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Abstract

Many technical as well as environmental applications in the field of multi-phase flow in
porous media, such as CO2 storage in the subsurface, remediation of hazardous spills in
the groundwater or gaseous infiltration from nuclear storage sites into the surrounding
rock, take place on a huge spatial domain and occur over large time-scales. In most
cases, however, complex flow regimes occur only in small regions of the whole domain
of interest. Inside these regions, the quality of simulations benefits from highly resolved
grids and from an in-depth description of the physics involved. Outside, in contrast, the
grid can remain coarse and the relevant processes are already captured by a simpler
model abstraction.

To simulate such processes, numerical models have to be developed that mimic the
relevant system properties and characteristics of flow. In this work, the sequential
solution scheme is shown to be an efficient alternative to fully implicit formulations for
compressible, compositional multi-phase systems; it even considers the often neglected
gravitational effects and capillary pressure. An extension for non-isothermal flow is
presented as well. Some numerical obstacles have to be mastered to model these
numerically challenging systems in an efficient manner, avoiding costly iteration of the
global solution.

Two adaptive strategies are discussed: the multi-physics concept adapts the model
complexity locally according to the underlying physical processes. Complicated physics
are approached by complex models that differ from those applied in flow regimes that
are simpler. The efficiency gain is flanked by the qualitative improvement to model
each process not only with the fastest, but also with the most appropriate numerical
model. As an example of such an adaptive modelling strategy, a large-scale CO2 injection
scenario is presented. This example provides insights into the increased efficiency, as
well as the decrease in modelling bias because the constraint on one numerical model
per simulation is relaxed and the most appropriate available model is applied locally.

In the quest for a good global solution, the physical and thermodynamic detail employed
in complicated areas should be supported by a detailed resolution of the grid. Uniform



XIV Abstract

refinement a priori is again avoided in favour of dynamic adaptation, resembling the
second branch of adaptivity in this work. Detail and accuracy are gained in the region
of interest while the global system remains coarse enough to be solved efficiently. The
modification of the simulation grid should not be an additional source of error: for
the complex systems considered, this requires careful transformation of the data while
modifying the grid. Indicators have to be developed that steer the dynamic adaptation
of the grid. These should be tailored to the specific problem at hand. Nevertheless, the
stability of the numerical formulation applied is jeopardized by the types of indicators
that would cause a back-coupling of modelling errors into the refinement process. On
such adaptive grids, the standard approach to computing fluxes is known to fail. An
alternative method, a multi-point flux approximation, is successfully applied and the
improvements investigated. The combination with the standard flux expression yields a
very efficient and potent solution to modelling compositional flow on adaptive grids.

The proposed conceptual methods can only be successfully adapted if they are applicable
to real problems. The large-scale simulations presented in this work are not intended to
answer specific problem-related questions but to show the general applicability of the
modelling concepts even for such complicated natural systems. At the same time, such
large-scale real systems provide a good environment for balancing the efficiency potentials
and possible weaknesses of the approaches discussed. The last example features four levels
of complexity bonded together in the multi-physics setting: compositional single-phase
flow with a simplified thermal approximation and under full non-isothermal consideration
as well as compositional two-phase flow with and without full non-isothermal effects.
Simulations are performed on an adaptively refined simulation grid.



Zusammenfassung

Simulationen sind ein wertvolles Werkzeug, um komplexe Strömungsvorgänge im Unter-
grund zu analysieren, Entwicklungen in der Zukunft abschätzen beziehungsweise das
Risiko menschlicher Eingriffe abwägen zu können. Eine beispielhafte Anwendung ist die
unterirdische Speicherung von CO2, wo riesige Mengen des überkritischen Gases in den
Untergrund verpresst werden, um durch eine dauerhafte Speicherung den Ausstoß des
klimaschädlichen Gases in die Atmosphäre zu vermindern. Bevor im großen Maßstab
mit einer Injektion begonnen wird, sind großskalige Rechnungen nötig, die nicht nur den
direkten Injektionsbereich umfassen, sondern auch weiträumige Effekte abdecken können.
Der weitreichende Druckanstieg, zum Beispiel, könnte das Deckgestein gefährden oder
mit anderen Nutzungen des Untergrunds interferieren, oder aber durch Verdrängung des
potentiell salzhaltigen oder anderweitig belasteten Wassers vorher unbelastete wasser-
führende Schichten gefährden. Da eine dauerhafte Speicherung anvisiert wird, muss das
riesige Untersuchungsgebiet zudem über lange Zeitabschnitte hin simuliert werden. Die
großen Zeit- und Längenskalen in Verbindung mit den komplizierten Vorgängen während
der Injektion (Löslichkeitseffekten, zeitliche Änderung vieler Fluideigenschaften, auch
hinsichtlich Temperaturschwankungen, bis zum komplizierten Zusammenspiel zwischen
den Fluiden und dem Korngerüst des Gesteins) stellt die Simulation solcher Szenarien
höchste Anforderungen an die Numerik. Eine Risikobewertung könnte sogar eine Vielzahl
an aufwändigen Simulationen mit unterschiedlichen Eingangsdaten erfordern.

Komplizierte Modelle wurden entwickelt, die immer mehr Prozesse auflösen können, deren
Umfang zur Beschreibung einfacherer Systeme aber überdimensioniert erscheinen. Denn
oftmals variieren die Prozesse und damit auch der erforderliche Rechenumfang räumlich:
Im erwähnten Beispiel der CO2-Speicherung sind die kompliziertesten Vorgänge dort zu
beobachten, wo das CO2 mit dem Wasser in Kontakt ist, und dort baut sich auch der
treibende Druckgradient auf. Eine Migration von Salzwasser ins Frischwasser ist durch
den großflächigen Verdrängungsprozess aber auch in weit entlegenen Bereichen möglich,
wohin kein CO2 gelangen wird und demnach damit assoziierte Prozesse irrelevant sind.
Dennoch ist deren isolierte Betrachtung unmöglich, sodass beide Teilprozesse in die
Berechnung einbezogen werden müssen, bestenfalls mit dem dazu passenden Modell. Ein
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solch flexibler Modellansatz verspricht nicht nur qualitative Vorteile durch den Einsatz
eines lokal geeigneten Modells, sondern vemeidet überflüssig verschwendete Rechenzeit,
indem einfache Systeme nicht mit zu komplizierten Modellen gelöst werden.

Vor einer Kombination von Modellen müssen jene zuerst einzeln entwickelt werden. In
dieser Arbeit liegt der Fokus auf einer sequentiellen Lösungsstrategie, die gegenüber
einem gekoppelt voll-impliziten Ansatz bei advektionsdominierter Strömung effizienter
und unter Umständen sogar stabiler sein kann. Um die nichtlinearen Abhängigkeiten
komplexer Strömung im Untergrund dennoch abbilden zu können, und nicht wie eini-
ge vergleichbare sequentielle Ansätze auf das Vernachlässigen von dichte-getriebener
Strömung und Kapillarkräften angewiesen zu sein, sind diverse numerische Hürden
zu nehmen. Ähnliches gilt für die Erweiterung auf nicht-isotherme Systeme, da hier
zusätzlich die Energiebilanz beachtet werden muss. Bei der Anwendung der Modelle
werden auch die Grenzen des Lösungsverfahrens sichtbar, sobald diffusive Kräfte die
Überhand gewinnen - hier besteht Raum für weitere Modellverbesserung, zum Beispiel
bezüglich einer stabilen zeitlichen Auflösung, des Zeitschrittmanagements.

Insgesamt werden in der Arbeit zwei adaptive Strategien verfolgt: Ein Mehr-Physik–
Ansatz passt die numerische Abstraktion an die lokal auftretenden physikalischen
Prozesse an. Obwohl das gesamte Modellgebiet gelöst wird, wird örtlich selektiv das
am besten passende Modell gewählt und zum Gesamtsystem verknüpft. Dadurch wird
verhindert, dass modellbedingte Unsicherheiten auch in Gebiete durchschlagen, die durch
einfachere Modelle besser gelöst werden könnten. Zudem wird überflüssiger Rechenauf-
wand vermieden, da die aufwändigen Teilgebiete nicht das Niveau des Gesamtsystems
vorgeben. Am Beispiel eines synthetischen Szenarios zur CO2 Speicherung wird der
Effizienzgewinn sichtbar. Allerdings offenbart es auch die Schwächen des entkoppelten
Lösungsschemas, die ungenaue Näherung der nichtlinearen Beziehungen.

Diese Fehler könnten durch eine feinere Gitterauflösung reduziert werden, während auf
eine Verfeinerung in weniger relevanten Teilgebieten aus Effizienzgründen verzichtet
werden sollte. Die dynamische Gitterverfeinerung stellt damit die zweite adaptive Stra-
tegie dar. Damit können einzelne Bereiche feiner aufgelöst werden, ohne die generelle
Lösbarkeit des Gesamtsystems dadurch zu gefährden, dass sich die Gleichungssysteme
durch globale Gitterverfeinerung aufblähen. Um das Gitter an die Strömung anpassen
zu können, muss ein geeigneter Indikatorensatz entwickelt werden. Obwohl dieser prinzi-
piell problemspezifisch definiert werden muss, schließt das gewählte Lösungsverfahren
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einige bereits im Vorfeld aus - schließlich soll die Gitterverfeinerung keinen negativen
Einfluss auf die Stabilität des Verfahrens haben. Ein adaptiv verfeinertes reguläres
Gitter stellt ein Beispiel dar, bei dem die Standardmethode fehlerhafte Flüsse zwischen
Zellen produziert. Diese Schwächen vermeiden mehrere Alternativansätze, darunter die
Mehrpunktflussverfahren, deren sogenannte “L-Methode” wie gemacht für die Simulation
auf adaptiven Gittern ist. Hier wird der Einflussbereich der Flussberechnung vergrö-
ßert und dadurch Fehler reduziert, was natürlich mit einem größeren Rechenaufwand
einhergeht. Die Kombination beider Methoden allerdings stellt einen sehr effizienten
und leistungsfähigen Ansatz dar, der auch große und physikalisch komplexe Systeme
bewältigen kann.

Die beiden beispielhaften großskaligen Simulationen in dieser Arbeit sind als Machbar-
keitsstudien der Methodik zu verstehen, sodass deren Ergebnisse keine expliziten Fragen
beantworten sollen. Sie zeigen allerdings, dass die Ansätze erfolgreich auch für reale
Problemstellungen Anwendung finden können. Zudem kann so der reale Effizienzgewinn
abgeschätzt werden, und auf Stärken als auch Schwächen der Ansätze eingegangen
werden.





1 Introduction

1.1 Motivation

Numerical modelling of subsurface flow often spans long periods of time and has to cover
a considerably large spatial domain. For example, safety assessments of storage sites for
nuclear waste have to investigate if hazardous substances can reach and contaminate
groundwater aquifers within at least decades, and since storage caverns will not lie in
the vicinity of these precious aquifers, the area of investigation is considerably large.
Another example might be the injection of CO2 into the subsurface to mitigate its
effect as a greenhouse gas on the climate. The common theme here is the question
whether the CO2 could leak back into the atmosphere, and which kind of pathways
allow for such rising from deep underground. In addition, simulations can assist in the
screening of appropriate storage locations and the development of injection strategies to
preserve the integrity of the formations and prevent the displaced formation fluid to
cause harm, possibly far away from injection. Then again, both the time span of interest
and the spatial domain, at least for injection volumes necessary to actually mitigate
anthropogenic emissions, are large. So are the computational demands, which despite
ever growing computational power still require the development of efficient modelling
tools.

These simulations are based on a (mathematical) conceptual model that is an abstraction
of the complex (natural) phenomena. It is therefore necessary to identify the important
and relevant processes and translate them into mathematical formulas while still main-
taining a level of complexity where their solution is still possible. As research improves
the understanding of the underlying physical processes, more detail and complexity can
be included in the model, which increases computational demands. This balancing act is
an inter-disciplinary challenge, as improvements in the thermodynamic description, for



2 1 Introduction

example, should not be eroded by inaccuracies of the discretisation method or problems
with the implementation. It gets even more inter-disciplinary as soon as these simulation
results need to be interpreted and get perceived by the stakeholders. To do so, multiple
simulation runs might be necessary to analyse parameter sensitivities and uncertainty, or
in order to discuss the influences of model assumptions. Then again, efficiency becomes
an important factor.

Figure 1.1: Change in reservoir pressure (left) and the plume shape of CO2 (right) after 10
years of simulated injection (Schäfer et al., 2012).

In most cases of multiphase flow in porous media, the level of complexity and their
relevance for the simulation results differ significantly. Complex flow regimes that should
be resolved in high detail might occur only in small regions of the whole modelling
domain, which means a coarser description might be sufficient outside. Likewise, the
physical processes might require a more detailed approximation locally while in other
regions, the processes show better resemblance if simpler conceptual models are applied.
Over the large periods of time, some driving forces might become more significant as
others cede.

As an example, the propagation of brine along a pressure gradient induced by injected
CO2 can be modelled with relatively simple numerical models. Yet the original displace-
ment that lead to the flow of brine requires the modelling of the complicated processes
attributed to the injection (two-phase effects with mutual dissolution, thermal effects,
or even mineralization around the injection well), that could even be superposed by
background flow from an additional human intervention such as geothermal energy.
While brine is also displaced in the far field, away from the injection area (Figure 1.1
left), the region of injection remains a local phenomenon (Figure 1.1 right). At best, the
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level of detail should adapt to the underlying processes and should not be decided a
priori by the modeller.

Naturally, this can never be fully accomplished, but I present two adaptive strategies
that can be principally followed independently, and are also discussed separately: the
multi-physics concept adapts the numerical model complexity locally according to
the underlying physical processes. Complicated physics are approached by complex
abstractions that differ from those applied in flow regimes that remain simple (Figure
1.2). Secondly, an adaptive refinement of the modelling grid gains detail and accuracy
in regions of interest while the global system remains coarse enough to be efficiently
solved. These dynamic or adaptive simulation frameworks attempt to balance between
accuracy / detail and reason / efficiency. They allow us to use the appropriate and best
available numerical model and grid resolution locally.

Figure 1.2: Schematic of the multi-physics framework: different models are applied locally to
model the combined problem. The simulation grid is adaptively refined around
the plume to complex physical processes occurring here.

1.2 Literature context

This work employs the numerical models for compositional multiphase flow and the
multi-physics framework to combine the individual models of different complexity that
where developed in Fritz et al. (2012); Fritz (2010). The bonding of the models is
simplified by formulating them mathematically by means of one pressure equation based
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on (Ács et al., 1985) and sequentially solved transport equations, which circumvents
the coupling by domain decomposition techniques (Peszyńska et al., 2000; Peszyńska,
2003). The latter approach, however, would also allow to use different numerical solution
schemes for the individual models (Wheeler et al., 1999). A good overview of different
coupling schemes and multi-physics models can be found in Wheeler and Peszyńska
(2002). As an extension to previous work, capillary pressure is included in the two-phase
models to increase the range of applicability (Faigle et al., 2013).

The second branch of adaptivity considered here involves a dynamic adjustment of
the simulation grid, whereas the focus lies exclusively on regular grids. Adaptive mesh
refinement (AMR) increases the resolution of the simulation mesh in regions of high
interest while maintaining a coarse grid everywhere else. The technique is widely used
in porous media flow with ongoing development (Heinemann et al., 1983; Mehl and
Hill, 2004; Pau et al., 2012); many authors nest the refined areas into the coarse grid
in a multi-grid or domain decomposition framework (Hornung and Trangenstein, 1997;
Trangenstein, 2002; Nilsson et al., 2005; Pau et al., 2010; Thomas and Wheeler , 2011),
allowing for parallel computations and an individual temporal resolution of coarse and
fine grid patches. In the former approach on an integrated adaptive grid, the flux stencil
has to be increased locally to avoid erroneous fluxes over interfaces between fine to coarse
cells. A class of methods capable of doing so was initiated by (Aavatsmark et al., 1994;
Edwards and Rogers, 1994), the so-called Multi-Point Flux Approximations (MPFA).
One of these, the L-method (Aavatsmark et al., 2008), is perfectly suited for irregular
grids that develop if regular grids are refined or coarsened.

1.3 Simulation environment

Simulation of complex flow regimes in the subsurface is a challenging task where
knowledge from different disciplines have to come together. The modelling software
has to provide a combination of efficient and potent grid managers, solvers and data
structures necessary for most fields of computational science as well as the physical
and thermodynamic properties and discretisation schemes for flow through porous
media. The former is provided by the modular toolbox DUNE (Distributed and Unified
Numerics Environment, Bastian et al. (2005, 2008b,a)), and especially the grid manager
ALU (Adaptive, Load-balanced, and Unstructured Grid Library Burri et al. (2006))
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that allows for a dynamic adaptation of the simulation grid. Included as well are Solvers,
pre-conditioners and general data structures and methods for input and output. These
features are then accessed and used by the modelling framework DuMux (DUNE for Multi-
{Phase, Component, Scale, Physics, ...} flow and transport in porous media, Flemisch
et al. (2011)). A core design principle of both projects is a high flexibility achieved through
common interfaces and a modular setup. This is an essential requirement for both types
of adaptivity applied in this work: general grid adaptivity can be supplemented with
the requirements to model compositional multi-phase flow in a very efficient manner;
And the individual sequential models can be incorporated into the flexible multi-physics
framework by employing the strength of object-oriented programming to reduce code
duplication.

Another important feature of DUNE and DuMux software is the open source licence,
guaranteeing that the research produced is accessible for the whole society. On one hand
this should improve the reproducibility of the results presented (see also the information
given in Section 7.3), and might on the other hand ease usage and re-implementation of
the approaches and concepts presented in this work.

1.4 Strucuture of the thesis

This work follows two strategies for adaptivity: the first alters the numerical complexity
locally according to the underlying physical processes, and the second adapts the simu-
lation grid. The applications and simulation examples intend to show the applicability
of the presented frameworks.

Following this introduction, Chapter 2 describes the fundamental properties and func-
tions of a compositional multi-phase system in a porous medium. The basic concepts are
introduced and conservation laws are formulated. These are discretised in Chapter 3, and
the numerical realisation of the mathematical models is discussed. The individual models
bond together in the multi-physics framework in Chapter 4, which also includes a large-
scale example to show the applicability of the framework. Then, as a second strategy, the
adaptive grid refinement is presented in Chapter 5 and the resulting obstacles to model
compositional multiphase flow up to three dimensions are resolved. The combination of
both strategies is showcased on the large-scale CO2 injection scenario (from Chapter 4)
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in Section 6.1. Finally, the general applicability of the models is visualised in Section
6.2, which is based on an existing reservoir with challenging properties. The work is
summarized in Chapter 7, which also includes an outlook for further research.



2 Fundamentals

This chapter provides the fundamental definitions and principal concepts to study
multi-phase flow in porous media. The properties of the fluids and the thermodynamic
description of mixtures is discussed first, followed by their interaction with the porous
media which demands for additional concepts, laws and functional relations.

2.1 Fluid properties and thermodynamic relations

This section introduces the relevant fluid properties and their functional resemblance
that need to be accounted for in the context of this work.

2.1.1 Phase composition

Fluids with homogeneous physical properties and chemical composition separated by a
sharp interface are called phases. Such phases are typically classified into solid, gaseous
and possibly several coexisting liquid phases. Each phase α can consist of one pure
chemical substance or a mixture of several substances whose compartments are called
components. This term is also used for a combination of substances that form a logical
group: the component “air” comprises all its compartments (mainly N2 and O2, plus
smaller fractions (Römpp et al., 1999)).

Despite being defined via an interface, phase changes can occur due to changes in
temperature or pressure, which would then lead to a transfer of mass over that interface.
If two components of different phases come into contact, they usually do not remain
completely immiscible: a small portion of gaseous air in contact with water, for example,
gets dissolved in the water phase and vice versa. Such compositional effects may change
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the thermodynamic properties of all phases α, making it necessary to quantify the
components κ. The following quantities are used as measures.

The mole fraction xκα relates the number of molecules of a component nκα to the total
number nα of all molecules in the phase,

xκα = nκα
nα

. (2.1)

This relation can also be expressed by relating the mass of the components mκ, which
yields the mass fraction Xκ

α

Xκ
α = mκ

α

mα

= Mκxκα∑
κ
Mκxκα

. (2.2)

It translates to the mole fraction by means of the molar mass Mκ. By definition, the
aforementioned fractions, as well as all other quantities denoted as a “fraction”, sum up
to unity ∑

κ

xκα =
∑
κ

Xκ
α = 1 . (2.3)

The volumetric measure of the mass concentration relates the mass of a substance to
the total volume V̂α that is occupied by the fluid,

Cκ
α = mκ

α

V̂α
. (2.4)

In multiphase systems, the total amount of a substance in all phases can be quantified
by the total concentration,

Cκ =
∑
αm

κ
α

V̂
=
∑
α

Cκ
α . (2.5)

2.1.2 Thermodynamic states and state variables

An ensemble of physical or thermodynamic properties describe the state of the fluid
or system of fluids. These states are fixed end-points where it is irrelevant exactly how
the system has arrived at the state. This means, at any given point in space and time,
the state of the system can be exactly and fully determined. The association of phase
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Figure 2.1: Phase diagram for pure CO2 from Nordbotten and Celia (2012). Typical subsurface
conditions are depicted by the dashed line.

state and system properties, such as temperature, pressure and composition, can be
visualized in phase diagrams (Figure 2.1). The lines mark states where more than one
phase coexist, a relevant information to determine the system state for a given set of
system properties.

For applications considered in this work, the line for coexistent gas and liquid phases is
of special importance. Expressed in functional form, its exploitation yields, for example,
the vapour pressure pvap of the liquid-gas mixture at any given temperature; or, inversely,
the boiling temperature Tboil. In mathematical terms, the behaviour described above is
accounted for with equations of state (EOS) that relate system properties, e.g. pressure
and temperature, with properties of the fluids such as the density.

Denisty

The density of a fluid,
%α = mα

Vα
, (2.6)
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Fluid Property Function Literature
Water Density f(T, pα, X) IAPWS (1997); Class et al. (2002)
Brine Density f(T, pα, S,X) IAPWS (1997); Bielinski (2006)
Ideal Gas Density f(T, pα, X)
CO2 Density f(T, pα, X) Darcis (2012); Span and Wagner (1996)
TCE (NAPL) Density f(T, pα) Reid et al. (1987)

Table 2.1: Equations of state an their dependencies: temperature T , phase pressure pα, salinity
S, and phase composition indicated by the mass fraction X.

relates the mass of a phase with the volume it occupies. In general, there is a dependency
on temperature, pressure and composition through the attractive or repulsive forces
between the molecules. Typically, an increase in pressure or a lowering of temperature
yields a higher density as mutual attraction is increased. For high pressure and tempera-
ture, the fluid enters the supercritical region (Figure 2.1), where the density approaches
values of a liquid state while retaining the viscosity of a gas.

In functional form, one of the simplest equations of state is the ideal gas law,

% = pMκ

RT
. (2.7)

Here, R is the universial gas constant and T the fluid temperature. A large variety of
equations of state can be found in textbooks such as Poling et al. (2001); Atkins and
De Paula (2002); Aavatsmark (1995). Those applied in this work are summarized in
table 2.1.

The inverse of the density function is the specific volume of a fluid, vα, with the same
functional dependencies. Its derivatives play a major role in the numerical scheme
applied in this work. The derivative of the specific volume with respect to pressure is
called compressibility,

βα = 1
%α

∂%α
∂pα

∣∣∣∣∣
T,Xκ

α

= − 1
vα

∂vα
∂pα

∣∣∣∣∣
T,Xκ

α

(2.8)

The notation |pα,Xκ
α
implies that the partial derivative is to be formed by keeping the

temperature and the composition of the phase constant. The compressibility of gases is
much larger than that of liquids.
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In a multiphase fluid system, the combined total compressibility describes the volumetric
compaction of the fluid system for a given change in pressure,

ĉ = ∂v̂

∂p

∣∣∣∣∣
T,Xκ

. (2.9)

If there is an EOS that describes the fluid system in all phase states, the total compress-
ibility can be gained analytically. If this is not the case, it can be computed numerically
investigating the change in combined fluid volume v̂ for an infinitesimal change in all
phase pressures (Section 3.3.5). Under boiling conditions, the total compressibility of
the fluid system is orders of magnitudes lower than both βα and ĉ under non-boiling
conditions, requiring a special treatment (Section 3.3.5).

Viscosity

In contrast to solids, fluids continue to deform when shear stress is applied: fluids can
flow. The resistance to such a deformation is quantified by the viscosity Bear (1972).
More specifically, the term in this work is used for the dynamic viscosity, µα. Viscosity
is generally lower in gases than in liquids. Due to the strong temperature dependency,
viscous fluids such as oil can be mobilized by an increase in temperature which decreases
the viscosity.

Quantification of viscosity is only possible under transient, non-equilibrium conditions,
so the discussion in this section might sound misguided. However, considering only
Newtonian fluids, viscosity is independent of the magnitude of the velocity gradient but
depends on the state of the system (Poling et al., 2001). It can thus be discussed in the
context of an equation of state (Nordbotten and Celia, 2012), which also justifies the
application of similar mixing rules for example to consider gaseous mixtures, such as
those mentioned in (Class, 2008).

Caloric quantities: internal energy and enthalpy

The state of fluids in a thermal system can be described by caloric state variables. These
are the internal energy U , the energy that is stored inside the fluid; and the enthalpy
H, that also includes the work necessary to provide enough space for it, and hence
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displace the surrounding environment. Usually, both quantities are used as mass specific
quantities u and h,

h = u+ pv = u+ p

%
. (2.10)

As most quantities in Equation (2.10) are strongly dependent on temperature, the
deviation of the caloric quantities with changes in temperature is captured by distinct
quantities: the specific heat capacity at constant pressure,

cp = ∂h

∂T

∣∣∣∣∣
p

; (2.11)

and the partial derivative at constant volume,

cv = ∂u

∂T

∣∣∣∣∣
v

. (2.12)

A system at boiling conditions remains at the boiling temperature even if it is further
heated until the liquid phase has fully evaporated. The increase in energy is required for
this vaporisation because the attractive forces in the liquid have to be overcome. The
amount of energy required to change the phase state is called latent heat and can be
quantified by the enthalpy of vaporisation,

hvap = hg − hliq . (2.13)

2.1.3 Phase equilibrium

The previous sections showed that fluid configuration, which stands for its composition
and phase distribution in this work, is essential to describe the properties of the fluids. In
equilibrium, the fluid system does not undergo further phase changes and flow of matter
or energy has ceased. Then, the distribution of each component and the corresponding
phase state can be calculated. Such an equilibrium is formulated locally, as are the
fluid properties. Globally, in contrast, fluid properties may differ greatly and flow of
matter may still be observable. The second law of thermodynamics demands that at
equilibrium, intensive variables are the same in all phases, expressed by an equality
of pressure pα (mechanical equilibrium), temperature Tα (thermal equilibrium) and
chemical potential µκα (material equilibrium)(Aavatsmark, 1995). The last two have to
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be exploited to determine the phase state and phase composition of the material sample.
In a gas-liquid system, we then have:

Tliq = Tg; (2.14)

µliq = µg; (2.15)

The range of values of the chemical potential is boundless, which makes it a very
unfavourable quantity. This can be circumvented by the introduction of the fugacity f .
For pure components, the fugacity describes the deviation from a hypothetical ideal gas,
marked by an asterix, at a fixed reference pressure p0.

µ(T, p)− µ∗(T, p0) = RTln
f

p0
(2.16)

A gas is called ideal if the molecules do not interact with each other, and hence follows
the ideal gas law, Equation (2.7). Using the thermal equilibrium (Equation (2.14)) and
the fact that the chemical potential of perfect gases are equal, Equation (2.15) translates
with Equation (2.16) to an equality of fugacity,

fliq = fg; (2.17)

In a perfect gas, we can reach an arbitrary pressure by

µ∗(T, p)− µ∗(T, p0) = RTln
p

p0
. (2.18)

A combination of Equation (2.16) and Equation (2.18) gives:

µ(T, p)− µ∗(T, p) = RTln
f

p
, (2.19)

The fraction ϕ = f
p
is called the fugacity coefficient, which approaches unity in the case

of an ideal gas. Accordingly, the fugacity can be seen as a kind of pressure correction
that accounts for the non-ideal behaviour of real gases. For multicomponent systems,
we follow the same methodology and introduce a fugacity f̌ that again describes the
deviation from ideal behaviour, in this case from an ideal mixture. First, an ideal
behaviour is regarded, where all substances in the mixture are subject to the same
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interaction (such as attractive forces). It is described in analogy to Equation (2.18) by

µ∗(T, p, xκα)− µ∗(T, p0, x
κ
α) = RTln

pxκα
p0

. (2.20)

As real mixtures deviate from an ideal mixture, we extend Equation (2.20) with a
fugacity description for each component κ,

µ(T, p, xκα)− µ∗(T, p0, x
κ
α) = RTln

f̌κ

p0
, (2.21)

which leans towards the step done for Equation (2.16). Combining Equation (2.21) and
Equation (2.20) yields

µ(T, p, xκα)− µ∗(T, p, xκα) = RTln
f̌κ

pxκα
, (2.22)

and provides analogous to Equation (2.19) a definition of the fugacity coefficient,

ϕκ = f̌κ

pxκα
(2.23)

for each component in the mixture. For an ideal mixture,

ϕκ = 1 . (2.24)

The equality (2.17) in combination with Equation (2.23) and the assumption of mechan-
ical equilibrium provides the equation

ϕκgx
κ
g = ϕκliqx

κ
liq , (2.25)

which determines the composition of one phase given a known state of another phase,
usually called reference phase. Conceptually, this can be done for all kinds of phases, as
we calculate properties of real fluid behaviour by referencing with a hypothetical perfect
gas state (Michelsen and Mollerup, 2007). If there is an appropriate equation of state,
such as (2.7), that describes the behaviour in all phase states reasonably, the fugacity
coefficients can be calculated and the composition of the fluid mixture at hand can be
determined.
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Instead of using the deviation from an ideal gas with a single EOS for both liquid and
gas state, the liquid mixture can be described by comparing it to a pure liquid. If the
fugacity of the pure liquid (Equation (2.18)) is subtracted from the fugacity of the liquid
mixture (Equation (2.20)),

µ(T, p, xκα)− µ(T, p) = RTln
f̌κ

fκ
, (2.26)

we get the definition of activity,

aκ = f̌κ

fκ
. (2.27)

By definition (Atkins and De Paula, 2002; Michelsen and Mollerup, 2007), the activity
equals the mole fraction in an ideal mixture, which also implies that the activity is a
form of corrected mole fraction of an ideal mixture. Analogous to the fugacity coefficient,
the deviation from ideal behaviour is expressed by the activity coefficient,

γκ = aκ

xκ
= ϕ̌κ

ϕκ
(2.28)

For a liquid consisting of one pure component, γκ equals unity.

An alternative to Equation (2.25) is gained by expressing the gaseous mixture in
Equation (2.17) via the deviation from the ideal gas (Equation (2.23)) and the liquid
mixture by the deviation from the pure liquid fκ,pureliq (Equation (2.28),

pϕκgx
κ
g = fκ,pureliq γκxκliq , (2.29)

Simplifications: Dalton, Raoult and Henry

For the applications considered in this work, fluid mixtures typically consist of a dominant
species, allowing for a simplification of the thermodynamic system. As the dissolution
behaviour in the water phase is of interest, the activity model (eqation 2.29) serves as
the basis.

In ideal gases where the components of the mixture do not interact, Dalton found
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that the sum of the partial pressures pκα equals the total pressure,

pα =
∑
κ

pκα . (2.30)

In combination with Equation (2.1), this yields

pκα = xκαpα . (2.31)

In the ideal case, the fugacity coefficient in the vapour is unity, and the fugacity of the
pure component fκ,pureliq at low pressure can be expressed by the vapour pressure psat,pureα .
Then, Equations (2.29) and (2.31) yield

pκg = psat,pureliq xκliq (2.32)

This means that the partial pressure of the dissolved component is linearly dependent
on its pure vapour pressure and the mole fraction, commonly known as Raoult’s
law. It can be a valid assumption if xκliq approaches unity, so the dissolved component
(solvent) has little influence on the fugacity of the dominant component in the liquid
phase (solute), usually water. Under the assumption of an ideal gas at low pressures,
however, it is typically a valid approximation to quantify traces of water that dissolve in
the gas phase. As it was introduced in Equation (2.27), the activity acts as a corrected
mass fraction to hold for non-ideal solutions, which means that a variation of Equation
(2.32),

aκ =
pκg

psat,pureliq

(2.33)

would account for the non-ideal behaviour of the liquid mixture (Atkins and De Paula,
2002).

The solvent mole fraction, in contrast, approaches zero in the limit of a pure mixture,
so its behaviour can hardly be described by a pure fluid. Henry nevertheless found a
linear dependence of the partial vapour pressure with mole fraction (of the solute) and
a component-specific Henry coefficient

pκα = H∞κα xκliq. (2.34)

This coefficient is a measure of solute-solvent interaction at infinite dissolution (at
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the limit xκliq → 0). In the context of Equation (2.29), we can quantify the dissolved
component

pϕκgx
κ
g = H∞κliq γ

κxκliq (2.35)

Thus, the application of Henry’s law does not necessarily assume an ideal gas phase
(Poling et al., 2001). A variety of Henry’s coefficients for many substances, such as
TCE used in Section 5.3, can be found in Sander (1999).

2.2 Fluid-matrix interaction in a porous medium

In a porous material, fluids not only interact with each other, but also with the solid
skeleton. Such interactions include attractive or repulsive forces exerted by the solid
surface, and exchange of heat. Mass exchange caused by reactions with the surface, or
mere sorbtion or crystallization, which may occur if dissolved CO2 forms solid carbonates,
are explicitly disregarded in this work. On the one side, the rock matrix is assumed to
be unaffected by the fluids, which, depending on the type of rock, might (Lu et al., 2012)
or might not (Kharaka et al., 2006) be a reasonable assumption. The fluid properties,
on the other side, are likewise considered to be unaffected by mass exchange with the
solid, even though the solubility limit of CO2 in brine, for example, can vary by up to
80% if salt concentration reaches 30% (Nordbotten and Celia, 2012).

The focus in this section lies on the contributions of micro-scale effects (Section 2.2.1)
that propagate to the macro scale by changing the behaviour of the fluids and the
mathematical formulations on the macro scale. For details, the reader is referred
to general textbooks such as Bear (1972); Helmig (1997); Pinder and Celia (2006);
Nordbotten and Celia (2012).

2.2.1 Scales and domains

In this work, three scales are explicitly defined. Firstly, on the micro scale, detailed
knowledge of the spatial distribution of liquid and solid phases and their interfaces is
available and mass exchange is observable. This scale is nevertheless large enough that
the fluids can be described as a continuum with ensemble measures such as density,
and not by individual molecules. Secondly, on the macro scale or REV scale, the actual
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configuration of the grains can be neglected and its effects are up-scaled into averaged
quantities that are valid throughout a “representative elementary volume” (REV). At
this scale, the fluctuations of the properties (such as porosity, Figure 2.2) cedes with
respect to an increase in scale size (Hubbert, 1956). Hence within each REV, it is
assumed that there are only homogeneous effective parameters that capture all relevant
processes. Finally, the field scale is the scale of the modelling domain that needs to be
solved for and which is discretised by the simulation grid.

Figure 2.2: The fluctuations of porosity, denoted by ni, over observation volume, here ∆Ui,
cedes if the REV is reached (Bear , 1972).

Heterogeneities exist on the entire range of scales, so soil parameters vary as well:
fractures, for example, are breaks in rocks that strongly influence subsurface flow and
appear at every length scale (Dietrich et al., 2005). The host rock is heterogeneous
as well, through layering or inclusions of different material, which yields complex flow
regimes that even lead to model inconsistencies on a variety of length scales (e.g. Miller
et al. (1998); Helmig et al. (2006)).

Simulation on an adaptive grid introduces additional sub-scales on the field scale, as the
discretisation length is modified: a fine scale representing the maximum resolution of
the grid versus a coarse scale, including potential intermediate scales. Then again, the
effective parameters have to be carefully determined for each of these sub-scales to allow
for the fine-scale information to propagate to the coarser scale (“up-scaling”) and vice
versa (“down-scaling”). This is especially the case if the soil is heterogeneous on all levels,
which leads to a broad field of research dedicated to up-scaling techniques to resolve
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permeability (Renard and De Marsily, 1997; Durlofsky, 2005), relative permeability
functions (Barker and Thibeau, 1997; Darman et al., 2002) or flow functions Stone (1991)
at different scales. These coarse-scale models can even include patterns of flow specific
to the fine scale such as fingering (Artus and Noetinger , 2004) or compositional effects
(Binning and Celia, 2008; Salehi et al., 2013) by effective up-scaled quantities. The
aforementioned methods are circumvented in this work by defining the soil properties
and corresponding flow functions on the coarsest scale, thus no up-scaling of parameters
is necessary.

The spatial domain can be divided into several units on the field scale. Possible criteria
might be rock properties (for CO2 storage, for example, the injection formation and a
sealing cap-rock above), specifics of fluids (dependent on the amount of different phases
present) or the applied numerical scheme. A combination of the latter two is undertaken
in Chapter 4. The differently classified and non-overlapping subdivisions are denoted as
“sub-domains”.

2.2.2 Porosity and saturation

A porous medium is a solid material composed of grains and pores. The size and
connectivity of the open void space is dependent on the variability in grain size and
their geometric packing within the porous structure. The fraction of the void volume Vv
that is accessible by fluids over the total volume defines the porosity

φ = Vv

V̂
.

If several fluid phases are present in the rock, each fluid phase occupies a certain ratio
of the available pore space

Sα = Vα
Vv

. (2.36)

On the REV scale, the exact spatial distribution of the fluid phases in the pore matrix
is irrelevant. The saturation is thus an integral measure that is averaged over the REV
(Figure 2.3).



20 2 Fundamentals

averaging

soil matrix

liquid phase

gas phase

microscale REV

Figure 2.3: Averaging from micro-scale to macro-scale (Class, 2008).

2.2.3 Intrinsic permeability

The French engineer Henry Darcy investigated the seepage of water through a sand
column already in the 19th century. He found that the total discharge, Q, is proportional
to the cross-sectional area of the column, A and the gradient in hydraulic head, h, which
can be expressed as

Q = −kfA
∆h
l
. (2.37)

The proportionality factor, kf , was described by Darcy as “a coefficient dependent
on the permeability of the [sand] layer” (Hubbert, 1956). The hydraulic head h is the
sum of the geodetic height, z, and the pressure head, p

%g
. Hubbert (1956) accompanied

Darcy’s experimental analysis with a mathematical derivation, and concluded that kf is
indeed a lumped parameter of both soil and fluid properties

kf = K
%g

µ
, (2.38)

where K is now purely a soil property and thus denoted intrinisic permeability. A widely
accepted relation of the intrinsic permeability and porosity is the Kozemy-Carman
equation (Bear , 1972),

K = d̄2

180
φ3

(1− φ2) , (2.39)

where d̄ is the mean particle size of the porous medium. The pores of a porous medium
are, in general, neither well-sorted and homogeneously packed nor of uniform shape, so
the resistance to fluid flow varies with the spatial direction. Hence, intrinsic permeability
is a tensorial quantity K. Whenever only one scalar value is given in this work, this
implies equal diagonal entries and zero non-diagonal entries of the full permeability
tensor.
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2.2.4 Capillary Pressure

Molecules inside a fluid phase are subject to intermolecular forces, acting equally in all
directions. At the phase interface, however, these forces are not balanced if the attractive
force differs in each phase. This leads to a so-called surface tension that minimises the
surface of a phase under multiphase conditions. In a porous medium, the fluids also
interact with the solid matrix, so further adhesive and repulsive forces with the grain
surface are present. The chemical composition of the solid and fluids determine which of
the fluids wet the surface, which leads to the terms “wetting” (α = w) and “non-wetting”
(α = n) phase. In real systems, however, even mixed-wet porous media exist (Doerr
et al., 2000) where such a distinction is non-trivial.

As the wetting phase spreads over the grain surface, the interface bends under stress.
This leads to a pressure difference on either side of the interface (Pinder and Celia,
2006), which is called capillary pressure pc. While originally a micro-scale phenomenon,
the effect of capillarity propagates to the macro scale: as an example, let us consider
a water-wet soil sample where the initial water is replaced by injecting a non-wetting
gas with an overpressure. For each pore, this overpressure has to overcome the “entry
pressure” pd necessary to displace the wetting phase that is preferentially attracted by
the solid. The higher the overpressure becomes, even smaller pores with increasingly
high entry pressures get occupied. This difference in phase pressures on the macro scale,

pc = pn − pw , (2.40)

is again called capillary pressure, and represents a quantity that is averaged over the
REV to mimic the macro-scale behaviour. Due to its correlation with the water content,
the macro-scale capillary pressure is incorporated by its functional dependency on the
saturation via a pc(S)-relationship. In the example, the overpressure will rise until a
limit is reached where no further water drains the sample. This limit is the residual
saturation Swr, that has its analogue (Snr) for the inverse process, imbibition, when no
more non-wetting fluid can be replaced by pressure gradients. The constitutive relation
for the macro-scale capillary pressure with the saturation is thus typically formulated in
terms of the effective saturation Se,

Se = Sw − Swr
1− Swr

(2.41)
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Widely used capillary-pressure–saturation relationships are formulated by Brooks-
Corey and Van Genuchten.

Brooks-Corey: pc(Sw) = pdS
− 1
λ

e ; for pc ≥ pd (2.42)

Van Genuchten: pc(Sw) = 1
α

(
S
− 1
m

e − 1
) 1
n

; for pc ≥ 0 (2.43)

The parameters pd and λ as well as n, m and α are determined by fitting curves to
experimental data or numerical simulations performed on the micro or pore scale. It is
noted here that there is a dependency of capillary pressure on temperature and even
composition that is not considered in this work. Likewise neglected is the dependency
on flow rate and relative direction of flow, and the history of the change in saturation
(hysteresis).
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Figure 2.4: Capillary-pressure–saturation relationships (Helmig, 1997).

2.2.5 Multiphase Darcy’s law and relative permeability

Under multiphase conditions, each phase occupies only a fraction of the available pore
space, expressed by the saturation Sα. In motion, each fluid finds its own pathway
through a set of channels that depends on the saturation (Bear et al., 1968). The
reduction of discharge caused by such a channelling is quantified by introducing a
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Kf = krαK
%αg
µα

Kf = K · %αg
µα

Non-wetting phase

Wetting phase

Figure 2.5: Fluid movement in porous matrix under singlephase (left) and under multiphase
(right) condition.

relative permeability function that is dependent on saturation. This function equals the
single-phase discharge in Equation (2.37) if the saturation approaches unity (Fig 2.5).
The considerations in Section 2.2.4 allow for different pressures in each phase, which
lead to the extended form of multiphase Darcy’s law (Pinder and Celia, 2006; Helmig,
1997),

vα = −K
krα
µα

(∇p− %αg) , (2.44)

where the fraction of permeability and viscosity is usually abbreviated by the mobility
λα = krα/µα. Although Equation (2.44) is written and widely applied as a phase velocity
vα, the quantity itself resembles more the volume-specific discharge qα = Qα

A
:= vα.

Functions of relative permeability can either be measured or derived from the applied
capillary-pressure–saturation relationships (Pinder and Celia, 2006; Helmig, 1997).
Van-Genuchten used the Mualem model,

krw =
√
Se

[
1−

(
1− S

1
m
e

)m]2
(2.45a)

krn = (1− Se)
1
3

[
1− S

1
m
e

]2m
(2.45b)

and Brooks-Corey the model of Burdine,

krw = S
( 2+3λ

λ )
e (2.46a)

krn = (1− Se)2
[
1− S( 2+λ

λ )
e

]
(2.46b)
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2.2.6 Heat conductivity

Under non-isothermal conditions, temperature differences induce the conduction of heat,
a diffusive flux of energy driven by temperature differences. Fourier‘s law relates the
heat flux JE,α to a material parameter λE,α and the gradient in temperature,

JE,α = −λE,α∇Tα (2.47)

The heat conductivity of the material, λE,α, quantifies the ability to transport heat.
As this transport happens between individual molecules, heat conductivity is larger in
solids than in gases. In a multi-phase environment, heat transport is a rather complex
process, thus integral measures of a combined multi-phasic conductivity λ̄E are preferred
(e.g. Class (2008)). The model of Somerton considers the contribution of the water by
a root function,

λ̄E = λE,s +
√
Sw(λE,w − λE,s) (2.48)

2.3 Balance equations

The previous sections describe the state of the fluids (Section 2.1) and their interplay
with the porous media (Section 2.2). The governing equations on the REV scale are
conservation laws that preserve mass, energy and momentum. The latter is usually
omitted in the field of porous media, as the applied Darcy‘s law for flow in its range
of applicability can substitute a general consideration of the momentum balance. The
derivation of the following equations can be found in (Helmig, 1997; Bielinski, 2006;
Fritz , 2010).

2.3.1 Mass balance

Considering compositional multiphase flow in porous media, the conservation of mass
can be formulated for each component κ in the phases α

∑
α

∂(φSα%αXκ
α)

∂t
+∇ ·

(∑
α

Xκ
α%αvα + Jκα

)
+ qκ = 0 . (2.49)
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The first term comprises the changes of mass per REV over time and is called a storage
term. Fluxes to and out of the volume are considered next, expressed by a combination
of advective fluxes in terms of a phase flux (Equation (2.44)) and diffusive fluxes Jκα.
Sources or sinks are accounted for by the third term.

2.3.2 Energy balance

Under the assumption of local thermodynamic equilibrium, energy is conserved if

∂ (φ∑α Sα%αuα + (1− φ)%scsT )
∂t

+∇ ·
(∑

α

(hα%αvα +
∑
κ

uκαJκα − λ̄E∇T )
)

+ qE = 0 .

(2.50)
The storage term in the energy balance comprises both the energy stored in all fluids and
in the solid phase. Thermal convection comprises the heat transport through advective
and diffusive fluxes as they appeared in the mass balance equation, supplemented by
the conductive heat flux (Section 2.2.6).





3 Numerical models

In the 1970s, the simplified Richards equation commonly applied to describe multi-
phase flow in hydrology was gradually replaced by solving the conservation equations
(Section 2.3), where experience in their solution was gained in the field of petroleum
engineering (Morel-Seytoux, 1973). The numerical solution in time of these coupled
non-linear partial differential equations can be assorted into two groups: the sequential
or decoupled solution strategies widely applied in petroleum engineering on one side
and fully implicit or coupled solution strategies on the other side. The latter approach
regards all dependencies in one large and coupled system of equations that is solved
iteratively, until a converged solution is found. In the former method, in contrast, the
system of equations is reformulated into subsequent computational steps, so the solution
has not necessarily converged. The increase in efficiency therein comes with the price of
severe constraints with regards to applicability of such a decoupled solution.

The basic assumptions made to develop the numerical models are summarized briefly:

• Molecular diffusion and hydrodynamic dispersion is neglected, i.e. Jκα = 0, because
this works focus lies on advectively dominated processes where diffusion plays
a minor role. Although being a diffusive effect, the heat conduction along a
temperature gradient is regarded.

• Flow through the porous medium is assumed to be slow enough that the phase
flux can be approximated with Darcy’s law, (2.44).

• Mass and energy transfer is considered fast enough that the thermodynamic
equilibrium is reached locally. The global system can nevertheless deviate from an
equilibrium state.

• The porous medium is rigid, thus its properties remain constant in time.
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3.1 Implicit versus explicit solution

For brevity, the balance equations (Section 2.3) can be reformulated formally as a system
of equations with the form

∂χ

∂t
= F (χ) (3.1)

where the vector χ holds all primary variables. The time derivative in Equation (3.1)
requires a discretisation in time by means of a finite number of time-steps. The last
known state is denoted by the superscript t−∆t, and a solution of the next time level t
is seeked. Unfortunately, both primary variables χ and the coefficient functions in F (χ)
change with time. An implicit scheme (Figure 3.1(a)) examines the coefficients on the
new time level,

χt − χt−∆t

∆t = F t−∆t,t(χt) (3.2)

An iterative scheme is necessary because the right hand side also depends on the solution
of χt itself.

In contrast, explicit schemes use the coefficients of the known last time level t −∆t
to compute the primary unknowns χt, assuming that the temporal change in F is
sufficiently small:

χt − χt−∆t

∆t = F t−∆t(χt−∆t) (3.3)

The explicit scheme features the advantage that the coefficients in F t−∆t can be directly
calculated and costly iteration is omitted. For stability reasons, the size of the time-step
is limited by a stability criterion that was found by Courant, Friedrichs, and Lewy
(1928) and is accordingly named CFL-criterion. It connects the temporal and spatial
resolution of the discretisation by introducing a domain of dependence in space-time,
depicted in grey in Figure 3.1(b). Outside this domain, a front would pass more than
one cell per time-step, which would surpass the spacial discretisation length of the new
time-step and thus could not be captured. In one dimension and obeying a spatial
discretisation length ∆x, the CFL-criterion is

|v|∆t
∆x ≤ 1 (3.4)

|v|∆t
∆x = a · 1 (3.5)
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(a) Implicit solution.
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(b) Explicit solution.

Figure 3.1: Schematic of implicit and explicit solution of transient flow problems.

The inequality is usually ensured by introducing a factor a (Equation (3.5)) that further
reduces the size of the time-step to stay on the safe side.

3.1.1 Fully implicit or coupled solution

The balance equations of Section 2.3 are coupled via the pc − S–relationship, the phase
mobility, density, the phase composition as well as caloric quantities. Fully implicit
solution schemes seek a converged solution of the next time-step by iterating Equation
(3.2) until all conservation equations are fulfilled, i.e. the equality is met to a certain
tolerance. The secondary variables that appear in F , the fluid properties and fluid-
matrix interactions discussed in the last section, are dependent on the unknowns of the
new time level χt, and on the old time level χt−∆t if they appear in the storage term.
To reach convergence, an iterative scheme such as the Newton-Rapson-method is
used (Helmig, 1997; Class, 2008). Therein, the change of F for changes in the primary
unknowns χ, i.e. the Jacobian, has to be build for each iteration step, until a set of
unknowns χt is found that fulfils Equation (3.2) up to a low tolerance. The number of
iterations necessary to reach convergence determines the size of the time-step, because
the number of time-steps have to be balanced with the efforts to reach a converged
solution.

Converging towards a solution of the overall system may be a cumbersome task, for
example if local phase changes are triggered by only a margin (Class and Helmig, 2002).
Of the various strategies to reach convergence (Marchand et al., 2013) under such
conditions, some apply a different choice of primary variables globally (Neumann et al.,
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2013) or adapt them locally (Class et al., 2002); alternative approaches even include a
reformulation of the closure conditions that couple the balance equations (Jaffré and
Sboui, 2010; Lauser et al., 2011).

3.1.2 Decoupled or sequential solution

As early as the 1960s (Aziz and Settari, 1979), an alternative solution strategy to the
fully implicit approach was applied in the petroleum literature, and was only gradually
adopted by researchers in the field of hydrology (Wooding and Morel-Seytoux, 1976;
Binning and Celia, 1999). The basic idea (Stone and Jr., 1961) is to reformulate the
coupled system of equations into one equation to determine the flow field and sequentially
solved transport equations obeying that flow field. Such a splitting would allow for an
explicit solution of the transport, i.e. solving the balance equations (Section 2.3) in the
fashion of Equation (3.3). The flow field itself is deduced in terms of a pressure, the origin
of the term “pressure equation”, that can be both a physical quantity such as a phase
pressure or a rather mathematical global pressure. This pressure equation is solved in a
semi-implicit fashion: the pressure variable itself is solved implicitly, but the coefficients
in F , see Equation (3.2), are based on the solution of the old time level t −∆t. The
combination of implicit pressure and explicit transport of saturation/concentrations
is the reason this decoupled solution scheme is typically named IMPES or IMPEC
scheme (Sleep and Sykes, 1993). I would prefer the term IMPET, because the transport
is explicit regardless of the transported quantity, be it the transport of mass or energy.

A linearisation with the coefficients held constant in time becomes necessary because
the pressure solve happens before the transport, so the transported quantities of the
new time-level that appear in the coefficients are not yet known. Such a time-lagging
of the coefficients is typically justified by the small size of the time-steps, that evolve
because of the limitation imposed by the CFL-criterion. The changes in the transported
quantities are then sufficiently small that the changes in the derived quantities are
considered negligible during each time-step. This might be the case for an iso-thermal
in-compressible system of fully immiscible phases with negligible capillary effects, where
the system of equations is only weakly coupled through the mobility. The stronger the
coupling, the stronger the change in the coefficients, which increases the truncation
errors significantly, and eventually causes a failure of the splitting method.
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To avoid such failure, the sequential solution scheme can be iterated (e.g. Bell et al.
(1986); Jarle Haukas and Reisoa (2005); Lu and Wheeler (2009); Moortgat et al. (2011)).
The iteration, however, comprises the advantage of the sequential solution method,
its pure speed, while in general still being bound to its limitations through the CFL-
factor. Plus, iteration is only meaningful if a truly converged solution can be found,
which is exactly what the fully implicit methods are designed to accomplish, that are
therefore performing better in strongly-coupled cases (Forsyth Jr. and Sammon, 1986).
As mentioned in Section 3.1.1, even these fully implicit methods sometimes fail to
converge, so non-iterative approaches provide a valuable alternative. Another alternative
would be a combination of both a sequential and a fully implicit method (Thomas and
Thurnau, 1983; Forsyth Jr. and Sammon, 1986), the adaptive implicit method.

The sequential solution scheme is the method of choice in this work, so it will be
presented in detail in the following sections.

3.2 The sequential solution procedure

The chain of the sequential scheme applied in this work is sketched in Figure 3.2: after
initialization of the problem, the time-stepping is started; a predictor transport step
estimates the changes of the transported quantities per cell that are required to calculate
the derivatives in fluid volume (Section 3.3.1) for the pressure equation (Section 3.2.2),
that is solved thereafter; the flow field from the solved pressure equation is input for
the transport system, that yields transport primary variables on the new time level;
finally, flash calculations (Section 3.4.2) solve for the secondary variables, with which
the output can be written and the next time-step is ready to be started.

3.2.1 Transport equations

An explicit transport of the conserved quantities is performed along a pressure field
that specifies phase velocities. The transport equations are directly formulated from the
balance equations (Section 2.3). In the compositional case considered here, the mass
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∂û

∆Cκ,∆û
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Figure 3.2: The sequential solution scheme, non-isothermal variables depicted in gray.

transport is accomplished for each conserved component κ per unit volume in terms of
the total concentration Cκ (Section 2.1.1),

∂Cκ

∂t
= −∇ ·

(∑
α

Xκ
α%αvα

)
− qκ . (3.6)

For non-isothermal systems, conservation of energy has to be included. An apparent
choice as a primary variable emerges from the storage term of the energy balance
Equation (2.50), the volume specific total internal energy û = φ

∑
α Sα%αuα+(1−φ)%scsT ,

that yields an energy transport equation of the form

∂û

∂t
= −∇ ·

(∑
α

hα%αvα − λ̄E∇T
)
− qE . (3.7)

If changes in temperature or heat fluxes do not lead to phase changes, such as boiling,
one can linearise Equation (3.7) and use the temperature instead of the internal energy
as a primary variable (Nordbotten and Celia, 2012). At boiling conditions, however,
enthalpy changes while the temperature remains constant, so linearisation fails as the
heat capacity approaches infinity.
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3.2.2 Pressure equation

The flow field required for the transport step is implicitly calculated in the sequential
formulation by means of a single equation, the so-called “pressure equation”.
The fractional flow formulation represents the traditional (e.g. Helmig (1997); Aziz
and Settari (1979)) approach arising from a summation of the mass balance equations
(2.49) over all components, exploiting Equation (2.3),

∂(φSα%α)
∂t

+∇ · (%αvα) + qα = 0 , (3.8)

diffusive fluxes Jκα are neglected for brevity. If changes of porosity in time are omitted,
the product rule gives

φ

(
%α
∂Sα
∂t

+ Sα
∂%α
∂t

)
+ %α∇ · vα + vα · ∇%α + qα = 0 . (3.9)

A division by the phase density then provides

φ

(
∂Sα
∂t

+ Sα
%α

∂%α
∂t

)
+∇ · vα + vα

%α
· ∇%α + qα

%α
= 0 . (3.10)

Equation (3.10) is now summed over all phases providing a single equation

φ

(∑
α

∂Sα
∂t

+
∑
α

Sα
%α

∂%α
∂t

)
+
∑
α

∇ · vα +
∑
α

vα
%α
· ∇%α +

∑
α

qα
%α

= 0 . (3.11)

The first term drops out because the saturations sum up to unity. Equation (3.11) is
usually further simplified by assuming an incompressible system,

∇ ·
∑
α

vα = −
∑
α

qα
%α

. (3.12)

If capillary effects are not neglected, the term on the left-hand side contains as many
unknown phase pressures as there are phases, which can not implicitly be solved for by
means of one pressure equation. A reformulation is therefore necessary that introduces
a “total velocity”,

v̂ =
∑
α

vα = −λ̂K
(∑

α

fα∇pα −
∑
α

fα%αg
)
. (3.13)
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The total mobility λ̂ represents the sum of the phase mobilities, and the fractional flow
function, fα = λα/λ̂, was the reason the sequential solution approach is widely known
under the name “fractional flow formulation”.
In order to get one unique variable through the pressure equation (Chen and Ewing,
1997), the total velocity can be based on an artificial “global pressure” pG, such that
∇pG = ∑

α fα∇pα and all phase pressures drop out of the pressure equation.
As an alternative ansatz, one phase pressure can be chosen as the primary variable and
the remaining phase velocities are expressed by the gradients in the remaining phase
pressures approximated by ∇pc of the old time-level.

The volume balance formulation provides an alternative to the traditional fractional
flow approach, which does not directly incorporate changes in composition that alter the
fluid density. Such neglect increases the errors arising after the transport (Fritz , 2010)
due to a change of fluid volume. Ács et al. (1985) proposed a pressure equation balancing
the fluid volume instead of mass. This volume balance formulation is mathematically
analysed in Trangenstein and Bell (1989); Chen et al. (2000). A similar pressure equation
can be found in Watts (1986); Coats (2000). The derivation in this work follows van
Odyck et al. (2008).

Porosity is defined as the void space in the porous medium that can be accessed by the
fluids,

v̂ = φ , (3.14)

where v̂ = ∑
α vα[m3/m3] is the specific volume that is filled with fluids. To capture

transient processes, the left hand side of this volume balance is approximated in time
by a Taylor series, because the porosity is assumed constant in time,

v̂ (t) + ∆t∂v̂
∂t

+O
(
∆t2

)
+ . . . = φ . (3.15)

If higher order terms are neglected, reordering yields

∂v̂

∂t
= φ− v̂

∆t . (3.16)

This form of the pressure equation enforces a pressure such that the equation of state,
given its truncation errors in time, will not deviate too much from the available pore
space.
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In the isothermal case, the fluid volume changes in time if there are variations of
pressure or a change of mass, i.e. v̂ = f(p, Cκ)

∂v̂

∂t
= ∂v̂

∂p

∣∣∣∣∣
Cκ

∂p

∂t
+
∑
κ

∂v̂

∂Cκ

∣∣∣∣∣
p

∂Cκ

∂t
. (3.17)

Inserting the component transport equation (3.6) into Equation (3.17) and then into
the volume balance (3.16) provides the pressure equation for isothermal systems,

∂v̂

∂p

∂p

∂t
−
∑
κ

∂v̂

∂Cκ
∇ ·

(∑
α

Xκ
α%αvα

)
−
∑
κ

∂v̂

∂Cκ
qκ = φ− v̂

∆t . (3.18)

The first term in this pressure equation accounts for changes in fluid volume caused by
pressure variations. It can be rewritten by means of the total compressibility ĉ = ∂v̂

∂p
of

the fluid mixture. The following summands consists of the changes in fluid volume due
to changes of composition, i.e. ∂v̂

∂Cκ
= ∂V̂

∂mκ
, and the local changes in mass due to fluxes

through the cell interfaces, ∂Cκ
∂t

. The latter incorporates the multi-phase Darcy’s law
where gradients in pressure need a further discretisation in space.
The term on the right hand side of Equation (3.18) should cancel out if the volume
constraint in Equation (3.14) is fulfilled. However, if the fluids involved are partially
miscible and compressible and the changes in fluid density are not implicitly incorporated
or otherwise iteratively solved for (see references in Section 3.1.2), there remains a
residual

ε = φ− v̂
∆t , (3.19)

which will be discussed in detail in Section 3.3.2.

In non-isothermal cases where the energy fluxes are significant enough to be balanced,
the specific fluid volume is also a function of internal energy, f(p, Cκ, û),

∂v̂

∂t
= ∂v̂

∂p

∣∣∣∣∣
Cκ,û

∂p

∂t
+
∑
κ

∂v̂

∂Cκ

∣∣∣∣∣
p,û

∂Cκ

∂t
+ ∂v̂

∂û

∣∣∣∣∣
p,Cκ

∂û

∂t
. (3.20)

Inserting the transport equations ((3.6), (3.7)) yields the pressure equation for non-
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isothermal systems,

ĉ|Cκ,û
∂p

∂t
−
∑
κ

∂v̂

∂Cκ
∇·
(∑

α

Xκ
α%αvα

)

+∂v̂

∂û
∇·

(∑
α

hα%αvα − λ̄E∇T
)

=
∑
κ

∂v̂

∂Cκ
qκ + ε, (3.21)

The phase velocity is again subject to all phase pressures, so the system has to be
reduced to one primary pressure variables to be solved for. It is possible to use the
same formulations that are possible for the fractional flow formulation and described in
detail in (Chen et al., 2000). Following (Fritz , 2010), the phase pressure formulation
is preferred over a global pressure in this work because phase pressures are natural
quantities to enter the EOS and no special iteration schemes (Binning and Celia, 1999)
are required on the boundary. Plus, models based on global pressures may produce
erroneous results with regards to up-winding (Section 3.3.3) in heterogeneous porous
media (Tveit and Aavatsmark, 2012).

3.3 Discretisation of the governing equations

3.3.1 Discretisation in space and time

The transport equations (3.6, 3.7) and the pressure equations (3.18, 3.21) are discretised
in space by a cell centred finite volume method. Subdivision of the global simulation
domain yields the finite volumes or cells i, that are connected via a interface γ of volume
Aγ with their neighbours j if the cell does not lie on the boundary. The discretisation
points live in the cell center, and the fluid properties are assumed to be constant
throughout the cell volume Vi.

The normal vector that appears when replacing volume integrals of divergence terms by
fluxes over the discrete interface,

∫
i∇ · (.) =

∮
γ n · (.) = ∑

γ Aγn · (.) would undermine
gravitational fluxes if γ lies in accordance to the gravity vector g in a skewed configuration
of the grid. It is thus extended by the normalized vector dij = xj−xi

∆x connecting the
position vectors x of the adjacent cells scaled by their centres’ distance ∆x = |xj − xi|.
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Adopted for the Darcy flux in (2.44), the extension yields in the case of a linear
two-point approximation of the gradient in phase pressure, ∇pα = pj−pi

∆x dij,

n · vα = nTγKdijλα
(
ptα,j − ptα,i

∆x − %αgTdij
)
. (3.22)

An expression in the form of Equation (3.22) can alternatively be gained by reforming
the influence of gravity in the Darcy velocity: first, the deepness z is introduced, which
holds the z-coordinate of the position vector x. Using the gravity as a scalar value g,
under the assumption that the gravity acts only in the z-direction, Equation (2.44) can
be written as

vα = −K krα
µα

(∇p− %αg∇z) . (3.23)

A two-point approximation of all gradients then yields

n · vα = nTγKdijλα
(
ptα,j − ptα,i

∆x − %αg
zj − zi

∆x

)
, (3.24)

which equals Equation (3.22).

The transport system approximates the change in mass ∆Cκ
i over the next time-step

for each cell i by applying Equation (3.22) on Equation (3.6),

∆Cκ
i

∆t =
∑
γ

Aγ
Vi

nTγK
∑
α

%αλαdij
(
ptα,j − ptα,i

∆x − %αgTdij
)
Xκ
α − qκi . (3.25)

The energy transport is formulated analogously

∆ûi
∆t =

∑
γ

Aγ
Vi

[
nTγK

∑
α

%αλαdij
(
ptα,j − ptα,i

∆x − %αgTdij
)
hα − nTγ dijλ̄E

Tj − Ti
∆x

]
− qEi .

(3.26)

A simple CFL-like criterion, discussed in detail in Section 3.3.4, determines the size
of the time-step ∆t. Then, the changes in mass per cell ∆Cκi are used explicitly to
calculate a set of total concentrations Cκ,t on the new time level t,

Cκ,t = Cκ,t−∆t + ∆t ·∆Cκ
i (3.27)

ût = ût−∆t + ∆t · ût . (3.28)
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The pressure equations ((3.18) and (3.21)) have to be discussed in more detail than the
straightforward transport step, because the volume derivatives that appear in contrast
to the traditional fractional flow formulation (3.11) require special care. This can be
exemplified by the iso-thermal pressure equation (3.18), with special focus on the integral
of the divergence term. When integrated over the control volume G with surface Γ and
its normal nΓ , the pressure equation reads
∫
G

∂v̂

∂p

∂p

∂t
dG−

∫
G

∑
κ

∂v̂

∂Cκ
∇ ·

∑
α

Xκ
α%αvαdG−

∫
G

∑
κ

∂v̂

∂Cκ
qκdG =

∫
G
εdG , (3.29)

with
∫
G

∑
κ

∂v̂

∂Cκ
∇ ·

∑
α

Xκ
α%αvαdG =

∮
Γ

∑
κ

∂v̂

∂Cκ
nΓ

∑
α

Xκ
α%αvαdΓ

−
∫
G

∑
κ

∇ ∂v̂

∂Cκ
·
∑
α

Xκ
α%αvαdG. (3.30)

The volume integral on the right-hand side of Equation (3.30) can only be neglected
in slightly compressible systems (Pau et al., 2012), because the volume derivatives
can then be considered piecewise constant in each cell. For other cases, Fritz et al.
(2012) proposed to subdivide each discrete cell i into one sub-volume per interface γ
that is scaled by the face area Aγ and the cells surface area Ui = ∑

γ Aγ. The volume
integral with the gradient in volume derivatives is thus replaced by a summation of
these sub-volumes ∑γ

Aγ
Ui
· Vi. In each of these sub-volumes, the gradient of each volume

derivative is approximated linearly between the discrete values in cell i and j, and the
remaining flux-expressions in the volume integral equal those in the boundary integral.

In the finite volume context, the total compressibility ĉ = ∂v̂
∂p
, sources qκ and the error

term ε are considered piecewise constant per volume G so that the integrals can be
evaluated by multiplying the terms with the volume Vi of the cell i that relates to G.
In the standard case, see the discussion in Section 5.4, the gradients are approximated
linearly between cell i and j. The pressure equation in terms of phase pressures is then
discretised implicitly in pressure ptα(Section 3.1.2), but all coefficients are calculated on
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the old time-level t−∆t,

Viĉi
pti − pt−∆t

i

∆t

+
∑
γij

AγijnTγijK
∑
α

%αλαdij
(
ptα,j − ptα,i

∆x − %αgTdij
)∑

κ

Xκ
α

∂v̂

∂Cκ

−
∑
γij

Vi
Aγij
Ui

dTijK
∑
α

%αλαdij
(
ptα,j − ptα,i

∆x − %αgTdij
)∑

κ

Xκ
α

∂v̂j
∂Cκj
− ∂v̂i

∂Cκi

∆x

= Vi
∑
κ

∂v̂

∂Cκ
qκi + Viε.

(3.31)

The pressure equation can only be solved for one pressure that has to be specified a
priori if capillary pressure couples the phase pressures. If a phase pressure is selected,
such as pn, the phase fluxes of a two-phase system are formulated in terms of this
pressure,

vw = −λwK(∇ pn −∇ pc − %wg) (3.32)

vn = −λnK(∇ pn − %ng) . (3.33)

This determination of one phase pressure also specifies the storage or compressibility
term in equation (3.31), which then yields in combination with Equations ((3.32) and
(3.33)) for two phases and pn as primary unknown

Viĉi
ptn,i
∆t +

∑
γij

AγijnTγijK
∑
α

%αλαdij
ptn,j − ptn,i

∆x
∑
κ

Xκ
α

∂v̂

∂Cκ

−
∑
γij

Vi
Aγij
Ui

dTijK
∑
α

%αλαdij
ptn,j − ptn,i

∆x
∑
κ

Xκ
α

∂v̂j
∂Cκj
− ∂v̂i

∂Cκi

∆x

= −
∑
γij

AγijnTγijK
[(∑

α

%αλαdij%αgTdij
)

+ %wλwdij
pc,j − pc,i

∆x

]∑
κ

Xκ
α

∂v̂

∂Cκ

+
∑
γij

Vi
Aγij
Ui

dTijK
[(∑

α

%αλαdij%αgTdij
)

+ %wλwdij
pc,j − pc,i

∆x

]∑
κ

Xκ
α

∂v̂j
∂Cκj
− ∂v̂i

∂Cκi

∆x

− Viĉi
pt−∆t
n,i

∆t + Vi
∑
κ

∂v̂

∂Cκ
qκi + Viε.

(3.34)

This form of the pressure equation is ordered in the formAχ = r that is solved implicitly
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in the unknowns χ but with the coefficients based on the time-level t−∆t. Selection of
pw as a primary unknown would replace the corresponding flux term on the ride-hand
side of Equation (3.34) with

. . .
[
. . .− %nλndij

pc,j − pc,i
∆x

]
. . . (3.35)

According terms arise in three-phase systems under the influence of capillary pressure,
because all three phase pressures need to be expressed in terms of the selected primary
unknown. It is formulated here in terms of pressures on the old time-level, as there is no
more one single pc, but several capillary pressures depending on the conceptual model.
For the exemplary case of pg as primary pressure and the remaining phases β, this yields

. . .

. . .+∑
β

%βλβdij
(pt−∆t
β,j − pt−∆t

g,j )− (pt−∆t
β,i − pt−∆t

g,i )
∆x

 . . . (3.36)

All derivatives of total fluid volume are calculated numerically (Section 3.3.5) based on
a prediction step (“transport estimate”) using the pressure field of the old time-step
t−∆t. This estimate also defines the upwind directions, see Section 3.3.3.

3.3.2 Volume error term in the pressure equation

After each time-step, the actual fluid volume at the given cell pressure does not necessarily
match the available pore volume, because the flow field as well as the transport is not
calculated with implicit coefficients. These approximation errors lead to a volume
mismatch (φ− v̂) between fluid volume and available pore volume. The current fluid
volume is based on the actual quantities Cκ that are present in the control volume
combined with the EOS (densities %α) at the current state (pα, T ),

v̂ =
∑
α

vα =
(∑

κ

Cκ

)
·
∑
α

να
%α

(3.37)

To prevent this volume mismatch from building up over the next time-steps, the
volumetric discrepancy enters the pressure equation as a source-term. This introduces
pressure pulses in the subsequent transport to equal out the errors. Any variation of
pressure, however, has a strong influence on the fluid properties, which means that such
corrections in the pressure field have to be made with caution.
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The volume errors are largest at saturation fronts, where the fluid properties change
significantly per time-step. High volume errors introduce a strong correction of the
pressure via ε. The induced fluxes might drastically reduce the size of the time-step,
further boosting the pressure correction because the size of the time-step appears in
the denominator of ε (Equation (3.19)). This can lead to strong oscillations in the
pressure field (Dicks, 1993) up to a reversal of the flow direction that may terminate the
simulation. Avoidance strategies might include significantly reducing the CFL-factor or
application of iterative schemes, which both come with drastic losses in performance.
Implicitly derived secondary variables might not be enough to stabilize the pressure
system (Dicks, 1993) sufficiently. Alternatively, Fritz (2010); Pau et al. (2012); van
Odyck et al. (2008) prevent abrupt changes in pressure by an artificial damping of the
volume error term through a damping factor,

ε = aε
φ− v̂

∆t . (3.38)

This factor is determined heuristically and typically lies in the range between 0.2 and 0.8.
After all, the semi-implicit solution framework produces very small volume discrepancies
regularly throughout the simulation domain, which cancel out automatically in the course
of following time-steps. Fritz (2010) proposed an error threshold e below which volume
errors would not be considered at all for the error term ε in the pressure equation. From
this lower bound e, the error correction ramps up linearly until a specified upper bound
e is reached and Equation (3.38) is applied, to prevent jumps in the error correction
if lower bound is exceeded. This damping procedure is also applied in this work, and
being sensitive on the problem at hand, the used values are listed for each simulation.

3.3.3 Flux approximation

In Section 3.3.1, the inter-cellular phase flux through interface γ was written as

fγ = −nTγK
∑
α

%αλαdij
(
ptα,j − ptα,i

∆x − %αgTdij
)
. (3.39)

This form anticipates that the flow is dependent on the information of the two cells
adjoining the interface, a classical “two-point flux approximation” (TPFA, see Figure
3.3(a)). An increased flux stencil, a so-called “multi-point flux approximation” (MPFA)
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can alternatively be used. Exemplarily, Figure 3.3(b) shows the widely applied "O-
method". In order to discuss both approaches consecutively in the following paragraphs,
Equation (3.39) is first of all translated into a common form for both methods.
In general, the flux depends on fluid properties, geometric information and soil properties,
and an expression of the potential that drives the flow. The index set I is introduced
containing all cells k that contribute to the potential gradient, and the vector dk points
from the centroid of cell k to its neighbour cell while nγ is the normal of γ always
pointing outwards of cell i. This reforms Equation (3.39) to yield

fγ = −
∑
α

%αλα︸ ︷︷ ︸
fluid coefficients

Aγ
∑
k

nTγKdk
1

∆xk︸ ︷︷ ︸
geometry&soil

(pα,k − %αgTxk)︸ ︷︷ ︸
potential

. (3.40)

= −
∑
α

%αλα
∑
k

τk(pα,k − %αgTxk) . (3.41)

In Equation (3.41), the geometry and soil properties are abbreviated by introducing the
“transmissivity coefficient” τ , combining the geometry and the resistance to flow.

i j

(a) Two-point flux approxima-
tion (TPFA)

i j

(b) Multi-point flux approxima-
tion (MPFA), with both interac-
tion regions of the “O-method”.

Figure 3.3: Schematic of different flux approximations between cell i and j

The two-point flux approximation (TPFA)

This classical approach is obtained when Equation (3.41) is formed with |I| = 2, which
means that the potential is approximated by a two-point stencil on cell i and its
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neighbour j,

∇Φα = Φα,j − Φα,i

∆x dij , Φα,k = pα,k − %αgTxk, k ∈ I = {i, j} (3.42)

Despite (or perhaps because) the TPFA is so straightforward, there are limits to its
applicability, for example in the case of an-isotropic permeability (Aavatsmark et al.,
1996; Class et al., 2006). Hence, TPFA-methods should best be applied if the grid is
K-orthogonal (Khattri and Aavatsmark, 2008).

Yet even in the case of a homogeneous medium, a refined grid destroys the K-orthogonal
setting and the TPFA method fails to reproduce all fluxes correctly (Edwards (1996),
and Section 5.5).

The MPFA L-method

For an increased flux stencil, transmissibility coefficients have to be found that would
approximate the gradients on the interface by multiple points, i.e. |I| > 2, a so-called
“multi-point flux approximation” (MPFA-method). A detailed derivation can be found in
(Aavatsmark, 2007; Wolff , 2013). I will briefly derive the L-method following Aavatsmark
et al. (2010); Wolff et al. (2013a), as other types of MPFA methods are not used in
this work. In order to keep the derivation dimension-independent, the variable ndim is
introduced standing for the number of dimensions considered, i.e. ndim ∈ [2, 3], and the
control variable l in ∑ndim

l=1 allows for summing up ndim quantities.
To calculate the flux through interface γij, the interface is subdivided into 2(ndim−1)

sub-interfaces γ̆ij. For each of these sub-interfaces γ̆ij, an interaction region is created
that contains |Ĭ| = ndim + 1 cells k̆ (Figure 3.4(a)) and ndim sub-interfaces γ̆? connecting
all cells k̆. The name of the L-method comes from the layout of the interaction region
in two dimensions, which covers three cells that are shaped like the letter “L”.
The flux through each of the sub-interfaces into the accompanying cell k̆ can be
approximated by

fk̆,γ̆? = −
∑
α

%αλαnT
k̆,γ̆?
K k̆∇Φα,k̆ (3.43)

The vector nk̆,γ̆? is the outward pointing normal from cell k̆ with a length equal to the
volume of the corresponding sub-face γ̆?. To ease readability, the phase index is omitted
from now on until the full flux expression is found (Equation (3.51)), as only there phase
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quantities re-enter the calculation procedure.
At each corner of γ̆?, new discretisation points are introduced, denoted by a tilde in the
formulas and depicted in gray in Figure 3.4(b). Together with the cell center, they span
a variational triangle (ndim = 2) or tetrahedron (ndim = 3) in each cell (Figure 3.4(c)).
The gradient in Equation (3.43) is approximated linearly using both the potential in
the cell center and the newly introduced potentials on the interfaces,

∇Φk̆ = 1
Tk̆

ndim∑
l=1

νk̆,l(Φ̃k̆,l − Φk̆) (3.44)

The vector νk̆,l is a vector in cell k̆ that is normal to the entity connecting the other
points opposite of x̃l that span the variational triangle (or tetrahedron) in k̆ (Figure
3.4(c)). Its length again equals the volume of that entity and it points inwards into the
variational triangle. The determinant Tk̆ contains the vector product of the ndim vectors
that connect xk̆ with x̃l.

Flux continuity demands that for each sub-face γ̃?, the flux should be equal from both
sides. Exemplary, for the sub-face γ̃?ij equality of fluxes yields

−
∑
α

%αλαnTγ̆?ijKi
1
Ti

ndim∑
l=1

νl(Φ̃i,l − Φi) = −
∑
α

%αλαnTγ̆?ijKj
1
Tj

ndim∑
l=1

νl(Φ̃j,l − Φj) (3.45)

−nTγ̆?ijKi
1
Ti

ndim∑
l=1

νl(Φ̃i,l − Φi) = −nTγ̆?ijKj
1
Tj

ndim∑
l=1

νl(Φ̃j,l − Φj) (3.46)

Equation (3.45) can be reduced to (3.46) if the the phase mobility is not considered
to be part of the transmissivity. This is not always feasible (Wolff , 2013), especially
if the mobilities are derived from up-scaling and are of tensorial nature (Wolff et al.,
2012; Class et al., 2006). The fluid coefficients need to be nevertheless included after
the MPFA transmissivities are found to recover the flux.
The Equations (3.46) for all γ̃? yield a system of ndim equations that contain the
potentials in the k̆ cell centres, plus yet too many potentials at the introduced points
on the interfaces. A linear interpolation in cell i allows to calculate the potentials that
do not lie in the midpoint of an interface γk in the interaction region,

Φr = ∇Φr(x̃r − xi) + Φi = 1
Ti

ndim∑
l=1

νi,l(x̃r − xi)(Φ̃i,l − Φi) + Φi . (3.47)
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i j

j′
sub-
face γ̆ij

(a) Interaction region (grey) for the sub-face γ̆ij

between cell k̆ = i and k̆ = j that also includes
the third cell k̆ = j′.

i j

j′

γ̆?1

γ̆?2

(b) Approximation of potential gradients with
additional grey points on the sub-faces γ̆?.

i j

j′

(c) Variational triangles for one sub-face γ̆?1 of
the interaction region used to express the fluxes
through γ̆ij from both cells k̆ = i, j

i j

(d) Possible choices of interaction regions for
the two sub-faces of face γij .

Figure 3.4: The schematic of the MPFA L-method in two dimensions.
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This allows to remove (hence index “r”) one unknown in two dimensions and three
unknowns in three dimensions. The flux equity of Equation (3.46) can be written in
matrix form

Aṽ =Bu (3.48)

ṽ = [Φ̃1, . . . , Φ̃ndim ]T ,u = [Φ1, . . . ,Φ|I|]T (3.49)

Likewise, the fluxes through all sub-faces in the interaction region are

fγ̆? = [fγ̆?1 , . . . , fγ̆?ndim ]T = Cṽ +Du (3.50)

If both equations are combined, a flux expression in the form of Equation (3.45) can
be formulated that includes the information from all k̆ ∈ |Ĭ| cell midpoints in the
interaction region,

fγ̆? =
∑
α

%αλαTu, with T = CA−1B +D (3.51)

The matrix T that holds the transmissibility coefficients τ represent the MPFA interpre-
tation of Equation (3.41) with |Ĭ| > 2, which yields a first order approximation instead
of zeroth order. The total flux through γij is then expressed by all interaction regions,
i.e. the summation over all k ∈ ∑ |Ĭ| = |I|.
The selection of the interaction region for sub-face γ̆ij discussed here is not unique,
which means that another interaction region can be build by using a different choice
of cells k̆ (Figure 3.4(d)). This is also the case for the other sub-faces contributing to
face γij. Criteria to select the most stable L-stencil are proposed in Aavatsmark et al.
(2008); Wolff (2013)

Upwinding

The coefficients related to the flux terms of the discretised equations of the last sections
are determined by fully upwinding (Helmig, 1997). The upwind direction is based
on the sign of flux function (Equation (3.41)). For fluxes derived by a TPFA, it is
sufficient to consider the sign of projection of the potential gradient in Equation (3.42)
on the distance vector. If an MPFA is used, the necessary parts of Equation (3.51) are
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considered, namely

sign

(∑
k

τk(pα,k − %αgTxk)
)
. (3.52)

If the result is positive, the coefficients are taken from cell i; they are based on the
neighbour cell j otherwise. Only if the result is zero, the coefficients are centrally
averaged. The phase densities in Equation (3.52) are centrally averaged because the
result should be independent of the assumed upwind direction. This averaging can be
interpreted as the averaged density at the flux interface.

The upwind direction for the pressure equation is determined by the preceding transport
estimate that is based on the coefficients and the pressure field at the old time level t−∆t.
On the new time level t, the new pressure field might indicate a reversed direction of
flow, for example if the entry pressure of the neighbour cell j is exceeded. This may lead
to large errors in cases where the mobility differs greatly with the upwind direction. If a
zero-mobility in cell j prevents flow, large gradients in Φα are allowed as a solution for the
next time-step without a feedback on the volume balance. Any reversion of the upwind
direction on the new time level t would then allow flow because of a non-zero mobility
from cell i, and too much fluid will get transported. This produces a large volume error,
that gets introduced as a pressure pulse via the storage term on the following time level
t+ ∆t. A local error in the flux is thus translated into a non-local variation in pressure,
inducing a change on corresponding secondary variables in the vicinity of the error, that
might introduce even more stability problems, or just increase and spread the error.
To avoid this, if the upwind direction changes during a time-step from pressure to the
transport step, the upwind scheme is replaced by a harmonic average, which prohibits
fluxes if one phase-mobility is zero. For the simulations presented here this was only
required if one of the neighbouring cells had a zero mobility.

The direction of flow is unknown during initialization of the problem. This means that
the initial flow field of the initialization procedure is determined by centrally averaged
coefficients.
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3.3.4 CFL-factor, size of the time-step

As mentioned in Section 3.1, the explicit transport scheme has to obey the CFL-criterion.
The one-dimensional Equation (3.5) can be generalized (Coats, 2003)

∆t = a
(
Si
Fi

)
, a ≤ 1. (3.53)

It relates the storage Si to a representative flux Fi.

Limitation for the time-step for mass transport

For mass transport, the mass flux per time-step may not exceed the available storage,
which equals the pore space available to fluids

Si = φiVi =
∑
κ

Cκ (3.54)

The expression Fi can get rather involved if established by theoretical analysis of the
nonlinear hyperbolic transport system (Coats, 2003). In practice, most simulation tools
employ rather empirical models to control the time-step (Aziz and Settari, 1979). For
compositional multiphase flow, the simple time-step restriction proposed in (Helmig
et al., 2010, 2013) is employed that considers the maximum observed outflux from or
influx into cell i,

Fi = max
{(∑

α

|nTγ vα,γAγ|,
∑
α

|−nTγ vα,γAγ|
)

: γ ∈ i
}

(3.55)

Limitation for the time-step for energy transport

For thermal systems, a corresponding CFL criterion has to be formulated for energy
transport. The criterion proposed in (Fritz , 2010) was found to be too restrictive, because
the small temperature gradients observed in this work do not require such a dramatic
reduction in the size of the time-step that are necessary if diffuse heat conduction is
dominant. Geiger et al. (2006) proposes a criterion derived from the linearised form of
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(3.7) via (2.11),
ĉp
∂T

∂t
= −∇ · (

∑
α

cp,α%αvαT − λ̄E∇T ) + qE (3.56)

where ĉp = (1− φ)%scp,s + φ
∑
α %αcp,αSα abbreviates the combined heat capacity of all

fluids and the solid. This equation can be reformulated in terms of S and F of Equation
(3.53) if internal sources of energy and conduction are neglected, and by dropping the
mixed term −T∇ · F , by

S
∂T

∂t
= −F∇ · T. (3.57)

This constrains the size of the time-step for thermal systems according to a flux function
Fi = Ai

∑
α cp,α%αvα and a storage Si = Viĉp. In Geiger et al. (2006), it is formulated in

view of Equation (3.5) by means of a “heat transfer velocity” vth,

vth := ∂x

∂t
=
∑
α cp,α%αvα
ĉp

(3.58)

The conduction term in Equation (3.56), however, can only merge into the form of
Equation (3.57) if the temperature T can be factored out of the gradient ∇ ·T in (3.56).
This can be achieved by finding a specific interpolation of ∇ · T that is described in the
following for one dimension.

Given a regular grid, cell i lies between its neighbour j and j̄ (Figure 3.5). Then, the
values of the gradient in temperature at both interfaces γj and γj̄ are given by

Θj = nTγj∇T (γj) = Tj − Ti
∆x (3.59)

Θj̄ = nTγj̄∇T (γj̄) =
Tj̄ − Ti

∆x (3.60)

Let Θ(x) be the interpolating function for the gradient ∇ · T that satisfies

∂Θ(x)
∂x

= ξΘ(x) , (3.61)

for a constant value of ξ on cell i, i.e. x ∈ (γj, γj̄). The requirement (3.61) allows to
factor out the temperature T in Equation (3.56), if the value of ξ can be determined
by the discrete values Θj and Θj̄ at the boundary of cell i. From (3.59) and (3.61), it
follows that

Θ(x) = Θje
ξ(x−γj) . (3.62)
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Inserting (3.60) for x at the position of γj̄ gives

eξ(∆x) =
Θj̄

Θj

(3.63)

ξ = (∆x)−1 · ln
Θj̄

Θj

(3.64)

In one dimension, the heat transfer velocity is therefore bounded by

vth :=
∑
α cp,α%αvα + λ̄Eξ

ĉp
, (3.65)

which enhances the formulation for convective fluxes, Equation (3.58).

In the notation of Equation (3.53), integral measures of Fi per cell are desired. For each
cell, every principal direction yields an approximate value for the constant ξ based on
two opposing interfaces, given the grid is regular. The maximum ξ encountered provides
an upper limit for ξi that enters the calculation of Fi. The largest convective flux per
interface, compare Equation (3.55), is considered. Combined, this yields

FE
i = max

{∑
α

|nTγ vα,γ%αcp,αAγ| : γ ∈ i
}

+ λ̄Eξi (3.66)

The advantage of this CFL criterion is that it only reuses quantities that have to
be calculated anyway in the transport scheme, thus requiring negligible additional
computational efforts. An alternative mapping of the gradients at the cells’ interfaces to
its center has to be found if irregular grids are used. Likewise, the method presented
here implicitly assumes that the temperature gradient is always in the same direction of
convection. After all, it provides a working starting point for further investigation.

An additional restriction of the size of the time-step is imposed for system that approach
boiling conditions (Fritz (2010), p.94 ff): the size of the time-step is reduced in the case
of large negative volume errors to prevent a cell from being drained artificially in the
next time-step. If the time-step is reduced according to

aE = a · (1 + v̂i − φi
φi

·∆t(t−∆t)), (3.67)

the error correction can balance out the volume mismatch. This correction starts to
have a significant effect on the size of the time-step if the volume balance errors are
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T

x
γj γj̄

ij̄ j

∆x

Θj̄

Θj

Figure 3.5: Schematic one-dimensional description of the time-step limitation for the conduc-
tion term.

exceptionally large, which is the case if a fluid boils off. If boiling is not possible, however,
it provides too harsh a restriction on the time-step and is thus omitted.

3.3.5 Volume derivatives

The storage term of the pressure equation contains the combined compressibility of
the fluids, ĉ. It can be determined numerically by increasing the pressure slightly and
calculating the change in fluid density. If this yields a positive compressibility, which
can not be possible (Trangenstein and Bell, 1989), the increment in pressure is inverted,
and the derivative is formed by a decrease in fluid pressure.

Considering the remaining derivatives of fluid volume, Fritz (2010) argued that a secant
method captures the non-linearities in total specific volume better than building the
derivatives by a tangent. A predictor transport step based on the flow field of the
last time-step estimates the increment of the conserved quantities Cκ, û, and thereby
providing the “run” of the secant. The “rise” of the specific total volume function is the
difference between current fluid volume v̂t, Equation (3.37) exploited with the current
set of state variables, and the fluid volume v̂t+∆t

est based on a variable set including
the estimate. To build the latter, the quantity of the partial derivative is altered by
the amount that stems from the estimate step, while the remaining variables are kept
constant.
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The partial derivatives with respect to composition at constant temperature (or internal
energy if non-isothermal) are thus

∂v̂

∂Cι
= v̂(Cκ + ∆Cι

est)− v̂(Cκ)
∆Cι

est
. (3.68)

Here, v̂(Cκ) denotes the specific volume based on the quantities Cκ for all components κ,
whereas the second volume v(Cκ + ∆Cι

est) of the “rise” is gained by adding the estimate
∆Cι

est of one component ι ∈ κ to the full set Cκ and keeping all other concentrations
constant.
The derivative with respect to internal energy is build by

∂v̂

∂û
= v̂(Cκ, û+ ∆ûest)− v̂(Cκ, û)

∆ûest
. (3.69)

If the estimated changes in composition are too small (∆Cκ ≤ 1 ·10−8 ·%α), the numerical
differentiation can fail (Fritz , 2010). This is avoided by regularising the increment to a
minimum limit of ∆Cκ ≤ 1 · 10−8 · %α to avoid failure.

Compressibility at boiling conditions

In Section 2.1.2, the compressibility βα that allows for changes of fluid density with
pressure was explained. At boiling conditions, the compressibility is dominated by the
fraction of substance that undergoes a phase change and the accompanied expansion of
the system instead of the functional dependency of density with pressure and temperature.
Such phase change is considered in the approach of Grant and Sorey (1979) while fully
neglecting the pure phase compressibility βα.

At boiling conditions (p = pvap), a drop in pressure forces a change in fluid temperature,
because the boiling mixture is bound to the vapour pressure curve. For infinitesimal
changes in Temperature, changes of vapour pressure can by described by the Clausius
Clapeiron equation (e.g. Poling et al. (2001)), which combined yields

∆p = ∆T dpvap
dT

= ∆T %liq%g
%liq − %g

hg − hliq
T

(3.70)
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If the temperature drops, both the solid and the rock release heat

∆Q = V

[
(1− φ)%scp,s + φ

∑
α

Sα%αcpα

]
∆T (3.71)

which has to be absorbed by evaporizing some mass m of liquid,

∆Q = ∆m(hg − hliq) (3.72)

When in liquid state, it occupied a volume of ∆m/%liq, and after phase change expanded
to ∆m/%g, which means the volume of the boiling system is increased by

∆V = ∆m( 1
%g
− 1
%liq

) (3.73)

Equations (3.70) to (3.73) combined describe the compressibility for boiling systems,

βboil = 1
φ

[
(1− φ)%scp,s + φ

∑
α

Sα%αcpα

](
%liq − %g

(hg − hl)%liq%g

)2

· T (3.74)

In Grant and Sorey (1979) the authors propose an approximation of Equation (3.74),

βboil = 1
φ

[
(1− φ)%scp,s + φ

∑
α

Sα%αcpα

]
· (1.92 ∗ 10−5(p ∗ 105)−1.66) ∗ 10−5 , (3.75)

that is reasonably valid in the pressure range considered in this work. The application
of ĉ = βboil at boiling conditions also provides the numerical benefit of less fluctuations
in pressure, thus stabilising the solution method.

3.4 Equilibrium calculations

Determining the real configuration of the fluid mixture in the case of a compositional
multi-phase system depends on the choice of the primary variables. If the saturation
and pressure is known, the composition can readily be determined by using equilibrium
mass or mole fractions (Class, 2008). The choice made in this work, the total mass
per unit volume, means that both phase composition (i.e. mass fractions) as well as
phase distribution (i.e. saturation) is unknown. These quantities are required compute



54 3 Numerical models

the secondary variables, such as density or macro-scale capillary pressure. Therefore,
composition and phase distribution are determined after each time-step before the
secondary variables can be updated. In thermodynamics, these calculations are called
“flash calculations”: once a specific amount of matter is fed into a container at a certain
pressure, a part of the liquid feed “flashes” into vapour. Such a phase split depends on
the state of the system, yet being independent of the size of the container. Therefore,
absolute quantities of the components, despite being volume-specific like the primary
variable Cκ, are not relevant. Instead, relative quantities in terms of fractions are
introduced:

• The feed mass fraction

Zκ = mκ∑
κ
mκ

= Cκ∑
κ
Cκ

=

∑
α

(SαXκ
α%α)∑

κ

∑
α

(SαXκ
α%α) (3.76)

relates the mass of a specific component to the total mass.

• The phase mass fraction

να = mα∑
α
mα

= Sα%α∑
α

(Sα%α) (3.77)

is a measure of mass present in a specific phase compared to the total mass in all
phases. By means of the phase density, the phase mass fraction directly translates
to the saturation

Sα =
να/%α∑

α
(να/%α) (3.78)

Since the saturation is the quantity appearing in the governing equation, the
phase mass fraction is mainly used on the road to calculate it, thus is principally
appearing in Section 3.4.2.

The quantities presented in this Section can also be expressed in molar fashion, for
example the feed mass fraction Zκ can be transferred to a feed mole fraction

zκ =
Zκ/Mκ∑
κ
Zκ/Mκ

. (3.79)
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Accordingly, the phase mass fraction can be calculated from a molar based fraction
να|mole by

να|mass = να|mole
∑
κ x

κ
αM

κ∑
α να|mole

∑
κ xκαM

κ
(3.80)

This also holds for the presented methodologies of Section 3.4. The way it is presented
here is based on the fact that while molar values are typically used in the thermodynamics
framework of the applied EOS, the conservation equations are mass-based. The actual
place where the transformation occurs is irrelevant.

3.4.1 Equilibrium ratios

Flow through natural porous media is typically slow compared to the speed of phase
transitions so the fluids are locally assumed to be in equilibrium (Section 2.1.3). The
composition of a component in a mixture can be related to a reference phase by Equation
(2.17). As equal pressures in both states drop out, the equation can be rearranged

xκα
xκr

= ϕκr
ϕκα

:= kκα , (3.81)

which defines the mole equilibrium ratio. The notation kκα|r would explicitly declare the
reference system. It can be formulated independently of the applied thermodynamic
model (Section 2.1.3, i.e. Equation (2.29) or (2.35), or the simplifications (2.34) and
(2.32)), so perfectly suited for a common framework for different fluids. In general, as are
fugacities, the equilibrium ratios are dependent on the composition, so an iterative update
is required (Michelsen and Mollerup, 2007) for consecutive solutions of composition.
For the fluid mixtures applied in this work, the equilibrium ratios remain constant and
allow for a direct solution for the composition (Fritz et al., 2012). This assumption has
to be justified by an appropriate choice of the applied material law, or EOS.

In fluid systems with an equal amount of components and phases, each component
typically resides predominantly in its respective phase. It thus seems natural to use
that as the reference phase, e.g. relate the water component to the water phase, and
get kAa = kBb = kCc = 1 for the components A,B,C and phases a, b, c. Yet the flash
calculations require a set of equilibrium constants that are all based on the same reference
phase. The transformation from any reference phase r to another phase, such as water
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component κ A=̂water B=̂gas C=̂oil
reference phase r w w g w n

water kκw|r = xκw/xκr 1 1 pg/HB
w 1 pCvap/HC

w

gas kκg
∣∣∣
r

= xκg/xκr pAvap/pg HB
w/pg 1 HC

w/pg pCvap/pg

oil kκn|r = xκn/xκr pAvap/HA
n

HB
w/pBvap pg/HB

n
HC
w/HC

n 1

Table 3.1: Equilibrium ratios up to a three-component three-phase system, after Fritz et al.
(2012).

w, is possible only if the whole set of k-values are available for the old reference phase
by

kκα|w = xκα
xκw

=
xκα/xκr
xκw/xκr

= kκα|r
kκw|r

. (3.82)

Table 3.1 lists the equilibrium ratios according to Section 2.1.3 for three phases in the
lower rows. The columns for the three components are split into two parts, each showing
the equilibrium ratios based on a differently chosen reference phase. Transformation
into one common reference, as an example shown for kBw |g  kBw |w from Table 3.1, is
possible by Equation (3.82),

kBw
∣∣∣
w

=
kBw
∣∣∣
w

kBg
∣∣∣
g

= 1
pg/HB

w

= HB
w

pg
. (3.83)

The same consideration holds for mass-related quantities.

3.4.2 Isothermal isobaric flash calculation

Flash calculations “partition the total amount of a substance into the different fluid
[phases]” (Pinder and Celia, 2006). The equilibrium ratios from the previous Section
3.4.1 and the fact that all fractions have to sum up to unity in each phase yields an
equation for each phase,

∑
κ

xκα = 1∑
κ

kκαx
κ
ref = 1 ∀α . (3.84)
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Its solution for given state variables pressure and temperature provide the composition
of a reference system in which all components reside in equilibrium. This reference
configuration is then used to back-calculate the potential composition at the solubility
limit in all phases that could potentially be present. After being transformed to mass
fractions via (2.2), these hypothetical values are then compared with the actual amount
of each component that is present in the control volume. The summed mass over all
phases of each component has to equal the actual feed mass fraction Zκ (3.76),

∑
α

ναX
κ
α = Zκ ∀κ . (3.85)

Assembled for each component this yields a system of equations that can be solved for
the phase mass fractions να. The result is then tested for validity: if the amount of a
component in the total mixture is too small to surpass the solubility limits in the other
phases, it can not form its own phase, and the respective phase mass fraction becomes
negative. The phase is in this case removed from the material balance (3.85) and its
solution repeated until only non-negative values of να are found.

The Rachford-Rice equation

Rachford Jr and Rice (1952) realized that one phase, preferably the reference phase r,
can be eliminated from the system of equations. For the total number of n phases of
the multi-phase system denoted by α, the subset β contains n− 1 phases because the
reference phase r is eliminated. Equation (3.85) is transformed to

1−
∑
β

νβ

Xκ
r +

∑
β

νβX
κ
β = Zκ ∀κ , (3.86)

and insertion of the equilibrium ratios (3.81) and elegant reordering yields

Xκ
r (1 +

∑
β

νβ(Kκ
β − 1)) = Zκ ∀κ . (3.87)

The mass balance requires ∑
κ

(Xκ
β −Xκ

r ) = 0 , (3.88)
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and substitution therein of Xκ
β with (3.81) and Xκ

r with (3.87) fully eliminates quantities
of the reference phase r to get

∑
κ

Zκ(Kκ
β − 1)

1 +∑
β νβ(Kκ

β − 1) = 0 ∀β , (3.89)

the so-called Rachford-Rice equation.

Once the phase mass fractions are found, the composition of the phases is calculated by
the combination of (3.87) (3.81)

Xκ
β =

ZκKκ
β

1 +∑
β νβ(Kκ

β − 1) . (3.90)

The (p, T )-flash for two phases

In a two-phase system, there remains only one phase β which means that only a single
Rachford-Rice equation needs to be solved. Once the phase mass fraction is found
and checked for validity (0 ≤ νβ ≤ 1), the composition in the reference phase can be
determined. For the case of only two components A and B, Equation (3.87) simplifies to

XA
r = 1−KB

r

KA
r −KB

r

, (3.91)

which can then be used to calculate XA
β with Equation (3.81). This already provides

the full set of all four mass fractions, and the composition is determined.

A two-phase three-component mixture evolves if one phase is not present in a three-phase
thee-component system because its component is fully dissolved in the other phases. The
vanishing phase can very well be the reference phase, so removing it from Equation (3.85)
to proceed would result in a detour because it does not directly yield the properties of
the phases of interest. Derivation of a modified Rachford-Rice Equation (Fritz , 2010;
Michelsen and Mollerup, 2007) by removing a phase a other than the reference phase
yields ∑

κ

Zκ(Kκ
a −Kκ

b )
1 + νb(Kκ

a −Kκ
b ) = 0. (3.92)
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For three components κ = A,B,C and phases a, b, Equation (3.92) has the form of an
quadratic equation

c1ν
2
b + c2νb + c3 = 0 (3.93)

with the coefficients

c1 =
(
KA
b −KA

a

) (
KB
b −KB

a

) (
KC
b −KC

a

)
c2 = ZA

(
KA
b −KA

a

) ((
KB
b −KB

a

)
KC
a +

(
KC
g −KC

a

)
KB
a

)
+ ZB

(
KB
b −KB

a

) ((
KA
b −KA

a

)
KC
a +

(
KC
b −KC

a

)
KA
a

)
+ ZC

(
KC
b −KC

a

) ((
KA
b −KA

a

)
KB
a +

(
KB
b −KB

a

)
KA
a

)
c3 =ZA

(
KA
b −KA

a

)
KB
a K

C
a + ZB

(
KB
b −KB

a

)
KA
a K

C
a + ZC

(
KC
b −KC

a

)
KA
a K

B
a .

In case these calculations are performed with molar-based quantities, the phase mass
fraction is transformed via (3.80) and the mole fractions via (2.2).

3.4.3 Isoenergetic isobaric flash calculation

Iso-energetic isobaric flash calculations seek for the composition, phase distribution and
temperature at a given pressure, feed fraction and energy. It can be solved by a nested
iteration, as proposed by Fritz et al. (2012) following Agarwal et al. (1991): an inner loop
with an isothermal isobaric flash (last Section 3.4.2) at an intermediate temperature is
nested in an outer loop calculating a temperature that matches the specified energy.
For the outer loop, an objective function is defined that relates the internal energy um
at iteration step m with the specified internal energy from after the transport solution,

gE,m = um − ugiven =
(

(
∑
κ

Cκ)
∑
α

uανα + (1− φ)%scsTm
)
− ugiven (3.94)

To avoid computing costly derivatives of thermodynamic functions, a secant method is
applied to update the temperature and minimise the function (3.94),

Tm+1 = Tm − gE,m
Tm − Tm−1

gE,m − gE,m−1
(3.95)

Fritz et al. (2012) proposes to use the boiling temperature of the dominant component
of the mixture Tm−1 = Tboil and the temperature of the last time-step Tm = T t−∆t for
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the initialization of the iteration. If the fluid-system remains far away from the boiling
temperature, iteration can also be started with an arbitrary initialization point such as
Tm−1 = T t−∆t − 10◦C, because the system properties at as high temperatures as Tboil
might be unavailable. One way or the other, the according internal energies um−1, um are
determined by a p-t-flash at those temperatures. The newly found temperature enters
the regular p-t-flash, which yields the necessary quantities %α, να, Sα and hence also the
new capillary pressure pc to update the internal energy and determine the new residual
gE. Iteration is stopped as soon as a the fraction gE

ugiven
lies below a given tolerance.

The procedure converges if the mixture contains an equal number of components as
possible phases (Agarwal et al., 1991), which poses a problem if the dominant phase
starts boiling. Then, water can be dominant in both liquid and gaseous state, and its
phase distribution is independent from the temperature that is varied in the outer loop,
as it remains at the boiling temperature. In this case, however, the phase mass fraction
is a linear function of the internal energy, so the phase split can be directly determined
by means of a lever rule,

νliq = gE,gas
gE,gas − gE,liq

. (3.96)

The deviation from a pure liquid state gE,liq is gained via the artificial formulation of a
state (through a p-t-flash at Tboil) where the whole feed is assigned to the liquid phase
νliq = 1,

u∗liq = (
∑
κ

Cκ)uliq (3.97)

with gE,gas being found accordingly. Again, an iteration becomes necessary if the capillary
pressure that is found through Sα after determining να (Equation (3.78)) alters the
pressure that is not used as the primary variable, which changes either gE,liq or gE,gas.

The choice to prefer the lever rule over the temperature- iteration has to be done at
the very beginning of the flash calculations. This also means that the reference states
u∗liq and u∗liq, as well as Tboil,water and all secondary variables at this state are known
before entering the iteration. If gE,gas < 0, the system has to be in fully gaseous state,
and gE,gas, Tboil can serve as lower boundaries in the outer iteration loop. In the case of
gE,liq > 0, there is no gas present, which provides an upper boundary for temperature
and residual in the loop. The boundaries prevent failure of the secant method over
discontinuities. The lever rule is applied only if gE,gas > 0 and simultaneously gE,liq < 0,
which means u∗liq < ugiven < u∗gas.
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3.4.4 Implementation of the flash calculations

All flash routines that are applied in this work are summarized in the Figures 3.6,
following the implementation sequence implemented in DuMux. In the top row (Sub-
figures 3.6(a) and 3.6(b)), the two types of (p, T )-flash are depicted for two and three
phases. The flash routine for non-isothermal systems is depicted in the lower row (Sub-
figure 3.6(c)). Each calculation step yields the encircled quantities, while dark gray
boxes indicate the application of a full flash routine as depicted in the other sub-figure.
The (p, T )-flash routine that is called by the non-isothermal flash does not iterate for
capillary pressure, as this iteration is included in the outer iteration for temperature for
efficiency reasons. Iteration is marked by the index m, and the “update” procedure on
the left side of each routine increases this index by one before entering the next iterative
loop.
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Equilibrium (3.81).
Assert 2p-condition kκα

ZK , pα, T

Solve RR equation:
2c: (3.89), 3c: (3.92)

να,m

Phase distribu-
tion, eq. (3.78) Sα,m

up
da

te
p α

Converged
pc?

stop

no

yes

(a) 2p flash routine

Equilibrium
(3.81), (3.82) kκα

ZK , pα, T

Determine reference
composition (3.84) Xκ

r,m

Calculate potential
solubility limits (3.91) Xκ

α,m

Phase split Eq. (3.85) να,m
up

da
te
p α

Check να
2p3c
flash

stop

3p and
pc altered

1p or
3p and pc converged

2p

(b) 3p flash routine

Initialise temperatures, p, t-flash Tm−1, Tm, gE,m−1

ZK , pα, û

to solve Eq. (3.94)p, t-flash gE,m

Temperature update (3.95) Tm+1

up
da

te
p α

Converged
T?

stopEq.
(3.78)Sα no

yes

(c) NI flash for non-boiling fluids

Figure 3.6: Scematics of Flash calculation: “p” abbreviates phase, “c” abbreviates component
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3.5 Numerical Examples

The modelling approach for multi-component multi-phase flow presented here was
applied in the work of Fritz et al. (2012), and the non-isothermal model was validated
with experiments and the numerical model Hydrotherm in (Fritz , 2010). This work
extends the model by also considering capillary effects which increase the coupling of
the equations. The applicability is shown in the following briefly by comparison with
appropriate fully implicit models implemented in DuMux.

3.5.1 One-dimensional injection with capillary pressure

Water is injected into a homogeneous porous medium that is initially fully saturated
by the pseudo-component air. The domain is 300m long and is discretised with a grid
resolution of 100, 200, 400 and 600 cells. On the right side of the domain, there is a
Dirichlet boundary condition of 2.5 ·105 Pa and Sn = 1, and a flow of 0.5 kg/(s m2) water
is imposed on the left side, while gas can escape freely. Soil properties and numerical
settings are summarized in Table 3.2. A fully implicit implementation (where diffusion
and dispersion are switched off for comparison) is compared with the sequential solution
approach of this work.

The fluid system air-water was selected as a numerically challenging example of a
very compressible system at moderate pressures. Likewise, the parameters of the pc(S)–
relationship were chosen to produce capillary effects large enough to take the sequential
solution scheme to its limits, as no iteration is performed. It is noted that in one
dimension, the flux restriction discussed in Section 3.3.3 has to be omitted and the
scaling of the volume integral in Equation (3.30) equals 1/2.

If the phase pressure of the compressible phase pn is chosen as the primary variable,
the result of the front after 20000 s shows a good agreement with the fully implicit

Table 3.2: One-dimensional injection of water into a gas-filled porous medium.

Porosity Permeability BC-Parameter CFL Error Error Bound
pd λ factor a factor ae bound e limit e

0.2 1 · 10−9m2 4000 Pa 2 0.6 0.7 0.002 0.5
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scheme (Figure 3.7(a)). The fully implicit solution shows more numerical diffusion, but
the solution converges (Figures 3.7(c), 3.7(d)). If the comparatively in-compressible
phase is chosen as the pressure primary variable, the simulation can only be completed
by reducing the CFL factor to 0.2 and the error factor to 0.35, to smooth the error
correction. The spikes in the pressure field can clearly be seen in Figure 3.7(b) at
approximately 55m from the injection, near the saturation front.

(a) Model comparison: phase pressures and satu-
ration on finest grid (600 cells), the fully implicit
model is dashed.

(b) Phase pressures and saturation on coarsest
grid for different pressure primary variables, pw

as primary variable shown dotted.

(c) Grid convergence (100-400 cells) of the satura-
tion profile: decoupled solution.

(d) Grid convergence (100-400 cells) of the satu-
ration profile: fully implicit solution.

Figure 3.7: Water phase pressure pw (black), gas pressure pn (red) and saturation Sn (blue)
over the distance from injection for the one-dimensional infiltration example.

3.5.2 Three-phase three-component flow with capillary pressure

A two-dimensional numerical study undertaken in Class (2001) serves as the basis for a
comparison of the sequential approach for three-phase three-component systems with
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T = 20 ◦C
Sw = 0.11

9
NAPL plume,
Sn = 0.07

Figure 3.8: Setup of the contamination example, adapted from (Fritz, 2010)

a fully implicit approach. 0.3435mol/s of pure air is injected from the left side into a
domain of 1.1m×0.74m, that is filled with a coarse sand (K = 9 ·10−10 m2) surrounding
a block heterogeneity (K = 6 · 10−12 m2), see Figure 3.8. The top and bottom are closed,
and a Dirichlet boundary condition with atmospheric pressure (101300Pa) is imposed
on the right side. The domain is further filled with water at Sw = 0.11 and a NAPL
(Non-Aqueous Phase Liquid, in this case mesitylene) contamination is located in the
middle of the domain.

In the original setup, all phases but the gas phase reside below or at residual saturation,
so capillary pressure does not play a role. To see some effects, the residual saturation
Sn,res was lowered in the coarse sand from 0.7 to 0.4, which draws NAPL into the fine
sand lens. The numerical parameters to run the simulation are listed in Table 3.3.
Figure 3.9(a) and 3.9(b) show the NAPL and the water saturation after 7 hours of
injection. Roughly a third of the NAPL plume was removed by evaporation to the air
flowing by, and residual water evaporated near the injection zone. A linear plot over
the white line is depicted in Figure 3.9(c), showing very good agreement of the mole
fraction of mesitylene in the gas phase and the non-wetting saturation profile. The fully
implicit model is slightly more diffusive, probably due to numerical diffusion. The same
agreement is observed if other compositional variables are compared.
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(a) Water saturation (blue) and Napl saturation
(red) after 7 hours simulated sequentially.

(b) Water saturation (blue) and NAPL saturation
(red) after 7 hours simulated fully implicit.

(c) Line plot of the saturation Sn (red) and mole fraction xmesithylen
g (black) over the distance

(upwards). Fully implicit is dashed, sequential drawn with a straight line.

Figure 3.9: Three-phase three-component problem simulated sequentially and with a fully
implicit model.

Table 3.3: Numerical settings for the three-phase example.

VG-Parameter CFL Error Lower error Bound
n αcoarse αfine factor a factor ae bound e limit e
4 0.0015 0.0005 1. 0.5 0.002 0.3



4 The multi-physics framework

In many subsurface applications, far-field effects such as pressure build-up or background
flow occur under relatively simple, since fully water-saturated conditions, compared to a
small region where much more complex physics prevail, for example around the injection
well or the location of a contaminant spill. As can be seen in Chapter 3, huge efforts are
undertaken to capture the compositional multi-phase effects of the compressible system
in the pressure equation. Methods developed to describe complicated systems might
be an artificial source of errors if the system is simple, such as almost incompressible
single-phase flow of water: even with traces of another dissolved substance, the density of
water hardly changes with composition. Inaccuracies in the increment to get the secant
(Section 3.3.5) may introduce more spurious troubles than positive benefits. Under these
circumstances, an inclusion of the gradients of such changes in volume (Equation (3.30))
is even more questionable.
At the least, some of those efforts exhibit excess computational work: the changes in
fluid volume of a single-phase cell, for example filled with water, can be approximated
by ∂v̂α

∂Cκ
= 1

%α
, so Equation (3.31) simplifies for a single-phase system to

Vicp,w
ptα,i − pt−∆t

α,i

∆t

+
∑
γij

AγijnTγijKλαdij
(
ptα,j − ptα,i

∆x − %αgTdij
)

= Vi

∑
κ q

κ
i

%α
+ Viαr

vα − φ
∆t . (4.1)

In comparison to Equation (3.31), the potential to save efforts and reduce the errors
described above is clearly visible.

In addition, no flash calculation has to be performed in such simple areas to find the phase
distribution: the phase-state is already known to be single phase. With that knowledge,
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the mass fractions can be directly assigned by means of the total concentration without
the need of equilibrium calculations.

Figure 4.1: The multi-physics concept for the case of a groundwater contamination scenario,
applying different numerical models according to the underlying physical processes.

The aim of this chapter is to introduce the so-called multi-physics framework that
applies different numerical models locally to solve the overall system in an efficient
manner and by applying the most appropriate numerical model available (Figure 4.1).
The multi-physics coupling becomes manageable in this case because in the sequential
solution procedure, the mathematical structure and primary variables remain similar
for all levels of complexity.

4.1 The definition of sub-domains

To use different numerical model abstractions in one simulation, the global domain of
interest needs to be fragmented into regions of differing physical complexity. Once these
regions are identified, the appropriate and least complex numerical model can be applied
locally. The global domain is thus subdivided into sub-domains that directly relate to
the level of model complexity (Figure 4.1 towards the upper right). The most complex
sub-domain has to cover not only cells of this complexity, but also extends a little bit
further to capture transient problems. Fortunately, the CFL condition of the sequential
solution scheme requires that fronts can not traverse more than one cell within one
time-step. Therefore, a sub-domain spanning the region of highest complexity plus a
“safety zone” of one cell does capture the whole complex extent for the duration of a
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time-step. After each time-step, naturally, the sub-domain has to be adapted (Figure
4.2). Such adaptation can readily be done because the secondary variables have to be
updated anyhow. As soon as the sub-domains are defined, the appropriate matrix entries

Transport step Adaption of 
sub-domains

Next time step

Figure 4.2: Adaptation of the complex sub-domain (blue) if the red plume spreads.

are assembled accordingly to solve the global flow field, and the correct flash calculation
procedure is selected after the transport step.

The number of different sub-domains coincides with the number of different models
that are applied. Under isothermal conditions, a compositional single-phase and a
compositional two-phase sub-domain is sufficient to model 2p2c systems. The obvious
criteria to identify the cells in single-phase condition is the saturation. For non-isothermal
(NI) flow, an additional NI–sub-domain contains all cells where the non-isothermal
effects are considered important. Fritz (2010) proposed to use the temperature as the
criterion for the NI–sub-domain: cells are assigned whose temperature had already
altered more then a given temperature threshold ∆Tthresh compared to their initial state.

4.2 Multi-physics for non-isothermal systems

Under non-isothermal conditions, the fluid volume can change drastically in single-phase
regions as well. Henc, the volume derivatives and their gradients cannot be neglected as



70 4 The multi-physics framework

was done in Equation (4.1). The pressure equation can nevertheless be simplified to

Vicp,α
ptα,i − pt−∆t

α,i

∆t

+
∑
γij

AγijnTγij

[
Kλαdij

(
ptα,j − ptα,i

∆x − %αgTdij
)

(1 + %αhα
∂vα
∂uα

) + dijλ̄E
Tj − Ti

∆x
∂vα
∂uα

]

−
∑
γij

Vi
Aγij
Ui

dTij

[
Kλαhαdij

(
ptα,j − ptα,i

∆x − %αgTdij
)

+ dijλ̄E
Tj − Ti

∆x
∂vα
∂uα

] ∂vα,j
∂uα
− ∂vα,i

∂uα

∆x

= Vi

∑
κ q

κ
i

%α
+ Viαr

vα − φ
∆t . (4.2)

In principle, the temperature in simulations with the non-isothermal model is the result
of the iterative u, p-flash (Section 3.4.3). A linear approximation of the temperature is
sufficient if the system is single-phase and far away from boiling conditions,

T =Tinit + 1
ĉv

(û− û(Tinit)) , (4.3)

ĉv = (1− φ)%scs + φ%αcv,α (4.4)

Outside the NI–sub-domain, Equation (4.3) provides a temperature that is directly
used in the p,T -flash to obtain the secondary variables. This linear approximation can
also provide an approximation for the estimated change in temperature, which allows
a direct calculation of volume derivatives in Equation (4.2) by means of an additional
p,T -flash with T + (∆T )est.

4.3 Multi-physics summary

For each cell i, the appropriate and least complex pressure equation is solved (see
Table 4.1). If volume derivatives are required for this cell, the transport estimate is
performed, else it is omitted. The regular transport step is unaffected by the multi-
physics framework because all transported quantities (or their derived quantities in the
case of the temperature) are required for the definition of the sub-domains; And the
transport is computationally too cheap due to its explicit nature to provide enough
efficiency potential. After the transport, the simplest possible flash calculations are
performed, avoiding costly detours. Each cell is then assigned to the sub-domain that
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Table 4.1: Multiphysics summary.

sub-domain P. Equation Volume derivatives Flash
1pNc (4.1) no no
1pNc-NI (4.2) ∂vw/∂uw via secant based on (4.3) u, p-flash
2pNc (3.31) all but ∂v̂/∂û p, t-flash, T via (4.3)
2pNc-NI (3.21) all u, p-flash
3pNc (3.31) all but ∂v̂/∂û p, t-flash for 3p

coincides with the updated fluid state, the fluid configuration and the phase distribution
after the transport step.

4.4 Numerical example for the multi-physics approach

To show the potential and practical applicability of the multi-physics approach, a
benchmark example of geological storage of CO2 was selected. The benchmark description
can be found in (Class et al., 2009), the model domain is shown in Figure 4.3(a). 15
kg/s of supercritical CO2 (Figure 2.1) is injected for 25 years, and simulation ends after
a total of 50 years using the numerical parameters listed in Table 4.2.

During the injection phase, high flow velocities yield a relatively stable time-step size of
3-4 days, injection stops after approximately 2650 time-steps. In the post-injection phase,
the pressure gradient ceases, the fluxes become smaller and the size of the time-steps
increases. The flux is then driven by gravitational and capillary forces, that are both
strongly coupled phenomena: the weak point of the decoupled solution scheme. As the
size of the time-steps grows, so does the volume error because the changes in density
increase over larger time periods. Then, pressure pulses from the error term ε are the
main causes for a reduction in time-step size, which again magnifies the term itself:
exceptionally large time-steps are thus typically followed by a series of small time-steps
where the method tries to balance out the errors made in that large time-step. To get
a more stable behaviour, the maximum size of the time-step was restricted to 3 · 106s
(35 days), which ensures that the post-injection phase is simulated with at least 260
time-steps. A method that gradually “ramps up” the size of the time-step, and by this
avoiding excessive fluctuations, might be a promising solution.
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Table 4.2: Numerical parameters for the Johansen benchmark

CFLfactor a Error factor ae Lower error bound e Bound limit e
0.7 0.4 1 · 10−2 0.5

(a) The porosity of the injection forma-
tion, an arrow marks the injection well.

(b) Plume of CO2 after simulation of 50 years. The solution
on the simple sub-domain is cut out and not visualised.

Figure 4.3: Injection of CO2 into the Johansen formation (Class et al., 2009).

Table 4.3 shows the benchmark parameters of four simulation runs applying a uniformly
complex model and four simulations employing the multi-physics framework. The
margins of the differences introduced by the modeller’s decision, which contributes to
the model uncertainty, are visualised by repeated model runs that differ only in the
regularization bounds to build the volume derivatives (Section 3.3.5).
Failure of the numerical differentiation for small changes in composition is avoided by
setting a lower limit for the increment ∆Cκ. The derivatives in volume are necessary
to model compositional multi-phase flow, and regularisation gets necessary because
the single-phase regions are modelled with the same equation. Naturally, the observed
feedbacks are secondary effects, such as volume errors or changes in time-step sizes,
that are somehow triggered by different regularisation bounds, and not direct effects of
them. The standard regularisation bound (∆Cκ ≤ 1 · 10−8 · %α) is flanked by simulations
with a lower and a higher bound, and the deviances in model outcome compared to the
standard case are listed in brackets in Table 4.3. The deviations between the individual
uniformly complex runs are in the same order as the difference to the simulation applying
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Table 4.3: Results of the Johansen benchmark, “multi-physics” is abbreviated by MP.
Secant Dissolved CO2 Residually Centre of Mass
limit ∂v̂

∂Cκ
in Brine trapped CO2 x y z

Uniform 5 · 10−9%α 13.19 % (-1.6%) 17.59 % (0.1%) 6264 3242 -2862
Uniform 1 · 10−8%α 13.40 % (±0%) 17.57 % (±0%) 6261 3236 -2863
Uniform 2 · 10−8%α 13.19 % (-1.6%) 17.56 % (-0.1%) 6264 3242 -2862
Uniform 3 · 10−8%α 13.49 % (0.7%) 17.70 % (0.7%) 6265 3244 -2862
MP 5 · 10−9%α 13.07 % (-0.3%) 17.44 % (-0.3%) 6261 3241 -2862
MP 1 · 10−8%α 13.11 % (±0%) 17.49 % (±0%) 6264 3244 -2862
MP 2 · 10−8%α 13.14 % (0.2%) 17.50 % (0.1%) 6263 3243 -2862
MP 3 · 10−8%α 13.14 % (0.2%) 17.50 % (0.1%) 6263 3243 -2862

the multi-physics framework.

The individual multi-physics runs differ only marginally because regularisation is hardly
necessary: in areas of negligible changes in composition, the multi-physics framework
applies the appropriate single-phase pressure equation (4.1) where there are no such
volume derivatives. Remaining differences in the solution arise because regularisation
still occurs in single-phase cells that belong to the complex sub-domains “safety zone”
around the multi-phase plume. It can be nevertheless concluded that the multi-physics
framework introduces less bias in the simulation results because the best model is
applied locally. However, both approaches encounter difficulties to model the density
instability due to dissolved CO2 in the post-injection period.

4.4.1 Efficiency potential

Figure 4.4 shows the computational efforts for specific tasks throughout the simulation
to investigate potential efficiency increases for such large-scale examples. The largest
efforts are required to calculate the pressure field, because an implicit solution requires
assembling and solving a large system of equations. The multi-physics concept reduces
the assembling time, as well as the total time needed for flash calculations. At the
end of the simulation, the complex sub-domain covers only 4% of the total number of
cells, which for this case leads to a total speed-up of roughly 40%. Further reduction
in computational efforts is possible if the global degrees of freedom are reduced, for
example by coarsening the simulation grid. As no information or accuracy should be lost,
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an adaptively refined and coarsened grid provides the required accuracy to produce good
results while reducing overall computational costs. Such a strategy will be explained in
the following chapter.

33%

40%

10%

17%

P.E. Assembling

P.E. solve
Transport

Flash

(a) Uniformly complex model

35%

10%
10%3%

Transport

Flash
P.E. Assembling

P.E. solve

(b) Multi-physics framework

Figure 4.4: Computational efforts over the course of simulation, percentages based on total
computing time of the uniformly complex model. The pressure equation (P.E.,
shaded in red) is computationally most expensive.
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One of the modelling challenges, predominantly in the field of petroleum engineering, is
to include the considerably smaller geometry of well-heads in comparison with the sheer
size of the reservoir cells. In view of limited computational power, global refinement to
the desired level is not always possible or feasible. Earliest attempts nested locally refined
grids around the wells into the coarse simulation grids (Akbar et al., 1974; Mrosovsky
and Ridings, 1974) to get measurement data of well pressures into the flow models.
Later, the refined areas were properly embedded into the global the global domain (e.g.
Heinemann et al. (1983); Ewing (1988)), providing the flexibility for an extensive use in
the petroleum industry. Furthermore, through the use of dynamic grids (e.g. Han et al.
(1987); Trangenstein and Bell (1989)) also transient features such as shock fronts can
be refined.
In this work and the references therein, we limit ourselves to manipulations on regular
grids, where it is geometrically simple to avoid degenerate elements and the refinement
step is a local and hence fast operation (Bangerth et al., 2007). Any local refinement
of a regular grid leads to an irregular mesh (Figure 5.1(b)) which can be met by two
approaches: a conforming closure of the irregular mesh as a post-processing step by
introducing triangles or tetrahedrons versus allowing the hanging nodes and treat them
in a special manner. The latter is aimed for in this work, as it preserves the advantages
of a regular grid.
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i j

(a) TPFA approximation on a regular grid.

i

j

hanging
node

(b) Hanging node configuration because
cell i was coarsened.

Figure 5.1: Hanging node situation because of a locally refined/coarsened grid.

5.1 Hierarchical grid structure and general
implementation

The simulation grid discretises the whole simulation domain by finite entities. These
entities, or cells, are initially created on the same grid level. Grid refinement produces
new cells by subdividing the cells of the initial grid (Figure 5.2). Each “father” cell
on the zeroth level is replaced by l smaller cells (“sons”, Figure 5.3) on the first grid
level . In the same allegory, all sons of a father cell can be referred to as “brothers”.
Subsequent refinement introduces ever higher levels, and a tree structure evolves that
contains the father cell and all its descendants. Through this hierarchical tree structure,
a unique mapping between levels is possible, a necessary requirement to transfer data
(Section 5.2). Naturally, all considerations also hold for the process of coarsening, the
amalgamation of several sons to their father cell. Spatial properties such as porosity are
defined on a certain level, and this information can simply propagate through higher
levels of the grid. The outer cells of this refinement tree form a so-called “leaf grid”
(Bastian et al., 2008b). This is the grid on which the balance equations are solved,
although the entities of the leaf grid may be on different refinement levels.

A sequential solution procedure on an adaptive grid is shown in Figure 5.4. An adaptivity
module is inserted (compare Figure 3.2) at the beginning of each time-step with the
following workflow:
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Level 0

Level 1

Level 2

Leaf grid

Figure 5.2: Hierarchy of the grid (Sinsbeck, 2011).

Father

Sons

Brothers

Figure 5.3: Naming conventions.

1. One or a combination of several indicators are calculated locally for each cell. Its
comparison with appropriate refinement and coarsening criteria specifies whether
and how the cell has to be modified (Section 5.3). Afterwards, each cell is flagged
for refinement or coarsening, or remains unchanged.

2. The old solution, essentially the primary variables plus some additional information
(Section 5.2), is stored.

3. The grid is modified, starting with a refinement loop and subsequent recessive
coarsening wherever possible.

4. A reconstruction step maps the stored old solution on the new grid and thus
reassembles the old solution for the next time-step.

5. Flash calculations provide the secondary variables. When applying the multi-
physics framework, the sub-domain information is only mapped and not updated
to minimise the effects of the grid adaptation.
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Cκ, pα, . . . , û, T

Cκ, pα, . . . , û, T

Xκ
α, Sα, %α, hα . . .

Figure 5.4: The sequential solution scheme on adaptive grids, non-isothermal variables depicted
in gray.

5.2 Transformation of the solution, treatment of new
cells

After the refinement process of the grid, the old solution has to be transferred to the
new grid before solving the next time step. The data of cells that remain on the same
level after grid manipulation have to be copied because the grid indexing and thus the
internal data strucutre has changed. More work is necessary for cells whose grid level
was changed, as either new information has to be generated in the case of refinement or
information has to be amalgamated if cells are coarsened. In ndim dimensions, each father
is refined to 2ndim sons. For each new cell that arises after grid adaptation, the primary
variables have to be recomputed (Sections 5.2.1, 5.2.2, 5.2.3). In addition, the specifics of
the applied numerical scheme benefit from transferring additional information from the
old grid, which is discussed in Section 5.2.4. It is assumed here that the soil properties
remain constant between the grid levels, thus up/downscaling methods can be omitted.
When the primary variables are transferred, the remaining secondary variables such
as density, composition etc. are recalculated through regular flash calculations. The
transformation onto the new grid intends to introduce as little bias and errors as possible
while being as efficient as possible.
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5.2.1 Transformation of the total concentrations

Mass should always be conserved, including the re-gridding process. The total concen-
trations are specific masses per available volume, which should remain constant if there
are no perturbations. Hence, the total concentrations can simply be copied from father
cells to their sons, even if the cell volume differs between the l brothers. For the case of
a coarsened cell, all mass of the sons have to aggregate to the father cell:

Cκ
fatherφVfather = mfather =

2ndim∑
l=1

mson,l =
2ndim∑
l=1

Cκ
l φVson,l (5.1)

Cκ
father = 1

Vfather
·

2ndim∑
l=1

Cκ
l Vson,l (5.2)

These transformations do not necessarily match thermodynamic densities, as pressure
and temperature can change as well during the adaptation. That creates a volume
mismatch, which exists anyway due to the sequential non-converged scheme. Compared
with the latter, the volume error induced by the transformation of the grid is typically
very small.

5.2.2 Transformation of pressure

If a cell is refined, the son cells do not necessarily lie on the same elevation as their
father. In the case of a vertical hydrostatic pressure distribution, this difference in
altitude would produce different pressures between the brothers, which also affects
their density and composition. At best, these changes in pressure caused by changes
in elevation should be anticipated during grid adaptation to prevent artificial fluxes or
errors introduced by the time-dependent storage term in the pressure equation. To do
so, the vector zl is defined which points from the cell centre of the son l to the centre of
the father. Then, the new pressure of the sons can be gained by

pson,l = pfather − %̂gTzl

= pfather −
1
φ

∑
κ

Cκ
fathergTzl .

(5.3)
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Accordingly, the pressure in coarsened cells is averaged from l son cells that are adjusted
for height differences, so to speak that are elevated to the father’s position:

pfather = 1
2ndim

2ndim∑
l=1

(pson,l −
1
φ

∑
κ

Cκ
son,lgTzl) . (5.4)

For regular grids where the father’s cell centre is in the middle of the son’s, a simple
averaging of the pressure would be sufficient. Note that this static transformation only
maps the old pressure solution to the new grid, which is needed in the storage terms to
calculate the (correct) pressure field for the next time-step. I therefore refrain from using
more elaborate methods, such as Nordbotten et al. (2008). In addition to the pressure
primary variable, the capillary pressure is copied from father to the son to speed up the
iterative flash calculation, because of an improved initialization of the corresponding
phase pressure.

5.2.3 Transformation of internal energy

Energy should be conserved as well. The specific internal energy can thus be treated
analogously to Section 5.2.1,

ûfather = 1
Vfather

·
2ndim∑
l=1

ûlVson,l (5.5)

Such a transformation would alter the cells temperature because the pressure is changing
according to Section 5.2.2.
As an alternative mapping strategy, the temperature can be copied from father to sons.
Then, the corresponding internal energy is recalculated after an isothermal flash at the
mapped temperature is carried out. In the course of this work, no significant difference
of either method is observed.

5.2.4 Transformation of additional data

Upstream weighting of coefficients in the pressure equation is determined by the pressure
field of the last time-step. If the cell is adapted, this is also possible for the outer interfaces
of refined sons if the information of flux direction is copied from the father. Fluxes
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between the brothers, however, are approximated using central averaging, as the direction
of flow is unknown and the quantities to be weighted differ only slightly. After the
new pressure field is solved for, the direction is again known and up-winding for the
transport and subsequent time-steps becomes possible.

The transport estimate cannot produce meaningful results before the new pressure field is
known. The outer fluxes between the modified cells and their neighbours are substantially
altered by the grid transformation (Section 5.2.2), and because the flux between the
brothers is negligibly small on the transformed pressure field, these fluxes through the
outer faces would have an unreasonably high weight: if a dissolved component is allowed
to enter a percolated cell but any out-flux (to its brothers) is permitted, the change in
mass ∆Cκ might even yield a formation of a second phase, accompanied with a large
derivative in specific volume ∂v̂/∂Cκ. While originally, this is exactly what the estimate is
supposed to accomplish, it would in this case falsely predict a drastic change in volume
solely caused by the refinement. Such errors are avoided by copying all fluid derivatives
during the transformation process, as they should not differ vastly between father and
sons.

Likewise, the sub-domain information is copied during refinement, despite of new flash
calculations that are carried out after grid modifications. An update of the sub-domains
might jeopardize the accuracy of the safety zone around the areas of high complexity,
because the transformation is a local process. During coarsening, the son assigned to
the most complex sub-domain dominates its father’s assignment.

5.3 Refinement criteria

On adaptive grids, the decision where cells have to be refined or coarsened has to be
made according to appropriate criteria or indicators. These criteria might be static in
time if geometric features such as wells or fractures are to be captured, or dependent
on the dynamics of flow. With regards to the latter, the criteria have to be tailored to
the specific simulation example, because its choice critically affects the accuracy of the
simulation.

Some criteria are mathematically derived from a certain definition of the discretisation
error (Verfürth, 1996; Eriksson et al., 1995). They are improved to include non-linear
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conservation laws (Kräner and Ohlberger , 2000; Klöfkorn et al., 2002) and are being
generalized for the type of grid or discretisation used (Vohralik, 2008). An alternative
refinement strategy tries to gauge each cell’s relevance or impact on the global system
in order to determine which cells need to be refined (Vakili-Ghahani and Jansen, 2012).
For the engineering practice, most authors prefer rather simple and heuristic indicators
to steer their grid refinement, most-often because of efficiency reasons. Some of these
heuristic indicators lean against derived estimators (Klieber and Riviere, 2006; Lavie
and Kamp, 2011), or are related to fluxes or gradients (Hornung and Trangenstein,
1997; Chellamuthu and Ida, 1995; Nilsson et al., 2005; Khattri et al., 2007; Pau et al.,
2012). Heuristic criteria without formal derivation are used in this work as well. While
the term “error estimator” is well defined, there is no consensus about the term “error
indicator” in the literature (cf. Paul (2003); Chellamuthu and Ida (1995); Chen and
Dai (2002)). The latter expression is nevertheless used by some authors to differentiate
between heuristic criteria and mathematically derived criteria.

An indicator based on the saturation is selected in the following as an example to explain
the common cycle of such indicators:

1. A local indicator is defined, such as the largest difference in saturation over the
interfaces γij of each cell, ηi = maxγij |Si − Sj|.

2. The range η̃max of the indicator is determined to normalize the local indicator
values. For example, a loop over all cells determines the minimum and maximum
saturation Sw, Sw throughout the simulation domain, then η̃max = Sw − Sw.

3. The tolerance levels for refinement and coarsening tol, tol and maximum and
minimum grid levels are specified.

4. A second loop over all cells marks the cell i if the condition ηi > tol · η̃max is
fulfilled and i is not already refined to the maximum refinement level. A loop over
the neighbours of i ensures a refinement ratio of 2 : 1, i.e. a maximum difference
of one level, by also marking the neighbours for refinement if necessary.

5. Mark all cells i for coarsening where ηi < tol · η̃max if i has not yet been coarsened
to the maximum level and is not yet marked for refinement. Again, a loop over
the neighbours prevents coarsening if the refinement ratio will be violated or the
marks of all brothers do not allow coarsening.
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Figure 5.5: Schematic setup of the NAPL injection scenario.

Refinement indicators for compositional multiphase flow are examined an discussed in
(Futter , 2012), and the major findings relevant to this work are summed up briefly in
the following.

5.3.1 On the numerical formulation of the local indicator

A local indicator based on a gradient ηi = maxγij |χi−χj |/∆xij would provide an obvious
alternative to the absolute difference, as flow is also driven by gradients. The local
indicator is thus also affected by its refinement level, through the discretisation length.
This favours small cells to be refined and weakens the refinement of coarser cells, and
thus increases the overall number of cells (also observed by Pau et al. (2012)). The
effects of both approaches on the global modelling error are studied in a two-dimensional
example of a NAPL (TCE) that infiltrates into a water-saturated porous medium with a
horizontal fine-sand lens (Figure 5.5). The NAPL concentration was monitored at three
distinct times through the simulation and compared with a fully refined reference solution.
The refinement bounds are chosen such that the overall number of cells produced by the
different indicators are comparable. The results of the simulation (Table 5.1) favours
the indicator based on the local difference, especially towards the later stages of the
simulation where least cells remain on level 0. It has to be mentioned though that the
system investigated here was single-phase transport, so no capillary flux was involved.
Nevertheless, I assume that neglected refinement of coarse cells would also increase the
modelling error in multiphase simulations.
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Table 5.1: Global L2-type error (
∑
i(C

TCE,i
ref − CTCE,i)2) in TCE concentration for local

indicators dependent on the gradient and the difference of the indicator value.

Simulation time Gradient Difference
2000 7.386 · 10−10 5.465 · 10−10

4000 3.321 · 10−9 2.363 · 10−9

7500 1.241 · 10−8 5.813 · 10−9

5.3.2 On the type of variable in the local indicator

In the IMPET framework, the transport is performed along the flow field calculated
by the pressure equation. One might be tempted to chose an indicator that directly
improves the quality of this flow field based on its related properties: an indicator either
based directly on pressure, or alternatively based on the flux calculated from the flow
field. Their performance in simulations of multiphase flow and compositional transport
is examined here by comparing the error with respect to a fully refined reference solution.
As a comparative base case, the standard indicator (Section 5.3) is used for refinement,
taking both saturation and mass fraction of dissolved NAPL into account to refine the
front of compositional transport as well. Both the refinement and the coarsening bounds
are chosen such that the total number of cells produced by the different indicators are
similar. This is achieved by trial and error and therefore only an approximate agreement
is reached.

A homogeneous porous medium would produce a uniform flow field such that the
different indicators have no significant effect. Therefore, simulations are performed
on a heterogeneous porous medium where a spatial distribution of porosity values is
generated by a “program for geostatistical modelling, prediction and simulation” (Gstat,
Pebesma and Wesseling (1998)) and the permeability is calculated with Equation (2.39).
The simulation domain of 9m x 4m is initially filled with water at pw = 2 · 105 Pa
and kept closed on top and bottom boundary. Initially, a plume of NAPL resides in
residual saturation of Sn = 0.1, and the plume’s center is located 2m from left, upper
and bottom boundary. A water outflow of qw = 0.02 kg/(s m) is imposed on the right
side of the domain to keep their influence on the solution as small as possible. The
NAPL dissolves gradually into the water and is transported predominantly in horizontal
direction because no gravitational forces act.
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Figure 5.6: NAPL Concentration CNAPL
[
kg/m2

]
modelled with the standard indicator set

based on differences in saturation and mass fraction XNAPL
w . The initial NAPL

plume is marked by white dots.

(a) Simulation grid for the indicator based on differences in pressure.

(b) Simulation grid when applying the flux indicator.

Figure 5.7: Permeability of the heterogeneous porous medium, in
[
m2].
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The lowest error is achieved using the standard indicator, because it refines both the
transported front and the dissolution zone, but leaves other regions as coarse as possible
(Figure 5.6). The pressure indicator leads to fluctuating adaptation of the grid, which
yields a higher total error by magnitudes despite keeping the dissolution area refined
via differences in capillary pressure: changes in pressure occur when the grid is adapted
(Section 5.2.2), which means that the indicator for refinement is dependent on the
refinement itself. Secondly, the immanent fluctuations in pressure caused by the error
term lead to oscillations in both the grid and thus also the volume discrepancy. The
latter issue becomes even more pronounced in a system with significant compressibility
and variations of the density with composition, because in comparison, the system of
water and NAPL considered here produces only volume discrepancies of below 0.5 %.

The indicator based on the total flux does capture regions of higher flow velocities,
but does not keep the dissolution zone refined if the fluxes are low. Overall, the grid
rests almost unchanged during the simulation run, which therefore produces the highest
errors in NAPL concentration of all three indicator alternatives. As this finding was not
anticipated and largely caused by limiting the total amount of cells, the investigation
was repeated for the case of gravity-driven flow, where the NAPL initially resides on top
of a water-filled heterogeneous porous medium (Figure 5.8(a)). It gradually dissolves in
the surrounding water and sinks downwards as the dissolution increases the density of
the contaminated water. In this case, the flux indicator (Figure 5.8(c)) is able to refine
both regions of higher permeability and the dissolution and propagation fronts. Here,
the indicator based on the total flux produces a lower error compared to the standard
indicator (based on saturation and mass fraction, Figure 5.8(b)), but also requires more
cells and therefore computational time. The global error differs by merely 50 %, which
brings forth the conclusion that the standard indicator is a comparably sound and good
overall solution, but not necessarily the best for any given problem.

Naturally, the investigations presented here rely on the definition of the soil properties
on the coarsest possible grid level. If they live on the finest level and coarse-scale
properties are derived via upscaling techniques, the parameter heterogeneity introduces
new features on the fine refinement level that are not visible if the grid is coarse. Then,
indicators for flux are essential to keep fine-scale flow paths refined (Wolff , 2013).
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(a) Porosity and initial satura-
tion of the NAPL.

(b) Values of the standard indi-
cator, scaled to refine bound.

(c) Values of the flux indicator,
scaled to refine bound.

Figure 5.8: Comparison of the flux and the standard indicator for gravity induced flow.

5.4 Fluxes through irregular faces

In Section 3.3.3, some of the shortcomings of the TPFA method were mentioned. On
irregular grids, even in the case of a homogeneous medium, the TPFA fails to reproduce
fluxes around the hanging nodes correctly (Edwards, 1996), because the two-point stencil
does not capture the complex geometry (see also Section 5.5). Several approaches have
been developed to address this issue, e.g. Pau et al. (2012); Edwards (1996); Wheeler
et al. (2002); Mehl and Hill (2002). Rodrigues and Dickstein (1996) simply create
linearly interpolated pressures along the coarser cells to calculate the flux between cells
of different levels.

I solve the problem by using the MPFA method (Section 3.3.3) to increase the flux
stencil near the hanging nodes (Figure 5.1(b)). In the case of an irregular face γirreg,
there is always one sub-face with a unique interaction region (Figure 5.9(a)). For the
remaining sub-faces (Figure 5.9(b)), different interaction regions are possible that can
contain neighbours of both cell i and j, and an appropriate criterion has to be used to
select the best flux stencil.

For increased efficiency, I use a combination of the simple TPFA for all regular cell
interfaces γreg whose neighbours are on the same grid level and the local application of
the MPFA for all irregular interfaces γirreg bordering on a hanging node. Therefore, only
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i

j

j′

(a) Hanging node configuration approxi-
mated with MPFA L-method for the first
sub-face between cell i and j. One unique
(grey) interaction region also includes the
third cell j′.

i

j

(b) MPFA: For all remaining sub-faces,
several interaction regions are possible,
dashed in white and black.

Figure 5.9: Treatment of fluxes around refined cells.

one entry of the flux vector fγ̆? is used, so only the respective transmissibility coefficients
τ of the full matrix T from Section 3.3.3. The pressure equation (here Equation (3.31)
as an example) therefore extends to
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with k = {i, j} and τk = AγnTγKdk
1

∆x if γ = γreg ,

and k ∈ |I| and τk according to Section 3.3.3 if γ = γreg .

In the matter of an irregular face, the flux through γij is the sum of the fluxes of
all considered sub-faces. If there are not as many interaction regions considered as
there are sub-faces, the available flux is projected on the total area by multiplication
with Aγij/(

∑
γ̆ij

Aγ̆ij ). Such weighting is performed at the boundary to circumvent costly
calculations that mitigate the deficiencies of the MPFA at dirichlet boundaries, because



5.5 Numerical example on an adaptive grid in two dimensions 89

the domains considered in this work are typically large enough that the influence of the
boundary should be minimal. Plus, it allows to investigate the effects of the number of
interaction regions considered in Section 5.5. The capillary flux is also gained via the
MPFA, because all corresponding phase pressures in the interaction region have to be
calculated

fpc = AγnTγ Kλw%w
∂vt
∂Cκ
∇pt−∆t

c = λw%w
∂vt
∂Cκ

∑
k

τkp
t−∆t
ck . (5.7)

The indices on the secondary variables in Equation (5.7) are again for the case of pn
being primary variable. The gradient in volume derivatives is not interpolated by an
MPFA-ansatz, as it is only an interpolation between cells where mass transport actually
takes place. To summarise the formulas, all gradients that drive flow through irregular
interfaces that are normally approximated by a TPFA are now expressed through
the MPFA-L-method. Although this is done in all types of pressure equations and all
transport equations, only the compositional multiphase pressure equation is chosen as
an example.

5.5 Numerical example on an adaptive grid in two
dimensions

A two-dimensional domain with homogeneous soil parameters that is fully filled with
brine and confined by closed boundaries on top and bottom is chosen for a comparative
study of the different flux approximations for the irregular faces. The simulation param-
eters are listed in Table 5.2. Supercritical CO2 is injected from the left side into the
reservoir (2.5 km depth) at a rate of 0.55tons/(day m), and gravity drives the plume
upwards. The evolution of the plume is simulated using a static fine grid (the reference),
an adaptive gridding with a TPFA approach (tpfa) and two different MPFA-schemes on
the hanging nodes: simulations entitled “mpfa 1 IR” use only one interaction area per
irregular interface. Those labelled “mpfa” regard both half-edges separately, therefore
building two transmissivity matrices for each edge near hanging nodes. Note that fluxes
through all conventional faces are treated by the TPFA method, regardless of the
differing treatment on hanging nodes.

Figure 5.10 depicts the saturation of the wetting phase after a 2 year injection period.
The vertical lines mark the centre of mass of the CO2 plume, and one black line marks
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Table 5.2: Parameters for the two-dimensional injection of supercritical CO2 into brine.

Porosity Permeability BC-Parameter CFL Error Lower Bound
pd λ factor a factor ae bound e limit e

0.15 1 · 10−13 m2 500Pa 2 0.7 0.5 0.001 0.9
Adaptive grid properties: Indicator ηi Levels tol tol

maxγij |Si − Sj| 0-5 0.05 0.04

the reference tip of the plume. Below, the simulation grid of the current time-step is
shown. Both the tip of the front and the centre of mass prove that both simulations using
the MPFA method improve the resemblance of the fluxes, which yields a better match
with the static reference than the TPFA simulation. Figure 5.11 visualises the error in
form of a L1-type norm ((Siw,ref − Siw)). The improvement in accuracy is clearly visible,
especially at the injection front. The simulation results are mapped on the reference
grid, so an additional volumetric weighting of the error (see Sun and Takayama (2003))
is not necessary. The accumulated L2-norms,

ξ =
∑
i

(Siw,ref − Siw)2/
∑
i

(Siw,ref )2 (5.8)

read 143.4 · 10−5 for tpfa, 7.6 · 10−5 for mpfa 1 IR and 1.35 · 10−5 for mpfa. These
findings indicate that the simpler MPFA-version with only one interaction region might
be a reasonable compromise between improvement in accuracy and computational
as well as programming efforts: the second interaction region is heavily influenced
by the configuration of surrounding cells, which requires non-local operations. The
computation times for this simple example including also a subsequent post-injection
phase of three years are very encouraging: compared to the reference solution on the
static grid (representing 100% CPU time), the h-adaptive grid lowered that to 16.5%
for tpfa and 15.6% for mpfa 1 IR, or 15.8% for mpfa, respectively.
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Figure 5.10: Comparison of a saturation front on a static grid (top) with an adaptive TPFA
approximation (below) and two ways of using the MPFA-method (bottom).

Figure 5.11: Comparison of a saturation front on a static grid (top) with an adaptive TPFA
approximation (below) and two ways of using the MPFA-method (bottom).

5.6 Extension to three dimensions

In three dimensions, it is possible to build 4 interaction volumes per irregular face: again,
there is one unique interaction region around the hanging node, see Figure 5.12. The
remaining three interaction volumes heavily depend on the surrounding cells, that can
even lie on different grid levels (Figure 5.13(a)). Each interaction volume is not unique,
hence multiple versions have to investigated (see Figures 5.13(b), 5.13(c)) and the best
is selected according to appropriate criteria (Aavatsmark, 2007; Wolff et al., 2013a).

After the experience from two dimensions (Section 5.5) one might be tempted to disregard
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Figure 5.12: The unique interaction region determining the flux through the greyed sub-face.

(a) Neighbours can be on dif-
ferent levels.

(b) Possible interaction region
with two small cells.

(c) One exemplary alternative
interaction region.

Figure 5.13: Interaction regions for the same sub-face marked by a checkerboard pattern.

the complex interaction regions in three dimensions for efficiency reasons. With flux
expressions based on only one interaction region, though, problems with monotonicity
arise (Aavatsmark et al., 2010). Non-monotone solutions might occur on plank-shaped
cells even in homogeneous material. To briefly visualise these, a small example (Figure
5.14) is set up with cells with an unfavourable height-ratio, where injection takes place
on one side into the central upper 6 cells. The simulation parameters are the same
as listed in the upper part of Table 5.2, and the injection rate is 8.64tons/day. The
grid had 3 different levels and was statically refined near the injection. Gravitational
effects and capillary pressure are neglected, and a direct solver is used. The solution
with one interaction region (Figure 5.12) shows a non-physical pressure field (Figure
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Figure 5.14: Pressure fields produced by using one interaction region per face (left), two (mid-
dle) and complete four interaction regions per sub-face (right), after approximately
160 days of injection.

5.14 on the left). Two interaction regions (Figures 5.13) produce a meaningful, however
still non-symmetric, solution (Figure 5.14 middle). Only a full consideration of all four
interaction regions yields a good pressure field (Figure 5.14 right).





6 Large-scale numerical examples

Both large-scale examples in this Section intend to show the applicability of the proposed
concepts on field-scale problems. They shed light on the strengths and potential on one
side, but on the other side expose the deficiencies of the methods presented.

6.1 Injection into the Johansen formation

By modelling the fluxes near hanging nodes with an MPFA, it is possible to simulate
the large-scale example from Section 4.4 on an adaptively refined grid. As described
at the end of the last chapter, a successful simulation of the whole 50 year period is
only possible if all four interaction regions are considered in the vertical direction. A
TPFA on an adaptive grid produced too large errors in the flux that the decoupled
solution scheme eventually failed, at the latest during the post-injection phase. The
parameters and setup remain as the simulations on the static grid (Table 4.2), with
additional parameters to steer grid adaptation listed in Table 6.1.

Figure 6.1(a) shows the saturation of water at the end of the simulation on an adaptively
refined grid. Compared with the coarse solution (Section 4.4), the CO2 plume of the
upper layer extends wider, especially in the up-dip direction. Figure 6.1(b) depicts the
plume at the end of the injection period, with more coarsened cells in the middle of the
plume, which become refined again after injection stopped because the CO2 accumulates
under the overlying cap-rock. Figure 6.1(c) is clipped up to the injection well for better
visibility, showing still several layers of coarsened cells.
The dissolved amount of CO2 is reduced to 11.3 % on the adaptive grid (compared
to 11.5 % on a static globally refined grid), a trend that was also reported by others
(e.g. Bergmoa et al. (2009); Green and Ennis-King (2012)). Integral indicators are
important aspects to asses the storage potential, and their sensitivity to the grid
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Table 6.1: Parameters for grid adaptation of the Johansen benchmark

Indicator ηi Levels tol tol

maxγ |Si − Sj| 0-1 0.05 0.03

resolution emphasises the need for refined simulations of field-scale problems: a solution
with grid convergence has obviously not yet been reached. A resolution of effects such
as gravity fingers would require even more refinement (Elenius and Johannsen, 2012).
Global refinement, however, demands such high computational resources that parallel
code became essential, while the adaptive simulation is still feasible on a single-processor
infrastructure.
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(a) Plume of CO2 after simulation of 50 years on an adaptively refined grid.

(b) Plume of CO2 at the end of the injection
period (25 years).

(c) Clip thorugh the grid and CO2-plume after
25 years.

Figure 6.1: The Johansen benchmark simulated on an adaptively refined grid. Visible is always
only the most complex sub-domain.
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6.2 Modelling of the Tensleep formation

A further large-scale example has been selected to show the general applicability of the
concepts presented in this work for a very challenging physical problem. The Tensleep
formation contains to the only federally owned and operated oil field in the US, with the
benefit that the reservoir data are in the public domain. In the course of its operation,
strategies such as gas injection for enhanced oil recovery were introduced in the field,
because water has been produced for decades (Friedmann and Stamp, 2006). It can be
thus assumed that the accessible flow paths are already fully filled with brine water.
Due to its dome structure (Figure 6.2), being one interval within the “teapot dome” oil

Figure 6.2: Porosity distribution in the tensleep formation, vertically exagerated by a factor
of 4. The yellow arrow marks the injection well.

field, and its detailed data availability, this formation is perfectly suited for scientific
studies on CO2 injection. The combination of underground CO2 storage and withdrawal
of hot reservoir fluid to produce geothermal energy is currently attracting increasing
interest (e.g. Randolph et al. (2013); Salimi and Wolf (2012); Buscheck et al. (2013)).
After decades of production, the Tensleep formation still remains at approximately
88˚C and abundant wells are available as well, thus a concurrent geothermal usage of
extracted formation fluid is considered. Such a scenario provides an excellent challenge
to apply the concepts presented in this work to a real-world subsurface problem: using
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the Tensleep formation for concurrent CO2 storage and geothermal extraction requires
a numerical framework that can handle the complex physical processes pertinent to
both applications. Considering the global simulation domain, both types of physical
complexity occur in constricted regions, which is perfectly suited for the multi-physics
framework. Covering almost 40 000 cells, the model domain is large enough that efficient
methods are essential.
This section attempts to show a proof of concept under challenging conditions and is
neither intended to investigate the feasibility of such an operation nor evaluate the
injection strategy. An extensive discussion of the simulation results is therefore omitted,
the focus lies on possible weaknesses that arise when simulating with the adaptive
concepts.

6.2.1 Description of the formation and simulation setup

The full simulation domain is depicted in Figure 6.2, featuring a dome structure that is
intersected by a large sealing fault. The simulation grid follows the geological model,
which was built using seismic data and data from 15 well logs, which also yields the
porosity values of the rock matrix. This field is populated with fractures from a stochastic
model, derived from well and outcrop data, that is validated by history matching against
the production curves (Jamal et al., 2013). An application of an appropriate dual-
continuum–model is beyond the scope of this work, although the heavily fractured
reservoir demands it. As the matrix permeability is very low and the fracture network
highly connected, the simulations in this chapter use the fracture permeability but the
porosity of the matrix, fully acknowledging that the exchange processes between the
two continua are not properly modelled.
The bottom and top of the domain is confined by a no-flow boundary, with hydrostatic
pressure conditions on the side boundaries at 2370 psi (≈ 16MPa) on the reference
level of 60m below sea level (Chiaramonte et al., 2012). As done in that study, the
well “44-1-TpX-10” is the injection well, open to the flow of 104 tons/day of CO2. It is
injected at 35˚C into the sandstone layer, which has the highest storage capacity.
The grid managers accessible by DUNE providing grid adaptivity are not able to manage
the non-conforming cell interfaces along the faults. In order to apply grid refinement,
the cells behind the faults (that Chiaramonte et al. (2008) showed to be sealing) are
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Figure 6.3: Simulation domain for adaptive simulation runs without degenerating elements,
showing the vertical permeability Kz in [m2], vertically scaled by factor four.

cut out and only the main area where the wells are located remain in the simulation
domain (Figure 6.3).

The multi-physics framework considers four different levels of complexity, all include
compositional and compressible effects (Table 4.1):

• A full non-isothermal two-phase region evolves near the CO2 injection well. This
is the most complex model, which is also applied in all cells containing wells.

• A two-phase model with a linear approximation of temperature is applied in
regions where the CO2 plume has already reached the reservoir temperature.

• Full non-isothermal effects under single-phase conditions are modelled near the
cold brine injection well, and below the CO2 injection well where gravitational
forces prevent CO2 in phase but where the reservoir temperature has been altered
by the injection.

• A single-phase model with a linear approximation of temperature is applied in
the far-field region of the reservoir.
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Table 6.2: Simulation parameters for the Tensleep formation.

Residual saturations BC-Parameter CFL Error Lower bound
Sw,r Sn,r pd λ factor a factor ae Bound e limit e
0.1 0.1 2000Pa 2 0.7 0.3 1 · 10−5 0.9
Adaptive grid properties: Indicator ηi tol tol Levels

maxγ |Si − Sj| 0.05 0.001 0-1
maxγ |Ti − Tj| 0.05 0.001
Fi after Equation 3.55 0.5

6.2.2 Numerical obstacles to simulate the field

Due to the combined constraints on the geometrical dome structure and the underlying
rock properties, some grid cells suffer from strongly deformed (“twisted”) cell faces,
see Figure 6.4. The grey cell i resides above the black-edged cell j, thus the vector
connecting the cell’s centres dij points downwards. The figure also depicts the normals
nγi on the centre points of all interfaces γi. In the case of the interface γij between
the gray and black-edged cell, nγij points upwards because this interface γij is strongly
twisted. Direct exploitation of Equation (3.39) would yield a reverted flux because nTγ dij
becomes negative. Such a inversion is avoided by using the absolute value of the term
|nTγ Kdij| to calculate the fluxes.

The parameter range of the initial soil data set was found too broad and required some
regularisation: the porosity is limited to a minimum of φ = 0.005, and the minimum
fracture permeability in each direction is not allowed to surpass K = 1 · 10−17. The
average matrix permeability is K ≈ 8.5 · 10−15, so lower values are very unlikely and
such a limit still allows for permeability variances around six orders of magnitude.

Any simulation only with a standard indicator to refine the injection fronts, in a combina-
tion of temperature and saturation indicator, eventually leads to a non-physical pressure
field which terminates the simulation abruptly. Only the additional implementation
of a flux indicator in combination with the standard indicators allowed for successful
simulation. To prevent oscillating refinement and coarsening (Section 5.3.2), each cell
that is refined by the flux indicator can only be coarsened thereafter if four consecutive
adaptation steps do not call for a refinement. This check is performed on the lowest
grid level, so the condition has to be met by all sons.
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Figure 6.4: Twisted faces may lead to skewed face normals and require a modified flux term.

6.2.3 Simulation Results

Preliminary runs show that the injected CO2 rapidly rises through the fracture network
and accumulates below the cap-rock (see also Chiaramonte et al. (2012)), where the plume

Figure 6.5: CO2 plume after roughly one year
of injection.

spreads above the target interval whose
large porosity would provide the desired
storage capacity. In fact, the front ap-
proaches the domain border after only a
year of injection (Figure 6.5). For the cou-
pled geothermal usage, I decided to inject
brine at 40˚C into well “56-TpX” (blue
arrow), and extract the hot reservoir fluid
from well “54-TpX” (red arrow). This cre-
ates a counter-current flow of water to slow
down the propagating CO2 front while
maintaining flow into the extraction well.

Highly heterogeneous flow-paths through cells with a very low porosity yield severely
small time-steps down to 20minutes. Although the comparison of computational efforts
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is to be treated with care, simulation with a uniform model (2p2cni) demanded around
seven times the computation time of the multi-physics model during the first month,
with equal number of time-steps and no detectable differences in the results.

Within one year of injection, the cold CO2 does not lead to a substantial decrease in
temperature in the vicinity of the well. The injection of cold water, however, reduces the
formation temperature gradually, leading to a zone of significant temperature differences
around the injection well. After 290 days, this zone begins to interact with the CO2

plume, depicted in Figures 6.6. The extend of the two-phase and the non-isothermal
sub-domains are depicted in Figure 6.6(a). Figure 6.6(b) visualises how CO2 remains
above the desired storage formation, while temperature effects through water injection
is observable in this layer. In that period, the injection of 60 ktons of brine and an
extraction of 75 ktons of hot water (and 57 tons of CO2) could not significantly influence
the CO2 injection of 30 ktons.

On adaptive grids, the size of the time-step is restricted significantly stronger, which
translates to 10 000 time-steps to simulate 2 · 106 seconds. Figures 6.7 show the CO2

plume and the temperature decrease at two time-steps. All single-phase quasi-isothermal
cells are removed to show the adaptively refined grid. The Sub-figure 6.7(b) shows the
CO2 injection area on the coarse grid at approximately the same time as Sub-figure
6.7(a), clearly showing the lack of detail due to the coarse mesh.

Figure 6.8 provides a more detailed view of the CO2 injection area viewed from below.
The detailed flow paths of the CO2 start to be visible. Under the extraction well, some
cells are refined by the flow indicator which might not necessarily improve the simulation
result, but due to their small grid-size in the vertical direction have an influence on the
size of the time-step. Here, further development of the flux indicator would be beneficial
to trigger refinement only to prevent simulation failure.
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(a) Plume of CO2 and extend of the two-phase-subdomain. Cells that belong to the
non-isothermal sub-domain have white corners and show the temperature distribution
around the injection wells.

(b) View from below the formation at the two-phase cells and cells belonging to the
non-isothermal sub-domain (cornered white and showing the temperature scale). The
extend of the two-phase sub-domain is marked by blue corners.

Figure 6.6: Simulation after 290 days of CO2 injection (yellow arrow) and geothermal extraction
(red arrow) with cold-water injection (blue arrow) modelled with the multi-physics
approach. The cells of the non-isothermal sub-domain are cornered white.
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(a) Adapted grid after 4 · 105 seconds. (b) Fix coarse grid after 4 · 105

seconds.

(c) Adapted grid after 2 · 106 seconds.

Figure 6.7: CO2 plume and non-isothermal sub-domain (cornered white) on an adaptive grid.
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Figure 6.8: CO2 injection and extraction well from below, non-isothermal sub-domain in red.
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7.1 Summary

This work combines two adaptive modelling strategies for compositional multi-phase
flow in porous media, including non-isothermal effects. Firstly, a multi-physics concept
selects different numerical models locally depending on the physical processes at hand.
Secondly, an adaptive modification of the simulation grid is used to locally track features
of interest with a refined grid while globally remaining as coarse as possible.

In Chapter 2, the fundamental properties and functional relationships are introduced.
The basic properties of fluids and fluid mixtures, as well as thermodynamic concepts
for compositional effects such as laws of equilibrium are presented. In the context of
porous media, the complex interplay between solid and fluids yields further functional
dependencies on the relevant scale, from a large-scale description of capillary pressures
to the resistance to flow of heat and mass. The governing balance equations close the
chapter briefly.

The discretisation of the system in Chapter 3 starts with an introduction to the two
general temporal solution strategies, the fully implicit (or coupled) and the sequential (or
decoupled) scheme. The latter approach is followed in this work, reformulating the balance
equations into one pressure equation and sequentially performed transport equations,
that are followed by equilibrium calculations to determine the fluids’ composition.
Costly iteration is avoided by using a pressure equation determined via a volume
balance, whose additional terms require thorough numerical treatment. The multi-
point flux approximation (MPFA) is an alternative to the traditional estimation of
fluxes, that overcomes several deficiencies of the standard approach. After a detailed
description of the equilibrium calculations, small examples demonstrate the applicability



108 7 Final Remarks

of the individual models and a comparison with the results obtained by fully implicit
approaches.

The first step towards adaptivity is accomplished in Chapter 4 by bonding the individual
models together in the aforementioned multi-physics framework. The disadvantage that
the applied numerical sequential solution procedure is bound time-step–wise is exploited
in this process to reduce surplus computational efforts. A large-scale example related to
CO2 sequestration illustrates the potential and applicability of the framework, showing
both a reduction in modelling bias and gains in efficiency in assembling time as well as
a reduction of flash calculations.

Further improvements can be accomplished by modelling on a dynamically refined
grid, which is introduced in Chapter 5 as the second adaptive strategy. Although being
applied in many fields, this work is the first attempt to use adaptive grids with the
selected numerical approach. Appropriate indicators that steer the grid modification are
required, and if the grid is altered, the solution scheme has to continue with transferred
data. As the traditional approach to compute fluxes fails on such adaptive grids, the
MPFA method discussed above can be used instead.

The combination of both adaptive strategies is showcased on the large-scale CO2 injection
scenario in Section 6.1, proving to be advantageous to non-adaptive strategies where
only the complex model on a globally refined grid is applied. Finally, the applicability of
the concepts on field problems is visualised in Section 6.2, which is based on an existing
reservoir with challenging reservoir properties.

7.2 Outlook

Non-isothermal three-phase three-component The non-isothermal extension should
be made available to the three-phase three-component, and at best be nested into
the grid-adaptive framework. For fluid systems considered in classical environ-
mental problems, the strong temperature dependency of the solubility limit, and
hence the equilibrium ratios, might still be solvable by the simple iterations in
the flash calculations discussed in Section 3.4.3. The solution transfer during grid
modification, of course, becomes more involved and differences in the proposed
methods of Section 5.2.3 will probably be significant. Experimental setups such as
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Webb and Phelan (1997) may be simulated with this framework to validate the
model.

Varying degree of implicitness The CFL-criterion of the explicit transport model
tends to be very restrictive. This becomes even more severe if the grid resolution is
refined. Possible alternatives might include IMPSAT models, where both pressure
and some transported quantities including the saturation are treated implicitly,
while the remaining variables remain explicit in time (Haukås et al., 2007; Cao,
2002). Any relaxation of the CFL limit, however, requires alternate strategies to
adapt the sub-domains.

Time-stepping Significant volume discrepancies evolve if the fluxes are no more dom-
inated by advection and the size of the time-steps varies strongly from one to
the next step. Then, the error correction in the pressure equation, being directly
dependent on the time-step size, jeopardizes a successful simulation. A systematic
investigation on representative scenarios can provide insights which additional
measures need to be incorporated and if schemes acknowledging a multitude of
parameters such as Coats (2003) yield a more stable result.

Application The wide range of applications that would benefit from the presented
methods has not yet been fully covered. Advectively dominated problems with
weak coupling should be preferably chosen, as there lies the strength of the
decoupled solution scheme. The field of multi-component transport under pure
single-phase conditions but with non-isothermal effects, such as modelling the
convection of brine under geothermal use with explicitly modelled transport of
salts, is currently untouched, and could be supplemented with a multi-physics
implementation of a geomechanical model.
The previous chapter indicated in addition that application on hard data sometimes
require increased measures for numerical stability. A well model such as (Peaceman,
1978) eases harsh pressure gradients that evolve if injection is realized through
constant sources or sinks, especially in view of significantly heterogeneous material
parameters around the well. Successful simulation of thousands of time-steps
required carefully gauged error-term factors, which could be avoided by restart
routines or an inclusion of iteratively solved time-steps performed only in the
infrequent cases that might lead to a numerical breakdown, e.g. through massively
reduced size of the time-step.
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Benchmarking Many other simulation frameworks have implemented their own specific
attempts to remain stable under challenging situations. Typically, these occur if
multiple effects intertwine and the system to solve becomes that complicated that
no analytical solution can be found any more. The lack of such a reference might
be one reason for sometimes surprisingly diverging simulation results (Class et al.,
2009; Nordbotten et al., 2012) depending on the solution method and simulation
framework. Comparison studies on similar, challenging setups with other codes
can help in reducing model uncertainty and facilitate a step towards a verification
of the model.

Up-scaling In this work, the up-scaling methods for soil properties such as porosity and
permeability are circumvented by defining the parameter values on the coarsest
grid level. In contrary, the best representation of the flow field is achieved if the
detailed resolution is accompanied by detailed information of the porous medium,
which is then up-scaled to representative quantities in coarser grid blocks (see
references in Section 2.2.1 and Gerritsen and Durlofsky (2005)). Advanced methods
including multi-phase effects and capillary pressure are under development (Wolff
et al., 2013b), and in the case of compositional flow, its fine-scale distribution
might be included as well (Salehi et al., 2013).

7.3 Reproducibility of the simulation results

It is attempted to accompany all simulations in this work by the details necessary to
reproduce the findings, especially with regards to numerical parameters (e.g. Table 4.2)
that ensure a successful termination of the simulation or model assumptions in the
mathematical formulations. A complete description, however, lies beyond the scope
of such a manuscript. Part of the publication work was the integration of the code in
the software project DuMux (Flemisch et al., 2011) including code documentation. In
order to fill in potential information gaps, the DuMux and DUNE revision numbers in
Table 7.1 allow for a full insight into the code which produced the results and figures
presented.
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Table 7.1: Subversion revision numbers of the source code used.

Section Dune stable release Dumux svn version
3.5.1 2.2.0 stable r10436
3.5.2 2.2.0 stable r11386, devel r11391
4.4 2.2.0 stable r10981
5.5 2.2.0 stable r11386, devel r10667
6.1 2.2.0 stable & devel r10981
6.2 2.2.0 stable r11386, devel r11652
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