
Efficient Schemes for

Parameterized Multiscale

Problems

Von der Fakultät Mathematik und Physik der Universität
Stuttgart zur Erlangung der Würde eines Doktors der

Naturwissenschaften (Dr. rer. nat.) genehmigte Abhandlung

Vorgelegt von
Sven Alebrand (geb. Kaulmann)

aus Kirchen

Hauptberichter: Prof. Dr. Bernard Haasdonk
Mitberichter: Prof. Dr. Mario Ohlberger
Tag der mündlichen Prüfung: 16.12.2014
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Abstract

This thesis investigates efficient schemes for parameterized multi-
scale problems. The reduced basis method is a well-known technique
for the reduction of computational effort for parameterized partial
differential equations. Herein two extensions of the methodology are
introduced.

First, an extension to problems with high parameter dimension
is suggested. This so-called online greedy basis construction ap-
proach relies on building parameter-dependent reduced-dimensional
approximation spaces during the main computational phase, the so-
called online-phase. Bases constructed using the online greedy basis
construction are much smaller than those constructed using conven-
tional greedy methods and runtime improvements can be observed
for certain cases.

Secondly, the reduced basis method is combined with ideas from
so-called multiscale methods to make it applicable to problems with
multiscale character by overcoming the lack of control over the run-
time of its preparatory phase, the so-called offline-phase. It is estab-
lished that a novel approach, the localized reduced basis multiscale
method, allows to displace the computational effort between the two
phases of the reduced basis method. This technique is applied to
stationary heat diffusion problems and to two-phase flow in porous
media.

Additional performance can be reached by using multiscale meth-
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ods as efficient solvers during the preparatory phase of the localized
reduced basis method. A parallelization concept for these methods
is introduced and scaling tests for an implementation of the concept
are presented.

Finally some details on our implementations of multiscale methods
and of the aforementioned extensions to the reduced basis method
are presented.
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Zusammenfassung

Diese Dissertation untersucht effiziente Algorithmen zur Behandlung
von parametrisierten Mehrskalenproblemen. Eine Standardmetho-
de der Modellreduktion für parametrisierte partielle Differentialglei-
chungen ist die Reduzierte Basis Methode. In dieser Arbeit werden
zwei Erweiterungen der Methodik vorgestellt.

Zuerst wird eine Erweiterung der Reduzierte Basis Methode auf
Probleme mit hoher Parameterdimension eingeführt. Dazu wird ein
Algorithmus zur Konstruktion eines parameterabhängigen Appro-
ximationsraumes niedriger Dimension definiert. Dieser Algorithmus
– ausgeführt während der eigentlichen Simulationsphase der Redu-
zierte Basis Methode, der sogenannten Online-Phase – ermöglicht
deutlich kleinere reduzierte Basen als herkömmliche Ansätze und
unter bestimmten Voraussetzungen werden reduzierte Laufzeiten im
Vergleich zur herkömmlichen Basiskonstruktion erreicht.

Weiterhin wird die Reduzierte Basis Methode mit Ideen aus dem
Bereich der Mehrskalenmethoden verknüpft. Es wird damit möglich,
die Laufzeit der vorbereitenden Phase der Reduzierte Basis Metho-
de, der sogenannten Offline-Phase, zu kontrollieren. Anhand von An-
wendungen im Bereich von stationärem Wärmefluss und Mehrpha-
senströmungen in porösen Medien wird demonstriert, dass die ent-
stehende neue Methode, die Lokalisierte Reduzierte Basis Mehrska-
lenmethode eine Verschiebung des Berechnungsaufwands zwischen
den beiden Phasen der Reduzierte Basis Methode erlaubt und sich
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der neue Ansatz damit im Bereich von Mehrskalenproblemen an-
wenden lässt.

Weitere Beschleunigung der Simulation kann durch Anwendung
von Mehrskalenmethoden als effiziente Löser während der Offline-
Phase der Lokalisierten Reduzierte Basis Mehrskalenmethode er-
reicht werden. Ein Parallelisierungskonzept für diese Methoden wird
eingeführt und anhand von Skalierungstests untersucht.

Abschließend werden Implementierungen dieses Parallelisierungs-
konzepts und der oben genannten Erweiterungen der Reduzierte Ba-
sis Methode vorgestellt.
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Chapter 1
Introduction

As numerical methods find more and more application in real-world
scenarios as for example oil reservoir engineering or CO2 storage
modeling, demands regarding efficiency and reliability of these meth-
ods also increase. Both oil reservoir engineering and CO2 storage
are perfect examples for scenarios with influential physical proper-
ties on different scales: both can usually be modeled by two-phase
flow equations in a porous medium where variations in the small-
scale quantities describing the porous medium (porosity, permeabil-
ity) can influence the global properties of the flow fields heavily.
This calls for discrete models of the flow resolving the small scale
details which in turn easily leads to equation systems with millions
of unknowns for the objective variables (usually the phase pressures
and phase saturations). Additional complexity is added to the prob-
lem when the flow pattern is not only needed for one fixed setting
of the physical properties and model parameters but rather in a
multi-query context. This is the case for optimization scenarios in
oil reservoir engineering, for example, where optimal well positions
and optimal production rates are desired. This may lead to equa-
tions parameterized by boundary values, initial conditions, inflow
and outflow positions and others.

So-called multiscale methods, such as the MsFEM [28], the vari-
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1 Introduction

Figure 1.1 – Global channels and fine scale details in the perme-
ability field of the SPE 10 benchmark [18].

ational multiscale method (VMM) [47] or the heterogeneous multi-
scale method (HMM) [26] aim at efficient solution schemes for mul-
tiscale problems by incorporating information about the fine scale
details of the flow into a new basis on a coarser scale. These methods
allow to break down the effort to solution for the afore-mentioned
multiscale problems into several smaller parts and are hence usually
a lot more efficient with respect to memory usage and have promis-
ing features regarding parallelization.

Reduced basis methods [69], as a typical example for model order
reduction techniques, aim at solving the second problem: They pro-
vide means to reduce the computational effort for parameterized par-
tial differential equations by introducing two computational phases:
In a time-consuming preparatory step, the so-called offline phase, a
reduced-dimensional surrogate space – the reduced basis space – is
computed that is used as ansatz space during the now rapid online
phase. The number of degrees of freedom during the online-phase
usually does not depend on the system size arising from the un-
derlying (finite element, discontinuous Galerkin, finite volume, ...)
discretization and hence huge speed-ups over those discretizations
can be reached while ensuring approximation quality via rigorous
and efficiently evaluable a-posteriori error estimators.

In this thesis we study how model problems like the parameterized
multiscale problems named above can be treated efficiently. As a
means to this end, several schemes are investigated.

First, we introduce a new basis generation algorithm for reduced

24



1 Introduction

basis methods, the online greedy algorithm. The aim of this algo-
rithm is to adapt the reduced basis method to problems with high
parameter dimensions and problems with high sensitivity with re-
spect to the parameter. For both cases, the standard reduced basis
approach usually shows poor performance.
Secondly, we introduce a new approach combining ideas from mul-

tiscale and model order reduction methods: The localized reduced ba-
sis multiscale method computes localized reduced basis spaces and
decreases the workload during the offline phase which can be pro-
hibitively large for the traditional reduced basis method when ap-
plied to multiscale problems.
Thirdly, we present a parallelization concept for multiscale meth-

ods, especially for the multiscale finite element method. As multi-
scale methods find more and more application in engineering science
and industry, scalable computations on high-performance clusters
become an interesting field of research. Also – the other way around
– multiscale methods show high potential for good scaling even to
exa-scale architectures and hence are worth studying even without
having the above-named applications in mind. Here, the term exa-
scale refers to computational systems operating at a rate of 1018

floating point operations per second. These systems are expected
to govern high-performance computing in the next decade and pose
a great challenge to all parts of a numerical simulation work-flow,
especially to numerical algorithms.
Most parts of this thesis were published in journal articles and

conference proceedings beforehand. In [56] we introduced the online
greedy basis construction algorithm for stationary elliptic problems,
in [23] we introduced a similar method for instationary convection-
diffusion problems.
The concept of localized reduced basis spaces was originally intro-

duced in [57] using different finite element schemes for the local and
global problems. In [2] we applied this idea using the same discon-
tinuous formulation on the local and global scale. Finally, in [55] we
introduced a novel formulation of two-phase flow using our localized
reduced basis approach.
This thesis is structured as follows: in the next chapter, we in-

troduce the reduced basis method including error estimation in de-
tail. Chapter 3 describes the parameterized model for two-phase
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1 Introduction

flow that will be used throughout the work and its discretization
using a discontinuous Galerkin method and the multiscale finite el-
ement method. The above-mentioned online greedy basis construc-
tion algorithm is introduced in Chapter 4. Chapter 5 introduces
the localized reduced basis multiscale method and its application to
stationary heat diffusion and two-phase flow problems. Finally, in
Chapter 7 we introduce software concepts for the implementation
of reduced basis methods and for the parallelization of multiscale
methods.
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Chapter 2
Reduced Basis Methods

As outlined in the introduction in Chapter 1, the reduced basis (RB)
method is a model order reduction technique for a special class of
partial differential equations (PDEs), so-called parameterized partial
differential equations (PPDEs). In these equations, typically one
or more input values like boundary values, initial data or physical
data like diffusion coefficients, velocity fields or others are treated
as parameters.

In an optimization context these problems then, for example, need
to be solved numerous times and a need for model order reduction
arises that allows the numerous (probably to some extend similar)
solutions to be computed at reduced cost. Another example for these
so-called many-query contexts is the application used in Chapter 5:
Here model order reduction is used to reduce the workload produced
by solving the equation for the unknown phase pressure in each step
of a time stepping scheme.

In real-time contexts, which provide another class of motivating
examples for model order reduction techniques, responses from the
PDE are needed ideally instantaneously. This is the case in optimal
control settings, for example.

For both scenarios, the idea of the reduced basis method and its
ancestors is to provide function spaces that are specifically fit to
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2 Reduced Basis Methods

approximate the manifold of all solutions for the equation at hand
for all possible realizations of the parameters.

First studies comprising the idea of problem-specific approxima-
tion spaces for parameterized problems date back to the 1970s and
1980s, see [69] for an overview. It was then recognized that a-
posteriori error estimation is an important ingredient for successful
application in the context of parametric PDEs [59, 60] both for the
construction of reduced bases using greedy-type algorithms [79] and
for online approximation quality certification. After being applied to
elliptic problems [72, 71, 69, 67] and linear and nonlinear parabolic
problems [34, 74, 33], the methodology was extended to cover linear
and non-linear hyperbolic problems [37, 39, 38].

The list of similar approaches includes the PCA method [52, 15,
53], which is also known as Karhunen-Loève expansion or proper
orthogonal decomposition method. This method aims at finding best
approximation spaces from a given data set, in this context usually
a set of solution snapshots of the PDE. Other related approaches
are the balanced truncation method and Krylov-subspace methods
[3].

We will now introduce the RB method in its most basic form (Sec-
tions 2.1 to 2.4) and give some details on a broadly used a posteriori
error estimator (Section 2.5). Finally, in Section 2.6 we will give
some pointers on recent developments in the field of RB research.

2.1 Model Problem

The key model problem for the introduction of the RB method will
be the parameterized partial differential equation (in the weak form)
given as: For some given suitable Hilbert-space X ⊂ L2(Ω) on a
domain Ω let u(µ) ∈ X be given as the solution to

b(u(µ), v;µ) = l(v;µ) ∀v ∈ X , (2.1.1)

for µ ∈ P where P ⊂ R
p for p ∈ N denotes a compact set and

b : X ×X ×P → R denotes a given parameterized bilinear form, that
is: For every µ ∈ P, b(·, ·;µ) defines a bilinear form. Correspondingly
l : X × P → R denotes a given parameterized linear form. The
compact set P will be referred to as the parameter set.
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2.1 Model Problem

Such equations arise, for example, in the context of heat diffusion.
In this case, the parameter µ could model the diffusion coefficient,
boundary values or a heat source in the domain.
In the sequel we will assume b(·, ·;µ) to be symmetric. Further-

more, we assume coercivity and continuity for b:

Assumption 2.1 (Coercivity and Continuity of b). We assume b
to be coercive uniformly with respect to the parameter µ, that is

α(µ) := inf
v∈X\{0}

b(v, v;µ)

‖v‖2
> 0,

where here and later ‖ · ‖ denotes the norm in X induced by its
scalar product 〈·, ·〉, and there exists α > 0 such that α ≤ α(µ) for
all µ ∈ P. Furthermore we assume b to be continuous uniformly
with respect to the parameter µ, that is

γ(µ) := sup
v,w∈X\{0}

b(v, w;µ)

‖v‖‖w‖
<∞

and there exists γ ∈ R such that γ(µ) ≤ γ for all µ ∈ P.

Remark 2.2. Existence and uniqueness of solutions to (2.1.1) is
then guaranteed by the Lax-Milgram theorem if the right hand side
form l is continuous for all parameters, that is if

sup
v∈X\{0}

l(v;µ)

‖v‖
<∞, ∀µ ∈ P.

The basis for the introduction of the reduced basis (RB) method
is a discrete formulation of problem (2.1.1). Different methods such
as finite volume (FV), discontinuous Galerkin (DG) or finite element
(FE) methods have been used as a basis for the RB method. For now
we only assume a discrete space Vh ⊂ X to be given and introduce
the high-dimensional solution of (2.1.1):

Definition 2.3 (High-Dimensional Solution). Given a discrete func-
tion space Vh ⊂ X of dimension N = dim(Vh), where dim(Vh)
denotes the length of a basis of Vh, the high-dimensional solution
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2 Reduced Basis Methods

uh(µ) ∈ Vh to Equation (2.1.1) for a parameter µ ∈ P is given as
the solution to

b(uh(µ), v;µ) = l(v;µ) ∀v ∈ Vh. (2.1.2)

As usual in RB methods, we will consider Definition 2.3 a replace-
ment for the weak formulation (2.1.1): We assume the error between
analytical and high-dimensional solutions to be negligible and com-
pare our reduced approximations only to the high-dimensional ones.

2.2 Reduced Basis Approximation

The RB method reduces the complexity of computing a solution
to the equation at hand from N = dim(Vh) to N ∈ N, N ≪ N ,
by introducing a low-dimensional surrogate XN , dim(XN ) = N of
the high-dimensional discretization space Vh. This space XN is the
linear span of high-dimensional solutions for a given set of parameter
values.

Definition 2.4 (Reduced Basis Space). For a given set of parame-
ters µ1, . . . , µk ∈ P stemming from the parameter set P, the reduced
basis space XN is given as

XN = span ({uh(µ1), . . . , uh(µk)}) .

Here and in the following, span({v1, . . . , vN}) denotes the linear span
of the set of vectors {v1, . . . , vN}. Furthermore, we denote by Φ =
{ϕ1, . . . ϕN}, where N is the dimension of the linear space XN , an
orthonormal basis of XN .

The space XN is used to define a reduced-dimensional surrogate
for Equation (2.1.2) where we look for a solution uN (µ) ∈ XN for a
given parameter µ ∈ P:

b(uN (µ), vN ;µ) = l(vN ;µ) ∀vN ∈ XN . (2.2.1)

Remark 2.5. As Assumption 2.1 ensures coercivity and continuity
on the reduced space XN (due to XN ⊂ X ), the reduced-dimensional
equation (2.2.1) has a unique solution: Equation (2.2.1) is a linear
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2.3 Offline–Online Decomposition

problem in finite space dimension. Therefore existence and unique-
ness of solutions are equivalent. Let u1(µ) and u2(µ) be two solutions
to (2.2.1). We then have

b(u1(µ)− u2(µ), u1(µ)− u2(µ);µ)

= l(u1(µ)− u2(µ);µ)− l(u1(µ)− u2(µ);µ)

= 0.

Therefore

0 = b(u1(µ)− u2(µ), u1(µ)− u2(µ);µ)

≥ α‖u1(µ)− u2(µ)‖

with α > 0. Hence we have ‖u1(µ) − u2(µ)‖ = 0, that is u1(µ) =
u2(µ).

Introducing the vector uN (µ) ∈ R
N , the matrix-valued function

AN : P → R
N×N with (AN (µ))i,j = b(ϕj , ϕi;µ), and the vector-

valued function bN : P → R
N with (bN (µ))i = l(ϕi;µ), the reduced

dimensional equation system for Equation (2.2.1) is given as

AN (µ) · uN (µ) = bN (µ), (2.2.2)

which is of much smaller size (N ≪ N ) than the arising equation
system for the high-dimensional discretization (Definition 2.3) but
typically dense. The computational effort for solving is thus re-
duced from O(N 2) to O(N3). The complexity of the assembly of
the reduced-dimensional system (2.2.2) still depends on N , though.
In the next paragraph we will therefore introduce a scheme that
decouples the overall complexity of (2.2.2) from N .

2.3 Offline–Online Decomposition

The main idea of the RB method is the so-called offline–online split-
ting of all computations: We introduce two phases of RB computa-
tions:

Offline phase During this phase, all N -dependent computations are
performed. In particular, the linear subspace XN of the high-
dimensional space Vh is built up with the aim of finding the
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best approximation of the manifold of all possible solutions
M(P) = {u(µ)|µ ∈ P}. This phase may be very expensive as
a certain amount of solutions uh(µi) and potentially additional
data like operator projections need to be computed.

Online phase During this phase, the equation at hand is solved in
the reduced space XN for a given parameter µ. This phase is
ideally totally independent of N , and therefore usually very
fast.

While the construction of XN can clearly be done during the of-
fline phase, the assembly of the equation system (2.2.2) needs to
be done for every new given parameter µ during the online phase.
As this requires evaluations of b at the solutions uh(µi), the on-
line phase would depend on N . We thus make the assumption of
parameter-separability:

Assumption 2.6. Assume b, l to be parameter-separable, that is
for all u, v ∈ Vh we assume

b(u, v;µ) =

Qb∑

q=1

Θqb(µ)b
q(u, v),

l(u;µ) =

Ql∑

q=1

Θql (µ)l
q(u)

for a set of parameter-dependent functions Θqb ,Θ
q
l : P → R, a set of

parameter-independent bilinear and, respectively, linear forms bq :
Vh × Vh → R, lq : Vh → R and given numbers Qb, Ql ∈ N.

Using Assumption 2.6, the assembly of the system (2.2.2) can be
done in two steps: During the offline phase, after computing the
reduced basis space XN , project the parameter-independent com-
ponents of b and l to XN :

(Aq
N )i,j = bq(ϕj , ϕi), 1 ≤ q ≤ Qb, 1 ≤ i, j ≤ N,

(bqN )i = lq(ϕi), 1 ≤ q ≤ Ql, 1 ≤ i ≤ N.
(2.3.1)
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2.4 Reduced Basis Construction

During the online phase, it then only remains to sum up the pre-
computed components:

AN (µ) =

Qb∑

q=1

Θqb(µ)A
q
N , bN (µ) =

Ql∑

q=1

Θql (µ)b
q
N . (2.3.2)

If parameter separability can not be fulfilled for the equation
at hand, approximation techniques like the empirical interpolation
method (EIM) [8], the empirical operator interpolation method [39,
24] or the discrete empirical interpolation method (DEIM) [14] can
be applied, see Section 2.6. For the sake of simplicity of the expo-
sition of our key points we will nevertheless henceforth assume that
an affine separation as in Assumption 2.6 is possible for the given
bilinear forms.

2.4 Reduced Basis Construction

It remains to clarify how the parameters µ1, . . . , µk for the con-
struction of the reduced space XN in Definition 2.4 are chosen. In
the following we introduce a greedy-type algorithm [79] that is fre-
quently used in the construction of RB spaces and give some hints
on approximation quality using this algorithm.

2.4.1 Greedy Algorithm

Let the training set Ptr, Ptr ⊂ P, be a finite subset of the param-
eter set. The training set can for example be comprised of a set of
random points in P or the set of vertices of a structured mesh in
the parameter set. Furthermore we assume an efficient and reliable
a-posteriori error estimator ∆Xi

: P → [0,∞) with

‖uh(µ)− uN (µ)‖ ≤ ∆Xi
(µ)

for µ ∈ P to be given. Details on the estimator used throughout
this work are given in Section 2.5.

Algorithm 2.7 (Greedy Basis Construction). Choose an initial-
ization parameter µinit ∈ P, a maximum basis size Nmax ∈ N,
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estimator
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Done

Extend basis
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Yes

No

Figure 2.1 – Illustration of the greedy basis construction method
(Algorithm 2.7).

Nmax > 0, a tolerance ǫ > 0 and a training set Ptr ⊂ P. Fur-
thermore, let a projection ωΨ : Vh → Vh for a subset Ψ ⊂ Vh be
given. The basis construction algorithm then proceeds as follows:

1. Initialize the reduced basis: Set Φ0 = {ωΦ(uh(µinit))} and
X0 = span(Φ0)

2. For i = 0, . . . , Nmax:

a) Compute the reduced-dimensional solutions u(µ) ∈ Xi for
all parameters µ ∈ Ptr (see Equation (2.2.1)).

b) Evaluate the error estimator for all parameters in the
training set:

eµ = ∆Xi
(µ), ∀µ ∈ Ptr.

If maxµ∈Ptr
eµ < ǫ: Set N = i, XN = Xi and break.

c) Find the parameter giving the worst approximation in the
current basis:

µmax = arg max
µ∈Ptr

eµ.

If multiple parameters fulfill this criterion, select one ran-
domly.
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2.4 Reduced Basis Construction

d) Compute the high-dimensional solution uh(µmax) for the
parameter µmax using (2.1.2).

e) Extend the reduced basis with uh(µmax):

Φi+1 = Φi ∪ {ωΦi
(uh(µmax))}

f) Set Xi+1 = span(Φi+1). If i = Nmax: Set N = i, XN =
Xi.

A widely used example for the mapping ωΨ : Vh → Vh is the
Gram-Schmidt orthogonalization in conjunction with an normaliza-
tion with respect to a certain norm. Figure 2.1 illustrates the course
of action of Algorithm 2.7.

2.4.2 Approximation Quality

Using a straightforward computation one can show a result similar
to Céa’s lemma:

‖uh(µ)− uN (µ)‖ ≤

(
γ(µ)

α(µ)

)1/2

inf
vh∈XN

‖uh(µ)− vh‖.

In other words: the reduced basis scheme (2.2.1) computes a quasi
best-approximation in the reduced basis space XN . The question
of approximation quality of the reduced basis method is therefore
brought down to the question of optimal construction of the space
XN . In [13, 12] the notion of the Kolmogorov n-width is used to
answer this question. The Kolmogorov n-width dn(M) of a compact
subset M of a Hilbert space X is defined as

dn(M) = inf
Y⊂X ,dim(Y )=n

sup
v∈M

inf
w∈Y

‖v − w‖,

where Y ⊂ X denotes a linear subspace. It can then be demon-
strated that if the reduced basis is constructed using Algorithm 2.7
and if the Kolmogorov n-width of M(P) = {u(µ)|µ ∈ P} decays
polynomially, the reduced basis method converges polynomially: If

dk(M(P)) ≤Mk−a,

35



2 Reduced Basis Methods

for a > 0 and M > 0, then for a given approximation quality ε of
the high-dimensional scheme (‖u(µ)− uh(µ)‖ ≤ ε):

‖u(µ)− uk(µ)‖ ≤ Cmax
{
Mk−a, ε

}
∀µ ∈ P,

where C := (1 + 2a)q1/2(4q)a, q := ⌈2a+2τ−1⌉2 and uk(µ) denotes
the reduced solution in the RB space of dimension k. Here, for a
given real number r ∈ R, ⌈r⌉ denotes the smallest natural number
m ∈ N such that r ≤ m and the constant τ ∈ (0, 1] depends on the
training set Ptr and the estimator ∆Xi

.
A similar statement holds if the convergence of the Kolmogorov

n-width is exponential, see [12].
These results were extended to basis construction using the POD-

Greedy method [39] for instationary problems in [35].

2.5 Error Estimation

One crucial ingredient of the reduced basis method is a posteriori
error estimation. Error estimation is used for basis construction
during the offline phase in Algorithm 2.7 and for certification by
approximation quality control during the online phase. In our work
we use a residual-based estimator which is shortly outlined in this
paragraph. For more details we refer to [69, 2].

Definition 2.8. For b given from (2.1.1) we denote by ‖·‖µ : Vh →
[0,∞) the parameter-dependent energy norm

‖u‖µ = b(u, u;µ)1/2.

Next we introduce the residual and its representation via the Riesz
representation theorem.

Definition 2.9. For a given function u ∈ Vh let the residual rh[u] :
Vh × P → R be given by

rh[u](v;µ) := l(v;µ)− b(u, v;µ) ∀v ∈ Vh.

As b defines a scalar product on Vh, the residual can be represented
by ru(µ) ∈ Vh, via the Riesz representation theorem, given a param-
eter µ ∈ P

b(ru(µ), v;µ) = rh[u](v;µ) ∀v ∈ Vh.
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2.5 Error Estimation

We can now state the residual-based a posteriori error estimator
that will be used in the rest of this work.

Theorem 2.10 (A Posteriori Error Estimate). Assume Θqb(µ) > 0,
bq(u, u) ≥ 0 for all µ ∈ P, u ∈ X and 1 ≤ q ≤ Qb and denote

∆XN
(µ) =

1

αµ(µ)

∥∥ruN (µ)(µ)
∥∥
µ

with αµ(µ), γµ(µ) ∈ R,

αµ(µ) := min
1≤q≤Qb

Θqb(µ)

Θqb(µ)
, γµ(µ) := max

1≤q≤Qb

Θqb(µ)

Θqb(µ)
. (2.5.1)

Then for parameters µ, µ ∈ P, we have

1

γµ(µ)

∥∥ruN (µ)(µ)
∥∥
µ
≤ ‖uh(µ)− uN (µ)‖µ ≤ ∆XN

(µ),

that is: The energy norm of the representation of the residual for
the reduced approximation uN (µ) provides an efficient and rigorous
estimate for the discrepancy to the high-dimensional solution uh(µ).

Proof. For a proof see [69].

Remark 2.11. Equation (2.5.1) represents the so-called min-Θ ap-
proach for providing computable lower (upper) bounds to the coer-
civity (continuity) constant α (γ) [69]. Another approach is the
successive constraint method (SCM) [48].

Efficient Evaluation of the Error Estimator

As mentioned before, the estimator will not only be used in the
basis construction during the offline phase but also for certification
purposes during the online phase. We will therefore describe in this
section how evaluations of the error estimator can be decomposed
into computationally intensive steps that are independent of the
parameter but only depend on the degrees of freedom of the dis-
cretization space Vh and steps dependent on the parameter that are
computationally inexpensive. The idea here again is to make use of
the affine decomposition (Assumption 2.6) of the underlying system.
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As a preparation of evaluations of the error estimator in a reduced
space XN we compute the components rql ∈ Vh, q ∈ {1, . . . , Ql}

b(rql , v;µ) = lq(v) ∀v ∈ Vh,

and the components rqb ∈ Vh, q ∈ {1, . . . , Qb ·N} with

b(r
(j−1)·N+i
b , v;µ) = bj(ϕi, v) ∀v ∈ Vh,

where Φ = {ϕi|1 ≤ i ≤ N} denotes a basis of XN , see Section
2.1. For the sake of simplicity of the following presentation, we
collect the energy products of all components rql , r

q
b in one matrix

G ∈ R
Qr×Qr , Qr = Ql +QbN :

G =

(
G1 G2

G3 G4

)
, (2.5.2)

where

(G1)i,j = b(ril , r
j
l ;µ), (G2)i,j = b(ril , r

j
b ;µ),

(G3)i,j = b(rib, r
j
l ;µ), (G4)i,j = b(rib, r

j
b ;µ).

Finally, we define the parameter vector Θr(µ, uN ) ∈ R
Qr for a given

parameter µ ∈ P and a given reduced function uN ∈ XN :

(Θr(µ, uN ))k =

{
Θkl (µ), if k ≤ Ql,

−(uN )iΘ
j
b(µ), else,

where i = ((k − Ql) mod N), j = k−Ql−i
N + 1. The evaluation

∆XN
(µ) of the error estimator is then given as

∆XN
(µ) =

1

αµ(µ)

√
Θr(µ, uN )⊺ ·G ·Θr(µ, uN ). (2.5.3)

Here we used the notation v⊺ to denote the transpose of a vector
v ∈ R

m for m ∈ N.
By using this scheme, the computational complexity of evaluations

of the error estimator is now independent of N but only polynomial
in Qr ≪ N . Furthermore, Qr does not depend on the size of the un-
derlying mesh but is a constant determined by the modeling process
and therefore does not change when the mesh is refined.
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2.6 Recent Developments

As mentioned in Section 2.3 the assumption of separable parameter
dependence of data functions and physical properties is not crucial
as affine parameter dependence of the bilinear and linear forms in
Assumption 2.6 can be introduced using different techniques.

In [8] an empirical interpolation method was introduced that en-
ables efficient, fully offline–online decoupled computations for prob-
lems with non-separable parameter dependence. For a given non-
separably parameter-dependent data function g(·;µ) ∈ L∞(Ω) ∩
C0(Ω), the idea of this method is to iteratively build up a so-
called collateral reduced basis q1, . . . , qMc

: Ω → R such that gM :

Ω × P → R, gM (x;µ) =
∑Mc

m=1 ϕMm(µ)qm(x) is a good approxi-
mation of g(x;µ). Here, the parameter-independent collateral basis
functions qi are, broadly speaking, residuals normalized at itera-
tively selected parameter values that are computed during the offline
phase. The parameter-dependent coefficients ϕMm are solutions to
a lower-triangular system of size Mc that needs to be solved during
the online phase of the RB algorithm.

The gain of this approach is an online phase complexity indepen-
dent of N . The additional cost introduced by solving the equation
system for the coefficients for the collateral basis is usually accept-
able asMc ≪ N . It was shown that in some casesMc ≈ N is a good
choice [33] where N denotes the size of the reduced basis introduced
in the last sections.
The empirical interpolation method and the similar discrete em-

pirical interpolation method were applied in different non-linear and
non-separable contexts as for example in a two-phase flow setting
[25] and especially for the simulation of non-linear miscible viscous
fingering in porous media [15].
Equations with high sensitivity with respect to the parameter

and large extent of the parameter domain usually yield large re-
duced bases and hence reduced gain by application of the reduced
basis method. Different methods were proposed to overcome this
problem. In [30, 31] an extension to the RB method, the so-called
“hp” reduced basis method was introduced for elliptic and parabolic
PDEs. In this approach, the parameter space is bisected during the
basis construction (h-refinement) and one reduced space is build per
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parameter subdomain (p-refinement). In the online phase, given a
parameter, the reduced simulation space is then selected via a bi-
nary search. In [36] a similar approach is suggested that allows to
alleviate the problem of over-fitting — a problem that occurs when
the training set Ptr is does not cover the parameter set well enough
and the approximation errors during the online phase hence get un-
feasibly large. Towards this end an early-stopping greedy algorithm
is introduced that uses a second set of parameters (in addition to
Ptr) to detect over-fitting. If over-fitting is detected, the training pa-
rameter set is refined in order to enhance the approximation quality.
Moreover an adaptive parameter domain partitioning, based on the
early-stopping greedy algorithm is introduced to overcome the prob-
lem of impractically large reduced bases. In [22] the time domain of
evolution problems is partitioned to construct several reduced bases
for the different intervals.

A further effort of overcoming the obstacle of sensible choice of
the training set Ptr was introduced in [78]. Therein an alternative
to the maximization step in the greedy algorithm is proposed that
consists in performing nonlinear optimization of the parameter set.
In [42] an alternative sampling strategy for the construction of the

training set is proposed: Using the assumption of (nearly) monotone
error decrease during the greedy algorithm, parameters fulfilling the
error tolerance are discarded and new random ones are added. This
way a much better coverage of the parameter set can be reached and
the probability of the occurrence of over-fitting is reduced.
Another approach to overcome problems arising from large extent

or high dimension of the parameter domain are local greedy approx-
imations as introduced in [62]. Herein, given a parameter, a local
approximation space is constructed during the online phase select-
ing parameters from a training set by proximity in space. Our own
approach, the online greedy basis construction [56] (also see Section
4) uses function similarity (measured by a posteriori error estima-
tion) as selection criterion in a greedy-type algorithm run during
the online phase. The latter approach was also applied to evolution
problems in [23].
A further range of extension to the reduced basis method was in-

troduced to master impractical offline runtimes due to overly expen-
sive snapshot computations: In its basic form introduced above, the
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RB method does not allow to control the workload introduced by the
computation of high-dimensional snapshots. This can be prohibitive
for models leading to very detailed high-dimensional discretizations
like two-phase flow applications in porous media, for example. This
challenge was answered by different extensions to the RB method in
the last years.

The reduced basis element method (RBEM) [58, 61, 16] computes
multiple reduced bases during the offline phase, one for each of
a set of representative domains. The computational domain Ω is
then composed from those representative domains during the on-
line phase (possibly using deformation mappings) and a reduced-
dimensional approximation space is constructed from the precom-
puted spaces using Lagrange multipliers. The reduced basis hybrid
method (RBHM) [50] combines this concept with global finite ele-
ment solutions on a coarse mesh to guarantee continuity of velocities
and stresses across interfaces. The reduced basis domain decompo-
sition finite element method (RDFM) [49] introduces a domain de-
composition approach coupling reduced basis approximation for the
domain spaces and with finite element approximation for the inter-
face. A related approach using RB methods in the context of het-
erogeneous domain decomposition was introduced in [63]. Finally,
our own approach, the localized reduced basis multiscale method
(LRBMS) [57, 2, 55] (also see Chapter 5) makes use of local reduced
basis spaces, stemming from localizations of global snapshots, glued
together via a DG discretization to reduce the number of necessary
snapshot computations during the offline phase.
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Chapter 3
Two-Phase Flow in

Porous Media

In this chapter we introduce the mathematical model for two-phase
flow that will be used in the remainder of the work. Also, we describe
a discontinuous Galerkin (DG) discretization for the full two-phase
flow problem. Parts of this chapter were originally introduced in
[55].

3.1 Model Problem

Our model problem is the flow of two phases in a spatio-temporal
domain Ω× (0, T ) ⊂ R

d × R
+ where d ∈ {1, 2, 3} denotes the space

dimension. We use a global pressure, total velocity formulation for
two incompressible, immiscible fluids that includes gravity but no
capillary effects. For a given source term q1 : Ω × (0, T ) → R this
yields the equation for the unknown pressure p

−∇ ·
(
λ(s)κ∇p− κ

[
λw(s)̺w + λo(s)̺o

]
G
)
= q1 in Ω× (0, T ),

(3.1.1)
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where ̺w and ̺o denote the densities for the wetting and non-wetting
phases, respectively, and G is the gravitational force vector

G ∈ R
d, (G)d = −g, (G)j = 0 for j 6= d,

with g being the gravitational acceleration. Furthermore, κ denotes
the total permeability and the functions λw, λo, λ : [0, 1] → R

+

denote the wetting, non-wetting and total mobility, given by

λw(s) =
krw(s)

ηw
, λo(s) =

kro(s)

ηo
, λ(s) = λw(s) + λo(s), (3.1.2)

where ηw and ηo is the viscosity of the wetting and non-wetting
phase, respectively and the relative permeabilities krw and kro are
given functions of the saturation s of the wetting phase, which will
be specified in the subsequent sections.

Throughout this work we will assume uniform boundedness of λκ,
that is: there exist k1, k2 ∈ R, k2 > k1 > 0 such that for all v ∈ R

d

we have

k1v · v ≤ λ(x)κ(x)v · v ≤ k2v · v ∀x ∈ Ω. (3.1.3)

Using Darcy’s law, the total velocity u is given by

u = −λ(s)κ∇p+ κ
[
λw(s)̺w + λo(s)̺o

]
G in Ω× [0, T ], (3.1.4)

and enters the transport equation for the saturation s,

φ∂ts+∇ ·
(
fw(s)

[
u+ κλo(s)(̺w − ̺o)G

])
= q2 in Ω× [0, T ].

(3.1.5)

Here, q2 : Ω× [0, T ] → R is a source term, φ denotes the porosity of
the porous medium and the fractional flow of water fw is given by

fw(s) =
λw(s)

λw(s) + λo(s)
. (3.1.6)

The above three equations for the pressure (3.1.1), velocity (3.1.4)
and saturation (3.1.5) are equipped with the boundary conditions

s = sD in ∂Ωs,d × [0, T ],

−λ(s)κ∇p · n = vN in ∂Ωp,n × [0, T ],

p = pD in ∂Ωp,d × [0, T ],

(3.1.7)
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on the inflow boundary for the saturation ∂Ωs,d ⊂ ∂Ω and on the
Dirichlet and Neumann boundaries for the pressure ∂Ωp,d, ∂Ωp,n
where ∂Ωp,d ∩ ∂Ωp,n = ∅, ∂Ωp,d ∪ ∂Ωp,n = ∂Ω. Further, we impose
initial conditions

s(·, 0) = s0 in Ω.

3.2 Discontinuous Galerkin Discretization

In this section we introduce the high-dimensional discretization of
problem (3.1.1)–(3.1.7). The term high-dimensional is used here to
indicate the antonym of the reduced (low-dimensional) discretiza-
tion, cf. Section 2.2.

Different schemes are frequently used to discretize (3.1.1)–(3.1.7).
A tendency towards finite-volume-type schemes can be observed in
the literature because they are motivated by local conservation prop-
erties. As it will prove advantageous in the analysis of our reduced
method, we will use a DG discretization with arbitrary local polyno-
mial degree. In particular, we have found the Symmetric Weighted
Interior Penalty (SWIP) DG method [32], including the total ve-
locity reconstruction presented therein, to be very robust and it is
therefore our method of choice in the following.

Discretization

As a first step towards a discrete version of Equations (3.1.1)–(3.1.7),
we introduce a tessellation Th of the computational domain Ω. We
assume Th to be admissible in the sense that

• the interior of all elements e ∈ Th is nonempty (int(e) 6= ∅),

• the mesh covers the whole domain Ω (Ω̄ =
⋃
e∈Th

e); this as-
sumption usually restricts the choice of Ω to domains with
boundaries that are polygonal chains,

• for any e1, e2 ∈ Th with e1 6= e2 the intersection f = e1 ∩ e2 is
either empty or a joint vertex, edge or (in the case of d = 3)
face.
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An intersection of codimension one of two elements e1, e2 or one ele-
ment e and the boundary ∂Ω is denoted by f and its width by hf =
diam(f). Further, we introduce the element width he = diam(e),
the grid size h = maxe∈Th

he, the d-dimensional Lebesgue measure
|e| of an element e ∈ Th and the d−1-dimensional Lebesgue measure
|f | of an intersection f .

With each intersection f we associate a unique normal vector nf ,
for which the subscript f will be dropped whenever no ambiguity
arises. We let Γp,d and Γp,n denote all boundary intersections of
Th where Dirichlet and Neumann conditions for the pressure shall
be implied, respectively, and Γs,d denote all boundary intersections
on which we impose a fixed saturation. Finally, by Γi we denote
the inner intersections and by Γa = Γp,n ∪ Γp,d ∪ Γi the set of all
intersections. For convenience we denote the set of all intersection
where jump and mean values of functions will be defined by Γj =
Γi ∪ Γp,d.
In addition to the spatial discretization, we introduce a temporal

discretization t0, . . . , tNT ∈ [0, T ], ti = i ·∆t and space-time-discrete
approximations snh ≈ s(·, tn), pnh ≈ p(·, tn) of the saturation and the
pressure, both stemming from the so-called DG space.

Definition 3.1 (Discontinuous Galerkin Space). We call the space
of piecewise polynomials of maximum local order k

Vh =
{
v ∈ L2(Ω)

∣∣v|e ∈ Pk(e) ∀e ∈ Th
}

the discontinuous Galerkin space.

In the following we will use k = 1. Functions in Vh are two-valued
on intersections f = e1 ∩ e2. Here we assume the unique normal nf
introduced above to point from e1 to e2. We define jump [[·]]f and
(weighted) mean {{·}}f values for w ∈ Vh, i.e.,

[[w]]f = w|e1 − w|e2 ,

{{w}}f = τe1,fw|e1 + τe2,fw|e2 ,
(3.2.1)

where we used

τeℓ,f =
aℓ,f

a1,f + a2,f
, aℓ,f = ‖(κ)|eℓ‖L∞(f), ℓ = 1, 2.
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3.2 Discontinuous Galerkin Discretization

For the sake of readability, the subscript f in [[·]]f and {{·}}f will be
dropped in the following whenever no ambiguity arises.

Pressure Equation

Following the ideas in [32], we introduce discrete formulations of
Equations (3.1.1)–(3.1.7). For a given general mobility function γ :
Ω → R

+ the bilinear form bh(·, ·; γ) : Vh × Vh → R is defined as

bh(v, w; γ)

=
∑

e∈Th

∫

e

γκ∇v∇w dx+
∑

f∈Γi∪Γp,d

σf
hf

∫

f

[[v]] [[w]] dS

−
∑

f∈Γi∪Γp,d

∫

f

[{{γκ∇v · nf}} [[w]] + {{γκ∇w · nf}} [[v]]] dS.

(3.2.2)

Here, the penalty parameter σf is given as

σf = cf
2a1,fa2,f
a1,f + a2,f

, (3.2.3)

where cf > 0 is a constant that has to be chosen larger than a
minimal threshold depending on the regularity of the mesh.

Remark 3.2. Note that in [32], aℓ,f = ‖(γκ)|eℓ‖L∞(f) was used.
As the penalty parameter σf does not allow an affine decomposition
in that case, we refrain from using the mobility in the penalties and
instead replace the original constant cf by cf/max{ηw, ηo}. Usage of
the original weighted averages and penalties would be possible using
the empirical interpolation method [8, 24].

The right-hand side for the discrete formulation of the pressure
equation is for s ∈ Vh, γo, γw : Ω → R

+, γ = γo + γw given via the
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3 Two-Phase Flow in Porous Media

linear form lh(·; γo, γw) : Vh → R,

lh(w; γo, γw) =
∑

e∈Th

∫

e

q1w + (γo̺o + γw̺w)κG · ∇w dx

−
∑

f∈Γi∪Γp,d

∫

f

{{(γo̺o + γw̺w)κG · nf}} [[w]] dS

+
∑

f∈Γp,d

∫

f

(
σf
hf
w − γκ∇w · nf

)
pD dS

+
∑

f∈Γp,n

∫

f

vNw dS.

(3.2.4)

At this point we are ready to introduce the high-dimensional dis-
cretization of (3.1.1).

Definition 3.3 (DG Pressure Discretization). For given functions
γw, γo : Ω → R

+ and γ = γw + γo, we call ph ∈ Vh the high-
dimensional pressure solution if it satisfies

bh(ph, w; γ) = lh(w; γo, γw) ∀w ∈ Vh.

Remark 3.4. Problem 3.3 has a unique solution by the Lax-Milgram
theorem since bh is continuous and coercive and lh is continuous
and bounded if the data functions and the local penalty function are
chosen accordingly [7].

Remark 3.5. Time-dependency enters the DG pressure discretiza-
tion only via the mobility which usually depends on the saturation.
On occasion we will use the discretization 3.3 in a stationary context
as well, where the mobility function γ is a given function depending
only on the position in space.

Total Velocity Reconstruction

From a given pressure p, which may be either ph or the solution of
a reduced-dimensional pressure discretization later on, we compute
the total velocity uh using the conservative reconstruction from [32],
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3.2 Discontinuous Galerkin Discretization

which yields continuity of the normal components. For k = 1, i.e.,
piecewise linear pressure, the velocity is computed in the lowest-
order Raviart-Thomas space

RT =
{
u ∈ H(div)

∣∣∣u T ∈ [P0(T )]
d + xP0(T ) ∀T ∈ Th

}
,

where H(div) = {v ∈ [L2(Ω)]d
∣∣∇ · v ∈ L2(Ω)} and x ∈ R

d.

Additionally, for v ∈ Vh (in the following v = snh or v = p) with
Dirichlet boundary data vD we introduce

[[v]]
∗
f =





[[v]]f , f ∈ Γi,

v Ω − vD, f ∈ Γv,d,

0, f ∈ Γp,n.

Definition 3.6 (DG Velocity Discretization). For a given pressure
p ∈ Vh and saturation s ∈ Vh, let the total velocity uh ∈ RT be the
unique solution to

∫

f

(uh · nf ) dS

=

∫

f

−nf ·
{{
λ(s)κ∇p − κ

[
λw(s)̺w + λo(s)̺o

]
G
}}

+
σf
hf

[[p]]
∗
f dS

(3.2.5)

for all f ∈ Γa.

Saturation Equation

The saturation equation is discretized by a DG scheme in space using
an upwind flux in the space of piecewise polynomial functions Vh.
For the temporal discretization, we use an explicit Euler scheme.

Definition 3.7 (DG Saturation Discretization). For a given satu-
ration snh ∈ Vh and velocity u ∈ [Vh]

d, the saturation sn+1
h ∈ Vh is
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3 Two-Phase Flow in Porous Media

given as the solution to

∑

e∈Th

∫

e

φ

∆t
sn+1
h vh dx

=
∑

e∈Th

∫

e

φ

∆t
snhvh dx+

∑

e∈Th

q2vh dx

+
∑

e∈Th

∫

e

[
u + λo(s

n
h)(̺w − ̺o)κ ·G

]
fw(s

n
h) · ∇vh dx

−
∑

f∈Γa

∫

f

nf · {{u + λo(s
n
h)(̺w − ̺o)κ ·G}} fw(χ(s

n
h)) [[vh]] dS

−
∑

f∈Γi∪Γs,d

σf
hf

∫

f

[[snh]]
∗
f [[vh]]f dS,

(3.2.6)

for all vh ∈ Vh. Here the upwind function χ is given as

χ(snh) =

{
snh

↑, f ∈ Γi,

sD, f ∈ Γs,d,
(3.2.7)

where snh
↑ denotes the upwind value of snh: If f ∈ Γi, there exist

e1, e2 ∈ Th such that f = ∂e1 ∩ ∂e2. Then s
n
h
↑ = snh e1 if uh · nf ≥ 0

and snh
↑ = snh e2 otherwise. Remember that we assume nf to point

from e1 to e2. The penalty σf in Equation (3.2.6) is the same as for
the pressure equation, see (3.2.3).

Slope Limiter

Discontinuous Galerkin methods require some kind of stabilization
to avoid over- and undershoots if they are to be used in a two-phase
flow context; see [73, 20], for example. Both artificial diffusion and
slope limiters have been used as a means to this end. We will employ
a slope limiter introduced by Dedner et al. [20] that is applicable to
different element types (triangular, tetrahedral, hexahedral, Carte-
sian). We will shortly outline the most important features of the
mass-conservative limiter that we use in our experiments for the
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3.2 Discontinuous Galerkin Discretization

case of a piecewise linear saturation, where we use the “DG scheme”
(in contrast to “DG +R”, see [20, Section 6.1]). For more details on
the method and a discussion of the general case of arbitrary poly-
nomial order on snh we refer to [20].
The first step is to compute a so-called shock-detector S : Th →

R
+, which for a given saturation sh ∈ Vh and velocity uh ∈ [Vh]

d,
reads:

S(e) =
∑

f∈I↑
e

(
0.08 · d ·

√
he|f |

)−1
∫

f

[[sh]] dS,

where I↑
e = {f ∈ Γa |f ⊂ ∂e, uh · nf < 0} denotes the upstream in-

terfaces of e. Using S makes it possible to apply the limiter (i.e.,
reduce gradients of the saturation) only on cells in which (strong)
discontinuities are present and therefore unwanted numerical oscil-
lations may occur. In other regions the saturation is left unlim-
ited. In this sense all cells e ∈ Th with S(e) > 1 or sh(x) /∈ [0, 1]
for some x ∈ e will be marked. Let e∗ ∈ Th be such a cell and
{ei | i = 1, . . . , Nn } its direct neighbors. We then compute

gi = ∇sh · (bei − be∗) and di =
1

|ei|

∫

ei

sh dx−
1

|e∗|

∫

e∗
sh dx,

where be denotes the barycenter of the cell e. From gi and di we
compute the gradient scales mi by

mi =





0, if gidi < 0, |gi| > 10−8 and |di| > 10−8,

di/gi, if gidi > 0, |gi| > |di|, |gi| > 10−8 and |di| > 10−8,

1, otherwise.

Finally, the stabilized saturation s̃h is computed as
∫

e

s̃hϕ dx =

∫

e

shϕ dx+

∫

e

min
i
(mi)∇sh · (x− be)ϕ dx ∀ϕ ∈ P1(e)

(3.2.8)

in all marked cells e ∈ Th. In all other cells, we set s̃h = sh.

Algorithm 3.8 (High-Dimensional Two-Phase Flow Scheme). The
overall high-dimensional simulation scheme for two-phase flow is as
follows:
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3 Two-Phase Flow in Porous Media

1. Project the initial data s0 for the saturation onto the discrete
space Vh: Let s0h ∈ Vh be given by

∫

Ω

s0ψ dx =

∫

Ω

s0hψ dx ∀ψ ∈ Vh.

2. For all n ∈ {0, . . . , NT − 1},

a) use the pressure scheme (Definition 3.3) for γo=λo(s
n
h)

and γw = λw(s
n
h) to compute pn+1

h ;

b) use the velocity scheme (Definition 3.6) for p = pn+1
h to

compute the total velocity un+1
h ;

c) use the saturation scheme (Definition 3.7) for u = un+1
h

to compute the saturation sn+1
h ;

d) use the limiter (Equation (3.2.8)) for sh = sn+1
h , uh =

un+1
h to compute a stabilized version s̃n+1

h of the satura-
tion and set sn+1

h = s̃n+1
h .

Time-of-Flight Equation

The so-called time-of-flight τ (x) is defined as the time it takes for
a passive particle to reach a given point x ∈ Ω, starting from the
closest point on the inflow boundary or a source. Here, τ (x) can be
defined by integrating

∫
|u|−1φ dx along streamlines, or by solving

u · τ = φ. The time-of-flight inherits important information about
the flow pattern and will be used in Section 5.3 to approximate
the spatio-temporal behavior of the saturation without computing
a whole temporal evolution the transport equation.
Consistent with our discretization of the saturation and pressure

equation we use the DG discretization introduced in [66]: Find τ sh ∈
Vh such that

−

∫

e

(τ shuh) · ∇ψh dx+

∫

∂e

(τ sh
↑uh · n)ψh dS =

∫

e

φψh dx

for all ψh ∈ Vh and all e ∈ Th. Here, τ sh
↑ again denotes the upwind

value of the two-valued function τ sh, see (3.2.7), and φ denotes the
porosity of the porous medium.

52



3.3 Parameterization

In the absence of gravitational forces, the discretized time-of-flight
equation can be permuted to a lower block-triangular form—if the
computational mesh is reordered according to the direction of the
flow—and hence solved very efficiently in a per-element fashion by
a simple backsubstitution method; see [66] for details.

3.3 Parameterization

As described in Chapter 2 the RB method provides model order re-
duction for parameterized partial differential equations. It remains
to clarify how the parameterization enters the model problem intro-
duced in the last section. In this paragraph we will outline some
possible parameterizations of the two-phase flow scheme as intro-
duced in Algorithm 3.8.
For the pressure equation (3.1.1) possible parameterizations can

be introduced via the boundary data: Assume a parameter set P ⊂
R
σ, a set of functions viN : ∂Ωp,n → R and θneui : P → R, i ∈

{1, . . . , Qneu} for the Neumann data and a set of functions piD :
∂Ωp,d → R and θdiri : P → R, i ∈ {1, . . . , Qdir} for the Dirichlet data
to be given. An affine decomposition of the linear form lh(·; ·, ·) as
in Assumption 2.6 could then be given by

lh(w, γo, γw, µ) =

Ql∑

i=1

θil(µ) l
i
h(w, γo, γw),

where Ql = Qneu+Qdir+1 and the functions θil and l
i
h are given by

θil(µ) =





1, if i = 1,

θdiri , if 1 < i ≤ Qdir + 1,

θneui , if Qdir + 1 < i ≤ Qneu +Qdir + 1,

and

l1h(w, γo, γw) =
∑

e∈Th

∫

e

q1w + (γo̺o + γw̺w)κG · ∇w dx

−
∑

f∈Γi∪Γp,d

∫

f

{{(γo̺o + γw̺w)κG · nf}} [[w]] dS,
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3 Two-Phase Flow in Porous Media

and for 1 < i ≤ Qdir + 1:

lih(w, γo, γw) =
∑

f∈Γp,d

∫

f

(
σf
hf
w − γκ∇w · nf

)
piD dS,

and finally for Qdir + 1 < i ≤ Qneu +Qdir + 1:

lih(w, γo, γw) =
∑

f∈Γp,n

∫

f

viNw dS.

The assembly of the right hand side vector for a low-dimensional
(reduced) system can then be decomposed into offline- and online-
parts as as suggested in Equations (2.3.1) and (2.3.2).

Another possible parameterization of the pressure equation that
will be frequently used throughout the rest of this work concerns
the wetting and non-wetting mobilities and the total mobility. More
precisely: The functions γw, γo and γ in Definition 3.3 will be re-
placed by different types of parameterized functions in the following
chapters. As a common feature, all parameterizations will take the
affine form

γw(δ, x) =
M∑

i=1

θi(δ)Λ
i
w(x), γo(δ, x) =

M∑

i=1

θi(δ)Λ
i
o(x),

γ(δ, x) =

M∑

i=1

θi(δ)Λ
i(x),

(3.3.1)

where x ∈ Ω and Λi(x) = Λiw(x) + Λio(x). The quantity δ will be
used to model the parameter which can be either an element of Rm

for some m ∈ N (Chapter 4 and Section 5.2) or a function (Section
5.3).
The saturation equation (3.1.5) can for example be parameter-

ized via the boundary data, the right hand side or its initial values.
In order to keep the notation comprehensible we will refrain from
parameterizing the saturation equation.
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Chapter 4
Online Greedy Basis

Construction

Reduced basis methods as introduced in Chapter 2 usually gain
huge speedups over their underlying high-dimensional discretization.
Problems may, however, arise when the problem at hand shows high
sensitivity with respect to the parameter or with growing dimen-
sion of the parameter. In both cases, the greedy basis construction
algorithm from Section 2.1 may yield large bases. Considering the
fact that the reduced systems are usually dense, growing reduced
basis size can easily become a problem in terms of computational
complexity and hence simulation time. Such a situation is shown in
Figure 4.1 where the error convergence during the standard greedy
algorithm is depicted for a problem with parameter dimension eight.
Here already we see that the basis size is quite large for the desired
tolerance of 1 · 10−5.

In this chapter we study problems with high parameter dimen-
sion that yield unfeasibly large bases. Based on the notation intro-
duced in Chapter 2, we introduce a new method for model order
reduction that uses a large dictionary of basis vector candidates to
build a small, parameter-adapted basis during the online phase. Our
method holds some similarity with the locally adaptive greedy method
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4 Online Greedy Basis Construction

2 2.15831E+01 1.0721 5.63577 6.71599 815.086 4.99183

3 1.51878E+01 0 5.21864 8.57957 888.574 4.53735

4 1.53704E+01 0 2.32679 9.99188 593.403 4.65497

5 1.02785E+01 0 2.20314 12.7448 752.559 5.06685

6 7.73331E+00 0 1.99154 13.9891 855.262 5.1391

7 7.40763E+00 0 1.85043 15.8838 572.613 5.9647

8 6.33753E+00 0 1.71377 17.206 641.03 5.91172

9 6.19327E+00 0 1.62075 19.3185 743.408 6.02359

10 6.11332E+00 0 1.24002 21.4383 674.793 6.13006

11 4.3918E+00 0 1.06151 27.4661 589.987 6.57559

12 4.07923E+00 0 0.990627 23.5802 579.573 6.94409

13 3.75511E+00 0 0.896145 24.6076 501.213 6.97023

14 3.37918E+00 0 0.763945 25.719 760.364 6.77507

15 3.14905E+00 0 0.729716 28.3904 909.626 13.396

16 2.3739E+00 0 0.638586 28.7154 883.617 13.915

17 2.2071E+00 0 0.615665 30.8028 930.05 14.8405

18 2.16092E+00 0 0.586027 32.7656 882.903 14.7079

19 2.08217E+00 0 0.576932 36.4908 660.715 16.3071

20 2.07758E+00 0 0.544307 40.105 867.876 9.1499

21 2.02184E+00 0 0.532721 42.5866 952.902 18.0288

22 1.76763E+00 0 0.501564 42.7328 591.032 9.74254

23 1.58235E+00 0 0.459492 44.6635 620.626 10.8717

24 1.40854E+00 0 0.412372 47.3888 631.036 10.8069

25 1.33218E+00 0 0.374727 65.42 611.479 13.5968

26 1.23761E+00 0 0.362153 50.6074 574.081 13.3681

27 1.19941E+00 0 0.321801 53.0357 713.623 13.2573

28 9.74825E-01 0 0.314281 55.4193 694.213 13.1664

29 9.69811E-01 0 0.29685 57.0286 684.476 14.2482

30 9.14624E-01 0 0.281742 58.0442 603.174 14.4754

31 8.81418E-01 0 0.277077 59.8269 601.013 16.1771

32 7.75347E-01 0 0.267468 62.0913 658.316 16.8508

33 7.6733E-01 0 0.243469 83.0629 604.22 24.2447

34 7.58849E-01 0 0.236251 65.6692 701.796 17.5116

35 6.74484E-01 0 0.219396 67.5321 640.571 18.4137

36 6.3371E-01 0 0.213394 69.4165 784.171 18.4442

37 5.95848E-01 0 0.206558 71.3514 665.423 20.7762

38 5.53491E-01 0 0.197264 73.0959 642.741 19.9589

39 5.46546E-01 0 0.187358 76.4199 682.608 22.4727

40 5.15332E-01 0 0.169229 91.822 646.517 21.8786

41 4.94825E-01 0 0.162695 80.3931 629.524 23.4004

42 4.68964E-01 0 0.157828 81.1965 634.839 23.3419

43 4.52556E-01 0 0.152536 82.5799 616.995 26.0095

44 4.47099E-01 0 0.146066 84.7713 791.724 25.8094

45 4.24059E-01 0 0.143822 86.4771 661.158 28.9785

46 4.16214E-01 0 0.137193 88.2199 594.791 28.5348

47 3.84922E-01 0 0.135051 100.256 682.439 32.1123

48 3.80097E-01 0 0.127977 92.2663 717.705 31.7346

49 3.6924E-01 0 0.125127 94.2208 748.396 54.6693

50 3.50199E-01 0 0.121621 95.7973 657.68 37.9878

51 3.32147E-01 0 0.120096 115.971 838.261 36.6283

52 3.2278E-01 0 0.116191 100.684 673.015 36.5979

53 3.15756E-01 0 0.113803 101.917 656.477 40.1192

54 3.01207E-01 0 0.105198 103.547 660.34 39.6832

55 2.96534E-01 0 0.102485 106.334 715.55 46.77

56 2.94871E-01 0 0.0974355 107.795 793.119 45.5631

57 2.68403E-01 0 0.0944123 109.619 718.707 44.9516

58 2.66381E-01 0 0.0907036 110.585 649.29 46.1364

59 2.36233E-01 0 0.0888824 115.728 655.076 50.1394

60 2.27523E-01 0 0.0873421 115.07 698.88 53.6368

61 2.24334E-01 0 0.0849054 116.79 704.315 64.0908

62 2.2292E-01 0 0.0825724 118.425 643.067 55.4511

63 2.19989E-01 0 0.0805857 190.643 688.528 56.8946

64 2.19392E-01 0 0.0794722 127.271 740.184 62.2415

65 2.11283E-01 0 0.0770376 133.743 864.282 70.6351

66 2.02212E-01 0 0.075428 208.794 857.148 61.0235

67 1.94622E-01 0 0.0741305 136.592 766.74 68.4939

68 1.8928E-01 0 0.0721044 136.981 924.667 78.9024

69 1.87246E-01 0 0.0704306 160.89 778.414 73.4047

70 1.759E-01 0 0.0684006 168.758 795.036 72.516

71 1.72018E-01 0 0.0662063 137.333 717.561 91.1353

72 1.66963E-01 0 0.0645313 136.758 622.198 79.328

73 1.64329E-01 0 0.0626839 135.38 613.696 99.9622

74 1.62795E-01 0 0.0605866 140.515 637.533 76.8208

75 1.61015E-01 0 0.0587589 142.872 659.769 83.6641

76 1.47748E-01 0 0.0566093 144.354 643.262 94.3691

77 1.36925E-01 0 0.0554945 146.606 651.939 100.474

78 1.31367E-01 0 0.0542444 148.934 631.237 94.8323

79 1.27915E-01 0 0.0522949 149.894 1100.68 92.3346

80 1.25561E-01 0 0.0506524 155.954 1170.25 192.554

81 1.21336E-01 0 0.0497003 156.771 1233.88 200.822

82 1.17535E-01 0 0.0488093 155.539 892.008 201.104

83 1.14773E-01 0 0.045365 159.166 794.098 104.03

84 1.08638E-01 0 0.0429511 168.828 807.15 130.76

85 1.05639E-01 0 0.0417287 181.237 1099.52 143.913

86 1.02513E-01 0 0.0406408 187.194 1007.07 153.983

87 1.01252E-01 0 0.0400304 180.025 831.687 167.344

88 9.81577E-02 0 0.039598 170.172 1001.82 137.128

89 9.62009E-02 0 0.0387674 183.799 851.865 155.905

90 9.48384E-02 0 0.0382566 174.979 771.737 189.627

91 9.44829E-02 0 0.0377199 190.781 835.877 155.169

92 9.2028E-02 0 0.0371081 181.372 850.449 155.065

93 8.84442E-02 0 0.0367665 243.659 1003.92 182.096

94 8.79082E-02 0 0.0360936 282.319 1095.86 206.506

95 8.25466E-02 0 0.0353932 182.925 821.82 244.169

96 8.01674E-02 0 0.0340607 188.126 802.626 185.305

97 7.90529E-02 0 0.0315763 192.982 897.92 256.384

98 7.75016E-02 0 0.031149 195.874 855.373 232.546

99 7.73077E-02 0 0.0303469 197.833 902.766 204.771

100 7.6812E-02 0 0.0300378 202.814 945.008 217.528

101 7.47376E-02 0 0.0294231 208.605 925.881 193.807

102 7.3657E-02 0 0.0282918 205.424 812.954 239.897

103 6.95348E-02 0 0.0268839 226.029 956.034 218.192

104 6.71437E-02 0 0.0261892 207.048 812.172 231.158

105 6.60372E-02 0 0.0260084 257.304 1016.85 219.679

106 6.50537E-02 0 0.0252516 212.67 1031.71 233.357

107 6.13303E-02 0 0.0246753 215.002 946.276 267.74

108 6.05525E-02 0 0.0241441 246.708 1008.94 267.356

109 5.84155E-02 0 0.0238061 218.347 805.21 272.703

110 5.59662E-02 0 0.0235068 222.897 901.496 586.803

111 5.36673E-02 0 0.0231892 229.227 894.881 348.103

112 5.21182E-02 0 0.0227547 222.505 912.726 452.835

113 5.17039E-02 0 0.0222745 292.009 991.78 496.491

114 5.1021E-02 0 0.0218439 233.623 968.918 357.261

115 4.8797E-02 0 0.0214777 228.495 873.015 352.615

116 4.72685E-02 0 0.0208984 231.176 905.817 346.257

117 4.60786E-02 0 0.0199062 241.918 1021.29 681.009

118 4.4958E-02 0 0.0196677 315.423 1136.52 645.641

119 4.44764E-02 0 0.0193429 228.864 749.386 597.96

120 4.41004E-02 0 0.0190617 229.621 768.121 408.695

121 4.31942E-02 0 0.0185661 229.563 787.566 434.348

122 4.29154E-02 0 0.0178693 235.303 754.499 401.608

123 4.17782E-02 0 0.0175147 236.119 769.053 448.618

124 4.09475E-02 0 0.0172741 242.851 1013.26 307.338

125 4.02975E-02 0 0.0169199 245.942 1345.12 544.804

126 4.02048E-02 0 0.0165599 245.139 798.256 571.412

127 3.92316E-02 0 0.0163193 244.237 1207.39 503.394

128 3.85208E-02 0 0.0160876 285.576 1088.84 804.514

129 3.81576E-02 0 0.0159135 261.65 1017.49 1176.26

130 3.63674E-02 0 0.0155346 277.954 1149.92 935.483

131 3.61772E-02 0 0.0153177 279.573 1319.96 779.544

132 3.59571E-02 0 0.0150877 271.516 977.051 966.494

133 3.53897E-02 0 0.0148376 395.674 1204.85 901.297

134 3.44635E-02 0 0.0145258 270.233 1046.3 1311.68

135 3.32832E-02 0 0.0143098 277.361 1172.34 1238.79

136 3.21721E-02 0 0.0140526 332.077 1127.78 1317.23

137 3.19555E-02 0 0.0137043 324.966 1212.22 1496.71

138 3.14382E-02 0 0.0132265 277.878 988.814 1534.34

139 3.09643E-02 0 0.0130659 333.512 1242.18 1477.63

140 3.06649E-02 0 0.0128835 285.639 1397.27 1551.06

141 3.029E-02 0 0.0125764 287.491 964.971 1688.13

142 2.97659E-02 0 0.0121522 296.322 940.07 1734.82

143 2.79793E-02 0 0.0120095 307.948 1135.97 1784.88

144 2.77698E-02 0 0.0118173 312.617 1337.84 1390.33

145 2.74754E-02 0 0.0116787 294.717 982.745 1554.24

146 2.71475E-02 0 0.0115467 296.141 1075.43 1526.97

147 2.69778E-02 0 0.0112952 427.358 1233.53 1761.75

148 2.67238E-02 0 0.0111734 343.219 1235.08 1831.99

149 2.58873E-02 0 0.0109726 308.739 1013.7 1902.48

150 2.56557E-02 0 0.0108051 406.379 1052.74 1717.83

151 2.54051E-02 0 0.0106446 353.866 988.565 1812.18

152 2.50694E-02 0 0.0104981 294.903 1011.92 1246.61

153 2.47048E-02 0 0.0103225 302.134 1098.18 970.438

154 2.38978E-02 0 0.0101612 298.971 1091.29 1003.12

155 2.3776E-02 0 0.00992053 354.51 1343.7 994.44

156 2.29083E-02 0 0.00967191 323.004 1063.44 2046.12

157 2.27594E-02 0 0.00957153 355.778 1048.76 2085.52

158 2.20544E-02 0 0.00940481 340.322 1263.22 2134.87

159 2.14192E-02 0 0.00926969 447.491 1165.73 2118.8

160 2.10881E-02 0 0.00917835 400.435 1234.81 2200.4

161 2.10351E-02 0 0.00900602 348.025 1307.69 2300.29

162 2.07814E-02 0 0.00885211 354.807 1219.13 2492.15

163 2.0246E-02 0 0.00873098 336.301 1180.5 2384.26

164 1.9984E-02 0 0.00860166 538.135 1128.61 2291.74

165 1.97605E-02 0 0.00846184 335.882 1199.71 2002.01

166 1.94037E-02 0 0.00834683 340.733 1156.31 2366.7

167 1.91443E-02 0 0.008271 353.607 1070.46 2089.3

168 1.91005E-02 0 0.00815201 349.317 1075.64 1862.09

169 1.90964E-02 0 0.00802383 418.986 1317.77 2294.03

170 1.84718E-02 0 0.00781843 372.589 1188.96 2170.34

171 1.7994E-02 0 0.00769596 361.881 1117.18 2110.61

172 1.78189E-02 0 0.00758897 352.187 1161.92 2236.1

173 1.73828E-02 0 0.00745775 372.274 1155.8 2285.81

174 1.72136E-02 0 0.0073081 334.915 976.54 2802.7

175 1.70543E-02 0 0.00722679 336.962 889.72 2207.4

176 1.67921E-02 0 0.0071479 338.874 1101.51 1505.5

177 1.65619E-02 0 0.00701541 361.097 1054.48 1464.27

178 1.63574E-02 0 0.00691768 370.857 1078.16 2077.79

179 1.59158E-02 0 0.00680603 473.463 1341.3 3062.07

180 1.58004E-02 0 0.0066137 387.878 1167.94 2762.92

181 1.54056E-02 0 0.00656606 451.587 1407.75 2814.25

182 1.52107E-02 0 0.00646581 441.426 1519.46 2833

183 1.51385E-02 0 0.00634165 540.757 1390.36 3177.37

184 1.49544E-02 0 0.00623179 443.754 1204.97 2863.58

185 1.47458E-02 0 0.00613406 516.005 1122.66 3151.2

186 1.45545E-02 0 0.00606725 526.064 1392.77 3222.11

187 1.43247E-02 0 0.00596685 453.833 1058.54 3221.04

188 1.42695E-02 0 0.00589899 589.785 1556.31 3292.67

189 1.37468E-02 0 0.00582137 516.585 1499.61 3196.21

190 1.36754E-02 0 0.00574617 407.129 1325.03 3154.34

191 1.34855E-02 0 0.00559012 441.481 1382.58 3327.64

192 1.33421E-02 0 0.00549015 463.955 1171.43 3375.01

193 1.30527E-02 0 0.00543103 436.09 1098.8 3411.07

194 1.28906E-02 0 0.00537365 399.048 1228.1 3331.89

195 1.2702E-02 0 0.00530098 392.27 929.467 3234.85

196 1.24651E-02 0 0.00522751 396.526 1201.5 2989.5

197 1.22948E-02 0 0.00517106 398.421 1390.54 2530.4

198 1.20841E-02 0 0.0050977 424.863 1320.16 3295.35

199 1.20716E-02 0 0.00503715 450.379 1448.11 3049.14

200 1.1903E-02 0 0.00496322 428.22 1163.88 3146.26

201 1.18036E-02 0 0.00489367 429.77 1405.24 3335.54

202 1.15783E-02 0 0.004842 425.496 1286.4 2791.13

203 1.14148E-02 0 0.00477725 529.352 1862.95 3491.88

204 1.11724E-02 0 0.00471634 433.197 1257.13 3285.72

205 1.09345E-02 0 0.00465571 428.989 1451.37 3354.14

206 1.08675E-02 0 0.00455548 517.188 1543.28 3633.72

207 1.06966E-02 0 0.00449553 430.58 1316.1 3377.02

208 1.06743E-02 0 0.0044549 554.301 1579.35 3230.85

209 1.06077E-02 0 0.00439664 452.98 1320.27 3379.41

210 1.01591E-02 0 0.00435308 442.015 1528.17 3627.41

211 1.00026E-02 0 0.00428398 565.283 1564.01 3299.41

212 9.70063E-03 0 0.00421885 435.863 1415.89 3489.76

213 9.66061E-03 0 0.00410646 436.967 1479.34 3807.73

214 9.61722E-03 0 0.00402399 452.551 1310.88 3670.54

215 9.26291E-03 0 0.00399504 463.483 1456.59 3924.12

216 9.14814E-03 0 0.00394434 467.374 1401.21 3984.38

217 9.12553E-03 0 0.00383602 525.854 1292.76 3692.49

218 9.00645E-03 0 0.0037885 554.76 1651.42 3703.68

219 8.76636E-03 0 0.00374068 581.367 1776.68 3965.36

220 8.73607E-03 0 0.003687 535.364 1704.49 3773.35

221 8.64269E-03 0 0.00361567 492.119 1750.7 3667.83

222 8.54299E-03 0 0.00353203 567.494 1595.68 3618.25

223 8.37981E-03 0 0.00349899 488.11 1310.82 3649.85

224 8.22999E-03 0 0.00345015 653.043 1532.69 4050.11

225 8.08866E-03 0 0.00339428 480.793 1247.14 4041.8

226 8.06515E-03 0 0.00335089 474.682 1461.25 4198.04

227 8.03294E-03 0 0.00330436 465.524 1065.53 4219.98

228 7.94074E-03 0 0.00326768 470.807 1356.6 4731.23

229 7.77084E-03 0 0.0032418 479.667 1477.18 4908.51

230 7.71959E-03 0 0.00319361 499.813 1441.26 5481.86

231 7.64225E-03 0 0.00313327 667.34 1587.76 5064.73

232 7.58465E-03 0 0.00308628 516.089 1327.13 4595.17

233 7.50486E-03 0 0.00302558 523.356 1303.98 5255.37

234 7.34723E-03 0 0.00298835 589.05 1460.74 5147.29

235 7.25459E-03 0 0.00295665 561.196 1528.03 5019.58

236 7.22176E-03 0 0.00293341 532.982 1484.23 5068.53

237 7.08175E-03 0 0.00289025 548.863 1483.28 5572.2

238 6.92862E-03 0 0.00285041 576.097 1310.1 5573.25

239 6.90778E-03 0 0.00282917 538.792 1292.45 5939.94

240 6.83091E-03 0 0.00279573 623.781 1272.55 5027.13

241 6.75187E-03 0 0.00276278 502.915 1449.73 5739.2

242 6.68522E-03 0 0.00270884 518.95 1209.45 5610.68

243 6.61421E-03 0 0.00268187 621.612 1471.28 4409.75

244 6.40568E-03 0 0.00264644 621.223 1350.52 4818.62

245 6.32849E-03 0 0.00261003 519.718 1277.16 5059.22

246 6.31132E-03 0 0.00258482 529.012 1523.74 5344.17

247 6.22098E-03 0 0.00254658 527.074 1624.11 5201.85

248 6.21851E-03 0 0.00252553 706.719 1573.26 5855.28

249 6.12059E-03 0 0.00249174 567.96 1558.29 5326.24

250 6.10334E-03 0 0.00245368 550.952 1484.66 5549.24

251 6.0384E-03 0 0.00241691 581.414 1335.67 5307.39

252 5.86651E-03 0 0.00238367 670.591 1425.51 5408.29

253 5.82992E-03 0 0.00236076 527.099 1157.29 5754.56

254 5.79652E-03 0 0.00232703 525.827 1457.09 5963.75

255 5.75357E-03 0 0.00229885 626.264 1348.26 6499.26

256 5.64734E-03 0 0.0022665 623.045 1683.88 6796.23

257 5.58762E-03 0 0.00224332 556.334 1387.64 6762.61

258 5.55688E-03 0 0.00220718 672.004 1401.13 6463.25

259 5.39077E-03 0 0.00218035 607.717 1421.72 6370.21

260 5.26082E-03 0 0.00215301 594.768 1484.63 6654.65

261 5.18627E-03 0 0.00212519 652.813 1379.67 6495.46

262 5.17518E-03 0 0.0020875 680.789 1582.61 7031.57

263 5.09851E-03 0 0.00206479 579.119 1468.64 7223.51

264 5.00561E-03 0 0.0020447 567.096 1329.54 7409.37

265 4.97275E-03 0 0.00201575 547.895 1189.09 6698.21

266 4.90382E-03 0 0.00199317 571.956 1490.34 6785.57

267 4.78059E-03 0 0.00197354 590.027 1507.5 7172.58

268 4.75861E-03 0 0.00195256 591.571 1681.43 7285.05

269 4.73206E-03 0 0.00193445 730.678 1482.84 7600.03

270 4.67232E-03 0 0.0019053 595.092 1780.29 7721.15

271 4.63379E-03 0 0.00188067 599.194 1623.01 6964.41

272 4.58856E-03 0 0.00186255 804.919 1818.72 8155.82

273 4.56713E-03 0 0.00183414 594.751 1434.44 8237.82

274 4.54261E-03 0 0.00180648 591.764 1251.48 7571.1

275 4.53433E-03 0 0.00177428 583.337 1413.95 7965.97

276 4.44754E-03 0 0.00175411 741.255 1494.37 7707.69

277 4.40125E-03 0 0.0017284 677.896 1695.92 8462.92

278 4.37515E-03 0 0.00169892 626.819 1891.59 7715.6

279 4.22152E-03 0 0.00164876 631.415 1604.15 8399.21

280 4.14348E-03 0 0.00163514 656.01 1955.48 8496.99

281 4.08039E-03 0 0.00161969 852.117 1759.66 7818.05

282 4.03701E-03 0 0.0016086 656.231 1873.85 8175.99

283 4.01059E-03 0 0.00159009 637.618 1304.67 8878.21

284 3.96195E-03 0 0.0015658 637.948 1417.31 8296.22

285 3.96001E-03 0 0.00155289 593.596 1341.54 8073.15

286 3.92346E-03 0 0.00153593 669.627 1662.78 8991.39

287 3.86516E-03 0 0.0015163 775.503 1767.99 8153.96

288 3.84795E-03 0 0.00149946 740.961 1787.26 8890.61

289 3.8194E-03 0 0.00148628 652.122 1658.43 9897.05

290 3.77344E-03 0 0.00146013 683.178 1685 8789.68

291 3.66831E-03 0 0.00144381 630.861 1555.6 9139.53

292 3.66272E-03 0 0.00142457 660.512 1459.91 8739.87

293 3.65741E-03 0 0.00139614 654.542 1448.43 9432.95

294 3.64173E-03 0 0.0013817 609.974 1540.88 8603.78

295 3.55274E-03 0 0.00136935 701.587 1828.36 8671.46

296 3.51399E-03 0 0.00135882 679.007 1716.35 9169.33

297 3.47807E-03 0 0.00134432 780.164 1691.06 9263.68

298 3.42782E-03 0 0.001328 969.192 1591.83 8991.39

299 3.38062E-03 0 0.00131073 640.591 1667.57 9097.27

300 3.2954E-03 0 0.00129375 771.032 1577.37 9134.3

301 3.27444E-03 0 0.00128143 713.335 1496.53 9272.39

302 3.20091E-03 0 0.00126833 618.115 1308.15 9284.15

303 3.17622E-03 0 0.00125327 601.998 1240.7 9442.06

304 3.16069E-03 0 0.00124239 793.491 1745.12 9032.77

305 3.12259E-03 0 0.00122585 766.454 1663.6 9522.35

306 3.10201E-03 0 0.00121403 663.052 1723.52 9338.09

307 3.06818E-03 0 0.00119607 899.169 1775.15 9433.91

308 3.03123E-03 0 0.00118638 771.31 1703.95 10007.8

309 3.02841E-03 0 0.00117363 699.346 1930.96 10605.5

310 2.93288E-03 0 0.00116468 838.3 1425.66 9717.16

311 2.90445E-03 0 0.00115572 637.413 1403.39 10043

312 2.8678E-03 0 0.00113886 655.636 1269.9 10031.9

313 2.85464E-03 0 0.00112788 716.812 1669.77 9931.35

314 2.80613E-03 0 0.0011194 1006.98 1888.31 10231.8

315 2.79842E-03 0 0.0011096 874.027 1848.68 9517.12

316 2.79818E-03 0 0.00109801 919.079 1682.51 9662.12

317 2.73627E-03 0 0.00108562 811.48 1683.56 9826.3

318 2.71875E-03 0 0.00107332 1069.97 1731.76 9927.67

319 2.702E-03 0 0.00106223 839.76 1475.2 9393.15

320 2.67151E-03 0 0.00104723 762.313 1844.54 9261.28

321 2.66336E-03 0 0.00103359 680.964 1329.78 10231.3

322 2.64743E-03 0 0.00101357 727.253 1685.89 10704.9

323 2.63942E-03 0 0.000998777 764.882 1946.89 10222.3

324 2.62857E-03 0 0.000990167 745.197 1704.71 10407.4

325 2.5829E-03 0 0.000982774 786.48 1748.92 9383.61

326 2.54264E-03 0 0.000974325 878.504 1934.56 9494.26

327 2.48674E-03 0 0.000960707 939.835 1850.88 9738.24

328 2.47014E-03 0 0.00095268 916.722 2030.94 10506

329 2.41735E-03 0 0.000941673 716.618 1525.1 10344

330 2.38793E-03 0 0.000931433 687.534 1335.08 11395

331 2.37356E-03 0 0.000916812 839.233 1729.8 10885.3

332 2.35714E-03 0 0.000910046 826.209 1732.62 10017.5

333 2.30546E-03 0 0.000900824 773.183 2025.76 10834.5

334 2.25985E-03 0 0.00089153 893.36 1734.84 11136.6

335 2.25437E-03 0 0.000874834 775.349 1929.97 11218.9

336 2.24364E-03 0 0.000866889 838.657 1874.08 11640.2

337 2.22274E-03 0 0.00085828 768.366 1631.38 11509.7

338 2.18355E-03 0 0.000841812 742.041 1689.24 11937.2

339 2.18316E-03 0 0.000823409 840.056 1704.35 12393.4

340 2.14935E-03 0 0.000816629 807.099 1749.08 12793.6

341 2.14486E-03 0 0.00081114 750.713 1742.25 12116.5

342 2.12104E-03 0 0.000803573 772.623 1847.93 13389.4

343 2.11814E-03 0 0.000791903 740.367 1723.02 13040.8

344 2.10486E-03 0 0.000786077 691.688 1562.77 12646.3

345 2.0903E-03 0 0.000776296 743.841 1647.62 12754.5

346 2.06157E-03 0 0.000768357 777.06 1924.9 11580.8

347 2.03872E-03 0 0.000757533 831.588 1784.21 12714.9

348 2.01802E-03 0 0.000750876 813.281 1671.24 12989.3

349 2.01496E-03 0 0.00074133 782.764 2016.79 12386.1

350 1.96226E-03 0 0.000735943 761.496 2062.93 12466.6

351 1.93953E-03 0 0.000728673 705.19 1453.9 12925.9

352 1.91541E-03 0 0.00072099 834.208 1707.8 12401.7

353 1.89294E-03 0 0.000711828 784.811 1794.57 12555.8

354 1.88543E-03 0 0.000704198 938.001 2090.74 12995.3

355 1.85334E-03 0 0.000698342 795.443 1789.9 13530.1

356 1.83937E-03 0 0.00068628 816.039 1855.88 12227

357 1.82125E-03 0 0.000680567 792.242 1968.77 13183.2

358 1.79707E-03 0 0.000673145 728.234 1479.24 13435.1

359 1.78264E-03 0 0.000664414 828.341 1985.42 13051.2

360 1.77525E-03 0 0.000654872 890.506 1961.91 13776.6

361 1.74081E-03 0 0.000647241 785.392 1936.47 13312.2

362 1.71873E-03 0 0.000640367 830.739 1892.06 12808.9

363 1.71262E-03 0 0.00063344 813.783 2027.86 14213.2

364 1.70561E-03 0 0.000623547 875.167 1711.35 13537.5

365 1.68558E-03 0 0.000616386 766.273 1529.7 12879.5

366 1.65199E-03 0 0.000612334 823.139 2045.18 13635.4

367 1.64832E-03 0 0.000605204 1060.35 1951.6 13686.7

368 1.63866E-03 0 0.000600296 891.418 1898.18 14336.4

369 1.62093E-03 0 0.000594208 947.589 2378.97 12848.4

370 1.60175E-03 0 0.000586453 851.498 1784.06 12526.5

371 1.58004E-03 0 0.000579385 839.645 1719.7 13363

372 1.5657E-03 0 0.000573786 757.265 1481.54 14383.6

373 1.55367E-03 0 0.000569104 827.518 1907.71 14615.5

374 1.54379E-03 0 0.000557094 926.945 2059.76 13600.6

375 1.52908E-03 0 0.000551409 876.795 2043.06 14611.5

376 1.51091E-03 0 0.000547595 1070.02 2024.42 15479.2

377 1.50014E-03 0 0.000541431 869.356 2132.02 14699.6

378 1.48439E-03 0 0.000536283 764.274 1526.38 15224.4

379 1.44915E-03 0 0.000526771 833.282 1867.69 15508.1

380 1.42269E-03 0 0.000521433 893.066 1938.54 15517.6

381 1.41532E-03 0 0.000515748 837.179 1954.43 15994.7

382 1.40511E-03 0 0.000509087 890.377 1966.5 15396.6

383 1.39087E-03 0 0.000503535 980.265 1990.41 15947.1

384 1.38441E-03 0 0.000498339 795.196 1545.06 15322.6

385 1.37896E-03 0 0.000493456 849.317 1918.63 15919.6

386 1.36348E-03 0 0.00048756 860.349 2100.29 15887.5

387 1.35681E-03 0 0.000482013 859.339 2039.83 14988

388 1.34745E-03 0 0.000475804 962.795 1905.92 15564.3

389 1.32677E-03 0 0.000471655 873.86 2041.31 16382

390 1.31602E-03 0 0.000465417 794.159 1619.46 14540.3

391 1.30078E-03 0 0.000458865 834.23 1617.6 15875.4

392 1.29571E-03 0 0.000454463 984.235 1860.21 16634.8

393 1.26336E-03 0 0.000448866 975.978 2314.55 14230.1

394 1.25036E-03 0 0.00044244 980.913 2619.26 16786.9

395 1.24888E-03 0 0.00043583 883.869 2294.27 16819

396 1.23993E-03 0 0.000431332 811.626 1937.47 16073.2

397 1.22589E-03 0 0.00042695 846.934 1549.75 17293.6

398 1.21586E-03 0 0.000421631 940.11 2204.37 17109.1

399 1.21079E-03 0 0.000418654 949.529 2089.15 17082.1

400 1.1966E-03 0 0.000413764 1022.53 2130.81 16791.5

401 1.19407E-03 0 0.000410272 922.596 2038.65 16830.3

402 1.18208E-03 0 0.00040179 821.107 1647.39 16309.8

403 1.15159E-03 0 0.00039818 860.35 1577.45 17363.1

404 1.15077E-03 0 0.000395609 949.24 2017.74 16520.4

405 1.14634E-03 0 0.000391905 926.61 2072.41 17685.5

406 1.12694E-03 0 0.00038907 1089.1 2488.52 15795.4

407 1.11789E-03 0 0.000385856 1001.85 2449.39 15211.2

408 1.11225E-03 0 0.000381721 911.592 1884.32 17935.5

409 1.09999E-03 0 0.000377803 834 1579.91 17492.9

410 1.08727E-03 0 0.000374005 962.42 2132.19 17970.2

411 1.05979E-03 0 0.000369286 903.578 2128.76 18146.9

412 1.0561E-03 0 0.000365524 969.107 2174.16 16676.5

413 1.03622E-03 0 0.000360551 907.235 2429.33 16632.9

414 1.02068E-03 0 0.000355216 880.161 1872.38 17120.1

415 1.01718E-03 0 0.000352155 846.918 1668.61 18591.4

416 1.01453E-03 0 0.000348326 1294.76 2328.51 18418.6

417 9.97673E-04 0 0.000344607 983.23 2339.99 18157.1

418 9.84515E-04 0 0.000342321 985.456 2319.7 18470.8

419 9.80453E-04 0 0.00033991 961.42 2162.79 19620.8

420 9.76376E-04 0 0.000337252 952.878 1800.49 17470.5

421 9.6225E-04 0 0.000332427 895.623 1975.33 19276.3

422 9.55359E-04 0 0.000328566 976.273 2367.3 16724.5

423 9.40587E-04 0 0.000325788 950.75 2506.63 17437.4

424 9.37402E-04 0 0.000322322 1051.89 2368.31 19032.9

425 9.13742E-04 0 0.000319212 941.164 2135.87 18728.1

426 9.05566E-04 0 0.000314421 880.34 1792.19 17580.3

427 9.00268E-04 0 0.000312119 921.899 1789.69 20040.8

428 8.99536E-04 0 0.000309622 1112.03 2209.92 17495.2

429 8.92186E-04 0 0.000306971 1191.24 2366.29 19566.3

430 8.89915E-04 0 0.000304371 1120.33 2392.37 20660.2

431 8.89688E-04 0 0.00030026 951.557 2371.9 20290.4

432 8.85266E-04 0 0.000295303 922.689 1738.1 20583

433 8.83671E-04 0 0.00029284 969.474 2350.2 19774.5

434 8.70796E-04 0 0.000288533 1138.1 2399.15 18063.1

435 8.64158E-04 0 0.000286528 1196.81 2377.13 17766

436 8.49179E-04 0 0.000283219 1058.03 2324.47 20526.9

437 8.38931E-04 0 0.000280778 978.252 2012.64 19325

438 8.25304E-04 0 0.000278365 951.721 1683.76 20086.3

439 8.22129E-04 0 0.000276114 1096.75 2501.16 18886.2

440 8.13401E-04 0 0.000274084 1219.49 2097.2 19361.5

441 8.11217E-04 0 0.000270976 980.006 2858.43 20457.9

442 7.96879E-04 0 0.000268162 1313.55 2090.58 22512.2

443 7.94629E-04 0 0.000265448 907.508 1725.93 21277.4

444 7.85838E-04 0 0.000262809 1265.87 2173.25 21432.5

445 7.73789E-04 0 0.000257963 1159.43 2084.99 21956

446 7.69692E-04 0 0.000255731 1126.92 2185.27 23902.6

447 7.6943E-04 0 0.00025314 1167.8 2013.38 23164.6

448 7.57289E-04 0 0.00025146 947.987 1877.94 22192.4

449 7.509E-04 0 0.000249156 1099.18 2309.06 22153.6

450 7.46707E-04 0 0.000247507 1174.7 2498.65 20805.8

451 7.17394E-04 0 0.000243825 1095 2428.15 23087.4

452 7.02302E-04 0 0.000240235 951.631 1864.07 22000.5

453 6.98262E-04 0 0.000237445 1024.53 2250.77 24377.5

454 6.85775E-04 0 0.000234666 1058.62 2119.55 22394.6

455 6.80948E-04 0 0.000232188 1129.26 2151.73 22523.2

456 6.79793E-04 0 0.00022962 1171.01 2090.14 22671.9

457 6.67039E-04 0 0.000227733 956.604 1752.43 24584.7

458 6.65302E-04 0 0.000225128 1057.6 2212.09 23364.6

459 6.52143E-04 0 0.000223541 1097.41 2102.91 24231

460 6.4893E-04 0 0.000220455 1141.32 2209.39 21708.1

461 6.45546E-04 0 0.000218811 962.427 1831.32 21479.1

462 6.39999E-04 0 0.000216269 1111.21 2080.79 22900.6

463 6.36193E-04 0 0.000213021 1064.55 2303.62 23473.5

464 6.34906E-04 0 0.000210996 1214.4 2091.35 24323.8

465 6.32967E-04 0 0.000208107 1302.45 2170.12 25214.8

466 6.251E-04 0 0.000206512 976.799 1980.67 24284

467 6.22352E-04 0 0.000204507 1210.03 2175.3 25913.9

468 6.21576E-04 0 0.000202955 1152.47 2192.47 23248.2

469 6.14652E-04 0 0.000201139 1342.8 2344.74 24594.6

470 6.08566E-04 0 0.000199239 986.448 1834.86 25307

471 5.9987E-04 0 0.000196979 1162.69 2431.21 24833.2

472 5.99743E-04 0 0.000195503 1241.82 2135.56 24075.1

473 5.8494E-04 0 0.000193796 1088.29 2193.79 24628.2

474 5.83533E-04 0 0.000192192 1008.23 1886.37 24629.1

475 5.79455E-04 0 0.000190454 1103.58 2296.92 25208.7

476 5.78855E-04 0 0.000188252 1340.49 2250.18 22708.3

477 5.76927E-04 0 0.000185972 1095.54 2133.76 24107.6

478 5.72093E-04 0 0.000184171 1241.01 2353.08 25875.2

479 5.70047E-04 0 0.000182319 990.09 1848.25 25276.8

480 5.67398E-04 0 0.000179962 1390.42 2185.33 24964.8

481 5.61084E-04 0 0.000176483 1107.92 2401.28 27693.5

482 5.58839E-04 0 0.000174654 1192.2 2366.16 27865.4

483 5.50809E-04 0 0.000173032 1018.82 1862.07 25642.1

484 5.46231E-04 0 0.000171181 1471.19 2340.3 28565.2

485 5.45031E-04 0 0.000169799 1306.38 2335.12 29929

486 5.32177E-04 0 0.000167691 1224.77 2344 30511.1

487 5.28788E-04 0 0.000163697 1015.18 1863.36 26310.4

488 5.24456E-04 0 0.000161601 1603.24 2281.45 25218.8

489 5.22734E-04 0 0.000159177 1107.1 2160.84 27432.1

490 5.13772E-04 0 0.00015801 1397.19 2212.6 28222.1

491 5.10458E-04 0 0.00015668 1024.05 1927.37 26133.2

492 4.9092E-04 0 0.000155303 1663.38 2325.89 28707.5

493 4.88454E-04 0 0.000154077 1345.26 2502.06 28002.8

494 4.84569E-04 0 0.000152587 1417.37 2609 29187.7

495 4.82461E-04 0 0.000150762 1053.43 1913.09 28039.3

496 4.81222E-04 0 0.000148952 1518.65 2432.13 31798.6

497 4.78181E-04 0 0.000147117 1133.87 2400.93 31513.9

498 4.72505E-04 0 0.000145672 1133.75 2000.52 30584.4

499 4.65286E-04 0 0.000144174 1311.58 2128.52 29354.4

500 4.60676E-04 0 0.000142296 1349.4 2512.26 29269.6

501 4.57719E-04 0 0.00014108 1319.47 2221.77 28947.9

502 4.55676E-04 0 0.000139809 1050.75 1948.56 27718.4

503 4.45627E-04 0 0.000138832 1554.3 2798.21 29934.4

504 4.42573E-04 0 0.000137855 1578.34 2705.26 30663.7

505 4.34658E-04 0 0.000135603 1129.78 2550.65 31251.1

506 4.33023E-04 0 0.000133454 1059.73 1976.64 31649.8

507 4.32827E-04 0 0.000132209 1260.39 2468.07 31020.5

508 4.29828E-04 0 0.000131053 1323.2 2501.79 32838.3

509 4.26759E-04 0 0.000129718 1150.68 2617.06 31272.4

510 4.21597E-04 0 0.000128239 1071.09 1988.01 31580.8

511 4.19463E-04 0 0.000126353 1198.25 2543.47 29946.6

512 4.16114E-04 0 0.000124629 1382.36 2345.28 32027

513 4.1143E-04 0 0.000123531 1303.08 2616.6 35496.4

514 4.08439E-04 0 0.000121532 1261.2 2560.29 33331.3

515 4.04575E-04 0 0.00012042 1179.72 2506.31 34280.4

516 3.95623E-04 0 0.000119146 1380.2 2495.66 35455.4

517 3.90351E-04 0 0.000118337 1079.49 2133.83 32941.5

518 3.89448E-04 0 0.000116131 1201.54 2554.91 33550.8

519 3.88921E-04 0 0.000115059 1275.43 2503.13 31844

520 3.85771E-04 0 0.000114145 1325.4 2105.55 31079.4

521 3.7672E-04 0 0.000112776 1195.45 2474.22 34348.1

522 3.7584E-04 0 0.000111395 1199.74 2612.22 33255.6

523 3.74716E-04 0 0.000108189 1192.56 2434.16 35408.4

524 3.71681E-04 0 0.000107229 1402.92 2612.21 32176.5

525 3.67738E-04 0 0.000106222 1313.66 2501.27 31531.5

526 3.675E-04 0 0.000104982 1312.29 2416.26 33223

527 3.61904E-04 0 0.000103816 1117.63 2220.06 32867.4

528 3.59152E-04 0 0.000103017 1487.18 2670.36 36946.7

529 3.57894E-04 0 0.000102165 1337.13 2863.17 33988.4

530 3.53274E-04 0 0.000100726 1314.57 2151.6 34058.1

531 3.50051E-04 0 9.96637E-05 1233.05 2320.02 33967.5

532 3.49406E-04 0 9.86576E-05 1295.57 2658.02 33589.5

533 3.48233E-04 0 9.75575E-05 1191.38 2448.38 35698

534 3.45051E-04 0 9.63741E-05 1335.13 2557.97 35468.1

535 3.39894E-04 0 9.51786E-05 1208 2497.27 37507.6

536 3.37952E-04 0 9.40154E-05 1386.14 2537.15 38465.9

537 3.35974E-04 0 9.32218E-05 1134.43 2113.46 36164.2

538 3.34056E-04 0 9.22974E-05 1307.55 2631.34 33270.6

539 3.31209E-04 0 9.05905E-05 1246.47 2403.83 35996.7

540 3.29714E-04 0 8.88169E-05 1223.52 2250.28 36004.8

541 3.23058E-04 0 8.80154E-05 1259.75 2492.87 37470.7

542 3.19592E-04 0 8.70506E-05 1234.39 2616.62 32502

543 3.16031E-04 0 8.58688E-05 1227.21 2430.86 39081.3

544 3.14819E-04 0 8.49211E-05 1400.28 2719.09 35983

545 3.13993E-04 0 8.39024E-05 1311.82 2703.5 37067.1

546 3.11611E-04 0 8.32098E-05 1251.78 2636.62 36512.8

547 3.0849E-04 0 8.23947E-05 1177.58 2224.44 35399.8

548 3.07874E-04 0 8.15348E-05 1374.74 2445.62 38140.4

549 3.0537E-04 0 8.08248E-05 1240.32 2656.76 35075.1

550 3.04908E-04 0 7.9955E-05 1239.96 2362.56 38059.9

551 3.04207E-04 0 7.89027E-05 1248.83 2464.77 38937.7

552 3.02964E-04 0 7.81275E-05 1412.09 2657.01 37599.6

553 3.00356E-04 0 7.70773E-05 1225.49 2337.02 41320.2

554 2.98198E-04 0 7.62999E-05 1280.7 2648.44 34921.9

555 2.96435E-04 0 7.5423E-05 1266.54 2727.38 36068.1

556 2.9188E-04 0 7.45782E-05 1230.89 2300.9 39453.1

557 2.84985E-04 0 7.37367E-05 1281.45 2641.43 38977.5

558 2.83571E-04 0 7.30743E-05 1294.86 2479.49 39109.4

559 2.82425E-04 0 7.21109E-05 1276.38 2522.6 38057

560 2.79331E-04 0 7.12254E-05 1443.86 2763.61 40064.9

561 2.76015E-04 0 7.06552E-05 1260.75 2608.66 37962.9

562 2.7506E-04 0 6.99972E-05 1268.26 2446.63 40662.2

563 2.70679E-04 0 6.94032E-05 1282.18 2550.08 42707.7

564 2.65295E-04 0 6.82872E-05 1496.59 2530.08 40923.1

565 2.64586E-04 0 6.77512E-05 1297.99 2353.41 39128.4

566 2.6117E-04 0 6.70649E-05 1394.39 2798.91 40868.6

567 2.60012E-04 0 6.64605E-05 1311.1 2681.22 46767.8

568 2.56736E-04 0 6.59807E-05 1456.67 2576.78 39463

569 2.55501E-04 0 6.52551E-05 1324.27 2663.2 40714.2

570 2.54979E-04 0 6.44871E-05 1316.7 2639.78 42949.7

571 2.53632E-04 0 6.39346E-05 1474.04 2650.26 43950.3

572 2.49558E-04 0 6.31777E-05 1434.34 2667.77 42716.9

573 2.44107E-04 0 6.26795E-05 1323.41 2699 42681.7

574 2.43878E-04 0 6.21789E-05 1843.97 2864.13 39482.1

575 2.42598E-04 0 6.15946E-05 1562.39 3106.17 50254.8

576 2.39303E-04 0 6.09224E-05 1687.68 2797.34 49305.2

577 2.36281E-04 0 6.0171E-05 1347.43 2454.35 42990.7

578 2.31766E-04 0 5.90926E-05 1520.46 2668.45 50309.8

579 2.30706E-04 0 5.85058E-05 1454.04 2912.29 52504.5

580 2.27719E-04 0 5.79232E-05 1639.49 2699.52 41775.9

581 2.25668E-04 0 5.71699E-05 1696.15 3161.34 45584.3

582 2.23836E-04 0 5.6545E-05 1549.95 2918.64 51601.7

583 2.23669E-04 0 5.58046E-05 1518.59 2951.97 47870.5

584 2.21762E-04 0 5.50734E-05 1840.01 3251.52 39504.7

585 2.19808E-04 0 5.45743E-05 1487.41 2929.93 52605.8

586 2.19316E-04 0 5.40954E-05 1574.22 2729.16 51968.5

587 2.14842E-04 0 5.36015E-05 1424.24 2826.25 39546.8

588 2.13199E-04 0 5.31066E-05 1653.71 3179.39 44710.8

589 2.12199E-04 0 5.21927E-05 1564.31 3231.8 50989.3

590 2.1005E-04 0 5.14973E-05 1532.72 2649.85 54781.1

591 2.09331E-04 0 5.08849E-05 1525.22 3073.62 50420.4

592 2.02155E-04 0 5.04764E-05 1808.27 2785.7 57955.7

593 2.01083E-04 0 4.91882E-05 1445.3 2666.5 46346.5

594 1.9993E-04 0 4.86253E-05 1676.55 3101.23 42288.4

595 1.99181E-04 0 4.82316E-05 1701.03 3263.45 53051.1

596 1.97343E-04 0 4.77238E-05 1732.64 2786.91 54457.2

597 1.95823E-04 0 4.72552E-05 1355.04 2401.49 38253

598 1.93603E-04 0 4.66392E-05 1647.57 3030.48 50007.5

599 1.93114E-04 0 4.61295E-05 1563.71 2751.77 57716.5

600 1.92855E-04 0 4.56674E-05 1763.21 2788.4 47570.4

601 1.89107E-04 0 4.52258E-05 1737.14 3079.46 52531.1

602 1.86627E-04 0 4.48052E-05 1624.48 2833.37 55757.5

603 1.86006E-04 0 4.43537E-05 1580.06 2633.09 43950.4

604 1.84111E-04 0 4.38194E-05 1848.23 3075.6 51355.9

605 1.83621E-04 0 4.3023E-05 1542.79 2882.46 61453.6

606 1.79472E-04 0 4.25928E-05 1593.65 2803.58 59075

607 1.79191E-04 0 4.21392E-05 1484.23 3411.5 46387.8

608 1.75724E-04 0 4.18021E-05 1809.15 3119.73 61682.7

609 1.74716E-04 0 4.14029E-05 1498.89 2877.88 55217.7

610 1.74042E-04 0 4.10156E-05 1679.61 3054.09 43556

611 1.70735E-04 0 4.05619E-05 1566.32 3410.73 60892.1

612 1.70074E-04 0 4.01263E-05 1720.07 2916.19 59631.7

613 1.69402E-04 0 3.977E-05 1441.03 2947.38 49114.1

614 1.68484E-04 0 3.93418E-05 1640.23 3041.51 59282.6

615 1.66142E-04 0 3.8958E-05 1503.01 2734.19 58821.3

616 1.65447E-04 0 3.85619E-05 1686.91 2721.57 43689.9

617 1.65115E-04 0 3.79848E-05 1555.79 3229.58 61977.2

618 1.62847E-04 0 3.75836E-05 1629.13 3025.52 62550.7

619 1.62238E-04 0 3.71868E-05 1503.58 2694.96 51259.2

620 1.62027E-04 0 3.66409E-05 1774.2 3324.17 62188.9

621 1.59417E-04 0 3.58399E-05 1540.58 3078.56 63000.4

622 1.58213E-04 0 3.51058E-05 1335.91 2575.71 55332.2

623 1.57466E-04 0 3.47743E-05 1470.03 2917.9 52331.7

624 1.52923E-04 0 3.42743E-05 1764.19 3033.51 59401.1

625 1.51699E-04 0 3.39502E-05 1415.86 2981.44 62251

626 1.50065E-04 0 3.35257E-05 1462.89 3112.09 52882.4

627 1.46056E-04 0 3.28856E-05 1451.85 2965.26 52542.9

628 1.46032E-04 0 3.25778E-05 1409.67 3101.24 53300.4

629 1.45161E-04 0 3.20339E-05 1461.31 2829.52 52059.6

630 1.4321E-04 0 3.17147E-05 1464.35 2853.7 51948.5

631 1.42646E-04 0 3.14084E-05 1531.11 3465.44 49560.8

632 1.40898E-04 0 3.11135E-05 1742.19 3149.78 58600.5

633 1.40774E-04 0 3.07176E-05 1509.5 3188.54 59581.2

634 1.40171E-04 0 3.0423E-05 1702.59 3402.48 57003.7

635 1.38684E-04 0 2.97343E-05 1575.6 3689.45 71748

636 1.36438E-04 0 2.93233E-05 1777.89 3155.93 61860.3

637 1.35919E-04 0 2.88161E-05 1435.22 2826.18 45424.1

638 1.34556E-04 0 2.83993E-05 1713.14 4766.82 91947.2

639 1.32931E-04 0 2.81179E-05 1563.36 3903.17 87574

640 1.32302E-04 0 2.78113E-05 1782.72 3779.92 66633.6

641 1.30782E-04 0 2.74999E-05 1867.39 3632.75 58342.6

642 1.29924E-04 0 2.71914E-05 1750.3 3562.84 73424.8

643 1.29009E-04 0 2.68032E-05 1462.87 3001.81 69086.4

644 1.27919E-04 0 2.65271E-05 1819.21 3307.84 51314

645 1.27479E-04 0 2.62207E-05 1481.61 3094.66 55765.7

646 1.25865E-04 0 2.57262E-05 1504.1 2951.41 55860.7

647 1.23066E-04 0 2.53887E-05 1389.21 2861.26 47729.1

648 1.22796E-04 0 2.48588E-05 1662.25 2956.78 56213.9

649 1.22233E-04 0 2.45804E-05 1485.85 2897.06 56501.3

650 1.21145E-04 0 2.42543E-05 1579.51 2723.4 51251.6

651 1.18831E-04 0 2.4051E-05 1502.66 2857.33 66984.3

652 1.1865E-04 0 2.37677E-05 1608.68 3013.43 64123.5

653 1.17064E-04 0 2.3501E-05 1914.08 3616.75 58453.2

654 1.16465E-04 0 2.30788E-05 1737.31 3648.55 97058.8

655 1.12964E-04 0 2.27908E-05 1596.03 2954.53 74412.6

656 1.12003E-04 0 2.24942E-05 2037.68 3438.4 60424

657 1.11237E-04 0 2.22964E-05 1620.56 2820.87 94587.8

658 1.10503E-04 0 2.20439E-05 1658.47 2745.37 53467.6

659 1.10168E-04 0 2.17115E-05 1662.13 3439.08 82362.5

660 1.09733E-04 0 2.12728E-05 1890 3121.14 76404.9

661 1.09343E-04 0 2.10169E-05 1646.68 3590.4 57002.5

662 1.06071E-04 0 2.0827E-05 1696.33 3195.8 96337

663 1.05594E-04 0 2.04878E-05 1563.22 2832.82 65992.9

664 1.05306E-04 0 2.03214E-05 2366.15 3708.7 72532.8

665 1.04405E-04 0 1.99939E-05 2900.02 4640.29 90361.3

666 1.03159E-04 0 1.981E-05 2469.3 4627.78 66605.5

667 1.0279E-04 0 1.95843E-05 1644.02 3375.94 99159.5

668 1.01689E-04 0 1.93475E-05 2587.51 4578.16 76738.7

669 1.01177E-04 0 1.89895E-05 2521.76 4534.11 103901

670 9.99671E-05 0 1.88175E-05 1675.62 2783.2 84103.5

671 9.87149E-05 0 1.86344E-05 1943.22 3616.95 78401.6

672 9.72784E-05 0 1.83392E-05 2412.75 3600.42 119091

673 9.65657E-05 0 1.81435E-05 1685.35 3754.8 71804.4

674 9.55163E-05 0 1.79596E-05 1644.41 3275.3 107979

675 9.52554E-05 0 1.77135E-05 1534.15 3077.76 93104.4

676 9.34189E-05 0 1.74806E-05 2671.73 4915.25 79817.9

677 9.30283E-05 0 1.72354E-05 1528.39 3082 97958.3

678 9.2412E-05 0 1.70236E-05 1514.38 2818.77 61680.4

679 9.21603E-05 0 1.68563E-05 1655.48 3395.23 87976.5

680 9.00083E-05 0 1.66497E-05 1752.32 2890.04 80555.2

681 8.90111E-05 0 1.64417E-05 1499.18 2688.28 64558.7

682 8.85564E-05 0 1.62171E-05 1811.87 3451.51 90119.6

683 8.67978E-05 0 1.59861E-05 1609.25 3055.12 84136.1

684 8.6218E-05 0 1.57599E-05 1629.07 2844.32 68011.9

685 8.51006E-05 0 1.56036E-05 1967.07 3748.2 89555.6

686 8.4573E-05 0 1.54551E-05 1675.65 3172.96 91181.7

687 8.42423E-05 0 1.52854E-05 1726.09 3682.04 70651.7

688 8.31134E-05 0 1.50611E-05 1872.19 3229.5 101746

689 8.2956E-05 0 1.49126E-05 1510.13 3177.76 86710.5

690 8.08081E-05 0 1.47124E-05 2130.67 3471.99 72044.1

691 8.0047E-05 0 1.448E-05 1914.5 3573.15 112454

692 7.9329E-05 0 1.42006E-05 1909.16 3653.61 73987.6

693 7.78723E-05 0 1.40279E-05 1700.5 3490.33 92818.1

694 7.67879E-05 0 1.38684E-05 1632.22 3102.9 86095.9

695 7.63716E-05 0 1.37227E-05 2031.67 3856.83 77802.6

696 7.60015E-05 0 1.36078E-05 1846 3252.03 107463

697 7.5577E-05 0 1.33934E-05 1550.75 3041.79 72813

698 7.55705E-05 0 1.3165E-05 1820.47 3428.5 102160

699 7.52311E-05 0 1.29982E-05 1733.8 3303.28 87711.2

700 7.38293E-05 0 1.28837E-05 2009.42 3943.47 69231.7

701 7.37846E-05 0 1.27531E-05 1764.55 3681.43 109086

702 7.29083E-05 0 1.25302E-05 1637.11 3299.73 106336

703 7.18298E-05 0 1.24135E-05 2124.14 3862.3 97232.2

704 7.17825E-05 0 1.22974E-05 1886.09 3256.87 170149

705 7.1402E-05 0 1.20466E-05 3212.04 5018.09 83915.9

706 7.01031E-05 0 1.19137E-05 1800.48 3278.93 153169

707 7.00971E-05 0 1.17755E-05 1600.6 3011.71 97088.3

708 6.99564E-05 0 1.16563E-05 1956.72 3260.68 168960

709 6.88184E-05 0 1.15336E-05 1642.38 3340.58 126078

710 6.85279E-05 0 1.13922E-05 2666.2 4818.38 144770

711 6.80077E-05 0 1.12228E-05 2162.1 3918.63 117162

712 6.67431E-05 0 1.10203E-05 2950.16 4840.09 153891

713 6.62834E-05 0 1.08812E-05 3093.11 5141.56 109427

714 6.56889E-05 0 1.07705E-05 1671.07 3504.65 207748

715 6.49989E-05 0 1.06321E-05 2590.15 5082.55 101388

716 6.31843E-05 0 1.05162E-05 1778.73 3496.25 187344

717 6.16377E-05 0 1.02492E-05 2765.15 4872.7 150870

718 6.15458E-05 0 1.01067E-05 1813.61 3452.53 123692

719 6.12722E-05 0 9.98967E-06 2699.92 4859.38 115619

720 6.03907E-05 0 9.89353E-06 2050.72 3550.41 132665

721 5.98658E-05 0 9.78674E-06 2225.66 3969.47 120593

722 5.97972E-05 0 9.70006E-06 1692.01 3336.16 155565

723 5.96983E-05 0 9.48835E-06 1661.78 3176.44 66551.3

724 5.93012E-05 0 9.20429E-06 1777.22 2908.77 74020.2

725 5.75428E-05 0 9.0963E-06 1628.95 2917.73 75710.4

726 5.69872E-05 0 8.98857E-06 1685.21 2923.21 72144.1

727 5.6401E-05 0 8.8197E-06 1631.77 2915.21 77168.1

728 5.5949E-05 0 8.70413E-06 1847.97 2920.48 79958.7

729 5.54664E-05 0 8.55513E-06 1636.78 2940.58 82209

730 5.46892E-05 0 8.47537E-06 1696.59 2934.48 75637.4

731 5.39202E-05 0 8.38885E-06 1641.84 2977.68 73576.5

732 5.3838E-05 0 8.29334E-06 1798.95 3059.56 71954.1

733 5.3565E-05 0 8.19834E-06 1648.4 2990.63 79621.1

734 5.32025E-05 0 8.08375E-06 1704.71 3073.97 73399.8

735 5.28954E-05 0 7.98579E-06 1659.53 3003.75 77140.7

736 5.27502E-05 0 7.84514E-06 1876.53 3089.14 81996.8

737 5.25472E-05 0 7.74446E-06 1656.48 3019.02 79372.7

738 5.19683E-05 0 7.64987E-06 1717.11 3090.64 78984.2

739 5.11529E-05 0 7.53639E-06 1661.92 3027.9 82182.3

740 5.08853E-05 0 7.44634E-06 1814.66 3098.72 74944.6

741 4.96358E-05 0 7.35853E-06 1668.89 3050.09 85854.5

742 4.86103E-05 0 7.27077E-06 1729.43 3126 80718.8

743 4.8391E-05 0 7.19831E-06 1690.59 3073.56 81313.7

744 4.68128E-05 0 7.09482E-06 1909.92 3136.28 73056.2

745 4.58744E-05 0 7.0008E-06 1678.58 3086.45 73742.6

746 4.58133E-05 0 6.82495E-06 1738.82 3145.98 79266.7

747 4.56187E-05 0 6.74012E-06 1686.61 3094.37 80081

748 4.51307E-05 0 6.65546E-06 1846.57 3153.31 81546.7

749 4.4304E-05 0 6.57647E-06 1677.82 3111.26 74707.5

750 4.40665E-05 0 6.42764E-06 1658.23 3175.18 71882.8

751 4.31613E-05 0 6.36135E-06 1685.89 3118.86 83657.2

752 4.22735E-05 0 6.2829E-06 1772.23 3186.24 82245

753 4.21015E-05 0 6.20771E-06 1637.27 3149.98 84813

754 4.19933E-05 0 6.13432E-06 1652.28 3188 81059.9

755 4.15622E-05 0 6.02757E-06 1631.44 3162.15 83134.3

756 4.13094E-05 0 5.96031E-06 1719.53 3212.11 76325.7

757 4.11911E-05 0 5.79965E-06 1635.1 3160.6 84227

758 4.08018E-05 0 5.73294E-06 1685.88 3217.31 88663.3

759 4.06146E-05 0 5.66839E-06 1651.31 3176.68 80524.6

760 4.02014E-05 0 5.60174E-06 1864.1 3229.03 77386.3

761 3.99407E-05 0 5.49714E-06 1673.4 3193.21 86760.8

762 3.97E-05 0 5.41689E-06 1658.68 3233.69 83606.8

763 3.89468E-05 0 5.32823E-06 1652.41 3209.13 80924.4

764 3.84991E-05 0 5.27189E-06 1740.81 3242.49 86722

765 3.83568E-05 0 5.18293E-06 1652.43 3212.21 82294.1

766 3.76278E-05 0 5.09005E-06 1668.45 3254.03 91684.8

767 3.73497E-05 0 5.00669E-06 1658.71 3226.53 85247.5

768 3.73078E-05 0 4.90958E-06 1783.31 3269.88 81309.1

769 3.66295E-05 0 4.78827E-06 1662.02 3232.25 82478.9

770 3.63892E-05 0 4.71526E-06 1676.2 3282.23 78821.1

771 3.62809E-05 0 4.64939E-06 1662.62 3255.11 91444.3

772 3.57506E-05 0 4.59231E-06 1757.13 3292.42 86704.8

773 3.47609E-05 0 4.54307E-06 1672.67 3246.5 83299

774 3.45488E-05 0 4.48039E-06 1686.17 3304.55 88265.7

775 3.42324E-05 0 4.41352E-06 1680.43 3282.39 81388.7

776 3.36019E-05 0 4.36371E-06 2011.72 3301.45 83501.1

777 3.3337E-05 0 4.29616E-06 1682.73 3296.31 88059.1

778 3.29047E-05 0 4.24529E-06 1700.06 3321.97 78143.9

779 3.25004E-05 0 4.17419E-06 1678.96 3290.41 89456.4

780 3.14475E-05 0 4.11972E-06 1778.61 3323.68 81556.9

781 3.1017E-05 0 4.07249E-06 1688.17 3313.78 80250.6

782 3.05324E-05 0 4.02204E-06 1702.73 3332.27 92915.4

783 3.03014E-05 0 3.95316E-06 1699.05 3324.71 97426.2

784 2.9306E-05 0 3.89674E-06 1866.02 3346.4 92996.3

785 2.9077E-05 0 3.85285E-06 1703.53 3331.18 87020.2

786 2.78568E-05 0 3.79569E-06 1715.02 3344.04 86985.7

787 2.77363E-05 0 3.74883E-06 1697.99 3330.62 81179.2

788 2.74521E-05 0 3.6542E-06 1812.3 3353 88563

789 2.63755E-05 0 3.60946E-06 1712.05 3368.13 92635.4

790 2.60125E-05 0 3.56454E-06 1859.28 3359.08 83026

791 2.59328E-05 0 3.47119E-06 1725.37 3374.48 78304.7

792 2.583E-05 0 3.423E-06 1942.67 3388.35 84866

793 2.49027E-05 0 3.3756E-06 1733.24 3403.22 86888.1

794 2.47674E-05 0 3.2857E-06 1802.52 3410.55 81620.3

795 2.44587E-05 0 3.24672E-06 1762.24 3404.98 100577

796 2.33439E-05 0 3.21007E-06 1824.37 3418.6 82153.1

797 2.3233E-05 0 3.17491E-06 1726.41 3413.69 82989.5

798 2.28119E-05 0 3.14139E-06 1746.36 3425.95 80367.8

799 2.27161E-05 0 3.10901E-06 1734.57 3424.48 99792.1

800 2.26037E-05 0 3.06831E-06 1963.17 3435.79 91506.2

801 2.25675E-05 0 2.97204E-06 1734.24 3429.98 88176

802 2.24015E-05 0 2.93855E-06 1749.94 3438.92 89578.5

803 2.21913E-05 0 2.89766E-06 1741.59 3444.76 100284

804 2.21643E-05 0 2.77161E-06 1839.02 3448.21 96253.2

805 2.19835E-05 0 2.74471E-06 1744.66 3444.89 90769.7

806 2.18813E-05 0 2.61973E-06 1757.83 3458.99 94732.6

807 2.1519E-05 0 2.57754E-06 1749.97 3459.17 91204.8

808 2.15448E-05 0 2.5489E-06 1917.86 3458.94 91089.9

809 2.12864E-05 0 2.49614E-06 1764.47 3474.11 94388.9

810 2.08471E-05 0 2.44954E-06 1775.49 3467.29 94943.3

811 2.08241E-05 0 2.41896E-06 1854.9 3483.75 91042.7

812 2.05701E-05 0 2.38506E-06 2018.64 3492.94 94560.9

813 2.0054E-05 0 2.30059E-06 1838.78 3500.82 102881

814 1.99162E-05 0 2.26672E-06 1908.5 3504.12 105280

815 1.96609E-05 0 2.23928E-06 1847.64 3512.15 95642.2

816 1.9458E-05 0 2.21403E-06 2112.06 3511.21 96252.6

817 1.92741E-05 0 2.18111E-06 1852.8 3514.6 100071

818 1.92814E-05 0 2.15733E-06 1927.04 3520.84 92081.3

819 1.91736E-05 0 2.13294E-06 1856.78 3521.78 95893.6

820 1.8856E-05 0 2.09124E-06 2026.59 3513.19 99543.5

821 1.87554E-05 0 2.01811E-06 1860.02 3526.76 96438

822 1.85651E-05 0 1.98787E-06 1923.13 3535.41 101758

823 1.83409E-05 0 1.95726E-06 1843.42 3523.13 110865

824 1.80899E-05 0 1.92703E-06 2133.16 3550.3 92441.1

825 1.79811E-05 0 1.90325E-06 1872.27 3552.19 99467.6

826 1.79032E-05 0 1.87867E-06 1945.98 3554.21 96137.9

827 1.77797E-05 0 1.83608E-06 1861.89 3561.75 101789

828 1.77854E-05 0 1.80499E-06 2037.45 3552.55 97263.6

829 1.7397E-05 0 1.76152E-06 1889.99 3557.36 96414.5

830 1.72674E-05 0 1.73546E-06 1966.04 3582.65 101548

831 1.72775E-05 0 1.70706E-06 1884.5 3574.41 105761

832 1.69663E-05 0 1.68593E-06 2113.77 3576.07 94589

833 1.69309E-05 0 1.62042E-06 1881.34 3598.42 100597

834 1.66465E-05 0 1.58464E-06 1955.53 3598.36 100972

835 1.65882E-05 0 1.55276E-06 1892.07 3597.55 104687

836 1.65134E-05 0 1.53439E-06 2089.59 3599.17 90186.6

837 1.62117E-05 0 1.50737E-06 1895.22 3605.32 102127

838 1.59437E-05 0 1.48965E-06 1973.33 3618 93294.2

839 1.58446E-05 0 1.45871E-06 1899.2 3606.02 106637

840 1.57319E-05 0 1.43448E-06 2172.66 3632.78 98914.1

841 1.55412E-05 0 1.41422E-06 1908.68 3635.93 108250

842 1.51944E-05 0 1.39313E-06 1964.82 3633.66 107634

843 1.51089E-05 0 1.36882E-06 1897.92 3640.63 105952

844 1.49689E-05 0 1.34093E-06 2072.17 3641.54 107567

845 1.49081E-05 0 1.29858E-06 1928.74 3646.56 101401

846 1.49037E-05 0 1.2837E-06 2007.51 3644.2 103754

847 1.47554E-05 0 1.26156E-06 1931.35 3636.9 101918

848 1.4573E-05 0 1.22744E-06 2034.75 3673.22 111752

849 1.41595E-05 0 1.20382E-06 1929.04 3663.53 109443

850 1.41133E-05 0 1.1771E-06 2010.28 3681 100957

851 1.37057E-05 0 1.15858E-06 1922.1 3649.86 111889

852 1.37277E-05 0 1.13491E-06 2122.66 3681.04 111866

853 1.34358E-05 0 1.11522E-06 1933.11 3685.35 117595

854 1.32003E-05 0 1.10235E-06 2000.5 3678.82 108961

855 1.29866E-05 0 1.06617E-06 1933.21 3690.21 108271

856 1.27642E-05 0 1.05495E-06 2228.94 3707.51 108784

857 1.26999E-05 0 1.02643E-06 1947.79 3707.92 97638.6

858 1.24974E-05 0 1.00677E-06 2027.81 3707.13 112478

859 1.22435E-05 0 9.90605E-07 1969.14 3708.64 113189

860 1.21693E-05 0 9.7106E-07 2170.92 3719.64 112060

861 1.19767E-05 0 9.45975E-07 1952.12 3709.74 112284

862 1.19016E-05 0 9.18217E-07 2039.26 3720.06 104723

863 1.15991E-05 0 8.86387E-07 1981.23 3734.85 106757

864 1.13149E-05 0 8.68423E-07 2239.62 3739.16 107075

865 1.12312E-05 0 8.54779E-07 1958.97 3743.13 113165

866 1.08912E-05 0 8.3503E-07 2040.37 3742.16 111950

867 1.07837E-05 0 8.21355E-07 1958.11 3741.78 111328

868 1.07409E-05 0 8.01162E-07 2154.82 3761.54 104394

869 1.05828E-05 0 7.81621E-07 1959.92 3756.84 108938

870 1.03415E-05 0 7.41482E-07 2042.45 3768.51 102068

871 1.02833E-05 0 7.26222E-07 1978.46 3757.01 105332

871 9.96921E-06 0 7.08952E-07 1947.32 2649.55 109608
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Figure 4.1 – Error convergence during greedy algorithm from Sec-
tion 2.1 for a problem with dim(P) = 8.

introduced in [62]. As a main difference, our method does not use
proximity in parameter space as an indicator for well-suited basis
candidates in the basis construction but directly measures function
similarity via error estimation. By using this approach we can al-
ways guarantee minimal basis sizes for a desired error tolerance.
Further ideas about greedy methods and dictionary approaches can
be found in [77].

In Section 4.1 we present our dictionary construction algorithm.
Section 4.2 and Section 4.3 are dedicated to the online basis con-
struction procedure. Finally we present numerical results in Section
4.4. The contents of this chapter were originally presented in [56].

4.1 Offline Data Computation

During the offline phase we construct a “dictionary” D.

Definition 4.1 (Dictionary). A dictionary D is a set

D = {ϕi |1 ≤ i ≤ D}

of basis vector candidates.
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4.2 Online Basis Construction

A straightforward algorithm to construct the dictionary could be
to choose a training set Ptr ⊂ P (cf. Chapter 2) and compute

D = {uh(µ) ∈ Vh |µ ∈ Ptr } .

This idea restricts the size of the training set to a certain extent as its
size is directly linked to the size of the dictionary. More elaborate
dictionary construction algorithms are possible, of course. Since
our focus in this chapter is on the online basis generation from the
dictionary and not on the construction of the dictionary itself we will
nevertheless use this simple algorithm for the experiments in Section
4.4. For possible approaches for improved dictionary construction
see [11].
Together with the dictionary we compute the Gramian matrices

A
q
D ∈ R

D×D, 1 ≤ q ≤ Qb and the vectors bqD ∈ R
D, 1 ≤ q ≤ Ql,

(Aq
D)i.j = bq(ϕj , ϕi), ϕi, ϕj ∈ D,

(bqD)i = lq(ϕi), ϕi ∈ D

that will be needed for reduced simulations during the online phase.
For the Definitions of b, l, Qb, Ql, etc. see Chapter 2. Furthermore,
we compute the matrix G from Section 2.5 for Φ = D.

4.2 Online Basis Construction

In this section we describe the algorithm that is used to construct
a space XN (µ) from the dictionary D for a given parameter µ ∈ P .
As a means to this end we define a so-called indicator function:

Definition 4.2 (Indicator Function). Given the high-dimensional
space Vh, a reduced-dimensional space XN , a parameter set P ⊂ R

d

and an error estimator ∆ : Xred → {ω |ω : P → [0,∞)} for a given
linear subspace Xred ⊂ Vh of the discrete function space Vh, we
define the indicator function η∆ : Vh × P → [0,∞) as

η∆(ϕ, µ
∗;XN ) = ∆(XN )(µ∗)−∆(XN ⊕ span({ϕ}))(µ∗).

The function η∆ indicates the reduction of the estimated error (for
example using the estimator ∆(Xred)(µ) = ∆Xred

(µ) from Theorem
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4 Online Greedy Basis Construction

2.10) for a given parameter µ∗ ∈ P in a given space XN if XN is
enlarged with ϕ ∈ Vh. By using the estimated error decrease in
η∆ we ensure that our indicator will always point out the ideal basis
enrichment candidate ϕ ∈ Vh for a reduced space XN and parameter
µ∗ in terms of (estimated) error decrease for the reduced solution
uN (µ∗) ∈ XN . In the following, we introduce an iterative greedy-
type algorithm using this indicator that will therefore yield ideal (in
the sense of minimal) basis sizes |XN | for a given tolerance for the
error between the reduced- and high-dimensional solution.

Remark 4.3. For the rest of this section, we will suppress the pa-
rameter µ in solutions u(µ) whenever no ambiguity arises. Fur-
ther, without loss of generality, we henceforth assume the estimator
∆(XN ) : P → [0,∞) to be given by the residual a posteriori estima-
tor from Section 2.5.

Algorithm 4.4. Given a parameter µ∗ ∈ P, an error tolerance
ε > 0, a desired basis size N ∈ N, n = 0 and X0 = {0} we repeat
the following steps to construct a parameter-fit reduced basis space
XN (µ∗) from a precomputed dictionary D:

1. Compute the reduced solution un(µ
∗) in the space Xn, see

Chapter 2, and evaluate the error estimator ∆Xn
(µ∗). In case

∆Xn
(µ∗) < ε or n ≥ N set XN (µ∗) = Xn(µ

∗) and finish, else
go on with Step 2.

2. Evaluate the indicator η∆(ϕ, µ
∗;Xn) for all dictionary ele-

ments ϕ ∈ D.

3. Find the dictionary element that maximizes the indicator func-
tion:

ϕmax = argmax
ψ∈D

η∆(ψ, µ
∗;Xn).

4. Set n = n+1 and enrich the reduced space with the linear span
of the current dictionary element: Xn = Xn−1⊕span({ϕmax}).

For an illustration of Algorithm 4.4 see Figure 4.2.
Clearly, in a naive implementation, Step 2, which includes reduced

simulation in the space Xn ⊕ span({ϕ}) and evaluation of the error
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4.2 Online Basis Construction

Evaluate error 
estimator

Error tolerance fulfilled?
Maximum basis size reached?

DoneFind dictionary 
element maximizing 
indicator function

Yes
No

µ∗

d

Compute reduced 
solution

Enrich reduced space
Extract operator components

µ∗ ∈ P
X0 = {0}

Xn = Xn−1 ⊕ 〈{ϕ }〉

Figure 4.2 – Flowchart for the basis generation algorithm (Algo-
rithm 4.4) used for online construction of parameter-
fit reduced bases.

estimator for all dictionary elements ϕ ∈ D, will be too costly to be
applicable, especially for large dictionaries D as it has a complexity
of O(DN4) with D = |D|. We will therefore now point out how
Algorithm 4.4 can be performed with a complexity of O(DN3). This
will be favorable over the standard greedy RB approach, where the
complexity is also cubic in the basis size but bases are usually a lot
larger than with our method as they are precomputed during the
offline phase to provide a best-fit for all parameters in the training
set.
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4 Online Greedy Basis Construction

4.3 Online-Computation Vectorization

As a first step in the evaluation of the indicator η∆ (see Definition
4.2) we need to compute all reduced solutions un,ϕ ∈ Xn⊕span({ϕ})
for all dictionary elements ϕ ∈ D and a given space Xn. The follow-
ing proposition allows us to compute these solutions with minimal
effort simultaneously for the whole dictionary D:

Proposition 4.5. For a given parameter µ ∈ P and ϕ ∈ D, the
solution un,ϕ(µ) of Equation (2.2.2) in the space Xn⊕ span({ϕ}) is
given by

un,ϕ(µ) =

(
un
0

)
+

σ(ϕ, µ)− β(ϕ, µ)un

γ(ϕ, µ)− β(ϕ, µ)A−1
n α(ϕ, µ)

·
(
−A−1

n α(ϕ, µ)
1

)

with suitably chosen An ∈ R
n×n, un ∈ R

n and functions α : D ×
P → R

n×1, β : D × P → R
1×n, σ, γ : D × P → R.

Proof. We define the matrix An ∈ R
n×n and the vectors un,bn ∈

R
n for the space Xn as in (2.2.2). Let

(α(ϕ))i = (α(ϕ, µ))i = b(ϕi, ϕ;µ), 1 ≤ i ≤ n,

(β(ϕ))i = (β(ϕ, µ))i = b(ϕ,ϕi;µ), 1 ≤ i ≤ n,

γ(ϕ) = γ(ϕ, µ) = b(ϕ,ϕ;µ),

σ(ϕ) = σ(ϕ, µ) = l(ϕ;µ).

for a given basis {ϕi|1 ≤ i ≤ n} ⊂ Xn of Xn. The projection of
Equation (2.1.1) onto the space Xn⊕ span({ϕ}) for a given function
ϕ ∈ D is then given by

An,ϕ · un,ϕ = bn,ϕ, (4.3.1)

where

An,ϕ =

(
An α(ϕ)
β(ϕ) γ(ϕ)

)
∈ R

(n+1)×(n+1),

bn,ϕ =

(
bn

σ(ϕ)

)
∈ R

n+1.
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4.3 Online-Computation Vectorization

Multiplication of Equation (4.3.1) with the invertible block diagonal
matrix diag(A−1

n , 1) then yields:

An,ϕ · un,ϕ = bn,ϕ,

⇔
(
A−1
n 0
0 1

)(
An α(ϕ)
β(ϕ) γ(ϕ)

)
· un,ϕ =

(
A−1
n 0
0 1

)(
bn

σ(ϕ)

)

⇔
(
Idn A−1

n α(ϕ)
β(ϕ) γ(ϕ)

)
· un,ϕ =

(
un
σ(ϕ)

)

⇔
(
Idn A−1

n α(ϕ)
0 γ(ϕ)− β(ϕ)A−1

n α(ϕ)

)
· un,ϕ =

(
un

σ(ϕ)− β(ϕ)un

)
,

where Idn ∈ R
n×n denotes the n by n identity matrix.

Using back substitution we find the solution un,ϕ :

(un,ϕ)n+1 =
σ(ϕ)− β(ϕ)un

γ(ϕ)− β(ϕ)A−1
n α(ϕ)

,

(un,ϕ)k = (un)k − (A−1
n α(ϕ))k(un,ϕ)n+1, k ∈ {1, . . . , n}.

Which can be rewritten in the form

un,ϕ =

(
un
0

)
+

σ(ϕ)− β(ϕ)un

γ(ϕ)− β(ϕ)A−1
n α(ϕ)

·
(
−A−1

n α(ϕ)
1

)
.

Using Proposition 4.5, only one matrix-vector multiplication and
two vector-vector multiplications are needed for the computation
of one reduced solution in Step (2) in Algorithm 4.4. Only once
per loop iteration in Algorithm 4.4 the matrix An needs to be in-
verted. The quantities α, β, γ, σ and An can be extracted from
AD(µ),bD(µ) where

AD(µ) =

Qb∑

q=1

Θqb(µ)A
q
D ∈ R

D×D, bD(µ)=

Ql∑

q=1

Θql (µ)b
q
D ∈ R

D.

Here A
q
D, 1 ≤ q ≤ Qb and b

q
D, 1 ≤ q ≤ Ql are the precomputed

quantities from Section 4.1.
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4 Online Greedy Basis Construction

In the sequel, we will outline how to efficiently evaluate the indi-
cator function η∆ for all possible extensions in Step (2) of Algorithm
4.4. When evaluating the indicator η∆(ϕ, µ

∗;Xn) for all dictionary
elements ϕ, we need to evaluate ∆Xn⊕span({ϕ})(µ

∗) for all ϕ ∈ D.
The next proposition proves that these values can be computed si-
multaneously for the whole dictionary.

Proposition 4.6. For suitable choice of matrices g1 ∈ R
(n+1)×D,

g2 ∈ R
1×D the vector ∆ ∈ R

D with

∆ =
(
1 · · · 1

)
·







1 · · · 1
−(un,ϕ1

)1 · · · −(un,ϕD
)1

...
. . .

...
−(un,ϕ1)n+1 · · · −(un,ϕD

)n+1


 ◦

(
g1

g2

)



contains the squared error estimators for all possible basis exten-
sions:

∆ =
(
∆Xn⊕span({ϕ1})(µ

∗), · · · , ∆Xn⊕span({ϕD})(µ
∗)
)
.

Here we used the Hadamard product M◦N ∈ R
m×n of two matrices

M,N ∈ R
m×n, (M ◦N)i,j = Mi,j ·Ni,j.

Proof. Given a parameter µ∗ ∈ P we define

S(µ∗) =




Θ1
l (µ

∗) 0 · · · 0
...

...
. . .

...

ΘQl

l (µ∗) 0 · · · 0
0

C(µ∗)...
0




∈ R
(Ql+Qb·D)×(D+1),

where the coefficient matrix C(µ∗) ∈ R
(Qb·D)×D is given as

C(µ∗) =



ΘB(µ

∗) 0

0
. . .

ΘB(µ
∗)


 ,
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4.3 Online-Computation Vectorization

with ΘB(µ
∗) ∈ R

Qb , (ΘB(µ
∗))k = Θkb (µ

∗). Using S(µ∗) we define
the matrix

G = G(µ∗) = S(µ∗)⊺ ·G · S(µ∗) ∈ R
(D+1)×(D+1),

with G as computed in Section 4.1. For the exposition of the rest
of the simultaneous indicator evaluation we need some additional
notation:

• Given a set of indices I = [i1, . . . , im] ⊂ N we define I ++ l :=
[i1 + l, . . . , im + l] for l ∈ N.

• Given a set of indices I = [i1, . . . , im] ⊂ N we define the set of
indices [I, l] ⊂ N: [I, l] := [i1, . . . , im, l] for l ∈ N.

• Given a matrix M and two sets of indices I = [i1, . . . , i|I|] ⊂ N,

J = [j1, . . . , j|J|] ⊂ N we define the matrix MI,J ∈ R
|I|×|J|

(MI,J)k,l := Mik,jl .

Assume a basis Φ ⊂ D of the space Xn to be given. Let IΦ ⊂ N be
an index set for Φ and ID ⊂ N be an index set for D. Additionally
we use the vectors un,ϕ = un,ϕ(µ

∗) from Section 4.3.

Using the above notation we can define

g1 = G[1,IΦ++1],[1,IΦ++1] ·




1 · · · 1
−(un,ϕ1)1 · · · −(un,ϕD

)1
...

. . .
...

−(un,ϕ1)n · · · −(un,ϕD
)n




+G[1,IΦ++1],ID++1 ·



−(un,ϕ1

)n+1 0
. . .

0 −(un,ϕ1
)n+1


 ,

g2 =
(
1 · · · 1

)
· g21 + g22 ,
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4 Online Greedy Basis Construction

where we used

g21 =


G

⊺

ID++1,[1,IΦ++1] ◦




1 · · · 1
−(un,ϕ1

)1 · · · −(un,ϕD
)1

...
. . .

...
−(un,ϕ1)n · · · −(un,ϕD

)n







g22 = (G2,2, · · · ,GD+1,D+1) ◦ (−(un,ϕ1)n+1, · · · ,−(un,ϕD
)n+1).

Using this definition of g1 and g2, one can show by performing
all remaining multiplications that the vector ∆ as defined in the
proposition indeed represents the desired error estimates.

4.4 Experiments

In this section we present numerical results for the online greedy ba-
sis construction method introduced above. All tests were performed
using our C++ library dune-rb, see Chapter 7.

For our tests, we solve the pressure equation (Definition 3.3) ig-
noring gravity (G = 0) and using the total mobility γ given by

γ(µ, x) =
8∑

i=1

(µ)i · χi(x),

for µ ∈ P = (0, 10]8. Here, as usual, (µ)i ∈ R denotes the i-th
component of the vector µ and the functions χi : Ω → {0, 1} denote
the characteristic functions for the eight subdomains of Ω sketched
in Figure 4.3. Furthermore, Figure 4.3 shows a typical solution for a
given parameter. For more details on the parameterization also see
Section 3.3.

Offline Phase

We discretize Ω using 1000 cubes. The training set Ptr ⊂ P is given
by a lognormal distribution centered at 2 in each component. We
generate a traditional greedy-basis ΦG using Algorithm 2.7 (see Sec-
tion 2.4) with a training set PGtr with |PGtr | = 1000 and a tolerance
of 10−5 and a dictionary D using the approach described in Sec-
tion 4.1 using a training set PD

tr ⊃ PGtr with |PD
tr | = 2000. While the
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4.4 Experiments

(a)

(b)

Figure 4.3 – Heat diffusion coefficient λ(µ) : Ω → R (a) and solu-
tion uh(µ) (b) for µ = (1, 2, 3, 4, 5, 6, 7, 8).

65



4 Online Greedy Basis Construction

generation of the traditional greedy-basis takes more than 9 hours
and produces about 600 megabytes of data, the generation of the
dictionary takes only one hour but produces about 1.1 gigabytes of
data.

Online Phase

Using both the basis ΦG and the dictionary D we run online simu-
lations on the test set

T = {µ+ ρr
∣∣µ ∈ PGtr , r ∈ R}

where R contains random numbers in (0, 1]8 and ρ ∈ R denotes
a distortion scale. For our online basis construction algorithm we
use the same error tolerance as for the standard greedy algorithm:
ε = 10−5.

Figure 4.4(a) shows the resulting basis sizes N for the standard
greedy method (which is fixed by the basis construction during the
offline phase, here: N = 871) and the basis size N resulting from
Algorithm 4.4 for different values of the distortion scale ρ. We see
that, especially for small disturbances of the training parameters,
our online basis generation algorithm yields substantially smaller
bases.

For small disturbances ρ this pays out in terms of runtime: Fig-
ure 4.4(b) shows mean online runtimes for the two algorithms and
different values of ρ. This runtime includes reduced simulation, er-
ror estimation and, for our algorithm, the time needed for basis
construction. Beginning with distortions in the range of 5 · 10−5 our
algorithm is slower than the standard approach as we then need lots
of basis enrichment iterations in Algorithm 4.4. Still, it pays out to
use our algorithm even in these cases as it consistently fulfills the
error bound while the standard greedy method violates the error
tolerance for ρ = 5 · 10−3 (error: maxµ∈T ∆XN

(µ) = 1.64 · 10−5)
and ρ = 1 · 10−2 (error: maxµ∈T ∆XN

(µ) = 3.28 · 10−5) as we see in
Table 4.1.
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Figure 4.4 – Mean basis size N (a) and total runtime (b) during
the online phase for the standard greedy method and
our online basis construction algorithm for different
values of ρ.
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4 Online Greedy Basis Construction

Distortion Estimator Indicator Standard Greedy

0 4.09 · 10−6 8.69 · 10−6

1 · 10−4 9.87 · 10−6 8.64 · 10−6

5 · 10−4 9.99 · 10−6 8.63 · 10−6

1 · 10−3 1 · 10−5 8.45 · 10−6

5 · 10−3 9.99 · 10−6 1.64 · 10−5

1 · 10−2 9.99 · 10−6 3.28 · 10−5

Table 4.1 – Estimated errors maxµ∈T ∆XN
(µ) on the test set T

during the online phase.

4.5 Summary and Outlook

In this chapter we presented a novel model order reduction ap-
proach that constructs an extensive dictionary of basis vector candi-
dates during a preparatory offline step. During the online phase, a
custom-made reduced basis space is built up for a given parameter
and simulations are carried out in that space.

We are able to demonstrate the applicability of our approach in
theory and in numerical experiments. Our approach yields smaller
bases and, at least for small distortions from the training parame-
ters, comparable runtimes as the standard greedy basis construction
procedure.

One possible extension to our approach would be a smarter dic-
tionary construction algorithm: by using a greedy-type algorithm
to construct the dictionary during the offline phase—that is by it-
eratively extending the dictionary with solutions for the parameter
worst approximated in the current dictionary—we hope to establish
dictionaries with good approximation quality while enabling low on-
line runtimes at the same time.

In [23] we applied the idea of online basis construction to param-
eterized evolution systems.
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Chapter 5
The Localized Reduced

Basis Multiscale Method

In this chapter, we combine the idea of problem-specific local basis
functions on a coarse mesh that is used in multiscale methods (see
Chapter 6) with the idea of model order reduction for parameterized
partial differential equations that depend affinely on the parameter,
see Chapter 2.

The motivating application for the derivation of this method is
two-phase flow in a porous medium. As described in the introduc-
tion in Chapter 1, these applications usually yield large equation
systems due to small-scale heterogeneities in the physical parame-
ters and large extent of the computational domain. At the same
time, possible parameterizations for these kinds of problems come
to mind easily: Parameterized boundary data, well locations, injec-
tion and production rates and others are examples that establish the
idea to use model order reduction techniques like the reduced basis
method in this setting to allow real-time or many-query simulations
(see Chapter 2). Nevertheless, RB methods easily become unfea-
sible for these applications as there is no control over the number
of snapshots that is necessary to guarantee a given error tolerance
during greedy basis construction (Algorithm 2.7, Section 2.4) in the
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5 The Localized Reduced Basis Multiscale Method

offline phase. More precisely: One can only control the approx-
imation quality of the reduced basis or the number of snapshots
(and hence basis size), not both at the same time. For that reason,
with increasing size of the detailed problem, the basis construction
becomes unreasonably expensive and a different approach may be
needed.

In [2, 57], we introduced the so-called localized reduced basis mul-
tiscale (LRBMS) method. It connects ideas from numerical multi-
scale methods with the RB approach and aims at reducing the offline
time of the RB method while ensuring at least identical approxima-
tion quality during the online time, possibly at a slightly increased
cost in terms of online runtime.

The rest of this chapter is dedicated to the exposition of the de-
tails of this method and its application to stationary elliptic and
instationary parabolic (two-phase flow) problems. Most parts of
this chapter were originally published in [2, 57].

5.1 Derivation of the Method

In this section, we describe the key features of our novel model order
reduction technique. The main idea is a spatial localization of the
approximating function space based on a coarse mesh on the physical
domain. This localized function space will be spanned by a set of
local bases, where each may for example consist of localized global
snapshots on a fine mesh.

5.1.1 Discretization

In addition to the fine mesh Th from Section 3.2, we introduce a
second, coarser mesh on the domain Ω: Let TH be an admissible
mesh with mesh size H ≫ h > 0,

H = max
E∈TH

HE = max
E∈TH

diam(E).

Cells in TH will be denoted by E, intersections of two elements or
of one element and the boundary by F , and the set of all coarse
intersections by ΓA. Furthermore, we assume the two meshes to be
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5.1 Derivation of the Method

matching in the sense that for each F ∈ ΓA there exist m ∈ N and
f1, . . . , fm ∈ Γa such that F =

⋃m
i=1 fi, see Figure 5.1.

Figure 5.1 – Coarse (solid lines) and fine (dotted lines) grids with
matching interfaces.

Based on the coarse mesh TH we introduce the localized reduced-
dimensional function space WN .

Definition 5.1 (Reduced Broken Space). For every coarse grid
cell E ∈ TH , we assume a set of linearly independent functions
ϕE1 , . . . , ϕ

E
NE ∈ Vh with supp(ϕEi ) ⊂ E to be given. We then define

local reduced bases

ΦE = {ϕE1 , . . . , ϕENE}

and call the set ΦN of size N =
∑
E∈TH

NE ,

ΦN =
⋃

E∈TH

ΦE

the global reduced basis. Further, we define the reduced broken space,
spanned by the global reduced basis ΦN :

WN = span(ΦN ).

We point out that, because of our discontinuous Galerkin ansatz,
see Definition 3.1, the reduced broken space is nested in the fine-
scale space: WN ⊂ Vh. Using the reduced basis ΦN , we compute
the coarse-scale pressure approximation pH ∈ WN .
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5 The Localized Reduced Basis Multiscale Method

Definition 5.2 (LRBMS Pressure Discretization). For a given re-
duced broken space WN and mobilities γo, γw, γ : Ω → R

≥0 where
γ = γo + γw, the reduced solution pH ∈ WN to Equation (3.1.1) is
given by

bh(pH , w; γ) = lh(w; γo, γw), ∀w ∈ WN ,

where bh(·, ·; ·) and lh(·; ·, ·) were given in Equations (3.2.2) and
(3.2.4).

Next we would like to demonstrate that problem 5.2 has a unique
solution. As a means to this end, we will introduce an energy norm
and prove that bh(·, ·; ·) is coercive with respect to that norm. All
analysis is performed on Vh ⊃ WN which yields the desired results
in WN .

The proof of coercivity of bh(·, ·; ·) is standard and was originally
given in [54] for a slightly different formulation of the bilinear form.
We repeat it here in detail for the sake of completeness. The proof is
written along the lines of [73], Section 2.7.1. We start by introducing
the energy norm ‖·‖Eγ .

Definition 5.3. Given a function v ∈ Vh and γ : Ω → R
≥0 we

define the energy norm

‖v‖Eγ =



∑

e∈Th

∫

e

γκ∇v · ∇v dx+
∑

f∈Γj

σf
hf

∫

f

[[v]] [[v]] dS




1/2

.

Remark 5.4. It was shown in [54] that ‖·‖Eγ indeed defines a norm
on Vh if γκ fulfills (3.1.3).

Theorem 5.5. Let the constant cf in Equation (3.2.3) be bounded
from below by a sufficiently large constant and let γ : Ω → R

≥0 be
given such that γκ fulfills (3.1.3). The bilinear form bh(·, ·; ·) is then
coercive on Vh:

bh(v, v; γ) ≥ α ‖v‖2Eγ , ∀v ∈ Vh.
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Proof. We recall the definition of bh:

bh(v, w; γ) =
∑

e∈Th

∫

e

γκ∇v · ∇w dx+
∑

f∈Γj

σf
hf

∫

f

[[v]] [[w]] dS

−
∑

f∈Γj

∫

f

({{γκ∇v · nf}} [[w]] + {{γκ∇w · nf}} [[v]]) dS.

We will now compute an upper bound for the last sum. Given an
intersection f ∈ Γa of two elements e1, e2 ∈ Th we derive for the
L2-norm

‖ {{√γκ∇v · nf}} ‖L2(f)

≤ τe1,f‖ (
√
γκ∇v · nf )|e1‖L2(f) + τe2,f‖ (

√
γκ∇v · nf )|e2‖L2(f)

≤ k2

(
τe1,f‖ (∇v · nf )|e1‖L2(f) + τe2,f‖ (∇v · nf )|e2‖L2(f)

)

≤ C · k2 · hf−1/2
(
τe1,f‖∇v‖L2(e1) + τe2,f‖∇v‖L2(e2)

)
,

where we used the definition (3.2.1) of the mean, the boundedness
of γκ (3.1.3) and the trace theorem (see [6], Equation (2.5)).
Now, for given real numbers α, β, x, y ≥ 0 we have:

(αx+ βy)
2

= α2x2 + β2y2 + 2αβxy

≤ α2x2 + β2y2 + αβ(x2 + y2)

≤ α2x2 + β2y2 + αβ(x2 + y2) + α2y2 + β2x2 + αβ(x2 + y2)

= (α2 + β2 + 2αβ)(x2 + y2)

= (α+ β)2(x2 + y2),

that is: (αx+βy) ≤ (α+β)(x2+y2)1/2. Using this and the Cauchy-
Schwarz inequality we get
∫

f

{{γκ∇v · nf}} [[v]] dS

≤ C · k2hf−1/2
(
τe1,f‖∇v‖L2(e1) + τe2,f‖∇v‖L2(e2)

)
‖ [[v]] ‖L2(f)

≤ C · k2hf−1/2
(
‖∇v‖2L2(e1)

+ ‖∇v‖2L2(e2)

)1/2
‖ [[v]] ‖L2(f),
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5 The Localized Reduced Basis Multiscale Method

where we used τe1,f + τe2,f = 1.
For boundary intersections f with f ∈ ∂Ω ∩ ∂e for e ∈ Th we can

derive in a similar fashion:
∫

f

{{γκ∇v · nf}} [[v]] dS ≤ Ck2hf
−1/2‖∇v‖L2(e)‖ [[v]] ‖L2(f).

Using the number nmax of maximum element neighbors in the
mesh we can proceed

∑

f∈Γj

∫

f

{{γκ∇v · nf}} [[v]] dS

≤ Ck2
∑

f∈Γi

hf
−1/2

(
‖∇v‖2L2(e1)

+ ‖∇v‖2L2(e2)

)1/2
‖ [[v]] ‖L2(f)

+ Ck2
∑

f∈Γp,d

hf
−1/2‖∇v‖L2(e)‖ [[v]] ‖L2(f)

≤ Ck2

( ∑

f∈Γi

‖ [[v]] ‖2L2(f)hf
−1
)1/2( ∑

f∈Γi

‖∇v‖2L2(e1)
+‖∇v‖2L2(e2)

)1/2

+ Ck2

( ∑

f∈Γp,d

‖ [[v]] ‖2L2(f)hf
−1
)1/2( ∑

f∈Γp,d

‖∇v‖2L2(e)

)1/2

≤ Ck2
√
nmax

( ∑

f∈Γj

hf
−1‖ [[v]] ‖2L2(f)

)1/2( ∑

e∈Th

‖∇v‖2L2(e)

)1/2
.

For δ > 0 we get using Young’s inequality and (3.1.3)

∑

f∈Γj

∫

f

{{γκ∇v · nf}} [[v]] dS

≤ C2k22nmax

2δk1

∑

f∈Γj

‖ [[v]] ‖2L2(f)

diam(f)
+
δ

2

∑

e∈Th

∫

e

k1∇v2 dx

≤ C2k22nmax

2δk1

∑

f∈Γj

‖ [[v]] ‖2L2(f)

diam(f)
+
δ

2

∑

e∈Th

∫

e

γκ∇v2 dx,
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such that we get using diam(f) = hf

bh(v, v; γ)

=
∑

e∈Th

∫

e

γκ∇v · ∇v dx+
∑

f∈Γj

σf
hf

∫

f

[[v]] [[v]] dS

− 2
∑

f∈Γj

∫

f

{{γκ∇v · nf}} [[v]] dS

≥
∑

e∈Th

∫

e

γκ∇v · ∇v dx+
∑

f∈Γj

σf
hf

∫

f

[[v]] [[v]] dS

− C2k22nmax

δk1

∑

f∈Γj

1

hf

∫

f

[[v]]
2
dS − δ

∑

e∈Th

∫

e

γκ∇v2 dx

= (1− δ)
∑

e∈Th

∫

e

γκ∇v2 dx+
∑

f∈Γj

σf − C2k22nmax

δk1

hf

∫

f

[[v]]
2
dS.

Now choose δ = 1
2 to get

bh(v, v; γ) ≥
1

2

∑

e∈Th

∫

e

γκ∇v2 dx+
∑

f∈Γj

σf − 2C2k22nmax

k1

hf

∫

f

[[v]]
2
dS

≥ 1

2

∑

e∈Th

∫

e

γκ∇v2 dx+
1

2

∑

f∈Γj

σf
hf

∫

f

[[v]]
2
dS

= α ‖v‖2Eγ

with α = 1
2 if cf is chosen such that σf ≥ 4C2k22nmax

k1
. Here the

constants k1, k2 obviously depend on the total mobility γ.

Theorem 5.6 (Existence and Uniqueness of Solutions). Given cf >

0 such that σf ≥ 4C2k22nmax

k1
the LRBMS pressure discretization 5.2

has a unique solution.

Proof. The LRBMS problem 5.2 is a linear equation for the un-
known pressure. Due to the finite dimension of WN , uniqueness and
existence of solutions are equivalent. It therefore suffices to show
that, given two solutions p1, p2 ∈ WN to 5.2, we have p1 = p2.
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5 The Localized Reduced Basis Multiscale Method

If p1 and p2 are solutions to 5.2, we have

bh(p1 − p2, p1 − p2; γ) = lh(p1 − p2; γo, γw)− lh(p1 − p2; γo, γw)

= 0.

Using the coercivity result 5.5 we get

0 = bh(p1 − p2, p1 − p2; γ) ≥ α ‖p1 − p2‖2Eγ ,

for α > 0. This yields p1 = p2 since ‖·‖Eγ is a norm.

5.1.2 Offline–Online Decomposition

The computations for the LRBMS method can be split into compu-
tationally demanding parts that will be executed during the offline
phase and computationally inexpensive parts to be performed during
the online phase. More exactly, all computations depending on the
fine mesh size h can be performed during the offline phase render-
ing the online phase totally independent of h. The computational
effort during the online phase is usually polynomial in the size of
the reduced broken space. As indicated in Section 3.3 we will re-
place the wetting, non-wetting and total mobilities (γw, γo and γ)
in Definition 5.2 by the affine sum (3.3.1).

During the offline phase, we compute a reduced basis Φ of size
N ∈ N, Φ = {ϕ1, . . . , ϕN} and the projection of all parameter-
independent parts of Definition 5.2, that is: all parts that depend on
the location in space but not on the parameter-dependent functions
θq. We can identify the terms bq, c ∈ R

N×N , q = 1, . . . ,M with

(bq)ij =
∑

e∈Th

∫

e

Λqκ∇ϕi∇ϕj dx

−
∑

f∈Γj

∫

f

[{{Λqκ∇ϕi · nf}} [[ϕj ]] + {{Λqκ∇ϕj · nf}} [[ϕi]]] dS,

(c)ij =
∑

f∈Γj

σf
hf

∫

f

[[ϕi]] [[ϕj ]] dS,
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5.1 Derivation of the Method

and the terms e, dq ∈ R
N , q = 1, . . . ,M for the right hand side:

(e)i =
∑

e∈Th

∫

e

q1ϕi dx+
∑

f∈Γp,d

∫

f

σf
hf
ϕipD dS +

∑

f∈Γp,n

∫

f

vNϕi dS,

(dq)i =
∑

e∈Th

∫

e

(Λqo̺o + Λqw̺w)κG · ∇ϕi dx

−
∑

f∈Γi∪Γp,d

∫

f

{{(Λqo̺o + Λqw̺w)κG · nf}} [[ϕi]] dS

−
∑

f∈Γp,d

∫

f

(Λqκ∇ϕi · nf ) pD dS.

where the profiles Λqw, Λ
q
o and Λq will be defined in the subsequent

sections.
Let θq = θq(µ) for a given parameter µ ∈ P in the case that only

the pressure equation is solved (see Section 5.2) or θq = θq(s) for a
given saturation s ∈ Vh in the case that full two-phase flow is solved
(see Section 5.3). During the online phase, the solution p

H
∈ R

N of
the discrete equivalent of the reduced equation 5.2 is then given by

(
c+

M∑

q=1

θqbq

)
p
H

= e+

M∑

q=1

θqdq. (5.1.1)

The exact definition of the coefficients θi, i = 1, . . . ,M will be given
in the respective sections below.
Now, while the computation of the quantities bq, c, dq and e has a

complexity polynomial in |Th|, computing the sums in the reduced
system (5.1.1) has a complexity polynomial in N where N ≪ |Th|.
Remark 5.7. As mentioned in Section 3.3, other parameterizations
like boundary value parameterizations would be possible for Problem
(3.1.1-3.1.7). As long as these parameterizations are parameter-
separable, the offline–online decomposition works analogously. For
different kinds of parameterizations, see Section 3.3 and e.g., [69,
57, 37].
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5 The Localized Reduced Basis Multiscale Method

5.1.3 Basis Construction

The basis construction for the reduced broken space that yields the
local reduced bases will be described separately for the two appli-
cation scenarios as a general notation fitting both would make the
exposition unnecessarily complicated.

5.2 Application to Stationary Elliptic

Problems

After explaining the main ideas of the LRBMS method (except for
the basis construction algorithm), we will now demonstrate its appli-
cation to a stationary elliptic equation, more precisely: The pressure
equation (Definition 5.2). Applying the method to the stationary
equation without coupling it to the saturation equation allows us to
take a deeper look at its features without studying the coupling be-
tween the two equations. The results of this section were published
in [2].

5.2.1 Parameterization

In this section, the parameterization of the wetting, non-wetting and
total mobility γw, γo and γ in Definition 3.3 is for a given parameter
µ ∈ P ⊂ R

k (k ∈ N) defined as

γw(µ, x) =

M∑

q=1

θq(µ)Λ
q
w(x), γo(µ, x) =

M∑

q=1

θq(µ)Λ
q
o(x), x ∈ Ω,

and γ(µ, x) = γw(µ, x) + γo(µ, x), where Λqw, Λ
q
o : Ω → R, q =

1, . . . ,M are analytical functions. For an exact definition of the
profiles and coefficients see Section 5.2.3.

5.2.2 Basis Construction

We obtain the reduced broken space WN by the following algorithm
combining a localized variant of the greedy algorithm [79] with a
final compression step by a PCA.
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5.2 Application to Stationary Elliptic Problems

Algorithm 5.8 (Localized Greedy for Stationary Heat Diffusion).
Given a finite set of training parameters Ptr ⊂ P, a maximum basis
size Nmax ∈ N, Nmax > 0, an error tolerance ǫtol ∈ R

>0 = {x ∈
R|x > 0} and a PCA tolerance ǫPCA ∈ R

>0, the following algorithm
produces a reduced broken space WN :

(i) Pick a parameter µ0 ∈ Ptr and initialize the local bases by
ΦE(0) := ∅. Set k = 0 and NE

(0) = 0 for all E ∈ TH .

(ii) Given local bases ΦE(k−1) of size NE
(k−1) ∈ N for all E ∈ TH

and a parameter µk−1 ∈ Ptr, compute a global fine DG snap-
shot ph(µk−1) ∈ Vh and set the extended local bases as ΦE(k) :=

ΦE(k−1)∪{ph(µk−1)|E} with size NE
(k) := NE

(k−1)+1 for all E ∈
TH . Set the global basis as Φ(k) :=

⋃
E∈TH

ΦE(k) of size N(k) :=∑
E∈TH

NE
(k) and WN(k)

= span(Φ(k)). Compute all offline

quantities for this basis (that is: the quantities bq, c, dq, e from
Section 5.1.2 and the necessary quantities for the error esti-
mator, see Section 2.5).

(iii) Compute LRBMS approximations pN (µ) ∈ WN(k)
for all train-

ing parameters µ ∈ Ptr using the current basis and evaluate the
error estimator to find the parameter µ(k) ∈ Ptr which maxi-
mizes the error estimator.

(iv) IF N(k) < Nmax and if the estimated error for pN (µ(k)) is
larger than ǫtol: Set k := k + 1 and repeat from (ii).
ELSE: Apply the PCA to ΦE(k) with tolerance ǫPCA on each
E ∈ TH to obtain the localized orthogonalized reduced bases
ΦE of size NE ≤ NE

(k) on each E ∈ TH .

(v) Define the global reduced basis Φ of size N: =
∑
E∈TH

NE as

Φ :=
⋃
E∈TH

ΦE and compute all offline quantities for this
basis.

5.2.3 Numerical Experiments

In the following we will demonstrate the performance of our ap-
proach using two different examples which fit in the framework of our
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5 The Localized Reduced Basis Multiscale Method

Figure 5.2 – Solution of the thermalblock problem with isolines for
µ = (3, 6, 9, 2, 5, 8, 1, 4, 7, 10, 3, 6, 9, 2, 5, 8)⊺.

elliptic problem. The first example, the 2D thermal block example,
is easily scalable concerning parameter and spatial complexity and is
therefore well-suited to highlight the basic principle of our method:
The scaling between offline and online cost. The second example is
much closer to real-world applications: Here we use 3D real-world
data taken from the SPE10 benchmark problem [18], putting our
method in the context of two-phase flow equations and multiscale
problems. For details on implementation aspects see Chapter 7.

The Thermal Block Example

In this example, we solve the pressure equation (Definition 3.3) on
Ω = [0, 1]2 ignoring gravity (G = (0, 0)⊺), with a constant perme-
ability κ ≡ 1 and a parameter-dependent total mobility given by

γ(µ, x) =

M∑

q=1

θq(µ)Λ
q(x),
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Figure 5.3 – Number of snapshots needed during the generation of
the reduced basis with the localized greedy algorithm
against number of coarse mesh elements.

with Λq(x) := χΩq
(x) where

χΩq
: Ω → {0, 1}, χΩq

(x) =

{
1, x ∈ Ωq,

0, else.
(5.2.1)

Here the M ∈ N, M > 0 blocks Ωq ⊂ Ω with Qq ∩Qs = ∅ for q 6= s
are given by an equidistant mesh on Ω consisting of M = 4 · 4 = 16
square elements. The coefficients θq(µ) for 1 ≤ q ≤ M are given by
θq(µ) = µq for µq ∈ [0.1, 10]. We complete the description of the
problem setting by choosing, cf. (3.1.7),

q1 ≡ 1, pD ≡ 0, vN ≡ 0,

Γp,d = [0, 1]× {0} ∪ [0, 1]× {1}, Γp,n = ∂Ω \ Γp,d.

We discretized this problem using a rectangular grid with 30 · 30 =
900 fine grid elements and applied our method using rectangular
coarse meshes with 1, 2 · 2, 4 · 4, 8 · 8, 15 · 15 and 30 · 30 elements
(subdomains). We ran the localized greedy algorithm 5.8 with a
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Figure 5.4 – Maximum estimated absolute error over training set
against extension step during greedy algorithm for dif-
ferent sizes of the coarse mesh.

tolerance of ǫtol = 0.05 for the estimated absolute error over the
training set which consisted of 100 randomized parameters in the
above-mentioned parameter domain. The training set consisted of
the same random parameters for all basis generation procedures. A
typical fine DG solution is plotted in Figure 5.2.

Figure 5.3 shows the number of total snapshots needed during the
greedy algorithm to fulfill the error tolerance for different sizes of the
coarse mesh. We see that we are able to scale the offline cost in terms
of needed snapshots by choosing different coarse meshes. The num-
ber of snapshots ranges from 56 for one coarse grid element (which
corresponds to a standard RB method) to only three snapshots for
900 coarse grid elements. The latter is the expected behavior since
three linearly independent functions on each element are sufficient
to represent a linear function in two spatial dimensions. This scal-
ing quality of our approach can also be seen in Figure 5.4 where
we demonstrate the evolution of the maximum estimated absolute
error over the training set during the offline procedure. We see how
with an increasing number of coarse elements the error decent gets
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Figure 5.5 – Time needed to update the error estimator during
the greedy algorithm: Mean over all steps in seconds
against number of coarse mesh elements.

steeper.

Clearly these qualities come with additional costs: With increas-
ing size of the coarse grid, the update of the error estimator becomes
more and more costly as we have to solve the high-dimensional equa-
tion once for every new basis function on every coarse element. This
increase in the offline cost can be seen in Figure 5.5, where we com-
pare the mean estimator update time for the different coarse meshes.
As the necessary computations in each step are independent of each
other, this step can be easily parallelized. Thus it should be possible
to compensate for the additional costs by increasing the number of
used CPUs with increasing coarse grid size. For the experiments at
hand we used a shared memory parallelization which needs to be
further improved by more sophisticated parallelization techniques
as our approach is obviously not able to fully compensate for the
additional costs.

An estimator not relying on global computations would be desir-
able in this context. Such an estimator was recently introduced by
Schindler et al. [75].
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Figure 5.6 – Maximum and mean relative true error in the energy
norm over the test set for different coarse mesh sizes.
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Figure 5.7 – Mean, maximal and minimal number of local basis
functions on the different coarse meshes before and
after the PCA.
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5.2 Application to Stationary Elliptic Problems

Similar to the update time for the error estimator, the total train-
ing time (time for reduced simulations and estimator evaluations for
all training parameters during the offline phase) increases with in-
creasing coarse grid sizes as the reduced basis Φ grows a lot faster
since |TH | new basis vectors are added in each extension step of Algo-
rithm 5.8. Nevertheless, since we aim at applications with extremely
costly detailed simulations, this increase will usually be negligible.

Furthermore, our localized method has another nice quality: The
online error over a given fixed test set decreases with increasing
numbers of coarse elements. This is due to the greater flexibility
in the reduced scheme with our method. This phenomenon can be
seen in Figure 5.6 where the maximum relative true error (norm of
difference between high- and reduced-dimensional solution) in the
energy norm over the test set drops from 0.03 for 1 subdomain to
0.002 for 64 subdomains and finally to 7 ·10−12 for 900 subdomains.
Finally, in Figure 5.7 we see the effect of the PCA. As described

in Algorithm 5.8 we applied the PCA on each coarse element, using
a tolerance of ǫPCA = 1 · 10−7. We see that, up to a certain point,
refinements of the coarse grid lead to bigger differences between
maximum and minimum basis sizes. This behavior is expected as
finer coarse meshes lead to a greater resemblance of the snapshots
on each coarse element (in particular in regions where the snapshots
do not differ too much, for example close to the Dirichlet bound-
aries). Beginning with a coarse grid size of about 225 this effect
starts to reduce as the bases on the coarse elements get more and
more compact and therefore the possibility for reduction with the
PCA diminish. Also remarkable is the fact that the PCA reduces
the standard greedy basis (which corresponds to 1 subdomain in
Figure 5.7) only by one function. On one coarse element the greedy
algorithm seems to work as good as the PCA: The basis is already
very compact.

The SPE10 Example

The second example uses real-world data taken from the SPE10
benchmark problem [18]: we use the permeability field given in the
SPE10 benchmark and a mobility function that models the flooding
of the domain by one of the phases to solve the pressure equation on
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5 The Localized Reduced Basis Multiscale Method

Figure 5.8 – Permeability (top) and solution (bot-
tom) of the SPE10 problem for µ =
(0.01, 0.01, 0.95, 0.01, 0.01, 0.01)⊺. Left: Whole
field, z-axis scaled by 4. Right: Cuts along the
x-y-plane at different values of z, demonstrating the
channel structures in the permeability and matching
solution with isolines (bottom).
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5.2 Application to Stationary Elliptic Problems

(a) (b)

(c) (d)

(e) (f)

Figure 5.9 – Mobility for µ = µi ∈ P for i = 1 (a) to i = 6 (f)
where (µi)k = 0.95 if k = i and (µi)k = 0.01 else.
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5 The Localized Reduced Basis Multiscale Method

Ω = [0, 365.76]× [0, 670.56]× [0, 51.816]. The fine mesh on Ω consists
of 60 · 220 · 42 = 554400 rectangular cuboids. The permeability field
is displayed in Figure 5.8 (top).

For a given center x0 ∈ R
3, a given transition width ε ∈ R

>0,
M ∈ N

≥1 and radii αq ∈ R
>0 for 1 ≤ q ≤ M the total mobility is

given by

γ(µ, x) =

M∑

q=1

θq(µ)Λ
q(x),

Λq(x) = 1− χBx0
αq+ε

(x) · (1− χBx0
αq−ε

(x)) · sin2
(
π

|x−x0|+ε−αq

2ε

)

where we used the coefficients θq(µ) = µq for 1 ≤ q ≤ M . We
assume (µ)q ∈ (0, 1] and

∑
(µ)q ≤ 1. Furthermore Bcr denotes the

ball with radius r and center c. The functions χBc
r
again denote the

characteristic functions (5.2.1).
We used x0 = (0, 0, 365.76)

′
, ε = 83.82, M = 6 and αq ≈ 128 ·(q−

1) in our example. In Figure 5.9 we display the mobility function
for six choices of µ. Finally, we set

q1 ≡ 0,

pD = 0 on Γp,d = {(x, y, z) ∈ ∂Ω | y = 670.56} ,
vN = 1 on Γ1

p,n = {(x, y, z) ∈ ∂Ω | y = 0} ,
vN = 0 on Γ2

p,n = ∂Ω \ Γp,d ∪ Γ1
p,n

to complete the problem definition. A typical fine DG solution of
the SPE10 example is plotted in Figure 5.8 (bottom).
We compute our LRBMS approximation on different coarse mesh

configurations consisting of 1, 2 ·2 ·2 = 8, 2 ·4 ·2 = 16 and 4 ·4 ·2 = 32
equally sized rectangular cuboids.
Figure 5.10 shows the evolution of the maximum estimated ab-

solute error over the training set during the greedy algorithm, the
tolerance of which was set to ǫtol = 0.1. Again the number of snap-
shots needed to fulfill the error tolerance decreases with increasing
numbers of coarse elements. In this example the decrease is not as
big as in the thermal block example which is most certainly due to
the larger spatial dimensions of the fine grid and smaller amount
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greedy algorithm for the different coarse meshes.

3

4

4

5

5

6

1 8 16 32
0

7.0

14.0

21.0

28.0

35.0

O
ff

lin
e
 t

im
e
 (
h

)

Number of subdomains

O
n

lin
e
 t

im
e
 (
m

s
)

Offline time (h)

Online time (ms)

Figure 5.11 – Offline time (snapshot computation, computation of
reduced quantities and training time) and online time
(time for one online simulation) against number of
subdomains (different units on the ordinate axes).

89
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of coarse elements. Similar to the previous example, the estimator
update times increase with the number of coarse grid elements: The
mean time for one update rises from approximately 0.36 hours for
1 coarse grid element to 0.59 hours, 1 hour and 1.69 hours for 8, 16
and 32 coarse grid elements, respectively. Again, this increase can
be compensated by an efficient parallelization. Apart from the error
estimator, our new scheme pays out for this test case: For 16 and 32
coarse elements we need 4 snapshots less than a standard RB method
needs, which saves about 37 minutes of computation time during the
offline phase. This effect can be seen nicely in Figure 5.11: With in-
creasing numbers of coarse grid elements, the offline time (excluding
the time needed to update the error estimator) drops from 5.4 hours
to 3.46 hours while the online time rises from 0.3 milliseconds to 33
milliseconds. Note that here the offline time comprises the runtime
for snapshot computations as well as update times of the reduced
operator and the training time, which is the time needed to compute
the reduced simulations for all training parameters and to evaluate
the error estimator for those reduced simulations.

In this case, the reduction of the offline time is not only due to
the smaller amount of snapshots that need to be computed but also
due to the faster projection of the high-dimensional quantities onto
the respective reduced spaces.

In Figure 5.12 we see an effect that we know from the previous
example already: The maximum relative true error over a given test
set decreases with increasing numbers of coarse elements. Here, the
mean error stays at the same level. Although for this example the
decrease in the error is not as decisive, it is worth noting that the
approximation qualities of our scheme are better than those of a
standard RB scheme.

Finally, similar to the previous example, we compare the effect
of the PCA for the different coarse meshes, this time using ǫPCA =
1 · 10−4. In Figure 5.13 we observe the same behavior as for the
thermal block example: With a rising number of subdomains, the
difference between maximum and minimum numbers of basis func-
tions on the different subdomains increases. We further see that,
although the greedy algorithm needed 19 snapshots for both 16 and
32 subdomains to fulfill the error tolerance, the basis sizes after the
PCA decreases.
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5.2.4 Summary and Outlook

In this section we applied the localized reduced basis multiscale
method in the context of stationary heat diffusion with heteroge-
neous coefficients. We were able to demonstrate the ability of our
approach to drastically reduce the offline cost in reduced basis meth-
ods while slightly increasing the online cost. We also demonstrated
that our approach has at least equal approximation quality when
compared to standard RB methods.

The error estimator shows pleasant performance for small coarse
grid sizes but for coarse grids with more elements, a localized estima-
tor that does not rely on global computations would be preferable.

In the next chapter we will apply the LRBMS in a two-phase flow
context where it will replace the high-dimensional scheme for the
unknown pressure.

5.3 Application to Two-Phase Flow

In this chapter, we will use the implicit pressure, explicit saturation
(IMPES) formulation of two-phase flow introduced in Chapter 3 to
prove the applicability of the LRBMS in multiphase flow regimes.
As the (implicit) pressure equation usually accounts for the vast
majority of the overall computation time in IMPES formulations,
we will concentrate on reducing the computational effort here by
using the LRBMS method as a low-dimensional surrogate for the
high-dimensional pressure solver.

Application of the LRBMS method yields a potentially costly of-
fline phase which computes localized reduced-dimensional bases for
the pressure. These bases then operate as low-dimensional surro-
gates of the high-dimensional DG discretization during the actual
two-phase flow simulation (here referred to as the online phase).
The online phase is carried out using a sequential splitting scheme
to decouple the high-dimensional saturation equation and reduced-
dimensional pressure equation.

A key point in this section is the use of the so-called time-of-flight
τ to parameterize our two-phase model. As described in Section 3.2,
the time-of-flight is the time it takes for an inert particle to travel
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along a pathline from the closest point on the inflow boundary and
to a given point inside the domain, or alternatively, the time it takes
for a particle to travel from a given interior point and to the closest
point on the outflow boundary. The time-of-flight carries valuable
information about the characteristics of the flow, and our idea is to
use τ s(x), defined for a given spatial point x and a given saturation
snapshot s, as a means to efficiently compute a limited number of
mobility profiles Λ1, . . . ,ΛM , which are assumed to approximate the
actual mobility λ(s) for a given saturation s via λ(s) ≈∑µiΛ

i for a
given parameter µ ∈ R

M , see Section 3.3. The coupling between the
saturation and pressure equation via the mobility is now replaced by
a coupling via the parameter µ and we apply model order reduction
techniques for parameterized problems to the pressure equation, now
being parametrized by µ.

The remainder of this section is structured as follows: After intro-
ducing the details on the parameterization in the next section, we de-
scribe the usage of the time-of-flight in this context in Section 5.3.2.
Section 5.3.3 is dedicated to the derivation of the LRBMS basis con-
struction algorithm in the two-phase flow setting. Section 5.3.4 gives
details on the coupling between the reduced pressure equation and
the high-dimensional saturation equation and in Section 5.3.5 we
give some remarks on the offline–online decomposition in the two-
phase flow setting. Finally, in Section 5.3.6, we demonstrate the
applicability of the method in numerical experiments.

5.3.1 Parameterization

At this point we provide details on the parameterization indicated
above. As stated earlier, the coupling between the saturation and
pressure equation will be realized via a parameterization of the pres-
sure equation: We introduce wetting and non-wetting phase mobil-
ities Λw,Λo : Vh × Ω → R

+ that depend on the saturation s via

Λw(s, x) =

M∑

q=1

θq(s)Λ
q
w(x), Λo(s, x) =

M∑

q=1

θq(s)Λ
q
o(x), x ∈ Ω,

(5.3.1)
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where Λqw, Λ
q
o ∈ Vh, q = 1, . . . ,M denote saturation-independent

mobility profiles that are precomputed during the offline phase and
the coefficients θq are computed during the online phase via a least-
squares fitting.

In the sequel we describe the least-squares fitting used for the
computation of the coefficients θq, the construction of the profiles
Λqw,Λ

q
o is described in the next section.

For a given saturation s ∈ Vh, let ρ(s) ∈ Vh be given by
∫

Ω

ρ(s)ϕ dx =

∫

Ω

λ(s)ϕ dx, ∀ϕ ∈ Vh,

where λ denotes the total mobility function (3.1.2). Then choose a
basis in the vector space Vh and let r(s) ∈ R

N denote the coefficient
vector of ρ(s) in that basis. Further, let aq ∈ R

N denote the coef-
ficient vector for the vector space element Λq ∈ Vh, Λq = Λqw + Λqo
for q = 1, . . . ,M .
The least-squares approximation problem then reads as follows:

Find Θ(s) ∈ R
M as solution to

Θ(s) = arg min
ϑ∈RM

‖r(s)−
M∑

q=1

ϑqa
q‖22. (5.3.2)

Here we used the Euclidean norm ‖ · ‖2 : Rd → [0,∞). As the ob-
servations {aq, q = 1, . . . ,M} were always linearly independent in
our experiments, we obtain the unique solution Θ(s) to the least-
squares problem via a QR-decomposition using Householder trans-
formations. If linear independence of the observations can not be
guaranteed, using a singular value decomposition provides a unique
minimal-norm solution.
Finally we set θq(s) = (Θ(s))q for q = 1, . . . ,M .

5.3.2 Profile Computation

As the coupling between the saturation and the pressure is realized
via the mobility profiles, we expect these profiles to have large im-
pact on the overall approximation quality of our scheme. In the
sequel we introduce two algorithms for the construction of Λqw, Λ

q
o ∈

Vh, q = 1, . . . ,M .
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5.3 Application to Two-Phase Flow

The first algorithm is rather straightforward: it assumes that a
saturation front of height one moves trough the domain, following
the isolines of the time-of-flight. Given a fixed number of desired
profiles, we define a time step size and set an artificial saturation
profile to one whenever the time-of-flight at the current point in
space is smaller than the current time step and to zero otherwise.
Applying the mobility function to the resulting saturation profiles
for all time steps yields the desired mobility profiles:

Definition 5.9 (One-Zero-Profiles). For a given time-of-flight τ s0h ,
an end time T and M ∈ N, M ≥ 1, define the mobility profiles
Λ1
o, . . . ,Λ

M
o ∈ Vh and Λ1

w, . . . ,Λ
M
w ∈ Vh as

Λ1
α(x) = λα(0)

ΛMα (x) = λα(1)

Λqα(x) =

{
λα(0), if τ s0h (x) > (q − 1) · T

M−2 ,

λα(1), otherwise,
∀q ∈ {2, . . . ,M − 1}

where λα denotes the mobility (3.1.2) of phase α. Set Λq = Λqw+Λqo
for q = 1, . . . ,M .

The second profile construction algorithm is a bit more involved as
numerical experiments testing the first algorithm demonstrated that
using one-zero profiles gives rise to large errors especially with non-
linear relative permeability functions where the saturation shows a
much more complicated behavior than for linear relative permeabil-
ities. Therefore the second algorithm uses data from a full one-
dimensional two-phase flow simulation to approximate the form of
the saturation in one spatial direction: We compute a full trajectory
using the high-dimensional discretization in one spatial dimension
with a simplified model with unit permeability and porosity. Here
we assume the spatial direction chosen is the x-direction. We choose
one saturation profile to be representative from this trajectory.
In the next step we again define a time step size from the desired

number of profiles and front positions from the isolines of the time-
of-flight just like in the previous algorithm. The important difference
here is that we do not assume a drop of the saturation from one to
zero at the position of the front but we stretch the one-dimensional
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5 The Localized Reduced Basis Multiscale Method

saturation profile such that its shock is located at the x-coordinate
of the front position and then use this stretched profile to define the
saturation values for all positions (x, y) with the same y-coordinate.
Repeating this for all cells in the mesh and all time steps we define
M saturation profiles. Applying the mobility to these saturations
gives rise to the following mobility profiles. For the sake of simplicity
we assume Ω ⊂ R

2, that is d = 2 for the following definition. An
extension to d = 3 is straightforward.

Definition 5.10 (Extended One-Dimensional Profiles). For a given
time-of-flight-function τ s0h , end time T and M ∈ N, M ≥ 1, define
the mobility profiles Λ1

o, . . . ,Λ
M
o ∈ Vh and Λ1

w, . . . ,Λ
M
w ∈ Vh via the

following algorithm:

1. Using Algorithm 3.8 in one spatial dimension (d = 1) with unit
permeability (κ ≡ 1) and unit porosity (φ ≡ 1) compute the
saturation trajectory {s1h,one, . . . , sNT

h,one} and select one satu-

ration profile st̄h,one for t̄ ∈ [0, T ], t̄ = i ·∆t for i ∈ N.

2. Let the point xmax ∈ Ω be given as xmax = argmaxx∈Ω ‖x‖∞
where ‖ · ‖∞ denotes the infinity norm.

3. Set Λ1
α(x) = λα(0) and ΛMα (x) = λα(1) for all x ∈ Ω.

4. For q ∈ {2, . . . ,M − 1} set

Λqα((x1, x2)
⊺) =

{
λα

(
st̄h,one

(
x1·ξ̄

ξ∗(q,x2)

))
, if x1·ξ̄

ξ∗(q,x2)
≤ (xmax)1

λα(0), else,

where ξ∗(q, x2) ∈ R is chosen such that

τ s0h (ξ∗(q, x2), x2) ≤ (q − 1) · T

M − 2

and

τ s0h (ξ∗(q, x2) + ε, x2) > (q − 1) · T

M − 2
∀ε > 0.

Here, ξ̄ denotes the position of the front in the one-dimensional
saturation profile at time t̄, see Figure 5.14. This position
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5.3 Application to Two-Phase Flow

Figure 5.14 – One-dimensional saturation profile using quadratic
relative permeabilities and a simplified model after
55 hours with saturation front approximately at po-
sition x = 210.

can either be set by hand or computed analytically from the
velocity and height of the front which can both be computed
from the fractional flow function (3.1.6).

Remark 5.11. For the numerical experiments in Section 5.3.6 we
set the mobility to be constant in y-direction in every mesh element
when using the profile construction from Definition 5.10.

5.3.3 Basis Construction

As reasoned above, one of the key ingredients in the LRBMS method
is the novel basis construction algorithm. In the sequel we apply our
localized greedy algorithm 5.8 in the two-phase flow context.

Algorithm 5.12 (Localized Greedy for Two-Phase Flow). Based on
the coarse mesh TH , an error measure ∆N and a profile construc-
tion algorithm P, we compute the global reduced basis ΦN using the
following algorithm:

1. Initialization

a) Given the initial saturation s0, compute the initial pres-
sure p0h ∈ Vh and velocity u0h ∈ RT, see Algorithm 3.8.
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5 The Localized Reduced Basis Multiscale Method

b) From u0h compute the time-of-flight τ s0h .

c) From the time-of-flight and M ∈ N, M ≥ 1, compute
mobility profiles Λ1

o, . . . ,Λ
M
o ∈ Vh and Λ1

w, . . . ,Λ
M
w ∈ Vh

using the profile construction algorithm P.

d) Choose a desired maximum basis size Nmax ∈ N, an ap-
proximation tolerance ǫtol, P =

{
µ ∈ [R+]M |∑i µi ≤ 1

}

and a discrete subset Ptr ⊂ P, the so-called training pa-
rameter set. Furthermore let ΦE = ∅ for all E ∈ TH ,
Ξ =

⋃
E∈TH

ΦE, W = spanΞ and Ψ = ∅.

2. Basis Extension

a) For each µ ∈ Ptr compute pH(γ) ∈ W as the solution
to the coarse-scale (LRBMS) pressure discretization 5.2,
that is

bh(pH(γ), w; γ) = lh(w; γo, γw) ∀w ∈W

with γα =
∑M
q=1 µqΛ

q
α and γ = γw + γo.

b) Evaluate the error estimator for each parameter in the
training set: ǫµ := ∆N (µ,W ) and find the parameter with
the worst approximation in the current basis: µmax =
argmaxµ∈Ptr

ǫµ.

c) If ǫµmax
> ǫtol compute ph(γ

max) as solution to the high-
dimensional equation (see Definition 3.3) for the wetting
and non-wetting mobilities mobilities

γmax
w =

∑
(µmax)q Λ

q
w, γmax

o =
∑

(µmax)q Λ
q
o.

Otherwise go to step 3a.

d) Extend the set of snapshots: Ψ = Ψ ∪ {ph(γmax)}.
e) For each E ∈ TH :

i. Use the Gram-Schmidt algorithm to orthonormalize
the restriction ph(γ

max) E with respect to the current

local basis ΦE:

p̃ = ortho(ph(γ
max) E ,Φ

E).
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ii. Extend the local reduced basis: ΦE = ΦE ∪ {p̃}.
f) Set Ξ =

⋃
E∈TH

ΦE and W = spanΞ.

g) If |Ξ| < Nmax, go back to step 2a.

3. Data Compression (optional)

a) Set Φ̃E = Ψ E, that is: Define local bases Φ̃E per coarse
element E ∈ TH as restrictions of the snapshots Ψ to the
coarse elements.

b) Apply the principal component analysis using the toler-
ance ǫPCA on each element:

ΦE = PCA(Φ̃E , ǫPCA).

The details of this step can be found in [52], for example.

4. Finalization

a) Define the global reduced basis ΦN for N =
∑
E∈TH

|ΦE |
as

ΦN =
⋃

E∈TH

ΦE .

b) Define the global reduced basis space WN as

WN = spanΦN .

In summary, the basis construction performs the following: In an
“initialization” step, we compute the pressure and velocity from the
initial saturation data. From the velocity and the time-of-flight we
compute approximate mobility profiles using one of the algorithms
introduced in Section 5.3.2. This will incorporate important features
of the problem, like low-permeability-lenses, for example, into the
mobility profiles and therefore also into the reduced basis for the
pressure. After fixing some input data like the desired basis size, we
proceed to the basis extension step.
In the basis extension step, we add localized orthonormalizations

of high-dimensional snapshots to initially empty local bases until
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5 The Localized Reduced Basis Multiscale Method

either the maximum total basis size is reached or a prescribed error
tolerance is fulfilled in the current overall basis, which is the union
of all local bases. Additionally, we save the original snapshots.

An optional “compression” step defines local per-coarse-element
bases by restricting the global untouched snapshots from the last
step to each coarse element. Next, we apply a data compression
algorithm, the principal component analysis, to each local basis to
reduce the basis size in regions where redundant information may be
present, like in regions far from sinks and sources, for example. At
this point, it is important that we do not use the orthonormalized
local bases from the extension step for the local compressions. Re-
dundancies were canceled out in those bases and therefore the data
compression would not give meaningful results.

We conclude the algorithm with the “finalization” step by defining
one global reduced basis as the joint of all local bases and the reduced
broken space as its linear span.

The main ideas of this approach are the restriction of the basis
to elements of a coarser grid and subsequent per-element data com-
pression. By the restriction to a coarse grid we reduce the number of
snapshots needed to fulfill a desired error tolerance on a prescribed
training set of parameters during the offline phase. This is easy to
see for the limit case in which TH = Th, as in this case the reduced
space coincides with the high-dimensional discrete function space
after a finite number of basis extensions. For |TH | ≤ |Th|, this ef-
fect was demonstrated in Section 5.2 and can be seen again in the
numerical experiments in Section 5.3.6.

The downside of this approach is that the size of the global reduced
basis increases with the number of coarse elements. This is where
the idea of per-element data compression comes into play and allows
us to keep the total basis size N , which is the main factor in online
computation complexity, in an agreeable range by reducing the local
basis size in regions where little or no variation is inherent in the
local bases, as may be the case in the absence of sinks or sources in
the neighboring elements. The effectiveness of the PCA-step will be
backed up by the experiments in Section 5.3.6.
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5.3.4 Reduced Two-Phase Flow Scheme

We now have all parts together to introduce our overall reduced
approximation scheme for two-phase flow in porous media using an
IMPES-type coupling.

Algorithm 5.13 (LRBMS Two-Phase Flow Scheme). Compute the
approximations p1H , . . . , p

NT

H for the pressure and s1H , . . . , s
NT

H for the
saturation using the LRBMS method as follows.

1. Choose a maximum basis size Nmax ∈ N, the number of mo-
bility profiles M ∈ N and the number of time steps NT ∈ N.

2. Compute a reduced basis Φ = {ϕ1, . . . , ϕN} ⊂ Vh of size N ∈ N

using Algorithm 5.12 for mobility profiles Λ1
α, . . . ,Λ

M
α ∈ Vh

where α ∈ {o, w}.

3. Compute the quantities bq, c, dq and e from Section 5.1.2.

4. Project the initial data s0 to the fine grid:
∫

Ω

s0Hv dx =

∫

Ω

s0v dx, ∀v ∈ Vh.

5. For n = 0, . . . , NT − 1,

a) compute the reduced-dimensional pressure pn+1
H

∈ R
N as

solution to Equation (5.1.1) for s = snH . This means
that we need to compute the least-squares fit (5.3.2) to
the given saturation snH ∈ Vh and then solve the reduced
dimensional system (5.1.1).

b) given the reduced-dimensional pressure solution pn+1
H

, re-
construct a function prh ∈ Vh by setting

prh =
N∑

i=1

(
pn+1
H

)

i
ϕi.

c) compute the velocity un+1
h ∈ RT from the reconstructed

pressure using (3.2.5) for s = snH and p = prh.

d) compute the fine-scale saturation sn+1
H ∈ Vh using (3.2.6).
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Notice the difference to the quantities computed using the high-
dimensional two-phase flow scheme: While in Algorithm 3.8 we used
the linear mobilities (3.1.2) in the DG-bilinear-form and in the right
hand side for the pressure, we now use the parameterized mobilities
(5.3.1). We use the notation snH for saturations computed with the
LRBMS scheme—although the saturation itself is not computed in
a reduced space—to point out the dependency on the coarse-scale
pressure.

The novelties in this scheme are the coupling between pressure and
saturation via a parameterized mobility and the replacement of the
pressure equation by a reduced-dimensional substitute. While both
the least-squares approximation in the basis construction step (2)
and the reconstruction step (5b) still need to prove their efficiency,
we expect this scheme to allow largely accelerated computations with
acceptable additional error. The validity of this assumption will be
investigated in the numerical experiments.

5.3.5 Offline–Online Decomposition

The only critical part in (5.1.1) is the computation of the coefficients
θi(s), i = 1, . . . ,M that depends on the grid size h because of the
least-squares approximation (5.3.2). Nevertheless, as the complexity
of the least-squares fit is only O(1/h), we still expect largely acceler-
ated computations compared to a high-dimensional pressure solve,
which has a complexity of O(1/h2) or even O(1/h3).

5.3.6 Numerical Experiments

In this section, we demonstrate the advantages of our approach in-
troduced in Sections 5.3.3 and 5.3.4 by means of different bench-
mark problems. All implementation was done using the Distributed
and Unified Numerics Environment (DUNE), see [10, 9, 21, 19] and
Chapter 7. For the results shown in this section we will use the true
error in an energy norm as error measure:

∆N (µ,W ) =
[
bh(pH(γ)− ph(γ), pH(γ)− ph(γ); λ̄)

]1/2

where γ =
∑
µqΛ

q and λ̄ =
∑M
q=1 µ̄qΛ

q for a fixed parameter µ̄,
pH(γ) denotes the LRBMS-pressure-solution in the space W , see
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Figure 5.15 – The permeability κ [m2] used in the 2D benchmark
problem.

Figure 5.16 – The porosity φ used in the 2D benchmark problem.

Definition 5.2, and ph(γ) denotes the high-dimensional pressure so-
lution, see Definition 3.3. For the exposition of well-applicable a-
posteriori estimators for our setting we refer to [75, 76].

All tests in this section were run using the tolerance ǫPCA = 10−15

for the PCA.

First Test: Linear Relative Permeabilities

Our first benchmark models the replacement of the non-wetting
phase by the wetting phase in Ω = [0, 300] × [0, 60] for T = tNT =
3 · 105. The fine mesh Th consists of 400 · 160 = 64000 rectangles
and we use NT = 6000 time steps for the temporal discretization
such that ∆t = 50. The permeability and porosity fields are shown
in Figures 5.15 and 5.16, respectively.

The domain is initially fully saturated with the non-wetting phase
(s0 ≡ 0), which is then displaced by the wetting phase entering from
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the left boundary, modelled via the boundary conditions (see (3.1.7))

sD = 1.0 in Γs,d × [0, T ],

pD = 10 in Γp,d × [0, T ],

vN = 3 · 10−4 in Γ1
p,n × [0, T ],

vN = 0 in Γ2
p,n × [0, T ],

on Γs,d = Γp,d = {0} × [0, 60] and Γp,n = Γ1
p,n ∪ Γ2

p,n, where
Γ1
p,n = {300} × [0, 60], Γ2

p,n = [0, 300] × {0} ∪ [0, 300] × {60}. In
this benchmark no sources are used (q1 ≡ q2 ≡ 0.0) and we neglect
gravity so that G = (0.0, 0.0)⊺.
For this test the relative permeabilities in Equation (3.1.2) for

simplicity are given via the linear relations

krw(s) = s, kro(s) = 1− s

and we choose the densities ̺w = 999.749, ̺o = 890 and viscosities
ηw = 0.00130581 and ηo = 0.008. Figure 5.17 shows the saturation
sh computed with the full scheme (Algorithm 3.8) after approxi-
mately 3.5, 10, 15, and 48 hours.
From the time-of-flight, which is depicted in Figure 5.18, we com-

pute the reduced basis Φ via Algorithm 5.12 for coarse meshes
with sizes |TH | = 1, 4, 8, 16, 32 and using One-Zero-Profiles (Defi-
nition 5.9) with M = 8. The resulting wetting mobility profiles are
depicted in Figure 5.19. We use the tolerance ǫtol = 10−4, a train-
ing set Ptr consisting of 300 randomly distributed parameters µ in
[0.0001, 1]8 with

∑
(µ)i = 1, and the maximum size Nmax = ∞ for

Algorithm 5.12. The resulting basis sizes can be seen in Table 5.1.
We observe that with increasing size of the coarse mesh (first

column), the number of snapshots computed in Step 2c of Algo-
rithm 5.12 (fourth column) decreases significantly from 134 to 69.
At the same time, the overall basis size (the sum of all local basis
sizes, second column) increases. Notice that the basis size is not
necessarily equal the product between the number of snapshots and
the coarse grid size. This is because we orthonormalize each new
snapshot with respect to the existing basis in each extension dur-
ing the basis generation, reject local extensions with norms below a
certain threshold to avoid linear dependencies in the resulting basis
and hence reduce the number of local basis functions.
In Table 5.1 we also see the impact of the local data compression

using PCA (Step 3b in Algorithm 5.12): With increasing coarse
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Figure 5.17 – Wetting phase saturation sh computed using Algo-
rithm 3.8 after 3.5, 10, 15 and 48 hours including
contour lines.

Figure 5.18 – The time-of-flight τs
h for the first test case for s = 0.
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Figure 5.19 – Wetting mobility profiles computed using Algo-
rithm 5.12 for the time-of-flight depicted in Fig-
ure 5.18. Not shown are the profiles for q = 1 and
q = M which have constant values Λ1

w ≡ 0 and
ΛM

w ≡ 765.808, respectively.
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Coarse
Grid Size

Basis Size
w/o PCA

Basis Size
w/ PCA

Number of
Snapshots

1x1 134 134
4x1 353 155 105
8x1 565 264 84
8x2 1030 443 78
16x2 1771 751 69

Table 5.1 – Basis sizes |Φ| resulting from Algorithm 5.12 for the
2D benchmark problem and a fine mesh with 64000
elements: Size of the coarse mesh, sum of all local basis
sizes before and after application of the PCA, number
of snapshots computed during the basis generation.

18 26 29 34 37 41 42 40 37 25 17 10 8 7 7 7

20 25 26 30 31 36 37 34 35 27 19 15 10 8 6 7

Figure 5.20 – Foreground: local basis sizes after the basis genera-
tion performed for Table 5.1, last line, including the
PCA; background: permeability field.

mesh size, the PCA is able to reduce the local basis sizes significantly
on the different coarse elements.

This effect can be seen again in Figure 5.20 where we plot the local
basis sizes after the PCA step for the test run presented in Table 5.1,
last line. We observe that the local basis size varies strongly from left
to right, due to the fact that the peak saturation does not reach the
right half of the computational domain before the end time T . Also,
the basis size differs from bottom to top, especially in regions where
the permeability, which is plotted in the background of Figure 5.20,
shows strong variation from bottom to top.

In Table 5.2 we see the resulting discrepancies between the sat-
uration snh computed by the SWIP-DG method on the fine mesh
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(Algorithm 3.8) and the saturation snH computed with the reduced
scheme 5.13. In Table 5.3 we present the respective discrepancies
between the SWIP-DG pressure and the reduced pressure during the
two-phase flow simulation. We present both the relative L2 and H1

discrepancies for the saturation

∆n,s
L2 =

‖snh − snH‖L2(Th)

‖snh‖L2(Th)
, ∆n,s

H1 =
‖snh − snH‖H1(Th)

‖snh‖H1(Th)
, (5.3.3)

the discrepancy in the energy norm

∆n,s
E =

[
bh(s

n
H − snh, s

n
H − snh; λ̄)

]1/2
[
bh(snh, s

n
h; λ̄)

]1/2 , λ̄ =

M∑

q=1

µ̄qΛ
q (5.3.4)

as well as the respective quantities for the pressure:

∆n,p
L2 =

‖pnh − pnH‖L2(Th)

‖pnh‖L2(Th)
, ∆n,p

H1 =
‖pnh − pnH‖H1(Th)

‖pnh‖H1(Th)
, (5.3.5)

∆n,p
E =

[
bh(p

n
H − pnh, p

n
H − pnh; λ̄)

]1/2
[
bh(pnh, p

n
h; λ̄)

]1/2 , λ̄ =

M∑

q=1

µ̄qΛ
q. (5.3.6)

Here we used µ̄ = (0.125, . . . , 0.125),
∑
i µ̄i = 1 and ‖ · ‖L2(Th) and

‖ · ‖H1(Th) denote the element-wise L2- and H1-norm, respectively.
For different coarse grids, the second column in each table dis-

plays the number of snapshots computed during the extension step
2c in Algorithm 5.12 as a measure for the amount of work needed
in that step. Then, in the sections for the L2, H1 and energy rela-
tive discrepancies, we present mean discrepancies over all time steps
and the discrepancy at the last time step tNT for basis generations
without and with usage of the PCA.

Over different coarse mesh configurations, we consistently observe
a mean L2-discrepancy for the saturation of approximately 5.6%
(standard deviation: 1.6%), both with and without the PCA, which
is reduced to 4.3% at end time. The respective H1-discrepancies
are slightly bigger with a mean of 7.9% (standard deviation: 2.9%)
and 5.5% at end time. The discrepancies in the energy norm are
still slightly bigger with a mean of 13.2% (standard deviation 5.7%)
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Figure 5.21 – Relative mass loss ζn for the final time step tn =
3 · 105.

which largely reduces towards the end time to reach a final value
of about 7.9%. The mean L2-discrepancy for the pressure is ap-
proximately 1.4% (standard deviation: 0.3%) for all coarse grid
configurations, and reduces to 1.3% at end time, the respective H1-
discrepancies are in the same ranges. The discrepancies in the energy
norm are slightly bigger with a mean of 5.1% (standard deviation
0.87%) and reduce to a final value of 4.85%. In conclusion, we can
say that the data compression step using the PCA increases neither
the error for the pressure nor the error for the saturation noticeably.

While we can ensure mass conservation on the coarse grid by
adding per-coarse-cell unit basis functions to the reduced basis, the
method is not mass-conservative on the fine grid. In Figure 5.21 we
plot the relative mass loss

ζn : Th → R
+, ζn(e) =

1

maxx∈∂e ‖unh(x)‖l2

∣∣∣∣
∫

∂e

unh · n dS

∣∣∣∣

as a measure of the lack of mass conservation at end time tn = 3 ·105

for the velocity computed with the LRBMS scheme on a 16×2 coarse
grid. We see that the velocity lacks mass conservation mainly on
coarse cell intersections and in regions with large gradients in the
mobility profiles Λi. Overall, the relative lack of mass conservation
is well below 2 · 10−5. Although we therefore found this to be only
a minor problem in the tests—the saturation usually did not grow
above a value of 1.05 and hardly ever fell below zero—the ques-
tion how to ensure mass-conservation on the fine grid seems like an
interesting and important issue.
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As the discrepancies are increased neither by adding more coarse
cells, nor by application of the PCA, we find the localized reduced
basis multiscale method to be well applicable in this context: Intro-
duction of more coarse cells reduces the number of costly snapshots
to be computed during the basis construction, while application of
the PCA yields smaller, more compact bases, leading to faster com-
putations during the two-phase flow simulation.

Test runs with a different tolerance ǫtol = 10−5 for the greedy
basis construction (Algorithm 5.12) exhibit approximately the same
discrepancies in both the L2 and H1 norms. Further, computa-
tions with higher numbers of mobility profiles (M = 10, 12, 20) give
roughly the same discrepancies. This gives rise to the assumption
that the error is dominated by different phenomena, which we con-
sider to be twofold: First, the assumption that the time-of-flight
is invariant for the whole simulation is not valid in some regions.
Therefore, the position of the saturation front and its impact on the
mobility cannot be represented correctly. Second, the profile of the
mobility along streamlines is not approximated well enough due to
the simple one-zero mobility profiles.

To support the first statement, we present in Figure 5.22 the ab-
solute value of the difference between the SWIP-DG approxima-
tion sNT

h and our approximation of the saturation sNT

H at end time
tNT . We see that huge discrepancies arise in three distinct positions:
around the point x = (30, 35), the point x = (40, 10), and the point
x = (80, 1). These positions are located directly downwind along
the streamlines from points where the time-of-flight changes signif-
icantly during the test run, see Figure 5.23. The error produced
in those regions is then transported through the domain along the
streamlines, hence the error distribution to be seen in Figure 5.22 is
established.

We can establish the second statement using M high-dimensional
saturation approximations sn1

h , . . . , s
nM

h at times t1, . . . , tM to form
the profiles in Step 1c of Algorithm 5.12:

Λqw = λw(s
q
h), Λqo = λo(s

q
h).

In doing so, we ensure that the shape of the mobility profiles along
streamlines is correct and the error of the LRBMS two-phase flow
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|TH | |Ψ| ∆∅,s
L2 w/o

PCA (%)
∆tNT ,s
L2 w/o
PCA (%)

∆∅,s
L2 w/

PCA (%)
∆tNT ,s
L2 w/

PCA (%)

1x1 134 5.59 4.26
4x1 105 5.59 4.25 5.61 4.26
8x1 84 5.58 4.25 5.59 4.26
8x2 78 5.58 4.25 5.6 4.26
16x2 69 5.59 4.25 5.59 4.26

(a) L
2-errors

|TH | |Ψ| ∆∅,s
H1 w/o

PCA (%)
∆tNT ,s
H1 w/o
PCA (%)

∆∅,s
H1 w/

PCA (%)
∆tNT ,s
H1 w/

PCA (%)

1x1 134 7.88 5.49
4x1 105 7.88 5.45 7.92 5.53
8x1 84 7.89 5.53 7.89 5.47
8x2 78 7.9 5.51 7.92 5.55
16x2 69 7.89 5.5 7.91 5.56

(b) H
1-errors

|TH | |Ψ| ∆∅,s
E w/o

PCA (%)
∆tNT ,s

E w/o
PCA (%)

∆∅,s
E w/

PCA (%)
∆tNT ,s

E w/
PCA (%)

1x1 134 13.14 7.3
4x1 105 13.07 7.1 13.28 7.92
8x1 84 13.28 7.93 13 7.24
8x2 78 13.26 7.82 13.28 7.96
16x2 69 13.21 7.69 13.31 8.01

(c) Energy-norm-errors

Table 5.2 – Relative L2 (a) and H1 (b) discrepancies and discrep-
ancies (5.3.4) in the energy norm (c) between the sat-
uration computed with Algorithm 5.13 and the satu-
ration computed with the fine-scale scheme from Al-
gorithm 3.8 for different coarse mesh configurations:
Number of snapshots |Ψ| needed during the basis con-
struction algorithm 5.12, mean relative discrepancy and
relative discrepancy at end time tNT without usage of
the PCA, respective quantities after usage of the PCA.
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5 The Localized Reduced Basis Multiscale Method

|TH | |Ψ| ∆∅,p
L2 w/o

PCA (%)
∆tNT ,p
L2 w/o
PCA (%)

∆∅,p
L2 w/

PCA (%)
∆tNT ,p
L2 w/

PCA (%)

1x1 134 1.36 1.33
4x1 105 1.36 1.33 1.36 1.34
8x1 84 1.35 1.32 1.36 1.33
8x2 78 1.36 1.32 1.36 1.33
16x2 69 1.36 1.32 1.36 1.33

(a) L
2-errors

|TH | |Ψ| ∆∅,p
H1 w/o

PCA (%)
∆tNT ,p
H1 w/o
PCA (%)

∆∅,p
H1 w/

PCA (%)
∆tNT ,p
H1 w/

PCA (%)

1x1 134 7.88 5.49
4x1 105 7.88 5.45 7.92 5.53
8x1 84 7.89 5.53 7.89 5.47
8x2 78 7.9 5.51 7.92 5.55
16x2 69 7.89 5.5 7.91 5.56

(b) H
1-errors

|TH | |Ψ| ∆∅,p
E w/o

PCA (%)
∆tNT ,p

E w/o
PCA (%)

∆∅,p
E w/

PCA (%)
∆tNT ,p

E w/
PCA (%)

1x1 134 5.12 4.85
4x1 105 5.13 4.85 5.12 4.85
8x1 84 5.13 4.85 5.12 4.85
8x2 78 5.12 4.85 5.12 4.85
16x2 69 5.12 4.85 5.12 4.85

(c) Energy-norm-errors

Table 5.3 – Relative L2 (a) and H1 (b) errors and errors (5.3.6)
in the energy norm (c) between the pressure computed
with Algorithm 5.13 and the pressure computed with
the fine-scale scheme from Algorithm 3.8 for different
coarse mesh configurations: Number of snapshots |Ψ|
needed during the basis construction algorithm 5.12,
mean relative discrepancy and relative discrepancy at
end time tNT without usage of the PCA, respective
quantities after usage of the PCA.
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5.3 Application to Two-Phase Flow

Figure 5.22 – Absolute value of the difference in the saturation
s
NT
h computed with the full high-dimensional scheme

and the saturation s
NT
H computed with the LRBMS

scheme at end time T .

Figure 5.23 – Absolute difference between the time-of-flight for the
initial saturation s0 and the time-of-flight for the
saturation computed with the LRBMS scheme for
a coarse grid with 16× 2 cells at time t = 10000s.

scheme should decrease drastically. Indeed, for M = 8, this pro-
cedure decreases the mean relative L2-discrepancy to 2.3% with a
standard deviation of 2.0%. Even more: The L2-discrepancy at
t = T is reduced by a factor of ten to 0.45%. Obviously, using mul-
tiple high-dimensional saturation profiles is not possible in general
as the model order reduction would become superfluous, but two
other remedies could be implemented: One could be to recompute
the mobility profiles and the reduced basis after a certain number of
time steps tn using the time-of-flight for snh. Another approach is to
use more realistic mobility profiles by applying the mobility to full
one-dimensional saturation trajectories as is realized by the second
mobility profile computation algorithm (Definition 5.10).
In Table 5.4 we present runtimes for the basis construction part of
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5 The Localized Reduced Basis Multiscale Method

the LRBMS two-phase flow scheme. Again, we give the coarse grid
configuration (column one) and the number of snapshots needed
(column two). The third column then shows the time needed for the
basis construction (Algorithm 5.12). The timings presented here in-
clude the time for the computation of the mobility profiles (about
13 seconds), the so-called “training”-step (computation of all re-
duced solutions, evaluation of the error measure, selection of the
parameter for basis extension), and the extension-step including the
computation of a high-dimensional snapshot and application of the
Gram-Schmidt procedure. It does not contain the application of
the PCA which is consistently below one second for all coarse grid
configurations and hence can be considered negligible. The time
needed to compute the reduced basis Φ is 50 minutes on one coarse
cell (which corresponds to a standard reduced basis method), goes
up to 1 hour 7 minutes for a coarse grid of size 4× 1 and is then re-
duced to 45 minutes for all other coarse grids. The increase in total
runtime from line one to line two can be explained by the relatively
high number of iterations that is still needed to reach the error toler-
ance with an increased per-step cost due to the larger reduced bases.
This effect would vanish if the snapshot computation (column four)
was more expensive, for larger fine grids, for example. As mentioned
earlier, we use the true error as error measure. The time for error
estimation in column five includes the time needed to reconstruct a
high-dimensional snapshot from each reduced solution and compute
the difference in the energy norm. The time for computation of the
high-dimensional snapshots itself is not included.

In conclusion we can say that for the test case at hand, introduc-
tion of more coarse cells yields slight reductions in terms of runtime.
As the computation of the snapshots shows a speedup by a factor of
two for the computation on 32 coarse cells compared to the compu-
tation on one coarse cell, we can expect the runtime-gain to increase
drastically as the size of the fine mesh—and hence the time for the
computation of one high-dimensional snapshot—is increased.

Finally, in Table 5.5 we present runtimes for the two-phase flow
simulation (Step 5 in Algorithm 5.13) for uncompressed bases (that
is: bases that were computed without usage of the PCA) and com-
pressed bases on different coarse grids and, for comparison, the same
runtimes for a full high-dimensional computation. We see that for
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5.3 Application to Two-Phase Flow

Coarse
Grid Size

Num. of
Snapshots

Basisgen.
Total

Snapshot
Computation

Error
Estimation

1x1 134 50m 6s 15m 39s 19m 52s
4x1 105 67m 19s 12m 19s 12m 15s
8x1 84 45m 34s 9m 52s 9m 3s
8x2 78 46m 36s 9m 9s 9m 37s
16x2 69 45m 48s 8m 6s 10m 25s

Table 5.4 – Runtimes for the basis construction (see Algo-
rithm 5.12): Coarse grid size, number of snapshots com-
puted, total runtime, total time for snapshot computa-
tion, total time for error estimation.

the reduced simulations, more than 50% of the overall runtime of
about 2 hours 40 minutes is spend in the application of the ODE
solver and slope limiter for the saturation equation. About one hour
is spend for the elliptic equation with about 45 minutes for the recon-
struction of the flux (see Definition 3.6). For uncompressed bases,
computing all pressure solutions takes five to 15 minutes, depending
on the coarse grid and respective basis size, for compressed bases
those times drop to two to five minutes.

The time to solution for one reduced pressure computation there-
fore ranges from 20 milliseconds on the 1× 1, 4× 1 and 8× 1 coarse
grids to 50 milliseconds on the 8 × 2 and 16 × 2 coarse grids using
the PCA. Comparing these runtimes to the time needed for a high-
dimensional simulation we see the advantage of our method: The
high-dimensional test run takes approximately 16 hours with nearly
90% of the time spent in the treatment of the elliptic equation: more
than two hours are spent assembling the pressure system, solving it
takes approximately 11 hours in total (approximately seven seconds
per solve). The speed-up for the solution of the pressure equation
is approximately a factor 140. As nothing was done to speed up the
transport solve, the overall speed-up for the two-phase flow simula-
tion (high-dimensional vs. basis construction and reduced simula-
tion) is five.
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5 The Localized Reduced Basis Multiscale Method

Coarse
Grid
Size

Total
Elliptic
Part

Pressure
Solver

Velocity
Recons.

Saturation
Part

Without PCA

1x1 2h 37m 1h 0m 5m 28s 46m 1h 37m
4x1 2h 41m 1h 1m 5m 5s 47m 1h 40m
8x1 2h 38m 1h 0m 5m 25s 47m 1h 37m
8x2 2h 40m 1h 4m 10m 40s 45m 1h 36m
16x2 2h 45m 1h 9m 15m 3s 45m 1h 36m

With PCA

4x1 2h 34m 0h 56m 1m 59s 45m 1h 38m
8x1 2h 31m 0h 55m 2m 0s 44m 1h 36m
8x2 2h 41m 0h 55m 3m 0s 44m 1h 46m
16x2 2h 37m 0h 57m 4m 42s 44m 1h 39m

High-Dimensional

15h 58m 14h 23m 11h 13m 43m 1h 35m

Table 5.5 – Runtimes for Step 5 of Algorithm 5.13 for uncom-
pressed and compressed bases: Coarse grid size, total
runtime, time spent for treatment of the elliptic equa-
tion, thereof time spent in pressure solve and velocity
reconstruction and time spent in saturation part. Last
line: same numbers for a full high-dimensional simula-
tion.

Second Test: Quadratic Relative Permeabilities, Unit Total

Permeability

For the second test case we use quadratic relative permeability func-
tions

krw(s) = s2, kro(s) = (1− s)2

in Equation (3.1.2) and the computational domain is given as Ω =
(0, 1)×(0, 1). Again we simulate the replacement of the non-wetting
phase by the wetting phase. We use s0 ≡ 0, T = tNT = 0.008, NT =
8000, unit permeability and porosity (κ ≡ 1, φ ≡ 1), ηw = 0.0004,
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5.3 Application to Two-Phase Flow

ηo = 0.002 and a fine mesh Th consisting of 50 ·50 = 2500 rectangles.
We define the boundary conditions

sD = 1.0 in Γs,d × [0, T ],

pD = 10 in Γp,d × [0, T ],

vN = 3 · 10−4 in Γ1
p,n × [0, T ],

vN = 0 in Γ2
p,n × [0, T ],

on Γs,d = Γp,d = {0} × [0, 1] and Γp,n = Γ1
p,n ∪ Γ2

p,n, where Γ1
p,n =

{1} × [0, 1], Γ2
p,n = [0, 1]× {0} ∪ [0, 1]× {1}. Finally, no sources are

used (q1 ≡ q2 ≡ 0.0) and we neglect gravity (G = (0.0, 0.0)⊺).
From the time-of-flight we construct reduced bases for coarse

meshes with one and 4 · 1 = 4 coarse cells using Algorithm 5.12.
Here we use extended one-dimensional profiles for M = 16 to com-
pute the non-wetting and wetting mobility profiles. The resulting
profiles are depicted in Figure 5.24. As our problem is constant
in the vertical direction we only plot the mobilities (and all other
quantities for this test case) over the horizontal axis.
Further we used ǫtol = 10−7 and Nmax = ∞ for Algorithm 5.12.

The training set Ptr consisted of 1000 randomly distributed param-
eters µ in [0.0001, 1]16 with

∑
(µ)i = 1. The basis construction

yielded a basis of size |Φ| = 45 for |TH | = 1 (number of snapshots:
45) and of |Φ| = 68 for |TH | = 4 (number of snapshots: 18).
In this benchmark we are only interested in the capability of our

two-phase flow scheme of capturing the shape of the saturation dur-
ing the simulation and whether we are able to use quadratic relative
permeabilities when using the extended one-dimensional profiles for
the mobilities. Towards this end we plot the saturations resulting
from the high-dimensional two-phase flow scheme and the reduced
scheme for the two reduced bases on |TH | = 1 and |TH | = 4 in Figure
5.25.
We see that we get a very good matching of the whole saturation

profile on both coarse grid configurations. Especially the saturation
front is captured very accurately. This can also be seen in the error
values: For the coarse grid with |TH | = 1 the mean relative L2 error
is 0.41% (standard deviation (sd) 0.12%) and the relative L2 error
at end time is 0.45% for the saturation. The respective values for
the energy norm (see Equation 5.3.4, µ̄1 = . . . = µ̄16 = 0.0625)
are 1.32% (sd 0.36%) and 2.34%. The errors for the coarse grid
configuration with |TH | = 4 are roughly the same. For the pressure,
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5 The Localized Reduced Basis Multiscale Method

Figure 5.24 – Wetting mobility profiles for q = 2, . . . , 15 (left to
right) computed with Algorithm 5.12 (plot along the
horizontal axis). Not shown are the profiles for q = 1
and q = 16 which have constant values Λ1

w ≡ 0 and
Λ16

w ≡ 2500.

Figure 5.25 – Saturation computed with high-dimensional scheme
(dashed), reduced scheme with |TH | = 1 (gray with
points) and reduced scheme with |TH | = 4 (black,
solid) at timesteps 500, 1500 and 2500 (left to right).
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all above-mentioned error quantities are well below 0.5%.
In summary we can say that the LRBMS two-phase flow scheme is

well-applicable for this benchmark which is admittedly rather simple
regarding the permeability and porosity but more complex regard-
ing the relative permeability function when compared to the last
test case. We conclude that the extended one-dimensional profiles
show better performance for quadratic relative permeability func-
tions than the one-zero profiles which we found to be unusable in
conjunction with non-linear relative permeabilities.

Third Test: Quadratic Relative Permeabilities, Non-Trivial Total

Permeability

In our third test case, the relative permeabilities in Equation (3.1.2)
are again given via the quadratic relations

krw(s) = s2, kro(s) = (1− s)2

and we define the densities ̺w = 999.749, ̺o = 890 and viscosities
ηw = 0.0004 and ηo = 0.002. We use the same domain as in the first
test case: Ω = [0, 300]× [0, 60], the same boundary and initial data
and the same permeability and porosity fields (see Figures 5.15 and
5.16, respectively). Gravity is again neglected. The computational
mesh is given by 200 · 80 = 16000 rectangles. The end time is again
given as T = tNT = 3 · 105 and we use NT = 6000 time steps.
Figure 5.26 shows the saturation sh computed with the full scheme
(Algorithm 3.8) after approximately 5.5, 14, 25 and 44 hours.

From the time-of-flight we compute the reduced basis Φ via Al-
gorithm 5.12 for coarse meshes with sizes |TH | = 1, 4, 8, 16, 32 and
using the extended one-dimensional profiles (Definition 5.10) with
M = 16. The resulting wetting mobility profiles are depicted in
Figure 5.27.
We use the tolerance ǫtol = 10−6, a training set Ptr consist-

ing of 1000 randomly distributed parameters µ in [0.0001, 1]16 with∑
(µ)i = 1, and the maximum size Nmax = ∞ for Algorithm 5.12.

The resulting basis sizes can be seen in Table 5.6.
Again we observe that with increasing size of the coarse grid, the

number of snapshots necessary to fulfill the error tolerance in our
greedy basis construction algorithm decreases. Clearly, at the same
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5 The Localized Reduced Basis Multiscale Method

Figure 5.26 – Wetting phase saturation sh computed using Algo-
rithm 3.8 after approximately 5.5, 14, 25 and 44
hours (top to bottom) for the third test case.

Coarse
Grid Size

Basis Size
w/o PCA

Basis Size
w/ PCA

Number of
Snapshots

1x1 138 138
4x1 327 186 102
8x1 539 315 86
8x2 936 556 75
16x2 1598 935 65

Table 5.6 – Basis sizes resulting from Algorithm 5.12 for the third
test case: Size of the coarse mesh, sum of all local basis
sizes before and after application of the PCA, number
of snapshots computed during the basis generation.
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5.3 Application to Two-Phase Flow

Figure 5.27 – Wetting mobility profiles computed with Algo-
rithm 5.12 for the second test case. Not shown are
the profiles for q = 1 and q = M which have constant
values Λ1

w ≡ 0 and ΛM
w ≡ 2500, respectively.

121
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time the size of the global reduced basis increases as we now intro-
duce roughly |TH | new basis functions in each extension step. At the
same time we note that the compression step (Step 3 of Algorithm
5.12) reduces the basis sizes drastically: For the two rightmost cells
in the coarse grid configuration with 16× 2 cells, the local basis size
is reduced from 65 to six, for example.

In Table 5.7 we present the error measures ∆n,s
L2 , ∆

n,s
H1 and ∆n,s

E

for the saturation and the respective quantities for the pressure in
Table 5.8 (see Equations (5.3.3)–(5.3.6)).

We observe that the mean error increased largely when compared
to the first test case, in most cases it nearly doubled. We believe
the reason for this to be the more complex behavior of the satura-
tion when using quadratic relative permeabilities. As seen in Figure
5.26, the saturation shows viscous fingering which is much harder
to capture using our scheme than the more linear behavior of the
saturation in the first test case.

Furthermore, the extended one-dimensional profiles now capture
the shape of the mobility in the horizontal direction more accurately
but flows in vertical direction are not captured which leads to wrong
fluxes in that direction during the reduced two-phase flow simula-
tion. Nevertheless we consider the ability to use the more complex
quadratic relative permeability function to be an improvement over
the first test case and over the one-zero profiles.

5.3.7 Summary and Outlook

We applied the localized reduced basis multiscale method to two-
phase flows in porous media. We introduced a new formulation of
two-phase flow using a parameterized mobility function that realizes
the coupling between the equations for the unknown pressure and
saturation. The mobility uses a certain number of precomputed pro-
files to match a given mobility via a least-squares fitting during the
main simulation and the parameters arising from the least-squares
fitting are used as parameters to the pressure equation which is dis-
cretized using the LRBMS method.

We were able to demonstrate significant reduction of computation
time at moderate error when compared to a full high-dimensional
computation for linear relative permeability functions. As the prop-
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|TH | |Ψ| ∆∅,s
L2 w/o

PCA (%)
∆tNT ,s
L2 w/o
PCA (%)

∆∅,s
L2 w/

PCA (%)
∆tNT ,s
L2 w/

PCA (%)

1x1 138 8.57 2.48
4x1 102 8.58 2.45 9.27 4.93
8x1 86 8.57 2.41 8.7 2.91
8x2 75 8.57 2.44 8.68 2.83
16x2 65 8.54 2.43 8.58 2.59

(a) L
2-errors

|TH | |Ψ| ∆∅,s
H1 w/o

PCA (%)
∆tNT ,s
H1 w/o
PCA (%)

∆∅,s
H1 w/

PCA (%)
∆tNT ,s
H1 w/

PCA (%)

1x1 138 9.12 2.8
4x1 102 9.12 2.75 9.98 5.56
8x1 86 9.11 2.7 9.35 3.52
8x2 75 9.11 2.73 9.37 3.52
16x2 65 9.09 2.74 9.21 3.12

(b) H
1-errors

|TH | |Ψ| ∆∅,s
E w/o

PCA (%)
∆tNT ,s

E w/o
PCA (%)

∆∅,s
E w/

PCA (%)
∆tNT ,s

E w/
PCA (%)

1x1 138 27.9 9.59
4x1 102 27.51 7.69 37.42 38.84
8x1 86 27.54 7.69 30.43 17.63
8x2 75 27.4 7.25 29.95 16.41
16x2 65 27.4 7.62 28.71 12.71

(c) Energy-norm-errors

Table 5.7 – Relative L2 (a) and H1 (b) discrepancies and discrep-
ancies (5.3.4) in the energy norm (c) between the sat-
uration computed with Algorithm 5.13 and the satu-
ration computed with the fine-scale scheme from Al-
gorithm 3.8 for different coarse mesh configurations:
Number of snapshots |Ψ| needed during the basis con-
struction algorithm 5.12, mean relative discrepancy and
relative discrepancy at end time tNT without usage of
the PCA, respective quantities after usage of the PCA.
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|TH | |Ψ| ∆∅,p
L2 w/o

PCA (%)
∆tNT ,p
L2 w/o
PCA (%)

∆∅,p
L2 w/

PCA (%)
∆tNT ,p
L2 w/

PCA (%)

1x1 138 0.81 1.12
4x1 102 0.8 1.08 0.84 1.27
8x1 86 0.8 1.08 0.84 1.15
8x2 75 0.79 1.07 0.93 1.25
16x2 65 0.8 1.09 0.81 1.1

(a) L
2-errors

|TH | |Ψ| ∆∅,p
H1 w/o

PCA (%)
∆tNT ,p
H1 w/o
PCA (%)

∆∅,p
H1 w/

PCA (%)
∆tNT ,p
H1 w/

PCA (%)

1x1 138 9.12 2.8
4x1 102 9.12 2.75 9.98 5.56
8x1 86 9.11 2.7 9.35 3.52
8x2 75 9.11 2.73 9.37 3.52
16x2 65 9.09 2.74 9.21 3.12

(b) H
1-errors

|TH | |Ψ| ∆∅,p
E w/o

PCA (%)
∆tNT ,p

E w/o
PCA (%)

∆∅,p
E w/

PCA (%)
∆tNT ,p

E w/
PCA (%)

1x1 138 4.94 5.17
4x1 102 4.95 5.19 4.92 5.19
8x1 86 4.94 5.19 4.95 5.22
8x2 75 4.94 5.19 4.97 5.26
16x2 65 4.95 5.2 4.97 5.23

(c) Energy-norm-errors

Table 5.8 – Relative L2 (a) and H1 (b) errors and errors (5.3.6)
in the energy norm (c) between the pressure computed
with Algorithm 5.13 and the pressure computed with
the fine-scale scheme from Algorithm 3.8 for different
coarse mesh configurations: Number of snapshots |Ψ|
needed during the basis construction algorithm 5.12,
mean relative discrepancy and relative discrepancy at
end time tNT without usage of the PCA, respective
quantities after usage of the PCA.
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erties of the flow get more complicated when using non-linear relative
permeabilities we introduced an algorithm computing mobility pro-
files reusing the shape of full one-dimensional computations. This
made our approach applicable even in these non-linear settings.
Mass conservation can only be guaranteed on the coarse mesh

of our approach. Ensuring mass conservation on the fine mesh as
well seems like an interesting and challenging field for future work.
Furthermore using the efficient PDE solver introduced in Chapter
6 for snapshot computation seems like a promising approach as it
would it allow for problems with even larger numbers of degrees of
freedom to be treated efficiently.
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Chapter 6
Multiscale Methods

In Chapter 5 we introduced a localized version of the RB method
that is able to reduce the workload during the offline phase sig-
nificantly by decreasing the necessary number of high-dimensional
snapshot computations. In this chapter we introduce the multiscale
finite element method (MsFEM). The MsFEM allows very memory-
efficient computations of solutions to multiscale problems and—as
we will demonstrate in this chapter—has a high potential for good
scaling performance on modern high-performance computing archi-
tecture. The MsFEM can therefore be seen as a tool for making
the offline phase of the LRBMS even more efficient and hence more
applicable to real world problems.

The MsFEM is one example of so-called multiscale methods. Mul-
tiscale methods incorporate information about physical properties
(such as permeabilities, porosities, etc) on a fine scale into coarse
scale equations [46, 28]. Different methods have emerged in the last
decade: The variational multiscale method offers a general frame-
work for the construction of hierarchical approximation spaces [47].
The multiscale finite volume method [51] constructs coarse-scale
transmissibilities that capture fine-scale effects. This leads to a
multi-point approximation for the finite volume discretization on
the coarse scale. Recently, a more robust two-point finite volume
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method was proposed [65]. In [40], an adaptive version of the hetero-
geneous multiscale method [26], which aims at capturing the macro-
scopic scale of the problem by estimating necessary information from
a microscopic model, was applied to immiscible two-phase flows in
porous media. Finally, Henning et al. [70] recently applied the par-
tition of unity method in the multiscale context as a means for re-
liable numerical homogenization for elliptic equations with rough
coefficients. The multiscale finite element method [44, 28] uses so-
lutions to local fine-scale problems to incorporate fine-scale details
into coarse-scale basis functions; a recent development in this direc-
tion is the generalized multiscale finite element method [27]. The
mixed multiscale finite element method [17, 1] is based on the same
principles but in addition allows for mass-conserving reconstruction
of the fine-scale velocities. Related methods include the numerical
subgrid upscaling method [4] and the multiscale mortar method [5].

The rest of this chapter is structured as follows: In the next sec-
tion we introduce the MsFEM in its most basic form and give hints
to analysis results and extensions. In Section 6.2 we introduce a con-
cept for computational parallelization of the MsFEM and in Section
6.3 we present preliminary numerical results for our implementation
of this concept. Details about this implementation can be found in
Chapter 7.

6.1 The Multiscale Finite Element Method

The governing equation for the introduction of the MsFEM is the
pressure equation (3.1.1) without the consideration of gravitational
effects which we shortly recall here: We compute the unknown pres-
sure p such that

−∇ · (λκ∇p) = q1 in Ω× (0, T ), (6.1.1)

in the space-time domain Ω × (0, T ). For the sake of simplicity we
assume that λ(s, x, t) = λ(x) everywhere in the space-time domain
Ω× (0, T ), that is to say: we neglect the dependency of the mobility
on the saturation and time in this section. Finally we equip Equation
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(6.1.1) with homogeneous Dirichlet boundary values:

p = 0 on ∂Ω.

As mentioned before, the central idea of the MsFEM is to incorpo-
rate fine-scale details of the physical properties into basis functions
on a coarse mesh. We will therefore reuse the fine mesh Th from
Section 3.2 and the coarse mesh TH from Section 5.1.

Based on the two computational meshes we introduce two discrete
function spaces WH and Wh:

WH = {v ∈ C0(Ω)|v|E ∈ P1(E) ∀E ∈ TH},
Wh = {v ∈ C0(Ω)|v|e ∈ P1(e) ∀e ∈ Th},

where P1(ω) denotes the space of polynomials of maximum order
one on the set ω ⊂ Ω.
Finally, following the introduction of the MsFEM in [43] and [41]

we introduce multiscale basis functions:

Definition 6.1 (Multiscale Basis Functions and Local Problems).
Given an index i ∈ {1, . . . , dim(WH)} and denoting by {ϕi} the
usual nodal finite element basis of WH , we call the solution Φi ∈ Wh

of
∫

E

λ(x)κ(x)∇Φi(x) · ∇ψh(x) dx = 0 ∀ψh ∈ Wh ∩H1
0 (E),

Φi(x) = ϕi(x) on ∂E

(6.1.2)

for all E ∈ TH multiscale basis function. The problem (6.1.2) will
also be referred to as local problem in the sequel.

Given the multiscale basis Φ with

Φ = {Φi|1 ≤ i ≤ |WH |}

we define the MsFEM space

Wms
H = span(Φ) ⊂ Wh.

Now we are ready to define the MsFEM solution to the pressure
equation.
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Definition 6.2 (MsFEM Solution). The MsFEM solution pms
H ∈

Wms
H to Equation (6.1.1) is given by

∫

Ω

λ(x)κ(x)∇pms
H (x) · ∇Ψ(x) dx =

∫

Ω

q1(x)Ψ(x) dx ∀Ψ ∈ Wms
H .

In different works multiple features of the MsFEM method were
investigated. Hou et al. demonstrated that the order of convergence
of the MsFEM coincides with that of the linear finite element method
if the heterogeneities in λ · κ are well-resolved by the fine mesh Th
(see [43] and references therein).

Furthermore, different authors have shown a negative impact of
so-called resonance errors that occur when the fine mesh scale and
the physical scale of the problem are close. For those cases over-
sampling methods were suggested that reduce the influence of the
boundary conditions on the multiscale basis functions, see [28, 41],
for example.

Finally, we point out that an extension of the MsFEM to nonzero
Dirichlet- and general Neumann-boundary-values can be done. In
this case, additional local problems (6.1.2) for the boundary values
need to solved.

6.2 Parallelization Concept

The key idea of our parallelization concept is to reflect the different
layers—coarse and fine—of the MsFEM in the code and to make use
of the independence of the different local problems.

The coarse scale of the problem, represented by a coarse-scale
mesh and a coarse-scale discrete function space, is handed out to
different distributed memory compute nodes via the Message Pass-
ing Interface (MPI), more specifically its abstraction in the dune-grid
interface, see Chapter 7. We do not base the coarse-scale paralleliza-
tion directly on the coarse mesh but on coarse patches.

Definition 6.3 (Coarse Patch). Let TH (see Section 6.1) denote the
coarse mesh of a MsFEM method. We then call any subset of TH
consisting of coarse mesh entities {E|E ∈ TH} a coarse patch.
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Figure 6.1 – Illustration of parallelization concept: Coarse patches
for distributed memory parallelization, fine scale mesh
for basis function computation using shared memory
parallelization.

For an illustration of possible coarse patches see Figure 6.1 where
each of the nine coarse patches consists of 4 coarse mesh elements
and is colorized in a distinct color shade. The construction of these
coarse patches can be handled by the load-balancing in the DUNE
grid-interface: Calling the loadBalance() function on a grid will re-
sult in multiple coarse mesh elements being grouped together and
distributed to a MPI process if the number of MPI processes is
smaller than the number of coarse mesh elements. At the moment
we rely on the automatic load-balancing of the respective coarse
grid implementation as all local problems are assumed to have ap-
proximately the same computational demands. For cases where this
assumption is not valid, in the case of complex coarse meshes, for
example, more evolved algorithms for the generation of the coarse
patches would need to be implemented.
Now, after distributing the computations on the coarse mesh as

described above, the computation of all multiscale basis functions
(see Definition 6.1) on the coarse mesh elements of each coarse patch
needs to be performed. Firstly, the computation of several multi-
scale basis functions can be done in parallel on one compute node.
Secondly, each single computation of a basis function can be par-
allelized. For both parallelizations a shared-memory approach is
advisable as different local problems on one coarse element share
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the same system matrix. Furthermore, in this case, an ideal shared-
memory parallelization is faster than a distributed memory paral-
lelization as the latter suffers from communication overhead and
we assume the equation system for one basis function to fit in the
memory of one compute node. Clearly, the word ideal in this case
includes that locking does not introduce noticeable slowdown.

Another important concept is the so-called virtual grid refinement
layer. Although our formulation of the MsFEM in Section 6.1 as-
sumes the multiscale basis functions to be globally continuous (as
they belong toWh), error estimates for non-conforming formulations
were derived in [29, 45] under certain conditions on the properties
of the coefficients.

Now, if we assume that the multiscale basis functions do not need
to be conforming, there is no need to use restrictions of a function
space on the global fine mesh Th in Equation (6.1.2) but local meshes
and according local discrete function spaces can be used. This frees
us from any limitations introduced by the coarse scale mesh and
we only assume the local meshes used for the computation of the
multiscale basis functions on the coarse cell E ∈ TH to cover the
whole cell E. In other terms: The local problems for a given coarse
mesh element E are now solved on a computational mesh T E

h with
{x ∈ E} ⊂ T E

h .

This way it becomes possible, for example, to use a simple struc-
tured mesh for the local problems in conjunction with an unstruc-
tured mesh on the coarse scale. Apart from efficiency considera-
tions this also has the advantage of smaller memory consumption
for the computation of the multiscale basis functions which can be
paramount on large-scale clusters with very limited per-core mem-
ory.

Remark 6.4. The parallelization concept presented in this section
is not restricted to the MsFEM context. It was demonstrated in [68]
that multiple multiscale methods, such as the VMM, the HMM or the
MsFEM can be cast into the same mathematical abstraction allowing
a unified implementation based on the principles introduced above.
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6.3 Numerical Experiments

In this section we present results for a simple 3D-benchmark for
our multiscale-library dune-multiscale, see Chapter 7. Our model
problem is the stationary heat diffusion equation in Ω = (0, 1)3:
Find pǫ ∈ H1(Ω) such that

−∇ · (κǫ(x)∇pǫ(x)) = f ǫ(x) in Ω,

pǫ(x) = 0 on Γp = {x ∈ ∂Ω |x3 ∈ {0, 1}},
−κǫ(x)∇p(x) · n = 0 on ∂Ω \ Γp,

(6.3.1)

where kǫ, f ǫ are for x = (x1, x2, x3)
⊺ ∈ R

3 given by

kǫ(x) =
1

8π2



2(2 + cos( 2πx1

ǫ ))−1 0 0
0 1 + 1

2 cos(
2πx1

ǫ ) 0
0 0 1


 ,

f ǫ(x) = −∇ · (kǫ(x)∇p̄ǫ(x)) .

Here, the exact solution p̄ǫ is given by

p̄ǫ(x) = sin(2πx1) sin(2πx2) +
ǫ

2
cos(2πx1) sin(2πx2) sin(2π

x1
ǫ
).

The heat diffusion coefficient κǫ shows oscillations on a small scale
defined by ǫ > 0. We will choose ǫ = 0.05. In Figure 6.2 we show
the exact solution p̄ǫ for ǫ = 0.05. In Figure 6.3 the two scales in the
heat-diffusion model problem can be observed: On the coarse scale,
a sinusoidal wave with wavelength one can be seen while on the fine
scale (in the close-up) an oscillation with much shorter wavelength
(ǫ = 0.05) is noticable. For the MsFEM formulation of Equation
(6.3.1) see Section 6.1.
In the following experiments, our focus is on the strong and weak

scaling properties of our implementation. Here the term strong scal-
ing refers to runtime tests where the computational effort for solving
the problem is kept constant while the number of MPI-processes is
increased. The term weak scaling refers to tests where the com-
putational effort is increased by the same factor as the number of
MPI-processes.
In Figure 6.4 we present strong scaling results for our MsFEM im-

plementation using hexahedral meshes on both the fine and coarse
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Figure 6.2 – Computational mesh and exact solution p̄ǫ to Equa-
tion 6.3.1 for ǫ = 0.05: block [0.25, 1]× [0.5, 1]× [0.5, 1]
cut out.
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Figure 6.3 – Exact solution to Equation 6.3.1 for ǫ = 0.05: slice
(using z-normal) and close-up with contour lines.

scale. The coarse-scale mesh TH consists of 32·32·32 = 32768 cubes.
Each coarse mesh element is subdivided into 4096 cubes leading to
134, 217, 728 fine elements in total. Remember though that for the
MsFEM, we never need to set up a fine mesh on the whole do-
main. For this test we do not use oversampling techniques like those
mentioned in Section 6.1. We use a biconjugate gradient stabilized
(BiCGStab) solver for both the computation of the MsFEM basis
functions and for the solution of the coarse-scale problem and we
run the test on the Cheops cluster in Cologne (Intel Xeon Westmere
X5650 CPUs, 2.66 GHz, Hexacore, QDR Infiniband) using 16 to
1024 cores.

We see that most parts of our implementation scale nearly per-
fectly as expected: Assembling and solving the local problems for the
multiscale basis functions does not necessitate any kind of commu-
nication between the different MPI processes and therefore this part
of the code scales perfectly. The coarse right hand side assembly ne-
cessitates only one communication which is negligible compared to
the overall runtime of the assembly. The communication of shared
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Figure 6.4 – Strong scaling for model problem (6.3.1) from 16 to
1024 cores: Scaling factor in wall runtime for different
parts of the MsFEM solver.

degrees of freedom of the global coarse matrix is done during the
coarse solve step. Therefore the coarse matrix assembly also scales
near to perfect. Only the coarse solve step does not show a desirable
strong scaling. This is to be explained by the fact that the coarse
problem size is still fairly small and that the communication over-
head does not pay out at this problem size: With roughly 32000
coarse cells in total, each process solves a subproblem on only 32
cells when computing with all available compute nodes and there-
fore the communication dominates the overall runtime. We expect
this problem to vanish when the size of the coarse grid is increased.

Next, Figure 6.5 shows results from a weak scaling test using the
same setup as above: Again we scale from 16 to 1024 cores on the
Cheops cluster and we do not use oversampling strategies. The local
meshes again consist of 4096 elements but the coarse mesh size is
now adapted to the number of MPI processes: on 16 processes we
use 512 coarse elements and this size is doubled in each step such
that we use 32768 elements on 1024 processes.

Again we see that most parts of our MsFEM solver show good scal-
ing, only the coarse solver shows a tendency to higher runtimes with
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Figure 6.5 – Weak scaling for model problem (6.3.1) from 16 to
1024 cores: Wall runtime in seconds for different parts
of the MsFEM solver.

increasing numbers of processes for the reasons explained above. Re-
member that, as this is a weak scaling test, the runtimes for all MPI
configurations should ideally be the same.

Most importantly, the assembly and solve of the local problems,
which obviously accounts for most of the overall runtime, shows
near-ideal behavior.

Finally, we plot the distribution of the overall runtime among the
different parts of our implementation using the mesh configuration
of the strong scaling test on 16, 128 and 1024 cores in Figure 6.6.

As reasoned above, the percentage of runtime spent in the coarse
solver increases with increasing number of MPI processes due to
increased communication overhead while the time needed for assem-
bling the coarse system stays roughly the same. Nevertheless, the
most important result drawn from Figure 6.6 is that the assembly
and solution of the local problems accounts for the vast majority of
the overall runtime. As this part of the code was shown to be scaling
(nearly) perfectly above, we believe that the good overall strong and
weak scaling for the MsFEM shown up to 1024 cores will continue
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Figure 6.6 – Wall time distribution among different parts of the
MsFEM solver on 16, 128 and 1024 cores.

on bigger clusters.

6.4 Summary and Outlook

We introduced the multiscale finite element method which can be
used to render the offline phase of the localized reduced basis multi-
scale method even more efficient by replacing the high-dimensional
DG discretization. We introduced a general parallelization concept
that does not only apply to the MsFEM but to a general abstraction
of multiscale methods.

In numerical tests we were able to demonstrate good scaling of
our implementation of this parallelization concept on a mid-sized
cluster.

In the next step, the coupling between LRBMS and MsFEM could
be addressed and scaling tests on higher numbers of cores should be
done.
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Chapter 7
Software Concepts

In this chapter we shortly outline some of the principal design con-
cepts of our implementations of the reduced basis method (dune-rb)
and the multiscale finite element method (dune-multiscale). Both
implementations are based on the Distributed and Unified Numerics
Environment (DUNE) [9, 21, 19]. DUNE is a modular C++ frame-
work providing interfaces to and implementations of computational
meshes (dune-grid), iterative solvers (dune-istl) and two implemen-
tations of commonly used discretizations for partial differential equa-
tions (dune-fem and dune-pdelab).

In Section 7.1 we give some details on the implementation of re-
duced basis methods that was used to produce all RB-related results
in this work. In Section 7.2 we give some pointers to our implemen-
tation of the parallelization concept for the multiscale finite element
method as introduced in Chapter 6. We conclude this chapter with
a short summary and outlook in Section 7.3.
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7.1 The dune-rb Module

The dune-rb module1 is a joint effort by M. Drohmann, F. Schindler
and the author of this document of implementing reduced basis
methods within the DUNE framework. It provides small and clean
interfaces for all parts of RB methods as well as implementations
for the most commonly used methods.

The module was designed with a focus on modularity, enabling
the user to implement only parts being particular to his individual
approach and reusing others. One example could be a situation
where a user wants to implement his own basis generation algorithm
but reuse the shipped reduced basis space implementation.

Our interfaces and the implementation are directly based on linear
algebra quantities as opposed to the usage of special discrete function
spaces as in the dune-fem module. This way we try to introduce as
little overhead as possible.

Furthermore, our software strictly separates the two computa-
tional phases of RB methods (offline- and online-phase) in the code.

In the following paragraphs we will shortly outline the most im-
portant parts of our implementation.

7.1.1 Linear Algebra

One important concept of reduced basis methods that is not rep-
resented in the standard linear algebra in DUNE is the separable
parametric tensors from Equation (2.3.2). In Listing 7.1 we present
our interface for the so-called separable parametric container. It
provides the method setSymbolicCoefficients to set the coefficients
ΘqB/L(µ) via a vector of strings which contain the analytical co-

efficient functions depending on the argument variable which de-
faults to mu. Now, after the components Aq

N / b
q
N were set via the

component method, the complete tensors can be retrieved via the
complete method, which, for a given parameter param, performs the
sum (2.3.2).

In addition to the interface from Listing 7.1, implementations
for dense matrices and vectors and sparse matrices exist using the

1http://users.dune-project.org/repositories/projects/dune-rb-dev.git
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Eigen2 linear algebra package.

7.1.2 Reduced Basis Space

The reduced basis space from Definition 2.4 is represented via the
interface shown in Listing 7.2. We provide means to set and get
the basis vectors of the RB space via the methods setDofVector

and getDofVector and methods to set and get the whole basis via
setDofMatrix and getDofMatrix. Furthermore, new single basis vec-
tors can be added via addDofVector and a set of new basis vectors
can be added via addDofMatrix. For the methods operating on whole
sets of basis vectors, the single vectors are assumed to be collected
as the columns of a matrix. Finally, the reduced basis space can be
saved to and loaded from disk via the save and load methods.
At the moment, dune-rb ships an implementation of the RB space

suitable for the LRBMS method with arbitrary numbers of coarse
grid elements.

7.1.3 Generators

One of the key concepts of dune-rb is the separation of generators
and connectors. Generators are used to produce and process high-
dimensional data during the offline phase while connectors are a
result of the offline phase, process only reduced-dimensional data
and are used during the online phase.
Examples for generators are the reduced solver generator which

performs the Galerkin projection (2.3.1) and yields a reduced equa-
tion system used during the online phase or the reduced basis gen-
erator which performs a basis construction algorithm and yields the
reduced basis.
Listing 7.3 shows the interface for the reduced basis generator.

The reduced basis can be initialized via the init method and the
main basis extension loop is started using the generate method
which takes the training set paramSample as argument. Additional
arguments saveStep and savePath can be passed to the algorithm in
order to back up intermediate data in regular intervals such that the
computation can be resumed after a premature exit.

2http://eigen.tuxfamily.org
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Listing 7.1 – Interface for separable parametric matrix and vector from
Equation 2.3.2 (excerpt)

#include <dune/ rb/parameter / func t i on . hh>

namespace Dune { namespace RB {
namespace LA { namespace SeparableParametric {
namespace Container {
template< typename ComponentImp ,

typename ComponentsVectorImp ,
typename CoefficientsVectorImp ,
typename ParameterImp >

class Interface {
public :

typedef ComponentImp ComponentType ;
typedef ComponentsVectorImp ComponentsVectorType ;
typedef ComponentType CompleteType ;
typedef Parameter : : Function<double , 50 , double , 50>

ParameterFunctionType ;
typedef ParameterImp ParameterType ;

virtual ComponentType& component ( const int q ) = 0 ;
virtual int numComponents ( ) const = 0 ;
virtual bool

hasParameterindependentPart ( ) const = 0 ;
virtual ComponentType&
parameterindependentPart ( ) = 0 ;

virtual const CompleteType&
complete ( const ParameterType& param ) const = 0 ;

virtual void setSymbolicCoefficients (
std : : vector<std : : string> symbolicCoefficients ,
const std : : string variable = "mu" ) = 0 ;

virtual const std : : string getVariable ( ) const = 0 ;

virtual bool

save ( const std : : string& path ) const = 0 ;
virtual bool load ( const std : : string& path ) = 0 ;

} ; }}}}}
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Listing 7.2 – Interface for the reduced basis space XN from (2.4) (ex-
cerpt)

namespace Dune {
namespace RB {
namespace Offline {
namespace Space {

template< class Traits >

class Interface

{
public :

typedef typename Traits : : DofMatrixType
DofMatrixType ;
typedef typename Traits : : DofVectorType
DofVectorType ;

virtual bool

save ( const std : : string& path ) const = 0 ;
virtual bool

load ( const std : : string& path ) = 0 ;

virtual const int size ( ) const = 0 ;

virtual const DofMatrixType&
getDofMatrix ( ) const = 0 ;
virtual const DofVectorType&
getDofVector ( const int i ) const = 0 ;

virtual void

setDofMatrix ( const DofMatrixType& dofMatrix ) = 0 ;
virtual void

setDofVector ( const int i ,
const DofVectorType& dofVector ) = 0 ;

virtual void

addDofMatrix ( const DofMatrixType& dofMatrix ) = 0 ;
virtual void

addDofVector ( const DofVectorType& dofVector ) = 0 ;
} ; }}}}
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Listing 7.3 – Interface for the reduced basis generator (excerpt)

namespace Dune { namespace RB { namespace Offline {
namespace Generator { namespace ReducedBasis {
class Interface

{
typedef RBTraits : : ParameterType ParameterType ;
typedef RBTraits : : ParameterSampleType

ParameterSampleType ;

virtual void init ( const ParameterType& param ) = 0 ;

virtual void

generate ( ParameterSampleType& paramSample ,
const int saveStep = −1,
const std : : string savePath = "" ) = 0 ;

virtual bool

save ( const std : : string& savePath ) const = 0 ;
} ; }}}}}

7.1.4 Connectors

As described above, connectors are classes only processing reduced-
dimensional data (with the exception of the high-dimensional solver
connector, see below) Instances of these classes are used to carry out
the reduced-dimensional simulation and error estimation during the
online phase.

One example is the estimator connector which is shown in Listing
7.4. The estimator connector provides methods for the initializa-
tion and update of its data. These methods could, for example, be
used to pass and update the matrix G from Equation (2.5.2) to the
connector. The method estimate could then perform the evalua-
tion (2.5.3) for the given parameter mu and reduced solution vector.
Finally, save and load methods can be used to save and load the
respective data.

dune-rb ships an implementation of the residual estimator de-
scribed in Section 2.5 and an estimator computing the exact error
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Listing 7.4 – Interface for the estimator connector (excerpt)

namespace Dune { namespace RB {
namespace Reduced { namespace Estimator {
namespace Connector {
template< class DofVectorImp , class ParameterImp >

class Interface

{
public :

typedef DofVectorImp DofVectorType ;
typedef ParameterImp ParameterType ;

virtual void init ( ) = 0 ;
virtual void update ( ) = 0 ;

virtual double

estimate ( const ParameterType& mu ,
const DofVectorType& vector ) = 0 ;

virtual bool

save ( const std : : string& path ) const = 0 ;
virtual bool

load ( const std : : string& path ) = 0 ;

} ; }}}}}
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Listing 7.5 – Interface for the detailed solver connector (excerpt)

namespace Dune { namespace RB { namespace Detailed {
namespace Solver { namespace Connector {
class Interface

{
public :

virtual const ModelType& model ( ) const = 0 ;

virtual void init ( ) = 0 ;

virtual const MatrixType&
getSystemMatrix ( ) const = 0 ;
virtual const VectorType&
getRightHandSide ( ) const = 0 ;

virtual void

visualize ( const DofVectorType& vector ) const = 0 ;

virtual bool

solve ( const ParameterType& param ,
DofVectorType& solution ) = 0 ;

virtual const MapperType& mapper ( ) const = 0 ;
} ; }}}}}

to the respective high-dimensional solution.

7.1.5 Link to High-Dimensional Solver

The algorithm for the computation of high-dimensional snapshots is
supposed to be provided by the user. As a means to this end, dune-
rb provides an interface which allows for easy, non-intrusive cou-
pling of user code. Listing 7.5 shows the interface for the so-called
detailed solver connector. The detailed solver connector stores in-
formation about the underlying model class. A call to the init

method could, for example assemble the underlying equation system
using the model. Calls to the getSystemMatrix and getRightHandSide

methods return the affinely decomposed system matrix and right
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hand side for the high-dimensional equation (see Definition 2.3),
both using the separable parametric container interface introduced
above. The visualize method can be used to visualize a high-
dimensional solution computed using the solve method for a given
parameter param. Finally, the mapper method returns a class provid-
ing mappings from a grid-cell-local numbering of the degrees of free-
dom of the discrete function space to a global numbering. Currently
we assume this mapping to be provided by the dune-fem module
[21].

7.1.6 Miscellaneous

A couple of different, smaller concepts and helper classes are needed
to perform the simulations presented in this thesis. For the sake of
completeness we list them here without providing details on their
implementation.

For the implementation of the LRBMS, a pseudo grid implementa-
tion for the definition of the coarse grid together with an appropriate
parser for grid configuration files was developed. Also, the localiza-
tion of high-dimensional solutions to the elements of this coarse grid
was implemented. Finally, the principal component analysis was
implemented for general data sets given via of matrix of column-
vectors.

For the realization of the online greedy basis construction method
from Chapter 4, a dictionary class was introduced and the above-
named generators and connectors (dictionary generator, estimator
generator, reduced solver generator and respective connectors) were
specialized for the dictionary context.

7.2 The dune-multiscale Module

The dune-multiscale software package3 was initiated by P. Henning
as a serial implementation of the MsFEM on triangular meshes.
Recently, in the context of the EXA-DUNE project, founded by the
german science foundation under the contract number OH 98/5-

3https://github.com/wwu-numerik/DUNE-Multiscale
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1, the code base was nearly completely renewed to implement the
parallelization concept from Chapter 6.

Here, we shortly summarize the state of the art in dune-multiscale
as of June 2014 [64]. So far we implemented the virtual grid refine-
ment layer and the distributed-memory parallelization part of the
above-named concept, the shared-memory parallelization is under
current development. The course of action is as follows:

1. Generate a coarse grid using the dune-grid module

2. load-balance the grid to the given number of MPI processes
using the abstraction of the MPI routines in the dune-grid
interface

3. On every MPI-rank, given a coarse patch S ⊂ TH
a) For every E ∈ S

i. Generate a local structured mesh T E
h covering E:

{x ∈ E} ⊂ T E
h

ii. Solve the local problems (Definition 6.1) on E for all
nodal finite element basis functions ϕi with nonzero
support in E: supp(ϕi) ∩ E 6= ∅

iii. Assemble the contribution of entity E to the coarse-
scale system (see Definition 6.2)

b) Solve the coarse scale system

Currently, our implementation can handle rectangular meshes in two
and three spatial dimensions and arbitrary Neumann- and Dirichlet-
boundary values. Further, a simple oversampling technique is pro-
vided where the computational domain for the local problems is
enlarged by a given number of fine cells and the solutions (i.e. the
multiscale basis functions) are then restricted to the original domain,
see Figure 7.1 for an illustration.

7.3 Summary and Outlook

We introduced our implementation of the reduced basis method
dune-rb. We presented some of the key classes and concepts which
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Figure 7.1 – Illustration of a simple oversampling technique: The
MsFEM basis functions for the center coarse mesh el-
ement are computed in the enlarged area marked in
light gray and then are restricted to the dark area
again.

aim at separating the computations of the offline and online phase
of the method in our code and at providing easy exchangeability
of certain parts like the basis construction algorithm, estimators or
others.
Furthermore we introduced our software package dune-multiscale

which is based on the general parallelization concept introduced in
Chapter 6. Currently, dune-multiscale implements the distributed-
memory part of this concept. Shared-memory parallelization is un-
der active development and will be available in the near future.
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Chapter 8
Conclusion and Outlook

In this thesis we introduced and investigated several schemes that
allow for efficient simulations of multiscale problems. As a means to
this end we first introduced a novel basis construction algorithm for
reduced basis methods: Based on a dictionary of basis vector candi-
dates that is constructed during the offline phase, we perform a full
greedy algorithm during the online phase to construct a parameter-
fit reduced basis. We demonstrated that the necessary computations
during the online phase can be vectorized and therefore performed
efficiently. We applied this approach to a stationary heat diffusion
problem in three spatial dimensions and observed good performance
of our algorithm in terms of runtimes for small deviations from the
training parameters. Furthermore our method provides at least iden-
tical approximation quality as a comparable reduced basis computed
with a conventional basis construction algorithm. In future contri-
butions to this topic, the question of sensible dictionary construction
should be investigated.

In a second step we introduced a novel basis construction algo-
rithm for reduced basis methods that is based on ideas from mul-
tiscale methods: In addition to the (fine) mesh which is used for
the detailed computations, a second (coarser) computational mesh
is introduced. Based on this coarse mesh, localized reduced bases
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8 Conclusion and Outlook

are constructed and a global reduced formulation, the localized re-
duced basis multiscale method (LRBMS), based on a discontinuous
Galerkin discretization, is defined. We first applied this technique
to stationary heat-diffusion problems with heterogeneous diffusion
coefficients and demonstrated that we are able to displace workload
between the offline and online phase by changing the size of the
coarse mesh. Next, we introduced a parameterized formulation of
two-phase flow in porous media in which the parameter couples the
equations for the saturation and the pressure. We used the LRBMS
to introduce model order reduction for the pressure equation and
were able to demonstrate good runtime reduction of the overall two-
phase flow simulation at notable but acceptable error increase for
saturation and pressure when compared to a full high-dimensional
two-phase flow simulation. Our scheme is not mass-conservative on
the fine mesh. As this may limit the applicability of the approach,
future work could investigate possible strategies to ensure mass con-
servation.

Next we introduced the multiscale finite element method (Ms-
FEM). The MsFEM is a technique for efficient simulation of multi-
scale problems and could be used to render the offline phase of the
LRBMS more cost-efficient for large-scale problems. We presented
a parallelization concept that aims at massively parallel simulations
for multiscale methods such as the MsFEM. It was motivated that
multiscale methods promise good scalability even to exa-scale ar-
chitectures since the biggest parts of the overall workload can be
done in parallel without any communication. This was supported
by our scaling tests run on a mid-sized cluster. In these tests we
saw nearly perfect scaling for all costly parts of the multiscale finite
element method. Future work in this direction should include the
implementation of missing parts of the parallelization concept and
tests with higher numbers of cores.

Finally we presented our software framework dune-rb which pro-
vides interfaces for all parts needed for a reduced basis simulation
and ships implementations for the most commonly used ones and
the current state of our implementation of the aforementioned par-
allelization concept for multiscale methods.

152



Bibliography

[1] J. E. Aarnes, S. Krogstad, and K.-A. Lie. Multiscale
mixed/mimetic methods on corner-point grids. Computational
Geosciences, 12(3):297–315, Jan. 2008.

[2] F. Albrecht, B. Haasdonk, S. Kaulmann, and M. Ohlberger.
The localized reduced basis multiscale method. In
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