξ)) |J | d�, (C.1)

where |J | denotes the determinant of the Jacobian matrix. The right-hand side of Equa-
tion C.1 can be expressed as

∫

�

f (x (ξ)) |J | d� =

∫

ξ1

∫

ξ2

∫

ξ3

f (x (ξ)) |J | dξ1dξ2dξ3 (C.2)

and the numerical integration of the function f is then determined as

∫

ξ1

∫

ξ2

∫

ξ3

f (x (ξ)) |J | dξ1dξ2dξ3

≈
neq1
∑

i=1

neq2
∑

j=1

neq3
∑

k=1

wiwjwkf (x (ξi1, ξj2, ξk3)) |J (ξi1, ξj2, ξk3)| (C.3)

with neq1, neq2 and neq3 denote the number of integration points in the directions of ξ1, ξ2
and ξ3 respectively, wi is the integration weight of quadrature point i and ξi1 indicates
the local coordinate ξ1 of the quadrature point i. The integration of the function f (x) can
now be written for short as

∫

Ωe

f (x) dΩ ≈
neq
∑

q=1

wqf (x (ξq)) |J (ξq)| (C.4)

with neq = neq1 × neq2 × neq3 is the total number of quadrature points in an element
and wq = wi × wj × wk is the integration weight of quadrature point q. In this thesis, the
numerical integrations over the volume of a finite element are carried out using Gaussian
quadrature. As we consider low order shape functions, a single Gauss point per each finite
element can be used to perform the numerical integration over the element volume. The
coordinates of the single Gauss point in the tetrahedral parent element are ξ1 = ξ2 = ξ3 =
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1

4
and its weight is w = 1

6
[97]. Let us consider Equation 3.55 again, but replacing N̄ by

N as the numerical integration is performed in the parent domain. Hence,
(

nelm

A
e=1

∫

Ωe

NT̺eN dΩ

)

a =
nτelm

A
e=1

∫

∂Ωτe

NTτe dS

+
nelm

A
e=1

∫

Ωe

NT̺e g dΩ −
nelm

A
e=1

∫

Ωe

BTσe dΩ. (C.5)

Applying the numerical integration of Equation C.4 yields

(

nelm

A
e=1

neq
∑

q=1

wqN
T (ξq) ̺e (x (ξq))N (ξq) |J (ξq)|

)

a

=
nτelm

A
e=1

∫

∂Ωτe

NT (ξ) τe (x (ξ) , t) dS +
nelm

A
e=1

neq
∑

q=1

wqN
T (ξq) ̺e (x (ξq)) g |J (ξq)|

−
nelm

A
e=1

neq
∑

q=1

wqB
T (ξq)σe (ξq, t) |J (ξq)| (C.6)

and hence the terms of Equation 3.57 are

M c ≈
nelm

A
e=1

neq
∑

q=1

wqN
T (ξq) ̺e (x (ξq))N (ξq) |J (ξq)| ,

F trac =
nτelm

A
e=1

∫

∂Ωτe

NT (ξ) τe (x (ξ) , t) dS,

F grav ≈
nelm

A
e=1

neq
∑

q=1

wqN
T (ξq) ̺e (x (ξq)) g |J (ξq)| ,

F int ≈
nelm

A
e=1

neq
∑

q=1

wqB
T (ξq)σe (ξq, t) |J (ξq)| . (C.7)

However, F trac requires surface integration, which we shall discuss in the next section.

C.2 Numerical quadrature for surface tractions

Generally, the surface traction vector τ (x, t) can be seen as a multiplication of space
vector τ̃ (x) and a time function T (t), i.e.,

τ (x, t) = τ̃ (x) T (t) . (C.8)

However, when integrating surface tractions, only the space vector τ̃ (x) is involved
in the integration. Later during the computations, the time function T (t) is applied
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C.2 Numerical quadrature for surface tractions

integration pointnode

12

13
τ̃e

12

(b) (c)(a)

3

2 ξ1

ξ2

1
14 1111

13

Figure C.1: Surface traction (a) tetrahedral element (b) triangular element in global do-
main (c) parent domain with three Gauss points

as a multiplier. Let us consider the surface traction acting on the element shown in
Figure C.1. According to Equation C.8, the surface traction acting on a triangular element
e can be written as

τe (x, t) = τ̃e (x) T (t) . (C.9)

Its integration over the area of the triangular element is then
∫

Se

NT (ξ) τe (x, t) dS =

(∫

Se

NT (ξ) τ̃e (x) dS

)

T (t) . (C.10)

The above equation can be written for short as

F trac
e (x, t) = F̃ trac

e (x) T (t) , (C.11)

in which F trac
e (x, t) is the traction force vector of element e at time t and F̃ trac

e (x) is the
space vector of the traction force. The numerical integration of the space vector over the
area of a triangular element e can be written as

F̃ trac
e (x) =

∫

Se

NT (ξ) τ̃e (x) dS

≈
nseq
∑

q=1

wqN
T (ξq) τ̃e (x (ξq))Se, (C.12)

where ξ is the local coordinate vector in two-dimensions. It is written as

ξ =
[

ξ1 ξ2
]T
, (C.13)

nseq indicates the number of integration points per triangular element, wq is the local
integration weight of the integration point q, Se is the surface area of the considered
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Table C.1: Positions and weights of Gauss points in triangular element [97]

point ξ1 ξ2 w
1 0.16666 66666 66667 0.16666 66666 66667 0.33333 33333 33333
2 0.66666 66666 66667 0.16666 66666 66667 0.33333 33333 33333
3 0.16666 66666 66667 0.66666 66666 66667 0.33333 33333 33333

triangular element and N is a matrix containing the shape functions of the 3-noded
triangular element, which is used to perform the integration of the surface traction in
this thesis. The matrixN has the following form

N (ξ) =
[

N1 (ξ) N2 (ξ) N3 (ξ)
]

(C.14)

with

Ni (ξ) =







Ni (ξ) 0 0

0 Ni (ξ) 0

0 0 Ni (ξ)






. (C.15)

The shape functions of the 3-noded triangular element are given in terms of the local
coordinates system ξ as follows

N1 (ξ) = 1− ξ1 − ξ2,

N2 (ξ) = ξ1,

N3 (ξ) = ξ2. (C.16)

The element traction τ̃e at an integration point q can be interpolated from the nodal
values using the shape functions of the triangular element, i.e.,

τ̃e (x (ξq)) ≈
ntri
∑

i=1

Ni (ξq) τ̃e (xi) (C.17)

with ntri represents the number of nodes in the considered triangular element and τ̃e (xi)
denotes the traction vector at node i of element e. Substituting Equation C.17 into Equa-
tion C.12 yields

F̃ trac
e (x) =

∫

Se

NT (ξ) τ̃e (x) dS

≈
nseq
∑

q=1

wqN
T (ξq)

(

ntri
∑

i=1

Ni (ξq) τ̃e (xi)

)

Se. (C.18)

The positions and integration weights of Gauss points in the parent domain of the tri-
angular elements with three integration points are listed in Table C.1. The local nodal
coordinates of the 3-nodes in the triangular element, shown in Figure C.1 are

ξ1 =
[

0 0
]T
,

ξ2 =
[

1 0
]T
,

ξ3 =
[

0 1
]T
. (C.19)
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C.2 Numerical quadrature for surface tractions

The numbering of Gauss points in the parent element takes the same sequence of num-
bering the nodes. In this thesis, we use the same time function T (t) for all elements
where surface tractions are prescribed. The global vector of the space traction forces
F̃ trac (x) can now be assembled from elements vectors

F̃ trac (x) =
nτelm

A
e=1

F̃ trac
e (x) (C.20)

with nτelm denotes the number of triangular elements where surface tractions are pre-
scribed. The global traction force vector can now be written as

F trac (x, t) = F̃ trac (x) T (t) . (C.21)
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Appendix D

The assemblage procedure

For simple explanation of the assemblage procedure of global vectors and matrices from
the local ones, we consider two elements from a two-dimensional mesh, see Figure D.1.
The considered elements are 4-noded rectangular elements with two degrees-of-freedom
per each node. Let us consider the assemblage of a vector F from the local vectors of
elements e1 and e2, which are denoted as F1 and F2 respectively as shown in Figure D.1.
Each element vector has 8 components, which are the degrees-of-freedom of the 4-noded
rectangular element. The global vector F consists of (2× nT ) component, where nT

denotes the total number of nodes in the considered mesh and 2 corresponds to the
number of degrees-of-freedom per each node in the considered example. However, in
Figure D.1, only a part of the global vector is shown for illustration. The assemblage
procedure is done so that each node contributes to its corresponding global storages in

1

f 1
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f 1
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f 2
x1

f 2
x2

f 3
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f 4
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Figure D.1: Illustration of the assemblage procedure of a global vector from elements
local vectors in two-dimensional mesh
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Appendix D The assemblage procedure

the global vector. The global storages of a node n are

nx1
= (2× n)− 1

nx2
= nx1

+ 1

with nx1
and nx2

are the global degrees-of-freedom of node n in x1 and x2 directions re-
spectively. Let us now consider, for instance, node 7 from element e1. Its global storages
are

nx1
= (2× 7)− 1

= 13

nx2
= 14

and hence node 7 should contribute to the global storages 13 and 14, which is illustrated
in Figure D.1. Of course, in the computer implementation of the finite element method,
one should store the global numbering of the nodes in a matrix usually called connec-
tivity matrix and hence when looping over the local numbering of the nodes in each
element, the corresponding global number of each node can be accessed using the con-
nectivity matrix.

The above procedure can be used in three-dimensional FEM. In this case, the di-
mension of the global vector should then be (3× nT ), where 3 indicates the number of
degrees-of-freedom per node. The global storages of a node n in x1, x2 and x3 directions
are

nx1
= (3× n)− 2

nx2
= nx1

+ 1

nx3
= nx1

+ 2.
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Appendix E

Initial position of particles in the tetrahedral
parent element

Let us define the following

a =
5−

√
5

20
, b =

5 + 3
√
5

20
, c =

3a+ b

4
and d =

a+ b

2
. (E.1)

The initial position of particles are given in the following tables

Table E.1: One particle per element

particle ξ1 ξ2 ξ3
1 c c c

Table E.2: Four particles per element

particle ξ1 ξ2 ξ3
1 a a a
2 a a b
3 b a a
4 a b a

Table E.3: Eight particles per element

particle ξ1 ξ2 ξ3
1 0.5c 0.5c 0.5c
2 0.5c 0.5c 2.5c
3 2.5c 0.5c 0.5c
4 0.5c 2.5c 0.5c
5 c 0.5c c
6 c 1.5c c
7 0.5c c 1.5c
8 1.5c c 0.5c
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Table E.4: Ten particles per element

particle ξ1 ξ2 ξ3
1 a a a
2 a a b
3 b a a
4 a b a
5 a a d
6 d a a
7 a d a
8 d a d
9 a d d
10 d d a

Table E.5: Twenty particles per element

particle ξ1 ξ2 ξ3
1 0.2c 0.3c 0.3c
2 1.2c 0.4c 0.2c
3 2.2c 0.4c 0.3c
4 3.1c 0.4c 0.2c
5 0.3c 1.4c 0.2c
6 1.4c 1.4c 0.3c
7 2.1c 1.4c 0.2c
8 0.2c 2.4c 0.3c
9 c 2.4c 0.4c
10 0.3c 3.2c 0.4c
11 0.3c 0.4c 1.3c
12 c 0.4c 1.4c
13 1.6c 0.4c 1.3c
14 0.4c 1.2c 1.4c
15 0.8c 1.2c 1.4c
16 0.3c 1.8c 1.3c
17 0.3c 0.3c 2.1c
18 0.7c 0.3c 2.2c
19 0.3c 0.7c 2.2c
20 0.3c 0.3c 3c
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