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Kurzfassung 

 

Hintergrund und Motivation 

 

Der globale Klimawandel hat möglicherweise Auswirkungen auf den Wasserhaushalt von 

Flussgebieten Weltweit. Um ein sicheres Hintergrundwissen als Grundlage für die Bewertung 

künftiger Entwicklungen zu erlangen und vorzuhalten ist eine wissenschaftliche Untersuchung von 

bisher gemessenen Daten notwendig. 

 

 

Das Global Runoff Data Center der BfG vereinigt seit 1988 die weltweit größte Sammlung von 

Abflussdaten aller Kontinente und bietet die Gelegenheit, durch statistische Auswertung des ständig 

wachsenden Datensatzes neue Erkenntnisse zu gewinnen. 

 

Diese Studie beschäftigt sich mit Bewertungen und Analysen der deutschen hydrologischen 

Gegebenheiten und bedient sich moderner Methoden der nichtparametrischen Statistik. 

 

Die Vergleiche zwischen den verschiedenen Einzugsgebieten erlauben eine fundierter Bewertung 

der kausalen Zusammenhänge von Bewirtschaftungsmaßnahmen struktureller Art, Landnutzungs-

änderungen, veränderten Antriebskräften und des hydrologischen Regimes und damit letztendlich 

der Wasserbilanz.  

 
 
Zeitreihenanalyse mit Copula 

 
Copula ist ein statistisches Konzept, das die Beziehung zwischen mehreren Zufallsvariablen 

beschreibt ähnlich wie Kovarianz und Korrelation. Ein Vorteil einer Anwendung von Copulas 

besteht darin, dass die Abhängigkeitsstruktur unabhängig von deren Randverteilung konstruktiert 

werden kann. Das heißt, man kann zwei Datensätze mit verschiedenen Maßstäben oder Einheiten in 

einer uniformierten Definitionsmenge vergleichen. 

 

Außerdem besteht die Möglichkeit der flexibleren Modellierung, und dadurch ist Copula-basierte 

stochastische Analyse für Bewertung der Abflussdaten ermöglicht. Ein /Das Ziel dieser Arbeit ist es,  

ein neues Zeitreihenmodell mit Copula zu entwickeln,  

 

Ein Vorteil einer Anwendung von Copulas besteht darin, dass man zwei Datensätze mit 

verschiedenen Maßstäben oder Einheiten in einer uniformierten Definitionsmenge vergleichen kann. 

Außerdem besteht die Möglichkeit der flexibleren Modellierung, und dadurch ist Copula-basierte 

stochastische Analyse für Bewertung der Abflussdaten ermöglicht. Ein /Das Ziel dieser Arbeit ist es, 

ein neues Zeitreihenmodell mit Copula zu entwickeln.  

 



XII  Kurzfassung 

Asymmetrie in Abflüssen und Niederschlägen 

 

Asymmetrie ist eine Funktion, die in Copulas definiert ist. Im Zusammenhang mit Niederschlag-

Abfluss-Ereignissen kann angenommen werden, dass Asymmetrie mit Eigenschaften des 

Einzugsgebiets zusammenhängt. Zuerst wird die Asymmetrie für die Daten des Rheingebiets 

berechnet, aber auch für andere Einzugsgebiete in Deutschland, um die Beziehung zwischen 

Einzugsgebiet und Asymmetrie zu valideren. Zweitens werden die zeitlichen Änderungen der 

Asymmetrie berechnet. Dabei wird die Asymmetrie als Zeichen der anthropogenen Beeinflussung 

interpretiert. 

 

 

Im ersten Schritt wird eine Eigenschaft der Copula, die Asymmetrie, definiert und für die 

gegebenen Abflussdaten aus dem Rheingebiet analysiert, um die Gültigkeit der Asymmetrie als 

Maß zur Quantifizierung von charakteristischen Zusammenhängen zu testen. Außerdem wird die 

zeitliche Änderung der Asymmetrie als Zeichen möglicher anthropogener Auswirkungen untersucht. 

Auch wurde eine detaillierte Analyse durch die Trennung der Daten nach den verschiedenen 

Jahreszeiten durchgeführt. 

 

Asymmetrie hat interessante Eigenschaften und kann ein Werkzeug sein, um unbekannte 

Informationen zu beleuchten. Jedoch ist es schwierig zu unterscheiden, ob die Änderung der 

Asymmetrie durch anthropogene Einwirkungen oder durch zufällige zeitliche Variationen in den 

Niederschlägen verursacht wurde. Daher werden die Niederschlagsdaten aus 525 Messstationen in 

der Oberrheinebene mit Hilfe von API (Vorläufer-Niederschlagsindex) ausgewählt und in ähnlicher 

Weise wie der Abfluss untersucht. Das Ergebnis zeigt: API verhält sich in ähnlicher Weise wie der 

Abfluss, was darauf hinweist, dass die zeitliche Änderung der Asymmetrie aus der zeitlichen 

Änderung des Niederschlags  entstanden sind. 

  

Hydrologisches Modell und Copula-Distanz 

 

In diesem Stadium der Forschung ist es noch nicht sicher, ob eine Beziehung besteht zwischen den 

charakteristischen Eigenschaften des Einzugsgebiets und der Asymmetrie. Der in diesem Abschnitt 

vorgestellte Ansatz ist, dass der anthropogene Einfluss mit Hilfe eines hydrologischen Modells mit 

festen Parametern für den gesamten Simulationszeitraum beseitigt werden kann. Dabei werden 

beobachtete Niederschläge als Eingangsdaten verwendet. Die beobachteten und die vom HBV-

Modell simulierten Abflüsse werden im Hinblick auf Asymmetrie und Copula-Distanz verglichen. 

Die Copula-Distanz ist eine Maßnahme, um die Ähnlichkeit von zwei Copulas zu vergleichen. 

Dieses Kriterium basiert auf der Eigenschaft der Copula, dass die mehrdimensionale Verteilung der 

multivariaten Zufallsvariablen uniformiert wird. Das Ergebnis zeigt, dass es bestimmte 

stochastische Unterschiede zwischen simulierten und beobachteten Abflussdaten gibt. Auch die 

Copulavarianz, definiert als die Variabilität der Copula, ist deutlich kleiner für die beobachteten 

Daten. Diese deutet auf Unterschiede zwischen Computer-basierter Simulation und Naturprozess 

hin 

 

 

Copula-basierte statistische Simulation 

 

Ähnlich wie bei ARIMA können Zeitreihenmodelle auf der Grundlage der zeitlichen Beziehung 

zwischen den Zufallsvariablen mit Hilfe von Copulas definiert werden. In diesem Abschnitt wird 

die Leistung der statistischen Simulation mit Copulas getestet. Die Copula wird durch Kerndichte-

schätzung mit Beta- Kernel geschätzt. Interessant ist, dass auch 2- oder 3-dimensionale Copulas die 

http://213.139.159.99/servlet/is/1573/
http://213.139.159.99/servlet/is/1573/
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Ganglinien während der Niederschlag-Abfluss-Ereignisse gut reproduzieren können, während das 

ARIMA-Modell nicht solche Eigenschaften zeigt. Dies kann daran liegen, dass die Copula von 

Kerndichteinformationen geschätzte  deutlich mehr Informationen enthält als die Autokorrelations-

matrix. 

 

 



 

 

Abstract 

Background and Motivation 

 

 

Global climate change can have impacts on characteristics of rainfall-runoff events and also on the 

water regime in the catchment. It is of importance to investigate the existing data for detecting the 

impact of structural modification of the river, change of land use and hydrological regime beside the 

computer simulations with complex physically based models.  

 

The objective of this thesis is to develop a statistical methodology for the identification of 

hydrological characteristics in the catchment, which is transferable to different catchments, using 

multinational and global long-term runoff data offered from GRDC.  

 

For this aim, statistical dependency should be analysed for a large number of hydrological time 

series data sets not only with parametric statistics but also with non-parametric statistics. Until now 

the widely used time series models such as ARIMA are based on linear combinations of 

autocovariances. However, such statistical measure cannot describe all the details of the dependence 

structure, and subsequently could lose crucial information. Instead, statistical concepts such as 

copulas have the advantage of being able to measure the details of dependence structure and 

possibly to reveal significant information about the dependency from a variety of data sets.  

 

 

Time series analysis with Copula 

 

Copula is a statistical concept, which describes the relationship between two random variables 

similar to covariance and correlation. The advantage to use this measure is that the random 

variables can be compared independent from the marginal distribution. This means, it is possible to 

compare two time series observed in two different gauging stations in the uniformed way even if the 

scales or unit of the two datasets is different.  

 

While the classical time series model ARIMA (Auto regressive integrated moving average) or the 

ARCH (autoregressive heteroskedasticity models) model are based on the covariance or correlation 

matrix,  this study challenges also to develop a new methodology of time series analysis and 

modelling using copulas in the context of hydrological modelling.   

 

 

Asymmetry in Precipitation and Discharge  

 

In the first step, a property of copula, asymmetry, is defined and analysed for the given discharge 

data sets from the Rhine basin in order to quantify the validity of asymmetry as a measure related to 

the catchment characteristic. Secondary, the temporal change of the asymmetry is examined as a 

sign of possible anthropogenic impact. Also detailed analysis was performed by separating the data 

into different seasons. 
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Asymmetry has interesting characteristics and can be a tool to illuminate unknown information. 

However, it is hard to confirm whether the change of asymmetry is originated from anthropogenic 

impact or temporal random behaviour of rainfall.  Therefore, the precipitation data from 525 

measuring stations in the upper Rhine region are chosen and investigated in the similar way to of 

discharge by using API (antecedent precipitation index). The result shows API behaves in a similar 

way to discharge, which indicates that the temporal change of asymmetry is originated from the 

temporal configuration of precipitations. 

  

Hydrological model and Copula Distance 

 

At this stage of this research, it is still not sure that there exists a relation between the catchment 

characteristics and asymmetry. The approach introduced in this section is that the anthropogenic 

impact can be eliminated by using the hydrological model HBV with fixed parameters for the entire 

simulation period and observed precipitation as input data. The observed and simulated discharges 

are compared by asymmetry and additionally with copula distance. Copula distance is a measure to 

compare the similarity of two copulas. This criterion is derived based on the property of copula. The 

result indicates that there is certain stochastic difference between simulated and observed discharge 

time series. Also copula variance, defined as the variability of copula, is clearly smaller for the 

observed data, which can indicates the difference of complexity between hydrological models based 

simulation and nature process.  

  

 

Copula based statistical simulation 

 

Similar to ARIMA, time series model based on the relation between the random variables in time 

domain can be defined with the help of copula. In this section, the performance of the statistical 

simulation using copula is tested, where copula is estimated by kernel density estimation with beta 

kernel. The interesting point is that even 2 or 3 dimensional copula can reproduce well the 

hydrograph during rainfall-runoff events, while the ARIMA model does not show such 

characteristics. This can be explained based on the fact that a copula estimated by kernel density 

information has clearly more information than the autocorrelation matrix. 

 



 

 

 



 

1 Introduction 

1.1 Background and Motivation

Global climate change can have impact on characteristics of rainfall-runoff event and also on the 

water regime in the catchment. It is of importance to investigate the existing data to detect the 

impact of structural modification of the river, change of land use and hydrological regime besides 

the computer simulations with complex physically based models. The objective of this thesis is to 

develop a statistical methodology for the identification of hydrological characteristics in the 

catchment, which is transferable to different catchments, with multinational and global long-term 

runoff data offered from Global Runoff Data Center (GRDC) in the Federal Institute of Hydrology 

in Germany.  

 

For this aim, statistical dependency should be analysed for a large number of hydrological time 

series datasets. Until now the widely used time series models are based on linear combinations of 

autocovariances. However, such statistical measure cannot describe all the details of the dependence 

structure, and subsequently has the risk of losing crucial information. Instead, statistical concepts, 

copulas, have the advantageous ability to measure more detailed dependence structure and possibly 

to reveal significant information about the dependency from a variety of datasets.  

 

Asymmetry is one of the measures defined on the copula (Bárdossy 2006). This characteristic can 

be related to the natural properties of the catchment, which should be taken into account for 

statistical analysis in practical sense. For example, in the hydrograph, usually the discharge sharply 

increases to the peak after an intensive rainfall event, but the recession of water is relatively slower. 

Such a property in discharge data can be associated with asymmetry in copulas.  

 

1.2 The Literature Review 

1.2.1 Hydrology 

Water is the most common and essential resource as well as a critical substance for all the living 

creatures on the earth. Its sound circulation is not only important for biological systems but also for 

human society. The management of water is fundamentally important, attempting to prevent 

damage due to destructive force of water flow or the stress due to its scarcity in certain region. 

Since the ancient period, there have been numerous human endeavours to grasp the behaviour of 

water in nature, but the entire spectrum of the system is not yet revealed. Stochastic analysis of the 

Rhine River with copulas is related to this paradigm. 

 

Hydrology is the study to understand the water cycle with the focus on the water quantity. The early 

work of the hydrology is first pronounced in the early 20
th

 century in  textbook of hydrology (e.g. 

Mead 1919) where ground water and geology are mainly articulated. Thereafter, huge advances in 

hydrological science were achieved concerning statistical method to practically tackle with 
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problems as well as physically based models where the dominant process is extracted and solved 

with the aid of computer based technology and techniques. 

 

However, as part of a general circulation model, circulation of water on the earth is not yet fully 

foreseeable. One of the major problems is the scale diversity of physical mechanisms dominating its 

behaviour. Downscaling is the one of the major issues how to overcome the scale difference (von 

Storch, Zorita, and Cubasch 1993). 

 

But perfect model seems not feasible and it can be even impossible in terms of data acquisition and 

verification of its accountability. Therefore certain amount of simplification such as conceptual 

hydrological model is still needed, which can substitute the nature complexity with proper amount 

of parameterization and its calibration. 

Acquisition and management of data as well as analysing technique also keep improving. The 

modelling with data supported system appears to be more in use. However, just vast amount of raw 

data cannot easily be utilized and careful processing of data based on the importance of information 

is needed. Shannon defined information entropy (Shannon 1948) and several studies are done in the 

hydrologic sciences (Singh 1997) , but there are still necessities of improvement. This study also 

treats large amount of data, aiming at contributing to this end by illuminating the relation between 

data itself and possible relation between data and model. 

1.2.2 Time Series Analysis and Time Series Model 

 

Time series analysis is a method to elucidate the underlying system of given time series with certain 

assumptions. In this way, a time series model can be set up based on the understanding of the 

system to predict the future. 

 

One of the traditional approaches is Fourier Analysis which decomposes given time series into 

trigonometric components with the help of Fourier Transformation (FT). Due to the mathematical 

constraints, stationarity of the system is required, therefore its applicability is limited to the case 

that existence of cyclic behaviour is assured (Fleming et al. 2002). In general, this assumption is not 

fulfilled if the human interaction should be considered. 

 

One of the classical time series model, autoregressive integrated moving average (ARIMA), is a 

stationary stochastic process to describe the time series by the values observed in the past and 

randomness added at each time step  (Box and Jenkins 1976). Stationarity of the system should be 

guaranteed, but not assured in reality, which is similar to Fourier analysis. 

 

Autoregressive Conditional Heteroskedasticity (ARCH) models loose the assumption of stationarity 

to a certain extent so that variance is not constant and models the variance in the similar way to 

ARIMA. Variance of discharge seems to change depending on the calendar day for example, but 

modeling the variance is not only the purpose for investigation, thus not focused in this study. 

 

Empirical mode decomposition (Huang et al. 1998) is the method to overcome the drawbacks of FT 

based analysis by allowing the frequency to vary within a component and separate the signal 

adaptively by its scale. There are efforts to identify the period of hydrologic cycles with this method 

(Sang, Wang, and Liu 2012), but the interpretation of decomposition is still difficult due to the 

existence of noise and complexity of periodic behaviour in hydrology. 
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There are also non-stationary approaches as often referred as data assimilation in climatic 

researches. Parameter of hydrological model or physical constant of governing equation can be 

treated as state variable, then the techniques of data assimilation are applicable (Moradkhani et al. 

2005).  

1.2.3 Copula 

 

Copula  (Sklar 1959) is a multivariate probability distribution to flexibly model dependence 

structure in uniformed domain. It is widely applied in financial sector to evaluate the risk in joint 

behaviour of several random variables. The use of copula in hydrology can be found for the 

assessment of extreme events by considering flooding as joint behaviour of peak and volume (De 

Michele and Salvadori 2003)  or drought as joint behaviour of duration magnitude and intensity 

(Kim, Valdés, and Yoo 2003). Copulas are applied to describe stochastic system of spatial temporal 

uncertainty of precipitation (Bárdossy and Pegram 2009), or inhomogeneity of the properties in soil 

(Bárdossy and Li 2008). Asymmetry in the time series can be tested in the framework of finite state 

Markov chain with a transition probability matrix (Sharifdoost, Mahmoodi, and Pasha 2009). The 

autocopula defined in this study also describes the relation between random variables at current 

time step and next time step similar to a transition probability matrix in Markov chain. The 

existence of asymmetry can be statistically tested, but the existence of asymmetry in discharge time 

series seems clear. 
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1.3 Outline of Thesis  

 

For the first part of this research, therefore, a variety of analyses was done for a wide range of 

discharge data throughout the Rhine and partially for the Danube and the Weser Rivers in order to 

test the plausibility of the asymmetry concept for explaining catchment characteristic.  

 

For the second part, it was necessary to eliminate the influence of precipitation in the discharge data. 

An alternative approach was implemented by using a hydrological model for eliminating the 

stochastic property of anthropogenic impacts in discharge data. At this stage, the investigation using 

copula distance was introduced, which could bring new insight to the stochastic property of time 

series and model uncertainty.   

 

Additionally, non-Gaussian statistic simulation was tested using the copula estimated by kernel-

density estimation. Similar to the correlation matrix in the autoregressive process of order n, a n-

dimensional empirical copula is constructed and the new values are simulated based on the 

conditional distribution of the corresponding copula model. In this way, the simulated time series 

data is not only accounting for the correlation matrix of given time series, but also for more detailed 

characteristics of the original data such as asymmetry.  

 

 

 



 

 

 

 

 

 





 

2 Methodology 

 

The objective of statistical analysis is the inference of the property of the population and possibly to 

find any relations between random variables, which are caused by certain mechanisms of nature. 

However those mechanisms cannot be easily recognized by human perspective or is too difficult to 

mathematically describe. The observed data set has the raw information, which is considered to 

reflect the mechanisms of nature. The statistical methods in this study aim at illuminating the 

underlying physical processes and extracts practical information by carefully treating the data. 

 

For example, we have the scatter plot of two random variables, namely two time series data sets 

from different gauging stations. This raw information with numerous points has the information 

about the observed dependency between two random variables. But, the classical statistical measure 

such as correlation or covariance, which regress the statistical information to a single value, will fail 

to capture all the information about dependency between two datasets.  

 

In this context, a statistical concept, copulas, is tested in order to capture more precise dependence 

structure of various random hydrological variables and detect significant key information. The point 

is that, in copulas, multivariate distribution is separated into marginal distributions and dependence 

structure on the transformed uniformed domain, which has certain advantages compared to classical 

statistics without copulas. 

 

In this section basic definitions and ideas of how to apply copulas to investigate the temporal 

variability as well as the measures to distinguish Gaussian and non-Gaussian dependence, which are 

introduced by Bárdossy and Li (2008). 

2.1 Basic methodology 

Copulas are defined as a distribution function on the n dimensional unit cube. All marginal 

distributions are uniform on [0, 1]. Formally 
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C   (2.1) 
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If the condition (2.4) is fulfilled, then copulas and multivariate distributions are linked to each other 

by Sklar’s Theorem (Sklar 1959). Sklar proved that each multivariate distribution  nxxF ,1  can 

be represented with the help of a copula: 

 

       
1 1 , ,

nX X nF C F x F xx  (2.5) 

 

Where  11
xFX  represents the i-th one dimensional marginal distribution of the multivariate 

distribution. If the distribution is continuous then the copula C in Eq. (2.2) is unique. Copulas can 

be constructed from distribution functions, as described by (Nelsen 1999): 

 

       
1

1 1
1 , ,X Xn nC F F u F u u  (2.6) 

 

The advantage of using a copula is that it is invariant to strictly increasing monotonic 

transformations of the variables. Thus the frequent dilemma whether to transform data or not (for 

example taking the natural logarithms) does not occur in this case. An interesting and important 

property of a copula is whether the corresponding dependence is the same for high or low values. A 

bivariate copula expresses a symmetrical dependence, if: 

 

    , 1 ,1 1C u v C u v u v       (2.7) 

 

This means that the copula density is symmetrical with respect to the secondary diagonal 

u = 1 − v of the unit square and the copula density c fulfills: 

 

    , 1 ,1c u v c u v    (2.8) 

 

More details can be found in Joe (1997), Nelsen (1999), Salvadori and Michele (2007). 



2.2 Empirical Copulas 9 

   

2.2 Empirical Copulas 

Besides theoretical copulas such as the normal copula or the t-copula, empirical copulas are 

introduced to represent empirical distribution of rank transformed data. Empirical copulas are 

defined as frequencies of observations similar to empirical cumulative distribution functions. For 2 

dimensional case, let   ii SR ,  be the ranks associated with the random sample   ii YX ,  for 

ni ,,2,1  . Then, the corresponding empirical copula nC is: 

 

  
1

1
, ,

1 1

n
i i

n
i

R S
C u v u v

n n n

 
   

  
1  (2.9) 

 

Where Ιvu,  and 1 is an indicator function, n is the size of data. So, the transformation of the 

observed data   ii YX , is given by taking the rank of each set of observed variables. 

 

Nelsen (1999) defined empirical copula frequency by: 
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 (2.10) 

 

Empirical copula frequency represents the plots in scattergram. If one of data associated with rank 

  ii SR ,  exists on the n×n girds, the value of *c at the coordinate is 1, otherwise the value is 0.      

 

The estimation of the empirical bivariate copulas can be defined by counting the number of plots in 

each grid (Bárdossy 2006) smilar to relative frequency and this can be empirical version of copula 

density: 
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(2.11) 

 

g is the number of grid, i and j are the indices of grids for u1 and u2 coordinates respectively. The 

equation indicates counting the number of data in the grids with the size 1 1g g  for each and 

dividing by the total number of the data. Please note that empirical copula in this study refers to this 

definition of empirical copula. 

 

The empirical copulas calculated from single time series data with certain time lag are called 

autocopulas. In the previous definition, 2 dimensional empirical copulas are calculated from 2 

samples Xt and Yt. But, for autocopula, its empirical copula is calculated from single sample Xt but 

with certain lag k. This means sample are expressed as   ktt XX ,  and its empirical autocopula is 

described as  ktt uuc , . Also multidimensional empirical autocopulas with arbitrary dimension and 

time lags can be constructed in the similar way.  
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2.3 Basic Hypothesis of Temporal Copulas 

 

For the application of copulas for time series analysis, a stochastic system is assumed, where the 

random variable at time t  is described as Z(t) and there exists a dependency among the elements 

between Z(t). As only one single realization is observed for a number of random variables, some 

assumptions have to be made: 

 

1. Stationarity: for each set of times   Ntt n ,1  and time lag k such that 

  Nktkt n  ,1 and for each set of possible values nzz ,1 : 

 

          1 1 1 1, , , ,n n n nP Z t z Z t z P Z t k z Z t k z        (2.12) 

 

This implies that for any two selected points at time t  and kt   in the investigated time interval, 

the bivariate temporal copula tC  corresponds to the random variable Z(t) and Z(t+k) is assumed 

to be function of time lag k  and independent of the time t: 

 

               1 2 1 2, , , ,t z z z zk u u P F Z t u F Z t k u C F Z t F Z t k       C  (2.13) 

  

2. The parameterization of the copula should enable the multivariate copula corresponding to 

any selected n times to reflect their temporal configuration. 

 

3. The parameterization should allow arbitrarily strong dependence. This means that for a set 

of very close times, there should be a parameterization of copulas which is close to full 

dependence (Fréchet upper bound). 

 

This stationarity is basic hypothesis to understand the time series, but it is not always valid and the 

system changes with time as it will be shown in the following chapters. 
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2.4 Measure of Asymmetry 

In multivariate statistics, statistical information such as covariance or correlation can be obtained, 

which means, however, the loss of certain information. The advantage of applying copulas is that 

multivariate distributions can be described in the standardized form while still keeping the 

dependence structure. 

 

Measuring the asymmetry of copulas could reveal another aspect of time series data. Asymmetry 

can be defined for the bivariate copula with time lag k (Li 2010): 
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   ,
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Where  kA1  is asymmetry1,  kA2  is asymmetry2. If we set 0.5tX U  and 0.5t kY U   , this 

can be more simply described: 
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 (2.15) 

 

This means, if more realizations of X and Y are both positive, asymmetry1 would be positive. If 

more realization of X and Y are both negative, then asymmetry1 could be negative. The functions of 

contribution of each realization to the asymmetries are visualized in Figure 2-1 and Figure 2-2.  
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Figure 2-1 visualization of asymmetry function (asymmetry1) 

 

 
Figure 2-2 visualization of asymmetry function (asymmetry2) 
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2.5 Asymmetry of Discharge Data 

The hydrograph of sample discharge data from the measuring station “Andernach” and its scatter 

plot of empirical copula  5,n t tc u u   is shown in the Figure 2-3. 

 

 

 
Figure 2-3 example of the discharge data (top) and its empirical copula corresponding to time lag k 

= 5 [days] (bottom) 

 

By looking at the hydrograph and scatter plot two asymmetric characteristics can be recognized 

(Figure 2-4).                                                                  

 

1. The first point is that the duration of high flow period and low flow period is not symmetric. 

Rainfall events, which cause large peak discharge, are less likely to continue for long time 

and most of the time it has a small amount of discharge. This leads to the asymmetry1.    
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2. The second point is the recession curve. Right after the rainfall, the catchment responds 

instantaneously and the discharge amount rises sharply. Once rain stops and peak discharge 

is observed, then the water level start to decrease usually slower than the increase. This 

characteristic can be called asymmetry2.  

 

 
Figure 2-4 the source of the asymmetry in the discharge data 

 

These characteristics can be seen in Figure 2-5 as asymmetric property on 2-dimensional copula 

domain in the direction of each diagonal. 

 

 

 
  

Figure 2-5 conceptual sketch of asymmetry1 (left) and asymmetry2 (right) 

 

For the case of asymmetry1 (Figure 2-5 left), there are more points around (u,v) = (0,0) than (u,v) = 

(1,1), which is due to the characteristic that low flow period is longer than high flow, eventually 

asymmetry1 is apt to be negative for the discharge data. For the case of asymmetry2 (Figure 2-5 

t 

Q(t) 

k k k 
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right), the upper-left part of empirical copula is denser than bottom-right corner, which accounts for 

the property that increases of discharge are faster than the decreases. 

 

Through the above discussion, it is suggested that asymmetry can be a new criterion relevant to the 

catchment characteristics. Now, these characteristics are empirically analysed for different 

catchments for different time periods. 
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2.6 Kernel Density Estimation of Copula with Beta 
Kernel 

Kernel density estimation is the non-parametric way to estimate probability distribution functions. 

Although the choice of the kernel has impacts on the tail, standard normal density function is 

typically used. The well-known problem of kernel density estimation for copulas, “Curse of 

Dimension”, is that the bias of the copula estimator at the corner and border expands as dimension 

increases. This bias is caused by symmetric and unbounded kernel. For example, if a standard 

Gaussian kernel is chosen for copula kernel density estimation, assuming there is an observation 

such that u = 0. Because standard Gaussian kernel is symmetry, the half part of its kernel exceeds 

the boundary, which doesn’t contribute to the density at [0,1]
d
  

 

One of the methods to avoid the boundary bias of copula estimation is to introduce bounded and 

adaptive kernel such as beta kernel (Chen 2000)  as defined below: 
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Similar to the beta distribution, distribution of beta kernel is bounded in [0,1] and the form of the 

kernel changes with the position of kernel in the domain. Figure 2-6 displays the sample of beta 

distribution for 1-dimensional case. 

 

Autocopulas estimated with beta kernel are the smoothed version of empirical copula. It needs more 

calculation power, but it could reduce the impacts of uncertainty for small amount data, which are 

used for the analysis of copula distance in chapter 7 and the non-Gaussian statistical simulation in 

chapter 8. 

 

 

  
Figure 2-6 sample of the beta distribution with parameter h=0.1, x = 0 (left) and x = 0.3, h = 0.1 

(right)    



 

   

 

 

 





 

   

3 Analysis of Empirical 

Copula with Asymmetry 

3.1 Simple Application of Empirical Copula 

For the purpose of investigating the applicability of copula based analysis in certain spatial and 

temporal extent, the time series data from 7 gauging stations along the Rhine River are chosen. For 

these gauging stations, daily discharge data exists from the years 1900 to 2000. The gauging 

stations Andernach, Kaub, Worms and Maxau are located in the main stream of the Rhine while 

Kalkofen, Cochem and Plochingen are located in tributaries as shown in Figure 3-1. 

 

 
Figure 3-1 measuring stations of 7 discharge data located in the Rhine and its tributaries (Ullrich 

2005) 

3.1.1 Cross Copulas 

As a first step for the spatial analysis of discharge data, cross copulas are introduced as a matrix of 

bivariate empirical copulas which are calculated from all the bivariate combinations of time series 

data of 7 gauging stations as shown in Figure 3-2.  
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Figure 3-2 cross copulas of discharge data from 7 gauging stations 
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Similar to covariance matrix, copulas in upper right triangle of cross copulas are same to the copula 

in lower left triangle of cross copulas. The copulas on the diagonal line of cross copulas are copulas 

of two identical discharge data, thus this shows linear relationship between two variables. 

 

The variations of dependence structures between different discharge data combinations are simply 

the consequence of spatial configuration of gauging stations as summarized below: 

 

1. Quasi Linear Dependency (example:  Andernach  Kaub)  

 

As shown in Figure 3-3 (left), the empirical copulas show strong dependency due to the 

spatial proximity of gauging station being located in the same river reach.  

 

2. Weaker Dependency   (example: Kaub  Plochingen) 

 

One of the gauging station is located in the tributary and the other located in the main stream 

of the river Rhine. As a consequence, the impact of the discharge on the other station is 

mitigated by confluence and dependency become weaker as shown in Figure 3-3 (center). 

 

3. Almost no dependency (example: Worms  Kalkofen) 

 

The measuring stations are remotely located. Also, one (or both) of the measuring stations 

has small discharge. Therefore, the dependency between 2 stations is very weak.  

 

 
Figure 3-3 Bivariate empirical copula of two discharge time series from Worms and Maxau (left) 

Kaub and Plochingen(center) and Worms and Kalkofen(right)  

 

(Colour legends in these figures are different from the legend of empirical copulas in Figure 3-2) 

 

3.1.2 Autocopulas 

Secondary, bivariate empirical autocopulas are calculated from single discharge time series after 

subtraction of annual cycle of mean for each gauging station with different time lag k. Figure 3-4 

shows empirical autocopulas of 7 gauging stations corresponding to time lag k = 

1,3,7,15,30,180,365[days]. 

 



22  Analysis of Empirical Copula with Asymmetry 

 
Figure 3-4 Autocopulas of discharge data corresponding to different time lags k after subtraction of 

annual cycle of mean (standardization1) 
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For time lag k = 0, the autocopulas show for sure linear relationship. On the other hand, for the 

autocopulas with lag k > 0, the asymmetric characteristic of the time series evolves as time lag k 

increases and shows different structures.  

 

The property of autocopulas corresponding to different lags is summarized below: 

 

1. There exists strong dependency for smaller lags (for lag k = 1~3)  

 

The relation is close to linear as shown in Figure 3-5 (left).This dependency is caused by the 

simple fact, that if the water level of river is high today, tomorrow also likely to be high. If the 

water level today is low, tomorrow also likely to be low. Furthermore, the duration that water 

level high is shorter than the duration that the water level is low in general. This causes the more 

points at lower left corner of bivariate empirical copula. Therefore, dependency in smaller 

values is stronger than bigger one, which causes negative value in asymmetry1 according to the 

definition in Eq. (2.14). 

 

2. Dependency becomes asymmetric as lag time increases (for lag k = 7~30) 

 

As shown in Figure 3-5 (center), the autocopula with this time lag is less symmetric for both 

directions of diagonals. Usually, water level reaches to the peak soon after the rainfall event, but 

the period of recession to normal water level takes longer. The asymmetry2 with time lags (k = 

5~30) is caused by unequal increment and decrement of discharge in a flood event. In this way, 

the copulas with smaller lag time (k = 7~30) tend to capture the property of flood events. 

  

3. Capture the seasonal property of rainfall (for lag k >50)                                            

 

As shown in Figure 3-5 (right), the distribution of copulas gets scattered all over the copula 

domain as the lag time k increases. It does not show linear relationship like autocopula with k = 

1~30 shows, therefore its rank correlation of autocopulas gets smaller. Due to the big time lag, 

there will be no more direct relation between two time points. Instead, it starts to capture the 

seasonal characteristic as shown in Figure 3-5(right), even though the annual average is 

subtracted from the original data. The reason of this result will be discussed in section 3.4. In 

the case for lag k = 365, which means comparing the two values with one year separation, the 

autocopulas are supposed to show the relation between the values in the same season. 

 

 
Figure 3-5 Bivariate empirical autocopulas of discharge time series of Andernach with lag k = 3 

[days](left), Maxau with lag k = 15[days](centre) and Cochem with lag k = 180[days](right) 
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3.2 Asymmetry Changes corresponding to Time Lag k  

Now, the study is focusing more on the asymmetry changes corresponding to time lag k, partially 

because it might represents more the catchment characteristics, which can be transferable for the 

different catchments, and potentially could introduce new insights into time series analysis.  

 

In the previous sections, it is acknowledged that for the different lag times k the dependence 

structure develops in a different way. In addition, it is desirable to know how much impact time lag 

k has on the asymmetries. 

 

In this section, the changes of asymmetries are plotted along the time lag k similar to correlograms 

(Box and Jenkins 1976) in time series analysis, which plots the autocorrelation over the time lag k.  

3.2.1 Asymmetry1 

Asymmetry1 was defined in the section 2.4 as shown in Figure 2-5. It reflects the temporal 

configuration of high and low flow periods.  

 

               1 0.5 0.5 0.5 0.5
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 (3.1) 

 

In the Figure 3-6 the variation of asymmetry1 is plotted for lag k = 1 up to lag k = 365 for discharge 

data sets from 7 different gauging stations. The most remarkable behaviour for all the data sets is 

that the asymmetry1 drops down (as far as -0.008) for time lag k = 0~30 and rises slowly back to 0. 

For smaller k, asymmetry1 simply reflects the characteristic that the low flow conditions last longer 

than periods of flood events. As time lag k increases (k > 30), it is supposed seasonal characteristics 

of the catchment get more dominant. For the gauging stations, Worms, Maxau and Kaub, 

asymmetry1 is positive for time lags k around 140 – 220 days. One possible reason of that unusual 

behaviour of asymmetry1 is the influence of snow melt: the rainy season in summer and snow melt 

in spring coincide at time lag k = 140~220. Except for these three gauging stations, after lag k > 

100, asymmetry1 does not show any notable behaviour and rather seems dominated by noise. 

 

Figure 3-7  shows the variation of asymmery1 for larger time lag k  (0 < k < 1200). This figure 

demonstrates, variation of asymmery1 behaves periodic way with the cycle of 1 year (k = 365), 

reflecting the nature characteristic that season has 1 year cycle. 
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Figure 3-6 variation of asymmetry1 corresponding to lag time k [days] 

 

 
Figure 3-7 variation of asymmetry1 corresponding to lag time k [days] for 0 < k < 1200 
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3.2.2  Asymmetry2 

Asymmetry2 was defined in section 2 as shown in Figure 2-5. It reflects the difference of increment 

and decrement of discharge; especially, it is related to the time that water level increases to the peak 

flow and recedes to the base flow. Figure 3-8 and Figure 3-9 shows the variation of asymmetry2 

corresponding to the time lag k. 
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 (3.2) 

 

 
Figure 3-8 variation of asymmetry2 corresponding to lag k [days] (for 0 < k 30)   

 

For time lags 0 < k < 30, we can see a small drop of asymmetry2 down to values around -0.002 ~ -

0.004. This is caused by the difference between the duration that water level increases to the peak 

discharge and recedes to the normal state after rainfall event. The number of flood events affects the 

intensity of drop down of asymmetry2, because it gives more points in the lower right side in 

bivariate empirical copula with time lag k. 

 

For time lags 30 < k < 180, a different behaviour of asymmetry2 can be seen for each river. The 

reason could be the difference of seasonality as it can be seen in annual cycle of mean (Figure 3-11). 

The figure shows annual cycles of mean are different for different rivers, which are supposed to be 

causing asymmetric behaviour for the bigger lag time k (k > 30).  For example, the annual cycle of 

mean is big in the spring due to the snow melting. As a result, the annual cycle of Maxau and 

Worms looks more symmetric than the annual cycle of other stations. Therefore, the value of 

asymmetry2 is relatively stable for Maxau and Worms in Figure 3-8, while the amplitude of 

oscillation of asymmetry2 is big for the results of other stations. 
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For the lag k = 183 [days], asymmetry2 converge to 0 for Andernach, Worms, Cochem and 

Kalkofen. For Kaub, Maxau and Plochingen get close to 0 for k = 183 [days]. The cycle of 

seasonality, namely cycle of annual cycle is 365 days (or 366 days for leap year), therefore calculate 

copulas with time lag k =183 means, we put the same amount of seasonality in empirical copulas in 

terms of asymmetry2.  For example, if a plot of empirical copulas can be obtained from a pair of 

data (X(t), X(t+183)), the one data can be a combination of the data from winter and summer. Then 

another pair of data (X(t+183), X(t+183×2)) means the data from summer and winter, which 

cancels out assymmetry2 in copulas. Thus, empirical copulas with time lag k = 183 tends to be 

symmetric and result in assymmetry2 = 0. 

 

For the lag k > 183, say assymmetry2 increases and decreases somehow symmetric for the case of 

lag k < 183. Asymmetry2 decreased to 0 at time lag k = 365 due to the same reason that asymmetry2 

will be 0 for the lag k = 183 days. In fact, the seasonal cycle of asymmetry2 can be seen as in Figure 

3-9. 

 

 
Figure 3-9 variation of asymmetry2 corresponding to lag k [days] (for 0 < k <1200)  
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3.3 Smoothed Annual Cycle 

In the previous analysis, the possibility was pointed out that seasonality affects the asymmetry 

changes for larger time lag k. One way to reduce the seasonal effects is to subtract the annual cycle 

from original data. Another way is to divide the original time series by the annual cycle of standard 

deviation. It is possible to estimate the annual cycle by fitting Fourier series. But, in this study, the 

annual cycles are calculated by smoothing values around each calendar day with weighting function.  

 

In general, annual cycle could indicate the expectation (mean) of discharge on each calendar day, 

but it also can be annual cycle of standard deviation or any seasonal behavior of time series (Wu et 

al. 2008).  In this study, annual cycle of mean is calculated by averaging values on each calendar 

day as follows: 

 

 |365 |365   t tE X      (3.3) 

 

where  t is the time step, t|365 means t mod 365, therefore t|365  indicates the calendar day at time 

step t [day] (leap year is taken into account in the calculation). This result is shown in Figure 3-10.  

 

 
Figure 3-10 annual cycle of mean for discharge time series without smoothing 

 

After this calculation, the annual cycles are smoothed by taking the weighting average for 90 days:  
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Where N is the length of the smoothing window. The smoothed annual cycles for N = 90[days] are 

shown in Figure 3-11 and the seasonality is clearly seen in this figure. For example, the high values 

are seen around calendar day 170 for the rivers in which snow melt is dominant. For the rivers, in 

which there is less impact of snow melt, the peaks of annual cycle of mean are  in calendar day 

0~50, which correspond to January or February.  
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The reason that N = 90[days] was chosen in this study is that it looks more spiky and less smooth 

for N = 30 or 60 as shown in Figure 3-12   

 

 
Figure 3-11 annual cycle of mean for discharge time seires N = 90[days] 

  

 

     
Figure 3-12 annual cycle of mean for discharge time seires N = 30[days] (left) and N = 

60[days](right) 

 

3.3.1  Standardization1: Subtraction of Annual Cycle of Mean   

 

Now, for the elimination of this seasonality, annual cycle of mean is subtracted from the original 

time series. This type of standardization is called Standardization1 in this study and used in the 

further analyze. Figure 3-13 shows part of this discharge time series.  
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Figure 3-13 sample of discharge time series after subtraction of annual cycle (standardization1) 

 

What interesting in Figure 3-13 is that, although the annual cycle of mean is subtracted from the 

original time series, the seasonal behavior can be still identified. That is, it can be seen that clear 

and strong oscillations exist for the river Andernach and Kaub in winter period due to the seasonal 

rainfall. Also for some gauging stations, peaks are observed in the beginning of spring due to snow 

melt. This characteristic can be said to seasonal variance, which is calculated as annual cycle of 

standard deviation as follow: 

  
2

|365 |365 |365  t t tE X 
 

   
 (3.5) 

 

Where 365|t  is the standard deviation of calendar day. 

 

Similar to the case of annual cycle of mean, annual cycle of deviation is smoothed for N = 90[days] 

and shown in Figure 3-14. This figure shows annual cycle of standard deviation is high in winter, 

while annual cycle of standard deviation is low in summer, although the annual cycle of mean is 

high in summer. This could indicates, the impacts of rainfall events in summer on discharge is less 

intensive. It is also possible that the increase of discharge due to the snow melt causes smaller 

standard deviation in this season.  
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Figure 3-14 annual cycle of standard deviation of discharge time series 

 

It is also true in Figure 3-14 that standard deviation is in general big for the gauging station in 

which the average discharge is big. 

 

In Figure 3-15, it was checked how much deviation exists per annual cycle of mean, dividing the 

annual cycle of standard deviation by annual cycle of mean for each calendar day. This means the 

value on January 1st is calculated by dividing the annual cycle of standard deviation on January 1st 

by the value of annual cycle of mean on January 1st. Figure 3-15 shows there are clear difference 

between the river with smaller discharges (Kalkofen, Cochem, Plochingen) and the rivers with the 

bigger discharges (Andernach, Kaub, Worms, Maxau). 

 

This can be understood in a way that bigger discharge means the catchment of the river is big , as a 

consequence, the impacts of rainfall events from smaller catchments is damped, therefore standard 

deviation per annual cycle of mean gets smaller.. 

 

Figure 3-16 shows the annual cycle of mean after subtraction of annual cycle of mean from the 

original time series. In comparison with Figure 3-11, the range of annual cycle of mean is much 

reduced between -40 and 40 [m3/s], while the annual cycle of mean before the subtraction is 

approximately between 0 and 2400 [m3/s]. It should be noted, although the scale is changed, there 

is seasonal difference in annual cycle of mean.  
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Figure 3-15 annual cycle of standard deviation divided by annual cycle of mean 

 

 
Figure 3-16 annual cycle of mean after subtraction of annual cycle of mean (standardization1) 
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3.3.2 Standardization2: Time Series divided by Annual Cycle of Standard Deviation 

after Subtraction of Annual Cycle of Mean 

In the previous section, it was seen that seasonality of standard deviation still exists after the 

subtraction of annual cycle of mean from the original time series. Here, the original time series is 

divided by annual cycle of standard deviation after the subtraction of annual cycle of mean in order 

to check the property of standardized time series. This type of standardization is going to be called 

standardization2 in this study. 

 

For example, the discharge data of January 1st are to be divided by the annual cycle of standard 

deviation of January 1st. Figure 3-17 shows the sample of discharge time series after this 

calculation. 

 

After this standardization of time series, its annual cycle of mean (Figure 3-18 left) and annual 

cycle of standard deviation (Figure 3-18 right) is again calculated. 

 

Due to the division, the time series is rescaled, therefore the range of discharge is between -

0.5~12[m
3
/s] in this sample of discharge time series (Figure 3-17). The scale of mean and standard 

deviation also become smaller (Figure 3-18). 

 

Due to this scaling effect, it can be said, the seasonality in the time series is reduced. However, even 

if it is small, there still exists seasonality in terms of annual cycle of mean and standard deviation. 

Especially, if empirical autocopula is calculated from the time series, the scaling effects are 

supposed not to appear in copulas, because marginal is removed from original distribution in 

copulas.  

 

Again, if time lag k gets bigger in autocopula, it will not represent direct relation between two 

random variables, but more seasonal behavior of the time series. Therefore, the asymmetries for 

large k (k > 30[days]) in section 3.2 are supposed to be capturing the asymmetry of these annual 

cycles.  

 

This annual cycle of mean itself is not symmetric and this could dominate the behavior of 

asymmetry for lager time lag k. For example, the reason of smaller asymmetry2 for gauging stations 

Maxau and Worms (Figure 3-8 and Figure 3-9) is that those annual cycles are symmetric in terms of 

asymmetry2 (Figure 3-11). 

 

In Appendix A, it is checked if these two different standardizations could bring different result. The 

results show there are certain difference especially for lager lag time k [days], but not big 

differences for smaller k [days].  

 

Standardization2 is clearly better to reduce the impacts of seasonal standard deviation, although the 

analyses in this study were done based on standardization1. In Appendix A, the results of 

standardization2 are compared with the results of standardization1, which indicates the results with 

standardization1 in following chapters are still acceptable, because the investigations in this study 

are mainly for small lag time k due to the focus on the anthropogenic influence. 

 

It seems there exist many different ways to standardize data. Proper processing of data should be 

needed depending on the purpose of the investigation and copula used for analyzing data. 



34  Analysis of Empirical Copula with Asymmetry 

 

 
Figure 3-17 sample of discharge time series divided by annual cycle of standard deviation after 

subtraction of annual cycle of mean 

 

  
Figure 3-18 annual cycle of mean (left) and annual cycle of standard deviation (right) calculated for 

discharge time series which are divided by annual cycle of standard deviation after subtraction of 

annual cycle of mean from original time series (standardization2) 
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3.4 Asymmetry Changes without Seasonal Effect 

In the previous section, annual cycles for the different statistics are investigated to clarify the effect 

of seasonality. In order to assess the periodic behavior of asymmetries without the seasonal effect, 

the method to subtract the annual cycle of mean from the original (standardization1) is investigated. 

Using this method, the average of calendar days get close to constant (Figure 3-16), but the 

dependence structure of time series remains.  

3.4.1 Asymmetry1 after Subtraction of Annual Cycle 

Variations of asymmetry1 corresponding to time lag k [days] are calculated for 7 discharge time 

series data in which the annual cycle is subtracted.   

 

Figure 3-6 shows the cyclic behavior of asymmetry1 from gauging stations Maxau, Worms, Kaub, 

which are supposed to be influenced by the annual cycle of mean as discussed in previous section. 

Figure 3-19 shows the asymmetry1 after the subtraction of annual cycle of mean. The cyclic 

behavior of asymmetry1 get weaker for Maxau, Worms, Kaub, instead Kalkofen, Cochem and 

Plochingen become stronger. 

 

Due to the standardization1, cyclic behavior of asymmetry1 from Kalkofen, Cochem and 

Plochingen should not be caused by annual cycle of mean, but is considered to be caused by the 

annual cycle of standard deviation.  

 

The standard deviation is big for the gauging station with big discharge. But, it is not sure the 

impact of such deviation is still strong in copula. Division of original data by standard deviation 

could give some insight for this deviation as shown in Figure 3-16(right). In this figure, deviation is 

clearly bigger for Kalkofen, Cochem and Plochingen, thus the impact of deviation is big in those 

autocopulas. This could be the reason of behavior of asymmetry1 in Figure 3-19. 

 
Figure 3-19 variation of asymmetry1 after subtraction of annual average for 0 < k < 360[days](left) 

and for 0 < k <1200[days](right)  
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Figure 3-20 visualization of the causality of periodic changes of asymmetry1 in empirical 

autocopula of Cochem after subtraction of annual cycle from original data (standardization1) 

 

Figure 3-20 figure shows why the periodic behavior of asymmetry1 is still present after the 

subtraction of annual cycle (mean). Also this shows why the empirical autocopula for k = 180 

shows circular structure for gauging station Cochem and Kalkofen in Figure 3-4.  

  

In this example, there are small oscillations in summer and big oscillations in winter due to the 

seasonal rainfall. The time lag k = 180 [days] means comparing two values in different seasons; for 

example, if one is in rainy season and another in dry season. This means, if the quantile of one of 

Fluctuation to 
positive side 

Fluctuation to 
negative side 
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the value is in the middle (around u = 0.5) , which means dry season, the quantile of the other is 

either very high (close u = 1.0)  or very low (close to u = 0) 

 

The asymmetry1 is very high for k = 180 [days] for Kalkofen und Plochingen in Figure 3-19. This 

can also be explained by the empirical autocopula from Cochem shown in Figure 3-20 (right 

bottom) in which there are more plots on upper right corner while there is almost no plots at the 

lower left corner. The reason can be the following:  although the water level increases drastically in 

winter, but the period of extremely high flow is still short and usually water level stays less than 

average after subtraction of annual cycle in winter. Therefore the amount of fluctuation to positive 

side and negative side is not the same.  

 

Also this empirical autocopula (Figure 3-20 right bottom), will not be very high or low value of 

asymmetry2, because same amount of plots exist on the upper-left corner and lower-right corner.  

 

The intensity of periodic behavior of asymmetry1 can be different from catchment to catchment 

reflecting the property of its seasonality, thus the discharge data from certain gauging stations 

doesn’t show this behavior. However, this periodicity of asymmetry1 would typically happen due to 

asymmetric behavior of discharge increase and decrease. 
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3.4.2 Asymmetry2 after Subtraction of Annual Cycle 

In the previous section, the periodic behavior of asymmetry1 with or without the standardization of 

time series was investigated. In fact, this standardization has certain impact for the large lag time k, 

but less impacts for the small lag time k, which is supposed to be more important to estimate the 

catchment characteristic.  

 

In this section, the subtraction of annual cycle of mean is also tested to see the periodic behavior of 

asymmetry2 as shown in Figure 3-21.  

 
Figure 3-21 variation of asymmetry2 after subtraction of annual average (standardization1) 

corresponding to time lag k [days] 

 

 
Figure 3-22 definition of Minimum Asymmetry2 A2min and its Lag Lmin (for Cochem) 

 

The apparent difference is that the behavior of asymmetry2 after time lag k > 50 is reduced in 

comparison to the asymmetry2 in Figure 3-9 . The important point in this figure is that the sharp 

A2min 

Lmin 



3.4 Asymmetry Changes without Seasonal Effect 39 

 

   

drop down of asymmetry2 happen only for small time lag k, which should reflects the immediate 

increase of water level after rainfall or slower recession after cease of rain.  

 

Now, the two lengths, which possibly represents the catchment characteristic, are suggested based 

on the asymmetry2 corresponding to the time lag k as shown in Figure 3-22. 

 

 A2min ,Minimum of Asymmetry2: Minimum value of the asymmetry2 for time lag  k < 25 

[days]. This measure is assumed to reflect the intensity of the difference between the water 

increase to peak flow and decrease to the based flow.  

 

 

 Lmin, Lag Time at the Minimum of Asymmetry2:  the lag time k, at which A2min ,Minimum 

of Asymmetry2, is obtained. This measure is assumed to be related to the duration that the 

water level increases to peak flow 

 

In the following sections, the analysis will be done based on these measures.  
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3.5 Asymmetries and Catchment Characteristics 

As it was defined based on the asymmetry2 in the previous section, A2min represents minimum of 

asymmetry2, which represents the intensity in terms of discharge increase, and Lmin represents lag at 

minimum, which can be more affected by the concentration time of the catchment. In this section, 

the relations between these criterions and catchment sizes are compared for 50 discharge gauging 

stations from Germany including the river Danube, Weser, Main and Neckar. 

 

In Figure 3-23, the size of the catchments is plotted along the x-axis and A2min (minimum of 

asymmetry2) in the y-axis. It can be seen that for the smaller catchments, A2min shows more variance. 

This variance decreases as the catchment size increases in the case of the Rhine and its tributaries.  

 

One of the possible reasons is that, in the case of the upstream of the Rhine or the Danube, the big 

runoff events are driven more by snow melting which could intensify the amount of discharge in 

some events.  Therefore A2min is bigger in comparison to the same size catchments. 

 

Similarly the time to the peak discharge due to the snow melt is longer than discharge due to the 

rainfall. Therefore, Lmin is bigger for smaller catchments of Rhine mainstream and Danube as shown 

Figure 3-24. 

 

Figure 3-25 shows the relation between A2min and Lmin. In this result, there seems linear relation 

between A2min and Lmin independent from catchment size and river. 
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Figure 3-23 relation between the catchment areas and minimum of asymmetry2  
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Figure 3-24 the relation between lags at minimum and the catchment areas 
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Figure 3-25 the relation between minimum of asymmetry2 and lag k at minimum
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3.6 Temporal Change of Asymmetries 

The relation between the asymmetries and catchment characteristics are examined in the previous 

section. In this section, the temporal change of the catchment characteristics will be discussed, 

assuming the temporal change reflects the anthropogenic impact on the catchments for last 100 

years. For this purpose, the moving time window is introduced to calculate the asymmetry from a 

certain time interval instead of calculating empirical copula from entire time series data.  

 

Moving time window is nothing but the time interval to calculate the empirical copula or statistics. 

In this case, the interval of the window is set to 10 years and the copula for 10×365 daily discharge 

data is to be calculated.  Then, the minimum of asymmetry and its lag can be calculated in the same 

way in section 3.4.2 for this moving time window.  

 

One interesting finding is that the behavior of asymmetry2 is different around the year 1945, which 

will be explained in the following section. 

3.6.1 Changes of Asymmetry2 in Moving Time Window  

Figure 3-26 shows the change of A2min (Minimum of Asymmetry2) and Figure 3-27 shows the 

change of Lmin (Lag at Minimum of Asymmetry2) in a moving time window respectively. Here, the 

asymmetries of empirical copulas are not calculated from the entire time series, but from the data in 

the moving time window with 10 years interval. For example the asymmetry on January, 1, 1910 is 

calculated from the data between 1st of January in 1905 to Dec 31st in 1914. 

  

 
Figure 3-26 Temporal change of A2min (Minimum of asymmetry2) 

in moving time window with 10 years interval 
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Figure 3-27 temporal change of Lmin  (lag time k at minimum of asymmetry2) with moving time 

window of 10 years interval 

 

Around 1945, A2min drops down and Lmin goes up significantly for the data from all the measuring 

stations. Also around 1965 Lmin increases and around 1915 and 1975 A2min decreases in unusual way, 

which indicates possibly the structural change due to the anthropogenic impact. 

 

Figure 3-28 shows the empirical copulas of the discharge data from Andernach from the 10-year-

intervals around 1945 and 1975 for time lag k = 5[days] together with their densities. The reason 

that  asymmetry2 is smaller for the years around 1945 can be seen in the upper left corner of the 

plots (red circle in the figures): in the left panel (1945) there are more points than in the right panel 

(1975). 

 

In Figure 3-28, not only the upper-left corner, but the entire distribution is stretched out for the 

empirical copula around 1945 (left) than around 1975 (right) as shown by blue arrows in the figures. 

As it will be discussed in Chapter 7, this can be the reason that the copula variance is high around 

this period. 

 

If we look at the observed discharge record around 1945 and 1975 as shown in Figure 3-29, it can 

be hardly seen that there are differences with respect to the frequency or the peaks of the discharges. 
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Figure 3-28 empirical autocopula frequency (white plots) and its density (colored contour) for the 

lag k = 5 around the year 1945 (left) and 1970 (right) 

 

  
Figure 3-29 observed discharge time series (standardization1) around the year 1945 (left) and 1975 

(right) 

 

The question now is what is the difference between the years around 1945 and 1975, what is 

happening those years. In order to inquire the differences, the asymmetries corresponding to lag 

time k are calculated around 1930, 1945 and 1973. 

 

For the case year around 1930, we can see the typical drop down for the time lag k < 15 down to 

A2min =  - 0.035. 

 

But for the case of years around 1945, no clear drop can be seen for the lag k < 15, but gradual 

decrease up to A2min = - 0.004 ~ - 0.0055 for the lag time k < 30 can be seen.   

 

The more interesting case is for the years around 1973. It can be seen a small drop down (A2min =- 

0.02 ~ - 0.025) for the lag time k < 15 exist, but for the lag time around k = 30, there is a second 
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drop down (A2min =- 0.02 ~ - 0.040) which can be same or bigger than the drop down for lag time k 

< 15.  This seems to be the reason why Lmin is so big around 1945 or 1973.  

 

In fact, 1945 and 1973 are not completely different situations, but rather similar situations, in which 

the first drop down of asymmetry2 is small and does not cause A2min (minimum value of 

asymmetry2) there, but rather A2min shifted to right and gave rise to A2min around k = 30 ~ 40. 

 

Because the drop down of asymmetry2 for lag time k < 15 is a consequence of rapid increase of 

discharge during flood events, furthermore, it’s accounting more for the big flood events like snow 

melting in the beginning of spring, therefore, this behavior of asymmetry2 is saying, the discharge 

in the flood events around those periods could be not so intensive and not so speedy in comparison 

to the other period. 

 

Actually, if we have a closer look at the discharge data around 1945 and 1973, then we can see, 

there are winters and springs in which no big flood events are observed for certain periods. As it is 

shown in the moving average (Figure 3-33) around 1945 and 1973 had less discharges on average, 

which implies there was less precipitation.  

 

This could be explained simply because of the rainfall events around 1945 and 1975 which are not 

so many in terms of quantity and intensity, therefore the amount of peak discharge and the speed to 

the peak discharge become smaller and slower. Otherwise, the property of rainfall events are the 

same, but the catchment characteristics were different in those periods.  

 

However, it is still not clear that the strange behavior of asymmetry2 is caused due to the random 

behavior of yearly rainfalls or the anthropogenic impacts like destruction of infrastructures after the 

war around 1945 or due to intensive urbanization and industrialization around 1975.   

 

The possibility of rainfall as the source of unusual behavior will be discussed in Chapter 5.  
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Figure 3-30 Asymmetry2 corresponding to time lag k [days] from the data between 1925 and 1935  

 

 
Figure 3-31 Asymmetry2 corresponding to time lag k [days] from the data around 1945 (data 

between 1940 and 1950)  

 
Figure 3-32 Asymmetry2 corresponding to time lag k [days] from the data between 1968 and 1978  
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3.6.2 Temporal Change of statistics (mean, standard deviation) 

Figure 3-33 and Figure 3-34 show mean and standard deviation in moving time window. There are 

some periods in which averages of discharge are smaller (1945, 1961, and 1975). It can be assumed, 

if there is less precipitation, and then there will be less discharge and smaller standard deviation. 

This is the case for the years 1960, 1975. But, what special for 1945 is that even the average of the 

discharge in this time interval is small, the deviation is still big. Sample of discharge time series 

around 1945 and 1975 can be seen in Figure 3-29. 

 

 
Figure 3-33 moving average of discharge [m

3
/day] in 8 years moving time window 

 

 
Figure 3-34 standard deviation of discharge [m

3
/day] in 8 years moving time window  
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3.6.3 Temporal Change of Asymmetry2 in other Catchments 

In the previous section, the behavior of asymmetry2 around 1945 and 1975 could be unique for the 

investigated catchments (Andernach, Kaub, Worms Maxau, Plochingen, Kalkofen, Cochem). In this 

section, the same analysis was done for the further rivers in other regions (Weser, Main, Danube) 

and results are summarized in Appendix B. 

 

The interesting point is that, A2min and Lmin of the other regions behave similarly around 1945 and 

1980.The behavior of mean and standard deviation in moving time window is also similar except 

for 1945. In the investigated catchments, the mean is low and standard deviation is high around 

1945. But in the other regions both tend to be high. 

3.6.4 Temporal Change of Asymmetry1 

Figure 3-35 and Figure 3-37 show the changes of asymmetry1 in the moving time window. 

Asymmetry1 is supposed to be more related with rainfall itself and less with catchment characteristic 

according to the analysis in 3.4.1.  

 

In fact, these results are hard to interpret, because the lag at minimum of asymmetry1 keeps 

fluctuating time to time. The meaning of Minimum of asymmetry1 and Lag at minimum of 

asymmetry1 is less clear. It looks there are some structure in the around year 1920 in Figure 3-35 or 

around 1930 Figure 3-37, but still difficult to conclude anything and this might have happened by 

chance. 

 

 

 
Figure 3-35 Changes of asymmetry1 (Minimum) in moving time window 
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Figure 3-36 observed discharge time series (standrization1) around 1920 ~ 1930 

 

 
Figure 3-37 changes of asymmetry1 (lag at minimum) in moving time window 

 

 

In this chapter, cross copula was newly introduced as copula version of correlation matrix, showing 

visually the dependence structure of different random variables from 7 discharge gauging stations 
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(Figure 3-2). Autocopulas with time lags k, which are the growing research interest of today, were 

also calculated for same discharge data set (Figure 3-4).  

 

The autocopulas of discharge data set are clearly different for different time lag k. Therefore, its 

characteristic is further investigated especially with asymmetry, a function defined on copulas 

(Figure 3-6, Figure 3-7, Figure 3-8, Figure 3-9). 

 

The interesting point of the results was that asymmetries (asymmetry1 and asymmetry2) show cyclic 

behavior with a period of 365 days, which is a clear sign of seasonality that the asymmetry is 

influenced by annual cycle. Therefore, the annual cycle of mean and standard deviation of discharge 

were secondary investigated (Section 3.3). Through this analysis, it was concluded that the variation 

of asymmetries corresponding to time lag k can be partially explained by annual cycle of mean and 

standard deviation especially for bigger time lag k. 

 

In order to reduce the influence of seasonality in asymmetries, two methods are suggested in this 

study: one is standardization1 which subtracts the annual cycle of mean from the original data and 

another is standardization2 which divides the original data by annual cycle of standard deviation 

after subtraction of annual cycle of mean (Figure 3-19, Figure 3-21). These methods can reduce the 

impacts of annual cycle in asymmetry especially for autocopulas with larger time lags.  

 

One of the objectives of this research is to detect the change of anthropogenic impacts, whose 

information is assumed to be in autocopulas for smaller time lag k. For this aim, the behavior of 

asymmetry for smaller time lag k is further investigated and two measures are defined: one is A2min, 

which is minimum value of the asymmetry2 for time lag k < 25 [days] and another is Lmin which is 

lag time k at minimum of asymmetry2 (Figure 3-22). 

 

Because asymmetry2 is caused by unequal ratio of water increase and decrease, this measure is 

considered to be related to catchment characteristic for short lag time k. It was confirmed that 

different catchments have different values of asymmetry2 (Figure 3-23, Figure 3-24). 

 

Now the interest of the research is whether this characteristic changes for different time period due 

to anthropogenic influences or not. Therefore, temporal change of asymmetry2 is calculated from 

discharge time series in moving time window (Figure 3-26). The result shows asymmetry seems not 

fully constant or random, but showing certain common behavior for all the discharge data for 

example around 1945 and 1970. The reason was investigated and it was found that 2 dimensional 

autocopula is narrower for certain period (1970) and wider (1945), which should be the reason 

causing different values of asymmetry2 in different periods (Figure 3-28). 

 

The reason of different empirical autocopulas for different period is further investigated with 

moving average and moving standard deviation (Figure 3-33,Figure 3-34), but it could not be 

concluded that temporal change of asymmetry2 is caused only by anthropogenic impacts. 

 

 



 

 

 





 

 

4 Seasonal Analysis of 

Empirical Autocopula 

In the previous section, the impacts of seasonality are reduced from the time series by subtracting 

the annual cycle of mean. But, in this section, seasonality itself is investigated by separating the 

data into different seasons and calculating the empirical autocopulas and its asymmetry from them. 

 

For this analysis, the seasonal time window is set to the time interval of 60 days. For example, in 

order to calculate the asymmetry of August, the center of the time window is set to 15
th

 of August 

and takes the values of consecutive 60 days. In this way, 59 pairs of values for the empirical 

autocopula with time lag k = 1 for one year (59 pairs due to time lag k = 1. If time lag k = 2, then 

58 pairs can be used for calculation) and 59 × 100 pairs of values for 100 years can be used for the 

calculation of an empirical autocopula. 

 

Figure 4-1 shows the empirical autocopulas of the selected season (January, March, May, July, 

September, November) from the gauging station Andernach. The difference can be seen, especially, 

on the upper left corner of the figures (see red circles in the figure) of empirical autocopulas for lag  

k > 10, which could result in the different asymmetry2 for given time lag k. The behavior of 

discharge or rainfall in January and March is assumed to be strongly influenced by seasonal rainfall 

and snow melting, thus more plots on the upper left corners of empirical autocopulas and 

subsequently result in smaller asymmetry2. The Results shows the behaviors of asymmetry are 

clearly different from season to season.  
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Figure 4-1 empirical autocopulas of time series data (discharge from measuring station Andernach) 

with different time lag k [days] in different season
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4.1 Asymmetry in Different Seasons 

Now, asymmetry2 corresponding to different time lags k in different seasons is shown in Figure 4-2. 

The time window for the seasonal interval is again set to 60 days and the central day of the interval 

is set to the middle of the month (15
th

 in the case of January).  Here, the seasonal behavior of 

asymmetry is apparently different from month to month principally due to the seasonal climatic 

behavior as summarized below: 

 

Winter season (December, January, February): 

- the structure of asymmetry2 is clear 

- A2min  is around -0.004 ~ -0.005  and Lmin is around k = 7  

- Asymmetry2 increases around time lag k =  10 ~ 15, which could be related to the sharp and 

rapid water increase due to  seasonal precipitation or snow melting. 

 

Spring season (March, April, May): 

- Drop down of asymmetry2 is less clear 

- A2min is less intensive around - 0.002 ~ -0.003 and Lmin gets bigger. 

 

Summer season (June, July, August, September): 

- Drop down of asymmetry2 is not clear any more 

- The value of A2min is around - 0.001 ~ - 0.002 in Cochem, Plochingen, Kalkofen, which are 

located in the tributary of the Rhine. 

- The results of Maxau, Worms, Kaub and Andernach are supposed to capture the rainfall-

runoff events without snow melt in summer. This can be the reason that there is no drop 

down for small lag time k.   

 

For the rest of the seasons (October, November), the drop down of asymmetry2 gets more intensive 

again, but the structure of drop down and increase of asymmetry2 is still not clear.  Therefore L2min, 

lag at minimum of asymmetry2, gets bigger ( > 20).  

 

In Figure 4-3 Annual Cycle of A2min (Minimum of Asymmetry2) and L2min (Lag at Minimum of 

Asymmetry2) are shown.  For the calculation of A2min  and  L2min here, seasonal time window is again 

set to 60 days,  A2min  and  L2min  are calculated by shifting the seasonal time window within 1 ~ 366 

of  calendar days. The obtained annual cycle of asymmetries is smoothed in the same way in section 

3.3.  

 

The conclusion is that the structure of drop down is most clear in December, January and February, 

which is caused by the seasonal rainfall and partially snow melt. Therefore A2min and L2min could 

reflect the characteristics of this period. If no rains of usual event happen in this period, A2min and 

L2min  can be strongly affected.  
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Figure 4-2 Asymmetry with different time lag k in different Seasons (January ~ December) 
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Figure 4-3 Annual Cycle of A2min (Minimum of Asymmetry2) and L2min (Lag at Minimum of 

Asymmetry2)
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4.2 Temporal Change of Seasonal Behavior of 
Asymmetry 

 

In the previous section, it is now clear that the behavior of asymmetry2, especially A2min (minimum 

of asymmetry2) and Lmin (lag k at the minimum of asymmetry2) is totally different from month to 

month. 

 

This is caused mainly by the seasonal climatic behavior. For example, the precipitation in summer 

is more advective and intensive, but the duration of rainfall events could be shorter, while the 

duration of rainfall events tends to be longer with less deviation in winter. 

 

Thus, the behavior of A2min and Lmin, which are investigated in the previous chapter (3.4, 3.5, 3.6), 

has the integrated information of these seasonal behaviors. Especially the A2min  and  Lmin , which are 

the parameters quantifying the structure of drop down in asymmetry2 for the smaller lag time k, are 

significant only for the winter period because this structure of drop down rarely exists in summer 

(section 4.1 and Figure 4-2 ). 

 

However, this seasonal behavior could still change in different time periods in last 100 years. In 

order to investigate the changes in the past, the time series data are now separated into two seasons, 

summer and winter. Then, the changes of asymmetries are calculated in moving time window again 

similar to the analysis in the previous sections. 

 

For example, for the analysis of winter, the data from October, November, December, January, 

February and March are selected from the original entire time series and new time series are merged 

by combining them. In this case, the seasonal window is roughly 180 days, so 180 data can be used 

from the 1 year observation records, eventually 180 × 10 data can be used for the 10 years moving 

time window. 

 

Due to the scarcity of data, the changes of asymmetry might be influenced by the specific events, 

but we can see how the progresses of asymmetry are different in the summer and winter period. 

 

Figure 4-4 shows the change of asymmetry2 for the winter period. The very interesting point is that 

the result is quite similar to the result of entire data shown in Figure 3-26 and Figure 3-27.  But the 

Figure 4-5, which shows the same result of summer period, seems not much relevant to the behavior 

from the entire data. This means, in a word, winter is more dominant for behavior of asymmetry2 

for entire period than summer. 
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Figure 4-4 temporal change of asymmetry2 in the winter period (top: A2min minimum of asymmetry2, 

bottom: L2min lag at the minimum of asymmetry2) 
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Figure 4-5 chronological change of asymmetry2 in summer period (top: A2min minimum of 

asymmetry2, bottom: L2min lag at the minimum of asymmetry2) 

 

This interpretation is understandable, because big and long runoff events come usually in winter for 

the river Rhine while rainfall-runoff events in summer can be locally intensive, but for  a whole 
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catchment, its duration and intensity can be shorter and smaller. This gives less impact on drop 

down of asymmetr-y2 shown in Figure 3-22. 

 

If there are less rainfall-runoff events in winter, then the influence of the winter period on the 

behavior of asymmetry2 gets weaker and characteristic of summer period can come up. In summer 

period the structure of drop down is not clear, as a consequence, L2min gets longer and A2min gets 

closer to 0 according to the analysis in Chapter 4.1 as shown in Figure 4-2. 

 

Figure 4-6 shows mean and standard deviation in moving time window for winter and summer 

season. The figure indicates, 1945 and 1975 are both relatively dry both in winter and summer, but 

the standard deviation around 1945 in winter is usually high.  

 

 

M
o
vi

n
g
 A

ve
ra

g
e 

  

M
o
vi

n
g
 S

ta
n
d
a
rd

 D
ev

ia
ti

o
n

 

 
 

Figure 4-6 Moving Average and Standard Deviation in summer and winter 

Although it is suspected that discharges in winter have more impacts on the behavior of asymmetry2 

in moving time window, it is still difficult to mean discharge or its standard deviation in winter 

period cause the unusual behavior. 

 

The problem of this analysis is that, even if the data of certain season was chosen, the structure of 

asymmetry, namely drop down of asymmetry2, is not clear for certain period. Although it is 
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possible to separate into smaller seasons, it will be too much detail for less data, then it gets harder 

to conclude something. 

 

In the next section, as the last part of asymmetry analysis, asymmetries for quite small lags (k = 1, 2, 

3[days]) will be investigated, where we don’t look at the minimum (A2min and L2min) any more, but 

just look at the value of asymmetry2. 
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4.3 Behavior of Asymmetry for the Small Lag Times (k = 
1,2,3 [days]) 

In the previous section, the behavior of asymmetry2 seems dominated rather by the discharges in 

winter period. In this section, the focus is not on minimum of asymmetry (A2min or L2min), but just 

look at the asymmetries for quite small lags (k = 1, 2, 3 [days]). This can be regarded as relatively 

instantaneous reaction of catchment, thus it might represent the catchment characteristics more. 

 

The results of asymmetry1 for summer and winter period are shown in Figure 4-7. The results of 

asymmtery2 for summer and winter period are shown in Figure 4-8. The remarks are summarized: 

 

Asymmetry1 (Figure 4-7): 

 

In summer: 

 The results from the gauging stations with small catchments like Kalkofen, Plochingen, and 

Cochem are different from the rest.  

 The values from those stations (Kalkofen, Plochingen, and Cochem) vary a lot. 

 

In winter 

 There are drop downs of asymmetry1 around 1920 and 1965. 

 Not only the results from Kalkofen, Plochingen, and Cochem, but also the results from other 

stations are also varying. 

 

Asymmetry2 (Figure 4-8): 

The values of asymmetry2 for Kalkofen, Plochingen, and Cochem are smaller for both winter and 

summer season. 

 

In summer 

 There is a clear drop down in summer around 1938 

 

In winter 

 for the winter period, there is a drop down between 1980~ 1985 

 

Since asymmetry1 is supposed to represent the configuration of rainfalls as discussed in section 2.5, 

the catchment size and location has the great impact on asymetry1. Therefore, the results of 

asymmetry1 for smaller catchments like Kalkofen, Plochingen, and Cochem are different from 

others.  

 

In smaller catchments, water level in the river rises quickly and down to the normal state in short 

time. There are less impacts of snow melt or the variations of climatic inside a catchment. This can 

lead the smaller values of asymetry1 and assymetry2 in these catchments. 

 

Figure 4-9 shows the behavior of asymmetry1 and asymmetry2 for time lag k = 1, 2, 3 of entire 

season. The results seem to be the integration of the behavior in summer and winter period. 
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4.3.1 Asymmetry1 for k = 1, 2, 3 [days] 

 Summer period Winter period 

L
a

g
 k

  
=

 1
 

  

L
a
g
 k

  
=

 2
 

  

L
a
g
 k

  
=

 3
 

  
Figure 4-7 Asymmetry1 in summer period and winter period for time lag k = 1, 2, 3 [days]  

 



66  Seasonal Analysis of Empirical Autocopula 

4.3.2 Asymmetry2 for k = 1, 2, 3 [days] 

 Summer period Winter period 
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Figure 4-8 Asymmetry2 in summer period and winter period for time lag k = 1, 2, 3 [days]  

 



4.3 Behavior of Asymmetry for the Small Lag Times (k = 1,2,3 [days]) 67 

 

   

4.3.3 Asymmetry for the Entire Year 

 Asymmetry1 Asymmetry2 

L
a

g
 k

  
=

 1
 

  

L
a
g
 k

  
=

 2
 

 
 

L
a
g
 k

  
=

 3
 

  
Figure 4-9 Asymmetry1 and Asymmetry2 for time lag k = 1, 2, 3 [days] for the whole season  

(no seasonal separation of original data) 
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In this chapter, seasonal behavior of autocopulas is investigated due to the important fact that the 

autocopulas and its asymmetries are different for different seasons, although the analyses in other 

chapters are done without separating the data into different seasons. 

 

It was concluded the drop down structure of asymmetry2, A2min and Lmin, was clear in the data of 

winter, but not in summer (Figure 4-2).  It could be also said that temporal change of asymmetry2 in 

moving time window is more dominated by behavior of winter (Figure 4-4).  

 

There is a fact that A2min and Lmin might represent only the characteristics of winter, which could 

lead the assumption that asymmetry2 is influenced by seasonal rainfall in winter period  

 

For the last part the temporal behavior of asymmetry for small time lag k = 1, 2, 3 for winter and 

summer are investigated. It seems difficult to extract further meaningful information, but will be 

investigated with another method in chapter 7. 

 

The interest of this study is whether these behaviors are caused by the change of catchment 

characteristic or caused by the behavior of rainfall.  However, the conclusion of these investigations 

is that, it is still very difficult to detect the significant change of the catchments. The results imply 

the runoff events in winter dominate the change of asymmetry2. 

 

 

 



 

 

 





 

5 Analysis of Rainfall with 

Copula 

In the previous chapter, it was not clear whether the unusual behavior of asymmetries is caused by 

the unusual behavior of rainfall or catchments characteristics. The goal of this chapter is to 

investigate stochastic properties of rainfall data. 

 

For this purpose, daily precipitation data of 525 stations in Baden-Württemberg are investigated, 

which is offered from the German weather service. The stations are located in the entire region of 

Baden-Württemberg in Germany, but each station has different observation periods. The problem in 

rainfall data is temporal and spatial inhomogeneity.  

 

The approach in this study is to average all the existing daily precipitation data in entire Baden-

Württemberg or certain regions for each day so that one representative averaged daily precipitation 

can be obtained. Figure 5-1 shows the number of existing data and the daily precipitation averaged 

for entire Baden-Württemberg. It can be seen that less amount of rainfall data exists before 1930, 

around 1945 and after 2004. The data might not be really reliable before 1950 and after 2000, but it 

is still worth to show in order to know what is happening around 1945 or after 2000, because daily 

discharge data exists since 1900 and averaged daily precipitation has precious information to 

understand them. 

 

 
Figure 5-1 the number of existing data and the daily precipitations as average of existing data in 

Baden-Württemberg
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5.1 Statistical and Copula Based Analysis of API 

The number of existing data and locations of measuring stations changed over time. Therefore it is 

not apparent how representative this averaged daily precipitation over Baden-Württemberg is. This 

averaged precipitation can integrate information about Baden-Württemberg. A number of statistical 

and copula based analysis was done in this section for the comparison between observed discharge 

and rainfall data so that it can be specified whether the behavior of asymmetry is caused by rainfall 

or anthropogenic impacts. 

 

However, the characteristics of the time series of precipitation is completely different from 

discharge, thus a different method for analysis is needed. Here, antecedent precipitation index (API) 

is used, which makes it possible to investigate precipitation data in a similar way to discharge data: 

 

      1 1API t API t P t     (5.1) 

 

where α is a constant and should be between 0 and 1. α = 0.85 was chosen for this analysis. API can 

be considered as an index for soil moisture and thus also influences the amount of water released to 

river. It is noted that in the definition of API there is no consideration of physically based processes 

such as evapotranspiration, ground water flow or routing. 

 

For example, Figure 5-2 shows a part of an API time series. It can be immediately seen that there 

exists asymmetry1, which means there are more often low values in two consecutive days than high 

values, and asymmetry2, which characterizes the water increase and decrease.  

 

In the Figure 5-3, Figure 5-4, Figure 5-5, Figure 5-6, the typical statistics such as annual cycle or 

moving average of API are shown similar to the analysis done in chapter 3.  

 

The point is that the statistical behavior of API in moving window is actually similar to the one 

from discharge data. For example, around 1945, there is less amount of precipitation in terms of 

moving average, but its standard deviation is big similar to the case of discharge data (Figure 3-33 

Figure 3-34). 

 

Now Figure 5-8, Figure 5-7 show the temporal changes of asymmetry1 and asymmetry2. These 

results of asymmetry1 and asymmetry2 are comparable to the results from discharge data (Figure 

3-26, Figure 3-27, Figure 3-35). In Figure 5-10, temporal change of asymmetry2 of API and 

discharges are plotted in one graph. It can be clearly seen that the behaviors of A2min (Asymmetry2 

at minimum) before 1920, around 1945 and after 1980 are similar. This means, the drop down of 

asymmetry2 around 1945 and 1985 is more likely to be caused by the specific realization of random 

behavior of rainfall.  
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Figure 5-2 Sample of Antecedent Precipitation Index time series 

 

 
Figure 5-3 annual cycle of mean of the API of regionally averaged daily precipitation from Baden-

Württemberg  
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Figure 5-4 annual cycle of standard deviation of the API of regional average daily precipitation 

from Baden-Württemberg  

 

 
Figure 5-5 Moving Average of API time series calculated for averaged daily precipitations of entire 

Baden-Württemberg region 
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Figure 5-6 Moving standard deviation of API time series calculated for averaged daily 

precipitations of entire Baden-Württemberg region 
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Figure 5-7 temporal change of asymmetry1 (minimum and lag at minimum) of API in moving time 

window of 10 years interval 

 
Figure 5-8 temporal change of asymmetry2 (minimum A2min and lag at minimum Lmin) of API in 

moving time window of 10 years interval 

 



5.1 Statistical and Copula Based Analysis of API 77 

   

 
Figure 5-9  Temporal change of minimum of asymmetry1 for API and discharges (Andernach, Kaub, 

Worms Maxau, Cochem, Plochingen, Kalkofen) 

 
 

Figure 5-10 Temporal change of minimum of asymmetry2 for API and discharges (Andernach, 

Kaub, Worms Maxau, Cochem, Plochingen, Kalkofen) 
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5.2  Analysis of Rainfall in the Small Regions 

The existence of daily precipitation data without discontinuity for such a long time period is rare, 

especially before 1950. Even if a little amount of data is available, it is not ascertained that the data 

represents entire catchment due to the spatial and temporal variability of precipitation. 

  

However, as a test case, a detailed investigation for a few continuous daily precipitations time series 

is done in the regions in which the continuous data exists since 1945 so that any signal of changes 

or unusual behavior can be detected. 

 

It is found that certain regions of Baden-Württemberg have longer records without missing value: 

(1) northwestern BW, (2) northeastern BW, (3) southern BW and (4) Center of BW. The analysis 

based on asymmetry was done for these data same to the previous sections.  

 

Figure 5-11 shows the number of existing data and the average of those daily precipitations. There 

exist at least one and at most 9 data in these regions for investigated period, although it is not 

assured how representable these data for the rainfall characteristic of each region is. But, there is 

possibility it could give some insight about the behavior of rainfall inside Baden-Württemberg 

region and the source that temporal behavior of asymmetry comes from. 

 

 
Figure 5-11 the number of existing data and averaged precipitation in each region of Baden-

Württemberg and its regional average. (1) South of BW (upper left), (2) Northwest of BW (upper 

right), (3) Northeast of BW (bottom left), (4) Center of BW (bottom right) 
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Figure 5-12 and Figure 5-13 show the annual cycle of mean and standard deviation respectively. 

The figures show rainfall comes mainly in summer for all the regions and partially in winter. But 

the standard deviation is apt to be high in winter in the region where annual cycle of mean is 

relatively high in winter. 

 

Figure 5-14 and Figure 5-15 shows the statistics (mean and standard deviation) in moving time 

window. Mean is small around 1945 and 1970 for all the regions and big around 1980. Standard 

deviation is a bit high around 1980 for South of BW and North East of BW, but all the regions 

behave similar for other period. 

 

Figure 5-16 and Figure 5-17 shows the temporal change of minimum of asymmtery2 Amin2 and lag 

at minimum Lmin.   Amin2 is small around 1945 and after 1980 for all the regions. 

 

These results confirm that similar behavior of asymmetry2 can be seen in smaller regional scale. 

 

 

 

 

 
Figure 5-12 Annual Cycle of Mean of API from 4 different regions in Baden-Württemberg 
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Figure 5-13  Annual Cycle of Standard Deviation of API from 4 different regions in Baden-

Württemberg 

 

 
Figure 5-14 Temporal change of mean of API in the moving time window from 4 different regions 

in Baden-Württemberg 
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Figure 5-15 Temporal change of the standard deviation of API in the moving time window from 4 

different regions in Baden-Württemberg  

 

 
Figure 5-16 Temporal change of the minimum of asymmetry2 (A2min) calculated from API time 

series for 4 different regions in Baden-Württemberg 
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Figure 5-17 Temporal change of lag k at minimum (Lmin) of asymmetry2 calculate from API time 

series for 4 different regions in Baden-Württemberg 

 

 

In this chapter, asymmetries of precipitation time series were investigated using API after averaging 

the 525 daily precipitation data of the region. The interesting point of this result was that there was 

temporal change of asymmetry2 in moving time window which is similar to the result of discharge 

data, which support more the assumption that behavior of asymmetry2 is mainly dominated by the 

rainfall. 

 

In the second part of this chapter, the API time series of smaller regions in which only a few daily 

precipitation data exist are investigated as a test case. It was seen that the structure of drop down of 

asymmetry2, namely A2min and Lmin, are somehow similar to the case with 525 daily precipitation 

data. 

 

 

 

 

 



 





 

6 Hydrological Model and 

Copula 

The results in the previous section indicate the temporal behavior of asymmetry is likely to arise not 

from the catchment characteristics, but from precipitation. The approach in this chapter is that, if a 

more accurate hydrological model can be set up with a constant parameter set calibrated for the 

entire simulation period, the simulated discharge should not reflect any influence of anthropogenic 

impact, because the HBV model is supposed not to change. At the same time, stochastic properties 

of observed discharge are supposed to keep changing, because the catchment in nature can change 

due to the anthropogenic impacts, climate change or any other possible reasons during the 

simulation period.  Then, the time series of observed and simulated discharge can be stochastically 

analyzed with the help of copula to detect any difference.  

 

Based on this idea, a conceptual hydrological model, HBV (Bergström 1976 ; Bergström, Singh, 

and others 1995), is set up and calibrated using data for last 30 years from Neckar Catchment. For 

stochastic analysis, 50 parameter sets are independently calibrated using the simulated annealing 

algorithm (Kirkpatrick, Jr., and Vecchi 1983) and 50 different time series of simulated discharges 

are generated to be compared with observed discharge. 

 

The main problem for this task is that more data is required to set up and run the hydrological 

model to simulate a discharge time series of a catchment.  However, in comparison to the discharge 

data it is in general hard to find long term continuous data without missing values for precipitations 

and temperature. In this study, one of the catchment in upper Neckar Region, Suessen, was chosen 

and simulation period was set between 1970 and 2000 in terms of data continuity.  

 

This is a kind of pioneering work, but it is recommendable to construct more precise physically 

based model combined with complete climate data for better representation of the catchment and 

rainfall-runoff process in order to achieve the goal of this analysis. 

 

The HBV model was selected for this study because it does not require too extensive input data. 

There are several versions of HBV, but in this study, the model considering topographic conditions 

is chosen in which a catchment is composed of several sub-catchments representing different 

elevation zones and different parameters are introduced for each sub-catchment.   

 

The study is based on the previous work of (Kamkaew 2013). A brief description of this HBV 

model is given in section 6.1, calibration process and generated parameter sets are presented in 

section 6.2 and the result of stochastic analysis with Copula is shown in section 0.  
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6.1 HBV Model 

 

The HBV model consists of three main routines for “snow accumulation and melt”, 

“evapotranspiration estimating and soil moisture accounting” and “runoff response and routing 

processes” (Figure 6-1). The HBV model in this study set a catchment as primary hydrologic unit. 

One catchment can be further divided into homogeneous zones based on elevations. Input data are 

observed precipitation and air temperature and estimates of potential evapotranspiration. The time 

step is usually one day, but shorter time steps are possible. The following sections provide detailed 

descriptions of each routine. 

 

 

 

 Figure 6-1 Schematic of modified HBV Model (Singh, 2010) 
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The description about the model structure and meaning of the symbols are shown below (Table 6-1). 

 

 

Table 6-1 List of the symbols used for description of HBV model 

 

 MELT  [LT
-1

]   =  snowmelt rate as water equivalent 

 DD      [L
-1

T
-1

] =  degree-day factor 

 T        []   =  mean daily air temperature 

TT     []   =  threshold temperature for snowmelt initiation 

 aPE      [L]   =  adjusted potential evapotranspiration 

 C     [
-1

]  =  a model parameter accounting for snow melting 

 T       []   =  mean daily air temperature 

 mT     []   =  long-term mean monthly air temperature 

 mPE    [L]   =  long-term mean monthly potential evapotranspiration 

aE    [L]   =  actual evapotranspiration 

 PWP    [L]   =  soil moisture limit where evapotranspiration decreases 

 SM    [L]   =  actual soil-moisture (water) content 

 effP    [L]   =  effective precipitation 

 FC    [L]   =  field capacity, maximum soil-moisture storage capacity 

      [L]   =  a model parameter, shape coefficient 

 P     [L]   =  daily sum precipitation 

 0Q    [LT
-1

]  =  near-surface flow 

 1Q     [LT
-1

]  =  interflow
 

 percQ    [LT
-1

]  =  percolation 

 2Q    [LT
-1

]  =  baseflow 

 0K    [T
-1

]  =  near-surface flow storage coefficient 

 1K    [T
-1

]  =  interflow storage coefficient 

 percK    [T
-1

]   =  percolation coefficient 

 2K    [T
-1

]   =  baseflow storage coefficient 

 iS     [L]   =  upper zone reservoir water storage level 

 bS     [L]   =  lower zone reservoir water storage level 

 L     [L]   =  threshold water level for near-surface flow 

 scA    [L]   =   catchment or subcatchment area 

 

6.1.1 Snow Accumulation and Melt Routine 

Snow accumulation and snow melt rate are calculated based on a degree-day method. In this 

method, the snowmelt starts at the temperature above the threshold value (TT ) and the rate is 

proportional to the increase in daily temperature above TT  : 

 

 ( )MELT DD T TT    (6.1) 
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Both the temperature and precipitation differences due to elevation are considered in this routine. 

TT  (normally 0 C ) determines if the precipitation falls as snow or rain. Thus, precipitation input is 

modeled as snow or rain according to prevailing temperature. Parameters to be estimated for the 

snow routine during the calibration are DDand TT . 

6.1.2 Evapotranspiration and Soil Moisture   

The soil moisture routine is the main part of runoff formation. The routine is based on two 

functions: evapotranspiration and the actual soil-moisture. The evapotranspiration is estimated 

based on monthly values of potential evapotranspiration. In order to improve model performance 

when either spring or summer is much colder than normal and when daily changes of the weather 

inputs need to be taken into account, a correction factor based on mean daily temperatures, long-

term averages of monthly temperature and potential evapotranspiration are included according to 

the following equation: 

 

 (1 ( ))a m mPE C T T PE      (6.2) 

 

The actual soil-moisture contributes to the magnitude of the actual evapotranspiration ( aE ). aE  

increases as the soil becomes wetter (high water content) and until the soil-moisture limit ( PWP ) is 

reached. Ea remains almost constant at the PWP  limit until the maximum soil-moisture storage, 

field capacity ( FC ), is reached (Figure 6-2 A). aE  value is non-negative and always in the range of 

0 and aPE : 

 

 
    for  

              for  

a a

a a

SM
E PE SM PWP

PWP

E PE SM PWP

 

 

 (6.3)  

 

Figure 6-2 A) Actual evapotranspiration as a function of the actual soil-moisture content, B) 

Relative distribution to runoff from precipitation and snowmelt as a function of soil-moisture deficit. 

 

The contribution of precipitation to runoff occurs when the FC  is reached (Figure 6-2 B). The soil-

moisture accounting routine computes an index of the wetness of the entire catchment and 
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integrates interception and soil moisture storage. The routine is controlled by two free parameters, 

FC  and  .   controls the contribution to the response function or the increase in soil moisture 

storage from each millimeter of rainfall or snow melt.  This is calculated using the following 

relation. 

 

  eff

SM
P P MELT

FC


 

   
 

 (6.4) 

6.1.3 Runoff Response Routine 

Excessing water from the soil moisture routine is modeled by the response routine in which two 

conceptual reservoirs arranged one over another simulates the discharge at the outlet of the 

catchment. The upper zone reservoir represents the drainage from the near-surface flow and 

interflow, while the lower zone reservoir represents the drainage from the base flow. Both 

reservoirs are connected in series by a constant percolation rate and are considered linear with a 

constant recession coefficient. In addition to the regular outlet, the upper reservoir also features a 

threshold-dependent runoff component: only if the reservoir level exceeds a certain threshold, will 

fast runoff from the upper outlet ( 0Q ) occur. 
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 (6.5) 

 

Total runoff from the reservoirs (the sum of Q0,Q1,and Q2) is then smoothened through the 

transformation function (a filter), which evaluates the effects of water storage in reservoirs (i.e. 

lakes and aquifers) and stream channels, and also the effect of travel time from the origins of the 

flow to the outlets. The transformation function consists of a triangular weighting function (Unit 

Hydrograph) with one free parameter, MAXBAS.  

 

 0 1 2( , ) )( )Q g t MAXBAS Q Q Q     (6.6) 

 

where Q is the current overall discharge and MAXBAS is the duration of the triangular weighting 

function (Unit Hydrograph). However, the  MAXBAS  is set to 1 in this study.  

 

In summary, there are 15 parameters to describe the HBV model, out of which 11 parameters were 

used for calibration in this study. 
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6.1.4 Data Descriptions 

The required input data for this study are climatic data (precipitation, temperature and 

evapotranspiration) and discharge data. The precipitation and temperature data is measured at daily 

time steps and were obtained from the DWD (Deutscher Wetterdienst - German Meteorological 

Service). 

 

a) Precipitation 

 

Precipitation is the main input for the HBV model. Daily amounts of precipitation within the 20 km 

radius of the study catchment were acquired from the DWD for the period from 1971 to 2000 

(Figure 6-3). The point measured data from the precipitation stations were interpolated and 

extrapolated in order to calculate areal surface values for each elevation class of the catchments. 

Thiessen polygon method was used for the interpolation. Missing data at some of the precipitation 

stations were interpolated from the twelve nearest neighboring stations using the inverse distance 

weighting method.  

 

Figure 6-3 Precipitation stations network in and around the study catchment 

 

The highly variable topography causes highly varying precipitation in the study catchment (Das 

2006). The precipitation data, averaged over the observed time period, exhibit a weak annual cycle, 

with maximum precipitation in summer for the catchments, located in the high altitude of the Black 

Forest (the north-west of the catchment, subcatchment Horb). Figure 6-4 represents the annual sum 

and annual average precipitation of the study catchment.  
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Figure 6-4 Annual sum and annual average precipitations of Neckar catchment 

 

b) Temperature and Evapotranspiration 

 

Temperature is another input of the HBV model that influences the snow accumulation and melting 

processes and evapotranspiration. Daily mean temperature values distributed in and within 20 km 

radius of the study catchment were also acquired from the DWD for the period from 1971 to 2000 

(Figure 6-5). The raw daily temperature was corrected with the dry adiabatic lapse rate and then 

extrapolated to each elevation zone. 

 

Figure 6-5  Temperature stations network in and around the study catchment. 

 

The monthly long term average temperature values and the monthly long term average potential 

evapotranspiration values were taken from the 5th KLIWA report (Klämt, A. and Arbeitskreis 

KLIWA, 2005) and the 12th KLIWA report (Klämt and Günther, 2008), respectively. These values 

were used in both the semi-distributed and the lumped models. 
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6.2 Calibrated Parameter Sets 

The HBV model has the 11 parameters to calibrate for each subcatchment. The HBV model used in 

this study has 6 elevation zones, which means, there are 6 different snow melting, soil moisture and 

runoff response routines corresponding to each elevation zones, then it has 41 parameters in total. 

Now, 50 sets of parameters are generated for the catchment Suessen by simulated annealing 

algorithm using Nash-Sutcliffe for optimization criteria.  

 

Optimization algorithm, simulated annealing, mimics the physical process of annealing, which is 

the process of growing a crystal in a fluid by melting the fluid at higher temperature and cooling 

slowly to a lower temperature in a way that minimizes the energy of the system. The parameters of 

hydrological model can be optimized with this optimization algorithm by improving Nash-Sutcliffe 

coefficient as objective function, which is calculated based on the difference between simulated and 

observed discharge:   
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 (6.7) 

 where 

  

( )o iQ t   [L
3
T

-1
]  = observed daily discharge 

 ( )s iQ t   [L
3
T

-1
]  = simulated daily discharge 

oQ   [L
3
T

-1
]  = mean of observed daily discharge 

 N    [-]   = number of time steps 

 

There are also other criterions to describe the performance of the models  

 

RAD (relative accumulated volume difference): 

 
1 1

( ( ) ( ) ( )
N N

s i o i o i
i i

RAD Q t Q t Q t
 

    (6.8) 

 

AI (agreement index): 

    
22

)
1 1

1 ( ) ( ) ( ( )
N N

o i s i s i o o i o
i i

AI Q t Q t Q t Q Q t Q
 

        (6.9) 

 

RMSE(root mean square error): 
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  (6.10) 
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AD (accumulated volume difference): 

 

 
1

( ( ) ( )
N

s i o i
i

RAD Q t Q t


   (6.11) 

 

The descriptive statistics about the performances of the discharges generated by 50 parameter sets 

are summarized in Table 6-2. This shows the calibration of 50 parameters sets for HBV are 

acceptable.  

 

 NS RAD AI RMSE AD BIAS 

Min 0.80 -0.15 0.94 2.43 -9275.23 -0.85 

Max 0.83 0.07 0.95 2.70 4471.16 0.41 

Mean 0.80 -0.06 0.94 2.63 -3684.21 -0.34 

Std 0.01 0.06 0.00 0.06 3427.79 0.31 

 

Table 6-2  the performance of calibrated parameter sets



94  Hydrological Model and Copula 

6.3 Result of Stochastic Analysis with Copula 

 

Figure 6-6 shows asymmetry2 of 50 simulated and one observed discharges corresponding to time 

lag k similar to the analysis in section 3.2. Figure 6-7 shows temporal change of A2min (minimum of 

asymmetry2) and Lmin (Lag at minimum) calculated from simulated and observed discharges in 

moving time window with the size of 3000 days. Figure 6-8 shows sample of observed and 

simulated discharge time series for certain period. 

 

 
Figure 6-6 variation of asymmetry2 corresponding to lag k [days] calculated from observed (red) 

and simulated (black) discharge time series 

 

 
Figure 6-7  temporal change of minimum of asymmetry2 (A2min) calculated from observed (red) and 

simulated (black) discharge   
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This result also shows the asymmetry2 from observed data is almost always smaller than the mean 

of asymmetry2 from observed one. This could indicate, the hydrological model calibrated by the 

Nash-Sutcliff coefficients does not represent the catchment well in terms of asymmetry2 and 

possibly there exists some systematical errors in this hydrological modeling. 

 

There are 2 findings in this figure: 1) the local structure of asymmetry2 is quite similar.  2) 

Asymmetry2 of observed discharge undershoots the simulated one.  

 

1) This means, even though the scale of asymmetry2 is different between observed and simulated 

one, its behavior is similar. It can be said, these behaviors are affected by the realization of rainfall 

events. As shown in the sample of observed and simulated discharges (Figure 6-8), the simulation is 

successful in certain sense and realizations of rainfall-runoff event are well represented. Therefore, 

these local structures are similar.   

 

2) This means, the reproduction of discharge time series is not perfect in terms of asymmetry2.  This 

can also be seen in the sample discharges (Figure 6-8). In this result, simulated discharges apt to 

overshoot the observed one at the peak and undershoot for the base flow. The model generates the 

runoff, where no runoff events are observed. This is supposed to come from the imperfection of 

model and data, causing the smaller value of asymmetry2 for observed discharge. 

 

Also, there seems to exist trend that minimum of asymmery2 of simulated discharge is globally 

minimum around 1989. This result is rather contradicting to the expected result, because the 

discharge data simulated by HBV model with fixed parameters should not have any anthropogenic 

influence, therefore its stochastic property should not change. This implies, at least, the temporal 

characteristics of rainfall are keep changing for the time window 3000 days independent from the 

catchment itself. Also one of the possible explanations for not changing asymmetry2 of observed 

discharge is that observed discharge reflects not only on the stochastic property of precipitation but 

also the anthropogenic impacts or possible other  the natural processes, which attenuates the change 

of stochastic property. 

 
Figure 6-8  sample of observed (red) and simulated (black) discharge time series 
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In this chapter, HBV model was set up with the assumption that the discharge data simulated by the 

hydrological model with fixed parameter should not contains the impact of changing catchment. 

With this model, 50 different parameter sets are independently calibrated and 50 discharge time 

series are generated. First, the performance of these parameter sets is checked and secondary 

stochastic characteristic of these simulated time series are tested with copulas.  

 

The interesting point of the result was that asymmetry2 of observed discharge time series 

undershoots the simulated one, which indicates systematic error of this hydrological modeling. Also, 

it was shown that the stochastic property of simulated discharge time series keeps changing 

although the parameters of HBV model were fixed for simulation period. This also indicates 

temporal behavior of asymmetry2 is more influenced by rainfall similar to the result in previous 

chapter. 

 

 

 



 

 

 

 





 

7 Time Series Analysis with 

Copula Distance 

In the previous chaoter, it was shown that asymmetry could also be influenced by the rainfall-runoff 

events as realizations of random behavior of rainfall. In this chapter, the influence of precipitation 

will be tested in the other approach. 

 

The function of asymmetry (Figure 2-2) emphasizes the values on the corner of the copula domain, 

which corresponds to large increase of discharge after the rainfall or snow melting. However, 

anthropogenic change of the catchment influences other flow situations which cannot be quantified 

well by the function of asymmetry. In this section, copula distance is suggested instead, which can 

measure possible unusual behavior in the entire domain of copulas: 

 

     
1 1 2*

1 2 1 2 1 2
0 0

Copula Distance : , ,D C u u C u u du du    (7.1) 

 

This is said to be Cramer von Mises type distance, which is a measure between two probability 

distributions, applied for copulas. The equation is defined above, but it is still of interest how and 

which empirical copulas should be taken for the analysis of time series data.  

7.1 Copula Distance in Moving Time Window

One idea is that an empirical copula can be obtained from an entire time series which contains the 

averaged information of all the time points (global copula). Also an empirical copula can be 

calculated from a certain interval of the time series (local copula). To be precise, these global 

copula and local copula are formulated with the help of definition of empirical copula in section 

2.2 : 

 

 *
globalc u  :  n-dimensional empirical autocopula calculated from entire time series 

 * , ,localc t wu :  n-dimensional empirical autocopula calculated from time series in the time 

window w at time t, which is set to the center of the time interval 

 

Where  *
globalc u  and  * , ,localc t wu  are density functions of empirical copula as defined in section 

2.2. For this analysis, w = 3000 [days] is taken for the time window size for local copula. 

 

What needs to be known is the change of dependence structure in a certain time period. This can be 

achieved by calculating the copula distance between global copula and local copula in moving time 

window. Based on this idea, a new measure, copula distance type1, is introduced: 

 

     
1 1 2* *

1 1
0 0

( ) ... , ...global local nD t c c t du du   u u  (7.2) 
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In this analysis, empirical autocopulas are calculated by taking consecutive 3 values, which means 

 

  0 1 2, ,u u uu  (7.3) 

 

where          0 1 2, 1 , 2z z zu F Z t u F Z t u F Z t      in case of the discrete time series. 

 

Distance type 1 is showing the local differences of the dependence structure in comparison to the 

entire time series. If the dependence structure of local copula at time t is different from the ordinary 

state, D1(t) gives higher values. 

 

Also copula distance type 2 is suggested as follows:  

 

     
1 1 2* *

2 1
0 0

( ) ... , 2 , 2 ...local local nD t c t w c t w du du     u u  (7.4) 

 

Where w is the window size and is 3000 days in this analysis. 

 

For the distance type 2, the copulas to compare are both local copulas. This means, the two 

empirical copulas are calculated from the 2 time intervals, which are consecutive two time windows 

without overlapping part and moving together. This shows the point at which the structure of 

copulas started to change.  

 

Figure 7-1 shows results of discharge time series data from measuring station Andernach. The 

changes of the copula distance type1, copula distance type2, asymmetry1 and asymmetry2 for small 

time lags (k = 5, 10) and the observed discharge data in the moving time window are shown.  

 

The interesting thing is that D1(t) result is in unusual high around 1945 and 1982, which is not 

clearly seen in asymmetry.  D2(t) is maximum around 1973 and also high around 1945, which 

indicates the structure of copula started to change at this time point.  

 

Through the careful inspection of the result, comparing with the results in the previous section 3.6 

and section 5.1, it can be said that the copula distance type1 is related to the unusual behavior of 

asymmetries especially for the time around 1945 and 1982. Copula distance type2 indicates the 

structure started to change around 1973. 

 

The same analyzes from other gauging stations (Cochem, Kalkofen, Kaub, Maxau, Plochingen, 

Worms) are shown in Appendix B. Similar tendency can be seen for the year around 1945 and 1982 

from the results of tributaries of Rhine such as Plochingen and Cochem, but not from the result of 

Kalkofen. This tendency (high value of D1(t) around 1945 and 1982) is common for discharge data 

of river Rhine and Main, but not really the case for the discharge data from river Elbe and Danube. 
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Figure 7-1 Analysis of Copula Distance for Andernach: Temporal change of copula distance type1 

(top), copula distance type2 (second), asymmetry (third), mean and standard deviation (forth) and 

observed discharge (bottom)  
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7.2 Copula Variance 

The interesting point of copula distance in moving time window is that, density function of copula 

itself can be regarded as random variable, then local copula can be regarded as a realization of 

copula and global copula can be regarded as mean of copula. Furthermore, copula variance can be 

defined as a measure to describe how variable autocopula of a time series is. 

 

The distance between two copula density functions for n-dimensional case is defined: 

 

     
1 1 2

1 2 1 2 1
0 0

( , ) nDis c c c c du du   u u  (7.5) 

 

Then the copula distance can be defined as integration of copula distance type1 between the time t1 

and t2: 

 

       2

1
2 1

1
, ,

t

cop local global
t

Var c Dis c t c dt
t t


  u u  (7.6) 

 

The copula variance of discrete time series for 3 dimensional copula can be calculated as follow: 

 

       
1 1 1

* * *
0 1 2 0 1 2 0 1 2

0 0 0
1

1
, , , , ,

N

cop local n global
n

Var c c u u u t c u u u du du du
n 

     (7.7) 

 

where  tn  is the time in discrete time series with n = 1,…, N. 
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7.2.1 Observed and Simulated Discharge with Copula Variance 

Here, the analysis of copula distance is applied to the simulated and observed data generated in 

section 0. First, copula distance type1 is calculated for one observed and 50 simulated discharges, 

which are calculated from 50 different parameter sets (Figure 7-2).  

 

 
Figure 7-2 copula distance type1 of 1 observed and 50 simulated discharges at gauging station 

Suessen 

 

 

   
Figure 7-3 temporal change of mean (left) and standard deviation (right) of discharge [m

3
/s] at 

gauging station Suessen in moving time window 

 

The interesting point of this graph is that copula distance type1 of simulated discharge (black line) 

is bigger than observed one (red line). The result is actually similar to the analysis of observed and 
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simulated discharge with asymmetry2 in the previous chapter (section 6.3) in the sense that the 

temporal stochastic characteristic is keeps changing.  

 

Figure 7-3 shows the change of standard deviation (left) and average (right) of simulated discharge 

(blue line) and observed discharge (red line) in moving time window. The standard deviation of 

observed data is actually higher than the simulated one, while copula variance is smaller. 

 

Similar to the case in the previous chapter, the possible reason for this is that the natural system is 

more complicated than the hydrological model used. Therefore, the change of dependence structure 

is attenuated for the observed data.  

 

In Figure 7-4, copula variance is calculated by integrating copula distance type1 in Figure 7-2  for 

50 simulated and 1 observed discharge data.  As it can be seen in Figure 7-2 , copula variance is 

clearly smaller for observed data. 

 

 
 

Figure 7-4 Histogram of copula variances calculated from 50 simulated discharges (mean and 

variance of copula variance of simulated discharges are shown in green box and copula variance of 

observed discharge is shown in orange box) and observed discharge 
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7.3 Copula Correlation

In the previous section, copula variance was defined as a variability characteristic of copula itself. 

Here, it is investigated whether covariance and correlation can be defined for two copula densities 

c1 and c2 : 
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where  1 2,copCov c c  is copula covariance of copula density c1 and c2. Here,  globalc u  can be 

regarded as mean of copula,  ,localc tu  as a realization of copula at time t. Then copula correlation 

can be defined: 
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Also copula distance type3 is defined as temporally not integrated version of the copula correlation 

similar to copula distance type1: 
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Figure 7-5 shows copula distance type3 between the discharge time series at gauging station Worms 

and Maxau. It also shows copula distance type1 of both time series and correlation in moving time 

window. The gauging station Worms and Maxau are closely located in the same river reach, thus 

they should and actually behave similarly with strong correlation. The correlation between both 

discharge data in moving time window is over 0.92 especially before 1974 and decreases after 1974 

down to 0.9.  

 

On the contrary, copula distance type3 is relatively small before 1974, but starts to increase at 1974. 

This means, the change of dependence structure which happened to the both discharge time series 

after 1974 is similar. It can be seen that copula distance type 1 is high for the time period in which 

the copula correlation is high. The value of copula correlation is 0.858 for these two discharge time 

series. 

 

Figure 7-6 also shows copula distance type3 between the discharge time series at gauging station 

Plochingen and Cochem. They are located in different tributaries of the river Rhine and 

approximately 200 km away. This can be the reason that the correlation between both discharge 

time series in moving time window is smaller (0.6 ~ 0.75) than the correlation between Worms and 

Maxau (0.9~0.95). But, the result still shows that there is certain period where copula distance 

type3 is high, although the correlation in moving time window at this period is not really high. The 

copula correlation for these two discharges is 0.599. 
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It should be noted that, the period where copula distance type3 is high and the period where 

correlation is high does not always coincide. This phenomenon might be explained by the 

characteristic that an autocopula has more detailed information about temporal dependence 

structure than autocorrelation. Copula correlation or copula distance type3 is comparing this 

detailed information. This would be the reason that autocorrelation is different from copula distance 

type3 in same time window.  

 

In the next section, correlation in moving time window and copula correlation are going to be 

investigated for a set of discharge data (Andernach, Maxau, Cochem, Plochingen, Kalkofen) 
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Figure 7-5 Analysis of Copula Distance between discharge time series of gauging stations Worms 

and Maxau : Copula Distance Type3 between Worms and Maxau(top), copula distance type1 for 

Worms (second), copula distance type1 for Worms (third) and correlation in moving time window 

(fourth) and observed discharges (bottom)  
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Figure 7-6  Analysis of Copula Distance between discharge time series of gauging stations 

Plochingen and Cochem : Copula Distance Type3 between Plochingen and Cochem(top), copula 

distance type1 for Plochingen (second), copula distance type1 for Cochem (third) and correlation in 

moving time window (fourth) and observed discharges (bottom) 
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7.3.1 Copula Distance Analysis for a Set of Discharge Data 

In this section, the copula correlations in moving time window with 3000 [days] interval are 

investigated for a set of data (Andernach, Maxau, Cochem, Plochingen, Kalkofen). For the 

comparison, copula distance type1 (Figure 7-7), copula distance type3 (Figure 7-8) and correlation 

in moving time window (Figure 7-9) are calculated and visualized. 

 

It can be seen in Figure 7-7 that copula distance type1 is high between 1943 and 1953. This result 

indicates the dependence structure of this time period is different from the other part. Figure 7-8 

shows that copula distance type3 between 1943 and 1953 is high, which indicates this unusual 

behaviour of dependence structure are closely related each other. The same behaviour can be seen 

also around 1980 and 2000. 

 

The correlations of all the possible pairs of discharge time series in moving time window are also 

shown in Figure 7-9. In general, the correlations in moving time window are changing for all the 

period, but it is not easy to conclude there is remarkable behaviour between 1943 and 1953 in terms 

of correlation in comparison with the analysis by copula distance type1 and copula distance type3  

 

The gauging stations of these discharges are located in the same region (Southwest Germany). 

There might have been same change in all the sub-catchments or the weather condition was special 

for these regions. This can be the reason that the behaviour of copulas is similar for certain time 

period.  

 

 

  
Figure 7-7 Copula Distance type1 of discharge data from gauging stations Andernach, Cochem, 

Maxau, Plochingen and Kalkofen 
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Figure 7-8 Copula Distance type3 between discharge time series (Andernach, Cochem, Kalkofen, 

Maxau, Plochingen) 

 

 

   
Figure 7-9 Correlation between discharge time series (Andernach, Cochem, Kalkofen, Maxau, 

Plochingen) in moving time window 
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7.3.2 Copula Distance Analysis of APIs 

Similar to the analysis in the previous section, copula correlations are investigated for the daily 

precipitation data of Baden-Württemberg in the moving time window with 3000 [days] interval.  

 

Same to the analysis in Chapter 5, API (Antecedent Precipitation Index) is used instead of 

precipitation time series. There are 525 daily precipitation stations in Baden-Württemberg in total, 

but observation period is different depending on the stations, therefore the number of existing data 

is not homogeneous as mentioned in Chapter 5. 

 

Figure 7-10 shows copula distance type1 of the APIs of average precipitation in each region:(1) 

entire BW,(2) center of BW (3) southwest of BW (4) northwest of BW (5) northeast of BW. The 

reason that copula distance type1 shows unusual behavior after 1997 and before 1907 might be 

explained by the smaller number of existing data of daily precipitation. Thus, same copula distance 

is plotted for 1930~2000 in, Figure 7-11 and Figure 7-12. 

 

In the previous section, the remarkable behavior was found around 1947 in discharge data (also 

around 1980 and 2000). This can be also seen in the API time series, but not that much clear in 

comparison with discharge data. For example, copula distance type1 is between 0.02~0.05 around 

1947 for API, while copula distance type1 for discharge is between 0.04~0.1. The signal of copula 

distance type1 of API around 1980 is also not that much clear in comparison with discharge. 

 

The behavior of copula distance type3 from APIs are shown in Figure 7-11.This shows there are 

peaks around 1947 ,1980 and 2000 similar to the results from discharge time series, but it looks 

more noisy. 

 

Figure 7-12 shows the correlations between these API time series in moving time window. This 

result is also fluctuating and difficult to recognize unusual behavior around 1947 and 1980. 
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Figure 7-10 Copula Distance Type1 of the APIs (Antecedent Precipitation Index) of average 

precipitation in each region of Baden-Württemberg 

 

  
Figure 7-11 Copula Distance Type3 between the APIs (Antecedent Precipitation Index) of average 

precipitation in each region of Baden-Württemberg state in Germany 

 

 

  
Figure 7-12 Correlations in the moving time window between the APIs (Antecedent Precipitation 

Index) of average precipitation in each region
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7.3.3 Copula Distance Analysis between API and discharge time series 

In the previous sections, it was seen that there are signals that temporal dependence structure have 

been changed around 1947, 1980 and 2000 in both discharge and API time series (Figure 7-8, 

Figure 7-11). The question here is whether there is any relation between time series of discharge 

and API in terms of autocopula.  

 

Figure 7-13 shows Copula Distance Type3 between one API time series (averaged for entire Baden-

Württemberg region) to 7 discharge time series (Andernach, Kaub, Worms, Cochem, Maxau, 

Plochingen, Kalkofen). Copula Distance Type3 should give high value, if the change happened to 

autocopula in the time window is same for two time series as discussed in section 7.3. 

 

The figure could indicate the change of temporal structure happened to discharge and API is quite 

similar around 1947 and around 2000. There is small peak around 1980, but not that much around 

1947. This result implies, the unusual behavior of discharge time series around 1947 and around 

2000 are caused by time series of API, but the relation can be small around 1980. 

 

 

 
Figure 7-13 Copula Distance Type3 between the API (average of entire Baden-Württemberg 

region) and discharge data (Andenach, Kaum, Worms, Maxau, Plochingen, Cochem, Kalkofen  
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7.3.4 Copula Correlation between Simulated and Observed Discharges 

In this section, the analysis of copula correlation is applied for one observed and 50 simulated 

discharge data sets generated in chapter 6. Copula correlations are calculated for 50 pairs of time 

series data for one observed and 50 simulated discharge time series (Figure 7-14). Also 50 × 50 

pairs of time series data between 50 simulated discharges (Figure 7-15). The results show the 

change of dependence structure is related each other in terms of copula correlation more between 

simulated discharges, but not that much for the case between simulated and observed discharges. 

 

Figure 7-16 shows copula distance type3, which is not integrated version of copula correlation as 

shown in Eq. (7.10). The figure indicates the correlation between observed and simulated is in 

general smaller than the one between simulated discharges. 

 

The first point is that the time series of copula distance type3 between simulated discharges are 

quite similar to the time series of copula distance type1 shown in Figure 7-2. The reason is that, 

they are generated by same HBV model although the parameters of HBV model used for simulation 

are different and independently calibrated. Therefore, those time series are quite similar. If c1 and c2 

are same in Eq. (7.8), then it is same to the definition of copula distance type1 in Eq. (7.2). This can 

be the reason that the result of copula distance type3 in Figure 7-16 is similar to the result of copula 

distance type1 in Figure 7-2. 

 

The second point is that, on contrary to the results between simulated discharges, the time series of 

copula distance type3 between observed and simulated discharges are not so close. They are even 

negatively correlated around 1977 and 1993, while copula distance type3 between simulated 

discharges are positive. The reason is not clear and careful investigation is needed. 

 

Figure 7-17 shows correlations between observed and simulated discharges are similar to Figure 

7-16. Correlations between simulated discharges are higher than the ones between observed and 

simulated discharges as expected. Correlations between observed and simulated discharges are 

lower around 1993 in comparison to the other period. Same correlations around 1977 are also 

slightly lower, but not that much in comparison with copula correlation around 1977.  
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Figure 7-14 Histogram of copula correlation from observed and simulated discharge time series 
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Figure 7-15 Histogram of copula correlation between simulated discharge time series 
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Figure 7-16 Copula Distance Type3 between simulated discharge (blue) and between observed and 

simulated discharge (red)  

 

 
Figure 7-17 temporal change of correlation between simulated discharge (blue) and between 

observed and simulated discharge (red) 
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In this chapter, time series analysis with copula distance is newly introduced.  

 

Copula can describe the dependence structure of multiple random variables, but copula itself is 

regarded as random function in this chapter. Then, global copula can be defined as mean of 

changing copula and local copula as a realization of copula at certain time step. 

 

Based on this idea, copula variance, copula covariance and copula correlation are newly introduced. 

Copula distance type1, copula distance type2 and copula distance type3 are defined as temporally 

not integrated version of copula distances for detection of anthropogenic impacts from discharge 

time series comparing it with precipitation (API) time series data.  

 

The interesting point of the result of copula distance type1 was that there were clear unusual 

behaviors around 1945, 1980 and 2000 in the discharge data of target region. It was found that there 

was interdependency of this usual state of copula between discharge data using copula distance 

type3.   

 

In the previous chapters, API and discharge time series of this region had shown already similar 

behavior in terms of asymmetry2. Therefore, it was checked if there was any interdependency 

between API and discharge time series in terms of copula distance type3.  The conclusion is that 

there is clear relation especially between these unusual state of copula around 1945 and 2000 of API 

and discharge time series, but relation is weaker around 1980.  

 

Simulated discharge time series generated in chapter 6 was also investigated with copula distances.  

The interesting finding was that copula variance in moving time widow of observed discharge was 

smaller than simulated one, while variance in moving time window of observed discharge time is 

bigger than the simulated one. It was also seen that there were period that dependence structures of 

simulated and observed discharge are similar and opposite.  

 

 

 

 



 

 

 

 

 



 

8 Non-parametric Simulation 

of Discharge Time Series based 

on Copulas  

In the previous sections, the analysis of discharge data was done based on empirical copulas and its 

asymmetry. In this section, non-parametric statistical simulation of discharge data is suggested with 

non-parametric copulas. The idea is based on the geostatistical interpolation using copulas 

(Bárdossy and Li 2008). This is an extended version of this method to the time series with kernel 

density estimation.  

 

The generated time series data has better statistical properties such as asymmetry, which exists in 

the observed data, as shown in Figure 8-2 while the synthetic data generated by ARIMA don’t have 

it. This method could be used for example for the assessment of proper operation of dams or 

irrigation systems, because generated time series can properly represent the curves of increment and 

decrement of discharge.  

 

8.1 Sequential Conditional Simulation for Time Series 

Once multidimensional copulas are estimated by kernel density estimation with beta kernel, 

realizations of a variable in the copula can be simulated based on the sequential conditional 

distribution. When a m-dimensional copula is estimated and the realizations of m-1 random 

variables of previous time steps are given as 112211 ,...,,   mn zZzZzZ , then the distribution 

function of random variable Z at a current time step is given as follow: 
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m-dimensional copula in above equation can be estimated, using beta kernel density estimation with 

bandwidth h introduced in section 1.1. 

 

Although the empirical distribution of given multivariate data is not really independent, but its 

kernel can be expressed simply by its multiplication:  
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 Since the multidimensional copula density is estimated as follows: 
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Then, its cumulative function   1 1 2 2 1| , ,..., mC U u U u U u u     can be estimated by:   
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 (8.4) 

 

Here, N is the number of observations and m is the dimension of the copula. 

 

This equation leads to the sequential conditional simulation of time series in autoregressive way 

similar to a Markov Chain, assuming iZZZ ,...,, 21  are the random variables at i time steps before. 

Using the equation (8.4),  the new value of conditional simulation Z  at current time step t can be 

calculated by applying the inverse function of the cumulative conditional distribution function to an 

uniformly distributed random number between [0,1]. Then, the empirical marginal distribution of 

the discharge time series is attached to the simulated values of u using the inverse cumulative 

empirical distribution function. 

 

. 
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8.2 Copula Auto Regressive Simulation  

Unlike the classic time series model, ARIMA, there is no assumption for copula based 

autoregressive simulation that Gaussian dependence should exist between temporal random 

variables. Using beta kernel density estimation, different temporal classes can be flexibly fit in non-

parametric way. Therefore the asymmetric property will be preserved in the time series which is 

generated by copula based statistical simulation. 

 

As it was discussed in previous sections, multidimensional copulas can be constructed from 

observations with arbitrary time lags. If the value of the current time step is conditioned by the 

values at one and two time steps before, then 3 dimensional conditional copula can be defined as 

follow: 
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where          1 2, 1 , 2z z zu F Z t u F Z t u F Z t     . In this case the corresponding copula 

based auto regressive model is noted as Copula AR (0,1,2). 

 

Copula AR (0,1,2) refers to sequential conditional simulation based on 3 dimensional copulas, in 

which (0,1,2) corresponds to the consecutive 3 random variables  u,,u1,u2, as defined in Eq. (8.5). 

 

The application of ARIMA needs careful treatment for parameter estimation and stability conditions. 

This could be true to copula based autoregressive simulation. As a test case, the performance and 

behavior of the copula based on auto regressive simulation will be evaluated in this section. Also, 

Copula AR with higher dimensional copula is tested in Appendix D. 

 

In this section, discharge time series at gauging station Andernach was generated for 3000 days 

with the copula based auto regressive model. 

 

First sequential conditional simulation is carried out in the copula domain based on Eq. (8.5). Then, 

the empirical marginal distribution of the discharge time series (Figure 8-1) is attached to the 

simulated values of u using the inverse cumulative empirical distribution function. 
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Figure 8-1 Empirical cumulative distribution function of discharge data from Andernach   

 

The result of Copula AR(0,1,2) is shown in Figure 8-2. The sample of time series from simulated 

and observed discharge is shown on the top of this figure. Asymmetry1 and asymmetry2 

corresponding to time lag k, power spectral in log scale are shown in the middle of this figure. Also 

2 dimensional empirical autocopulas for both simulated and observed discharges are shown in the 

bottom of this figure. 

 

The Copula AR (0,1), Copula AR (0,1,2,3), Copula AR (0,1,2,3,4), Copula AR (0,1,2,3,4,5,6,7,8,9) 

are also tested and shown in Appendix D, but Copula AR (0,1,2) will be discussed first as a descent 

version of simulation. 
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Figure 8-2 test case of non-Gaussian simulation of discharge time series data based on the 3 

dimensional copula estimated by beta kernel smoothing (lag k = 0, 1, 2) 
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In the Figure 8-2 (top), part of a sequentially simulated time series is shown with its original 

observed time series for the comparison. The simulated result shows the typical structure of 

asymmetry in discharge data, namely the sharp rise of discharge to the peak and longer recession 

time. 

 

Figure 8-2 (middle) shows the asymmetries (asymmetry1 and asymmetry2) of simulated and 

observed discharge corresponding to time lags k [days]. The existence of asymmetry is clear also in 

these figures, but asymmetry of simulated and observed discharges do not fit each other especially 

for bigger time lag k[days]. The reason can be that the dimension of copula used for simulation is 3, 

therefore it can reproduce the asymmetric structure well for smaller time lag k, but it is not so 

precise for bigger k. There is a figure showing the power spectrum of time series. However, not big 

difference can be identified in frequency domain. 

 

The last one, Figure 8-2 (bottom), shows the 2 dimensional empirical autocopulas calculated from 

the simulated and observed time series. Observed data has approximately 30000 days daily 

discharge record, while simulated one has 3000 days due to the constraints of calculation time. 

Therefore, the visualized empirical copula of simulated data looks not smooth.  

 

In these figures, density of empirical copula is bigger in lower left corner for simulated discharges 

than observed discharge. This means, the dependence structure is not well reproduced for the 

smaller values. This can be caused by the bias of beta kernel, although the kernel has advantages to 

reduce the bias on the corner.  

 

Further examples of a copula based autoregressive model and its simulation can be found in 

Appendix D. Copula based autoregressive simulation with higher dimensional copula or with 

different combinations of lags are presented in the appendix. 

 

The results in Appendix D show that simulation with higher dimensional copula does not improve 

the performance of simulations in terms of asymmetry, although its optimization of band width and 

statistical simulation is numerically demanding. It is concluded simulation with 3 or 4 dimensional 

copula gives reasonably good results for the discharge time series. This can be interpreted, 3 or 4 

dimensional copula has characteristic information for short term events of discharge, although it 

cannot reproduce the long term event such as temporal change of mean, variance or asymmetry. 

 

In this chapter, Copula AR, sequential conditional simulation of time series using autocopulas 

estimated by kernel density estimation, was tested. It could reproduce the asymmetric structure to a 

certain extent, but main problems are 1) asymmetries are not exactly same to the observed discharge 

2) asymmetry and dependence structures cannot be reproduced especially for lager time lag k. 3) it 

is numerically expensive to use higher order of copula estimated by kernel density estimation. 

 

 

 



 

 

 





 

9 Conclusion and Outlook 

The application of copulas for time series data is new. Asymmetries of Copula in discharge time 

series are focused for the first part of this study. However, it was not easy to detect the 

anthropogenic impacts on the catchments in asymmetry of discharge data. Therefore, further 

analyses were attempted especially with copula distance in the second part of this study. 

 

In chapter 1, the motivation and background of this study were presented. Short summary of 

hydrological study was given in the context of time series analysis  

 

In chapter 2, the mathematical background of copula was explained with the emphasis on 

asymmetry in copulas and application of copulas in time series. 

 

In chapter 3, the relation between asymmetry and catchment characteristics was investigated. It was 

seen each catchment has a different characteristic in terms of asymmetry2. The asymmetry2 is more 

variable for smaller catchments and converges to certain value for large catchment areas. The 

temporal changes of asymmetries were also investigated, but relation between anthropogenic 

impacts and discharge was not successfully proven.  

 

In chapter 4, the seasonal change of asymmetry was investigated. It was seen the dependence 

structure is clearly different depending on the seasons. The empirical copula calculated from the 

entire time series or part of the time series is already the mixture of the copulas in different seasons. 

It was concluded this diversity makes the analysis of discharge with copula difficult.   

 

In chapter 5, the asymmetry and temporal structure of empirical autocopula calculated from 

precipitation in Baden-Württemberg region was analyzed using API. The result shows some 

similarity can be found in terms of temporal change of asymmetry. This implies the asymmetric 

characteristic of copula in discharge might be originated from rainfall.  

 

In chapter 6, HBV model was set up based on the assumption that discharge time series simulated 

by hydrological model with fixed parameters should not have the anthropogenic influence or 

change of catchment characteristic. The result shows temporal change of asymmetry2 exists in the 

discharge time series simulated by HBV model. This means, the impacts of precipitation time series 

must be considered for the analysis of temporal change of copula calculated from discharge time 

series.  

 

In chapter 7, the analysis with copula distance is newly introduced in this study. Copula distance 

type1 is to compare the empirical copula of entire time series and the empirical copula of certain 

time periods. The clear signal was detected that, the dependence structure of certain time period is 

different from the rest around 1945, 1980 and 2000. The interdependency of this unusual state of 

copula is compared by copula distance type3. This signal seemed caused by the precipitation 

around 1945 and 2000, but the signal around 1980 was less related to the rainfall. Integrated version 

of copula distance type1 and copula distance type3 is newly defined as copula variance and copula 

correlation, which illuminate the new characteristics of time series. 
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In chapter 8, non-parametric simulation of discharge based on Copulas was introduced based on 

geostatistical interpolation using copulas (Bárdossy and Li 2008) as a new method to predict or 

generate the time series. It was shown that the simulated discharge shows asymmetric properties 

similar to those of the observed discharge. The dependence structure for low dimensional copula is 

well reproduced with lower dimensional copula. But, the reproduction of dependence structure in 

higher dimension with higher dimensional copula with kernel density based method was not really 

successful. 

 

The application of copula for time series analysis seems promising. Empirical autocopula is a more 

data driven method, which retains more information than the copulas estimated with parametric 

methods, but it is also numerically more demanding. The effective way to analyze time series and 

build up time series model based on copula should be further explored. 

 

 



 

 

 

Appendix A Result of the Standardization2 
 

In Section 3.3, it was discussed how the annual cycle of discharge time series looks like and the 

possibility to normalize the data. In order to reduce the impacts of seasonality, annual cycle of mean 

is subtracted from the original time series (standardization1) in this study. 

 

However, as it was discussed, there is another way to standardize the data by means of dividing 

original data by annual cycle of deviation after subtraction of annual cycle of mean 

(standardization2). In this Appendix, the results of standardization2 are shortly presented. 

 

Figure 3-14 shows annual cycle of standard deviation of each discharge time series. The standard 

deviation is usually high in winter and low in summer. Therefore, possible effect of 

standardization2 is that the impacts of runoff events in winter can be reduced and the impacts in 

summer increase on copulas. 

 

Figure A-2 shows variation of asymmetry2 corresponding to lag time k [days] after standardization2 

while Figure 3-21 shows the same result with sandardization1. The influence of seasonal effect is 

reduced similar to Figure 3-21. Definition and Analysis for A2min, Minimum of asymmetry, and 

Lmin, Lag time a minimum is valid for standardization2. 

 

Figure A-3 shows temporal change of A2min (top) and Lmin (bottom) while Figure 3-26 and Figure 

3-27 show same result for standardization1. These results are also quite similar to case of 

standardization1, showing the drop down of A2min around 1945 and 1983. 

 

 
Figure A-1  change of asymmetry1 divided by annual cycle of standard deviation after subtraction 

of annual average (standardization2) 
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Figure A-2 change of asymmetry2 divided by annual cycle of standard deviation after subtraction of 

annual average (standardization2) 

 

Figure A-4 shows variation of Asymmetry2 corresponding to time lag k in different time periods for 

standardization2 while Figure 3-30, Figure 3-31 and Figure 3-32 shows the same result for 

standardization1. These results are also similar, showing clear structure of drop down between 1930 

and 1940, no clear structure of drop down between 1940 and 1950 and less clear structure between 

1968 and 1978. 

 

Figure A-5 shows analysis of copula distance for standardized discharge time series 

(standardization2) of Andernach same to the Figure 7-1 in chapter 7.  Please note that the discharge 

time series of simulated and observed discharge in the bottom of figure has now mean = 0 and 

standard deviation = 0. The result of copula distance tpye1 and type2 are not much different form 

the result of standardization1 

 

It can be concluded that the standardization1 and standardization2 do not bring much difference in 

the results of copula based stochastic analysis with smaller lag time k [days]. In general, it is 

assumed to affect more the results as lag time k [days] increases, because the influence of direct 

relation between two random variables are much stronger for small time lag k [days] and impacts of 

annual cycle is negligible for small k.  

 



Temporal Change of Asymmetry2 in Other Regions iii 

 

 
 

 
Figure A-3 Temporal change of A2min (Minimum of asymmetry2) and Lmin (Lag at minimum of 

asymmetry2) in moving time window with 10 years interval for standardization2 



iv  Result of the Standardization2 

 

 
Figure A-4  Variation of Asymmetry2 corresponding to time lag k for discharge time series data 

between 1925 and  1935(top), between 1940 and 1950 (middle) and between 1968 and 

1978(bottom) 
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Figure A-5  Analysis of Copula Distance for the discharge data from Andernach with 

standardization2 

 



 

Appendix B Temporal Change of Asymmetry2 in 

Other Regions 
 

In section 3.6 the temporal change of asymmetry was investigated for the discharge time series in 

the target region (Andernach, Kaub, Worms, Maxau, Cochem, Plochingen, Kalkofen). 

 

Here, the same analysis was done in the other regions: 

 

1) The Main river as right tributary of Rhine (Figure B-1) 

2) Upper part of Danube located in southeast of Germany (Figure B-2)  

3) The Weser river located in the north of Germany (Figure B-3) 

4) Downstream of Elbe located in Northeast of Germany (Figure B-4) 

  

The interesting point is that the similar behavior of asymmetry2 can also be seen in the river of other 

regions. Drop down around 1945 and 1983 happened to all the regions. It also coincides that the 

value of asymmetry2 goes up around 1970 for all the regions including Rhine in Figure 3-26.  

 

It is less likely to happen that the realization of precipitation or weather for certain period is exactly 

same in other regions. Therefore, the possibility that same kind of change might have happened to 

all the German rivers or catchments around 1945, 1970 and 1983 cannot be denied. But, this also 

does not explain that the temporal behavior of asymmetry in API time series is similar to the 

discharge as shown in Figure 5-10.  
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Figure B-1  Temporal change of minimum of asymmetry2 in discharge time series of Main 

 

 
Figure B-2 Temporal change of minimum of asymmetry2 in discharge time series of upper part of 

Elbe 



viii  Temporal Change of Asymmetry2 in Other Regions  

 

 
Figure B-3 Temporal change of minimum of asymmetry2 in discharge time series of Weser 

 

 
Figure B-4 Temporal change of minimum of asymmetry2 in discharge time series of Danube



 

 

Appendix C Copula Distance Type1 of Other 

Stations 

(KAUB, WORMS, MAXAU, COCHEM,PLOCHINGEN,KALKOFEN) 
 

 

In Figure 7-1 at section7.1, detailed analysis of copula distance (copula distance type1, type2, 

asymmetry1, asymmetry2, statistics in moving time window) was done for discharge time series 

data from Andernach. In this Section, the same analysis is carried out for the rest of the data (Kaub, 

Maxau, Worms, Cochem, Plochingen, Kalkofen). 

 

The interesting point is that, copula distance of type1 is always high around 1945 for all the stations 

and in 1980 all the stations except for Kalkofen. This cannot be clearly captured by asymmetry or 

statistics in moving time windows. 

 

Copula distance type2 also indicates change of structure started a few years before and after 1980. 

 

The observed discharge is also plotted in the same figures, but unusual behavior cannot be easily 

recognized. 
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Figure C-1  Analysis of copula distance for discharge time series from Kaub 
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Figure C-2 Analysis of copula distance for discharge time series from Worms 
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Figure C-3 Analysis of copula distance for discharge time series from Maxau 
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Figure C-4 Analysis of copula distance for discharge time series from Cochem 
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Figure C-5 Analysis of copula distance for discharge time series from Plochingen 
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Figure C-6 Analysis of copula distance for discharge time series from Kalkofen



 

 

Appendix D Copula based Autoregressive 

Simulation 
 

 

In Chapter 8, Non-parametric Simulation of Discharge Time Series based on Copulas, was 

suggested and time series was simulated based on 3 dimensional copulas. 

 

In this section, the benchmarks of this statistical simulation are performed especially for copulas 

with higher dimensions. 

 

As it was mentioned in Chapter 8, statistical simulation with higher dimensional copula does not 

really improve the result, although it needs more calculation time. 

 

Figure D-1 shows the statistical simulation with 2 dimensional copula. The discharge time series in 

this figure already shows the characteristics of asymmetry1 and asymmetry2. 

 

The statistical simulation was done with higher dimensional copulas, but it should be noted that 

there is bias also in kernel density estimation with Beta Kernel and this bias increases for higher 

dimensional copula.  
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Figure D-1 Result of Copula AR (0,1) 
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Figure D-2 Result of CopulaAR(0,1,2,3) 
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Figure D-3 Result of Copula AR(0,1,2,3,4,5,6,7,8,9) 
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