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Summary

In this thesis, we are concerned with adiabatic theory for general � typically dissipa-
tive � linear operators and with the well-posedness of non-autonomous linear evolution
equations. Well-posedness theory, at least to some extent, is a necessary preliminary to
adiabatic theory.

In the well-posedness part of this thesis, we �rst consider the case of operators A(t) :
D(A(t)) ⊂ X → X with time-independent domains D(A(t)) = D in a Banach space
X. We show that the quite involved regularity conditions of a well-posedness theorem
by Yosida for contraction semigroup generators A(t) : D ⊂ X → X are equivalent
to the simple condition that t 7→ A(t) be strongly continuously di�erentiable, which is
known to be su�cient for well-posedness already by a well-known theorem of Kato. We
also generalize another, less known, well-posedness theorem of Kato for skew self-adjoint
operators A(t) with time-independent domain D to quasicontraction group generators
A(t) : D ⊂ X → X with time-independent domain D in a uniformly convex space X:
for such operators well-posedness already follows if t 7→ A(t) is only continuous and
of bounded variation. And �nally, we construct simple examples with group genera-
tors A(t) = A0 + B(t) showing that the assumptions of the above theorems cannot be
weakened too much or even dropped.

We then proceed to the case of operators A(t) : D(A(t)) ⊂ X → X with generally
time-dependent domains D(A(t)) in a Banach space X. We prove the well-posedness
of non-autonomous linear evolution equations for generators A(t) whose pairwise com-
mutators are complex scalars and, in addition, we establish an explicit representation
formula for the evolution. We also prove well-posedness in the more general case where
instead of the 1-fold commutators only the p-fold commutators of the operators A(t) are
complex scalars. All these results are furnished with rather mild stability and regularity
assumptions: indeed, stability in the base space X and strong continuity conditions are
su�cient. Applications include Segal �eld operators and Schrödinger operators for par-
ticles in external electric �elds. Additionally, we improve a well-posedness result of Kato
for group generators A(t) with time-dependent domains by showing that the original
norm continuity condition can be relaxed to strong continuity.

In the adiabatic theory part of this thesis, we establish adiabatic theorems with and
without spectral gap condition for general operators A(t) : D(A(t)) ⊂ X → X with pos-
sibly time-dependent domains D(A(t)) in a Banach space X. We �rst prove adiabatic
theorems with uniform and non-uniform spectral gap condition � including a slightly
extended adiabatic theorem of higher order. In these theorems, the considered spectral
subsets σ(t) have only to be compact � in particular, they need not consist of eigen-
values, let alone semisimple eigenvalues. We then establish adiabatic theorems without
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spectral gap condition for not necessarily (weakly) semisimple eigenvalues. In essence,
it is only required there that the considered spectral subsets σ(t) = {λ(t)} consist of
eigenvalues λ(t) ∈ ∂σ(A(t)) and that there exist projections P (t) reducing A(t) such
that A(t)|P (t)D(A(t)) − λ(t) is nilpotent and A(t)|(1−P (t))D(A(t)) − λ(t) is injective with
dense range in (1− P (t))X for almost every t and such that a certain reduced resolvent
estimate is satis�ed. We show that spectral operators A(t) that in a punctured neigh-
borhood of λ(t) are of scalar type provide a general class of examples for the adiabatic
theorems without spectral gap. In all these theorems, the regularity conditions imposed
on t 7→ A(t), σ(t), P (t) are fairly mild. With the help of numerous examples, we explore
the strength of the presented adiabatic theorems.

We apply our adiabatic theorems for general dissipative operators with time-independent
domains to generators of certain neutron transport semigroups describing the transport
of neutrons in an in�nite slab and to not necessarily dephasing generators of quantum
dynamical semigroups describing the evolution of open quantum systems. Also, we apply
our general adiabatic theorems for operators with time-dependent domains to obtain �
in a very simple way � adiabatic theorems for skew self-adjoint operators A(t) de�ned
by symmetric sesquilinear forms a(t).

And �nally, we use the adiabatic theorem for skew self-adjoint operators without spec-
tral gap condition, in a version for several eigenvalues λ1(t), . . . , λr(t), to study adiabatic
switching procedures: we extend the well-known Gell-Mann and Low theorem, which
relates the eigenstates of a perturbed system to the ones of the unperturbed system, to
the case of eigenstates belonging to non-isolated eigenvalues.
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Zusammenfassung

In dieser Arbeit beschäftigen wir uns mit Adiabatentheorie für allgemeine � typischer-
weise dissipative � lineare Abbildungen und mit der Wohlgestelltheit nichtautonomer
linearer Evolutionsgleichungen. Wohlgestelltheitstheorie ist, zumindest zu einem gewis-
sen Grad, eine notwendige Vorbereitung für die Adiabatentheorie.

Im Wohlgestelltheitsteil dieser Arbeit betrachten wir zunächst den Fall von linearen
Abbildungen A(t) : D(A(t)) ⊂ X → X mit zeitunabhängigen domains D(A(t)) = D
in einem Banachraum X. Wir zeigen, dass die einigermaÿen verwickelten Regular-
itätsbedingungen eines Wohlgestelltheitssatzes von Yosida für Kontraktionshalbgruppen-
erzeuger A(t) : D ⊂ X → X äquivalent sind zur einfachen Bedingung, dass t 7→ A(t)
stark stetig di�erenzierbar ist, die bekanntermaÿen hinreichend für die Wohlgestelltheit
ist schon aufgrund eines wohlbekannten Satzes von Kato. Wir verallgemeinern auÿer-
dem einen weniger bekannten Wohlgestelltheitssatz von Kato für schiefselbstadjungierte
Operatoren A(t) mit zeitunabhängigem domain D auf Quasikontraktionshalbgruppen-
erzeuger A(t) : D ⊂ X → X in einem gleichmäÿig konvexen Raum X: für solche
Operatoren folgt Wohlgestelltheit schon, wenn t 7→ A(t) nur stetig und von beschränkter
Variation ist. Und schlieÿlich konstruieren wir einfache Beispiele mit Gruppenerzeugern
A(t) = A0 +B(t), die zeigen, dass die Voraussetzungen der ogiben Sätze nicht allzu sehr
abgeschwächt oder gar weggelassen werden können.

Wir gehen dann über zum Fall von linearen Abbildungen A(t) : D(A(t)) ⊂ X → X mit
im allgemeinen zeitabhängigen domainsD(A(t)) in einem BanachraumX. Wir zeigen die
Wohlgestelltheit nichtautonomer Evolutionsgleichungen für Erzeuger A(t), deren paar-
weise Kommutatoren komplexe Skalare sind und darüberhinaus beweisen wir eine ex-
plizite Darstellungsformel für die Zeitentwicklung. Wir zeigen Wohlgestelltheit auch in
dem allgemeineren Fall, wo statt der 1-fachen Kommutatoren nur die p-fachen Kom-
mutatoren der Operatoren A(t) komplexe Skalare sind. All diese Sätze zeichnen sich
durch ziemlich schwache Stabilitäts- und Regularitätsbedingungen aus: Stabilität im
Ausgangsraum X und starke Stetigkeitsbedingungen genügen. Angewandt werden diese
Sätze unter anderem auf Segalfeldoperatoren und Schrödingeroperatoren für Teilchen in
einem äuÿeren elektrischen Feld. Auÿerdem verbessern wir einen Wohlgestelltheitssatz
von Kato für Gruppenerzeuger A(t) mit zeitabhängigen domains, indem wir zeigen,
dass die ursprüngliche Norm-Stetigkeitsbedingung abgeschwächt werden kann zu starker
Stetigkeit.

Im Adiabatenteil dieser Arbeit beweisen wir Adiabatensätze mit und ohne Spektral-
lückenbedingung für allgemeine lineare Abbildungen A(t) : D(A(t)) ⊂ X → X mit
möglicherweise zeitabhängigen domains D(A(t)) in einem Banachraum X. Wir zeigen
zunächst Adiabatensätze mit gleichmäÿiger und nichtgleichmäÿiger Spektrallückenbedin-
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gung � einschlieÿlich eines leicht verallgemeinerten Adiabatensatzes höherer Ordnung. In
diesen Sätzen müssen die betrachteten spektralen Untermengen σ(t) nur kompakt sein �
insbesondere brauchen sie nicht aus Eigenwerten, geschweige denn halbeinfachen Eigen-
werten, zu bestehen. Anschlieÿend beweisen wir Adiabatensätze ohne Spektrallückenbe-
dingung für nicht notwendig (schwach) halbeinfache Eigenwerte. Im wesentlichen wird
dort nur verlangt, dass die betrachteten spektralen Untermengen σ(t) = {λ(t)} aus
Eigenwerten λ(t) ∈ ∂σ(A(t)) bestehen und dass A(t) reduzierende Projektionen P (t) ex-
istieren so, dass A(t)|P (t)D(A(t))−λ(t) nilpotent ist und A(t)|(1−P (t))D(A(t))−λ(t) injektiv
ist mit dichtem Bild in (1−P (t))X für fast alle t und so, dass eine gewisse Abschätzung
an die reduzierte Resolvente erfüllt ist. Wir zeigen, dass Spektraloperatoren, die in einer
punktierten Umgebung von λ(t) vom skalaren Typ sind, eine allgemeine Beispielklasse
für die Adiabatensätze ohne Spektrallückenbedingung abgeben. In all diesen Sätzen sind
die Regularitätsbedingungen an t 7→ A(t), σ(t), P (t) recht schwach. Anhand zahlreicher
Beispiele loten wir die Stärke der vorgestellten Adiabatensätze aus.

Wir wenden unsere Adiabatensätze für allgemeine dissipative Operatoren mit zeitun-
abhängigen domains an auf Erzeuger gewisser Neutronentransporthalbgruppen, die den
Neutronentransport in einer unendlich ausgedehnten Platte beschreiben, und auf nicht
notwendig dephasierende Erzeuger quantendynamischer Halbgruppen, die die Dynamik
o�ener Quantensysteme beschreiben. Auÿerdem wenden wir unsere allgemeinen Adia-
batensätze für Operatoren mit zeitabhängigen domains an um � in sehr einfacher Weise �
Adiabatensätze für schiefselbstadjungierte Operatoren zu erhalten, die über symmetrische
Sesquilinearformen a(t) de�niert sind.

Schlieÿlich benutzen wir den Adiabatensatz für schiefselbstadjungierte Operatoren
ohne Spektrallückenbedingung, in einer Version für mehrere Eigenwerte λ1(t), . . . , λr(t),
um adiabatische Anschaltvorgänge zu untersuchen: und zwar verallgemeinern wir den
wohlbekannten Satz von Gell-Mann und Low, der die Eigenzustände eines gestörten Sys-
tems in Zusammenhang bringt mit denjenigen des ungestörten Systems, auf den Fall von
Eigenzuständen, die zu nichtisolierten Eigenwerten gehören.
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1 Introduction

In this thesis, we will be concerned with adiabatic theory for general � typically dissipa-
tive � linear operators and with the well-posedness of non-autonomous linear evolution
equations. Well-posedness theory, at least to some extent, is a necessary preliminary to
adiabatic theory.

1.1 Well-posedness theory

Well-posedness theory for non-autonomous linear evolution equations is concerned with
evolution equations (initial value problems)

x′ = A(t)x (t ∈ [s, 1]) and x(s) = y (1.1)

for densely de�ned linear operators A(t) : D(A(t)) ⊂ X → X (t ∈ [0, 1]) in a Banach
space X and initial values y ∈ D(A(s)) at initial times s ∈ [0, 1). Well-posedness of such
evolution equations means something like unique (classical) solvability with continuous
dependence of the initial data. When describing the time evolution of physical systems by
means of (1.1), the well-posedness of (1.1) is of fundamental importance: for it guarantees
that the uniquely existing solutions to (1.1) do not depend critically on the inaccuracies
concomitant with the measurement of the initial state y and the initial time s.

In mathematically precise terms, well-posedness of (1.1) on the spaces D(A(t)) means
the unique existence of a solving evolution system for A on (the spaces) D(A(t)) or, for
short, an evolution system for A on D(A(t)). Such an evolution system for A on D(A(t))
is de�ned to be a family U of bounded operators U(t, s) in X for (s, t) ∈ ∆ := {(s, t) ∈
[0, 1]2 : s ≤ t} such that, for every s ∈ [0, 1) and y ∈ D(A(s)), the map

[s, 1] 3 t 7→ U(t, s)y (1.2)

is a continuously di�erentiable solution to the initial value problem (1.1), and such that
U(t, s)U(s, r) = U(t, r) for all (r, s), (s, t) ∈ ∆ and ∆ 3 (s, t) 7→ U(t, s)x is continuous
for all x ∈ X.

A lot of work has been devoted to �nding su�cient conditions for the well-posedness
of evolution equations such as (1.1) and we will discuss some important milestones later
on, after the necessary � relatively technical � terminology has been provided. In this
introductory chapter we con�ne ourselves to recalling two of the very �rst general well-
posedness theorems, which are both contained in Kato's seminal paper [62] from 1953.
In the �rst theorem, general contraction semigroup generators A(t) : D ⊂ X → X with
time-independent domain D in a Banach space X are considered and the well-posedness

11



of (1.1) on D is established under the assumption that t 7→ A(t)y be continuously
di�erentiable for every y ∈ D. In the second � less well-known � theorem, skew self-
adjoint operators A(t) : D ⊂ H → H, that is, operators of the form i times a self-adjoint
operator, with time-independent domain D in a Hilbert space H are considered. It
is shown that in this special case, the well-posedness of (1.1) on D already follows if
t 7→ A(t) ∈ L(D,H) is only continuous and of bounded variation, where D is endowed
with the graph norm of A(0).

1.2 Adiabatic theory: setting and basic question

Adiabatic theory � in the form used and developed in this thesis � has its roots in quantum
mechanics. It is concerned with slowly time-dependent systems described by evolution
equations

x′ = A(εs)x (s ∈ [0, 1/ε]) and x(0) = y (1.3)

with linear operators A(t) : D(A(t)) ⊂ X → X for t ∈ [0, 1] and some (small) slowness
parameter ε ∈ (0,∞). Smaller and smaller values of ε mean that A(εs) depends more
and more slowly on time s or, in other words, that the typical time where A(ε . ) varies
appreciably gets larger and larger. What adiabatic theory is interested in is how certain
distinguished solutions to (1.3) behave in the singular limit where the slowness parameter
ε tends to 0. In this context, it is often convenient to rescale time and consider the rescaled
equivalent of (1.3), namely

x′ =
1

ε
A(t)x (t ∈ [0, 1]) and x(0) = y. (1.4)

As might be known to the reader, there are adiabatic theorems also in classical me-
chanics which, however, do not �t into the quantum-mechanically motivated � linear
operator � framework just described. See [83], for instance. In this thesis, we will not
enter the classical mechanics branch of adiabatic theory. We will also not go into the
so-called space-adiabatic theory here and we refer to [132] which is the standard reference
in this context. In contradistinction to space-adiabatic theory, adiabatic theory in the
framework above is sometimes called time-adiabatic theory.

We now proceed to describe adiabatic theory in more speci�c terms and, in particular,
formulate the setting and basic question of adiabatic theory in a mathematically precise
manner. We do this �rst in the simpler and traditional case where the operators A(t)
are skew self-adjoint (typically, i times a Schrödinger operator) and then in the generally
more complicated case where the A(t) are general operators. In applications, the latter
will typically be contraction semigroup generators or, in other words, densely de�ned
dissipative operators having dense range (after translation).

1.2.1 Adiabatic theory for skew self-adjoint operators

Adiabatic theory for skew self-adjoint operators dates back to the early days of quantum
mechanics. In rigorous form, it emerged in the paper [16], which sparked an extensive
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research activity �rst in physics and then � with some time lag � also in mathematics.

A typical application of adiabatic theory for skew self-adjoint operators is to switching
procedures, where external perturbations (for example, an electric or magnetic �eld) are
switched on in�nitely slowly. Such switching procedures are desribed by operators

A(t) = A0 + κ(t)V (1.5)

with a smooth switching function κ : [0, 1] → [0, 1] satisfying κ(0) = 0 (perturbation
completely switched o� at time t = 0) and κ(1) = 1 (perturbation completely switched
on at time t = 1). Considering the singular limit ε↘ 0 in (1.3) corresponds to switching
on the perturbation in�nitely slowly. Another typical application of adiabatic theory is
to (approximate) molecular dynamics, but we will not go into this subject here. See,
for instance, [88] for the time-adiabatic approach going back to Born and Oppenheimer
and [132] for the space-adiabatic approach to molecular dynamics.

In a nutshell, the setting and basic question of adiabatic theory for skew self-adjoint
operators can be described as follows: one assumes that

• A(t) : D(A(t)) ⊂ H → H is skew self-adjoint in a Hilbert space H over C for every
t ∈ [0, 1] and the initial value problems

x′ =
1

ε
A(t)x (t ∈ [t0, 1]) and x(t0) = y (1.6)

with initial values y ∈ D(A(t0)) at initial times t0 ∈ [0, 1) are well-posed on the
spaces D(A(t)) for every value of the slowness parameter ε ∈ (0,∞),

• λ(t) is an eigenvalue of A(t) for every t ∈ [0, 1].

In this setting, one then wants to know the following: when � under which additional
conditions on A and λ � does the evolution Uε generated by (1.6) approximately follow
the eigenspaces of A(t) for λ(t) as the slowness parameter ε tends to 0? With the help
of the spectral measure PA(t) of A(t) and the spectral projection

P (t) = PA(t)({λ(t)}) (1.7)

of A(t) onto {λ(t)}, this basic question of adiabatic theory can be formulated more
precisely and concisely as follows: under which conditions is it true that

(1− P (t))Uε(t, 0)P (0) −→ 0 (ε↘ 0) (1.8)

with respect to a certain operator topology for all t ∈ [0, 1]? According to the probabilistic
interpretation of quantum mechanics, if y = P (0)y is a (normed) eigenstate of A(0)
with corresponding eigenvalue λ(0), then the quantity ‖(1− P (t))Uε(t, 0)P (0)y‖2 is the
probability for a transition from P (0)H = PA(0)({λ(0)})H = ker(A(0) − λ(0)) to (1 −
P (t))H = PA(t)(σ(A(t)) \ {λ(t)})H = ran(A(t)− λ(t)) under the e�ect of the evolution
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Uε(t, 0). A bit more precisely, if y = P (0)y is as before and xε = Uε( . , 0)y is the solution
to (1.6) with t0 = 0, then

‖(1− P (t))Uε(t, 0)P (0)y‖2 = P
A(t)
xε(t),xε(t)

(σ(A(t)) \ {λ(t)}) (1.9)

is the probability of not obtaining the value λ(t) upon measuring A(t) in the evolved
state xε(t). (In this probabilistic context, it is to be noted that ‖xε(t)‖ = ‖xε(0)‖ = 1
for all t by the skew symmetry of the operators A(t).) So, strong convergence in (1.8)
means precisely that the probability (1.9) of transitions vanishes in the limit ε↘ 0.

Sometimes, it is desirable to know that suppression of transitions in the limit ε ↘ 0
occurs also for more general spectral subspaces, namely P (t)H = PA(t)(σ(t))H corre-
sponding to a whole (compact) portion σ(t) of the discrete or the essential spectrum of
A(t) or both. As above, suppression of transitions can be expressed by (1.8), where now

P (t) = PA(t)(σ(t)). (1.10)

1.2.2 Adiabatic theory for general operators

Adiabatic theory for general � as opposed to skew self-adjoint � operators, in a strict sense,
originated in [98]. We point out, however, that as auxiliary objects, non-self-adjoint oper-
ators in adiabatic theory appear also in the so-called complex time method [55], [57], [58]
going back to [76]. In recent years, the rather special results from [98] were considerably
extended and developed further in the works [2], [60], and [12]. An important motivation
� and source of applications � for these developments is the description of open quantum
systems, whose evolution is governed by dissipative operators.

When generalizing the traditional adiabatic theory for skew self-adjoint operators to
general (for instance, dissipative) operators a �rst question to be addressed is how one
should replace the spectral projections (1.7) or (1.10) appearing in the very formula-
tion (1.8) of the traditional theory. After all, these spectral projections are de�ned by
means of the spectral measure of the pertinent skew self-adjoint operators and, for general
operators, one does not have spectral measures. So, a �rst necessary preliminary in adi-
abatic theory for general operators, is to �nd natural substitutes for spectral projections
and we shall call such substitutes spectrally related projections in the sequel.

With the help of spectrally related projections, the setting and basic question of general
adiabatic theory can then be described as follows: one starts out from linear operators
A(t) : D(A(t)) ⊂ X → X in a Banach space X over C, compact subsets σ(t) of the
spectrum of A(t) and projections P (t) in X (for t ∈ [0, 1]) such that

• A(t) is densely de�ned closed for every t ∈ [0, 1] and the initial value problems

x′ =
1

ε
A(t)x (t ∈ [t0, 1]) and x(t0) = y (1.11)

with initial values y ∈ D(A(t0)) at initial times t0 ∈ [0, 1) are well-posed on the
spaces D(A(t)) for every value of the slowness parameter ε ∈ (0,∞),
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• P (t) is spectrally related with A(t) and σ(t) for every t ∈ [0, 1] except possibly for
some few t.

What one then wants to know is the following: when � under which additional conditions
on A, σ and P � does the evolution Uε generated by (1.11) approximately follow the
spectral subspaces P (t)X related to the spectral subsets σ(t) of A(t) as the slowness
parameter ε tends to 0? In other � more precise and concise � terms: under which
conditions is it true that

(1− P (t))Uε(t, 0)P (0) −→ 0 (ε↘ 0) (1.12)

with respect to a certain operator topology for all t ∈ [0, 1]? Adiabatic theorems are, by
de�nition, theorems that give such conditions.

We will sometimes distinguish quantitative and qualitative adiabatic theorems depend-
ing on whether they yield information on the rate of convergence in (1.12) or not. If the
rate of convergence in (1.12) can, for certain t, be shown to be of polynomial order εn

in the slowness parameter, one speaks of adiabatic theorems of higher order. And if the
rate of convergence in (1.12) can even be shown to be exponential, that is, of order e−c/ε,
one often speaks of superadiabatic theorems. An important distinction in adiabatic the-
ory is between adiabatic theorems with spectral gap condition and adiabatic theorems
without spectral gap condition, where one speaks of a spectral gap i� σ(t) is isolated in
the spectrum σ(A(t)) for every t ∈ [0, 1]. It is also convenient to further divide adiabatic
theorems with spectral gap condition into those with uniform spectral gap condition and
those with non-uniform spectral gap condition, where a spectral gap is called uniform i�

inf
t∈[0,1]

dist
(
σ(t), σ(A(t)) \ σ(t)

)
> 0. (1.13)

(a) A uniform spectral gap. (b) A non-uniform spectral gap.
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(c) Situation without spectral gap.

Schematic illustration of situations with spectral gap (uniform or non-uniform) and with-
out spectral gap in the special case of skew self-adjoint operators A(t) and σ(t) = {λ(t)}.
In the �gures above, the spectrum σ(A(t)) is plotted on the vertical axis iR against the
horizontal t-axis and the red line represents the considered spectral values λ(t).

In the context of spectral gaps, we will also use the convenient terminology of σ( . ) falling
into σ(A( . )) \ σ( . ) at a point t0 by which we mean that there exists a sequence (tn) in
[0, 1] with tn −→ t0 as n→∞ such that

dist
(
σ(tn), σ(A(tn)) \ σ(tn)

)
−→ 0 (n→∞) (1.14)

With this terminology, the uniform spectral gap condition (1.13) can be equivalently
reformulated by saying that there is no point t0 at which σ( . ) falls into σ(A( . )) \ σ( . ).

1.3 Some fundamental adiabatic theorems from the
literature

We now recall those adiabatic theorems from the literature that are most relevant to the
adiabatic theorems of this thesis. In doing so, we decidedly concentrate on mathematical
aspects. Just as in the rest of this thesis, we will abbreviate I := [0, 1] and if U is an
evolution system, we will often write U(t) instead of U(t, 0) for brevity.

1.3.1 Case of skew self-adjoint operators

Adiabatic theory in rigorous form was born in 1928. In their paper [16], Born and Fock
proved (1.8) for bounded skew self-adjoint operators A(t) under the assumption that the
spectrum of A(t) be purely discrete for every t and that all eigenvalues of A(t) have
multiplicity 1 for every t except possibly for �nitely many eigenvalue crossing points. In
1950, Kato [61] signi�cantly relaxed the rather restrictive spectral assumptions from [16]:
he assumed nothing about those parts of the spectrum away from the eigenvalue λ(t)
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under consideration, but only assumed λ(t) to be an isolated eigenvalue of �nite multi-
plicity for every t. (As usual, an isolated eigenvalue is an eigenvalue that is an isolated
point of the spectrum and not just of the point spectrum. See Section III.5 of [67], for
instance.) In the case where the eigenvalues λ(t) are uniformly isolated in the spectrum,
he showed that

sup
t∈I
‖(1− P (t))Uε(t)P (0)‖ = O(ε) (ε↘ 0) (1.15)

and in the case where the λ(t) cross other eigenvalue curves �nitely many times, he
showed that

sup
t∈I
‖(1− P (t))Uε(t)P (0)‖ = o(1) (ε↘ 0). (1.16)

Kato's proof of (1.15) proceeds in two steps. In the �rst step, he constructs an evolution
W that exactly follows the eigenspaces P (t)H = ker(A(t) − λ(t)) and their orthogonal
complements (1− P (t))H = ran(A(t)− λ(t)) in the precise sense that

W (t, t0)P (t0) = P (t)W (t, t0) (1.17)

for all t0, t. An evolution system W satisfying (1.17) is called adiabatic w.r.t. P and
Kato takes W to be the evolution system for K = [P ′, P ]. In the second step, he then
shows that this evolution W times a dynamical phase factor well approximates the true
evolution Uε on the subspace P (0)H, that is,

sup
t∈I

∥∥(Vε(t)− Uε(t))P (0)
∥∥ = O(ε) (1.18)

where Vε(t) = e1/ε
∫ t
0 λ(τ) dτ W (t, 0). In view of (1.17) this implies (1.15).

Some years later, Lenard [81], Garrido [45], and Sancho [110] re�ned the convergence
statement (1.15) in various directions, assuming that the (bounded) operators A(t) de-
pend smoothly on t. A typical corollary of their results is the following adiabatic theorem
of higher order: if all the derivatives A(k)(t) at t = t0 and t = t1 vanish up to order k = n,
then

(1− P (t1))Uε(t1, t0)P (t0) = O(εn) (1.19)

instead of only O(ε). In 1980, Nenciu [96] generalized Kato's adiabatic theorem for
eigenvalues λ(t) to general uniformly isolated compact subsets σ(t) of the spectrum
of bounded skew self-adjoint operators A(t). In fact, he considered several such sub-
sets σ1(t), . . . , σr(t). In 1987, Avron, Seiler, Ya�e [13] extended Nenciu's result, among
other things, to unbounded skew self-adjoint operators A(t) : D ⊂ H → H with time-
independent domain D. Similarly to Kato [61], they proceed in two steps: they construct
an evolution Vε that is adiabatic w.r.t. P in the sense of (1.17), where the P (t) are the
spectral projections PA(t)(σ(t)) corresponding to the considered isolated compact spec-
tral subsets σ(t) of A(t). Avron, Seiler, Ya�e take Vε to be the evolution system for
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1
εA + [P ′, P ]. And then they show that this adiabatic evolution well approximates the
true evolution Uε, namely

sup
t∈I
‖Vε(t)− Uε(t)‖ = O(ε) (ε↘ 0) (1.20)

on the entire space H (instead of only on P (0)H as in [61]). In virtue of the adiabaticity
of Vε w.r.t. P , this then implies

sup
t∈I
‖(1− P (t))Uε(t)P (0)‖ , sup

t∈I
‖P (t)Uε(t)(1− P (0))‖ = O(ε) (ε↘ 0). (1.21)

Avron, Seiler, Ya�e also establish a higher order estimate of the type (1.19) and apply
their results to the quantum Hall e�ect.

In 1993, Joye and P�ster [59] and Nenciu [99] considerably improved, under analyticity
conditions, the higher order results from [81], [45], [110] and from [13] by pushing them
to exponential order: for skew self-adjoint operators A(t) : D ⊂ H → H depending
analytically on t and compact uniformly isolated spectral subsets σ(t), they construct
projections Pε(t) and evolutions Vε, adiabatic w.r.t. Pε, such that

sup
t∈I
‖Pε(t)− P (t)‖ = O(ε) (1.22)

and such that Vε approximates the evolution Uε for
1
εA exponentially well in ε:

sup
t∈I
‖Uε(t)− Vε(t)‖ = O(e−g/ε) (ε↘ 0) (1.23)

for some positive g. In particular, Uε follows the subspaces Pε(t)X and (1− Pε(t))X to
exponential order:

sup
t∈I
‖(1− Pε(t))Uε(t)Pε(0)‖ , sup

t∈I
‖Pε(t)Uε(t)(1− Pε(0))‖ = O(e−g/ε) (1.24)

by (1.23) and the adiabaticity of Vε w.r.t. Pε. If A′(t) = 0 for t close to the initial and
�nal time 0 and 1, respectively, then it further follows by the constructions from [59]
and [99] that transitions across the spectral gap are exponentially suppressed:

(1− P (1))Uε(1, 0)P (0) = O(e−g/ε). (1.25)

Joye and P�ster's superadiabatic theorem can be applied in scattering situations to
obtain exponential estimates on the transition probabilites across a general spectral gap
as in [58] and, in more special situations, to obtain even explicit asymptotic formulas
for the transition probabilities by reduction [59] to the Dykhne-type formulas from [57]
for 2-level systems. In rough terms, Joye and P�ster's method of proof from [59] can
be described as follows: starting from A0 ε(t) := A(t) and P0 ε(t) := P (t) = PA(t)(σ(t))
they iteratively construct a sequence A1 ε(t), A2 ε(t), . . . of skew self-adjoint operators
An ε(t) := A(t)− ε[P ′n−1 ε(t), Pn−1 ε(t)] with pertinent spectral projections

Pn−1 ε(t) := PAn−1 ε(t)(σ(t)) =
1

2πi

∫
γt

(z −An−1 ε(t))
−1 dz.
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Also, they take Vn ε for every n ∈ N to be the evolution system for 1
εAn ε + [P ′n ε, Pn ε],

which is adiabatic w.r.t. Pn ε by the same reason as in [13]. With the assumed analyticity
condition, they can then show that

sup
t∈I
‖Kn ε(t)−Kn−1 ε(t)‖ ≤ cn n! εn, (1.26)

whereKk ε := [P ′k ε, Pk ε]. SinceKn ε−Kn−1 ε by construction is nothing but the di�erence
of the generators 1

εAn ε + [P ′n ε, Pn ε] and
1
εA, it follows that the di�erence Vn ε − Uε of

the pertaining unitary evolutions can be estimated by the same bound. Choosing then
n = n∗(ε) in an optimal way, namely n∗(ε) ∼ 1/ε, and setting Pε := Pn∗(ε) ε as well as
Vε := Vn∗(ε) ε, the desired estimates (1.22) and (1.23) follow by Stirling's formula.

In 1998, Avron and Elgart [11] established the �rst (general) adiabatic theorem without
spectral gap condition: they proved that if A(t) : D ⊂ H → H are skew self-adjoint
operators depending su�ciently regularly on t and if λ(t) are eigenvalues of A(t) (isolated
or not) with �nite mulitplicity, then

sup
t∈I
‖Uε(t)− Vε(t)‖ −→ 0 (ε↘ 0), (1.27)

where Uε and Vε are the evolutions for
1
εA and 1

εA+[P ′, P ] and P (t) := PA(t)({λ(t)}) for
all t with t 7→ P (t) being assumed to be twice continuously di�erentiable. With the help
of Kato's method from [61], they also treat the case where λ( . ) at �nitely many points
t1, . . . , tm crosses other eigenvalue curves (under the assumption that t 7→ PA(t)({λ(t)})
can be continued su�ciently regularly through the discontinuities t1, . . . , tm). Avron and
Elgart base their proof of (1.27) on the following commutator equation method: they
�nd a solution B(t) = Bδ(t) of the approximate commutator equation

[P ′(t), P (t)] ⊃ B(t)A(t)−A(t)B(t) + C(t) (1.28)

with an error C(t) = Cδ(t) whose size is controlled by the parameter δ. With this
approximate commutator equation and partial integration, they rewrite the di�erence
Vε(t)− Uε(t) as

Vε(t)− Uε(t) =

∫ t

0
Uε(t, τ)[P ′(τ), P (τ)]Vε(τ) dτ = εUε(t, τ)Bδ(τ)Vε(τ)

∣∣τ=t

τ=0
(1.29)

− ε
∫ t

0
Uε(t, τ)

(
B′δ(τ) +Bδ(τ)[P ′(τ), P (τ)]

)
Vε(τ) dτ +

∫ t

0
Uε(t, τ)Cδ(τ)Vε(τ) dτ

and then show that the right-hand side of this equation can be made arbitrarily small as
ε↘ 0. Since the �rst two summands on the right-hand side of (1.29) are furnished with
prefactors ε and since the evolutions Uε and Vε are unitary, these two summands are �ne:
namely, the explosion of the speci�cally chosen solutions Bδ(t) to (1.28) as δ tends to
0 can be compensated by choosing δ = δε such that it su�ciently slowly approaches 0.
Since on the other hand, the errors Cδ(t) pertaining to the speci�c solutions Bδ(t) can
be shown to tend to 0 as δ ↘ 0 by means of the spectral theorem, the third summand
on the right-hand side of (1.29) is �ne as well.
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In the same year and by a completely di�erent method, Bornemann [17] obtained an
adiabatic theorem for skew self-adjoint operators A(t) = iAa(t) de�ned by symmetric
sesquilinear forms a(t) with time-independent form domain and for discrete � in partic-
ular, isolated � eigenvalues λ(t) of �nite multiplicity. While the domains of the forms
are assumed to be time-independent, the domains of the corresponding operators A(t)
may well depend on time in this result. Avron and Elgart's theorem, by contrast, is re-
stricted to situations where the operators A(t) have a common time-independent domain
D. In particular, it does not allow applications to Schrödinger operators with general
time-dependent Rollnik potentials V (t) as discussed in [17]. Additionally, Bornemann's
adiabatic theorem allows for in�nitely many eigenvalue crossings: more precisely, the set
of points where the considered eigenvalue curve λ( . ) crosses other eigenvalues is allowed
to be a general null set.

In 2001, Teufel [131] gave a considerably simpler solution to (1.28) than the original
one from [11], namely

Bδ(t) =
(
λ(t) + δ −A(t)

)−1
P ′(t)P (t) + P (t)P ′(t)

(
λ(t) + δ −A(t)

)−1
. (1.30)

Additionally, he observed that for the proof of [11] to work it is su�cient tho have P (t) =
PA(t)({λ(t)}) only for almost every t (as long as t 7→ P (t) is still twice continuously
di�erentiable); this allows for a more direct treatment of eigenvalue crossings without
reference to the argument from [61].

1.3.2 Case of general operators

As has already been mentioned above, the �rst (rigorous) adiabatic theorem for not
necessarily skew self-adjoint operators A(t) was proven by Nenciu and Rasche [98] in 1992.
In that paper, �nite-dimensional (in fact, essentially 2-dimensional) spaces and uniformly
isolated semisimple eigenvalues λ(t) are considered. Semisimple eigenvalues of closed
operators A : D(A) ⊂ X → X are de�ned as the poles of the resolvent ( . − A)−1

of order 1. In �nite-dimensional spaces X these are precisely those eigenvalues with a
trivial Jordan block (eigennilpotent) or, equivalently, those eigenvalues whose algebraic
multiplicity equals the geometric multiplicity. Since the result from [98] is a rather special
case of a theorem by Joye discussed below, we shall no further comment on it here.

In 2007, Abou Salem [2] considered a more general situation than the one from [98],
namely, general contraction semigroup generators A(t) : D ⊂ X → X depending suf-
�ciently regularly on t and uniformly isolated simple eigenvalues λ(t) (where simplicity
of eigenvalues means semisimplicity plus geometric multiplicity 1). In this situation, he
proved that

sup
t∈I
‖Uε(t)− Vε(t)‖ = O(ε) (ε↘ 0), (1.31)

where Uε and Vε are the evolutions for
1
εA and 1

εA+ [P ′, P ] and where for every t

P (t) =
1

2πi

∫
γt

(z −A(t))−1 dz (1.32)
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is the Riesz projection of A(t) on λ(t). Abou Salem applied this result in the context
of quantum statistical mechanics to study the quasi-static evolution of non-equilibrium
steady states. In essence, his proof of (1.31) rests upon solving the commutator equation

[P ′(t), P (t)] ⊃ B(t)A(t)−A(t)B(t), (1.33)

that is, (1.28) with vanishing error C(t) = 0, and his solution of (1.33) is already indicated
in [11]. With (1.33) at hand, he can then perform a partial integration as in (1.29) which
by virtue of C(t) = 0 yields the assertion because the evolutions Uε and Vε are bounded
by the contraction semigroup assumption.

In the same year, Joye established a superadiabatic-type theorem for general operators
A(t) : D ⊂ X → X that analytically depend on t and for uniformly isolated eigenvalues
λ(t) of �nite algebraic multiplicity. In contrast to Abou Salem's result from [2], this
theorem no longer requires the operators A(t) to be contraction semigroup generators or
the eigenvalues λ(t) to be semisimple. Instead, it only assumes A(t)(1−P (t)) to generate
a contraction semigroup and λ(t) to lie in the closed left half-plane {Re z ≤ 0}, where
P (t) is the Riesz projection of A(t) on λ(t). Just like the result from [59], Joye's theorem
then yields the existence of ε-dependent projections Pε(t) and evolutions Vε, adiabatic
w.r.t. Pε, such that

sup
t∈I
‖Pε(t)− P (t)‖ = O(ε) (1.34)

and such that Vε approximates the evolution Uε for
1
εA exponentially well in ε:

sup
t∈I
‖Uε(t)− Vε(t)‖ = O(e−g/ε) (ε↘ 0) (1.35)

for some positive g. In particular, Uε follows the subspaces Pε(t)X and (1− Pε(t))X to
exponential order:

sup
t∈I
‖(1− Pε(t))Uε(t)Pε(0)‖ , sup

t∈I
‖Pε(t)Uε(t)(1− Pε(0))‖ = O(e−g/ε). (1.36)

And provided that the evolution Uε is bounded in ε, (1.34) and (1.36) further show that
Uε also follows the original spectral subspaces P (t)X and (1−P (t))X to �rst order in ε,

sup
t∈I
‖(1− P (t))Uε(t)P (0)‖ , sup

t∈I
‖P (t)Uε(t)(1− P (0))‖ = O(ε). (1.37)

Since, in the situation of Abou Salem's theorem, the evolution is indeed bounded in ε (by
the contraction semigroup assumption), that result � or, more precisely, the version of it
with analyticity assumptions and slightly weakened conclusion (1.37) � is seen to be a
special case of Joye's theorem above. In Joye's general situation, however, the evolution
is generally unbounded in ε and Joye gave a simple �nite-dimensional example where the
transition probabilities on the left-hand side of (1.37) actually explode as ε ↘ 0. (It is
because of this possible failure of adiabaticity that we referred to Joye's theorem only as
a superadiabatic-type result above.) What is behind the possible unboundedness of Uε
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in the situation of [60], is that the eigenvalues are allowed to be non-semisimple and lie
on the imaginary axis. Indeed, if λ(t) ∈ iR for all t in the situation of [60], then Uε is
bounded i� λ(t) is semisimple for all t (as can be seen by an auxiliary result from [60]).
Joye's proof essentially rests upon showing that Uε, albeit generally unbounded in ε,
grows only at most subexponentially in the sense that

sup
(s,t)∈∆

‖Uε(t, s)‖ ≤ c ec/ε
β

(ε ∈ (0, ε∗]) (1.38)

for some β ∈ (0, 1) strictly less than 1. Combining this subexponential growth with the
exponential decay resulting from (1.26), which carries over mutatis mutandis from [59],
one obtains the desired result (1.35).

In 2011, Avron, Fraas, Graf, Grech [12] and Schmid [112] independently of each other
established the �rst adiabatic theorems for general operators in the case without spectral
gap. In essence, their theorems coincide and the assumptions from [112] are essentially
the following:

• A(t) : D ⊂ X → X for every t ∈ I is a contraction semigroup generator such that
t 7→ A(t)x is continuously di�erentiable for every x ∈ D

• λ(t) for t ∈ I is an eigenvalue of A(t) such that λ(t) + δeiϑ0 ∈ ρ(A(t)) for every
δ ∈ (0, δ0] and ∥∥∥(λ(t) + δeiϑ0 −A(t)

)−1
∥∥∥ ≤ M0

δ
(δ ∈ (0, δ0]), (1.39)

• there exist projections P (t) such that, for almost every t ∈ I,

P (t)X = ker(A(t)− λ(t)) and (1− P (t))X = ran(A(t)− λ(t)) (1.40)

and such that t 7→ P (t) is twice strongly continuously di�erentiable.

In [12] the special case λ(t) = 0 is considered, in which case the resolvent estimate (1.39)
is, of course, automatically satis�ed with ϑ0 = 0 (by the contraction semigroup as-
sumption). It is shown in [112] that, under the above assumptions and the additional
assumption that the P (t) be of �nite rank, one has

sup
t∈I
‖(1− P (t))Uε(t)P (0)‖ −→ 0 (ε↘ 0) (1.41)

and in [12] it is shown that, without an additional assumption on the rank of the P (t),

sup
t∈I
‖(1− P (t))Uε(t)P (0)x‖ −→ 0 (ε↘ 0) (1.42)

for all x ∈ X. In essence, the proofs of this result � from [12] and [112] alike � are based
on a suitable adaption of Kato's proof from [61] to the case without spectral gap and on
showing that

δ
(
λ(t) + δeiϑ0 −A(t)

)−1
(1− P (t)) −→ 0 (δ ↘ 0)
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in the strong operator topology for almost all t. Clearly, the above adiabatic theorem
without spectral gap is a generalization of Avron and Elgart's result from [11] for skew self-
adjoint operators A(t) because the spectral projections P (t) := PA(t)({λ(t)}) appearing
in that result obviously satisfy (1.40). Additionally, the above theorem is a generalization
of Abou Salem's result from [2] � or, more precisely, the version of it without a bound
on the rate of convergence: for if A is any closed operator and λ a semisimple eigenvalue
of A, then the resolvent estimate∥∥∥(λ+ δ −A

)−1
∥∥∥ ≤ M0

δ

holds true for all complex δ 6= 0 with |δ| small, and the Riesz projection P for A on λ
satis�es

PX = ker(A− λ) and (1− P )X = ran(A− λ) (1.43)

and hence also

PX = ker(A− λ) and (1− P )X = ran(A− λ) (1.44)

In fact, the semisimple eigenvalues of A are characterized as those spectral values λ
for which there exists a projection P satisfying (1.43). And, by analogy, we call an
eigenvalue λ weakly semisimple whenever there exists a projection P satisfying the weaker
condition (1.44). We can thus qualify the adiabatic theorems from [12] and [112] as being
concerned with weakly semisimple eigenvalues.

It is clear, however, that the eigenvalues of general contraction semigroup generators �
as opposed to those of skew self-adjoint operators � will in many cases fail to be weakly
semisimple. Consider, for example, block-diagonal operators

A =

(
A1 0
0 A2

)
=

(
λ+N 0

0 A2

)
with N :=


0 1

0 1
. . .

. . .

0

 (1.45)

in X = Cd × `2(N), where A2 is an arbitrary contraction semigroup generator in X2 =
`2(N) and where λ ∈ {Re z ≤ 0} stays su�ciently far away from the imaginary axis such
that also A1 = λ + N is a contraction semigroup generator in X1 = Cd. It then follows
that A generates a contraction semigroup in X and that

ker(A− λ) ∩ ran(A− λ) ⊃ span{(e1, 0)} 6= 0,

ker(A− λ) + ran(A− λ) ⊂ span{(e1, 0), . . . , (ed−1, 0)}+ 0× `2(N) 6= X,

where the ei denote the canonical unit vectors in Cd. So, no projection P can exist
with (1.44) or, in other words, the eigenvalue λ of A is not weakly semisimple. A
di�erent kind of example, with λ = 0, is given by

A =

(
A1 0
0 A2

)
=

(
0 0
0 S+ − 1

)
(1.46)
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in X = Cd× `1(N), where S+ denotes the right shift on `1(N) acting by S+(x1, x2, . . . ) =
(0, x1, x2, . . . ). In this example, A is a contraction semigroup generator in X with eigen-
value λ = 0,

ker(A− λ) ∩ ran(A− λ) = 0 but ker(A− λ) + ran(A− λ) 6= X (1.47)

because λ = 0 belongs to the residual spectrum of S+ − 1, that is, ran(S+ − 1) 6= `1(N)
(here it is decisive that we took S+ to act in `1 rather than in `p with p 6= 1). So, the
eigenvalue λ = 0 of A is not weakly semisimple.

A similar example from [12] (with kerA = 0, however) indicates that the same type
of di�culty (1.47) can arise for generators A of quantum dynamical semigroups, that
is, a certain kind of contraction semigroups describing the dynamics of open quantum
systems and de�ned on the trace class X = S1(h) over a Hilbert space h. It is shown
in [12] that the essential reason behind that di�culty is the non-re�exivity of S1(h). In
order to apply their adiabatic theorem without spectral gap condition to time-dependent
generators of quantum dynamical semigroups with eigenvalue 0, Avron, Fraas, Graf and
Grech therefore consider extensions A(t) of such generators to the re�exive space S2(h)
of Hilbert�Schmidt operators.

1.4 Contributions of this thesis to well-posedness theory

In the well-posedness part (Chapter 2) of this thesis, we provide among other things the
necessary dynamical preliminaries for our adiabatic theorems (Section 2.1), but above all
we establish well-posedness theorems that are interesting in themselves and that go far
beyond what is needed in adiabatic theory (Section 2.2 and Section 2.3). In fact, quite
some of these results are furnished with too weak regularity conditions to be applicable
in our adiabatic theorems.

1.4.1 Well-posedness for operators with time-independent domains

Section 2.3 contains our well-posedness results for operators A(t) with time-independent
domains D(A(t)) = D and a more complete introduction, addressing also the central
ideas behind these results, can be found in Section 2.2.1. In Section 2.2.2 we show that
the regularity conditions of a well-posedness theorem by Yosida can be simpli�ed quite
considerably and we thereby clarify the relation of this theorem with other well-posedness
theorems from the literature. In particular, the relation with the well-posedness result by
Kato from [62] mentioned above (Section 1.1), which for contraction semigroup generators
A(t) : D ⊂ X → X with time-independent domains establishes the well-posedness
of (1.1) on D under the simple condition that

t 7→ A(t)y is continuously di�erentiable for all y ∈ D. (1.48)

Yosida's well-posedness theorem can be found in his book [141] on functional analysis
and it is reproduced in Reed and Simon's and Blank, Exner and Havlí£ek's books on
mathematical physics, for instance. In large parts of mathematical physics (including
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adiabatic theory), Yosida's theorem is better known than the above-mentioned well-
posedness theorem by Kato. Yet, the regularity conditions of Yosida's theorem are far
more complicated and far less lucid than the simple strong continuous di�erentiability
condition (1.48) from [62] and one might therefore think that, in return, Yosida's condi-
tions should be more general than (1.48). We will see, however, that that they are not:
we will show that Yosida's complicated regularity conditions are just equivalent to the
simple continuous di�erentiability condition (1.48). In particular, this equivalence shows
that the regularity condtions of quite some adiabatic theorems from the literature, for
instance those from [13], [11], [131], [132], [1], [2] or [12], can be noticeably simpli�ed.
We also extend the above-mentioned equivalence of regularity conditions to the more
general version of Yosida's well-posedness result for locally convex spaces from [140].

In Section 2.2.3 we slightly generalize the less known well-posedness theorem by Kato
from [62] mentioned above (Section 1.1), which for skew self-adjoint operators A(t) :
D ⊂ H → H with time-independent domains establishes the well-posedness of (1.1) on
D under the condition that t 7→ A(t) is continuous and of bounded variation. We will
show that for quasicontraction group generators A(t) with time-independent domains in
a uniformly convex space, this continuity and bounded variation condition still yields the
well-posedness of (1.1) on D.

In Section 2.2.4 we show by simple examples that the assumptions of the previously
discussed well-posedness theorems for operators with time-independent domains cannot
be weakened too much or even dropped. Speci�cally, we show that in the well-posedness
theorem for semigroup generators from [62], the strong continuous di�erentiability con-
dition (1.48) cannot be weakened to Lipschitz continuity, and that in our well-posedness
theorem for group generators in uniformly convex spaces, the continuity and bounded
variation condition cannot be replaced by Hölder continuity of any degree α < 1, and the
uniform convexity condition cannot be dropped. In our examples, the operators A(t) are
of the simple form A(t) = A0 +B(t) with a contraction group generator A0 and bounded
perturbing operators B(t). It seems that our examples are the �rst counterexamples
to well-posedness involving group generators and, moreover, they are noticeably simpler
than the previously known conterexamples from [105] and [41].

1.4.2 Well-posedness for operators with time-dependent domains

Section 2.3 contains our well-posedness results for operators A(t) with generally time-
dependent domains D(A(t)) and a more complete introduction, addressing also the cen-
tral ideas behind these results, can be found in Section 2.3.1. In Section 2.3.2 we examine
the special situation of semigroup generators A(t) whose �rst (1-fold) or higher (p-fold)
commutators at distinct times are complex scalars, in short:

[A(t1), A(t2)] = µ(t1, t2) ∈ C (1.49)

or[
. . .
[
[A(t1), A(t2)], A(t3)

]
. . . , A(tp+1)

]
= µ(t1, . . . , tp+1) ∈ C (1.50)
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in some sense to be made precise. In this special situation we prove well-posedness
for (1.1) on suitable dense subspaces Y of X and, moreover, in the case (1.49) we prove
the representation formula

U(t, s) = e
∫ t
s A(τ) dτ e1/2

∫ t
s

∫ τ
s µ(τ,σ) dσdτ (1.51)

for the evolution generated by the operators A(t). We thereby generalize a well-posedness
result of Goldstein and of Nickel and Schnaubelt from [49], [101] dealing with the special
case of (1.49) where µ ≡ 0: in [49] contraction semigroup generators are considered, while
in [101] contraction semigroup generators are replaced by general semigroup generators
satisfying a certain stability condition and the formula (2.45) with µ ≡ 0 is proved.
Stability, in this context, is a generalization of contraction semigroup requirements.

Compared to the well-posedness theorems for general semigroup or group generators
from [62], [65], [66] (Section 2.1.4) where no commutator conditions of the kind (1.49)
or (1.50) are imposed, our well-posedness results for the special class of semigroup genera-
tors with (1.49) or (1.50) are furnished with fairly mild stability and regularity conditions:
1. It is su�cient � just as in the case of commuting operators from [49], [101] � to re-
quire stability of the family A only in X. In contrast to the well-posedness theorems
from [65] or [66], for instance, it is not necessary to additionally require stability in a
suitable invariant and suitably normed dense subspace Y of X contained in all the do-
mains of the operators A(t), which is generally di�cult to verify unless the domains of
the A(t) are time-independent. 2. It is su�cient � similarly to the case of commuting
operators from [49], [101] or to the elementary case of bounded operators � to require
strong continuity conditions: indeed, it is su�cient if

t 7→ A(t)y and (t1, . . . , tk+1) 7→
[
. . . , [[A(t1), A(t2)], A(t3)] . . . , A(tk+1)

]
y

are continuous for k ∈ {1, . . . , p} and y in a dense subspace Y of X contained in all the
respective domains. In contrast to the well-posedness theorems from [65] or [66], this
subspace Y need not be normed in any way whatsoever and t 7→ A(t)|Y need not be
norm continuous. And furthermore, it is not necessary to require an additional W 1,1-
regularity condition on certain auxiliary operators S(t) : Y → X (as in the well-posedness
theorems from [65], [66] for general semigroup generators A(t)) or an additional regularity
condition on certain auxiliary norms ‖ . ‖±t on Y (as in the special well-posedness result
from [65] for a certain kind of group generators). Such additional regularity conditions
are necessary for well-posedness in general situations without commutator conditions of
the kind (1.49) or (1.50), as is demonstrated by our counterexamples from Section 2.2.4,
for instance.

In Section 2.3.3 we improve the special well-posedness result from [65] for group gen-
erators with time-dependent domains: in the spirit of [72] we show that strong (instead
of norm) continuity is su�cient in this result � just like in our other well-posedness
results for the case (1.49) or (1.50). And in a certain special case involving quasicontrac-
tion group generators with time-independent domains in a uniformly convex space, these
other results can also be obtained by applying our improved well-posedness result for
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group generators. Incidentally, our result from Section 2.3.3 also generalizes the respec-
tive well-posedness theorem for group generators with time-independent domains from
Section 2.2.3, while the result from [65] does not.

In Section 2.3.5 we �nally give some applications of the abstract well-posedness theo-
rems for generators with scalar 1-fold or p-fold commutators from Section 2.3.2, namely
to Segal �eld operators Φ(ft) as well as to the related operators Hω + Φ(ft) describing a
classical particle coupled to a time-dependent quantized �eld of bosons (Section 2.3.5.1)
and �nally to Schrödinger operators describing a quantum particle coupled to a time-
dependent spatially constant electric �eld (Section 2.3.5.2).

1.5 Contributions of this thesis to adiabatic theory

In the adiabatic theory part (Chapter 3 to 6) of this thesis we extend and develop
further the existing adiabatic theory � especially in the case without spectral gap. In a
nutshell, our primary extensions can be described as follows. 1. We no longer require
the considered spectral values λ(t) to be (weakly) semisimple (which is motivated by
the examples at the end of Section 1.3). 2. We no longer require the domains of the
operators A(t) to be time-independent (which is motivated, in parts, by the fact that
the domains of operators A(t) de�ned by sesquilinear forms a(t) will in general be time-
dependent). Additionally, we work with rather mild regularity conditions: in the case of
time-independent domains, for instance, it will be su�cient to require a certain strong
Sobolev regularity condition on t 7→ A(t) (which is satis�ed if, for instance, t 7→ A(t) is
continuously di�erentiable w.r.t. the strong or weak operator topology).

1.5.1 Spectrally related projections

In Chapter 3 we provide, among other things, the necessary spectral-theoretic prelimi-
naries for general adiabatic theory, that is to say, we identify natural notions of spec-
trally related projections (generalized spectral projections). In the case with spectral
gap this is canonical and one speaks of associated projections. In the case without
spectral gap, however, this is not canonical and we will speak of weakly associated pro-
jections. In precise terms, associatedness and weak associatedness are de�ned as follows:
let A : D(A) ⊂ X → X be a densely de�ned operator with ρ(A) 6= ∅ and let σ ⊂ σ(A)
be a compact subset. If σ is isolated in σ(A), then a projection P is called associated

with A and σ if and only if P commutes with A and A|PD(A) is bounded such that

σ(A|PD(A)) = σ whereas σ(A|(1−P )D(A)) = σ(A) \ σ.

Additionally, a spectral value λ ∈ σ(A) is called semisimple i� it is a pole of ( . − A)−1

of order 1. If λ ∈ σ(A) is a not necessarily isolated spectral value, then a projection P
will be called weakly associated (of order m) with A and λ if and only if P commutes
with A and A|PD(A) is bounded such that

A|PD(A) − λ is nilpotent (of order m) whereas A|(1−P )D(A) − λ is injective and

has dense range in (1− P )X
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(where the order of nilpotence of a bounded operator N is the smallest positive integer
m with Nm = 0). Additionally, λ will be called weakly semisimple i� there exists a
projection P weakly associated with A and λ of order 1. (In view of (1.53), this de�nition
coincides with the ad hoc de�nition (1.44) of weak semisimplicity used so far.)

In the case of an isolated spectral value λ ∈ σ(A) the question arises of how the
notions of associated and weakly associated projections are related. We will see that
they conicide if λ is a pole of the resolvent and that they do not if λ is an essential
singularity. In proving this, the following central properties of associatedness (which are
completely well-known) and of weak associatedness (which seem to be new) will be used.
In fact, they will be constantly used throughout this thesis.

• If σ is compact and isolated in σ(A), then there exists a unique projection P
associated with A and σ, and P = (2πi)−1

∫
γ(z − A)−1 dz, where γ is a cycle in

ρ(A) encircling σ but not σ(A) \ σ (Riesz projection). If P is associated with A
and σ = {λ}, and λ is a pole of ( . −A)−1 of order m, then

PX = ker(A− λ)k and (1− P )X = ran(A− λ)k (k ≥ m). (1.52)

• If λ is not isolated in σ(A), then in general there exists no projection P weakly
associated with A and λ, but if such a projection exists it is necessarily unique.
If P is weakly associated with A and λ of order m and λ ∈ σ(A) is an arbitrary
spectral value, then

PX = ker(A− λ)k and (1− P )X = ran(A− λ)k (k ≥ m). (1.53)

In the special case of skew self-adjoint operators A the notions of associatedness and
weak associatedness reduce to the notion of spectral projections de�ned via the spectral
measure of A: if λ is an arbitrary point of σ(A), then a projection P is weakly associated
with A and λ if and only if P is equal to the spectral projection PA({λ}). In particular,
weakly associated projections always exist in the case of skew self-adjoint operators. In
the case of general spectral operators (in the sense of [39]) we still have at least the
following criterion for the existence of weakly associated projections:

• If A is a spectral operator (with spectral measure PA) and

• if λ ∈ σ(A) is such that for some bounded neighborhood σ of λ the bounded
spectral operator A|PA(σ)X is of �nite type,

then the projection weakly associated with A and λ exists and is given by PA({λ}). In
particular, this is true if A is spectral of scalar type.

1.5.2 Adiabatic theory for operators with time-independent domains

1.5.2.1 Case with spectral gap

In Section 4.1 we prove adiabatic theorems with spectral gap condition (uniform and
non-uniform) for general operators A(t) : D ⊂ X → X with time-independent domain
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D(A(t)) = D and for compact spectral subsets σ(t). We thereby generalize in a quite
simple way the adiabatic theorem of Abou Salem from [2], which covers the case of
singletons σ(t) = {λ(t)} with uniformly isolated simple spectral values λ(t). In simpli�ed
form, our our theorems (Theorem 4.1.1 and 4.1.2 combined) can be formulated as follows:

• If A(t) : D ⊂ X → X for every t ∈ I generates a contraction semigroup and
t 7→ A(t)x is continuously di�erentiable for every x ∈ D,

• if σ(t) for every t ∈ I is a compact subset of σ(A(t)), σ( . ) falls into σ(A( . )) \σ( . )
at only countably many points which, in turn, accumulate at only �nitely many
points, and t 7→ σ(t) is continuous,

• if P (t) for every t ∈ I \N is associated with A(t) and σ(t) and I \N 3 t 7→ P (t)
extends to a twice strongly continuously di�erentiable map on the whole of I, where
N denotes the set of those points where σ( . ) falls into σ(A( . )) \ σ( . ), then

sup
t∈I
‖Uε(t)− Vε(t)‖ = O(ε) or sup

t∈I
‖Uε(t)− Vε(t)‖ = o(1) (1.54)

as ε ↘ 0, depending on whether N = ∅ (uniform spectral gap) or N 6= ∅ (non-uniform
spectral gap). (In the above relation, Uε and Vε denote the evolution system for 1

εA and
1
εA+ [P ′, P ], respectively.)

In the case of uniform spectral gap (Section 4.1.1), an essential step in the proof of this
theorem will be to solve the commutator equation (1.33) and we will do so in virtually
the same way as in [2], namely we set

B(t) :=
1

2πi

∫
γt

(z −A(t))−1P ′(t)(z −A(t))−1 dz (1.55)

with cycles γt in ρ(A(t)) encircling σ(t) but not σ(A(t)) \ σ(t). We then easily obtain,
using the central properties of associatedness, the commutator equation [P ′(t), P (t)] ⊃
B(t)A(t) − A(t)B(t) for every t. With this commutator equation, in turn, and partial
integration we can rewrite the di�erence Vε(t)− Uε(t) as

Vε(t)− Uε(t) =

∫ t

0
Uε(t, τ)[P ′(τ), P (τ)]Vε(τ) dτ (1.56)

= εUε(t, τ)B(τ)Vε(τ)
∣∣τ=t

τ=0
− ε

∫ t

0
Uε(t, τ)

(
B′(τ) +B(τ)[P ′(τ), P (τ)]

)
Vε(τ) dτ,

from which the desired conclusion (1.54.a) follows by the boundedness of the evolutions
Uε and Vε in ε. In the case with non-uniform spectral gap (Section 4.1.2), the desired
conclusion (1.54.b) can be reduced by a standard argument from [61] to the case with
uniform spectral gap.

In Section 4.1.3 we extend the above theorem to the case of several spectral sub-
sets σ1(t), . . . , σr(t) and we do so by extending the commutator equation method just
sketched. In this way, we also obtain a simple new proof for Nenciu's result from [96].
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Section 4.1.3 also contains simple examples for the above theorem where the previously
known adiabatic theorems from [2], [60], [12] cannot be applied. In particular, these ex-
amples show that even for singletons σ(t) = {λ(t)} the spectral values λ(t) may well be
essential singularities of the resolvent of A(t) and need not even be eigenvalues. Addi-
tionally, we show by example that the contraction semigroup condition on the operators
A(t) cannot be weakened too much, thereby complementing Joye's example from [60] by
a di�erent kind of counterexample.

In Section 4.1.4 we discuss two applied examples of the adiabatic theorem with spec-
tral gap condition: one straightforward example for generators A(t) of certain quantum
dynamical semigroups with spectral value λ(t) = 0 and one non-straightforward example
for generators A(t) of certain neutron transport semigroups with λ(t) being the rightmost
spectral value of A(t). In this latter example, λ(t) can be shown to be a simple � and,
in particular, uniformly isolated � eigenvalue by a Perron�Frobenius argument.

1.5.2.2 Case without spectral gap

In Section 4.2 we establish adiabatic theorems (qualitative and quantitative) without
spectral gap condition for general operators A(t) : D ⊂ X → X with time-independent
domain D(A(t)) = D and for not necessarily weakly semisimple eigenvalues λ(t). We
thereby generalize the respective adiabatic theorems of Avron, Fraas, Graf, Grech from [12]
and of Schmid from [112], which cover the case of weakly semisimple eigenvalues. In all
our theorems, the eigenvalues λ(t) are assumed to lie on the boundary of σ(A(t)) in such
a way that λ(t) + δeiϑ(t) ∈ ρ(A(t)) for all δ ∈ (0, δ0] with some t-independent δ0.

Section 4.2.1 contains a qualitative adiabatic theorem which, in simpli�ed form, can
be formulated as follows:

• If A(t) : D ⊂ X → X for every t ∈ I generates a contraction semigroup and
t 7→ A(t)x is continuously di�erentiable for every x ∈ D,

• if λ(t) for every t ∈ I is an eigenvalue of A(t) such that λ(t) + δeiϑ(t) ∈ ρ(A(t)) for
every δ ∈ (0, δ0] and t 7→ λ(t), eiϑ(t) are continuously di�erentiable,

• if P (t) is weakly associated with A(t) and λ(t) for almost every t ∈ I,∥∥∥(λ(t) + δeiϑ(t) −A(t)
)−1

(1− P (t))
∥∥∥ ≤ M0

δ
(δ ∈ (0, δ0]), (1.57)

rkP (0) <∞ and t 7→ P (t) is twice strongly continuously di�erentiable,

then supt∈I ‖(1− P (t))Uε(t)P (0)‖ −→ 0 as ε↘ 0. If, in addition, X is re�exive, then

sup
t∈I
‖Uε(t)− Vε(t)‖ −→ 0 (ε↘ 0). (1.58)

(In the above relations, Uε and Vε denote the evolution system for 1
εA and 1

εA+ [P ′, P ],
respectively.)
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Similarly to [11] and [131], a �rst essential step in our proof of this theorem will be to
�nd a solution to the approximate commutator equation (1.28). In doing so, we will be
guided by the case with spectral gap. In that case, an exact solution B of (1.28) with
vanishing error C = 0 is given by (1.55) and, for singletons σ(t) = {λ(t)} with poles λ(t)
of the resolvent ( . −A(t))−1 of order at most m0, we can rewrite this exact solution as

B(t) =

m0−1∑
k=0

R(t)k+1P ′(t)P (t)(λ(t)−A(t))k +

m0−1∑
k=0

(λ(t)−A(t))kP (t)P ′(t)R(t)k+1

by means of Cauchy's theorem, where R(t) := (λ(t)−A(t)|P (t)D(A(t)))
−1P (t) and P (t) :=

1−P (t). In the case without spectral gap, the inverses (λ(t)−A(t)|P (t)D(A(t)))
−1 do not

exist as (bounded) operators on P (t)X, but by the assumed spectral marginality of λ(t)
the slightly shifted inverses Rδ(t) := (λ(t) + δeiϑ(t) −A(t))−1P (t) do exist. We therefore
set, suppressing t-dependence for convenience,

Bδ :=

m0−1∑
k=0

( k+1∏
i=1

Rδi

)
P ′P (λ−A)k +

m0−1∑
k=0

(λ−A)kPP ′
( k+1∏
i=1

Rδi

)
, (1.59)

where m0 := rkP (0) = rkP (t) (the t-independence coming from the norm continuity of
t 7→ P (t)) and where δ := (δ1, . . . , δm0) ∈ (0, δ0]m0 . In the special case of skew self-adjoint
operators A(t), this reduces to Teufel's solution (1.30) of (1.28) because the eigenvalues
of skew self-adjoint operators are weakly semisimple and hence P (λ−A)k, (λ−A)kP = 0
for all k 6= 0 in that special case. With the above de�nition (1.59) we obtain, using PX =
ker(A− λ)m0 (central properties of weak associatedness!), the approximate commutator
equation

[P ′(t), P (t)] ⊃ Bδ(t)A(t)−A(t)Bδ(t) + Cδ(t)

for every t ∈ I, where the error Cδ := C+
δ − C

−
δ is given by

C+
δ :=

m0−1∑
k=0

δk+1

( k+1∏
i=1

Rδi

)
P ′P (λ−A)k, C−δ :=

m0−1∑
k=0

(λ−A)kPP ′δk+1

( k+1∏
i=1

Rδi

)
.

With this approximate commutator equation, in turn, and partial integration we can
then rewrite the di�erence Vε(t)− Uε(t) as

Vε(t)− Uε(t) =

∫ t

0
Uε(t, τ)[P ′(τ), P (τ)]Vε(τ) dτ = εUε(t, τ)Bδ(τ)Vε(τ)

∣∣τ=t

τ=0
(1.60)

− ε
∫ t

0
Uε(t, τ)

(
B′δ(τ) +Bδ(τ)[P ′(τ), P (τ)]

)
Vε(τ) dτ +

∫ t

0
Uε(t, τ)Cδ(τ)Vε(τ) dτ

and it remains to show that the right-hand side of this equation can be made arbitrarily
small as ε ↘ 0. In doing so, the assumed reduced resolvent estimate (1.57) will be
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important: it yields the estimates

‖Bδ(t)‖ ≤ c (δ1 · · · δm0)−1,
∥∥B′δ(t)

∥∥ ≤ c (δ1 · · · δm0)−(m0+1),∫ 1

0

∥∥C±δ (τ)
∥∥ dτ ≤ cm0−1∑

k=0

(δ1 · · · δk)−1η±(δk+1) (1.61)

where η+(δ) :=
∫ 1

0 δ
∥∥Rδ(τ)P ′(τ)P (τ)

∥∥ dτ and η−(δ) :=
∫ 1

0 δ
∥∥P (τ)P ′(τ)Rδ(τ)

∥∥ dτ for
δ ∈ (0, δ0]. With

(1− P )X = ran(A− λ)m0 and (1− P ∗)X∗ = ran(A∗ − λ)m0

(central properties of weak associatedness plus: weak associatedness for semigroup gener-
ators in re�exive spaces carries over to the dual operators) and with the assumed resolvent
estimate we will further show that

δ Rδ(t), δ Rδ(t)
∗ −→ 0 (δ ↘ 0)

w.r.t. the strong operator topology for almost every t ∈ I. Since rkP (t)∗ = rkP (t) <∞,
we even get η±(δ) −→ 0. Choosing then δ = δε = (δ1 ε, . . . , δm0 ε) in a careful way, we
will �nally arrive at the desired conclusion (1.58). (In view of (1.61) it becomes clear
that the simpler and a priori more natural choice δ1 = · · · = δm0 in (1.59) would not
have worked out.)

Similarly to the case with spectral gap, we will extend the above theorem to the case
of several eigenvalues λ1(t), . . . , λr(t). We will achieve this by solving a suitable extended
approximate commutator equation and in that undertaking the case with spectral gap
will again be an indispensable guideline. It seems that the thus obtained extension of
the adiabatic theorem without spectral gap condition is new even in the special case of
skew self-adjoint operators.

We will also identify relatively simple and convenient criteria for the assumptions � in
particular, the reduced resolvent estimate (1.57) � of the above adiabatic theorem to be
satis�ed: we will see that these assumptions are satis�ed if A(t) for every t is a spectral
operator (with spectral measure PA(t)) generating a contraction semigroup and λ(t) is
an eigenvalue of A(t) such that, apart from regularity conditions,

• A(t)|PA(t)(σ(t))D is spectral of scalar type for some punctured neighborhood

σ(t) := σ(A(t)) ∩ U r0(λ(t)) \ {λ(t)}

of λ(t) in σ(A(t)) (r0 ∈ (0,∞) ∪ {∞}) and rkPA(t)({λ(t)}) <∞ for a. e. t,

• the open sector {λ(t) + δeiϑ : δ ∈ (0, δ0), ϑ ∈ (ϑ(t) − ϑ0, ϑ(t) + ϑ0)} of radius
δ0 ∈ (0,∞) and angle 2ϑ0 ∈ (0, π) is contained in ρ(A(t)).

Section 4.2.2 contains some quantitative re�nements of the qualitative adiabatic the-
orem above. In particular, it contains a quantitative adiabatic theorem for scalar type
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spectral operators A(t) whose spectral measures PA(t) are Hölder continuous in t around
λ(t) in some sense. We thereby generalize a result for skew self-adjoint operators from [11]
and [131] and, in particular, slightly improve the respective quantitative bound on the
rate of convergence in (1.58).

Section 4.2.3 gives simple (classes of) examples for the adiabatic theorem above where
the previously known adiabatic theorems from [12] or [112] cannot be applied: one ex-
ample where the operators A(t) are spectral and one example where they are not. In
the context of �nding examples going beyond [12] or [112], it is important to notice the
following fact: if the eigenvalues λ(t) from the adiabatic theorem above are purely imag-
inary for all t, these eigenvalues are automatically weakly semisimple (by virtue of the
contraction semigroup assumption on A(t)). So, in the special case of purely imaginary
eigenvalues λ(t), the adiabatic theorem above essentially (save for regularity subtleties)
reduces to the adiabatic theorem from [12] or [112]. We also show by example that the
regularity condition on t 7→ P (t) cannot be weakened to strong continuity (while it can
be weakened to continuous di�erentiability, as we will see).

In Section 4.2.4 we apply the adiabatic theorem without spectral gap condition to
generators A(t) of quantum dynamical semigroups in X = Sp(h) (Schatten-p class over
a Hilbert space h) with eigenvalue λ(t) = 0, that is,

A(t)ρ = Z0(t)(ρ) +
∑
j∈J

Bj(t)ρBj(t)
∗ − 1/2{Bj(t)∗Bj(t), ρ} (ρ ∈ D(Z0(t))) (1.62)

where the operators Z0(t) are the generators of the group in Sp(h) de�ned by eZ0(t)τ (ρ) :=
e−iH(t)τρ eiH(t)τ with self-adjoint operators H(t) on h and where the operators Bj(t) are
bounded operators on h satisfying∑

j∈J
Bj(t)

∗Bj(t) =
∑
j∈J

Bj(t)Bj(t)
∗ <∞ (1.63)

for every t ∈ I (J an arbitrary index set). We thereby extend the respective application
from [12] where

• the generators A(t) are assumed to be dephasing, and

• the self-adjoint operators H(t) are assumed to be bounded (so that the A(t) are
bounded as well).

Since dephasingness means precisely that each of the operators Bj(t) belongs to the
double commutant {H(t)}′′ of H(t) which for separable h, in turn, is given by

{H(t)}′′ = {f(H(t)) : f bounded measurable function σ(H(t))→ C},

the equality condition in (1.63) is clearly a weaker requirement than dephasingness. In
fact, it is noticeably weaker as will become clear already by very simple examples. Just
as in [12], we consider the operators A(t) from (1.62) not in the natural space S1(h) but
in X = Sp(h) for p ∈ (1,∞) because, in the natural space S1(h), projections weakly
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associated with A(t) and λ(t) = 0 will quite often fail to exist. (In fact, such projections
fail to exist in a signi�cantly wider range of examples than indicated in [12], as we shall
see.) Condition (1.63) is what turns A(t) into a well-de�ned operator in Sp(h) in the
�rst place, with natural properties for arbitrary p ∈ (1,∞).

1.5.3 Adiabatic theory for operators with time-dependent domains

In Chapter 5 we establish our adiabatic theorems for operators A(t) : D(A(t)) ⊂ X → X
with generally time-dependent domains. Section 5.1 is devoted to fully general operators
A(t) while Section 5.2 is devoted to the particularly interesting special case of skew
self-adjoint operators A(t) = iAa(t) de�ned by symmetric sesquilinear forms a(t).

In Section 5.1.1 and Section 5.1.2 we extend the adiabatic theorems with and without
spectral gap condition from the previous chapter to the case of time-dependent domains.
In this extension process, the necessary changes in the assumptions are essentially con-
�ned to regularity conditions: most importantly, the regularity condition on t 7→ A(t)
from the adiabatic theorems for operators with time-independent domains will be re-
placed by

• strong continuous di�erentiability conditions on the resolvents t 7→ (z−A(t))−1 for
suitable points z,

• and the condition that the evolution Uε for 1
εA exist on the spaces D(A(t)) for

every ε and be bounded in ε.

(In the case of time-independent domains D(A(t)) = D, these two conditions are implicit
in the strong continuous di�erentiability assumption on t 7→ A(t) and the contraction
semigroup assumption on A(t) made in the simpli�ed theorems displayed above.) What
makes our extensions work is, basically, the following two simple facts:

• An evolution system U = (U(t, s)) for operators A(t) on the spaces D(A(t)) is right
di�erentiable w.r.t. the second variable s in some appropriate sense, namely: for
every s0 ∈ [0, t) and every y ∈ D(A(s0)), the mapping [0, t] 3 s 7→ U(t, s)y is right
di�erentiable at s0 with right derivative −U(t, s0)A(s0)y.

• A continuous, right di�erentiable map f : [0, t]→ X with continuous right deriva-
tive ∂+f is already continuously di�erentiable on [0, t) and therefore the fundamen-
tal theorem of calculus is available.

With these two facts, the proofs from the case of time-independent domains can easily
be carried over. In fact, the only major changes are in the justi�cation of the partial
integration step in (1.56) and (1.60). Almost all other steps � in particular, the resolution
of the (approximate) commutator equations � are pointwise in t and can therefore be
taken over without change to case of time-dependent domains.

Section 5.1.3 is devoted to an extension of the adiabatic theorem of higher order
from [59] or [99] to the case of general � not necessarily skew self-adjoint � operators
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with generally time-dependent domains. Albeit a bit technical, this extension is not dif-
�cult � the essential ingredients for it to work being the same as in Section 5.1.1 and
Section 5.1.2.

Section 5.2 gives applications of the general theory from Section 5.1 to the special
case of skew self-adjoint operators A(t) = iAa(t) de�ned by symmetric sesquilinear forms
a(t) with time-independent form domain. Schrödinger operators with time-dependent
Rollnik potentials are typical examples for such operators. Speci�cally, we shall consider
the situation of two Hilbert spaces H+ and H, where H+ is continuously and densely
embedded in H, where a(t) is a symmetric sesquilinear form on H+ such that, for some
m ∈ (0,∞),

〈 . , .. 〉+t := a(t)( . , .. ) +m 〈 . , .. 〉

is a scalar product on H+ and ‖ . ‖+t is equivalent to ‖ . ‖+ for every t ∈ I, and where t 7→
a(t)(x, y) is twice continuously di�erentiable for all x, y ∈ H+. Applying the adiabatic
theorems for general operators from the preceding section, we obtain among other things
the following adiabatic theorem without spectral gap condition. It is a generalization of
the adiabatic theorem of Bornemann from [17] where, recall, the considered eigenvalues
are required to belong to the discrete spectrum (and hence are isolated).

• If A(t) = iAa(t) : D(A(t)) ⊂ H → H for every t ∈ I is the skew self-adjoint
operator associated with a(t) and a(t) is as above,

• if λ(t) for every t ∈ I is an eigenvalue of A(t) such that t 7→ λ(t) continuous,

• if P (t) is weakly associated with A(t) and λ(t) for almost every t ∈ I, rkP (0) <∞
and t 7→ P (t) is continously di�erentiable, then

sup
t∈I
‖(1− P (t))Uε(t)P (0)‖ , sup

t∈I
‖P (t)Uε(t)(1− P (0))‖ −→ 0

as ε↘ 0. Above, Uε denotes the evolution system for 1
εA on the spaces D(A(t)) whose

existence is guaranteed by a well-posedness theorem of Kisy«ski from [71]. Apart from
the fact that the theorem above is more general than the result from [17], our method
of proof is also considerably simpler than the � completely di�erent � method employed
in [17].

1.5.4 Adiabatic switching

In Chapter 6 we use the adiabatic theorem for skew self-adjoint operators without spec-
tral gap condition, in the version for several eigenvalues λ1(t), . . . , λr(t) (Section 4.2.1),
to study adiabatic switching procedures similar to (1.5) for not necessarily isolated eigen-
values λ1(t), . . . , λr(t). We extend the well-known Gell-Mann and Low formula, which
relates the eigenstates of a perturbed system to the ones of the unperturbed system, to
the case of eigenstates belonging to non-isolated eigenvalues. And thereby, we generalize
a recent result by Brouder, Panati, Stoltz from [20] where the case of isolated eigenvalues
is treated.
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1.6 Structure and organization of this thesis

Some remarks on the interdependence of the various chapters and sections as well as on
the relation with already published or pre-published works are in order. Chapter 2 can
be read independently of all other chapters. Chapters 3 to 6 presuppose the dynamical
preliminaries from Section 2.1 and the spectral-theoretic preliminaries from Section 3.1
and, above all, from Section 3.2. We point out that the other well-posedness sections
(Section 2.2 and 2.3) are not necessary for the adiabatic theory chapters. Also, at �rst
reading, one may well con�ne oneself to Section 2.1.2 where the constantly used notions
of well-posedness and evolution systems are de�ned. Sections 2.1.1 and 2.1.3 may be
ignored at �rst reading because the less common notions of Wm,1

∗ -regularity or (M, 0)-
stability explained in these sections can be replaced at any occurrence by the simpler
notions of m times strong continuous di�erentiability or contraction semigroups, respec-
tively. Section 2.1.4 recalls some fundamental well-posedness results from the literature
and thereby provides the necessary background information for Sections 2.2 and 2.3. Sec-
tion 3.3 properly de�nes spectral gaps (uniform and non-uniform) and the continuity of
set-valued functions t 7→ σ(t), while Section 3.4 properly introduces the basic concept of
adiabatic evolutions and discusses circumstances under which one has an adiabatic the-
orem already on trivial grounds. In Section 3.5 we explain the standard structure that is
behind all our non-applied examples from the adiabatic theory part of this thesis. And
�nally, Section 3.6 provides the necessary preliminaries on generators � especially de-
phasing generators � of quantum dynamical semigroups needed for the applied examples
from Section 4.1.4 and Section 4.2.4.

Chapter 2 combines the papers [114], [116], and [117]. Section 2.2.2 is based on the
paper [114], but in the present thesis the case of locally convex spaces is treated in detail.
Section 2.2.3 and Section 2.2.4 are improvements of the paper [116]. In the well-posedness
theorem of that paper, t 7→ A(t) was assumed to be Lipschitz or, more generally, to be
absolutely continuous in a certain sense. In the corresponding theorem of this thesis,
t 7→ A(t) is only assumed to be continuous and of bounded variation. Section 2.3 is
essentially identical with the paper [117]. All that has been changed is that the well-
posedness theorem for group generators has slightly been generalized: it now contains
the respective theorem for operators with time-independent domains from Section 2.2.3
as a special case, while its counterpart from [117] did not.

Chapters 3 to 6 are an expansion of the paper [113]. Some central parts of that
paper are summarized in [115]. In detail, the changes made to [113] are the following.
In the spectral-theoretic preliminaries, we now provide more details (Section 3.1 and
Section 3.2), in particular, as far as spectral operators are concerned. We also provide
here a quite general class of examples, not present in [113], for the adiabatic theorem
without spectral gap condition, namely in terms of spectral operators A(t) that are of
scalar type in a punctured neighorhood of the considered eigenvalue. While in [113], the
adiabatic theorems for operators with time-independent domains feature a strong W 1,∞-
regularity condition on t 7→ A(t), the respective theorems of this thesis only require a
strong W 1,1-regularity condition, which goes back to the classic well-posedness theorem
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of Kato [66]. Correspondingly, the preliminaries on the regularity of operator-valued
maps (Section 2.1.1) had to be adapted and the proofs of the adiabatic theorems also
had to be slightly modi�ed. Additionally, we also adapted the examples accordingly. And
�nally, we now discuss applied examples of the adiabatic theorems for general operators
(Section 4.1.4 and Section 4.2.4). Such applications were not present in [113]. Chapter 6
on adiabatic switching is new as well.

1.7 Some global conventions on notation

We �nally record some global notational conventions. In all sections except Section 2.2,
the symbol X will denote a Banach space over C unless explicitly stated otherwise, and
the same goes for the symbols Y and Z except in Section 2.1.2 to Section 2.3.5. Similarly,
H will stand for a Hilbert space over C except in the context of quantum dynamical
semigroups where it denotes a self-adjoint operator on a Hilbert space h. Sometimes,
SOT and WOT will be used to denote the strong or weak operator topology of the
Banach space L(X,Y ) of bounded linear operators from X to Y or � unless explicitly
stated otherwise � of the Banach space L(X) = L(X,X), where X and Y will be clear
from the context in most cases. We will abbreviate

I := [0, 1] and ∆ := {(s, t) ∈ I2 : s ≤ t},

and for evolution systems U de�ned on ∆ we will write U(t) := U(t, 0) for all t ∈ I, while
Uε for ε ∈ (0,∞) will always denote the evolution system for 1

εA on D(A(t)) provided
it exists. As far as notational conventions on general spectral theory are concerned (in
particular, concerning the not completely universal notion of continuous and residual
spectrum), we follow the standard textbooks [39], [129] or [141]. As far as semigroup
theory is concerned, we take [41] and [104] as standard references. When speaking of a
semigroup, we will always mean a strongly continuous semigroup unless explicitly stated
otherwise. And �nally, the notation employed in the examples will be explained in
Section 3.5.
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2 Well-posedness theorems for

non-autonomous linear evolution

equations

2.1 Some preliminaries on regularity and well-posedness

2.1.1 Sobolev regularity of operator-valued functions and one-sided
di�erentiability

We begin by brie�y recalling those facts on vector-valued Sobolev spaces that will be
needed in the sequel (see [7] and [10] for more detailed expositions). We follow the
notational conventions of [10]. In particular, (µ-)measurability of a Y -valued map on a
complete measure space (X0,A, µ) will not only mean that this map is A-measurable but
also that it is µ-almost separably-valued, whereas the notion of (µ-)strong measurability

will be reserved for operator-valued maps that are pointwise µ-measurable. Suppose J
is a non-trivial bounded interval and p ∈ [1,∞) ∪ {∞}. Then W 1,p(J,X) is de�ned to
consist of those (equivalence classes of) p-integrable functions f : J → X for which there
is a p-integrable function g : J → X (called a weak derivative of f) such that∫

J
f(t)ϕ′(t) dt = −

∫
J
g(t)ϕ(t) dt

for all ϕ ∈ C∞c (J◦,C). As usual, p-integrability of a function f : J → X (with p ∈
[1,∞) ∪ {∞}) means that f is measurable and ‖f‖p := (

∫
J ‖f(τ)‖p dτ)1/p < ∞ if p ∈

[1,∞) or ‖f‖p := ess-supt∈J ‖f(t)‖ < ∞ if p = ∞. If f is in W 1,p(J,X) and g1, g2

are two weak derivatives of f , then g1 = g2 almost everywhere, so that up to almost
everywhere equality there is only one weak derivative of f which is denoted by ∂f . It
is well-known that W 1,p(J,X) is a Banach space w.r.t. the norm ‖ . ‖1,p whith ‖f‖1,p :=

‖f‖p + ‖∂f‖p for f ∈ W 1,p(J,X). It is also well-known that the space W 1,p(J,X) for

p ∈ [1,∞) ∪ {∞} can be characterized by means of inde�nite integrals: W 1,p(J,X)
consists of those (equivalence classes of) p-integrable functions f : J → X for which
there is a p-integrable function g such that for some (and hence every) t0 ∈ J

f(t) = f(t0) +

∫ t

t0

g(τ) dτ for all t ∈ J,

or, equivalently (by Lebesgue's di�erentiation theorem), W 1,p(J,X) consists of (equiv-
alence classes of) p-integrable functions f : J → X which are di�erentiable almost
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everywhere and whose (pointwise) derivative f ′ is p-integrable such that for some (and
hence every) t0 ∈ J

f(t) = f(t0) +

∫ t

t0

f ′(τ) dτ for all t ∈ J.

Additionally, the pointwise derivative f ′ of an f ∈W 1,p(J,X) equals the weak derivative
∂f almost everywhere. It follows from this characterization that, in case X is re�ex-
ive (or more generally, satis�es the Radon�Nikodým property), W 1,1(J,X) respectively
W 1,∞(J,X) consists exactly of the (equivalence classes of) absolutely continuous or Lip-
schitz continuous functions, respectively (where one inclusion is completely trivial and
independent of the Radon�Nikodým property, of course). We refer to [34] for a measure-
theoretic de�nition of the Radon�Nikodým property (Section III.1) and for a host of
characterizations of that property (Section IV.3 and VII.6) along with many examples
and counterexamples (Section VII.7).

We now move on to de�ne � inspired by the introduction of Kato's work [68] � the
notion of Wm,p

∗ -regularity for p ∈ [1,∞) ∪ {∞}, which shall be used in all our adiabatic
theorems with time-independent domains. An operator-valued function J 3 t 7→ A(t) ∈
L(X,Y ) on a compact interval J is said to belong to W 0,p

∗ (J, L(X,Y )) = Lp∗(J, L(X,Y ))
if and only if t 7→ A(t) is strongly measurable and t 7→ ‖A(t)‖ has a p-integrable majorant,
that is, a p-integrable function

α : J → [0,∞) ∪ {∞} such that ‖A(t)‖ ≤ α(t) (t ∈ J).

(Sometimes, for instance in [66], the property of having a p-integrable majorant is called
upper p-integrability.) And t 7→ A(t) is said to belong to W 1,p

∗ (J, L(X,Y )) if and only if
there is a B ∈ Lp∗(J, L(X,Y )) (called a W 1,p

∗ -derivative of A) such that for some (and
hence every) t0 ∈ J

A(t)x = A(t0)x+

∫ t

t0

B(τ)x dτ for all t ∈ J and x ∈ X. (2.1)

Wm,p
∗ (J, L(X,Y )) for arbitrary m ∈ N is de�ned recursively, of course.

We point out that the Wm,p
∗ -spaces (unlike the Wm,p-spaces), by de�nition, consist of

functions (of operators) rather than equivalence classes of such functions. It is obvious
from the characterization of W 1,p(J, Y ) by way of inde�nite integrals that, if t 7→ A(t) is
in W 1,p

∗ (J, L(X,Y )), then t 7→ A(t)x is (the continuous representative of an element) in
W 1,p(J, Y ). It is also obvious that

W 1,∞
∗ (J, L(X,Y )) ⊂W 1,p

∗ (J, L(X,Y )) ⊂W 1,1
∗ (J, L(X,Y )) (2.2)

and that W 1,1
∗ - and W 1,∞

∗ -regularity imply absolute continuity or Lipschitz continuity
w.r.t. the norm topology, respectively. In fact, if Y has the Radon�Nikodým property,
thenW 1,1

∗ - andW 1,∞
∗ -regularity can be thought of as being not much more than absolute
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or Lipschitz continuity (in view of the above remarks in conjunction with the Radon�
Nikodým property), but for general spaces Y this is certainly not true: for example,
t 7→ A(t) with

A(t)g := f(t)g (g ∈ C(I,C)) (f(t) := (t− . )χ[0,t]( . ) ∈ C(I,C))

is Lipschitz continuous from I to L(X,Y ) (X = Y := C(I,C)), but not W 1,∞
∗ -regular

because t 7→ A(t)g is non-di�erentiable at every t ∈ (0, 1) for g := 1 (Example 1.2.8
of [10]). See also Example 2.2.12 for a similar counterexample. A simple and important
criterion for W 1,∞

∗ -regularity is furnished by the following proposition.

Proposition 2.1.1. Suppose J 3 t 7→ A(t) ∈ L(X,Y ) is continuously di�erentiable

w.r.t. the strong or weak operator topology, where J is a compact interval. Then t 7→ A(t)
is in W 1,∞

∗ (J, L(X,Y )).

Proof. It is well-known that a weakly continuous map J → Y is almost separably valued,
whence t 7→ A′(t)x is measurable (by Pettis' characterization of measurability). With
the help of the Hahn�Banach theorem the conclusion readily follows. �

It follows from Lebesgue's di�erentiation theorem that W 1,p
∗ -derivatives are essentially

unique, more precisely: if t 7→ A(t) is inW 1,p
∗ (J, L(X,Y )) for a p ∈ [1,∞)∪{∞} and B1,

B2 are two W 1,p
∗ -derivatives of A, then one has for every x ∈ X that B1(t)x = B2(t)x for

almost every t ∈ J . It should be emphasized that this last condition does not imply that
B1(t) = B2(t) for almost every t ∈ J . (Indeed, take J := [0, 1], X := `2(J) and de�ne

A(t) := 0 as well as B1(t)x := 〈et, x〉 et and B2(t)x := 0

for t ∈ J and x ∈ X, where et(s) := δs t. Then, for every x ∈ X, B1(t)x is di�erent
from 0 for at most countably many t ∈ J , and it follows that B1 and B2 both are
W 1,∞
∗ -derivatives of A, but B1(t) 6= B2(t) for every t ∈ J .)
In the presented adiabatic theorems for time-independent domains (Section 4.1 and

4.2), we will make much use of the following lemma stating that W 1,p
∗ -regularity carries

over to products and inverses. It is used implicitly in [36] for p = 1 and noted explicitly
in the introduction of [68] for p = ∞ and for separable spaces. We prove this lemma
here since it is not proved in [36] and [68] and, more importantly, since it is not a
priori clear � (almost) separability being crucial for measurability � that the separability
assumption of [68] is actually not necessary. An analogue of this lemma for SOT- and
WOT-continuous di�erentiability is well-known (and easily proved with the help of the
theorem of Banach�Steinhaus).

Lemma 2.1.2. Suppose that J = [a, b] is compact and p ∈ [1,∞) ∪ {∞}.

(i) If t 7→ A(t) is in W 1,p
∗ (J, L(X,Y )) and t 7→ B(t) is in W 1,p

∗ (J, L(Y,Z)), then

t 7→ B(t)A(t) is in W 1,p
∗ (J, L(X,Z)) and t 7→ B′(t)A(t) + B(t)A′(t) is a W 1,p

∗ -

derivative of BA for every W 1,p
∗ -derivative A′, B′ of A or B, respectively.
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(ii) If t 7→ A(t) is in W 1,p
∗ (J, L(X,Y )) and A(t) is bijective onto Y for every t ∈ J ,

then t 7→ A(t)−1 is in W 1,p
∗ (J, L(Y,X)) and t 7→ −A(t)−1A′(t)A(t)−1 is a W 1,p

∗ -

derivative of A−1 for every W 1,p
∗ -derivative A′ of A.

Proof. We �rst prove the lemma in the special case where p = 1, from which the general
case will easily follow. In essence, our proof rests upon the following two facts: 1. If
t 7→ A(t) ∈ L(X,Y ) and t 7→ B(t) ∈ L(Y,Z) are both strongly measurable, then their
product t 7→ B(t)A(t) ∈ L(X,Z) is strongly measurable as well (Lemma A 4 of [66]).
2. If f : J 7→ X is absolutely continuous and di�erentiable almost everywhere, then f ′

is integrable and f(t) = f(a) +
∫ t
a f
′(τ) dτ for every t ∈ J (Proposition 1.2.3 of [10]).

(Alternatively, the proof could also be based on a molli�cation argument. See Lemma 2.5
of [113], for instance.)

(i) We �x arbitrary W 1,1
∗ -derivatives A′, B′ of A and B and prove that t 7→ C(t) :=

B′(t)A(t) +B(t)A′(t) is in L1
∗(J, L(X,Z)) and that

B(t)A(t)x = B(a)A(a)x+

∫ t

a
B′(τ)A(τ)x+B(τ)A′(τ)x dτ

for every t ∈ J and x ∈ X. In order to see that t 7→ C(t) is strongly measurable, invoke
Lemma A 4 of [66] and to see that t 7→ ‖C(t)‖ has an integrable majorant, notice that

‖C(t)‖ ≤ c(α(t) + β(t)) (t ∈ J),

where c := max{supt∈J ‖A(t)‖ , supt∈J ‖B(t)‖} is �nite by the continuity of t 7→ A(t), B(t)
and where α, β denote integrable majorants of A′ and B′. So, t 7→ C(t) is indeed in
L1
∗(J, L(X,Z)). Also, it is obvious from the absolute continuity of t 7→ A(t), B(t) that

t 7→ B(t)A(t)x for every x ∈ X is an absolutely continuous map J → Z, and it therefore
remains to show that t 7→ B(t)A(t)x for every x ∈ X is di�erentiable almost everywhere
with (almost-everywhere) derivative t 7→ C(t)x (Proposition 1.2.3 of [10]). So, let x ∈ X.
Choose a countable dense subset {tk : k ∈ N} of J and de�ne

Nx := NA( . )x ∪
⋃
k∈N

NB( . )A(tk)x ∪Nβ

where NA( . )x and NB( . )y denote the sets of those t ∈ J for which (A(t+h)x−A(t)x)/h
and (B(t+ h)y −B(t)y)/h do not converge to A′(t)x and B′(t)y as h→ 0, respectively,
and where

Nβ :=
{
t ∈ J :

1

h

∫ t+h

t
β(τ) dτ 9 β(t) (h→ 0)

}
.

Since A′, B′ are W 1,1
∗ -derivatives of A and B and since β is integrable, Nx is a null set

by Lebesgue's di�erentiation theorem, and furthermore we have

B(t+ h)A(t+ h)x−B(t)A(t)x

h
−→ C(t)x (h→ 0)

41



for every t ∈ J \Nx. Indeed, let be an arbitrary point of J \Nx. We then see �rst that

B(t+ h)
A(t+ h)x−A(t)x

h
−→ B(t)A′(t)x (2.3)

because τ 7→ B(τ) is continuous and t /∈ NA( . )x, and second that(B(t+ h)−B(t)

h
−B′(t)

)
A(t)x −→ 0 (h→ 0) (2.4)

because τ 7→ A(τ) is continuous and t /∈
⋃
k∈NNB( . )A(tk)x ∪Nβ . In order to obtain this

second convergence, notice that for every ε > 0 there exists a k ∈ N such that

‖A(tk)−A(t)‖X,Y < ε/ct,

ct := sup
h6=0 with t+h∈J

∣∣∣1
h

∫ t+h

t
β(τ) dτ

∣∣∣ ‖x‖X +
∥∥B′(t)∥∥

Y,Z
‖x‖X <∞,

so that the left-hand side of (2.4), which can be expressed as(B(t+ h)−B(t)

h
−B′(t)

)
A(tk)x+

1

h

∫ t+h

t
B′(τ)

(
A(t)−A(tk)

)
x dτ

−B′(t)
(
A(t)−A(tk)

)
x,

has norm less than 3ε for |h| 6= 0 small enough.

(ii) We �x an arbitrary W 1,1
∗ -derivative A′ of A and prove that the map t 7→ B(t) :=

−A(t)−1A′(t)A(t)−1 is in L1
∗(J, L(Y,X)) and that

A(t)−1y = A(a)−1y −
∫ t

a
A(τ)−1A′(τ)A(τ)−1y dτ

for every t ∈ J and y ∈ Y . In order to see that t 7→ B(t) is strongly measurable, invoke
Lemma A 4 of [66] and to see that t 7→ ‖B(t)‖ has an integrable majorant, notice that

‖B(t)‖ ≤ c2α(t) (t ∈ J),

where c := supt∈J
∥∥A(t)−1

∥∥ is �nite by the continuity of t 7→ A(t) and where α denotes
an integrable majorant of A′. So, t 7→ B(t) is indeed in L1

∗(J, L(Y,X)). Also, it is
obvious from the absolute continuity of t 7→ A(t) that t 7→ A(t)−1y for every y ∈ Y is an
absolutely continuous map J → X, and it therefore remains to show that t 7→ A(t)−1y
for every y ∈ Y is di�erentiable almost everywhere with (almost-everywhere) derivative
t 7→ B(t)y (Proposition 1.2.3 of [10]). So, let y ∈ Y . Choose a countable dense subset
{tk : k ∈ N} of J and de�ne

Ny :=
⋃
k∈N

NA( . )A(tk)−1y ∪Nα
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where NA( . )x and Nα are de�ned as in (i) above. Since A′ is a W 1,1
∗ -derivative of A

and since α is integrable, Ny is a null set by Lebesgue's di�erentiation theorem, and
furthermore we have

A(t+ h)−1y −A(t)−1y

h
−B(t)y = −A(t+ h)−1

(A(t+ h)−A(t)

h
−A′(t)

)
A(t)−1y

−
(
A(t+ h)−1 −A(t)−1

)
A′(t)A(t)−1y −→ 0 (h→ 0)

for every t ∈ J \Ny. Indeed, τ 7→ A(τ)−1 is continuous and(A(t+ h)−A(t)

h
−A′(t)

)
A(t)−1y −→ 0 (h→ 0) (2.5)

for every t ∈ J \Ny by the same arguments as for (2.4).

With the special case p = 1 at hand, we can now also prove the lemma for general
p ∈ [1,∞)∪{∞}. Indeed, for p ∈ [1,∞)∪{∞}, every W 1,p

∗ -regular map on the compact
interval J is, in particular, W 1,1

∗ -regular and every W 1,p
∗ -derivative of such a map is also

a W 1,1
∗ -derivative. So, in the situation of (i) or (ii),

t 7→ B′(t)A(t) +B(t)A′(t) or t 7→ −A(t)−1A′(t)A(t)−1 (2.6)

is a W 1,1
∗ -derivative of BA or A−1, respectively. Since t 7→ A′(t), B′(t) or t 7→ A′(t) have

p-integrable majorants in the situation of (i) or (ii), the same is true of the maps in (2.6)
and so these maps are even W 1,p

∗ -derivatives of BA and A−1 respectively, as desired. �

We shall need the following simple product rule very often: it will always be used for
estimating the di�erence of two evolution systems and for establishing adiabaticity of
evolution systems. And furthermore, it will take the role of Lemma 2.1.2 in the adiabatic
theorems for time-dependent domains (Section 5.1).

Lemma 2.1.3. Suppose C(t) is a bounded linear map in X for every t ∈ J = [a, b],
let t0 ∈ [a, b), and let Yt0 be a dense subspace of X. Suppose that t 7→ C(t)y is right

di�erentiable at t0 for all y ∈ Yt0 and that the map f : J → X is right di�erentiable at

t0 and f(t0) ∈ Yt0 . Suppose �nally that supt∈Jt0 ‖C(t)‖ < ∞ for a neighbourhood Jt0 of

t0. Then t 7→ C(t)f(t) is right di�erentiable at t0 with right derivative

∂+(C( . )f( . ))(t0) = ∂+C(t0)f(t0) + C(t0)∂+f(t0).

Proof. We have

C(t0 + h)f(t0 + h)− C(t0)f(t0)

h

= C(t0 + h)
f(t0 + h)− f(t0)

h
− C(t0 + h)f(t0)− C(t0)f(t0)

h

for positive and su�ciently small h. Since supt∈Jt0 ‖C(t)‖ < ∞ and Yt0 is dense, we

easily get that C(t0 +h) −→ C(t0) as h↘ 0 w.r.t. the strong operator topology, and the
desired conclusion follows. �
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We shall also need the following lemma on the relation between right di�erentiability
and the class W 1,∞, which is a generalized version of Corollary 2.1.2 of [104]. It will
be used very often � especially in Section 5.1 � in conjunction with the lemma above:
Lemma 2.1.3 will yield right di�erentiability of a given product and Lemma 2.1.4 will
then yield an integral representation for this product.

Lemma 2.1.4. Suppose f : J → X is a continuous, right di�erentiable map on a compact

interval J = [a, b] such that the right derivative ∂+f : [a, b) → X is bounded. Then f is

in W 1,∞(J,X) and

f(t) = f(t0) +

∫ t

t0

∂+f(τ) dτ

for all t0, t ∈ J . In particular, if ∂+f is even continuous and continuously extendable to

the right endpoint b, then f is continuously di�erentiable.

Proof. Since ∂+f is measurable (as the pointwise limit of a sequence of di�erence quo-
tients) and ∂+f is bounded, we have only to show that∫

(a,b)
f(t)ϕ′(t) dt = −

∫
(a,b)

∂+f(t)ϕ(t) dt for all ϕ ∈ C∞c ((a, b),C)

in order to get f ∈W 1,∞(J,X) (from which, in turn, the asserted integral representation
follows by the continuity of f). So, let ϕ ∈ C∞c ((a, b),C) and denote by ϕ̃ and f̃ the zero
extension of ϕ and f to the whole real line. Then∫

(a,b)
f(t)ϕ′(t) dt = lim

h↘0

∫
R
f̃(t)

ϕ̃(t− h)− ϕ̃(t)

−h
dt

= − lim
h↘0

∫
R

f̃(t+ h)− f̃(t)

h
ϕ̃(t) dt =

∫
(a,b)

∂+f(t)ϕ(t) dt,

since suppϕ ⊂ [a+ δ, b− δ] for some δ > 0 and since∥∥∥∥f(t+ h)− f(t)

h
ϕ(t)

∥∥∥∥ ≤ sup
τ∈(a,b)

‖∂+f(τ)‖ ‖ϕ‖∞ <∞

for all t ∈ [a+δ, b−δ] and h ∈ (0, δ) (which mean value estimate can be derived from the
continuity and right di�erentiability of f in a similar way as Lemma III.1.36 of [67]). �

2.1.2 Well-posedness and evolution systems

We recall here from [41] the fundamental concepts of well-posedness and (solving) evo-
lution systems for non-autonomous linear evolution equations

x′ = A(t)x (t ∈ [s, b]) and x(s) = y (2.7)

for densely de�ned linear operators A(t) : D(A(t)) ⊂ X → X (t ∈ [a, b]) and initial
values y ∈ Ys ⊂ D(A(s)) at initial times s ∈ [a, b). Well-posedness of such evolution
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equations means, of course, something like unique (classical) solvability with continuous
dependence of the initial data. Instead of giving a direct de�nition (especially of contin-
uous dependence on the data) (De�nition VI.9.1 of [41]), we give here a more convenient
equivalent de�nition using so-called evolution systems (De�nition VI.9.2 of [41]).

If A(t) : D(A(t)) ⊂ X → X is a densely de�ned linear operator and Yt is a dense
subspace of D(A(t)) for every t in a compact interval J = [a, b], then the initial value
problems (2.7) for A are called well-posed on (the spaces) Yt if and only if there exists a
solving evolution system for A on (the spaces) Yt or, for short, an evolution system for

A on Yt. Such an evolution system for A on Yt is, by de�nition, a family U of bounded
operators U(t, s) in X for (s, t) ∈ ∆J := {(s, t) ∈ J2 : s ≤ t} such that

(i) for every s ∈ [a, b) and y ∈ Ys, the map [s, b] 3 t 7→ U(t, s)y is a continuously
di�erentiable solution to the initial value problem (2.7) satisfying U(t, s)y ∈ Yt for
all t ∈ [s, b] (where a solution to (2.7) is a di�erentiable map x : [s, b] → X such
that x(t) ∈ D(A(t)) and x′(t) = A(t)x(t) for all t ∈ [s, b] and x(s) = y),

(ii) U(t, s)U(s, r) = U(t, r) for all (r, s), (s, t) ∈ ∆J and ∆J 3 (s, t) 7→ U(t, s)x is
continuous for all x ∈ X.

A family U of bounded operators U(t, s) for (s, t) ∈ ∆J that satis�es the chain and
continuity property (ii) but not necessarily the solution property (i) above is called an
evolution system as such. In our adiabatic theorems below, we will always be in the
situation Yt = D(A(t)) for t ∈ J .
If, for a given family A of densely de�ned operators A(t) : D(A(t)) ⊂ X → X and

dense subspaces Yt ofD(A(t)), there exists any solving evolution system, then it is already
unique. In order to see this we need the following simple lemma, which will always be
used when the di�erence of two evolution systems has to be dealt with.

Lemma 2.1.5. Suppose A(t) : D(A(t)) ⊂ X → X is a densely de�ned linear operator

and Yt is a dense subspace of D(A(t)) for every t ∈ J . Suppose further that U is an

evolution system for A on Yt. Then, for every s0 ∈ [a, t) and every x0 ∈ Ys0, the map

[a, t] 3 s 7→ U(t, s)x0 is right di�erentiable at s0 with right derivative −U(t, s0)A(s0)x0.

In particular, if Yt = D(A(t)) = D for all t ∈ J and s 7→ A(s)x is continuous for all

x ∈ D, then [a, t] 3 s 7→ U(t, s)x is continuously di�erentiable for all x ∈ D.

Proof. Since U(t, s)U(s, r) = U(t, r) for (r, s), (s, t) ∈ ∆J and since ∆J 3 (s, t) 7→ U(t, s)
is strongly continuous, we obtain for every s0 ∈ [a, t) and x0 ∈ D(A(s0)) that

U(t, s0 + h)x0 − U(t, s0)x0

h
= −U(t, s0 + h)

U(s0 + h, s0)x0 − x0

h
−→ −U(t, s0)A(s0)x0

as h↘ 0. If Yt = D(A(t)) = D for all t ∈ J and s 7→ A(s)x is continuous for all x ∈ D,
then the asserted continuous di�erentiability of [a, t] 3 s 7→ U(t, s)x for x ∈ D follows
by Lemma 2.1.4 or Corollary 2.1.2 of [104]. �
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Corollary 2.1.6. Suppose A(t) : D(A(t)) ⊂ X → X is a densely de�ned linear operator

and Yt is a dense subspace of D(A(t)) for every t ∈ J . If U and V are two evolution

systems for A on Yt, then U = V .

Proof. If U and V are two evolution systems for A on the spaces Yt, then for every
(s, t) ∈ ∆J with s < t and y ∈ Ys the map [s, t] 3 τ 7→ U(t, τ)V (τ, s)y is continuous
and right di�erentiable with vanishing right derivative by virtue of Lemma 2.1.5 and
Lemma 2.1.3. With the help of Lemma 2.1.4 it then follows that

V (t, s)y − U(t, s)y = U(t, τ)V (τ, s)y
∣∣τ=t

τ=s
= 0,

which by the density of Ys in X implies U( . , s) = V ( . , s). Since s was arbitrary in [a, b)
we obtain U = V , as desired. �

In the special � autonomous � situation where A(t) = A0 (t ∈ J) for some densely
de�ned operator A0 in X, it is easy to see that the initial value problems (2.7) for A are
well-posed on D(A0) if and only if A0 is a semigroup generator in X. In this case, the
(uniquely existing!) evolution system U for A on D(A0) is given by the semigroup:

U(t, s) = eA0(t−s) ((s, t) ∈ ∆J).

In general non-autonomous situations, however, a characterization of well-posedness �
particularly, a characterization as simple as in the autonomous case � still seems out of
reach [93]. See, for instance, Example VI.9.4 of [41].

2.1.3 Stable families of operators and admissible subspaces

We also brie�y recall from [65] or [104] the concepts of stable families of operators, of
parts of operators in a subspace, and of admissible subspaces. A family A of linear
operators A(t) : D(A(t)) ⊂ X → X (where t ∈ J) is called (M,ω)-stable (for some
M ∈ [1,∞) and ω ∈ R) if and only if A(t) generates a strongly continuous semigroup on
X for every t ∈ J and ∥∥∥eA(tn)sn · · · eA(t1)s1

∥∥∥ ≤Meω(s1+ ···+sn) (2.8)

for all s1, . . . , sn ∈ [0,∞) and all t1, . . . , tn ∈ J satisfying t1 ≤ · · · ≤ tn with arbitrary n ∈
N. Alternatively, (M,ω)-stability could be de�ned with the help of the resolvents of the
A(t) (Proposition 3.3 of [65]) or certain monotonic families of norms ‖ . ‖t (Proposition 1.3
of [102]): for instance, A is (M,ω)-stable if and only if (ω,∞) ⊂ ρ(A(t)) for all t ∈ J
and ∥∥(λ−A(tn))−1 · · · (λ−A(t1))−1

∥∥ ≤ M

(λ− ω)n
(2.9)

for all λ ∈ (ω,∞) and all t1, . . . , tn ∈ J satisfying t1 ≤ · · · ≤ tn with arbitrary n ∈ N.
Clearly, a family A of linear operators in X is (1, 0)-stable if and only if each member

A(t) of the family generates a contraction semigroup on X. It is simple to produce
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examples � relevant to adiabatic theory � of (M, 0)-stable families that fail to be (1, 0)-
stable (Example 4.1.3).

When it comes to estimating perturbed evolution systems in Section 4.1 and 4.2, the
following important criterion for stability will always � and tacitly � be used: if A is an
(M,ω)-stable family of linear operators A(t) : D(A(t)) ⊂ X → X for t ∈ J , B(t) is a
bounded operator in X for t ∈ J and b := supt∈J ‖B(t)‖ is �nite, then A+B is (M,ω+
Mb)-stable (Proposition 3.5 of [65]). See also Proposition 3.4 and Proposition 4.4 of [65]
for further criteria for stability that play an important role in the classic well-posedness
theorems of Kato for group and semigroup generators, respectively (Section 2.1.4.2). In
our examples to adiabatic theory the following lemma will be important.

Lemma 2.1.7. Suppose A0 is an (M0, ω0)-stable family of operators A0(t) : D(A0(t)) ⊂
X → X for t ∈ J and R(t) : X → X for every t ∈ J is a bijective bounded operator such

that t 7→ R(t) is in W 1,∞
∗ (J, L(X)). Then the family A with A(t) := R(t)−1A0(t)R(t) is

(M,ω)-stable for some M ∈ [1,∞) and ω = ω0.

Proof. We may assume that ω0 = 0, since (M̃, ω̃)-stability of a family Ã is equivalent to
the (M̃, 0)-stability of Ã− ω̃. Set ‖x‖t := d e−M0ct ‖R(t)x‖0 t for x ∈ X and t ∈ J , where

c := ess-sup
t∈J

∥∥R′(t)R(t)−1
∥∥ and d := sup

t∈J
eM0ct

∥∥R(t)−1
∥∥

and the ‖ . ‖0 t are norms on X associated with A0 according to Proposition 1.3 of [102].
It then easily follows � in a similar way as in the proof of Theorem 4.2 of [71] � that the
norms ‖ . ‖t satisfy the conditions (a), (b), (c) of Proposition 1.3 in [102] for the family
A with a certain M ∈ [1,∞) and therefore A is (M, 0)-stable, as desired. �

If A is an arbitrary operator in X and Y is an arbitrary subspace of X, then the
operator Ã de�ned by

D(Ã) :=
{
y ∈ D(A) ∩ Y : Ay ∈ Y

}
and Ãy := Ay (y ∈ D(Ã))

is called the part of A in Y or, for short, the Y -part of A. If A is a semigroup generator on
X, then a subspace Y of X = (X, ‖ . ‖) endowed with a norm ‖ . ‖∗ is called A-admissible

if and only if

(i) (Y, ‖ . ‖∗) is a Banach space densely and continuously embedded in (X, ‖ . ‖),

(ii) eAs Y ⊂ Y for all s ∈ [0,∞) and the restriction eA . |Y is a strongly continuous
semigroup in (Y, ‖ . ‖∗).

In this case, the semigroup eA . |Y is generated by the part Ã of A in Y (Proposition 2.3
of [65]). See also Proposition 2.4 of [65] for a useful criterion for a densely and continu-
ously embedded subspace to be A-admissible.
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2.1.4 Some fundamental well-posedness results from the literature

With the preliminaries from the previous subsections at hand, we can now discuss some
fundamental well-posedness results for (2.7) from the literature, in particular, the classic
well-posedness theorems of Kato for semigroup and group generators, respectively. We
con�ne ourselves to the so-called hyperbolic case, that is, the case of general (semi)group
generators A(t), and we refer to [125], [104], [4] for the so-called parabolic case, that is,
the case of generators A(t) of holomorphic semigroups.

2.1.4.1 Case of time-independent domains

We begin with the case of operators A(t) with time-independent domains. In this case,
the following condition will be important and extensively used.

Condition 2.1.8. A(t) : D ⊂ X → X for every t ∈ I is a densely de�ned closed linear

map such that A is (M,ω)-stable for some M ∈ [1,∞) and ω ∈ R and such that t 7→ A(t)
is in W 1,1

∗ (I, L(Y,X)), where Y is the space D endowed with the graph norm of A(0).

As was noted in Proposition 2.1.1 above, the W 1,1
∗ -regularity requirement of Con-

dition 2.1.8 is satis�ed if, for instance, t 7→ A(t) is strongly or weakly continuously
di�erentiable. It follows from a classic theorem of Kato (Theorem 1 of [66]), which we
reproduce below for convenience, that Condition 2.1.8 guarantees well-posedness.

Theorem 2.1.9 (Kato). Suppose A(t) : D ⊂ X → X for every t ∈ I is a linear map

such that Condition 2.1.8 is satis�ed. Then there is a unique evolution system U for

A on D and, moreover, ∆ 3 (s, t) 7→ U(t, s)|Y ∈ L(Y ) is strongly continuous and the

following estimate holds true:

‖U(t, s)‖ ≤Meω(t−s) for all (s, t) ∈ ∆.

Proof. Setting S(t) := A(t)− (ω+1) for t ∈ I and Y := D endowed with the graph norm
of A(0), one easily veri�es the assumptions of Theorem 2.1.11 below. �

See also [68] (Section 1) for a weaker W 1,∞
∗ -version of the theorem above. Important

precursors of the above theorem are to be found in Kato's and Kisy«ski's papers [62]
(Theorem 4) and [71] (Theorem 3.0): in these theorems, well-posedness is established
under the condition that t 7→ A(t) is strongly or weakly continuously di�erentiable,
respectively. Another � and perhaps the �rst � noteworthy precursor is to be found in
Phillips' paper [105] (Theorem 6.2) where A(t) is assumed to be of the form A(t) =
A0 +B(t) with a contraction semigroup generator A0 and bounded operators B(t) such
that t 7→ B(t) is strongly continuously di�erentiable.

Condition 2.1.8 does not only guarantee well-posedness, but it is also essentially ev-
erything we have to require of A in the adiabatic theorems of Section 4.1 and 4.2 for
time-independent domains: indeed, we have only to add the requirement that ω = 0 to
Condition 2.1.8 to arrive at the assumptions on A of these theorems. In most adiabatic
theorems in the literature � for example those of [13], [11], [131], [132], [1], [2] or [12] � by
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contrast, the assumptions on A rest upon Yosida's theorem (Theorem XIV.4.1 of [141]):
in these theorems it is required of A that each A(t) generate a contraction semigroup on
X and that an appropriate translate A − z0 of A satisfy the rather involved hypothe-
ses of Yosida's theorem (or � for example in the case of [13] or [12] � more convenient
strengthenings thereof). It is shown in Section 2.2.2 that this is the case if and only if
A(t)− z0, for every t ∈ I, is a boundedly invertible generator of a contraction semigroup
on X and

t 7→ A(t)x is continuously di�erentiable for all x ∈ D.

In particular, it follows that the regularity conditions on A of the adiabatic theorems
of the present thesis are more general than the respective assumptions of the previously
known adiabatic theorems � and, of course, they are also striclty more general (which is
demonstrated by the examples of Section 4.1 and 4.2).

2.1.4.2 Case of time-dependent domains

We now turn to the case of operators A(t) with time-dependent domains. In this case,
a �rst simple � but nonetheless useful � well-posedness result deals with operators A(t)
that arise through similarity transformations from operators A0(t) with time-independent
domains: A(t) = R(t)−1A0(t)R(t). See [63] (Theorem 2) or [71] (Theorem 4.2).

Corollary 2.1.10. Suppose A0 is a family of linear maps A0(t) : D ⊂ X → X that

satis�es Condition 2.1.8 and let A(t) := R(t)−1A0(t)R(t) for t ∈ I, where t 7→ R(t) is

in W 2,1
∗ (I, L(X)) and R(t) is bijective onto X for every t ∈ I. Then there is a unique

evolution system U for A on D(A(t)).

Proof. Since t 7→ A0(t) + R′(t)R(t)−1 is in W 1,1
∗ (I, L(Y,X)) by Lemma 2.1.2 and since

A0 +R′R−1 is (M,ω +Mb)-stable with

b := sup
t∈I

∥∥R′(t)R(t)−1
∥∥ <∞,

it follows from Theorem 2.1.9 that there is a unique evolution system Ũ0 for A0 +R′R−1

on D. Set U(t, s) := R(t)−1Ũ0(t, s)R(s) for (s, t) ∈ ∆. Then U is an evolution system
for A on D(A(t)), as is easily veri�ed. �

In [71] Kisy«ski uses a (weakened) version of the above corollary (Theorem 4.2 of [71])
to establish well-posedness of (2.7) on the spaces D(A(t)) for skew self-adjoint operators
A(t) de�ned by semibounded symmetric sesquilinear forms a(t) with time-independent
(form) domain (Theorem 8.1 of [71]). In our adiabatic theorems of Section 5.2, this result
will be relevant.

A very important and classic well-posedness result for general semigroup generators
with time-dependent domains is given by the following theorem of Kato (Theorem 1
of [66]). It is � to the present day � paradigmatic in the well-posedness theory of (abstract)
hyperbolic evolution equations. See [69], [127] or the introduction of the papers [101],
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[94], for instance. (See also [24] whose abstract results are, in fact, special cases of the
theorem below, as is explained in the third remark of Section 2.3.4 below.) A simpli�ed
proof was given by Dorroh in [36].

Theorem 2.1.11 (Kato). Suppose A(t) : D(A(t)) ⊂ X → X for every t ∈ I is the

generator of a strongly continuous group on X such that A is (M,ω)-stable for some

M ∈ [1,∞) and ω ∈ R. Suppose further that Y for every t ∈ I is an A(t)-admissible

subspace of X contained in ∩τ∈ID(A(τ)) and that A(t)|Y is a bounded operator from Y
to X such that

t 7→ A(t)|Y

is norm continuous. And �nally, suppose for each t ∈ I there exists an isomorphism S(t)
from Y onto X and a bounded operator B(t) in X such that

S(t)A(t)S(t)−1 = A(t) +B(t) (2.10)

and such that t 7→ S(t) is in W 1,1
∗ (I, L(Y,X)) and t 7→ B(t) is in W 0,1

∗ (I, L(X)). Then
there exists a unique evolution system U for A on Y (and, moreover, ∆ 3 (s, t) 7→
U(t, s)|Y ∈ L(Y ) is strongly continuous).

If in the above theorem one requires t 7→ B(t) to be even strongly continous (as in
Theorem 6.1 of [65]), then the regularity condition on t 7→ A(t)|Y can be improved from
norm to strong continuity. In essence, this improvement is due to Kobayasi [72]. (See
the remark after Theorem 2.3.5 below.)

Aside from the above well-posedness theorem for general semigroup generators, there
is another important well-posedness theorem of Kato (Theorem 5.2 together with Re-
mark 5.3 of [65]) which is tailored to a certain kind of group � instead of mere semigroup �
generators. We will show that also in this result for group generators, the regularity con-
dition on t 7→ A(t)|Y can be improved from norm to strong continuity (Theorem 2.3.5).

Theorem 2.1.12 (Kato). Suppose A(t) : D(A(t)) ⊂ X → X for every t ∈ I is the

generator of a strongly continuous group on X such that A+ := A( . ) and A− := −A(1−
. ) are (M,ω)-stable for some M ∈ [1,∞) and ω ∈ R. Suppose further that Y for every

t ∈ I is an A±(t)-admissible subspace of X contained in ∩τ∈ID(A(τ)) and that A(t)|Y
is a bounded operator from Y to X such that

t 7→ A(t)|Y

is norm continuous. And �nally, suppose there exists for each t ∈ I a norm ‖ . ‖±t on Y
equivalent to the original norm of Y such that Y ±t := (Y, ‖ . ‖±t ) is uniformly convex and

‖y‖±t ≤ e
c±|t−s| ‖y‖±s (y ∈ Y and s, t ∈ I) (2.11)

for some constant c± ∈ (0,∞) and such that the Y -part Ã±(t) of A±(t) generates a

quasicontraction semigroup in Y ±t , more precisely∥∥∥eÃ±(t)τy
∥∥∥±
t
≤ eω0τ ‖y‖±t (y ∈ Y, τ ∈ [0,∞) and t ∈ I) (2.12)
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for some t-independent growth exponent ω0 ∈ R. Then there exists a unique evolution

system U for A on Y (and, moreover, ∆ 3 (s, t) 7→ U(t, s)|Y ∈ L(Y ) is strongly contin-

uous).

In rough terms, the assumptions of the above well-posedness theorem for general semi-
group generators and of the above well-posedness theorem for group generators can be,
and are often, classi�ed (and memorized) as stability conditions plus regularity condi-
tions. Indeed, in both of the above theorems, the family A is explicitly required to be
stable in the base space X and implicitly � through the condition (2.10) or the condi-
tions (2.11) and (2.12), respectively � required to be stable also in a suitably normed
subspace Y of all the domains (Proposition 3.4 and Proposition 4.4 of [65], respectively).
And then, t 7→ A(t)|Y is required, in both theorems, to be continuous and the operators
S(t) or the norms ‖ . ‖±t are required to depend su�ciently regularly on t (namely W 1,1

∗ -
regularly or as in (2.11)), respectively. In the proofs of the above theorems, the various
assumptions play, roughly speaking, the following roles:

• the stability conditions in X and Y together with the regularity condition on
t 7→ A(t)|Y are used to show that certain standard approximants Un(t, s) are
strongly convergent to an evolution system U on X and that t 7→ U(t, s)y is right
di�erentiable at s with right derivative A(s)y for y ∈ Y (Theorem 4.1 of [65]),

• the other conditions are then used to show that U(t, s)y belongs to Y for all (s, t) ∈
∆ and y ∈ Y and that t 7→ U(t, s)y is continuous in the norm of Y for all y ∈ Y .

Combining these two principal steps, one then concludes that U is a solving evolution
system for A on Y , as desired. Compare Theorem 5.4.3 of [104].

2.1.4.3 Series expansion and estimates for perturbed evolutions

In the adiabatic theorems with spectral gap condition of Section 5.1 (especially in the
adiabatic theorem of higher order) the following well-expected perturbation result will
be needed. It gives a perturbation series expansion for a perturbed evolution system if
only this perturbed evolution exists. (See the classical example of Phillips (Example 6.4
of [105]) showing that the existence of the perturbed evolution really has to be required.)

Proposition 2.1.13. Suppose that A(t) : D(A(t)) ⊂ X → X is a densely de�ned linear

map for every t ∈ I and that t 7→ B(t) ∈ L(X) is WOT-continuous. Suppose further that

there is an evolution system U for A on D(A(t)) and an evolution system V for A+ B
on D(A(t)). Then

(i) V (t, s) =
∑∞

n=0 Vn(t, s), where V0(t, s) := U(t, s) and

Vn+1(t, s)x :=

∫ t

s
U(t, τ)B(τ)Vn(τ, s)x dτ for x ∈ X and n ∈ N ∪ {0}.

(ii) If there are M ∈ [1,∞), ω ∈ R such that ‖U(t, s)‖ ≤Meω(t−s) for (s, t) ∈ ∆, then

‖V (t, s)‖ ≤Me(ω+Mb)(t−s)
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for all (s, t) ∈ ∆, where b := supt∈I ‖B(t)‖. And if, for every (s, t) ∈ ∆, U(t, s) is

unitary and B(t) is skew symmetric, then V (t, s) is unitary as well.

Proof. Since weakly continuous maps on compact intervals are integrable (see the proof
of Proposition 2.1.1), it easily follows that the integrals de�ning the Vn really exist and
that

Ṽ (t, s) :=
∞∑
n=0

Vn(t, s)

exists uniformly in (s, t) ∈ ∆. Also, it is easy to see � applying Lemma 2.1.3 and
Lemma 2.1.4 to [s, t] 3 τ 7→ U(t, τ)V (τ, s)x with x ∈ D(A(s)) � that V satis�es the
same integral equation as Ṽ from which assertion (i) follows. Assertion (ii) is a simple
consequence of the series expansion in (i). �

2.2 Well-posedness for operators with time-independent
domains

2.2.1 Introduction

In this section, we are concerned with the well-posedness of non-autonomous linear evo-
lution equations

x′ = A(t)x (t ∈ [s, 1]) and x(s) = y (2.13)

for densely de�ned linear operators A(t) : D(A(t)) ⊂ X → X (t ∈ [0, 1]) with time-
independent domains D(A(t)) = D and initial values y ∈ D = D(A(s)) at initial times
s ∈ [0, 1).

In Section 2.2.2 we show that the regularity conditions of a well-posedness theorem
by Yosida from [141], [140] can be simpli�ed quite considerably and we thereby clarify
the relation of this theorem with other well-posedness theorems from the literature, in
particular, with an early well-posedness result by Kato from [62]. In this latter theorem,
well-posedness of (2.13) is established for contraction semigroup generators A(t) with
time-independent domains D(A(t)) = D in a normed space under the condition that
t 7→ A(t) be strongly continuously di�erentiable, that is,

t 7→ A(t)y is continuously di�erentiable for all y ∈ D. (2.14)

(In fact, in [62] this regularity condition is stated in a somewhat implicit way. In the
form above it explicitly appears in [63] and then in all the standard textbooks on evo-
lution equations such as [75], [125], [104], [50], [41], for instance.) Some years later,
Yosida proved a similar well-posedness theorem, namely for contraction semigroup gen-
erators A(t) with time-independent domains in a normed space or, more generally, in a
locally convex space. It can be found in Yosida's book [141] on functional analysis (case of
normed spaces) and in Yosida's article [140] (case of locally convex spaces) and it is repro-
duced, in the normed space case, in Reed and Simon's and Blank, Exner and Havlí£ek's
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books on mathematical physics, for instance. In large parts of mathematical physics,
Yosida's theorem is therefore better known than the above-mentioned well-posedness
theorem by Kato. In particular, this is true for adiabatic theory. Yet, the regularity
conditions of Yosida's theorem are far more complicated and far less lucid than the sim-
ple strong continuous di�erentiability condition (2.14) from [62] and one might therefore
think that, in return, Yosida's conditions should be more general than (2.14). We will
see, however, that that they are not: we will show that Yosida's complicated regularity
conditions are just equivalent to the simple continuous di�erentiability condition (2.14) �
both in the case of normed spaces (Section 2.2.2.2) and, with a small proviso, also in the
case of locally convex spaces (Section 2.2.2.3). In essence, these equivalences � or rather,
the non-straightforward implication of these equivalences � are based upon the following
observation: Yosida's assumptions require the uniform convergence of certain discrete
one-sided di�erence quotients of the map t 7→ A(t)y for y ∈ D and this requirement, by a
suitable mean value theorem for disretely one-sided di�erentiable maps (Section 2.2.2.1),
implies the continuous di�erentiability of t 7→ A(t)y. In spite of the simplicity of this
observation, the equivalence of Yosida's regularity conditions with (2.14) cannot be found
in the literature. In particular, it is not recorded in the standard textbooks [75], [125],
[104], [50], [41] or the review articles [69], [118].

In Section 2.2.3 we slightly generalize a less known well-posedness theorem by Kato
from [62]. In this theorem, well-posedness of (2.13) is established for skew self-adjoint
operators A(t) with time-independent domains under the condition that t 7→ A(t) is
continuous and of bounded variation; this is a weaker condition than the regularity
conditions from the well-posedness theorems for general semigroup generators in general
spaces. We show that for quasicontraction group generators A(t) with time-independent
domains in a uniformly convex space, this continuity and bounded variation condition
still yields the well-posedness of (2.13). In essence, we follow the arguments from [62],
but the proof given below is shorter and more direct than the one in [62]. In particular,
it is considerably simpler than the known well-posedness proofs for semigroup generators
in general spaces. In spite of its relevance to non-autonomous Schrödinger equations, the
well-posedness theorem for skew self-adjoint operators from [62] has � quite astonishingly
� not made it to the textbook literature, at least not to the standard books [104], [125],
[50], [75], [141], [107], [15]. In some cases, for example in Theorem X.71 of [107], this
leads to unnecessarily strong assumptions. In this context, also see [138] and [135].

In Section 2.2.4 we show by example that the assumptions of the previously discussed
well-posedness theorems for operators with time-independent domains cannot be weak-
ened too much or even dropped. Speci�cally, we show that

• in the well-posedness theorem for semigroup generators in general spaces (Sec-
tion 2.1.4.1 and Section 2.2.2), the W 1,1

∗ -regularity condition cannot be replaced
by Lipschitz continuity

• in the well-posedness theorem for group generators in uniformly convex spaces
(Section 2.2.3), the continuity and bounded variation condition cannot be replaced
by Hölder continuity of any degree α < 1, and the uniform convexity condition
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cannot be dropped.

In this context, it should be recalled from [124], [120], [104] that in the case of generators
A(t) of holomorphic semigroups, Hölder continuity does su�ce for well-posedness. In
our examples the operators A(t) will be of the simple form A(t) = A0 + B(t) with
a contraction group generator A0 and bounded perturbing operators B(t), and in one
example, A0 and B(t) will even be skew self-adjoint. It seems that our examples are the
�rst counterexamples to well-posedness involving group generators and, moreover, they
are noticeably simpler than the previously known conterexamples from [105] and [41].

2.2.2 Well-posedness for semigroup generators: simpli�cation of a
theorem by Yosida

2.2.2.1 Some preparations

We begin by recalling some basic facts about locally convex spaces that are needed in the
sequel. We follow the terminology of [111] so that, in particular, a locally convex space
will always be assumed to be Hausdor�. In detail, a locally convex space is a Hausdor�
topological vector space X = (X, T ) over C with a topology T = TP generated by a
family P of seminorms on X, that is, a subset U of X is open i� for every x ∈ U there
exists an ε > 0 and a �nite subset F of P such that

UF,ε + x ⊂ U (UF,ε := {y ∈ X : p(y) < ε for all p ∈ F}).

So, a net (xi) in X converges to a point x ∈ X if and only if p(xi−x) −→ 0 for all p ∈ P .
In particular, every p ∈ P is a continuous map from X to [0,∞). Standard examples of
locally convex spaces are

• normed spaces (X, ‖ . ‖) (here, P = {p0} with p0 := ‖ . ‖),

• spaces L(X,Y ) of bounded operators between normed spaces X and Y endowed
with the strong or the weak operator topology (that is, P = {px : x ∈ X} with
px(A) := ‖Ax‖ or P = {px∗,x : x∗ ∈ X∗, x ∈ X} with px∗,x(A) := | 〈x∗, Ax〉 |,
respectively).

A sequence (xn) in a locally convex space X = (X, TP ) with topology generated by P is
called Cauchy sequence i� for every p ∈ P and every ε > 0 there exists an n0 ∈ N such
that p(xn− xm) < ε for all m,n ≥ n0; X is called sequentially complete i� every Cauchy
sequence in X has a limit in X. A subset M of X = (X, TP ) is called bounded i� p(M)
is bounded in [0,∞) for all p ∈ P ; a function f with values in X is called bounded i�
ran f is bounded.

We now turn to functions f on an interval J with values in a locally convex space X =
(X, TP ) and we spell out, for convenience, basic properties of such functions f : J → X.

• f is uniformly continuous if and only if for every p ∈ P and every ε > 0 there is a
δ > 0 such that p(f(t′)− f(t)) < ε whenever |t′ − t| < δ,
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• f is di�erentiable at t0 if and only if there exists a � then unique � element x ∈ X
(denoted f ′(t0)) such that p

(
(f(t)− f(t0))/(t− t0)− x

)
−→ 0 as t→ t0,

• f on a compact intverval J is Riemann integrable if and only if there exists a �
then unique � element x ∈ X (denoted

∫ b
a f(τ) dτ) such that for every p ∈ P and

every ε > 0 there is a δ > 0 such that for every partition {t0, . . . , tm} of J with
mesh less than δ and every choice of intermediate points τi ∈ [ti−1, ti] one has

p
( m∑
i=1

f(τi)(ti − ti−1)− x
)
< ε.

As in the special case of normed spaces, one easily veri�es that a continuous function f
on a compact interval J with values in a sequentially complete locally convex space X is
automatically bounded, uniformly continuous, and Riemann integrable.

With the terminology provided above, we can now prove a mean value theorem for
discretely left di�erentiable maps, which will be the crucial ingredient in our simpli�cation
of Yosida's conditions for well-posedness. It is a variant of the well-known, elementary
fact that a continuous and left di�erentiable map with vanishing left derivative is constant
(Lemma III.1.36 of [67] or Corollary 2.1.2 of [104]).

Lemma 2.2.1. (i) Suppose X is a sequentially complete locally convex space with topology

generated by a family P of seminorms on X and f : I → X is a continuous map such

that the limit g(t) := limk→∞ k
(
f(t) − f(t − 1

k )
)
exists uniformly in t ∈ (0, 1], that is,

the limit exists for every t ∈ (0, 1] and

sup
t∈[ 1

k
,1]

p
(
k
(
f(t)− f(t− 1

k
)
)
− g(t)

)
−→ 0 (k →∞)

for every p ∈ P . Then, for every t ∈ I and p ∈ P ,

p(f(t)− f(0)) ≤ sup
τ∈(0,1)

p(g(τ)) (t− 0).

(ii) Suppose, in addition, that the limit g(0) := limt↘0 g(t) exists. Then f is continuously

di�erentiable on I and f ′ = g.

Proof. (i) We show by a simple telescoping sum argument that for every rational point
t = r

s ∈ (0, 1) ∩Q and every p ∈ P and ε > 0 the estimate

p
(
f
(r
s

)
− f(0)

)
≤ (Mp + ε)

r

s

(
Mp := sup

τ∈(0,1)
p(g(τ))

)
(2.15)

holds true, from which the asserted estimate immediately follows by the density of (0, 1)∩
Q in I and the continuity of f . So let r

s ∈ (0, 1)∩Q with r, s ∈ N and let ε > 0. We then
write the di�erence f( rs)− f(0) as a telescoping sum

f
(r
s

)
− f(0) = f

(nr
ns

)
− f(0) =

nr∑
i=1

f
( i

ns

)
− f

( i

ns
− 1

ns

)
(n ∈ N) (2.16)
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and, using the uniform convergence assumption, choose n ∈ N so large that

sup
t∈[ 1

ns
,1)

p
(
f(t)− f

(
t− 1

ns

))
≤ (Mp + ε)

1

ns
. (2.17)

Combining (2.16) and (2.17) we immediately obtain (2.15) and are done.

(ii) Since, by the continuity of f and the uniform convergence assumption, g is con-
tinuous on (0, 1] and since the limit limt↘0 g(t) exists, g is continuous on I. We can
therefore de�ne

h(t) := f(t)−
∫ t

0
g(τ) dτ

for t ∈ I. It is straightforward to check that h is continuous and that

k
(
h(t)− h(t− 1

k
)
)

= k
(
f(t)− f(t− 1

k
)
)
− g(t) + g(t)− k

∫ t

t− 1
k

g(τ) dτ −→ 0

uniformly in t ∈ (0, 1] as k →∞. So, it follows by part (i) that h is constant (remember
that locally convex spaces are assumed to be Hausdor�) and from this, in turn, the
assertion readily follows. �

We �nally turn to linear operators in a locally convex space X = (X, TP ). A linear
operator A : X → X is called bounded i� for every q ∈ P there exists an M ∈ [0,∞) and
a �nite subset F of P such that

q(Ax) ≤M max{p(x) : p ∈ F} (x ∈ X);

a linear operator A : D(A) ⊂ X → X is called boundedly invertible i� it is bijective
from D(A) onto X and its inverse A−1 is bounded from X to X. We call a family A
of densely de�ned linear operators A(t) : D(A(t)) ⊂ X → X to be

(
(Mp)p∈P , ω

)
-stable

(where Mp ∈ [1,∞) for every p ∈ P and ω ∈ R) if and only if λ − A(t) is boundedly
invertible for every λ ∈ (ω,∞) and every t ∈ J , and

p
(

(λ−A(tn))−1 · · · (λ−A(t1))−1 x
)
≤ Mp

(λ− ω)n
p(x) (2.18)

for all λ ∈ (ω,∞) and all t1, . . . , tn ∈ J satisfying t1 ≤ · · · ≤ tn (with arbitrary n ∈ N)
and all x ∈ X. It is clear by (2.9) that this is a generalization of the notion of (M,ω)-
stable families of operators in normed spaces and it follows by Yosida's characterization
of generators of so-called equicontinuous semigroups from [141] that every member of an(
(Mp)p∈P , ω

)
-stable family A of operators is the generator of an equicontinuous semi-

group. We �nally recall that � just as in the case of normed spaces � a linear operator
A : X → X is continuous if and only if it is bounded.
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2.2.2.2 Case of normed spaces

In this subsection, we simplify the rather complicated regularity conditions of Yosida's
well-posedness theorem from [141] (Theorem XIV.4.1): we show that they are equivalent
to the strong continuous di�erentiability of t 7→ A(t). In detail, Yosida's su�cient condi-
tions for well-posedness from [141] read as follows. (It should be noted that the (uniform)
continuity condition in (i) and the uniform convergence condition in (ii) below already
imply the continuity of (0, 1] 3 t 7→ C(t)x and that, therefore, Condition 2.2.2 (iii) is
implicit in Conditions 2.2.2 (i) and (ii).)

Condition 2.2.2. A(t) : D ⊂ X → X for every t ∈ I is a boundedly invertible generator

of a contraction semigroup on X such that the following holds true:

(i) {(s′, t′) ∈ I2 : s′ 6= t′} 3 (s, t) 7→ 1
t−s C(t, s)x is bounded and uniformly continuous

for all x ∈ X, where C(t, s) := A(t)A(s)−1 − 1

(ii) C(t)x := limk→∞ k C(t, t− 1
k )x exists uniformly in t ∈ (0, 1] for all x ∈ X

(iii) (0, 1] 3 t 7→ C(t)x is continuous for all x ∈ X.

While the theorem of Yosida is formulated in terms of Condition 2.2.2 above, Yosida's
proof of this theorem only requires the following modi�ed � and a priori weaker � Con-
dition 2.2.3 (as can be explicitly seen, for instance, from the exposition in [112]). It
is obtained from Yosida's original Condition 2.2.2 by omitting the uniform continuity
requirement and by adding the requirement that (0, 1] 3 t 7→ C(t)x be continuously
extendable to the left endpoint 0.

Condition 2.2.3. A(t) : D ⊂ X → X for every t ∈ I is a boundedly invertible generator

of a contraction semigroup on X such that the following holds true:

(i) {(s′, t′) ∈ I2 : s′ 6= t′} 3 (s, t) 7→ 1
t−s C(t, s)x is bounded for all x ∈ X, where

C(t, s) := A(t)A(s)−1 − 1

(ii) C(t)x := limk→∞ k C(t, t− 1
k )x exists uniformly in t ∈ (0, 1] for all x ∈ X

(iii) (0, 1] 3 t 7→ C(t)x is continuous and continuously extendable to the left endpoint 0
for all x ∈ X.

Consider �nally the following simple conditions which � apart from the inessential
bounded invertibility requirement � coincide with Kato's su�cient conditions for well-
posedness from [62] (Theorem 4).

Condition 2.2.4. A(t) : D ⊂ X → X for every t ∈ I is a boundedly invertible generator

of a contraction semigroup on X such that t 7→ A(t)x is continuously di�erentiable for

all x ∈ D.

With the help of Lemma 2.2.1 we can now prove the equivalence of the above su�cient
conditions for the well-posedness of (2.13).
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Theorem 2.2.5. Condition 2.2.2, Condition 2.2.3, and Condition 2.2.4 are equivalent

to each other.

Proof. Suppose that Condition 2.2.2 is satis�ed. It is easy to see, using the uniform
continuity in Condition 2.2.2 (i) and the uniform convergence in Condition 2.2.2 (ii),
that (0, 1] 3 t 7→ C(t)x is uniformly continuous, whence Condition 2.2.3 is satis�ed.

Suppose now that Condition 2.2.3 is satis�ed and let x ∈ D. We show that the map
t 7→ f(t) = A(t)x satis�es the hypotheses of Lemma 2.2.1. As a �rst step one concludes
from the the boundedness in Condition 2.2.3 (i) that f is continuous (hence uniformly
continuous). Indeed, for every t ∈ [0, 1], one has

f(t+ h)− f(t) =
(
A(t+ h)A(t)−1 − 1

)
A(t)x = h · 1

h
C(t+ h, t)A(t)x −→ 0 (2.19)

as h → 0. As a second step one deduces from the uniform convergence in Condi-
tion 2.2.3 (ii), the uniform continuity of f just proved, and the boundedness in Con-
dition 2.2.3 (i) that

k
(
f(t)− f

(
t− 1

k

))
= k C

(
t, t− 1

k

)
f
(
t− 1

k

)
−→ C(t)f(t) (k →∞) (2.20)

for every t ∈ (0, 1] and that this convergence is uniform in t ∈ (0, 1]. Indeed, by Condi-
tion 2.2.3 (i) and the uniform boundedness principle, there exists a �nite constant c such
that ∥∥∥k C(t, t− 1

k
)x
∥∥∥ ≤ c ‖x‖ and hence also ‖C(t)x‖ ≤ c ‖x‖ (2.21)

for all x ∈ X and all t ∈ (0, 1]. In order to see that the convergence

k C
(
t, t− 1

k

)(
f
(
t− 1

k

)
− f(t)

)
−→ 0 (k →∞) (2.22)

is uniform in t ∈ (0, 1], use the uniform continuity of f and (2.21). In order to see that
the convergence (

k C
(
t, t− 1

k

)
− C(t)

)
f(t) −→ 0 (k →∞) (2.23)

is uniform, use the uniform continuity of f again to see that for every ε > 0 there exist
�nitely many points t1, . . . , tm of I such that min{‖f(t)− f(ti)‖ : i ∈ {1, . . . ,m}} < ε/3c
for every t ∈ I, and then use Condition 2.2.3 (ii) to see that there exists a kε ∈ N such
that

sup
t∈[ 1

k
,1]

∥∥∥(k C(t, t− 1

k

)
− C(t)

)
f(ti)

∥∥∥ < ε/3

for k ≥ kε and all i ∈ {1, . . . ,m}. Combining (2.22) and (2.23) one then obtains the
uniform convergence in (2.20). As a third step one �nally observes that the limit map
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(0, 1] 3 t 7→ C(t)f(t) in (2.20) is continuously extendable to the left endpoint 0 by
Condition 2.2.3 (iii). We have thus veri�ed all hypotheses of Lemma 2.2.1, and this
lemma yields the continuous di�erentiability of t 7→ A(t)x, that is, Condition 2.2.4.

Suppose �nally that Condition 2.2.4 is satis�ed. Then s 7→ A(s)A(0)−1 is strongly
continuously di�erentiable and hence

s 7→
(
A(s)A(0)−1

)−1
= A(0)A(s)−1

is norm continuous. Since A′(τ)A(s)−1x = A′(τ)A(0)−1A(0)A(s)−1x for (s, τ) ∈ I2 and
x ∈ X, we see that I2 3 (τ, s) 7→ A′(τ)A(s)−1x is continuous and hence

{s′ 6= t′} 3 (s, t) 7→ 1

t− s
C(t, s)x =

1

t− s

∫ t

s
A′(τ)A(s)−1x dτ, (2.24)

extends to a continuous map on the whole of I2. And from this, in turn, Condition 2.2.2
readily follows. �

2.2.2.3 Case of locally convex spaces

In this subsection we extend the simpli�cation of Yosida's regularity conditions to the
case of locally convex spaces: we show that the regularity conditions of Yosida's well-
posedness theorem from [140] are equivalent to the strong continuous di�erentiability
of t 7→ A(t) and a certain boundedness condition (namely, (2.26) which, in the special
case of normed spaces, is implicit in the strong continuous di�erentiability condition).
In detail, Yosida's su�cient conditions for well-posedness from [140] read as follows. (It
should be noted that (2.25) in (i) and the (uniform) convergence condition in (ii) below
already imply that p(C(t)x) ≤ cp p(x) for all x ∈ X and t ∈ (0, 1] and hence that
Condition 2.2.6 (iii) is implicit in Conditions 2.2.6 (i) and (ii).)

Condition 2.2.6. A(t) : D ⊂ X → X, for every t ∈ I, is a boundedly invertible

densely de�ned linear map in a sequentially complete locally convex space X over C. A
is
(
(Mp)p∈P , 0

)
-stable for a family P of seminorms on X generating the topology of X,

and the following holds true:

(i) {(s′, t′) ∈ I2 : s′ 6= t′} 3 (s, t) 7→ 1
t−s C(t, s)x is bounded and uniformly continuous

for all x ∈ X, and for every p ∈ P there is a constant cp ∈ [0,∞) such that

p
( 1

t− s
C(t, s)x

)
≤ cp p(x) (2.25)

for all (s, t) ∈ {s′ 6= t′} and all x ∈ X, where C(t, s) := A(t)A(s)−1 − 1

(ii) C(t)x := limk→∞ k C(t, t− 1
k )x exists uniformly in t ∈ (0, 1] for all x ∈ X

(iii) C(t) is a bounded linear map for every t ∈ (0, 1].

Consider now the following simpler conditions.
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Condition 2.2.7. A(t) : D ⊂ X → X, for every t ∈ I, is a boundedly invertible

densely de�ned linear map in a sequentially complete locally convex space X over C. A
is
(
(Mp)p∈P , 0

)
-stable for a family P of seminorms on X generating the topology of X,

t 7→ A(t)x is continuously di�erentiable for all x ∈ D, and for every p ∈ P there is a

constant cp ∈ [0,∞) such that

p
( 1

t− s
C(t, s)x

)
≤ cp p(x) (2.26)

for all (s, t) ∈ {s′ 6= t′} and all x ∈ X (which last estimate is satis�ed if, for instance,

p(A′(t)A(s)−1x) ≤ cp p(x) for all (s, t) ∈ I2 and all x ∈ X).

With the help of Lemma 2.2.1 we can now prove the equivalence of the above conditions.

Theorem 2.2.8. Condition 2.2.6 and Condition 2.2.7 are equivalent to each other.

Proof. Suppose that Condition 2.2.6 is satis�ed and let x ∈ D. We show in much the
same way as in the previous subsection that the map t 7→ f(t) = A(t)x satis�es the
hypotheses of Lemma 2.2.1. In order to see that f is continuous and that

k
(
f(t)− f

(
t− 1

k

))
= k C

(
t, t− 1

k

)
f
(
t− 1

k

)
−→ C(t)f(t) (k →∞) (2.27)

uniformly in t ∈ (0, 1], one argues in the same way as in the proof of Theorem 2.2.5
� the only thing to notice here is that the estimates (2.21) carry over to the present
case of sequentially complete locally convex spaces (although the principle of uniform
boundedness used in the derivation of (2.21) would be available in the present setting
only if the spaces were additionally barreled):

p
(
k C(t, t− 1

k
)x
)
≤ cp p(x) and hence also p(C(t)x) ≤ cp p(x) (2.28)

for all x ∈ X and t ∈ (0, 1] by virtue of the estimate (2.25) required in Condition 2.2.6. In
order to see that the limit map (0, 1] 3 t 7→ C(t)f(t) in (2.27) is continuously extendable
to the left endpoint 0, one uses the uniform continuity in Condition 2.2.6 (i) and the
uniform convergence in Condition 2.2.6 (ii) to see that (0, 1] 3 t 7→ C(t)y is uniformly
continuous and, hence, that C(0)y := limh↘0C(h)y exists for every y ∈ X. It then
follows by (2.28) that

p(C(t)x) ≤ cp p(x) (2.29)

for all x ∈ X and all t ∈ [0, 1] (including t = 0), which in turn yields the continuity of
[0, 1] 3 t 7→ C(t)f(t), as desired. We thus see that all hypotheses of Lemma 2.2.1 are
satis�ed, and this lemma yields the continuous di�erentiability of t 7→ A(t)x, that is,
Condition 2.2.7.

Suppose now that Condition 2.2.7 is satis�ed. We have only to show that I2 3 (τ, s) 7→
A′(τ)A(s)−1x is continuous because then

{s′ 6= t′} 3 (s, t) 7→ 1

t− s
C(t, s)x =

1

t− s

∫ t

s
A′(τ)A(s)−1x dτ, (2.30)
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extends to a continuous map on the whole of I2, from which Condition 2.2.6 readily
follows as in the previous subsection. In virtue of (2.26) we have

p(A(t)A(s)−1x) ≤ |t− s|cp p(x) + p(x) ≤ c′p p(x) (2.31)

for all (s, t) ∈ I2 and x ∈ X. Also, τ 7→ A′(τ)A(0)−1y is continuous for y ∈ X with

p(A′(τ)A(0)−1y) = lim
h→0

p
(1

h
C(τ + h, τ)A(τ)A(0)−1y

)
≤ cp p(A(τ)A(0)−1y) ≤ cpc′p p(y)

for every τ ∈ I; and s 7→ A(0)A(s)−1x is continuous for every x ∈ X because

p
(
A(0)A(s+ h)−1x−A(0)A(s)−1x

)
= p
(
A(0)A(s+ h)−1

(
A(s)−A(s+ h)

)
A(s)−1x

)
≤ c′p p

((
A(s)−A(s+ h)

)
A(s)−1x

)
−→ 0

as h → 0. The continuity of I2 3 (τ, s) 7→ A′(τ)A(s)−1x is now obvious and we are
done. �

In the special case of (complete) normed spaces, the estimate (2.26) is implicit in the
strong continuous di�erentiability of t 7→ A(t) by (2.24) and the uniform boundedness
principle. In the above case of (sequentially complete) locally convex spaces, however,
this is no longer true and so the condition (2.26) cannot be dropped. Indeed, even if
one additionally assumes that the space be barreled (so that the uniform boundedness
principle is available) and that s 7→ A(0)A(s)−1x be bounded for every x ∈ X, the strong
continuous di�erentiability only yields that for every p ∈ P there exists a continuous
seminorm q such that

p
( 1

t− s
C(t, s)x

)
≤ q(x) (2.32)

for all (s, t) ∈ {s′ 6= t′} and all x ∈ X. (Use similar arguments as in the last implication
of the proof of Theorem 2.2.5 and exploit the uniform boundedness principle.) It should
be noted that (2.32) is not su�cient for Yosida's proof from [140]: for this proof to work
it is essential to have on the right-hand side of the estimate the same seminorm as on
the left (as in (2.26)) and not just any continuous seminorm.

2.2.3 Well-posedness for group generators in uniformly convex spaces

2.2.3.1 Some preparations

We begin by recalling some de�nitions and some basic facts about quasicontraction
groups, uniformly convex spaces, and functions of bounded variation. A quasicontraction

group in X is a strongly continuous group eA . in X such that for some ω0 ∈ R∥∥eAτ∥∥ ≤ eω0|τ | (τ ∈ R).

A normed space X = (X, ‖ . ‖) is called uniformly convex if and only if for every ε > 0
there exists a δ > 0 such that ‖(x+ y)/2‖ > 1 − δ for two normed vectors x, y ∈ X
implies ‖x− y‖ < ε. Simple examples of uniformly convex spaces are given by
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• inner product spaces,

• the sequence spaces `p(J) for p ∈ (1,∞), where J is an arbitrary index set, or more
generally, the function spaces Lp(X0, µ, E) for p ∈ (1,∞), where (X0,A, µ) is an
arbitrary measure space and E a uniformly convex Banach space,

• the Schatten-p classes Sp(h) for p ∈ (1,∞), where h is an arbitrary Hilbert space.

It should be noted that uniform convexity is not invariant under transition to an equiva-
lent norm, as can be seen by considering C2 endowed with the `2-norm (uniformly convex)
and C2 endowed with the `1- or the `∞-norm (not uniformly convex), respectively. It is
well-known that uniformly convex Banach spaces are re�exive (Milman's theorem). It
is also well-known and easy to see that uniformly convex spaces X have the following,
so-called Kadec�Klee property : if x ∈ X and (xn) is a sequence in X such that xn −→ x
weakly and ‖xn‖ −→ ‖x‖, then ‖xn − x‖ −→ 0. An example of a Kadec�Klee space that
is not uniformly convex is given by the Schatten-1 class S1(h) (trace class), where h is
an arbitrary in�nite-dimensional Hilbert space. See [9] or [119], for instance.

And �nally, a function f from I = [0, 1] to a normed space Z is said to be of bounded
variation if and only if its variation Vf (I) is �nite, where the variation Vf (J) over closed
subintervals J of I is de�ned as

Vf (J) := sup
{
Vf,π : π a partition of J

}
and Vf,{t0,...,tm} :=

m∑
i=1

‖f(ti)− f(ti−1)‖ .

In the theorem below, the following facts about functions of bounded variation will be
crucial; their proof, however, is elementary and therefore omitted.

Lemma 2.2.9. Suppose f : I → Z is of bounded variation and Z a Banach space. Then

(i) the limits f(a+) := limt↘a f(t) and f(b−) := limt↗b f(t) exist for every b ∈ (0, 1]
and a ∈ [0, 1),

(ii) Vf ([a, c]) = Vf ([a, b]) + Vf ([b, c]) for all a, b, c ∈ I with a ≤ b ≤ c,

(iii) Vf ([a, y]) −→ 0 as y ↘ a and Vf ([x, b]) −→ 0 as x ↗ b for every a ∈ [0, 1) for

which f(a+) = f(a) and every b ∈ (0, 1] for which f(b−) = f(b), respectively.

2.2.3.2 Slight generalization of a theorem by Kato

With these preparations at hand, we can now prove the announced generalization of the
well-posedness theorem by Kato for skew self-adjoint operators with time-independent
domains from [62] (Theorem 3). In doing so, we basically follow the arguments from [62]
(Section 3.1 to 3.11), but the proof below is shorter and more direct � in particular,
because in contrast to [62] we do not gradually strengthen the assumptions to get grad-
ually closer and closer to well-posedness (and achieve it only in the last step). Also, the
proof given below is simpler than the (known) proofs of well-posedness for the case of
semigroup generators in general spaces, for instance, those from [36], [104], [125], [141],
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[107]. Alternatively, the theorem below could also be concluded from Theorem 2.3.5
whose proof, however, is much more technical � and hence much less instructive � than
the one given here. See the second remark after the theorem.

Theorem 2.2.10. Suppose A(t) : D ⊂ X → X for every t ∈ I is a quasicontraction

group generator with time-independent domain D in a uniformly convex Banach space X
such that ∥∥eA(t)τ

∥∥ ≤ eω0|τ | (τ ∈ R) (2.33)

with a t-independent constant ω0 ∈ R. Suppose further that t 7→ A(t) ∈ L(Y,X) is

continuous and of bounded variation, where Y is the space D endowed with the graph

norm of A(0). Then there exists a unique evolution system U for A on Y .

Proof. We construct the sought evolution U by approximation with the standard ap-
proximants Un from hyperbolic evolution equations theory (recall that uniqueness of
U will then be automatic by Corollary 2.1.6). So, we choose partitions πn of I with
mesh(πn) −→ 0 as n→∞ and, for any such partition, we evolve piecewise according to
the values of t 7→ A(t) at the �nitely many partition points of πn, that is, we set

Un(t, s) := eA(rn(t))(t−s) (2.34)

for (s, t) ∈ ∆ with s, t lying in the same partition subinterval of πn and

Un(t, s) := eA(rn(t))(t−rn(t))eA(r−n (t))(rn(t)−r−n (t)) · · · eA(rn(s))(r+n (s)−s) (2.35)

for (s, t) ∈ ∆ with s, t lying in di�erent partition subintervals of πn. We also set
Un(s, t) := Un(t, s)−1 for (s, t) ∈ ∆. In the equations above, rn(u) for u ∈ I denotes the
largest partition point of πn less than or equal to u and r−n (u), r+

n (u) is the neighboring
partition point below or above rn(u), respectively.

We now show, in six steps, that the operators Un(t, s) are strongly convergent to an
invertible evolution system U for A on Y uniformly in (s, t) ∈ I2. An invertible evolution
system U for A on Y is a family of bounded operators U(t, s) in X for (s, t) ∈ I2 such
that

(i) [s, 1] 3 t 7→ U(t, s)y for y ∈ Y and s ∈ [0, 1) is a continuously di�erentiable solution
of (2.42) with values in Y ,

(ii) U(t, s)U(s, r) = U(t, r) for all (r, s), (s, t) ∈ I2 and I2 3 (s, t) 7→ U(t, s) is strongly
continuous.

If U satis�es only (ii), we just speak of an invertible evolution system. In our proof, we
will make extensive use of the following t-dependent norms ‖ . ‖t on Y de�ned by

‖y‖t := ‖A(t)y‖ (y ∈ Y and t ∈ I),

where A(t) := A(t) − (ω0 + 1). Since ‖ . ‖t is equivalent to the graph norm of A(t), the
space Yt := (Y, ‖ . ‖t) is a Banach space and, just like X, it is uniformly convex (and in
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particular re�exive) as can be easily veri�ed using the de�nition of uniform convexity.
(In the special case where X is a Hilbert space and A(t) is skew self-adjoint, it follows
that ‖y‖2t = ‖A(t)y‖2 + ‖y‖2 and hence Yt is a Hilbert space, too.)

As a �rst step, we observe that there exists a constant C such that for all s, t ∈ I and
all y ∈ Y

‖y‖t ≤ e
CVA(J(s,t)) ‖y‖s (J(s, t) := [min{s, t},max{s, t}]) (2.36)

and that, in particular, the norms ‖ . ‖t are equivalent to the norm of Y uniformly in
t ∈ I. Indeed, by the continuity of t 7→ A(t) ∈ L(Y,X), the map t 7→ A(t)−1 ∈
L(X,Y ) is continuous and hence C := sups∈I ‖A(s)−1‖X,Y < ∞. In view of ‖y‖t ≤
‖A(t)A(s)−1‖‖y‖s, the desired relation (2.36) follows from

‖A(t)A(s)−1‖ = ‖1 + (A(t)−A(s))A(s)−1‖ ≤ 1 + ‖A(t)−A(s)‖Y,X‖A(s)−1‖X,Y
≤ 1 + CVA(J(s, t)) ≤ eCVA(J(s,t)).

And from (2.36) in turn it is clear that the norms ‖ . ‖t are equivalent to ‖ . ‖0 uniformly
in t ∈ I and hence also to the graph norm of A(0) which, recall, was de�ned to be the
norm of Y .

As a second step, we show that for all t > s, n ∈ N, and y ∈ Y ,

‖Un(t, s)y‖t ≤ eCVA([s,t])+2CVA([rn(s),s]) eω0(t−s)‖y‖s, (2.37)

‖Un(s, t)y‖s ≤ eCVA([s,t])+2CVA([rn(s),s]) eω0(t−s)‖y‖t, (2.38)

and that, in particular, sup(s,t)∈I2 ‖Un(t, s)‖Y,Y ≤ M <∞ for all n ∈ N and some �nite
number M . With the help of (2.36) we pass from ‖ . ‖t to ‖ . ‖rn(t), then from ‖ . ‖rn(t)

to ‖ . ‖r−n (t) and so on, where in each step we use that eA(t)τ is a quasicontraction in Yt
satisfying (2.33) for any t ∈ I. In this way we arrive at

‖Un(t, s)y‖t ≤ eCVA([rn(s),t]) eω0(t−s)‖y‖rn(s)

and, using (2.36) once again together with the additiviy

VA([rn(s), t]) = VA([rn(s), s]) + VA([s, t])

of the variation (Lemma 2.2.9 (ii)), we obtain (2.37); (2.38) is proved analogously. Since
the norms ‖ . ‖t are equivalent to the norm of Y uniformly in t ∈ I by the �rst step, the
asserted uniform boundedness of ‖Un(t, s)‖Y,Y now follows from (2.37) and (2.38).

As a third step, we show that for all x ∈ X the limit U(t, s)x := limn→∞ Un(t, s)x
exists uniformly in (s, t) ∈ I2 and that it de�nes an invertible evolution system U . Indeed,
for every y ∈ Y the map τ 7→ Um(t, τ)Un(τ, s)y is piecewise continuously di�erentiable
with possible jumps in the derivative at the partition points from πm ∪ πn. It follows
that

Un(t, s)y − Um(t, s)y = Um(t, τ)Un(τ, s)y
∣∣τ=t

τ=s

=

∫ t

s
Um(t, τ)

(
A(rn(τ))−A(rm(τ))

)
Un(τ, s)y dτ
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and by the second step and the continuity of τ 7→ A(τ) ∈ L(Y,X) we conclude that

sup
(s,t)∈I2

‖Un(t, s)y − Um(t, s)y‖ ≤
∫ 1

0
eω0|t−τ |‖A(rn(τ))−A(rm(τ))‖Y,XM‖y‖Y dτ −→ 0

as m,n → ∞. In other words, (Un(t, s)y) for every y ∈ Y is a Cauchy sequence in X
uniformly in (s, t) ∈ I2. So, the uniform existence of U(t, s)x := limn→∞ Un(t, s)x for
every x ∈ X follows by the density of Y in X and the uniform boundedness ‖Un(t, s)‖ ≤
eω0|t−s| while the invertible evolution system properties for U are inherited from the
approximants Un due to the uniform convergence.

As a fourth step, we show that for all y ∈ Y and s, t ∈ I one has U(t, s)y ∈ Y and

‖U(t, s)y‖t ≤ eCVA([s,t]) eω0|t−s|‖y‖s. (2.39)

Indeed, for every y ∈ Y , the sequence (Un(t, s)y) is bounded in Yt by the second and
the �rst step, and Un(t, s)y −→ U(t, s)y in X by the third step. Since Yt is re�exive (as
a uniformly convex Banach space), it follows that U(t, s)y ∈ Y and that Un(t, s)y −→
U(t, s)y weakly in Yt. So,

‖U(t, s)y‖t ≤ lim inf
n→∞

‖Un(t, s)y‖t ≤ eCVA([s,t]) eω0|t−s|‖y‖s

by (2.37) and (2.38) and by the continuity of τ 7→ A(τ) ∈ L(Y,X) and the continuity
properties of the variation (Lemma 2.2.9 (iii)).

As a �fth step, we show that for all y ∈ Y the map I 3 t 7→ U(t, s)y is di�erentiable in
the norm of X with derivative t 7→ A(t)U(t, s)y. Since U(t, s)Y ⊂ Y and U(t + h, s) =
U(t+ h, t)U(t, s) by the fourth step, it su�ces to prove the assertion for s = t. We have
for every y ∈ Y

U(t+ h, t)y − eA(t)hy = lim
n→∞

eA(t)(t+h−τ)Un(τ, t)y
∣∣∣τ=t+h

τ=t

= lim
n→∞

∫ t+h

t
eA(t)(t+h−τ)

(
A(rn(τ))−A(t)

)
Un(τ, s)y dτ.

It therefore follows that∥∥∥1

h
(U(t+ h, t)y − eA(t)hy)

∥∥∥
≤ lim

n→∞

1

|h|

∣∣∣∣∫ t+h

t
eω0|t+h−τ |‖A(rn(τ))−A(t)‖Y,X dτ

∣∣∣∣ M‖y‖Y
=

1

|h|

∣∣∣∣∫ t+h

t
eω0|t+h−τ |‖A(τ)−A(t)‖Y,X dτ

∣∣∣∣ M‖y‖Y −→ 0 (h→ 0)

by the second step and the continuity of τ 7→ A(τ) ∈ L(Y,X). Since (eA(t)hy− y)/h −→
A(t)y as h→ 0, the assertion of the �fth step now follows.

As a sixth and last step, we show that for all y ∈ Y the map t 7→ A(t)U(t, s)y is
continuous in the norm of X. Since t 7→ A(t) ∈ L(Y,X) is continuous, it su�ces to show
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that t 7→ U(t, s)y is continuous in the norm of Y . And to see this, in turn, it su�ces
to show that limh→0 U(t + h, t)y = y in the norm of Y or, equivalently, in the norm of
Yt. We already know that U(t + h, t)y −→ y in X as h → 0 by the third step and that
h 7→ U(t+h, t)y is bounded in Yt by (2.39) and (2.36). It follows that U(t+h, t)y −→ y
weakly in Yt as h→ 0 by a similar argument as in the fourth step. Consequently,

‖y‖t ≤ lim inf
h→0

‖U(t+ h, t)y‖t ≤ lim sup
h→0

‖U(t+ h, t)y‖t

≤ lim sup
h→0

eCVA(J(t,t+h))‖U(t+ h, t)y‖t+h ≤ lim sup
h→0

e2CVA(J(t,t+h))+ω0|h|‖y‖t = ‖y‖t.

Since now Yt is uniformly convex, the weak convergence U(t + h, t)y −→ y in Yt and
the convergence ‖U(t+ h, t)y‖t −→ ‖y‖t of the norms just shown implies the desired
convergence U(t+ h, t)y −→ y in the norm of Yt as h→ 0. �

Some remarks are in order which, in particular, clarify the relation of the theorem
above with similar results.

1. It is easy to see that the regularity condition of the above theorem is weaker �
and strictly weaker � than the W 1,1

∗ -regularity condition from Theorem 2.1.9. Indeed,
if t 7→ A(t) ∈ L(Y,X) is W 1,1

∗ -regular, then it is absolutely continuous by (2.1) and,
in particular, continuous and of bounded variation; on the other hand, there are simple
examples of skew self-adjoint operators A(t) with time-independent domains such that
t 7→ A(t) ∈ L(Y,X) is continuous and of bounded variation but notW 1,1

∗ -regular: choose,
for instance,

A(t) := A0 + κ(t)B,

where A0 is skew self-adjoint and B 6= 0 is bounded skew symmetric and where κ : I → R
is the Cantor singular function (see, for instance, [23]).

2. It is also not di�cult to see that the above theorem is a special case of Theorem 2.3.5
below. Indeed, one has only to choose the t-dependent norms ‖ . ‖±t and the functions
c± : I := {closed subintervals of I} → [0,∞) appearing in that theorem in the following
way and then to recall (2.36) as well as Lemma 2.2.9 (ii) and (iii):

‖y‖±t :=
∥∥A±(t)y

∥∥ (y ∈ Y ) and c±(J) := C±VA±(J) (J ∈ I),

where A±(t) := A±(t)− (ω0 + 1) with A+(t) := A(t) and A−(t) := −A(1− t) and where
C± := sups∈I

∥∥A±(s)−1
∥∥.

3. When applying the above theorem, it is su�cient to verify that t 7→ A(t) is
continuous w.r.t. the weak operator topology and of bounded variation, because the
bounded variation implies the existence of the limits A(t+) := lims↘tA(s) and A(t−) :=
lims↗tA(s) (in the norm topology) for all t by Lemma 2.2.9 (i) and the weak continuity
in turn implies that these limits have to coincide for each t, which yields the continuity
of t 7→ A(t). See Condition C3 of [62].
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2.2.4 Counterexamples to well-posedness

We now investigate the optimality of the assumptions of the well-posedness theorems for
operators with time-independent domains discussed so far. We will show by example
that the assumptions of these theorems cannot be drastically weakened � not even in the
case of group generators A(t) that are as close to bounded operators as could be in the
sense that A(t) = A0 +B(t) for an unbounded contraction group generator A0 and some
bounded operators B(t). (In the elementary case of bounded operators, by contrast,
the assumptions can of course be weakened drastically, namely to strong continuity of
t 7→ A(t). See [104] (Theorem 5.1.1) or [107] (Theorem X.69), for instance.) Similar
examples can be found in [105] (Example 6.4) and in [41] (Example VI.9.21), but the
examples below seem to be the �rst counterexamples for group instead of semigroup
generators and, moreover, they are noticeably simpler than those from [105] and [41]
because no perturbation series has to be computed to get an explicit expression for the
putative evolution.

Lemma 2.2.11. Suppose A(t) = A0 + B(t) for a group generator A0 and bounded

operators B(t) in a Banach space X such that t 7→ B(t) is strongly continuous. Suppose

further that there exists a � then unique � evolution system U for A on D(A0). Then

U(t, s) = eA0tŨ(t, s)e−A0s ((s, t) ∈ ∆),

where Ũ denotes the (trivially existing) evolution system for B̃ on X and where B̃(t) :=
e−A0tB(t)eA0t for t ∈ I. In particular, if B(t) = eA0tBe−A0t for a �xed bounded operator

B, then U is simply given by U(t, s) = eA0teB(t−s)e−A0s for all (s, t) ∈ ∆.

Proof. We have to show Ṽ = Ũ , where Ṽ (t, s) := e−A0tU(t, s)eA0s for (s, t) ∈ ∆. And
this is simple: since U is an evolution system for A on D(A0), one has that for every
y ∈ D(A0) the vectors U(τ, s)eA0sy lie in D(A0) and hence τ 7→ Ṽ (τ, s)y is di�erentiable
with derivative τ 7→ B̃(τ)Ṽ (τ, s)y. So, τ 7→ Ũ(t, τ)Ṽ (τ, s)y is continuous and right
di�erentiable with right derivative 0 (Lemma 2.1.5) and therefore

Ũ(t, s)y − Ṽ (t, s) = Ũ(t, τ)Ṽ (τ, s)y
∣∣τ=t

τ=s
= 0

(Lemma 2.1.4) for all y ∈ D(A0) and, by density, also for all y ∈ X, as desired. �

In our �rst example, we show that the W 1,1
∗ -regularity condition from Theorem 2.1.9

(and, a fortiori, the strong continuous di�erentiability condition from Theorem 4 of [62])
cannot be replaced by Lipschitz continuity, and that the uniform convexity condition
from Theorem 2.2.10 cannot be dropped.

Example 2.2.12. Choose A0 to be the generator of the left translation group in X :=
C0(R) = {g ∈ C(R) : g(t) −→ 0 (|t| → ∞)}, that is,

eA0tg = g( . + t) (g ∈ X and t ∈ R),
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and choose B := Mf to be multiplication with the function f de�ned by f(ξ) := 0 for
ξ ≤ 0, f(ξ) := ξ for ξ ∈ [0, 1], and f(ξ) := 1 for ξ ≥ 1. Set

A(t) := A0 +B(t) with B(t) := eA0tBe−A0t

for t ∈ I. Then A(t) is the generator of a quasicontraction group with time-independent
domain D(A0) in X such that∥∥eA(t)τ

∥∥ ≤ e‖B(t)‖|τ | ≤ e‖B‖|τ | = e‖f‖∞|τ | (τ ∈ R)

and, moreover, t 7→ A(t) is Lipschitz continuous because B(t) is multiplication with
the function f( . + t) and f is Lipschitz. An evolution system for A on D(A0) does
not exist, however. Indeed, if such an evolution system U existed, it would satisfy
e−A0tU(t, 0) = eBt for all t ∈ I (Lemma 2.2.11) and hence we would obtain

eBtD(A0) ⊂ D(A0) (t ∈ I) (2.40)

because U(t, 0)D(A0) ⊂ D(A0). Yet, eBt acts by multiplication with the non-di�erentiable
function eft and D(A0) = C1

0 (R) = {g ∈ C1(R) : g, g′ ∈ X}, and therefore (2.40) is not
satis�ed for t 6= 0. So, an evolution system U for A on D(A0) cannot exist. (Alterna-
tively, we could obtain a contradiction also by proving that t 7→ U(t, 0)g = eA0teBtg =
ef( .+t)tg( . + t) is not di�erentiable, for instance, for g ∈ D(A0) with g|[−1,2] = 1.) J

In our second example, we show that the continuity and bounded variation condition
from Theorem 2.2.10 cannot be replaced by Hölder continuity of any degree α < 1, even
though it can be replaced by Lipschitz continuity, of course. In this example, the oper-
ators A(t) are skew self-adjoint. It is remarkable that, contrastingly, for generators A(t)
of holomorphic semigroups Hölder continuity does su�ce for well-posedness. See [124],
[120] or [104] (Theorem 5.6.1), for instance.

Example 2.2.13. Choose A0 and B as in the previous example with the sole exception
that now X := L2(R) and f := iw where w : R→ R is the Weierstraÿ function

w(ξ) :=
∞∑
n=1

2−n cos(2nξ) (ξ ∈ R),

which is Hölder continuous of degree α for every α < 1 but nowhere di�erentiable (and
in particular not Lipschitz). See, for instance, Theorem II.4.9 of [143]. Set

A(t) := A0 +B(t) with B(t) := eA0tBe−A0t

for t ∈ I. Then A(t) is skew self-adjoint with time-independent domain D(A0) in the
Hilbert space X and, moreover, t 7→ A(t) is Hölder continuous of degree α for every α < 1
because B(t) is multiplication with the function f( . + t) and f is Hölder continuous of
any degree α < 1. An evolution system for A on D(A0) does not exist because otherwise
we would obtain

eBtD(A0) ⊂ D(A0) (t ∈ I) (2.41)
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by the same arguments as for (2.40). Yet, eBt acts by multiplication with the nowhere
di�erentiable function eft and D(A0) = W 1,2(R) ⊂ {g ∈ X : g di�erentiable a. e.}, and
therefore (2.41) is not satis�ed for t 6= 0. So, an evolution system U for A on D(A0)
cannot exist. J

2.3 Well-posedness for operators with time-dependent
domains

2.3.1 Introduction

In this section, we are concerned with non-autonomous linear evolution equations

x′ = A(t)x (t ∈ [s, 1]) and x(s) = y (2.42)

for densely de�ned linear operators A(t) : D(A(t)) ⊂ X → X (t ∈ [0, 1]) and initial
values y ∈ Y ⊂ D(A(s)) at initial times s ∈ [0, 1). Well-posedness of such evolution
equations has been studied by many authors in a large variety of situations. See, for
instance, [104], [118], [92], [94] for an overview.

In Section 2.3.2 we examine the special situation of semigroup generators A(t) whose
�rst (1-fold) or higher (p-fold) commutators at distinct times are complex scalars, in
short:

[A(t1), A(t2)] = µ(t1, t2) ∈ C (2.43)

or[
. . .
[
[A(t1), A(t2)], A(t3)

]
. . . , A(tp+1)

]
= µ(t1, . . . , tp+1) ∈ C (2.44)

in some sense to be made precise (see the commutation relations (2.46), (2.56) and (2.59),
(2.63)). In this special situation we prove well-posedness for (2.42) on suitable dense
subspaces Y of X and, moreover, in the case (2.43) we prove the representation formula

U(t, s) = e
∫ t
s A(τ) dτ e1/2

∫ t
s

∫ τ
s µ(τ,σ) dσdτ (2.45)

for the evolution generated by the operators A(t). We thereby generalize a well-posedness
result of Goldstein and of Nickel and Schnaubelt from [49], [101] dealing with the special
case of (2.43) where µ ≡ 0: in [49] contraction semigroup generators are considered, while
in [101] contraction semigroup generators are replaced by general semigroup generators
and the formula (2.45) with µ ≡ 0 is proved.
What one gains by restricting oneself to the special class of semigroup generators

with (2.43) or (2.44) � instead of considering general semigroup generators as in [62],
[65], [66], for instance � is that well-posedness can be established under fairly weak
stability and regularity conditions: 1. It is su�cient � just as in the case of commuting
operators from [49], [101] � to require stability of the family A only in X. In contrast
to the well-posedness theorems from [65] or [66], for instance, it is not necessary to
additionally require stability in a suitable invariant and suitably normed dense subspace
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Y of X contained in all the domains of the operators A(t), which is generally di�cult to
verify unless the domains of the A(t) are time-independent. 2. It is su�cient � similarly
to the case of commuting operators from [49], [101] or to the elementary case of bounded
operators � to require strong continuity conditions: indeed, it is su�cient if

t 7→ A(t)y and (t1, . . . , tk+1) 7→
[
. . . , [[A(t1), A(t2)], A(t3)] . . . , A(tk+1)

]
y

are continuous for k ∈ {1, . . . , p} and y in a dense subspace Y of X contained in all the
respective domains. In contrast to the well-posedness theorems from [65] or [66], this
subspace Y need not be normed in any way whatsoever and t 7→ A(t)|Y need not be
norm continuous. And furthermore, it is not necessary to require an additional W 1,1-
regularity condition on certain auxiliary operators S(t) : Y → X (as in the well-posedness
theorems from [65], [66] for general semigroup generators A(t)) or an additional regularity
condition on certain auxiliary norms ‖ . ‖±t on Y (as in the special well-posedness result
from [65] for a certain kind of group generators). Such additional regularity conditions
are necessary for well-posedness in general situations without commutator conditions of
the kind (2.43) or (2.44) � even if the domains of the A(t) are time-independent (see the
examples in [105], [41] or [116], for instance).
As is well-known from [86], [42], [134], in the case of bounded operators A(t) one

has representation formulas of Campbell�Baker�Hausdor� and Zassenhaus type for the
evolution, which in the case (2.43) reduce to our representation formula (2.45). It should
be noticed, however, that for bounded operators condition (2.43) can be satis�ed only
if µ ≡ 0, so that (2.45) is independent of [86], [42], [134] (for non-zero µ). In view of
the representation formulas from [134] it is desirable to prove representation formulas
analogous to (2.45) also in the case (2.44), but this is left to future research.
All proofs in connection with the special situations (2.43) or (2.44) are, in essence,

based upon the observation that in these situations the operators A(r) can be commuted
� up to controllable errors � through the exponential factors of the standard approximants
Un(t, s) from [49], [65], [66], [101] for the sought evolution, which are of the form

Un(t, s) = eA(rm)τm · · · eA(r1)τ1

with partition points r1, . . . , rm of the interval [s, t]. See (2.50) and (2.61) respectively.

In Section 2.3.3 we improve the special well-posedness result from [65] for group gen-
erators with time-dependent domains: in the spirit of [72] we show that strong (instead
of norm) continuity is su�cient in this result � just like in our other well-posedness
results for the case (2.43) or (2.44). And in a certain special case involving quasicon-
traction group generators with time-independent domains in a uniformly convex space,
these other results can also be obtained by applying the improved well-posedness result
for group generators.

Section 2.3.4 discusses, among other things, the relation of our well-posedness results
from Section 2.3.2.1 and 2.3.2.2 to the results from [65], [66], [72] and to the result from
Section 2.3.3. In Section 2.3.5 we give some applications of the abstract well-posedness
theorems for generators with scalar 1-fold or p-fold commutators from Section 2.3.2,
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namely to Segal �eld operators Φ(ft) as well as to the related operators Hω + Φ(ft) de-
scribing a classical particle coupled to a time-dependent quantized �eld of bosons (Sec-
tion 2.3.5.1) and �nally to Schrödinger operators describing a quantum particle coupled
to a time-dependent spatially constant electric �eld (Section 2.3.5.2).

2.3.2 Well-posedness for semigroup generators whose commutators are
complex scalars

We will use the notion of well-posedness and evolution systems from [41] which is recalled
in Section 2.1.2. We will always be in the situation where Yt = Y for t ∈ I. At some
places we will also use the notion of evolution systems from [101], which is slightly weaker
than the one above in that it does not require that [s, 1] 3 t 7→ U(t, s)y have values in
Y for every y ∈ Y and s ∈ [0, 1) (while all other conditions from the de�nition in
Section 2.1.2 with Yt = Y are taken over). We will then speak of evolution systems in

the wide sense for A on Y and, in case there exists exactly one such evolution system in
the wide sense, we will speak of well-posedness in the wide sense on Y . Commutators of
possibly unbounded operators are taken in the operator-theoretic sense,

D([A,B]) := D(AB −BA) = D(AB) ∩D(BA),

except in some formal heuristic computations (whose formal character will always be
pointed out). We will �nally also need the standard notions of (M,ω)-stability, of the
part of an operator A in a subspace Y , and of A-admissible subspaces from [65] or [104],
which are recalled in Section 2.1.3.

2.3.2.1 Scalar 1-fold commutators

In this subsection we prove well-posedness for (2.42) in the case (2.43) where the 1-fold
commutators of the operators A(t) are complex scalars. We have to make precise the
merely formal commutation relation (2.43), of course, and we begin with a well-posedness
result where (2.43) is replaced by the formally equivalent commutation relation (2.46)
for the semigroups eA(t) . with the generators A(s). In addition to well-posedness this
theorem also yields a representation formula for the evolution. It is a generalization of a
well-posedness result of Goldstein [49] (Theorem 1.1) and � after the slight modi�cations
discussed in (2.80) and (2.81) below � of Nickel and Schnaubelt [101] (Theorem 2.3 and
Proposition 2.5).

Theorem 2.3.1. Suppose A(t) : D(A(t)) ⊂ X → X for every t ∈ I is the generator of

a strongly continuous semigroup on X such that A is (M,ω)-stable for some M ∈ [1,∞)
and ω ∈ R and such that for some complex numbers µ(s, t) ∈ C

A(s)eA(t)τ ⊃ eA(t)τ
(
A(s) + µ(s, t)τ

)
(2.46)

for all s, t ∈ I and τ ∈ [0,∞). Suppose further that the maximal continuity subspace

Y ◦ := {y ∈ ∩τ∈ID(A(τ)) : t 7→ A(t)y is continuous} (2.47)
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is dense in X and that (s, t) 7→ µ(s, t) is continuous. Then there exists a unique evolution

system U for A on Y ◦ and it is given by

U(t, s) = e(
∫ t
s A(τ) dτ)◦e1/2

∫ t
s

∫ τ
s µ(τ,σ) dσ dτ ((s, t) ∈ ∆),

where
( ∫ t

s A(τ) dτ
)◦

is the (closable) operator de�ned by y 7→
∫ t
s A(τ)y dτ on Y ◦.

Proof. (i) We �rst show, in three steps, the existence of an evolution system U for
A on Y ◦, which is then necessarily unique by Corollary 2.1.6. In order to do so we
approximate the sought evolution U by the standard approximants Un from hyperbolic
evolution equations theory, that is, we choose partitions

πn = {rn i : i ∈ {0, . . . ,mn}}

of I with mesh(πn) −→ 0 as n → ∞ and, for any such partition, we evolve piecewise
according to the values of t 7→ A(t) at the �nitely many partition points of πn. So,

Un(t, s) := eA(rn(t))(t−s) (2.48)

for (s, t) ∈ ∆ with s, t lying in the same partition subinterval of πn and

Un(t, s) := eA(rn(t))(t−rn(t))eA(r−n (t))(rn(t)−r−n (t)) · · · eA(rn(s))(r+n (s)−s) (2.49)

for (s, t) ∈ ∆ with s, t lying in di�erent partition subintervals of πn. In the equations
above, rn(u) for u ∈ I denotes the largest partition point of πn less than or equal to u
and r−n (u), r+

n (u) is the neighboring partition point below or above rn(u), respectively.

We then obtain, by repeatedly applying the assumed commutation relation (2.46), the
following important commutation relation which allows us to take A(r) from the left of
Un(t, s) to the right and which is central to the entire proof:

A(r)Un(t, s)y = Un(t, s)
(
A(r) +

∫ t

s
µ(r, rn(σ)) dσ

)
y (2.50)

for all y ∈ D(A(r)). As a �rst step, we observe that

Un(t, s)Un(s, r) = Un(t, r) and ‖Un(t, s)‖ ≤Meω(t−s) (2.51)

for all (s, t), (r, s) ∈ ∆ and that ∆ 3 (s, t) 7→ Un(t, s) is strongly continuous.

As a second step, we show that (Un(t, s)x) for every x ∈ X is a Cauchy sequence
in X uniformly in (s, t) ∈ ∆. Since ∩r′∈ID(A(r′)) is invariant under the semigroups
eA(r) . for all r ∈ I by (2.46), it follows that [s, t] 3 τ 7→ Um(t, τ)Un(τ, s)y for every
y ∈ ∩r′∈ID(A(r′)) is piecewise continuously di�erentiable (with the partition points of
πm ∪ πn as exceptional points) and therefore

Un(t, s)y − Um(t, s)y = Um(t, τ)Un(τ, s)y
∣∣∣τ=t

τ=s

=

∫ t

s
Um(t, τ)

(
A(rn(τ))−A(rm(τ))

)
Un(τ, s)y dτ =

∫ t

s
Um(t, τ)Un(τ, s)(

A(rn(τ))−A(rm(τ)) +

∫ τ

s
µ(rn(τ), rn(σ))− µ(rm(τ), rn(σ)) dσ

)
y dτ
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for every y ∈ ∩r′∈ID(A(r′)) where, for the last equation, (2.50) has been used. So,

sup
(s,t)∈∆

‖Un(t, s)y − Um(t, s)y‖ ≤M2ew(b−a)

(∫ b

a
‖A(rn(τ))y −A(rm(τ))y‖ dτ

+

∫ b

a

∫ b

a

∣∣µ(rn(τ), rn(σ))− µ(rm(τ), rn(σ))
∣∣ ‖y‖ dσ dτ) −→ 0 (m,n→∞)

for every y ∈ Y ◦ by the uniform continuity of τ 7→ A(τ)y and (τ, σ) 7→ µ(τ, σ). And
by (2.51) this uniform Cauchy property extends to all y ∈ X. Consequently,

U(t, s)x := lim
n→∞

Un(t, s)x

for every x ∈ X exists uniformly in (s, t) ∈ ∆ and hence the properties observed in the
�rst step carry over from Un to U .

As a third step, we show that t 7→ U(t, s)y for every y ∈ Y ◦ is a continuously di�eren-
tiable solution to (2.42) with values in Y ◦. Since τ 7→ Un(τ, s)y for y ∈ ∩r′∈ID(A(r′)) is
piecewise continuously di�erentiable with piecewise derivative

[s, t] \ πn 3 τ 7→ A(rn(τ))Un(τ, s)y = Un(τ, s)
(
A(rn(τ)) +

∫ τ

s
µ(rn(τ), rn(σ)) dσ

)
y

by virtue of (2.50), we have

Un(t, s)y = y +

∫ t

s
Un(τ, s)

(
A(rn(τ)) +

∫ τ

s
µ(rn(τ), rn(σ)) dσ

)
y dτ

and therefore

U(t, s)y = y +

∫ t

s
U(τ, s)

(
A(τ) +

∫ τ

s
µ(τ, σ) dσ

)
y dτ

for all y ∈ Y ◦. So, t 7→ U(t, s)y is continuously di�erentiable for every y ∈ Y ◦ with
derivative

t 7→ U(t, s)
(
A(t) +

∫ t

s
µ(t, σ) dσ

)
y = lim

n→∞
A(t)Un(t, s)y = A(t)U(t, s)y,

where the last two equations hold by (2.50) and the closedness of A(t). Also, since for
all y ∈ Y ◦ and r ∈ I

A(r)Un(t, s)y −→ U(t, s)
(
A(r) +

∫ t

s
µ(r, σ) dσ

)
y (n→∞),

we see by the closedness of the operators A(r) that U(t, s)y ∈ Y ◦ for y ∈ Y ◦. So, in
summary, we have shown that U is an evolution system for A on Y ◦.

(ii) We now show, in three steps, that
( ∫ t

s A(τ) dτ
)◦

for every �xed (s, t) ∈ ∆ is closable
and that its closure generates a strongly continuous semigroup in X with

e(
∫ t
s A(τ) dτ)◦ = U(t, s)e−1/2

∫ t
s

∫ τ
s µ(τ,σ) dσ dτ .
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As a �rst step, we show a discrete version of the above representation formula: more
precisely, we show that Bn :=

∫ t
s A(rn(τ)) dτ is closable and that Bn generates a strongly

continuous semigroup with the following decomposition of Zassenhaus type:

eBnr = U rn(t, s)e−1/2(
∫ t
s

∫ τ
s µ(rn(τ),rn(σ)) dσ dτ)r2 (r ∈ [0,∞)), (2.52)

where the operators U rn(t, s) are de�ned in the same way as the operators Un(t, s) above
with the only di�erence that now the generators A(u) are all multiplied by the number
r. Indeed, by the assumed commutation relations, we obtain the following commutation
relations for semigroups,

eAiσeAjτ = eAjτeAiσeµijστ (σ, τ ∈ [0,∞)), (2.53)

where Ak := A(tk)hk and µkl := µ(tk, tl)hkhl for arbitrary tk, tl ∈ I and hk, hl ∈ [0,∞).
(In fact, if y ∈ D(Ai), then

eAjτeAiσeµijστy − eAiσeAjτy = eAi(σ−r)eAjτeAireµijrτy
∣∣r=σ
r=0

and [0, σ] 3 r 7→ eAi(σ−r)eAjτeAireµijrτy is di�erentiable with derivative 0.) With the
help of (2.53) one veri�es that

[0,∞) 3 r 7→ eAmr · · · eA1re−1/2
∑
i≤j µjir

2

(2.54)

is a strongly continuous semigroup inX. As this semigroup, by the assumed commutation
relation, leaves the subspace D(A1) ∩ · · · ∩D(Am) invariant, its generator contains the
operator A1 + · · ·+ Am, which is therefore closable with closure equal to the generator.
Since Bn is of the form A1 + · · · + Am and since the right-hand side of (2.52) is of the
form (2.54) (because µii = 0 by virtue of (2.53)), the assertion of the �rst step follows.

As a second step, we observe that the limit T (r)x := limn→∞ e
Bnrx exists locally

uniformly in r ∈ [0,∞) for every x ∈ X and that T is a strongly continuous semigroup
in X. Indeed, with the same arguments as in (i), it follows that (U rn(t, s)x) is convergent
locally uniformly in r for every x ∈ X with limit denoted by U r(t, s)x and therefore the

strongly continuous semigroups eBn . by (2.52) are strongly convergent locally uniformly
in r, so that

T (r)x := lim
n→∞

eBnrx = U r(t, s)e−1/2(
∫ t
s

∫ τ
s µ(τ,σ) dσ dτ)r2x (x ∈ X) (2.55)

de�nes a strongly continuous semigroup T on X.

As a third step, we show that the generator AT of this semigroup is given by B◦ where
B◦ :=

( ∫ t
s A(τ) dτ

)◦
, from which the desired representation formula for U then follows

by (2.55) (because U1(t, s) = U(t, s)). Indeed, for all y ∈ Y ◦,

T (h)y − y
h

= lim
n→∞

eBnhy − y
h

= lim
n→∞

1

h

∫ h

0
eBnr Bny dr =

1

h

∫ h

0
T (r)B◦y dr

−→ B◦y (h↘ 0)
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by the dominated convergence theorem. So, B◦ is closable with B◦ ⊂ AT . We now want
to show that D(B◦) is a core for AT by verifying the invariance T (r)D(B◦) ⊂ D(B◦) for
all r ∈ [0,∞). If y ∈ Y ◦, then

Bme
Bnry = eBnr

(
Bm + νm,nr

)
y with νm,n :=

∫ t

s

∫ t

s
µ(rm(τ), rn(σ)) dσ dτ

by the product decomposition of eBnr from (2.52) and by the central commutation rela-
tion (2.50). So,

B◦eBnry = eBnr
(
B◦ + lim

m→∞
νm,nr

)
y

for all y ∈ Y ◦, from which it further follows that

T (r)y ∈ D(B◦) and B◦ T (r)y = T (r)
(
B◦ + lim

n→∞
lim
m→∞

νm,nr
)
y = T (r)B◦y

for all y ∈ Y ◦. In the last equation, we used that µ(τ, σ) = −µ(σ, τ) for all σ, τ ∈ I
which can be seen from (2.53). It follows that B◦T (r) ⊃ T (r)B◦ and, in particular,
T (r)D(B◦) ⊂ D(B◦) for all r ∈ [0,∞). So, D(B◦) is a core for AT and hence AT = B◦,
as desired. �

We also note the following variant of the above theorem where the form (2.56) of the
imposed commutation relation is closer to (2.43). In return, one has to require relatively
strong invariance conditions.

Corollary 2.3.2. Suppose A(t) : D(A(t)) ⊂ X → X for every t ∈ I is the generator of

a strongly continuous semigroup on X such that A is (M,ω)-stable for some M ∈ [1,∞)
and ω ∈ R. Suppose further that Y is an A(t)-admissible subspace of X for every t ∈ I
such that

Y ⊂
⋂
τ∈I

D(A(τ)) and A(t)Y ⊂
⋂
τ∈I

D(A(τ)),

A(t)|Y is a bounded operator from Y to X, and

[A(s), A(t)]
∣∣
D(Ã(t))

⊂ µ(s, t) ∈ C (2.56)

for all s, t ∈ I, where Ã(t) is the part of A(t) in Y . Suppose �nally that (s, t) 7→ µ(s, t)
and t 7→ A(t)y are continuous for all y ∈ Y . Then the conclusions of the above theorem

hold true.

Proof. We verify the assumptions of the previous theorem and, to that purpose, we
establish the commutation relations

eA1σeA2τ = eA2τeA1σeµ12τσ (σ, τ ∈ [0,∞)), (2.57)
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where Ak := A(tk) and µkl := µ(tk, tl) for arbitrary t1, t2 ∈ I. In order to see (2.57), one
shows that

A1e
A2τy = eA2τ

(
A1 + µ12τ

)
y (2.58)

for y ∈ Y by di�erentiating [0, τ ] 3 r 7→ eA2(τ−r)A1e
A2ry for vectors y in the domain

of the part Ã2 of A2 in Y which by the A2-admissibility of Y is the generator of the
strongly continuous semigroup t 7→ eA2t|Y in Y (Proposition 2.3 of [65]). (In addition to
the A2-admissibility, the boundedness of A1|Y from Y to X and the invariance condition
A1Y ⊂ D(A2) come into play here.) Along the same lines as (2.53), the relation (2.57)
then follows. And since (2.57) is equivalent to the commutation relations (2.46) and since
Y ◦ ⊃ Y is dense in X, the assumptions of Theorem 2.3.1 are satis�ed, as desired. �

2.3.2.2 Scalar p-fold commutators

In this subsection we prove well-posedness for (2.42) in the case (2.44) where the p-fold
commutators of the operators A(t) are complex scalars for some p ∈ N. We have to make
precise the merely formal commutation relation (2.44), of course, and we begin with a
well-posedness result where (2.44) is replaced by the formally equivalent commutation
relations (2.59) for the semigroups eA(t) . with the generators A(s1) = C(0)(s1) and
certain operators C(k)(s1, . . . , sk+1) which are formally given as the k-fold commutator
of the operators A(s1), . . . , A(sk+1).

Theorem 2.3.3. Suppose A(t) : D(A(t)) ⊂ X → X for every t ∈ I is the generator

of a strongly continuous semigroup on X such that A is (M,ω)-stable for some M ∈
[1,∞) and ω ∈ R and such that for some closed operators C(k)(s1, . . . , sk+1), where

k ∈ {0, . . . , p−1} and C(0)(s) := A(s), and for some complex numbers µ(t1, . . . , tp+1) ∈ C

C(k)(s)eA(t)τ ⊃ eA(t)τ
(
C(k)(s) + C(k+1)(s, t)τ + · · ·+ C(p−1)(s, t, . . . , t)

τp−1−k

(p− 1− k)!
+

+µ(s, t, . . . , t)
τp−k

(p− k)!

)
(s := (s1, . . . , sk+1)) (2.59)

for all k ∈ {0, . . . , p− 1} and si, t ∈ I and τ ∈ [0,∞). Suppose further that the maximal

continuity subspace

Y ◦ :=

p−1⋂
k=0

{y ∈ Dk : (t1, . . . , tk+1) 7→ C(k)(t1, . . . , tk+1)y is continuous} (2.60)

Dk := ∩τ1,...,τk+1∈ID(C(k)(τ1, . . . , τk+1))

is dense in X and that (t1, . . . , tp+1) 7→ µ(t1, . . . , tp+1) is continuous. Then there exists

a unique evolution system U for A on Y ◦.

Proof. We de�ne Un as in (2.48) and (2.49) and, for u ∈ I, we de�ne inu to be the index
i ∈ {0, . . . ,mn} with u ∈ [rn i, rn i+1). We then obtain, by the assumed commutation
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relations (2.59), the following important commutation relation which allows us to take
the operators A(r) from the left of Un(t, s) to the right:

A(r)Un(t, s)y = Un(t, s)
(
A(r) + S(1)

n (t, s, r) + · · ·+ S(p)
n (t, s, r)

)
y (2.61)

S(l)
n (t, s, r) :=

∫ t

s

∫ tn(τ1)

s
· · ·
∫ tn(τl−1)

s
C(l)(r, rn(τ1), . . . , rn(τl))

/
αin τ1 ,...,in τl dτl . . . dτ2 dτ1

for all y ∈ Y ◦ and r ∈ I, (s, t) ∈ ∆ and l ∈ {1, . . . , p}, where C(p) := µ and tn(τ) :=
min{r+

n (τ), t} for τ ∈ I and where αj1,...,jl for an l-tupel (j1, . . . , jl) of natural numbers
denotes the number of permutations σ leaving the l-tupel invariant, that is,

(jσ(1), . . . , jσ(l)) = (j1, . . . , jl).

(In verifying (2.61), it is best to write A(r) = Ar = C
(0)
r and Un(t, s) = eAmhm · · · eA1h1

with Aj = A(sj) and to prove by induction over m ∈ N, with the help of the assumed
commutation relations, that

Are
Amhm . . . eA1h1y = eAmhm . . . eA1h1

(
Ar + S(1) + · · ·+ S(p)

)
y

S(l) :=
∑

1≤jl≤···≤j1≤m
C

(l)
r;j1,...,jl

/
αj1,...,jl hj1 · · ·hjl with C

(l)
r;j1,...,jl

:= C(l)(r, sj1 , . . . , sjl).

It is easy to see that the sums S(l) are nothing but the integrals S
(l)
n (t, s, r) in (2.61)

and therefore (2.61) follows.) With the help of the commutation relation (2.61), the
continuity of the maps (t1, . . . , tk+1) 7→ C(k)(t1, . . . , tk+1)y for y ∈ Y ◦, the fact that
αin τ1 ,...,in τk −→ k! as n → ∞ for every (τ1, . . . , τk) ∈ Ik with τ1 > · · · > τk, and the
closedness of the operators A(r), we see in the same way as in the proof of Theorem 2.3.1
that

• (Un(t, s)x) is a Cauchy sequence in X uniformly in (s, t) ∈ ∆ for every x ∈ X with
limit denoted by U(t, s)x,

• U(t, s)U(s, r) = U(t, r) for every (r, s), (s, t) ∈ ∆ and (s, t) 7→ U(t, s) is strongly
continuous,

• [s, 1] 3 t 7→ U(t, s)y for every y ∈ Y ◦ is a continuously di�erentiable solution
to (2.42).

Consequently, U is at least an evolution system for A on Y ◦ in the wide sense, and it
remains to show that [s, 1] 3 t 7→ U(t, s)y has values in Y ◦ for every y ∈ Y ◦. In order to
do so one establishes, using the same arguments as for (2.61), the commutation relation

C(k)(r)Un(t, s)y = Un(t, s)
(
C(k)(r) + S(k+1)

n (t, s, r) + · · ·+ S(p)
n (t, s, r)

)
y (2.62)

for all y ∈ Y ◦ and r ∈ Ik+1, (s, t) ∈ ∆ and k ∈ {0, . . . , p − 1}, where S(k+l)
n (t, s, r) is

de�ned as the integral of

(τ1, . . . , τl) 7→ C(k+l)(r, rn(τ1), . . . , rn(τl))
/
αin τ1 ,...,in τl
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over the same domain of integration as in the de�nition of S
(l)
n (t, s, r) in (2.61). Since

the operators C(k)(r) are closed for r ∈ Ik+1 and k ∈ {0, . . . , p − 1} by assumption, it
follows from (2.62) that for every y ∈ Y ◦ and k ∈ {0, . . . , p− 1} one has:

U(t, s)y ∈ D(C(k)(r)) for every r ∈ Ik+1 and r 7→ C(k)(r)U(t, s)y is continuous

or, in other words, that U(t, s)y ∈ Y ◦ for every y ∈ Y ◦, as desired. �

We also note the following variant of the above theorem where the form (2.63) of the
imposed commutation relation is closer to (2.44). In return, one has to require relatively
strong invariance conditions.

Proposition 2.3.4. Suppose A(t) : D(A(t)) ⊂ X → X for every t ∈ I is the generator

of a strongly continuous semigroup on X such that A is (M,ω)-stable for some M ∈
[1,∞) and ω ∈ R and recursively de�ne C(0)(t) := A(t) as well as C(k)(t1, . . . , tk+1) :=
[C(k−1)(t1, . . . , tk), A(tk+1)] for k ∈ N. Suppose further that Y is an A(t)-admissible

subspace of X for every t ∈ I, and p ∈ N a natural number such that for all ti ∈ I

Y ⊂
⋂

τ1,...,τp∈I
D(C(p−1)(τ1, . . . , τp)) and C(p−1)(t1, . . . , tp)Y ⊂

⋂
τ∈I

D(C(0)(τ)),

C(k)(t1, . . . , tk+1)|Y is a bounded operator from Y to X for all k ∈ {0, . . . , p− 1}, and

C(p)(t1, . . . , tp+1)
∣∣
D(Ã(tp+1))

⊂ µ(t1, . . . , tp+1) ∈ C, (2.63)

where Ã(t) is the part of A(t) in Y . Suppose �nally that (t1, . . . , tp+1) 7→ µ(t1, . . . , tp+1)
and (t1, . . . , tk+1) 7→ C(k)(t1, . . . , tk+1)y are continuous for all y ∈ Y and k ∈ {0, . . . , p−
1}. Then there exists a unique evolution system U in the wide sense for A on Y .

Proof. We recall that, by our convention from the beginning of Section 2.3.2, the com-
mutators C(k)(t1, . . . , tk+1) are to be understood in the operator-theoretic sense, and we
can therefore conclude that

Y ⊂
⋂

τ1,...,τk+1∈I
D(C(k)(τ1, . . . , τk+1)) and C(k)(t1, . . . , tk+1)Y ⊂

⋂
τ∈I

D(C(0)(τ)),

for all k ∈ {0, . . . , p− 1} by successively proceeding from p− 1 to 0. With this in mind,
one veri�es the commutation relations

C(k)(s)eA(t)τy = eA(t)τ
(
C(k)(s) + C(k+1)(s, t)τ + · · ·+ C(p−1)(s, t, . . . , t)

τp−1−k

(p− 1− k)!
+

+µ(s, t, . . . , t)
τp−k

(p− k)!

)
y (s := (s1, . . . , sk+1)) (2.64)

for all y ∈ Y and k ∈ {0, . . . , p− 1} by proceeding from p− 1 to 0 and by using, at each
successive step, the same arguments as for (2.58). And from (2.64), in turn, one obtains
the existence of an evolution system U in the wide sense for A on Y in exactly the same
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way as in the proof of Theorem 2.3.3. (It is not to be expected, however, that U is even
an evolution system for A on Y in the strict sense. See the sixth remark in Section 2.3.4.)
In order to obtain uniqueness, one has only to observe that for any evolution system V
in the wide sense for A on Y ,

Un(t, s)y − V (t, s)y = V (t, τ)Un(τ, s)y
∣∣τ=t

τ=s
=

∫ t

s
V (t, τ)

(
A(rn(τ))−A(τ)

)
Un(τ, s)y dτ

converges to 0 for every y ∈ Y and (s, t) ∈ ∆ by (2.61). �

2.3.3 Well-posedness for group generators

After having proved well-posedness results for semigroup generators with (2.43) or (2.44),
we now improve, inspired by [72], the special well-posedness result from [65] (Theorem 5.2
in conjunction with Remark 5.3) for a certain kind of group (instead of semigroup) gen-
erators A(t) and certain uniformly convex subspaces Y of the domains D(A(t)): we
show that this result is still valid if t 7→ A(t)|Y is assumed to be only strongly contin-
uous (instead of norm continuous as in [65]). In [72] the same is done for the general
well-posedness theorem from [65] (Theorem 6.1). We point out that although several
arguments from [72] can be used here as well, it is by no means obvious that the im-
provement made in [72] can be carried over to the special well-posedness result of [65].
In particular, the possibility of such an improvement is not mentioned in the literature
� at least, not in [72], [136], [137], [68], [69], [126], [127]. In addition to the improvement
from norm to strong continuity (which is the main point here), we also slightly generalize
the compatibility condition for certain t-dependent norms ‖ . ‖±t from [65]. Instead of
requiring

‖y‖±t ≤ e
c±|t−s| ‖y‖±s (2.65)

for some constants c± and all y ∈ Y and s, t ∈ I, we only require the compatibility
condition (2.67) below for some functions

c± : I → [0,∞) (I := {closed subintervals of I})

that are additive and continuous on I in the sense that

c±([a, c]) = c±([a, b]) + c±([b, c]) (a ≤ b ≤ c) and c±(J) −→ 0 (λ(J)→ 0). (2.66)

In this way, the well-posedness theorem for quasicontraction group generators with time-
independent domains in a uniformly convex space proved in Section 2.2.3 above becomes
a special case of the theorem below. See the second remark after Theorem 2.2.10.

Theorem 2.3.5. Suppose A(t) : D(A(t)) ⊂ X → X for every t ∈ I is the generator

of a strongly continuous group on X such that A+ := A( . ) and A− := −A(1 − . ) are

(M,ω)-stable for some M ∈ [1,∞) and ω ∈ R. Suppose further that Y for every t ∈ I
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is an A±(t)-admissible subspace of X contained in ∩τ∈ID(A(τ)) and that A(t)|Y is a

bounded operator from Y to X such that

t 7→ A(t)|Y

is strongly continuous. And �nally, suppose there exist functions c± : I → [0,∞) satis-

fying (2.66) and for each t ∈ I there exists a norm ‖ . ‖±t on Y equivalent to the original

norm of Y such that Y ±t := (Y, ‖ . ‖±t ) is uniformly convex and

‖y‖±t ≤ e
c±(J(s,t)) ‖y‖±s (J(s, t) := [min{s, t},max{s, t}]) (2.67)

for all y ∈ Y and s, t ∈ I, and such that the Y -part Ã±(t) of A±(t) generates a quasi-

contraction semigroup in Y ±t , more precisely∥∥∥eÃ±(t)τy
∥∥∥±
t
≤ eω0τ ‖y‖±t (τ ∈ [0,∞), y ∈ Y, t ∈ I) (2.68)

for some t-independent growth exponent ω0 ∈ R. Then there exists a unique evolution

system U for A on Y (and, moreover, ∆ 3 (s, t) 7→ U(t, s)|Y ∈ L(Y ) is strongly contin-

uous).

Proof. We adopt from [72] the shorthand notation U±(t, s, π) for products of the semi-
groups eA

±(t) . associated with �nite or in�nite partitions π in I. Without further spec-
i�cation, convergence or continuity in X, Y will always mean convergence or continuity
in the norm of X, Y .

As a �rst step we show that for each y ∈ Y and s ∈ [0, 1) there exists a sequence
(π±n ) = (π±y,s,n) of partitions of I such that (U±(t, s, π±y,s,n)y) is a Cauchy sequence in X
for t ∈ [s, 1]. What we have to show here is that for every sequence π = (tk), strictly
monotonically increasing in I, and arbitrary t′k ∈ [tk, tk+1), the following assertions are
satis�ed (Lemma 1 of [72]):

(i) (U±(t′k, t0, π)x) is a Cauchy sequence in X for every x ∈ X whose limit will be
denoted by U±(t∞, t0, π)x where t∞ := limk→∞ t

′
k,

(ii) (U±(t′k, t0, π)y) is a Cauchy sequence in Y for every y ∈ Y .

With the help of Lemma 2 and 3 of [72], whose proofs carry over without change to
the present situation, the existence of sequences (π±y,s,n) of partitions with the claimed
properties then follows. Assertion (i) is simple and is proven in the same way as in [72],
while assertion (ii) has to be proven in a completely di�erent way because the proof
of [72] essentially rests on the existence of certain isomorphisms S(t) from Y onto X
which are not available here. We show, using ideas from [65] (Section 5), that

U±(t∞, t0, π)y ∈ Y and U±(t′k, t0, π)y −→ U±(t∞, t0, π)y weakly in Y (2.69)

for every y ∈ Y and that

lim sup
k→∞

∥∥U±(t′k, t0, π)y
∥∥∓
t∞
≤
∥∥U±(t∞, t0, π)y

∥∥∓
t∞

(t∞ := 1− t∞) (2.70)
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for y ∈ Y , which two things by the uniform convexity of Yt∞ imply the convergence

U±(t′k, t0, π)y −→ U±(t∞, t0, π)y in Y

and in particular assertion (ii). In order to see (2.69) notice �rst that Ã± is (M̃, ω̃)-stable
for some M̃ ∈ [1,∞) and ω̃ = ω0 by (2.67) and (2.68) (argue as in Proposition 3.4 of [65]
using (2.66.a)), so that the sequence (U±(t′k, t0, π)y) is bounded in the norm of Y (recall
that

eA
±(t)τ

∣∣
Y

= eÃ
±(t)τ

by Proposition 2.3 of [65]). Since Y is re�exive (Milman's theorem), every subsequence
of (U±(t′k, t0, π)y) has in turn a weakly convergent subsequence in Y whose weak limit
must be equal to U±(t∞, t0, π)y by assertion (i), and therefore (2.69) follows. In order
to see (2.70) notice �rst that (U±(t′k, tn, π)x)n∈N is a Cauchy sequence in X for every
x ∈ X and k ∈ N, where

U±(t′k, τ, π) := U±(τ, t′k, π)−1 = e−A
±(tk)(tk+1−t′k) · · · e−A±(rπ(τ))(τ−rπ(τ))

for τ ∈ (t′k, t∞) and where rπ(τ) denotes the largest point of π less than or equal to τ .
Indeed, for every x ∈ Y ,

U±(t′k, tm, π)x− U±(t′k, tn, π)x = −
∫ tn

tm

U±(t′k, τ, π)A±(rπ(τ))x dτ −→ 0 (m,n→∞)

in X and by the (M,ω)-stability of A∓, this convergence extends to all x ∈ X. We
denote the limit by U±(t′k, t∞, π)x and note for later use that

U±(t′k, t∞, π)y ∈ Y and U±(t′k, tn, π)y −→ U±(t′k, t∞, π)y weakly in Y (2.71)

by the same arguments as those for (2.69). Since U±(t′k, t0, π) = U±(t′k, tn, π)U±(tn, t0, π)
for all n ∈ N, it follows that

U±(t′k, t0, π) = U±(t′k, t∞, π)U±(t∞, t0, π). (2.72)

Also, since

U±(t′k, tn, π) = eA
∓(tk)(tk+1−t′k) · · · eA∓(tn−1)(tn−tn−1) (ti := 1− ti)

for n ≥ k + 1, it follows by successively passing from ‖ . ‖∓
t∞

to ‖ . ‖∓
tk

to ... to ‖ . ‖∓
tn−1

and back to ‖ . ‖∓
t∞

with the help of (2.67), by using (2.68) at each successive step, and
by using (2.66.a) that∥∥U±(t′k, tn, π)z

∥∥∓
t∞
≤ e2c∓([t∞,tk]) eω0(tn−t′k) ‖z‖∓

t∞

for every z ∈ Y , and therefore∥∥U±(t′k, t∞, π)z
∥∥∓
t∞
≤ e2c∓([t∞,tk]) eω0(t∞−t′k) ‖z‖∓

t∞
(2.73)
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for z ∈ Y by virtue of (2.71). Combining now (2.72), (2.73) and (2.66.b) we obtain (2.70),
which concludes our �rst step.

As a second step we observe that U±0 (t, s)y := limn→∞ U
±(t, s, π±y,s,n)y for y ∈ Y

and (s, t) ∈ ∆ de�nes a linear operator from Y to X extendable to a bounded operator
U±(t, s) in X, and that U± is an evolution system in X such that t 7→ U±(t, s)y for every
y ∈ Y is right di�erentiable (in the norm of X) at s with right derivative A±(s)y. All
this follows in the same way as in [72] (Lemma 4 and 5). In particular, it follows from the
right di�erentiability and evolution system properties just mentioned that [0, t] 3 s 7→
U±(t, s)y is continuously di�erentiable (from both sides) for every y ∈ Y with derivative
s 7→ −U±(t, s)A±(s)y by Corollary 2.1.2 of [104].

As a third step we show that U±(t, s) leaves the subspace Y invariant for every (s, t) ∈
∆ and that [s, 1] 3 t 7→ U±(t, s)y is right continuous in Y for every y ∈ Y . In order
to see that U±(t, s)y lies in Y for y ∈ Y , notice that the sequence (U±(t, s, π±y,s,n)y) is
bounded in the norm of Y , whence by the same argument as for (2.69)

U±(t, s)y ∈ Y and U±(t, s, π±y,s,n)y −→ U±(t, s)y weakly in Y. (2.74)

In order to see that [s, 1] 3 t 7→ U±(t, s)y is right continuous in Y for every y ∈ Y , we
have only to show, by the invariance property just established, that U±(t+ h, t)y −→ y
in Y as h ↘ 0 for every t ∈ [0, 1). And for this in turn it is su�cient to show, by the
uniform convexity of Yt, that

U±(t+ h, t)y −→ y weakly in Y as h↘ 0 (2.75)

and

lim sup
h↘0

∥∥U±(t+ h, t)y
∥∥±
t
≤ ‖y‖±t (2.76)

Since this can be achieved in a way similar to the proof of (2.69) and (2.70), we may
omit the details.

We can now show that t 7→ U+(t, s)y is continuous in Y for every y ∈ Y and then
conclude the proof. Indeed, τ 7→ U∓(1 − s, 1 − τ)z is di�erentiable for z ∈ Y with
derivative τ 7→ U∓(1 − s, 1 − τ)A∓(1 − τ)z by the last remark of our second step and
τ 7→ U±(τ, s)y is right di�erentiable for y ∈ Y with right derivative τ 7→ A±(τ)U±(τ, s)y
because for every τ ∈ [s, 1) the vector z := U±(τ, s)y lies in Y and

1

h

(
U±(τ + h, s)y − U±(τ, s)y

)
=

1

h

(
U±(τ + h, τ)z − z

)
−→ A±(τ)z (h↘ 0)

by our second and third step. So, the map [s, t] 3 τ 7→ U∓(1− s, 1− τ)U±(τ, s)y is right
di�erentiable for every y ∈ Y with right derivative 0. Corollary 2.1.2 of [104] therefore
yields

U∓(1− s, 1− t)U±(t, s)y − y = U∓(1− s, 1− τ)U±(τ, s)y
∣∣τ=t

τ=s
= 0

for every y ∈ Y and hence

U∓(1− s, 1− t)U±(t, s) = 1 = U∓(1− t, 1− s)U±(s, t) = U∓(t, s)U±(1− s, 1− t)

82



for all (s, t) ∈ ∆. It follows that

U+(t− h, s)y = U+(t, t− h)−1U+(t, s)y = U−(1− t+ h, 1− t)U+(t, s)y −→ U+(t, s)y

in Y as h ↘ 0 by our third step, whence t 7→ U+(t, s)y right and left continuous and
hence continuous in Y . Combining this with the previous steps, we see with the help of
Corollary 2.1.2 of [104] that t 7→ U+(t, s)y is continuously di�erentiable in X for every
y ∈ Y with derivative t 7→ A+(t)U+(t, s)y and therefore U := U+ is an evolution system
for A = A+ on Y , as desired. �

Incidentally, it is also possible to improve (a version of) the well-posedness theorem
from [66] (Theorem 1) in the spirit of [72]: in this theorem strong continuity of t 7→ A(t)|Y
is su�cient as well, provided that A is (M,ω)-stable (instead of only quasistable) and
that t 7→ ‖B(t)‖ is bounded (instead of only upper integrable). (We make this proviso
in order to make sure that the boundedness condition (2.1) of [72] is still satis�ed for
arbitrary partitions π and that (2.2) of [72] is satis�ed with the modi�ed right hand side

C ‖x‖
∫ t′k

ti

α(τ) dτ,

where α is a suitable integrable function. All other arguments from [72] carry over without
formal change, a bit more care being necessary in the justi�cation of assertion (c) of [72]
because of the weaker regularity of t 7→ S(t) � see [36].)

2.3.4 Some remarks on the relation with the literature

We close this section about abstract well-posedness results with some remarks concerning,
in particular, the relation of the results from Section 2.3.2.1 and 2.3.2.2 with the results
from [65], [66], [72], [101] and with the result from Section 2.3.3.

1. Compared to the well-posedness theorems from [65], [66], [72] where no commutator
conditions of the kind (2.43) or (2.44) are imposed, the well-posedness theorems from
Section 2.3.2.1 and 2.3.2.2 are furnished with rather mild stability and regularity condi-
tions: Concerning stability, we had only to require in the theorems from Section 2.3.2.1
and 2.3.2.2 that the family A be (M,ω)-stable in X (or that the slightly weaker stability
condition (2.80) be satis�ed). In the well-posedness theorems from [65], [66], [72], by
contrast, it has to be required in addition that there exist an A(t)-admissible subspace Y
of X contained in all the domains of the A(t) such that the induced family Ã consisting
of the Y -parts Ã(t) of the A(t) is (M̃, ω̃)-stable in Y . Such a subspace Y is generally
di�cult to �nd � unless the domains of the A(t) are time-independent. (In this latter
case, one can choose Y := D(A(0)) = D(A(t)) endowed with the graph norm of A(0),
provided only that t 7→ A(t) is of bounded variation � just apply Proposition 4.4 of [65]
with S(t) := A(t)− (ω + 1).) Concerning regularity, we had only to require strong con-
tinuity conditions in the theorems from Section 2.3.2.1 and 2.3.2.2: namely, we had to
require that

t 7→ C(0)(t)y = A(t)y and (t1, . . . , tk+1) 7→ C(k)(t1, . . . , tk+1)y
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be continuous for k ∈ {1, . . . , p} and y in a dense subspace Y of X contained in all the re-
spective domains or, equivalently, that the maximal continuity subspaces (2.47) or (2.60)
be dense in X and that µ be continuous. In general situations without commutator
conditions of the kind (2.43) or (2.44), by contrast, strong continuity conditions are not
su�cient for well-posedness � not even if the domains of the A(t) are time-independent.
(See the respective counterexamples in [105] (Example 6.4), [41] (Example VI.9.21), [116]
(Example 1 and 2).) Accordingly, in the general well-posedness results from [65] (The-
orem 6.1), [72], and [66] (Theorem 1) for general semigroup generators A(t), there is a
strong W 1,1-regularity condition on certain auxiliary operators S(t) de�ned on an A(t)-
admissible subspace Y of X contained in all the domains D(A(t)), which boils down to
a strong W 1,1-regularity condition on t 7→ A(t) in the case of time-independent domains
D(A(t)) = Y (Remark 6.2 of [65]); and in the special well-posedness result (Theorem 5.2
and Remark 5.3) from [65] for group generators A(t), there still is a norm continuity
condition on t 7→ A(t)|Y and a regularity condition on certain auxiliary norms ‖ . ‖±t
on Y , which boils down to a Lipschitz continuity condition on t 7→ A(t) in the case of
time-independent domains D(A(t)) = Y (Theorem 2.1 of [116]).

2. In a certain special case involving group generators A(t) with time-independent
domains, the well-posedness assertion of the theorems from Section 2.3.2.1 and 2.3.2.2
can alternatively also be inferred from the well-posedness theorem from Section 2.3.3. In
fact, if in addition to the assumptions of Theorem 2.3.3 the following three conditions
are satis�ed, then the well-posedness assertion of this theorem (but no representation
formula, of course) also follows from Theorem 2.3.5:

• A(t) for every t ∈ I is a quasicontraction group generator with time-independent
domain D(A(t)) = Y in the uniformly convex space X such that∥∥∥e±A(t)τ

∥∥∥ ≤ eωτ (τ ∈ [0,∞)) (2.77)

for some t-independent growth exponent ω ∈ R,

• C(k)(t1, . . . , tk+1) is a bounded operator on X for every (t1, . . . , tk+1) ∈ Ik+1 and

sup
(t1,...,tk+1)∈Ik+1

∥∥∥C(k)(t1, . . . , tk+1)
∥∥∥ <∞ (2.78)

for every k ∈ {1, . . . , p− 1} (an empty condition for p = 1!),

• t 7→ A(t)y is continuous for every y ∈ Y .

Indeed, under these conditions the norms ‖ . ‖±t appearing in Theorem 2.3.5 can be chosen
to be ‖ . ‖∗ := ‖(A(0)− ω − 1) . ‖ for every t ∈ I (t-independent!): with this norm,
Y becomes a uniformly convex subspace admissible for the group generators ±A(t) and∥∥∥e±A(t)τy

∥∥∥
∗
≤ eω0τ ‖y‖∗ (y ∈ Y and τ ∈ [0,∞)) (2.79)
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for a suitable ω0 ∈ R, and �nally Y ◦ = Y . (In order to see (2.79) and the ±A(t)-
admissibility of Y one checks that (2.59) holds true for τ ∈ (−∞, 0) as well, so that in
particular

A(0)e±A(t)τy = e±A(t)τ
(
A(0) + C(1)(0, t)(±τ) + · · ·+ C(p−1)(0, t, . . . , t)(±τ)p−1/(p− 1)!

+ µ(0, t, . . . , t)(±τ)p/p!
)
y

for all y ∈ Y and τ ∈ [0,∞). With the help of (2.77) and (2.78) the desired ±A(t)-
admissibility and the quasicontraction group property (2.79) then readily follow.)

3. In the well-posedness theorems from [56] and [94] weaker notions of well-posedness
are used than here [95], which in return allows for weaker regularity assumptions than
those of [66] and [72] (but the stability conditions are the same). In the second product
representation theorem from [102] (Proposition 4.9) which also asserts well-posedness,
there seems to be missing, in the hyperbolic case, an additional stability and regularity
assumption of the kind of condition (ii�) from [65]. At least, it is not clear [93] how the as-
serted well-posedness should be established and how the range condition from Cherno�'s
theorem (invoked in [102]) should be veri�ed without such an additional assumption. (In
this respect, see in particular Theorem 4.19 of [100] and the remarks preceding it, which
state that Y is a core for G only under the additional condition (ii�) from [65].) As far
as [24] is concerned, it should be remarked that the abstract well-posedness theorem of
this paper is actually a corollary of the well-posedness theorem of [66]. (Indeed, if for
every y ∈ Y the map t 7→ S(t)y is continuous on the whole of I and di�erentiable at all
except countably many points of I with an exceptional set N not depending on y and if
supt∈I\N ‖S′(t)y‖ <∞, then t 7→ S(t)y is already absolutely continuous (Theorem 6.3.11
of [23]) and

S(t)y = S(0)y +

∫ t

0
S′(τ)y dτ

(Proposition 1.2.3 of [10]) for every y ∈ Y , so that the strong W 1,1-regularity condition
for t 7→ S(t) from [66] is satis�ed.)

4. It is clear from the proofs of Theorem 2.3.1 and Theorem 2.3.3 that the well-
posedness statements remain valid if the (M,ω)-stability condition of these theorems is
replaced by the condition from [101] that there exist a sequence (πn) of partitions of I
such that mesh(πn) −→ 0 and∥∥∥eA(rn(t))(t−rn(t)) · · · eA(rn(s))(r+n (s)−s)

∥∥∥ ≤Meω(t−s) ((s, t) ∈ ∆). (2.80)

In [101] this stability condition is shown to be strictly weaker than (M,ω)-stability.
Also, it is clear from the proof of Theorem 2.3.1 that the representation formula for the
evolution is still valid if (2.80) is sharpened to∥∥∥eA(rn(t))r(t−rn(t)) · · · eA(rn(s))r(r+n (s)−s)

∥∥∥ ≤Meωr(t−s) ((s, t) ∈ ∆, r ∈ [0,∞)). (2.81)
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In particular, the method of proof of Theorem 2.3.1 yields an alternative and more
elementary proof (without reference to the Trotter�Kato theorem) of Proposition 2.5
from [101] (or, rather, of a slightly corrected version of it: in order for the proof of [101]
to work one has to choose as the domain of

∫ t
s A(τ) dτ the maximal continuity subspace

Y ◦ of A as de�ned in (2.47), instead of the quite arbitrary subspace denoted by Y
in [101] because such a subspace, in contrast to Y ◦, is not left invariant by the operators
(Bn − λ)−1 in general).

5. In the situation of Theorem 2.3.1, one might think that it should be possible to
(more e�ciently) obtain the well-posedness of the initial value problems (2.42) on Y ◦ by
�rst de�ning a candidate U for the sought evolution system through the representation
formula

U(t, s) := e(
∫ t
s A(τ) dτ)◦e1/2

∫ t
s

∫ τ
s µ(τ,σ) dσ dτ ,

and by then verifying that this candidate is indeed an evolution system for A on Y ◦. In
order to prove that the closure of (

∫ t
s A(τ) dτ)◦ exists and is a semigroup generator, one

might want to employ the theorem of Trotter and Kato as in [101] � instead of exploiting
the locally uniform convergence of the sequences (U rn(t, s)x) as we did. And in order
to verify the evolution system properties for U , one might want to make rigorous the
following formal di�erentiation rule for exponential operators (appearing in [134], for
instance):

eB(t+h) − eB(t)

h
=
eB(t+h)τeB(t)(1−τ)

h

∣∣∣τ=1

τ=0
=

∫ 1

0
eB(t+h)τ B(t+ h)−B(t)

h
eB(t)(1−τ) dτ

−→
∫ 1

0
eB(t+h)τB′(t) eB(t)(1−τ) dτ (h→ 0) (2.82)

with B(t) := (
∫ t
s A(τ) dτ)◦. Yet, this is possible only if Reµ(τ, σ) ≥ 0 for all σ ≤ τ

because only then can the right hand side of (2.52) be dominated by a bound M ′eω
′r for

all r ∈ [0,∞) uniformly in n ∈ N (a �rst crucial assumption of the Trotter�Kato theorem).
And moreover, the veri�cation of the density of ran ((

∫ t
s A(τ) dτ)◦ − λ) in X for λ > ω′

(a second crucial assumption of the Trotter�Kato theorem) and the veri�cations of the
evolution system properties for U with the help of (2.82) are more involved than the
arguments in our approach.

6. In Proposition 2.3.4 we obtained well-posedness on the given subspace Y only in
the wide sense, that is, the existence of a unique evolution system U for A on Y in the
wide sense. We could not prove the invariance of Y under the operators U(t, s), however
(while in the special case p = 1 we could prove such an invariance for a di�erent subspace,
namely (2.47), in Corollary 2.3.2). And, in fact, we do not expect it to be true in general:
at least, it is not possible to obtain this invariance � as in Theorem 2.3.3 � by a closedness
argument from (2.62) (which equation is still true in the situation of Proposition 2.3.4
for vectors y ∈ Y ) because in general, under the assumptions of Proposition 2.3.4, none
of the operators C(k)(t1, . . . , tk+1)|Y will be a closed operator in X. Choose, for instance,

A(t) := A0 +B(t) = A0 + b(t)B0 in X := L1(I),
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where A0f := ∂xf for f ∈ D(A0) = {f ∈ W 1,1(I) : f(1) = 0} and (B0f)(x) := xpf(x)
for f ∈ X and where t 7→ b(t) ∈ C is continuous, and then choose

Y := D(A2
0) if p = 1 and Y := D(Ap0) if p ∈ N \ {1}

endowed with the norm of W 2,1(I) or W p,1(I), respectively. It is then easy to see that,
indeed, all the assumptions of Proposition 2.3.4 are satis�ed, but C(k)(t1, . . . , tk+1)|Y is
non-closed for every k ∈ {0, . . . , p} and every (t1, . . . , tk+1) ∈ Ik+1. (We point out that in
this speci�c example one nevertheless does have the invariance of Y under the operators
U(t, s) for s ≤ t, but this seems to essentially depend on the speci�c structure of the
example: since A(t) is A0 plus a bounded perturbation B(t), the evolution system U for
A on Y in the wide sense satis�es

U(t, s)f = eA0(t−s)f +

∫ t

s
eA0(t−τ)B(τ)U(τ, s)f dτ (f ∈ X)

and hence is given by the respective perturbation series expansion; and since eA0 . |Y
is a strongly continuous semigroup in Y and B(t)|Y is a bounded operator in Y , this
perturbation series leaves Y invariant.)

2.3.5 Some applications of the well-posedness theorems for operators
with scalar commutators

We now discuss some applications of the abstract results from Section 2.3.2. In all of
them the operators A(t) will be skew self-adjoint in a Hilbert space X.

2.3.5.1 Segal �eld operators

In this subsection we apply the well-posedness result of Section 2.3.2.1 to Segal �eld
operators Φ(ft) in F+(h), the symmetric Fock space over a complex Hilbert space h. Segal
�eld operators Φ(f) are de�ned for f ∈ h as the closure of 2−1/2(a(f) + a∗(f)), where
a(f) and a∗(f) are the usual annihilation and creation operators in F+(h) corresponding
to f . It is well-known that the operators Φ(f) are self-adjoint and, as a consequence of
the canonical commutation relations for creation and annihilation operators, they satisfy
the commutation relations

[Φ(f),Φ(g)] = i Im 〈f, g〉 (f, g ∈ h) (2.83)

on a suitable dense subspace of F+(h). See [18] (Section 5.2.1), [107] (Section X.7) or [35]
(Section 5.4) for these and other standard facts about such operators and basic concepts
from quantum �eld theory. In view of (2.83) we expect to obtain well-posedness for the
operators A(t) = iΦ(ft) by means of Theorem 2.3.1. Indeed, we have:

Corollary 2.3.6. Set A(t) = iΦ(ft) in X := F+(h) and suppose that t 7→ ft ∈ h
is continuous. Then there exists a unique evolution system U for A on the maximal

continuity subspace Y ◦ for A and it is given by

U(t, s) = e(
∫ t
s iΦ(fτ ) dτ)◦e−i/2

∫ t
s

∫ τ
s Im〈fτ ,fσ〉 dσ dτ = W

(∫ t

s
fτ dτ

)
e−i/2

∫ t
s

∫ τ
s Im〈fτ ,fσ〉 dσ dτ
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where W (h) := eiΦ(h) denotes the Weyl operator for h ∈ h.

Proof. We have already remarked that the operators A(t) are skew self-adjoint and hence
(semi)group generators. We also see, by the Weyl form

Φ(f)eiΦ(g) = eiΦ(g)
(
Φ(f)− Im 〈f, g〉

)
(2.84)

of the canonical commutation relations (Proposition 5.2.4 (1) in [18]), that the generators
A(s) can be commuted through the groups eA(t) . in the way required in (2.46) with
µ(s, t) = −i Im 〈fs, ft〉. It remains to show that the maximal continuity subspace Y ◦ for
A is a dense subspace of X. In order to do so, one uses that for every f ∈ h one has:
D(N1/2) ⊂ D(Φ(f)) and

‖Φ(f)ψ‖ =
∥∥2−1/2(a(f) + a∗(f))ψ

∥∥ ≤ 21/2 ‖f‖
∥∥(N + 1)1/2ψ

∥∥ (2.85)

for every ψ ∈ D(N1/2) (Lemma 5.3 of [35]), where N is the number operator in F+(h).
Since t 7→ ft is continuous by assumption, the estimate (2.85) shows that the maximal
continuity subspace Y ◦ for A contains the dense subspace D(N1/2) of X and is there-
fore dense itself. So, the desired well-posedness statement and the �rst of the asserted
representation formulas for U follow from Theorem 2.3.1. In order to see the second
representation formula for U , repeatedly apply the identity

W (f)W (g) = W (f + g)e−i/2 Im〈f,g〉 (2.86)

(Proposition 5.2.4 (2) of [18]) to the approximants Un for U from the proof of Theo-
rem 2.3.1 and use the strong continuity of h 3 h 7→W (h) (Proposition 5.2.4 (4) of [18]).
Alternatively, the well-posedness statement and the �rst representation formula could
also be concluded from Corollary 2.3.2 with Y := D(N) endowed with the graph norm
of N . Indeed, Y with this norm is an A(t)-admissible subspace of X because

NeiΦ(f) = eiΦ(f)
(
N + Φ(if) + ‖f‖2 /2

)
for all f ∈ h (Proposition 2.2 of [87]), Y ⊂ ∩τ∈ID(A(τ)) and A(t)Y ⊂ D(N1/2) ⊂
∩τ∈ID(A(τ)) by the de�nition of creation and annihilation operators, A(t)|Y is a bounded
operator from Y to X by (2.85), and �nally [A(s), A(t)]|D(N) ⊂ −i Im 〈fs, ft〉 (Proposi-
tion 5.2.3 (3) of [18]). �

It is possible to give at least two alternative proofs of variants of the above result and
we brie�y comment on these alternative approaches (which, however, are not necessary
for understanding Corollary 2.3.7 below). A �rst alternative approach is based upon the
�fth remark from Section 2.3.4, which is applicable here because Reµ(τ, σ) = 0 for all
σ, τ ∈ I. It yields the following version of Corollary 2.3.6: if t 7→ ft ∈ h is continuous,
then there exists a unique evolution system U for A on the maximal continuity subspace
Y ◦ for A and U is given by the �rst representation formula of the corollary. A second
alternative � and more pedestrian � approach is based upon a well-known exponential
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series expansion for Weyl operators, namely (2.88) below, and yields the following version
of Corollary 2.3.6 for h = L2(R3): if both

t 7→ ft ∈ h = L2(R3) and t 7→ ft/
√
ω ∈ h = L2(R3)

are continuous for a measurable function ω : R3 → R with ω(k) > 0 for almost all k ∈ R3,

then there exists a unique evolution system U in the wide sense for A on Y = D(H
1/2
ω )

(where Hω is the second quantization of ω de�ned in (2.89) and (2.90) below) and U is
given by the second representation formula from the corollary above. In order to see this
by pedestrian arguments, one de�nes a candidate for the sought evolution U in the wide
sense through

U(t, s) := W
(∫ t

s
fτ dτ

)
e−i/2

∫ t
s

∫ τ
s Im〈fτ ,fσ〉 dσ dτ (2.87)

and exploits the exponential series expansion

W (g)ψ = eiΦ(g)ψ =

∞∑
n=0

in

n!
Φ(g)nψ (g ∈ h) (2.88)

for Weyl operators W (g) on vectors ψ in the �nite particle subspace F0
+(h) := {ψ ∈

F+(h) : ψ(n) = 0 for all but �nitely many n}. (See the proof of Theorem X.41 of [107].)
With this expansion, one can show by term-wise di�erentiation and repeated application
of the commutation relation [Φ(f),Φ(g)]|F0

+(h) ⊂ i Im 〈f, g〉 (Theorem X.41 (c) of [107])

that the mapping t 7→ U(t, s)ψ is di�erentiable for ψ ∈ F0
+(h) with the desired derivative

t 7→ iΦ(ft)U(t, s)ψ. Since F0
+(h) is a core for Φ(ft)|Y uniformly in t ∈ I by virtue

of (2.91) below (recall, Y = D(H
1/2
ω )) and since the operators Φ(ft) can be commuted

through U(t, s) up to scalar errors by virtue of (2.84), there exists for every ψ ∈ Y a
sequence (ψn) in F0

+(h) such that ψn −→ ψ and

iΦ(ft)U(t, s)ψn −→ U(t, s)
(
iΦ(ft)ψ − i

∫ t

s
Im 〈ft, fτ 〉 dτψ

)
= iΦ(ft)U(t, s)ψ

uniformly in t ∈ I as n → ∞. It follows that t 7→ U(t, s)ψ = limn→∞ U(t, s)ψn is
continuously di�erentiable even for ψ ∈ Y with the desired derivative. So, U de�ned

by (2.87) is indeed an evolution system in the wide sense for A on Y = D(H
1/2
ω ), and it

is also unique by virtue of [62] (Theorem 1).

With the help of the above well-posedness result for Segal �eld operators we will now
establish the well-posedness of the initial value problems for operators Hω + Φ(ft) in
F+(h) with h := L2(R3). Such operators are sometimes called van Hove Hamiltonians
and they describe a classical particle coupled to a time-dependent quantized �eld of
bosons: Hω describes the energy of the �eld while Φ(ft) describes the interaction of the
particle with the �eld. (See, for instance, [33] or [70].) The operator Hω is the second
quantization of the dispersion relation ω : R3 → R, a measurable function with ω(k) > 0
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for almost every k ∈ R3, that is, Hω is the operator on F+(h) =
⊕

n∈N∪{0} h
(n)
+ de�ned

by

(Hωψ)(n) := H(n)
ω ψ(n) for ψ ∈ D(Hω) := {ψ ∈ F+(h) : (H(n)

ω ψ(n)) ∈ F+(h)}, (2.89)

where the operators H
(n)
ω act by multiplication as follows:

H(0)
ω ψ(0) := 0 and (H(n)

ω ψ(n))(k1, . . . , kn) :=

n∑
i=1

ω(ki)ψ
(n)(k1, . . . , kn) (2.90)

for ψ(0) ∈ h
(0)
+ = C and ψ(n) ∈ h

(n)
+ = L2

+(R3n) := {ϕ ∈ L2(R3n) : ϕ(kσ(1), . . . , kσ(n)) =
ϕ(k1, . . . , kn) for all permutations σ} (Example 1 in Section X.7 of [107]). It is well-
known and easy to see that Hω is a positive self-adjoint operator and that for all f with

f ∈ h and f/
√
ω ∈ h one has: D(H

1/2
ω ) ⊂ D(Φ(f)) and

‖Φ(f)ψ‖ ≤ 21/2
(
‖f‖2 +

∥∥f/√ω∥∥2 )1/2‖(Hω + 1)1/2ψ‖ (2.91)

for all ψ ∈ D(H
1/2
ω ). (See, for instance, (13.70) of [121] or (20.33) and (20.34) of [54].)

With the help of (2.91) it easily follows that Φ(f) is in�nitesimally bounded w.r.t. Hω

and hence that Hω + Φ(f) is self-adjoint on D(Hω) provided f ∈ h and f/
√
ω ∈ h.

Corollary 2.3.7. Set A(t) = −i(Hω + Φ(ft)) in X := F+(h), where h := L2(R3) and

ω : R3 → R is measurable with ω(k) > 0 for almost all k ∈ R3, and suppose that

t 7→ ft/
√
ω ∈ h is continuous and t 7→ ft ∈ h is absolutely continuous. Then there exists

a unique evolution system U for A on D(Hω) and it is given by (2.92) and (2.94) below.

Proof. It follows from the remarks above that the operators A(t) are skew self-adjoint
with time-independent domain D(Hω) because ft, ft/

√
ω ∈ h by assumption. Since

at least formally [Hω, iΦ(g)] = Φ(iωg) by virtue of Lemma 2.5 (ii) of [32], the p-fold
commutators (2.44) will not collapse to a complex scalar in general. We can therefore
not hope to apply the results from Section 2.3.2.1 and 2.3.2.2 directly. We can, however,
reduce the desired assertion to Corollary 2.3.6 by switching to the interaction picture,
that is, we de�ne a candidate for the sought evolution system U as the interaction picture
evolution,

U(t, s) := e−iHωtŨ(t, s)eiHωs, (2.92)

where Ũ denotes the evolution system for Ã with Ã(t) := −ieiHωtΦ(ft)e
−iHωt. It has

to be shown, of course, that this evolution exists on an appropriate dense subspace, and
this can be done by way of Corollary 2.3.6. Indeed,

eiHωtΦ(f)e−iHωt = Φ(eiωtf) (f ∈ h, t ∈ R) (2.93)

by Theorem X.41 (e) of [107], that is, the operator Ã(t) is (i times) a Segal �eld operator,

Ã(t) = −ieiHωtΦ(ft)e
−iHωt = iΦ(f̃t) with f̃t := −eiωtft
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and t 7→ f̃t is obviously continuous. So, by Corollary 2.3.6, the evolution system Ũ exists
on the maximal continuity subspace Ỹ ◦ for Ã and is given by

Ũ(t, s) = W (gt,s)e
−i/2

∫ t
s

∫ τ
s Im〈f̃τ ,f̃σ〉 dσ dτ with gt,s :=

∫ t

s
f̃τ dτ. (2.94)

We now show that U , given by (2.92) and (2.94), is an evolution system for A on D(Hω).
In order to see that t 7→ U(t, s)ψ is di�erentiable for all ψ ∈ D(Hω) with the desired
derivative

t 7→ −i(Hω + Φ(ft))U(t, s)ψ, (2.95)

we have to show in view of (2.92) that

D(Hω) ⊂ Ỹ ◦ and Ũ(t, s)D(Hω) ⊂ D(Hω) ((s, t) ∈ ∆). (2.96)

And in order to show that (2.95) is continuous, we would like to move the unbounded
operators Hω and Φ(ft) through the constituents e−iHωt and W (gt,s) of U(t, s) in a
suitable way. We �rst show the inclusion (2.96.a) and the continuity of t 7→ Φ(ft)U(t, s)ψ
for all ψ ∈ D(Hω). It easily follows from (2.91) and the assumed continuity of t 7→
ft, ft/

√
ω ∈ h that

D(Hω) ⊂ D(H1/2
ω ) ⊂ Ỹ ◦ (2.97)

and hence that (2.96.a) holds true. It also follows from (2.93) and (2.84) that

Φ(ft)e
−iHωt = e−iHωtΦ(eiωtft),

Φ(eiωtft)W (gt,s) = W (gt,s)
(
Φ(eiωtft)− Im

〈
eiωtft, gt,s

〉 )
.

So, t 7→ Φ(ft)e
−iHωtW (gt,s)ψ and hence t 7→ Φ(ft)U(t, s)ψ is continuous for ψ ∈ D(Hω)

because t 7→ Φ(eiωtft)ψ is continuous for ψ ∈ D(Hω) by (2.91) and because t 7→
W (gt,s) is strongly continuous by Proposition 5.2.4 (4) of [18]. We now show the in-
clusion (2.96.b) and the continuity of t 7→ HωU(t, s)ψ for all ψ ∈ D(Hω) by showing that
W (gt,s)D(Hω) ⊂ D(Hω) and that Hω can be moved through W (gt,s) in a suitable way.
It is here that the assumed absolute continuity of t 7→ ft will come into play. Since

W (g)D(Hω) = D(Hω) and HωW (g) = W (g)
(
Hω + Φ(iωg) + 〈g, ωg〉 /2

)
(2.98)

for every g ∈ D(ω) = {h ∈ h : ωh ∈ h} (Lemma 2.5 (ii) of [32]), we are led to showing
that

gt,s ∈ D(ω) and t 7→ ωgt,s ∈ h is continuous. (2.99)

In order to do so, notice that the map τ 7→ fτ , being absolutely continuous with val-
ues in the re�exive space h, is di�erentiable almost everywhere (Corollary 1.2.7 of [10])
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and that τ 7→ eiωτ (iω + 1)−1 is strongly continuously di�erentiable. We can therefore
(Proposition 1.2.3 of [10]) perform the following integration by parts:

−gt,s =

∫ t

s
eiωτ (iω + 1)−1fτ dτ +

∫ t

s
eiωτ iω (iω + 1)−1fτ dτ

= (iω + 1)−1
(∫ t

s
eiωτfτ dτ + eiωτfτ

∣∣∣τ=t

τ=s
−
∫ t

s
eiωτf ′τ dτ

)
.

So, (2.99) follows. With the help of (2.99) we now obtain from (2.98) the following
conclusions: �rst, that W (gt,s)D(Hω) = D(Hω) for all (s, t) ∈ ∆ and hence that (2.96.b)
holds true and second, that t 7→ HωW (gt,s)ψ and hence t 7→ HωU(t, s)ψ is continuous
for ψ ∈ D(Hω) because t 7→ Φ(iωgt,s)ψ is continuous for ψ ∈ D(Hω) by (2.91) and (2.99)
and because t 7→W (gt,s) is strongly continuous by Proposition 5.2.4 (4) of [18]. �

If one suitably strengthens or modi�es the assumptions of Corollary 2.3.7, one can con-
clude the well-posedness statement of that corollary (but not the representation (2.92)
and (2.94) for the evolution, of course) by means of various general well-posedness theo-
rems. Indeed, if for instance one adds the assumption that t 7→ ft/

√
ω ∈ h be absolutely

continuous as well, then the well-posedness statement of Corollary 2.3.7 can also be con-
cluded from [66] (Theorem 1) because, under the thus strengthened assumptions, the
strong W 1,1-regularity condition on t 7→ A(t) required in [66] can be veri�ed by means
of (2.91). Similarly, if one replaces the absolute continuity condition on t 7→ ft by the as-
sumption that both t 7→ ft and t 7→ ft/

√
ω be of bounded variation and continuous, then

the well-posedness statement of Corollary 2.3.7 can be concluded from [62] (Theorem 3).
It is not di�cult to �nd functions ω and ft as in the above corollary such that t 7→ ft/

√
ω

is not of bounded variation (so that Corollary 2.3.7 does not follow from [62]). Choose,
for instance, f0 ∈ h with f0(k) = 1 for |k| ≤ 1, and α ∈ [3/2, 3) and then set

ω(k) := |k|α and ft(k) := eiω(k)−1/2tf0(k) (k ∈ R3).

2.3.5.2 Schrödinger operators for external electric �elds

In this subsection we apply the well-posedness result of Section 2.3.2.2 to Schrödinger
operators −∆ + b(t) ·x in L2(Rd). Such operators describe a quantum particle in a time-
dependent spatially constant electric �eld b(t) ∈ Rd and they are shown to be essentially
self-adjoint below. Setting A(t) = i∆− ib(t) · x, we obtain by formal computation

[A(t1), A(t2)] = 2

d∑
κ=1

(bκ(t2)− bκ(t1))∂κ,
[
[A(t1), A(t2)], A(t3)

]
= µ(t1, t2, t3) (2.100)

with µ(t1, t2, t3) := −2i
∑d

κ=1(bκ(t2) − bκ(t1))bκ(t3) ∈ C. In view of (2.100) we expect
to obtain well-posedness for the operators A(t) by means of Theorem 2.3.3 with p = 2.
Indeed, we have (see also the remarks below):
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Corollary 2.3.8. Set A(t) = A0 +B(t) in X := L2(Rd) (existence of the closure is

shown below), where A0 := i∆ with D(A0) = W 2,2(Rd) and where B(t) is multiplication

by −ib(t) · x, and suppose t 7→ b(t) ∈ Rd is continuous. Then there exists a unique

evolution system U for A on the maximal continuity subspace Y ◦ for A = C(0) and C(1)

de�ned in (2.104). Additionally, U is given by (2.105) and (2.106) below.

Proof. (i) We �rst show that A0 + B(t0) for every t0 ∈ I is essentially skew self-adjoint
and that the unitary group generated by A := A0 +B(t0) is given by

eAt = eA0teBte−∂1b1t
2 · · · e−∂dbdt2e2ib2t3/3 (t ∈ R), (2.101)

where B := B(t0) and b = (b1, . . . , bd) := b(t0) ∈ Rd. We do so by showing that the right
hand side of (2.101), which we abbreviate as T (t), de�nes a strongly continuous unitary
group in X with

A0 +B ⊂ AT and T (t)D(A0 +B) ⊂ D(A0 +B) (t ∈ R),

where AT stands for the generator of T . (In order to understand why eA . should decom-
pose as in (2.101), plug the following formal commutators

[B,A0] = −2

d∑
κ=1

bκ∂κ, [[B,A0], B] = 2ib2, [[B,A0], A0] = 0

into the Zassenhaus formula [86], [122], [21] for bounded operators.) With the help of
the explicit formulas for the groups eA0 . (free Schrödinger group), eB . (multiplication
group), e∂κ . (translation group) we �nd the following commutation relations,

eA0te∂κs = e∂κseA0t, eBte∂κs = e∂κseBteibκts,

eA0teBs = eBseA0te2∂1b1ts · · · e2∂dbdtse−ib
2ts2 (s, t ∈ R). (2.102)

It follows from (2.102) that T is indeed a strongly continuous unitary group and that

e∂κsD(A0) ⊂ D(A0), e∂κsD(B) ⊂ D(B), eBsD(A0) ⊂ D(A0),

eA0tD(A0 +B) ⊂ D(B) (s, t ∈ R),

so that T (t)D(A0 + B) ⊂ D(A0 + B) for all t ∈ R and A0 + B ⊂ AT . Consequently,
A0 + B is essentially skew self-adjoint and A = A0 +B is equal to AT . After these
preparations we can now verify the assumptions of Theorem 2.3.3 for p = 2. Indeed,
using the commutation relations (2.102) we �nd that

eC12σeA3τ = eA3τeC12σeµ123τσ, eA1σeA2τ = eA2τeA1σeC12τσeµ122τ
2σ/2eµ121τσ

2/2 (2.103)

for all σ, τ ∈ R, where Aj := A(tj) = C(0)(tj), bj := b(tj), µjkl := −2i
∑d

κ=1(bk κ −
bj κ)bl κ, and

Cjk = C(1)(tj , tk) is the closure of 2

d∑
κ=1

(bk κ − bj κ)∂κ, (2.104)
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that is, Cjk generates the translation group t 7→ e2(bk 1−bj 1)∂1t · · · e2(bk d−bj d)∂dt. And
from (2.103), in turn, the commutation relations imposed in Theorem 2.3.3 follow by
di�erentiation at σ = 0. Since, moreover, the maximal continuity subspace for A = C(0)

and C(1) contains the dense subspace of Schwartz functions on Rd, the existence of a
unique evolution system U for A on Y ◦ follows by Theorem 2.3.3.

(ii) We now show the following representation formula for U :

U(t, s) = W (t)Ũ(t, s)W (s)−1 = e(
∫ t
0 B(τ) dτ)◦ e

∫ t
s Ã(τ) dτ e−(

∫ s
0 B(τ) dτ)◦ , (2.105)

where Ũ is the evolution system for Ã on D := W 2,2(Rd) with Ã(t) := −i(−i∇− c(t))2

and c(t) :=
∫ t

0 b(τ) dτ and where the gauge transformation W is the evolution system for
B on Z◦, the maximal continuity subspace for B. Clearly, since B(τ) = −ib(τ) · x and
Ã(τ) = −iF−1(ξ − c(τ))2F ,

e(
∫ t
0 B(τ) dτ)◦ = e−i

∫ t
0 b(τ)·x dτ and e

∫ t
s Ã(τ) dτ = F−1e−i

∫ t
s (ξ−c(τ))2 dτF (2.106)

(which last expression could be cast into a more explicit integral form similar to the
explicit integral representation of the free Schrödinger group). It should be noticed that,
due to the pairwise commutativity of the opertors Ã(t) and of the operators B(t), the
existence of the evolution systems Ũ and W , and the second equality in (2.105) already
follow by [49] and [101]. In order to see the �rst equality in (2.105), one shows by similar
arguments as those of part (i) above that the subspace Y ◦0 := D ∩ Z◦ of Y ◦ is invariant
under W (s)−1, Ũ(t, s), W (t) and that

A0W (t)f = W (t)Ã(t)f

B(r)Ũ(t, s)f = Ũ(t, s)
(
B(r)f − 2

d∑
κ=1

bκ(r) (t− s) ∂κf + 2i
d∑

κ=1

bκ(r)

∫ t

s
cκ(τ) dτ f

)
for f ∈ Y ◦0 . (Show commutation relations for eÃ(r1)σ and eB(r2)τ analogous to (2.102) to

obtain commutation relations for B(r2) with eÃ(r1)σ and then use the standard product
approximants for the evolution systems W and Ũ .) It then follows that U0 de�ned by
U0(t, s) := W (t)Ũ(t, s)W (s)−1 is an evolution system for A on Y ◦0 , which by the standard
uniqueness argument for evolution systems must coincide with U . �

We see from part (ii) of the above proof that the existence of an evolution system U0 for
A on the subspace Y ◦0 , after a suitable gauge transformation, already follows by [49], [101]
� but in order to obtain well-posedness on Y ◦, the results from [49], [101] do not su�ce,
because the subspace Y ◦0 is strictly contained in Y ◦ in general. (Indeed, if for instance
b(t) ≡ 1 ∈ Rd with d = 1, then the function ψ with ψ(ξ) := eiξ

3/3/ξ for ξ ∈ [1,∞)
and ψ(ξ) := 0 for ξ ∈ (−∞, 1) does not belong to the range of C − i := i∂ξ + ξ2 − i.
Consequently, −∂2

x + x− i = F−1(C − i)F is not surjective so that

Y ◦0 = D(A0 +B) = D(−∂2
x + x) ( D(−∂2

x + x) = D(A) = Y ◦

by the standard criterion for self-adjointness.) We �nally remark that the results of [138]
do not apply to the situation of this section.
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3 Spectral-theoretic and other

preliminaries for general adiabatic

theory

3.1 Spectral operators: basic facts

3.1.1 Spectral measures, spectral integrals, spectral operators

We recall here some basic facts about spectral operators that will be needed in the
sequel and we begin with the de�nition of spectral measures. A spectral measure P on

(C,BC, X) is a map from BC to the set of bounded projections on X such that

(i) P (∅) = 0 and P (C) = 1,

(ii) P (E ∩ F ) = P (E)P (F ) for all E,F ∈ BC,

(iii) P (∪∞n=1En)x =
∑∞

n=1 P (En)x for all x ∈ X and all pairwise disjoint sets En ∈ BC.

If, in addition, X = H is Hilbert space and P (E) is an orthogonal projection for every
E ∈ BC, then P is a spectral measure in the sense of spectral theory for normal operators
and we sometimes call P an orthogonal spectral measure on (C,BC, X). Sometimes, we
will also use the notation PE := P (E) for a spectral measure P .

Clearly, every spectral measure P induces C-valued measures Px∗,x through

Px∗,x(E) := 〈x∗, P (E)x〉 (x∗ ∈ X∗, x ∈ X)

and it is often convenient to reduce statements about spectral measures to C-valued mea-
sures in this way. (We point out that spectral measures in the sense above are precisely
the countably addititve spectral measures in the terminology of [39] (De�nition XV.2.1).
Since we only work with countably additive measures here, this slight deviation in ter-
minology should not cause any confusion.)

We will also need spectral integrals∫
f dP =

∫
f(z) dP (z)

of BC-measurable functions f : C → C with respect to arbitrary spectral measures P ,
which are de�ned in essentially the same way as in the case of orthogonal spectral mea-
sures: for simple measurable functions f one de�nes∫

f dP :=

m∑
k=1

αkP (Ek) (f =

m∑
k=1

αkχEk). (3.1)
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Since M := supE∈BC ‖P (E)‖ is �nite by Corollary XV.2.4 of [39] (which basically uses
only that the C-valued measures Px∗,x are majorized by their total variation measures
|Px∗,x| in conjunction with the Banach�Steinhaus theorem), it can be shown by using
the Jordan�Hahn decomposition of the the C-valued measures Px∗,x that∥∥∥∥∫ f dP

∥∥∥∥ ≤ 4M ‖f‖∞

for all simple measurable functions f . (In the case of orthogonal spectral measures the
right-hand side of this estimate can be improved to ‖f‖∞, of course.) With the help of
this estimate and the fact that every bounded measurable function f can be uniformly
approximated by simple measurable functions, one can then extend (3.1) to bounded
measurable functions f , namely:∫

f dP := lim
n→∞

∫
fn dP, (3.2)

where (fn) is an arbitrary sequence of simple measurable functions converging uniformly
to f . See Chapter X.1 of [39]. And �nally, (3.2) is extended to possibly unbounded
measurable functions f in the following way:

D
(∫

f dP
)

:=
{
x ∈ X :

(∫
f χ{|f |≤n} dPx

)
converges in X

}
,∫

f dPx := lim
n→∞

∫
f χ{|f |≤n} dPx (3.3)

for x ∈ D(
∫
f dP ). See Chapter XVIII.1 of [39]. It can be shown that spectral inte-

grals with respect to arbitrary spectral measures have the following properties (Theo-
rem XVIII.1.11 of [39]), familiar from the case of orthogonal spectral measures.

Proposition 3.1.1. Suppose P is a spectral measure on (C,BC, X) and f, g : C → C
are measurable functions.

(i)
∫
f dP is a densely de�ned closed operator. It is bounded if and only if f is P -

essentially bounded (which means that there is N ∈ BC with P (N) = 0 such that

fχC\N is bounded), and in that case∥∥∥∥∫ f dP

∥∥∥∥ ≤ 4M inf
{

sup |f |χC\N : N ∈ BC with P (N) = 0}.

(ii)
∫
f dP +

∫
g dP ⊂

∫
f + g dP and (

∫
f dP )(

∫
g dP ) ⊂

∫
fg dP with domains

D
(∫

f dP +

∫
g dP

)
= D

(∫
f + g dP

)
∩D

(∫
g dP

)
,

D
(∫

f dP

∫
g dP

)
= D

(∫
fg dP

)
∩D

(∫
g dP

)
.
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(iii)
∫
f dP is injective if and only if P{f=0} = 0. In that case (

∫
f dP )−1 =

∫
1
f dP .

(iv) If x ∈ D(
∫
f dP ) and x∗ ∈ X∗, then f is Px∗,x-integrable and〈

x∗,

∫
f dPx

〉
=

∫
f dPx∗,x.

We now recall the de�nition of spectral operators. A densely de�ned closed operator
A : D(A) ⊂ X → X is called spectral operator if and only if there exists a spectral
measure P on (C,BC, X) such that

P (E)A ⊂ AP (E) and σ(A|P (E)D(A)) ⊂ E

for every E ∈ BC and such that P (E)D(A) = P (E)X for every bounded E ∈ BC. Such
a spectral measure P is called a spectral measure for A or a resolution of the identity for

A. It can be shown (Corollary XV.3.8 and Theorem XVIII.1.5 of [39]) that for a given
spectral operator A there exists only one spectral measure (called the spectral measure

of A and often denoted by PA).

Simple examples of spectral operators are furnished by the class of normal operators
on a Hilbert space and the class of arbitrary operators on a �nite-dimensional space: in
the �rst case the spectral measure is, of course, given by the orthogonal spectral measure
from the spectral theorem for normal operators, and in the second case the spectral
measure is given by

P (E) =
∑
λ∈E

Pλ =
∑

λ∈E∩σ(A)

Pλ (E ∈ BC)

Pλ :=
1

2πi

∫
γλ

(z −A)−1 dz (λ ∈ C),

where γλ = ∂Ur(λ) and r = rλ is chosen so small that U r(λ)∩σ(A) ⊂ {λ}. In particular,
it follows that all multiplication operators A = Mf on X = L2(X0, µ) (with (X0,A, µ)
an arbitrary measure space) are spectral operators. See Chapter XV.11 and XV.12 and
Chapter XIX and XX of [39] for more interesting � di�erential operator � examples of
spectral operators.

In order to get some intuition for spectral operators we note three immediate conse-
quences of the de�nition above.

1. If A is a spectral operator and E ∈ BC, then the restriction A|PA(E)D(A) is a spectral
operator as well with spectral measure given by

P
A|
PA(E)D(A)(F ) = PA(F )|PA(E)X = PA(F ∩ E)|PA(E)X (F ∈ BC). (3.4)

In particular, if the set E is bounded, then the operator A|PA(E)D(A) = A|PA(E)X is
bounded.

2. If A is a spectral operator, then PA(σ(A)) = 1 and PA(E) = 0 for every E ∈ BC
with E ⊂ C\σ(A). In particular, if σ(A) is bounded, then the operator A = APA(σ(A))
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is bounded as well. (In order to see that indeed the spectral measure of A vanishes
outside σ(A), approximate C \ σ(A) by the bounded closed sets

En :=
{
z ∈ Un(0) : dist(z, σ(A)) ≥ 1/n

}
∈ BC.

It follows that A|PA(En)D(A) = A|PA(En)X is a bounded operator with

σ(A|PA(En)D(A)) ⊂ En ∩ σ(A) = ∅ (n ∈ N)

and therefore PA(En)X must be 0 (because a bounded operator can have empty spectrum
only on the trivial space 0) or, in other words, PA(En) = 0 for all n ∈ N. Since
En ↗ C \ σ(A), it further follows that

(1− PA(σ(A)))x = PA(C \ σ(A))x = lim
n→∞

PA(En)x = 0

for all x ∈ X. Consequently, PA(E) = PA(E ∩C \ σ(A)) = PA(E)PA(C \ σ(A)) = 0 for
every subset E ∈ BC of C \ σ(A) and, in particular, for E = C \ σ(A).)

3. If A is a spectral operator and E ∈ BC is an isolated subset of σ(A), then

σ(A|PA(E)D(A)) = E and σ(A|(1−PA(E))D(A)) = σ(A) \ E. (3.5)

If, in addition, E 6= ∅ is bounded, the above equalities imply an explicit expression for
the projection PA(E), namely

PA(E) =
1

2πi

∫
γ
(z −A)−1 dz,

where γ is a cycle in ρ(A) with indices n(γ,E) = 1 and n(γ, σ(A) \ E) = 0. See
Theorem 3.2.1 below. (In order to see (3.5), one can argue as follows. Since E is isolated
in σ(A), both E and σ(A) \ E are closed sets and therefore

σ(A|PA(E)D(A)) ⊂ E and σ(A|(1−PA(E))D(A)) ⊂ σ(A) \ E

because 1− PA(E) = PA(σ(A) \ E) by the preceding remark. Since, moreover,

σ(A|PA(E)D(A)) ∪ σ(A|(1−PA(E))D(A)) = σ(A)

by the commutativity of the projection PA(E) with A, the inclusions above cannot be
strict, as desired.)

3.1.2 Special classes of spectral operators: scalar type and �nite type

We will also need certain special classes of spectral operators, namely the spectral oper-
ators of scalar type and of �nite type, respectively. An operator A : D(A) ⊂ X → X is
called

(i) spectral operator of scalar type if and only if A =
∫
z dP (z) for some spectral

measure P on (C,BC, X),
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(ii) spectral operator of �nite type if and only if A = S +N for some bounded spectral
operator S of scalar type and some nilpotent operator N with SN = NS.

Simple examples of spectral operators of scalar type are, of course, the normal operators
on a Hilbert space. In fact, every spectral operator A of scalar type on a Hilbert space
X = H is essentially (up to similarity transformation) a normal operator. (In order
to see this, notice that there exists a bijective bounded operator T such that P0(E) :=
T−1PA(E)T is self-adjoint for every E ∈ BC (Theorem 1 of [133]). So, P0 is an orthogonal
spectral measure on (C,BC, H) and

A =

∫
z dPA(z) = TA0 T

−1,

where A0 :=
∫
z dP0(z) is normal.) In [47] one �nds more speci�c examples: it is shown

there that the generic one-dimensional periodic Schrödinger operator is spectral of scalar
type (Remark 8.7). Simple examples of spectral operators of �nite type are the operators
on �nite-dimensional spaces (Jordan normal form theorem!).

It can be shown that spectral operators of scalar or �nite type really are spectral
operators: for every spectral measure P on (C,BC, X), the operator

∫
z dP (z) is spectral

with spectral measure P (Lemma XVIII.2.13 of [39]); and for every bounded spectral
operator S of scalar type and every nilpotent operator N with SN = NS, the operator
S + N is bounded spectral with spectral measure PS . In fact, one has the following
characterization of bounded spectral operators (Theorem XV.4.5 of [39]).

Theorem 3.1.2. An operator A on X is a bounded spectral operator if and only if

A = S +N for some bounded spectral operator S of scalar type and some quasinilpotent

operator N with SN = NS. Additionally, S and N with the above properties are uniquely

determined by A, namely S =
∫
z dPA(z) and N = A− S.

It is natural to ask whether an analogous characterization holds true for unbounded
spectral operators: for instance, one could conjecture that an operator A : D(A) ⊂ X →
X is a spectral operator if and only if A = S +N for some spectral operator S of scalar
type and some quasinilpotent operator N with SN ⊃ NS. In fact, the �if� implication
is true by the theorem below (a special case of Theorem XVIII.2.28 of [39]), while the
�only if� implication is false at least for the canonical candidate S =

∫
z dPA(z) (by the

remarks preceding Theorem XVIII.2.28 of [39]).

Theorem 3.1.3. If A = S + N for a spectral operator S of scalar type and some

quasinilpotent operator N with SN ⊃ NS, then A is a spectral operator.

Proof. Since N commutes with S by assumption, N also commutes with the spectral
measure PS of S: NPS(E) = PS(E)N for all E ∈ BC (Corollary XVIII.1.4 of [39]). So
the desired conclusion follows from Theorem XVIII.2.28 of [39]. �
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3.1.3 Spectral theory of spectral operators

We will �nally also need some facts from the spectral theory of bounded spectral op-
erators, most importantly, the facts from the following proposition (Theorem XV.8.2,
Theorem XV.8.3 and Theorem XV.8.6 of [39]).

Proposition 3.1.4. Suppose A is a bounded spectral operator on X (with spectral mea-

sure PA) and λ ∈ σ(A).

(i) If λ ∈ σp(A), then PA({λ}) 6= 0.

(ii) If PA({λ}) = 0, then λ ∈ σc(A).

If, in particular, A is of �nite type, then σr(A) = ∅ and for every λ ∈ σ(A) one has:

λ ∈ σp(A) i� PA({λ}) 6= 0 and λ ∈ σc(A) i� PA({λ}) = 0.

Proof. We give a proof here in order to make clear how little of the extensive material
from Section XV.7 and XV.8 of [39] is really needed for the assertions (i) and (ii). Without
loss of generality we can assume that λ = 0 since with A also A−λ is a bounded spectral
operator � with spectral measure given by PA−λ(E) = PA(E + λ) for E ∈ BC.
(i) Suppose λ = 0 ∈ σp(A). We show that PA(C \ {0})x = 0 for every eigenvector x

of A with eigenvalue 0 (which then implies PA({0})x = PA(C)x = x 6= 0, as desired).
Indeed, for every such eigenvector x and every closed subset E of C \ {0}, the operator
AE := A|PA(E)X is boundedly invertible (because σ(AE) ⊂ E = E) and so

PA(E)x = A−1
E AEP

A(E)x = A−1
E APA(E)x = A−1

E PA(E)Ax = 0.

Since C\{0} is approximated from below by the closed subsets En := {z ∈ C : |z| ≥ 1/n}
of C \ {0}, we obtain PA(C \ {0})x = 0, as claimed.

(ii) Suppose PA({λ}) = PA({0}) = 0. We show that ranA is dense in X (which
together with (i) implies 0 ∈ σc(A), as desired). Indeed, if ranA was not dense in X,
then there would exist a bounded operator B 6= 0 with BA = 0 by the Hahn�Banach
theorem. It follows from this that, for every closed subset E of C \ {0},

BPA(E)|PA(E)X = BAEA
−1
E = BAA−1

E = 0 and BPA(E)|(1−PA(E))X = 0

and so BPA(E) = 0. Since C \ {0} is approximated from below by the closed subsets
En := {z ∈ C : |z| ≥ 1/n} of C \ {0}, we also obtain BPA(C \ {0}) = 0 and therefore
B = BPA(C \ {0}) +BPA({0}) = 0. Contradiction!

Suppose �nally that A is of �nite type, that is, A = S +N where S =
∫
z dPA(z) and

N = A − S is nilpotent. We show that σr(A) = ∅ by showing that whenever λ ∈ σ(A)
and A−λ is injective, then λ ∈ σc(A). So, let λ ∈ σ(A) and let A−λ be injective. Then
the restriction A{λ} − λ = A|PA({λ})X − λ to the subspace PA({λ})X is injective as well
and, on the other hand, this restriction A{λ} − λ = S{λ} − λ+N{λ} = N{λ} is nilpotent.

Consequently, PA({λ})X = 0 or PA({λ}) = 0 and hence λ ∈ σc(A) by assertion (ii)
above, as desired. We have thus shown that σr(A) = ∅ and by the same argument we
see for every λ ∈ σ(A) that if PA({λ}) 6= 0, then λ ∈ σp(A) and that if λ ∈ σc(A), then
PA({λ}) = 0. �
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We have just seen that the spectral operators of �nite type have empty residual spec-
trum, but there exist bounded spectral operators with σr(A) 6= ∅. (See, for instance, the
example following Corollary XV.8.5 of [39].) In separable spaces, however, the residual
spectrum and the point spectrum of a bounded spectral operator can at least not get too
large: since

σp(A) ∪ σr(A) ⊂ {λ ∈ σ(A) : PA({λ}) 6= 0}

by the above proposition, σp(A) and σr(A) must be countable if X is separable (Theo-
rem XV.8.7). A simple consequence of this is that the left and right shift operators S−
and S+ on X = `2(N) cannot be spectral (because they have σp(S−) = U1(0) = σr(S+)
(Section 3.5)).

3.2 Spectrally related projections: associatedness and weak
associatedness, (weak) semisimplicity

As was explained in Section 1.2.2, a �rst necessary preliminary step in general adiabatic
theory is to identify a natural notion of spectral relatedness. In order to do so we
introduce the following notion of associatedness (which is completely canonical) and
weak associatedness (which � for non-normal, or at least, non-spectral operators � is not
canonical).

Suppose A : D(A) ⊂ X → X is a densely de�ned closed linear map with ρ(A) 6= ∅,
σ 6= ∅ is a compact isolated subset of σ(A), λ a not necessarily isolated spectral value of
A, and P a bounded projection in X. We then say, following [129], that P is associated

with A and σ if and only if P commutes with A, PD(A) = PX and

σ(A|PD(A)) = σ whereas σ(A|(1−P )D(A)) = σ(A) \ σ.

We say that P is weakly associated with A and λ if and only if P commutes with A,
PD(A) = PX and

A|PD(A) − λ is nilpotent whereas A|(1−P )D(A) − λ is injective and

has dense range in (1− P )X.

If above the order of nilpotence is at most m, we will often, more precisely, speak of
P as being weakly associated with A and λ of order m. (It should be noticed that the
above de�nition allows weakly associated projections to be zero, which however will be
not relevant in our adiabatic theorems below.) Also, we call λ a weakly semisimple

eigenvalue of A if and only if λ is an eigenvalue and there is a projection P weakly
associated with A and λ of order 1. In this context, recall that λ is called a semisimple

eigenvalue of A if and only if it is a pole of the resolvent map ( . −A)−1 of order 1 (which
is then automatically an eigenvalue by (3.6) below). Also, a semisimple eigenvalue is
called simple if and only if its geometric multiplicity is 1.

We point out that, for spectral values λ of a densely de�ned operator A with ρ(A) 6= ∅
and bounded projections P commuting with A, weak associatedness is a fairly natural

101



notion of spectral relatedness. Indeed, it is more than natural to take spectral relatedness
to mean at least that A|PD(A) is bounded with σ(A|PD(A)) = {λ} (or in other words,
that PD(A) = PX and A|PD(A) − λ is quasinilpotent) and that λ /∈ σp(A|(1−P )D(A)).
(It is important to notice here that, if λ is non-isolated in σ(A), then it must belong to
σ(A|(1−P )D(A)) by the closedness of spectra.) And then it is natural to furhter require
that A|PD(A)−λ be even nilpotent (instead of only quasinilpotent) and that λ belong to
the continuous (instead of the residual) spectrum of A|(1−P )D(A), which �nally is nothing
but the weak associatedness of P with A and λ.

3.2.1 Central facts about associatedness and weak associatedness

We now state some central facts about associatedness and weak associatedness, concern-
ing the question of existence and uniqueness of (weakly) associated projections (for given
operators A and spectral values λ) and the question of describing (in terms of A and
λ) the subspaces into which a (weakly) associated projection decomposes the base space
X. We will use these facts again and again and they play an important role in our
adiabatic theorems. It should be pointed out that the stated facts about associatedness
are completely well-known, while the stated facts about weak associatedness seem to be
new (and are complementary to Corollary 2.2 of [77], which covers the case of isolated
spectral values).

Theorem 3.2.1. Suppose A : D(A) ⊂ X → X is a densely de�ned closed linear map

with ρ(A) 6= ∅ and ∅ 6= σ ⊂ σ(A) is compact. If σ is isolated in σ(A), then there exists a

unique projection P associated with A and σ, namely

P :=
1

2πi

∫
γ
(z −A)−1 dz,

where γ is a cycle in ρ(A) with indices n(γ, σ) = 1 and n(γ, σ(A) \ σ) = 0. If P is

associated with A and σ = {λ} and λ is a pole of ( . −A)−1 of order m, then

PX = ker(A− λ)k and (1− P )X = ran(A− λ)k (3.6)

for all k ∈ N with k ≥ m.

Proof. See, for instance, [112] (Theorem 2.14 and Proposition 2.15) or [48] for detailed
proofs of the existence and uniqueness statement and Theorem 5.8-A of [128] for a proof
of (3.6). �

Theorem 3.2.2. Suppose A : D(A) ⊂ X → X is a densely de�ned closed linear map

with ρ(A) 6= ∅ and λ ∈ σ(A). If λ is non-isolated in σ(A), then in general there exists no

projection P weakly associated with A and λ, but if such a projection exists it is already

unique. If P is weakly associated with A and λ of order m, then

PX = ker(A− λ)k and (1− P )X = ran(A− λ)k (3.7)

for all k ∈ N with k ≥ m.
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Proof. We �rst show that a projection P weakly associated with A and λ decomposes the
space X according to (3.7), and from this we will conclude the existence and uniqueness
statement.

So, let P be weakly associated with A and λ. We may clearly assume that λ = 0
because P , being weakly associated with A and λ, is also weakly associated with A− λ
and 0. Set M := PX and N := (1 − P )X. We �rst show that M = kerAk for all
k ≥ m. Since A|PX = A|PD is nilpotent of order m, Ak|PX = (A|PX)k = 0 and hence
M = PX ⊂ kerAk for all k ≥ m. And since A|(1−P )D(A) is injective,

Ak|(1−P )D(Ak) = (A|(1−P )D(A))
k

is injective as well and hence kerAk ⊂ PX = M for all k ∈ N. We now show that
N = ranAk for all k ≥ m. As PX = kerAk for k ≥ m, we have

ranAk = AkPD(Ak) +Ak(1− P )D(Ak) = (1− P )AkD(Ak) ⊂ (1− P )X = N

and therefore ranAk ⊂ N for all k ≥ m. It remains to show that the reverse inclusion
N ⊂ ranAk holds true for all k ∈ N and this will be done by induction over k. Since
A|(1−P )D(A) has dense range in (1 − P )X = N , the desired inclusion is clearly satis�ed

for k = 1. Suppose now that N ⊂ ranAk is satis�ed for some arbitrary k ∈ N. Since

ranA|(1−P )D(A) = A(1− P )D(A) = A(z0 −A)−1N

and since A(z0 −A)−1 is a bounded operator for every z0 ∈ ρ(A), it then follows by the
induction hypothesis that A(z0 −A)−1N ⊂ ranAk+1 and hence

N = ranA|(1−P )D(A) ⊂ ranAk+1,

which concludes the induction and hence the proof of (3.7).

With (3.7) at hand, we can now easily show that in general there exists no projection
P weakly associated with A and λ, and that if such a projection exists it is already
unique. We begin with the uniqueness statement. So, let P and Q be two projections
weakly associated with A and λ of order m and n respectively, then

PX = ker(A− λ)m = ker(A− λ)n = QX,

(1− P )X = ran(A− λ)m = ran(A− λ)n = (1−Q)X

by virtue of (3.7) and therefore P = Q. In order to see the existence statement, choose
A := S− on X := `2(N) and λ := 0 (S− the left shift operator on `2(N)) or alternatively
A := diag(0, S+) on X := `2(N) × `2(N) and λ := 0 (S+ the right shift operator on
`2(N)). It is then elementary to check that

ker(A− λ)k ( ker(A− λ)k+1 resp. ran(A− λ)k ) ran(A− λ)k+1

for all k ∈ N. In other words: the subspaces ker(A − λ)k and ran(A − λ)k do not stop
growing or shrinking, respectively. So, by virtue of (3.7), there cannot exist a projection
weakly associated with A and λ. (See also (3.15) for an example where A is a spectral
operator. Another � more interesting � example for the possible non-existence of weakly
associated projections can be found at the beginning of Section 4.2.4). �
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We make some remarks which discuss certain converses of the above two theorems as
well as the relation of associatedness and weak associatedness (and of semisimplicity and
weak semisimplicity) in the case of an isolated spectral value.

1. It has been shown in the theorems above that associated and weakly associated
projections P of a densely de�ned operator A : D(A) ⊂ X → X and certain spectral
values λ ∈ σ(A) yield decompositions of the space X into the closed subspaces given
in (3.6) and (3.7). Conversely, such decompositions of X also yield associated and weakly
associated projections: let A : D(A) ⊂ X → X be a densely de�ned operator with
ρ(A) 6= ∅ and λ ∈ σ(A).

(i) If P is a bounded projection such that

PX = ker(A− λ)m and (1− P )X = ran(A− λ)m (3.8)

for some m ∈ N, then λ is isolated in σ(A) and P is associated with A and λ, and
furthermore, λ is a pole of ( . −A)−1 of order less than or equal to m.

(ii) If P is a bounded projection such that PA ⊂ AP and

PX = ker(A− λ)m and (1− P )X = ran(A− λ)m (3.9)

for some m ∈ N, then P is weakly associated with A and λ of order less than or
equal to m.

(See, for instance, Theorem 5.8-D of [128] for the proof of (i) � the proof of (ii) is not
di�cult. In case m = 1 in (3.9), the assumption PA ⊂ AP is automatically satis�ed.)

2. In the case of isolated spectral values λ of operators A as above, we have two notions
of spectral relatedness (associated and weakly associated projections) and so the question
arises how these two notions are related. If λ is a pole of ( . −A)−1, then associatedness
and weak associatedness � as well as semisimplicity and weak semisimplicity � coincide: a
projection P is then associated with A and λ if and only if it is weakly associated with A
and λ. (Combine the preceding remark with the above theorems to see this equivalence.)
If, however, λ is an essential singularity of ( . − A)−1, then associatedness and weak
associatedness have nothing to do with each other: a projection P associated with A and
λ can then not possibly be weakly associated with A and λ, and vice versa. (Indeed, if
a projection P is both associated and weakly m-associated with A and λ, then

z 7→ (z −A)−1 = (z −A)−1P + (z −A)−1(1− P )

=
m−1∑
k=0

(A|PD(A) − λ)k

(z − λ)k+1
P +

(
z −A|(1−P )D(A)

)−1
(1− P )

has a pole of order m at λ.) A speci�c example of an operator A (on X = L2(I)×L2(I)),
where λ = 0 is an essential singularity of the resolvent and not only an associated
projection P1 but also a weakly associated projection P2 exists, is given by

A := diag(0, V ) with (V f)(t) :=

∫ t

0
f(s) ds (f ∈ L2(I)). (3.10)
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3. If A is an operator as above with distinct spectral values λ 6= µ and if P is weakly
associated with A and λ and Q is weakly associated with A and µ, then

PQ = 0 = QP. (3.11)

An analogous statement for associated projections is well-known and easy to see, but we
will not need that in the sequel. (In order to see (3.11), notice that

σ(A|PD(A)) ⊂ {λ} and QX = ker(A− µ)m (3.12)

by the de�nition of weak associatedness and the above theorem. If now x ∈ QX, then

(A|PD(A) − µ)mPx = P (A− µ)mx = P (A− µ)mQx = 0

by virtue of (3.12b) and therefore Px = 0 by virtue of (3.12a) and µ 6= λ. We have thus
shown PQ = 0 and the other equality follows by symmetry.)

4. It is easy to see � with the help of Volterra operators and shift operators as building
blocks � that the nilpotence, injectivity, and dense range requirements (encapsulated in
the weak associatedness assumption) are all essential for the conclusion (3.7) of the above
theorem.

3.2.2 Criteria for the existence of weakly associated projections

We have seen in the theorem above that for given operators A and spectral values λ,
there will in general exist no projection weakly associated with A and λ. It is therefore
important to have criteria for the existence of weakly associated projections. We present
two such criteria: one for spectral operators and one for generators of bounded semigroups
and spectral values on the imaginary axis.

In the case of spectral operators A one has the following convenient criterion for the
existence of weakly associated projections. In particular, this criterion applies in case A
is bounded spectral of �nite type or (unbounded) spectral of scalar type.

Proposition 3.2.3. Suppose that A : D(A) ⊂ X → X is a spectral operator with spectral

measure PA and λ ∈ σ(A) such that for some bounded neighborhood σ of λ the bounded

spectral operator A|PA(σ)X is of �nite type. Then there exists a (unique) projection P

weakly associated with A and λ and it is given by P = PA({λ}).

Proof. We often abbreviate AE := A|PA(E)D(A) for E ∈ BC. It is clear from the de�-

nition of spectral operators that PA({λ}) commutes with A and that PA({λ})D(A) =
PA({λ})X, so that we have only to establish the nilpotence, injectivity, and dense range
condition from the de�nition of weak associatedness.

As a �rst step we show that A|PA({λ})X − λ = A{λ} − λ is nilpotent. Since Aσ is a

bounded spectral operator of �nite type, we have Aσ = S+N with S =
∫
z dPAσ(z) and

a nilpotent operator N (Theorem 3.1.2). So,

A{λ} = S|PA{λ}X +N |PA{λ}X = λ+N |PA{λ}X
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and therefore A{λ} − λ is nilpotent, as desired.

As a second step we show that A|(1−PA({λ}))D(A) − λ = Aσ(A)\{λ} − λ is injective with

dense range in (1 − PA({λ}))X = PA(σ(A) \ {λ})X. In order to do so, we have to
treat the case where λ is isolated in σ(A) and the case where λ is non-isolated in σ(A)
separately. Suppose �rst that λ is isolated in σ(A). Then

σ(Aσ(A)\{λ}) ⊂ σ(A) \ {λ} = σ(A) \ {λ}

(because λ is isolated in σ(A)) and therefore Aσ(A)\{λ} − λ : D(Aσ(A)\{λ}) ⊂ PA(σ(A) \
{λ})X → PA(σ(A) \ {λ})X is bijective. In particular, it is injective with dense range
in PA(σ(A) \ {λ})X, as desired. Suppose now that λ is non-isolated in σ(A). Then
Aσ\{λ} is a bounded spectral operator with λ ∈ σ(Aσ\{λ}) (because λ is non-isolated in

σ(Aσ)) and with PAσ\{λ}({λ}) = PA({λ})|PA(σ\{λ})X = 0. So, we have λ ∈ σc(Aσ\{λ})
(Proposition 3.1.4) or, in other words,

Aσ\{λ} − λ is injective with dense range in PA(σ \ {λ})X. (3.13)

We also have σ(Aσ(A)\σ) ⊂ σ(A) \ σ ⊂ C \ {λ} (because σ is a neighborhood of λ) and
therefore λ ∈ ρ(Aσ(A)\σ) or, in other words,

Aσ(A)\σ − λ : D(Aσ(A)\σ) ⊂ PA(σ(A) \ σ)X → PA(σ(A) \ σ)X is bijective. (3.14)

Combining now (3.13) and (3.14) and using that the direct sum decomposition PA(σ(A)\
{λ})X = PA(σ(A) \ σ)X ⊕ PA(σ \ {λ})X yields a corresponding decomposition of the
operator Aσ(A)\{λ}, we easily conclude that Aσ(A)\{λ} − λ is injective with dense range

in PA(σ(A) \ {λ})X, as desired. �

We remark that if, in the situation of the above proposition, λ is isolated, then P =
PA({λ}) is also associated with A and λ as can be seen from (3.5) (or from the second
remark after Theorem 3.2.2). We also remark that the �nite type assumption of the
above proposition is essential. Indeed, the operator A on X := C(I)× C(I) de�ned by

A := diag(0, V ) with (V f)(t) :=

∫ t

0
f(s) ds (f ∈ C(I)) (3.15)

is quasinilpotent and hence bounded spectral (Theorem 3.1.2), but there exists no pro-
jection weakly associated with A and λ = 0. (In order to see this, notice that 0 ∈ σr(V ).
So, if a weakly associated projection P existed, we would have

PX = ker diag(0, V m) = C(I)× 0 and (1− P )X ⊂ ran diag(0, V ) ( 0× C(I)

for some m ∈ N by virtue of Theorem 3.2.2 and so PX + (1−P )X ( C(I)×C(I) = X.
Contradiction!) Compare with the operator A from (3.10), which violates the �nite type
assumption as well, but nonetheless does have a weakly associated projection.

In the case of generators A of bounded semigroups and spectral value λ ∈ iR, one
has another criterion for the existence of weakly associated projections, which is due
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to [12] and will be used in the applied example of Section 4.2.4. It says the following: if
A : D(A) ⊂ X → X is the generator of a bounded semigroup on a re�exive space X and
λ ∈ iR such that the subspace

ker(A− λ) + ran(A− λ)

is closed in X, then there exists a (unique) projection weakly associated with A and λ.
(Combine Lemma 14 of [12] and the �rst remark following Theorem 3.2.2 to see this.)
We point out that the assumption that X be re�exive is essential here. (See Example 5
or 6 of [12] or the example at the beginning of Section 4.2.4.)

3.2.3 Weak associatedness carries over to the dual operators

We close this section on spectral theory by noting that in re�exive spaces weak associ-
atedness carries over to the dual maps � provided that some core condition is satis�ed,
which is the case for semigroup generators, for instance (Proposition II.1.8 of [41]). In the
presented adiabatic theorem without spectral gap condition for re�exive spaces, this will
be important. Associatedness carries over to dual maps as well, of course (Section III.6.6
of [67]) � but this will not be needed in the sequel.

Proposition 3.2.4. Suppose A : D(A) ⊂ X → X is a densely de�ned closed linear map

in the re�exive space X such that ρ(A) 6= ∅ and D(Ak) is a core for A for all k ∈ N. If
P is weakly m-associated with A and λ ∈ σ(A), then P ∗ is weakly m-associated with A∗

and λ.

Proof. We begin by showing � by induction over k ∈ N � the preparatory statement that

(Ak)∗ = (A∗)k (3.16)

for all k ∈ N, which might also be of independent interest (notice that D(Ak) being a
core for A is dense in X, so that (Ak)∗ is really well-de�ned). Clearly, (3.16) is true
for k = 1 and, assuming that it is true for some arbitrary k ∈ N, we now show that
(Ak+1)∗ = (A∗)k+1 holds true as well. It is easy to see that (A∗)k+1 ⊂ (Ak+1)∗ and it
remains to see that D((Ak+1)∗) ⊂ D((A∗)k+1). So let x∗ ∈ D((Ak+1)∗). We show that

x∗ ∈ D((Ak)∗) and (Ak)∗x∗ ∈ D(A∗), (3.17)

from which it then follows � by the induction hypothesis � that x∗ ∈ D((A∗)k+1) as
desired. In order to prove that x∗ ∈ D((Ak)∗) we show that

x∗ ∈ D((Al)∗)

for all l ∈ {1, . . . , k} � by induction over l ∈ {1, . . . , k} and by working with suitable
powers of (A∗−z0)−1 = ((A−z0)−1)∗, where z0 is an arbitrary point of ρ(A∗) = ρ(A) 6= ∅
(Theorem III.5.30 of [67]). In the base step of the induction, notice that for all y ∈ D(A)〈

(A∗ − z0)−k(Ak+1)∗x∗, y
〉

=
〈
x∗, Ak+1(A− z0)−ky

〉
=
〈
x∗, (A− z0)y

〉
+

k∑
i=0

(
k + 1

i

)
zk+1−i

0

〈
(A∗ − z0)−k+ix∗, y

〉
,
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from which it follows that x∗ ∈ D((A−z0)∗) = D(A∗). In the inductive step, assume that
x∗ ∈ D(A∗), . . . , D((Al)∗) for some arbitrary l ∈ {1, . . . , k−1}. Since for all y ∈ D(Al+1)〈

(A∗ − z0)−(k−l)(Ak+1)∗x∗, y
〉

=
〈
x∗, Ak+1(A− z0)−(k−l)y

〉
=
〈
x∗, (A− z0)l+1y

〉
+

k∑
i=k−l+1

(
k + 1

i

)
zk+1−i

0

〈
x∗, (A− z0)−(k−l)+iy

〉
+

k−l∑
i=0

(
k + 1

i

)
zk+1−i

0

〈
(A∗ − z0)−(k−l)+ix∗, y

〉
,

it follows by the induction hypothesis of the l-induction and by applying the binomial
formula to (A− z0)−(k−l)+iy for i ∈ {k − l + 1, . . . , k + 1} that x∗ ∈ D((Al+1)∗). So the
l-induction is �nished and it remains to show that (Ak)∗x∗ ∈ D(A∗). Since D(Ak+1) by
assumption is a core for A, there is for every y ∈ D(A) a sequence (yn) in D(Ak+1) such
that 〈

(Ak)∗x∗, Ay
〉

= lim
n→∞

〈
(Ak)∗x∗, Ayn

〉
= lim

n→∞

〈
x∗, Ak+1yn

〉
=
〈
(Ak+1)∗x∗, y

〉
.

It follows that (Ak)∗x∗ ∈ D(A∗) and this yields � together with the induction hypothesis
of the k-induction � that x∗ ∈ D((A∗)k+1), which �nally ends the proof the preparatory
statement (3.16).

After this preparation we can now move on to the main part of the proof where
we assume, without loss of generality, that λ = 0 and exploit the �rst remark after
Theorem 3.2.2 to show that P ∗ is weakly m-associated with A∗ and λ = 0. A∗ is densely
de�ned (due to the re�exivity of X (Theorem III.5.29 of [67])) with ρ(A∗) = ρ(A) 6= ∅
(Theorem III.5.30 of [67]) and

P ∗A∗ ⊂ (AP )∗ ⊂ (PA)∗ = A∗P ∗

because AP ⊃ PA. Since (Am)∗ = (A∗)m by (3.16) and since PX = kerAm and
(1− P )X = ranAm (by Theorem 3.2.2), we further have

P ∗X∗ = ker(1− P )∗ = ((1− P )X)⊥ = (ranAm)⊥ = ker(Am)∗ = ker(A∗)m

and

(1− P ∗)X∗ = kerP ∗ = (PX)⊥ = (kerAm)⊥ = (ker(Am)∗∗)⊥ = ran(Am)∗ = ran(A∗)m,

where in the fourth equality of the second line the closedness of Am (following from
ρ(A) 6= ∅) and the re�exivity of X have been used. (In the above relations, we denote
by U⊥ := {x∗ ∈ Z∗ : 〈x∗, U∗〉 = 0} and V⊥ := {x ∈ Z : 〈V, x〉 = 0} the annihilators of
subsets U and V of a normed space Z and its dual Z∗, respectively.) It is now clear from
the �rst remark after Theorem 3.2.2 that P ∗ is weakly m-associated with A∗ and λ = 0
and we are done. �
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3.3 Spectral gaps and continuity of set-valued maps

We continue by properly de�ning what exactly we mean by uniform and non-uniform
spectral gaps. Suppose that A(t) : D(A(t)) ⊂ X → X, for every t in some compact
interval J , is a densely de�ned closed linear map and that σ(t) is a compact subset of
σ(A(t)) for every t ∈ J . We then speak of a spectral gap for A and σ if and only if
σ(t) is isolated in σ(A(t)) for every t ∈ J . Such a spectral gap for A and σ is called
uniform if and only if σ( . ) is even uniformly isolated in σ(A( . )) in the sense that there
is a t-independent constant r0 > 0 such that

U r0(σ(t)) ∩ σ(A(t)) := {z ∈ C : dist(z, σ(t)) ≤ r0} ∩ σ(A(t)) = σ(t)

for every t ∈ I. Also, we say that σ( . ) falls into σ(A( . )) \ σ( . ) at the point t0 ∈ J if
and only if there is a sequence (tn) in J converging to t0 such that

dist(σ(tn), σ(A(tn)) \ σ(tn)) −→ 0 (n→∞).

It is clear that the set of points at which σ( . ) falls into σ(A( . )) \σ( . ) is closed. Also, it
follows by the compactness of J that a spectral gap for A and σ is uniform if and only if
σ( . ) at no point falls into σ(A( . )) \σ( . ). The following proposition gives a criterion (in
terms of some mild regularity conditions on t 7→ A(t), σ(t), P (t)) for a spectral gap for A
and σ to be even uniform. It is of some interest in the third remark at the beginning of
Section 4.1.3. We refer to Section IV.2.4 and Theorem IV.2.25 of [67] for a de�nition and
a characterization of convergence (and hence, continuity) in the generalized sense and
to Section IV.3 of [67] for the de�nition of upper and lower semicontinuity of set-valued
functions t 7→ σ(t).

Proposition 3.3.1. Suppose that A(t) : D(A(t)) ⊂ X → X is a closed linear map for

every t in a compact interval J and that t 7→ A(t) is continuous in the generalized sense.

Suppose further that σ(t) for every t ∈ J is a compact and isolated subset of σ(A(t)) such
that σ( . ) falls into σ(A( . )) \ σ( . ) at t0 ∈ J , and let t 7→ σ(t) be upper semicontinuous

at t0. Finally, for every t ∈ J let P (t) be the projection associated with A(t) and σ(t).
Then t 7→ P (t) is discontinuous at t0 and

lim sup
n→∞

(
rkP (tn)

)
≤ rkP (t0)− 1

for all sequences (tn) such that tn −→ t0 and dist(σ(tn), σ(A(tn)) \ σ(tn)) −→ 0.

See [112] (Proposition 5.3) for a proof. Clearly, one also has the following converse of
the above proposition: if t 7→ A(t) is continuous in the generalized sense as above and
t 7→ σ(t) is even continuous (that is, upper and lower semicontinuous) then uniform iso-
latedness of σ( . ) in σ(A( . )) implies that t 7→ P (t) is continuous. (Use Theorem IV.3.15
of [67].)
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3.4 Adiabatic evolutions and a trivial adiabatic theorem

As has been explained in Section 1.2.2, the principal goal of adiabatic theory is to es-
tablish the convergence (1.12) or, in other words, to show that the evolution systems Uε
for 1

εA are, in some sense, approximately adiabatic w.r.t. P as ε ↘ 0. We say that an
evolution system for a family A of linear operators A(t) : D(A(t)) ⊂ X → X is adia-
batic w.r.t. a family P of bounded projections P (t) in X if and only if U(t, s) for every
(s, t) ∈ ∆ intertwines P (s) with P (t), more precisely:

P (t)U(t, s) = U(t, s)P (s) (3.18)

for every (s, t) ∈ ∆. Since the pioneering work [61] of Kato, the basic strategy in proving
the convergence (1.12) has been to show that

Uε(t)− Vε(t) −→ 0 (ε↘ 0) (3.19)

for every t ∈ I, where the Vε are suitable comparison evolution systems that are adiabatic
w.r.t. the family P of projections P (t) related to the data A, σ. A simple way of obtaining
adiabatic evolutions w.r.t. some given family P (independently observed by Kato in [61]
and Daleckii�Krein in [27]) is described in the following important proposition.

Proposition 3.4.1 (Kato, Daleckii�Krein). Suppose A(t) : D(A(t)) ⊂ X → X for every

t ∈ I is a densely de�ned closed linear map and P (t) a bounded projection in X such that

P (t)A(t) ⊂ A(t)P (t) for every t ∈ I and t 7→ P (t) is strongly continuously di�erentiable.
If the evolution system Vε for

1
εA+ [P ′, P ] exists on D(A(t)) for every ε ∈ (0,∞), then

Vε is adiabatic w.r.t. P for every ε ∈ (0,∞).

Proof. Choose an arbitrary (s, t) ∈ ∆ with s 6= t. It then follows by Lemma 2.1.3 and
Lemma 2.1.5 that, for every x ∈ D(A(s)), the map

[s, t] 3 τ 7→ Vε(t, τ)P (τ)Vε(τ, s)x

is continuous and right di�erentiable. Since P (τ) commutes with A(τ) and

P (τ)P ′(τ)P (τ) = 0 (3.20)

for every τ ∈ I (which follows by applying P from the left and the right to P ′ =
P ′P + PP ′), it further follows that the right derivative of this map is identically 0 and
so (by Lemma 2.1.4) this map is constant. In particular,

P (t)Vε(t, s)x− Vε(t, s)P (s)x = Vε(t, τ)P (τ)Vε(τ, s)x
∣∣τ=t

τ=s
= 0,

as desired. �

We now brie�y discuss two situations where the conclusion of the adiabatic theorem
is already trivially true.
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Proposition 3.4.2. Suppose A(t) : D(A(t)) ⊂ X → X for every t ∈ I is a densely

de�ned closed linear map and P (t) is a bounded projection in X such that the evolution

system Uε exists on D(A(t)) for every ε ∈ (0,∞) and such that P (t)A(t) ⊂ A(t)P (t) for
every t ∈ I and t 7→ P (t) is strongly continuously di�erentiable.

(i) If P ′ = 0, then Uε is adiabatic w.r.t. P for every ε ∈ (0,∞) (in particular, the

convergence (1.12) holds trivially), and the reverse implication is also true.

(ii) If there are γ ∈ (0,∞) and M ∈ [1,∞) such that for all (s, t) ∈ ∆ and ε ∈ (0,∞)

‖Uε(t, s)‖ ≤Me−
γ
ε

(t−s), (3.21)

then supt∈I ‖Uε(t)− Vε(t)‖ = O(ε) as ε↘ 0, whenever the evolution system Vε for
1
εA+ [P ′, P ] exists on D(A(t)) for every ε ∈ (0,∞).

Proof. (i) See, for instance, Section IV.3.2 of [75] for the reverse implication (di�erentiate
the adiabaticity relation (3.18) with respect to the variable s) � the other implication is
obvious from Proposition 3.4.1.

(ii) Since for x ∈ D(A(0)) one has (by Lemma 2.1.5, Lemma 2.1.3, and Lemma 2.1.4)

Vε(t)x− Uε(t)x = Uε(t, s)Vε(s)x
∣∣s=t
s=0

=

∫ t

0
Uε(t, s)[P

′(s), P (s)]Vε(s)x ds

for every t ∈ I and ε ∈ (0,∞), it follows with the help of Proposition 2.1.13 that

‖Uε(t)− Vε(t)‖ ≤M2c eMc t e−
γ
ε
t

for all t ∈ I and ε ∈ (0,∞), where c denotes an upper bound of s 7→ ‖[P ′(s), P (s)]‖.
And from this the desired conclusion is obvious. �

Combining Proposition 3.4.2 (ii) with Example 4.1.5 one sees that adiabatic theory is
interesting only if the evolution systems for 1

εA are only just bounded w.r.t. ε ∈ (0,∞):
if even the evolution for 1

ε (A+γ) is bounded in ε ∈ (0,∞) for some γ > 0, then adiabatic
theory is trivial for A (by Proposition 3.4.2 (ii)), and if only the evolution for 1

ε (A− γ)
is bounded in ε ∈ (0,∞) for some γ > 0, then adiabatic theory is generally impossible
for A (by Example 4.1.5).

3.5 Standard examples

We will complement the adiabatic theorems of this thesis by examples in order to demon-
strate, on the one hand, that the presented theorems are strictly more general than the
previously known adiabatic theorems (positive examples) and that, on the other hand,
some selected hypotheses of our theorems cannot be dispensed with (negative examples).
We have made sure that in all positive examples the conclusion of the respective adiabatic
theorem is not already trivially ful�lled in the sense that it does not already follow from
the trivial adiabatic theorem presented above. (See Example 4.1.3 where this is once �
and for all � explained in detail.) All examples will be of the following simple standard
structure:

111



• X = `p(Id) for some p ∈ [1,∞) and d ∈ N ∪ {∞} (where Id := {1, . . . , d} for
d ∈ N and I∞ := N) or X = Lp(X0) for some p ∈ [1,∞) and some measure space
(X0,A, µ) or X is a product of some of the aforementioned spaces (endowed with
the sum norm)

• A(t) = R(t)−1A0(t)R(t), where A0(t) : D ⊂ X → X is a semigroup generator on
X with t-independent dense domain D (chosen equal or unequal to X depending
on whether we are in the case of time-independent or time-dependent domains),
A0 satis�es Condition 2.1.8, and R(t) := eCt for some bounded operator C.

Condition 2.1.8 with ω = 0 for A0 ensures (by Lemma 2.1.7 and Corollary 2.1.10) that
the hypotheses on A of the adiabatic theorems of Sections 4.1 to 5.1 are ful�lled. In some
of our examples we will use the right or left shift operator S+ and S− on `p(I∞) de�ned
by

S+(x1, x2, . . . ) := (0, x1, x2, . . . ) and S−(x1, x2, x3, . . . ) := (x2, x3, . . . ).

Since ‖S±‖ ≤ 1, it follows from the theorem of Hille�Yosida that eiϑS+−1 and eiϑS−−1
generate contraction semigroups on `p(I∞) for p ∈ [1,∞) and ϑ ∈ R (use a Neumann
series expansion!). It is well-known (Example V.4.1 and V.4.2 of [129]) that σ(S±) =
U1(0) for all p ∈ [1,∞), the �ne structure of σ(S+) being given by

σp(S+) = ∅, σc(S+) = ∅, σr(S+) = U1(0) (p = 1)

σp(S+) = ∅, σc(S+) = ∂U1(0), σr(S+) = U1(0) (p ∈ (1,∞))

and the �ne structure of σ(S−) being given by

σp(S−) = U1(0), σc(S−) = ∂U1(0), σr(S−) = ∅ (p ∈ [1,∞)).

Additionally, we will sometimes use multiplication operators Mf on Lp(X0) (p ∈ [1,∞))
for some measurable function f : X0 → C and some σ-�nite measure space (X0,A, µ) in
which case, as is well-known (Proposition I.4.10 of [41]), one has

σ(Mf ) = ess-ran f := {z ∈ C : µ
(
f−1(Uε(z))

)
6= 0 for all ε > 0

}
and, in particular (take µ to be the counting measure on X0 := Id),

σ
(

diag((λn)n∈Id)
)

= σ
(
M(λn)n∈Id

)
= {λn : n ∈ Id}.

In quite some examples, we will work with families A of operators A(t) in X :=
`p(Id) whose spectra σ(A(t)) are singletons and whose nilpotent parts depend on t in the
simplest possible way, namely via a scalar factor.

Condition 3.5.1. N 6= 0 is a nilpotent operator in X := `p(Id) (with p ∈ [1,∞) and

d ∈ N), λ(t) ∈ C and α(t) ∈ [0,∞) for all t ∈ I, and there is an r0 > 0 such that

−Reλ(t) = |Reλ(t)| ≥ r0α(t) for all t ∈ I.
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As is shown in the next lemma, this condition characterizes (M, 0)-stability of fami-
lies A of the simple type just described.

Lemma 3.5.2. Suppose that N 6= 0 is a nilpotent operator in X := `p(Id) with p ∈ [1,∞)
and d ∈ N and that A(t) = λ(t)+α(t)N for every t ∈ I, where λ(t) ∈ C and α(t) ∈ [0,∞).
Then A is (M, 0)-stable for some M ∈ [1,∞) if and only if Condition 3.5.1 is satis�ed.

Proof. Suppose �rst that A is (M, 0)-stable for some M ∈ [1,∞) and assume that
N = diag(J1, . . . , Jm) is in Jordan normal form with (decreasingly ordered) Jordan block
matrices J1, . . . , Jm (notice that this assumption, by virtue of Lemma 2.1.7, does not re-
strict generality). We then show that −Reλ(t) = |Reλ(t)| ≥ 1

4M α(t) for every t ∈ I. It
is clear by the (M, 0)-stability of A that λ(t) ∈ σ(A(t)) ⊂ {Re z ≤ 0} for every t ∈ I and
that the family Ã with Ã(t) := Reλ(t) +α(t)N is (M, 0)-stable as well. If α(t) = 0, then
the desired inequality is trivial. If α(t) 6= 0, then Reλ(t) < 0 by the (M, 0)-stability of

A and therefore we get � computing (λ− Ã(t))−1e2 = ( α(t)
(λ−Reλ(t))2

, 1
λ−Reλ(t) , 0, 0, . . . ) for

λ ∈ (0,∞), setting λ := |Reλ(t)|, and using the (M, 0)-stability of Ã � that

α(t)

4 |Reλ(t)|
≤
∥∥∥|Reλ(t)|

(
|Reλ(t)| − Ã(t)

)−1
e2

∥∥∥ ≤M,

as desired. Suppose conversely that there is an r0 > 0 such that −Reλ(t) = |Reλ(t)| ≥
r0α(t) for every t ∈ I. Then there is an M = Mr0 ∈ [1,∞) such that

∥∥eNs∥∥ ≤Mer0 s for
all s ∈ [0,∞) and thus∥∥∥eA(tn)sn · · · eA(t1)s1

∥∥∥ = eReλ(tn)sn · · · eReλ(t1)s1
∥∥∥eN(α(tn)sn+···+α(t1)s1)

∥∥∥ ≤M
for all s1, . . . , sn ∈ [0,∞) and all t1, . . . , tn ∈ I satisfying t1 ≤ · · · ≤ tn (with arbitrary n ∈
N), as desired. �

It should be noticed that Condition 3.5.1 does not already guarantee (1, 0)-stability,
however. Indeed, if for instance

A(t) := − t
3

+ t2N with N :=


0 1

0 1
. . .

. . .

0

 in X := `p(Id)

(p ∈ [1,∞) and 2 ≤ d ∈ N), then A is (M, 0)-stable for some M ∈ [1,∞) by the above
lemma, but not (1, 0)-stable, because A(1) = −1

3 + N is not dissipative in `p(Id) and
hence (by the theorem of Lumer�Phillips) does not generate a contraction semigroup.

At some point (Example 4.2.8) the following simple lemma will be needed which, in
essence, is the reason why adiabatic theory for multiplication operators A(t) = Mft is
typically uninteresting.

Lemma 3.5.3. Suppose that P (t) for every t ∈ I is a bounded projection in X := Lp(X0)
(where (X0,A, µ) is a measure space and p ∈ [1,∞)) and that P (t) = MχEt

for almost

every t ∈ I, where Et ∈ A. If t 7→ P (t) is strongly continuously di�erentiable, then

t 7→ P (t) is already constant.
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Proof. Set I0 := {t ∈ I : P (t) = MχEt
} and �x t ∈ I0 and f ∈ X. We show that

P ′(t)f = 0, which by the density of I0 in I and the strong continuity of τ 7→ P ′(τ)
implies the assertion. In order to do so, notice that there exists a sequence (hn) with
hn 6= 0 and t+ hn ∈ I0 such that

χEt+hn (x)− χEt(x)

hn
f(x) =

(P (t+ hn)f − P (t)f

hn

)
(x) −→

(
P ′(t)f

)
(x) (n→∞)

for almost all x ∈ X0 with exceptional set N = Nt,f . Since

χEt+hn (x)− χEt(x)

hn
∈
{ 1

hn
, 0,− 1

hn

}
,

the convergence can hold true only if for all x /∈ N one has
(
χEt+hn (x)−χEt(x)

)
f(x) = 0

for n large enough. Consequently, P ′(t)f = 0 as desired. �

3.6 Some basic facts about quantum dynamical semigroups

We collect here some basic facts about quantum dynamical semigroups � in particu-
lar, dephasing quantum dynamical semigroups � which will be needed in Section 4.1.4
and 4.2.4. A quantum dynamical semigroup is, by de�nition, a strongly continuous semi-
group (Φt) of bounded linear operators on S1(h) (where h is a generally non-separable
Hilbert space) such that for every t ∈ [0,∞)

(i) Φt is trace-preserving, which means that tr(Φt(ρ)) = tr(ρ) for all ρ ∈ S1(h)

(ii) Φt is completely positive, which means that for every n ∈ N the lifted map

Φt n : Mn(S) ⊂Mn(A)→Mn(A) with Φt n((ρij)i,j) := (Φt(ρij))i,j

is positive, where S := S1(h) and A := L(h) and where the notion of positivity is
induced by the (unique!) C∗-algebraic structure of the ∗-algebra Mn(A) ∼= L(hn)
of n times n matrices with entries in A.

Sometimes, condition (i) in the above de�nition is weakened to tr(Φt(ρ)) ≤ tr(ρ) for
all positive ρ ∈ S1(h), and a quantum dynamical semigroup in our sense is then called
conservative, but we will not use such more general semigroups in the sequel.

Complete positivity can be de�ned in the same way as above also for arbitrary subsets
S of A := L(h) and we will make use of this in Section 4.2.4 (with S := Sp(h), the
Schatten-p class for p ∈ (1,∞)). Since the complete positivity of Φt : S → S is equivalent
to that of the dual map Φ∗t : A → A with S := S1(h) and A := L(h) (Chapter 2 of [74]),
a quantum dynamical semigroup automatically is a semigroup of contractions. (Indeed,
a completely positive map Φ∗ on a unital C∗-algebra A with Φ∗(1) ≤ 1 is automatically
contractive. See [103] and [29] for this and many more properties of completely positive
maps.)
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When describing the evolution of open quantum systems, one is naturally led to the
above notion of quantum dynamical semigroups: indeed, if we are given an open system
(described by h) that initially is completely decoupled from the environment (described
by k), then the initial states of the combined closed system h ⊗ k are given by ρ ⊗ σ0

and the states at time t by Utρ ⊗ σ0U
∗
t , where ρ ∈ S1(h) and σ0 ∈ S1(k) is a density

operator and (Ut) is the reversible (unitary) evolution of the combined closed system.
Consequently, the evolved state Φt(ρ) of the open system at time t is given by

Φt(ρ) = trk(Utρ⊗ σ0U
∗
t ),

where trk denotes the partial trace which traces out the environment. And from this it
follows that Φt is trace-preserving (by the de�nition of the partial trace) and that Φt is
completely positive (by the work [73] of Kraus): indeed, it is shown there (see also [5]
or [6]) that

Φt(ρ) = trk(Utρ⊗ σ0U
∗
t ) =

∑
j∈J

BjρB
∗
j (ρ ∈ S1(h))

with bounded operators Bj on h satisfying
∑

j∈J B
∗
jBj ≤ 1, and from this the complete

positivity of Φt is simple. If moreover the open system is weakly coupled to the environ-
ment in a certain sense and σ0 is an equilibrium state, one can also expect to have the
semigroup property Φt+s = ΦtΦs for s, t ∈ [0,∞) in an approximative sense. See, for
instance, [28], [51], [37] for precise conditions.

As a simple but technically important prerequisite for understanding the structure of
the generator of quantum dynamical semigroups, we remark: if Bj are bounded operators
on h for j in an arbitrary index set J such that∑

j∈J
B∗jBj <∞ (3.22)

in the sense that
∑

j∈F B
∗
jBj ≤M <∞ for all �nite subsets F of J and an F -independent

constant M , then the series

(i)
∑
j∈J

B∗jBjρ,
∑
j∈J

ρB∗jBj and (ii)
∑
j∈J

BjρB
∗
j

converge in the norm of S1(h) for every ρ ∈ S1(h) and de�ne bounded linear operators
from S1(h) to S1(h). (In order to see (i) note that the net (

∑
j∈F B

∗
jBj) is strongly

convergent by the theorem of Vigier (Theorem 4.1.1 of [90]) and that CFρ −→ Cρ and
ρC∗F −→ ρC∗ in the norm of S1(h) for every ρ ∈ S1(h) and every bounded and strongly
convergent net (CF ) in L(h) with strong limit C. In order to see (ii) consult [73] or, more
simply, note that∥∥∥∑

j∈F
BjρB

∗
j

∥∥∥
S1

= tr
(∑
j∈F

BjρB
∗
j

)
= tr

(∑
j∈F

B∗jBjρ
)

(3.23)
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for positive ρ ∈ S1(h) and �nite subsets F of J , and apply (i).)

We can now recall the fundamental characterization [82] of the generators of special,
namely norm continuous, quantum dynamical semigroups by Lindblad. It explicitly
identi�es the general structure of such generators. (Independently, Gorini, Kossakowski,
Sudarshan [52] obtained this characterization in the special case of �nite-dimensional h.)

Theorem 3.6.1 (Lindblad). An operator Λ de�ned on S1(h) is the generator of a norm

continuous quantum dynamical semigroup (Φt) on S
1(h) if and only if

Λ(ρ) = −i[H, ρ] +
∑
j∈J

BjρB
∗
j − 1/2{B∗jBj , ρ} (ρ ∈ S1(h)) (3.24)

for some bounded operators H = H∗ and Bj on h satisfying
∑

j∈J B
∗
jBj < ∞. If h is

separable, then the index set J can be chosen to be countable.

Proof. We refer to [106] (Theorem 5.5) for a proof of the �only if� part, which smoothens
the original proof in [82], and to [5] (Theorem 8.16) for a proof of the �if� part, which
works just as well in the present situation of generally in�nite-dimensional h and is much
simpler than the original proof in [82] (which makes use, among other things, of the
Russo�Dye theorem). If h is separable, then it has a countable orthonormal basis and
therefore (3.22) implies that Bj 6= 0 only for countably many indices j ∈ J . �

An analogous characterization of generators of general, merely strongly continuous,
quantum dynamical semigroups is still missing, but there are partial results, of course. We
will need the following simple su�cient condition, which in essence can be found in [29]
(Lemma 5.5.1 and Theorem 5.5.2) (with complete positivity replaced by positivity).

Corollary 3.6.2. Suppose Λ : D(Z0) ⊂ S1(h)→ S1(h) is given by

Λ(ρ) = Z0(ρ) +
∑
j∈J

BjρB
∗
j − 1/2{B∗jBj , ρ} (ρ ∈ D(Z0)),

where Z0 is the generator of the (weakly and hence strongly continuous) semigroup on

S1(h) de�ned by eZ0t(ρ) := e−iHtρ eiHt with a generally unbounded self-adjoint operator

H on h and where Bj for j ∈ J are bounded operators on h with
∑

j∈J B
∗
jBj <∞. Then

D(Z0) =
{
ρ ∈ S1(h) : ρD(H) ⊂ D(H) and Hρ− ρH ⊂ σ for a σ ∈ S1(h)

}
with Z0(ρ) being the unique element σ of S1(h) such that −i(Hρ − ρH) ⊂ σ, and Λ is

the generator of a quantum dynamical semigroup on S1(h).

Proof. See [29] for a proof of the explicit description of Z0 and its domain (Lemma 5.5.1).
Z0 is a semigroup generator on S1(h) by de�nition and W de�ned by

W (ρ) :=
∑
j∈J

BjρB
∗
j − 1/2{B∗jBj , ρ} (ρ ∈ S1(h))
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is a bounded operator on S1(h) by the remarks preceding the above theorem. And so
the sum Λ = Z0 +W is the generator of a strongly continuous semigroup given by

eΛt(ρ) = lim
n→∞

(
eZ0t/neWt/n

)n
(ρ) (ρ ∈ S1(h)) (3.25)

(Lie�Trotter). Since now (eZ0t) is a quantum dynamical semigroup by its explicit form
and (eWt) is a quantum dynamical semigroup by the above theorem (with H = 0),
it follows from (3.25) that so is (eΛt) � because compositions and pointwise limits of
completely positive maps are easily seen to be completely positive again. �

See the works [30], [22] of Davies and of Chebotarev, Fagnola for much deeper su�cient
conditions where the operators Bj are allowed to be unbounded as well. Also see the
work [31] of Davies which shows that at least the generator Λ of a quantum dynamical
semigroup that has a pure invariant state |ξ〉〈ξ| is of the form

Λ(ρ) = Kρ+ ρK∗ +
∑
j∈J

BjρB
∗
j (ρ ∈ D) (3.26)

(generalizing (3.24)!) for some densely de�ned closed operators K, Bj on h and some
dense subspace D of D(Λ).

We now specialize to an important special class of generators of quantum dynamical
semigroups, the so-called dephasing generators. See [12], for instance. A generator as in
the previous corallary is called dephasing if and only if

kerZ∗0 ⊂ ker Λ∗.

Since the dual operators Z∗0 and Λ∗ by II.2.5 of [41] are the generators of the weak∗

continuous dual semigroups ((eZ0t)∗) and ((eΛt)∗), dephasingness means precisely that
every observable a conserved by ((eZ0t)∗) in the sense that

eiHta e−iHt = (eZ0t)∗(a) = a (t ∈ [0,∞)) (equivalently, a ∈ {H}′),

is conserved by ((eΛt)∗) as well. A more interesting and useful characterization is given by
the following result, which in essence can be found in [12] (Proposition 17) (for bounded
H and apparently for separable h).

Proposition 3.6.3. Suppose Λ is as in the previous corollary.

(i) Λ is dephasing if and only if Bj for every j ∈ J lies in the double commutant {H}′′
of H, which for separable h is equal to

{H}′′ = {f(H) : f bounded measurable function σ(H)→ C}.

In particular, if Λ is dephasing, then Bj is a normal operator for every j ∈ J .

(ii) If Λ is dephasing, then ker Λ = kerZ0 and, conversely, if ker Λ = kerZ0 and the

spectrum of H is pure point, then Λ is dephasing.
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Proof. We have only to slightly modify the argument from [12], some care being necessary
due to the unboundedness of the operators Z∗0 and Λ∗ and the mere weak∗ continuity of
the semigroups they generate. Since Λ = Z0+W withW bounded, we have Λ∗ = Z∗0 +W ∗

(in particular, D(Λ∗) = D(Z∗0 )) and by II.2.5 of [41] we see that kerZ∗0 = {H}′.
(i) Suppose that Λ is dephasing and let a ∈ {H}′. Then a, a∗, a∗a ∈ {H}′ = kerZ∗0 ⊂

ker Λ∗ and therefore

0 = Λ∗(a∗a)− Λ∗(a∗)a− a∗Λ∗(a) =
∑
j∈J

[Bj , a]∗[Bj , a], (3.27)

where the second equality follows by straightforward computation from Λ∗ = Z∗0 + W ∗

together with the relation Z∗0 (a∗a) = Z∗0 (a∗)a+ a∗Z∗0 (a) and the explicit representation

W ∗(a) =
∑
j∈J

B∗j aBj − 1/2{B∗jBj , a}

for W ∗ (strong convergence by the theorem of Vigier). So, Bj commutes with a ∈ {H}′
for every j ∈ J , as desired. Suppose now that Bj ∈ {H}′′ for every j ∈ J and let
a ∈ kerZ∗0 . Then B∗j ∈ {H}′′ and a ∈ kerZ∗0 = {H}′ and therefore W ∗(a) = 0 by the
above explicit representation for W ∗. So, Λ∗(a) = Z∗0 (a) +W ∗(a) = 0, as desired.

See [123] (Section X.2), [109] (Section 129) or [15] (Theorem 5.5.6) for a proof of the
well-known explicit description of the double commutant of H in the case of separable h
(Riesz�Mimura). Separability is essential here as can be seen from an example in [123]
(Section X.2). In order to see that every Bj is normal in case Λ is dephasing, notice that
in this case

Bj , B
∗
j ∈ {H}′′ = A′′ = A (closure w.r.t. the strong operator topology)

A := {f(H) : f bounded measurable function σ(H)→ C}

by the double commutant theorem of von Neumann and that the commutativity of the
∗-algebra A carries over to its strong closure A by the density theorem of Kaplansky (for
instance).

(ii) We will prove a re�nement of the �rst implication of (ii) later on in the proof of
Lemma 4.2.9 (iii). In fact, the �rst and second step of that proof will show that to obtain
the inclusion ker Λ ⊂ kerZ0 one only needs∑

j∈J
BjB

∗
j =

∑
j∈J

B∗jBj <∞ (3.28)

which by (i) is a weaker requirement than dephasingness; dephasingness is needed only
to obtain by (i) the reverse inclusion kerZ0 ⊂ ker Λ.

We now prove the second implication of (ii). So, let the spectrum of H be pure point
and let ker Λ = kerZ0. Then there exists an orthonormal basis {ei : i ∈ I} of h consisting
of eigenvalues ei of H and hence

PF :=
∑
i∈F
〈ei, . 〉 ei (F a �nite subset of the index set I)
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belongs to {H}′ ∩ S1(h) = kerZ0 = ker Λ. We have to show in view of (i) that Bj for
every j ∈ J commutes with every a ∈ {H}′. In fact, it is su�cient to show this for every
a ∈ {H}′ ∩ S1(h) because an arbitrary element a ∈ {H}′ is strongly approximated by
aF := PFa ∈ {H}′ ∩ S1(h). So, let a ∈ {H}′ ∩ S1(h). We then see in the same way as
in (i) that a, a∗, a∗a ∈ {H}′ = kerZ∗0 and hence

Λ∗(a∗a)− Λ∗(a∗)a− a∗Λ∗(a) =
∑
j∈J

[Bj , a]∗[Bj , a]. (3.29)

Since a, a∗ ∈ {H}′ ∩ S1(h) = kerZ0 = ker Λ, one has

tr(Λ∗(a∗)a) = tr(a∗Λ(a)) = 0 and tr(a∗Λ∗(a)) = tr(Λ(a∗)a) = 0 (3.30)

And since PF ∈ ker Λ and
∑

j∈J{B∗jBj , a∗a} ∈ S1(h), one has

0 ≤
∑
i∈F

〈
ei,
(∑
j∈J

B∗j a
∗aBj

)
ei
〉

= tr(PFΛ∗(a∗a)) + 1/2 tr
(
PF
∑
j∈J
{B∗jBj , a∗a}

)
−→ 1/2 tr

(∑
j∈J
{B∗jBj , a∗a}

)
,

so that Λ∗(a∗a) =
∑

j∈J B
∗
j a
∗aBj − 1/2

∑
j∈J{B∗jBj , a∗a} belongs to S1(h) and

tr(Λ∗(a∗a)) = lim
F

tr(PFΛ∗(a∗a)) = 0. (3.31)

Combining now (3.29), (3.30), (3.31) we see that every Bj commutes with a, and we are
done. �

In the last implication of the above proposition, the assumption that H have pure
point spectrum is essential. In order to see this (and various other things), we will need
the following lemma.

Lemma 3.6.4. Suppose Z0 is the generator of the semigroup on S1(h) de�ned by eZ0t(ρ) :=
e−iHtρ eiHt and suppose H : D(H) ⊂ h→ h is self-adjoint.

(i) If σp(H) is �nite and each λ ∈ σp(H) has �nite multiplicity, then kerZ0 = {H}′ ∩
S1(h) is �nite-dimensional, more precisely

kerZ0 = span
{
〈eλ i, . 〉 eλ j : λ ∈ σp(H) and i, j ∈ {1, . . . , nλ}

}
,

where {eλ i : i ∈ {1, . . . , nλ}} is an orthonormal basis of ker(H − λ) for every

λ ∈ σp(H). In particular, kerZ0 = 0 in case σp(H) = ∅.

(ii) If h is in�nite-dimensional, then {H}′ is in�nite-dimensional.

Proof. (i) Clearly, kerZ0 = {H}′ ∩ S1(h). As a preparation for the proof of the �nite-
dimensionality of kerZ0, we note that an element ρ of S1(h) belongs to kerZ0 if and only
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if ρ =
∑

λ∈σp(H)Q{λ}ρQ{λ}, where Q is the spectral measure of H. Indeed, if ρ ∈ kerZ0,
then

ρ = 1/T

∫ T

0
eZ0t(ρ) dt = 1/T

∫ T

0
e−iHtρ eiHt dt −→

∑
λ∈σp(H)

Q{λ}ρQ{λ}

w.r.t. the strong operator topology as T → ∞ (Theorem 5.8 of [130]), and the con-
verse implication is obvious. With this preparation at hand and the fact that Q{λ} =∑nλ

i=1 〈eλ i, . 〉 eλ i, we now see that for ρ ∈ kerZ0,

ρ =
∑

λ∈σp(H)

Q{λ}ρQ{λ} =
∑

λ∈σp(H)

nλ∑
i,j=1

〈eλ j , ρeλ i〉 〈eλ i, . 〉 eλ j

belongs to span
{
〈eλ i, . 〉 eλ j : λ ∈ σp(H) and i, j ∈ {1, . . . , nλ}

}
. We have thus proved

the �rst of the asserted inclusions and the second inclusion is obvious.

(ii) In the case where σp(H) is in�nite or some λ ∈ σp(H) has in�nite multiplicity,
there exists an in�nite orthonormal system {ϕn : n ∈ N} consisting of eigenvalues of H
and therefore the in�nite subset

{ρn : n ∈ N} (ρn := 〈ϕn, . 〉ϕn)

of {H}′ ∩ S1(h) ⊂ {H}′ is linearly independent, which proves the assertion. In the case
where σp(H) is �nite and every λ ∈ σp(H) has �nite multiplicity, there exists an interval
J = [k, k + 1] with k ∈ Z such that

σ(H) ∩ J = σ(H) ∩ [k, k + 1]

is in�nite. (If this was not so, then every spectral value λ ∈ σ(H) would be isolated in
σ(H) and would hence be an eigenvalue of H. We would thus obtain σ(H) = σp(H) and
therefore 1 = Qσ(H) = Qσp(H) =

∑
λ∈σp(H)Q{λ} would have �nite rank. Contradiction!)

We now show that the in�nite subset

{Hn
J : n ∈ N} (HJ := HQJ)

of {H}′ is linearly independent, which proves the assertion. Indeed, if there was a (�nite)
linear combination

0 =

n∑
k=1

αkH
k
J = p(HJ) (p(λ) :=

n∑
k=1

αkλ
k)

with α1, . . . , αn ∈ C not all equal to 0, then the spectral mapping theorem would yield

p(σ(HJ)) = σ(p(HJ)) = {0}

so that σ(HJ) and, a fortiori, σ(H) ∩ J would have to be �nite. Contradiction! �
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With this lemma at hand, we can now convince ourselves that there exist non-dephasing
generators Λ with ker Λ = kerZ0 (as was claimed before the lemma).

Example 3.6.5. We choose a self-adjoint operator H : D(H) ⊂ h → h in an in�nite-
dimensional Hilbert space (with spectral measure denoted by Q) such that σp(H) is �nite
and every λ ∈ σp(H) has �nite multiplicity, and we choose

B :=
∑

λ∈σp(H)

βλQ{λ} + β 〈ψ, . 〉ψ

where βλ ∈ C and β ∈ C \ {0} and where ψ = Hϕ/ ‖Hϕ‖ and ϕ ∈M⊥ \ {0} with

M := Qσp(H)h =
⊕

λ∈σp(H)

ker(H − λ).

It should be noticed thatM⊥\{0} is non-empty by the assumptions on the spectrum ofH
and by the in�nite-dimensionality of h and, moreover, that Hϕ 6= 0 because otherwise ϕ
would be an eigenvector of H and would hence belong toM contradicting ϕ ∈M⊥ \{0}.
It should also be noticed that B is a normal operator because ψ = Hϕ/ ‖Hϕ‖ ∈ HM⊥ ⊂
M⊥. We now de�ne

Λ(ρ) := Z0(ρ) +BρB∗ − 1/2{B∗B, ρ} (ρ ∈ D(Z0)),

where Z0 is the generator of the semigroup in h de�ned by eZ0t(ρ) := e−iHt ρ eiHt.
It is then clear that Λ is the generator of a quantum dynamical semigroup on S1(h)
(Theorem 3.6.1). With the help of Proposition 3.6.3 and Lemma 3.6.4 it also follows
that

ker Λ = kerZ0.

(Indeed, the inclusion ker Λ ⊂ kerZ0 follows by the normality of B and by what has
been remarked in the context of (3.28) in the proof of Proposition 3.6.3 (ii), and the
reverse inclusion kerZ0 ⊂ ker Λ follows by the explicit description of kerZ0 given in
Lemma 3.6.4 (i) and by the fact that every eigenvector of H with eigenvalue λ is an
eigenvector of B with eigenvalue βλ.) And �nally,

HB 6= BH,

whence B /∈ {H}′′ and Λ is not dephasing (Proposition 3.6.3 (i)). (In order to see that
H indeed does not commute with B, compute

HBϕ = β 〈ψ,ϕ〉Hψ and BHϕ = β ‖Hϕ‖ψ.

In case 〈ψ,ϕ〉 = 0, it follows that HBϕ − BHϕ = −β ‖Hϕ‖ψ 6= 0 because β 6= 0. In
case 〈ψ,ϕ〉 6= 0, it follows that HBϕ − BHϕ = β 〈ψ,ϕ〉

(
Hψ − ‖Hϕ‖ / 〈ψ,ϕ〉 ψ

)
6= 0

because otherwise ψ would be an eigenvector of H and would therfore belong to M .
Contradiction!) J

121



4 Adiabatic theorems for operators with

time-independent domains

4.1 Adiabatic theorems with spectral gap condition

After having provided the most important preliminaries in Chapter 3, we now prove an
adiabatic theorem with uniform spectral gap condition (Section 4.1.1) and an adiabatic
theorem with non-uniform spectral gap condition (Section 4.1.2) for general operators
A(t) with time-independent domains. In these theorems the considered spectral subsets
σ(t) are only assumed to be compact so that, even if they are singletons, they need not
consist of eigenvalues: they are allowed to be singletons consisting of essential singularities
of the resolvent. In [2], [12], [60] the case of poles is treated and in [2], [12] they are of
order 1.

4.1.1 An adiabatic theorem with uniform spectral gap condition

We begin by proving an adiabatic theorem with uniform spectral gap condition by ex-
tending Abou Salem's proof from [2], which rests upon solving a suitable commutator
equation.

Theorem 4.1.1. Suppose A(t) : D ⊂ X → X for every t ∈ I is a linear map such

that Condition 2.1.8 is satis�ed with ω = 0. Suppose further that σ(t) for every t ∈ I
is a compact subset of σ(A(t)), that σ( . ) at no point falls into σ(A( . )) \ σ( . ), and that

t 7→ σ(t) is continuous. And �nally, for every t ∈ I, let P (t) be the projection associated

with A(t) and σ(t) and suppose that I 3 t 7→ P (t) is in W 2,1
∗ (I, L(X)). Then

sup
t∈I
‖Uε(t)− Vε(t)‖ = O(ε) (ε↘ 0),

where Uε and Vε are the evolution systems for 1
εA and 1

εA+ [P ′, P ].

Proof. Since σ( . ) is uniformly isolated in σ(A( . )) \ σ( . ) and t 7→ σ(t) is continuous,
there is, for every t0 ∈ I, a non-trivial closed interval Jt0 ⊂ I containing t0 and a cycle
γt0 in ρ(A(t0)) such that ran γt0 ⊂ ρ(A(t)) and

n(γt0 , σ(t)) = 1 and n(γt0 , σ(A(t)) \ σ(t)) = 0

for all t ∈ Jt0 . We can now de�ne

B(t)x :=
1

2πi

∫
γt0

(z −A(t))−1P ′(t)(z −A(t))−1x dz
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for all t ∈ Jt0 , t0 ∈ I and x ∈ X. Since ρ(A(t)) 3 z 7→ (z − A(t))−1P ′(t)(z − A(t))−1x
is a holomorphic X-valued map (for all x ∈ X) and since the cycles γt0 and γt′0 are
homologous in ρ(A(t)) whenever t lies both in Jt0 and in Jt′0 , the path integral exists in
X and does not depend on the special choice of t0 ∈ I with the property that t ∈ Jt0 . In
other words, t 7→ B(t) is well-de�ned on I.

As a �rst preparatory step, we easily infer from the closedness of A(t) that B(t)X ⊂
D(A(t)) = D = Y and that

B(t)A(t)−A(t)B(t) ⊂ [P ′(t), P (t)] (4.1)

for all t ∈ I, which commutator equation will be essential in the main part of the proof.
As a second preparatory step, we show that t 7→ B(t) is in W 1,1

∗ (I, L(X,Y )), which is
not very surprising (albeit a bit technical). It su�ces to show that Jt0 3 t 7→ B(t) is
in W 1,1

∗ (Jt0 , L(X,Y )) for every t0 ∈ I. We therefore �x t0 ∈ I. Since ρ(A(t)) 3 z 7→
(z−A(t))−1 is continuous w.r.t. the norm of L(X,Y ) for every t ∈ Jt0 , we see that B(t)
is in L(X,Y ) for every t ∈ Jt0 . We also see, by virtue of Lemma 2.1.2, that for every
z ∈ ran γt0 the map t 7→ (z − A(t))−1P ′(t)(z − A(t))−1 is in W 1,1

∗ (Jt0 , L(X,Y )) and
t 7→ C(t, z) = C1(t, z) + C2(t, z) + C3(t, z) is a W 1,1

∗ -derivative of it, where

C1(t, z) = (z −A(t))−1A′(t)(z −A(t))−1P ′(t)(z −A(t))−1,

C2(t, z) = (z −A(t))−1P ′′(t)(z −A(t))−1, (4.2)

C3(t, z) = (z −A(t))−1P ′(t)(z −A(t))−1A′(t)(z −A(t))−1,

and A′, P ′′ are arbitrary W 1,1
∗ -derivatives of A and P ′. Since t 7→ C(t, z) is strongly

measurable for all z ∈ ran γt0 , it follows that

t 7→ 1

2πi

∫
γt0

C(t, z) dz

is strongly measurable as well (as the strong limit of Riemann sums), and since Jt0 ×
ran γt0 3 (t, z) 7→ (z − A(t))−1 is continuous w.r.t. the norm of L(X,Y ) and hence
bounded, it follows by (4.2) that

t 7→
∥∥∥ 1

2πi

∫
γt0

C(t, z) dz
∥∥∥
X,Y

has an integrable majorant. So t 7→ 1
2πi

∫
γt0
C(t, z) dz is in W 0,1

∗ (Jt0 , L(X,Y )) and one

easily concludes that

B(t)x = B(t0)x+

∫ t

t0

1

2πi

∫
γt0

C(τ, z)x dz dτ

for all t ∈ Jt0 and x ∈ X, as desired.

After these preparations we can now turn to the main part of the proof. We �x
x ∈ D and let Vε denote the evolution system for 1

εA + [P ′, P ] (which really exists due
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to Theorem 2.1.9). Then s 7→ Uε(t, s)Vε(s)x is in W 1,1([0, t], X) (by Lemma 2.1.3 and
Lemma 2.1.4) and we get, exploiting the commutator equation (4.1) for A and B, that

Vε(t)x− Uε(t)x = Uε(t, s)Vε(s)x
∣∣s=t
s=0

=

∫ t

0
Uε(t, s)[P

′(s), P (s)]Vε(s)x ds

=

∫ t

0
Uε(t, s)

(
B(s)A(s)−A(s)B(s)

)
Vε(s)x ds

for all t ∈ I. Since for every t ∈ I the maps s 7→ Vε(s)
∣∣
Y

and s 7→ Uε(t, s)
∣∣
Y

are continuously di�erentiable on [0, t] w.r.t. the strong operator topology of L(Y,X)
(Lemma 2.1.5) and hence belong to W 1,1

∗ ([0, t], L(Y,X)), and since s 7→ B(s) belongs
to W 1,1

∗ ([0, t], L(X,Y )), we can further conclude that s 7→ Uε(t, s)B(s)Vε(s)x is in
W 1,1([0, t], X) by Lemma 2.1.2, so that

Vε(t)x− Uε(t)x = ε

∫ t

0
Uε(t, s)

(
− 1

ε
A(s)B(s) +B(s)

1

ε
A(s)

)
Vε(s)x ds

= εUε(t, s)B(s)Vε(s)x
∣∣s=t
s=0
− ε

∫ t

0
Uε(t, s)

(
B′(s) +B(s)[P ′(s), P (s)]

)
Vε(s)x ds

for all t ∈ I and ε ∈ (0,∞), where B′ denotes an arbitrary W 1,1
∗ -derivative of B. And

from this, the conclusion of the theorem is obvious. �

4.1.2 An adiabatic theorem with non-uniform spectral gap condition

We continue by proving an adiabatic theorem with non-uniform spectral gap condition
where σ( . ) falls into σ(A( . )) \ σ( . ) at countably many points that, in turn, accumulate
at only �nitely many points. We do so by extending Kato's proof from [61] where �nitely
many eigenvalue crossings for skew self-adjoint A(t) are treated.

Theorem 4.1.2. Suppose A(t) : D ⊂ X → X for every t ∈ I is a linear map such

that Condition 2.1.8 is satis�ed with ω = 0. Suppose further that σ(t) for every t ∈ I
is a compact subset of σ(A(t)), that σ( . ) at countably many points accumulating at only

�nitely many points falls into σ(A( . )) \ σ( . ), and that I \N 3 t 7→ σ(t) is continuous,

where N denotes the set of those points where σ( . ) falls into σ(A( . ))\σ( . ). And �nally,
for every t ∈ I \N , let P (t) be the projection associated with A(t) and σ(t) and suppose

that I \N 3 t 7→ P (t) extends to a map (again denoted by P ) in W 2,1
∗ (I, L(X)). Then

sup
t∈I
‖Uε(t)− Vε(t)‖ −→ 0 (ε↘ 0),

where Uε and Vε are the evolution systems for 1
εA and 1

εA+ [P ′, P ].

Proof. We �rst prove the assertion in the case where σ( . ) at only �nitely many points
t1, . . . , tm (ordered in an increasing way) falls into σ(A( . )) \ σ( . ). So let η > 0. We
partition the interval I as follows:

I = I0 δ ∪ J1 δ ∪ I1 δ ∪ · · · ∪ Jmδ ∪ Imδ,
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where Ji δ for i ∈ {1, . . . ,m} is a relatively open subinterval of I containing ti of length
less than δ (which will be chosen in a minute) and where I0 δ, . . . , Imδ are the closed
subintervals of I lying between the subintervals J1 δ, . . . , Jmδ. In the following, we set
t−i δ := inf Ii δ and t

+
i δ := sup Ii δ for i ∈ {0, . . . ,m}, and we choose c so large that ‖P (s)‖,

‖P ′(s)‖ and ‖[P ′(s), P (s)]‖ ≤ c for all s ∈ I. Since

∥∥Vε(t, t+i−1 δ)x− Uε(t, t
+
i−1 δ)x

∥∥ =

∥∥∥∥∥
∫ t

t+i−1 δ

Uε(t, s)[P
′(s), P (s)]Vε(s, t

+
i−1 δ)x ds

∥∥∥∥∥
≤McMeMc δ ‖x‖

for every t ∈ Ji δ, x ∈ D and ε ∈ (0,∞), we can achieve � by choosing δ small enough �
that

sup
t∈Ji δ

∥∥Vε(t, t+i−1 δ)− Uε(t, t
+
i−1 δ)

∥∥ < η(
4M2e2Mc

)m (4.3)

for every ε ∈ (0,∞) and i ∈ {1, . . . ,m}. And since σ( . )
∣∣
Ii δ

at no point falls into(
σ(A( . ))\σ( . )

)∣∣
Ii δ

, we conclude from the above adiabatic theorem with uniform spectral

gap condition (applied to the restricted data A|Ii δ , σ|Ii δ , P |Ii δ) that there is an εδ ∈
(0,∞) such that

sup
t∈Ii δ

∥∥Vε(t, t−i δ)− Uε(t, t−i δ)∥∥ < η(
4M2e2Mc

)m (4.4)

for every ε ∈ (0, εδ) and i ∈ {0, . . . ,m}. Combining the estimates (4.3) and (4.4) and
using the product property from the de�nition of evolution systems, we readily conclude
for every i ∈ {1, . . . ,m} that

‖Vε(t)− Uε(t)‖ <
η(

4M2e2Mc
)m−i ≤ η

for all t ∈ Ii−1 δ ∪ Ji δ ∪ Ii δ and ε ∈ (0, εδ), and the desired conclusion follows.

We now prove the assertion in the case where σ( . ) at in�nitely many points accumu-
lating at only �nitely many points t1, . . . , tm (ordered in an increasing way) falls into
σ(A( . )) \σ( . ). In order to do so, we partition I and choose δ as we did above. We then
obtain the estimate (4.3) as above and the estimate (4.4) by realizing that σ( . )

∣∣
Ii δ

at

only �nitely many points falls into
(
σ(A( . )) \σ( . )

)∣∣
Ii δ

(so that the case just proved can

be applied). And from these estimates the conclusion follows as above. �

It should be noticed that the hypotheses of the above adiabatic theorem allow the
spectral subsets σ(t) to be non-isolated in σ(A(t)) for all points t ∈ N , that is (by our
de�nition of spectral gaps in Section 3.3), they also allow for some situations without
spectral gap. It should also be noticed that, in the situation of the above theorem, one
has P (t)A(t) ⊂ A(t)P (t) for every t ∈ I (although a priori this is clear only for t ∈ I \N),
which follows by a continuity argument. (Indeed, if t0 ∈ I then it can be approximated
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by a sequence (tn) in I \N . Since t 7→ (A(t0) − 1)(A(t) − 1)−1 is norm continuous (by
the W 1,1

∗ -regularity of t 7→ A(t) and Lemma 2.1.2), we see that for any x ∈ D

A(t0)P (tn)x = (A(t0)− 1)(A(tn)− 1)−1 P (tn)(A(tn)− 1)x+ P (tn)x

−→ P (t0)A(t0)x (n→∞) (4.5)

and therefore P (t0)A(t0) ⊂ A(t0)P (t0) by the closedness of A(t0).) In particular, the
evolution Vε appearing in the above theorem really is adiabatic w.r.t. to P by Proposi-
tion 3.4.1, as it should be.

4.1.3 Some remarks and examples

We begin with four remarks concerning the adiabatic theorems with uniform and non-
uniform spectral gap condition alike.

1. In the special situation where σ(t) = {λ(t)} and λ(t) is a pole of the resolvent
map ( . − A(t))−1 of order at most m0 ∈ N for all t ∈ I, the operators B(t) � used
in the proof of the adiabatic theorems with spectral gap condition above to solve the
commutator equation (4.1) � can be cast in a form, namely (4.6), which points the way
to the solution of an appropriate (approximate) commutator equation in the adiabatic
theorems without spectral gap condition below. Since PP ′P , PP ′P = 0 by (3.20) (where
P := 1− P ) and

(z −A(t))−1P (t) =
1

z − λ(t)

(
1− A(t)− λ(t)

z − λ(t)

)−1
P (t) =

m0−1∑
k=0

(A(t)− λ(t))kP (t)

(z − λ(t))k+1

for every z ∈ ρ(A(t)) by Theorem 5.8-A of [128], we see that

B(t) =

m0−1∑
k=0

1

2πi

∫
γt

R(t, z)

(z − λ(t))k+1
dz P ′(t)(A(t)− λ(t))kP (t)

+

m0−1∑
k=0

(A(t)− λ(t))kP (t)P ′(t)
1

2πi

∫
γt

R(t, z)

(z − λ(t))k+1
dz,

and since the reduced resolvent map z 7→ R(t, z) := (z − A(t)|P (t)D(A(t)))
−1P (t) is holo-

morphic on ρ(A(t)) ∪ {λ(t)}, we further see � using Cauchy's theorem � that

B(t) =

m0−1∑
k=0

R(t, λ(t))k+1P ′(t)(λ(t)−A(t))kP (t)

+

m0−1∑
k=0

(λ(t)−A(t))kP (t)P ′(t)R(t, λ(t))k+1. (4.6)

2. In the even more special situation where σ(t) = {λ(t)} ⊂ iR and λ(t) is a pole
of the resolvent map ( . − A(t))−1, the hypotheses of the above adiabatic theorem with
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uniform spectral gap condition become essentially � apart from regularity conditions �
equivalent to the hypotheses of the respective adiabatic theorem (Theorem 9) of [12],
and a similar equivalence holds true for the above adiabatic theorem with non-uniform
spectral gap condition. Indeed, if σ(t) for every t ∈ I is a singleton consisting of a pole
λ(t) on the imaginary axis, then the order m(t) of nilpotence of A(t)|P (t)D − λ(t) must
be equal to 1, since otherwise the relation

δ
(
λ(t) + δ −A(t)

)−1
P (t) =

m(t)−1∑
k=0

(A(t)− λ(t))k

δk
P (t) (4.7)

would yield the contradiction that the right hand side of (4.7) explodes as δ ↘ 0 whereas
the left hand side of (4.7) remains bounded as δ ↘ 0 (by virtue of the (M, 0)-stability of
A and by λ(t) ∈ iR). And therefore (by Theorem 5.8-A of [128]) P (t)X = ker(A(t)−λ(t))
and (1− P (t))X = ran(A(t)− λ(t)) as in [12].

3. It is obvious from the proof of Theorem 4.1.1 that the assumption that σ( . ) at no
point fall into σ(A( . )) \ σ( . ) and that t 7→ σ(t) be continuous can be replaced by the
weaker � but also less convenient � requirement that for each t0 ∈ I there be a non-trivial
closed interval Jt0 ⊂ I containing t0 and a cycle γt0 such that ran γt0 ⊂ ρ(A(t)) and

n(γt0 , σ(t)) = 1 and n(γt0 , σ(A(t)) \ σ(t)) = 0

for all t ∈ Jt0 . It can be shown that this weaker requirement still entails the upper
semicontinuity of t 7→ σ(t) and hence � by Proposition 3.3.1 � it still ensures that σ( . )
at no point falls into σ(A( . )) \ σ( . ) or, in other words, that the spectral gap is uniform.
(See Corollary 5.4 of [112] for a proof.) Consequently, if one adds to the thus weakened
hypotheses the requirement that t 7→ σ(t) be lower semicontinuous (which � by Proposi-
tion 5.6 of [112] � is ful�lled if, for instance, σ(t) is �nite for every t ∈ I, and 0 ∈ σ(t) for
all t ∈ I or 0 /∈ σ(t) for all t ∈ I), one arrives at an adiabatic theorem equivalent to the
original one above (Theorem 4.1.1). Similar remarks hold for the case of non-uniform
spectral gap (Theorem 4.1.2).

4. We �nally remark that the above adiabatic theorems � along with the commutator
equation method used in their proofs � can be extended to several subsets σ1(t), . . . ,
σr(t) of σ(A(t)): if A, σj , Pj for every j ∈ {1, . . . , r} satisfy the hypotheses of the above
adiabatic theorem with uniform or non-uniform spectral gap and if σj( . ) and σl( . ) for
all j 6= l fall into each other at only countably many points accumulating at only �nitely
many points, then there exists an evolution system Vε, namely that for 1

εA+K with

K(t) :=
1

2

r+1∑
j=1

[P ′j(t), Pj(t)] and Pr+1(t) := 1− P (t) := 1−
r∑
j=1

Pj(t), (4.8)

which on the one hand is simultaneously adiabatic w.r.t. all the Pj by [61] and on the
other hand well approximates the evolution system Uε for

1
εA in the sense that

sup
t∈I
‖Uε(t)− Vε(t)‖ −→ 0 (ε↘ 0).
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In order to see this, one has only to observe that B(t) := 1
2

∑r+1
j=1 Bj(t) with

Bj :=
1

2πi

∫
γj

(z −A)−1P ′j(z −A)−1 dz (j ∈ {1, . . . , r})

Br+1 :=
1

2πi

∫
γ
(z −A)−1P ′(z −A)−1 dz (4.9)

with γ := γ1 + · · ·+ γr (γj = γj t as in the proofs above) and P := P1 + · · ·+ Pr

solves the commutator equation B(t)A(t) − A(t)B(t) ⊂ K(t) for all points t where no
crossing takes place (because [P ′r+1, Pr+1] = [P ′, P ]) and then to proceed as in the proofs
of the adiabatic theorems above. See also [20]. In the special case of skew self-adjoint
operators A(t) one can further re�ne the statement above: it is then possible to show �
by further adapting the commutator equation method � that even the evolution system
V ε for

1
εA+K with

K(t) :=
1

2

(
[(P−r+1)′(t), P−r+1(t)] +

r∑
j=1

[P ′j(t), Pj(t)] + [(P+
r+1)′(t), P+

r+1(t)]
)

well approximates the evolution system Uε for
1
εA � notice that V ε is is not only adiabatic

w.r.t. Pr+1 = P−r+1 + P+
r+1 but also w.r.t. P−r+1 and P+

r+1 separately, where P±r+1(t) are
the spectral projections of A(t) corresponding to the parts σ±(t) of the spectrum which
on iR are located below resp. above all the compact parts σ1(t), . . . , σr(t). In order to
see this, set

B±r+1n(t) :=
1

2πi

∫
γ±n t

(z −A(t))−1(P±r+1)′(t)(z −A(t))−1 dz

where γ±n t(τ) := ± τ + c±(t) for τ ∈ [−n, n] with points c±(t) ∈ iR lying in the gap
between σ±(t) and the rest of σ(A(t)) and depending continuously di�erentiably on t,
and observe that (by the skew self-adjointness of A(t))

P±r+1n(t)x :=
1

2πi

∫
γ±n t

(z −A(t))−1x dz −→ P±r+1(t)x− 1

2
x (n→∞)

and∥∥Br+1n(t)
∥∥,∥∥B′r+1n(t)

∥∥ ≤ ∫ ∞
−∞

c

dist
(
γ±n t(τ), σ(A(t))

)2 dτ ≤ C <∞ (n ∈ N, t ∈ I).

A slightly less general general statement was �rst proven in [96] by a di�erent method
than the commutator equation technique indicated above.

We now move on to discuss some examples. In the �rst � very simple � example,
t 7→ A(t) is onlyW 1,1

∗ -regular and only (M, 0)-stable (without being strongly continuously
di�erentiable or (1, 0)-stable), which means that this example lies outside the scope of
the previously known adiabatic theorems.
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Example 4.1.3. Suppose A, σ, P with A(t) = R(t)−1A0(t)R(t), σ(t) = {λ(t)}, P (t) =
R(t)−1P0R(t), and R(t) = eCt are given as follows in X := `p(I2) × `p(I1) (where
p ∈ [1,∞)):

A0(t) :=

(
λ(t) + α(t)N 0

0 µ(t)

)
and P0 :=

(
1 0
0 0

)
,

where λ, α, N satisfy Condition 3.5.1 and where µ(t) ∈ {Re z ≤ 0} is such that λ( . )
falls into µ( . ) at only countably many points accumulating at only �nitely many points.
Additionally, choose the family λ+ αN to be not (1, 0)-stable (which, by the discussion
after Lemma 3.5.2, can easily be achieved), the functions t 7→ λ(t), α(t), µ(t) to be
absolutely continuous without being continuously di�erentiable, and

C :=

0 0 0
0 0 1
0 −1 0

 .

Since A0 by Lemma 3.5.2 is (M0, 0)-stable for some M0 ∈ [1,∞), the rotated family
A is (M, 0)-stable for another M ∈ [1,∞) by Lemma 2.1.7. And since P0 is obviously
associated with A0(t) and σ(t) for every t ∈ I \ N (where N denotes the set of those
points in I where λ( . ) falls into µ( . )), the same is true for P (t) and A(t) instead of
P0, A0(t). So the hypotheses of the adiabatic theorem with non-uniform spectral gap
condition (Theorem 4.1.2) are ful�lled and therefore

(1− P (t))Uε(t)P (0) −→ 0 (ε↘ 0)

uniformly in t ∈ I, but this does not already follow from the trivial adiabatic theorems
above (Proposition 3.4.2 (i) and (ii)). Indeed, as [P0, C] 6= 0, it follows that P ′(t) 6= 0
for every t ∈ I. And if µ is chosen in such a way that µ(t0) = 0 for some t0 ∈ [0, 1),
then it follows that the (block diagonal!) evolution U0 ε for 1

εA0 for no γ > 0 satis�es
the estimate (3.21) uniformly in ε ∈ (0,∞), whence by Proposition 2.1.13 the same is
true for the evolution Ũ0 ε for 1

εA0 + C = 1
εA0 + R′R−1 and hence (by the proof of

Corollary 2.1.10) also for the evolution Uε for
1
εA that we are interested in. J

In the next example, the spectral subsets σ(t) = {λ(t)} are singletons consisting of
spectral values λ(t) ∈ iR of A(t) that are not eigenvalues and, a fortiori, are not poles
(but essential singularities) of ( . − A(t))−1. In particular, the adiabatic theorem with
spectral gap condition from [12] cannot be applied here (also see Example 4 of [12]). We
make use of the Volterra operator V in L2([0, 1]) de�ned by

(V f)(t) :=

∫ t

0
f(τ) dτ (t ∈ I).

Since V is quasinilpotent (in fact, ‖V n‖ ≤ 1/
√

(n+ 1)! for all n ∈ N) and both V and
V ∗ are injective, it follows that σ(V ) = {0} = σc(V ).
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Example 4.1.4. Suppose A, σ, P with A(t) = R(t)−1A0(t)R(t), σ(t) = {λ(t)} := {0},
P (t) = R(t)−1P0R(t), and R(t) = eCt are given as follows in X := L2(I)× L2(I):

A0(t) :=

(
−V 0
0 a(t) +Mf

)
and P0 :=

(
1 0
0 0

)
,

where V is the Volterra operator de�ned above and where f : I → C is a measurable
function with ess-ran f = [−1, 0]. Additionally, suppose the function t 7→ a(t) ∈ (−∞, 0]
is absolutely continuous and falls into 0 at only countably many points accumulating at
only �nitely many points, and

C :=

(
0 1
−1 0

)
.

Since −V and a(t) + Mf are dissipative in L2(I), the family A0 is (1, 0)-stable and, by
the unitarity of the rotation operators eCt = R(t), the same goes for A. Also, since P0

commutes with A0(t) and

σ(A0(t)|P0X) = σ(−V ) = {0} = σ(t),

σ(A0(t)|(1−P0)X) = σ(a(t) +Mf ) = a(t) + [−1, 0] = σ(A0(t)) \ σ(t)

for every t ∈ I \N , P0 is associated with A0(t) and σ(t) for every t ∈ I \N and hence
the same holds true for P (t) and A(t) instead of P0, A0(t). All other hypotheses of
Theorem 4.1.2 are clear. J

We �nally give a simple example showing that the conclusion of the above adiabatic
theorems will, in general, fail if the evolution systems Uε for

1
εA are not bounded in ε

(and hence A is not (M, 0)-stable).

Example 4.1.5. Suppose A, σ, P with A(t) := R(t)−1A0(t)R(t), σ(t) := {λ(t)} and
P (t) := R(t)−1P0R(t) are given as follows in X := `2(I2):

A0(t) :=

(
λ(t) 0

0 0

)
, P0 :=

(
1 0
0 1

)
, R(t) := eCt with C := 2π

(
0 1
−1 0

)
,

and t 7→ λ(t) ∈ [0,∞) is absolutely continuous such that λ( . ) at only countably many
points accumulating at only �nitely many points falls into 0. Then all the hypotheses of
Theorem 4.1.2 are full�lled with the sole exception that A is not (M, 0)-stable (because
σ(A(t)) = {0, λ(t)} is contained in the closed left half-plane only for countably many
t ∈ I) and, in fact, the conclusion of this theorems fails. Indeed, since

R(t) = eCt =

(
cos(2πt) sin(2πt)
− sin(2πt) cos(2πt)

)
,

we see that

A(t) = R(t)−1A0(t)R(t) = λ(t)

(
cos2(2πt) cos(2πt) sin(2πt)

cos(2πt) sin(2πt) sin2(2πt)

)
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is a positive linear map (in the lattice sense) for all t ∈ [0, t0] with t0 := 1
4 . And since

1− P (t0) = P0, we see (by the series expansion for Uε) that

‖(1− P (t0))Uε(t0)P (0)e1‖ =
∣∣ 〈e1, Uε(t0)e1〉

∣∣ = 〈e1, Uε(t0)e1〉

≥ 1 +
1

ε

∫ t0

0
〈e1, A(τ)e1〉 dτ = 1 +

1

ε

∫ t0

0
λ(τ) cos2(2πτ) dτ,

which right hand side does not converge to 0 as ε↘ 0, as desired. J

An example with non-diagonalizable A(t) and σ(A(t)) = {0, i} showing as well that
the conclusion of the above adiabatic theorems will generally fail if the family A is not
(M, 0)-stable can be found in Joye's paper [60] at the end of Section 1. A generic version
of this (non-generic) example is given by the following data: A(t) := R(t)−1A0(t)R(t),
λ(t) := 0, P (t) := R(t)−1P0R(t) in X := `2(I3), where

A0(t) = A0 :=

0 i 0
0 0 0
0 0 i

 and R(t) := eCt with C :=

 0 0 0
ik 0 k
1 −1 0


for a parameter k ∈ (−∞, 0) and where P0 is the orthogonal projection onto span{e1, e2}.

4.1.4 Applied examples: quantum dynamical semigroups and neutron
transport semigroups

We close the present section about adiabatic theorems with spectral gap condition by
noting two applied examples: one to time-dependent generators of quantum dynamical
semigroups and one to time-dependent generators of neutron transport semigroups. We
thereby slightly extend corresponding examples from [12] and [112], respectively. (In
the case of the second example, we correct a serious blunder in the irreducibility proof
in Theorem 8.4 of [112]. See the proof of Lemma 4.1.7 (iii) below.) In both cases the
considered operators are not skew self-adjoint (and not normal).

In our �rst example we apply the adiabatic theorem with (non-uniform) spectral gap
to generators A(t) of quantum dynamical semigroups on X = S1(h),

A(t)ρ := Z0(t)(ρ) +
∑
j∈J

Bj(t)ρBj(t)
∗ − 1/2{Bj(t)∗Bj(t), ρ} (ρ ∈ D(Z0(t))) (4.10)

eZ0(t)τ (ρ) := e−iH(t)τρ eiH(t)τ

with not necessarily bounded self-adjoint operators H(t) and bounded operators Bj(t)
on h satisfying ∑

j∈J
Bj(t)

∗Bj(t) <∞ (t ∈ I). (4.11)
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Theorem 4.1.6. Suppose that the operators A(t) de�ned above have time-independent

domain D(Z0(t)) = D and that t 7→ A(t) is in W 1,1
∗ (I, L(Y,X)), where Y is the space

D endowed with the graph norm of A(0). Suppose further that λ(t) = 0 ∈ σ(A(t)) for

every t ∈ I, that λ( . ) falls into σ(A( . )) \ {λ( . )} at countably many points accumulating

at only �nitely many points, and that I \N 3 t 7→ λ(t) is continuous, where N denotes

the set of those points where λ( . ) falls into σ(A( . )) \ {λ( . )}. Suppose �nally that the

projections P (t) associated with A(t) and λ(t) for t ∈ I \ N can be extended to a map

t 7→ P (t) in W 2,1
∗ (I, L(X)) on the whole of I. Then

sup
t∈I
‖Uε(t)− Vε(t)‖ −→ 0 (ε↘ 0),

where Uε and Vε are the evolution system for 1
εA and 1

εA+ [P ′, P ] on D.

Proof. We have only to notice that A(t) generates a contraction semigroup in X for every
t ∈ I (Corollary 3.6.2), so that A is (1, 0)-stable, and then to apply Theorem 4.1.2. �

In our second example we apply the adiabatic theorem with (uniform) spectral gap
condition to generatorsA(t) of neutron transport semigroups onX = L2([−a, a]×[−1, 1]),

A(t) = A0(c(t))− s(t), (4.12)

where c(t), s(t) ∈ (0,∞) depend su�ciently smoothly on t and where A0(c) = A0 + cB,

(A0ϕ)(x, µ) := −µ∂xϕ(x, µ) and (Bϕ)(x, µ) :=
1

2

∫
[−1,1]

ϕ(x, µ′) dµ′ (4.13)

for every ϕ ∈ D(A0) and every ϕ ∈ X, respectively. D(A0) is de�ned to be the subspace
of (equivalence classes of) those ϕ in X that satisfy the following three conditions:

(i) (−a, a) 3 x 7→ ϕ(x, µ) is weakly di�erentiable for almost every µ ∈ [−1, 1],

(ii) [−a, a]× [−1, 1] 3 (x, µ) 7→ −µ∂xϕ(x, µ) is 2-integrable,

(iii) ϕ(−a, µ) = 0 for almost all µ ∈ (0, 1] and ϕ(a, µ) = 0 for almost all µ ∈ [−1, 0).

In the above and the following relations, ∂xϕ(x, µ) stands for (∂xϕ( . , µ))(x) and ∂xϕ( . , µ)
denotes the weak derivative of (−a, a) 3 x 7→ ϕ(x, µ) (which exists for almost all
µ ∈ [−1, 1] by condition (i)). It should be noticed that the conditions (i) and (ii)
imply that x 7→ ϕ(x, µ) is absolutely continuous (Section 2.1.1) so that, in particular,
the boundary conditions from condition (iii) are meaningful in the �rst place.

Such operators A(t) as above arise in the description [78], [79], [80] of the transport
of neutrons in an in�nite homogeneous slab (extended between x = −a and x = a)
surrounded by vacuum under the assumptions that the neutrons interact only with the
nuclei in the slab (but not with each other), that scattering (between neutrons and nuclei)
is isotropic, and that the neutrons all have the same velocity (in absolute value). Indeed,
these operators determine the distribution ϕ(t0) of the position and the direction of the
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neutron beam at every given time t0 and for every given initial distribution ϕ0 through
the evolution equation

ϕ′ = A(t)ϕ = A0(c(t))ϕ− s(t)ϕ, ϕ(0) = ϕ0, (4.14)

that is, if t 7→ ϕ(t) = ϕ(t, . , .. ) ∈ X is the solution of this evolution equation, then∫
E1×E2

ϕ(t, x, µ) d(x, µ)

is the number of neutrons that at time t are located at a position x in E1 ∈ B[−a,a] and
move in a direction µ in E2 ∈ B[−1,1] (meaning that µ is the cosine of the angle between
the direction of motion and the positive x-axis). In (4.14), the term A0ϕ corresponds
to collisionless transport, c(t)Bϕ corresponds to scattering, s(t)ϕ to absorption (see
Section VI.2 of [41]), and the scalars c(t) and s(t) (which are t-independent in [78], [79],
[80]) have the following interpretation: s(t) is the total cross section and c(t)/s(t) is the
average number of neutrons emerging from a collision of a neutron with a nucleus, that
is,

c(t)/s(t) < 1, c(t)/s(t) = 1, c(t)/s(t) > 1

correspond to scattering and absorption, pure scattering, multiplication, respectively.
See also [108] (Section 16.9).

It is easy to see that A0 is densely de�ned (C∞c ((−a, a) × (−1, 1)) ⊂ D(A0)!) and
dissipative (partial integration!) and it is also not di�cult to see that λ−A0 is surjective
for every λ ∈ (0,∞) (use the same arguments as for (5.11) in [78]). So, A0 is the generator
of a contraction semigroup on X (Lumer�Phillips) and therefore the perturbed operator
A0(c) = A0 + cB for c ∈ (0,∞) is the generator of a quasi-contraction semigroup with∥∥∥eA0(c)τ

∥∥∥ ≤ lim sup
n→∞

∥∥∥(eA0τ/necBτ/n
)n∥∥∥ ≤ lim sup

n→∞

∥∥∥ecBτ/n∥∥∥n ≤ ecτ (τ ∈ [0,∞)), (4.15)

where we used the theorem of Lie�Trotter and the fact that B is a non-zero orthogonal
projection and hence has norm 1.

Lemma 4.1.7. Suppose c ∈ (0,∞). Then

(i) σp(A0(c)) is a non-empty �nite subset of the positive half-axis (0,∞),

σp(A0(c)) = {β1(c), . . . , βmc(c)},

consisting of eigenvalues β1(c), . . . , βmc(c) of �nite geometric multiplicity, where

β1(c), . . . , βmc(c) are listed in decreasing order and counted according to geometric

multiplicity. σc(A0(c)) = {z ∈ C : Re z ≤ 0} and σr(A0(c)) = ∅.

(ii) β1(c), . . . , βmc(c) are semisimple eigenvalues (so that, in particular, geometric and

algebraic multiplicities coincide).
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(iii) β1(c) is even a simple eigenvalue, that is, has (algebraic) multiplicity 1.

Proof. Assertion (i) is the content of the main theorem of [78] and assertion (ii) is stated
in Lemma 2 of [79]. It should be remarked, however, that the proof of Lemma 2 of [79]
is incomplete, for it does not rule out the possibility for the eigenvalues β1(c), . . . , βmc(c)
to be essential singularities of ( . −A0(c))−1. In order to do so, one can argue as follows:
let βj ∈ {β1(c), . . . , βmc(c)} and �x g ∈ X = L2([−a, a]× [−1, 1]), write

uλ := (λ−A0(c))−1g and ξλ :=

∫ 1

−1
uλ( . , µ′) dµ′

for λ ∈ {Re z > 0} \ σp(A0(c)), and remember from (5.9) of [78] that

ξλ = 2/c (2/c− Lλ)−1Gλ = (1− c/2Lλ)−1Gλ (4.16)

for every λ ∈ {Re z > 0}\σp(A0(c)), where Lλ is the integral operator on Y := L2([−a, a])
given by

(Lλϕ)(x) :=

∫ a

−a
eλ(x, y)ϕ(y) dy with eλ(x, y) :=

∫ ∞
1

e−λ|x−y|t

t
dt

and where Gλ is the element of Y from (5.10) of [78]. Since Lλ is compact (even Hilbert�
Schmidt) on Y for every λ ∈ {Re z > 0} by the 2-integrability of eλ and since {Re z >
0} 3 λ 7→ Lλ is holomorphic by the formula preceding (3.4) and the formula (3.5) of [78],
it follows from the holomorphic Fredholm theorem (Theorem VI.14 of [107]) that βj is
a pole of λ 7→ (1 − c/2Lλ)−1 of order n, say. It also follows from (5.11) of [78] that
‖Gλ‖ ≤ 1/(Reλ) ‖g‖ for λ ∈ {Re z > 0}. So,

‖ξλ‖ ≤
C

|λ− βj |n
1

Reλ
‖g‖ ≤ C ′

|λ− βj |n
‖g‖ (4.17)

for λ in a punctured neighborhood of βj by virtue of (4.16). Since, �nally,∥∥(λ−A0(c))−1g
∥∥ = ‖uλ‖ ≤

1

Reλ

(
c2/2 ‖ξλ‖+ ‖g‖

)
(4.18)

by (5.7) of [78], it follows from (4.17) and (4.18) that βj is a pole of ( . − A0(c))−1 of
order at most n, as desired.

We are left with assertion (iii) and we prove it with the help of a general Perron�
Frobenius theorem (Theorem C-III.3.12 of [91]), which implies that the spectral bound
of the generatorA of an irreducible positive semigroup on a Banach lattice is an eigenvalue
of algebraic multiplicity 1 provided only that the spectral bound is a pole of ( . −A)−1.
Since the spectral bound of A0(c) is equal to β1(c) and β1(c) is a pole of the resolvent of
A0(c) by (ii), we have only to show that A0(c) is the generator of an irreducible positive
semigroup on the Banach latticeX = L2([−a, a]×[−1, 1]). In doing so, we will repeatedly
use the simple facts that

(λ−A0(c))−1ϕ = (λ−A0 − cB)−1ϕ =
(
1− c(λ−A0)−1B

)−1
(λ−A0)−1ϕ

=
∞∑
n=1

cn
(
(λ−A0)−1B

)n
(λ−A0)−1ϕ (4.19)
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for all λ > c and all ϕ ∈ X, and that

(
(λ−A0)−1ψ

)
(x, µ) =

− 1
µ

∫ a
x e

λ
µ

(t−x)
ψ(t, µ) dt, (x, µ) ∈ [−a, a]× [−1, 0)

1
µ

∫ x
−a e

λ
µ

(t−x)
ψ(t, µ) dt, (x, µ) ∈ [−a, a]× (0, 1]

(4.20)

for all λ > 0 and all ψ ∈ X.

In order to see that A0(c) generates a positive semigroup on X, we have only to show:
if λ > c and ϕ ∈ X with ϕ ≥ 0, then(

(λ−A0(c))−1ϕ
)
(x, µ) ≥ 0 for almost every (x, µ) ∈ [−a, a]× [−1, 1] (4.21)

(Theorem VI.1.8 of [41]). So, let λ > c and ϕ ∈ X with ϕ ≥ 0. Since (λ − A0)−1 and
B are positive operators in the lattice sense by (4.20), the desired relation (4.21) follows
by (4.19).

In order to see that A0(c) generates even an irreducible semigroup on X, we have only
to show: if λ > c and ϕ ∈ X with ϕ ≥ 0 and ϕ 6= 0, then(

(λ−A0(c))−1ϕ
)
(x, µ) > 0 for almost every (x, µ) ∈ [−a, a]× [−1, 1] (4.22)

(De�nition C-III.3.1 of [91] in conjunction with the characterization of quasi-interior
points in the special case of Lebesgue spaces from the very end of Section C-I.2 of [91]).
So, let λ > c and ϕ ∈ X with ϕ ≥ 0 and ϕ 6= 0. Since for such a ϕ all the summands
in (4.19) are positive, that is,

ψn :=
(
(λ−A0)−1B

)n
(λ−A0)−1ϕ ≥ 0 (n ∈ N ∪ {0}), (4.23)

the desired strict positivity almost everywhere (4.22) will follow from the relation

ψ2(x, µ) > 0 for almost every (x, µ) ∈ [−a, a]× [−1, 1]. (4.24)

We abbreviate J := [−a, a] and J ′ := [−1, 1] and consider

J ′0 :=
{
µ ∈ J ′ : ϕ( . , µ) does not vanish a.e.

}
=
{
µ ∈ J ′ :

∫
J
ϕ(t, µ) dt > 0

}
.

Since µ 7→
∫
J ϕ(t, µ) dt is measurable, the set J ′0 is measurable, and since ϕ 6= 0 and

0 <

∫
J×J ′

ϕ(t, µ) d(t, µ) =

∫
J ′

∫
J
ϕ(t, µ) dt dµ =

∫
J ′0

∫
J
ϕ(t, µ) dt dµ,

the set J ′0 cannot be of measure 0. In particular, J ′0− := J ′0 ∩ [−1, 0) is a non-null set or
J ′0 + := J ′0 ∩ (0, 1] is a non-null set:

λ(J ′0−) > 0 or λ(J ′0 +) > 0. (4.25)

We will establish (4.24) in the case where J ′0− is non-null � the case where J ′0 + is non-
null is treated completely analogously. We consider, for every µ ∈ J ′0−, the interval
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Jµ := [−a, bµ) with bµ being the supremum of the �essential support� of ϕ( . , µ), more
precisely:

bµ := inf
{
x ∈ J :

∫ a

x
ϕ(t, µ) dt = 0

}
.

Since
∫ a
−a ϕ(t, µ) dt > 0 for µ ∈ J ′0−, it follows that bµ > −a and, in particular,

λ(Jµ) = λ([−a, bµ)) > 0 for all µ ∈ J ′0−. (4.26)

It also follows from (4.23) and (4.20) that

ψ0(x, µ) = − 1

µ

∫ a

x
e
λ
µ

(t−x)
ϕ(t, µ) dt > 0 for all µ ∈ J ′0− and x ∈ Jµ = [−a, bµ) (4.27)

Combining these two inequalities, we conclude that for every µ ∈ J ′, the function
(Bψ0)( . , µ) = (Bψ0)( . ) (constant w.r.t. µ by the de�nition of B!) does not vanish
almost everywhere. Indeed,∫

J
(Bψ0)(t) dt =

1

2

∫
J

∫
J ′
ψ0(t, µ′) dµ′ dt ≥ 1

2

∫
J ′0−

∫
Jµ′

ψ0(t, µ′) dµ′ dt > 0 (4.28)

because of (4.27), (4.26), (4.25.a). Write α and β for the in�mum and supremum of the
�essential support� of (Bψ0)( . ), that is,

α := sup
{
x ∈ J :

∫ x

−a
(Bψ0)(t) dt = 0

}
and β := inf

{
x ∈ J :

∫ a

x
(Bψ0)(t) dt = 0

}
.

It then follows from (4.23) and (4.20) that

ψ1(x, µ) = − 1

µ

∫ a

x
e
λ
µ

(t−x)
(Bψ0)(t) dt > 0 for all µ < 0 and x < β

and

ψ1(x, µ) =
1

µ

∫ x

−a
e
λ
µ

(t−x)
(Bψ0)(t) dt > 0 for all µ > 0 and x > α.

Since α < β by (4.28), we can conclude that

(Bψ1)(x, µ) = (Bψ1)(x) =
1

2

∫ 1

−1
ψ1(x, µ′) dµ′ > 0

for every x ∈ J = [−a, β) ∪ (α, a] and every µ ∈ J ′, and therefore the desired inequal-
ity (4.24) follows by (4.23) and (4.20). �

Lemma 4.1.8. As c increases, the number mc of eigenvalues of A0(c) (counted according
to multiplicity) increases monotonically to ∞. Also, domβn for every n ∈ N is an

unbounded open interval with

domβn+1 ⊂ domβn ( domβ1 = (0,∞),

c 7→ βn(c) is continuous and strictly monotonically increasing, and

βn(c) −→ 0 (c↘ inf domβn) and βn(c) −→∞ (c→∞).
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Proof. All the assertions follow from the arguments in [78] (Section 4). �

With these lemmas at hand, we can now apply the adiabatic theorem with uniform
spectral gap condtion to the operators A(t) from (4.12) and the rightmost eigenvalue
λ(t) of A(t) which is the only one to be physically signi�cant (Section 5.1 of [89]).

Theorem 4.1.9. Suppose A(t) = A0(c(t))−s(t) for every t ∈ I is as in (4.12) above and
λ(t) = β1(c(t))−s(t), where c(t), s(t) ∈ (0,∞) such that s(t) ≥ c(t) and t 7→ c(t), s(t) are
continuously di�erentiable with absolutely continuous derivatives. Suppose further that

P (t) for every t ∈ I is the projection associated with A(t) and λ(t). Then

sup
t∈I
‖Uε(t)− Vε(t)‖ = O(ε) (ε↘ 0),

where Uε and Vε are the evolution systems for 1
εA and 1

εA+ [P ′, P ] on D = D(A0).

Proof. Since s(t) ≥ c(t) for all t, the operators A(t) = A0(c(t))−s(t) generate contraction
semigroups on X by (4.15), and since t 7→ c(t), s(t) are continuously di�erentiable with
absolutely continuous derivatives, t 7→ A(t) belongs to W 2,1

∗ (I, L(Y,X)) where Y is
D(A(0)) = D(A0) endowed with the graph norm of A(0). Since, moreover, β1(c) > β2(c)
for every c ∈ (0,∞) by Lemma 4.1.7 (iii) and since β1, β2 are continuous by Lemma 4.1.8,
it follows that

inf
t∈I

β1(c(t))− β2(c(t)) > 0,

whence λ( . ) = β1(c( . ))− s( . ) at no point falls into σ(A( . ))\{λ( . )}, and that t 7→ λ(t)
is continuous. And �nally, it follows by the W 2,1

∗ -regularity of t 7→ A(t), the uniform
isolatedness of λ( . ) in σ(A( . )), and the continuity of t 7→ λ(t) that

t 7→ P (t) =
1

2πi

∫
γt

(z −A(t))−1 dz

belongs to W 2,1
∗ (I, L(X)). So, the desired conclusion follows from Theorem 4.1.2. �

If s(t) > c(t) for all t ∈ I, the conclusion of the above theorem is already trivially
satis�ed: indeed, in this case there exists, by virtue of (4.15) above, a γ > 0 such that
even A(t) + γ is a contraction semigroup generator for every t and therefore (3.21) holds
true with M = 1. If, however, s(t) = c(t) for some t ∈ I, the conclusion of the above
theorem does not seem to be already trivially satis�ed: indeed, in this case there exists,
by virtue of (4.29) below, no γ > 0 such that even A(t) + γ is a contraction semigroup
generator and therefore (3.21) does not seem to hold true for any γ > 0 and any M ≥ 1.
(I could not rigorously prove this, however: since λ(t) = β1(c(t)) − s(t) is probably
strictly less than 0 in general even for t with s(t) = c(t) and since λ(t) is the growth
bound of A(t) (Theorem VI.1.15 of [41]), it might be that even for t with s(t) = c(t)
there exist γt > 0 and Mt > 1 such that

∥∥eA(t)τ
∥∥ ≤ Mte

−γtτ for all τ ∈ [0,∞), and
therefore (3.21) cannot be ruled out a priori.) It remains to show that if s(t) = c(t),
then A(t) + γ = A0(c(t))− c(t) + γ no γ > 0 is the generator of a contraction semigroup.
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So, let γ > 0 and de�ne ϕ(x, µ) := ϕ0(x) for (x, µ) ∈ [−a, a]× [−1, 1] with an arbitrary
0 6= ϕ0 ∈ C∞c ((−a, a)). It then follows that ϕ ∈ D(A0) and Bϕ = ϕ and Re 〈ϕ,A0ϕ〉 = 0,
so that

Re 〈ϕ, (A0(c)− c+ γ)ϕ〉 = Re 〈ϕ,A0ϕ〉+ c 〈ϕ,Bϕ〉 − (c− γ) 〈ϕ,ϕ〉
= γ ‖ϕ‖2 > 0 (4.29)

and hence A0(c)− c+ γ is not dissipative, as desired.

4.2 Adiabatic theorems without spectral gap condition

After having established general adiabatic theorems with spectral gap condition in Sec-
tion 4.1, we can now prove an adiabatic theorem without spectral gap condition for
general operators A(t) with not necessarily weakly semisimple spectral values λ(t): in
Section 4.2.1 it appears in a qualitative version and in Section 4.2.2 in a quantitatively
re�ned version, and both versions are applied to the special case of spectral operators.
We thereby generalize the recent adiabatic theorems without spectral gap condition of
Avron, Fraas, Graf, Grech from [12] and of Schmid from [112], which theorems � although
independently obtained � are essentially the same (save for some regularity subtleties). In
these theorems � which so far are the only ones to cover not necessarily skew self-adjoint
operators A(t) in the case without spectral gap � the considered eigenvalues λ(t) are
required to be weakly semisimple. Since, however, the eigenvalues of general operators
are generally not weakly semisimple (Section 4.2.3) provides simple examples for this), it
is natural to ask whether one can do without the requirement of weak semisimplicity (or,
in other words, weak associatedness of order 1). And the theorems below show that one
actually can: indeed, apart from a certain spectral marginality condition on λ(t) (namely,
λ(t) + δeiϑ(t) ∈ ρ(A(t))) and a certain growth condition on the reduced resolvent of A(t)
(at the points λ(t) + δeiϑ(t)), it su�ces to require weak associatedness � which, at the
beginning of Section 3.2, has been explained to be a fairly natural assumption.

4.2.1 A qualitative adiabatic theorem without spectral gap condition

We begin with a lemma that will be crucial in the proofs of the presented adiabatic
theorems without spectral gap condition.

Lemma 4.2.1. Suppose that A : D(A) ⊂ X → X is a densely de�ned closed linear

map and that λ ∈ σ(A) and δ0 ∈ (0,∞) and ϑ0 ∈ R such that λ + δeiϑ0 ∈ ρ(A) for all

δ ∈ (0, δ0]. Suppose �nally that P is a bounded projection in X such that PA ⊂ AP and

(1− P )X ⊂ ran (A− λ)m0

for some m0 ∈ N, and that there is M0 ∈ (0,∞) such that∥∥∥(λ+ δeiϑ0 −A
)−1

(1− P )
∥∥∥ ≤ M0

δ

for all δ ∈ (0, δ0]. Then δ
(
λ+ δeiϑ0 −A

)−1
(1− P )x −→ 0 as δ ↘ 0 for all x ∈ X.
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Proof. If x ∈ ran(A − λ)m0 , then x = (λ − A)m0x0 for some x0 ∈ D(Am0) and, by the
assumed resolvent estimate,

δ
(
λ+ δeiϑ0 −A

)−1
Px = δ

(
λ+ δeiϑ0 −A

)−1
P
(
− δeiϑ0

)m0x0

+ δ

m0∑
k=1

(
m0

k

)(
λ+ δeiϑ0 −A

)k−1(− δeiϑ0)m0−kPx0 −→ 0

as δ ↘ 0, where of course P := 1−P . And if x ∈ X, then x := Px can be approximated
arbitrarily well by elements y of ran(A− λ)m0 and therefore

δ
(
λ+ δeiϑ0 −A

)−1
Px = δ

(
λ+ δeiϑ0 −A

)−1
P (x− y) + δ

(
λ+ δeiϑ0 −A

)−1
Py

can be made arbitrarily small for δ small enough by the assumed resolvent estimate and
by what has just been shown. �

With this lemma at hand, we can now prove the announced general adiabatic theo-
rem without spectral gap condition for not necessarily weakly semisimple eigenvalues.
Similarly to the works [11] of Avron and Elgart and [131] of Teufel its proof rests upon
solving a suitable approximate commutator equation. In this undertaking the insights
gained in Section 4.1, especially formula (4.6), will prove indispensable. (Alternatively,
part (i) of the theorem could also � less elegantly � be based upon a suitable iterated
partial integration argument, but part (ii) could not.)

Theorem 4.2.2. Suppose A(t) : D ⊂ X → X for every t ∈ I is a linear map such

that Condition 2.1.8 is satis�ed with ω = 0. Suppose further that λ(t) for every t ∈ I is

an eigenvalue of A(t), and that there are numbers δ0 ∈ (0,∞) and ϑ(t) ∈ R such that

λ(t) + δeiϑ(t) ∈ ρ(A(t)) for all δ ∈ (0, δ0] and t ∈ I and such that t 7→ λ(t) and t 7→ eiϑ(t)

are absolutely continuous. Suppose �nally that P (t) for every t ∈ I is a bounded projection
in X commuting with A(t) such that P (t) for almost every t ∈ I is weakly associated with

A(t) and λ(t), suppose there is an M0 ∈ (0,∞) such that∥∥∥(λ(t) + δeiϑ(t) −A(t)
)−1

(1− P (t))
∥∥∥ ≤ M0

δ

for all δ ∈ (0, δ0] and t ∈ I, let rkP (0) < ∞ and suppose that t 7→ P (t) is strongly

continuously di�erentiable.

(i) If X is arbitrary (not necessarily re�exive), then

sup
t∈I

∥∥(Uε(t)− V0 ε(t)
)
P (0)

∥∥ −→ 0 (ε↘ 0),

where Uε and V0 ε are the evolution systems for 1
εA and 1

εAP + [P ′, P ] on X for

every ε ∈ (0,∞).

(ii) If X is re�exive and t 7→ P (t) is norm continuously di�erentiable, then

sup
t∈I
‖Uε(t)− Vε(t)‖ −→ 0 (ε↘ 0),

whenever the evolution system Vε for
1
εA+[P ′, P ] exists on D for every ε ∈ (0,∞).
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Proof. We begin with some preparations which will be used in the proof of both asser-
tion (i) and assertion (ii). As a �rst preparatory step, we show that t 7→ P (t) is in
W 1,1
∗ (I, L(X,Y )) and conclude that P (t)A(t) ⊂ A(t)P (t) for every t ∈ I and that there

is an m0 ∈ N such that P (t)X ⊂ ker(A(t)−λ(t))m0 for every t ∈ I. Since P (t) for almost
every t ∈ I is weakly associated with A(t) and λ(t) and since

dimP (t)X = rkP (0)X <∞

for every t ∈ I (which equality is due to the continuity of t 7→ P (t) and Lemma VII.6.7
of [39]), there is a t-independent constant m0 ∈ N � for instance, m0 := rkP (0) � such
that P (t) is weakly associated of order m0 with A(t) and λ(t) for almost every t ∈ I. In
particular, it follows from Theorem 3.2.2 that

P (t)X ⊂ ker(A(t)− λ(t))m0 and (1− P (t))X ⊂ ran (A(t)− λ(t))m0

for almost every t ∈ I (with exceptional set N). It now follows by the binomial formula
that

P (t) = Sδ(t)
m0
(
A(t)− λ(t)− δeiϑ(t)

)m0P (t) = Sδ(t)

m0−1∑
k=0

(
m0

k

)(
− δeiϑ(t)

)m0−k·

· Sδ(t)m0−1−k (1 + δeiϑ(t)Sδ(t)
)k
P (t)

for every t ∈ I \N , where Sδ(t) := (A(t)−λ(t)−δeiϑ(t). Since both sides of this equation
depend continuously on t ∈ I, the equation holds for every t ∈ I, and since the right-hand
side belongs to W 1,1

∗ (I, L(X,Y )) by Lemma 2.1.2, we also have

(t 7→ P (t)) ∈W 1,1
∗ (I, L(X,Y )). (4.30)

With this regularity property at hand, it is now easy to see that the inclusions

P (t)A(t) ⊂ A(t)P (t) and P (t)X ⊂ ker(A(t)− λ(t))m0 (4.31)

also hold for t ∈ N (while they clearly hold for t ∈ I \N). In order to see that (4.31.a)
holds also for t ∈ N , notice that every such t is approximated by a sequence (tn) in I \N
and hence

P (tn)x −→ P (t)x,

A(t)P (tn)x = (A(t)−A(tn))P (tn)x+ P (tn)A(tn)x −→ P (t)A(t)x

for every x ∈ D(A(t)) = D by (4.30). So, (4.31.a) follows by the closedness of A(t).
(Alternatively, we could also have argued as in (4.5).) In order to see that (4.31.b) holds
also for t ∈ N , notice that dimP (t)X = rkP (0) <∞ and P (t)A(t) ⊂ A(t)P (t) for every
t ∈ I, so that P (t)X = P (t)D(A(t)) and P (t)X ⊂ D(A(t)m0) as well as

(A(t)− λ(t))m0P (t) =
(
(A(t)− λ(t))P (t)

)m0
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for every t ∈ I. So, (4.31.b) follows by (4.30).

As a second preparatory step, we solve � in accordance with the proof of the adiabatic
theorems with spectral gap condition � a suitable (approximate) commutator equation.
Inspired by (4.6), we de�ne the operators

Bn δ(t) :=

m0−1∑
k=0

( k+1∏
i=1

Rδi(t)
)
Qn(t)(λ(t)−A(t))kP (t)

+

m0−1∑
k=0

(λ(t)−A(t))kP (t)Qn(t)
( k+1∏
i=1

Rδi(t)
)

(4.32)

for n ∈ N, δ := (δ1, . . . , δm0) ∈ (0, δ0]m0 and t ∈ I, where

Rδ(t) := Rδ(t)P (t) with Rδ(t) :=
(
λ(t) + δeiϑ(t) −A(t)

)−1
and P (t) := 1− P (t)

for δ ∈ (0, δ0], and where

Qn(t) :=

∫ 1

0
j 1
n

(t− r)P ′(r) dr.

In other words, Qn is obtained from P ′ by molli�cation, whence t 7→ Qn(t) is strongly
continuously di�erentiable and Qn(t) −→ P ′(t) as n → ∞ w.r.t. the strong operator
topology for t ∈ (0, 1) and

sup{‖Qn(t)‖ : t ∈ I, n ∈ N} ≤ sup
t∈I

∥∥P ′(t)∥∥ .
We now show that the operators Bn δ(t) satisfy the approximate commutator equation

Bn δ(t)A(t)−A(t)Bn δ(t) + Cn δ(t) ⊂ [Qn(t), P (t)] (4.33)

with remainder terms Cn δ(t) that will have to be suitably controlled below. Since

(λ−A)
( k+1∏
i=1

Rδi

)
=
( ∏

1≤i≤k
Rδi

)
− δk+1e

iϑ
( k+1∏
i=1

Rδi

)
⊃
( k+1∏
i=1

Rδi

)
(λ−A)

(the t-dependence being suppressed here and in the following lines for the sake of conve-
nience), it follows that

(λ−A)Bn δ =

m0−1∑
k=0

( ∏
1≤i≤k

Rδi

)
Qn(λ−A)kP +

m0−1∑
k=0

(λ−A)k+1PQn

( k+1∏
i=1

Rδi

)
− C+

n δ

Bn δ(λ−A) ⊂
m0−1∑
k=0

( k+1∏
i=1

Rδi

)
Qn(λ−A)k+1P +

m0−1∑
k=0

(λ−A)kPQn

( ∏
1≤i≤k

Rδi

)
− C−n δ
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where we used the abbreviations

C+
n δ :=

m0−1∑
k=0

δk+1e
iϑ
( k+1∏
i=1

Rδi

)
Qn(λ−A)kP,

C−n δ :=

m0−1∑
k=0

(λ−A)kPQn δk+1e
iϑ
( k+1∏
i=1

Rδi

)
. (4.34)

Subtracting Bn δ(λ − A) from (λ − A)Bn δ and noticing that, by doing so, of all the
summands not belonging to C+

n δ, C
−
n δ only

QnP −
( m0∏
i=1

Rδi

)
Qn(λ−A)m0P + (λ−A)m0PQn

( m0∏
i=1

Rδi

)
− PQn = [Qn, P ]

remains (remember (4.31)), we see that

Bn δA−ABn δ ⊂ [Qn, P ]− C+
n δ + C−n δ

which is nothing but (4.33) if one de�nes Cn δ := C+
n δ − C

−
n δ.

As a third preparatory step we observe that t 7→ Bn δ(t) belongs to W 1,1
∗ (I, L(X,Y ))

and estimate Bn δ as well as B′n δ. Since

t 7→ (A(t)− λ(t))kP (t) =
(
(A(t)− λ(t))P (t)

)k
= P (t)

(
(A(t)− λ(t))P (t)

)k
(4.35)

is inW 1,1
∗ (I, L(X,Y )) by the �rst preparatory step the assertedW 1,1

∗ (I, L(X,Y ))-regularity
of t 7→ Bn δ(t) follows from Lemma 2.1.2. Additionally, there is a constant c such that

sup
t∈I

∥∥Bn δ(t)
∥∥ ≤ m0∑

k=1

c
( k∏
i=1

δi

)−1
(4.36)

for all δ ∈ (0, δ0]m0 by the assumed resolvent estimate and the continuity of (4.35) just
established. And since

‖Rδ(t)‖X,X ≤
m0−1∑
k=0

1

δk+1

∥∥∥(A(t)− λ(t))kP (t)
∥∥∥
X,X

+
∥∥Rδ(t)∥∥X,X ≤ c

δm0

as well as∥∥Rδ(t)∥∥X,Y ≤ ∥∥(A(t)− 1)−1
∥∥
X,Y

∥∥(A(t)− 1)Rδ(t)
∥∥
X,X
≤ c

δ

for all t ∈ I and all δ ∈ (0, δ0] (with another constant c) by the assumed resolvent
estimate and the continuity of of (4.35) just established, it follows from Lemma 2.1.2

that there is a W 1,1
∗ -derivative R

′
δ of t 7→ Rδ(t) such that∫ 1

0

∥∥R′δ(s)∥∥ ds ≤ c

δm0+1
(4.37)

142



for all δ ∈ (0, δ0] (with yet another constant c) and, hence, that there is aW 1,1
∗ -derivative

B′n δ of t 7→ Bn δ(t) such that∫ 1

0

∥∥B′n δ(s)
∥∥ ds ≤ m0∑

k=1

cn

( k∏
i=1

δi

)−(m0+1)
(4.38)

for all δ ∈ (0, δ0]m0 and some constant cn ∈ (0,∞) depending on the supremum norm
supt∈I ‖Q′n(t)‖ of the strong derivative of t 7→ Qn(t).

As a fourth and last preparatory step, we observe that for every ε ∈ (0,∞) the evolution
system V0 ε for 1

εAP + [P ′, P ] exists on X and is adiabatic w.r.t. P and satis�es the
estimate

‖V0 ε(t, s)P (s)‖ ≤MceMc(t−s) (4.39)

for all (s, t) ∈ ∆, where c is an upper bound of t 7→ ‖P (t)‖ , ‖P ′(t)‖. Indeed, t 7→ A(t)P (t)
is strongly continuous (by the �rst preparatory step) and therefore the evolution system
V0 ε for 1

εAP + [P ′, P ] exists on X and (by virtue of (4.31.a) and Proposition 3.4.1) is
adiabatic w.r.t. P for every ε ∈ (0,∞). It follows that for all x ∈ X and (s, t) ∈ ∆
the map [s, t] 3 τ 7→ Uε(t, τ)V0 ε(τ, s)P (s)x is continuous and right di�erentiable by
Lemma 2.1.3 (use the adiabaticity of V0 ε w.r.t. P and (4.31.b)) with bounded (even
continuous) right derivative

τ 7→ Uε(t, τ)
(1

ε
A(τ)P (τ)− 1

ε
A(τ) + [P ′(τ), P (τ)]

)
V0 ε(τ, s)P (s)x

= Uε(t, τ)P ′(τ)V0 ε(τ, s)P (s)x

(for the last equation, use the adiabaticity of V0 ε w.r.t. P and (3.20)). So, by Lemma 2.1.4,

V0 ε(t, s)P (s)x− Uε(t, s)P (s)x = Uε(t, τ)V0 ε(τ, s)P (s)x
∣∣τ=t

τ=s

=

∫ t

s
Uε(t, τ)P ′(τ)V0 ε(τ, s)P (s)x dτ (4.40)

for all (s, t) ∈ ∆ and x ∈ X, and this integral equation, by the Gronwall inequality, yields
the desired estimate for V0 ε(t, s)P (s).

After these preparations we can now turn to the main part of the proof where the
cases (i) and (ii) have to be treated separately. We �rst prove assertion (i). As has
already been shown in (4.40),(

V0 ε(t)− Uε(t)
)
P (0)x = Uε(t, s)V0 ε(s)P (0)x

∣∣s=t
s=0

=

∫ t

0
Uε(t, s)P

′(s)V0 ε(s)P (0)x ds

so that, by rewriting the right hand side of this equation, we obtain(
V0 ε(t)− Uε(t)

)
P (0)x =

∫ t

0
Uε(t, s) (P ′(s)−Qn(s))P (s)V0 ε(s)P (0)x ds

+

∫ t

0
Uε(t, s) [Qn(s), P (s)]V0 ε(s)P (0)x ds (4.41)
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for all t ∈ I, ε ∈ (0,∞) and x ∈ X. Since Qn(s)P (s) −→ P ′(s)P (s) for every s ∈ (0, 1)
by the strong convergence of (Qn(s)) to P ′(s) for s ∈ (0, 1) and by rkP (s) = rkP (0) <∞
for s ∈ I, it follows by (4.39) and by the dominated convergence theorem that

sup
ε∈(0,∞)

sup
t∈I

∥∥∥∥∫ t

0
Uε(t, s) (P ′(s)−Qn(s))P (s)V0 ε(s)P (0) ds

∥∥∥∥ −→ 0 (4.42)

as n→∞. In view of (4.41) we therefore have to show that for each �xed n ∈ N

sup
t∈I

∥∥∥∥∫ t

0
Uε(t, s) [Qn(s), P (s)]V0 ε(s)P (0) ds

∥∥∥∥ −→ 0 (4.43)

as ε ↘ 0. So let n ∈ N be �xed for the rest of the proof. Since s 7→ Bn δ(s) is
in W 1,1

∗ (I, L(X,Y )) by the third preparatory step and since [0, t] 3 s 7→ Uε(t, s)|Y ∈
L(Y,X) as well as s 7→ V0 ε(s) ∈ L(X) are continuously di�erentiable w.r.t. the respective
strong operator topologies, Lemma 2.1.2 yields that

[0, t] 3 s 7→ Uε(t, s)Bn δ(s)V0 ε(s)P (0)x

is the continuous representative of an element of W 1,1([0, t], X) for every x ∈ X. With
the help of the approximate commutator equation (4.33) of the second preparatory step,
we therefore see that∫ t

0
Uε(t, s) [Qn(s), P (s)]V0 ε(s)P (0)x ds = ε

∫ t

0
Uε(t, s)

(
− 1

ε
A(s)Bn δ(s)

+ Bn δ(s)
1

ε
A(s)

)
V0 ε(s)P (0)x ds +

∫ t

0
Uε(t, s)C

+
n δ(s)V0 ε(s)P (0)x ds

= εUε(t, s)Bn δ(s)V0 ε(s)P (0)x
∣∣∣s=t
s=0
− ε

∫ t

0
Uε(t, s)

(
B′n δ(s) +Bn δ(s)[P ′(s), P (s)]

)
V0 ε(s)P (0)x ds+

∫ t

0
Uε(t, s)C

+
n δ(s)V0 ε(s)P (0)x ds (4.44)

for all t ∈ I, ε ∈ (0,∞), x ∈ X and δ ∈ (0, δ0]m0 . We now want to �nd functions
ε 7→ δ1 ε, . . . , δm0 ε de�ned on a small interval (0, δ′0] and converging to 0 as ε ↘ 0
in such a way that, if they are inserted in the right hand side of (4.44), the desired
convergence (4.43) follows. In view of the estimates (4.36), (4.38) and∫ 1

0

∥∥C+
n δ(s)

∥∥ ds ≤ m0∑
k=1

c
( ∏

1≤i<k
δi

)−1
∫ 1

0

∥∥δkRδk(s)Qn(s)P (s)
∥∥ ds, (4.45)

we would like the functions ε 7→ δi ε to converge to 0 so slowly that

ε
( k∏
i=1

δi ε

)−(m0+1)
−→ 0 (ε↘ 0) (4.46)

( ∏
1≤i<k

δi ε

)−1
∫ 1

0

∥∥δk εRδk ε(s)Qn(s)P (s)
∥∥ ds −→ 0 (ε↘ 0) (4.47)
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for all k ∈ {1, . . . ,m0}. Since

η+
n (δ) :=

∫ 1

0

∥∥δRδ(s)Qn(s)P (s)
∥∥ ds −→ 0 (δ ↘ 0) (4.48)

by Lemma 4.2.1, by rkP (s) = rkP (0) <∞ and by the dominated convergence theorem,
such functions ε 7→ δi ε really can be found. Indeed, de�ne recursively

δm0 ε := ε
1

(m0+1)2 and δm0−l ε := max
{(( ∏

m0−l+1≤i<k
δi ε

)−1
η+
n (δk ε)

) 1
2

:

k ∈ {m0 − l + 1, . . . ,m0}
}
∪
{
ε

1
(m0+1)2

}
for l ∈ {1, . . . ,m0−1}. With the help of (4.48) it then successively follows, by proceeding
from larger to smaller indices i, that δi ε −→ 0 as ε↘ 0 for all i ∈ {1, . . . ,m0} (so that,
in particular, δi ε ∈ (0, δ0] for small enough ε whence the expressions η+

n (δi ε) used in the
recursive de�nition make sense for small ε in the �rst place) and that (4.46) and (4.47)
are satis�ed. Assertion (i) now follows from (4.41), (4.42), (4.44) by virtue of (4.36),
(4.38), (4.45) and (4.39)

We now prove assertion (ii) and, for that purpose, additionally assume that X is
re�exive and t 7→ P (t) is norm continuously di�erentiable. Analogously to (4.41) we
obtain (

Vε(t)− Uε(t)
)
x =

∫ t

0
Uε(t, s) [P ′(s)−Qn(s), P (s)]Vε(s)x ds

+

∫ t

0
Uε(t, s) [Qn(s), P (s)]Vε(s)x ds (4.49)

for all t ∈ I, ε ∈ (0,∞) and x ∈ D(A(0)) = D. Since Qn(s) −→ P ′(s) for every s ∈ (0, 1)
by the additionally assumed norm continuous di�erentiability of t 7→ P (t), it follows by
Proposition 2.1.13 and by the dominated convergence theorem that

sup
ε∈(0,∞)

sup
t∈I

∥∥∥∥∫ t

0
Uε(t, s) [P ′(s)−Qn(s), P (s)]Vε(s) ds

∥∥∥∥ −→ 0 (4.50)

as n→∞. In view of (4.49) we therefore have to show that for each �xed n ∈ N

sup
t∈I

∥∥∥∥∫ t

0
Uε(t, s) [Qn(s), P (s)]Vε(s) ds

∥∥∥∥ −→ 0 (4.51)

as ε↘ 0. So let n ∈ N be �xed for the rest of the proof. Again completely analogously
to the proof of (i) it follows that

[0, t] 3 s 7→ Uε(t, s)Bn δ(s)Vε(s)x
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is the continuous representative of an element of W 1,1([0, t], X) for every x ∈ D(A(0)) =
D. With the help of the approximate commutator equation (4.33) of the second prepara-
tory step, we therefore see that∫ t

0
Uε(t, s) [Qn(s), P (s)]Vε(s)x ds =

1

ε

∫ t

0
Uε(t, s)

(
− 1

ε
A(s)Bn δ(s)

+ Bn δ(s)
1

ε
A(s)

)
Vε(s)x ds +

∫ t

0
Uε(t, s)Cn δ(s)Vε(s)x ds

= εUε(t, s)Bn δ(s)Vε(s)x
∣∣∣s=t
s=0
− ε

∫ t

0
Uε(t, s)

(
B′n δ(s) +Bn δ(s)[P ′(s), P (s)]

)
Vε(s)x ds+

∫ t

0
Uε(t, s)Cn δ(s)Vε(s)x ds (4.52)

for all t ∈ I, ε ∈ (0,∞), x ∈ D(A(0)) = D and δ ∈ (0, δ0]m0 . In view of the estimates
(4.36), (4.38), (4.45) and∫ 1

0

∥∥C−n δ(s)
∥∥ ds ≤ m0∑

k=1

c
( ∏

1≤i<k
δi

)−1
∫ 1

0

∥∥P (s)Qn(s)δkRδk(s)
∥∥ ds, (4.53)

we would now like to �nd functions ε 7→ δ1 ε, . . . , δm0 ε de�ned on a small interval (0, δ′0]
and converging to 0 as ε↘ 0 so slowly that (4.46), (4.47) and( ∏

1≤i<k
δi ε

)−1
∫ 1

0

∥∥P (s)Qn(s)δk εRδk ε(s)
∥∥ ds −→ 0 (ε↘ 0) (4.54)

are satis�ed for all k ∈ {1, . . . ,m0}. Why is it possible to �nd such functions ε 7→ δi ε?
In essence, this is because of (4.48) and because

η−n (δ) :=

∫ 1

0

∥∥P (s)Qn(s)δRδ(s)
∥∥ ds −→ 0 (δ ↘ 0), (4.55)

which last convergence can be seen as follows: by virtue of Proposition 3.2.4, which
applies by the additionally assumed re�exivity of X, P (s)∗ is weakly associated of order
m0 with A(s)∗ and λ(s) for almost every s ∈ I, and therefore Lemma 4.2.1 together with
rkP (s)∗ = rkP (s) <∞ yields the convergence∥∥P (s)Qn(s)δRδ(s)

∥∥ =
∥∥δRδ(s)∗Qn(s)∗P (s)∗

∥∥ −→ 0 (δ ↘ 0)

for almost every s ∈ I, from which (4.55) follows by the dominated convergence theorem.
We now recursively de�ne

δm0 ε := ε
1

(m0+1)2 and δm0−l ε := max
{(( ∏

m0−l+1≤i<k
δi ε

)−1
η+
n (δk ε)

) 1
2
,

(( ∏
m0−l+1≤i<k

δi ε

)−1
η−n (δk ε)

) 1
2

: k ∈ {m0 − l + 1, . . . ,m0}
}
∪
{
ε

1
(m0+1)2

}
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for l ∈ {1, . . . ,m0−1}. With the help of (4.48) and (4.55) it then successively follows, by
proceeding from larger to smaller indices i, that δi ε −→ 0 as ε↘ 0 for all i ∈ {1, . . . ,m0}
and that (4.46), (4.47) and (4.54) are satis�ed. Assertion (ii) now follows from (4.49),
(4.50), (4.52) by virtue of (4.36), (4.38), (4.45), (4.53) and Proposition 2.1.13. �

Some remarks, which in particular clarify the relation of the above theorem with the
adiabatic theorem without spectral gap condition from [12] and [112], are in order.

1. Clearly, the adiabatic theorem above generalizes the adiabatic theorems without
spectral gap condition from [12] (Theorem 11) and [112] (Theorem 6.4) which cover
the less general case of weakly semisimple eigenvalues λ(t) of (not necessarily skew self-
adjoint) operators A(t) : D ⊂ X → X under less general regularity conditions. See
Section 4.2.3 for simple examples where the previously known adiabatic theorems cannot
be applied � and which show, moreover, that the adiabatic theorem above is by no
means con�ned to spectral operators. In the special case where the eigenvalues λ(t) from
the above theorem lie on the imaginary axis iR for every t ∈ I, these eigenvalues are
automatically weakly semisimple by the (M, 0)-stability hypothesis of the theorem and
by the weak associatedness hypothesis. (Argue as in the second remark at the beginning
of Section 4.1.3 to obtain that P (t) is weakly associated of order 1 with A(t) and λ(t)
for almost every t.) And so, the above adiabatic theorem � in the special case of purely
imaginary eigenvalues � essentially reduces to the adiabatic theorems without spectral
gap condition from [12] and [112]. A general adiabatic theory without spectral gap
condition, however, should be able to cover more than just this special case, of course.

2. It can be seen from the proof of the above theorem: if the �nite rank hypothesis on
P (0) is the only one to be violated, one still has the strong convergence

sup
t∈I

∥∥(Uε(t)− V0 ε(t)
)
P (0)x

∥∥ −→ 0 (ε↘ 0) for every x ∈ X, (4.56)

provided P (t) is even weakly associated of order 1 with A(t) and λ(t) for almost every
t ∈ I. (In order to see this, notice that, under this extra condition, the inclusion P (t)X ⊂
ker(A(t)−λ(t)) holds for every t ∈ I by a closedness argument similar to the one in (4.5)
and the ε-dependence of V0 ε(s)P (0) is solely contained in a scalar factor,

V0 ε(s)P (0) = e
1
ε

∫ s
0 λ(τ) dτ W (s)P (0) (s ∈ I),

where W denotes the evolution system for [P ′, P ].) See [12] (Theorem 11).

3. It can also be seen from the proof of the theorem above that one would obtain the
same conclusion if � instead of requiring the weak associatedness of P (t) with A(t) and
λ(t) for almost every t ∈ I � one only required the relations

P (t)X ⊂ ker(A(t)− λ(t))m0 and (1− P (t))X ⊂ ran (A(t)− λ(t))m0 (4.57)

P (t)A(t) ⊂ A(t)P (t) (4.58)

for almost every t ∈ I and some m0 ∈ N. We point out, however, that one would
nevertheless not obtain a truly more general theorem by thus modifying the hypotheses,
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because the projections P (t) would then still be weakly associated with A(t) and λ(t) for
almost every t ∈ I. (In order to see this, notice that, for every t ∈ I where (4.57)
and (4.58) are satis�ed, (1 − P (t)) ker(A(t) − λ(t))m0 = 0 by Lemma 4.2.1 and an
expansion similar to (4.7) and that P (t) ran(A(t)− λ(t))m0 = 0 so that P (t) ran (A(t)−
λ(t))m0 = 0 as well. And then apply the �rst remark after Theorem 3.2.2.)

4. As in the case with spectral gap, the adiabatic theorem without spectral gap
condition above can � along with the approximate commutator equation method used
in its proof � be extended to several eigenvalues λ1(t), . . . , λr(t): if A, λj , Pj for every
j ∈ {1, . . . , r} satisfy the hypotheses of part (ii) of the above adiabatic theorem and
if λj( . ) and λl( . ) for all j 6= l fall into each other at only countably many points
accumulating at only �nitely many points, then the evolution system Vε for

1
εA+K with

K as in (4.8) is adiabatic w.r.t. all the Pj and well approximates the evolution system
Uε for

1
εA in the sense that

sup
t∈I
‖Uε(t)− Vε(t)‖ −→ 0 (ε↘ 0),

provided Vε exists on D. In order to see this (in the technically simpler case where the
t 7→ Pj(t) are twice strongly continuously di�erentiable), one sets Bδ(t) := 1

2

∑r+1
j=1 Bj δ(t)

where

Bj δ :=

m0−1∑
k=0

( k+1∏
i=1

Rj δi

)
P ′jPj(λj −A)k +

m0−1∑
k=0

(λj −A)kPjP
′
j

( k+1∏
i=1

Rj δi

)
(j ∈ {1, . . . , r})

with Rj δ := (λj + δeiϑj −A)−1(1− Pj) and where

Br+1 δ :=

r∑
j=1

Bj δ +
∑
j 6=l

Bj l,

Bj l :=

m0−1∑
i,k=0

(
k + i

i

)
(−1)i

(λl − λj)k+i+1

(
(A− λj)kPjP ′jPl(A− λl)i

+(A− λl)iPlP ′jPj(A− λj)k
)

and then one shows that the approximate commutator equation Bδ(t)A(t)−A(t)Bδ(t) ⊂
K(t)− Cδ(t) with Cδ(t) :=

∑r
j=1Cj δ(t) and

Cj δ :=

m0−1∑
k=0

δk+1e
iϑj
( k+1∏
i=1

Rj δi

)
P ′jPj(λj −A)k −

m0−1∑
k=0

(λj −A)kPjP
′
j δk+1e

iϑj
( k+1∏
i=1

Rj δi

)
is satis�ed for all points t where Pj(t) is weakly associated with A(t), λj(t) for every
j ∈ {1, . . . , r} and where no crossing between two curves λj( . ) and λl( . ) takes place. In
order to do so, one veri�es that for all such t and all j 6= l

Bj l(t)A(t)−A(t)Bj l(t) ⊂ Pj(t)P ′j(t)Pl(t)− Pl(t)P ′j(t)Pj(t) = [P ′j(t), Pl(t)] (4.59)
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and notices that [P ′r+1, Pr+1] = [P ′, P ] (for the second equality in (4.59), use that

Pj(t)Pl(t) = 0 = Pl(t)Pj(t)

which by the third remark after Theorem 3.2.2 follows from the weak associatedness of
Pj(t), Pl(t) with A(t) and λj(t) resp. λl(t) and from λj(t) 6= λl(t)). At �rst glance, the
de�ning formula for Br+1 δ might seem a bit mysterious, but in fact it can be guessed,
just like the formulas for B1 δ, . . . , Br δ, from the case with spectral gap: indeed, one
obtains

Br+1 = Br+1 δ

∣∣
δ=0

by rewriting the formula for Br+1 from (4.9) with the help of Cauchy's theorem � in the
special case of singletons σj(t) = {λj(t)} consisting of poles of ( . − A(t))−1 of order at
most m0.

We close this section with a corollary tailored to the special situation of spectral
operators. In this situation there are relatively simple and convenient criteria for the
assumptions � in particular, the reduced resolvent estimate � of the above adiabatic
theorem to be satis�ed.

Corollary 4.2.3. Suppose A(t) : D ⊂ X → X for every t ∈ I is a spectral operator

with spectral measure PA(t) such that Condition 2.1.8 is satis�ed with ω = 0 and such

that supt∈I supE∈BC
∥∥PA(t)(E)

∥∥ < ∞. Suppose further that λ(t) for every t ∈ I is an

eigenvalue of A(t) such that the open sector

λ(t) + δ0 S(ϑ(t)−ϑ0,ϑ(t)+ϑ0) :=
{
λ(t) + δeiϑ : δ ∈ (0, δ0), ϑ ∈ (ϑ(t)− ϑ0, ϑ(t) + ϑ0)

}
of radius δ0 ∈ (0,∞) and angle 2ϑ0 ∈ (0, π) for every t ∈ I is contained in ρ(A(t)) and

such that rkPA(t)({λ(t)}) <∞ for almost every t ∈ I and t 7→ λ(t), eiϑ(t) are absolutely

continuous. Suppose �nally that A(t)|PA(t)(σ(t))D for every t ∈ I is of scalar type for some

punctured neighborhood

σ(t) := σ(A(t)) ∩ U r0(λ(t)) \ {λ(t)}

of λ(t) in σ(A(t)) of radius r0 ∈ (0,∞)∪{∞} and that t 7→ PA(t)({λ(t)}) coincides almost

everywhere with a strongly continuously di�erentiable map t 7→ P (t) and t 7→ PA(t)(τ(t))
is continuous, where τ(t) := σ(A(t)) \ (σ(t) ∪ {λ(t)}). Then the conclusions (i) and (ii)

of the preceding adiabatic theorem hold true.

Proof. We �rst observe that PA(t)({λ(t)}) is weakly associated with A(t) and λ(t) for
every t ∈ I where rkPA(t)({λ(t)}) < ∞ by Proposition 3.2.3 and therefore P (t) is
weakly associated with A(t) and λ(t) for almost every t ∈ I. Also, rkP (0) = rkP (t) =
rkPA(t)({λ(t)}) < ∞ for almost every t ∈ I by the continuity of t 7→ P (t). We now
verify the (reduced) resolvent estimate from the theorem above by showing that∥∥∥(λ(t) + δeiϑ(t) −A(t)

)−1
PA(t)(σ(t))

∥∥∥ ≤ M0 1

δ
(4.60)∥∥∥(λ(t) + δeiϑ(t) −A(t)

)−1
PA(t)(τ(t))

∥∥∥ ≤M0 2 (4.61)
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for every t ∈ I and δ ∈ (0, δ′0]. Without loss of generality we may assume that λ(t) 6= 0
for all t ∈ I (because otherwise we can choose c ∈ iR such that λ(t) + c 6= 0 for all t and
consider the shifted data Ac(t) := A(t) + c, λc(t) := λ(t) + c and Pc(t) := P (t)). In order
to see (4.60) notice that(

λ(t) + δeiϑ(t) −A(t)
)−1

PA(t)(σ(t)) =
(
λ(t) + δeiϑ(t) −Aσ(t)

)−1
Pσ(t)

where Aσ(t) := A(t)|PA(t)(σ(t))D and Pσ(t) := PA(t)(σ(t)), and that, by the scalar type
spectrality of Aσ(t) and Theorem XVIII.2.11 of [39],∣∣〈x∗, (λ(t) + δeiϑ(t) −Aσ(t)

)−1
Pσ(t)x〉

∣∣ ≤ ∫
σ(Aσ(t))

1

|λ(t) + δeiϑ(t) − z|
d
∣∣PAσ(t)
x∗,Pσ(t)x

∣∣(z)
≤ 1

dist(λ(t) + δeiϑ(t), σ(A(t)))

∣∣PAσ(t)
x∗,Pσ(t)x

∣∣(C) (4.62)

where |PAσ(t)
y∗,y | denotes the total variation of the complex measure E 7→ P

Aσ(t)
y∗,y (E) :=〈

y∗, PAσ(t)(E)y
〉
for y ∈ Pσ(t)X, y∗ ∈ (Pσ(t)X)∗. Since, by PAσ(t)(E) = PA(t)(E)|Pσ(t)X

and Lemma III.1.5 of [39],∣∣PAσ(t)
x∗,Pσ(t)x

∣∣(C) ≤ 4 sup
E∈BC

∣∣〈x∗, PA(t)(E ∩ σ(t))x〉
∣∣ ≤ 4M ′ ‖x∗‖ ‖x‖

for every t ∈ I (where M ′ := supt∈I supE∈BC
∥∥PA(t)(E)

∥∥ < ∞) and since, by the sector
condition,

dist
(
λ(t) + δeiϑ(t), σ(A(t))

)
≥ (sinϑ0) δ

for every t ∈ I and δ ∈ (0, δ′0] (where δ′0 is chosen small enough), the desired esti-
mate (4.60) follows from (4.62). In order to see (4.71) notice that, by λ(t) 6= 0 for
t ∈ I,

λ(t) + δeiϑ(t) /∈ σ(Ãτ (t)) ⊂ τ(t) ∪ {0} ⊂ C \ U r0(λ(t)) ∪ {0}

for every t ∈ I and δ ∈ [0, δ′0] (where δ′0 is chosen small enough), and that(
λ(t) + δeiϑ(t) −A(t)

)−1
PA(t)(τ(t)) =

(
λ(t) + δeiϑ(t) − Ãτ (t)

)−1
Pτ (t),

where Ãτ (t) := A(t)PA(t)(τ(t)) and Pτ (t) := PA(t)(τ(t)). (Also notice that in the case
r0 = ∞ there is nothing to show because then τ(t) = ∅ for every t ∈ I.) We now show
that t 7→ Ãτ (t) is continuous in the generalized sense. Since, for every �xed z ∈ C with
Re z > 0,

(z − Ãτ (t))−1 =
(
z −A(t)Pτ (t)

)−1
Pτ (t) +

(
z −A(t)Pτ (t)

)−1
(1− Pτ (t))

= (z −A(t))−1Pτ (t) +
1

z
(1− Pτ (t)) (4.63)
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and since (1− Pτ (t))X = PA(t)(σ(t) ∪ {λ(t)})X ⊂ D(A(t)) = D by the boundedness of
σ(t) ∪ {λ(t)} = U r0(λ(t)) ∩ σ(A(t)), we obtain (z − Ãτ (t0))−1X ⊂ D ⊂ D(Ãτ (t)) and
therefore

(z − Ãτ (t))−1 − (z − Ãτ (t0))−1 = (z − Ãτ (t))−1
(
Ãτ (t)− Ãτ (t0)

)
(z − Ãτ (t0))−1 (4.64)

for every t, t0 ∈ I. Since

Ãτ (t)(z − Ãτ (t0))−1 = Pτ (t)A(t)(z − Ãτ (t0))−1 −→ Pτ (t0)A(t0)(z − Ãτ (t0))−1

= Ãτ (t0)(z − Ãτ (t0))−1 (t→ t0)

by the assumed continuity of t 7→ Pτ (t) and the W 1,1
∗ -regularity of t 7→ A(t), and since

supt∈I ‖(z− Ãτ (t))−1‖ <∞ by (4.63) and the (M, 0)-stability of A, it follows from (4.64)
that t 7→ (z − Ãτ (t))−1 is continuous and therefore t 7→ Ãτ (t) is continuous in the
generalized sense (Theorem IV.2.25 of [67]). In particular, I × [0, δ′0] 3 (t, δ) 7→

(
λ(t) +

δeiϑ(t) − Ãτ (t)
)−1

is continuous by Theorem IV.3.15 of [67], hence bounded, and the
desired estimate (4.71) follows. Combining now (4.60) and (4.61) we obtain the desired
(reduced) resolvent estimate∥∥∥(λ(t) + δeiϑ(t) −A(t)

)−1
(1− P (t))

∥∥∥ ≤ M0

δ

from the theorem above, because 1−P (t) = 1−PA(t)({λ(t)}) = PA(t)(σ(t))+PA(t)(τ(t))
for almost every t ∈ I and because the left hand side of the (reduced) resolvent estimate
for �xed δ is continuous in t. �

4.2.2 A quantitative adiabatic theorem without spectral gap condition

As a supplement to the qualitative adiabatic theorem above (Theorem 4.2.2), we note
the following quantitative re�nement. It implies that, if in the situation of the above
theorem the maps t 7→ A(t), λ(t), eiϑ(t) and t 7→ P (t) are even W 1,∞

∗ - or W 2,∞
∗ -regular

respectively, then the rate of convergence (Lemma 4.2.1!) of the integrals

η+(δ) :=

∫ 1

0

∥∥∥δ(λ(s) + δeiϑ(s) −A(s)
)−1

P ′(s)P (s)
∥∥∥ ds,

η−(δ) :=

∫ 1

0

∥∥∥P (s)P ′(s)δ
(
λ(s) + δeiϑ(s) −A(s)

)−1
∥∥∥ ds (4.65)

yields a simple upper bound on the rate of convergence of supt∈I ‖Uε(t)− Vε(t)‖ which
we are interested in here. See [131] for an analogous result in the case of skew self-adjoint
operators A(t).

Theorem 4.2.4. Suppose that A(t), λ(t), P (t) are as in Theorem 4.2.2 with X not

necessarily re�exive and that t 7→ A(t) is even in W 1,∞
∗ (I, L(Y,X)), t 7→ λ(t), eiϑ(t) are

even Lipschitz and t 7→ P (t) is even in W 2,∞
∗ (I, L(X)). Suppose further that η : (0, δ0] ⊂

(0, 1]→ (0,∞) is a function such that η(δ) −→ 0 as δ ↘ 0 and

η(δ) ≥ δ as well as η±(δ) ≤ η(δ)
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for all δ ∈ (0, δ0] with η± as above. Then there is a constant c such that

sup
t∈I
‖Uε(t)− Vε(t)‖ ≤ c η̃m0

(
ε2/(m0(m0+1))

)
= c (η̃ ◦ · · · ◦ η̃)

(
ε2/(m0(m0+1))

)
for ε su�ciently small, where η̃(δ) := η(δ

1
2 ).

Proof. We proceed as in the proof of the qualitative adiabatic theorem above, but now
replace Qn and Q′n at any occurrence by P ′ and P ′′. We can then conclude from (4.49)
and (4.52) (with the replacements just mentioned) that there is a constant c′ such that

sup
t∈I
‖Uε(t)− Vε(t)‖ ≤ c′

( m0∑
k=1

ε
( k∏
j=1

δj

)−1
+

m0∑
k=1

ε
(
δm0+1
k

∏
j 6=k

δj

)−1
η(δk)

+

m0∑
k=1

( ∏
1≤j<k

δj

)−1
η(δk)

)
(4.66)

for all δ1, . . . , δm0 ∈ (0, δ0] and ε ∈ (0,∞). In this estimate the �rst, second, and third
sum correspond to the Bδ-, B

′
δ-, Cδ-terms in (4.52), respectively. See (4.36) and (4.45),

(4.53) for the estimation of the Bδ-terms and Cδ-terms. In order obtain the upper
bound for the B′δ-terms, re�ne the estimate (4.38) on

∫ 1
0 ‖B

′
δ(s)‖ ds from the proof of

the previous theorem by using the fact that

ess-sup
s∈I

∥∥(A′(s)− λ′(s)− δ r′(s))(A(s)− 1)−1
∥∥ ≤ c <∞, (4.67)

where the additional assumption that t 7→ A(t) and t 7→ λ(t), r(t) := eiϑ(t) be even
W 1,∞
∗ -regular enters. It follows from this that the integral (from 0 to 1) of the critical

terms in B′δ, namely

Rδ1(s) · · ·Rδl(s)
(
A′ − λ′ − δl r′

)
(s)Rδl(s) · · ·Rδk(s)P ′(s)P (s), (4.68)

P (s)P ′(s)Rδ1(s) · · ·Rδl(s)(A
′ − λ′ − δl r′)(s)Rδl(s) · · ·Rδk(s), (4.69)

can be estimated by (δm0+1
l

∏
j 6=l δj)

−1η(δl) for all l ∈ {1, . . . , k}, as desired. (In order
to see this, insert in both of the above products (4.68) and (4.69) the identity operators
(A(s)− 1)−1(A(s)− 1) behind (A′ − λ′ − δl r′)(s), commute (A(s)− 1)Rδl(s) directly in
front of P ′(s)P (s) and Rδl(s) directly behind P (s)P ′(s) respectively, and then use (4.67)
together with the fact that∫ 1

0

∥∥(A(s)− 1)Rδ(s)P
′(s)P (s)

∥∥ ds, ∫ 1

0

∥∥P (s)P ′(s)Rδ(s)
∥∥ ds ≤ c η(δ)

δ

and that sups∈I ‖Rδ(s)‖ , sups∈I ‖(A(s)− 1)Rδ(s)‖ ≤ c
δm0 for all su�ciently small δ ∈

(0, δ0].) We now recursively de�ne

δm0 ε := ε
1

m0(m0+1) and δm0−k ε :=
(
η(δm0−k+1 ε)

) 1
2
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for ε so small that δm0−k+1 ε lies in (0, δ0] and for k ∈ {1, . . . ,m0−1}. (It should be noticed
that δm0−k+1 ε −→ 0 as ε↘ 0 because η(δ) −→ 0 and that δm0−k+1 ε therefore really lies
in the domain (0, δ0] of η for su�ciently small ε.) Since η(δ1 ε) = η̃m0(ε2/(m0(m0+1))) and

1
δk−1 ε

η(δk ε) = δk−1 ε ≤ η(δk−1 ε) for k ∈ {2, . . . ,m0}, it follows by induction that

( ∏
1≤j<k

δj ε

)−1
η(δk ε) ≤ η̃m0

(
ε2/(m0(m0+1))

)
(4.70)

and, in particular, η(δk ε) ≤ η̃m0
(
ε2/(m0(m0+1))

)
for all k ∈ {1, . . . ,m0} and su�ciently

small ε. Since δm0 ε ≤ δm0−k+1 ε ≤ δm0−k ε for k ∈ {1, . . . ,m0− 1} and small ε, it further
follows that

ε
( k∏
j=1

δj ε

)−1
≤ ε
(
δm0+1
k ε

∏
j 6=k

δj ε

)−1
η(δk ε) ≤ ε

( m0∏
j=1

δm0 ε

)−(m0+1)
η̃m0

(
ε2/(m0(m0+1))

)
= η̃m0

(
ε2/(m0(m0+1))

)
(4.71)

for all k ∈ {1, . . . ,m0} and su�ciently small ε. Combining (4.66), (4.70) and (4.71) we
�nally obtain the assertion. �

1. Clearly, a function η as described in the above theorem exists under the hypotheses
of the qualitative adiabatic theorem (Theorem 4.2.2) with X re�exive and t 7→ A(t) in
W 1,∞
∗ (I, L(Y,X)) and t 7→ λ(t), eiϑ(t) Lipschitz continuous. In fact, one has only to de�ne

η(δ) := max{η+(δ), η−(δ), δ} with η± as in (4.65) and to remember that η(δ) −→ 0 as
δ ↘ 0 by (4.48) and (4.55).

2. An inspection of the proof above � or, more precisely, of the arguments leading
to (4.66) � shows that one obtains the same conclusion if one drops the �nite rank
hypothesis on P (0) and, at the same time, replaces the hypothesis that P (t) be weakly
associated with A(t) and λ(t) for almost every t ∈ I by the condition that there exist an
m0 ∈ N such that

P (t)A(t) ⊂ A(t)P (t) and P (t)X ⊂ ker(A(t)− λ(t))m0

for every t ∈ I (while leaving all other hypotheses of the above theorem unchanged).

We now specialize to the case of spectral operators A(t) of scalar type and note the
following quantitative adiabatic theorem tailored to scalar type spectral operators A(t)
whose spectral measures PA(t) are Hölder continuous in t around λ(t) in some sense
(which, in particular, means that in a punctured neighborhood of λ(t) there is no more
eigenvalue of A(t)). It generalizes a result for skew self-adjoint A(t) of Avron and Elgart
(Corollary 1 in [11]) and a re�nement of it due to Teufel (Remark 1 in [131]) and slightly
improves the rates of convergence given there.

Corollary 4.2.5. Suppose A(t) : D ⊂ X → X for every t ∈ I is a spectral operator of

scalar type (with spectral measure PA(t)) such that Condition 2.1.8 is satis�ed with ω = 0
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and such that supt∈I supE∈BC
∥∥PA(t)(E)

∥∥ <∞. Suppose further that λ(t) for every t ∈ I
is an eigenvalue of A(t) such that the open sector

λ(t) + δ0 S(ϑ(t)−ϑ0,ϑ(t)+ϑ0) :=
{
λ(t) + δeiϑ : δ ∈ (0, δ0), ϑ ∈ (ϑ(t)− ϑ0, ϑ(t) + ϑ0)

}
of radius δ0 ∈ (0,∞) and angle 2ϑ0 ∈ (0, π) for every t ∈ I is contained in ρ(A(t)) and

such that t 7→ λ(t), eiϑ(t) are absolutely continuous. Suppose �nally that P (t) for every

t ∈ I is a bounded projection in X such that P (t) = PA(t)({λ(t)}) for almost every t ∈ I
and t 7→ P (t) is in W 2,1

∗ (I, L(X)), and suppose that PA(t) is Hölder continuous locally

around λ(t) with exponent α ∈ (0, 1] uniformly in t ∈ I in the following sense: there is a

constant c0 ∈ (0,∞) such that∥∥PA(t)(E)x
∥∥ ≤ c0 λ(E)

α
2 ‖x‖

for all x ∈ X and for all t ∈ I and E ∈ BC that are contained in the punctured neighbor-

hood Ur0(λ(t)) \ {λ(t)} of λ(t) (with r0 independent of t). Then there exists a constant

c ∈ (0,∞) such that

sup
t∈I
‖Uε(t)− Vε(t)‖ ≤ c ε

α
2(1+α)

for small enough ε ∈ (0,∞), where Vε denotes the evolution system for 1
εA+ [P ′, P ].

Proof. We �rst show that there exists a function η : (0, δ′0]→ (0,∞) such that η(δ) −→ 0
as δ ↘ 0 and

η(δ) ≥ δ and
∥∥δRδ(t)∥∥ =

∥∥∥δ(λ(t) + δeiϑ(t) −A(t)
)−1

(1− P (t))
∥∥∥ ≤ η(δ) (4.72)

for all δ ∈ (0, δ′0] and t ∈ I (with a suitable δ′0). In fact, it is su�cient to prove (4.72) for
all t in the set I \N of those t where P (t) = PA(t)({λ(t)}), because this set I \N is dense
in I by assumption and because the left-hand side of the second inequality in (4.72) is
continuous in t by assumption. We observe that for every t ∈ I \N∣∣ 〈x∗, δRδ(t)x〉 ∣∣ ≤ ∫

σ(A(t))\{λ(t)}

δ

|λ(t) + δeiϑ(t) − z|
d
∣∣PA(t)
x∗,x

∣∣(z),
where

∣∣PA(t)
x∗,x

∣∣ denotes the total variation of E 7→ P
A(t)
x∗,x (E) :=

〈
x∗, PA(t)(E)x

〉
(use the

scalar type spectrality of A(t) and Theorem XVIII.2.11 of [39]). We then divide the
punctured spectrum σ(A(t)) \ {λ(t)} into the parts

σ1 rδ(t) := σ(A(t)) ∩ Urδ(λ(t)) \ {λ(t)} and σ2 rδ(t) := σ(A(t)) ∩ C \ Urδ(λ(t))

of those spectral values that are close to λ(t) resp. far from λ(t), where rδ := δγ and
γ ∈ (0, 1) will be chosen in (4.74) below. Since, by Lemma III.1.5 of [39],∣∣PA(t)

x∗,x

∣∣(E) ≤ 4 sup
F∈BE

∣∣〈x∗, PA(t)(F )PA(t)(E)x〉
∣∣ ≤ 4M ′ ‖x∗‖

∥∥PA(t)(E)x
∥∥
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for every t ∈ I and E ∈ BC (where M ′ := supt∈I supF∈BC
∥∥PA(t)(F )

∥∥ < ∞) and since,
by the assumed sector condition,

dist
(
λ(t) + δeiϑ(t), σ(A(t))

)
≥ (sinϑ0) δ

for every t ∈ I and δ ∈ (0, δ′0] (where δ′0 is chosen small enough), there are positive
constants c1, c2 such that∫

σ1 rδ (t)

δ

|λ(t) + δeiϑ(t) − z|
d
∣∣PA(t)
x∗,x

∣∣(z) ≤ 1

sinϑ0

∣∣PA(t)
x∗,x

∣∣(U̇rδ(λ(t))
)
≤ c1δ

αγ ‖x∗‖ ‖x‖

as well as∫
σ2 rδ (t)

δ

|λ(t) + δeiϑ(t) − z|
d
∣∣PA(t)
x∗,x

∣∣(z) ≤ δ

rδ − δ
∣∣PA(t)
x∗,x

∣∣(C) ≤ c2δ
1−γ ‖x∗‖ ‖x‖

for every x ∈ X, x∗ ∈ X∗, δ ∈ (0, δ′0] and t ∈ I, where U̇rδ(λ(t)) := Urδ(λ(t)) \ {λ(t)} of
course. Consequently,∥∥δRδ(t)∥∥ ≤ c1 δ

αγ + c2 δ
1−γ ≤ max{c1, c2} δmin{αγ,1−γ} = c′0 δ

β(γ) (4.73)

for every t ∈ I \ N and δ ∈ (0, δ′0] (notice that β(γ) := min{αγ, 1 − γ}, for given γ, is
the best � that is, biggest � possible exponent in the second inequality above). And as
γ 7→ β(γ) is maximal at γ0 := 1

1+α , we choose

γ := γ0, β := β(γ0) =
α

1 + α
, η(δ) := c′0 δ

β = c′0 δ
α

1+α , (4.74)

thereby obtaining (4.72) (�rst for all t ∈ I \N and then for all t ∈ I).
With (4.72) at hand, we can now show the desired conclusion in essentially the same

way as in the proof of the previous theorem (but for the convenience of the reader, we
give a self-contained argument). Indeed, since A(t) is a spectral operator of scalar type
and P (t) = PA(t)({λ(t)}) for almost every t ∈ I, the projection P (t) for almost every
t ∈ I is weakly associated of order 1 with A(t) and λ(t) (Proposition 3.2.3) and so

P (t)A(t) ⊂ A(t)P (t) = λ(t)P (t)

holds for every t ∈ I by the closedness argument in (4.5). We can therefore conclude
from (4.49) and (4.52) (with Qn and Q′n replaced by P ′ and P ′′ at any occurrence and
with m0 = 1) and from (4.72) that there is a constant c′ such that

sup
t∈I
‖Uε(t)− Vε(t)‖ ≤ c′

(
ε

1

δ
+ ε

1

δ2
η(δ) + η(δ)

)
(4.75)

for all ε ∈ (0,∞) and δ ∈ (0, δ′0] with η as in (4.74) above. Choosing now δε := ε
1
2 we

immediately get the desired conclusion from (4.75) and (4.74). (In order to see (4.75),
notice that the �rst and third term on the right-hand side of (4.75) are upper bounds
for the Bδ-terms and Cδ-terms in (4.52) by virtue of (4.72). And to see that the middle
term in (4.75) is an upper bound for the B′δ-terms in (4.52), argue as in the proof of
the previous theorem, but notice that now it is su�cient to have instead of (4.67) a δ-
independent bound on the integral of s 7→ (A′(s)−λ′(s)−δr′(s))(A(s)−1)−1 because now
we cannot only estimate the integral of s 7→ Rδ(s) but by (4.72) even its supremum.) �
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4.2.3 Some examples

We begin with two examples where λ(t) is an eigenvalue of A(t) that is allowed to be
non-isolated and non-weakly-semisimple for every t ∈ I. In particular, these examples
cannot be dealt with by way of the previously known adiabatic theorems. In the �rst
example, A(t) is a spectral operator whereas in the second it is not (by Theorem XV.3.10
and XV.8.7 of [39] and by the spectral structure of the right shift S+ (Section 3.5)).

Example 4.2.6. Suppose A, λ, P with A(t) = R(t)−1A0(t)R(t), P (t) = R(t)−1P0R(t),
and R(t) = eCt are given as follows in X := `p(Id)×`p(I∞) (where p ∈ [1,∞) and d ∈ N):

A0(t) :=

(
λ(t) + α(t)N 0

0 diag
(
(λn)n∈N

)) and P0 :=

(
1 0
0 0

)
,

where λ(t) ∈ (−∞, 0], α(t), N are such that Condition 3.5.1 is satis�ed and where
(λn)n∈N is an enumeration of [−1, 0] ∩Q such that λ(t) /∈ {λn : n ∈ N} for almost every
t ∈ I. Additionally, suppose t 7→ λ(t) and t 7→ α(t) are absolutely continuous and C is
the right shift operator on `p(Id)× `p(I∞) ∼= `p(I∞):

C(z1, . . . , zd, zd+1, . . . ) := (0, z1, . . . , zd−1, zd, . . . ).

Then t 7→ A(t) is in W 1,∞
∗ (I, L(X)) and t 7→ A0(t) is (M0, 0)-stable (by Lemma 3.5.2),

so that A is (M, 0)-stable for someM ∈ [1,∞) by Lemma 2.1.7. Since A0(t)|P0X−λ(t) is
nilpotent of order at most m0 := dim `p(Id) = d for every t ∈ I and since A0(t)|(1−P0)X−
λ(t) is injective and has dense range in (1 − P0)X (because λ(t) /∈ {λn : n ∈ N}) for
almost every t ∈ I, P0 is weakly associated of order m0 with A0(t) and λ(t), whence the
same is true for A(t), P instead of A0(t) and P0. And �nally, the resolvent estimate of
Theorem 4.2.2 is clearly ful�lled if we choose ϑ(t) := π

2 for all t ∈ I. All other hypotheses
of Theorem 4.2.2 (i) are obvious. J

In the above example, we have chosen C to be the right shift operator on X = `p(Id)×
`p(I∞) in order to make sure that the example cannot be reduced to a �nite-dimensional
subspace: there is no �nite-dimensional subspace M of X such that

M ⊃ P (0)X and A(t)M ⊂M as well as P (t)M ⊂M

for every t ∈ I. (Clearly, if given data A, λ, P can be reduced to a �nite-dimensional
subspace M and satisfy the hypotheses of Theorem 4.2.2 (i), it su�ces to prove the
respective statement for the reduced data AM , λ, PM given by

AM (t) := A(t)|M and PM (t) := P (t)|M (t ∈ I).

And this, in turn, can typically already be done with the help of the adiabatic theorem
with non-uniform spectral gap condition of Section 4.1: by the �nite-dimensionality of
M , λ(t) is isolated in σ(AM (t)) for every t ∈ I and, by Theorem 3.2.2 and the �rst remark
following it, PM (t) is the projection associated with AM (t) and λ(t) for almost every
t ∈ I.) In order to see the claimed irreducibility of the example above, we assume, on the
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contrary, that A, λ, P as given by the example can be reduced to a �nite-dimensional
subspace M of X. Then R(t)M is invariant under A0(t) for every t ∈ I and hence (by

�nite-dimensional spectral theory applied to A
|
0(t) := A0(t)|R(t)M )

R(t)M =
⊕

λ∈σp(A
|
0(t))

⋃
k∈N

ker(A
|
0(t)− λ)k ⊂

⊕
λ∈σp(A

|
0(t))

⋃
k∈N

ker(A0(t)− λ)k,

which latter space (by the special choice of A0(t)) for every t ∈ I contains only vectors
with �nitely many non-zero components. Consequently, the same is also true for the
vectors in R(t)M for every t ∈ I. We now obtain the desired contradiction by observing
that the vector R(t)v = eCtv, for every t 6= 0 and every vector 0 6= v ∈ X with only
�nitely many non-zero components, has in�nitely many non-zero components because

eCtei =
(
0, . . . , 0, 1,

t

1!
,
t2

2!
,
t3

3!
, . . .

)
for i ∈ N (where the entry 1 is in the ith place).

Example 4.2.7. Suppose A, λ, P with A(t) = R(t)−1A0(t)R(t), P (t) = R(t)−1P0R(t),
and R(t) = eCt are given as follows in X := `p(Id) × `p(I∞) (where p ∈ (1,∞) and
d ∈ N):

A0(t) :=

(
λ(t) + α(t)N 0

0 S+ − 1

)
and P0 :=

(
1 0
0 0

)
,

where λ(t) ∈ ∂U1(−1), α(t), N are such that Condition 3.5.1 is satis�ed. Additionally,
t 7→ λ(t) and t 7→ α(t) are absolutely continuous and C is the bounded linear map in
`p(Id)× `p(I∞) ∼= `p(I∞) given by

C(z1, . . . , zd, zd+1, . . . ) := (0, . . . , 0, zd+1,−zd, 0, . . . ),

where in the vector on the right zd+1, −zd appear in the dth and (d+ 1)th place. Since
λ(t) ∈ ∂U1(−1) = σc(S+ − 1) for every t ∈ I because p 6= 1 (Section 3.5), P0 is weakly
associated with A0(t) and λ(t) and therefore the same goes for A0(t), P0 replaced by
A(t) and P (t). Also, if for every t ∈ I we choose ϑ(t) such that λ(t) = −1 + eiϑ(t), then
the resolvent estimate of Theorem 4.2.2 holds true because∥∥∥(λ(t) + δeiϑ(t) −A0(t)

)−1
(1− P0)

∥∥∥ ≤ ∥∥∥(1 + δ − e−iϑ(t)S+

)−1
∥∥∥ ≤ 1

δ

for every t ∈ I and δ ∈ (0,∞) (Section 3.5). J

Just like the �rst example, the example above cannot be reduced to a �nite-dimensional
subspace M . Indeed, assuming that A, λ, P from above could be reduced, we obtain
that R(t)M for every t ∈ I is invariant under A0(t) and

∅ 6= σ(A0(t)|R(t)M ) = σp(A0(t)|R(t)M ) ⊂ σp(A0(t)) = {λ(t)}
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(as σp(S+ − 1) = ∅ (Section 3.5)), so that (by �nite-dimensional spectral theory)

R(t)M = ker(A0(t)|R(t)M − λ(t))dimM ⊂ ker(A0(t)− λ(t))dimM = P0X ⊂M

for all t ∈ I. Consequently, R(t)P0X ⊂ R(t)M ⊂ P0X. In other words, P0X is invariant
under R(t) = eCt for every t ∈ I, which is obviously not true by the choice of C in the
above example. Contradiction! We point out that the above example really works only
in case p 6= 1. In fact, if p = 1 then λ(t) ∈ ∂U1(−1) = σr(S+ − 1) (Section 3.5) from
which it follows by the block structure of A0(t) that

ker(A0(t)− λ(t))k ⊂ `p(Id)× 0,

ran (A0(t)− λ(t))k ⊂ `p(Id)× ran (S+ − 1− λ(t))k ( `p(Id)× `p(I∞)

and hence ker(A0(t) − λ(t))k + ran (A0(t) − λ(t))k 6= X for every k ∈ N and t ∈ I.
Consequently, the adiabatic theorems proven above cannot be applied.

In our last example we show that the conclusion of the adiabatic theorem without
spectral gap condition may fail if the regularity assumption on P is the only one to be
violated.

Example 4.2.8. Set A(t) := Mft in X := Lp(R) (for some p ∈ [1,∞)), where

ft := f0( . + t) with 0 6= f0 ∈ C1
c (R, iR),

λ(t) := 0 and P (t) := MχEt
with Et := {ft = 0}. Then all the assumptions of the

adiabatic theorem without spectral gap condition � in the version for projections of
in�nite rank (second remark after Theorem 4.2.2) � are satis�ed with the sole exception
that t 7→ P (t) is not strongly continuously di�erentiable (by Lemma 3.5.3). And indeed,
the conclusion of the adiabatic theorem already fails: as the A(t) are pairwise commuting
and t 7→ ft(x) is Riemann integrable for every x ∈ R, one has(

Uε(t, s)g
)
(x) =

(
e

1
ε

∫ t
s A(τ) dτ g

)
(x) = e

1
ε

∫ t
s fτ (x) dτ g(x)

for almost every x ∈ R and therefore (by f0(R) ⊂ iR)

‖(1− P (t))Uε(t)P (0)g‖p =

∫ ∣∣(1− χEt(x))χE0(x)g(x)
∣∣p dx

for every t ∈ I, ε ∈ (0,∞) and g ∈ X. Since the right hand side of this equation does not
depend on ε ∈ (0,∞) and since for every t ∈ (0, 1] there is a g ∈ X such that this right
hand side does not vanish, the conclusion of the adiabatic theorem without spectral gap
� more precisely, the weaker assertion that supt∈I ‖(1− P (t))Uε(t)P (0)g‖ −→ 0 for all
g ∈ X � fails. J

It should be pointed out that the failure of both the assumptions and the conclusion of
the adiabatic theorems without spectral gap condition presented above is a quite typical
phenomenon in the case where A(t) = Mft in X = Lp(X0) for some p ∈ [1,∞) and some
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σ-�nite measure space (X0,A, µ). Indeed, if A(t) = Mft in X = Lp(X0) for measurable
functions ft : X0 → {Re z ≤ 0} such that D(Mft) = D for all t ∈ I, if λ(t) is an
eigenvalue of A(t), and if P (t) for almost every t ∈ I (with exceptional set N) is weakly
associated with A(t) and λ(t), then

P (t) = Mχ{ft=λ(t)}
= MχEt

for every t ∈ I \N

by Theorem 3.2.2, and therefore the following holds true. As soon as I \ N 3 t 7→
P (t) is not constant, the assumptions of the adiabatic theorem without spectral gap
(Theorem 4.2.2) must fail (because then I \ N 3 t 7→ P (t) = MχEt

cannot extend to a
strongly continuously di�erentiable map by Lemma 3.5.3). And as soon as, in addition,
the maps ft are iR-valued and t 7→ ftg ∈ X is continuous for all g ∈ D, the conclusion
of Theorem 4.2.2, or more precisely, of its corollary

sup
t∈I
‖(1− P (t))Uε(t)P (0)‖ −→ 0 and sup

t∈I
‖P (t)Uε(t)(1− P (0))‖ −→ 0,

must fail as well. (In order to see this, one gathers from Theorem 2.3 of [101] (and its
proof) that the evolution system Uε for

1
εA exists on D and can be strongly approximated

by �nite products of operators of the form eMfτ σ with τ ∈ I and σ ∈ [0,∞), and infers
from this that for arbitrary g ∈ X∣∣∣(1− χEt(x))

(
Uε(t)χE0g

)
(x)− χEt(x)

(
Uε(t)(1− χE0)g

)
(x)
∣∣∣ =

∣∣χEt(x)− χE0(x)
∣∣∣∣g(x)

∣∣
for almost every x ∈ X0, whence∥∥(1− P (t))Uε(t)P (0)g − P (t)Uε(t)(1− P (0))g

∥∥ = ‖P (t)g − P (0)g‖

for all t ∈ I \N , ε ∈ (0,∞). Since the right hand side of this equation does not depend
on ε ∈ (0,∞) and since I \ N 3 t 7→ P (t) is not constant, there is a t ∈ (0, 1] and a
g ∈ X such that (1 − P (t))Uε(t)P (0)g and P (t)Uε(t)(1 − P (0))g do not both converge
to 0 as ε↘ 0.)

4.2.4 An applied example: quantum dynamical semigroups

In this section we apply the adiabatic theorem without spectral gap condition from Sec-
tion 4.2.1 to not necessarily dephasing generators A(t) of quantum dynamical semigroups

A(t)ρ := Z0(t)(ρ) +
∑
j∈J

Bj(t)ρBj(t)
∗ − 1/2{Bj(t)∗Bj(t), ρ} (ρ ∈ D(Z0(t))) (4.76)

eZ0(t)τ (ρ) := e−iH(t)τρ eiH(t)τ

with not necessarily bounded self-adjoint operators H(t) (Corollary 3.6.2), thereby ex-
tending a result of Avron, Fraas, Graf, Grech from [12] (Theorem 22) for dephasing
generators A(t) with bounded H(t).

We cannot, however, expect to apply the adiabatic theorem directly to these operators
A(t) on the natural space X = S1(h), because its crucial assumption that for almost
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every t there exist a projection weakly associated with A(t) and λ(t) is not satis�ed in
many cases. In fact, if for example A := Λ is dephasing with Λ as in Corollary 3.6.2 and
such that

• the self-adjoint operator H : D(H) ⊂ h → h has �nite point spectrum σp(H) and
each λ ∈ σp(H) has �nite multiplicity, and

• the base space h is in�nite-dimensional,

then there exists no projection weakly associated with A and λ = 0, although the sum
kerA+ranA is closed inX. See also the special case of this example from [12] (Example 6)
where A = Z0 and kerA = 0. It should be noticed, however, that a trivial kernel
kerA = 0 is not a typical situation in which one would like to apply the adiabatic
theorem without spectral gap. (In order to see the claims made above, notice that

kerA = ker Λ = kerZ0

is �nite-dimensional by Proposition 3.6.3 (A = Λ is dephasing!) and by Lemma 3.6.4,
and that

(ranA)⊥ = (ran Λ)⊥ = ker Λ∗ ⊃ kerZ∗0 = {H}′

is in�nite-dimensional by the dephasingness of A = Λ and by Lemma 3.6.4. If there
existed a projection weakly associated with A and λ = 0, then

S1(h) = X = kerA⊕ ranA = N ⊕R (N := kerA and R := ranA)

by the same argument as in the �rst remark after our adiabatic theorem without spectral
gap condition (Theorem 4.2.2). So, on the one hand X/R ∼= N and hence (X/R)∗

would be �nite-dimensional, but on the other hand (X/R)∗ ∼= R⊥ (Theorem III.10.2
of [25]) would be in�nite-dimensional. Contradiction! In order to see that the subspace
kerA+ ranA is closed, appeal to Proposition III.4.3 of [25].)

We therefore extend, following [12], the operators A(t) of (4.76) from the non-re�exive
space S1(h) to the re�exive spaces Sp(h) with p ∈ (1,∞), in which one has the criterion
for weak associatedness due to [12] mentioned in the second part of Section 3.2.2. In
order for such an extension to be possible � and to yield generators of completely positive
contraction semigroups on Sp(h) � we need to require a bit more than in Corollary 3.6.2
(namely (4.77) below), but dephasingness is not necessary.

Lemma 4.2.9. Suppose that Z̃0 is the generator of the (weakly and hence strongly con-

tinuous) semigroup on Sp(h) de�ned by eZ̃0t(ρ) := e−iHtρ eiHt, where p ∈ (1,∞) and H
is self-adjoint on h, and that Bj are bounded operators on h for j ∈ J satisfying∑

j∈J
B∗jBj =

∑
j∈J

BjB
∗
j <∞, (4.77)

where J is an arbitrary index set. Then the following statements hold true:
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(i) the series ∑
j∈J

B∗jBjρ,
∑
j∈J

ρB∗jBj ,
∑
j∈J

BjρB
∗
j

converge in the norm of Sp(h) for every ρ ∈ Sp(h) and de�ne bounded linear oper-

ators from Sp(h) to Sp(h),

(ii) the operator A : D(Z̃0) ⊂ Sp(h)→ Sp(h) de�ned by

A(ρ) := Z̃0(ρ) +
∑
j∈J

BjρB
∗
j − 1/2{B∗jBj , ρ} (ρ ∈ D(Z̃0))

is the generator of a completely positive contraction semigroup on Sp(h) and its

domain is given by

D(Z̃0) =
{
ρ ∈ Sp(h) : ρD(H) ⊂ D(H) and Hρ− ρH ⊂ σ for a σ ∈ Sp(h)

}
,

where Z̃0(ρ) is the unique element σ of Sp(h) with −i(Hρ− ρH) ⊂ σ,

(iii) there exists a unique projection P weakly associated with A and λ = 0 provided

that kerA is �nite-dimensional in Sp(h) or that p = 2 (with kerA of arbitrary

dimension).

Proof. We begin by noting the following interpolation theorem which will be used in the
proof of (i) and (ii). If C is a linear map from F (h) (�nite rank operators) to S1(h) such
that

‖C(ρ)‖S1 ≤M1 ‖ρ‖S1 and ‖C(ρ)‖S∞ ≤M∞ ‖ρ‖S∞

for all ρ ∈ F (h), then there exists a unique bounded operator C̃ : Sp(h) → Sp(h)
extending C, and additionally one has∥∥C̃(ρ)

∥∥
Sp
≤M1/p

1 M1−1/p
∞ ‖ρ‖Sp

for all ρ ∈ Sp(h). (We point out that this result, which for separable spaces h can be
found in Appendix IX.4 of [107] or in [142], is valid for non-separable h as well. Indeed,

‖ρ‖(S1,S∞)θ
= ‖ρ‖Sp (θ := 1/p ∈ (0, 1))

for all ρ ∈ F (h) by the same arguments as those for Theorem 2.2.7 of [142] and therefore
(S1(h), S∞(h))θ = Sp(h) by the density of the embeddings

F (h) ↪→ Sp(h) and F (h) ↪→ S1(h) ∩ S∞(h) ↪→ (S1(h), S∞(h))θ

(Exercise 2.1.3 (4) of [85]), where S1(h) ∩ S∞(h) is endowed with the usual norm of
intersections of interpolation pairs (Introduction of [85]). Apply now the complex inter-
polation theorem of Calderón�Lions (Theorem 2.1.6 of [85]) to the bounded extension
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C : S1(h) + S∞(h) → S1(h) + S∞(h) of C, where S1(h) + S∞(h) = S∞(h) is endowed
with the usual norm of sums of interpolation pairs (Introduction of [85]).)

(i) Since by assumption the net (
∑

j∈F B
∗
jBj) with F running through all �nite subsets

of J is bounded, it is strongly convergent by the theorem of Vigier (Theorem 4.1.1
of [90]). So, (

∑
j∈F B

∗
jBjρ) and (

∑
j∈F ρB

∗
jBj) are convergent in the norm of Sp(h) for

all ρ ∈ Sp(h), for if (CF ) is a bounded strongly convergent net in L(h) with strong limit
C, then CFρ −→ Cρ and ρC∗F −→ ρC∗ in the norm of Sp(h) for every ρ ∈ Sp(h). In
particular,∥∥∥∑

j∈J
B∗jBjρ

∥∥∥
Sp
,
∥∥∥∑
j∈J

ρB∗jBj

∥∥∥
Sp
≤
∥∥∥∑
j∈J

B∗jBj

∥∥∥ ‖ρ‖Sp (ρ ∈ Sp(h)).

Since
∑

j∈J B
∗
jBj <∞ and

∑
j∈J BjB

∗
j <∞ by our assumption (4.77), we see that∥∥∥∑

j∈F
BjρB

∗
j

∥∥∥
S1
≤ 2

∥∥∥∑
j∈J

B∗jBj

∥∥∥ ‖ρ‖S1 and
∥∥∥∑
j∈F

B∗jσBj

∥∥∥
S1
≤ 2

∥∥∥∑
j∈J

BjB
∗
j

∥∥∥ ‖σ‖S1

for all �nite subsets F and all ρ, σ ∈ S1(h) by decomposing the real and imaginary part
of ρ into their positive and negative parts and by then applying (3.23). We also see by
duality that ∥∥∥∑

j∈F
BjρB

∗
j

∥∥∥
S∞
≤ 2

∥∥∥∑
j∈J

BjB
∗
j

∥∥∥ ‖ρ‖S∞
for all ρ ∈ S∞(h). So, by the interpolation theorem from the beginning of the proof,∥∥∥∑

j∈F
BjρB

∗
j

∥∥∥
Sp
≤ 2C0 ‖ρ‖Sp

(
C0 :=

∥∥∑
j∈J

B∗jBj
∥∥ =

∥∥∑
j∈J

BjB
∗
j

∥∥) (4.78)

for all ρ ∈ Sp(h) and all �nite subsets F . It now follows that (
∑

j∈F BjρB
∗
j ) is a Cauchy

net, hence convergent, in Sp(h) for all ρ ∈ Sp(h) by (3.23) and the dense and continuous
embeddedness of S1(h) in Sp(h). In particular, (4.78) yields∥∥∥∑

j∈J
BjρB

∗
j

∥∥∥
Sp
≤ 2

∥∥∥∑
j∈J

B∗jBj

∥∥∥ ‖ρ‖Sp (ρ ∈ Sp(h)).

(ii) Since
∑

j∈J B
∗
jBj =

∑
j∈J BjB

∗
j <∞ by our assumption (4.77), we see that

W = (W ′)∗|S1(h), (4.79)

where W (ρ) :=
∑

j∈J BjρB
∗
j −1/2{B∗jBj , ρ} and W ′(ρ) :=

∑
j∈J B

∗
j ρBj−1/2{BjB∗j , ρ}

for ρ ∈ S1(h). We also see from Theorem 3.6.1 (with H = 0) that∥∥eWt(ρ)
∥∥
S1 ≤ ‖ρ‖S1 and

∥∥eW ′t(σ)
∥∥
S1 ≤ ‖σ‖S1

for all ρ, σ ∈ S1(h) and t ∈ [0,∞), whence by (4.79) and duality∥∥eWt(ρ)
∥∥
S∞

=
∥∥(eW

′t)∗(ρ)
∥∥
S∞
≤ ‖ρ‖S∞
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for all ρ ∈ F (h). So, by the interpolation theorem from the beginning of the proof, the
unique bounded extension (̃eWt) : Sp(h) → Sp(h) of eWt is a contraction and by (i) is

given by (̃eWt) = eW̃ t with

W̃ (ρ) :=
∑
j∈J

BjρB
∗
j − 1/2{B∗jBj , ρ} (ρ ∈ Sp(h)). (4.80)

With the help of the theorem of Lie�Trotter, it now follows that A = Z̃0 +W̃ generates a
contraction semigroup on Sp(h), and with the same arguments as for Theorem 3.6.1 and
Corollary 3.6.2, it follows that eAt for every t ∈ [0,∞) is a completely positive operator
from Sp(h) to L(h) in the sense indicated after the de�nition of quantum dynamical
semigroups from Section 3.6. And �nally, the explicit description of the domain and the
action of Z̃0 can be proved in the same way as Lemma 5.5.1 of [29].

(iii) Suppose �rst that p ∈ (1,∞) and kerA is �nite-dimensional in X = Sp(h). We
then see that kerA + ranA is closed in X (Proposition III.4.3 of [25]) and hence, by
Section 3.2.2 and the re�exivity of Sp(h), that there exists a unique projection P weakly
associated with A and λ = 0.

Suppose now that p = 2. We then show in a similar way as in [12] that kerA is
orthogonal to ranA w.r.t. the scalar product of S2(h). It then follows that kerA+ ranA
is closed in X and hence, by Section 3.2.2 and the re�exivity of S2(h), that there exists
a unique projection P weakly associated with A and λ = 0.

As a �rst step, we show that every a ∈ kerA commutes with Bj , B
∗
j for every j ∈ J .

So let a ∈ kerA, then a, a∗ ∈ D(Z̃0) and a∗ ∈ kerA because

Z̃0(a∗) = Z̃0(a)∗ and W̃ (a∗) = W̃ (a)∗.

Also, a∗a ∈ D(Z0) = D(Λ) (where Λ := A|S1(h)) and

Z0(a∗a) = Z̃0(a∗)a+ a∗Z̃0(a)

because eZ0t(a∗a) = eZ̃0t(a)∗eZ̃0t(a). Consequently,

Λ(a∗a) = Λ(a∗a)−A(a∗)a− a∗A(a) = W (a∗a)− W̃ (a∗)a− a∗W̃ (a) (4.81)

and by a straightforward computation [82], [12] this is equal to∑
j∈J

Bja
∗aB∗j −Bja∗B∗j a+ a∗B∗jBja− a∗BjaB∗j =

∑
j∈J

Bja
∗[a,B∗j ] + a∗Bj [B

∗
j , a]

=
∑
j∈J

[a,B∗j ]∗[a,B∗j ]. (4.82)

In the �rst equality, the assumption
∑

j∈J B
∗
jBj =

∑
j∈J BjB

∗
j was used again, and

all the series converge in S1(h) (for �rst term on the left-hand side, this follows by the
remark preceding Theorem 3.6.1 and for the other three terms on the left-hand side this
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follows by (i) and the Hölder inequality ‖c d‖S1 ≤ ‖c‖S2 ‖d‖S2). Since (eΛt) as a quantum
dynamical semigroup is trace-preserving, it follows that

0 = tr(Λ(a∗a)) = tr
(∑
j∈J

[a,B∗j ]∗[a,B∗j ]
)

=
∑
j∈J

tr([a,B∗j ]∗[a,B∗j ])

So, a ∈ kerA commutes with all B∗j and, since a∗ ∈ kerA as well, a∗ commutes with all
B∗j by the same argument, which concludes the proof of the �rst step.

As a second step, we show that every a ∈ kerA commutes with H or, in other words,
that kerA ⊂ ker Z̃0. So let a ∈ kerA, then a commutes with Bj and B

∗
j for all j ∈ J by

the �rst step and therefore

W̃ (a) =
∑
j∈J

BjaB
∗
j − 1/2{BjB∗j , a} = 0

(note that in the �rst equality, the assumption (4.77) was used once again). So, Z̃0(a) =
A(a)− W̃ (a) = 0, as desired.

As a third and last step, we can �nally show that kerA is orthogonal to ranA. Indeed,
if a ∈ kerA and b = A(b0) ∈ ranA, then

〈a,A(b0)〉 = tr(a∗A(b0)) = tr(a∗Z̃0(b0)) + tr(a∗W̃ (b0)).

Since a∗ ∈ kerA, a∗ commutes with all Bj , B
∗
j by the �rst step and hence a∗W̃ (b0) =

W̃ (a∗b0) = W (a∗b0); moreover, a∗ commutes with H by the second step and hence
a∗b0 ∈ D(Z0) = D(Λ) with Z0(a∗b0) = a∗Z̃0(b0). Consequently,

〈a,A(b0)〉 = tr(Z0(a∗b0) +W (a∗b0)) = tr(Λ(a∗b0)) = 0

because (eΛt) is trace-preserving, as desired. �

We make some remarks which, among other things, give su�cient conditions for some
of the assumptions of the above lemma.

1. Clearly, a su�cient condition for the equality in (4.77) to hold is the normality of
all the operators Bj , which one has, for instance, if Λ = A|S1(h) is dephasing (Proposi-
tion 3.6.3) or if Λ = A|S1(h) is of the simple, clearly non-dephasing, form discussed at the
end of Section 5 of [82] (Gauÿ and Poisson semigroup generators).

2. If p ∈ (1, 2] in the above lemma, then kerA ⊂ ker Z̃0. (Indeed, this follows by
inspecting the �rst and second step of the proof of part (iii) of the lemma above.) Com-
bined with Lemma 3.6.4 (i) (which obviously carries over to Sp(h)) this yields a simple
su�cient condition for the �nite-dimensionality of kerA in Sp(h), namely: if A is as in
the lemma above with p ∈ (1, 2] and if the self-adjoint operator H has �nite point spec-
trum σp(H) and each λ ∈ σp(H) has �nite multiplicity, then kerA is �nite-dimensional
in Sp(h).

164



3. If p = 2 and kerA = ker Z̃0, then the projection P weakly associated with A and
λ = 0 is orthogonal (by the orthogonality of the subspaces kerA and ranA in S2(h) just
proved in the lemma above) and hence, by ker Z̃0 = {H}′ ∩ S2(h), is given explicitly as

Pρ =
∑

µ∈σp(H)

QH{µ}ρQ
H
{µ} (ρ ∈ S2(h)),

where QH denotes the spectral measure of H (Theorem 5.8 of [130] or [26]). (See the
discussion at the very end of [12].) A su�cient, but not necessary, condition for the
equality kerA = ker Z̃0 in S2(h) is the dephasingness of Λ = A|S1(h). See the example
below.

With the above lemma at hand, we can now apply the adiabatic theorem without
spectral gap condition to operators A(t) of the form

A(t)ρ := Z̃0(t)(ρ) +
∑
j∈J

Bj(t)ρBj(t)
∗ − 1/2{Bj(t)∗Bj(t), ρ} (ρ ∈ D(Z̃0(t))) (4.83)

eZ̃0(t)τ (ρ) := e−iH(t)τρ eiH(t)τ

on the re�exive space X = Sp(h) (p ∈ (1,∞)) with self-adjoint operators H(t) on h and
bounded operators Bj(t) on h satisfying∑

j∈J
Bj(t)

∗Bj(t) =
∑
j∈J

Bj(t)Bj(t)
∗ <∞ (t ∈ I). (4.84)

Theorem 4.2.10. Suppose that the operators A(t) de�ned above have time-independent

domain D(Z̃0(t)) = D and that t 7→ A(t) is in W 1,1
∗ (I, L(Y,X)), where Y is the space D

endowed with the graph norm of A(0). Suppose further that λ(t) = 0 is an eigenvalue of

A(t) for every t ∈ I and, �nally, that either

(i) kerA(t) is �nite-dimensional for almost every t ∈ I or (ii) p = 2,

and that there is a null set in I such that the projections P (t) weakly associated with A(t)
and λ(t) for t outside that null set can be extended to a continuously di�erentiable map

t 7→ P (t) on the whole of I. Then

sup
t∈I
‖(Uε(t)− V0 ε(t))P (0)ρ‖ −→ 0 (ε↘ 0)

for every ρ ∈ X = Sp(h), where V0 ε = W is the evolution system for 1
εAP + [P ′, P ] =

[P ′, P ] on X.

Proof. We have only to notice that A(t) generates a contraction semigroup in X for every
t ∈ I (Lemma 4.2.9 (ii)), that the projections P (t) weakly associated with A(t) and λ(t)
really exist for almost every t ∈ I (Lemma 4.2.9 (iii)), and then to apply the second
remark after Theorem 4.2.2. �
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Clearly, the above theorem is a generalization of the respective result (Theorem 22)
from [12] for dephasing generators A(t) of quantum dynamical semigroups on X =
S2(h) with bounded H(t). Interestingly, these types of generators are normal opera-
tors on S2(h), that is, A(t)∗A(t) = A(t)A(t)∗ (as can be easily veri�ed using Propo-
sition 3.6.3 (i)). In particular, the adiabatic theorem for normal operators would be
su�cient for the result from [12].

We conclude with a simple example of generators A(t) in X = S2(h) satisfying the
assumptions of the above theorem without being dephasing (or normal).

Example 4.2.11. We choose a self-adjoint operator H and a normal operator B on an
in�nite-dimensional Hilbert space h in the same way as in Example 3.6.5 and, in addition,
we take H to be bounded. We then de�ne A(t) for every t ∈ I on X := S2(h) through

A(t)ρ := Z̃0(t)(ρ) +B(t)ρB(t)∗ − 1/2{B(t)∗B(t), ρ} (ρ ∈ S2(h))

Z̃0(t)(ρ) := −i[H(t), ρ],

where H(t) := R(t)−1HR(t) and B(t) := R(t)−1BR(t) with R(t) := eiCt and C a
bounded self-adjoint operator on h. Clearly, A(t) for every t ∈ I is of the form considered
in the theorem above and D(A(t)) = X is time-independent while t 7→ A(t) is W 1,1

∗ -
regular. It is also clear that

kerA(t) ⊂ ker Z̃0(t) and ker Z̃0(t) ⊂ kerA(t)

by the second remark after Lemma 4.2.9 and by the choice of H and B, respectively.
(Indeed, for the second inclusion use the explicit description of ker Z̃0(t) from the S2-
version of Lemma 3.6.4 (i) and the fact that every eigenvector of H with eigenvalue µ is
an eigenvector of B with eigenvalue βµ.) So, by the third remark after Lemma 4.2.9, the
projection P (t) weakly associated with A(t) and λ(t) = 0 is explicitly given by

P (t)ρ =
∑

µ∈σp(H(t))

Q
H(t)
{µ} ρQ

H(t)
{µ} =

∑
µ∈σp(H)

R(t)−1QH{µ}R(t) ρR(t)−1QH{µ}R(t)

for every t ∈ I, where QH(t) and QH denote the spectral measures of H(t) and H. In
particular, t 7→ P (t) is continuously di�erentiable. So all the assumptions of the above
theorem are satis�ed, but A(t) is non-dephasing for every t because

H(t)B(t) 6= B(t)H(t)

by Example 3.6.5. Incidentally, A(t) = Z̃0(t) + W̃ (t) is also non-normal on X for every t
because Z̃0(t) is skew self-adjoint and W̃ (t) is self-adjoint, but Z̃0(t) does not commute
with W̃ (t). (Indeed, for ρ := 〈ψ(t), . 〉ψ(t) with ψ(t) := R(t)−1ψ one computes

Z̃0(t)
(
W̃ (t)(ρ)

)
= 0 6= W̃ (t)

(
Z̃0(t)(ρ)

)
,

where the last inequality can be seen as follows: apply W̃ (t)
(
Z̃0(t)(ρ)

)
to the vector

η := −〈ψ(t), H(t)ψ(t)〉ψ(t) +H(t)ψ(t) and notice that 〈ψ(t), η〉 = 0 and η ∈ kerB(t) =
kerB(t)∗ and 〈H(t)ψ(t), η〉 6= 0 because H(t)ψ(t) and ψ(t) are linearly independent). J
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5 Adiabatic theorems for operators with

time-dependent domains

5.1 Adiabatic theorems for general operators with
time-dependent domains

In this section we extend the adiabatic theorems (with and without spectral gap condi-
tion) for time-independent domains of Section 4.1 and 4.2 to the case of operators A(t)
with time-dependent domains � by slightly modifying the proofs of the respective adi-
abatic theorems for time-independent domains. Striving for such an extension is fairly
natural because the requirement of constant domains is rather restrictive � just think of
di�erential operators A(t) with (fully) time-dependent boundary conditions. We will see
in Section 5.2 that the adiabatic theorems of this section allow one to almost e�ortlessly
derive adiabatic theorems for operators A(t) = iAa(t) de�ned by symmetric sesquilin-
ear forms a(t). All the theorems of this section are generalizations of the respective
adiabatic theorems for time-independent domains if in these latter theorems all Wn,1

∗ -
regularity requirements are strengthened to n times strong continuous di�erentiability
requirements. We will need the following very natural condition on A, which will take
the role of Condition 2.1.8.

Condition 5.1.1. A(t) : D(A(t)) ⊂ X → X for every t ∈ I is a densely de�ned closed

linear map such that, for every ε ∈ (0,∞), there is an evolution system Uε for 1
εA on

D(A(t)) and there is a constant M ∈ [1,∞) such that ‖Uε(t, s)‖ ≤ M for all (s, t) ∈ ∆
and ε ∈ (0,∞).

We point out that there is a huge number of papers establishing the existence of evolu-
tion systems U for a given family A of linear maps A(t) on D(A(t)) as, for instance, [63],
[71], [124], [64], [44], [4]. See the survey article [118] for many more references. Instead
of working with evolution systems on the spaces Yt = D(A(t)) as in Condition 5.1.1, one
could also prove adiabatic theorems operating � as in [65] or [66] � with evolution systems
for A on certain subspaces Y of the intersection of allD(A(t)), but then one would have to
impose various invariance conditions on the subspace Y , such as the A(t)-admissibiltity
of Y , the invariance

(z −A(t))−1Y ⊂ Y (5.1)

for z ∈ ran γt (case with spectral gap) or z ∈ {λ(t) + εeiϑ(t) : ε ∈ (0, ε0]} (case without
spectral gap), and the invariance of Y under P (t) and P ′(t). Such invariance conditions,
however, are di�cult to verify in practice: (5.1), for instance, is clear only for complex
numbers z with su�ciently large positive real part (Proposition 2.3 of [65]).
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5.1.1 Adiabatic theorems with spectral gap condition

We will need the following condition depending on m ∈ {0}∪N∪{∞} (number of points
at which σ( . ) falls into σ(A( . )) \ σ( . )).

Condition 5.1.2. A(t) : D(A(t)) ⊂ X → X for every t ∈ I is a linear map such that

Condition 5.1.1 is satis�ed. σ(t) for every t ∈ I is a compact subset of σ(A(t)), σ( . )
falls into σ(A( . ))\σ( . ) at exactly m points that accumulate at only �nitely many points,

and I \N 3 t 7→ σ(t) is continuous, where N denotes the set of those m points at which

σ( . ) falls into σ(A( . )) \ σ( . ).

Jt0 3 t 7→ (z −A(t))−1 is SOT-continuously di�erentiable for all z ∈ ran γt0 ,

ran γt0 3 z 7→
d

dt
(z −A(t))−1 is SOT-continuous for all t ∈ Jt0 ,

sup
(t,z)∈Jt0×ran γt0

∥∥∥∥ ddt(z −A(t))−1

∥∥∥∥ <∞
for every t0 ∈ I \N , where the cycle γt0 and the non-trivial closed interval Jt0 3 t0 are

chosen such that ran γt0 ⊂ ρ(A(t)) and n(γt0 , σ(t)) = 1 and n(γt0 , σ(A(t)) \ σ(t)) = 0 for

every t ∈ Jt0. And �nally, P (t) is the projection associated with A(t) and σ(t) for every
t ∈ I \N and I \N 3 t 7→ P (t) extends to a twice SOT-continuously di�erentiable map

on the whole of I.

With this condition at hand, we can now formulate an adiabatic theorem with uniform
spectral gap condition (m = 0) and non-uniform spectral gap condition (m ∈ N ∪ {∞})
for time-dependent domains.

Theorem 5.1.3. Suppose A(t), σ(t), P (t) for t ∈ I are such that Condition 5.1.2 is

satis�ed with m = 0 or m ∈ N ∪ {∞}, respectively. Then

sup
t∈I
‖Uε(t)− Vε(t)‖ = O(ε) resp. o(1) (ε↘ 0),

whenever the evolution system Vε for
1
εA+ [P ′, P ] exists on D(A(t)) for all ε ∈ (0,∞).

Proof. We have only to prove the theorem in the case of a uniform spectral gap (m = 0),
since the theorem in the case of a non-uniform spectral gap (m ∈ N∪ {∞}) then follows
in the same way as Theorem 4.1.2 followed from Theorem 4.1.1. In order to do so, we
must only slightly modify the proof of Theorem 4.1.1. We de�ne the operators B(t) as
in the proof of that theorem (where now γt0 and Jt0 are given by Condition 5.1.2), take
over the �rst preparatory step of that proof, and easily show � instead of what has been
shown in the second preparatory step � that t 7→ B(t) is SOT-continuously di�erentiable.
(It has to be used for this last statement that Condition 5.1.2 implies

sup
(t,z)∈Jt0×ran γt0

∥∥(z −A(t))−1
∥∥ <∞
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which can be seen as in the proof of (5.6) below.) We can then almost literally take over
the main part of the proof of Theorem 4.1.1: the only thing that has to be changed is
that the W 1,∞-regularity of

[0, t] 3 s 7→ Uε(t, s)B(s)Vε(s)x

for x ∈ D(A(0)) can no longer be deduced from Lemma 2.1.2, but has to be inferred
from Lemma 2.1.3 and Lemma 2.1.4, and that Proposition 2.1.13 has to be invoked for
an ε-independent bound on Vε. �

In general, the existence of the evolution system Vε for
1
εA+ [P ′, P ] on D(A(t)) does

not seem to be guaranteed under � the fairly general � Condition 5.1.2. (In view of
Proposition 2.1.13 one would, of course, like to de�ne Vε as a perturbation series and
show that [s, 1] 3 t 7→ Vε(t, s)y for every y ∈ D(A(s)) is a continuously di�erentiable
solution to the initial value problem x′ = 1

εA(t)x + [P ′(t), P (t)]x, x(s) = y, but this is
not clear in general.) It is therefore good to know that under Condition 5.1.2 with m = 0
one has at least the following statement:

sup
t∈I
‖(1− P (t))Uε(t)P (0)‖ , sup

t∈I
‖P (t)Uε(t)(1− P (0))‖ = O(ε) (5.2)

as ε ↘ 0, which follows from the adiabatic theorem of higher order (Theorem 5.1.7 (i)
and (iii) with degree of regularity n = 1) below. It should be pointed out, however,
that Theorem 5.1.3 itself � operating with the evolution systems for 1

εA + [P ′, P ] =
1
εA0 ε+K0 ε 6= 1

εA1 ε+K1 ε as comparison evolutions � is not contained in Theorem 5.1.7.

5.1.2 Adiabatic theorems without spectral gap condition

We now prove an adiabatic theorem without spectral gap condition for time-dependent
domains in which case we have to explicitly require the di�erentiability of the resolvent
as well as an estimate on the derivative of the resolvent, which two things are no longer
automatically satis�ed as they were in the case of time-independent domains.

Theorem 5.1.4. Suppose A(t) : D(A(t)) ⊂ X → X for every t ∈ I is a linear map

such that Condition 5.1.1 is satis�ed. Suppose further that λ(t) for every t ∈ I is an

eigenvalue of A(t), and that there are numbers δ0 ∈ (0,∞) and ϑ(t) ∈ R such that

λ(t) + δeiϑ(t) ∈ ρ(A(t)) for all δ ∈ (0, δ0] and t ∈ I and such that t 7→ λ(t) and t 7→ eiϑ(t)

are continuously di�erentiable and t 7→
(
λ(t) + δeiϑ(t) − A(t)

)−1
is SOT-continuously

di�erentiable. Suppose �nally that P (t) for every t ∈ I is a bounded projection in X
commuting with A(t) such that P (t) for almost every t ∈ I is weakly associated with A(t)
and λ(t) and that

P (t)X ⊂ ker(A(t)− λ(t))m0
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for every t ∈ I (and some m0 ∈ N). Additionally, suppose that there areM0,M
′
0 ∈ (0,∞)

such that∥∥∥(λ(t) + δeiϑ(t) −A(t)
)−1

(1− P (t))
∥∥∥ ≤ M0

δ
,∥∥∥∥ ddt((λ(t) + δeiϑ(t) −A(t)
)−1

(1− P (t))
)∥∥∥∥ ≤ M ′0

δm0+1

for all δ ∈ (0, δ0] and t ∈ I, let rkP (0) < ∞ and let t 7→ P (t) be SOT-continuously

di�erentiable. Then

sup
t∈I

∥∥(Uε(t)− V0 ε(t)
)
P (0)

∥∥ −→ 0 (ε↘ 0),

where V0 ε for every ε ∈ (0,∞) denotes the evolution system for 1
εAP + [P ′, P ] on X. If,

in addition, X is re�exive and t 7→ P (t) norm continuously di�erentiable, then

sup
t∈I
‖Uε(t)− Vε(t)‖ −→ 0 (ε↘ 0),

whenever the evolution system Vε for
1
εA+[P ′, P ] exists on D(A(t)) for every ε ∈ (0,∞).

Proof. We have only to slightly modify the proof of the respective theorem for operators
with time-independent domains (Theorem 4.2.2) and we begin by describing the necessary
modi�cations in the preparatory steps of that proof: the �rst preparatory step can be
dropped, while the second remains valid without change because the relations (4.31)
(which are the only facts from the �rst preparatory step that are used in the second)
now hold true for every t ∈ I by assumption. In particular, Bn δ and Cn δ are de�ned in
exactly the same way as before. Instead of the third preparatory step, we now show that
t 7→ Bn δ(t) is SOT-continuously di�erentiable and estimate Bn δ and B′n δ accordingly.
Indeed, since P (t)X ⊂ ker(A(t) − λ(t))m0 ⊂ D(A(t)m0) for every t ∈ I, we see that
(A(t) − λ(t))P (t) is a bounded linear map in X for every t ∈ I and, by the binomial
formula,

t 7→ (A(t)− λ(t))P (t) = (A(t)− λ(t))Sδ(t) Sδ(t)
m0−1

(
A(t)− λ(t)− δeiϑ(t)

)m0P (t)

=
(
1 + δeiϑ(t)Sδ(t)

) m0−1∑
k=0

(
m0

k

)(
− δeiϑ(t)

)m0−k·

· Sδ(t)m0−1−k (1 + δeiϑ(t)Sδ(t)
)k
P (t) (5.3)

is SOT-continuously di�erentiable by the assumed SOT-continuous di�erentiability of
t 7→ Sδ(t) :=

(
A(t)− λ(t)− δeiϑ(t)

)−1
. So,

t 7→ (A(t)− λ(t))kP (t) = ((A(t)− λ(t))P (t))k (5.4)

for k ∈ {1, . . . ,m0} is SOT-continuously di�erentiable as well and the desired SOT-
continuous di�erentiability of t 7→ Bn δ(t) follows. It also follows from this and the
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assumed resolvent estimates that the estimate (4.36) for Bn δ remains true and that the
estimate (4.38) for B′n δ can be improved to

sup
t∈I

∥∥B′n δ(t)
∥∥ ≤ m0∑

k=1

cn

( k∏
i=1

δi

)−(m0+1)
. (5.5)

Since by the SOT-continuous di�erentiability of (5.4) also the map t 7→ A(t)P (t) is SOT-
continuously di�erentiable, the fourth preparatory step remains true as an inspection of
the proof of that step shows (in particular, only the existence and boundedness of Uε are
used there).

In the main part of the proof of the respective theorem for operators with time-
independent domains, only one thing has to be changed, namely: the fact that

[0, t] 3 s 7→ Uε(t, s)Bn δ(s)V0 ε(s)P (0)x resp. [0, t] 3 s 7→ Uε(t, s)Bn δ(s)Vε(s)x

is the continuous representative of an element in W 1,1([0, t], X) for all x ∈ X resp. all
x ∈ D(A(0)) can no longer be deduced from Lemma 2.1.2 but has to be inferred from
Lemma 2.1.3 and Lemma 2.1.4 (using that s 7→ Bn δ(s) is SOT-continuously di�erentiable
with Bn δ(s)X ⊂ D(A(s)) for every s ∈ I and that the SOT-derivative is bounded by
virtue of (5.5)). �

Similarly, one sees that the variants of the adiabatic theorem without spectral gap
condition of Section 4.2 carry over to the case of time-dependent domains as well, provided
their hypotheses are adapted in a similar way as above.

5.1.3 An adiabatic theorem of higher order

In this subsection we extend the adiabatic theorem of higher order of Joye and P�ster
from [59] to the case of general operetors A(t) with possibly time-dependent domains �
mainly for the sake of completeness and in order to make clear the relation to the basic
adiabatic theorem with spectral gap (Theorem 5.1.3). We will use the elegant iterative
scheme of [59] which we brie�y recall (in a slightly modi�ed form).

Suppose A(t) : D(A(t)) ⊂ X → X is a densely de�ned closed linear map and γt is
a cycle in C for every t ∈ J , where J is a compact interval, and let ε ∈ (0,∞) and
n ∈ N. Then A0 ε, P0 ε, K0 ε are called well-de�ned w.r.t. γt (t ∈ J) if and only if
ran γt ⊂ ρ(A0 ε(t)) for all t ∈ J , where A0 ε(t) := A(t), and J 3 t 7→ P0 ε(t) is WOT-
continuously di�erentiable, where

P0 ε(t) :=
1

2πi

∫
γt

(z −A0 ε(t))
−1 dz.

In this case K0 ε is de�ned by K0 ε(t) := [P ′0 ε(t), P0 ε(t)]. And, for general n ∈ N, An ε,
Pn ε, Kn ε are called well-de�ned w.r.t. γt (t ∈ J) if and only if An−1 ε, Pn−1 ε, Kn−1 ε
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are well-de�ned w.r.t. γt (t ∈ J), ran γt ⊂ ρ(An ε(t)) for all t ∈ J , where An ε(t) :=
A(t)− εKn−1 ε(t), and J 3 t 7→ Pn ε(t) is WOT-continuously di�erentiable, where

Pn ε(t) :=
1

2πi

∫
γt

(z −An ε(t))−1 dz.

In this case Kn ε is de�ned by Kn ε(t) := [P ′n ε(t), Pn ε(t)].

We will need the following conditions depending on n ∈ N∪{∞} (degree of regularity)
in the adiabatic theorem of higher order below.

Condition 5.1.5. A(t) : D(A(t)) ⊂ X → X for every t ∈ I is a densely de�ned closed

linear map. σ(t) for every t ∈ I is a compact and isolated subset of σ(A(t)), there is an

r0 > 0 such that Ur0(σ(t)) \σ(t) ⊂ ρ(A(t)) for all t ∈ I, and t 7→ σ(t) is continuous. For
every t0 ∈ I, there are positive constants at0, bt0, ct0 such that

Jt0 3 t 7→ (z −A(t))−1 is n times WOT-continuously di�erentiable for all z ∈ ran γt0 ,

ran γt0 3 z 7→
dl

dtl
(z −A(t))−1 is SOT-continuous for all t ∈ Jt0 , l ∈ {1, . . . , n},

sup
(t,z)∈Jt0×ran γt0

∥∥∥∥ dldtl (z −A(t))−1

∥∥∥∥ ≤ at0clt0 l!

(1 + l)2
for all l ∈ {1, . . . , n},

where γt0 is a cycle in U 4r0
7

(σ(t0)) \ U 3r0
7

(σ(t0)) with

n
(
γt0 , U 3r0

7

(σ(t0))
)

= 1 and n
(
γt0 ,C \ U 4r0

7

(σ(t0))
)

= 0

and where Jt0 ⊂ I is a non-trivial closed interval containing t0 such that σ(t) ⊂ U r0
7

(σ(t0))

and σ(t0) ⊂ U r0
7

(σ(t)) for all t ∈ Jt0. And �nally, P (t) for every t ∈ I is the projection

associated with A(t) and σ(t), t 7→ P (t) is n+ 1 times WOT-continuously di�erentiable

and

sup
t∈Jt0

∥∥∥∥ dldtl [P ′(t), P (t)]

∥∥∥∥ ≤ bt0clt0 l!

(1 + l)2
for all l ∈ {0, 1, . . . , n} and t0 ∈ I.

In the special case of time-independent domains D(A(t)) = D, one easily sees � using
the remark before Lemma 2.1.2 � that the requirements on the resolvent of A(t) in
Condition 5.1.5 are ful�lled for an n ∈ N if, for instance, t 7→ A(t)x is n times weakly
continuously di�erentiable for all x ∈ D. And they are ful�lled for n =∞ if, for instance,
there is an open neighbourhood UI of I in C such that, for every x ∈ D, t 7→ A(t)x extends
to a holomorphic map on UI (Cauchy inequalities!).

Lemma 5.1.6 (Joye�P�ster). (i) Suppose that Condition 5.1.5 is satis�ed for an n ∈ N.
Then there is an ε∗ > 0 such that An ε, Pn ε, Kn ε are well-de�ned w.r.t. γt (t ∈ I) for
every ε ∈ (0, ε∗]. Furthermore,

sup
t∈I
‖Kn ε(t)−Kn−1 ε(t)‖ = O(εn) (ε↘ 0).
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(ii) Suppose that Condition 5.1.5 is satis�ed for n =∞. Then there is an ε∗ > 0 and for

every ε ∈ (0, ε∗] there is a natural number n∗(ε) ∈ N such that An∗(ε) ε, Pn∗(ε) ε, Kn∗(ε) ε

are well-de�ned w.r.t. γt (t ∈ I) for every ε ∈ (0, ε∗]. Furthermore, there is a constant

g ∈ (0,∞) such that

sup
t∈I

∥∥Kn∗(ε) ε(t)−Kn∗(ε)−1 ε(t)
∥∥ = O

(
e−

g
ε
)

(ε↘ 0).

Proof. We begin with some general preparatory considerations from which both part (i)
and part (ii) will easily follow. Suppose (for the entire proof) that Condition 5.1.5 is
satis�ed for n = 1 and �x t0 ∈ I for the moment. We have

Jt0 × Ct0 := Jt0 × U 5r0
7

(σ(t0)) \ U 2r0
7

(σ(t0)) ⊂⊂
{

(t, z) ∈ Jt0 × C : z ∈ ρ(A(t))
}

=: Ut0

and Ut0 3 (t, z) 7→ (z−A(t))−1 is continuous, because Jt0 3 t 7→ A(t) is continuous in the
generalized sense due to the WOT-continuous di�erentiability of Jt0 3 t 7→ (z −A(t))−1

(Theorem IV.3.15 of [67]). Consequently, sup(t,z)∈Jt0×Ct0

∥∥(z −A(t))−1
∥∥ < ∞, whence

we can (and will) assume w.l.o.g. that

sup
(t,z)∈Jt0×Ct0

∥∥(z −A(t))−1
∥∥ ≤ at0 . (5.6)

We now de�ne ε∗t0 and n∗t0(ε) just like in Joye and P�ster's paper [59], that is,

ε∗t0 := max
{
ε ∈

(
0,

1

2at0bt0

)
:
∞∑
k=1

(
2α2at0bt0

ε

1− 2at0bt0ε

)k ≤ α},
n∗t0(ε) :=

⌊ 1

ect0dt0 ε

⌋
for ε ∈ (0,∞), (5.7)

where α and dt0 are de�ned by equation (2.30) and equation (2.50) of [59]. (In particular,
ε∗t0 and n

∗
t0(ε) only depend on γt0 , at0 , bt0 and ct0 .) We now show by �nite induction over

k: whenever Condition 5.1.5 is satis�ed for a certain n′ ∈ N, then the following holds
true for all ε ∈ (0, ε∗t0 ] and all k ∈ {1, . . . , n∗t0(ε, n′)} with n∗t0(ε, n′) := min{n∗t0(ε), n′}:

(a) Ak ε, Pk ε,Kk ε are well-de�ned w.r.t. γt (t ∈ Jt0) and Jt0 3 t 7→ Kk ε(t) is n
∗
t0(ε, n′)−

k times WOT-continuously di�erentiable

(b) supt∈Jt0

∥∥∥K(l)
k ε(t)−K

(l)
k−1 ε(t)

∥∥∥ ≤ bt0c
k+l
t0

dkt0ε
k (k+l)!

(1+l)2
for all l ∈ N ∪ {0} with the

property that k + l ≤ n∗t0(ε, n′)

(c) supt∈Jt0

∥∥∥K(l)
k ε(t)

∥∥∥ ≤ 2bt0c
l
t0

l!
(1+l)2

for all l ∈ N ∪ {0} with k + l ≤ n∗t0(ε, n′).

Suppose that Condition 5.1.5 is satis�ed for a certain n′ ∈ N and �x ε ∈ (0, ε∗t0 ]. Set
k = 1 for the induction basis. We have only to prove assertion (a) since assertions (b)
and (c) can be gathered from the proof of Proposition 2.1 of [59]. It is obvious that A0 ε,
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P0 ε, K0 ε are well-de�ned w.r.t. γt (t ∈ Jt0) and that t 7→ K0 ε(t) = [P ′(t), P (t)] is n′

times WOT-continuously di�erentiable. Since, for z ∈ Ct0 and t ∈ Jt0 ,

(z −A1 ε(t)) =
(
1 + εK0 ε(t)(z −A(t))−1

)
(z −A(t))

and
∥∥εK0 ε(t)(z −A(t))−1

∥∥ ≤ εbt0 ∥∥(z −A(t))−1
∥∥ ≤ ε∗t0bt0at0 < 1

2

(remember the estimate for K0 ε = [P ′, P ] from Condition 5.1.5, the estimate for the
resolvent of A from (5.6), and the de�nition of ε∗t0 in (5.7)), we see that

ran γt ⊂ U 4r0
7

(σ(t)) \ U 3r0
7

(σ(t)) ⊂ U 5r0
7

(σ(t0)) \ U 2r0
7

(σ(t0)) = Ct0 ⊂ ρ(A1 ε(t))

for all t ∈ Jt0 . And since

n
(
γt, U 2r0

7

(σ(t0))
)

= 1 = n
(
γt0 , U 2r0

7

(σ(t0))
)
,

n
(
γt,C \ U 5r0

7

(σ(t0))
)

= 0 = n
(
γt0 ,C \ U 5r0

7

(σ(t0))
)

and Ct0 ⊂ ρ(A1 ε(t)) for all t ∈ Jt0 , the cycles γt and γt0 are homologous in ρ(A1 ε(t)) for
t ∈ Jt0 , so that

Jt0 3 t 7→ P1 ε(t) =
1

2πi

∫
γt

(z −A1 ε(t))
−1 dz

=
1

2πi

∫
γt0

(z −A(t))−1
(
1 + εK0 ε(t)(z −A(t))−1

)−1
dz

is n′ times WOT-continuously di�erentiable. (In order to see this, use the product rule
and inverses rule for WOT-continuous di�erentiability from the remark before Lemma 2.1.2
as well as Condition 5.1.5.) Consequently, A1 ε, P1 ε, K1 ε are well-de�ned w.r.t. γt
(t ∈ Jt0) and t 7→ K1 ε(t) is n′ − 1 times (in particular, n∗t0(ε, n′) − 1 times) WOT-
continuously di�erentiable.
Choose now k ∈ {2, . . . , n∗t0(ε, n′)} and assume that assertions (a), (b), (c) are true

for k − 1. We then have to show that they are also true for k. As above we have only
to establish (a) since (b) and (c) can then be derived as in the proof of Proposition 2.1
of [59], as a close inspection of that proof shows. And in order to prove (a) we can
proceed essentially as above: just use assertion (c) for k − 1 to get the estimate

sup
(t,z)∈Jt0×Ct0

∥∥εKk−1 ε(t)(z −A(t))−1
∥∥ ≤ 2bt0at0ε

∗
t0 < 1

and continue as above, thereby concluding the inductive proof of (a), (b), (c).

Choosing �nitely many points t1, . . . , tm ∈ I such that Jt1 ∪ · · · ∪ Jtm = I, and setting

ε∗ := min{ε∗t1 , . . . , ε
∗
tm} and n

∗(ε) := min{n∗t1(ε), . . . , n∗tm(ε)}, (5.8)
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we �nd � in virtue of the above preparations � that, for every ε ∈ (0, ε∗], the following
holds true: whenever Condition 5.1.5 is ful�lled for an n′ ∈ N, then Ak ε, Pk ε, Kk ε are
well-de�ned w.r.t. γt (t ∈ I) and

sup
t∈I
‖Kk ε(t)−Kk−1 ε(t)‖ ≤ bckdkεkk! (5.9)

for every k ∈ {1, . . . , n∗(ε, n′)}, where b, c, d are obtained by taking the maximum of the
corresponding quantities for the points t1, . . . , tm and n∗(ε, n′) := min{n∗(ε), n′}.
Suppose now as in (i) that Condition 5.1.5 is satis�ed for an n ∈ N. Since n∗(ε) −→∞

as ε ↘ 0, we can assume w.l.o.g. that n∗(ε, n) = n for all ε ∈ (0, ε∗] and therefore
assertion (i) follows from (5.9). Suppose �nally as in (ii) that Condition 5.1.5 is satis�ed
for n = ∞. Since for every ε ∈ (0, ε∗] there is n′ ∈ N such that n∗(ε, n′) = n∗(ε) and
since Condition 5.1.5 is satis�ed, in particular, for this n′, assertion (ii) follows from (5.9)
with the help of Stirling's formula (see, for instance, the proof of Theorem 2.1 of [59] or
of Theorem 1b of [99]). �

After these preparations we can now prove the announced adiabatic theorem of higher
order extending Theorem 2.1 of [59] where skew self-adjoint operators A(t) are considered
that analytically depend on t and have time-independent domains.

Theorem 5.1.7. Suppose A(t), σ(t), P (t) for t ∈ I are such that Condition 5.1.1 is

satis�ed and Condition 5.1.5 with WOT replaced by SOT is satis�ed for an n ∈ N or

n =∞, respectively. Then

(i) supt∈I ‖Pε(t)− P (t)‖ = O(ε) as ε ↘ 0, where, for all ε ∈ (0, ε∗] and t ∈ I,
Pε(t) := Pn ε(t) in case n ∈ N and Pε(t) := Pn∗(ε) ε(t) in case n = ∞ (and where

ε∗ and n∗(ε) are de�ned as in (5.8) of the lemma above).

(ii) Whenever the evolution system Vε for
1
εAn ε +Kn ε resp.

1
εAn∗(ε) ε +Kn∗(ε) ε exists

on D(A(t)) for all ε ∈ (0, ε∗], then Vε is adiabatic w.r.t. Pε and for a suitable

constant g ∈ (0,∞)

sup
t∈I
‖Vε(t)− Uε(t)‖ = O(εn) resp. O

(
e−

g
ε
)

(ε↘ 0).

(iii) Additionally, one has � the existence of Vε being irrelevant here � that

sup
t∈I
‖(1− Pε(t))Uε(t)Pε(0)‖ ,

sup
t∈I
‖Pε(t)Uε(t)(1− Pε(0))‖ = O(εn) resp. O

(
e−

g
ε
)

(ε↘ 0).

Proof. (i) Set Aε(t) := An ε(t) and K−ε (t) := Kn−1 ε(t) in case n ∈ N and Aε(t) :=
An∗(ε) ε(t) and K−ε (t) := Kn∗(ε)−1 ε(t) in case n = ∞ (for t ∈ I and ε ∈ (0, ε∗]). As was
shown in the proof of the above lemma, the cycles γt and γti are homologous in ρ(Aε(t))

175



for every t ∈ Jti (where t1, . . . , tm are points of I chosen as in the de�nition of ε∗ and
n∗(ε) in (5.8)) and every ε ∈ (0, ε∗], whence

Pε(t)− P (t) =
1

2πi

∫
γti

(z −Aε(t))−1 − (z −A(t))−1 dz

= − 1

2πi

∫
γti

(z −Aε(t))−1 εK−ε (t) (z −A(t))−1 dz

for all t ∈ Jti and ε ∈ (0, ε∗]. Also, it was shown in the proof of the above lemma that
for all ε ∈ (0, ε∗] and all i ∈ {1, . . . ,m} one has sup(t,z)∈Jti×ran γti

∥∥(z −A(t))−1
∥∥ ≤ ati ,

supt∈Jti
‖K−ε (t)‖ ≤ 2bti , and∥∥(z −Aε(t))−1

∥∥ ≤ ∥∥(z −A(t))−1
∥∥∥∥∥(1 + εK−ε (t)(z −A(t))−1

)−1
∥∥∥

≤ ati
∞∑
m=0

(ε2btiati)
m ≤ ati

1− 2atibtiε
∗
ti

<∞

for all (t, z) ∈ Jti × ran γti . Assertion (i) is now clear (notice that for this assertion
Condition 5.1.1 is not needed � only Condition 5.1.5 in its original WOT version is
used).

(ii) Set K+
ε (t) := [P ′ε(t), Pε(t)] for t ∈ I and ε ∈ (0, ε∗] and suppose that the evolution

system Vε for 1
εAε + K+

ε exists on D(A(t)). Since for every x ∈ D(A(0)) the map
[0, t] 3 s 7→ Uε(t, s)Vε(s)x is continuous and right di�erentiable (by Lemma 2.1.3) and
since the right derivative s 7→ Uε(t, s)

(
K+
ε (s)−K−ε (s)

)
Vε(s)x is bounded, it follows from

Lemma 2.1.4 that

Vε(t)x− Uε(t)x = Uε(t, s)Vε(s)x
∣∣s=t
s=0

=

∫ t

0
Uε(t, s)

(
K+
ε (s)−K−ε (s)

)
Vε(s)x ds (5.10)

for all t ∈ I. And from this, in turn, we conclude the desired estimates � using the
estimates forK+

ε −K−ε from Lemma 5.1.6 and applying Proposition 2.1.13 (ii). It remains
to show that Vε is adiabatic w.r.t. Pε. As, by assumption, Condition 5.1.5 is satis�ed
with WOT replaced by SOT (up to now, the unaltered Condition 5.1.5 was su�cient),
t 7→ Pε(t) is continuously di�erentiable not only w.r.t. WOT but also w.r.t. SOT. And
therefore, the adiabaticity of Vε follows from Propostion 3.4.1.

(iii) Arguing as in the adiabaticity proof above, we get for every x ∈ D(A(0)) and
every t ∈ I that

Pε(t)Uε(t)x− Uε(t)Pε(0)x = Uε(t, s)Pε(s)Uε(s)x
∣∣s=t
s=0

=

∫ t

0
Uε(t, s)

(
P ′ε(s)−

1

ε

(
A(s)Pε(s)− Pε(s)A(s)

))
Uε(s)x ds.
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Since Aε(s) commutes with Pε(s) for s ∈ I and since A = Aε + εK−ε , we have

P ′ε(s)−
1

ε

(
A(s)Pε(s)− Pε(s)A(s)

)
⊂ P ′ε(s)− [K−ε (s), Pε(s)]

= P ′ε(s)− [K+
ε (s), Pε(s)] + [K+

ε (s)−K−ε (s), Pε(s)] = [K+
ε (s)−K−ε (s), Pε(s)]

for every s ∈ I, and the desired conclusion follows with the help of Lemma 5.1.6. �

It is obvious from the de�nition of Joye and P�ster's iterative scheme that Pε(t) =
P (t) for all t in the (possibly empty) set I \ suppP ′, and therefore it follows from
Theorem 5.1.7 (iii) that

sup
t∈I\suppP ′

‖(1− P (t))Uε(t)P (0)‖ ,

sup
t∈I\suppP ′

‖P (t)Uε(t)(1− P (0))‖ = O(εn) resp. O
(
e−

g
ε
)

(ε↘ 0).

A result similar to Theorem 5.1.7 could have been proved with the help of a method
developed by Nenciu in [99] � this can easily be gathered from the exposition in Section 7
of [112]. We have chosen Joye and P�ster's method since it is easier to remember and
e�ortlessly transferred to the case of several compact isolated subsets σ1(t), . . . , σm(t) of
σ(A(t)) where each is uniformly isolated in σ(A(t)) and uniformly isolated from each of
the others.

We �nally comment on a recent superadiabatic-type theorem by Joye from [60] deal-
ing with time-independent domains and several spectral subsets σi(t). It allows for a
generalization of Condition 5.1.1 at the cost of a specialization of Condition 5.1.5 and
states the following (where we con�ne ourselves, for the sake of notational simplicity,
to the case of only one spectral subset σi(t) = σ(t)): if � and what follows is a special
case of Condition 5.1.5 � there is an open neighbourhood UI of I such that t 7→ A(t)x
for every x ∈ D extends to a holomorphic map on UI and if σ(t) = {λ(t)} for every
t ∈ I for a uniformly isolated spectral value λ(t) of A(t) of �nite algebraic multiplicity
(hence an eigenvalue) such that t 7→ λ(t) is continuous, then it su�ces for the conclusion
of Theorem 5.1.7 to hold that � instead of Condition 5.1.1 � λ(t) lie in the left closed
complex half-plane and A(t)P (t) generate a contraction semigroup on X for every t ∈ I
(where P := 1 − P ). So, in the above-mentioned special case of Condition 5.1.5 the
boundedness requirement on Uε from Condition 5.1.1 is not necessary for assertions (i),
(ii) and (iii) of Theorem 5.1.7. It is, however, necessary for the convergences

sup
t∈I
‖(1− P (t))Uε(t)P (0)‖ , sup

t∈I
‖P (t)Uε(t)(1− P (0))‖ −→ 0 (ε↘ 0)

with the originally given projections P (t), which we are primarily interested in here. See
the example at the end of Section 1 of [60] for a proof of this necessity statement. Also,
it should be remarked that the above-mentioned special requirements (analyticity and
�nite algebraic multiplicity) of Joye's theorem from [60] are really essential for the proof
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in [60]. Indeed, this proof essentially rests upon the following estimate for the evolution
system V0 ε for

1
εA0 ε +K0 ε = 1

εA+ [P ′, P ] on D

sup
(s,t)∈∆

‖V0 ε(t, s)‖ ≤ c ec/ε
β

(ε ∈ (0, ε∗]) (5.11)

with constants β ∈ (0, 1) and c ∈ (0,∞) (Proposition 6.1 of [60]), which then � by the
usual perturbation argument (Proposition 2.1.13) � yields the estimates

sup
(s,t)∈∆

‖Uε(t, s)‖ , sup
(s,t)∈∆

‖Vε(t, s)‖ ≤ c′ ec
′/εβ (ε ∈ (0, ε∗]) (5.12)

from which, in turn, by the integral representation (5.10) and the exponential decay of
K+
ε −K−ε from Lemma 5.1.6 (analyticity requirement!), the conclusion of Theorem 5.1.7

�nally follows. And the fundamental estimate (5.11) rests upon a result on the growth (in
ε) of the evolution system for analytic families 1

εN of nilpotent operators N(t) on �nite-
dimensional spaces (Proposition 4.1 of [60]), which proposition (by the analyticity and
�nite algebraic multiplicity requirement!) can be applied to the nilpotent endomorphisms

N(t) := W (t)−1(A(t)− λ(t))W (t)
∣∣
P (0)X

of the �nite-dimensional space P (0)X that analytically depend on t. W denotes the
evolution system for [P ′, P ] on X exactly intertwining the subspaces P (t)X.

5.1.4 An example with time-dependent domains

We con�ne ourselves to an example illustrating the adiabatic theorem without spectral
gap condition. In this example, a di�erential operator of the simplest kind occurs, namely
B = Bp : W 1,p(R) ⊂ Lp(R) → Lp(R) with Bf := ∂f (weak derivative). Since B is the
generator of the (left) translation group T on Lp(R) (which is given by T (t)f := f( . + t)
for t ∈ R), one has σ(B) ⊂ iR, and since for every λ ∈ iR the function g, de�ned by

g(t) :=
eλt

tα
χ[1,∞)(t) (t ∈ R)

with arbitrary α ∈ (1
p , 1 + 1

p ], belongs to Lp(R) but not to the range of B − λ, one even
has σ(B) = iR for p ∈ [1,∞). Additionally, since B∗q = −Bq∗ for every q ∈ [1,∞) with
dual exponent q∗ and since σp(Bq) = ∅ for q ∈ [1,∞) and σp(Bq) = iR for q = ∞, one
obtains the following �ne structure of the spectrum of B:

σp(B) = ∅, σc(B) = ∅, σr(B) = iR (p = 1)

σp(B) = ∅, σc(B) = iR, σr(B) = ∅ (p ∈ (1,∞)).

Example 5.1.8. Suppose A, λ, P with A(t) = R(t)−1A0(t)R(t), P (t) = R(t)−1P0R(t),
and R(t) = eCt are given as follows in X := `p(Id)×Lp(R) (where p ∈ (1,∞) and d ∈ N):

A0(t) :=

(
λ(t) + α(t)N 0

0 B

)
and P0 :=

(
1 0
0 0

)
,
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where λ(t) ∈ {Re z ≤ 0}, α(t), N are such that Condition 3.5.1 is satis�ed and where B
is the di�erentiation operator on Lp(R) de�ned above, so that, in particular,

D(A0(t)) = D := `p(Id)×W 1,p(R).

Additionally, suppose t 7→ λ(t), α(t) are continuously di�erentiable and C is the bounded
linear map in `p(Id)× Lp(R) given by

C :=

(
0 0
C0 0

)
with C0(x1, . . . , xd) := xdf0

for an arbitrary �xed 0 6= f0 ∈ Lp(R). Since (by p 6= 1) the spectrum of A0(t)|(1−P0)D =
B is purely continuous for every t ∈ I, P0 is weakly associated with A0(t) and P0,
and hence the same is true for A(t) and P (t) instead of A0(t), P0. Since, moreover, B
generates a contraction group (not only a semigroup) in Lp(R), the resolvent estimates
of Theorem 5.1.4 are satis�ed with ϑ(t) := π. J

It follows in the same way as after Example 4.2.7 that A, λ, P of the above exam-
ple cannot be reduced to a �nite-dimensional subspace and that our adiabatic theorem
without spectral gap condition does not apply if p = 1 in the example above. Also,
it should be noticed that the domains D(A(t)) = e−CtD of the above A(t) really are
time-dependent � more precisely, one has D(A(t1)) 6= D(A(t2)) for t1 6= t2 � if only f0 is
chosen to lie not in W 1,p(R). Indeed, if under this condition on f0 one has the twofold
representation

(x, f − t1xd f0) = e−Ct1(x, f) = e−Ct2(y, g) = (y, g − t2yd f0)

for some (x, f), (y, g) ∈ `p(Id)×W 1,p(R) = D with xd 6= 0, then t1 must be equal to t2.

5.2 Adiabatic theorems for operators de�ned by symmetric
sesquilinear forms

After having established general adiabatic theorems for time-dependent domains in Sec-
tion 5.1, we now apply these theorems to obtain � as simple corollaries � adiabatic theo-
rems for operators A(t) = iAa(t) de�ned by densely de�ned closed symmetric sesquilinear
forms a(t) with time-independent form domain � such as, for instance, Schrödinger op-
erators A(t) with time-dependent potentials V (t) belonging to the Rollnik class. In
particular, the theorem of Section 5.2.3 contains the adiabatic theorem of Bornemann
from [17] as a special case.

5.2.1 Some notation and preliminaries

We start by recording the basic conditions (depending on a regularity parameter n ∈
N∪ {∞}) that shall be imposed on the sesquilinear forms a(t) in the adiabatic theorems
of this section.
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Condition 5.2.1. a(t) for every t ∈ I is a symmetric sesquilinear form on the Hilbert

space H+ (with norm ‖ . ‖+ and scalar product 〈 . , .. 〉+) which is densely and continuously
embedded into H (with norm ‖ . ‖ and scalar product 〈 . , .. 〉). There is a number m ∈
(0,∞) such that

〈 . , .. 〉+t := a(t)( . , .. ) +m 〈 . , .. 〉

is a scalar product on H+ and such that the induced norm ‖ . ‖+t is equivalent to ‖ . ‖+
for every t ∈ I. And �nally, t 7→ a(t)(x, y) is n times continuously di�erentiable for all

x, y ∈ H+.

In Condition 5.2.1, the requirement that 〈 . , .. 〉+t be a scalar product on H+ whose
norm ‖ . ‖+t is equivalent to ‖ . ‖+ for every t ∈ I could be reformulated in an equivalent
way by saying that there is m ∈ (0,∞) such that a(t)( . , .. ) +m 〈 . , .. 〉 is ‖ . ‖+-bounded
and ‖ . ‖+-coercive. It is well-known that under Condition 5.2.1 there is, for every t ∈ I,
a unique self-adjoint operator Aa(t) : D(Aa(t)) ⊂ H → H such that

D(Aa(t)) ⊂ H+ and
〈
x,Aa(t)y

〉
= a(t)(x, y)

for every x ∈ H+ and y ∈ D(Aa(t)) (Theorem VI.2.1 and Theorem VI.2.6 of [67] or
Theorem 10.1.2 of [14]). As usual, we denote � in the situation of Condition 5.2.1 � by
H− the space of ‖ . ‖+-continuous conjugate linear functionals H+ → C, which obviously
is a Hilbert space w.r.t. the norms

f 7→ ‖f‖− := sup
‖x‖+=1

|f(x)| and f 7→ ‖f‖−t := sup
‖x‖+t =1

|f(x)| (t ∈ I).

And by j : H → H− we denote the injective continuous linear map with j(x) := 〈 . , x〉 ∈
H− for x ∈ H.

We continue by citing the fundamental theorem of Kisy«ski (Theorem 8.1 of [71]) giving
su�cient conditions for the well-posedness of the initial value problems corresponding to
A on D(A(t)), where A(t) = iAa(t) with symmetric sesquilinear forms a(t) with constant
domain. Similar theorems on well-posedness can be proved for the case of operators
A(t) = −Aa(t) de�ned by sectorial sesquilinear forms a(t) with time-independent form
domain. See, for instance, Fujie and Tanabe's article [44] (Theorem 3.1) or Kato and
Tanabe's article [64] (Theorem 7.3).

Theorem 5.2.2 (Kisy«ski). Suppose a(t) for every t ∈ I is a sesquilinear form such

that Condition 5.2.1 is satis�ed with n = 2 and set A(t) := iAa(t) for t ∈ I. Then there

is a unique evolution system U for A on D(A(t)) and U(t, s) is unitary in H for every

(s, t) ∈ ∆.

In particular, this theorem guarantees that the basic Condition 5.1.1 of the general
adiabatic theorems for time-dependent domains is satis�ed if Condition 5.2.1 is with
n = 2. When it comes to verifying the other conditions of the general adiabatic theorems
discussed in Section 5.1, the following lemma will be important.
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Lemma 5.2.3. Suppose that Condition 5.2.1 is satis�ed for a certain n ∈ N and, for

every t ∈ I, denote by Ã0(t) the bounded linear map H+ → H− extending A0(t) := Aa(t),

that is, Ã0(t)x := a(t)( . , x) for x ∈ H+. Then the following holds true:

(i) t 7→ Ã0(t) is n times WOT-continuously di�erentiable.

(ii) If for a certain z ∈ C the operator A0(t) − z : D(A0(t)) ⊂ H → H is bijective for

all t ∈ J0 (a non-trivial subinterval of I), then so is Ã0(t)− zj : H+ → H− and

(A0(t)− z)−1x = (Ã0(t)− zj)−1j(x)

for all t ∈ J0 and x ∈ H. In particular, J0 3 t 7→ (A0(t) − z)−1 is n times

WOT-continuously di�erentiable.

Proof. (i) We have only to show that t 7→ F (Ã0(t)x) is n times continuously di�erentiable
for every x ∈ H+ and every F ∈ (H−)∗, because H− is re�exive. Since the canonical
conjugate linear map

H+ 3 y 7→ i(y) ∈ (H−)∗ with i(y)(f) := f(y) for f ∈ H−

is surjective by the re�exivity of H+, the claim is obvious from the continuous di�eren-
tiability requirement in Condition 5.2.1.

(ii) We �x t ∈ I and show that

ρ(A0(t)) ⊂ ρ(A−0 (t)), (5.13)

where A−0 (t) : j(H+) ⊂ H− → H− is de�ned by A−0 (t)j(x) = Ã0(t)x for x ∈ H+. Since
A−0 (t) is self-adjoint in (H−, ‖ . ‖−t ), it follows that C \ R ⊂ ρ(A−0 (t)) and that

(A−0 (t)− z)−1j(x) = j
(
(A0(t)− z)−1x

)
(5.14)

for z ∈ C \ R and x ∈ H. It therefore remains to prove that ρ(A0(t)) ∩ R ⊂ ρ(A−0 (t)).
So let z ∈ ρ(A0(t)) ∩ R. Then there is δ > 0 such that (z − 2δ, z + 2δ) ⊂ ρ(A0(t)), from
which it follows by Stone's formula (applied to both A0(t) and A−0 (t)) and by (5.14) that

0 = j
(
P(z−δ,z+δ)x+

1

2
P{z−δ,z+δ}x

)
=
(
P−(z−δ,z+δ) +

1

2
P−{z−δ,z+δ}

)
j(x)

for all x ∈ H, where P and P− denote the spectral measure of A0(t) and A−0 (t), re-
spectively. It follows (by the density of j(H) in H−) that P−(z−δ,z+δ) = 0 and hence

z ∈ ρ(A−0 (t)). So (5.13) is established and the desired conclusion ensues. �

5.2.2 Adiabatic theorems with spectral gap condition

We will need the following condition depending on a parameter m ∈ {0} ∪ N ∪ {∞} for
the adiabatic theorem with spectral gap condition below.
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Condition 5.2.4. A(t) = iAa(t) for t ∈ I, where the sesquilinear forms a(t) satisfy

Condition 5.2.1 with n = 2. σ(t) for every t ∈ I is a compact subset of σ(A(t)), σ( . )
falls into σ(A( . ))\σ( . ) at exactly m points that accumulate at only �nitely many points,

and I \N 3 t 7→ σ(t) is continuous, where N denotes the set of those m points at which

σ( . ) falls into σ(A( . )) \ σ( . ). P (t) for every t ∈ I \N is the projection associated with

A(t) and σ(t) and I \N 3 t 7→ P (t) extends to a twice SOT-continuously di�erentiable

map (again denoted by P ) on the whole of I.

In view of Lemma 5.2.3 it is now very easy to derive the following adiabatic theorem
with uniform (m = 0) or non-uniform (m ∈ N ∪ {∞}) spectral gap condition from the
corresponding general adiabatic theorem with spectral gap condition (Theorem 5.1.3).

Theorem 5.2.5. Suppose A(t), σ(t), P (t) for t ∈ I are as in Condition 5.2.4 with m = 0
or m ∈ N ∪ {∞}, respectively. Then

sup
t∈I
‖Uε(t)− Vε(t)‖ = O(ε) resp. o(1) (ε↘ 0),

whenever the evolution system Vε for
1
εA+[P ′, P ] exists on D(A(t)) for every ε ∈ (0,∞).

Proof. Choose, for every t0 ∈ I \N , non-trivial closed intervals Jt0 and cycles γt0 as in
Condition 5.1.2 (which is possible by the relative openness of I \ N in I). In virtue of
Lemma 5.2.3 it is then clear that Condition 5.1.2 is ful�lled, and the assertion follows
from Theorem 5.1.3. �

If the existence of the evolution Vε for
1
εA + [P ′, P ] cannot be ensured, one still has

the remark after Theorem 5.1.3. In the case of uniform spectral gap, the existence
of Vε is guaranteed if, for instance, Condition 5.2.1 is ful�lled with n = 3, since then
I 3 t 7→ P (t) is thrice WOT-continuously di�erentiable (by Lemma 5.2.3 (ii)) so that the
symmetric sesquilinear forms 1

εa(t) + b(t) = 1
εa(t) − i 〈 . , [P ′(t), P (t)] .. 〉 corresponding

to 1
εA(t) + [P ′(t), P (t)] satisfy Condition 5.2.1 with n = 2 and Theorem 5.2.2 can be

applied.

We �nally note conditions under which the general adiabatic theorem of higher order
(Theorem 5.1.7) can be applied to the case of operators A(t) de�ned by symmetric
sesquilinear forms.

Condition 5.2.6. Suppose that A(t) = iAa(t) for t ∈ I where the sesquilinear forms a(t)
satisfy Condition 5.2.1 with a certain n ∈ N \ {1} or with n = ∞, respectively. In the

latter case suppose further that there is an open neighbourhood UI of I in C and for each

w ∈ UI there is a ‖ . ‖+-bounded sesquilinear form ã(w) on H+ such that ã(t) = a(t)
for t ∈ I and that UI 3 w 7→ ã(w)(x, y) is holomorphic for every x, y ∈ H+. Suppose

moreover that σ(t) for every t ∈ I is an isolated compact subset of σ(A(t)), that σ( . ) at
no point falls into σ(A( . )) \ σ( . ), and that t 7→ σ(t) is continuous. And �nally, suppose

P (t) for every t ∈ I is the projection associated with A(t) and σ(t) and t 7→ P (t) is n+ 1
times times SOT-continuously di�erentiable.
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It is not di�cult (albeit a bit technical) to show that under Condition 5.2.6 the hy-
potheses of Theorem 5.1.7 are really satis�ed. (In the case n = ∞ de�ne Ã0(w) by
Ã0(w)x := ã(w)( . , x) for x ∈ H+. Then Ã0(w) is a bounded linear map H+ → H− and
UI 3 w 7→ Ã0(w) ∈ L(H+, H−) is WOT-holomorphic and hence holomorphic w.r.t. the
norm operator topology. A simple perturbation argument and Cauchy's inequality (in
conjunction with the formula in Lemma 5.2.3 (ii)) then yield estimates of the desired
kind.)

5.2.3 An adiabatic theorem without spectral gap condition

In the adiabatic theorem without spectral gap condition below, the following condition
will be used.

Condition 5.2.7. A(t) = iAa(t) for t ∈ I where the sesquilinear forms a(t) satisfy

Condition 5.2.1 with n = 2. λ(t) for every t ∈ I is an eigenvalue of A(t) such that

t 7→ λ(t) is continuous. And P (t) for every t ∈ I is an orthogonal projection in H such

that P (t) is weakly associated with A(t) and λ(t) for almost every t ∈ I, rkP (0) < ∞
and t 7→ P (t) is SOT-continuously di�erentiable.

While in the case with spectral gap Lemma 5.2.3 was su�cient, we need another �
well-expected � lemma in the case without spectral gap.

Lemma 5.2.8. Suppose that Condition 5.2.7 is satis�ed and that, in addition, t 7→
λ(t) is continuously di�erentiable. Then t 7→ (λ(t) + δ − A(t))−1 is SOT-continuously

di�erentiable for every δ ∈ (0,∞) and there is an M ′0 ∈ (0,∞) such that∥∥∥∥ ddt(λ(t) + δ −A(t))−1

∥∥∥∥ ≤ M ′0
δ2

for all t ∈ I and δ ∈ (0, 1].

Proof. Set A0(t) := Aa(t) = −iA(t) and λ0(t) := −iλ(t) and let Ã0(t) : H+ → H−

be the bounded extension of A0(t). Since by Lemma 5.2.3 t 7→ Ã0(t) is twice WOT-
and, in particular, once SOT-continuously di�erentiable and t 7→ λ0(t) is continuously
di�erentiable, it follows that

t 7→
(
A0(t)− (λ0(t)− iδ)

)−1
=
(
Ã0(t)− (λ0(t)− iδ)j

)−1
j

is SOT-continuously di�erentiable for every δ ∈ (0,∞) and that

d

dt

(
A0(t)− (λ0(t)− iδ)

)−1

=
(
Ã0(t)− (λ0(t)− iδ)j

)−1 (
λ′0(t)j − Ã′0(t)

) (
Ã0(t)− (λ0(t)− iδ)j

)−1
j (5.15)

for t ∈ I and δ ∈ (0,∞). We therefore show that there is a constant c′0 ∈ (0,∞) such
that ∥∥∥(Ã0(t)− (λ0(t)− iδ)j

)
x
∥∥∥−
t
≥ δ

c′0
‖x‖+t (5.16)
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for all x ∈ H+, t ∈ I and δ ∈ (0, 1]. In order to do so we observe the following simple
fact: if instead of j the natural isometric isomorphism

j+
t : (H+, ‖ . ‖+t )→ (H−, ‖ . ‖−t ) with j+

t (x) := 〈 . , x〉+t for x ∈ H+

occurred in (5.16), this assertion would be trivial. We are therefore led to express j in
terms of j+

t : by the de�nition of the scalar product 〈 . , .. 〉+t in Condition 5.2.1, we have

j =
1

m

(
Ã0(t)− j+

t

)
for all t ∈ I, so that

Ã0(t)− (λ0(t)− iδ)j =
m+ λ0(t)− iδ

m

(
Ã0(t)− λ0(t)− iδ

m+ λ0(t)− iδ
j+
t

)
.

Since for all x ∈ H+ with ‖x‖+t = 1∥∥∥∥(Ã0(t)− λ0(t)− iδ
m+ λ0(t)− iδ

j+
t

)
x

∥∥∥∥−
t

≥
∣∣∣a(t)(x, x)− λ0(t)− iδ

m+ λ0(t)− iδ
(
j+
t (x)

)
(x)
∣∣∣

≥
∣∣∣ Im( λ0(t)− iδ

m+ λ0(t)− iδ

)∣∣∣ =
mδ

|m+ λ0(t)− iδ|2
,

it follows that∥∥∥(Ã0(t)− (λ0(t)− iδ)j
)
x
∥∥∥−
t
≥
∣∣∣m+ λ0(t)− iδ

m

∣∣∣ mδ

|m+ λ0(t)− iδ|2
‖x‖+t ≥

δ

c′0
‖x‖+t

for all x ∈ H+ and all t ∈ I, δ ∈ (0, 1], where c′0 := m + ‖λ‖∞ + 1. So (5.16) is proven
and it follows that ∥∥∥(Ã0(t)− (λ0(t)− iδ)j

)−1
∥∥∥
H−,H+

≤ c′0
δ

(5.17)

for all t ∈ I and δ ∈ (0, 1], because the equivalence of the norms ‖ . ‖+t with ‖ . ‖ required
in Condition 5.2.1 is uniform w.r.t. t by Lemma 7.3 of [71]. In view of (5.15) and (5.17)
the asserted estimate is now clear. �

With this lemma at hand, it is now simple to derive the following adiabatic theorem
without spectral gap condition which generalizes an adiabatic theorem of Bornemann
(Theorem IV.1 of [17]). See the discussion below for a detailed comparison of these
results.

Theorem 5.2.9. Suppose A(t), λ(t), P (t) for t ∈ I are such that Condition 5.2.7 is

satis�ed. Then

sup
t∈I

∥∥(Uε(t)− V0 ε(t)
)
P (0)

∥∥ −→ 0 and sup
t∈I

∥∥P (t)
(
Uε(t)− V0 ε(t)

)∥∥ −→ 0
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as ε↘ 0, where V0 ε denotes the evolution system for 1
εAP + [P ′, P ] = 1

ελP + [P ′, P ] for
every ε ∈ (0,∞). If, in addition, t 7→ P (t) is thrice WOT-continuously di�erentiable,

then the evolution system Vε for
1
εA+ [P ′, P ] exists on D(A(t)) for every ε ∈ (0,∞) and

sup
t∈I
‖Uε(t)− Vε(t)‖ −→ 0 (ε↘ 0).

Proof. We have to verify the hypotheses of the general adiabatic theorem without spectral
gap condition for time-dependent domains (Theorem 5.1.4) with m0 = 1. In view of
Lemma 5.2.8 it remains to establish three small things, namely the inclusions P (t)H ⊂
ker(A(t)− λ(t)) and P (t)A(t) ⊂ A(t)P (t) for every t ∈ I (from Theorem 5.1.4) and the
continuous di�erentiability of t 7→ λ(t) (from Theorem 5.1.4 and from Lemma 5.2.8). We
know by assumption that P (t)H = ker(A(t)−λ(t)) = ker(A0(t)−λ0(t)) for almost every
t ∈ I so that P (t)H ⊂ D(A0(t)) ⊂ H+ and

0 = j
(
(A0(t)− λ0(t))P (t)x

)
=
(
A−0 (t)− λ0(t)

)
j(P (t)x)

for all x ∈ H and almost every t ∈ I (where A0(t), λ0(t) are de�ned as in the proof of
Lemma 5.2.8 and where A−0 (t) is the self-adjoint operator in (H−, ‖ . ‖−t ) from the proof
of Lemma 5.2.3). Applying the closedness argument after Theorem 4.1.2 to the closed
operator iA−0 (t) : j(H+) ⊂ H− → H− (with time-independent domain!), we see that
j(P (t)H) ⊂ j(H+) and

0 =
(
A−0 (t)− λ0(t)

)
j(P (t)x) = a(t)( . , P (t)x)− λ0(t) 〈 . , P (t)x〉

for all x ∈ H and every (not only almost every) t ∈ I. In particular, for every t ∈ I,

0 = a(t)(y, P (t)x)− λ0(t) 〈y, P (t)x〉 = 〈(A0(t)− λ0(t))y, P (t)x〉

for y ∈ D(A0(t)) and x ∈ H, so that

P (t)H ⊂ ker(A0(t)− λ0(t))∗ = ker(A(t)− λ(t)) (5.18)

for every t ∈ I, as desired. In other words, A(t)P (t) = λ(t)P (t) for every t ∈ I and
therefore we also obtain

P (t)A(t) = −P (t)∗A(t)∗ ⊂ −
(
A(t)P (t)

)∗
= λ(t)P (t) = A(t)P (t)

for every t ∈ I, as desired. Since, �nally, for every t0 ∈ I there is a neighbourhood
Jt0 ⊂ I and an x0 ∈ H such that P (t)x0 6= 0 for t ∈ Jt0 , it follows from (5.18) that

1

λ(t)− 1
=

〈
P (t)x0, (A(t)− 1)−1P (t)x0

〉
〈P (t)x0, P (t)x0〉

for every t ∈ Jt0 , from which in turn it follows (by Lemma 5.2.3) that t 7→ λ(t) is
continuously di�erentiable, as desired.

According to what has been said at the beginning of the proof, it is now clear that
Lemma 5.2.8 can be applied and that the hypotheses of the �rst part of Theorem 5.1.4
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are satis�ed. Since the evolution system Uε is unitary (by Theorem 5.2.2) and V0 ε is
unitary as well, we see by obviously modifying the proof of Theorem 5.1.4 that

sup
(s,t)∈I2

∥∥(Uε(t, s)− V0 ε(t, s)
)
P (s)

∥∥ −→ 0 (ε↘ 0), (5.19)

where Uε(t, s) := Uε(s, t)
−1 = Uε(s, t)

∗ and V0 ε(t, s) := V0 ε(s, t)
−1 = V0 ε(s, t)

∗ for
(s, t) ∈ I2 with s > t. Since∥∥P (t)

(
Uε(t)− V0 ε(t)

)∥∥ =
∥∥(Uε(0, t)− V0 ε(0, t)

)
P (t)

∥∥
for t ∈ I (take adjoints), the �rst two of the asserted convergences follow from (5.19).

Suppose �nally that t 7→ P (t) is thrice WOT-continuously di�erentiable. Then the
symmetric sesquilinear forms 1

εa(t) + b(t) = 1
εa(t) − i 〈 . , [P ′(t), P (t)] .. 〉 corresponding

to the operators 1
εA(t) + [P ′(t), P (t)] satisfy Condition 5.2.1 with n = 2 and therefore

the evolution system Vε for 1
εA + [P, P ] exists on D(A(t)) for every ε ∈ (0,∞) by

Theorem 5.2.2. Also, t 7→ P (t) is obviously norm continuously di�erentiable and so
the hypotheses of the second part of Theorem 5.1.4 are satis�ed, which gives the last
convergence. �

What are the di�erences between the above theorem and Bornemann's adiabatic the-
orem of [17]? While in Theorem IV.1 of [17] λ(t) is required to belong to the discrete
spectrum of A(t) (and hence to be an isolated eigenvalue) for every t ∈ I, in the above
theorem it is only required that λ(t) has �nite multiplicity for almost every t ∈ I: the
eigenvalues λ(t) are allowed to have in�nite multiplicity on a set of measure zero and,
moreover, they are allowed to be non-isolated in σ(A(t)) for every t ∈ I. Also, the
regularity conditions on A and P of the above theorem are slightly weaker than those
of Theorem IV.1: for instance, t 7→ Ã0(t) is required to be twice continuously di�er-
entiable w.r.t. the norm operator topology in [17] whereas above it is only required
that t 7→ a(t)(x, y) be twice continuously di�erentiable for x, y ∈ H+ (or equivalently
(Lemma 5.2.3), that t 7→ Ã0(t) be twice WOT-continuously di�erentiable). And �nally,
the statement of the theorem above is more general than the conclusion of Theorem IV.1
in [17] which says that, for all x ∈ H+ (and hence for all x ∈ H) and uniformly in t ∈ I,

〈Uε(t)x, P (t)Uε(t)x〉 = 〈Uε(t)x, P (t)Uε(t)x− Uε(t)P (0)x〉+ 〈x, P (0)x〉
−→ 〈x, P (0)x〉 (ε↘ 0).
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6 Adiabatic switching of linear

perturbations

6.1 Introduction and assumptions

Adiabatic switching of (linear) perturbations has a long tradition in quantum physics.
Since the famous work [46] of Gell-Mann and Low, it has been used, for instance, to
relate � by what is now known as the Gell-Mann and Low formula � the eigenstates of
a perturbed system, described by A0 + V , to the eigenstates of the unperturbed system,
described by A0. Adiabatic switching, in this context, means that A0 = A(0) is in�nitely
slowly deformed into A(1) = A0 + V in the following sense: one chooses a switching
function κ : (−∞, 0] → [0, 1] vanishing at −∞ and taking the value 1 at 0 and then
passes � more and more slowly � from A0 = A(κ(−∞)) via

{∞} ∪ (−∞, 0] 3 s 7→ A(κ(εs)) = A0 + κ(εs)V

to A(κ(0)) = A0 + V by making the slowness parameter ε ∈ (0,∞) smaller and smaller.
A rigorous � and non-perturbative � proof of the Gell-Mann and Low formula for non-
degenerate and isolated eigenvalues λ(κ) of A(κ) = A0 + κV has been given by Nenciu
and Rasche in [97]. It is based on the adiabatic theorem with spectral gap condition. In
a recent paper [20] of Brouder, Panati, Stoltz, the Gell-Mann and Low theorem has been
extended to the case of degenerate isolated eigenvalues � again by using the adiabatic
theorem with spectral gap condition. In this chapter, we further extend the Gell-Mann
and Low theorem to the case of non-isolated degenerate eigenvalues.

Condition 6.1.1. A(κ) := A0 + κV for κ ∈ [0, 1], where A0 : D ⊂ H → H is a skew

self-adjoint operator in the Hilbert space H and where V is a skew symmetric operator

in H that is A0-bounded with relative bound less than 1. λ1(κ), . . . , λr(κ) for every

κ ∈ [0, 1] are eigenvalues of A(κ), such that κ 7→ λj(κ) is continuously di�erentiable for

every j ∈ {1, . . . , r} and such that there are only �nitely many crossing points between the

curves κ 7→ λj(κ), that is, for all j, l ∈ {1, . . . , r} with j 6= l the map κ 7→ λj(κ)−λl(κ) has
only �nitely many zeroes. And �nally, P 1(κ), . . . , P r(κ) for every κ ∈ [0, 1] are orthogonal
projections in H, such that κ 7→ P j(κ) is twice strongly continuously di�erentiable, 0 6=
rkP j(0) < ∞, and P j(κ) is the spectral projection of A(κ) corresponding to λj(κ) for

every κ ∈ [0, 1] \N with some exceptional set N .

Condition 6.1.2. κ : (−∞, 0] → [0, 1] is a non-decreasing twice continuously di�eren-

tiable (switching) function such that

(i) κ(t) −→ κ(−∞) = 0 (t→ −∞) and κ(0) = 1
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(ii) κ and κ′ are integrable on (−∞, 0].

Suppose that A, λ1, . . . , λr, P 1, . . . , P r satisfy Condition 6.1.1 and that κ is as in
Condition 6.1.2 such that the exceptional set {t ∈ (−∞, 0] : κ(t) ∈ N} is a null set, and
de�ne

A(t) := A(κ(t)), λj(t) := λj(κ(t)), Pj(t) := P j(κ(t))

for t ∈ (−∞, 0] and j ∈ {1, . . . , r}, along with

K(κ) :=
1

2

r+1∑
j=1

[P ′j(κ), Pj(κ)] and K(t) :=
1

2

r+1∑
j=1

[P ′j(t), Pj(t)] = κ′(t)K(κ(t)), (6.1)

where P r+1(κ) := 1−P 1(κ)−· · ·−P r(κ) for κ ∈ [0, 1] and Pr+1(t) := 1−P1(t)−· · ·−Pr(t)
for t ∈ (−∞, 0]. It then follows by a standard result of Kato (Theorem 6.1 of [65]) on
non-autonomous linear evolution equations that the initial value problems

x′ = A(εs)x, x(s0) = y0 and x′ = A(εs)x+ εK(εs)x, x(s0) = y0

are well-posed on D in the sense of Section VI.9 of [41] for each value of the slowness
parameter ε ∈ (0,∞) or, equivalently (substitute t = εs), that the initial value problems

x′ =
1

ε
A(t)x, x(t0) = y0 and x′ =

1

ε
A(t)x+K(t)x, x(t0) = y0

are well-posed on D. In other words, the evolution systems Uε, Vε for the families 1
εA and

1
εA+K exist on D and, by the skew self-adjointness of 1

εA(t) and K(t) for t ∈ (−∞, 0],
the evolution operators Uε(t, s), Vε(t, s) are unitary for all

(s, t) ∈ ∆(−∞,0] := {(s, t) ∈ (−∞, 0]2 : s ≤ t}.

Vε is an auxiliary evolution system and it is well-known � see [61] for instance � to
be adiabatic w.r.t. all the Pj , that is, it exactly intertwines the subspaces Pj(s)H and
Pj(t)H:

Vε(t, s)Pj(s) = Pj(t)Vε(t, s) (6.2)

for all (s, t) ∈ ∆(−∞,0] and j ∈ {1, . . . , r + 1}. Additionally U Iε , V I
ε , de�ned by

U Iε (t, s) := e−A0t/εUε(t, s)e
A0s/ε and V I

ε (t, s) := e−A0t/εVε(t, s)e
A0s/ε (6.3)

for (s, t) ∈ ∆(−∞,0], are the evolution systems for 1
εA

I and 1
εA

I +KI on D, where

AI(t) := κ(t) e−A0t/ε V eA0t/ε
∣∣
D

and KI(t) := e−A0t/εK(t)eA0t/ε. (6.4)

(In order to see that the derivative of t 7→ U Iε (t, s)x for x ∈ D really is continuous � as
is required in the de�nition of evolution systems � use that t 7→ Uε(t, s)|Y is strongly
continuous in L(Y, Y ) (Theorem 6.1 (f) of [65]) and that V |Y is in L(Y,H), where Y
denotes the space D endowed with the graph norm of A0.) In the above formulas, the
superindex I refers to the interaction picture, of course.
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6.2 Adiabatic switching and a Gell-Mann and Low theorem
without spectral gap condition

We can now state and prove a Gell-Mann and Low theorem without spectral gap con-
dition, where the eigenvalues λ1(t), . . . , λr(t) of A(t) = A(κ(t)) are allowed to be non-
isolated in σ(A(t)) for every t ∈ (−∞, 0] � as long as they stay isolated from each other

except for �nitely many crossing points. Its proof rests upon the variant of the adiabatic
theorem without spectral gap condition for several eigenvalues λ1(t), . . . , λr(t). See the
fourth remark after the general adiabatic theorem without spectral gap condition (Theo-
rem 4.2.2) from Section 4.2. It seems that even for the case of skew self-adjoint operators
this variant of the adiabatic theorem for several eigenvalues is new.

Theorem 6.2.1. Suppose A, λ1, . . . , λr, P 1, . . . , P r are as in Condition 6.1.1 and that

κ is as in Condition 6.1.2 and de�ne

A(t) := A(κ(t)), λj(t) := λj(κ(t)), Pj(t) := P j(κ(t))

for t ∈ {−∞} ∪ (−∞, 0] and j ∈ {1, . . . , r}. Suppose further that for all j, l ∈ {1, . . . , r}
with j 6= l the map {−∞} ∪ (−∞, 0] 3 t 7→ λj(t) − λl(t) has only �nitely many zeroes

and that the exceptional set{
t ∈ {−∞} ∪ (−∞, 0] : κ(t) ∈ N

}
where the Pj are allowed to di�er from the spectral projection of A corresponding to λj,
is a null set (remember Condition 6.1.1 for the de�nition of N). Then

U Iε (0,−∞)x

〈x′, U Iε (0,−∞)x〉
−→ W (0,−∞)x

〈x′,W (0,−∞)x〉
∈ ker(A(0)− λj(0)) (ε↘ 0)

for all x ∈ Pj(−∞)H and x′ ∈ H such that 〈x′,W (0,−∞)x〉 6= 0. In the above relations

W denotes the evolution system for K, where K(t) for t ∈ (−∞, 0] is de�ned as in (6.1).

Proof. We proceed in three steps following the lines of proof of [20]. As a �rst simple
step observe that the limit

W (0,−∞) := lim
t→−∞

W (0, t),

employed in the very formulation of the theorem, exists w.r.t. the norm operator topology
of H and that, likewise, the limits

U Iε (0,−∞)x := lim
t→−∞

U Iε (0, t)x and V I
ε (0,−∞)x := lim

t→−∞
V I
ε (0, t)x

exist for every x ∈ H. Indeed, by virtue of (6.1),

∥∥W (0, t)−W (0, t′)
∥∥ =

∥∥∥∥∫ t′

t
W (0, τ)K(τ) dτ

∥∥∥∥ ≤ ∣∣∣ ∫ t′

t
c κ′(τ) dτ

∣∣∣ −→ 0 (t, t′ → −∞),
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and similarly, using the relative boundedness of V w.r.t. A0 and the density of D in H,
one sees the existence of the other limits.

As a second step we show that the assertion holds true at least for V I
ε (0,−∞) instead

of U Iε (0,−∞), more precisely,

V I
ε (0,−∞)x

〈x′, V I
ε (0,−∞)x〉

=
W (0,−∞)x

〈x′,W (0,−∞)x〉
∈ ker(A(0)− λj(0)) (6.5)

for every x ∈ Pj(−∞)H and every x′ ∈ H such that 〈x′,W (0,−∞)x〉 6= 0. So choose
and �x vectors x and x′ as above � notice that such vectors always exist by rkPj(0) 6= 0
and by the unitarity of W (0,−∞). Since

Pj(t)H ⊂ ker(A(t)− λj(t)) (6.6)

for every t ∈ {−∞} ∪ (−∞, 0] (use a continuity argument to extend this inclusion from
{−∞} ∪ (−∞, 0] \ κ−1(N) to all of {−∞} ∪ (−∞, 0]) and since Vε is adiabatic w.r.t. Pj
by (6.2), it follows that

Vε(s, t)Pj(t) = e1/ε
∫ s
t λj(τ) dτ W (s, t)Pj(t)

for all (t, s) ∈ ∆(−∞,0], in other words: the ε-dependence of Vε(s, t)Pj(t) is solely con-
tained in a scalar factor. Consequently,

V I
ε (0, t)x = Vε(0, t)e

1/ελj(−∞)tx = e1/ε
∫ 0
t λj(τ)−λj(−∞) dτ W (0, t)Pj(t)x

+ e1/ε λj(−∞)t Vε(0, t)
(
Pj(−∞)− Pj(t)

)
x,

from which it follows with the help of∣∣λj(τ)− λj(−∞)
∣∣ =

∣∣λj(κ(τ))− λj(0)
∣∣ ≤ ∥∥λ′j∥∥∞ κ(τ) (τ ∈ (−∞, 0])

and the integrability of κ that

V I
ε (0,−∞)x = e1/ε

∫ 0
−∞ λj(τ)−λj(−∞) dτ W (0,−∞)Pj(−∞)x (6.7)

for every ε ∈ (0,∞). We now see that the equality in (6.5) holds true, and the element
relation in (6.5) follows by the adiabaticity of W w.r.t. Pj and by (6.6).

As a third � core � step resting upon the adiabatic theorem without spectral gap
condition, we show that

V I
ε (0,−∞)x− U Iε (0,−∞)x −→ 0 (ε↘ 0) (6.8)

for every x ∈ Pj(−∞)H, which then yields the convergence

V I
ε (0,−∞)x

〈x′, V I
ε (0,−∞)x〉

− U Iε (0,−∞)x

〈x′, U Iε (0,−∞)x〉
−→ 0 (ε↘ 0)
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for every x ∈ Pj(−∞)H and every x′ ∈ H such that 〈x′,W (0,−∞)x〉 6= 0, and hence �
by virtue of (6.5) � the desired conclusion. So let x ∈ Pj(−∞)H be �xed. Since

V I
ε (0, t)− U Iε (0, t) =

(
Vε(0, t)− Uε(0, t)

)
eA0t/ε

and

Vε(0, t)− Uε(0, t) =
(
Vε(0, t0)− Uε(0, t0)

)
Vε(t0, t) + Uε(t0, t)

(
Vε(t0, t)− Uε(t0, t)

)
for every t0 ∈ (−∞, 0] and every t ∈ (−∞, t], we see by the unitarity of eA0t/ε, Vε(t0, t),
Uε(t0, t) that∥∥V I

ε (0,−∞)x− U Iε (0,−∞)x
∥∥

≤
∥∥Vε(0, t0)− Uε(0, t0)

∥∥ ‖x‖+ lim sup
t→−∞

∥∥Vε(t0, t)− Uε(t0, t)∥∥ ‖x‖ (6.9)

for every t0 ∈ (−∞, 0]. So, the desired convergence (6.8) will be established provided we
can show �rst that

lim sup
t→−∞

∥∥Vε(t0, t)− Uε(t0, t)∥∥ −→ 0 (t0 → −∞) (6.10)

uniformly in ε ∈ (0,∞), and second that∥∥Vε(0, t0)− Uε(0, t0)
∥∥ −→ 0 (ε↘ 0) (6.11)

for every �xed t0 ∈ (−∞, 0]. In order to see (6.10) we have only to notice that

∥∥Vε(t0, t)− Uε(t0, t)∥∥ ≤ ∫ t0

t
‖K(s)‖ ds ≤ c

∫ t0

t
κ′(s) ds

for all ε ∈ (0,∞) and all t0, t ∈ (−∞, 0] with t ≤ t0 and to recall that κ′ is integrable. In
order to see (6.11) we have only to observe that the variant of the adiabatic theorem for
several eigenvalue curves λ1, . . . , λr (fourth remark after Theorem 4.2.2) can be applied
here. Since, however, the arguments for this variant of the adiabatic theorem were only
sketched above, we provide here a detailed proof of (6.11). Choose and �x t0 ∈ (−∞, 0]
for the rest of the proof and, for every s ∈ [t0, 0] that is not a zero of any of the functions
λj − λl with j 6= l, de�ne

Bδ(s) :=
1

2

r+1∑
j=1

Bj δ(s) and Cδ(s) :=

r∑
j=1

Cj δ(s)

for δ ∈ (0,∞), where

Bj δ := PjP
′
j Rj δ +Rj δP

′
jPj and Cj δ := δRj δP

′
jPj − PjP ′j δRj δ,

Rj δ := (λj + δ −A)−1(1− Pj)
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for j ∈ {1, . . . , r} and where

Br+1 δ :=

r∑
j=1

Bj δ +

r∑
j=1

∑
l 6=j

Bj l with Bj l := Pl
P ′l

λj − λl
Pj + Pj

P ′l
λj − λl

Pl.

It then follows that [0, t0] \ Z 3 s 7→ Bδ(s) is strongly continuously di�erentiable with
Bδ(s)H ⊂ D (where Z denotes the �nite set of zeroes of the functions λj − λl on [t0, 0])
and that

Bj δA−ABj δ ⊂ [P ′j , Pj ]− Cj δ

for j ∈ {1, . . . , r} as well as

Br+1 δA−ABr+1 δ ⊂
r∑
j=1

[P ′j , Pj ]− Cj δ +
r∑
j=1

∑
l 6=j

Bj lA−ABj l

=
[
P ′1 + · · ·+ P ′r, P1 + · · ·+ Pr

]
− Cδ = [P ′r+1, Pr+1]− Cδ

because Bj lA − ABj l ⊂ [P ′l , Pj ] for all j, l ∈ {1, . . . , r} with j 6= l and because Pr+1

was de�ned as 1−P1− · · · −Pr after (6.1). Consequently, the approximate commutator
equation

Bδ(s)A(s)−A(s)Bδ(s) + Cδ(s) ⊂
1

2

r+1∑
j=1

[P ′j(s), Pj(s)] = K(s) (6.12)

is satis�ed for all s ∈ [t0, 0] \ Z and δ ∈ (0,∞).

In the special case where Z is empty (no crossings between the λj in [t0, 0]), it further
follows that there is a constant c ∈ (0,∞) such that

sup
s∈[t0,0]

‖Bδ(s)‖ ≤
c

δ
and sup

s∈[t0,0]

∥∥B′δ(s)∥∥ ≤ c

δ2

for all δ ∈ (0,∞). And therefore, as

Vε(0, t0)− Uε(0, t0) =

∫ 0

t0

Uε(0, s)K(s)Vε(s, t0) ds = εUε(0, s)Bδ(s)Vε(s, t0)
∣∣∣s=0

s=t0

− ε
∫ 0

t0

Uε(0, s)
(
B′δ(s) +Bδ(s)K(s)

)
Vε(s, t0) ds+

∫ 0

t0

Uε(0, s)Cδ(s)Vε(s, t0) ds

for every t ∈ (−∞, t0] (by the commutator equation (6.12) and the fundamental theorem
of calculus), we obtain the estimate

‖Vε(0, t0)− Uε(0, t0)‖ ≤ c ε
δ

+ c
ε

δ2
+

∫ 0

t0

‖Cδ(s)‖ ds (6.13)

for every δ ∈ (0,∞) and ε ∈ (0,∞). Since by assumption Pj(s) for almost every s ∈ [t0, 0]
is the spectral projection of A(s) onto {λj(s)}, it follows by a standard argument of Avron
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and Elgart in the adiabatic theory without spectral gap condition � see [11] or [131], for
instance � that ∫ 0

t0

‖Cδ(s)‖ ds −→ 0 (δ ↘ 0) (6.14)

and, hence, the desired convergence (6.11) in the special case of empty Z follows from (6.13)
by setting δ = δε := ε1/3 and letting ε tend to 0.

In the general case where Z is �nite (�nitely many crossings between the λj in [t0, 0]),
one achieves the desired convergence (6.11) in the same way as in the adiabatic theorem
with non-uniform spectral gap condition (Theorem 4.1.2): one decomposes the interval
[t0, 0] into small neighbourhoods around the points of Z and into compact subintervals
containing no points of Z, where the neighbourhoods are chosen so small that their
contribution to the left hand side of (6.11) becomes small uniformly in ε ∈ (0,∞) and
where then ε, in the same way as in the above special case of empty Z, is chosen so small
that the contribution of the compact intervals to the left hand side of (6.11) becomes
small as well. �

In the special case where suppκ is compact, the proof above gets even simpler because
in that case one has

W (0,−∞) = W (0, t0),

U Iε (0,−∞)x = U Iε (0, t0)x, V I
ε (0,−∞)x = V I

ε (0, t0)x

for t0 := inf suppκ, so that the �rst and second step of the above proof become trivial.

With the above theorem at hand, we can now also extend a formula for the energy
shift from [53] to the more general situation of not necessarily isolated eigenvalues; this
formula expresses the energy shift λj(0) − λj(−∞) as a limit of logarithmic derivatives
of certain transition functions.

Corollary 6.2.2. Suppose that the assumptions of Theorem 6.2.1 are satis�ed. Then

the energy shift λj(0)− λj(−∞) can be expressed as a limit of logarithmic derivatives of

certain transition functions, more precisely,

λj(0)− λj(−∞) = lim
ε↘0

ε
d

dt
log
〈
x′, U Iε (t,−∞)x

〉 ∣∣∣
t=0

(6.15)

for all x, x′ ∈ Pj(−∞)H with 〈x′,W (0,−∞)x〉 ∈ C \ (−∞, 0]. In the above equation, log
denotes the principal branch of the complex logarithm de�ned on C \ (−∞, 0].

Proof. We �x j ∈ {1, . . . , r} and assume x, x′ ∈ Pj(−∞)H with 〈x′,W (0,−∞)x〉 ∈
C \ (−∞, 0] (notice that existence of such vectors x, x′ is not claimed in the statement
of the corollary � they exist i� the spaces Pj(−∞)H and Pj(0)H are not orthogonal to
each other). We also set

fε(t) :=
〈
x′, U Iε (t,−∞)x

〉
and gε(t) :=

〈
x′, V I

ε (t,−∞)x
〉

(6.16)
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for t ∈ [−1, 0] and ε ∈ (0,∞) (notice that the existence of the limits W (0,−∞),
U Iε (t,−∞), V I

ε (t,−∞) in the strong sense has already been shown in the �rst step of the
proof of the previous theorem).

As a �rst step we show that the function fε : [−1, 0] → C is di�erentiable with
derivative at 0 given by

f ′ε(0) = −1

ε

〈
V x′, U Iε (0,−∞)x

〉
(6.17)

for every ε ∈ (0,∞). In order to do so, we consider the pointwise approximants fε n :
[−1, 0]→ C to fε de�ned by

fε n(t) :=
〈
x′, U Iε (t,−n)x

〉
(n ∈ N) (6.18)

and convince ourselves that they are di�erentiable and that the sequence (f ′ε n) of their
derivatives is uniformly convergent as n→∞. Since U Iε is the evolution system for 1

εA
I

on D with AI given by (6.4) and since x ∈ Pj(−∞)H ⊂ ker(A(−∞) − λj(−∞)) ⊂ D,
the function fε n is di�erentiable for every ε ∈ (0,∞) and every n ∈ N with

f ′ε n(t) =
1

ε

〈
x′, AI(t)U Iε (t,−n)x

〉
=
κ(t)

ε

〈
x′, e−A0t/ε V eA0t/ε U Iε (t,−n)x

〉
= −κ(t)

ε

〈
e−A0t/ε V eA0t/ε x′, U Iε (t,−n)x

〉
(6.19)

for t ∈ [−1, 0]. In the last equality it was used that V is skew symmetric and that
x′ ∈ Pj(−∞)H ⊂ ker(A(−∞)− λj(−∞)) ⊂ D ⊂ D(V ). Since, moreover,

sup
t∈[−1,0]

∥∥U Iε (t,−n)x− U Iε (t,−m)x
∥∥ = sup

t∈[−1,0]

∥∥∥∥∫ −m
−n

U Iε (t, τ)
κ(τ)

ε
e−A0τ/ε V eA0τ/εx dτ

∥∥∥∥
≤ 1

ε

∥∥V (A0 − 1)−1
∥∥ ∣∣∣∣ ∫ −m

−n
κ(τ) dτ

∣∣∣∣ ‖(A0 − 1)x‖ −→ 0

as m,n→∞, it follows in view of (6.19) that

sup
t∈[−1,0]

|f ′ε n(t)− f ′εm(t)| ≤ 1

ε

∥∥V (A0 − 1)−1
∥∥∥∥(A0 − 1)x′

∥∥ ·
· sup
t∈[−1,0]

∥∥U Iε (t,−n)x− U Iε (t,−m)x
∥∥ −→ 0

as m,n → ∞. So, the pointwise limit fε of the functions fε n is di�erentiable with
derivative given by f ′ε(t) = limn→∞ f

′
ε n(t) for t ∈ [−1, 0]. In particular, f ′ε(0) is given

by (6.17) in virtue of (6.19).

As a second step we show that fε(0) 6= 0 for ε small enough and that

ε f ′ε(0)/fε(0) −→ λj(0)− λj(−∞) (ε↘ 0). (6.20)
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Since |gε(0)| = | 〈x′,W (0,−∞)x〉 | 6= 0 for all ε ∈ (0,∞) by virtue of (6.7) and since
fε(0)− gε(0) −→ 0 as ε↘ 0 by virtue of (6.8), we see that indeed fε(0) 6= 0 for ε small
enough. With the help of (6.17) and the previous theorem it then follows that

ε f ′ε(0)/fε(0) = −
〈
V x′, U Iε (0,−∞)x

〉
〈x′, U Iε (0,−∞)x〉

−→ −〈V x
′,W (0,−∞)x〉

〈x′,W (0,−∞)x〉
(ε↘ 0). (6.21)

Write now V = A(0)−A(−∞) and recall that x′ ∈ Pj(−∞)H ⊂ ker(A(−∞)−λj(−∞))
and that W (0,−∞)x ∈ Pj(0)H ⊂ ker(A(0)− λj(0)) to obtain〈

V x′,W (0,−∞)x
〉

=
〈
A(0)x′,W (0,−∞)x

〉
−
〈
A(−∞)x′,W (0,−∞)x

〉
=
(
λj(−∞)− λj(0)

) 〈
x′,W (0,−∞)x

〉
. (6.22)

Combining (6.21) and (6.22) we then arrive at the asserted convergence (6.20)

As a third step we show that the derivative (log ◦fε)′(0) exists precisely for those
ε ∈ (0,∞) for which fε(0) ∈ C \ (−∞, 0], and that 0 is an accumulation point of the set

E := {ε ∈ (0,∞) : fε(0) ∈ C \ (−∞, 0]} (6.23)

of admissible values of ε. (It should be noticed that, as (log ◦fε)′(0) exists only for ε ∈ E,
the accumulation point property of 0 is necessary in order for the limit limε↘0(log ◦fε)′(0)
to make sense in the �rst place.) Since fε(0) ∈ C \ (−∞, 0] for ε ∈ E and since fε(t) −→
fε(0) as t↗ 0 by the �rst step, we see that

fε(t) ∈ C \ (−∞, 0] = dom(log) (t ∈ (t0 ε, 0])

for every ε ∈ E. So, for ε ∈ E, the function (log ◦fε)|(t0 ε,0] is well-de�ned and di�eren-
tiable and, in particular, the derivative at 0,

(log ◦fε)′(0) = f ′ε(0)/fε(0), (6.24)

exists. Conversely, for ε /∈ E, the point fε(0) does not belong to C \ (−∞, 0] = dom(log)
and so (log ◦fε)′(0) does not exist. We have thus shown that (log ◦fε)′(0) exists precisely
for ε ∈ E and it remains to show that 0 is an accumulation point of E. We know
from (6.7) that

gε(0) =
〈
x′, V I

ε (0,−∞)x
〉

= eiϕ0/ε z0,

iϕ0 :=

∫ 0

−∞
λj(τ)− λj(−∞) dτ ∈ iR and z0 :=

〈
x′,W (0,−∞)x

〉
∈ C \ (−∞, 0].

In case ϕ0 = 0, we have fε(0)− z0 = fε(0)− gε(0) −→ 0 as ε↘ 0 by virtue of (6.8) and
therefore fε(0) ∈ C \ (−∞, 0] for ε small enough. So, 0 is an accumulation point of E in
the case ϕ0 = 0. In case ϕ0 6= 0, consider the set

Eϑ0 :={ε ∈ (0,∞) : arg gε(0) /∈ (−ϑ0 + π, π + ϑ0)}
={ε ∈ (0,∞) : ϕ0/ε+ arg z0 /∈ (−ϑ0 + π, π + ϑ0) + 2πZ} (6.25)
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for an arbitrary angle ϑ0 ∈ (0, π/2) and choose ε0 > 0 in such a way that

|fε(0)− gε(0)| < |z0|/2 sinϑ0 (6.26)

for all ε ∈ (0, ε0] (which is possible by virtue of (6.8)). It is clear that 0 is an accumulation
point of Eϑ0 and thus also of Eϑ0 ∩ (0, ε0]. It is also easy to see that Eϑ0 ∩ (0, ε0] ⊂ E.
Indeed, if ε ∈ Eϑ0 ∩ (0, ε0], then

dist(gε(0), (−∞, 0]) ≥ |z0| sinϑ0 and |fε(0)− gε(0)| < |z0|/2 sinϑ0

by virtue of (6.25) and (6.26), respectively, and therefore

dist(fε(0), (−∞, 0]) ≥ |z0|/2 sinϑ0 > 0,

which implies ε ∈ E, of course. So, 0 is an accumulation point of E also in the case
ϕ0 6= 0, which concludes our third step.

Combining now (6.21) and (6.24) (and bearing in mind that 0 is an accumulation point
of E), we �nally obtain the desired conclusion and the proof is �nished. �

In physics, the switching function is almost always chosen to be the exponential func-
tion: κ(t) = et for t ∈ [0,∞). And for that special choice of κ an alternative formula for
the energy shift can be deduced from the corollary above, namely:

λj(0)− λj(−∞) = lim
ε↘0

ε
d

dµ

(
log
〈
x′, (Uµε )I(0,−∞)x

〉 )∣∣∣
µ=1

, (6.27)

where Uµε is the evolution system for 1
εA

µ on D with Aµ(t) := A0 +µκ(t)V = A0 +µ et V
for t ∈ (−∞, 0] and µ ∈ (0, 1] and where

(Uµε )I(t, s) := eA0t/ε Uµε (t, s) eA0s/ε ((s, t) ∈ ∆(−∞,0]).

It seems that (6.27) is much more frequently used in the physics literature than (6.15).
See, for instance, [43]. In order to deduce (6.27) from the corollary above, one has only
to notice that Aµ(t) = A0 + µ et V = A(t+ logµ) for all t ∈ (−∞, 0] and µ ∈ (0, 1]. So,

Uµε (t, s) = Uε(t+ logµ, s+ logµ) ((s, t) ∈ ∆(−∞,0]) (6.28)

and therefore one sees for vectors x, x′ ∈ Pj(−∞)H ⊂ ker(A0 − λj(−∞)) that〈
x′, (Uµε )I(0,−n)x

〉
=
〈
x′, eA0(log µ)/ε U Iε (logµ,−n+ logµ) e−A0(log µ)/εx

〉
=
〈
x′, U Iε (logµ,−n+ logµ)x

〉
for all µ ∈ (0, 1] and n ∈ N. Consequently,〈

x′, (Uµε )I(0,−∞)x
〉

=
〈
x′, U Iε (logµ,−∞)x

〉
= fε(logµ) (6.29)

for all µ ∈ (0, 1] with fε de�ned as in (6.16), so that the corollary above and its proof
yield the desired alternative formula (6.27) for the energy shift.
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