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Preface

I always thought writing my thesis would result in a nice linear story and

considerably easy to understand as the results built up on each other as the

project went along. Unfortunately, merging the �elds of model order reduc-

tion for nonlinear systems with kernel methods provided too many relevant

aspects as could be covered within the three years time. Consequently, a

focus had to be set and coincidence played its role towards which topic was

dealt with next.

In the beginning, I started with the combination proposed in the project key

paper from Philips et al. [131], and focused on a-posteriori error estimates.

Due to enough possible choices for itself, those estimators had been devel-

oped without including the kernel approximation error in a practical way.

�us, I started working on kernel approximation algorithms and conver-

gence rates, but shortly a�erwards the scienti�c exchange at Rice Univer-

sity opened the perspective to the discrete empirical interpolation method

(DEIM) as an alternative for nonlinear approximation. As the previously

developed error estimator structure was applicable, including proper means

of assessing the nonlinear approximation error, my focus shi�ed over to the

alternative combination. Additionally, collaborations within the SimTech

cluster of excellence at the University of Stu�gart led me to investigate al-

ternative applications of the considered kernel approximation methods. In

the context of multiscale methods, this turned out to be a promising ap-

proach in itself.

In the end, I fell upon two general types of models that I had reduction

concepts for and also two di�erent classes of nonlinear approximation tech-

niques. �is led me to organize this thesis as follows: At �rst, I introduce

the nonlinear approximation techniques in a context separated from dynam-

ical systems. Secondly, the MOR techniques will be introduced independent

from each other, both using a suitable sub-part of the previously introduced

nonlinear approximation schemes. Lastly, the error estimation results for
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dynamical systems are presented in consideration of both di�erent nonlin-

ear approximations using kernels and DEIM. My aim is to clarify the con-

nections and ease the navigation inside this work.
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Chapter 1

Introduction

Modeling and simulation of natural or technical processes has developed an

important role in both research and industry. Not only can we choose the

appropriate clothing depending on the latest weather forecast, simulations

have also helped designing new modern cities and tra�c guidance systems.

�ey also o�er a wide range of applications in engineering, medicine and

are even applied at the stock market. �is is mainly made possible by the

huge increase in computational capacity over the last decades, which allow

simulations in previously unthinkable orders of magnitude.

Typically, the considered problems are parameterized in nature, e.g. shape,

material, di�usivity or initial conditions, yet, as the computational power

increases, so do the demands of science and industry for even more com-

plex and detailed simulations. Consequently, there will always be applica-

tions that exceed the capacity of current hardware. �ese applications do

not necessarily only comprise of the so called forward simulations, where a

single (physical) process is simulated for prescribed conditions and parame-

ters. More o�en, the actual problems of interest are higher-level applications

like optimization, uncertainty quanti�cation or inverse problems, which in

turn involve many expensive forward simulations for di�erent parameters.

Hence, if expensive simulations are repeatedly executed in such a many-
query context, the overall scienti�c task might be practically unsolvable due

5



6 CHAPTER 1. INTRODUCTION

to time or monetary constraints. Furthermore, another di�culty regarding

expensive simulations arises in the real time context. For example, to in-

crease productivity or e�ciency of an industrial process or machine, it can

be essential if a live simulation with the current real world data can be run

on the �y to provide optimal control parameters. In this se�ing it is crucial

to ensure a rapid response of the simulation at limited hardware capacity.

Before we start with the key concepts, please note that the scienti�c contexts

will be established in their individual chapters and sections.

Facing the above mentioned di�culties, the �eld of “model order reduction”

(MOR) has developed along with the increasing model complexity. We re-

mark that in this work, MOR is discussed from a mathematical perspective.

Of course, models can also be reduced in complexity conceptionally by, for

example, leaving out non-essential parts of the original formulation. How-

ever, this approach contradicts the overall paradigm of increasing model

complexity to obtain more detailed and realistic results. Instead, mathe-

matical MOR concepts aim at reducing complexity without changing the

initial problem setup. �ey mostly rely on approximation of model compo-

nents based on analytical features and/or snapshots. �ese are simulations of

the full model or subparts thereof, for certain presumably “good” prescribed

con�gurations.

As there are di�erent types of models, there are also di�erent types of MOR

approaches for each (class) of them. In this thesis, we shall consider “dy-
namical systems” and “multiscale models” with an emphasis on the former.

Dynamical systems are a very general class of models, which essentially de-

scribe the evolution of a process over time. Dynamical systems themselves

can be divided into many di�erent types and those relevant to our context

will be introduced in Section 1.3, whereas MOR techniques will be discussed

in Chapter 3. Multiscale models, on the other hand, describe (physical) phe-

nomena which involve scales that may di�er over several orders of mag-

nitude in time and/or space. �e existence of own models for each scale

naturally leads to the many-query context discussed above, this and the in-
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volved concepts will be introduced in Chapter 4.

Another inevitable di�culty is that many processes or phenomena are non-

linear in nature. Even though it might be possible to describe the e�ects

of interest using suitable nonlinear terms, it is a fundamental problem for

MOR techniques to be e�cient for multiple nonlinear problems as well.

Frequently, this problem is approached by “nonlinear approximation” tech-

niques, which provide surrogates for nonlinear model components and also

satisfy requirements for e�cient application of other MOR techniques, cf.

Section 3.2.

One such approach was outlined in the work of Philips et al. [131], which

considers “kernel methods” for nonlinear approximation in the context of

MOR for a nonlinear resistor-capacitor model. Unfortunately, the work on

this combined topic has not been continued since, which led us to investi-

gate where kernel methods can successfully contribute to MOR of dynamical

systems and multiscale models. A �rst result is an extension of the list of

applicable kernels suitable for the proposed method. As a wide range of

techniques and applications regarding kernel methods has already been de-

veloped, we shall establish the core concepts of kernels in Sections 1.1 and

1.2. �en, Chapter 2 details selected new and existing applications.

Another yet unmentioned aspect is of paramount importance as soon as

MOR techniques are applied: Error estimation. Without proper means to

assess the approximated model qualitatively and/or quantitatively, there is

li�le use of MOR when it comes to incorrect results or ultimately to liability

issues. Consequently, we put an emphasis on (a-posteriori) error estimation

of the considered MOR schemes. �e results in this area will be discussed in

Chapter 5.

Lastly, would like to establish some frequently used notation and complete

the introduction by establishing core concepts used throughout this work.

Let Ω ⊆ Rd
be a closed domain unless said otherwise. Also, letG ∈ GLd(R)

be a symmetric positive de�nite matrix which induces the scalar product

〈x,y〉G := xTGy and norm ||·||G on Rd
. If omi�ed, we assume the standard
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Euclidean caseG = Id, where Id denotes the d-dimensional identity matrix.

Further, we shall use MatLab-style indexing in order to refer to subparts or

blocks of matrices, e.g. A[:, 1:k] refers to the �rst k columns of a matrix A

or A[1:l, 1:l] denotes the upper le� l × l block of A. For any square matrix

A, we denote the spectrum ofA by σ(A). Similar to MatLab, we will write

[a, b] = f(c) for an operation f that returns two values a, b, e.g. [v, λ] =

maxσ(A) for the eigenvector v corresponding to the largest eigenvalue λ

of a matrix A. Finally, we shall use normal lower case le�ers a to denote

scalar values, bold lower case a for vectorial and bold upper case A for

matrix-valued quantities throughout this work. Sections 1.1 and 1.2 detail

the concepts of kernels and their associated Hilbert spaces and Section 1.3

introduces the considered classes of dynamical systems.

�is thesis contains contents which are already published or have been submit-
ted for publication in a very similar form.

Section 2.2 is based upon joint work with B. Haasdonk which has already been
published in [183].

Chapter 4 is based upon joint work with N. Karajan and B. Haasdonk which is
available as submi�ed pre-print [185].

Section 5.1 is based upon joint work with B. Haasdonk which has already been
published in [182]. �e results from Subsection 5.1.3 are based upon joint work
with B. Haasdonk which have already been published in [181].

Section 5.2 is based upon joint work with D. C. Sorensen and B. Haasdonk,
whose manuscript [186] has recently been accepted.

1.1 Kernels

Basically, any function K : Ω × Ω → R can be called a “kernel”, where the

original naming stems from the use of such functions in integral operators
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[78]. Relevant in this thesis’ context are real-valued kernels operating on

real-valued vector spaces, albeit the kernel theory can be transferred to more

general se�ings. Moreover, kernels become more interesting in a wide range

of applications if additional properties are assumed. �e most commonly as-

sumed property is symmetry, which is given ifK(x,y) = K(y,x) ∀ x,y ∈
Ω. Furthermore, the concept of positive de�niteness [19, 178] is crucial when

it comes to function spaces.

De�nition 1.1.1 (Positive de�nite kernels). A kernel K is called “positive
de�nite”, if for all n ∈ N, X = {x1, . . . ,xn} ⊂ Ω pairwise distinct and

c ∈ Rn\{0} we have

n∑
i,j=1

cicjK(xi,xj) > 0. (1.1)

A kernel is called “positive semi-de�nite”, if only ≥ 0 holds in (1.1).

Remark 1.1.2. For the de�nition of positive de�niteness exist two slightly

di�erent points of view in literature, which can cause confusion if not han-

dled carefully. In e.g. [13, 152], equation (1.1) is relaxed to≥ instead of>, but

is still called positive de�nite (with > being strictly positive de�nite). With

De�nition 1.1.1 we follow [178], where the relaxed condition ≥ amounts to

positive semi-de�niteness. While the consequences of di�erent de�nitions

are of mostly technical nature, we chose to stick with positive de�niteness

using the strict condition, as it is in agreement with the induced properties

of kernel matrices, see De�nition 1.1.5.

�ere are two commonly used classes of kernels, which will also be of rele-

vance in this work.

De�nition 1.1.3 (Inner product kernels). A kernelK is called “inner product
kernel”, if

K(x,y) := φ
(
〈x,y〉G

)
, ∀ x,y ∈ Ω,

for some scalar function φ : R→ R.
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De�nition 1.1.4 (Translation- and rotation invariant kernels). A kernel K

is called “translation- and rotation invariant”, if

K(x,y) := φ
(
||x− y||G

)
, ∀ x,y ∈ Ω,

for some scalar function φ : R+ → R. Note that rotations w.r.t. the induced

G-norm (G-orthogonal transformations) are implied here.

�e la�er type of kernel is also commonly referred to as “radial basis func-
tion” (RBF) kernel, where one argument is considered the center (say x) and

the resulting functionK(x, ·) : Ω→ R is radial-symmetric. For both classes

of kernels the symmetry is obvious, and for the RBF case the (semi-) positive

de�niteness is given if a similar property holds for the inducing φ. See e.g.

[19, 13] or [178, §6] for more complete characterizations of RBF and positive

de�nite functions.

De�nition 1.1.5 (Kernel matrices and vectors). LetK be a kernel. ForX =

{x1, . . . ,xn} ⊂ Ω we denote by

KX :=
(
K(xi,xj)

)
ij
, i, j = 1 . . . n,

the kernel matrix of K with respect to X . Further we denote for x ∈ Ω by

kX(x) :=
(
K(x1,x), . . . , K(xn,x)

)T
∈ Rn, (1.2)

the kernel vector of K at x with respect to X . For ease of reading, we will

omit the subindices X inKX ,kX whenever it is clear from context.

From (1.1) it is clear that symmetry or positive (semi-)de�niteness of the

kernel directly transfers to the respective properties of the kernel matrix

(for pairwise distinct points X).
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1.1.1 Kernel examples

Typical examples for positive semi-de�nite inner product kernels are

Kl(x,y) = 〈x,y〉G linear kernel,

Kp(x,y) = (1 + 〈x,y〉G)p polynomial kernel of degree p ∈ N.

Famous examples for positive de�nite RBF kernels on Rd
are

Kg(x,y) = φg

(
||x− y||G

γ

)
“Gaussian”, (1.3)

Kd,k
w (x,y) = φd,kw

(
||x− y||G

γ

)
“Wendland”, (1.4)

where γ > 0 is a dilation hyperparameter or kernel width. �ey are induced

by the RBFs

φg(r) = e−r
2

, φd,kw (r) = (1− r)l+k+ pd,k(r),

where for k ∈ {1, 2, 3} we have the de�nitions l := bd/2c+ k + 1 and

pd,1(r) = (l + 1)r + 1,

pd,2(r) =
1

3
(l2 + 4l + 3)r2 + (l + 2)r + 1,

pd,3(r) =
1

15

(
(l3 + 9l2 + 23l + 15)r3

+ (6l2 + 36l + 45)r2
)

+ (l + 3)r + 1.

Here, k is a hyperparameter for smoothness in the sense of Kd,k
w ∈ C2k(Ω) if

Ω ⊆ Rd̂, d̂ ≤ d. Note that the Gaussian kernel is positive de�nite for any d ∈
N, whereas the polynomials pp,k of the Wendland kernel explicitly depend

on d. We refer to e.g. [178, §9] for more details. Figure 1.1 shows di�erent

kernels for varying x at y = 0. Moreover, there are many more kernels

like inverse multiquadrics, thin plate splines [177] or Matern-Kernels [115,

17], where the la�er have been ge�ing more a�ention recently as they are
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Figure 1.1: Kernel examples. Top row with d = 1: Kg(γ = 0.33), K2,0
w and K1,1

w . Bo�om row
with d = 2: Kg(γ = 0.49), K2,0

w and K3,3
w . We use γ = 1 for all Kw.

the reproducing kernels for certain Sobolev spaces and have controllable

smoothness like the Wendland kernels. Actually, the correct choice of kernel

is o�en crucial for the successful application of the numerical method they

are applied within. Unfortunately, in many cases a satisfying answer about

the “best” kernel choice cannot be readily given. For more examples and

details on kernels we refer to e.g. [62, 58, 147, 178, 152, 13].

Remark 1.1.6. Despite the “direct” kernel de�nitions as e.g. radial or scalar

product kernels, basic algebraic combinations (sums with positive weights,

products) of kernels are again kernels. We will not go into detail here, how-

ever, we will utilize this by using a product of three possibly di�erent kernels

in the context of time- and parameter-dependent functions, cf. Section 1.3.2

and Section 3.2.1.

1.2 Reproducing kernel Hilbert spaces

In this work we will not only deal with kernels but also with certain Hilbert

spaces that are strongly connected to them. In the following we shall shortly

recall the essential aspects along the lines of [178, §10] and refer to this work
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for more background. �e type of Hilbert spaces we consider are called re-

producing kernel Hilbert spaces (RKHS). �ey have a characteristic relation

to a “reproducing kernel” [8], which we de�ne next.

De�nition 1.2.1 (Reproducing kernel). LetK : Ω×Ω→ R be a kernel and

H a real Hilbert space of functions f : Ω → R with scalar product 〈·, ·〉H.

�en K is called a “reproducing kernel” if

K(x, ·) ∈ H ∀ x ∈ Ω, (1.5)

f(x) = 〈f,K(x, ·)〉H ∀ f ∈ H,x ∈ Ω. (1.6)

�e elements K(x, ·) are also known as kernel translates and the property

(1.6) is called “reproducing property” of K in H. If a reproducing kernel K

exists forH, it is unique and positive semi-de�nite, cf. [178].

Note that the kernel translates K(x, ·) are the Riesz-representative of the

point-evaluation functionals δx ∈ H∗.

However, as explicit representations of reproducing kernels or even proof of

existence are not available for Hilbert spaces in general, one is interested in

how to �nd the associated Hilbert space for a given kernel. In fact, for any

symmetric, positive de�nite (s.p.d.) kernel there exists such a Hilbert space,

also referred to as the “native space” of a kernel K . At �rst we will look at

linear vector spaces, as they will play an important role in subsequent parts

of this work.

De�nition 1.2.2 (Kernel vector spaces). Let K : Ω × Ω → R be a kernel

and X ⊂ Ω. �en we denote by

HX := 〈{K(x, ·) | x ∈ X}〉

the R-vector space spanned by all translates K(x, ·), where 〈·〉 is a short-
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hand for the span operation. �e elements or functions

f(x) =
n∑
i=1

ciK(xi,x) ∈ HX , ci ∈ R, (1.7)

from HX
are called kernel expansions and ci expansion coe�cients. For a

�nite X = {x1, . . . ,xn}, HX
is an at most n-dimensional R-vector space

spanned by K over X .

Note that, for general X ⊂ Ω with |X| = n, we have dim(HX) = n only

if K is positive de�nite, as kernel translates K(x, ·), K(y, ·) for x 6= y can

be linearly dependent for semi-de�nite kernels. Now, equipping HΩ
with a

suitable scalar product and considering its completion, we can construct the

native space for K .

Lemma 1.2.3 (Kernel pre-Hilbert spaces). Let K : Ω × Ω → R be a s.p.d.
kernel. Further de�ne onHΩ the bilinear form〈

n∑
i=1

αiK(xi, ·),
m∑
i=1

βiK(yi, ·)

〉
HΩ

:=
n∑
i=1

m∑
j=1

αiβjK(xi,yj),

where xi,yj ∈ Ω and αi, βj ∈ R, i = 1 . . . n, j = 1 . . .m, de�ne two func-
tions from HΩ. �en 〈·, ·〉HΩ is an inner product and HΩ a pre-Hilbert space
with reproducing kernel K .

Proof. �e symmetry is obvious and for any f =
n∑
i=1

αiK(xi, ·) 6= 0 we have

〈f, f〉H =
n∑
i=1

n∑
j=1

αiαjK(xi,xj) > 0

by (1.1, p.9) and f ≡ 0 implies 〈f, f〉H = 0. Moreover,

〈f,K(y, ·)〉H =
n∑
i=1

αiK(xi,y) = f(y)
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establishes the reproducing property of K onHΩ
.

Remark 1.2.4. �e construction in Lemma 1.2.3 also works for semi-de�nite

kernels K . However, in that case the representation of any f ∈ HΩ
is not

unique anymore and the proof would get more technical.

De�nition 1.2.5 (Reproducing kernel Hilbert spaces). Let K : Ω× Ω→ R
be a s.p.d. kernel. We then denote by

H = HΩ = 〈{K(x, ·) | x ∈ Ω}〉

the “reproducing kernel Hilbert space” or native space of K induced over Ω.

Note that function evaluations for elements of the completion can be de�ned

using the reproducing property and continuity of the scalar product; again

we refer to [178, §10] for more details. �e following de�nition introduces

the vectorial RKHS we will be dealing with later.

De�nition 1.2.6 (Vectorial Hilbert Spaces). Let q ∈ N. �en we denote by

Hq := {f : Ω→ Rq | fj ∈ H, j = 1 . . . q}

the function space of vectorial functions from H which we equip with the

canonical scalar product and norm

〈f , g〉Hq :=

q∑
j=1

〈fj, gj〉H , ||f ||Hq =
√
〈f ,f〉Hq =

√√√√ q∑
j=1

||fj||2H.

Finally, we will show some properties of RKHS functions that will be rel-

evant at a later stage. �e following Lemma shows how smoothness of a

kernel inherits to the RKHS functions. �e proof is along the lines of [178,

§10.6] and/or [160, Lemma 4.34].
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Lemma 1.2.7 (Derivatives of RKHS functions). If K ∈ C2(Ω × Ω), then
∂K
∂xi

(x, ·) ∈ H ∀ x ∈ Ω, i = 1 . . . d and we have

∂f

∂xi
(x) =

〈
f,
∂K

∂xi
(x, ·)

〉
H

∀ x ∈ Ω, i = 1 . . . d.

For the remainder of this work, letK be a s.p.d. and normalized (K(x,x) =

1 ∀ x ∈ Ω) kernel on Ω with native spaces H or Hq
unless de�ned other-

wise.

1.3 Dynamical systems

In the following we shall shortly establish the notion of dynamical systems

and detail the variants used in this work. Basically, a dynamical system

is a concept describing the evolution of a state or position of a considered

object over time. �e key feature is that the governing law is given by a

relation that only tells the change of the state given a current state. Hence,

knowing an “initial” state, the dynamical system can be “solved” by repeat-

edly evaluating the relation and advancing in time. While there are discrete

or in�nitely dimensional versions of dynamical systems coming with each

their own �eld of research, our focus shall be on �nite dimensional time-

continuous dynamical systems. Mathematically, this comes down to an “or-
dinary di�erential equation” (ODE) or a system thereof, depending on the

size or “degrees of freedom” (DoF) of the considered system. �e most basic

dynamical system is given by the equations

x′(t) = Ax(t), x(0) = x0, t ∈ [0, T ]. (1.8)

Here, x(t) ∈ Rd
denotes the system state at time t and d ∈ N denote the

number of DoFs or system dimension. �e system starts at time t = 0 at the

initial state x0 and runs until some time t = T is reached. An entire solution

x(t), t ∈ [0, T ] is called trajectory of the dynamical system. �e key element
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of the above system is the matrixA ∈ Rd×d
, which determines the system’s

dynamics or behaviour. Since A corresponds to a linear map, the system

(1.8) is called a “linear dynamical system”. However, the dynamical systems

arising in applications are usually more complicated. We shall introduce the

most common forms that frequently appear and are also of interest in this

work.

In applications like mechanics or control [77], frequently the following type

of linear systems is considered:

x′(t) = Ax(t) +Bu(t), x(0) = x0, (1.9a)

w(t) = Cx(t) +Du(t). (1.9b)

�is linear system is augmented by an input or control term Bu(t) with

u(t) : [0, T ] → Rl
and B ∈ Rd×l

. Further we have the “system output”
w(t) ∈ Rk

composed by an output mappingCx(t),C ∈ Rk×d
and a control

forwarding term Du(t),D ∈ Rk×l
. �e input u(t) can be thought of as an

“external in�uence” on the system and the output could be the values of

interest in the application at hand. However, in this work we will focus

mainly on the part (1.9a) and will thus omit the control forwarding termD

and mention any output mapping C only where appropriate.

1.3.1 Nonlinear dynamical systems

Even though many processes can be described by linear systems, the vast

majority of real-world problems leads to systems that involve nonlinear dy-

namics. Basically, a nonlinear dynamical system can be wri�en as

x′(t) = f(x(t)) +Ax(t) +Bu(t), x(0) = x0. (1.10)

Here, f : Rd → Rd
is a general nonlinear function that describes the sys-

tem’s inner dynamics. Note here that (1.10) could of course also be merged
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notationally into a se�ing only involving a function g by considering

g(x, t) = Ax+ f(x, t) +Bu(t)

as one function. However, the re�ned structure allows for more insight and

thus numerical methods (e.g. solvers) to treat it.

At this stage no further assumptions on f are made to allow for an as general

description as possible. Of course, subsequent chapters will impose more

structure or regularity on f in order to allow error estimation, for example.

Remark 1.3.1. Since the context of this work is model reduction, we silently

assume existence and uniqueness is given for the solutions of the consid-

ered systems within the scope of their de�nition. Of course, most nonlinear

functions f will at least be Lipschitz-continuous on Ω in order to guarantee

existence and uniqueness via the Picard-Lindelöf theorem, for example.

1.3.2 A�ne-parametric nonlinear dynamical systems

Finally, we introduce the most general nonlinear dynamical system struc-

ture considered in this work. In addition, here the system components may

be time- and parameter dependent for parameters µ ∈ P of some param-

eter domain P ⊂ Rp
. In detail, the matrices A,B,C and the input x0 are

assumed to be a�ne-linear in the sense of

A(t,µ) =

QA∑
i=1

θAi (t,µ)Ai, (1.11)

with QA ∈ N, matrices Ai ∈ Rd×d
and scalar coe�cient functions θAi :

[0, T ]×P → R as proposed in [74]. Analogous de�nitions hold for the com-

ponents B(t,µ),C(t,µ) and x0(µ) with Bi ∈ Rd×l, i = 1 . . . QB,Ci ∈
Rk×d, i = 1 . . . QC and x0

i ∈ Rd, i = 1 . . . Q0, respectively, where in the lat-

ter case only parameter-dependent functions θ0
i (µ) are used. �e complete
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nonlinear a�ne-parametric dynamical system then reads as

x′(t) = f(x(t), t,µ) +A(t,µ)x(t) +B(t,µ)u(t), (1.12a)

x(0) = x0(µ), (1.12b)

w(t) = C(t,µ)x(t), (1.12c)

for f : D → Ω with D := Ω × [0, T ] × P . �e key idea behind this

a�ne structure is that an e�cient model reduction scheme [73] can be de-

vised, which allows to split the reduction process into a so-called “o�ine”

and “online” phase. �erein, the quantities QA etc. are assumed to be of

small/moderate size and the coe�cient functions of simple (e.g. algebraic)

complexity, allowing a fast reduced simulation. We will detail this process

later in Section 3.3.
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Chapter 2

Nonlinear approximation

In this second chapter we will deal with methods on how to approximate

nonlinear functions. �e intention behind this is to provide means to ap-

proximate the nonlinear parts f(x) or f(x, t,µ) occurring in the dynami-

cal systems (1.10, p.17) or (1.12a, p.19), respectively. Ultimately, the goal is

an accelerated simulation time of the resulting reduced order models. How-

ever, as the methodology can be applied independently of this se�ing, we

shall leave the domain of dynamical systems for this chapter. �e only re-

quirement we shall carry over from the dynamical systems se�ing is the

need for vectorial approximation. �is can of course always be obtained via

a component-wise approximation, but truly vectorial approximation meth-

ods have their own advantages, e.g. regarding overall sparsity. Moreover,

we shall require sampling based approximation methods, whose choice can

be motivated as follows: �ite frequently, f has to be treated as a black-box,

as further analytical insight is impossible due to a high complexity, or even

more trivially, because f is provided by a third party so�ware or tool. Hence,

sampling based methods assume to only have the possibility of evaluating f

for a given x ∈ Ω or, even worse, only have a set of inputs and evaluations

of f to begin with. Mathematically, this means to compute or have n ∈ N
samples of training inputs X = {x1, . . . ,xn} ⊆ Ω and training outputs
Y = {yi := f(xi) | i = 1 . . . n} ⊆ Rq

, respectively. Note that for the dy-

namical system se�ing we have q = d = dim(Ω), but we consider indepen-

21
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dent input and output dimensions in the following. �e goal then is to learn

the behaviour of f only using the training dataD := {(xi,yi) | i = 1 . . . n}.

Consequently, the considered approximation methods can be divided into

two stages. At �rst, a computationally expensive “o�ine” stage, where X

and Y are computed and the training algorithms are executed. Second, a fast

“online” stage, where the resulting approximant is evaluated. We will not go

into details regarding training data generation, but instead refer to Section

3.3 for a general description of the o�ine/online concept in the context of

model reduction. However, we would like to point out that it is vital to have

large enough X, Y to su�ciently describe f , i.e. X and Y are statistically
representative. Even the best learning algorithm will not perform well on

poor training data.

Now, of course, there is a vast range of techniques for approximation of non-

linear functions. Most of them adhere to the same basic principle, where

the functional form of the approximant is pre-selected with some yet un-

determined coe�cients. �e most basic and well known approaches are

(multivariate) polynomial interpolation or splines [165, 29], where, among

others, the polynomial chaos expansion (PCE) [180, 123] is a popular rela-

tive. However, as will become clear later in Section 3.2, we have some addi-

tional structural requirements for the approximants regarding the e�cient

projectability. We shall introduce two di�erent approaches of (vectorial)

nonlinear approximation that will allow just that.

At �rst, as mentioned in the introduction, we consider “kernel methods” for

nonlinear approximation. Kernel methods are probably best-known from

the �eld of machine learning [152, 14], especially in the context of pa�ern

recognition [157]. Other well-known applications are sca�ered data approx-

imation [178, 109] or orthogonal least squares [25, 27]. As the range of ap-

plications and amount of work done in this area is huge, we refer to [149] for

a practical guide on kernel methods and their applications and [58] for an

excellent current review of approximation methods using (positive de�nite)
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kernels. Now, the kernel methods we consider are support vector machines

(SVM) in Section 2.1 and vectorial kernel-greedy algorithms in Section 2.2,

where we will provide the scienti�c context in the respective sections.

As second approach, we will shortly recall the “Discrete empirical interpola-
tion method” (DEIM) in Section 2.3, which was introduced in [23] and goes

back to [10].

2.1 Support vector regression

To clarify terminology, the general type of algorithm behind support vector

regression (SVR) is a SVM, which can actually be used to perform classi�-

cation or regression. It is o�en used synonymously in the context of classi-

�cation, but dependent on the usage of the result it is either called support

vector classi�cation or SVR.

�e classic way of motivating support vector machines comes from linear

regression, which is done for example in [152, §9.1] or [32]. �ose formula-

tions contain an o�set term b, which is inconvenient e.g. regarding analysis

inH. More modern approaches like in [160, §11.1] formulate SVMs without

the o�set term and take a statistical learning theory point of view, which

we will use in this thesis, too. A�er introducing the background of SVMs

and the standard solution approach, we will detail an adopted formulation

without o�set for the regression case along the lines of [162].

Even though we ultimately seek true vectorial approximations, the current

SVM theory focuses on cases where one might have vectorial input spaces,

but considers scalar output. As the theory is already involved enough for the

scalar case, we will detail our theory for this case and consider component-

wise extensions for the vectorial se�ing. Consequently, we shall assume

f : Ω→ R for this section.
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2.1.1 SVM principles

In the following we shall give a short informal introduction to statistical

learning theory. Most importantly, in statistical learning theory we step

back from the deterministic relation y = f(x) for some unknown function

f , but instead consider the relation x→ y between an input x and output y

to be de�ned by a probability distribution P (x, y). Now, the “learning goal”
is to �nd a function f̂ so that f̂(x) ≈ y for arbitrary x. �is perspective

has two imminent consequences. At �rst, as x is also generated by the un-

known P , we assume to have no control or in�uence on the way the input

values are chosen, which makes this approach applicable for a very general

sampling se�ing. Second, the fact that the response y to a certain x is given

by a probability P (·|x) takes into account that the relation might not be de-

terministic in the sense that the output does not solely depend on a single

input x. �us, this approach enables the assignment x → f̂(x) to depend

on more data than just the input x, even though in the end, the result will

be a deterministic f̂ to describe x→ y.

Of course, we need some means to assess the quality of any f̂ with respect to

the distribution P . �ese means are given by the concept of “loss functions”

L : Ω× R× R→ R+,

(x, y, t) 7→ L(x, y, t),

which measure the discrepancy between an output y and the prediction t =

f̂(x) for a given input x. �en, given a loss function L, statistical learning

methods target to minimize the expected risk

f̂ = arg min
f
RL,P (f), RL,P (f) :=

∫
Ω×R

L(x, y, f(x))dP (x, y),

whereRL,P denotes the dependency on the loss function L and the distribu-

tion P . As we only have the training data D representing P , the empirical
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probability distribution

PD(x, y) =
1

n

n∑
i=1

δ(xi,yi)(·, ·)

is used to obtain the “expected empirical risk”

RL,PD(f) :=

∫
Ω×R

L(x, y, f(x))dPD(x, y) =
1

n

n∑
i=1

L(xi, yi, f(xi)). (2.1)

2.1.1.1 Applied loss function

In our applications, for some ε > 0, we shall employ the “ε-insensitive loss”

L(y, f(x)) = |y − f(x)|ε := max{0, |y − f(x)| − ε}.

Figure 2.1 shows an example for the ε-insensitive loss using ε = 0.2. �is
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Figure 2.1: Illustration of the ε-insensitive loss function for ε = 0.2

choice causes SVM solutions to be sparse in a certain sense, which we will

discuss later. �e resulting SVM is also known as called “ε-SVR”. Other popu-

lar loss functions are e.g. the Hinge-LossL(x, y, f(x)) = max{0, 1−yf(x)}
for functions f : Ω → [−1, 1] or the Least-Squares loss L(x, y, f(x)) =

(y − f(x))2
.
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Remark 2.1.1. Note that the ε-insensitive loss does not depend directly on the

input x. In fact, there are di�erent ways of designing loss functions, where

we distinguish between supervised and unsupervised learning in general.

Supervised learning includes the output y in the loss function, which makes

the SVM aware of the desired output. Regression and classi�cation belong to

supervised learning methods. �e classical example for unsupervised learn-

ing are clustering algorithms, where no output label y is known a-priori

and the relation f has to be learned only using x and f(x). We refer to e.g.

[160, 152] for more background.

Now, there is one more aspect to take into account. Most obviously, we

somehow need to decide which function space f̂ shall come from. �ere

are many possibilities, of course, but in this work we use the RKHSH with

associated kernel K as introduced in Section 1.2. Moreover, the following

section motivates why we should impose additional requirements to the em-

pirical risk minimizers f̂ , even when a presumably suitable function space

H is chosen.

2.1.1.2 Regularization

�ere is one imminent danger hidden in minimizing (2.1) directly. Assume

H allows to choose a (probably fairly degenerated) f̂ ∈ Hwhich reproduces

the training data D and is nearly zero anywhere else. �is f̂ will likely be

a candidate for a minimal empirical risk, but will obviously be a bad gener-

alization with respect to P . �is means, for (x, y) /∈ D, we have to expect

high loss L(x, y, f̂(x)) or, in other words, the probability P
(
f̂(x)

∣∣x) will

most likely be small. So if we do not restrict the possible functions somehow,

we will encounter a phenomenon called over��ing.

Hence, SVM’s actually solve the “regularized empirical risk minimization”

problem

f̂ = arg min
f∈H

RL,PD,λ(f), RL,PD,λ(f) := λ ||f ||2H +RL,PD(f), (2.2)
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for some regularization parameter λ > 0. Note that, additionally and convex

loss functions to ensure solution uniqueness). In the following we shortly

motivate how this technique in�uences the number of admissible minimiz-

ing functions analogous to [160, §1.2]. Suppose f̂ is a minimizer of (2.2).

�en for g ≡ 0 we obtain with ε-insensitive loss

RL,PD(g) =
1

n

n∑
i=1

max{0, |yi − g(xi)| − ε} ≤
1

n

n∑
i=1

|yi| =: C.

�is gives

λ
∣∣∣∣∣∣f̂ ∣∣∣∣∣∣2

H
≤ λ

∣∣∣∣∣∣f̂ ∣∣∣∣∣∣2
H

+RL,PD(f̂) = RL,PD,λ(f̂)

≤ RL,PD,λ(g) ≤ λ ||g||2H +RL,PD(g) ≤ C,

which means ‖f̂‖H ≤
√

C
λ . Consequently, f̂ is also a solution to the mini-

mization (2.2) when replacingH by the subspace

Hλ :=
{
f ∈ H

∣∣∣ ||f ||H ≤ C
1
2λ−

1
2

}
⊂ H.

So varying λ in fact controls the amount of e�ectively considered func-

tions used within the minimization, or equivalently, functions with ||f ||H >
C

1
2λ−

1
2 are never solutions of (2.2). Informally speaking, functions like the

“point-wise approximation” of D tend to have higher norms (w.r.t. the con-

sidered RKHS norms) than more smooth ones, which allow be�er general-

ization. In a way, �nding the right λ corresponds to �nding the best trade-o�

between approximation quality on D and ability of generalization.

2.1.2 Optimization problem for ε-SVR

In this section we will derive the necessary notation and recall already estab-

lished means to compute a solution of the ε-SVR or minimization problem

(2.2). At �rst, so-called slack variables are introduced to obtain an equiv-

alent, but algorithmically more convenient formulation. Proposition 2.1.2
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states this equivalent formulation also employed in e.g. [152].

Proposition 2.1.2 (Equivalent constrained minimization). Let λ, ε > 0 and
de�ne C := 1

2λn . �en the unconstrained regularized empirical risk minimiza-
tion problem (2.2, p.26)

min
f∈H

RL,PD,λ(f) = min
f∈H

λ ||f ||2H +
1

n

n∑
i=1

|yi − f(xi)|ε

is equivalent to the constrained minimization problem

min
f∈H,ξ±∈Rn

1

2
||f ||2H + C

n∑
i=1

(
ξ+
i + ξ−i

)
(2.3)

s.t. 0 ≥ −ξ±

0 ≥ yi − f(xi)− ε− ξ+
i , i = 1 . . . n,

0 ≥ −(yi − f(xi))− ε− ξ−i , i = 1 . . . n,

where ξ± ∈ Rn are slack variables [152].

�is formulation “transfers” the empirical risk term into the constraints and

instead tries to keep deviations or violations from that constraint as small

as possible. Now, the primal problem (2.3) is classically transformed into a

dual problem, which is carried out in the next Proposition. �e LaGrangian

formalism used therein is standard [32, 152, 160], and we state it here for

completeness due to the modi�ed variant without o�set.

Proposition 2.1.3 (Dual problem solution of ε-SVR). Let the conditions of
Proposition 2.1.2 hold, let K denote the reproducing kernel inducing H and
K = KX be the kernel matrix for the training inputs X . �en the minimizer
f̂ of the primal problem (2.3) is given by the expansion

f̂(x) =
n∑
i=1

(α+
i − α−i )K(xi,x), (2.4)
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where α+,α− ∈ Rn are the solution of

max
α+,α−∈Rn

W (α+,α−) (2.5a)

s.t. 0 ≤ α+,−
i ≤ C, i = 1 . . . n, (2.5b)

0 = α+
i α
−
i , i = 1 . . . n, (2.5c)

with

W (α+,α−) =− 1

2

(
α+ −α−

)T
K
(
α+ −α−

)
− ε

n∑
i=1

(α+
i + α−i ) + yT

(
α+ −α−

)
. (2.6)

Proof. We can write f(xi) = 〈f,K(xi, ·)〉H due to the reproducing proper-

ties ofH and establish the Lagrangian as

L(f, ξ+, ξ−,α+,α−,η+,η−)

=
1

2
||f ||2H + C

n∑
i=1

(
ξ+
i + ξ−i

)
+

n∑
i=1

α+
i

(
yi − 〈f,K(xi, ·)〉H − ε− ξ

+
i

)
+

n∑
i=1

α−i
(
−(yi − 〈f,K(xi, ·)〉H)− ε− ξ−i

)
−

n∑
i=1

(
η+
i ξ

+
i + η−i ξ

−
i

)
,

with Lagrange multipliers α±,η± ≥ 0. According to the Karush-Kuhn-

Tucker (KKT) conditions, the derivatives of L with respect to the primary

variables have to vanish at any extrema, leading to

∂L
∂f

= f +
n∑
i=1

(α−i − α+
i )K(xi, ·)

!
= 0, (2.7)

∂L
∂ξ+

i

= C − α+
i − η+

i
!

= 0, i = 1 . . . n, (2.8)

∂L
∂ξ−i

= C − α−i − η−i
!

= 0, i = 1 . . . n, (2.9)
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where (2.7) directly yields (2.4). �e last two conditions together with the

positivity constraints on α± and η± also directly show (2.5b). Moreover,

(2.7) also allows to write

∣∣∣∣∣∣f̂ ∣∣∣∣∣∣2
H

=
〈
f̂ , f̂

〉
H

=
n∑
i,j

(α+
i − α−i )(α+

j − α−j )K(xi, xj)

=
(
α+ −α−

)T
K
(
α+ −α−

)
,

f̂(xi) =
〈
f̂ , K(xi, ·)

〉
=

n∑
j=1

(α+
j − α−j )K(xj, xi) = Ki

(
α+ −α−

)
,

where Ki = kX(xi)
T

denotes the transposed kernel vector at xi, i.e. the

i-th row of K . Hence, additionally using the conditions (2.8), (2.9) we can

reduce L to be only dependent on α±:

L
(
f̂ , ξ+, ξ−,α+,α−, η+, η−

)
=

1

2

(
α+ −α−

)T
K
(
α+ −α−

)
+ C

n∑
i=1

(
ξ+
i + ξ−i

)
− ε

n∑
i=1

(α+
i + α−i )

+
n∑
i=1

(α+
i − α−i )yi +

n∑
i=1

α+
i

(
−Ki

(
α+ −α−

)
− ξ+

i

)
+

n∑
i=1

α−i
(
Ki

(
α+ −α−

)
− ξ−i

)
−

n∑
i=1

((
C − α+

i

)
ξ+
i +

(
C − α−i

)
ξ−i
)

=
1

2

(
α+ −α−

)T
K
(
α+ −α−

)
− ε

n∑
i=1

(α+
i + α−i ) + yT

(
α+ −α−

)
+C

n∑
i=1

(
ξ+
i + ξ−i

)
−

n∑
i=1

α+
i

(
ξ+
i + ξ−i

)
− C

n∑
i=1

(
ξ+
i + ξ−i

)
+

n∑
i=1

α+
i

(
ξ+
i + ξ−i

)
−

n∑
j=1

(α+
j −α−j )Ki

(
α+ −α−

)
= −1

2

(
α+ −α−

)T
K
(
α+ −α−

)
− ε

n∑
i=1

(α+
i + α−i ) + yT

(
α+ −α−

)
= W (α+,α−).
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Finally, for α± we have the complementary conditions

0 = α+
i

(
yi −

〈
f̂ , K(xi, ·)

〉
H
− ε− ξ+

i

)
, i = 1 . . . n, (2.10)

0 = α−i

(
−(yi −

〈
f̂ , K(xi, ·)

〉
H

)− ε− ξ−i
)
, i = 1 . . . n. (2.11)

Suppose α+
i 6= 0, then we have by (2.10) that ξ+

i = yi −
〈
f̂ , K(xi, ·)

〉
H

and

henceα−i (−2ε−ξ+
i −ξ−i ) = 0 by (2.11). But as ξ+

i , ξ
−
i ≥ 0 this meansα−i = 0.

By symmetry we obtain the second set of constraints (2.5c, p.29).

It is remarkable that we did not impose any structure on f̂ ∈ H a-priori,

but it turned out that the optimal solution is really contained in HX
. �is

actually holds true for SVM solutions in general and is known as the “Rep-
resenter �eorem”, see e.g. [160, 152]. Now, the problem (2.5, p.29) states a

“quadratic program” (QP), which can readily be solved by any QP solver like

MatLab’s quadprog. However, standard QP procedures require to store

the whole kernel matrix K in memory or at least have to access all entries

in each iteration. Despite the possibly high memory requirements for large

data setsX , those QP solvers o�times are also too slow in practice. �is can

be computationally infeasible, which is why alternative solution strategies

have been investigated since.

2.1.3 Sequential minimal optimization

In this section we introduce a solution strategy called “sequential minimal
optimization” (SMO) and present an adopted version following the new ideas

in [162]. SMO goes back to [133] and is discussed with more overview in

[152, §10.5] or [32]. However, the “classic” approach favors the use of an ad-

ditional o�set term b ∈ R in the resulting kernel expansions, and it is shown

in [162], that SVMs without o�set not only perform as well as their counter-

part, but, using some new ideas, enjoy signi�cantly shorter run-times. �e

authors of [162] use the Hinge-loss formulation for classi�cation, and we

shall present an adopted formulation using the ε-loss for regression in the
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following.

�e key idea of SMO in comparison to global methods is to only change

a �xed amount of unknowns or points per iteration, while the selection of

those points is based on the optimal analytical increase in W . In [162] this

is carried out for simultaneous selection of one or two points, however, due

to the more technical formulation due to two dual variables we will only

shortly convey the main ideas for the “1D” case and provide full details for

the “2D” case. We begin to introduce the clipping concept also used in [162],

which will play an important role in satisfying the constraints (2.5b, p.29).

De�nition 2.1.4 (Clipping operation). For real numbers a, b, c ∈ R we de-

�ne by

[a]cb := min{c,max{b, a}}

the clipping operation of b, c on a, which limits the value of a to the interval

[b, c].

Now we seek to �nd the direction or index i, whose update yields the highest

gain with respect to W . �erefore, we de�ne

∇W+
i (α+,α−) :=

∂W

∂α+
i

(
α+ −α−

)
= −Ki

(
α+ −α−

)
+ yi − ε,

(2.12a)

∇W−
i (α+,α−) :=

∂W

∂α−i

(
α+ −α−

)
= Ki

(
α+ −α−

)
− yi − ε (2.12b)

as shorthand for the derivatives of W in (2.6, p.29). We look at the analytic

maxima of ω+(r) 7→ W (α+ + rei,α
−) and ω−(r) 7→ W (α+,α− + rei) for

all i, which will give us optimal updates r±i for α±i , respectively. As example,

for ω+
we have

ω+(r) = W (α+,α−)− rKi

(
α+ −α−

)
− 1

2
r2 − rε+ ryi,

∂ω+

∂r
(r) = −Ki

(
α+ −α−

)
+ yi − ε− r = ∇W+

i (α+,α−)− r.
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We identify the global maximum at∇W+
i (α+,α−), due to the concavity of

ω+
. But in order to satisfy the constraints (2.5b, p.29), we actually need to

set

r+
i :=

[
∇W+

i (α+,α−)
]C−α+

i

−α+
i
. (2.13)

With this update we can compute the gain in W easily via

ω+(r+
i )−W (α+,α−) = r+

i

(
−Ki

(
α+ −α−

)
− 1

2
r+
i − ε+ yi

)
= r+

i (∇W+
i (α+,α−)− 1

2
r+
i ).

Applying the same procedure to obtain r−i , we can now choose the index

with the largest gain. However, the conditions α+
i α
−
i = 0 have not been

taken care of yet. �ey allow to reduce the set of possible indices to search

for maxima, as α+
i or α−i may only be changed if α−i = 0 or α+

i = 0, respec-

tively. �us, let I+ := {i | α−i = 0} and I− := {i | α+
i = 0} and

g(i) :=

r+
i (∇W+

i (α+,α−)− 1
2r

+
i ), i ∈ I+,

r−i (∇W−
i (α+,α−)− 1

2r
−
i ), i ∈ I−.

�en the index with the largest gain is

i∗ = arg max
i∈I+∪I−

g(i),

which can be computed (in the worst case forα+ = α− = 0) inO (2n) time

as |I+ ∪ I−| ≤ 2n.

Notice that we can write changes in the j-th coordinate as

∇W+
i (α+ + rej,α

−) = ∇W+
i (α+,α−)− rKij, (2.14a)

∇W+
i (α+,α− + rej) = ∇W+

i (α+,α−) + rKij, (2.14b)

∇W−
i (α+ + rej,α

−) = ∇W−
i (α+,α−) + rKij, (2.14c)

∇W−
i (α+,α− + rej) = ∇W−

i (α+,α−)− rKij, (2.14d)
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where ej ∈ Rn
denotes the j-th unit vector and Kij = K(xi,xj) the i, j-

th entry of the kernel matrix K = KX
. �is allows for a very e�cient

algorithm, as bothα± and∇W±(α+,α−) can be kept as single vectors and

updated in-place via,

α+
i∗ := α+

i∗ +
[
∇W+

i (α+,α−)
]C−α+

i

−α+
i
,

∇W+
j (α+,α−) := ∇W+

j (α+,α−)− r+
i∗Kji∗, j = 1 . . . n,

∇W−
j (α+,α−) := ∇W−

j (α+,α−) + r+
i∗Kji∗, j = 1 . . . n,

for i∗ ∈ I+
and an analogous procedure for i∗ ∈ I−. �is can be iterated un-

til the maximum count of iterations is reached or a suitable stopping criteria

is met. However, we will detail those aspects in the next section and con-

clude with a pseudo-code implementation for the 1D-SMO variant shown in

Algorithm 1.

2.1.3.1 Double step (2D) optimization

A more advanced technique is to update two variables simultaneously. �is

might cause the algorithm to �nish a�er possibly less iterations, but also

comes at additional computational cost. As in this case update directions

i, j have to be chosen, the analytic solution has to consider many di�erent

cases. However, as already pointed out in [162], the search for a “good” index

pair i, j does not have to be of quadratic complexity O
(
n2
)
, cf. “Working

set selection” paragraph below.

Analytic maxima As before, we �x two i 6= j and look at the analytic

maxima of

ω++ : (r, s) 7→ W (α+ + rei + sej,α
−),

ω+− : (r, s) 7→ W (α+ + rei,α
− + sej),

ω−− : (r, s) 7→ W (α+,α− + rei + sej),
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Algorithm 1 : [α+,α−] = ε-SVR-1D-SMO(K,y, ε, λ,a±init, δ)

1: C ← 1
2Nλ (y ∈ RN)

2: α+ ← α+
init, α− ← α−init

3: ∇w+ ← −K (α+ −α−) + y − ε
4: ∇w− ←K (α+ −α−)− y − ε
5: E ← C

n∑
i=1

max
{[
∇w+

i

]2−ε
0

,
[
∇w−i

]2−ε
0

}
. Initialize stopping

condition values

6: T ← −〈α+,∇w+〉 − 〈α−,∇w−〉
7: while T + E > δNC do
8: r+ ← [w+]C−α

+

−α+ , r− ← [w−]C−α
−

−α− . Compute

constraint-satisfying updates for each point

9: I+ ← �nd(α− = 0), I− ← �nd(α+ = 0) . Identify modi�able

indices

10: g(i) :=

r+
i (w+ − 1

2r
+
i ), i ∈ I+

r−i (w− − 1
2r
−
i ), i ∈ I−

. Compute gain vector for

modi�able indices

11: i∗ ← arg max
i∈I+∪I−

g(i) . Find index with largest gain

12: if i∗ ∈ I+ then
13: α+

i∗ ← α+
i∗ + r+

i∗ . Update coe�cients

14: ∇w+ ← ∇w+ − r+
i∗K(i∗, :), ∇w− ← ∇w− + r+

i∗K(i∗, :) .

Update W -gradients

15: T ← T + r+
i∗

(
r+
i∗ − 2∇w+

i∗ − ε+ yi∗
)

. Update stopping

conditions

16: else
17: α−i∗ ← α−i∗ + r−i∗

18: ∇w+ ← ∇w+ + r−i∗K(i∗, :),∇w− ← ∇w− − r−i∗K(i∗, :)

19: T ← T + r−i∗
(
r−i∗ − 2∇w−i∗ − ε− yi∗

)
20: end if
21: E ← C

n∑
i=1

max
{[
w+
i

]2−ε
0

,
[
w−i
]2−ε

0

}
. Recompute stopping

condition values

22: end while
23: return (α+,α−)
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which will give us two optimal updates forα+,α−, named r+
i , r

−
i , s

+
j or s−j ,

respectively. For the 2D case the functions and derivatives are given as

ω++(r, s) = W (α+,α−)− rKi

(
α+ −α−

)
− sKj

(
α+ −α−

)
− 1

2
(r2 + s2)− rsKij − ε(r + s) + yi(r + s),

∂ω++

∂r
(r, s) = −Ki

(
α+ −α−

)
+ yi − ε− r − sKij

= ∇W+
i (α+,α−)− r − sKij,

∂ω++

∂s
(r, s) = −Kj

(
α+ −α−

)
+ yj − ε− s− rKij

= ∇W+
j (α+,α−)− s− rKij,

ω+−(r, s) = W (α+,α−)− rKi

(
α+ −α−

)
+ sKj

(
α+ −α−

)
− 1

2
(r2 + s2) + rsKij − ε(r + s) + yi(r − s),

∂ω+−

∂r
(r, s) = ∇W+

i (α+,α−)− r + sKij,

∂ω+−

∂s
(r, s) = ∇W−

j (α+,α−)− s+ rKij,

ω−−(r, s) = W (α+,α−) + rKi

(
α+ −α−

)
+ sKj

(
α+ −α−

)
− 1

2
(r2 + s2)− rsKij − ε(r + s)− yi(r + s),

∂ω−−

∂r
(r, s) = ∇W−

i (α+,α−)− r − sKij,

∂ω−−

∂s
(r, s) = ∇W−

j (α+,α−)− s− rKij.

In the following we will focus on ω++
. We see that the Hessian is negative

de�nite and we thus have a global maximum at ∇ω++ ≡ 0. �is condition

may be expressed as a system of linear equations(
−1 −Kij

−Kij −1

)(
r

s

)
=

(
−∇W+

i (α+,α−)

−∇W+
j (α+,α−)

)
,
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whose solution yields the analytic maxima

r++
i :=

∇W+
i (α+,α−)−Kij∇W+

j (α+,α−)

1−K2
ij

,

s++
j :=

∇W+
j (α+,α−)−Kij∇W+

i (α+,α−)

1−K2
ij

.

Recall here thatKij < 1 ∀ i 6= j asK is a normalized, positive de�nite kernel

and the training inputs X are pairwise distinct. Since only two di�erent

directions i 6= j make sense for simultaneous optimization, we also do not

need to consider the case i = j.

Updates As in the 1D case, the updates might con�ict with the constraints

(2.5b, p.29). Unfortunately, we now count nine possible cases where r++
i or

s++
j updates may violate the constraints, as depicted in Figure 2.2.

8. 5. 9.

C

α+
j + s++

j 4. 1. 2.

0

7. 3. 6.
0 C
α+
i + r++

i

Figure 2.2: Possible constraint cases for either or both r++
i and s++

j .

1. α+
i + r++

i ∈ [0, C], α+
j + s++

j ∈ [0, C]

Both updates are valid and can be added to α+
i and α+

j , respectively.

2. α+
i + r++

i > C,α+
j + s++

j ∈ [0, C]

�e maximum lies on {C} × [0, C]. Set r++
i := C − α+

i and perform

a 1D update in the jth coordinate. From (2.14a, p.33) we obtain a tem-

porary gradient ∇W+
j (α+,α−)− (C − α+

i )Kij and thus have given
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the clipped 1D update (2.13, p.33) for the jth coordinate

s++
j :=

[
∇W+

j (α+,α−)− (C − α+
i )Kij

]C−α+
j

−α+
j
.

3. α+
i + r++

i ∈ [0, C], α+
j + s++

j < 0

�e maximum lies on [0, C]×{0}. Set s++
j := −α+

j and perform a 1D

update in the ith coordinate. From (2.14a, p.33)we obtain a temporary

gradient ∇W+
i (α+,α−) + α+

j Kij and thus have given a clipped 1D

update (2.13, p.33) for the ith coordinate

r++
i :=

[
∇W+

i (α+,α−) + α+
j Kij

]C−α+
i

−α+
i

.

4. α+
i + r++

i < 0, α+
j + s++

j ∈ [0, C]

�is is case 3. with interchanged roles, so by symmetry we obtain the

updates

r++
i = −α+

i , s++
j :=

[
∇W+

j (α+,α−) + α+
i Kij

]C−α+
j

−α+
j
.

5. α+
i + r++

i ∈ [0, C], α+
j + s++

j > C

�is is case 2. with interchanged roles, so by symmetry we obtain the

updates

r++
i =

[
∇W+

i (α+,α−)− (C − α+
j )Kij

]C−α+
i

−α+
i

, s++
j := C − α+

j .

6. α+
i + r++

i > C,α+
j + s++

j < 0

Here the maximum lies somewhere on the set {C}× [0, C]∪ [0, C]×
{0}. For this case we assume each update to be bounded and perform

an 1D update for the other coordinate, respectively. �is equals the

cases 2. and 3., and we choose the coordinate pair with the largest

gain.

7. α+
i + r++

i < 0, α+
j + s++

j < 0

Similar to 6., we choose the coordinate pair with maximum gain from
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cases 3. and 4.

8. α+
i + r++

i < 0, α+
j + s++

j > C

Choose the best maximum gain coordinates from cases 4. and 5.

9. α+
i + r++

i > C,α+
j + s++

j > C

Choose the best maximum gain coordinates from cases 5. and 2.

Consequently, for ω+−
and ω−−we obtain the analytical maxima by an anal-

ogous derivation

r+−
i :=

∇W+
i (α+,α−) +Kij∇W−

j (α+,α−)

1−K2
ij

,

s+−
j :=

∇W−
j (α+,α−) +Kij∇W+

i (α+,α−)

1−K2
ij

,

r−−i :=
∇W−

i (α+,α−)−Kij∇W−
j (α+,α−)

1−K2
ij

,

s−−j :=
∇W−

j (α+,α−)−Kij∇W−
i (α+,α−)

1−K2
ij

,

and also have to consider the constrained cases and resulting updates as

explained above for ω++
.

2D Gain With the updates above we can compute the gain for any direc-

tions i, j in W :

ω++(r++
i , s++

j )−W (α+,α−) = r++
i (∇W+

i (α+,α−)− 1

2
r++
i )

+ s++
j (∇W+

j (α+,α−)− 1

2
s++
j )− r++

i s++
j Kij,

ω+−(r+−
i , s+−

j )−W (α+,α−) = r+−
i (∇W+

i (α+,α−)− 1

2
r+−
i )

+ s+−
j (∇W−

j (α+,α−)− 1

2
s+−
j ) + r+−

i s+−
j Kij,

ω−−(r−−i , s−−j )−W (α+,α−) = r−−i (∇W−
i (α+,α−)− 1

2
r−−i )
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+ s−−j (∇W−
j (α+,α−)− 1

2
s−−j )− r−−i s−−j Kij.

Working set selection Recall that we have the conditions α+
i α
−
i = 0 and

I+ = {i | α−i = 0} and I− = {i | α+
i = 0}, which allows to limit the an-

alytical gains that have to be computed. Nevertheless, �nding the optimal

2D gain in general involves a search of quadratic complexity O
(
n2
)
. �e

authors of [162] introduce alternative strategies and demonstrate in exper-

iments to obtain the same quality of results in only O (kn) complexity for

k � n. We list a short description of the most important selection strategies

and refer to the original work for details.

1. “WSS0”: Choose the indices i, j with optimal gain by brute force search

(O
(
n2
)
)

2. “WSS1”: Choose 1D maximal gain and previous 1D direction (O (n))

3. “WSS2”: Maximum 1D gain for two subsets (O (n))

4. “WSS4”: Maximum 1D gain and second index from k ∈ N neighbors

(O (kn))

5. Combinations of the above strategies and others.

Updates Once two suitable indices i∗, j∗ ∈ I+ ∪ I− are determined, the

updates to α± and ∇W±
can be obtained from (2.14, p.33) by consecutive

application. For i∗ ∈ I+, j∗ ∈ I+
we set

α+
i∗ := α+

i∗ + r++
i∗ , α+

j∗ := α+
j∗ + s++

j∗ ,

∇W+
k := ∇W+

k − r
++
i∗ Kki∗ − s++

j∗ Kkj∗, k = 1 . . . n,

∇W−
k := ∇W−

k + r++
i∗ Kki∗ + s++

j∗ Kkj∗, k = 1 . . . n.
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For i∗ ∈ I+, j∗ ∈ I− we set

α+
i∗ := α+

i∗ + r+−
i∗ , α−j∗ := α−j∗ + s+−

j∗ ,

∇W+
k := ∇W+

k − r
+−
i∗ Kki∗ + s+−

j∗ Kkj∗, k = 1 . . . n,

∇W−
k := ∇W−

k + r+−
i∗ Kki∗ − s+−

j∗ Kkj∗, k = 1 . . . n.

For i∗ ∈ I−, j∗ ∈ I− we set

α−i∗ := α−i∗ + r−−i∗ , α−j∗ := α−j∗ + s−−j∗ ,

∇W+
k := ∇W+

k + r−−i∗ Kki∗ + s−−j∗ Kkj∗, k = 1 . . . n,

∇W−
k := ∇W−

k − r
−−
i∗ Kki∗ − s−−j∗ Kkj∗, k = 1 . . . n.

2.1.3.2 Stopping conditions

So far we have not detailed suitable stopping conditions for this SMO vari-

ant. We introduce them before discussing initial value choices, as some val-

ues regarding the stopping criteria also have to be initialized. We follow the

work [162, §2.2] but adopt the considered values to the ε-SVR case and allow

arbitrary function values outside the range [−1, 1]. Basically, the idea is to

monitor the “duality gap”, see e.g. [32], but in a clipped version.

�eorem 2.1.5 (δ-approximation of optimum for ε-SVR). In the context of
Proposition 2.1.3 let δ > 0, b := ||y||∞ for y = (y1, . . . , yn) ∈ Rn and de�ne

T (α+,α−) :=
(
α+ −α−

)T
K
(
α+ −α−

)
+ ε

n∑
i=1

(α+
i + α−i )− yT

(
α+ −α−

)
,

E(α+,α−) := C
n∑
i=1

∣∣∣yi − [Ki

(
α+ −α−

)]b
−b

∣∣∣
ε
.
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�en for any α+,α− satisfying T (α+,α−) + E(α+,α−) ≤ δ
2λ we have

λ
∣∣∣∣∣∣f̂ ∣∣∣∣∣∣2

H
+RL,PD

([
f̂
]b
−b

)
≤ min

g∈H
λ ||g||2H +RL,PD(g) + δ,

with f̂ as in (2.4, p.28).

Proof. Let f̂ , ξ+∗, ξ−∗ be the solution of the primary problem (2.3, p.28), where

we denote the objective function of (2.3, p.28) by P (f̂ , ξ+∗, ξ−∗). By con-

struction of the slack variables in Proposition 2.1.2 we know that

C
n∑
i=1

(
ξ+∗
i + ξ−∗i

)
= C

n∑
i=1

∣∣∣yi − f̂(xi)
∣∣∣
ε
.

Hence, by duality (Maximal W corresponds to minimal P ) we see that

W (α+,α−) ≤ P (f̂ , ξ+∗, ξ−∗) =
1

2

∣∣∣∣∣∣f̂ ∣∣∣∣∣∣2
H

+ C

n∑
i=1

∣∣∣yi − f̂(xi)
∣∣∣
ε
,

for any α+,α− satisfying the constraints of the dual problem. We then

deduce

λ ||f ||2H +RL,PD([f ]b−b)

= 2λ

(
1

2
||f ||2H + C

n∑
i=1

∣∣∣yi − [f(xi)]
b
−b

∣∣∣
ε

)

= 2λ

(
1

2
||f ||2H −W (α+,α−) +W (α+,α−)

+C
n∑
i=1

∣∣∣yi − [Ki

(
α+ −α−

)]b
−b

∣∣∣
ε

)

≤ 2λ

(
1

2

(
α+ −α−

)T
K
(
α+ −α−

)
−W (α+,α−)

+P (f̂ , ξ+∗, ξ−∗) + E(α+,α−)
)

= 2λ
(
P (f̂ , ξ+∗, ξ−∗) + T (α+,α−) + E(α+,α−)

)
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≤ min
g∈H

λ ||g||2H +RL,PD(g) + δ.

�eorem 2.1.5 provides direct control over the accuracy of the solution by

checking T (α+,α−) + E(α+,α−) ≤ δ
2λ for given δ > 0.

Now, Lemma 2.1.6 and 2.1.7 show how to e�ciently update and compute the

T and E terms a�er each SMO step using the ∇W±
gradients.

Lemma 2.1.6 (Changes in T (α+,α−) for single and double step optimiza-

tion). Let T be given as in �eorem 2.1.5. �en for r ∈ R and i ∈ {1, . . . n}
we have

T (α+ + rei,α
−) = T (α+,α−) + r

(
r − 2∇W+

i (α+,α−)− ε+ yi
)
,

T (α+,α− + rei) = T (α+,α−) + r
(
r − 2∇W−

i (α+,α−)− ε− yi
)
.

Further, for r, s ∈ R and coordinate pairs i, j, changes in T are given by

T (α+ + rei + sej,α
−) = T (α+,α−) + r

(
r − 2∇W+

i (α+,α−)− ε+ yi
)

+ s
(
s− 2∇W+

j (α+,α−)− ε+ yj
)

+ 2rsKij,

T (α+ + rei,α
− + sej) = T (α+,α−) + r

(
r − 2∇W+

i (α+,α−)− ε+ yi
)

+ s
(
s− 2∇W−

j (α+,α−)− ε− yj
)
− 2rsKij,

T (α+,α− + rei + sej) = T (α+,α−) + r
(
r − 2∇W−

i (α+,α−)− ε− yi
)

+ s
(
s− 2∇W−

j (α+,α−)− ε− yj
)

+ 2rsKij.

Proof. For an update of α+
we have

T (α+ + rei,α
−)

=
(
α+ −α−

)T
K
(
α+ −α−

)
+ 2rKi

(
α+ −α−

)
+ r2

+ ε

n∑
i=1

(α+
i + α−i ) + rε− yT

(
α+ −α−

)
− ryi

= T (α+,α−) + r
(
2Ki

(
α+ −α−

)
+ r + ε− yi

)
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= T (α+,α−) + r
(
2
[
−∇W+

i (α+,α−)− ε+ yi
]

+ r + ε− yi
)

= T (α+,α−) + r
(
r − 2∇W+

i (α+,α−)− ε+ yi
)
.

Similarly, we obtain for α− that

T (α+,α− + rei) = T (α+,α−) + r
(
r − 2∇W−

i (α+,α−)− ε− yi
)
.

Consecutive application of the above for pairs i, j together with (2.14, p.33)

directly yields the results for double step updates.

Lemma 2.1.7 (Computation of E(α+,α−)). �e term E from �eorem 2.1.5
can be wri�en as

E(α+,α−) = C

n∑
i=1

[
max

{
∇W+

i (α+,α−),∇W−
i (α+,α−)

}]2b−ε
0

.

Proof. Consider

[
yi −Ki

(
α+ −α−

)]b
−b − ε =

[
yi −Ki

(
α+ −α−

)
− ε
]b−ε
−b−ε

=
[
∇W+

i (α+,α−)
]b−ε
−b−ε .

Similarly, we have

[
Ki

(
α+ −α−

)
− yi

]b
−b − ε =

[
∇W−

i (α+,α−)
]b−ε
−b−ε .

Hence

E(α+,α−)

= C
n∑
i=1

∣∣∣yi − [Ki

(
α+ −α−

)]b
−b

∣∣∣
ε

= C
n∑
i=1

max
{

0,
∣∣∣[yi −Ki

(
α+ −α−

)]2b
−2b

∣∣∣− ε}
= C

n∑
i=1

max
{

0,max
{[
yi −Ki

(
α+ −α−

)]2b
−2b − ε,

[
Ki

(
α+ −α−

)
− yi

]2b
−2b − ε

}}
= C

n∑
i=1

max
{

0,max
{[
∇W+

i (α+,α−)
]2b−ε
−2b−ε ,

[
∇W−

i (α+,α−)
]2b−ε
−2b−ε

}}
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= C
n∑
i=1

max
{[
∇W+

i (α+,α−)
]2b−ε
0

,
[
∇W−

i (α+,α−)
]2b−ε
0

}
= C

n∑
i=1

[
max

{
∇W+

i (α+,α−),∇W−
i (α+,α−)

}]2b−ε
0

.

2.1.3.3 Initial conditions

Finally, every optimization problem requires initial conditions to be given.

�e two most common choices are

1. Cold start. Simply choose α+ = α− ≡ 0. �is satis�es the con-

straints and has the maximum number of support vectors equal to

zero. However, it may lead to many iterations.

2. Kernel rule. Recall C = 1
2λn and initialize

α+
i =

[yi]
C
0 , yi > 0

0, yi <= 0
, α−i =

0, yi >= 0

[−yi]C0 , yi < 0
.

�is approach likely leads to a smaller initial training error and goes

back to [42] and is modi�ed in [162].

Note that, of course, other initial conditions like recycling might be suit-

able in di�erent se�ings, see e.g. [162, 152, 42] for some more alternatives.

Finally, once α+,α− are chosen the ∇W -gradients can be initialized ac-

cording to (2.12, p.32), which writes in vectorized form as

∇W+
(
α+ −α−

)
= −K

(
α+ −α−

)
+ y − ε1,

∇W− (α+ −α−
)

= K
(
α+ −α−

)
− y − ε1,
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for 1 = (1 . . . 1)T ∈ Rn
. Regarding the stopping conditions, the E term is

given explicitly and we can express T (α+,α−) using∇W±
via

T (α+,α−) =
(
α+ −α−)T K (α+ −α−)+ ε

n∑
i=1

(α+
i + α−

i )− yT
(
α+ −α−)

=

n∑
i=1

(α+
i − α

−
i )Ki

(
α+ −α−)+ ε

n∑
i=1

(α+
i + α−

i )−
n∑

i=1

yi(α
+
i − α

−
i )

=

n∑
i=1

α+
i (Ki

(
α+ −α−)+ ε− yi) + α−

i (−Ki

(
α+ −α−)+ ε+ yi)

= −
n∑

i=1

α+
i ∇W

+
i (α+,α−) + α−

i ∇W
−
i (α+,α−)

= (∇W−)Tα− − (∇W+)Tα+.

Remark 2.1.8. �e computation of ∇W± (α+ −α−) actually does require

O
(
n2
)

operations, as the complete kernel matrix K is involved. �is is

in fact the only time the whole matrix is needed, which is why the cold

start initialization can be a feasible choice to this end. However, the extra

initialization cost might yet pay o� due to a smaller amount of iterations

needed to achieve the prescribed accuracy. As this of course depends on the

application at hand, we will leave the level of investigation at this remark.

We refrain here from stating a pseudo-code algorithm for the 2D-SMO vari-

ant due to the more involved update cases. However, the implementation

can be done straightforwardly following the corresponding sections linearly.

A MatLab implementation of the 2D SMO variant is also available in the

so�ware framework KerMor [184].

2.2 Vectorial kernel orthogonal greedy algo-
rithms

In di�erence to the SVR technique introduced in Section 2.1, the algorithm

discussed in the following will be formulated in a vectorial se�ing from the
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start. It belongs to the family of “greedy algorithms” which build on the

concept of m-term approximation [153, 41]. �is formalism is basically a

measure of how well a function from a given function space can be approx-

imated by linearly combining m functions out of a given set from the same

space. However, direct computation of the best m-term approximation is

not possible in practice, as its computation has combinatorial complexity

dependent on the number of considered elements. Hence, the challenge is

to �nd methods and algorithms that provide near-best m-term approxima-

tions, and greedy algorithms have been proven to satisfy this requirement

under various conditions, see e.g. [167, 40, 41, 169]. �eir “greedy” nature

has its foundation in a greedy step, which determines the next function to be

added to an existing m-term approximant according to certain maximizing

criteria, mostly involving residuals. �e considered function set can either

be a basis of the containing space or a redundant (dense) system of func-

tions, where the la�er is also called a “dictionary” and is also used in this

thesis.

Well known criteria roughly distinguish between pure and weak greedy al-

gorithms, where the true or almost true maximum approximation “gain” is

considered, respectively. An extensive survey of greedy algorithms can be

found in [169], however, greedy approximation methods appear in the lit-

erature in di�erent facets like (orthogonal) matching pursuit [114, 128, 35]

or greedy pursuit [172] and others. So far, approximation and convergence

results have been established for quite general spaces, e.g. Hilbert [41, 169]

or Banach spaces [96, 104]. In this work we will use the RKHS introduced in

Section 1.2 as they readily allow to apply the greedy approximation scheme

described above. Note that greedy algorithms have been already formulated

in the context of RKHS in e.g. [148, 117], also including some results on

convergence.

It is also evident that the selection criteria for subsequent new dictionary el-

ements depends on the way the m-term approximant in any current linear

subspace is computed. �e most natural approach is to use orthogonal pro-
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jection with respect to the native RKHS scalar product, which guarantees

the best possible approximation in each subspace. We shall regard this ap-

proach here, however, there are more choices e.g. using least squares [175]

or orthogonal least squares [25, 27].

In this thesis, we will focus on a vectorial variant of the orthogonal kernel

greedy algorithm, which has intermediately been published in [183] in sim-

ilar form. It states a vectorial extension of the so-called f/P -Greedy algo-

rithm from [117, 3.1.1] in the spirit of [104] and is characterized by a native-

norm maximizing selection criteria. We will investigate this criteria more

closely and show that an improved error bound and a-posteriori bounds

can be obtained for the considered vectorial kernel orthogonal greedy al-

gorithm (VKOGA). We also show that, under certain conditions, adding the

same data points twice yields a Hermite-type interpolation in the limit. For

related work on vectorial greedy algorithms see e.g. [107, 103].

In the following we will establish necessary concepts and show their rela-

tions to existing work in Section 2.2.1.

2.2.1 Preliminaries

In the following we will introduce the core principles regarding greedy al-

gorithms, where we will at �rst consider the scalar case q = 1.

As mentioned in the introductory part, we will focus on projection of func-

tions into subspaces to obtain approximants.

De�nition 2.2.1 (Orthogonal projection operator). Let S ⊆ H be a linear

subspace ofH. �en the orthogonal projection operator is denoted by

PS : H → S

f 7→ PS[f ],
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such that

〈f − PS[f ], g〉H = 0 ∀ g ∈ S. (2.15)

Next we will show some frequently used properties of projections.

Lemma 2.2.2. Let S ⊆ H be a linear subspace ofH. �en

||PS[f ]||2H = 〈f,PS[f ]〉H ∀ f ∈ H.

If furtherS = HX for someX = {x1, . . . ,xn} ⊂ Ω so thatK is non-singular,
we have

PS[f ] =
n∑
i=1

ciK(xi, ·), c = K−1f , fi = f(xi), i = 1 . . . n. (2.16)

Proof. First,

||PS[f ]||2H = 〈PS[f ],PS[f ]〉H = 〈f − (f − PS[f ]),PS[f ]〉H
= 〈f,PS[f ]〉H − 〈(f − PS[f ]),PS[f ]〉H︸ ︷︷ ︸

=0

= 〈f,PS[f ]〉H .

Second, as the projection is inHX
, we have PS[f ] =

∑n
i=1 ciK(xi, ·) for yet

to be determined coe�cients ci. Using the projection conditions (2.15), we

obtain

0 = 〈f − PS[f ], K(xj, ·)〉H =
n∑
i=1

〈f − ciK(xi, ·), K(xj, ·)〉H

=
n∑
i=1

f(xj)− ciK(xj,xi) = f(xj)−
n∑
i=1

ciK(xj,xi) ∀ j = 1 . . . n,

which writes as the system of equationsKc = f and gives (2.16).

Remark 2.2.3. Using kernel translates as in (2.16) to compute the projections

is also known as the “RBF direct” method. �is is numerically infeasible in

general, as the condition of the kernel matrix can get arbitrarily bad espe-
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cially for close data-points. As the interpolation task itself is not unstable in

function space [36], several approaches [146, 61, 60, 57, 117] have been in-

vestigated to alleviate those problems, e.g. by choosing a stable basis. In this

work, we will employ the “Newton basis” introduced in [129] and provide

details in Section 2.2.2.3.

Lemma 2.2.2 shows that the projection actually means interpolation at spe-

ci�c function values. �is only holds true if the kernel matrix is invertible, or

more general, K(x, ·), K(y, ·) are linearly independent for any x 6= y ∈ Ω.

�is property is dependent on the choice of kernel, however, the selec-

tion criteria of the greedy algorithms considered in this work choose new

points based on the largest approximation “gain”, which is not achieved

when adding linear dependent dictionary elements. Hence, those algorithms

will always select points whose induced kernel matrix is non-singular, even

though the projection itself is unique for arbitrary points (but maybe with

ambiguous coe�cients due to an under-determined systemKc = f ).

Orthonormal remainders

Unfortunately, due to di�erent perspectives, there have been developing two

di�erent but closely related ways of notation in the context of greedy algo-

rithms. �e classical greedy theory [169] considers scalar products of func-

tion residuals and dictionary elements in the greedy step selection criteria.

On the other hand, kernel greedy algorithms [148, 117] usually consider

point-wise maxima maxx |f(x)− sf,Xm
(x)| in the greedy step, where sf,Xm

is the interpolant of f on the current m− th point set Xm. However, using

RKHS those perspectives merge together by virtue of the reproducing prop-

erty. �eir connection will become clear using the concept of orthogonal
remainders, which we will introduce in the following.

De�nition 2.2.4 (Orthonormal remainders). Let X = {x1, . . . ,xn} ⊆ Ω,

x ∈ Ω and de�ne ΩX := {x ∈ Ω | K(x, ·) ∈ HX}. �en we de�ne the
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HX
-orthogonal remainder of K(x, ·) as

φ̃x := K(x, ·)− PHX [K(x, ·)],

and for x ∈ Ω\ΩX theHX
-orthonormal remainder

φx := φ̃x

/∣∣∣∣∣∣φ̃x∣∣∣∣∣∣
H
.

Lemma 2.2.5 (Properties for remainders). Let f ∈ H. �en

PHX⊕〈φx〉H[f ] = PHX [f ] + P〈φx〉H[f ], (2.17)〈
f, φ̃x

〉
H

= 〈f − PHX [f ], K(x, ·)〉H = f(x)− PHX [f ](x). (2.18)

Furthermore, φ̃x is the Riesz-representative of the linear functional

δx − PHX [·](x) : H → R.

Proof. At �rst, if K(x, ·) ∈ HX
then condition (2.17) holds trivially. So,

assume K(x, ·) /∈ HX
and {ϕ1, . . . , ϕl} to be an orthonormal basis (ONB)

ofHX
. From this and the condition

〈
f − P〈φx〉[f ], φx

〉
H = 0 we get

PHX [f ] =
l∑

i=1

〈f, ϕi〉H ϕi, P〈φx〉H[f ] = 〈f, φx〉H φx.

As φx is orthogonal to HX
by de�nition we know that {ϕ1, . . . , ϕl, φx} is

ONB ofHX ⊕ 〈φx〉H and directly obtain

PHX⊕〈φx〉H[f ] =
l∑

i=1

〈f, ϕi〉H ϕi + 〈f, φx〉H φx = PHX [f ] + P〈φx〉H[f ].

Next, equality (2.18) follows straightforwardly as both

〈PHX [f ], φx〉H = 0 = 〈f − PHX [f ],PHX [K(x, ·)]〉H
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by projection properties:〈
f, φ̃x

〉
H

=
〈
f − PHX [f ], φ̃x

〉
H

= 〈f − PHX [f ], K(x, ·)− PHX [K(x, ·)]〉H
= 〈f − PHX [f ], K(x, ·)〉H = f(x)− PHX [f ](x).

Finally, the Riesz representation directly follows from (2.18).

So, Lemma 2.2.5 allows to show the connection between both perspectives,

which is established via the reproducing property of the RKHS. In equation

(2.18) we see the scalar product of f with a dictionary element K(x, ·) in

the spirit of general greedy algorithms, but also the point-wise di�erence

f(x) − PHX [f ](x), which is the same as f(x) − sf,X(x) by Lemma 2.2.2

for non-singular kernel matrices. �e expression 〈f, φ̃x〉H is equivalent to

both, but isolates the f -dependency nicely by using a modi�ed dictionary

element, i.e. the orthogonal remainder of K(x, ·).

Remark 2.2.6. For any X ⊂ Ω and x ∈ Ω\ΩX the orthogonal remainder φ̃x

actually corresponds to the direct translate Kx
P (x, ·) of the “Power-Kernel”

Kx
P , see [119, 120].

�e f- and f/P -Greedy algorithms

�e initial idea behind the orthonormal remainder formalism was to develop

a vectorial greedy algorithm that works on “modi�ed” dictionary elements

that would give the best possible improvement in the native norm instead

of pure function value residuals. However, a closer investigation into litera-

ture revealed that the f/P -Greedy algorithm [117] produces this behaviour,

though in a scalar se�ing and only remarked at by the authors on a side note.

Hence, before introducing our vectorial formulation, we shall link both ap-

proaches and use the established nomenclature [117]. At this stage, we recall

the concept of “power functions” (see [178, 11.2] or [117, 2.2.11]) and show

the relation to orthogonal remainders.
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Proposition 2.2.7 (Power function and orthogonal remainders). If the ker-
nel matrixK is non-singular for X = {x1, . . . ,xn} ⊂ Ω, then∣∣∣∣∣∣φ̃x∣∣∣∣∣∣

H
= PK,X(x), (2.19)

where PK,X(x) denotes the power function de�ned by

PK,X(x)2 := K(x,x)− 2
n∑
i=1

ui(x)K(x,xi) +
n∑
i,j

ui(x)uj(x)K(xi,xj).

Here ui, i = 1 . . . n denotes the “Lagrange basis” ofHX , which is characterized
by ui(xj) = δij .

Proof. �e Lagrange basis is given by

uj(x) =
n∑
i=1

bjiK(xi,x),

where the condition ui(xj) = δij is satis�ed when Kbj = ej , i.e. bj =

(K−1)j . Here ej denotes the i-th unit vector in Rn
and (K−1)j the j-th

column of K−1
. Next, recalling the kernel column vector shorthand (1.2,

p.10) and Lemma 2.2.2 we see that

PHX [K(x, ·)] =
n∑
j=1

(K−1)Tj k(x)K(xj, ·) =
n∑
j=1

n∑
i=1

K−1
ij K(x,xi)K(xj, ·)

=
n∑
i=1

K(x,xi)
n∑
j=1

K−1
ij K(xj, ·) =

n∑
i=1

K(x,xi)uj,

with K−1
ij denoting the ij-th entry ofK−1

. By de�nition of φ̃x this yields

∣∣∣∣∣∣φ̃x∣∣∣∣∣∣2
H

=
〈
φ̃x, φ̃x

〉
H

= 〈K(x, ·)− PHX [K(x, ·)], K(x, ·)− PHX [K(x, ·)]〉H
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=

〈
K(x, ·)−

n∑
i=1

ujK(x,xi), K(x, ·)−
n∑
i=1

ujK(x,xi)

〉
H

= PK,X(x)2,

showing (2.19).

For more background on power functions see e.g. [145, 35, 178, 117]. Even

though both concepts are closely related, we will use the notion of orthog-

onal remainders as it will prove useful in our algorithm analysis.

With the necessary background established, we now state the scalar f - and

f/P -Greedy algorithms [117, 3.1.1] using the orthogonal/-normal remain-

der formalism in Algorithm 2 and Algorithm 3. �e equalities in (2.20) and

Algorithm 2 f -Greedy algorithm

Let f ∈ H and de�ne X0 := ∅, f 0 := 0 and for m > 0 the sequences

xm := arg max
x∈Ω

∣∣∣〈f, φ̃m−1
x

〉
H

∣∣∣ = arg max
x∈Ω
|f(x)− fm−1(x)|, (2.20)

Xm := Xm−1 ∪ {xm},
fm := PHXm [f ],

where φ̃mx denotes the orthogonal remainder of K(x, ·) with respect to Xm

for any m,x.

Algorithm 3 f/P -Greedy algorithm

Let f ∈ H and de�ne X0 := ∅, f 0 := 0 and for m > 0 the sequences

xm := arg max
x∈Ω\ΩXm−1

∣∣〈f, φm−1
x

〉
H

∣∣ = arg max
x∈Ω\ΩXm−1

|f(x)− fm−1(x)|
PK,Xm−1

(x)
,

(2.21)

Xm := Xm−1 ∪ {xm},
fm := PHXm [f ],

where φmx denotes the orthonormal remainder ofK(x, ·) with respect toXm

for any m,x.

(2.21) the can be easily veri�ed using Lemma 2.2.5 and Proposition 2.2.7.
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�ey build the bridge between the “dictionary” and “residual” perspectives,

and we will discuss both algorithms and their relation in more detail for the

vectorial se�ing in Section 2.2.2.

2.2.2 Vectorial kernel orthogonal greedy algorithm

Considering Hq
for q ≥ 1, it is clear that any scalar greedy approximation

strategy can be straightforwardly applied to each component function fj

for some f ∈ Hq
. But if one does not somehow connect the extension

choices over the di�erent component functions, the algorithms will most

likely produce di�erent subspacesHXj
for each component fj , leading to q

disjoint kernel expansions in the worst case. �is will be computationally

infeasible, so the �rst and most obvious choice is to force all component

approximations to stem from one global approximation subspace, i.e. fj ∈
HX ∀ j for some base space HX

. �is restriction is given if we use the

following vectorial projection operator onHq
.

De�nition 2.2.8 (Vectorial component-wise projection operator). Let S ⊆
H be a linear subspace and q ∈ N. �en we de�ne the vectorial orthogonal

projection operator

PqS : Hq −→ Sq

f 7−→ (PS[fj])j , j = 1 . . . q.

It is easily veri�able that for this de�nition we have 〈f − PqS[f ], g〉Hq =

0 ∀ g ∈ Sq as

Sq = 〈{eig | i = 1 . . . q, g ∈ S}〉 ,

with ei denoting the i-th unit vector in Rq
.

Consequently, the scalar algorithms can be formulated straightforwardly

also in the vectorial context. Note that a vectorial regression approach can

be found in [159] or multioutput orthogonal least squares approximations

are discussed in [26]. �e vectorial version of the f -Greedy Algorithm 2
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can already be found in a general Hilbert space se�ing in e.g. [104, §3, (3.4)]

named “WSOGA 2”. As our focus is the vectorial formulation of the f/P -

Greedy algorithm, we shall quickly state the vectorial f -Greedy variant �t-

ted to our RKHS se�ing in Algorithm 4 and call it f -VKOGA for simplicity.

Algorithm 4 f -VKOGA

LetK be a s.p.d. normalized kernel with native spaceH. Further let f ∈ Hq
,

de�ne X0 := ∅,f 0 := 0 and for m > 0 the sequences

xm := arg max
x∈Ω

q∑
j=1

〈
fj, φ̃

m
x

〉2

H
= arg max

x∈Ω
||f(x)− fm(x)||22 , (2.22)

Xm := Xm−1 ∪ {xm},
fmj := PqHXm [fj], fm = (fm1 , . . . , f

m
q )T .

Now, an important feature of the scalar f/P -Greedy algorithm is that each

extension step maximizes the H-norm of PHX [f ] (the interpolant in [117,

3.1.4], see also [150, �m 6.], [37]), which is equivalent to achieving the

largest possible “gain” in approximation w.r.t. the native space due to the

orthogonality properties ||PHX [f ]||2H = ||f ||2H − ||f − PHX [f ]||2H. �is as-

pect is not taken into account by the vectorial greedy algorithms proposed

in [103, 104], which pursue a vectorial greedy search in the fashion of the

standard scalar f -Greedy variant. However, it remains to verify that the

transferred vectorial selection criteria of Algorithm 3 inherits this property.

�e concept of a gain function will prove useful in this context and for sub-

sequent analysis.

De�nition 2.2.9 (Gain function). Let X = {x1, . . . ,xn} ⊆ Ω and f ∈ Hq
.

�en we denote the gain function with respect to X and f by

GX,f : Ω\ΩX −→ R

x 7−→
q∑
j=1

〈fj, φx〉2H ,
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where φx denotes the orthonormal remainder of K(x, ·) with respect to X .

For our choice of vectorial RKHS, the following Lemma characterizes the

Hq
-norm maximizing aspect of the f/P -Greedy algorithm using the gain

function.

Lemma 2.2.10 (Gain for vectorial subspace extension). Let f ∈ Hq, X =

{x1, . . . ,xn} ⊆ Ω, q ∈ N and x ∈ Ω\ΩX . �en∣∣∣∣∣∣f − PqHX⊕〈K(x,·)〉[f ]
∣∣∣∣∣∣2
Hq

=
∣∣∣∣f − PqHX [f ]

∣∣∣∣2
Hq −GX,f(x). (2.23)

Proof. At �rst we note that in fact HX ⊕ 〈K(x, ·)〉 = HX ⊕ 〈φx〉, which

follows directly from the de�nition of φx as PHX [K(x, ·)] ∈ HX
. Moreover,

for an f ∈ H we have P〈φx〉[f ] = 〈f, φx〉H φx by (2.15, p.49). �en using

Lemma 2.2.2 and 2.2.5 we deduce∣∣∣∣f − PHX⊕〈K(x,·)〉[f ]
∣∣∣∣2
H

=
∣∣∣∣f − PHX⊕〈φx〉[f ]

∣∣∣∣2
H

=
∣∣∣∣f − PHX [f ]− P〈φx〉[f ]

∣∣∣∣2
H

= ||f − PHX [f ]||2H − 2
〈
f − PHX [f ],P〈φx〉[f ]

〉
H +

∣∣∣∣P〈φx〉[f ]
∣∣∣∣2
H

= ||f − PHX [f ]||2H − 2
〈
f,P〈φx〉[f ]

〉
H

+ 2
〈
PHX [f ],P〈φx〉[f ]

〉
H︸ ︷︷ ︸

=0

+
〈
f,P〈φx〉[f ]

〉
H

= ||f − PHX [f ]||2H − 〈f, φx〉
2
H .

Using the de�nition of Pq and GX,f we obtain

∣∣∣∣∣∣f − PqHX⊕〈K(x,·)〉[f ]
∣∣∣∣∣∣2
Hq

=

q∑
j=1

∣∣∣∣fj − PHX⊕〈K(x,·)〉[fj]
∣∣∣∣2
H

=

q∑
j=1

||fj − PHX [fj]||2H − 〈fj, φx〉
2
H
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= ||f − PHX [f ]||2Hq −GX,f(x).

Since the orthogonal projection into a linear subspace always gives the best

possible approximation in that space, a direct consequence is the following

Corollary.

Corollary 2.2.11. Let the conditions from Lemma 2.2.10 hold. �en

inf
x∈Ω\ΩX

min
g∈(HX⊕〈K(x,·)〉)q

||f − g||2Hq = C − sup
x∈Ω\ΩX

GX,f(x),

with C :=
∣∣∣∣f − PqHX [f ]

∣∣∣∣2
Hq .

So, in fact, any x ∈ Ω\ΩX that yields the best approximation in HX∪{x}

also maximizes GX,f . Seen the other way around, the largest possible local

approximation gain with respect to the Hq
-norm is achieved by maximiz-

ing the gain function. Consequently, we state in Algorithm 5 the vectorial

counterpart of Algorithm 3 using the gain function. A recursive applica-

Algorithm 5 f/P -VKOGA)

Let q ∈ N and f ∈ Hq
, de�neX0 := ∅,f 0 := 0 and form > 0 the sequences

xm := arg max
x∈Ω\ΩXm−1

GXm−1,f(x) = arg max
x∈Ω\ΩXm−1

q∑
j=1

〈
fj, φ

m−1
x

〉2

H ,

(2.24)

Xm := Xm−1 ∪ {xm}, (2.25)

fm := PqHXm [f ]. (2.26)

tion of Lemma 2.2.10 yields the following result on the error decay and a

Parseval-type identity.

Corollary 2.2.12. �en theHq-approximation error is monotonously decreas-
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ing and for all m > 0 we have the identity

||f − fm||2Hq = ||f ||2Hq −
m∑
i=1

q∑
j=1

〈
fj, φ

i−1
xi

〉2

H = ||f ||2Hq −
m∑
i=1

GXi−1,f(xi).

2.2.2.1 Algorithm analysis

In this section we discuss some analytical properties of the VKOGA variants,

perform a comparison and investigate the behaviour of limit functions φx in

the vicinity of points x ∈ ΩX . Let X ⊂ Ω be given and denote by xf ,xfP

the subspace extension choices of the Algorithms 4 and 5, respectively. �en

we see that

q∑
j=1

〈
fj, φ̃xf

〉2

H
≤

q∑
j=1

〈fj, φxf 〉2H ≤ max
x∈Ω

q∑
j=1

〈fj, φx〉2H = GX,f(xfP ).

by the selection criteria de�nitions. �is means the f/P -VKOGA algorithm

will locally always make as good a choice as the f -VKOGA algorithm. Un-

fortunately, as the successive spaces constructed by both algorithms will in

general be di�erent, it remains an open question to us if and how to com-

pare the performance of both variants directly at some given subspace size

m > 0. However, with the help of Lemma 2.2.5, the f/P -VKOGA extension

choice criteria (2.24) can also be wri�en as

max
x∈Ω

q∑
j=1

〈
fj, φ

m−1
x

〉2

H = max
x∈Ω\ΩXm−1

||f(x)− fm(x)||22
||K(x, ·)− PHXm−1 [K(x, ·)]||2H

.

Since the numerator equals the f -VKOGA choice (2.22, p.56), which basi-

cally considers any maximizing point x to be equally good for extension,

the f/P -VKOGA choice scales inversely with how well the associated dic-

tionary element or translate K(x, ·) is already approximated by HX
. �is

way, identical point-wise approximation errors closer to the points whose

dictionary elements span HX
are considered to be worse than others. We

would like to note that both algorithms can be continuously transferred over
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to each other by thresholding the orthogonal remainder norms at a certain

value, i.e. we use the selection criteria

max
x∈Ω\ΩXm−1

||f(x)− fm(x)||22
max{δ, ||K(x, ·)− PHXm−1 [K(x, ·)]||2H}

for some δ ∈ [0, 1]. �en, δ = 0 and δ = 1 results in the f/P - and f -

VKOGA variants, respectively. �is opens up a large variety of algorithm

variants and the version most suitable for the current situation can be se-

lected. Moreover, as the norm of any orthogonal remainder is independent

of the considered f ∈ Hq
, this can be interpreted as how well all functions

involving the dictionary element K(x, ·) in general are already approxi-

mated in Hq
. �is concept is pursued directly by the P -Greedy algorithm

mentioned e.g. in [117], which aims to create data-independent approxima-

tions of the function space and leads to a very uniform distribution of the

selected xm.

Figure 2.3 illustrates the selection criteria using two simple scalar examples,

which shows the di�erent extension choices at m = 6 already given points

along with the respective gain functions. �e red and blue crosses mark the

VKOGA and f -VKOGA selection and the dashed/solid green line the gain

functions of the VKOGA/f -VKOGA algorithms, respectively. As test se�ing,

a Gaussian with γ2 = 2.1715 and X = {−7.1,−5.6,−2.1, 1.9, 5.9, 8.4}
have been used, whose induced RKHS serves as native space for both dic-

tionary and test function f . �e expansion coe�cients of f1 on the le�, f2

on the right hand side are

a1 = (−2.0465, 2.3066,−0.2428, 0.6805,−2.1213,−1.4411)

and

a2 = (1.1702,−0.2113,−0.7158,−0.5346,−1.1990,−1.1459).

Note that it is clear to see that the gain function of the VKOGA algorithm is
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fj(x)

fm−1
j (x)

〈fj − fm−1
j ,Φ(x, ·)〉H

〈fj , φ
m−1
x 〉H

||φ̃m−1
x || − 3
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Figure 2.3: Example for functions f1, f2 with di�erent selections of points using f or f/P
strategy.

indeed continuous as mentioned earlier in Remark 2.2.18.

For both cases we see that the VKOGA choice selects spatially very di�er-

ent extension points, even though the gain of both algorithms is not very

di�erent. While in the case of f1 (le�) the extension points are selected

“well away” from any existing point, the VKOGA extension selects x7 very

close to the existing center at −7.1. �ere it is evident that, even though

the absolute approximation error is bigger elsewhere, the error weighted by

the orthogonal remainder norm causes this location to be considered most

worth improving. On the downside, especially because this choice involves

a function-independent but RKHS-speci�c part, the choice of f/P VKOGA

can be ill-suited if the considered function does not stem from the same

RKHS as the dictionary elements. In this situation, adding more points near

the same location causes the denominator to decay much faster than the

nominator, as the function itself is locally not approximated as well as the

“local” RKHS part. �is e�ect can also be seen in e.g. [117, 6.1]. In our opin-

ion, instead of considering the f/P -VKOGA variant a bad choice when the

origin of the target function is unknown, we think this e�ect might be ac-
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tively used to formulate an indicator for the foremost mentioned situation.

If a considered function is “detected” not to belong to the currently chosen

RKHS, one can proceed with another choice of RKHS, e.g. a di�erent hyper-

parameter for the RKHS inducing kernel. We will pursue a more detailed

numerical comparison of the VKOGA variants in Section 2.2.2.4.

Until now we have only considered points x ∈ Ω\ΩX for possible exten-

sion of HX
via the induced kernel translate K(x, ·). So far in literature, it

remains unanswered what happens in the vicinity of points x ∈ ΩX . �is

motivated an analysis of the behaviour of GX,f in the neighborhood of ΩX .

�e following �eorem yields an explicit expression for the limit functions

φx when x→ y ∈ ΩX . Under mild assumptions, it turns out that the limits

in these cases can be described by orthonormal remainders of directional

derivatives of K(x, ·).

�eorem 2.2.13 (Directional limit of orthonormal remainders). Let K ∈
C1(Ω×Ω) (C1 w.r.t. each argument) with existing and bounded second deriva-
tives. Further let X = {x1, . . . ,xn} ⊂ Ω so that the kernel matrix K is
non-singular and choose x ∈ ΩX . �en ∀ v ∈ Rd we have

lim
h→0

φx+hv = φ∇vx ∈ H, (2.27)

with

φ∇vx :=

φ̃
∇v
x

/∣∣∣∣∣∣φ̃∇vx ∣∣∣∣∣∣H , φ̃∇vx 6= 0

0 , else
,

φ̃∇vx := vT∇1K(x, ·)− PHX [vT∇1K(x, ·)],

where ∇1 denotes the gradient operator w.r.t. the �rst argument.

Proof. Fix v. By Lemma 1.2.7 we know that vT∇1K(x, ·) ∈ H. Further,

as K(x, ·) ∈ HX
, Lemma 2.2.2 / (2.16, p.49) with f = K(x, ·) gives the
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representation

K(x, ·) =
n∑
j=1

(K−1)Tj k(x)K(xj, ·). (2.28)

Note that for x = xk, k ∈ {1 . . . n} we have k(xk) = Kk, which simpli�es

equation (2.28) to (K−1)Tj k(xk) = δjk. Now, for h > 0, the �rst order

multivariate Taylor series of K at x gives

K(x+ hv, ·) = K(x, ·) + hvT∇1K(x, ·) + h2CK(ξ, ·), (2.29)

with ξ ∈ [x,x + hv]. �e h-dependency of CK(ξ, ·) can be neglected due

to the bounded second derivatives, which is why we will just write O
(
h2
)

in the following. Next, with the shorthand

∇K(x) =
(
∇1K(x,x1) . . .∇1K(x,xn)

)
∈ Rd×n,

equation (2.29) directly gives the representation

k(x+ hv) = k(x) + h∇K(x)Tv +O
(
h2
)
.

Together with (2.16, p.49) and (2.28) we see that

PHX [K(x+ hv, ·)]

=
n∑
j=1

(K−1)Tj k(x+ hv)K(xj, ·)

=
n∑
j=1

(K−1)Tj
(
k(x) + h∇K(x)Tv

)
K(xj, ·) +O

(
h2
)

= K(x, ·) + h
n∑
j=1

(K−1)Tj ∇K(x)TvK(xj, ·) +O
(
h2
)

= K(x, ·) + h

n∑
j=1

(K−1)Tj

v
T∇1K(x,x1)

.

.

.

vT∇1K(x,xn)

K(xj, ·) +O
(
h2
)
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= K(x, ·) + hPHX [vT∇1K(x, ·)] +O
(
h2
)
.

Using (2.29) again we obtain the representation

φ̃x+hv = K(x+ hv, ·)− PHX [K(x+ hv, ·)] (2.30)

= hvT∇1K(x, ·)− PHX [vT∇1K(x, ·)] +O
(
h2
)

= hφ̃∇vx +O
(
h2
)
.

We conclude

lim
h→0

φx+hv = lim
h→0

φ̃x+hv∣∣∣∣∣∣φ̃x+hv

∣∣∣∣∣∣
H

= lim
h→0

φ̃∇vx +O (h)∣∣∣∣∣∣φ̃∇vx ∣∣∣∣∣∣H +O (h)
= φ∇vx ,

which shows (2.27, p.62) for φ̃∇vx 6= 0.

Now, �eorem 2.2.13 allows to draw interesting conclusions with regard to

the situations where x ∈ ΩX , i.e.K(x, ·) ∈ HX
. At �rst we see that for any

X = {x1, . . . ,xn},x ∈ ΩX ,v ∈ Rd
and f ∈ Hq

we have

lim
h→0

GX,f(x+ hv) =

q∑
j=1

〈
fj, φ

∇v
x

〉2

H .

�e resulting limit value depends on the direction v from which the limit

is taken, which implies that GX,f cannot be continuously extended to Ω

in general. To illustrate the occurring discontinuities, Figure 2.4 shows the

values of 〈f, φx〉H (which corresponds toGX,f in q = 1 dimensions without

the squared scalar product) for the test se�ings q = 1,Ω = [−4, 4]2, X =

{(0, 1), (−0.5, 0), (2,−1), (−1, 3), (−1.5,−3)} and a suitable f ∈ H. �e

discontinuities are clearly recognizable around any point x ∈ X , which are

marked by red dots. Furthermore, for each v ∈ Rd
and f ∈ Hq

equation
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Figure 2.4: Example of 〈f, φx〉H on Ω\ΩX . Red dots: X

(2.23, p.57) now reads as

lim
h→0

∣∣∣∣∣∣f − PqHX⊕〈K(x+hv,·)〉[f ]
∣∣∣∣∣∣2
Hq

=
∣∣∣∣f − PqHX [f ]

∣∣∣∣2
Hq −

q∑
j=1

〈
fj, φ

∇v
x

〉2

H .

Hence, the possible di�erent φ∇vx at any x ∈ ΩX imply that the limit of the

le� hand side also di�ers with changing v. �is raises the question about the

projection limit as h→ 0, which is answered satisfactorily by the following

corollary.

Corollary 2.2.14. Let the conditions from �eorem 2.2.13 hold and let f ∈ Hq.
�en we have

lim
h→0
PqHX⊕〈K(x+hv,·)〉[f ] = PqHX⊕〈vT∇1K(x,·)〉[f ].

Proof. For each component function fj, j = 1 . . . q we use the relation (2.30)

to obtain

PHX⊕〈K(x+hv,·)〉[fj] = PHX [fj] + P〈φ̃x+hv〉[fj]

= PHX [fj] +

〈
fj, φ̃x+hv

〉
H∣∣∣∣∣∣φ̃x+hv

∣∣∣∣∣∣2
H

φ̃x+hv
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= PHX [fj] +

〈
fj, φ̃

∇v
x

〉
H∣∣∣∣∣∣φ̃∇vx ∣∣∣∣∣∣2H
φ̃∇vx +O

(
h2
)

= PHX [fj] + P〈φ̃∇vx 〉[fj] +O
(
h2
)

= PHX⊕〈vT∇1K(x,·)〉[fj] +O
(
h2
)
.

Taking the limit h → 0 and recalling the component-wise action of Pq �n-

ishes the proof.

Remark 2.2.15. �e expression PqHX⊕〈vT∇1K(x,·)〉[f ] actually corresponds to

a simultaneous, component-wise directional Hermite interpolation in Hq

since 〈
fj,v

T∇1K(x, ·)
〉
H = vT∇1fj(x), j = 1 . . . n,

which can be easily veri�ed using Lemma 1.2.7. Interestingly enough, this

means that the closer a considered point approaches an already included

one from the direction v, the “direct extension” gain is converging towards

the gain that would be achieved including vT∇1K(x, ·) into HX
, i.e. the

directional derivative.

We conclude our analysis of GX,f with the following �eorem.

�eorem 2.2.16 (Gain function characterization). LetX = {x1, . . . ,xn} ⊆
Ω and f ∈ Hq. �en GX,f is continuous on Ω\ΩX and ∀ x ∈ ΩX exists a
neighborhood of x on which GX,f is bounded.

Proof. Let x ∈ Ω\ΩX . �en for any v ∈ Rd
a similar argumentation with

Taylor series as in the proof of �eorem 2.2.13 shows that

lim
h→0
||φx − φx+hv||H = 0,

from which we obtain continuity as limy→xGX,f(y) = GX,f(x). Next, for
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x ∈ ΩX and an ε with Bε (x) ⊂ Ω we see that

sup
v∈Bε(0)

lim
h→0

GX,f(x+ hv) = sup
v∈Bε(0)

q∑
j=1

〈
fj, φ

∇v
x

〉2

H

≤ sup
v∈Bε(0)

q∑
j=1

||fj||2H
∣∣∣∣φ∇vx ∣∣∣∣2H = ||f ||2Hq <∞,

which shows the boundedness.

�e most important conclusion from the above analysis for applications is,

that the gain function GX,f does not have any poles. �is boundedness al-

lows to actually obtain an analytic maximum in (2.24, p.58), presuming a

suitable extension of GX,f onto Ω. Furthermore, should it occur that the

maximum of GX,f is achieved at some x ∈ ΩX for a v ∈ Rd
, it means

that the extension of HX
with vT∇1K(x, ·) yields a be�er improvement

than inclusion of any direct kernel translate K(x, ·). �is initial work pro-

vides a direct connection for “hybrid” greedy algorithms that take extensions

by derivatives into account and requires further investigation. However, in

practical applications of this algorithm we yet consider only direct kernel

translates for inclusion. Consequently, we extend GX,f onto Ω by se�ing

GX,f(x) := 0 ∀ x ∈ ΩX . for the remainder of this work.

Remark 2.2.17. If in the context of �eorem 2.2.13, K is actually induced by

a radial basis function φ via K(x,y) = φ(||x− y||), we directly obtain

φ̃∇vx = φ′(||x− ·||)
〈
v,

x− ·
||x− ·||

〉
−

n∑
j=1

K(xj, ·)
n∑
i=1

K−1ij φ
′(||x− xi||)

〈
v,

x− xi
||x− xi||

〉
.

It is interesting to see that, for all directions that are free of any part towards

the other centers (i.e. v ⊥ x−xi for all i), their contribution to φ̃∇vx vanishes

completely.

Remark 2.2.18. If we assume d = 1 in the context of Proposition 2.2.16, then

the limit of φx for x → x̃ ∈ ΩX is unique and GX,f is continuous on Ω

∀ f ∈ H.
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2.2.2.2 Convergence analysis

In this Section we want to investigate the convergence behaviour of Algo-

rithm 5, where we will prove a slightly improved convergence bound sim-

ilar to the one established in [104] with a yet simpli�ed proof. Note that

this type of convergence rate stems from the more general theory of greedy

algorithms in vectorial Hilbert/Banach spaces [107, 104].

We will need some auxiliary lemma before we can state our convergence

results. �e following Lemma was stated �rst in [168, 3.1] with proof in [40,

Lemma 3.4], however, as the referred proof is for a slightly di�erent case we

state it here for completeness.

Lemma 2.2.19 (Lemma 3.1 from [168]). Let M > 0, tm, am ≥ 0 be non-
negative sequences satisfying a0 ≤M, am+1 ≤ am(1− tm+1

am
M ). �en

am ≤M

(
1 +

m∑
k=1

tk

)−1

∀m ≥ 0. (2.31)

Proof. If we have am0
= 0 for an m0 ≥ 0 we have am = 0 ∀ m ≥ m0 and

thus (2.31) holds trivially. So assume am 6= 0 for all m ≥ 0 and we continue

by induction. �en for m = 0 equation (2.31) is given by prerequisite. �e

induction step m→ m+ 1 follows via

a−1
m+1 ≥ a−1

m

(
1− tm+1

am
M

)−1

≥ a−1
m (1 + tm+1

am
M

)

= a−1
m +

tm+1

M
≥ 1

M

(
1 +

m∑
k=1

tk

)
+
tm+1

M

=
1

M

(
1 +

m+1∑
k=1

tk

)
,

using the third binomial formula (1 − b)(1 + b) = 1 − b2 ≤ 1 and the

prerequisites.

�e next Lemma is already known as Chebyshev’s inequality [3, 3.2.7], but
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as it is used at crucial points within the convergence proof we shall also state

it here for completeness.

Lemma 2.2.20 (Chebyshev’s inequality). Let am ∈ R,m ∈ N be an arbitrary
sequence. �en (

m∑
i=1

ai

)2

≤ m
m∑
i=1

a2
i ∀m ∈ N. (2.32)

Proof. Case m = 1 holds trivially. So let (2.32) hold for m ∈ N arbitrary but

�xed. By the third binomial formula or Young’s inequality for products and

exponent 2 we have 2ab ≤ a2 + b2 ∀ a, b ∈ R. Applying this m times gives(
m+1∑
i=1

ai

)2

=
m+1∑
i,j

aiaj =
m∑
i,j

aiaj + 2
m∑
i=1

aiam+1 + a2
m+1

=

(
m∑
i=1

ai

)2

+ 2
m∑
i=1

aiam+1 + a2
m+1

≤ m

m∑
i=1

a2
i +

m∑
i=1

(a2
i + a2

m+1) + a2
m+1

= m

m∑
i=1

a2
i +

m∑
i=1

a2
i + (m+ 1)a2

m+1

= (m+ 1)

(
m∑
i=1

a2
i + a2

m+1

)
= (m+ 1)

m+1∑
i=1

a2
i .

A key aspect of the Temlyakov-type estimations is to consider a certain sub-

class of functions

Hq
M :=

{
f ∈ Hq

∣∣∣∣∣ fj =
∞∑
k=0

αjkK(xk, ·),
∞∑
k=0

|αjk| ≤M, j = 1 . . . q

}
,

(2.33)

for M > 0. For more background on this methodology we refer to [40, §3].
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�eorem 2.2.21 (Convergence rate of the f/P -VKOGA algorithm). Let the
conditions of Algorithm 5 hold and let M > 0. �en for any f ∈ Hq

M , fm

converges to f no slower than

||f − fm||Hq ≤
√
qM

(
1 +

m

q

)− 1
2

, m ≥ 0. (2.34)

Further, with the de�nition

cm := max
x∈Ω

φ̃m−1
x (x) = max

x∈Ω

∣∣∣∣∣∣φ̃m−1
x

∣∣∣∣∣∣2
H
, m > 0,

we obtain the a-posteriori convergence bound

||f − fm||Hq ≤
√
qM

(
1 +

1

q

m∑
k=1

1

ck

)− 1
2

, m ≥ 0. (2.35)

Proof. Since cm ≤ 1 ∀ m > 0 by Lemma 2.2.5 we obtain the a-priori bound

(2.34) from (2.35)by se�ing cm := 1 ∀m > 0, which leaves us to prove (2.35).

First, using Lemma 2.2.5 we see for j = 1 . . . q that∣∣∣∣fj − fm−1
j

∣∣∣∣2
H =

〈
fj − fm−1

j , fj − fm−1
j

〉
H =

〈
fj, fj − fm−1

j

〉
H

=
∞∑
k=1

αjk
〈
K(xk, ·), fj − fm−1

j

〉
H

≤
∞∑
k=1

|αjk|
∣∣∣〈fj, φ̃m−1

xk

〉
H

∣∣∣
≤

∞∑
k=1

|αjk|max
x∈Ω

∣∣∣〈fj, φ̃m−1
x

〉
H

∣∣∣
≤M max

x∈Ω

∣∣∣〈fj, φ̃m−1
x

〉
H

∣∣∣ . (2.36)

Now, Lemma 2.2.2 gives∣∣∣∣∣∣φ̃x∣∣∣∣∣∣2
H

= ||K(x, ·)− PHX [K(x, ·)]||2H

= 1− 〈K(x, ·),PHX [K(x, ·)]〉H ≤ 1,
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and together with Lemma 2.2.20 (twice) we estimate the vectorial gain term

as

GXm−1,f(xm) = max
x∈Ω

GXm−1,f(x) = max
x∈Ω\ΩXm−1

GXm−1,f(x)

= max
x∈Ω\ΩXm−1

q∑
j=1

1∣∣∣∣∣∣φ̃m−1
x

∣∣∣∣∣∣2
H

〈
fj, φ̃

m−1
x

〉2

H

≥ max
x∈Ω\ΩXm−1

1

cm

q∑
j=1

〈
fj, φ̃

m−1
x

〉2

H

≥ 1

cm
max

x∈Ω\ΩXm−1

max
j=1...q

〈
fj, φ̃

m−1
x

〉2

H

=
1

cm
max
j=1...q

max
x∈Ω\ΩXm−1

〈
fj, φ̃

m−1
x

〉2

H

=
1
√
qcm

(
q max
j=1...q

max
x∈Ω\ΩXm−1

〈
fj, φ̃

m−1
x

〉4

H

) 1
2

≥ 1
√
qcm

(
q∑
j=1

max
x∈Ω\ΩXm−1

〈
fj, φ̃

m−1
x

〉4

H

) 1
2

≥ 1
√
qcm

1

q

(
q∑
j=1

max
x∈Ω\ΩXm−1

〈
fj, φ̃

m−1
x

〉2

H

)2
 1

2

=
1

qcm

q∑
j=1

max
x∈Ω\ΩXm−1

〈
fj, φ̃

m−1
x

〉2

H
.

With (2.36) this means

GXm−1,f(xm) ≥ 1

qcm

q∑
j=1

∣∣∣∣fj − fm−1
j

∣∣∣∣4
H

M 2

≥ 1

qM 2cm

1

q

(
q∑
j=1

∣∣∣∣fj − fm−1
j

∣∣∣∣2
H

)2

=
1

q2M 2cm

∣∣∣∣f − fm−1
∣∣∣∣4
Hq .
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Using Lemma 2.2.10, we see that

||f − fm||2Hq =
∣∣∣∣f − fm−1

∣∣∣∣2
Hq −GXm−1,f(xm)

≤
∣∣∣∣f − fm−1

∣∣∣∣2
Hq −

1

q2M 2cm

∣∣∣∣f − fm−1
∣∣∣∣4
Hq

=
∣∣∣∣f − fm−1

∣∣∣∣2
Hq

1−
1
qcm

∣∣∣∣f − fm−1
∣∣∣∣2
Hq

qM 2

 .

As f ∈ Hq
M , it is easy to see that ||fj||H ≤M, j = 1 . . . q. �is gives

∣∣∣∣f − f 0
∣∣∣∣2
Hq = ||f ||2Hq =

q∑
j=1

||fj||2H ≤
q∑
j=1

M 2 = qM 2.

Finally, applying Lemma 2.2.19 with am = ||f − fm||2Hq , a0 ≤ qM 2
and

tm := 1
qcm

gives

||f − fm||2Hq ≤ qM 2

(
1 +

m∑
k=1

1

qck

)−1

∀m ∈ N,

and hence (2.35, p.70).

Remark 2.2.22. In the context of Algorithm 4 we have monotonicity of Hq

error decay and the same a-priori convergence rate as for Algorithm 5 can

be shown to apply. Note here that the proof of convergence rates of the f -

VKOGA-Algorithm has already been performed (in a more general se�ing)

in [104], albeit using a di�erent technique and obtaining a convergence rate

which is a factor of

√
q slower.

2.2.2.3 Computational aspects

As already mentioned in Remark 2.2.3, using the basis of direct kernel trans-

lates o�en yields ill-conditioned kernel matrices. Again, several approaches

[146, 61, 60, 57] for various se�ings have been developed, where the “New-
ton basis” presented in in [129] proved to be a good choice in the context of
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greedy algorithms. �e basis formulation integrates nicely into the greedy

algorithms and allows computation on the �y without the need for the whole

kernel matrix. Moreover, it turns out the Newton basis is very closely related

to our concept of orthonormal remainders.

De�nition 2.2.23 (Newton basis of HX
). Let X = {x1, . . . ,xn} ⊆ Ω so

thatHX
is n-dimensional. �en the Newton basisN1, . . . , Nn ofHX

is given

by the recursion

N1 :=
K(x1, ·)√
K(x1,x1)

, Ñj = K(xj, ·)−
j−1∑
i=1

Ni(xi)Ni, Nj =
Ñj∣∣∣∣∣∣Ñj

∣∣∣∣∣∣
H

,

for j = 2 . . . n and satis�es

〈Ni, Nj〉H = δij. (2.37)

Condition (2.37) is easily veri�ed by induction. Basically, the complete New-

ton basis is obtained by a Cholesky decomposition of the kernel matrix K .

As this is computed recursively and (2.37) holds, we do not have to touch

any previously computed coe�cients again. Moreover, we actually perform

a pivoted partial Cholesky decomposition, where the next column is de-

termined by the greedy selection criteria. Most noticeably, this allows for

memory-e�cient implementations as the whole of K is never needed. We

refer to [129] for the complete background and continue with linking the

Newton basis to our se�ing. �erefore, the next Lemma lists the Newton

basis representations of the terms occurring in Algorithm 5, which espe-

cially shows the connection to the orthogonal remainders.

Lemma 2.2.24 (Newton basis representations). LetN1, . . . , Nm be the New-
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ton basis ofHX and f ∈ H. �en

PHX [f ] =
m∑
i=1

〈f,Ni〉HNi, (2.38)

PHX [K(x, ·)] =
m∑
i=1

Ni(x)Ni, (2.39)

∣∣∣∣∣∣φ̃x∣∣∣∣∣∣2
H

= K(x,x)−
m∑
i=1

N 2
i (x). (2.40)

Proof. From the projection conditions (2.15, p.49) and (2.37) we immediately

obtain (2.38). Equation (2.39) is a special case of (2.38) for f = K(x, ·).

Using (2.39) and Lemma 2.2.2 gives (2.40) via∣∣∣∣∣∣φ̃x∣∣∣∣∣∣2
H

= K(x,x)− 2PHX [K(x, ·)](x) + ||PHX [K(x, ·)]||2H

= K(x,x)− PHX [K(x, ·)](x) = K(x,x)−
m∑
i=1

N 2
i (x).

Finally the following proposition states how the VKOGA can be computed

e�ciently using the Newton basis.

Proposition 2.2.25 (Computation of VKOGA with Newton basis). For m =

1 set

x1 := arg max
x∈Ω

G∅,f(x) = arg max
x∈Ω

q∑
j=1

fj(x)2,

c1 := (〈f1, N1〉H , . . . , 〈fq, N1〉H)T =
(f1(x), . . . , fq(x))T√

K(x1,x1)
∈ Rq.

�en, at the m-th iteration (m > 1) with given x1, . . . ,xm−1, c1, . . . , cm−1
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we de�ne

xm := arg max
x∈Ω\ΩXm−1

∣∣∣∣∣
∣∣∣∣∣f(x)−

m−1∑
i=1

ciNi(x)

∣∣∣∣∣
∣∣∣∣∣
2

2

(
K(x,x)−

m−1∑
i=1

N 2
i (x)

)−1

,

(2.41)

cm :=

〈f1, Nm〉H
...

〈fq, Nm〉H

 =

f(xm)−
m−1∑
i=1

ciNi(xm)(
K(xm,xm)−

m−1∑
i=1

N 2
i (xm)

) 1
2

∈ Rq. (2.42)

Proof. In order to see (2.42) we note that

∣∣∣∣∣∣Ñm

∣∣∣∣∣∣2
H

= K(xm,xm)−
m−1∑
i=1

N 2
i (xm),

〈fj, Nm〉H =

〈
fj, Ñm

〉
H∣∣∣∣∣∣Ñm

∣∣∣∣∣∣
H

=
fj(xm)−

∑m−1
i=1 〈fj, Ni〉HNi(xm)(

K(xm,xm)−
m−1∑
i=1

N 2
i (xm)

) 1
2

.

With Lemma 2.2.24 we see (2.41) by

GXm−1,f (x) =

q∑
j=1

〈
fj, φ̃

m−1
x

〉2
H∣∣∣∣∣∣φ̃m−1x

∣∣∣∣∣∣2
H

=

∣∣∣∣f(x)− fm−1(x)
∣∣∣∣2
2∣∣∣∣∣∣φ̃m−1x

∣∣∣∣∣∣2
H

=

∣∣∣∣f(x)−
∑m−1

i=1 ciNi(x)
∣∣∣∣2
2

K(x,x)−
∑m−1

i=1 N2
i (x)

.

A detailed pseudo-code implementation is provided by Algorithm 6. �ere,

N .2 denotes a point-wise operation in the spirit of MatLab and the Pflag

se�ing determines whether to use the f or f/P -VKOGA variants. �is is

also the reason why the residual error is computed separately (and of course

di�erent error measures can be considered as applicable). Note that the �-

nal approximant fm will have the structure (2.38). In order to evaluate the

expansion using the direct translate basis, the triangular matrix with values
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Algorithm 6 : [I, c,L] = VKOGA(f , X, Pflag, tol,Mmax)

1: m← 1 . Initialize values

2: z ← diag (KX) = [K(x1,x1) . . . K(xn,xn)] ∈ Rn . Diagonal of

kernel matrix for (2.40)

3: R← [f(x1) . . .f(xn)] ∈ Rq×n . Initial residual: full function values Γ
4: imax ← arg max

i=1...n
||Ri||22

5: N ←K(:, imax)/
√
zimax ∈ Rn

6: c(:,m)← Rimax/
√
zimax

7: p←N .2 ∈ Rn . Store the values of squared sums in (2.40) on X
8: I = [imax]
9: while true do

10: R← R− c(:,m)TN (:,m) . Update residual

11: verr ← max
i=1...n

||Ri||22 . Obtain maximum residual error and position

12: if verr < tol ‖m = Mmax then . Check stopping conditions

13: break
14: end if
15: m← m+ 1
16: if Pflag = true then . Find new maximum error location

17: imax ← arg max
i=1...n

||Ri||22 /(zi − pi) . f/P -VKOGA variant

18: else
19: imax ← arg max

i=1...n
||Ri||22 . f -VKOGA variant

20: end if
21: n←K(:, imax)−N (:, 1:m)N(imax, 1:m)T ∈ Rn . Compute new

Newton basis on X
22: N (:,m)← n/

√
zimax − pimax . Normalize (via an identity formula)

23: c(:,m)← Rimax/
√
zimax − pimax . Compute basis coe�cients

24: p← p+N(:,m).2 . Update basis squares (for norm)

25: I ← [I imax] ∈ Rm

26: end while
27: L←N (I, 1:m)

of the computedm Newton basis functions at the selected pointsXm can be

used to obtain the corresponding coe�cients [129].

Remark 2.2.26 (Connection to remainders). In the context of Proposition

2.2.25 we actually have φ̃xm = Ñm and consequently φxm = Nm. �is means

that the orthonormal remainders in each step directly state all possible can-

didates of new Newton basis functions.
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2.2.2.4 Experiments

Outside the scope of model reduction, we shortly want to pursue some nu-

merical experiments to compare the VKOGA variants and discuss the a-

posteriori bound. We use d = q = 5, the test domain Ω = [−5, 5]d and

a Gaussian kernel with γ = 7.7866, which is chosen so that K(x,y) <

0.4 ∀ ||x− y|| ≥ 1
3diam(Ω), i.e. a certain locality of the kernel expansions

is ensured. �e test functions to approximate are of the structure

f(x) :=
N∑
k=1

ckK(xk,x) ∈ Hq,

with N = 20 random centers within Ω and random expansion coe�cients

c ∈ [0, 15]q. Experiments showed that it does not make a considerable dif-

ference in performance if we used f ∈ Hq
(i.e. independent expansions for

each dimension) or f ∈
(
HX
)q

(a common center set X ⊆ Ω for each

component function), as either way the actual centers are generally not de-

tected/chosen as centers by the greedy algorithms.

For training we use 3000 training points in Ω and we use a validation set of

size 5000 from the same domain. �e algorithm terminates if the expansion

size exceeds N = 300. �is is only set to ease comparability, normally one

would impose maximum absolute or relative error stopping criteria over the

training data. Figure 2.5 compares the maximum absolute and relative dis-

crete L2
errors over both training and validation data. Both variants show

an exponential convergence rate which gets slower as N increases. On the

training data, there is no signi�cant di�erence in the performance of either

variant. At least the f -VKOGA variant seems to expose a somewhat more

continuous error decay and seems to overtake the f/P -VKOGA algorithm

for higher N . Considering the validation set, the f/P -VKOGA algorithm

yields a be�er approximation for smaller N values, which indicates an im-

proved generalization potential. However, the key analytical di�erence is

the selection criteria, which is why we plot the native norm error between

full and approximated function in Figure 2.6. Here the native norm maxi-
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Figure 2.5: Top row: Absolute and relative errors on training data. Bo�om row: Absolute and
relative errors on validation data.

mizing selection criteria makes a clear di�erence of about an order of mag-

nitude. We suspect that, if the true native norm ||f ||Hq is reached faster

(recall ||f − fm||2Hq = ||f ||2Hq − ||f
m||2Hq due to orthogonal projection), the

function is approximated be�er in general, which explains the be�er perfor-

mance on the validation set.

Figure 2.6 also contains the a-priori and f/P -VKOGA a-posteriori conver-

gence bounds on the native norm. At �rst, an improvement regarding the

a-posteriori bound compared to the a-priori bound is evident. �us, if the

involved function space is already approximated well during computations,

an improvement of the a-priori bound is possible. However, not only are

both bounds yet too conservative to be of practical use, but also requires

knowledge of f in the sense of the Hq
M space (2.33, p.69) and norm. �is is
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Figure 2.6: Error decay of ||f − fm||Hq for f - and f/P -VKOGA variants

due to their theoretical background, as this order of convergence has been

shown for quite general Hilbert spaces, cf. [107, 104]. To this end, the dif-

ferent perspectives on greedy algorithms regarding kernels have also led

to di�erent approaches regarding approximation error bounds. Other con-

vergence results (in the scalar se�ing) usually involve the concept of a “�ll
distance”, see [178, 117, 139] to name a few. Due to their generality, the

foremost mentioned Temlyakov-style error bounds are o�en too conserva-

tive, while the �ll distance-related bounds provide excellent convergence

rates in many situations. However, the la�er also su�er from the condition

that a su�ciently small �ll distance is hard to achieve in practice. Hence,

it remains an open question if this “gap” can be closed in the future, as the

practical convergence rates of the VKOGA (and kernel greedy algorithms in

general) are usually orders of magnitude faster than the Temlyakov-bounds.

Remark 2.2.27. For higher dimensions the a-priori estimation assumptions

can cause some problems. �is is due to the following estimation in the �rst
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step of the convergence rate proof in �eorem 2.2.21:

∞∑
k=1

|αjk|
∣∣∣〈fj, φ̃m−1

xk

〉
H

∣∣∣ ≤ ∞∑
k=1

|αjk|max
x∈Ω

∣∣∣〈fj, φ̃m−1
x

〉
H

∣∣∣ .
�is estimation holds in theory, but since Ω is replaced by a discrete training

set Ω̂ ⊆ Ω we might not have∣∣∣〈fj, φ̃m−1
xk

〉
H

∣∣∣ ≤ max
x∈Ω̂

∣∣∣〈fj, φ̃m−1
x

〉
H

∣∣∣ ∀ xk.
For more details we refer to [183].
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2.3 Discrete empirical interpolation

Another very successful method for MOR of nonlinear systems is the Dis-

crete Empirical Interpolation Method (DEIM), which has been introduced in

[23] and inherits its principal ideas from the Empirical Interpolation Method

(EIM) [10]. �e EIM has been developed in the context of parameter depen-

dent partial di�erential equations (PDEs) for the case that some components

cannot be decomposed in the parameter- or time-a�ne fashion introduced

in Section 1.3.2, cf. [72]. Essentially, the EIM proposes to separate the state-

space and parameter dependency of the considered components by using

an a�ne linear combination of pre-selected functions (for �xed parameters)

and suitable parameter-dependent weights. In the context of parameterized

PDEs, this concept has been transferred to the discrete se�ing as “Empirical
Operator Interpolation” [47, 75, 71]. Now, the DEIM is the EIM counterpart

for (�nite-dimensional) nonlinear dynamical systems, where the a�ne de-

composition is pursued for the system’s nonlinearity f . As this method is

essential for subsequent parts of this work, we shall brie�y introduce it here.

�e idea behind DEIM is to approximate the system’s nonlinearity f by a

linear combination of DEIM basis vectors U = {u1, . . . ,uM} ⊂ Rd
, where

M ≤ d denotes the maximum DEIM order. �e key for successful approxi-

mation is the combination of the basis functions. It is chosen in a way, that,

given suitable “magic points” [111] E = {℘1, . . . , ℘M} ⊆ {1, . . . , d}, the ap-

proximation interpolates the original f on those points. Hence, for m ≤M

we denote by

f̂m(x) := Um(P T
mUm)−1P T

mf(x) (2.43)

the m-th order DEIM approximation of f , where Pm := [e℘1
, . . . , e℘m],

Um := [u1, . . . ,um] and ei ∈ Rd
denotes the i-th unit vector in Rd

. �e

interpolation property on the m-DEIM points e℘i can be easily veri�ed by

multiplying (2.43) from the le� with P T
m. �e assumption is that, given a

suitably representable basis U , the approximation will also reproduce the



82 CHAPTER 2. NONLINEAR APPROXIMATION

original f well on the remaining DoFs. Now, there are many choices on

how to choose U and E . In the original work [23], U is obtained from a POD

of f -evaluations on trajectory snapshots, or, in this context, the training

values Y .

Next, Algorithm 7 describes the selection of E given U . Note here that, if U

Algorithm 7 : E = Magic Points(U)

1: ℘1 = arg max
i
{|(u1)i|} . Initialize to maximum value index on u1

2: U = [u1], P = [e℘1
]

3: for l = 2 . . .M do
4: r = ul −U(P TU)−1P Tul . Residual of ul for current order l − 1
5: ℘l = arg max

i
{|ri|} . Select index with largest absolute value

6: U ← [U ul],P ← [P e℘l] . Update U ,P
7: end for
8: E = {℘1, . . . , ℘M} . Return interpolation points E

is obtained by a POD, the vectorsui are assumed to be sorted corresponding

to their singular values, i.e. u1 is the �rst POD mode, etc.

Remark 2.3.1. Even though the computation of U via POD is a widely ap-

plied strategy, we would like to remark here that actually any set of linear

independent vectors can serve as U . Moreover, the set of vectors used to

determine E can be completely independent of the DEIM basis U used later

on. For the POD case, it is assumed that the largest values of the respective

modes are most representable. �is turns out to work really well in most

situations, however, using orthonormalized samples of direct function/op-

erator evaluations also proved to be a suitable choice [47].

Finally, there is one more assumption regarding the applicability of DEIM

for arbitrary f . In order to evaluate f(x), in general all components of x

are required. �is is not a problem analytically, but when it comes to model

reduction, the central goal is to provide approximations that are indepen-
dent of the full systems dimension d. Now, essentially DEIM assumes that

the Jacobian pa�ern of f is sparse, so that in order to evaluate a compo-

nent function of f , only a few entries of x are necessary. �is commonly
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is the case for dynamical systems derived from a PDE using a local spatial

discretization scheme, for example. Using MatLab-style indexing, we can

write this sparse dependency as

fi(x) = fi(x[ji]), i = 1 . . . d,

where ji = {ji1, ji2, . . . , jini} = find(JP [i, :]) denotes the ni component-

indices of x required to evaluate fi, i.e. the nonzero column indices of the

i-th row of the Jacobian sparsity pa�ern JP of f . Hence, an m-th order

DEIM approximation requires at most

m∑
i=1

|j℘i| =
m∑
i=1

ni

components of x, and assuming |ji| � d, a considerable dimension reduc-

tion can be achieved. We will discuss this assumption in more detail in the

model reduction Section 3.2.2 and will conclude this chapter on nonlinear

approximation by introducing a modi�ed DEIM variant.

Remark 2.3.2. Sometimes one global DEIM approximation of f is not suf-

�cient, as either the desired speed (i.e. basis size) or accuracy cannot be

achieved simultaneously. Hence, various methods like the parameter multi-

domain “hp” empirical interpolation [51, 54] have been proposed. Further,

an implicit partitioning method was introduced in [179] and a localized

DEIM approach has been developed in [130]. All those methods target at

increased accuracy at smaller basis size by providing multiple “local” DEIM

approximations, where the locality is de�ned by di�erent (geometrical or

error) measures on the state or parameter domain.

2.3.1 Kernel DEIM

In the beginning of this chapter we claimed to only deal with sampling-based

methods, which is, however, not entirely true for DEIM. As discussed at the

end of the last section, point-wise evaluations of the nonlinearity/discrete
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operator are assumed to be available. Consequently, whenever one does

not have access to implementation details (e.g. f is given as a black box or

provided by compiled 3rd party code), the method cannot be applied.

In order to alleviate this problem and turn it into a truly sampling-based

method, we propose to use a Kernel DEIM, which works the same way as

DEIM but uses kernel approximations for the selection points or DoFs. �e

only requirement which is le� is the possibility to obtain the Jacobian spar-

sity pa�ern JP , which is needed to determine which entries of x are e�ec-

tively required to evaluate the component functions of f .

�e component functions f℘i are replaced by kernel approximations f̂i :

Rni → R

f℘i(x) ≈ f̂i(x) =
n∑
k=1

cikK(wi
k,x[ji]), i = 1 . . .m,

with suitable kernel K and centers wi
k = wki[ji] ∈ Rni

. Consequently,

given the Jacobian sparsity pa�ern JP , all selected m component functions

f℘i can be replaced by kernel expansions f̂i, which have been trained using

(the respective parts of) X and Y .

�is methodology has the advantage of being able to treat f as a complete

black-box regarding evaluation. Of course, the targeted learning algorithms

for f℘i could be the SVR from Section 2.1, the VKOGA algorithm introduced

in Section 2.2 or any other nonlinear (vectorial) approximation algorithm.

Moreover, instead of learning m component functions f̂i, the vectorial vari-

ants can also be applied to directly learn a function f̂ : Rp → Rm
with

p =
∑m

i=1 ni. However, the advantage of component-wise learning is that

the DEIM orderm can be changed more easily without having to re-compute

the vectorial f̂ .



Chapter 3

Model reduction of
nonlinear dynamical
systems

In this chapter we shall introduce the methodology to create “reduced order
models” (ROMs) of nonlinear parameterized dynamical systems. One well

established approach to obtain ROMs is by means of subspace projection,

where the full system is projected onto a suitable linear subspace of small

dimension. �e crucial assumption behind this is that the e�ective dynamics

of the considered dynamical systems actually live on a lower dimensional

manifold enclosed or approximated by such a linear subspace. �is approach

is applied to both “normal” and parameterized dynamical systems, where it

is no surprise that, in the la�er (more general) case, this subspace is naturally

larger. However, as non-parameterized systems can be readily covered as

special cases by all techniques applied to parameterized se�ings, we shall

deal with parameterized systems in the following.

Additionally, in this thesis we assume that the generated subspaces su�ce to

cover the entire system behaviour at reasonable size for whatever chosen pa-

rameter domainP . However, in practice, those assumptions can cause prob-

85
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lems for more complex systems with e.g. strong variations w.r.t. the model

parameters. Consequently, many approaches involving some sort of split-

ting of the spatial-, parameter- or time-domain into suitable regions have

been devised, using local models on the respective parts. For linear parame-

terized systems, [106] propose to use weighted local models for suitable pa-

rameters with each an own projection subspace, which is done similarly in

[5] but using an online nonlinear interpolation method for the reduced ma-

trices. Similar schemes focusing on second order systems have been devised

in e.g. [4, 126]. In the context of reduced basis (RB) methods [122, 127], both

the “hp-RB method” [53] and the adaptive “p-Partitioning” approach [70] tar-

get at a suitable spli�ing of the parameter domain. A time-domain spli�ing

is proposed for parameterized evolution equations in [44]. Such methods

are in general also applicable for the MOR process in this thesis’ context,

but we refrain from their inclusion for the sake of simplicity.

Now, whilst projection techniques for linear of a�ne-linear systems are well

understood by now [190, 7, 6, 11, 74], di�culties still arise regarding non-

linear systems. Hence, we will give the necessary background on subspace

projection methods in Section 3.1 and deal with the implications for the non-

linear approximation methods (see Chapter 2) in Section 3.2 later.

3.1 Subspace projection

Recall here the linear dynamical system

x′(t) = Ax(t), x(0) = x0, t ∈ [0, T ]. (3.1)

from Section 1.3 with state space variable x(t) ∈ Rd
. Now the projection

approach assumes the solution of (3.1) to essentially lie in a r-dimensional

linear subspace V ⊂ Rd
spanned by the basis {v1, . . . ,vr} ⊂ Rd

. Hence,

we set

x(t) ≈ xr(t) :=
r∑
i=1

zi(t)vi,
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for yet unknown “reduced basis” coe�cient functions zi(t), i = 1 . . . r. For

V = [v1 . . . vr] ∈ Rd×r
this actually writes as xr(t) = V z(t), and inserted

into (3.1) one obtains

V z′(t) = AV z(t), z(0) = V Tx0, t ∈ [0, T ]. (3.2)

However, while the initial condition z(0) can clearly be computed as the

part of x(0) which lies in V , the resulting ODE still has d equations for

only r unknowns. Consequently, while V z(t) forces the solution to lie in V ,

we can choose another r-dimensional linear subspaceW ⊂ Rd
with basis

{w1, . . . ,wr} and restrict the system dynamics to W , i.e. force the resid-

ual to be orthogonal to W . We shall call W the test space as this concept

is closely related to the commonly applied procedure to obtain weak for-

mulations for PDEs. Similar to z(0), this is done by multiplying the system

dynamics of (3.2) from the le� with W T
for W = [w1, . . . ,wr] to obtain

the ROM or reduced system

W TV z′(t) = W TAV z(t), z(0) = V Tx0, t ∈ [0, T ].

Note here that one could also use z(0) = W Tx(0) or z(0) = W TV V Tx(0)

regarding initial conditions. �e choice z(0) = V Tx0 follows a consistency

argument as this choice ensures V z(0) = x0 if x0 ∈ V . In applications,

o�entimes V = W is assumed, which is called the classical “Galerkin”-

projection. If V 6= W , we speak of “Petrov-Galerkin” projection. How-

ever, in the la�er case V andW are o�en assumed to be “biorthogonal”, i.e.

W TV = Ir, where Ir denotes the r-dimensional identity matrix.

�e projection approach straightforwardly transfers to the more general

case of nonlinear a�ne-parametric systems. As introduced in Section 1.3,

(1.12a, p.19), recall

x′(t) = f(x(t), t,µ) +A(t,µ)x(t) +B(t,µ)u(t), (3.3a)

x(0) = x0(µ), (3.3b)
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y(t) = C(t,µ)x(t), (3.3c)

stated here with output y for completeness. Similar to [74] regarding the

a�ne components, we obtain for given biorthogonalV ,W the reduced sys-

tem

z′(t) = W Tf(V z(t), t,µ) +

QA∑
i=1

θAi (t,µ)Ãiz(t) +

QB∑
i=1

θBi (t,µ)B̃iu(t),

(3.4a)

z(0) =

Q0∑
i=1

θ0
i (µ)x̃0

i =: z0(µ), (3.4b)

wr(t) =

QC∑
i=1

θCi (t,µ)C̃iz(t). (3.4c)

with

Ãi := W TAiV , B̃i := W TBi, C̃i := CiV , x̃0
i := V Tx0

i ,

where i runs over the respective indices. �is reduced system consists only

of components, whose evaluation complexity is independent of d, the full

state space dimension. Actually, without any further assumptions on f , this

is generally not true for W Tf(V z(t)), as it still involves d-dimensional

quantities. �us, most projection schemes involving nonlinearities enforce

additional structure on f , some of which we will discuss in Section 3.2 later.

Finally, various techniques to obtain reduced bases V ,W have been inves-

tigated, considering di�erent classes of linear systems like time invariant

[11], time-variant [143] or parameterized [74]. Various extensions of the

balanced truncation procedure [118] to nonlinear systems are investigated

in [151, 100, 31]. In the following we detail two by now well established

methods for subspace computation and refer the reader to [7, 6, 190] for an

overview on more available approaches. Note here that both subsequently

introduced methods are mostly used in the context of Galerkin-projection,
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where V = W .

3.1.1 Proper orthogonal decomposition

�e method known as “Proper Orthogonal Decomposition” (POD) aims at

�nding a “maximally representative” set of vectors for a given collection of

vectors. �is method is also known as “Principal Component Analysis” [86]

or “Karhunen-Loève” transformation [92, 105] in literature and was origi-

nally introduced as Hotelling-Transformation in [81]. Extensions thereof

have been considered for di�erent specialized applications, e.g. the “OS-
POD” [98]. �e POD has since been used in a variety of applications com-

prising control [108], �uid dynamics [110, 141] or inverse problems [97], see

also [118, 155, 170, 6, 79, 23]. We shall derive the computational background

here as this method is frequently applied also in our context.

Mathematically, for X = {x1, . . . ,xn} ⊂ Rd
and k ≤ n, the POD com-

putes a set of k orthonormal vectors v1, . . . ,vk ∈ Rd
that span an “optimal”

subspace for X in the sense of

min
V ∈Rd×k

n∑
i=1

∣∣∣∣(Id − V V T
)
xi
∣∣∣∣2

2
s.t. V TV = Ik.

Lemma 3.1.1 (Optimal 1D subspace). Let X = {x1, . . . ,xn} ⊂ Rd and de-
�neX := [x1 . . .xn] ∈ Rd×n. �en the solution of the minimization problem

v∗ = arg min
v∈Rd

n∑
i=1

||xi − 〈v,xi〉v||22 , s.t. ||v|| = 1,

is given by [v∗, λ] = max σ(XXT ), the eigenvector v∗ associated with the
largest eigenvalue λ of the scaled correlation matrixXXT .
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Proof. Consider

n∑
i=1

||xi − 〈v,xi〉v||22 =
n∑
i=1

(
||xi||2 − 2 〈xi,v 〈v,xi〉〉+ 〈v,xi〉2 ||v||2

)
= C −

n∑
i=1

〈v,xi〉2 = C −

〈
v,

n∑
i=1

xi 〈v,xi〉

〉
= C −

〈
v,XXTv

〉
,

for ||v|| = 1. Hence, it is equivalent to maximize

〈
v,XXTv

〉
and we obtain

a Lagrangian

L(v, λ) =
〈
v,XXTv

〉
− λ(1− ||v||2).

�e �rst order optimality conditions require

0
!

=
∂L
∂v

(v, λ) = 2(XXTv − λv),

hence v must be an eigenvector of XXT
. Now, for any such eigenvector

we have 〈
v,XXTv

〉
= λ ||v||2 = λ,

which directly yields the choice [v∗, λ] = maxσ(XXT ) and �nishes the

proof.

�eorem 3.1.2 (POD). Let the conditions of Lemma 3.1.1 hold. Further let
XXT = V ΛV T denote the eigenvalue decomposition of XXT , where Λ =

diag (λ1, . . . , λd) ∈ Rd×d contains the sorted eigenvalues λ1 ≥ λ2 ≥ . . .. �en
for any 1 ≤ k ≤ d the solution to

arg min
V ∈Rd×k
V TV =Ik

n∑
i=1

∣∣∣∣(In − V V T
)
xi
∣∣∣∣2

2
, (3.5)

is given by V k := V [:, 1:k], the �rst k columns of V , which are also referred
to as the �rst k “POD-modes”.
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Proof. We prove by induction. For k = 1, application of Lemma 3.1.1 directly

yields v1(= V 1). Now assume to have V k satisfying (3.5) for k < d. �en

for any Ṽ = [ṽ1 . . . ṽk+1] ∈ Rd×(k+1)
we have

n∑
i=1

〈
xi, Ṽ Ṽ

T
xi

〉
=

n∑
i=1

〈
xi,

k+1∑
j=1

ṽj 〈ṽj,xi〉

〉
=

n∑
i=1

k+1∑
j=1

〈ṽj,xi〉2

=
k+1∑
j=1

〈
ṽj,

n∑
i=1

xi 〈xi, ṽj〉

〉
=

k+1∑
j=1

〈
ṽj,XX

T ṽj
〉

=
k∑
j=1

〈
ṽj,XX

T ṽj
〉

+
〈
ṽk+1,XX

T ṽk+1

〉
=

n∑
i=1

〈
xi, Ṽ [:, 1:k](Ṽ [:, 1:k])Txi

〉
+
〈
ṽk+1,XX

T ṽk+1

〉
.

Hence we can write

n∑
i=1

∣∣∣∣∣∣(In − Ṽ Ṽ T
)
xi

∣∣∣∣∣∣2
2

=

(
n∑
i=1

||xi||2 −
〈
xi, Ṽ Ṽ

T
xi

〉)

=

(
n∑
i=1

||xi||2 −
〈
xi, Ṽ [:, 1:k](Ṽ [:, 1:k])Txi

〉
−
〈
ṽk+1,XX

T ṽk+1

〉)

=

(∣∣∣∣∣∣(In − Ṽ [:, 1:k](Ṽ [:, 1:k])T
)
xi

∣∣∣∣∣∣2
2
−
〈
ṽk+1,XX

T ṽk+1

〉)
.

Using the induction assumption this yields

min
Ṽ ∈Rd×k+1

Ṽ
T
Ṽ =Ik+1

n∑
i=1

∣∣∣∣∣∣(In − Ṽ Ṽ T
)
xi

∣∣∣∣∣∣2
2

= min
Ṽ ∈Rd×k+1

Ṽ
T
Ṽ =Ik+1

(∣∣∣∣∣∣(In − Ṽ [:, 1:k](Ṽ [:, 1:k])T
)
xi

∣∣∣∣∣∣2
2
−
〈
ṽk+1,XX

T ṽk+1

〉)
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= min
V̂ ∈Rd×k
V̂
T
V̂ =Ik

∣∣∣∣∣∣(In − V̂ V̂ T
)
xi

∣∣∣∣∣∣2
2
− max

ṽk+1∈Rd
||ṽk+1||=1

V̂
T
ṽk+1=0

〈
ṽk+1,XX

T ṽk+1

〉

=
∣∣∣∣(In − V kV

T
k

)
xi
∣∣∣∣2

2
− max

ṽk+1∈Rd
||ṽk+1||=1

V T
k ṽk+1=0

〈
ṽk+1,XX

T ṽk+1

〉
,

With the de�nition Xk := X − V kV
T
kX it is straightforward to see that

XkX
T
k = XXT − V kΛkV

T
k . Moreover, with Λk := Λ[1:k, 1:k] we see

that

XkX
T
kV k = XXTV k − V kΛkV

T
kV k = V kΛk − V kΛk = 0,

i.e. the eigenvectors v1, . . . ,vk are in the kernel of XkX
T
k . Together this

shows

max
ṽk+1∈Rd
||ṽk+1||=1

V T
k ṽk+1=0

〈
ṽk+1,XX

T ṽk+1

〉
= max

ṽk+1∈Rd
||ṽk+1||=1

V T
k ṽk+1=0

〈
ṽk+1, (XkX

T
k + V kΛkV

T
k )ṽk+1

〉

= max
ṽk+1∈Rd
||ṽk+1||=1

V T
k ṽk+1=0

〈
ṽk+1,XkX

T
k ṽk+1

〉

= max
ṽk+1∈Rd
||ṽk+1||=1

〈
ṽk+1,XkX

T
k ṽk+1

〉
. (3.6)

As in Lemma 3.1.1, (3.6) is maximized for [ṽ, λ̃] = max σ
(
XkX

T
k

)
. Now,

again using V T
k ṽ = 0 we see that

λ̃ṽ = Xk(Xk)
T ṽ = (XXT − V kΛkV

T
k )ṽ = XXT ṽ, (3.7)

so (ṽ, λ̃) is eigenpair of XXT
, too. Since (3.7) holds for any eigenpair of

XkX
T
k , we must have λ̃ = λk+1 by maximal choice and hence vk+1 := ṽ

and V k+1 := [V k vk+1].

As can be seen in �eorem 3.1.2, in order to compute theL2
-optimal approx-
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imating subspace for a set X , an eigenvalue problem forXXT
needs to be

solved, at least up to the �rst largest k eigenvalues. However, if X ∈ Rd×n

with d � n (i.e. if there are less training vectors than sample dimension),

we deal with a large matrixXXT ∈ Rd×d
that has at most n nonzero eigen-

values, i.e. we have a maximum of n POD-modes. �is is computationally

infeasible, and the following corollary provides a more e�cient way of com-

putation in these situations.

Corollary 3.1.3. Let X = {x1, . . . ,xn} and X = [x1 . . .xn] ∈ Rd×n with
d > n. Further let

XTX = WΛW T

be the eigen-decomposition of XTX ∈ Rn×n such that the diagonal of Λ

contains the eigenvalues sorted in descending order. �en for

V := XWΛ−
1
2 ∈ Rd×n,

the k-th order POD of X is given by V k = V [:, 1:k] for any k ≤ n.

Proof. At �rst we notice that XTX is positive semi-de�nite, which grants

that Λ−
1
2 is well-de�ned (leave zero for zero eigenvalues, e.g. use pseudo-

inverse (Λ+)
1
2 ). �en we see that

V ΛV T = XWΛ−
1
2 ΛΛ−

1
2W TXT = XXT ,

which yields an “economic” eigen-decomposition ofXXT
as

XXTV = V ΛV TV = V Λ,

but yet V ∈ Rd×n
. Hence, application of �eorem 3.1.2 �nishes the proof.

Consequently, depending on the situation it is more e�cient to compute

the eigenvalues of either XXT
or XTX , as there are at most min{d, n}

nonzero eigenvalues anyways. We would like to conclude this section with
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introducing the “singular value decomposition” (SVD) for arbitrary matrices

and show the relation to POD.

De�nition 3.1.4 (“Economic” singular value decomposition). For any ma-

trixX ∈ Rd×n
, we denote by

X = V ΣW T

a SVD ofX , where for k = min{d, n} we have V ∈ Rd×k,W ∈ Rk×n
with

pairwise orthonormal columns and a diagonal matrix Σ ∈ Rk×k
containing

the “singular values” σ1 ≥ . . . ≥ σk ≥ 0 on the diagonal.

Corollary 3.1.5 (Link of POD to SVD). Let X ∈ Rd×n be arbitrary and
denote by

XXT = V dΛdV
T
d , XTX = W nΛnW

T
n ,

the eigen-decompositions of the respective matrices. Further let

Σd = Λ
1
2

d , W d = XTV dΣ
−1
d , Σn = Λ

1
2
n, V n = XW nΣ

−1
n .

�en we have

V dΣdW
T
d = X = V nΣnW

T
n , (3.8)

and for k = min{d, n} we have Σd[1:k, 1:k] = Σn[1:k, 1:k].

Proof. As before, XXT
and XTX are positive semi-de�nite and hence

Σd,Σn are well-de�ned. Direct use of the de�nitions yields (3.8) via

V dΣdW
T
d = V dΣdΣ

−T
d V T

dX = X = XW nΣ
−1
n ΣnW

T
n = V nΣnW

T
n .

Furthermore, we see that e.g.

XXTV n = XXTXW nΣ
−1
n = XW nΛnΣ

−1
n = XW nΣ

−1
n Λn = V nΛn.
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�us, we must haveV n ⊂ V d, i.e. all column vectors ofV n are eigenvectors

of XXT
. By symmetry, the �rst k eigenvalues of Λd and Λn match and so

do the singular values. Conclusively, the economic SVD (as in De�nition

3.1.4) of X is given by the set of matrices with k × k dimensional singular

value matrix.

Note here that, in order to compute an SVD, one can also apply QR-style al-

gorithms instead of solving a suitable eigenvalue problem. �is is sometimes

the numerically more stable method, as the singular values are the square

roots of the respective eigenvalues of the correlation matrices or Gramians.
Consequently, we will synonymously identify the �rst k POD-modes of X

with the �rst k le� singular vectors of its SVD. Algorithm 8 describes the pro-

cedure to compute the �rst k POD-modes for a matrixX , where EIG(A, k)

returns the eigenpairs corresponding to the largest k eigenvalues. We refer

Algorithm 8 V = POD(X, k)

1: [d, n]←dims(X)

2: if d ≤ n then
3: [V ,Λ]←EIG(XXT , k)

4: else
5: [W ,Λ]←EIG(XTX, k)

6: V = XWΛ−
1
2

7: end if
8: return V

the reader to [86, 98] and references therein for more details on POD/PCA

and SVD.

3.1.2 POD-Greedy

�e “POD-Greedy” algorithm was �rst introduced in [72] and is an approach

to compute a reduced basis tailored to the context of parameterized dy-

namical systems or evolution equations. Basically, it computes the reduced

basis from a set of trajectories (for di�erent parameters) whilst compress-

ing the time-information of each trajectory via POD. Assume to be given
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a set of training parameters Ξ ⊂ P ⊆ Rp
and corresponding trajecto-

ries of the a�ne-parametric system (3.3, p.87), which we denote by Xµ =

[xµ(t0) . . .xµ(tN−1)] ∈ Rd×N
for a given µ ∈ Ξ and N discrete time-steps

0 = t0 ≤ . . . ≤ tN−1 = T . Algorithm 9 describes the POD-Greedy pro-

cedure, using POD as in Algorithm 8. Here tol > 0 describes the approxi-

Algorithm 9 V = POD-Greedy(Ξ,V 1, tol, r)
1: V = V 1

2: k = 2
3: while true do
4: /* Error err using parameter µk */

5: [err,µk] = arg maxµ∈Ξ

∣∣∣∣Xµ − V V TXµ

∣∣∣∣
F

6: if k ≥ r ∨ err ≤ tol then
7: return V
8: end if
9: vk = POD(Xµk − V V

TXµk, 1)

10: V ← [V vk]
11: k ← k + 1
12: end while

mation error tolerance and r ∈ N the maximal subspace size. Note that, of

course, di�erent choices for both initial spaceV 1 and error measure ||·||1 can

be applied. Commonly, the �rst POD mode of the concatenated initial val-

ues is chosen as initial space, or passing an empty V 1 will result in selection

of the trajectory with the largest error measure by itself, similar to starting

the DEIM algorithm 7 in Section 2.3 with the largest entry of |u1|. Recently,

the POD-Greedy algorithm has been proven to yield a quasi-optimal con-

vergence rate in [69].

Remark 3.1.6. �e maximum error computation of line 4 in Algorithm 9 is

very expensive, as full trajectoriesXµ have to be computed for all µ ∈ Ξ. If

an a-posteriori error estimator is available, a modi�ed variant of the POD-

Greedy algorithm can be applied. �erein, line 4 is replaced by

[ek,µk] = arg max
µ∈Ξ

∆(V ,µ),

where ∆(V ,µ) stands for a less costly subspace- and parameter dependent
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error estimator. �is way, no extra full simulations but for the selected error-

maximizing parameters have to be computed and larger training parameter

sets Ξ can be employed. �e POD-DEIM a-posteriori error estimators pre-

sented in Section 5.2 are promising candidates for application in this context.

3.2 Projection of nonlinear f

As already pointed out at the end of Section 3.1, the straightforward sub-

space projection of general nonlinear components of dynamical systems still

involves high-dimensional quantities, whose reduction was aimed at in the

�rst place. In detail, given biorthogonal V ,W (e.g. obtained by POD (Sec-

tion 3.1.1) or POD-Greedy (Section 3.1.2)), the projected nonlinear term of

(3.3, p.87) writes asW Tf(V z(t)) ∈ Rr
, but yet we have

f(V z(t)) ∈ Rd
and V z(t) ∈ Rd.

Consequently, today’s methods dealing with projection based MOR of non-

linear dynamical systems try to provide means that allow for a d-independent
evaluation complexity of the projected nonlinear term. �is can be done in

various ways, however, most frequently either a certain structure of f is

assumed or suitable approximations to f are proposed. Of course, the �rst

approach is of its own interest, as, for example, bilinear quadratic nonlin-

earities have recently been shown to be e�ciently projectable while cov-

ering a large class of systems in [12]. While providing approximations to

arbitrary f seems to be the more general approach, this approach faces the

trade-o� between loss of accuracy and improved speed by e�cient projec-

tion. One well known method is the trajectory piece-wise linear (TPWL)

approach [135, 136], which basically creates an a�ne-linear approximation

of f by a weighted sum of Jacobians at suitable locations. �is method is

extended by moment matching techniques in [15] or to a piece-wise poly-

nomial scheme in [45]. An “approximate reduction” method is introduced in

[166] and model reduction for weakly nonlinear systems by bilinearization
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has been discussed in [132], for example.

In this work we shall investigate two di�erent approaches that also use ap-

proximations of f . Motivated by [131], we investigate the conditions for

which kernel expansions yield e�cient projected terms in Section 3.2.1. �e

projection behavior for the DEIM approximation is detailed in Section 3.2.2

along the lines of [23]. Note that the technique of using a DEIM approxima-

tion for the nonlinear part in principle corresponds to an approach involving

an empirical operator interpolation in the PDE se�ing [47, 75], cf. Section

2.3.

3.2.1 Projection of kernel expansions

In this section we shall assume that the system’s nonlinearity f is approxi-

mated by a product kernel expansion

f̂(x, t,µ) =
n∑
i=1

ciK(xi,x)Kt(ti, t)KP(µi,µ), (3.9)

with coe�cient vectors ci ∈ Rd
and center triples (xi, ti,µi), i = 1 . . . k.

Here, K,Kt, KP denote the state, time and parameter kernels that can be

given independently. If the considered system is time or parameter inde-

pendent, the corresponding kernels are omi�ed in (3.9). For example, the

nonlinear kernel approximation techniques introduced in Sections 2.1 and

2.2 can be readily applied in order to obtain such expansions.

Clearly, the projection of (3.9) into V ,W directly applies to the coe�cient

vectors ci via c̃i := W Tci, i = 1 . . . k. �is results in an overall reduced

expansion

˜̂
f(z, t,µ) := W T f̂(V z(t), t,µ) =

k∑
j=1

c̃iK(V z(t),xi)Kt(ti, t)KP(µi,µ).

Unfortunately, this is still expensive to simulate given that K is still evalu-
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ated at V z(t) ∈ Rd
. In order to avoid input arguments of high dimension

d, we consider two special classes of kernels, where we will omit the time-

dependency of x(t) or z(t) for ease of reading.

Inner product kernels

As also mentioned in [131], the �rst type of kernels that allow e�cient argu-

ment evaluations are the inner product kernels as in De�nition 1.1.3. �en

we have

K(V z,xi) = φ(〈V z,xi〉G) = φ(〈z, zi〉) =: K̃(z, zi),

for zi := V TGxi ∈ Rr, i = 1 . . . k. �is way, it is su�cient to project

the state space centers xi into V and any evaluations of K can be computed

loss-less and e�ciently (e.g. during the reduced simulation) via K̃ . Some

examples for those kernels are the linear and polynomial kernels, see Section

1.1.1.

Translation- and rotation-invariant kernels

In extension to [131] we introduce a further class of kernels that allow for ef-

�cient loss-less argument evaluations, namely the translation- and rotation-

invariant kernels as given in De�nition 1.1.4. We impose the additional re-

quirement xi ∈ V , i.e. xi = V zi for some zi ∈ Rr, i = 1 . . . k. �en we

obtain

K(V z,xi) = φ(||V z − V zi||G) = φ(||z − zi||V TGV ) =: K̃(z, zi),

with V TGV being a small Rr×r
matrix inducing a new norm on Rr

, which

equals the standard Euclidean norm ifG = Id.

Note that the assumptionxi ∈ V is of a technical nature. We either extend V
by the span of the xi, or, if the kernel expansion is created with knowledge
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of V , one can choose xi ∈ V in the �rst place.

Finally, with the “reduced” kernel K̃ from either variant, we obtain

˜̂
f(z) =

k∑
j=1

c̃iK̃(z(t), zi)Kt(ti, t)KP(µi,µ), (3.10)

whose evaluation complexity does not involve d. Moreover, given xi ∈ V
for the la�er case, the projection does not infer any extra loss in accuracy

as shown above. Possible applications of the reduction technique involve

electric circuits [131] or biochemical systems [34], or more generally, any

systems where a good approximation of the nonlinearity with few kernel

components can be found. We will give a nonlinear circuit example in Sec-

tion 3.4.1.

3.2.2 DEIM approximation projection

An e�cient subspace projection can also be pursued for the DEIM approx-

imation scheme introduced in Section 2.3. Recall for m ≤ d the m-th order

DEIM approximation

f̂m(x) := Um(P T
mUm)−1P T

mf(x) (3.11)

of f as in (2.43, p.81) with Um := [u1, . . . ,um] and Pm = [e℘1
, . . . , e℘m].

Now, an e�cient projection is possible due to the a�ne structure of (3.11),

as projection with V ,W yields

˜̂
fm(z) := ŨmP

T
mf(V z) = W TUm(P T

mUm)−1P T
mf(V z), (3.12)

with reduced Ũm := W TUm(P T
mUm)−1 ∈ Rr×m

and
˜̂
fm : Rr → Rr

.

Similar to the kernel approximation case, we still need to deal with f(V z).

In the DEIM case, we now make use of the additional sparsity assumption
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on the Jacobian of f as described in Section 2.3. With that we obtain

P T
mf(V z) =

f℘1
(V z)
.
.
.

f℘m(V z)

 =

 f℘1
(V [j℘1

, :]z)
.
.
.

f℘m(V [j℘m, :]z)

 ∈ Rm,

where ji = {ji1, ji2, . . . , jini} = find(JP [i, :]) denotes the ni component-

indices of x required to evaluate fi. Now, as V [j℘i, :] ∈ Rni×r
, it recon-

structs just the full state space quantities needed to evaluate the ℘i-th com-

ponent function of f . Again, essentially

m∑
i=1

|j℘i| =
m∑
i=1

ni � d

is required to achieve a considerable dimension reduction, which imposes

an upper limit on m depending on the sparsity pa�ern of f .

3.3 O�line/online decomposition

A key concept to obtain e�cient reduced order models is the “o�ine-online
decomposition”, which is well-known from the RB se�ing [127] and has been

successfully applied to obtain fast reduced models under various conditions,

see e.g. [74, 10, 47, 173, 83]. Basically, every computation step involving

high-dimensional operations of minimum complexityO (d) are done in the

o�ine stage, whilst the simulation of the reduced system is done in the on-
line stage, only involving operations whose complexity is dependent on the

reduced dimension r � d and other “small” quantities like the DEIM or-

der m, for example. As shortly motivated in the introductory part of this

work, the need for such a decomposition is evident considering high-level

applications like optimization, control, Monte-Carlo simulations or inverse

modeling. �ey all involve multiple simulations of the considered model,

resulting in an extensive overall simulation time unless a fast online simu-

lation is possible.
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In detail, for the dynamical systems and approximations introduced so far,

the o�ine/online phases are given as follows. Note here, in the following

Chapter 5, we shall discuss di�erent error estimation techniques, which will

add additional steps to both stages.

3.3.1 O�line stage

Training data

For any system type introduced in Section 1.3, the �rst step is to compute

training data. For parameterized systems, we �rst de�ne the set of training

parameters Ξ ⊂ P for the parameter domain P ⊆ Rp
. Unless more sophis-

ticated methods are applied, a set of trajectories has to be computed, which

involves potentially many expensive simulations of the full system, yielding

training data X and Y .

Projection spaces

Next, using e.g. a global POD or the POD-Greedy method introduced in

the previous sections, the projection matrices V ,W ∈ Rd×r
are computed,

whose columns span the reduced basis V or test spaceW , respectively.

Nonlinear approximation

If the system’s nonlinearity already allows for e�cient projection, then this

step can be omi�ed. Otherwise, the approximation of f is computed by

e.g. using the component-wise SVR from Section 2.1, the VKOGA algorithm

from Section 2.2.2, the DEIM from Section 2.3 or any other suitable approxi-

mation technique. For kernel-based approximations, as shortly discussed in

Section 3.2.1, a-priori knowledge of V can be helpful in obtaining e�cient

approximations, which is why this step is listed a�er computing V ,W .
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System projection

As introduced in [74], the operations during the o�ine phase for the a�ne-

parametric components the system (1.12a, p.19) consists of computing

Ãi = W TAiV , i = 1 . . . QA, B̃i = W TBi, i = 1 . . . QB,

C̃i = CiV , i = 1 . . . QC , x̃0
i = V Tx0

i , i = 1 . . . Q0.

Now depending on the applied approximation, if used, we compute

• Kernel-based approximation with inner product kernels
Compute the reduced centers zi = V TGxi, i = 1 . . . k.

• Kernel-based approximation with RBF kernels
Compute the new RBF-norm inducing matrix V TGV ∈ Rr×r

. If xi ∈
V has not been ensured during nonlinear approximation, augment V

by the centers xi.

• DEIM approximation
Assuming to haveUM ,PM ,M ≤ d available from nonlinear approxi-

mation, choose m ≤M . �en compute Ũm = W TUm(P T
mUm)−1 ∈

Rr×m
and V [j℘i, :] ∈ Rni×r, i = 1 . . .m. For every new m ≤ M ,

those steps need to be repeated.

3.3.2 Online stage

At the online stage, the reduced system

z′(t) =
˜̂
f(z(t), t,µ) +

QA∑
i=1

θAi (t,µ)Ãiz(t) +

QB∑
i=1

θBi (t,µ)B̃iu(t),

z(0) =

Q0∑
i=1

θ0
i (µ)x̃0

i =: z0(µ), wr(t) =

QC∑
i=1

θCi (t,µ)C̃iz(t).
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as in (3.4, p.88) is solved for t ∈ [0, T ], where
˜̂
f is either given by (3.10, p.100)

or (3.12, p.100) (for an m ≤M ).

3.4 Applications

In this section we shall introduce some example systems which will be sub-

sequently used during this work.

3.4.1 Nonlinear circuit

�e �rst model we consider is the nonlinear resistor–capacitor circuit (RC

circuit or RC ladder) introduced in [28] which has also been mentioned in

the key paper [131]. �is model has been frequently used to investigate

reduction techniques for bilinear or weakly nonlinear systems [136, 31, 9].

�e RC circuit consists of nonlinear resistors and unit capacitors, with in-

termediate voltage measurement nodes denoted by x = (x1, . . . , xd) ∈ Rd
.

An independent current source with input signal u(t) is connected at node

one. �e current/voltage dependence for each resistor follows the nonlinear

relation

g(x) = e40x + x− 1.

Considering Kirchho�’s current law, we obtain the change of voltage as

x′ =


−g(x1)− g(x1 − x2)

g(x1 − x2)− g(x2 − x3)
.
.
.

g(xd−1 − xd)



=


−2x1 + x2 − e40x1 + 2− e40(x1−x2)

x1 − 2x2 + x3 + e40(x1−x2) − e40(x2−x3)

.

.

.

xd−1 − 2xd + e40(xd−1−xd)−1
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= Ax+


e40x1 + 2− e40(x1−x2)

e40(x1−x2) − e40(x2−x3)

.

.

.

e40(xd−1−xd) − 1

 =: Ax+ f(x),

whereA ∈ Rd×d
is the discrete Laplacian and f the nonlinear part. Further,

extending [9], we consider the input signals

u1(t) = e−t, u2(t) =
1

2
cos

(
2πt

10

)
,

u3(t) =

0 t ≤ 0.3

1 t > 0.3
, u4(t) =

cos(πt) + 1

t+ 1
,

which connects to the circuit via B = [1 0 . . . 0]T ∈ Rd
. �e output signal

w(t) is the voltage between node one and ground, mapped via C = BT
.

Altogether, we obtain a nonlinear dynamical system

x′(t) = Ax(t) + f(x(t)) +Bui(t), w(t) = Cx(t), x(0) = 0, (3.13)

where we set T = 3 and ∆t = 0.0025. For the full model dimension we set

d = 10000 and use a semi-implicit Euler scheme

(Id −∆tA)x(ti+1) = x(ti) + ∆t
(
f(x(ti)) +Bu(ti)

)
, (3.14)

on nt equidistant time-steps ti := (i− 1)∆t, ∆t = T
nt−1 , i = 1 . . . nt.

�is results in a training set X = Xu1
∪Xu2

∪Xu3
∪Xu4

composed of four

trajectories for di�erent inputs ui. For subspace computation, we perform a

global POD on X with target subspace size r = 40. For nonlinear approx-

imation, we use the VKOGA Algorithm 5/6 with f , X and the f -Greedy

selection criteria. �e maximum expansion size is nmax = 300 along with

a maximum relative error of 10−5
and maximum absolute residual error of

10−5
onX . As kernel we use the Gaussian 1.3 with 18 linearly spaced γ val-

ues ranging in [0.05, 0.33]. Figure 3.1 shows the POD singular value decay
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on the le� and the maximum absolute approximation errors onX for subse-

quent iteration steps of the VKOGA computing f̂ on the right. �e di�erent

plots on the right hand side correspond to di�erent γ values used as kernel

hyperparameter.
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Figure 3.1: Absolute (le�) and relative (right) approximation errors on X for f̂

Most remarkably, the singular values decrease exponentially and hence the

approximation quality of V increases at the same exponential rate. Also

the approximation error for each selection of γ values has exponential error

decay, where the algorithm gets unstable at around n = 60 for larger γ

values. From all 18 hyperparameters, the 5th with γ = 0.116596 was chosen,

yielding a 10000-dimensional vectorial kernel expansion f̂ with n = 65

centers. For that, Figure 3.2 shows the absolute (le�) and relative (right)

approximation errors on X for f̂ .
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Figure 3.2: Absolute (le�) and relative (right) approximation errors on X for f̂

Now, applying a Galerkin projection to the full system 3.13 using the �rst 40

POD modes and substituting f̂ we obtain the reduced system, where Figure

3.3 shows the simulation results for d = 100 and di�erent inputs ui.
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Figure 3.3: RC ladder dynamics for four di�erent inputs ui per column. Full (top), reduced
dynamics (middle) and errors (bo�om)

Shown are the full simulations on the top row and the reduced simulations

on the middle row, respectively. �e bo�om row contains the discrete L2
-

errors of the output over time, which are for u1 : 4.75837 × 10−7, u2 :

1.09481 × 10−6, u3 : 5.35993 × 10−7, u4 : 1.02407 × 10−6
, which is con-

sidered very competitive considering a subspace size of r = 40 and a kernel

expansion with n = 65 centers.

Furthermore, we want to investigate the approximation quality for previ-

ously unknown inputs and de�ne

u5(t) =
cos(0.5πt) + 1

t+ 1
, u6(t) =

0 t ≤ 1.3

2 t > 1.3
, u7(t) =

cos(3πt) + 1

2t+ 1
.
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�ese functions state three new inputs with previously unknown character-

istics: u5 has a slower oscillation, u6 has a stronger discontinuity at a di�er-

ent time-step and u7 oscillates and decays faster. �e results are shown in

Figure 3.4.
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Figure 3.4: RC ladder dynamics for u5, u6, u7. Full (top row), reduced (middle row) and absolute
errors (bo�om row)

For these new inputs, the discrete L2
errors are for u5 : 0.00120874, u6 :

0.0118018 and u7 : 0.000930239. As to expect, this is larger than the simu-

lation errors for the training inputs, but still around one percent for u6 and

orders of magnitude less for the others. Consequently, this demonstrates the

capabilities of the proposed reduction scheme also for previously unknown

inputs.
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3.4.2 Cell apoptosis

�is model has been originally introduced for 1D in [34] and has hence been

re�ned in cooperation with M. Daub. to its present state, using a 2D-domain

Ω = [0, 1] × [0, 1.5]. �e model is basically a reaction-di�usion system de-

veloped in order to study the dynamical behavior of protein concentrations

of a cell apoptosis model in space and time. Due to the large variety of pos-

sible (parameter) choices, a comprehensive analysis cannot be carried out

within this work and we refer to [34] and references therein for full model

details and background.

Figure 3.5: �e “caspase cascade” triggering the controlled cell death [34]

�e involved proteins build a network called “caspase cascade”, which is de-

picted in Figure 3.5. It consists of four di�erent reactants xi, yi, xa, ya called

procaspase-8, procaspase-3, caspase-8 and caspase-3, respectively. �eir in-

teraction is modeled by the system

∂xa
∂t

= kc1xiya − kd1xa +D1∆xa,

∂ya
∂t

= kc2yix
2
a − kd2ya +D2∆ya,

∂xi
∂t

= −kc1xiya − kd3xi + kp1 +D3∆xi,

∂yi
∂t

= −kc2yix2
a − kd4yi + kp2 +D4∆yi,
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where k∗ and Di are suitable scaled constants controlling creation, interac-

tion and di�usion of the involved quantities that are detailed in [34]. Fur-

thermore, the procaspase-8 gets activated by receptors located in the cellu-

lar membrane, which naturally leads to geometrically parameter-dependent

boundary conditions. Consequently, we introduce for µ1 ∈ [0, 1] a boundary

part

Γµ1
:= {x ∈ ∂Ω | |x1 − 0.5| ≤ 0.5µ1 ∨ |x2 − 0.75| ≤ 0.75µ1} ⊆ ∂Ω,

on which we impose the Neumann conditions

∂xa
∂n

∣∣∣∣
Γµ1

= µ2xi,
∂xi
∂n

∣∣∣∣
Γ1

= −µ2xi,

where µ2 ∈ [10−5, 10−2] describes the reaction rate of the activation of

procaspase-8. On all other parts of ∂Ω we enforce homogeneous Neumann

conditions and have xa = ya = 10−2, xi = yi = 0.01 as initial conditions.

Next, discretization on a 100× 150 grid leads to a discrete system

x′(t) = Ax(t) + f(x(t),µ),

with d = 60000-dimensional state space x(t) = (xTa ,y
T
a ,x

T
i ,y

T
i )T , dis-

crete Laplacian A and nonlinear reaction operator f . We simulate up to

T = 500s and again discretize in time using a semi-implicit Euler scheme

(3.14, p.105) with ∆t = 5s. For model reduction we apply the DEIM proce-

dure 7 on f with M = 200 and choose 200 random parameters Ξ ⊂ P =

[0, 1]× [10−5, 10−2] to obtain training trajectories X := {Xµ | µ ∈ Ξ}. �e

projection subspace V was generated by the POD-Greedy algorithm 9 on

X augmented with Y (evaluations of f on X) and AX , which will be of

interest again in Section 5.4. Running up to an error tolerance of 10−6
the

resulting subspace is of dimension 282, a reduction by a factor of ≈ 212. In

order to compute the matrix DEIM and similarity transformations, we used

20200 uniformly chosen samples of X and set MJ = 200, kmax = 50. Fig-



3.4. APPLICATIONS 111

ure 3.6 shows the simulation results on the middle slice [0.5]× [0, 1.5] ⊂ Ω

over time for µ = (0.777, 0.00132)T /∈ Ξ for the di�erent protein concen-

trations.

Figure 3.6: Results on the middle slice [0.5]× [0, 1.5] ⊂ Ω over time forµ = (0.777, 0.00132)T

Next, Figure 3.7 shows the the absolute errors of full vs. reduced solution,

where a DEIM order of m = 107 has been used.
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Figure 3.7: Absolute errors of full vs. reduced solution, DEIM order m = 107

�e resulting relative error on the caspase-3/8 concentrations is about 1%,

while the relative error for the pro-caspase concentrations is roughly at the

order of 10−5
. �e simulation time for the full model was ≈ 11s, while the

reduced model simulation (excluding error estimation) takes 0.3864s (av-

eraged over 10 runs). �is is a speedup factor of roughly 28, which is ac-

ceptable keeping in mind the threshold introduced by the natural overhead

regarding the simulation procedure.

3.4.3 1D viscous Burgers equation

In this section, we consider a parameterized 1D unsteady viscous Burgers

equation over the unit interval Ω := [0, 1] and time t ∈ [0, T ] with T = 1.

�is model has essentially been used in [23] as an application example for

the DEIM method and has been re�ned in own current work [186] to the

version used here. �e solution x(ξ, t) is given by the partial di�erential

equation

∂x

∂t
(ξ, t) = µ

∂2x

∂ξ2
(ξ, t)− ∂

∂ξ

(
x(ξ, t)2

2

)
+ 〈b(ξ),u(t)〉 , (3.15)

with di�usion coe�cient µ ∈ P := [0.01, 0.06] and homogeneous initial

and Dirichlet boundary conditions.

Further there are external forces u(t) at locations b(ξ) = (b1(ξ), b2(ξ))
T
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given by

u1(t) = sin(2πt), b1(ξ) =

4e−( ξ−0.2
0.03 )2

ξ ∈ [0.1, 0.3],

0 else,

u2(t) =

1 t ∈ [0.2, 0.4],

0 else,
b2(ξ) =

4 ξ ∈ [0.6, 0.7],

0 else.

�e component b1(ξ)u1(t) realizes an oscillating excitation centered at ξ =

0.2 in the shape of a Gaussian curve, and b2(ξ)u2(t) gives a discontinuous

signal over a limited time in the interval [0.6, 0.7]. Next, spatial discretiza-

tion of the model via �nite di�erences yields a system of d = 500 ODEs

x′(t) = µAx(t) + f(x(t)) +Bu(t), (3.16)

where A ∈ Rd×d
is the discrete Laplacian and B ∈ Rd×2

. Further we have

f(x) = −x.∗Aξx with �rst-order central �nite di�erence operator Aξ ∈
Rd×d

. Here ‘.∗’ denotes element-wise multiplication. We choose G = Id

(L2
-norm in state space) and the time integration of (3.16) is performed via

a semi-implicit Euler scheme similar to (3.14, p.105) with nt = 100 time-

steps.

Figure 3.8 shows solutions of the system (3.15)for minimal (le�) and maximal

(middle) µ value in P . �e rightmost plot is the di�erence of both previous

solutions and illustrates the behavioral change of the model over P .
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Figure 3.8: Simulation results for minimal (le�), maximal (right) parameter values in P and
their di�erence (bo�om)

In order to compute the reduced basis, we choose a discrete parameter set

Ξ ⊆ P of 100 log-equidistant values to generate the training trajectories.

�e state space projection matrices V = W are obtained via the POD-

Greedy Algorithm 9 with maximum subspace size 100. However in this

experiment, we computed the true maximum L2
-state space error over all

training trajectories Xµ := {x(t1;µ), . . . ,x(tnt;µ)} in each POD-Greedy

extension step, where each trajectory data was augmented by f -evaluations

Yµ := {f(x(t1;µ)), . . . ,f(x(tnt;µ))}, µ ∈ Ξ. We further used the span of

theB matrix columns as initial space, yielding a total maximum error

max
µ∈Ξ

max
x∈Xµ∪Yµ

‖x− V V Tx‖ ≤ 1.5099× 10−6.

Inclusion of Yµ and the B-span in V is not necessary for good reduced

trajectories at this stage, but will become more important in the context of

error estimation, see Section 5.4.1. �e DEIM approximation basis UM for

f̂ is obtained by performing a POD (See Algorithm 8) with maximum order

M = 200 on Y :=
⋃
µ∈Ξ Yµ. �is gives a maximum relative error

max
x∈X

∣∣∣∣∣∣f(x)− f̂M(x)
∣∣∣∣∣∣/ ||f(x)|| ≈ 3.15× 10−11.

Figure 3.9 shows full, reduced simulation and the absolute error for µ =

0.04 /∈ Ξ and DEIM approximation order m = 12.
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Figure 3.9: Full (le�), reduced simulation (right) and the absolute error (bo�om) for µ = 0.04

For this se�ing, the reduced model already yields visually indistinguishable

results with a maximum relative error of 0.0062.
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Chapter 4

Model reduction of
multiscale models

In this chapter we shall introduce a di�erent concept of model reduction

using kernel methods. In the previous chapters, we considered dynamical

systems which were reduced by a combination of subspace projection and

the nonlinear approximation techniques introduced in Chapter 2. However,

outside the scope of nonlinear dynamical systems, some of the nonlinear

approximation techniques can be applied to provide surrogate models in

a completely di�erent way. In detail, we shall consider multiscale mod-

els, where multiple phenomena and their interaction over di�erent scales

in space and/or time have to be considered. Frequently, during simulations,

the involved intermediate- or small-scale models are used in a many-query

context, where the larger-scale models require many evaluations of the lat-

ter ones for di�erent con�gurations. In mechanics, a classic example for

this situation is also known as ““FEM2
”” approach, where two models for

di�erent scales exist, each discretized by the �nite element (FE) method.

However, a common feature shared by most of those multiscale models is

that the overall simulation time is unfeasibly high due to many and possibly

slow evaluations of the involved microscale models.

At �rst, e.g. for the FEM
2

case, all the reduction techniques introduced in

117
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Chapter 3 (including [6, 122, 127, 106, 4, 126, 5, 53, 74, 70, 44, 47]) can in

principle be used to provide a fast surrogate microscale model. Related, the

RB element method [112, 142, 113] has been developed to enhance reusabil-

ity of reduced models for di�erent geometric con�gurations. A di�erent ap-

proach consists of the heterogeneous multiscale methods [48, 49, 2], which

use di�erent spatial resolutions to speedup full scale simulations, and the

“Reduced Model Multiscale Method” [189] provides surrogate models by

means of POD (See Section 3.1.1 or [176, 86]).

However, a second approach is to replace the microscale model by analytical

functions, which is closely related to the “Response Surface Methodology”

(RSM) [121, 16]. As in Chapter 2, the basic principle is to pre-select the func-

tional form of the approximant and compute suitable coe�cients, which is

also the pursued approach in this chapter. Additionally, we will focus on the

particular situation where the e�ective interface between the involved mod-

els is of moderate dimension, i.e. the models are connected via small number

of DoFs. We would like to remark that this concept can also be readily ap-

plied to more involved models that vary over more than two scales, e.g. the

construction of a surrogate of an intermediate-scale model can be facilitated

by �rst creating a surrogate for a small-scale model used therein. For sim-

plicity, we assume to have two models on a macro/micro scale, denoted by

C/D for Coarse and Detailed, respectively. �e communication between C
andD is given via an input spacePD ⊆ Rn

(parameters) forD and an output

space PC ⊆ Rm
(response) ofD, which is also used as input for C. Figure 4.1

illustrates the considered model interaction, where the multiple instances

of D show that, in general, many evaluations for xi ∈ PD are required as

multiple yi ∈ PC are necessary for one simulation (step) of C. Now, from

start C D D . . . D
y0

1, . . . ,y
0
N x1

xNx2

y1

yN
y2

Figure 4.1: Communication diagram for macro and microscale model
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the perspective of the macroscale model C, we can consider a simulation of

the small-scale model D as an evaluation of the (nonlinear) function

f : PD −→ PC
x 7−→ f(x),

where f(x) denotes a complete simulation of D using the input x.

Any surrogate model now basically aims at providing an approximate f̂ ≈
f , maintaining the response characteristics of PD as good as possible at ide-

ally dramatically reduced evaluation cost. It is evident that a vast range of

techniques can be used to provide such approximations, e.g. the methods

introduced in Chapter 2 (including [25, 165, 152, 178, 14, 149, 29, 180, 123]).

Another approach is the “Kriging”-interpolation [124] developed in the con-

text of geographical information systems and recent approaches employ a

mix of global sampling with local variational methods for reduced order

modeling [1]. �e RSM is also applied to approximate the con�guration

space in the context of the “Global Modal Parameterization” method [18].

For example, the PCE [180, 123] is used in the RSM context in e.g. [91] and

current cooperative work is pursued in the context of skeletal muscle models

[137, 138].

Here, we will investigate the possible contributions of kernel methods to

the RSM. In detail, we shall apply the SVR algorithm from Section 2.1 and

VKOGA algorithms from Section 2.2. We also demonstrate their successful

application to two di�erent real application scenarios. �e �rst concerns a

human spine multibody system with detailed intervertebral disk (IVD) re-

sponses in Section 4.1. Next, we will investigate a two-phase �ow model

describing saturation overshoot phenomena in porous media in Section 4.2.



120 CHAPTER 4. MODEL REDUCTION OF MULTISCALE MODELS

4.1 Human spine multibody system

We will �rst introduce the considered model and establish the link to the

multiscale se�ing with C/D. One current trend in computational biome-

chanics is to perform simulations using an overall human model. Following

this, there are models available that are either based on a computationally

cheap multi-body system (MBS), cf. [38, 39, 55, 56, 64, 154] among others,

or that follow a continuum-mechanical modelling approach using �nite el-

ements as spatial discretization scheme [125, 84, 174, 82, 50, 158]. Combi-

nations thereof exist, where scale-bridging and homogenisation techniques

need to be applied to transfer continuum quantities like stresses and strains

of the “micro” FE model D to integral forces PC and displacements PD used

in the “macro” MBS C and vice versa, see Figure 4.1. In the context of the

spine, the scale bridging has been applied using co-simulations [55, 56] or

by performing pre-computations with an approximation of the mechanical

response PC using surrogate models [91], which is the RSM approach in-

vestigated here using kernel methods. Following [91, 90], suitable surrogate

models for a simpli�ed se�ing of the IVD are based on a full cubic polyno-

mial function, which is a constitutive assumption and thus only valid if the

mechanical response PC follows the characteristics of a cubic polynomial.

�e same holds for the general kernel based approximation methods, how-

ever, choosing polynomial kernels readily allows to reproduce polynomial

spaces, which makes this approach more general.

From a mechanical point of view, it is especially challenging to model the

spine. It consists of 24 vertebrae each having an IVD in between as well

as ligaments and muscles a�ached. In particular, during the de�nition of

the spine in a MBS, the 3D structure of the IVD needs to be geometrically

reduced to a single point, thereby accounting for its integral mechanical

behaviour PC using a so-called bushing element, see Figure 4.3. Due to the

inhomogeneous �bre-reinforced microstructure of the IVD, this reduction is

an even more challenging task, as it leads to highly non-linear and coupled

characteristics of the integral response PC . To account for these require-
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Figure 4.2: “Macroscopic” MBS and “Microscopic” FE model of a simpli�ed motion segment of
the human spine restricted to in-plane movements including two rigid cylindrical vertebrae
and an idealised IVD as a three-degree-of-freedom bushing element. Image: [91]

ments, a homogenisation scheme is applied to transfer kinematical as well

as mechanical reaction quantities between the MBS and the FE model. In a

�rst step, the DoFPD = {ϕi, ui} of the MBS, i. e., the integral rotations ϕi as

well as the displacements ui for i = 1, 2, 3, are converted to boundary con-

ditions in the FE model according to the schematic drawing of Figure 4.3a).

Herein, the discrete rotations ϕi of the bushing element, located at the cen-

ter of gravity (COG) of the IVD, are parameterized with respect to the IVD’s

top surface da. �is in turn yields a conversion into nodal displacements ūS ,

i. e., Dirichlet boundary conditions of the discretized FE model. Following

(a) (b)

Figure 4.3: Schematic drawing of a sagi�ally cut IVD with a) the parameterization of the
Dirichlet boundary conditions for the FE model and b) the resulting surface traction vector t̄ as
well as the corresponding lever arm r̄ to the COG, which is needed for the integral computation
of the moment over the top surface da. Image: [91]

[91], the kinematics of the simpli�ed cylindrical IVD is reduced to motion
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in the sagi�al plane, cf. the MBS in Figure 4.2. �us, the needed parameter-

ization of the discrete angle ϕ1 as well as the discrete displacements u2 and

u3 of the MBS is given by

ūS = [u2 + (cosϕ1 − 1) X̄2 − sinϕ1 X̄3 ]︸ ︷︷ ︸
ūS2

e2

+ [u3 + sinϕ1 X̄2 + (cosϕ1 − 1) X̄3 ]︸ ︷︷ ︸
ūS3

e3 .

A�er a deformation state of the MBS is applied to the IVD, its mechanical de-

formation behaviour, i.e. its reaction stress, is computed using the FE model

of [89, 88]. Herein, the integral behaviour PC of the IVD is captured by

applying a homogenisation procedure to the inhomogeneously distributed

surface traction vector t̄, which is the reaction stress of the IVD due to the

applied deformation ūS , cf. Figure 4.3b). Following [91], the discrete me-

chanical reaction of the IVD in terms of a force R = Ri ei and a moment

M = Mi ei is computed via an integration of the surface traction vector t̄,

viz.:

R =

∫
∂Ω

t̄ da and M =

∫
∂Ω

r̄× t̄ da . (4.1)

Finally, the relationship between the DOF of the MBS as input quantitiesPD
and the integral mechanical responsePC resulting from the homogenised FE

model (4.1) as output quantity writes as

f : PD −→ PC
(ϕ1, u2, u3) 7−→ (M1, R2, R3).

4.1.1 Experiments

�e training data for the pursued experiments has been obtained running

n = 2473 simulations of the IVD with di�erent parameters, sampled start-

ing from zero and running towards the corners of the parameter domain (due
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to quasi-static simulations). As comparison we use the results from the Poly-

nomial Chaos Expansion (PCE) approximation [180, 123], which has already

been applied in this context in [91]. We ran the VKOGA Algorithm 6 with

both the f and f/P selection criteria for di�erent kernels and hyperparam-

eters. For the Gaussian we set a γ range of [15, 70], of which we chose 150

linearly spaced values. �e Wendland kernel has been used with 90 con�g-

urations in total, choosing 30 linearly spaced hyperparameters γ ∈ [15, 70],

each in combination with smoothness’s k ∈ {1, 2, 3}. Naturally for this

se�ing, the dimension d = 3 was chosen for the Wendland kernel. �e

maximum expansion size was �xed toM = 600 for both, along with a max-

imum absolute and relative error of 10−5
on the training data as stopping

criteria, where the relative error is computed via

erel = max
x∈X

∣∣∣∣∣∣f(x)− f̃(x)
∣∣∣∣∣∣

2

/
||f(x)||2 .

In the case of the ε-SVR, we �xed ε = 0.013375 and preliminary experi-

ments showed that the resulting approximation errors were quite sensitive

to the combination of hyperparameters γ and regularization factors λ. Con-

sequently, we decided to use an extensive set of con�gurations and chose 25

linearly spaced samples for both λ and ε from [10−6, 10−3] and [10−3, 0.1],

respectively. Additionally, we chose to take 25 linearly spaced γ values from

[10, 35] as Gaussian hyperparameters, yielding a total of 15625 di�erent con-

�gurations. For each, a maximum iteration count of 60000 and δ = 0.0001

were �xed as stopping conditions.

Table 4.1 shows details for the approximation results, including run-times

and various error measures for the best con�gurations, respectively. Among

all con�gurations and all algorithms, the best con�guration corresponds to

the minimum maximal absolute L∞ error (L2
point-wise) over X . �e ex-

tensive computation time for the ε-SVR is due to the large amount of dif-

ferent con�gurations. In average, one ε-SVR solve took 108s (which would

come up to e.g 3h for 100 con�gurations), so the SVR is yet more expen-

sive to compute than the VKOGA variants. Note, however, in [162] a C/C++
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Kernel type: Wendland kernel Kw Gauss kernel Kg

Algorithm: f -VKOGA f/P -VKOGA f -VKOGA f/P -VKOGA SVR

Con�gurations 90 90 150 150 15625

Time 168s 70.1s 9.1s 1.53s 468h

Best

con�guration

γ=37.7586,

k=1, d=3
γ=30.1724,

k=1, d=3
γ = 16.4765 γ=15 γ=10,

λ=0.00075

Expansion size

K
600 586 120 1 876

Max. L2
error 4.80567 33.4541 79.3389 37511.3 1224.26

Max. relative

L2
error

5.42474 14.0741 16.0223 41930 479.266

Table 4.1: Comparison of approximation results for di�erent kernels and modes.

implementation is presented that is shown to outperform LibSVM in some

cases.

Moreover, the VKOGA algorithms using the Gaussian kernel stopped early,

indicating a wrong choice of kernel space. If the correct space (i.e. kernel

hyperparameter) is chosen, it can be expected that errors in the vicinity of

already included points are comparably small. If not, subsequent iterations

cause many closely neighboured points to be included in order to “�x” the

local errors. �is e�ect is even more severe using the f/P -VKOGA variant

as the weighting by the orthogonal remainder norm ‖φ̃x‖H penalizes such

errors even more (see Section 2.2.2.1). Numerically, this causes the follow-

ing: While the expression

√
zimax − pimax in Algorithm 6 (page 76) is ana-

lytically always positive (see (2.40, p.74)), it gets close to zero very fast for

closely neighbored centers. Now, as the value pimax is successively accumu-

lated over the iterations, values slightly greater than one may occur, leading

to complex roots and hence an emergency stop of the algorithm. Again, this

e�ect is especially inconvenient using the f/P -Greedy variant, since all the

residuals have to be weighted before selecting the next center, cf. lines 22-23

of Algorithm 6. Of course, it is possible to use

√
max{eps, zimax − pimax}, but

experiments showed that no real improvements are made once the �rst val-

ues pimax > 1 appear. Now, due to the hierarchical structure of the VKOGA

algorithm, is is easy to select the number of points that yielded the best er-

ror at a possibly intermediate algorithm step. �is also explains the small
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number of centers, as 120 points or just one sample have been found to yield

the smallest overall error until the numerical issues occurred. Even though

the described e�ect is not as severe for the f/P -VKOGA variant using the

Wendland kernel, yet both f/P -variants using either Gaussian or Wend-

land kernels are outperformed by their f -VKOGA counterparts regarding

the maximum errors. Hence, we will narrow down the further discussion to

those variants and shall also include the PCE approximation from [91] for

comparison.

Now, Figure 4.4 and Table 4.2 provide more insight to the approximation

quality of the selected algorithms. Figure 4.4 which shows the absolute and

relative approximation errors on X (L2
in PD) in the upper and lower row,

respectively. Table 4.2 additionally states the mean and median errors for

the respective methods, corresponding to the red and green lines in the

plots of Figure 4.4. Most importantly, we sorted the data points in Figure

Figure 4.4: Plots of absolute and relative approximation errors (top/bo�om rows) on X for
di�erent approximation methods, where the training points of both sets are sorted ascending by
norm ofY entries (added in magenta in top right plot). �e red/green lines are the mean/median
and the black lines in the upper row denote the respective absolute errors sorted ascending by
value.

4.4 by the norm of the corresponding Y -values in ascending order, which

are also added in magenta in the top right image (absolute PCE errors). �e

solid black lines in the upper row images show the same absolute errors but

sorted by value. It becomes clear that all large relative errors occur at close-

to zero function values, while the relative errors are decreasing for higher Y
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values for each method. Hence, the maximum relative errors are less suit-

able as quality measure than mean or median errors in this case. Even more,

considering the median error of 0.09671 for the ε-SVR, it does not only out-

perform the PCE approximation w.r.t. the same measure, but shows that the

result is not as bad as suggested by the mean relative error. Interestingly,

the PCE is very precise at the smallest values of Y , where on the other side

the SVR solution yields a somewhat constantly higher error level also for

close-to-zero training data. With respect to the maximum absolute error,

Absolute errors Relative errors

max mean median max mean median

f -VKOGA, Gaussian 79.3389 14.4025 11.2859 16.0223 0.10017 0.00436

f -VKOGA, Wendland 4.80567 1.33274 1.10283 5.42474 0.02711 0.00031

ε-SVR, Gaussian 1224.26 353.849 281.309 479.266 2.55756 0.09671

PCE 5240.14 705.049 424.474 1.00000 0.21536 0.18245

Table 4.2: Approximation error overview for selected algorithms and con�gurations

all approximation methods outperform the PCE approximation, where the

VKOGA results are yet about two orders of magnitude be�er than the SVR

result. While the relative errors of the SVR are worse than the PCE, both

VKOGA approximations are also be�er in this case. It clearly shows the su-

periority of the f -VKOGA-approximation using Wendland kernels, which

only has a mean relative error of 2% on X compared to 21% of the PCE and

matches at least three digits on half of X .

Analytically, the VKOGA solutions should have zero error at each of the 600

support vectors. �is is visually con�rmed for the Wendland kernel case,

where the black line of sorted absolute errors is around 10−7
for the �rst

600 points. �is e�ect is less visible for the Gaussian approximation, which

indicates that the numerical stability becomes an issue during evaluation of

the expansion. �is is con�rmed considering the resulting expansion coef-

�cients in the direct translate basis: While the Wendland kernel expansion

has an average coe�cient vector norm
1
K

∑K
i=1 ||ci|| = 3.83× 106

with en-

try values (over all coe�cient vectors) in the range [−1.97 × 108, 1.97 ×
108], the same values are 1.03 × 1015

and [−7.07 × 1015, 5.46 × 1015] for
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the Gaussian version. As the interpolation conditions do not apply for the

SVR algorithm, the numerical condition is even be�er considering values

of 4.77 × 105
as mean coe�cient vector norm and entry values ranging in

[−2.13× 107, 2.13× 107] = [−C,C] with C := 1
2λn , cf. Proposition 2.1.2.

Next, Figure 4.5 shows di�erent response surfaces for the f -VKOGA approx-

imation using Wendland kernels. Shown are the responses for (u2, ϕ1) →

Figure 4.5: Plots of approximation using Wendland kernels and best con�guration γ :
37.7586, k : 1, d : 3. Top: (u2, ϕ1) → R2, (u2, u3) → M1 and (u3, ϕ1) → M1 for each
a �xed third/le�over input dimension value. Bo�om: (u2, ϕ1)→ R3 for di�erent u3.

R2, (u2, u3)→ M1 and (u3, ϕ1)→ M1 for each a �xed third/le�over input

dimension value. �e lower row shows the approximations for (u2, ϕ1) →
R3, with the third argument u3 chosen over three increasing values from

the training data range of u3. �e red dots are the projected locations of Y ,

and the black dots show the projections of function values on the selected

centers along with a black line drawn to the actual approximated value on

the respective center. Note here that only in the lower row we plo�ed all

training function values of the selected component. �e other plots show

only a selection of (center-) values, whose corresponding data points are in

the vicinity of the currently selected third dimension values. �e top row

illustrates the range of di�erent nonlinear response characteristics, which

are all successfully covered by the considered approximation. �e clusters
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of black markers around the response surface in each image of the lower

row show that the actual process to approximate is continuous in the sense

that data points with similar u3 values lead to local areas of function values.

Note that this does not imply “locality” of the kernel expansion; taking a

closer look into the expansion details reveals quite the opposite. �e bound-

ing box of X has a diameter of approximately 22, while the kernel width of

γ = 37.7586 for the best solution is almost double that size, cf. Table 4.1,

which clearly shows that each center of the expansion contributes to every

function value.

Finally, we shall look into the speedup gained using the surrogate models.

So far, there have been no directly coupled full-scale simulations of the MBS

yet, and the application of the PCE in [91] made the MBS simulation possible

in the �rst place. Consequently, the proven applicability of the PCE together

with the improved performance of the kernel methods on the training data

shows that a signi�cant improvement of the simulation quality of the MBS

can be achieved. Nevertheless, we shortly derive the expected speedup using

kernel surrogate models. Evaluating the three dimensional kernel expansion

with 600 centers averages to 4 × 10−4s (in MatLab). �e present full IVD

model implementation does not have a constant run-time due to quasi-static

simulations, each starting from zero input. As the di�erent target con�gu-

rationsX take di�erent overall computation times, we consider the average

of about 70 minutes taking 24 quasi-time steps, so about three minutes per

single step. As “ideal” case (in terms of run-time), we assume each a discrete

time-step in the macromodel requires only one quasi-time step in the IVD

model, which already yields a speedup factor of 18× 105
. Considering real-

istic simulations of 24 disks in a full MBS system over 30 seconds with time

step of ∆t = 0.001s, we obtain 24 ∗ 30 ∗ 1000 = 720000 queries to f . In

the above se�ing this would result in 600h evaluation time of the full IVD

model responses compared to 4.8min for the surrogate model evaluations.
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4.2 Saturation overshoots in porous media

�e second model we consider in our experiments stems from the work

[94, 93], which is an extension of [95] to the multidimensional case. �erein,

a two-phase �ow problem in porous media on a two-dimensional domain is

investigated, more speci�cally, the in�ltration of a we�ing �uid into a ho-

mogeneous porous medium which is initially �lled by a non-we�ing �uid,

where both �uids are assumed immiscible. �e model a�empts to simulate

overshooting saturation waves, which have been experimentally observed

as peaks close to the head of the in�ltrating �uid front [43]. �e solution

strategy is to apply the heterogeneous multiscale method involving a macro-

and microscale model. �e macroscale model behavior is governed by a hy-

perbolic conservation law and, neglecting gravitational e�ects, can be de-

scribed by the two-phase fractional �ow formulation

St + div(vf(S)) = 0,

v = −Kλ(S)∇p,
div v = 0,

(4.2)

with suitable boundary and initial conditions. �e unknowns are we�ing

saturation S(x, t) ∈ [0, 1], velocity �eld v(x, t) ∈ R2
and pressure p(x, t) ∈

R. Further we have the �ux function f and total mobility λ given by

f(S) =
λw(S)

λ(S)
, λ(S) = λw(S) + λnw(S),

λw(S) = S2, λnw(S) = (1− S)2,

where λnw/w : [0, 1] → R describe the single �uid mobilities for we�ing

and non-we�ing phases, respectively. Other quantities like the permeability

matrixK ∈ R2×2
are given suitably.

�is model allows to produce the observed overshoot e�ects as the solutions

may contain nonclassical shock waves [94, 102]. Unfortunately, besides lack

of a unique solution, the equations (4.2) alone do not produce the observed
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overshoots as microscale information is missing. Hence, a regularized model

is considered that takes a dynamic rate-dependent capillary pressure into

account, see [94, 93] and references therein. However, the resulting compu-

tational e�orts would be unfeasibly large if the resulting model was solved

globally. Instead, a further simpli�cation consists in solving the regularized

model only in one dimension and in normal direction at the wave front, as

the overshoot e�ects/saturation values are of interest only at those loca-

tions in order to update the local velocity �eld. Consequently, this results in

a “microscale” detailed, but one-dimensional problem given as

∂ts+ ∂x (f(s)v) = −ε∂x (f(s)λnw(s)∂xpc(s)) + τε2∂x (f(s)λnw(s)∂x∂ts) ,

(4.3)

with unknown scalar saturation s(x, t) : R× [0, T ]→ R and regularization

parameter ε > 0. Further parameters are the rate parameter τ > 0, which

determines the height of the overshoot, the static capillary pressure pc and

the velocity v ∈ R. Note here that the velocity does not have any e�ect on

the overshoot in which we are interested (no gravity is considered in the

model), and thus a value of v = 1 is assumed.

�e initial conditions are set to s(x ≤ 0, 0) = sl, s(x > 0, 0) = sr, consisting

of the current saturations of the macroscale problem at the phase boundary,

where sl/sr stem from the we�ing and non-we�ing side of the wave front.

Recall that sr = 0 due to the assumption of having the porous medium

initially �lled with non-we�ing �uid. Finally, to obtain the overshooting

“plateau” value, the regularized model is simulated until the overshooting

area has developed su�ciently and s can be extracted. �en, s is the missing

microscale information which is fed back into the macroscale model using

a speci�c �ux function, cf. [94, §6.1] for details.

Consequently, we identify (4.2)/(4.3) with C/D, respectively. Se�ing PC =
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R+
and PD = R+ × R+

, the interaction function reads as

f : PD −→ PC
(sl, τ) 7−→ s.

4.2.1 Experiments

For the experiments the values ε and sr = 0 have been �xed for simplicity.

To this end, it is clear that the proposed technique can also deal with situ-

ations where the corresponding values are considered a possibly changing

quantity. Next, we generated training data Y = ((sl1, τ1), . . . , (slN , τN)) for

N = 5000 se�ings with corresponding solutions of the regularized prob-

lem X = (s1, . . . , sN). Since the sl values are linearly spaced within [0, 1]

but the τ values range in [0, 107], we additionally performed a logarithmic

transformation and re-scaling of the τ values to [0, 1]. �e total computation

time for Y,X was 404h.

For the ε-SVR (Algorithm 1 in 2D SMO variant) we chose a Gaussian kernel

with 25 linearly spaced γ values in [0.0833, 0.2498], which corresponds to a

decay of the Gaussian below machine precision for radial distances between

[0.5, 1.5]. We chose 25 linearly spaced λ values from [0.005, 1] along with

a constant ε = 0.001. As stopping criteria, we �xed a maximum iteration

count of 50000 and chose δ = 0.0001. �e VKOGA (Algorithm 6) has been

run using the Wendland kernel for 90 di�erent kernel con�gurations. We

used d = 1 and chose k ∈ {1, 2, 3} combined with 30 linearly spaced dilation

hyperparameters γ ∈ [2, 3]. With the Gaussian, we ran the algorithm for

100 di�erent linearly spaced γ ∈ [0.05, 0.16]. Both the f and f/P -Greedy

variants have been considered and the termination criterion was a maximum

of 1000 centers or a maximum point-wise absolute error less than 0.001 on

X .

At �rst we will focus on the approximation results and consider the em-

bedding into the original problem later. Table 4.3 summarizes the algorithm
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results and Figures 4.6 and 4.7 show the training data and approximations

for the best con�gurations, respectively. �e relative error is computed via

Kernel type: Wendland kernel Kw Gauss kernel Kg

Algorithm: f -VKOGA f/P -VKOGA f -VKOGA f/P -VKOGA SVR

Time 494s 838s 867s 44.3s 7.4h

Best

con�guration

γ=2.9655,

k=2, d=1
γ=2.0689,

k=1, d=1
γ=0.0523 γ=0.0853 γ=0.0832,

λ=0.0879

Expansion size 709 928 417 15 1362

Max. L2
error 0.0972 0.000616 0.288 0.636 0.208

Max. relative

L2
error

0.0434 0.0583 2.37 1.41 0.389

Table 4.3: Comparison of approximation results for di�erent kernels and algorithms

maxx∈X

∣∣∣∣∣∣f(x)− f̃(x)
∣∣∣∣∣∣

2

/
||f(x)||2. At �rst, the computation time for any

approximation is negligible compared to the time needed to obtain the train-

ing data in the �rst place. Both variants using the Wendland kernels �nd a

con�guration which satis�es the absolute error bounds before the maximum

number of centers is reached. All con�gurations for the Gaussians do not

reach the desired absolute error. �e f -Greedy stops at the limit of 1000 cen-

ters and the f/P -Greedy due to numerical instability during Newton basis

computation. However, for both cases the absolute errors at each extension

step are available, and due to the incremental nature of the Newton basis

one can simply take the �rst centers up to the position of the e�ective mini-

mal absolute error, compare the experiments from Section 4.1.1. �is results

in seemingly “incomplete” approximations with Gaussians having only 417

and 15 centers, however, this is the best one can do for the given “bad” con-

�guration set and error measure. Figure 4.6 shows the training data on the

le� and the VKOGA f -Greedy approximation using Wendland kernels along

with a top view, where the expansion centers are marked by black dots.

�e overall function is very well approximated and the centers are mainly

concentrated around the discontinuity and edges. Some peaks of oscilla-

tion can be seen in the top view around locations without su�cient training

data density. Next, Figure 4.7 shows further selected results from Table 4.3.

Regarding the VKOGA results using Wendland kernels, it is interesting to

see that the selected centers for the f -Greedy variant in Figure 4.6 are more
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Figure 4.6: Le�: Training data, center: Wendland f -Greedy approximation with centers, right:
X − Y view

Figure 4.7: Best results for di�erent algorithms. Le� to right: f/P Greedy with Wendland
kernels, f -Greedy with Gaussians, ε-SVR with Gaussian.

equally distributed than the ones selected by the f/P -Greedy counterpart in

Figure 4.7. In both cases, they are more dense around the discontinuity and

the “edge” at sl ≈ 0.7, but in the case of f/P -Greedy the centers are almost

exclusively located there. �is is due to the subspace-weighted point selec-

tion criteria (2.24, p.58), which penalizes errors closer to already included

data sites. In a way, an accumulation of centers indicates that the function

on the respective area is not well-contained in the considered RKHS; for

more details see Section 2.2.2.1 or [183]. �is e�ect is even more obvious

considering the center plot of Figure 4.7: �is f -Greedy approximation is

an example, where the typical “initial guess” of using Gaussians as kernels

is suboptimal. A possible explanation for the poor performance is surely

motivated by the following arguments. �e “true” function to approximate

is not even continuous, but the functions from the Gaussian-induced RKHS

are C∞. �us, the C∞ approximation is numerically infeasible to compute

and comes with strong oscillations around the discontinuity. On the other

side, the Wendland kernels (and especially best con�gurations) use kernels
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with smoothness’s k = 2 or k = 1, which is much closer to the true nature

of the function to approximate.

Furthermore, the SVR approximation needs more centers than the other ap-

proaches and a considerably higher overall computation time, but the small

peaks occurring for the interpolation-based approaches are not observed

here. On the downside, as clearly visible in the rightmost plot, the discon-

tinuity is resolved less accurate. �us, the �nal choice of algorithm will

depend on the desired qualities of the approximation and their impact on

the overall simulation.

Now we will detail the macromodel simulation errors for approximations

from Table 4.3, where we shall restrict ourselves to the f -Greedy variants us-

ing both kernel types and the SVM result. Figure 4.8 shows the macromodel

simulation results using those micromodel approximations. While visually

Figure 4.8: 3D view for simulations using full microscale model, SVR and f -Greedy approxi-
mations using Gaussian/Wendland kernels.

all reasonable, they are of yet di�erent quality. As the plots are hard to dis-

tinguish, Table 4.4 shows the respective errors for discrete L2, L1
-measures

in space and max/mean over simulation time. While the results using the

SVR or Gaussian f -Greedy kernel expansions are comparable, both are out-
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SVR f -Greedy (Gauss) f -Greedy (Wendland)

absolute relative absolute relative absolute relative

Max L2 10.9913 0.09726 15.1986 0.12804 2.22058 0.03928

Mean L2 6.75654 0.08212 8.19281 0.09686 1.14767 0.01509

Max L1 205.170 0.04194 585.554 0.05852 35.4055 0.01393

Mean L1 111.437 0.01519 267.679 0.03193 19.4393 0.00298

Table 4.4: Macroscale model errors for di�erent microscale surrogates.

performed by the results using the Wendland-kernel f -Greedy approxima-

tion. With only a maximum relative L1
-error of about 1% over the entire

state and time domain a remarkably good reduced macroscale simulation is

achieved. Regarding speedup, the evaluation time for a full-scale single mi-

croscale model (4.3, p.130) is 0.1s, and 1.2 ·10−4s for the SVR approximation

using 1384 centers. �e full macroscale problem (4.2, p.129) takes 20h 40min

to simulate, but only 24min using the SVR surrogate model. Hence, even for

the “most expensive” kernel approximation with 1384 centers this makes up

a speedup factor of≈ 51, which is of course higher for approximations with

less centers.

In order to investigate the reduction error behaviour over time, Figure 4.9

shows the simulation errors using L2
in state space. Both the f -Greedy and

SVR approximation using Gaussians yield a continuously increasing simu-

lation error compared to the full solution. �is e�ect does not occur with the

f -Greedy approximation using Wendland kernels, which additionally gives

a worst-case absolute error of about an order of magnitude smaller than the

others. Also the maximum absolute L2
error stays below 4% with an aver-

age of about 1%, cf. Table 4.4. Finally, Figure 4.10 displays the logarithmic

absolute errors using the usual approximations at t = 0.6 for the subsection

[0.2, 0.65] of the time domain. Here, the f -Greedy and SVR approximation

using Gaussians both have an absolute error of magnitude one at the wave-

front, where the f -Greedy approximation is about an order of magnitude

be�er. In this case the f -Greedy Gaussian approximation has a higher, but

more even mean error than both other solutions. Even though the SVM and
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Figure 4.9: Macromodel absolute (top) and relative (bo�om) errors for f -Greedy with Wendland
(le�) or Gaussian (middle) kernel and SVR (right) approximations.

Figure 4.10: Macromodel logarithmic absolute state space errors at t = 0.6 for f -Greedy with
Wendland (le�), Gaussian (middle) kernel and SVR (right) approximations.

Wendland-kernel solutions look similar, the main di�erence is the more cor-

rect position of the second (slower) wavefront, which has advanced visibly

further in the SVM case and causes the larger error.



Chapter 5

A-posteriori error
estimation

One of the most important prerequisites of successful model reduction ap-

proaches is to provide error estimates for the reduction process. Without

that, there is li�le use for reduced models in most practical situations, as

there is no way to tell if the results obtained from a reduced simulation are

anywhere close to the results using the full model. Ideally, those estimates

also have to be fast and rigorous. �eir e�cient computation is essential, as

the whole point of reduced models is increased simulation speed. Clearly,

error estimation procedures that last about as long as the time needed for

full simulations are of li�le help. �e rigorosity (i.e. a provable upper bound)

is not a complete necessity in all situations, e.g. when applied in the POD-

Greedy procedure in Section 3.1.2, but is of course essential for predictive

applications or control scenarios.

However, as computing the true reduction error equals the cost of a full

model simulation, obtaining sharp and fast error estimators is a challenging

task. So far, results on error estimation for reduced order models of general

nonlinear dynamical systems are limited, primarily because of lack of known

structure (e.g. bi-linearity) within the nonlinear parts. A-priori error analy-

sis of POD reduction schemes in di�erent applications are considered e.g. in

137
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[79, 176] and a-priori error bounds for certain nonlinear systems are derived

in [134]. �e TPWL approach also introduces a-posteriori error estimators

[136, 135] assuming negative monotonicity of the involved nonlinear func-

tion. Error estimates using dual-weighted-residual methods can be found in

[116] and [80], where the la�er employs a “small sample statistical method”

to estimate the state space error norm. Related recent work on a-posteriori

error estimation has been done for nonlinear parameterized evolution equa-

tions [47] or linear non-a�ne time-varying PDEs [65]. A related scheme for

error estimators of linear but parameterized dynamical systems can be found

in [74, 87].

In this chapter, we shall derive a-posteriori error estimation procedures for

dynamical systems using both kernel methods and DEIM as means of non-

linear approximation, where intermediate results have been published [182,

181, 186] in similar form. �e estimators can be fully decomposed in the of-

�ine/online fashion and hence �t into the paradigms introduced in Section

3.3. Key structural elements to all derived estimators are an estimation of

the error system, local Lipschitz constant estimations and application of the

comparison lemma [76]. �e estimators bound the error in the state space

for �nite time intervals instead of giving frequency domain error bounds.

Now, in order to keep the notational complexity at a minimum, we shall

introduce the core concepts for “simple” nonlinear systems of the form

x′(t) = f(x(t)), x(0) = x0. (5.1)

We will deal with the more general case of a�ne-parametric systems with

inputs like (1.12a, p.19) later. To this end, we assume to have given biorthog-

onal projection matrices V ,W and an approximation f̂ to f . Recalling the

reconstructed state space vector xr(t) = V z(t), we denote the “state space
error” by e(t) := x(t) − xr(t), which is also given as the solution of the
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error system

e′(t) = f(x(t))− V ˜̂
f(z(t)) = f(x(t))− VW T f̂(V z(t)), (5.2a)

e(0) = x0 − V V Tx0. (5.2b)

Now, we want to �nd a state space error estimator ∆ that satis�es

||e(t)||G ≤ ∆(t), t ∈ [0, T ].

While there might be other ways to do this, estimating the norm of the

right hand side of (5.2a) is the �rst basic step we consider in order to obtain

a-posteriori error estimators. In detail, we will aim to obtain an estimation

of (5.2a) like

||e′(t)||G ≤ α(t) + β(t) ||e(t)||G , (5.3)

for suitable α(t), β(t), which ideally can be computed fast in the online-

phase and should be independent of any complete f evaluations or x(t).

�is kind of di�erential inequalities can be easily turned into an explicit

bound using the “comparison lemma” [76, p.32], which is also applied fre-

quently to bound solutions or errors, but a-priori. We state it here in a tai-

lored version for completeness.

Lemma 5.0.1 (Comparison Lemma). Let T > 0, ∆, α, β : [0, T ] → R be
integrable functions, ∆ di�erentiable and assume

∆′(t) ≤ β(t)∆(t) + α(t) ∀ t ∈ [0, T ]. (5.4)

�en

∆(t) ≤
t∫

0

α(s)e

t∫
s

β(τ)dτ
ds+ e

t∫
0

β(τ)dτ
∆(0) ∀ t ∈ [0, T ]. (5.5)

Furthermore, (5.5) is an equality if and only if (5.4) is an equality.
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Proof. De�ne v(t) :=
∫ t

0 β(τ)dτ . �en (5.5) follows from

∆(t) = ev(t)e−v(t)∆(t)− ev(t)e−v(0)∆(0) + ev(t)e−v(0)∆(0)

= ev(t)

t∫
0

(
e−v(s)∆(s)

)′
ds+ ev(t)∆(0)

= ev(t)

t∫
0

e−v(s)
(
∆′(s)− β(s)∆(s)

)
ds+ ev(t)∆(0)

≤ ev(t)

t∫
0

e−v(s)α(s)ds+ ev(t)∆(0)

=

t∫
0

α(s)e

t∫
s

β(τ)dτ
ds+ e

t∫
0

β(τ)dτ
∆(0).

�is derivation also directly shows the equality of (5.5) if (5.4) is an equality.

On the other hand, if (5.5) is an equality, then

0 = ∆(t)−
t∫

0

α(s)e

t∫
s

β(τ)dτ
ds+ e

t∫
0

β(τ)dτ
∆(0)

= ev(t)

t∫
0

e−v(s)
(
∆′(s)− β(s)∆(s)− α(s)

)
ds ∀ t ∈ [0, T ],

which shows equality in (5.4) as the exponential is strictly positive.

From this it is clear that we can immediately obtain explicit estimators ∆

once an estimation of the type (5.3) is available. In doing that, we face a num-

ber of choices, given that we have to “get” from f(x(t)) to VW Tf(V z(t))

somehow. �e obvious choice is to insert zero elements into (5.2a) that can

be estimated separately (e.g. using the triangular inequality) later on. As

there are several possibilities with di�erent advantages, the complete list of
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all six possibilities is given by

e′(t) = f(x(t))− f̂(x(t)) + f̂(x(t))− f̂(V z(t))

+
(
I − VW T

)
f̂(V z(t)), (5.6a)

e′(t) = f(x(t))− f̂(x(t)) +
(
I − VW T

)
f̂(x(t))

+ VW T f̂(x(t))− VW T f̂(V z(t)),

e′(t) = f(x(t))− f(V z(t)) + f(V z(t))− f̂(V z(t))

+
(
I − VW T

)
f̂(V z(t)), (5.6b)

e′(t) = f(x(t))− f(V z(t)) +
(
I − VW T

)
f(V z(t))

+ VW Tf(V z(t))− VW T f̂(V z(t)),

e′(t) =
(
I − VW T

)
f(x(t)) + VW T

(
f(x(t))− f̂(x(t))

)
+ VW T

(
f̂(x(t))− f̂(V z(t))

)
,

e′(t) =
(
I − VW T

)
f(x(t)) + VW T (f(x(t))− f(V z(t)))

+ VW T
(
f(V z(t))− f̂(V z(t))

)
.

Basically, at some stage, all versions need to deal with the approximation

error f − f̂ , the projection residual

(
I − VW T

)
and some Lipschitz-type

estimation for the argument change x → V z. In our work, we will inves-

tigate the possibilities (5.6a) and (5.6b) closer, as the other variations only

estimate the projection error “earlier” on the bo�om line. While (5.6a) re-

quires an a-priori bound on f − f̂ (it is evaluated at the unknown full state

space x(t)), it allows to perform Lipschitz-type estimations using f̂ , which

can presumably be provided easier than e.g. a Lipschitz constant of f . �is

requirement of a Lipschitz-type estimation involving f is the drawback of

variant (5.6b), however, the approximation error f − f̂ can be evaluated us-

ing the well-known reduced state z(t). While the order of introduction is

arbitrary, we shall stick with the chronological order in which the results

have been obtained during the last years. Consequently, we will discuss er-

ror estimators of the type (5.6a) for reduced systems involving kernels in

Section 5.1 and Section 5.1.3. Estimators for POD-DEIM reduced nonlinear
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systems starting from equation (5.6b) will be discussed in Section 5.2. In the

following, we will denote by

EA(x) := f(x)− f̂(x) (5.7)

the approximation error of the nonlinearity f and de�ne the initial error as

E0 :=
∣∣∣∣x0 − V V Tx0

∣∣∣∣
G
.

5.1 Error estimation for systems with kernel
expansions

In this section we shall assume f̂ to be given as a kernel expansion

f̂(x) =
n∑
i=1

ciK(xi,x), (5.8)

similar to (1.7, p.14) or (3.9, p.98). Starting from the error system represen-

tation (5.6a), �eorem 5.1.1 states a �rst a-posteriori error estimator using a

global Lipschitz condition.

�eorem 5.1.1 (Global Lipschitz constant error Estimator (GLE)). Let K be
Lipschitz with constant LK ∈ R. �en, given the nonlinear dynamical system
(5.2, p.139), the state space error is rigorously bounded via

||e(t)||G ≤ ∆GLE(t) ∀ t ∈ [0, T ],

with

∆GLE(t) :=

t∫
0

α(s)e

t∫
s

Lf̂dr
ds+ e

t∫
0

Lf̂ds
E0 =

t∫
0

α(s)eLf̂ (t−s)ds+ eLf̂ tE0,

α(t) := ||EA(x(t))||G +
∣∣∣∣∣∣(I − VW T

)
f̂(V z(t))

∣∣∣∣∣∣
G
,
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Lf̂ := LK

n∑
i=1

||ci||G .

Proof. Using the kernel expansion structure it is easy to see that∣∣∣∣∣∣f̂(x1)− f̂(x2)
∣∣∣∣∣∣
G
≤ Lf̂ ||x1 − x2||G ,

for x1,x2 ∈ Rd
. With this we obtain

||e′(t)|| =
∥∥∥f(x(t))− f̂(x(t)) + f̂(x(t))− f̂(V z(t))

+
(
I − VW T

)
f̂(V z(t))

∥∥∥
G

≤ ||EA(x(t))||G +
∣∣∣∣∣∣f̂(x(t))− f̂(V z(t))

∣∣∣∣∣∣
G

+
∣∣∣∣∣∣(I − VW T

)
f̂(V z(s))

∣∣∣∣∣∣
G

≤ α(t) + Lf̂ ||e(t)||G ,

and application of Lemma 5.0.1 for ∆(t) = ||e(t)||G and β(t) ≡ Lf̂ �nishes

the proof.

Now, while the second summand of the α term is readily computable, we

yet need to �nd an x(t)-independent expression for EA.

If f̂ was obtained using the VKOGA variants from Section 2.2.2, the a-priori

or a-posteriori error bounds from Section 2.2.2.2 could be applied. However,

as already seen in the experiments in Section 2.2.2.4, those bounds are very

conservative and are not suitable to derive sharp error estimates.

As already shortly mentioned at the end of Section 2.2.2.4, an alternative is

the �ll-distance based approach introduced in [178, §11], whenever f is ob-

tained by orthogonal projection, i.e. interpolation. �ose estimates are con-

siderably sharp and have high convergence rates, but su�er from high con-

tinuity requirements regarding the kernels and a small �ll distance. While

smooth kernels can be appropriate in many situations, the necessary good

coverage of the considered domain is practically infeasible, especially keep-
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ing in mind that one central goal of the nonlinear kernel approximation

schemes introduced in Chapter 2 targets a sparse function representation.

Moreover, in the case of SVMs, various results on learning rates have been

established [163, 188, 164], of which the “oracle inequality”-type results [161,

160] are probably closest to our se�ing. But besides being valid for only cer-

tain types of kernels, the inherent statistical perspective causes those rates

to include noise assumptions on the training data, which are not necessary

in our deterministic se�ing.

To this end, while the above approach is an analytical result in its own inter-

est, it remains an open question if a-priori error bounds that either are not

overly conservative or do not depend on a tight coverage of the considered

domain can be devised for practical purposes. Even so, due to the modular-

ity of the estimator in �eorem 5.1.1, any a-priori estimation technique can

be applied and substituted forEA. Additionally, whatever estimation forEA

is used, the overall estimator still involves a global Lipschitz constant LK of

the kernel, which contributes to the estimation result in an exponential way.

As this might even be the more crucial part in the overall estimation process,

we will focus on ways to improve that part of the estimation process in the

following.

5.1.1 Local Lipschitz constants

Closer investigation of the error estimator from �eorem 5.1.1 shows that if

the kernel Lipschitz constant LK is large, the estimator will grow fast and

the estimation will be overly conservative. But yet there are improvement

possibilities as those error estimators do not utilize all information given

during the estimation process. So far, only∣∣∣∣∣∣f̂(x(t))− f̂(xr(t))
∣∣∣∣∣∣
G
≤ Lf̂ ||x(t)− xr(t)||G



5.1. ERROR ESTIMATION FOR KERNEL-BASED SYSTEMS 145

is used. But as xr(t) is known during the reduced simulation, a variant like∣∣∣∣∣∣f̂(x(t))− f̂(xr(t))
∣∣∣∣∣∣
G
≤ Lf̂(xr(t)) ||x(t)− xr(t)||G

should be possible, where L utilizes information from the reduced system.

As those estimations use local information we call them “local Lipschitz con-
stant estimations”. Moreover, assuming that

||e(t)||G = ||x(t)− xr(t)||G < Θ(t)

for some Θ > 0 (maybe a coarse upper bound, see Section 5.1.2 for details)

could further improve the local Lipschitz constant estimation, as it would

mean

x(t) ∈ BΘ (xr(t)),

which allows for a even more localized Lipschitz constant estimation∣∣∣∣∣∣f̂(x(t))− f̂(xr(t))
∣∣∣∣∣∣
G
≤ Lf̂ ,Θ(xr(t)) ||x(t)− xr(t)||G .

�erefore, we propose an approach using local secant gradients involving an

a-priori error bound ||e(t)||G ≤ Θ, which enables e�cient computation of

those secant gradients utilizing the kernel expansion center locations. �e

derived theory and results for a-posteriori error estimation of kernel-based

dynamical systems have been published in [182] in similar form.

�e key to our local Lipschitz constant computations is to use a subclass of

the RBF kernels introduced in Section 3.2.1, (1.1.4, p.10), induced by a certain

class of scalar functions φ:

De�nition 5.1.2 (Bell functions). A function φ : R+ → R+ is called a “bell
function”, if

i) φ ∈ C2(R+),

ii) ||φ||L∞ ≤ B, B > 0, (5.9a)

iii) φ′(0) ≤ 0, (5.9b)
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iv) ∃ r0 > 0 : φ′′(r)(r − r0) > 0 ∀ r 6= r0. (5.9c)

Condition iv) means that r0 denotes a unique turning point where φ is

strictly concave/convex on [0, r0]/[r0,∞[, respectively. We will denote the

set of all bell functions with B and assume φ ∈ B for the remainder of

this section. For example, the Gaussian kernel is induced by a bell function

φ(r) = e−(r/β)2

. �en we have r0 = β/
√

2 and LK = |φ′(r0)| in the context

of �eorem 5.1.1.

We will state results regarding bell functions �rst and connect these to the

multidimensional case later.

Lemma 5.1.3 (Basic properties of bell functions). Let φ ∈ B. �en we have

min
x∈R+

φ′(x) = φ′(x0) (5.10a)

φ′(x)
x→∞−→ 0 (5.10b)

φ′(x) < 0 ∀ x ∈ R+, (5.10c)

where (5.10c) means especially that φ is strictly monotonously decreasing and
takes its maximum value in φ(0).

Proof. Property (5.10a) follows directly from (5.9b) and (5.9c). Especially we

have φ′(x0) < 0. Now we show (5.10b) by contradiction. Assume

∃ ε > 0, z0 > 0 ∀ z ≥ z0 : |φ′(z)| ≥ ε.

�en by the mean value theorem we see that

∀ n ∈ N ∃ ξn > z0 :
φ(z0 + n)− φ(z0)

n
= φ′(ξn).

But this means

|φ(z0 + n)− φ(z0)| = n|φ′(ξn)| ≥ εn
n→∞−→ ∞,
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which contradicts with the boundedness (5.9a)of φ. Finally, we can see state-

ment (5.10c) as follows: Condition (5.9b) and (5.9c) guarantee

φ′(x) < 0 ∀ x ∈ ]0, x0].

Condition (5.9c) also says for x > x0 that φ′ is strictly monotonously in-

creasing; but this already means

φ′(x) < 0 ∀ x > x0,

since if we had a x′ with φ′(x′) = 0 this would imply φ′(x) > 0 ∀ x > x′ in

contradiction with condition (5.10b).

�e notion of secant gradients will prove useful for our further investiga-

tions.

De�nition 5.1.4 (Secant gradient function). For any φ ∈ B, s ∈ R+, we

de�ne the secant gradient function Ss : R+ −→ R as

Ss(r) :=


φ(r)−φ(s)

r−s , r 6= s,

φ′(s), r = s.
(5.11)

Its derivative is given as

S ′s(r) :=


φ′(r)−φ(r)−φ(s)

r−s
r−s = φ′(r)−Ss(r)

r−s r 6= s,

φ′′(r) r = s.

Well-de�nedness and continuous di�erentiability of Ss can easily be veri�ed

by elementary analysis. �e following lemma characterizes the minimum

secant gradient position.

Lemma 5.1.5 (Minimum secant gradient). Let φ ∈ B, s ∈ R+. �en

rs := arg min
r∈R+

Ss(r) (5.12)
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exists, is unique and exactly one of the following cases holds:

s < r0 ≤ rs, (5.13a)

rs ≤ r0 < s, (5.13b)

s = r0 = rs. (5.13c)

Proof. It is clear that φ′(r0) ≤ Ss(r) ≤ 0 ∀ r ∈ R+. Using the boundedness

of φ we see that

|Ss(r)| ≤
∣∣∣∣φ(r)− φ(s)

r − s

∣∣∣∣ ≤ B + φ(s)

|r − s|
r→∞−→ 0.

As Ss is continuous and Ss(r0) < 0 ∀ swe see that rs <∞ and hence obtain

existence of a minimizer. Next we show the inequalities (5.13) and note that

the necessary condition for a minimizer is

0 = S ′s(rs) =
φ′(rs)− Ss(rs)

rs − s
⇔ φ′(rs) = Ss(rs). (5.14)

Recall that every bell function has a unique r0 > 0 as given by property

(5.9c, p.146). �en we di�erentiate the cases

• s < r0

We continue with proof by contradiction and therefore assume we

had rs < r0. Now choose a r ∈ R+ with max(rs, s) < r < r0.

�en we have Ss(r) = φ(r)−φ(s)
r−s = φ′(ξ) for some ξ ∈]s, r[ by the

mean value theorem. Now as φ is strictly concave on [0, r0] by the

bell function condition (5.9c, p.146) and φ′(r) ≤ 0 by (5.9b, p.145) we

obtain Ss(rs) = φ′(rs) > φ′(ξ) = Ss(r), which contradicts with the

minimizing property of rs as obviously rs is not a minimizer of Ss.

• r0 < s

�e case r0 < s is obtained by an analogous argument using the strict

convexity of φ on [r0,∞[ instead of the concavity as in the former

case.
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• r0 = s

�is case is clear when considering the limit process for both other

cases.

At last, we prove the uniqueness of the maximizers. Assume there are two

maximizing r1, r2 ∈ R+ with r1 6= r2 Without loss of generality say r1 <

r2. Consider the case s < r0. �en we know by inequality (5.13a) that we

must have s < r0 ≤ r1 < r2. Now, φ is strictly convex on [r0,∞[ and in

combination with the necessary condition (5.14) we get

Ss(r1) = φ′(r1) > φ′(r2) = Ss(r2),

which contradicts the maximizing assumptions on r1, r2. �e case r0 < s

follows by the same arguments using (5.13b) and concavity. Finally, r0 = s

directly implies r1 = r2 by equation (5.13c), which shows well-de�nedness

of (5.12, p.147) and concludes the proof.

Figure 5.1 shows two examples for minimum secant gradients and the po-

sition of rs with each s < r0 (le�) and s > r0 (right), using the Gaussian

inducing bell function φ(r) = exp(−r2/β2) with β = 2.
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Figure 5.1: Gaussian φ with β = 2, r0 =
√

2 and rm =
√
2

1−e−1/2 ≈ 3.5942

�e following Lemma establishes a helpful result in order to include the

aforementioned a-priori bound Θ.
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Lemma 5.1.6 (Monotony of secant gradient derivatives for bell functions).
Let s ∈ R+\{r0} and Ss be given as in (5.11, p.147). �en

S ′s(r)(r − rs) > 0 ∀ r ∈ R+\{rs}.

Proof. Choose s ∈ R+ and recall S ′s(r) = φ′(r)−Ss(r)
r−s from De�nition 5.1.4.

First consider the case s < r0 and di�erentiate by locations of r:

• r < s < r0 ≤ rs

We have r − rs < 0, r − s < 0 and Ss(r) > φ′(r) by concavity.

• r = s < r0 ≤ rs

We have

S ′s(s) = lim
t→s

S ′s(t) = lim
t→s

φ′(t)− Ss(t)
t− s

= lim
t→s

φ′′(t)− S ′s(t)
1

= φ′′(s)− lim
t→s

S ′s(t).

�is means S ′s(s) = φ′′(s)
2 < 0 and as r < rs we have S ′s(r)(r−rs) > 0.

• s < r ≤ r0 ≤ rs

We have r − rs < 0, r − s > 0 and Ss(r) < φ′(r) by concavity.

• s < r0 ≤ r < rs

Since φ′(r0) < Ss(r0) and φ′(rs) = Ss(rs) we must have φ′(r) <

Ss(r) ∀ r ∈ [r0, rs[. Otherwise, since φ′(·)−Ss(·) is continuous, there

would exist an r′ ∈ [r0, rs[ with

Ss(r
′) = φ′(r′) < φ′(rs) = Ss(rs),

as r′ < rs and φ is strictly convex on [r0,∞[. But this is a contradiction

to the minimal choice of rs, and together with r − rs < 0, r − s > 0

we obtain S ′s(r)(r − rs) > 0.

• s < r0 ≤ rs < r
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At rs we have S ′s(rs) = 0 and thus

S ′′s (rs) =
φ′′(rs)− 2S ′s(rs)

rs − s
=
φ′′(rs)

rs − s
> 0,

as φ is strictly convex for r > r0. So there exists an ε > 0 with

S ′s(rs + ε) > 0. In fact for any point r > r0 with S ′s(r) = 0 we

have S ′′s (r) > 0, meaning all of them are local minima. But as S ′s is

continuous there cannot be two consecutive local minima without a

local maximum. Hence, S ′s(r) cannot equal zero for r > rs and since

S ′s(rs + ε) > 0 we must have S ′s(r) > 0 ∀ r > rs.

Similar to the previous proofs, the case r0 < s is obtained using an analogous

argumentation with concavity and convexity interchanged.

Now, further assume to restrict admissible r values to r ∈ BΘ (s) ∩ R+

for a Θ > 0, where BΘ(s) denotes an open ball of radius Θ around s and

BΘ (s) its closure. With this condition we can state a result regarding local

Lipschitz constant computations.

Proposition 5.1.7 (Local Lipschitz estimation using secant gradients). Let
Θ > 0, s ∈ R+, φ ∈ B and Γ := BΘ (s) ∩ R+. �en

|φ(r)− φ(s)| ≤ |Ss(rΘ,s)||r − s|, ∀ r ∈ Γ,

with

rΘ,s =

s+ sign (rs − s) Θ, rs /∈ Γ,

rs, rs ∈ Γ.
(5.15)

Proof. Assume s 6= r0. �en Lemma 5.1.6 implies that Ss is monotonically

decreasing on [0, rs] and increasing on [rs,∞[. For rs /∈ Γ, as Ss is negative,

|Ss| takes its maximum value at the border of Γ that is closest to rs. Since

arg minr∈R+
Ss(r) = arg maxr∈R+

|Ss(r)|, case rs ∈ Γ follows by de�nition.

�e case s = r0 implies rs = r0 and hence case two, as of course r0 ∈ Γ =
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BΘ (r0) and Θ > 0. We �nally conclude |φ(x)−φ(y)| ≤ ||Ss||L∞(Γ) |r−s| =
|Ss(rΘ,s)||r − s|.

Next, we generalize these results to the multidimensional kernel se�ing.

Corollary 5.1.8 (Local Lipschitz constants for bell function kernels). Let
the conditions of Proposition 5.1.7 hold and choose y, z ∈ Γ. Further assume
to have given an RBF Kernel K induced by φ and set s = ||y − z||G. �en we
have

|K(x, z)−K(y, z)| ≤ |Ss(rΘ,s)| ||x− y||G ∀ x ∈ BΘ (y).

Proof. Fix y, z ∈ Γ, Θ > 0, let R :=
{
x ∈ Γ

∣∣ ||x− z||G ∈ BΘ (s)
}

. �en

using Proposition 5.1.7 we estimate

|K(x, z)−K(y, z)| = |φ(||x− z||G)− φ(||y − z||G)|
≤ |Ss(rΘ,s)|

∣∣||x− z||G − ||y − z||G∣∣
≤ |Ss(rΘ,s)| ||x− y||G ∀ x ∈ R.

�e fact that BΘ (y) ⊂ R �nishes the proof.

Finally, those results can be used to state an improved version of the error

estimator derived in �eorem 5.1.1. As the above results hold true at any

location for any bound Θ, we will assume the a-priori error bound to be

time-dependent, i.e.

||e(t)||G ≤ Θ(t) ∀ t ∈ [0, T ]. (5.16)

If no further knowledge is available, Θ(t) ≡ ∞ is a valid option, in whose

case we obtain rΘ,s ≡ rs in the context if Proposition 5.1.7. We also introduce

the notation

di(t) := ||xr(t)− xi||G , i = 1 . . . N, (5.17)

for the distance of the reduced statexr(t) to each expansion centerxi during

the reduced simulation. In fact, the coarse error bound means nothing but
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x(t) ∈ BΘ(t) (xr(t)) ∀ t ∈ [0, T ]. Consequently, for any t ∈ [0, T ], i ∈
{1 . . . N} we identify x,y, z ∈ Rd

and Θ > 0 from Corollary 5.1.8 with

x(t),xr(t) of the full/reduced solution, the kernel expansion centers xi and

Θ(t), respectively. �is allows to obtain local Lipschitz constant estimations

at each time t using the current reduced simulation’s state xr(t) as “center”

of locality:

�eorem5.1.9 (Local Secant gradient Lipschitz errorEstimator (LSLE)). Let
the error system be given as in (5.2, p.139), where the kernelK of the expansion
(5.8, p.142) is induced by a bell function φ. Further, let Θ(t) be an a-priori error
bound. �en the state space error is bounded via

||e(t)||G ≤ ∆Θ
LSLE(t) ∀ t ∈ [0, T ],

with

∆Θ
LSLE(t) :=

t∫
0

α(s)e

t∫
s

β(r)dr
ds+ e

t∫
0

β(s)ds
E0,

α(t) := ||EA(x(t))||G +
∣∣∣∣∣∣(I − VW T

)
f̂(V z(t))

∣∣∣∣∣∣
G
,

β(t) :=
n∑
i=1

||ci||G
∣∣Sdi(t)(rΘ(t),di(t))

∣∣.
Proof. �e α term is derived exactly as in the proof of �eorem 5.1.1. Next,

using the kernel expansion and Corollary 5.1.8 yields

∣∣∣∣∣∣f̂(x(t))− f̂(xr(t))
∣∣∣∣∣∣
G
≤

n∑
i=1

||ci||G (K(x(t),xi)−K(xr(t),xi))

≤
n∑
i=1

||ci||G
∣∣Sdi(t)(rΘ(t),di(t))

∣∣ ||e(t)||G

= β(t) ||e(t)||G .

Application of Lemma 5.0.1 for the ODE ∆′(t) = β(t)∆(t) + α(t), ∆(0) =

E0 yields the result.



154 CHAPTER 5. A-POSTERIORI ERROR ESTIMATION

5.1.2 Iterative a-posteriori error estimators

We still need to justify the assumption (5.16) because it requires existence

of an a-priori bound in order to obtain an a-posteriori error estimator. �e

core idea is to use the a-priori bound in an iterative scheme starting with

Θ(t) ≡ ∞, which is trivially satis�ed. �en the resulting a-posteriori error

estimate is reused as a-priori bound for another iteration of the error estima-

tion procedure. A nice feature of this procedure is that it allows to balance

the error bound’s sharpness against the computational costs. �e next theo-

rem shows that actual progress can be made under reasonable assumptions

and the iterative scheme reproduces the �rst estimate in the worst case.

�eorem 5.1.10 (Convergence of error estimator iterations). Let the condi-
tions of �eorem 5.1.9 hold and de�ne

Θ0(t) ≡ ∞, Θm(t) := ∆
Θm−1

LSLE(t), m ≥ 1.

Recall the distances di(t) from (5.17, p.152), rs from Lemma 5.1.5,(5.12, p.147)
and for m ∈ N let

Γm :=
{
t ∈ [0, T ]

∣∣ ∃ i ∈ {1 . . . N} : rdi(t) /∈ BΘm(t) (di(t))
}
. (5.18)

If Γ1 6= ∅, then

Γm+1 6= ∅ ∀m ∈ N,

∆
Θm+1

LSLE(t)

< ∆Θm

LSLE(t), t > inf Γm+1

= ∆Θm

LSLE(t), t ≤ inf Γm+1

∀m ∈ N. (5.19)

Else if Γ1 = ∅, then

∆Θm

LSLE(t) = Θ1(t) ∀m ≥ 1, t ∈ [0, T ].

Further, the sequence of iterates converges uniformly to a continuous lower
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error bound

∆∞LSLE(t) := lim
m→∞

∆Θm

LSLE(t), t ∈ [0, T ].

Proof. At �rst we see that Γm is open (in fact a union of open intervals)

since di(t),Θm(t) and rdi(t) are continuous in t. As shorthand for any �xed

t ∈ [0, T ] let

βm(t) :=
n∑
i=1

||ci||G |Sdi(t)(rΘm(t),di(t))|, si := di(t),

for any m ∈ N. We prove (5.19) by induction and begin with m = 0. We

have Γ1 6= ∅ by assumption. So, for t ∈ Γ1 condition (5.18) implies that

M :=
{
i ∈ {1 . . . N}

∣∣∣ rsi /∈ BΘ1(t) (si)
}

is nonempty. Further, we know that

|Ssi
(
si + sign rsi − siΘ1(t)

)
| < |Ssi(rsi)|, ∀ i ∈M,

as Lemma 5.1.6 holds since si 6= r0 ∀ i ∈ M . With the help of Proposition

5.1.7 we deduce

β1(t) =
∑
i∈M

||ci||G
∣∣Ssi(rΘ1(t),si)

∣∣+
∑
i/∈M

||ci||G
∣∣Ssi(rΘ1(t),si)

∣∣
=
∑
i∈M

||ci||G
∣∣Ssi(si + sign rsi − siΘ1(t)

)∣∣+
∑
i/∈M

||ci||G
∣∣Ssi(rsi)∣∣

<
∑
i∈M

||ci||G
∣∣Ssi(rsi)∣∣+

∑
i/∈M

||ci||G
∣∣Ssi(rsi)∣∣ = β0(t) ∀ t ∈ Γ1.

(5.20)

For Γc1 := [0, T ]\Γ1 we have rΘ1(t),si = rsi ∀ i ∈ {1 . . . N} for any t ∈ Γc1
by (5.15, p.151) and thus β1|Γc1 ≡ β0|Γc1 . Now as α(s) ≥ 0, for t > inf Γ1 we
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know with (5.20) that

∫
Γ1∩[0,t]

α(s)e

s∫
0

β1(r)dr
ds <

∫
Γ1∩[0,t]

α(s)e

s∫
0

β0(r)dr
ds,

which proves ∆Θ1

LSLE(t) < ∆Θ0

LSLE(t). Equality is given for t ≤ inf Γ1 as

β1|Γc1 ≡ β0|Γc1 and [0, inf Γ1] ⊆ Γc1, which establishes the induction base.

For the induction step let Γm 6= ∅ and

∆Θm

LSLE(t) < ∆
Θm−1

LSLE(t) ∀ t > inf Γm,

which means Θm+1(t) < Θm(t) ∀ t > inf Γm by de�nition. �is means

Γm+1 6= ∅ as Γm ⊆ Γm+1. So, for any t ∈ Γm+1 we have

rΘm+1(t),si = si −Θm+1(t) > si −Θm(t) = rΘm(t),si,

which gives βm+1(t) < βm(t) analogous to (5.20). Spli�ing the integral as

above using Γm+1 directly gives (5.19, p.154), concluding the induction.

If Γ1 = ∅ we have βm ≡ β1 ∀m ≥ 1 and thus ∆Θm

LSLE ≡ Θ1 ∀ n ≥ 1.

Next, for each t ∈ [0, T ] we see from (5.19, p.154) that

{
∆Θm

LSLE(t)
}
m∈N is

monotonically decreasing and bounded by zero. �us, we have a point-wise

convergence of ∆Θm

LSLE to the limit function ∆∞LSLE(t) := limn→∞∆Θm

LSLE(t).

From the induction we know that for ∀ m, k ∈ N, k ≥ m we have βk(t) ≤
βm(t) ∀ t ∈ [0, T ]. �is implies∣∣∆Θk

LSLE(t)−∆Θm

LSLE(t)
∣∣ ≤ ∣∣∆Θk

LSLE(T )−∆Θm

LSLE(T )
∣∣ ∀ t ∈ [0, T ].

Taking the supremum on the le� and considering k →∞ we obtain∣∣∣∣∣∣∆∞LSLE −∆Θm

LSLE

∣∣∣∣∣∣
L∞(0,T )

≤
∣∣∆∞LSLE(T )−∆Θm

LSLE(T )
∣∣ m→∞−→ 0,

which �nally shows uniform convergence and continuity of ∆∞LSLE(T ).
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�e crucial assumption here is that the �rst estimation Θ1 is small enough,

so that for some time t and expansion center xi the minimum secant gradi-

ent point rdi(t) is not contained in BΘ1(t) (di(t)), i.e. Γ1 6= ∅ holds to enable

(5.19, p.154). �is is reasonable in the context of kernel-based model re-

duction, since the expansion centers are naturally sca�ered over the high

dimensional state space.

5.1.3 Parameterized systems with inputs

In this section, we shall investigate extensions of the derived error estima-

tors for more complex dynamical systems. �e class of dynamical systems

we consider is given by the class of a�ne-parametric systems as introduced

in (1.12, p.19), motivated by [74]:

x′(t) = f(x(t), t,µ) +B(t,µ)u(t), (5.21a)

x(0) = x0(µ), (5.21b)

w(t) = C(t,µ)x(t). (5.21c)

Note here that we omit any linear part A in this section due to historical

reasons, however, it can be readily included in any of the derived error es-

timators of Section 5.1 by the means introduced in Section 5.2. Recall here

the parameter domain P ⊆ Rp
and parameters µ ∈ P , where we will sup-

press the µ-dependencies where clear from context and otherwise indicate

it by an extra semicolon-separated µ argument for simplicity of notation.

Further we rede�ne the initial error as

E0(µ) :=
∣∣∣∣(I − VW T

)
x0(µ)

∣∣∣∣
G
.
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As we have a potentially time- and parameter-dependent nonlinearity, we

assume the kernel approximation to be given as

f̂(x, t,µ) =
n∑
i=1

ciK(xi,x)Kt(ti, t)KP(µi,µ), (5.22)

alike (3.9, p.98) in Section 3.2.1. Following the lines of �eorem 5.1.1, we can

state a global Lipschitz constant estimator also for this system.

�eorem5.1.11 (Global Lipschitz Estimator). Let the dynamical system (5.21)

be given. Further, let the state space kernelK be LK-Lipschitz continuous with
respect to the �rst variable. �en ∀ µ ∈ P the state space error is bounded via

||e(t;µ)||G ≤ ∆GLE(t,µ) ∀ t ∈ [0, T ],

with

∆GLE(t,µ) :=

t∫
0

α(s,µ)e

t∫
s

β(r,µ)dr
ds+ e

t∫
0

β(s,µ)ds
E0(µ)

and

α(t,µ) := ||EA(x(t);µ)||G
+
∣∣∣∣∣∣(I − VW T

) (
f̂(xr(t), t,µ) +B(t,µ)u(t)

)∣∣∣∣∣∣
G
,

β(t,µ) := LK

n∑
i=1

||ci||G |Kt(t, ti)KP(µ,µi)|.

Proof. Using the kernel expansion structure we directly obtain∣∣∣∣∣∣f̂(x(t))− f̂(xr(t))
∣∣∣∣∣∣
G

≤
n∑
i=1

||ci||G
∣∣K(x(t),xi)−K(xr(t),xi)

∣∣|Kt(t, ti)KP(µ,µi)|

≤ L
n∑
i=1

||ci||G |Kt(t, ti)KP(µ,µi)| ||e(t)||G
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= β(t,µ) ||e(t;µ)||G .

�e existence of inputs causes an additional term

(
I − VW T

)
B(t,µ)u(t)

occurring in the error system (5.6a, p.141). Now, performing the same steps

as in the proof of �eorem 5.1.1 shows

||e′(t;µ)||G =
∥∥∥f(x(t))− f̂(x(t)) + f̂(x(t))− f̂(xr(t))

+
(
I − VW T

)
f̂(xr(t) +

(
I − VW T

)
B(t,µ)u(t)

∥∥∥
G

≤ ||EA(x(t);µ)||G +
∣∣∣∣∣∣f̂(x(t))− f̂(xr(t))

∣∣∣∣∣∣
G

+
∣∣∣∣∣∣(I − VW T

) (
f̂(xr(t) +B(t,µ)u(t)

)∣∣∣∣∣∣
G

≤ β(t,µ) ||e(t;µ)||G + α(t,µ).

Finally, application of the comparison lemma for the ODE

∆′(t) = β(t,µ)∆(t) + α(t,µ), ∆(0) = E0(µ),

yields the error estimator as analytical solution.

Of course, the improved local Lipschitz constant estimation can be applied

for this type of systems. We state all involved computational steps here for

completeness.

�eorem 5.1.12 (Local Secant gradient Lipschitz error Estimator (LSLE)).
Let the dynamical system (5.21, p.157) be given, and let the state space kernel
K of f̂ be induced by a bell function φ. Further, let Θ(t,µ) be an a-priori error
bound. �en the state space error is bounded via

||e(t)||G ≤ ∆Θ
LSLE(t) ∀ t ∈ [0, T ],

with

∆Θ
LSLE(t) :=

t∫
0

α(s)e

t∫
s

β(r)dr
ds+ e

t∫
0

β(s)ds
E0,
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α(t,µ) := ||EA(x(t);µ)||G
+
∣∣∣∣∣∣(I − VW T

) (
f̂(xr(t), t,µ) +B(t,µ)u(t)

)∣∣∣∣∣∣
G
,

β(t) :=
n∑
i=1

LΘ(di(t)) ||ci||G |Kt(t, ti)KP(µ,µi)|.

Here we have LΘ(di(t)) :=
∣∣Sdi(t)(rΘ,i)

∣∣, where we de�ne for

Γ(t,µ) = BΘ(t,µ) (di(t)) ∩ R+

the quantities

rΘ,i :=

di(t) + sign (ri − di(t)) Θ(t,µ), ri /∈ Γ(t,µ),

ri, ri ∈ Γ(t,µ),

ri := arg min
r∈R+

Sdi(t)(r) = arg min
r∈R+

φ(di(t))− φ(r)

di(t)− r
,

similar to Proposition 5.1.7.

Proof. �e derivation follows the proof of �eorem 5.1.11. �e α term is

obtained exactly the same way, and using Corollary 5.1.8 we see that∣∣∣∣∣∣f̂(x(t))− f̂(xr(t))
∣∣∣∣∣∣
G

≤
n∑
i=1

||ci||G
∣∣K(x(t),xi)−K(xr(t),xi)

∣∣|Kt(t, ti)KP(µ,µi)|

≤
n∑
i=1

∣∣Sdi(t)(rΘ,i)
∣∣ ||e(t;µ)||G ||ci||G |Kt(t, ti)KP(µ,µi)|

= β(t,µ) ||e(t;µ)||G .

As usual, application of Lemma 5.0.1 �nishes the proof.

Of course, the iterative scheme presented in Section 5.1.2 can be applied

here, too. We see in the α(t,µ) term that if any input u(t) happens to main-

tain the full system in the subspace V , then the resulting zero approximation
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error will be veri�ed a-posteriori by both the GLE and LSLE error estimators.

5.1.3.1 Output error estimation

Once a bound ∆(t,µ) for the state error is available the output error

ew(t;µ) := w(t)− C̃(t,µ)z(t)

= C(t,µ)x(t)−C(t,µ)V z(t) = C(t,µ)e(t;µ)

can be bounded by

||ew(t;µ)|| ≤ Co(t,µ) ||e(t;µ)||G ≤ Co(t,µ)∆(t,µ), t ∈ [0, T ],

using the G-induced matrix norm

Co(t,µ) := ||C(t, µ)||G = sup
x∈Rd

||C(t,µ)x||G
||x||G

.

Note that this can further be estimated using the a�ne structure as

sup
x∈Rd

||C(t,µ)x||G
||x||G

≤ sup
x∈Rd

∑QC
i=1

∣∣θCi (t,µ)
∣∣ ||Cix||G

||x||G

≤
QC∑
i=1

∣∣θCi (t,µ)
∣∣ ||Ci||G .

5.1.4 Computational aspects

Before we will present some experiments regarding the derived error esti-

mators, we will discuss certain computational aspects. In detail, the error

estimators can be decomposed in an o�ine/online fashion as shown in Sec-

tion 5.1.4.1 and the maximum secant gradient locations from Proposition

5.1.7 can be e�ciently computed using a penalized Newton iteration pre-

sented in Section 5.1.4.2.
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5.1.4.1 O�line/online decomposition

Additionally to the steps regarding the o�ine/online decomposition of the

dynamical system described in Section 3.3, we will detail how to decompose

the derived error estimators of the previous sections in the same fashion

similar to [181, 74]. Since the LSLE variant for parameterized systems of

�eorem 5.1.12 includes all previously considered quantities, we shall detail

the decomposition for that case.

From the proofs of the error estimator theorems we see that the comparison

Lemma 5.0.1 plays a key role to obtain an explicit expression for the error

estimate. On the other hand, it also shows that any estimator can be obtained

by solving a small auxiliary ODE, which can in fact be computed “on the �y”

with the reduced simulation by adding an extra dimension to the reduced

system (3.4, p.88). As de�ned in Section 1.3.2, (1.12, p.19), we assumeB and

x0 to be given as

B(t,µ) =

QB∑
i=1

θBi (t,µ)Bi, x0(µ) =

Q0∑
i=1

θ0
i (µ)x0

i .

Now, essentially the o�ine stage prepares the e�cient computation of the

α(t,µ) term at the online stage.

O�line stage Let M = [c1 . . . cN ] ∈ Rd×n
and recall the norm inducing

matrixG from the introduction of Chapter 1. Further we see that

di(t) = ||xr(t)− xi||G

=

√
||V z(t)||2G − 2z(t)TV TGxi + ||xi||2G

=

√
||z(t)||2G − 2z(t)T z̃i + ||xi||2G,

where z̃i := V TGxi and ||xi||2G , i = 1 . . . n can be precomputed. �is

together with ||ci||G , i = 1 . . . n constitutes the o�ine-computations for
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the β(t,µ) term and

x̃0
i :=

(
I − VW T

)
x0
i , i = 1 . . . Q0,

x̃0
ij := (x̃0

i )
TGx̃0

j , i, j = 1 . . . Q0,

M 1 := M̃
T
GM̃ ∈ Rn×n M̃ =

(
I − VW T

)
M ,

B̃i :=
(
I − VW T

)
Bi, i = 1 . . . QB,

M 2,i := M̃
T
GB̃i ∈ Rn×l, i = 1 . . . QB,

M 3,ij := B̃
T

i GB̃j ∈ Rl×l, i, j = 1 . . . QB,

comprises the computations for intermediate small matrices for the α term.

Online stage �e online part consists of computing the ODE

∆′(t) = α(t,µ) + β(t,µ)∆(t), ∆(0) =

√√√√ Q0∑
i,j

θ0
i (µ)θ0

j (µ)x̃0
ij,

with

k(t) :=
(
Kr(z(t), zi)Kt(t, ti)KP(µ,µi)

)n
i=1
∈ Rn,

M 2(t,µ) :=

QB∑
i=1

θBi (t,µ)M 2,i,

M 3(t,µ) :=

QB∑
i,j=1

θBi (t,µ)θBj (t,µ)M 3,ij,

α(t,µ) =
(
k(t)TM 1k(t) + 2k(t)TM 2(t,µ)u(t)

+ u(t)TM 3(t,µ)u(t)
) 1

2

.

�e α-decomposition follows directly from the de�nitions. Notice that if

there are no inputs u(t) for a given system only the constant matrix M 1

has to be computed as M 2 and M 3 do not appear. However, all the o�ine

matricesM 1,M 2,M 3 are small matrices only depending on QB, n and l.
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5.1.4.2 Penalized Newton iteration

When using the improved local Lipschitz constant estimators from �eorem

5.1.9 and/or �eorem 5.1.12, another important aspect for fast online evalu-

ation is e�cient computation of the β(t,µ) term. In the se�ing of a reduced

simulation this term reads as

β(t,µ) =
n∑
i=1

||ci||G
∣∣Sdi(t)(rΘ(t,µ),di(t))

∣∣,
rΘ(t,µ),di(t) =

di(t) + sign
(
di(t)− rdi(t)

)
Θ(t,µ), rdi(t) /∈ BΘ(t,µ) (di(t))

rdi(t), rdi(t) ∈ BΘ(t,µ) (di(t))
,

rdi(t) = arg min
r∈R+

φ(r)− φ(di(t))

r − di(t)
.

So, in theory, n small minimization problems need to be solved at any time

t ∈ [0, T ] during integration, whereas in practice, Lemma 5.1.5 allows to

reduce the amount of problems to be solved.

For example, say di(t) < r0 for a t ∈ [0, T ], i ∈ {1 . . . N}. �en condi-

tion (5.13a, p.148) yields r0 ≤ rdi(t). So, if di(t) + Θ(t,µ) < r0 there is no

need to compute rdi(t) as rΘ(t,µ),di(t) = di(t)+Θ(t,µ) anyways. However, in

Proposition 5.1.15 we propose using a penalized Newton iteration scheme

for the cases an e�cient computation of the minimizer is required. As the

reduced state variable z(t) changes continuously, so does rdi(t), which keeps

the number of Newton iterations for subsequent (next time-step) computa-

tions small when using the old values as starting point for the new iterations.

We �rst state some preparatory lemma before we stating our Newton itera-

tion scheme in Proposition 5.1.15.

Lemma 5.1.13. Let φ be a bell function. �en the mapping

η(s) : R+ −→ R+

s 7−→ rs = arg min
r∈R+

Ss(r)
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is monotonically decreasing.

Proof. Note here that η is well-de�ned by Lemma 5.1.5. Choose some s1, s2 ∈
R+ with s1 6= s2. Without loss of generality assume s1 < s2. Let ri :=

η(si), i ∈ {1, 2}. At �rst consider the case s1 < s2 ≤ r0. De�ne l(r) :=

φ(s1) + φ′(r1)(r − s1). �en we see that l(s2) ≤ φ(s2), as

φ(s2)− φ(s1)

s2 − s1
≥ φ(r1)− φ(s1)

r1 − s1
= φ′(r1) =

l(s2)− φ(s1)

s2 − s1
.

Using φ′(r1) = φ(r1)−φ(s1)
r1−s1

, l can also be wri�en as l(r) = φ(r1) +φ′(r1)(r−
r1). So we conclude

φ′(r2) =
φ(r2)− φ(s2)

r2 − s2
≤ φ(r1)− φ(s2)

r1 − s2

≤ φ(r1)− l(s2)

r1 − s2
=
φ(r1)− φ(s1)

r1 − s1
= φ′(r1),

and since φ(x) is convex for x > r0 we must have r1 ≥ r2. �e proof for the

case r0 ≤ s1 < s2 is analogous using the concavity on [0, r0].

Lemma 5.1.14 (Bounds of rs). Let φ be a bell function. �en we have

0 ≤ rs < rm ∀ s ∈ R+ for rm :=
φ(0)r0

φ(0)− φ(r0)
.

Proof. Fix an s ∈ R+
. We already know that 0 ≤ rs by de�nition. At �rst

we see that

rm = r0
φ(0)

φ(0)− φ(r0)
> r0

φ(0)

φ(0)
= r0.

So, if s > r0 we have rs ≤ r0 < rm by Lemma 5.1.5, (5.13b, p.148). Obviously,

for s = r0 we have rs = r0 < rm. �is leaves us with the case s < r0, i.e.

r0 ≤ rs by (5.13a, p.148). Let ls(r) := φ(r0) + Ss(r0)(r − r0) be the line

through φ(r0) with gradient Ss(r0). Since Ss(r0) < 0 and ls(r0) = φ(r0) > 0

we know that

∃! ηs ∈ R+ : ls(ηs) = 0.
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Also, as 0 > Ss(r0) > φ′(r0) we have

∃ δ > 0 : φ(r0 + δ) < ls(r0 + δ).

But as φ(ηs) > 0, ls(ηs) = 0 and φ− ls is continuous we know that

∃ t ∈ ]r0, ηs[ : φ(t) = ls(t).

Further we have

Sr0
(t) =

φ(t)− φ(r0)

t− r0
=
ls(t)− φ(r0)

t− r0

=
φ(r0) + Ss(r0)(t− r0)− φ(r0)

t− r0
= Ss(r0).

Since φ is convex on [r0,∞[, we also know that

∃! ξ ∈]r0, t[ : φ′(ξ) = Sr0
(t).

With the minimizing property of rs we see that

φ′(ξ) = Sr0
(t) = Ss(r0) > Ss(rs) = φ′(rs),

but this means rs < ξ by the strict convexity of φ on [r0,∞[. Finally, as

s ∈ R+ was arbitrary, we obtain rs < ξ < t < ηs ∀ s ∈ R+. Now Lemma

5.1.13 yields

rs ≤ rs=0 = η(0) < η0 ∀ s ∈ R+,

and solving l0(η0) = 0 gives the desired bound rm = η0.

Proposition 5.1.15 (Penalized Newton iteration). Let φ be a bell function.
De�ne the unpenalized objective function as n(r) := φ′(r)− Ss(r) and let

rm :=
φ(0)r0

φ(0)− φ(r0)
, c(ν) :=

n′(ν)2

4n(ν)
, d(ν) := 2

n(ν)

n′(ν)
− ν.

�en rs = arg min
r∈R+

φ(r)−φ(s)
r−s can be computed as root of the penalized objective
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function np given by

s ≤ r0 : np(r) :=


c(r0)(r + d(r0))

2, r,≤ r0,

n(r), r0 < r < rm,

c(rm)(r + d(rm))2, r ≥ rm,

r0 < s : np(r) :=


c(0)(r + d(0))2, r ≤ 0,

n(r), 0 < r < r0,

c(r0)(r + d(r0))
2, r ≥ r0.

Proof. At �rst consider the penalty polynomials and de�ne pν(x) = c(ν)(x+

d(ν))2
. �en it is easy to validate that pν(ν) = n(ν), p′ν(ν) = n′(ν). �ose

polynomials will be used to extend n at appropriate points. Next, existence

and uniqueness of rs have already been shown in Lemma 5.1.5. At �rst

consider the case s < r0. As the necessary condition for a minimizer r ≥ r0

we have 0 = S ′s(r) = φ′(r)−Ss(r)
r−s , and since s < rs by Lemma 5.1.5, 0 =

n(r) = φ′(r) − Ss(r) is also su�cient for r ≥ r0. Since n(s) = φ′(s) −
Ss(s) = 0, we replace n(r) for r < r0 by pr0

(r). Even though S ′s(r) >

0 ∀ r > rs by Lemma 5.1.6 and hence n(r) 6= 0 ∀ r > rs we see that

limr→∞ n(r) = 0. To avoid the Newton iteration being drawn to ∞ we

replace n(r) by prm for r ≥ rm as we know that rs < rm ∀ s ∈ R+ from

Lemma 5.1.14. For s > r0 we have 0 ≤ rs and so we replace n(r) by p0 for

r ≤ 0 and n(r) by pr0
for r0 ≤ r since again n(s) = 0. Of course, s = r0

means rs = r0 and no iterations have to be performed.

5.1.5 Numerical experiments

In this part we present numerical experiments for the error estimators de-

veloped in the last sections. As discussed in the beginning of Section 5.1,

there is still need for practical a-priori or a-posteriori estimates for the non-

linearity approximation error EA (5.7, p.142). However, as the main focus

of the last part was on e�cient estimation of local Lipschitz constants, we



168 CHAPTER 5. A-POSTERIORI ERROR ESTIMATION

shall employ synthetic dynamical systems using kernel expansions as non-

linearity. �is allows to pursue experiments for systems that do not have an

approximation part f̂ and hence EA.

Before we state the experimental setup, we introduce two more error esti-

mator modi�cations. First, the convergence result from �eorem 5.1.10 mo-

tivates a heuristic variant of our local estimators. �is originates from the

fact that the limit function ∆∞LSLE reproduces itself when used as a-priori

bound within the iterations. Numerically (up to the integration error) this

can be exploited using the error estimate from the previous time step as

bound at the current time step. We will refer to this time-discrete method

by “LSLE TD”. Experiments indicate that this variant indeed seems to bound

the iterated LSLE estimators from below. Second, when se�ing

β(t) =
||f(x(t))− f(xr(t))||G
||x(t)− xr(t)||G

or β(t,µ) =
||f(x(t), t,µ)− f(xr(t), t,µ)||G

||x(t)− xr(t)||G
,

depending on the considered case, we obtain the smallest possible estima-

tion for this estimator structure, since this is the best local Lipschitz constant

at any t ∈ [0, T ]. As this version requires x(t) it is not considered a practical

error estimator but rather a comparative “Lower Bound”.

Our �rst test environment aims at a system without parameters but with

additional input. Let d = 240000 in order to represent a large-scale system,

T = 20, G = Id. �e kernel expansion (5.8, p.142) uses N = 20 and

(xi)j := 50
N−1(i− 1), i = 1 . . . N, j = 1 . . . d. �e kernel used is a Gaussian

K(x,y) = exp(− ||x− y||2 /γ2) with γ = 224, which is chosen to have

K(xi,xj) < 10−5 ∀ |i− j| ≥ 2.

�is way a certain locality of the kernel expansion is ensured. Finally, the
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expansion coe�cient vectors are given via

(ci)j = exp(−(xi)j/15), i = 1 . . . N, j = 1 . . . d.

Further we set x0 = (1 . . . 1)T ∈ Rd
and B = (1 . . . 1)T ∈ Rd×1

. To empha-

size the input-dependent behavior of our estimators, we choose l = 1 and

two system inputs

u1(t) =
1

25
sin

(
t

3

)
, u2(t) =

1

2
e−(12−t)2

,

which represent one oscillating and one localized input. We use an explicit

Euler scheme with time-step ∆t = 0.05 as solver.

In order to investigate the error estimator behavior, we decided to have

means of controlling the projection subspace quality. Since the system setup

is homogeneous in each component, we would obtain zero approximation

error for any input using V̂ = Ŵ = (1, . . . , 1)T/
√
d as projection ma-

trices. �en, for a given degree θ we set the rotated subspace projection

matrices to V := RV̂ , W := RŴ for an orthogonal block matrix R :=

diag
(
R̂, Id−200

)
with

R̂ := diag (R2, . . . ,R2) ∈ R200×200, R2 =

(
cos(θ) − sin(θ)

sin(θ) cos(θ)

)
.

�is way, θ continuously controls the quality of the projection subspace.

�e results for the di�erent error estimators can be seen in Figure 5.2. One

immediately notices the large exponential growth rates of both the GLE and

LSLE variant (without iterations). As we do not pose any assumptions on

the stability of the considered systems, those rates are a necessary draw-

back of rigorous error estimators. However, compared to the GLE, the LSLE

has a signi�cantly lower exponential increase rate, which again is reduced

drastically to a useful level when using estimator iterations or the LSLE TD

variant.
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Figure 5.2: Absolute (le�) and relative (right) error estimates using θ = .0005 and input u1

Note here that the main results are the iterable LSLE estimator and the LSLE

TD variant; the other estimators are included for comparison purposes.

�e rigorosity of all estimators is veri�ed as all are upper bounds of the true

error. We also see that the LSLE TD variant is a tight lower bound for the it-

erated LSLE estimator (LSLE, 5 It and LSLE TD are indistinguishable) which

suggests that the LSLE TD variant is the numerical pendant of the itera-

tion limit ∆∞LSLE . Due to the very good performance in both computational

cost and estimation sharpness this is the best estimator to use in practice.

Furthermore, the LSLE TD variant grows with the same rate as the “Lower

Bound” estimation up to about t = 16, which shows the e�ectiveness of

the local Lipschitz constants together with the a-priori bounds. We also see

that iterations of the LSLE estimator improve the error bound, but e.g. the

�rst and second LSLE iterations fall back to their speci�c increase rate af-

ter a certain time. �is occurs when the a-priori bound is too big to have a

positive e�ect regarding the choice (5.15, p.151) from Proposition 5.1.7.

�e le� image in Figure 5.3 shows the computation time plo�ed against the

error estimate for each estimator variant. In one extreme the full error com-

putation takes about 20s (top le�) but is of course the sharpest. �e green

square in the lower right corner denotes the GLE estimator, which is cheap

(by computation-time) but too large to be usable. Now, comparing identical

star-symbols, we see that estimator iterations also come with higher compu-
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tational costs while improving. Hence, the iteration number can be used as

a balancing parameter between online run-time and error bound accuracy.

�e right hand image of Figure 3 shows the output using u2 and θ = 0.05.

We see that it is nicely bounded by the LSLE-TD estimator; note that the

reduced and full models’ outputs are indistinguishable in this plot. Identical

conclusions can be drawn by using either input for Figures 5.2 and 5.3.
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Figure 5.3: Le�: Computation times and output for u3 and θ = .05. Right: �e output error
bounded by the LSLE TD variant

Table 5.1 shows the estimated errors at T = 20 for di�erent θ values and

both inputs. Albeit the true error is of the same magnitude for both inputs

Model ||e(T )||G GLE LSLE LSLE 2 It LSLE 5 It LSLE TD Low. b.

θ = 0.0005, u1 1.3E−5 1.1E+73 3.2E+11 1.4E+2 6.6E−5 6.6E−5 2.2E−5

θ = 0.005, u1 1.3E−4 1.1E+74 3.2E+12 1.2E+5 6.7E−4 6.6E−4 2.2E−4

θ = 0.05, u1 1.3E−3 1.1E+75 3.2E+13 1.2E+8 2.3E+0 6.7E−3 2.2E−3

θ = 0.5, u1 1.3E−2 1.1E+76 3.1E+14 1.0E+11 9.2E+5 8.0E−2 2.2E−2

θ = 0.0005, u2 2.3E−5 1.1E+73 8.5E+11 2.3E+3 1.8E−4 1.8E−4 3.0E−5

θ = 0.005, u2 2.3E−4 1.1E+74 8.5E+12 1.0E+6 2.7E−3 1.8E−3 3.0E−4

θ = 0.05, u2 2.3E−3 1.1E+75 8.5E+13 5.6E+8 3.6E+2 1.9E−2 3.0E−3

θ = 0.5, u2 2.3E−2 1.1E+76 8.4E+14 3.4E+11 3.5E+7 3.6E+0 3.1E−2

Table 5.1: Errors of estimation runs for di�erent θ values and inputs u1, u2 at T = 20

and any θ, the estimators perform di�erently for u1 and u2. �is table em-

phasizes the huge improvements over many orders of magnitude from GLE

to LSLE and again to the iterated LSLE versions.
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Next, we will pursue experiments for a�ne-parameterized synthetic sys-

tems. �e test se�ing is the same as before but with some new quantities.

Let 1 := (1 . . . 1)T ∈ Rd
and choose P = [0, 1]× [0, 10]× [−1, 1] as param-

eter domain. Now we assume a kernel expansion like (5.22, p.158) or (3.9,

p.98), albeit without direct time-dependency (Kt ≡ 1). �e expansion (5.22,

p.158) uses N = 20 and centers

xi :=
50(i− 1)

N − 1
1, µi :=

10(i− 1)

N − 1
(0, 1, 0)T , i = 1 . . . N.

Further, KP is a Gaussian with γP = 5.3733. Note that KP only uses the

second entry of µ, while µ{1,3} are ignored. Finally, the expansion coe�cient

vectors are given via ci = exp(−xi/15) ∈ Rd, i = 1 . . . N and we de�ne

x0(µ) = µ31 as initial value. So parameter µ2 is an “expansion parameter”
in�uencing the system’s inner dynamics and µ3 sets the “initial value” ; µ1

will be discussed later. As in [182, 181], we use θ = 0.05 to control V

and hence the subspace quality, and we average the output usingC(t, µ) =√
d1.

In the next �gures, we compare the di�erent estimated output errors ||ew(t)||
using µ2 = 5, µ3 = −0.2. Figure 5.4 shows the absolute and relative output
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Figure 5.4: Le�: Absolute L2 state space errors of estimators. Right: Relative errors for estimators, using
µ2 = 5, µ3 = −0.2

errors over time. �e improvement from the GLE over the LSLE variant is

due to the local Lipschitz constant estimations and the LSLE iterations fur-
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ther improve the estimation by several orders of magnitude. �e fact that

the LSLE is indistinguishable from the discrete LSLE TD variant a�er �ve

iterations shows a fast convergence of the iteration scheme and strongly

supports the applicability of the heuristic LSLE TD variant as substitute for

∆Θ∞
LSLE(t, µ). �e le� hand plot in Figure 5.5 shows the computation times

against the estimated output errors at T = 20. All estimators are 10 − 20

times faster than computing the full error. �e GLE is the cheapest but coars-

est estimator, and the LSLE TD is slightly slower but yields the best estima-

tion results. Moreover, the right hand plot of Figure 5.5 contains a parameter
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Figure 5.5: Le�: Computation times for estimator variants. Right: Parameter sweep for µ2 ∈ [0, 10], µ1 =
0, µ3 = −0.2

sweep for µ2 ranging over [0, 10]. Shown are the simulation outputs up to

T = 20 along with the error bounds of the LSLE TD in transparent light-red.

�e error bounds stay sharp over the whole parameter range [0, 10], even

though the system’s dynamics change considerably for di�erent µ2.

Table 5.2 shows the output errors at T = 20 along with the computation

times and the overestimation factors. We also observe that too many iter-

ations of the LSLE estimation do not necessarily yield a relevant improve-

ment. �e LSLE TD estimator only overestimates by a factor of 7.6.

In order to show the in�uence of external input we choose an a�ne-para-
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metric input matrix

B(t,µ) = µ1

(
1 0

)
+ (1− µ1)

(
0 1

)
∈ Rd×2,

with inputs

u1(t) =

 2
5 sin( t3)

e−(12−t)2

 , u2(t) =

 1
2 sin( t2)

4e−7(12−t)2 − 1
2e
−(5−t)2

 .

Both represent each an oscillating and a local stimulation of di�erent kind.

For both se�ings Figure 5.6 show that the LSLE TD estimator gives good es-

Figure 5.6: Parameter sweep for input shi� µ1 ∈ [0, 1] and u1 (le�) or u2 (right)

timations over the parameter range. Finally, Figure 5.7 displays a 2D sweep

for µ1, µ2 and the output and error bounds by LSLE TD at T = 20. One can

Name ∆(20) Time Overestimation

True error 3.650e− 03 21.43s 1.000e+ 00

GLE 3.682e+ 15 0.62s 1.009e+ 18

LSLE 3.251e+ 01 2.05s 8.907e+ 03

LSLE, 1 It 1.568e− 01 2.79s 4.295e+ 01

LSLE, 2 It 2.839e− 02 3.11s 7.779e+ 00

LSLE, 5 It 2.801e− 02 4.13s 7.674e+ 00

LSLE TD 2.801e− 02 0.90s 7.674e+ 00

Lower bound 3.652e− 03 44.02s 1.001e+ 00

Table 5.2: Estimator statistics at T = 20
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see that the estimation sharpness is more sensitive to changes of the inner

dynamics compared to di�erent inputs, which is explainable by the strong

in�uence of µ2 to the critical β(t,µ) term.

Figure 5.7: Parameter sweep for input shi� and expansion parameter, µ1 ∈ [0, 1], µ2 ∈ [−8, 7] and using u1

5.2 Error estimation forDEIMreduced systems

In this section, we consider a-posteriori error estimators derived from the

error system expansion type (5.6b, p.141), where the results have intermedi-

ately been published in [186] in similar form. As already mentioned in the

introducing part of this chapter, this representation has the advantage of

being able to evaluate EA at the reconstructed reduced state space variable,

but requires some kind of Lipschitz constant estimation for the system’s

nonlinearity f . To this end, providing approximations to f via DEIM (see

Sections 2.3 and 3.2.2) allows to e�ciently compute EA. �is, and a new

technique involving a “Matrix-DEIM” (MDEIM) and partial similarity trans-

formations provide Lipschitz-constants for any nonlinearity f that allows

application of the standard DEIM. In more detail, the key ideas to our error

estimation procedure is to use local logarithmic Lipschitz constant [156] ap-

proximations and an estimation of the DEIM approximation error using a

higher order DEIM approximation, where the la�er extends the ideas from

[66, 171] and is done similarly in [47] for the PDE case. For the POD-DEIM

approach an a-priori error estimate in terms of neglected singular values

(for both projection and DEIM basis) has been recently developed in [24].
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However, while theoretically satisfying, this a-priori estimate has li�le prac-

tical value with respect to assessing the accuracy of a reduced order solution

during a simulation.

As before, our approach involves a preliminary o�ine phase to construct

the components of the estimator and an e�cient online calculation as the

reduced order model simulation proceeds. Similar to the procedure in Sec-

tion 5.1, we will introduce the main concepts for the “simple” system (5.1,

p.138)�rst and extend the results to more general parameterized systems like

(5.21, p.157) later. At �rst we establish some required concepts and useful

intermediate results.

5.2.1 Logarithmic Lipschitz constants

A crucial part for the error estimation process is the concept of logarithmic

Lipschitz constants for functions. �ey have been introduced in [33] for the

linear case and a more general theory has become available since. See [156]

for an elegant overview.

De�nition 5.2.1 (Logarithmic Lipschitz constants). For a functionf : Rd →
Rd

we de�ne the logarithmic Lipschitz constant with respect toG by

LG[f ] := lim
h→0+

1

h

(
sup

x 6=y∈Rd

||x− y + h(f(x)− f(y))||G
||x− y||G

− 1

)
. (5.23)

Next we give an equivalent representation that is more suitable for applica-

tions.

Lemma 5.2.2 (Equivalent representations for logarithmic Lipschitz con-

stants). If f is Lipschitz-continuous, the logarithmic Lipschitz constant of f
is given by

LG[f ] = sup
x6=y∈Rd

〈x− y,f(x)− f(y)〉G
||x− y||2G

.
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Proof. Put ∆f := f(x) − f(y) and note ‖∆f‖G ≤ L ||x− y||G for some

L due to the Lipschitz continuity of f . It is straightforward to show that

1

h

(
||x− y + h∆f ||G
||x− y||G

− 1

)
=

2 〈x− y,∆f〉G + h ||∆f ||2G
||x− y||G (||x− y + h∆f ||G + ||x− y||G)

.

Now, using

||x− y||G (1− hL) ≤ ||x− y + h∆f ||G ≤ ||x− y||G (1 + hL)

gives

2 〈x− y,∆f〉G
||x− y||2G (2 + hL)

≤ 1

h

(
||x− y + h∆f ||G
||x− y||G

− 1

)
≤ 2 〈x− y,∆f〉G
||x− y||2G (2− hL)

+ hL2.

�us,

2

2 + hL
sup

x6=y∈Rd

〈x− y,∆f〉G
||x− y||2G

≤ sup
x6=y∈Rd

1

h

(
||x− y + h∆f ||G
||x− y||G

− 1

)
≤ 2

2− hL
sup

x 6=y∈Rd

〈x− y,∆f〉G
||x− y||2G

+ hL2,

and �nally, taking limits as h→ 0+
across the inequalities will establish the

result.

Corollary 5.2.3 (Logarithmic Lipschitz constants for linear functions). �e
logarithmic Lipschitz constant of a linear function f(x) ≡ Ax with A ∈
Rd×d is given by

LG[A] := lim
h→0+

||I + hA||G − 1

h
, (5.24)

where ||·||G is the G-induced matrix norm. Furthermore, (5.24) is equivalent
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to both

LG[A] = sup
x∈Rd\{0}

〈x,Ax〉G
〈x,x〉G

, (5.25)

LG[A] = max
{
σ
(1

2

(
Ã+ Ã

T))}
, (5.26)

where Ã := CTAC−T andG = CCT denotes the Cholesky factorization of
G.

Proof. We obtain (5.24) directly from (5.23, p.176) using linearity and the

matrix norm de�nition. As the map f(x) = Ax is Lipschitz, application of

Lemma 5.2.2 directly yields (5.25). Let x ∈ Rd\{0} and y := CTx. �en

〈x,Ax〉G
〈x,x〉G

=
xTGAx

xTGx
=
yTCTAC−Ty

yTy

=
1

2

yT Ãy + yT Ã
T
y

yTy
=

1

2

yT (Ã+ Ã
T
)y

yTy
,

which shows equality of (5.25) and (5.26) via

sup
x∈Rd\{0}

〈x,Ax〉G
〈x,x〉G

= sup
y∈Rd\{0}

1

2

yT (Ã+ Ã
T
)y

yTy
= max

{
σ
(1

2

(
Ã+ Ã

T))}
.

Remark 5.2.4. In our expression for the logarithmic Lipschitz constant of a

linear function given above, we abused notation a bit by entering A rather

than f as the argument in order to keep with the notation introduced by

Dahlquist [33]. �e notion of logarithmic Lipschitz constants is a natural

generalization of the logarithmic norm [156].

As demonstrated in Section 5.1 and [182, 181] for reduced kernel-based sys-

tems, some local information given by the reduced state space coordinates

can be useful. In this context, the notion of “local logarithmic Lipschitz con-
stants” will be an important aspect.
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De�nition 5.2.5 (Local logarithmic Lipschitz constants). For a function f :

Rd → Rd
we de�ne the local logarithmic Lipschitz constant at x ∈ Rd

with

respect toG by

LG[f ](x) := sup
y∈Rd

〈x− y,f(x)− f(y)〉G
||x− y||2G

.

Remark 5.2.6. Without further assumptions, the (local) logarithmic Lipschitz

constant may be unbounded. However, in this work we assume the system

nonlinearities f to be Lipschitz-continuous, which not only ensures existing

solutions for the considered systems (in �nite time) but also grants bounded-

ness of both global and local constants. �is is easily veri�ed using Lemma

5.2.2 and the Cauchy-Schwarz inequality.

5.2.2 Error estimation of DEIM approximation

In this section, we shall establish the formalism needed in order to compute

the DEIM approximation error. Similar to [47, 67, 66, 171], the key idea is

to assume to have a maximum DEIM order M at which the approximation

is essentially exact (meaning it is accurate to within working precision). Of

course, this is satis�ed in the worst case only for M = d, but our following

experiments show that in practice far smaller values can be used in order to

obtain very accurate estimates of the DEIM approximation error. Another

possible approach could be based upon the recent results on a-posteriori EIM

approximation errors in [52], which work without the exactness assumption

but use Taylor expansions around suitable points instead.

�e following lemma facilitates an e�cient computation by providing a use-

ful decomposition of the DEIM projection matrix relative to an intermediate

lower order DEIM approximation.

Lemma 5.2.7 (DEIM matrix decomposition). Let d,m,m′ ∈ N,m+m′ ≤ d

and matricesUm,Pm ∈ Rd×m,Um′,Pm′ ∈ Rd×m′ be given. Assume that the
matrices U := [Um Um′], P := [Pm Pm′] each have linearly independent



180 CHAPTER 5. A-POSTERIORI ERROR ESTIMATION

columns and that the matrices P TU and P T
mUm are non-singular. De�ne the

oblique projectors

Π := U(P TU)−1P T , (5.27a)

Πm := Um(P T
mU)−1

m P
T
m, (5.27b)

Πm′ := (I − Πm)Um′(P
T
m′(I − Πm)Um′)

−1P T
m′. (5.27c)

�en we have

Π = Πm + Πm′(I − Πm).

Proof. First note that Π may be wri�en as Π = UmX +Um′Y withP T
mUm PmUm′

P T
m′Um P T

m′Um′


X
Y

 =

P T
m

P T
m′

 . (5.28)

One step of block Gaussian elimination applied to (5.28) is achieved by mul-

tiplying both sides with the non-singular block matrix I 0

−P T
m′Um(P T

mUm)−1 I

 .

�is provides the transformed equationP T
mUm PmUm′

0 P T
m′(I − Πm)Um′


X
Y

 =

 P T
m

P T
m′(I − Πm)

 . (5.29)

�e non-singularity ofP TU implies the non-singularity ofP T
m′(I−Πm)Um′

to give the expression

Um′Y = Um′(P
T
m′(I − Πm)Um′)

−1P T
m′(I − Πm).
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Now (5.29) impliesX = Πm − ΠmUm′Y and it follows that

Π = UmX +Um′Y = Πm + (I − Πm)Um′Y = Πm + Πm′(I − Πm)

as claimed.

Note that, for improved readability, we writeUm′ instead of introducing new

variablesU ′m′ etc. An application of Lemma 5.2.7 withm′ := M−m directly

leads to the following theorem, which shows how to e�ciently compute the

DEIM approximation error using only DEIM matrices of sizes m and m′

instead of M(= m+m′).

�eorem 5.2.8 (DEIM error representation). Let U := {u1, . . . ,uM} be a
DEIM basis with corresponding set of interpolation points E = {℘1, . . . , ℘M}.
Further assume that the M -th order DEIM approximation of f is exact, i.e.
f̂M ≡ f on Ω. For m ≤M − 1,m′ = M −m set

Pm := [e℘1
, . . . , e℘m], Pm′ := [e℘m+1

, . . . , e℘m+m′ ],

Um := [u1, . . . ,um], Um′ := [um+1, . . . ,um+m′].

�en the approximation error for the m-th order DEIM approximation of f is
given by

f(y)− f̂m(y) =
(
Π− Πm)f(y) = Πm′

(
I − Πm)f(y), (5.30)

with matrices Π,Πm,Πm′ as de�ned in (5.27).

�is form of the error has a revealing interpretation. It expresses the error

as an oblique projection of the DEIM approximation error (I − Πm)f(y)

whose norm is within a factor of ‖Πm‖ = ‖(P T
mUm)−1‖ of the optimal

POD error when the basis Um is orthogonal [23].

As the DEIM approximation error estimation of �eorem 5.2.8 is only a part

of the overall error estimation process, we �rst investigate the estimation

quality for di�erent m,m′ choices separately. We consider the 1D viscous
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Burgers equation introduced in Section 3.4.3 as example system; we refer

to that part for the applied se�ings and de�nitions. As test data we use the

snapshot training data X =
⋃
µ∈ΞXµ and compare against the true error

given via Y . For this, Figures 5.8 and 5.9 display true and estimated DEIM

approximation errors, using L2
in state space and L∞ over Y . �e le� plot

Figure 5.8: True (le�) and estimated (middle) absolute DEIM approximation errors. Right:
Singular value decay of POD on Y

of Figure 5.8 shows the true error decay for increasing m on X . �e middle

plot shows the estimated error via (5.30) over the same DEIM orders for all

remaining possible m′ values (i.e. m < m′ ≤M ), plo�ed in an overlay. �is

shows that the estimation is very closely following the true DEIM error,

independently of the current m′ choice. In fact, the visible deviations are

all essentially caused by the �rst 1 ≤ m′ ≤ 4 values. Finally, the rightmost

plot of Figure 5.8 shows the singular values of the POD on Y to obtain the

DEIM basis U . �e change of decay rate indicates that the main dynamics

of f are captured at around 140 modes, which matches with the true error

decay observable in the le�most plot. In order to give more insight, the le�

plot of Figure 5.9 displays the mean relative error

meanx∈X ‖f(x)− f̂m(x)− Πm′
(
I − Πm)f(y)‖/‖f(x)− f̂m(x)‖

between the true and estimated DEIM approximation errors onX . �e con-

tours are located at the levels 10−2
to 10−12

. �e “bends” of the contours

in the image are where m + m′ ≈ 130, meaning that no real estimation

improvement can be achieved with higher m′ values. �is is in accordance

with the stagnating decay of the singular values as shown in the right plot of

Figure 5.8, as no essential new information is covered using largerm′ values.
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0.1 0.01

m max ∅ max ∅

1 14 4 25 14

2 13 5 24 13

7 15 5 26 14

14 15 6 23 15

21 16 8 23 14

28 11 4 19 11

35 13 4 24 12

42 14 5 22 12

49 15 6 23 11

56 16 4 21 12

63 14 4 23 11

70 15 4 21 11

77 14 5 23 13

84 11 5 21 10

91 14 5 23 13

98 13 5 24 13

102 14 4 22 14

Figure 5.9: Plot: Mean relative error between true and estimated DEIM approximation error
over training set X . Table: Minimum required m′ values for given m and relative errors.

�us, further comments on the �gure focus on the area wherem+m′ ≤ 130.

Most importantly, the estimation accuracy for increasing m′ values at �xed

m is improving exponentially. �e other way around, it is interesting to see

that the contours are basically straight lines on each level, which means that

for �xedm′ the same error estimation precision is achieved for allm values.

To provide some values of the plot on the le� hand side in Figure 5.9, the

table on the right shows how large m′ must be chosen in order to obtain

10% or 1% maximum or mean relative error on X , respectively, for di�er-

ent DEIM orders m. �e mean values on the 0.01 relative error column are

corresponding to points on the contour of the le� plot for 1 ≤ m ≤ 102,

e.g. the contour is located around m′ = 14 which is su�cient (in average)

to ensure a relative error estimation error of less than one percent. In sum-

mary, this illustrates that a very good estimation of the actual DEIM error

is possible for our example experiment.
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5.2.3 Rigorous a-posteriori error estimation

With these preliminaries, we can present a rigorous a-posteriori error es-

timator for DEIM reduced systems. Note here that, as the system variant

(5.6b, p.141) is used, the nonlinear approximation error EA is evaluated at

xr(t) and hence does not need to be separated from the other terms as in

the previous kernel-related estimates from e.g. �eorem 5.1.9.

�eorem 5.2.9 (A-posteriori error estimation for DEIM reduced systems).
Let the system (5.1, p.138) be given and the conditions from �eorem 5.2.8 hold.
If f is Lipschitz-continuous, then the state space error is rigorously bounded
via

||e(t)||G ≤ ∆EI(t) ∀ t ∈ [0, T ],

with

∆EI(t) :=

t∫
0

α(s)e

t∫
s

β(τ)dτ
ds+ e

t∫
0

β(τ)dτ
E0, (5.31a)

α(t) :=
∣∣∣∣(Πm′(I − Πm) +

(
I − VW T

)
Πm

)
f(yr(t))

∣∣∣∣
G
, (5.31b)

β(t) := LG[f ](xr(t)), (5.31c)

and the matrix de�nitions from Lemma 5.2.7, (5.27, p.180).

Proof. Note that for m′ = M −m, �eorem 5.2.8 implies

f(xr(t))− VW T f̂m(xr(t))

= f(xr(t))− f̂m(xr(t)) + f̂m(xr(t))− VW T f̂m(xr(t))

= Πm′(I − Πm)f(yr(t)) +
(
I − VW T

)
Πmf(yr(t)) (5.32)

Now, from (5.6b, p.141) and (5.32) we obtain

〈e(t), e′(t)〉G = 〈e(t),f(x(t))− f(xr(t))〉G
+
〈
e(t),f(xr(t))− VW T f̂m(xr(t))

〉
G
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≤ LG[f ](xr(t)) ||e(t)||2G + 〈e(t),Πm′(I − Πm)f(yr(t))〉G
+
〈
e(t),

(
I − VW T

)
Πmf(yr(t))

〉
G

≤ LG[f ](xr(t)) ||e(t)||2G + ||e(t)||G α(t).

�is �nally gives

∂

∂t
||e(t)||G =

〈e(t), e′(t)〉G
||e(t)||G

≤ LG[f ](xr(t)) ||e(t)||G + α(t),

and, with ∆(t) := ||e(t)||G , ∆(0) = E0, application of the comparison

Lemma 5.0.1 yields the desired results.

Note that zero error is achieved if the DEIM approximation is exact, i.e.m =

M in our context, and the trajectory is completely contained in the subspace

V . In this case we will have zero initial error and α(t) ≡ 0 which means

the estimator correctly predicts zero error.

Remark 5.2.10. �e error estimator of �eorem 5.2.9 assumes exactness of

the DEIM approximation of order M . As an alternative, if an a-priori bound

ε on the DEIM approximation error in Ω is available, the above estimation

procedure would straightforwardly lead to a rigorous a-posteriori error es-

timator without the exactness assumption. However, Section 5.4.1.1 demon-

strates the practicability of the above approach even for substantially smaller

m′ values than M −m.

5.2.4 E�cient error estimation

�e error estimator introduced in �eorem 5.2.9 makes explicit use of the

local logarithmic Lipschitz constant LG[f ](xr(t)), which is (as well as its

global counterpart LG[f ]) not readily available in most practical situations.

�erefore, let J : Ω→ Rd×d
denote the Jacobian J(x) of f at x ∈ Ω. With
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the Taylor expansion of f around xr(t) we obtain

〈e(t),f(x(t))− f(xr(t))〉G
||e(t)||2G

=

〈
e(t),J(xr(t))e(t) +O

(
||e(t)||2G

)〉
G

||e(t)||2G
=
〈e(t),J(xr(t))e(t)〉G

||e(t)||2G
+O (||e(t)||G) ,

(5.33)

for any t ∈ [0, T ]. With De�nition 5.2.5 and (5.25, p.178) this directly gives

a �rst order approximation of the local logarithmic Lipschitz constant

LG[f ](xr(t)) = LG[J(xr(t))] +O (||e(t)||G) . (5.34)

Using the approximation (5.34) avoids the need to obtain LG[f ](xr(t)), but

it comes with additional cost: �e computation of the Jacobian logarithmic

norm is expensive as it involves solving an eigenvalue problem of high di-

mension d due to the representation (5.26, p.178).

We will address this issue in the following discussion, where we propose to

apply a suitable partial similarity transformation to the Jacobians which has

been designed to preserve the largest eigenvalues of their symmetric parts.

�e key ingredient is to perform a POD of their corresponding eigenvectors,

which in turn allows us to bound the resulting eigenvalue approximation

error in terms of the remaining eigenvalues of their covariance matrix. We

explain this idea for general symmetric matrices in the following theorem,

and refer to [97, 176] for details on POD and related error estimates. Recall

here the MatLab style notation introduced in Chapter 1.

�eorem 5.2.11 (Approximation of eigenvalues for a family of symmet-

ric matrices). Let a continuous family of symmetric matrices H(t) ∈ Rd×d

over t ∈ [a, b] be given and let [λ(t), q(t)] := λmax(H(t)) denote the largest
eigenvalue λ(t) with corresponding normalized eigenvector q(t) of H(t). Let
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supt∈[a,b] ||H(t)|| ≤ CH hold. Further, de�ne

R =

∫ b

a

q(t)q(t)Tdt,

and letQΣ2QT = R be the eigen-decomposition ofR with

QTQ = I, Σ = diag (σ1, σ2, . . . , σd) , σ1 ≥ σ2 ≥ · · · ≥ σd > 0.

For k ≤ d letQk := Q[:, 1:k] and λk(t) := λmax(Q
T
kH(t)Qk). �en

b∫
a

|λ(t)− λk(t)|dt ≤ 4CH
∑
j>k

σ2
j .

Proof. First, de�ne the vector valued function w(t) := Σ−1QTq(t), t ∈
[a, b]. Note that∫ b

a

w(t)w(t)Tdt =

∫ b

a

Σ−1QTq(t)qT (t)QΣ−1dt = Σ−1QTRQΣ−1 = I.

�us,

∫ b
a wi(t)wj(t)dt = δij (the Kronecker delta), where wi(t) is the i-th

component of w(t). Now, partition

Q = [Qk, Q̃k], Σ = diag
(
Σk, Σ̃k

)
, w(t) = [wT

k (t), w̃T
k (t)]T ,

with Q̃k := Q(:, (k+1):d), Σk, Σ̃k denoting the appropriate diagonal blocks

of Σ andwk(t), w̃k(t) denoting the corresponding sub-vectors ofw(t). Put

q(t) = qk(t) + q̃k(t), with qk(t) := QkΣkwk(t), q̃k(t) := Q̃kΣ̃kw̃k(t),

and note that qTk (t)q̃k(t) = 0 for all t ∈ [a, b]. We observe that∫ b

a

q̃Tk (t)q̃k(t)dt =

∫ b

a

w̃T
k (t)Σ̃

2

kw̃k(t)dt =
∑
j>k

σ2
j

∫ b

a

w2
j (t)dt =

∑
j>k

σ2
j .

(5.35)
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In the following we omit the argument t and set q = q(t), qk = qk(t),

q̃k = q̃k(t), etc. �en

qTkHqk = (q − q̃k)TH(q − q̃k) = λ− 2qTHq̃k + q̃TkHq̃k

= λ− 2λqT q̃k + q̃TkHq̃k = λ− 2λq̃Tk q̃k + q̃TkHq̃k. (5.36)

Moreover, since µ ≤ ||H|| ≤ CH for any eigenvalue µ ofH , the de�nitions

of λ = λ(t) and λk = λk(t) imply

λ = sup
v 6=0

vTHv

vTv
≥ sup

Qkvk 6=0

vTkQ
T
kHQkvk
vTk vk

= λk ≥
qTkHqk
qTk qk

. (5.37)

Combining (5.36) and (5.37) provides with ||qk||
2 + ||q̃k||

2 = ||q||2 = 1 that

0 ≤ λ− λk ≤ λ− q
T
kHqk
qTk qk

= λ− λ− 2λq̃Tk q̃k + q̃TkHq̃k
1− q̃Tk q̃k

=
λq̃Tk q̃k − q̃TkHq̃k

1− ||q̃k||
2

=

(
λ− q̃

T
kHq̃k
q̃Tk q̃k

)
||q̃k||

2

1− ||q̃k||
2 ≤ 2 ||H|| ||q̃k||

2

1− ||q̃k||
2 ,

which is equivalent to

0 ≤ (λ− λk)(1− ||q̃k||
2) ≤ 2 ||H|| ||q̃k||

2 .

Hence,

0 ≤ λ− λk ≤ (2 ||H|| + λ− λk) ||q̃k||
2 ≤ 4 ||H|| ||q̃k||

2 ≤ 4CH ||q̃k||
2 ,

and therefore, using (5.35),

b∫
a

|λ(t)− λk(t)|dt ≤ 4CH

b∫
a

||q̃k(t)||
2 dt = 4CH

∑
j>k

σ2
j
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as claimed.

Remark 5.2.12. IfR is rank de�cient, the above argument is still valid simply

by replacing Σ−1
with the pseudo-inverse Σ+

.

�is result can be applied directly in the context of approximating the log-

arithmic norms of the local Jacobians.

Proposition 5.2.13 (Jacobian partial similarity transform). LetCCT denote
the Cholesky decomposition of the weighting matrixG, and consider the family
of symmetric matrices

H(t) :=
1

2

(
CTJ(xr(t))C−T +

(
CTJ(xr(t))C−T

)T)
.

�en, we have the corresponding values CH > 0, {σi}i=1...d and Q ∈ Rd×d

from �eorem 5.2.11, that allow us to write

λ(t) = LG[J(xr(t))],

λk(t) = LIk
[
QT
kC

TJ(xr(t))C−TQk

]
. (5.38)

Now we directly obtain the estimate

T∫
0

∣∣LG[J(xr(t))]− LIk
[
QT
kC

TJ(xr(t))C−TQk

]∣∣ dt ≤ CH
∑
j>k

σ2
j . (5.39)

Note here that in practice the matrix R in �eorem 5.2.11 is not available.

Instead,Q is obtained as the set of le� singular vectors of the singular value

decomposition (SVD) of a snapshot matrix

Sn =

√
b− a
n

[
q(t1) . . . q(tn)

]
.
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Assuming equally spaced points tj ∈ [a, b] with t1 = a, tn = b, we have

lim
n→∞

SnS
T
n =

b∫
a

q(t)q(t)Tdt = R.

�us, for a su�ciently large n, the sum of the neglected squared singular

values of Sn will be arbitrarily close to the corresponding neglected eigen-

values of R and can safely be used in the estimate. �e detailed argument

is similar to one given in [97]. However, for a given set of training data

X = {xi | i = 1 . . . n} ⊆ Ω, Algorithm 10 describes how to obtain Q in

practice. Notationally, the method SV D performs the singular value de-

compositionA = V ΣW T
for a matrixA.

Algorithm 10 : Q = getTransformationMatrix(X)

1: Sn ← []
2: for all xi ∈ X do
3: M ← CTJ(xi)C

−T

4: [λi, qi]← λmax
(

1
2(M +MT )

)
5: Sn ← [Sn qi]
6: end for
7: [Q,Σ,W T ]← SV D

(√
b−a
n Sn

)
8: returnQ

Before we can derive an e�cient error estimator variant with the transfor-

mation introduced above, there is one problem le� to deal with. �e reduced

matrix from the right hand side of (5.38) is of small size k × k, however, its

computation involves the transformed Jacobian CTJ(xr(t))C−T ∈ Rd×d

which makes its computation infeasible during reduced simulations. �us,

we propose to apply a Matrix-DEIM approximation, which not only reduces

evaluation costs for the Jacobian but also allows an e�cient o�ine/online

decomposition of (5.38), which we will discuss in Section 5.3. A similar idea

named “Multi-Component EIM” has been formulated and successfully ap-

plied in [171, §4.3.2]. Consequently, for any A ∈ Rd×d
we de�ne the trans-
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formation

Υ : Rd×d → Rd2

A 7→ Υ[A] :=

(
AT

1 , A
T
2 , . . . , A

T
d

)T
,

which maps the matrix entries of A column-wise into a vector (equivalent

to the MatLab operationA(:), also known as vec-operation).

Proposition 5.2.14 (Matrix DEIM). Choose MJ ≤ d and let ÛMJ
, P̂MJ

∈
Rd2 ×MJ denote the corresponding matrices for the DEIM basis and interpo-
lation points obtained by application of the known DEIM approximation pro-
cedure from Section 2.3/[23] to the vector-valued function Υ[J(x)]. �en, for
mJ ≤MJ , the mJ -th order MDEIM approximation of J is given via

J̃mJ
(x) := Υ−1

[
ÛmJ

(P̂mJ
ÛmJ

)−1P̂
T

mJ
Υ[J(x)]

]
,

where ÛmJ
:= ÛMJ

(:, 1:mJ) and P̂mJ
:= P̂MJ

(:, 1:mJ).

To this end, no extra assumptions on f need to be made that are not al-

ready required by the standard DEIM, as the point-wise evaluations of the

Jacobian entries can always be approximated via �nite di�erences and point-

wise evaluation of the underlying f . Of course, direct computation of Jaco-

bian entries is preferred if possible. Moreover, the evaluation technique for

reduced variables V z(t) carries over directly as proposed in the original

work [23, §3.5]. We would also like to mention that any matrix approxima-

tion technique using linear combinations of basis matrices could be applied

in this context, see [21] for an approach using a POD-basis with least squares

weights and structure-preserving constraints.

Next we investigate the approximation quality for the logarithmic norm of

the similarity transformed, MDEIM JacobianLIk
[
QT
kC

T J̃mJ
(yr(t))C−TQk

]
against those of the true Jacobians LG[J(yr(t))]. Similar to Section 5.2.2,

this is done outside the scope of the error estimation process, where we

shall use the o�ine data from the 1D viscous Burgers model of Section 3.4.3
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again. Consequently, Figure 5.10 shows the maximum (le�) and mean (right)

Figure 5.10: Maximum (le�) and mean (right) approximation error of the logarithmic norm
over X

logarithmic norm approximation error over Y for di�erentmJ and k values.

While values of mJ = 13, k = 15 are su�cient on average to have less than

1% relative error, in the worst case mJ = 28, k = 30 are needed to ensure

the same tolerance over Y . But even for maximal mJ = k = 50, the rel-

ative errors are already only 3.162 × 10−4
(worst case) and 8.222 × 10−6

(average). �ese results strongly indicate that both performing the simi-

larity transformation and MDEIM approximation of Propositions 5.2.13 and

5.2.14, respectively, are suitable for a low-cost but accurate approximation

of Jacobian logarithmic norms.

Now, using the above results from Propositions 5.2.13 and 5.2.14, we de-

rive an e�cient approximation of the estimator introduced in �eorem 5.2.9,

where the computational complexity for obtaining β(t) (see (5.31c, p.184))

is independent of the high dimension d.

�eorem 5.2.15 (Estimator using local Jacobian logarithmic norms). Let the
conditions from �eorem 5.2.8, Propositions 5.2.13 and 5.2.14 hold and replace
(5.31c, p.184) by

β(t) := LIk
[
QT
kC

T J̃mJ
(xr(t))C−TQk

]
. (5.40)

�en the estimator (5.31a, p.184) can be approximated arbitrarily close with
increasing mJ and k and is exactly reproduced for mJ = d2, k = d.
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Proof. We have J ≡ J̃mJ
for mJ = d2

as each entry of the Jacobian is

interpolated. Together with (5.39, p.189) for k = d we obtain equality of

(5.31c, p.184) and (5.40).

Remark 5.2.16. One other obvious alternative in order to obtain an approx-

imation of the Jacobian logarithmic norm is to use the reduced projected

Jacobian W TJ(xr(t)))V and thus only solve an eigenvalue problem of

size r � d. When also applying the MDEIM approximation of Proposi-

tion 5.2.14, the only real di�erence lies in the transformation with V ,W

instead of Qk, with the advantage of not having to compute Q. However,

as the projection subspace spanned by V is not designed to preserve any

eigenvalues and the results from Proposition 5.2.13 are “optimal” in a sense,

this approach is expected to have a lower approximation quality of the log-

arithmic norms.

Addressing this problem by incorporating suitable information into V ,W

is certainly an interesting question for future work, but does not essentially

avoid the necessity of a training sample set of eigenvectors during subspace

computation.

5.2.5 General a�ne-parameterized setting

In this section we shall transfer the results to the case of more complex

dynamical systems. In detail, we shall assume the structure introduced in

Section 1.3, (1.12, p.19), where all previous de�nitions remain valid unless

explicitly indicated otherwise. Let f : D → Ω be Lipschitz-continuous

w.r.t. the �rst argument. Moreover, if any of the components A,B,x0 are

not given in the time- and parameter-a�ne form, it can be readily obtained

by application of the MDEIM 5.2.14/DEIM 2.43 methods as approximation.

Now, applying the (Petrov-)Galerkin projection withV ,W and substituting

the DEIM approximation of f(x, t,µ) to the system (1.12, p.19) yields the
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reduced system as in (3.4, p.88). For this case, the error system reads as

e′(t) = A(t,µ)x(t)− VW TA(t,µ)V z(t) + f(x(t), t,µ)

− VW T f̂m(xr(t), t,µ) +
(
I − VW T

)
B(t,µ)u(t), (5.41)

e(0) = x0(µ)− VW Tx0(µ),

where we omit the implicit dependence of e(t) on the current parameter

µ ∈ P for improved readability. Recall E0(µ) = ||
(
I − VW T

)
x0(µ)||G

as the initial error. Next we state the a-posteriori error estimation result

from �eorem 5.2.9 in the context of the generalized system 1.12.

�eorem 5.2.17 (A-posteriori error estimation for parameterized DEIM re-

duced systems). Let the conditions from �eorem 5.2.8 hold for f(x(t), t,µ).
�en ∀ µ ∈ P and all inputs u(t) the state space error is rigorously bounded
via

||e(t;µ)||G ≤ ∆EI(t,µ) ∀ t ∈ [0, T ],

with

∆EI(t,µ) :=

t∫
0

α(s,µ)e

t∫
s

β(r,µ)dr
ds+ e

t∫
0

β(r,µ)dr
E0(µ),

α(t,µ) :=
∣∣∣∣∣∣(I − VW T

)
A(t,µ)V z(t) + Πm′(I − Πm)f(xr(t), t,µ)

+
(
I − VW T

)(
Πmf(xr(t), t,µ) +B(t,µ)u(t)

)∣∣∣∣∣∣
G
,

(5.42a)

β(t,µ) :=

QA∑
i=1

|θAi (t, µ)|LG[Ai] + LG
[
f(·, t,µ)

]
(xr(t)), (5.42b)

and the matrix de�nitions from Lemma 5.2.7, (5.27, p.180).

Proof. �e proof is along the lines of the proof of �eorem 5.2.9. We intro-

duce the shorthands

Ã(t,µ) :=
(
I − VW T

)
A(t,µ)V , B̃(t,µ) :=

(
I − VW T

)
B(t,µ),
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easily verify

A(t,µ)x(t)− VW TA(t,µ)V z(t) = A(t,µ)e(t) + Ã(t,µ)z(t), (5.43)

and see with (1.11, p.18) that

LG[A(t,µ)] = sup
x∈Rd\{0}

QA∑
i=1

θAi (t,µ)
〈x,Aix〉G
||x||2G

≤
QA∑
i=1

|θAi (t,µ)|LG[Ai].

(5.44)

Now, from (5.41) we obtain using (5.43),(5.44) and (5.32, p.184) that

〈e(t), e′(t)〉G
= 〈e(t),A(t,µ)e(t)〉G + 〈e(t),f(x(t), t,µ)− f(xr(t), t,µ)〉G

+
〈
e(t), Ã(t,µ)z(t) + B̃(t,µ)u(t)

〉
G

+
〈
e(t),f(xr(t), t,µ)− VW T f̂m(xr(t), t,µ)

〉
G

≤ LG[A(t,µ)] ||e(t)||2G + LG
[
f(·, t,µ)

]
(xr(t)) ||e(t)||2G

+
〈
e(t), Ã(t,µ)z(t) + B̃(t,µ)u(t)

〉
G

+
〈
e(t),

(
Πm′(I − Πm) +

(
I − VW T

)
Πm

)
f(xr(t), t,µ)

〉
G

≤ β(t,µ) ||e(t)||2G + ||e(t)||G α(t,µ).

Application of the comparison Lemma 5.0.1 as before completes the proof.

Following the same arguments of �eorem 5.2.15, e�cient approximations

of the general case estimator introduced in �eorem 5.2.17 are also possible

using Propositions 5.2.14 and 5.2.13, i.e. by substituting

β(t) = LIk
[
QT
kC

T J̃mJ
(xr(t), t,µ)C−TQk

]
.

Note that output-error estimations as introduced in Section 5.1.3.1 are ap-

plicable here, too.
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5.3 O�line/online decomposition

�e computations for the error estimator from �eorem 5.2.17 and the lo-

cal logarithmic Lipschitz constant approximation of �eorem 5.2.15 allow a

decomposition into an o�ine/online fashion as already applied in Sections

5.1.4.1 and 3.3. Basically, using the scalar product representation for the

squared α(t) term (5.42a) (in the spirit of ||x||2G = xTGx) yields a sum of

various components, of which all large scale quantities can be precomputed.

We state the decomposition here for the context of �eorem 5.2.17, as it also

covers the case for �eorem 5.2.9. From the o�ine stage as depicted in Sec-

tion 3.3, we are already given a subspace projection matrix V and the DEIM

approximation (2.43, p.81) with corresponding maximal order M , basis U
and interpolation points E as in Section 2.3. �en the following stages can

be identi�ed in order to compute the proposed error estimators, where we

assume the indices i, j to run over the appropriate ranges given by QA, QB

and Q0.

O�line stage I �is has to be done only once for each system se�ing.

1. Compute o�ine terms for the purelyA,B,x0-related components as

x̃0
i :=

(
I − VW T

)
x0
i , x̃0

ij := (x̃0
i )
TGx̃0

j ,

Ãi :=
(
I − VW T

)
AiV , B̃i :=

(
I − VW T

)
B̃i,

M 6,ij := Ã
T

i GÃj, M 9,ij := Ã
T

i GB̃j,

M 12,ij := B̃
T

i GB̃j.

2. Choose a MJ ≤ d as maximum order and compute the MDEIM as in

Proposition 5.2.14, yielding the matrices ÛMJ
, P̂MJ

∈ Rd2×MJ
.

3. ComputeQ ∈ Rd×d
as in Proposition 5.2.13 or Algorithm 10.
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O�line stage II For every (new) choice of m ≤ M,m′ ≤ M −m,mJ ≤
MJ , k ≤ d perform the steps

1. Compute central quantities for α(t) term (5.42a, p.194). Here, we pre-

fer the equivalent expression

(
Πm′(I − Πm) +

(
I − VW T

)
Πm

)
f(xr(t), t,µ)

=
((
I − VW T

)
− Πm′

)
Πmf(yr(t), t,µ) + Πm′f(yr(t), t,µ)

=M 1P
T
mf(yr(t), t,µ)−M 2P

T
m′f(yr(t), t,µ)

for the DEIM approximation error estimate, where M 1,M 2 are de-

�ned as

M 1 :=
((
I − VW T

)
− Πm′

)
Um

(
P T
mUm

)−1
,

M 2 := (I − Πm)Um′
(
P T
m(I − Πm)Um′

)−1
.

Basically, this formulation allows to nicely separate pre-computable

matrices M 1,M 2 from the evaluation of f at both sets of interpola-

tion.

2. Compute mixed o�ine quantities for the α(t) term

M 3 := MT
1GM 1, M 4 := MT

1GM 2, M 5 := MT
2GM 2.

M 7,i := MT
1GÃi, M 8,i := MT

2GÃi, i = 1 . . . QA,

M 10,j := MT
1GB̃j, M 11,j := MT

2GB̃j, j = 1 . . . QB.

3. Compute o�ine vectors for the Jacobian MDEIM via

Û := ÛmJ
(P̂

T

mJ
ÛmJ

)−1,

ÛmJ
:= ÛMJ

[:, 1:mJ ], P̂mJ
:= P̂MJ

[:, 1:mJ ].

4. Select partial similarity transform matrix of size k as Qk := Q[:, 1:k]
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and compute

Ũ [:, j] := Υk[Q
T
kC

TΥ−1[Û [:, j]]C−TQk] ∈ Rk2

, j = 1 . . .mJ ,

where Υk denotes the same transformation as Υ but for k×kmatrices.

Online stage In the online stage we can compute the error estimator by

solving

∆′(t) = β(t)∆(t) + α(t), ∆(0) = E0(µ), t ∈ [0, T ],

with

E0(µ) =
∣∣∣∣(I − VW T

)
x0(µ)

∣∣∣∣
G

=

(
Q0∑
i,j

θ0
i (µ)θ0

j (µ)x̃0
ij

) 1
2

,

which may be computed along with the reduced order trajectory by adjoin-

ing a single scalar equation to the reduced system introduced in Section

3.3.2. �e α(t) term (5.42a, p.194) is given by

α(t,µ) =
(
vT1M 3v1 − 2vT1M 4v2 + vT2M 5v2 + z(t)TM 6(t,µ)z(t)

+ 2v1M 7(t,µ)z(t)− 2v2M 8(t,µ)z(t) + 2z(t)TM 9(t,µ)u(t)

+ 2v1M 10(t,µ)u(t)− 2v2M 11(t,µ)u(t)

+ u(t)TM 12(t,µ)u(t)
) 1

2

,

with the low-dimensional quantities

v1 := P T
mf(yr(t), t,µ) ∈ Rm, v2 := P T

m′f(yr(t), t,µ) ∈ Rm′,

M 6(t,µ) :=

QA∑
i,j=1

θAi (t,µ)θAj (t,µ)M 6,ij,
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M {7,8}(t,µ) :=

QA∑
i=1

θAi (t,µ)M {7,8},i,

M 9(t,µ) :=

QA∑
i=1

QB∑
j=1

θAi (t,µ)θBj (t,µ)M 9,ij,

M {10,11}(t,µ) :=

QB∑
i=1

θBi (t,µ)M {10,11},i,

M 12(t,µ) :=

QB∑
i,j=1

θBi (t,µ)θBj (t,µ)M 12,ij.

Depending on the se�ing, β(t) can be obtained either via (5.31c, p.184) or

via (5.40, p.192).

�e computational complexity of the o�ine stages is O
(
d2
)

and O (d),

respectively, whereas the online stage involves operations of complexity

O
(
max{k3,m2,m′2,m2

J}
)
. For large systems (spatially discretized PDE’s,

for example), the sparsity of the Jacobian can be used in the o�ine stage I, so

that instead of d2
rows only the number of rows with nonzero entries have

to be stored. We emphasize that the MDEIM approximation of the Jacobian

not only gives a fast approximation, but is also crucial in order to apply the

similarity transformation at the o�ine phase, which would in general not

be possible if full Jacobians were used.

5.4 Numerical experiments

In this Section we demonstrate the e�ectiveness of this a posteriori error

estimation procedure with two computational examples. However, before

we detail the results we would like to remark on an issue arising due to

the o�ine/online decomposition of the α(t) term (5.42a, p.194) in the error

estimators. �erein, each component is projected separately to build the re-

duced quantities Mxx (cf. Section 5.3, o�ine phases I+II). It is evident that

the projection subspace V should simultaneously approximate the f -values
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and column spans of A,B (if applicable) to allow for a good estimation in

each component. �is of course is not to be expected when the trajectory

data used to compute V stems from the sum of all right hand side compo-

nents of the considered system. Preliminary experiments con�rmed that, if

the respective values had not been included in the subspace computation

process, the error estimates would not go below a certain order of magni-

tude. Hence, we included the respective f(x) and/orAx-evaluations in the

subspace computation process of the numerical examples to follow. �is, of

course, leads to higher reduced dimensions in the worst case, and investi-

gations on whether those extended subspaces could be used only within the

projected error estimator terms yet need to be done.

�e �rst example is the 1D viscous Burger’s equation introduced in Section

3.4.3 and the second involves the 2D reaction-di�usion model for cell apop-

tosis introduced in Section 3.4.2. With these examples, the validity of the

assumption of near exactness for modest values of m′ is illustrated (see Sec-

tion 5.2.2). We also show the e�ectiveness of the local logarithmic Lipschitz

constant estimates (see Section 5.2.4) and we compare our estimate based on

inexact quantities to one that uses exact quantities.

5.4.1 1D viscous Burgers equation

We recall from Section 3.4.3 and Figure 3.9 that for µ = 0.04 a value of m =

12 was su�cient to yield a relative error of less than one percent. In order

to focus our discussion on the in�uences of the various choices m′,mJ and

k, we shall �x those values for the remainder of the experiments. However,

we emphasize that the error estimators are applicable for any choice ofm ≤
M, µ ∈ P and input u(t).

Next, we recall the estimator structure from �eorems 5.2.15 and 5.2.17.

�ere, di�erent choices of m′ in�uence the α terms (5.31b, p.184), (5.42a,

p.194), and mJ (Jacobian MDEIM approximation order) and k (partial simi-

larity transformation size) a�ect the β terms (5.40, p.192), (5.42b, p.194), re-
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spectively.

In order to pointedly investigate the various choices and their in�uences on

the estimation results, we discuss the e�ects for di�erent m′ values in Sec-

tion 5.4.1.1 and focus on the local logarithmic Lipschitz constant estimation

in Sections 5.4.1.2 and 5.4.1.3.

5.4.1.1 DEIM approximation error estimation analysis

�e experiments pursued in Section 5.2.2 show that the DEIM approxima-

tion error estimation is indeed very useful in practical applications, however,

thus so far giving insights only to the m,m′-estimation technique by itself.

Consequently, we consider its application in the context of the error estima-

tor derived in �eorem 5.2.17 in the following. In order to be able to focus

on this aspect only, we shall use a modi�ed variant of the estimator in �eo-

rem 5.2.17, which avoids using MDEIM approximated Jacobians and partial

similarity transformations but still uses directly computable local Lipschitz

values. �erefore, during the next experiment we shall use the actual values

β(t) :=
〈y(t)− yr(t),f(y(t))− f(yr(t))〉G

||y(t)− yr(t)||2G
, (5.45)

instead of LIk
[
QT
kC

T J̃mJ
(yr(t))C−TQk

]
as in �eorem 5.2.15.

Moreover, we introduce a reference estimate by additionally using the true

DEIM approximation error

f(yr(t))− VW T f̂m(yr(t))

instead of

(
Πm′(I − Πm) +

(
I − VW T

)
Πm

)
f(yr(t))

within the α(t,µ) term (5.42a, p.194). �ose two changes make this refer-

ence estimator as sharp as this estimator structure allows. Of course both

above modi�cations are not applicable in practice as they require the full

system’s trajectory, and are introduced here only for demonstration pur-
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poses.

To this end, Figure 5.11 shows the resulting error estimations for a selection

ofm′ approximation error orders in a full view (le�) and a zoom (right). �e

Figure 5.11: Absolute errors over time for di�erent DEIM approximation error orders m′.

solid blue line is the true reduction error, and the green star-marked line

is the reference estimate using the true DEIM approximation error. For the

reduced simulation we have ||e(T )||G = 0.0137 (�nal time T ) and the rig-

orous reference estimate yields ∆(T ) = 0.135, which means an e�ectivity

of 9.89 for the current µ = 0.04. Most importantly, this illustrates that the

overall estimator structure is suitable for error estimation. Now, regarding

the m′ in�uence, at �rst we notice that except for m′ = 1 the reduction

error estimates using the m′-order DEIM error estimate are very close to

the reference estimate, where m′ = 1 also is the only se�ing which is not

an upper bound as the true error is underestimated at t ∈ [0.05, 0.2]. On

the other side, for m′ = 10 the results are already indistinguishable from

the reference estimate even in the zoomed detail. As this is already quite

satisfactory, we will now �x m′ = 10 for all subsequent estimations.

5.4.1.2 Local logarithmic Lipschitz constant estimations using Ja-
cobians

As our next step, we illustrate the occurring loss in e�ciency when using

the Jacobian-type approximation (5.34, p.186) instead of the true local log-
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arithmic Lipschitz constant (5.45). Figure 5.12 displays the resulting esti-

mates in full (le�) and zoom (right). Here, the green star-marked line is

the same reference estimate from the previous se�ing (5.45) and the orange

star-marked line uses the estimation via the logarithmic norm of the local

Jacobian (5.34, p.186). As an intermediate variant, we additionally plot a blue

square-marked estimate which uses

β(t) = 〈y(t)− yr(t), J(yr(t))(y(t)− yr(t))〉G / ||y(t)− yr(t)||2G ,

i.e. the true local logarithmic Lipschitz constant of the local Jacobian. �is

Figure 5.12: Absolute errors over time with full local Jacobian logarithmic norms

shows two things: Firstly, the estimation results for either using f(y(t))−
f(yr(t)) or J(yr(t))(y(t)) − yr(t)) inside the β(t) computation are visi-

bly indistinguishable and match on the �rst three digits (∆(T ) = 0.1354),

which makes the �rst order approximation already very useful even when

the true error is about 1%. Secondly, usingLG[J(yr(t))] yields a very similar

estimate with ∆(T ) = 0.308, which is roughly double as large as the sharp

reference with an e�ectivity of ≈ 22. �is is of course a loss in e�ciency,

but is computed using values that are readily available during o�ine com-

putations. Finally we note that the computation time for the �rst reference

estimate was 0.43s, but the estimate involving LG[J(yr(t))] took 28.27s to

compute.
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5.4.1.3 Jacobian logarithmic norm approximation

Finally, we will look into the estimation quality for di�erent con�gurations

of the practically applicable error estimator variant of �eorem 5.2.17, which

involves the previously investigated approximations of the β(t) term. Re-

call that the results of Section 5.4.1.1 led us to �x m′ = 10 for the following

experiments as this value turned out to provide a good replacement estima-

tion for the true DEIM approximation error. Figure 5.13 shows the absolute

errors over time for di�erent matrix DEIM orders mJ and partial similarity

transformation sizes k in full (le�) and zoom (right). Both star-marked es-

Figure 5.13: Absolute errors over time for di�erent matrix DEIM orders mJ and partial simi-
larity transformation sizes k.

timations denote the already known reference estimates. In all other plots,

the line style is identical for di�erent mJ values and the marker style iden-

tical for di�erent k values. One can clearly see that for both increased mJ

and k the estimations get closer to the orange reference as expected. For

mJ = k = 10 we already obtain ∆(T ) = 0.3045, which matches the or-

ange reference up to two digits but only needs a computation time of 0.48s

(speedup of 58.8). On a closer look, one can see that estimates with the same

k are relatively similar and approach the orange reference from below with
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increasing k. �is is due to the fact that for any J ∈ Rd×d

LIk
[
QT
kJQk

]
= max

z∈Rk

〈
z,QT

kJQkz
〉

||z||2

= max
y∈range(Qk)

〈y,Jy〉
||y||2

≤ max
y∈Rd

〈y,Jy〉
||y||2

= LId[J ],

i.e. the maximum eigenvalues of the similarity transformed Jacobians are

bounded by the maximum eigenvalues of the full Jacobians as range (Qk) ⊆
Rd

.

5.4.2 Cell apoptosis: 2D reaction-di�usion

As no real speedup is to be expected for most 1D cases, we shall consider a

more complex 2D problem, namely the cell apoptosis model introduced in

Section 3.4.2. We refer to that section for the experiment context. Figure

5.14 shows error estimation results for di�erent con�gurations of the error

estimator from �eorem 5.2.17. As in Section 5.4.1, we included reference

Figure 5.14: Absolute errors over time for di�erent k,mJ combinations

estimates using the true local logarithmic Lipschitz constants of both f and

the Jacobian J and use identical line- and marker-types for the same mJ/k

values as before. We decided to use the true DEIM approximation error for

the references and �xed m′ = 10 for all other estimates. Analogous to the

previous experiment, both reference estimates are visually indistinguishable
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and con�rm that the approximation (5.33, p.186) via Jacobians is applicable.

As the estimation results for �xedmJ are lying close to each other, di�erent

mJ values seem to have more impact on the estimation results than di�erent

k values in this case. However, the connection between increasing mJ and

the estimation results is not monotonous as all estimates for mJ = 100 are

below the ones using mJ = 20.

Figure 5.15 shows the relative errors for the same con�gurations on the le�

and the image on the right illustrates the computation times required for

the di�erent con�gurations plo�ed against the estimated error at T = 500.

Note here that the times for the reference estimates also include the time

needed to compute the full solution required for the local constants. Finally,

Figure 5.15: Relative errors (le�) and computation times against estimates at T = 500 (right)
for di�erent estimator con�gurations.

Table 5.3 shows an overview of the used estimator con�gurations regarding

computation times and e�ectivities. Remarkable at this point is that the

e�ectivities of all estimator con�gurations are in the order of ten at T =

500. As expected, the computation times are increasing along with higher

mJ and k values, but compared to the full solution the speedup including

the error estimator is still about a factor of ten. �is higher cost of about

twice the pure reduced simulation time is the price we need to pay for the

a-posteriori error estimation. Of course, seen as an absolute value, this still

is subject to further improvement. However, given the achieved e�ectivities

the estimation results are already very competitive.
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Version ∆(T = 500) Time E�ectivity

True error 3.908× 10−4
11.31s 1.000

<y−yr,f(y)−f(yr)>
||y−yr||2 9.476× 10−4

21.44s 2.425

<y−yr,J [yr(t)](y−yr)>
||y−yr||2 9.476× 10−4

23.63s 2.425

mJ : 20, k : 5 2.989× 10−3
0.92s 7.649

mJ : 20, k : 15 2.989× 10−3
0.94s 7.649

mJ : 20, k : 50 2.989× 10−3
0.97s 7.649

mJ : 100, k : 5 2.580× 10−3
1.08s 6.602

mJ : 100, k : 15 2.588× 10−3
1.09s 6.622

mJ : 100, k : 50 2.588× 10−3
1.15s 6.622

mJ : 170, k : 5 3.869× 10−3
1.22s 9.900

mJ : 170, k : 15 4.392× 10−3
1.20s 1.124× 101

mJ : 170, k : 50 4.392× 10−3
1.27s 1.124× 101

Table 5.3: Overview for all used estimator con�gurations.
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Conclusion

Summary

In this thesis, the �elds of nonlinear approximation and model reduction

were merged and we provided extensive examples supporting the usabil-

ity of the presented methodology. �e main goals of this thesis have been

an investigation of applicability of kernel methods in the context of model

order reduction and a-posteriori error estimation for nonlinear dynamical

systems.

In the �eld of nonlinear approximation, vectorial kernel-based approxima-

tion techniques, the DEIM and a possible combination thereof was discussed.

In particular, a new e�cient SMO formulation of the ε-SVR without o�set

was introduced. A vectorial greedy algorithm with an improved theoretical

convergence rate was developed, where the introduction of the concept of

orthogonal remainders proved to build a bridge between di�erent mathe-

matical perspectives. Further analytical analysis of the proposed VKOGA

scheme showed that a directional Hermite-type interpolation is obtained in

the limit process of including two points in closing vicinity. �ose �ndings

along with supporting experiments have been published in [183]. Moreover,

the “Kernel-DEIM” has been introduced in order to provide a black-box ca-

pable DEIM variant.

With respect to MOR, the investigated technique for nonlinear dynamical

systems builds on suitable Galerkin-type subspace projection along with

applications of the aforementioned nonlinear approximation techniques to

209
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obtain e�ciently projectable approximations of nonlinear parts. For the

kernel-based approximations, we extended the scope of kernels for which an

e�cient projection could be devised. Common to all the introduced schemes

for parameter-dependent problems is the possibility for an o�ine/online de-

composition to enable e�cient reduced simulations, facilitated in part by the

use of a�ne-parametric system components.

Furthermore, we put an emphasis on error estimation for the proposed pro-

jection-based MOR methods and introduced e�cient a-posteriori error esti-

mators for both kernel-based and DEIM-reduced systems. �ese were also

published in [182, 181] and [186] respectively. Key features for the esti-

mators are the local Lipschitz constant estimations and an application of

the comparison lemma. In more detail, the kernel-based estimators further

bene�ted from an iterative scheme, which provides a balance of estima-

tion sharpness against computational costs. �e derived error estimators

are readily capable of handling nonlinear parameter- and/or time-dependent

systems with inputs and outputs. Here we provided illustrating experiments

for a fully parameterized case. �e DEIM estimators utilized higher order

DEIM basis vectors and points to e�ciently estimate the local DEIM ap-

proximation error. Furthermore, a matrix DEIM of the nonlinearity Jaco-

bians was employed along with partial similarity transformations to obtain

a local �rst-order approximation of logarithmic Lipschitz constants.

In conclusion, some of the proposed nonlinear approximation methods were

shown to be applicable for model reduction of multiscale models. By pro-

viding cheap surrogate kernel approximations, the run-time for macroscale

problems with frequently solved microscale-problems can be reduced dra-

matically. We illustrated this e�ect using two real-world applications from

�uid dynamics in porous media and a multibody spine model using detailed

intervertebral disk models. �e corresponding theory and experimental re-

sults have been published in [185].
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Discussion & future work

�is thesis covers aspects from quite independent research �elds, which un-

surprisingly leaves us with too many yet unanswered questions. However,

there are some follow-up topics and issues that are promising candidates for

further investigation.

Nonlinear approximation

In the �eld of nonlinear approximation with kernels, the considered kernel

expansion structure is of the form

f̂ =
n∑
i=1

ciK(x, ·) or f̂(x, t,µ) =
n∑
i=1

ciK(xi,x)Kt(ti, t)KP(µi,µ).

In the �rst case, this structure involves one single type of kernel with �xed

hyperparameters (if available). Similar to the ideas of sparse grids [20], ex-

pansions allowing for di�erent types of kernels or varying hyperparame-

ters like multilevel kernel expansions (e.g. [68, 187, 63]) could yield further

improvements regarding approximation quality and sparseness. Also, we

did not address the important aspect of kernel hyperparameter selection, at

least not more as to the extent of choosing equidistant values in some pre-

de�ned range. �is topic is ge�ing continued a�ention for various se�ings,

cf. [22, 85, 59, 99] for example, and is certainly an open question to be con-

sidered in the context of model reduction applications. For the time- and

parameter-dependent second case, all the above applies for each the state,

time or parameter domain. Additionally, it remains an open question if cri-

teria for suitable/ideal algebraic combination of the kernels can be devised,

which will certainly depend on the application.

For the ε-SVR case, a truly simultaneous vectorial formulation in SMO-

fashion is yet missing or at least not known to the author. Similar to the

VKOGA case, it is to expect that the e�ectively selected centers will in gen-
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eral di�er for each component function. �is requires evaluation of the ker-

nel on all of X in the worst case, rendering the approximation less prac-

ticable due to higher evaluation costs. Consequently, an ε-insensitive loss

function with vectorial input like

L : Ω× Ω→ R+, (x,y) 7→ ||y − f(x)||ε ,

and ε-insensitive norm is a possible starting point for derivation of vectorial

gain functions that select the center with the best approximation gain for all

components simultaneously.

Regarding the VKOGA, the limit behaviour of resembling a Hermite-type

interpolation for subsequent addition of identical points could be used for

“hybrid” greedy algorithms that take extensions by derivatives into account.

Certainly, this introduces new challenges to algorithm and/or convergence

analysis due to extension of the considered dictionaries. But the fact that in

some situations the inclusion of a directional derivative φ∇vx can yield the

largest possible gain (in nativeH-norm) motivates further investigations of

this topic, cf. Section 2.2.2.1.

Furthermore, the experiments considering the f/P -VKOGA suggest that

this variant might be a suboptimal choice if the origin or native space H
of the target function is unknown. In our opinion, this e�ect might be uti-

lized to our advantage by using it as an indicator to assess the correct choice

of RKHS for the present type of function, cf. Section 2.2.2.1. �is could be

done by an early-stopping criterion based on the vicinity of newly added

data points to existing ones, for example.

Subspace projection based MOR approaches

As shortly remarked on in Section 3.1.2, substitution of a-posteriori error es-

timators in the POD-Greedy algorithm is a practical and proven approach to

enable fast and adaptive subspace computation for parameterized systems.

�e practically applicable variant of the POD-DEIM a-posteriori error esti-
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mator presented in �eorem 5.2.17 of Section 5.2.5 is, in general, applicable

for this context, too. While the principal POD-Greedy algorithm can be ap-

plied straightforwardly, some di�culties might arise running the reduced

simulations in order to evaluate the error estimator. �erein, it is implied

that any nonlinear approximation is available for projection into the current

subspace, but for the case of VKOGA approximations we have the restric-

tion xi ∈ V , for example. �is means the expansion centers have to come

from the current reduced space Vm at step m. Now, this is not a problem

if the approximation is built using the initial space, i.e. xi ∈< u1 >, as

the condition xi ∈ Vm will remain true due to the hierarchical construc-

tion V1 ⊂ V2 ⊂ . . . ⊂ Vm. However, it is to expect that the maximum

possible accuracy for any approximation will be achieved by allowing the

centers to stem from the current subspace Vm, meaning it would have to be

re-computed at each intermediate POD-Greedy step. To this end, an imple-

mentation of the POD-Greedy scheme including the error estimator, deriva-

tion of suitable schemes to address the above issue and an investigation re-

garding the overall applicability has yet to be done.

In addition to the brie�y mentioned spli�ing techniques for the spatial-,

parameter- or time-domain [53, 44, 70], truly nonlinear projection approaches

could also be of interest for dimensionality reduction. Considerable ap-

proaches comprise of Kernel PCA [152], local-linear embedding [140, 46,

144] or di�usion maps [30], see [101] for an overview. �e incorporation of

those alternatives to Galerkin-type linear subspace projection schemes into

e.g. the a-posteriori error estimators derived in this work is surely of interest

for its own.

MOR with kernels and error estimation

For a-posteriori error estimation, e�ective and sharp local Lipschitz constant

estimation has proven to be of paramount importance. While the secant-

gradient based strategy introduced in Section 5.1.1 along with the iterative

scheme presented in Section 5.1.2 proved to yield useful results for academic
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examples, cf. Section 5.1.5, there is still room for improvement regarding the

kernel expansion coe�cient norms in the expression

β(t) :=
n∑
i=1

||ci||G
∣∣Sdi(t)(rΘ(t),di(t))

∣∣,
see �eorem 5.1.9. So far, simply their norm is used, which can of course

lead to larger Lipschitz constants from that side. For direct RBF methods,

for example, the coe�cients of direct translates tend to get large with op-

posite signs if two interpolation points are in close vicinity to each other.

Hence, a suitable weighting of those coe�cients with regards to e.g. the er-

ror direction could be a possible starting point for further improvements.

MOR with POD-DEIM and error estimation

As brie�y outlined in Section 2.3.1, all kernel-based approximation methods

are purely sampling-based, in the sense of not needing the approximation

target for anything else but training data generation. Now, this is not en-

tirely true for the DEIM-method, as it yet requires evaluations of selected

components of the approximated function. In the case of cheap component

evaluations this might not be a problem, however, if the evaluation of even

a few components still turns out to be expensive or access to the underly-

ing code is not possible, this is a serious restriction to this method. Future

work should involve investigation of the possibilities of the Kernel-DEIM to

alleviate problems with this scenario.

As remarked on at the end of Section 2.3, similar to the projection case we

silently assumed that one global DEIM approximation is su�cient for non-

linear approximation of the considered functions. While the “local” DEIM

approaches [51, 54, 130, 179] are certainly a way out of this, an inclusion into

the a-posteriori error estimators considered in this work is the next step for

applicability to more complex models.

Finally, if some suitable estimate of the error direction was available, the local
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logarithmic Lipschitz constant estimations could be further improved, see

Sections 5.2 and 5.2.1. Recall that, in this process, the logarithmic Lipschitz

constant of the local Jacobian (or at least its matrix-DEIM approximation) is

used to estimate

〈e(t),Je(t)〉
||e(t)||2

≤ max
{
σ
(1

2

(
J + JT

))}
= L[J ].

For simplicity, we omit the time-dependency, assume J as the Jacobian of

f at xr(t) and set G = Id. Now, assume we have an eigen-decomposition

J + JT = UΣUT
with U = (u1, . . . ,ud) and Σ containing the sorted

eigenvalues λ1 ≥ . . . ≥ λd on its diagonal. �en, in the above estimation

we could write

〈e,Je〉 =
1

2

〈
e, (J + JT )e

〉
=

1

2

〈
e,UΣUTe

〉
=
λ1

2

〈
e,u1u

T
1 e
〉

+
1

2

〈
e,

d∑
i=2

λiuiu
T
i e

〉
=
λ1

2
〈e,u1〉2 +

1

2

〈
e,
(
J + JT − λ1u1u

T
1

)
e
〉

=
λ1

2
〈e,u1〉2 +

1

2

〈
e,
(
J1 + JT1

)
e
〉
.

using J1 = J − λ1u1u
T
1 . �is directly gives

〈e,Je〉
||e||2

≤ λ1

2

〈e,u1〉2

||e||2
+ L[J1] =

λ1

2
〈~e,u1〉2 + L[J1],

where ~e indicates the normalized error vector e. It is immediately clear that

this extraction process could be driven further for the �rstm eigenvalues in

the sense of

〈e,Je〉
||e||2

≤
m∑
i=1

λm
2
〈~e,um〉2 + L[Jm]

with the obvious de�nitions, but recall that the eigenvalue decomposition

is required for the full system’s Jacobians J ∈ Rd×d
. �us, computing the

two largest eigenvalues and appropriate subspaces will already be expen-



216 CONCLUSION

sive enough in practice. Now, conceptionally speaking, this method could

prove e�ective for situations where the largest (or �rst few) eigenvalues of

the symmetric part of the Jacobian are considerably large compared to the

remaining ones. Given an error direction, those eigenvalues are weighted

using the part of ~e in the direction of the eigenvectors, which is ≤ 1 and

reproduces L[J ] in the worst case. Moreover, using the partial similarity

transformation scheme as introduced in Proposition 5.2.13 and Algorithm

10, we can e�ciently decompose 〈~e,u1〉2 in an o�ine/online fashion if we

have an expression of ~e like ~e = Mg. �en, for m ≤ k and Qk denoting

the k-th order partial similarity transformation matrix, we can write

m∑
i=1

〈~e,um〉2 =
m∑
i=1

(gTMTQkqm)2 =
m∑
i=1

(gT Q̃kqm)2,

where Q̃k := MTQk and qm are the m-largest eigenvalues of the k × k

transformed MDEIM-Jacobian. Of course, it remains to be clari�ed to what

extend a reasonably small k can cover more than one eigenvector subspace

for all occurring Jacobians, and it is unclear if such a representation~e = Mg

can be devised. To that extent, we know that e ⊥ V , where we recall V is

the projection subspace spanned by the columns ofV ∈ Rd×r
. So, if V is e.g.

given by a POD, which creates a hierarchical basis w.r.t. to representability,

the next POD modes vr+1, . . . ,vr+k are likely to capture the most part of

the error, making M = [vr+1 . . .vr+k] ∈ Rd×k
a possible candidate along

with some “higher order” reduced state space estimate g ∈ Rk
. Moreover,

if we knew um ∈ V for all m, this would give 〈~e,um〉2 = 0 due to e ⊥
V . �us, for example, including the space spanned by the eigenvectors of

the largest eigenvalues will remove the contribution of 〈~e,u1〉2 completely

without even knowing ~e. Conclusively, while being far from complete, this

outline stretches �rst ideas on how the error estimation procedure could be

improved.
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All the experimental results presented in this works have been obtained us-

ing the MatLab framework KerMor [184], which has been developed and

grown along with the pursued research.

KerMor makes extensive use of MatLab’s object-oriented programming fea-

tures and hence provides a highly extendable framework for implementation

and model order reduction of dynamical systems. In it’s current state, non-

linear a�ne parameter- and time-dependent systems with inputs and out-

puts as introduced in Section 1.3.2 are readily implementable. For solution of

the ODEs, some directly implemented solvers as well as all MatLab built-in

solvers can be employed and e.g. Jacobian information is generally provided

and can be speci�ed explicitly. �e Petrov-Galerkin procedure is generically

implemented and allows for subspace projection of all possible combina-

tions of system components. Moreover, all the presented nonlinear approx-

imation schemes (ε-SVR, VKOGA, DEIM) including some more are available

as substitutions for the nonlinear components and seamlessly integrate into

the subspace projection process. Suitable interfaces have to be implemented

in order to use e.g. DEIM approximations and the involved error estimators.

Furthermore, all the presented error estimators can be optionally a�ached

to any ��ing model and are automatically evaluated during reduced simu-

lations if enabled.

�e o�ine/online methodology is inherently implemented for all steps of

the model reduction process, including parameter sampling, training data

generation, subspace computation, approximation and error estimation. Re-

garding large matrices, memory issues are avoided by using (optional) �le-
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system based data structures, which yet allow to be handled as simple ma-

trices.

KerMor is available upon request to the author. �e documentation as well

as downloads of release and current versions can be found at http://www.

morepas.org/software/kermor.

Moreover, I personally would like to draw your a�ention to the small tool

mtoc++, which has been developed in joint work with M. Drohmann (San-

dia Labs). It provides a �lter for MatLab source �les to be read by doxygen

(http://www.doxygen.org) in order to generate extensive documenta-

tion and class hierarchies from code and in-code comments. mtoc++ is

available on the MatLab FileExchange http://www.mathworks.com/

matlabcentral/fileexchange/33826 and documentation and down-

loads can also be found at the MoRePas Website http://www.morepas.

org/software/mtocpp.



Acronyms & Symbols

Acronyms
DEIM Discrete empirical interpolation method, page 23

DoF Degrees of Freedom, page 16

FE Finite element, page 117

IVD Intervertebral Disk, page 119

MBS Multi-body system, page 120

MDEIM Matrix DEIM, page 175

MOR Model order reduction, page 6

ODE Ordinary di�erential equation, page 16

PDE Partial di�erential equation, page 80

QP �adratic Program, page 31

RBF Radial basis function, page 10

RB Reduced basis, page 86

RKHS Reproducing kernel Hilbert space, page 13

ROM Reduced order model, page 85

s.p.d. symmetric, positive de�nite (kernel), page 13

SMO Sequential minimal optimization, page 31

SVM Support vector machine, page 23
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SVR Support vector regression, page 23

TPWL Trajectory piece-wise linear (MOR approach), page 97

VKOGA Vectorial Kernel Orthogonal Greedy Algorithm, page 48

Symbols
A Dynamical system linear part matrix, page 17

α± SVR Lagrange multipliers or coe�cients, page 29

B Bell function upper bound, page 145

b Bound for ε-SVR clipping operation, page 41

B Set of all Bell functions, page 146

B Dynamical system input mapping matrix, page 17

C Dynamical system output conversion matrix, page 17

ci Vectorial kernel expansion coe�cients, page 98

d State space dimension d ∈ N, page 7

D f -domain for time- and parameter dependent case, page 19

∆ Error estimator, page 139

δx Point evaluation functional inH∗, page 13

di(t) Distance of reconstructed state space variable to expansion

centers, di(t) = ||xr(t)− xi||G, page 152

D Dynamical system input to output conversion matrix, page 17

EA Approximation error f − f̂ , page 141

E0 Initial error, page 142

f General nonlinear function, page 17

f̂ Approximant to f (either kernel-based or DEIM), page 98

Γ Subdomain of R+ in the context of local Lipschitz constant

estimations, page 151
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γ RBF dilation hyperparameter or kernel width, page 11

GX,f Gain function for vectorial greedy algorithms, page 56

G Scalar product matrixG ∈ GLd(R), page 7

H Reproducing kernel Hilbert space / Native space, page 15

Hq
Vectorial RKHS, page 15

Id d-dimensional identity matrix, page 8

JP f -Jacobian sparsity pa�ern, page 82

K Kernel K : Ω× Ω→ R, page 8

K,KX Kernel matrix (for sets X ⊂ Ω), page 10

k,kX Kernel vector (for sets X ⊂ Ω), page 10

l Dynamical system input space dimension l ∈ N, page 17

L Lagrangian of primary objective in ε-SVR formulation, page 29

N Newton basis N1, . . . for linear subspaces of RKHSH, page 73

Ω State space domain Ω ⊂ Rd
, page 7

p Parameter domain dimension p ∈ N, page 18

P Parameter domain P ⊆ Rp
, page 18

φ Bell function, page 145

φx HX
-orthonormal remainder of K(x, ·), page 51

φ̃x HX
-orthogonal remainder of K(x, ·), page 51

q Dimension q ∈ N of vectorial RKHSHq
, page 15

r Reduced state space dimension r � d, page 86

S Secant gradient function for bell functions φ ∈ B, page 147

σ Spectrum operator for matrix eigenvalues and -vectors, page 8

T Dynamical system simulation end time T > 0, page 16
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t Time variable for dynamical systems, page 16

θ Scalar coe�cient functions [0, T ]× P → R, page 18

Θ,Θ(t) A-priori error bound, page 145

Υ “Vectorize”-operation, page 191

u(t) Dynamical system input function u : [0, T ]→∈ Rl
, page 17

W Dual objective function of ε-SVR, page 29

w(t) Dynamical system output w : [0, T ]→∈ Rk
, page 17

X Training inputs X = {x1, . . . ,xn} ⊆ Ω, page 21

Ξ Training parameter set Ξ ⊂ P ⊆ Rp
, page 96

ξ Spatial variable for PDE applications, page 112

ξ+
i , ξ

−
i SVR slack variables, page 28

X Training sample matrixX = [x1 . . .], page 89

x(t) Full state space vector, page 16

x0 Dynamical system initial state, page 16

Y Training outputs y1 = f(x1) . . ., page 21

y Nonlinear function evaluations y = f(x), page 21
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[138] O. Röhrle, M. Sprenger, E. Ramasamy, and T. Heidlauf. Multi-scale skeletal muscle

modelling: From cellular level to a multi-segment skeletal muscle model of the upper

limb. In E. Kuhl and G. Holzapfel, editors, Computer Models in Biomechanics: From
Nano to Macro, pages 103–116, Springer Netherlands, 2012.



232 BIBLIOGRAPHY

[139] C. Rieger, R. Schaback, and B. Zwicknagl. Sampling and stability. In Mathematical
Methods for Curves and Surfaces, volume 5862 of Lecture Notes in Computer Science,

pages 347–369. Springer Berlin Heidelberg, 2010.

[140] S. T. Roweis and L. K. Saul. Nonlinear dimensionality reduction by locally linear

embedding. Science, 290:2323–2326, 2000.

[141] C.W. Rowley. Model reduction for �uids, using balanced proper orthogonal decom-

position. Int. J. Bifurcat. Chaos, 15(3):997–1013, 2005.

[142] G. Rozza. Shape design by optimal �ow control and reduced basis techniques: Applica-
tions to bypass con�gurations in haemodynamics. Dissertation, École Polytechnique
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Deutsche Zusammenfassung

Inzwischen spielt die Modellierung und Simulation natürlicher oder technis-

cher Prozesse eine wichtige Rolle in der Forschung und Industrie. Die nach

wie vor anwachsenden Hardwarekapazitäten erlauben dabei immer detail-

liertere, höher aufgelöste Simulationen in bisher undenkbaren Größenord-

nungen. Jedoch sind viele realistische Modelle parametrisiert durch z.B. vari-

ablen Vorgaben in Form- oder Material. In vielen Anwendungen wie der Op-

timierung oder Kontrolle müssen daher sehr viele verschiedene Lösungen

eines Problems für verschiedene Parameter berechnet werden, welches die

Gesamtaufgabe zeitlich sehr kostenintensiv machen kann. Um dem entge-

genzuwirken, wurde das Gebiet der (mathematischen) Modellordnungsre-

duktion (MOR) entwickelt, welches zum Ziel hat, das Verhalten eines gegebe-

nen Modells günstig (im Bezug auf Simulationszeit) bei gleichzeitig hinre-

ichender Genauigkeit zu approximieren.

In dieser Arbeit werden MOR Techniken für nichtlineare dynamische Sys-

teme und Multiskalenmodelle untersucht. Dynamische Systeme beschrei-

ben dabei (in diesem Zusammenhang) ganz allgemein die Änderung eines

Prozesses über die Zeit, und Multiskalenmodelle beschreiben interagierende

Prozesse, die jedoch auf verschiedenen Skalen im Raum oder der Zeit stat-

t�nden. Kernelemente der Arbeit sind die Untersuchung von geeigneten

Methoden zur Approximation der in den Modellen au�retenden nichtlin-

earen Terme und die Bereitstellung von Fehlerschätzern für einige Klassen

dynamischer Systeme. Dabei werden Teilbereiche des maschinellen Lernens

und der Modellreduktion zusammengeführt.

Konkret werden nach einer Einführung der wichtigsten Grundlagen in Kapi-

tel 1 verschiedene Methoden zur Approximation nichtlinearer Funktionen

in Kapitel 2 behandelt. Dabei werden auf Kernmethoden basierende Ansätze

wie Support Vektor Maschinen (SVM, siehe [162, 152]) und vektorielle Gree-

dy-Algorithmen [169, 117, 183] untersucht, sowie die bekannte Discrete Em-

pirical Interpolation Method (DEIM) [23].

Anschließend werden verschiedene Verfahren zur MOR von dynamischen

Systemen in Kapitel 3 diskutiert, wobei ein spezielles Augenmerk auf die

Einbindung der in Kapitel 2 eingeführten Approximationsmethoden gelegt

wird. Essentiell für eine e�ziente MOR ist die günstige Berechnung von

reduzierten nichtlinearen Termen, welche beim Einsatz von Kernmethoden

(sowie speziellen Kernen, [131]) und der DEIM möglich ist. Mehrere, später
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wiederholt vorkommende numerische Beispiele runden das Kapitel ab. Das

Kapitel 4 beschreibt anschließend eine Vorgehensweise zur MOR von Mul-

tiskalenproblemen. Dabei wird angenommen, dass die involvierten Mikro-

und Makromodelle über eine niedrigdimensionale Schni�stelle Informatio-

nen austauschen [121, 16]. Das Ziel ist nun, einige der in Kapitel 2 vorgestell-

ten Approximationsmethoden auf diese Schni�stelle anzuwenden und somit

einfache Funktionen als Ersatz für die Mikromodelle zu verwenden. Die An-

wendbarkeit dieses Verfahrens mit den vorgestellten Methoden wird danach

an mehreren realistischen Problemstellungen aus den Gebieten der Wirbel-

säulensimulation [91] und Strömungslehre [94] aufgezeigt, siehe

auch [185].

Zuletzt werden in Kapitel 5 die im Rahmen der diskutierten Reduktion-

techniken entwickelten Fehlerschätzer eingeführt. Hauptbestandteile der

Fehlerschätzer sind dabei die Anwendung des comparison lemma [76] zur

Gewinnung einer geschlossenen Form und eine e�ziente Abschätzung loka-

ler Lipschitzkonstanten, um dem in diesem Zusammenhang häu�gen expo-

nentiellen Zuwachs der Fehlerschätzer entgegenzuwirken. Für kernbasierte

dynamische Systeme wird in Abschni� 5.1 ein iterativ verbesserbarer Fehler-

schätzer entwickelt, der mit Hilfe von Sekantensteigungen lokale Lipschitz-

konstanten berechnet [182] und auch für parametrisierte Systeme anwend-

bar ist [181]. Für DEIM reduzierte dynamische Systeme wird in Abschni�

5.2 ein verwandter Fehlerschätzer entwickelt. Dieser benutzt eine auf der

Auswertung höherer DEIM-Moden basierende Schätzung des DEIM-Fehlers.

Darüber hinaus wird eine e�ziente Näherung der lokalen logarithmischen

Norm [156] über die Lösung eines kleinen Eigenwertproblems bestimmt.

Die dazu verwendete Matrix stellt eine passend ähnlichkeitstransformierte

und approximierte Version der lokalen Jacobimatrix der Nichtlinearität dar

[186].

Die Arbeit schließt mit einer kurzen Zusammenfassung und einer Diskus-

sion noch o�ener Fragen und Erweiterungsmöglichkeiten.


