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Abstract

In recent years an increasing interest in functional or smart materials such as ferroelec-
tric polymers and ceramics has been shown. Regarding the technical implementation of
smart systems a broad variety of physically-based phenomena and materials are avail-
able, where some of the most important coupling effects are the shape memory effect,
magnetostriction, electrostriction, and piezoelectricity. Typical fields of application are
adaptive or controlled systems such as actuators and sensors, micro-electro-mechanical
systems (MEMS), fuel injectors for common rail diesel engines, ferroelectric random ac-
cess memories, and artificial muscles used in robotics. A highly interesting class of these
materials are piezoceramics, coming up with short response times, high precision position-
ing, relatively low power requirements, and high generative forces, providing an excellent
opportunity for mass production. Typical examples of such materials are barium titanate
and lead zirconate titanate crystals and polycrystals, which exhibit linear and nonlinear
coupling phenomena as well as hysteresis under high cyclic loading. At the microscale
level, these materials are composed of several homogeneously polarized regions, called
ferroelectric domains, whose evolution in time is driven by external electric fields and
stresses applied to a sample of the material. Ferroelectric domains are regions of par-
allel and hence aligned polarization. Electric poling can be achieved by the application
of a sufficiently strong electric field, inducing the reorientation and alignment of spon-
taneous polarization. As a consequence, piezoceramics exhibit a macroscopic remanent
polarization. On the other hand, there are electroactive polymers (EAPs) responding by
a (possibly large) deformation to an applied electrical stimulus, an effect discovered by
the physicist Wilhem Röntgen in 1880 in an experiment on a rubber strip subjected to an
electric field. They are divided into two main groups: electronic and ionic materials. The
description of these effects through models of continuum physics is a subject of extensive
research. The theoretical foundations for the analysis of electro-mechanical interactions in
dielectric solids can be traced back to Toupin [190, 189], Eringen [42], Tiersten [187],
Maugin [110], Eringen & Maugin [43, 44], and Kovetz [94]. Continuum models for
ferroelectrics may be broadly classified into two categories: Phenomenological models for
the macroscopic response, which do not resolve the domain patterns, and micro-electric
approaches, which involve the explicit characterization of these specific microstructures.

Physically predictive material modeling can be performed on different length- and time
scales. The classical setting of continuum mechanics develops phenomenological material
models “smeared” over some continuously distributed material, where the material param-
eters are determined from experimental data. Nowadays developed multiscale techniques
focus predominantly on the efficient bridging of neighboring length- and time scales, e.g.
the incorporation of the microscopic polarization in order to predict macroscopic hysteresis
phenomena. With a continuous increase in computational power and the development of
efficient numerical solvers, real multiscale simulations seem to be a reachable goal. Com-
putational homogenization schemes determine, in contrast to initially developed Voigt
and Reuss bounds, the effective properties numerically. No constitutive model is explic-
itly assumed at the macroscale, and the material response at each point is determined by
performing a separate numerical analysis at the micro-level. The macroscopic material
behavior in this two-scale scenario is then determined by separate FE computations at
the microscale. Main ingredients of such a framework are, on the one hand, the solution
of a microscopic material model describing mechanical behavior at the representative vol-
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ume element and, on the other hand, a homogenization rule determining the macroscopic
stress tensor by its microscopic counterpart. Goal of these computational homogenization
techniques is the modeling of the overall response based on well-defined microstructural
information. We refer to Hill [65] and Suquet [177] for fundamental principles of lo-
cal mechanical response. Concerning the scale transition for functional materials, it is
necessary to extend the homogenization principles to coupled problems, incorporating
besides the mechanical displacement further primary variables such as the electric po-
tential and the electric polarization. An overview of homogenization theories is given in
Nemat-Nasser & Hori [140], where the additional incorporation of non-mechanical
properties such as thermal, magnetic, or electric effects was also concerned. The key
aspect of every homogenization scheme is the determination of macroscopic quantities in
terms of their microscopic counterpart, driven by appropriate constraints or boundary
conditions on the representative volume element. The micro-to-macro transition can be
described in a canonical manner by variational principles of homogenization, determining
macroscopic potentials in terms of their microscopic counterparts. A rigorous application
to variational-based homogenization and the development of boundary conditions is per-
formed in Miehe [116] for the pure mechanical case. Zäh & Miehe [207] developed a
non-standard homogenization scheme bridging a dissipative phase field model of domain
switching on the microscale to a standard macroscopic Boltzmann continuum. The con-
cepts originally proposed by Miehe [116] were used and extended to electro-mechanics
by outlining Lagrange and penalty methods for the incorporation of boundary conditions
in the variational principles.

This work outlines aspects of electro-mechanically coupled material models on differ-
ent scales and the development of new variational-based homogenization techniques. An
important issue is the numerical implementation of coupled problems. The discretization
of the multifield problem appears, as a consequence of the proposed incremental varia-
tional principles, in a symmetric and very compact format. This dissertation is subdivided
into three parts, where Part I governs fundamentals of continuum mechanics as well as
electrostatics and briefly outlines basic principles of homogenization theory. In particular,
two classes of materials are addressed: Part II deals with piezoceramics, that are numer-
ically investigated by a small strain theory of micro-electro-elasticity. The dissipative
response caused by polarization switching is described by a Ginzburg-Landau-type phase
field model. The resultant domain structure is fully resolved by the model. New rate-type
and incremental variational principles for the coupled evolution problem are outlined and
details of the micro-to-macro transition by an extended Hill-Mandel macrohomogeneity
condition discussed. The Euler equations of these variational principles are the static
stress equilibrium condition, the electrostatic equilibrium condition, often denoted as the
second Maxwell equation or the Gauss law, and a Ginzburg-Landau-type equation for the
evolution of the polarization. An important aspect for the design of a variational homoge-
nization method is the definition of suitable boundary conditions at the micro-level, which
also includes the phase field of electric polarization. The three classical types of surface
conditions are discussed and consistently transferred to the electro-mechanical context. In
addition, they are incorporated into the variational functionals by means of Lagrange and
penalty methods. Besides, Part III develops finite strain material models and bridging
theorems for polymers. General equations of finite electro-elasticity in a variational for-
mat are reviewed, accounting for geometric settings in both the Lagrangian as well as the
Eulerian configuration. We cover all details of the modeling process, including the set up
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of coupled electro-mechanical tangent moduli by a numerical perturbation technique. In
addition, a macroscopic driver for the homogenization problem is developed, accounting
for the consistent algorithmic tangent on the macroscale. Homogeneous macro-tests are
performed and the relevant data transferred to the microscale via the boundary condi-
tions. An innovative driving of the electric displacement as compared to the electric field
is performed, allowing us to avoid points of electro-mechanical instability.





Zusammenfassung

In den letzten Jahren wurde ein gesteigertes Interesse an funktionalen oder intelligenten
Materialien wie ferroelektrischen Polymeren und Keramiken gezeigt. Für die technische
Umsetzung steht ein großes Spektrum an physikalischen Phänomenen und Materialien
zur Verfügung, wobei die wichtigsten Kopplungseffekte der Formgedächtnis-Effekt, Ma-
gnetostriktion, Elektrostriktion und Piezoelektrizität sind. Typische Einsatzbereiche sol-
cher Materialien sind adaptive Systeme wie Sensoren und Aktoren, Mikrosysteme aus
miniaturisierten Bauteilen (MEMS), Einspritzdüsen für Common-Rail-Dieselmotoren, fer-
roelektrische Arbeits- oder Hauptspeicher für Computersysteme und künstliche Muskeln
im Bereich der Robotertechnik. Piezokeramiken sind aufgrund ihrer kurzen Reaktions-
zeiten, relativ geringen Leistunganforderung und hohen generierten Kräften von großem
industriellen Interesse. Daraus resultiert unter anderem eine ausgezeichnete Eignung für
die Massenproduktion. Typische Beispiele sind Bariumtitanat und Blei-Zirkonat-Titanat
Ein- und Mehrkristalle, welche lineare und nichtlineare Kopplungsphänomene aufwei-
sen, sowie Hysteresekurven bei zyklischen Belastungsprozessen zeigen. Mikroskopisch be-
trachtet bestehen diese Werkstoffe aus mehreren homogen polarisierten Bereichen, den
so genannten ferroelektrischen Domänen, deren zeitliche Entwicklung durch externe elek-
trische Felder und Spannungen getrieben wird. Domänen sind Bereiche mit gleicher Po-
larisationsrichtung der Einheitszellen. Die elektrische Polung, d.h. Neuausrichtung der
spontanen Polarisation, kann durch anlegen eines hinreichend starken elektrischen Fel-
des erreicht werden. Als Folge weisen Piezokeramiken eine makroskopische remanente
Polarisation auf. Des weiteren gibt es elektroaktive Polymere (EAPs) welche mit einer
(möglicherweise großen) Verformung auf elektrische Stimulation reagieren. Dieser Effekt
wurde vom Physiker Wilhelm Röntgen 1880 entdeckt, indem er in einem Experiment einen
Gummistreifen einem elektrischen Feld ausgesetzt hat. Solche Werkstoffe werden im All-
gemeinen in zwei Hauptgruppen unterteilt, die elektronischen und ionischen EAPs. Die
Beschreibung dieser Effekte durch physikalische Modelle der Kontinuumsmechanik ist ein
umfangreiches Forschungsthema. Die theoretischen Grundlagen für die Analyse der elek-
tromechanischen Wechselwirkungen dielektrischer Festkörper werden auf die Arbeiten von
Toupin [190, 189], Eringen [42], Tiersten [187], Maugin [110], Eringen & Mau-

gin [43, 44] undKovetz [94] zurückgeführt. Daraus abgeleitete Modelle zur Beschreibung
von Ferroelektrika können in zwei Kategorien eingeteilt werden: phänomenologische Mo-
delle zur Beschreibung von makroskopischem Materialverhalten, welche die elektrischen
Domänen nicht explizit auflösen und mikroelektrische Ansätze, die die charakteristischen
Mikrostrukturen und deren zeitliche Evolution explizit beschreiben.

Eine physikalisch aussagekräftige Materialbeschreibung kann auf unterschiedlichen
Zeit- und Längenskalen durchgeführt werden. Die klassische Kontinuumsmechanik ent-
wickelt phänomenologische Materialmodelle, welche über ein kontinuierlich verteiltes Ge-
biet verschmiert sind. Die daraus resultierenden Materialparameter müssen durch ex-
perimentelle Untersuchungen bestimmt werden. Derzeit entwickelte Multiskalenansätze
konzentrieren sich vorwiegend auf die effiziente Überbrückung benachbarter Skalen, z.B.
die Berücksichtigung der mikroskopischen Polarisation um makroskopische hysteretische
Effekte vorherzusagen. Mit stetiger Leistungszunahme moderner Computer sowie der Ent-
wicklung effizienter numerischer Löser scheint die Verwirklichung von Mehrskalensimula-
tionen ein erreichbares Ziel zu sein. Computerbasierte Homogenisierungsverfahren bestim-
men, im Gegensatz zu den ursprünglich entwickelt Verfahren nach Voigt und Reuss, die

ix



x Zusammenfassung

effektiven Eigenschaften numerisch. Auf der Makroskala wird kein explizites konstitutives
Modell entwickelt, hingegen wird die Materialantwort an jedem Punkt durch separate
numerische Simulationen auf der Mikroebene bestimmt. Die numerische Lösung des zwei
Skalen Szenarios erfolgt durch FE-Berechnungen eines repräsentativen Volumenelementes
auf der Mikroskale. Die Lösung des mikroskopischen Problems auf der einen Seite sowie ein
geeignetes Homogenisierungskonzept zur Bestimmung der makroskopischen Spannungen
auf der anderen Seite sind die Hauptbestandteile eines solchen Konzepts. Ziel der com-
puterbasierten Homogenisierungsverfahren ist die Modellierung der gesamtheitlichen Sys-
temantwort aufgrund von klar definierten mikrostrukturellen Informationen. Wir beziehen
uns auf Hill [65] and Suquet [177], welche fundamentale Prinzipien für lokales mechani-
sches Verhalten behandeln. Bezüglich der Skalenübergänge für funktionale Materialien ist
es notwendig die Homogenisierungprinzipien auf gekoppelte Probleme zu erweitern. Dazu
werden neben den mechanischen Verschiebungen weitere Primärvariablen einbezogen, wie
beispielsweise das elektrische Potential sowie die elektrische Polarisation. Eine Übersicht
der Homogenisierungstheorien findet sich in Nemat-Nasser & Hori [140], wobei der
zusätzliche Einbau von nichtmechanischen Eigenschaften, wie thermische, magnetische
oder elektrische Effekte, auch berücksichtigt werden. Der wichtigste Aspekt jeder Homo-
genisierungsmethode ist die Bestimmung der makroskopischen Größen in Bezug auf ihre
mikroskopischen Pendants, welche durch geeignete Wahl von Randbedingungen für das
repräsentative Volumenelement getrieben werden. Der Mikro-Makro Übergang kann in
kanonischer Weise durch Variationsprinzipien der Homogenisierung beschrieben werden,
welche makroskopische Potentiale in Abhängigkeit ihrer mikroskopischen Gegenstücke
bestimmen. Eine rigorose Anwendung solcher Homogenisierungsmethoden basierend auf
Variationsprinzipien sowie die Entwicklung von Randbedingungen wird in Miehe [116]
für den rein mechanischen Fall diskutiert. Zäh & Miehe [207] erweitern dieses Sche-
ma der Homogenisierung, wobei ein dissipatives Phasenfeldmodell auf der Mikroebene zu
einem makroskopischen Boltzmann-Kontinuum überbrückt wird. Das ursprünglich von
Miehe [116] vorgeschlagene Konzept wurde auf den Fall der Elektromechanik erweitert
sowie der Einbau von Randbedingungen mittels Lagrange- und Strafmethoden in den
Variationsprinzipien diskutiert.

Diese Arbeit skizziert Aspekte elektro-mechanisch gekoppelter Materialmodelle auf
verschiedenen Skalen sowie die Entwicklung von neuen Homogenisierungstechniken ba-
sierend auf Variationsstrukturen. Die numerische Umsetzung der gekoppelten Proble-
me ist ein wichtiges Thema. Die Diskretisierung der Mehrfeldprobleme tritt, als Folge
der entwickelten inkrementellen Variationsprinzipien, in einer symmetrischen und sehr
kompakten Form auf. Die Dissertation ist in drei Teile untergliedert, wobei Abschnitt I
die Grundlagen der Kontinuumsmechanik sowie Elektrostatik beschreibt und kurz die
Grundprinzipien und Theoreme der Homogenisierung darlegt. Die Materialklassen, Pie-
zokeramiken und EAPs, sind von besonderem Interesse und werden in zwei getrennten
Abschnitten behandelt. Abschnitt II beschäftigt sich mit Piezokeramiken, welche nume-
risch durch eine mikro-elektro Elastizitätstheorie bei kleinen Verzerrungen durchdrun-
gen werden. Die durch Polarisationsumschaltungen verursachte dissipative Systemant-
wort wird durch ein Ginzburg-Landau Phasenfeldmodell beschrieben. Die resultierende
Domänenstruktur wird vollständig durch das Modell aufgelöst. Neue ratenabhängige und
inkrementelle Variationsprinzipien für das gekoppelte Evolutionsproblem werden umris-
sen und die Einzelheiten des Mikro-Makro Übergangs durch eine erweiterte Hill-Mandel
Makrohomogenitätsbedingung diskutiert. Die Euler-Gleichungen dieser Variationsprinzi-



Zusammenfassung xi

pien sind die statischen Gleichgewichtsbedingungen, das Gleichgewicht der Elektrosta-
tik, welches oft als zweite Maxwell-Gleichung oder Gaußsches Gesetz bezeichnet wird,
und eine Ginzburg-Landau Gleichung für die Evolution der Polarisation. Ein wesentli-
ches Merkmal für den Entwurf eines variationsbasierten Homogenisierungsverfahrens ist
die Definition von geeigneten Randbedingungen auf der Mikroebene, welche das Pha-
senfeld der elektrischen Polarisation einschließt. Die drei klassischen Arten von Ober-
flächenbedingungen werden diskutiert und konsequent auf den elektromechanische Kon-
text übertragen. Darüber hinaus werden sie in den Variationsfunktionalen durch geeigne-
te Lagrange- und Strafmethoden berücksichtigt. Abschnitt III entwickelt Materialmodelle
für finite Deformationen und Theoreme für Skalenübergänge elektroaktiver Polymere.
Allgemeine Gleichungen finiter Elektroelastizität werden in einem variationellen Kontext,
sowohl in einem Lagrangeschen als auch Eulerschen geometrischen Rahmen, besprochen.
Die Modellbildung beinhaltet ebenfalls Details zur Bestimmung gekoppelter elektromecha-
nischer Tangentenmoduli durch eine numerische Störungstechnik. Zusätzlich wird ein ma-
kroskopischer Treiber für das Homogenisierungproblem entwickelt, welcher die konsistente
algorithmische Tangente auf der Makroskala berücksichtigt. Auf der Makroebene werden
homogene Tests durchgeführt, wobei alle relevanten Daten durch die Randbedingungen
auf die Mikroebene übertragen werden. Eine innovative Belastung durch die dielektrische
Verschiebung ermöglicht es, Punkte elektromechanischer Instabilität zu überwinden.





Chapter 1

Introduction

With the continuous increase in computational power and the development of efficient
numerical solvers, complex multiscale simulations seem to be a reachable goal. The nano-
processing technique and consequently the capability of CPU and GPU computations
makes the parallelization of modern computer codes very efficient and fast. Hence, the
description of heterogeneous materials with electro-, magneto-, thermo-mechanical cou-
pling is a task of intensive research. Even though there have been significant advances
in the development of new materials for high-tech and high-performance applications in
the past, these advances have been based mainly on trial and error experiments or simply
serendipity. Such empirical approaches allow the realization of only a tiny fraction of all
the materials that are theoretically possible without prior knowledge of the properties
and the behavior. The predictive simulation of coupling effects allows the creation of
tailor-made materials in the form of composites that have properties which are superior
than those of the individual constituents.

1.1. Electro-mechanical coupling phenomena

Recently, an increasing amount of problems from varying fields of engineering are solved by
smart or functional systems, harnessing the electro-magneto-mechanical coupling proper-
ties of the used materials. Typical fields of application are adaptive or controlled systems
such as actuators and sensors, micro-electro-mechanical systems (MEMS), fuel injectors
for common-rail diesel engines, ferroelectric random access memories, and artificial mus-
cles used in robotics, see Figure 1.1. Regarding the technical implementation of smart
systems, a broad variety of physically-based phenomena and materials are available. Some
of the most important of these coupling phenomena are the shape memory effect, magne-
tostriction, electrostriction, and piezoelectricity. The exploitation of such coupling effects
and the adaptation to the specific needs requires the choice of a specific material. The
phenomenon of ferroelectricity in solids is characterized on the macroscopic level by a local
electric polarization that remains even after a complete withdrawal of the applied electric
field or the stress. Poled ferroelectric materials exhibit the property of piezoelectricity for
small applied stresses and electric fields, that is, they show a linear electro-mechanically

1
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Figure 1.1: Examples of industrial applications. Piezo-inline injector for common-rail diesel
engines from Bosch. Ferroelectric random-access memory (FRAM) uses a ferroelectric layer
instead of a dielectric layer to achieve non-volatility. Concept study “fly like a bird” of an
EAP-actuated unmanned aerial vehicle in the shape of an ornithopter or flapping-wing aircraft.

coupled response and hence find use as the active components in sensors and actuators.

A highly interesting class of these materials are piezoceramics, coming up with short
response times, high precision positioning, relatively low power requirements, and high
generative forces, providing an excellent opportunity for mass production. Typical exam-
ples of such materials are barium titanate (BaTiO3) and lead zirconate titanate (PZT)
crystals and polycrystals, which exhibit linear and nonlinear coupling phenomena as well
as hysteresis under high cyclic loading. A specific coupling phenomenon is the direct
piezoelectric effect, which describes the generation of electrical charges on the surface
resulting from an applied mechanical force. The converse piezoelectric effect identifies the
development of a mechanical strain by an electric stimulus. At the microscopic level, these
materials are composed of many homogeneously polarized regions, called ferroelectric do-
mains, whose evolution in time is driven by external electric fields and stresses applied to
a sample of the material. Ferroelectric domains are regions of parallel and hence aligned
polarization. Electric poling can be achieved by the application of a sufficiently strong
electric field inducing the reorientation and alignment of spontaneous polarization. As
a consequence, piezoceramics exhibit a macroscopic remanent polarization. The poling
process of the microstructure is dissipative in nature and gives rise to macroscopic dielec-
tric and butterfly hysteresis loops. An overview on the material science of ferroelectric
piezoceramics is given in Jaffe et al. [76], Lines & Glass [105], and Moulson &

Herbert [138].

Another important class of electro-mechanically coupled materials are electroactive
polymers (EAPs). They respond with a (possibly large) deformation to an applied elec-
trical stimulus, an effect discovered by the physicist Wilhem Röntgen in 1880 in an exper-
iment on a rubber strip subjected to an electric field. EAP materials are divided into two
main groups: electronic and ionic materials. In electronic EAPs, the activation is driven
by Coulomb-type electrostatic forces between opposite charges (Maxwell stresses) which
are created inside the dielectric as a result of an applied electric field. These materials
allow fast response speeds, however, at the cost of high voltage. Ionic EAPs including
gels and conductive polymers are actuated by electric field induced diffusion of mobile
ions that cause deformation. They operate at low voltage, but also perform at a compa-
rably low speed. Advanced electroactive polymer materials may achieve large electrically
induced strains, making them the closest man-made materials to biological muscles. As a
consequence, they could be used in many technological applications, e.g. in robotics, bio-
mimetic and smart structures as sensors and actuators, see Bar-Cohen [7], Bar-Cohen

& Zhang [8], and Smith [169].
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The description of these effects through models of continuum mechanics is a subject
of extensive research. The theoretical foundations for the analysis of electro-mechanical
interactions in dielectric solids can be traced back to Toupin [190, 189], Eringen [42],
Tiersten [187], Maugin [110], Eringen & Maugin [43, 44], andKovetz [94]. Contin-
uum models for ferroelectrics may be broadly classified into two categories: Phenomeno-
logical models for the macroscopic response, which do not resolve the domain patterns,
and micro-electric approaches, which involve the explicit modeling of microstructures.
Purely phenomenological models for ferroelectric polycrystals undergoing small strains,
where dissipative effects are described by internal macro-variables, are outlined for exam-
ple in Bassiouny et al. [11, 12], Bassiouny & Maugin [9, 10], Huber & Fleck

[71], Kamlah [81], Landis [102], McMeeking & Landis [112], Schröder & Ro-

manowski [163], Klinkel [85], and Miehe & Rosato [123]. Recent developments with
a particular focus on the constitutive modeling of field-activated EAPs and deformable
dielectrics are given in Dorfmann & Ogden [41], McMeeking & Landis [113], Vu

& Steinmann [196], Zhao et al. [215], Suo et al. [176], Ponte Castañeda &

Siboni [151], Thylander et al. [186], Jiménez & McMeeeking [80], and Rosato

& Miehe [156]. Numerical implementations of finite electro-mechanics combined with
variational principles are proposed for non-dissipative response by Vu et al. [197], Vu

& Steinmann [196], and Steinmann & Vu [170] as well as for dissipative behavior
by Rosato [154] and Rosato & Miehe [156]. Micromechanically motivated theories
investigate the behavior of single crystals and employ energy arguments as switching cri-
teria, see for example Hwang et al. [73], Chen & Lynch [31], Huber et al. [72],
and Huber & Fleck [71]. Micro-electric approaches resolve the domain evolution and
are inspired by the domain theory of magnetization, cf. Landau & Lifshitz [100]. Here,
the electric polarization is described by a phase field that acts as an order parameter or
a generalized internal variable. The domain walls are interpreted as diffusive interfaces
and their motion is described by the Ginzburg-Landau or Allen-Cahn equation, see for
example Zhang & Bhattacharya [210, 211], Su & Landis [174], Schrade et al.

[159], and the recent work Miehe et al. [133] on it’s variational structure. The latter
provides, due to the rigorous exploitation of new rate-type and incremental variational
principles, a frame that gives a canonical insight into the structure of the coupled problem.
Micro-electro-elastic theories are based on three primary fields including the microscopic
polarization to describe dissipative polarization switching. They are formulated in terms
of a general framework of an objective, first-order gradient-type material. The energy
density of solid matter contains the stored elastic energy including the electrostrictive
coupling, the non-convex anisotropy density (Landau-Devonshire energy), and the ex-
change energy that incorporates the polarization gradient.

1.2. Multiscale approaches and computational homogenization

Physically predictive material modeling can be performed on different length- and time
scales. The classical setting of continuum mechanics develops phenomenological mate-
rial models “smeared” over some continuously distributed material, where the material
parameters are identified from experimental data. The aim of multiscale simulation tech-
niques is the reduction of uncertainties and empirical assumptions while simultaneously
increasing the accuracy of the solution. Many developed multiscale techniques focus pre-
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Figure 1.2: Multiscale modeling on different length- and time scales. Visualization of several
scales for the simulation of piezoceramics. Continuum models may be broadly classified into
two categories: Phenomenological models for the macroscopic response, which do not resolve
the domain patterns, and micro-electric approaches, which involve the explicit characterization
of these specific microstructures.

dominantly on the efficient bridging of neighboring length- and time scales, e.g. on the
incorporation of microscopic polarization in order to predict macroscopic hysteresis phe-
nomena, see Figure 1.2. Here, the multiscale character of piezoceramics is considered.
On the nanoscale a typical perovskite unit cell gives rise to the development of a spon-
taneous polarization after cooling below a material-specific transition temperature. A
ceramic material is per definition the agglomeration of small crystals fitted together ran-
domly. While cooling to a ferroelectric phase, the minimization of intergranular stresses
drives the formation of electric domains, which are regions of unit cells with equal spon-
taneous polarization. These domains are well separated by electric domain walls. On the
next larger scale, a polycrystalline structure consisting of many single crystals can be ob-
served. Macroscopically, industrial applications such as a piezo inline injectors for diesel
engines are of interest, utilizing the micro-mechanisms in order to create the desired sys-
tem output. Physical observations that determine the coupled behavior characterize the
constitutive relations on every scale, but also change from one scale to another. Hence, the
scale bridging by homogenization methods is a mathematical or computational problem,
not a physical one.

If the determination of effective properties of micromechanically heterogeneous mate-
rials is concerned, the available approaches may be subdivided into two main categories,
depending on the regularity of the microstructure. For regular or nearly regular com-
posites with linear constitutive behavior, the effective properties can be determined by
solving a finite number of unit cell problems with appropriate boundary conditions. If
additionally the assumption of scale separation is met, an asymptotic homogenization
approach can be applied, Bensoussan et al. [13] and Sanchez-Palencia [157]. If, in
contrast, the microstructure is not regular, the effective properties cannot be determined
exactly. The available schemes are limited to the determination of ranges of the effective
behavior in terms of bounds which depend on characteristics of the microstructure, such
as for instance volume ratios. In the pioneering works of Voigt [195] and Reuss [153],
rigorous upper and lower bounds for the effective stiffness of composites were developed.
An extension based on variational principles leading to better estimates was presented
decades later by Hashin & Shtrikman [57, 58]. If we were dealing with nonlinear con-
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stitutive behavior and composites with random microstructures instead, the first bounds
are obtained by Bishop & Hill [21, 22] for rigid, perfectly plastic polycrystals. An
improved method was developed by Budiansky [26] and Hill [64]. This self-consistent
method is based on Eshelby’s analysis and embeds a single inclusion into an infinite do-
main of the initially unknown effective matrix material. The work of Talbot & Willis

[180] and Willis [203] enhances the Hashin-Shtrikman variational principle for nonlinear
composites to a nonlinear constitutive framework. The variational principles of Ponte
Castañeda [149, 150] and Talbot & Willis [182] for general classes of nonlinear
composites or of Suquet [178] for power-law composites deal with the determination of
general bounds and estimates directly from corresponding estimates for linear composites
by a proper choice of the linear comparison composites.

Two-scale computational homogenization schemes determine the effective properties
numerically by two nested boundary-value-problems coupled by an appropriate scale tran-
sition law. No constitutive model is explicitly assumed on the macroscale, and the ma-
terial response at each point (i.e. at each quadrature point within the finite element
domain) is determined by performing a separate numerical analysis at the micro-level.
For first- and second-order homogenization schemes in the purely mechanical context
performed with the finite element method (FE2), see for instance Smit et al. [168],
Miehe et al. [125, 126], Miehe [116], Feyel & Chaboche [46], Terada & Kikuchi

[183], Kouznetsova et al. [92], and Geers et al. [50] . Main ingredients of such a
framework are, on the one hand, the solution of a microscopic boundary-value-problem in
consideration of the material behavior of the representative volume element and, on the
other hand, a homogenization rule determining the macroscopic response. Goal of these
computational homogenization techniques is the modeling of the overall response based
on well-defined microstructural information. We refer to Hill [65] and Suquet [177] for
fundamental homogenization principles of local mechanical response.

The scale transition for functional materials from a heterogeneous microstructure to-
wards a macroscopically homogeneous continuum is concerned in the following. It is
necessary to extend the homogenization principles to coupled problems, incorporating
besides the mechanical displacement further primary variables such as the electric po-
tential and the electric polarization. An overview of homogenization theories is given in
Nemat-Nasser & Hori [140], where the additional incorporation of non-mechanical
properties such as thermal, magnetic, or electric effects was concerned in a fundamental
format. The key aspect of every homogenization scheme is the determination of macro-
scopic quantities in terms of their microscopic counterparts, driven by appropriate con-
straints or boundary conditions on a representative volume element. In the present work,
a variational-based homogenization framework for electro-mechanically coupled materi-
als based on a rigorous exploitation of variational principles is developed, see the work
Miehe [118] on variational principles for the mechanical response of gradient-extended
standard dissipative solids. These principles serve as canonical ingredients for the micro-
to-macro transition and determine macroscopic potentials in terms of their microscopic
counterparts. We refer to the previous works Miehe [116], Lahellec & Suquet [99]
and Brassart et al. [24] on incremental variational principles for purely mechanical
problems and Bisegna & Luciano [19, 20] for piezoelectric composites. The deriva-
tion of basic equations for coupled electro-mechanical homogenization at small strains is
treated in Schröder [161]. This two-scale homogenization approach is implemented into
a FE2-method in Schröder & Keip [162], allowing for the computation of macroscopic
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boundary-value-problems in consideration of microscopic representative volume elements.
An extension to determine configurational forces within piezoelectric materials is given
in Khalaquzzaman et al. [84]. Keip et al. [83] proposed a framework for the sim-
ulation of electro-active solids at finite deformations. Furthermore, Ponte Castañeda

& Siboni [151] investigated the analytic homogenization of electro-active polymer com-
posites at finite strains. For magneto-mechanical coupling in the large strain context, we
refer to the papers by Chatzigeorgiou et al. [30] and Javili et al. [79]. In this
context, recall the classical works on self-consistent variational estimates for nonlinear
dielectrics by Willis [202, 204], Talbot & Willis [181], and Toland & Willis [188].
Here, different bounds are generated starting from a Hashin-Shtrikman-type variational
principle by a suitable choice of the ’comparison’ energy function. A rigorous application
to variational-based homogenization and the development of boundary conditions is per-
formed in Miehe [116] for the purely mechanical case. Zäh & Miehe [207] developed a
non-standard homogenization scheme bridging a dissipative phase field model of domain
switching on the microscale to a standard macroscopic Boltzmann continuum. The con-
cepts originally proposed by Miehe [116] were used and extended to electro-mechanics
by outlining Lagrange and penalty methods for the incorporation of boundary conditions
in the variational principles.

1.3. Objectives and overview

This work deals with the development of electro-mechanically coupled material models
on different scales and the investigation of new variational-based homogenization tech-
niques. Two classes of materials are addressed, piezoceramics simulated with a small
strain phase field theory of micro-electro-elasticity and electroactive polymers (compos-
ites), where finite strain material models and bridging theorems need to be developed.
A key feature of all scale bridging approaches is the particular investigation of boundary
conditions. These constraints strongly influence the response of the microstructure. The
three classical types of boundary conditions—stiff Dirichlet-type, soft Neumann-type, and
periodic boundary conditions—are discussed in this work and consistently transferred to
the electro-mechanical context. A short micromechanical motivation of electro-mechanics
is given in Chapter 2. We start by giving a description of the direct and inverse piezoelec-
tric effect and outline the difference between piezo- and ferroelectricity. Afterwards, the
focus is on dissipative mechanisms of polarization switching, both electric field and stress
induced, which are the reason of hysteretic material behavior on macroscopic scales. The
subsequent chapters are arranged into three main parts:

Part I deals with fundamentals of electro-mechanics and homogenization theory. Here,
Chapter 3 provides elementary knowledge of finite strain continuum mechanics and elec-
trostatics, which is a key aspect to the modeling of coupled electro-mechanical problems.
To enhance purely mechanical formulations, the electric field is physically motivated
and fundamental laws of physics are presented. The main ingredients are provided by
Coulomb’s law, Gauss’s law, and Faraday’s law formulated for the electrostatic case. The
mathematical description of purely mechanical balance principles is extended to electro-
mechanical influences. The interaction of matter with electric fields is considered by
additional electric force, couple, and energy supply terms within the balance equations.
In Chapter 4, we provide a brief introduction to the problem of homogenization and the
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concept of micro-to-macro transition. Most materials which are attempted to be modeled
by homogeneous continuum approaches are inhomogeneous on smaller length scales, that
is on micro- or even nanoscale. The mathematical theory of variational-based homoge-
nization can close the gap between neighboring length scales by the formulation of suitable
micro-to-macro transition concepts, incorporating physically necessary information of the
microscale on the macroscopic level. The key aspect of every homogenization scheme
is the determination of macroscopic quantities in terms of their microscopic counterpart,
driven by appropriate constraints or boundary conditions on the representative volume el-
ement. Extended averaging theorems are derived and various potentials proposed, leading
to upper and lower bounds for the macroscopic potentials characterized by an appropriate
choice of microscopic boundary conditions.

InPart II the modeling and homogenization of micro-electro-elasticity at small strains
is addressed, where the polarization enters the modeling strategy as a phase field variable
fully resolving the domain structure. Chapter 5 develops new rate-type and incremental
variational principles for the coupled evolution problem, in order to simulate electric field
and stress driven switching processes. The Euler equations of these variational principles
are the static stress equilibrium condition, the electrostatic equilibrium condition, often
denoted as the second Maxwell equation or the Gauss law, and a Ginzburg-Landau-
type equation for the evolution of the polarization. In the subsequent Chapter 6, the
previously developed model of micro-electro-elasticity is adopted as material model for the
representative volume element. An important aspect for the design of variational-based
homogenization methods is the definition of suitable boundary conditions at the micro-
level, which also include the phase field of electric polarization. Here, the microscopic
displacement and electric potential may be viewed to be driven by their macroscopic
counterparts, which are considered the only primary variables on the macro-level. In
contrast, the electric polarization has no counterpart on the macroscale. Details of the
micro-to-macro transition are outlined by utilizing an extended version of the Hill-Mandel
macrohomogeneity condition. Various boundary constraints are incorporated into the
variational functionals by means of Lagrange and penalty methods.

Finally, Part III develops finite electro-elastic models at large strains, focusing on
polymeric materials. Chapter 7 summarizes general equations of finite electro-elasticity
in a variational format, accounting for geometric settings in both the Lagrangian as well
as the Eulerian configuration. A modular framework for the alternative incorporation of
polymer network models is developed. This covers all details of the modeling, including
the set up of coupled electro-mechanical tangent moduli by a numerical perturbation
technique. We focus on the microsphere network model of rubber elasticity, that exploits a
homogenization over a chain orientation space. This provides an advanced model problem
for the application of the proposed constitutive framework for electroactive polymers. In
addition, Chapter 8 develops a macroscopic FE2 driver for the homogenization problem,
accounting for the consistent algorithmic tangent on the macroscale. The sensitivity of the
microscopic fluctuation field with respect to macro-driven fields is the crucial ingredient
of this numerical scheme. Homogeneous tests on the macroscale are performed and the
relevant data transferred to the microscale via the boundary conditions. An innovative
driving of the electric displacement as compared to the standard electric field driven
homogenization is performed, allowing us to avoid points of electro-mechanic instability.





Chapter 2

Micromechanical Motivation

Before dealing with the modeling and homogenization of electro-mechanically coupled
materials, the micromechanical behavior of two classes of piezoelectric materials, that
are piezoceramics and electroactive polymers, are discussed. The constitutive material
response of these two classes of materials is based on two fundamental elements: First, the
non-centrosymmetric molecular constitution, which result in the appearance of elementary
micro-dipoles characterized by a certain spontaneous polarization in the microstructure
and additionally is responsible for the piezoelectric behavior of the unit cells. Second, the
capability of alignment and hence rotation of those elementary unit cells under a certain
electro-mechanical loading and the ability of retaining the alignment after unloading.
The first factor is responsible for the reversible part of the material response, while the
second characteristic is the fundamental reason for the dissipative behavior of this class
of materials. We start by giving a description of the direct and inverse piezoelectric effect
and outline the difference between piezo- and ferroelectricity. Afterwards, the focus is on
dissipative mechanisms of polarization switching, both electric field and stress induced,
which are the reason of hysteretic material behavior on macroscopic scales.

2.1. Piezoelectricity

The term piezoelectricity originates from the Greek “pressure electricity” and describes
the generation of an electric field in the material due to mechanical stresses. It was discov-
ered in 1880 by the physicists Jacques and Pierre Curie using crystals of tourmaline. In
order to show the piezoelectric effect, materials need to be polarizable, that is the centers
of charges can be shifted with respect to each other by the application of external fields.
Such poled piezoelectric materials posses a macroscopic polarization, whose direction re-
mains constant. Piezoelectricity is a linear electro-mechanical interaction phenomenon
possessing a direct and a converse effect. As such, it is a reversible process and no polar-
ization develops in an unstressed state. If an electric field e is applied to a mechanically
unloaded specimen, the converse piezoelectric effect causes the strain ε, that is

ε = d33e , (2.1)

9
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Figure 2.1: Piezoelectric effects. An electrically induced mechanical strain is caused by the
force f = qe acting on the barycenters of positive and negative charges. A piezoelectric material
has an a priori given polarization p. The electric field causes a mechanical a) elongation or
b) compression of the unit cell in the direction of the polarization vector, depending on the sign
of the electric field. This effect is transversely isotropic with respect to the polarization.

which is proportional to the electric field. The proportionality constant d33 is called piezo-
electric constant. The electrically induced strain may be an elongation or a shortening,
depending on the direction of the applied electric field in comparison to the direction of
the polarization. To visualize this behavior, consider a unit cell of an unloaded polar ma-
terial with a spontaneous polarization pspon, resulting from the different locations of the
centers of positive and negative charges of a unit cell. Application of a constant voltage
to the cell results in a shift of the barycenters of positive and negative ions with respect
to each other. An electric field with the same direction as the spontaneous polarization
will move the centers further apart from each other, while an electric field with opposite
direction brings them closer together, see Figure 2.1. The electro-mechanical coupling
effect is caused by the fact that the shifting of the centers of the charges is accompanied
by a corresponding elongation or shortening of the unit cell. In case the spontaneous
polarization is oriented in the reverse direction with respect to a fixed frame of refer-
ence, the constant d33 has the same magnitude, but a different sign. As a consequence,
the orientation of the electric field is an important ingredient of the effect. An exposure
of the unit cell to mechanical pressure deforms the unit cell and, accordingly, displaces
the relative positions of the centers of positive and negative charges. This displacement
causes a transient current in the unit cell and, in turn, a change of polarization. The
mechanically induced change of polarization is called direct piezoelectric effect

∆p = d33σ . (2.2)

Here, ∆p is the change in spontaneous polarization and d33 = ∆p/σ = ε/e the above
mentioned piezoelectric constant. As a result of the direct piezoelectric effect, application
of even very small mechanical loads may lead to high electric voltages. This behavior
suits to sensor applications. Besides, the converse piezoelectric effect may be employed
in the actuator applications. The property of piezoelectricity is related to the polarity
of the unit cell of a material and hence only possible in non-centrosymmetric crystals.
For a PZT composite, the piezoelectric constant is d33 = 400 · 10−12 m

V
. If a tensile stress

is applied perpendicular to the initial polarization direction, the change ∆p = d31σ is
negative, where d31 = −170 · 10−12 m

V
, see Smith [169].

A ferroelectric material has a polycrystalline structure as visualized in the micro-
graphs depicted in Figure 2.2. All ferroelectric materials are piezoelectric, but not vice
versa. It is a material in which the polarization dipoles can be reoriented using an ex-
ternal electrical field of sufficient magnitude. Even if the applied field is removed, the
spontaneous polarization remains in the switched state and the overall polycrystalline
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a) b)

Figure 2.2: Micrograph of a barium titanate ferroelectric ceramic crystal. Representative
BaTiO3 domain patterns of a grain taken from Arlt [1]. a) The pattern is formed inside the
ceramic body with three-dimensional clamping and b) the same grain when the pattern is formed
under free surface conditions.

aggregate has a macroscopic polarization in a homogenized sense. The macroscopic be-
havior of an electrically poled ferroelectric material is then for a certain range of the
electric field piezoelectric. This process is called poling and achieved by the temporarily
application of strong electric fields, analogously to magnetization to create permanent
magnets. The spontaneous polarization can be switched between two or more distinct
crystallographic directions by an electric field above a threshold value and depends on the
history of previous switching, yielding typical hysteresis loops. Materials demonstrate a
ferroelectric behavior only below a certain transition temperature called the Curie tem-
perature θc. Above that temperature in the paraelectric phase, the crystal structure is
centrosymmetric without spontaneous polarization.

2.2. Piezoceramics

Ferroelectric ceramics are presently being used in a broad range of applications including
sonar devices, micro-electro-mechanical systems (MEMS), fuel injectors for diesel engines,
actuators for active control of helicopter rotor blades and underwater vehicle control sur-
faces, as well as ferroelectric nonvolatile random access memories (FRAMs) for computers.
Accurate modeling tools are required for the reliable design and optimized performance
of these devices. The common structure of typical materials with piezoelectric properties,
like barium titanate (BaTiO3) and lead zirconate titanate (PZT), is polycrystalline as a
result of the ceramic processing techniques. For a more detailed description concerning
the material science of ferroelectric piezoceramics see Jaffe et al. [76], Lines & Glass

[105], and Moulson & Herbert [138]. The polycrystalline structure comprises grains
of differently oriented crystal lattices. A unit cell consists of a structure of positively and
negatively charged ions typical for a specific material. In this structure, the centers of the
positive and negative charges have a certain location within the cell. If the centers are at
different positions in the absence of any load, a permanent dipole establishes and the cell
possesses a spontaneous polarization. In ferroelectric materials, this spontaneous polar-
ization can be switched hysteretically by the application of an external electric field. A
ceramic material is per definition the agglomeration of small crystals, fitted together ran-
domly. While cooling to a ferroelectric phase, the minimization of intergranular stresses
benefits the formation of electric domains, which are regions of unit cells with equal spon-
taneous polarization. Micrographs of ferroelectric barium titanate crystals are depicted
in Figure 2.2. Let us consider BaTiO3 as a representative example for piezoceramics.
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Figure 2.3: Non-centrosymmetric unit cell and energy profiles for barium titanate. a) Paraelec-
tric phase above Curie temperature θc, where the cubic symmetry with dimension a0 = 4.009Å
does not allow for a spontaneous polarization. b) Distortion of perfect perovskite unit cell after
cooling below θc. In this ferroelectric phase the spontaneous polarization vector pspon orients
in the direction of the displaced titanium ion. The dimension of the tetragonal polar lattice is
a = 4.003Å and c = 4.022Å at the transition temperature of 130◦C. c) Energy profile for cubic
lattice structure with single well giving rise to a unique position of the titanium ion. d) In-
ternal energy of ferroelectric phase exhibits double well profile, where minima correspond to
equilibrium positions of titanium ion above or below unit cell center.

The crystal lattice of these materials has perovskite structure below the material depen-
dent Curie temperature θc (BaTiO3: θc = 120–130◦C, PZT: θc = 250–350◦C). Above the
curie temperature, Figure 2.3a, the unit cell has cubic shape with side length a0 and the
positive titanium ion (Ti4+) located at the center. Since the centers of positive and neg-
ative charges coincide, the material possesses no spontaneous polarization. The lattice
structure is centrosymmetric and the material in the paraelectric phase. Below the Curie
temperature, the cubic configuration becomes unstable due to the shifting of the cen-
ters parallel to one of the lattice axes leading to a tetragonal shape with the dimensions
a × a × c, Figure 2.3b. Note that the upward displacement of the positive titanium ion
is accompanied by the downward displacement of all surrounding negative oxygen ions.
Two characteristic energy profiles for cubic and tetragonal perovskite lattice structures
are plotted in Figure 2.3c,d. For the paraelectric phase, the internal energy has a single
minimum and thus the position of the titanium ion is uniquely described. In the ferroelec-
tric phase, the internal energy exhibits a double well profile, where the minima correspond
to the equilibrium positions of the titanium ion above or below the unit cell center. The
influx of enough energy makes it possible to overcome the energy barrier between the
two minima and the ion moves to the other stable equilibrium state by a dipole switch.
Additional lattice shapes beside the tetragonal are discussed in Jaffe et al. [76], but
for the sake of simplicity we stay with the latter as is common practice in literature. Fer-
roelectric materials perform a phase transition from the paraelectric to the ferroelectric
phase during cooling. There are six possible directions in each unit cell located along the
originally cubic lattice axes for the rearrangement of the central ion. Hence, six different
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Figure 2.4: Electric field driven switching of the spontaneous polarization. The cooling of
piezoceramics to a ferroelectric phase causes a random orientation of micro-dipoles characterized
by the polarization vector pspon. The mechanism of a) 90◦ and b) 180◦ electric field driven
reorientation of the polarization causes an alignment with the prescribed electric field e.
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Figure 2.5: Stress driven switching of the spontaneous polarization. The application of a me-
chanical stress field to a non-centrosymmetric perovskite unit cell induces a switching process of
±90◦ of the spontaneous polarization pspon. a) Tensile stress causing two possible reorientations
and b) compressive loading with four possible orientation directions (reduced representation).

directions for the spontaneous polarization exist simultaneously and no unique direction
exists for all unit cells of a grain during cooling. In fact, the spontaneous polarization
forms locally within a grain electric domains with uniform directions, but within a whole
grain the polarization distribution is random, see Moulson & Herbert [138] for further
details. In contrast to ferromagnets, where the size of domain walls separating adjacent
domains is about 10 nm, the walls of ferroelectric materials have a thickness of only a few
nanometers. Transforming these characteristics to the macroscopic scale, the randomly
distributed spontaneous polarization cancel each other such that there is no macroscopic
piezoelectricity in this thermally depoled virgin state of the material. Although the in-
dividual unit cells are anisotropic, the macroscopically observable material behavior is
isotropic due to the random distribution of the spontaneous polarization.

The macroscopic electrical and mechanical response is the outcome of the domain
structure on the microscale. The orientation of domains of a ferroelectric material can be
modified by electric and mechanical loading with sufficient magnitude by domain switch-
ing. The application of an electric field of magnitude greater than the coercive field ec
switches the directions of spontaneous polarization by 90◦ or 180◦ such that it is more
closely aligned with the external field as illustrated in Figure 2.4. During a 180◦ inversion
of the polarization, the tetragonal structure of the unit cell remains unchanged, while the
90◦ switching goes with the reorientation of the lattice. Since there exist six equivalent
crystallographic directions in the tetragonal structure, there are always four possible 90◦

switches and one 180◦ switch. After removal of the loading, the switched configuration
retains. In the completely unloaded state, that is zero electric field, the material will have
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Figure 2.6: Typical hysteresis curves of ferroelectric materials. a) Dielctric hysteresis depicts
polarization versus electric field curves and b) butterfly hysteresis for a cyclic electric loading
shows strain against electric field curves for initially unpoled PIC151 soft PZT ceramics for
different loading frequencies. c) Ferroelastic hysteresis comparing mechanical stress with longi-
tudinal strain during first cycle of compressive stress loading characterizing the depolarization
behavior of soft PZT piezoceramics. Experimental results taken from Zhou et al. [216, 217].

a non-zero residual macroscopic polarization, which is called irreversible or remanent po-
larization. The process to reach this ordered microscopic polarization state is named
poling. The remanent polarization is the average of the spontaneous polarization of a
unit cell over all of the corresponding crystals. In an ideal crystal, the remanent polariza-
tion can achieve the value of spontaneous polarization as a maximum. However, in real
ceramic structures the crystallographic axes are randomly distributed from grain to grain,
leading to mismatches of the spontaneous polarization, Huber et al. [72]. Because of
defects like dislocations and impurities, the maximum possible value reachable for the re-
manent polarization is the saturation polarization, see Jaffe et al. [76] and Moulson

& Herbert [138]. Arrangement of the formerly random state by a poling process in
the direction of the external electric field causes a transversely isotropic material, whose
anisotropy axis coincides with the remanent polarization vector, Jaffe et al. [76]. The
average of the spontaneous polarization over all grains in a polycrystal does not vanish
any more, and a macroscopic piezoelectricity exists.

The reorientation of the spontaneous polarization in the direction of the poling field
is accompanied by a deformation of the polycrystal. The resultant macroscopic average
of the spontaneous strain of the unit cells is called irreversible or remanent strain. As for
the remanent polarization, there is also a maximum value for the remanent strain called
the saturation strain. One of the most important characteristics of piezoceramics are
the macroscopic hysteresis curves under purely electric loading. The so-called dielectric
hysteresis, the plot of polarization (or electric displacement) versus applied electric field,
represents the dielectric behavior of the ferroelectric ceramic. Figure 2.6a depicts typical
experimental curves obtained for ferroelectric ceramics for a cyclic electric loading with
varying frequencies. The polarization switching process also affects the deformation state
of the material. In Figure 2.6b the butterfly hystereses are recorded for the normal strain
in the direction of the electric field. The characteristic property of the butterfly curve is
its symmetry with respect to the strain axis at zero electric field. The dielectric hysteresis
and the butterfly curve clearly demonstrate a strong frequency dependence. Both types of
hysteresis curves were already pointed out in the pioneering work of Lynch [107] and are
here extracted from the measurements in Zhou et al. [216]. A qualitative discussion
interpreting the underlying domain structure is given in Kamlah [81]. A mechanical
stress with adequate magnitude above the coercive stress can trigger domain switching
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Figure 2.7: Moment experienced by dipole in a uniform electric field. The positive and negative
electric charges ±q are separated by the distance |δ| resulting in a dipole p = qδ. a) Initial
configuration of the dipole in the absence of an electric field. b) Opposing forces f+ = qe and
f− = −qe create a momentm = p×e causing the electric dipole to align with the electric field.

as well, but cannot give a unique switching direction of the spontaneous polarization,
Lines & Glass [105]. The longer c-axes of a unit cell are oriented randomly in the plane
perpendicular to the compression loading, accompanied by an irreversible deformation.
Spontaneous polarization of a unit cell may take an orientation from alternatives shown in
Figure 2.5, where for the sake of simplicity solely two out of four possible switching direc-
tions are outlined. The resulting domain state is transversely isotropic and no macroscopic
polarization is observed. Hence, such a process is called mechanical depolarization, see
Figure 2.6c showing the compressive stresses versus strain hysteresis for a single loading
cycle of an initially poled polycrystalline material. For further loading cycles, hardly any
hysteretic behavior can be observed as the domain configuration finally reached by the
depolarization process is stable. Although the induced deformations seem to be similar
to those in metal plasticity caused by dislocation movement, the saturation limit for the
strains due to domain switching mechanisms makes the crucial difference. For a detailed
description of the microstructural and macrostructural material response of ferroelectric
ceramics see the review articles of Kamlah [81] and Landis [103] and references therein.

2.3. Electroactive polymers

The elastic response of cross-linked polymers is dominated by an extreme deformabil-
ity and can be well explained by statistical micro-mechanics, see for example Treloar

[192] for an introduction. Elasticity of polymers above the glass transition temperature
is achieved by a molecular micro-structure consisting of very flexible and mobile long
chain molecules and a three-dimensional network that is formed by occasional cross-links
between molecules. The dominant contribution to the elastic response of rubber-like
materials is due to changes in conformations of network constituents, yielding the so-
called entropy elasticity theory. The entropy-based elasticity of chain molecules is well
established in the context of statistical mechanics, see Kuhn [96, 97], Kuhn & Grün

[98], Treloar [192], Flory [47] and references cited therein. In the literature, many
constitutive models for the macroscopic elastic response of rubbery polymers have been
developed, see Boyce & Arruda [23] and Miehe et al. [129] for an overview. Purely
phenomenological macro-models involve invariant or principal stretch based isotropic free
energy functions, often having polynomial structures. The most advanced formulations
are those of Ogden [141, 142]. However, these approaches lack relations to the molecular
structure of the material. This is achieved by micro-mechanically based network models,
such as the three chain model proposed by James & Guth [77], the eight chain model
suggested by Arruda & Boyce [2], and the affine full network models considered in
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Figure 2.8: Elastomer deformation induced by crystal unit rotation. a) Location of backbone
chains, flexible graft chains, and crystal graft unit prior to deformation. Crystal unit exhibits
a dipole moment p. b) Force moment m = p × e rotates dipole moment in the direction of
the electric field. Flexible graft chains wrap around the crystal unit pulling connected backbone
chains closer together.

Treloar [191], Treloar & Riding [193], and Wu & van der Giessen [206]. It
is well-known that the affinity assumption between microscopic and macroscopic defor-
mation is not in agreement with experimental observations, in particular in the range of
large deformations. Consequently, Boyce & Arruda [23] argued that the eight chain
model yields more realistic results than the seemingly more precise affine full network
models. A further improvement provides the non-affine microsphere model proposed in
Miehe et al. [129], which allows a flexible modeling of the locking stretches in multi-
dimensional deformations. This microsphere model with a low number of physically-based
material parameters shows an excellent fit to experimental results.

The stimulation of electroactive polymers by an electric field causes a change in size
or shape. Due to their polymeric nature, EAP materials can be easily manufactured into
various shapes, making them very versatile materials. Potential application are artificial
muscles, refreshable braille displays, drug delivery systems, or robotics applications such
as flapping-wing ornithopters. The most common applications of smart materials are in
actuators and sensors. A typical characteristic property is in contrast to piezoceramics
that they will undergo a large amount of deformation while sustaining large forces. Some
electroactive polymers can exhibit up to 380% strain. The existing electroactive materials
are still exhibiting low conversion efficiency, that is to produce large deformations, a huge
electric field needs to be applied. In addition, they are not robust, and there are no
standard commercial materials available for consideration in practical applications.

The first scientific experiments with electroactive polymer materials emerged back in
1880. Wilhelm Röntgen fixed a rubber band at one end, attached a mass at the other
as well as simultaneously charged and discharged the polymer to study the change in
length. In 1925, the first piezoelectric polymer was discovered, consisting of a mixture
of 45% carnauba wax, 45% white rosin, and 10% white beeswax. The ingredients were
melted, mixed together, and left to cool in a static electric field. The mixture solidifies
into a polymeric material that exhibits a piezoelectric effect. Recently, new electroac-
tive materials emerged that exhibit large mechanical displacements in response to electric
stimuli, enabling great potential as actuators in functional systems. To develop efficient
and robust EAP materials for practical applications, the microscopic behavior needs to be
understood and taken into account during the simulation process. Electroactive polymers
are currently mainly distinguished by their activation mechanism: Electronic EAPs are
deformed by electrostatic forces between adjacent electrodes while loaded by an electric
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Figure 2.9: Schematic representation of the EAP deformation mechanism at the microscale.
a) Randomly oriented dipole moments of the graft elastomer in zero electric field. b) The rotation
of the graft units in an applied electric field causes shrinking in a parallel direction.

field. The material compresses in thickness (parallel to field) and expands in area (perpen-
dicular to field). Ionic EAPs exhibit a mechanical deformation due to the diffusion of ions,
however, require an electrolyte for the actuation process. The focus is on electrostrictive
graft elastomers, an electronic EAP developed by NASA Langley Research Center, Su
et al. [171, 172]. Their specific low mass, high performance, and ease of manufacturing
makes them attractive for usage in aerospace and bio-mimetic applications (robotic hands,
facial expressions). A comparison with other EAP materials reveals that the mechanical
behavior is approximately 30 times stiffer than polyurethane (polyurethane: 15–20MPa,
electrostrictive graft elastomers: ∼550MPa), Wang et al. [201]. In the following, we
will give a brief micromechanical motivation for graft elastomers. Consider the electric
dipole in Figure 2.7 consiting of a positive and a negative charge separated by the distance
|δ|. Associated with this system is the dipole moment p = qδ, where q is the magnitude
of the charges while δ is the vector from the negative to the positive charge. Such a
dipole in a uniform electric field e experiences a moment m = p × e. This moment
tends to rotate the dipole in the direction of the electric field, since this can be shown
to be a stable configuration, see Figure 2.7. Consider next the deformation mechanism
occurring in polymers, where crystalline particles are embedded in an amorphous matrix
of cross-linked polymer chains. Such a microstructure appears in electrostrictive graft
elastomer, consisting of flexible backbone chains (chlorotrifluoroethylene-vinylidene flu-
oride copolymer) with branching side chains (poly(vinylidene fluoride-trifluoroethylene)
copolymer), see Su et al. [171, 173], Wang et al. [201], and Sun et al. [175]. Here,
the side chains are cross-linked to adjacent backbone polymers and form crystal units.
These grafted polar crystalline moieties are responsible for the shape changes induced
by the electric field as visualized in Figure 2.8. Backbone chains as well as graft moi-
eties contain atoms with two partial electric charges (positive and negative) generating a
dipole moment. The dipole moments of backbone chains orient randomly and nullify each
other. The graft dipoles, however, form grafted polar crystalline moieties by arranging
in patterns such that the individual dipole moments of the monomers do not cancel out.
As a result, the crystalline graft units have a net dipole moment. In a sufficiently strong
electric field, these crystalline graft units rotate in order to orient their dipole moment
along the field, see Figure 2.8b. In this process, they cause the flexible graft chains to
wrap around the moieties, which pulls the backbone chains towards the crystal unit. The
rotation causes a shrinking in the direction parallel to the applied electric field. As a
consequence, Figure 2.9 depicts the resulting overall shrinking of the microstructure in
the direction parallel to the applied electric field. This behavior is identical for an electric
field pointing in the opposite direction, hence, representing an electrostrictive effect.
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Chapter 3

Foundations of Continuum Mechanics and

Electrostatics

This chapter provides fundamental knowledge of finite strain continuum mechanics and
electrostatics, which is the basis to the modeling of coupled electro-mechanical problems.
The focus is on a geometric setting of large strain continuum mechanics, where metric
tensors appear as natural elements for the connection between tangent and cotangent
spaces. The stress- and strain-like quantities of electro-mechanics are presented, and
transformations between reference and actual configuration reviewed. To enhance purely
mechanical formulations, the electric field is physically motivated and fundamental laws of
physics are presented. The main ingredients are provided by Coulomb’s law, Gauss’s law,
and Faraday’s law formulated for the electrostatic case. The mathematical description
of purely mechanical balance principles is extended to electro-mechanical influences. The
interaction of matter with electric fields is considered by additional electric force, couple,
and energy supply terms within the balance equations.

3.1. Fundamentals of continuum mechanics

The mechanics of continuous media is a fundamental field of knowledge used to describe
certain phenomena in deforming systems and lays the groundwork for all advanced fields
of applied mechanics. Kinematics in large strain continuum mechanics are based on the
introduction of the nonlinear deformation map, describing the motion from the Lagrangian
to the Eulerian manifold. The focus is on a geometric setting, using the nomenclature of
co- and contravariant objects for the description in a general base system. Hence, material
and spatial metric coefficients are introduced to connect tangent and cotangent spaces
and act as index lowering or raising operators. This viewpoint is mainly adopted from
the lectures Miehe [119, 120] on advanced mechanics held at the Institute of Applied
Mechanics at the University of Stuttgart. This section has an introductory character
and is by no means complete. For further explanations including an introduction to
tensor algebra and analysis, the interested reader is referred to the classical textbooks
Truesdell & Noll [194], Gurtin [53], Marsden & Hughes [109], Ogden [142],
Holzapfel [67], Başar & Weichert [3], Haupt [59], and Gurtin et al. [55].

21
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Figure 3.1: The deformation map and deformation gradient. The motion of the body B in
the Euclidean space is described by the deformation map ϕ(X, t), mapping points from the
reference to the current configuration ϕ : (X , t) 7→ x = ϕ(X , t). The deformation gradient
F (X, t) maps material tangent vectors T at Lagrangian curves onto spatial tangent vectors
t = FT at deformed material curves.

3.1.1. Motion of a material body

A material body B is a physical object mathematically described by a set of material
points P ∈ B that are in a one-to-one relationship to a domain in the Euclidean space
R3. The placement or configuration of the material body in R3 is characterized by the
map

χ :

{

B → B ⊂ R3,

P 7→ X = χ(P ),
(3.1)

where X ∈ B is the place a particle occupies in the Euclidean space. The parametrization
of the placement by the time gives us the motion of the body χt as a family of config-
urations. It is common practice to label an arbitrary placement of the body at a time
t0 as the reference or Lagrangian configuration χt0(B) = B with Lagrangian coordinates
χt0(P ) = X ∈ B ⊂ R3 with respect to the global Cartesian frame {Ei}i=1,3. The current
or Eulerian configuration is likewise denoted as χt(B) = S with the spatial coordinates
χt(P ) = x ∈ S ⊂ R3 at the current time t. In order to describe the motion of the body
in the Euclidean space, the nonlinear deformation map ϕ(X, t) is introduced as a point
map of the reference to the current position

ϕ :

{

B → S = ϕt(B),
X 7→ x = ϕ(X, t),

(3.2)

see Figure 3.1 for an image of the mapping between reference and current configuration.

3.1.2. The deformation gradient: Line, area, and volume map

It is now of interest how material tangent vectors to material curves are transformed to
spatial tangent vectors to the deformed curves. To achieve such a mapping one needs to
introduce the so-called deformation gradient F as the Fréchet derivative of the deforma-
tion map with respect to material coordinates

F (X) = ∇Xϕ(X, t) (3.3)

which is understood as the partial derivative of the motion ϕ(X, t) with respect to the
material coordinate X. The deformation gradient plays the central role in the kinematics
of finite strains and is constrained by the condition J := det[F ] > 0 to avoid material
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Figure 3.2: Three basic mappings of continuum mechanics. The tangent map dx = F dX
maps line elements from the material to the current configuration by the deformation gradient,
the area map or Nanson’s formula da = cof[F ]dA transforms area elements, and the volume
map dv = JdV by the Jacobian shifts material volume elements to their spatial counterpart.

penetration and grant a one-to-one bijective relation between material and spatial position
X and x, respectively. It is understood as a linear mapping of material tangents T ∈ B
to spatial tangents t ∈ S. Next, consider a material area element dA = NdA. Employing
Nanson’s formula, one obtains its Eulerian counterpart da = nda = cof[F ] · dA in terms
of the cofactor cof[F ] := JF−T of the deformation gradient. Hence, the normal map
connecting normals to material areas with normals to spatial areas is identified as F −T .
In the same manner, we investigate the material volume element dV . Multiplication with
the determinant of the deformation gradient J gives the Eulerian counterpart dv = J dV .
A summary of the tangent, normal, and volume map is given by

F :

{

TXB → Tx S,
T 7→ t = FT ,

F−T :

{

T ∗
XB → T ∗

x S,
N 7→ n = F−TN ,

J :

{

R3 → R3,

dV 7→ dv = J dV.
(3.4)

Figure 3.2 shows the graphical counterpart of the three basic geometric mappings of non-
linear continuum mechanics.

3.1.3. The Cauchy-Green strain tensors

Given is a Lagrangian direction T (X) with unit length |T |G =
√
T ·GT = 1, where

G = δAB is the material metric tensor. The spatial object λ determines the stretch
tensor in the Eulerian manifold and is given by the change of deformation in the direction
of T , yielding λ := FT . The length of the stretch tensor can be computed in the Eulerian
setting as |λ|g =

√
λ · gλ with g = δab being the spatial metric. Inserting the definition



24 3.1. Fundamentals of continuum mechanics

F F

F−T F−T

G c C g

TXBTXB

T ∗

XBT ∗

XB

Tx STx S

T ∗
x ST ∗

x S

T Tt t

N Nn n

Figure 3.3: Mapping properties of metric tensors. Natural Lagrangian G and Eulerian metric
tensor g map tangents onto normals in the respective manifold. The Lagrangian representation
of the current metric is the right Cauchy-Green tensor C = ϕ∗(g) = F T gF . The Eulerian
representation of the reference metric is the left Cauchy-Green tensor c = ϕ∗[G] = F−TGF−1.

of λ allows the computation of this length |λ|g =
√

T · F TgFT =
√
T ·CT = |T |C in

the Lagrangian setting by the right Cauchy-Green tensor

C := ϕ∗(g) = F TgF , (3.5)

as the pull-back ϕ∗(·) of the current metric in the material setting. In a dual manner, ϕ∗[·]
is introduced as the push-forward of Lagrangian objects to the Eulerian configuration,
resulting in the left Cauchy-Green tensor as the representation of the material metric in
the spatial setting

c := ϕ∗[G] = F−TGF−1 . (3.6)

For convenience, its inverse is referred to as the Finger tensor b := c−1 = FG−1F T . The
geometric interpretation of these tensors leads us to the commutative diagrams shown
in Figure 3.3, visualizing the pull-back and push-forward operations of the Eulerian and
Lagrangian metrics.

3.1.4. Velocity gradient and Lie derivative

Consider the material time derivative of the spatial stretch vector λ̇ = Ḟ T . It is governed
by the material velocity gradient L := Ḟ , reflecting the total time derivative of the
deformation gradient for a time-independent reference configuration. On the other hand,
the temporal change λ̇ in terms of the stretch itself reads λ̇ = Ḟ (F−1λ) = lλ, where the
spatial velocity gradient

l = Ḟ F−1 = ∇xv(x, t) (3.7)

characterizes the relative change of a spatial object with respect to its current state in the
Eulerian configuration. The Lie derivative of a spatial object describes its relative change
with respect to time, keeping the basis vectors fixed. It is associated with that part of
the total time derivative ascertained by an observer sitting in the moving frame of the
current configuration and is thus a priori objective. Consider a spatial object (·), the Lie
derivative is defined in three steps

£v(·) = ϕ∗

[
d
dt
{ϕ∗(·)}

]
. (3.8)

First, a pull-back operation of the Eulerian object to its material counterpart is performed.
Then, the material time derivative of the Lagrangian object is performed and finally the
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Figure 3.4: Euler’s cut principle. Lagrangian and Eulerian parts PB and PS cut out of the
whole body B and S. At a point x ∈ ∂PS , the mechanical and thermal actions of the remaining
part of S are replaced by the mechanical traction vector tm = σmn and the heat flux h = qn.

resultant quantity is pushed-forward to the spatial configuration. In particular, the Lie
derivation of the spatial metric g, representing the constant Kronecker symbol in Cartesian
coordinate systems, is considered. It coincides with the spatial rate-of-deformation tensor
d, that is the symmetric part of the spatial velocity gradient

£vg = F−T ĊF−1 = gl+ lTg = 2d . (3.9)

Note that the Lie derivative yields objective rates of tensors, that is, they are invariant
under superimposed rigid body motions.

3.1.5. The concept of mechanical stresses

Consider a material body in its deformed configuration S and an arbitrary subdomain
PS ⊂ S that is cut out of the material body, see Figure 3.4. Following the methodology
of Euler’s cut principle, the effects of the rest body on PS are replaced by the surface
traction tm and the heat flux h, governing mechanical and thermal effects, respectively.
According to Cauchy’s theorem, the contact force tm, as a function of its spatial position
x ∈ ∂PS at time t, is a linear function of the outward normal n

tm(x, t;n) = σm(x, t)n (3.10)

with σm : n 7→ tm = σmn being the mechanical true or Cauchy stress that relates
the actual force to the deformed area. The Cauchy stress can therefore be seen as an
Eulerian object that describes a mapping between the two vector spaces. It is the canonical
stress tensor with basic physical meaning, however, not the convenient one for modeling
purposes. Multiplication of σm with the Jacobian J reveals the so-called Kirchhoff stress
tensor τm = Jσm. This weighted stress τm is also an Eulerian object that maps spatial
normals onto volumetrically scaled spatial tangents

τm :

{

T ∗
x S → Tx S,

n 7→ Jtm = τmn.
(3.11)

Relating the actual force to the reference area, one obtains by the Cauchy-type relation

Tm(X, t;N) = P̃
m
(X, t)N (3.12)
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Figure 3.5: Mapping properties of mechanical stress tensors. Lagrangian second Piola-
Kirchhoff stress Sm : N 7→ T̃

m
= SmN , Eulerian Kirchhoff stress τm : n 7→ Jtm = τmn,

and two-point first Piola-Kirchhoff stress tensor P̃
m

: N 7→ Tm = P̃
m
N .

the nominal or first Piola-Kirchhoff stress as a two-field tensor interpreted as a mapping
between the material cotangent space T ∗

XB and the spatial tangent space Tx S

P̃
m
:

{

T ∗
XB → Tx S,
N 7→ Tm = P̃

m
N .

(3.13)

The first Piola-Kirchhoff stress is the conveniently used stress for experimental investiga-
tions, that is in standard tensile tests of metallic specimens. A transformation between τm

and P̃
m

is achieved by employing the normal map P̃
m
= JσmF−T = τmF−T . Consid-

ering a purely Eulerian and a mixed-variant stress tensor, the purely Lagrangian second
Piola-Kirchhoff stress Sm is introduced as the relation between the fictitious reference
force to the reference area. It is defined as the pull-back of the Kirchhoff stress to the
Lagrangian setting Sm := F−1τmF−T . Note that the Lagrangian stress tensor Sm is a
purely geometric object with no physical meaning. In particular, no Cauchy-type theorem
exists as the reference configuration is meant to be stress-free and no surface traction ex-
ists a priori, whereas the tractions tm and Tm are Eulerian objects. A geometric summary
of the mapping properties of mechanical stresses is shown in Figure 3.5.

3.1.6. Mechanical power expressions

The mechanical stress power Pm per unit mass of the reference configuration can be
expresses in three different geometric settings. The full work needed by an (in)elastic
continuum to deform from the reference to the current configuration in the time interval
[0, t] can be measured by

W :=

∫

B

wt
0 dV with wt

0 :=

∫ t

0

̺0Pm dτ , (3.14)

with w being the work per unit reference volume. The stress power is defined as stress
times strain-rate, leading to the necessity of dual stress and strain objects in the respective
geometric settings

̺0Pm := Pm : Ḟ
︸ ︷︷ ︸

two-point

= Sm : 1
2
Ċ

︸ ︷︷ ︸

Lagrangian

= τm : 1
2
£vg

︸ ︷︷ ︸

Eulerian

(3.15)
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As mechanical work conjugated or dual objects, we identify in the geometric two-point
setting the alternative mixed-variant first Piola-Kirchhoff stress Pm and the deformation
gradient F 1. In the Lagrangian setting the second Piola-Kirchhoff stress Sm and the
right Cauchy-Green tensor C and in the Eulerian setting the Kirchhoff stress τm and the
spatial metric g are work conjugate. These are the input for a constitutive formulation
based on the second axiom of thermodynamics. Observe that all subsequent treatments
can be performed in the three basic and equivalent geometric settings.

3.2. Fundamentals of electrostatics

To enhance purely mechanical formulations, the electric field is physically motivated and
added as additional independent variable to be taken into account. The elementary
electro-mechanical laws and quantities are introduced, that is the Gauss law, Coulomb’s
law, and Faraday’s law of electrostatics. The point charges involved within the derivation
are assumed to be stationary with respect to each other. Interactions with magnetic quan-
tities are a priori excluded. This section is a conglomerate of ideas presented in Toupin

[190], Landau & Lifshitz [101], Eringen [42], Penfield & Haus [146], Irodov [74],
Maugin [110], Jackson [75], and Griffiths [52]. The first part deals with the theory
of electrostatics in free space, where no matter is present. The fundamental physical prin-
ciples are introduced and later on extended to ponderable media placed in an external
electric field.

3.2.1. Coulomb’s and Faraday’s law

The fundamental laws of electromagnetic field theory are the result of observations and
experiments. The existence of two different charges, positive and negative ones, was
postulated to explain simple experiments with amber and fur. Charges of the same sign
repel each other while charges of opposite sign attract or in case of equal charge neutralize
each other as far as external action is concerned. The force on a test charge q at position
x due to a single source charge Q at position x′ is defined by Coulomb’s law

f = kqQ
x− x′

|x− x′|3 . (3.16)

Coulomb’s constant is given in SI-units by k = 1/(4πǫ0) in terms of the permittivity of
free space ǫ0 = 8.854·10−12 [F/m]. The force is repulsive if test charge q and source Q have
same sign, attractive for opposite ones. The fact that charges repel or attract each other
implies the existence of a quantity that measures the intensity of such an interaction. We
observe that a test charge q, placed in an electric field generated by an arbitrary system
of charges experiences a force f that depends on the location in the field x and the sign
of the charge, see Figure 3.6a. This force can be approximated by the polynomial form

f(x, q) = qe(x) + q2g(x) +O(q) (3.17)

1According to (3.13), the first Piola-Kirchhoff stress P̃
m

is a contravariant two-point tensor mapping
Lagrangian covariant normals N onto Eulerian contravariant tractions Tm. For the the stress power, an
alternative mixed-variant representation Pm = gP̃

m
is used dual to the deformation gradient F . Within

this work, the description is related to Cartesian frames and metric tensors coincide with identity maps.
Consequently, it appears to be appropriate to renounce the distinction between both representations.
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Figure 3.6: The electric field and electric potential. a) Consider the test charge q in an electric
field induced by other charges. The point charge is subjected to a force f = qe, depending on
its position in the electric field, with direction tangential to the field line. b) The point charge
q moves along the path between the point x and reference point x0 due to the electric field e
indicated by its field lines. For conservative fields with curle = 0 the line integral

∮

C e · dx = 0
is path independent.

with e and g being vectorial coefficients and O(q) representing higher order terms in q.
Assuming small values q → 0 so that its presence does not alter appreciably the field
configuration, equation (3.17) reduces to f(x, q) = qe(x), that is force equals to charge
times electric field, yielding the spatial electric field vector

e(x) = lim
q→0

f (x, q)

q
(3.18)

given in units Newton per Coulomb or Volt per meter. Combining (3.16) and (3.18), the
electric field at position x due to a single source charge Q at position x′ is

e(x) =
Q

4πǫ0

x− x′

|x− x′|3 . (3.19)

Note that inserting test charges into the electric field of a source charge alters the position
of the source due to repulsion or attraction. For simplicity we assume that in the limit of
q → 0 the positional distortion of the source is negligible. Keep in mind that this simpli-
fication is physically unreasonable regarding the fact that the smallest possible charge is
the charge of an electron which has a discrete value. The principle of superposition states
that the resultant force on a test particle due to several source charges Qi at position x′

i

for i = 1, . . . , n is the vector sum of the forces due to the charges individually. Henceforth,
the electric field produced by a continuous distribution of charges can be described by the
volume charge density ρe(x′) confined to a volume S, that is

e(x) =
1

4πǫ0

n∑

i=1

Qi
x− x′

|x− x′|3 =
1

4πǫ0

∫

S

ρe(x′)
x− x′

|x− x′|3 dv
′ . (3.20)

Due to convenient mathematical properties of the electrostatic field, its computation
can be reduced to the determination of a scalar field instead of the unknown electric
vector field. Identifying the relation x−x′

|x−x′|3
= −∇x(

1
|x−x′|

) from vector calculus allows

a significant simplification of Coulomb’s law (3.20). Since the gradient operator is with
respect to x, but the integration variable is the location of the source charge x′, it can be
taken outside the integral

e(x) = −∇x

( 1

4πǫ0

∫
ρe(x′)

|x− x′|dv
′
)

. (3.21)
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In consideration of the property ∇ × ∇a = 0, that holds for all scalar functions a, it
follows directly the important property

curl e = 0 (3.22)

known as Faraday’s law in electrostatics, also referred to as electric compatibility, together
with the definition curl(·) = ∇x × (·). It is much easier to deal with a scalar potential
than to determine all three components of the electric field. To this end, we introduce
the electric potential

e = −∇φ(x) with φ(x) :=
1

4πǫ0

∫
ρe(x′)

|x− x′|dv
′ . (3.23)

A physical interpretation of the electric potential φ is performed by considering the
work done in moving a charge from an arbitrary point x to a reference point x0 in the
presence of an electric field. The force on the charge is according to Coulomb’s law f = qe,
so that the work done moving the charge is

we =

∫ x0

x

f · dx = −
∫ x

x0

f · dx = −q
∫ x

x0

e · dx . (3.24)

The minus sign indicates that the work done on moving the test charge against the field
is computed. By taking into account (3.23), the work becomes

we = −q
∫ x

x0

e · dx = q

∫ x

x0

∇φ · dx = q
(
φ(x)− φ(x0)

)
(3.25)

showing that qφ is the potential energy of a test charge in an electric field, see Figure 3.6b.
Furthermore, the line integral does not depend on a specific path, yielding a conservative
electric field. If now x = x0, the total work around the closed curve C is zero and
∮

C
e · dx = 0. Note that path independence does not hold for non-conservative fields

as for instance in electromagnetism. The reference point is usually chosen at infinity
x0 → ∞, where the electric potential is assumed to vanish. Hence, the electric potential
can be written as

φ(x) = −
∫ x

x0

e · dx , (3.26)

which will be used later on to determine the geometric transformation of the electric field
from the current to the reference configuration.

3.2.2. The Gauss law of electrostatics

The Gauss law or Gauss’s flux theorem is also known as the first law of electrostatics and
states that “the total electric flux through any closed surface of any shape in an electric
field is proportional to the total electric charge enclosed within the surface”. Consider
a point charge Q in the center of a sphere with radius |x − x′| enclosed by a Gaussian
surface ∂S. The electric field due to the source Q, see equation (3.19), is pointing in
radial direction of the sphere

e =
Q

4πǫ0

1

|x− x′|2n with n :=
x− x′

|x− x′| , (3.27)
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Figure 3.7: The polarization effect of electrically neutral atoms. a) The charge center of
electrons coincides in the absence of an external electric field with the positive nucleus. b) Ap-
plication of an electrical field separates the centers of charge. The electron cloud will be pulled
in the direction of the positive pole of the field. The resultant electric dipole moment is p̃ = qδ.
For illustrative purposes the deformation of the electron cloud is magnified.

where n is the unit normal pointing radially outward. The area element on the sphere is
consider in spherical coordinates as da = |x − x′|2 sin θdθ dφ. The electric flux through
the surface is defined as the electric field multiplied by the area of the surface projected
in a plane perpendicular to the field. For the single source charge under consideration

e · da = e · nda =
Q

4πǫ0
sin θdθ dφ . (3.28)

Integration of the normal component gives the total flux through the entire Gaussian
surface ∮

∂S

e · da =
Q

4πǫ0

∫ π

0

sin θdθ

∫ 2π

0

dφ =
Q

ǫ0
. (3.29)

Note that this result is valid for a single source charge. It turns out that the choice of
the closed surface is arbitrary and the application of the superposition principle for many
charges Qi distributed continuously by the volume charge density ρe results in

∮

∂S

e · da =
n∑

i=1

(∮

∂S

ei · da
)

=
1

ǫ0

n∑

i=1

Qi =
Qenc

ǫ0
, (3.30)

where Qenc is the total charge enclosed by the surface. The differential form of Gauss’s
law is obtained by the application of the divergence theorem for arbitrary volumes with
Qenc =

∫

S
ρedv as

ǫ0 div e = ρe (3.31)

and relates the volume distribution of electric charges to the resulting electric field.

3.2.3. The electric field in matter

In the preceding, the electric field in vacuum was considered. These concepts will be ex-
tended to the case where matter is put into an electric field. To this end, the structure of
an electrically neutral atom is reconsidered, where the average center of positive charges
(protons) and negative charges (electrons) are located at the center due to symmetry of
the nucleus and electron shell, respectively. The absence of external electric fields and the
overlapping nature of charge centers is the reason for the electric neutrality of the atom,
see Figure 3.7a. According to Coulomb’s law, the existence of an external field deforms
the orbit of the electrons and the symmetry of the shell will be broken. Hence, the average
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center of the electrons will be shifted and the atom will not be electrically neutral any
more. The atom has been polarized and became a dipole, see Figure 3.7b. The dipole
moment is defined as a vector containing the information about the electric charge and
the distance between the average centers of opposite charges within the dipole. Since
every material contains a huge number of atoms and hence also electric dipoles, a macro-
scopic quantity representing this effect is introduced. The vector of electric polarization
is considered as the dipole moment per unit volume given by

p(x) = lim
∆v→0

∑

i p̃i

∆v
, (3.32)

where p̃i is the dipole moment of the ith type of molecule in the medium and ∆v an
infinitesimal volume element. Materials in which the polarization attains non zero values
are called dielectric materials as p = 0 in vacuum. The electric potential at position x

due to the electric charge and dipole moment of an infinitesimal volume is

∆φ(x,x′) =
1

4πǫ0

p(x′) · (x− x′)

|x− x′|3 ∆v , (3.33)

where x is outside the volume ∆v and the polarization characterizes the interaction of
material and electric field. Passing to an integral version gives the potential of a polarized
dielectric body S, that is

φ(x) =
1

4πǫ0

∫

S

p(x′) · (x− x′)

|x− x′|3 dv′ . (3.34)

Using the integration factor given in the previous subsection and applying the divergence
theorem, the latter is transformed into the more useful form

φ(x) =
1

4πǫ0

∫

S

ρeb
|x− x′|dv

′ +
1

4πǫ0

∫

∂S

σe
b

|x− x′|da
′ , (3.35)

where ρeb := − divp is the volume density of bound charges and σe
b := p · n the surface

density of bound charges. Analyzing this equation shows that the electric potential pro-
duced by matter placed in an electric field has two kinds of sources. The first is the bound
charge distributed over the volume of the material and the second the polarized charge
distributed over the surface. The total charge density of a dielectric has now contributions
due to bound and free charges ρe = ρef + ρeb, where the bound charges are caused by the
polarization and the free charges by everything else. With this at hand, the Gauss law in
differential form becomes

divd = ρef (3.36)

by defining the electric displacement or electric induction d := ǫ0e +p. In integral form,
the Gauss law can be written as

∮

∂S

d · da = Qf,enc (3.37)

in terms of the total free charges Qf,enc =
∫

S
ρefdv enclosed in the volume S. It is notewor-

thy that one of the three fields (electric field, displacement, or polarization) introduced so
far is redundant due to its dependency on the two others, outlining the auxiliary character
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Figure 3.8: Boundary conditions at an interface. a) Thin rectangular loop C and b) Gaussian
pillbox ∂S with surface charge density of free charges σe

f . The normal n points from medium 1
into medium 2 and the height α → 0 tends to zero.

of the electric displacement without deep physical meaning, Irodov [74]. However, for
the modeling purposes in focus of this work, it simplifies the description of the deformation
in a dielectric medium.

Suppose a linear isotropic dielectric medium is placed in an electric field. The induced
polarization is proportional to the external electric field such that p = ǫ0χe, where χ
is the dimensionless electric susceptibility of the material. The electric displacement is
hence also proportional to the applied field

d = ǫ0e + ǫ0χe = ǫ0(1 + χ)e = ǫe , (3.38)

where ǫr = (1 + χ) is the relative permittivity or dielectric constant of the material.
For matter ǫr > 1 and for vacuum ǫr = 1. The values of the relative permittivity vary
significantly depending on the material, that is approximately one for various gases and up
to several thousand for ceramics. Examples are water with ǫr = 80.1 or barium titanate
with ǫr = 1250 at room temperature.

3.2.4. Boundary conditions at interfaces between materials

Consider a material interface where the electric field and displacement in the respective
materials are labeled by {e1,d1} and {e2,d2}. The tangential boundary condition for the
electric field is derived starting from the local form of Faraday’s law curl e = 0 applied to
a closed rectangular loop C as shown in Figure 3.8a. As the height α → 0 tends to zero,
Stoke’s theorem results in the continuity of the tangential component of the electric field
over the interface ∮

C

e · dx = 0 −→ (e2 − e1)× n = 0 . (3.39)

The boundary condition for the normal component of the electric displacement is derived
from Gauss’s law applied to an elementary pillbox. Due to α → 0, the flux through
the sides has no contribution, see Figure 3.8b. If free surface charges are present on the
interface, the normal component has a discontinuity

∫

∂S

d · n da =

∫

∂S

σe
f da −→ (d2 − d1) · n = σe

f , (3.40)

where σe
f is the surface charge density of free charges at the interface. An important

special case is the interface between a dielectric (medium 1) and a conductor (medium
2). The external electric field acts on all charges inside the conductor and displaces the
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negative ones in the direction against the field. This displacement continues till the charge
distribution inside the conductor cancels the external field, hence the electric field and
polarization are zero in a conductor. Equation (3.40) becomes

−d · n = σe
f (3.41)

which can be interpreted as Cauchy-type theorem for the electric displacement. The
subscript 1 is omitted here. This special case is important for electrode materials (e.g.
graphite powder) used to apply the electric field to a dielectric medium.

3.2.5. Balance laws of coupled electro-mechanics

The fundamental laws in continuum mechanics are expressions of the conservation of
physical quantities such as mass, linear and angular momentum as well as energy. They
must be satisfied for all bodies and are usually formulated as global relationships in integral
form. The electro-mechanical balance laws are formulated such that they incorporate
additional contributions due to the interaction of the solid with the electric field, see for
example Tiersten [187] and Eringen & Maugin [43]. Assuming a generic part PS

cut out of the full body S, the action of the rest body S \ PS is expressed in terms of
phenomenological quantities such as heat flux and mechanical tractions, see Figure 3.4.
The global balance laws in the spatial configuration are

1. mass
d

dt

∫

PS

̺ dv = 0 ,

2. linear momentum
d

dt

∫

PS

̺v dv =

∫

PS

̺γ dv +

∫

∂PS

tm da ,

3. angular momentum
d

dt

∫

PS

x× ̺v dv =

∫

PS

x× ̺γ + ̺ωe dv +

∫

∂PS

x× tm da ,

4. energy
d

dt

∫

PS

1
2
̺v ·v + ̺e dv =

∫

PS

̺γ ·v + ̺r dv +

∫

∂PS

tm ·v − h da ,

(3.42)
in terms of the mass density in the current configuration ̺, the mechanical tractions
tm = σmn, and the total body force per unit mass γ := γm + γe as sum of externally
applied part and that caused by electric fields. Furthermore, we observe the body couple
ωe due to electric fields per unit mass, the internal energy density per unit mass e, the
heat flux h = qn, and the total energy supply per unit mass r := rm + re as sum of the
prescribed part and that caused by electric fields. The body force, couple, and energy
supply are generated by the interaction with the electric field and explicitly determined
in the next subsection. If the considered fields are sufficiently smooth, these global laws
can be transformed to local statements, valid at every point x ∈ S, by applying the Gauss
and localization theorem

1. mass ˙̺ + ̺ div[v] = 0 in S ,
2. linear momentum ̺v̇ = div[σm] + ̺γm + ̺γe in S ,
3. angular momentum skew[σm] = ̺ω̂e in S ,
4. energy ̺ė = σm : gl + ̺rm + ̺re − div[q] in S ,

(3.43)
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Figure 3.9: The two-dipole model. The cut out parts of the moving body in the reference PB

and the current configuration PS possess at every point an electric dipole. Electric charges ±q
in the current configuration at positive and negative poles move with velocity v− = v = ẋ and
v+ = v + δv = ẋ+ δẋ.

with the skew-symmetric second order tensor ω̂e
ij =

1
2
ǫijkω

e
k, where ωe is the axial vector

of ω̂e, and the spatial velocity gradient l = Ḟ F−1. Note that the mechanical Cauchy
stress σm is no longer symmetric 2.

3.2.6. Electric force, couple, and energy supply

The electric body force γe, the couple ωe, and energy supply re are determined for electric
fields satisfying the Maxwell equations, see Tiersten [187], Maugin & Eringen [111],
and Eringen & Maugin [43]. In literature, there exist various approaches all including
additional postulates, cf. Penfield & Haus [146] for further details. In this work, we
follow the approach used by Pao & Hutter [143] who employ a two-dipole model of
non-interacting dipoles to evaluate electric forces, see Figure 3.9. Such an approach is
applicable solely to macroscopic models. On the micro-level, additional contributions
need to be taken into account. Each point in the continuum has attached an electric
dipole of positive and negative charges representing the polarization. Electric charges
±q are attached to the dipoles separated by the distance δx. For the limit case, where
|δx| → 0, the polarization p is defined by

p := lim
|δx|→0

N eqδx , (3.44)

where N e is the total number of electric dipoles per unit volume. The forces acting on
the charges of the dipoles are derived starting from a general expression of the Lorentz

2Remark on balance of angular momentum: In order to perform the total time derivative we use
the volume map dv = JdV and the time independent density in the reference frame ̺0 = J̺, yielding
d
dt

∫

PS

x × ̺v dv =
∫

PS

x × ̺v̇ dv. For the term involving the traction vector we get in index notation
after applying divergence theorem

∫

∂PS

x× tm da =

∫

PS

ǫijkxiσ
m
jl,l + ǫijkσ

m
ji dv =

∫

PS

ǫijkxiσ
m
jl,l − ǫijkσ

m
ij dv ,

where we used the permutation property of the Levi-Civita symbol ǫijk = −ǫjik. Insertion into the global
form of the balance of angular momentum and application of localization theorem allows us to identify
the local form of the balance of linear momentum (3.43)2, reducing the equation to σm

ij ǫijk = ̺ωem
k . With

the identity ǫijkǫmnk = δimδjn − δinδjm we finally arrive at

1
2
(σm

ij − σm
ji ) =

1
2
̺ǫijkω

e
k = ̺ω̂e

ij ,

defining the skew-symmetric tensor ω̂e
ij =

1
2
ǫijkω

e
k in terms of the electric body couple.
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force fL = q(e + v × b). For a point charge q moving with velocity v due to the electric
field e and the magnetic induction b this force becomes

f q = qe + qv × µ0h , (3.45)

where v is the velocity of the material particle and (3.45) is only valid in free space where
b = µ0h. Thus, using the Lorentz force for macroscopic charges inside a continuum is
only a postulate. According to the two-dipole model under consideration, the negative
electric charge −q is considered at position x, the positive +q at x + δx. The velocities
of the moving charges are v− = v and v+ = v + δẋ. A Taylor series expansion of (3.45)
yields the forces on the charges as

f−
q = −qe(x)− qv × µ0h(x) ,

f+
q = qe(x+ δx) + q[v + δẋ]× µ0h(x+ δx)

= qe(x) + q∇xe(x) · δx+ qv × µ0h(x)

+qv × µ0∇xh(x) · δx+ qδẋ× µ0h(x) + . . . .

(3.46)

A unit material volume element contains N e electric dipoles and no broken dipoles are
considered. The force on each dipole can be written as the sum of the forces on the
charges and thus we get the total force on the volume element due to polarization as

̺γe
pol = lim

|δx|→0
N e(f−

q + f+
q )

= lim
|δx|→0

N e
[
q∇xe · δx+ qv × µ0∇xh · δx+ qδẋ× µ0h

]

= ∇xe · p + µ0v ×∇xh · p + µ0̺
d

dt

(
p

̺

)

× h ,

(3.47)

where we used the definition of the polarization (3.44) and the relation lim|δx|→0N
eqδẋ =

̺ d
dt
(p
̺
) = ∂

∂t
p+div[p⊗v]. In addition to the body forces due to polarization, there is the

force due to free charges ρefe. Thus, the total force on an element of unit volume turns
out to be ̺γe = ̺γe

pol + ρefe. For the quasi-static case with v ≈ 0 , the total electric body
or ponderomotive force reduces to

̺γe = ∇xe · p + ρefe (3.48)

The electric couple is determined by evaluating the torque exerted by the force of the
positive charge. From (3.46), the torque on an electric dipole is

δx× f+
q = δx× [qe + qv × µ0h+ . . .] . (3.49)

In the limit case, the torque on a unit volume with N e electric dipoles is given by ̺ωe =
lim|δx|→0N

e(δx×f+
q ) = p×e+p×(v×µ0h), indicating the asymmetry of the mechanical

Cauchy stress. In the quasi-static case, the electric body couple and its skew-symmetric
part ω̂e

ij =
1
2
ǫijkω

e
k reduce to

̺ωe = p × e and ̺ω̂e = skew[p ⊗ e] (3.50)
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Evaluating the rate of work done on an electric dipole by the forces f−
q and f+

q with
velocities v−

e = v and v+
e = v + δẋ we get

f−
q · v−

e + f+
q · v+

e = −q[e(x) + v × µ0h(x)] · v
+q[e(x+ δx) + (v + δẋ)× µ0h(x+ δx)] · (v + δẋ)

= qe(x) · δẋ+ q(∇xe · δx) · v + q(∇xe · δx) · δẋ+ . . . .

(3.51)

Taking the limit |δx| → 0 and multiplying with the number of dipoles N e, we obtain the
work done per unit volume due to polarization ̺re = lim|δx|→0N

e[f−
q · v−

e + f+
q · v+

e ] =

̺e · d
dt
(p
̺
) + (∇xe · p) · v. For the quasi-static case, the electric energy supply reduces to

̺re = ̺e · d
dt

(
p

̺

)

(3.52)

The electric body force and couple are now used to introduce the concept of a total stress
tensor combining mechanical and electric influences.

3.2.7. The concept of total stress

The electro-mechanical balance laws can be reformulated in terms of a symmetric total
stress tensor. The interaction between solid matter and electric field is taken into account
by the electric body force, couple, and energy supply. We define the additional stress ten-
sor σe such that its divergence determines the electric body force and its skew-symmetric
part the negative body couple tensor

div[σe] = ̺γe and skew[σe] = −̺ω̂e . (3.53)

It is often referred to as the Maxwell stress tensor 3 taking the form σe = e⊗d− 1
2
ǫ0|e|21 .

Insertion of equation (3.53) into the balance of linear and angular momentum gives

div[σ] + ̺γm = 0 and skew[σ] = 0 (3.54)

in terms of the symmetric total stress tensor σ = σm+σe as sum of the mechanical Cauchy
stress and electric Maxwell stress combining the interaction of matter and electric field.

3 Proof of Maxwell stress: Starting with the Maxwell equation div[d] = ρef where the electric displace-
ment is defined as d = ǫ0e + p, the divergence of the Maxwell stress reads

div[σe] = ∇xe · d + e div[d]− ǫ0∇T
xe · e = ǫ0(∇xe −∇T

xe) · e +∇xe · p+ ρefe = ∇xe · p+ ρefe ≡ ̺γe ,

where we used Faraday’s circuital law in the form curl(·) × a = [∇x(·) − ∇T
x(·)] · a = 0 . The skew-

symmetric part of the Maxwell stress is

skew[σe] = 1
2
(e ⊗ p − p ⊗ e) = skew[e ⊗ p] = − skew[p ⊗ e] ≡ −̺ω̂e ,

coinciding with the skew-symmetric tensor ̺ω̂e defined by the electric body couple ω̂e
ij =

1
2
ǫijkω

e
k.
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Figure 3.10: Geometric mapping properties of electric displacement and electric field. The con-
travariant Kirchhoff-type electric displacement d̃ := Jd = FD is mapped via the deformation
gradient. The covariant electric field e = F−T

E is mapped by the normal map.

3.2.8. Geometrical transformations of electric objects

In analogy to the transformation of mechanical objects, the Lagrangian counterparts of
the electric field and electric displacement can be obtained. Employing the transformation
of line elements, the spatial integration of the electric field in (3.26) can be rewritten as

φ(x) = −
∫ x

x0

e · dx = −
∫ X

X0

e · F dX = −
∫ X

X0

E · dX , (3.55)

yielding the pull-back of the Eulerian electric field to the Lagrangian configuration

E = F T
e −→ e = F−T

E . (3.56)

Following the definition of the electric displacement in equation (3.37) and applying Nan-
sons’s area transformation

∫

∂S

d · da =

∫

∂B

d · JF−TdA =

∫

∂B

D · dA , (3.57)

we can define the Lagrangian electric displacement D as the pull-back

D = JF−1
d −→ d̃ := Jd = FD , (3.58)

which is a typical inverse Piola-transformation. The polarization vector p transforms in an
analogous manner P = JF−1

p. Following the geometric interpretation of the mappings
in Figure 3.10, it is obvious that we need to modify the definition of the polarization
vector p = d − ǫ0g

−1
e to be geometrically exact yielding P = D − ǫ0JC

−1
E.

3.2.9. Electrical power expressions

In analogy to the mechanical stress power expression discussed in Subsection 3.1.6, the
electrical power Pe per unit mass is defined as negative electric displacement times rate
of the electric field in the material and spatial setting

̺0Pe := −D · Ė
︸ ︷︷ ︸

Lagrangian

= −d̃ ·£ve
︸ ︷︷ ︸

Eulerian

(3.59)

Note that in the Eulerian configuration, the dual quantities for the computation of the
electric power are the Kirchhoff-type electric displacement and the Lie derivative of the
electric field £ve = F−T d

dt
(F T

e) = ė + lTe.





Chapter 4

The Concept of Micro-to-Macro Transition

This chapter provides a brief introduction to the problem of homogenization and the con-
cept of micro-to-macro transition as outlined in the fundamental works of Voigt [195],
Reuss [153], Hill [63, 66], Hashin & Shtrikman [58], Willis [202], Suquet [177],
Ponte Castañeda & Suquet [152] and the textbooks by Nemat-Nasser & Hori

[140], Zohdi & Wriggers [218], Buryachenko [27]. An overview on various homoge-
nization techniques is given in Kanouté et al. [82] and Geers et al. [50] including
asymptotic homogenization, mean field approaches, multiscale computational techniques
of multi-physics problems as well as first and second order schemes. Multiscale techniques
were initially developed in the field of mechanics, but recently fundamental advances for
coupled multi-physics problems are achieved. Most materials which are attempted to be
modeled by homogeneous continuum approaches are inhomogeneous on smaller length
scales, that is on micro- or even nano-size. Typical examples within the context of this
work are piezoelectrics, consisting of grains built up of electric domains with aligned po-
larization on the micro-level. On the one hand, there exist complex micromechanically

microstructure Bmacrostructure B̄

{F̄ , Ē}

{P̄ , D̄}

lmacro lmicro

Figure 4.1: Micro-to-macro transition concept. Common-rail fuel injection systems with piezo
inline injectors and barium titanate microstructure are depicted. The macroscopic deformation
gradient and electric field {F̄ , Ē} drive the microstructure B. Output are the homogenized
nominal stress and electric displacement {P̄ , D̄} at a material point of the macrostructure B̄.

39
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motivated modeling concepts such as phase field models describing explicitly the dissi-
pative nature of polarization switching and thus the movement of domain walls. On the
other hand, there are macroscopic phenomenological approaches neglecting the under-
lying microstructure and focusing on a homogeneous medium instead. Both concepts
are relevant and can be adapted to experimental results. The mathematical theory of
computational homogenization can close the gap between micro- and macroscale by the
formulation of suitable micro-to-macro transition concepts, incorporating physically nec-
essary information of the microscale (e.g. the domain switching) on the macroscopic level,
see Figure 4.1. In the pioneering work of Voigt [195] and Reuss [153] rigorous upper
and lower bounds for the effective stiffness of composites were developed. An extension
based on variational principles leading to better estimates was presented later by Hashin

& Shtrikman [57, 58]. A computational homogenization approach coupling the macro-
scopic scale to the microscopic scale is in the following extended to electro-mechanically
coupled materials. The key aspect of every homogenization scheme is the determination of
macroscopic quantities in terms of their microscopic counterparts, driven by appropriate
constraints or boundary conditions on the representative volume element. In Nemat-

Nasser & Hori [140, p.59], the additional incorporation of non-mechanical properties
such as thermal, magnetic, or electric effects was concerned. Extended averaging theorems
are derived and various potentials proposed leading to upper and lower bounds for the
macroscopic potentials characterized by an appropriate choice of boundary conditions.

Within this chapter, upper and lower bounds for the effective properties of the material
are developed by considering a simple one-dimensional purely mechanical model problem.
The fundamental assumptions such as the concept of representative volume elements
and the separation of length scales of computational homogenization are reviewed and
extended to the electro-mechanically coupled regime.

4.1. The concept of representative volume elements

The description of macroscopic material behavior takes the heterogeneous microstructure
as a basis. Hence, the macroscopic material behavior is fully characterized by microscopic
geometry and composition of particular constituents, e.g. fibers, particles, inclusions, and
voids. The goal of computational homogenization schemes is to describe macroscopic be-
havior by considering an underlying representative volume element, see Hill [63], Hashin

[56], and Nemat-Nasser & Hori [140]. Rodney Hill defined a representative volume
element as a sample of a heterogeneous material that is typical of the whole mixture
on average, and contains a sufficient number of micro-inhomogeneities for the material
properties to be independent of surface values. They are large compared to typical phase
region dimensions, that is a fiber diameter or the distance between inclusions. The overall
properties fluctuate about a mean value with a wavelength much smaller than the dimen-
sions of the sample, and the effect of such fluctuations becomes insignificant in a small
layer close to the surface. The contribution of this surface layer to any volume average
can be made negligible by taking the sample large enough. A graphical interpretation of
the non-uniqueness of representative volume elements is given in Figure 4.2. Hence, the
choice of the sample is ambiguous, albeit some geometric structures are more favorable
for the numerical treatment than others, see for instance Michel et al. [114] regarding
the numerical treatment of hexagonal representative volume elements.
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a1

a1 a1

a1

a2

a2
a2

a2

Figure 4.2: Non-uniqueness of representative volume elements. The dashed lines indicate four
possible representative volume elements in a heterogeneous, periodic microstructure. The two
linearly independent vectors a1 and a2 build up a coordinate system to describe the periodicity
of the unit cells, see Schröder [160].

A crucial requirement for the application of the concept of representative volume ele-
ments is the existence of different length scales. The separation of length scale assumption
implies that the microscopic length scale identifying the size of a representative volume
element varies on a much smaller scale than the characteristic length of the macroscopic
loading

lmicro ≪ lmacro , (4.1)

see for instance Geers et al. [50]. Note that it is not the size of the macroscopic body
which is important, rather the spatial variation of the kinematic and stress fields as well
as external loading within that domain. This hypothesis causes two key consequences
for the homogenization analysis. First, the macroscopic gradients {F̄ , Ē} and stress-like
quantities {P̄ , D̄} are uniform (constant) over the spatial length scale lmicro associated
with the size of the microstructure. Second, the body force, external surface traction,
volume density, and free surface density fluctuate on a length scale much larger than that
of the microscale and thus can be neglected. Hence, the mechanical equilibrium equation
and the Gauss law reduce to Div[P ] = 0 and Div[D] = 0 in B, that are homogeneous
balance equations without source terms.

4.2. The problem of homogenization: A brief introduction

This section serves as a brief introduction to the problem of homogenization, focusing on a
one-dimensional bar with periodic microstructure and constant cross section A. The body
consists of a sequence of alternating pieces with two different Young moduli satisfying
the separation of length scale hypothesis. The elongation in longitudinal direction for
an inhomogeneous Young modulus E(x) and displacement u(x) are determined by the
principle of minimum potential energy, see Figure 4.3. Let ε := du/dx be the strain in
the bar, σ = E(x)ε a one-dimensional stress state governed by Hooke’s law, and F an
external force at its right end. Then, the internal energy density at a point of a linear-
elastic material is U = 1

2
σε. The total internal energy is obtained by integration over the

volume of the bar

Utot =

∫

B

U dV =

∫

B

1
2
σε dV =

∫ L

0

1
2
E(x)Aε2 dx . (4.2)
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Figure 4.3: Elastic bar with periodic microstructure. a) Three-dimensional and b) two-
dimensional view of undeformed configuration. The constant cross section is A and the Young
modulus E(x) is inhomogeneous in consecutive parts. The beam is loaded by the force F at its
right end and clamped at its left, acting as Dirichlet boundary condition with u(0) = 0. The
length of alternating pieces is a≪ L, which is much smaller than the total length of the bar L.

The external work potential W = Fu(L) is the work performed by the applied end load
F on the displacements. The displacement field is then obtained by the principle of
minimum potential energy

u = arg
{

inf
u∈Wu

Π(u)
}

with Π(u) = Utot(ε)−W(u) , (4.3)

where Wu := {u | u(0) = 0} restricts the displacement to satisfy the Dirichlet boundary
conditions and the functional Π is the total potential energy. The Euler equations of this
variational principle describe the boundary-value-problem

d

dx

[
E(x)Aε

]
= 0 , u(0) = 0 , E(x)Aε

∣
∣
x=L

= F . (4.4)

Assuming a constant stress distribution within the bar, the analytic solution for this
problem is obtained in accordance with Berdichevsky [14] as

u(x) =
F

A

∫ x

0

dx

E(x)
. (4.5)

By introducing the average strain ε̄ as the total relative elongation of the rod, the effective
Young modulus can be defined by the relation

F = ĒeffAε̄ with ε̄ :=
u(L)

L
. (4.6)

The determination of effective moduli will be the main task of the homogenization analysis
in order to replace a microscopically inhomogeneous material by a homogeneous idealiza-
tion on the macroscale. Using the exact solution (4.5), the constant effective modulus

Ēeff =
( 1

L

∫ L

0

dx

E(x)

)−1

(4.7)

is obtained as the Reuss bound. More details regarding Reuss, Voigt, and Hashin-
Shtrikman bounds are given in the subsequent section. The minimizing element of the
variational principle (4.3) can be analogously determined by a homogenized functional of
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Figure 4.4: The problem of homogenization. Analytic solution u(x) and average solution ū(x)
for the elastic rod with periodically alternating Young moduli and piece length a = L/8. For
the given material parameters the effective stiffness is computed as the Reuss bound 1/Ēeff =
1
L

∫ L

0
1/E(x)dx = 3/5 and hence the average displacement is ū(x) = F/ĒeffA · x = 3/5 · F/A · x

with x ∈ [0, L].

a homogeneous elastic bar in terms of the effective Young modulus Ēeff and the homoge-
nized displacement ū(x). Hence, let the homogenized strain be determined by ε̄ := dū/dx.
The variational principle of homogenization then reads

ū = arg
{

inf
ū∈Wū

Π̄(ū)
}

with Π̄(ū) =

∫ L

0

1
2
ĒeffAε̄

2dx− F ū(L) , (4.8)

where Wū := {ū | ū(0) = 0}. The minimization of the functional Π̄(ū) for arbitrary
variations gives as solution the homogenized displacement field

ū(x) =
F

ĒeffA
x . (4.9)

The cornerstone of every homogenization problem is the determination of the effective
properties describing the inhomogeneous material behavior for its homogeneous counter-
part. For the one-dimensional bar under consideration, the differences between the two
solutions of the variational principles (4.3) and (4.8) are given in Figure 4.4.

4.3. Variational bounds on effective properties

This section develops bounds on effective properties for a one-dimensional continuum gov-
erned by Hooke’s law. The classical Voigt and Reuss bounds are derived and compared
with the more sophisticated Hashin-Shtrikman estimates. Consider a microscopic rep-
resentative volume element with inhomogeneous Young modulus such that Hooke’s law
becomes σ = E(x)ε. This results in the need to solve complicated partial differential
equations for the displacement field of the body. A more efficient approach is to derive
homogeneous estimates on the macroscale with average (effective) material properties

σ = E(x)ε −→ σ̄ = Ēeff ε̄ , (4.10)

where Ēeff is a constant effective Young modulus. For a graphical representation of the
idea of using homogeneous idealizations with effective-properties we refer to Figure 4.5.
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σ̄ = Ēeff ε̄

B B̄

Ei

Em
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Figure 4.5: Effective properties in structural engineering. The actual structure is inhomo-
geneous with varying Young modulus in consecutive parts. This inhomogeneous material is
replaced by a homogeneous idealization with effective material properties.

In the pioneering works of Voigt [195] and Reuss [153], either the strain or the stress
field was assumed to be uniform within an aggregate of polycrystalline material. These
assumptions lead to simple bounds for two-phase composites, where an inclusion phase
is embedded into a matrix. The Young modulus is constant within each phase such that
σm = Emεm and σi = Eiεi in the matrix and the inclusion, respectively. These bounds
generally provide rough estimates of the effective stiffness of the material. The Voigt
assumption usually overestimates the effective stiffness because the tractions at the phase
boundaries cannot be in equilibrium (static inadmissibility), while the Reuss assumption
leads to an underestimation of the stiffness, where the matrix-inclusion composite cannot
be perfectly bonded (kinematic inadmissibility).

The fractional volume concentration of the inclusion and matrix phases are denoted
by ci and cm such that ci + cm = 1. Hence, the average stress in the composite is

σ̄ = cmσ̄m + ciσ̄i = cmEmε̄m + ciEiε̄i , (4.11)

see Hill [63]. A representative volume element is assumed to be structurally typical
for the whole mixture on average and contains a sufficient number of inclusions for the
effective modulus to be independent of the surface tractions and displacements. Voigt

[195] assumes that the strain in the composite is uniform, that is εm = εi = ε̄. Insertion
into (4.11) gives the Voigt bound for the effective stiffness of the composite

σ̄ = ĒVoigtε̄ with ĒVoigt = cmEm + ciEi . (4.12)

Obviously this is tantamount to a simple volume weight of the phase stiffnesses. In
complete analogy, a similar ansatz to (4.11) for the strain field in the composite is

ε̄ = cmε̄m + ciε̄i = cmE
−1
m σ̄m + ciE

−1
i σ̄i . (4.13)

The assumption of uniform stress in the composite σm = σi = σ̄ according to Reuss [153]
specifies the Reuss bound for the stiffness of the mixture

σ̄ = ĒReussε̄ with ĒReuss =
(
cmE

−1
m + ciE

−1
i

)−1
, (4.14)
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Figure 4.6: Bounds on effective properties. a) For the springs in parallel the strain (displace-
ment) is uniform ε(x) = ε̄ leading to the Voigt bound κVoigt = κm + κi for the effective spring
constant. The two springs in series render a uniform stress (force) state σ(x) = σ̄ and give the
Reuss bound κReuss = (κ−1

m + κ−1
i )−1. b) Comparison of upper Voigt and lower Reuss bounds

with Hashin-Shtrikman bounds for a fictitious matrix-inclusion material. The bulk and shear
moduli are κm = 2GPa, κi = 20GPa, µm = 1GPa, and µi = 10GPa.

which are weights of the phase compliances. Within the fundamental work Hill [60] it is
shown that the previously derived Voigt and Reuss estimates for the overall properties of
composite materials are strict upper and lower bounds of the true effective elastic moduli

ĒReuss ≤ Ēeff ≤ ĒVoigt . (4.15)

For a simple isotropic material described by the bulk modulus κ and the shear modulus
µ in each phase the previously mentioned bounds on the effective stiffness are given. The
Voigt bounds arise as

κVoigt = (1− ci)κm + ciκi and µVoigt = (1− ci)µm + ciµi (4.16)

and the Reuss bounds as

κReuss =
(
(1− ci)κ

−1
m + ciκ

−1
i

)−1
and µReuss =

(
(1− ci)µ

−1
m + ciµ

−1
i

)−1
, (4.17)

which are simple weights of the stiffness or compliances. The stiff Voigt bound can
be interpreted by two springs in parallel while the soft Reuss bound resembles springs in
series, see Figure 4.6a. In a sequence of papers Hashin & Shtrikman [57, 58] developed
improved bounds based on variational principles using a split of the stress field according
to the concept of filtering of micro-macro fields. These are useful for infinite sample sizes
compared to the length scale of micro-constituents. Due to their complicated nature, only
the upper and lower Hashin-Shtrikman bounds for the bulk modulus are shown here

κHS−
= κm +

(κi − κm)ci
1 + αm(

κi

κm
− 1)(1− ci)

and κHS+ = κi +
(κm − κi)(1− ci)

1 + αi(
κm

κi
− 1)ci

, (4.18)

where α = κ/(κ + 4
3
µ) in each phase. For details regarding the bounds on bulk and

shear moduli see Hill [63]. The results obtained for isotropic solids are compared in
Figure 4.6b, where both the Voigt and the Reuss bound as well as the more sophisticated
Hashin-Shtrikman bounds are shown exemplary for the bulk modulus.
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4.4. Fundamental averaging theorems of electro-mechanics

The fundamental averaging theorems for finite strains, see Hill [66], Nemat-Nasser

[139], and Miehe et al. [126], discussed within this section are necessary to extract
macroscopic information from an underlying representative volume element. The results
are independent of constitutive relations, material properties, and linear or nonlinear
material response. The first theorem concerns the micro-to-macro transition of kinematic
quantities. The macroscopic deformation gradient is completely defined in terms of the
average of boundary displacements taken over the volume of the microstructure

F̄ =
1

|B|

∫

∂B

ϕ⊗N dA =
1

|B|

∫

B

F dV . (4.19)

For the simple microstructures under consideration, the macroscopic deformation gradient
is the volume average of its microscopic counterpart. For more complex microstructures
including e.g. holes or discontinuities, the reader is referred to Schröder [160], where the
macroscopic deformation gradient has additional contributions due to internal boundaries.
The difficulty within large strain kinematics is the nonlinear relation between kinematic
objects. Hence, not all macroscopic kinematic quantities may be obtained as the volume
average of their microscopic counterparts, e.g. the Green-Lagrange strain tensor. In anal-
ogy to kinematics, the macroscopic nominal stress is governed by the prescribed boundary
tractions T = P ·N , that is

P̄ =
1

|B|

∫

∂B

T ⊗X dA =
1

|B|

∫

B

P dV . (4.20)

Again we conclude that the macro stress is the volume average of the microscopic one.
Extending the small strain version developed in Schröder [161] or Zäh & Miehe [207]
to finite deformations results in the determination of the macroscopic electric field and
electric induction. Hence, for a body without discontinuities the electric field is defined
in terms of the electric potential on the boundary

Ē =
1

|B|

∫

∂B

−φN dA =
1

|B|

∫

B

E dV (4.21)

and the macroscopic electric induction

D̄ =
1

|B|

∫

∂B

−Σe
fX dA =

1

|B|

∫

B

D dV (4.22)

in terms of the prescribed free surface charge density Σe
f = −D·N . The average theorem

for the mechanical stress and electric displacement can be derived solely if the separation
of length scale hypothesis holds, that is, the mechanical equilibrium and the Gauss law
reduce to their homogeneous form without source terms. An analogous ansatz is outlined
inKeip et al. [83] for electro-mechanics and Chatzigeorgiou et al. [30] for magneto-
mechanically coupled materials.

4.5. The Hill-Mandel macrohomogeneity condition

The Hill-Mandel condition was originally developed by Hill [63] and Mandel [108]. In
words, Hill [63] explained it as follows: “The average strain energy in any region can
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be calculated from the average stress and strain, when the surface constraints are of the
specified kind”. The macrohomogeneity has become one of the fundamental principles
in computational homogenization analysis due to the fact that the boundary conditions
applied to the representative volume element are directly derived from it. Mathematically,
it can be formulated in the electro-mechanical context as the equivalence of total virtual
macroscopic stress power including electric contributions and volume average of its total
microscopic counterpart

P̄ : δF̄ − D̄ · δĒ =
1

|B|

∫

B

P : δF −D · δE dV . (4.23)

Note that for the sake of simplicity, any dissipative effects are neglected here. It can be
shown that the macrohomogeneity condition solely holds in conjunction with the sepa-
ration of length scale hypothesis. In order to derive more accurate averaging strategies
than the previously discussed Voigt and Reuss estimates, the Hill-Mandel condition is
used transferring the given macroscopic variables to the microstructure via the boundary
conditions, see Hill [66] for the purely mechanical case. In a first step, the right hand
side of (4.23) gives

1

|B|

∫

B

P : δF −D · δE dV =
1

|B|

∫

∂B

T · δϕ− Σe
fδφ dA (4.24)

with the traction vector T = P ·N , the free surface charge density Σe
f = −D ·N , and

the outward unit normal N ∈ ∂B. Three additional reformulations of the macroscopic
power expression

P̄ : δF̄ − D̄ · δĒ =
1

|B|

∫

∂B

(P̄ ·N) · δϕ+ (D̄ ·N)δφ dA ,

P̄ : δF̄ − D̄ · δĒ =
1

|B|

∫

∂B

T · (δF̄ ·X) + Σe
f (δĒ ·X) dA ,

P̄ : δF̄ − D̄ · δĒ =
1

|B|

∫

∂B

(P̄ ·N) · (δF̄ ·X)− (D̄ ·N)(δĒ ·X) dA ,

(4.25)

give, together with an extension of (4.23), the following form

1

|B|

∫

∂B

(δϕ− δF̄ ·X) · (T − P̄ ·N)− (δφ+ δĒ ·X)(Σe
f + D̄ ·N) dA = 0 . (4.26)

The modifications performed above result in two obvious boundary conditions, that are
the uniform displacements (Dirichlet) and uniform tractions (Neumann) on the surface of
the microstructure

(D) :

{
ϕ = F̄ ·X,

−φ = Ē ·X,
and (N) :

{
T = P̄ ·N ,

−Σe
f = D̄ ·N .

(4.27)

Non-trivial periodic boundary conditions are obtained by additive decomposing the de-
formation map and electric potential into a linear, homogeneous part governed by the
macroscopic deformation and a superimposed fine scale fluctuation field

ϕ = F̄ ·X + ϕ̃ and − φ = Ē ·X − φ̃ , (4.28)
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φ = −Ē ·X + φ̃

Figure 4.7: Non-trivial periodic boundary conditions. The microscopic deformation and elec-
tric potential are decomposed into homogeneous macroscopic parts and superimposed fine-scale
fluctuations according to ϕ = F̄ · X + ϕ̃ and φ = −Ē · X + φ̃. Periodic boundary conditions
are applied for the superimposed fluctuation fields. The deformation map and electric poten-
tial at the edges are prescribed. Normal vectors on opposite faces ’+’ and ’−’ are related by
N+ = −N− at associated points X+ ∈ ∂B+ and X− ∈ ∂B−.

resulting in the kinematics F = F̄ + ∇Xϕ̃ and E = Ē − ∇Xφ̃, see Figure 4.7. Taking
(4.23), (4.24), and (4.25)2, the macrohomogeneity condition can be reformulated as

1

|B|

∫

∂B

(δϕ− δF̄ ·X) · T − (δφ+ δĒ ·X)Σe
f dA = 0 . (4.29)

Due to the extension of the primary fields (4.28) by fine scale fluctuations and the split
of the boundary into points X+ ∈ ∂B+ and X− ∈ ∂B−, we finally obtain

1

|B|

∫

∂B+

δϕ̃+ · T+ − δφ̃+Σe+
f dA+

1

|B|

∫

∂B−

δϕ̃− · T − − δφ̃−Σe−
f dA = 0 . (4.30)

This results in the non-trivial periodic boundary conditions with anti-periodic tractions
and surface charges

(P ) :

{

ϕ̃+ = ϕ̃−,

φ̃+ = φ̃−,
with

{

T + = −T −,

Σe+
f = −Σe−

f .
(4.31)

Note that the uniform displacement constraints are recovered for ϕ̃ = 0 and φ̃ = 0 on ∂B
and that zero fluctuation fields in the entire domain B also satisfy the Hill-Mandel condi-
tion, usually referred to as Taylor assumption. Periodic boundary conditions are the most
reasonable choice for the computational homogenization analysis, even for microstructures
which are non-periodic, see Terada et al. [184] and Segurado & Llorca [164].
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Chapter 5

Variational-Based Modeling of

Micro-Electro-Elasticity with Electric Field and

Stress Driven Domain Evolution

In order to improve the predictive quality of macroscale models and to have a better
understanding of the underlying micromechanical driving forces, a greater emphasis on
the construction of micro-mechanically motivated experiments and associated microscale
models is called for. The development of micro-electric continuum approaches for ferro-
electric crystals at small strains may be inspired by concepts for the phenomenological
description of magnetic domains, such as the seminal work of Landau & Lifshitz [100],
where the fundamentals of the so-called domain theory of magnetization in rigid bodies
have been laid based on energy minimization concepts. Let p denote the vector field
of electric polarization defined on the solid domain B. When ignoring for a moment
the electro-mechanical coupling effects, a theory of electric domains for rigid bodies may
be obtained by converting the Landau-Lifschitz energy functional of micro-magnetics to
ferroelectrics

E(p) =

∫

B

[
α

2
|∇p|2 + ϕ(p)− p · ē] dV +

ǫ0
2

∫

R3

|∇φ̃|2 dV , (5.1)

the minimization of which, for a given external electric field ē, gives the shape of the elec-
tric domains. This functional is valid along with the additional constraint div[p−ǫ0∇φ̃] =
0, that is the second Maxwell equation or the Gauss law, where φ̃ is the electric potential
induced by the electric polarization p in the full space R3 and ǫ0 the electric permittivity
of vacuum. The key aspect in the solution of such equilibrium theories is the presence of
the non-convex energy term ϕ(p), which is typically formulated in a polynomial form as
outlined in the pioneering works on ferroelectrics by Devonshire [38, 39]. This applies
equally to non-rigid, that are micro-electro-elastic theories, where additionally elastic and
electrostrictive terms in the energy functional appear. As already mentioned, the multi-
well non-convex structure of the problem (5.1) and of its micro-electro-elastic extension
gives rise to minimizers that consist of domains of differently oriented polarization. As
outlined in Shu & Bhattacharya [165] and Bhattacharya & Ravichandran [17],
based on arguments formulated in DeSimone [35] and DeSimone & James [36] for
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ferromagnetic bodies, these domains form very characteristic patterns in ferroelectrics.
In [165] domain patterns in a large ferroelectric single crystal in the absence of external
loading were studied. In this so-called ’large body limit’, the gradient term in (5.1) and
thus the boundary of the microstructure is neglected (α = 0). We refer in this context
to the overview on relaxation methods for rigid ferromagnetic materials in DeSimone

et al. [37]. In contrast, classical approaches to dynamic theories (or more correctly,
quasi-static viscous theories) of domain evolution consider the Landau-Ginzburg equa-
tion, see Gurtin [54] for a general overview, which describes for rigid solids the temporal
evolution of the electric polarization in the domain B by the equation

∫

B

ηṗ dV = − δ

δt
E(p) , (5.2)

where δE(·)/δt denotes the variational derivative of the functional E. This equation
characterizes p to be a phase field-like order parameter. The modeling of evolving elec-
tric domains in ferroelectric crystals conceptually in line with phase field approaches of
diffusive interfaces are considered for example in Cao & Cross [28], Hu & Chen [68],
Wang et al. [200], Zhang & Bhattacharya [210, 211], Su & Landis [174], Schrade
et al. [158], Choudhury et al. [32], Wang & Zhang [199], Wang & Kamlah [198],
and Kontsos & Landis [87, 88]. These works mostly report on processes driven by pre-
scribed electric potentials and displacements and do not directly control the homogenized
electric field and the homogenized stress. Phase field models are typical examples for the
constitutive modeling of size effects, such as the width of moving domain walls, which
characterize the diffusive phase field-type interface. This needs non-standard continuum
theories which incorporate length-scales, such as considered in Fried & Gurtin [48, 49]
and Su & Landis [174].

The literature of micro-electro-elasticity seems to be lacking fundamental variational
principles of incremental nature. Hence, an important challenge on the theoretical side
is the formulation of a variational principle in terms of the rates of the primary variables
governing the micro-electro-elastic multi-field problem, which returns a Ginzburg-Landau-
type evolution equation similar to (5.2) and the other governing equations of the coupled
problem as the Euler equations. Variational principles based on rate-type, incremen-
tal structures were recently proposed for the macroscopic description of ferroelectrics in
Miehe & Rosato [123] and Miehe et al. [132]. The aim of this chapter is to extend
these variational macro-concepts for materials with locally defined ordinary differential
equations for the evolution of internal variables to a model of micro-electro-elasticity,
that describes the time evolution of electric polarization parameters by balance-type par-
tial differential equations. A guideline for this extension is given in the recent work Miehe

[118] on variational principles for the mechanical response of gradient-extended standard
dissipative solids. The variational concepts proposed in the present work will serve as
a natural starting point for the discrete solution of the micro-electro-elastic problem by
means of the finite element method. On the computational side, the key challenge is
the construction of a fully implicit monolithic finite element method for the multi-field
problem, where the variational nature is reflected in the symmetry of the algebraic system.

The rigorous exploitation of new rate-type and incremental variational principles pro-
vides a frame that gives a canonical insight in the structure of the coupled problem.
Section 5.1 starts by constructing functionals of micro-electro-elasticity governing the
coupled problem. With these functionals at hand, Section 5.2 develops the variational



Chapter 5. Variational-Based Modeling of Micro-Electro-Elasticity 55

principles for the coupled evolution problem. To this end, we first outline in a continuous
setting a principle for stationary problems, in line with the classical work of Brown [25]
for micro-magnetics, however, formulated in terms of average macro-stress and average
macro-field loading functionals. A central new aspect of this paper is the formulation of a
variational principle for dynamic (quasi-static) evolution problems. The Euler equations
of this variational principle are the static stress equilibrium condition, the electrostatic
equilibrium condition, often denoted as the second Maxwell equation or the Gauss law,
and a Ginzburg-Landau-type evolution equation of the polarization. Based on these
continuous formulations, Section 5.3 develops a consistent finite element model of micro-
electro-elasticity. An algorithmic version of the variational principle for dynamic evolution
problems associated with finite time increments is constructed. This time-space-discrete
formulation is variational in nature, yielding a symmetric monolithic system of the cou-
pled problem. Numerical simulations in Section 5.4 demonstrate the modeling capacity
of the proposed formulation for domain wall motions in electric field and stress driven
loading processes including their coupling with the surrounding free space.

5.1. Basic functionals in micro-electro-elasticity

Let Ω ⊂ Rd denote a vacuum free space box with dimension d ∈ [2, 3] and B ⊂ Ω the
domain occupied by the material solid as depicted in Figure 5.1a. Ω is considered to be
large enough such that the electric field induced by the polarization of the body B is
decayed at its surface ∂Ω ⊂ Rd−1. We study the deformation and the polarization of the
body under quasi-static, electro-mechanical loading in the time interval T ⊂ R+.

5.1.1. Primary fields: Displacement, polarization, and electric potential

The boundary-value-problem of electro-mechanics is a coupled multi-field problem. On
the mechanical side, the primary variable field is the displacement field u of the material
point x ∈ B at time t ∈ T . On the electric side, the microscopic polarization p describes
the polarization of the solid material at x ∈ B and t ∈ T . Hence, we focus on the two
primary variable fields

u :

{
B × T → Rd,
(x, t) 7→ u(x, t),

and p :

{
B × T → Rd,
(x, t) 7→ p(x, t),

(5.3)

defined on the solid domain B ⊂ Ω. The electric field in the full free space box Ω induced
by the polarization p is described by a third field, the electric potential

φ̃ :

{
Ω× T → R,
(x, t) 7→ φ̃(x, t).

(5.4)

This potential field is assumed to be continuous across the interface ∂B between the solid
domain B and the surrounding free space Ω \ B, that is

[[φ̃]] = 0 on ∂B , (5.5)

where [[(·)]] := (·)+ − (·)− denotes the jump between the sides ∂B+ and ∂B− of the
interface between matter and free space as depicted in Figure 5.1a. The gradients of the
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Figure 5.1: Primary fields in micro-electro-elasticity. The solid B ⊂ Ω is embedded into a free
space box Ω ⊂ Rd. a) The electric potential field φ̃ in Ω induced by the electric polarization
of the solid is continuous across the interface ∂B, that is [[φ̃]] := φ̃+ − φ̃− = 0 on ∂B, and zero
on the boundary ∂Ω of the free space box. b) Associated with the displacement field u defined
on B are Neumann-type boundary conditions for the macro tractions σ̄ · n = t on ∂B. c) The
polarization field p on B is constrained by the boundary conditions p = pD on ∂B
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displacement field u and the potential φ̃ define the displacement gradient and the electric
field induced by the polarization

f := ∇u in B and ẽ := −∇φ̃ in Ω , (5.6)

respectively. These definitions satisfy automatically the deformation compatibility con-
dition curl[f ] = 0 in B and Faraday’s law of induction, the third Maxwell equation,
curl[ẽ] = 0 in Ω for the quasi-static problem under consideration. The strains are as-
sumed to be small, that is |∇u| < ǫ is bounded by a small number ǫ. In contrast, the
norm of the gradients of the polarization |∇p| and the electric potential |∇φ̃| are not
bounded.

5.1.2. Boundary conditions and loading functionals

Mechanical loading by average macro-stress. We consider the polarized body B to
be mechanically loaded by a constant external stress function σ̄(t), i.e. we assume the
given traction

t = σ̄ · n on ∂B (5.7)
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on the full surface of the body, where n is the outward normal on ∂B. As a consequence,
the stresses inside the solid domain decompose according to

σ(x, t) = σ̄(t) + σ̃(x, t) in B (5.8)

into the external part σ̄ and the stress fluctuation σ̃. The stress fluctuation is governed
by the mechanical equilibrium equation

div[σ̃] = 0 in B . (5.9)

As a consequence of (5.7)–(5.9), we obtain
∫

B

σ̃ dV =

∫

∂B

(σ̃ · n)⊗ x dA−
∫

B

div[σ̃]⊗ x dV = 0 . (5.10)

With this result at hand, it is clear that the above introduced external stress

σ̄ =
1

|B|

∫

B

σ dV (5.11)

is the average stress in the solid domain B. We consider the polarized body to be me-
chanically loaded by this average stress. It induces the mechanical load functional

Lσ̄(u; t) =

∫

∂B

u · (σ̄(t) · n) dA =

∫

B

∇su : σ̄(t) dV (5.12)

Note that the pure Neumann-type loading (5.7) determines the displacement field u up
to rigid body motions. They can be suppressed by suitable Dirichlet conditions, which do
not give constraints on the deformation of the solid. Examples are single nodal supports
in typical finite element discretizations.

Electric loading by average macro-field. The polarized solid with polarization p
generates the electric field ẽ, which is therefore also called depolarization field. Let the
total electric field be decomposed according to

e(x, t) = ē(t) + ẽ(x, t) in Ω , (5.13)

where ē(t) is the constant external contribution. Considering the polarization p in the
domain as given, ẽ follows from Faraday’s and Gauss’s law in the absence of electric fields,
free currents, and electric charges

curl[ẽ] = 0 and div[ǫ0ẽ + p̂] = 0 in Ω , (5.14)

where the formal extension of the polarization to the free space box Ω is obtained by
defining the function

p̂(x) =

{
p for x ∈ B,
0 otherwise.

(5.15)

Condition (5.14)1 is satisfied by equation (5.6)2 in terms of the electric potential φ̃, which
is formally assumed to satisfy the Dirichlet condition

φ̃ = 0 on ∂Ω (5.16)
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on the boundary ∂Ω of the free space box Ω. As a consequence, we have
∫

Ω

ẽ dV = −
∫

∂Ω

φ̃N dA = 0 , (5.17)

where N is the outward normal on the surface ∂Ω of the free space box. Hence, we may
view the external field ē as the average of the total electric field in Ω

ē =
1

|Ω|

∫

Ω

e dV . (5.18)

We consider the polarized body to be loaded by the external electric load functional

L
ē

(p; t) =

∫

B

p · ē(t) dV (5.19)

Note again that the external loading field ē(t) is assumed to be constant over the element
domain B.

5.1.3. Objective state variables: Theory of grade one

The three fields u, p, and φ̃ defined in (5.3) and (5.4) are the primary variable fields
for the coupled electro-mechanical problem of a solid embedded into the free space. We
consider a constitutive theory for simple materials of the grade one by assuming consti-
tutive functions to be dependent on these primary variables and their first gradient. For
a generic scalar constitutive variable f , we constitute the functional dependence

f = f̂(f0) with f0 := {u,∇u, φ̃,∇φ̃,p,∇p} . (5.20)

For the quasi-static problem under consideration, these functions are constrained to satisfy
the invariance condition

f̂(f+0 ) = f̂(f0) (5.21)

for superimposed rigid body motions u+ = u+wx+c and a shift of the electric potential
φ̃+ = φ̃+c. Thus, we have f+0 := {u+wx+c,∇u+w, φ̃+c,∇φ̃,p,∇p} for arbitrary skew
tensors w, vectors c, and scalars c, respectively. The immediate consequence of (5.21) is
that the constitutive function f̂ cannot depend on the displacement u, the skew part of
the displacement gradient skew[∇u], and the electric potential φ̃. A reduced constitutive
equation of the grade one can be specified to

f = f̂red(f) with f := {∇su,−∇φ̃,p,∇p} =: {ε, ẽ,p,∇p} , (5.22)

depending on the set of objective state variables f that satisfy a priori the constraint (5.21).
Recall that the symmetric part of the displacement gradient is the classical small-strain
tensor ε := ∇su = 1

2
[f + fT ] in Sym(d).

5.1.4. Energy-enthalpy and dissipation potential functionals

In order to describe the energy storage in micro-electrics in terms of the objective con-
stitutive state defined in (5.22), we first introduce a constitutive free energy function
and transform it later by a Legendre-Fenchel transformation to a mixed energy-enthalpy
function suitable for the above choice of the primary variables.
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Figure 5.2: Landau-Devonshire four-well potential. Landau-Devonshire energy and correspond-
ing structural vectors {mi}i=1,2 pointing to the minima of the four wells. a) Three dimensional
plot of Ψe+a evaluated at a zero stress state and b) projection onto the p1p2-plane at Ψe+a = 0.

Contributions to the energy density. Two contributions to the energy density need
to be described: A part Ψ′

vac due to the presence of an electric field in the full free space
box Ω and the additional part Ψmat in the domain B ⊂ Ω due to the elastic deformation
and the polarization of the solid. Hence, in the solid domain B, the total free energy
density of the solid material embedded into the free space decomposes according to

Ψ′(ε, d̃,p,∇p) = Ψmat(ε,p,∇p) + Ψ′
vac(p, d̃) (5.23)

into contributions from the material and the free space. d̃ is the electric displacement
induced by the polarization, see definition (5.29) below. The material part of the free
energy is a function of the strain ε, the polarization p, and its gradient ∇p. It is assumed
to consist of the three contributions

Ψmat(ε,p,∇p) = Ψe(ε,p) + Ψa(p) + Ψex(∇p) , (5.24)

where Ψe is the elastic and electrostriction energy, Ψa the anisotropy energy, often denoted
as the Landau contribution, and Ψex the exchange energy, often referred to as the Ginzburg
contribution.

Elastic energy density. The elastic energy Ψe : Sym(d) × Rd 7→ R+ describes the
energy storage due to elastic lattice distortions. Associated with the polarization p,
there exists a preferred local distortion of the crystalline solid. In line with Zhang &

Bhattacharya [210, 211], we introduce the elastic energy density to be a quadratic,
isotropic tensor function represented in terms of trace-type invariants

Ψe(ε,p) =
λ

2
tr 2[ε] + µ tr[ε2]− α

2
tr[ε] tr[p ⊗ p]− β tr[ε · (p ⊗ p)] . (5.25)

For simplicity, we modeled the elastic response to be isotropic based on the two Lamé
constants λ > 0 and µ > 0. For the coupling term the material parameters are chosen to
be the electrostrictive coefficients α and β.

Anisotropy energy density. In a crystalline solid, there exist preferred directions of
the polarization often denoted as the easy directions. They are modeled by the even,
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anisotropy energy density Ψa : Rd 7→ R. The minima of Ψa define the easy directions,
that are the directions along which the material is polarized most easily. Specific poly-
nomial representations of this non-convex energy contribution Ψa for different crystals
are reported in Devonshire [38, 39]. For the three dimensional case d = 3, the set of
minima of the anisotropy energy is at the preferred direction K := {±m1,±m2,±m3},
characterized by the three orthonormal structural vectors {mi}i=1,3. Then, a possible
anisotropy energy density can be specified to be a function satisfying the constraint

0 = Ψa(±mi) < Ψa(m) ∀ m /∈ {±mi} . (5.26)

Without loss of generality, the minimum values of Ψa are set to zero, which can be achieved
by a shift of the coordinate axis. Hence, the latter restriction is satisfied by an energy
density up to the eighth-order in components of microscopic polarization

Ψa(p) =
a1
2
[(m1 · p)2 + (m2 · p)2 + (m3 · p)2]

+
a2
4
[(m1 · p)4 + (m2 · p)4 + (m3 · p)4]

+
a3
2
[(m1 · p)2(m2 · p)2 + (m2 · p)2(m3 · p)2 + (m1 · p)2(m3 · p)2]

+
a4
6
[(m1 · p)6 + (m2 · p)6 + (m3 · p)6]

+
a5
4
[(m1 · p)4(m2 · p)4 + (m2 · p)4(m3 · p)4 + (m1 · p)4(m3 · p)4] .

(5.27)

Ψa governs the anisotropic energy landscape with four wells at the easy directions of the
polarization. A graphical representation of the elastic, electrostriction, and anisotropy
energy evaluated at a zero stress state is given in Figure 5.2.

Exchange energy density. The exchange energy Ψex : Lin(d) 7→ [0,+∞] models the
tendency of neighboring polarized states to align. Focusing on an isotropic response, we
consider the standard expression

Ψex(∇p) =
A

2
tr[∇p · ∇T

p] , (5.28)

where the material parameter A > 0 is the exchange energy coefficient. It is a material
length scale related to the width of the electric domain walls.

Energy density of the free space. The polarization p defines, together with the
depolarizing electric field ẽ, the electric displacement induced by the polarization

d̃ = (ǫ0ẽ + p̂) in Ω (5.29)

with p̂ defined in (5.15). The energy Ψ′
vac : Rd ×Rd 7→ [0,+∞] describes the energy due

to the presence of an electric field in the free space in the absence of an external source
including the embedded solid material. Resolving (5.29) for the electric field ẽ = ê(p, d̃),
we define the quadratic form

Ψ′
vac(d̃,p) =

ǫ0
2
tr[ê ⊗ ê] = 1

2ǫ0
tr[(d̃ − p̂)⊗ (d̃ − p̂)] (5.30)

governed by the permittivity of free space ǫ0 > 0.
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5.1.5. The energy-enthalpy function of micro-electro-elasticity

With the above definition of the free energy function at hand, the mixed energy-enthalpy
function is obtained by the partial Legendre-Fenchel transformation

Ψ(∇su, ẽ,p,∇p) = inf
d̃

[Ψ′(∇su, d̃,p,∇p)− ẽ · d̃] (5.31)

with respect to the electric slot. This transformation affects only the free space part
Ψvac of the free energy. The necessary condition of (5.31) gives (5.29). Using this as an
elimination equation for d̃, we get from (5.31) the energy-enthalpy function

Ψ(∇su, ẽ,p,∇p) = Ψmat(∇su,p,∇p)−
ǫ0
2
ẽ · ẽ − ẽ · p (5.32)

governed by the free energy density Ψmat of the solid material defined in (5.24). Note
that the energy-enthalpy function Ψ is formulated in terms of the objective constitutive
state variables f defined in (5.22). With this function at hand and the definition (5.6)2 of
the electric field ẽ, we finally obtain the energy-enthalpy functional of the polarized solid
B embedded into the free space Ω

E(u, φ̃,p) =

∫

B

{Ψmat(∇su,p,∇p) +∇φ̃ · p} dV − ǫ0
2

∫

Ω

|∇φ̃|2 dV (5.33)

5.1.6. Dissipation potential for micro-electric evolution

For a time-dependent, dynamic modeling of the evolution of the polarization p a kinetic
law needs to be defined. This is achieved by the definition of a constitutive dissipation
potential. We assume the simple quadratic structure

Φ(ṗ) =
η

2
tr[ṗ ⊗ ṗ] , (5.34)

where the scalar parameter η is an inverse mobility coefficient, which governs the kinetics
of the domain wall evolution. With the above function at hand, the dissipation potential
functional is introduced as

D(ṗ) =
η

2

∫

B

|ṗ|2 dV (5.35)

The four functionals Lσ̄, Lē , E, and D defined in (5.12), (5.19), (5.33), and (5.35) govern
the variational principles of micro-electro-elasticity outlined in the subsequent sections.

5.2. Variational formulations of micro-electro-elasticity

Based on the functionals introduced in the section above, we consider now variational
principles which govern the coupled electro-mechanical problem. Here, we first focus on
stationary problems and extend them in a second step to dissipative dynamic problems.
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5.2.1. Variational formulation for stationary problems

Consider a variational principle for stationary problems, whose variation is conceptually
in line with the principle of virtual work for dielectrics proposed by Toupin [190]. Based
on the energy-enthalpy functional (5.33), the mechanical loading functional (5.12), and
the electric loading functional (5.19), we define the stationary electro-elastic potential

Πstat(u, φ̃,p; t) := E(u, φ̃,p)− Lσ̄(u; t)− L
ē

(p; t) (5.36)

yielding the explicit form

Πstat =

∫

B

Ψmat(∇su,p,∇p)−∇su : σ̄(t) dV −
∫

Ω

[ē(t)−∇φ̃] · p̂ +
ǫ0
2
|∇φ̃|2 dV , (5.37)

where p̂ defined in (5.15) is used for the extension of the polarization to the full space Ω.
The displacement, the polarization, and the electric potential are assumed to be governed
by the variational principle

{u, φ̃,p} = arg
{

inf
u

sup
φ̃

inf
p

Πstat(u, φ̃,p; t)
}

(5.38)

The necessary condition of this principle is provided by the variation

δΠstat =

∫

B

{− div[∂∇suΨmat] · δu+ [δ
p

Ψmat − (ē(t)−∇φ̃)] · δp} dV

+

∫

∂B

[(∂∇suΨmat − σ̄(t)) · n] · δu dA+

∫

∂B
t

(∂∇pΨmat · n) · δp dA

−
∫

Ω

div[−ǫ0∇φ̃+ p̂] · δφ̃ dV +

∫

∂B

([[−ǫ0∇φ̃+ p̂]] · n) · δφ̃ dA = 0

(5.39)

for the virtual fields {δu, δφ̃, δp} with δp = 0 on ∂B
p

and δφ̃ = 0 on ∂Ω. Thus, we end
up with the Euler equations

div[∂∇suΨmat] = 0

δ
p

Ψmat − (ē(t)−∇φ̃) = 0

div[−ǫ0∇φ̃+ p ] = 0







in B (5.40)

in the solid domain B, along with the boundary conditions

∂∇suΨmat · n = σ̄(t) · n on ∂B and ∂∇pΨmat · n = 0 on ∂B
t

, (5.41)

the jump condition
[[−ǫ0∇φ̃+ p̂]] · n = 0 on ∂B (5.42)

at the interface between the solid domain and the surrounding free space, and the field
equation

∆φ̃ = 0 in Ω \ B (5.43)

in the surrounding free space Ω \ B, where ∆(·) = div[grad(·)] is the Laplace operator.
Here, we introduced the variational or functional derivative of the material free energy
function with respect to the polarization

δ
p

Ψmat := ∂
p

Ψmat − div[∂∇pΨmat] . (5.44)
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The set (5.40)–(5.43) of equations is consistent with those outlined in Toupin [190, p.883]
for dielectrics. Note that (5.40)1 and (5.40)3 reflect the stress equilibrium equation and
the Gauss law. The third equation (5.40)2 governs the evolution of the polarization, but
is not well posed due to the non-convexity of the free energy function Ψmat. This has
motivated researchers to approach formally similar problems in micro-magnetics based on
relaxation and convexification methods.

Optimizing the functional (5.37) with respect to the electric potential φ̃, the Maxwell
equation (5.14)2 is obtained. This equation expresses the fact that the potential φ̃ in Ω is
determined by the polarization p in B ⊂ Ω. The Gauss law (5.14)2 implies the condition

∫

Ω

ǫ0|∇φ̃|2 dV =

∫

Ω

p̂ · ∇φ̃ dV , (5.45)

as pointed out for the equivalent problem of micro-magnetics by James & Kinder-

lehrer [78, p.220]. Substituting this result into (5.37) and setting A = 0 in the exchange
term yields the energy functional

Estat =

∫

B

{Ψe(∇su,p) + Ψa(p)−∇su : σ̄(t)− p · ē(t)} dV +
ǫ0
2

∫

Ω

|∇φ̃|2 dV , (5.46)

which is quite similar to the constrained theory of magnetization for large bodies proposed
by DeSimone & James [36, p.288]. The functional understood to be constrained by
Gauss’s law (5.14)2, which determines the electric potential φ̃ for a given polarization p.
In [36], this functional served as a starting point for the computation of laminate-type
magnetic domains based on relaxation concepts in the calculus of direct variation of non-
convex problems. Relaxation methods for the solution of non-convex variational problems
based on (5.46) for the analysis of domain patterns in ferroelectrics are considered in Shu

& Bhattacharya [165] and Bhattacharya & Ravichandran [17]. Here, laminate-
type structures are adopted to characterize the electric microstructure.

5.2.2. Variational formulation for dynamic problems

For dynamic problems, which govern the evolution in time of the polarization in the solid,

we define a rate-type variational principle governing the rates {u̇, ˙̃φ, ṗ} at a given state
{u, φ̃,p}. This treatment also includes the kinetics of the polarization, which is assumed
to be dissipative in nature. It is described by the dissipation potential functional D
introduced in (5.35). Based on the energy-enthalpy functional (5.33), the dissipation
potential functional (5.35), the mechanical loading functional (5.12), and the electric
loading functional (5.19), the rate-type dynamic electro-elastic potential is defined as

Π(u̇,
˙̃
φ, ṗ; t) :=

d

dt
E(u, φ̃,p) +D(ṗ)− Lσ̄(u̇; t)− L

ē

(ṗ; t) (5.47)

at a given state {u, φ̃,p}. Note the appearance of the dissipation functional D in the
potential. Using integration by parts, the rate-functional takes the explicit form

Π =

∫

B

{− div[∂∇suΨmat] · u̇+ [δ
p

Ψmat − (ē(t)−∇φ̃) + η

2
ṗ] · ṗ} dV

+

∫

∂B

[(∂∇suΨmat − σ̄(t)) · n] · u̇ dA+

∫

∂B
t

(∂∇pΨmat · n) · ṗ dA

−
∫

Ω

{div[−ǫ0∇φ̃+ p̂] · ˙̃φ} dV +

∫

∂B

([[−ǫ0∇φ̃+ p̂ ]] · n) · ˙̃φ dA .

(5.48)
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Note that this functional is linear in the rates {u̇, ˙̃φ, ṗ} up to the quadratic term ηṗ · ṗ/2,
which comes from the dissipation function. We assume that the rates of the displacement,
the polarization, and the electric potential at a given state are governed by the variational
principle

{u̇, ˙̃φ, ṗ} = arg
{

inf
u̇

sup
˙̃
φ

inf
ṗ

Π(u̇,
˙̃
φ, ṗ; t)

}

(5.49)

The necessary condition of this principle is provided by the variation

δΠ =

∫

B

{− div[∂∇suΨmat] · δu̇+ [δ
p

Ψmat − (ē(t)−∇φ̃) + ηṗ] · δṗ} dV

+

∫

∂B

[(∂∇suΨmat − σ̄(t)) · n] · δu̇ dA+

∫

∂B
t

(∂∇pΨmat · n) · δṗ dA

−
∫

Ω

{div[−ǫ0∇φ̃+ p̂] · δ ˙̃φ} dV +

∫

∂B

([[−ǫ0∇φ̃+ p̂ ]] · n) · δ ˙̃φ dA = 0

(5.50)

for the virtual fields {δu̇, δ ˙̃φ, δṗ} with δṗ = 0 on ∂B
p

and δ
˙̃
φ = 0 on ∂Ω. Note that

(5.50) is identical to (5.39) up to the term that results from the dissipation. Hence, the
Euler equations are identical with (5.40)–(5.43) of the stationary variational principle up
to (5.40)2, which now appears in the form

ηṗ + [δ
p

Ψmat − (ē(t)−∇φ̃)] = 0 in B . (5.51)

It extends the stationary equation (5.40)2 by the kinetic term ηṗ. Hence, this equation
determines the rate of the polarization by the kinetic equation

ṗ = −1

η
[δ
p

Ψmat − (ē(t)−∇φ̃)] in B . (5.52)

This is consistent with a Ginzburg-Landau-type equation of phase field models such as
reviewed in Gurtin [54].

5.3. Discrete incremental variational formulations

5.3.1. Time-discrete field variables in incremental setting

We now outline variational principles for time-discrete problems. To this end, we consider
time-discrete solutions of the field variables at the discrete times 0, t1, t2, . . . , tn, tn+1, . . . , T
of the process interval [0, T ]. In order to advance the solution within a typical time step,
we focus on the finite time increment [tn, tn+1], where

τn+1 := tn+1 − tn > 0 (5.53)

denotes the step length. In the subsequent treatment, all field variables at time tn are
assumed to be known. The goal then is to determine the fields at time tn+1 based on
variational principles valid for the time increment under consideration. In particular, we
assemble the time-discrete spatial fields (displacement, polarization, electric potential) at
the discrete times tn and tn+1 in the discrete solution vectors

dn+1 := {un+1, φ̃n+1,pn+1} and dn := {un, φ̃n,pn} . (5.54)
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The rates of the field variables are considered to be constant in the time increment (5.53)
under consideration and defined by the algorithmic expression

ḋn+1 := [dn+1 − dn]/τn+1 . (5.55)

Note carefully that due to the given fields at time tn, this rate is a linear function of vari-
ables dn+1 at the current time tn+1. As a consequence of the finite-step-sized algorithmic
representation of rates such as (5.55), the discrete counterpart of the rate-type, dynamic
variational principle outlined in Subsection 5.2.2 determines the discrete state variables
dn+1 at the current time tn+1. In order to obtain a compact notation, the subscript n+1
is dropped and all variables without subscript are considered to be evaluated at time tn+1.

5.3.2. Time-discrete incremental variational principle

The counterpart of the dynamic functional (5.47) in the incremental setting associated
with the time internal [tn, tn+1] is defined by

Πτ (u, φ̃,p) = ALGO
{∫ tn+1

tn

Π(u̇, ˙̃φ, ṗ; t) dτ
}

, (5.56)

depending on the variable fields d at the current time t = tn+1 defined in (5.54)1. The
algorithmic assumption (5.55) then defines a linear path of the variables in the time
increment [tn, tn+1], yielding the algorithmic form

Πτ (u, φ̃,p) = E(u, φ̃,p)− En + τD([p − pn]/τ)

−τLσ̄([u− un]/τ ; t)− τL
ē

([p − pn]/τ ; t)
(5.57)

of (5.56). Here, En := E(un,pn, φ̃n) is a constant. The insertion of the energy-enthalpy
functional (5.33), the dissipation potential functional (5.35), the mechanical loading func-
tional (5.12), and the electric loading functional (5.19) gives the representation

Πτ (u, φ̃,p) =

∫

B

{Ψmat(∇su,p,∇p) +∇φ̃ · p} dV − ǫ0
2

∫

Ω

|∇φ̃|2 dV

−E(un, φ̃n,pn) +

∫

B

η

2τ
|p − pn|2 dV

−
∫

B

{σ̄(t) : ∇s(u− un) + (p − pn) · ē(t)} dV .

(5.58)

Again, note carefully, that due to the algorithmic assumption (5.55), the rate-type incre-
mental potential is considered to be a functional of the fields d := {u, φ̃,p} at the current
time tn+1. These fields are then determined by the incremental variational principle

{u, φ̃,p} = arg
{

inf
u

sup
φ̃

inf
p

Πτ (u, φ̃,p)
}

(5.59)
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The variation of the functional (5.58) takes the form

δΠτ =

∫

B

{− div[∂∇suΨmat] · δu+ [δ
p

Ψmat − (ē(t)−∇φ̃) + η

τ
(p − pn)] · δp} dV

+

∫

∂B

[(∂∇suΨmat − σ̄(t)) · n] · δu dA+

∫

∂B
t

(∂∇pΨmat · n) · δp dA

−
∫

Ω

{div[−ǫ0∇φ̃+ p̂] · δφ̃} dV +

∫

∂B

([[−ǫ0∇φ̃+ p̂]] · n) · δφ̃ dA = 0

(5.60)
similar to (5.50), however, now for the variations {δu, δφ̃, δp} of the field variables at the
discrete time tn+1 with δp = 0 on ∂B

p

and δφ̃ = 0 on ∂Ω. Hence, the Euler equations of
the incremental variational principle (5.59) are

div[∂∇suΨmat] = 0

η

τ
(p − pn) + [δ

p

Ψmat − (ē(t)−∇φ̃)] = 0

div[−ǫ0∇φ̃+ p] = 0







in B (5.61)

in the solid domain B, along with the boundary conditions

∂∇suΨmat · n = σ̄(t) · n on ∂B and ∂∇pΨmat · n = 0 on ∂B
t

, (5.62)

the jump condition
[[−ǫ0∇φ̃+ p̂]] · n = 0 on ∂B (5.63)

at the interface of the solid domain with the surrounding free space, and the field equation

∆φ̃ = 0 in Ω \ B (5.64)

in the free space. Note that the Euler equations (5.61)–(5.64) of the incremental varia-
tional principle (5.59) are the time-discrete, algorithmic counterparts of the Euler equa-
tions (5.40)–(5.43) and (5.52) of the rate-type variational principle (5.49).

5.3.3. Space-time-discrete incremental variational principle

Consider now the spatial discretization of the coupled problem by the finite element
method. To this end, we write the time-discrete incremental potential (5.58) in the form

Πτ (u, φ̃,p) =

∫

B

πτ (f; fn) dV − ǫ0
2

∫

Ω\B

|∇φ̃|2 dV + Cn (5.65)

in terms of the effective potential density πτ per unit volume of the solid domain B and the
additional contribution of the free space. Cn is a constant that assembles contributions
at time tn. The incremental effective potential

πτ (f; fn) = Ψmat(∇su,∇p,p) +∇φ̃ · p +
η

2τ
|p − pn|2

−σ̄(t) : ∇s(u− un)− ē(t) · (p − pn)
(5.66)

is a function of the objective set of constitutive state variables f := {∇su,−∇φ̃,p,∇p}
introduced in (5.22). Now let Th denote a finite element triangulation of the domain Ω.
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The index h indicates a typical mesh size based on Eh finite element domains Ωh
e ∈ Th

and Nh global nodal points. Associated with the triangulation T
h, we write the finite

element interpolations of the displacement vector and the constitutive state vector in the
compact form

f ≈ fh = B(x)d and ∇φ̃ ≈ ∇φ̃h = G(x)d (5.67)

in terms of the space-time-discrete nodal variable vector

d := [u,−φ̃,p]T ∈ R(2d+1)Nh

, (5.68)

which contains the displacement, the polarization vector, and the electric potential at a
typical nodal point of the finite element mesh. B and G are symbolic representations of the
global matrices of shape functions for the coupled problem. Clearly, these global arrays
are never formulated explicitly, but represent symbolically the interpolations on all finite
element domains Ωh

e ∈ Th. Note that the global nodal variable vector d is formed from
element vectors de by a standard finite element assembly procedure. For two-dimensional
problems d = 2, the generalized displacement vector in (5.68) at the node I is

dI = [u1, u2,−φ̃, p1, p2]TI . (5.69)

The constitutive state vector (5.67) reads f = [u1,1, u2,2, u1,2+u2,1,−φ̃,1,−φ̃,2, p1, p1,1, p1,2,
p2, p2,1, p2,2]. Then, associated with node I of a standard finite element e, the finite element
interpolation matrix for the constitutive state in (5.67) has the form

BI
e =









N,1 N,2

N,2N,1

N,1N,2

N N,1N,2

N N,1N,2









T

I

(5.70)

in terms of the shape functions NI and their derivatives. With the discretization of the
generalized displacement and the constitutive state fields (5.67), we write the spatial
discretization of the incremental three-field functional (5.65) as

Πh(d) =

∫

Bh

πτ (Bd;Bdn) dV − ǫ0
2

∫

Ωh\Bh

|Gd|2 dV + Cn . (5.71)

Then, the finite-step-sized discrete stationary principle

d = arg
{

stat
d

Πh(d)
}

(5.72)

determines the nodal variables d of the finite element mesh at the current time tn+1. The
necessary condition of the discrete variational problem (5.72) reads

Πh
,d :=

∫

Bh

BT [∂ fπ
τ ] dV − ǫ0

∫

Ωh\Bh

(GTG)d dV = 0 (5.73)

and provides a nonlinear algebraic system for the determination of the nodal variables d.
For smooth problems, a standard Newton-type iteration of the nonlinear algebraic system
(5.73) updates the generalized displacements by the algorithm

d ⇐ d− [Πh
,dd]

−1[Πh
,d] (5.74)
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Table 5.1: Ferroelectric material parameters and their normalization.

no. par. name unit normalization value

1. λ Lamé parameter N/m2 λ′ = λ/σ0 111.0
2. µ Lamé parameter N/m2 µ′ = µ/σ0 37.0
3. α electrostrictive coefficient Nm2/C2 α′ = αp2s/σ0 -0.185
4. β electrostrictive coefficient Nm2/C2 β ′ = βp2s/σ0 0.8066
5. ǫ0 electric permittivity C2/(Nm2) ǫ′0 = ǫ0σ0/p

2
s 0.131

6. a1 anisotropy energy coefficient Nm2/C2 a′1 = a1p
2
s/σ0 -0.007

7. a2 anisotropy energy coefficient Nm6/C4 a′2 = a2p
4
s/σ0 -0.009

8. a3 anisotropy energy coefficient Nm6/C4 a′3 = a3p
4
s/σ0 0.018

9. a4 anisotropy energy coefficient Nm10/C6 a′4 = a4p
6
s/σ0 0.0261

10. a5 anisotropy energy coefficient Nm14/C8 a′5 = a5p
8
s/σ0 5.0

in terms of the monolithic tangent matrix of the coupled problem

Πh
,dd :=

∫

Bh

BT [∂2ffπ
τ ]B dV − ǫ0

∫

Ωh\Bh

GTG dV . (5.75)

Observe the symmetry of the tangent matrix Πh
,dd induced by the incremental variational

structure of the coupled three-field problem. The update (5.74) is performed until conver-
gence is achieved in the sense |Πh

,d| < tol. Observe further that the finite element residual
and tangent are governed by the generalized stress and tangent arrays

Sh := ∂ fπ
τ (fh; fhn, t) and Ch := ∂2ffπ

τ (fh; fhn, t) , (5.76)

that are the first and second derivatives of the incremental internal work density πτ defined
in (5.66) by the discretized constitutive state vector fh at current time tn+1. These arrays
are a critical ingredient of the proposed variational formulation and make the notation
extremely compact.

5.4. Representative numerical examples

The subsequent numerical simulations demonstrate the modeling capacity of the proposed
formulation. They treat domain wall movements in a piezoceramic material, such as
barium titanate (BaTiO3) or lead zirconate titanate (PZT ), within electric field- as well
as stress driven scenarios. In what follows, we focus in particular on barium titanate
in a polarized tetragonal state below the Curie-Weiss transition temperature. In the
subsequent treatment all variables are normalized referring to four physical variables: the
equivalent stress σ0, the saturation polarization ps, the inverse mobility parameter η, and
the exchange energy coefficient A. The values of σ0 and ps for single crystal barium
titanate under consideration are σ0 = 1 · 109N/m2 and ps = 0.26C/m2. The primary
variables (·) are expressed in terms of their normalized counterparts (·)′ via

x = x′ ps/
√

σ0/A , p = p

′ ps , φ = φ′
√

Aσ0 , t = t′ ηp2s/σ0 . (5.77)

With these definitions at hand, the normalized material parameters are listed in Table 5.1,
cf. the work of Zhang & Bhattacharya [210, 211]. Note that the normalized values
A′, η′, p′s, and σ

′
0 of the four chosen physical normalization parameters have the value one.
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Figure 5.3: Boundary-value-problem embedded in free space box. a) Dimension of boundary-
value-problem and b) discretization of free space box Ω surrounding the solid domain B. The
solid part is discretized by a structured mesh with 60 × 30 quadrilateral elements. For the
surrounding vacuum a coarse, unstructured mesh due to numerical efficiency is used.
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Figure 5.4: Sawtooth-type loading functions. a) Electric loading ē′2 in two cycles with increasing
amplitude and b) stress loading σ̄′

22 with single cycle for tension as well as compression of the
solid part embedded into the free space.

5.4.1. Definition of the boundary-value-problem

The proposed variational-based finite element formulation is applied to cyclic electric field-
and stress driven loading processes. We deal with a solid B embedded in a free space box
Ω described by the boundary-value-problem shown in Figure 5.3, which highlights the
geometry of the specimen as well as the finite element discretization. The solid part
in the center of the free space box describes the electro-mechanically coupled material
and is discretized by a structured mesh with 60 × 30 quadrilateral finite elements. In
contrast, the free space is discretized by a coarse, unstructured mesh resulting in a total
number of 3616 four node elements. We apply sawtooth-type loading paths for either the
homogenized electric field ē′ or homogenized stress σ̄′. The electric field driven loading
process is shown in Figure 5.4a consisting of two cycles. Here, the second cycle doubles the
amplitude of the first one. The total simulation time is chosen to be t′max = 600, resulting
in periods of T ′

1 = 200 and T ′
2 = 400, respectively. Selected states during the deformation

procedure are marked with labels a)–f), which will be commented on later. The stress
driven loading in Figure 5.4b is performed in a single cycle with period T ′

1 = 200. Again,
important domain states are marked with labels a)–f). The two loading cycles considered
produce either 90◦/180◦ domain switching for electric field driven processes or solely 90◦

switching for the stress driven scenario. In the subsequent Subsection 5.4.2, we start
from a random noise of the microscopic polarization vector p′ and compute a vortex-
like equilibrium state, which enforces Neumann-type boundary conditions for the order
parameter at the interface between solid matter and free space. This equilibrium state is
then used in Subsection 5.4.3 and Subsection 5.4.4 as the starting configuration for the
analysis of electric field- and stress driven domain evolutions.
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a) b)

0.0 1.4‖∇p′‖

Figure 5.5: Equilibrium state relaxation. Relaxation of a) randomly distributed polarization
p

′ to b) vortex-like equilibrium state at zero external load. The contours show the polarization
gradient ‖∇p′‖, white arrows indicate the average direction of the polarization in a domain.
The surrounding free space box Ω \ B is not visualized.

5.4.2. Construction of an initial equilibrium state

The equilibrium state of the electro-mechanically coupled material is determined in order
to have a feasible starting point for subsequent computations. To this end, the nor-
malized polarization p′ is initialized by a random noise, that is an arbitrary orientation
distribution of the order parameter in the solid domain B. It should be pointed out that
this initial random structure is not necessarily physical, but it rather serves as a reason-
able, directionally-unbiased starting point for the equilibrium state computation. The
normalized time step is chosen to be ∆t′ = 1.0 and the system is relaxed within 1000
time steps. Due to the dissipative nature of the incremental variational formulation, the
motion of the domain walls is directly influenced by the inverse mobility coefficient η′.
It influences the speed of the domain wall motion and thus the way how we reach a cer-
tain domain state. During the equilibrium computations only the final state matters and
hence we choose for this particular case without loss of generality a normalized coefficient
of η′ = 0.1. Figure 5.5 shows the random initialization of the order parameter field p′ and
the final stage of the vortex-like equilibrium state. The progressing relaxation process
causes the polarization to adjust in certain regions. A rudimentary structure of domains
and domain walls starts to appear. After completion of the nucleation stage the domain
walls are clearly visible. The final stage of the equilibrium state shows four 90◦ and one
180◦ domain wall. This is due to the fact that the constraint of a vanishing polarization
in the free space acts as Neumann-type boundary condition. Hence, it is energetically
unfavorable to have polarization components perpendicular to the surface ∂B of the solid
domain. The equilibrium domain structure serves as the starting point for the subsequent
numerical simulations involving electric field- and stress driven domain wall motions.

5.4.3. Electric field driven loading processes

Having determined the vortex-like domain structure in Figure 5.5b as a feasible start-
ing point of the numerical simulations, the first example deals with microscopic domain
wall motions caused by an applied electric field ē′. During such an electric field driven
processes, the material under consideration is capable of 90◦ as well as 180◦ switching of
the unit cells. The kind of switching depends on the direction of the external loading ē′

and the current orientation of the polarization. In order to show the domain wall motion
driven by the electric loading ē′, we apply the two phase sawtooth-type loading history
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Figure 5.6: Electric field driven domain wall movement. The average direction of the polariza-
tion in each domain is indicated by white arrows. The direction and the amount of the electric
loading ē′ are shown alongside each contour plot corresponding to time a) t′ = 0, b) t′ = 50,
c) t′ = 100, d) t′ = 150, e) t′ = 200, and f) t′ = 300. The free space box Ω \ B is not visualized.

depicted in Figure 5.4a. The doubling of the field applied in the second cycle causes a
full alignment of the polarization with the loading field and further switching processes
do not cause neither nucleation nor motion of domain walls. This circumstance may be
explained by the fact that in the perfect single crystal sample that has been modeled
here, it is energetically more favorable for the material to reverse the polarization in a
homogeneous manner, rather than nucleate new domain walls. Recall that due to (5.18),
the applied electric loading ē′ can be considered as the averaged homogenized field within
the full space Ω. For the subsequent computations, we choose an electric loading field of
ē

′
2 = 2.5 which will be further increased to ē′2 = 5.0 during the second cycle.

Domain wall motion. The subsequent numerical simulation deals with the domain
wall motion of an electric field driven process. We specify the inverse mobility parameter
to be η′ = 1.0 and the normalized time step is chosen as ∆t′ = 1.0. These parameters
are also applied in all subsequent numerical simulations. The plots of the domain con-
figurations associated with the characteristic loading states are visualized in Figure 5.6.
The surrounding free space Ω \ B is not shown due to the fact that the polarization is
solely defined in the solid part B. Starting from the equilibrium state at time t′ = 0,
the domain walls are driven through the specimen as shown in the first loading sequence.
After reaching the maximum positive applied electric field in the first cycle, the field is
decreased until reaching zero again. Due to the viscous character of the microscopic bal-
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a) b)
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′
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+125−125 −φ̃′

Figure 5.7: The depolarizing electric field. Depolarizing electric field ẽ′ and corresponding
negative electric potential −φ̃′ for sawtooth-type loading ē′ at time t′ = 50 and t′ = 150 for
a partition of the free space box Ω. The white rectangle indicates the boundary of the solid
domain ∂B. Isolines in matter and free space refer to the electric potential. The depolarization
field ẽ′ is represented by black arrows, white arrows indicate the average direction of ẽ′ in the
solid domain.

ance equation describing the evolution of the order parameter, the decrease of the electric
loading has a delayed influence on the domain wall motion. The polarization aligns fur-
ther with the decreasing upwardly oriented field, that is driving the domain walls still in
the direction of the left edge. Accordingly, the full inversion of the load causes the motion
of the walls towards the opposite edge. Again, it should be pointed out that if one were
to drive the domain walls completely out of the specimen, it would not reappear upon
subsequent load reversal. Figure 5.6e–f depict the second loading cycle with a doubling of
the electric field up to its maximum value of ē′2 = 5.0. Here, all the positive and negative
barycenters move such that the polarization in each unit cell aligns with the external
electric field resulting in a single domain sample, where the remaining domain walls have
completely vanished. Due to this fact, the switching process is no longer caused by do-
main wall motions rather than a direct 180◦ switching. If no defects or grain boundaries
with a lattice orientation mismatch are included, the nucleation of new domain walls is
energetically not necessary. The main characteristics of electric field driven domain wall
motion investigated in this section are in qualitative agreement with results reported in
the literature Zhang & Bhattacharya [210, 211] and Schrade et al. [159].

Electric potential and electric field in free space. The incorporation of the free
space Ω allows the investigation of the evolving electric potential φ̃′ as well as the resulting
depolarizing electric field ẽ′ in the vacuum. The aforementioned fields spread out in the
whole free space and are not restricted to the solid domain B. From literature it is well
known that placing a polarizable body into an electric field causes surface charges. These
charges produce an electric field which is oriented oppositely to the polarization and thus
called depolarization field ẽ′. Schematic sketches are shown for instance in Irodov [74,
p.80] and Damjanovic [34, p.1282]. The focus of the subsequent discussion is put on the
behavior of the electric field in vacuum. The depolarization field opposed to the loading
direction can be observed in Figure 5.7 by comparing the given loading direction with the
average direction of the electric field ẽ′ indicated by the white arrow. Solely a cutout of
the whole free space box is illustrated, where the contour plot clearly shows the formation
of varying positive and negative poles related to the varying loading directions of the
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Figure 5.8: Stress driven domain wall movement. Domain wall movement and polarization p′

caused by tensile and compressive stress σ̄′
22. The average polarization direction is indicated by

white arrows. The direction and amount of the loading σ̄′ are shown at the right side of each
contour plot corresponding to time a) t′ = 0, b) t′ = 25, c) t′ = 50, d) t′ = 100, e) t′ = 125, and
f) t′ = 150. The surrounding free space Ω \ B is not visualized.

external field. On the right hand side of each plot, the current loading status is shown.
Note that the polarization in a unit cell remains after eliminating the electric loading and
hence, a non-vanishing depolarization field for a preceding electric field could be observed.

5.4.4. Stress driven loading process

When applying an external stress field to a ferroelectric material in the tetragonal state
below the Curie-Weiss transition temperature, a switching of the microscopic polariza-
tion by solely ±90◦ is possible. Here, a mechanical tensile stress σ̄′

t causes, due to the
electro-mechanical coupling, an elongation of the unit cell in the direction of the applied
stress, accompanied with a switching of the barycenters of positive and negative charges.
However, the direction of the resulting polarization switching inside the microscopic unit
cell is arbitrary. Similar characteristics can be observed for a compressive stress field σ̄′

c,
where a switching in the horizontal direction occurs.

The subsequent numerical simulation investigates a single cycle of a sawtooth-type
stress driven loading process according to Figure 5.4b. Again, we have marked the char-
acteristic loading points in the sawtooth-type loading cycle. The normalized maximum
loading level is specified to σ̄′

22 = 50, which causes a stress driven reorientation of the in-
ternal polarization. The evolution of the polarization vector p′ and its gradient ‖∇p′‖ are
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illustrated in Figure 5.8. Similar to the electric field driven loading process, we start from
the vortex-like equilibrium state, which consists of four 90◦ as well as one 180◦ domain
walls separating the top and the bottom domain. The tensile part of the stress driven
loading with a linear increase of the applied field up to its maximum value of σ̄′

22 = 50 is
shown in the left panel of the picture. Due to arbitrary reorientations of the polarization
by either +90◦ or −90◦, the domains rearrange according to Figure 5.8c. Here, the for-
mation of domains oriented from the top to the bottom or vice versa is preferred, yielding
several parallel vortex-like domains. We do not observe any alignment with the applied
stress field in contrast to the electric field driven loading process treated in the previous
section. Decreasing the loading to zero causes only minor changes in the domain structure
and the strength of the polarization field decreases accordingly. The domain state is still
in the linear range of piezoelectrics and thus no motion is observed. The compressive part
of the stress loading process is shown in the right panel. The jumbled state Figure 5.8e
is followed by an ordering of the polarization in a horizontal direction. For the maximum
compressive stress σ̄′

22 = −50, vortex-like domains form in a horizontal manner, that is
the polarization aligns either from the left to the right side of the sample or vice versa.



Chapter 6

Computational Homogenization in Dissipative

Electro-Mechanics of Functional Materials

The homogenization of the complex microscopic response of functional materials with
electro-mechanical coupling is of utmost importance for technological design. In dissi-
pative electro-mechanics, microstructures occur with complex electric domain patterns.
The homogenization of microstructural properties then determines the overall response
that governs macroscopic devices. The argument of scale separation allows to perform
a bridging form a heterogeneous microstructure towards a macroscopically homogeneous
continuum, see Figure 6.1. In order to treat functional materials with dissipative electric
domain evolution, it is necessary to extend standard homogenization principles to coupled
problems, incorporating besides the mechanical displacement further primary variables
such as the electric potential and the electric polarization. To this end, a computational
homogenization framework of dissipative, electro-mechanically coupled materials based on
a rigorous exploitation of rate-type and incremental variational principles is developed.
These principles serve as canonical ingredients for the micro-to-macro transition and de-
termine macroscopic potentials in terms of their microscopic counterparts. We refer to
the previous works Miehe [116], Lahellec & Suquet [99], and Brassart et al. [24]
on incremental variational principles for purely mechanical problems and Bisegna &

Luciano [19, 20] for piezoelectric composites. Schröder [161] and Schröder & Keip

[162] have derived specific boundary conditions for electro-mechanical homogenization of
non-dissipative materials in the context of the FE2 approach, see also Khalaquzza-

man et al. [84]. Ponte Castañeda & Siboni [151] investigated the homogenization
of electro-active polymer composites at finite strains. In this context, recall the clas-
sical works on self-consistent variational estimates for nonlinear dielectrics by Willis

[202, 204], Talbot & Willis [181] and Toland & Willis [188]. Here, different bounds
are generated starting from a Hashin-Shtrikman-type variational principle by a suitable
choice of the ’comparison’ energy function.

At the microscale level, ferroelectric materials such as BaTiO3 or PZT are composed
of several homogeneously polarized regions, called ferroelectric domains, whose evolution
in time is driven by external electric fields and stresses applied to a sample of the ma-
terial. Electric poling can be achieved by the application of a sufficiently strong electric
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single crystal polycrystal macro-continuum

p

p̄

Figure 6.1: Scale bridging to homogenized macro-continuum. Electrically polarized do-
mains with uniform micro-polarization p separated by domain walls evolve in the grains of
the microstructure as dissipative micro-processes driven by macroscopic strains ε̄ and electric
fields ē. The spatial average of the micro-polarization gives the electric macro-polarization
p̄ := 1

|B|

∫

B p dV of the homogenized continuum.

field inducing the reorientation and alignment of the microscopic polarization. As a con-
sequence, piezoceramics exhibit a macroscopic remanent polarization. The poling process
of the microstructure is dissipative in nature and gives rise to so-called dielectric and but-
terfly hysteresis loops at the macroscale. The description of these effects through models
of continuum physics has been a subject of extensive research.

In this chapter, the representative microstructure is modeled as a micro-electro-elastic
solid, where the electric polarization is described by a phase field, see Chapter 5 for a
detailed discussion. An important aspect for the design of a computational homogeniza-
tion method is the definition of suitable boundary conditions at the micro-level, which
also include the phase field of electric polarization. Here, the microscopic displacement
and electric potential may be considered to be driven by their macroscopic counterparts,
which are considered the only primary variables on the macro-level. In contrast, the elec-
tric polarization has no external counterpart on the macroscale. Hence, the scale tran-
sition is performed between a gradient-extended dissipative micro-model and a standard
Boltzmann continuum on the macroscale. The surface constraints at the microstructure
are derived from an extension of the Hill-Mandel-type micro-macro compatibility condi-
tion, see Hill [65] and Suquet [177] for local mechanical problems. The Hill-Mandel
condition equates the macroscopic power of external variables with the volume average
of its microscopic counterpart extended by contributions of the phase field of electric
polarization. Note that this scenario is opposite to the works Kouznetsova [91] and
Kouznetsova et al. [92, 93], which bridge local microstructures towards gradient-
extended macro-continua. The incorporation of boundary constraints into the proposed
variational principles of homogenization is achieved by Lagrange multiplier or penalty
methods, conceptually similar to the purely mechanical treatments in Miehe [117] and
Miehe & Bayreuther [121].

This chapter is organized as follows: Section 6.1 develops rate-type as well as incre-
mental variational principles of homogenization for the microstructure, which determine
the macroscopic potential by an averaging procedure. The phase field model of electric do-
main evolution used for the description of the micro-response is borrowed from Chapter 5.
The mechanical and electric loading functionals are neglected within this homogenization
treatment. In addition, all overlined characters are associated with macroscopic quantities
instead of prescribed ones as compared to the previous chapter. Furthermore, the split of
the electric field into prescribed and induced one is ignored, and the total electric potential
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Figure 6.2: Microscopic primary variables for the homogenization problem. a) Mechanical
displacement field u, b) electric potential φ, and c) electric polarization p with Dirichlet- and
Neumann-type boundary conditions. The polarization p describes the dissipative response in
the sense of a generalized internal variable and has no external counterpart at the macro-level.

is treated as primary variable. Section 6.2 outlines variational principles for the coupled
macroscopic problem. To this end, an algorithmic incremental variational principle is
derived for the update problem in a discrete time interval, which is then discretized by
finite elements. Section 6.3 outlines details of the micro-to-macro transition by utilizing
an extended version of the Hill-Mandel condition. Furthermore, this section covers the
incorporation of the boundary constraints into the variational functionals by means of La-
grange and penalty extensions. Finally, Section 6.4 outlines two- and three-dimensional
numerical examples of typical microstructures in micro-electrics and discusses the overall
hysteresis effects as well as the phenomenon of mechanical depolarization.

6.1. Variational homogenization of micro-electro-elasticity

Let B ⊂ Rd denote a microstructure with dimension d ∈ [2, 3] as depicted in Figure 6.2.
We study the electro-mechanical response due to the electric polarization of this mi-
crostructure. The material model of micro-electro-elasticity investigated in the previous
Chapter 5 is used as a particular model on the microscale. The free space box is neglected
and the total electric potential is assumed to be restricted to the microstructure.

6.1.1. Introduction of microscopic fields

The material is modeled by using a gradient-extended dissipative continuum formulation,
where the electric polarization is described by an order parameter or generalized internal
variable field, see Su & Landis [174], Schrade et al. [159], and Miehe et al. [133].
We consider a three field formulation in terms of the displacement, the total electric
potential, and a vectorial generalized internal variable for the microscopic polarization

u :

{
B × T → Rd,
(x, t) 7→ u(x, t),

φ :

{
B × T → R,
(x, t) 7→ φ(x, t),

p :

{
B × T → Rd,
(x, t) 7→ p(x, t).

(6.1)

The a priori objective constitutive state depends on the symmetric part of the displace-
ment gradient and the electric field

ε = ∇su = 1
2
[∇u+∇Tu] and e := −∇φ . (6.2)
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The strains are assumed to be small, that is |∇u| < ǫ is bounded by a small number ǫ.
In contrast, the norm of the gradients of the polarization vector |∇p| and the electric
potential |∇φ| are not bounded.

6.1.2. Microscopic rate-type variational principle of homogenization

We postulate a rate-type variational principle of homogenization that determines the
macroscopic potential density π̄. This definition includes the kinetics of the generalized
internal variable for the material polarization, which is assumed to be dissipative in nature.
In a time continuous setting, the macroscopic potential density π̄ is determined by

π̄( ˙̄ε, ˙̄e) = inf
u̇

sup
φ̇

inf
ṗ

Π(u̇, φ̇, ṗ; ˙̄ε, ˙̄e) (6.3)

governed by the rate-type potential

Π(u̇, φ̇, ṗ; ˙̄ε, ˙̄e) =
1

|B|

∫

B

π(ε̇, ė, ṗ,∇ṗ; ˙̄ε, ˙̄e) dV . (6.4)

The principle is characterized by the optimization of an average microscopic rate-type
potential density π, that takes into account the energy storage and the dissipative mech-
anisms of the micro-material

π(ε̇, ė, ṗ,∇ṗ; ˙̄ε, ˙̄e)
︸ ︷︷ ︸

potential

=
d

dt
Ψ(ε, e,p,∇p; ε̄, ē)

︸ ︷︷ ︸

rate of energy function

+ Φ(ṗ)
︸ ︷︷ ︸

dissipation potential

(6.5)

The potential density is defined by the rate of the mixed energy-enthalpy function and
the dissipation function

Ψ(ε, e,p,∇p; ε̄, ē) = Ψmat(ε,p,∇p)−
ǫ0
2
e · e − e · p and Φ(ṗ) =

η

2
ṗ · ṗ , (6.6)

which were discussed in more detail in Section 5.1 of the previous chapter. Note again
that the loading functionals are neglected due to the homogenization framework and the
induced electric field replaced by the total one. Taking the variation of both sides of
equation (6.3), the extended version of the Hill-Mandel macrohomogeneity condition is
derived as

σ̄ : δ ˙̄ε− d̄ · δ ˙̄e
︸ ︷︷ ︸

macro-power

=
1

|B|

∫

B

{σ : δε̇− d · δė + q · δṗ + k : ∇δṗ
︸ ︷︷ ︸

extended micro-power

} dV (6.7)

for the dissipative electro-mechanical problem under consideration, where we inserted the
macroscopic quantities σ̄ = ∂˙̄επ̄ and d̄ = −∂ ˙̄

e

π̄. At the micro-level, we identify the
stresses, the electric displacement, as well as the conjugate forces dual to the polarization
vector and its gradient

σ := ∂εΨ , d := −∂
e

Ψ , q := ∂
p

Ψ+ ∂
ṗ

Φ , k := ∂∇pΨ (6.8)

governed by the constitutive enthalpy function Ψ and dissipation function Φ. Note that
the microstructure is loaded by the macroscopic strain ε̄ and the electric field ē, which are
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considered to be prescribed and constant over the representative volume element. Taking
the variation of the principle (6.3) at these prescribed values, the right hand side of (6.7)
must vanish and we end up with the necessary microscopic equations

δΠ =

∫

B

(− div[∂εΨ]) · δu̇ dV +

∫

∂B

(∂εΨ · n) · δu̇ dA

−
∫

B

div[−∂
e

Ψ] δφ̇ dV +

∫

∂B

(−∂
e

Ψ · n)δφ̇ dA

+

∫

B

(∂
p

Ψ+ ∂
ṗ

Φ− div[∂∇pΨ]) · δṗ dV +

∫

∂B

(∂∇pΨ · n) · δṗ dA = 0 .

(6.9)

Hence, the Euler-Lagrange equations are the static form of the balance of linear momen-
tum, the Gauss law, and a partial differential equation for the evolution of the polarization
vector

div[∂εΨ] = 0 , div[−∂
e

Ψ] = 0 , div[∂∇pΨ] = ∂
p

Ψ+ ∂
ṗ

Φ (6.10)

in the microstructure B. So far, we did not specify boundary constraints on the surface
∂B of the microstructure. As a consequence, the above treatment gives the Neumann-
type conditions ∂εΨ · n = 0 , −∂

e

Ψ · n = 0 and ∂∇pΨ · n = 0 . Sophisticated boundary
conditions incorporated by Lagrange multiplier and penalty methods are considered in
Section 6.3 below.

6.1.3. Microscopic incremental variational principle of homogenization

To provide a starting point for the numerical setting, an incremental variational principle
which governs the electro-mechanical problem at discrete time tn+1 is considered. We
propose the incremental variational principle of homogenization

π̄τ (ε̄, ē) = inf
u

sup
φ

inf
p

Πτ (u, φ,p; ε̄, ē) (6.11)

where the incremental version of the rate-type potential (6.4) is given by

Πτ (u, φ,p; ε̄, ē) =
1

|B|

∫

B

πτ (ε, e,p,∇p; ε̄, ē) dV . (6.12)

The variational principle defines the macroscopic incremental potential density π̄τ by
optimizing the volume average of the microscopic potential πτ with respect to all three
microscopic primary fields. This definition is conceptually in line with formulations for
nonlinear mechanical problems in Miehe [116], Ponte Castañeda & Suquet [152]
and self-consistent variational estimates for nonlinear dielectrics by Willis and cowork-
ers [181, 188, 202, 204]. The incremental potential density πτ is related to the rate-type
potential π by the algorithm

πτ (ε, e,p,∇p; ε̄, ē) := ALGO
{∫ tn+1

tn

π(ε̇, ė, ṗ,∇ṗ; ˙̄ε, ˙̄e) dτ
}

. (6.13)

Application of an implicit backward Euler time integration scheme gives the time-discrete
counterpart of (6.5), that is

πτ (ε, e,p,∇p; ε̄, ē)
︸ ︷︷ ︸

potential

= Ψ(ε, e,p,∇p; ε̄, ē)−Ψn
︸ ︷︷ ︸

incremental energy

+ τΦ([p − pn]/τ)
︸ ︷︷ ︸

dissipation potential

, (6.14)
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where Ψn is the energy-enthalpy function evaluated at tn. The necessary conditions of
the incremental variational principle are identical to those of the rate-type formulation

div[∂εΨ] = 0 , div[−∂
e

Ψ] = 0 , div[∂∇pΨ] = ∂
p

Ψ+ τ∂
p

Φ , (6.15)

however, now in algorithmic form for the updates at the discrete time tn+1.

Remark: Note that the above gradient-extended variational framework of dissipative
electro-mechanical response degenerates to a local theory if the free energy function Ψ
does not depend on the gradient ∇p. Then, the partial differential equation (6.10)3 with
update (6.15)3 degenerates to an ordinary evolution equation for an internal variable p,
e.g. a remanent strain or polarization. This covers phenomenological theories of dissipative
electro-mechanics, see for example Miehe et al. [131] and references cited therein.
Hence, our subsequent treatment includes locally dissipative microstructures, where no
additional boundary conditions for the internal variable field p appear. �

6.1.4. Space-time discrete incremental variational principle

For the space discretization of the incremental potential (6.14), consider the set of con-
stitutive state variables assembled in f := {∇su,−∇φ,p,∇p}. The finite element inter-
polations of the microscale are then written in the compact form

f ≈ fh = B(x)d with d := [u,−φ,p]T ∈ R(2d+1)Nh

(6.16)

in terms of the space-time-discrete nodal variable vector d, containing the displacement,
the electric potential, and the polarization vector at a typical nodal point of the mi-
crostructure. The finite-step-sized discrete stationary principle

π̄τ (ε̄, ē) = stat
d

Πh(d; ε̄, ē) (6.17)

determines the macroscopic potential density at current time tn+1. The space-time discrete
function

Πh(d; ε̄, ē) =
1

|Bh|

∫

Bh

πτ (Bd; ε̄, ē) dV (6.18)

is obtained by inserting the finite element approximation (6.16) into the time-discrete
potential (6.12). The necessary condition of the discrete variational problem (6.17) reads

Πh
,d =

∫

Bh

BT [∂ fΨ] + τGT [∂
p

Φ] dV = 0 , (6.19)

where we inserted p = G(x)d as an extraction of (6.16), and provides a nonlinear algebraic
system for the determination of the microscopic nodal variables d. The system is solved
by Newton-Raphson updates for the discrete nodal values

d ⇐ d− [Πh
,dd]

−1[Πh
,d] with Πh

,dd =

∫

Bh

BT [∂2ffΨ]B + τGT [∂2
pp

Φ]G dV (6.20)

in terms of the symmetric monolithic tangent matrix Πh
,dd.
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Figure 6.3: Macroscopic primary variables for the homogenization problem. a) Mechanical
displacement field ū and b) electric potential φ̄ with Dirichlet- and Neumann-type boundary
conditions due to prescribed tractions t̄ = σ̄ · n̄ and given surface charge density σ̄e

f = −d̄ · n̄.

6.2. Variational formulation of the macroscopic response

Let B̄ ⊂ Rd denote a macroscopic body with dimension d ∈ [2, 3] as depicted in Figure 6.3.
We study mechanical deformations coupled with electric displacements of the body un-
der quasi-static, electro-mechanical external loading in the time interval T̄ ⊂ R+. We
dispense with a macroscopic rate-type variational principle and focus on the incremental
setting at discrete times tn+1. This principle is discretized by the finite element method
in order to determine space-time-discrete solutions for the macroscopic boundary-value-
problem. For further details we refer to Zäh & Miehe [207].

6.2.1. Introduction of macroscopic fields

The macroscopic boundary-value-problem of electro-mechanics is a coupled multifield
problem. Primary variables are the displacement field ū and the electric potential φ̄
visualized in Figure 6.3 of the material point x̄ ∈ B̄ at time t ∈ T̄ , that is

ū :

{
B̄ × T̄ → Rd,
(x̄, t) 7→ ū(x̄, t),

and φ̄ :

{
B̄ × T̄ → R,
(x̄, t) 7→ φ̄(x̄, t).

(6.21)

The gradients of the fields ū and φ̄ define the objective constitutive state depending on
the symmetric part of the displacement gradient and the electric field

ε̄ = ∇̄sū = 1
2
(∇̄ū+ ∇̄T ū) and ē = −∇̄φ̄ . (6.22)

These definitions satisfy automatically the deformation compatibility curl[∇̄ū] = 0 in
B and Faraday’s law of induction curl[ē] = 0 in B for the quasi-static problem under
consideration. The strains are assumed to be small, that is |∇̄ū| < ǭ is bounded by a
small number ǭ. In contrast, the norm of the electric potential |∇̄φ̄| is not bounded.

6.2.2. Macroscopic incremental variational formulation

In order to provide a starting point for the numerical implementation, a time-discrete
variational principle in a typical time step [tn, tn+1] with step length τn+1 = tn+1 − tn > 0
is considered. In what follows, all variables without subscript are evaluated at time
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tn+1. The update problem for the macro-fields at the current time tn+1 is defined by the
incremental variational principle,

{ū, φ̄} = arg
{

inf
ū

sup
φ̄

Π̄τ (ū, φ̄)
}

(6.23)

governed by the incremental macroscopic potential

Π̄τ (ū, φ̄) =

∫

B̄

π̄τ (ε̄, ē) dV − P̄m(ū− ūn)− P̄e(φ̄− φ̄n) . (6.24)

Note that the latter is formulated in terms of the incremental macroscopic potential
density π̄τ , determined by the variational principle of homogenization in (6.11). As a
consequence, the macro problem depends on the microscopic polarization which describes
the dissipative reorientation of microscopic electric domains. The external loading con-
tributions are

P̄m(ū− ūn) =

∫

B̄

γ̄ · (ū− ūn) dV +

∫

∂B̄t̄

t̄ · (ū− ūn) dA ,

P̄e(φ̄− φ̄n) =

∫

B̄

−ρ̄e(φ̄− φ̄n) dV +

∫

∂B̄
d̄

−σ̄e
f (φ̄− φ̄n) dA .

(6.25)

Here, γ̄ is the macroscopic body force per unit volume and t̄ are prescribed tractions. On
the electric side, ρ̄e is the volume density of free charges and σ̄e

f a surface density of free
charges. For the quasi-static problem under consideration, we have chosen a backward

Euler algorithm for the discretization of the rates ˙̄u = (ū − ūn)/τ and ˙̄φ = (φ̄ − φ̄n)/τ ,
respectively. Consistent with these assumptions are the approximations of mechanical and
electric source terms, see also Miehe et al. [133], where the full set including rate-type
formulations is outlined. The incremental macroscopic variational principle (6.23) gives
the necessary condition

δΠ̄τ =

∫

B̄

(div[∂ε̄π̄
τ ] + γ̄) · δū dV −

∫

∂B̄t̄

(∂ε̄π̄
τ · n̄− t̄) · δ ˙̄u dA

+

∫

B̄

(div[−∂
ē

π̄]− ρ̄e)δφ̄ dV −
∫

∂B̄
d̄

(−∂
ē

π̄ · n̄+ σ̄e
f )δφ̄ dA = 0 ,

(6.26)

where n̄ is the outward normal depicted in Figure 6.3. For arbitrary variations, this
results in the macroscopic Euler-Lagrange equations

div[∂ε̄π̄
τ ] + γ̄ = 0 in B̄ and div[−∂

ē

π̄τ ] = ρ̄e in B̄ , (6.27)

along with the Neumann-type boundary conditions ∂ε̄π̄
τ · n̄ = t̄ on ∂B̄t̄ and ∂

ē

π̄τ · n̄ = σ̄e
f

on ∂B̄
d̄

. Here, we identified the macroscopic stresses and electric displacement at the
discrete time tn+1 as

σ̄ = ∂ε̄π̄
τ (ε̄, ē) and d̄ = −∂

ē

π̄τ (ε̄, ē) , (6.28)

where the incremental potential π̄τ is defined in (6.11). Hence, this potential includes the
homogenized information of the microstructure including elastic and dissipative material
behavior due to domain wall motion characterized by the microscopic polarization.
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6.2.3. Macroscopic space-time discrete incremental variational principle

Consider the spatial discretization of the coupled macroscopic problem by the finite ele-
ment method. To this end, we assemble the set of constitutive state variables in the array
f̄ := {∇̄sū,−∇̄φ̄}. Now let T̄h denote a finite element triangulation of the domain B̄. The
index h indicates a typical mesh size based on Ēh finite element domains B̄h

ē ∈ T̄h and
N̄h global nodal points. Associated with the triangulation T̄h, we write the finite element
interpolation of the constitutive state vector in the compact form

f̄ ≈ f̄
h
= B̄(x̄)d̄ with d̄ := [ū,−φ̄]T ∈ R(d+1)N̄h

. (6.29)

It is formulated in terms of the macroscopic space-time-discrete nodal variable vector d̄,
which contains the displacement and electric potential at a typical nodal point of the finite
element mesh. Then, for pure Dirichlet problems with P̄m = P̄e = 0, the finite-step-sized
discrete stationary principle

d̄ = arg
{

stat
d̄

Π̄h(d̄)
}

(6.30)

determines the macroscopic nodal displacements at current time tn+1. It is formulated in
terms of the discrete macroscopic potential

Π̄h(d̄) =

∫

B̄h

π̄τ (B̄ d̄) dV (6.31)

obtained by inserting the finite element approximation (6.29) into (6.24). The discrete
variational principle is fully governed by the potential density π̄τ determined by the vari-
ational principle of the homogenization problem. The necessary condition reads

Π̄h
,d̄ =

∫

B̄h

B̄
T
[∂ f̄ π̄

τ ] dV = 0 (6.32)

and provides a nonlinear algebraic system for the determination of the macroscopic nodal
variables d̄. A standard Newton-type iteration of the nonlinear algebraic system (6.32)
updates the generalized displacements by the algorithm

d̄ ⇐ d̄− [Π̄h
,d̄d̄]

−1[Π̄h
,d̄] with Π̄h

,d̄d̄ =

∫

B̄h

B̄
T
[∂2

f̄ f̄
π̄τ ]B̄ dV (6.33)

in terms of the monolithic tangent matrix Π̄h
,d̄d̄

of the coupled problem. The symmetry
of the tangent matrix is induced by the incremental variational principle for the coupled
problem. The update is performed until convergence is achieved in the sense |Π̄h

,d̄
| < tol.

6.3. Generalized micro-to-macro transition

As depicted in Figure 6.4, the microstructural boundary-value-problem of Section 6.1 is
now linked to the macrostructure of Section 6.2 by homogenization. In order to do so,
boundary conditions must be defined for the three primary fields on the micro-level, that
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microstructure B macrostructure B̄

p̄

{ε̄, ē}

{σ̄, d̄}

lmacrolmicro

Figure 6.4: Strain and electric field driven scale bridging approach. Local strains and electric
fields {ε̄, ē} on the macrostructure B̄ drive the microstructure B, inducing dissipative domain
wall motions. Output are the homogenized stress and electric displacement {σ̄, d̄} at a material
point of the macrostructure. The average of the micro-polarization gives the electric macro-
polarization p̄ = 1

|B|

∫

B
p dV of the homogenized continuum.

is the displacement u, the electric potential φ, and the polarization p. The micro-to-
macro transition concept derived in Chapter 4 for finite deformations is boiled down to
the small strain regime. The macro-strains and macro-stresses are given by

ε̄ =
1

|B|

∫

∂B

sym[u⊗ n] dA and σ̄ =
1

|B|

∫

∂B

sym[t⊗ x] dA , (6.34)

where t = ∂εΨ · n is the traction vector. The macroscopic electric field and the electric
displacement are

ē =
1

|B|

∫

∂B

−φn dA and d̄ =
1

|B|

∫

∂B

−σe
fx dA , (6.35)

where σe
f = ∂

e

Ψ ·n is the surface charge density. These can be transformed to volume av-
erages by application of the Gauss theorem, such that the macroscopic quantities coincide
with the volume average of their microscopic counterparts.

6.3.1. Generalized macrohomogeneity condition

Appropriate boundary conditions for the microstructure are derived from a Hill-Mandel-
type macrohomogeneity condition, seeHill [63] for the purely mechanical case, and recent
extension by Schröder [161] to non-dissipative electro-mechanical problems. We extend
this to the dissipative case by postulating the equivalence of the total macroscopic power
including electric contributions with the volume average of its microscopic counterpart
extended by the phase field terms

σ̄ : ˙̄ε− d̄ · ˙̄e =
1

|B|

∫

B

{σ : ε̇− d · ė + q · ṗ + k : ∇ṗ} dV (6.36)

Note that this statement is a direct outcome of the above proposed variational principle of
homogenization, see (6.7). The average extended microscopic power can be transformed
to the boundary of the microstructure by application of the Gauss theorem and utilizing
the microscopic equilibrium equations (6.10), yielding

1

|B|

∫

B

{σ : ε̇− d · ė + q · ṗ + k : ∇ṗ} dV =
1

|B|

∫

∂B

{t · u̇− σe
f φ̇+ t · ṗ} dA (6.37)
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in terms of the micro-tractions t = k ·n. This expression serves as the starting point for
the construction of electro-mechanical boundary conditions of the microstructure.

6.3.2. Derivation of appropriate boundary conditions

For the micro-electro-elastic model under consideration, we focus on three classes of
boundary constraints on the boundary ∂B of the microstructure:

• (D) Dirichlet: Linear displacement and electric potential, constant polarization.

• (N) Neumann: Constant stress and electric displacement, zero micro-tractions.

• (P ) Periodic: Periodic primary fields with regard to opposite faces of microstructure.

These conditions are obtained form the extended Hill-Mandel condition as follows.

Dirichlet-type boundary conditions. Insertion of the overall macroscopic stresses
(6.34)2 and the macroscopic electric displacement (6.35)2 into the above Hill-Mandel
macrohomogeneity condition gives σ̄ : ˙̄ε − d̄ · ˙̄e = 1

|B|

∫

∂B
{t · ( ˙̄ε · x) + σe

f ( ˙̄e · x)} dA.
A combination with (6.37) results in a modified statement of the Hill-Mandel condition
valid on the surface of the microstructure

1

|B|

∫

∂B

{t · (u̇− ˙̄ε · x)− σe
f (φ̇+ ˙̄

e · x) + t · ṗ} dA = 0 . (6.38)

We conclude uniform displacement-type (Dirichlet) boundary constraints

(D) :

u = ε̄ · x
−φ = ē · x
p = 0







on ∂B (6.39)

which satisfy the macrohomogeneity condition. Here, the mechanical displacement and
the electric potential on the boundary of the microstructure are fully determined due
to the prescribed macro-variables. The polarization is set to zero (constant) on the full
boundary of the microstructure.

Neumann-type boundary conditions. Here, we reformulate the macroscopic power
in (6.36) by insertion of the homogenized strains (6.34)1 and the electric field (6.35)1,
respectively. We end up with σ̄ : ˙̄ε − d̄ · ˙̄e = 1

|B|

∫

∂B
{(σ̄ · n) · u̇ + (d̄ · n)φ̇} dA, yielding

by a combination with (6.37) a modified Hill-Mandel condition of the form

1

|B|

∫

∂B

{(t− σ̄ · n) · u̇− (σe
f + d̄ · n)φ̇+ t · ṗ} dA = 0 . (6.40)

Hence, we identify the traction-type (Neumann) boundary conditions

(N) :

t = σ̄ · n
−σe

f = d̄ · n
t = 0







on ∂B (6.41)

for the thermodynamical forces dual to the primary fields on the surface. Note that no
macroscopic dual to the micro-traction is considered. As a consequence, we assumed zero
micro-tractions t = 0 .
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Periodic boundary conditions. Non-trivial constraints satisfying the Hill-Mandel con-
dition are obtained for periodic microstructures according to Figure 4.7. The surface of
the microstructure ∂B = ∂B+∪∂B− decomposes into opposite faces with normals n+ and
n− = −n+ at associated points x+ ∈ ∂B+ and x− ∈ ∂B−. Periodicity means 1

[[u]] = ε̄ · [[x]] , [[−φ]] = ē · [[x]] , [[p]] = 0 . (6.42)

Note that a macro-mode for the polarization vector does not exist. We rewrite the Hill-
Mandel condition by inserting the assumption (6.42) into (6.38) as an additional constraint
for the mechanical tractions, the electric surface charge density, and the micro-tractions

1

|B|

∫

∂B+

{(t++t−)·(u̇+− ˙̄ε·x+)−(σe+
f +σe−

f )(φ̇++ ˙̄
e ·x+)+(t++t−)·ṗ+} dA = 0 . (6.43)

This is satisfied for periodic primary fields and anti-periodic tractions

(P ) :

[[u]] = ε̄ · [[x]]
[[−φ]] = ē · [[x]]
[[p]] = 0







on ∂B







t+ = −t−

σe+
f = −σe−

f

t

+ = −t−
(6.44)

at associated points x+ ∈ ∂B+ and x− ∈ ∂B−. Such periodic microscopic boundary
conditions are the most reasonable choice for the homogenization analysis under consid-
eration, even for microstructures which are non-periodic, see for instance Terada et al.

[184] and Segurado & Llorca [164].

6.3.3. Deformation and electric field driven homogenization

We construct a deformation and electric field driven implementation of homogenization
based on alternative boundary constraints. The attractive feature of such a setting is
that the structure of the average variational principle (6.11) is preserved. The bound-
ary constraints can be taken into account in the variational framework by means of La-
grange multipliers or penalty terms in line with the treatments Miehe [117], Miehe &

Bayreuther [121], and Miehe et al. [130] for purely mechanical formulations.

Formulation based on Lagrange functionals. The boundary constraints I = D,P,N
can be incorporated in the incremental variational framework of homogenization by adding
additional Lagrange terms. The extended form of the incremental variational principle

π̄τ
L,I(ε̄, ē) = inf

u
sup
φ

inf
p

sup
λI

inf
µI

sup
ξI

Πτ
L,I(u, φ,p,∇p,λI ,µI , ξI ; ε̄, ē) (6.45)

1The mechanical and electric fields can be also expressed by fine scale fluctuation fields ũ and φ̃ in
the form u = ε̄ ·x+ ũ and −φ = ē ·x− φ̃. Note that on the macro-level the polarization does not exist.
Then, periodic boundary conditions are achieved by considering periodic fluctuations

ũ+ = ũ− , φ̃+ = φ̃− , p

+ = p

− .



Chapter 6. Computational Homogenization in Dissipative Electro-Mechanics 87

is governed by the incremental potential density πτ defined in (6.14) and additional La-
grange terms

Πτ
L,I :=

1

|B|

∫

B

πτ (∇su,−∇φ,p,∇p; ε̄, ē) dV − LI(u, φ,p,λI ,µI , ξI ; ε̄, ē) (6.46)

for the alternative constraints I = D,P,N . These Lagrange terms are defined by

LI =







1

|B|

∫

∂B

λD(u− ε̄x) dA +
1

|B|

∫

∂B

µD(φ+ ēx) dA +

∫

∂B

ξDp dA

1

|B|

∫

∂B+

λP ([[u]]− ε̄[[x]]) dA+
1

|B|

∫

∂B+

µP ([[φ]] + ē[[x]]) dA +

∫

∂B+

ξP [[p]] dA

1

|B|

∫

∂B

u(λNn) dA− λN : ε̄+
1

|B|

∫

∂B

−φ(µNn) dA− µN ē+
1

|B|

∫

∂B

p(ξNn) dA

(6.47)
The Euler-Lagrange equations of the extended variational principle of homogenization
(6.45) are identical with (6.15) above. However, in addition, boundary constrains are
obtained:

Mechanical displacement constraints. The three boundary conditions I = D,P,N asso-
ciated with the mechanical displacement field u can be summarized as

u = ε̄ · x on ∂B ∂εΨ · n = λD on ∂B
[[u]] = ε̄ · [[x]] on ∂B+ and ±(∂εΨ · n)± = λP on ∂B±

ε̄ =
1

|B|

∫

∂B

sym[u⊗ n] dA ∂εΨ · n = λN · n on ∂B
(6.48)

Equation (6.48)1,4 and (6.48)2,5 are the (D) Dirichlet-type and (P ) periodic represen-
tations, where we identify the Lagrange multiplier as the surface tractions. For (N)
Neumann-type constraints (6.48)3,6, the Lagrange parameter turns out to be the macro-
scopic stress tensor λN = σ̄.

Electric potential constraints. The Lagrange terms (6.47) result in the boundary condi-
tions for the electric potential φ

−φ = ē · x on ∂B −∂
e

Ψ · n = µD on ∂B
[[−φ]] = ē · [[x]] on ∂B+ and ±(−∂

e

Ψ · n)± = µP on ∂B±

ē =
1

|B|

∫

∂B

−φn dA −∂
e

Ψ · n = −µN · n on ∂B
(6.49)

We identify in (6.49)1,4 and (6.49)2,5 the linear electric potential conditions (D) and pe-
riodic conditions (P ), respectively. The Lagrange parameter is in both cases the surface
charge. For (N) uniform surface charges (6.49)3,6, the Lagrange multiplier is determined
as the negative macroscopic electric displacement µN = −d̄.
Constraints for the electric polarization. The boundary constraints for the electric po-
larization are

p = 0 on ∂B ∂∇pΨ · n = ξD on ∂B
[[p]] = 0 on ∂B+ and ±(∂∇pΨ · n)± = ξP on ∂B±

0 =
1

|B|

∫

∂B

p ⊗ n dA ∂∇pΨ · n = ξN · n on ∂B
(6.50)
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Equation (6.50)1,4 and (6.50)2,5 represent the (D) Dirichlet and the (P ) periodic repre-
sentation of the boundary conditions for the electric polarization, where the Lagrange pa-
rameter is the micro-traction on the surface. For (N) Neumann-type constraints (6.50)3,6
the micro-tractions are zero.

Macroscopic stresses and electric displacement. The macroscopic stresses and electric
displacement follow in a straightforward manner from the variational principle of homog-
enization (6.45) by σ̄I = ∂ε̄π̄

τ
L,I and d̄I = −∂

ē

π̄τ
L,I , respectively. For the three types of

boundary conditions, we obtain the macro-stress and the macroscopic electric displace-
ment as

σ̄I =







1

|B|

∫

∂B

sym[λD ⊗ x] dA

1

|B|

∫

∂B+

sym[λP ⊗ [[x]]] dA

λN

and d̄I =







1

|B|

∫

∂B

µDx dA

1

|B|

∫

∂B+

µP [[x]] dA

−µN

(6.51)

These expressions are derivatives of the Lagrange terms (6.47). Again, this highlights
the Lagrange multipliers as the traction vector and surface charge for Dirichlet-type and
periodic boundary conditions I = D,P . For the case of uniform traction boundary
conditions, the Lagrange parameters λN and µN are identical to the homogenized overall
stresses σ̄ and the negative macroscopic electric displacement vector −d̄.

Formulation based on penalty functionals. An alternative approach to the imple-
mentation of the boundary conditions are penalty terms. The incremental variational
statement (6.11) is then extended to

π̄τ
P,I(ε̄, ē) = inf

u
sup
φ

inf
p

Πτ
P,I(u, φ,p,∇p; ε̄, ē) (6.52)

governed by the incremental potential πτ in (6.14) and additional penalty functionals

Πτ
P,I :=

1

|B|

∫

B

πτ (∇su,−∇φ,p,∇p; ε̄, ē) dV − PI(u, φ,p; ε̄, ē) (6.53)

for the constraints I = D,P,N . These penalty terms are defined via

PI =







αD

2|B|

∫

∂B

∣
∣u− ε̄x

∣
∣
2
dA +

βD
2|B|

∫

∂B

∣
∣φ+ ēx

∣
∣
2
dA +

γD
2|B|

∫

∂B

∣
∣
p

∣
∣
2
dA

αP

2|B|

∫

∂B+

∣
∣[[u]]− ε̄[[x]]

∣
∣2dA +

βP
2|B|

∫

∂B+

∣
∣[[φ]] + ē[[x]]

∣
∣2dA+

γP
2|B|

∫

∂B+

∣
∣[[p]]

∣
∣2dA

αN

2

∣
∣
∣
1

|B|

∫

∂B

sym[u⊗ n] dA− ε̄
∣
∣
∣

2

+
βN
2

∣
∣
∣
1

|B|

∫

∂B

φn dA+ ē
∣
∣
∣

2

+
γN
2

∣
∣
∣
1

|B|

∫

∂B

p ⊗ n dA
∣
∣
∣

2

(6.54)
where {αI , βI , γI} are scalar penalty parameters. The Euler-Lagrange equations of the
extended variational principle of homogenization (6.52) are identical with (6.15) above.
In addition, boundary expressions are obtained as follows:
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Mechanical displacement constraints. The three types of surface conditions I = D,P,N
of the mechanical displacement field u can be summarized as

∂εΨ · n = αD(u− ε̄ · x) on ∂B

±(∂εΨ · n)± = αP ([[u]]− ε̄ · [[x]]) on ∂B±

∂εΨ · n = αN

( 1

|B|

∫

∂B

sym[u⊗ n] dA− ε̄
)

n on ∂B
(6.55)

They provide approximate representations of the exact conditions (6.48) obtained by the
Lagrange functionals. In particular, (6.55)1 provides an approximate solution (D) for the
traction vector on the surface of the microstructure in terms of the penalty parameters
αD. This parameter penalizes deviations from the exact enforcement of the Dirichlet
constraints for the displacement field u. Similarly, (6.55)2 determines non-trivial periodic
boundary constraints (P ) due to the traction vector on the contour ∂B±. The bound-
ary condition (6.55)3 approximates uniform tractions (N) by the determination of the
macroscopic stress tensor σ̄ in terms of the penalty parameter αN .

Electric potential constraints. The penalty formulation for electric field driven homoge-
nization for the constraints I = D,N, P results in the boundary conditions

−∂
e

Ψ · n = βD(φ+ ē · x) on ∂B

±(−∂
e

Ψ · n)± = βP ([[φ]] + ē · [[x]]) on ∂B±

−∂
e

Ψ · n = βN

( 1

|B|

∫

∂B

φn dA+ ē
)

n on ∂B
(6.56)

Equation (6.56)1 determines an approximative formulation of (D) Dirichlet-type boundary
conditions, where the surface charge is expressed in terms of penalized deviations from
the exact enforcement of the boundary conditions in (6.49)1. An approximated version
of the (P ) non-trivial periodic boundary conditions is given in (6.56)2. For the (N)
Neumann-type constraints an approximation is given by (6.56)3, where the overall electric
displacement vector d̄ is directly computed by a constitutive function penalized by βN .

Constraints for the electric polarization. The constraints for the electric polarization are
governed by the penalty parameter γI in the form

∂∇pΨ · n = γDp on ∂B

±(∂∇pΨ · n)± = γP [[p]] on ∂B±

∂∇pΨ · n = γN

( 1

|B|

∫

∂B

p ⊗ n dA
)

n on ∂B
(6.57)

For the (D) Dirichlet-type as well as (P ) periodic boundary conditions, we observe a
representation in terms of the order parameter penalized by γD,P . The (N) Neumann-
type representation is given due to an integral expression resulting in zero micro-tractions.

Macroscopic stresses and electric displacement. The variational principle of homoge-
nization (6.52) determines directly the macroscopic stresses σ̄I = ∂ε̄π̄

τ
P,I and the electric
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Figure 6.5: Boundary-value-problem and stress-strain curves. a) Dimension of boundary-
value-problem with square eccentric inclusion, side length l/3, and preferred direction ϑ2 = 45◦.
b) Macroscopic stress-strain curves showing stiffness of the microstructure and bound character
of (D) Dirichlet and (N) Neumann boundary conditions.

displacement vector d̄I = −∂
ē

π̄τ
P,I by function evaluations as

σ̄I =







1

|B|

∫

∂B

sym[αD(u−ε̄x)⊗x] dA

1

|B|

∫

∂B+

sym[αP ([[u]]−ε̄[[x]])⊗[[x]]] dA
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βP ([[φ]]+ē[[x]])[[x]] dA

βN

( 1

|B|

∫

∂B

φn dA+ē
)

(6.58)
for the three types of boundary conditions under consideration.

6.4. Representative numerical examples

The capability of the developed computational framework of homogenization in micro-
electro-mechanics is demonstrated by means of two- and three-dimensional benchmarks.
The examples describe domain wall movements in piezoceramic materials for macroscopic
electric field and strain driven scenarios. The homogenization allows the determination of
macroscopic hysteresis curves. We again consider barium titanate (BaTiO3) in a polarized
tetragonal state. The material parameter are identical to the previous chapter and not
repeated here, see Table 5.1.

6.4.1. Analysis of different homogenization boundary conditions

We first investigate the influence of the different boundary conditions I = D,P,N for
a simple microstructure, consisting of a stiff inclusion with rotated preferred direction.
The geometry of the sample is shown in Figure 6.5a. The square inclusion has a size of
l/3. A structured mesh is used with 30 × 30 quadrilateral elements. The stiff inclusion
has the modified Lamé parameters λ′2 = 11100.0, µ′

2 = 3700.0, and a rotated preferred
direction ϑ2 = 45◦. The equilibrium state of the micro model is determined starting from
a random noise of the polarization. We apply (D) Dirichlet-type boundary conditions for
the displacement field and the electric potential and (P ) periodic boundary conditions for
the polarization in order to get a feasible starting point for the subsequent simulations.
Figure 6.5b shows the stress-strain curve for a macroscopic pure shear load ε̄′12. Observe
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Figure 6.6: Comparison of polarization states for macroscopic shear deformation. The final
domain state is obtained for a macroscopic pure shear loading and periodic boundary conditions
for the polarization. a) Dirichlet, b) periodic, and c) Neumann-type surface constraints are
chosen for displacement field and electric potential.
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Figure 6.7: Boundary-value-problem and loading curves. Sawtooth-type loading for the a) elec-
tric and c) two mechanical loading processes. b) Representative volume element of nine grains
characterized by different preferred directions {ϑi}i=1,9 and normalized edge length l′=100. On

the corner nodes, the mechanical ũ′ = 0 and electric fluctuations φ̃′ = 0 are suppressed. Each
grain is discretized with 10×10 four node quadrilateral finite elements.

that for the mechanical problem, the (D) Dirichlet-type and (N) Neumann-type boundary
conditions form upper and lower bounds of the mechanical stiffness. As expected, the (P )
periodic boundary conditions render the best choice of surface constraints. Figure 6.6
shows the mechanically deformed sample and the evolved domains. The influence of
the boundary conditions on the final state obtained by formation and evolution of the
domains is observed. The (D) Dirichlet, (P ) periodic, and (N) Neumann boundary
conditions for the displacement field can be directly observed at the surface deformation
of the microstructure.

6.4.2. Homogenization analysis of polycrystalline aggregate

Next, consider a two-dimensional example which analyses an idealized polycrystal consist-
ing of only nine grains. Each grain has different preferred poling directions characterized
by the lattice orientations {ϑi}i=1,9 as indicated in Figure 6.7. The different lattice ori-
entations are chosen such that the gap between neighboring grains is maximized. The
material parameters are identical in all grains. Goal is the determination of macroscopic
hysteresis curves based on the proposed homogenization technique, where this microstruc-
ture is related to a macroscopic material point. Clearly, this idealized polycrystal can be
easily extended to more complex structures consisting of more grains.
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Figure 6.8: Domain states of electric field driven homogenization. Periodic boundary condi-
tions (fluctuation magnified) are utilized, the contour shows the norm of the polarization gradient
‖∇p′‖, and poling directions are indicated by white arrows. The snapshots are at time a) t′=0,
b) t′=10, c) t′=50, d) t′=100, e) t′=110, f) t′=150, g) t′=200, h) t′=210, and i) t′=250.

Construction of an initial equilibrium state. First, an artificial initial boundary-
value-problem is solved that produces an appropriate starting point for the subsequent
simulations of electric field and strain driven domain wall motions. To this end, a re-
laxation process of a random initial orientation to an equilibrium state of microscopic
polarization is performed. The relaxation process causes the polarization to adjust in
certain regions and domain walls start to appear. The final stage of the equilibrium state
is shown in Figure 6.8a, where domain walls intersecting different grains appear. These
domain walls are not restricted to the grain boundaries, i.e. transgranular domain walls
are formed during the relaxation process. In the domains, that are regions separated by
the walls, the polarization vectors are almost aligned. It is interesting to notice that the
orientation differences of the polarization vectors across the domain walls within each
grain are close to either 90◦ or 180◦. Hence, the polarization vectors are aligned with
preferred directions on either side of the walls. The varying lattice orientations of the
grains intersected by the domain wall lead to its ”zig-zag“ shape.
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Figure 6.9: Ferroelectric hysteresis curves of electric field driven homogenization. a) Dielec-
tric hysteresis and b) butterfly hysteresis characterizing dissipative ferroelectric processes and
incorporating domain states of Figure 6.8.

Macroscopic electric field driven loading. Starting with the equilibrium state, we
apply a sawtooth-type macroscopic electric field in vertical direction up to a maximum
value of ē′max

2 = 0.75. Such a loading causes microscopic domain wall motions in the
polycrystalline microstructure, where periodic boundary conditions are applied.

Domain wall motion. Figure 6.8 depicts the domain walls and the evolution of the polar-
ization in the microstructure for a macroscopic electric field driven process. In order to vi-
sualize the periodicity of the microstructure, the displacement fluctuations are magnified.
Solid white lines mark grain boundaries. The application of the electric loading causes
the polarization towards the external field, however, aligned to the preferred directions
{ϑi}i=1,9 in the grains. Figure 6.8a–c show the equilibrium state of the simulation and the
subsequent motion of the domain walls. The last snapshot of this sequence, Figure 6.8c,
corresponds to the point of maximum applied electric field. A careful observation of this
figure reveals that this configuration has been obtained via the mechanisms of 90◦ and
180◦ domain wall switching. The polarization vectors are observed to still occupy the
minima of the four-well phase separation potential. The full alignment of the polarization
vectors with the external field, that are orientations that do not coincide with preferred
directions, can only be achieved at higher field levels. One should further notice that
the distribution of the polarization gradient and the alignment of the polarization itself
are fully periodic on the boundary of the microstructure. Inversion of the macroscopic
electric loading yields a stepwise alignment of the polarization initiated by reaching a
certain threshold value, see Figure 6.8d–f. Thus, in a first stage the piezoelectric material
behaves purely elastic. Reaching the coercive threshold, the polarization starts to switch,
Figure 6.8e, and ends up at a stage where the polarization is nearly aligned with the re-
versed external field, see Figure 6.8f. A further inversion of the macroscopic electric field
yields to the same characteristic domain wall motions and thus again to a reorientation
of the polarization vectors as shown in the sequence Figure 6.8g–i.

Macroscopic hysteresis curves. Having analyzed the poling process via domain wall mo-
tions in the multi-grain aggregate, we now proceed to compute estimates of the macro-
scopic electro-mechanical overall response of polycrystals. The resulting dielectric and
butterfly hystereses are depicted in Figure 6.9. These curves clearly illustrate the dissipa-
tive character and time dependency of the poling process as predicted by the phase field
model at the micro-level. The dielectric hysteresis curve Figure 6.9a represents the plot
of the averaged polarization p̄′

2 against the homogenized electric field ē′2. The butterfly
hysteresis Figure 6.9b shows the volume average of the remanent strain ε̄′ r22 defined later
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Figure 6.10: Domain states of strain driven homogenization. Periodic boundary conditions
(fluctuation magnified) are utilized, the contour plots illustrate the norm of the polarization
gradient ‖∇p′‖, and poling directions in each grain are indicated by white arrows. The different
snapshots are taken at time a) t′ =0, b) t′ =50, c) t′ =100, d) t′ =200, e) t′ =235, f) t′ =250,
g) t′=265, h) t′=280, and i) t′=300.

plotted against the average electric field. The poling states discussed earlier can be di-
rectly linked to the marked points in the hysteresis curves. After reaching the coercive
field strength one can clearly observe the beginning of the switching process. The nearly
alignment of the polarization in Figure 6.9c and f can be directly interpreted by a sat-
uration of the microscopic polarization to the saturation value ps and thus by a purely
elastic behavior for increasing load.

Macroscopic strain driven loading. We consider now a purely mechanical loading of
the polycrystalline aggregate by a macroscopic strain field according to the two loading
patterns shown in Figure 6.7c. Uniaxial compressive and tensile strains are applied in a
sawtooth-like fashion.
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Figure 6.11: Ferroelastic hysteresis curves of strain driven homogenization. Plot of negative
homogenized stress −σ̄′

22 over a) change in average polarization ∆p̄′
2 and b) change in aver-

age remanent strain ∆ε̄′ r22 characterizing the phenomenon of mechanical depolarization. The
curves are connected to the domain states in Figure 6.10 for three consecutive cycles of uniaxial
compressive loading.

Domain wall motion. The domain wall motions caused by a macroscopic strain field are
shown in Figure 6.10 on the deformed microstructure. The simulation starts from the
equilibrium state. The loading is characterized by a compressive part followed by a ten-
sile strain. For the uniaxial compressive strain under consideration, switching is initiated
after passing a limit load such that the polarization orients in a direction perpendicular to
the loading direction, see Figure 6.10b–c. Nevertheless, the polarization tries to align as
closely as possible with the varying preferred or easy directions in each grain. Complete
unloading, see Figure 6.10d, basically preserves the resulting domain structure. The sub-
sequent uniaxial tensile loading again causes immense domain motions. According to the
investigations of stress driven domain wall switching in Chapter 5, we realize a random
reorientation of the polarization in the direction of the applied macroscopic tensile strain,
see Figure 6.10e–i. For higher field levels, the polarization completely aligns with the
tensile load, that is the polarization direction would overcome the minima of the four-well
phase separation potential.

Macroscopic hysteresis curves. The ferroelastic hysteresis caused by three consecutive
cycles of uniaxial compressive loading characterizes the phenomenon of mechanical depo-
larization. The plot of the relative change of macroscopic polarization ∆p′ = p

′
in−p′ and

homogenized remanent strain ∆ε′ r = ε′ rin−ε′ r, respectively, over macroscopic mechanical
compressive stress is shown in Figure 6.11. The initial states at the beginning of the
depolarization process are denoted by p′

in and ε′ rin. Here, we define the remanent strain

based on the phenomenological ansatz ε′ r = 3
2
εs

|p′|
ps

dev[a′⊗a′] as a deviatoric function of

the polarization in terms of the polarization director a′ := p

′/|p′|. As a consequence of an
increasing compressive load, a gradual orientation of all longer c-axes close to a plane per-
pendicular to the mechanical stress takes place, seeMoulson & Herbert [138]. Rather,
the microscopic spontaneous polarization vectors of the unit cells become distributed ran-
domly within or close to a plane perpendicular to the compressive load. This means
that the material does no longer possess any resultant remanent polarization after being
loaded by a compressive mechanical deformation of sufficient magnitude, which is why
this process is called mechanical depolarization. Together with the remanent polarization,
the macroscopic piezoelectric properties and, thereby, the most important features of a
piezoceramic material are lost. The subsequent unloading of the microstructure causes
only minor changes in the domain structure.
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Figure 6.12: Boundary-value-problem and loading curves. Sawtooth-type loading for the
a) electric and c) two mechanical loading processes. b) Thin single crystal representative volume
element with normalized edge length l′=100. On the corner nodes, the mechanical ũ′=0 and
electric fluctuations φ̃′ = 0 are suppressed. The sample is discretized by 30×30×3 eight node
brick elements.

6.4.3. Three-dimensional homogenization of thin single crystal

We now extend the complexity by considering three-dimensional problems. Consider the
homogenization of a thin single crystal with periodic boundary conditions in the x/z- and
y/z-plane. Due to the thin specimen, no boundary conditions in z-direction are applied.
The geometry is specified in Figure 6.12b. According to the applied periodic boundary
conditions, the total displacement is fully prescribed at all corner nodes ucor = ε̄ ·xcor, i.e.
the fluctuations are suppressed. In analogy to the two-dimensional simulation, we consider
sawtooth-type loading by a macroscopic electric field ē′ and a mechanical strain ε̄′, see
Figure 6.12a and c. In a preprocessing step, an equilibrium state is determined for the
microscopic polarization. This equilibrium state is then used as the starting configuration
for the analysis of electric field and strain driven domain evolution.

Construction of an initial equilibrium state. First, the relaxation process of a ran-
dom initial distribution of the microscopic polarization in a single domain sample with
uniform lattice direction is carried out, Figure 6.13a. No macroscopic mechanical or elec-
tric loading is applied. The formation of the domains is fully governed by the evolution
equation for the polarization field. The discretization is performed with a regular mesh
consisting of 30 × 30 × 3 hexahedral eight node elements. The single grain sample is
subjected to periodic boundary constraints in the x/z- and y/z-plane for the mechanical
and electric fluctuations, as well as the order parameter of the phase field model. Thus,
in order to satisfy this constraint, one has to ensure that the initial random state of the
microscopic polarization is periodic on the surface of the microstructure. The final stage
shows the formation of a laminate structure of solely 90◦ walls, that is a stable twin-like
structure with no further change with respect to time. It is also clear that the average
polarization p̄ = 1

|B|

∫

B
pdV resulting from such a domain state is non-zero. The chosen

boundary conditions and the periodic initialization of the order parameter on the surface
of the microstructure ensure the evolution of a periodic microstructure.

Macroscopic electric field driven loading. Domain motions and homogenized hys-
teresis curves under a sawtooth-type macroscopic electric field are investigated. The maxi-
mum normalized field which is reached during the loading process depicted in Figure 6.12a
is e′max

2 = 1.0 at a period of 200 time steps each cycle.
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Figure 6.13: Domain states of electric field driven homogenization. Periodic boundary condi-
tions (fluctuation magnified) are utilized, the contour plots show the norm of the polarization
gradient ‖∇p′‖, and poling directions in the thin single grain are indicated by white arrows.
The different snapshots are at time a) t′ =0, b) t′ =10, c) t′ =50, d) t′ =100, e) t′ =110, and
f) t′=150.
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Figure 6.14: Ferroelectric hysteresis curves of electric field driven homogenization. a) Dielectric
and b) butterfly hysteresis of thin single grain sample incorporating reference to domain states
depicted in Figure 6.13.

Domain wall motion. Figure 6.13 shows six snapshots of domain changes caused by the
applied macroscopic electric field. In the vicinity of the microstructure the applied macro-
scopic loading is shown. The linear increase of the electric field ē′2 causes the laminate
structure to vanishes. The 90◦ domain walls dissolve completely for the maximum applied
load, see Figure 6.13c. This results in a single domain structure where the polarization is
completely aligned with the macro-field. The removal of the load and subsequent inver-
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Figure 6.15: Domain states for strain driven homogenization. Periodic boundary conditions
(fluctuation magnified) are utilized, the contour plots illustrate the norm of the polarization
gradient ‖∇p′‖, and poling directions in the thin single grain are indicated by white arrows.
The different snapshots are at time a) t′=0, b) t′=100, c) t′=250, d) t′=260, e) t′=300, and
f) t′=400.

sion is displayed in the remaining plots. Figure 6.13e shows the point where the single
domain switches and aligns with the reversed direction of the electric field.

Macroscopic hysteresis curves. Each snapshot of the microstructure discussed previously
is directly linked to a point in the macroscopic hysteresis curves shown in Figure 6.14.
The dielectric hysteresis as plot of macroscopic polarization over the applied electric field
is recorded in Figure 6.14a. It shows the typical shape, where switching of the polarization
in the microstructure occurs after the coercive loading is achieved. For sufficiently strong
fields a linear saturation behavior is observed and for small electric loading we rest in a
linear application range. The plot of remanent strain over applied electric field is given
by the so-called butterfly hysteresis curve, see Figure 6.14b. Herein, the remanent strain
is as previously defined a deviatoric function of the polarization. For more details about
the derivation of the remanent strain see Miehe & Rosato [123].

Macroscopic strain driven loading. For the thin single grain specimen two macro-
scopic strain driven loadings with ε̄′max

22 = 0.5 as shown in Figure 6.12c are performed.
Again, the domain wall motions and hysteresis phenomena are investigated.
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Figure 6.16: Ferroelastic hysteresis curves of strain driven homogenization. Plot of negative
homogenized stress −σ̄′

22 over a) change in average polarization ∆p̄′
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remanent strain ∆ε̄′ r22 characterizing the phenomenon of mechanical depolarization for three
consecutive cycles of uniaxial compressive loading.

Domain wall motion. The domain states are depicted in Figure 6.15 for different sim-
ulation states. For the initial compressive loading, the laminate structure vanishes and
the microscopic polarization switches in the direction perpendicular to the applied macro-
scopic strain. After load removal and subsequent tensile loading, the formation of vortex-
like domains is observed. The alignment in or against the direction of the tensile strain
is preferred.

Macroscopic hysteresis curves. For the second loading history with three consecutive cy-
cles of compressive loading, the hysteresis curves are shown in Figure 6.16. The left panel
depicts the change in averaged polarization over the negative macroscopic stress. Due
to the full alignment of the polarization perpendicular to the applied load, the specimen
depolarizes completely. In contrast to the multi-grain sample, the additional compres-
sive loading cycles do not cause any hysteresis phenomena for the depolarization plot
Figure 6.16a. This is caused by the fact that in Figure 6.15b for the first maximum com-
pressive load a complete alignment occurs perpendicular to the loading without polariza-
tion components in the direction of the load. Hence, we observe for the two consecutive
compressive loading cycles no development and change of the polarization component
in the direction of the applied strain, respectively. The right panel depicts the change
in remanent strain ∆ε̄′ r22 over the negative macroscopic stress σ̄′

22, where we observe the
development of a small hysteresis.
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Chapter 7

Multiplicative Electro-Elasticity of Electroactive

Polymers Accounting for Micromechanically-Based

Network Models

Electro-active polymers (EAPs) are materials with a polymer chain network microstruc-
ture, which exhibit coupled electro-mechanical behavior. EAP materials are divided into
two main groups: electronic and ionic materials. In electronic EAPs, the activation is
driven by Coulomb-type electrostatic forces between opposite charges (Maxwell stresses)
which are created inside the dielectric as a result of an applied electric field. These
materials allow fast response speeds, however, at the cost of high voltage. Ionic EAPs
including gels and conductive polymers are actuated by electric field induced diffusion of
mobile ions that causes a deformation. The recent developments with a particular focus
on the constitutive modeling of electronic electroactive polymers Dorfmann & Ogden

[41], McMeeking & Landis [113], Vu & Steinmann [196], Zhao et al. [215], Suo
et al. [176], Ponte Castañeda & Siboni [151], Thylander et al. [186], Jiménez
& McMeeeking [80], and Rosato & Miehe [156] will be particularly useful for our
subsequent investigations. Recent numerical implementations of finite electro-mechanics
combined with variational principles are proposed by Vu et al. [197] and Vu & Stein-

mann [196] for non-dissipative as well as Rosato & Miehe [156] for dissipative material
response.

This work focuses on the micro-mechanically based continuum modeling of electronic
EAPs. These materials can further be subdivided into dielectric elastomers, which are ac-
tivated by Coulomb forces, ferroelectric polymers, which exhibit spontaneous polarization
and show piezoelectricity when poled and electrostriction in a non-poled phase, as well as
electrostrictive graft elastomers, where the activation is caused by molecular alignment.
All these materials have as a basic ingredient of their microstructure at least a fraction
of an amorphous network consisting of cross-linked polymer chains similar to natural
or synthetic rubbers. This network has an important effect on the electro-mechanical
overall response, in particular, when the material undergoes large strains. There is a
substantial body of literature for the construction of highly predictive micromechanically
motivated models in the pure mechanical context such as the three chain model proposed
by James & Guth [77], the eight chain model suggested by Arruda & Boyce [2], as
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well as the affine full network models considered in Treloar [191], Treloar & Rid-

ing [193], and Wu & van der Giessen [206]. A further improvement provides the
non-affine microsphere model proposed in Miehe et al. [129], which allows a flexible
modeling of the locking stretches in multi-dimensional deformations. A second ingredi-
ent to be incorporated in the modeling of EAPs are micromechanical assumptions for a
deformation-dependent electric permittivity. For stretches well below the extension limit
of the polymer chains and small degree of cross-linking, a polymer network is assumed to
polarize as freely as a polymeric liquid and the permittivity is unaffected by the defor-
mation. However, with increasing stretch the chains align and their mobility decreases.
This effect hinders the orientation of molecules in an electric field and therefore reduces
the electric permittivity. This dependence of the electric permittivity of matter on the
stretch of the material was experimentally shown by Kofod et al. [86] and Wissler

& Mazza [205], among others. While isotropic in the undeformed state, an anisotropy
is observed during deformation. For large deformations, stresses resulting from a varying
permittivity differ considerably from the simple constant approach that is widely used
in literature, see Zhao & Suo [214]. The fundamental work of Kuhn & Grün [98]
uses statistical mechanics of freely jointed chain molecules to obtain a relation between
the microscopic polarization of the polymer chains and the macroscopic birefringence.
As suggested recently in Jiménez & McMeeeking [80], this concept can directly be
transferred to the electric permittivity which then becomes a function of the macroscopic
deformation.

Goal of this paper is to outline a general constitutive model structure for EAPs that is
open for a modular inclusion of micromechanical ingredients. In particular, the incorpo-
ration of the highly predictive homogenization method over the chain orientations space
suggested in Miehe et al. [129] is of interest. Conceptually, this is achieved by assum-
ing a split of the energy function into an elastic contribution and an electrostatic part.
The first part will be designed to include the mechanical network model, while the second
part covers the deformation-dependent electric permittivity. A key aspect of this work is
a modeling of the elastic contribution based on three alternative kinematic assumptions
for the macroscopic network deformation

Ψelas(F ,E) = Ψnet(F net) with F net ∈ {F ,FE,EF } (7.1)

which include the multiplicative decomposition of the deformation gradient into stress-
free and stress-producing parts. The above ansatz allows for the incorporation of energy
functions Ψnet associated with complex mechanical network models without any change,
see the recent work Zäh & Miehe [208] for more detail. The first approach F net = F

is appropriate for elastomers with an ideal microstructure consisting of cross-linked poly-
mer chains. The second and third kinematic assumptions are suitable for more complex
microstructures, such as that of graft elastomers discussed in Chapter 2. Here, crystalline
phases in the form of particles with inherent dipoles are embedded into an amorphous
polymer network matrix. For an applied electric field, an electrically induced deformation
of the composite microstructure occurs solely due to the dipoles of the particles. For small
volume fractions and random placements of the embedded particles, this electrically in-
duced deformation can be assumed to leave the random nature of the cross-linked polymer
network structure unaltered. Hence, its behavior can be assumed to remain isotropic and
governed by the network models reviewed above. Furthermore, the electrically induced
deformation of the microstructure due to the dipoles in the particles can be assumed to
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be stress-free. As a consequence, the stored elastic energy of the network cannot depend
on the total deformation, but must be in addition a function of the electric field that
drives the particle deformation. In order to achieve this, a key ingredient of our proposed
framework is to define separate constitutive functions for a stress-free electrically induced
stretch of the microstructure. Multiplicative splits into stress-free and stress-producing
partial deformations do not commute for general non-coaxial deformation modes. Recall
in this context the Kröner-Lee decomposition, rooted in the works Kröner [95] and Lee

[104], which assumes first a stress-free deformation followed by a stress-producing defor-
mation. This ansatz is well motivated when relating the plastic deformation solely to the
micromechanical dislocation flow through an ideal lattice. The reverse setting, originally
proposed by Clifton [33], lacks this micromechanical motivation and is commonly con-
sidered to be not appropriate for plasticity theory. Inspired by plasticity theory, a Lee-type
multiplicative decomposition has already been applied to electro-mechanics by Rosato

& Miehe [155, 156] and Skatulla et al. [167]. We outline in this paper a unified
modeling framework for EAPs that accounts for both types of multiplicative kinematics.
The right (Lee-type) decomposition F net = FE is based on a constitutive dependence
of E on the Lagrangian electric field. In contrast, the left (Clifton-type) decomposition
F net = EF assumes a dependence of E on the Eulerian (true) electric field. In both cases,
the electrically induced deformation is assumed to be rotation-free, representing material
or spatial stretch tensors.

This chapter is organized as follows. Section 7.1 summarizes general equations of fi-
nite electro-elasticity in a variational format, accounting for geometric settings in both
the Lagrangian as well as the Eulerian configuration. This also includes a compact out-
line of potential-based finite element implementations. Section 7.2 develops the modular
framework for the alternative incorporation of polymer network models. This covers all
details of the modeling, including the set up of coupled electro-mechanical tangent moduli.
Section 7.3 reviews micromechanical based network kernels, which can be included into
the proposed modeling framework. Finally, Section 7.4 reports on numerical simulations,
which demonstrate the modeling capability of the proposed framework.

7.1. General equations of finite electro-elasticity

The primary fields and their gradients are already introduced in Part I dealing with
fundamentals of mechanics and electrostatics, that is, the deformation map and electric
potential. The gradients of these two fields are denoted as the deformation gradient and
the Lagrangian electric field.

7.1.1. The variational principle and its Euler equations

The global equations of finite electro-elasticity can be derived from a variational principle.
We focus exclusively on a constitutive description of electro-mechanics in terms of the
electric enthalpy. Consider as a variational potential the electro-elastic enthalpy stored
in the solid domain minus the external loading contributions

Π(ϕ, φ) :=

∫

B

Ψ(F ,E;X) dV − Πext(ϕ, φ) , (7.2)
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determined by the enthalpy density function Ψ that contains superimposed contributions
form the solid matter embedded into the free space and the external part

Πext(ϕ, φ) =

∫

B

ϕ · ̺0Γm dV +

∫

∂Bt

ϕ · T dA−
∫

B

φρe0 dV −
∫

∂B
d

φΣe
f dA . (7.3)

The constitutive enthalpy function is derived from an electro-elastic stored energy function
Ψ′ by a partial Legendre transformation with respect to the electric slot Ψ(F ,E;X) =
inf

D

[Ψ′(F ,D;X)−E ·D]. The canonical energy function Ψ′ is weakly convex with respect
to F and D. As a consequence, the enthalpy function Ψ is weakly convex with respect to
F but concave with respect to E. With regard to the set up of specific enthalpy functions,
we assume that an extended enthalpy function Ψext

Ψ(F ,E;X) = Ψext(F , cof[F ], det[F ],E;X) (7.4)

is convex with respect to F , cof[F ], and det[F ], that is polyconvex with respect to F

in the sense of Ball [6], and concave with respect to E. We consider this a suitable
condition for the modeling of a stable electro-elastic material response. Furthermore, the
enthalpy function Ψ must be objective, that is invariant with respect to rigid body motions
ϕ+ = Q(t)ϕ+c(t) superimposed onto the current configuration. This is a priori satisfied
by the reduced form

Ψ(F ,E;X) = Ψ̌(F TgF ,F T
e;X) = Ψ̃(g, e;F ,X) (7.5)

that depends on the right Cauchy-Green tensor C := F TgF . The function Ψ̃ emphasizes
the dependence of the enthalpy function on the Eulerian standard metric g and the spatial
electric field e. This functional dependence is exploited within the subsequent spatial
geometric setting of electro-elasticity, that is advantageous with regard to the numerical
treatment due to its sparse structure based on symmetric incremental deformation tensors.
With the potential Π defined in (7.2) at hand, the coupled boundary-value-problem of
finite electro-elastostatics is governed by the variational principle

{ϕ, φ} = arg
{

inf
ϕ

sup
φ

Π(ϕ, φ)
}

(7.6)

subject to Dirichlet-type boundary conditions ϕ = ϕ0 on ∂Bϕ and φ = φ0 on ∂Bφ. Here,
the boundary ∂B of the solid is decomposed into ∂B = ∂Bϕ ∪ ∂Bt = ∂Bφ ∪ ∂B

d

with
∂Bϕ ∩ ∂Bt = ∂Bφ ∩ ∂Bd = ∅.

Variation in material setting. Introducing fields of virtual deformation δϕ and electric
potential δφ satisfying δϕ = 0 on ∂Bϕ and δφ = 0 on ∂Bφ, the necessary condition of
the saddle point principle (7.6) reads

δΠ =

∫

B

[
∇δϕ
−∇δφ

]

·
[
∂FΨ
∂
E

Ψ

]

dV −
∫

B

[
δϕ
−δφ

]

·
[
̺0Γ

m

ρe0

]

dV −
∫

∂B

[
δϕ
−δφ

]

·
[
T

Σe
f

]

dA = 0 (7.7)

in terms of the material constitutive expressions

P := ∂FΨ(F ,E;X) and D := −∂
E

Ψ(F ,E;X) (7.8)
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for the nominal stress tensor P and the material electric displacement vector D. Applying
the Gauss theorem gives the two material field equations

Div[P ] + ̺0Γ
m = 0 in B and Div[D] = ρe0 in B (7.9)

as the Euler equation of the variational principle (7.6). This is the static equilibrium
condition on the mechanical side and the Gauss law on the electric side. Furthermore,
we obtain from (7.7) the Neumann-type boundary conditions P · N = T on ∂Bt and
D ·N = −Σe

f on ∂B
d

, where N is the outward normal on ∂B.

Linearization in material setting. The numerical treatment of the nonlinear problem
(7.7) of finite electro-elasticity, e.g. by Newton-type iterative solvers, is based on the
linearization of (7.7) at a given electro-mechanical state {ϕ, φ}, that is

Lin[δΠ] := δΠ
(
δϕ, δφ;ϕ, φ

)
+∆[δΠ]

(
δϕ, δφ,∆ϕ,∆φ;ϕ, φ

)
= 0 . (7.10)

It is solved for the incremental deformation ∆ϕ and electric potential ∆φ, satisfying
∆ϕ = 0 on ∂Bϕ and ∆φ = 0 on ∂Bφ. For dead external loads, the linear increment of
the first variation takes the form

∆[δΠ] =

∫

B

[
∇δϕ
−∇δφ

]

·
[
∂2FFΨ ∂2FEΨ
∂2
EFΨ ∂2

EE

Ψ

]

·
[
∇∆ϕ

−∇∆φ

]

dV (7.11)

in terms of the material moduli

A := ∂2FFΨ(F ,E;X) , H := ∂2FEΨ(F ,E;X) , K := ∂2
EE

Ψ(F ,E;X) . (7.12)

Note that these moduli govern the constitutive expressions of the rates of the nominal
stresses and the material electric displacement

[
Ṗ

−Ḋ

]

=

[
A H

H

T
K

]

·
[
Ḟ

Ė

]

. (7.13)

Variation in spatial setting. Using the relationship ∇(·) = ∇x(·)F , characterizing
a chain-rule operation, the necessary condition (7.7) can be recast for pure Dirichlet
problems into the spatial form

δΠ =

∫

B

[
(g∇xδϕ)s
−∇xδφ

]

·
[
2∂gΨ̃

∂
e

Ψ̃

]

dV = 0 (7.14)

in terms of the spatial constitutive expressions

τ = 2∂gΨ̃(g, e;F ,X) and d̃ = −∂
e

Ψ̃(g, e;F ,X) (7.15)

for the Kirchhoff stress τ and the Kirchhoff-type electric displacement d̃. For the sake of
simplicity, external loading contributions are neglected. Here, (g∇xδϕ)s :=

1
2
[ (g∇xδϕ)+

(g∇xδϕ)
T ] denotes the symmetrized spatial gradient of the virtual deformation δϕ. Ap-

plying the Gauss theorem gives the two spatial field equations

div[τ/J ] = 0 in ϕt(B) and div[d̃/J ] = 0 in ϕt(B) (7.16)

as the Euler equations of the variational principle (7.6). This is the static equilibrium
condition in terms of the true Cauchy stress σ := τ/J on the mechanical side and Gauss’s
law in terms of the true electric displacement d := d̃/J on the electric side. In addition, we
obtain from (7.14) due to the absence of loading terms the zero Neumann-type conditions
σ · n = 0 on ϕ(∂Bt) and d · n = 0 on ϕ(∂B

d

), where n is the outward normal on the
deformed surface ϕ(∂B).
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Linearization in spatial setting. The spatial representation of the linearization (7.10)
is obtained by replacing in the linear increment (7.11) material by spatial gradients via
∇(·) = ∇x(·)F , yielding

∆[δΠ] =

∫

B

[
g∇xδϕ
−∇xδφ

]

·
[
a h

h

T
k

]

·
[
g∇x∆ϕ

−∇x∆φ

]

dV (7.17)

in terms of constitutive expressions for the spatial moduli

 := 4∂2ggΨ̃(g, e;F ,X) , h := 2∂2geΨ̃(g, e;F ,X) , k := ∂2
ee

Ψ̃(g, e;F ,X) , (7.18)

where the mechanical moduli a decomposes into symmetric material tangent and geomet-
ric stress terms

a :=  + g−1 ⊙ τ with a

abcd := 

abcd + δacτ bd . (7.19)

Note that the moduli (7.18) govern the Lie derivatives (Oldroyd rates) of the symmetric
Kirchhoff stress and the Kirchhoff-type electric displacement 1

[
£vτ

−£vd̃

]

=

[
 h

h

T
k

]

·
[

1
2
£vg

£ve

]

. (7.20)

The insertion of (7.19) into (7.17) allows the representation of the linear increment

∆[δΠ] =

∫

B

[
(g∇xδϕ)s
−∇xδφ

]

·
[
 h

h

T
k

]

·
[
(g∇x∆ϕ)s
−∇x∆φ

]

+ tr
[
(g∇xδϕ)τ (∇x∆ϕ)T

]
dV (7.21)

in terms of the symmetrized spatial gradients (g∇xδϕ)s and (g∇x∆ϕ)s. Hence, when
comparing the material and spatial representations (7.7) with (7.14) and (7.11) with
(7.21), the advantage of the spatial representations (7.14) and (7.21) are obvious: First,
they are formulated in terms of symmetric gradients of the virtual and incremental defor-
mations allowing a reduced data implementation. Secondly, the spatial representations
are sparse due to the diagonal form of the current metric g = δab, in contrast to its
material counterpart C := F TgF that is fully populated.

7.1.2. Finite element implementation of coupled problem

The spatial discretization of the coupled problem by a finite element method is considered.
Let Th denote a finite element triangulation of the domain B. The index h indicates a
typical mesh size based on Eh finite element domains Bh

e ∈ Th and Nh global nodes. Here
d ∈ [2, 3] is the dimension of the problem.

FEM discretization of material setting. The constitutive state variables for the
coupled two-field electro-mechanical problem are summarized in a generalized gradient
field F := {∇ϕ,−∇φ}. Explicitly, we get the discrete global gradient

F ≈ Fh = B(X)d (7.22)

1Definition of Lie derivatives. Lie derivatives of spatial objects are defined in Subsection 3.1.4. This
defines objective rates for the Kirchhoff stress £vτ := τ̇ − lτ − τ lT and the Kirchhoff-type electric

displacement £vd̃ := ˙̃
d − ld̃ as well as for deformation rate £vg := gl + lTg and electric field £ve :=

ė + lTe, where l := Ḟ F−1 is the spatial velocity gradient.
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in terms of global nodal degrees of freedom

d := [ϕ,−φ]T ∈ R(d+1)Nh

(7.23)

which contains the deformation map and the electric potential at a typical nodal point of
the finite element mesh. B is a symbolic representation of the global matrices of shape
functions for the coupled problem. Clearly, these global arrays are never formulated
explicitly, but represent symbolically the interpolations on all finite element domains
Bh
e ∈ Th. Note that the global nodal variable vector d is formed from element vectors

de by a standard finite element assembling procedure. For three-dimensional problems
d = 3, the generalized displacement vector in (7.23) at the node I is dI = [ϕ1, ϕ2, ϕ3,−φ]TI .
Associated with node I of a standard finite element e, the finite element interpolation
matrix for the constitutive state in (7.22) has the form

BI
e =







N,X N,Y N,Z

N,Y N,X N,Z

N,Z N,Y N,X

N,X N,Y N,Z







T

I

(7.24)

in terms of the shape functions NI and their material derivatives. With the generalized
displacement (7.23) and the constitutive state fields (7.22), we write the FEM discretiza-
tion of the potential Π given in (7.2) as

Πh(d) =
Eh

A
e=1

{∫

Bh
e

Ψ(Bede) dV −
∫

Bh
e

Nede · p dV −
∫

∂Bh
e

Nede · t dA
}

. (7.25)

Here, the generalized element sources in the volume and on the Neumann surface are p =

[̺0Γ
m, ρe0]

T and t = [T ,Σe
f ]

T , respectively. Then, the finite-step-sized discrete stationary
principle

d = arg
{
stat
d

Πh(d)
}

(7.26)

determines the nodal variables d of the finite element mesh. The necessary condition of
the discrete variational problem (7.26) reads

Πh
,d :=

Eh

A
e=1

{∫

Bh
e

BT
e [∂FΨ] dV −

∫

Bh
e

NT
e p dV −

∫

∂Bh
e

NT
e t dA

}

= 0 (7.27)

and provides a nonlinear algebraic system for the determination of the nodal variables d.
For smooth problems, a standard Newton-type iteration of the nonlinear algebraic system
(7.27) updates the generalized displacements by the algorithm

d ⇐ d− [Πh
,dd]

−1[Πh
,d] (7.28)

in terms of the monolithic tangent matrix of the coupled material problem

Πh
,dd :=

Eh

A
e=1

{∫

Bh
e

BT
e [∂

2
FFΨ]Be dV

}

. (7.29)

Observe the symmetry of the tangent matrix Πh
,dd induced by the variational structure

of the coupled two-field problem. The update (7.28) is performed until convergence is
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achieved in the sense ‖Πh
,d‖ < tol. Observe further that the finite element residual and

tangent are governed by the generalized stress and tangent arrays

Sh := ∂FΨ(Fh) =

[
∂FΨ
∂
E

Ψ

]

and Ch := ∂2FFΨ(Fh) =

[
∂2FFΨ ∂2FEΨ
∂2
EFΨ ∂2

EE

Ψ

]

, (7.30)

that are the first and second derivatives of the enthalpy density function Ψ defined in (7.25)
by the discretized constitutive state vector Fh. These arrays are a critical ingredient of
the proposed variational formulation and make the notation extremely compact.

FEM discretization for spatial setting. The constitutive state variables for the cou-
pled two-field electro-mechanical problem are summarized in a generalized gradient field
f := {(g∇xϕ)s,−∇xφ}. Explicitly, we get the discrete global gradient

f ≈ fh = b(x)d (7.31)

in terms of global nodal degrees of freedom (7.23). b is a symbolic representation of the
global matrices of shape functions for the coupled problem. Associated with node I of
a standard finite element e, the finite element interpolation matrix for the constitutive
state in (7.31) has the form

bI
e =







N,x N,y N,z

N,y N,x N,z

N,z N,xN,y

N,xN,yN,z







T

I

(7.32)

in terms of the shape functions NI and their spatial derivatives. For the sake of simplicity,
the focus is on pure Dirichlet problems neglecting the external loading terms. The spatial
form of the necessary condition reads

Πh
,d :=

Eh

A
e=1

{∫

Bh
e

bT
e [∂fΨ] dV

}

= 0 (7.33)

and provides a nonlinear algebraic system for the determination of the nodal variables d.
For smooth problems, a standard Newton-type iteration of the nonlinear algebraic system
(7.33) updates the generalized displacements by the algorithm

d ⇐ d− [Πh
,dd]

−1[Πh
,d] (7.34)

in terms of the monolithic tangent matrix of the coupled spatial problem

Πh
,dd :=

Eh

A
e=1

{∫

Bh
e

{
bT
e [∂

2
ffΨ]be + g

e

}
dV

}

. (7.35)

Observe the occurrence of the geometric tangent matrix g
e
induced by the push-forward of

the material setting to the current configuration. Observe further that the finite element
residual and tangent are governed by the generalized stress and tangent arrays

sh := ∂fΨ(fh) =

[
2∂gΨ
∂
e

Ψ

]

and ch := ∂2ffΨ(fh) =

[
4∂2ggΨ 2∂2geΨ
2∂2

egΨ ∂2
ee

Ψ

]

, (7.36)
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that are the first and second derivatives of the enthalpy density function Ψ by the dis-
cretized spatial constitutive state vector fh. The geometric tangent matrix on element
level can be computed as

gd(I−1)+i,d(J−1)+i

e
=

∫

Bh
e

(N,x)
I
jτjk(N,x)

J
k dV (7.37)

in terms of element nodes (I, J) and i = 1, d.

7.2. Constitutive modeling of multiplicative electro-elasticity

This section develops specific constitutive expressions for the electro-mechanical enthalpy
function Ψ in dielectric elastomers, which are rooted in the micromechanics of polymer
networks. The key concept is to develop representations of this function, that includes
in a modular format a mechanical network kernel. This kernel is designed such that
statistically-based free energies for polymer networks, such as outlined in Treloar [192],
Flory [47], Arruda & Boyce [2], Boyce & Arruda [23], and Miehe et al. [129],
are included without any change. In order to achieve this, novel structures of the en-
thalpy function are investigated. This covers in particular the alternative multiplica-
tive decomposition of the deformation gradient into electrically-induced deformation and
stress-producing parts. A general structure that includes three alternative approaches to
the incorporation of the network kernels is developed and a closed-form representation for
the stress and electric displacement is outlined.

7.2.1. Ingredient 1: Additive split of energy-enthalpy density

The additive decomposition of the total enthalpy function per unit volume of the reference
configuration into an elastic part and an electrostatic part is assumed as

Ψ(F ,E) = Ψelas(F ,E) + Ψelec(F ,E) (7.38)

The first part Ψelas includes contributions due to the network deformation, which we root
in micromechanically-based theories of statistical mechanics of polymers. For multiplica-
tive electro-mechanics considered below, Ψelas depends on the electric field and includes
an electrostatic contribution. Ψelec covers deformation-dependent contributions, including
effects of the free space where the body is embedded in. For convenience, we drop in what
follows the dependence of the constitutive functions on the position X ∈ B and focus on
homogeneous materials.

7.2.2. Ingredient 2: Volumetric-isochoric split of local deformation

Electroactive elastomers are weakly compressible as rubber-like materials. They undergo
nearly incompressible elastic deformations. We account for this aspect by applying a
penalty method that ensures approximately the incompressibility constraint J = 1. In
the constitutive modeling, we account for this aspect by a multiplicative split of the
deformation map F , defining its isochoric and volumetric part

F̄ := J−1/3F and J := det[F ] . (7.39)



112 7.2. Constitutive modeling of multiplicative electro-elasticity

As a consequence, the elastic contribution to the enthalpy function is assumed to decom-
pose

Ψelas(F ,E) = U(J) + Ψ̄elas(F̄ ,E) (7.40)

into a volumetric contribution and an isochoric part, that includes an electrostatic ex-
pansion as considered below. The volumetric contribution U is considered as a penalty
function which approximately enforces the incompressibility constraint. The above addi-
tive split induces a decomposition of the stress into spherical and deviatoric parts, where
only the latter is considered to be of physical relevance.

7.2.3. Ingredient 3: Local electrically-induced deformation

The subsequent constructions of the elastic energy storage function Ψ̄elas use as an input a
constitutively defined, local homogeneous electrostrictive deformation Ē(x) depending on
the material or spatial electric field x := {E, e}, respectively. This deformation is assumed
to be a volume-preserving spatial or material stretch tensor, that is a priori constitutively
defined based on experimental investigations. A simple example construction is as follows.
Consider the stretch tensor

E
−1(x) :=

{
1 − fn⊗ n , for |x| 6= 0
1 , otherwise

(7.41)

with n := x/|x|, which describes an electrostrictive deformation aligned to the director
n. The determinant of this tensor is D := det[E−1] = 1 − f > 0. The most simple
assumption for the amount of electrically-induced stretching is

f = f̂(|x|) = c|x|2 < 1 (7.42)

in terms of just one material parameter c. Note carefully that this simple choice can
only be applied for electric fields strengths |x| < 1/

√
c. We emphasize that this simple

linear ansatz is only a model problem for possibly more complex constitutive functions
f̂ , that can be fitted to experimental observations. Note that the above deformation
E−1 does not preserve the volume of the polymer network. The desired isochoric stretch
mode is governed by the multiplicative definition Ē−1 := D−1/3E−1. Taking into account
the inverse of the sum of two square matrices, Miller [135], we obtain a closed-form
constitutive assumption for the inverse isochoric stretch induced by a spatial or material
electric field

Ē(x) = (1− f)−2/3
[
(1− f)1 + fn⊗ n

]
. (7.43)

It is used in the subsequent treatment as a part of the constitutive structure.

7.2.4. Ingredient 4: Local isochoric elastic network kernel

An important aspect of this work is the modular constitutive structure of electro-elasticity,
that allows to include micromechanically-based network models for polymers without any
change. This micromechanical kernel is assumed to define the energy Ψ̄elas in (7.40) by
the constitutive assumption

Ψ̄elas(F̄ ,E) = Ψ̄net(F̄ net) (7.44)
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in terms of the elastic network storage function Ψ̄net. This function is considered to
be known from statistical approaches to finite elasticity of cross-linked polymer networks.
We outline closed-form representations in Section 7.3. The critical ingredient in the above
constitutive equation is the definition of an elastic network deformation F̄ net. Here, we
investigate the three possible assumptions

F̄ net :=







F̄ - case 1: total isochoric deformation,
F̄ Ē(E) - case 2: right multiplicative decomposition,
Ē(e)F̄ - case 3: left multiplicative decomposition.

(7.45)

The first choice assumes the polymer network to be driven by the total isochoric de-
formation F̄ . The second and third assumptions introduce right and left multiplicative
splits of the total isochoric deformation, that is F̄ = F̄ netĒ

−1(E) and F̄ = Ē−1(e)F̄ net,
into electrically-induced deformations Ē−1 and the stress-producing part F̄ net. These
two geometric splits characterize the electrically-induced deformation part E defined in
(7.43) to be dependent on the material or spatial electric field x := {E, e}, respectively.
Restrictions and geometric meaning are discussed below.

7.2.5. Ingredient 5: Local electrostatic contribution to the energy

We outline a purely phenomenological structure of the electrostatic contribution to the
enthalpy function per unit volume of the reference configuration (7.38). It is assumed to
be quadratic in the electric field

Ψelec(F ,E) = −J
2
E · P̂(F ) ·E (7.46)

in terms of the deformation-dependent electric permittivity tensor P̂. The simplest con-
stitutive ansatz for this tensor is assumes for ideal dielectric elastomers, that links in a
linear format the spatial electric field to the dielectric displacement d = ǫ1e. This con-
tribution is formally identical to the free space contribution and motivated by a behavior
of the cross-linked polymers at low stretches similar to polymer liquids. A deformation-
dependent anisotropic permittivity tensor for elastomers that accounts for large strains
was derived recently by Jiménez & McMeeeking [80] by taking into account analogies
to the micromechanics of birefringence in polymers. We combine these two assumptions
by assuming a deformation-dependent permittivity of the form 2

P̂1(F ) := ǫ1C
−1 − ǫ2J

−2/3
[
tr[C]C−1 − 3G−1

]
(7.47)

in terms of the two material parameters ǫ1 and ǫ2. Note that the factor J−2/3 of the
deformation-dependent terms enforces the associated stress contribution to be deviatoric.

2 Deformation-dependent permittivity tensor in spatial setting. In the spatial setting, the Kirchhoff-
type electric displacement is given by d̃ := Jd = −∂

e

Ψelec(F , e) resulting in the push-forward of the
deformation-dependent permittivity tensor

Ψelec(F , e) = −J
2
e · P̂(F ) · e with P̂1(F ) = F P̂1(F )F T = ǫ1g

−1 − ǫ2J
−2/3

[
tr[b]g−1 − 3b

]
.

Setting the material parameter ǫ2 = 0, we end up with the standard (deformation-independent) free space
term in the Eulerian configuration used in electro-mechanics Ψfree(F , e) = − ǫ1

2
J(e ⊗ e) : g−1.
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Ẽ
′

2

Ẽ
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Figure 7.1: Multiplicative decomposition of deformation gradient. The isochoric part of the de-
formation gradient is decomposed into network contribution F̄ net and local electrically-induced
deformation Ē(x). a) Total isochoric deformation F̄ net = F̄ representing an ideal dielectric
material model. b) Right Lee-type multiplicative decomposition F̄ net = F̄ Ē(E) and c) left
Clifton-type multiplicative decomposition F̄ net = Ē(e)F̄ .

For materials which are dielectrically isotropic during straining, we may choose the simpler
ansatz

P̂2(F ) := ǫ0(1 + χ̂(J))C−1 with χ̂(J) =
χ

J
, (7.48)

where χ is the constant electric susceptibility, see McMeeking & Landis [113]. A
possible, more phenomenological formulation has been used in Vu et al. [197] in the
form

P̂3(F ) := ǫ0C
−1 − 2c1

J
G−1 − 2c2

J
G−1CG−1 . (7.49)

Note that all the above contributions to the electric enthalpy with deformation-dependent
permittivity are isotropic functions of C and E ⊗E.
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7.2.6. Stress and electric displacement with isochoric stress kernel

With the enthalpy function (7.38) at hand, the material stresses (7.8)1 take the form

P = U ′JF−T + P̄ elas : O + PMax (7.50)

in terms of the penalty-type elastic pressure contribution, a deviatoric contribution due
to the network deformation and a Maxwell-type electrostatic contribution. Taking into
account the three possible links (7.45) to the network model, we define the isochoric stress

P̄ elas :=







P̄ net

P̄ netĒ(E)
Ē(e)P̄ net

(7.51)

for the three cases considered in (7.45) in terms of the isochoric stress kernel

P̄ net := ∂F̄net
Ψ̄net(F̄ net) , (7.52)

which we specify in the Section 7.3 for micromechanically motivated elastic network mod-
els. The second term is deviatoric and governed by the material deviatoric projection
tensor

O := ∂F F̄ = J−1/3
(
I − 1

3
F ⊗ F −T

)
(7.53)

in terms of the fourth-order identity tensor Iijkl = δikδjl. The electrostatic stress contri-
bution takes the form

PMax := ∂FΨelec(F ,E) = −J
2
(E ⊗E) : R+ΨelecF

−T , (7.54)

with R := ∂F P̂
3, which is considered as a Maxwell tensor associated with the material.

The structure of the material electric displacement (7.8)2 obtained from the enthalpy
function (7.38) appears in a similar format

D = JP̂ ·E + P̃ elas : G (7.56)

with G := −∂
E

Ē(x) 4. The first term is the pure electric contribution and the second
term an additional electro-elastic coupling effect governed by

P̃ elas :=







0

F̄
T
P̄ net

P̄ netF̄
T

(7.58)

3 Derivative of permittivity tensor. Taking into account the deformation-dependent permittivity tensor
(7.47), its derivative with respect to the deformation gradient reads

R := [∂F P̂]ijkl = −ǫ1Jijkl + ǫ2J
−2/3(2

3
(tr[C]C−1

ij − 3G−1
ij )F−1

lk − 2C−1
ij Fkl + tr[C]Jijkl) , (7.55)

where we defined the fourth order tensor Jijkl := F−1
ik C−1

lj + F−1
jk C

−1
li .

4 Derivative of electric induced deformation. Taking into account the deformation-dependent inverse
electric deformation tensor (7.43), its derivative with respect to the material electric field reads

G := −[∂
E

Ē]ijk = c(1 − f)−2/3[ 2
3
Eijxa − Eiaxj − Ejaxi]Aak with Aak =

{
δak - case 2

F−1
ka - case 3

(7.57)

for the material xi = Ei and spatial electric field xi = ei in case 2 and 3, respectively.
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for the three cases considered in (7.45). Note that in the constitutive equations (7.50)
and (7.56) everything is determined except the stress kernel P̄ net in the isochoric elastic
deformation space. This allows to include all elastic network models for polymers, see
Section 7.3 for a specification. In this context, the functions (7.50) and (7.56) cover
the most simple formulations of the response functions for electro-elastic polymers with
complex elastic network kernels.

7.2.7. The coupled electro-elastic tangent moduli

The computation of the tangent moduli necessary for Newton-type solvers needs a further
derivative of the above outlined constitutive functions. Due to the multiplicative split,
these derivatives are demanding. Following Miehe [115], we compute the coupled electro-
mechanical moduli numerically. In order to get a compact formulation, we assemble the
electro-mechanical variables in arrays, such that

S :=

[
∂FΨ
∂
E

Ψ

]

and F :=

[
F

E

]

(7.59)

denote material generalized stresses and deformations. The sensitivity of the generalized
stress with respect to the generalized deformation defines the material moduli, which we
assemble is a material electro-mechanical coupling array

C :=

[
∂2FFΨ ∂2FEΨ
∂2
EFΨ ∂2

EE

Ψ

]

. (7.60)

They determine the sensitivity ∆S of the generalized stresses array with respect to the
generalized deformation increment ∆F according to ∆S = C · ∆F. Let the generalized
stresses and deformation be rearranged in vector arrays, such that S = SI and F = FI

for I = 1, 12. In order to determine a numerical approximation of the tangent matrix,
assume a perturbation of a given generalized strain F in the form

Fǫ
(I) := F+ ǫE(I) , (7.61)

where {E(I)}I=1,12 are base vectors which span the R12. Based on this perturbation,
define the columns of the electro-mechanical coupling array by the difference of perturbed
generalized stresses relative to the current state

CI(J) ≈
1

ǫ

[
ŜI(F+ ǫE(J))− ŜI(F)

]
(7.62)

for J = 1, 12. This needs for twelve additional evaluations of the generalized stresses for
perturbed penalized deformations, governed by the material constitutive functions (7.50)
and (7.56).

7.3. Micromechanical kernel for elastic network response

An important aspect of this work is the modular structure of multiplicative electro-
elasticity, that allows to include micromechanically-based network models for polymers
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without any change. This micromechanical kernel is characterized by the isochoric net-
work energy Ψ̄net in (7.44), yielding the elastic network stress kernel

P̄ net = ∂F̄net
Ψ̄net(F̄ net) (7.63)

that takes into account the network structure of cross-linked polymer chains. We specify in
this section the function Ψ̄net, that is linked to statistical mechanics of polymer networks.
In classical entropy-based elasticity of polymer networks, the entropy s of a single polymer
chain is governed by Boltzmann’s equation. Hence, the free energy of a chain is

ψ = −θs with s = k ln p , (7.64)

where p is the probability density that describes the free chain response. k is the Boltz-
mann constant and θ > 0 the absolute temperature. Now consider a single polymer
consisting of N segments of equal length l as depicted in Figure 7.2a. The classical Gaus-
sian statistics derived by Kuhn [96, 97] considers the unconstrained chain with end-to-end
distance r := |r| ≪ L much smaller than the contour length L := Nl, that are moderate
deformations of the chain. Here, the probability density per unit volume of a randomly
jointed chain characterized by the end-to-end vector r has the form

p(r) = p0 exp[−3
2
λ2] with p0 :=

(
3
2
Nl2π

)3/2
(7.65)

in terms of the stretch λ := r/r0 ∈ [0,
√
N), see Treloar [192, p.47]. Here, r0 :=

√
Nl

is the random-walk mean-square distance of a chain. Insertion of (7.65) into (7.64) gives
the free energy of the chain

ψ(λ) =
3

2
kθλ2 (7.66)

as a function of the stretch λ. The simplest network model that links the response of a
single polymer chain to the macroscopic deformation of a continuum is the three-chain
model, which can be traced back to Kuhn & Grün [98] and James & Guth [77].
It considers a network of n chains per unit volume and links the microscopic stretch
λ of a single strain embedded in the continuum by an affine deformation assumption
to the three macroscopic elastic principal stretches {λi}i=1,3, obtained by the singular
value decomposition of the (isochoric) elastic network deformation map of multiplicative
electro-mechanics defined in (7.45), that is

F̄ net =

3∑

i=1

λini ⊗N i with det[F̄ net] = 1 . (7.67)

The elastic free energy of the network is constructed by taking the arithmetic average of
three representative chain energies aligned with the macroscopic principal stretch direc-
tions as depicted in Figure 7.2b, that is

Ψ̄ = n〈ψ〉 with 〈ψ〉 := 1
3
[ψ(λ1) + ψ(λ2) + ψ(λ3)] . (7.68)

Insertion of (7.66) into (7.68) and taking into account tr[F̄
T
netgF̄ net] = λ21+λ

2
2+λ

2
3 finally

gives the classical closed-form elastic free energy function of the polymer network

Ψ̄net(F̄ net) =
µ

2
tr[F̄

T
netgF̄ net] with µ := nkθ . (7.69)
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Figure 7.2: Network models for rubbery polymers. a) Single chain with N segments of length
l, end-to-end distance r and contour length L = Nl. b) Three-chain model: Chains in princi-
pal stretch directions ni. c) Eight-chain model: Chains placed along the space-diagonals of a
cube, all undergoing the same stretch. d) Microsphere model: Chain orintation continuum with
directors r, stretch fluctuation determined by a principle of minimum averaged energy.

In continuum mechanics, this energy function is known as the neo-Hookean free energy,
which has through the above treatment a well-defined micromechanically motivated net-
work stiffness µ. More advanced network theories of rubbery polymers applicable to large
deformations replace the Gaussian statistics by the inverse Langevin statistics, developed
by Kuhn & Grün [98] and James & Guth [77], which takes account for the finite
extensibility of the chain. It results in the free energy of a single chain

ψ(λ) = Nkθ
(
λrL−1(λr) + ln

[ L−1(λr)

sinhL−1(λr)

]
)
, (7.70)

which advances (7.66) for end-to-end distances r up to the limiting value L. Here, L(x) =
coth x − 1/x is the well-known Langevin function and λr := r/L = λ/

√
N ∈ [0, 1) the

relative stretch, see Treloar [192, p.103]. Furthermore, the restrictive affine deformation
assumption can be relaxed by more advanced network models, such as the non-affine
microsphere network model developed by Miehe et al. [129], that links by a particular
homogenization method on the unit sphere S ⊂ R2 depicted in Figure 7.2d the micro-
stretch λ of the single chain to the macroscopic deformation gradient (7.67) by the p-root
average of the macroscopic stretch

λ = 〈λ̄〉p :=
[

1
|S|

∫

S

λ̄p dA
]1/p

with λ̄ := |F̄ netr| , (7.71)

where r is the unit director to the surface of the sphere. The elastic free energy of the
non-affine network model is derived as

Ψ̄net(F̄ net) = nψ(〈λ̄〉p) . (7.72)

This function describes the idealized network with free fluctuation of the chains between
the cross-links of the network. An additional free energy representing the energy due to
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Table 7.1: Material parameters used for numerical simulations.

no. par. name unit value

1. κ bulk modulus N/mm2 5.00× 102

2. µ shear modulus N/mm2 1.00× 10−2

3. N number of chain segments – 4.31
4. p non-affine averaging parameter – 6.22
5. c electrostrictive coefficient mm2/kV2 1.00× 10−2

6. ǫ0 vacuum permittivity N/kV2 8.854× 10−6

7. ǫ1 relative permittivity N/kV2 8.00× ǫ0
8. ǫ2 deformation dependent permittivity N/kV2 0.01× ǫ1

interaction of chains is added. The model is based on five physically motivated material
parameters and shows excellent fits to multi-dimensional experimental results. We refer
to Miehe et al. [129] for more details. A straightforward derivation with respect to the
elastic network deformation results in the missing ingredient for the micromechanically-
based model

P̄ net = nψ′〈λ̄〉1−p
p 〈λ̄p−2t⊗ r〉 , (7.73)

where t = F̄ netr. Note that the average 〈(·)〉 = 1
|S|

∫

S
(·) dA is taken over the unit sphere.

p > 0 in (7.71) is a material parameter. For p = 2, the microsphere model degenerates to
the eight-chain model proposed by Arruda & Boyce [2] and visualized in Figure 7.2c,

Ψ̄net(F̄ net) = nψ(〈λ̄〉2) with 〈λ̄〉2 =
√

tr[F̄
T
netgF̄ net]/3 , (7.74)

which is simpler due to its closed-form relationship to the invariant tr[F̄
T
netgF̄ net] of F̄ net

but of limited fitting capability. This summarizes our overview about physically motivated
network models of rubber-like polymers. Further details can be found in the textbooks
Treloar [192], Flory [47], and Doi & Edwards [40], as well as in the papers Boyce

& Arruda [23] and Miehe et al. [129].

7.4. Representative numerical examples

In the examples that follow, we demonstrate the salient features of the finite strain coupled
electro-mechanical model. The micromechanical kernel for the elastic network response is
the non-affine microsphere model developed in Miehe et al. [129]. For this particular
model the elastic free energy function is given in (7.72) in terms of the p-root average of
the macroscopic stretch. The finite element discretization of the boundary-value-problems
is performed by employing eight-node brick elements. The degrees of freedom at the nodes
are the displacement field u and the electric potential φ. The material parameters used in
the subsequent numerical simulations are given in Table 7.1. Electroactive polymers sand-
wiched between two electrodes are considered. Application of voltage difference causes
the polymer to extend in the direction perpendicular to the applied electric field.
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a) b)

F11(t) F12(t)

x1 = constx1 = const

Figure 7.3: Tensile and shear driver tests on EAP unit cube. The illustrations show the cross-
section. a) Tensile deformation and b) shear deformation is monotonically increased for constant
material or spatial electric field x1 := {E1, e1}. These simple tests outline the differences
between the multiplicative splits introduced as case 1–3.
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Figure 7.4: Stress versus strain curves and experimental fit. To demonstrate the capability of
the models, we choose for this test c = 1.0mm2/kV2. a) Uniaxial response for cases 2 (constant
E1) and 3 (constant e1) are identical due to the coaxiality of the isochoric deformation and
the electrically-induced deformation. b) Simple shear test indicates differences between all three
cases. c) Fitting numerical approach to experimental data taken from Pelrine et al. [145]
for the commercially available elastomer HS3 silicone. The chosen material parameter for the
quadratic electrostrictive function is c = 1.16× 10−4mm2/V2.

7.4.1. Model comparison and parameter identification

In order to compare the different multiplicative approaches outlined in Section 7.2, the
results of simple tests are presented. These splits are labeled in the following simply
by case 1–3. In the first example, we consider a tension test in a constant electric
field x = [x1(t) 0 0]T kV/mm aligned with the x-direction, see Figure 7.3a for the de-
scription of the boundary-value-problem. With this prescribed constant electric field
x1 = 0.5 kV/mm, we then compute the tensile nominal stress P11 for the three cases.
The results are shown in Figure 7.4a, and we choose c = 1.0mm2/kV2 as well as for the
non-affine microsphere model the parameters detected in Miehe et al. [129] in order to
demonstrate the capability of the three different types of models.

For the ideal dielectric (case 1), the applied Lagrangian electric field has a negligible
influence on the stress-strain diagram. A first observation for the multiplicative splits
2 and 3 is that the stress response shows an offset compared with an ideal dielectric.
The uniaxial response for case 2 with constant Lagrangian field E1 and case 3 with con-
stant Eulerian field e1 are identical due to the fact that the isochoric deformation and
the electrically-induced deformation are coaxial F̄ Ē = ĒF̄ . The second test highlights
the differences within a simple shear test for a fixed electric field x1 = 0.75 kV/mm,
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Figure 7.5: Boundary-value-problems for electroactive polymers. The white layer is the EAP
material which extends in the direction perpendicular to the electric field, while the other strip
(gray) is a polymer that does not deform in an electric field. Dimensions are in [mm]. a) Bi-
morph double-s-shaped actuator using symmetry properties. Electric potential is applied at the
bottom surface, whereas intermediate layer separating both strips is fixed to zero. Finite element
mesh with 54 × 11 × 4 elements per edge. b) Starfish gripper where solely one finger is shown
exemplarily. Electric potential is applied at the top surface, intermediate fixed to zero. Finite
element mesh with 109× 6× 4 elements per finger.

and increasing shear deformation F12(t), see Figure 7.3b. The plot in Figure 7.4b shows
the nominal shear stress P12 versus the shear deformation F12 for the three cases under
consideration. We observe that in comparison with case 1, the right Lee-type decom-
position decreases the stiffness, while the left Clifton-type decomposition increases it.
Experimental results on electroactive polymers are not easy to come by and therefore the
results of Pelrine et al. [145, 144] on EAPs are quite valuable. Within the fitting
process, the experimental data points of Pelrine et al. [145] are used representing the
commercially available elastomer Dow Corning HS3 silicone. The graph in Figure 7.4c
contains the experimental measurements as well as the model’s response, showing the
compressive engineering strain versus the applied electric field. In order to fit the sim-
ulation, the quadratic electrostrictive function with one additional material parameter
presented in Subsection 7.2.3 has been used. This parameter is determined to the value
c = 1.16 × 10−4mm2/V2 with a standard error of 1.453% resulting in a good agreement
with experimental observations.

7.4.2. Electroactive polymer as double-s-shaped actuator

A practical application, where the advantages of electroactive polymers come into play,
is a bimorph double-s-shaped actuator. The inner layer is the EAP material which ex-
tends in the direction perpendicular to the electric field. Electric potential is applied
at the bottom layer, whereas intermediate layer separating both strips is held constant
at zero. The finite element discretization of one-fourth of the specimen using symmetry
properties is shown in Figure 7.5a. A total number of 2376 three-dimensional brick ele-
ments is used for the mesh. If the intermediate layer is activated via the application of
a voltage difference of ∆φ = 23.1 kV, the curvature of the actuator can be accentuated.
Figure 7.6 shows a sequence of deformation states for increasing potential difference ∆φ.
The large mechanical deformations can be clearly observed for the electric loading under
consideration. The coupling between electric and mechanical phenomena is caused by the
multiplicative split of the deformation gradient, the subsequent computations performed
by the microsphere model, and the electric part of the energy. In addition to the large
deformation in vertical direction, we clearly observe bending in the transverse direction
of the specimen in Figure 7.6d. This bending deformation in the actuator causes an inho-
mogeneous deformation state. It can be seen clearly with the help of the pole projections,
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Figure 7.6: Double-s-shaped actuator using bi-material strip. The formation of an electric
field by a potential difference ∆φ between the bottom and intermediate electrode (not modeled
numerically) causes a progressive thickness deformation combined with an in-plane curling.
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Figure 7.7: Pole projection figures for double-s-shaped actuator. The pole figures show the local
deformation state λ of the microstructure at different points. Deformed geometry corresponds
to that of Figure 7.6d. Bending of actuator can be observed along the transverse direction.

that are plotted alongside the deformed body in Figure 7.7. These pole projections give
an insight in the deformation F̄ net at their respective material points. Elements of the
electroactive material experience a more pronounced anisotropic behavior. This is ex-
pected since an electric field causes an elongation perpendicular to itself and in addition
the applied boundary conditions cause inhomogeneities. For the polfigure at the fixed
points, the material behaves almost isotropic.
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0.0 φ [V] 1.9

Figure 7.8: Deformation process of starfish gripper. The electrically induced differential exten-
sion along the longitudinal direction causes the gripper to progressively curl up with increasing
potential difference ∆φ between the two electrodes. The sequence of deformation is shown,
where the contour plot is related to the electric potential with maximum value ∆φmax = 1.9V.

7.4.3. Electroactive polymer as starfish gripper

We demonstrate the capability of the proposed multiplicative split with respect to large
deformations and rotations. To this end, we analyze a curved finger actuator in a “starfish”
shape, consisting of two polymer strips glued together. While one of the materials is
electroactive, the other is not. Furthermore, an electrode is placed between both strips,
which is assumed to not hinder the deformation. As demonstrated in Figure 7.5b, a
single finger (out of eight) has legth l = 100mm, width b = 6mm, and height t = 3mm.
The left face has all mechanical displacements fixed to zero. A voltage difference of
∆φ = 1.9 V is applied in thickness direction of the electroactive polymer between the
upper and intermediate electrode. The numerical simulation is performed on one quarter
of the total geometry, where 5232 three-dimensional electro-mechanically coupled brick
elements have been used (2616 elements per finger). The applied electric potential is
monotonically increased and the series of pictures in Figure 7.8 shows the progressive
deformation. In the initial state, the starfish is opened. The electric field causes the
finger to close and objects can be grabbed. The applied potential difference causes the
electroactive polymer to lengthen in the direction perpendicular to the field while having
no effect on the dimensions of the other (non-active) polymer material. This differential
contraction between the two layers, however, causes the actuator as a whole to curl like
a finger with the electroactive material to be in the convex (outer) side. Symmetry
conditions have been used in order to get the whole gripper consisting of eight fingers.
The top plate in Figure 7.8 has been added in a post processing step.





Chapter 8

Variational-Based Homogenization of

Electro-Elasticity at Finite Strains

Due to their great coupling possibilities composites tailored by a polymer matrix and high
dielectric inclusions are emerging in the last decade and hence became an extensive field
of research. The aim is to achieve high coupling coefficients between the electric stimulus
and mechanical output or vice versa. The main challenge in the development of dielectric
elastomer actuators is the high driving voltage of up to 150V/µm needed for actuation,
see Zhang et al. [212]. Some examples of these so-called smart or functional materials
are electroactive and electrostrictive materials, piezoelectrics, magnetostrictive materials,
and shape memory alloys, to name a few, see Smith [169]. The goal of this chapter
is to determine optimal composite structures by including high dielectric filler particles
into the polymer matrix in order to reduce the driving voltage. The fundamentals for the
general nonlinear theory of electro-mechanically coupled material equations were proposed
starting in the 1960s by Toupin [190], Eringen [42], Maugin [110], Kovetz [94], and
Griffiths [52].

In fields where large deformations are needed, rigid and fragile materials such as piezo-
ceramics are of no use. This is where soft active materials such as electroactive polymers
(EAPs) are considered. Polymers are known to withstand deformations of several hun-
dred percent and have many other attractive characteristics such as light weight, fracture
tolerance, and they are cheap to manufacture as well as modify. The discovery and de-
velopment of these materials were reported in the works of Kornbluh et al. [89, 90]
and Pelrine et al. [144, 145]. Their application as actuators, sensors, and energy har-
vesters is of high interest in recent research, see Bar-Cohen [7] and Carpi & Smela

[29]. Electroactive polymers consist of a thin layer of polymeric material coated with
compliant electrodes on either side. Application of a voltage difference in terms of charge
separation due to the polymer acting as an insulator between the two electrodes results in
Maxwell stresses in response to charge attraction. The reduction in thickness is balanced
out by area expansion, therefore the electrodes need to consist of flexible materials such as
carbon grease to not hinder expansion of the polymer. The dielectric can either be used as
an actuator by transforming electrical loading into mechanical response using the inverse
piezoelectric effect or transducing mechanical energy into electrical signals by the direct
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piezoelectric effect. Both effects are of interest for practical applications in bio-medical
engineering, for example as artificial muscles that need high material expansibility or
Braille displays, as well as in robotics and aerospace.

This technology becomes practical as soon as the material is robust, reliable, and long
lived. However, electroactive polymers suffer from different types of instabilities such as
unstable thinning of the actuator, local buckling induced by coexistent states, and electri-
cal breakdown that have been analyzed both, analytically by Zhao & Suo [213], Zhao
et al. [215], Moscardo et al. [136], Liu et al. [106] or Bertoldi & Gei [16] and
experimentally by Plante & Dubowsky [148]. When the applied voltage increases, the
dielectric thins down and the same voltage produces a higher electric field that will further
squeeze the polymer, possibly resulting in electrical breakdown. This failure mode known
as pull-in instability represents the key issue preventing the realization of large and stable
deformations. One also distinguishes between structural instability, namely instabilities
in the global material response like buckling or wrinkling of the whole structure, and local
or material instability, that is the formation of microstructures. Following the theory of
bifurcation and stability for nonlinear elastic solids developed by Hill [61] and Biot [18]
the necessary condition for global material instability, i.e. loss of uniqueness of the solu-
tion, is determined by the loss of positive definiteness of the tangential stiffness matrix.
Likewise, local stability issues are determined by investigating the positive definiteness
of the acoustic tensor, see Hill [62], Baesu [4], Baesu et al. [5], and Bertoldi &

Boyce [15]. Both these phenomena are well investigated in purely mechanical problems,
see Truesdell & Noll [194], Ogden [142], Miehe & Schröder [124] or Miehe

& Lambrecht [122] but are extended in this chapter to electro-mechanically coupled
problems as recently outlined in Miehe et al. [134].

An important aspect of the research in continuum micromechanics is the description
of the macroscopic overall response of composites in an averaged or homogenized sense.
Classical analytic estimates for the overall response of composites make often use of the
fundamental result of Eshelby [45] concerning the actuation strain field in an ellipsoidal
inclusion. These approaches are in many circumstances restricted, especially with respect
to the geometry of the representative microstructure and its constitutive response that is
often assumed to be linearly elastic. Starting with the work of Suquet [177] several nu-
merical methods have been developed on the computational side which discretize fine-scale
fields on the microstructure of a composite. These methods allow the analysis of general
geometries and constitutive nonlinearities of composite representative volume elements
and provide detailed information on fine-scale mechanisms. Numerical formulations for
the analysis of representative cells of periodic composites have been outlined for example
in Swan [179], Gosh et al. [51], Moulinec & Suquet [137], and Michel et al.

[114] based on discretizations of composite microstructures in terms of the finite element
method or fast Fourier transforms. Finite element formulations in the large-strain context
have been considered for instance in Smit et al. [168] and Miehe et al. [125, 126].
The investigation of variational-based homogenization methods for finite deformations is
discussed in this chapter. The purely mechanical formulations outlined in Miehe [116]
and Miehe et al. [127, 128] are extended to non-dissipative electro-mechanics.

The chapter is organized as follows: Section 8.1 outlines the micro-to-macro transi-
tion performed by a variational principle of homogenization determining a macroscopic
potential density by the volume average of its microscopic counterpart. Hence, no explicit
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constitutive material model is specified on the macroscale. The material behavior is de-
termined by additional finite element computations on the representative volume element.
The consistent generalized macro-stress and moduli expressions are determined includ-
ing the softening part of the macro-stiffness due to the sensitivity of the microstructure
with respect to the fluctuations. With this at hand, the variational formulation of the
macroscopic response is considered in Section 8.2 including its finite element discretiza-
tion. The macro-problem is fully governed by the homogenized generalized stress potential
density determined by the microstructure. Afterwards, a local structural stability crite-
rion for an enthalpy-based formulation is determined in Section 8.3. It is based on the
combination of a Legendre transformation for the electric energy density and a mini-
mization principle of electro-elastostatics. Section 8.4 discusses a macroscopic FE2 driver
for one-dimensional stress and deformation states assuming a homogeneous macroscopic
boundary-value-problem. Finally, Section 8.5 outlines representative numerical examples
applying the developed stability analysis and FE2 driver to coupled electro-mechanics.
The electric actuation response of varying volume fractions and various shapes of the
inclusion for two-phase composites are investigated and compared.

8.1. Variational formulation of the homogenization problem

This section defines an average-type homogenization principle in finite electro-mechanics
on a variational basis. We propose a new stationary principle for the homogenization
problem, point out its Euler-Lagrange equations, and develop a unified matrix represen-
tation of its finite element discretization focusing on periodic boundary conditions. This
formulation extends concepts proposed by Miehe et al. [127, 128] to finite electro-
mechanics.

8.1.1. Constraints on fine-scale fluctuation fields

Let ϕ : (X, t) 7→ x = ϕ(X, t) denote the deformation map of the microstructure B ⊂ R3,
mapping points from the reference configuration to the current configuration. In complete
analogy, φ : B × T → R denotes the electric potential of the microstructure. The
mechanical displacement is assumed to be driven by a prescribed macroscopic deformation
gradient F̄ (t). Likewise the microscopic electric potential is governed by the macroscopic
electric field Ē(t) resulting in the additive split

ϕ(X, t) = F̄ (t)X + ϕ̃(X, t) and − φ(X, t) = Ē(t)X − φ̃(X, t) (8.1)

into linear parts F̄X and ĒX driven by the macroscale and superimposed fine-scale
fluctuation fields ϕ̃ and φ̃. Hence, the deformation gradient and electric field of the
microstructure locally at X ∈ B read

F = ∇ϕ = F̄ +∇ϕ̃ and E = −∇φ = Ē −∇φ̃ (8.2)

additive decomposed into prescribed homogeneous parts F̄ and Ē as well as a superim-
posed fluctuation gradients ∇ϕ̃ and ∇φ̃. Following the arguments provided by Nemat-

Nasser [139], Schröder [161], and Zäh & Miehe [207] the macroscopic quantities are
governed by surface data only

F̄ =
1

|B|

∫

∂B

ϕ⊗N dA and Ē =
1

|B|

∫

∂B

−φN dA . (8.3)
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As far as no holes, cracks or discontinuities are considered within the microstructure, the
macroscopic quantities are obtained as the volume average of their microscopic counter-
parts, see Chapter 4. As a consequence of the additive decomposition (8.1) the volume
average of the fine-scale fluctuations vanish. Within this work, we restrict our self to
non-trivial periodic boundary constraints for the microstructure

ϕ̃+ = ϕ̃− on ∂B and φ̃+ = φ̃− on ∂B . (8.4)

Periodic boundary conditions applied to the faces of the representative volume element
render the best choice even for non-periodic microstructures. This is due to the fact that
the effective elastic constants derived under these conditions are always bounded by those
obtained under prescribed Dirichlet (displacements) or Neumann (forces) boundary con-
ditions. A detailed discussion of the three classical boundary conditions and a graphical
representation of periodic constraints is given in Chapter 4.

8.1.2. Variational formulation of the coupled homogenization problem

Let ψ denote an objective potential function associated with a general non-dissipative
material behavior determining the stress and electric displacement of the microstructure.
By the quasi-hyperelastic function evaluations

P = ∂Fψ(F ,E)

−D = ∂
E

ψ(F ,E)
and

A = ∂2FFψ(F ,E)

H = ∂2FEψ(F ,E)

ǫ = ∂2
EE

ψ(F ,E)

(8.5)

we get the microscopic stress and electric displacement as well as corresponding moduli
expressions at a local point X ∈ B of the heterogeneous microstructure. The coupled
micro-to-macro transition in finite electro-mechanics can be, due to the analogy to finite
elasticity, compactly represented by a variational principle of homogenization

ψ̄(F̄ , Ē) = inf
ϕ̃

sup
φ̃

1

|B|

∫

B

ψ(F̄ +∇ϕ̃, Ē −∇φ̃) dV (8.6)

subjected to periodic boundary conditions (8.4). It defines the macroscopic stress po-
tential as the stationary volume average of the micro-potential ψ for fluctuation fields
satisfying the periodic boundary conditions. Such a variational principle is not only
mathematically elegant, but also provides the basis for the finite element discretization.
It leads to symmetric tangent matrices such that fast symmetric solvers can be applied
in the numerical solution strategy to the highly nonlinear problem. The macro-potential
ψ̄ is assumed to define the macroscopic nominal stress P̄ and electric displacement D̄ as
well as the mechanical, coupling, and electric moduli by

P̄ = ∂F̄ ψ̄(F̄ , Ē)

−D̄ = ∂
Ē

ψ̄(F̄ , Ē)
and

Ā = ∂2
F̄ F̄
ψ̄(F̄ , Ē)

H̄ = ∂2
F̄ Ē
ψ̄(F̄ , Ē)

ǭ = ∂2
ĒĒ

ψ̄(F̄ , Ē)

(8.7)

The stationary variational principle (8.6) provides the shift of microscopic variables to
their macroscopic counterparts, often denoted as micro-to-macro transition or scale bridg-
ing. The electro-mechanically coupled principle extends the average variational principle
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of nonlinear elasticity Ponte Castañeda [149], Ponte Castañeda & Suquet [152]
and incremental principles for dissipative response Miehe [116] to the coupled context.

The state of the microstructure is determined by the variational principle (8.6) expect
rigid body motions which are excluded by adding some artificial constraints, that is, the
fluctuations are suppressed on the corner nodes of the finite element mesh. The necessary
condition of this principle results in the first variation with respect to the fluctuation
fields

0 =

∫

∂B

δϕ̃ · (∂FψN) dA−
∫

B

δϕ̃ · Div[∂Fψ] dV

−
∫

∂B

δφ̃(∂
E

ψN) dA−
∫

B

δφ̃Div[−∂
E

ψ] dV .

(8.8)

Due to the periodicity constraint on the fluctuation field, the latter can be recast into

0 =

∫

∂B

δϕ̃ · 1
2
[(∂FψN)+ + (∂FψN)−] dA− 1

|B|

∫

B

δϕ̃ · Div[∂Fψ] dV

−
∫

∂B

δφ̃ 1
2
[(∂

E

ψN)+ + (∂
E

ψN)−] dA− 1

|B|

∫

B

δφ̃Div[−∂
E

ψ] dV ,

(8.9)

where (·)+ and (·)− denote quantities evaluated at associated pointsX+ ∈ ∂B+ andX− ∈
∂B− on the surface of the microstructure. For arbitrary virtual fluctuations {δϕ̃, δφ̃} 6= 0 ,
the Euler-Lagrange equations of the variational principle are obtained as the balance of
linear momentum and the Gauss law

Div[∂Fψ] = 0 in B
Div[−∂

E

ψ] = 0 in B and
(∂FψN)+ = −(∂FψN )− on ∂B
(∂
E

ψN)+ = −(∂
E

ψN)− on ∂B (8.10)

The principle is consistent with an equilibrium state of the microstructure with anti-
periodic tractions and surface charges on the boundary ∂B.

8.1.3. Finite element solution of homogenization problem

An approximative numerical solution of the variational principle (8.6) is obtained by the
finite element method. For this purpose, a general notation is adopted where the primary
fluctuation fields are summed up in a single quantity leading to a generalized gradient

d̃ := {ϕ̃,−φ̃} and F̃ := ∇d̃ = {∇ϕ̃,−∇φ̃} . (8.11)

The additive decomposition of the deformation gradient and the electric field of the mi-
crostructure can be written in the format F = F̄+ F̃, where the generalized homogeneous
macroscopic part F̄ := {F̄ , Ē} collects mechanical as well as electric contributions. The
proposed notation leads to the representation of boundary conditions

d̃ ∈ W := {d̃ ∈ W1,p(B) | d̃+
= d̃

−
on ∂B} . (8.12)

The variational principle of homogenization provides the starting point for the numer-
ical implementation. To this end, the generalized fluctuation field and its gradient are
discretized on element level by

d̃ ≈ d̃
h
= Ne(X)de and F̃ ≈ F̃

h
= Be(X)de , (8.13)
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where underlined letters mark finite element arrays. The continuous body B = ∪Eh

e=1Bh
e is

subdivided into Eh finite elements Bh
e ⊂ B. The matrix of element shape functions is intro-

duced as Ne, the gradient or B-matrix is Be, and de are the nodal fluctuations at a typical
finite element node. Note that in the utilized notation, de contains fluctuations of the de-
formation map and of the electric potential. The generalized gradient at a node I of the

mesh is given by F̃
h
= {F̃ h

, Ẽh} = [F̃11, F̃22, F̃33, F̃12, F̃23, F̃13, F̃21, F̃32, F̃31, Ẽ1, Ẽ2, Ẽ3]
T

leading to the representation of the gradient matrix and discrete nodal displacements

BI
e =







N,X N,Y N,Z

N,Y N,Z N,X

N,Z N,YN,X

N,XN,YN,Z







T

I

and dI
e =







ϕ̃1

ϕ̃2

ϕ̃3

−φ̃







I

(8.14)

The periodicity constraints (8.12) are incorporated by ensuring equal nodal positions
X+ ∈ ∂B+ and X− ∈ ∂B− on the surface ∂B for the finite element mesh of the mi-
crostructure. Hence, the discrete constraint d̃

+
= d̃

−
on the nodal fluctuations is realized

by assigning the same global equation number to the corresponding degrees of freedom.
A global counterpart of the discrete nodal fluctuations (8.13) is obtained by

d =
Eh

A
e=1

de ∈ R(d+1)Nh

(8.15)

in terms of the finite element assembly operator A
Eh

e=1. Insertion of the discretization
(8.13) into the variational principle of homogenization (8.6) defines the function

ψ̄h(F̄, d) :=
1

|B|
Eh

A
e=1

∫

Bh
e

ψ(F̄+ Bede) dV , (8.16)

which is the key ingredient for the discrete variational-based micro-to-macro transition.
The first and second derivatives of this function define all finite element arrays for the
solution of the coupled problem

ψ̄h
,F̄
=

1

|B|
Eh

A
e=1

∫

Bh
e

∂Fψ dV,

ψ̄h
,d =

1

|B|
Eh

A
e=1

∫

Bh
e

BT
e ∂Fψ dV,

ψ̄h
,F̄F̄

=
1

|B|
Eh

A
e=1

∫

Bh
e

∂2FFψ dV,

ψ̄h
,dd =

1

|B|
Eh

A
e=1

∫

Bh
e

BT
e ∂

2
FFψBe dV,

ψ̄h
,dF̄

=
1

|B|
Eh

A
e=1

∫

Bh
e

BT
e ∂

2
FFψ dV,

(8.17)

needed in the subsequent development. In addition, the definition of the generalized no-
tation makes the representation extremely compact and lucid. Neglecting the dependency
of the generalized gradient F on the electric field, the variational formulation of homoge-
nization boils down to the purely mechanical formulation outlined in Miehe [116] for the
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small strain context. Note that the first and second derivative of the energy functional ψ
with respect to the generalized gradient are coupled finite element arrays stored in Voigt
notation as

S := ∂Fψ =

[
∂Fψ
∂
E

ψ

]

12×1

and C := ∂2FFψ =

[
∂2FFψ ∂2FEψ
∂2
EFψ ∂2

EE

ψ

]

12×12

(8.18)

Hence, the finite dimensional discretization of the variational principle of homogenization
(8.6) can be written as

ψ̄(F̄) = stat
d
ψ̄h(F̄, d) (8.19)

The necessary condition of this discrete stationary problem

ψ̄h
,d = 0 (8.20)

provides a nonlinear algebraic system of equations for the determination of the global
fluctuation field d in the microstructure, usually solved by an iterative Newton-Raphson
scheme yielding the update

d ⇐ d− [ψ̄h
,dd]

−1[ψ̄h
,d] (8.21)

till the residuum ‖ψ̄h
,d(d

⋆)‖ < tol is smaller than a certain tolerance at the solution d⋆ of
(8.19). This outlines again the special character of the variational principle of homoge-
nization, which governs the micro-to-macro transition and is fully characterized by the
function ψ̄h defined in (8.16).

8.1.4. Generalized macro-stress and moduli

With the solution of the variational principle d⋆ at hand, the macroscopic stresses and
moduli are computed based on a straightforward exploitation of definition (8.7). If a
microscopic equilibrium state is reached at d⋆, the generalized macro-stress is determined
by the derivative of the function (8.16) with respect to the generalized gradient F̄ as

S̄ := ∂ F̄ψ̄ = ψ̄h
,F̄ + [ψ̄h

,d][d,F̄] = ψ̄h
,F̄ , (8.22)

that is the volume average of the microscopic counterpart defined in (8.17)1. The last
term vanishes due to the necessary condition (8.20) of the coupled problem. The second
derivative specifies the coupled macro-moduli

C̄ := ∂2
F̄F̄
ψ̄ = ψ̄h

,F̄F̄ + [ψ̄h
,F̄d][d,F̄] = ψ̄h

,F̄F̄ − [ψ̄h
,F̄d][ψ̄

h
,dd]

−1[ψ̄h
,dF̄] (8.23)

in terms of the finite element matrices introduced in (8.17)3,4,5. The sensitivity of the
discrete fluctuation fields with respect to the macroscopic gradients is obtained by the
implicit function theorem, that is the linearization of the microscopic equilibrium condi-
tion (8.20) in the form

ψ̄h
,dF̄ + ψ̄h

,ddd,F̄ = 0 −→ d,F̄ = −[ψ̄h
,dd]

−1[ψ̄h
,dF̄] . (8.24)

Observe that the coupled macro-moduli 1 consist of the volume average of the microscopic
moduli and a softening part, which is the consequence of the flexibility of the microstruc-
ture. In (8.23), the term [ψ̄h

,dd]
−1[ψ̄h

,dF̄
] is obtained by twelve backward substitutions for a

triangular decomposition of the stiffness matrix ψ̄h
,dd associated with the rows of ψ̄h

,dF̄
.

1An explicit representation of the coupled moduli is obtained by specifying the finite element dis-

cretization as F̃ ≈ F̃
h

= Be
ϕ(X)de

ϕ and Ẽ ≈ Ẽ

h
= Be

φ(X)de
φ. The global nodal fluctuations are
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8.2. Variational formulation of the macroscopic response

Throughout this section quantities associated with the macroscopic scale will be labeled
with a bar. The macroscopic body of interest is denoted by B̄ ⊂ R3 and parametrized in
the reference coordinates X̄ ∈ B̄.

8.2.1. Variational formulation of finite electro-mechanics

Let ϕ̄ : B̄×R → R3 and φ̄ : B̄×R → R denote the deformation map and electric potential
of the macrostructure. Then, the macroscopic deformation gradient tensor and electric
field vector are defined as F̄ = ∇̄ϕ̄ and Ē = −∇̄φ̄, respectively. Based on the definition of
the macro-potential density ψ̄ through the variational principle of homogenization (8.6),
a macroscopic variational principle of the coupled response is defined as

{ϕ̄, φ̄} = arg
{

inf
ϕ̄

sup
φ̄

Π̄(ϕ̄, φ̄)
}

(8.25)

in terms of the stress potential for pure Dirichlet problems

Π̄(ϕ̄, φ̄) =

∫

B̄

ψ̄(F̄ , Ē) dV (8.26)

neglecting body forces, surface tractions, and surface charges for the sake of brevity. A
possible incorporation of external source terms is shown in Chapter 7. The primary fields
are subjected to Dirichlet boundary conditions in terms of prescribed displacements and
electric potential on the surface of the macrostructure. Taking the first variation of (8.25),
the balance of linear momentum and the Gauss law follow together with the homogeneous
Neumann-type boundary conditions as the Euler-Lagrange equations

Div[∂F̄ ψ̄] = 0 in B̄
Div[−∂

Ē

ψ̄] = 0 in B̄ and
∂F̄ ψ̄N̄ = 0 on ∂B̄t̄

∂
Ē

ψ̄N̄ = 0 on ∂B̄
d̄

(8.27)

Note that the macroscopic stress and electric displacement are defined through the vari-
ational principle of homogenization defining the macroscopic potential density ψ̄.

then obtained by a standard finite element assembly procedure. With this at hand, the coupled moduli
including softening terms are

C̄ = ψ̄h
,F̄F̄ − [ψ̄h

,F̄d][ψ̄
h
,dd]

−1[ψ̄h
,dF̄] =

1

|B|
Eh

A
e=1

∫

Bh
e

C dV − [ψ̄h
,F̄d][ψ̄

h
,dd]

−1[ψ̄h
,dF̄]

where the generalized micro-moduli are defined in (8.18)2 and

ψ̄h
,dF̄ =

[
ψ̄h
,d

ϕ
F̄
ψ̄h
,d

ϕ
Ē

ψ̄h
,dφF̄

ψ̄h
,dφĒ

]

and ψ̄h
,dd =

[

ψ̄h
,d

ϕ
d
ϕ

ψ̄h
,d

ϕ
dφ

ψ̄h
,d

φ
d
ϕ

ψ̄h
,d

φ
d
φ

]

are the sensitivity and the global stiffness matrix of the finite element simulation.
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8.2.2. Finite element discretization of the macroscopic response

In complete analogy to the micro-problem, the generalized displacement is introduced as
d̄ := {ϕ̄,−φ̄} defining the macroscopic gradient as F̄ = ∇̄d̄ := {F̄ , Ē}. An approximative
numerical solution of the stationary problem (8.25) can be obtained by the finite element
method. To this end, the macroscopic displacement field and electric potential as well as
their gradients are discretized by

d̄ ≈ d̄
h
= N̄e(X̄)d̄e and F̄ ≈ F̄

h
= B̄e(X̄)d̄e , (8.28)

where the continuous body consists of Ēh finite elements B̄h
e ⊂ B̄. Then,

d̄ =
Ēh

A
e=1

d̄e ∈ R(d+1)N̄h

(8.29)

is the finite-dimensional vector of nodal displacements associated with the finite element
mesh of the macrostructure. Insertion of the approximations (8.28) into (8.25) defines the
function

Π̄h(d̄) =
Ēh

A
e=1

∫

B̄h
e

ψ̄(B̄ed̄e) dV . (8.30)

The first and second derivative of this function define all macroscopic finite element arrays

Π̄h
,d̄ =

Ēh

A
e=1

∫

B̄h
e

B̄
T
e ∂ F̄ψ̄ dV and Π̄h

,d̄d̄ =
Ēh

A
e=1

∫

B̄h
e

B̄
T
e ∂

2
F̄F̄ψ̄B̄e dV (8.31)

needed below. Here, the first and second derivative of the homogenized generalized stress
potential density ψ̄ are the macro-stresses S̄ := ∂ F̄ψ̄ and the macro-moduli C̄ := ∂2

F̄F̄
ψ̄

defined in (8.22) and (8.23), respectively. The consistent algorithmic moduli are char-
acterized by the volume average of the microscopic moduli and a softening term due
to the sensitivity of the microstructure. The finite-dimensional discretized form of the
variational principle (8.25) then reads

d̄ = arg
{

stat
d̄

Π̄h(d̄)
}

(8.32)

The necessary condition of this discrete stationary problem

Π̄h
,d̄ = 0 (8.33)

provides a nonlinear algebraic system for the determination of the vector d̄ of discrete
generalized displacements of the macrostructure. It can be solved by a Newton-Raphson
iteration yielding the update equation

d̄ ⇐ d̄− [Π̄h
,d̄d̄]

−1[Π̄h
,d̄] (8.34)

performed by a solver of linear equations. The iteration is terminated for ‖Π̄h
,d̄
(d̄

⋆
)‖ < tol,

where d̄
⋆
is considered to be the solution of the macroscopic variational principle (8.32).
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8.3. Infinitesimal material stability analysis

Starting point of the stability analysis is a minimization structure of the corresponding
variational principle. This section outlines an extension of purely mechanical stability cri-
teria to electro-mechanics. First, an energy-based formulation is concerned which is then
transformed to a saddle point structure of the enthalpy-based formulation in terms of the
deformation gradient and the electric field. The topic of structural and material stability
analysis for coupled problems is discussed in more detail in the recent work Miehe et al.

[134]. A common structure for a local material stability analysis is outlined independent
of the proposed variational-based homogenization framework. However, it is developed
exemplary for the macroscopic material response discussed in the previous section. Theo-
retical investigations of stability problems are outlined in the books Thompson & Hunt

[185] and Pflüger [147]. The numerical treatment is discussed in Miehe & Schröder

[124], Schröder [160], and Miehe et al. [128].

8.3.1. Material stability analysis of the energy formulation

To analyze the material stability condition in coupled electro-mechanics, we start from
a purely energetic formulation leading to a minimization structure. The energy density
is constraint to be polyconvex in the deformation gradient F̄ and convex in the electric
displacement vector D̄.

The canonical variational principle. Consider as a variational potential of electro-
elastostatics the functional

Π̄′(ϕ̄, D̄) =

∫

B̄

ψ̄′(F̄ , D̄) dV (8.35)

depending on the deformation field ϕ̄ and the material electric induction D̄. Note that
external source terms are neglected for the sake of brevity and we treat pure Dirichlet
problems. The potential is governed by the energy density function ψ̄′ that described
locally the free energy per unit volume stored in the deformable dielectric. With this
potential at hand, the coupled boundary-value-problem of finite electro-elastostatics is
governed by the minimization principle

{ϕ̄, D̄} = arg
{

inf
ϕ̄∈Wϕ̄

inf
D̄∈W

D̄

Π̄′(ϕ̄, D̄)
}

(8.36)

Within this variational principle, the space of admissible functions for the deformation
field satisfies the Dirichlet boundary conditions

ϕ̄ ∈ Wϕ̄ := {ϕ̄ | ϕ̄ = ϕ̄D on ∂B̄} . (8.37)

The space of admissible functions for the electric displacement satisfies a priori the Gauss
law for the conservation of charges

D̄ ∈ W
D̄

:= {D̄ | Div[D̄] = 0 in B̄ and D̄ · N̄ = 0 on ∂B̄} . (8.38)

We refer to Ponte Castañeda & Siboni [151] for a finite-strain constitutive theory
of electro-active polymer composites via homogenization discussing the energy-based for-
mulation in more detail.
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Local material stability criterion. Introduce the state of the energy-based formula-
tion characterized by a given deformation field and electric displacement

s̄′ := {ϕ̄, D̄} in B̄ (8.39)

which satisfy the electro-mechanical minimization principle (8.36). An electro-mechanical
state s̄′1 is said to be globally stable if

Π̄′(s̄′2)− Π̄′(s̄′1) > 0 (8.40)

holds for any other admissible state s̄′2 satisfying the essential boundary conditions ϕ̄2 ∈
Wϕ̄ and D̄2 ∈ W

D̄

. Then the state s̄′1 provides an absolute minimum of the energy func-
tional (8.35) and according to Hill [61] is said to be a unique solution. This assumption
is too restrictive in finite elasticity, see Ogden [142, pp.354]. However, if s̄′2 = s̄′1 + ǫδs̄′

is confined to a local neighborhood of s̄′1, then (8.40) is a suitable infinitesimal stability
criterion, see Truesdell & Noll [194, pp.252]. Here, ǫδs̄′ is a scaled perturbation of
the equilibrium state. A Taylor series expansion of the global stability criterion truncated
after the quadratic term yields

Π̄′(s̄′2)− Π̄′(s̄′1) =
d

dǫ

∣
∣
∣
ǫ=0

Π̄′(s̄′1 + ǫδs̄′) +
1

2!

d2

dǫ2

∣
∣
∣
ǫ=0

Π̄′(s̄′1 + ǫδs̄′) > 0 , (8.41)

where the first and second directional derivatives are identical to the first and second
variation of the functional (8.35) at the equilibrium state s̄′1. As the first variation indicates
an equilibrium state and hence vanishes, we obtain

Π̄′(s̄′2)− Π̄′(s̄′1) =
1

2

d2

dǫ2

∣
∣
∣
ǫ=0

Π̄′(s̄′1 + ǫδs̄′) > 0 (8.42)

for a locally stable deformation state s̄′1. This second variation of the potential (8.35) at
the equilibrium state may be computed in a straightforward manner by

Π̄(s̄′2)− Π̄(s̄′1) =
1

2

∫

B̄

[
δF̄
δD̄

]

·
[
∂2
F̄ F̄
ψ̄′ ∂2

F̄ D̄
ψ̄′

∂2
D̄F̄

ψ̄′ ∂2
D̄D̄

ψ̄′

]

·
[
δF̄
δD̄

]

dV > 0 (8.43)

as the necessary condition to determine stable equilibrium states in a local neighborhood.

8.3.2. Material stability analysis of the enthalpy formulation

The stability analysis for a mixed enthalpy-based formulation leads to a saddle point struc-
ture. The electric enthalpy density is still constraint to be polyconvex in the deformation
gradient but concave in the electric field due to the Legendre transformation.

The mixed variational principle. The electric enthalpy density function can be ex-
pressed in terms of the energy density function ψ̄′ by a local Legendre transformation in
the electric slot

ψ̄(F̄ , Ē) = inf
D̄

[ψ̄′(F̄ , D̄)− Ē · D̄] . (8.44)
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This defines an enthalpy-based variational potential

Π̄(ϕ̄, φ̄) =

∫

B̄

ψ̄(F̄ , Ē) dV (8.45)

depending on the deformation field ϕ̄ and the material electric potential φ̄, see also (8.26)
above. The boundary-value-problem of finite electro-elastostatics is then governed by the
saddle point principle

{ϕ̄, φ̄} = arg
{

inf
ϕ̄∈Wϕ̄

sup
φ̄∈Wφ̄

Π̄(ϕ̄, φ̄)
}

(8.46)

The space of admissible functions for the deformation map is still constraint by (8.37)
and for the electric potential it provides an equipotential on the surface

φ̄ ∈ Wφ̄ := {φ̄ | φ̄ = φ̄D on ∂B̄} . (8.47)

Local material stability criterion. Introduce a mixed electro-mechanical state char-
acterized by a given deformation field and electric potential

s̄ := {ϕ̄, φ̄} in B̄ (8.48)

satisfying the saddle-point principle (8.46). Starting point for the determination of a local
enthalpy-based stability criterion is again the minimizing structure of the energy-based
formulation (8.41). The potential of electro-elastostatics (8.35) can be modified by the
Legendre transformation for the electric energy

ψ̄′(F̄ , D̄) = sup
Ē

[ψ̄(F̄ , Ē) + D̄ · Ē] (8.49)

such that it is governed by three independent fields, that is, the deformation map, the
electric potential, and the electric induction. The local stability criterion in terms of these
three fields then reads

1

2

∫

B̄

[
δF̄
δĒ

]

·
[
∂2
F̄ F̄
ψ̄ ∂2

F̄ Ē
ψ̄

∂2
ĒF̄
ψ̄ ∂2

ĒĒ

ψ̄

]

·
[
δF̄
δĒ

]

dV + 2δD̄ · δĒ > 0 . (8.50)

The necessary condition of the Legendre transformation D̄ = −∂
Ē

ψ̄ results in the elimi-
nation equation for the electric displacement

δD̄ = −∂2
ĒF̄ ψ̄ : δF̄ − ∂2

ĒĒ

ψ̄ · δĒ . (8.51)

Insertion of the latter into the criterion (8.50) gives a statement for the local material
stability of an enthalpy-based formulation to determine stable equilibrium states in a
local neighborhood

Π̄(s̄2)− Π̄(s̄1) =
1

2

∫

B̄

[
δF̄
δĒ

]

·
[
∂2
F̄ F̄
ψ̄ 0

0 −∂2
ĒĒ

ψ̄

]

·
[
δF̄
δĒ

]

dV > 0 (8.52)

Note the decoupled structure enforcing the positive definiteness of the mechanical as well
as (negative) electrical tangents.
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8.4. FE2 driver for homogeneous macro-problems

Consider the formulation of an algorithmic FE2 driver for three-dimensional representa-
tive volume elements at the microscale. This driver solves two nested boundary-value-
problems coupled by the variational principle of homogenization outlined in Section 8.1.
The inhomogeneous microscopic problem is solved by a finite element scheme while the
macrostructure is assumed to be homogeneous. The goal is to solve generalized stress and
deformation driven processes under the additional constraint of a macroscopic stress-free
state (P̄ = 0 ) and open circuit conditions (D̄ = 0 ). This stress-free state is given up as
soon as stresses or deformations are prescribed in a particular direction. For the sake of
simplicity, the algorithm is described in a purely mechanical framework, but can be easily
extended to coupled electro-mechanics.

The crucial ingredient is the definition of a vector of unknowns ū containing either the
deformation gradient or stress field in the particular direction. As an example consider
a two-dimensional model problem with n = 4 degrees of freedom where the deformation
gradient in axial direction F̄11 is prescribed. Consequently, the resultant axial stress P̄11

is unknown and the vector ū becomes

ū := [P̄11, F̄22, F̄12, F̄21]
T ∈ R4 (8.53)

summing up axial nominal stress and remaining deformation gradient components. Note
that the assumption of a macroscopic stress-free state defines all outstanding stress compo-
nents to be zero and hence that the corresponding deformations need to be determined.
On the other hand, a stress driven scenario would lead to a prescribed stress P̄11 and
consequently an unknown deformation gradient F̄11. A symbolic representation of the
equilibrium stresses is defined as

P̄eq(ū) := [P̄11, P̄22, P̄12, P̄21]
T ∈ R4 (8.54)

combining both the unknown entry P̄11 and prescribed slots P̄22 = P̄12 = P̄21 = 0. The
vector of unknowns ū is determined by formulating the nominal stress residuum expression

R̄(ū) := P̄ (F̄ (ū))− P̄eq(ū) = 0 , (8.55)

where P̄ are the homogenized first Piola-Kirchhoff stresses obtained as volume averages
by the finite element simulation on the representative volume element. In order to solve
this nonlinear problem for the unknowns ū a standard Newton-Raphson scheme is applied
leading to the linearization

Lin R̄ = R̄k +
dR̄

dū

∣
∣
∣
k
∆ūk+1 = 0 (8.56)

which defines the modified tangent operator incorporating both the stress and deformation
driven scenario

K̄ :=
dR̄

dū
=

d

dū

[
P̄ (F̄ )− P̄eq

]
= ∂F̄ P̄ · ∂ ūF̄ − ∂ ūP̄eq . (8.57)

The matrix Ā := ∂F̄ P̄ is the homogenized mechanical stiffness of the representative
volume element including softening terms due to the sensitivity of the microstructure with
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respect to the fluctuation (for the electro-mechanical model the fully coupled expression
C̄ outlined in (8.23) needs to be taken into account). Furthermore, there are two auxiliary
diagonal matrices which are not formulated explicitly during computation but given for
completeness

∂ ūF̄ = diag[α1, α2, . . . , αn] and ∂ ūP̄eq = diag[β1, β2, . . . , βn] , (8.58)

where {αi}i=1,n is zero if the corresponding stress is unknown and one if the deformation
is unknown. {βi}i=1,n is defined in the opposite manner. For the simple two-dimensional
model problem, these two matrices are

∂ ūF̄ = diag[0, 1, 1, 1] and ∂ ūP̄eq = diag[1, 0, 0, 0] . (8.59)

The modification of the tangent matrix by the latter two matrices is obtained for the
two-dimensional example under consideration as

K̄ =







−1 Ā12 Ā13 Ā14

0 Ā22 Ā23 Ā24

0 Ā32 Ā33 Ā34

0 Ā42 Ā43 Ā44






. (8.60)

The update for the vector of unknowns ū is then obtained as

∆ūk+1 = −K̄
−1
k R̄k (8.61)

The Newton-Raphson iteration is performed until convergence is obtained in the sense
‖R̄‖ < tol. The crucial components for the solution of stress as well as deformation driven
scenarios are the two diagonal matrices outlined in (8.58). For the specific update of the
unknown values ū these two matrices ensure that the solution is performed in an adequate
manner. The prescribed stresses are, due to the additional constraint of a stress-free state,
usually zero despite the one belonging to the prescribed deformation, which is handled
by the update process.

8.5. Representative numerical examples

The limitation of EAPs to be applied as artificial muscles in industrial applications is their
extensive power requirement for actuation. To improve the actuation response typical
EAPs with low dielectric constant (χ < 10) are doped with high dielectric filler particles
(χ > 1000). For the current study a polyurethane (PU) elastomer is used as the matrix
material and BaTiO3 particles are used as inclusions. Figure 8.1 depicts exemplary the mi-
croscopic boundary-value-problem with spherical inclusion of radius r = h = b = 10.3µm
and volume fraction of 17%. The dimension of the representative volume element is
30µm×30µm×30µm and solely half of the matrix material is shown. We analyze alter-
ing volume fractions for a spherical inclusion and the shape of the inclusion characterized
by the aspect ration ω := h/b with the variational-based homogenization framework out-
lined previously. Furthermore, microscopic zones of electro-mechanical instability are
determined and visualized for a selected microstructure.
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2h

2b

Figure 8.1: Boundary-value-problem for two-phase composites. Representative volume element
of size 30µm× 30µm× 30µm with stiff inclusion of high permittivity and aspect ratio ω = h/b.
The centers of inclusion and cubic matrix coincide in all treated cases. Exemplary a spherical
inclusion discretized by 168,368 tetrahedron finite elements is shown.

8.5.1. Energy-enthalpy density function

This contribution outlines a simple model structure governing all relevant effects of cou-
pled electro-mechanics. Two-phase composites are characterized by a polymeric matrix
material such as polyurethane (PU) and stiff inclusions with high dielectric constant. The
basic enthalpy density functions for the individual constituents are outlined in a modu-
lar format and normalization conditions developed. The electric enthalpy function of
two-phase composites is additive decomposed into a mechanical and an electric part

ψ(F ,E) = ψmech(F ) + ψelec(F ,E) . (8.62)

Note that solely the electric part is assumed to be coupled to the deformation, a common
assumption when dealing with ideal dielectrics.

The mechanical energy. The mechanical part of the two-phase composite is described
by a neo-Hookean model for hyperelastic material response

ψmech(F ) =
µ

2
(tr[C]− 3) +

µ

β
(J−β − 1) (8.63)

where µ is the shear modulus and β given in terms of the Poisson ration ν. The material
parameter β = λ

µ
= 2ν

1−2ν
can be interpreted as ratio between the first Lamé parameter λ

and the shear modulus for homogeneous and isotropic materials in a small strain setting.
For incompressible materials β → ∞ due to ν → 0.5. The first term is formulated in
terms of the right Cauchy-Green tensor C = F TgF as pull-back of the current metric
to the reference configuration while the second depends on the determinant J = det[F ].
Hence, the energy satisfies a priori the principle of material objectivity ψ(QF ) = ψ(F )
stating the independence of arbitrary rigid body rotations Q ∈ SO(3) applied to the
current configuration S = ϕt(B).

The electric enthalpy. The electric enthalpy is formulated such that it reflects the
relation d = ǫ0e + p for the electric induction in the current configuration. For a linear,
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Table 8.1: Material parameters for polyurethane matrix and BaTiO3 inclusion.

no. para. name PU BaTiO3 unit

1. µ shear modulus 1.6× 10−6 4.3× 10−2 N/µm2

2. ν Poisson ratio 0.35 0.32 –
3. χ electric susceptibility 4.7 1250 –

isotropic, dielectric material the polarization is assumed to be proportional to the electric
field such that

d = ǫ0e + p = ǫ0(1 + χ̃)e = ǫe with χ̃ =
ρχ

ρ0
=
χ

J
(8.64)

due to the density dependent dielectric permittivity ǫ := ǫ0(1 + χ̃). This permittivity is
formulated in terms of the deformation dependent term χ̃ = χ/J with constant electric
susceptibility χ, see McMeeking & Landis [113]. A formulation of the electric enthalpy
in terms of the reference electric field E = F T

e results in the electric enthalpy

ψelec(F ,E) = −ǫ0
2
(1 +

χ

J
)JC−1 : (E ⊗E) . (8.65)

The electric permittivity of free space is ǫ0 = 8.854N/MV2, a physical constant which is
the value of absolute dielectric permittivity of vacuum. The requirement for electrostric-
tion, that is the independence of the direction of the electric field, is perfectly met by the
quadratic term in E.

Normalization. To obtain dimensionless quantities the enthalpy density ψ(F ,E) is
normalized by the shear modulus µ such that

ψ′(F ,E ′) =
1

µ
ψ(F ,E) . (8.66)

For the two-phase composite under consideration this procedure defines a relative shear
modulus with respect to one of the materials involved. Hence, we get for the additive split
of the free energy-enthalpy the purely mechanical part and the electrostrictive coupling
part

ψ′
mech(F ) =

1

2
(tr[C]−3)+

1

β
(J−β−1) and ψ′

elec(F ,E
′) = −1

2
(1+

χ

J
)JC−1 : (E ′⊗E ′) .

(8.67)
This defines the dimensionless first Piola-Kirchhoff stress, the electric field, and the electric
induction by

P ′ :=
P

µ
= ∂Fψ

′ , E

′ :=
E

√

µ/ǫ0
, D

′ :=
D√
µǫ0

= −∂
E

′ψ′ . (8.68)

The material parameters used for the two-phase composite in the subsequent simulations
are outlined in Table 8.1.
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Figure 8.2: Analysis of different volume fractions for spherical inclusion. a) Influence of high
dielectric filler particle on electro-mechanical response. b) Applied electric induction versus the
resultant electric field showing a limit point followed by a decrease of the electric field. This limit
point is usually denoted as the point of electro-mechanical instability. c) Increase in dielectric
constant ǭ33 for growing volume fraction.

8.5.2. Volume fraction of the inclusion

The two-phase composite is doped by high dielectric inclusions of different volume frac-
tions. This procedure increases the macroscopic dielectric constant of the composite but
retains the flexibility of the polymer matrix. Different volume fractions of 4%, 8%, and
12% for a spherical inclusion are considered. The radii for the three samples under con-
sideration are r4 = 6.37µm (4%), r8 = 8.02µm (8%), and r12 = 9.18µm (12%). The
representative volume element is driven by a macroscopic electric displacement D̄3 in ver-
tical z-direction. The results are summarized in Figure 8.2. The consequence of a higher
dielectric constant is that the electric field needed for an actuation strain of λ̄33 = −0.2
decreases from 105 kV/mm for the pure matrix material to 69 kV/mm for a volume frac-
tion of 12%, see Figure 8.2a. The second plot compares the applied electric induction with
the resultant electric field and shows a clear limit point followed by a decrease of the elec-
tric field. This limit point is usually denoted as the point of electro-mechanical instability.
Hence, the high dielectric inclusion reduces the electric field to achieve similar deformation
states at the expense of stability problems. The last plot Figure 8.2c shows the applied
macroscopic electric displacement versus the dielectric constant ǭ33 := −∂D̄3/∂Ē3 as ratio
between applied load and resultant electric field. Obviously, an increase in volume frac-
tion increases the dielectric constant of the average macroscopic response. Experimental
results comparing the volume fraction of the inclusion are outlined in Huang et al.

[69, 70] and Zhang et al. [212, 209].

8.5.3. Shape of the inclusion

The actuation response of a pure matrix material is compared to two-phase compos-
ites with altering shape of the inclusion. Three cases of the dielectric inclusion with
equal volume fraction of 4% are investigated: The spherical filler has dimension ω◦ =
6.37µm/6.37µm = 1.00, the vertical ellipsoidal inclusion (needle-shaped) with ω= =
10.3µm/5.0µm = 2.06 is stretched in the direction of the electric field, and the horizon-
tal ellipsoidal inclusion (penny-shaped) with ω⊥ = 5.0µm/10.3µm = 0.48 is stretched
perpendicular to the electric field direction. Again, the representative volume element
is driven by a macroscopic electric displacement D̄3 in vertical z-direction. All compo-
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Figure 8.3: Analysis of shape of the inclusion. a) Influence of spherical or ellipsoidal shape of
the inclusion on electro-mechanical response. b) Applied electric induction versus the resultant
electric field showing a limit point followed by a decrease of the electric field. This limit point is
usually denoted as the point of electro-mechanical instability. c) Increase in dielectric constant
ǭ33 for needle-shaped inclusions which are pronounced in the direction of the applied load.

nents of the generalized macro-stress are prescribed as zero and the remaining generalized
deformations and electric field are determined. Figure 8.3 shows the results for such a
scenario. The actuation curves comparing electric field and negative stretch in direction
of the macro-loading are given in Figure 8.3a. The needle-shaped ellipsoidal inclusion
elongated in the direction of the applied field with aspect ratio ω= = 2.06 shows a pro-
nounced electro-active response under small fields and hence is advantageous to the pure
matrix material and the other two inclusions. This increased actuation response is ac-
companied by an unstable behavior for smaller electric fields, that is the breakdown field
decreases, see Figure 8.3b. Compared to the matrix material a volume fraction of solely
4% for the inclusion leads to a 20% smaller electric field needed to cause a compression of
λ̄33 = −0.16 in z-direction. Figure 8.3c compares the increase in macroscopic dielectric
constant ǭ33 for the three specific shapes of the inclusion. Numerical simulations concern-
ing the shape of the inclusion are performed in Keip et al. [83]. Theoretical studies
regarding the particle shape of magnetoelastic composites are given in Siboni & Ponte

Castañeda [166].

8.5.4. Material limit point analysis

The framework for local stability analysis shortly outlined in Section 8.3 is now combined
with the computational homogenization scheme. In the following, the microstructure is
checked by an accompanied material limit point analysis. The decoupling of the material
stability criterion (8.52) demands that both purely mechanical and purely electric moduli
are positive definite at each Gauss point of the discrete microstructure. For the electric
part under consideration

− ǫ = −∂2
EE

ψ = −∂2
EE

ψelec = ǫ0(1 +
χ

J
)C−1 (8.69)

this condition is always satisfied due to the positive definiteness of the right Cauchy-
Green tensor. Hence, the accompanied local stability check reduces to the analysis of the
mechanical partition ∂2FFψ. This is performed by an eigenvalue criterion

min[λi]

{
> 0 for a locally stable state,
≤ 0 for a locally unstable state,

(8.70)
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Figure 8.4: Local material stability analysis of the microstructure. The first column shows the
development of the unstable zone in the microstructure. The red zone indicates elements with
negative eigenvalue of the block diagonal stiffness matrix. The second and third column depicts
the corresponding electric field E3 and electric induction D3 as contour plot as well as arrows.

where {λi}i=1,9 are the eigenvalues of the mechanical tangent matrix. It demands a sta-
ble electro-mechanical response for positive eigenvalues. The nominal moduli as second
derivative with respect to the asymmetric deformation gradient include rigid body rota-
tions. These rotations are associated with three additional zero eigenvalues of the stiffness
matrix. To get rid of them, the two-point nominal moduli are pulled-back to the refer-
ence configuration with CABCD = (F−1)Axδ

xa[Aa
B
b
D − δabS

BD]δyb(F−1)Cy in terms of
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the symmetric second Piola-Kirchhoff stress S = F−1g−1P . Note that the tangent ma-
trix is available in typical finite element implementations if Newton-Raphson schemes are
applied for updates in iterative solvers.

Consider a spherical inclusion with radius r = 10.3µm and volume fraction of 17%
as shown in Figure 8.1. To obtain a fine resolution of zones of instability within the
microstructure the representative volume element is discretized by 168,368 tetrahedron
finite elements. We investigate the development of unstable zones within the inhomoge-
neous body, where the block diagonal moduli are checked for loss of positive definiteness
by determining their eigenvalues. Figure 8.4 highlights unstable zones (elements) with
eigenvalues smaller than zero. In the inhomogeneous case the unstable zones develop first
on top and bottom of the inclusion and spread around. When observing the evolution
of the electric field the tendencies of the development of instable zones are obvious. As
the inclusion itself is a nearly perfect conductor, the electric field inside the inclusion
tends to zero as the electric counterfield inside the inclusion negates the induced electric
field (second column). Therefore, the largest electric potential difference appears at the
bounding surface between the matrix and inclusion material at top and bottom of the
inclusion. As a result the stiffness of the matrix material weakens most at these points
and therefore material instability occurs by reaching a critical local value of the electric
field. The unstable zones then follow the regions of high electric field.
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Conclusion

This work was concerned with aspects of electro-mechanically coupled material models
on different scales and with the development of new variational-based homogenization
techniques. An important issue was—due to the proposed variational principles—the
symmetric and compact format of the numerical implementation of the multifield problem.

The work was subdivided into three parts: Part I governed fundamentals of classi-
cal continuum mechanics and electrostatics. The main ingredients of electrostatics were
provided by Coulomb’s law, Gauss’s law, and Faraday’s law formulated for the electro-
static case. The interaction of matter with electric fields was considered by additional
electric force, couple, and energy supply terms within the balance equations. Further-
more, the basic principles of homogenization theory were briefly outlined such as the
concept of representative volume elements and the separation of length scales hypothesis.
Part II dealt with the small strain theory of micro-electro-elasticity describing piezoelec-
tric ceramics. The dissipative response caused by polarization switching was described
by a Ginzburg-Landau-type phase field model resolving the resultant domain structure.
New rate-type and incremental variational principles for the coupled evolution problem
were outlined and details of the micro-to-macro transition by an extended Hill-Mandel
macrohomogeneity condition discussed. An important aspect for the design of a vari-
ational homogenization method was the definition of suitable boundary conditions at
the micro-level, which also includes the phase field of electric polarization. The three
classical types of surface conditions (Dirichlet, Neumann, periodic) were discussed and
consistently transferred to the electro-mechanical context. Besides, Part III developed
finite strain material models and bridging theorems for polymers. General equations of
finite electro-elasticity in a variational format are reviewed, accounting for geometric set-
tings in both the Lagrangian as well as the Eulerian configuration. All details of the
modeling process were covered including the set up of coupled electro-mechanical tangent
moduli by a numerical perturbation technique. In addition, a macroscopic FE2 driver
for the homogenization problem was developed, accounting for the consistent algorithmic
tangent on the macroscale. Homogeneous macro-tests were performed and the relevant
data transferred to the microscale via the boundary conditions. An innovative driving of
the electric displacement as compared to the electric field was performed, allowing us to
overcome points of electro-mechanical instability.
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[95] Kröner, E. [1960]: Allgemeine Kontinuumstheorie der Versetzungen und

Eigenspannungen. Archive for Rational Mechanics and Analysis, 4: 273–334.
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