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Inhaltsangabe

Bose-Einstein-Kondensate sind bosonische Vielteilchensysteme, bei denen der quan-
tenmechanische Grundzustand makroskopisch besetzt ist. Im Falle einer attraktiven
Wechselwirkung zwischen den einzelnen Bosonen, ist dieser Grundzustand metastabil und
durch eine Barriere vom Kollaps getrennt. Eine ausreichende thermische Anregung kann
das Überqueren dieser Barriere ermöglichen und dadurch den Kollaps des Kondensats
induzieren.

In der vorliegenden Arbeit wird dieser Zerfallsmechanismus des thermisch induzierten,
kohärenten Kollapses in Bose-Einstein-Kondensaten mit langreichweitiger Wechselwirkung
erstmals untersucht. Die Beschreibung der Kondensatdynamik erfolgt dazu mit Hilfe
eines Variationsverfahrens, das die präzise Berechnung des Übergangszustands erlaubt.

Zur quantitativen Berechnung der Zerfallsrate und der Lebensdauer wird eine neuartige
Theorie des Übergangszustands für quantenmechanische Wellenpakete entwickelt. Diese
basiert auf einem Variationsverfahren sowie Normalformentwicklungen der Bewegungs-
gleichungen und des Energiefunktionals in der Umgebung des Übergangszustands. Die
Bewegungsgleichungen des Variationsverfahrens induzieren auf dem Raum der Varia-
tionsparameter eine symplektische Struktur und die Normalformentwicklungen dienen
auf natürliche Weise dazu, auf der symplektischen Mannigfaltigkeit lokal kanonische
Koordinaten zu definieren. Zu diesem Zweck, werden die Bewegungsgleichungen und das
Energiefunktional in der Umgebung eines Fixpunkts entwickelt und diagonalisiert. Die
Eigenvektoren der linearisieren Bewegungsgleichungen definieren dabei eine symplekti-
sche Basis. Die Transformation der Terme höherer Ordnung erfolgt anschließend in zwei
Schritten durch aufeinander folgende Lie-Transformationen: Im ersten Schritt werden die
nichtresonanten Terme der Entwicklungen eliminiert und im zweiten werden die verblei-
benden resonanten Terme derart transformiert, dass sie kanonische Gleichungen erfüllen.
Diese Methode erlaubt schließlich die Anwendung der etablierten, klassischen Theorie der
Übergangszustände. Das Verfahren ist gültig für eine Vielzahl von Variationsansätzen,
für beliebige Dimensionen des Variationsraums, in beliebiger Ordnung der Entwicklungen,
und es ist unabhängig von der präzisen Struktur des Hamiltonoperators.

Des Weiteren wird eine Methode entwickelt, die es erlaubt, das Auftreten von Bifurkatio-
nen im Übergangszustand mit Hilfe einer uniformen Ratengleichung und einer geeigneten
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Normalform des Potentials zu behandeln. Im Gegensatz zu üblichen Verfahren, die am
Punkt der Bifurkation versagen, kann das neue Verfahren diese glatt durchlaufen, weil es
auf beiden Seiten und beliebig nahe der Bifurkation gültig ist. Gleichzeitig ist es möglich,
den Fluss über die gesamte Anordnung von Sattelpunkten im Phasenraum zu berechnen,
die durch die Bifurkation entstehen.

Die Anwendbarkeit der neu entwickelten Theorie wird anhand eines kubischen Modell-
potentials demonstriert. Hierzu wird die thermische Zerfallsrate eines Punktteilchens
bzw. eines Gauß’schen Wellenpakets fester Breite im Rahmen der klassischen und der
Quantennormalform sowie des entwickelten Ansatzes für Wellenpakete berechnet. Es
zeigt sich, dass letztere Methode in der Lage ist, die Ergebnisse von beiden Verfahren
für das Punktteilchen in unterschiedlichen Grenzfällen perfekt zu reproduzieren. Im
Grenzfall eines schmalen Wellenpakets stimmt die Zerfallsrate perfekt mit derjenigen
aus der klassischen Normalform überein. Darüber hinausgehend beobachtet man die
Übereinstimmung der Reaktionsraten mit denjenigen der Quantennormalform für ein
ausgedehntes Wellenpaket.

Die Anwendung der entwickelten Theorie der Übergangszustände für Wellenpakete wird
mit der Untersuchung von Bose-Einstein-Kondensaten mit langreichweitiger Wechsel-
wirkung auf den Bereich nichtlinearer Schrödingersysteme ausgedehnt. Für Kondensate
mit attraktiver, monopolarer Wechselwirkung werden Zerfallsraten mit Hilfe einer unter-
schiedlichen Anzahl gekoppelter Gaußfunktionen und in unterschiedlichen Normalform-
ordnungen berechnet und verglichen. Höhere Normalformordnungen ergeben dabei im
Allgemeinen wesentliche Korrekturen zur Zerfallsrate. Im Bereich tiefer Temperaturen
beobachtet man die Konvergenz der Rate in achter Ordnung.

Schließlich wird der thermisch induzierte Kollaps von dipolaren Kondensaten untersucht,
welche in bestimmten Bereichen der physikalischen Parameter eine bikonkave Grundzu-
standswellenfunktion aufweisen. Es wird gezeigt, dass für diese der erstaunliche Effekt
einer symmetriebrechenden Kollapsdynamik auftreten kann. Dieser Effekt steht direkt
in Verbindung zur Struktur der Grundzustandswellenfunktion und er hängt von der
Geometrie der externen Falle ab. Für den Fall eines Grundzustands mit „konventioneller“
Dichteverteilung weist der Kollaps eine s-Wellensymmetrie auf, während er im Falle einer
Blutplättchenform eine d-Wellensymmetrie besitzt. Es zeigt sich, dass der thermisch
induzierte Kollaps nahe der Stabilitätsschwelle wichtig ist, wo die Barriere klein und die
Zerfallsrate hoch ist. Bei 52Cr-Atomen, mit denen dipolare Kondensate erstmals realisiert
wurden, hat der Bereich eine Ausdehnung in der Größenordnung eines Bohrradius ober-
halb der kritischen Streulänge. Die Lebensdauer des Kondensats kann dort auf bis zu eine
Millisekunde reduziert sein. Für die Elemente 164Dy und 168Er, die ebenfalls kondensiert
wurden, sind die Auswirkungen sogar noch stärker, in dem Sinne, dass der relevante
Bereich der Streulänge größer und die Barriere kleiner werden, sodass die Zerfallsrate
zunimmt.
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Abstract

Bose-Einstein condensates are bosonic many-body systems in which the quantum me-
chanical ground state is macroscopically occupied. If the interparticle interaction between
the single bosons is attractive, this ground state is metastable and separated from the
collapse by a barrier. A sufficient thermal excitation of the condensate can enable the
crossing of this barrier and induce its collapse.

In this thesis, the corresponding decay mechanism of the thermally induced coherent
collapse of Bose-Einstein condensates with additional long-range interaction is investigated
for the first time. For the description of the condensate’s dynamics a variational approach
to the quantum wave function is used, which allows for the precise determination of the
system’s transition state that governs the reaction dynamics.

In order to quantitatively calculate the decay rate and lifetime of the condensate,
respectively, a novel transition state theory for quantum wave packets is developed. This
is based on a variational approach as well as normal form expansions of the dynamical
equations and the energy functional in the vicinity of the transition state. The dynamical
equations obtained from the variational approach induce a symplectic structure onto
the space of variational parameters. Furthermore, the normal form expansions serve
as a tool to locally construct canonical coordinates on this symplectic manifold. For
this purpose, the dynamical equations as well as the energy functional are expanded
and diagonalized. The eigenvectors of the linearized equations of motion thereby define
a symplectic basis of the system. Afterwards, the transformations of the higher-order
terms are carried out in two steps via nonlinear near-identity transformations: In the
first step, the nonresonant terms of the expansions are eliminated and in the second step
the remaining resonant terms are transformed in such a way that they fulfill canonical
equations. The combination of these methods finally allows for the application of the
well-established classical transition state theory. The procedure is valid for a wide variety
of trial wave functions, for arbitrary dimensions of the variational space, in arbitrary order
of the expansions, and it is independent of the precise form of the Hamilton operator.

In addition, a procedure to handle bifurcations in the transition state is developed using
a uniform rate formula in connection with an appropriate normal form of the potential
energy surface. In contrast to the usual treatment which breaks down at the point of
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the bifurcation, the new method allows to cross the bifurcation smoothly, because it is
valid on both sides of the bifurcation as well as arbitrarily close to it. At the same time,
one can calculate the flux over the whole configuration of saddles which emerge in the
bifurcation.

The applicability of the newly developed transition state theory for wave packets is
demonstrated for a cubic potential well. The thermal decay rates of a point particle
and a frozen Gaussian wave packet, respectively, are calculated within the classical and
quantum normal form approaches as well as the variational one. It is shown that the
variational approach is capable to perfectly reproduce both the classical and quantum
normal form results of the point particle in different limits. In the limit of a narrow trial
wave function it agrees perfectly with the results using the classical normal form. The
results with a broader trial wave function go even beyond the classical approach, i.e.
they coincide with those of the quantum normal form.

In the field of Bose-Einstein condensates with long-range interaction the application of
transition state theory for quantum wave packets is extended to the field of nonlinear
Schrödinger systems. For condensates with attractive 1/r-interaction, the thermal decay
rates are calculated for different numbers of coupled Gaussian wave functions as well
as different normal form orders. Significant corrections of the decay rate are obtained
with increasing order of the normal forms. In the low-temperature regime convergence is
observed in eighth order of the expansions.

Finally, the thermally induced coherent collapse of dipolar condensates is investigated.
These exhibit the feature of a biconcave ground state density distribution for certain
values of the physical parameters. It is shown that such condensates reveal the astonishing
effect of a symmetry-breaking collapse dynamics. This effect is directly related to the
occurrence of the structured ground state, and it depends on the geometry of the external
trapping potential. In case of a “conventional” density distribution, the collapse possesses
an s-wave symmetry, while it has a d-wave symmetry in case of a blood-cell shaped
ground state. The thermally induced coherent collapse plays a major role close to the
stability threshold where the energy barrier is small and the decay rates are high. In case
of 52Cr atoms, dipolar condensate have been first realized with, the region of interest is
on the order of a Bohr radius above the critical scattering length. There, the lifetime of
the condensate can be reduced to a millisecond. For the elements 164Dy and 168Er which
have also been condensed in the laboratory, the effects become even stronger, i.e. the
parameter region of importance becomes larger, the energy barriers become smaller, and
the decay rates are higher.
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1 Introduction

1.1 Motivation and purpose of this thesis

One of the major physical progresses achieved within the last decades was the creation of
ultracold temperatures near absolute zero in atomic gases. This access to temperatures
in the micro- and nanokelvin regime was made possible by significant progresses in
cooling mechanisms, such as the laser cooling [1] and evaporative cooling [2]. Finally,
these two cooling mechanisms opened the door to the first creation of Bose-Einstein
condensates (BECs) in 1995 [3–5]. The phenomenon of Bose-Einstein condensation
has been predicted by Einstein [6, 7] and Bose [8] in 1924/25 as a purely quantum
mechanical phase transition. Here, the quantum mechanical ground state of a bosonic
many-body system is macroscopically occupied when it is cooled down below a critical
temperature. The realization of the first BECs started an active field of theoretical
as well as experimental investigations and the list of condensed elements was soon
extended. Today it includes, among others, elements with long-range and anisotropic
dipolar interaction [9–11], and also condensates of quasiparticles [12–16].

BECs are of great interest because they form an ideal quantum laboratory in the sense
that the system can be extraordinarily well controlled and manipulated. This makes
them ideal candidates for applications in e.g. precision measurements [17] and quantum
computation [18]. The controllability is caused mainly by two facts: On the one hand,
BECs are very dilute systems. On the other hand, the interparticle interactions occurring
in BECs, such as the low-energy s-wave scattering between two bosons, the laser-induced
1/r-interaction [19] or the dipole-dipole interaction [20] can be tuned in experiments. In
the first case of the scattering interaction, this is possible via Feshbach resonances [21]
due to an external magnetic field, in the second case via the intensity of the laser
beams, and in the last case via a rotating, external field. In addition, the diluteness
of the quantum gas also benefits the theoretical description of the condensate, leading
to a remarkably successful mean-field approach to the gas: The single bosons can –
independently of the condensate fraction and the temperature – be well described by the
Hartree-Fock-Bogoliubov equations [22,23], which in the limit of low-temperature (T → 0)
and vanishing condensate depletion merge into the Gross-Pitaevskii equation [24, 25].
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1 Introduction

Because of the mean-field approach, the latter is a nonlinear Schrödinger equation, and,
therefore, it exhibits exotic features of nonlinear dynamics, such as the occurrence of
bifurcations.

A topic of great interest is the stability of the condensate, especially in the case of
an attractive interparticle interaction. In this case the BEC is a metastable state and
several mechanisms can contribute to its decay, e.g. inelastic three-body collisions [26],
dipolar relaxation [27], macroscopic quantum tunneling [28–30], or the decrease of the
s-wave scattering length below its critical value [31]. However, taking all these processes
into account, there are still differences between theoretical predictions and experimental
measurements. One of them is the stability threshold in dipolar BECs. Koch et al. [32]
have measured this critical scattering length, below which the condensate cannot exist,
in dependence of the trap aspect ratio of the external trap. For a wide range of the trap
aspect ratio, they obtained values that were systematically larger than predicted in their
theoretical investigations. Therefore, it stands to reason, if there is an additional decay
mechanism to the ones discussed above, which leads to the decay of the BEC in the
vicinity of the critical scattering length, or which at least shortens its lifetime in such a
way that its existence can no longer be proved experimentally.

With focus on this question, the field of ultracold quantum gases is investigated in
this thesis. It is shown that the decay mechanism of the thermally induced coherent
collapse of BECs is important. This process is based on the fact that thermal quasi-
particle excitations in a BEC lead to time-dependent density fluctuations of the gas. If
the interparticle interaction is attractive, these fluctuations can induce the collapse of
the condensate, when the density locally becomes high enough, so that the attraction
can no longer be compensated by the quantum pressure. It will be shown that this
process is important near the critical scattering length, where the attraction between the
bosons becomes dominant. In addition to the investigation of this decay mechanism in a
qualitative way, the corresponding decay rate and the mean lifetime of the condensate,
respectively, are to be calculated.

The method of choice for such calculations is the framework of transition state theory
(TST). This theory has been established in the 1930s mainly by Eyring [33], Wigner
[34], Evans, and Polanyi [35] in order to describe chemical reactions qualitatively as
well as quantitatively. Since then, it has been successfully applied to several fields in
chemical sciences, and although the basic idea remained the same, further contributions
have come from the theoretical side up to the recent years [36]. The theory also succeeded
remote from its origin in the fields of atomic [37] and solid state physics [38], the physics
of clusters [39,40], diffusion dynamics [41,42], cosmology [43], celestial mechanics [44,45],
liquids [46], and simple approaches to BECs [47–49]. The broad success in this wide field
of applications is due to the very fundamental assumptions of TST. On the one hand,
these consist of the fact that the system can be described by a classical Hamilton function
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1.1 Motivation and purpose of this thesis

in canonical coordinates. The latter can either be an inherent part of the underlying
model or – in case of chemical reactions – they are obtained by an ab initio calculated
potential energy surface in Born-Oppenheimer approximation. On the other hand, one
must be able to divide the phase space into reactants and products, which are separated
by a dividing surface. The reaction rate is, then, given by the flux through the latter.

However, there arise fundamental questions in the theory’s general application to the field
of BECs: The above mentioned examples have in common that all the systems consist
of point particles, which can be described by a classical Hamilton function. If instead
the system is described by its quantum mechanical wave function, which is a nonlocal
and complex object, there exists no systematic way to apply TST. Therefore, a major
objective of this thesis is to establish such a procedure for nonlocal quantum mechanical
wave packets. The decisive tool to achieve this goal will be the description of the quantum
system within a variational framework. Here, the original wave function of the system
is replaced by an appropriate trial wave function depending on a set of variational
parameters. The energy functional of the system is obtained as the expectation value of
the corresponding many-body Hamilton operator, and the dynamics of the system in the
Hilbert subspace spanned by the variational parameters is described by a time-dependent
variational principle (TDVP) [50,51]. As will be shown, the latter possesses the property
of a noncanonical Poissonian structure [52, 53]. Moreover, it defines a noncanonical
Hamiltonian system on the symplectic space of the variational parameters under very
general assumptions to the trial wave function and independently of the precise form of
the Hamilton operator. Using normal form expansions [54] of the dynamical equations
as well as the energy functional, canonical coordinates can be constructed, in which
the original energy functional serves as a classical Hamiltonian. For this purpose, the
equations of motion as well as the energy functional are first expanded and diagonalized,
and the eigenvectors of the linearized dynamical equations serve as a symplectic basis the
system. Afterwards, the transformation of the higher-order terms are carried out in two
steps via nonlinear near-identity transformations: First, the nonresonant terms of the
expansions are eliminated. Second, the remaining resonant terms are transformed in such
a way that they fulfill canonical equations. Finally, the energy functional in canonical
normal form coordinates serves as classical Hamiltonian, which locally describes the
quantum system equivalently to the original variational approach, so that classical TST
can be applied.

Independently of the application to wave packet dynamics, the treatment of bifurcations
in the transition state is challenging and, in general, it leads to the breakdown of crucial
geometric objects used to define the dividing surface [36]. Therefore, another important
development of this thesis is the treatment of bifurcations using a uniform rate formula.
In this thesis, the latter will be applied to the case of a pitchfork bifurcation, which
can occur in the transition state of dipolar BECs. Using a suitable normal form of
the potential energy surface, the method allows for smoothly crossing the bifurcation
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1 Introduction

and, far away from the bifurcation, it merges into the usual treatment by construction.
The procedure is also able to treat other types of bifurcations, if one makes use of an
appropriate normal form of the potential. The methods developed will be applied to
a metastable state in a cubic potential well which allows for the comparison with the
well-established methods and to the field of BECs with long-range monopolar and dipolar
interaction.

1.2 Outline of this thesis

This thesis is organized as follows: In the following Chap. 2 the description of a quantum
system within a variational framework using complex variational parameters is introduced,
and the noncanonical Hamiltonian structure is discussed in case that the real and
imaginary parts of the variational parameters are treated separately.

In Chaps. 3 and 4, the application of TST to quantum mechanical wave packets is
developed. Chapter 3 presents the normal form expansion of the dynamical equations
as well as the energy functional in variational space. Therewith, canonical coordinates
will be extracted from the variational parameters in a natural way. In Chap. 4, the
configuration and phase space approaches as well as quantum corrections to TST are
reviewed. From this point of view, the application of TST to wave packet dynamics
using the results of Chap. 3 is presented. Moreover, a method to treat bifurcations in
the transition state is introduced using a uniform rate formula together with a normal
form of the potential energy surface.

Chapters 5 to 7 present the application of the methods developed to several physical
systems. In Chap. 5, the method to treat reaction dynamics of wave packets is applied
to a cubic potential well. Comparisons are made with the well-established classical and
quantum theory for the corresponding point particle. The Chaps. 6 and 7 present the
application to the field of BECs: Chapter 6 introduces the basic theoretical treatment
of these ultracold quantum gases, and discusses possible interparticle interactions and
excitations. In Chap. 7 the results of the application to BECs with monopolar and
dipolar interactions is presented.

In Appx. A the coordinate-free definition of Hamiltonian systems [55] and the existence
of canonical coordinates according to Darboux [56] are discussed. In Appx. B the
mathematical formalism of Lie transforms of dynamical systems [54] is reviewed, and in
Appx. C a numerical example for the normal form procedure developed in this thesis is
presented. Finally, the application of the time-dependent variational principle to BECs
with long-range interaction is demonstrated in Appx. D.
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2 Variational approach to quantum
wave packet dynamics

A quantum system is, in general, described by its wave function ψ(r, t), and its time
evolution is in the nonrelativistic case given by the Schrödinger equation (see, e.g., the
textbooks [57–59])

i~ ∂
∂t
ψ(r, t) = Ĥψ(r, t) . (2.1)

Here, Ĥ = Ĥl + Ĥnl is the Hamilton operator of the respective system, and in this thesis
linear Hamilton operators Ĥl as well as nonlinear contributions Ĥnl of the Gross-Pitaevskii
type [24,25] are taken into account,

Ĥl = − ~2

2m∆ + Vext(r) , (2.2a)

Ĥnl =
∫

d3r′ Vint(r, r′) |ψ(r′, t)|2 . (2.2b)

The first term Ĥl describes the single-particle interaction with an external potential
Vext(r). The second one Ĥnl can arise as a consequence of interparticle interactions
Vint(r, r′) within a mean-field approximation (see Chap. 6), and setting Ĥnl = 0 one
recovers the standard linear Schrödinger theory.

Depending on the particular quantum system, the time evolution can be solved analytically
or only numerically which can e.g. be done approximately using the split operator
method [60]. The Schrödinger equation (2.1) allows for the general description and
calculation of quantum dynamics. However, considering the numerical calculation for a
given physical system, i.e. for a particular Hamilton operator Ĥ, problems can occur
in practical use: On the one hand, the solution of the time-independent Schrödinger
equation by direct numerical integration with appropriate initial values of the wave
function and its derivative is limited to the case of a one-dimensional system. On the
other hand, the effort to solve it numerically by the discretization of the wave function
on a grid increases exponentially with the dimension of the system.

Therefore, methods are required which reduce the numerical effort and allow for an
approximate and numerically feasible solution of the time-dependent Schrödinger equation
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2 Variational approach to quantum wave packet dynamics

(2.1). A very successful approach for this purpose is the description of the quantum
system within the framework of a variational approach. Such variational approaches have
been widely used in quantum mechanics and especially Gaussian variational approaches
have been applied successfully to the fields of molecular [61–66], atomic [67–69] as well
as nuclear [70, 71] physics.

Variational approaches to quantum systems also play a crucial role in this thesis. Hence,
these methods and their background are discussed in this chapter. In Sec. 2.1 the trial
wave function as the basic object of the variational approach is introduced and the
evaluation of expectation values is discussed. In Sec. 2.2 the calculation of the system’s
dynamics within the variational approach is described by applying a time-dependent
variational principle (TDVP). In Sec. 2.3, the noncanonical Hamiltonian structure behind
the TDVP is presented. The equations of motion are rewritten in terms of the real and
imaginary parts of the complex variational parameters. It is shown that, by this step, the
dynamical equations take a structure, which is formally equivalent to that of Hamilton’s
equations within the standard canonical description.

2.1 Trial wave function and expectation values within
the variational framework

As discussed above, it is possible to significantly simplify the calculation of quantum
dynamics if one describes the quantum system within a variational framework. The
Schrödinger equation is solved approximately by replacing the original wave function
ψ(r, t) by a trial wave function

ψ(r, t) = ψ(r, z(t)) . (2.3)

Here, z(t) = [z1(t), z2(t), . . . , zd(t)]T is a set of d complex and time-dependent variational
parameters, and the time evolution of the wave function (2.3) is completely determined
by that of the variational parameters. Via the ansatz (2.3) the dynamics is restricted
to the Hilbert subspace spanned by the trial wave function. This leads to a significant
reduction of the system’s degrees of freedom and decreases the numerical effort for the
calculation of the corresponding quantum dynamics.

In the framework of the variational approach to a quantum system with the trial
wave function (2.3), expectation values of the system’s observables, in general, become
functions depending on the variational parameters z(t). Let Â be an observable, then,
its expectation value is given by the function

A(z(t)) =
〈
ψ(r, z(t))

∣∣∣ Â ∣∣∣ψ(r, z(t))
〉

. (2.4)
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2.2 Time-dependent variational principle

In particular, the energy functional of the system is given by

E(z(t)) =
〈
ψ(r, z(t))

∣∣∣ Ĥl + 1
2Ĥnl(z(t))

∣∣∣ψ(r, z(t))
〉

, (2.5)

where the additional factor 1/2 is included in order to avoid a double counting of the
interparticle interactions described by the term Ĥnl.

2.2 Time-dependent variational principle

Besides expectation values of a system which can be obtained via the set of variational
parameters z(t) according to Eq. (2.4) at any time t, the time evolution of the system
itself is of interest. To calculate the dynamics, the Schrödinger equation (2.1) needs
to be solved within the Hilbert subspace of the variational ansatz (2.3) which can be
done by applying a TDVP. In the following, the Dirac-Frenkel-McLachlan variational
principle [50,51] is applied. By this, the partial differential equation (2.1) is reduced to a
set of first-order ordinary differential equations which determines the time evolution of
the variational parameters z(t).

The Dirac-Frenkel-McLachlan variational principle claims to minimize the norm of the
difference between the left- and the right-hand side of the Schrödinger equation (2.1),

I ≡ ‖iφ− Ĥψ‖2 =
〈
−iφ− Ĥψ

∣∣∣iφ− Ĥψ〉 != min. (2.6)

Here, ~ = 1 has been set, the arguments of the wave function ψ have been omitted for
brevity, and also the time dependence of the variational parameters z will be dropped in
the following. The quantity I is minimized with respect to φ and φ ≡ ψ̇ is set afterwards.
This means that the Schrödinger equation is solved within the Hilbert subspace of the
variational ansatz with the least possible error. Since the approximate solution of the
Schrödinger equation is intended to minimize the quantity I, its variations must vanish,

δI =
〈
−i δφ

∣∣∣iφ− Ĥψ〉+
〈
−iφ− Ĥψ

∣∣∣i δφ〉 != 0 . (2.7)

Because of Eq. (2.3), the time derivative of the trial wave function, φ = ψ̇, and its
variation δφ yield

φ =
d∑

m=1

∂ψ

∂zm
żm , δφ =

d∑
n=1

∂ψ

∂zn
δżn , (2.8)

so that one obtains

δI =
d∑

m,n=1

〈
∂ψ

∂zm

∣∣∣∣∣− ∂ψ

∂zn
żn − iĤψ

〉
δż∗m +

〈
− ∂ψ
∂zn

żn + iĤψ
∣∣∣∣∣ ∂ψ∂zm

〉
δżm

!= 0 . (2.9)
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2 Variational approach to quantum wave packet dynamics

For complex variational parameters z, the variations with respect to δż and δż∗ are
independent, and the respective coefficients must vanish. This yields

d∑
n=1

〈
∂ψ

∂zm

∣∣∣∣∣ ∂ψ∂zn żn + iĤψ
〉

= 0 (2.10)

or the equivalent form
d∑

n=1

〈
∂ψ

∂zm

∣∣∣∣∣ ∂ψ∂zn
〉
żn = −i

〈
∂ψ

∂zm

∣∣∣∣∣Ĥψ
〉

. (2.11)

Together with the definition of the matrix K̃ and the vector h̃ with the entries

K̃mn ≡
〈
∂ψ

∂zm

∣∣∣∣∣ ∂ψ∂zn
〉

, (2.12a)

h̃m ≡
〈
∂ψ

∂zm

∣∣∣∣∣Ĥψ
〉

, (2.12b)

Eq. (2.11) can be rewritten in the particularly simple form of a matrix-vector-equation,

K̃ż = −ih̃ . (2.13)

In conclusion, the calculation of the quantum dynamics is reduced to the solution of the
set of first-order ordinary differential equations (2.13). The matrix K̃ is independent
of the physical properties of the system investigated, because it does not include the
Hamilton operator Ĥ. Instead, it is solely determined by the trial wave function ψ
and the set of variational parameters. In the following, the matrix K̃ is assumed to
be invertible throughout, so that Eq. (2.13) can be solved for the time derivatives ż
uniquely.

2.3 Noncanonical Hamiltonian structure of the
time-dependent variational principle

The dynamical equations (2.13) are formulated in complex variables z. As will be
discussed in the following, they exhibit a noncanonical Poissonian structure [52, 53]
concerning the real and imaginary parts of the variational parameters. This structure
becomes especially obvious, if one rewrites Eq. (2.13) for the respective real and imaginary
parts separately (see the following Sec. 2.3.1). The form of the resulting equations of
motion directly allows for the interpretation of the variational approach as a noncanonical
Hamiltonian system as defined in Appx. A, whose Hamilton function is given by the
energy functional (see Sec. 2.3.2).
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2.3 Noncanonical Hamiltonian structure of the time-dependent variational principle

2.3.1 Time-dependent variational principle for real parameters

As mentioned above, better insight into the structure of the equations of motion (2.13)
can be gained if they are reformulated in terms of real parameters, namely the real and
imaginary parts zr,i of the complex variational parameters zm = zr

m + izi
m. Splitting the

respective terms in Eq. (2.12) into their real and imaginary parts according to〈
∂ψ

∂zm

∣∣∣∣∣ ∂ψ∂zn
〉

= Re
〈
∂ψ

∂zm

∣∣∣∣∣ ∂ψ∂zn
〉

+ i Im
〈
∂ψ

∂zm

∣∣∣∣∣ ∂ψ∂zn
〉

, (2.14a)〈
∂ψ

∂zm

∣∣∣∣∣Ĥψ
〉

= Re
〈
∂ψ

∂zm

∣∣∣∣∣Ĥψ
〉

+ i Im
〈
∂ψ

∂zm

∣∣∣∣∣Ĥψ
〉

, (2.14b)

one obtains two coupled systems of equations from the real and imaginary part of Eq.
(2.13) which can be rewritten in matrix form as

d∑
n=1


− Im

〈
∂ψ

∂zm

∣∣∣∣∣ ∂ψ∂zn
〉

Re
〈
∂ψ

∂zm

∣∣∣∣∣ ∂ψ∂zn
〉

Re
〈
∂ψ

∂zm

∣∣∣∣∣ ∂ψ∂zn
〉

Im
〈
∂ψ

∂zm

∣∣∣∣∣ ∂ψ∂zn
〉
 ·

(
żi
n

żr
n

)
=


Im

〈
∂ψ

∂zm

∣∣∣∣∣Ĥψ
〉

−Re
〈
∂ψ

∂zm

∣∣∣∣∣Ĥψ
〉
 . (2.15)

If the trial wave function is complex differentiable with respect to the variational parame-
ters, then it fulfills the Cauchy-Riemann differential equations

∂ψr

∂zr
m

= + ∂ψi

∂zi
m

, (2.16a)

∂ψr

∂zi
m

= − ∂ψ
i

∂zr
m

, (2.16b)

where ψr,i denote the real and imaginary parts of the wave function ψ = ψr+iψi. From the
Cauchy-Riemann differential equations, one obtains the relation between the derivative
of the trial wave function with respect to the real and imaginary parts of the variational
parameters as

∂ψ

∂zr
m

= ∂ψr

∂zr
m

+ i ∂ψ
i

∂zr
m

= ∂ψi

∂zi
m

− i ∂ψ
r

∂zi
m

= −i ∂ψ
∂zi

m

. (2.17)

Moreover, from Eq. (2.17) together with the Wirtinger calculus [72]
∂

∂zm
= 1

2

(
∂

∂zr
m

− i ∂
∂zi

m

)
(2.18)

it can be shown that 〈
∂ψ

∂zm

∣∣∣∣∣ ∂ψ∂zn
〉

=
〈
∂ψ

∂zr
m

∣∣∣∣∣ ∂ψ∂zr
n

〉
=
〈
∂ψ

∂zi
m

∣∣∣∣∣ ∂ψ∂zi
n

〉
, (2.19a)〈

∂ψ

∂zm

∣∣∣∣∣Ĥψ
〉

=
〈
∂ψ

∂zr
m

∣∣∣∣∣Ĥψ
〉

= i
〈
∂ψ

∂zi
m

∣∣∣∣∣Ĥψ
〉

. (2.19b)
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2 Variational approach to quantum wave packet dynamics

One can use Eqs. (2.17) and (2.19) to rewrite the entries of the matrix on the left-hand
side of Eq. (2.15) which yields

Im
〈
∂ψ

∂zm

∣∣∣∣∣ ∂ψ∂zn
〉

= Im
〈
∂ψ

∂zr
m

∣∣∣∣∣ ∂ψ∂zr
n

〉
= Im

〈
∂ψ

∂zi
m

∣∣∣∣∣ ∂ψ∂zi
n

〉
, (2.20a)

Re
〈
∂ψ

∂zm

∣∣∣∣∣ ∂ψ∂zn
〉

= − Im
〈
∂ψ

∂zi
m

∣∣∣∣∣ ∂ψ∂zr
n

〉
= Im

〈
∂ψ

∂zr
m

∣∣∣∣∣ ∂ψ∂zi
n

〉
. (2.20b)

Analogously, one obtains for the vector on the right-hand side of this equation

Im
〈
∂ψ

∂zm

∣∣∣∣∣Ĥψ
〉

= Re
〈
∂ψ

∂zi
m

∣∣∣∣∣Ĥψ
〉

, (2.21a)

Re
〈
∂ψ

∂zm

∣∣∣∣∣Ĥψ
〉

= Re
〈
∂ψ

∂zr
m

∣∣∣∣∣Ĥψ
〉

. (2.21b)

Inserting Eqs. (2.20) and (2.21) into Eq. (2.15), the latter can be rewritten in a form, in
which the real parameters zr,i

m only occur separately,

d∑
n=1

Im



〈
∂ψ

∂zi
m

∣∣∣∣∣ ∂ψ∂zi
n

〉 〈
∂ψ

∂zi
m

∣∣∣∣∣ ∂ψ∂zr
n

〉
〈
∂ψ

∂zr
m

∣∣∣∣∣ ∂ψ∂zi
n

〉 〈
∂ψ

∂zr
m

∣∣∣∣∣ ∂ψ∂zr
n

〉
 ·

(
żi
n

żr
n

)
= −Re



〈
∂ψ

∂zi
m

∣∣∣∣∣Ĥψ
〉

〈
∂ψ

∂zr
m

∣∣∣∣∣Ĥψ
〉
 . (2.22)

This form motivates the introduction of the 2d-dimensional, real vector x ≡ (zi, zr)T in
which all the real variational parameters are combined. Using this notation, Eq. (2.22)
becomes

d∑
n=1

Im
〈
∂ψ

∂xm

∣∣∣∣∣ ∂ψ∂xn
〉
ẋn = −Re

〈
∂ψ

∂xm

∣∣∣∣∣Ĥψ
〉

, (2.23)

where m = 1, . . . , 2d. Analogously to the case of complex variational parameters, this
can be brought into the simple form

Kẋ = −h (2.24)

with the definitions

Kmn ≡ 2 Im
〈
∂ψ

∂xm

∣∣∣∣∣ ∂ψ∂xn
〉

, (2.25a)

hm ≡ 2 Re
〈
∂ψ

∂xm

∣∣∣∣∣Ĥψ
〉

. (2.25b)

Here, the factors 2 are included because of reasons that will become clear in Eqs. (2.30)–
(2.32). Note that the above made assumption on the trial wave function to be complex
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2.3 Noncanonical Hamiltonian structure of the time-dependent variational principle

differentiable is sufficient but not necessary in order to obtain the dynamical equations in
the form (2.24). This form can also be obtained directly from Eq. (2.7) if the variational
parameters occurring therein are assumed to be real. In this case, the variations δz and
δz∗ are not independent and both terms together lead to the form in Eq. (2.24). However,
arbitrary choices for the trial wave function are, in general, not possible, because they
can e.g. violate the assumption of the real variational space to have an even dimension,
which will be crucial for the further investigations.

2.3.2 The variational approach as a noncanonical Hamiltonian
system

In this section, it is shown that the dynamical equations (2.24) with the matrix K and
the vector h in Eq. (2.25) define a Hamiltonian system in the neighborhood of any point
x0 in the (real) space of variational parameters according to the coordinate-free definition
of Hamiltonian systems given in Appx. A. For this purpose, the matrix K as well as
the vector h in Eqs. (2.25) are investigated in more detail in the following. It turns out
that the matrix K induces a symplectic structure on the space of the real variational
parameters R2d. Moreover, the rewriting of the vector h in terms of a derivative of
the energy functional reveals that the latter serves as Hamilton function on this space.
Both these properties hold in general, i.e. they are independent of the precise form
of the Hamilton operator occurring in the vector h, so that this behavior is observed
independently of the precise physical system investigated.

The matrix K

As already mentioned above, the matrix K is assumed to be invertible. The crucial
property, which makes the matrix induce a symplectic geometry on the space of variational
parameters, is the fact that it is skew-symmetric,

Kmn = 2 Im
〈
∂ψ

∂xm

∣∣∣∣∣ ∂ψ∂xn
〉

= −2 Im
〈
∂ψ

∂xn

∣∣∣∣∣ ∂ψ∂xm
〉

= −Knm . (2.26)

Here, the minus sign occurs because of the complex conjugation in the second step
and the definition of the matrix as the imaginary part of the bracket. As a matrix, K
naturally defines a bilinear form on the space of real variational parameters x. If the
arguments of this bilinear form are differentials dx, this bilinear form is a differential
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2 Variational approach to quantum wave packet dynamics

2-form

ω2 =
2d∑

m,n=1
m<n

Kmn dxm ∧ dxn , (2.27)

where the skew-symmetric behavior of K is taken into account by the wedge product
dxm∧dxn = −dxn∧dxm. The 2-form ω2 in Eq. (2.27) has the following properties: First,
it is skew-symmetric by definition. The origin of this behavior is the skew-symmetry of
the matrix K. Second, ω2 is nondegenerate, i.e. for every dxm 6= 0 there exists a dxn
such that ω2 6= 0, because of the assumption that the matrix K be invertible. Third, it
is closed, because the exterior derivative of the 2-form (2.27) vanishes,

dω2 =
2d∑

m,n,k=1
m<n

∂Kmn

∂xk
dxk ∧ dxm ∧ dxn = 0 . (2.28)

The latter property follows from the definition of the matrix K in Eq. (2.25a). Because
its derivative with respect to xk is

∂xk
Kmn = Im

〈
∂2ψ

∂xk∂xm

∣∣∣∣∣ ψ∂xn
〉
− Im

〈
∂2ψ

∂xk∂xn

∣∣∣∣∣ ψ∂xm
〉

, (2.29)

the single terms cancel out when the summation in Eq. (2.28) is carried out over m,n, k.
In conclusion, the space of real variational parameters R2d together with the 2-form ω2

in Eq. (2.27) defines the symplectic space (R2d,ω2).

The vector h

According to the definition of Hamiltonian systems in Appx. A, a dynamical system is a
Hamiltonian one, if the dynamical equations are related via a symplectic 2-form to the
differential of a function. Beyond the symplectic nature of the variational space discussed
above, the latter property can be easily shown, regarding the derivative of the energy
functional (2.5). For this, one obtains after separating the complex parameters z ∈ Cd

by their real and imaginary parts x ∈ R2d

∂

∂x
E(x) = ∂

∂x

〈
ψ(x)

∣∣∣ Ĥl + 1
2Ĥnl(x)

∣∣∣ψ(x)
〉

= 2 Re
〈
∂ψ(x)
∂x

∣∣∣∣∣ Ĥl + Ĥnl(x)
∣∣∣∣∣ψ(x)

〉

= 2 Re
〈
∂ψ(x)
∂x

∣∣∣∣∣ Ĥ
∣∣∣∣∣ψ(x)

〉
, (2.30)
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where the factor 1/2 in front of the nonlinear contribution Ĥnl(x) cancels out due to the
product rule and the structure of the nonlinear term (2.2b). Comparing Eq. (2.30) with
the definition of the vector h in Eq. (2.25b), it is clear that the latter can be rewritten
as the differential of the energy functional,

h = ∂E(x)
∂x

. (2.31)

Substituting the vector h, the equations of motion (2.24) can be written equivalently as

Kẋ = −∂E(x)
∂x

, (2.32)

Thus, the vector field ẋ on the symplectic manifold (R2d,ω2) is related to the differential
of a function on phase space, namely that of the energy functional E(x). Consequently,
the variational space R2d with the symplectic 2-form ω2 in Eq. (2.27) and the vector field
ẋ defined in Eq. (2.32), (

R2d,ω2, ẋ
)

, (2.33)

are a Hamiltonian system [cf. Eq. (A.18) in Appx. A]. Note the formal equivalence of
Eq. (2.32) with Hamilton’s equations in standard canonical coordinates [see Eq. (A.7) in
Appx. A], which both exhibit the same structure. The left-hand side is a skew-symmetric
matrix inducing the symplectic structure that is multiplied by the time-derivative of the
respective coordinates. This product equals the derivative of a real function of these
coordinates, which represents the energy of the system.

The fact that the real variational parameters x in Eq. (2.32) are noncanonical variables
manifests itself in the fact that the matrix K is not equal to the standard symplectic
matrix

J ≡


J1 0

. . .
0 J1

 , with J1 ≡
(

0 1
−1 0

)
, (2.34)

but it exhibits a more complicated structure. By the matrix K, the time-derivatives of
the single coordinates ẋm are, in general, coupled to all the partial derivatives ∂E/∂xm
of the energy functional. By contrast, each of the derivatives ẋm is only coupled to a
single partial derivative of the Hamiltonian by the matrix J in the case of standard
canonical coordinates.

Poissonian structure and conservation laws of the TDVP

The dynamical equations (2.32) exhibit a Poissonian structure. This becomes obvious
if one defines the generalized Poisson bracket [52,53] of two functions A and B on the
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variational space according to

{A(x),B(x)}K ≡ −
2d∑

m,n=1

∂A(x)
∂xn

K−1
mn

∂B(x)
∂xm

. (2.35)

Due to the skew-symmetry of the matrix K in Eq. (2.26), this Poisson bracket has the
properties {A,B} = −{B,A} and {A,A} = 0. With this definition, the dynamical
equations (2.32) can be rewritten as

ẋn = −
2d∑
m=1

K−1
mn

∂E(x)
∂xm

= {xn,E(x)}K . (2.36)

Furthermore, the time derivative of any function on the variational space can be expressed
as

d
dtA(x) =

2d∑
n=1

∂A(x)
∂xn

ẋn = −
2d∑

m,n=1

∂A(x)
∂xn

K−1
mn

∂E(x)
∂xm

= {A(x),E(x)}K . (2.37)

Consequently, a function A is conserved within the framework of the TDVP if its
generalized Poisson bracket with the energy functional vanishes, i. e.

dA(x)
dt = 0 , if {A(x),E(x)}K = 0 . (2.38)

In particular, the energy of the system is conserved along any trajectory obtained as a
solution of the TDVP, because {E,E}K = 0.

Existence of canonical variables

As described above, the variational approach in the framework of the TDVP naturally
defines a noncanonical Hamiltonian system. However, the knowledge of canonical
coordinates will be fundamental to the investigations in this thesis, because they allow
for the application of TST. Their existence is guaranteed by Darboux’s theorem (see
Refs. [56,73] and Appx. A.3), and the requirements to the application of this theorem –
namely skew-symmetry, nondegeneracy, and closedness of the 2-form (2.27) – are fulfilled
as discussed above. Thus, Darboux’s theorem can be directly applied to the space of the
variational parameters. In order to find such canonical coordinates in practice, a novel
method is developed in Chap. 3, by which they arise naturally as the result of a local
normal form expansion.
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2.3.3 Eigenvalue structure of the TDVP at fixed points

For the application of TST, fixed points ẋ = 0 of the dynamical equations (2.32) and
their local stability are of fundamental interest and importance. Their local stability is
determined by the linearized dynamical equations

K0 ẋ = −h1(x) = F x , (2.39)

where it is assumed that the fixed point is located at the origin for simplicity, which can
be achieved by a simple shift of the coordinates. K0 is the zeroth-order expansion of the
matrix K and h1(x) = −Fx is the linearized vector h(x) at the fixed point. Because
K is skew-symmetric in general, this property of course also holds for its zeroth-order
approximation. The matrix F is symmetric, because it is the negative Hessian matrix of
the energy functional according to Eq. (2.31), Fmn = −∂2E/∂xm∂xn. Consequently, the
equations

K0 = −KT
0 , F = FT (2.40)

hold. In order to obtain the eigenvalue spectrum of the linearized equations of motion,
the first-order differential equation (2.39) is solved using the ansatz

x(t) = v eλt , (2.41)

where λ ∈ C is a complex parameter, and v ∈ C2d is a complex vector. Inserting the
ansatz (2.41) into Eq. (2.39), one obtains the generalized eigenvalue equation

F v = λK0 v . (2.42)

The eigenvalues λm are the roots of the characteristic polynomial χ(λ) = det(F − λK0),
which has the property

χ(λ) = det(F − λK0) = det(F − λK0)T = det(F + λK0) = χ(−λ) , (2.43)

because of Eq. (2.40). Consequently, the characteristic polynomial is an even function in
λ. Thus, if λm is a root of the characteristic polynomial, then also −λm is a root, so that
all the eigenvalues ±λm of the linearized dynamical equations (2.39) occur pairwise with
different sign. Therefore, the eigenvalue spectrum of the linearized dynamical equations
in the vicinity of a fixed point always exhibits the structure

λ± = (+λ1,−λ1, . . . , +λd,−λd) . (2.44)
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Local stability of fixed points

Using the eigenvalue spectrum (2.44), the local stability of a fixed point can be evalu-
ated. Each eigenvalue λm is a complex parameter, so that there remain the following
possibilities:

(i) If a pair of eigenvalues ±λm = ±iωm (ωm ∈ R) is purely imaginary, Eq. (2.41)
exhibits an oscillatory behavior according to

x(t) ∼ e±iωmt (2.45)

for the corresponding time evolution, where ωm is the characteristic frequency of
the oscillation. A fixed point of the dynamical equations which solely possesses
purely imaginary eigenvalues ±iωm (m = 1, . . . , d) is stable and it is referred to
as an elliptic fixed point or as a “center”. The corresponding energy functional
exhibits a (local) minimum at this point.

If a pair of eigenvalues ±λm = ±κm ∈ R is purely real,

(ii) one obtains solutions
x(t) ∼ e±κmt (2.46)

that increase exponentially with time. If a fixed point possesses at least one pair of
real eigenvalues ±κm, it is locally unstable and referred to as a hyperbolic fixed
point. Such a fixed point is a saddle point of the corresponding energy functional.
Depending on the number of real eigenvalues, the saddles can be further subclassified,
and a saddle possessing k purely real pairs of eigenvalues ±κ1, . . . ,±κk (1 ≤ k ≤ d)
is referred to as a “rank-k saddle” in the following.

(iii) Complex pairs of eigenvalues ±λm = ±κm ± iωm ∈ C (λm,ωm ∈ R) correspond to
a mixed oscillatory and exponentially increasing behavior in analogy to the two
cases discussed above. On the one hand, also each complex eigenvalue λm + iωm
occurs in pairs due to the general structure in Eq. (2.44). On the other hand, it
must be possible to superpose the solutions (2.41) for a complex eigenvalue in a
way that an initially real vector x(t) remains real for all time. These two points
lead to the fact that complex eigenvalues can only occur in quadruples

(λm + iωm), (λm − iωm), (−λm + iωm), (−λm − iωm) . (2.47)

Because of reasons that will be discussed in Sec. 3.2, this case can be excluded from
the considerations in this thesis.
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3 Normal form expansion in variational
space and canonical structure of the
TDVP

Fixed points of the dynamical equations obtained from the TDVP play a crucial role
in the investigations of quantum systems within a variational approach. Beyond their
existence, the dynamical behavior of the system for small deviations from the fixed points
is often of interest. If these deviations are very small, the local dynamics can be described
by the linearized dynamical equations, whose most important properties are reflected
by their eigenvalue spectrum (2.44) (in this chapter the term eigenvalue always refers
to those of the linearized dynamical equations). However, for larger deviations of the
system from the fixed points, the linearization of the dynamics can be insufficient, and
higher order terms can become important. In order to systematically investigate also
these higher order terms, an appropriate extension of the proceeding is the normal form
expansion of the corresponding dynamical equations (see Ref. [54] and Appx. B).

Normal form expansions of canonical Hamiltonian systems are a standard tool to sys-
tematically investigate Hamilton’s equations in the vicinity of a fixed point [36]. Such
systems have the great advantage that it is possible to bring the dynamical equations
into their normal form by solely regarding and transforming the Hamiltonian, which they
are derived from. In this case, only a scalar field, namely the Hamilton function, needs
to be transformed, and one does not need to regard the full Hamiltonian vector field.
If the Hamiltonian H is given in terms of a set of canonical coordinates q,p then the
normal form of this Hamiltonian is given by (see Appx. B.3)

H̃(q,p) =
∞∑
j=0

1
j! adjW H(q,p) . (3.1)

Here,W is an appropriate generating function (see Ref. [36] for details on its construction)
and adW H = {W ,H} is the adjoint operator that equals the definition of the Poisson
bracket. The transformed Hamiltonian H̃ is said to be in normal form with respect to its
quadratic part H̃2, if {H̃, H̃2} = 0. It has the property that most of the original terms of
the expansion have been eliminated by the procedure and that there only remain such
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3 Normal form expansion in variational space and canonical structure of the TDVP

terms which are essential in order to keep the fundamental properties of the system. In
this sense, the Hamiltonian and, with it, Hamilton’s equations have been brought into
their simplest form via the normal form expansion.

The variational approach to a quantum system, Eq. (2.32), also defines a symplectic
Hamiltonian system as it has been discussed in the previous Chap. 2. However, this is
noncanonical, because neither a classical Hamilton function in canonical coordinates nor
such coordinates themselves are known. As a consequence, the usual treatment (3.1)
cannot be applied to the variational approach. Nevertheless, it is possible to transform
this system into its normal form by directly treating the dynamical equations (2.32) as
well as the energy functional (2.5) of the system. The construction of that normal form is
the topic of this chapter. The vector field defining the dynamical equations is considered
to be given in terms of a power series which can either be a formal power series or a
Taylor expansion. In practice, this Taylor expansion is truncated after some order, so
that the vector field then describes the dynamical system locally as an approximation to
the true system, and the error is of the order of the first term which is neglected.

The normal form expansion of a vector field is performed using a change of coordinates
via nonlinear near-identity transformations. The latter are determined implicitly by
generating functions, and the general technique to treat such a problem has been described
in detail by Murdock [54] for vector fields with arbitrary dimension and an arbitrary
eigenvalue spectrum. Within this procedure, the generating function is composed in a
way that as many as possible of the terms in the original vector field can be eliminated.
Whether or not this is the case is, thereby, solely determined by the eigenvalue structure
as it will be discussed below.

Due to the general eigenvalue structure (2.44) of the TDVP, the normal form expansion
of these equations can be brought into a structure in normal form coordinates which
allows for its interpretation as a canonical system. Together with the transformation
of the corresponding energy functional, the latter finally serves as a classical Hamilton
function, which is locally equivalent to the description of the system by the TDVP, but it
has the great advantage that it allows for the application of all methods which are known
from classical Hamiltonian mechanics. The procedure to construct this local Hamilton
function is presented in this chapter, and it consists of the following three steps (see Figs.
3.1 and 3.2):

(i) In the first step, the dynamical equations (2.24) are expanded in the vicinity of a
fixed point in variational space. Via a linear change of coordinates, the expansion
is transformed in a way that diagonalizes its linear part, and using a suitable
normalization of the eigenvectors, the latter define a symplectic basis of the system.
In this basis, the linearized dynamical equations can be written as a diagonal matrix,

30



Variational approach

K (x) ẋ = −∂xE (x) E = E (x)

(i) Expansion and symplectic basis

ẋ =
∑

n an(x) E (x) =
∑

n En(x)

(ii) Normal form transformations – nonresonant terms

ẏ =
∑

j
1
j! L

j
gna(x)

∣∣∣
x=y

E (y) =
∑

j
1
j! D

j
gnE (x)

∣∣∣
x=y

(iii) Normal form transformations – resonant terms

ẏ =
∑

j
1
j! L

j
gna(x)

∣∣∣
x=y

E (y) =
∑

j
1
j! D

j
gnE (x)

∣∣∣
x=y

Fig. 3.1: Scheme of the normal form procedure in variational space. The procedure consists
of (i) the local expansion and diagonalization, (ii) the normal form expansion of the
equations of motion as well as the energy functional using the nonresonant terms
of the generating function, and (iii) transformations using the resonant terms. The
nonresonant terms are used in order to generate the fundamental polynomial structure
of the normal form, while the resonant terms are determined in a way that canonical
equations are fulfilled. The equations refer to Secs. 3.1–3.3, where the single steps are
described in detail. See the text for further description.
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3 Normal form expansion in variational space and canonical structure of the TDVP

Normal form
coordinates

Fixed
point

Variational space R2d

Fig. 3.2: Schematic illustration of the normal form coordinates in variational space. The contour
lines represent isosurfaces of the energy functional E and the arrows depict the vector
field ẋ obtained from the TDVP. In the vicinity of a fixed point of the dynamical
equations (red circle), the normal form coordinates define a local coordinate system
whose origin is the fixed point and which is nonlinearly coupled to the variational
parameters.

whose entries are the eigenvalues with the general structure (2.44). Furthermore,
these coordinates are canonical ones in the first order of the expansion.

The transformation to this symplectic basis is applied to the full, nonlinearized
system. Analogously, the energy functional (2.5) of the system is expanded and the
same change of coordinates is applied to it.

(ii) Successive Lie transforms are applied to the diagonalized vector field defining the
equations of motion and to the energy functional of the system. Order by order, a
generating function is composed in a way that eliminates the nonresonant monomials.
Terms of lower order are not affected, but higher-order terms are modified.

In the generating function two different types of terms can be distinguished, namely
“nonresonant” and “resonant” coefficients (see below). The elimination of the
monomials is possible via the nonresonant terms, and all of them are determined
uniquely by the requirement that the corresponding monomials of the dynamical
equations shall be removed. Which of the terms remain after the Lie transforms
is solely determined by a resonance condition depending on the eigenvalues, and
because of the general structure (2.44) of the latter, the normal form exhibits
a certain polynomial structure. Finally, in normal form coordinates, both the
equations of motion as well as the energy functional exhibit a polynomial structure
which allows one to interpret the normal form coordinates as canonical variables.
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3.1 Local expansion and symplectic basis

(iii) The normal form expansions leave the freedom to choose the resonant terms of the
generating function, which occur in every odd order of the expansion. In the last
step, these free parameters are chosen in a way that the dynamical equations and
the energy functional fulfill canonical equations, i.e. the normal form coordinates
are canonical ones by construction.

Since this procedure maps the noncanonical variational parameters to canonical coor-
dinates, it is a realization of the construction of canonical coordinates according to
Darboux’s theorem. In the following Secs. 3.1–3.3, the steps (i)–(iii) are described
in detail. It is noted that the presentation of the last step (iii) differs from that in
Refs. [74, 75], but the methods are equivalent. In Sec. 3.4, the canonical structure of the
system in normal form coordinates is presented.

3.1 Local expansion and symplectic basis

Starting point of the normal form expansion is a local expansion of the equations of
motion (2.24) at a fixed point, which is shifted to the origin via a translation of the
coordinate system. If the system is described by d complex and, thus, 2d real variational
parameters, the expansion results in a 2d-dimensional real vector field. On the one hand,
the expansion of Eq. (2.24) up to the order nmax can be written in the form

(
nmax−1∑
n=0

Kn(x)
)
ẋ = −

nmax∑
n=1

hn(x) , (3.2)

where the matrix K and the vector h are expanded independently according to

K(x) ≈
nmax−1∑
n=0

Kn(x) =
nmax−1∑
|m|=0

Km x
m , (3.3a)

h(x) ≈
nmax∑
n=1

hn(x) =
nmax∑
|m|=1

hm x
m . (3.3b)

The terms Kn and hn summarize all terms of the respective expansion which are
homogeneous of degree n = |m|, and h0 = 0 vanishes because the expansion is performed
at a fixed point. Furthermore, the multi-index notation

xm = xm1
1 xm2

2 . . . xm2d
2d , (3.4a)

|m| = m1 +m2 + . . .+m2d (3.4b)
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3 Normal form expansion in variational space and canonical structure of the TDVP

with the integer vector m ∈ N2d
0 is used. Alternatively, the expansion can be carried out

equivalently in the form

ẋ = −K−1(x) h(x) ≈
nmax∑
n=1

fn(x) , (3.5)

where both K and h are combined on the same side of the equation. In the following,
the multivariate expansion of this form is denoted by

−K−1(x) h(x) ≡ f(x) ≈
nmax∑
n=1

fn(x) =
nmax∑
|m|=1

fm x
m . (3.6)

It is, again, emphasized that Eqs. (3.2) and (3.5) are equivalent. However, the form
(3.2) has the advantage that the original structure of Eq. (2.24) is preserved, i.e. all the
expansion coefficients Kn = −KT

n are skew-symmetric, and the terms hn are directly
related to the gradient of the energy functional. These properties are no longer obvious,
if the terms are combined into the expansion coefficients fn, but the form (3.5), where
the time-derivative ẋ occurs on one side of the equation exclusively, is essential for the
normal form expansions that will be applied below.

Inverse matrix K−1

A straightforward way to determine the expansion coefficients in Eq. (3.6) is to calculate
the inverse matrix K−1 = [∑nKn]−1. However, since K is, in general, a high-dimensional
matrix and it contains high-order expansion terms, this procedure is numerically expensive.
An alternative way which is numerically cheaper is possible, because the expansion of the
inverse matrix K−1 is only required up to the order nmax− 1. Therefore, it is appropriate,
first to multiply the local dynamical equations only by the inverse of the zeroth-order
contribution, K−1

0 . This results in
(
1+K

(1)
1 +K

(1)
2 + . . .+K

(1)
nmax−1

)
ẋ = −

(
h

(1)
1 + h(1)

2 + h(1)
3 + . . .+ h(1)

nmax

)
, (3.7)

where K(1)
n and h(1)

n denote the modified contributions of the n-th order after this first
step.

Now, the higher-order contributions can be eliminated by successively multiplying Eq.
(3.7) with (1−K(1)

1 ), (1−K(2)
2 ), . . . , (1−K(nmax−1)

nmax−1 ), where the terms K(j)
n denote the n-th

order of the expansion after the j-th multiplication. Via this procedure, the higher-order
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3.1 Local expansion and symplectic basis

corrections to the identity-matrix on the left-hand side are removed step by step,(
1+K

(2)
2 +K

(2)
3 + . . .+K

(2)
nmax−1

)
ẋ = −

(
h

(2)
1 + h(2)

2 + h(2)
3 + . . .+ h(2)

nmax

)
,(

1+K
(3)
3 + . . .+K

(3)
nmax−1

)
ẋ = −

(
h

(3)
1 + h(3)

2 + h(3)
3 + . . .+ h(3)

nmax

)
,(

1+ . . .+K
(4)
nmax−1

)
ẋ = −

(
h

(4)
1 + h(4)

2 + h(4)
3 + . . .+ h(4)

nmax

)
,

... (3.8)

After nmax− 1 steps, one obtains the explicit local dynamical equations of the order nmax,
(
1+O(‖x‖nmax)

)
ẋ = −

(
h

(nmax)
1 + h(nmax)

2 + h(nmax)
3 + . . .+ h(nmax)

nmax

)
. (3.9)

This procedure has the advantage that only the inverse matrix K−1
0 of the zeroth-order

approximation is required, but not the inverse of the whole expansion. The higher-order
terms can be eliminated by matrix multiplications which is numerically easier, especially
in high-dimensional systems.

In addition, this procedure has the advantage that the multiplication with a term
1 − K(j)

n can be limited to those terms h(j)
n′ with n + n′ ≤ nmax as well as those K(j)

n′

with n+ n′ ≤ nmax − 1. Higher n′ lead to contributions of the order O(‖x‖nmax+1) which
are not considered in the expansion. Finally, Eq. (3.9) are explicit local dynamical
equations in the real variational parameters up to the order nmax, to which the normal
form procedure can be applied.

Symplectic basis of the linearized system

In order to “simplify” the system in its lowest order, it is sufficient to focus on the
linearized dynamical equations and to emanate from Eq. (3.2). In their lowest order,
they read

K0 ẋ = −h1(x) = F x . (3.10)

This form has already been discussed in Sec. 2.3.3 and it is recalled that K0 = −KT
0 is

skew-symmetric, and F = FT is symmetric because it is the negative Hessian matrix of
the energy functional. A natural basis of the linearized system (3.10) is spanned by its
eigenvectors v2i−1,v2i. These are solutions of the generalized eigenvalue problem

F v2i−1 = +λiK0 v2i−1 , (3.11a)
F v2i = −λiK0 v2i , (3.11b)
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3 Normal form expansion in variational space and canonical structure of the TDVP

where i = 1, . . . , d. The normalization of the eigenvectors is basically free, however, it is
appropriate to fix the normalization by requiring that

〈v2i−1|K0 |v2i〉 = −〈v2i|K0 |v2i−1〉 = 1 , (3.12a)
〈v2i−1|F |v2i〉 = 〈v2i|F |v2i−1〉 = λi (3.12b)

for all i = 1, . . . , d. Combining the eigenvectors in the transformation matrix T =
(v1, . . . ,v2d), the choice (3.12) by construction guarantees the block structures

TTK0T = J and TTFT =



0 λ1
λ1 0

. . .
0 λd
λd 0

 , (3.13)

where J is the standard symplectic matrix defined in Eq. (2.34). Consequently, the
normalized eigenvectors define a symplectic basis and the coordinates are canonical ones
concerning the linearized system.

Nonlinearized system in the symplectic basis

In order to regard the full, nonlinearized dynamical equations in the symplectic basis
defined by the eigenvectors, the transformation x→ x′ = T−1x needs to be applied also
to the higher-order terms. Emanating from Eq. (3.5) and omitting the prime, this linear
change of coordinates transforms the dynamical equations into the form

ẋ = T−1
nmax∑
n=1

fn(Tx) ≡ a(x) =
nmax∑
n=1

an(x) . (3.14)

In the last step, the single expansion coefficients have been redefined by the coefficients
an which collect the terms homogeneous of degree n. It is noted that, because the inverse
matrix T−1 is used here instead of the transpose TT, the linear term of Eq. (3.14) is
diagonal by construction,

a1(x) = (T−1 F T )x ≡ Ax =



+λ1
−λ1

. . .
+λd

−λd





x1
x2
...

x2d−1
x2d

 . (3.15)

Note that the originally real vector field (3.5) is, in general, transformed into a complex
one (an ∈ C2d) by the diagonalization, if the eigenvalue spectrum includes imaginary
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3.2 Normal form transformations – nonresonant terms

terms. Analogously to the dynamical equations, also the energy functional is expanded in
the vicinity of the fixed point, and the linear transformation x→ x′ = T−1x is applied.
This results in the scalar field

E(x) =
nmax+1∑
n=0

En(x) , (3.16)

whose coefficients, again, become complex in general, and whose second-order term has
the structure E2 = ∑d

i=1 λi x2i−1x2i.

3.2 Normal form transformations – nonresonant terms

The diagonalization of the local dynamical equations as described in the previous section,
simplifies their linear part in a way that there only occur nonvanishing entries on the
diagonal of the corresponding matrix A in Eq. (3.15). However, for the terms of higher
than the linear order, a “simplification” cannot be achieved by this step. For this purpose,
a normal form expansion of the diagonalized dynamical equations (3.14) is performed
in this section making use of successive Lie transforms. The general treatment of local
dynamical systems and their normal forms has been described by Murdock [54] in
detail for the general case of an arbitrary dimension and an arbitrary eigenvalue structure.
The mathematical formalism is reviewed in Appx. B. In this section, it is applied to the
2d-dimensional local dynamical equations (3.14) with their special eigenvalue structure
(2.44).

In order to bring the local equations of motion into normal form, a nonlinear near-identity
transformation

x = φε(y) (3.17)

is applied, which transforms from the “old” coordinates x to “new” ones y, and which is
differentiable in the new coordinates y as well as in the parameter ε. The latter serves as
a continuous scaling parameter that is introduced in a way that for ε = 0 one obtains the
identity transformation, while the finally desired transformation is obtained for ε = 1,

x = φε=0(y) = y , (3.18a)
x = φε=1(y) = φ(y) . (3.18b)

Instead of providing the explicit function (3.17), the change of coordinates is defined
implicitly, by the requirement that it is the solution of the differential equation

dx
dε = g(x) , (3.19)
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3 Normal form expansion in variational space and canonical structure of the TDVP

with g being the generating function of the transformation. As it is shown in Appx. B,
the final change of variables (3.18b) transforms a vector field a defining the differential
equation

dx
dt = a(x) , (3.20)

into a vector field b in the new coordinates y with

dy
dt = b(y) . (3.21)

The connection between the two vector fields is

b(y) =
∞∑
j=0

1
j! L

j
ga(x)

∣∣∣
x=y

, (3.22)

where Lg is the homological operator acting on differentiable vector fields according to

Lga(x) ≡ ∂a(x)
∂x

g(x)− ∂g(x)
∂x

a(x) . (3.23)

Analogously, the same generating function transforms the energy functional according
to

Ẽ(y) =
∞∑
j=0

1
j! D

j
gE(x)

∣∣∣
x=y

. (3.24)

Here, the right-multiplication operator Dg is defined by

DgE(x) ≡ ∂E(x)
∂x

g(x) . (3.25)

3.2.1 Transformation of multivariate polynomials

As already mentioned above, the local dynamical equations as well as the energy functional
are on hand in the form of a formal power series or local Taylor expansion, i.e. as a
multivariate polynomial. Therefore, it is convenient to also define the generating function
as a multivariate polynomial, so that the transformed fields will also be such ones. In
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3.2 Normal form transformations – nonresonant terms

the following, these polynomials are written as

a(x) =
nmax∑
n=1

an(x) =
nmax∑
|m|=1

αm x
m , (3.26a)

b(x) =
nmax∑
n=1

bn(x) =
nmax∑
|m|=1

βm x
m , (3.26b)

g(x) =
nmax∑
n=1

gn(x) =
nmax∑
|m|=1

γm x
m , (3.26c)

E(x) =
nmax+1∑
n=0

En(x) =
nmax+1∑
|m|=0

ξm x
m , (3.26d)

where an, bn, gn,En denote the terms of the respective series which are homogeneous of
degree n, and αm,βm,γm, ξm are the coefficients of the expansion. It can be shown that
the expansion (3.26a) of the original vector field, in general, consists of a number of

Nẋ = 2d
nmax∑
n=1

(
2d+ n− 1

n

)
(3.27)

monomials, where the prefactor 2d takes into account the different components of the
vector field. Moreover, the number of terms in the expansion of the energy functional
(3.26d) is

NE(x) =
nmax+1∑
n=0

(
2d+ n− 1

n

)
. (3.28)

The purpose of the following normal form transformation is that – for given expansion
coefficients αmk and ξmk – the coefficients γmk of the generating function are chosen in
such a way that as many as possible of the resulting coefficients βmk vanish, and that
they are connected to the energy functional via canonical equations.

General transformation by a generating function homogeneous of degree n

As the following discussion will show, it is possible to perform the transformations order
by order, because one can specifically transform the n-th order of the original vector field
an, if the generating function is homogeneous of degree n,

g(x) = gn(x) =
∑
|m|=n

γm x
m . (3.29)

Inserting the multivariate polynomials (3.26) with the constraint (3.29) for the generating
function into Eq. (3.22), one obtains, after renaming y by x, the identity

nmax∑
k=1

bk(x) =
∞∑
j=0

1
j! L

j
gn

[
nmax∑
k=1

ak(x)
]

. (3.30)
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3 Normal form expansion in variational space and canonical structure of the TDVP

Because of the definition of the homological operator Lgn
in Eq. (3.23) it is easily verified

that its j-fold action on the term ak results in a polynomial which is homogeneous
of degree k + j(n − 1). Thus, there are two contributions of how the homological
operator with generating function (3.29) affects the n-th degree of the transformed vector
field. These are the cases when the resulting polynomial is, again, of degree n, i.e. if
k + j(n− 1) != n:

(i) On the one hand, there is a contribution, if k = n as well as j = 0. In this case, the
term of the original vector field which is homogeneous of degree k = n is transferred
to the new field. It is not changed, because the homological operator is not acting
on it (j = 0).

(ii) On the other hand, there is a contribution, if k = 1 as well as j = 1. In this case,
the linear (k = 1) term of the original vector field contributes together with a single
(j = 1) application of the homological operator.

The terms which arise in Eq. (3.22), if the homological operator is applied at least twice
are of higher degree than n. Consequently, one obtains the homological equation

bn(x) = an(x) + Lgn
a1(x)

= an(x) + ∂a1(x)
∂x

gn(x)− ∂gn(x)
∂x

a1(x) (3.31)

for the transformation of the monomials which are equal to the degree of the generating
function. The first term is part of the original vector field as discussed above. For the
second term, one obtains with the diagonal form of the linear part

∂a1(x)
∂x

gn(x) =



+λ1
−λ1

. . .
+λd

−λd

 · gn(x) (3.32)

and the third term evaluates to

∂gn(x)
∂x

a1(x) =
2d∑
k=1

∂gn(x)
∂xk

a1k(x) =
2d∑
k=1

∂

∂xk

 ∑
|m|=n

γm x
m

 a1k(x)

=
2d∑
k=1

∑
|m|=n

(
mk γm x

m−êk

) (
λ±k xk

)
=

∑
|m|=n

〈
m,λ±

〉
γm x

m . (3.33)

Here, λ± is defined in Eq. (2.44), the sum over k results in the standard scalar product
〈m,λ±〉, and êk is the k-th unit vector. Altogether, using Eqs. (3.26), (3.32) and (3.33),
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3.2 Normal form transformations – nonresonant terms

one obtains for Eq. (3.31)

∑
|m|=n

βm x
m =

∑
|m|=n

αm +



+λ1
−λ1

. . .
+λd

−λd

 γm −
〈
m,λ±

〉
γm

 x
m

(3.34)
from which the transformation of the single coefficients can be extracted. For the k-th
component (k = 1, 2, . . . , 2d), it reads

βmk = αmk +
(
λ±k −

〈
m,λ±

〉)
γmk . (3.35)

Simplification by elimination of monomials and the general polynomial structure
of the normal form

The prior purpose of the above described transformations is to eliminate as many
monomials as possible in the original multivariate polynomial. One can see from Eq.
(3.35) that a nonvanishing monomial (αmk 6= 0) can be eliminated (βmk = 0) by the Lie
transform with an appropriate choice of the generating function, if the eigenvalue λ±k is
“nonresonant”, i.e. if

λ±k −
〈
m,λ±

〉
6= 0 . (3.36a)

Otherwise, if the condition of resonance

λ±k −
〈
m,λ±

〉
= 0 (3.36b)

is fulfilled, the respective term cannot be eliminated. It is noted that, in the following,
monomials xm whose integer vectorm fulfills Eq. (3.36a) are referred to as “nonresonant
monomials” and those fulfilling Eq. (3.36b) are called “resonant monomials”. Analogously,
their coefficients are referred to as nonresonant and resonant coefficients, respectively.
The polynomial is said to be in normal form with respect to its linear part a1, if only
monomials fulfilling Eq. (3.36b) are left.

The final polynomial structure of the normal form of the local dynamical equations
is determined by the eigenvalues of the linearized equations of motion, because only
monomials fulfilling Eq. (3.36b) remain after the Lie transforms. Moreover, due to the
fact that these eigenvalues exhibit the general structure (2.44) of pairwise eigenvalues
with different sign, the normal form also possesses a general polynomial structure.
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3 Normal form expansion in variational space and canonical structure of the TDVP

Denoting the entries of the integer vector by m = (m1,m2, . . . ,m2d)T, the condition of
resonance (3.36b) becomes (i = 1, 2, . . . , d)[

λ1(m1 −m2) + λ2(m3 −m4) + . . .+ λd(m2d−1 −m2d)
]

= ±λi (3.37)

where the upper sign is valid for k = 2i − 1 and the lower one for k = 2i. Assuming
rational independence, λi/λj /∈ Q, of all pairs of eigenvalues i 6= j, Eq. (3.37) is fulfilled
if and only if

m2i−1 = m2i ± 1 , (i = 1, 2, . . . , d) (3.38a)
m2j−1 = m2j , (j 6= i) . (3.38b)

Because of Eqs. (3.38), the monomials which remain in the vector field after the Lie
transforms exhibit a general structure and each order n of the normal form can be written
as

bn(2i−1) =
∑

m∈M,
|m|=n+1,
nonneg.

β[m−ê2i](2i−1) x
[m−ê2i] , (3.39a)

bn(2i) =
∑

m∈M,
|m|=n+1,
nonneg.

β[m−ê2i−1](2i) x
[m−ê2i−1] . (3.39b)

with i = 1, 2, . . . , d. Here, the summation is carried out over the set

M≡
{
m ∈ N2d

∣∣∣m2j−1 = m2j ; j = 1, 2, . . . , d
}

, (3.40)

which is defined by Eq. (3.38b) and the unit vectors ê2i−1 and ê2i take into account the
term ±1 in Eq. (3.38a). Moreover, the constraint “nonneg.” in the summation denotes
to add only those terms for which the indices [m − ê2i] and [m − ê2i−1] only have
nonnegative entries, i. e. those m ∈M with m2i−1 = m2i = 0 are not taken into account.
An equivalent interpretation of this constraint is to set all terms βmk to zero, if its
index m possesses at least one negative entry. Note that, because each m ∈M has d
independent entries, the number of different vectors with the same modulus |m| = n is

Nm∈M,|m|=n =
(
n+ d− 1
d− 1

)
. (3.41)

Concluding, in normal form coordinates, the variables x2i−1,x2i in the respective com-
ponent of the dynamical equations occur with exponents which differ exactly by one,
while the terms x2j−1,x2j with j 6= i have the same exponent (cf. Tab. 3.1). Note that
all monomials remaining in Eqs. (3.39) are of odd degree. All terms of even degree have
been eliminated completely by the Lie transforms, because the condition of resonance
(3.36b) cannot be fulfilled, if |m| is even.
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3.2 Normal form transformations – nonresonant terms

Degree n of the monomial

Field 0 1 2 3 4 5 6

ẋ1 – x1 – x2
1x

1
2(x3x4)0 – x3

1x
2
2(x3x4)0 –

x1
1x

0
2(x3x4)1 x2

1x
1
2(x3x4)1

x1
1x

0
2(x3x4)2

ẋ2 – x2 – x1
1x

2
2(x3x4)0 – x2

1x
3
2(x3x4)0 –

x0
1x

1
2(x3x4)1 x1

1x
2
2(x3x4)1

x0
1x

1
2(x3x4)2

ẋ3 – x3 – x2
3x

1
4(x1x2)0 – x3

3x
2
4(x1x2)0 –

x1
3x

0
4(x1x2)1 x2

3x
1
4(x1x2)1

x1
3x

0
4(x1x2)2

ẋ4 – x4 – x1
3x

2
4(x1x2)0 – x2

3x
3
4(x1x2)0 –

x0
3x

1
4(x1x2)1 x1

3x
2
4(x1x2)1

x0
3x

1
4(x1x2)2

E const. – (x1x2)1 – (x1x2)2(x3x4)0 – (x1x2)3(x3x4)0

(x3x4)1 (x1x2)1(x3x4)1 (x1x2)2(x3x4)1

(x1x2)0(x3x4)2 (x1x2)1(x3x4)2

(x1x2)0(x3x4)3

Tab. 3.1: Illustration of the fundamental polynomial structure of the dynamical equations
(3.39) and the energy functional (3.43) for a system with d = 2 degrees of freedom. In
normal form coordinates, there remain only terms with odd degree of the monomial
in the equations of motion. Moreover, the exponents of the variables x2i−1,x2i in
the respective component of the vector field differ by one and the terms x2j−1,x2j
with j 6= i (displayed in brackets) have the same exponent. By contrast, the energy
functional only consists of monomials with even degree and all variables x2j−1,x2j
occur in products. The extension of this structure to d > 2 degrees of freedom
is straightforward. In this case, additional terms (x5x6), (x7x8), . . . occur in the
expansions.
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3 Normal form expansion in variational space and canonical structure of the TDVP

3.2.2 Determination of the generating function to eliminate the
nonresonant terms

After having discussed the general structure of the normal form, its actual calculation
is presented in this section. The calculation will be carried out order by order, i.e. the
orders n = 2, 3, 4, . . . are treated successively. It is assumed that the system is already
in normal form up to the order n− 1. Then, a generating function gn is constructed to
transform the n-th order of the equations of motion.

As already mentioned above, the coefficients γmk of the generating function which are
nonresonant, i. e. Eq. (3.36a) is valid, can be chosen in such a way that the corresponding
term αmk of the original expansion is eliminated. Such nonresonant coefficients occur in
every order of the expansion. In particular, the generating function of each even degree
n only consists of nonresonant coefficients.

The determination of the nonresonant coefficients γmk of the generating function is
straightforward. Since their purpose is to eliminate the original term αmk, they are
uniquely determined by Eq. (3.35). Requiring βmk = 0 and solving for the coefficient of
the generating function (3.29), one obtains

γmk =


αmk

〈m,λ±〉 − λ±k
, if λ±k − 〈m,λ±〉 6= 0 ,

cmk , else.
(3.42)

The choice in the first line guarantees the elimination of the term αmk in the nonresonant
case. All the resonant terms are free parameters, which do not change the βmk of the
order |m| = n. For simplicity these terms are set to cmk = 0 in the transformations of
the nonresonant coefficients and their final determination will be treated separately (see
Sec. 3.3).

After the nonresonant terms of the generating function have been determined according
to Eq. (3.42), the corresponding transformation is applied to the equations of motion
and to the energy functional, i.e. Eqs. (3.22) and (3.24) are evaluated. As a result, the
polynomial structure of the equations of motion takes the form (3.39) up to the order n
of the transformation.

Furthermore, the generating function gn transforms the order n+1 of the energy functional
into the structure (cf. Tab. 3.1)

En+1(x) =
∑

m∈M
|m|=n+1

ξm x
m . (3.43)
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3.3 Normal form transformations – resonant terms

Note that this polynomial structure of the energy functional, i.e. the fact that only
terms m ∈M occur in the expansion, does not directly follow from the definition of the
generating function. This structure is a result of Darboux’s theorem which guarantees
the existence of canonical coordinates, because any polynomial structure differing from
that in Eq. (3.43) would violate the theorem.

3.3 Normal form transformations – resonant terms

In normal form coordinates the dynamical equations (3.39) and the energy functional
(3.43) naturally exhibit a polynomial structure that allows for the identification of the
normal form coordinates as canonical ones according to the canonical equation

bn(x) = J ∂

∂x
En+1(x) (3.44)

with the energy functional acting as Hamiltonian. Equation (3.44) is valid in each order
n, if the coefficients βmk and ξm in Eqs. (3.39) and (3.43) fulfill the conditions

m2iξm = β[m−ê2i](2i−1) , (3.45a)
β[m−ê2i](2i−1) = −β[m−ê2i−1](2i) , (3.45b)
β[m−ê2i](2i−1)

m2i
=
β[m−ê2j ](2j−1)

m2j
(3.45c)

for all i, j = 1, 2, . . . , d (i 6= j) and m ∈ M with |m| = n+ 1. Here, Eq. (3.45a) is the
requirement that the coefficients of the dynamical equations and those of the energy
functional are connected via derivatives according to Eqs. (3.44). The sign structure of
the symplectic matrix J is taken into account by Eq. (3.45b) for each pair x2i−1,x2i of
“conjugate coordinates”, and Eq. (3.45c) considers the fact that terms in the expansion
of different pairs x2i−1,x2i and x2j−1,x2j (i 6= j) result from the same term of the energy
functional.

As a consequence of the normal form expansion together with the general eigenvalue
structure (2.44), Eq. (3.45b) is fulfilled after the Lie transforms have been applied as
discussed in Sec. 3.2. However, the conditions (3.45a) and (3.45c) are not fulfilled, in
general. This is due to the fact that – although the polynomial structure of the expansions
is uniquely determined by the eigenvalue structure – the explicit normal form, i.e. the
coefficients of the expansion, are not unique. The reason is that the resonant coefficients
cmk of the generating function in Eq. (3.42) are free, and that the choice to set them
zero does not guarantee the fulfillment of all Eqs. (3.45). Therefore, further steps are
necessary in order to guarantee that the latter are valid, and these steps are presented in
the following.
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3 Normal form expansion in variational space and canonical structure of the TDVP

3.3.1 Particular choice of the resonant generating function and the
corresponding transformations

Resonant terms occur in every odd order n = 3, 5, 7, . . . of the generating function (3.29),
and a fundamental property of them is the fact that they do not affect the polynomial
structure of the expansions, but they only modify their coefficients. Vice versa, this
property can be used in order to guarantee the fulfillment of the canonical equations (3.45)
by a suitable choice of the resonant terms as it will be demonstrated in the following.
For this purpose, it is investigated in detail in this section how a resonant generating
function of degree n transforms the next-higher order terms of the dynamical equations
as well as the energy functional. Finally, Eqs. (3.45) will serve as conditional equations
for the determination of the resonant coefficients.

In a resonant generating function of degree n, there occur coefficients γ[m−ê2i](2i−1) and
γ[m−ê2i−1](2i) with m ∈M and |m| = n+ 1, i. e. there is exactly one term corresponding
to each of the monomials remaining in the dynamical equations (3.39). In order to
guarantee that Eqs. (3.45) hold for the whole expansion, it will be sufficient only to
consider the terms γ[m−ê2i](2i−1) and to set γ[m−ê2i−1](2i) = 0 for simplicity. With this
choice, the resonant generating function homogeneous of degree n has the form

gn(2i−1)(x) =
∑

m∈M,
|m|=n+1,
nonneg.

γ[m−ê2i](2i−1) x
[m−ê2i] , (3.46a)

gn(2i)(x) = 0 . (3.46b)

The number of resonant coefficients Nres within a specific order n is directly related to
the number of vectors m ∈ M with |m| = n + 1, see Eq. (3.41). Taking into account
that there are d independent components in the resonant generating function (3.46) and
that some m are excluded from the sum, there remain

Nres = d

(
d+ (n− 3)/2

d− 1

)
(3.47)

independent resonant coefficients.

Lowest-order transformation of the energy functional induced by the resonant
coefficients

It is easily verified from Eq. (3.25) that the j-fold application Djgn
Ek of the right-

multiplication operator with a generating function homogeneous of degree n onto the
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3.3 Normal form transformations – resonant terms

part of the energy functional of degree k results in a polynomial homogeneous of degree
k + j(n − 1). Furthermore, the lowest order which is affected in Eq. (3.24) is n + 1.
Consequently, there are two cases which contribute to the order n+ 1 of the transformed
field, namely those with k + j(n− 1) != n+ 1. On the one hand, this is the contribution
k = n + 1 and j = 0, on the other hand it is k = 2 and j = 1, so that the precise
transformation reads

Ẽn+1(x) = En+1(x) +Dgn
E2(x) , (3.48)

where Ẽn+1 = ∑
|m|=n+1 ξ̃m x

m is the transformed field. Inserting the expansions (3.26)
into Eq. (3.48), and using the fact that the second order of the energy functional has the
form E2 = ∑d

i=1 λi x2i−1 x2i in normal form coordinates, Eq. (3.48) becomes

∑
m∈M,
|m|=n+1

ξ̃m x
m =

∑
m∈M,
|m|=n+1

ξm x
m +

d∑
i=1

(λi x2i)
∑

m∈M,
|m|=n+1,
nonneg.

γ[m−ê2i](2i−1) x
[m−ê2i]

=
∑

m∈M,
|m|=n+1

[
ξm +

d∑
i=1,

nonneg.

λi γ[m−ê2i](2i−1)

]
xm . (3.49)

From this, one can directly extract the transformation of the energy functional’s coeffi-
cients by the resonant generating function (3.46) to

ξ̃m = ξm +
d∑

i=1,
nonneg.

λi γ[m−ê2i](2i−1) , (3.50)

and this equation will be used to determine the resonant coefficients γ[m−ê2i](2i−1) below.

Lowest-order transformation of the dynamical equations induced by the resonant
coefficients

Analogously, the effect of a resonant generating function onto the dynamical equations
can be investigated. If the latter are already in their normal form (3.39), there are
only odd degrees of the expansion b1, b3, b5, . . . left. By definition, the first-order term
b1 containing the eigenvalues does not contribute to the Lie operator for a resonant
generating function, i. e. Lgn

b1 = 0. This identity directly follows from Eq. (3.35), because
the resonant coefficients are always multiplied by zero. Therefore, the lowest-order term
which leads to a contribution of the Lie operator is the term b3.

From Eq. (3.22) it follows that the lowest-order term which is modified by a resonant
generating function of degree n together with b3 is the order n + 2 of the dynamical
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3 Normal form expansion in variational space and canonical structure of the TDVP

equations,
b̃n+2(x) = bn+2(x) + Lgn

b3(x) . (3.51)

Multiple applications of the Lie operator as well as higher-order terms bn with n > 3 lead
to higher-order corrections and do not need to be considered here. In order to extract the
transformation of the single coefficients in Eq. (3.51), its last term is expanded according
to Eqs. (3.26) and, with the choice (3.46) for the generating function, one obtains

[Lgn
b3(x)](2i−1) = −

∑
m,m′∈M,
|m|=4,
|m′|=n+1,
nonneg.

(m2i − 1) β[m−ê2i−1](2i) γ[m′−ê2i](2i−1) x
[m+m′−2ê2i−ê2i−1]

+
d∑

i′=1
i′ 6=i

m2i′
[(
β[m−ê2i′ ](2i′−1) + β[m−ê2i′−1](2i′)

)
γ[m′−ê2i](2i−1)

−β[m−ê2i](2i−1) γ[m′−ê2i′ ](2i′−1)
]
x[m+m′−ê2i−ê2i′−1−ê2i′ ]

 ,

(3.52a)

[Lgn
b3(x)](2i) =

∑
m,m′∈M,
|m|=4,
|m′|=n+1,
nonneg.

(m2i − 1) β[m−ê2i](2i−1) γ[m′−ê2i](2i−1) x
[m+m′−2ê2i−1−ê2i]

+
d∑

i′=1
i′ 6=i

m2i′ β[m−ê2i−1](2i) γ[m′−ê2i′ ](2i′−1) x
[m+m′−ê2i−1−ê2i′−1−ê2i′ ]

 .

(3.52b)

Here, the constraint |m| = 4 takes into account that only the terms of b3 are used. In
the same way, |m′| = n+ 1 restricts the contribution to the order n of the generating
function, so that all the terms are of the desired order |m+m′| − 3 = n+ 2.

The form of Eqs. (3.52) yet has the disadvantage that different exponents of x occur, so
that it is difficult to see how the single coefficients of the dynamical equations transform.
In order to make this clear, a substitution of the vector m′ is performed according to

m′ = m−m′′ + ê2i(′)−1 + ê2i(′) . (3.53)

With this substitution, all monomials occurring in Eqs. (3.52a) have the structure x[m−ê2i]

and those in Eqs. (3.52b) take the form x[m−ê2i−1].

Consequently, using the expansions (3.26), inserting Eqs. (3.52) into Eq. (3.51), and
substituting according to Eq. (3.53), the transformation (3.51) can directly be formulated
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3.3 Normal form transformations – resonant terms

in terms of the single coefficients. It reads

β̃[m−ê2i](2i−1) = β[m−ê2i](2i−1) + σm(2i−1) , (3.54a)
β̃[m−ê2i−1](2i) = β[m−ê2i−1](2i) + σm(2i) (3.54b)

with the quantities

σm(2i−1) ≡
∑

m′′∈M,
|m′′|=4,
nonneg.

−(m′′2i − 1) β[m′′−ê2i−1](2i) γ[m−m′′+ê2i−1](2i−1)

+
d∑

i′=1
i′ 6=i

m′′2i′
(
β[m′′−ê2i](2i−1) γ[m−m′′+ê2i′−1](2i′−1)

−β[m′′−ê2i′ ](2i′−1) γ[m−m′′+ê2i′−1+ê2i′−ê2i](2i−1)

− β[m′′−ê2i′−1](2i′) γ[m−m′′+ê2i′−1+ê2i′−ê2i](2i−1)
) , (3.55a)

σm(2i) ≡
∑

m′′∈M,
|m′′|=4,
nonneg.

(m′′2i − 1) β[m′′−ê2i−1](2i) γ[m−m′′+ê2i−1](2i−1)

+
d∑

i′=1
i′ 6=i

m′′2i′ β[m′′−ê2i−1](2i) γ[m−m′′+ê2i′−1](2i′−1)

 . (3.55b)

It is noted that σm(2i−1) and σm(2i) depend on the resonant coefficients γmk linearly and
that only the third-order coefficients βmk occur therein.

Summarizing briefly, the lowest-order terms which are changed by the resonant generating
function (3.46) of degree n are the order n+1 of the energy functional and the order n+2
of the dynamical equations. Equations (3.50) and (3.54) directly give the transformations
of the respective coefficients of the expansion.

3.3.2 Determination of the generating function’s resonant
coefficients

As already mentioned above, the resonant coefficients of each generating function are
free parameters, in the sense that they do neither change the polynomial structure of
the dynamical equations nor that of the energy functional. However, they do modify
the higher-order coefficients of the respective expansions. In this section, it is shown
how these resonant coefficients can be determined in a way that the dynamical equations
and the energy functional fulfill the canonical equations (3.44), i.e. the normal form
coordinates are canonical ones. This procedure works as follows (see Fig. 3.3):
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3 Normal form expansion in variational space and canonical structure of the TDVP

E = E0 E2 E4 E6 . . . En+1 . . .+ + + + + +

b = b1 b3 b5 b7 . . . bn bn+2 . . .+ + + + + + +

SB g3 g5 gn

Fig. 3.3: Scheme of the procedure to determine the resonant coefficients of the generating
function. In each order n ≥ 3, it is assumed that the term bn of the dynamical
equations fulfills Eqs. (3.45b) and (3.45c). Then, the resonant coefficients of the
generating function are determined using the part En+1 of the energy functional and
the next-higher order term bn+2 of the equations of motion (blue). The resonant
generating function is constructed in a way that bn as well as En+1 are connected
via the canonical equation (3.44) and that Eqs. (3.45b) and (3.45c) are valid for the
term bn+2. The whole procedure is applied successively for the orders n = 3, 5, 7, . . .
Note that the same conditions are fulfilled automatically for the terms b1,E2, and b3,
if the symplectic basis (SB; red) is made use of as discussed in Sec. 3.1.

(i) It is assumed that Eqs. (3.45b) and (3.45c) are fulfilled for |m| = n + 1, i.e. the
respective term of the dynamical equations can be written as a symplectic gradient

bn(x) = J ∂

∂x
Ẽn+1(x) (3.56)

with a scalar function Ẽn+1 = ∑
|m|=n+1 ξ̃m x

m. Note that the latter does not need
to be identical to the energy functional, Ẽn+1 6= En+1.

(ii) Setting βmk → β̃mk and ξm → ξ̃m, Eq. (3.45a) with |m| = n+ 1 as well as (3.45c)
with |m| = n + 2 are used as conditional equations for the determination of the
resonant coefficients of the order n. These equations form a system of equations
with the resonant coefficients being the variables.

(iii) By construction of step (ii), the assumption in step (i) is fulfilled in the next-higher
order n+ 2. Therefore, the procedure can be repeated successively for the orders
n = 3, 5, 7, . . .

After having calculated the term Ẽn+1 in step (i), the system of equations in step (ii)
can be set up by inserting Eqs. (3.50) and (3.54) into the Eqs. (3.45a) and (3.45c) after
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3.3 Normal form transformations – resonant terms

having replaced βmk → β̃mk and ξm → ξ̃m:
d∑
i=1

nonneg.

λiγ[m−ê2i](2i−1) = ξ̃m − ξm , (3.57a)

m2j σm(2i−1) −m2i σm(2j−1) = m2i β[m−ê2j ](2j−1) −m2j β[m−ê2i](2i−1) . (3.57b)

Equation (3.57a) must hold for all |m| = n + 1, Eq. (3.57b) for all |m| = n + 2 and
i, j = 1, . . . , d with i 6= j, and the total number of equations is denoted by Neq.

Equations (3.57) are written in a way that all terms which depend on the resonant
coefficients γmk occur on the left-hand side, while the right-hand side is independent of
these terms. Because of the fact that the resonant coefficients enter Eqs. (3.57) linearly
according to Eqs. (3.55), they form a linear system of equations which can formally be
written as

AG = B . (3.58)
Here, A is an Neq ×Nres-dimensional matrix and B is an Neq-dimensional vector, which
are both determined by the known quantities βmk, λi, ξm, ξ̃m, and mk. All the unknown
terms, i.e. the resonant coefficients γmk, are collected in the Nres-dimensional vector G.
It is noted that the number of the resonant coefficients is, in general, smaller than the
number of equations (Nres < Neq), so that the system (3.58) is overdetermined. However,
it is guaranteed by Darboux’s theorem that there exists a solution, because otherwise
it would not be possible to construct canonical coordinates which would violate the
theorem.

After the resonant coefficients of a certain degree n have been determined as the solutions
of Eq. (3.58), the corresponding transformation needs to be applied to the full expansion,
i.e. Eqs. (3.22) and (3.24) must be evaluated.

Numerical implementation for truncated normal form Hamiltonians

The procedure to map the variational parameters to canonical coordinates as described in
Secs. 3.1–3.3 throughout consists of the manipulation of multivariate polynomials and its
coefficients, respectively. Therefore, a suitable choice for the numerical implementation is
a programming language which can handle symbolic computations, e.g. Mathematica
or Maple. Therein, the operations involving the Lie operator (3.23) or the right-
multiplication operator (3.25) reduce to derivatives of polynomials and the multiplication
of matrices with vectors.

To illustrate the numerical implementation of the normal form procedure, an exemplary
Mathematica script code is presented in Appx. C which treats the physical system of
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3 Normal form expansion in variational space and canonical structure of the TDVP

a BEC with additional 1/r-interaction (see Secs. 6.3 and 7.1) that is described within a
coupled Gaussian variational approach.

3.4 Canonical structure of the TDVP

After the normal form expansion has been applied as discussed in Secs. 3.2 and 3.3,
the normal form coordinates are canonical ones by construction. The expansions fulfill
the canonical equations (3.44) in every order n with the energy functional acting as
Hamiltonian

H = E(x) . (3.59)

Because of the summation over m ∈M in Eq. (3.43), this Hamiltonian only consists of
monomials

xm
∣∣∣
m∈M

=
d∏
i=1

(x2i−1x2i)m2i ≡
d∏
i=1

(qi pi)m2i , (3.60)

where the normal form coordinates have been interpreted pairwise as standard canonical
coordinates qi ≡ x2i−1 and pi ≡ x2i in the last step. Moreover, these products directly
define action variables

Ji ≡

 qipi , λi = κi (κi ∈ R) ,
iqipi , λi = iωi (ωi ∈ R) ,

(3.61)

where the imaginary unit in the definition compensates the respective contribution of
each purely imaginary eigenvalue. With this definition, the Hamiltonian is a real function
in the action variables

H = E(J) =
m∑
n=0

En(J) . (3.62)

Here m = (nmax + 1)/2 is the degree of the Hamiltonian in action variables and nmax is
the normal form order of the expansions in the variational parameters. It can be shown
that the whole expansion (3.62) for a system with d degrees of freedom has a number of

NH(J) =
m∑
n=0

(
d+ n− 1

n

)
(3.63)

terms. This means that the number of monomials is significantly reduced by the normal
form procedure from NE(x) +Nẋ [see Eqs. (3.27) and (3.28)] at the beginning to NH(J)
at the end (see Fig. 3.4).
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Fig. 3.4: Reduction of the number of monomials achieved by the normal form procedure. The
plot shows the term NH(J)/(NE(x) +Nẋ) according to Eqs. (3.27), (3.28), and (3.63)
in dependence of the desired polynomial order m = (nmax + 1)/2 of the normal form
Hamiltonian, and for different degrees of freedom d. The higher the desired order,
the larger is the simplification. Moreover, the reduction increases significantly with
the number of the system’s degrees of freedom.

If all the action variables correspond to stable oscillations of the system, and denoting
the corresponding angle variables by ϕi, the dynamical equations are

ϕ̇i = ∂H(J)
∂Ji

≡ ωi(J) , (3.64a)

J̇i = −∂H(J)
∂ϕi

= 0 , (3.64b)

where ωi(J) are the characteristic frequencies of the system. These have the solution

ϕi(t) = ωit+ ϕi(0) , (3.65a)
Ji(t) = const. (3.65b)

This shows that, in normal form coordinates, the dynamics of the system is restricted
to a d-dimensional torus T d if all eigenvalues are purely imaginary. If k of the actions
(3.61) correspond to real eigenvalues, then the dynamics takes place on a manifold with
the structure T d−k ⊗Rk.
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4 Transition state theory

A special type of dynamics can be observed, if it is possible to distinguish certain
subspaces of the state space, e.g. the configuration, phase, or variational space. If one
of these subspaces can be reached dynamically by starting in the other one, then these
subspaces can be identified as “reactants” and “products”, and the corresponding crossing
from one to the other subspace represents a “reaction” of the system. Furthermore, it is,
in general, possible to identify a certain state “between” reactants and products as the
“activated complex” of the system, so that the reaction can be sketched as

Reactants −→ Activated complex −→ Products . (4.1)

The question whether or not a certain reaction is essentially possible, is often answered
easily by regarding the energy surface or by directly calculating the dynamics. If this
is true, then a quantity of high interest is the corresponding reaction rate Γ, i. e. the
number of elementary reactions per unit time.

Basically, this rate can be determined as follows: First, one choses a possible initial state
and calculates the subsequent dynamics of the system until the reaction happens, i.e.
until the products’ subspace is reached. Second, one repeats this procedure for any initial
state which is in accordance with possible constraints of the system, and averages the
time necessary for the reaction to happen. This time average τ is the mean lifetime of
the reactants, whose inverse is the reaction rate

Γ = τ−1 . (4.2)

However, this proceeding is highly inefficient: On the one hand, the dynamical equations
of the system must actually be integrated which can be numerically expensive. On the
other hand, the repetition of this procedure for an, in general, infinite number of initial
states makes this approach not to seem promising. Furthermore, the problem can arise
that some of the initial values lead to (quasi-)periodic dynamics, so that a reaction will
never take place.

An alternative and powerful way to calculate rates corresponding to reactions of the
type (4.1) is the application of transition state theory (TST). TST has been developed
in the 1930s mainly by Eyring [33], Wigner [34], Evans, and Polanyi [35] in

55



4 Transition state theory

order to describe chemical reactions qualitatively as well as quantitatively (see also
Refs. [76–81] and references therein as well as the textbooks of Laidler and Eyring [82]
and Laidler [83]). Remote from its origin, it has also been applied to the fields
of atomic [37] and solid state physics [38], the physics of clusters [39, 40], diffusion
dynamics [41, 42], cosmology [43], celestial mechanics [44, 45], liquids [46], and simple
approaches to BECs [47–49].

TST is formulated in phase space, and its basic object is a special type of stationary
point of the Hamiltonian. More precisely, this is a rank-1 saddle point which forms the
activated complex of the reaction (4.1), and which governs the reaction dynamics. Such
saddles have precisely one unstable direction which represents the reaction channel of the
system and the remaining ones determine its “width”. In the vicinity of a rank-1 saddle
point, a deviding surface (DS) can be defined which separates reactants and products.
The reaction rate of the system is then determined by the flux though this DS.

For a closed system, energy is conserved, so that the whole dynamics takes place on the
energy hypersurface H = E of the system. If one is interested in the thermal reaction
rate, this can be obtained by the Boltzmann average of the flux at fixed energy.

If the Hamiltonian H = T + V is of the type “kinetic plus potential energy”, then the
saddle points of the Hamiltonian in phase space are related to those of the potential V
in configuration space (this is not true, if, e.g., Coriolis or magnetic terms are present).
In this case, it can be possible to define reactants and products in configuration space
and to calculate the reaction rate therein. However, in high-dimensional systems it is no
longer possible to construct a DS which is free of local recrossings in configuration space,
as it has been pointed out by Waalkens et al. [36]. In this case, the whole phase space
needs to be considered in order to take into account the full dynamics of the system.

In this chapter, classical and quantum TST are reviewed. Moreover, TST for wave packet
dynamics as well as a method to treat bifurcations in the transition state are developed.
Section 4.1 presents the configuration space approach for the case that a potential is
available, it introduces the flux function, and the thermally averaged flux is calculated.
Section 4.2 deals with dynamical TST in phase space. The geometric structure of the
phase space in the vicinity of the transition state is presented, and the flux through the
DS is calculated. In Sec. 4.3, quantum corrections are introduced. A fundamental result
of this thesis, namely the application of TST to the field of quantum wave packets, is
presented in Sec. 4.4. Finally, a method to treat bifurcations in the transition state using
a uniform rate formula is developed in Sec. 4.5.
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4.1 Configuration space approach to classical transition state theory

4.1 Configuration space approach to classical transition
state theory

As already mentioned above, it can be possible to define reactants and products in
configuration space if a potential V is available and the Hamiltonian is the sum of kinetic
and potential energy,

H(q,p) = T (p) + V (q) . (4.3)

In order to calculate the flux from reactants to products, it is, in a first step, necessary to
define these quantities. Therefore, one divides the configuration space into two regions,
one of which corresponds to the reactants and the other corresponds to the products.
Using a function s(q), the border between these two regions is defined by the requirement

s(q) = 0 . (4.4)

Furthermore, it is assumed that this function evaluates to s(q) > 0 on the products’
region and to s(q) < 0 on the reactants’ region. Using the Heaviside function θ, one can,
therewith, define the flux function [84,85]

F(q,p) ≡ d
dt θ

[
s(q)

]
= δ

[
s(q)

] ∂s(q)
∂q

p

m
, (4.5)

where the chain rule has been applied in the last step and Cartesian coordinates q̇ = p/m
have been assumed. The meaning of Eq. (4.5) can be demonstrated easily, when one
considers a particular trajectory q(t) of a reacting particle. Integrating the flux function
over time, one obtains

∫ ∞
−∞
F(q,p) dt =

∫ f

i
d
[
θ
(
s(q)

)]

=


+1, reaction from reactants to products,
−1, backwards reaction from products to reactants,
0, else.

(4.6)

Here, the integration limits in the second step indicate the initial (i) and the final (f)
state of the trajectory q(t), respectively. The fact that the time integral over the flux
function evaluates to the values 0,±1 is a direct consequence of the definition in Eq. (4.5)
using the Heaviside step function. Concluding, the flux function “counts” the number of
elementary reactions in the way that it evaluates to 1 if a particle which initially was a
reactant becomes a product and to −1 in case of a backwards reaction from products
to reactants. Else, i.e. if a reactant particle remains a reactant or a product particle
remains a product, there is no contribution to the flux (see Fig. 4.1).
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s(q) = 0

ProductsReactants

Reaction coordinate q1

Ba
th

co
or
di
na
te
s

q i

Fig. 4.1: Schematic illustration of the potential energy V (contour lines) in the vicinity of the
saddle point separating reactants and products in configuration space. A particle
located at the reactants’ region can cross the saddle only if its energy is higher than
the saddle point energy. Reactive trajectories (green solid lines) contribute to the flux,
but the nonreactive (red dashed lines) do not. Reactants and products are separated
by the DS s(q) = 0 (blue dotted line).

4.1.1 Flux at fixed temperature

In experimental setups, often the temperature T of the system is predetermined rather
than the precise energy of a reacting particle. In this case, the Boltzmann average of Eq.
(4.5) over phase space gives the phase space volume, which crosses the DS per unit time.
Assuming the first coordinate q1 to be the reaction coordinate, the thermal reaction rate
reads

Γ = 1
(2π~)dZ0

∫
dq
∫
p1>0

dp F(q,p) exp
(
−βH(q,p)

)
= 1

(2π~)dZ0

∫
dq δ[s(q)] s′(q)

∫
p1>0

dp p1

m
exp

(
−βH(q,p)

)
. (4.7)

Here, β = 1/kBT is the inverse temperature and

Z0 = 1
(2π~)d

∫
dq′

∫
dp′ exp

(
−βH(q′,p′)

)
(4.8)

is the canonical partition function of the system. Without loss of generality, the position
of the saddle which separates reactants and products can be set to q1 = 0. Furthermore,
it is convenient to chose s(q) = q1, so that s′(q) = 1. With H(q,p) = p2/2m + V (q),
the integral over the first momentum coordinate p1 > 0 is trivial and yields a factor of
1/β. Moreover, the delta function in the integral over the configuration space induces a
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contribution only for q1 = 0. Finally, one obtains for Eq. (4.7) (cf. Ref. [41])

Γ = 1
(2π~)dβZ0

∫
dq2 . . . dqd

∫
dp2 . . . dpd exp

(
−βH(q,p)

∣∣∣
q1=0

)
=

1
β

∫
dq2 . . . dqd

∫
dp2 . . . dpd exp(−βH(q,p)|q1=0)∫

dq′1 . . . dq′d
∫

dp′1 . . . dp′d exp(−βH(q′,p′)) . (4.9)

4.2 Phase space approach to classical transition state
theory

The configuration space approach to TST discussed in the previous section is a powerful
tool to calculate reaction rates. However, there are situations, in which this approach
fails. Because it is based on the potential energy surface, this is naturally the case, if the
Hamiltonian is not given by the sum of kinetic and potential energy. On the one hand,
this is the case, if a potential does not exist. On the other hand, this problem arises,
if couplings between generalized coordinates and their conjugate momenta occur, e.g.
when Coriolis or magnetic terms are present. Furthermore, Waalkens et al. [36] have
pointed out that it is, in general, not possible to construct a DS which is solely based
on the potential energy surface and free of local recrossings. These problems can be
overcome, if the treatment of the reaction dynamics as well as the definition of reactants
and products is extended to the whole phase space.

Dynamical TST in phase space has been developed in the series of papers [86–92]. In this
section, the calculation of the flux in phase space is reviewed briefly following Waalkens
et al. [36] (for details the reader is referred to this reference). Therefore, the phase space
geometry is investigated in the vicinity of a rank-1 saddle point in Sec. 4.2.1, and the
flux through the DS is calculated in Sec. 4.2.2.

4.2.1 Construction of a dividing surface in phase space

In the vicinity of a rank-1 saddle point and using appropriate coordinates, the Hamiltonian
of the system can be written in the form [88]

H = E0 + λq1p1 +
d∑
i=2

ωi
2 (p2

i + q2
i ) + f(q,p) . (4.10)

Here, f(q,p) denotes terms which are of cubic and higher order, λ is the only unstable
eigenvalue of the saddle point, and the ωi are the oscillation frequencies of the bath
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E < E0

E = E0

E > E0

p1 − q1

qi , pi (i > 1)

Fig. 4.2: Schematic drawing of the topology of the quadratic Hamiltonian in the vicinity of
a rank-1 saddle point. Shown are isosurfaces of Eq. (4.11) for the bath coordinates
qi, pi (i > 1) in dependence of p1 − q1 (the coordinate p1 + q1 is not visualized). See
text for further description.

degrees of freedom. To derive the possible dynamics in the vicinity of the saddle, it is
sufficient to consider the quadratic part of the Hamiltonian (4.10). For a fixed energy,
H = E, it can be rewritten as [88]

(E − E0) + λ

4 (p1 − q1)2 = λ

4 (p1 + q1)2 +
d∑
i=2

ωi
2 (p2

i + q2
i ) . (4.11)

Depending on the energy E, Eq. (4.11) defines an energy hypersurface with different
topology. Since the right-hand side of this equation is strictly nonnegative, the following
cases can be distinguished (see Fig. 4.2):

(i) For energies below the saddle point energy, E < E0, the left-hand side of Eq. (4.11)
is nonnegative only for

|p1 − q1| > [−4(E − E0)/λ]1/2 . (4.12)

This defines two (2d− 2)-dimensional disjoint spheres S2d−2 in the variables pi, qi
(i > 1). Transitions between them are not possible.

(ii) At an energy equal to the saddle point energy, E = E0, the two spheres become
two disjoint spherical cones.

(iii) At an energy higher than the saddle point energy, E > E0, the energy surface
becomes a spherical cylinder S2d−2 ×R. Transitions between the formerly disjoint
regions p1 − q1 < 0 and p1 − q1 > 0 are possible.
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Fig. 4.3: Visualization of the local geometric structure of the transition state for (a) the reaction
coordinates q1, p1 and (b) the bath coordinates qi, pi (i > 1). Contour lines are lines
of constant energy, and the arrows indicate the direction of the Hamiltonian flow.
The solid and dashed green lines visualize the forward and the backward parts of the
DS defined in Eqs. (4.17). The NHIM is defined in Eq. (4.16). The white background
color refers to an energy equal to the saddle point energy, the orange regions are
higher values and the blue ones are of lower energy.

The linearized Hamilton’s equations of the Hamiltonian (4.10) are (i = 2, . . . , d)

q̇1 = λq1 , ṗ1 = −λp1 , (4.13a)
q̇i = ωipi , ṗi = −ωiqi , (4.13b)

and they have the solution (see Fig. 4.3)

q1(t) = A1 exp(λt) , p1(t) = B1 exp(−λt) , (4.14a)
qi(t) = Ai sin(ωit+ ϕi) , pi(t) = Ai cos(ωit+ ϕi) , (4.14b)

where the constants A1, . . . ,Ad, B1 and ϕ2, . . . ,ϕd are determined by the initial conditions.
These equations show that q1 and p1 are invariant manifolds because a trajectory starting
on one of those remains there for all the time, and it cannot be reached by trajectories
starting apart from it. This motivates the definition of the following manifolds. On the
energy surface H = E, the DS is defined by

S2d−2
DS = {pi, qi|H = E, p1 = q1} . (4.15)

This divides the energy surface into two regions, namely the “reactants” (p1−q1 > 0) and
the “products” (p1 − q1 < 0). Furthermore, the normally hyperbolic invariant manifold
(NHIM) S2d−3

NHIM is defined by

S2d−3
NHIM = {pi, qi|H = E, p1 = q1 = 0} . (4.16)
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It separates the DS into a forward (f) and a backwards (b) part,

B2d−2
DS,f = {pi, qi|H = E, p1 = q1 > 0} , (4.17a)
B2d−2
DS,b = {pi, qi|H = E, p1 = q1 < 0} . (4.17b)

4.2.2 Flux through the dividing surface in phase space

In analogy to the case of the configuration space approach, the reaction rate is given by
the flux through the DS [36, 88, 93]. Because its calculation involves high-dimensional
integrals, the formalism of differential geometry is applied in the following. In order to
calculate the phase space flux, one first considers the phase space volume form

Ω = dp1 ∧ dq1 ∧ . . . ∧ dpd ∧ dqd (4.18)

with the help of the generalized coordinates q and the respective conjugate momenta p.
Using the standard symplectic 2-form [88]

ω2 =
d∑

k=1
dpk ∧ dqk , (4.19)

the phase space volume form (4.18) can also be written as its d-th exterior power by
Ω = ωd/d!. (Note the different sign in the definition of ω2 in Ref. [88] compared to
Ref. [55] and Appx. A.) To determine the phase space volume flux F∗E at fixed energy E,
one further defines the energy surface form η by

dH ∧ η = Ω , (4.20)

where H is the Hamiltonian. The flux of the energy surface form η along the Hamiltonian
vector field XH is then given by their inner product ιXH

η, and the flux form is denoted
by Ω′,

Ω′ = ιXH
η =

d∑
k=1

∧
l 6=k

dpl ∧ dql . (4.21)

Note that this flux form Ω′ is exact [36, 88], i.e. it can be written as Ω′ = dφ with
a generalized “action” form φ (see below). The complete flux of phase space volume
through the DS at constant energy E is finally given by the integral of the flux form Ω′
over the forward part B2d−2

DS,f of the DS in Eq. (4.17b) [36,93]

F∗E =
∫
B2d−2

DS,f

Ω′ =
∫
S2d−3

NHIM

φ . (4.22)
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Here, Stokes’ theorem has been applied in the second step. In order to evaluate this
integral, the (2d− 3)-form φ is required. One possible choice is the generalized “action”
form [88]

φ = 1
(d− 1)!

(
d∑

k=1
pk dqk

)
∧
(

d∑
k=1

dpk ∧ dqk
)d−2

, (4.23)

which has the property dφ = Ω′. For the explicit evaluation of the flux integral (4.22) a
change of variables from the standard canonical coordinates (q,p) to new variables (J ,θ)
is performed. The reaction coordinate is I ≡ J1 = q1p1, and in the bath coordinates,
these are the respective action-angle variables. In these, the NHIM is given by I = 0.
Consequently, there remain only the terms

φ = 1
(d− 1)!

∑
π{ki}

Jk2 ∧ dθk2 ∧ dJk3 ∧ dθk3 ∧ . . . ∧ dJkd
∧ dθkd

, (4.24)

where it is summed over all permutations π(k2, k3, . . . , kd) = (2, 3, . . . , d). Eq. (4.24) can
be further simplified, if the term Jk2 is rewritten as a differential dJk2 . This is possible, if
the area of integration is adapted from the NHIM to the area of the actions 0 ≤ Jk <∞
(k = 2, . . . , d) which is enclosed by the contour H(0, J2, . . . , Jd) ≤ E. In this case, all the
(n− 1)! terms in Eq. (4.24) are equal, and with

φ̃ ≡ dJ2 ∧ dθ2 ∧ . . . ∧ dJd ∧ dθd (4.25)

one obtains the phase space volume flux at constant energy

F∗E =
∫
S2d−3

NHIM

φ =
∫
H(0,J2,...,Jd)≤E

φ̃ . (4.26)

The integral over the angle variables in Eq. (4.25) is trivial and yields a factor (2π)d−1.
Finally, one obtains

F∗E = (2π)d−1
∫
H(0,J2,...,Jd)≤E

dJ2 . . . dJd (4.27)

for the flux of phase space volume per unit time [36].

Thermal average

The thermal reaction rate is given by the Boltzmann average of the flux (4.27),

Γ = 1
(2π~)dZ0

∫
dE F∗E exp(−βE) . (4.28)
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Using the canonical partition function

Z0 = 1
~d
∫

dJ ′1 . . . dJ ′d exp
(
−βH(J ′)

)
, (4.29)

inserting Eq. (4.27), and integrating by parts yields, after a short calculation, the thermal
reaction rate

Γ = 1
2πβ

∫
dJ2 . . . dJd exp

(
−βH(0, J2, . . . , Jd)

)
∫

dJ ′1 . . . dJ ′d exp
(
−βH(J ′1, . . . , J ′d)

) . (4.30)

Note that, comparing Eqs. (4.9) and (4.30), the additional factor 2π in the latter equation
results from the formulation in action-angle variables, where the integration over the
angle coordinates has already been carried out.

Evaluation of the partition functions

In order to evaluate the integrals in Eq. (4.30), the respective partition functions of the
system are required. These can be approximated using local normal form Hamiltonians
HNF(J),H ′NF(J ′) in the vicinity of the metastable ground state and the saddle point,
respectively. A normal form expansion of the global Hamiltonian (see Appx. B.3) or the
method described in Chap. 3 at these points naturally provides a local approximation
given in action coordinates so that the integrals can be directly evaluated.

Note that – if a truncated Hamiltonian is used for the approximation – the sign of the
highest-order term in this approximation determines the convergence behavior of the
integrals in Eq. (4.30). Therefore, in this thesis the integration 0 ≤ J

(′)
i <∞ in case of

truncated normal form Hamiltonians is restricted to the area of the actions for which

ω
(′)
i = ∂H

∂J
(′)
i

≥ 0 , (4.31)

because of the physical assumption that the frequencies of the system need to be
nonnegative. When the respective local Hamilton functions are known, the evaluation
of the integrals under the constraint (4.31) can be done numerically via a Monte Carlo
algorithm.

Harmonic approximation

The leading-order approximation to the reaction rate is obtained if the saddle point
separating reactants and products as well as the partition functions occurring in the
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thermal average (4.30) are both approximated harmonically,

H(J) = Egs +
d∑
i=1

ωiJi , (4.32)

H ′(J ′) = Esaddle + λJ0 +
d∑
i=2

ω′iJ
′
i . (4.33)

In this case, the integrals in Eq. (4.30) are trivial, and one obtains the reaction rate (cf.
Ref. [80])

Γ = 1
2π

Ω
Ω′ e

−βE‡ . (4.34)

Here, Ω = ∏d
i=1 ωi denotes the product of the oscillation frequencies at the ground state

of the system, Ω′ = ∏d
i′=2 ω

′
i that at the saddle point, and E‡ = Esaddle−Egs is the height

of the energy barrier.

4.3 Quantum TST

The treatment of reactions in phase space described above is purely classical. However,
it is clear that under certain circumstances, quantum effects become important in the
system’s reaction dynamics, e.g. if tunneling processes along the reaction coordinate
cannot be neglected.

Focusing on a system with d = 1 degrees of freedom and following Waalkens et al. [36],
the quantum reaction rate can be described as a scattering process. The scattering states
are eigenstates of the operator Î = −i~(q d/dq + 1/2) and can be written as a linear
combination according to

ψ = αrψo,r + αpψo,p , (4.35a)
ψ = βrψi,r + βpψi,p . (4.35b)

Here, the indices “r” and “p” denote the “reactants” and “products”, respectively, “i”
and “o” stand for the incoming and outgoing parts. The coefficients αr,p and βr,p are
connected via the s-matrix S(I), (

αp
αr

)
= S(I)

(
βp
βr

)
. (4.36)

The transmission coefficient T (I) from reactants to products is then given by the modulus
squared of the off-diagonal entry S12(I) of the s-matrix, and the latter can be shown to
evaluate to [36]

T (I) = |S12(I)|2 = 1
1 + e−2πI/~ . (4.37)
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The thermal reaction rate is finally obtained by Boltzmann averaging the transmission
coefficient (4.37) which yields

Γ = 1
2π~Z0

∫
dE T (I) exp(−βE)

= 1
2π~Z0

∫
dI ∂H(I)

∂I
exp(−βH(I)) 1

1 + e−2πI/~

= 1
~2βZ0

∫
dI exp(−βH(I)− 2πI/~)

[1 + exp(−2πI/~)]2 (4.38)

after integration by parts in the last step. Note that the reaction rate can be easily
evaluated, if the quantum normal form Hamiltonian H(I) (see Appx. B.3.2) is used,
because this naturally results in a function depending on the reaction coordinate I. The
remaining integral over I can then be solved numerically.

4.4 Transition state theory for wave packet dynamics

TST as is has been described in the previous sections 4.1 to 4.3 can be applied to point
particles in various systems in order to determine the classical and quantum reaction
rates. Combining the general treatment of TST in phase space (Sec. 4.2), the variational
approach (Chap. 2), and the normal form expansion in variational space (Chap. 3) this
procedure can be extended to the application of TST to nonlocal wave packets ψ(r, t)
under the following assumptions:

(i) The quantum system is described within a variational framework by applying the
TDVP. The dynamics of the trial wave function (2.3) is determined by the equations
of motion (2.13) in complex variables or by Eq. (2.24) in case of real parameters.

(ii) The variational space can be divided into two subspaces which correspond to
“reactants” and “products”, respectively. Furthermore, these subspaces are separated
by a rank-1 saddle point of the energy functional (2.5).

TST can be applied to such a quantum system, because of the following reasons: Due to
the assumption (i), the dynamics of the wave function is uniquely determined by that
of the variational parameters, and vice versa. Furthermore, within the formulation in
real parameters, the variational approach defines a noncanonical Hamiltonian system
(2.33), in which the energy functional acts as a noncanonical Hamiltonian. Because of
the assumption (ii), the reaction dynamics between the subspaces is governed by a rank-1
saddle point of the energy functional. Every reacting trajectory must cross the very
vicinity of this point, hence the reaction rate is the flux over the latter.
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4.5 Bifurcations in the transition state

In order to evaluate the flux quantitatively, the noncanonical variational parameters are
mapped to canonical coordinates via the normal form expansion presented in Chap. 3.
The classical Hamiltonian constructed locally describes the quantum system equivalently
to the TDVP. In particular, the Hamilton function has the advantage to be given in
terms of action variables. When canonical coordinates are known, classical TST can be
applied as it has been demonstrated in Sec. 4.2.

It is emphasized that the assumptions listed above are not very restrictive. The assumption
(i) is valid for a wide variety of trial wave functions. In particular, it is fulfilled for the
Gaussian trial wave functions that will be used in Chaps. 5–7. Also the assumption
(ii) does not exceed the requirements to the Hamilton function if one applies TST to a
classical point particle. Moreover, it is emphasized that the procedure is applicable to
arbitrary quantum systems which fulfill these assumptions, because all the steps applied
are independent of the precise form of the Hamilton operator.

The activated complex of the quantum system is a certain set of variational parameters,
which represents a certain wave function ψ(r, t). Depending on the precise form of
the trial wave function, the activated complex can therefore be interpreted as a certain
density distribution of the system.

4.5 Bifurcations in the transition state

The calculation of reaction rates over a saddle point in phase space manifests a natural
limit to the procedure presented above, namely in the case that the reaction does
not take place over a single saddle, but over a whole configuration of saddles. Such
scenarios typically appear at or near bifurcations of the transition state which can
occur, if a parameter of the system is changed. Waalkens et al. [36] have pointed
out the general breakdown of the procedure in case of deformations of the energy
surface or bifurcations of the NHIM. This problem becomes especially obvious regarding
the harmonic approximation to the thermal reaction rate, Eq. (4.34): Mathematically,
the reason is that, at the point of a bifurcation of the transition saddle, one of the
corresponding frequencies ω′i vanishes, i. e. Ω′ → 0. Consequently, the corresponding rate
diverges. Physically speaking, TST fails, because the assumption that the reaction takes
place over one saddle is no longer fulfilled. By contrast, reactions over nearby saddles
occur with nearly the same probability, if the saddles are separated by energies of the
order of kBT or less.

In this case, the divergence of the rate is clearly not physical. It is the purpose of this
section to develop a method by which the reaction rate can be appropriately calculated
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and the bifurcation can be passed smoothly when changing the system’s parameters.
Therefore, a procedure has been developed in cooperation with Bartsch [94], which
suggests to apply a uniform rate formula and a suitable normal form for the original
potential. In this thesis, it is applied to the scenario of a symmetric cusp catastrophe.
However, it can be straightforwardly extended to other types of bifurcations if another
normal form for the potential is made use of.

The uniform rate formula

As already mentioned, the harmonic approximation to the saddle is no longer appropriate,
if there are several nearby saddles which are separated by energies of the order of the
thermal energy kBT , and a more adequate approximation is needed to reproduce the
correct behavior. Emanating from Eq. (4.9) with the Hamiltonian H = p2/2 + V (q), the
integration over the momenta can be solved trivially and yields a factor of (2π/β)1/2 for
each dimension, so that one obtains

Γ = 1
βZ0

(
2π
β

)d−1
2 ∫

DS
dd−1q e−βV (q,q1=0) . (4.39)

Here, the variables q are defined in such a way that the reaction coordinate q1 = 0 defines
the DS that separates the configuration space into reactants and products.

The crucial idea to evaluate the remaining integral for a whole configuration of saddles is
provided by the classifications of catastrophe theory [95,96]. One, therefore, applies a
change of coordinates q → x that maps the potential V (q, q1 = 0) to a suitable normal
form V0 + U(x). The remaining integral in Eq. (4.39) then has the form

I =
∫

dd−1x φ(x) e−βU(x) , (4.40)

where φ(x) is the Jacobi determinant arising from the transformation. Using a harmonic
approximation H = p2/2 + 1

2
∑
i ω

2
i q

2
i of the ground state, the reaction rate (4.39) finally

reads
Γ = Ω

2π e−βE‡ × I . (4.41)

Choice of the normal form U

The calculation of the reaction rate according to Eqs. (4.40) and (4.41) is very general.
It can be applied to a wide range of bifurcation scenarios, if the normal form is chosen in
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Fig. 4.4: Plots of the normal form U(x) (red line) in Eq. (4.42) in dependence of the coordinate
x2 for (a) negative unfolding parameters u < 0 and (b) positive ones u > 0. All other
coordinates are set to xi = 0 (i = 3, . . . , d). For positive unfolding parameters, the
normal form possesses only a minimum at x2 = 0 (center saddle). In the case of
negative values, this stationary point is a maximum, and there exist, in addition, two
minima at x2 = ±

√
|u| (satellite saddles). The blue lines indicate the local harmonic

approximation of the minima.

a way that suitably describes the respective situation. In the following, its application is
shown for a symmetric cusp catastrophe.

A suitable normal form describing a symmetric pitchfork bifurcation of the transition
state is

U(x) = 1
4x

4
2 + u

2x
2
2 + 1

2

d∑
i=3

[ω′i]
2
x2
i , (4.42)

where u is a free parameter. It is quadratic in all variables but one, and the number and
type of stationary points of U depend on the value of the parameter u. By a suitable
choice of u, the bifurcation of saddle points that is found in a pitchfork bifurcation can
be reproduced as follows (see Fig. 4.4).

For xi = 0 (i 6= 2) and u < 0 the function U has a maximum at x2,cs = 0 (center saddle)
and two minima at x2,ss = ±

√
−u (satellite saddles) with U(x2,ss) = −u2/4. In the case

u > 0, x2,cs = 0 is a minimum, and the other stationary points x2,ss are imaginary. With
the energy difference ∆V ‡ between the central saddle and the satellite saddles one further
defines the unfolding parameter

u = ±2
√

∆V ‡ (4.43)

and chooses it negative if all stationary states are real, and positive otherwise. With this
choice Eq. (4.42) reproduces the physical energy gap of the saddle configuration on both
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sides of the bifurcation by construction. Note that for the calculation of the unfolding
parameter u via Eq. (4.43), the energy of the satellite saddles needs to be determined on
both sides of the bifurcation, i. e. also in the case that they are located on the imaginary
axis.

What remains is to determine the prefactor φ in Eq. (4.40) in such a way that the flux
integral reproduces the standard TST rate far away from the bifurcation. In the case
u→∞ (only the center saddle) one can return to the quadratic approximation of the
potential, and, because the prefactor varies slowly, one can regard it as constant. In this
limit one obtains

I ≈
√

2π
βu

φ(0) != 1
Ω′cs

, (4.44)

where “ !=” denotes the requirement that the conventional TST result is to be reproduced
and the index “cs” signifies to take the product Ω′ at the center saddle. Analogously the
limit u→ −∞ yields

I ≈ 2× φ(xss)
√

π

−βu
e−βu2/4 != 2× 1

Ω′ss
(4.45)

to reproduce the flux over the two satellite saddles (“ss”). Since φ must be an even
function, one can finally approximate it as its lowest-order Taylor expansion

φ(x) = φ(0)− φ(xss)− φ(0)
u

x2
2 , (4.46)

and, once the values of φ(0) and φ(xss) have been determined from Eqs. (4.44) and (4.45),
the remaining integral in Eq. (4.40) can be solved numerically.

Note that the corrections to TST rates that are due to rank-2 saddles were recently
estimated by Maronsson et al. [97], who calculated the energy ridge that connects
the rank-1 saddle to the rank-2 saddles. In contrast to the procedure presented here,
their method takes account of the precise shape of the potential along the ridge. The
present approach provides a rate formula that applies on both sides of, and arbitrarily
close to the bifurcation. It also offers the advantage of greater simplicity because it only
requires information about the saddle points themselves. Via the frequencies ωi and ω′i,
the influence of degrees of freedom transverse to the ridge is taken into account.
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5 Thermal decay of a metastable state
in a one-dimensional cubic potential

This chapter addresses the question to what extent the variational approach is able to
reproduce the results of the well-known approach of TST using the classical and quantum
normal forms. For this purpose, the thermal decay rate of a metastable state in a cubic
potential well is investigated. The results of the classical TST of point particles (Sec.
4.2) as well as the quantum corrections (Sec. 4.3) are compared with those obtained
from the procedure for quantum wave packets (Sec. 4.4). It is demonstrated that the
decay rate obtained with a narrow trial wave function agrees perfectly with the results
obtained using the classical normal form of the corresponding point particle. The results
calculated with a broader trial wave function go even beyond the classical approach, i.e.
they agree with those using the quantum normal form.

5.1 Frozen Gaussian approximation to a quantum state
in a cubic potential well

For the comparisons between the different approaches to TST, a one-dimensional cubic
potential of the form

V (x) = − α
γ3x

2(2x− 3γ) (5.1)

is chosen (see Fig. 5.1), where α, γ > 0 are free parameters. The potential is constructed
in a way that it features a local minimum which is located at the origin, Vmin = V (0) = 0,
and a local maximum at x = γ with a barrier height of Vmax = V (γ) = α. A point
particle with mass m = 1 in this well is classically described by the Hamiltonian

H(x, p) = p2

2 + V (x) . (5.2)
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Fig. 5.1: Schematic drawing of the cubic potential V (x) in Eq. (5.1) (gray) and the stationary
states of (a) the classical point particle as well as (b) the Gaussian trial wave function
(5.4) (red: ground state; blue: excited state). The stationary states of the point
particle are located at the maximum and the minimum of the potential, respectively.
By contrast, those of the variational approach are slightly shifted in position and
energy due to the extension of the wave function and the asymmetry of the potential
with respect to its extreme values.

Variational approach

In the quantum mechanical case, the dynamics of its wave function is determined by the
Schrödinger equation with the Hamilton operator (~ = 1)

Ĥ = −1
2∆ + V (x) . (5.3)

In order to describe the wave function within a variational approach, the trial wave
function is chosen as a frozen Gaussian wave packet

ψ(x; z) = Ñ exp
(
−a(x− q)2 + ip(x− q)

)
= N exp

(
−ax2 + zx

)
(5.4)

with fixed width a > 0. Here, q and p denote the center and momentum of the wave
function, respectively, and these are combined in the complex variational parameter z
with real and imaginary parts zr = 2aq and zi = p. Further, the factor

N =
(2a
π

)1/4
exp

(
− z

2
r

4a

)
= Ñ exp

(
−aq2 − ipq

)
(5.5)

fixes the normalization of the wave function to
∫

dx |ψ(x, t)|2 = 1. With this definition
of the parameter z, the variational space is the entire complex z-plane. Every point in
it can be identified with a certain position and state of motion of the Gaussian wave
packet, and vice versa.
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5.1 Frozen Gaussian approximation to a quantum state in a cubic potential well

The dynamics of the particle is classically determined by Hamilton’s equations corre-
sponding to the Hamiltonian (5.2). With the choice of the trial wave function as the single
frozen Gaussian wave packet (5.4) and the normalization factor in (5.5), one obtains for
the total energy of the system

E =
〈
ψ(x; z)

∣∣∣− 1
2∆ + V (x)

∣∣∣ψ(x; z)
〉

= 1
2
(
a+ z2

i

)
+ α

4aγ

(
− z3

r
a2γ2 + 3z2

r
aγ
− 3zr

aγ2 + 3
γ

)
. (5.6)

The dynamics of the system is described by the differential equations (2.24). With the
trial wave function (5.4), one obtains

K =
(

0 1/2a
−1/2a 0

)
. (5.7)

Furthermore, the vector h is

h =
(
∂zr

∂zi

)
E =

−
3α

4a3γ3 z
2
r +

3α
2a2γ2 zr −

3α
4a2γ3

zi

 (5.8)

according to Eq. (2.31), so that the dynamical equations of the system read

d
dt

(
zr
zi

)
= −K−1h =


2azi

3α
2a2γ3 z

2
r −

3α
aγ2 zr +

3α
2aγ3

 . (5.9)

Both, the energy functional (5.6) as well as the vector field defined by Eqs. (5.9) are
visualized in Fig. 5.2 showing that the latter possesses two fixed points.

Note that the dynamical equations (5.9) can be explicitly evaluated in terms of the
variational parameters because of the ansatz of the trial wave function (5.4) as a single
frozen Gaussian.

Construction of canonical coordinates

The real and imaginary parts of the variational parameter z cannot be interpreted as
canonical variables because Eqs. (5.6) and (5.9) are not connected via canonical equations
żr,i = ±∂E/∂zi,r. In order to obtain canonical coordinates in the vicinity of one of the
fixed points, the normal form procedure can be applied as described in Chap. 3. In the
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Fig. 5.2: Visualization of the vector field defined by the dynamical equations (5.9) (arrows) and
the energy functional (5.6) (contour lines) for the parameters a = 1.9, α = 10, and
γ = 2. The variational space is the entire complex z-plane and the system possesses
two stationary states: One is a local minimum of the energy functional and the other
one is a rank-1 saddle point.

following, this procedure is exemplarily demonstrated for the set of parameters a = 1.9,
α = 10, and γ = 2. With these parameters, the fixed point of the dynamical equations
(5.9) which corresponds to the metastable ground state of the potential well is (cf. Fig.
5.2)

zr = 0.258814 , zi = 0 . (5.10)

The local expansions of the energy functional and the dynamical equations at this fixed
point read

E(x1,x2) = 1.90363 + 0.484015x2
1 + 0.5x2

2 − 0.0455606x3
1 , (5.11a)ẋ1

ẋ2

 =
 3.8x2

−3.67852x1 + 0.519391x2
1

 , (5.11b)

where x1,2 are local coordinates. Consequently, the linearized dynamical equations are

ẋ = Ax with A =
(

0 3.8
−3.67852 0

)
(5.12)

and the matrix A has the eigenvalues λ = ±3.73877i. Further normalizing the corre-
sponding eigenvectors of A according to the condition (3.12), the energy functional and
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the equations of motion in the new variables (which are again called x) become

E(x1,x2) = 1.90363 + 3.73877ix1x2 + 0.0165022x3
1

− 0.18815ix2
1x2 − 0.715063x1x

2
2 + 0.905866ix3

2 , (5.13a)ẋ1

ẋ2

 =
 3.73877ix1 − 0.18815ix2

1 − 1.43013x1x2 + 2.7176ix2
2

−3.73877ix2 − 0.0495065x2
1 + 0.376299x1x2 + 0.715063x2

2

 . (5.13b)

It can be seen that the local coordinates x1,2 in the symplectic basis can already be inter-
preted as canonical coordinates according to the canonical equations ẋ1,2 = ±∂E/∂x2,1.
It is noted that this is a special case which is a consequence of the variational ansatz (5.4),
where the variational parameters already have the meaning of position and momentum
by definition. This trial wave function leads to the fact that the matrix K in Eq. (5.7)
does not depend on the variational parameter, but it only includes constant numbers
for a fixed width parameter a. Because of that, the matrix K can be transformed to
the standard symplectic matrix J defined in Eq. (2.34) by choosing the symplectic
normalization of the eigenvectors, while the treatment of higher-order corrections is not
necessary.

Although the coordinates are canonical, the system (5.13) is not yet in its normal form,
i.e. there are nonresonant terms present in the expansions. In order to remove them, the
normal form procedure is applied as described in Sec. 3.2. In normal form coordinates
this results in the equations

E(x1,x2) = 1.90363 + 3.73877ix1x2 − 0.119949x2
1x

2
2 + . . . , (5.14a)ẋ1

ẋ2

 =
 3.73877ix1 − 0.239899x2

1x2 + . . .

−3.73877ix1 + 0.239899x2
1x2 − . . .

 . (5.14b)

Here, the energy functional can directly be used as a normal form Hamiltonian, and with
the definition (3.61) of action variables, the local Hamilton function finally reads

H(J) = E(J) = 1.90363 + 3.73877 J + 0.119949 J2 + . . . (5.15)

A separate treatment of the generating function’s resonant coefficients as discussed in Sec.
3.3 is not necessary in this case, because the coordinates are already canonical ones.

5.2 Results

In this section the stationary states of the system are discussed and the thermal reaction
rates obtained from different approaches are compared.

75



5 Thermal decay of a metastable state in a one-dimensional cubic potential

5.2.1 Stationary states of the system

A classical point particle in the cubic potential well possesses two stationary states [cf.
Fig. 5.1(a)]. Because the Hamiltonian (5.2) is the sum of the kinetic and the potential
energy, these are characterized by a vanishing momentum, p = 0, and the position of the
stationary states is given by the minimum and maximum of the potential (5.1), i. e. x = 0
and x = γ. Consequently, the potential energies of the stationary states are Vmin and
Vmax, respectively. The frequency of small oscillations in the vicinity of the metastable
minimum can easily be obtained by harmonically approximating the potential (5.1). This
yields

Vharm(x) = 3α
γ2 x

2 , (5.16)

so that the oscillation frequency is

ωcl =
√
|V ′′harm(x)| =

√
6α
γ2 . (5.17)

In analogy, these two stationary states also exist as fixed points of the dynamical equations
(5.9) within the frozen Gaussian wave packet approach. However, there are differences
due to the finite extension of the wave packet as it is shown in Fig. 5.3 for the parameters
α = 10 and γ = 2 [see also Fig. 5.1(b) for a qualitative illustration]. As can be seen
in Fig. 5.3(a), the position of the wave packet’s center, q = zr/(2a), does not coincide
with the position of the potential’s minimum and maximum, respectively. This is due to
the fact that the potential is not symmetric with respect to the latters’ positions. The
position of the ground state is shifted slightly to positive values of x, while that of the
excited state is shifted in the opposite direction. Nevertheless, these deviations become
smaller the narrower the wave packet is chosen, and in the limit a→∞ of a wave packet
with zero extension, the positions coincide with those of the point particle (gray dashed
lines).

Note that – contrary to the metastable ground state – the unstable excited state, whose
wave function is located in the vicinity of the potential’s maximum is not a stationary
solution of the exact Schrödinger equation, but it would dissolve. The latter’s existence
is a consequence of the ansatz of the wave function as a frozen Gaussian. Within the
variational approach, this dissolving character, however, is taken into account by the
instability of this state.

The fact that the position of the stationary states is shifted compared to the point
particle, directly implies that also the expectation value 〈V 〉 of the potential energy at
the fixed points deviates from the values Vmin and Vmax [see Fig. 5.3(b)]. The ground
state energy is increased by the interaction with the potential because the latter also
increases for small deviations from the origin. Analogously, the energy of the excited
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Fig. 5.3: Stationary states of the cubic potential well for the parameters α = 10 and γ = 2 in
dependence of the Gaussian width parameter a. Shown are (a) the position q = zr/(2a)
of the Gaussian’s center, (b) the expectation value 〈V 〉 of the potential energy (5.1),
and (c) the modulus of the eigenvalue of the linearized dynamical equations. The
two stationary states correspond to the ground state (solid red lines) and an excited
state (dash-dotted blue lines). The constant gray dashed lines show the values of the
classical point particle for comparison.
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state is decreased. Again, in the limit a→∞ of a very narrow wave function, the values
of the point particle are reproduced.

The same behavior is also observed regarding the eigenvalues of the linearized dynamical
equations as can be seen in Fig. 5.3(c). Because the potential (5.1) is symmetric with
respect to the point x = γ/2,V (γ/2) = Vmax/2, the harmonic approximations at the fixed
points only differ in the sign of the quadratic term. Thus, the corresponding eigenvalues
have the same modulus. The difference is that the eigenvalues are purely imaginary at
the ground state, where they describe small oscillations, and they are purely real at the
excited one, where they describe the exponential depart from the fixed point. For the
parameters used in Fig. 5.3, the oscillation frequency (5.17) is ωcl ≈ 3.87.

The classical limit

The classical limit of these results can easily be understood considering the classical
limit of the variational wave function. For a narrow wave function, a → ∞, only the
local properties of the potential will be of importance so that the potential can be
approximated harmonically by Eq. (5.16) in this limit. The characteristic width of the
Gaussian is then obtained from that of the ground state wave function of the harmonic
oscillator, which is given by

aharm = ωcl

2~ , (5.18)

with the frequency (5.17). The classical limit ~ → 0 then yields a → ∞ for which
one observes convergence of the positions q, the expectation value 〈V 〉 as well as the
eigenvalues to the classical results.

Vice versa, for broad wave functions the anharmonicity of the potential becomes relevant.
The more extended the wave function is, the larger are the deviations from the classical
results. In this case, the width of the harmonic oscillator will be only a crude approxi-
mation. The quantum case is obtained for ~ = 1 which results in the width parameter
a ≈ 1.97 according to Eq. (5.18) and for the above given value of the frequency ωcl.
According to this rough estimate, intermediate values 1.97 ≤ a <∞ correspond to values
0 < ~eff = ωcl/(2a) ≤ 1 acting as an effective Planck constant.
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5.2.2 Thermal decay in the cubic potential well – Comparison with
the classical and quantum normal forms

The ground state of the cubic potential is metastable and the following processes can
contribute to its decay. On the one hand, the decay of a particle to x→∞ is possible
by tunneling through the barrier. This process will be the dominant decay mechanism at
zero temperature which is, however, not the subject of these investigations. On the other
hand, the classical crossing of the barrier is possible at finite temperatures T > 0. The
corresponding thermal reaction rate can then be calculated by applying TST because of
the following reason: First, one can define the “reactants” of the system as those initial
states of motion for which the wave packet remains in the potential well, i. e. x < γ for
t→∞, and “products” as those which escape to x→∞ for t→∞. With this definition
the complex z-plane can be divided into a region of reactants and products, respectively,
by solving the equations of motion (5.9). The reaction rate is then given by the flux
through the DS between these two regions.

A thermal excitation now enables a wave packet corresponding to the reactants to cross
the barrier of the potential V and to become a product. For low temperatures, the
reaction path will cross the DS at its point with the least energy. This point in the
z-plane is the rank-1 saddle of the energy functional (5.6) which corresponds to the
excited stationary state discussed above. Consequently the decay rate of the system is
given by the flux over this saddle.

In order to compare the thermal decay rates calculated by the different methods, the
classical and quantum normal forms of a point particle in the potential (5.1) are calculated
according to Eqs. (B.36) and (B.37) in Appx. B.3.3. At the unstable fixed point, this
yields

HQNF(J) = Vmax + λJ + 15α2

γ6λ4 J
2 − 705α4

γ12λ9 J
3 + ~2

(
1155α4

4γ12λ9 J −
7α2

4γ6λ4

)
(5.19)

for the quantum normal form, where λ is the real eigenvalue at the unstable fixed
point and J is the reaction coordinate. The normal form at the metastable ground
state is obtained by substituting Vmax → Vmin, λ → iω as well as J → J/i, and the
classical normal form HCNF can be extracted by setting ~ → 0. Further the normal
form analogue H(J) in the variational space is determined, and the following steps
are performed as is has been demonstrated in Sec. 5.1: First, the fixed points of the
dynamical equations (5.9) are determined, and the latter are Taylor expanded. Second,
a normal form transformation is performed. Finally, the transformed energy functional
serves as the desired Hamiltonian which is locally equivalent to Eqs. (5.9) and (5.6). For
all these cases, the thermal decay rates are finally determined using Eq. (4.30) for the
classical case and Eq. (4.38) for the quantum case (for the latter ~ = 1 is set).
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Fig. 5.4: Comparison of the thermal decay rates of a particle placed in the metastable cubic
potential well (5.1). The rates are calculated by the classical normal form (solid line),
the quantum normal form (dashed line) and the variational approach with frozen
Gaussian wave functions of different width a (dots). The data have been calculated in
dependence of the parameter γ, for a temperature of β = 1/kBT = 1.5 and a barrier
height of α = 10. See text for further description.

Figure 5.4 shows a comparison of the thermal decay rates calculated for the cubic
potential by the three methods in dependence of the parameter γ of the potential and
for different width parameters a of the Gaussian trial wave function. The temperature is
set to β = 1.5 and a barrier height of α = 10 is used.

The classical (solid line) and quantum (dashed line) normal forms reveal a significantly
differing decay rate which is especially pronounced for small γ due to the quantization
effects in the narrow potential well. The quantum rate is higher because it takes into
account tunneling through the barrier, so that reactions become possible already at
excitation energies which are lower than the height of the barrier. Furthermore, the
barrier height E‡ = Eex − Egs itself becomes smaller because of the shift of the ground
state’s energy to higher values and that of the excited state to lower ones as it has been
discussed above.

The variational approach with a single frozen Gaussian trial wave function, however,
is able to reproduce both curves. In the limit of a very narrow wave function (empty
circles), i.e. a → ∞, one finds a perfect match of the latter with the classical result.
When the width of the Gaussian wave function is increased, the decay rate increases
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as well (triangles and filled circles). For a width of a = 1.9 (squares) the decay rate
calculated from the quantum normal form of the corresponding point particle is finally
recovered. These observations support the above discussion of the width parameter a as
an effective inverse Planck constant ~eff = ωcl/(2a) of the system. The small deviation
of the value a = 1.9 from the above estimated value a = 1.97 can be explained by the
fact that the latter has been determined from a harmonic approximation of the potential
that does not take into account its precise form.

One further observes this behavior at different temperatures as can be seen in Fig. 5.5 for
some exemplary values. Again, the results using the classical normal form (solid lines)
are perfectly recovered within the limit a→∞ of very narrow wave functions (empty
circles). For broad ones (squares) the decay rates agree with those obtained from the
quantum normal form (dashed lines).

With increasing temperature, the decay rates also increase rapidly by several orders of
magnitude. However, the difference between the classical and the quantum normal forms
becomes smaller as well as it does for the two limits of the wave function concerning their
width. At high temperatures compared to the height of the potential barrier, kBT & E‡,
the classical limit is reached. For the parameters used here, this is the case for β . 0.1,
where the difference of the decay rates calculated by the three methods vanishes and
they cannot be distinguished any more.
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Fig. 5.5: Thermal decay rates for the cubic potential at different temperatures. As in Fig. 5.4
the results of the classical (solid lines) and quantum (dashed lines) normal forms as
well as the variational approach in the limit of broad (squares) and narrow (empty
circles) Gaussian trial wave functions are compared. With increasing temperature, the
decay rates also increase and the difference between the classical and quantum normal
forms becomes smaller in the same way as the two cases of narrow and broad wave
functions do within the variational approach. For β . 0.1 the decay rates calculated
by the different methods cannot be distinguished any more.

82



6 Bose-Einstein condensates

The investigation of BECs has been a field of growing interest over the last decades
on both the theoretical as well as the experimental side. As already mentioned in the
introduction, these macroscopic quantum objects are of high interest because they form
nearly ideal quantum laboratories which are extremely controllable and manipulatable.
The phenomenon of Bose-Einstein condensation can be observed in systems of indistin-
guishable particles with integer spin, and it sets in when the thermal de Broglie wave
length becomes comparable to the mean particle separation in a gas. In the laboratory,
BECs are usually created in external trapping potentials that can typically be well
approximated by a harmonic trap. Thus, the main aspects of this phenomenon can be
understood in the simple treatment of an ideal Bose gas in a harmonic trap [98,99]. In
this framework, the single bosons are treated without interparticle interactions, so that
the basic results can be widely obtained analytically. It can be shown that the phase
transition sets in at a critical temperature

Tc = ~ω̄
kB

(
N

ξ(3)

)1/3

≈ 0.94 ~ω̄
kB

N1/3 , (6.1)

where ω̄ = (ωxωyωz)1/3 is the mean strength of the external trap, N is the number of
bosons and ξ(x) is the Riemann zeta function. Below this critical temperature (T ≤ Tc),
the occupation N0 of the ground state behaves as

N0

N
= 1−

(
T

Tc

)3
. (6.2)

Although the presence of interparticle interactions modifies the results, Eqs. (6.1) and
(6.2) can also be used as a rough estimate to these quantities in real BECs.

In this chapter, the theoretical description of BECs with long-range interaction is
presented and their excitations are discussed. In Sec. 6.1, the general treatment of a Bose
gas at zero and finite temperature is demonstrated briefly. At arbitrary high temperature,
it can be described by the Hartree-Fock-Bogoliubov equations (HFBE) [22, 23] which
reduce to the Gross-Pitaevskii equation (GPE) [24, 25] if the condensate depletion
can be neglected. Section 6.2 introduces the scattering interaction, a “gravity-like”
monopolar 1/r-interaction, and the dipole-dipole interaction (DDI). In Sec. 6.4 single-
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and quasiparticle excitations of BECs are discussed, and the treatment of BECs within
a variational framework is presented in Sec. 6.5.

6.1 Theoretical description of Bose-Einstein
condensates at zero and finite temperature

In second quantization, a gas of interacting bosons with mass m is described by the
Hamilton operator [22,23,100]

Ĥ =
∫

d3r Ψ̂†(r, t)
[
− ~2

2m∆ + Vext(r)
]

Ψ̂(r, t)

+ 1
2

∫∫
d3r d3r′ Ψ̂†(r, t) Ψ̂†(r′, t)Vint(r, r′) Ψ̂(r′, t) Ψ̂(r, t) , (6.3)

where Vext(r) is an external trapping potential and Vint(r, r′) describes the interparticle
interaction between the bosons. Furthermore, the bosonic field operators Ψ̂(†)(r, t) obey
the equal-time commutation relations[

Ψ̂(r, t), Ψ̂(r′, t)
]

=
[
Ψ̂†(r, t), Ψ̂†(r′, t)

]
= 0 , (6.4a)[

Ψ̂(r, t), Ψ̂†(r′, t)
]

= δ(r − r′) . (6.4b)

The dynamics of the system is then given by the Heisenberg equations of motion for the
field operator

i~ ∂Ψ̂(r)
∂t

=
[
Ψ̂(r), Ĥ

]
=
[
− ~2

2m∆ + Vext(r)
]

Ψ̂(r) +
∫

d3r′ Ψ̂†(r′)Vint(r, r′) Ψ̂(r′) Ψ̂(r) , (6.5)

where the time argument t has been omitted for brevity. Eq. (6.5) can handle BECs with
arbitrary internal and external interactions as well as all relevant temperatures.

6.1.1 The Hartree-Fock-Bogoliubov equations

Below the critical temperature Tc where the gas is partially condensed, it is appropriate to
separate out the condensate part of the field operator using the Fock space decomposition

Ψ̂(r) = Ψ(r) + δ̂(r) . (6.6)
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Here, Ψ(r) = 〈Ψ̂(r)〉 is the mean field describing the BEC and δ̂(r) = Ψ̂(r) − 〈Ψ̂(r)〉
are its fluctuations. Inserting Eq. (6.6) into the dynamical equation (6.5) and taking its
mean value, one obtains for the time evolution of the mean field

i~ ∂Ψ(r)
∂t

=
[
− ~2

2m∆ + Vext(r)
]

Ψ(r)

+
∫

d3r′ Vint(r, r′)
(
|Ψ(r′)|2 Ψ(r) + Ψ∗(r) 〈δ̂(r′)δ̂(r)〉+

Ψ(r) 〈δ̂†(r′)δ̂(r)〉+ Ψ(r) 〈δ̂†(r′)δ̂′(r′)〉+ 〈δ̂†(r′)δ̂′(r′)δ̂(r)〉
)

. (6.7)

Note that all terms containing a single contribution of the fluctuations δ̂ vanish, because
〈δ̂〉 = 0. The terms |Ψ|2 and 〈δ̂†δ̂〉 are the density of the condensate and the excited
particles, respectively. The anomalous average 〈δ̂δ̂〉 and the term 〈δ̂†δ̂δ̂〉 describe more
complex interactions with and between excited particles [22]. The last term can be shown
to vanish within a self-consistent approximation δ̂†δ̂δ̂ ≈ 2 〈δ̂†δ̂〉 δ̂ + δ̂† 〈δ̂δ̂〉 [23].

Moreover, using Eqs. (6.6) and (6.7) one can also write down partial differential equations
for the time-evolution of the remaining terms 〈δ̂δ̂〉 and 〈δ̂†δ̂〉 (for their explicit form, the
reader is referred to Ref. [22]). Together, these form a closed set of equations determining
the dynamics of the mean field Ψ and the occurring averages of the fluctuations δ̂. The
single equations are exact and valid at all relevant temperatures as well as outside
equilibrium. Note that c-field methods [101] also allow for the investigation of the finite-
temperature BEC up to the critical temperature when the contribution of incoherent
particles in the gas is of importance.

6.1.2 The Gross-Pitaevskii equation

As stated by Proukakis and Burnett [22], the coupled set of equations forming
the HFBE are exact but useless without approximations. However, because of the
decomposition (6.6), a particularly significant simplification, of course, arises in the limit
of a vanishing condensate depletion δ̂ = 0. In this case, the equations decouple and
reduce to a single equation for the remaining mean field Ψ.

According to the condensate fraction (6.2) of an ideal Bose gas in a harmonic trap,
excitations out of the condensate can be neglected at temperatures that are small
compared to the critical temperature, where the condensate fraction is close to unity.
Using Eq. (6.2) as a rough estimate also for interacting bosons, this is the case at
temperatures T . 0.2Tc for which the condensate fraction is N0/N & 99%. Furthermore,
introducing the single-particle wave function ψ which is normalized to one by Ψ = N1/2ψ,

85



6 Bose-Einstein condensates

Eq. (6.7) reduces to the GPE

i~ ∂ψ(r, t)
∂t

=
[
− ~2

2m∆ + Vext(r) +N
∫

d3r′ Vint(r, r′) |ψ(r′, t)|2
]
ψ(r, t) , (6.8)

which is the basis for all calculations on BECs in this thesis. Note that Eq. (6.8) is
a nonlinear equation in the order parameter ψ(r, t), and that the density distribution
|ψ(r′, t)|2 of the condensate directly enters the contribution of the particle interaction.
Therefore, the GPE can exhibit features which are not known from linear quantum
dynamics, e.g. the occurrence of bifurcations.

6.2 Interparticle interactions in Bose-Einstein
condensates

The interparticle interactions occurring in real BECs can basically be divided into two
parts, namely short- and long-range interactions. Whether an interaction is short- or
long-ranged depends on its asymptotic decay ∼ 1/rn for large interparticle separations
r →∞. Considering the multipole expansion of the interaction in three dimensions, the
only long-range interactions are monopolar (∼ 1/r) and dipolar (∼ 1/r3) interactions,
while higher multipole contributions are short-ranged.

In this thesis, BECs with three kinds of interactions are taken into account. One of these
is the contact interaction describing binary collisions of two bosons. The long-range
interactions are a laser-induced, “gravity-like” 1/r-interaction as well as the anisotropic
DDI. In the following, the corresponding interaction potentials are introduced briefly.

The contact interaction

In a real Bose gas, the bosons interact via elastic and binary collisions (collisions of
more than two bosons can be neglected because of the diluteness of the gas). The
asymptotic behavior of the corresponding potential is determined by the short-ranged
van der Waals-interaction which decays as 1/r6.

The description of the scattering process between two bosons is a standard problem of
scattering theory (see Ref. [58]). Because of the ultra-low temperature in a BEC it can
be shown that only the lowest partial wave significantly contributes to the scattering
process, so that only s-wave scattering needs to be taken into account. The latter can be
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6.2 Interparticle interactions in Bose-Einstein condensates

described using the Fermi-type pseudopotential [20,99]

Vc(r, r′) = 4π~2a

m
δ(r − r′) , (6.9)

which reproduces both the differential and total cross sections of the original interaction
potential. It solely depends on a single parameter, namely the s-wave scattering length a.
Inserting the particle interaction (6.9) into the Eq. (6.8) one obtains the contribution

∫
d3r′ Vc(r, r′) |ψ(r′, t)|2 = 4π~2a

m
|ψ(r, t)|2 (6.10)

for the right-hand side of the GPE. Note that the parameter a can be tuned experimentally
in strength as well as sign via an external magnetic field using Feshbach resonances [21].

The monopolar 1/r-interaction

Making use of a particular arrangement of six triads of lasers, O’Dell et al. [19] have
proposed a laser-induced, “gravity-like” 1/r-interaction between the atoms, whose radially
symmetrical interaction potential reads

Vmon(r, r′) = − 11
4π

Iq2α2

cε2
0

1
|r − r′|

≡ − u

|r − r′|
. (6.11)

Here, I is the intensity of the lasers, q is its wave vector, α is the polarizability of the
atom, c is the speed of light, and ε0 the vacuum permittivity. In the last step, all these
quantities are combined into the positive parameter u, and due to the negative sign this
interaction is always attractive.

It is noted that this kind of interaction has not yet been realized experimentally, but, due
to its radial symmetry and its simplicity, Eq. (6.11) forms an important model potential
for theoretical investigations.

The dipolar interaction

The second long-ranged interaction considered in this thesis is the DDI. It occurs when
the bosons possess either a static or an induced electric or magnetic dipole moment. The
DDI is of special importance because it is both long-ranged and anisotropic (see Fig.
6.1). Consequently, depending on the orientation of the dipoles, the interaction can be
attractive or repulsive. Similar to the other interactions discussed above, the DDI can be
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z

r −
r′

θ

(a) (b) (c)

Fig. 6.1: Left: Schematic drawing of a dipolar BEC whose dipoles are aligned along the z-axis
by an external magnetic field. Right: Interaction of two aligned dipoles. In (a)
head-to-tail position the dipoles attract each other, while they repel each other if they
are (b) aligned side-by-side. The general interaction depends on the angle θ between
the connecting line and the z-axis as well as the distance between the dipoles.

tuned in strength and sign by applying a time-dependent rotating electric or magnetic
field [20]. If two magnetic dipoles are aligned in z-direction, the interaction potential
between them is

Vdip(r, r′) = µ0µ
2

4π
1− 3 cos2 θ

|r − r′|3
, (6.12)

where µ0 is the vacuum permeability, µ is the magnetic moment of the atoms, and θ is
the angle between their connecting line and the z-axis.

6.3 GPE in particle-number scaled and dimensionless
form

In order to perform numerical calculations, the GPE is transformed into dimensionless
form in this section. Furthermore, a particle number scaling is applied which effectively
eliminates the particle number N occurring as a prefactor of the interaction term in Eq.
(6.8) and which reduces the number of independent parameters by one.

Monopolar BECs

To obtain the GPE (6.8) with the interaction potentials (6.9) and (6.11) in dimensionless
form, “atomic” units [102] are defined using the constant u which determines the strength
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of the attractive monopolar interaction:

au = ~2/(mu) , (6.13a)
Eu = ~2/(2ma2

u) , (6.13b)
ωu = Eu/~ , (6.13c)
βu = E−1

u . (6.13d)

Lengths are measured by means of the “Bohr radius” au, energies in units of the “Rydberg
energy” Eu, frequencies in units of ωu, and the inverse temperature as multiples of the
inverse energy βu. In addition, a particle number scaling[

r, a,ω,E,ψ(r)
]
−→

[
N−1r,N−2a,N2ω,N2E,N3/2ψ(N−1r)

]
(6.14)

is applied. Altogether, in these scaled “atomic” units the GPE (6.8) with a radially
symmetrical external trapping potential

Vext = mω2

2 r2 (6.15)

and the particle interactions (6.9) as well as (6.11) reads

i ∂ψ(r, t)
∂t

=
(
−∆ + γ2r2 + 8πa |ψ(r, t)|2 − 2

∫
d3r′
|ψ(r′, t)|2

|r − r′|

)
ψ(r, t) . (6.16)

Here, γ = ω/(2N2ωu) is the scaled trap frequency. Note that a monopolar BEC exhibits
the astonishing feature of self-trapping [103], so that an external trapping potential is
not necessary to create a stable condensate. However, a trap is included here in order
to avoid a dissolving of the BEC at high excitation energies. Note further that the
particle number scaling indeed eliminates the particle number N in the GPE (6.16) but
it imposes its occurrence in the Boltzmann factor which reads exp(−N2βE) after the
scaling (6.14). Therefore, the inverse temperature is always fixed by its particle number
scaled value N2β in the following investigations.

Dipolar BECs

Analogously, one defines “dipolar units” [104] in the case of a BEC with additional
long-range DDI according to

ad = mµ0µ
2/(2π~2) , (6.17a)

Ed = ~2/(2ma2
d) , (6.17b)

ωd = Ed/~ , (6.17c)
βd = E−1

d . (6.17d)
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Symbol Unit 52Cr 164Dy 168Er
Mag. moment µ µB 6 10 7
Crit. temp. Tc nK 700 100 417
Length ad m 4.80804× 10−9 4.21217× 10−8 2.11430× 10−8

Energy Ed J 2.78570× 10−27 1.15085× 10−29 4.45893× 10−29

Time td s 3.78566× 10−8 9.16341× 10−6 2.36508× 10−6

Frequency ωd s−1 2.64155× 107 1.09130× 105 4.22849× 105

Temperature Td K 2.01767× 10−4 8.33556× 10−7 3.22959× 10−6

Tab. 6.1: Characteristic properties and dipolar units of the elements 52Cr, 164Dy, and 168Er for
which Bose-Einstein condensation has been achieved [9–11]. The magnetic moment is
given in units of the Bohr magneton µB. Because of the different magnetic moment
as well as the different mass of the bosons, the values of the dipolar units differ by
up to several orders of magnitude.

Here, lengths are measured in terms of the “dipole length” ad, energies in units of the
“dipole energy” Ed, frequencies in terms of ωd and inverse temperatures in multiples of βd.
The values of these dipolar units are provided in Tab. 6.1 for the elements 52Cr, 164Dy,
and 168Er. In addition, the particle number scaling[

r,E,ω,ψ(r)
]
−→

[
Nr,N−1E,N−2ω,N−3/2ψ(Nr)

]
(6.18)

eliminates the explicit occurrence of the particle number N in the interaction terms.
Finally, the GPE (6.8) with the axisymmetric external trapping potential

Vext = m

2
(
ω2
ρρ

2 + ω2
zz

2
)

(6.19)

as well as the interparticle interactions (6.9) and (6.12) in the dipolar units (6.17) and
with the scaling (6.18) reads

i ∂ψ(r, t)
∂t

=
(
−∆ + γ2

ρρ
2 + γ2

zz
2 + 8πa |ψ(r, t)|2

+
∫

d3r′
1− 3 cos2 θ

|r − r′|3
|ψ(r′, t)|2

)
ψ(r, t) . (6.20)

The trapping parameters are defined as γρ,z = ωρ,z/(2N2ωd), where ωρ,z are the trap
frequencies in SI units. Analogously to the case of the monopolar BECs, the scal-
ing (6.18) imposes the occurrence of the particle number N in the Boltzmann factor
exp(−N−1βE), so that inverse temperatures of dipolar BECs are fixed by the term N−1β
in the following.
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6.4 Excitations of Bose-Einstein condensates

Beyond the ground state of a BEC, its elementary excitations play a crucial role for the
properties of the condensate. As an example, they determine the excitation spectrum
and can be used to investigate the stability of the ground state. The excitations of a BEC
can basically be divided into two parts, namely single-particle excitations and collective
ones.

The single-particle excitations are possible because the condensate is confined in an
external trap which provides excited single-particle energy levels. The energy scale of
these excitations is, therefore, determined by the external trapping potential.

On the other hand, the quasiparticle modes describe collective oscillations of the mean
field and density modulations of the atomic cloud. Small amplitude oscillations can be
described by linearizing the GPE (6.8) in the modulations of the ground state. Therefore,
one usually arranges the condensate wave function according to

ψ(r, t) = e−iµt/~
(
ψ0(r) + u(r) e−iωt + v∗(r) e+iω∗t

)
, (6.21)

where ψ0(r) is the stationary ground state, µ is the corresponding chemical potential,
u(r), v∗(r) are the amplitudes of the excitations, and ω is the corresponding frequency. In-
serting Eq. (6.21) into the GPE (6.8) yields, after linearizing in the amplitudes u(r), v∗(r),
the Bogoliubov-de Gennes equations for the determination of the amplitudes as well as
the corresponding frequencies of the quasiparticle modes. In the case of large amplitude
oscillations, one usually enters the nonlinear regime, so that also higher harmonics of the
frequencies ω occur, which can lead to mode coupling in the condensate.

Single particle vs. collective excitations

For a condensate which is confined in an axisymmetric trap, as they will be investigated
in this thesis, it is appropriate to classify the collective modes as multipole modes that
can be described by radial and angular quantum numbers n, l,m. Following Pitaevskii
and Stringari [98], the latter can be used to distinguish the regimes of single- and
quasiparticle excitations by the wave length of the collective modes which are related to
the nodal structure of the excitation amplitudes.

High values n, l,m of the normal modes correspond to large numbers of nodes and short
wave lengths of the excitation. These large-multipolarity contributions are the high-
energy part of the excitation spectrum and they correspond to single-particle excitations.
By contrast, low values n, l,m describe excitations with long wave lengths, and they
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form the low-energy part of the excitation spectrum. The lowest-lying modes, in this
case, are the monopole and the quadrupole mode of the BEC.

Regarding the frequency of the collective excitations, moreover, the corresponding
temperature regime, in which the thermal excitation of these modes has to be expected,
can be estimated as follows. A quasiparticle excitation with frequency ω can be assigned
to an energy of E = ~ω, and this energy defines a temperature scale of T = E/kB.
Consequently, the temperature regime where the thermal activation of the collective
modes is to be expected is given by

T = E

kB
= ~ω
kB

. (6.22)

Therefore, for typical oscillation frequencies on the order of ω ∼ 100 s−1 (see Chap. 7), one
expects collective oscillations to be activated at temperatures on the order of T = 0.8 nK
and above.

6.5 Variational approach to BECs

In order to calculate the dynamics of a BEC in a particular external potential the
time-dependent GPE (6.8) must be solved. One possible approach is the discretization of
the wave function on a grid and the calculation of the dynamics using the split-operator
method [60]. The ground state of the condensate is then accessible via an imaginary
time evolution. In addition, this method allows for the unrestricted calculation of the
linear excitation spectrum via the Bogoliubov-de Gennes equations as discussed in the
previous Sec. 6.4.

Nevertheless, this approach exhibits limitations: On the one hand, this approach is
numerically expensive. On the other hand, the determination of the system’s stationary
states is restricted to the ground state, while collectively excited stationary states
that will be of special interest in the following investigations are not easily accessible.
Moreover, the determination of higher-order contributions to the excitation spectrum
would require the treatment of small perturbations to the solution of the GPE in
higher-order approximations than the linear one resulting in the Bogoliubov-de Gennes
equations.
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6.5.1 Gaussian-type trial wave functions

In order to investigate the thermal decay of BECs (see Chap. 7), a more powerful
alternative is the solution of the GPE within a variational framework. In this thesis,
coupled Gaussian trial wave functions

ψ(r, z(t)) =
Ng∑
k=1

gk(r, zk(t)) (6.23)

will be used, where each Gaussian gk(r, zk(t)) depends on a set zk(t) of complex and
time-dependent variational parameters, and Ng is the number of coupled wave functions.
Since the ground state density distribution of an ideal Bose gas in a harmonic trap
is of Gaussian type, the choice of a Gaussian trial wave function is natural. Taking
into account interparticle interactions, this shape is modified, and coupled Gaussian
wave functions have proven their ability to reproduce and even to exceed the results of
numerical grid calculations as it has been shown by Rau et al. [105,106].

The precise forms of the Gaussian wave functions, that will be used in this thesis are

gk(r, zk(t)) = exp
(
Akxx

2 + Akyy
2 + Akzz

2 + γk
)

(6.24a)

and

gk(r, zk(t)) = exp
(
Akrr

2 + γk
)

. (6.24b)

Here, the sets (Akx,Aky,Akz , γk) and (Akr , γk), respectively, are time-dependent and complex
variational parameters. The quantities Akx,y,z,r determine the width of each Gaussian
and the γk fix its norm and phase. The ansatz (6.24a) with Cartesian geometry is used,
because it is able to describe excitations with m = 0 (Akx = Aky) and m = 2 (Akx 6= Aky)
rotational symmetry of a BEC in a cylindrically symmetrical trap [107,108]. The trial
wave function (6.24b) is appropriate for radially symmetric systems. Note that even more
extended Gaussian trial wave functions are also capable to describe arbitrary rotational
symmetries m [108].

The wave function (6.23) with the ansatz (6.24a) contains a number of 4Ng complex
variational parameters, and in case of the ansatz (6.24b) there are 2Ng parameters.
Because the norm of the trial wave function is fixed and a global phase is free, the number
of independent variational parameters is reduced by one. Consequently, there are 4Ng− 1
parameters left in case of Eq. (6.24a) and 2Ng − 1 for Eq. (6.24b).
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6.5.2 Application of the TDVP and the normal form procedure for
coupled Gaussian wave functions

In order to describe the dynamics of the GPE (6.8) with a particular choice of the trial
wave function (6.23), the formulation of the TDVP can basically be applied in its real
form, Eq. (2.24), after having split the parameters into their real and imaginary parts.
However, difficulties can arise in practical use because of the fact that the vector h̃
is defined as a real part in Eq. (2.25). In case of BECs with nontrivial interparticle
interactions, their evaluation can lead to terms that cannot be expressed by simple
analytic functions, so that it is, in general, not possible to split the single terms in their
real and imaginary parts in an easy way.

For these reasons, the application of the TDVP to BECs with coupled Gaussian trial
wave functions and the normal form expansion described in Chap. 3 are adapted in the
following way:

(i) For the calculation of the condensate’s dynamics, the TDVP is made use of in its
complex form, i.e. the complex dynamical equations (2.13) are used instead of their
real counterpart (2.24).

(ii) In order to perform the normal form expansions in the real and imaginary parts of
the variational parameters, the respective expansions of the dynamical equations are
first determined as complex expansions. Since these are multivariate polynomials,
they can be split into their real and imaginary parts easily and, afterwards, they
can serve as the starting point of the normal form transformations.

Application of the TDVP

To set up the dynamical equations (2.13) for BECs, it is appropriate to define the
quantities

S(z̃, z) ≡
〈
ψ(z̃)

∣∣∣ψ(z)
〉

, (6.25a)

U(z̃, z) ≡
〈
ψ(z̃)

∣∣∣ Ĥ(z)
∣∣∣ψ(z)

〉
, (6.25b)

where z and z̃ denote independent variational parameters. The precise forms of these
quantities for BECs with monopolar and dipolar interparticle interactions are presented
in Appx. D.
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6.5 Variational approach to BECs

Using Eq. (6.25a), the norm of the wave function can be expressed as

〈
ψ(z)

∣∣∣ψ(z)
〉

= S(z, z) , (6.26)

and in the following, it is assumed throughout that the trial wave function (6.23) is
normalized to 〈ψ(z)|ψ(z)〉 = 1. Furthermore, the matrix K̃ as well as the vector h̃ in
the dynamical equations (2.13) can be written as partial derivatives of the quantities
(6.25) according to

K̃(z) = ∂

∂z̃

∂

∂z
S(z̃, z)

∣∣∣∣∣
z̃=z

, (6.27a)

h̃(z) = ∂

∂z̃
U(z̃, z)

∣∣∣∣∣
z̃=z

. (6.27b)

Therewith, the equations of motion are determined for arbitrary initial values of the
variational parameters z. In this thesis, also the real-time dynamics of the condensate
will be investigated. This can be done via the explicit first-order ordinary differential
equations ż = −iK̃−1h̃, which can be solved numerically using a Runge-Kutta algorithm.
Furthermore, fixed points z0 of the dynamical equations (2.13) which will be of special
interest in the following investigations are, independently of the matrix K̃, determined
by

h̃(z0) = 0 . (6.28)

They can be determined e.g. via a numerical root-search using a Newton-Raphson
method.

Normal forms for coupled Gaussian wave packets

As already mentioned above, depending on the system investigated, it may not be possible
to obtain the differential equations (2.24) analytically. However, the knowledge of the
local dynamical equations in terms of the real and imaginary parts of the variational
parameters separately is crucial to the normal form procedure. These expansions can be
constructed as follows:

(i) The dynamical equations are set up in complex variables according to Eqs. (6.27),
and the respective fixed points are calculated via Eq. (6.28).
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6 Bose-Einstein condensates

(ii) In order to find the local expansion of the dynamical equations up to the order
nmax, the matrix K̃ and the vector h̃ are expanded at the fixed point separately,

K̃(z) =
nmax−1∑
n=0

K̃n(z) , (6.29a)

h̃(z) =
nmax∑
n=1

h̃n(z) . (6.29b)

Analogously, the energy functional is expanded there,

E(z) =
nmax+1∑
n=0

En(z) . (6.30)

All these expansions are complex multivariate polynomials, so that it is easy to
split them into their real and imaginary parts. After this splitting, the normal form
procedure can be applied as described in Chap. 3.

Further, it is noted that the linearized dynamical equations (nmax = 1) can be used in
order to perform a stability analysis of the fixed point. By that, the fixed points can be
classified into stable ones if they possess a purely imaginary eigenvalue spectrum, or into
rank-k saddles if they have a number of k pairs of real eigenvalues, as discussed in Sec.
2.3.3.
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7 Thermally induced coherent collapse
of BECs with long-range interaction

As already mentioned in the introduction, an important issue in the field of ultra-cold
quantum gases is their stability. This is, in general, determined by the interplay of
the two-particle interactions present – namely the contact interaction as well as the
long-range monopolar or dipolar interaction – and the geometry as well as the strength
of the trap. If the interaction between the bosons is (at least partially) attractive, the
BEC is a metastable state and several mechanisms can contribute to its decay. These
include, e.g., inelastic three-body collisions [26], dipolar relaxation [27], macroscopic
quantum tunneling [28–30], or the decrease of the s-wave scattering length below its
critical value [31] where the condensate cannot exist anymore.

Another decay mechanism which is investigated in this chapter is the thermally induced
coherent collapse (TICC) of the condensate. This process is based on the fact that
quasiparticle excitations in an excited BEC lead to time-dependent density fluctuations
of the gas. If the interparticle interaction is attractive, these fluctuations can induce the
collapse of the condensate, when the density locally becomes high enough so that the
attraction can no longer be compensated by the quantum pressure. The temperature
regime considered is the region

0 < T0 < T . 0.2Tc . (7.1)

Below a temperature T0, collective oscillations of the BEC are not thermally excited and
macroscopic quantum tunneling will be the dominant decay mechanism. At T > T0, the
collective dynamics of the condensate is excited, and above Tc the BEC does not exist
anymore. As estimated in Sec. 6.1.2, at temperatures T . 0.2Tc, the condensate can be
considered to be almost pure and excitations of single bosons to higher quantum states
can be neglected, so that the condensate can be described in a mean-field approximation
by the GPE.

At temperatures which are on the order of the critical temperature, T ≈ Tc, a significant
number of bosons will occupy excited states and Hartree-Fock-Bogoliubov theory (see
Sec. 6.1.1) can be applied. This regime is, however, not subject of the investigations in
this thesis.
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7 Thermally induced coherent collapse of BECs with long-range interaction

The thermal decay rates of BECs without long-range interaction have already been
estimated by Huepe et al. [47,48] within a simple variational ansatz of a single Gaussian
wave function. In this chapter, the TICC of BECs with additional long-range interaction
is investigated within a single Gaussian approach and with coupled Gaussian trial wave
functions whose results go far beyond the simple approach. The investigations will show
that the TICC is important near the critical scattering length acrit where the attraction
between the bosons becomes dominant. Moreover, the successful calculation of the decay
rates proves the applicability of TST to the field of wave packet dynamics developed in
this thesis also for nonlinear Schrödinger systems.

This chapter is organized as follows: Section 7.1 treats the case of BECs with laser-
induced monopolar 1/r-interaction. The existence of a transition state in the form of a
certain density distribution of the condensate is discussed, as well as the corresponding
collapse dynamics and the behavior of the energy barrier. Comparisons of the decay rate
are made using different numbers of Gaussian wave functions and different normal form
orders of the constructed Hamiltonian. In Sec. 7.2, BECs with long-range and anisotropic
DDI are investigated. Within a simple approach it is shown that a bifurcation in the
transition state leads to the existence of additional transition states that mediate the
thermal collapse. These have the fascinating property that the corresponding dynamics
breaks the symmetry of the confining trapping potential giving first hints to a symmetry-
breaking TICC of dipolar BECs. Furthermore, it is shown that the occurrence of this
scenario depends on the trap aspect ratio. Extending the investigations to coupled
Gaussian wave functions, it is demonstrated that a variety of transition states with
different m-fold rotational symmetry exist which arise in a whole cascade of bifurcations.
The corresponding collapse dynamics is presented and the decay rates are calculated
which reveal condensate lifetimes that can be reduced to about a millisecond. Finally,
the results are discussed for the experimentally realized dipolar BECs of 52Cr, 164Dy, and
168Er, and hints to a thermally induced collapse in experiments by Koch et al. [32] are
discussed.

7.1 Monopolar BECs

As it has already been mentioned, monopolar BECs with electromagnetically induced
1/r-interaction have not yet been realized experimentally. However, because of the
spherical symmetry of the interparticle interaction, they form an important model system.
Therefore, they also serve as the starting point of the investigations of the TICC of
condensates with long-range interaction and the application of TST for wave packets in
nonlinear Schrödinger systems. As discussed in Sec. 6.3 such a quantum gas is described
in particle number scaled “atomic” units by the GPE (6.16), and because of the spherical
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7.1 Monopolar BECs

symmetry of the system a natural choice for the trial wave function is the radially
symmetric coupled Gaussian one (6.24b). For this choice, the application of the TDVP
is demonstrated in Appx. D.1.

7.1.1 Basic properties of monopolar BECs

The basic properties of a BEC with induced 1/r-interaction can be obtained by describing
the condensate wave function with a single Gaussian wave function [Ng = 1 in Eq.
(6.23)]. For this case, it can be shown that by introducing the canonical coordinate
q =

√
〈r2〉 = 1

2 [−3/Ar]1/2 and its conjugate momentum p = Ai[−3/Ar]1/2, the BEC’s
properties are equivalently determined by the Hamiltonian

H = p2 + V (q) (7.2)

with the potential (cf. Ref. [102] and Appx. D.1)

V (q) = 9
4q2 + γ2q2 +

√
3
π

3a
2q3 −

√
3
π

1
q

. (7.3)

With the above definition of the coordinate q, the latter can be interpreted directly as
the “extension” of the condensate.

Figure 7.1(a) shows the potential (7.3) for different parameters a in dependence of
the extension q of the condensate. Depending on the value of the scattering length a,
qualitative differences occur in its shape: For a ≥ 0 and a nonvanishing external trapping
potential (γ 6= 0), the potential exhibits a single global minimum which represents the
ground state of the condensate, and it diverges to V (q)→∞ in both the limits q → 0
and q →∞. The extension q = 0 cannot be reached because of the quantum pressure in
the BEC, and the dissolving of the condensate to q →∞ is prevented by the external
trap. A qualitative change in the potential’s shape is obtained for negative scattering
lengths. For values acrit < a < 0, where acrit is the critical scattering length, the potential
(7.3) now features a local maximum in addition. This corresponds to a collectively excited
and unstable stationary state of the BEC. Also the behavior in the limit q → 0 changes
qualitatively to a divergence to V (q) → −∞. Physically, this is due to the fact that
the attractive interparticle interaction dominates for small extensions and high densities
of the quantum gas. For a = acrit, the minimum and maximum merge into a saddle,
and below the critical scattering length, a < acrit, there is no stationary point of the
potential.
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Fig. 7.1: (a) Potential V (q) in Eq. (7.3) for a trap strength γ2 = 2.5×10−4 and different s-wave
scattering lengths a. Depending on the latter’s value, the potential V (q) possesses
either only a global minimum (a ≥ 0), a local minimum and a maximum, respectively
(acrit < a < 0), a saddle (a = acrit) or no stationary point (a < acrit). (b) The
extension

√
〈r2〉 of the BEC remains constant over time, when it is in its ground state

(GS; solid red line), while it shrinks to zero rapidly after having crossed the barrier
(EX; blue dash-dotted line). The insets depict the density distribution |ψ(r, t)|2 of
the BEC for z = 0.

In the following investigations of the monopolar BEC only the parameter region acrit <
a < 0 will be taken into account. In this case, the ground state of the condensate is
metastable and separated from the negative divergence at q → 0 by a barrier whose
height E‡ = Eex − Egs is determined by the energy difference between the collectively
excited and the ground state.

A thermal excitation can, in this case, enable the condensate to cross this barrier which
means its collapse. Because the coordinates q, p are directly related to the variational
parameter, their values determine the BEC’s density distribution. Consequently, the
physical meaning of the collectively excited stationary state which corresponds to the
potential’s maximum is a certain density distribution of the bosons which defines the
“activated complex” of the BEC. More precisely, it represents an unstable condensate
with smaller extension than in its ground state and, thus, a higher density in its center.

Figure 7.1(b) visualizes the corresponding dynamics of the condensate in its ground state
(solid red line) and after crossing the saddle (blue dash-dotted line). In the first case, the
extension remains constant, while it decreases monotonically in the latter case until it
reaches q → 0 and collapses. The insets in Fig. 7.1(b) show that the collapse dynamics of
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Fig. 7.2: Comparison of the mean-field energy of the stationary states of a monopolar BEC
described with Ng = 1 (red lines) and Ng = 2 (blue lines) Gaussian wave functions in
dependence of the scattering length a. See text for further description.

the condensate is associated with a gradually increasing density of the gas in the center
of the trap where the collapse finally happens.

A global description of the BEC in canonical coordinates according to the potential
(7.3) is no longer possible if the condensate is described by more sophisticated trial
wave functions using coupled Gaussians [Ng > 1 in Eq. (6.23)]. However, the basic
properties remain the same, as can be seen in Fig. 7.2: The ground state and the excited
state emerge together in a tangent bifurcation at a critical scattering length acrit. With
increasing scattering length, the energy barrier E‡ also increases. The main difference
between the simple (Ng = 1) and the extended (Ng = 2) variational ansatz is that
acrit is shifted to higher values. For the parameters used here, this is the case from
acrit ≈ −1.145 for a single Gaussian trial wave function to acrit ≈ −1.024 for the two
coupled ones. Further improvements can be obtained by using even higher numbers of
coupled Gaussians. However, it has been shown by Rau et al. [106] that there is a fast
convergence of the stationary states’ energy and the value of the critical scattering length
when the number of coupled Gaussians is increased and that the main contribution is
obtained when increasing from Ng = 1 to Ng = 2. Therefore, the following investigations
will be restricted to these two cases.
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7 Thermally induced coherent collapse of BECs with long-range interaction
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Fig. 7.3: Visualization of the structure of the variational space for a metastable condensate.
The ground state of the BEC is metastable and the condensate can classically cross the
barrier formed by a rank-1 saddle point, which means the collapse of the condensate.
The reaction rate is given by the flux over the saddle, and it can be calculated via Eq.
(4.30) after canonical coordinates have been constructed.

7.1.2 Thermal decay rate

In order to calculate the thermal decay rate of BECs with monopolar interaction the
method of TST for wave packet dynamics is applied in this section (see Fig. 7.3 for a
schematic illustration). Therefore, first the stable and the unstable fixed points (ż = 0)
of the equations of motion, Eq. (2.13), are determined for given physical parameters γ
and a. Second, in the vicinity of each fixed point, the local canonical Hamiltonian is
constructed up to a certain order as depicted in Chap. 3. Therewith, the thermal reaction
rate of the wave packet is calculated via Eq. (4.30) as the flux over the rank-1 saddle.

To illustrate the results of the normal form expansion, Fig. 7.4 shows samples of the
coefficients of the constructed Hamiltonian (3.62) up to the order |m| = 3 and for Ng = 2
coupled Gaussian wave functions (see Appx. C for an exemplary calculation of the single
terms at a scattering length a = −0.99 and a trap strength of γ2 = 2.5 × 10−4). The
zeroth-order coefficients [see Fig. 7.4(a)] are the fixed point energies, which are also shown
in Fig. 7.2. The first-order coefficients of the Hamiltonian shown in Fig. 7.4(b) are the
eigenvalues of the linearized dynamical equations. Both the fixed point energies and the
eigenvalues have the property that the respective values of the ground and the excited
state merge when the critical scattering length acrit is reached. In Figs. 7.4(c)–(d) the
second- and third-order corrections are displayed. The single coefficients show a smooth
behavior all over the range of the scattering length. However, by contrast to the fixed
point energy and the eigenvalues, the coefficients of the higher-order correction terms
diverge when approaching the critical scattering length.
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Fig. 7.4: Coefficients of the normal form Hamiltonian H(J) =
∑

m ξmJ
m in dependence of the

scattering length a, for Ng = 2 coupled Gaussian wave functions and a trap strength
γ2 = 2.5× 10−4. Shown are (a) the zeroth-order coefficients |m| = 0, i. e. the fixed
point energies, (b) the linear coefficients |m| = 1, i. e. the stability eigenvalues, (c)
the quadratic coefficients |m| = 2, and (d) the cubic coefficients |m| = 3. The red
solid lines correspond to the expansion at the ground state (GS) and the dash-dotted
blue lines to the excited state (EX).
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Fig. 7.5: Comparison of the thermal decay rate of a monopolar BEC described with Ng = 1 (red
solid line) and Ng = 2 (blue dash-dotted line) Gaussian wave functions in dependence
of the scattering length a. The decay rate has been calculated for a trap strength of
γ2 = 2.5× 10−4, a particle number scaled inverse temperature of N2β = 900 and in
sixth order normal form of the variational parameters. See text for further description.

Comparison between different numbers of Gaussians

Figure 7.5 shows the thermal decay rate of a monopolar BEC calculated in sixth order
normal form in the variational parameters (third order in the action variables) using a
single Gaussian trial wave function (red solid line) and Ng = 2 coupled Gaussians (blue
dash-dotted line). For the calculation, a particle number scaled inverse temperature of
N2β = 900 has been used.

Analogously to the discussion of the mean-field energy, Fig. 7.5 reveals a shift of the
whole curve describing the decay rate Γ. It shows that the thermal decay rate calculated
with a single Gaussian underestimates the result of the extended variational ansatz by
several orders of magnitude for a fixed value of the scattering length a. Considering
the respective values of the critical scattering length, the decay rates at these points
differ only very little between the approaches with Ng = 1 and Ng = 2. The general
dependence of the decay rate on the scattering length is retained exhibiting a rapid
monotonic increase when decreasing the value a. This increase, however, becomes weaker
when one approaches the critical value.
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Fig. 7.6: Thermal decay rate of a monopolar BEC described with Ng = 2 coupled Gaussian
wave functions in dependence of the scattering length a and normal form orders
2 ≤ NFO ≤ 8 of the variational parameters. Temperature and trap frequency are the
same as in Fig. 7.5. Right inset: The thermal decay rates obtained from the sixth- and
eighth-order normal form Hamiltonian cannot be distinguished any more, indicating
convergence. Left inset: At a ≈ −0.999 the eigenvalues are close to “resonance” (cf.
Fig. 7.7) and the normal form expansion as well as the decay rate diverge.

Comparison between different normal form orders

Figure 7.6 shows the thermal decay rates for different normal form orders. The calculations
have been performed for Ng = 2 coupled Gaussians and for the same physical parameters
as used in Fig. 7.5. The second-order approximation in the variational parameters
(first-order in the action variables; red dashed line) overestimates the decay rate over
the whole range of the scattering length, whereas using the normal form Hamiltonian in
fourth order (second order in action variables; green dash-dotted line), one observes the
smallest values throughout. However, the results calculated within the sixth and eighth
order (orange dotted and blue solid lines) cannot be distinguished within the line width
of the plot (right inset in Fig. 7.6), indicating convergence.

At a scattering length of a ≈ −0.999, one observes a strong deviation of the decay rate
in the eighth-order approximation from all the other curves (left inset in Fig. 7.6), which
is in contrast to the behavior all along the rest of the range investigated. However, the
reason of this divergence is not of physical nature. As shown in Fig. 7.7, the eigenvalues
λi of the linearized equations of motion which are used for the normal form expansion

105



7 Thermally induced coherent collapse of BECs with long-range interaction

 -0.5

  0.0

  0.5

  1.0

  1.5

-1.04 -1.02 -1.00 -0.98 -0.96 -0.94 -0.92 -0.90

λ
2 

+
 6

 λ
3 

- 
λ

1

Scattering length  a

Fig. 7.7: Fulfillment of the condition of resonance (3.36b) for the ground state in dependence of
the scattering length for the parameters used in Fig. 7.6. At a ≈ −0.999 the resonance
λ2 + 6λ3 = λ1 is fulfilled within the numerical accuracy.

run into “resonance” for the ground state. More precisely, the equation λ2 + 6λ3 = λ1
and, therewith, Eq. (3.36b) is fulfilled within the numerical accuracy in seventh-order
of the variational parameters in the dynamical equations, |m| = 7 (corresponding to
the eighth-order of the Hamiltonian). This leads to the divergence of the eighth-order
normal form Hamiltonian and, with it, the decay rate at a ≈ −0.999.

Moreover, the convergence behavior of the decay rate with increasing normal form order
strongly depends on the temperature of the system [see Fig. 7.8(a)]. While one observes
fast converging results for low temperatures and large particle numbers, respectively, i. e.
large values N2β, the convergence becomes worse when decreasing this value. In the first
case, the decay rates calculated from the sixth- and eighth-order normal forms match
within the line width for N2β & 800, the calculations even show a monotonic increase of
the decay rate with higher normal form order for N2β . 200. Consequently, even higher-
order approximations are necessary to obtain converged results in the high-temperature
regime.

In order to estimate the convergence of the results, the relative deviation

δi = ΓNFO=2i

ΓNFO=2i−2
− 1 (7.4)

is used which is shown in Fig. 7.8(b). The corrections to the decay rate obtained from
the fourth- (i = 2) and the sixth- (i = 3) order normal form are significant throughout,
while this is only true for low N2β for the eighth order (i = 4). For large values of N2β
the corrections quickly shrink and in case of N2β & 1000 these are of the relative order
of 10−4 to 10−5, clear evidence again of the convergence of the decay rate in eighth-order
approximation in the low-temperature regime.
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Fig. 7.8: (a) Thermal decay rate of a monopolar BEC for a fixed scattering length of a ≈ −0.96,
a trap strength of γ2 = 2.5×10−4 and normal form orders 2 ≤ NFO ≤ 8 in dependence
of the particle number scaled temperature N2β. The BEC is described with Ng = 2
coupled Gaussian wave functions. (b) The relative deviation δi defined in Eq. (7.4) is
used in order to estimate the convergence of the procedure.
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7 Thermally induced coherent collapse of BECs with long-range interaction

Discussion

Recapitulating the above investigations of monopolar BECs, the following points can be
listed: Thermally excited condensates with attractive monopolar interparticle interaction
exhibit the decay mechanism of the TICC. The latter is mediated by a collectively
excited, unstable state of the BEC which forms the activated complex of the system and
which has the meaning of a certain density distribution of the condensate. The decay
rate can be calculated within a variational approach using the application of TST to
wave packet dynamics developed in Sec. 4.4. The decay mechanism is important near the
critical value acrit of the s-wave scattering length, where the energy barrier is small and
the rates are high. Far away from this point (a� acrit) this process can be neglected.

Enhancing the trial wave function by increasing the number of coupled Gaussians
yields a shift of the curve to higher values of the scattering length. Further significant
corrections are obtained using higher normal form orders of the constructed Hamiltonian.
Convergence of the results is, in general, expected when increasing the number of
Gaussians as well as the normal form order (Ng → ∞, NFO → ∞). For two coupled
Gaussians and the parameters used above, convergence has been achieved in eighth order
normal form for low temperatures and high particle numbers, respectively.

7.2 Dipolar BECs

The Bose-Einstein condensation of atoms with a considerable magnetic dipole moment
such as 52Cr, 164Dy, and 168Er [9–11] has opened new perspectives in the field of ultra-cold
quantum gases. Due to their electronic structure, these atoms exhibit magnetic moments
of several Bohr magnetons, so that the bosons interact significantly via the long-range and
anisotropic DDI in addition to the occurrence of scattering processes. As a consequence of
the anisotropy of the DDI, a wealth of new phenomena emerges in dipolar BECs. These
include isotropic as well as anisotropic solitons [109–111], biconcave or structured ground
state density distributions [31,112,113], stability diagrams that crucially depend on the
trap geometry [32, 114, 115], radial and angular rotons [31, 116, 117], and anisotropic
collapse dynamics [118,119].

In this section, the TICC of dipolar BECs is investigated. In Sec. 7.2.1, the investigations
are performed using the simple variational ansatz of a single Gaussian trial wave function,
in Sec. 7.2.2 coupled trial wave functions are used. The decay rate will be calculated
within the leading-order approximation (4.34) of TST. In the following, the condensate
is described by the extended GPE (6.20) in particle number scaled “dipolar” units and

108



7.2 Dipolar BECs

the trial wave functions (6.23) with (6.24a) are used. The application of the TDVP to
the dipolar quantum gas is demonstrated in Appx. D.2.

It is shown that the simple ansatz reveals a remarkable bifurcation of the transition
state. The physical interpretation of the emerging additional states directly implies that
there exist regions of the physical parameters – i.e. the trap frequencies and the s-wave
scattering length – in which a symmetry-breaking TICC of the condensate would be
observable in an experiment. These results are confirmed by the extended ansatz which
goes far beyond the investigations using a single Gaussian trial wave function. The
extended approach is capable to also reproduce the biconcave shape of the ground state
wave function occurring for certain trapping parameters [106] and to describe complex
dynamics of the dipolar BEC. It is demonstrated that further collectively excited states
with different m-fold rotational symmetry exist and that the symmetry-breaking collapse
is directly related to the occurrence of the biconcave structure of the wave function.

7.2.1 Dipolar BECs within a simple variational approach

In analogy to the case of a monopolar BEC, the single Gaussian approach to the
dipolar condensate can be mapped to a canonical formalism globally by introducing the
canonical coordinates qη = [−8Ar

η]−1/2 and their conjugate momenta pη = Ai
η[−2/Ar

η]1/2

for η ∈ {x, y, z}. As it is shown in Appx. D.2, this definition transforms the energy
functional into the Hamilton function

H = p2

2 + V (q) (7.5)

with the potential (cf. Ref. [120])

V (q) = 1
8q2
x

+ 1
8q2
y

+ 1
8q2
z

+ 2γ2
ρ(q2

x + q2
y) + 2γ2

zq
2
z

+
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2
π

a

8qxqyqz
+ 1

24
√

2πq3
z

[
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(
q2
x

q2
z

,
q2
y

q2
z

, 1
)
− q2

z

qxqy

]
. (7.6)

Here, RD(x, y, z) = 3
2
∫∞

0 [(x+ t)(y + t)(z + t)3]−1/2 dt is an elliptic integral of second
kind in Carlson form [121]. For given values of the scattering length and the trap
frequencies the potential (7.6) fully describes the dynamics of the BEC in the Hilbert
subspace of the variational ansatz (6.24a) with Ng = 1.

In what follows the trap frequencies are fixed by their geometric mean value γ̄ =
(γ2
ργz)1/3 = 3.4× 104 and the trap aspect ratio λ = γz/γρ = 50, if not stated otherwise.

Because of the large aspect ratio of the trap, the dipoles are predominantly aligned in
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7 Thermally induced coherent collapse of BECs with long-range interaction

side-by-side configuration where they repel each other and stabilize the BEC against
collapse. Therefore, only the regime of a negative s-wave scattering length (a < 0) is
considered in the following which counteracts this effect.

Bifurcation in the transition state

Figure 7.9 shows contour plots of the potential (7.6) for several values of the scattering
length a and a fixed coordinate qz, which corresponds to the value of the cylindrically
symmetric excited state. Below a critical value, a < acrit [Fig. 7.9(a)], there exists
no stationary point of the potential. Two of these emerge in a tangent bifurcation at
acrit ≈ −0.22723, and both are located at the angle bisector, so that they are cylindrically
symmetric. One represents the stable ground state of the BEC, and the other is an
unstable, collectively excited state [Fig. 7.9(b)]. At a scattering length apb ≈ −0.22657
two additional and nonaxisymmetric states emerge from the central saddle in a pitchfork
bifurcation, forming two satellite saddles [Figs. 7.9(c)–(d)] and turning the central one
into a rank-2 saddle.

In analogy to the monopolar BEC, the potential (7.6) again allows for a direct interpre-
tation in terms of reaction dynamics of thermally excited dipolar condensates: In the
case acrit < a < apb, i. e. in the region where only the center saddle exists [Fig. 7.9(b)], a
sufficient thermal excitation of the BEC may allow the system to cross the center saddle,
and to escape to qx, qy → 0, which means the collapse of the condensate. In this case
the reaction path will always be located on the angle bisector, and, thus, this represents
a condensate which collapses in a cylindrically symmetric way. The situation changes
qualitatively when the parameter region a > apb [Fig. 7.9(c)–(d)] is reached: Since the
two satellite saddles are of lower energy than the central one the reaction path now
breaks the cylindrical symmetry and crosses one of the satellite saddles. Because the case
qx 6= qy describes a quadrupole mode of the condensate, this means that the condensate
collapses with an m = 2 symmetry.

Thermal decay rate

In order to calculate the reaction rate over the rank-2-rank-1 saddle configuration,
the procedure is applied as presented in Sec. 4.5: First, the stationary points of the
Hamiltonian (7.5), their energy, and their eigenvalue spectrum are determined on both
sides of the bifurcation. On that side where the satellite saddles exist, all states are purely
real. On the other side of the bifurcation, only the state corresponding to the central
saddle is real, while those corresponding to the satellite saddles are shifted onto the
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Fig. 7.9: Contour plots of the potential (7.6) in dependence of the generalized coordinates
qx, qy for different values of the scattering length (a) a < acrit, (b) acrit < a < apb, (c)
a & apb, and (d) a� apb. The third coordinate qz is fixed to the value corresponding
to the cylindrically symmetric excited state. The color scale is defined with respect
to the central saddle and different in every plot. Orange corresponds to the energy of
the central saddle, blue to lower, and red to higher values of V . See text for further
description.
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Fig. 7.10: Decay rate Γ of the dipolar BEC in dependence of the scattering length a and
at different temperatures N−1β. The lines show the results calculated from the
conventional TST rate formula (4.34) and the dots show the corresponding reaction
rate obtained from the uniform rate formula (4.41). While a peak in the decay rate
at apb ≈ −0.22657 occurs due to the failure of the harmonic approximation, the point
of the bifurcation is crossed smoothly using the uniform rate formula. The inverse
temperatures 0.03 ≤ N−1β ≤ 0.06 correspond to temperatures 65nK ≤ T ≤ 130 nK
for a 52Cr BEC with a particle number of N = 50 000.

imaginary axis. Second, the normal form (4.42) is chosen which is able to describe this
bifurcation scenario, and the unfolding parameter u is calculated via Eq. (4.43). Third,
the approximation to the Jacobi determinant is determined from Eqs. (4.44)–(4.46), and
finally the reaction rate is given by Eq. (4.41), where the integral (4.40) is calculated
numerically.

Figure 7.10 shows the thermal decay rates of the dipolar BEC in leading-order TST
obtained by the uniform rate formula for the rank-2-rank-1 saddle configuration according
to Eq. (4.41) (dots). For comparison, the results of the conventional approach (4.34)
(solid lines) are shown. In the calculations using the conventional TST rate formula
(lines), the divergence of the decay rate at the bifurcation, apb ≈ −0.22657, is obvious.
By contrast, the uniform solution (dots) passes the bifurcation smoothly. It is, again,
emphasized that the collapse of the BEC will be cylindrically symmetric on one side of
the bifurcation, and symmetry-breaking on the other side. Near the bifurcation, however,
a clear distinction cannot be made.
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7.2 Dipolar BECs

In Fig. 7.10, the particle number scaled inverse temperatures N−1β have been chosen
in a way that the temperature regime (7.1) is fulfilled for a dipolar condensate of 52Cr
atoms with a magnetic moment of µ = 6µB and a particle number of N = 50 000 as it
has been realized experimentally by Griesmaier et al. [9]. For this number of bosons
the values 0.03 ≤ N−1β ≤ 0.06 correspond to temperatures 65 nK ≤ T ≤ 130 nK which
is clearly below the critical temperature of Tc ≈ 700 nK. Thus, the treatment within the
mean-field framework is justified.

On the other hand, these temperatures are high enough to activate collective oscillations
of the BEC: In the relevant region of the scattering length, the particle number scaled
oscillation frequencies of the monopole and the quadrupole mode are both on the
order of ∼ 10 000 oscillations per unit time. For the above mentioned particle number,
this means an oscillation frequency of ω = 107 s−1. Assigning to this frequency the
temperature (6.22), one finds a value of T = 0.8 nK to determine the order on which
collective oscillations are activated. Hence, for the temperatures given above the latter
are sufficiently present.

Occurrence of the satellite saddles

For experiments it will be of great interest in which region of the physical parameters (trap
frequency and scattering length) a symmetry-breaking collapse is to be expected. Figure
7.11 shows that the existence of the symmetry-breaking states and the corresponding
regions of the scattering length crucially depend on the trap aspect ratio. While for small
λ . 2.8 (including prolately trapped condensates λ < 1; not shown) only the cylindrically
symmetric excited states exist, the additional symmetry-breaking states appear for oblate
condensates with λ & 2.8. The more oblate the BEC is, the larger becomes the region in
which these states are present.

By contrast, with increasing trap aspect ratio, the parameter region of the scattering
length with acrit < a < apb becomes smaller and vanishes for λ→∞. Therefore, the trap
aspect ratio is expected to be the decisive tool to switch between the two scenarios in an
experiment. Note that the curve in Fig. 7.11 for the critical scattering length corresponds
to the one published by Koch et al. [32].

Discussion

The investigations of the dipolar BEC within the single Gaussian approach can be
summarized as follows: Due to the partially attractive nature of the DDI, such quantum
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Fig. 7.11: Stability diagram of the activated complex of dipolar BECs in dependence of the
scattering length a and the trap aspect ratio λ. There exists either no excited
state below the critical scattering length acrit (blue region), only the axisymmetric
activated complex (yellow) or, in addition, two symmetry-breaking states (red). The
latter only exist for prolately trapped condensates at λ & 2.8, and the region where
they exist becomes larger with increasing trap aspect ratio.

gases are metastable and exhibit the decay mechanism of the TICC. However, because of
the anisotropy of the DDI, qualitative changes can be observed compared to the spherically
symmetrical interaction in Sec. 7.1. The simple variational ansatz reveals a bifurcation
in which additional transition states emerge, and these lead to a symmetry-breaking
collapse scenario, i.e. the collapse dynamics can feature a different symmetry than the
physical system does because of the external trapping potential and the interparticle
interaction. The decisive quantity by which one can switch between the two scenarios is
the trap aspect ratio λ of the external trap. The bifurcation itself can be handled with
the uniform rate formula developed in Sec. 4.5.

7.2.2 Dipolar BECs within an extended variational approach

The simplicity of the single Gaussian variational ansatz discussed in the previous section,
of course, implicates strong reductions of the Hilbert subspace accessible and, with it,
the possible dynamics of the condensate. Therefore, the investigations are extended to
coupled Gaussian wave packets using the trial wave functions (6.23) with Ng > 1 in this
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Fig. 7.12: (a) Occurrence of the biconcave structured ground state density distribution in
dependence of the trap parameters. The red regions mark the blood-cell shaped
BECs and the blue region the conventional density distribution (data taken from
Ref. [31]). (b) Comparison of the ground state’s mean-field energy E of a dipolar
BEC obtained from the trial wave function with different number Ng of coupled
Gaussian wave functions. The data have been calculated for a scattering length
a = 0, a trap aspect ratio of λ = 7, and a mean trap strength of γ̄ = 8000. Ng = 6
coupled Gaussians are enough to observe convergence of the energy.

section. These allow to reproduce structured shapes of the wave function as well as
more complicated dynamics of the condensate. Because of the results obtained from the
investigations in the previous section, the main focus will be on the dependence of the
different properties on the trap aspect ratio λ.

Dipolar BECs exhibit the surprising feature that they possess a blood-cell shaped
ground state density distribution for certain values of the trap aspect ratio λ [31,106]
as demonstrated in Fig. 7.12(a). In contrast to “conventional” density distributions
where the maximum density of the atomic cloud is located in the center of the trap,
such blood-cell shaped BECs show their maximum density away from the center. Both
these regimes are taken into account and as exemplary values, the trap aspect ratios
3 ≤ λ ≤ 4.5 and 7 ≤ λ ≤ 8 are chosen. If not stated otherwise, the calculations presented
in this section are performed using a number of Ng = 6 coupled Gaussians for which
the mean-field energy of the dipolar BEC’s ground state is converged [see Fig. 7.12(b)]
and which have proven their capability to reproduce or even to exceed the results of
numerical grid calculations [106].
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7 Thermally induced coherent collapse of BECs with long-range interaction

Stationary and collectively excited states

As mentioned above, the GPE possesses, in general, several stationary states which
are fixed points (ż = 0) of the equations of motion (2.13). The existence of these
states depends crucially on the physical parameters of the system, namely the external
trapping parameters as well as the s-wave scattering length a. One of the stationary
states represents the ground state of the condensate. The other ones are collectively
excited states, which typically emerge in bifurcations of the ground state if a physical
parameter is changed.

If the bifurcating states possess a different rotational symmetry m than the ground state,
then there is a systematic way how the additional states can be accessed. Note that
the trial wave function, of course, needs to be able to reproduce the desired rotational
symmetry, which is e.g. possible for arbitrary m using the ansatz

gk(r, zk(t)) =
(

1 +
∑
m 6=0

∑
p=0,1

dkm,p ρ
|m| zp eimφ

)
exp

(
Akρρ

2 + Akzz
2 + pkzz + γk

)
(7.7)

of Kreibich et al. [108] with complex variational parameters (dim,p,Akρ,Akz , pkz , γk). There-
fore, the axisymmetric trapping potential in the GPE (6.20) is replaced by

Vext = γ2
ρρ

2
[
1 + s cos(mφ)

]
+ γ2

zz
2 , (7.8)

where s ≥ 0 is a free parameter and m ∈ N0 determines the rotational symmetry of the
trap for s 6= 0. Equation (7.8) reduces to the original cylindrically symmetric potential
for s = 0. In order to numerically access the excited states, a method from Gutöhrlein
et al. [122] is generalized which is based on the following facts: On the one hand, the
excited states bifurcate from the ground state at certain values of the s-wave scattering
length a so that the participating states merge at the bifurcations. On the other hand,
the state which goes through the bifurcation smoothly can be chosen by the rotational
symmetry of the external trap.

In case of an axisymmetric trapping potential [s = 0 in Eq. (7.8)], the ground state
of the BEC also exhibits this symmetry. Assuming that this ground state changes its
stability with regard to elementary excitations with rotational symmetry m 6= 0 at a
certain scattering length abif, then there exist two excited states which bifurcate from
the ground state in a pitchfork bifurcation. In an axisymmetric trap, these states are
physically equivalent because they only differ by a rotation of the condensate and they
can be accessed as demonstrated in Fig. 7.13.

Starting point is the ground state of the axisymmetric trap (s = 0) at a value a > abif
of the scattering length (position 1) and one desires to access the excited state with
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Fig. 7.13: Schematic description of the procedure to systematically access collectively excited
stationary states which bifurcate from the ground state. Shown is the typical
bifurcation scenario between the ground state and the excited states with m-fold
rotational symmetry. The solid lines depict the states which cross the bifurcation
smoothly, and the dashed lines represent the emerging states. The numbers indicate
the single steps of the procedure described in the text. (Top) In an axisymmetric
trap [s = 0 in Eq. (7.8)] the ground state with m = 0 passes the bifurcation smoothly
and the m 6= 0 states bifurcate at a certain value abif of the s-wave scattering length.
(Center) The bifurcation scenario changes when the rotational symmetry of the
external trap is changed (s 6= 0) in a way that the state which crosses the bifurcation
smoothly has an m 6= 0 rotational symmetry. (Bottom) The density profiles show
the behavior of the wave function during the steps 1–5 exemplarily for the m = 2
bifurcation. The shape of the external trap is indicated by the contours.
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7 Thermally induced coherent collapse of BECs with long-range interaction

m 6= 0 at the same value of the scattering length (position 5). In a first step, one changes
the scattering length to the “other side” a < abif of the bifurcation (position 2) and in
a second step the trap symmetry is broken by adiabatically increasing the parameter
s to a sufficiently large value s > 0 (position 3). Here, the rotational symmetry m of
the trap has to be chosen according to the value which changes its stability at abif so
that the ground state naturally adopts this rotational symmetry. In the third step, the
scattering length is increased to a value above the bifurcation (position 4) which retains
the rotational symmetry and, finally, the external trap is again changed back adiabatically
to an axisymmetric shape (s = 0). The result at position 5 is the collectively excited
state with the m-fold rotational symmetry and with this procedure, one is able to access
excited states with arbitrary m 6= 0 bifurcating from the ground state. In addition, the
m = 0 excited state can be found by randomly varying the variational parameters in the
vicinity of the bifurcation in a way that the wave function keeps its axial symmetry.

After having found the collectively excited state with a desired rotational symmetry m,
its stability can be investigated using the linearized dynamical equations. Depending on
the number k of unstable eigenvalues, the state can be classified as a rank-k saddle of
the energy functional.

Transition states of dipolar BECs

Figure 7.14 shows the stationary states of the dipolar BEC obtained from a single
(Ng = 1) Gaussian trial wave function and Ng = 6 coupled ones in Eq. (6.24a). The
calculations have been performed for a mean trap strength of γ̄ = 8000 and a trap aspect
ratio of λ = 4 (conventional density distribution) as well as λ = 7 (blood-cell shaped
BECs). In analogy to the discussion in Sec. 7.2.1, using a single Gaussian wave function
(dash-dotted and dashed lines), the ground state and an excited state emerge in a tangent
bifurcation at a scattering length of a(Ng=1)

m=0 = 0.0353 (λ = 4) and a(Ng=1)
m=0 = −0.03819

(λ = 7), respectively. The energy difference E‡ between the two states increases rapidly
when the scattering length is increased.

Within the extended variational approach, both the value of the mean field energy and
the position of the tangent bifurcation are shifted. Moreover, Rau et al. [106] and
Kreibich et al. [108] showed that, for BECs with a biconcave shape, there is a whole
cascade of stability changes of the condensate’s ground state with respect to excitations
with different m-fold rotational symmetry (the positions are indicated by the vertical,
green bars in Fig. 7.14).

The essential property of the BEC concerning its thermally induced collapse is the
height of the energy barrier E‡ = Eex − Egs because the reaction rate (4.34) depends
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Fig. 7.14: Mean-field energy E of the stationary states of a dipolar BEC for a mean trap
strength γ̄ = 8000 and a trap aspect ratio of (a) λ = 4 and (b) λ = 7. Shown are
the values obtained from the simple variational ansatz using a single Gaussian wave
function (Ng = 1; red lines) and the extended approach (Ng = 6; blue lines). The
solid and dash-dotted lines represent the ground state of the condensate and the
dashed lines the collectively excited states. Using the simple variational ansatz, the
energy difference between the ground and the excited state increases very rapidly,
while it is smaller than the linewidth of the plot within the extended approach. The
vertical lines indicate the positions of the bifurcations (cf. Figs. 7.15).

exponentially on this quantity. Therefore, the energy barriers are discussed in more detail
in the following. Figure 7.15(a) shows the situation at a trap aspect ratio of λ = 4. Here,
the ground state of the BEC and an excited state which also has an axial symmetry
(m = 0) emerge in a tangent bifurcation at a scattering length of acrit = a

(Ng=1)
m=0 = 0.0619

and the energy barrier E‡ between these states increases quickly by several orders of
magnitude when the scattering length a is increased. Below the critical scattering length
there exists no state and above this value the T = 0 ground state is stable throughout.
Other excited states with m 6= 0 do not participate in bifurcations together with the
ground state.

The situation is different when blood-cell shaped BECs at a trap aspect ratio of λ = 7
are considered [see Fig. 7.15(b)]. Decreasing the scattering length from the region where
a stable BEC exists the ground state becomes unstable with respect to elementary
excitations with m = 2 rotational symmetry at acrit = a

(Ng=6)
m=2 = −0.0016. At the same

point, two excited states bifurcate from the ground state which also exist at values
a > acrit. In contrast to the case λ = 4 where the ground state vanishes in a tangent
bifurcation as discussed above, the ground state changes its stability in a pitchfork
bifurcation at λ = 7 and persists as a stationary but unstable state also below this critical
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Fig. 7.15: Energy barrier E‡ = Eex − Egs of a dipolar BEC for a mean trap strength γ̄ = 8000
and a trap aspect ratio of (a) λ = 4 and (b) λ = 7. Both subfigures show the
region of the s-wave scattering length near the critical value acrit. For λ = 4 and
a scattering length above the critical value (a(Ng=6)

m=0 = 0.0619) there exist only the
ground state of the BEC and a collectively excited state with an m = 0 rotational
symmetry. For λ = 7 several collectively excited states with different rotational
symmetry m = 0, 2, 3, 4 are present. The one which is involved in the bifurcation at
the critical scattering length (a(Ng=6)

m=2 = −0.0016) is the m = 2 excited state and it
is this state which has the smallest energy barrier in the parameter region where the
BEC is stable. See text for further explanations. The data for m = 3, 4 have been
calculated by Kreibich [123].

value. Due to the instability of all the states at a < acrit, this region is, of course, not
relevant for experiments. However, it is relevant from a theoretical point of view, because
other excited states which exist in the stable regime a > acrit can emerge there in further
bifurcations.

For the blood-cell shaped BEC in Fig. 7.15(b), three more bifurcations occur: At a
scattering length of a(Ng=6)

m=3 = −0.0033 two excited states with m = 3 rotational symmetry
bifurcate in a pitchfork bifurcation. Moreover, one observes the pitchfork bifurcation of
two m = 4 states at a(Ng=6)

m=4 = −0.0057 and finally the tangent bifurcation together with
an m = 0 excited state at a(Ng=6)

m=0 = −0.0061 below which no stationary state is present
anymore. Note that all the energy barriers formed by the different excited states increase
quickly by several orders of magnitude if the scattering length is increased from the
respective bifurcation, and that it is the m = 2 state which corresponds to the smallest
energy barrier.
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Fig. 7.16: Comparison of the energy barrier E‡ of a dipolar BEC formed by the states which
emerge from the ground state at the critical scattering length. The data have been
calculated for a mean trap strength γ̄ = 8000 and a trap aspect ratio λ = 7. For
a single Gaussian (Ng = 1) trial wave function, the critical scattering length is
a

(Ng=1)
m=0 = −0.03819 and determined by the tangent bifurcation together with an

excited state with m = 0 rotational symmetry. By contrast, its value is a(Ng=6)
m=2 =

−0.00161 in case of Ng = 6 coupled Gaussians, and it is associated to a pitchfork
bifurcation with two excited states possessing an m = 2 rotational symmetry. The
energy barrier obtained from the extended variational approach is significantly
smaller than the one obtained from the simple ansatz.

An important consequence of the extended variational approach is the fact that the
energy difference with respect to the ground state is several orders of magnitude smaller
than the one obtained from the simple variational ansatz as shown in Fig. 7.16. Hence,
the corresponding reaction rate will be significantly increase compared to the previous
calculations as it will be shown below.

Dynamics of excited BECs

Each of the collectively excited states of the condensate presented above corresponds
to a rank-1 saddle point of its energy functional. Because the physical meaning of the
crossing of the saddle point is not clear a priori, the corresponding dynamics of the BEC
is presented in the following, and a condensate which is excited to an energy slightly
higher than the lowest saddle point energy is considered. Figures 7.17 and 7.18 show the
corresponding dynamics in terms of the extensions

√
〈x2〉 and

√
〈y2〉 of the condensate

as well as in terms of the density profiles of the atomic cloud.
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Fig. 7.17: Collapse dynamics of an excited dipolar BEC at (a) a trap aspect ratio λ = 4 and a
scattering length of a = 6.233×10−2 as well as (b) λ = 7 and a = 3.940×10−4. Shown
is the time evolution of the BEC’s rms-extensions

√
〈x2〉 and

√
〈y2〉, respectively,

and the excitation energy is slightly above the energy barrier which is E‡ = 1.0 for
both values of the scattering length. The dynamics shows (I) collective oscillations
of the atomic cloud, (II) the formation of the quasi-stationary activated complex
and (III) the collapse of the BEC.

In the case of an excited BEC with conventional ground state density distribution at λ = 4
[see Fig. 7.17(a)] one observes at first collective oscillations of all the atoms (I). When
the dynamics reaches the vicinity of the saddle, the motion turns into a quasi-stationary
state (II). Here, the extension remains nearly constant for a period of time which is on
the order of a few oscillation periods. Finally, the extension begins to shrink very rapidly
(III) and it further contracts to zero extension (not shown) for t→ 0, i. e. the condensate
collapses. Note that the dynamics is axisymmetric all the time (

√
〈x2〉 =

√
〈y2〉), so that

it is the breathing mode of the BEC which is associated with the crossing of the saddle,
and the subsequent collapse. This behavior is to be expected since the only transition
state in this case has an m = 0 rotational symmetry [cf. Fig. 7.15(a)]. From the density
profiles of the atomic cloud (see upper line in Fig. 7.18), one sees that the collective
oscillations are associated with small density fluctuations of the BEC. At a certain time
(t = −0.00118) the BEC reaches the “activated complex” with a critical density in its
center that leads to the dominance of the attractive interparticle interaction and to the
subsequent collapse for t→ 0.

For a trap aspect ratio of λ = 7 [see Fig. 7.17(b)], one observes similar dynamics, also
consisting of collective oscillations, crossing the saddle, and the collapse of the BEC.
However, significant differences exist for blood-cell shaped BECs: At first, the dynamics
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Collective oscillations
Activated
complex Collapse

t = −0.00283 t = −0.00243 t = −0.00118 t = −0.00002

t = −0.00440 t = −0.00395 t = −0.00195 t = −0.00006

λ = 4

λ = 7

Fig. 7.18: Density profiles |ψ(r, t)|2 of the condensate wave function for z = 0. The upper line
corresponds to the collapse dynamics shown in Fig. 7.17(a) and the bottom line to
Fig. 7.17(b).

is not axisymmetric, which corresponds to the fact that the energetically lowest saddle
has an m = 2 rotational symmetry [cf. Fig. 7.15(b)]. The oscillation mode responsible
for the collapse is, therefore, the quadrupole mode. This behavior is astonishing, because
the external trapping potential is axisymmetric, but it confirms the symmetry-breaking
collapse scenario found within the simple variational ansatz in Sec. 7.2.1. Second, one
observes richer collapse dynamics as can be seen in the density profiles of Fig. 7.18: The
collective oscillations correspond to the dynamics where local density maxima occur on a
ring around the center of the trap. Also the activated complex (reached at t = −0.00195)
of the system is a density distribution which shows two local maxima on this ring.
Precisely at these positions, the attractive interaction becomes dominant and the collapse
of the BEC is now induced locally.

Similar collapse dynamics also occur if one of the other saddles is crossed (not shown).
According to the different rotational symmetry of the respective transition state, the
whole collapse dynamics differs with respect to this point, meaning that a different
number of angular patterns can be observed. However, independent of the respective
rotational symmetry all these cases result in the collapse of the condensate, so that each
of the states discussed above forms a barrier on the way to the BEC’s collapse.

The collapse scenario shown in Fig. 7.18 for λ = 7 is similar to the d-wave collapse
investigated by Metz et al. [118], and also Wilson et al. [124] have investigated an
angular collapse of dipolar BECs. However, it is emphasized that the physical situation
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7 Thermally induced coherent collapse of BECs with long-range interaction

in which this collapse is observed is totally different: In Refs. [118, 124] the stable T = 0
ground state of the BEC is considered and the collapse dynamics is investigated after
having ramped down the s-wave scattering length below the critical value (a < acrit), i. e.
into a region where the condensate cannot exist by definition. By contrast, the above
observations are made in a region of the physical parameters where the BEC’s ground
state is stable. There is also the quantitative difference that the collapse dynamics shown
in Fig. 7.18 exhibit an m = 2 symmetry, whereas Wilson et al. observe an m = 3
collapse in their different experimental setup. The reason for the collapse of the BEC
is, here, not a change of the physical parameters but the excitation of the condensate’s
internal degrees of freedom, namely its collective modes.

Activation energy and thermal decay rate

As discussed above, the modes with the smallest energy barrier are the m = 0 mode in
case of condensates with conventional density distribution [Fig. 7.15(a)], and the m = 2
mode for blood-cell shaped ones [Fig. 7.15(b)]. The other excited states which exist
for λ = 7 form barriers that lie several orders of magnitude higher, and thus can be
neglected.

Figure 7.19 shows the behavior of the activation energy for two ranges of the trap
aspect ratio 3 ≤ λ ≤ 4.5 and 7 ≤ λ ≤ 8. For a dipolar BEC with conventional density
distribution one sees in Fig. 7.19(a) that the behavior of the energy barrier significantly
depends on the trap aspect ratio. For small trap aspect ratios λ = 3, one observes a rapid
increase of the energy barrier when the scattering length is increased from the critical
value. The energy barrier reaches a value of E‡ ≈ 7 already at a− acrit = 0.0005. At a
larger trap aspect ratio λ = 4.5 the energy barrier increases much slower and reaches the
same value only at a scattering length a− acrit = 0.0025, so that the relevant region is
about five times larger. When blood-cell shaped BECs are considered [see Fig. 7.19(b)],
there is only a minor change of the energy barrier’s behavior when the trap aspect ratio
is varied. However, the increase of the scattering length is even slower as compared to
Fig. 7.19(a) and a barrier height of E‡ ≈ 7 is only reached at a− acrit = 0.0045 which is
about nine times larger than at a trap aspect ratio of λ = 3.

This behavior of the energy barrier is, of course, directly reflected in the corresponding
thermal decay rate of the dipolar BEC, shown in Fig. 7.20 for inverse temperatures
1 ≤ N−1β ≤ 4. One finds the general behavior that there are very small decay rates
Γ . 1 far away from the critical scattering length. In this parameter region, the TICC is,
therefore, not relevant and other processes limit the lifetime of the condensate. However,
when the scattering length is decreased the decay rate increases significantly by several
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Fig. 7.19: Activation energy E‡ for the TICC of (a) non-blood-cell shaped BECs at trap aspect
ratios 3 ≤ λ ≤ 4.5 and (b) blood-cell shaped BECs at 7 ≤ λ ≤ 8. In (a) the energy
barrier with increasing scattering length becomes smaller the higher the trap aspect
ratio is. For blood-cell shaped BECs (b) the behavior of the energy barrier with
increasing scattering length changes only marginally when varying the trap aspect
ratio. For a 52Cr condensate consisting of N = 10 000 bosons, the range of the
energy barrier shown (0 ≤ E‡ ≤ 7) corresponds to a thermal energy T = E‡/kB of
0 ≤ T ≤ 141nK which is about 20% of the critical temperature Tc = 700nK. The
range of the scattering length is 0.275 Bohr radii above the critical scattering length
in (a) and 0.55 Bohr radii in (b).

orders of magnitude and reaches values up to Γ & 103. Furthermore, for blood-cell shaped
BECs one can identify a region of an enhanced decay rate at 0.002 . a− acrit . 0.003.

This behavior is caused by the eigenfrequencies of the oscillation modes (see Fig. 7.21)
forming the prefactor in Eq. (4.34): Here, several stable eigenfrequencies of the excited
state drop down in the same parameter region 0.002 ≤ a− acrit ≤ 0.004 as it is shown
in Fig. 7.21(a). Because they occur in the denominator of the prefactor, the latter is
significantly enlarged [see Fig. 7.21(b)]. The physical interpretation of this behavior is
that the region where transitions take place in the vicinity of the transition state becomes
broader, so that the flux over the saddle and, hence, the decay rate increases.

If the temperature is lowered from N−1β = 1 (top row in Fig. 7.20) to N−1β = 2 (center
row) or N−1β = 4 (bottom row), the region where the TICC is important becomes
smaller. Also the maximum decay rate which is obtained from TST decreases so that
the lifetime of the condensate becomes longer at lower temperature.
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Fig. 7.20: Decay rate Γ due to the TICC for (a)–(c) non-blood-cell shaped BECs at 3 ≤ λ ≤ 4.5
and (d)–(f) blood-cell shaped BECs at 7 ≤ λ ≤ 8 and an inverse temperatures of
N−1β = 1 (top row), N−1β = 2 (center row), and N−1β = 4 (bottom row).
Depending on the trap aspect ratio, the decay rate shows a similar behavior as the
activation energy in Fig. 7.19. The ranges of the trap aspect ratios and the scattering
length are the same as in Fig. 7.19. The range of the decay rate (1 ≤ Γ ≤ 3× 103)
corresponds to mean lifetimes τ = Γ−1 of 1.3ms ≤ τ ≤ 3800ms for a 52Cr BEC of
N = 10 000 atoms. The inverse temperature N−1β = 1 corresponds to T = 20nK.
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Fig. 7.21: Eigenfrequencies of a dipolar BEC described with Ng = 6 coupled Gaussian wave
functions. Shown are (a) the modulus of the ten lowest-lying eigenfrequencies and
(b) the prefactor Ω/Ω′ of Eq. (4.34) in dependence of the scattering length. In both
figures, the parameters γ̄ = 8000 and λ = 7 are used. In (a), all the eigenvalues
corresponding to the ground state (GS; solid red lines) are imaginary and they only
change marginally with the scattering length. The excited state (EX) possesses one
real eigenvalue (green line) corresponding to the unstable reaction coordinate, while
the bath modes are stable (blue lines). Several eigenvalues of the transition state’s
bath degrees of freedom, which occur in the denominator of the prefactor Ω/Ω′, drop
down in the region 0.002 ≤ a− acrit ≤ 0.004. As it is shown in (b), this leads to a
strongly increased value of this prefactor in the vicinity of a− acrit ≈ 0.0027. The
physical interpretation of this behavior is that the decay channel becomes broader
allowing for a higher reaction rate.
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7 Thermally induced coherent collapse of BECs with long-range interaction

Influence of the trap strength

Besides the trap aspect ratio of the external trapping potential, the mean strength of
the trap has an influence on the decay rate as it is shown in Fig. 7.22 for a trap aspect
ratio λ = 7 and the same temperatures used in Fig. 7.20. Figure 7.22(a) shows the
behavior of the energy barrier near the critical scattering length in dependence of the
mean trap strength γ̄. The general tendency of a monotonically increasing barrier height
with larger deviation from the critical scattering length is also observed here. However,
the energy barrier increases faster for strong traps, while the increase is extended on a
larger region of the scattering length for weaker traps. Therefore, the importance of the
TICC is lowered by stronger external traps, while it becomes more relevant for weakly
trapped dipolar BECs.

Again, the behavior of the energy barrier is directly reflected in the decay rates [see Fig.
7.22(b) for an inverse temperature N−1β = 1]. For stronger traps, the region of the
enhanced decay rate, which has already been discussed above, is shifted closer to the
critical value of the scattering length. In addition to this, one observes two more such
regions at a trap strength of γ̄ & 9000 which also have their origin in the behavior of the
oscillation frequencies of the bath degrees of freedom of the activated complex. Again,
lower temperatures [see Figs. 7.22(c)–(d)] decrease the decay rates and make the TICC
less relevant apart from the critical scattering length.

Influence of the strength of the DDI

Dipolar BECs have first been realized with 52Cr atoms [9] which possess a magnetic
moment of µ = 6µB. For an exemplary chromium BEC consisting of 10 000 bosons,
the range of the scattering length shown in Figs. 7.19(b) and 7.20(d)–(f) is 0.55 Bohr
radii and the energy barrier 0 ≤ E‡ ≤ 7 corresponds to a thermal energy T = E‡/kB
of 0 ≤ T ≤ 141 nK which is about 20% of the critical temperature Tc = 700 nK.
The temperature used in Fig. 7.20(a) and (d) is 20 nK. The range of the decay rate
1 ≤ Γ ≤ 3 × 103 corresponds to mean lifetimes τ = Γ−1 of 1.3ms ≤ τ ≤ 3800ms for
such a condensate, meaning that the lifetime of the BEC is reduced to a few milliseconds
in the vicinity of the critical scattering length. Dipolar BECs are also accessible with
164Dy (µ = 10µB) and 168Er (µ = 7µB) atoms [10,11]. Because of their larger magnetic
moment and their higher masses, the corresponding “dipole length” ad is significantly
larger than that of 52Cr (cf. Tab. 6.1). Using the precise values, one obtains that it is
increased by a factor of about 8.8 for 164Dy and 4.4 for 168Er. For these elements one
must, therefore, expect even larger effects. On the one hand, this is because the range
of the s-wave scattering length in which the TICC is relevant, becomes larger by this
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Fig. 7.22: (a) Activation energy and (b)–(d) decay rate due to the TICC for dipolar BECs
at a trap aspect ratio λ = 7, different trap strengths γ̄, and inverse temperatures
N−1β = 1 (b), N−1β = 2 (c), as well as N−1β = 4 (d). The range of the scattering
length where the TICC is important becomes smaller the stronger the trap is. Higher
values N−1β (lower temperatures) also decrease the rate. Due to the eigenvalue
behavior, one region of enhanced decay rate is observed throughout. At high trap
strengths of γ̄ & 9000 two more such regions emerge at a− acrit ≈ 0.001.
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Fig. 7.23: Critical scattering length of a dipolar BEC in dependence of the trap aspect ratio
λ of the external trap. Compared are the results from the variational calculations
with a single (red solid line) and Ng = 6 coupled (blue dash-dotted line) Gaussian
trial wave functions as well as the numerical results (orange circles; taken from
Ref. [125]) and the experiment by Koch et al. [32] (green squares with error bars).
The results of the variational approach with Ng = 6 coupled Gaussians and the
numerical results are widely identical, while the experimental measurement reveals
values of acrit which are higher by a few Bohr radii in the range investigated. See
text for further description.

factor. For example, the range of the scattering length in Figs. 7.19(b) and 7.20(d)–(f)
becomes 2.40 Bohr radii in case of erbium and 4.78 Bohr radii in case of dysprosium.
On the other hand, the dipolar energy scales as Ed ∼ a−2

d . Consequently, the energy
barriers discussed above are by a factor of 8.8−2 ≈ 0.0129 smaller for dysprosium and
4.4−2 ≈ 0.0517 times smaller for erbium, so that the thermal decay rates are increased
significantly for these elements.

Stability threshold at finite temperatures

The fact that a condensate at finite temperature is unstable with respect to a coherent
collapse and has a significantly shortened lifetime in the vicinity of the critical scattering
length needs to be considered when one investigates the stability threshold of the
condensate. From a theoretical point of view this threshold is determined by a stability
analysis of the T = 0 ground state with respect to elementary excitations. Within
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numerical approaches to the GPE this can be performed using the Bogoliubov-de Gennes
equations, or in terms of variational approaches the same is given by the eigenvalues of the
Jacobian matrix of the equations of motion at the fixed points. (In case of the variational
approach, the T = 0 stability threshold is given by the highest-lying bifurcation of the
ground state.) In experiments, the stability threshold can be determined by successively
decreasing the s-wave scattering length to a certain value and testing whether or not the
BEC still exists there.

However, from the calculations presented above, one expects that these theoretical
and experimental methods will, in general, lead to different results due to the finite
temperature of the BEC in an experiment. As the investigations showed, the lifetime of
the BEC at T > 0 is significantly reduced in the vicinity of the critical scattering length,
and it can decay in a parameter region where the T = 0 ground state is stable. Thus,
when one decreases the scattering length, the condensate decays because of the TICC
before the critical value has been reached. As a consequence, one must expect that the
experimentally measured values of the stability threshold should be larger than predicted
from the theory at T = 0. The deviation will depend on the temperature of the BEC
and, for typical values of several tens of nanokelvins, it will be on the order of a few
Bohr radii. This interpretation gives an explanation of the results obtained by Koch et
al. [32] in actual measurements who have observed such a behavior for a wide range of
the trap aspect ratio λ in dipolar BECs (see Fig. 7.23). Similar observations have also
been made in BECs without long-range interaction [126].

Discussion

The extended variational approach to dipolar BECs using coupled Gaussian wave functions
allows for an accurate description of the condensate’s ground state properties and its
dynamics. The investigation of the ground state reveals a whole cascade of bifurcations,
in which collectively excited states with different m-fold rotational symmetry emerge.
The occurrence of the latter is directly related to the structured ground state density
distribution: For conventional density distributions, only an axisymmetric excited state
exists, while additional states with m = 2, 3, 4 rotational symmetry are present in case
of blood-cell shaped BECs. All these states form transition states of the thermally
induced collapse, and the m = 0 as well as the m = 2 excited states, respectively, are the
energetically lowest ones.

The existence of these states confirms the occurrence of a symmetry-breaking collapse
scenario of dipolar BECs already observed within the single Gaussian approach. The
energy barrier of the TICC becomes smaller the closer one approaches the critical
scattering length. Hence, high reaction rates and short lifetimes of the condensate are
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7 Thermally induced coherent collapse of BECs with long-range interaction

observed there. The trap aspect ratio as well as the mean trap strength influence the
energy barrier, which exhibits the slowest increase in case of a biconcave structured
density distribution and a weak external trapping potential. For experimentally accessible
dipolar condensates, the lifetimes can be reduced to about a millisecond. The regime, in
which the decay mechanism of the TICC is important depends on the temperature of
the gas, and it is on the order of a few Bohr radii above the critical scattering length. At
the same time, this is in agreement with the experimentally observed deviation from the
theoretically predicted value of the stability threshold [32].
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8 Conclusion and outlook

BECs with attractive interparticle interactions are metastable. At finite temperatures
T > 0, quasiparticle excitations lead to density fluctuations. These can induce the
collapse, if the density locally becomes high enough so that the attraction can no longer
be compensated by the quantum pressure. It was the aim of this thesis to investigate
the corresponding decay mechanism of this thermally induced coherent collapse of BECs
with additional long-range interaction. Furthermore, a deeper understanding of the
collapse dynamics was sought, such that the condensate’s decay rates and lifetimes can
be calculated.

For this purpose, a novel TST for wave packet dynamics in metastable Schrödinger
systems has been developed. This is founded on the description of the wave function
within a variational approach and the calculation of its dynamics by applying a TDVP.
The latter allows to access a system’s excited and unstable stationary states which
form the activated complex of the reaction dynamics, and it defines a noncanonical
Hamiltonian system under very general assumptions. If the variational space allows to
distinguish between reactants and products and these are separated by a rank-1 saddle
point of the energy functional, this method can be used to calculate the reaction rate.

The application of TST to wave packet dynamics is based on normal form expansions
of both the dynamical equations as well as the energy functional in the vicinity of
this saddle point. The method consists of the following steps. First, the dynamical
equations and the energy functional are locally expanded and diagonalized. Using a
suitable normalization of the eigenvectors, the latter define a symplectic basis of the
linearized system. Second, the dynamical equations as well as the energy functional
are brought into their normal form via nonlinear near-identity transformations. The
latter are determined by generating functions, whose nonresonant coefficients are used
in order to eliminate certain terms of the expansion. Which terms can be removed is
determined by the eigenvalue structure and, because of the general structure of the
TDVP, the normal form exhibits a predetermined polynomial structure. In addition, the
resonant coefficients of the generating function are used to guarantee that the energy
functional and the dynamical equations are connected via canonical equations, i.e. that
the normal form coordinates are canonical ones. Finally, the energy functional in normal
form coordinates serves as local canonical Hamilton function to which classical TST is
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applied. The method developed is valid for a wide variety of trial wave functions, for
arbitrary normal form orders and arbitrary dimension of the variational space, and it is
independent of the precise form of the Hamilton operator.

TST usually breaks down if bifurcations occur in the transition state. To circumvent this
problem, a uniform rate formula has been developed. By choosing an appropriate normal
form of the potential, it allows to smoothly cross the point of a bifurcation. Depending
on the choice of the potential’s normal form, various types of bifurcations can be handled.
In this thesis, this method has been applied to a symmetric cusp catastrophe.

For comparisons between the novel method of TST for wave packets with the well
established classical and quantum normal forms, a metastable state in a cubic potential
well has been investigated, where thermal excitations allow a particle to escape from the
well. For the comparisons, the particle has either been described by a point particle or a
frozen Gaussian wave packet. The decay rate obtained from the wave packet approach
goes far beyond the results of the point particle approaches in the sense that it is able to
reproduce both results in different limits. On the one hand, perfect agreement with the
classical TST results is obtained in the limit of a “narrow” wave packet, which represents
the classical limit of the approach. On the other hand, the results obtained from the
quantum normal form approach are reproduced in the limit of “broad” wave packets.
Moreover, this behavior is obtained at a wide range of temperatures.

The application of TST for wave packet dynamics has been extended to nonlinear
Schrödinger systems in the field of BECs with additional long-range interaction. In the
low-temperature regime these systems can be described by the GPE and quasiparticle
excitations can induce the collapse of the condensate. The investigations have shown
that a thermally induced coherent collapse is possible in condensates with attractive
interaction. This mechanism is important in the parameter region close to the critical
scattering length where the energy barrier is small and the decay rate is high. The
activated complex of the reaction dynamics is represented by a certain density distribution
of the atomic cloud which, typically, features a locally increased density compared to
its ground state. This state is a collectively excited, but unstable stationary point in
the variational space. A sufficient thermal excitation always leads to the collapse of the
BEC.

In particular, the investigations of a monopolar 1/r-interaction has revealed corrections
to the decay rate of several orders of magnitude at a fixed value of the scattering length
when the number of coupled Gaussian wave functions is increased. Further significant
corrections are obtained using higher orders of the constructed normal form Hamiltonian.
For the system investigated convergence has been observed in the eighth order of the
expansions.
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BECs with dipolar interparticle interaction turned out to be especially interesting because
they exhibit a symmetry-breaking TICC, i.e. their collapse dynamics breaks the symmetry
that is imposed by the confining trap and the orientation of the dipoles. This symmetry-
breaking behavior appeared within a simple variational ansatz where additional transition
states emerged in a pitchfork bifurcation at certain values of the physical parameters.
The physical parameter to switch between an axisymmetric and a symmetry-breaking
dynamics is the aspect ratio of the external trap and the bifurcation has been successively
treated using the uniform rate formula that has been developed in this thesis.

An extended variational approach to dipolar BECs has confirmed the occurrence of a
symmetry-breaking TICC and revealed a relation between the symmetry of the collapse
dynamics and the occurrence of a biconcave shape of the ground state wave function. For
blood-cell shaped dipolar BECs, a variety of transition states with different rotational
symmetry exist which emerge in a whole cascade of bifurcations. The energetically
lowest one possesses a d-wave symmetry in contrast to conventional density distributions,
where it exhibits an s-wave symmetry. Furthermore, within the extended ansatz the
energy barrier is significantly smaller than in the single Gaussian one, which leads to high
decay rates. The considerations for a 52Cr condensate have shown that the region where
the TICC is important is on the order of a Bohr radius above the critical scattering
length. There, the condensate’s lifetime can be reduced to about a millisecond. The
effects become even stronger for elements with larger DDI, so that it is experimentally
challenging to reach this regime. Hints to an indirect observation of this decay mechanism
in dipolar BECs can be found in the investigations by Koch et al. [32] who measured a
stability threshold being consistently above the theoretically predicted values.

Because of their generality, the application of the methods developed in this thesis can
be extended to various fields. One of these can be the investigation of chemical reactions
where the dynamics of molecules can be investigated beyond the Born-Oppenheimer
approximation if a suitable parametrization of the wave function can be found. Another
potentially interesting field is the thermal decay of multi-layered stacks of dipolar BECs
as the number of transition states grows exponentially with the number of interacting
condensates in these systems [127]. Furthermore, the treatment of bifurcations in the
transition state can be extended to other types of bifurcations than discussed in this
thesis by using a different normal form of the potential.
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point particles

The concept of Hamiltonian dynamics plays a crucial role in this thesis and provides
the basis of several theoretical aspects used in the previous chapters. In this appendix,
the basic topics of Hamiltonian dynamics are discussed. These include the standard
formulation in canonical variables, which are given by a set of generalized coordinates
q and their conjugate momenta p. Beyond the treatment of Hamiltonian dynamics
in canonical coordinates, a coordinate-free definition of Hamiltonian systems is given,
which is based on geometrical aspects of the underlying coordinate manifold and its
cotangent bundle forming the phase space. The local existence as well as the construction
of canonical coordinates according to Darboux [56] is discussed for manifolds which
exhibit a symplectic structure.

All the topics are discussed briefly in this appendix and with special regard to their
application to the fields of quantum wave packet dynamics within a variational approach
(Chap. 2), the corresponding normal form (Chap. 3) and TST (Chap. 4). For further
details, especially for mathematical proofs or the existence of the objects discussed, the
reader is referred to the literature (see e.g. Refs. [55, 73, 128], whose notations are widely
adopted in the following).

A.1 Standard canonical formalism of Hamiltonian
dynamics

The standard canonical formulation of Hamiltonian dynamics [128] of a system with d
degrees of freedom is based on the set of variables q,p ∈ Rd. Here, q are the generalized
coordinates of the respective system and p are their conjugate momenta. Together, they
form the phase space {q,p}. As mentioned above, the physical properties of the system
are described by the Hamilton function H. In the standard canonical formalism, this is
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a real function of the generalized coordinates and their conjugate momenta,

H = H(q,p) , (A.1)

and it is assumed to be time-independent in the following. A physical state at a certain
time t is represented by the coordinates q,p, and the dynamics of the system is given by
Hamilton’s equations (i = 1, 2, . . . , d)

dqi
dt = ∂H

∂pi
, (A.2a)

dpi
dt = −∂H

∂qi
. (A.2b)

These equations form a set of 2d ordinary, first-order differential equations which are, in
general, nonlinear and coupled. Moreover, they define the Hamiltonian vector field

XH(q,p) ≡
(
q̇1, ṗ1, . . . , q̇d, ṗd

)T
(A.3)

on phase space, where the dot denotes the derivative with respect to time.

The equations (A.2) exhibit a symplectic structure, which becomes especially pronounced,
if one rewrites Hamilton’s equations in a different way. Therefore, one defines the
2d-dimensional phase space vector

u ≡ (q1, p1, . . . , qd, pd)T (A.4)

by which Hamilton’s equations (A.2) can be rewritten in the simple form of a matrix-vector
equation

du
dt = XH(u) = J ∂H

∂u
. (A.5)

Here, J is the standard symplectic matrix

J ≡


J1 0

. . .
0 J1

 , with J1 ≡
(

0 1
−1 0

)
. (A.6)

For a comparison in Sec. 2.3.2, Eq. (A.5) is, again, rewritten in an equivalent form. After
multiplying with J −1 = −J from the left, one obtains the alternative form

J u̇ = −∂H
∂u

. (A.7)

This exhibits the structure that the Hamiltonian vector field multiplied by a symplectic
matrix equals the negative derivative of a function on phase space.
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A.2 Geometrical aspects of Hamiltonian systems and
their coordinate-free definition

The equations presented in Sec. A.1 define important properties of Hamiltonian systems
and they provide a powerful tool to analyze a broad range of physical systems as well
as to calculate its dynamics. However, these equations have the disadvantage that they
make explicit use of the knowledge of a set of canonical variables. Consequently, using
the above definitions, it is difficult to identify a Hamiltonian system, if it is not given in
terms of canonical variables.

This problem can be overcome, if one defines a Hamiltonian system in a coordinate-free
manner on differentiable manifolds [55]. Starting point of this consideration is the
d-dimensional smooth coordinate manifold Q (see Fig. A.1) whose local chart is the
Euclidean space Rd. In the latter, the local coordinates are denoted by {q}. Because the
coordinate manifold Q is a smooth manifold, there exists its cotangent bundle P ≡ T ∗Q,
which forms the phase space of the system. Its local chart is the Euclidean space R2d and
the local variables are denoted by {q,p}. Furthermore, the phase space P is a smooth
manifold, thus, there exist its tangent bundle TP with local coordinates {q̇, ṗ} on which
the Hamiltonian vector field XH is defined and its cotangent bundle T ∗P .

The canonical 1- and 2-forms

One way to define Hamiltonian systems without making use of coordinates is by means
of the canonical 1-form [55]

θ : P −→ T ∗P ,
m 7−→ θm ∈ T ∗mP (A.8)

which maps an object m in phase space to its cotangent space. It is defined by the
requirement that its pullback on the coordinate manifold Q using an arbitrary smooth
1-form α is exactly this form α, i. e.

α∗θ = α . (A.9)

Because θ is defined on phase space with local coordinates {q,p}, its local representation
on the chart at m has the general form

θm =
d∑
i=1

σi(q,p) dqi +
d∑
j=1

τj(q,p) dpj (A.10)
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Q P = T ∗Q T ∗P

TP

N

R
d

{q}
R

d ⊗Rd

{q, p}
R

d ⊗Rd

{q̇, ṗ}

R

H(q, p)

α, (α∗θ) θ,ω2

H

XH

Fig. A.1: Scheme of the different manifolds used to define Hamiltonian systems in a coordinate-
free manner. Basis is the d-dimensional smooth coordinate manifold Q whose local
chart is the Euclidean space Rd with local coordinates {q}. The cotangent bundle
of Q is the phase space P = T ∗Q whose local chart is the Euclidean space R2d

with local coordinates {q,p}. Because P is again a smooth manifold, there exist its
tangent bundle TP on which the Hamiltonian vector field is defined and its cotangent
bundle T ∗P whose elements are the canonical 1-form θ and the canonical 2-form
ω2. The blue nodes represent the underlying manifolds, and the orange ones are the
corresponding local charts.

with coefficients σi(q,p) and τj(q,p) depending on the local coordinates. The requirement
(A.9) induces for the coefficients

σi(q,p) = pi , (A.11a)
τj(q,p) = 0 , (A.11b)

so that its local form is given by (m ∈ P)

θm =
d∑
i=1

pi dqi . (A.12)

Using the canonical 1-form θ, in a second step, the canonical 2-form ω2 is defined as its
negative differential [55],

ω2 ≡ −dθ . (A.13)
According to Eq. (A.12), its local form is

ω2
m =

d∑
i=1

dqi ∧ dpi . (A.14)
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This 2-form is closed, because dω2 = −d ◦ dθ = 0, it is nondegenerate, because for every
dqi 6= 0 there exists a dpi such that ω2

m 6= 0, and it is alternating, because the wedge
product changes its sign when the arguments are exchanged. These properties make
the 2-form ω2 a symplectic form, so that the manifold P together with this form is a
symplectic manifold, and ω2 expresses the symplectic structure of the phase space already
discussed in Sec. A.1.

The Hamiltonian vector field

As a 2-form, ω2 acts on pairs of vector fields, ω2(X1,X2). Alternatively, it can act on
a single vector field ω2(X1, ·) which defines a 1-form on phase space. This property is
used in order to define the Hamiltonian vector field XH , which assigns to each element
on phase space m ∈ P an element XH,m in its tangent space TP according to

XH : P −→ TP
m 7−→ XH,m . (A.15)

The vector field XH is referred to as being Hamiltonian by the requirement that it is
connected via the canonical 2-form to the differential of a smooth function on phase
space

ω2(XH , ·) = dH , (A.16)
with

H : P −→ N
m 7−→ Hm . (A.17)

Note that the Hamiltonian vector field XH is uniquely assigned to the Hamilton function
by Eq. (A.16), because the canonical 2-form ω2 is nondegenerate. The triple

(P ,ω2,XH) (A.18)

of a symplectic manifold P with the symplectic 2-form ω2 and the Hamiltonian vector
field XH according to Eq. (A.16) defines a Hamiltonian system in a coordinate-free
manner.

From this point of view, the definition according to Eqs. (A.1)–(A.6) can be regarded as
the definition of Hamiltonian systems on local charts of the respective manifolds: The
symplectic matrix J in (2.34) is then the matrix of a local representation of the canonical
2-form ω2, the function H(q,p) is a local representation of the Hamilton function H on
the local chart R2d of the phase space P, and Hamilton’s equations (A.2) or (A.5) are
local representations of Eq. (A.16).
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A.3 Existence and construction of standard canonical
coordinates according to Darboux

In case that a particular system is a Hamiltonian system according to the definition in Eq.
(A.18), and one describes it by a set of (local) coordinates on a chart of the underlying
manifold, the respective coordinates will, in general, not be canonical coordinates.
However, canonical coordinates exist and they can be systematically constructed as it
has been proved by Darboux [56]. According to Arnold [73], the theorem reads as
follows:

Theorem (Darboux): Let ω2 be a closed nondegenerate differential 2-form in a
neighborhood of a point in the space P2d = R2d. Then in some neighborhood of this
point one can choose a coordinate system (q,p) such that the form has the standard
form

ω2 =
d∑
i=1

dqi ∧ dpi . (A.19)

Construction of canonical variables

Beyond the existence of canonical coordinates, the proof of Darboux’s theorem provides
an explicit guide to construct the respective coordinates. Here, the method is displayed
following Arnold [73]. Therefore, the manifold P2d = R2d and the 2-form ω2 are
assumed to exhibit the requirements for the application of Darboux’s theorem. The
coordinates are labeled x and canonical coordinates are constructed in the neighborhood
of an arbitrary point x0. The first pair of canonical coordinates can be constructed as
follows (see Fig. A.2):

(i) In a first step, the momentum coordinate p1 is defined as an arbitrary function

p1 : P2d −→ R ,
x 7−→ p1(x) (A.20)

which is nonconstant, differentiable, and whose differential is nonzero at the point
x0. In addition, it is assumed, that p(x0) = 0 for simplicity [a simple choice for the
function p1(x) is, e.g., one which depends linearly on x]. Considering the Hamilton
function

H = p1 , (A.21)
the corresponding vector field XH = Xp1 is nonzero at x0 [Xp1(x0) 6= 0] because of
the assumption that the differential of p1(x) is nonzero.
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P   2d

P2d-1Xp1

ϕ tp
1

x'

x

Fig. A.2: Scheme of the construction of canonical variables according to Darboux’s theorem.
With the Hamiltonian vector field Xp1 (blue arrows) the hypersurface P2d−1 (green
plane) is defined. Using the Hamiltonian flow φtp1 (red path) which maps the point
x to x′ = φtp1(x) the canonical coordinate q1 is constructed. See text for further
description.

(ii) In a second step, one defines a hypersurface P2d−1 which is transverse to the vector
Xp1(x0), so that this hypersurface does not contain the vector Xp1(x0) [a possible
choice is, e.g., the hyperplane which has Xp1(x0) as its normal vector]. By the
Hamiltonian flow φtp1 induced by the Hamiltonian H = p1, any point x on this
hypersurface is mapped to a point x′ = φtp1(x). The generalized coordinate which
is conjugate to p1 can now be defined by the time t necessary to reach x′ when
starting from x,

q1 : R2n ×R2n −→ R

x,x′ 7−→ q1(x,x′) = t

∣∣∣∣
x′=φt

p1 (x)
. (A.22)

The coordinates q1, p1 defined in Eqs. (A.20) and (A.22) are then canonical coordinates,
because of the following reason: One obtains for the directional derivative of q1 along the
Hamiltonian vector field Xp1

DXp1
q1(x,x′) = d

dt

∣∣∣∣∣
t=0

q1(x,x′) = d
dt

∣∣∣∣∣
t=0

t = 1 . (A.23)

Here, the first equality is the definition of the directional derivative, and the second one
is due to the definition of the function q1 in Eq. (A.22). The fact that the result is unity
is natural, because the directional derivative of the time q1 = t was considered in the
direction which is provided by the Hamiltonian flow inducing the dynamics. Of course,
one obtains q1(x,x) = 0 for a point x′ = x on the hypersurface P2d−1 because no time
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decays when the point x remains constant. Using the Poisson bracket {·, ·}, one can
alternatively write the time derivative occurring in Eq. (A.23) as

dq1

dt = {q1,H}+ ∂q1

∂t
. (A.24)

Because q1(x,x′) does not have an explicit time-independence and with the definition of
the Hamilton function H = p1, one immediately obtains from Eqs. (A.23)–(A.24)

{q1, p1} = 1 (A.25)

for t = 0, i. e. on the hypersurface P2d−1. Thus, the above constructed coordinates are
canonical ones.

Note that one could, of course, also have chosen the coordinate q1 as an arbitrary function
of x in Eq. (A.20) instead of choosing p1. The procedure can, in this case, be performed
analogously with the definition of the Hamiltonian as H = q1 instead of H = p1.

If the system considered has d = 1 degree of freedom, the construction of canonical
coordinates is finished. For systems, with d > 1 degrees of freedom, the construction
can be carried on by induction in the degrees of freedom d. This is possible because the
symplectic structure ω2 on the original manifold P2d induces also a symplectic structure
on the submanifold P2d−2 in a neighborhood of x0. For details the reader is referred to
Ref. [73].

Remarks on the construction according to Darboux

The construction of canonical coordinates according to Darboux provides a general
procedure to formally construct these variables. However, for the purpose of this thesis
there are also disadvantages. On the one hand, the definition of the momentum coordinate
in Eq. (A.20) is restricted. Because it serves as Hamiltonian in the further construction,
it must reproduce the energy of the system, so that it has to be chosen as the energy
functional of the system. On the other hand, the definition of the generalized coordinate
in Eq. (A.22) as a time is mathematically well-defined, but hard to access in practice
because, therefore, the inverse function of the Hamilton flow x′ = φtp1(x) is required.
Furthermore, with this construction, the coordinates will have the meaning of energy
and time which will, in general, not be the desired normal form coordinates so that a
subsequent procedure is necessary in order to find them. Via the procedure of the normal
form expansion presented in Chap. 3, these problems can be circumvented, and canonical
normal form coordinates can be constructed in a natural way.
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The normal form expansions of the equations of motion obtained from the TDVP and
the corresponding transformation of the energy functional in Chap. 3 are performed using
successive Lie transforms. In this appendix, the underlying mathematical formalism of
the normal form expansions is reviewed. For mathematical proofs, the reader is referred
to Ref. [54] whose notation is widely adopted in the following equations.

The transformations of both the energy functional and the equations of motion are
performed using successive nonlinear near-identity transformations x→ y. However, the
transformations of the energy functional and the equations of motions, respectively, are
of fundamental different nature. This is due to the fact that the former is a scalar field
of the form

f = f(x) , (B.1)
where only the right-hand side of the equation has to be transformed, whereas the latter
is a vector field of the form

dx
dt = a(x) , (B.2)

where the left- as well as the right-hand side of the equation transform under a change of
variables x→ y.

Formal change of variables

The nonlinear change of variables x→ y that is applied to Eqs. (B.1)–(B.2) is defined
by the parameter-dependent function

x = φε(y) . (B.3)
Here, φε(y) is an arbitrary vector valued function that is differentiable in the new
coordinates y and in the parameter ε, which serves as a scaling parameter. Furthermore,
it is assumed that one obtains the identity transformation for ε = 0, and that the finally
desired change of variables x = φ(y) is obtained for ε = 1, i. e.

x = φε=0(y) = y , (B.4a)
x = φε=1(y) = φ(y) . (B.4b)
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Having introduced the change of variables (B.3), the formal transformation of Eq. (B.1)
is trivial and in the new set of coordinates y one obtains the transformed scalar field
f̃(y) according to

f(x) = f(φε(y)) ≡ f̃(y) . (B.5)
Analogously, using the chain rule

dx
dt = ∂φε(y)

∂y

dy
dt , (B.6)

where ∂φε(y)/∂y is the Jacobian matrix of the transformation, one obtains the trans-
formed vector field b(y) by

dy
dt =

[
∂φε(y)
∂y

]−1

a (φε(y)) ≡ b(y) . (B.7)

Consequently, the transformations of both the scalar field in Eq. (B.5) and the vector
field in Eq. (B.7) are formally straightforward. However, considering their computation
in practice, difficulties can arise because – depending on the explicit form of the transfor-
mation in Eq. (B.3) – the form of the two scalar fields f and f̃ as well as the two vector
fields a and b in the old and the new set of variables can significantly differ.

A simplification of the transformations (B.5) and (B.7) – in particular if the scalar and
the vector fields are given as a (formal) power series – can be achieved if the change of
variables (B.3) is not provided explicitly, but implicitly in terms of a generating function
g. Assuming that the latter is given, the corresponding change of variables is defined by
claiming that Eq. (B.3) is a solution of the differential equation

dx
dε = g(x) , (B.8)

i.e. the equation
dφε(y)

dε = g(φε(y)) (B.9)

holds for arbitrary y and ε.

The following Secs. B.1 to B.2 show how the scalar field (B.1) and the vector field
(B.2) transform under the change of variables (B.3) which is defined by its generating
function (B.8). In both cases, the transformation is performed using an expansion of
the respective equations in ε. The most important simplification will turn out to be the
fact that the change of variables can solely be performed by applying multiplications
with and derivations of the generating function as well as the respective fields while the
variables only need to be renamed (x by y). Moreover, the transformation can directly
be formulated in terms of the generating function g without actually having to solve the
differential equation (B.8). Finally, Sec. B.3 focuses on the application to Hamiltonian
vector fields.
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B.1 Lie transforms of scalar fields

In the following, it is assumed that the transformation x = φε(y) is fixed by a certain
generating function g. Then the transformation of the scalar field is given by Eq. (B.5).
In order to directly perform the change of variables using the generating function, i.e.
without solving the differential equation (B.8) at first, one expresses the scalar field as
its (formal) power series at ε = 0. Setting x = φε(y), one obtains the expansion

f(φε(y)) =
∞∑
j=0

djf(φε(y))
dεj

∣∣∣∣∣
ε=0

εj

j! . (B.10)

The total derivative of f(φε(y)) with respect to ε evaluates to

df(φε(y))
dε

∣∣∣∣∣
ε=0

=
[
∂f(φε(y))
∂φε(y)

]T dφε(y)
dε

∣∣∣∣∣∣
ε=0

, (B.11)

where the first term on the right-hand side is interpreted as a row vector and the second
term is a column vector. Defining the right-multiplication operator Dg by its action

Dgf(x) ≡
[
∂f(x)
∂x

]T

g(x) (B.12)

on differentiable functions f and, because of the definition of the generating function
(B.8), the derivative (B.11) can be rewritten as the action of the operator Dg,

df(φε(y))
dε

∣∣∣∣∣
ε=0

= Dgf(x)
∣∣∣
x=y

. (B.13)

As a consequence, higher derivatives with respect to ε can be written as the multiple
application of this operator Dg according to

djf(φε(y))
dεj

∣∣∣∣∣
ε=0

= Djgf(x)
∣∣∣
x=y

. (B.14)

Using Eqs. (B.5), (B.10) and (B.14), one finally obtains the power series of the transformed
scalar field as the Lie series

f̃(y) = f(φε(y)) =
∞∑
j=0
Djgf(φε(y))

∣∣∣
ε=0

εj

j! =
∞∑
j=0

εj

j! D
j
gf(x)

∣∣∣
x=y

. (B.15)

Note that in the last step of Eq. (B.15) the original vector field f is evaluated at x = y
and not at x = φε(y) which is due to the fact that the identity transformation is assumed
for ε = 0 [see Eq. (B.4a)]. This means that the whole transformation of the scalar field
is reduced to the successive application of the operator Dg on the original field f(x = y)
in which the variables only have to be renamed.
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Explicit transformation of the variables

An important application of the Lie transform of scalar fields is the explicit transformation
of the variables. In general, the function (B.3) cannot be obtained analytically because,
therefore, it is necessary to solve the differential equation (B.8). However, its power
series can be obtained from the transformation of a scalar field. This is possible if one
regards the coordinate functions f(x) = xi, since each variable xi (i = 1, 2, 3, . . .) defines
a scalar field itself. Therefore, the explicit transformation of each coordinate xi under
the action of the generating function can be obtained from Eq. (B.15) and reads

xi =
∞∑
j=0

εj

j!D
j
gyi . (B.16)

B.2 Lie transforms of vector fields

Analogously to the case of the scalar field in Sec. B.1, the transformation of the vector
field in (B.2) is also performed by means of a power series in the parameter ε. For the
transformed vector field (B.7), one obtains at ε = 0 the expansion

b(y) =
∞∑
j=0

dj
dεj

[
∂φε(y)
∂y

]−1

a (φε(y))

∣∣∣∣∣∣
ε=0

εj

j! . (B.17)

Here, it has to be taken into account that the inverse Jacobian matrix of the transformation
occurs due to the fact that both sides of the differential equation (B.2) need to be
transformed.

First the inverse Jacobian matrix [φ′ε(y)]−1 is considered, where the prime denotes the
derivative with respect to the argument of the function. One regards the definition of the
generator in the new variables, Eq. (B.9), and differentiates this equation with respect to
y,

d
dε

dφε(y)
dy = ∂g(φε(y))

∂φε(y)
dφε(y)

dy = g′(φε(y))φ′ε(y) . (B.18)

To obtain an expression for the derivative of the inverse Jacobian matrix [φ′ε(y)]−1, note
that Eq. (B.18) is a matrix differential equation of the form

dX(ε)
dε = G(ε)X(ε) (B.19)
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with G(ε) = g′(φε(y)) and X(ε) = φ′ε(y). Deriving the identity X(ε)X−1(ε) = 1 with
respect to ε, one obtains after rearranging

dX−1(ε)
dε = −X−1(ε) dX(ε)

dε X−1(ε) = −X−1(ε)G(ε) , (B.20)

where Eq. (B.19) has been used in the last step. Again replacing X(ε) = φ′ε(y) and
G(ε) = g′(φε(y)) as defined above, Eq. (B.20) yields

d [φ′ε(y)]−1

dε = − [φ′ε(y)]−1
g′(φε(y)) . (B.21)

Together with Eq. (B.21), the first derivative with respect to ε occurring in Eq. (B.17)
can be evaluated to

d
dε

[
dφε(y)

dy

]−1

a (φε(y))

∣∣∣∣∣∣
ε=0

= d [φ′ε(y)]−1

dε a (φε(y)) + [φ′ε(y)]−1 ∂a(φε(y))
∂φε(y))

dφε(y)
dε

∣∣∣∣∣
ε=0

= ∂a(y)
∂y

g(y)− ∂g(y)
∂y

a(y) . (B.22)

In the last step, it has again been used that the identity transformation is obtained for
ε = 0, i. e. φε=0(y) = y and [φ′ε(y)]−1

∣∣∣
ε=0

= 1. Defining the homological operator Lg
according to

Lga(x) ≡ ∂a(x)
∂x

g(x)− ∂g(x)
∂x

a(x) (B.23)

one can, in analogy to the case of the scalar field, write the first derivative with respect
to ε in Eq. (B.17) as the action of this homological operator,

d
dε

[
dφε(y)

dy

]−1

a (φε(y))

∣∣∣∣∣∣
ε=0

= Lga(x)
∣∣∣
x=y

. (B.24)

Higher derivatives are given by its multiple application as

dj
dεj

[
dφε(y)

dy

]−1

a (φε(y))

∣∣∣∣∣∣
ε=0

= Ljg a(x)
∣∣∣
x=y

. (B.25)

Finally, the transformed vector field (B.17) is given by the Lie series

b(y) =
[
∂φε(y)
∂y

]−1

a (φε(y)) =
∞∑
j=0
Ljg a(φε(y))

∣∣∣
ε=0

εj

j! =
∞∑
j=0

εj

j! L
j
g a(x)

∣∣∣
x=y

. (B.26)
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B.3 Normal forms of Hamiltonian vector fields

B.3.1 Classical normal form

For Hamiltonian systems, the vector field (B.2) is given by Hamilton’s equations
dx
dt = J ∂H(x)

∂x
, (B.27)

where x = (q,p) is the phase space vector and J is the standard symplectic matrix
defined in Eq. (2.34). The Hamiltonian H and the corresponding Hamilton’s equations
can be brought into normal form by directly transforming the Hamilton function, if one
defines the generating function as

g(x) = J ∂W (x)
∂x

(B.28)

with some differentiable phase space function W . The transformed vector field (B.7) now
takes the form

dy
dt =

[
∂φ(y)
∂y

]−1

J ∂H(φ(y))
∂φ(y) = J ∂H(φ(y))

∂y
, (B.29)

where the symplectic nature of J was used in the last step. The transformation
of Hamiltonian vector fields according to Eq. (B.29) is a significant simplification as
compared to general vector fields discussed above. This is due to the fact that the
transformation x = φ(y), here, only occurs in the scalar Hamilton function, which
transforms to H̃(y) = H(φ(y)). It is, therefore, possible to bring Hamilton’s equations
into normal form, by only considering the Hamiltonian they are derived from. Since,
the latter is a scalar field on phase space, it transforms according to Eq. (B.15) with
f(x) = H(x). With the ansatz (B.28) for the generating function, one obtains for the
right-multiplication operator (B.12)

DgH(x) =
[
∂H(x)
∂x

]T

J ∂W (x)
∂x

≡ adW H(x) (B.30)

which is referred to as the adjoint operator in the literature [36], and which equals the
definition of the Poisson bracket,

adW H(x) = {W ,H} . (B.31)

Under a transformation induced by the phase space function W , the Hamiltonian
consequently transforms according to [cf. Eq. (B.15)]

H̃(y) =
∞∑
j=0

1
j! adjW H(x)|x=y , (B.32)
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B.3 Normal forms of Hamiltonian vector fields

which yields the standard Poincaré-Birkhoff normal form [73, 129] of the Hamiltonian
system. For details on normal form transformations of Hamiltonian systems, the reader
is referred to Waalkens et al. [36].

B.3.2 Quantum normal form

Under certain circumstances, quantum corrections to the classical normal form (B.32)
can become important. With special regard to the field of quantum reaction rates, such
a formalism has been developed by Schubert et al. [130]. It is not the subject of this
appendix to describe the procedure in detail. Stated very briefly, the quantum corrections
to the classical Hamilton function can be taken account of by replacing the adjoint
operator adW in Eq. (B.32) by the Mojal adjoint operator

MadW = {W , ·}M ≡
2
~
W (q,p) sin

(
~
2
[〈←−
∂p,−→∂q

〉
−
〈←−
∂q ,−→∂p

〉])
, (B.33)

where the arrows indicate whether the derivatives are applied to the left- or to the
right-hand side of the operator. With this definition, the quantum normal form of a
Hamiltonian is given by

H(y) =
∞∑
j=0

1
j! MadjW H(x)|x=y . (B.34)

B.3.3 Analytic normal forms for systems with one degree of
freedom

The simplest possible case is a one-dimensional Hamiltonian of the type “kinetic plus
potential energy”,

H(q, p) = p2

2 + V (q) , (B.35)

where the mass of the particle has been set to m = 1. If the potential has a stationary
state at q = q0, i. e. V ′(q0) = 0, the classical and quantum normal forms can be evaluated
analytically in terms of the eigenvalue λ =

√
−V ′′(q0) at the fixed point and derivatives

of the potential. Keller [49] has evaluated the quantum normal form up to sixth order
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B Lie transforms and normal forms

to

H
(6)
QNF = V0 + λJ + J2

16λ2

(
V (4) + 5[V ′′′]2

3λ2

)
− ~2

64λ2

(
V (4) + 7[V ′′′]2

9λ2

)

− J3

288λ3

(
75[V ′′′]2V (4)

4λ4 + 17[V (4)]2
8λ2 + 235[V ′′′]4

24λ6 + 7V ′′′V (5)

λ2 + V (6)
)

+ 5~2J

1152λ3

(
153[V ′′′]2V (4)

20λ4 + 67[V (4)]2
40λ2 + 77[V ′′′]4

24λ6 + 19V ′′′V (5)

5λ2 + V (6)
)

(B.36)

with J = pq. Because the classical normal form equals the quantum one up to terms of
the order ~, HQNF = HCNF +O(~) [36], the classical normal form is obtained in the limit
~→ 0 of Eq. (B.36), i. e.

H
(6)
CNF = V0 + λJ + J2

16λ2

(
V (4) + 5[V ′′′]2

3λ2

)

− J3

288λ3

(
75[V ′′′]2V (4)

4λ4 + 17[V (4)]2
8λ2 + 235[V ′′′]4

24λ6 + 7V ′′′V (5)

λ2 + V (6)
)

. (B.37)
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C Exemplary normal form procedure
for a BEC with long-range
interaction

In this appendix, a numerical example of the normal form procedure discussed in Chap.
3 is presented. In the following, both an exemplary Mathematica script code as well
as important intermediate results of the calculations are shown.

The system considered is a BEC with additional 1/r-interaction which has been discussed
in Secs. 6.3 and 7.1, and it is described with Ng = 2 coupled Gaussian wave functions of
the type (6.24b). For this choice, the application of the TDVP is presented in Appx. D.1.
The physical parameters are set to γ2 = 2.5× 10−4 and a = −0.99, so that the following
calculation directly corresponds to the results presented in Figs. 7.2, 7.6, 7.7, and 7.8.

A Mathematica script can be set up as follows: In a first step, the global parameters
for the number Ng of coupled Gaussian wave functions, the number of degrees of freedom
d, the physical parameters a, γ2 in the GPE (6.16) as well as the maximum normal form
order nmax are set:

Ng = 2;
d = 2Ng -1;
a = -0.99;
γ2 = 2.5×10−4;
nmax = 7;

Furthermore, the following commands are defined for the use in the subsequent script
code:

x = ToExpression ["x" <> ToString [#]] &/@ Range [2d];
y = ToExpression ["y" <> ToString [#]] &/@ Range [2d];
m = ToExpression ["m" <> ToString [#]] &/@ Range [2d];

ytox = ToExpression ["y" <> ToString [#] <> "→x" <>
ToString [#]] &/@ Range [2d];
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C Exemplary normal form procedure for a BEC with long-range interaction

xtoy = ToExpression ["x" <> ToString [#] <> "→y" <>
ToString [#]] &/@ Range [2d];

xoddtozero = ToExpression ["x" <> ToString [2# -1] <>
"→0"] &/@ Range [d];

meventoodd = ToExpression ["m" <> ToString [2#] <> "→m" <>
ToString [2# -1]] &/@ Range [d];

xtoj = ToExpression ["x" <> ToString [2# -1] <> "→j" <>
ToString [#] <> "/x" <> ToString [2#]] &/@ Range [d];

z = ToExpression ["{a" <> ToString [#] <> ",γ" <>
ToString [#] <> "}"] &/@ Range [Ng ]/.γ1→0

pwr[x_ , m_] := Product [x[[i]]^m[[i]], {i,2d}];

As already mentioned above, the application of the TDVP to a BEC with additional
1/r-interaction is presented in Appx. D.1. In order to evaluate the expectation values of
the single contributions of the Hamilton operator, it is appropriate to define the auxiliary
functions

i0[{a_ ,γ_}] := (π/a) Sqrt[π/a] Exp[-γ];
i2[{a_ ,γ_}] := (3π/(2a^2)) Sqrt[π/a] Exp[-γ];
im[{a_ ,γ_}] := π Sqrt[π/a] Exp[-γ];

with which the norm of the wave function and the normalized expectation values (D.4)
can be evaluated as follows:
ξ[k_ ,l_] := z[[k]] + ComplexExpand [ Conjugate [z[[l]]]];
ξ[i_ ,j_ ,k_ ,l_] := z[[i]] + ComplexExpand [ Conjugate [z[[j]]]] +

z[[k]] + ComplexExpand [ Conjugate [z[[l]]]];

N2 = Sum[ i0[ξ[k,l]] , {k,Ng}, {l,Ng }];

Ekin = Sum[ 6z[[k ,1]] i0[ξ[k,l]] - 4z[[k ,1]]^2 i2[ξ[k,l]]
, {k,Ng}, {l,Ng}] / N2;

Etrap = γ2 Sum[ i2[ξ[k,l]] , {k,Ng}, {l,Ng}] / N2;

Ec = 8πa / N2^2
Sum[ i0[ξ[i,j,k,l]], {i,Ng}, {j,Ng}, {k,Ng}, {l,Ng }];

Emon = -4π Sum[ im[ξ[i,j,k,l]] / (ξ[i,j ][[1]] ξ[k,l ][[1]])
, {i,Ng}, {j,Ng}, {k,Ng}, {l,Ng}] / N2 ^2;

Therewith, the energy functional and the vector h in Eq. (2.31) can be obtained by
Emf = Ekin + Eext + (Ec + Emon )/2;
h = D[Emf , { Delete [ Flatten [z], 2]}];
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With an appropriate set of initial values z0, a root search yields the fixed point of the
dynamical equations, and the fixed point energy is obtained by inserting the parameters
into the energy functional:

fp = FindRoot [h, z0];
emf0 = emf /.fp

For the above given physical parameters, one fixed point is

a1 = 0.0631758 , a2 = 0.215522 , γ2 = -0.481071 . (C.1)

The normalization of the wave function at this fixed point is explicitly taken into account
in the script by dividing the expectation values by N2. The fixed point corresponds to
the ground state and it has an energy of (cf. Fig. 7.4)

emf0 = -0.137356 . (C.2)

After the fixed point has been determined it is shifted to the origin of the coordinate
system:

yrel = ToExpression ["y" <> ToString [2# -1] <> "+Iy" <>
ToString [2#]] &/ @Range [d];

yrel = Partition [ Insert [yrel ,0 ,2] ,2];
z2 = z + ε yrel /.fp;
z1 = z2 /. ytox;

Here, z1 and z2 are two independent sets of local coordinates at the fixed point. In the
next step, the TDVP is set up in these local coordinates:
ξ[k_ ,l_] := z1[[k]] + ComplexExpand [ Conjugate [z1[[l]]]];
ξ[i_ ,j_ ,k_ ,l_] := z1[[i]] + ComplexExpand [ Conjugate [z1 [[j]]]] +

z1[[k]] + ComplexExpand [ Conjugate [z1[[l]]]];

N2 = Sum[ i0[ξ[k,l]] , {k,Ng}, {l,Ng}] // Simplify ;

Ekin = Sum[ 6z1[[k ,1]] i0[ξ[k,l]] - 4z1[[k ,1]]^2 i2[ξ[k,l]]
, {k,Ng}, {l,Ng}] / N2;

Etrap = γ2 Sum[ i2[ξ[k,l]] , {k,Ng}, {l,Ng}] / N2;

Ec = 8πa / N2^2
Sum[ i0[ξ[i,j,k,l]] , {i,Ng}, {j,Ng}, {k,Ng}, {l,Ng }];

Emon = -4π Sum[ im[ξ[i,j,k,l]] / (ξ[i,j] ξ[k,l])
, {i,Ng}, {j,Ng}, {k,Ng}, {l,Ng}] / N2 ^2;
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C Exemplary normal form procedure for a BEC with long-range interaction

Therewith, the energy functional, the matrix K, as well as the vector h can be defined
in local coordinates at the fixed point, and they are expanded up to the order nmax:

(* Matrix K *)
S = Simplify [Sum[ i0[(z1[[k]] +

ComplexExpand [ Conjugate [z2[[l ]]]])] , {k,Ng}, {l,Ng }]];
Si = D[S, {x}] /. ytox;
Sj = D[S, {y}] /. ytox;
dnx = -D[N2 ,{x}] / (2 Sqrt[N2 ]^3);
term = 2 Expand [(D[S,{x},{y}] /. ytox) / (N2 ε^2) +

( Outer [Times , Si/ε, dnx/ε] +
Outer [Times , dnx/ε, Sj/ε] ) / Sqrt[N2 ]];

kcoef = Table [0, {nmax }];
kcoef [[1]] = ComplexExpand [Im[ Expand [term /.ε→ 0]]];

Do[ term = D[term , ε]/(n -1);
kcoef [[n]] = ComplexExpand [Im[ Expand [term /.ε→ 0]]]

, {n, 2, nmax }]

(* Vector h *)
hcoef = Table [0, {nmax }];
term = D[Ekin + Etrap + (Ec + Emon )/2, ε];

Do[ term = D[term , ε]/(n+1);
hcoef [[n]] = ComplexExpand [Re[ Expand [

-D[term /.ε→ 0, {x}]]]]
, {n, nmax }];

(* Energy functional Emf *)
emfcoef = Table [0, {nmax -2}];
term = D[Ekin + Etrap + (Ec + Emon )/2, ε];

Do[ term = D[term , ε]/(n+1);
emfcoef [[n]] = Expand [term /. ε→ 0]

, {n, nmax -2}];

(* Increase precision *)
kcoef = SetPrecision [kcoef // Chop , 50];
hcoef = SetPrecision [hcoef // Chop , 50];
emfcoef = SetPrecision [ emfcoef // Chop , 50];

Up to this point, the script is adapted to the special physical system of a BEC with
1/r-interaction. The following script code, however, is independent of the system which
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is investigated. Only the structure of some do-loops has to be adapted if calculations are
performed with d 6= 3 degrees of freedom.

Diagonalization and symplectic basis

After the steps performed above, the local expansions of the matrix K, the vector h and
the energy functional E are known, and the single terms of the expansion are orderwise
stored in the quantities kcoef, hcoef, and emfcoef. Consequently, the transformations
can be applied as described in Secs. 3.1 to 3.3. As explained in Sec. 3.1, the first step
of the transformations is to diagonalize the system with respect to its linearized part.
Therefore, the latter’s eigenvalues and -vectors are required which can be obtained the
following way:

k0 = kcoef [[1]];
k0inv = Inverse [k0];

Do[ kcoef [[i]] = k0inv.kcoef [[i]] // Expand ;
hcoef [[i]] = k0inv.hcoef [[i]] // Expand

, {i,nmax }];

ktmp = kcoef;
htmp = hcoef;

Do[
Do[ ktmp [[i+j]] = ktmp [[i+j]] -

kcoef [[i]]. ktmp [[1+j]] // Expand
, {j,0,nmax -i}];

Do[ htmp [[i+j]] = htmp [[i+j]] -
kcoef [[i]]. htmp [[1+j]] // Expand

, {j,0,nmax -i}];

kcoef = ktmp;
hcoef = htmp

, {i,2, nmax }];

(* Eigenvalues and -vectors *)
Jac = D[hcoef [[1]] , {x}];
λ = Eigenvalues [Jac] // Chop;
T = Eigenvectors [Jac] // Chop;
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C Exemplary normal form procedure for a BEC with long-range interaction

For the above mentioned parameters, the eigenvalues are

λ = {±1.87399i, ±0.855197i, ±0.182227i} (C.3)

and they possess the structure (2.44). The matrix T contains the eigenvectors of the
linearized dynamical equations, whose symplectic normalization (3.12) can be carried
out as follows:

tk0tt = T.k0. Transpose [T] // Chop;
Do[ T[[i]] = T[[i]] / tk0tt [[i-1,i]] , {i,2,2d ,2}];
jmat = T.k0. Transpose [T] // Chop;

Finally, the transformation of the dynamical equations and the energy functional to the
symplectic basis is obtained by

emfcoef = Collect [ emfcoef /.xtoy , y];
hcoef = Collect [hcoef /.xtoy , y];

ttx = Transpose [T].x;
ytottx = ToExpression [ "y" <> ToString [#] <> "→ttx [[" <>

ToString [#] <> "]]" & /@ Range [2 d]];

emfcoef = emfcoef /. ytottx // Expand ;
hcoef = hcoef /. ytottx // Expand ;
ttinv = Inverse [ Transpose [T]];

Do[ hcoef [[i]] = ttinv.hcoef [[i]] // Expand // Chop , {i,nmax }];

After this transformation to the symplectic basis, the dynamical equations have the
diagonal linear term

hcoef[[1]] =



+1.87399i x1
-1.87399i x2
+0.855197i x3
-0.855197i x4
+0.182227i x5
-0.182227i x6


, (C.4)

whose entries are the eigenvalues (C.3) and the quadratic order of the energy functional
is

emfcoef[[1]] = 1.87399i x1 x2 + 0.855197i x3 x4 + 0.182227i x5 x6 . (C.5)

At this point, it is obvious that the coordinates x1,x2,x3,x4,x5,x6 are pairwise canonical
up to this order of the expansion. It is noted that the higher-order terms hcoef[[i]]
and hcoef[[i]] with i>1 have not been simplified by this step. In general, they still
contain all possible monomials, and because of the huge amount of terms, they are not
shown here.
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Lie transforms for truncated expansions

As discussed in Sec. 3.2, these higher-order terms are simplified via a normal form
expansion, which is performed order by order (n=1,2,3,...). Since the dynamical
equations are on hand as truncated Taylor expansions (3.26), the number of applications
of the Lie operator in Eq. (3.22) and the right-multiplication operator in Eq. (3.24) can
be limited. In addition, it is appropriate to apply the operators to the different orders of
the expansions separately. For a generating function gn of degree n, the corresponding
transformations (3.22) and (3.24) then read

∞∑
j=0

1
j!L

j
gn
a(x) =

nmax∑
k=1

∞∑
j=0

1
j!L

j
gn
ak(x) −→

nmax∑
k=1

jmax∑
j=0

1
j!L

j
gn
ak(x) , (C.6a)

∞∑
j=0

1
j!D

j
gn
E(x) =

nmax+1∑
k=0

∞∑
j=0

1
j!D

j
gn
Ek(x) −→

nmax+1∑
k=0

jmax∑
j=0

1
j!D

j
gn
Ek(x) , (C.6b)

where the limit of the summation over j has been reset to jmax in the respective last
steps.

Both the expressions Ljgn
ak(x) and Djgn

Ek(x) occurring on the right-hand side of Eqs.
(C.6) are of the order k + j(n − 1). Thus, if one focuses only on the l-th order of the
transformed field, there will only contribute such terms for which k + j(n − 1) != l.
Consequently, it is sufficient to apply the operators no more than

jmax =
⌊
l − k
n− 1

⌋
, (C.7)

where b·c denotes the integer part of its argument.

Moreover, it is numerically appropriate not to apply the operators Ljgn
and Djgn

several
times and to add the respective terms afterwards, as the formal transformations in Eqs.
(C.6) suggest, but to calculate the transformation via the Horner-like scheme
jmax∑
j=0

1
j!L

j
gn
ak(x) = ak(x) + Lgn

(
ak(x) + 1

2Lgn

(
ak(x) + . . .

(
ak(x) + 1

jmax
Lgn
ak(x)

)))
,

(C.8a)
jmax∑
j=0

1
j!D

j
gn
Ek(x) = Ek(x) +Dgn

(
Ek(x) + 1

2Dgn

(
Ek(x) + . . .

(
Ek(x) + 1

jmax
Dgn

Ek(x)
)))

,

(C.8b)

where the maximum value of jmax is determined by Eq. (C.7). For each order, the gener-
ating function is first constructed according to Eq. (3.42). Second, for each generating
function, the corresponding transformations (3.22) and (3.24) are evaluated:
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C Exemplary normal form procedure for a BEC with long-range interaction

m1 = n - Sum[m[[i]], {i, 2, 2d}];

Do[ (* Construction of the generating function *)
g = Table [0, {2d}];

Do[ term = pwr[x, m];

Do[ nen = λ.m - λ[[i]];

If[ Abs[nen] > 10^( -10) ,
g[[i]] = g[[i]] +
Coefficient [hcoef [[n, i]], term ]/ nen term; ]

, {i,2d}]

(* The range of the loop is adapted to d=3 *)
, {m6 , 0, n}
, {m5 , 0, n - m6}
, {m4 , 0, n - m6 - m5}
, {m3 , 0, n - m6 - m5 - m4}
, {m2 , 0, n - m6 - m5 - m4 - m3 }];

(* Transformation of the dynamical equations *)
g1 = Transpose [D[g, {x}]] // Expand ;
jmax = Floor [(nmax -1)/(n -1)];
len = nmax - (n -1)* jmax;
b = hcoef;
lg = Table [0, {nmax }];

Do[ lg[[n;;n+len -1]] = (D[b[[1;; len ]],{x}].g -
b[[1;; len ]]. g1) / (jmax +1-j);

b = lg + hcoef // Expand ;
len = len + n - 1

, {j, jmax }];

(* Transformation of the energy functional *)
If[jmax > 0, {hcoef = b; hcoef [[n]] = hcoef [[n]] // Chop }];
jmax = Floor [(nmax -3)/(n -1)];
len = nmax - 2 - (n -1)* jmax;
b = emfcoef ;
lg = Table [0, {nmax -2}];

Do[ lg[[n;;n+len -1]] = (D[b[[1;; len ]], {x}].g) / (jmax +1-j);
b = lg + emfcoef // Expand ;
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len = len + n - 1
, {j, jmax }];

If[jmax > 0, { emfcoef = b; emfcoef [[n]]
= If[OddQ[n], Chop[ emfcoef [[n]] ,10^( -8)] ,0]}];

, {n, 2, nmax }];

The normal form transformations in this step have removed all terms of the dynamical
equations of even order and the odd-order terms of the energy functional, i.e.

hcoef[[2]] = hcoef[[4]] = hcoef[[6]] = 0 , (C.9a)
emfcoef[[2]] = emfcoef[[4]] = emfcoef[[6]] = 0 . (C.9b)

The first-order terms of the dynamical equations and the second-order terms of the energy
functional have been left unchanged. The next-higher order corrections read

hcoef[[3]] =



420.512 x12x2 + 68.8326 x1 x3 x4 - 3.2175 x1 x5 x6
- 420.512 x1 x22 - 68.8326 x2 x3 x4 + 3.2175 x2 x5 x6
68.8326 x1 x2 x3 + 47.0488 x32 x4 - 0.972187 x3 x5 x6

- 68.8326 x1 x2 x4 - 47.0488 x3 x42 + 0.972187 x4 x5 x6
- 3.2175 x1 x2 x5 - 0.972187 x3 x4 x5 + 0.712752 x52 x6
3.2175 x1 x2 x6 + 0.972187 x3 x4 x6 - 0.712752 x5 x62

 (C.10)

in the dynamical equations and

emfcoef[[3]] = - 394.668 x12 x22 + 348.835 x1 x2 x3 x4
- 9.43647 x32 x42 - 25.7015 x1 x2 x5 x6
- 8.61906 x3 x4 x5 x6 - 0.148958 x52 x62 (C.11)

in the energy functional, which both possess the polynomial structures (3.39) and (3.43).
The same polynomial structure is also present in the higher-order terms, but they are
not shown because of the large number of monomials.

Determination of the resonant coefficients

Obviously, the third-order terms (C.10) fulfill the conditions of integrability (3.45b) and
(3.45c). However, they are not connected to the fourth-order term (C.11) via Eq. (3.45a).
In order to achieve the fulfillment of the canonical equation (3.44), the transformation
using the resonant terms of the generating function is applied. As an alternative to its
explicit evaluation, the system of equations (3.58) is here set up by evaluating the term
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C Exemplary normal form procedure for a BEC with long-range interaction

Lgn
b3 instead of calculating each component (3.57) separately. For this purpose, the

resonant terms in the generating function are labeled ci and they are treated as free
parameters in the Lie transform.

In order to determine the resonant coefficients of a generating function, the linear
system of equations (3.58) must be solved. As already discussed in Sec. 3.3, this system
is overdetermined, but it is guaranteed by Darboux’s theorem that a solution exists.
However, because of numerical errors, one may be prevented from finding an exact
solution of the equations. Therefore, an appropriate way to find the resonant coefficients
is to apply a least-square fit

‖AG − B‖2 != min. (C.12)
to the system of equations (3.58). It is emphasized that Eq. (C.12) is not an approx-
imation to the solution of the resonant coefficients, because its minimum value must
be (numerically) zero. The least-square fit is rather a suitable method to solve the
overdetermined system of equations.

hint = Table [0, {nmax }]; n = 1;
hint [[n]] = Expand [Sum[ Integrate [

hcoef [[n,2i -1]] /. xoddtozero [[1;;i -1]] ,x[[2i]]]
, {i, d}]];

Do[ hint [[n]] = Expand [Sum[ Integrate [ hcoef [[n,2i -1]]
/. xoddtozero [[1;;i -1]] ,x[[2i]]] , {i,d}]];

hdiff = hint [[n]] - emfcoef [[n]];
nc = d Binomial [d + (n -3)/2 , d -1];
noe1 = Binomial [d + (n -1)/2 , d -1];

(* Generating function with free parameters *)
c = ToExpression ["c" <> ToString [#]] & /@ Range [nc];
g = 0; cnt = 0; eqcnt = 0; n1h = (n +1)/2;
eq = Table [1, {noe1 }];
m1 = n1h - Sum[m[[i]], {i,3,2d ,2}];

Do[ eqcnt = eqcnt + 1;

Do[ If[ m[[i]] > 0, {cnt = cnt + 1;
eq[[ eqcnt ]] = eq[[ eqcnt ]] - c[[ cnt ]];
term = pwr[x, m /. meventoodd ];
g = g + c[[ cnt ]] Coefficient [hdiff , term]
term/x[[i]]/λ[[i]] UnitVector [2d, i+1]}

]
, {i,1,2d ,2}]
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(* The range of the loop is adapted to d=3 *)
, {m5 , 0, n1h}
, {m3 , 0, n1h - m5 }];

(* Transformation induced by the generating function *)
g1 = Transpose [D[g,{x}]];
htmp = hcoef [[n+2]] + D[hcoef [[3]] ,{x}].g - hcoef [[3]]. g1;
n3h = (n +3)/2;
m1 = n3h - Sum[m[[i]], {i,3,2d ,2}];

Do[ term = pwr[x, m /. meventoodd ];

Do[ If[m[[i]] > 0,

Do[ If[ m[[j]] > 0, {
eqcnt = eqcnt + 1; AppendTo [eq , Expand [
Coefficient [htmp [[i]], term/x[[i +1]]]/ m[[i]] -
Coefficient [htmp [[j]], term/x[[j +1]]]/ m[[j ]]]]}]

, {j,i+2,2d ,2}] ]
, {i,1,2d -2 ,2}]

, {m5 , 0, n3h}
, {m3 , 0, n3h - m5 }];

(* Determination the resonant coefficients *)
cmat = D[eq , {c}];
b = -eq /. Table [c[[i]] → 0, {i,nc }];
c = LeastSquares [cmat , b];
crep = ToExpression [ "c" <> ToString [#] <> "→c[[" <>

ToString [#] <> "]]" & /@ Range [nc ]];
g = g /. crep;
g1 = Transpose [D[g, {x}]];

(* Transformation of the dynamical equations *)
jmax = Floor [(nmax -1)/(n -1)];
len = nmax - (n -1)* jmax;
b = hcoef;
lg = Table [0, {nmax }];

Do[ lg [[n;;n+len -1]] = (D[b[[1;; len ]],{x}].g -
b[[1;; len ]]. g1 )/( jmax +1-j);

b = lg + hcoef // Expand ;
len = len + n - 1

, {j, jmax }];
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C Exemplary normal form procedure for a BEC with long-range interaction

If[jmax > 0, hcoef = b];

(* Transformation of the energy functional *)
jmax = Floor [(nmax -3)/(n -1)];
len = nmax - 2 - (n -1)* jmax;
b = emfcoef ;
lg = Table [0, {nmax -2}];

Do[ lg[[n;;n+len -1]] = (D[b[[1;; len ]],{x}].g)/( jmax +1-j);
b = lg + emfcoef // Expand ;
len = len + n - 1

, {j, jmax }];

If[jmax > 0, emfcoef = b]

, {n,3,nmax -2 ,2}];

The resonant coefficients of the generating function do only need to be determined up to
the order nmax − 2. This guarantees the fulfillment of the conditions of integrability in
the order nmax − 1, so that the energy functional in order nmax is obtained by a simple
integration of the dynamical equations:

n = nmax;
hint [[n]] = Expand [Sum[ Integrate [

hcoef [[n,2i -1]] /. xoddtozero [[1;;i -1]] ,
x[[2i]]], {i,d}]];

(* Definition of action valiables *)
jfac = Table [1, {nd }];
jvar = Table [i, {nd }];
Do[ If[Chop[Abs[Im[λ[[2i -1]]]]] > 10^ -10 ,

{jfac [[i]] = I, jvar [[i]] = j}]
, {i, 1, nd}]

actionvar = ToExpression [ "j" <> ToString [#] <> "→" <>
ToString [jvar [[#]]] <> ToString [#] <> "/" <>
ToString [jfac [[#]]]] & /@ Range [nd]

H = hint /. xtoj /. actionvar ;

The last step takes into account the definition of the action variables (3.61) and it
guarantees that the integrated Hamiltonian is real. In order to keep the information,
which variables correspond to real (unstable) and imaginary (stable) eigenvalues, the
coordinates are labeled "i" in the former and "j" in the latter case.
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Finally, the canonical equations are fulfilled in every order of the expansion by construction,
and the local Hamiltonian in action coordinates orderwise consists of the terms

H[[1]] = 1.87399 j1 + 0.855197 j2 + 0.182227 j3 , (C.13a)

H[[3]] = - 210.256 j12 - 68.8326 j1 j2 - 23.5244 j22

+ 3.2175 j1 j3 + 0.972187 j2 j3 - 0.356376 j32 , (C.13b)

H[[5]] = 37771.3 j13 + 20967.8 j12 j2 - 10084.8 j1 j22

+ 861.764 j23 - 1195.23 j12 j3 - 1505.82 j1 j2 j3
- 104.915 j22 j3 + 118.681 j1 j32 + 48.8141 j2 j32

- 2.74901 j33 , (C.13c)

H[[7]] = - 9.61439×106 j14 + 3.27764×107 j13 j2 - 2.97357×107 j12 j22

+ 3.79731×106 j1 j23 - 138082. j24 + 315564. j13 j3
+ 3.49666×106 j12 j2 j3 - 1.45983×106 j1 j22 j3
+ 39551.6 j23 j3 - 56668.5 j12 j32 - 70531.1 j1 j2 j32

- 1471.93 j22 j32 + 3042.69 j1 j33 + 1240.61 j2 j33 - 62.99 j34 .
(C.13d)
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D TDVP for BECs with long-range
interaction

In this appendix, the application of the TDVP to BECs with monopolar (Sec. D.1) and
dipolar (Sec. D.2) interparticle interaction is presented for single and coupled Gaussian
trial wave functions (6.23).

D.1 BECs with monopolar interaction

A BEC with long-range monopolar interaction is described by the GPE (6.16). In the
particle number scaled “atomic units” as introduced in Sec. 6.3, the behavior of the
condensate is, in addition to the kinetic term, determined by the potentials

Vtrap(r) = γ2r2 , (D.1a)
Vc(r, z) = 8πa |ψ(r, z)|2 , (D.1b)

Vmon(r, z) = −2
∫

d3r′
|ψ(r′, z)|2

|r − r′|
. (D.1c)

Note that the contact and monopolar interaction depend on the variational parameters
z, because the density distribution |ψ(r, z)|2 of the atomic cloud directly enters the
interaction potentials. Moreover, the time-dependence of the variational parameters has
been omitted for simplicity. Using coupled Gaussian trial wave functions (6.23) with
the radially symmetrical ansatz (6.24b), all integrals within the variational approach
can be solved analytically. For their detailed evaluation, the reader is referred to
Refs. [102,106,131], in this appendix only the results are presented. With the definitions

αmnr = Amr + [Ãnr ]∗ , (D.2a)
δmn = γm + [γ̃n]∗ , (D.2b)

αmnopr = Amr + [Ãnr ]∗ + Aor + [Apr]∗ , (D.2c)
δmnop = γm + [γ̃n]∗ + γo + [γp]∗ , (D.2d)
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D TDVP for BECs with long-range interaction

the quantity S(z̃, z) defined in Eq. (6.25a) is

S(z̃, z) =
〈
ψ(z̃)

∣∣∣ψ(z)
〉

= π3/2
Ng∑

m,n=1

eδmn

[−αmnr ]3/2 . (D.3)

Furthermore, one obtains for the expectation value of the kinetic term as well as the
potentials (D.1)

〈
ψ(z̃)

∣∣∣−∆
∣∣∣ψ(z)

〉
= 6π3/2

Ng∑
m,n=1

eδmn Amr [Ãnr ]∗
[−αmnr ]5/2 , (D.4a)

〈
ψ(z̃)

∣∣∣Vtrap(r)
∣∣∣ψ(z)

〉
= 3π3/2γ2

2

Ng∑
m,n=1

eδmn

[−αmnr ]5/2 , (D.4b)

〈
ψ(z̃)

∣∣∣Vc(r, z)
∣∣∣ψ(z)

〉
= 8π5/2a

Ng∑
m,n,o,p=1

eδmnop

[−αmnopr ]3/2 , (D.4c)

〈
ψ(z̃)

∣∣∣Vmon(r, z)
∣∣∣ψ(z)

〉
= −4π5/2

Ng∑
m,n,o,p=1

eδmnop

αmnr αopr [−αmnopr ]1/2 . (D.4d)

Therewith, the quantity U(z̃, z) defined in Eq. (6.25b),

U(z̃, z) =
〈
ψ(z̃)

∣∣∣−∆ + Vtrap(r) + Vc(r, z) + Vmon(r, z)
∣∣∣ψ(z)

〉
, (D.5)

can be obtained in terms of the variational parameters. The mean-field energy is obtained
by setting z̃ = z and inserting a factor 1/2 for the interparticle interactions in order to
avoid a double counting of their contribution,

E(z) =
〈
ψ(z)

∣∣∣−∆ + Vtrap(r) + 1
2
(
Vc(r, z) + Vmon(r, z)

) ∣∣∣ψ(z)
〉

. (D.6)

Single Gaussian

In case of a single Gaussian trial wave function (Ng = 1) which is normalized to 〈ψ|ψ〉 = 1,
the energy functional as well as the dynamical equations can be evaluated explicitly. In
this case, the mean-field energy (D.6) becomes

E = −3Ar − 3[Ai]2
Ar − 3γ2

4Ar + 4a[−Ar]3/2
√
π

− 2[−Ar]1/2
√
π

(D.7)
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D.2 BECs with dipolar interaction

after splitting the variational parameter A = Ar + iAi into its real and imaginary parts.
Also the dynamical equations (2.13) can be evaluated explicitly. For the time-evolution
of the parameters one obtains the differential equations

Ȧr = −8ArAi , (D.8a)

Ȧi = 4[Ar]2 − 4[Ai]2 − γ2 + 8a[−Ar]5/2
√
π

− 4[−Ar]3/2

3
√
π

. (D.8b)

Global canonical coordinates

Defining the generalized coordinate q =
√
〈r2〉 = 1

2 [−3/Ar]1/2 and its conjugate momen-
tum p = Ai[−3/Ar]1/2, the transformed energy functional (D.17) as well as the dynamical
equations (D.18) and (D.19) fulfill canonical equations. The energy functional, then,
serves as Hamiltonian

H = p2 + V (q) (D.9)

with the potential (cf. Ref. [102])

V (q) = 9
4q2 + γ2q2 +

√
3
π

3a
2q3 −

√
3
π

1
q

. (D.10)

D.2 BECs with dipolar interaction

A BEC with long-range and anisotropic DDI is described by the GPE (6.20). In the
particle number scaled “dipolar units” as introduced in Sec. 6.3, the condensate’s dynamics
is determined by the potentials

Vtrap(r) = γ2
xx

2 + γ2
yy

2 + γ2
zz

2 , (D.11a)
Vc(r, z) = 8πa |ψ(r, z)|2 , (D.11b)

Vdip(r, z) =
∫

d3r′
1− 3 cos2 θ

|r − r′|3
|ψ(r′, z)|2 , (D.11c)
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D TDVP for BECs with long-range interaction

(the axisymmetric trap is obtained for γρ ≡ γx = γy). Using coupled Gaussian trial wave
functions (6.23) with the ansatz (6.24a) in Cartesian geometry and defining

αmnη = Amη + [Ãnη ]∗ , (D.12a)
δmn = γm + [γ̃n]∗ , (D.12b)

αmnopη = Amη + [Ãnη ]∗ + Aoη + [Apη]∗ , (D.12c)
δmnop = γm + [γ̃n]∗ + γo + [γp]∗ , (D.12d)

κmnopη =
(

1
αmnη

+ 1
αopη

)(
1
αmnz

+ 1
αopz

)−1

(D.12e)

with η ∈ {x, y, z}, all integrals within the variational approach can be evaluated (semi)-
analytically. For their detailed calculation, the reader is, again, referred to the literature
[106,120,132,133]. The quantity S(z̃, z) defined in Eq. (6.25a) evaluates to

S(z̃, z) =
〈
ψ(z̃)

∣∣∣ψ(z)
〉

= π3/2
Ng∑

m,n=1
eδmn [−αmnx αmny αmnz ]−1/2 . (D.13)

The expectation values of the kinetic term and the potentials (D.11) read

〈
ψ(z̃)

∣∣∣−∆
∣∣∣ψ(z)

〉
= 2π3/2

Ng∑
m,n=1

eδmn [−αmnx αmny αmnz ]−3/2×
[
Amx Ã

n
xα

mn
y αmnz + Amy Ã

n
yα

mn
x αmnz + Amz Ã

n
zα

mn
x αmny

]
, (D.14a)

〈
ψ(z̃)

∣∣∣Vtrap(r)
∣∣∣ψ(z)

〉
= −π

3/2

2

Ng∑
m,n=1

eδmn [−αmnx αmny αmnz ]−1/2×
[
γ2
x

αmnx
+

γ2
y

αmny
+ γ2

z

αmnz

]
, (D.14b)

〈
ψ(z̃)

∣∣∣Vc(r, z)
∣∣∣ψ(z)

〉
= 8π5/2a

Ng∑
m,n,o,p=1

eδmnop [−αmnopx αmnopy αmnopz ]−1/2 , (D.14c)

〈
ψ(z̃)

∣∣∣Vdip(r, z)
∣∣∣ψ(z)

〉
= 4π5/2

3

Ng∑
m,n,o,p=1

eδmnop [−αmnopx αmnopy αmnopz ]−1/2×
[√
κmnopx κmnopy RD(κmnopx ,κmnopy , 1)− 1

]
, (D.14d)

where RD(x, y, z) = 3
2
∫∞

0 [(x+ t)(y + t)(z + t)3]−1/2 dt is an elliptic integral of second
kind in Carlson form [121]. With these expectation values, the quantity

U(z̃, z) =
〈
ψ(z̃)

∣∣∣−∆ + Vtrap(r) + Vc(r, z) + Vdip(r, z)
∣∣∣ψ(z)

〉
(D.15)
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D.2 BECs with dipolar interaction

defined in Eq. (6.25b) is determined in terms of the variational parameters. The mean-
field energy of the dipolar BEC is, again, obtained by setting z̃ = z and inserting a
factor 1/2 to the contributions of the interparticle interactions in order to avoid a double
counting,

E(z) =
〈
ψ(z)

∣∣∣−∆ + Vtrap(r) + 1
2
(
Vc(r, z) + Vdip(r, z)

) ∣∣∣ψ(z)
〉

. (D.16)

Single Gaussian

In case that a single Gaussian trial wave function (Ng = 1) is used, the energy functional
as well as the dynamical equations can be evaluated explicitly [132]. In this case, the
mean-field energy (D.16) becomes

E = −Ar
x − Ar

y − Ar
z −

[Ai
x]2
Ar
x

−
[Ai

y]2

Ar
y

− [Ai
z]2
Ar
z

− 1
4

(
γ2
x

Ar
x

+
γ2
y

Ar
y

+ γ2
z

Ar
z

)

+ 4a√
π

√
−Ar

xA
r
yA

r
z + 2

3
√
π

√
−Ar

xA
r
yA

r
z

[√
κxκyRD(κx,κy, 1)− 1

]
(D.17)

after splitting the variational parameters Aη = Ar
η + iAi

η into their real and imaginary
parts for all η ∈ {x, y, z}. Also the dynamical equations (2.13) can be evaluated explicitly.
For the time-evolution of the parameters’ real parts, one obtains the differential equations

Ȧr
x = −8Ar

xA
i
x , (D.18a)

Ȧr
y = −8Ar

yA
i
y , (D.18b)

Ȧr
z = −8Ar

zA
i
z . (D.18c)

Analogously, the time-evolution of the imaginary parts is determined by

Ȧi
x = 4[Ar

x]2 − 4[Ai
x]2 − γ2

x + 8a√
π

[−Ar
x]3/2 [Ar

yA
r
z]1/2

− 4
3
√
π

[−Ar
x]3/2 [Ar

yA
r
z]1/2

[
2
√
κ3
xκyR

(1,0,0)
D (κx,κy, 1) + 1

]
, (D.19a)
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D TDVP for BECs with long-range interaction

Ȧi
y = 4[Ar

y]2 − 4[Ai
y]2 − γ2

y + 8a√
π

[−Ar
y]3/2 [Ar

xA
r
z]1/2

− 4
3
√
π

[−Ar
y]3/2 [Ar

xA
r
z]1/2

[
2
√
κxκ3

yR
(0,1,0)
D (κx,κy, 1) + 1

]
, (D.19b)

Ȧi
z = 4[Ar

z]2 − 4[Ai
z]2 − γ2

z + 8a√
π

[−Ar
z]3/2 [Ar

xA
r
y]1/2

+ 4
3
√
π

[Ar
xA

r
y]1/2 [−Ar

z]3/2
[√
κxκy

(
3RD(κx,κy, 1)

+ 2κxR(1,0,0)
D (κx,κy, 1) + 2κyR(0,1,0)

D (κx,κy, 1)
)
− 1

]
. (D.19c)

Here, R(1,0,0)
D (x, y, z) and R(0,1,0)

D (x, y, z) denote the derivative of the elliptic integral with
respect to the first and second argument, respectively.

Global canonical coordinates

Defining the generalized coordinates qη = [−8Ar
η]−1/2 and their conjugate momenta

pη = Ai
η[−2/Ar

η]1/2 for η ∈ {x, y, z}, the transformed energy functional (D.17) as well
as the dynamical equations (D.18) and (D.19) fulfill canonical equations. The energy
functional, then, serves as Hamiltonian

H = p2

2 + V (q) (D.20)

with the potential [120]

V (q) = 1
8q2
x

+ 1
8q2
y

+ 1
8q2
z

+ 2γ2
xq

2
x + 2γ2

yq
2
y + 2γ2

zq
2
z

+
√

2
π

a

8qxqyqz
+ 1

24
√

2πq3
z

[
RD

(
q2
x

q2
z

,
q2
y

q2
z

, 1
)
− q2

z

qxqy

]
. (D.21)
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Zusammenfassung in deutscher
Sprache

Das Phänomen der Bose-Einstein Kondensation wurde in den Jahren 1924/25 von
Einstein [6, 7] und Bose [8] vorhergesagt. Dabei handelt es sich um einen rein quan-
tenmechanischen Phasenübergang, bei dem der Grundzustand eines bosonischen Viel-
teilchensystems unterhalb einer kritischen Temperatur makroskopisch besetzt wird. Die
ersten Bose-Einstein Kondensate (engl. „Bose-Einstein condensate“, BEC) wurden 1995
aus Alkaliatomen hergestellt [3–5] und ihre Realisierung legte den Grundstein für aus-
giebige experimentelle und theoretische Untersuchungen. Die Liste der kondensierten
Bosonen konnte stetig verlängert werden und heute gehören dazu unter anderem auch
Elemente mit langreichweitiger, anisotroper Dipol-Dipol-Wechselwirkung [9–11] und
Quasiteilchen [12–16].

BECs stellen auf Grund ihrer Eigenschaften ein nahezu ideales Quantenlabor dar, denn
sie sind außergewöhnlich gut kontrollier- und manipulierbar. Dies hat hauptsächlich
zwei Gründe: Einerseits sind BECs stark verdünnte Gase, sodass ihr Verhalten nur von
Zweikörperwechselwirkungen bestimmt wird. Auf der anderen Seite sind gerade diese
Wechselwirkungen experimentell beeinflussbar. Dazu gehören die Streueigenschaften
von Zweikörperstößen, die mit Hilfe von Feshbach-Resonanzen [21] nicht nur in ihrer
Stärke, sondern auch in ihrem Vorzeichen (anziehend oder abstoßend) variiert werden
können. Die laserinduzierte 1/r-Wechselwirkung [19] kann mit Hilfe der Laserintensität
und die Dipol-Dipol-Wechselwirkung durch zeitabhängige äußere Felder [20] beeinflusst
werden. Die geringe Dichte von BECs hat den weiteren Vorteil, dass sie eine außerordent-
lich erfolgreiche Beschreibung des Quantengases im Rahmen einer Meanfield-Näherung
zulässt. Im Grenzfall tiefer Temperaturen (T → 0) wird das Kondensat schließlich
durch einen einzigen Ordnungsparameter beschrieben, dessen Zeitentwicklung durch die
Gross-Pitaevskii-Gleichung [24,25] bestimmt wird. Letztere ist eine nichtlineare Schrö-
dingergleichung, die das Auftreten von exotischen Eigenschaften wie z.B. Bifurkationen
zulässt.

Ein hoch aktives Forschungsfeld im Bereich der BECs ist die Untersuchung der Stabilität
des Gases. Diese ist im Allgemeinen durch die Wechselwirkung zwischen den einzelnen
Bosonen bestimmt. Im Falle einer (teilweise) attraktiven Wechselwirkung ist das Konden-
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sat metastabil und mehrere Mechanismen können zu seinem Zerfall beitragen. Dies sind
u.a. inelastische Dreikörperstöße [26], die „dipolare Relaxation“ [27], das makroskopische
Quantentunneln [28, 29], oder das Verringern der s-Wellenstreulänge in einen Bereich
unterhalb des kritischen Werts [31]. Es gibt jedoch bisher ungeklärte Abweichungen
zwischen experimentellen und theoretischen Daten. Ein Beispiel ist die Stabilitätsschwelle
dipolarer Kondensate [32], bei der die experimentellen Messungen weitgehend oberhalb
der theoretischen Vorhersagen liegen. Dies wirft die Frage auf, ob es in der Nähe der
kritischen Streulänge einen physikalischen Prozess gibt, der den Zerfall eines Kondensats
verursacht, oder seine Lebensdauer zumindest unter die experimentell messbare Grenze
verschiebt.

Im Hinblick auf diese Frage werden BECs in der vorliegenden Arbeit untersucht. Es
zeigt sich, dass nahe der kritischen Streulänge der Zerfallsmechanismus des thermisch
induzierten, kohärenten Kollapses die Lebensdauer bestimmt. Dieser Prozess basiert
darauf, dass thermische Quasiteilchenanregungen Dichtefluktuationen im Kondensat
verursachen. Ist die Wechselwirkung der Bosonen dabei attraktiv und überschreitet die
Dichte (lokal) eine gewisse Grenze, kann der Quantendruck im System der Anziehung
nicht mehr entgegenwirken und das Kondensat kollabiert. Über die qualitative Aussage
der Existenz dieses Zerfallsmechanismuses hinaus sollen in dieser Arbeit des Weiteren
die entsprechenden Zerfallsraten bzw. Lebensdauern berechnet werden.

Eine weit verbreitete Methode zur Berechnung von Reaktionsraten ist die Theorie der
Übergangszustände (engl. „transition state theory“, TST), deren Grundlagen in den
1930er Jahren im Zusammenhang mit chemischen Reaktionen gelegt wurden [33–35].
Wegen ihrer fundamentalen Herangehensweise findet sie jedoch auch erfolgreich An-
wendung in den Bereichen der Atom- [37] und Festkörperphysik [38], der Physik von
Clustern [39,40], der Diffusionsdynamik [41,42], der Kosmologie [43], der Himmelsmecha-
nik [44,45], in Flüssigkeiten [46] und sehr einfachen Untersuchungen von BECs [47–49].
Diese Anwendungen haben gemeinsam, dass die zugrunde liegende Physik des Systems
durch eine klassische Hamiltonfunktion beschrieben werden kann. Diese ist entweder ein
Bestandteil des Modells oder kann – im Falle chemischer Reaktionen – durch Berech-
nung eines Potentials in Born-Oppenheimer-Näherung gewonnen werden. Lässt sich der
zugehörige Phasenraum weiter in zwei Bereiche teilen, die Reaktanden und Produkten
entsprechen, dann ist die Reaktionsrate durch den Fluss durch die Hyperfläche bestimmt,
die diese beiden Bereiche trennt. Diese Annahmen sind jedoch für den Bereich der BECs
nicht ohne weiteres erfüllt, denn die Kondensate widersetzen sich als makroskopische
Quantenobjekte einer klassischen Beschreibung.

Ein wesentlicher Bestandteil der vorliegenden Arbeit ist deshalb die systematische Ent-
wicklung der TST für die Dynamik von Wellenpaketen. Zu diesem Zweck wird das
Quantensystem im Rahmen eines Variationsansatzes beschrieben. Hierin ist die ursprüng-
liche Wellenfunktion ersetzt durch einen Variationsansatz, der von Variationsparametern
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abhängt. Die Energie des Systems ist gegeben durch den Erwartungswert des Hamilton-
operators und die Dynamik der Wellenfunktion durch ein zeitabhängiges Variationsprinzip
(engl. „time-dependent variational principle“, TDVP) [50,51]. Da dieses Variationsprinzip
ein nichtkanonisches, Hamiltonsches System definiert, ist der entscheidende Prozess zur
Anwendung der TST auf Wellenpakete derjenige, die Variationsparameter auf kanoni-
sche Variablen zu transformieren. Anschließend kann die bekannte Theorie angewandt
werden.

Das Variationsverfahren

Wie bereits erwähnt, erfolgt die Beschreibung eines quantenmechanischen Wellenpakets
in dieser Arbeit im Rahmen eines Variationsansatzes, Gl. (2.3). Dieser hängt von einem
Satz komplexwertiger und zeitabhängiger Variationsparameter ab und dessen gesamte
Zeitabhängigkeit ist durch diejenige der Variationsparameter gegeben. Erwartungswerte
von physikalischen Observablen, Gl. (2.4), werden dadurch im Allgemeinen zu Funktionen
der Variationsparameter. Insbesondere gilt dies für das Energiefunktional (2.5).

Um die Zeitabhängigkeit der Variationsparameter zu beschreiben, wird in Abschnitt 2.2
ein zeitabhängiges Variationsverfahren [50,51] angewandt. Dieses löst die Schrödingerglei-
chung näherungsweise und mit dem kleinstmöglichen Fehler [siehe Gl. (2.6)] innerhalb
des durch die Variationsparameter aufgespannten Unterraums des Hilbertraums. Es
liefert zur Bestimmung der Dynamik den Satz (2.13) von d gewöhnlichen, gekoppelten
Differentialgleichungen erster Ordnung. Darin ist K̃ eine hermitesche d× d-Matrix, deren
Einträge durch die Ableitungen des Variationsansatzes festgelegt sind und der Vektor h̃
beinhaltet neben dem Variationsansatz den Hamiltonoperator des Systems.

In Abschnitt 2.3 wird gezeigt, dass das Variationsverfahren generell ein nichtkanonisches,
Hamilton’sches System definiert. Durch Aufspalten der Variationsparameter in deren
Real- und Imaginärteil nehmen die komplexen Bewegungsgleichungen (2.13) die reelle
Form (2.24) an, wobei K eine reelle, schiefsymmetrische Matrix ist, die die Differenti-
alform (2.27) definiert. Unter der Annahme, dass K invertierbar ist, ist diese 2-Form
nichtausgeartet und in jedem Punkt der Variationsraums geschlossen. Somit ist die
2d-dimensionale Mannigfaltigkeit der reellen Variationsparameter zusammen mit dieser
2-Form ein symplektischer Raum. Weiterhin lässt sich der Vektor h gemäß Gl. (2.31) als
Ableitung des Energiefunktionals schreiben. Gemäß der koordinatenfreien Definition von
Hamilton’schen Systemen in Anhang A ist das Tripel (2.33) bestehend aus dem Raum
der reellen Variationsparameter, der symplektischen 2-Form (2.27) und den Bewegungs-
gleichungen damit ein nichtkanonisches Hamilton’sches System. Dies äußert sich auch in
Gl. (2.32), die formal den Hamilton’schen Bewegungsgleichungen entspricht, mit dem
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Unterschied, dass es sich bei der Matrix K nicht um die symplektische Standardform
(2.34) handelt. Das Theorem von Darboux (siehe Anhang A.3) besagt, dass in diesem
Fall stets ein Satz kanonischer Variablen q,p existiert. Es ist ein wesentlicher Teil dieser
Arbeit, ein Verfahren zu entwickeln, das diese Konstruktion explizit ermöglicht. Da das
Variationsverfahren ein Hamilton’sches System definiert, gilt weiterhin für die Eigenwerte
der linearisierten Bewegungsgleichungen an einem Fixpunkt die allgemeine Struktur
(2.44), worin Eigenwerte stets paarweise mit unterschiedlichen Vorzeichen auftreten.

Normalformentwicklung im Raum der
Variationsparameter

Fixpunkte der aus dem zeitabhängigen Variationsverfahren erhaltenen Bewegungsglei-
chungen sowie deren Eigenschaften in der Umgebung der Fixpunkte spielen eine zentrale
Rolle in dieser Arbeit. Im Falle kleiner Abweichung vom Fixpunkt, sind die wesentlichen
Eigenschaften durch die linearisierten Bewegungsgleichungen gegeben, z.B. deren lokale
Stabilität. Für größere Abweichungen können jedoch Terme höherer Ordnung wichtig
werden. Eine Möglichkeit zur systematischen Untersuchung der Struktur in beliebig
hoher Ordnung der lokalen Entwicklung bietet eine Normalformentwicklung [54] der
Bewegungsgleichungen in der Umgebung eines Fixpunktes. Diese wird in Kapitel 3
behandelt.

Eine solche Normalformentwicklung basiert auf aufeinander folgenden, nichtlinearen
Fastidentitätstransformationen, die durch Erzeugendenfunktionen festgelegt werden. Es
werden dabei möglichst viele Terme der Entwicklung eliminiert. Ob und bei welchen
Termen dies der Fall ist, wird ausschließlich durch die Eigenwertstruktur der linearisier-
ten Bewegungsgleichungen festgelegt. Wegen der allgemeinen Eigenwertstruktur (2.44),
besitzen die transformierten Gleichungen anschließend eine Polynomstruktur, die es
erlaubt, die Normalformkoordinaten als kanonische Koordinaten zu interpretieren. Um
das gesamte System inklusive des Energiefunktionals auf kanonische Koordinaten zu
transformieren, sind folgende Schritte notwendig:

(i) Im ersten Schritt werden die Bewegungsgleichungen (2.24) in der Umgebung eines
Fixpunktes entwickelt. Mit Hilfe einer linearen Transformation auf Diagonalkoordi-
naten, wird die Entwicklung anschließend so transformiert, dass ihr linearer Term
Diagonalgestalt annimmt [siehe Gl. (3.15)]. Dessen Einträge sind dann die Eigen-
werte mit der Struktur (2.44). Mit Hilfe einer geeigneten Normierung (3.12) der
Eigenvektoren, definieren diese eine symplektische Basis. Die Diagonalkoordinaten
sind damit kanonische Koordinaten in erster Ordnung.
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Terme höherer Ordnung werden durch dieses Vorgehen mit transformiert, über deren
Struktur kann an dieser Stelle jedoch noch keine Auskunft gegeben werden. Analog
zu den Bewegungsgleichungen wird die Entwicklung und die selbe Transformation
auf Diagonalkoordinaten auch auf das Energiefunktional (2.5) angewandt.

(ii) Zur Transformation der Terme von quadratischer und höherer Ordnung werden
aufeinander folgende Lie-Transformationen (3.17) angewandt, die durch eine Erzeu-
gendenfunktion gemäß der Differentialgleichung (3.19) definiert sind. Wie in Anhang
B gezeigt wird, transformieren sich die Bewegungsgleichungen dann nach Gl. (3.22)
und das Energiefunktional gemäß Gl. (3.24). Für Entwicklungen in Form von Poly-
nomen kann direkt die Transformation (3.35) der einzelnen Koeffizienten angegeben
werden. Demnach entscheiden die „Resonanzbedingungen“ (3.36), ob ein Term eli-
miniert werden kann oder nicht. Entsprechend gibt es in der Erzeugendenfunktion
„nichtresonante“ und „resonante“ Terme.

Mit der Definition der nicht-resonanten Terme nach Gl. (3.42) werden möglichst
viele Terme eliminiert und diejenigen, die verbleiben, erzeugen die Polynomstruktur
(3.39), die in Tabelle 3.1 veranschaulicht ist. Analog wir das Energiefunktional
transformiert.

(iii) Durch die Konstruktion einer Erzeugendenfunktion bestehend aus den nichtreso-
nanten Termen, erhalten sowohl die Bewegungsgleichungen als auch das Energie-
funktional in der entsprechenden Ordnung eine Struktur, die die Interpretation
der Normalformkoordinaten als kanonische Koordinaten erlaubt. Im Allgemeinen
erfüllen die entsprechenden Koeffizienten die kanonischen Gleichungen jedoch noch
nicht. Diese Eigenschaft kann durch die Definition der resonanten Koeffizienten
in der Erzeugendenfunktion als Lösung des linearen Gleichungssystems (3.58) ge-
währleistet werden. Per Konstruktion erfüllen die Bewegungsgleichungen und das
Energiefunktional schließlich die kanonischen Gleichungen (3.44), d.h. die Normal-
formkoordinaten sind kanonische Koordinaten.

Durch die Normalformentwicklung kann zusammenfassend lokal eine klassische Ha-
miltonfunktion konstruiert werden. Diese ist äquivalent zur lokalen Beschreibung des
Quantensystems im Rahmen des Variationsansatzes in dem Sinne, dass (i) die Ha-
miltonfunktion die Energie des Systems wiedergibt und dass (ii) die Hamilton’schen
Bewegungsgleichungen äquivalent zur Beschreibung der Dynamik durch das TDVP sind.
Die Normalformentwicklung dient auf diese Weise zur lokalen Konstruktion einer nichtka-
nonischen Transformation von den Variationsparametern auf kanonische Koordinaten.

Über die Eigenschaft der Konstruktion von kanonischen Koordinaten hinaus, sind letztere
durch die spezielle Polynomstruktur des Energiefunktionals (und damit auch der Ha-
miltonfunktion) ausgezeichnet. Die Koordinaten treten darin ausschließlich paarweise in
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Produkten auf. Mit der Definition (3.64) hängt die Hamiltonfunktion damit ausschließlich
von Wirkungsvariablen ab.

Theorie der Übergangszustände

Theorie der Übergangszustände für Punktteilchen

Um Reaktionsraten in physikalischen Systemen quantitativ berechnen zu können, hat
sich die Theorie der Übergangszustände (engl. „transition state theory“, TST) als ein
sehr mächtiges Werkzeug etabliert (siehe Kapitel 4). Es kann generell angewandt werden,
wenn die Reaktion vom Typ

Reaktanden −→ Aktivierter Komplex −→ Produkte

ist. Es muss dabei möglich sein, den Phasenraum in zwei Regionen von Reaktanden und
Produkten zu teilen und die Reaktion muss im Phasenraum über einen Rang-1-Sattelpunkt
vermittelt werden, d.h. alle reaktiven Trajektorien durchlaufen die unmittelbare Um-
gebung eines solchen Sattels. Die Reaktionsrate ist in diesem Fall gegeben durch den
Phasenraumfluss durch die Hyperfläche, die diese beiden Regionen trennt. Die thermi-
sche Reaktionsrate erhält man durch boltzmannverteilte Mittelung der Raten bei fester
Energie.

Ist das System durch ein Potential V (q) bestimmt (siehe Abschnitt 4.1), kann die
Dynamik davon abgeleitet werden. Im Allgemeinen ist dies jedoch nicht möglich und
der gesamte Phasenraum (siehe Abschnitt 4.2) muss betrachtet werden. Die thermische
Reaktionsrate ist in diesen beiden Fällen gegeben durch die Gln. (4.9) bzw. (4.30). Die
Berücksichtigung von Quantenkorrekturen (siehe Abschnitt 4.3) modifiziert die Rate zu
Gl. (4.38).

Theorie der Übergangszustände für Wellenpakete

Durch die Verknüpfung der klassischen TST, der Normalformentwicklungen im Raum
der Variationsparameter sowie der damit verbundenen Konstruktion einer äquivalenten
Hamilton’schen Beschreibung, kann das Vorgehen direkt vom Bereich der klassischen
Mechanik auf denjenigen von quantenmechanischen Wellenpaketen ausgedehnt werden.
Dies ist möglich, wenn folgende Bedingungen erfüllt sind:
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(i) Das Quantensystem wird im Rahmen eines Variationsansatzes durch die Anwendung
des TDVP beschrieben und die Dynamik des Systems ist durch die Gln. (2.13) oder
(2.24) bestimmt.

(ii) Die Hyperfläche konstanter Energie, die durch das Energiefunktional (2.5) definiert
ist, kann in zwei Bereiche geteilt werden, die „Reaktanden“ und „Produkten“
entsprechen. Darüber hinaus sind diese beiden Regionen durch eine Barriere in
Form eines Rang-1-Sattelpunkts voneinander getrennt.

Unter der Annahme (i) ist die Dynamik des Quantensystems vollständig durch diejenige
der Variationsparameter festgelegt, und umgekehrt. Die Real- und Imaginärteile der
Variationsparameter bilden weiterhin ein Hamilton’sches System. Wegen der Annahme
(ii) ist die Reaktionsdynamik durch den Sattelpunkt bestimmt, der Reaktanden und
Produkte trennt, denn jede Trajektorie muss die unmittelbare Umgebung dieses Punktes
durchlaufen.

Um die Reaktionsrate quantitativ bestimmen zu können, werden die Variationsparameter
mit Hilfe der Normalformentwicklungen lokal auf kanonische Koordinaten transformiert.
Da letztere die Dynamik äquivalent beschreiben, kann mit deren Kenntnis die klassische
Theorie angewandt werden.

Der Übergangszustand ist im Falle der Anwendung auf Wellenpakete ein Punkt im Raum
der Variationsparameter, welcher einer bestimmten Wellenfunktion entspricht. Abhängig
vom konkreten Variationsansatz entspricht der Übergangszustand also einer bestimmten
Position oder einer bestimmten Dichteverteilung des Wellenpakets.

Bifurkationen im Übergangszustand

Die Annahme, dass sich die Reaktionsrate eines Systems durch den Fluss über einen Sattel
im Phasenraum berechnen lässt, stellt eine natürliche Beschränkung der Anwendbarkeit
dieser Theorie dar. Nämlich dann, wenn sich die lokale Struktur des Phasenraums in
der unmittelbaren Umgebung dieses Sattels fundamental verändert. Solche Szenarien
treten typischerweise auf, wenn es im Übergangszustand bei der Veränderung eines
Systemparameters zu einer Bifurkation kommt, die zum Zusammenbruch wesentlicher
Annahmen führt [36]. Dabei können zusätzliche Sattelpunkte in der Umgebung entstehen.
Liegen diese energetisch außerdem signifikant unterhalb des ursprünglichen Sattels, werden
die neu entstandenen Sattelpunkte den Hauptteil der Reaktionsdynamik ausmachen.

Um solche Szenarien behandeln zu können, wird die Reaktionsrate in Abschnitt 4.5 durch
die uniforme Ratenformel (4.41) beschrieben. In dieser wird vom ursprünglichen Potential
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V auf eine geeignete Normalform V0 +U transformiert. Zur Berechnung der Reaktionsrate
verbleibt danach im Wesentlichen nur noch das Integral (4.40). Diese Herangehensweise
bietet den Vorteil der möglichen Anwendung für eine ganze Reihe möglicher Bifurkati-
onsszenarien. Für den konkreten Fall muss nur eine geeignete Normalform U gewählt
werden.

In dieser Arbeit wird der Ansatz auf eine symmetrische Heugabelbifurkation angewandt,
die sich durch die Normalform (4.42) beschreiben lässt. Sie hängt von einem Entfaltungs-
parameter u ab, der an der Bifurkation einen Vorzeichenwechsel aufweist und das gesamte
Bifurkationsszenario beschreibt. Eine wesentliche Vereinfachung bei der (numerischen)
Berechnung des Integrals (4.40) ist die Näherung, dass die durch die Variablentransfor-
mation auftretende Jacobi-Determinante nicht explizit bestimmt, sondern quadratisch
genähert wird. Die beiden freien Parameter in dieser Näherung werden dabei durch die
Gln. (4.44)–(4.46) so gewählt, dass die uniforme Ratengleichung in den Grenzfällen weit
entfernt von der Bifurkation die Resultate der harmonischen Näherung reproduziert.

Thermischer Zerfall eines metastabilen Zustands in
einem eindimensionalen, kubischen Potential

Zur Überprüfung, inwieweit die entwickelte Theorie der Übergangszustände für Wel-
lenpakete qualitativ wie auch quantitativ verwertbare Ergebnisse liefert, werden ihre
Ergebnisse in Kapitel 5 mit denjenigen der bereits etablierten Methoden der klassischen
und Quantennormalform verglichen. Gegenstand der dortigen Untersuchungen ist der
eindimensionale, metastabile, kubische Potentialwall (5.1). Dieser bietet mathematisch
gesehen den Vorteil, dass für diesen Fall analytische Resultate für die klassische und
Quantennormalform verfügbar sind [vgl. Gln. (B.36) und (B.37)]. Physikalisch gesehen
bietet dieses Modellpotential alle wichtigen Eigenschaften, die auch die später untersuch-
ten BECs aufweisen, nämlich einen metastabilen Grundzustand und einen Sattelpunkt,
der die Zerfallsdynamik erlaubt.

Zum Vergleich wird der Zerfall eines Teilchens im Potentialwall einerseits im Rahmen
seiner Beschreibung als Punktteilchen untersucht. Andererseits erfolgt seine Beschreibung
als Gauß’sches Wellenpaket fester Breite, Gl. (5.4). Die Anwendung des TDVP ergibt in
diesem Fall die expliziten Gln. (5.6) und (5.9).

Die Berechnung der thermischen Reaktionsraten zeigt für dieses System eine perfekte
Übereinstimmung mit den etablierten Methoden (siehe Abb. 5.4). Sie geht sogar über
diese hinaus, in dem Sinne, dass in unterschiedlichen Grenzfällen die Ergebnisse beider
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Ansätze reproduziert werden: Im Grenzfall eines Wellenpakets mit verschwindender
Breite, die dem klassischen Grenzfall entspricht (siehe Abschnitt 5.2.1), konvergiert die
thermische Reaktionsrate exakt gegen die Werte, die die klassische Normalform vorhersagt.
Im Grenzfall einer ausgedehnten Wellenfunktion mit der Breite im Bereich derjenigen
der harmonisch genäherten Grundzustandswellenfunktion ergeben sich die Raten der
Quantennormalform. Diese Ergebnisse gelten über den gesamten Temperaturbereich
(siehe Abb. 5.5), d.h. sowohl bei sehr tiefen Temperaturen, wo die Quantenkorrekturen
erheblich sind, als auch bei hohen Temperaturen, wo sie vernachlässigbar sind.

Bose-Einstein-Kondensate

Wie eingangs erwähnt, ist eines der Hauptziele dieser Arbeit die Untersuchung des
thermisch induzierten Kollapses von BECs mit langreichweitiger Wechselwirkung. Die
theoretische Beschreibung von BECs kann bei beliebigen Temperaturen im Rahmen der
Hartree-Fock-Bogoliubov-Gleichungen (siehe Abschnitt 6.1.1) erfolgen, die sowohl die
kondensierten Bosonen als auch die thermische Wolke vollständig berücksichtigen. Im
Grenzfall tiefer Temperaturen geht diese Beschreibung in die Gross-Pitaevskii-Gleichung
(6.8) über, die die Grundlage der Berechnungen in dieser Arbeit liefert.

Es werden dabei unterschiedliche Zweikörperwechselwirkungen zwischen den Bosonen
berücksichtigt. Dazu gehören die Streuwechselwirkung beschrieben durch das Kontaktpo-
tential (6.9), eine Laser-induzierte 1/r-Wechselwirkung [19] mit dem Wechselwirkungs-
potential (6.11) sowie die langreichweitige und anisotrope Dipol-Dipol-Wechselwirkung
(6.12). All diese Wechselwirkungen lassen sich dabei experimentell in ihrer Stärke und
teilweise auch im Vorzeichen (anziehend oder abstoßend) einstellen [19–21].

Monopolare Kondensate mit 1/r-Wechselwirkung wurden experimentell noch nicht reali-
siert, sie bilden jedoch wegen ihrer sphärischen Symmetrie ein wichtiges Modellsystem
für die Untersuchungen in dieser Arbeit. Im Gegensatz dazu sind dipolare BECs mit
wesentlicher Dipol-Dipol-Wechselwirkung durch die Kondensation der Elemente 52Cr,
164Dy und 168Er experimentell zugänglich [9–11]. Diese sind von hohem Interesse, da
in ihnen wegen der Anisotropie der Wechselwirkung eine Fülle neuer Phänomene vor-
hergesagt und teilweise experimentell bestätigt wurden. Dazu gehören isotrope sowie
anisotrope Solitonen [109–111], eine bikonkave, strukturierte Grundzustandswellenfunkti-
on [31,112,113], Stabilitätsdiagramme, die erheblich von der externen Fallengeometrie
abhängen [32,114,115], radiale und azimutale Rotonen [31,116,117], und eine anisotrope
Kollapsdynamik [118,119].
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Die Berechnungen für beide Arten von interatomarer Wechselwirkung werden in dieser
Arbeit in teilchenzahlskalierten, „atomaren“ bzw. „dipolaren“ Einheiten durchgeführt
(siehe Abschnitt 6.3). Dadurch wird die Anzahl der Bosonen im Kondensat als Parameter
eliminiert, wodurch sich die Anzahl der freien Parameter in der Gross-Pitaevskii-Gleichung
um einen reduziert.

In BECs bei endlicher Temperatur T > 0 können prinzipiell zwei Arten von Anregungen
auftreten. Dies sind einerseits Einteilchenanregungen, bei denen ein einzelnes Boson in
einen höheren Quantenzustand des externen Fallenpotentials angeregt wird. Die Anzahl
der so angeregten Teilchen lässt sich grob aus dem Modell des idealen Bosegases in einer
harmonischen Falle [98, 99] abschätzen. Gl. (6.2) ergibt, dass sich diese Anregungen bei
tiefen Temperaturen unterhalb von 20% der kritischen Temperatur vernachlässigen lassen.
Auf der anderen Seite sind kollektive Quasiteilchenanregungen des gesamten Kondensats
möglich, die Dichtemodulationen beschreiben. Bei Kondensaten in einer zylinder- oder
radialsymmetrischen externen Falle lassen sich diese kollektiven Anregungen durch
die radiale und azimutalen Quantenzahlen n, l,m klassifizieren. Kleine Quantenzahlen
n, l,m ergeben dabei das Anregungsspektrum bei tiefen Energien und sie entsprechen
wegen ihrer großen Wellenlänge kollektiven Anregungen [98]. Eine Abschätzung der
Temperatur, bei denen die kollektiven Anregungen thermisch aktiviert sind, kann man
erhalten, indem einer Mode mit Frequenz ω die Energie E = ~ω und dieser wiederum
die Temperatur T = E/kB zugeordnet wird. Man erhält dadurch die Temperaturskala
(6.22), die typischerweise im Bereich eines Nanokelvins liegt.

Letztere thermische Quasiteilchenanregungen können den Kollaps des Kondensats verur-
sachen, wenn die Wechselwirkung zwischen den Bosonen attraktiv ist. Dieser Prozess
beruht auf der Tatsache, dass kollektive Anregungen Dichtefluktuationen verursachen.
Falls die Dichte dabei (lokal) eine bestimmte Grenze überschreitet, kann die attraktive
Wechselwirkung der Bosonen nicht mehr durch den Quantendruck kompensiert werden
und das Kondensat kollabiert.

Monopolare Kondensate

Monopolare Kondensate dienen in dieser Arbeit als Modellsystem für erste Untersu-
chungen des thermisch induzierten Kollapses. Deren Beschreibung im Rahmen des
Variationsansatzes erfolgt wegen der zugrunde liegenden Symmetrie des Systems mit
Hilfe des radialsymmetrischen Ansatzes (6.24b).

Im Falle einer einzelnen Gaußfunktion, kann die Dynamik des Kondensats global auf ein
kanonisches System mit dem Potential (7.3) transformiert werden, worin die generali-
sierte Koordinate q der Ausdehnung des Kondensats entspricht. Abb. 7.1(a) zeigt, dass
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dieses Potential – je nach Stärke und Vorzeichen der Streuwechselwirkung – qualitativ
unterschiedliche Formen annimmt. Für einen gewissen Bereich acrit < a < 0 negativer
Streulänge oberhalb eines kritischen Werts, handelt es sich dabei um ein metastabilen
Potentialwall. In diesem ermöglicht eine thermische Anregung das klassische Überqueren
der Barriere, was den Kollaps des Kondensats bedeutet. Auch wenn eine Beschreibung im
Rahmen eines Potentials für gekoppelte Gaußfunktionen nicht mehr möglich ist, behalten
diese Ergebnisse qualitativ ihre Gültigkeit (siehe Abb. 7.2).

Die thermische Zerfallsrate des monopolaren Kondensats wird in Abschnitt 7.1.2 mit
Hilfe des entwickelten Verfahrens der TST für Wellenpakete berechnet. Dazu werden
die Raten verglichen, die sich aus Variationsansätzen mit unterschiedlicher Anzahl an
Gaußfunktionen und in unterschiedlichen Normalformordnungen ergeben. Die Erhöhung
der Anzahl an gekoppelten Wellenfunktionen ergibt dabei eine Verschiebung der gesamten
Kurve zu höheren Streulängen (siehe Abb. 7.5). Weitere signifikante Korrekturen erhält
man durch die Verwendung höherer Normalformordnungen (siehe Abb. 7.6). Konvergenz
der Zerfallsrate beobachtet man dabei in achter Normalformordnung (siehe Abb. 7.8) im
Bereich tiefer Temperaturen.

Dipolare Kondensate

Wie bei monopolaren Kondensaten, lässt sich auch die Dynamik von dipolaren BECs im
Rahmen eines Variationsansatzes (6.24a) mit einer einzelnen Gaußfunktion global auf ein
kanonisches System abbilden. Man erhält das Potential (7.3), in dem die generalisierten
Koordinaten qx,y,z wieder der Ausdehnung des Kondensats in die jeweiligen Richtungen
entspricht.

Auch dieses Potential zeigt qualitative Veränderungen, wenn der Wert der Streulänge
a variiert wird (Abb. 7.9). Analog zum monopolaren Kondensat, existiert auch hier
ein metastabiler Potentialwall oberhalb eines kritischen Wertes acrit der Streulänge,
bei dem ein lokales Minimum durch eine Barriere in Form eines Sattelpunktes vom
Kollaps des BECs getrennt wird. Diese Barriere hat jedoch die erstaunliche Eigenschaft,
dass eine Bifurkation bei einem gewissen Wert apb das Abspalten von zusätzlichen
Sattelpunkten in einer Heugabelbifurkation einleitet. Letztere entsprechen einer nicht-
zylindersymmetrischen Ausdehnung des Kondensats, was einen thermischen Kollaps
mit gebrochener Symmetrie bedeutet, d.h. die Kollapsdynamik weist nicht die selbe
Symmetrie auf wie sie durch die externe Falle und die Ausrichtung der Dipole vorgegeben
ist.

Die thermische Zerfallsrate des dipolaren Kondensats wird mit Hilfe der uniformen
Ratengleichung (4.41) berechnet. Sie erlaubt das glatte Überqueren der Bifurkation
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(Abb. 7.10) und zeigt nicht die unphysikalische Divergenz die sich an der Stelle der
Bifurkation aus der harmonischen Näherung ergibt. Weitere Untersuchungen zeigen,
dass das Auftreten der Übergangszustände mit gebrochener Symmetrie stark von der
Fallengeometrie der externen Falle abhängen (Abb. 7.11). Prolate Kondensate zeigen
dieses Verhalten gar nicht, während es für oblate Geometrien dominiert.

Das Auftreten eines symmetriebrechenden thermisch induzierten Kollapses wird in Ab-
schnitt 7.2.2 durch Untersuchungen mit gekoppelten Gaußfunktionen bestätigt. Diese
erlauben die Berechnung von komplizierten Kollapsmechanismen und sind in der Lage,
die bikonkave „Blutplättchenform“ der dipolaren Kondensate zu reproduzieren [31, 106].
Diese Untersuchungen zeigen einen direkten Zusammenhang zwischen der Struktur der
Wellenfunktion bzw. der Fallengeometrie und der Symmetrie der Übergangszustände
(Abb. 7.14). In Kondensaten mit „konventioneller“ Dichteverteilung existiert nur ein
einziger Übergangszustand und dieser ist zylindersymmetrisch. Im Falle von bikonkaven
Grundzustandswellenfunktionen jedoch tritt eine Kaskade von Bifurkationen auf, in
denen jeweils Übergangszustände mit unterschiedlicher Rotationssymmetrie m = 0, 2, 3, 4
abspalten. Der energetisch niedrigste von diesen besitzt eine m = 2-Symmetrie, sodass
die zugehörige Kollapsdynamik eine d-Wellensymmetrie aufweist (siehe Abb. 7.17 und
7.18).

Das Verhalten der Aktivierungsenergie in Abhängigkeit der Streulänge zeigt einen deutli-
chen Anstieg des relevanten Bereichs mit zunehmendem Fallenverhältnis in BECs mit
konventioneller Dichteverteilung [Abb. 7.19(a)]. Für bikonkav strukturierte Wellenfunk-
tionen ist das Anwachsen der Aktivierungsenergie am geringsten [Abb. 7.19(b)] und
somit der Bereich, in dem der thermisch induzierte Kollapse eine Rolle spielt, am größten.
Dieses Verhalten überträgt sich direkt auf die Zerfallsraten (Abb. 7.20).

Für ein dipolares BEC bestehend aus 10 000 52Cr Atomen [9] mit einem magnetischen
Moment von µ = 6µB entspricht der berechnete Bereich der Streulänge in Abb. 7.19
Werten von 0.55 Bohrradien oberhalb der kritischen Streulänge. Die Barriere hat eine
Höhe T = E‡/kB von 0 nK ≤ T ≤ 141 nK, was ungefähr dem Temperaturbereich bis
20% der kritischen Temperatur Tc = 700 nK entspricht. Die Temperatur in Abb. 7.20(a)
und (d) ist für diese Teilchenzahl 20 nK. Die skalierte Zerfallsrate entspricht damit einer
mittleren Lebensdauer des Kondensats von 1.3ms . τ . 3800ms. Sie ist nahe der
kritischen Streulänge also bis in den Bereich weniger Millisekunden verkürzt.

Die Elemente 164Dy (µ = 10µB) oder 168Er (µ = 7µB) Atomen [10, 11] besitzen ein
deutlich höheres magnetisches Moment. Zusammen mit ihrer höheren Masse, ist damit
die „Dipollänge“ ad deutlich größer (siehe Tab. 6.1), und zwar um ungefähr einen Faktor
8.8 für 164Dy und 4.4 für 168Er. Für diese Elemente sind die Effekte des thermisch
induzierten Zerfalls deshalb noch größer. Dies liegt einerseits daran, dass der Bereich
der Streulänge, in dem dieser Zerfallsmechanismus eine Rolle spielt, um eben diesen
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Faktor vergrößert wird und andererseits daran, dass sich die Energiebarriere um das
Quadrat dieses Faktors verkleinert. Es ist deshalb zu erwarten, dass die Bedeutung des
thermisch induzierten Kollaps mit zunehmender Stärke der Dipol-Dipol-Wechselwirkung
stark zunimmt.

Fazit

In der vorliegenden Arbeit wurde der Zerfallsmechanismus des thermisch induzierten
Kollaps in BECs mit langreichweitiger Wechselwirkung sowohl qualitativ als auch quanti-
tativ untersucht. Zur Beschreibung der Kondensatdynamik wurde ein Variationsverfahren
gewählt, das die Berechnung der Kondensatdynamik und des Übergangszustands erlaubt,
welcher in diesem Ansatz ein instabiler Fixpunkt der Bewegungsgleichungen ist.

Zur quantitativen Berechnung der Zerfallsrate bzw. der Lebensdauer wurde eine neue
Theorie des Übergangszustands für Wellenpakete entwickelt. Diese basiert auf dem Variati-
onsverfahren und auf Normalformentwicklungen in der Umgebung des Übergangszustands.
Das Variationsverfahren induziert dabei auf dem Raum der Variationsparameter eine
symplektische Struktur und die Normalformentwicklungen dienen auf natürliche Weise
dazu, auf der symplektischen Mannigfaltigkeit lokal kanonische Koordinaten explizit zu
konstruieren, deren Existenz durch den Satz von Darboux gesichert ist. Zu diesem Zweck,
wurden die Bewegungsgleichungen und das Energiefunktional in der Umgebung eines
Fixpunkts entwickelt und diagonalisiert. Die Transformation der Terme höherer Ordnung
erfolgte anschließend in zwei Schritten durch aufeinander folgende Lie-Transformationen:
Im ersten Schritt wurden die nichtresonanten Terme der Entwicklungen eliminiert und
im zweiten wurden die verbleibenden resonanten Terme derart transformiert, dass sie
kanonische Gleichungen erfüllen. Durch die natürliche Transformation auf kanonische
Koordinaten, erlaubt die Methode anschließend die Anwendung der klassischen TST. Für
das Auftreten von Bifurkationen im Übergangszustand wurde des Weiteren ein Verfahren
entwickelt, das es erlaubt, mit Hilfe einer uniformen Ratengleichung und einer geeigneten
Normalform des Potentials, die Bifurkation glatt zu durchlaufen.

Die Anwendbarkeit der entwickelten Theorie wurde anhand eines kubischen Modellpo-
tentials überprüft. Es zeigte sich, dass sowohl die Ergebnisse der TST im Rahmen der
klassischen Normalform als auch diejenigen einer Beschreibung durch die Quantennor-
malform in unterschiedlichen Grenzfällen perfekt reproduziert werden können.

Die erfolgreiche Berechnung von Zerfallsraten konnte durch die Anwendung auf BECs auf
den Bereich nichtlinearer Schrödingersysteme ausgedehnt werden. Für Kondensate mit
monopolarer Wechselwirkung wurden Zerfallsraten verglichen, die mit einer unterschied-
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lichen Anzahl gekoppelter Gaußfunktionen und unterschiedlicher Normalformordnungen
berechnet wurden. Die Konvergenz der Zerfallsrate wurde dabei im Bereich tiefer Tempe-
raturen beobachtet.

Des Weiteren zeigten die Untersuchungen, dass der thermisch induzierte Kollaps von
dipolaren Kondensaten in bestimmten Bereichen der physikalischen Parameter die system-
inhärente Symmetrie bricht. Für den Fall von Grundzuständen mit Blutplättchenform
weist der Kollaps eine d-Wellensymmetrie auf. Außerdem ist der Bereich, in dem dieser
Zerfallsmechanismus eine Rolle spielt, für bikonkav strukturierte Wellenfunktionen am
größten. Für Kondensate aus 52Cr-Atomen und realistische Temperaturen liegt der Bereich
in der Größenordnung eines Bohrradius und die Lebensdauer kann dort bis auf wenige
Millisekunden reduziert sein. Dies kann eine Ursache für Abweichungen zwischen der
theoretisch vorhergesagten und der experimentell gemessenen Stabilitätsschwelle sein [32].
Für Systeme mit höherem Dipolmoment bzw. größerer Masse der Bosonen nimmt die
Bedeutung des thermisch induzierten Kollapses weiter zu.

Wegen der allgemeinen Gültigkeit der Methoden, die in dieser Arbeit entwickelt wur-
den, können diese auf verschiedene Gebiete ausgedehnt werden. Eine Möglichkeit ist
die Untersuchung von chemischen Reaktionen, wobei die Dynamik der Konstituenten
jenseits der Born-Oppenheimer-Näherung betrachtet werden kann, sobald eine geeignete
Parametrisierung der Wellenfunktion gefunden ist. Ein weiteres interessantes Feld ist die
Untersuchung des thermischen Zerfalls von mehrschichtigen, dipolaren BECs, denn in
diesen Systemen wächst die Anzahl der Übergangszustände mit der Anzahl an wechsel-
wirkenden Kondensaten [127]. Zuletzt besteht die Möglichkeit, die Untersuchung von
Bifurkationen im Übergangszustand durch Verwendung unterschiedlicher Normalformen
auf andere Bifurkationstypen, als sie in dieser Arbeit untersucht wurden, zu erweitern.
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