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numerical modelling 

G.Schafer & H.E.Kobus 
Jnstitutfiir Wasserbau, Universitiit Stuttgart, FR Germany 

ABSTRACT: In order to generate a data base for the numerical study of dispersion processes in a 
well defined heterogeneous porous medium, a laboratory tank of 14 m in length, 0.5 m in height 
and 0.13 m in width has been constructed, which is composed of 81 different elements of exactly 
known geometry and hydraulic properties. In dispersion experiments using salt as tracer, break­
through curves are observed at 80 points in 8 vertical sections. A comparison of three types of 
numerical models with the experimental data shows how well the models of various complexity 
describe the advection and dispersion processes and how in these cases the various dispersion 
parameters depend upon the models used. 

INTRODUCTION 

Mass transport in groundwater is strongly 
determined by the heterogeneities of the aqui­
fer. In depth-averaged models, the disregarded 
vertical velocity variation results in an increase 
of disperision coefficients with the transport 
scale (Mercado, 1967; Gelhar and Axness, 1983). 
A more detailed modelling approach would 
require detailed information about the aquifer 
structure, which is usually not available. 

A systematical experimental investigation in a 
large scale model aquifer has been carried out 
in order to generate a detailed data base for 
numerical studies. In dispersion experiments, 
the observed breakthrough curves reflect the 
transport behaviour due to the heterogeneous 
aquifer structure. The effects of permeability 
differences upon the longitudinal spreading have 
been studied using a continuous injection of 
tracer as well as a pulse injection. 

The main objective of this paper is to outline 
the experimental studies performed in the 
artificial heterogeneous aquifer and to describe 
the mass transport with different types of 
numerical models. While the transport modelling 
with a 2D finite difference model contains the 
aquifer structure in all its known details, a 
simplified modelling approach using a two-layer 
model takes into account only characteristic 
parts of the aquifer. Further, the performance 
of the classical one-dimensional advection­
dispersion equation, as the simplest approach 
for the interpretation of transport processes, is 
checked against the available experimental data. 
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2 PHYSICAL MODEL AND AQUIFER 

The laboratory model consists of a steel flume 
with a transparent frontage having internal 
dimensions of 14 m x 0.5 m x 0.13 m (figure 1). 

Fig.l Physical model 



All measurement devices are mounted at the 
backwall of the tank in 8 vertical sections at 
distances of 0.5, 1.25, 3.75, 4.5, 5.25, 8.75, 10.25 
and 13.5 m from the inlet section (figure 2). 

The inlet and outlet of the flume are screen­
ed over the entire cross-section. In order to 
avoid chanelling on the top part of the sands, a 
silicon film was pressed into the sands by a 
constantly applied pressure. Exactly controlled 
piezometric head boundaries at both ends of the 
model guarantee a constant discharge through 
the aquifer. The hydraulic gradient can be 
varied over a range from 3 to 13 percent. 

The flume was packed using six model layers 
in order to construct a layered system with 
abrupt discontinuities of individual layers in the 
manner shown in figure 2. The experimental 
setup was designed by making numerical studies 
using a vertically 20 transport model (ScM­
fer,l987). Layer A is a heterogeneous region 
composed of individual layers A 1, A2 and A3; 
layer B is more permeable than A, but similarly 
made up of three layers B 1, B2 and B3 (see 
figure 2). The averaged hydraulic conductivity 
of layer B is about seven times higher than the 
one of layer A. The arrangements were made 
such that the depth-averaged permeability is 
constant, over the entire model aquifer. 

In order to built up model layers with diffe­
rent hydraulic properties, three silicate sands 
and two types of porous ceramic plates were 
used. Sand 1 and 2 are uniform homogeneous 
sands with a mean grain size of 0.00038 and 
0.00057m; sand 3 is a nonuniform heterogeneous 
sand with a mean grain size of 0.001 5 m. The 
components of sand 3 are three uniform sands 
with mean grain sizes of 0.00057, 0.0015 and 
0.0025 m and volume ratios of 40, 25 and 35 
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percent. The Darcy coefficients of the used 
sands were experimentally determined to be 
2.8 · 10·4 m/s (sand 1 ), 1.6 • 10·1 m/s (sand 2) 
and 4.8 · 10·3 m/s (sand 3). In order to represent 
randomly distributed heterogeneities, low- and 
high-permeability ceramic plates (0.08 x 0.01 x 
0.05 m) with Darcy coefficients of 8 • 10·6 m/s 
respectively 5 · 10·• m/s were used. The local 
dispersivities range from 0.0006 m (sand I) to 
0.0024 m (sand 3). These values confirm the 
functional relationship between mean grain size 
and dispersivity of the solid matrix (Pfann­
kuch,1963). 

While layer A2 and B2 are built up with 
homogeneous silicate sand I and 2, layers A3 
and B3 are mixtures of sands 2 and 3, respec­
tively, and randomly distributed porous ceramic 
plates. In the case of layer A3 the permea­
bility of the inclusions is about two times 
higher than that of the surrounding sand. Layer 
B3, however, includes ceramic plates with a 
lower permeability of only 5 percent compared 
to silicate sand 2. In both cases the pore 
volume of the ceramic plates per total pore 
volume is approximately 13 percent. Layer A 1 is 
a composition of fine layers of high permeabil­
tiy (silicate sand 2) and low permeability (sili­
cate sand I). As to layer B I, it contains only 
silicate sand 3. The permeability, porosity and 
dispersivity of each model layer was tested in 
separate test series (Schlifer, 1987). 

In order to study the transport behaviour in 
the given aquifer, both continuous and pulse 
injections of tracer over the entire cross-sec­
tion at the model inlet as well as instantaneous 
point injections at several locations in the 
aquifer were performed. In this paper, the 
results of the cross-sectional tracer injection 
tests will be described. 
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Fig.2 Aquifer structure 
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3 EXPERIMENTAL RESULTS 

The dispersion experiments were performed 
using salt of low concentration (C0<1 g/1) as a 
tracer labelled by a dye (uranin). The tracer of 
given concentration as well as the clean water 
was applied from a constant head tank. Each 
reservoir can be switched separately to the 
flume inlet chamber, which is equipped with 
valves and flushing ports for forced mixing in 
the inlet chamber. By suitable operation of the 
various valves and flushing ports, it was ensur­
ed that the tracer was introduced uniformly 
over the flume entrance cross section. 

The experiments were conducted at a constant 
temperature of 20 o C. The concentration measu­
rements were performed automatically at the 
conductivity cells in the aquifer and at one cell 
directly at the model outlet chamber. 

Results of a continuous-injection tracer 
experiment are shown in figure 3. The normaliz­
ed breakthrough curves given in the figure are 
measured 1.25 meters from the inlet at different 
elevations (see figure 2). 
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Fig.3 Measured breakthrough curves at 
travel distance of 1.25 m at different elevations 

a 

Up to a travel distance of approximately 1.5 
meters the streamlines are horizontal and hence 
mass transport can be studied separately in 
each homogeneous layer (see figure 3): 

elevations z • 0.075 m and z = 0.025 m 
(layer A2/ A3 ): The breakthrough curve at the 
elevation of 0.075 m (layer A2) shows in compa­
rison with the measurement at elevation of 
0.025 m (layer A3) a steeper increase of con­
centration. The equivalent longitudinal dispersi­
vity of layer A3 grows to several times of the 
dispersivity of the homogeneous layer A2. The 
results of experimental studies in porous media 
with local heterogeneities carried out by Herr 
et al., 1988, confirm this effect. 

elevation z • 0.125 m (layer AI): The 
transition zone at this elevation is the largest 
one. Due to the transverse exchange between 
fine layers of high and low permeability, the 
mass exchange causes a strong concentration 
tailing. 

elevation z • 0.175 m (layer B3): The 
breakthrough curve at this elevation shows 
that the mass transport in layer B3 is strongly 

231 

determined by the effect of two transport re­
gimes. The steep concentration increase is 
similar to the breakthrough curve observed in 
layer B2 and hence shows the influence of the 
silicate sand 2. The ceramic plates with a per­
meability less than the corresponding value of 
the surrounding sand, however, cause a concen­
tration tailing. Such differences in transport 
behaviour in heterogeneous aquifers are also 
described in the experimental studies of Herr et 
al.,l988 and theoretically by Spitz, 1985. 

elevation z - 0.275 m (layer Bl): The 
heterogeneous silicate sand 3 included in layer 
Bl has the highest permeability of all used 
sands. This causes the shortest tracer arrival 
time. 

With increasing travel distance, the influence 
of the vertical velocity components on the 
tracer spreading becomes more and more evi­
dent. This can be seen from the measurements 
shown in figure 4 as well as in the photographs 
in figure 5. 
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Fig.4 Observed breakthrough curves at 
distances of 3.75 m and 4.50 m 

The breakthrough curve at measurement point 



38, which is located 0.75 m downstream of 
measurement point 28 shows a markedly diffe­
rent behaviour (figure 4). The given change in 
the vertical sequence of model layers at the 
layer discontinuity causes a flow field with 
downward velocity components (see figure 5). 
Therefore the observed breakthrough curve at 
observation point 38 exhibits nearly the same 
shape as the breakthrough curve at observation 
point 27 which is located 0.05 m higher than 
point 28. 

A second type of tracer experiment using a 
pulse Injection was performed. The injection 
volume of the tracer pulse was equal to 10 per 
cent of the aquifer pore volume. This corres­
ponds for the chosen hydraulic gradient to a 

pulse injection time of one hour. An illustration 
of the tracer spreading at a layer discontinuity 
is given in figure 5 with four photographs 
taken at different time intervals. The dominant 
role of the highly permeable layer (B I) is shown 
in the first photograph. With increasing time 
the tracer also arrives in the neighbouring low 
permeable layers at this cross-section, whereas 
in layer Bl the tracer pulse has already passed. 

Figure 6 shows breakthrough curves at a dis­
tance of 10.25 m at different elevations (see 
figure 2). As discussed before, the tracer sprea­
ding is strongly influenced by the vertical two­
dimensional flow field and hence depends on the 
hydraulic properties of different model layers. 
This can also be seen by the comparison of the 
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Fig.5 Pulse injection: Tracer spreading at a layer discontinuity ( distance x = 4.50 m ) 
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Fig.6 Pulse injection: Observed breakthrough curves at a travel distance of 10.25 m 

232 

30 



\. 

~ 

r- ~ 

:--... ' \ \ 

-..... 

\ 
\. 

/ 
~ 

z 
t 

-+X 4.5m 

Fig.7 Computed streamline distribution 

observed breakthrough curves at elevations 
z • 0.225 m and z - 0.375 m. The centre of 
mass arrives approximately twice as fast at 
elevation z • 0.225 m (layer A3) as in the 
higher located layer A3. Due to the vertical 
mass transport, the average pore velocities in 
the highly permeable layers (B I, B2, B3) de­
crease with travel length, while the average 
pore velocities in the low permeable layers (AI, 
A2, A3) increase. 

4 VALIDATION OF A 2D TRANSPORT MODEL 

The availability of the detailed · information 
about the heterogeneous structure of the artifi­
cial aquifer allows detailed transport modelling 
using a vertically two·dimensional model. 
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data is given in Schlifer, 1987. Figure 7 shows 
the calculated velocity field in the form of 
stream lines. The hydraulic properties of the 
mOdel layers known from separate test series 
and the flow rate condition for a selected 
continuous-injection tracer experiment were 
used as input data. The streamlines illustrate 
the characteristic flow pattern of the artificial 
aquifer. Between layer discontinuities, stream­
lines are essentially horizontal and the flow 
rate in each layer depends on the given per­
meability. Near layer discontinuities the flow 
field exhibits vertical velocity components which 
cause a spreading and focussing, repectively, of 
the streamlines. 

For constant flow conditions, mass transport 
was calculated for a tracer experiment with 
continuous injection at the inlet. The compari­
son with experimental results is shown for 
several observation points in figures 8 and 9. 

1.0 • • c 
c: 

The advection-dispersion equation is solved in 
the numerical model using centered (Crank­
Nicolson) and implicit difference formulations in 
time. In order to keep numerical dispersion low, 
a space discretization of 0.01 m in length and 
height was chosen, which results in a total 
number of 72800 nodes. In the numerical model 
itself the longitudinal dispersivity was set equal 
to zero, because the numerical dispersivity is in 
the same order of magnitude as the physical 
dispersivity. The transverse dispersivity was 
chosen from the results of previous studies as 
(aT • 0.05 • 10-3 m). The application of the 
Crank-Nicolson scheme requires a Courant 
number less than one for the time step in order 
to avoid numerical instabilities. This restriction, 
together with the large number of nodes, requi­
red a powerful computer in mass storage as well 
as calculation speed (Cray 2). 

0.5 ~=0.075m 

The numerical model takes into account the 
detailed structure of the aquifer with all its 
known hydraulic properties. The Darcy coeffi­
cients of the used model layers range from 
4.8 • 10-s m/s (layer Bl) to 2.8 • 10-4 m/s (layer 
A2); the measured porosities are about 38 per­
cent. A detailed description of the hydraulic 
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Fig.8 Measured (symbols) and computed (lines) 
breakthrough curves at a distance of x-3.75 m 
at different elevations 
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Fig.9 Measured (symbols) and computed (lines) 
breakthrough curves at a distance of x .. lJ.S m 
at different elevations 

The calculated breakthrough curves fit well 
with the observed values. This shows that the 
transport processes in the model aquifer are 
well represented by the two-dimensional numeri­
cal model. 

The good agreement of the numerical trans­
port model with the experiment is underlined by 
figure 10, in which the calculated and measured 
breakthrough curves at the model outlet cham­
ber are compared. 
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Fig.IO Comparison of calculated (line) and 
observed (symbols) breakthrough curves at the 
model outlet chamber 

S SIMPLIFIED MODELLING APPROACHES 

Detailed modelling of the transport process 
needs large amounts of computer. calculation 
time and mass storage and requires also detailed 
information about the aquifer structure. In 
order to reduce the requirements for the calcu­
lation procedure and the data base, two simpli­
fied modelling concepts are considered. 

The simplest approach contains the classical 
one-dimensional (depth-averaged) advection-
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dispersion equation. The advection term, expres­
sed by the average pore velocity, is chosen as 
the mean value (depth-averaged) of the model 
layers. The longitudinal dispersion coefficient is 
described by the product of the chosen average 
pore velocity and the mean value of the local 
dispersivities; the additional transition zone due 
to the vertical velocity variation is not taken 
into account. Results of a transport modelling 
with this simplified concept are shown later 
(see figure 13 ). Both parameters describe the 
tracer spreading accurately only when the 
asymptotic regime of the transport process is 
reached. As the tracer experiments with conti­
nous injection at the model inlet show, the 
measured breakthrough curves at the outlet 
chamber contain a steep concentration increase 
and a long concentration tailing. Therefore, the 
mass transport in the model aquifer can not be 
described by the classical one-dimensional con­
cept. 

A more datailed modelling approach is to use 
a two-layer model, in which the aquifer is 
composed of two regions of different mobility, 
each representing a characteristic part of the 
aquifer (figure 11 ). 

I 
-x 
Fig.l1 Two-layer model 

l 

The transport in each region is described by 
the one-dimensional advection-dispersion equa­
tion, with a transfer condition along the inter­
face coupling the two layers. It is assumed 
that complete mixing occurs in both layers and 
that the mass flux between the two layers is 
proportional to the difference in concentrations 
(Skopp et al., 1981 ). The concentration in both 
layers can then be expressed by the transport 
equation as 



where CA and C8 are the concentrations of a 
noninteractive solute (kg/m3) in layer A and B, 
VA and V 8 are the average pore velocities (in 
m/d), DLA and DLB are the longitudinal disper­
sion coefficients (in m2/d), eA and e 8 are the 
water contents in these zones and a is the mass 
transfer coefficient (in day-1). Equation (I) and 
(2) are solved numerically by a finite difference 
scheme. 

The average pore velocities VA and V 8 are 
chosen as the mean values of layer A (made up 
of A I, A2, A3) and layer B (made up of B I, 82, 
83) near the model inlet. As a first approach, 
the dispersion coefficients DLA and DLB are 
put equal to the respective averaged local 
values, (}A and (}B are equal to the pore 
volume of layer A and layer B. The way how 
the mass transfer coefficient <i has been chosen 
will be described in the following two sections. 

In parts of the aquifer where the streamlines 
are horizontal, the mass transfer normal to the 
streamlines is caused purely by lateral disper­
sion. Assuming that the mixing zone at the 
interface between two neighbouring streamlines 
is small compared with the thickness of the 
layers, the mass flux over the interface can be 
calculated using an analytical solution described 
by Shamir and Harleman, 1966. A comparison of 
this value with the mass transfer term used in 
the two-layer model gives the magnitude of the 
mass transfer coefficient. 

A more significant vertical mass transfer 
takes place near layer discontinuities. Interrup­
ted layers and vertical changes in hydraulic 
permeabilities cause an increase of vertical 
mixing (figure 12). Due to the layer disconti­
nuities, the streamlines are spreading respecti­
vely focussing. As figure 12 shows, parts of• the 
mass concentrated in layer B are transported 
into layer A. Assuming that the initial con­
centration in layer A is zero, the mass transfer 
coefficient a can be estimated by a comparison 
of the mass flux Ms-A and the mass transfer 
introduced in the two-layer model. Applied to 
the flow field in the model aquifer, the mass 
transfer coefficents have been calculated in 
such a way at distances of 4.5, 6.1 and 9.5 m 
from the model inlet. 

A numerical solution of equation (1) and (2) 
has been obtained, which takes into account the 
described hydraulic properties as well as the 
estimated magnitudes of the mass transfer coef­
ficient. With this simplified model concept, 
depth-averaged breakthrough curves were calcu­
lated at different locations and compared with 
the numerical results of the two-dimensional 
transport model (figure 13). 

Figure 13 shows that the results of the two­
layer model describe the main features of the 
given breakthrough curves (results of the 2D 
transport model) much better than the depth­
averaged model. Yet, they still exhibit some 
deviations from the results of the 2D transport 
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Fig.l3 Comparison of depth-averaged break-
through curves of the 2D transport model, the 
two-layer model and the one-layer model 

model. The observed tailing is fairly well des­
cribed for both travel distances with decreasing 
deviations at larger distances. However. the 
steep slope of both curves (distance xz5.25 m 
and x=l3.5 m) does not fit well. This shows, 
that the assumed dispersion coefficients, identi­
fied as average local dispersion coefficients, do 
not represent the transition zone in the indivi­
dual layers. 

A similar result illustrates figure 14 by a 
comparison of calculated and measured break­
through curves at the model outlet chamber. 
While the tailing in the breakthrough curves 
can be well described by the two-layer model, 
significant differences occur in the steep slope 
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Fig.14 Comparison of calculated (line) and 
measured (symbols) breakthrough curves at the 
model outlet chamber 

of the curves. In order to get a better appro­
ximation, the dispersion coefficients of layer A 
and B should take into account the increased 
values caused by the averaging process. This 
will be part of further research work. 

6 CONCLUSIONS 

The experimental investigations show that verti­
cal mixing due to transverse dispersion is 
negligeably small compared with the effects of 
layer discontinuities in the aquifer structure. 
Application of a high resolution numerical model 
in two dimensions (vertical section) to the 
model aquifer showed that a good prediction of 
the transport processes is possible if all details 
of the aquifer structure are known. In this 
case, dispersion effects are small and can be 
identified with the transition zone due to the 
dispersivities at the local scale. Since the model 
aquifer exhibits two characteristic populations 
of markedly different properties, transport 
processes can not be described adequately by 
one-dimensional depth-averaged models. More 
promising are two-layer models which take into 
account at least two different velocity regimes 
coupled with a mass transfer condition along 
the interface. With reference to the mass flux 
normal to the layers, it was shown that the 
magnitude of the transfer coefficient introduced 
in this model can be estimated from the given 
aquifer structure and the flow conditions. How­
ever, further research work will be necessary to 
identify the dispersion coefficients of the two­
layer model as a function of the chosen layer 
structure. 
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