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The elastic constants K;; of the Frank-Oseen energy density for uniaxial nematic liquid erystals
depend on the Maier-Saupe order parameter S and hence on temperature. Longa et al. recently
used an extended Landau-Ginzburg-de Gennes theory to expand the functions K;j(8) up to fourth
order in 8. Here, a similar procedure is applied for the elastic energy density of biaxial nematic
liquid crystals. The three chiral and 15 achiral constants are expressed as fourth-order poly-
nomials in the order parameter S and the degree of biaxiality 7'. Via the temperature dependence
of the quantities § and 7' also the temperature dependence of the elastic constants is fixed.

Die elastischen Konstanten Ky; der Frank-Oseon-Energiedichte fiir einachsige nematische Fliissig-
kristalle hingen tiber den Maier-Saupe-Ordnungsparameter von der Temperatur ab. Longa et al.
haben kiirzlich eine erweiterte Theorie nach Landau-Ginzburg-de Gennes benutzt, um die Funk-
tionen K;;(8) bis zur vierten Ordnung nach § zu entwickeln. Hier wird ein dhnliches Verfahren bei
der elastischen Energiedichte von biaxialen nematischen Flissigkristallen angewandt. Die drei
chiralen und 15 nichtchiralen Konstanten werden als Polynome vierten Grades in Ordnungs-
parameter 8 und Biaxialitdtsparameter 7' ausgedriickt. Durch deren Temperaturabhingigkeit ist
damit das Temperaturverhalten der elastischen Konstanten bestimmst.

1. Introduction

For the description of most thermodynamic and elastic properties of nematic liquid
erystals the quadrupole moment of the local angular distribution function of the mole-
cules’ long axes is sufficient, It is expressed by a symmetric traceless second rank
tensor Q(r) = [@(1)], 7, 7 = 1, 2, 3. The tensor serves as order parameter in a Landau
free-energy density, which for example is used to investigate the transition from the
isotropic phase to either the nematic, cholesteric or blue phases, The Landau free-
energy density usually is expanded into powers of  and 8@ = [8/0,@;] in a form going
back to de Gennes [2]

= fb "}— ]‘el 3 (1)
p=ATrQ2 -4 BTrQ® 4+ C(Tr Q2)?, ' (2)

fo = LY 8@ 8:Qi -+ LY 8:Qy 8:Qi +
4 LY CiQyr 0;Qix + Lf(f)siijil 0@yt - (3)

fea are denoted “‘elastic terms” since their magnitude depends on the derivatives of
the order parameter field, in contrast to f,, whose parts frequently are denoted
“bulk terms”.

1) Pfaffenwaldring 57, D-7000 Stuttgart 80, FRG.
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The quadrupolar tensor field which the system assumes at a cextain temperature ¢
is found by minimijzing the free energy

P = [ ariem. o) @
14

under appropriate boundary conditions. Temperature usually enters ' only in the
most important bulk term 4 Tr Q* by alinear dependence 4 = a(f — 1¥), where t*
is the temperature of absolute stability of the nematic phase.

One denotes as “hydrodynamic limit”’ the case, where the elastic contribution is
much smaller than the bulk contribution. As rule of the thumb the limit is given, if
the coherence length & = ]/L/A is much smaller than the typical length scale A of the
distortion, L denotes the largest of the elastic constants L§2) .A1s, forinstance, the wave-
length where the Fourier amplitude of Q(#) is maximum, Thus & is a measure of the
weight of the elastic terms compared to the weight 4 of the quadratic bulk form,
Far away from the transition point & is small and the hydrodynamic regime is the
standard situation.

2, Uniaxial Nematie Liquid Crystals

In the hydrodynamic limit it is allowed first to minimize the bulk terms. In case of
the expansion (2) the minimum of f, always is a uniaxial tensor of the form

o) = s @ i) — 5. ®)

The bulk energy is degenerate with respect to the director f, i.e. on the set of unit
vectors, where n and —n denote the same state (this set is the projective plane, P?).
The energy 1s only dependent on the non-Goldstone variable §, the Maier-Saupe order
parameter, which minimizes f,, with the value

B 24a(t — t¥) C
S(t) = — E(1Jr]/l——‘C’L(%,?Z_f)—)- (6)

This equilibrium order parameter § is assumed to be position independent in the
hydrodynamic 1imit.

If the bulk solution (5) is inserted into the Landau-Ginzburg polynomial (1), the
bulk energy is a constant, and the elastic energy turns into the Frank-Oseen (FO)
energy density

fro = & Kyy(V + )* + 5 Kpp(it - V X 1 + )% -+ 5 Kop(t X V X R)? +
+ 2K V- [(R-V)R— (V. R)n], (7)

expressed in terms of the “reduced’’ order parameter 7 and its derivatives, The order
parameter S now enters the new effective elastic constants in the form

K, = 28°2L{ + LY + LY,
. (2)
K22 = 2S2(2Lé[2)) s 5 5 (8)
K, = 28221 + L& + LY,
K, = 2822L% + LYy
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The chiral term is weighted by
Qo Ko = S (9)

When § is replaced by (6) we obtain a temperature dependence of the Frank-Oseen
elastic constants K.

Recently Longa et al. [1] used the angular momentum representation for the qua-
drupole tensor  to extend f, up to fourth order terms in @ and second order in
its derivatives 6Q. The expansion is written in short

4 da

fo=3% 3 LMLM, (10)
n=2 i=1

where [L{"] stands for the i-th invariant of order « in Q (Table 1) and L denotes

a corresponding temperature-independent elastic constant, If now the bulk solution

(5) is inserted into fe (10), the same form of the Frank-Oseen elastic energy is obtained

as in (7), but witheffective elastic constants which are higher order polynomials in S,

4
Ky =73 S"KY . (11)

n=2

Table 1

Independent elastic invariants constructed for nematics and cholesterics up to fourth
order in the general biaxial order parameter . Here we denote with an asterisk the
S0(3)-invariants, all other elastic terms are O(3)-invariant

second order
(L = 8,Q5 8:Qsk
(L8] = 8:Qji 0uQi
(L] = Qi 0,Qik
L = eiiaQit 8,Qm
third order
(L] = Qi %9y B:Qu
(L] = Qi 8:Qu 8,Q1
[ZE)] = Qij 0,Quk 04Qy1
L = e4j3QuQjmd mQtt
fourth order
[LSP] = Qi@ 84Q@s1 8 Qum
(L5 = QijQij 0xQum 8, Qu

[ng)] = Q4 0,Qir 0,Q@m:
(L] = @ij 0,Qux 3.9
[P = Qi 8,Qix 00

(L] = QujQij 84Qum 0:Qim
[ZY] = QirQjz 8,045 B

(L] = QueQin 8/Qt 0nQim
(L] = QuQik 8,Qi1 0,Q51
[L$7] = QuQik 8@t 01Qm
L1 = QijQr1 8:Qm 01Qkm
(L9 = Qii@ni 8,005 80 Qu

*[L{Y] = ik QimQimQin 0;Qkn

(LM = Qi@ ©,Qi1 Qi
(471 = Qiryz 0,Qiz 0,Qjm
(L9 = QijQut 8:Qj1 8im
(L] = QijQut Bn@ij O Qkm
*LV] = £41Qu@imQmn 81Qin
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The coefficients ngz) are identical to the coefficients K;;/S? of (8) and Kg?), n = 3,
are the polynomial coefficients
K =2 (=LY + 2L + L& + 2L — I8,
K 31,

K§) =3 2Ly — L9 + LY — LYY + 2L¢") "
K =2 + 218 — L)
for third order, and
K{Y = 5 (6L1" + 12L8Y + 6LE" + L5 + 4L§” + 5L +
+ 4L + I — 2L — LiY),
K$9 = 2 (12Ls” + 5LV — LfY), (13)
K = 5 (6L + 12157 + LY 4 4L8” 4 L§” 4 5L{ +
+ L + 4L — 2% 4 2L,
K = 3 (1208 + 6L{’ + 8L + 4L 4 LY — LY
for fourth order contributions. The chiral elastic constant reads
o= 10— 0 0 2 (B ). (14

The higher order expansion also lifts the degeneracy of the elastic constants K,
and K, (8). The constants I can be derived from the temperature dependence of
the Kij.

Of course the Frank-Oseenenergy can be constructed also by pure symmetry argu-
ments. In the sense of invariant theory the K;; simply are weights of the invariant
expressions for splay, bend, twist and surface terms, and do not give access to the
temperature dependence of the elastic constants,

Table 2

Coefficients of the monomials 8§77 with n -+ m = 2 in the polynomials p?(;?%;g(ﬂ, Ty,
t=1,2,3, of (18)

K oS, T) PSS, T) P8, T)

82 8T T2 82 8T e S2 8T T
K 0 — 06 32 1] 0 64 0 — 24 24
Ko 0 — 96 32 0 0 0 0 0 0
Kis 0 — 96 32 0 48 16 QO 0 16
Ky 0 — 06 32 0 0 ] 0 —48 16
Kin 0 0 0 0 — 48 16 0 — 24 8
Ko Q 96 32 0 a6 O 1) T2 8
Kz 0 96 32 0 0 0 0 0 0
Kusa 0 46 32 0 0 ) Q 24 8
Kpg (1] 96 32 0 0 0 0 48 16
Kipn 0 0 0 0 96 0 (] 48 0
Ky 144 0 -—16 72 — 96 — 8 72 —48 - 8
K, 144 0 — 16 0 0 0 0 ) 0
K,z 144 0 — 16 72 — 48 8 T2 —24 0
Kaps 144 0 — 16 0 0 0 752 0 — 8
Ky 0 0 0 0 —48 —16 0 —24 —8
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3. Biaxial Nematie Liguid Crystals
If f, is extended to sixth order [6]
fo=A4ATr@Q* 4+ BTr Q3+ C(Tr Q) -D Tr Q2 Tr Q3 }
+ E'(Tr Q*)® 4 E"(Tr Q%) (15)

Table 3

Coetficients of the monomials 827" with n 4+ m = 3 in the polynomials pg?;-zg(& m,
i = 1,...,6. The LGAG invariant [L{*] vanishes in the hard biaxial phase, so that
P8, T) = 0, for all j and &

Kp P28, T) P8, T)

RE S2r ST s S8 S ST T3
Ky 0 —144¢ — 16 -—32 0 144 — 64 48
K 0 0 0 0 0 0 0 0
K3 0 48 —128 16 0 96  —128 32
Ky 0 0 0 0 0 0 0 0
K 0 —192 — 80 48 0 240 64 —48
K 0 — 48 144 0 0 — 48 —192 —16
Esio 0 0 0 0 0 0 0 0
Kums 0 144 — 48 —32 0 —144 0 16
K 0 0 0 0 0 0 0 0
R 0 480 0 0 0 384 0 0
Ka — 144 192 16 32 288 — 96 — 32 —32
Ko 0 0 0 0 0 0 0 0
Kz 288 240  —112 0 —144  —192 80 0
Kus 0 0 0 0 0 0 0 0
K 0 —192 80 48 0 240 — 64 —48
K P8, T) PSS, T)

KE S2T 87 T3 83 82T 877 T3
Ky 0 48 — 64 16 0 — 24 —156 36
K 0 48 — 64 16 0 0 0 0
Kis 0 48 — 64 16 0 432 64 8
Ky 0 48 — 64 16 0 96 —128 32
K 0 0 0 0 0 408 — 28 —36
K1 0 —48 — 64 —16 0 —216 —100 —28
K 0 —48 — 64 —16 0 0 0 0
Koz 0 —48 — 64 —16 0 24 92 28
Ko 0 —48 —64 —16 0O — 96 —128 —32
Ko 0 0 0 0 0 48 0 —24
K 144 0 —18 0 288 240 — 32 — 8
Ko 144 0 — 16 0 0 0 0 0
Ku3 144 0 —16 0 144 — 24 — 12 12
Ko 144 0 —16 0 288 0o - 32 0
Ko 0 0 0 0 0 408 28 —36
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Table 3 (continued)
Ky PE(S, T)

S3 S ST s
Kn 0 48 84  -20
K 0 0 0 0
K3 ¢ 432 —128 3
K 0 -— 48 64 —16
K, 0 — 384 20 36
K1 0 144 44 12
o 0 0 0 0
Koms 0 — 48 148 —44
Kona 0 48 64 16
Koun 0 — 9 0 24
Kt — 144 — 192 16 8
Ko 0 0 0 0
Kyus 288 48 — 12 —12
Kya — 144 0 16 0
K, 0 — 384 — 20 36

then in parameter space {4, B, C, D, E’, £’} there are regions where f;, is minimized
by a biaxial order parameter of the form

~ ~ 1 T - ~ ~ ~
Q(r) = S{"(T) @ n(r) — §} + 3 ) Q@ Ur) — m(r) ® m(r)} . (16)

~

fv 1s degenerate with respect to the orientations of the orthonormal tripod {I(r)
m(r), ni(r)}, forming the orthogonal group SO(3). The phase, in which the Goldstone

variables {I(r), m(r), i(r)} vary in space, but the order parameter S and the degree
of biaxiality 7' are constant, is denoted “hard biaxial nematic phase” [7]. If ansatz
(16) is inserted into the extended Landau-Ginzburg-de Gennes (LGdG) elastic energy
density fa (10), then a generalized Frank-Oseen elastic energy for hard biaxial nematic
liquid crystals results.

This energy was derived by Trebin [8], Brand and Pleiner [9], and Govers and
Vertogen [10, 11] by symmetry considerations and has the form (according to [11])

~ ~

biax = f(1. 7 X 1) + kn(it -V X M) + k(- V X 1) +
+ LRV b 4 2Kl V x IR 4 2K x 4 x D2 +
+ 1K IA- VT — (V- DI+
+ $Km(V - M)? + FKpa( - V X 1) + $Kps(i X V X M) +
+ 2KV - [(m - V) M — (V - ) me] +
+ KV -0 + LK - V X 02+ $Kh X V X 0)? +
+ KV - [(R- V) — (V- 1) ] +
+ 1KV X W)+ LK (- V X ) 4 LKa -V x D2 (17)

with 15 nematic and 3 chiral-nematic contributions.
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Use of the generalized LGdG energy now allows to express the biaxial elastic con-
stants in terms of the order parameters S and 7T

4 dn
Kiu(S, T) = X )" {2 piiu(S, T) LV}, (18)

n=2
where p,(‘flj)k(S, T') are homogeneous polynomials of degree n in & and 7'. The coeffi-
cients of the monomials S7T? with m + p = % in pgz-)k(S, T), multiplying the LGdG

elastic constants L&”’, are presented in Tables 2, 3, and 4. The three chiral-nematic
congstants k;, k., and k, are listed as functions of § and T in Table b,

Table 4

Coefficients of the monomials §?7'" with n 4 m == 4 in the polynomials pgi?,-]g(S, ™,
32=1,..,13. The LGAG invariants [Lgf}], and [Lgi)], and [L(143)] vanish in the hard
biaxial phase, so that pf,)jk(s, Ty =0, p(142),jk(8, T)=0, and p13,5%(S, T) = O foralljand k

Kjt P(S, T) PE(S, T)
St S3T Sz 87 T 84 83T S272 ST3 T4
Kp 0 0 768 0 0 0 — 2304 768 — 768 256
Ko 0 0 0 0 0 0 —2304 768 —768 256
Kis 0 1152 384 384 128 ] — 2304 768 — 768 256
Ky 0 0 0 0 0 0 — 2304 768 — 768 256
K 0 —1152 384 — 384 128 0 0 0 0 0
K 0 2304 0 768 0 0 2304 768 768 256
Ko 0 0 0 0 0 0 2304 768 768 256
Kyua 0 0 0 0 0 0 2304 768 768 256
Kia 0 0 0 0 0 0 2304 768 768 256
Kon 0 2304 0 768 0 0 0 0 ] 0
Kp1 1728 —2304 384 768 — 64 3456 0 768 0 —128
K2 0 0 0 0 0 3456 0 768 0 —128
Kys 1728 — 1152 768 —384 64 3456 0 768 0 128
Ky 0 0 0 0 0 3456 0 768 0 —128
K, 0 —1152 —384 —384 —128 0 0 0 0 0
Ky, 55608, T) PEsH(S, T)
NE S37 g2z 873 T4 S4 ST Sz STs T4

Kn 0 — 576 576 —192 192 0 — 9288 — 24 224 128
K 0 0 0 0 0 0 0 0 0 0
Kis 0 0 384 0 128 0 480 160 160 94
K 0 —1152 384 —384 128 0 0 0 0 0
Ky, 0 — 576 192 —192 64 0 — 768 544 —192 32
Ky 0 1728 192 576 64 0 1536 —288 192 — 32
Ko 0 0 0 ] 0 0 0 0 0 0
K3 0 576 192 192 64 0 288 192 32 0
Kipna 0 1152 384 384 128 0 0 0 0 0
Koy 0 1152 0 384 0 0 672 —288 480 32
Kp1 1728 — 1152 384 384 — 64 288 — 1248 544 —416 — 64
Kpo 0 0 0 0 0 0 0 0 0 0
Kous 1728 — 576 576 —192 0 1152 — 768 416 —192 32
Kpa - 1728 1152 --768 384 — 64 0 0 0 0 0
Ky 0 — /76 —192 —192 — 64 0 96 —256 —288 — 64
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Ki  pouS, T) (S, T)

ok ek 8272 8T3 T4 S 837 Sz STs i
Kn 0O — 576 — 160 —192 160 0 — 1536 128 —256 128
Kz 0 0 0 0 0 0 1536 128 —256 128
K3 0 192 — 320 64 04 0 — 1536 128 —256 128
Ky 0 0 0 0 0 0 — 1536 128 — 9256 128
Kim 0 — 1768 544 0 — 32 0 (1) 0 ) 0
Kt 0 1536 480 256 32 0 1536 0 256 128
Ko 0 0 H 0 0 0 1536 0 256 128
K 0 576 288 — 64 — 32 0 1536 0 256 128
K 0 0 0 0 0 0 1536 0 256 128
Kuyn 0 — 192 — 576 192 64 0 0 0 0 0
K 1152 — 960 448 — 64 — 64 1440 0 704 0 — 96
Kp2 0 0 0 0 0 1440 0 704 0 — 96
Kas 988 — 1768 294 0 0 1440 0 704 0 — 96
Kw; 0 0 1] O 0 1440 0 704 0 — 96
K. 0 960 32 —192 — 32 0 0 0 0 0
Kk PE(S, T) P8, T)

S84 837 S22 ST T4 S 837 S22 ST 74
Ky 0 —1104 456 — 144 |88 0 — 744 0 200 96
K 0 0 0 0 0 0 0 0 0 0
Kz 0 -— 864 — 320 160 64 0 — 432 160 112 96
Ky 0 — 992 448 — 320 64 0 — 480 — 32 — 32 32
K 0 — 240 1160 — 48 —104 0 — 312 608 —168 0
Kot 0 1008 — 136 304 104 0 1080 —332 168 0
Kous 0 0 0 0 0 0 0 0 0 0
Kus 0 1104 — 328 —112 40 0 744 128 56 32
Kpma 0 192 448 320 64 0 480 — 32 32 32
Km“ 0 —1248 — 576 288 64 0 — 240 —288 432 32
K 1152 96 448 —160 — 64 288 — 336 544 —368 —64
Kpo 0 0 0 0 0 0 0 0 (1) 0
Kz 288 — 240 840 — 48 — 72 1152 — 312 480 — 1068 0
Kna 1152 0 — 128 0 0 288 0 256 0 —32
K 0 1488 — 584 — 240 40 0 552 — 320 —264 —32
K. p(143,jk(5’, T) p%),jk(‘s', )

84 Sip g2z 873 i o ST S22 813 T4
Kp 864 320 —128 —160 0 624 — 232 — 48 - 24
K 0 0 0 0 0 0 — 384 — 256 128 0
Kig 0O — 96 352 —224 — 96 0 480 512 — 352 0
Ky 0 0 0 0 0 0 — 884 — 256 128 0
K, 0 960 —1184 96 64 0 144 — 1128 48 104
Ko 0 1920 96 —160 0 0 — 336 296 112 — 40
Ko 0 0 0 0 0 0 384 — 256 —128 0
Kons 0 — 864 — 192 128 32 0 - 624 488 304 24
Ky () 0 0 0 0 0 384 — 256 — 128 0
Ko 0 672 864 —480 — 96 0 1440 576 —288 — 64
K. - BT76 1056 — 800 288 96 — 288 — 288 — 256 160 32
Ko 0 O 0 0 0 —288 0 320 0 — 32
Kz — 576 960 — 544 96 0 576 144 — 616 48 40
Kpa 0 0 0 0 0 -—288 0 320 0 — 32

K 0 —1632 320 384 32 0 — 1584 552 240 — 40
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Table 5

Coefficients of the three chiral strain modes I-v X I, M -7 X we and # -7 X # in
terms of the LLGdG elastic constants

(2) @ q ().
by, — —27(T — 38) {_ L; — LQTT W 5 7). 1;114 (T2 + 287 + 5872) —

iy T2 + 682
— 2
a1 )}

(2) (3) (4)
_ L; L (8 4+ T)+L14 (T2 — 28T + 582 —

b = —2T(T -+ 38){ s =

L@
- 8_115 T2 + 652)}

(2) (8) (4)
Lit Iy Dt gy

by = (T2 — 985 — =5 =7
w=1 ){ 0 T o7 81

&
— 2 (277 4 682
(27 + )}

4. Diseussion

Starting from a general elastic LGdG free energy (10) and reducing the order par-
ameter space of symmetric and traceless tensors to an order parameter space whose
elements satisfy the condition of “hard biaxiality” (16), we derived the elastic theory
for biaxial nematic liquid crystals.

The three chiral contributions k;(i- V X 1), kn(m -V X m), and ky(f -V X n)
appear naturally in this description and must be included in the generalized free
energy for the hard biaxial nematic phase, in accord with the derivation by methods
of invariant theory [8, 10, 11]. It would be a highly singular, nongeneric case, if out
of the three chiral wavevectors &,/ Ko, k| K2, kn/Kne one would vanish and the other
two would become identical, as requested by Brand and Pleiner [12] for chiral biaxial
nematic liquid crystals (this requirement is denied in [7] and [13]).

In the hard biaxial nematic phase, the order parameters § and 7' both depend on
temperature, although the functional relation can only be expressed by numerically
determined diagrams, not by an analytic formula. Through § and 7' also the biaxial
elastic constants change with temperature. Measurements of the behaviour of K;; and
k, with temperature can in principle be used to estimate the values of the LGdG

elastic constants L™,
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