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Abstract

Gain and loss to the wave function of quantum mechanics can in a convenient way
be modelled by effective non-Hermitian Hamiltonians. Imaginary contributions to the
potential introduce source and drain terms for the probability amplitude. A special class
of non-Hermitian Hamiltonians are those which possess a parity-time symmetry. In spite
of their non-Hermiticity these Hamiltonians allow for real energy eigenvalues, i.e. the
existence of stationary states in the presence of balanced gain and loss. This effect has
been identified theoretically in a large number of quantum systems. Its existence has
also been proved experimentally in coupled optical wave guides. The wave guides are,
however, only optical analogues of quantum systems.

In the first part of this thesis it is shown from the theoretical side that Bose-Einstein
condensates in a double-well setup are an ideal candidate for a first experimental rea-
lisation of a genuine quantum system with parity-time symmetry. When particles are
removed from one well and coherently injected into the other the external potential is
parity-time symmetric. To investigate the system the underlying time-independent and
time-dependent Gross-Pitaevskii equations are solved numerically. It turns out that a
subtle interplay between the nonlinearity of the Gross-Pitaevskii equation and the gain-
loss effect leads to a complicated dynamics of the condensate wave function. However,
the most important result is the existence of stationary states that are sufficiently stable
to be observable in an experiment. Two suggestions for experimental realisations are
presented. They are based on the idea of embedding the non-Hermitian parity-time-
symmetric system into a larger structure described by a Hermitian Hamiltonian.

A further effect of non-Hermitian Hamiltonians are so-called exceptional points, at
which two resonances coalesce such that both their eigenvalues and wave functions beco-
me identical. It is shown that an exceptional point can unambiguously be identified by a
characteristic non-exponential decay of the resonances. With numerically exact calcula-
tions for the hydrogen atom in crossed electric and magnetic fields this effect is verified
in an experimentally accessible quantum system.

The second part of the thesis is devoted to semiclassical Gaussian approximations to
the Boltzmann operator, which have become an important tool for the investigation of
thermodynamic properties of clusters of atoms at low temperatures. A numerically cheap
frozen Gaussian approximation to the imaginary time propagator with a width matrix
especially suited for the dynamics of clusters is developed. It is applied to the cases of Ar3

and Ar6. For these clusters classical-like transitions in one step from a bounded moiety
to free particles are found for increasing temperatures. Additionally, the structure of the
Ar6 cluster is studied in the bound configuration and during the dissociation. Quantum
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effects, i.e. differences with the purely classical case, manifest themselves in the low-
temperature behaviour of the mean energy and specific heat as well as in a slight shift
of the transition temperature. A first-order correction to the semiclassical propagator is
used to improve the results of the calculation for Ar3, and it is shown how the correction
can be used to objectively assess the validity of the frozen Gaussian approximation.
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Inhaltsangabe

Gewinn- und Verlustbeiträge zur quantenmechanischen Wellenfunktion lassen sich sehr
elegant durch effektive nichthermitesche Hamiltonoperatoren modellieren. Imaginäre Po-
tentialbeiträge erzeugen Quellen und Senken der Wahrscheinlichkeitsdichte. Hamilton-
operatoren mit einer Paritäts-Zeit-Symmetrie bilden eine besondere Klasse nichthermite-
scher Operatoren. Trotz ihrer Nichthermitizität erlauben sie das Auftreten reeller Ener-
gieeigenwerte, d.h. die Existenz stationärer Zustände in der Gegenwart ausgeglichener
Gewinn- und Verlustbeiträge. Dieser Effekt wurde in einer großen Anzahl von Quanten-
systemen theoretisch gefunden. Seine Existenz wurde darüber hinaus experimentell in
gekoppelten optischen Wellenleitern nachgewiesen. Die Wellenleiter stellen jedoch nur
ein optisches Analogon eines Quantensystems dar.

Im ersten Teil dieser Habilitationsschrift wird von theoretischer Seite gezeigt, dass
Bose-Einstein-Kondensate in einer Doppelmulde ein idealer Kandidat für eine erste ex-
perimentelle Umsetzung eines originären Quantensystems mit Paritäts-Zeit-Symmetrie
sind. Wenn Teilchen aus einer Mulde entfernt und kohärent in die andere eingekoppelt
werden, besitzt das System eine Paritäts-Zeit-Symmetrie. Um es zu untersuchen, wer-
den die zeitunabhängige und die zeitabhängige Gross-Pitaevskii-Gleichung numerisch
gelöst. Dabei stellt sich heraus, dass das Wechselspiel zwischen der Nichtlinearität der
Gross-Pitaevskii-Gleichung und dem Gewinn- und Verlustbeitrag zu einer komplizier-
ten Dynamik der Kondensatwellenfunktion führt. Das wichtigste Ergebnis ist jedoch der
Nachweis stationärer Zustände, die hinreichend stabil sind, um in einem Experiment be-
obachtbar zu sein. Es werden zwei Vorschläge für experimentelle Umsetzungen gegeben.
Sie beruhen auf der Idee, das nichthermitesche System mit Paritäts-Zeit-Symmetrie in
eine größere Struktur einzubetten, die durch einen hermiteschen Hamiltonoperator be-
schrieben wird.

Ein weiterer Effekt nichthermitescher Hamiltonoperatoren sind sogenannte exzeptio-
nelle Punkte, an denen zwei Resonanzen so zusammenfallen, dass sie identische Eigenwer-
te und Wellenfunktionen aufweisen. Es wird gezeigt, dass ein exzeptioneller Punkt ein-
deutig durch einen charakteristischen nichtexponentiellen Zerfall der Resonanzen iden-
tifiziert werden kann. Mit numerisch exakten Rechnungen für das Wasserstoffatom in
gekreuzten elektrischen und magnetischen Feldern wird dieser Effekt in einem experi-
mentell zugänglichen Quantensystem nachgewiesen.

Der zweite Teil der Habilitationsschrift widmet sich semiklassischen gaußschen Nähe-
rungen des Boltzmannoperators, die zu einem wichtigen Hilfsmittel für die Untersuchung
thermodynamischer Eigenschaften von Clustern aus Atomen bei niedrigen Temperaturen
geworden sind. Eine numerisch günstige gaußsche Näherung des Imaginärzeitpropaga-
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tors mit einer festen, besonders an die Dynamik von Clustern angepassten Breitenmatrix
wird entwickelt. Die Methode wird auf Ar3- und Ar6-Cluster angewandt. Für diese Clus-
ter werden bei ansteigender Temperatur nahezu klassische Übergänge in einem Schritt
von einem festen Verbund zu freien Atomen gefunden. Zusätzlich wird die Struktur
von Ar6 im Clusterverbund und während der Dissoziation untersucht. Quanteneffekte,
d.h. Unterschiede zum rein klassischen Fall, drücken sich im Niedertemperaturverhal-
ten der mittleren Energie und der Wärmekapazität sowie in einer leichten Verschiebung
der Dissoziationstemperatur aus. Eine Korrektur erster Ordnung zum semiklassischen
gaußschen Propagator wird verwendet, um die Ergebnisse der Rechnungen für Ar3 zu
verbessern. Es wird darüber hinaus gezeigt, dass die Korrektur zur objektiven Beurtei-
lung der Gültigkeit der gaußschen Näherung verwendet werden kann.
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1. Introduction

1.1. Motivation

Very often in quantum mechanics small isolated systems, i.e. those with a low number
of degrees of freedom, are investigated. However, all systems are always in contact with
an environment, which often cannot be ignored or even defines the dominating influence
on the system, e.g. gain and loss effects. In many cases a very elegant way of investi-
gating open quantum systems with reasonable effort, in particular to avoid expensive
time-dependent calculations, is made possible by non-Hermitian Hamiltonians. In his
book on non-Hermitian quantum mechanics Moiseyev [1] lists four main fields, in which
non-Hermitian operators play a significant role, viz. the use of complex refractive indices
in optics, the appearance of parity-time symmetry, simplification of numerical calcula-
tions, and cases of statistical mechanics in which the concepts of quantum mechanics
are used. Two approaches will be the topic of this thesis. Firstly, gain and loss of the
probability amplitude, i.e. a growth or decay of the wave function can be modelled by
imaginary contributions to a non-Hermitian parity-time symmetric potential. Secondly,
resonances, i.e. decaying but long-lived states can be studied with non-Hermitian Hamil-
tonians within the framework of the time-independent Schrödinger equation although
the decay is a time-dependent process.

A special class of non-Hermitian Hamiltonians with complex potentials introducing
explicitly gain and loss effects will cover the largest part of this thesis. Those non-
Hermitian quantum systems which possess a parity-time symmetry, i.e. which commute
with the parity-time operator, [PT , H] = 0, have gained an increasing attention over
the last years [2–13]. Bender and Boettcher [4] showed that these Hamiltonians exhibit
remarkable properties. In particular, they found that completely real eigenvalue spectra
are possible for specific ranges of the non-Hermitian contribution’s strength. In contrast
to solutions with complex eigenvalues, which incorporate a decay or growth of the wave
function, real eigenvalue solutions represent true stationary states existing in spite of the
gain and loss effects.

The effects of PT -symmetric quantum systems are not only of theoretical nature.
Recently first experimental observations of PT symmetry became possible in optical
systems [2, 3]. Here, the analogy of Maxwell’s equations with the Schrödinger equation
in specific setups has been used to simulate PT -symmetric quantum mechanics. Several
suggestions for the realisation of PT -symmetric optical systems have been made [6, 8,
10, 14–17] and the experimental realisation has been achieved by using a passive system
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1. Introduction

with only a loss term on one side [2] and by actively inducing gain and loss in a dual
wave guide [3].

Despite this triumphal success of proving the existence of PT symmetry and its effects
in optics the experimental observation in a genuine quantum system is still missing.
The goal of the first part of this thesis is to present a true quantum system instead of
an optical analogue with a realistic PT -symmetric gain-loss effect that is potentially
accessible in an experiment. It is the purpose of this part to demonstrate that the
experimental realisation of PT symmetry in Bose-Einstein condensates trapped in a
double-well potential [18] as suggested by Klaiman et al. [8] is a very promising approach.
The PT symmetry is implemented by adding atoms coherently to the condensed phase
in one well and by simultaneously removing them from the other.

Bose-Einstein condensates differ in one important aspect from many PT -symmetric
quantum systems studied earlier [4, 7, 11, 12, 19, 20]. At sufficiently low temperatures
the condensate of weakly interacting Bosons is well described by the mean-field approxi-
mation of the Gross-Pitaevskii equation [21, 22]. In contrast to the Schrödinger equation
the Gross-Pitaevskii equation is nonlinear. This means that even if an effective complex
PT -symmetric potential can be created for a Bose-Einstein condensate one still has to
pay attention to the Gross-Pitaevskii nonlinearity g|ψ|2 originating from the contact in-
teraction of the atoms. Because of this nonlinearity choosing a PT -symmetric potential
alone does not guarantee the Hamiltonian to be PT symmetric, but the square modulus
|ψ|2 of the wave function must be an even function of the spatial coordinates as well.
Therefore, it is not a priori granted that the effects of PT symmetry can be observed in
such nonlinear systems. However, the studies of the mean-field limit of a Bose-Hubbard
dimer [9, 23, 24] as well as optical systems with a Kerr nonlinearity [25–33] showed
typical properties expected in the presence of PT -symmetric potentials.

In this thesis it will be shown that, indeed, PT -symmetric solutions with real eigen-
values can be found in realistic parameter ranges for an experimental observation. To
do so, the Gross-Pitaevskii equation for a Bose-Einstein condensate in a PT -symmetric
double-well potential will be solved. This will be done on the level of a simple model in
which idealised infinitesimally small delta traps in one dimension are studied as well as in
a fully three-dimensional spatially extended structure. We will see that the nonlinearity
fortunately does not destroy the stationary real eigenvalue solutions in PT -symmetric
potentials. However, it will introduce new features such as additional branch points
and solutions which under variation of the gain-loss effect suddenly merge and vanish
completely, or solutions emerging out of nowhere. A careful analysis in an appropri-
ate analytic extension of the Gross-Pitaevskii equation will uncover the nature of these
branch points. The PT -symmetric eigenstates will turn out to possess nontrivial stabil-
ity properties. Due to a subtle interplay between the nonlinearity and the non-Hermitian
gain-loss contribution in the potential a stability change of one of these eigenstates sets
in under variation of one of the system’s parameters, and can, as will be shown, be
related to the branch points. Furthermore, full time evolutions of condensate wave func-
tions in the double well will show that the dynamical properties are very rich. The gain
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1.1. Motivation

and loss terms in the potential introduce instabilities, which allow for a destruction of
the condensate by a fast growing wave function due to the gain term in the potential.
However, stable regimes of the physical parameters are found. It is even possible to
show that there are experimentally feasible ways to create the balanced gain and loss
of a PT -symmetric potential for a Bose-Einstein condensate. Two different possibilities
for experimental realisations will be given. One is based on a larger closed system de-
scribed by a Hermitian Hamiltonian, of which the PT -symmetric double well will be a
subsystem. The second possibility assumes that a directed flow of atoms coming from a
reservoir can be incoupled to one well and atoms can be outcoupled from the other with
the same approach.

The applicability of non-Hermitian quantum mechanics is by far not restricted to the
case of balanced gain and loss. Resonances are a typical example, in which non-Hermitian
Hamiltonians are very useful. By appropriate methods, e.g. the complex scaling approach
[1, 34, 35], resonances can be uncovered in a time-independent calculation as complex
eigenvalues of the stationary Schrödinger equation. Since resonances are decaying states
this can be understood as a system with only loss. It is well known that resonances show
characteristic effects not observable in Hermitian quantum systems describing bound
states. Among these effects are so-called exceptional points [1, 36, 37], isolated points
in a two-dimensional parameter space, at which two or even more eigenstates coalesce.
Exceptional points have shown to exhibit distinct features and are able to influence a
whole region of the parameter space in their vicinity. They lead to unusual results such
as the permutation of eigenstates for a closed adiabatic loop in the parameter space or
a special geometric phase [36]. The experimental verification of exceptional points was
achieved in microwave cavities [38, 39].

As in the case of PT symmetry the experimental observation of an exceptional point
in a true quantum system has still not been achieved so far. However, there is a large
number of quantum systems in which theoretical studies predict their existence, e.g.
atomic [40, 41] or molecular [42] systems, the scattering of particles at potential bar-
riers [43], atom waves [44, 45], or non-Hermitian Bose-Hubbard models [9, 23, 24]. A
suggestion, how an exceptional point could be detected unambiguously in atomic res-
onance spectra, will be given in this thesis. Resonances are expected to decay purely
exponentially. However, it has been shown theoretically in several examples [24, 46–
50] that this is not the case exactly at an exceptional point. The survival probability
S(t) = |〈ψ(0)|ψ(t)〉|2 of an adequate superposition ψ of these states decays exactly as
|1 − at|2e−ΓEPt/~, where ΓEP is associated with the decay rate at the exceptional point
and a is a complex constant depending solely on the initial wave packet. The origin of
this behaviour will be shown. Numerically obtained resonances of the hydrogen atom
in crossed electric and magnetic fields will reveal that the unique decay signal will be
observable in a realistic physical situation even if the parameter values are not exactly
those of the exceptional point. This may open the possibility for a first experimental
detection of exceptional points in a quantum system.

The topic of the second part of this thesis will be a different approach to systems
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1. Introduction

that possess a connection between bound and unbound states. The focus will be on a
larger number of degrees of freedom which explicitly have to be taken into account in
a calculation. An environment will only appear in terms of a given temperature that
deposits some energy into the system. For the weak van der Waals interaction between
rare gas atoms the thermal energy corresponding to a few Kelvin already suffices to have
a dramatic impact. A dissociation of a bound cluster to free atoms can occur. This effect
shall be studied.

Rare gas atomic clusters are a topic of ongoing research due to the rich variety of
their thermodynamic properties in relatively simple systems. In particular, structural
transformations, i.e. a change from one packing of the atoms to another with increas-
ing energy, or phase transitions from a solid-like behaviour to a liquid-like have been
studied extensively [51–57]. Of interest for an investigation of such transformations are
thermodynamic mean values. Simple derivatives of the partition function such as the
mean energy or the specific heat will provide important information. Any structural
transformation will leave signals when these quantities are measured or calculated as
functions of the temperature. Typically the mean energy exhibits a step and the specific
heat shows a peak at the occurrence of a phase transition or transformation. Additional
information may be gained with direct access to the structure.

Since the effects appear on an atomic scale and at low temperatures accurate quan-
tum mechanical computation methods are essential. The Boltzmann operator at inverse
temperature β, K = exp(−βH), (due to its form also called imaginary time propagator)
is the most important quantity. Its trace yields the partition function Z(β), and the
thermal averages of every other observable follow from 〈O〉β = Tr(K(β)O)/Z(β). How-
ever, precise calculations for multi-dimensional systems are still a challenge for today’s
numerical possibilities. For example, path-integral Monte Carlo methods [58–60] have
been used to investigate rare gas clusters. For low temperatures they become already
too expensive for a few dozen atoms, and efficient but sufficiently accurate approxima-
tions are required. These approximations have to reproduce quantum effects reliably
since they will be of eminent importance at low temperatures. Still many questions are
open. For example Ne13 and Ne38 [54, 56] might exhibit novel low temperature quantum
effects, such as liquid-like zero temperature structures of Ne38 as compared to a solid-like
structure predicted from classical mechanics [61].

In this thesis one of these approximations will be introduced, extended to multi-
dimensional systems, and then applied to argon clusters. The semiclassical approxima-
tion will be based on a frozen Gaussian propagator, i.e. a Gaussian wave function of
which the width matrix in the exponent is fixed for all imaginary times (or tempera-
tures) will be propagated. It is applied to two argon clusters of different size, viz. Ar3

and Ar6. They are simple and can be used to instructively present the principles of the
method. However, despite their simplicity there are still open questions and even the
trimer with only three atoms involved has attracted the interest of theoretical investi-
gations for a long time [62–66]. Path-integral Monte Carlo calculations of the system
[57] indicate a dissociation to three free atoms but cannot distinguish this process from
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1.2. Outline

structural changes because the numerics suffers strongly from noise. With the semiclas-
sical method developed in this thesis it will be possible to answer this question. The
method will also uncover the differences between quantum and classical calculations,
and thus assess the importance of quantum effects for the dissociation. A similar study
will be done for the more complicated Ar6 cluster. In contrast to the trimer, the specific
heat and mean energy will not provide enough information to understand the whole
structure of the cluster. An extension to the semiclassical frozen Gaussian method will
be developed. It includes thermal mean values of the distances between all atoms.

The frozen Gaussian method is able to provide numerically well converged results with
reasonable effort, and thus might be ideal for the study of thermodynamic properties
of clusters. In spite of these advantages one has to be aware that they are approxima-
tions and not necessarily sufficiently accurate when quantum effects are expected to be
strong [67]. Thus, the quality of the frozen Gaussian method will be evaluated in this
thesis. It will be compared to numerically exact methods and the more flexible thawed
Gaussian propagator, for which the Gaussian width matrix is allowed to change with
(imaginary) time. For high-dimensional systems, when only approximations are feasible,
one needs, however, an intrinsic method to estimate the approximation’s quality. This
can be achieved with the time-dependent perturbation approach developed by Pollak
and coworkers [68, 69]. It connects the Gaussian semiclassical approximations with ex-
act quantum mechanics. Its first-order correction helps to estimate the quality of the
results and provides objective access to the validity of the Gaussian approximations.
The first-order correction to the frozen Gaussian propagator will be developed for multi-
dimensional systems and then be applied to the argon trimer. It will be possible to state
that the frozen Gaussian method is sufficiently accurate for the dissociation processes of
the clusters studied in this thesis.

1.2. Outline

Chapter 2 starts with a brief review of the basic properties of PT -symmetric quantum
systems and typical effects connected with them. In particular, the chapter will give a
short introduction to the peculiarities of nonlinear Hamiltonians with a PT -symmetric
external potential. In chapter 3 the main topic of the first part of the thesis will be
presented on the basis of a simple model, viz. the PT -symmetric double-delta poten-
tial, and a fully three-dimensional double well. The time-independent Gross-Pitaevskii
equation will be solved for both potentials and the eigenstates will be studied in depen-
dence of the system’s parameters. To do so, the strengths of the gain-loss effect and the
nonlinearity will be varied. This will uncover surprising branch points not known from
linear PT -symmetric quantum systems. These branch points will be studied in more
detail in chapter 4. For this purpose an appropriate analytic extension will be applied
to the Gross-Pitaevskii equation, and additional states, not available without the exten-
sion, will complete the mathematical understanding of the branch points. The stability
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of the stationary states of a condensate in a PT -symmetric double-well potential will
be investigated in chapter 5. This will reveal complicated structures following from the
interplay between the nonlinearity and the gain-loss effect, which will also have a strong
impact on the full dynamics, i.e. the simulation of a condensate with the time-dependent
Gross-Pitaevskii equation in chapter 6. Two possibilities for an experimental realisation
of a Bose-Einstein condensate in a PT -symmetric double well will be evaluated in chap-
ter 7. A switch to a linear quantum system, viz. the hydrogen atom in crossed electric
and magnetic fields, is done in chapter 8. The possibility to detect exceptional points
in the resonances of the system with their unique decay behaviour upon coalescence of
two resonances will be demonstrated.

The second part of the thesis starts with an introduction of the frozen Gaussian
imaginary time propagator and its application to the argon trimer in chapter 9. It will
be shown how the method can be applied to multi-dimensional systems and reveal new
information about the dissociation process of the cluster. In chapter 10 the method
will be extended to a larger system, viz. the Ar6 cluster and it will be shown how
structural information can be accessed with low numerical costs within the semiclassical
approximation. The first-order correction to the frozen Gaussian propagator will be
added in chapter 11 and the quality of the approximation for the argon trimer will be
evaluated.
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Part I.

Quantum systems with non-Hermitian
Hamiltonians modelling gain and loss

7





2. Balanced gain and loss in quantum
systems

Before tackling the central question of the first part of the thesis, viz. the possibility
of realising a PT -symmetric quantum system with a Bose-Einstein condensate in a
double well with gain and loss, we summarise basic expressions required for the following
chapters. We first introduce gain and loss in Hamiltonians in section 2.1. This will be
done with the help of complex potentials as explained in section 2.1.1. The resulting
Hamiltonians will be non-Hermitian and will allow for the appearance of exceptional
points, which are briefly reviewed in section 2.1.2. The basic idea, how the complex
potentials are used to describe gain and loss for a Bose-Einstein condensate in the mean-
field description of the Gross-Pitaevskii equation, is mentioned in section 2.1.3. Then
the case of balanced gain and loss is introduced in section 2.2. To do so, the concept
of PT symmetry in quantum systems is discussed in section 2.2.1 and then extended to
nonlinear quantum systems in section 2.2.2.

2.1. Hamiltonians with gain and loss

2.1.1. Complex potentials

One application of non-Hermitian operators in quantum mechanics is the introduction
of gain or loss for the probability amplitude. For example, complex potentials are used
to implement reflection-free absorbers at boundaries of a finite fraction of the coordinate
space included in a simulation in the case that in the true physical example no boundaries
are present and outgoing waves may not be reflected [1]. However, they can also directly
be exploited to simulate a growth or decay of a wave function in a certain region of the
position space, i.e. the part which is considered to be the system of interest.

For a simple illustration let us consider a physical system with a time-independent
Hermitian Hamiltonian H of which we know the eigenstates φn(x) with energies En.
We add a constant imaginary contribution iΓ to the potential and write down the time-
dependent Schrödinger equation

(H + iΓ)ψ(x, t) = i~
∂

∂t
ψ(x, t) . (2.1a)

Obviously the states

ψn(x, t) = φn(x)e−i(En+iΓ)t/~ = φn(x)e−iEnt/~eΓt/~ (2.1b)
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2. Balanced gain and loss in quantum systems

with the square moduli
|ψn(x, t)|2 = |φn(x)|2e2Γt/~ (2.1c)

solve the Schrödinger equation. In this description a negative value of Γ has exactly the
form known from the decay of resonances. The probability amplitude shrinks exponen-
tially in time. The interpretation is that the particle described by the wave function
leaves the region in space in which the resonance is supposed to be localised. A pos-
itive value of Γ describes exactly the opposite case, i.e. an exponential growth of the
wave function in the spatial region of interest. In this case the interpretation is that the
particle enters the region or, in other words, the probability to find the particle in the
selected fraction of the position space is growing.

The meaning of the imaginary potentials can also be seen when the probability flux
following from the time-derivative of the wave function’s square modulus is calculated,

d

dt
|ψ|2 =

i

~
[ψ(Hψ)∗ − ψ∗(Hψ)] . (2.2)

With the assumption that a complex potential V (r) appears in the Hamiltonian the
result of this equation is an extended continuity equation,

∂ρ

∂t
= 2 Im(V (r))ρ− divj , (2.3)

with ρ = |ψ|2 and the usual probability flux density j = i~(ψ∇ψ∗−ψ∗∇ψ)/2m. In this
formulation the meaning of the terms source and drain becomes evident.

The use of imaginary potential contribution can always only be an effective description
of the loss or gain for the wave function’s amplitude. In every specific situation one has to
be aware of the physical process that leads to a movement of the probability amplitude
into or away from the system described by the non-Hermitian potential. A typical
situation in which this description is applicable is a “large” closed system, of which we
only consider a subsystem in all equations. An example to which we will come back in
detail in chapter 7 is shown in figure 2.1. The “large” system is depicted in figure 2.1
(a). It consists of four wells created by the potential VH(x). A possible distribution of
the wave function is also shown. If we now are only interested in the inner part, i.e. the
inner two wells, the smaller system might be described by the potential VNH(x) shown
in figure 2.1 (b). The dynamics in the larger system VH(x) clearly allows for a shift of
the probability distribution from the outer to the inner wells and the other way round.
If one only looks at the wave function in the inner two wells, one notices an increase or
a decrease of its norm within the subsystem. The smaller system, if only described by
the real part shown in the figure, is not able to describe this shift since a wave function
in the outer two wells does not exist in its description. However, if we include imaginary
potential contributions, the gain and loss of the probability amplitude in the inner two
wells can be retrieved. All descriptions with complex potentials in this thesis will be
based on this relation. In every case the system will be considered to be a substructure of
a larger closed physical system, which should be described by a Hermitian Hamiltonian.
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Figure 2.1.: (a) Potential VH(x) (red) of a “large” Hermitian system consisting of four
wells with a possible probability distribution of the wave function (green).
(b) Real part of a potential VNH(x) of a “small” system (blue) embedded into
the larger potential VH(x).

2.1.2. Exceptional points

Always when non-Hermitian Hamiltonians are considered the possibility for exceptional
points arises. Exceptional points are single points in an (at least) two-dimensional
parameter space, at which two or even more eigenstates coalesce [1, 36, 37]. The term
coalesce means that the eigenvalues and the eigenvectors become identical. This effect
is not very common in quantum mechanics since a coalescence of two eigenstates of a
Hermitian operator is impossible. However, in the case of non-Hermitian Hamiltonians
exceptional points turn out to appear in a broad variety of systems. The most well
known examples are found in quantum systems [9, 23, 24, 40–45, 70–72], and optics
[8, 47, 73]. The experimental verification of their existence was achieved in microwave
cavities [38, 39] and electronic circuits [74]. A detailed review can be found in reference
[75].

The simplest explanation of some elementary properties of exceptional points can be
given with an example. The non-Hermitian 2× 2 matrix

M(κ) =

(
1 κ
κ −1

)
(2.4)

depends on a single complex parameter κ, of which the real and imaginary parts span
the two-dimensional parameter space required to adjust the exceptional points of the
matrix. The eigenvalues

λ1 =
√

1 + κ2 , (2.5a)

λ2 = −
√

1 + κ2 (2.5b)

become obviously identical at the values κ1 = i and κ2 = −i. The decisive fact is that
λ1 and λ2 are two branches of the same analytic function and κ1 and κ2 are their two
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Figure 2.2.: (a) The eigenvalues λ1 (red crosses) and λ2 (green stars) are permuted and
only perform together a closed loop in the complex plane for the closed
parameter space circle shown in (b). The centre of the parameter space
circle in (b) is the exceptional point κ1 = i. The filled circles indicate the
initial points for the parameter and the eigenvalues, and the arrows mark
the direction of progression.

branch points. In this case also the eigenvectors pass through a branch point singularity
[37], as can be seen in the eigenvectors of the matrix (2.4), viz.

x1(κ) =

( −κ
1−
√

1 + κ2

)
, (2.6a)

x2(κ) =

( −κ
1 +
√

1 + κ2

)
. (2.6b)

A very common method to detect exceptional points is to exploit the permutation
of the eigenvalues for a closed loop in the parameter space, which is a consequence of
encircling the branch point singularity. If the eigenvalues are traced continuously, they
switch during their path from one Riemann surface to another, and thus end their path
at the initial point of the other eigenvalue. This fact can be visualised nicely in the simple
matrix model (2.4). Figure 2.2 (a) shows the eigenvalues λ1 and λ2 for the parameter
values in figure 2.2 (b), which are located on a circle around the exceptional point κ1 = i.
It is very clear that a continuous connecting of the points leads to a permutation of λ1

and λ2, i.e. each of the eigenvalues does not return to its starting point although the
parameter space circle is closed. We will see that exceptional points are also an essential
property of the systems with balanced loss and gain. The permutation behaviour will
be an important tool to verify their presence.

The case briefly discussed in the example (2.4) is a so-called second-order exceptional
point because two eigenvalues merge in a square root branch point. We denote it EP2.
Higher orders are possible and have been discussed in models of physical systems [76–78].
We will in particular be confronted with a third-order exceptional point or EP3, i.e. a
point in which three eigenstates coalesce.
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2.1. Hamiltonians with gain and loss

An EP3 is typically connected with a cubic root branch point and the signal similar
to that in figure 2.2 is a permutation of all three eigenvalues, i.e. eigenvalue 1 ends at
the starting point of eigenvalue 2, eigenvalue 2 at the starting point of eigenvalue 3, and
the third eigenvalue closes the path. However, there is also the possibility that a third-
order exceptional point behaves under certain parameter variations like a second-order
exceptional point. This can be understood with a very simple example. Let us assume
that we calculated in a three-dimensional matrix model the characteristic polynomial

λ3 + aλ2 + bλ+ c = 0 (2.7a)

for the eigenvalues λ and let us further assume that the coefficients a, b, and c are either
the physical parameters or can directly be controlled by them. Then a = b = c = 0 can
be a third-order exceptional point of an appropriate system. Its cubic root nature can
be revealed if only c is varied and a = b = 0 are held constant,

λ3 = −c , (2.7b)

which leads to the three branches with c = 0 as branch point. However, if a = c = 0 are
held constant and b is varied, we find

λ3 + bλ = λ(λ2 + b) = 0 , (2.7c)

clearly exhibiting the structure of a square root and an isolated eigenvalue not partic-
ipating in the branch point. Thus, the same point in the parameter space can show
different behaviours for different choices of parameter variations, which has to be kept
in mind when a possible EP3 appears. The rigorous treatment of this situation can be
found in reference [77].

2.1.3. Bose-Einstein condensates with complex potentials

Originally predicted theoretically in 1924 for quanta of light by Bose and Einstein [79, 80]
a phase transition of a gas of atoms into a macroscopic superposition of the ground
state, a Bose-Einstein condensate, was first observed experimentally in 1995 [81, 82]. It
is well known that a Bose-Einstein condensate can, at sufficiently low temperatures, be
described by the Gross-Pitaevskii equation [21, 22], which reads

− ~2

2m
∆ψ(x) +

[
V (x) +

4π~2as

m
|ψ(x)|2

]
ψ(x) = i~

d

dt
ψ(x) , (2.8)

where m is the mass of one Boson, as the s-wave scattering length, and V (x) describes an
external potential forming a trap for the Bosons. It is the Hartree approximation of the
corresponding many-particle equation for the dilute atomic gas, where the assumption
that all atoms are in the quantum mechanical ground state is used. Additionally, the
atoms interact via the weak and short-range van der Waals force. In the dilute gas
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it can be described sufficiently exact by an s-wave scattering process, which leads in
the mean-field approximation to the nonlinear contribution ∝ |ψ(x, t)|2. Its strength
is determined by the s-wave scattering length as. Using magnetic fields acting on the
hyperfine levels of the atoms and exploiting Feshbach resonances the scattering length
can be tuned and as is an adjustable parameter of the system.

Although most examples of non-Hermitian Hamiltonians appear in the framework of
the Schrödinger equation their applicability is not restricted to linear quantum mechan-
ics. In the description of Bose-Einstein condensates with the Gross-Pitaevskii equation
inelastic three-body collisions are usually implemented in terms of an imaginary loss
potential because the only relevant effect for the condensate is a decline in the number
of particles. The fate of the “lost” particles is not of further interest. Furthermore,
non-Hermitian forms of the Gross-Pitaevskii equation provide access to the decay of
the condensates with the complex scaling approach [83, 84], to transport phenomena
[85], and to the theoretical study of dissipative optical lattices [27, 28, 86, 87]. They
also made possible the discovery of exceptional points in stationary solutions of the
Gross-Pitaevskii equation [45, 88] with the help of effects only visible in the complex
neighbourhood of the physical parameters [45].

A loss or gain of particles can also in the limit of the Gross-Pitaevskii equation be
modelled by imaginary contributions to the potential. They lead to a growth or decay
of the wave function ψ describing the whole condensate. Since the imaginary parts
of the potential affect the probability amplitude of the whole condensate the physical
interpretation of the process we have in mind is a coherent in- or outcoupling of the
atoms. With this ansatz we are not considering individual atoms but the macroscopic
wave function of the condensed phase. That is, in the example shown in figure 2.1 (a)
we assume that the condensate occupies the whole systems of VH(x), i.e. all four wells.
The probability amplitude can shift its weight from one well to the other. In the non-
Hermitian description with the complex potential, of which the real part is shown in
figure 2.1 (b), the imaginary potential must cover exactly this process, which is achieved
by adding imaginary parts to the potential V (x) in the Gross-Pitaevskii equation (2.8).
Loss terms, i.e. negative imaginary potential contributions, of exactly this type are also
obtained in a derivation of a master equation modelling loss effects in cold atom systems
when coherence is preserved [89, 90].

An important prerequisite for experiments with this type of gain or loss effects has
already been fulfilled. To study the effects of complex potentials different fractions of
the condensate in different parts of a trap (e.g. different wells in figure 2.1) must remain
coherent, which is a nontrivial task in an experimental realisation. Shin et al. [91]
demonstrated that it is possible to create a bidirectional coupling between BECs in an
optical double-well potential by continuously outcoupling atoms with Bragg beams. A
more direct approach was successfully accomplished by Gati et al. [92] by combining a
three-dimensional harmonic trap with a one-dimensional periodic potential with large
lattice spacing. Furthermore, electron beams have successfully been used to introduce
loss in single sites of optical lattices [93], and an influx of atoms can be achieved by
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exploiting different electronic states of the atoms to transfer them from a reservoir into
one well of a trap [94].

We note that a theoretical approach similar to our study has been introduced by Graefe
et al. in the investigation of a Bose-Hubbard dimer [9, 23, 24]. It differs, however, in
one crucial aspect from the non-Hermitian description mentioned above. In the ansatz
of Graefe et al. complex potentials were used on the single particle level. Only after the
introduction of the complex potentials the mean-field limit was performed in a thorough
calculation. Since the system obeys by construction particle number conservation there
is also a difference in the interpretation of the complex potentials. The imaginary terms
do not describe the loss or gain of individual particles but a decrease or increase of
the probability to find one particle in the system of interest, and this probability is
identical for all particles [24]. The result of the calculation is an equation similar to
the Gross-Pitaevskii equation but with a different type of nonlinearity. It has the norm-
independent shape ∝ |ψ(x, t)|2/||ψ(x, t)||2, where ||ψ(x, t)|| is the wave function’s norm.
Consequently the system exhibits a different dynamics. However, this does not influence
the spectra of normalised stationary states.

2.2. Balanced gain and loss: PT symmetry

2.2.1. Quantum systems with PT -symmetric Hamiltonians

A special form of potentials which allow for gain and loss introduced by imaginary parts
are those which are parity-time symmetric. This term denotes quantum systems of which
the Hamiltonian commutes with the PT operator, i.e.

[PT , H] = 0 . (2.9a)

The operator P is linear and describes spatial reflections, e.g. in one dimension

Px = −x , Pp = −p . (2.9b)

The time reversal operator T is antilinear,

T x = x , T p = −p , T i = −i . (2.9c)

It was found by Bender and Boettcher [4] that non-Hermitian Hamiltonians obeying
PT symmetry can have real eigenvalues and even completely real spectra. The example
Bender and Boettcher introduced was the Schrödinger equation [4]

−ψ′′(x)− (ix)Nψ(x) = Eψ(x) , (2.10)

where N is a parameter. For N = 2 this system represents the harmonic oscillator, which
is Hermitian and has purely real eigenvalues E. This is also fulfilled for every integer
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multiple of two. However, Bender and Boettcher found that the spectra are entirely real
and positive for all values N ≥ 2. This was surprising since the Hamiltonian is, e.g. for
N = 3 definitely not Hermitian. However, it is simple to verify that it fulfils equation
(2.9a). Only for N < 2 pairs of eigenvalues merge in exceptional points and become
complex and complex conjugate.

The discovery of Bender and Boettcher initiated an ever increasing interest in PT -
symmetric systems in the last years in many fields of physics. It is discussed, e.g. in the
context of quantum mechanics [13, 19, 20, 95–100], in quantum field theories [4, 5, 101–
104], but also in microwave cavities [105], electronic devices [106, 107], and optics [6, 108].
The stationary Schrödinger equation was solved for scattering solutions [20] and bound
states [19], where also mathematical questions in connection with the meaning of non-
Hermitian Hamiltonians have been discussed [7, 11, 109]. Spectral singularities in PT -
symmetric potentials [12] turned out to be connected with the amplification of waves
[110] and the lasing threshold [111]. Nonlinear PT -symmetric quantum systems have
been discussed for Bose-Einstein condensates described in a two-mode approximation
[9, 23, 24, 112] and in model potentials [113]. For reviews see references [5, 6].

Basic properties of PT -symmetric quantum systems

In connection with the meaning of gain and loss PT symmetry represents a very special
situation because it allows for the case that gain and loss to the probability amplitude are
equally strong, i.e. balanced. To understand this behaviour we investigate the condition
for a PT -symmetric Hamiltonian. An explicit calculation of the commutator, again done
in one dimension for simplicity,

[PT , H] = PT
(
p2

2m
+ V (x)

)
−
(
p2

2m
+ V (x)

)
PT (2.11)

= (V ∗(−x)− V (x))PT !
= 0 (2.12)

immediately shows that the potential has to fulfil the equation

V ∗(−x) = V (x) , (2.13)

i.e. its real part has to be a symmetric function of x and its imaginary part has to be
antisymmetric.

The potential is balanced, it has equally large imaginary parts with opposite sign on
both sides of the x axis. However, this is not sufficient for equally strong source and
drain terms, which can be see in equation (2.3). Balanced gain and loss is only fulfilled
if the square modulus of the wave function ρ is also a symmetric function of x. This
is fulfilled in the case of unbroken PT symmetry, i.e. in the case that also the wave
function is an eigenstate of PT ,

PT ψ = λψ . (2.14)
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The eigenvalue λ has always the modulus 1 since PT is an idempotent antilinear opera-
tor. It can be set to 1 with an appropriate choice of the wave function’s arbitrary global
phase.

With the short calculation

HPT ψ(x) = PT Hψ(x) = PT Eψ(x) = E∗PT ψ(x) (2.15)

and the knowledge of relation (2.14) for PT -symmetric states it is easy to prove that all
PT -symmetric eigenstates of H possess real eigenvalues, and all eigenstates of a PT -
symmetric Hamiltonian with real eigenvalues must be PT symmetric [5]. PT -symmetric
states have always symmetric square moduli since

|ψ(x)|2 = ψ∗(x)ψ(x) = PT ψ(−x)ψ(x) = ψ(−x)PT ψ(x) = ψ(−x)ψ∗(−x) = |ψ(−x)|2 .
(2.16)

Furthermore, equation (2.15) shows that if ψ is an eigenstate of the PT -symmetric
Hamiltonian H with the complex eigenvalue E then also PT ψ is an eigenstate of H with
eigenvalue E∗. Consequently, complex eigenvalues appear always in complex conjugate
pairs. These relations are valid for non-degenerate eigenvalues but similar relations can
be found for degenerate ones. Genuine degeneracies will not appear in this thesis, and
thus this case will not be considered further. We will only be confronted with exceptional
points.

What does this mean for a quantum system? The complex PT -symmetric potential
describes spatially separated gain and loss terms for the probability amplitude. This
opens for the wave function – or at least for its part in the system described by the
PT -symmetric potential – the possibility to grow or to decay, which is indicated by
complex eigenvalues when eigenstates of the time-independent Schrödinger equation are
calculated. To every growing state belongs a decaying solution with complex conjugate
energy and PT -conjugate wave function, and vice versa. A purely real energy describes
a stationary state, i.e. a probability amplitude which stays constant in spite of the gain
and loss present in the system. The state is PT symmetric, has a symmetric square
modulus, and the source and drain terms are equally strong according to equations
(2.13) and (2.3). For moderate strengths of the imaginary potential the probability flux
from the source to the drain is constant such that the wave function does not change.
With increasing strength of the gain and loss effect typically two real eigenvalue states
merge in an exceptional point and become complex and complex conjugate. From this
point on the case of balanced gain and loss is unsustainable. Thus, the system possesses
two regimes in which completely different types of the system’s dynamical behaviour
exist. The transition from one type to the other can be controlled by a single parameter,
viz. the magnitude of the source and drain terms of the potential. An example of these
effects will be given in section 3.1.1, where the time-independent and time-dependent
Schrödinger equations of the PT -symmetric double-delta potential will be solved.
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PT symmetry in optics

Due to the availability of gain or loss for the light intensity in electrodynamics via
absorbing media and optical pumping the effects of PT symmetry also have become
very important in optics. Subject of investigations are in particular wave guides [8, 14]
and optical lattices [6, 10, 15–17, 114, 115]. Also in the development of lasers PT
symmetry plays an important role [108, 116, 117]. The optical systems are directly
relevant for quantum mechanics since in many cases the mathematical basis is equivalent.
For example, the PT -symmetric wave guide structure studied by Klaiman et al. [8]
was described in paraxial approximation. Klaiman et al. investigated a light mode
propagating in z direction of which the y component of the electric field Ey is governed
by the equation (

− ∂2

∂x2
+ k2n2(x)

)
Ey(x) = β2Ey(x) (2.17)

with Ey(x, z, t) = Ey(x)ei(ωt−βz), the mode’s wave number in vacuum k, and the refractive
index n(x). If V (x) = k2n2(x)2 is considered to be a potential, equation (2.17) is identical
with the one-dimensional Schrödinger equation. Thus, these optical systems can be used
to simulate quantum particles in a one-dimensional setup.

Also the features of a nonlinearity of the type ∝ |ψ(x)|2 have become very relevant
for optics since it does not only appear in the mean-field description of Bose-Einstein
condensates. PT -symmetric optical setups of coupled dual wave guides including a Kerr
nonlinearity show exactly the same structure in the underlying equations. They have
been used to propose uni-directional wave guides [25] or the presence of solitons in gain-
loss media [26–31]. The remarkable success of realising PT symmetry and PT -symmetry
breaking experimentally [2, 3] emphasises the relevance of these optical setups.

2.2.2. Nonlinearity and PT symmetry

The properties of PT -symmetric Hamiltonians and their eigenstates shown so far are
only true for the linear Schrödinger equation. In the case of the Gross-Pitaevskii equation
special care has to be taken of the nonlinearity. The proves sketched in the last section
rely on the linearity of the Hamiltonian. However, it is possible to gain some similar
results for nonlinear quantum systems, which have been published already in reference
[118] and are summarised in the following.

In the linear case the commutator relation (2.9a) is the starting point for all further cal-
culations. In the nonlinear case we explicitly consider a nonlinearity in the Hamiltonian
to proceed with the derivation of similar statements. Thus, we separate the Hamiltonian
in a linear part Hlin, which can be treated as before, and a nonlinear function f (ψ) rep-
resenting the nonlinearity. Then the time-independent variant of the Gross-Pitaevskii
equation (2.8) reads

Hlinψ + f (ψ)ψ = µψ (2.18)
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with the chemical potential µ. The nonlinearity of the Gross-Pitaevskii equation ∝ |ψ|2
does not depend on the wave function’s phase. We restrict the further discussion to this
case and require

f
(
eiχψ

)
= f (ψ) , χ ∈ R . (2.19)

When evaluating the commutator in equation (2.9a) we assume that the PT operator
directly acts on the wave function in the nonlinearity,

PT f (ψ) = f (PT ψ)PT , (2.20)

which leads to

PT [(Hlin + f (ψ))ψ]− [Hlin + f (PT ψ)]PT ψ = 0 . (2.21)

The relation (2.21) shows that the assumption (2.20) is reasonable since it is conform
with the derivation of the Gross-Pitaevskii equation as Hartree approximation, where
the solution ψ is part of its self-consistent potential. In this description a symmetry
operator cannot act only on the linear part of the Hamiltonian. It always has also to
act on the wave function, and thus on the nonlinearity.

With the assumptions (2.19) and (2.20) and the meaning of the commutator from
equation (2.21) it is possible to build up a notation which is very familiar to the linear
case. This can be shown by the application of the PT operator on the Gross-Pitaevskii
equation

HlinPT ψ + f (PT ψ)PT ψ = µ∗PT ψ , (2.22)

where Hlin was assumed to be PT symmetric. One property known from the linear case
can immediately be recognised: the chemical potential µ appears in complex conjugate
pairs, the corresponding eigenstates are ψ and PT ψ.

If we now assume that the wave function with a non-degenerate chemical potential
µ is PT symmetric and use condition (2.19) we see from equation (2.22) that µ must
be real. Conversely, if µ is a non-degenerate real eigenvalue (2.22) states that ψ must
be PT symmetric. In total we obtain for non-degenerate eigenstates the same relations
between the PT symmetry of the states and the eigenvalues as in the linear Schrödinger
equation. There are differences for genuine degeneracies as noted in reference [118].
However, this is not the topic of this thesis as mentioned above.

The nonlinear function f(ψ) in the Gross-Pitaevskii equation (2.18) can be understood
to belong to the potential of the nonlinear Hamiltonian. In this interpretation the
conditions (2.19) and (2.20) relate the PT symmetry of the Hamiltonian with that of
the wave function. If the linear part Hlin is PT symmetric it is possible that a PT -
symmetric wave function exists, which renders the total nonlinear Hamiltonian itself
PT symmetric. Without a PT -symmetric wave function the nonlinear Hamiltonian
does not have to be PT symmetric. It can be added that not only the short-range
contact interaction ∝ |ψ|2 fulfils the conditions (2.19) and (2.20). This is also true for
two important long-range interactions, viz. Bose-Einstein condensates with a gravity-like
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2. Balanced gain and loss in quantum systems

1/r [119] or dipolar [120] interaction, c.f. also reference [118]. Thus, also Bose-Einstein
condensates with these long-range interactions might exhibit PT -symmetric solutions.

Finally, we want to summarise the results of this consideration since they will be used
several times in the following chapters. If we consider non-degenerate eigenstates of the
time-independent Gross-Pitaevskii equation (2.18) with a PT -symmetric linear part of
the Hamiltonian and a nonlinear part which fulfils the conditions (2.19) and (2.20) it
can be stated that

• the eigenvalues are either real or occur in complex conjugate pairs,

• the eigenvalues are real if and only if the eigenstate itself is PT symmetric, and

• if ψ is an eigenstate with complex chemical potential µ then also PT ψ is eigenstate
with chemical potential µ∗.
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3. A model for a PT -symmetric
Bose-Einstein condensate

The effects of PT -symmetric quantum systems have been studied in a wide class of
models. A good candidate for an experimental realisation are Bose-Einstein condensates
trapped in a double-well geometry, where on one side atoms are injected and on the other
atoms are removed. This has to be done in a coherent manner if the wave function of
the condensed phase is supposed to describe the PT -symmetric or PT -broken solutions.
A proposal of realising a quantum system with PT symmetry on this basis was already
given by Klaiman et al. [8]. Since the condensed phase is described by the nonlinear
Gross-Pitaevskii equation new properties not known from linear quantum systems will
arise, which have to be taken into account and studied carefully. To do so, we first
introduce in section 3.1 a very simple system, viz. a potential shaped by two idealised
attractive delta-traps, in which antisymmetric imaginary contributions will model the
balanced source and drain of atoms. Delta functions have often been used to gain deeper
insight with simple solutions [7, 11, 12, 19, 20, 121–128]. First we show that its linear
variant exhibits the typical properties of PT -symmetric quantum systems in section
3.1.1 and then study the solutions of the time-independent Gross-Pitaevskii equation
for the double-delta trap in section 3.1.2. Finally we will do the same investigation
for the example of a more realistic spatially extended double well in section 3.2. We
will review the corresponding Gross-Pitaevskii equation in section 3.2.1, discuss the
numerical methods used for the investigation in section 3.2.2 and then investigate the
stationary states in one (section 3.2.3) and three (section 3.2.4) dimensions. This chapter
is based on references [129–133], in which the results on stationary states of a Bose-
Einstein condensate in a PT -symmetric potential have been studied. Parts of the results
for the spatially extended double well have been obtained together with Dennis Dast and
Daniel Haag during their Master’s theses [134, 135].

3.1. An idealised double-delta trap

The model we introduce in this first step is a Bose-Einstein condensate trapped in
two delta-function shaped potential wells located at x = ±a/2, where from one well
condensate atoms are removed and atoms are added to the other. To simplify the
discussion we reduce the system to one dimension. As will be shown later this is sufficient
to describe all effects of the PT -symmetric double well.
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3. A model for a PT -symmetric Bose-Einstein condensate

The consideration is done in the mean-field approach by the nonlinear Schrödinger
equation, or Gross-Pitaevskii equation equation,

− ~2

2m

d2

dx2
ψ(x) +

[
V (x) + g̃|ψ(x)|2

]
ψ(x) = µ̃ψ(x) , (3.1)

which is well justified at sufficiently low temperatures. In the equation m is the mass of
one Boson, g̃ the strength of the contact interaction, which is proportional to the s-wave
scattering length, and µ̃ the chemical potential. The PT -symmetric delta-function traps
are described by the potential

V (x) = −(V0 + iΓ)δ(x+ a/2)− (V0 − iΓ)δ(x− a/2) , (3.2)

where the positive parameter V0 determines the real part, i.e. the depths of the two
symmetric wells. The gain and loss of the atoms are modelled by ±Γ.

We will work with the dimensionless form of the Gross-Pitaevskii equation (3.1) and
the potential (3.2), where the length is measured in units of `0 = ~2/(2mV0) and energies
in units of E0 = 2mV 2

0 /~2. It reads

− d2

dx2
ψ(x)− [(1 + iγ)δ(x+ a/2) + (1− iγ)δ(x− a/2)]ψ(x)

− g|ψ(x)|2ψ(x) = µψ(x) , (3.3)

where g is the dimensionless nonlinear interaction strength, and the real-valued param-
eter γ determines the size of the gain and loss terms. Note that g has been defined such
that positive values describe an attractive contact interaction. The strength of the real
part of the delta-function potentials is normalised to unity in the chosen units. Following
the usual notation of the linear double-delta problem in textbook quantum mechanics,
we will often substitute the chemical potential by

µ = −κ2 . (3.4)

The potential (3.2) is complex and we cannot expect µ or κ to be real. In particular,
complex energies are known for PT -broken states in quantum systems described by a
PT -symmetric potential. We are interested in all possible types of solutions, and thus
we will quite generally search for solutions with κ ∈ C.

3.1.1. Schrödinger equation of the PT -symmetric double-delta
potential

To be in a position to study the effects that emerge when the nonlinearity is turned on
we first consider the case where the nonlinearity is absent, and then proceed to values
g > 0. In particular, we want to show first that the very simple double-delta potential
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3.1. An idealised double-delta trap

incorporates the typical effects excepted of PT -symmetric quantum systems in the linear
Schrödinger equation.

We start with the linear variant of (3.3), i.e. with the Schrödinger equation

− d2

dx2
ψ(x)− [(1 + iγ)δ(x+ a/2) + (1− iγ)δ(x− a/2)]ψ(x) = −κ2ψ(x) . (3.5)

We are only interested in bound states and do not consider scattering solutions of the
Schrödinger equation. Hence, the wave functions must have the well-known form

ψ(x) =


A eκx x < −a/2
C eκx +D e−κx −a/2 < x < a/2

B e−κx a/2 < x

. (3.6)

This ansatz leads only to physically relevant solutions for Reκ > 0. Applying the
continuity conditions leads to the system of linear equations (with the abbreviation
κ0 = 1 + iγ),

κ0e−κa/2C + (κ0 − 2κ)eκa/2D = 0 , (3.7)

(κ∗0 − 2κ)eκa/2C + κ∗0e−κa/2D = 0 . (3.8)

It possesses nontrivial solutions if the secular equation

(1 + γ2)e−2κa − (1 + γ2 + 4κ2 − 4κ) = 0 (3.9)

is fulfilled. In general, this equation has to be solved numerically. In the units introduced
above the equation depends on two remaining parameters, viz. the distance a of the traps
and the strength γ of the gain-loss terms.

The eigenvalues κ we obtained in the numerical root search are plotted as functions
of the strength of the gain-loss parameter γ in figure 3.1. Three different distances of
the traps can be seen. The solutions exhibit the behaviour typical of PT -symmetric
non-Hermitian Hamiltonians: up to a critical value of the gain and loss parameter γ
there exist two real eigenvalues κ. One has to keep in mind that we have included a
minus sign in the relation (3.4). Since the exponential decay parameter κ is plotted
the upper branch belongs to the state with lowest energy, i.e. the ground state, and
the lower branch represents the excited state. At the critical value, which turns out
to be an exceptional point, the eigenvalues and the eigenfunctions merge. Beyond the
exceptional point the eigenvalues become complex, and complex conjugate. The time-
dependence of the eigenstates of the Schrödinger equation (3.5) is given by exp(iκ2 t) =
exp(i(k2

r − k2
i )t) exp(−2krkit) (with κ = kr + iki), hence the mode with ki > 0 decays,

and the mode with ki < 0 grows because all physically relevant solutions possess kr > 0.
Of course in the case γ = 0 the system corresponds to the well-know textbook example

of the real double-delta potential. Then the solutions are cosh(κx) (ground state) and
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Figure 3.1.: Eigenvalues κ of the Schrödinger equation (3.5) as functions of the gain-
loss parameter γ for three different distances of the delta-function traps, i.e.
a = 2.2 (a), a = 2.0 (b), a = 1.8 (c).
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3.1. An idealised double-delta trap

sinh(κx) (excited state) functions between the traps. It is also well-known that for γ = 0
the excited state disappears as soon as the distance between the two delta wells falls
below a critical value. In the units of our system this critical value corresponds to a = 2.
Indeed, from figure 3.1 (b) we see, that for a = 2, an excited state is only born as soon as
gain and loss is switched on. For γ = 0 the formal second solution alongside the ground
state is κ = 0. Such a state is not physical and does not exist. However, even with an
infinitesimally small gain and loss contributions a second solution is supported by the
two delta wells. For a < 2 a finite gain and loss threshold is required for the appearance
of the second state as can be observed in figure 3.1 (c).

Below the branch point the wave functions are expected to possess PT symmetry. The
need for wave functions to be PT symmetric if their energy µ = −κ2 is real, is expressed
in the delta functions model in the following way: For real κ the complex conjugate
of the condition (3.7) is identical to the second (3.8). This means that pairs (C,D)
and (D∗, C∗) fulfil the same equation, and hence D = C∗. Then one can conclude that
A = C + C∗e2κa/2 and B = Ce2κa/2 + C∗ = A∗, i.e. we obtain in total ψ∗(x) = ψ(−x),
which is exactly a PT -symmetric wave function.

The numerically obtained result confirming these properties can be seen in figure 3.2, in
which the ratio of the coefficients C and D of the wave functions is shown in dependence
of the gain-loss parameter γ. The modulus and the phase of this ratio are plotted. Below
the branch point we expect and find D = C∗ = |C| exp(−iϕ), the modulus of the ratio is
1, and the phase is twice the phase ϕ of the coefficient C. As is known from the textbook
example, the phase assumes the value of 0 for the (symmetric) ground state and π for
the (antisymmetric) excited state. For γ 6= 0 the phase ϕ of the ground and the excited
state quickly obtain nonvanishing values, where the ground state is more affected. The
moduli and phases of the ratios of both states coincide at the branch point verifying the
expected exceptional point. Beyond the branch point the moduli of the rations quickly
evolve away from 1, the wave functions do no longer possess a symmetric modulus, and
consequently they are PT broken.

In total, we find that the PT -symmetric double-delta potential exhibits only two
states, however, they are sufficient to reproduce all relevant properties of stationary
states in PT -symmetric quantum systems. Thus, the potential seems to be a good
and simple candidate for the investigation of those properties with the nonlinear Gross-
Pitaevskii equation.

3.1.2. Stationary solutions of the Gross-Pitaevskii equation with a
delta-functions trap

Numerical method

For g 6= 0 we have solved the Gross-Pitaevskii equation (3.3) numerically using a pro-
cedure in which the energy eigenvalues are found by a five-dimensional numerical root
search. The free parameters which have to be adjusted in such a way that a physically
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Figure 3.2.: Real parts (a) and imaginary parts (b) of the ratio of the coefficients of the
wave functions in the region between the delta-function traps for vanishing
nonlinearity and a distance of a = 2.2 as functions of the gain-loss parameter
γ. For values of γ below the bifurcation point the solid lines correspond to
the ground state, the dashed lines to the excited state.
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3.1. An idealised double-delta trap

meaningful wave function is obtained are the complex eigenvalue κ as well as initial con-
ditions for the wave function and its derivative. Since the overall phase is arbitrary we
can choose it such that ψ(0) is a real number. Therefore five real parameters remain, viz.
the real part of ψ(0), and the real and imaginary parts of both ψ′(0) and κ. Physically
relevant wave functions must be square integrable and normalised. The normalisation is
important since the Gross-Pitaevskii equation is nonlinear and the norm influences the
form of the Hamiltonian. This gives in total five conditions which have to be fulfilled:
The real and imaginary parts of ψ must vanish for x→ ±∞, and the norm of the wave
function must fulfil ||ψ|| − 1 = 0.

Outside the delta-function traps the Gross-Pitaevskii equation (3.3) coincides with
the free nonlinear Schrödinger equation, which has well known real solutions in terms of
Jacobi elliptic functions (cf., e.g. [123, 136–138]). The function which solves the equation
in the ranges |x| > a/2 for the attractive nonlinearity considered here and decays to zero
for |x| → ∞ is cn(κx, 1) = sech(κx) = 1/cosh(κx). The numerically integrated wave
functions exactly show this behaviour.

Eigenvalues

Figure 3.3 shows the results for the real and imaginary parts of the eigenvalues κ cal-
culated for a trap distance of a = 2.2 and three different nonvanishing values of the
nonlinearity parameter as functions of γ. The results for the case g = 0 are shown for
comparison. Even with a strong nonlinearity present there always exist two branches of
real eigenvalues, up to critical values γEP, where the two branches merge. It can also be
seen that branches of two complex conjugate eigenvalues appear. Unlike in the linear
case they are not born at γEP, but at smaller values of γ where they bifurcate from the
real eigenvalue branch of the ground state. As the nonlinearity is increased this bifur-
cation point is shifted to smaller values of γ, while the branches of the real eigenvalues
practically retain their form and are shifted upwards. A similar observation can be made
for negative values of g, i.e. a repulsive nonlinearity. In contrast to the attractive case
the two complex conjugate eigenvalues then bifurcate from the excited state. However,
the overall effect remains the same. There is always a range of γ values, in which two
real and two complex eigenvalues coexist.

This behaviour is obviously caused by the nonlinearity in the Gross-Pitaevskii equation
and can also be observed in the mean-field limit of a non-Hermitian Bose-Hubbard dimer
[9, 23, 24, 112]. In fact the different branches can be continuously transformed into each
other: when, for fixed γ, we increase the nonlinearity from g = 0 in small steps to g = 1
and always take the solution of the previous step as input for the root search in the next
step, the branch of complex conjugate eigenvalues which exists for g = 0 is continuously
transferred to the branch of complex eigenvalues for g = 1 shown in figure 3.3. Likewise,
starting from the branch of complex conjugate eigenvalues for g = 1 at any value of γ
in the range where four solutions exist and decreasing g in small steps to g = 0 we end
up on the branch belonging to the real eigenvalue of the ground state.
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Figure 3.3.: Real (a) and imaginary (unless zero) (b) parts of the eigenvalues κ of the
full nonlinear equation (3.3) as functions of the gain-loss parameter γ for
a = 2.2 and four values of the nonlinearity parameter. Solid lines denote
purely real eigenvalues, dashed lines complex conjugate eigenvalues. For
g 6= 0 the complex conjugate eigenvalues bifurcate from the ground state
branch before the branch point where the two real solutions coalesce.
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Figure 3.4.: Real and imaginary parts as well as the moduli of the wave functions of
the eigenstates of the Gross-Pitaevskii equation (3.3) for g = 0.5, a = 2.2.
Ground state (a) and excited state (b) for γ = 0.35, solution with Imκ > 0
(c) and Imκ < 0 (d) for γ = 0.5. In (a) and (b) the wave functions are
PT symmetric, and the moduli are symmetric functions of x. The wave
functions in (c) and (d) are no longer PT symmetric, their moduli are not
symmetric functions of x.

Wave functions

Examples of the wave functions corresponding to the energies of the case g = 0.5 and
a = 2.2 shown in figure 3.3 are presented in figure 3.4. The results for the ground state
and the excited state are shown in figures 3.4 (a) and (b), where the value γ = 0.35
below the critical value γEP ≈ 0.4 was used. With the choice used for the global phase in
the numerical procedure the PT symmetry of the solutions is easy to recognise. Their
real parts become even functions and their imaginary parts odd functions of x. Since
PT -symmetric wave functions have always a symmetric square modulus it immediately
follows that the moduli of those wave functions are even functions of x. The symmetric
square moduli can also be seen in figures 3.4 (a) and (b). This illustrates the impor-
tant result of section 2.2.2 that the nonlinear Hamiltonian with gain and loss selects as
eigenfunctions exactly those states in Hilbert space which render itself PT symmetric.
This is a nontrivial result and needs the assumptions made in section 2.2.2. While the
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3. A model for a PT -symmetric Bose-Einstein condensate

delta-function potentials are PT symmetric, it is, on the level of the position space
representation used here, not clear a priori that the Gross-Pitaevskii equation itself also
obeys this symmetry since this requires the nonlinear potential term to fulfil exactly the
symmetry found in the numerical results. In the ground state, which emerges from the
symmetric real wave function for γ = g = 0, the symmetric contribution from the real
part still dominates, while for the excited state, which originates from the antisymmetric
solution for γ = g = 0, the antisymmetric contribution from the imaginary part prevails.

The PT symmetry of the wave functions is broken for the eigenstates with complex
eigenvalues. Figures 3.4 (c) and (d) show as examples the wave functions obtained for
γ = 0.5 for the corresponding pair of complex conjugate eigenvalues κ. It can be seen
that the real and imaginary parts are no longer even or odd functions, and therefore the
PT symmetry of both the wave functions and the nonlinear Hamiltonian is lost. The
mode with positive imaginary part, as shown in figure 3.4 (c), is the one which decays.
As expected it is more strongly localised in the trap with loss, while the mode with
negative imaginary part in figure 3.4 (d) is the one which grows and is more strongly
localised in the trap with gain.

It is important to note that all eigenstates with complex eigenvalues lose their physical
relevance. They solve the nonlinear eigenvalue problem (3.3), but do not obey the
corresponding time-dependent Gross-Pitaevskii equation. As soon as imaginary energy
parts appear the square moduli of the wave functions grow or decay proportional to
exp(−2 Imκ2t), and so does the nonlinear term in the Gross-Pitaevskii equation (3.3).
Therefore strictly speaking multiplying these eigenstates with the usual time evolution
factor exp(iκ2t) only captures the onset of the temporal evolution of the two modes, for
times Imκ2t� 1.

At γEP we expect that the two eigenstates with real eigenvalues coalesce. Indeed, this
is the case. In figure 3.5 we have plotted their wave functions for a = 2.2, g = 0.5 and
values of γ close to the critical point γEP ≈ 0.4. While slightly below the critical value
minor deviations of the wave functions are still visible, in particular in the imaginary
parts, no differences appears for γ = 0.398. Thus, also for a strong nonlinearity we find
at γEP the properties characteristic of an exceptional point, i.e. the coalescence of both
eigenvalues and eigenfunctions.

3.2. A Bose-Einstein condensate in a realistic
double-well setup

3.2.1. Gross-Pitaevskii equation

We now turn to a more realistic description of the Bose-Einstein condensate and con-
sider a spatially extended double-well potential in three dimensions. The Bose-Einstein
condensate of atoms with mass m is, again, described by the Gross-Pitaevskii equation,
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Figure 3.5.: Wave functions for a = 2.2 and g = 0.5 and values of γ close to the excep-
tional point: ground state (a) and excited state (b) for γ = 0.395, ground
state (c) and excited state (d) for γ = 0.398. While for γ = 0.395 still
small differences are present, in particular in the imaginary part, the wave
functions practically coincide at γ = 0.398.

where we now use its three-dimensional variant

− ~2

2m
∆ψ(x) +

[
V (x) +

4π~2as

m
|ψ(x)|2

]
ψ(x) = i~

d

dt
ψ(x) , (2.8)

or its time-independent form

− ~2

2m
∆ψ(x) +

[
V (x) +

4π~2as

m
|ψ(x)|2

]
ψ(x) = µ̃ψ(x) , (3.10)

and assume a potential of the shape

V (x) =
m

2
ω2
xx

2 +
m

2
ω2
y,z(y

2 + z2) + v0e
−σx2 + iΓ̃xe−ρx

2

. (3.11)

It consists of a three-dimensional harmonic trap with trapping frequencies ωx for the x
direction and ωy,z for the two remaining spatial coordinates. To form a double well it is
superimposed with a Gaussian barrier in x direction. This results in the one-dimensional
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Figure 3.6.: Visualisation of the PT -symmetric external potential in x direction. The
real part (solid line) defines the confinement of the condensed atom cloud,
and the imaginary part (dashed line) describes the in-/outcoupling of atoms.

projection of the potential as shown in figure 3.6. It is obvious that the barrier has its
maximum at x = 0. Its height is v0 and the width of the Gaussian is given by σ.
The imaginary contribution of strength Γ̃ is an effective description of a gain or loss of
atoms. As can be confirmed by a simple calculation the external potential (3.11) is PT
symmetric. As in the case of the double-delta trap we concentrate on the effects of the
PT -symmetric external potential and will keep the equations as simple as possible.

With the length scale a0 =
√

~/2mωx defined by the trap frequency in the direction
of the double well and the unit of energy E0 = ~2/2ma2

0 the dimensionless potential
assumes the form

V (x) =
1

4
x2 +

1

4
ω2
y,z(y

2 + z2) + v0e
−σx2 + iΓxe−ρx

2

. (3.12)

Then the dynamics is governed by the time-dependent Gross-Pitaevskii equation. To
obtain stationary solutions we solve its time-independent variant, viz.(

−∆ + V (x)− g|φ(x)|2
)
φ(x) = µφ(x) , (3.13)

where the chemical potential µ has been introduced with the usual ansatz ψ(x, t) =
φ(x)e−iµt. For the following calculations we keep the parameters v0 = 4 and σ = 0.5
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fixed. The width parameter ρ of the imaginary gain-loss potential is chosen to be

ρ =
σ

2 ln(4v0σ)
. (3.14)

This choice guarantees that the extrema of the real and imaginary potential parts coin-
cide, as is illustrated in figure 3.6. A one-dimensional description is obtained with the
potential

V (x) =
1

4
x2 + v0e

−σx2 + iΓxe−ρx
2

, (3.15)

in which only the x direction is considered and all y and z terms are removed. Obviously
it contains all the relevant information about the PT symmetry.

3.2.2. Variational Gaussian and numerically exact approach to the
solutions of the Gross-Pitaevskii equation

We use two methods to solve the time-dependent and time-independent Gross-Pitaevskii
equations (2.8) and (3.10). One is a Gaussian variational method [139–141]. It has been
shown to provide highly precise stationary states with low numerical effort [142–144].
Since in our work it is applied for the first time to Bose-Einstein condensates in a
PT -symmetric complex potential we compare it to numerically exact solutions of the
Gross-Pitaevskii equation in the one-dimensional case, in which the numerically exact
wave functions can be integrated with a reasonable effort.

We use both methods to obtain only the two lowest modes with real energy, the
ground state and the first excited state, as well as the two complex eigenvalue solutions
with lowest real parts. Of course, the double-well potential has infinitely many states,
which with increasing energy more and more converge to the equidistant levels of the
harmonic oscillator in the linear case g = 0. It turned out, however, that only the
states mentioned above are of interest. Further states differ considerably in energy, do
not undergo bifurcations with those considered here, and are drastically less affected by
the gain-loss contributions. Thus, they will not be considered in this and the following
chapters.

The idea of the Gaussian variational method consists of the restriction to a Gaussian
shaped wave function,

ψ(z,x) =
2∑

k=1

e−[Ak
x(x−qkx)2+Ak

y,z(y2+z2)]eipkx(x−qkx)−ϕk

, (3.16)

described by a small set of variational parameters, viz.

z(t) =
{
Akx(t), A

k
y,z(t), q

k
x(t), pkx(t), ϕ

k
}
. (3.17)

In the case of the PT -symmetric double-well setup it is reasonable to start with two
Gaussian wave functions, where each of them is located in one of the wells. The widths of
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3. A model for a PT -symmetric Bose-Einstein condensate

the Gaussians are determined by the complex parameters A1
x, A

2
x, A

1
y,z and A2

y,z. Since
the relevant dynamics only affects the x coordinate and the trap was assumed to be
symmetric in y and z directions, we include in our ansatz the same symmetry for the
Gaussian wave functions. The positions and corresponding momenta of both Gaussians
are determined by the real coordinates q1

x, q
2
x, p

1
x and p2

x. The amplitudes and phases are
introduced via the complex variables ϕ1 and ϕ2. This leads in total to 16 real parameters
completely defining the condensate wave function. Reducing the model to one dimension
we end up with twelve real variables.

Certainly, the ansatz (3.16) cannot solve the time-dependent Gross-Pitaevskii equation
(2.8) exactly. One way to find the“best”approximative solution with a wave function re-
stricted to the Gaussian form (3.16) is the application of the McLachlan time-dependent
variational principle [139],

δI = δ||iχ(z(t),x)−Hψ(z(t),x)||2 !
= 0 . (3.18)

In this procedure the variation with respect to the parameters in the wave function χ is
performed such that the functional I is minimised. In a second step one sets ψ̇ ≡ χ and
obtains the equations of motion, which in our case are of the form

Ȧkx = −4i
(
(Akx)

2 + (Aky,z)
2
)

+ iV k
2;x , (3.19a)

Ȧky,z = −4i
(
(Akx)

2 + (Aky,z)
2
)

+ iV k
2;y,z , (3.19b)

q̇kx = 2pkx + skx , (3.19c)

ṗkx = −Re vk1;x − 2 ImAkxs
k
x − 2 ReV k

2;xq
k
x , (3.19d)

ϕ̇k = ivk0 + 2i(Akx + Aky,z)− i(pkx)
2

− ipkxs
k
x + iqkxv

k
1;x + iqkxV

k
2;xq

k
x , (3.19e)

with

skx =
1

2
(ReAkx)

−1(Im vk1;x + 2 ImV k
2;xq

k
x) . (3.19f)

The equations of motion (3.19a)-(3.19f) contain effective potential terms v = (v1
0, . . . ,

v1
1;x, . . . , V

1
2;x, . . . ) which are obtained from a system of linear equations, Kv = r, where

the matrix K contains weighted overlap integrals of the Gaussians and the vector r
consists of weighted Gaussian averages of all potential terms including the nonlinearity.
The detailed form can be found in [131]. The dynamics of the condensate wave function
is found by solving the ordinary differential equations (3.19a)-(3.19f) with a Runge-Kutta
algorithm [145].

Stationary states or solutions of the time-independent Gross-Pitaevskii equation are
found by the requirements Ȧkx = Ȧky,z = q̇kx = ṗkx = 0 (12 conditions for real numbers),
ϕ̇1 = ϕ̇2 (2 conditions). In the case of the double-delta trap we mentioned already the
importance of normalised wave functions. Thus, we add the constraint ||ψ|| = 1. Due
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3.2. A Bose-Einstein condensate in a realistic double-well setup

to the arbitrary global phase one of the 16 Gaussian parameters introduced above is
free and 15 parameters must be varied to fulfil the 15 conditions. This is done with a
15-dimensional root search by applying a Powell hybrid method [145]. If we consider a
one-dimensional condensate the root search reduces to 11 conditions which have to be
fulfilled by 11 appropriately chosen parameters. This small difference exemplifies the
high scalability of the variational Gaussian method. The increase of the dimension from
one to three or a better flexibility due to a superposition of more than two Gaussians
leads only to a moderate increase of the numerical effort.

The numerically exact integrations are carried out for the one-dimensional setup,
where the computational costs are reasonable. Similar to the procedure in the double-
delta case the stationary wave functions are integrated outward from x = 0 in positive
and negative direction using a Runge-Kutta algorithm with initial values Reψ(0), ψ′(0) ∈
C, and µ ∈ C. They have to be chosen such that the five conditions ψ(∞) → 0,
ψ(−∞) → 0, and ||ψ|| = 1 are satisfied. The conditions define square-integrable and
normalised wave functions, i.e. the stationary states we are interested in.

3.2.3. Stationary states in one dimension

Figure 3.7 shows the results of the solution of the one-dimensional Gross-Pitaevskii
equation. Let us, again, first concentrate on the linear case g = 0, which exhibits the
typical behaviour known from other PT -symmetric systems [top curve in (a) and right-
most curve in (b)]. Below a critical value ΓEP ≈ 0.04 of the gain-loss parameter Γ we
find two real eigenvalues, corresponding to a ground state with completely symmetric
wave function for Γ = 0 and an excited state, of which the wave function is completely
antisymmetric for Γ = 0. At ΓEP ≈ 0.04 the two solutions merge in an exceptional point,
where we have confirmed that indeed the wave functions become identical. Increasing
Γ further we obtain two complex conjugate solutions. We also note that the agreement
between the Gaussian approximation and the numerically exact solution is excellent.

Obviously the real eigenvalues do not vanish in the case g 6= 0. This is an important
result since it indicates a persistence of the PT symmetry in the nonlinear quantum
system. Non-decaying states are present. As derived in section 2.2.2 and checked for the
double-delta potential in section 3.1.2 the corresponding wave functions must be PT
symmetric. Can this also be seen in the spatially extended double well? The answer to
this question is given in figures 3.8 (a) and (b), which show the wave functions belonging
to both real eigenvalues for g = 0.2 and Γ = 0.03. The square moduli are symmetric
functions of x. This confirms that the case of exact PT symmetry is fulfilled.

There are also, as in the linear case, states with complex eigenvalues and we know
that these complex eigenvalue solutions belong to PT -broken wave functions. This
behaviour has been found to be present for the double-delta trap. Again, it is found in
the double-well potential, cf. figures 3.9 (a) and (b). This has the crucial impact on the
nonlinear Gross-Pitaevskii equation that the square moduli of the wave functions are
not symmetric functions of x and the PT symmetry of the Hamiltonian is destroyed.
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Figure 3.7.: Eigenvalues of the time-independent Gross-Pitaevskii equation for different
values of the nonlinearity g in dependence of the gain-loss parameter Γ.
With increasing g the real part of the energies decreases. The Gaussian ap-
proximation (solid lines) and the numerically exact solutions (dashed lines)
are shown. Vanishing imaginary parts are not plotted. Two solutions with
real eigenvalues are obtained up to a value ΓEP ≈ 0.04, where they merge
in an exceptional point. Two additional solutions with complex eigenvalues
are obtained starting at a critical value Γcr, where Γcr < ΓEP for g 6= 0.
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Figure 3.8.: Wave functions of the ground (a) and excited (b) eigenstates with real eigen-
values in the case g = 0.2 and Γ = 0.03. Only the Gaussian solutions are
shown since they are almost identical with the numerically exact values.
The square moduli of both wave functions are symmetric functions of x,
preserving the PT symmetry of the nonlinear Hamiltonian.
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Figure 3.9.: Wave functions of the complex eigenvalue solutions with negative (a) and
positive (b) imaginary part in the case g = 0.2 and Γ = 0.03. Again only the
Gaussian wave functions are shown. The square moduli are not symmetric
functions of x and destroy the Hamiltonian’s PT symmetry.
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3.2. A Bose-Einstein condensate in a realistic double-well setup

In section 3.1.2 we discussed a further crucial difference between the linear and the
nonlinear system. In the linear case g = 0 the two complex eigenvalue solutions emerge
exactly at the critical value ΓEP at which the non-decaying eigenstates with real eigen-
values vanish. This does not hold for the nonlinear system, i.e. for g 6= 0. In the latter
case the complex eigenvalue solutions are born at a value Γcr < ΓEP. At the excep-
tional point ΓEP only the real eigenvalue states vanish and new complex solutions do
not appear. In figure 3.7 we observe exactly the same behaviour, which thus seems to
be very generic. The effect can be related to the non-analyticity of the nonlinearity in
the Gross-Pitaevskii equation and will be discussed in detail in chapter 4.

The critical parameter Γcr, at which the wave functions breaking the PT symmetry of
the potential appear, is shifted to lower values for increasing g. For the strongest value
of the nonlinearity g = 0.3 chosen in figure 3.7 this results in a new scenario. Now there
is no bifurcation from one of the real eigenvalue states at all. Symmetry breaking states
are present for any value of Γ, even without any gain-loss effect. The symmetry breaking
states for Γ = 0 are well known [146]. They possess real energies with values below those
of the two symmetric states. Due to the attractive nonlinearity it is more favourable for
the wave function to concentrate in one of the two wells. According to the potential’s
symmetry there exist two degenerate solutions, one with predominant probability in the
left well and its reflected counterpart. As soon as the gain-loss parameter Γ is switched on
these two wave functions develop into two PT -broken states with complex and complex
conjugate eigenvalues µ.

The different values ΓEP at which the solutions with real eigenvalues merge and vanish,
and Γcr at which those with complex complex eigenvalues are born leads to an interval
Γcr < Γ < ΓEP in which both types of solutions, viz. PT -symmetric and PT -broken
states, coexist. It has turned out that this is most conveniently summarised and discussed
in the form of a phase diagram [131]. It is shown in figure 3.10. The appearance of the
PT -broken states does not only depend on the strength of the gain-loss parameter Γ. It is
also crucially influenced by the strength of the nonlinearity. The stronger the nonlinearity
g is chosen the lower is the critical value Γcr at which the PT -broken eigenstates emerge.
This is indicated by the elliptic line separating the blue region with only PT -symmetric
states and the green area in which both PT -symmetric and PT -broken eigenstates are
found. Beyond the value ΓEP, which only weakly depends on g, the PT -symmetric states
vanish and only the PT -broken states are present. Two degenerate symmetry-broken
wave functions are found already for Γ = 0 if the nonlinearity g is attractive and strong
enough as mentioned above.

3.2.4. Three-dimensional calculations and the importance of the
one-dimensional solutions

Since only the x coordinate is important for the PT symmetry of the potential (3.11) it is
not surprising that the one-dimensional calculations considered so far already cover qual-
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Figure 3.10.: In dependence of the gain-loss parameter Γ and the nonlinearity g three
different regimes appear, in which only PT -symmetric or only PT -broken
states are present, or both types of solutions coexist.

itatively all relevant effects. However, we want to go one step further and ask whether
the one-dimensional calculations are also capable of providing precise quantitative pre-
dictions for a completely three-dimensional setup. To do so, we investigate simple but
plausible assumptions on the two remaining directions and their influence on the energy
eigenvalues. We will show that these assumptions lead to simple relations between the
one-dimensional and the three-dimensional setup. The agreement of these relations with
the fully three-dimensional calculation is very good.

The first effect of the two additional directions is clearly the interaction of the atoms in
the condensate with the trapping potentials defined by the trap frequency ωy,z in (3.12).
If we assume that only the ground state of the corresponding oscillators is occupied,
which is reasonable in the condensed phase, we obtain an energy shift by a value of
∆µ = ωy,z = 2 in the units introduced in section 3.2.1.

Since the Gross-Pitaevskii equation (3.10) contains also the nonlinear scattering term
we have to take into account the normalisation integral for the energy contribution of
the s-wave contact interaction. An estimate of the difference between the one- and three-
dimensional contact energies can be extracted from its expectation value. We wish to
describe the three-dimensional setup by an equivalent one-dimensional model, and thus

40



3.2. A Bose-Einstein condensate in a realistic double-well setup

we demand that the expectation values of both contact energies are identical, viz.∫
R3

dx dy dz g3D|ψ3D(x)|4 !
=

∫
R

dx g1D|ψ1D(x)|4 . (3.20)

This leads to the relation

g3D =
4π

ωy,z
g1D (3.21)

between the value g1D which has to be used in the one-dimensional model such that it
results in the same contact energy as a three-dimensional wave function with g3D. Again,
we assumed that the harmonic oscillator ground state with its wave function ψ0 is a good
approximation for the directions y and z. Furthermore, we used the product ansatz

ψ3D(x) ≈ ψ1D(x)ψ0(y)ψ0(z) . (3.22)

Of course, these simple considerations are only correct in the linear form of the Gross-
Pitaevskii equation (3.10), i.e. with g = 0. However, in figure 3.11 we observe a remark-
able agreement between the one-dimensional results based on the simple assumptions
and the results of the fully three-dimensional calculations even for nonlinearities as large
as g1D ≈ 0.3. It is almost impossible to identify the differences.

In a further step one may assume that the one-dimensional description even becomes
better when the geometry of the setup is designed to favour the spatial extension in
only the x direction. The previous calculations for the three-dimensional potential were
carried out with a constant trapping frequency of ωy,z = 2. The trapping frequencies
influence the condensate’s shape, and thus it is expected that they have an impact on
how precise the stationary solutions in one dimension can be transferred to solutions in
three dimensions. The limit ωy,z → ∞ effectively describes the one-dimensional poten-
tial because the widths of the wave function in y and z directions must vanish. Therefore
the behaviour in the three-dimensional potential can be predicted more accurately by
the one-dimensional solutions for higher values of ωy,z. Figure 3.12 confirms the con-
vergence of the energy eigenvalues in the three-dimensional potential to the solutions in
one dimension with increasing ωy,z. What is shown is the value of the ratio

rµ =
µ3D −∆µ

µ1D

=
µ3D − ωy,z

µ1D

. (3.23)

If the solutions in three dimensions are exactly described by the product ansatz (3.22)
the ratio will be equal to one. Indeed, we observe convergence to unity for increasing
values of ωy,z.

The convergence in the limit ωy,z → ∞ is expected. What is, however, of greater
interest is, at which values of the trapping frequencies the one-dimensional model be-
comes sufficiently accurate. We see from figure 3.12 that in particular for the stationary
solutions with real eigenvalues, i.e. the PT -symmetric states, one has rapid convergence.
To achieve a good agreement between the solutions in one and three dimensions it is
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Figure 3.11.: The real (a) and nonvanishing imaginary (b) parts of the energy eigenvalues
of the one-dimensional model (thick dotted lines) are compared with the
fully three-dimensional calculations (thin solid lines). One observes a very
good quantitative description by the simple one-dimensional treatment of
the system. The differences can hardly be seen in the graph.
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Figure 3.12.: Real part of the ratio (3.23) as a function of ωy,z for the ground state ψg,
the excited state ψe, and the PT -broken states ψn/p. All calculations are
carried out for a nonlinearity of g3D = 1.2π/ωy,z, i.e. g1D = 0.3. For higher
values of ωy,z the ratio converges to unity, i.e. the agreement between the
solutions in one and three dimensions becomes better and better. The
PT -symmetric solutions converge faster than the PT -broken solutions.

obviously sufficient to choose a trapping frequency ωy,z which is larger than that for the
x direction, i.e. in the units used for our calculation ωy,z > 1. This is remarkable since
this does by far not mean that we are investigating a quasi one-dimensional setup. The
spatial extension in y and z directions may be comparable to that in x direction and it
is still possible to extract quantitatively correct values from a simple and numerically
less expensive one-dimensional calculation.
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4. Branch points in the nonlinear
Gross-Pitaevskii equation for
systems with gain and loss

The eigenvalue spectra found in figures 3.3 and 3.7 revealed a structure which might
be, at first glance, surprising. For different values of the gain-loss parameter both the
double-delta trap discussed in section 3.1 and the spatially extended double well from
section 3.2 possess a different number of stationary states. Obviously the strength of the
corresponding gain-loss parameter has an influence on the number of possible solutions.
There are bifurcation points at which two real eigenvalues merge and vanish without
the appearance of new states, and there are further points at which complex conjugate
eigenvalues are born without other states disappearing. On the one hand this observation
is in contradiction to the known behaviour of linear PT -symmetric quantum systems,
where complex conjugate eigenvalues always appear exactly when two real eigenvalues
vanish. The number of states is always preserved. On the other hand bifurcation points
are well studied in nonlinear systems. From these studies one is also used to a preserved
number of states. Only changes from real to complex eigenvalues or a change in the
stability of some of the states are usually observed.

From a mathematical point of view the structures shown in figures 3.3 and 3.7 seem to
be unsatisfactory. However, it is possible to give a simple explanation for the observed bi-
furcation scenarios. Its origin can be traced to the non-analyticity of the Gross-Pitaevskii
equation. The square modulus in the nonlinear term g|ψ|2 is responsible for the discon-
tinuity in the number of states. This is shown by appropriate analytic continuations in
section 4.1. They not only help to reveal the full structure at the bifurcation points,
they also allow for “complete” spectra, in which states that seem to be missing in figures
3.3 and 3.7 are added. Additionally, the techniques of the continuations provide the
necessary tools to identify the nature of the bifurcation points in terms of exceptional
points [1, 36, 37], which is done in section 4.2.

Since the qualitative effects are identical for the double-delta trap and the spatially
extended double well we restrict the discussion in this chapter to the simpler system,
viz. the double-delta potential. This will provide the most illustrative description. Most
of the results discussed here have been published already in references [129, 130, 147]
and the chapter is based on these publications. A similar discussion for the spatially
extended double well has been done in references [118, 131], and demonstrates that the
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Figure 4.1.: Real parts [(a), (c)] and imaginary parts [(b), (d)] of the eigenvalues κ of the
full nonlinear equation (3.3) as functions of the gain-loss parameter γ for a =
2.2 and the two values of the nonlinearity parameter g = 1.00 [(a) and (b)]
and 0.15 [(c) and (d)]. Solid lines denote purely real eigenvalues, dashed lines
complex conjugate eigenvalues. For g 6= 0 the complex conjugate eigenvalues
bifurcate from the ground state branch at γcr before the branch point γEP

where the two real solutions coalesce. Between γcr and γEP the PT -broken
and the PT -symmetric branches coexist.

origin of the properties found for the double-delta system is not a peculiarity of the
potential.

4.1. Analytic continuation

Figure 4.1 recapitulates the essential properties of the eigenvalues κ for different non-
vanishing values of the nonlinearity parameter g. For every value of g a pair of real
eigenvalues exists up to some value γEP, where they coalesce at a branch point. Pairs of
complex conjugate eigenvalues emerge at critical values γcr < γEP, where γcr decreases
for increasing g. All examples have been calculated with g ≥ 0, for which the complex
conjugate eigenvalues bifurcate from the ground state. Note that this is the upper
branch in figure 4.1 since κ and not the energy E = −κ2 is plotted. For g < 0 the
complex eigenvalues branch off from the excited state. For sufficiently large nonlinearity
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these solutions already appear for γ = 0. Thus one has ranges of γ where two real and
two complex conjugate eigenvalues coexist. The branching-off from the real eigenvalue
changes continuously from the branch for g = 0.

4.1.1. A simple analytic continuation exploiting the symmetry of
the wave functions

Pairs of complex conjugate eigenvalues emerge at the branch points only when the non-
analytic term |ψ(x)|2 in the Gross-Pitaevskii equation (3.3) is continued beyond the
branch points. To do so we exploit in a first step the PT symmetry of the wave functions
belonging to the real eigenvalue solutions. The choice of the arbitrary global phase of
the wave functions shown in figure 3.4 has been such that

PT ψ(x) = ψ∗(−x) = ψ(x) (4.1a)

or in other terms

PT ψ∗(x) = ψ(−x) . (4.1b)

The formulation (4.1b) opens now a simple possibility for a continuation of the branches
representing the PT -symmetric states. For these states we may apply the replacement

g|ψ(x)|2 → g ψ(x)ψ(−x) , (4.2)

which turns the non-analytic nonlinearity into an analytic function. Obviously the PT -
symmetric states will not be affected by this replacement since they fulfil exactly the
symmetry (4.1b). Beyond the branch point γEP the analytic form allows for additional
solutions not available with the correct Gross-Pitaevskii nonlinearity g|ψ(x)|2. To calcu-
late them we introduce the substitution (4.2) at all places in which the square modulus
appears. We require, however, that the new wave functions fulfil the same conditions as
in the non-continued case. In particular, they have to be normalised to unity. With the
replacement (4.2) the norm condition reads∫ ∞

−∞
ψ(x)ψ(−x)dx

!
= 1 , (4.3)

and has obviously two components. The integral may now assume a complex value.
Thus, one has to add the condition that its imaginary part must vanish. This condition
fixes the global phase of the wave function. It is no longer arbitrary. However, this
does not contradict the free choice of the global phase we applied in section 3.1.2. Only
with this choice, viz. that the wave function is real at the origin, the symmetry relation
(4.1b), which was the starting point of our considerations in this section, is possible.
Consequently, it turns out that numerically obtained PT -symmetric wave functions for
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4. Branch points in the nonlinear GPE for systems with gain and loss

real eigenvalues with the replacement (4.2) and the requirement (4.3) have a global phase
exactly fixed to Imψ(0) = 0.

The method introduced above leads to a slightly modified numerical procedure as
compared to section 3.1.2. The wave function is integrated outward from x = 0 with
six initially chosen values, viz. the real and imaginary parts of ψ(0), ψ′(0), and κ. In
addition to the two real requirements (4.3) the real and imaginary parts of ψ still have
to vanish for x→ ±∞, which results in a six-dimensional root search.

The result of this procedure is illustrated in figure 4.2. The analytic continuation
shows that the number of solutions does not change at the branch point γEP. Two
additional solutions are obtained (dotted lines). The real and imaginary parts of the
corresponding wave functions and their moduli are shown in figure 4.3. Obviously the
states are no longer PT symmetric. Their imaginary part at the origin does not vanish,
which is a result of the fixed global phase.

The results so far demonstrate that the inconsistency in the number of solutions
can be related to the non-analytic character of the nonlinearity in the Gross-Pitaevskii
equation. With a simple analytic continuation especially designed for a continuation of
PT -symmetric states it was possible to find a complete picture at one branch point, at
which the number of states could be conserved. The continuation applied so far had the
advantage that it was simple and could be found with apparent symmetry arguments.
However, it still has two major drawbacks. The first is connected with the PT -broken
states with complex eigenvalues. These states do not fulfil the symmetry (4.1b), and
thus are not available with the substitution (4.2). To obtain all states shown in figure
4.2 two different equations have to be solved! The second drawback lies in the second
branch point γcr. Even with the continuation applied so far the number of states is less
for γ < γcr. The pair of complex eigenvalues bifurcating from the ground state at γcr

seem to come about without real-valued precursors. It will be the topic of section 4.1.2
to apply a full analytic continuation eliminating these two drawbacks.

4.1.2. Full analytic continuation

The procedure of the full analytic continuation [45, 112] is to express all complex quan-
tities by two real-valued functions, either amplitude and phase, or real and imaginary
parts. The non-analytic Gross-Pitaevskii equation then decomposes into two coupled
real-valued differential equations which can be continued analytically by allowing all
variables to obtain complex values.

We write for the wave function, the double-well potential and the eigenvalue

ψ = ψr + iψi , (4.4)

V = Vr + iVi , (4.5)

and κ = κr + iκi , (4.6)

respectively. Inserting this separation into the Gross-Pitaevskii equation and sorting the
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Figure 4.2.: Real (a) and imaginary (b) parts of the eigenvalues κ for the states appearing
at g = 1 for different values γ. Using the substitution |ψ(x)|2 → ψ(x)ψ(−x)
the analytic continuation beyond the branch point γEP of the two real PT -
symmetric eigenvalue states is obtained (dotted lines).
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that Im Ψ(0) 6= 0.
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4.1. Analytic continuation

real and imaginary contributions leads to

−ψ′′r + Vrψr − Viψi − g(ψ2
r + ψ2

i )ψr = κrψr − κiψi , (4.7a)

−ψ′′i + Vrψi + Viψr − g(ψ2
r + ψ2

i )ψi = κrψi + κiψr . (4.7b)

The full analytic extension is implemented by allowing these real and imaginary parts
of the wave functions and eigenvalues to become themselves complex:

ψr = ψrr + iψri , (4.8a)

ψi = ψir + iψii , (4.8b)

κr = κrr + iκri , (4.8c)

κi = κir + iκii . (4.8d)

This extension allows for continuing both the PT -symmetric and the PT -broken states
beyond the corresponding branch points. The numerical procedure to find the solutions
of the system of equations (4.7) is identical to that introduced in section 3.1.2. The initial
values for ψr(0), ψ′r(0), ψ′i(0), and the two parts of the eigenvalue κr and κr have to be
chosen such that ψr and ψi vanish for x→ ±∞ and the norm fulfils

∫
(ψ2

r + ψ2
i ) dx = 1.

Since all variables are complex numbers this results in 10 values which have to chosen
in a root search such that 10 conditions are satisfied. The choice for the global phase
introduced in section 3.1.2 is not affected by the analytic extension.

When plotting the eigenvalues we recombine the 4 real quantities κrr, κri, κir, κii into
the real and imaginary parts of κ, i.e.

κ = (κrr − κii) + i(κri + κir) = Re(κ) + i Im(κ) . (4.9)

For the value of the nonlinearity parameter g = 1 the results for Re(κ) and Im(κ) are
shown in figure 4.4. In addition to the two branches, which have already been uncovered
with the previous ansatz, there are indeed two new branches of real-valued κ for γ ≤ γcr.
They merge at γcr and give rise to the complex conjugate pair of eigenvalues. Moreover,
these two solutions are present even at γ = 0, where they refer to two degenerate
eigenvalues.

It is remarkable that the spectra of the two additional states obtained by the analytic
continuation become very similar to the spectra of the original PT -symmetric solutions
when g is decreased. This is demonstrated in figure 4.5, where the spectra shown should
be compared with those in figure 4.1. There is, however, one difference: the two addi-
tional solutions are degenerate at γ = 0 for any g 6= 0, while the eigenvalues of the two
original PT -symmetric states always have different values at this point.

For g > 0 the wave functions of the analytically continued states shown in figure
4.5 differ of course from those of the original real eigenvalues. They are illustrated for
g = 1.0 in figure 4.6 for a few values of 0 ≤ γ ≤ γcr to show their structure.

For 0 < γ < γcr the complex extended wave functions possess four nonvanishing
components. Nevertheless they are eigenfunctions of PT throughout in that their real
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Figure 4.4.: Real Re(κ) (a) and imaginary Im(κ) (b) parts of the spectra after the analyt-
ical extension for g = 1. The red solid and green dashed lines represent the
PT -symmetric and PT -broken states already known without any analytic
continuation. The new states visible with the full analytic continuation
(4.8a)-(4.8d), and the recombination (4.9) of the energies are marked by
blue dotted lines. With these continued states the number of states does no
longer change with γ.

52



4.2. Exceptional point behaviour

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4  0.45

R
e
(κ

)

γ

g = 0.15
g = 0.10
g = 0.05
g = 0     

Figure 4.5.: Eigenvalues of the two branches emerging at γcr in the analytic continuation
for g = 0.15 (red solid lines), g = 0.10 (green dashed lines), and g = 0.05
(blue dotted lines). For comparison the spectra of the PT -symmetric states
without the nonlinear term (g = 0) are also displayed.

parts Re(ψ) are symmetric and their imaginary parts Im(ψ) antisymmetric. Note that
there is a nonvanishing imaginary part ψri due to the analytic continuation even at
γ = 0. At this point the two wave functions are associated with the same energy value
as κii = 0, i.e. there is a genuine degeneracy, which is in contrast to the wave functions of
the other two energies appearing for γ = 0. The imaginary part ψii tends to zero when
γcr is approached while another imaginary part ψir – not due to the analytic continuation
– emerges. At γcr, the two wave functions become equal to themselves and to the third
(original) state with which they coalesce. From this point onwards the states are found
without the complex extension, in fact the parts invoked from the extension vanish. Note
also, that the additional real part ψii switches on and off at the endpoints of the interval
[0, γcr] similarly to the behaviour of κii.

4.2. Exceptional point behaviour

As pointed out above the three eigenfunctions are identical at the point γcr. Therefore
the question arises whether or not this point is a third-order exceptional point. This
is a crucial difference between the nonlinear Gross-Pitaevskii equation [112, 129–131]
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Figure 4.7.: Exceptional point behaviour: (a) Circle according to equation (4.10). For
ϕ = 0 we have γ = 0.312 and the three states exist without complex con-
tinuation. The red square marks the ground state with real κ. Its trace
on the parameter space circle is represented by the red solid line. The two
states with positive and negative imaginary parts of the eigenvalues κ are
represented by the blue triangle (blue dotted line for ϕ 6= 0) and the green
circle (green dashed line), respectively. (b) The same for the circle defined
in equation (4.12), where the asymmetry parameter is varied.

and linear PT -symmetric quantum systems, in which this additional point does not
appear. As introduced in section 2.1.2 exceptional points are isolated singularities of
the spectrum in the physical parameter space. We denote by EP2 the point where two
states coalesce, i.e. their eigenvalues and their wave functions are identical; similarly, an
EP3 denotes the point where three states coalesce (cf. section 2.1.2).

As a function of the parameter the levels and state vectors have typically a square root
singularity at an EP2 and a cubic root singularity at an EP3. There are, however, special
cases in which an EP3 exhibits features, which indicate a square root branch point [77]
and special care has to be taken, when exceptional points are to be identified by their
impact on the spectra. In the usual case, in which the correct root is observed the
eigenvalues and the wave functions are interchanged at an EP2 (up to a possible phase
of the latter, see e.g. [75]) when the exceptional point is encircled on a closed contour in
parameter space. The three identical wave functions at γcr indicate an EP3, i.e. a cubic
root branch point. For a closed contour around this point a cyclic permutation of all
three eigenvalues and eigenfunctions is then expected.

To test numerically the precise character of the exceptional point one parameter must
be extended into the complex plane. Confirmation is obtained by encircling the point
of coalescence and checking the appropriate change of the eigenvalues and state vectors.
Figure 4.7 (a) shows the result for a nonlinearity of g = 1 when the point γcr ≈ 0.308 is
encircled in the complex extended γ plane according to

γ(ϕ) = 0.308 + 0.04eiϕ , ϕ = 0 . . . 2π . (4.10)
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4. Branch points in the nonlinear GPE for systems with gain and loss

One clearly sees that only the two complex eigenvalues interchange while the ground
state remains unaffected. The same holds for the corresponding eigenfunctions. It
thus appears that we deal with an EP2 corresponding to the merging of the two new
eigenvalues.

However, as mentioned above this is not a clear identification of an EP2. For every
EP3 there exists at least one special parameter variation under which it looks like an EP2
[77]. To uncover the true nature of the point at γcr we introduce a second and completely
independent parameter variation. When we allow an arbitrarily small asymmetry for the
real part of the double-well potential by considering

Vasym = A [δ(x− a/2)− δ(x+ a/2)] , (4.11)

and encircle now the branch point around A = 0 in the complex extended A plane along
the line

A = 0.04eiϕ , ϕ = 0 . . . 2π , (4.12)

figure 4.7 (b) clearly points to an EP3. We stress that any other perturbation would pro-
duce the same result: the apparent EP2 which does not involve the third state becomes a
true EP3 nesting together all three states as soon as the problem becomes disturbed, no
matter of what nature and how small the disturbance may be. This behaviour is similar
to that of a study of a simple matrix model by Demange and Graefe [77] where three coa-
lescing eigenvectors can exhibit both the behaviour of second- or third-order exceptional
point depending on the choice of parameters. The same behaviour has also been found
in the investigation of pitchfork bifurcations occurring in Bose-Einstein condensates with
dipolar interaction [78].

At this point its worthwhile to mention that simple matrix models covering all features
of the nonlinear Gross-Pitaevskii equation can be constructed. These contain either
only the three states forming the EP3 [147] or all four states of the double-delta model
[118, 148]. Since these models allow for analytical expressions in many cases studied here,
they help to get even more insight into the mathematical structures of the eigenvalues.

56



5. Stability of the stationary states

In sections 3.1.2, 3.2.3, and 3.2.4 we found stationary states of a Bose-Einstein condensate
trapped in the attractive double-delta potential as well as in the more realistic spatially
extended double well. Even though it is possible to show that these states exist under
experimentally accessible conditions for the condensate and the trap, this does not give
a definite answer to the question whether or not a condensate trapped in a double-
well structure with PT -symmetric gain and loss contributions will be observable in an
experiment. It will only be observable if the eigenstates are dynamically stable with
respect to quantum fluctuations. The first step to understand the dynamical properties
of the condensate wave function is a linear stability analysis. This is the subject of this
chapter.

We will first introduce the stability analysis in terms of the Bogoliubov-de Gennes
equations in section 5.1 and then study the stability of the stationary states in section
5.2. This will uncover an unexpected behaviour of the stability change close to the
critical point at which the PT -broken states branch off from one of the truly stationary
real eigenvalue states, which will be analysed in detail in section 5.3.

Parts of this chapter are based on articles which have already been published in refer-
ences [131, 132]. Other parts are newer work, which has been submitted for publication
[149, 150]. Parts of the data for the spatially extended double well have been produced
together with Dennis Dast and Daniel Haag during their Master’s theses [134, 135] and
parts of the numerical calculations for the double-delta system have been done together
with Andreas Löhle during his Bachelor’s thesis [151].

5.1. Bogoliubov-de Gennes equations for a condensate
in a PT -symmetric double well

The linear stability is analysed by means of the Bogoliubov-de Gennes equations. Since
there is no principle difference between the one-dimensional and the three-dimensional
case the following discussion is reduced to the simpler one-dimensional form. As shown
in section 3.2.4 this is also the relevant case since it covers already all effects of the
PT -symmetric potential. Thus, the one-dimensional consideration will also be the one
which will be discussed in the following sections.

The Bogoliubov-de Gennes equations are derived under the assumption that a sta-
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5. Stability of the stationary states

tionary state ψ0(x, t) is perturbed by a small fluctuation θ(x, t), i.e.

ψ(x, t) = e−iµt [ψ0(x) + θ(x, t)] , (5.1a)

where
θ(x, t) = u(x)e−iωt + v∗(x)eiω∗t . (5.1b)

With this ansatz and a linearisation in the small quantities u and v one obtains from the
Gross-Pitaevskii equation the coupled system of the Bogoliubov-de Gennes differential
equations,

d2

dx2
u(x) =

[
V (x)− µ− ω − 2g|ψ0(x)|2

]
u(x)− gψ0(x)2v(x) , (5.2a)

d2

dx2
v(x) =

[
V ∗(x)− µ∗ + ω − 2g|ψ0(x)|2

]
v(x)− gψ∗0(x)2u(x) . (5.2b)

In equation (5.1b) it can be seen that ω decides on the temporal evolution of the
fluctuation. Real values of ω describe stable oscillations, whereas imaginary parts lead
to a growth or decay of the fluctuation’s amplitude. Thus, ω measures the stability of
the stationary solution ψ0 against small fluctuations.

Numerically the Bogoliubov-de Gennes equations are solved with the same method
as the stationary states described in section 3.1.2, i.e. the wave functions u and v are
integrated outward from x = 0. It can easily be seen that the Bogoliubov-de Gennes
equations (5.2) are invariant under the transformation u(x) → u(x)eiχ, v(x) → v(x)eiχ

with a real phase χ. Similarly to the procedure for the integration of the stationary states
this symmetry can be exploited. The remaining initial values with which the integration
has to be started are u(0) ∈ C, Re(v(0)), u′(0) ∈ C, v′(0) ∈ C, ω ∈ C. In a nine-
dimensional root search they have to be chosen such that the conditions u(±∞) → 0,
v(±∞)→ 0, and ∫ ∞

−∞
|u(x) + v∗(x)|2 dx = 1

are fulfilled [131].
Two further symmetries can be exploited to reduce the number of independent stability

eigenvalues which have to be calculated. The replacement (u, v, ω)→ (v∗, u∗,−ω∗) leaves
the ansatz (5.1b) invariant. Thus, if ω is a stability eigenvalue also−ω∗ is a valid solution.
Furthermore for every eigenvalue ω there is also one solution with the eigenvalue ω∗ if
the stationary state ψ0 is PT symmetric. This can be verified by applying the PT
operator to the Bogoliubov-de Gennes equations (5.2). Due to these two symmetries it
is sufficient to search for stability eigenvalues with Re(ω) > 0 and Im(ω) > 0.

5.2. Stability of the stationary states

We are only interested in the stability of the true stationary states with real eigen-
values. As was mentioned in section 3.1.2 the states with complex eigenvalues are no
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Figure 5.1.: Lowest stability eigenvalues of the excited states shown in figure 3.7 for
the spatially extended double well and several values of the nonlinearity
parameter g. The state exhibits only purely real eigenvalues ω, and thus is
stable as long as it exists.

stationary solutions of the time-dependent Gross-Pitaevskii equation. They grow or
decay, and immediately introduce an explicit time-dependence in the nonlinear Hamil-
tonian. By contrast, the states with real eigenvalues are true stationary solutions of the
time-dependent Gross-Pitaevskii equation, and might be observable in an experiment, if
they turn out to be dynamically stable against small fluctuations. Thus, we study their
stability properties.

Surprisingly, it is the excited state which turns out to possess the simplest stability
structure, and we discuss it first. Figure 5.1 shows the lowest stability eigenvalue of
the excited states presented in figure 3.7 for the spatially extended double well. Only
real parts are drawn since all imaginary parts vanish. This holds for almost any value
of the gain-loss parameter Γ up to the value ΓEP at which the state itself merges with
the ground state and disappears. Thus, we conclude that the excited state seems to be
stable as long as it exists. Eigenvalues of higher modes do not change this behaviour
since they stay real.

More complicated – and more interesting – is the stability behaviour of the ground
state. It is depicted in figure 5.2, in which the lowest stability eigenvalue of the ground
states from figure 3.7 are shown. For every value of the nonlinearity strength g there
is a value of Γ at which the stability changes. Below this value the eigenvalue ω is real
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Figure 5.2.: Lowest stability eigenvalues of the ground states shown in figure 3.7 for
the spatially extended double well and several values of the nonlinearity
parameter g. Up to the critical value Γcr at which the PT -broken states
branch off from the ground state the eigenvalues are real, for larger values
of Γ they turn imaginary.

and the ground state is stable. Beyond this value ω turns from real to imaginary and
renders the state unstable. A comparison with figure 3.7 shows that this point agrees
reasonably well with the critical value Γcr at which the PT -broken states branch off from
the ground state. This indicates that the emergence of the PT -broken solutions with
their growing or decaying temporal behaviour introduce a source of instability.

One may ask the question why only the ground state and not the excited state is
influenced by the instability introduced together with the appearance of the complex
eigenvalue branches. At the critical value Γcr the ground state and the two emerging
non-stationary solutions coalesce, i.e. even their wave functions are identical. Thus, they
are very similar to each other around Γcr and it seems likely that small fluctuations in
the wave function immediately introduce a significant overlap with the non-stationary
waves destroying the ground state’s stability. The ground state is affected because all
calculations have been done with an attractive nonlinearity. With a repulsive nonlinear-
ity the two complex eigenvalue modes branch off from the excited state and then also
the excited state passes through the stability change.
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5.3. Stability change close to branch points

5.3. Stability change close to branch points

It is well understandable that the complex eigenvalue solutions with their growing and
decaying temporal evolution introduce an instability of the ground state. This leads to
the expectation that the change of the stability will occur exactly at Γcr. However, it is
observed that this is not the case. The bifurcation and the stability change appear at
slightly different values of the gain-loss parameter [149].

The discrepancy between the points of bifurcation and stability change seems to be
surprising. It is also not found in all similar systems. The mean-field limit of a two-mode
approximation with a Bose-Hubbard Hamiltonian [9, 23, 24, 112] does not show this
effect. This model has, however, two crucial differences to the treatment of Bose-Einstein
condensates with the full Gross-Pitaevskii equation in section 5.2. The latter system
contains a harmonic trap in which infinitely many stationary states can be found, whereas
the nonlinear two-mode system exhibits only four states, viz. the counterparts of the
two PT -symmetric and the two PT -broken solutions visible in figure 3.7. Furthermore,
the nonlinearity derived in [9, 23] is slightly different from that of the Gross-Pitaevskii
equation. The equations of motion of the Bose-Hubbard dimer with its two modes ψ1

and ψ2 reads [112]

i
d

dt

(
ψ1

ψ2

)
=

(
g |ψ1|2
|ψ1|2+|ψ2|2 − iγ v

v g |ψ2|2
|ψ1|2+|ψ2|2 + iγ

)(
ψ1

ψ2

)
, (5.3)

i.e. the nonlinearity has the form ∼ |ψ|2/||ψ||2. Hence, it does not depend on the norm
of the wave function. Consequently, there might be two reasons for the appearance of
the discrepancy. It could have its origin in the existence of higher modes influencing the
ground state’s stability or in the norm-dependence of the Gross-Pitaevskii nonlinearity.

It is the purpose of this section to clarify this question. To do so we revisit the model of
a Bose-Einstein condensate trapped in an idealised double-delta potential. This system
is described by the Gross-Pitaevskii equation, i.e. the contact interaction has the norm-
dependent form ∼ |ψ(x, t)|2. However, it exhibits only four stationary states of which
two are PT symmetric and two are PT broken as in the two-mode model [9, 23, 24, 112].
Additionally, in a numerical study the structure of the nonlinearity can easily be changed
such that the system’s mathematical properties can be brought in agreement with the
mean-field limit of the Bose-Hubbard dimer.

5.3.1. Stability in the vicinity of the bifurcation

The relevant question which has to be answered by our calculation is whether or not the
discrepancy between the gain-loss parameters of the bifurcation and the stability change
appears for the double-δ potential. Thus, we first write down the explicit form of the
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Figure 5.3.: Real (red solid line) and imaginary (green dashed line) part of the stability
eigenvalue ω for the stationary ground state in the case g = 1. The stability
change occurs at γω ≈ 0.3138. To illustrate the bifurcation the real parts
of κ of all stationary states are also shown (blue dotted lines). The value
γcr ≈ 0.307 is marked by the black dashed-dotted line. Obviously there is a
discrepancy between both values.

Bogoliubov-de Gennes equations of the system,

d2

dx2
u(x) =

[
− (1 + iγ) δ (x+ b)− (1− iγ) δ (x− b)

+ κ2 − ω − 2g|ψ0(x)|2
]
u(x)− gψ0(x)2v(x) , (5.4a)

d2

dx2
v(x) =

[
− (1− iγ) δ (x+ b)− (1 + iγ) δ (x− b)

+ (κ2)∗ + ω − 2g|ψ0(x)|2
]
v(x)− gψ∗0(x)2u(x) , (5.4b)

where we use again the energy µ = −κ2, and calculate the stability eigenvalue with
Re(ω) > 0, Im(ω) > 0 for a range of γ around the bifurcation, which is shown in figure
5.3 for g = 1. For increasing γ the eigenvalue ω switches from real to imaginary at
γω ≈ 0.3138 marking the stability change. The bifurcation is visible in the real parts of
κ of all stationary states of the system. It is marked by the black dashed-dotted line.
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Obviously there is a discrepancy between γcr and γω. The difference

∆γ = γcr − γω (5.5)

is ∆γ ≈ −0.0068.
The system does not possess any further stationary states in addition to those shown in

figure 3.3. Three of these four states are participating in the bifurcation at γcr. Only the
excited PT -symmetric solution would be able to influence the dynamics of the ground
state at a value γ 6= γω. However, it stays real for all parameters γ shown in figure 5.3
and cannot cause any qualitative different behaviour of the ground state’s dynamics.
Thus, an influence of further states can be ruled out to be the reason for the discrepancy
in the double-well system of section 3.2.

The remaining difference between the Gross-Pitaevskii equation and the two-mode
system of references [9, 23, 24, 112] is the norm-dependence of the nonlinearity. Indeed,
an influence of the norm is already present if the study done in figure 5.3 is repeated for
different values of the nonlinearity parameter g. Figure 5.4 shows ∆γ as a function of
g. A strong dependence is visible. Even the sign changes. For g / 0.4 the ground state
becomes unstable at γω < γcr. For g → 0 the discrepancy vanishes as expected.

5.3.2. Norm-independent variant of the Gross-Pitaevskii equation

An even clearer identification of ∆γ with the norm-dependence of the nonlinearity in the
Gross-Pitaevskii equation (3.3) can be given with a small modification. The replacement

g|ψ|2 → g|ψ|2∫
|ψ|2dx

(5.6)
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5. Stability of the stationary states

renders the Gross-Pitaevskii equation (3.3) norm-independent. Note that this is exactly
the form of the mean-field limit in references [9, 23, 24, 112]. Since the stationary
states are normalised to unity they are not influenced by the replacement. However,
it influences the dynamics and also the linear stability. The Bogoliubov-de Gennes
equations have to be adapted. Assuming again a small perturbation of the form (5.1a)
and (5.1b) a linearisation in u and v leads us to

d2

dx2
u(x) =

[
− (1 + iγ) δ (x+ b)− (1− iγ) δ (x− b)

+ κ2 − ω − 2g|ψ0(x)|2
]
u(x)− gψ0(x)2v(x)

− g|ψ0(x)|2ψ0(x)S , (5.7a)

d2

dx2
v(x) =

[
− (1− iγ) δ (x+ b)− (1 + iγ) δ (x− b)

+ (κ2)∗ + ω − 2g|ψ0(x)|2
]
v(x)− gψ∗0(x)2u(x)

− g|ψ0(x)|2ψ∗0(x)S (5.7b)

with the integral

S =

∫
[v(x)ψ0(x) + u(x)ψ∗0(x)] dx . (5.7c)

For a numerical solution of the modified Bogoliubov-de Gennes equations the value of
S is included in the root search, i.e. for the integration of the equations (5.7a) and (5.7c)
a value for S is guessed and subsequently compared with the result of equation (5.7c).
Since S is in general a complex value this increases the dimension of the root search to
11.

An example for a typical result is shown in figure 5.5. The discrepancy between the
γ values at which the bifurcation and the stability change occur vanishes. Both values
agree as it is expected. This is true for all values of g. Thus, we conclude that the
discrepancy appearing in figure 5.3 for the Gross-Pitaevskii equation is solely a result of
the norm-dependent nonlinearity ∼ |ψ|2 in the Hamiltonian and is not a consequence of
the interaction with higher excited states.

5.3.3. Discussion

The reason why the stability change does not occur exactly at the bifurcation can also
be understood intuitively. Figure 3.3 shows that the value γcr of the bifurcation is not
equal for all values of g. The same is true for the spatially extended double well and
has been discussed in form of the phase diagram in figure 3.10. For g = 0 the two real
eigenvalues κ vanish in a tangent bifurcation and two complex eigenvalues emerge. Only
for nonvanishing g the additional pitchfork bifurcation at γcr exists and moves to smaller
values of γ for increasing g.
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Figure 5.5.: The same as in figure 5.3 but for the modified Bogoliubov-de Gennes equa-
tions (5.7a)-(5.7c). Now the γ values at which the bifurcation and the sta-
bility change occur agree perfectly.

If now the norm of a wave function changes, this can also be understood as a variation
of g, i.e. a wave function with a norm N2 = ||ψ||2 has the same effect as a wave function
with the norm 1 and a modified value

g̃ = N2g . (5.8)

Since the values γcr are different for g and g̃ it is not surprising that a fluctuation changing
the norm of the wave function may cause a qualitative change of the condensate’s stability
properties in the vicinity of γcr.

In total the stability analysis tells us that stationary wave functions of Bose-Einstein
condensates trapped in complex PT -symmetric potential geometries exist, are stable,
and should be observable in an experiment. In particular there is at least one state –
the excited state in our example – which only exhibits real stability eigenvalues almost
as long as it exists indicating a dynamically stable condensate in a wide range of the
strength of the gain-loss contribution. To be precise, we have to add that also the excited
state suffers from a discrepancy in its stability behaviour. The effect discussed here for
the ground state also affects the exceptional point at which the two solutions with real
eigenvalues merge. Thus, it might happen that the excited state becomes unstable
shortly before it vanishes. However, this will only be restricted to a close vicinity of the
exceptional point.
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5. Stability of the stationary states

The second stationary state, i.e. the ground state in our example, shows a much more
complicated stability behaviour promising a rich variety of dynamical effects, which are
the subject of the following chapter. Its stability changes in a close vicinity of the critical
point at which the PT -broken states emerge. In the example of the spatially extended
double well this means that the blue area indicating only PT -symmetric states in the
phase diagram 3.10 approximately defines the region in phase space, in which a stable
condensed phase is possible.
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6. Dynamics of a Bose-Einstein
condensate in a PT -symmetric
double well

So far we have seen that the Gross-Pitaevskii equation of a Bose-Einstein condensate
trapped in a PT -symmetric double well possess stationary states with constant probabil-
ity density in both wells. These stationary states are identified by real energies and have
found to be stable if the gain-loss parameter and the nonlinearity are not too strong.
The stability analysis in chapter 5 suggests that the dynamical properties will depend
on a subtle interplay between the strengths of the nonlinearity and the gain-loss effect.
This will be investigated in this chapter.

Before we study the influence of the nonlinearity on the dynamics, we recapitulate the
basic dynamical properties of linear PT -symmetric quantum systems in section 6.1. To
do so, we pick up again the PT -symmetric double-delta potential of which we studied
already the stationary states in the linear case in section 3.1.1. Then we investigate
the dynamics of a Bose-Einstein condensate in the PT -symmetric double-well setup
in section 6.2, where we consider the idealised double-delta trap (section 6.2.1) and
the spatially extended potential (section 6.2.2). The critical norm-dependence of the
stability of the ground state found in section 5.3 will also have an important influence
on the dynamics. Its consequences on the dynamics in a system with gain and loss
are discussed. Furthermore, we show that the two complex eigenvalue modes of the
time-independent Gross-Pitaevskii equation branching off from the ground state, despite
being no true stationary solutions of the time-dependent Gross-Pitaevskii equation, still
possess an appreciable relevance for the dynamics in section 6.2.3. Finally, the dynamics
is shown in a Bloch sphere-representation in section 6.2.4, which helps to gain further
insight.

Again we restrict all discussions to the one-dimensional case since only the spatial
direction with the antisymmetric gain an loss is of relevance for us. Furthermore, the
discussion of the dynamics is much more illustrative in only one dimension than in a
more complicated higher-dimensional space. The discussions in this chapter are adapted
from references [130–132] in which the results presented here have already been pub-
lished. Parts of newer results have been submitted for publication in reference [149] and
will appear in a contribution to a conference proceeding [133]. Parts of the dynamical
calculations with the split operator method for the nonlinear equations have been done
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6. Dynamics of a Bose-Einstein condensate in a PT -symmetric double well

together with Daniel Haag during his Master’s thesis [135].

6.1. Dynamics of the linear double-delta system

To better understand the dynamics of a Bose-Einstein condensate subject to balanced
gain and loss it is instructive to look first at the temporal evolution of a quantum
particle described by the linear Schrödinger equation in the PT -symmetric double-delta
potential. It exhibits typical dynamical properties of these systems, and the evolution
of its probability amplitude provides a comprehensible insight.

The interesting regime in the parameter space is that in which PT -symmetric eigen-
states are present. When only growing or decaying modes exist the fate of the wave
function is clear. As soon as there is an overlap with a growing mode, i.e. a solution of
the stationary Schrödinger equation with a positive imaginary part in the energy, the
wave function will grow exponentially in time. Each overlap with a decaying mode, i.e.
an energy eigenstate with a negative imaginary contribution to the energy, will decay
exponentially and vanish. Of course, at least the exponential growth for infinite times is
not physical. It is a result of the constant imaginary potential contributions ±iγ in the
Schrödinger equation (3.5). In a realistic physical setup the gain term, e.g. the source
of condensed atoms, will be finite and the constant influx of the probability amplitude
(of particles) can only be held constant over a finite time span. Nevertheless, the only
interesting dynamics over a longer time span will be given in the PT -symmetric regime,
i.e. when the initial wave function has only overlaps with stationary states with real
energies.

The double-delta system exhibits exactly two eigenstates with real energies, viz. the
ground and excited states shown in figure 3.1. To obtain a nontrivial dynamics we use
as initial state the superposition

ψ(x, 0) =
1√
2

(ψ1(x) + ψ2(x)) (6.1)

and show its time evolution

|ψ(x, t)|2 =
1

2

∣∣ψ1(x) exp
(
iκ2

1t
)

+ ψ2(x) exp
(
iκ2

2t
)∣∣2 (6.2)

for different values of the gain-loss parameter γ in figure 6.1.
As expected for a closed two-state system, the probability density oscillates between

the two delta-function wells for γ = 0, which is shown in figure 6.1 (a). With nonva-
nishing gain and loss we notice two effects, which can be observed in figures 6.1 (b)
and (c). The frequency of the oscillation decreases, an effect which becomes stronger
and stronger as the gain-loss parameter γ is increased. Additionally, a deformation of
the oscillation is observed, the phase difference between both wells is not exactly π. At
some points in time the probability amplitude is low in both wells, at other times it is
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6.1. Dynamics of the linear double-delta system
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Figure 6.1.: Time evolution of the superposition (6.1) of the two eigenstates for different
values of the gain-loss parameter: (a) γ = 0, (b) γ = 0.35, (c) γ = 0.39,
close to the exceptional point at which both solutions vanish. Figure taken
from [130].

69



6. Dynamics of a Bose-Einstein condensate in a PT -symmetric double well

high on both sides of the barrier. This also means that the total probability amplitude,
integrated over the whole space, is not constant. This is only possible due to the gain
and loss contributions. The probability can come from or move back to an external
reservoir modelled by the imaginary potential contributions. Close to the branch point
at which the two real energy solutions merge and vanish both effects reach their extremal
cases. The oscillation frequency tends to zero and the probability density on both sides
is almost identical and pulsates. We note that a similar behaviour has already been
found by Klaiman et al. in the discussion of a wave guide with balanced gain and loss
[8].

6.2. Dynamics in the nonlinear Gross-Pitaevskii
equation with gain and loss

It is most instructive to investigate first a superposition similar to that in equation
(6.1) for the linear case. This will give us the best insight into the similarities and the
differences of the systems without and with nonlinearity. Furthermore the discussion
in the context of the double-delta potential will exhibit the strongest similarities with
the linear case of the previous section. Thus, we will first investigate the double-delta
potential before we turn to the spatially extended double well, of which the numerics
can be controlled better.

6.2.1. Gross-Pitaevskii equation with a PT -symmetric double-delta
potential

We use as initial states for the temporal evolution of a Bose-Einstein condensate in the
double-delta trap a wave function of the type

ψ(x, t = 0) =
1√
2

(φg(x) + φe(x)) , (6.3)

where φg(x) and φe(x) are the ground and excited state with real energy, respectively.
In the nonlinear system the dynamics will not be restricted to the subspace of these two
solutions, however, we will see that a discussion in this subspace will always provide an
excellent description as long as the dynamics is stable. If we prepare the condensate
in a state close to the stationary real eigenvalue solutions for values of the gain-loss
parameter below the appearance of the PT -broken states the influence of the latter is
supposed to be negligible.

A second consequence of the nonlinearity is that the temporal evolution of individual
sates in the Gross-Pitaevskii equation is not simply given by exp(iκ2t). In particular,
the time evolution of a superposition can no longer be obtained by simply multiplying
the individual states by their time evolution factors. An explicit solution of the time-
dependent Gross-Pitaevskii equation is required. In the numerics this is done by applying
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6.2. Dynamics in the nonlinear Gross-Pitaevskii equation with gain and loss

the split operator method. This means that a representation of the wave function on a
grid is used. Then the time-evolution operator

U(∆t) = exp

(
− i

~
H∆t

)
(6.4)

with the nonlinear HamiltonianH of the Gross-Pitaevskii equation is applied to this wave
function. To avoid a differential operator in the exponent of U(∆t) the Hamiltonian is
split into its kinetic (T ) and potential (V ) parts,

U(∆t) = exp

(
− i

2~
Tt

)
exp

(
− i

~
V t

)
exp

(
− i

2~
Tt

)
+O(t3) . (6.5)

For sufficiently small time steps ∆t the terms O(t3) can be ignored. If now a change
form position representation to momentum representation of the wave function is done
between the single parts of the time evolution operator, each application consists only
of the multiplication of the wave function with a complex number at the respective
positions on the grid.

In figure 6.2 we show the results for the time evolution of |ψ(x, t)|2 of the initial
superposition (6.3) for a = 2.2, the nonlinearity g = 0.5, and different values of the
gain-loss parameter γ. For small values γ we observe a behaviour, which is very similar
to the linear case. The basic effects seem to be the same. The frequency decreases for
stronger gain and loss, and there are time intervals in which the probability density in
both wells is simultaneously large, or simultaneously almost completely extinguished.

For larger values of γ the situation changes drastically. At the end of the time interval
in figure 6.2 (c) for γ = 0.275 and for much shorter time in figure 6.2 (d) for γ = 0.3 we
observe a dramatic increase of the probability amplitude in the well at x = 1.1 with gain.
Even though we start with a high probability density in the well with loss eventually
the well with gain wins. In the case γ = 0.3 this happens immediately without any
oscillation prior to that.

We have seen in sections 5.2 and 5.3 that the bifurcation at which the PT -broken
states emerge introduces an instability. Thus, it is not very surprising that such an
instability is also observable in the full dynamics. We even found that the bifurcation
point is not a strict border due to norm-dependence of the Gross-Pitaevskii equation.
However, the values γ = 0.275 and γ = 0.3 are far below the critical point γcr ≈ 0.38
where the two complex eigenvalues bifurcate from the ground state branch and smaller
than the critical value γEP ≈ 0.4 where the two states coalesce. Thus, it seems to be
unlikely that the results of the stability analysis are sufficient for explaining this diverging
dynamics. A more careful study is required which will be done for the spatially extended
double well.
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Figure 6.2.: Temporal evolution of a superposition of the two stationary solutions for
a = 2.2 and g = 0.5 and different strengths of the gain-loss parameter: (a)
γ = 0, (b) γ = 0.2, (c) γ = 0.275, (d) γ = 0.3. Figure taken from [130].

6.2.2. A Bose-Einstein condensate in the spatially extended double
well

A reason for the unstable behaviour visible in figures 6.2 (c) and (d) is that with the
temporal evolution of the wave function the norm of the state constantly varies in time,
and with it the size of the nonlinear term in the Gross-Pitaevskii equation. Similar to
the discussion of the stability eigenvalues in section 5.3.3 this effectively corresponds to
a variation of g in the stationary Gross-Pitaevskii equation, and acts as if one would
constantly be moving through different eigenvalue diagrams of the type shown in figure
3.3. Therefore for a given value of g, the transition to the PT -broken phase of the
condensate can set in at values of γ smaller than those of the bifurcation γcr and the
exceptional point γEP for that value of g. This can be confirmed in a numerically
exact propagation of such initial states for the spatially extended double well using the
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6.2. Dynamics in the nonlinear Gross-Pitaevskii equation with gain and loss

split-operator method. In this system, a more careful study is possibly as compared
to the double-delta potential since the singular character of the delta-functions leads to
numerical instabilities during the propagation with the time evolution operator (6.5).

We start with a superposition of the ground and first excited state similar to that in
equation (6.3) but now we introduce an additional phase parameter ϕ. The initial state
then reads

ψ(x, t = 0) =
1√
2

(
φg(x) + eiϕφe(x)

)
, (6.6)

where φg(x) and φe(x), as in equation (6.3), are the ground and first excited state,
respectively.

In figures 6.3 (a), (b), and (c) we visualise the evolution of the probability amplitude
of an initial wave packet with the phase ϕ = π/2 and g = 0.2. Several values of the
gain-loss parameter between Γ = 0 (no gain and loss at all) and Γ = 0.04 were chosen.
The behaviour of the wave packet is very similar to the linear system in section 6.1 or as
in the optical wave guide studied by Klaiman et al. [8]. An oscillation of the probability
amplitude between the two wells sets in, and the oscillation frequency decreases with
increasing Γ. Close to the exceptional point at ΓEP ≈ 0.04 the oscillation period tends
to infinity. A detailed quantitative analysis reveals that the influence of the nonlinearity
is only a slightly higher oscillation frequency as compared to the linear case Γ = 0. Note
that in figure 6.3 with Γ = 0.04 a value at which the PT -broken solutions already exist
was chosen. In the example shown in figure 6.2 for the double-delta potential a strength
of the gain-loss effect below the appearance of the complex eigenvalue solutions resulted
already in a completely unstable dynamics.

The reason for the stable oscillations in the case of figure 6.3 (c) lies in the phase ϕ
in equation (6.6). It can be used to define whether or not the dynamics starts with an
increasing or a decreasing norm of the wave functions. As can be seen in figures 6.3 (a)-
(c) the initial configuration, as imposed by the phase ϕ = π/2, slides into a minimum of
the overall probability to be in the double well. This start of the dynamics is obviously
sufficient to guarantee a stable oscillation. With the norm of the wave function also the
effective nonlinearity parameter

g̃ = N2g (5.8)

shrinks, which moves the appearance of the growing and decaying complex eigenvalue
modes to larger values of the gain-loss parameter Γ and stabilises the condensate.

The initial condition seems to be very important for the fate of the wave function.
Indeed, a drastic qualitative change of the wave function’s behaviour is observed in
figure 6.3 (d), where the phase was chosen to be ϕ = π and the gain-loss parameter was
Γ = 0.03. For this strength of the gain-loss parameter PT -broken states are present for
g = 0.2, cf. figure 3.7. However, as we have seen in figure 6.3 (c), for which an even
stronger Γ was used, this does not necessarily lead to an infinite growth. More important
is the slope of the norm, and as can be seen in figure 6.3 (d) the norm starts to climb
to a maximum. The consequence is that also the effective g̃ in equation (5.8) grows and
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6. Dynamics of a Bose-Einstein condensate in a PT -symmetric double well

Figure 6.3.: Visualisation of the probability amplitude’s spatial distribution as a function
of time. The initial wave packet is defined by (6.6). In all calculations
g = 0.2 was chosen. For the choice ϕ = π/2 stable oscillations are observable
in the cases Γ = 0 (a), Γ = 0.02 (b), and Γ = 0.04 (c). For Γ = 0.03 and
ϕ = π we observe an explosion of the wave packet (d).
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6.2. Dynamics in the nonlinear Gross-Pitaevskii equation with gain and loss

the whole system becomes totally unstable. The condensate does not oscillate between
the wells. The probability amplitude tunnels into the well with gain (x > 0), which
leads immediately to an “explosion” of the wave function, i.e. it grows beyond all limits.
Of course this is only correct in our idealised description of the gain and loss effects
with imaginary potentials, which correspond to infinitely large reservoirs. In a realistic
situation this description will break down at some point.

We learn from these facts that in an experiment it is very important to control the
maximum norm attained during an oscillation. If the norm and with it the the effective
nonlinearity parameter g̃ exceed a critical value, the instability of the growing eigenmode
with positive imaginary energy contribution acts on the dynamics. The result will be in
all cases a growth of the probability amplitude – and the number of atoms – in the well
with gain up to a certain breakdown level.

6.2.3. Significance of “stationary” solutions with complex
eigenvalues

.
In section 3.1.2 we mentioned that the complex eigenvalue modes, visible for example

in figure 3.3, are solutions of the time-independent Gross-Pitaevskii equation but not
of its time-dependent counterpart. Strictly speaking, they lose their physical relevance.
Due to the decay or growth of the probability amplitude mentioned above the nonlinear
term g|ψ|2 in the Hamiltonian becomes explicitly time dependent. Thus, the states are
not true stationary solutions of the time-dependent Gross-Pitaevskii equation. They are,
however, still useful to indicate the temporal evolution of the condensate. For example,
it was possible above to explain the explosion of the condensate wave function in figure
6.2 (d) with the presence of the growing PT -broken state.

Furthermore, it is possible to show that the complex eigenvalue solutions still can
indicate the actual temporal evolution of an initial wave packet. In particular, for small
times the prediction from the “stationary” complex eigenvalue solutions for the norm
N2 =

∫
|ψ|2 dx describes very well the true onset of the growth as can be seen for an

initial state with Imµ > 0 in figure 6.4.
To investigate the correspondence of the complex eigenvalue solutions with the exact

time integration for longer times the difference

D =
1

N

(√∫
right well

|ψ|2 dx−
√∫

left well

|ψ|2 dx

)
, (6.7)

of the wave function’s norm in the right and left wells is introduced, where N signals
the total norm. The quantity D tells us how the probability density is distributed in
both wells. A positive value signalises a higher probability density in the right well with
gain, whereas a negative value indicates a concentration of the condensate’s probability
density in the left well with loss.
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Figure 6.4.: Temporal evolution of the norm of an initial complex eigenvalue state with
Imµ > 0. The parameters are g = 0.2 and Γ = 0.03.

In figure 6.5 we compare the norm difference D of the correct temporal evolution with
that of the complex eigenvalue solution with positive imaginary part, i.e. the growing
state for the same parameters. Since the norm of the time evolved wave changes due to
the gain-loss part of the potential we have to adapt the effective g̃ according to equation
(5.8) in the stationary Gross-Pitaevskii equation such that both norm differences are
comparable.

In figure 6.5 (a) D is plotted for the initial condition and temporal evolution depicted
in figure 6.3 (d). With increasing time the state first decays and the norm drops. This
can already be seen in 6.3 (d). At low values of the norm the effective g̃ assumes values
at which only the true stationary states with real eigenvalues and D = 0 exist. The
latter property can be seen in the figure. However, at t ≈ 12 the overlap with the
growing eigenstate wins and the norm starts to grow. After some oscillations of D we
observe for times t > 120 that the norm differences of both calculations agree more and
more. This indicates that the wave function initially prepared in a superposition of two
eigenstates evolves into the shape of the growing eigenstate for long times. That is, the
complex eigenvalue solution with positive imaginary part still has a meaning for long
times although it is not a true stationary solution of the time-dependent Gross-Pitaevskii
equation. A similar behaviour can be observed in figure 6.5 (b), where the initial state
was the growing complex eigenvalue solution. Since we start with the increasing norm
solution the agreement between both calculations sets in earlier.
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Figure 6.5.: Comparison of the norm difference D of the correct temporal evolution with
that of complex eigenvalue solutions. In (a) the same initial condition as in
6.3 (d) is depicted, whereas (b) shows the evolution of the complex eigen-
value state with positive imaginary part. In both cases the norm difference
follows the growing complex eigenvalue state for long times. The gain-loss
parameter Γ was chosen to be 0.03 and the initial g was 0.2.
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6. Dynamics of a Bose-Einstein condensate in a PT -symmetric double well

6.2.4. Representation on a Bloch sphere

So far we have seen different regimes of the dynamics of initially PT -symmetric states or
a superposition of those. This gave a good overview about the important characteristics
of wave functions evolving in a double-well structure with gain and loss: stable oscil-
lations, the onset of instability to unlimited growth of the wave function, the influence
of the norm on the dynamics, and the importance of solutions of the time-independent
Gross-Pitaevskii equation with complex energies for the long-time evolution of non-
stationary waves. A further analysis will give us more insight into the parameter space
regions of stable and unstable dynamics. It turned out that this discussion is most con-
veniently done in a Bloch sphere representation [149] of the wave function, which will
be introduced first.

Introduction of the Bloch sphere

Bloch sphere representations are very common in two-level systems. Basically a quantum
state |ψ〉 evolving in a two-dimensional Hilbert space is determined by two complex
coefficients, say, a and b via the expansion

|ψ〉 = a|1〉+ b|2〉 . (6.8)

Since the total norm is fixed to some value N for a Hermitian Hamiltonian and the
overall phase does not contain any information there remain two real parameters which
define the whole dynamics. With, e.g. the relation

a = N cos(ϑ/2) eiϕ , b = N sin(ϑ/2) , (6.9)

it is possible to map this dynamics onto the surface of a sphere with constant radius N ,
which corresponds to the fixed norm. The angle ϑ ∈ [0, π] describes the distribution of
the amplitude on both states, and ϕ ∈ [0, 2π) represents the phase difference between
both coefficients.

The concept of a Bloch sphere representation has already been applied to a PT -
symmetric system, viz. the Bose-Hubbard dimer [23, 24] and its mean field limit. In
this system the formalism is ideal to describe the dynamics since only two modes are
present and, despite the non-Hermiticity of the Hamiltonian, the whole dynamics is
norm-conserving [cf. equation (5.3)]. Both conditions are not fulfilled for the Bose-
Einstein condensate in the double well. As we have seen the dynamics of the Gross-
Pitaevskii equation with the gain and loss terms is not norm conserving. Furthermore
the system has infinitely many modes, and thus the dynamics may rapidly leave the
two-dimensional subspace which can be represented on a Bloch sphere. However, both
difficulties can be dealt with.

In the following we show calculations of wave functions which initially are given by a
superposition of the two real eigenvalue modes, the ground state |ψg〉 and the first excited
state |ψe〉. Since they are not orthogonal the orthonormal basis states |e1〉 = |ψg〉 are
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6.2. Dynamics in the nonlinear Gross-Pitaevskii equation with gain and loss

introduced and |e2〉 = α(|ψe〉−〈ψg|ψe〉 |ψg〉) with an appropriate normalisation constant
α built up with the Gram-Schmidt procedure. Any wave function can then be expanded
as

|ψ〉 = c1 |e1〉+ c2 |e2〉+ |ψerr〉 , (6.10)

where |ψerr〉 is the contribution outside the two-dimensional subspace. It addresses the
second of the difficulties mentioned above. The nonlinear dynamics is not restricted to
the subspace of |e1〉 and |e2〉. However, we found in all calculations that an expansion
only in |e1〉 and |e2〉 remains a very good approximation. All results shown in this section
fulfilled 〈ψerr|ψerr〉 < 0.004, where the total norm is at least at the order of one.

The non-conserved norm can be tackled with the introduction of a third variable in
the Bloch sphere coordinates. The representation is given by

c1 = R eiχ+iϕ cosϑ/2 , (6.11a)

c2 = R eiχ sinϑ/2 , (6.11b)

where R describes a radius, ϑ measures the ratio of the contributions of the basis states,
ϕ their phase difference, and χ absorbs the arbitrary global phase of the numerically
propagated wave functions. As long as the occupation of |ψerr〉 is small R has the
meaning of the total norm of the state. Strictly speaking the representation can no
longer be called “Bloch sphere” since the dynamics is no longer restricted to a sphere.
However, stable oscillations will remain on this sphere or in its vicinity, and for all other
states the distance to the origin of the coordinate system (6.11) measures the norm.

Meaning of special coordinates, symmetries and eigenstates

Before we will look at dynamical solutions of the Gross-Pitaevskii equation we will mark
some special positions on the Bloch sphere to understand the evolution of the states
better. As can be seen from the definition of the coordinates (6.11) the north pole of
any sphere (i.e. of any norm) corresponds to the first basis state |e1〉, which is identical
with the ground state |ψg〉 at the current norm. It is marked by the upper arrow in
figure 6.6, which introduces the view we will use for the following visualisations of the
dynamics. The second basis state points to the south pole, which is also shown in the
figure by an arrow. All initial wave functions will be located on the yellow circle in the
figure. It also represents a special property because it represents all sates with either
ϕ = 0 or ϕ = π. The corresponding states (6.10) have, up to the global phase, purely
real expansion coefficients. This means that due to the PT symmetry of the basis states
all states on that circle are likewise PT symmetric.

The knowledge of the positions of the stationary eigenstates is also very helpful for
the orientation in the Bloch sphere diagrams. They are shown as solid pink lines in
figure 6.7. They appear as lines because each of the states exists for a certain range of
the norm, and the sequence of all states forms the line. Clearly visible is the ground
state which is pointing north for all radii, i.e. all norms. The first excited state lies for
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6. Dynamics of a Bose-Einstein condensate in a PT -symmetric double well

Figure 6.6.: Bloch sphere used for the representation of the dynamical solutions. The
upper arrow marks the north pole identified with the first basis state. The
lower arrow represents the second basis state pointing to the south pole.
The temporal evolutions in figure 6.7 start on the yellow circle.

small norms exactly in the opposite direction and bends with increasing norm to the
front side of the sphere since, due to its overlap with the ground state for nonvanishing
nonlinearity, it does not exactly agree with the second basis state defining the south pole
of all possible concentric spheres.

In the phase diagram 3.10 we see that the exceptional point, at which the ground and
first excited state merge and vanish, depends slightly on the strength g of the nonlinearity
or, via the effective g̃ (5.8), on the norm of the wave function. For a given value of the
gain-loss parameter Γ it lies on a certain distance to the origin. In figure 6.7 (d) it can
be seen. The two stationary states merge and form a closed circle in the diagram.

The two PT -broken state are also drawn. They appear as solid pink lines emerging
from the ground state. The state belonging to the energy with positive imaginary part
heads to the right side of the sphere, whereas that with negative imaginary part in the
energy leaves the sphere in the opposite direction.

Discussion of dynamical solutions

As mentioned above all dynamical solutions start on the yellow circle on the Bloch sphere
in figure 6.6. This corresponds to states normalised to unity which are PT -symmetric
superpositions of the two basis states. Figure 6.7 (a) has a vanishing gain-loss effect.
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6.2. Dynamics in the nonlinear Gross-Pitaevskii equation with gain and loss

(a) (b)

(c) (d)

Figure 6.7.: Dynamics on the Bloch sphere for fixed g = 0.2 on the surface and different
values of the gain-loss parameter: (a) Γ = 0, (b) Γ = 0.0025, (c) Γ = 0.01,
(d) Γ = 0.03

This means, the Hamiltonian is Hermitian and the time evolution operator is unitary.
Consequently the dynamics is norm-preserving and we obtain only stable oscillations
bound to the sphere around the two stationary states. There is no influence at all from
the two PT -broken eigenstates.

More interesting is the dynamics with nonvanishing Γ. In figure 6.7 (b) it has the small
value Γ = 0.0025 and we observe that the states are now evolving with non-constant
radius, i.e. their norm changes. However, the oscillations are still stable. Among these
stable oscillations we can distinguish two types. Waves starting at the front of the sphere
(blue lines), between the two stationary states, immediately decrease in their norm and
dive into the sphere. States starting on the rear side (red lines) start with an increasing
norm and tend to larger radii before they return. We discussed already in section 6.2.2
that the start of the dynamics with increasing or decreasing norm is substantial for the
fate of the wave packet. Here, we see that the Bloch sphere helps to predict which states
will develop in which way. Stable and unstable initial conditions can be classified by
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6. Dynamics of a Bose-Einstein condensate in a PT -symmetric double well

their assignment to a certain region on the sphere (e.g. front or rear side). This is the
main value of the Bloch sphere representation.

The difference between the several types of the dynamical solutions becomes even
clearer for stronger gain-loss contributions. In figure 6.7 (c) we observe for Γ = 0.01 that
the first trajectories are leaving the sphere to infinite radii, i.e. they represent waves
with diverging norm. They are shown as green lines and evolve from those states which
started with an increasing norm. It can be seen in the figure that all green lines start
on the rear side of the sphere. However, there are still oscillations, also starting with
increasing norm (red lines), which still return to the sphere and do not diverge. To
complete the picture we have to add the direction of the propagation of the diverging
lines. The left PT -broken state has a negative imaginary energy, i.e. it is the decaying
state. Hence, the lines diverging to the left correspond in fact to dynamical solutions
decaying from huge norms, participating in the dynamics in the vicinity of the sphere
for a short time, and then leaving the sphere to the right following with increasing norm
the PT -broken state with positive imaginary energy contribution.

Of course, with increasing Γ we observe that more and more unstable dynamical
solutions appear. Indeed, this is the case as can be seen in figure 6.7 (d) for the value
Γ = 0.03. A large number of the lines describes diverging wave functions. They are
dominating the picture to a large extend. This is not surprising. The bifurcation in
which the PT -broken states emerge lies now inside the sphere and the eigenstates with
complex energies exist already on the surface, which renders the ground state unstable.
However, as was already seen in figure 6.3 (d) there are still possible initial conditions
for which nonetheless stable oscillations are found. This is verified by the stable island
around the excited state figure 6.7 (d). Even more, the stable island now defines the
parameter space region in which initial conditions for a stable dynamics are found. Thus,
one can deduce from the Bloch sphere representation in an easy manner which wave will
diverge and which will evolve with moderate norm fluctuations in the vicinity of the
sphere. For even larger Γ this is not the case. At some value the stationary states will
only exist within the sphere and there will be no stable dynamics on its surface.
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7. Proposals for a realisation of a
PT -symmetric Bose-Einstein
condensate

In chapters 3 to 6 we studied various properties of Bose-Einstein condensates trapped
in a double well with balanced gain and loss. In all cases the addition and removal
of particles was modelled by an imaginary potential which was designed such that the
linear part of the Hamiltonian was PT symmetric. The actual process generating the
imaginary potentials has not been considered. The imaginary potentials can, however,
always only be an effective description of a true physical process. Since it was the aim of
all considerations to finally realise a PT -symmetric quantum system, we have to ask the
question of how it will be possible to create a dynamics of a Bose-Einstein condensate
which is identical to that generated by the PT -symmetric complex potentials. In this
chapter we will present two approaches to tackle this question.

The first approach is based on the idea of embedding the PT -symmetric double well
into a larger system, which itself is closed and described by a Hermitian Hamiltonian.
The system must be designed such that it enables a directed probability flux from some
fraction of the system into one of the two wells and a second directed flux from the
second well into some other fraction ignored by the real part of the potential of the
PT -symmetric subsystem. The example we want to consider is a multi-well setup in
a one-dimensional chain, where the potential minima of the wells are set to different
energies such that the wave function tends to flow into the desired direction. Clearly,
the simplest example is a four-well potential, where the PT -symmetric double well is
formed by the inner two wells. The outer two wells act as reservoirs, i.e. one is a source
of atoms, the other a drain. Partially tilted multi-well structures, which could establish
the required probability flux, are well accessible with today’s experimental techniques
[152–154].

In the second approach we assume that we have an external reservoir of atoms in the
condensed phase and are able to in- and outcouple these atoms to the double-well setup
by a directed flow of unbound atoms, i.e. atoms which are not affected by the trapping
potential as long as we do not consider them to be part of the wave function in the
double well. It is the aim to show that a coupling of these atoms to the double-well part
of the condensate can replace the imaginary potentials in theoretical studies, and thus
provide a good candidate for a physical process forming a PT -symmetric Bose-Einstein
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Figure 7.1.: Sketch of the potential considered in the previous chapters (a) and of the
potential forming the closed four-well system capable of simulating the PT -
symmetric potential for the inner two wells (b).

condensate.

The first approach, viz. the four-well system, will be studied in section 7.1. We will
start with simple linear matrix models describing the system in section 7.1.1. Then we
will compare the four-well setup with a smaller PT -symmetric system in section 7.1.2,
and relate the simple model to a realistic Bose-Einstein condensate in section 7.1.3. In
section 7.2 we will investigate the second approach, viz. the coupling of the double-well
wave function to propagating waves with a directed flux to or from the two wells. First
we will introduce the coupling approach in section 7.2.1, then study a coupling of a
PT -symmetric stationary state with an incoming and a further outgoing wave in section
7.2.2, and finally investigate whether a single wave carrying both the in- and outgoing
flux is sufficient for the coupling method in section 7.2.3.

The results of the first part of this chapter have already been published and are
based on reference [155]. A publication of the newer second part is in preparation. The
computations have been done together with Manuel Kreibich during his PhD thesis and
with Fabian Single during his Master’s thesis [148].

7.1. A closed four-well system with an embedded
PT -symmetric double well

The setup of the trap used in the previous chapters has the form displayed in figure 7.1
(a), which has already been introduced in a similar way in figure 3.6. It is a simple double-
well setup, where the influx and outflux of atoms can only be modelled by imaginary
potential contributions. Now we want to investigate a system with a potential sketched
in figure 7.1 (b). It consists of four wells, each of them separated from the others by
a barrier. The total system is considered to be closed, i.e. we consider only energies
for which no particle may leave the whole system, or we assume that an additional
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7.1. A closed four-well system with an embedded PT -symmetric double well

(harmonic) trap exists. Due to an offset of the minima of neighbouring wells a tunnel
current of the probability amplitude is possible for proper occupations of the wells.
A suitable realisation could consist of an optical potential crated by a superposition
of Gaussian laser beams, which would (without a further confinement due to, e.g. a
harmonic trap) look like

V (r) =
3∑
i=0

Vi exp

[
−2x2

w2
x

− 2y2

w2
y

− 2(z − zi)2

w2
z

]
, (7.1)

where the values Vi < 0 represent the attractive maxima of the light intensity, the values
w are the width parameters, and the displacements of the potential minima in z direction
are given by the parameters zi. The potential minima of the inner two wells are kept
at the same level and their shape is created symmetrically with respect to the barrier
between them such that they fulfil the condition for the real part of a PT -symmetric
potential.

7.1.1. A simple model for a Hermitian four-well system

It seems likely that the system introduced in figure 7.1 (b) is capable of providing an
influx of the probability density from the outermost left well to the inner double-well
structure and an outflux from the inner two wells to the outermost right well. The
important question which has to be answered is, whether or not the system can be shaped
such that the in- and outflux corresponds to that of the constant gain-loss parameters
used in the previous chapters. To answer this question the system is reduced to its
elementary parts and the corresponding dynamics is solved. In chapter 3 we have seen
that the dynamics of the Bose-Hubbard dimer [9, 23, 24, 112] could be described with
a very illustrative two-dimensional matrix model without losing the typical effects of
PT -symmetric systems. Thus, in the spirit of these works low-dimensional matrices are
introduced, and we try to understand on this level the relation between a PT -symmetric
double well and the four-well setup of figure 7.1 (b).

In a first step we want to analyse the Schrödinger equation of both systems and their
relation, i.e. the particle-particle interaction leading to the nonlinearity in the Gross-
Pitaevskii equation is neglected. Also we want to keep the equations as simple as possible
and introduce only the parameters really necessary for describing all effects. A relation
to a real physical situation will be given later.

In the four-well setup we consider four modes ψk, k ∈ 0, 1, 2, 3 describing a wave
function localised in one of the four wells. The wells are counted from left to right,
and the observables will be the number of particles in each well described by the norm
nk = |ψk|2. Then with these modes forming the vector Ψ = (ψ1, ψ2, ψ3, ψ4)T, the most
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7. Proposals for a realisation of a PT -symmetric Bose-Einstein condensate

simple Hamiltonian including all required contributions reads

H(4) =


E0(t) −J01(t) 0 0
−J01(t) 0 −J12 0

0 −J12 0 −J23(t)
0 0 −J23(t) E3(t)

 . (7.2)

The two middle wells have been set to energies E1 = E2 = 0, and we consider only the
offsets E0, E3 of the outer two wells we introduce to obtain the necessary dynamics. We
allow for a coupling of the next nearest neighbour wells via the nonvanishing tunnelling
amplitudes Jkl in equation (7.2). All components may be time dependent. It is not
the aim to construct a static potential but a setup, which is capable of reproducing the
constant imaginary potential parts of, e.g. equations (3.2) or (3.11).

The most simple ansatz for the two-dimensional PT -symmetric system with two
modes located either in the left well (ψ1) or in the right well (ψ2), where Ψ = (ψ1, ψ2)T,
is given by a matrix

H(2) =

(
iΓ −J
−J −iΓ

)
, (7.3)

of which the real energies on the diagonal vanish in agreement with equation (7.2).
The imaginary contributions ±iΓ play the role of the parameter ±iΓ in the double-well
system (3.11) and model a gain or loss of atoms. To allow for PT -symmetric solutions
we have to couple the two modes via a tunnelling parameter J .

The matrix

P =

(
0 1
1 0

)
(7.4)

interchanges the two modes, i.e. the wave functions localised in one of the two wells,
and represents the parity operator in this system, whereas the time reversal operator
is simply a complex conjugation. With these definitions it is easy to verify that the
system (7.3) fulfils all properties of PT -symmetric quantum systems. The two energy
eigenvalues E± = ±

√
J2 − Γ2 are real for values of Γ below the critical parameter Γ = J

and the corresponding eigenvectors are PT symmetric themselves. Beyond Γ = J the
eigenvalues are purely imaginary and the eigenvectors fulfil the relations ΨE+ = PT ΨE−

and vice versa.

7.1.2. Equivalence to the PT -symmetric double well

The question is now whether the two systems agree. This will be the case if the dynamics
of the observable quantities, i.e. the occupation densities nk(t) = |ψk(t)|2 of the two
inner wells (k ∈ 1, 2) fulfil the same dynamical equations. Hence, the necessary task is
to evaluate the equations of motion of the quantities nk in both systems.
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7.1. A closed four-well system with an embedded PT -symmetric double well

From the Schrödinger equation for the four-well system one obtains in ~-scaled time
(t→ ~t) the time derivatives

∂tn1 = j01 − j12 , (7.5a)

∂tn2 = j12 − j23 , (7.5b)

∂tj12 = 2J2
12(n2 − n1) + J12(J23C13 − J01C02) , (7.5c)

where the abbreviations jkl = iJkl(ψkψ
∗
l − ψ∗kψl) and Ckl = ψkψ

∗
l + ψ∗kψl have been

introduced. The same calculation for the non-Hermitian two-well matrix leads to

∂tn1 = −j12 + 2Γn1 , (7.6a)

∂tn2 = j12 − 2Γn2 , (7.6b)

∂tj12 = 2J2(n1 − n2) (7.6c)

with j12 = iJ(ψ1ψ
∗
2 − ψ∗1ψ2).

Obviously there are differences between the equations, however, a comparison of equa-
tions (7.5a)-(7.5c) with their counterparts (7.6a)-(7.6c) reveals that for the conditions

j01 = 2Γn1 , (7.7a)

j23 = 2Γn2 , (7.7b)

J01C02 = J23C12 (7.7c)

we have an exact agreement of the time evolution of the occupation of the inner two
wells of the four-well model with the two wells of the PT -symmetric double well. The
only remaining question is, whether or not the conditions (7.7a)-(7.7c) can be fulfilled
with physically accessible parameters. A detailed calculation, which does not give more
insight and does not need to be reproduced here, shows that this is indeed possible [155].
The result of the calculation are time-dependent conditions,

E0(t) = E0(ψk,Γ, J12) , (7.8a)

E3(t) = E3(ψk,Γ, J12) , (7.8b)

J01(t) = J01(ψk,Γ, J12) , (7.8c)

J23(t) = J01(ψk,Γ, J12) , (7.8d)

which can only be given in an implicit form. The important consequence is, however,
that the four quantities E0(t), E3(t), J01(t), and J23(t) have to be adjusted in such a way
that the conditions (7.7a)-(7.7c) with a constant value Γ specified by the two-dimensional
PT -symmetric system are fulfilled. To control the energies E0(t) and E3(t) the potential
minima have to be varied in a experiment. Also the off-diagonal matrix elements J01(t)
and J23(t) are accessible in an experiment via the shape of the potential. To set their
values their widths or heights of the potential barriers have to be shifted. It is important
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Figure 7.2.: Realisation of a PT -symmetric stationary solution in the four-well system.
(a) The populations n1 and n2 in the inner wells stay constant. (b) In the
left well n0 (solid green line) decreases constantly, whereas n3 (dashed or-
ange line) increases in the right well. (c) Required variation of the potential
minima in the outer wells. (d) Necessary time-dependent values of the tun-
nelling amplitudes Jkl. All times are measured in units of ~/J12. Figure
taken from [155].

to note that all conditions can only be fulfilled with an appropriate distribution of the
wave function in the beginning. That is, the possibility of embedding a PT -symmetric
double well in the larger Hermitian four-well system does not only depend on the correct
choice of the external parameters as the potential but does also require an adequate
initial state.

More interesting than the explicit form of the equations for E0(t), E3(t), J01(t), and
J23(t) are examples showing a behaviour of the inner two wells which we expect for a
PT -symmetric system. The first example in figure 7.2 is a state we called stationary in
chapter 3, i.e. it corresponds to a solution for which the probability amplitude is constant
in the two PT -symmetric wells. This corresponds to an eigenstate of the two-well system
with a real energy and PT -symmetric wave function. This quasi-stationary solution is
obtained for the initial set n1(t = 0) = n2(t = 0) = 1/2, Γ/J12 = 1/2, which obviously
already has the correct occupation.

Indeed, the occupation of the inner two wells stays constant for the time span shown
in the figure. The amplitude of the wave function is always equal in both wells, which
corresponds to the PT symmetry of the wave function as can be verified in figure 7.2 (a).
The linear decrease of the probability amplitude in the left well and the increase in the
right well as shown in figure 7.2 (b) verify the behaviour necessary for the constant value
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Figure 7.3.: Realisation of a dynamical PT -symmetric solution in the four-well system.
(a) The populations n1 and n2 in the inner wells oscillate around constant
values with a phase relation ∆ϕ 6= π. The black crosses represent the added
amplitude of both wells. (b) Small oscillations are added to the decay of n0

(solid green line) and the growth of n3 (dashed orange line). (c) Required
variation of the potential minima in the outer wells. (d) Necessary time-
dependent values of the tunnelling amplitudes Jkl. Figure taken from [155].

of Γ enforced by the PT -symmetric double-well description. To achieve this situation a
time-dependent adaption of the potential parameters is necessary, which can be done in
moderate limits as follows from figures 7.2 (c) and (d). Of course the whole description
will break down after some time since the constant influx from n0 to n1 is necessary and
at some point in time n0 will be too small to provide the required flux.

A dynamical property of PT -symmetric quantum systems are the stable but phase
shifted Rabi-like oscillations as for example obtained for the linear double-delta model
in figure 6.1. If we want to describe the PT -symmetric double well completely with the
four-well model the latter one should also contain the correct time-dependent solution.
To verify this the temporal evolution of the four modes is started with an initial condition
including n1(t = 0) = 0.7, n2(t = 0) = 0.3, and Γ/J12 = 1/2. The result can be seen in
figure 7.3. The stable oscillations are present, in both wells the probability amplitude
oscillates around a mean value. In figure 6.1 we observed for nonvanishing gain-loss
parameters that the total amplitude integrated over both wells also is not constant
but oscillates in time. This happens due to the phase difference ∆ϕ 6= π between
the oscillations in both wells and is possible due to the gain and loss effects. In the
simple matrix model used in this section this effect must be visible in the added number
n1 + n2, which is verified by the black crosses in figure 7.3 (a). We also observe that

89



7. Proposals for a realisation of a PT -symmetric Bose-Einstein condensate

the oscillations carry over to the occupation of the outer wells [figure 7.3 (b)] and the
required potential parameters [figures 7.3 (c) and (d)].

7.1.3. Relation with a realistic Bose-Einstein condensate

The results of section 7.1.2 show that it is in principle possible to embed a PT -symmetric
system into a larger Hermitian system. With a correct variation of the larger system’s
shape it can exactly reproduce the description of balanced gain and loss in a subsystem.
However, our aim is a realisation of this situation for a Bose-Einstein condensate. For
this there are still three open questions. Firstly, so far we did not take care of the
contact interaction ∼ |ψ|2, i.e. the nonlinearity in the Gross-Pitaevskii equation. Will
the additional term in the Hamiltonian disturb the properties we found in section 7.1.2?
Secondly, we did not consider realistic parameter values. Is it possible to relate the matrix
H(4) with suitable potentials and typical interactions of atomic systems? Thirdly, we
adjusted in section 7.1.2 directly the onset energies and tunnelling amplitudes. Is there
a feasible procedure without the need for a permanent measurement of all condensate
parameters?

These questions will be answered with an extension of the model. To take the contact
interaction into account we add to the matrix (7.2) the Gross-Pitaevskii nonlinearity,
such that

H
(4)
nonlin = H(4) + g diag(|ψ1|2, |ψ2|2, |ψ3|2, |ψ4|2) . (7.9)

Then the relation to the Gross-Pitaevskii equation is done via an explicit assumption
for the four modes ψk, k ∈ 0, 1, 2, 3. We assume them to have the shape of a Gaussian
wave function, i.e. the total wave function is given by a set of Gaussians,

ψ =
3∑

k=0

dke
−Axx2−Ayy2−Az(z−zk)2 (7.10)

centred at the four potential minima zk. To simplify the further calculation we assume
the width parameters A to be constant in time. Since all potential wells have the
same width, we also assume that they are identical for each mode as already expressed
in equation (7.10). With these assumptions the only dynamical variables in equation
(7.10) are the amplitudes dk(t). With the potential (7.1) the Gross-Pitaevskii equation

i~
∂

∂t
ψ(r, t) =

(
− ~2

2m
∆ + V (r) +N

4π~2as

m
|ψ(r, t)|2

)
ψ(r, t) (7.11)

[cf. equation (3.1)] leads to a set of equations of motion for the dk(t). Using the four
Gaussians in the ansatz (7.10) as (non-orthogonal) basis functions these equations of
motion can be brought to a matrix form, which allows for an identification of the matrix
elements Ei, Ji in equation (7.2) with the potential (7.1) and the Gaussian parameters
from equation (7.10) [155]. Thus, it is possible to relate all of the abstract variables in
the matrix with real physical quantities.
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Figure 7.4.: Initial potential V (z) and density ρ(z) of the wave function before the adi-
abatic ramp (7.12) starts.

The last step is to find an applicable procedure. In principle it is possible to solve
a system of equations similar to that in section 7.1.2 such that the nonlinear matrix
model describes a nonlinear PT -symmetric two-dimensional system. However, we want
to obtain a procedure which is feasible in an experiment. In particular, it has to work
without the need for always controlling all variables. The method is supposed to work
with a predefined scheme. We will show an example for typical physical parameters. To
do so, we assume a condensate of N = 105 atoms of 87Rb with as set to 10.9 Bohr radii
via a Feshbach resonance. The four wells are located at distances of ` = 2µm. This
distance is also used to define the unit of energy via V` = ~2/(m`2), i.e. V`/h = 29.1 Hz
and the unit of time t` = ~/V` = 5.47 ms.

The procedure starts with a symmetric potential with V1 = V2 = −80V` and V0 = V3 =
−122V` and the widths wx = wy = 4`, wz = `/2. For these conditions the ground state is
calculated via minimising the mean field energy, i.e. the condensate is assumed to relax
in this trap to the ground state. The result is visible in figure 7.4. As can be seen the
condensate is mainly localised in the outer two wells, which is in particular important for
the reservoir providing the gain to the inner double well. Then the potential is ramped
adiabatically such that the virtual gain-loss parameter will follow the function

Γ(t) = Γf [1− cos(πt/tf )] , 0 < t < tf (7.12)

with tf = 70t` and Γf/J12 = 0.5 shown in figure 7.5 (a). To achieve this behaviour the
potential depths have to be adjusted according to figure 7.5 (b). Also the centres of the
outer wells have to be moved a bit. Their displacements δk from their position on the
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Figure 7.5.: (a) Time-evolution of the virtual gain-loss parameter Γ during the adiabatic
ramp. (b) Required variation of the potential depths to obtain the ramp
from (a). (c) Displacements δk of the outer two wells form their original
positions. (d) Population of the two outer wells during the procedure. (e)
Number of particles in the two inner wells. Starting with t ≈ 70 a PT -
symmetric situation is achieved. Figure taken from [155].

equidistant grid is shown in figure 7.5 (c). However, we note that these displacements
are small and just used to fulfil the necessary conditions. It has been checked that it is
possible to keep the displacements at δ = 0 without disturbing the conditions for the
condensates considerably.

The result for the wave function can be seen in figures 7.5 (d) and (e). After the
ramp achieved its final value at t ≈ 70 we observe a constant loss of amplitude in well
0 and a constant gain in well 3. The two inner wells first experience a sudden change
of the number of particles. However, after t ≈ 70 all variations settle down and assume
a constant value for all times shown in the figure. This is the desired PT -symmetric
condition. With balanced in- and outflux of particles the wave function in the inner two
wells does not change at all. Again, it should be mentioned that the PT -symmetric
situation is only available for a certain time. The reservoirs n0 and n3 are not infinitely
large, and thus after some time the necessary conditions for the constant and balanced
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7.2. Directed coupling to and from the double well

gain and loss can no longer be fulfilled.
Thus, we conclude that also in the nonlinear case of the Gross-Pitaevskii equation

it is possible to consider a non-Hermitian PT -symmetric system as a part of a larger
closed Hermitian system accessible with today’s experimental methods. We did this in
a very simple calculation based on a matrix model, however, it was possible to relate
the matrix elements with real physical parameters available in an experiment. The
embedding of the double well in a multi-well structure also shows the relation of PT -
symmetric condensates with a transport process of a Bose-Einstein condensate in a titled
optical lattice [44, 156–160].

7.2. Directed coupling to and from the double well

The second possibility we want to investigate for a possible realisation of a Bose-Einstein
condensate subject to balanced gain and loss is based on a direct coupling of two
Bose-Einstein condensates. Since the trapping in double-well potentials and an out-
/incoupling of parts of the condensate are experimentally available [91, 92] this is a
further promising approach. We will keep the discussion on a very elementary level to
get the most illustrative insight. The emphasis is on the question whether or not a cou-
pling setup can in principle be realised. The system we want to study is the double-delta
potential introduced already in section 3.1. Here the two traps are infinitesimally thin
and we only have to take into account two points in position space for the coupling since
in all geometries the wave functions of the different condensate parts are supposed to
have only an overlap within the delta traps.

7.2.1. Coupling approach

Before we will investigate possible geometries allowing for a coupling of two condensate
parts at two isolated delta traps we first want to outline the approach how this coupling
is implemented in the equations. Based on the Gross-Pitaevskii equation for the double-
delta trap we now assume that we have two condensate modes ψ1 and ψ2, where each
of them is exposed to the same attractive delta potential. We first consider only one
point of interaction between the modes in a single-well setup and discuss the required
relations for the individual setups in double-delta geometries later. In addition to the
known Gross-Pitaevskii equation from section 3.1 we introduce a coupling with strength
η such that in the units from chapter 3 it reads

− d2

dx2
ψ1 − δ(x− x0)ψ1 − g|ψ1|2ψ1 + ηψ2(x0)δ(x− x0) = µ1ψ1 , (7.13a)

− d2

dx2
ψ2 − δ(x− x0)ψ2 − g|ψ2|2ψ2 + ηψ1(x0)δ(x− x0) = µ2ψ2 . (7.13b)

Will the coupling terms in equations (7.13a) and (7.13b) be capable of producing the
imaginary potential contributions of the PT -symmetric Gross-Pitaevskii equation (3.3)?
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7. Proposals for a realisation of a PT -symmetric Bose-Einstein condensate

This is only possible if the coupling term can be seen as an imaginary potential contri-
bution. i.e. we require, e.g. for equation (7.13a)

ηψ2(x0) = iγψ1(x0) , (7.14a)

which enforces

γ = −iη
ψ2(x0)

ψ1(x0)
. (7.14b)

Equation (7.14b) relates the non-Hermitian contribution the wave function ψ1 would
experience in the PT -symmetric potential (3.2) with a coupling constant η and the
amplitude of both waves at position x0. Since γ was assumed to be a real positive
constant in section 3.1, and we also want η to describe a real positive coupling strength,
the phase of the ratio ψ2(x0)/ψ1(x0) is fixed:

−iη
ψ2(x0)

ψ1(x0)
= −iη

|ψ2(x0)|
|ψ1(x0)|e

i(ϕ2−ϕ1) !
= γ , (7.15)

where ϕi is the phase of the complex number ψi(x0). This leads to

ϕ2 = ϕ1 +
π

2
, (7.16a)

η = γ
|ψ1(x0)|
|ψ2(x0)| . (7.16b)

With the relations (7.16a) and (7.16b) the coupling term for the second wave function
in equation (7.13b) reads

ηψ1(x0) = −iγ
|ψ1(x0)|2
|ψ2(x0)|2ψ2(x0) . (7.17)

At first glance the coupling we produced seems to be asymmetric. Whereas with our
ansatz the coupling term of wave function ψ1 was forced to have the simple structure iγψ1

the non-Hermitian term we created for wave function ψ2 is given by the more complex
relation (7.17). However, if we calculate the source-drain term for the probability density
established by an imaginary potential according to equation (2.3), we observe

∂ρ1

∂t
= 2γ|ψ1(x0)|2 , (7.18a)

∂ρ2

∂t
= −2γ

|ψ1(x0)|2
|ψ2(x0)|2 |ψ2(x0)|2 = −2γ|ψ1(x0)|2 . (7.18b)

That is, the two fluxes of the probability density are opposite in direction and of the
same strength. The probability density which is incoupled to one wave is outcoupled
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Figure 7.6.: (a) Idea of the coupling to a reservoir with directed atom flows. (b) Sketch of
the one-dimensional model with delta traps modelling the coupling approach
of (a).

from the other. Hence, our approach describes exactly the desired behaviour. One wave
experiences a gain behaving exactly like that of an imaginary potential, whereas the
other experiences a loss of the same amplitude.

We have to take care of one important property. From equation (7.15) we learn
that the correct phase, which is important for the flux of the probability density, is
completely determined by the phase relation of the wave function. It has to be constant
for all times. Otherwise we will not be able to model constant source or drain terms.
This can be adjusted if both states ψ1 and ψ2 are stationary and have the same energy µ.
Then their time-dependent phase e−iµt oscillates with the same frequency and the phase
relation stays constant. Thus, we require µ1 = µ2 in equations (7.13a) and (7.13b). In
the following we want to use the coupling approach for creating a fully PT -symmetric
environment. We will also show how the necessary conditions can be fulfilled.

7.2.2. Coupling to an incoming and an outgoing wave

We want to assume that we have outcoupled a condensate fraction from a reservoir and
incouple the atoms to a stationary PT -symmetric state. At the second trap we outcouple
atoms, and afterwards they may propagate as a unbound wave. The outcoupling might
be implemented with Bragg beams as experimentally performed in reference [91]. A
sketch of the situation we have in mind is shown in figure 7.6 (a). The one-dimensional
model, which is used for the calculations, is shown in figure 7.6 (b). It consists of three
wave functions, of which ψ1 is supposed to be the stationary PT -symmetric solution.
The wave ψ2 is incoming, ψ3 is outgoing. The general forms of the corresponding Gross-
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7. Proposals for a realisation of a PT -symmetric Bose-Einstein condensate

Pitaevskii equations are

− d2

dx2
ψ1 − [δ(x+ a/2) + δ(x− a/2)]ψ1 − g|ψ1|2ψ1

+ ηψ3(−a/2)δ(x+ a/2) + ηψ2(a/2)δ(x− a/2) = µψ1 , (7.19a)

− d2

dx2
ψ2 − [δ(x+ a/2) + δ(x− a/2)]ψ2 − g|ψ2|2ψ2

+ ηψ1(a/2)δ(x− a/2) = µψ2 , (7.19b)

− d2

dx2
ψ3 − [δ(x+ a/2) + δ(x− a/2)]ψ3 − g|ψ3|2ψ3

+ ηψ1(−a/2)δ(x+ a/2) = µψ3 . (7.19c)

What happens with the waves ψ2 and ψ3 behind the coupling point is in principle
not of further interest. However, we want to assume that the incoming wave function
drops to zero due to the coupling. This corresponds to a complete incoupling and
is certainly a very strict condition. As we will see it can be fulfilled by the bound
and unbound solutions of the double-delta potential such that it does not mean any
difficulty for us. The shapes of the wave functions in figure 7.6 (b) indicate already
this behaviour. Similarly we assume that the whole outgoing wave originates completely
from the condensate in the trap. This is clearly the most reasonable ansatz since there
is absolutely no need for an interaction with an already existing unbound wave during
the outcoupling process.

There are a few requirements on the wave functions we use for the coupling process. If
we want to support a special PT -symmetric wave function of those obtained in section
3.1.2 ψ2 and ψ3 must, on the declining side, be stationary states of the Gross-Pitaevskii
equation with the same chemical potential µ to obey the constant phase relation (7.15).
Furthermore, the in- and outcoupling must be such that it exactly replaces the imaginary
potential of strength γ.

As already mentioned in section 3.1.2 the Jacobi elliptic functions are solutions of the
time-independent Gross-Pitaevskii equation outside the delta traps [123, 136–138]. This
will be our starting point for the construction of the waves we need to create the setup
we have in mind. Since the in- and outflowing waves ψ2 and ψ3 are supposed to vanish
far off the delta trap on one side we describe this part by the function

ψ2(x) =

√
2κ2

g
cn(κ(x− x1), 1) =

√
2κ2

g
sech(κ(x− x1)) =

√
2κ2

g

1

cosh(κ(x− x1))
.

(7.20)
Note that this wave function automatically fulfils the energy condition if κ is chosen
such that µ = −κ2 with the chemical potential µ of the stationary state. With the free
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parameter x1 it is possible to adjust the value of the wave function at the coupling point
x = a/2, which can be used to set via equation (7.16b) the strength γ of the intended
imaginary potential even if we have no influence on the coupling parameter η. The sole
restriction is that the amplitude of ψ2(a/2) can only be in the interval (0,

√
2κ2/g].

With these steps ψ2(x) is completely defined on the left hand side of the delta trap at
x = a/2. With the continuity conditions at delta functions also the right hand side is
given, it just has to be integrated with a standard integrator. Thus, we have found the
entire form of the wave function ψ2. The same procedure can be applied to search for the
necessary wave ψ3. It turns out in the numerical solutions that the wave functions also
carry the required flux of the probability amplitude, as is expected from the construction.
The decaying parts described by the sech(κ(x− x1))-functions have no flux. The whole
in- and outcoupling is done by the “free” part of the wave on the other side of the delta
trap. This flux has exactly the same size and direction as that of the stationary wave
function ψ1 between the two attractive delta potentials.

Since only the maximum height
√

2κ2/g of the wave functions at the coupling point
restricts the available feeder wave functions it seems very likely to find adequate solutions.
Unfortunately, this is not completely true. We found in chapter 5 that the stability of
the wave functions is important. Already the stability properties of the stationary states
are very complex and needed a detailed investigation. The same is true for the unbound
waves needed as feeders in this section. An extensive stability analysis has been done
[148]. The analysis revealed that it is indeed possible to find solutions which fulfil all
requirements to support the PT -symmetric stationary states. This is in particular true
for the excited of the two stationary states. For the ground state it is more difficult.

Figure 7.7 shows a simulation of the wave functions found for the case g = 1, a = 1.1,
and γ = 0.1 with the split operator method. The excited state (left column) shows a
stable behaviour until t ≈ 15. For larger times we observe perturbations first in the feeder
functions ψ2 (middle row) and ψ3 (bottom row) which carry over to the quasi stationary
state (top row). The perturbations are the result of the singular delta potential, for
which the time evolution is hard to simulate. In this respect the choice of the double-
delta potential does not seem to be the simplest ansatz. The ground state is even earlier
affected by the perturbations as can be seen in the right column of figure 7.7. The
important result is, however, that the PT -symmetric situation is kept for some time
and obviously correctly described by the coupling of ψ1 with the two unbound waves.

7.2.3. Coupling to a single external wave

Finally we want to evaluate the possibility of coupling only two waves such that at least
one of them experiences the same effect as in a PT -symmetric external potential. Of
course, this will be much more challenging to realise as the previous example with three
interacting wave functions, however, it is again the purpose to investigate whether the
equations of a setup of this kind can be brought in agreement with the expectation we
have from the PT -symmetric non-Hermitian system. Again, we reduce the problem to
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Figure 7.7.: Simulation of the coupling of two unbound wave functions to the stationary
ground (right) and excited (left) state of the PT -symmetric double-delta
potential from section 3.1 with g = 1, a = 1.1, and γ = 0.1 (cf. figure 3.3).
Shown are from top to bottom the wave functions ψ1, ψ2, and ψ3. The white
lines in the figures of the feeder functions indicate the coupling points, i.e.
the positions of the delta traps. Figure taken from [148].

98



7.2. Directed coupling to and from the double well

ψ
1

ψ
2

ψ
1

ψ
2
bound

ψ
2
unbound

delta traps

(b)(a)

traps

Figure 7.8.: (a) Top view of a geometry of a virtual setup with two one-dimensional
condensates overlapping only at two infinitesimally thin attractive delta po-
tentials. (b) The stationary PT -symmetric state ψ1 (black) can either be
coupled to a second bound state (red) or an unbound wave function (green).

one dimension, use the double-delta model, and assume that the coupling is only present
in the two infinitesimally thin delta traps. The equations of this model are given by

− d2

dx2
ψ1 − [δ(x+ a/2) + δ(x− a/2)]ψ1 − g|ψ1|2ψ1

+ η [ψ2(−a/2)δ(x+ a/2) + ψ2(a/2)δ(x− a/2)] = µ1ψ1 , (7.21a)

− d2

dx2
ψ2 − [δ(x+ a/2) + δ(x− a/2)]ψ2 − g|ψ2|2ψ2

+ η [ψ1(−a/2)δ(x+ a/2) + ψ1(a/2)δ(x− a/2)] = µ2ψ2 , (7.21b)

where, as in the previous example, ψ1 will be the stationary PT -symmetric state we are
interested in.

A virtual geometry in agreement with our assumptions is shown in figure 7.8 (a). It
consists of two quasi one-dimensional condensates overlapping only in the two attractive
delta potentials. Figure 7.8 (b) displays two possibilities for the second wave function
ψ2. We can either assume that ψ2 is also a bound state or that it is similarly to section
7.2.2 an unbound state. We will study both possibilities in the following.

Conditions at the coupling points

We want that the PT -symmetric stationary state ψ1 is exposed to an in- and outflux of
the probability density in exact agreement with the action of the imaginary potentials
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with strength γ. With the calculations from section 7.2.1 this leads immediately to the
conditions [cf. equation (7.16a)]:

ϕ2(a/2) = ϕ1(a/2) +
π

2
, (7.22a)

ϕ2(−a/2) = ϕ1(−a/2)− π

2
, (7.22b)

where ϕi is the phase of wave function i. This already indicates that not all wave
functions can be combined such that the correct behaviour of the flux at the delta traps
is present. Additionally we want, as in section 7.2.2, that this phase relation is constant
in time. This is a further restriction leading to the condition that the chemical potentials
of both states must be identical.

Coupling of two bound states

The energy condition tells us immediately that, if we want to couple two bound states
such that they form a PT -symmetric situation, these two states have to be almost the
same solutions of the Gross-Pitaevskii equation. They have only to differ in one aspect.
To ensure that the flux of the probability density is flowing in the correct direction and
that the result of equation (7.17) is met (If one wave function experiences a gain at
the coupling point the other is exposed to a loss and vice versa.), ψ2 has to solve the
same Gross-Pitaevskii equation as ψ1 but with opposite sign of γ. The result will be the
spatially reflected state ψ1(−x). The global phase of the solutions is arbitrary and this
is the sole freedom we have for ψ2. In total we can write down the wave function as

ψ2(x) = eiθψ1(−x) , (7.23a)

i.e. ϕ2(x) = ϕ1(−x) + θ . (7.23b)

With the knowledge that both states are PT symmetric we have furthermore

ϕ1(x) = −ϕ1(−x) , (7.24a)

ϕ2(x) = −ϕ2(−x) . (7.24b)

After combining these relations we obtain

ϕ1(a/2) = −ϕ1(−a/2) = −ϕ2(a/2) = ϕ2(−a/2) = −π
4
, (7.25a)

θ = 0 . (7.25b)

The important consequence of equation (7.25a) is that only PT -symmetric states
with ϕ(−a/2) − ϕ(a/2) = π/2 are acceptable. This restricts the number of possible
solutions drastically. However, as can be seen in figure 7.9 there are combinations of
the nonlinearity g and the desired gain-loss parameter γ for which these solutions exist.
Similarly to the phase diagram 3.10 the lines γEP at which the stationary real eigenvalue

100



7.2. Directed coupling to and from the double well

 0

 0.2

 0.4

 0.6

 0.8

 1

 0.3  0.32  0.34  0.36  0.38  0.4

g

γ

stable stationary ground state

γ
EP
γ

cr
ψ

coupl

Figure 7.9.: Similarly to the phase diagram 3.10 the lines γEP at which the stationary
real eigenvalue states vanish (red solid line) and γcr at which the complex
PT -broken states emerge (dashed green line) are shown. Only in the area
below the dashed green line stable solutions for the ground state are possible.
The blue dotted line indicates solutions ψcoupl for a ground state which is
suitable for a coupling to a second one.

states vanish (red solid line) and γcr at which the complex PT -broken states emerge
(dashed green line) are shown. Possible solutions which are suitable for a coupling of a
stationary state with its spatially reflected counterpart are only available for the ground
state. They are indicated by the blue dotted line in the figure.

In chapter 5 we learnt that, for an attractive nonlinearity, the ground state becomes
unstable close to γcr. Roughly speaking, stable solutions of the ground state exist only
below the dashed green line. The region in which the desired solutions ψcoupl are stable
is rather small and these states are close to both γEP and γcr, which does not guarantee
a stable evolution as can be concluded from the dynamical investigations in chapter 6.
Indeed, we find that the numerical propagation of these wave functions very early be-
comes unstable [148]. However, these instabilities can again be referred to the singular
behaviour of the double-delta potential which is highly prone to tiny numerical pertur-
bations. Thus, we conclude that in principle it is possible to combine two PT -symmetric
states such that one forms the balanced gain and loss for the other and vice versa. For
the situations we investigated these states are dynamically unstable. Probably there are
better values for the distance a of the delta traps. Anyway, a realistic setup will have
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7. Proposals for a realisation of a PT -symmetric Bose-Einstein condensate

a completely different parameter space and might provide better conditions. This topic
needs a study of its own, which is not the subject of this work.

Coupling of a bound with an unbound state

The last aspect we want to add is the coupling of the PT -symmetric bound solution ψ1

with a single unbound wave ψ2. Certainly, this would be the most challenging experi-
mental task since one needs a propagating wave passing both wells such that it causes a
gain in the first and a loss in the second or the other way round. Nevertheless we wish
to give some comments on the theoretical practicability of a setup of this kind.

As in the previous cases the decisive question is whether or not the conditions (7.16a)
and (7.16b) for the implementation of the imaginary gain-loss term can be fulfilled. Since
we wish to have balanced gain and loss terms we conclude from the requirement for the
modulus of the wave function (7.16b)

|ψ2(a/2)| = |ψ1(a/2)|γ
η

= |ψ1(−a/2)|γ
η

= |ψ2(−a/2)| , (7.26)

where we exploited that ψ1 is PT symmetric, and thus ψ2 possesses a symmetric modu-
lus. That is, we need to find an unbound wave of which the modulus is equal at positions
x = −a/2 and x = a/2. Furthermore, the phase relations (7.22a) and (7.22b) have still
to be fulfilled which demands

ϕ2(a/2)− ϕ2(−a/2) = ϕ1(a/2)− ϕ1(−a/2) + π = 2ϕ1(a/2) + π (7.27)

for a PT -symmetric ψ1. The third condition which has to be fulfilled follows as in the
previous cases from the chemical potential. The phase relation must hold for any time,
and hence the energies of both states must be identical µ2 = µ1 < 0.

This energy condition is the weakest requirement. At first glance it seems to be a
contradiction that we search for an unbound solution with negative energy for a potential
given only by two negative delta functions. However, for negative values of g, i.e. an
attractive contact interaction, negative chemical potentials are possible. The attractive
forces lead to oscillations in the density |ψ2(x)|. It turns out that the oscillations of the
moduli of these solutions are periodic, which is very helpful to ensure condition (7.26).
Numerical investigations also revealed that it is possible to find among these solutions
also those which additionally comply with the phase relation (7.27) [148].

In summary, we note that it is also possible to find an unbound solution of the Gross-
Pitaevskii equation with an attractive double-delta potential which is capable of simulta-
neously providing gain at one of the delta traps and loss at the other for a PT -symmetric
stationary state. The only drawback is that these solutions turn out to have a compli-
cated stability pattern, i.e. it is hard to find examples which prove to be stable in a
numerical solution of the time-dependent Gross-Pitaevskii equation.
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8. A unique decay signal of resonances
at an exceptional point

Exceptional points [1, 36, 37] appeared already in several aspects of the Bose-Einstein
condensates in a PT -symmetric potential structure considered so far. We observed
two types of them and their structure has been investigated in detail in chapter 4.
The value of the gain-loss parameter, at which the two PT -symmetric modes with real
eigenvalues vanish, was identified as a second-order exceptional point, i.e. a square root
branch point in the spectrum. The two corresponding eigenstates of the Gross-Pitaevskii
equation coalesce. We have seen that already for lower strengths of the gain-loss effect
two PT -broken states with complex energies branch off from one of the two real energy
modes. This happens in a third-order exceptional point, which was explored in section
4.2. However, exceptional points are a very common phenomenon in non-Hermitian
quantum systems. They do by far not require the presence of both gain and loss or even
its balanced variant. Most commonly they are discussed in the context of resonances,
i.e. long-lived decaying states. In the notation used in the previous chapters, this means
a presence of only loss.

Exceptional points have shown to exhibit prominent effects not observable in their
absence in the case of Hermitian Hamiltonians with potentials describing bound state
spectra. Although exceptional points are single points in an (at least) two-dimensional
parameter space they influence a whole region of parameters in their vicinity and lead
to unusual results as the permutation of eigenstates for a closed adiabatic loop in the
parameter space or a special type of a geometric phase [36]. Besides the systems studied
so far they have recently been detected in a large number of physical applications. Ex-
amples are known for optical systems such as unstable lasers [73], wave guides [8], and
optical resonators [47]. In quantum systems the existence of exceptional points has been
proved theoretically, e.g. in atomic [40, 41] or molecular [42] spectra, in the scattering of
particles at potential barriers [43], in atom waves [44, 45], and in non-Hermitian Bose-
Hubbard models [9, 23, 24]. The experimental verification of their physical nature was
achieved in microwave cavities [38, 39] and electronic circuits [74].

Despite this success an experimental observation in a true quantum system is still
lacking. Resonances at an exceptional point exhibit, however, a unique decay behaviour
[24, 46–50] and it is the purpose of this chapter to demonstrate that this can open the
possibility for the first experimental detection of exceptional points in an atomic quantum
system. In section 8.1 we review how in every quantum system exhibiting exceptional
points a unique time behaviour of the survival probability leads to an unambiguous
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8. A unique decay signal of resonances at an exceptional point

fingerprint of the branch point singularity. To verify the existence of this signal in a
true quantum system we show that it appears for the hydrogen atom in crossed electric
and magnetic fields in section 8.2. A discussion of the results and an outlook to possible
detection methods is added in section 8.3. The chapter is based on reference [161] in
which its contents has already been published.

8.1. Fingerprint of exceptional points in the time
behaviour of the survival probability

Many properties of exceptional points might be used to detect them in resonance spectra.
For example, the permutation of eigenstates for a closed loop in the parameter space
has been exploited in an experiment in a microwave cavity [38]. Another approach aims
to the unique decay behaviour of the resonances if the parameters of the system are
adjusted exactly at an exceptional point. It has been shown theoretically in a two-
dimensional model [46], in optical microspirals [47], in a non-Hermitian Bose-Hubbard
model [24], and in complex crystals [48, 49] as well as experimentally for Rabi oscillations
in a microwave cavity [50] that when the spectrum of a non-Hermitian Hamiltonian has
an exceptional point the decay of the resonances forming the coalescence is no longer
purely exponential. The characteristic time evolution of the survival probability

S(t) = |〈ψ(0)|ψ(t)〉|2 (8.1)

then has for a broad range of initial conditions exactly the form

S(t) = |1− at|2e+2Im(EEP)t/~ , (8.2)

where EEP is the complex energy of the resonance state at the exceptional point and a
is a complex constant depending solely on the initial wave packet. The resonance decay
rate (inverse lifetime) is defined as

ΓEP = −2Im(EEP) > 0 . (8.3)

This behaviour is in clear contrast to the purely exponential decay far away from an
exceptional point. The only special condition which has to be fulfilled such that this
behaviour appears is that the initial wave packet should populate both the exceptional
point eigenstate |ψEP〉 and its complimentary state |χ〉 as obtained from the Jordan
chain formalism but no other state. In the two-dimensional subspace of the resonances
forming the exceptional point these two states form a basis, see section 9.2 of reference
[1] for the mathematical details.

This unusual situation can be explained with a short calculation first shown in this sim-
ple form by Moiseyev [161]. At an exceptional point parameter λEP we have Ĥ(λ)|ψj〉 =
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Ej|ψj〉 such that for λ→ λEP two eigenvalues degenerate, Ej − Ej′ → 0 (i.e. upon coa-
lescence Ej = Ej′ ≡ EEP) and also the corresponding eigenstates coalesce ψj → ψj′ (up
to a phase factor i [1], i.e. upon coalescence ψj = iψj′ ≡ ψEP) such that

M̂ |ψEP〉 = 0 (8.4)

where
M̂ = Ĥ − EEP (8.5)

and ΓEP = −2Im(EEP) is the decay rate of the system.
If we now consider only a two-dimensional subspace of the whole Hilbert space spanned

by a basis consisting of |ψEP〉 and its complimentary state |χ〉 for the initial wave packet
the 2× 2 matrix representation of M̂ is

M =

(
EEP 1

0 EEP

)
−
(
EEP 0

0 EEP

)
=

(
0 1
0 0

)
, (8.6)

for which M 2 = 0. Therefore

U(t← 0) = e−iHt/~ = e−iEEPt/~e−iMt/~

= e−iEEPt/~
∑
n

(−iM t/~)n

n!

= e−iEEPt/~(I2×2 − iM t/~) . (8.7)

Consequently for any initial state |ψ(t = 0)〉 which is a linear combination of |ψEP〉 and
its complimentary state |χ〉 we obtain

〈ψ(t = 0)|U(t← 0)|ψ(t = 0)〉 = e−iEEPt/~(1− it〈ψ(t = 0)|M |ψ(t = 0)〉/~) (8.8)

and for real values of 〈ψ(t = 0)|M |ψ(t = 0)〉 the survival probability is given by

S(t) = |〈ψ(t = 0)|U(t← 0)|ψ(t = 0)〉|2

=
(
1 + [〈ψ(t = 0)|M |ψ(t = 0)〉/~]2t2

)
e+2Im(EEP)t/~ . (8.9)

For complex values of 〈ψ(t = 0)|M |ψ(t = 0)〉 an additional term linear in t is added.
Certainly, the quadratic dependence for short times is not surprising. What is important
here is that there are no terms of order higher than t2 so that the time dependence
remains t2 for all times. This provides a unique fingerprint proving unambiguously
the presence of an exceptional point since the power series expansion of equation (8.7)
stopping after the linear term requires the presence of an exceptional point. The effect
even remains in a larger vicinity around the branch point singularity. Observations
which are similar to exceptional points but not connected to true branch points as
narrow avoided crossings for Wannier-Stark resonances [162] are not sufficient.
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8. A unique decay signal of resonances at an exceptional point

8.2. Non-exponential decay of resonances in spectra of
the hydrogen atom

The most fundamental quantum objects which contain exceptional points are atoms
in static external magnetic and electric fields. As such they are accessible to both
experimental and theoretical methods, and thus ideally suited for studying the influence
of exceptional points on quantum systems. Indeed, the existence of branch points in
the resonance spectra of the hydrogen atom in crossed electric and magnetic fields was
found numerically [41, 163]. Here the two field strengths play the role of two controllable
parameters necessary to set the system at the exceptional points. We now want to
demonstrate that the unique time signature of the survival probability exactly at the
exceptional point parameters also appears in a detectable form in spectra of the hydrogen
atom.

In our study the resonances are calculated numerically exact by the diagonalisation of
a matrix representation of the Hamiltonian. Without relativistic corrections and finite
nuclear mass effects [164] the Hamiltonian reads in atomic units

H =
1

2
p2 − 1

r
+

1

2
γLz +

1

8
γ2(x2 + y2) + fx , (8.10)

where Lz is the z component of the angular momentum, and the field strengths f = E/E0

and γ = B/B0 are measured in units of E0 = 5.14 × 1011 V/m and B0 = 2.35 × 105 T.
The strengths of the electric and magnetic fields are labelled f and γ, respectively. We
exploit the fact that the parity with respect to the (z = 0)-plane is a constant of motion
and include in all our calculations only resonances with even z-parity.

To uncover the decaying unbound resonance states we use the complex rotation
method [1, 34, 35], for which the coordinates of the system r are replaced with the com-
plex rotated ones reiϑ. For the application of the complex rotation method to hydrogen
spectra see [165]. This procedure renders the resonance wave functions square integrable
so that that they are automatically included in the spectrum as new discrete eigenstates
with complex eigenvalues in the matrix representation. The real parts of the complex
energies represent their energies and the imaginary parts their widths (lifetimes). After
introducing complex dilated semiparabolic coordinates [166] the Schrödinger equation
of the Hamiltonian (8.10) assumes in a basis representation the form of a generalised
eigenvalue problem

A(γ, f)Ψ = 2|b|4EBΨ (8.11)

with a complex symmetric matrix A(γ, f) and a real symmetric matrix B. In this
equation b is the complex dilation parameter and E the complex resonance energy. The
eigenstates can be normalised such that (Ψi|B|Ψj) = δij, where the round braces indi-
cate an inner product in which complex parts originating exclusively from the complex
dilation parameter b are not conjugated, which is the appropriate inner product for
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8.2. Non-exponential decay of resonances in spectra of the hydrogen atom

complex scaled wave functions (c-product, cf. references [1, 35]). Note that this normal-
isation does not hold at an exceptional point where each of the two states is orthogonal
to itself [1].

8.2.1. Construction of an adequate signal

We first demonstrate that the decay signal of the probability density according to equa-
tion (8.8),

Sm(t) = exp [2Im(EEP)t] |1− i(Ψ0|M |Ψ0)t|2 , (8.12a)

can be found in the quantum spectrum of the hydrogen atom in a large region around
the exceptional point, where in our case the matrix M of equation (8.5) is given by

M = A(γ, f)/(2|b|4)− EEPB . (8.12b)

The subscript m of Sm in equation (8.12a) is given in order to emphasise the fact that the
survival probability is calculated here using the matrix representation of the Hamiltonian
given by equation (8.12b). This is to distinguish from the direct evaluation of the survival
probability as discussed later [equation (8.17)]. For this purpose we calculate resonance
spectra for several small distances δ to the exceptional point at (fEP, γEP) in the space
of the two field strengths, i.e. we use

f = fEP(1− δ), γ = γEP(1− δ) . (8.13)

For small δ the two eigenstates Ψ1 and Ψ2 belonging to the branch point singularity
can be identified clearly. Note, however, that due to roundoff errors in the numerical
calculations δ never ever gets strictly the value 0. As we will show even when δ 6=
0, i.e. when we have two almost degenerate states and the spectrum is complete the
fingerprint of the exceptional points (strictly obtained only exactly at the coalescence of
two eigenstates) on the survival probability is still pronounced. This will be important
for an experimental verification since also in an experiment there will never be the
possibility to adjust the exact mathematical condition of an exceptional point.

It is well known for exceptional points that Ψ1 and Ψ2 converge to the single indepen-
dent eigenstate with the phase relation

ΨEP = Ψ1 = iΨ2 (8.14)

for δ → 0 [1]. A complete basis in the corresponding two-dimensional subspace is
spanned by ΨEP and the complementary vector Ψa,

(A(γ, f)− 2|b|4EEPB)Ψa = ΨEP , (8.15)

where Ψa is essential for a decay signal of the form (8.12a) [46]. Despite the convergence
of Ψ1 and Ψ2 to the same state it is possible to extract an adequate superposition of
ΨEP and Ψa, viz.

Ψ0 =

√
(1 + 1/

√
δ)/2 Ψ1 +

√
(1− 1/

√
δ)/2Ψ2 . (8.16)
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Figure 8.1.: Survival probability for the resonances at the exceptional point labelled 8 in
reference [163] with an offset of δ = 10−5. Shown are the direct evaluation
Sd(t) according to equation (8.17) and the expected form Sm(t) of equation
(8.12a) including a linear term in t besides the exponential decay. Note
that on the scale of the figure the survival probabilities calculated by both
methods are not distinguishable. Since we use here the c-product rather than
the regular scalar product the survival probability can assume values larger
than one. This non-physical behaviour results from the way we normalise
Ψ0 [see equation (8.16)]. As we will show later this problem disappears when
the initial wave packet is prepared by using a laser excitation of the field-free
ground state.

As we get closer to the exceptional point when δ → 0 the amplitudes of Ψ1 and Ψ2 ap-
proach infinitely large values. However, the initial wave packet Ψ0 remains c-normalised.

We choose the exceptional point labelled 8 in table I of reference [163] at the field
strengths f = 0.0002177 and γ = 0.004604, and with the complex energy EEP =
−0.022135 − 0.00006878i (all values in atomic units). The survival probability for the
superposition (8.16) is plotted in figure 8.1 for an offset δ = 10−5. At an exceptional
point we expect a decay of the survival probability in the form (8.12a). The corre-
sponding numerical result is shown with the solid red line in figure 8.1, where we found
(Ψ0|M |Ψ0) = (3.83− 4.58i)× 10−4. Since we use here the c-product [1, 35] rather than
the regular scalar product the survival probability can assume values larger than one for
the mathematical choice given in equation (8.16). Additionally, we calculate the sur-
vival probability directly without any assumption about its shape close to an exceptional
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8.2. Non-exponential decay of resonances in spectra of the hydrogen atom

point, i.e. we evaluate

Sd(t) =

∣∣∣∣∣∑
i

(Ψ0|B|Ψi)(Ψi|B|Ψ0) exp (−iEit)

∣∣∣∣∣
2

, (8.17)

where we use 100 eigenvectors of the matrix diagonalisation in the energy vicinity of the
exceptional point for the basis states Ψi. The blue dashed line in figure 8.1 shows the
results of the latter method. As can be seen clearly both methods agree very well, which
proves that the description of the decay with the linear term in (8.12a) is correct.

Obviously the polynomial contribution influences the decay significantly. The unique
time behaviour of the resonances at an exceptional point is a relevant effect in matter
waves and can unambiguously be found for atomic resonances.

The typical time signal of an exceptional point is even present at larger distances δ.
In figure 8.2 (a) we plot the direct evaluation (8.17) for the same exceptional point as
in figure 8.1 but for several different offsets δ = 10−8 . . . 10−2. For all of these distances
the two vectors belonging to the branch point are well defined. Almost all calculations
provide exactly the same results. Only for δ = 10−2 we observe a slight difference to
the other calculations. At this distance also the validity of the matrix representation
(8.12a) including only the two components associated with the exceptional point breaks
down, however, the differences are still small. The corresponding line Sm(t) is included
in the figure. For all other values of δ shown we checked that the results of both methods
agree completely, which demonstrates that the structure of equation (8.7), which is only
fulfilled in the presence of an exceptional point, survives in a larger vicinity around the
branch point. The signal keeps its unique structure. To verify that we obtain the correct
vectors Ψ1 and Ψ2 in all calculations we plot the modulus

d = 〈Ψ1 + iΨ2|Ψ1 + iΨ2〉 (8.18)

in figure 8.2 (b). According to the phase relation (8.14) d must vanish in the limit δ → 0.
Exactly this behaviour is found.

8.2.2. Excitation with a laser

So far we demonstrated that it is possible to find an adequate superposition of the two
eigenvectors, however, we want to show furthermore that this signal can be excited in a
realistic case. Is it possible to occupy such a superposition in an experimental situation?
To investigate this question we assume a hydrogen atom in external fields, where the
electron is in the orbital 2p, m = 0, for which any perturbation due to the fields we
use can be ignored. The eigenstates at the exceptional point are excited with a laser
polarised linearly along the direction of the static magnetic field. We use a Gaussian
pulse shape of the form

E(ω) ∼ exp
(
−σ(ω − ω0)2

)
, ω0 = Re(EEP)− EI , (8.19)
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Figure 8.2.: (a) Survival probability Sd(t) for the same exceptional point as in figure
8.1 but for several different offsets δ = 10−8 . . . 10−2. Small deviations only
appear for the largest δ = 10−2. In this case also a small difference to the
shape Sm(t) at an exceptional point becomes observable. (b) The modulus
d = 〈Ψ1 + iΨ2|Ψ1 + iΨ2〉 vanishes at the exceptional point as is expected
due to the phase relation (8.14).
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where EI is the energy at the initial state ΨI (2p, m = 0). The width was chosen to be
σ = 1000/ω0. Then the occupation amplitude for a transition to eigenstate Ψi of the
Hamiltonian is

Ai =

∫
dω E(ω)

(ΨI|D|Ψi)

E2pz − EEP + ~ω
(8.20)

with the dipole operator D for the present choice of the light pulse.
Figure 8.3 (a) shows the occupation probability |Ai|2 versus real part of the energy for

the states in the vicinity of the branch point. One can see that the two states connected
with the branch point (marked with filled blue circles) have an occupation probability
almost three orders of magnitude larger than all other states. This does not tell us,
however, whether or not an adequate superposition of the two dominating states similar
to the mathematical case in equation (8.16) can be achieved. Thus, we construct the
normalised state

ΨF =
Ψ̃F√

(Ψ̃F|B|Ψ̃F)
, Ψ̃F =

∑
i

AiΨi (8.21)

populated by the laser with the states shown in figure 8.3 (a). The survival probability
is calculated according to equation (8.17) with ΨF instead of Ψ0. Figure 8.3 (b) shows
the results. The small oscillations are due to the weaker excitations of the neighbouring
states. They disappear for a pulse denser in frequency space. The dominating signal
is still formed by the two states associated with the exceptional point. The linear part
in the time behaviour (8.12a) is weaker than in the mathematical case Ψ0 of equation
(8.16), however, it is present and is expressed in the non-exponential decay. After the
division by the exponential part the polynomial contribution of the physical (observable)
survival probability calculated for the initial wave packet ΨF [see equation (8.21)] is given
by

Sd,p(t) = Sd(t)/ exp (2Im(EEP)t) . (8.22)

To demonstrate that the origin of this signal is in fact the structure (8.12a) originating
from an exceptional point we calculated the matrix element (ΨF|M |ΨF) = (0.226 +
5.25i)×10−5. The line |1− i(ΨF|M |ΨF)t|2 is not distinguishable from the full numerical
result presented in figure 8.3 (b).

8.3. Discussion and possible detection methods

Any quantum system exhibiting exceptional points shows a time evolution of the form
(8.7) for two resonances exactly at an exceptional point, i.e. the decay includes a
quadratic term as in equation (8.9) which is distinct from the typical exponential decay
apart from branch point singularities. Here it is important to note that this effect is
not only observable exactly at the parameters of the exceptional point but can rather
be seen in a large neighbourhood. In our study we found it still for a relative offset of
the parameters of δ = 10−2.
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Figure 8.3.: (a) Occupation probabilities |Ai|2 in arbitrary units for resonances in an
energy vicinity of the exceptional point. The two resonances connected with
the exceptional point are marked with blue (filled) circles. On the scale of our
plot the two almost degenerate states are not distinguishable. (b) Survival
probability for the excited state ΨF, which is prepared by using a laser to
excite the field-free ground state [see equation (8.21)]. The division by the
exponential part in the inset demonstrates the presence of the polynomial
contribution. The behaviour of the survival probability as presented here is
exactly as the analytical expression given in equation (8.12a).
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The signal is not just a mathematical artefact but it is possible to excite an adequate
superposition of the eigenvector at an exceptional point and its associate counterpart
in a realistic physical situation. The quadratic term significantly influences the survival
probability we found for the hydrogen atom in crossed electric and magnetic fields. It
is an effect that leaves clear signatures in the decay of resonances in quantum systems
and obviously opens a new possibility to detect an unambiguous fingerprint of an ex-
ceptional point accessible with experimental methods. It might such facilitate the first
experimental detection of exceptional points in a true quantum system.

In the realistic physical situation shown in figure 8.3 the survival probability describes
the decay of a resonance state in time. A possible experimental procedure would contain
a repeated measurement of the decaying occupation of such a state. This can presumably
be detected with a second laser as already indicated [46]. There are, however, further
possibilities.

Purely exponentially decaying resonances lead to a Lorentzian line shape in the spec-
trum. From this profile it is possible to extract the position, i.e. the energy, and the width
of the resonance state. For a decay of the form (8.7) including the linear contribution
the signal in the spectrum has the shape

(1− iat)e−iẼEPt/~ → b+ cΓ + dΓ2

[(E − EEP)2 + Γ2
EP/4]2

, (8.23)

which clearly differs from a Lorentz profile. An extraction of the time signal from the
spectrum is possible and has already been used for microwave cavities [50] via a Fourier
transform. The harmonic inversion method [167] provides an even better possibility. It
can be adapted such that it exactly fits to the non-exponential decay signal. Then it
can be exploited to unambiguously identify if the linear part in equation (8.7) is present
[168]. Thus, it can tell without any doubt whether or not an exceptional point has been
found.

In this context we should mention that the ultra-strong magnetic and electric fields
we have used in our calculations are due to our computational limitations to exceptional
points associated with low-lying resonance positions. However, the phenomenon dis-
cussed here appears for highly excited resonances as well. In such cases much weaker
and feasible external fields are required to observe the unique survival probability of a
wave packet, which initially populates mainly the two almost degenerate states associ-
ated with the exceptional point.
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Part II.

From bound to unbound states –
dissociation effects of small clusters
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9. The frozen Gaussian imaginary time
propagator and its application to
the Ar3 cluster

Starting with this chapter we want to deal with a completely different approach to sys-
tems that possess a connection between bound and unbound states. The considerations
in the last chapters were all basically done at zero temperature. For the Bose-Einstein
condensates we assumed that all atoms are in the condensed phase, which is only pos-
sible at vanishing temperature. Also for the ionisation process of the hydrogen atom in
chapter 8 we did not take into account a thermal occupation of the energy levels. Only
the laser was interacting with the electron. Since the electronic excitations considered
in this process are far beyond thermal energies this is an excellent approximation.

Now we want to turn to processes in which thermal energies are dominating the energy
landscape. For the weak van der Waals interaction between rare gas atoms temperatures
of a few Kelvin are already sufficient to drastically influence their structures. Clusters
of these atoms can be dissociated completely. Rare gas atomic clusters are a topic of
ongoing research partially due to the rich variety of their thermodynamic properties.
Extensive studies have been carried out on structural transformations or phase transi-
tions [51–57]. Properties of particular interest include the mean energy and specific heat.
Computations on clusters of light atoms, e.g. Ne13 and Ne38 [54, 56], predict novel low
temperature quantum effects such as liquid-like zero temperature structures of Ne38 in
contrast to a solid-like structure prediction from classical mechanics [61].

The features in the mean energies or specific heats of such systems appear usually
at low temperatures so that accurate quantum mechanical computational methods are
essential. Accurate calculations for multi-dimensional systems, however, are challeng-
ing. Path-integral Monte Carlo methods [58–60] have been used to investigate rare gas
clusters with up to a few dozen atoms. However, they become expensive for low temper-
atures and approximations are necessary. It is the purpose of this chapter to introduce
a semiclassical approximation based on a frozen Gaussian propagator, and to apply it
to a very simple and instructive example, viz. the argon trimer, which has attracted the
interest of theoretical investigations for a long time [62–66]. Its dissociation process has
been discussed recently in an extensive study [57]. In spite of its apparent simplicity with
only three atoms involved, the thermodynamic properties at low temperatures T < 40 K
still include open questions. In particular, path-integral Monte Carlo calculations of the
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system [57] indicate a dissociation of the three atoms at temperatures T ' 35 K but can-
not distinguish this process from structural changes. With the semiclassical Gaussian
approximations discussed in this chapter we are able to provide well converged numerical
mean energies and specific heats which exhibit an unambiguous classical-like dissociation
at T ≈ 20 K. We will also address the question of how important quantum effects are for
the dissociation. Influences on the low temperature behaviour of the mean energy and
the specific heat will become observable and we will see that the transition temperature
is shifted to a slightly lower value.

In section 9.1 we define the Gaussian semiclassical approximation to the thermal
operator, introduce the systems we are interested in (section 9.1.1), review the so-called
thawed Gaussian (section 9.1.2) propagator, for which the Gaussian width parameters
are allowed to change with temperature, and develop a new multi-dimensional form of its
frozen Gaussian counterpart (section 9.1.3), for which the Gaussian width parameters
are constants. As we will show the latter one will be capable of competing with the
more flexible thawed Gaussian methods. The results for the argon trimer based on these
semiclassical Gaussian methods are then presented in section 9.2. After introducing the
system (section 9.2.1) and comparing the Gaussian methods (section 9.2.2) we discuss
the influence of an artificial confining potential required for numerical convergence on
the thermodynamic properties (section 9.2.3), and investigate the dissociation in the
classical and the quantum case (section 9.2.4). A final discussion with an outlook to
possible technical extensions in section 9.3 concludes the chapter.

The results have already been published in reference [169], on which the chapter is
based.

9.1. Thermal operator for clusters and Gaussian
approximations

In the following we introduce a semiclassical approximation to the Boltzmann (imag-
inary time) operator exp(−βH). Recently, new variants of semiclassical initial value
representations have been adopted to problems involving the Boltzmann operator. The
time evolved Gaussian method developed by Mandelshtam and coworkers [53, 170] has
successfully been applied to atomic clusters [53, 54, 56, 170, 171] and dissipative systems
[67]. It is based on the imaginary time propagation of a Gaussian wave packet of the
form

〈x|g〉 =
(
π3N | detG(τ)|

)−1/4
exp

(
−1

2
[x− q(τ)]TG(τ)−1[x− q(τ)] + γ(τ)

)
, (9.1)

where for a cluster with N atoms the vectors are 3N -dimensional and G(τ) is a 3N×3N -
dimensional symmetric matrix of width parameters.

Despite the fact that it reduces the infinite number of degrees of freedom of the exact
quantum mechanical propagator to a “low” number of Gaussian parameters the time
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evolved Gaussian method may still become expensive for high-dimensional systems. It
belongs to the so-called thawed Gaussian methods, where the matrix of Gaussian width
parameters G(τ) changes with time. The number of the resulting equations of motion
scales with N2. This can become difficult when dealing with clusters of several dozen
atoms. Thus, Mandelshtam and coworkers introduced the single-particle ansatz [53], in
which the width matrix G(τ) is reduced to a block-diagonal structure by only taking
into account correlations of the coordinates of one particle and ignoring the inter-particle
connections. This approximation leads to a linear scaling (6N) with the number of atoms.

From a numerical point of view it is much cheaper to use frozen Gaussian represen-
tations of the thermal operator, in which the time-dependent width matrix G(τ) in
equation (9.1) is replaced by a constant matrix. The number of the remaining equations
of motion which have to be solved scale as 3N . Such a formalism has been provided
by Zhang et al. [69]. One objective of this chapter is to apply the frozen Gaussian
approach to the Boltzmann operator for a cluster of atoms. We will show that by an
adequate nondiagonal choice of the constant width matrix, the frozen Gaussian method
can accurately describe the mean energy, the specific heat, and signatures of dissociation
processes. To do so, we will present a simple procedure to find a well suited shape for
the width matrix. The results we obtain are of the same quality as the single-particle
ansatz thawed Gaussian methodology, even though the frozen Gaussian variant leaves
much less freedom to the Gaussian wave packet (constant width).

9.1.1. Hamiltonian and observables

In our study we consider a cluster of N atoms with only internal forces depending on
the distance between the atoms, i.e. the Hamiltonian in mass scaled coordinates has the
form

H = −~2

2

N∑
i=1

∆i +
∑
j<i

V (|ri − rj|) , (9.2)

where ∆i is the Laplacian of particle i and V (|ri−rj|) describes the two-body interaction
between particles i and j, whose positions are given by the vectors ri. In the Gaussian
representations used in this chapter it is necessary to evaluate integrals over a product
of the potential with a coherent state, which are typically of the form

〈h(q)〉 =

∫ ∞
−∞

dx3N 〈x|g({yi})〉2h(x) , (9.3)

where 〈x|g({yi})〉 is a normalised coherent state in x, which depends on a set of param-
eters {yi} usually including Gaussian positions q and a width matrix G, e.g.

〈x|g ({yi} = {q,G})〉 =
(
π3N | detG|

)−1/4
exp

(
−1

2
[x− q]TG−1[x− q]

)
. (9.4)
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9. The frozen Gaussian imaginary time propagator and its application to the Ar3 cluster

The function h(x) stands for the potential or one of its derivatives. The 3N -dimensional
vectors x and q combine the coordinates of all N atoms. It is essential for practical
applications to reduce the numerical integrations as much as possible. Based on the facts
that any central potential can be fitted by a sum of Gaussians and that a Gaussian in the
distance rij = |ri−rj| centred at the origin remains a Gaussian in Cartesian coordinates,
Frantsuzov et al. [53] suggested the implementation of the interaction potential in terms
of sums of Gaussians,

V (|ri − rj|) =
∑
p

cpe
−αpr2ij , rij = |ri − rj| , (9.5)

so that all integrals of the form (9.3) can be evaluated analytically. This is of great
advantage in numerical computations and is used for the work presented in this chapter.

To investigate the thermodynamic properties of the cluster we calculate the parti-
tion function Z(β) by evaluating Gaussian initial value representations of the thermal
operator

K(β) = e−βH , (9.6)

where β = 1/(kT ) is the inverse temperature and Z(β) = Tr(K(β)). We are interested
in the mean energy E = kT 2∂ lnZ/∂T and the specific heat C = ∂E/∂T . In our
calculations we use two different semiclassical propagators based on a frozen and on a
thawed Gaussian representation, where in both cases the Bloch equation

− ∂

∂τ
|q0, τ〉 = H|q0, τ〉 (9.7)

connected with the propagator (9.6) is approximately solved for a coherent state |q0, τ〉 ≈
|g({yi}, τ)〉 with either constant or variable Gaussian width parameters.

9.1.2. Thawed Gaussian representation

The thawed Gaussian representation of the thermal operator is the most versatile since
it allows both the positions and widths of the Gaussian wave packet to vary with time.
We consider the summarised time evolved Gaussian approximation (TEGA) suggested
by Frantsuzov et al. [53, 170],

〈x|KTG(τ)|x′〉 =

∫
dq3N

(2π)3N

exp[2γ(τ/2)]

det[G(τ/2)]

× exp

(
−1

2
[x− q(τ/2)]TG(τ/2)−1[x− q(τ/2)]

)
× exp

(
−1

2
[x′ − q(τ/2)]TG(τ/2)−1[x′ − q(τ/2)]

)
, (9.8)
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9.1. Thermal operator for clusters and Gaussian approximations

which is constructed from the coherent state

〈x|g({yi} = {q(τ),G(τ)})〉 = 〈x|g(q(τ),G(τ))〉

=
(
π3N | detG(τ)|

)−1/4
exp

(
−1

2
[x− q(τ)]TG(τ)−1[x− q(τ)]

)
. (9.9)

One can then readily write down the partition function as:

ZTG =

∫
dq3N

(2
√
π)3N

exp[2γ(τ/2)]√
det[G(τ/2)]

. (9.10)

The width matrix G(τ) is symmetric positive definite. The Gaussian parameters follow
the equations of motion in imaginary time τ ,

∂

∂τ
G(τ) = −G(τ)〈∇∇TV (q(τ))〉G(τ) + ~21 , (9.11a)

∂

∂τ
q(τ) = −G(τ)〈∇V (q(τ))〉 , (9.11b)

∂

∂τ
γ(τ) = −1

4
Tr
[
〈∇∇TV (q(τ))〉G(τ)

]
− 〈V (q(τ))〉 , (9.11c)

where 〈. . . 〉 represents Gaussian averaged quantities of the form (9.3), which can be
evaluated analytically for a potential (9.5) expressed in terms of Gaussians [53], and 1
is the 3N × 3N -dimensional identity matrix. The boundary conditions

q(τ ≈ 0) = q0 , G(τ ≈ 0) = ~21τ , γ(τ ≈ 0) = −V (q0)τ , (9.12)

are derived by demanding that in the limit τ → 0 the Gaussian approximation reduces
to the identity operator.

In the framework of a Gaussian propagator the thawed Gaussian representation is
usually the most accurate approximation to the exact quantum result due to the large
freedom in the parameters, as has recently been demonstrated for a double well poten-
tial [172]. However, it is also the numerically most expensive method. The number
of equations of motion for the width matrix (9.11a) scales with N2, and the matrix
operations at each time step even scale with N3. This drastic increase in the required
computing resources is the most critical drawback of the method. An attempt for com-
bining the advantages of a thawed Gaussian propagator, where some matrix elements
are still governed by the equations of motion (9.11a)-(9.11c), and avoiding the drawback
of the expensive numerical effort to evaluate it, is achieved with the so-called “single-
particle ansatz” of Frantsuzov et al. [53]. This ansatz, or variations of it, have been
applied to several types of clusters [53, 54, 171]. It uses a block-diagonal matrix G(τ),
where 3×3 symmetric matrices representing one particle along the diagonal are the only
non-vanishing matrix elements. Then the equations of motion (9.11a)-(9.11c) are only
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9. The frozen Gaussian imaginary time propagator and its application to the Ar3 cluster

solved for the 3×3 blocks and only the corresponding 3×3 blocks of 〈∇∇TV (q(τ))〉 are
included. In the single-particle ansatz the number of equations scales with N instead
of N2, however, one loses information in the non-diagonal 3 × 3 blocks, which are set
to 0. Since the Gaussian propagators are in practical applications usually evaluated in
Cartesian coordinates, in which the motions of the particles do not separate, important
correlations between the particles are ignored. Thus, one expects that compared to the
case of a full matrix the single-particle ansatz may lead to results of poorer quality.

In what follows we will call the full matrix variant of the thawed Gaussian propagator
FC-TG (fully coupled thawed Gaussian, also referred to as the“fully coupled variational-
Gaussian-wave-packet Monte Carlo” in reference [53]) and the single-particle ansatz will
be called SP-TG (single-particle thawed Gaussian, “single-particle variational-Gaussian-
wave-packet Monte Carlo” in reference [53]). For the argon trimer we will compare these
respective approximations for the thermodynamic properties derived from the partition
function using two variants of a frozen Gaussian propagator.

9.1.3. Frozen Gaussian representation

The frozen Gaussian representation of the thermal operator suggested by Zhang et al.
[69] is based on a multi-dimensional frozen Gaussian coherent state

〈x|g({yi} = {p(τ), q(τ),Γ})〉 = 〈x|g(p(τ), q(τ),Γ)〉

=

(
det(Γ)

π3N

)1/4

exp

(
−1

2
[x− q(τ)]TΓ[x− q(τ)] +

i

~
pT(τ) · [x− q(τ)]

)
, (9.13)

where Γ is in general a 3N ×3N -dimensional constant width matrix with positive eigen-
values, and q(τ) and p(τ) describe the dynamical variables. The summarised frozen
Gaussian approximation to the propagator reads

〈x′|KFG(τ)|x〉 = det(Γ) exp

(
−~2

4
Tr(Γ)τ

)√
det
(
2 [1− exp(−~2Γτ)]−1)

× exp

(
−1

4
[x′ − x]TΓ[tanh(~2Γτ/2)]−1[x′ − x]

)
×
∫ ∞
−∞

dq3N

(2π)3N
exp

(
−2

∫ τ/2

0

dτ ′〈V (q(τ ′))〉 − [x̄− q(τ/2)]TΓ[x̄− q(τ/2)]

)
(9.14)

with x̄ = (x′ + x)/2 and the Gaussian averaged potential 〈V (q(τ))〉 is as defined in
equation (9.3). Taking the trace yields the partition function [69]

ZFG(τ) = Tr [KFG(τ)] =
√

det(Γ) exp

(
−~2

4
Tr(Γ)τ

)√
det
(
[1− exp(−~2Γτ)]−1)

×
∫ ∞
−∞

dq3N

(2π)N/2
exp

(
−2

∫ τ/2

0

dτ ′〈V (q(τ ′))〉
)
. (9.15)
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9.1. Thermal operator for clusters and Gaussian approximations

The numerical evaluation is relatively simple since one only needs to solve the 3N imag-
inary time equations of motion

∂q(τ)

∂τ
= −Γ−1〈∇V (q(τ))〉 (9.16)

for the Gaussian positions q(τ) and only one configuration space integration over the
initial positions q(τ = 0) has to be performed.

As in the case of the SP-TG propagator the numerical scaling in the evaluation of
the two-body potential terms is N2. The numerical advantage of the frozen Gaussian
propagator as compared to the FC-TG or SP-TG methods is due to the constant width
matrix, i.e. one has only to propagate the equations of motion (9.16), whose number
scales with N . Additionally, functions of the width matrix Γ can be evaluated in advance
and do not have to be repeated at every time step since Γ does not evolve in time. On
the other hand, the width matrix Γ is a parameter of the system and its actual choice
has a critical impact on the quality of the results [69]. It is not trivial to find a good
choice of Γ, however, the problem simplifies when all particles are identical.

For N identical particles the simplest structure for Γ is a diagonal matrix with identical
width elements, i.e. a multiple of the 3N × 3N identity matrix,

Γ1 = Γ1 , (9.17)

with only one parameter Γ. This ansatz treats all particles equally, is very simple to
implement, and has the lowest numerical cost due to the diagonal structure of the matrix
in Cartesian coordinates. However, it ignores the fact that a correct description of the
cluster has to contain both the free motion of the centre of mass and the relative motion
determined by the particle-particle interaction potential (9.5).

In a frozen Gaussian approximation the exact partition function of a free particle is
obtained in the limit of a vanishing Gaussian width [cf. equation (9.15)], whereas the
optimum width for the relative coordinates can be deduced from a harmonic approxima-
tion around the minimum of the particle-particle interaction potential and has a finite
value. A separation of the free motion of the centre of mass from the internal degrees of
freedom should be avoided since it complicates the structure of the equations of motion
by introducing numerically more expensive terms such as a non-diagonal mass matrix.
Considering the thawed Gaussian propagators we note that the FC-TG is capable of
correctly describing the free centre of mass motion when it is combined with an inter-
nal potential independently of the choice of the coordinate system, whereas this is not
fulfilled for the SP-TG [53, 173].

In the following we suggest a procedure based on an adequate choice of the width
matrix which allows for a correct description of the free centre of mass motion with-
out changing the structure of the equations. To simplify, we restrict our description
to the case of three particles, a generalisation to an arbitrary number of particles is
straightforward. It is plausible that in a system of coordinates Ri for the centre of mass
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9. The frozen Gaussian imaginary time propagator and its application to the Ar3 cluster

Rcm =
1

3
(r1 + r2 + r3) (9.18a)

and the two relative positions

R1 = r1 − r2 , (9.18b)

R2 = r1 − r3 (9.18c)

a diagonal matrix structure is a good choice. In these coordinates the centre of mass
is separated and we introduce the Gaussian width parameter D1 for its motion. The
Gaussian approximation becomes exact for the centre of mass motion in the limit D1 →
0. Since all particles are equal and there is no motivation for distinguishing between
the propagation of the individual relative coordinates, we use one single parameter D2

for the remaining coordinates. The matrix which then is applied to the coordinates
(9.18a)-(9.18c) is

Γcmc =

D1 0 0
0 D2 0
0 0 D2

 , (9.19)

where D1 and D2 are 3× 3 diagonal matrices with coefficients D1 and D2, respectively,
and 0 is a 3× 3 matrix of zeros. The most efficient way to evaluate the frozen Gaussian
partition function is to keep its structure (9.15) in Cartesian coordinates and to transform
the width matrix into the Cartesian system r1, r2, r3, i.e.

Γ =

(D1 + 2D2)/3 (D1 −D2)/3 (D1 −D2)/3
(D1 −D2)/3 (D1 + 2D2)/3 (D1 −D2)/3
(D1 −D2)/3 (D1 −D2)/3 (D1 + 2D2)/3

 . (9.20)

This procedure requires the implementation of a full width matrix in the numerical
evaluation of the frozen Gaussian thermal operator but avoids a full mass matrix and a
change in the structure of the propagator. The results for the argon trimer presented in
section 9.2.2 will show that despite its simplicity this choice leads to results which are
competitive with the SP-TG propagator even though this variant of the frozen Gaussian
propagator is much cheaper to evaluate numerically.

To distinguish the frozen Gaussian propagator with the matrix structure of equation
(9.20) from its diagonal variant we will refer in the following to the two approximations
as 2P-FG (two-parameter frozen Gaussian) and 1PD-FG (one-parameter diagonal frozen
Gaussian), respectively.
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9.2. The argon trimer

Table 9.1.: Parameters used in the Gaussian fit (9.5) of the Morse potential (9.21).

p cp [cm−1] αp [Å
−2

]

1 3.296× 105 0.6551
2 −1.279× 103 0.1616
3 −9.946× 103 6.0600

9.2. The argon trimer

9.2.1. Atomic parameters and numerical procedure

To be able to compare our results with previous investigations of the argon trimer [57, 66]
we express the pairwise interaction by means of a Morse potential

V (rij) = D (exp [−2α(rij −Re)]− 2 exp [−α(rij −Re)]) , (9.21)

where rij is the distance between particles i and j. The Morse parameters are listed in
reference [66] and have been chosen such that the Morse potential reflects a previous fit
to experimental results [174]. They are D = 99.00 cm−1, α = 1.717 Å, and Re = 3.757 Å.
Using the three sets of Gaussian parameters listed in table 9.1 we achieved a very accurate
Gaussian fit to this Morse potential with a standard deviation smaller than 0.4 cm−1 in
the relevant region between r = 3.2 Å and r = 6 Å around the minimum. As will become
clear below this deviation is much smaller than effects due to the Gaussian approximation
used to calculate the quantum mean energy, i.e. differences with the previous studies of
the system [57, 66] do not originate from the Gaussian fit of the potential, which is only
introduced to accelerate numerical computations.

In numerical evaluations of the partition function it is essential to restrict the position
space integrations [cf. q integrations in equations (9.10) and (9.15)] to a reasonable region
of the configuration space containing all relevant information about the thermodynamics
of the cluster. Usually, this is done by introducing an additional steep potential [51]
located at a certain distance Rc from the centre of mass Rcm, e.g.

Vc(r) ∝
N∑
i=1

(
ri −Rcm

Rc

)20

(9.22)

(cf. reference [52]) or, as implemented in our numerics, by restricting the sampling points
q(τ = 0) in the integrations to values |q−Rcm| < Rc. One focus of our discussion will be
on the influence of this artificial confinement of the atoms. Often the potential is chosen
to be very restrictive [51–54, 171]. In this chapter we will show that such a restrictive
choice can have a drastic influence on the dissociation process as was already discussed
in a classical context many years ago [62]. This may have implications on other studies
of atomic clusters. With the confining potential the Monte Carlo sampling in q is done

125



9. The frozen Gaussian imaginary time propagator and its application to the Ar3 cluster

with a standard Metropolis algorithm, where we followed the procedure suggested by
Frantsuzov et al. explained in detail in reference [53].

The optimum width parameter connected with the atom-atom interaction in the two

parameter ansatz (9.20) of the frozen Gaussian propagator was found to be D2 = 25 Å
−2

by using several choices, monitoring the results, and comparing them to the thawed
Gaussian methods. For this choice of the parameter D2 the low-temperature mean
energy is minimised, and thus represents the best approximation to the ground level.
The observation of the smallest energy value in the limit T → 0 can be used as an
additional criterion for the choice of the width matrix independently of the availability
of a second method such as the thawed Gaussian propagator. We note that one can also
monitor the relative amplitude of higher-order corrections to the Gaussian approximation
[68, 69, 172] as a function of the width parameters.

A value of D1 = 0.1 Å
−2

is already small enough to lead to the best possible description
of the free centre of mass motion. Using even smaller values for D1 did not change the
results, so we decided to use this value to have a well conditioned matrix of which
the eigenvalues do not differ too much in their order of magnitude. The parameter for a
diagonal matrix in the 1PD-FG propagator representing the best middle ground between

D1 and D2 is Γ = 20 Å
−2

. It was selected with the method described for D2 above. In
a previous study of the frozen Gaussian imaginary time propagator it was found that
the optimum choice for the width parameter is almost independent of the temperature
[69], this was also confirmed in our study of the argon trimer. We found that the radius
of the confining sphere does not have a significant influence on the optimum choice for
the width matrices. Indeed, by checking several values as described above, it turned out
that working with the same values for all computations was the best choice.

9.2.2. Comparison of the Gaussian imaginary time propagators

First we investigate the different methods introduced in section 9.1 for the evaluation
of the quantum partition function for the argon trimer. To compare our results with
the previous path-integral Monte Carlo calculation by Pérez de Tudela et al. [57] we
select one of their parameter sets and calculate the mean energy and the specific heat
for the argon trimer enclosed by a confining sphere with a radius of 10 Å, which is the
weakest confinement applied in their study. Our results obtained with the four Gaussian
propagators described above are also compared with the corresponding derivatives of the
classical partition function

Zcl =

(
kT

2π~2

)3/2N ∫
e−βV (q) dq3N . (9.23)

They are presented in figure 9.1. To allow for the comparison with the path-integral
Monte Carlo computations of reference [57] in figure 9.2 we subtracted for this figure
the exact kinetic energy of the free centre of mass Ecm = 3/2kT from our values, which,
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Figure 9.1.: Mean energy (a) and specific heat (b) of the argon trimer calculated for a
confining radius of Rc = 10 Å. Results are provided for the thawed Gaussian
approximations FC-TG and SP-TG, the frozen Gaussian approximations
1PD-FG, 2P-FG, and the classical theory.
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Figure 9.2.: Comparison of the mean energy obtained with the Gaussian methods FC-
TG, SP-TG, 1PD-FG, and 2P-FG with the path-integral Monte Carlo
(PIMC) values taken from reference [57]. The kinetic energy of the free cen-
tre of mass motion is subtracted from our results to allow for the comparison.

in the calculation, always include the energy of the whole cluster including the centre of
mass translation.

The four semiclassical methods are in reasonably good agreement with each other and
the classical results, however, there are quantitative differences. One can expect that the
thawed Gaussian imaginary time propagator with a full matrix (FC-TG) provides the
best approximation to the exact quantum results, and indeed the mean energy obtained
with that method shows the best correspondence with the path-integral Monte Carlo
computations of reference [57] (cf. figure 9.2). In particular, in the low-temperature limit
the FC-TG propagator gives the best approximation (E = −246 cm−1) to the ground
state energy [57] of −252.44 cm−1. Even though the FC-TG method is the most versatile
propagator applied here, it still assumes a Gaussian form of the atom’s wave functions
and shows a slight difference as compared to the numerically exact path-integral Monte
Carlo ground state energy. For higher temperatures there appear larger deviations as
compared to the path-integral Monte Carlo results of reference [57], however, the latter
ones are not very accurate due to the larger statistical error with increasing tempera-
ture. The semiclassical Gaussian approximations are expected to describe the partition
function and its derivatives at higher temperatures even better than at low temperatures
since they converge to the correct answer in the classical limit. We can thus assume that
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9.2. The argon trimer

our results are more accurate as the temperature increases. The differences between
our results and those of reference [57] at higher temperatures T ' 30 K become even
clearer when considering the specific heat. Our Gaussian calculations indicate a direct
transition from the bound cluster to the completely dissociated situation with three free
atoms, whereas such a clear conclusion is not possible with the path-integral Monte
Carlo calculations of reference [57]. This transition is discussed in more detail in the
next two sections.

It is also expected that the worst approximation in the low-temperature limit is ob-
tained by the 1PD-FG ansatz. As was mentioned in section 9.1.3 the diagonal width
matrix does not treat the free centre of mass motion correctly. This manifests itself as
a large deviation of the mean energy from the correct value for T → 0. The energy
calculated with the diagonal frozen Gaussian width matrix increases for temperatures
below 5 K, and this is definitely wrong. This deficiency is overcome with the 2P-FG
matrix as presented in equation (9.20). It leads to a considerably lower mean energy in
the low-temperature limit, which is closer to the exact ground level and is also closer
to the FC-TG energy values, which can be considered to provide the best values of all
methods used here.

More interesting, however, is the comparison of the 2P-FG and the SP-TG propa-
gators. As reported in previous investigation of larger clusters [53] the single-particle
thawed Gaussian approximation shows results for the mean energy and the specific heat
which are qualitatively in agreement with the full matrix case. Quantitative differences
have been reported and can also be found in our calculations for temperatures T / 45 K.
The differences with respect to the full matrix results increase with decreasing temper-
ature. However, as can be seen in figure 9.1 (a) the description of the mean energy
of the SP-TG and the 2P-FG methods is of similar quality at very low temperatures.
This is a remarkable finding since the evaluation of the single-particle thawed Gaussian
propagator is more expensive than the frozen Gaussian due to the need to propagate the
width matrix elements in time.

By contrast, the specific heat curve of the 2P-FG propagator is closer to that of the
1PD-FG than to the two thawed Gaussian approximations, which agree very well with
each other. It seems that in the temperature region around the transition from the bound
to the dissociated cluster, a thawed Gaussian can provide a better description. However,
the deviation is small and vanishes for weaker external confinements. An example for
such a weaker confinement is shown in figure 9.3, in which the comparison of figure 9.1 is
repeated for a confinement of Rc = 32 Å. Here, down to a temperature of 18 K the two
thawed Gaussian approximations and the 2P-FG propagator provide almost identical
results. The lines lie on top of each other both for the mean energy and the specific
heat. Only the 1PD-FG values deviate a bit from the three other methods.

In summary, we can state that the thawed Gaussian propagator with a full matrix
provides the best approximation which deviates in the low-temperature limit only slightly
from the exact result and almost reaches the ground level for T → 0 K. In all cases in
which the high accuracy of the full matrix thawed Gaussian propagator is not required
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Figure 9.3.: Mean energy (a) and specific heat (b) of the argon trimer calculated with the
Gaussian approximations FC-TG, SP-TG, 1PD-FG, 2P-FG, and classically
for Rc = 32 Å.
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9.2. The argon trimer

or in which the integration of the equations of motion for the width parameters of a full
matrix is too expensive, the frozen Gaussian ansatz with two parameters (2P-FG) seems
to be the best choice. It provides the same quality of results as the single-particle thawed
Gaussian propagator but is much easier to evaluate since no integrations of parameters
of the width matrix are required.

9.2.3. Dissociation and the influence of the confining sphere

Before we discuss the dissociation process in more detail we have to investigate the
influence of the confining sphere on the mean energy and the specific heat. While often
a very restrictive value of the confining radius Rc is chosen [51–54, 171], our calculations
demonstrate that its value significantly affects the thermodynamic properties of the
clusters unless large values, drastically exceeding a few Ångströms, are used. Figure
9.4 shows the mean energy of the argon trimer for several confinements Rc in a purely
classical calculation [figure 9.4 (a)] and an evaluation of the quantum partition function
with the 2P-FG propagator [figure 9.4 (b)], which, as was discussed in section 9.2.2,
describes the quantum behaviour correctly. The values Rc = 2.6 Å, 4 Å, and 10 Å have
already been used in reference [57]. The qualitative behaviour of these three curves differs
strongly. In particular, the mean energy for Rc = 10 Å shows a significant increase of the
slope for temperatures above 20 K. In reference [57] this was regarded as an indication
that this radius allows for a total fragmentation of the cluster. However, the mean
energy for higher temperatures reveals that this is not fulfilled completely. We included
the line for E = (9/2)kT in the figure, which corresponds to three free particles. The
mean energy for the restriction Rc = 10 Å does not reach that line even at T = 70 K.
However, for the weaker restrictions Rc = 15 . . . 35 Å one can observe that actually a
total fragmentation takes place and that for T ' 40 K the energy is identical to that of
three free particles. In figure 9.4 (a) we also included the line E = V0 + 6kT with the
potential minimum V0 = −296 cm−1. This line corresponds to the classical expectation
at low temperatures for the internal rotations and oscillations of the trimer plus the
energy of the free centre of mass.

Even though the behaviour at very low (T ≤ 15 K) and high temperatures (T >
35 K) agrees well for all confinements Rc > 15 Å the transition itself obviously depends
more critically on the value of Rc. It is clear that a confining radius Rc = 10 Å is too
restrictive and does not describe the cluster correctly. A significantly larger confining
radius Rc > 30 Å is required. For the largest confining radii used in figure 9.4 we observe
convergence, i.e. a further expansion of the confining sphere does not change the results
significantly.

We note that it becomes increasingly difficult to converge the Monte Carlo integra-
tions for the classical and the 2P-FG partition function for increasing Rc. Similarly, the
large error bars in the path-integral Monte Carlo calculation of reference [57] indicate
that in their computations a radius of Rc = 10 Å was already challenging. Neverthe-
less, the results presented in figure 9.4 demonstrate that the added effort of increasing

131



9. The frozen Gaussian imaginary time propagator and its application to the Ar3 cluster

-300

-250

-200

-150

-100

-50

 0

 50

 100

 150

 200

 250
E

 [
c
m

-1
]

(a)

E = 9/2 kT

E = V
0
 + 6 kT

-250

-200

-150

-100

-50

 0

 50

 100

 150

 200

 250

 0  10  20  30  40  50  60  70

E
 [

c
m

-1
]

T [K]

(b)

E = 9/2 kT

R
c
 = 2.6

R
c
 = 4.0

R
c
 = 10

R
c
 = 15

R
c
 = 20

R
c
 = 25

R
c
 = 30

R
c
 = 32

R
c
 = 35

Figure 9.4.: Comparison of the mean energy of the argon trimer for different confining
radii Rc (in Å) in classical (a) and quantum calculations with the 2P-FG
partition function (b). We also added the thin black lines E = 9/2kT repre-
senting three free particles and E = V0 + 6kT with the potential minimum
V0 = −296 cm−1 for the classical low-temperature behaviour.
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9.2. The argon trimer

Rc beyond 30 Å is essential. The necessity for a thorough investigation of the correct
boundary conditions is already known from classical investigations of atomic clusters.
Etters and Kaelberer [62] demonstrated the negative influence of too restrictive boxes
on the classical average energy.

9.2.4. Dissociation from classical and quantum perspectives

With a confinement of Rc = 32 Å the cluster can be regarded as converged with respect
to Rc. The artificial confinement does not have a further noticeable influence on the
thermodynamic properties. This allows us to discuss the features observed in the mean
energy and the specific heat in more detail. Additionally, the various Gaussian propa-
gators used to obtain the quantum properties agree with each other to a high precision,
so that we may consider them as converged in the sense that the choice of Gaussian
method has no further influence.

As can be seen in figure 9.3 the qualitative behaviour in the quantum and classical
cases is almost the same. The cluster is bound at low temperatures, shows a relatively
sharp transition, and is completely dissociated for temperatures T > 33 K. For very low
temperatures the classical mean energy exhibits the expected behaviour E ∝ 6kT [cf.
also figure 9.4 (a)] for the system (free centre of mass, rotations and oscillations of the
internal degrees of freedom), whereas the FC-TG mean energy (best approximation, see
section 9.2.2) converges to a value close to that of the ground level. Further differences
between the classical and quantum mechanical results are found in the transition region.
It is shifted to slightly lower temperatures in the quantum calculations as compared to
the classical. All quantum calculations show a maximum of the specific heat at 20 K,
while the classical maximum is at 21.5 K. One reason for this shift is the presence of the
zero point energy in the quantum system. As is already obvious in figure 9.4 the classical
and quantum results agree very well in the high-temperature limit, since both trend to
the case of three free particles. Thus, we conclude that the transition observed in the
cluster of three argon atoms is a classical phenomenon. The only difference between
classical and quantum mechanics is in the temperature at which the transition occurs.
We note that Etters and Kaelberer [62] reported a “liquid-gas transition” identified by
the absence of bounded atom configurations in a classical investigation of the system
with “free-surface boundary conditions”, i.e. without a confining sphere, at T = 20 K,
which is in good agreement with our results.

Our finding of a classical-like complete dissociation of the trimer in one step differs
from the conclusions of Pérez de Tudela et al. [57]. While the mean energy in the
calculations of reference [57] for Rc = 10 Å shows a larger and larger slope for increasing
temperatures up to T = 40 K we observe already a decrease of the slope for temperatures
T > 30 K. The difference relative to the path-integral Monte Carlo calculations becomes
even more pronounced in the specific heat. Pérez de Tudela et al. [57] report that they
find an “apparent” maximum which evolves with the radius Rc of the confinement and
appears slightly below 40 K for Rc = 10 Å. The absence of an unambiguous maximum
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9. The frozen Gaussian imaginary time propagator and its application to the Ar3 cluster

was seen as an indication for structural changes of the cluster instead of a proper “phase
transition”. Although the dissociation of the cluster is not fully achieved for such a
strong confinement, it is clear from the Gaussian methods used in this chapter that
already for Rc = 10 Å a pronounced peak in the specific heat indicating the dissociation
of the system at T ≈ 30 K is present (cf. figure 9.1). Describing the cluster with a
weaker confinement correctly reveals the unambiguous dissociation without intermediate
structural modification as discussed above.

The very low temperature found for the dissociation of the cluster may also be impor-
tant for rare gas clusters in general. As was already discussed [57], even for a confining
sphere with Rc = 10 Å, the transition temperature of T ≈ 35 K is lower than tem-
peratures discussed for structural transformations or a “melting” of clusters. Features
indicating such changes have, e.g. been found beyond 40 K for argon [175]. If one con-
siders that the dissociation temperature is actually even lower (T ≈ 20 K, c.f. figure
9.3), one necessarily concludes that it is wrong to ignore the influence of the confining
sphere on such properties. In larger neon clusters (Ne13 and Ne38) features in the mean
energy or the specific heat which were related to structural changes, have been reported
between 6 K and 8 K [51, 53, 54]. These temperatures are lower than the dissociation
found here, however, one may expect that at least a partial dissociation can set in much
earlier in larger clusters since they contain higher energies. In the numerical simulations
[51, 53, 54] the confining radii are chosen such that no atom can leave the cluster during
the time evolution. Our results indicate that such a constraint might be too restrictive
and lead to incorrect conclusions. A partial or full dissociation can influence structural
transformations and may even set in before structural changes of an artificially confined
cluster can occur.

9.3. Discussion and possible extensions

In this chapter we investigated the argon trimer by means of semiclassical Gaussian
approximations to the Boltzmann operator. We introduced a new matrix structure for
a frozen Gaussian variant of the imaginary time propagator which is capable of cor-
rectly dealing with the free centre of mass motion of a cluster of atoms in Cartesian
coordinates. With this matrix structure we were able to show that the frozen Gaussian
propagator is, in spite of its simplicity, competitive with numerically more expensive
thawed Gaussian variants. In particular, the frozen Gaussian method provides the same
quality thermodynamic results as the so-called single-particle thawed Gaussian propa-
gator, which in addition to the time-dependent variables of the frozen Gaussian requires
the time evolution for the elements of a block-diagonal width matrix. This is especially
true in the low-temperature limit, where quantum effects become important and the
form of the semiclassical approximation is supposed to have the largest influence. Our
results suggest that the frozen Gaussian ansatz with two parameters (2P-FG) introduced
in this chapter is the method of choice in all cases in which the higher accuracy of the
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full matrix thawed Gaussian propagator is not required or in which the integration of
the equations of motion for the width parameters of a full matrix is too expensive.

The evaluation of the mean energy and the specific heat for the cluster of three argon
atoms demonstrated that a previous investigation of the system [57] used too restrictive
confinements to describe the dissociation behaviour of the system correctly. Above T =
15 K the cluster directly dissociates into three free atoms, as is evident from the Gaussian
calculations presented in this chapter. This dissociation is almost purely classical, the
influence of quantum mechanics is only found in a convergence to the ground state
energy instead of the classical potential minimum for T → 0 and in a slight shift of
the three-body dissociation transition to higher classical temperatures (∆T ≈ 1.5 K)
which we attribute to the zero point energy of quantum mechanics. The clear and
pronounced transition found in this chapter supports the conclusion of reference [57]
that the dissociation of the atoms from the cluster is important when reconfigurations of
the internal structure are considered. Our results strongly indicate that the confinement
to very small spheres usually applied in the calculation of the partition function and
values deduced from it [52–54, 171] might be too restrictive to fully understand the
low-temperature behaviour of the clusters. The dissociation can set in before structural
changes or a melting can be observed. To make a clear statement on this question it
is necessary to advance the investigations done here to clusters with higher numbers
of atoms. In particular, the cases of Ar6 [176], Ar13 [176–178], Ne13 [53] or Ne38 [54]
examined recently are of special interest.

On the technical side, it is known that both the frozen and thawed Gaussian propaga-
tors used here are, in the framework of a generalised time-dependent perturbation theory
[179, 180], the lowest-order approximations in a series converging to the exact quantum
propagator [68, 69, 172]. Higher orders can help to understand the thermodynamic prop-
erties better and to verify the results obtained here with a higher accuracy. Furthermore,
the corrections obtained by the evaluation of higher-order terms provides objective ac-
cess to the quality with which the Gaussian approximations reflect the quantum effects
in the system studied. They are the topic of chapter 11.
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10. Dissociation of Ar6 and structural
information with the frozen
Gaussian method

In the last sections we investigated a very simple cluster, viz. the argon trimer with the
frozen Gaussian imaginary time propagator, and studied physical quantities following
directly from the partition function. The mean energy and the specific heat are obtained
as simple derivatives. Often it is, however, important to know more than just these two
properties. One important example are structural transformations or phase transitions
from one packing to another [51–57]. Of course, every of these transformations will leave
its signature in the specific heat or the mean energy. They will cause unambiguous
signals in these variables, and thus it will be possible to detect at which temperature a
transformation is occurring. However, often more information is required. For example,
if a switch from one structure to another is studied, it is important to know which
alignment of the atoms is present. A very detailed knowledge of the structure of the
atoms is available via the inter-particle distances. To obtain their values it is very
common to compute the radial pair correlation function between particles i and j at
positions ri and rj, respectively,

pij(r) = 〈δ(|ri − rj| − r)〉β = Tr [K(β)δ(|ri − rj| − r)] , (10.1)

where 〈〉β is the thermal average at inverse temperature β and K(β) = e−βH represents
the imaginary time propagator at the same temperature [53]. This quantity provides
information about the distribution of the distances occurring at every temperature. In
the form (10.1) it is expensive to calculate, however, it can more easily be accessed via
its Fourier transform [53].

It is the purpose of this chapter to show that the frozen Gaussian method introduced
in chapter 9 can be used to obtain a numerically cheap and easy way to the distances of
the atoms in clusters. The mean values and the variances of the distances dij between
atoms i and j can directly be accessed and provide a very clear information of how
the atoms are arranged in the cluster. Since the distances dij of the single pairs can
be calculated in parallel with the same Monte Carlo sampling all of these values can
be calculated with low numerical extra cost. This provides for N atoms N(N − 1)/2
independent values, whereas in the pair correlation function (10.1) small differences in
the mean distances might be hidden below broad distributions.

137



10. Dissociation of Ar6 and structural information with the frozen Gaussian method

We introduce the semiclassical approximations of the mean distances and their vari-
ances in terms of the frozen Gaussian imaginary time propagator developed in section
9.1. To do so, we introduce mean values and variances for inter-atomic distances with
the frozen Gaussian method (section 10.1.1) and add their thawed Gaussian variant (sec-
tion 10.1.2). Then we apply the method to the Ar6 cluster in section 10.2. After a short
introduction of the system (section 10.2.1) we will investigate derivatives of the partition
function (section 10.2.2) and the structural information (section 10.2.3). A discussion
in section 10.3 concludes the chapter. The system is slightly more complicated than
the trimer and promises more features, which will in particular be interesting for the
structure. A publication of the data presented here is in preparation [181].

10.1. Structural information with the semiclassical
Gaussian method

10.1.1. Frozen Gaussian mean values and variances

Propagator

In section 9.1.3 we obtained for the frozen Gaussian imaginary time propagator the
symmetrised form

〈x′|KFG(τ)|x〉 = det(Γ) exp

(
−~2

4
Tr(Γ)τ

)√
det
(
2 [1− exp(−~2Γτ)]−1)

× exp

(
−1

4
[x′ − x]TΓ[tanh(~2Γτ/2)]−1[x′ − x]

)
×
∫ ∞
−∞

dq3N

(2π)3N
exp

(
−2

∫ τ/2

0

dτ ′〈V (q(τ ′))〉 − [x̄− q(τ/2)]TΓ[x̄− q(τ/2)]

)
(9.14)

with x̄ = (x′+x)/2 and the Gaussian averaged potential 〈V (q(τ))〉 from equation (9.3).
It is the basis for the variables we need in addition to the partition function

ZFG(τ) = Tr [KFG(τ)] =
√

det(Γ) exp

(
−~2

4
Tr(Γ)τ

)√
det
(
[1− exp(−~2Γτ)]−1)

×
∫ ∞
−∞

dq3N

(2π)N/2
exp

(
−2

∫ τ/2

0

dτ ′〈V (q(τ ′))〉
)
. (9.15)

The width matrix is of the shape (9.20) but we do not restrict our discussion to three
dimensions. Thus, we assume the generalised matrix

Γ =

(D1 + 2D2)/3 (D1 −D2)/3 (D1 −D2)/3
(D1 −D2)/3 (D1 + 2D2)/3 (D1 −D2)/3 · · ·

. . .

 . (10.2)
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It still consists only of two relevant parameters since we work only with a monoatomic
cluster and all pairwise inter-atomic forces are considered to be identical. Only the
centre of mass motion has to be distinguished from that. The 3 × 3 diagonal matrices
D1 and D2 describe the three spacial directions of one particle. Since also the spacial
dimensions are equivalent the best choices are, again, multiples of the unity matrix, such
that two scalar coefficients D1 and D2 have to be chosen, i.e.

D1 = D113×3 , D2 = D213×3 . (10.3)

Thermal averages of structural information

In chapter 9 we used already the simple thermal averages requiring only the partition
function Z(β), viz. the mean energy E = kT 2∂ lnZ/∂T and the specific heat C =
∂E/∂T . However, K(β) provides access to the thermal average of any observable O via

Ō(FG) = 〈O〉β =
Tr(KFG(β)O)

ZFG(β)
, (10.4)

which we exploit in this chapter to gain access to the structural information. A well
suited property is the distance between two atoms, i.e.

O = dij = |xi − xj|. (10.5)

With the frozen Gaussian propagator (9.14) this leads to the expression

d̄
(FG)
ij =

1

ZFG(β)
Tr(KFG(β) |xi − xj|) =

1

ZFG(β)
det(Γ) exp

(
−~2

4
Tr(Γ)β

)
×
√

det
(
2 [1− exp(−~2Γβ)]−1) ∫ ∞

−∞

dq3N

(2π)3N
exp

(
−2

∫ β/2

0

dτ〈V (q(τ))〉
)

×
∫ ∞
−∞

dx3N exp

(
−[x− q(β/2)]TΓ[x− q(β/2)]

)
|xi − xj| , (10.6)

in which an explicit integration over the 3N position variables x remains in addition
to the evaluation of the partition function (9.15). As mentioned in chapter 9 it is very
important to reduce the numerical effort as much as possible for many-particle systems.
In particular, the position space integrations require an expensive Monte Carlo sampling
in a high-dimensional configuration space.

For usual applications a numerical evaluation of the x integration can be avoided in
a reasonable approximation. This can be seen with the variable y = x− q(β/2), which
transforms the x integral in (10.6) to∫ ∞

−∞
dy3N exp

(
−yTΓy

)
|yi − yj + qi(β/2)− qj(β/2)| . (10.7)
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The width of the atom’s wave functions contribute only at low temperatures signifi-
cantly to the distance. As we will see, in practical applications a very narrow Gaussian
centres all values yi strongly around zero, i.e. xi is almost identical with qi(β/2) for
a nonvanishing Gaussian weight. Thus, we evaluate the integral (10.7) for the case
|yi − yj| � |qi − qj|, and obtain

|yi − yj + qi − qj| ≈ |qi − qj| − (yi − yj) ·
qi − qj
|qi − qj|

+
1

2
(yi − yj)

2 − 1

2

[(yi − yj) · (qi − qj)]
2

|qi − qj|3
. (10.8)

With this expansion the integral (10.7) evaluates to√
π3N

det(Γ)

[
|qi(β/2)− qj(β/2)|+

Tr
(
Γ−1
ii + Γ−1

jj − Γ−1
ij − Γ−1

ji

)
6|qi(β/2)− qj(β/2)|

]
, (10.9)

where Γij is the 3 × 3 submatrix of Γ at the rows and columns representing particles i
and j. In total we obtain

d̄
(FG)
ij (β) =

1

ZFG(β)
Tr(KFG(β) |xi − xj|) ≈

1

ZFG(β)

√
det(Γ) exp

(
−~2

4
Tr(Γ)β

)
×
√

det
(
[1− exp(−~2Γβ)]−1) ∫ ∞

−∞

dq3N

(2π)3N/2
exp

(
−2

∫ β/2

0

dτ〈V (q(τ))〉
)

×
[
|qi(β/2)− qj(β/2)|+

Tr
(
Γ−1
ii + Γ−1

jj − Γ−1
ij − Γ−1

ji

)
6|qi(β/2)− qj(β/2)|

]
. (10.10)

The first term in equation (10.10), ∝ |qi − qj|, reflects the core of the semiclassical
approximation, in which the positions of the atoms are given by the centres qi of the
Gaussian wave packets (9.13). It corresponds to

O = |qi − qj| . (10.11)

The second term contains a correction due to the finite width of an atom’s wave packet.
It is completely sufficient to include this lowest-order term, of which the x integration
could be done analytically with a simple result, thus reducing the numerical effort dras-
tically. For the frozen Gaussian method any higher terms beyond those included in the
approximation (10.10) for the mean distances are of lower interest because the width ma-
trix Γ is held constant and any information on the temperature dependence of the wave
function’s variance is ignored anyway. Indeed, as we will see in the results already the
correction term in the approximation (10.10) has almost no significance. From the phys-
ical point of view we also expect that the width of the atom’s wave functions only plays
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10.1. Structural information with the semiclassical Gaussian method

a role at very low temperatures at which the structural configuration is unambiguously
in a highly symmetric ground state configuration.

To estimate the quality and validity of these mean values we calculate additionally
the variances of the distance distributions. With the operator

O = vij = (dij − d̄ij)2 = (xi − xj)
2 − d̄2

ij , (10.12)

and the integral

1

ZFG(β)
Tr
(
KFG(β) [xi − xj]

2
)

=
1

ZFG(β)

√
det(Γ) exp

(
−~2

4
Tr(Γ)β

)
×
√

det
(
[1− exp(−~2Γβ)]−1) ∫ ∞

−∞

dq3N

(2π)3N/2
exp

(
−2

∫ β/2

0

dτ〈V (q(τ))〉
)

×
[
(qi(β/2)− qj(β/2))2 +

1

2
Tr
(
Γ−1
ii + Γ−1

jj − Γ−1
ij − Γ−1

ji

)]
(10.13)

we obtain the standard deviations σij =
√
v̄

(FG)
ij of the distances d̄

(FG)
ij .

Sorted distances

For the Ar6 cluster there are 15 possible combinations i and j, and thus 15 distances.
The clusters are oriented arbitrarily in the simulation, the numbers i and j of the atoms
have no meaning for the true configuration, and thus are not appropriate quantities to
define the pairwise distances. The average of all calculations simply results in identical
values for all d̄ij which correspond to the mean value of all 15 atom-atom distances in a
certain configuration. To obtain a meaningful quantity we sort the distances according
to their size,

d1 < d2 < . . . < d15 , (10.14)

and determine the thermal average of these size ordered distances, i.e. we obtain the
thermal mean value of the smallest distance, the second smallest, and so forth. These
values can be compared with the expectations of geometrical configurations.

10.1.2. Thawed Gaussian propagator

The frozen Gaussian method has proved to provide good results for thermodynamic
quantities. We want to know whether or not this is also true for the widths calculated in
this chapter. In chapter 9 we have seen that the thawed Gaussian method with a fully
coupled width matrix leads to the best agreement with numerically exact mean energies
and specific heats, and thus turned out to provide very good reference values. The
Gaussian approximation affects mainly the propagator which already has been used for
the derivatives of the partition function. Thus, we can expect that also for the distances
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10. Dissociation of Ar6 and structural information with the frozen Gaussian method

the thawed Gaussian method should be very close to the true quantum mechanical result.
We use it to evaluate the quality of the distances obtained with the frozen Gaussian
semiclassical approximation.

The thawed Gaussian propagator we use is, again, the time evolved Gaussian approxi-
mation (TEGA) suggested by Frantsuzov et al. [53, 170] and introduced in section 9.1.2
with a full width matrix G. Its symmetrised propagator is

〈x|KTG(τ)|x′〉 =

∫
dq3N

(2π)3N

exp[2γ(τ/2)]

det[G(τ/2)]

× exp

(
−1

2
[x− q(τ/2)]TG(τ/2)−1[x− q(τ/2)]

)
× exp

(
−1

2
[x′ − q(τ/2)]TG(τ/2)−1[x′ − q(τ/2)]

)
, (9.8)

and the partition function reads

ZTG =

∫
dq3N

(2
√
π)3N

exp[2γ(τ/2)]√
det[G(τ/2)]

. (9.10)

For the comparison we evaluate the mean value of the distances in the same approxima-
tion as for the frozen Gaussian propagator, viz.

d̄
(TG)
ij (β) ≈ 1

ZTG(β)

∫
dq3N

(2
√
π)3N

exp[2γ(β/2)]√
det[G(β/2)]

×
[
|qi(β/2)− qj(β/2)|+ Tr

(
Gii(β/2) + Gjj(β/2)−Gij(β/2)−Gji(β/2)

)
6|qi(β/2)− qj(β/2)|

]
. (10.15)

The thawed Gaussian method provides an additional important information. In con-
trast to the frozen Gaussian method it is, as described in section 9.1.2, based on a
temperature-dependent width matrix G(τ), which automatically adapts itself to a given
temperature, and thus provides easier access to the width of the wave function, which in-
fluences the variances of the distances. We expect that the “quantum mechanical part of
the variances”, i.e. that originating from the spread of the wave function, increases with
lower temperatures, which has to be reflected in the Gaussian width matrix. For a frozen
Gaussian this increase of the width can only be described correctly if the constant matrix
Γ is optimised for every single temperature, which is a numerically expensive task. For
the thawed Gaussian the variances read

v̄
(TG)
ij (β) ≈ 1

ZTG(β)

∫
dq3N

(2
√
π)3N

exp[2γ(β/2)]√
det[G(β/2)]

[
(qi(β/2)− qj(β/2))2

+
1

2
Tr
(
Gii(β/2) + Gjj(β/2)−Gij(β/2)−Gji(β/2)

)]
−
(
d̄

(TG)
ij

)2

. (10.16)

142



10.2. Structural information about the Ar6 cluster

We are mainly interested in the quantum mechanical part of the variances, viz.

v̄
(TG,qm)
ij (β) ≈ 1

ZTG(β)

∫
dq3N

(2
√
π)3N

exp[2γ(β/2)]√
det[G(β/2)]

× 1

2
Tr
(
Gii(β/2) + Gjj(β/2)−Gij(β/2)−Gji(β/2)

)
. (10.17)

10.2. Structural information about the Ar6 cluster

10.2.1. Representation of the system

The main differences of Ar6 to the argon trimer considered in chapter 9 is the number
of atoms. The numerical representation of the system can be done in the same way. We
use the Hamiltonian

H = −~2

2

N∑
i=1

∆i +
∑
j<i

V (|ri − rj|) , (9.2)

where the pairwise interaction is given by a Morse potential (9.21) with the parameters
given in table 9.1.

Also the artificial confinement required for the convergence of the position space in-
tegrals is done in the same way as for the trimer. According the procedure of section
9.2.1 all six particles are confined within a sphere around the centre of mass Rcm by the
condition |q −Rcm| < Rc, where Rc is the confining radius.

Of course, an additional potential influences the results and can crucially change the
behaviour of the cluster [52, 62]. If only bound configurations are investigated Rc is
usually chosen such that the bound configurations are not affected, i.e. Rc is larger than
the extension of the bound cluster. However, we are interested also in the dissociation
process, for which the choice of Rc is nontrivial as we have seen in chapter 9. A larger
radius Rc always allows for a dissociation at lower temperatures. In principle it has to
be adopted to the physical conditions as, e.g. the pressure. We are interested in the
qualitative behaviour at the dissociation and checked carefully that our choice Rc = 35 Å
does not influence the qualitative change of the observables we are investigating, i.e. the
mean energy, the specific heat, the mean values of the inter-atomic distances and their
variances.

While in a thawed Gaussian calculation the initial condition for the width matrix is
defined (cf. equation (9.12)) the constant matrix Γ has to be chosen carefully. It is a
free parameter of the system and its actual choice has a critical impact on the quality
of the results [69]. However, as has been mentioned above the structure (9.20) with the
3× 3 submatrices (10.3) is reasonable and has proved to give excellent results in section
9.2.2. Thus, only the two parameters D1 and D2 need to be chosen. The parameter D2

providing the lowest value for the mean energy in the zero temperature limit has shown
to lead to the best agreement with numerically exact calculations and the more flexible
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10. Dissociation of Ar6 and structural information with the frozen Gaussian method

thawed Gaussian approximation. This result is almost independent of the temperature at
which the partition function, mean energy or specific heat of all methods are compared.
Thus, the simple minimisation of the frozen Gaussian approximation to the ground state
energy gives us a reliable way of determining D2. For the Ar6 cluster in this chapter

we found that D2 = 32 Å
−2

is the best choice. It is known from section 9.2.1 that

D1 = 0.1 Å
−2

is a good description of the free centre of mass motion. This value will be
used in this chapter. In agreement with chapter 9 we denote the two-parameter frozen
Gaussian propagator 2P-FG, and its fully-coupled thawed Gaussian counterpart FC-TG.

10.2.2. Mean energy and specific heat

To compare the Ar6 cluster with the trimer considered in chapter 9 we first look at the
mean energy and the specific heat. They are shown in figure 10.1 for the two-parameter
frozen Gaussian propagator and the derivatives of the classical partition function (9.23).
The observations are very similar to those obtained in section 9.2.1. At very low temper-
atures the classical calculation tends to the potential minimum. At T = 1 K we find a
mean energy of E = −1216 cm−1. The frozen Gaussian is at this temperature already in
a very flat regime, in which the mean energy is almost independent of the temperature
and approximates the quantum mechanical ground state energy. The method leads to
E ≈ −1015 cm−1. In the inset of figure 10.1 (a) we compare it with the more flexible
fully-coupled thawed Gaussian propagator for which we get a value of E ≈ −1040 cm−1,
i.e. the difference is approximately only 2.4%. Thus, we may conclude that also for the
larger Ar6 cluster the quality of the frozen Gaussian propagator is comparable to that of
the numerically more expensive thawed Gaussian variant even for the low-temperature
limit in which, with the knowledge of chapter 9, it is known to lead to the worst results.

The dissociation appears, similarly to the argon trimer, in the mean energy as a
step. The energy raises almost directly to that of six free particles. This indicates a
dissociation of all atoms at once as we observed it for the trimer. The same information
can be gained from the specific heat, which is shown around the dissociation in figure
10.1 (b). One broad peak indicates that the dissociation is occurring in one step. The
classical calculation shows a transition at a slightly lower temperature, and the difference
between the two maxima in the specific heat is approximately 0.5 K, which is lower as for
the trimer, where we observed a difference of 1.5 K. Certainly the difference can again be
related to the zero point energy in quantum mechanics. This is larger for six atoms than
for three and one could expect that consequently also the temperature difference could
be larger. However, one has to keep in mind that this energy also has to be distributed
among a larger number of atoms during the dissociation.

Since aside from the small shift in the temperature the dissociation process is almost
identical in the classical and the frozen Gaussian calculation we may, again, conclude
that it is a purely classical phenomenon. The temperature at which it occurs is, of
course, dependent on the choice of the confining sphere we made. As mentioned above
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Figure 10.1.: (a) Mean energies of the Ar6 cluster calculated with the two-parameter
frozen Gaussian propagator (2P-FG) and its classical counterpart. For
the high-temperature limit both results agree well. At low temperatures
the classical mean energy tends to the potential minimum and the frozen
Gaussian propagator approximates the quantum mechanical ground state.
The inset shows a comparison of the 2P-FG method with the fully coupled
thawed Gaussian method (FC-TG). The energies differ by a few percent.
(b) Specific heat around the dissociation, which seems to happen in one
step.
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10. Dissociation of Ar6 and structural information with the frozen Gaussian method

for a specific case one is interested in, one would have to translate the radius Rc to a
given situation with, e.g. a given pressure. We checked, however, that we are in a regime,
in which the qualitative behaviour does not change and also the quantitative data, i.e.
the temperature of the dissociation, depends only weakly on the radius. In particular,
we assured that the case of a completely dissociated cluster is present for temperatures
above 40 K.

10.2.3. Structural information for low temperatures and for the
dissociation

In addition to the information of the simple derivatives of the partition function we
now wish to study the mean distances. Since so far the dissociation seems to be purely
classical it is interesting to also compare the structural information with the classical
one. To do so, we add the classical mean distances

d̄
(classical)
ij =

1

Zcl

(
kT

2π~2

)3/2N ∫
e−βV (q)|qi − qj| dq3N (10.18)

in the calculations below.

Structure at low temperatures

The mean distances we obtain for temperatures below 20 K, i.e. significantly below the
dissociation process, are shown in figure 10.2, where we first compare the frozen Gaussian
method 2P-FG with the classical calculation in figure 10.2 (a), and then add the fully-
coupled thawed Gaussian approximation in figure 10.2 (b). The most striking observation
is that the distances appear in the low-temperature limit in two groups. We have a group
of three“long”distances of which the values are always above 5 Å for T → 0 and a second
group of the 12 remaining “short” distances which converge to a value below 4 Å. This
already gives a clear answer to the question about the ground state configuration of Ar6.
It is consistent with the distances in an octahedron, or in other words, the atoms are
located at the centres of the surfaces of its dual polyhedron, viz. the cube. For this
we expect twelve short distances ds from the atoms on neighbouring surfaces and three
longer distances dl between the atoms on opposite surfaces. The ratio of the distances is
expected to be dl =

√
2ds, which we find to be fulfilled excellently in both the classical

and semiclassical calculations.
The classical distances are in the limit T → 0 always lower than the results of the

two semiclassical approximations. This is not surprising. In the classical case the atoms
seek directly the potential minima, whereas in the quantum case we always have a wave
function with a finite width leading automatically to larger mean distances. We also
find that in the classical case the fixed octahedron configuration is only observable for
T → 0. This is a consequence of the fact that classically every nonvanishing energy
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Figure 10.2.: (a) Comparison of the mean values of all 15 distances calculated with the
frozen Gaussian method (2P-FG) and a classical calculation at tempera-
tures T ≤ 20. The distances appear in groups. Three distances converge
for T → 0 to values above 5 Å, wheres the remaining 12 are below 4 Å.
(b) A comparison of the frozen Gaussian and thawed Gaussian method
(FC-TG) shows that the mean distances agree very well.
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10. Dissociation of Ar6 and structural information with the frozen Gaussian method

allows for a thermal excitation. In contrast to this there should be no excitation possible
if kT is clearly below the energy difference between the ground state and the first excited
state in the quantum mechanical case. This is also reflected in the mean distances. For
temperatures below T ≈ 3 K we do not observe any differences between the distances in
one group, and the distances do not change for even lower temperatures. This indicates
that we are already in the ground state configuration.

A comparison of the frozen Gaussian method with the fully-coupled thawed Gaussian
propagator reveals that the distances agree very well. This is in particular true for all
larger distances. Also the low temperature limit shows an excellent agreement. The
edge length of the cube containing the octahedron is dl = 5.39 Å in the frozen Gaussian
calculation and dl = 5.35 Å in the thawed Gaussian approximation. The difference is
below 1 %, and thus even smaller than that of the mean energy. Obviously the structural
information of the frozen Gaussian method is less affected by the constant Gaussian
width approximation.

With the data of figure 10.2 we are also able to estimate the quality of the approxi-
mation (10.8), in which we introduced the power series expansion of the distances. The
first-order term we retained in the expansion is of the size

Tr
(
Γ−1
ii + Γ−1

jj − Γ−1
ij − Γ−1

ji

)
6|qi − qj|

, (10.19)

where for the width matrix (10.2) we obtain Tr
(
Γ−1
ii + Γ−1

jj − Γ−1
ij − Γ−1

ji

)
/6 = D−1

2 =

(32 Å
−2

)−1 = 0.031 Å
2
. With the knowledge that the typical distances |qi− qj| are even

in the bound phase in the order of a few Ångströms we find that this correction is ap-
proximately of the size of less than 1 % of the leading order. Hence, it has at most the
same size as the difference between the two semiclassical propagators. Higher orders in
the series expansion (10.8) would lead to even smaller corrections, which do not need to
be taken into account since they are below the quality of the semiclassical approxma-
tion. Thus, we conclude that the numerically important reduction of the position space
integrals does not influence the quality of the results for the distances.

Dissociation to six free atoms

The distances around the dissociation are shown in figure 10.3, where the classical and
2P-FG results are compared. Since the frozen Gaussian approximation is known to pro-
vide good results at these temperatures (cf. chapter 9), a comparison with the thawed
Gaussian propagator does not give any new information. Figure 10.3 confirms the find-
ing of the consideration of the mean energy and the specific heat in figure 10.1. The
dissociation effect is classical. The semiclassical approximation of the quantum mechan-
ical propagator and the purely classical calculation lead to the same behaviour. Apart
from a small shift in temperature both diagrams agree very well.

The calculation of the distances gives additional insight into the dissociation process.
For temperatures T / 23 K the groups of short and long distances are unchanged. Above
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Figure 10.3.: (a) Mean values of all 15 distances calculated with the frozen Gaussian
method (2P-FG) around the dissociation. Two of the smaller distances
join the group of the three larger distances starting with T ≈ 23 K, but
then the dissociation occurs at once. (b) The same behaviour is observed
for the classical calculation.
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10. Dissociation of Ar6 and structural information with the frozen Gaussian method

this temperature two of the twelve distances ds are separating from the others and join
the three longer distances dl. Two new groups with five and ten distances appear. This
could correspond to the beginnings of a rearrangement of the atoms. However, it is
questionable whether this is really the case. A new structure cannot arise since the
whole process does not finish before all distances raise drastically and indicate with this
increase the dissociation of the cluster. It is more likely that we observe the precursors
of the total destruction of the cluster. The dissociation happens then at once as it was
already found for the trimer in section 9.2.4. After the dissociation the distances obtain
new almost constant values which correspond to the distribution of atoms moving freely
within the confining sphere.

Variances of the distances

In the previous sections we considered the mean values of the distances. To learn more
about their actual distribution we show their standard deviations in figure 10.4 (a)
for the classical and the 2P-FG method. The most significant feature is the drastic
increase of the standard deviations around the transition. At this temperature range
parts of the simulated clusters are still in a bound configuration whereas others are
already dissociated. The effect is similar and of the same size for the classical and
the semiclassical calculation. For temperatures above the dissociation the standard
deviations are almost the same for all distances, which is also expected for six free
atoms.

Of more interest is the behaviour of the standard deviations below the dissociation.
The longer distances are expected to show more fluctuations. Additionally we observe
that two of the shorter distances join the group of the three long distances for increasing
temperatures. We can also expect that these two show higher standard deviations than
the short distances since the the separation of the two distances does not happen abruptly
at one temperature as can be seen in figure 10.3. Consequently we find that below the
dissociation the standard deviations form two groups. One group combines the standard
deviations of five distances, i.e. the three longer ones and the two joining them. The
other group consists of the standard deviations of the 10 short distances which stay
together up to the temperature of the dissociation.

In figure 10.4 (a) it seems that the standard deviations are always decreasing for
lower temperatures. This is definitely expected for the classical calculation. The frozen
Gaussian approxmation can, since the width of the wave function is determined by the
constant values of Γ, not reflect the quantum mechanical expectation that the wave
function stretches at lower temperatures. To cover also this effect we plot in figure 10.4
(b) the quantum mechanical part according to equation (10.17) of the variances in the
thawed Gaussian approximation. We show only the variance of one of the distances
since this part is almost identical for all of them in the highly symmetric situation of a
monoatomic cluster. At T ≈ 20 K the variance has approximately the same size as that
following from the frozen Gaussian method v

(FG,qm)
ij = Tr

(
Γ−1
ii + Γ−1

jj − Γ−1
ij − Γ−1

ji

)
/2 =
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Figure 10.4.: (a) Standard deviations σij of the distances in the frozen Gaussian ap-
proximation (2P-FG) and of the classical calculation. They increase dras-
tically around the dissociation. (b) Quantum mechanical part (10.17) of
the variances for the fully coupled thawed Gaussian propagator. For low
temperatures it increases due to an increasing width of the Gaussians.
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10. Dissociation of Ar6 and structural information with the frozen Gaussian method

3D−2
2 = 0.093 Å. In particular, these quantum mechanical parts of the variances are

considerably lower than other contributions in equations (10.13) and (10.16). Figure
10.4 (a) would not change with the thawed Gaussian propagator. Only for temperatures
T / 10 K the extension of the wave function becomes important for a measurement of
the distances. For temperatures in the range of the dissociation the information from
the frozen Gaussian method is completely sufficient.

10.3. Discussion

On the methodological side we were in this chapter able to show that structural infor-
mation about a cluster of atoms can be obtained with the frozen Gaussian semiclassical
method. The evaluation of the corresponding integrals can be done in parallel to the
evaluation of the partition function, and thus is numerically cheap. Nevertheless the full
information about all the distances of all combinations of the atoms can be obtained. A
comparison with the more flexible thawed Gaussian propagator revealed that the quality
of the distances is on the same level as that of the mean energy or the specific heat, or
even better. To avoid inefficient numerical computations of a position space integral an
approximation for the distances has been introduced. It was possible, however, to show
that this approximation does not reduce the quality of the results below that obtained
in the semiclassical approximation of the propagator.

On the physical side we found that with increasing temperatures the Ar6 cluster under-
goes a direct transition to six free atoms around T ≈ 31 K. However, it shows precursors
in the distances. At temperatures slightly below the dissociation a reordering of the
atoms seems to start, but then vanishes in the increasing distances at the dissociation.
The dissociation is a purely classical effect. The semiclassical approximation shows ex-
actly the same behaviour with just a small shift in the temperature of 0.5 K. Around
the dissociation the standard deviations of the distances are almost only determined
by classical effects. Only for lower temperatures the extension of the wave functions
becomes important as has been seen in a thawed Gaussian approximation.

At low temperatures the cluster assumes the shape of an octahedron, where the longer
distance of the atoms is dl = 5.4 Å, and the shorter has the value ds = dl/

√
2 = 3.8 Å.

Classically the fixed configuration is only obtained in the limit T → 0 whereas in the
quantum mechanical case the ground state configuration is present for all temperatures
T / 3 K.
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11. First-order corrections to the
frozen Gaussian imaginary time
propagator

In the last chapters we have seen that the imaginary time or Boltzmann operator belongs
to the important quantities needed for understanding the equilibrium properties of multi-
dimensional systems at finite temperatures. The derivatives of its trace give access to
basic thermodynamic quantities as the mean energy and specific heat, which allow for
the investigation of thermodynamic properties of atomic clusters. Since for systems with
many degrees of freedom it is a challenge to evaluate the Boltzmann operator we have
introduced a numerically much cheaper frozen Gaussian approximation, which shows
qualitatively good results.

Despite the large success and broad applicability of Gaussian methods for the eval-
uation of the mean energy and the specific heat of clusters one has to keep in mind
that they are semiclassical approximations. As pointed out by Liu and Miller [67] they
are not expected to be accurate at very low temperatures where quantum effects are
large. In the simplest case one observes a shift of the ground state energy away from
the exact result as we have seen in chapter 9. The low-temperature range is, however,
very often the most important and crucial for the thermodynamic properties of rare
gas cluster. For example, Gaussian based computations on clusters of light atoms, e.g.
Ne13 and Ne38 [54, 56], predict novel low temperature quantum effects such as liquid-
like zero temperature structures of Ne38 as compared to a solid-like structure predicted
from classical mechanics [61]. These predictions are based on the Gaussian approxima-
tion [53, 56, 67, 170, 171] and have to be verified. It is the purpose of this chapter to
introduce a possibility to systematically improve the semiclassical approximation.

A systematic approach connecting the Gaussian semiclassical initial value approxima-
tions with exact quantum mechanics is the generalised time-dependent perturbation ap-
proach developed by Pollak and coworkers [68, 69]. Within this framework the Gaussian
approximations can be considered as a lowest-order approximation of a series converging
to the exact quantum Boltzmann operator. It has been shown that both the thawed
and frozen Gaussian versions of this series converge rapidly to the numerically exact
answer for a one-dimensional double well potential [69, 172]. In this chapter we want
to demonstrate that the corrections to the Gaussian imaginary time propagator are also
practically applicable to higher-dimensional systems, in particular to atomic clusters. To
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11. First-order corrections to the frozen Gaussian imaginary time propagator

do so, we apply the frozen Gaussian series to the partition function of the argon trimer
and calculate its first-order correction. We show that the correction helps to estimate
the quality of the results and provides objective access to the validity of the Gaussian
approximations. With the first-order terms it is possible to identify a border tempera-
ture below which the Gaussian results become questionable. This result clearly states
that the dissociation process [57] discussed in chapter 9 with Gaussian approximations
is correctly described by the frozen Gaussian imaginary time propagator since it appears
in the allowed temperature range.

In section 11.1 we introduce the first-order correction to the partition function for
clusters of atoms. The theory is then applied to the system studied already in chapter
9, viz. the argon trimer, in section 11.2. We introduce the system (section 11.2.1), show
how the first-order correction term may be used to determine the best width parameter
(section 11.2.2), consider the influence of an artificial confinement on the correction
(section 11.2.3) and present the first-order corrected mean energy and specific heat for
the dissociation process of the cluster (section 11.2.4), which allow for a clear statement
on the quality of the Gaussian approximation. The required numerical effort is analysed
in section 11.3. Finally we discuss the main significance of the first-order correction in
section 11.4.

This chapter is based on reference [182], in which the findings presented here were
published.

11.1. Frozen Gaussian approximation to the partition
function and first-order corrections

11.1.1. Frozen Gaussian series representation

Zhang et al. [69] proposed a frozen Gaussian form of the imaginary time propagator
K(β) = exp(−βH) at inverse temperature β = 1/(kT ) and developed its higher-order
corrections in the framework of the generalised time-dependent perturbation series [68,
179, 180]. The zeroth order of this series corresponds to the frozen Gaussian propagator
introduced in section 9.1.3. The frozen Gaussian coherent state has the form (9.13),
which leads to the matrix elements (9.14) of the imaginary time propagator. In this
formalism there is only one dynamical variable, viz. the position of the centre of the
Gaussian, which follows the equation of motion (9.16).

Since the Bloch equation

− ∂

∂τ
|q0, τ〉 = H|q0, τ〉 (9.7)

is not solved exactly by the propagator (9.14), one can define the correction operator
[68]

C(τ) = − ∂

∂τ
K0(τ)−HK0(τ) . (11.1)
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The formal solution of equation (11.1) is

K0(τ) = K(τ)−
∫ τ

0

dτ ′K(τ − τ ′)C(τ ′) . (11.2)

With the assumption that the exact propagator K(τ) can be expressed in terms of a
series

K(τ) =
∞∑
n=0

Kj(τ) , (11.3)

where Kj(τ) ∼ C(τ)j are terms with ascending power in the small correction, one can
write down the recursion relation

Kj+1(τ) =

∫ τ

0

dτ ′Kj(τ − τ ′)C(τ ′) (11.4)

for the calculation of higher-order terms.

11.1.2. First-order corrections to the partition function

In the framework of the series expansion the lowest-order approximation to the quantum
partition function is simply the trace of the zeroth-order propagator [69], which has been
written down in section 9.1.3:

ZFG(τ) = Tr [KFG(τ)] =
√

det(Γ) exp

(
−~2

4
Tr(Γ)τ

)√
det
(
[1− exp(−~2Γτ)]−1)

×
∫ ∞
−∞

dq3N

(2π)N/2
exp

(
−2

∫ τ/2

0

dτ〈V (q(τ))〉
)
. (9.15)

Its first-order corrected counterpart

Z1(β) = Z0(β) + ZC1(β) (11.5a)

is obtained in a similar way. The correction term for the partition function can be
combined as

ZC1(β) = Tr [K1(β)] =

∫ β

0

dτ

∫
dx′3N

∫
dx3N〈x′|K0(β − τ)|x〉〈x|C(τ)|x′〉 (11.5b)
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after the explicit representation of the correction operator (11.1) has been evaluated.
The frozen Gaussian imaginary time propagator can be written as [69]

〈x′|C(τ)|x〉 = 〈x′|
(
− ∂

∂β
−H

)
K0(τ)|x〉 = det(Γ) exp

(
−~2

4
Tr(Γ)τ

)

×
√

det
(
2 [1− exp(−~2Γτ)]−1) exp

(
−1

4
[x′ − x]TΓ[tanh(~2Γτ/2)]−1[x′ − x]

)

×
∫

dq3N

(2π)3N
∆V (x′,x, q(τ/2)) exp

(
−2

∫ τ/2

0

dτ ′〈V (q(τ ′))〉

− [x̄− q(τ/2)]TΓ[x̄− q(τ/2)]

)
, (11.6a)

where the energy difference operator is found to be

∆V (x′,x, q(τ/2)) =
~2

4

(
−Tr(Γ) + [x′ − x]T

Γ2

2
[x′ − x]

)
+ 〈V (q(τ/2))〉

+
~2

2

(
[x̄− q(τ/2)]TΓ2[x̄− q(τ/2)] + [x′ − x]TΓ coth

(
~2τ

2
Γ

)
Γ[x̄− q(τ/2)]

)
+ [x̄− q(τ/2)] · 〈∇V (q(τ/2))〉 − V (x′) , (11.6b)

and again x̄ = (x′ + x)/2.
Since most parts of the propagator (9.14) and of the correction operator (11.6a) include

only simple Gaussians or polynomials in x and x′ the matrix element of the product of
the zeroth-order propagator and the correction operator needed for the computation of
the first-order correction term may be calculated analytically. Only the parts including
the potential require in general a numerical computation. However, assuming a Gaussian
form (9.5) for the potential enables one to calculate this part analytically as well. That is,
all x′ and x integrations can be performed analytically, and only the q and τ integrations
remain for the numerical evaluation.

After evaluating the x′ and x integrations in equation (11.5b) we can finally write the
first-order correction as

ZC1(β) =
det(Γ)2

(2π)N
exp

(
−~2

4
Tr(Γ)β

)∫ β

0

dτ
√

det
(
[1− exp(−~2Γ(β − τ))]−1)

×
√

det
(
[1− exp(−~2Γτ)]−1) ∫ dq3N

1

∫
dq3N

2 ∆VS(q1, q2, β, τ)

× exp

(
−2

∫ (β−τ)/2

0

dτ ′〈V (q1(τ ′))〉
)

exp

(
−2

∫ β/2

0

dτ ′〈V (q2(τ ′))〉
)
, (11.7)
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where the single trajectory contribution to the energy difference operator is denoted as

∆VS(q1, q2, β, τ) = exp

(
−1

2
∆q(β, τ)TΓ∆q(β, τ)

){
1√

det(B(β, τ)) det(2Γ)

×
[
~2

4

(
−1

2
Tr(Γ) +

1

4
Tr(B(β, τ)−1Γ2) +

1

2
∆q(β, τ)TΓ2∆q(β, τ)

)

+ 〈V (q2(τ/2))〉+
1

2
∆q(β, τ)T〈∇V (q2(τ/2))〉

]
− VSG(q̄, β, τ)

}
, (11.8)

the difference trajectory is defined as

∆q(β, τ) = q1((β − τ)/2)− q2(τ/2) , (11.9a)

and the middle point is

q̄(β, τ) =
1

2
(q1((β − τ)/2) + q2(τ/2)) . (11.9b)

The integrated potential VSG(q̄, β, τ) can be written in a form similar to the Gaussian
average of the Gaussian fitted potential (9.5), which was introduced by Frantsuzov et al.
[53] for a fully-correlated multi-dimensional Gaussian propagator. It consists of a sum
of Gaussians,

VSG(q̄, β, τ) =

√
det(C(β, τ))

det(B(β, τ) + Γ/2)

∑
j<i

∑
p

cp

√
det(Dij(β, τ))

det(Dij(β, τ) + αp)

× exp
(
− [q̄i(β, τ)− q̄j(β, τ)]T F

(p)
ij (β, τ) [q̄i(β, τ)− q̄j(β, τ)]

)
, (11.10)

with the matrices

B(β, τ) =
1

4
Γ
[
tanh(~2Γ(β − τ)/2)−1 + tanh(~2Γτ/2)−1

]
(11.11a)

and

C(β, τ) =
1

2

(
B(β, τ) +

Γ

2

)
[B(β, τ)Γ]−1 . (11.11b)

The submatrices Cij(β, τ) for the particles i and j of C(β, τ) are required for

Dij(β, τ) = (Cii(β, τ) + Cjj(β, τ)−Cij(β, τ)−Cji(β, τ))−1 (11.12a)

and

F
(p)
i,j (β, τ) = αp − α2

p (αp + Dij(β, τ))−1 . (11.12b)

Note that the first-order correction term (11.5b) is not symmetric. Here we use the
“left” correction operator defined by Zhang et al. [69]. This has, however, no influence
on the partition function due to the trace in equation (11.5b).
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11. First-order corrections to the frozen Gaussian imaginary time propagator

11.2. First-order calculations for the argon trimer

11.2.1. Potential and confinement

To be consistent with chapter 9 we model the pairwise interaction of the argon atoms
by the Morse potential (9.21) with the same parameters as introduced in section 9.2.1.
Since the Gaussian averaged quantities according to equation (9.3) and the x′ and x
integrations in the first-order correction term (11.5b) can be performed analytically if
the potential can be expressed in terms of Gaussians, we use again the fit (9.5) with
the parameters listed in table 9.1. Thus, similar to the zeroth-order case of chapters
9 and 10 there are only two integrations, which have to be done numerically, viz. the
integration in the q space and the imaginary time integration in equation (11.5b). It is
the latter one which is added due to the correction. It is one-dimensional and can be
performed with a standard integrator. The multi-dimensional Monte Carlo sampling in
the q variables is done with a standard Metropolis algorithm as outlined in reference
[53].

To converge the integrals the q space is restricted by the condition |q −Rcm| < Rc,
where Rc is a confining radius and Rcm is the centre of mass of the cluster. This
necessary procedure was outlined in section 9.2.1. As has been shown in section 9.2.3
the value of Rc has a critical influence on the thermodynamic properties. For the first-
order correction term (11.5b) two q integrations, viz. in the propagator and in the
correction operator, have to be taken into account. Here, the restriction on q is applied
for the propagator part (9.14). Due to the coupling via x′ and x in equation (11.6a) the
restriction automatically affects also the q variable in the correction operator.

For the first-order study in this chapter we concentrate on a confinement of Rc = 10 Å.
It is known from section 9.2.3 that this confinement does not describe the dissociation
process fully since it is too restrictive. However, the restricted cluster shows a very broad
transition from the bounded system to three free particles, and thus allows for a clear
analysis of the correction term’s influence on the results around the dissociation, which
is the interesting physical effect.

11.2.2. Choice of the width parameter

In the frozen Gaussian ansatz the matrix of width parameters Γ is constant in imaginary
time τ , however, the choice of Γ has a critical influence on the quality of the results [69].
In chapter 9 we found that the width matrix

Γ =

(D1 + 2D2)/3 (D1 −D2)/3 (D1 −D2)/3
(D1 −D2)/3 (D1 + 2D2)/3 (D1 −D2)/3
(D1 −D2)/3 (D1 −D2)/3 (D1 + 2D2)/3

 (9.20)

with two 3×3-submatrices D1 = D11 and D2 = D21, where 1 is the 3×3 identity matrix,
provides results competitive with thawed Gaussian calculations using a single-particle
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11.2. First-order calculations for the argon trimer

ansatz. The parameterD1 represents the free centre of mass motion and should be chosen
as small as possible. The Gaussian width for the relative coordinates is represented by

D2. In section 9.2.1 an optimum value of D2 = 25 Å
−2

was found. It yields the best
approximation to a numerically exact path integral Monte Carlo calculation [57] and
thawed Gaussian approximations. It was also found that all choices of D1 below a

certain value lead to the same mean energies and that D1 = 0.1 Å
−2

belongs to this
range in which D1 is small enough. These parameters also provide the best and lowest
approximation to the ground state energy. Thus, the minimum of the ground state
energy could also be used to search for the optimum value of the width parameters. It
provides, however, no access to the quality of the results if the exact ground state energy
is unknown.

A systematic, objective and internally consistent approach to the determination of the
optimum width parameter is made possible by considering the first-order correction. The
definition of the correction operator in equation (11.1) makes clear that it measures the
deviation of the zeroth-order term from the exact result. One should thus minimise the
ratio of the first-order [equation (11.5b)] and zeroth-order [equation (9.15)] contributions
to the partition function by varying the width parameter matrix to find the optimum
value.

In figure 11.1 (a) we plot the ratio ZC1/Z0 for several values of the parameters D2 and

D1 = 0.1 Å
−2

. The data was calculated for a cluster with a confinement of Rc = 10 Å.
The zeroth- and first-order mean energies in figure 11.1 (b) visualise the transition from
a bounded to an unbounded cluster. For temperatures at which the system is bounded,
i.e. T / 30 K an optimum range for the width parameter at which the contribution of
the correction term ZC1 is minimal can be found. Below the transition temperature

the lines for D2 between 20 Å
−2

and 30 Å
−2

are close to each other, the smallest value

is found for D2 = 25 Å
−2

. This confirms our previous zeroth-order study of the argon

trimer in chapter 9, where the same value of D2 = 25 Å
−2

provided the best agreement
with numerically exact path integral Monte Carlo methods. At higher temperatures,
where the cluster passes through a transition to three almost free atoms, the situation
changes. The ratio becomes smaller as the magnitude of D2 decreases. In the limit of
three free particles, the frozen Gaussian approximation is exact, in the limit that the
width matrix vanishes. One thus expects that in this limit, the smaller values of the
width parameters would provide a better approximation.

11.2.3. Influence of the confining sphere

As already mentioned, for free particles, the frozen Gaussian propagator yields the exact
partition function in the limit Γ → 0. Thus, one expects that the free centre of mass
motion, described byD1, demandsD1 to be as small as possible. In practice one observes,
however, that D1 shows a minimum correction at a finite value. This is a result of the
confinement of the atoms, which has the same effect as adding a confining potential
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Figure 11.1.: (a) The ratio of the contribution of the first- and zeroth-order terms in
the series expansion of the partition function is plotted as a function of the
temperature T for varying values of the width parameter D2 (given in units

of Å
−2

) and D1 = 0.1 Å
−2

. For the bounded system (T / 30 K) the range

D2 = 20 . . . 30 Å
−2

leads to the minimal ratio whereas for temperatures
above the transition temperature smaller values of D2 lead to smaller rel-
ative corrections. (b) The zeroth-order approximation to the mean energy
E0 and its first-order corrected counterpart E1 is shown to visualise the

transition from the bounded to the unbounded system for D1 = 0.1 Å
−2

and D2 = 25 Å
−2

.
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Figure 11.2.: The ratio of the contribution of the first- and zeroth-order terms in the
series expansion of the partition function is plotted as a function of the
temperature T for varying values of the width parameter D1 (given in

units of Å
−2

) and D2 = 25 Å
−2

. The minimal ratio is found in the range

D1 = 0.5 . . . 1 Å
−2

. The cluster is limited by a confinement with Rc = 10 Å.

(9.22), i.e. the particles are not really free. The effect can be observed in figure 11.2,

where the ratio ZC1/Z0 is plotted for several choices of D1 and D2 = 25 Å
−2

. As can

be seen the minimum correction is achieved for the finite values D1 = 0.5 . . . 1 Å
−2

if a
confinement of Rc = 10 Å is used.

The influence of the confinement can also be found in the study of the width param-
eter D2 for the internal degrees of freedom. For high temperatures, i.e. in the limit of
three free particles a smaller value of D2 should provide a better approximation. Thus,
one expects always a smaller contribution ZC1 for smaller values of D2. However, the

strengths of the first-order corrections for D2 = 10 Å
−2

and D2 = 15 Å
−2

are almost the
same in the high-temperature limit, even beyond the temperatures shown in figure 11.2.

11.2.4. Correction at low temperatures and the first-order
corrected mean energy

Figures 11.1 (a) and 11.2 already indicate that the correction term increases in impor-
tance as the temperature is lowered. This is not surprising since an imaginary time
propagation is performed approximately and the difference between the approximate
and exact solutions is expected to increase with (imaginary) time. The behaviour be-
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Figure 11.3.: Relative strength of the first-order correction to the partition function at

lower temperatures for Rc = 10 Å, D1 = 0.1 Å
−2

, and D2 = 25 Å
−2

. It
diverges in the limit T → 0.

comes even clearer in figure 11.3, where the relative strength of the first-order correction
ZC1/Z0 is plotted for the argon trimer with a confinement Rc = 10 Å and width pa-

rameters D1 = 0.1 Å
−2

, D2 = 25 Å
−2

down to a temperature of T = 1 K. It increases
drastically and shows a diverging behaviour in the limit T → 0, i.e. β → ∞. The in-
creasing importance of the first-order correction term at low temperatures is consistent
with our previous zeroth-order study of the system in chapter 9, where we found that
the accuracy of the frozen Gaussian approximation gets worse as T → 0 and the cluster
approaches the ground state. At low temperatures, quantum effects are strong and,
in particular, the Gaussian (zeroth-order) approximations cannot reproduce the exact
ground state energy EGS of the cluster. The Gaussian form imposed on the wave function
is too severe and the ground state energy obtained from the zeroth-order approximation
is found to be slightly higher than the exact ground state energy (E0 = EGS + ∆E and
∆E > 0).

To further understand the divergence of the first-order term, we may assume that for
large β only the ground state contributes to the partition function and that the exact
partition function Z and its zeroth-order approximated counterpart Z0 behave as

Z ≈ e−βEGS , Z0 ≈ e−β(EGS+∆E) . (11.13)

Thus, a first-order correction which is valid also for large β would be expected to diverge,
since Z/Z0 ≈ eβ∆E.

More interesting is, however, the influence of the first-order correction on the deriva-
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11.2. First-order calculations for the argon trimer

tives of the partition function, which are required for the physically meaningful average
energy

E = kT 2∂ lnZ

∂T
(11.14a)

and specific heat

C =
∂E

∂T
. (11.14b)

Figure 11.4 shows the temperature dependence of the mean energy and specific heat of

the argon trimer for Rc = 10 Å, D1 = 0.1 Å
−2

, and D2 = 25 Å
−2

, i.e. the same parameters
as in figure 11.3. The frozen Gaussian results for the zeroth- and first-order approxi-
mations are compared with a fully-coupled thawed Gaussian approximation which, as
discussed in chapter 9 is expected to be more accurate than the frozen Gaussian ap-
proximation. As one can see in figure 11.4 (a) the first-order correction for the frozen
Gaussian approximation brings the resulting estimate closer to the fully-coupled thawed
Gaussian estimate over most of the temperature range studied. However, for temper-
atures T / 12 K the first-order correction to the energy becomes smaller and vanishes
in the limit T → 0. This also influences the specific heat as can be seen in figure 11.4
(b). In the temperature range of the transition from bounded to unbounded motion,
the first-order corrected frozen Gaussian calculations agree well with the fully-coupled
thawed Gaussian counterpart. For lower temperatures this is no longer true. The di-
vergence is especially noticeable in the low temperature limit for the specific heat where
the first-order correction significantly increases the difference between the fully-coupled
thawed Gaussian estimate (which is rather accurate as known from numerically exact
computations, see chapter 9) and the frozen Gaussian based estimate.

Interestingly, although the first-order correction term at very low temperatures is much
larger than the zeroth-order frozen Gaussian estimate (see figure 11.3), it does not lead
to any change in the estimate of the ground state energy. As may be seen from figure
11.4 (a) the increase of the correction to the partition function is not “fast enough”. This
is further demonstrated in figure 11.5, where the difference between the first derivatives
of the logarithms of the zeroth-order and first-order partition functions,

D =
∂ lnZ0

∂T
− ∂ lnZ1

∂T
(11.15)

is plotted vs. the temperature. From figure 11.3 one expects this difference to diverge
and this is evidently the case. However, the first-order correction term can lead to a
correction for the estimate of the ground state energy only if the temperature derivative
diverges as T 2, as can be seen from equation (11.14a). We find, however, that below a
critical temperature the difference of the derivatives behaves as D ∼ T−0.91, and this is
not sufficient. As a result the first-order correction to the ground state energy vanishes
as found in figure 11.4.

Although the first-order correction term does not lead to a corrected estimate for the
ground state energy, it does provide information on the quality of the frozen Gaussian
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Figure 11.4.: (a) Temperature dependence of the mean energy of the argon trimer for

Rc = 10 Å, D1 = 0.1 Å
−2

, and D2 = 25 Å
−2

. Shown are the zeroth-order
(solid line) and first-order (dashed line) frozen Gaussian results, and the
fully-coupled thawed Gaussian approximation (dotted line). (b) Specific
heat for the same parameters. Both calculations indicate a substantial im-
provement due to the first-order correction in the temperature region of the
transition and above. For lower temperatures the correction breaks down,
indicating that the frozen Gaussian approximation is no longer sufficiently
accurate.
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Figure 11.5.: Double logarithmic plot of the difference D between the first derivatives of
the logarithms of the zeroth- and first-order partition functions as defined
in equation (11.15). In the limit of low temperatures the divergence behaves
as D ∼ T−0.91, which is not strong enough to compensate for the T 2 term
in equation (11.14a) needed to obtain a nonvanishing energy correction.

approximation. The ratio ZC1/Z0 (cf. figure 11.3) and the temperature behaviour of the
correction to the mean energy [cf. figures 11.4 (a) and 11.5] provide an objective measure
for the correctness of the values as estimated from the frozen Gaussian approximation.
Only at a temperature T ≈ 12 K and below it, the correction becomes comparable with
the zeroth-order estimate, and thus is no longer small. Approximately at the same tem-
perature the energy correction starts to get smaller. Both outcomes indicate that the
quality of the approximation is questionable for lower temperatures. However, the dis-
sociation process described in chapter 9 appears only at higher temperatures, indicating
that the frozen Gaussian approximation accurately reflects the quantum transition from
a bounded moiety to dissociation into three free particles.

11.3. Numerical effort for evaluating the first-order
correction

The results presented for the mean energy and the specific heat in section 11.2 showed
that the quality of the first-order corrected frozen Gaussian approximation is similar to
the fully-coupled thawed Gaussian method in the interesting range of temperatures. It
is therefore of interest to compare their computational cost.
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11. First-order corrections to the frozen Gaussian imaginary time propagator

The numerically most expensive part is the imaginary time propagation of the dy-
namical variables. Since the positions q in the zeroth-order frozen Gaussian propagator
(9.14) and the correction operator (11.1) are the only dynamical variables of a frozen
Gaussian propagator, the number of equations of motion for the first-order corrected
partition function still scales linearly with the particle number. For N particles one
has to solve 6N + 2 equations of motion, in which the time integrations of the averaged
potential in the exponential of the propagator and the correction operator [c.f. equations
(9.14) and (11.7)] are included. By contrast the number of dynamical variables of the
fully-coupled thawed Gaussian propagator scales always quadratically with the number
of particles due to the symmetric time-dependent Gaussian width matrix. Counting all
dynamical variables of the time evolved Gaussian approximation [53, 170] one obtains
3N(3N + 3)/2 + 1 equations of motion. Thus, the imaginary time propagation of the
dynamics is cheaper for the first-order frozen Gaussian partition function.

The first-order correction requires, however, also additional numerical effort. The need
for propagating pairs of q trajectories for the propagator and the correction operator
in equation (11.5b) demands a larger number of sampling points for the Monte Carlo
integration in the two sets of positions q. Additionally, the time integration in equation
(11.5b) has to be evaluated. At this point the importance of an analytical evaluation
of the x′ and x integrations in equation (11.5b) as described in section 11.1.2 becomes
clear. Owing to this simplification one can do without an additional 6N -dimensional
Monte Carlo sampling for the operator product [x integration in equation (11.5b)] and
the trace (x′ integration). This drastically reduces the numerical costs. Note that a
3N -dimensional trace integration is already required for the zeroth-order approximation
of both the frozen and thawed Gaussian partition functions. It can be and is evaluated
analytically in all cases. With the analytical evaluation of the x′ and x integrations
there remain 6N q integrations for the first-order corrected frozen Gaussian partition
function and 3N for its zeroth-order thawed Gaussian counterpart.

Because of the different numbers of required sampling points there is no general way
for estimating the numerical effort. In the case of the argon trimer the additional effort
for the first-order correction outweighs the lower number of equations of motion. We
used 6.5 × 107 sampling points for the frozen Gaussian with first-order correction and
1.2×107 for the thawed Gaussian to obtain converged results down to low temperatures
of about 1 K. On the same architecture (one Tesla C1060 GPU) the frozen Gaussian first-
order calculation resulted in approximately twice the time as the zeroth-order thawed
Gaussian. Due to the better scaling of the number of dynamical variables (linear instead
of quadratic) one may expect that this relation changes in favour of the first-order frozen
Gaussian variant with increasing particle number. However, as the results in this chapter
demonstrate, the information the first-order correction provides on the validity of the
Gaussian approximations is at least as important as the improvement of the numerical
estimate of the physical values.
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11.4. Significance of the first-order correction

With the results obtained in this chapter we see that the highest value of the correction
term is to assess the quality of Gaussian approximations used in the study of thermo-
dynamic properties of high-dimensional systems [51–57, 171]. It is known that these
Gaussian approximations are exact in the high-temperature limit but are not necessarily
correct at low temperatures. The present study shows that the first-order correction
indicates a border temperature below which the results of the approximate propagators
become questionable and above which they may be considered to be reliable.

The investigation of the argon trimer revealed that the dissociation process [57] dis-
cussed earlier with Gaussian approximations in full detail in chapter 9 is correctly de-
scribed by the frozen Gaussian imaginary time propagator. It appears in the temperature
range for which the first-order correction is small. Furthermore, the first-order corrected
results are comparable with a fully-coupled thawed Gaussian investigation of the sys-
tem, i.e. the addition of the first-order correction term improves the thermodynamic
estimates. The numerical cost of the first-order corrected frozen Gaussian values is,
however, higher than that of the thawed Gaussian partition function.

Since most effects in rare gas clusters such as structural transformations or dissoci-
ations appear at low temperatures [51–57, 171] it will be of value to investigate these
properties with the series expansion. The correction term should be used to verify the
validity of the Gaussian approximations in these cases, in particular, where strong differ-
ences are found between the approximate quantum computations and a purely classical
theory [56].
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12.1. Summary

The first part of this thesis was devoted to Bose-Einstein condensates in a complex PT -
symmetric double-well potential. The antisymmetric imaginary potential contributions
model in one well a coherent influx of particles and an outflux from the other. It is
known from linear quantum systems with a PT -symmetric potential that real eigenvalue
solutions of the time-independent Schrödinger equation exist in certain ranges of the
physical parameters. However, the condensed phase of Bose-Einstein condensates is
described by the nonlinear Gross-Pitaevskii equation and the nonlinearity introduces new
properties which need an extensive study. This investigation is of high value because up
to now an experimental verification of the effects of PT symmetry in a genuine quantum
system is still lacking.

The solutions of the time-independent Gross-Pitaevskii equation revealed that real
eigenvalue solutions, i.e. true stationary states of the time-dependent Gross-Pitaevskii
equation do exist. Thus, the possibility of observing PT symmetry in quantum mechan-
ics is in principle given. This could be shown in a general calculation in an idealised
model, where the double well is formed by two infinitesimally thin delta traps, as well as
in a fully three-dimensional calculation of a realistic spatially extended potential. Due
to the nonlinearity a new branch point structure, not known from linear PT -symmetric
systems, appears. Two real eigenvalue solutions merge in a second-order exceptional
point and then vanish completely when the gain-loss parameter is increased. PT -broken
complex eigenvalue solutions do not emerge from this point. However, PT -broken states
are found. They appear already for a lower gain-loss parameter and branch off from one
of the real eigenvalue solutions. This branch point, at which the two complex and com-
plex conjugate PT -broken states and the real PT -symmetric state are identical, could
be identified to be a third-order exceptional point. For values of the gain-loss parameter
between the two branch points associated PT -symmetric and PT -broken eigenstates
coexist.

The PT -broken states with complex chemical potentials are not true stationary states
of the time-dependent Gross-Pitaevskii equation, and thus are not observable. However,
their appearance has crucial consequences on the dynamics of the states with real eigen-
values. Already a linear stability analysis revealed that the PT -symmetric state, from
which the two PT -broken states branch off, gets unstable in the vicinity of the bifurca-
tion. A small discrepancy between the gain-loss parameter of the bifurcation and that
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of the stability change could be explained by the norm-dependent nonlinearity of the
Gross-Pitaevskii equation. The other PT -symmetric state stays stable until the gain-
loss parameter at which it vanishes is reached approximately. The stability properties
have a strong impact on the full dynamics of the condensate wave function propagating
in the double well. Stable oscillations of the wave function have been observed for small
gain-loss contributions to the potential. Due to this gain-loss effect the total norm of
the wave in the double well also oscillates with moderate amplitude. At larger gain-loss
parameters those oscillations which start their evolution with an increasing norm may
exceed a critical value of the norm at which the wave function becomes unstable. The
result is a norm growing above all limits and destroying the condensate. In a real phys-
ical situation, when, in contrast to the description with a constant imaginary potential,
the reservoirs are not infinitely large, the growth will end at a certain norm and the
dynamics will be different from that obtained in the description with the PT -symmetric
Hamiltonian. However, in the dynamics of the complex potential the growing wave
is guided by the complex eigenvalue solution of the time-independent Gross-Pitaevskii
equation. The most important result of the dynamical calculations is the verification of
the existence of PT -symmetric states which are sufficiently stable to be observable in
an experiment.

After the studies with the complex potentials two approaches of possible experimental
realisations were investigated. The first approach consists of a closed four-well potential
described by a Hermitian Hamiltonian, in which the PT -symmetric double well is em-
bedded as a subsystem. The latter one is formed by the inner two wells and the outer
two wells act as source and drain for the wave function. It could be shown that it is
possible to adjust the optical potential of the four-well setup such that a PT -symmetric
stationary state of the double well is possible with the same properties as studied before
in the non-Hermitian description. Even the stable oscillations for a non-stationary ini-
tial condition could be reproduced. An experimentally feasible procedure leading to the
PT -symmetric situation was found. The experimental prerequisites, e.g. partially tilted
multi wells, are accessible with today’s techniques [152–154].

In a second approach the possibility of an in- and outflux of atoms by an unbound
condensate state was studied. It was assumed that an external reservoir of atoms in the
condensed phase exists and that these atoms can be in- and outcoupled to and from the
double-well setup by a directed flow of unbound particles. This investigation was on an
elementary level. However, it could be shown that it is in principle possible to replace
the imaginary potentials of the non-Hermitian description by coupling terms of two or
more wave functions. That is, it seems possible to create the PT -symmetric potential
by a simultaneous in- and outcoupling of atoms even though the calculations with the
double-delta potential turned out to be challenging.

In total the first part showed that Bose-Einstein condensates are indeed an excellent
candidate for a first experimental realisation of a PT -symmetric quantum system. Stable
stationary states fulfilling the conditions of PT -symmetric systems are observable and
can be created with today’s experimental methods.
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A different topic was the study of the decay behaviour of resonances in a linear quan-
tum system at an exceptional point. It was demonstrated that the resonances forming
the branch point singularity do not possess a purely exponential decay but include a
polynomial contribution. This decay signal is unique and not observable without excep-
tional points. The numerically exact calculations for resonances of the hydrogen atom
in crossed electric and magnetic fields revealed that it is possible to excite an adequate
superposition such that the non-exponential decay will be observable in the survival
probability.

A semiclassical approximation to the Boltzmann operator using a frozen Gaussian
propagator was the topic of the second part of the thesis. For systems with a large num-
ber of degrees of freedom these approximations are important because exact quantum
computations are too expensive. It was possible to extend the frozen Gaussian prop-
agator such that it is applicable to multi-dimensional systems and well suited for the
description of clusters of atoms. A quantitatively precise approximation to the mean
values of the distances of the atoms could be added to the simple approximations of the
partition function studied earlier. For all accessible values a comparison with similar
but numerically more expensive methods showed that the frozen Gaussian propagator
can compete with them. Furthermore, it was possible to show for the argon trimer
that the propagator provides a quantitatively good approximation to the true quantum
mechanical result obtained with numerically exact methods.

The investigation of the dissociation processes of Ar3 and Ar6 revealed two main
results. Firstly, it could be shown that an artificial confinement of the atoms, which is
necessary to converge numerical calculations, is often chosen too restrictive to obtain
the correct dissociation process. Secondly, it could be shown that both clusters perform
a direct dissociation in one step after which all atoms behave like free particles. This
dissociation is almost purely classical. The influence of quantum mechanics is only found
in a convergence to the ground state energy instead of the classical potential minimum for
T → 0 and in a slight shift of the dissociation threshold to higher classical temperatures,
which can be attributed to the zero point energy.

Since the frozen Gaussian propagator is a semiclassical approximation to quantum
mechanics it is not expected to be accurate at low temperatures when quantum effects
become strong. It can, however, be considered as the leading order of a time-dependent
perturbation theory. The first order of this correction was developed and implemented
for the frozen Gaussian operator adapted to rare gas clusters. It was demonstrated
that its highest value is to assess the quality of Gaussian approximations used in the
study of thermodynamic properties of high-dimensional systems. For the investigation
of the argon trimer the calculations revealed that all physically relevant effects occur in
a temperature range in which the frozen Gaussian approximation describes correctly the
imaginary time propagator and the first-order correction is small. In total, the results
tell that for many applications the frozen Gaussian propagator is the method of choice.
Its calculation is numerically cheap as compared to other methods, its quality can be
objectively measured without the need for any other method, and it turned out to work
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sufficiently correct for the physical effects observable in the thermodynamics of rare gas
clusters.

12.2. Outlook

The present thesis showed that Bose-Einstein condensates are good candidates for the
first experimental observation of a PT -symmetric quantum system. However, there are
still some questions which have to be answered. The prospects for a realisation of a PT -
symmetric setup are the most interesting subject from an experimental point of view.
The calculations shown here are very promising and in particular the four-well model
has been considered with realistic parameters. However, it relies on some simplifications,
e.g. the matrix model on which the realistic physical parameters have been mapped. A
fully three-dimensional solution of the Gross-Pitaevskii equation will be necessary to
really pin down experimentally relevant parameters. This requires the development of
grid computations especially adapted to complex potentials. It will also be important
to investigate how the subtle interplay between the nonlinearity and the gain-loss effect
observed in the stability properties found in the case of the PT -symmetric potential will
manifest itself in the dynamics of a closed multi-well system.

Numerically exact dynamical calculations will also be essential to proceed the study
of the second realisation concept, viz. the in- and outcoupling of a directed atom flow.
To go beyond the simple one-dimensional model based on the double-delta potential we
need a geometry in which a reservoir exists that can be coupled to both wells. Then the
directed atom flow, e.g. created by Bragg beams [91], must be modelled and the coupling
to the condensate in the double well has to be implemented. It will be important to
analyse how the condensate behaves if the strict conditions which have been found for
the coupling have to be fulfilled in a larger extended region of the position space and not
only at single coupling points in a delta-shaped trap. It is a nontrivial question whether
this setup can then still be brought in agreement with the description provided by a
complex PT -symmetric potential. The answer will require a full dynamical study of the
process.

Extensions of the PT -symmetric double-well setup are also thinkable and will prob-
ably lead to new physical effects. Possible is the inclusion of a spatially modulated
scattering length forming the double-well structure instead of the external potential
[121, 183]. Even more interesting seems to be the addition of a long-range inter-atomic
interaction. Bose-Einstein condensates with a dipole-dipole interaction have in many
situations shown qualitatively new effects [120]. In particular, in multi-well setups the
long-range forces lead to couplings of condensate fractions in non-adjoining wells. This
could lead to new cases of PT symmetry or PT -symmetry breaking in the presence of
gain-loss terms.

On the theoretical side it would be desirable to understand how a coherent in- or
outcoupling of atoms can be understood on a microscopic level. This should also be
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important for a realistic description of experimental situations and will require consid-
erations beyond the mean-field limit. Possible starting points along these lines could be
the studies of the transition to the mean-field limit of a non-Hermitian Bose-Hubbard
Hamiltonian [9, 23, 24] or the investigation of the coherently outcoupled atom density
[91]. The relation with master equations [89, 90] could also help to obtain more insight.

There are also a few open mathematical questions. For example, a clear predictability
of the critical values leading to PT -symmetry breaking would be of high value. Since
the PT -symmetric potential barrier in the double-well setup used in this thesis can
be considered as a perturbation of the harmonic trap confining the condensate, studies
of perturbed harmonic oscillators [184, 185] might provide a good basis for such an
investigation as it has already been done for delta perturbations [186]. Furthermore,
insight to mathematical properties in terms of analytical expressions has so far only been
obtained in the mean-field limit of the Bose-Hubbard dimer [9, 23, 24, 112], of which the
dynamics differs from that of the Gross-Pitaevskii equation, or linearisations in matrix
models [118, 147]. It would be interesting to get analytical expressions directly for a
nonlinear system comparable to the Gross-Pitaevskii equation for the PT -symmetric
double well. A model with PT -symmetric Robin boundary conditions at the edges of a
square well [187, 188] might be helpful to answer this question.

The frozen Gaussian method developed in the second part of the thesis has proved to
provide reliable results for quantum mechanical calculations with low numerical effort.
There is a large number of investigations which can be done with it. In particular,
the results for Ar3 and Ar6 indicate that the confinement to very small spheres usually
applied in the calculation of the partition function and values deduced from it [52–
54, 171] might be too restrictive to fully understand the low-temperature behaviour of
the clusters. The dissociation can set in before structural changes or a melting can be
observed. To make a clear statement on this question it is necessary to advance the
investigations done here to clusters with higher numbers of atoms. In particular, the
cases of Ar13 [176–178], Ne13 [53] or Ne38 [54] examined recently are of special interest.

Also the series expansion of the imaginary time propagator can help to get further
insight. Most effects in rare gas clusters such as structural transformations or dissoci-
ations appear at low temperatures and it has to be analysed whether the semiclassical
approximations used in the calculations correctly reproduce the true quantum mechani-
cal behaviour. An important example will be Ne38, for which strong differences are found
between the approximate quantum computations and a purely classical theory [56].

Furthermore, the series expansion of the Boltzmann operator exists also for thawed
Gaussian propagators [68] and has been applied to a one-dimensional system [172]. The
thawed Gaussian propagator is known to approximate the exact mean energy at low
temperatures better than its frozen Gaussian counterpart. Thus, it will be interesting
to see whether this can be confirmed with the correction term and whether the observed
breakdown of the approximation lies at a lower temperature than for the frozen Gaussian
results.
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densate in a harmonic trap with an eccentric dimple potential. Laser Physics 18,
331 (2008).

[129] Holger Cartarius and Günter Wunner. Model of a PT -symmetric Bose-Einstein
condensate in a δ-function double-well potential. Physical Review A 86, 013612
(2012).

[130] Holger Cartarius, Daniel Haag, Dennis Dast, and Günter Wunner. Nonlinear
Schrödinger equation for a PT -symmetric delta-function double well. Journal of
Physics A: Mathematical and Theoretical 45, 444008 (2012).

[131] Dennis Dast, Daniel Haag, Holger Cartarius, Günter Wunner, Rüdiger Eichler,
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Zusammenfassung in deutscher
Sprache

Im ersten Teil dieser Habilitationsschrift wird eine besondere Form nichthermitescher
Hamiltonoperatoren behandelt. Obwohl die Quantenmechanik auf hermiteschen Opera-
toren aufbaut, ist die Anwendung nichthermitescher Operatoren oft sinnvoll, da sie einen
eleganten Zugang zu offenen Quantensystemen, also Systemen, die mit einer Umgebung
in Kontakt stehen, bieten. Einen Überblick über die verschiedenen Anwendungsmöglich-
keiten bietet das Buch von Moiseyev [1]. In dieser Habilitationsschrift treten zwei wichtige
Anwendungen auf, nämlich die Untersuchung von nichthermiteschen Hamiltonoperato-
ren mit Paritäts-Zeit-Symmetrie und die Modellierung des Zerfalls von Resonanzen, der
mit Hilfe eines nichthermiteschen Hamiltonoperators im Rahmen der zeitunabhängigen
Schrödingergleichung behandelt werden kann.

Hamiltonoperatoren mit einer Paritäts-Zeit-Symmetrie, kurz PT -Symmetrie, haben
in den letzten Jahren eine stets anwachsende Aufmerksamkeit erfahren, seit Bender und
Boettcher [4] gezeigt haben, dass sie bemerkenswerte, für die Physik interessante Ei-
genschaften besitzen. Sie beschreiben Systeme mit räumlich getrennten Gewinn- und
Verlusttermen, die zu einem Anwachsen oder Abfall der Amplitude der Wellenfunktion
führen. Eine wesentliche besondere Eigenschaft der PT -symmetrischen Hamiltonopera-
toren ist, dass sie ein vollständig reelles Spektrum der Energieeigenwerte erlauben, sie
ermöglichen also trotz Gewinn- und Verlusteffekten Wellenfunktionen, die stationär sind.
Diese Effekte sind nicht nur in der Quantenmechanik interessant sondern auch in der
Optik [6, 8, 10, 14–17]. In optischen Wellenleitern gelangen die ersten experimentellen
Umsetzungen PT -symmetrischer Systeme [2, 3].

Trotz des beachtlichen Erfolgs, dass ein experimenteller Beweis der Eigenschaften
nichthermitescher PT -symmetrischer Systeme erbracht wurde, bleibt dieser jedoch auf
die Optik beschränkt. In einem originären Quantensystem steht ein solcher Beweis noch
aus. Zweck des ersten Teils dieser Habilitationsschrift ist es, von theoretischer Seite
den Nachweis zu erbringen, dass sich ein Bose-Einstein-Kondensat in einem Doppelmul-
denpotential [18], wie von Klaiman und anderen vorgeschlagen [8], dafür eignet. Die
PT -Symmetrie wird in diesem System dadurch umgesetzt, dass in einer Mulde Atome
in das Kondensat eingekoppelt und auf der anderen Seite ausgekoppelt werden.

Zwar werden PT -symmetrische Quantensysteme schon seit vielen Jahren untersucht
[4, 7, 11, 12, 19, 20], Bose-Einstein-Kondensate unterscheiden sich von diesen aber in ei-
nem wesentlichen Punkt. Bei ausreichend niedrigen Temperaturen werden sie im Moleku-
larfeldgrenzwert von der Gross-Pitaevskii-Gleichung [21, 22] beschrieben. Diese ist nicht-
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linear und damit ist nicht mehr sichergestellt, dass PT -symmetrische Lösungen der sta-
tionären Gross-Pitaevskii-Gleichung mit reellen Energien existieren. Die Nichtlinearität
kann als reeller Bestandteil des Potentials angesehen werden. Nur wenn dieser invariant
unter Raumspiegelungen ist und der lineare Anteil des Operators PT -symmetrisch ist,
ist der zugehörige nichtlineare Hamiltonoperator insgesamt PT -symmetrisch. Die PT -
Symmetrie des nichtlinearen Operators hängt also von seiner eigenen Lösung ab. Vorheri-
ge Untersuchungen eines nichthermiteschen Bose-Hubbard-Dimers [9, 23, 24] und nicht-
linearer optischer Systeme [25–31] lassen jedoch auf eine geeignete PT -symmetrische Lö-
sung hoffen. In dieser Habilitationsschrift wird schrittweise, zuerst anhand von Lösungen
der zeitunabhängigen Schrödingergleichung, anschließend mit dynamischen Rechnungen,
gezeigt, dass Bose-Einstein-Kondensate sich tatsächlich als experimentell realisierbares
PT -symmetrisches Quantensystem eignen. Außerdem werden zwei Vorschläge für eine
experimentelle Umsetzung gegeben.

Nichthermitesche Quantensysteme enthalten jedoch noch wesentlich mehr Effekte, die
in hermiteschen Quantensystemen nicht auftreten können. Dazu gehören exzeptionelle
Punkte, also isolierte Punkte in einem mindestens zweidimensionalen Parameterraum,
an denen zwei oder mehr Resonanzeigenzustände zusammenfallen, sodass ihre Energi-
en und Wellenfunktionen identisch sind [1, 36, 37]. In theoretischen Arbeiten wurden
exzeptionelle Punkte in vielen Systemen gefunden [9, 23, 24, 42–45], sie wurden in Mi-
krowellenexperimenten [38, 39] und elektrischen Schwingkreisen [74] experimentell nach-
gewiesen, jedoch steht auch in diesem Fall eine experimentelle Beobachtung in einem
Quantensystem aus. In dieser Habilitationsschrift wird ein Vorschlag präsentiert, wie
dies über ein einzigartiges, nicht rein exponentielles Zerfallsverhalten der Resonanzen
[24, 46–50] des Wasserstoffatoms in gekreuzten äußeren elektrischen und magnetischen
Feldern an einem exzeptionellen Punkt gelingen kann.

Der zweite Teil der Habilitationsschrift beschäftigt sich mit einem anderen Zugang zu
Systemen, in denen eine Verbindung zwischen gebundenen und ungebundenen Zustän-
den besteht. Edelgascluster sind ein aktives Forschungsgebiet, da sie in recht einfachen
Systemen eine große Bandbreite an thermodynamischen Eigenschaften enthalten [51–
57]. Dazu gehören insbesondere Umwandlungen ihrer Struktur oder Phasenübergänge
bei ansteigender Temperatur. Diese Phänomene treten bei niedrigen Temperaturen und
auf atomarer Längenskala auf. Daher sind präzise quantenmechanische Rechnungen nö-
tig, in denen der Boltzmannoperator K = exp(−βH) ausgewertet werden muss. Dafür
existieren numerisch exakte Methoden, die jedoch mit steigender Teilchenzahl schnell
aufwendig werden und nicht mehr anwendbar sind. Aus diesem Grund werden verlässli-
che Näherungsverfahren benötigt, die numerisch besser skalieren. In dieser Habilitations-
schrift wird eine dieser Näherungen eingeführt, auf mehrdimensionale Systeme erweitert
und zur Berechnung der thermodynamischen Effekte der Ar3- und Ar6-Cluster ange-
wandt. Die semiklassische Näherung besteht darin, den Imaginärzeitpropagator durch
die Propagation einer gaußschen Wellenfunktion zu ersetzen, deren Breite konstant ge-
halten wird. Mit ihr lässt sich die Zustandssumme mit geringem numerischen Aufwand
auswerten. Aus den Ableitungen der Zustandssumme gewinnt man dann die mittlere
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Energie sowie die Wärmekapazität.
Die Anwendung auf so scheinbar einfache Cluster wie Ar3 und Ar6 ist deshalb inter-

essant, weil es trotz ihrer Einfachheit ungelöste elementare Fragen zu ihren thermodyna-
mischen Eigenschaften gibt. So zeigen exakt-numerische Monte-Carlo-Rechnungen [57],
dass Ar3 bei steigender Temperatur in einem Schritt zu drei freien Atomen dissoziiert,
diese Ergebnisse sind jedoch aufgrund starker numerischer Fluktuationen nicht gesichert.
Die semiklassische gaußsche Methode ermöglicht eine Antwort auf diese Frage. Darüber
hinaus wird sie bei der Betrachtung des Ar6-Clusters so erweitert, dass man neben der
Zustandssumme auch die thermodynamischen Mittelwerte der Abstände der Atome im
Cluster berechnen kann, was wichtig ist, um die Struktur aufklären zu können.

Bei Näherungsmethoden stellt sich immer die Frage, ob ihre Genauigkeit für die un-
tersuchten Fragen ausreichend ist. Dies wird für die entwickelte Methode auf mehrere
Arten untersucht. Die mit ihr erhaltenen Ergebnisse werden im Fall des Ar3-Clusters
mit numerisch exakten Methoden, ansonsten mit einer genaueren, aber auch numerisch
aufwendigeren gaußschen Methode, bei der sich die Breitenmatrix frei dynamisch ent-
wickeln kann, verglichen. Darüber hinaus bietet die von Pollak und anderen entwickelte
zeitabhängige Störungsrechnung [68, 69] die Möglichkeit die Qualität der gaußschen Nä-
herung intrinsisch, das heißt ohne die Heranziehung anderer Rechnungen, auszuwerten.
Im Rahmen dieser Störungsrechnung ist die vorgestellte gaußsche Näherung die führen-
de Ordnung einer Reihenentwicklung. Die Korrekturen erster Ordnung aus dieser Reihe
werden für die gaußsche Methode berechnet und es wird gezeigt, wie sie herangezogen
werden können, um die Qualität der Näherung einzuschätzen und die Gültigkeit der
Ergebnisse objektiv zu bewerten.

Teil I. Quantensysteme mit nichthermiteschen Hamiltonoperatoren zur
Modellierung von Gewinn- und Verlusttermen

Ausgeglichene Gewinn- und Verlustterme in Quantensystemen Komplexe Poten-
tiale werden in dieser Habilitationsschrift eingeführt, um Verluste oder Gewinne der
Amplitude einer Wellenfunktion beschreiben zu können. Wenn sie auftreten, nimmt
die Kontinuitätsgleichung für die Wahrscheinlichkeitsdichte der Quantenmechanik die
in Gleichung (2.3) vorgestellte erweiterte Form an. Danach lässt sich interpretieren, dass
ein positives imaginäres Potential die Amplitude anwachsen lässt, also einen Gewinn
beschreibt, ein negativer Imaginärteil sie abfallen lässt, also einen Verlust bedeutet. Der
physikalische Hintergrund dieses Effekts ist in Abbildung 2.1 dargestellt. Wir nehmen
an, dass wir ein abgeschlossenes System mit dem in roten Linien in Abbildung 2.1 (a)
dargestellten Potential haben. In diesem könnte sich die Wellenfunktion wie in grünen
Linien dargestellt ausbreiten. Daraus wird ersichtlich, dass die Dynamik des Systems es
sicher erlaubt, dass die Aufenthaltswahrscheinlichkeit sich von einer Mulde in die andere
verschiebt. Betrachtet man aber nur die inneren beiden Mulden als eigenes System, in
dem die äußeren nicht vorkommen [blaue Linien für das Potential in Abbildung 2.1 (b)],
so muss man den Effekt, dass die Aufenthaltswahrscheinlichkeit innerhalb dieser zwei
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Mulden zu und abnehmen kann, anders simulieren. Dies gelingt gerade durch komplexe
Potentiale und in diesem Sinn sind sie in der Habilitationsschrift zu verstehen.

Als Hamiltonoperatoren H mit einer Paritäts-Zeit-Symmetrie werden solche bezeich-
net, die entsprechend Gleichung (2.9a) mit dem PT -Operator vertauschen. Für diese
lassen sich verschiedene Eigenschaften zeigen, die jedoch für die Anwendung in die-
ser Habilitationsschrift überprüft werden müssen, da mit Bose-Einstein-Kondensaten
ein nichtlineares Quantensystem untersucht wird und die Eigenschaften nur für linea-
re Operatoren bewiesen sind. Es lässt sich jedoch mit recht einfachen Rechnungen aus
Abschnitt 2.2.2 zeigen, dass die wichtigsten Aussagen für nichtentartete chemische Po-
tentiale in der Gross-Pitaevskii-Gleichung weiterhin gelten. Die chemischen Potentiale
sind bei einem PT -symmetrischen linearen Teil des Hamiltonoperators entweder reell
oder treten in konjugiert-komplexen Paaren auf. Sie sind genau dann reell, wenn die
zugehörige Wellenfunktion PT -symmetrisch ist. Wenn ψ eine Lösung mit komplexem
chemischen Potential µ ist, so ist PT ψ die Lösung zum dazu konjugiert-komplexen µ.

Lösungen der zeitunabhängigen Gross-Pitaevskii-Gleichung für ein Bose-Einstein-
Kondensat in einer PT -symmetrischen Doppelmulde Als erstes elementares Modell
wird ein Bose-Einstein-Kondensat in einem PT -symmetrischen Doppel-Delta-Potential
eingeführt, da es aufgrund seiner Einfachheit einen guten Einblick in die mathematische
Struktur verspricht. Es ist durch die eindimensionale Gross-Pitaevskii-Gleichung (3.3)
mit dem Energieeigenwert µ = −κ2 gegeben. Die Gewinn- und Verlusteffekte werden
durch den Imaginärteil des Potentials beschrieben, dessen Stärke durch den Parameter
γ definiert wird. Zunächst wird überprüft, ob der lineare Spezialfall g = 0 alle Eigenschaf-
ten linearer PT -symmetrischer Quantensysteme enthält. Dies ist der Fall und kann für
die Eigenwerte κ in Abbildung 3.1 abgelesen werden. Unterhalb eines kritischen Wertes
γEP des Gewinn-Verlust-Parameters treten zwei reelle Energieeigenwerte auf, die zuge-
hörigen Zustände fallen bei γEP in einem exzeptionellen Punkt zusammen. Für größere
Werte von γ treten zwei komplexe und zueinander konjugiert-komplexe Eigenwerte auf.
Die zugehörigen Eigenzustände erfüllen die oben genannten Beziehungen. Das Modell
ist somit für die Untersuchung des nichtlinearen Falls gut geeignet.

Im Fall der Gross-Pitaevskii-Gleichung, also g 6= 0, ergeben sich in den Spektren Ähn-
lichkeiten aber auch deutliche Unterschiede zum linearen Fall. Die Eigenwerte sind in
Abbildung 3.3 aufgetragen. Als erstes wichtiges Ergebnis stellt man fest, dass reelle Werte
für das chemische Potential µ weiterhin bestehen. Nach den allgemein oben festgestell-
ten Beziehungen müssen die zugehörigen Wellenfunktionen PT -symmetrisch sein. Dies
wird in den Abbildungen 3.4 (a) und (b) bestätigt. Die Wellenfunktionen besitzen einen
symmetrischen Real- und einen antisymmetrischen Imaginärteil. Wie im linearen Fall
vereinigen sich die beiden reellen Lösungen in einem exzeptionellen Punkt. Aus diesem
gehen bei weiterer Erhöhung des Gewinn-Verlust-Parameters allerdings keine komplexen
Energieeigenwerte hervor. Diese treten bereits bei einem kleineren Wert von γ auf und
spalten vom Grundzustand ab [oberer Zweig in Abbildung 3.3, da κ und nicht das che-
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mische Potential µ aufgetragen ist]. Diese Energien sind zueinander konjugiert-komplex
und die zugehörigen Wellenfunktionen in den Abbildungen 3.4 (c) und (d) erfüllen die
erwartete Symmetrie PT ψ1 = ψ2.

Die gefundenen Spektren sind nicht auf den idealisierten Fall des Doppel-Delta-Po-
tentials beschränkt. Ein dazu vollkommen analoges Verhalten lässt sich für das dreidi-
mensionale Potential (3.12) finden. In Abbildung 3.7 werden zunächst die Spektren für
die eindimensionale Projektion aus Abbildung 3.6 über dem Gewinn-Verlust-Parameter
Γ aufgetragen. Sie unterscheiden sich qualitativ nicht von denen für das Doppel-Delta-
Potential. Auch die gefundenen Wellenfunktionen in den Abbildungen 3.8 und 3.9 zei-
gen die erwartete Form. In einem variationellen Näherungsverfahren werden die Eigen-
zustände des vollen dreidimensionalen Problems berechnet. Dabei zeigt sich, dass die
zwei zusätzlichen Raumdimensionen, wie zu erwarten war, keine zusätzliche Information
einbringen, da der PT -symmetrische imaginäre Potentialanteil nur auf eine Richtung
bezogen ist. Oder anders ausgedrückt, man verliert durch die Reduktion der Rechnun-
gen auf eine Dimension keine physikalisch relevanten Effekte und sie ist für alle weiteren
Betrachtungen ausreichend. Es ist sogar möglich, die Ergebnisse für das dreidimensio-
nale Problem mit sehr guter quantitativer Übereinstimmung aus den eindimensionalen
Rechnungen zu gewinnen.

Abbildung 3.10 fasst die wichtigsten Resultate aus den Spektren des nichtlinearen Fal-
les in Form eines Phasendiagramms zusammen. In Abhängigkeit der Parameter g für die
Nichtlinearität und Γ für den Gewinn-Verlust-Effekt beobachtet man drei Bereiche. Es
gibt die bereits aus linearen Systemen bekannten Fälle, dass nur PT -symmetrische oder
nur PT -gebrochene Lösungen auftreten. Darüber hinaus stellt man zwischen dem Wert
Γcr, an dem die PT -gebrochenen Zustände vom Grundzustand abspalten, und dem Wert
ΓEP, an dem die PT -symmetrischen verschwinden, die Koexistenz zusammengehöriger
PT -symmetrischer und PT -gebrochener Lösungen fest. Diese Tatsache sowie die unglei-
che Anzahl an Lösungen bei Variation von g oder Γ erscheint zunächst ungewöhnlich
und mathematisch unvollständig. Mit einer geeigneten komplexen Erweiterung lässt sich
das jedoch aufklären. Diese wurde für das Doppel-Delta-Potential durchgeführt. Dazu
trennt man nach Gleichung (4.7) die Gross-Pitaevskii-Gleichung in ihren Real- und Ima-
ginärteil auf und erlaubt dann den darin vorkommenden reellen Koeffizienten, komplex
zu werden, wie es in den Gleichungen (4.8a) bis (4.8d) angegeben ist. Das Ergebnis sind
die Spektren aus Abbildung (4.4), in denen, anders als in Abbildung 3.3, die Zahl der
Lösungen nicht mehr von γ abhängt. Das scheinbar ungewöhnliche Verhalten aus Ab-
bildung 3.3 lässt sich also auf die nichtanalytische Form der Gross-Pitaevskii-Gleichung
zurückführen. Darüber hinaus gelingt es, mit der analytischen Erweiterung nachzuwei-
sen, dass der kritische Punkt Γcr ein exzeptioneller Punkt dritter Ordnung ist. Wählt
man einen geeigneten Asymmetrieparameter aus Gleichung (4.11), der eine Asymme-
trie des Realteils des Potentials beschreibt, und umkreist ihn gemäß Gleichung (4.12)
in der komplexen Ebene, so findet man das Verhalten aus Abbildung 4.7 (b). Für einen
vollständigen Kreis im Parameterraum beobachtet man eine Permutation aller drei Ei-
genwerte, die am kritischen Punkt zusammenfallen. Das ist ein charakteristisches Signal
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für einen exzeptionellen Punkt dritter Ordnung.

Stabilität und Dynamik in der PT -symmetrischen Doppelmulde Bevor auf die Dy-
namik eines Bose-Einstein-Kondensats eingegangen wird, wird die Stabilität der gefun-
denen stationären Zustände untersucht. Dabei sind nur die Zustände mit reellem che-
mischem Potential interessant. Die gefundenen Zustände mit komplexem chemischem
Potential wachsen entweder an (positiver Imaginärteil) oder fallen ab (negativer Imagi-
närteil), sind also keine stationären Lösungen, auch wenn sie die zeitunabhängige Gross-
Pitaevskii-Gleichung lösen. Die Stabilitätsanalyse erfolgt mit Hilfe der Bogoliubov-de
Gennes-Gleichungen (5.2). In ihnen tritt ein Stabilitätseigenwert ω auf. Dieser ist im
Ansatz (5.1b) so gewählt, dass ein rein reeller Wert anzeigt, dass der Zustand dyna-
misch stabil auf kleine Störungen reagiert, und ein Imaginärteil auf ein exponentielles
Anwachsen der Störung hindeutet.

Die Stabilitätsanalyse zeigt, dass der angeregte Zustand bis kurz vor seinem Ver-
schwinden stabil bleibt, wie aus seinen Stabilitätseigenwerten in Abbildung 5.1 abgele-
sen werden kann. Komplizierter ist das Verhalten des Grundzustands, wie Abbildung 5.2
verdeutlicht. Dieser ist bei kleinen Werten des Gewinn-Verlust-Parameters Γ stabil. Et-
wa dort, wo von ihm die komplexen Zustände abspalten, wird er jedoch instabil. Dieser
Wechsel ist grundsätzlich nicht überraschend, da die Zustände mit komplexem chemi-
schem Potential wie oben beschrieben dynamisch instabil sind, der Stabilitätswechsel
wäre jedoch exakt am kritischen Punkt Γcr erwartet worden. Man findet allerdings, dass
dies nur in der Nähe dieses Punktes geschieht. Dieses Verhalten wurde für die Zustände
im Doppel-Delta-Potential, das sich als Testkandidat dafür gut eignet, genauer unter-
sucht. Auch hier tritt die Unstimmigkeit zwischen dem kritischen Punkt γcr und dem
Stabilitätswechsel bei γω auf. Der Unterschied ∆γ = γcr−γω hängt von der Stärke g der
Nichtlinearität ab und ist in Abbildung 5.4 dargestellt. Dies legt die Vermutung nahe,
dass die Nichtlinearität für das Verhalten verantwortlich ist. Tatsächlich kann man es
darauf zurückführen, dass die Nichtlinearität in der Gross-Pitaevskii-Gleichung von der
Norm abhängt. Beseitigt man diese Abhängigkeit nämlich über die Transformation (5.6),
so stellt man fest, dass die Unstimmigkeit verschwindet, also ∆γ = 0. Ein Beispiel dafür
ist in Abbildung 5.5 dargestellt.

Die dynamischen Rechnungen werden mit einer Superposition aus den beiden Lösun-
gen mit reellen Eigenwerten gestartet. Beispiele sind in den Abbildungen 6.2 (a) bis (c)
für das nichtlineare Doppel-Delta-System und in den Abbildungen 6.3 (a) bis (c) für die
ausgedehnte Doppelmulde gezeigt. Für verschwindende Gewinn- und Verlusteffekte be-
obachtet man die typischen Rabi-Oszillationen der Zweizustandssysteme [Abbildungen
6.2 (a) und 6.3 (a)]. Mit Gewinn- und Verlusteffekten ändert sich das Bild leicht. Die
Oszillationsfrequenz sinkt und die Phasenbeziehung der Wellenfunktionen in den bei-
den Mulden beträgt nicht mehr π. Letzteres bedeutet, dass die Wahrscheinlichkeit, das
durch die Wellenfunktion beschriebene Teilchen in beiden Mulden zusammen zu finden,
zu manchen Zeiten höher ist als zu anderen. Dies ist durch die Gewinn- und Verlustef-
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fekte möglich, eine Erhaltung der Wahrscheinlichkeit muss nicht mehr gelten, wie oben
beschrieben wurde. Auch in den Abbildungen 6.2 (d) und 6.3 (d) startet die Dynamik
mit einer Superposition der beiden Eigenzustände mit reellem chemischem Potential, sie
verhält sich jedoch vollkommen verschieden von den vorherigen Beispielen. Bevor eine
Oszillation beginnen kann, kommt es zu einem ungebremsten Anwachsen der Amplitude
in der Mulde mit Gewinn. Das passiert, obwohl sich das Kondensat zu Beginn nahezu
ausschließlich in der Mulde mit Verlust befindet.

Eine genauere Untersuchung dieses Verhaltens deckt auf, dass der Anfangszustand
sehr entscheidend für die Art der Dynamik (stabile Oszillation oder ungebremstes An-
wachsen) ist. Ist der Anfangszustand so gestaltet, dass die Norm zu Beginn der Zeitent-
wicklung ansteigt, kann es passieren, dass die Wellenfunktion in die instabile Dynamik
gerät. Die Ursache dafür wird bei einem Blick auf die Spektren in den Abbildungen 3.3
oder 3.7 ersichtlich. Steigt die Norm N der Wellenfunktion an, so kann man das auch
als eine Lösung der Gross-Pitaevskii-Gleichung mit Norm 1 und einer nach Gleichung
(5.8) reskalierten Stärke der Nichtlinearität g auffassen. Zu dieser gehört aber ein neues
Eigenwertdiagramm mit zu kleineren Werten verschobenem kritischen Punkt γcr oder
Γcr. Das heißt, die komplexen Lösungen, die die Instabilität hervorrufen, treten mögli-
cherweise beim vorliegenden Wert von γ oder Γ auf, wenn die Norm ansteigt. Sobald sie
in Erscheinung treten, dominiert das Ansteigen in der Mulde mit Gewinn die Dynamik
und man beobachtet das explosionsartige Verhalten aus den Abbildungen 6.2 (d) und
6.3 (d).

Vorschläge für eine experimentelle Umsetzung eines Bose-Einstein-Kondensats in
einer PT -symmetrischen Doppelmulde In dieser Habilitationsschrift werden zwei
Vorschläge für eine experimentelle Umsetzung eines PT -symmetrischen Potentials für
ein Bose-Einstein-Kondensat gegeben. Der erste Vorschlag greift die Idee auf, die schon
bei der Einführung der komplexen Potentiale gegeben wurde. Er beruht auf der Annah-
me, dass ein Kondensat sich in einer Vierfachmulde, wie sie in Abbildung 7.1 dargestellt
ist, befindet und die Dynamik in diesem System betrachtet wird. Basierend auf einer
Rechnung mit einem einfachen Matrixmodell lässt sich zeigen, dass bei einer zeitabhän-
gigen Variation des Potentials in diesem System für die inneren beiden Mulden exakt
die gleiche Dynamik erhalten werden kann wie in einer Doppelmulde aus den vorherigen
Betrachtungen, in der ein komplexes Potential wirkt. Ein Beispiel für einen stationären
PT -symmetrischen Zustand ist in Abbildung 7.2 dargestellt. Wenn man das Potential-
minimum der äußeren beiden Mulden und die Breite der Barrieren verändert, kann man
erreichen, dass die Besetzung der inneren beiden Mulden [n1 und n2 in Abbildung 7.2
(a)] konstant bleibt. Dabei weisen das Abfallen der Besetzung der linken äußeren Mulde
und das Ansteigen der Besetzung der rechten äußeren Mulde [n0 und n3 in Abbildung
7.2 (b)] nach, dass es einen Teilchenstrom in das und aus dem inneren Doppelmulden-
system gibt, d.h. die Gewinn- und Verlusteffekte sind vorhanden, gleichen sich aber aus,
wie es in einem PT -symmetrischen Fall zu erwarten ist. Auch die stabilen Oszillationen
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unter Gewinn- und Verlusteffekten, wie sie die dynamischen Rechnungen in komplexen
Potentialen gezeigt haben, können in einem solchen System gefunden werden, was in
Abbildung 7.3 (a) dargestellt ist.

Die Rechnungen zu den Abbildungen 7.2 und 7.3 beruhen auf einer einfachen Ma-
trixdarstellung, sie können jedoch mit dem Ansatz aus Gleichung (7.10), bei dem man
annimmt, dass in jeder Mulde das Kondensat durch eine Gaußfunktion beschrieben wird,
mit der dreidimensionalen Gross-Pitaevskii-Gleichung in Verbindung gebracht werden.
Damit kann gezeigt werden, dass dieses Verfahren auch für experimentell mögliche Auf-
bauten umgesetzt werden kann. Abbildung 7.5 zeigt ein auf diesem Weg berechnetes
Beispiel für ein Kondensat aus 87Rb-Atomen. Dabei wird mit einem symmetrischen
Grundzustand (siehe Abbildung 7.4) begonnen. Anschließend wird das Potential so vari-
iert, dass sich ein Teilchenstrom aus der linken äußeren Mulde in die Mitte und aus der
Mitte in die rechte äußere Mulde ergibt. Nach der Zeit t ≈ 70 stellt sich in den mittleren
beiden Mulden der gewünschte PT -symmetrische Zustand ein, wie in Abbildung 7.5 (e)
zu erkennen ist.

Als zweite Möglichkeit für eine experimentelle Umsetzung wird vorgeschlagen, dass
man den experimentell bereits umgesetzten [91] Vorgang nutzt, dass ein Bose-Einstein-
Kondensat mit einer Bragg-Streuung aus einer Mulde ausgekoppelt werden kann. Man
nimmt an, dass man ein Bose-Einstein-Kondensat in einer Doppelmuldenstruktur vor-
liegen hat. Eine weitere Mulde wird als Reservoir genutzt. Dies ist in Abbildung 7.6 (a)
skizziert. Aus diesem Reservoir werden Atome ausgekoppelt und in eine Mulde des Dop-
pelmuldensystems eingekoppelt. Umgekehrt koppelt man aus der anderen Mulde Atome
aus und führt sie wieder dem Reservoir zu. Auf Basis des Doppel-Delta-Potentials konn-
te mit Modellrechnungen gezeigt werden, dass dieses Vorgehen prinzipiell funktioniert.
Abbildung 7.7 zeigt eine numerisch exakte Simulation dazu. Insbesondere der angeregte
Zustand mit reellem chemischem Potential, der in Abbildung 7.7 links oben dargestellt
ist, lässt sich über eine recht lange Zeit stabil simulieren. Also gelingt es auch in diesem
Fall, den effektiv von einem komplexen Potential beschriebenen Gewinn- und Verlustef-
fekt durch eine echte Kopplung an eine Umgebung zu simulieren.

Charakteristisches Zerfallsverhalten von Resonanzen an exzeptionellen Punkten
Resonanzen zerfallen unter normalen Umständen mit einem rein exponentiellen Zeitver-
halten, d.h. ihre Besetzungswahrscheinlichkeit nimmt mit e−Γt ab. An einem exzeptio-
nellen Punkt stellt man jedoch fest, dass dies nicht mehr zwangsweise gilt. Wird nämlich
eine Überlagerung der beiden Resonanzen, die am exzeptionellen Punkt zusammenfallen,
angeregt, so fällt die Besetzungswahrscheinlichkeit dieser Überlagerung exakt mit dem
Zeitverhalten |1 − at|2e−Γt ab, es enthält also einen zusätzlichen polynomialen Anteil.
Gleichung (8.7) zeigt wie diese Zeitentwicklung zustande kommt.

Dieses Verhalten kann tatsächlich in einem echten Quantensystem gefunden werden.
Dazu wird in dieser Habilitationsschrift eine exakt-numerische Rechnung für das Was-
serstoffatom in gekreuzten elektrischen und magnetischen Feldern durchgeführt. Die
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beiden äußeren Felder werden so eingestellt, dass zwei Resonanzen fast einen exzep-
tionellen Punkt bilden. Anschließend wird eine Überlagerung dieser beiden Resonanzen
so gewählt, dass das nichtexponentielle Verhalten möglichst ausgeprägt ist. Das dar-
aus erhaltene Zeitverhalten ist in Abbildung 8.1 dargestellt. Man erkennt deutlich, dass
die Besetzungswahrscheinlichkeit zunächst sogar ansteigt und dann erst abfällt. Dieses
Signal stimmt exakt mit dem überein, das man nach Gleichung (8.7) erwartet. Es be-
schreibt allerdings eine rein mathematische Konstruktion einer geeigneten Überlagerung
beider Resonanzen. Jedoch lässt sich zusätzlich zeigen, dass dieser Effekt auch beobach-
tet werden kann, wenn man nur annimmt, dass man mit einem Laser ein Elektron aus
dem 2p, m = 0-Orbital so anregt, dass seine Energie genau den beiden gewünschten,
fast entarteten Resonanzen entspricht. Abbildung 8.3 (b) zeigt das Ergebnis dieses An-
regungsprozesses. Der angeregte Zustand zerfällt erneut exakt nach |1− at|2e−Γt, wobei
der Wert von a mit (0.226+5.25i) · 10−5 so klein ist, dass er sich nur schwach bemerkbar
macht. Er ist jedoch vorhanden, eindeutig nachweisbar und charakteristisch für einen
exzeptionellen Punkt. Ohne einen exzeptionellen Punkt kann dieses Verhalten nicht auf-
treten.

Teil II. Von gebundenen zu ungebundenen Zuständen – Dissoziationseffekte von
kleinen Clustern

Dissoziationseffekte von Ar3 und Ar6 Gaußsche Näherungsverfahren sind weit ver-
breitet, um thermodynamische Eigenschaften von Vielteilchensystemen zu berechnen.
Sie bauen im wesentlichen darauf auf, die Imaginärzeitdynamik der Blochgleichung (9.7)
näherungsweise durch eine gaußsche Wellenfunktion zu lösen und aus dieser Lösung
den Imaginärzeitpropagator oder Boltzmannoperator (9.6) aufzubauen. Dabei kommt
üblicherweise ein Ansatz nach Gleichung (9.8) zur Anwendung, bei dem man der Brei-
tenmatrix der Gaußfunktion erlaubt, sich in der Imaginärzeit zu ändern. Dies führt auf
die Bewegungsgleichungen (9.11a) bis (9.11c), deren Lösung, obwohl es sich bereits um
eine semiklassische Näherung handelt, bei großen Teilchenzahlen sehr aufwendig wer-
den kann. Ein Ansatz nach Gleichung (9.14), bei dem eine Gaußfunktion mit fester
Breitenmatrix Γ verwendet wird, ist in dieser Hinsicht weitaus weniger aufwendig. Für
die Imaginärzeitpropagation muss nur die vektorielle Bewegungsgleichung (9.16) gelöst
werden.

In einem Ansatz mit einer festen Breitenmatrix stellt sich aber die Frage, wie diese ge-
wählt werden soll, denn dafür gibt es keinen allgemeinen Ansatz. Jeder Fall muss einzeln
untersucht werden. Oft bleibt als einzige Möglichkeit, mit Testrechnungen für Spezial-
fälle, in denen ein Ergebnis bekannt ist, durch Variation der einzelnen Matrixelemente
zu bestimmen, was die beste Wahl ist. Man muss jedoch meist nicht alle Matrixelemen-
te verwenden. In dieser Habilitationsschrift wird gezeigt, dass für einen monoatomaren
Cluster die Wahl aus Gleichung (9.20) ideal ist. Sie besteht nur aus zwei Parametern,
die man bestimmen muss, und trotzdem kann auch eine kompliziertere Form der Matrix
kein besseres Ergebnis erzeugen. Die beiden Variationsparameter entsprechen im wesent-
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lichen einer Breite der Wellenfunktion der Schwerpunktkoordinate und einer identischen
Breite für alle Wellenfunktionen, die die Relativkoordinaten beschreiben.

Mit diesem gefundenen Ansatz werden zunächst die thermodynamischen Eigenschaf-
ten von Ar3 untersucht. Dieser kleine Cluster eignet sich besonders, da die Methode mit
anderen verglichen werden kann. Darunter sind auch numerisch exakte Rechnungen, die
eine gute Einschätzung der Qualität der gaußschen Näherung ermöglichen. Solche Ver-
gleichsrechnungen werden in den Abbildungen 9.1 und 9.2 gezeigt. Für diese wird die
Zustandssumme als Spur des Boltzmannoperators berechnet und daraus werden die mitt-
lere Energie und die Wärmekapazität aus Ableitungen gewonnen. Man erkennt deutlich,
dass die gaußsche Näherung mit einer festen Breitenmatrix der oben genannten Form
(2P-FG) im Bereich von Temperaturen T ≥ 20 K sehr gut mit allen Methoden überein-
stimmt. Darunter weicht sie von den numerisch exakten Rechnungen und der flexibleren
Gaußfunktion mit einer zeitlich variablen Breitenmatrix ab. Insgesamt stellt man in den
Vergleichen jedoch fest, dass die Methode gut funktioniert und die kleinen numerischen
Unterschiede vertretbar sind. Insbesondere ist sie vergleichbar gut wie eine Variante der
Gaußnäherung mit zeitlich variabler Breitenmatrix, bei der eine Blockdiagonalstruktur
der Breitenmatrix erzwungen wird (SP-TG), damit sie numerisch besser skaliert. Da die
Rechnung mit der konstanten aber vollen Breitenmatrix (9.20) keine Teilchen-Teilchen-
Korrelationen ignoriert, aber trotzdem numerisch weniger anspruchsvoll ist, ist sie der
SP-TG-Methode überlegen.

Nach diesen Betrachtungen der Methode können die thermodynamischen Eigenschaf-
ten des Ar3-Clusters untersucht werden. Dabei stellt man einen wesentlichen Effekt fest.
Beim Erhöhen der Temperatur dissoziiert der Cluster in einem Schritt zu drei freien
Atomen. Dies ist in Abbildung 9.3 gut zu erkennen. Die mittlere Energie weist eine
Stufe auf und die Wärmekapazität zeigt eine deutliche Erhöhung in diesem Tempera-
turbereich. Ein Vergleich mit der klassischen Rechnung zeigt zudem, dass im Fall der
quantenmechanischen Rechnung die Dissoziation bei einer um ∆T = 1,5 K höheren
Temperatur stattfindet. Dies kann auf die Nullpunktenergie der Quantenmechanik zu-
rückgeführt werden. Insgesamt ist der Vorgang jedoch nahezu klassisch, qualitativ ergibt
sich in einer klassischen Rechnung kein anderes Verhalten.

Ein wichtiger Punkt bei den durchgeführten Rechnungen zur Dissoziation von Clus-
tern ist ein künstliches Potential, das eingeführt werden muss, um die numerischen Inte-
grationen beherrschbar zu machen. Der Propagator (9.14) enthält ein Integral über die
Ortsvariable q, das einer Mittelung über alle möglichen Anfangsorte der Imaginärzeit-
entwicklung entspricht. Dieses Integral muss mit Monte-Carlo-Methoden numerisch inte-
griert werden und konvergiert nur, wenn der Raumbereich künstlich eingeschränkt wird.
Dazu wird üblicherweise eine Sphäre um den Massenmittelpunkt des Clusters gewählt,
als Parameter geht ihr Radius ein. Wird dieser zu eng gewählt, hat das dramatische
Auswirkungen auf den Dissoziationseffekt, wie in Abbildung 9.4 ersichtlich wird. Erst ab
einem Radius von Rc = 20 Å wird überhaupt der Fall erreicht, dass sich die Atome frei
bewegen können, wie aus der Konvergenz gegen die schwarze Linie bei E = 9kT/2, also
der thermischen Energie von drei freien Teilchen, erkannt werden kann. Ab einem Radi-
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us Rc = 32 Å erhält man sinnvolle Ergebnisse, die die Dissoziation richtig wiedergeben.
Dies ist ein wichtiges Ergebnis, denn oft wird der Radius zu klein gewählt.

Bei der Untersuchung des Ar6-Clusters ergibt sich ein ähnliches Bild wie bei Ar3.
Aus Abbildung 10.1 erkennt man, dass auch dieser eine Dissoziation in einem Schritt
durchführt, die jedoch aufgrund der höheren dafür benötigten Energie bei höheren Tem-
peraturen stattfindet. Zusätzlich ist aber hier auch interessant, wie sich die einzelnen
Atome im Cluster verhalten. Das ist nicht mehr so einfach wie beim Ar3-Cluster. Dazu
wird die gaußsche Methode 2P-FG in den Gleichungen (10.10) und (10.13) so erweitert,
dass die thermodynamischen Mittelwerte aller Abstände zwischen den Atomen und deren
Standardabweichungen berechnet werden können. Ein Ergebnis für tiefe Temperaturen
findet man in Abbildung 10.2. Aus dieser kann man ablesen, dass der Cluster im Grund-
zustand die Form eines Oktaeders annimmt, an dessen Ecken die Atome sitzen. Dazu
gehören Längen, die in Gruppen von drei und zwölf auftreten. In der quantenmechani-
schen Rechnung wird der Grundzustand ab T ≈ 3 K eingenommen, in der klassischen
Rechnung wird erst für T → 0 das Potentialminimum angenommen, wie zu erwarten
war. Bei der Dissoziation zeigt sich, dass zwei Abstände ansteigen, bevor es alle ande-
ren tun. Dies könnte den Beginn einer Deformation des Clusters darstellen, die jedoch
in der Dissoziation aufgeht, da sie keine klaren Strukturen annimmt, bevor aufgrund
des Dissoziationsvorgangs alle Abstände ansteigen und sich letztendlich alle Atome frei
bewegen.

Korrekturen erster Ordnung zur gaußschen Näherung mit einer festen Breitenma-
trix Die gaußsche Näherungsmethode zeigt für die betrachteten Beispiele gute Ergeb-
nisse, die nahe an numerisch exakten Rechnungen liegen und mit numerisch aufwendige-
ren Näherungsverfahren mithalten können. Will man jedoch in Fällen, in denen andere
Verfahren nicht anwendbar sind, ihre Qualität beurteilen können, benötigt man eine in-
trinsische Methode. Einen Ansatz dafür bietet die Tatsache, dass nach Gleichung (11.1)
ein Korrekturoperator eingeführt werden kann, der auf die Rekursionsgleichung (11.4)
für höhere Ordnungen in einer zeitabhängigen Störungstheorie führt. Dieses Verfahren
wird angewandt, um für die gaußsche Methode mit einer festen Breitenmatrix den Kor-
rekturoperator (11.6a) und schließlich die Korrektur erster Ordnung zur Zustandssumme
(11.7) zu bestimmen. Dies gelingt in einer Form, in der weitere numerische Integratio-
nen im Ortsraum vermieden werden, was für die Anwendung in Vielteilchensystemen
notwendig ist.

Die Korrekturen erster Ordnung werden in dieser Habilitationsschrift für den Ar3-
Cluster berechnet. Dabei werden drei wichtige Ergebnisse erhalten. Wie oben erwähnt
wurde, müssen für die gewählte Form der festen Breitenmatrix zwei freie Parameter so
eingestellt werden, dass sich die beste Näherung des quantenmechanischen Ergebnisses
ergibt. Wie in den Abbildungen 11.1 und 11.2 dargestellt ist, kann als objektives Kri-
terium die Korrektur erster Ordnung herangezogen werden. Es werden die Parameter
gewählt, die die kleinste Korrektur ergeben und somit bereits am nächsten am besten
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Ergebnis liegen. Als zweites wichtiges Ergebnis erhält man aus Abbildung 11.3 eine Aus-
sage, wann die gaußsche Näherung quantitativ gute Ergebnisse liefert. Dies kann nur
dann der Fall sein, wenn die Korrektur erster Ordnung signifikant kleiner ist als das
Ergebnis der führenden Ordnung. In der Abbildung ist das Verhältnis beider Ordnungen
für die Zustandssumme aufgetragen. Wie man erkennt, divergiert es für T → 0, aller-
dings ist es klein in dem Bereich, der physikalisch interessant ist, also bei Temperaturen,
bei denen die Dissoziation aus Abbildung 9.3 stattfindet. Ein Vergleich in Abbildung
11.4 zeigt dann auch, dass die Korrektur erster Ordnung um die Dissoziation eine deut-
liche Verbesserung in der mittleren Energie und der Wärmekapazität ergibt und mit
der gaußschen Näherung mit einer zeitlich variablen Breitenmatrix hervorragend über-
einstimmt. Für T → 0 ergibt die Korrektur erster Ordnung jedoch keine Verbesserung
gegenüber der führenden Ordnung. Dies scheint auf den ersten Blick erstaunlich zu sein,
da die Korrektur für die Zustandssumme divergiert. Es wird gezeigt, dass diese Divergenz
stärker ausfallen müsste, um einen Korrekturbeitrag zur mittleren Energie erzeugen zu
können. Als drittes wichtiges Ergebnis kann man jedoch festhalten, dass die Korrektur
erster Ordnung im physikalisch interessanten Temperaturbereich der Dissoziation eine
deutliche Verbesserung der mittleren Energie und der Wärmekapazität ergibt.

Zentrale Aussagen und Ausblick Die wichtigste Aussage des ersten Teils dieser Ha-
bilitationsschrift ist die Feststellung, dass Bose-Einstein-Kondensate tatsächlich ein her-
vorragender Kandidat für eine erstmalige experimentelle Umsetzung eines PT -symme-
trischen Quantensystems sind. Stabile Zustände in einem Doppelmuldenpotential mit
Gewinn- und Verlusteffekten existieren, sie erfüllen alle notwendigen Bedingungen PT -
symmetrischer Systeme, sind beobachtbar und mit heutigen experimentellen Methoden
zugänglich. Im Vergleich zu linearen Quantensystemen zeigen sie darüber hinaus durch
das Wechselspiel zwischen der Nichtlinearität und den Gewinn- und Verlusteffekten in-
teressante Eigenschaften wie exzeptionelle Punkte dritter Ordnung, ein kompliziertes
Stabilitätsverhalten der stationären Zustände und eine reichhaltige Dynamik.

Es gibt allerdings auch noch viele interessante offene Fragen. Dabei stehen aus experi-
menteller Sicht sicher die Möglichkeiten einer Umsetzung im Vordergrund. Die bisherigen
Rechnungen sind vielversprechend, allerdings enthalten sie noch Näherungen wie das ein-
fache Matrixmodell, in dem das Viermuldensystem gelöst wurde, und die Beschränkung
auf das eindimensionale Doppel-Delta-System für den Kopplungsansatz. Zur Weiter-
entwicklung und der Berechnung tatsächlicher Laborbedingungen sind neue numerische
Verfahren wie besonders angepasste Gitterrechnungen erforderlich. Darüber hinaus sind
Erweiterungen des PT -symmetrischen Doppelmuldensystems denkbar, z.B. eine räum-
lich modulierte Streulänge, die statt eines externen Potentials verwendet wird, oder die
Einbeziehung langreichweitiger interatomarer Wechselwirkungen wie der Dipol-Dipol-
Wechselwirkung, was oft zu neuen physikalischen Effekten führt [120]. Von theoretischer
Seite ist darüber hinaus von Interesse, wie das kohärente Ein- und Auskoppeln der Ato-
me auf mikroskopischer Skala verstanden werden kann. Ausgangspunkt dafür können
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der Molekularfeldgrenzwert eines Bose-Hubbard-Systems [9, 23, 24], die Betrachtung
des direkten kohärenten Auskoppelns des Kondensats aus einer Mulde [91] oder die Be-
ziehung zu Mastergleichungen [89, 90] sein. Es ergeben sich zusätzlich mathematische
Fragen wie der Wunsch nach einer Vorhersagbarkeit des Bruchs der PT -Symmetrie bei
Verstärkung des Gewinn- und Verlusteffekts. Dafür könnten die Störungsrechnungen für
ein Oszillatorpotential [184–186] von hohem Wert sein. Ein Einblick in analytische Lö-
sungen in einem System, das der hier verwendeten Gross-Pitaevskii-Gleichung ähnlich
ist [187, 188], könnte bei der Beantwortung vieler mathematischer Fragen sehr hilfreich
sein.

Die Untersuchung der thermodynamischen Eigenschaften von kleinen Edelgasclustern
mit der gaußschen Näherungsmethode zeigt, dass eine Gaußfunktion mit einer festen
Breitenmatrix für viele Anwendungen die Methode der Wahl ist. Die zugehörigen nume-
rischen Rechnungen sind im Vergleich zu anderen verfügbaren Verfahren mit wesentlich
geringerem Aufwand durchführbar, hinreichend genau in den Temperaturbereichen, in
denen die interessanten physikalischen Effekte auftreten, und die Qualität ihrer Ergebnis-
se kann mit Hilfe der Korrekturen erster Ordnung aus einer erweiterten zeitabhängigen
Störungsrechnung objektiv eingeschätzt werden, ohne ein Vergleichsverfahren hinzuzie-
hen zu müssen. Die Methode ermöglicht ein Verständnis wichtiger grundlegender Fragen
wie die Aufklärung der Dissoziation des Ar3-Clusters in einem Schritt oder den Ein-
fluss des künstlichen Potentials, das eingeführt wird, um die numerische Integration
beherrschbar zu halten.

Nachdem die gaußsche Methode gezeigt hat, dass sie gute Näherungen quantenmecha-
nischer Ergebnisse liefert, bietet sie sich an, weitere offene Fragen zu thermodynamischen
Eigenschaften von Edelgasclustern anzugehen. Insbesondere sollte die Wahl des künst-
lichen Potentials zur Einschränkung des Integrationsgebiets überprüft werden, da die
Ergebnisse für Ar3 und Ar6 andeuten, dass sie in früheren Rechnungen zu restriktiv
ausgefallen sein könnte [52–54, 171]. Es könnte sein, dass eine Dissoziation der Cluster
einsetzt, bevor die diskutierten strukturellen Umwandlungen auftreten. Dazu müssen
die Betrachtungen aus dieser Habilitationsschrift auf Systeme mit deutlich höheren Di-
mensionen erweitert werden. Von besonderem Interesse sind die kürzlich betrachteten
Cluster Ar13 [176–178], Ne13 [53] oder Ne38 [54].

Die erweiterte zeitabhängige Störungsrechnung kann helfen, ungelöste Fragen in den
Fällen zu beantworten, in denen klassische und semiklassische Rechnungen qualitativ
unterschiedliche Resultate liefern und der Einfluss von Quanteneffekten überprüft wer-
den muss. So sagen semiklassische Rechnungen für Ne38 einen Grundzustand ohne fes-
te Gitterstruktur voraus, was einer klassischen Rechnung widerspricht [56]. Weiterhin
existiert die Reihenentwicklung auch für andere, numerisch aufwendigere gaußsche Nä-
herungsverfahren [68, 172]. Es wäre interessant, die Qualität dieser Verfahren damit zu
überprüfen und festzustellen, ob sie tatsächlich bei tieferen Temperaturen zuverlässige
quantenmechanische Näherungswerte liefern.
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