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ũ finite-element approximation of the un-

known
u vector of unknowns
vcap m/s velocity inside a capillary blood vessel
vpore m/s pore velocity
vki m3 sub-control volume k in box i
Vtiss m3 volume of the tissue space
V m3 volume
Vcap m3 drop-cap volume
Vdrop m3 drop volume
Vn m3/mol molar volume
Vpores m3 volume of the pore space
vα m/s vα = vα,i velocity vector of phase α
W N m Work
xf integration point in the discretisation

scheme
xκl,drop

mol/mol mole fraction of component κ in the drop
xκα mol/mol mole fraction of component κ in phase α
Xκ
α

kg/kg mass fraction of component κ in phase α

XII



x x = xi = (x, y, z) coordinate
Superscripts and Subscripts
α phase α ∈ l (liquid), g (gas), blood (blood),

if (interstitial fluid), lymph (lymph fluid)
bottom bottom of pores
CA contact area
cap capillary blood vessel
D Dirichlet boundary condition
drop drop properties
forward forward reaction
Γ the interface
i, j, k, l,m, n indices
in inside properties
κ component κ ∈ w (water), a (air), H2O,O2

lymph lymphatic space
m mass
micro quantities on the micro or pore scale
mi number of moles of species i transferred dur-

ing the reaction, stoichiometric ratio
N Neumann boundary condition
pore pore properties
products products of the reaction
reactants reactants
reverse reverse reaction
s solid phase
T energy
tiss tissue space
top top of pores
Symbols
dim dimensions of the system
∆θmax rad contact-angle hysteresis θa - θr

XIII





Abbreviations

1D one-dimensional
2D two-dimensional
3D three-dimensional
Bo Bond number: Bo = %ggd2

drop
γlg

CL Catalyst Layer
DG Discontinuous Galerkin
DUNE Distributed and Unified Numerics Environment
FE Finite Element
FV Finite Volume
GC Gas Channel
GDL Gas-Diffusion Layer
MPL Micro-Porous Layer
MRI Magnetic-Resonance Imaging
PEM Polymer-Electrolyte Membrane
PTFE Polytetrafluoroethylene
Re Reynolds number: Re = ρvd

µ

REA Representative-Elementary Area
REV Representative-Elementary Volume
VOF Volume-Of-Fluid method

XV





List of Figures

1.1 Possible descriptions for the interface between free-flow and porous-
medium region: A simple interface devoid of thermodynamic properties,
a bundle-of-tubes approximation and a concept accounting for drop
formation, growth and detachment. . . . . . . . . . . . . . . . . . . . . 2

2.1 Thin porous media can either be interface layers between free flow and
porous-medium (left) or independent domains (right). . . . . . . . . . . 5

2.2 Coupling concepts for a single-phase flow system (reproduced from
Mosthaf et al., 2011). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.3 On the pore scale (left), the distribution of all phases and pore sizes is re-
solved. On the Representative-Elementary Volume (REV)-scale (middle),
the velocity profile for coupled free flow (single-phase Stokes equations)
and porous-medium flow (multi-phase Darcy’s law) is continuous and the
interface can be described either as a transition zone with continuously
varying parameters or as a sharp interface (partly after Chandesris and
Jamet (2009))(reproduced from Mosthaf et al., 2011). . . . . . . . . . . 8

2.4 Drops form in the gas channel of Polymer-Electrolyte Membrane (PEM)
fuel cells (reproduced from Eller et al., 2011, by permission from ECS –
The Electrochemical Society). . . . . . . . . . . . . . . . . . . . . . . . 17

2.5 Liquid water distribution (blue) in the Gas-Diffusion Layer (GDL) fibre
structure and drop formation (reproduced with permission from Suresh
and Jayanti, 2010, copyright 2010, The International Association of
Hydrogen Energy). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

XVII



2.6 Drop constitutions showing the static contact angle θ∗, the drop height
h, the curvature radius rdrop and the radius of the contact surface rCA

drop

for: a) a wetting drop, b) a non-wetting drop and c) a drop influenced
by flow forces developing contact-angle hysteresis between advancing θa
and receding θr contact angle. . . . . . . . . . . . . . . . . . . . . . . . 23

2.7 a) Force balance at the contact line, where Flg, Fgs, Fsl are the surface-
tension forces between the solid, liquid and gas phases, b) in total, the
horizontal components of the surface-tension forces cancel out. . . . . . 24

2.8 Deformed drop. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.9 Contact line movement with time for different static contact angles (top:
θ∗ = 110 ◦, bottom: θ∗ = 170 ◦). (reproduced from Qin et al., 2012d, by
permission from ECS – The Electrochemical Society.). . . . . . . . . . . 28

3.1 Definition of the REV (adapted from Helmig, 1997). . . . . . . . . . . . 34

3.2 Van-Genuchten parametrisation of the macroscopic capillary-pressure–
saturation relationship (after Gostick et al., 2006). . . . . . . . . . . . . 36

3.3 A simple interface devoid of thermodynamic properties couples free-flow
and porous-medium region. . . . . . . . . . . . . . . . . . . . . . . . . 43

3.4 Transition from pore-scale to a volume-averaged description: a) on the
pore-scale shear stresses occur due to interactions between the gas phase
in the free-flow region and the gas, fluid and solid phases in the porous
medium, b) a volume-averaged description has to account for all these
contributions while the different phases of the porous medium are not
locally resolved any more, c) exchange processes also occur between the
two mobile phases of the porous medium and the free gas phase (pore-
scale description), d) on the REV-scale, coupling conditions account for
these processes without resolving them locally (reproduced from Mosthaf
et al., 2011). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

XVIII



3.5 Mechanical equilibrium at the pore scale and at the REV-scale (normal
component). The coupling conditions on the REV scale have to account
for the traction between the gas phase in the free-flow region and the gas,
solid and water phase in the porous medium. Capillarity effects occur at
the interface between the fluid phases in the porous medium as well as at
the interface to the gaseous free-flow region. On the REV-scale capillary
pressure is a function of the water saturation (reproduced from Mosthaf
et al., 2011). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.6 Mechanical equilibrium at the pore-scale and at the REV-scale (tangential
component). The coupling conditions on the REV-scale have to account
for the traction between the gas phase in the free-flow region and the gas,
solid and water phase in the porous medium (reproduced from Mosthaf
et al., 2011). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.7 Chemical equilibrium at the pore-scale and at the REV-scale. On the
micro-scale, equilibrium conditions between the gas phase in the free-flow
region and the two phases in the porous medium have to be formulated,
consisting of continuity of chemical potential. On the REV-scale, continu-
ity of chemical potential between the phases inside the porous medium is
assumed and continuity of mole fractions is applied as coupling condition
between the gas phase in the free flow and porous medium (reproduced
from Mosthaf et al., 2011). . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.1 A pore-scale bundle-of-tubes approach couples free-flow and porous-
medium region. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.2 Pore-size distribution at the interface which is sorted into classes of tubes
with mean radius r̄pore with fr̄pore percent of pores and nr̄pore pores per class. 55

4.3 Force and flux balance for one pore. . . . . . . . . . . . . . . . . . . . . 56
4.4 The interface concept accounts for drop formation, growth and detach-

ment. The coupling conditions account for the mass and energy of the
drop. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.5 Simplified spherical drop. . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.6 Conceptual model: The interface Γ between free flow and porous medium

is divided into an integral number of areas of influence Ωdrop. There is
one drop per area of influence. The area of influence is partly covered by
the drop Ωdrop = Afree + ACA

drop. . . . . . . . . . . . . . . . . . . . . . . 64

XIX



4.7 A bundle-of-tubes model describes the interface region between porous
medium and free flow representing pores ending in the free-flow region.
Possible pore constitutions are: a) gas flux through pore, b) water
meniscus in pores with direct evaporation, c) spherical caps with a
diameter equal to the pore diameter, d) a drop fed by the porous medium,
evaporating into the free-flow region. . . . . . . . . . . . . . . . . . . . 65

4.8 Force balance with drop: internal and external pressure forces related
through capillary pressure. . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.9 Internal force balance on a drop. . . . . . . . . . . . . . . . . . . . . . . 69

4.10 Free flow influenced by drops. . . . . . . . . . . . . . . . . . . . . . . . 76

4.11 a) pressure equilibrium determining whether a meniscus will move inside
a pore, b) mechanical equilibrium on top of a water-filled pore. . . . . . 78

4.12 The free-flow normal force, the porous-medium phase pressures ppm
g and

ppm
l and the internal drop pressure λpdrop are related by microscopic and

macroscopic capillary-pressure formulations. . . . . . . . . . . . . . . . 83

5.1 Schematic description of the spatial discretisation (box scheme). . . . . 87

5.2 Mortar elements between free-flow and porous-medium compartment:
Introducing Lagrange multipliers as new unknowns at the interface. . . 89

5.3 Visualisation of the REV drop concept: instead of one small drop per
grid cell, the volumes are assembled to form one large drop per drop
REV. Drop radius and the area weighting ag and adrop are calculated
from the large drop and are valid for all contributing cells. . . . . . . . 96

5.4 Visualisation of the implementation: Before each Newton step, the for-
mation of new drops is checked and calculated. Then the drop grows and
the new drop properties are calculated. At the end of a time step, the
detachment condition is evaluated. . . . . . . . . . . . . . . . . . . . . 99

6.1 Structure of the capillary wall showing a variety of para- and transcellular
pathways. 1+2) Intercellular clefts of different diameter, 3+4) open
and closed fenestrations, 5) pores of fused vesicles, 6) vesicles, 7+8)
transcellular transport mechanisms. The exact structure is strongly
dependent on anatomic location and physiological/pathological conditions
(Baber, 2009). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

XX



6.2 Capillary types (R. Krstic (1991) Human Microscopic Anatomy, in Jun-
queira et al. (2002), with kind permission of Springer, Heidelberg). . . . 104

6.3 Pressure significantly decreases along the capillary. In combination with
osmotic pressure, this leads to inward and outward flow. . . . . . . . . 106

6.4 Numerical setup of the model for transvascular exchange: the top region
corresponds to half of the capillary blood vessel, symmetry conditions
are assumed on the top boundary, blood and therapeutic agent enter
from the left. The bottom region corresponds to the tissue space, the
interstitial pressure is fixed at the bottom boundary, all other boundaries
are outflow conditions. The two regions are separated by the thin porous
medium representing the capillary wall. . . . . . . . . . . . . . . . . . . 112

6.5 Isobars (grey) and stream lines (orange) in the tissue compartment. The
grey line depicts the border stream line: left of the black line fluid is
reabsorbed coming from the bottom of the tissue. Therapeutic agent
reaches the right part only by diffusion. (with kind permission of Ischinger
(2013)) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

6.6 Interstitial pressure: the grey plane represents the size of the tissue
compartment, above is the capillary wall. There is a strong pressure
gradient across the capillary wall. Pressure significantly decreases from
the arterial to the venous end. (with kind permission of Ackermann (2013))114

6.7 Distribution of therapeutic agent (red) within the two-dimensional model
domain in healthy tissue. (with kind permission of Ackermann (2013)) 115

6.8 Surface plot of the mass fraction of therapeutic agent in the tissue
compartment. The line plot of the mass fraction just below the capillary
wall has a local maximum due to the reflection coefficient. (with kind
permission of Ischinger (2013)) . . . . . . . . . . . . . . . . . . . . . . . 116

6.9 Line plots of mass fraction in the tissue parallel to the capillary wall for
different diffusion coefficients (left) and reflection coefficients (right). The
values are taken from the literature review and the variation of ±5%
refers to the reference value given in table 6.1. Higher diffusion and
reflection coefficients cause a more even distribution of the therapeutic
agent. (with kind permission of Ischinger (2013)) . . . . . . . . . . . . 116

XXI



6.10 Results of the sensitivity analysis: the normalized sensitivity coefficient
ε is shown for each varied parameter. Red illustrates a high influence
(ε ≥ 0.5), yellow illustrates medium influence (ε = 0.25), green means
no influence (ε = 0.0). In between the color scale is linear. (with kind
permission of Ischinger (2013)) . . . . . . . . . . . . . . . . . . . . . . . 118

7.1 Schematic of a fuel cell. Oxygen and hydrogen are supplied through the
gas channels (Gas Channel (GC)), diffuse through the gas-diffusion layers
(GDL) and react in the catalyst layer (CL). Water is produced. Anode
and cathode are separated by a proton-conducting membrane (PEM). . 125

7.2 Schematic of voltage-current diagram for a PEM fuel cell under current
load (after Ochs, 2008). . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

7.3 The capillary-pressure–saturation and the relative-permeability–saturation
curve measured by Acosta et al. (2006). . . . . . . . . . . . . . . . . . . 139

7.4 Numerical setup of the fuel-cell model: the top region corresponds to
the gas channel where a parabolic velocity profile is specified with no
slip on the top boundary. The gas phase flows from left to right. At
the inlet, the mole fraction of water is set to 0.02mol/mol. The bottom
regions correspond to the gas-diffusion layer and catalyst layer. Neumann
no-flow conditions are specified at all porous-medium boundaries. The
water saturation is set to 0.1 initially. At the bottom, source and sink
terms for water, oxygen and energy represent the catalyst layer and the
current density is calculated. . . . . . . . . . . . . . . . . . . . . . . . . 140

7.5 Distribution of the mole fraction of water in the gas phase xH2O
g in the

free-flow region and of the water saturation Sl in the porous medium.
The arrows indicate the free-flow velocity. . . . . . . . . . . . . . . . . 141

7.6 Distribution of the mole fraction of oxygen in the gas phase xO2
g in the

free-flow region and the porous medium. The arrows indicate the free-flow
velocity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

7.7 Distribution of the gas-phase pressure pg in the free-flow region and the
porous medium. The arrows indicate the free-flow velocity. . . . . . . . 142

7.8 Distribution of the temperature T in the gas-phase in the free-flow region
and the porous medium scaled to the porous medium. The arrows indicate
the free-flow velocity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

7.9 Current density i in the catalyst layer at the bottom of the domain. . . 143

XXII



7.10 Pressure field and water distribution after 305 s: The inertial term in
the Navier-Stokes equations causes oscillations in the pressure field in
the free-flow region, which extend into the porous medium. The water
distribution is not affected. . . . . . . . . . . . . . . . . . . . . . . . . . 144

7.11 Numerical setup of the fuel-cell model: the top region corresponds to the
gas channel where a parabolic velocity profile is specified with a no-slip
condition on the top and bottom boundary. The gas phase flows from
left to right. The bottom region corresponds to the gas-diffusion layer.
Neumann no-flow conditions are specified at the left and right boundaries.
At the bottom, Neumann fluxes for water and air represent the catalyst
layer. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

7.12 Water distribution and temperature field after 293 s without drops. The
arrows indicate the free-flow velocity. . . . . . . . . . . . . . . . . . . . 145

7.13 Drop volume Vdrop over time showing cyclical drop formation and de-
tachment and the influence of evaporation from the drop surface. The
corresponding maximal drop height is approximately 0.7mm. . . . . . . 147

7.14 Distribution of the mass fraction of water in the gas phase Xw
g in the

free-flow region and of the water saturation Sl in the porous medium
with drop evaporation. At a later point in time, oscillations occur at the
interface. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

7.15 Distribution of the mass fraction of water in the gas phase Xw
g in the

free-flow region and of the water saturation Sl in the porous medium
without drop evaporation. The arrows indicate the free-flow velocity. . 148

7.16 Velocity field of water and gas phase in the porous medium at t = 294 s 148
7.17 Pressure p at the interface at t = 294 s. . . . . . . . . . . . . . . . . . . 149
7.18 Total mass fluxes fm across the interface plotted over time. The fluxes

from the free-flow fff
m and the porous-medium fpm

m region are discontinuous
due to the storage in the drop. . . . . . . . . . . . . . . . . . . . . . . . 150

7.19 Drop volume Vdrop over time showing the first and second drop for a
simulation with two drops forming at the interface (Ωdrop = 0.5AΓ). . . 151

7.20 Drop volume Vdrop over time showing for a simulation with four drops
forming at the interface (Ωdrop = 0.25AΓ). . . . . . . . . . . . . . . . . 152

7.21 Distribution of the mass fraction of water in the gas-phase Xw
g in the

free-flow region and of the water saturation Sl in the porous medium for
a different number of drops. . . . . . . . . . . . . . . . . . . . . . . . . 152

XXIII



7.22 Total mass fluxes fm across the interface plotted over time. The fluxes
from the free-flow into the porous-medium region are discontinuous due
to the storage in the drop. . . . . . . . . . . . . . . . . . . . . . . . . . 153

7.23 Drop volume Vdrop over time showing that drops do not form until the
drop-formation condition is fulfilled. Evaporation still shows a stagna-
tion of the growth process. The corresponding maximal drop height is
approximately 0.95mm. . . . . . . . . . . . . . . . . . . . . . . . . . . 154

7.24 Drop volume Vdrop over time showing the influence of a variation in
contact angle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

7.25 Drop volume Vdrop over time showing the influence of the maximally
sustained contact-angle hysteresis. . . . . . . . . . . . . . . . . . . . . . 156

7.26 The different capillary-pressure–saturation curves. . . . . . . . . . . . . 157
7.27 Drop volume Vdrop over time showing the influence of the variation of

the capillary-pressure–saturation curve. . . . . . . . . . . . . . . . . . . 158
7.28 Drop volume Vdrop over time showing the influence of the variation of

the maximal free-flow velocity. . . . . . . . . . . . . . . . . . . . . . . . 159
7.29 Drop volume Vdrop over time showing the influence of the drag-force

calculation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
7.30 Drop volume Vdrop over time calculated with the pore-velocity approach. 160

8.1 Graphical abstract: the left column illustrates the coupling concepts
developed in this work, the centre column shows the example applications
and the right column illustrates possibilities for further research. . . . . 164

A.2.1Drop. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191

XXIV



List of Tables

3.1 Porous-medium equations and associated primary variables. . . . . . . 39
3.2 Material laws and equations of state dependent on primary variables. . 40
3.3 Free-flow equations and associated primary variables. . . . . . . . . . . 41
3.4 Summary of the balance equations describing the different submodels

and listing of the according primary variables. . . . . . . . . . . . . . . 43

6.1 Parameter values for simulations with healthy tissue. The symbols listed
under “Sink terms” are explained in section 6.2. . . . . . . . . . . . . . 113

6.2 Parameter values for simulations with tumour tissue differing from the
healthy case shown in table 6.1. The symbols listed under “Sink terms”
are explained in section 6.2. . . . . . . . . . . . . . . . . . . . . . . . . 120

7.1 Exponents for the empirical definitions of the diffusion coefficient (see
equations (7.4) and (7.5)). . . . . . . . . . . . . . . . . . . . . . . . . . 129

7.2 Parameter values used in the fuel-cell simulations. . . . . . . . . . . . . 138
7.3 Initial and boundary conditions. . . . . . . . . . . . . . . . . . . . . . . 139
7.4 Parameter values of the electro-chemistry model based on Acosta et al.

(2006). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
7.5 Pore distribution of the gas-diffusion layer after Acosta et al. (2006). . . 146
7.6 Interface coverage ratio adrop. . . . . . . . . . . . . . . . . . . . . . . . 151

A.1.1The magnitude of the geometric factor in the pc calculation for a range
of static contact angles relevant for PEM fuel cells. . . . . . . . . . . . 190

B.0.1Software revisions used for the simulations of transvascular exchange
(chapter 6, Ischinger (2013) and Ackermann (2013)) and drop dynamics
in PEM fuel cells (chapter 7). . . . . . . . . . . . . . . . . . . . . . . . 196

XXV





Abstract

The objective of this work is the development of model concepts and methods for the
coupling of free flow and flow in porous media. Coupling concepts of varying complexity
ranging from a simple to a pore-scale to a complex interface approach are derived.
The main focus is the development and testing of an REV-scale coupling concept that
accounts for drop dynamics at the interface. The developed coupling concepts are based
on the assumption of thermodynamic equilibrium and on flux balances. The formulation
of mechanical equilibrium in the pore-scale and complex interface concept is challenging
due to the scale-dependent definition of pressure. The combination of microscopic and
macroscopic pressure formulations causes pressure jumps at the interface and non-
physical pressure gradients. Hence, an extensive discussion of the pressure conditions is
given.

The coupled model is implemented in the C++ simulator DuMux (Flemisch et al., 2011)
using the mortar method. The applicability of the developed concepts is assessed on the
basis of two applications: transvascular exchange and drop dynamics in PEM fuel cells.

The simple interface concept In Mosthaf et al. (2011) and Baber et al. (2012), we
develop a concept for coupling non-isothermal compositional two-phase flow in the
porous-medium with a non-isothermal compositional single-phase system in the free-flow
region. The concept is based on the two-domain approach with a simple interface devoid
of thermodynamic properties.

In this work, the simple interface concept is applied to model transvascular exchange.
The simulations reproduce filtration and reabsorption and reveal the influence of wall
and tissue parameters on the final distribution of therapeutic agents. However, the
complex structure of the micro-vascular wall and the influence of the different pathways
cannot be resolved by the presented approach.

The bundle-of-tubes concept In some applications, the complex structure of the
interface and the processes happening therein cannot be described by a simple interface
devoid of thermodynamic properties. In such cases, it might be beneficial to resolve the
interface layer or interface region on the pore-scale. We present a first step towards a
resulting coupled pore-/REV-scale model where the interface is described by a bundle-
of-tubes approach. The coupling concept between the one-phase free-flow, the pore-scale
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and the two-phase porous-medium model is based on flux continuity and the assumption
that pore- and REV-scale pressure are equal.

The complex interface concept We develop an REV-scale interface concept that
describes drop formation, growth and detachment on a hydrophobic interface between
free and porous-medium flow. The interface stores the mass and energy of the drops
without resolving them. The direct exchange between free-flow and porous-medium
region next to the drop is also part of the coupling concept since it preserves the exchange
processes described by the simple interface concept. The fraction of the interface which
is covered by drops is used to obtain an area-weighted average of the coupling conditions
with and without drop so that coupling conditions for the whole interface are obtained.

The complex interface concept captures drop formation, growth and detachment. These
processes are influenced by the conditions of both the free-flow and porous-medium
region. The temporal evolution of the drop volume is an outcome of the model. The
number of drops that can form on the interface is defined a priori by choosing the size of
a drop REV. Neither the influence of the drops on the free-flow conditions nor film flow
or sliding and merging of drops is included since the focus is on the interface description.

The model is applied to simulate drop formation in the cathode of PEM fuel cells. In fuel
cells, water is generated by the electro-chemical reaction in the catalyst layer and flows
through the hydrophobic porous fibre structure of the GDL. Reaching the GC, water
forms drops on the hydrophobic interface between GC and GDL. The drops significantly
influence the water management in fuel cells which must be optimised to achieve good
performance and durability.

The numerical results show that it is possible to include drop dynamics in the REV-scale
coupling conditions between free and porous-medium flow. Drop formation, growth
and detachment are represented correctly, if the evaporation from the drop surface is
neglected. The interface-coverage ratio, which is an indicator for the quality of the
water management, can be predicted. The simulations for a higher number of drops
suggest that the interface conditions dominate the system. A parameter study shows
that interface wettability and free-flow velocity have a significant influence on the drop
growth and detachment.

In summary, this work reveals the potential of the developed coupling concepts to deal
with realistic problems and exposes the need for further improvement and development.
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Zusammenfassung

Das Ziel dieser Arbeit ist die Weiterentwicklung von Modellkonzepten und Methoden
zur Beschreibung von Strömungs- und Transportprozessen in gekoppelten Systemen aus
freier Strömung und porösem Medium. Dabei können sich diese beiden Strömungsge-
biete entweder in direktem Kontakt befinden oder durch eine dünne Zwischenschicht
voneinander getrennt sein. Das Hauptaugenmerk liegt auf der Entwicklung eines Mo-
dellkonzepts zur Beschreibung von Tropfenbildung, -wachstum und -ablösung an der
Grenzfläche der beiden Gebiete. Eine derartige Tropfendynamik beeinflusst zum Beispiel
das Wassermanagement in Polymer-Elektrolyt-Membran(PEM)-Brennstoffzellen.

Die entwickelten Kopplungsbedingungen basieren auf der Bilanzierung von Massen-,
Impuls- und Energieflüssen sowie der Annahme von thermodynamischem Gleichgewicht
an der Grenzfläche. Dabei ist die Definition des mechanischen Gleichgewichts aufgrund
der skalenabhängigen Definition des Drucks konzeptionell schwierig. Die Kombination
aus Porendruck und gemitteltem Druck kann zu Drucksprüngen und unphysikalischen
Druckgradienten an der Grenzfläche führen. Daher beinhaltet die Arbeit eine ausführliche
Diskussion der auftretenden Probleme und der gewählten Lösungsansätze.

Im Rahmen der Arbeit wurden drei Ansätze mit unterschiedlichem Komplexitätsgrad
entwickelt und in die C++-Simulationsumgebung DuMux implementiert. Die Anwend-
barkeit der entwickelten mathematischen Modellkonzepte wird anhand zweier Bespiele
gezeigt. Neben der bereits genannten Tropfendynamik in PEM-Brennstoffzellen, wer-
den die Austauschprozesse zwischen kapillaren Blutgefäßen und umliegendem Gewebe
untersucht.

Das Konzept der simplen Grenzfläche Zunächst werden der Grenzfläche keine ther-
modynamischen Eigenschaften zugewiesen. Sie kann weder Masse noch Impuls noch
Energie speichern. Dieses Konzept wurde in Mosthaf et al. (2011) und Baber et al.
(2012) für nicht-isotherme Mehrkomponentensysteme mit einer Phase in der freien
Strömung und zwei Phasen im porösen Medium entwickelt und in Mosthaf et al. (2014)
zur Beschreibung von Verdunstungsprozessen aus feuchten Böden herangezogen.

Im Rahmen dieser Arbeit wird der entwickelte Ansatz zur Modellierung von Austausch-
prozessen zwischen Blutgefäß und Gewebe verwendet. Medikamente werden häufig
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direkt über die Blutbahn verabreicht. Sie breiten sich über das Blutgefäßsystem im
Körper aus und können in den kleinsten Blutgefäßen, den Kapillaren, in das umliegende
Gewebe übergehen. Der Austausch wird durch die äußerst dünne Kapillarwand reguliert.
Um die Austauschprozesse im Modell abzubilden, wird ein System bestehend aus einer
Kapillare (freie Strömung), der Kapillarwand und dem umliegenden Gewebe (poröses
Medium) betrachtet. Die Kapillarwand ist als eine Zwischenschicht zu sehen, die freie
Strömung und poröses Medium voneinander trennt. Sie wird hier als eine dünne, poröse
Schicht mit einem Kontinuumsansatz modelliert.

Die Simulationsergebnisse zeigen, dass sich die grundlegenden Prozesse, wie Filtration
und Reabsorption, reproduzieren lassen. Im Rahmen einer Parameterstudie kann der
Einfluss von Wand- und Gewebeeigenschaften auf die Medikamentenverteilung gezeigt
werden. Auch der Einfluss von Abbau im Blut, Lymphdrainage und Reaktionen mit den
Gewebezellen wird mit einfachen Ansätzen untersucht. Aufgrund prinzipiell mangelnder
Informationen über die tatsächlich dominierenden Prozesse und Transportwege ist die
Aussagekraft des Modells jedoch gering.

Vor allem die Beschreibung der Kapillarwand bietet Potential für Verbesserung. Die
Anwendbarkeit des Kontinuumsansatzes im Falle der dünnen, heterogenen Kapillarwand
ist fragwürdig. Alternativ könnte in Zukunft ein Ansatz basierend auf zweidimensionalen
Kontinua, wie er in Qin and Hassanizadeh (2014) vorgestellt wurde, angewendet werden.

Um einen tatsächlichen Beitrag zu einem besseren Verständnis der Austauschprozesse
und zur Verbesserung von Therapien leisten zu können, wäre außerdem ein detailliertes
Modell der Kapillarwand nötig. Dafür könnte diese auf der Porenskala aufgelöst werden.

Das Röhrenmodell Motiviert durch die zuvor genannte begrenzte Anwendbarkeit des
Modells in Bezug auf transvaskuläre Austauschprozesse, wird im Rahmen dieser Arbeit
ein theoretischer Entwurf für einen Kopplungsansatz auf der Porenskala erarbeitet. Die
Schicht zwischen freier Strömung und porösem Medium wird dabei durch ein Röhren-
modell beschrieben. Die Kopplungsbedingungen basieren auf analytischen Lösungen für
eindimensionale Strömungen in Rohren und auf der Kontinuität der Flüsse. Des Weite-
ren wird angenommen, dass Porendruck und gemittelter Druck gleichgesetzt werden
können. Der Modellansatz kann die Grundlage für die Kopplung von Kontinuums- und
Porennetzwerkmodellen bilden.
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Das Konzept der komplexen Grenzfläche Um Tropfenbildung-, wachstum und -
ablösung beschreiben zu können, wurde das bestehende Kopplungskonzept erweitert,
sodass die Masse und Energie der Tropfen von den Kopplungsbedingungen erfasst wird,
ohne die Tropfenform und -verteilung aufzulösen. Das Kopplungskonzept folgt dem
Kontinuumsansatz. Die exakte Position der Tropfen ist nicht bekannt; nur der Anteil
der Grenzfläche, der mit Tropfen bedeckt ist, wird ermittelt. Das flächengewichtete
Mittel aus Kopplungsbedingungen mit und ohne Tropfen liefert die Bedingungen für die
gesamte Grenzfläche. Diese speichert nun die Masse und Energie der Tropfen und hat
daher den Charakter einer komplexen Grenzfläche.

Die mögliche Anzahl von Tropfen wird vor Simulationsbeginn festgelegt und sollte
durch experimentelle Untersuchungen gestützt sein. Die zeitliche Entwicklung der
Tropfenvolumina sowie der Anteil der Grenzfläche, der mit Tropfen bedeckt ist, können
durch das Modell vorhergesagt werden.

PEM Brennstoffzellen sind eine vielversprechende innovative Technologie, die in Kombi-
nation mit dem Ausbau erneuerbarer Energien das wachsende Mobilitätsbedürfnis der
Gesellschaft effizient und emissionsarm befriedigen könnte. In Brennstoffzellen reagieren
Wasserstoff und Sauerstoff zu Wasser. Die Wassermenge und -verteilung hat einen großen
Einfluss auf die Leistung und Lebensdauer der Zelle. Zur Verbesserung des Wasserma-
nagements ist ein fundiertes Wissen über die Strömungsvorgänge nötig. Wasser wird
in der Katalysatorschicht gebildet und strömt durch die hydrophobe Fasermatrix der
Gasdiffusionsschicht in Richtung Gaskanal. An der Grenzfläche zwischen Gaskanal und
poröser Diffusionsschicht bilden sich Tropfen, die einerseits die Strömung im Kanal und
andererseits die Bedingungen in der Diffusionsschicht signifikant beeinflussen.

Die Simulationsergebnisse zeigen, dass das entwickelte Modell in der Lage ist, Tropfen-
bildung-, wachstum und -ablösung abzubilden, wenn die Verdunstung der Wassertropfen
vernachlässigt wird. Eine Parameterstudie verdeutlicht den Einfluss der Tropfenzahl,
der Strömungsgeschwindigkeit im Gaskanal und der Benetzungseigenschaften der Gas-
diffusionsschicht.

Die durchgeführten Simulationen sind ein Machbarkeitsnachweis, erlauben aber nur vage
Vorhersagen für realistische Systeme. Bisher können der Einfluss der Tropfen auf die
freie Strömung sowie das Schicksal der sich ablösenden Tropfen nicht abgebildet werden.
Tropfen können auf der Grenzfläche entlang rutschen, sich vereinen, von der Strömung
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transportiert werden oder einen Wasserfilm in den hydrophilen Ecken des Gaskanals
bilden. Außerdem verursachen sie einen signifikanten Druckabfall im Gaskanal, der die
Effizienz der Brennstoffzelle in der Praxis stark beeinflusst.

Zusammenfassend verdeutlicht diese Arbeit das Potential der entwickelten Kopplungs-
konzepte zur Beantwortung realistischer Fragestellungen und zeigt Möglichkeiten für
die Weiterentwicklung und Verbesserung der Modelle auf.
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1 Introduction

The interaction of free and porous-medium flow is dominated by interface processes. The
quantification of transfer fluxes of mass, momentum and energy is crucial for applications
like evaporation from soil, water management in fuel cells or transport of therapeutic
agents in the human body.

The suitability of a mathematical description of the interface structure and interface
processes depends on the characteristics and complexity of the considered application.
The free-flow and porous-medium domains can be either separated by an interface layer
or be in direct contact. Such different interface structures can be described by different
conceptual models. If the free-flow and porous-medium region touch, the system can
either be described based on a transition zone with continuously varying properties
(one-domain approach) or with a sharp interface and appropriate coupling conditions
(two-domain approach). A sharp interface devoid of thermodynamic properties is referred
to as simple interface in the following (Hassanizadeh and Gray, 1989). In case of an
interface layer between free and porous-medium flow, a structure much thinner than
the surrounding regions strongly influences the behaviour of the whole system. Hence,
an adequate description for these possibly complex, heterogeneous, thin structures has
to be found. In any case, the challenge is the correct and efficient description of the
governing forces, conditions and exchange processes at the interface which are influenced
by the non-isothermal, compositional, multi-phase nature of the surrounding systems.
This can be particularly demanding due the thin heterogeneous porous structures or
due to complex processes like film flow, pooling and drop formation or electro-chemical
processes.

In the scope of this work, three different interface concepts are derived which are
illustrated in figure 1.1. The concept of a simple interface with coupling conditions
based on thermodynamic equilibrium and flux continuity is the starting point. Based



2 1 Introduction

Free Flow (FF)

Porous Medium (PM)

SIMPLE INTERFACE

FF

PM
mass momentum energy

BUNDLE-OF-TUBES CONCEPTFF

PM

DROP CONCEPT

PM

FF

Figure 1.1: Possible descriptions for the interface between free-flow and porous-medium region: A
simple interface devoid of thermodynamic properties, a bundle-of-tubes approximation
and a concept accounting for drop formation, growth and detachment.

on its assumptions and requirements, a pore-scale interface concept is developed using
a bundle-of-tubes approximation for the interface. The final model includes both
the simple and the pore-scale approach and accounts for drop formation, growth and
detachment at a hydrophobic interface between free-flow and porous-medium region.

The simple interface concept proved to be feasible for the description of evaporation
processes from soil, for example (Mosthaf et al., 2011, Baber et al., 2012). However,
features like boundary layers and local variations of the water content significantly
influence the evaporation rate and can hardly be captured by this approach (Mosthaf
et al., 2014). The formation of drops or films on the porous surface are other features with
a significant influence which had not been considered in the Representative-Elementary
Volume (REV)-scale coupling approaches until now. One solution for capturing more
complex interface processes is to resolve the interface region on the pore-scale (in the
following also referred to as micro-scale) and to couple it to the surrounding REV-scale
(or macro-scale) models. A first step in this direction is the application of a bundle-of-
tubes concept. Based on the two previous concepts, drop dynamics are integrated into the
REV-scale coupling concept. Consequently, the interface can store the mass, momentum
and energy of the drops, causing discontinuities of thermodynamic quantities at the
interface and accounting for the complex interface dynamics in an averaged manner.
Such an interface is called complex interface in the following.



3

The objective of this thesis is the extension of the existing coupling concept, which
couples REV-scale models for free and porous-medium flow by a simple interface,
towards a coupled micro-/macro model and a complex interface. The focus is on the
extension of the REV-scale coupling concept to account for drop formation, growth
and detachment - processes that occur in Polymer-Electrolyte Membrane (PEM) fuel
cells, for example. The derivation of this complex interface description is based on
phenomenological considerations and not derived rigorously by homogenisation. The
most appropriate interface concept is applied to the physiological and technical problems
of transvascular exchange and water management in fuel cells, respectively. All models
are based on the assumption of thermodynamic equilibrium and on the balance of mass
and energy fluxes. Processes like turbulent free flow, boundary layer effects, radiation
and pore-scale features as discussed in Mosthaf et al. (2014) are not considered in the
scope of this work.

The thesis is structured as follows: Chapter 2 provides the necessary context and
background, summarising the existing modelling approaches for coupled systems (see
section 2.1). Recent ideas for an alternative description of so-called thin porous media
as two-dimensional (2D) continua are presented in section 2.2. Such approaches might
be interesting for modelling fuel-cell diffusion media or interface layers like the micro-
vascular wall. A review of the state-of-the-art models for transvascular exchange and
water management in fuel cells is given in sections 2.3.1 and 2.3.2. Furthermore, the
basic physics and principles of droplets are explained in section 2.4 to facilitate the
understanding of the drop concept.

The consistent, general coupling concept which is published in Mosthaf et al. (2011) and
Baber et al. (2012) is summarised in chapter 3. The coupled model for non-isothermal
compositional one-phase free flow and non-isothermal compositional two-phase porous-
medium flow is explained. Its applicability, limitations and extensions are discussed in
Mosthaf et al. (2014) but are not part of this work.

The new concepts for a more complex interface are explained in detail in chapter 4. A
first step towards a coupled micro-/macro-model is the approximation of the interface
region or interface layer by a bundle-of-tubes concept (see section 4.1). The mathematical
coupling concept is general enough to be extended to couple REV-scale models with a
real pore-network model. In section 4.2, drop dynamics are integrated into the REV-scale
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coupling concept yielding a complex interface which stores mass and energy of droplets
without resolving them.

In chapter 5, the numerical implementation, which is based on the mortar method,
is delineated. All models are implemented in the open-source C++ simulator DuMux

(Flemisch et al., 2011).

The adaptation of the general coupling concepts to the needs of actual applications is
shown in chapters 6 and 7. There, the systems are simplified to 2D problems. Transvascu-
lar exchange between blood vessels and porous tissue happens across the micro-vascular
wall. The latter can be seen as an interface layer between free flow and porous medium.
In the scope of this work, its structure and pathways are not resolved on the pore-scale
but described as another REV-scale structure. The coupling concept of a simple interface
is employed. The complex interface concept is applied to the coupled system of gas
channel and fibrous gas-diffusion layer in the cathode of PEM fuel cells. A parameter
study is presented investigating the influence of flow conditions, material properties and
model assumptions on drop formation, growth and detachment.

Chapter 8 concludes with a summary and outlook. The model which is based on the
simple interface concept reproduces the basic processes of transvascular exchange, but
the results motivate a more detailed resolution of the transvascular pathways. In a pore-
scale interface model, the paracellular pathways could be represented by non-intersecting,
circular pores yielding a bundle-of-tubes description. The complex interface concept
captures drop formation, growth and detachment. These processes are influenced by the
conditions of both the free-flow and porous-medium region. To describe the pressure
loss in the gas channel and the fate of the drops after detachment, the free flow model
needs to be extended.



2 Theoretical background

Based on an extensive literature review, the theoretical background of this thesis is given
in this chapter. First, the fundamentals of coupling free and porous-medium flow are
summarised. Until recently, the coupling concepts were limited to one-phase systems and
based on a simple interface concept. The existing approaches describing flow, component
transport and energy distribution are reviewed in section 2.1 and their strengths and
limitations are evaluated.

In coupled systems, thin porous structures, which have a very small thickness compared
to their width, might play an important role. Such structures are called thin porous
media. On the one hand, the interface itself can be such a thin porous medium, if it is
made up of an individual layer with specific material properties (left in figure 2.1). The
wall of capillary blood vessels is such an interface layer which separates the blood flow
from the porous tissue. On the other hand, the domains involved in coupled free and
porous-medium flow can be thin porous media themselves (right in figure 2.1), like the
porous gas-diffusion layer in PEM fuel cells. When dealing with such thin porous media,
both REV-scale and pore-scale descriptions might eventually meet their limits, either
due to a lack of resolution or a lack of efficiency. The 2D-continua approach presented
by Qin and Hassanizadeh (2014) offers a promising alternative. It is discussed in section
2.2 to give a broader perspective, but is not applied in the scope of this work.

Figure 2.1: Thin porous media can either be interface layers between free flow and porous-medium
(left) or independent domains (right).
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The focus of this thesis is on the development of coupling concepts with varying
complexity. Their applicability is assessed with the help of two applications. The
exchange between blood vessels and surrounding tissue is governed by the permeability
of the capillary wall. In polymer-electrolyte fuel cells, drops form at the interface
between porous diffusion layer and gas channel. Drop formation, growth and detachment
significantly influence the mass, momentum and energy transfer across the interface. A
literature review of the existing approaches for modelling transvascular exchange as well
as water management and drop formation in fuel cells can be found in sections 2.3.1 and
2.3.2. The required basic knowledge about droplets is also provided (see section 2.4).

2.1 Coupling free flow and flow in porous media

When coupling free and porous-medium flow, the challenge is to derive a general,
efficient model that accounts for the physics at the interface. Moreover, systems of
equations of different order have to be coupled. The coupling concepts presented in the
literature differ mostly in the description of the interface which can either be described
as a transition zone (one-domain approach, see figure 2.2a) or as a sharp interface
(two-domain approach, see figure 2.2b).

In a special issue, Shavit (2009) summarises the efforts that have been made to derive
consistent coupling approaches. Until then, all approaches were limited to single-phase
systems in both domains. Since many applications involve multi-phase flow, we developed

(a) Single-domain approach. (b) Two-domain approach.

Figure 2.2: Coupling concepts for a single-phase flow system (reproduced from Mosthaf et al.,
2011).
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a concept for coupling non-isothermal, compositional two-phase flow in the porous-
medium with a non-isothermal compositional single-phase system in the free-flow region
in Mosthaf et al. (2011) and Baber et al. (2012). The concept is based on the two-domain
approach with a simple interface devoid of thermodynamic properties and is explained
in detail in section 3.4. A similar approach is used by Chen et al. (2014) and Brenner
et al. (2014). The latter apply it to the interface between a nuclear-waste geological
repository and the ventilation gallery.

Mosthaf et al. (2014) assess the model’s capability to predict evaporative drying rates
from hydrophilic soil influenced by flow through a wind tunnel. They find that the model
can predict the behaviour during and the transition between the different stages of
evaporation theoretically. A comparison with experiments clearly shows the achievements
and limitations of the model. A laminar free-flow model underestimates the evaporation
rate significantly. The implementation of algebraic turbulence models (Fetzer, 2012)
yields a match of the initial rate, but cannot predict the course of the drying curve
over time. Mosthaf et al. (2014) find that the influence of pore-scale processes, surface
water content, boundary-layer thickness and porous-medium properties is significant
and needs to be included in the REV-scale model. They include a simple boundary-layer
model approximating the diffusion from the interface into the free-flow region by a
solution-dependent condition dependent on the boundary-layer thickness. The effect of
the variation in surface water content is included through a mass-transfer coefficient
according to Schlünder (1988) and Haghighi et al. (2013). Furthermore, the capillary-
pressure–saturation relation has a strong impact on the transition between the different
stages of evaporation.

In the following, coupling concepts and possible numerical implementations for non-
isothermal compositional single-phase systems which can be found in the literature are
summarised.
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Figure 2.3: On the pore scale (left), the distribution of all phases and pore sizes is resolved. On
the REV-scale (middle), the velocity profile for coupled free flow (single-phase Stokes
equations) and porous-medium flow (multi-phase Darcy’s law) is continuous and the
interface can be described either as a transition zone with continuously varying param-
eters or as a sharp interface (partly after Chandesris and Jamet (2009))(reproduced
from Mosthaf et al., 2011).

2.1.1 Coupling free flow and flow in porous media: One-phase flow1

On the pore-scale, the pore structure is resolved and the same type of equations, the
Navier-Stokes equations, are used to describe the flow in the free-flow region and within
the pores. On the REV-scale, however, the potential theory is applied in the porous
medium using Darcy’s law and coupling strategies have to be found to couple the two
domains. Two basic strategies for the description of mass and momentum transfer in
coupled free and porous-medium flow on the Darcy-scale can be identified (Jamet et al.,
2009, Shavit, 2009) and are illustrated in figure 2.3. In the single-domain approach, one
set of equations is assumed to be valid in the whole domain and the coupling is realised
via a transition zone where the material parameters are varied. In the two-domain
approach, two sets of equations are used for the subdomains which are coupled in terms
of suitable transfer conditions at the interface.

The single-domain approach (figure 2.2a) usually involves the solution of the Brinkman
equation in the entire domain (Brinkman, 1947). This model results from a superposition
of the Stokes equations and Darcy’s law, requiring the introduction of an apparent

1This section is published in Mosthaf, K., Baber, K., Flemisch, B., Helmig, R., Leijnse, A., Rybak,
I., and Wohlmuth, B. (2011). A coupling concept for two-phase compositional porous media and
single-phase compositional free flow. Water Resources Research, 47:W10522556.
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viscosity inside the porous medium. There is no need to specify coupling conditions
between the free-flow region and the porous medium since velocity and stress continuity
are automatically satisfied. The transition between the two regions is achieved either by
specifying the continuous spatial variation of physical properties such as permeability
and porosity within an equi-dimensional transition zone or by admitting a discontinuous
variation across a lower-dimensional interface. The physical transition zone is usually
only a few grain diameters thick (Jamet et al., 2009). The choice of the parameters in
this zone may decisively influence the results and, generally, it is hardly possible to
determine them (Goyeau et al., 2003, Rosenzweig and Shavit, 2007).

The two-domain approach (figure 2.2b) is based on different models in the two sub-
domains: the Navier-Stokes equations, which in case of very low Reynolds numbers
(Reynolds number: Re = ρvd

µ
(Re)) can be simplified to the Stokes equations, are applied

in the free-flow region and Darcy’s law is used in the porous medium. In addition
to the subdomain models, suitable coupling conditions have to be specified at the
interface. Realistically, processes between free-flow and porous-medium regions are not
only interface-driven but the two regions interact via a transition zone where changes
in fluid properties and strong gradients in the driving forces may occur. According to
Hassanizadeh and Gray (1989), this transition zone can either be approximated by a
simple interface devoid of thermodynamic properties or by an interface that can store
and transport mass and other thermodynamic quantities. The simple interface corre-
sponds to continuity of thermodynamic properties at the interface, whereas an interface
with thermodynamic properties leads to discontinuities which are then characterised by
appropriate conditions involving jump coefficients (Ochoa-Tapia and Whitaker, 1995,
Chandesris and Jamet, 2009). One way to derive the coupling conditions is to apply the
volume-averaging technique (Gray et al., 1993, Whitaker, 1999). The resulting conditions
include excess surface terms to account for the transition between the free-flow and
the porous-medium region (Ochoa-Tapia and Whitaker, 1995, Chandesris and Jamet,
2009). Based on these excess terms, the jump coefficients can be derived (Valdes-Parada
et al., 2009a). However, the coupling conditions are often simplified by neglecting the
contribution of these terms and assuming continuity, since the characteristics of theses
surface excess terms at the interface are hard to determine (Valdes-Parada et al., 2007).
The decision of continuity or discontinuity has to be made for mass and momentum
respectively. One approach is to guarantee the continuity of normal forces and mass
conservation across the interface (Layton et al., 2002). Alternatively, Ochoa-Tapia and
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Whitaker (1995) proposed a stress-jump condition obtained by volume averaging. A
two-step upscaling approach and the method of matched asymptotic expansions is
used by Chandesris and Jamet (2006, 2007) for the derivation of a velocity-jump and
a stress-jump condition at the interface. Moreover, the Beavers-Joseph velocity-jump
condition (Beavers and Joseph, 1967) is often used to provide a connection between
the tangential free-flow velocity and the seepage velocity in the porous medium. It
is required as an additional boundary condition for the Stokes domain, because the
equations in the two domains are of different order. The relation between velocities and
shear stress is given in terms of an additional parameter, the Beavers-Joseph coefficient.
This parameter depends on the properties of the fluid and the permeable material and
can be determined experimentally or by numerical simulation. Saffman (1971) shows
that the filtration velocity (porous medium) in the Beavers-Joseph condition is negligible
in comparison to the free-flow velocity. Hence, the Beaver-Joseph condition becomes
a Robin boundary condition for the tangential free-flow velocity as it contains the
derivative of the velocity as well as the velocity itself. The Beavers-Joseph-Saffman
condition has been mathematically justified by Jäger and Mikelic (2000, 2009) by means
of homogenisation. There exist several alternatives to the Beavers-Joseph condition,
(Levy and Sanchez-Palencia, 1975, Alazmi and Vafai, 2001, Goyeau et al., 2003).

Summing up, the challenge of the one-domain approach is the description of the spatial
variation of the parameters in the transition zone, whereas in case of the two-domain
approach, the definition of coupling conditions that represent the transfer processes at
the interface is the challenging task. Valdes-Parada et al. (2007) analyse the one- and
the two-domain approach and point out that both can be derived by volume averaging.

2.1.2 Coupling free flow and flow in porous media: Component
and energy transport2

The concepts presented above have been developed for single-phase single-component
systems describing the coupling for mass and momentum. However, in many applications
compositional multi-phase flow occurs, and there is an urgent need for a more general
model.

2This section is published in Mosthaf, K., Baber, K., Flemisch, B., Helmig, R., Leijnse, A., Rybak,
I., and Wohlmuth, B. (2011). A coupling concept for two-phase compositional porous media and
single-phase compositional free flow. Water Resources Research, 47:W10522556.
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For an extension to a non-isothermal system, coupling approaches for the energy balance
at the interface have to be found. Prat (1990) uses the method of volume-averaging to
analyse the one- and two-domain approach for conductive heat transfer between free-flow
and porous medium. Jamet et al. (2009) show the equivalence of the discontinuous one-
and two-domain approach for a heat-conduction problem, provided that the one-domain
approach is mathematically interpreted in the sense of distributions. Alazmi and Vafai
(2001) review coupling conditions for conductive and convective heat transfer and find
that both continuity and discontinuity of temperature and heat flux have been applied
in various combinations showing only minor differences.

For the description of transport processes in compositional single-phase flow, it is again
possible to use either the one- or the two-domain approach. Valdes-Parada et al. (2006,
2007), for example, show the coupling of diffusive mass flux across the interface using
both approaches. In Valdes-Parada et al. (2006), they describe diffusive mass transport
between micro- and macro pores in packed-bed reactors and derive a jump condition
for the two-domain approach from volume-averaging. Neglecting surface accumulation
and surface transport excess, the jump in the diffusive flux is determined by a jump
coefficient that accounts for the reaction rate at the fluid-porous interface. This jump
condition is supplemented by a continuity assumption for the concentrations at the
interface. In case of a non-reactive medium, this leads to continuity of the diffusive
mass flux and the concentration. Valdes-Parada et al. (2009b) extend the concept to
convective transport along with adsorption and reaction in the porous medium.

In summary, the concepts explained above allow the description of compositional non-
isothermal systems and need to be extended in order to be applicable to multi-phase
systems.

2.1.3 Coupling free flow and flow in porous media: Numerical
approaches3

Various discretisation techniques, such as finite elements, mixed methods, control-volume
techniques, and Discontinuous Galerkin (DG) approaches have been developed and

3This section is published in Baber, K., Mosthaf, K., Flemisch, B., Helmig, R., Müthing, S., and
Wohlmuth, B. (2012). Numerical scheme for coupling two-phase compositional porous-media flow
and one-phase compositional free flow. IMA Journal of Applied Mathematics, 77(6):887–909. first
published online July 26, 2012.
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analysed for coupled single-phase single-component systems. In Discacciati et al. (2002,
2007), a formulation based on the Beavers-Joseph-Saffman interface condition (Beavers
and Joseph, 1967, Saffman, 1971) is studied, continuous finite elements are used in both
regions and subdomain-iterative methods for solving coupled problems are developed.
Cao et al. (2010) apply the Beavers-Joseph condition without the Saffman simplification.
The application of the continuous Finite Element (FE) method for the Stokes problem
with a mixed FE method for the Darcy problem is considered in Layton et al. (2002)
where the coupling conditions are imposed with the help of Lagrange multipliers.
The existence and uniqueness of a weak solution of the coupled system is proved.
Discontinuous-Galerkin methods for the coupled system are proposed in Rivière (2005)
and Girault and Rivière (2009), and the existence of a weak solution with some a-priori
estimates is shown. Discacciati and Quarteroni (2004) use a Galerkin-Finite-Element
approximation in both domains and propose iterative subdomain methods based on
either a Dirichlet-Neumann method or a Conjugate Gradient method for the solution of
the Steklov-Poincaré interface problem. In Rivière and Yotov (2005) the DG method
is used in the Stokes region and coupled to a mixed FE method in the Darcy region.
Mixed FE methods are developed and analysed for coupled systems with large cavities
in the porous medium by Arbogast and Brunson (2007). Quite recently, new types of
mixed DG techniques are successfully applied to the Stokes-Darcy coupling (Rivière and
Kanschat, 2010). Chidyagwai and Rivière (2010) compare different combinations of DG
and FE methods with respect to accuracy, robustness and mass conservation. However,
all these techniques have been developed for a single-phase single-component system.

For the discretisation of the present compositional coupled model, the implicit Euler
time-integration and a vertex-centred control-volume finite-element method (also called
box method, Huber and Helmig (2000)) in space is used. In the free-flow domain, a
stabilisation technique similar to Franca et al. (1993) is generalised and implemented
for the Stokes equations. Special care at the interface is required to avoid spurious
oscillations. The arising non-linear system is solved fully implicitly applying a Newton
solver (see section 5).
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2.2 Describing thin porous media

As mentioned above, thin porous media can occur as individual domains (right in figure
2.1) or as interface layers (left in figure 2.1). Systems like paper printers, filters, hygiene
products and fuel cells involve thin, heterogeneous porous structures. The endothelium
of the capillary blood vessels is a thin porous interface layer. The thickness of these
media, which is of the same order of magnitude as the pore diameter, is very small
compared to the other dimensions. The description and coupling of such thin porous
layers cannot be done with the models collected in the previous sections. On the one
hand, the applicability of the REV-continuum concept - and the use of Darcy’s law - is
highly questionable since the existence of an REV is not necessarily given. According
to Qin and Hassanizadeh (2014), an REV "must be much larger than the pore-scale
dimensions but much smaller than the modelling domain". Even if the existence of an
REV is assumed, a three-dimensional (3D) description of such a thin porous medium
requires a very fine grid resolution causing high computational demands and grid cells
of the size of a pore. On the other hand, the description of systems of several thin
porous media is challenging since the dimension of the interfaces is of the same order of
magnitude as the thin porous medium itself. Furthermore, all processes might be strongly
influenced by these interfaces. Hence, new concepts are required for the description of
a thin porous medium itself, for the coupling to other thin porous media, and for the
coupling to surrounding regions.

Qin and Hassanizadeh (2014) suggest to define an REV of which the vertical extend
corresponds to the height of the porous layer and apply a thermodynamic volume-
averaging approach. Consequently, the thin porous-medium layers are treated as 2D
continua described by planar balance equations and macroscopic thickness-averaged
properties. In a layered system, the thin porous media interact by source and sink
terms. Thus, lateral processes can be described and vertical processes are included by
interaction with adjacent layers.

Roth et al. (2013) support the approach by experimental results. The Gas-Diffusion Layer
(GDL) of PEM fuel cells is a thin porous medium with a large aspect ratio (thickness
with respect to lateral extent) and the definition of a 3D REV and the application of
classical averaged continuum models has been questioned. Roth et al. (2013) obtain
x-ray tomographic images of running fuel cells. They average the obtained information
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over the GDL thickness, reducing the data sets form 3D to 2D. The analysis of the
thickness-averaged data yields values for Representative-Elementary Area (REA)s for
porosity and saturation. Roth et al. (2013) find that the REA for the water distribution
depends on the water saturation and is not equal to the structural REA for porosity
obtained from a dry GDL. The saturation-dependence of the REA can be explained
with the process of water filling the pores of a hydrophobic porous medium. Large pores
are filled first but might be far apart, causing an increase in the REA-size. Note that
the REA can be transformed to the REV for thin porous media by multiplication with
the layer thickness.

Qin and Hassanizadeh (2014) develop the general theoretical framework for non-isother-
mal multi-phase flow and transport including phase change in a deformable thin porous
medium. Interfaces between fluid phases or porous layers cannot store thermodynamic
properties or sustain stress. The system of equations is developed for two interacting
continua, but can be extended to an arbitrary number of layers as long as the interaction
is only affected by the two adjacent layers. To derive the constitutive relations needed
to close the system and to specify the exchange terms, the system is simplified to an
immiscible two-phase system without phase change. Then, constitutive relationships
describing the interaction of the 2D continua are postulated exploiting the entropy
inequality. The authors conclude that Darcy’s law may be used within the 2D layers if
the system is close to equilibrium and if fluid motion due to thermal effects, the variation
of the layer thickness and the effects of variations in the saturation are neglected. The
pressure gradient is the main driving force for the mass exchange between layers. The
effect of imperfect boundaries between layers has to be included in material coefficients
which need to be determined experimentally.

In the future, this new concept should be used to describe thin porous layers like the
GDL in fuel cells or the micro-vascular wall. An appropriate coupling concept for the
coupling to surrounding macro-models needs to be developed. The coupling of a bundle-
of-tubes model to surrounding 3D-REV-scale models is a first step in this direction (see
section 4.1). A pore-network description of the thin interface layer would increase the
understanding and facilitate the final step where 2D continua describing the interface
layer are coupled to 3D porous-medium and free-flow regions. This is beyond the scope
of this work.
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2.3 Example applications

The interface concepts developed in the scope of this work are employed to model
transvascular exchange and drop dynamics in fuel cells. In the following two sections,
conceptual models and numerical approaches employed in the literature to describe
these systems are collected.

2.3.1 Modelling transvascular exchange

The efficient and uniform systemic delivery of therapeutic agents to the target cells
is crucial for all therapies. From the point of entry to the target cells, many different
barriers have to be overcome. Therapeutic agents distribute in the circulatory system
of the body and are delivered to the organ level. In the smallest blood vessels, the
therapeutic substances cross the blood-vessel walls and enter the surrounding interstitial
space. This process is called transvascular exchange. It occurs through a variety of
para- and transcellular pathways like pores of different size or vesicles. Finally, the
agent distributes in the tissue and interacts with the target cells. Chauhan et al. (2011)
discuss the influence of tumour properties and the tumour micro-environment on the
distribution of therapeutic agents. They conclude that tumours impede all steps of the
distribution process reducing the blood flow, increasing the interstitial pressure and the
interstitial resistance, and reducing transvascular exchange to diffusion. Erbertseder
et al. (2012) model the whole distribution process. Flow and transport in the blood
vessels is described with a vascular-graph model (Reichold, 2011). The vascular graph
model is coupled sequentially to a double-continuum model describing the interaction
between vascular and tissue compartment. The resulting distribution of the therapeutic
agent in the tissue space is fed to a cell-population model predicting apoptotic cell death
(Hasenauer et al., 2010b).

Transvascular exchange determines the amount of therapeutic agent which reaches
the tissue space. Motivated by the complexity of transvascular pathways, efforts have
been made to develop simplified models in order to explain capillary permeability.
Generally, the Starling law (see equation (6.1)) and the Staverman-Kedem-Katchalsky
(see equation (6.2)) equation are employed which describe transvascular solvent and
solute flow dependent on gradients in pressure, osmotic pressure and concentration.
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Zhao et al. (2007) use these equations to determine source terms for a 3D computational
model of the interstitial tumour space. They analyse the influence of heterogeneous
transvascular hydraulic and diffusive permeability based on the measured filtration rate
obtained from Magnetic-Resonance Imaging (MRI) of a mouse sarcoma. Smith and
Humphrey (2007) also account for transvascular exchange by including a source term
based on Starling’s law in a model for convection-enhanced drug delivery in brain tissue.
They assume a uniform effective vascular pressure and conclude that transvascular
exchange significantly alters the interstitial fluid pressure. Pishko et al. (2011) and
Magdoom et al. (2014) present an MRI-imaged-based tumour model accounting for
heterogeneous vascular and tissue properties for predicting tracer distributions in
different tissues. Similar to Smith and Humphrey (2007), they implement source and
sink terms for transvascular and lymphatic flow in a porous-medium model assuming
the vascular and osmotic pressures to be constant. Curry (1984) derives the Starling
and Staverman-Kedem-Katchalsky equations based on thermodynamic principles and
obtains concentration-dependent expressions for the diffusive permeability and the
reflection coefficient. Moreover, he discusses model concepts like the pore theory or the
fibre-matrix model and presents a mathematical model for vesicular transport based on
the diffusive motion of the vesicles.

In the pore theory, the capillary wall is described as an ensemble of cylindrical pores and
slits of different diameter. Michel and Curry (1999) find that the measured permeability
of a continuous capillary can be reproduced by roughly 10 000 small pores with a
diameter of 5 nm and less than ten large pores with a diameter of 30 nm. Formaggia
et al. (2009) use a similar pore system composed of small (pore radius r = 4-5 nm)
and large pores (pore radius r = 25-30 nm or larger). The models assume blood to be
a Newtonian fluid and viscous Poiseuille flow inside the pores, and include restricted
diffusion and solute exclusion at the pore entrance (Michel and Curry, 1999). The
transvascular hydraulic and diffusive permeability can be calculated based on the pore
geometry (Sugihara-Seki and Fu, 2005).

In the fibre-matrix model, the fibre length and size determine transvascular permeability.
The fibre model is often used to describe the properties of the glycocalyx, a layer of
macro-molecules and plasma proteins adsorbed to the luminal side of the capillary wall.
Michel and Curry (1999) choose a fibre spacing of 7 nm. The electro-chemical processes
induced by the negatively charged glycocalyx influence transvascular exchange of charged
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Figure 2.4: Drops form in the gas channel of PEM fuel cells (reproduced from Eller et al., 2011,
by permission from ECS – The Electrochemical Society).

macro-molecules significantly and are explained in detail in Stace and Damiano (2001).
Under equilibrium conditions, the negative charge of the glycocalyx is balanced by the
salt-ion distribution in the blood, leading to concentration gradients in the mobile ion
distribution. The resulting electrical field determines diffusion of charged molecules and
leads to exclusion of macro-molecules from the glycocalyx. Hence, the glycocalyx is the
first barrier to substance exchange and determines the number of macro-molecules that
are able to enter the paracellular pores. Curry (1984) and Stace and Damiano (2001)
combine Fick’s law with the Nernst-Planck equation to describe transport of charged
molecules influenced by an electric field.

Sugihara-Seki and Fu (2005) review models for transvascular permeability of water and
solutes and mention a combination of fibre-matrix and cleft model. It consists of a
finite fibre-matrix region at the entrance of clefts and pores, a small number of large
150x20 nm pores and a large number of small slits (2 nm) and pores (3 nm).

A model for transvascular exchange which couples the free blood flow to the porous wall
and tissue is presented in chapter 6.

2.3.2 Modelling water management in PEM fuel cells4

Water management in PEM fuel cells significantly influences performance and durability.
The water management is strongly influenced by the mass and energy transfer between
the free flow in the Gas Channel (GC) and the two-phase flow in the porous gas-diffusion

4This section is published in Baber, K., Flemisch, B., and Helmig, R. (2014). Modelling drop dynamics
at the interface between free and porous-medium flow using the mortar method. submitted to
International Journal of Heat and Mass Transfer.
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layer. Modelling the coupled system of GC and GDL is challenging since drops form on
the hydrophobic interface (see figure 2.4).

The water distribution in the different fuel-cell components has been analysed experi-
mentally and numerically ranging from molecular- to pore- to REV-scale investigations.
Current modelling approaches for the different fuel-cell components and present research
requirements are summarised in Gurau and Mann (2009), Wu et al. (2009) and Wang
et al. (2011). Wang et al. (2011) stress the need for numerical models which lead to a
better understanding of the highly coupled, non-linear, multi-physics processes in fuel
cells. The knowledge gained will be used to increase durability and to reduce costs.

Gurau and Mann (2009, 2010) state that the water distribution in PEM fuel cells is
strongly impacted by the macroscopic interfaces. Kandlikar et al. (2014) and Wang
et al. (2011) stress the need for a mathematical model that can describe the transport
processes across the gas-channel–gas-diffusion-layer interface. At this interface at the
cathode side, evaporation occurs and sessile drops form (Gurau and Mann, 2009, 2010,
Cho et al., 2012a). Once detached due to drag forces, the drops are either transported
with the GC flow field or wick into the hydrophilic GC corners (Herescu and Allen,
2012). The drops influence the water distribution inside the GDL fibre structure as
well as the gas flow and pressure field in the channel. Kandlikar et al. (2014) analyse
the mutual interaction of drops, gas-channel walls, pressure drop in the gas channel
and transport limitations across the GDL-GC interface. They analyse each process
individually and provide a detailed literature review. They find that the ratio of the
GDL surface covered by drops or slugs significantly influences oxygen transport and
that the variation of the contact angle determines the removal of drops and slugs from
the gas channel.

The processes occurring in the cathode side of fuel cells have been analysed on different
scales. In the following, we will first summarise investigations of drops influenced by a
flow field. Then, pore- and REV-scale approaches for the coupled system of GC, GDL
and drop dynamics are reviewed.

Investigations of drops Chen et al. (2005) and Kumbur et al. (2006) develop analytical
models for the instability of spherical drops influenced by flow at low Reynolds numbers
based on a force-balance approach. Model predictions are compared with experimental
data for different flow conditions and material properties. Zhang et al. (2006) observe the
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water distribution in the GDL and drop formation as well as detachment due to shear
forces or due to wicking into the gas-channel corners in transparent fuel cells. They find
a relation between gas-flow velocity, detachment mechanism and radius. Theodorakakos
et al. (2006) perform a numerical and experimental analysis of the detachment behaviour
and give a comprehensive literature review of fuel-cell and drop models. They determine
values for the static, advancing and receding contact angle experimentally and model
the dynamic deformation and detachment process using the Navier-Stokes equations and
the Volume-Of-Fluid method (VOF). Cho et al. (2012a,b) find analytical expressions
for drop deformation and detachment and compare them with numerical simulations
and experiments. They conclude that deformation is negligible under most operating
conditions (gas-phase velocity vg ≤ 2 m/s) and that viscous drag dominates for small
drops whereas the pressure force becomes more dominant for larger drops.

These studies neglect the influence of the gas-channel geometry assuming that the
drop does not touch the gas-channel walls. Gopalan and Kandlikar (2014) perform
ex-situ experiments, investigating the detachment time and the required pressure drop
in trapezoidal gas channels for different GC corner angles and gas velocities. They find
that at low velocities (gas-phase velocity vg ≤ 4 m/s) drops grow larger and interact with
the hydrophilic channel walls, but that the drops are detached before interaction with
the wall happens for larger velocities. Qin et al. (2012d) use the VOF method to describe
drop and film dynamics in the gas channel. They observe a significant elongation of the
contact line and a significant influence of the wettability of the gas-channel walls on the
drop behaviour and film-flow development. Carton et al. (2012) analyse the coalescence
of drops and slug movement comparing VOF simulations and experiments.

Pore-scale approaches Most of the above mentioned studies focus on drop behaviour
and the interaction with the gas flow. Pore-scale simulations are used to determine
effective properties and to simulate the mutual interaction of GC, GDL and drops.

Rosén et al. (2012) perform experiments with X-ray tomographic microscopy and Lattice-
Boltzmann simulations in realistic GDL geometries to obtain porosity, permeability,
capillary pressure, relative permeability and diffusivity from the water-saturation profiles.
Luo et al. (2010) employ a pore-scale model topologically equivalent to the GDL struc-
ture. They compare non-woven paper material and woven cloth, and link water-transport
characteristics to micro-structural features. Furthermore, they compute macroscopic
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properties like capillary-pressure–saturation and relative-permeability–saturation rela-
tions. In Qin (2012) (Chapter 3) the GDL is described by an anisotropic, stochastically
generated fibre structure. In- and through-plane permeability are calculated. Using an
isothermal one-phase model, the slip velocity at the GDL-GC interface is predicted.
Gostick (2013) develop a 3D pore-network model with a random architecture for the
fibrous gas-diffusion layer, accounting for anisotropy and using non-cylindrical pore
throats. They obtain an effective diffusivity tensor and capillary-pressure–saturation
relationships.

Kuttanikkad et al. (2011) analyse the influence of wettability changes on capillary-
pressure or relative-permeability–saturation relations and diffusivity using a pore-net-
work model. They conclude that the macroscopic properties are not affected by mixed
wettability as long as the fraction of hydrophilic pores is below the percolation threshold5.
Above the threshold, mixed wettability has a significant influence, yielding higher
relative permeabilities for the gas phase, for example. Sinha and Wang (2008) explain
the behaviour of water on a mixed-wet GDL-GC interface theoretically. Water emerging
from the GDL at the interface will form a film on the hydrophilic parts of the surface.
When it reaches hydrophobic parts, pinning of the contact line occurs and drops form.
The drops grow with increasing contact angle until a threshold contact angle is reached
and the contact line unpins to let the drop grow further. They analyse the effect of
mixed wettability on the water distribution inside the GDL using a pore-network model
with cubic pore-bodies and pore-throats with a square cross-section. They reveal the
role of capillary fingering with respect to the water-distribution process (supported by
Kuttanikkad et al. (2011)) and discuss the applicability of the two-phase Darcy law.
An optimal hydrophilic fraction leading to minimal transport losses is found. Based on
fluorescence microscopy and pore-network modelling, Shahraeeni and Hoorfar (2013)
claim that hydrophobic media lead to higher local but lower overall water saturations
in the GDL.

Suresh and Jayanti (2010) perform pore-scale VOF simulations in a 2D segment of
GDL and GC, investigating the influence of the GC-flow conditions on the water
transport in the GDL and on the drop formation. The GDL is represented by 10 layers
of cylindrical fibres. Suresh and Jayanti (2010) observe fingering and channelling within

5Above the percolation threshold, the connected fluid phase forms a cluster spanning the entire system
(Škvor and Nezbeda, 2009).
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Figure 2.5: Liquid water distribution (blue) in the GDL fibre structure and drop formation
(reproduced with permission from Suresh and Jayanti, 2010, copyright 2010, The
International Association of Hydrogen Energy).

the hydrophobic fibre structure and drop formation, growth and detachment on the
interface (see figure 2.5).

REV-scale approaches In Qin et al. (2012b,a), a macroscopic one-dimensional model
for water flooding in the gas-channel is proposed. It includes the description of film
flow in the gas-channel corners and of drops on the GDL surface. The drop radius is
assumed to be directly dependent on a given local water flux from the GDL, gas flow
velocity, GC geometry and an empirical parameter. Qin et al. (2012b) find that film
flow has a negligible influence on the pressure drop, whereas the pressure drop increases
significantly in the presence of droplets. Qin et al. (2012a) stress the importance of a
more comprehensive droplet model.

The occurrence of sessile drops makes it hard to find realistic boundary conditions at
the GDL-surface, if a coupled system of GC and GDL is considered. Often, a value for
the saturation or capillary pressure is specified at the interface (Natarajan and Nguyen,
2001, Berning and Djilali, 2003). Like many others before them, Qin et al. (2012c)
employ the two-phase Darcy approach in both the GDL and the GC, assuming the
GC to be a structured porous medium with a porosity of one. This avoids coupling of
the two domains, but is a poor description of the gas-channel dynamics and does not
account for drop dynamics.

Gurau et al. (2008) and Gurau and Mann (2010) include drop formation and detachment
into a 3D model of the cathode side. They employ a multi-phase multi-fluid REV-scale
model in both the porous GDL and the free-flow GC domain. At the interface, they
assume a saturation equilibrium based on the description of sessile drops. The water
pressure ppm

l is set equal to the internal drop pressure pdrop which in turn depends
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on the drop radius. This leads to a jump in saturation and a discontinuity in the
capillary-pressure gradient at the interface. Drop formation depends on the pore-size
distribution at the interface and the porous-medium water pressure. Drops grow until
they are detached due to gravity and shear forces. Gurau et al. (2008) and Gurau and
Mann (2010) find cyclic variations of the water saturation in areas feeding the drops.
The main limitations of this approach are that one drop per pore is assumed and that
drops do not merge. This yields several small drops per REV.

Berning et al. (2009) also focus on the interface treatment using a stationary 3D multi-
fluid model of the PEM fuel-cell cathode. They derive an interface condition for the
capillary pressure based on the water flux inside the porous medium and the number
of drops at the interface which is assumed to be constant during the simulations. The
interaction of drops and gas flow is not included in the model. They find that the
interface condition has only limited influence on the water saturation within the GDL.
In Berning et al. (2010) the multi-fluid model is extended by a kinetic phase-change
approach. It is used to analyse the effect of an interdigitated flow field in the gas channel.
A more effective water transport is observed. The occurring pressure drop is predicted to
be between 0.3 kPa and 3 kPa in dependence of current density and stoichiometric ratio.
In Berning et al. (2011), the model is extended to account for the polymer-electrolyte
membrane and the anode side. The focus is on a better understanding of the transfer
mechanisms of water through the membrane which are found to depend strongly on the
surface area of the electrolyte in the catalyst layer.

Wang et al. (2011) see the combination of drop dynamics at the GC-GDL interface,
transport processes in all fuel-cell compartments and chemical reactions as a current
research request.

A model coupling free flow in the gas channel to the porous gas-diffusion layer and
accounting for drop dynamics at the interface is presented in section 4.2. The obtained
numerical results are shown in chapter 7.

2.4 Properties of droplets

Drops form within another fluid phase or on solid surfaces due to surface-tension
effects. Drops in a fluid phase are mostly spherical and might deform due to gravity
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Figure 2.6: Drop constitutions showing the static contact angle θ∗, the drop height h, the curvature
radius rdrop and the radius of the contact surface rCA

drop for: a) a wetting drop, b) a
non-wetting drop and c) a drop influenced by flow forces developing contact-angle
hysteresis between advancing θa and receding θr contact angle.

effects and flow forces (e.g. rain drops). The shape of a sessile drop depends on the
wettability. On ideal (flat, homogeneous, smooth, rigid and isotropic) surfaces, a static
or equilibrium contact angle θ∗ establishes (Erbil et al., 2002). The static contact
angle can be determined experimentally by either the sessile-drop, captive-bubble or
Wilhelmy-plate method (Butt et al., 2003).

A completely wetting fluid with respect to the solid surface forms a continuous film
instead of a drop. A wetting fluid forms a drop with a static contact angle θ∗ < 90 ◦ (see
a) in figure 2.6). A non-wetting fluid forms a drop with a static contact angle θ∗ > 90 ◦

(see b) in figure 2.6). Based on the contact angle θ∗, the geometric information of the
drop can be obtained. With the drop height h, the curvature radius rdrop and the radius
of the contact area rCA

drop, the drop volume, surface area, contact area and contact line of
a spherical cap are:

Vdrop = π

3 h2(3rdrop − h) with rdrop = h
1− cos θ∗ , (2.1)

Ao
drop = 2πrdroph, (2.2)

ACA
drop = π(rCA

drop)2 with rCA
drop = r sin θ∗, (2.3)

Ldrop = 2πrCA
drop. (2.4)

At the beginning of the nineteenth century, Thomas Young studied the cohesion of
fluids and capillarity effects in tubes (Young, 1804). Young’s equation (2.5) relates the
static contact angle to the surface tensions of the phases:
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Figure 2.7: a) Force balance at the contact line, where Flg, Fgs, Fsl are the surface-tension forces
between the solid, liquid and gas phases, b) in total, the horizontal components of the
surface-tension forces cancel out.

γlg cos θ∗ = γgs − γls. (2.5)

Until today, Young’s equation is employed as quantitative description of wetting phenom-
ena. It describes optically observable phenomena (Butt et al., 2003) and is valid on the
pore-scale at equilibrium conditions. For a sessile drop at equilibrium conditions, it can
be derived based on thermodynamics by setting the change in Gibbs free energy to zero
and neglecting gravitational forces. Alternatively, it can be obtained from a momentum
balance at the contact line (see figure 2.7 a) and Hassanizadeh and Gray (1993)). Butt
et al. (2007) discuss the limits of the assumption of equilibrium. They conclude that
drops will evaporate in an open system making a thermodynamic derivation of Young’s
equation impossible. However, they do not question its validity. The influence of gravity
is negligible for small drops where the height is smaller than the capillary constant:
h <

√
2γlg
%l

(Butt et al., 2007) or where the Bond number: Bo = %ggd2
drop

γlg
(Bo) is smaller

that 0.1 (Gopalan and Kandlikar, 2014).

Under equilibrium conditions, the surface tension gives the drop its spherical shape
and leads to a circular contact line. Surface tension causes a pressure of curvature or
capillary pressure:

pc = 2γlg
rdrop

. (2.6)

Equation (2.6) is valid for spherical drops surrounded by another fluid (e.g. gas). It
is derived by balancing the surface-tension and volume-changing work (see appendix
A.1). The capillary pressure caused by the curved drop surface (see equation (2.6)) is
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Figure 2.8: Deformed drop.

not constant if the drop deforms. For sessile drops, a geometric factor occurs which
accounts for the form of a spherical cap and surface-tension effects in the contact line
at the bottom of the drop (see appendix A.1):

pc = 2γlg
rdrop

2(1− cos θ∗) + cos θ∗ sin θ∗2

(1− cos θ∗)2(2 + cos θ∗) . (2.7)

For the contact angles in hydrophobic media, like the GDL, this factor is close to 1.0 (see
table A.1.1 in appendix A.1). It does not account for deformed drop geometries which
yield a varying curvature radius and a varying capillary pressure across the drop surface.
Chen et al. (2005), Cho et al. (2012a,b) and Gurau and Mann (2010) use pc = 2γlg

rdrop
and

we will do the same in the course of this work.

The ideal case of a static drop, meaning a drop that does not grow or shrink, is very
unlikely, since a drop tends to evaporate (Butt et al., 2007). Growing or shrinking
causes a movement of the contact line. Consequently, most experiments can only provide
a range for the static contact angle θ∗ given by the advancing θa and receding θr

contact angles (see figure 2.6 c)). The advancing contact angle θa is observed when the
contact area grows and more solid surface is covered. The receding contact angle θr is
observed in the opposite case. The difference between these angles is called contact-angle
hysteresis ∆θmax = θa − θr. Contact-angle hysteresis occurs due to surface roughness,
chemical surface heterogeneities or adsorbed substances. Moreover, a drop subjected to
a surrounding flow field will deform due to the exerted drag force and contact-angle
hysteresis occurs (see figure 2.8).
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Figure 2.8 shows the situation of a sessile drop subjected to forces from an external
flow field inside a gas channel. For a spherical drop at equilibrium, the integral of the
horizontal force contributions along the contact line is zero (see figure 2.7 b)). Hence,
drops are not able to take up force, e.g. drag forces, in any other way but by deformation.

The flow field exerts pressure Fp and shear Fτ forces as well as a force caused by the
dynamic pressure Fpv2 on the drop (see figure 2.8). These forces form the drag force
Fdrag. To calculate the drag force exerted on a drop by fluid flow, different approaches
are possible. Based on principles from fluid mechanics, the following formula can be
used (Zhang et al., 2006, Cho et al., 2012a,b):

Fdrag = 1
2%

m
g |vg|2cw(Re)A, (2.8)

where A is the projected area of the drop normal to the principal flow direction. The
drag coefficient cw depends on the size of the drop and on the Reynolds number (Zhang
et al., 2006):

cw = 24
Re

(1 + 0.1925Re0.63). (2.9)

Zhang et al. (2006) point out that equation (2.8) is only valid for full spheres (non-
deformed sessile drops are spherical caps) subjected to a uniform velocity field. Cho et al.
(2012a,b) propose an empirical expression for cw, stating that it might be impossible to
describe the drag force for all possible channel dimensions (channel height hGC), drop
geometries and flow conditions with only one formula:

cw = 46.247
(

ddrop

hGC

)0.1757

Re
(0.2158

ddrop
hGC

−0.6384) with Re = %g|vg|hGC

µg
. (2.10)

It is also possible to derive the drag force from a force balance:

Fdrag = Fτ + Fp + Fpv2 , (2.11)
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where Fτ is the friction force on the top wall above the drop, Fp is the pressure force
acting across the drop and Fpv2 is the force exerted by the dynamic pressure at the
front of the drop (Chen et al., 2006, Cho et al., 2012a,b). The friction force at the top
wall Fτ i = τij Aj is the shear stress acting on the projected area Aj . Given a Newtonian
fluid and laminar flow, the shear stress is given as:

τij = µα

(
∂vαi
∂xj

+ ∂vαj
∂xi

)
.

The dynamic-pressure force is given as Fpv2 = 1
2%

m
g |vg|2A. The pressure force Fp is

calculated from the pressure difference across the drop Fp = ∆p A. The pressure force
acting on the drop surface is not constant around the drop, but varies due to the variation
of the flow field. The non-symmetrical shape of the drop complicates the calculation of
the force balance. Schillberg and Kandlikar (2007) stress the importance of a correct
description of the drop geometry for the estimation of the drag force. Gopalan and
Kandlikar (2014) develop a correlation between pressure drop, gas velocity and GC
corner angle in trapezoidal fuel-cell GCs to predict the minimum pressure drop required
for drop detachment.

A retention force Fmax
γlg

works against Fdrag (see figure 2.8). The drop detaches from the
surface once the drag force exceeds the surface-tension force which is caused by contact-
angle hysteresis ∆θmax and elongation of the contact area. A geometric description for
the contact area and the drop volume is needed for the estimation of this retention force.
Extrand and Gent (1990) showed in experiments that drops elongate. Qin et al. (2012d)
performed direct simulations of drops emerging from pipes subjected to gas drag. The
resulting contact lines are shown in figure 2.9. Qin et al. (2012d) concluded that the
deformation of the contact line is smaller for hydrophobic surfaces and detachment
occurs faster.

Schillberg and Kandlikar (2007) give a comprehensive overview of existing drop models
and their respective assumptions. Often, a circular contact line is assumed, neglecting
deformation of the contact area and assuming contact-angle hysteresis to be the only
cause for the retention force. Common assumptions for the contact line are:

• two semi-circles with constant contact angles θa and θr respectively (Chen et al.,
2005),



28 2 Theoretical background

Figure 2.9: Contact line movement with time for different static contact angles (top: θ∗ = 110 ◦,
bottom: θ∗ = 170 ◦). (reproduced from Qin et al., 2012d, by permission from ECS –
The Electrochemical Society.).
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• a linear variation of the contact angle along the circular contact line between θa
and θr (Kumbur et al., 2006):

θ(β) = −∆θmax

π
β + θa, (2.12)

• a constant contact angle in the front semi-circle and a linear variation in the tail
half (Basu et al., 1997):

θ(β) = −2β
π
θr +

(
1− 2β

π

)
θa. (2.13)

This yields different possible expressions for the horizontal surface-tension force:

• Chen et al. (2005):

Fmax
γlg

= π(rdrop sin θa)γlg cos(180− θa) + π(rdrop sin θa)γlg cos θr, (2.14)

• Kumbur et al. (2006):

Fmax
γlg

= γlgrCA
dropπ

[
sin(∆θmax − θ∗)− sin θ∗

∆θmax − π
+ sin(∆θmax − θ∗)− sin θ∗

∆θmax + π

]
, (2.15)

• Cho et al. (2012a):

Fmax
γlg

= 4γlgπrdrop sin2 θ∗ sin ∆θmax

2 . (2.16)

Equations (2.14) to (2.16) show that the surface-tension force is proportional to the
radius of the contact area rCA

drop and related to the difference in advancing and receding
contact angle ∆θmax. According to experiments from Extrand and Gent (1990), a greater
force is required to detach a drop with increasing volume. In agreement with equation
(2.15), the critical force per radius is constant for each liquid-solid combination (Extrand
and Gent, 1990). The maximum retention force is given for the maximally sustained
difference in contact angles which can be determined experimentally. Once the maximally
sustained difference in contact angles is reached for a given drop volume, the drop will
detach.
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Drops detach due to a drag force Fdrag in horizontal direction or a lifting force Flift in
vertical direction. Basu et al. (1997) consider the vertical force balance to determine if or
when lifting of the drop occurs. According to Cho et al. (2012a), the drag force overcomes
the retention force more easily. Consequently, the maximum horizontal retention force
is usually used to estimate the critical drag force for detachment. Note that calculating
the drag force and comparing it with the retention force does not allow any conclusion
about the drop’s exact behaviour. Once detached form its initial position, the drop will
either slide or roll on the porous surface, lift into the gas flow or wick into the corners of
the gas-flow channel. Experiments from Eller et al. (2011) show that not only the drop
volume is removed from the surface but drop detachment sucks water from a thin porous
body like a fuel-cell GDL and drains it down to the bottom. In fuel cells, water removal
is influenced by the gas-flow velocity, material properties of GC and GDL, contact-angle
hysteresis and GC cross-section geometry (Gopalan and Kandlikar, 2014).

As mentioned above, evaporation significantly influences drop dynamics. The phase
equilibrium between the liquid drop and the surrounding vapour determines the evapo-
ration rate. The curved surface of the drop leads to a higher saturated vapour pressure
causing increased evaporation rates compared to flat surfaces (Butt et al., 2007). This
is described by the Kelvin equation, which describes the dependence of the vapour
pressure pwsat,Kelvin on the drop radius (Galvin, 2005):

pwsat,Kelvin = pwsat(T )e(
Mκ
%κ<T pc) with pc = 2γlg

rdrop
for drops, (2.17)

where pwsat is the vapour pressure over a flat surface, Mκ is the molar mass of the
component κ, %κ is the liquid density of component κ, γlg is the surface tension and rdrop

is the drop radius. Concave surfaces (like in hydrophilic pores, for example) lead to a
decreased vapour pressure (Mitropoulos, 2008), while convex surfaces (of e.g. drops) yield
higher vapour pressures compared to the reference state. Depending on the curvature,
the sign of the exponent in equation (2.17) has to be chosen. The Kelvin equation is
based on the assumptions that the vapour behaves like an ideal gas, the liquid phase
is incompressible, the pressure is constant inside the drop and the surface tension is
independent of the curvature of the interface. It can be derived based on thermodynamic
principles or on hydrostatic considerations (Galvin, 2005).



2.4 Properties of droplets 31

In still air, the water vapour diffuses outward towards the unsaturated regions. Hence,
the evaporative flux is defined by Fick’s law (Song et al., 2011):

fκevap = −Dw
g %g

xwg
dx A, (2.18)

where Dw
g is the diffusion coefficient of water in the gas phase, xwg is the mole fraction

of water in the gas phase, x is the radial distance and A is the area across which
evaporation occurs. Integrating equation (2.18) from the drop surface to infinity yields
the mass change over time (Erbil et al., 2002, Song et al., 2011):

d%lVdrop

dt
= −4πDw

g rdrop(xwg,drop − xwg,∞)%gf(θ). (2.19)

f(θ) represents the dependence of the evaporation rate on the contact angle. Picknett
and Bexon (1977) derived an expression for f(θ) valid for 10 ◦ ≤ θ < 180 ◦:

f(θ) = 0.5 ·
(
0.00008957 + 0.6333θ + 0.116θ2 − 0.08878θ3 + 0.01033θ4

)
. (2.20)

Bourges-Monnier and Shanahan (1995) assumed purely radial evaporation through the
surface of the spherical-drop cap and proposed the following expression:

f(θ) = − cos(θ)
2 ln(1− cos(θ)) . (2.21)

Picknett and Bexon (1977) found two main modes of evaporation of droplets: evaporation
at constant contact angle and decreasing contact area, and evaporation at constant
contact area and decreasing contact angle. According to Erbil et al. (2002) the dominating
mode for water (contact angle below 90 ◦) is that of constant contact angle. They also
report that this mode was observed for water droplets on poly-tetraflourethylene surfaces
(contact angle above 90 ◦). An estimate of the evaporative flux for a two-dimensional
setting considering advective transport is given in appendix A.2.
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The basic concepts for the description of sessile drops given in this section form the
basis for the coupling concept presented in section 4.2 which accounts for drop dynamics
at the interface between free and porous-medium flow.

The literature review shows that various coupling concepts for free flow and flow in porous
media exist and that efforts have been made to describe transvascular exchange and drop
dynamics in fuel cells. The models range from pore-scale to REV-scale descriptions and
the coupling concepts mostly rely on a simple interface concept. However, a consistent
interface description for processes of varying complexity is still missing. Concerning
drop dynamics in fuel cells, the literature review reveals a need for realistic boundary
conditions between GDL and GC and for the prediction of the drop distribution at the
interface. To fill this gap, we develop an efficient REV-scale approach in the following
chapters that covers coupling approaches ranging from a simple, to a pore-scale and
a complex interface description. The latter accounts for drop formation, growth and
detachment influenced by free gas and two-phase porous-medium flow.



3 Conceptual and mathematical
model: Coupling concept for a
simple interface

The focus of this work is on the description of the interface between porous-medium
and free-flow region. A continuum approach is applied to all compartments. Its basic
assumptions and challenges occurring when bridging scales are laid out in section 3.1. In
this chapter, the conceptual and mathematical basics of the multi-phase compositional
non-isothermal submodels are explained (see sections 3.2 and 3.3).

In Mosthaf et al. (2011) and Baber et al. (2012), we develop a concept to model
evaporation from soil based on the two-domain approach with a simple interface devoid
of thermodynamic properties. The coupling concept is explained in detail in section
3.4 and is extended towards a more complex interface description in chapter 4. All
balance equations and coupling conditions are developed for non-isothermal two-phase
two-component porous-medium flow in contact with a non-isothermal one-phase two-
component Navier-Stokes flow.

3.1 Structures and scales: The continuum approach6

Depending on the level of abstraction, systems can be described on different scales
inducing respective parameters. Volume averaging over an REV7 leads to an averaged

6Parts of this section are taken from Baber, K. (2009). Modeling the transfer of therapeutic agents
from the vascular space to the tissue compartment (A continuum approach). Master’s thesis, Dep.
of Hydromechanics and Modeling of Hydrosystems, IWS, University of Stuttgart.

7Representative volume over which an average is performed to pass from a microscopic to a macroscopic
description (Bear, 1972).
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Figure 3.1: Definition of the REV (adapted from Helmig, 1997).

description of the system with effective parameters (Bear, 1972). For the process of
volume averaging the range of the REV-size is crucial as the averaged quantities have
to be independent of the REV-size within that range. As figure 3.1 shows, the REV
must be neither too small, as inhomogeneities on the micro-scale cause oscillations, nor
too large, as heterogeneities within the domain would be included. Effects that occur
due to heterogeneities on a scale smaller than the chosen one are taken into account by
the effective parameters. Heterogeneities on a larger scale can be considered by spatial
variation of the effective properties. In case of very thin heterogeneous structures, the
definition of the REV is challenging. Alternatively, a thin-porous-medium approach
where the REV-height corresponds the thickness of the porous-medium structure can
be applied (see section 2.2 and Qin and Hassanizadeh (2014)).

The averaging process involves different scales. The finest scale is the molecular scale.
Averaging over a large number of molecules and describing a substance with continuous
average properties and continuous differentiable functions is called continuum approach.
This is the fundamental approach of fluid mechanics (Helmig, 1997, Class, 2001). Water,
for example, is considered as continuous fluid phase with average fluid properties like
density %l and viscosity µl. The overall fluid-flow behaviour is examined instead of
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looking at the movement of single molecules.

In the next instance, the continuum approach leads to the micro-scale or pore-scale on
which the individual pore spaces are resolved. On the micro-scale, the structure and
geometry of the pore network has to be known in order to model fluid flow. Within the
pores fluid flow can be described by the Navier-Stokes equations or with the help of
pore-network models (Blunt, 2000, Blunt et al., 2002, Joekar-Niasar, 2010). Pore-network
models can be quasi-static (Joekar-Niasar et al., 2008) or dynamic (Joekar-Niasar et al.,
2010).

Further averaging yields a macro- or REV-scale description. Instead of resolving the
spatial distribution of solid and fluid phase, volume fractions are considered and effective
parameters like porosity8 Φ or intrinsic permeability9 K are obtained. On the macro-
scale, Darcy’s law is used to describe fluid flow (see section 3.2). For some microscopic
properties, the transition to the macro-scale is not straight forward. Especially the
definition of the macroscopic phase and capillary pressure10 is challenging. Korteland
et al. (2010) discuss averaging procedures for pressure and support the centroid-corrected
averaging operator presented by Nordbotten et al. (2008) as improvement to the usually
applied intrinsic phase average. At equilibrium conditions on the micro-scale, capillary
pressure in a hydrophobic porous medium is defined as:

pmicro
c = 2γlg

R
= pmicro

l − pmicro
g , (3.1)

where R = r̄pore
cos θ is the mean curvature of the interface meniscus in the pore and pmicro

l

and pmicro
g are the microscopic phase pressures. Often, this expression is transferred

directly to the macro-scale, even though a rigorous derivation based on a volumetric
average is not possible since equation (3.1) is valid on the interface only (Hassanizadeh
and Gray, 1993).

8A macroscopic porous-medium property defined as the ratio of void space to bulk volume Φ = Vpores
V

(Bear, 1972).
9Intrinsic permeability solely depends on the properties of the porous medium like pore-size and
pore-shape distribution, tortuosity and porosity. Bear (1972) lists various formulations that relate
K to the matrix properties.

10The pressure difference between two fluid phases across a curved interface. On the micro-scale, it
is given by the Young-Laplace equation. On the macro-scale, Brooks and Corey (1964) and van
Genuchten (1980) provide correlations dependent on the water saturation pc(Sl).
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Figure 3.2: Van-Genuchten parametrisation of the macroscopic capillary-pressure–saturation rela-
tionship (after Gostick et al., 2006).

Hassanizadeh and Gray (1993) also claim that the application of equation (3.1) on the
macro-scale cannot explain the behaviour of measured macroscopic capillary-pressure–
saturation relationships (see figure 3.2). The macroscopic capillary pressure

pc = pl − pg = pc(Sl) (3.2)

must be understood as some function that relates the macroscopic phase pressures and
not as a result of a balance of forces (Hassanizadeh and Gray, 1993). An empirical or
experimentally obtained relation between capillary pressure and saturation (see figure
3.2) is generally applied on the macro-scale to define the relation between the phase
pressures (Brooks and Corey, 1964, van Genuchten, 1980). Hassanizadeh and Gray
(1993) derive an expression for the macroscopic capillary pressure based on rational
thermodynamics, relating pc to a change in free energy of the fluid phases and all existing
interfaces caused by a change in saturation.

In the scope of this work, the subdomains are described on the REV-scale with a classical
continuum approach. In the following sections (3.2 and 3.3), the mathematical models
for the porous and free-flow subdomains are explained.
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3.2 Subdomain model: Porous medium11

The porous-medium model in Ωpm is based on the following assumptions:

• local thermodynamic (mechanical, thermal and chemical) equilibrium,

• a rigid solid phase (subscript s),

• two-phase flow consisting of a liquid phase (subscript l) and a gas phase (subscript
g),

• Newtonian fluids,

• two components being present in each phase: water (superscript w) and air
(superscript a),

• air is considered to be an ideal gas,

• slow flow velocities (Re � 1) allow the application of the multi-phase Darcy’s law
for the phase velocities,

• binary diffusion and a negligible influence of dispersion due to slow flow velocities
and comparatively high diffusion coefficients in the gas phase.

The model allows the transfer of components from one phase to another and is able to
describe vaporisation and condensation as well as dissolution and degassing within the
porous medium. The validity of the assumption of local thermodynamic equilibrium is
investigated in Nuske et al. (2014) who compare the equilibrium model to a model based
on kinetic phase exchange. A similar approach is shown in Berning et al. (2010) and
Wu et al. (2009) where the model is adapted to hydrophobic media and fast free-flow
velocities. Berning et al. (2010) find almost 100% relative humidity in the gas phase
for the given assumptions and constitutive relations supporting the validity of the
local-equilibrium assumption. The non-isothermal model presented here comprises two
mass-balance equations and one energy balance. Table 3.1 summarises the employed
11This section is published in Baber, K., Mosthaf, K., Flemisch, B., Helmig, R., Müthing, S., and

Wohlmuth, B. (2012). Numerical scheme for coupling two-phase compositional porous-media flow
and one-phase compositional free flow. IMA Journal of Applied Mathematics, 77(6):887–909. first
published online July 26, 2012.
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balance equations and chosen primary variables. The definitions of the respective
parameters, material laws and equations of state are listed in table 3.2.

The mass conservation in Ωpm is expressed by one mass-balance equation for each
component κ ∈ {w, a}, where Φ is the porosity, Sα is the saturation12 of the phase α,
xκα stands for the mole fraction of the component κ in the phase α, %α is the molar
phase density (see table 3.2), Dκ,pm

α is the diffusion coefficient in phase α in the porous
medium (see table 3.2) and qκα are given source or sink terms. Different expressions for
the effective diffusion coefficients in hydrophobic porous-media exist and are discussed
in section 7.1.2. The Darcy velocity vα is calculated using the multi-phase Darcy law
(Helmig, 1997) with the relative permeability13 krα of phase α, the dynamic viscosity µα
of phase α, the tensor of intrinsic permeability K and the gradient of the phase pressure
∇pα. Summing up the mass-balance equations for the two components, with xwα +xaα = 1,
and assuming binary diffusion, we obtain the total mass-balance equation. In this case,
the source and sink terms are also summed up for the components, qα = qwα + qaα. It is
now possible to choose equivalently two of the three balance equations for a complete
model description.

Under the assumption of local thermal equilibrium (Tl = Tg = Ts = T ), justified by
slow flow conditions, one single energy-balance equation that accounts for convective
and conductive heat fluxes, the heat sources qT within the domain and the storage of
heat in the fluid phases and the porous material can be applied. In the energy equation,
uα is the specific internal energy of the phase α, %s and cs are the density and specific
heat capacity of the porous medium, hα is the specific enthalpy and λpm is the effective
heat conductivity of the porous medium which depends on the liquid saturation Sl, the
porosity and the heat conductivities of the gas λg, water λl and solid λs phase (see table
3.2). Note, that the energy flux due to diffusive mass transfer is neglected. A detailed
explanation of the model concept applied in the porous medium and of the underlying
assumptions can be found in Class et al. (2002).

12"The fraction of the void volume of the porous medium occupied by phase α within an REV":
Sα = Vα

VREV
(Bear, 1972).

13The saturation-dependent quantity krα(S) describes the influence of the presence of one phase on
the flow behaviour of the other phase and vice versa (Helmig, 1997). Classical examples for relative-
permeability–saturation relations are those after Brooks and Corey (1964) and van Genuchten
(1980).
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Table 3.1: Porous-medium equations and associated primary variables.

Balance equations Primary variable

Mass balance for component κ ∈ {w, a}:∑
α∈{l,g}

Φ∂(%αxκαSα)
∂t

+∇ · fκ − ∑
α∈{l,g}

qκα = 0 (3.3) Sl or xκα
fκ = ∑

α∈{l,g}
(%αvαxκα −Dκ,pm

α %α∇xκα)

Total mass balance:∑
α∈{l,g}

Φ∂(%αSα)
∂t

+∇ · fm −
∑

α∈{l,g}
qα = 0 (3.4) pg

fm = ∑
α∈{l,g}

(%αvα)

Darcy’s law:
vα = −krα

µα
K (∇ pα − %mα g) , α ∈ {l, g}

Energy balance:∑
α∈{l,g}

Φ∂(%αuαSα)
∂t

+ (1− Φ) ∂(%scsT )
∂t

+∇ · fT − qT = 0 (3.5) T

fT = ∑
α∈{l,g}

(%αhαvα − λpm∇ T )

Depending on the local phase state, primary variables have to be chosen and the
secondary variables have to be expressed as functions of the primary variables. Here,
the gas-phase pressure pg, the saturation of the liquid phase Sl and the temperature T
are chosen as primary variables for the two-phase system. Based on this, the secondary
variables can be calculated, using the relations in table 3.2. If one phase disappears
locally, the system of equations is significantly simplified. The saturation cannot be
used as a primary variable any more. Possible choices for the numerical algorithm are
then a primary-variable switch (Class et al., 2002) or the introduction of additional
primary variables and additional constraints in the form of non-linear complementarity
functions as proposed in Lauser et al. (2011). We use the former approach here.
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Table 3.2: Material laws and equations of state dependent on primary variables.

Equations of state References

Secondary variables:
Saturation Sg Sg = 1− Sl
Liquid-phase pressure pl pc = pl − pg Helmig (1997)
Air in water phase xal Henry’s law: xal = pag/H

a
gl

Vapour in gas phase xwg xwg = pwsat,Kelvin/pg
Kelvin equation pwsat,Kelvin = pwsat exp

(
− pc
%l<T

)
Galvin (2005)

Butt et al. (2007)
Mass/mole fractions Xw

α +Xa
α = xwα + xaα = 1

Xκ
α = xκαMκ/(xwαMw + xaαMa)

Parameters:
Density %α %α = f(%κ, xκα, pα, T ) IAPWS (2009)
Component density %κ incompressible fluid, ideal gas Reid et al. (1987)
Viscosity µα µl = µw, µg (Wilke method) Poling et al. (2001)
Surface tension γlg γlg = 0.2358

(
1− T

Tc

)1.256(
1− 0.625

(
1− T

Tc

))
IAPWS (1994)

Diffusion coefficient Dκ,pm
α Dκ,pm

α = τΦSαDκ
α Millington&Quirk (1961)

Acosta et al. (2006)
Tortuosity τ τ = (ΦSα)7/3

Φ2 Millington&Quirk (1961)
Capillary pressure pc pc = f(Sl) van Genuchten (1980)

Acosta et al. (2006)
Relative permeability krα krα = f(Sl) van Genuchten (1980)

Acosta et al. (2006)
Eff. heat conductivity λpm λpm = f(Φ, Sl, λg, λl, λs)
Internal energy uα uα = hα − pα/%α
Enthalpy h
- gas phase hg = xwg h

w + xagh
a

- water phase hl = hw

- component air ha = 1005(T − 273.15 K) Kays et al. (2005)
- component water hw = f(pα, T ) IAPWS (2009)
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Table 3.3: Free-flow equations and associated primary variables.

Balance equations Primary variable

Mass balance for component κ:
∂(%gxκg)

∂t
+∇ · fκ − qκg = 0 , fκ =

(
%gvgx

κ
g −Dκ

g%g∇xκg
)

(3.6) xκg
Total mass balance:
∂%g
∂t

+∇ · fm − qg = 0 , fm = (%gvg) (3.7) pg
Momentum balance (Navier-Stokes equations):
∂(%mg vg)

∂t
+∇ ·

(
%mg vg ⊗ vg

)
+∇ · fv − %mg g = 0 , (3.8) vg

fv = pgI− τ = pgI− µg
(
∇vg +∇vTg

)
Energy balance:
∂(%gug)
∂t

+∇ · fT − qT = 0 , fT = (%ghgvg − λg∇T ) (3.9) T

3.3 Subdomain model: Free flow14

The model in the free-flow domain Ωff is based on the following setup:

• a laminar fully developed flow field,

• binary diffusion,

• single-phase flow of a Newtonian fluid (here a gas phase is considered: α = g),

• two components in the gas phase: water (w) and air (a).

The four equations which are solved in the free-flow domain are shown in table 3.3:
two scalar mass-balance equations (one for the water component and one for the total
mass), one vector-valued momentum-balance equation and one scalar energy-balance
equation. The same notation as in the porous-medium region is used and a compressible
gas phase, which behaves like an ideal gas, is considered. In Fetzer (2012) different
analytical turbulence models are tested and in Mosthaf et al. (2014) the significant
influence of the thickness of boundary layers is stressed. A combination of the newly
14Parts of this section are published in Baber, K., Mosthaf, K., Flemisch, B., Helmig, R., Müthing, S.,

and Wohlmuth, B. (2012). Numerical scheme for coupling two-phase compositional porous-media
flow and one-phase compositional free flow. IMA Journal of Applied Mathematics, 77(6):887–909.
first published online July 26, 2012.
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developed interface descriptions with these relatively new research results is postponed
to future research. Turbulence and boundary-layer effects are not considered in the scope
of this work, but a fully developed laminar flow field is assumed (see chapters 6 and 7 for
respective Reynolds numbers). By assuming gravity to be the only external force, the
Navier-Stokes equations result as momentum-balance equations (Oertel jr., 2012). The
unsteady Navier-Stokes equations shown in table 3.3 are based on Newton’s law and
include the symmetrised gradient of the velocity and the tensor product vg⊗vg = vgv

T
g .

The equations of state shown in table 3.2 are again used to calculate enthalpy and
internal energy.

As primary variables, the pressure of the gas phase pg, the mole fraction of water in the
gas phase xκg , the velocity of the gas phase vg and the temperature T are chosen.

3.4 Coupling concept: Simple interface15

Suitable conditions need to be posed at the interface in order to couple the two domains
explained in the previous sections properly. These conditions are based on the balance
equations and primary variables of the subdomain models shown in table 3.4. The system
is described with a sharp interface and appropriate coupling conditions (two-domain
approach). We make assumptions based on phenomenological explanations to simplify
the description of the interface and get as close as possible to a so-called simple interface
(see figure 3.3).

Figure 3.4 illustrates the processes on the pore-scale: mass, momentum and energy
exchange between the phases of the porous medium and the gas phase in the free-flow
domain takes place. Coupling conditions in form of volume-averaged quantities have to
be found which still account for the pore-scale processes. These conditions are integrated
into the REV-scale models explained in sections 3.2 and 3.3. The coupling is motivated
by the assumption of thermodynamic equilibrium. However, due to the different model
concepts applied in the two subdomains, rigorous thermodynamic equilibrium consisting
of mechanical, thermal and chemical equilibrium cannot be completely achieved. Based
on phenomenological explanations, assumptions are made that result in conditions that
15This section is published in Mosthaf, K., Baber, K., Flemisch, B., Helmig, R., Leijnse, A., Rybak,

I., and Wohlmuth, B. (2011). A coupling concept for two-phase compositional porous media and
single-phase compositional free flow. Water Resources Research, 47:W10522556.
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Table 3.4: Summary of the balance equations describing the different submodels and listing of the
according primary variables.

Balance equations Primary variables

Free-flow region:
mass balance (3.7) pg
component mass balance (3.6) xwg
momentum balances (3.8) vg
energy balance (3.9) T

Porous-medium region:
mass balance (3.4) pg
component mass balance for κ = w (3.3) Sl or xκα
energy balance (3.5) T

Free Flow (FF)

Porous Medium (PM)

SIMPLE INTERFACE

FF

PM
mass momentum energy

BUNDLE-OF-TUBES CONCEPTFF

PM

DROP CONCEPT

PM

FF

Figure 3.3: A simple interface devoid of thermodynamic properties couples free-flow and porous-
medium region.
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Water Air Solida) Water Air Solidb)

c) d)

Figure 3.4: Transition from pore-scale to a volume-averaged description: a) on the pore-scale shear
stresses occur due to interactions between the gas phase in the free-flow region and the
gas, fluid and solid phases in the porous medium, b) a volume-averaged description has
to account for all these contributions while the different phases of the porous medium
are not locally resolved any more, c) exchange processes also occur between the two
mobile phases of the porous medium and the free gas phase (pore-scale description), d)
on the REV-scale, coupling conditions account for these processes without resolving
them locally (reproduced from Mosthaf et al., 2011).

are physically meaningful and as close to thermodynamic equilibrium as possible. This
leads to a solvable but still simple model that accounts for the physics at the interface.

The mechanical equilibrium (equilibrium of forces) is given by

1. the continuity of the normal stresses (3.11c) resulting in a possible jump in the
gas-phase pressure,

2. the continuity of the normal mass fluxes (3.13),

3. a condition for the tangential component of the free-flow velocity. Here, the
Beavers-Joseph-Saffman condition (3.12) is used, despite its theoretical limitations
to single-phase parallel flow, its empirical character and the difficulty of determining
the Beavers-Joseph coefficient.
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The thermal equilibrium is given by

1. the continuity of the temperature (3.14),

2. the continuity of the normal heat fluxes (3.15).

The chemical equilibrium is defined through the continuity of the chemical potential
in the gas phase. In the case of continuous pressure, this results in the continuity of
the mole fractions at the interface. However, due to the pressure jump arising from
the continuity of normal stresses, continuity of chemical potential cannot be presumed.
Nevertheless, we assume continuity of mole fractions, see coupling condition (3.18), and
note that this results in a possible discontinuity of the chemical potential. Furthermore,
we require continuity of the component fluxes (3.19) across the interface.

Based on the physical equilibrium equations, we work out our mathematical and physical
interface model in the following subsections. Figures 3.5 to 3.7 illustrate the conditions
of thermodynamic equilibrium on the pore and REV-scale. The pore-scale processes are
simplified and shown for illustrative reasons only. Their purpose is to help to understand
the phenomenological explanations for the presented coupling conditions.

3.4.1 Mechanical equilibrium

On the pore-scale, the mechanical equilibrium at the interface has to be formulated
between the gas phase in the free-flow region and the gas, solid and water phase in the
porous medium (see figure 3.5). On the REV-scale, one condition has to be found that
accounts for the equilibrium between the gas phase in the free-flow region and all three
phases in the porous medium, since the distribution of phases is not resolved any more.

Therefore, the interface traction is decomposed into its normal and tangential contribu-
tion. The normal component of the traction tensor of a Newtonian fluid at the interface
is given by:

σn = (−pgI + τ ) n =
[
−pgI + µg∇

(
vg + vTg

)]
n. (3.10)

It acts as a surface load on the fluid volume inside Ωff . Thus, the force on the interface Γ
is equal to −σn. Additionally, the inertia forces

(
−%mg vg ⊗ vg

)
n have to be considered.
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Figure 3.5: Mechanical equilibrium at the pore scale and at the REV-scale (normal component).
The coupling conditions on the REV scale have to account for the traction between
the gas phase in the free-flow region and the gas, solid and water phase in the porous
medium. Capillarity effects occur at the interface between the fluid phases in the
porous medium as well as at the interface to the gaseous free-flow region. On the
REV-scale capillary pressure is a function of the water saturation (reproduced from
Mosthaf et al., 2011).

At the porous-medium side of the interface, slow flow velocities are assumed and Darcy’s
law is used. Viscous stresses τ have not to be treated explicitly since they are already
accounted for in the permeability, see e.g. Whitaker (1999). Consequently, only the
pressure forces acting on Γ have to be taken into account in Ωpm.

Under the assumption of a rigid solid phase and no-slip at the solid-phase surface, no
interface condition between gas phase and solid phase needs to be formulated. Mechanical
equilibrium between the gas phases in the two domains is represented by the continuity
of momentum fluxes shown in equation (3.11a). There, Ag denotes the contact area
between free gas phase and the gas phase in the porous medium. In order to identify the
coupling conditions between the liquid and the gas phase across the interface, the pore
scale processes must be considered. In the porous medium, capillarity effects occur at
the gas-liquid interface (see figure 3.5) due to interfacial tension. The result is a pressure
discontinuity across the interface of the two fluids which is defined as capillary pressure
(see section 3.1). The pore-scale equation (3.1) is valid only for circular tubes and shows
capillary pressure as a function of the surface tension γlg, contact angle θ and pore
radius r̄pore. The concept of pore-scale capillarity is transferred to the REV-scale by
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considering macroscopic capillarity through the capillary-pressure–saturation relation
(3.2). Note that capillarity effects occur at the interface of the gas and liquid phase in
the porous medium as well as at the interface Al of water filled pores and the gaseous
free-flow region (see figure 3.5). Following the same reasoning as inside the porous
medium, the gas phase at the free-flow side of the interface has to balance the sum of the
water pressure and the macroscopic capillary pressure (see equations (3.2) and (3.11b)).
By summing up equations (3.11a) and (3.11b), equation (3.11c) results as coupling
condition representing the continuity of normal forces across the whole interface on the
REV-scale.

[
Ag n · ((%mg vg ⊗ vg + pgI− τ )n)

]ff
= [pgAg]pm (3.11a)[

Al n · ((%mg vg ⊗ vg + pgI− τ )n)
]ff

= [(pl − pc(Sl))︸ ︷︷ ︸
pg

Al]pm

(3.11b)
(3.11a) + (3.11b)

[
n ·

((
%mg vg ⊗ vg + pgI− τ

)
n
)]ff

= [pg]pm (3.11c)

The capillary pressure at the interface in (3.11b) might be different from the capillary
pressure inside the porous medium. This difference in the capillary pressure is assumed
to be negligible and the same capillary-pressure–saturation relation as inside the first
layer of the porous medium is applied. Due to condition (3.11c), the pressure is possibly
discontinuous at the interface and a jump in the pressure-dependent variables, such as
density and viscosity, can be expected. Pressure is usually a continuous thermodynamic
property. The discontinuity arises from the use of different model concepts and causes a
first perturbation of the thermodynamic equilibrium. We note that (3.11c) is exactly
the pressure drop in the artificial boundary condition derived in Heywood et al. (1996).

Now, a condition for the tangential component of the velocity in the free-flow domain
is required. Therefore, we follow the same lines as Beavers and Joseph (1967). They
state that the slip velocity along the interface is proportional to the shear stress at the
interface. With the simplification of Saffman (1971), i.e. neglecting the small tangential
velocity in the porous medium at the interface, the Beavers-Joseph-Saffman condition
can be written as, (Layton et al., 2002),
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gas phase

gas phase water phasesolid phase

Figure 3.6: Mechanical equilibrium at the pore-scale and at the REV-scale (tangential component).
The coupling conditions on the REV-scale have to account for the traction between
the gas phase in the free-flow region and the gas, solid and water phase in the porous
medium (reproduced from Mosthaf et al., 2011).

[(
vg +

√
Ki

αBJ µg
τ n

)
· ti
]ff

= 0, i ∈ {1, . . . , dim−1} (3.12)

where ti, i ∈ {1, . . . , dim−1}, denotes a basis of the tangent plane of the interface Γ.
The parameter Ki is the corresponding component of the porous-medium permeability
and equals Ki = (Kti) · ti.

The Beavers-Joseph coefficient αBJ has to be determined numerically or experimentally
and has to be valid for a two-phase system. Figure 3.6 illustrates that the Beavers-Joseph
coefficient should account for the traction between the gas phase in the free-flow region
and the gas, solid and water phases in the porous medium. With a difference in viscosity
between gas and water of three orders of magnitude, the no-slip condition is assumed to
be valid not only for the solid phase but also for the liquid-phase surface. Thus, the
Beavers-Joseph coefficient is also a function of the water saturation Sl.

The determination of the Beavers-Joseph coefficient for two-phase systems will be a
demanding task. However, it remains to be seen whether the tangential velocity at the
free-flow side of the interface has a significant influence on the evaporation process. If
numerical experiments will show a significant impact of this condition, equation (3.12)
might be replaced by a more sophisticated condition, e.g. derived from volume-averaging
theory, in order to account more precisely for the influence of the multi-phase behaviour,
the surface roughness, the boundary layer and the shear stresses at the interface.

Additional to the mechanical equilibrium, the continuity of fluxes across the interface
has to be guaranteed. The mass-balance requires the sum of the fluxes at the interface
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to be equal to zero. In the free-flow region, one phase is present, whereas in the porous
medium we have to take both fluid phases into account. Direct evaporation of the normal
water flux is assumed. Hence, the gas phase in the free-flow region takes up both the
gas and liquid mass flux and the continuity equation for the normal phase fluxes reads:

[%gvg · n]ff = − [(%gvg + %lvl) · n]pm . (3.13)

3.4.2 Thermal equilibrium

The assumption of local thermal equilibrium at the interface provides two continuity
conditions for the primary variable T and for the associated heat flux,

[T ]ff = [T ]pm, (3.14)

and

[(%ghgvg − λg∇T ) · n]ff = − [(%ghgvg + %lhlvl − λpm∇T ) · n]pm . (3.15)

As we assume that the normal water flux from the porous medium evaporates totally
and immediately at the interface (see equation (3.13)) the enthalpy of vaporization
∆hvap is included in the formulation of enthalpy to account for the phase change. For
alternatives to this equilibrium condition, we refer to Alazmi and Vafai (2001).

3.4.3 Chemical equilibrium

The chemical equilibrium at the interface can be considered as an equilibrium between
three compartments and two phases (see figure 3.7). On the micro scale, the equilibrium
of the chemical potentials of the component water ψwα , α ∈ {l, g} can be stated from
pair-wise considerations corresponding to figure 3.7, under the assumption that the gas
phase is separated by the interface,
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gas phase

gas phase water phasesolid phase
=

Figure 3.7: Chemical equilibrium at the pore-scale and at the REV-scale. On the micro-scale,
equilibrium conditions between the gas phase in the free-flow region and the two phases
in the porous medium have to be formulated, consisting of continuity of chemical
potential. On the REV-scale, continuity of chemical potential between the phases
inside the porous medium is assumed and continuity of mole fractions is applied
as coupling condition between the gas phase in the free flow and porous medium
(reproduced from Mosthaf et al., 2011).

[
ψwg
]ff

= [ψwl ]pm , (3.16a)[
ψwg
]ff

=
[
ψwg
]pm

. (3.16b)

In the subdomain model, the equilibrium between the gas and the liquid phase within the
porous medium, [ψwl ]pm =

[
ψwg
]pm

, is already satisfied (see section 3.2). As a consequence,
only (3.16b) has to be imposed at the interface. On the REV-scale, continuity of the
chemical potential cannot be postulated since the continuity of the normal forces (3.11c)
leads to a jump in the gas-phase pressure. As stated before, this pressure difference is due
to differences in the model concepts applied in the subdomains. More precisely, it is due to
the application of the potential theory in the porous-medium region where shear stresses
are not explicitly resolved. These small differences in pressure cause discontinuities in
the chemical potentials and/or mole fractions. Assuming all components to be ideal,
the difference in the chemical potential can be written as (Atkins and de Paula, 2006):

ψff(pff
g )− ψpm(ppm

g ) =
[
<T ln

(
xwg
pg
p0

)]ff

−
[
<T ln

(
xwg
pg
p0

)]pm

= ln


[
xwg pg

]ff[
xwg pg

]pm


<T

,

(3.17)

where p0 is the reference pressure and < is the universal gas constant. However, the
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magnitude of the difference in chemical potential is not known and a condition for the
mole fractions cannot be deduced. Therefore, we assume the continuity of the mole
fractions as a coupling condition:

[xκg ]ff = [xκg ]pm, κ ∈ {a, w}. (3.18)

Naturally, the continuity of the component fluxes across the interface is required for
κ ∈ {w, a}:

[(
%gvgx

κ
g −Dκ

g%g∇xκg
)
· n
]ff

=

−
[(
%gvgx

κ
g −Dκ,pm

g %g∇xκg + %lvlx
κ
l −D

κ,pm
l %l∇xκl

)
· n
]pm

. (3.19)

Based on the same reasoning as for the total mass fluxes, the component fluxes of both
fluid phases of the porous medium that flow across the interface are added and balanced
with the component fluxes in the gas phase of the free flow. Summing up equations
(3.19) for κ ∈ {w, a} results in the continuity of total mass flux (3.13). Two of the three
conditions (3.13) and (3.19) can be chosen equivalently, according to the set of balance
equations that is used in the submodels.

Note that the diffusion coefficients in both domains differ from each other. For the
free-flow domain, the binary diffusion coefficient Dκ

g (dependent on temperature and
pressure) is used, whereas for the porous medium, the diffusion coefficients Dκ,pm

α are
functions of the properties of the solid porous medium and the fluids.

Furthermore, if the liquid phase at the porous-medium side of the interface disappears,
the previously mentioned primary-variable switch is triggered in the porous medium
and the mole fraction xwg is used as a primary variable instead of the saturation. The
coupling simplifies to a single-phase two-component system. Water can be transferred
only by vapour diffusion and by advective transport in the gas phase over the porous-
medium–free-flow interface.

The applicability of the presented coupling concept is shown in Mosthaf et al. (2011)
for evaporation from a partially saturated porous medium influenced by an ambient



52 3 Coupling concept for a simple interface

air flow. The influence of temperature, Beavers-Joseph coefficient and permeability is
investigated in Baber et al. (2012). The Beavers-Joseph coefficient was found to have a
negligible influence on the evaporation rate. Mosthaf et al. (2014) asses the influence of
porosity, permeability, heat conductivity, radiation and pc-Sl relation. They find, that
the evaporation rate is influenced by pore-scale-induced non-linearities, which have to
be included in the REV-scale model. Especially the surface-water content was found to
be important.

The presented simple interface concept allows the coupling of one-phase Stokes and two-
phase Darcy flow. It can describe mass, component, momentum and energy transport
inside the subdomains and across the interface. Hence, evaporation and condensation
at the interface as well as the mutual influence of the subdomain conditions can be
simulated. In the next chapter, a first step towards the consideration of pore-scale
interface effects is shown and the coupling concept is extended to account for drop
dynamics at the interface.



4 Conceptual and mathematical
model: Coupling concepts for a
complex interface

The concept of a simple interface was explained in detail in the last section (3.4) (Mosthaf
et al., 2011, Baber et al., 2012). However, the formation of drops or films on the porous
surface have a significant influence but have not been considered in the REV-scale
coupling approaches until now.

In case of an interface layer between free and porous-medium flow, a region much
thinner than the surrounding domains strongly influences the behaviour of the whole
system. Hence, an adequate description for these possibly complex, heterogeneous, thin
structures has to be found. One possibility is to use a micro- or pore-network model to
resolve the interface region (transition zone or interface layer). In section 4.1, a first
step towards a coupled micro-macro model is shown. The interface layer is described by
a bundle-of-tubes concept and integrated monolithically into the coupled system. The
coupling concept is explained theoretically, but has never been implemented and tested.
A concept including drop dynamics is the ultimate goal of this work and an intensive
analysis showed that a full tube model is not required to describe drop formation.

The coupling concept of the simple interface is extended further to account for drop
dynamics on the free-flow side of the interface (see section 4.2). The drops are not
resolved but integrated into the REV-scale coupling concept which accounts for the
physics of drop formation, growth and detachment (Baber et al., 2014). The resulting
complex interface includes the mass and energy of drops that form on the interface.

In both the bundle-of-tubes and the drop coupling concept the definition of the pressure
condition is challenging due to the scale-dependent definition of pressure. The issue
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of the definition and combination of pore- and REV-scale pressure and the resulting
conditions for mechanical equilibrium are summarised and discussed in section 4.3.

All balance equations and coupling conditions are developed for non-isothermal two-phase
two-component flow in a hydrophobic porous medium in contact with a non-isothermal
one-phase two-component free flow. All assumptions from the previous section hold:
local thermodynamic equilibrium is attempted, a rigid solid phase with no slip on the
solid surface is assumed and direct evaporation of water at the interface is enforced.

4.1 Complex interface: Bundle-of-tubes model

As mentioned before, the interaction of free-flow and porous-medium systems (see
sections 3.2 and 3.3) can be determined by an interface layer. Possibly, its complex
structure cannot be described by a simple interface. In the case of transvascular flow
(see section 6), for example, the micro-vascular wall is a thin heterogeneous structure
determining the exchange between vascular and tissue compartment. In diapers, layers of
different thickness ensure the absorption and retention of fluids. Such thin, heterogeneous
structures can be described as 2D-continua (see section 2.2) or resolved by pore-network
models. In both cases, the coupling to surrounding full-dimensional macro-models is
necessary. To include a pore-scale interface model, coupling conditions from the free-flow
to the pore-scale model and from the pore-scale to the porous-medium model have to be
defined. As a first step, the pore-scale model will be substituted with a bundle-of-tubes
concept of thickness δ with a known analytic solution (see figure 4.1). This description
is based on the pore-size distribution which is sorted into classes of tubes with mean
radius r̄pore with fr̄pore percent of pores and nr̄pore = ΦAΓfr̄pore

Apore
pores per class (see figure

4.2 and Gurau et al. (2008)). The pores are assumed to be straight and circular so that
corner flow does not occur. Furthermore, gravity is neglected. Incompressible Poiseuille
flow occurs inside the tubes perpendicular to the interface (Benziger et al., 2005):

vpore = −(r̄pore)2

8µg
∆pg
δ
. (4.1)

The coupling concept for free and porous-medium flow across a bundle-of-tubes model
is first described for one phase and one pore (see figure 4.3). Then, it is shown for several
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Figure 4.1: A pore-scale bundle-of-tubes approach couples free-flow and porous-medium region.

Figure 4.2: Pore-size distribution at the interface which is sorted into classes of tubes with mean
radius r̄pore with fr̄pore percent of pores and nr̄pore pores per class.
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Figure 4.3: Force and flux balance for one pore.

tubes. Finally, it is expanded to couple a one-phase free-flow to a two-phase porous-
medium system. The free-flow system is simplified to the Stokes equation neglecting
inertial forces.

Figure 4.3 shows that the flux from the porous medium across the interface fpm · n =
vpm
g %g · nAΓ has to be equal to the flux in the pore fpore = vpore%gπ(r̄pore)2, which in

turn has to equal the free-flow flux fff · n = vff
g %g · nAΓ. Equation (4.2) is sufficient as

coupling condition for the conservation of mass:

[%gvg · n]pm = [%gvg · n]ff . (4.2)

To define mechanical equilibrium, pore- and macro-scale pressure have to be combined.
As mentioned in section 3.1, Hassanizadeh and Gray (1993) and Nordbotten et al. (2008),
the transition from pore- to REV-scale pressure is challenging. The REV-scale models
(see sections 3.2 and 3.3) only provide averaged quantities. Here, the micro-scale pore
pressure ppore is assumed to be equal to the macro-scale porous-medium pressure ppm at
the bottom of the tubes. This assumption is discussed in detail in section 4.3. In the free-
flow region, the normal shear stress has to be considered ppore = [n · ((pgI− τ )n)]ff due
to the different model concepts employed in the free-flow and tube model. Consequently,
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the following equilibrium conditions can be defined (see also figure 4.3):

[n · ((pgI− µg∇vg) n)]ff = ptop
pore, (4.3)

ptop
pore = vpore

8µg
(r̄pore)2 δ + pbottom

pore , (4.4)

pbottom
pore = ppm

g . (4.5)

In Equation (4.4), the pressure at the bottom (see equation (4.5)) and the pressure at
the top of the pore (see equation (4.3)) are related by a one-dimensional (1D) pipe flow
described by the Hagen-Poiseuille equation (4.1). These conditions can be combined to
the definition of mechanical equilibrium:

[n · ((pgI− τ ) n)]ff = vpore
8µgδ

(r̄pore)2︸ ︷︷ ︸
∆p

+ppm
g with vpore = [vg · n]pm AΓ

π(r̄pore)2 . (4.6)

The pore velocity vpore results from the continuity of fluxes.

For a bundle of tubes, the continuity condition (4.2) and the mechanical equilibrium
(4.6) remain valid. To obtain the pore velocity, the flux fff coming from the free-flow or
fpm coming from the porous-medium region has to be divided up into the fluxes through
parallel pores. According to Helmig and Class (2004), the energy loss in all tubes of a
parallel tube system has to be equal. Assuming Poiseuille flow and a constant velocity
across the tube height δ, and neglecting gravity yields the same pressure difference in all
pores but different velocities and fluxes. Thus, it is not necessary to find an appropriate
averaging procedure for the pore pressure. The pore pressure is used directly in the
definition of mechanical equilibrium.

Flux continuity yields:

[%gvg · n]pm AΓ = [%gvg · n]ff AΓ = Φ
∑
r̄pore

−(r̄pore)2

8µg
%g

∆pg
δ
π(r̄pore)2nr̄pore . (4.7)

Here, all fluxes through the pores are summed up (Balhoff et al., 2008) and are set equal
to the fluxes of the REV-scale models to obtain a mass-conservative flow field. Note,
that the pore velocity has to be multiplied by the porosity Φ to bridge the gap between
pore- and REV-scale. Consequently, the pressure difference ∆p needed for equation (4.6)
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can be expressed as:
∆p = [%gvg · n]pm AΓ δ

Φ ∑
r̄pore
− (r̄pore)2

8µg %gπ(r̄pore)2nr̄pore

. (4.8)

The reasoning from above can also be applied to a two-phase porous-medium system in
contact with gaseous free flow. In this case, the ratio of water-filled pores to the total
number of pores has to be known. Water has to overcome the entry pressure to enter a
pore. The entry pressure is given by the Young-Laplace equation:

pc = 2γlg cos θ
r̄pore

, (4.9)

where γlg is the surface tension and θ is the contact angle between wetting phase and
solid material. Pores are invaded by water once the porous-medium water pressure ppm

l

is larger than the sum of free-flow gas pressure and capillary pressure of the curved
interface:

pff
g + 2γlg cos θ

r̄pore
≤ ppm

l . (4.10)

The applicability of this microscopic pressure equilibrium to the macro-scale is discussed
in section 4.3.2. With equation (4.10), the pores which fill with water can be identified.
In a hydrophobic medium, like fuel-cell diffusion media, the largest pores are filled
first. Tubes are assumed to fill instantaneously with water once the entry pressure
is overcome. Thus, the tubes are either fully saturated with water or fully saturated
with gas. Knowing the respective cross-section of water- and gas-filled pores, AΓl and
AΓg, the flux continuity and mechanical equilibrium can be defined. The fluxes from
the porous-medium split up into the water- and gas-filled pores. Following the same
reasoning as in section 3.4.1, all water coming from the porous medium or from the
water-filled pores has to end up in the free-flow region causing complete evaporation
at the interface. Consequently, the flux-continuity condition looks similar to equation
(3.13):

[(%gvg + %lvl) · n]pm AΓ

= Φ
∑

r̄pore∈g
vpore(r̄pore)%gAg,porenr̄pore + Φ

∑
r̄pore∈l

vpore(r̄pore)%lAl,porenr̄pore

= [%gvg · n]ff AΓ. (4.11)
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Here, the first term behind the first equals sign sums up all fluxes through gas-filled pores
(r̄pore ∈ g), the second term sums up all fluxes through water-filled pores (r̄pore ∈ l).

Furthermore, the gas and water fluxes from the porous medium equal the gas and water
fluxes in the pore-scale model respectively:

[%lvl · n]pm AΓl = Φ
∑

r̄pore∈l
vpore(r̄pore)%lAl,porenr̄pore , (4.12)

[%gvg · n]pm AΓg = Φ
∑

r̄pore∈g
vpore(r̄pore)%gAg,porenr̄pore , (4.13)

where AΓl = ∑
r̄pore∈l

Al,pore = ∑
r̄pore∈l

π(r̄pore)2 is the area of the interface available for water

flow and AΓg = ∑
r̄pore∈g

Ag,pore = ∑
r̄pore∈g

π(r̄pore)2 is the area of the interface available for

gas flow.

The pressure condition for the gas phase is the same as condition (4.6). Pore and
porous-medium water pressure at the bottom of water-filled pores are assumed to be
equal. At the top of the pore, meaning at the interface to the free flow, the capillary
pressure has to be considered. Here, the pore-scale capillary pressure (4.9) converts
the pore water pressure into the pore gas-phase pressure. Employing an area-weighted
average, the definition of mechanical equilibrium is given by:

[n · ((pgI− τ ) n)]ff AΓ = ptop
g AΓg + (ptop

l − pc)AΓl, (4.14)

where the pressure at the top of the pore-model ptop
α is defined as:

ptop
α = ppm

α + [%αvα · n]pm AΓαδ

Φ ∑
r̄pore∈α

− (r̄pore)2

8µg %gπ(r̄pore)2nr̄pore

. (4.15)

The conditions (4.11) and (4.15) include the flow resistance of the interface defined by
a bundle-of-tubes model. As in section 3.4, the Beavers-Joseph-Saffman condition (3.12)
defines the tangential slip velocity at the interface. The Beavers-Joseph coefficient αBJ

has to be determined dependent on the ratio of water- and gas-filled pores. The coupling
concept needs to be extended to component and energy transport.

The general concept can be transferred to couple a pore-network model to the free
and porous-medium REV-scale models. Balhoff et al. (2008) showed the coupling of
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pore-network and REV-scale porous-medium models using mortar elements. One of the
main advantages of the mortar method is that the pressure is mapped from the mortar
space onto the subdomains so that flux continuity is given (Arbogast and Brunson,
2007). The understanding gained by coupling pore- and REV-scale models might help to
develop appropriate 2D-continuum descriptions for a complex interface layer. Moreover,
a pore-scale model provides information about the location of water-filled pores so that
the effects of the variation of the surface water content discussed in Mosthaf et al. (2014)
can be captured.

4.2 Complex interface: Drop concept16

In the previous section, the interface was resolved and the pores approximated by a
bundle-of-tubes concept. Now, the description is modified, giving the interface REV-
character. In contrast to the simple interface concept explained in section 3.4, the
interface can now store mass and energy. Hence, the REV-scale coupling conditions
from section 3.4 are extended to a complex interface which accounts for drop dynamics
(see figure 4.4). Note, that this section is an extension of section 3.4. All assumptions
and explanations noted therein will not be mentioned explicitly again.

When a two-phase porous medium is in contact with free gas flow, it may happen that
water flowing towards the free-flow region does not fully evaporate at the interface.
Driven by capillary forces, the water emerges from the pores as liquid phase and forms
drops or puddles on the porous-medium surface. These drops will grow and merge until
they detach eventually due to the drag force exerted by the gas flow. Decreasing the
cross-section available for the free gas flow, the drops have a significant influence on
the flow conditions within the free-flow region. The emergence and growth of drops and
their influence and interaction with the free gas flow is a complex interplay of different
processes and forces. Sinha and Wang (2008) point out that the interface wettability and
the corresponding water behaviour influence the saturation within the porous medium.
Water removal from the surface by gas drag is significantly influenced by the wettability

16Parts of this section are published in Baber, K., Flemisch, B., and Helmig, R. (2014). Modelling
drop dynamics at the interface between free and porous-medium flow using the mortar method.
submitted to International Journal of Heat and Mass Transfer.



4.2 Complex interface: Drop concept 61

Free Flow (FF)

Porous Medium (PM)

FF

PM

SIMPLE INTERFACE

mass momentum energy

BUNDLE-OF-TUBES CONCEPTFF

PM

DROP CONCEPT

PM

FF

Figure 4.4: The interface concept accounts for drop formation, growth and detachment. The
coupling conditions account for the mass and energy of the drop.

(see section 2.4). In the following, a hydrophobic medium is considered motivated by
the hydrophobic gas-diffusion layer of PEM fuel cells.

The model describes drop formation, growth and detachment. Merging or coalescence
of drops cannot be resolved by the model since the drop surfaces and distances are not
tracked by the averaged continuum approach. The model neither describes the fate of the
drops after they are detached. A detached drop can either slide on the porous-medium
surface, lift and float or wick into the film flow in the corners of the gas channel. Such
processes are not yet resolved by the current model since the focus is on the interface
description and drop formation. Thus, the influence of the hydrophilic gas-channel walls
cannot be assessed by the developed model.

Direct simulations have been employed to describe the formation of drops from partially
saturated porous media and their fate (Theodorakakos et al., 2006, Qin et al., 2012d,
Cho et al., 2012b). The motivation of this work, however, is to integrate the occurrence
of droplets into the REV-scale interface concept. The formation, growth and detachment
as well as the influence on the free gas flow is described in an averaged manner without
resolving the drops. The coupling conditions for free flow and porous-medium flow (see
section 3.4) will be extended based on phenomenological descriptions of the pore-scale
processes.

To account for the drops as part of the coupling conditions, assumptions have to be
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Figure 4.5: Simplified spherical drop.

made (see figure 4.5):

• static, equilibrium conditions and applicability of Young’s equation,

• symmetrical, non-deformed drop, except for calculating the retention force Fmax
γlg

,

• constant pressure around drop,

• constant curvature of the drop surface,

• rapid mixing: constant temperature, mole fractions and pressure inside the drop,

• neglect gravity (see section 2.4),

• slow free flow: the applicability of expressions for evaporative fluxes derived for
drops in still air and constant-contact-angle evaporation mode is assumed (Picknett
and Bexon, 1977, Erbil et al., 2002, Song et al., 2011)(see section 2.4),

• to calculate the retention force:

– The maximally sustained contact-angle hysteresis is taken as a material
parameter (see section 2.4). According to Quéré et al. (1998) and Extrand
and Gent (1990), it is characteristic for a combination of liquid and solid and
not dependent on the drop volume.
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– A circular contact line is assumed, neglecting elongation of the contact area
(Chen et al., 2005, Kumbur et al., 2006).

It was said in section 2.4, that Young’s equation (2.5) is only valid under equilibrium
and if drops do not touch the channel walls (Kandlikar et al., 2014). A drop emerging
from a porous medium grows due to the water flux from the porous medium and partly
evaporates. Sinha and Wang (2008) describe the drop-growth process on a mixed wet
surface. In reality, the contact angle varies while the drop is growing until a threshold
value is reached. Theodorakakos et al. (2006) claim that the drop shape does not change
during the growth process as long as the drop is not subjected to an external flow field.
In that case, the drag force of the GC-flow field leads to deformation and the dynamic
change in contact angle determines the drop shape. Due to these processes, the drops are
not in equilibrium and contact-angle hysteresis occurs. Kandlikar et al. (2014) state that
measurements of the dynamically varying contact angle are required to understand the
droplet behaviour and interaction with the gas-channel walls. Nevertheless, equilibrium
and static conditions are assumed here. The static contact angle θ∗ being a material
parameter is used to calculate the radius of curvature and all other geometric information
(see equations (2.1)-(2.4)). These assumptions are generally made in the literature (Chen
et al., 2005, Kumbur et al., 2006).

4.2.1 REV drop concept

To realise the REV interface concept indicated above, an area of influence for one drop
(a drop-REV) Ωdrop is chosen, where the total interface area AΓ is an integral multiple of
|Ωdrop|: AΓ = n · |Ωdrop| n ∈ N (see figure 4.6). All water-filled pores within one Ωdrop

feed one single drop. Thus, there is only one drop per drop-REV. The choice of Ωdrop

determines the possible number of drops. The numerical realisation and the resulting
limitations and numerical results are discussed in chapter 5 and 7.3.3.

Figure 4.6 illustrates the conceptual idea. On the left-hand side, free flow and porous
medium are coupled across the interface Γ. The interface conditions have to account
for the pore-scale processes depicted on the right-hand side in an averaged continuum
manner. The drop can be imagined as part of the interface sitting between bottom
free-flow and top porous-medium boundary. Free flow and porous medium interact
directly across Afree and through the drop across the contact area ACA

drop. To fulfil the
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Free Flow (FF)
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Figure 4.6: Conceptual model: The interface Γ between free flow and porous medium is divided
into an integral number of areas of influence Ωdrop. There is one drop per area of
influence. The area of influence is partly covered by the drop Ωdrop = Afree + ACA

drop.

conservation laws, mass that enters the drop across ACA
drop from the porous medium can

either be stored within the drop or enter the free-flow region across an area equivalent
to ACA

drop. Following the REV approach further, the exact location of drop-free and
drop-covered interface is not needed. Only the area fractions of each interface status
are required: adrop = ACA

drop
|Ωdrop|

and ag = Afree
|Ωdrop|

. Equivalently, aodrop = Aodrop
|Ωdrop|

describes the
relation of the drop-surface area Ao

drop and the area of influence Ωdrop.

The decision for a continuum description entails that the local phenomena of drop
formation and resulting local pressure loss or resulting local changes in the water content
cannot be described. It is inherent of a continuum description that local distributions
cannot be resolved but average quantities like saturation or an average drop volume are
defined. The averaged quantity of interest here is the fraction of the interface which is
covered by drops adrop. This area fraction is used to form an area-weighted average of the
coupling conditions with and without drop. The interplay of flow field and deformed drop
is complicated and cannot be fully reproduced by the envisaged continuum description.

4.2.2 Drop formation

To describe the drop formation, the top layer of the porous medium is considered to be
a bundle of tubes (see figure 4.7 and section 4.1). The bundle-of-tubes approximation
describes the top layer of thickness δ where the pores of the porous medium do not
intersect any more and enter the free-flow region. This description is based on the
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Figure 4.7: A bundle-of-tubes model describes the interface region between porous medium and
free flow representing pores ending in the free-flow region. Possible pore constitutions
are: a) gas flux through pore, b) water meniscus in pores with direct evaporation, c)
spherical caps with a diameter equal to the pore diameter, d) a drop fed by the porous
medium, evaporating into the free-flow region.

assumption that the pore space of the fibrous gas-diffusion layer is made of capillary
tubes. The bundle-of-tubes model at the interface is based on the pore-size distribution
at the interface which is sorted into classes of tubes with mean radius r̄pore with fr̄pore

percent of pores and nr̄pore = ΦAΓfr̄pore
Apore

pores per class (Gurau et al., 2008). We assume
that the porosity at the interface and inside the porous medium are the same (Gurau and
Mann, 2010). Note that this pore-scale model is not explicitly included as a pore-network
model and coupled to the surrounding macro models. Only its concept and physics are
used to derive the conditions for drop formation.

Assuming circular pores that do not have corner flow, three conditions are possible for
pores at the interface (see figure 4.7). Pores can allow gas flow (see figure 4.7 a.)). Other
pores can have a water meniscus at the bottom where direct evaporation happens (see
figure 4.7 b.)). Equation (3.13) already accounts for the case of direct evaporation (see
section 3.4). Hence, it covers cases a) and b) of the possible pore conditions. Finally,
pores can be covered by drops (see figure 4.7 d)). In the following, the smallest entity
that is considered a drop is a spherical cap with the diameter of a pore (see figure 4.7
c)).

The static pore model (bundle of tubes) is employed to determine which classes of tubes
will be invaded by water based on the conditions in the porous-medium and the free-flow
region. The change of the pore constitution from gas to water saturated is considered
to be instantaneous. The opposite process, gas imbibing pores and displacing water



66 4 Coupling concepts for a complex interface

menisci, is not of interest for the averaged model description in the porous medium.
The challenge is now to use the macroscopic information provided by the REV-scale
models in combination with the pore-model concept.

The two-phase porous-medium model does not resolve the water distribution locally,
but only provides averaged quantities. As in the previous section, we assume that the
pore-scale water pressure is equal to the macro-scale water pressure ppm

l in the porous
medium. For the vertical movement of the meniscus inside the pores, the influence of
shear stress of the surrounding phases is negligible (Hassanizadeh and Gray, 1993).
Hence, the gas pressure in the free-flow region pff

g is employed directly. Please be referred
to section 4.3 for a detailed discussion of these assumptions.

Water accumulates in the GDL until a threshold pressure is reached. Caps form on
water-filled pores. Once the cap radius equals the pore radius, it is considered a drop (see
figure 4.7 c.)). This is the limit case where the drop has the minimum radius rdrop = r̄pore,
meaning that the pressure which has to be overcome by the pressure of the water phase
in the porous medium to let the drop grow is at a maximum (Gurau and Mann, 2009,
2010). Hence, drops form on all pores where the porous-medium water pressure ppm

l is
larger than the sum of the free-flow forces and the capillary pressure of the curved drop
surface:

pff
g + 2γlg

r̄pore
≤ ppm

l . (4.16)

Knowing the pore-size distribution, it is now possible to derive the area of the interface
made up by water-filled pores. We assume that spherical caps with r = r̄pore form
on all pore classes for which condition (4.16) is fulfilled. Adding up all cap volumes
Vcap = 2

3π(r̄pore)3 within an area of influence Ωdrop, the total drop volume is estimated:

Vdrop =
∑

r̄pore∈Ωdrop

Vcap(r̄pore) · nr̄pore . (4.17)

After checking whether the porous-medium flow conditions can provide the estimated
water volume, the drop radius rdrop can be calculated assuming the drop to have the
form of a spherical cap (see equation (2.1)):

rdrop = 3

√√√√ 3
π
Vdrop

(1− cos θ∗)2(2− cos θ∗) . (4.18)
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With the drop radius, the drop surface Ao
drop and drop contact area ACA

drop can be
calculated (see figure 4.6 and equations (2.2) and (2.3)). The area fractions of drop-
covered adrop = ACA

drop
|Ωdrop|

and drop-free ag = Afree
|Ωdrop|

interface are calculated and used
to obtain the complete coupling conditions for the interface (see section 4.2.4). The
conditions without drops are given in (3.11c) to (3.19). In the following section, the
coupling conditions for the drop-covered interface are derived.

4.2.3 Coupling conditions for the drop-covered interface

Based on the previously mentioned assumptions, it is now possible to derive the coupling
conditions on the drop. Since the drops are not resolved, all conditions have to be valid
at the interface, meaning at the drop contact area ACA

drop to fit into the interface coupling
concept.

Flux balance

Balancing the total mass fluxes across the interface yields:

∂

∂t

∫
Vdrop

%l,drop dV︸ ︷︷ ︸
d(%l,dropVdrop)

dt

+
∫

ACA
drop

[%lvl · n]pmdx =
∫

ACA
drop

−[%gvg · n]ffdx (4.19)

Where the interface is covered by drops, the gas phase cannot flow from the porous
medium into the free-flow region and all water leaving the porous-medium increases the
drop volume Vdrop (see first term in equation (4.19)). To estimate the mass of water
stored inside the drop volume Vdrop, the density of water inside the drop is assumed to
be equal to the water density in the porous medium.

The balance of the component and energy fluxes is given accordingly for κ ∈ {w, a}:

∂

∂t

∫
Vdrop

%l,drop x
κ
l,drop dV︸ ︷︷ ︸

λVdrop

+
∫

ACA
drop

[(%lvlxκl − %lD
κ,pm
l ∇xκl ) · n]pm dx

= −
∫

ACA
drop

[(%gvgxκg − %gDκ
g∇xκg) · n]ff dx = −

∫
Aodrop

fκevap(rdrop) dx, (4.20)



68 4 Coupling concepts for a complex interface

∂

∂t

∫
Vdrop

%l,drop ul,drop dV +
∫

ACA
drop

[(%lvlhl − λpm∇T ) · n]pm dx

= −
∫

ACA
drop

[(%gvghg − λg∇T ) · n]ff dx. (4.21)

In equation (4.20), λVdrop is a Lagrange multiplier introduced as new unknown on the
interface, which will be explained in more detail in section 5. The evaporation from the
droplet surface fκevap has to be equal to the flux into the free-flow region (see equation
(4.20)). Figure 4.6 illustrates that the conceptual drop model sees the drop as part
of the interface. The drop is situated between porous medium and free flow. Hence,
everything that evaporates across the drop surface has to enter the free-flow region
across an area equivalent to ACA

drop. According to Erbil et al. (2002) and Song et al. (2011)
the evaporative flux can be estimated depending on the drop radius rdrop and the static
contact angle θ∗:

∫
Aodrop

fκevap dx = 4πrdropD
w
g %l(xwg,drop − xwg,∞)f(θ∗). (4.22)

Possible expressions for the geometric factor f(θ∗) are given in section 2.4.

The major difference compared to the flux-continuity conditions on a drop-free interface
is that mass and heat can be stored inside the drops. Hence, the interface can now store
mass and energy and is not a simple interface devoid of thermodynamic properties any
more.

Mechanical equilibrium

The equilibrium of normal forces is known at the drop surface Ao
drop. The inside pressure

has to balance the outside pressure and the capillary pressure caused by the curvature
(see figure 4.8):

∫
Aodrop

[n · ((%mg vg ⊗ vg + pgI− τ )n)]ff + 2γlg
rdrop

dx =
∫

Aodrop

pdrop dx. (4.23)

With increasing drop size (rdrop ↑), the pressure within the drop decreases, encouraging
more water to feed the drop. This condition physically acts on the drop surface Ao

drop

and not on the contact area of the drop ACA
drop. Since the drops are not resolved, equation
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Figure 4.8: Force balance with drop: internal and external pressure forces related through capillary
pressure.

Figure 4.9: Internal force balance on a drop.

(4.23) has to be transformed into a condition at the interface, thus at the drop contact
area ACA

drop.

Figure 4.9 illustrates the internal pressure acting normal to the drop surface. Only the
forces on the drop’s cap Ao∗

drop have to be considered since forces acting on the grey
shaded areas cancel out. Considering normal forces, the projected surface is relevant for
the calculation of the pressure force. The projected surface of the drop’s cap Ao∗

drop is
equal to the contact area ACA

drop. Hence, the integral of the inside pressure pdrop over the
drop surface Ao

drop is equal to the integral over the contact area ACA
drop:
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∫
Aodrop

pdrop dx =
∫

ACA
drop

pdrop dx =
∫

ACA
drop

ppm
l dx. (4.24)

At the contact area, the internal drop pressure has to be equal to the porous-medium
pressure of the liquid phase ppm

l since a continuous fluid phase exists and the microscopic
pressure is assumed to be equal to the REV-scale pressure (Gurau et al., 2008, Gurau
and Mann, 2009).

The same reasoning is applied to the outside pressure but cannot be applied to the
capillary pressure which is still integrated over the drop surface, yielding:

∫
ACA

drop

[n · ((%mg vg ⊗ vg + pgI− τ )n)]ffdx +
∫

Aodrop

2γlg
rdrop

dx =
∫

ACA
drop

ppm
l dx, (4.25)

as definition of mechanical equilibrium. It is an assumption, that the integral of the
normal forces [n · ((%mg vg⊗vg + pgI− τ )n)]ff over the drop surface and the drop contact
area are equal. Even if the pressure is constant around the drop, the contribution of the
normal shear stresses and normal inertial forces might be different. However, we assume
a fully developed flow field on top of the drop and slow changes due to slowly growing
drops. Furthermore, the normal shear forces on the side of the drop are neglected.

Chemical equilibrium

The water-saturated gas directly above the drop in the free-flow region is in chemical
equilibrium with the water phase of the drop:

[xwg ]ff =
pwsat,Kelvin

pff
g

[xwl ]pm. (4.26)

The saturated vapour pressure is calculated using the Kelvin equation (Galvin, 2005,
Butt et al., 2007), since the curvature of the drop leads to higher evaporation rates (see
section 2.4). The mole fraction of water in the liquid phase in the drop corresponds to
the respective mole fraction in the porous medium.
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Thermal equilibrium

Assuming local thermal equilibrium, the temperature T pm of the porous medium at
the drop contact area is equal to the temperature Tdrop inside the drop. Assuming a
constant drop temperature and again local thermal equilibrium, drop and free-flow gas
temperature T ff

g have to be equal, too:

T pm = Tdrop = T ff
g . (4.27)

4.2.4 Combined coupling conditions for the drop-covered and
drop-free interface

The division of the interface in drop-covered ACA
drop and drop-free Afree area is an

idealisation and only area fractions adrop and ag are known being an outcome of the
continuum description (see section 4.2.1). The integrals given in the previous section are
valid for every arbitrary control-volume size. Without a fixed and defined control volume
(or control area), the integral formulation of equations (4.19)-(4.25) can be transformed
directly to a differential formulation. The set of differential coupling conditions for
drop-covered surfaces is combined with those given in section 3.4 to obtain the total
coupling framework. The area weighted average of the coupling conditions with and
without drop yields the complete set of coupling conditions for the whole interface area
AΓ.

Flux balance

Combining conditions (3.13) and (4.19) yields the overall condition for the total mass
flux:
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∂ (%l,dropVdrop)
∂t︸ ︷︷ ︸

∂λVdrop/x
w
l

∂t

+[%gvg · n + %lvl · n]pm ag Ωdrop + [%lvl · n]pm adrop Ωdrop

= [%gvg · n]ff (adrop + ag)︸ ︷︷ ︸
=1

Ωdrop. (4.28)

The total component balance across the interface is obtained averaging (3.19) and
(4.20):

∂
(
%l,dropx

κ
l,dropVdrop

)
∂t︸ ︷︷ ︸

∂λVdrop
∂t

+
∑

α∈{l,g}
[(%αvαxκα−Dκ,pm

α %α∇xκα)·n]pm ag Ωdrop+[(%lvlxκl −D
κ,pm
l %l∇xκl )·n]pm adrop Ωdrop

= −[(%gvgxκg −Dκ
g%g∇xκg) · n]ff (adrop + ag)︸ ︷︷ ︸

=1

Ωdrop. (4.29)

The total energy balance results from (3.15) and (4.21):

∂ (%l,dropul,dropVdrop)
∂t

+ [(%ghgvg + %lhlvl − λpm∇T ) · n]pm ag Ωdrop + [(%lhlvl − λpm∇T ) · n]pm adrop Ωdrop

= − [(%ghgvg − λg∇T ) · n]ff (adrop + ag)︸ ︷︷ ︸
=1

Ωdrop. (4.30)

Mechanical equilibrium

The continuity of normal forces across drop-free and drop-covered interface is given
combining (3.11c) and (4.25):
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[n ·((%mg vg⊗vg+pgI−τ )n)]ff (adrop + ag)︸ ︷︷ ︸
=1

= ppm
g ag+

(
ppm
l −

2γlg
rdrop

aodrop

adrop

)
adrop. (4.31)

An area-weighted average is questionable in case of the mechanical equilibrium. A
combination of equation (3.11c) and (4.25) means averaging pore and REV-scale pressure
definitions. The water and gas pressure inside the porous medium are connected by the
macroscopic capillary pressure which is of different order than the capillary pressure
exerted by the curved drop surface. Consequently, a combined condition leads to a
non-physical jump in the gas pressure across the interface (see section 7.3.2). A critical
discussion of this condition and its consequences is given in section 4.3.1. As in the
previous sections, the Beavers-Joseph-Saffman condition (3.12) can be employed as
condition for the tangential free-flow velocity at the interface. The Beavers-Joseph
coefficient αBJ needs to be determined as function of the fraction of the interface covered
by drops adrop, the drop height and diameter, and the saturation at the interface. This
is beyond the scope of this work.

Chemical equilibrium

By averaging (3.18) and (4.26), the definition of the total local chemical equilibrium
boils down to:

[xwg ]ff = [xwg ]pm ag +
pwsat,Kelvin

pff
g

[xwl ]pm adrop (4.32)

Thermal equilibrium

Local thermal equilibrium is still given by the continuity of temperature (see equations
(3.14) and (4.27)).

The drop volume Vdrop is an outcome of the model. From the drop volume, the drop
radius, which is needed for the force balance (4.31), can be calculated (see equation
(4.18)). Furthermore, a new partition of the interface in drop-covered and drop-free area
is calculated yielding the area fractions ag and adrop for the next Newton step. The



74 4 Coupling concepts for a complex interface

formulation of the drop volume is based on the assumption of a constant contact angle
θ∗, with the drop height being h = rdrop(1− cos θ∗).

4.2.5 Pore-velocity approach

In equations (4.19) and (4.20), the REV-scale water flux from the porous medium feeds
the drop. An alternative way of determining the flux feeding the drop is based on an
analytical solution on the pore-scale. As in section 4.1 and in the condition for drop
formation (see section 4.2.2), the very top of the porous medium is described by a
bundle-of-tubes concept of thickness δ. Similar to Berning et al. (2009), the water flux
from the porous medium can be estimated using the Hagen-Poiseuille equation:

fpm · n = Φ fpore = Φ
∑

r̄pore∈l
−%l

(r̄pore)2

8µl
λpdrop − p

pm
l

δ
π(r̄pore)2nr̄pore , (4.33)

where r̄pore is the average pore diameter, ppm
l is the REV-scale porous-medium pressure, δ

is the thickness of the imagined bundle-of-tubes model and λpdrop is a Lagrange multiplier
standing for the internal drop pressure. As in section 4.1, a constant pressure gradient
for all pores within a grid cell is assumed. The pore velocity is multiplied by the porosity
Φ to get from the pore velocity to the Darcy velocity. If the drop pressure and the
porous-medium pressure are not assumed to be equal, equation (4.33) provides the flux
through water-filled pores. Berning et al. (2009) use a similar appraoch justified by the
fact that drops form on characteristic sites often predefined during the manufacturing
process.

The pore-velocity approach requires that both the mechanical equilibrium next to
the drop (3.11c) and the mechanical equilibrium at the drop (4.25) must be satisfied
individually. An area-weighted average as in equation (4.31) is not done. Equation
(3.11c) is employed as coupling condition between the free-flow and porous-medium
gas-phase pressures. λpdrop is introduced in equation (4.33) as a Lagrange multiplier
standing for the water pressure inside the drop which is defined by the Young-Laplace
equation (see equation (4.25)):

(
[n · ((%mg vg ⊗ vg + pgI− τ )n)]ff + 2γlg

rdrop

aodrop

adrop

)
adrop = λpdrop adrop. (4.34)
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The implementation of this condition is explained in chapter 5.

The mole fraction within the drop also depends on the flux through the pores. The
diffusive flux in the short pores is neglected and an upwinding to the mole fraction in
the advective part is applied. This is based on the assumption, that water always flows
from the porous-medium into the drop. The component flux feeding the drop can be
expressed as:

fpm · n = Φ fpore = Φ
∑

r̄pore∈l
−%lxw,pm

l

(r̄pore)2

8µl
λpdrop − p

pm
l

δ
πr̄2

pore nr̄pore . (4.35)

The applicability of the pore-velocity appraoch briefly explained here is assessed in
section 7.3.5. It avoids the area-weighted average of the pressure conditions (3.11c)
and (4.25). However, equation (4.35) is still based on a mixture of scales. The flux
determined with the Hagen-Poiseuille equation depends on the difference between the
microscopic internal drop pressure and the macroscopic porous-medium water pressure.
This issue is discussed in section 4.3.1.

4.2.6 Drop detachment

The drops deform due to the drag force exerted by the gas flow, leading to contact-angle
hysteresis and elongation of the contact area (see figure 2.8 and section 2.4). Eventually,
if the drops reach a critical size, the forces exerted by the flow field lead to detachment
of the drops. A drop gets detached, if the drag force exerted by the gas flow is bigger
than the retention force due to surface effects:

Fdrag(Vdrop) > Fmax
γlg

(Vdrop).

Detachment can be due to sliding, rolling or lifting of the drop. Note, that sliding and
rolling still leads to coverage of the porous medium. However, we do not distinguish
between these detachment mechanisms and assume that the drop leaves the porous-
medium surface once Fdrag(Vdrop) > Fmax

γlg
(Vdrop) and is then transported by the flow

field. These transport processes are not described in the scope of this work. In the
future, the exact behaviour of the drops (sliding, rolling, lifting) and film flow have to
be included in the free-flow model.
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Figure 4.10: Free flow influenced by drops.

The calculation of drag and retention force is discussed in section 2.4. Both contact-angle
hysteresis and deformation of the contact area yield a retention force (Extrand and
Gent, 1990). The maximal retention force Fmax

γlg
(Vdrop) can be calculated depending

on the contact area of the drop, the surface tension γlg, the static contact angle θ∗

and maximally sustained contact-angle hysteresis ∆θmax. Theodorakakos et al. (2006)
stress that the detachment process can only be captured properly if the de-wetting
processes of a sliding drop and the dynamic change in contact angle is considered. We
neglect the deformation of the contact line and the influence of the drops on each other,
and assume a circular contact area. Additionally, we regard the maximally sustained
contact angle hysteresis as crucial parameter for detachment and neglect the dynamic
deformation process. Kumbur et al. (2006) provide an expression for the surface-tension
force assuming a linear variation of the contact angle along the circular contact surface:

Fmax
γlg

= γlgrCA
dropπ

[
sin(∆θmax − θ∗)− sin θ∗

∆θmax − π
+ sin(∆θmax − θ∗)− sin θ∗

∆θmax + π

]
.

The drag force can be estimated from a force balance of the flow field surrounding the
drop or from expressions which depend on the drag coefficient. These expressions and
alternatives for the calculation of the retention force can be found in section 2.4. The
different ways for the calculation of the drag force are compared in section 7.3.4 based
on numerical simulations.

4.2.7 Influence of drops on the free gas flow

Drops influence the free-flow conditions, if their height is significant in comparison to
the height of the free-flow region. This is the case in the gas channel of a PEM fuel
cell. Drops reduce the cross-section available for the gas flow and cause a significant
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pressure drop (see figure 4.10). Qin et al. (2012b) find that the pressure loss inside the
gas channel is three times as large if drops are present compared to a situation without
drops.

Using the Navier-Stokes equations, the diameter of the channel cannot be adjusted
during the calculation, since the drop geometry is not resolved by the REV interface
approach. Alternatively, the decrease in cross-section can be included in an averaged
way. The flow across the original channel can be restricted in every discretisation cell by
multiplication with a restriction coefficient based on geometric considerations. In fuel
cells, laminar flow conditions prevail and flow velocities range from 1-15m/s (Kandlikar
et al., 2014). Hence, flow separation occurs on the drop surface (see figure 4.10). The
average drop height h̄drop (see blue line in figure 4.10) is used to determine the ratio
of new reduced cross-section and the originally available cross-section: A(dGC−h̄drop)

AGC(dGC) . By
implementing such a restriction coefficient, a more realistic flow velocity and an increased
pressure drop can be obtained. Consequently, the contributing forces for the drag force
can be determined directly from the velocity profile and the pressure distribution (see
section 4.2.6).

Moreover, the boundary condition for the free-flow region at the interface has to be
adjusted. So far, the Beavers-Joseph condition (3.12) is proposed which accounts for
the effect of the porous surface on the tangential free-flow velocity. The influence of the
drops would have to be included in the determination of the Beavers-Joseph coefficient
αBJ.

Unfortunately, the implementation of a restriction coefficient causes spurious oscillations
caused by the box discretisation of the free-flow domain (see chapter 5). It can be tested
once the improved discretisation based on a staggered-grid is implemented.

4.3 Discussion of the pressure condition

In sections 3.4, 4.1 and 4.2 coupling concepts are presented in which continuum models
of different scales are involved. The coupling of different concepts causes inconsistencies
at the interface for which solutions have to be found. The free-flow model based on the
Navier-Stokes equations (see section 3.3) is the same on the pore-scale and on the REV-
scale. In the porous-medium region, an averaged REV-scale model based on Darcy’s
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Figure 4.11: a) pressure equilibrium determining whether a meniscus will move inside a pore, b)
mechanical equilibrium on top of a water-filled pore.

law is employed (see section 3.2). The tube model from section 4.1 and the droplets
from section 4.2 are micro- or pore-scale features at the interface. It was mentioned in
section 3.1 that the definition of phase and capillary pressures on different scales and
the transition from one scale to the other is a current research challenge. During the last
sections it became clear that this complicates the definition of mechanical equilibrium
at the interface and at the water meniscus inside a pore.

As shown in figure 4.11, two settings must be distinguished: figure 4.11, a) shows the
pressure equilibrium determining whether water will invade the pore (discussed in
section 4.3.2), figure 4.11, b) depicts the mechanical equilibrium on top of a water-filled
pore (discussed in section 4.3.1).

In the following, the pressure condition which is based on the mechanical equilibrium of
forces is discussed for the three cases described in the last sections:

• direct coupling of two REV-scale models (section 3.4),

• inclusion of a pore-scale bundle-of-tubes approach at the interface between the
two REV-scale models (section 4.1),

• and the drop concept which is based on a pore-scale consideration of the droplets
which is transferred into REV-scale coupling conditions.
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Then, the condition used to decide which pores are filled with water and on which pores
drops form is discussed. It is based on the Young-Laplace equation and is needed for
the tube- and drop-interface concept (see sections 4.1 and 4.2.1).

The discussion is based on three main assumptions which are discussed in more detail
in the following section:

• the pore-scale and the porous-medium averaged pressure are equal,

• for the vertical movement of the water meniscus inside a pore, viscous forces can
be neglected (see figure 4.11, a) and Hassanizadeh and Gray (1993)),

• in the formulation of the mechanical equilibrium at the interface between free flow
and the adjacent model, viscous and inertial forces have to be considered (see
figure 4.11, b)).

4.3.1 Discussion of the mechanical-equilibrium condition

The correct scale and pressure in the definition of mechanical equilibrium has to be chosen
and justified for each of the coupling concepts. The direct coupling of free and porous-
medium systems is done consistently on the REV-scale: the Navier-Stokes model is still
valid and the capillary pressure employed in the derivation of the mechanical equilibrium
(see equation (4.36b)) is based on the macroscopic capillary-pressure–saturation relation.
A difference in the gas-pressure across the interface results due to the different treatment
of the shear stresses and inertial forces in the submodels (see also equation (3.11c) in
section 3.4):

[
Agn · ((%mg vg ⊗ vg + pgI− τ )n)

]ff
= [pgAg]pm (4.36a)[

Aln · ((%mg vg ⊗ vg + pgI− τ )n)
]ff

= [(pl − pc(Sl))︸ ︷︷ ︸
pg

Al]pm

(4.36b)
(4.36a) + (4.36b)

[
n ·

((
%mg vg ⊗ vg + pgI− τ

)
n
)]ff

= [pg]pm . (4.36c)

Introducing a bundle-of-tubes model at the interface necessitates the transition
from the REV-scale to the pore-scale and vice versa. Naturally, a microscopic pressure
distribution cannot be inferred from a macroscopic pressure field, since all fluctuations
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below the size of the REV have been averaged out. The transition from micro- to
macro-scale by volume-averaging has a long tradition (Bear, 1972). However, the correct
averaging operator for the phase pressures in multi-phase systems is still debated
(Nordbotten et al., 2008, Korteland et al., 2010), as is the meaning of the averaged phase
pressure itself with respect to the micro-scale pressure. The meaning and definition of
the macroscopic capillary pressure is discussed as well. As mentioned in section 3.1, the
microscopic definition must not be applied directly on the REV-scale. The main and
most crucial assumption of the coupling concept involving a bundle of tubes is that
pore-pressure and average porous-medium pressure are equal (see figure 4.11):

pα,pore = pmicro
α = ppm

α . (4.37)

Condition (4.37) is based on the assumption that the microscopic pressure does not
fluctuate significantly within an REV or a grid cell. Moreover, the concept of parallel
tubes with the same energy loss in all tubes (Helmig and Class, 2004) leads to the same
pressure gradient inside the tubes within an REV, suggesting a constant pore-pressure
at the interface between porous medium and tube model. As explained in section 4.1,
the Hagen-Poiseuille equation (4.1) is used to describe the flow inside the pores. For
the definition of mechanical equilibrium between the top of the pores and the free-flow
region (see figure 4.11, b)), shear stresses have to be considered. The Poiseuille equation
does not account for viscous forces explicitly, causing the same jump in the gas pressure
as for the simple interface (see equation (4.36c)). If the Navier-Stokes equations were
used in the pores, the gas-phase pressure would be continuous but no analytical solution
would be at hand. Following the same reasoning as in equation (4.36b), the following
condition results on top of the drops (see also equation (4.14) in section 4.1):

[n · ((pgI− τ ) n)]ff = ptop
g,poreAΓg + (ptop

l,pore − pc)AΓl. (4.38)

Here, pc = 2γlg cos θ
r̄pore

is the microscopic capillary pressure relating the pore water pressure
to the pore gas pressure, which is then coupled to the normal force of the free-flow
system. Since the Navier-Stokes equations are valid on the pore- and REV-scale, this
condition is consistent. The pore pressure at the top of the pores is related to the
pressure at the bottom by the Hagen-Poiseuille equation. Employing again assumption
(4.37) and postulating the continuity of fluxes, we define the top pore pressure of phase
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α as (see also equation (4.15) in section 4.1):

ptop
α = pbottom

α + [%αvα · n]pm AΓαδ

Φ ∑
r̄pore
− (r̄pore)2

8µg %gπ(r̄pore)2nr̄pore

= ppm
α + [%αvα · n]pm AΓαδ

Φ ∑
r̄pore
− (r̄pore)2

8µg %gπ(r̄pore)2nr̄pore

(4.39)
The drop concept poses similar challenges as the tube-interface model since the
droplets are micro-scale features which are integrated into the REV-scale coupling
concept. On the micro-scale, the definition of the mechanical equilibrium on the drop
surface is given as (see also equation (4.23) and figure 4.8 in section 4.3.1):

∫
Aodrop

[n · ((%mg vg ⊗ vg + pgI− τ )n)]ff + 2γlg
rdrop

dx =
∫

Aodrop

pdrop dx. (4.40)

The normal forces of the free-flow region include the viscous and inertial forces, since
the mechanical equilibrium on top of the drop has to be treated analogously to the
mechanical equilibrium on the interface between pores and free-flow region (see figure
4.11 b)). Assuming a constant pressure within the drop and pressure continuity at the
contact line, the integral of the drop pressure over the drop surface is transformed into
the integral of the averaged porous-medium water pressure over the drop contact area
(see also equation (4.24) in section 4.1 for a more detailed explanation):

∫
Aodrop

pdrop dx =
∫

ACA
drop

pdrop dx =
∫

ACA
drop

ppm
l dx. (4.41)

Again, microscopic pressure pdrop and macroscopic pressure ppm
l are assumed to be equal.

Since the drops are integrated into the interface coupling concept, their size, shape
and position is not resolved. Hence, the exact distribution of pressure and viscous
forces around the drop is not available. Direct simulations using the VOF-method could
provide the exact flow and pressure field (Cho et al., 2012a,b), but are beyond the scope
of this work. Therefore, we assume that the changes in the pressure, inertial and viscous
force field are small and that the integral over the drop surface can be transformed into
the integral over the drop contact area:
∫

Aodrop

[n · ((%mg vg ⊗ vg + pgI− τ )n)]ff =
∫

ACA
drop

[n · ((%mg vg ⊗ vg + pgI− τ )n)]ff . (4.42)

The integral of the capillary pressure cannot be transformed into an expression valid on
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the drop contact area. The surface tension γlg acts along the curved drop surface and
cannot be projected onto a flat interface. Consequently, the mechanical equilibrium for
the drop can be formulated in a differential from as (see also equation (4.25) in section
4.2.3):

[n · ((%mg vg ⊗ vg + pgI− τ )n)]ffadrop + 2γlg
rdrop

aodrop = ppm
l adrop. (4.43)

The microscopic capillary pressure is combined with the macroscopic porous-medium
pressure as a direct consequence of assumption (4.37). An alternative would be to find a
macroscopic correlation for capillary pressure as a function of the drop radius rdrop, the
contact angle θ∗, contact angle hysteresis ∆θmax, free-flow velocity and pressure. Such a
correlation does not yet exist to the author’s knowledge.

As explained in section 4.2.4, the coupling conditions on the drop are combined with
those valid for a drop-free interface by an area-weighted average. The definition of the
mechanical equilibrium results as (see also equation (4.31) in section 4.2.4):

[
n · ((%mg vg ⊗ vg + pgI− τ )n)

]ff
adrop = ppm

l adrop −
2γlg
rdrop

aodrop (4.44a)[
n · ((%mg vg ⊗ vg + pgI− τ )n)

]ff
ag = ppm

g ag (4.44b)[
n ·

((
%mg vg ⊗ vg + pgI− τ

)
n
)]ff

= ppm
g ag + ( ppm

l︸︷︷︸
(ppm
g +pc(Sl))

adrop −
2γlg
rdrop

aodrop).

(4.44c)

Equation (4.44c) clearly shows a conflict between microscopic and macroscopic pressure.
The condition relates the water pressure in the porous medium with the gas pressure
in the free-flow region via the microscopic capillary pressure of the drop. At the same
time, the water pressure is related to the porous-medium gas pressure through the
macroscopic capillary-pressure–saturation relation (see figure 4.12). As the magnitude of
the microscopic and macroscopic capillary pressure may differ by orders of magnitude, a
significant but non-physical jump in the gas-phase pressures at the interface can occur.
This is shown in chapter 7 and can be mitigated by choosing an appropriate pc-Sl-curve.

The same problem arises in the alternative pore-velocity approach presented in section
4.2.5. The pressure conditions (4.44a) and (4.44b) are not combined. Equation (4.40)
defines the internal drop pressure. The internal drop pressure is used to estimate the water
flux feeding the drop using the Hagen-Poiseuille equation (4.33). The pressure gradient
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Figure 4.12: The free-flow normal force, the porous-medium phase pressures ppm
g and ppm

l and the
internal drop pressure λpdrop are related by microscopic and macroscopic capillary-
pressure formulations.

driving the flux corresponds to the gradient between drop pressure and porous-medium
water pressure. Figure 4.12 illustrates the conflict: the normal forces in the free-flow region
are set equal to the porous-medium gas pressure (see equation (4.44b)). The internal
drop pressure λpdrop is estimated using a microscopic capillary-pressure expression. The
porous-medium water pressure is calculated using a macroscopic expression. Hence, the
difference in microscopic and macroscopic capillary pressure determines the magnitude
of the pressure gradient used in the Poiseuille equation.

4.3.2 Discussion of the Young-Laplace condition

The choice of the correct scale and pressure is also important when determining whether
pores are filled with gas or water (see equation (4.10)) and whether drops form (see
equation (4.16)). To decide whether tubes are water-filled, a force-balance at the meniscus
between water and gas phase inside a pore with radius r̄pore is drawn up. Here, the
vertical movement of the meniscus is important (see figure 4.11, a)), but will not be
resolved by the model. On the pore-scale, the condition for water invading the pore is
given by:

pmicro
g + 2γlg cos θ

r̄pore
≤ pmicro

l .

Once the water pressure pmicro
l exceeds gas and capillary pressure the tube will be filled

with water instantaneously. Hassanizadeh and Gray (1993) state that the viscous effects
of the phases interacting with the water meniscus inside the pore can be neglected. Hence,
the microscopic gas pressure can be substituted with the gas pressure in the free-flow
region on top of the pore (see figure 4.11, a)). With assumption (4.37), condition (4.10)
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results:
pff
g + 2γlg cos θ

r̄pore
≤ ppm

l .

As water forming a cap of radius r̄pore is considered a drop, the condition for drop
formation is similar to the condition determining whether tubes get filled by water (see
section 4.2.2). Again, a bundle-of-tubes concept is used and the water-phase pressure
inside the porous-medium is assumed to be equal to the pore pressure (see assumption
(4.37)). Drops form, if the porous-medium water pressure is larger than the sum of
free-flow gas pressure and capillary pressure of the drop surface (see equation (4.16)):

pff
g + 2γlg

r̄pore
≤ ppm

l .

Here, the microscopic capillary pressure is at a maximum with a contact angle of θ = 90 ◦.
This corresponds to a water cap (see figure 4.7). Microscopic and macroscopic pressure
definitions are mixed, resulting from assumption (4.37).

The discussion above has shown that the choice and combination of scales has a
significant impact on the model. Due to combinations of microscopic and macroscopic
pressure formulations, the interface might dominate the system, causing pressure jumps
at the interface and non-physical pressure gradients. The problems can be solved by a
sound correlation between pore and average phase pressure and, more important, by a
definition of a macroscopic capillary pressure at the interface, which should depend on
the drop deformation, drop size and interface material properties. The capabilities of
the different model concepts are evaluated in chapters 6 and 7.



5 Numerical model17

The implementation of the presented model is based on the modelling toolbox DuMux.
"DuMux is a free and open-source simulator for flow and transport processes in porous
media, which is based on the Distributed and Unified Numerics Environment (DUNE)
(Bastian et al., 2008). Its main intention is to provide a sustainable and consistent
framework for the implementation and application of model concepts, constitutive
relations, discretisations and solvers" (Flemisch et al., 2011). The spatial discretisation
of the geometric domain and the designation of subdomains are based on the software
package DUNE-Multidomaingrid (Müthing and Bastian, 2010), which allows to represent
arbitrarily complex subdomain shapes with conforming interfaces. For the management
of the different subdomains and their associated function spaces, we employ PDELab
(Bastian et al., 2010) and its extension DUNE-Multidomain. DUNE-Multidomain allows
a transparent definition of local operators and variables on the individual subdomains
and supports the assembly of a global system matrix. The global matrix contains the
submatrices for the two subdomains and the coupling matrices. The ability to assemble
a global matrix enables us to solve the strongly coupled non-linear system in a fully
implicit fashion without any subdomain-iteration scheme.

The mortar method, a numerical domain-decomposition technique (Ewing et al., 2000,
Wohlmuth, 2000, Arbogast and Brunson, 2007, Helmig et al., 2009), is employed for
the implementation of the coupled system of equations (tables 3.1, 3.3, equations (4.28)
to (4.32)). Mostly, this technique is used in case of non-conforming meshes. Here, its
use is motivated by the fact that additional degrees of freedom are specified on the
17Most parts of this chapter are published in Baber, K., Mosthaf, K., Flemisch, B., Helmig, R., Müthing,

S., and Wohlmuth, B. (2012). Numerical scheme for coupling two-phase compositional porous-media
flow and one-phase compositional free flow. IMA Journal of Applied Mathematics, 77(6):887–909.
first published online July 26, 2012 and Baber, K., Flemisch, B., and Helmig, R. (2014). Modelling
drop dynamics at the interface between free and porous-medium flow using the mortar method.
submitted to International Journal of Heat and Mass Transfer.
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interface. The storage of water within the drop λVdrop = %lx
w
l Vdrop (see equation (4.29))

is introduced as unknown so that the drop volume is an inherent result of the model.
As mentioned in section 4.2.5, the internal drop pressure λpdrop is another Lagrange
multiplier, if the water flux feeding the drop is estimated based on the pore-scale velocity.

In this chapter, the mortar method and its application to the coupling concept with
drops (see section 4.2) is explained in section 5.2. Details of the implementation that go
beyond the mortar method are summarised in section 5.3. Note that the bundle-of-tubes
model from section 4.1 has never been implemented. The mortar method allowing for an
interpolation of variables between fine and coarse grids would, however, be the method
of choice for a future implementation. It has proved its worth in Balhoff et al. (2008)
for the coupling of pore-scale and REV-scale models.

An implementation without the mortar method based on a simple-interface description is
explained in Baber et al. (2012). It is used for the numerical experiments of transvascular
exchange (see chapter 6).

General information about the spatial and temporal discretisation common to all models
is given in the next section. In the following, the notation for super- and subscripts is
the following: n stands for the time step, m stands for the Newton iteration, i is the
node in box Bi or the subdomain, j is the adjacent node or the adjacent subdomain, and
k is the node in element E. Note that the mathematical models presented in chapters 3
and 4 are formulated in moles. The implementation in DuMux allows for mole or mass
fractions so that the user has to be careful to use the correct quantities and formulations.

5.1 Discretisation

For the discretisation of the coupled model, the implicit Euler time integration and a
vertex-centred control-volume finite-element method (also called box method, Huber
and Helmig (2000)) in space is used. The method is locally mass conservative. We are
aware of the fact that more advanced discretisation methods are available. For our
purposes, however, a relatively simple scheme is sufficient, since the intention of this
work is to investigate extensions of the coupling concept towards complex processes at
the interface.
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The computational domain is covered by a structured FE grid (primal mesh). The
values of all primary variables are computed at the vertices which are the corners of the
elements. The dual mesh which describes the finite volumes is obtained by connecting
the centres of gravity of each element with the associated edge midpoints. Thus, each
Finite Volume (FV) is associated with a vertex (see box Bi in figure 5.1a). The FE
mesh divides the boxes Bi into sub-control volumes vki (see figure 5.1b).

   v i

k

FE mesh

secondary FV mesh

node i

Ek

Bi

Ek

Bi

i

i

j

xf

ij

k
sf

a) b)

c)

nf

bi

k

Figure 5.1: Schematic description of the spatial discretisation (box scheme).

We consider a quadrilateral grid and approximate all primary variables using piecewise
bilinear functions (equal-order method), which are mapped from the standard-reference-
element basis functions. The balance equations are integrated over the control volumes
and the divergence theorem is applied. The method of weighted residuals with piecewise
constant weighting functions characteristic for box Bi leads to the general discretised
form for one box Bi:

|Bi|
ûn+1
i − ûni

∆t +
∑
sf(i)

f
(
ũn+1(xf)

)
· nf − |Bi| qn+1

i = 0, (5.1)

where |Bi| is the volume of box Bi, ûn+1
i is the solution at node i with u standing for

one of the primary variables listed in tables 3.1 and 3.3, sf(i) are all sub-control-volume
faces of the box Bi and nf is the outward normal of the respective sub-control-volume
face, its norm corresponds to the size of the sub-control-volume face |sf |. Equation 5.1
consists of storage, flux and source/sink qn+1

i terms. The fluxes f may be composed of
an advective and a diffusive part and are computed on the control-volume boundaries
sf at the integration points xf (see figure 5.1c). A finite-element approximation for
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each primary variable is done, ũn+1(xf) = ∑
k∈E Nk(xf) ûn+1

k , where k are the nodes of
the element E. Furthermore, a fully-upwind scheme is applied to the advective part.
Following the general procedure employed for finite-element methods, local operators
are assembled for each element and then merged for the whole domain. This means,
that the discretised equations are evaluated element-wise, looping over the sub-control
volumes inside an element E (see figure 5.1c). Baber et al. (2012) provide a detailed
explanation of the discretised system of equations.

In the free-flow domain, a stabilisation technique similar to Franca et al. (1993) is
generalised and implemented for the Navier-Stokes equations. However, instabilities
and oscillations might still occur, especially at the interface corners. A staggered-grid
approach is currently implemented at the institute. It will improve the stability of the
system, but has not yet been employed for this work.

The arising non-linear system is solved fully implicitly applying a standard Newton
solver

(
∂R
∂u

)
n+1,m︸ ︷︷ ︸

J(un+1,m)

(un+1,m − un+1,m−1)
︸ ︷︷ ︸

∆u

= −R(un+1,m). (5.2)

Here, J(un+1,m) is the Jacobi matrix calculated by numerical differentiation, ∆u is the
correction to the primary-variable vector u and R(un+1,m) is the residuum at time-level
n+ 1 and iteration m. The linear problem at each Newton iteration step is solved using
the direct linear solver SuperLU (Demmel et al., 1999). In the time integration, we use
a heuristic time-step control based on the convergence rate of the Newton solver. A
target number ntarget of Newton iterations is defined. Depending on the actual number
of iterations nit, the new time-step size is chosen:

∆tn+1 =


∆tn

 1
1 + nit−ntarget

ntarget

 nmax > nit > ntarget,

∆tn
(

1 + ntarget − nit

1.2 ntarget

)
nit ≤ ntarget,

(5.3)

where ∆tn is the time-step size of time step n. The time-step size is halved if nit exceeds
the maximum number of iterations nmax.
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5.2 The mortar method

free ow compartment

mortar elements

porous medium

Figure 5.2: Mortar elements between free-flow and porous-medium compartment: Introducing
Lagrange multipliers as new unknowns at the interface.

As mentioned in section 2.1, the domain Ω is divided into two non-overlapping subdo-
mains Ωff and Ωpm (see figure 2.2b) with the common interface Γ = ∂Ωff ∩∂Ωpm. Mortar
elements are introduced between free-flow and porous-medium compartment (see figure
5.2). The mortar method is explained on the basis of the general form of the balance
equation:

∂M(u)
∂t

+∇ · (f(u))− q = 0 (5.4)

where u ∈ u(vff
g , p

ff
g , x

w,ff
g , T ff , Spm

l or xw,pm
g , T pm) is an entry of the solution vector of

the primary variables of the subdomains, M(u) is the storage, f(u) the flux and q the
source/sink term. Equation (5.4) is integrated over the domain Ωi and multiplied by a
test function ω:

∫
Ωi

∂M(u)
∂t

ω dΩi +
∫

Ωi
∇ · (f(u)) ω dΩi −

∫
Ωi
q ω dΩi = 0. (5.5)

Integration by parts yields:

∫
Ωi

∂M(u)
∂t

ω dΩi +
∫

Ωi
∇f(u) ·∇ω dΩi

−
∫
∂Ωi\Γ

f(u) · n ω dΩi −
∫

Γ
f(u) · n︸ ︷︷ ︸

λ

ω dΓ−
∫

Ωi
q ω dΩi = 0, (5.6)
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where Γ is the interface between domain i and j.

On the outer boundaries ∂Ωi \ Γ either Dirichlet or Neumann conditions are imposed:

pg = pD on ∂Ωpm
D , fm · n =

∑
κ

fκN, on ∂Ωpm
N ,

Sl = SD on ∂Ωpm
D , fκ · n = fκN, on ∂Ωpm

N ,

T = TD on ∂Ωpm
D , fT · n = fT,N on ∂Ωpm

N ,

where ∂Ωpm = ∂Ωpm
D ∪ ∂Ωpm

N ∪ Γ, ∂Ωpm
D ∩ ∂Ωpm

N = ∅, in the porous-medium region, and

vg = vg,D on ∂Ωff
D, fvn = fv,N on ∂Ωff

N ,

pg = pg,D on ∂Ωff
D, fm · n =

∑
κ

fκN on ∂Ωff
N ,

xwg = xwg,D on ∂Ωff
D, fκ · n = fκN on ∂Ωff

N , (5.7)

T = TD on ∂Ωff
D, fT · n = fT,N on ∂Ωff

N ,

where ∂Ωff = ∂Ωff
D ∪ ∂Ωff

N ∪ Γ, Ωff
D ∩ ∂Ωff

N = ∅, in the free-flow domain.

The normal flux across the interface Γ is represented by the Lagrange multiplier λ
(see equation (5.6)). It ensures flux continuity across the interface. Additionally, the
continuity condition at the interface is enforced in a weak sense as

∫
Γ
(ui − uj) ξ dx = 0, (5.8)

where ξ is a Lagrange-multiplier test function and i and j are neighbouring subdomains.

The application of the mortar method to the coupling of the component and energy
balance equations (see tables 3.2 and 3.3) is straight forward. The Lagrange multipliers
are defined as
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λx := fκ · n =
(
%gvgx

κ
g −Dκ

g%g∇xκg
)ff
· nff = −

∑
α∈{l,g}

(%αvαxκα −Dκ,pm
α %α∇xκα)pm · npm,

(5.9)

λT := fT · n = (%ghgvg − λg∇T )ff · nff = −(%ghgvg + %lhlvl − λpm∇ T )pm · npm.

(5.10)

The corresponding continuity conditions are:

∫
Γ

([
xwg
]ff
− [xwg ]pm ag −

pwsat,Kelvin

pff
g

[xwl ]pm adrop

)
ξ dx = 0, (5.11)∫

Γ
(T ff − T pm)ξ dx = 0. (5.12)

For the momentum transfer, the mortar method has to be applied in a different way.
This is due to the fact that in the porous medium, the pressure is a primal variable and
the mass flux a dual variable, while the opposite holds in the free-flow domain. It would
be straight forward if pressure and velocity were both primary variables (if a mixed
formulation was used) (Layton et al., 2002). Not using a mixed formulation, we choose
the Lagrange multipliers and continuity conditions as:

λp := (fvn) · n = [((%mg vg ⊗ vg + pgI− τ )n) · n]ff , (5.13)

λvx := [vg · t]ff , (5.14)

λvy := fm · n = [(%gvg + %lvl) · n]pm , (5.15)
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∫
Γ

([
ppm
g ag +

(
ppm
l −

2γlg
rdrop

aodrop

adrop

)
adrop

]
− λp

)
ξ dx = 0, (5.16)

∫
Γ

([( √
Ki

αBJ µg
τ n

)
· t
]
− λvx

)
ξ dx = 0, (5.17)∫

Γ

([
vff
g · n

]
− λvy

)
ξ dx = 0. (5.18)

The duality of flux and continuity conditions characteristic for the mortar method is
given by the coupling conditions since fluxes are substituted by primary variables. These
Lagrange multipliers are not imperative, but a direct coupling as shown in Baber et al.
(2012) would be sufficient. In the future, a combination of direct coupling (see Baber
et al. (2012)) and mortar coupling is envisaged introducing Lagrange multipliers only
where appropriate and necessary.

Additionally, the Lagrange multiplier for the storage term within the drop needs to be
defined. The presented coupling concept provides three conditions for the component flux:
the component flux across the drop-free interface (3.19), the component flux feeding the
drop (4.20) and the combined condition for the whole interface (4.29). Equation (4.29)
is used as coupling condition for the free-flow and porous-medium component-balance
equations implemented via Lagrange multipliers (see equation (5.9)). The evaporative
flux from the drop surface is assumed to be equal to the normal flux into the free-flow
region. The component balance for the drop (4.20)

dλVdrop

dt
+ [%lvlxκl −D

κ,pm
l %l∇xκl ]pm · n adrop Ωdrop = −fκevap(rdrop) Ωdrop, (5.19)

defines the Lagrange multiplier λVdrop which is used henceforth in equations (4.28) to
(4.30). Here, the evaporative flux is calculated directly depending on the drop size (see
equation (2.19)).

Below, the implementation is visualised providing a schematic of the global system
matrix (inside the braces). It contains the submatrices for the two subdomains (top left,
red and middle, grey), the coupling matrices between free flow and interface (top right,
red) and porous medium and interface (middle right, grey), as well as the definitions of
the Lagrange multipliers and continuity conditions in the bottom row (green). The first
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column in front of the brace references the employed coupling conditions. Furthermore,
the variables relevant in the respective conditions are indicated.

Eq. (3.12), (5.14): Equation (3.8) Equation ff-pm λvx

Eq. (4.31), (5.13): Equation (3.8) Equation ff-pm λp

Equation Equation (3.7) Equation ff-pm
Eq. (4.29), (5.9): Equation (3.6) Equation ff-pm λx

Eq. (4.30), (5.10): Equation (3.9) Equation ff-pm λT

Equation (xx) Equation (xx) Equation (xx) Equation(xx)

Eq. (4.28), (5.15): Equation pm-ff Equation (3.4) λvy +
∆λVdrop

1
xw
l

∆t

Eq. (4.29), (5.9): Equation pm-ff Equation (3.3) λx + ∆λVdrop
∆t

Eq. (4.30), (5.10): Equation pm-ff Equation (3.5) λT +
∆λVdrop

ul
xw
l

∆t

Equation (xx) Equation (xx) Equation (xx) Equation (xx)
Equation (5.17): τ ff , αBJ σ, αBJ λvx

Equation (5.18): vff
g · n vffg λvy

Equation (5.16): ppm
g , ppm

l , rdrop λp

Equation (5.11): xwg
ff xwg

pm, xwl
pm

Equation (5.12): T ff
g T pm

Equations (5.19): −fκevap(rdrop) xwl
pm,vpm

l

∆λVdrop
∆t

If the pore-velocity approach from section 4.2.5 is used to estimate the flux feeding
the drop (see second term in equation (5.19)), equation (4.25) defines the internal drop
pressure which is an additional unknown on the interface. A new Lagrange multiplier,
λpdrop , is introduced:

(
[n · ((%mg vg ⊗ vg + pgI− τ )n)]ff + 2γlg

rdrop

aodrop

adrop

)
adrop = λpdrop adrop, (5.20)

which is used in equation (4.33). Due to the introduction of another unknown, the
system matrix is changed to:
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Eq. (3.12), (5.14): Equation (3.8) Equation ff-pm λvx

Eq. (4.31), (5.13): Equation (3.8) Equation ff-pm λp

Equation Equation (3.7) Equation ff-pm
Eq. (4.29), (5.9): Equation (3.6) Equation ff-pm λx

Eq. (4.30), (5.10): Equation (3.9) Equation ff-pm λT

Equation (xx) Equation (xx) Equation (xx) Equation(xx)

Eq. (4.28), (5.15): Equation pm-ff Equation (3.4) λvy +
∆λVdrop

1
xw
l

∆t

Eq. (4.29), (5.9): Equation pm-ff Equation (3.3) λx + ∆λVdrop
∆t

Eq. (4.30), (5.10): Equation pm-ff Equation (3.5) λT +
∆λVdrop

ul
xw
l

∆t

Equation (xx) Equation (xx) Equation (xx) Equation (xx)
Equation (5.17): τ ff , αBJ σ, αBJ λvx

Equation (5.18): vff
g · n vffg λvy

Equation (3.11c): ppm
g λp

Equation (5.11): xwg
ff xwg

pm, xwl
pm

Equation (5.12): T ff
g T pm

Equations (4.35): −fκevap(rdrop) xwl
pm, ppm

l , λpdrop

∆λVdrop
∆t

Equations (5.20): pff
g , rdrop Equations (xx) λpdrop

The main difference between the two system matrices is the implementation of the
pressure condition and the flux feeding the drop. In the first matrix, the free-flow
normal stresses are coupled by the Lagrange multiplier λp to the weighted sum of the
porous-medium gas and water pressures. The flux feeding the drop is given by the
macro-scale water flux coming from the porous medium. In the second implementation,
the free-flow normal stresses are related to the gas-phase porous-medium pressure only.
The internal drop pressure is introduced as new unknown λpdrop . It depends on the
free-flow gas pressure and the capillary pressure at the drop surface which is a function
of the drop radius. The water flux feeding the drop is estimated on the pore-scale and is
proportional to the difference between porous-medium water pressure ppm

l and internal
drop pressure λpdrop . The second approach avoids forming the weighted sum of the
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porous-medium phase pressures and is motivated by the work of Berning et al. (2009).
Both systems are implemented in DuMux and compared in chapter 7.

5.2.1 Model assumptions required for the implementation

In the previous section, it was shown that the discretised general balance equation (5.6)
includes the normal fluxes across the interface Γ. According to the choice of the Lagrange
multipliers, these fluxes are substituted by the normal fluxes specified in the according
coupling condition. Comparing (5.9) and (5.10) with the flux coupling conditions (4.29)
and (4.30) reveals that they differ in the gas flux across the drop contact area. The
model assumption for the implementation is that the mass, component and energy
fluxes from the porous medium across the interface fulfil:

fm · n =
∑

α∈{l,g}
[%αvα]pm · n ag + [%lvl]pm · n adrop =

∑
α∈{l,g}

[%αvα]pm · n (5.21)

fκ · n =
∑

α∈{l,g}
[%αvαxκα −Dκ,pm

α %α∇xκα]pm · n ag + [%lvlxκl −D
κ,pm
l %l∇xκl ]pm · n adrop

(5.22)

=
∑

α∈{l,g}
(%αvαxκα −Dκ,pm

α %α∇xκα) · npm

fT · n =
∑

α∈{l,g}
[(%ghgvg + %lhlvl − λpm∇T ) · n]pm ag + [(%lhlvl − λpm∇T ) · n]pm adrop

(5.23)

=
∑

α∈{l,g}
(%αhαvα − λpm∇ T )pm · npm

These assumptions are realised as the porous-medium flux is forced to be equal to the
according free-flow flux by the Lagrange multiplier.
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modelled with continum approach:

distribute            on all elements 

with the same radius R

many small drops with radius  one big drop with 

Figure 5.3: Visualisation of the REV drop concept: instead of one small drop per grid cell, the
volumes are assembled to form one large drop per drop REV. Drop radius and the
area weighting ag and adrop are calculated from the large drop and are valid for all
contributing cells.
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5.3 Droplet-specific implementation

In section 4.2.1, the REV drop concept was explained. Modelling one drop per grid cell
would result in a non-physical number of very small drops. Instead, one big drop per
grid-cell cluster Ωdrop is assumed.

The model is solved for the Lagrange multiplier λVdrop which is essentially the volumetric
contribution of each node to the whole drop. The water from all grid cells within one
drop REV Ωdrop is then aggregated to form one big physical drop (see figure 5.3):

Vdrop =
∑

i∈Ωdrop

λVdrop i

%lix
w
l i

.

The drop radius rdrop and the area distributions ag and adrop needed for the coupling
conditions (equations (4.28) to (4.32)) are calculated from the total drop volume Vdrop

and are then valid for all contributing cells during the next Newton step (see figure 5.3).
rdrop, ag and adrop can hence be seen as effective quantities.

Alternatively, a coarse spatial discretisation of the mortar elements could be chosen
such that the size of the mortar elements corresponds to the drop REV Ωdrop. In that
case, the total volume would be a primary variable of the model. The benefit of such an
implementation is questionable, since the total volume would have to be redistributed
to the contributing nodes to fulfil the mass-balance at the interface.

Until now, the area of influence Ωdrop has to be chosen as input parameter. Consequently,
the number and distribution of drops is given in advance (Berning et al., 2009) and has
to be chosen wisely according to the physical problem. The influence of the choice of
Ωdrop is investigated in section 7.3.3.

The total work flow is illustrated in figure 5.4. The system starts fully gas-saturated. It
switches to a two-phase system due to the water production by the electro-chemical
reaction. As long as the pressure and flux of the water produced by the electro-chemical
reaction is not sufficient to form a drop, a non-isothermal compositional two-phase
system is solved. The porous medium is coupled to the free flow in the gas distributor
using the simple-interface coupling conditions without drops (see equations (3.11c) -
(3.19)). Between Newton steps the concept of the static pore model is used to determine
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the state of the interface for the next Newton step (see figure 5.4 and section 4.2.2).
When the drop-formation condition is fulfilled, the initial drop properties are calculated
and the drop-coupling conditions are used until the drop detaches. The drop detachment
condition (section 4.2.6) is evaluated after each time step. If the drop is close to detaching
or detached the time-step is reduced to capture the actual detachment point.

All balance equations and geometrical relations are given in 3D. As a first step, the
models presented in chapters 3 and 4 are implemented in 2D. Naturally, 2D models are
a poor representation of reality and cannot account for realistic flow patterns. However,
they are sufficient to prove the functionality and applicability of the developed model
concepts and allow to draw first conclusions about the dominating physical processes
and about the most crucial parameters. In a 2D concept, the drops become cylinders
(Chen et al., 2005). This affects the geometrical relations like drop volume, drop contact
area or drop surface as follows:

Vdrop = (rdrop)2

2 (2θ∗ − sin θ∗) b, (5.24)

Ao
drop = 2θ∗rdropb, (5.25)

ACA
drop = 2rdrop sin θ∗b, (5.26)

where b is the depth of the 2D system. The calculation of the retention force does not
depend on the drop radius any more which is in agreement with the expression provided
in Chen et al. (2005):

Fmax
γlg

= π (rdrop sin θa) γlg cos(π − θa) + π (rdrop sin θa) γlg cos θr. (5.27)

The evaporative flux fκevap for a two-dimensional setting considering advective transport
is given in appendix A.2.

The numerical concept presented in this chapter is employed to simulate drop dynamics
in a simplified setup motivated by the processes occurring at the cathode side of a PEM
fuel cell in chapter 7.
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Figure 5.4: Visualisation of the implementation: Before each Newton step, the formation of new
drops is checked and calculated. Then the drop grows and the new drop properties
are calculated. At the end of a time step, the detachment condition is evaluated.





6 Application and results:
Transvascular exchange

In the previous chapters, a toolbox has been presented containing coupling approaches
and interface descriptions with different levels of complexity. In the following, the appli-
cability of the simple interface concept to the physiological application of transvascular
exchange is shown. In this application, the micro-vascular wall is an interface layer which
separates the free blood flow and the porous tissue, regulating the flow and transport
processes between these two domains.

The model contributes to the description of the distribution process of therapeutic
agents to their target tumour cells. The distribution process of nutrients, metabolites
and therapeutic agents involves different scales. The largest scale is the scale of the whole
organism, followed by the organ and tumour level. At the organ level, macro- and micro-
circulation, the surrounding tissue and the sub-scale of transvascular exchange, where
the structure of the capillary wall is resolved, have to be taken into account. Finally,
the smallest scale of interest is the cellular scale where the interaction of therapeutic
agent and target cells occurs. Therapeutic agents distribute in the circulatory system
and reach the surrounding tissue by crossing the micro-vascular wall of the smallest
blood vessels. This wall has a complex structure and acts as the main regulator of
substance exchange. Since substance exchange only occurs in the smallest vessels, the
capillaries, the current project focuses on the description of the exchange and regulation
processes between vascular and tissue space (transvascular exchange), trying to provide
a better understanding of one of the limiting processes in the distribution of therapeutic
agents. The cell-selective transmembrane protein TRAIL (tumour-necrosis factor related
apoptosis inducing ligand), which induces apoptosis18 of the target tumour cells, is
considered as typical therapeutic agent.
18"Programmed cell death in a multi-cellular organism" (Erbertseder, 2012).
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In the following, the theoretical background and the relevant processes are explained
(see section 6.1). Based on the characteristics of the application, the appropriate model
and interface concept is identified (see section 6.2). Finally, results for the prediction
of transport of therapeutic agents from the vascular to the tissue space are shown in
section 6.3. A critical discussion of the applicability of the chosen model concept is given
in section 6.4.

6.1 Physiological background19

Transvascular exchange involves three compartments: flow and transport inside the
capillary blood vessels, distribution in the surrounding tissue and flow and transport
through the micro-vascular wall. First, the properties of fluids and solids are described.
Then, transvascular exchange is explained. A detailed discussion of all involved materials
and fluids, and of the occurring processes is given in Baber (2009).

Blood is a suspension of cells in blood plasma. It is a non-Newtonian fluid with pseudo-
plastic behaviour which is strongly influenced by the concentration and state of the
red blood cells (Junqueira et al., 2002). The viscosity of blood depends on the flow
conditions, the vessel diameter, haematocrit20 and fluid composition (Schmidt and Lang,
2007). In the smallest capillaries, the red blood cells deform and accumulate in the vessel
center, forming a lubrication film of plasma near the vessel walls. As a consequence, the
viscosity in the smallest blood vessels decreases significantly (Fåhraeus-Lindquist-Effect).
Red blood cells are not able to cross the capillary wall. Thus, only blood plasma and the
transported substances therein are able to filtrate into the tissue space. The blood flow
in the larger vessels is pulsating due to the influence of the heart beat. In the smaller
vessels, the influence diminishes and can be neglected in the capillaries (Schmidt and
Lang, 2007). Flow velocities are between 0.5 to 1mm/s (Thews and Vaupel, 2007, Schmidt
and Lang, 2007). Inside the blood vessels, degradation processes occur (Erbertseder
et al., 2012).

19Parts of this section are taken from Baber, K. (2009). Modeling the transfer of therapeutic agents
from the vascular space to the tissue compartment (A continuum approach). Master’s thesis, Dep.
of Hydromechanics and Modeling of Hydrosystems, IWS, University of Stuttgart.

20The volumetric fraction of red blood cells (Schmidt and Lang, 2007).
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Blood plasma and interstitial fluid have the same material properties. The New-
tonian fluids are composed of more than 90% water. The fractions of proteins, ions,
organic compounds and hormones vary inside the blood vessels and in the tissue space.

Blood vessels are flexible tubes. Starting at the heart with the largest blood vessel,
the aorta, the vessel system branches into arteries, arterioles and capillaries. The
vessels are classified into macro- and micro-circulation depending on their radius. The
macro-circulation is a system of mere blood channels with relatively thick vessels walls.
Substance exchange with the surrounding tissue only occurs in the smallest blood vessels,
the capillaries (Junqueira et al., 2002). Capillaries have a diameter of 5 to 15µm and
are about 0.25 to 1mm long. The capillary network and the surrounding tissue is called
capillary bed with an inter-capillary distance of about 100µm (Netti et al., 1997).

Tissue is the building material of the body (Schiebler, 2005). It is a dynamic aggregation
of cells which have the same morphological and functional properties. Tissue is an elastic
medium composed of fixed and mobile cells, fibres, amorphous ground substance and
interstitial fluid. The flow velocity of interstitial fluid is in the nm/s-range (Fu et al.,
2005).

There are four basic types of tissue in the human body (Schiebler, 2005):

• connective tissue - structure and support of the human body,

• epithelial tissue - lining of internal and external surfaces, fulfils functions like
separation, protection and transport of substances,

• muscle tissue - generation of force and motion,

• nervous tissue - communication between and control of body parts.

In the tissue space, a vivid interaction between cells and surrounding substances occurs.
The therapeutic agent binds to the target tumour cells (termed adsorption in the
following) and degradation processes happen.

The vascular and tissue spaces are separated by the capillary or micro-vascular wall.
It is a thin (thickness ≈ 2µm), complex and heterogeneous structure that regulates
transvascular exchange. It consists of one layer of endothelial cells which are fixed to a
basal membrane which is the border to the surrounding tissue (see figure 6.1). On the
luminal side, the capillary wall is covered by a negatively charged layer of proteins called
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Figure 6.1: Structure of the capillary wall showing a variety of para- and transcellular pathways.
1+2) Intercellular clefts of different diameter, 3+4) open and closed fenestrations, 5)
pores of fused vesicles, 6) vesicles, 7+8) transcellular transport mechanisms. The exact
structure is strongly dependent on anatomic location and physiological/pathological
conditions (Baber, 2009).

(a) Continuous capillary.

(b) Fenestrated capillary. (c) Discontinuous capillary.

Figure 6.2: Capillary types (R. Krstic (1991) Human Microscopic Anatomy, in Junqueira et al.
(2002), with kind permission of Springer, Heidelberg).

glycocalyx (Sugihara-Seki and Fu, 2005, Hughes, 2000, Stace and Damiano, 2001). The
endothelial cells are the rate limiting barrier to extravasation of plasma components of
all sizes from electrolytes to proteins (Junqueira et al., 2002, Schmidt and Lang, 2007).
The endothelium is impermeable for the red blood cells. Moreover, the basal lamina
acts as a permeability barrier and the glycocalyx serves as an additional molecular filter,
maintaining a low permeability to macro-molecules (Sugihara-Seki and Fu, 2005, Michel
and Curry, 1999). The electro-chemical processes induced by the negatively charged
glycocalyx influence transvascular exchange of charged macro-molecules significantly
and are explained in detail in Stace and Damiano (2001).

The exact structure, and thus the permeability of the capillary wall, is strongly dependent
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on the anatomic location and physiological and pathological conditions (Junqueira et al.,
2002). Continuous capillaries (see figure 6.2a) have almost impermeable walls and are
found e.g. in the skin, the lung and especially in the brain. Fenestrated capillaries
(see figure 6.2b) exhibit intracellular pores and clefts ranging from 50 nm to 100 nm in
diameter (Petrak and Goddard, 1989, Junqueira et al., 2002, Schmidt and Lang, 2007).
They can be found in tissue where a high mass-transfer rate between blood vessels and
tissue occurs, e.g. the pancreas. Discontinuous capillaries (see figure 6.2c) can be found
in the bone marrow, liver and spleen. Their walls are highly permeable.

In order to allow substance exchange, a variety of different para- and transcellular
pathways are embedded in the micro-vascular wall. Baber (2009) identify eight principle
pathways (see figure 6.1). Paracellular pathways are pores and clefts between and
within endothelial cells. They are permeable to hydrophilic and polar substances and
macro-molecules. Pores through the tight junctions that connect endothelial cells with
each other are selective due to a network of protein strands and most likely impermeable
for macro-molecules like proteins. The macro-molecules can pass through pores within
cells, so-called fenestrations. It is assumed in the following, that these pathways are
not interconnected and that flow occurs perpendicular to the flow in the blood vessels
(Formaggia et al., 2009). Transcellular pathways go through endothelial cells and facilitate
the passage of water, small hydrophilic and lipid-soluble substances, including the
respiratory gases CO2 and O2 (Schmidt and Lang, 2007). The transcellular pathways are
strongly selective and might involve substance-specific signalling processes. Depending
on the wall structure and physiological and pathological conditions, the relevance of
the respective pathways may vary. Renkin (1978) states that quantitative roles of one
pathway with respect to another are not known. Petrak and Goddard (1989) suggest
that only a very small volume of fluid is transported by vesicles, that water and solutes
pass mainly through small pores and that macro-molecular transport is almost entirely
convective. The number and configuration of the above mentioned pathways as well
as the glycocalyx and the basal lamina determine the permeability of the vessel wall.
Additionally, permeability depends on the size, charge and constitution of the respective
substance (Chauhan et al., 2011). Not all pathways might be available for synthetic
macro-molecules like therapeutics. The distribution of theses substances cannot rely
on receptor-mediated pathways, but it depends on convective and diffusive transport
through paracellular pathways (Renkin, 1978).
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Figure 6.3: Pressure significantly decreases along the capillary. In combination with osmotic
pressure, this leads to inward and outward flow.

Transvascular exchange through the paracellular pathways is driven by gradients in
pressure, osmotic pressure and concentration. Solvent flow across the capillary wall is
generally described by the Starling-law (Curry, 1984):

fm = Kwall%if [(pcap − ptiss)− σd (πcap − πtiss)] . (6.1)

The net convective flux is the difference between the flux induced by the pressure gradient
and the osmotically induced flux. The proportionality constant that relates solvent
flow to pressure gradient is called hydraulic conductivity Kwall. This constant describes
the conductivity of the micro-vascular wall to water. The parameter σd describes the
selectivity of the semi-permeable membrane, here the micro-vascular wall, to the solutes
inducing osmotic pressure (Sugihara-Seki and Fu, 2005). It is called osmotic reflection
coefficient and influences the effectiveness of the osmotic-pressure gradient (Kurbel et al.,
2001). According to Jain (1987a), it is close to 1 for macro-molecules and close to 0 for
micro-molecules. The effectiveness of the osmotic pressure depends on the structure
and permeability of the micro-vascular wall and σd varies according to the anatomical
location.

Solute transport is given by the Kedem-Katchalsky equation:

fκ = Dκ
wall%if

(
xκcap − xκtiss

)
+ fm (1− σf)xκcap. (6.2)
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Equation 6.2 specifies solute flow due to convective and diffusive transport. Diffusion is
proportional to the concentration gradient. The according proportionality constant is
the vascular diffusive permeability Dκ

wall which depends on the transported substance.
The filtration reflection coefficient σf stands for the retardation of solutes with respect
to the solvent due to membrane obstructions (Sugihara-Seki and Fu, 2005). Kwall, Dκ

wall,
σd and σf depend on the structure of the micro-vascular wall and on size, charge and
configuration of the molecule. The properties change even along one vessel. The vessel
wall tends to get more permeable towards the venous end of the capillaries and the
post-capillary venules (Jain, 1987a).

The pressure inside the capillaries decreases significantly from the arterial to the venous
end of the vessel while the interstitial pressure remains almost constant. In combination
with the osmotic-pressure gradient induced by concentration differences across the
micro-vascular wall, this induces outward flow at the arterial end and inward flow at
the venous end of the vessel (see figure 6.3). The difference between phase and osmotic
pressure is called effective pressure. According to Schmidt and Lang (2007), about 90%
of the filtrate is reabsorbed. The amount varies depending on the physiological and
pathological conditions. The net outward flow is taken up by the lymphatic system.

The lymphatic system is the body’s drainage system. Parallel to the blood vessels, a
network of lymphatic vessels absorbs the filtrate from the capillaries and transports it
back to the blood stream. The uptake of interstitial fluid by the initial lymphatics is
called lymph drainage. About 2 l per day are drained from the tissue space (Schiebler,
2005). The lymphatic system regulates the interstitial pressure and is responsible for
the immune defence, filtering the lymph flow in the lymph nodes. Please be referred to
Ackermann (2013) for an overview of the lymphatic system.

Chauhan et al. (2011) find that the tumour properties and the tumour micro-environ-
ment impede all steps in the distribution process of therapeutic agents. The increased
solid stress caused by uncontrolled cell proliferation compresses the blood vessels and
reduces blood flow. The immature, abnormal and tortuous vascular network poses a
geometric resistance to the blood flow, decreasing the flow velocity further. Highly
permeable vessel walls yield an increased fluid leakage into the surrounding tissue. In
combination with a missing lymph-drainage system, this increases the interstitial and
osmotic pressure significantly, limiting transvascular exchange to diffusion. The dense
interstitial matrix hinders the transport in the tissue space.
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6.2 Coupled model for transvascular exchange:
Assumptions

Focusing on the exchange processes, we consider one capillary blood vessel surrounded
by tissue instead of the whole capillary bed. Interaction with surrounding vessels is not
included. Flow and transport across the micro-vascular wall involve three compartments:
the vascular and the interstitial compartment, and the micro-vascular wall. Each of these
regions has a complex structure and is composed of numerous different components.
Furthermore, different fluids, namely blood and interstitial fluid, and a variety of solutes,
like red and white blood cells, proteins, molecular substances and therapeutics, are
involved in the transport processes. Not all of the solutes are able to pass the micro-
vascular wall and for the rest different transcellular pathways apply. This complex
system is simplified in the following and a decision for the description of the interface is
discussed. We assume isothermal conditions (T=310.15K) and fully dissolved substances,
and neglect the influence of gravity due to the small system size.

The vascular compartment is described by the one-phase (blood) two-component
(blood and therapeutic agent) free-flow model from section 3.3 based on the following
assumptions:

• Blood can be described as incompressible, Newtonian fluid, because flow properties
and velocities are constant inside one capillary.

• Pulsation from the heart beat can be neglected in the remote capillaries.

• The influence of the red blood cells is neglected and the therapeutic agent is the
only transported substance.

• Blood flow is described with the Stokes equations justified by very low Reynolds
numbers (Re = dcap%mbloodvcap

µblood
≈ 0.006).

• The degradation of the therapeutic agent is described by a sink term for equation
(3.6) (Erbertseder, 2012):

qκdeg = %blood k x
κ
cap with k = ln 2

t1/2
. (6.3)
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For the flow processes in the tissue compartment, the model from section 3.2 is sim-
plified to a one-phase (interstitial fluid) two-component (interstitial fluid and therapeutic
agent) model. The following assumptions are made:

• Uniting all “solid” components (fibres, cells, amorphous ground substance) into
one solid phase and neglecting elasticity and plasticity, tissue is described as a
homogeneous, isotropic, rigid porous medium.

• All cellular components are assumed to be immobile. The exchange and interaction
between cells and interstitial fluid is neglected.

• Darcy’s law is applied, justified by low Reynolds numbers.

• The interstitial fluid is incompressible and has Newtonian properties.

• Lymph drainage and the interaction of the therapeutic agent with the target cells
is described by sink terms entering equations (3.3) and (3.4) (Erbertseder, 2012,
Ackermann, 2013).

qκlymph = Klymph
Alymph

Vtiss
(ptiss − plymph) %ifx

κ
tiss, (6.4)

qlymph = Klymph
Alymph

Vtiss
(ptiss − plymph) %if . (6.5)

The interstitial pressure ptiss is a primary variable of the porous-medium model, the
pressure inside the lymph vessel is set to a constant literature value. The hydraulic
conductivity of the lymph vessel Klymph describes the uptake of interstitial fluid
through the lymphatic valves.

Adsorption of the therapeutic agent depends on the receptor-ligand concentration
in the tissue R0 and on the binding and detachment rates kon and koff :

qκads = (konx
κ
tiss%if − koff)R0. (6.6)

The best representation of the thin and complex structure of the capillary wall would
be a pore-scale description as shown in section 4.1. The paracellular pathways could be
represented by non-intersecting, circular pores yielding a bundle-of-tubes description.
To obtain a realistic representation, different properties could be assigned to the pores
by varying e.g. diameter and permeability. Tight-junction strands and diaphragms
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obstructing some of the pathways could be included as additional resistance. The tube
model could be extended to account for the fibre matrix of the glycocalyx and its
electro-chemical properties by combining a fibre-matrix model (Sugihara-Seki and Fu,
2005, Fu et al., 2005) with macro-molecular transport influenced by an electric field
(Stace and Damiano, 2001). However, knowledge about the exact properties and about
the relevance of the different pathways for the respective synthetic therapeutic agent
is scarce. Even after intense discussions with physiologists, the relevant pathways and
justified simplifications could not be identified. That is why, as a first step, the capillary
wall is described on the REV-scale as a thin porous-medium layer that differs from
the porous-medium describing the tissue space (Formaggia et al., 2009). Since the
micro-vascular wall is only one layer of cells which is only 1µm to 2µm thick, it is
highly questionable if a volume-averaging process can be justified. Due to heterogeneities
and the high aspect ratio the choice of an REV is a demanding task. A 2D-continuum
description would be more appropriate (see section 2.2), but is postponed to further
research.

In summary, the following simplifications are applied to obtain a description of the
capillary wall:

• It is represented by a thin, rigid, homogeneous, anisotropic (lower lateral perme-
ability) porous layer.

• Individual pathways and components are not resolved. Permeability and diffusivity
values are assigned to the whole region in accordance with the Starling and
Kedem-Katchalsky equations (see equations (6.1) and (6.2)) allowing bi-directional
flow. From the units of these parameters it can be deduced that the parameters
describing the micro-vascular wall, Kwall and Dκ

wall, are interface parameters. The
physiological parameters are integrated into the porous-medium approach by
multiplication with the thickness of the capillary wall (Baber, 2009).

• The electro-chemical influence of the glycocalyx, the selectivity of pathways and
binding or reactions are neglected.

• The osmotic-pressure gradient across the wall is assumed to be constant. Osmotic
pressure is not modelled depending on changes in the concentration of proteins
and other solutes. Consequently, the effective pressure peff = p− π is the primary
variable in the subdomains.
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• In the porous-medium representing the capillary wall, the transport equation
(3.3) includes the reflection coefficient σf to account for the retardation of the
transported substance with respect to fluid flow. Please be referred to Ischinger
(2013) for a more detailed explanation.

Essentially, the model consists of one free-flow and two porous-medium regions. The
upper boundary of the capillary wall is the interface between free-flow and porous-
medium model. The domains are coupled using the simple interface approach described
in section 3.4.

6.3 Results21

The results shown in this section were obtained in the scope of two independent studies.
In Ischinger (2013), the general model concept is analysed under healthy conditions and
a parameter study and sensitivity analysis based on an intensive literature review is
carried out. Ackermann (2013) investigates the influence of degradation, lymph drainage
and adsorption in healthy and tumour tissue. Both studies assume radial symmetry
yielding the 2D setup depicted in figure 6.4. It includes the vascular compartment (white),
the wall (light grey) and the tissue compartment (dark grey). The green line indicates
the coupling interface. Please note that figure 6.4 is only a schematic and does not
represent the actual geometry. Figure 6.4 also illustrates the boundary conditions. The
therapeutic agent enters from the left capillary boundary specified by a time-dependent
Dirichlet condition obtained from Erbertseder (2012). At the right free-flow and at the
porous-medium boundaries outflow conditions are set allowing mass and momentum to
leave the domain freely. The initial concentration of therapeutic agent in the tissue is
zero. The pressure values are determined by the effective pressure and given in table 6.1.

6.3.1 The reference case

Ischinger (2013) selects parameters for a reference case which are also used by Ackermann
(2013). The parameters are shown in table 6.1. Adsorption, degradation and lymph
21The results were obtained in the scope of the independent studies of Felix Ischinger (Ischinger, 2013)

and Sina Ackermann (Ackermann, 2013).
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Figure 6.4: Numerical setup of the model for transvascular exchange: the top region corresponds to
half of the capillary blood vessel, symmetry conditions are assumed on the top boundary,
blood and therapeutic agent enter from the left. The bottom region corresponds to
the tissue space, the interstitial pressure is fixed at the bottom boundary, all other
boundaries are outflow conditions. The two regions are separated by the thin porous
medium representing the capillary wall.

Figure 6.5: Isobars (grey) and stream lines (orange) in the tissue compartment. The grey line
depicts the border stream line: left of the black line fluid is reabsorbed coming from
the bottom of the tissue. Therapeutic agent reaches the right part only by diffusion.
(with kind permission of Ischinger (2013))

flow were neglected in the reference case. Figure 6.5 shows the streamlines in the
tissue compartment (dark grey area in figure 6.4). In the first two-thirds of the domain,
the effective pressure is larger in the capillary than in the tissue. Filtration from the
capillary into the tissue occurs. The blood pressure in the capillary decreases significantly
towards the venous end, so that the gradient in the effective pressure is reversed (see
figure 6.6). In the right part of the domain, fluid flows from the bottom of the tissue
space into the capillary. In between, the streamlines form an arch where the filtrate
is directly reabsorbed by the capillary. Both flow directions are influenced by the
reflection coefficient σf . Figure 6.7 illustrates the resulting mass-fraction distribution of
the therapeutic agent. First, the therapeutic agent spreads in the vascular compartment.
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Table 6.1: Parameter values for simulations with healthy tissue. The symbols listed under “Sink
terms” are explained in section 6.2.

Symbol Meaning Value Unit
Capillary
%mblood mass density of blood 1045 kg/m3

µblood dynamic viscosity of blood 2.8 mPa s
pcap pressure 4 000 Pa
∇pcap pressure gradient -2 000 000 Pa/m
πcap osmotic pressure 3 600 Pa
T temperature 37 ◦C
Dκ

cap diffusion coefficient 2.19 · 10−11 m2/s
Micro-vascular wall
%mif mass density of interstitial fluid 1025 kg/m3

µif dynamic viscosity of interstitial fluid 1.3 mPa s
T temperature 37 ◦C
Dκ

wall · hwall diffusion coefficient 4.8 · 10−16 m2/s
Kwall · hwall horizontal permeability 1.0 · 10−24 m2

Kwall · hwall vertical permeability 2.34 · 10−20 m2

Φwall porosity 0.03 -
τ tortuosity 3.38 · 10−4 -
σf solvent-drag reflection coefficient 0.83 -
Tissue
ptiss pressure 0 Pa
πtiss osmotic Pressure 933 Pa
T temperature 37 ◦C
Dκ

tiss diffusion coefficient 1.3 · 10−12 m2/s
K isotropic permeability 6.5 · 10−18 m2

Φ porosity 0.22 -
τ tortuosity 0.124928 -
Sink terms
Klymph permeability of the lymph-vessel wall 1.9 · 10−12 m/Pa s

plymph lymphatic pressure -1 200 Pa
Alymph
Vtiss

ratio of surface area and volume 3.0 1/m
t1/2 half-life of the therapeutic agent 21 600 s
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Figure 6.6: Interstitial pressure: the grey plane represents the size of the tissue compartment,
above is the capillary wall. There is a strong pressure gradient across the capillary
wall. Pressure significantly decreases from the arterial to the venous end. (with kind
permission of Ackermann (2013))

Due to the high flow velocities, the mass fraction in the capillary reaches its maximum
value quickly. Then, the therapeutic agent enters the tissue space crossing the capillary
wall. In the left part, the therapeutic agent comes from the capillary and leaves the
domain through the outflow boundary at the bottom of the domain. The mass fraction
reaches a value determined by the mass fraction in the capillary and the reflection
coefficient Xκ

tiss = (1−σf)Xκ
cap = (1−0.83) 2.989 ·10−7 kg/kg = 5.08 ·10−8 kg/kg (see figure

6.8). In the middle part, where the streamlines form an arch, the mass fraction reaches
the value in the capillary eventually, forming a local maximum (see bump in figure 6.8).
As long as the mass fractions are not equal in the vascular and interstitial compartment,
the transport from the capillary is larger than the uptake into the capillary due to
the upwinding of the mass fraction in the advective transport. The therapeutic agent
enters the tissue and pools up below the capillary wall being held back by the reflection
coefficient. The local maximum is mitigated by higher diffusion and reflection coefficients
(see figure 6.9). In the right part of the domain, the mass fraction of therapeutic agent
is small since fluid flows from the bottom of the tissue towards the capillary. This part
can only be supplied with therapeutic agent by diffusion.
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Figure 6.7: Distribution of therapeutic agent (red) within the two-dimensional model domain in
healthy tissue. (with kind permission of Ackermann (2013))

(a) Initial conditions of the simulation. A very small amount of therpeutic agent (red) can
be seen at the top left corner.

(b) The therapeutic agent is carried through the capillary by the blood flow (red area at the
top).

(c) It reaches the venous end of the capillary before entering the tissue.

(d) Slowly, the therapeutic agents crosses the micro-vascular wall and is transported into
the tissue.

(e) It spreads from the top left corner towards the bottom right corner of the model domain.

(f) After a simulation time of 30 000s, the whole model domain has been reached by the
therapeutic molecules.
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Figure 6.8: Surface plot of the mass fraction of therapeutic agent in the tissue compartment. The
line plot of the mass fraction just below the capillary wall has a local maximum due
to the reflection coefficient. (with kind permission of Ischinger (2013))
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Figure 6.9: Line plots of mass fraction in the tissue parallel to the capillary wall for different
diffusion coefficients (left) and reflection coefficients (right). The values are taken from
the literature review and the variation of ±5% refers to the reference value given in
table 6.1. Higher diffusion and reflection coefficients cause a more even distribution of
the therapeutic agent. (with kind permission of Ischinger (2013))
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6.3.2 Parameter study and sensitivity analysis

Ischinger (2013) performs a sensitivity analysis to identify the parameters most crucial
for transvascular exchange. He carries out four simulations for each parameter, using the
smallest and largest literature value and varying each parameter by ±5% with respect
to the reference value given in table 6.1. Saltelli et al. (2000) state that a variation
of 5% is the theoretical limit for a local parameter-sensitivity analysis in non-linear
models. The results are compared based on the normalised integral mass fraction of the
therapeutic agent:

ε = χκtiss(t, pi 6=j, pj + ∆pj)
∆pj

pj
χκtiss(t, pi)

, (6.7)

where χκtiss is the mass fraction of therapeutic agent integrated over the tissue com-
partment as a function of all parameters, p are the parameters of interest, ∆pj is the
variation of the parameter j and ε is the normalised sensitivity coefficient. A positive
value of ε means that a positive variation of a parameter entails an increase in the
integral mass fraction. A negative values indicates a decrease in mass fraction. Figure
6.10 shows the results of the sensitivity analysis. In the capillary compartment, the
diffusion coefficient Dκ

cap, the viscosity µblood and the density %blood are varied. These
parameters do not influence the system significantly due to the advectively dominated
fast flow regime. The fluid properties of the interstitial fluid have no significant influence
either.

The variation of the diffusion coefficient of the capillary wall Dκ
wall, of the porosity

Φwall and of the height of the capillary wall hwall have the expected effect: an increase
in diffusion coefficient or porosity increases the permeability of the wall and leads to
higher mass fractions in the tissue compartment. An increase in the wall thickness has
the opposite effect. Figure 6.10 shows negative values of ε for a variation of the wall
permeabilityKwall meaning that an increase in permeability leads to lower concentrations
in the tissue. This unexpected result can be explained based on the flow field described
in the previous section. A high permeability yields high concentrations in the left part
where filtration occurs, but also a higher uptake in the right part of the domain. These
two competing effects can yield on overall reduction of the concentration. The reflection
coefficient σf has the highest impact on the distribution of therapeutic agent (see figure
6.10). This is not surprising as it scales the advective flow across the capillary wall.

The consequences of the variation of tissue parameters like diffusion coefficient Dκ
tiss,
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Figure 6.10: Results of the sensitivity analysis: the normalized sensitivity coefficient ε is shown for
each varied parameter. Red illustrates a high influence (ε ≥ 0.5), yellow illustrates
medium influence (ε = 0.25), green means no influence (ε = 0.0). In between the
color scale is linear. (with kind permission of Ischinger (2013))
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permeability or porosity are all unexpected: an increase of these parameters always
leads to a lower concentration of therapeutic agent (see negative ε in figure 6.10). Again,
this is due to the fact that higher diffusivity and permeability not only increase the
filtration into the tissue, but also the uptake into the capillary and the transport across
the domain boundaries. The porosity is part of the definition of the effective diffusion
coefficient in porous media (see table 3.2). Hence, an increase in porosity increases the
effective diffusion coefficients and entails the respective consequences.

Naturally, the flow field has a strong influence on the distribution of the therapeutic
agent. Most effects of the parameter variation can only be explained because both
filtration and reabsorption take place. A change in the effective pressures which causes
outward flow along the whole capillary changes the characteristics of the whole system
(Ischinger, 2013).

6.3.3 Influence of lymph drainage, degradation and adsorption

Ackermann (2013) extends the model to account for degradation, lymph drainage and
adsorption. In the circulatory system, the concentration of therapeutic molecules can be
reduced by metabolic transformation, for example. In healthy tissue, excess interstitial
fluid is drained by the lymphatic system carrying therapeutic molecules away from the
target cells. Tumour tissue differs considerably from healthy tissue. The blood vessels
are more tortuous, elongated and possibly dilated. They have highly permeable walls
with a low reflection coefficient. Tumour tissue has higher porosities and permeabilities
(see table 6.2) and does not have a functioning lymphatic system. The therapeutic agent
interacts with the target tumour cells, reducing its amount in the tissue. Furthermore,
a higher interstitial pressure is generally observed (Jain, 1987b). A summary of the
most important tumour properties can be found in Erbertseder (2012). The employed
parameters are listed in table 6.2.

Ackermann (2013) analyses the influence of degradation and lymph drainage in healthy
tissue adding the sink terms (6.3), (6.5) and (6.4) to the reference case shown in the
previous section. The sink terms are set in all nodes of the respective domain. She finds
that degradation reduces the integral amount of therapeutic agent in the tissue space
χκtiss by only 1.34 · 10−3 %. The lymph-drainage term caused a non-physiological increase
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Table 6.2: Parameter values for simulations with tumour tissue differing from the healthy case
shown in table 6.1. The symbols listed under “Sink terms” are explained in section 6.2.

Symbol Meaning Value Unit
Capillary
pcap pressure 767 Pa
∇pcap pressure gradient -490 000 Pa/m
πcap osmotic pressure 2660 Pa
Micro-vascular wall
Kwall · hwall horizontal permeability 5.064 · 10−24 m2

Kwall · hwall vertical permeability 5.064 · 10−20 m2

Φwall porosity 0.04 -
τ tortuosity 16.9· 10−4 -
σf solvent-drag reflection coefficient 0.75 -
Tissue
ptiss pressure 133 Pa
πtiss osmotic Pressure 1995 Pa
K isotropic permeability 2.14 · 10−17 m2

Φ porosity 0.27 -
τ tortuosity 0.71 -
Sink terms
kon kinetic constant (forward reaction) 100 m3/mol s

koff kinetic constant (backward reaction) 0 1/s
R0 receptor concentration 1.7 · 10−5 mol/m3

t1/2 half-life of the therapeutic agent 21 600 s
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in therapeutic agent of about 10−5 %. Possibly, local minima in the effective interstitial
pressure cause non-physiological filtration from the lymph vessels into the tissue.

In tumour tissue, the influence of degradation and of adsorption of therapeutic agents
to target tumour cells is accounted for by the sink terms (6.3) and (6.6). In expression
(6.6), the release of therapeutic molecules from the tumour cells back to the tissue is
independent of the amount of bound substances. With a given value for the backward
reaction rate koff = 10−3, the adsorption term becomes a source for the therapeutic
agent. However, no literature values for koff could be found which relate the backward-
reaction rate to the amount of bound substance. As a first solution, koff was set to zero
so that no TRAIL molecule that is already bound to a tumour cell is released again.
This overestimates the amount of therapeutic agent affected by adsorption yielding a
reduction of 0.44%. Degradation caused a negligible reduction of 1.47 · 10−7 %.

In conclusion, the effect of degradation can be neglected in both healthy and tumour
tissue, if only one capillary is considered. It might become more important if the network
of supplying blood vessels is included in the model. No conclusions can be drawn about
the influence of lymph drainage due to the incorrect results. Since tumours do not have a
functioning lymphatic system, the effect of lymph drainage is of little importance for the
prediction of the percentage of tumour cells which react to the administered therapeutic
agent. The latter can only be predicted correctly by a cell model which resolves the
binding of therapeutic agent to the target tumour cells as well as the reaction of the cells
to the bound substances. Such a model is developed by Hasenauer et al. (2010a) and
combined with a model for the distribution of therapeutic agent from the circulatory
systems to the target tumour cells by Erbertseder (2012). The estimated reduction of
therapeutic agent due to the reaction with tumour cells based on reaction constants
already showed the expected considerable influence (Ackermann, 2013).

6.4 Discussion

The presented model reproduces the basic processes of transvascular exchange. It
simulates filtration and reabsorption of fluid and reveals the influence of wall and tissue
parameters on the final distribution of therapeutic agents. Nevertheless, it is only a first
step towards modelling transvascular exchange across the micro-vascular wall since the
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employed concepts are of limited applicability and information about the physiological
processes and parameters is scarce.

The main limitation of the model with respect to the physiological reality is that all
structural properties like glycocalyx, basal membrane and the variety of pathways are
lumped into the effective properties permeability Kwall, diffusivity Dκ

wall and porosity.
The electro-chemical properties are neglected and smooth, rigid structures are assumed.
A three-dimensional pore-scale model of the capillary wall would yield new insights in the
relevance of the respective structures and pathways, but requires well-founded assump-
tions about the physiological properties. Additionally, the distribution of therapeutic
agents is significantly influenced by the neighbouring capillaries. Modelling the whole
capillary bed or at least several capillary blood vessels would increase the reliability of
the predicted concentrations. Eventually, a detailed model for transvascular exchange
could be coupled to the model developed in Erbertseder (2012). The distribution process
in the circulatory system is modelled with a vascular-graph model (Reichold, 2011).
The capillary bed is described with a double-continuum approach (Erbertseder et al.,
2012) where the description of the exchange between vascular and tissue compartment
could be improved. Finally, the distribution of therapeutic agents is used as input for a
cell-population model to predict the number of tumour cells which undergo apoptosis
(Hasenauer et al., 2010b).

Besides the physiological limitations, conceptual limitations need to be addressed. The
capillary wall, which is an interface layer, is described as an independent domain. The
coupling between vascular free-flow and porous wall compartment which is based on
the simple interface concept is motivated mathematically. Alternatively, the capillary
wall could be described either as a pore-scale tube model (see section 4.1) or as a
2D-continuum (see section 2.2). Furthermore, the application of REV-scale approaches
to the thin porous structures needs to be revised.

Concluding, the results of this section prove the applicability of the simple interface
concept and motivate a more complex interface description.



7 Application and results: Water
management in PEM fuel cells

In the previous chapters, a toolbox has been presented containing coupling approaches
and interface descriptions with different levels of complexity. In the following, the
applicability of the drop concept is shown on the basis of an application from the
technical field.

The increased energy consumption of society and industry and the related increase
in emissions lead to a gradual change of course in the environmental and energy
policy. To fulfil the political guidelines and to realise a sustainable and environmentally
friendly energy supply, the energy demand must be reduced by increasing efficiency and
uncovering energy-saving potentials. Additionally, the use of renewable energy sources
like solar, wind or water power needs to be increased. A technology like PEM fuel
cells fits in this economical and political framework in many ways. The production
of hydrogen can buffer unneeded energy peaks caused by the temporal variation of
natural energy sources. Hydrogen production is one answer to the demand for energy-
storage capacities. The development of fuel-cell vehicles can satisfy the increasing social
demand for mobility efficiently and with low emissions. To reach market maturity, the
production costs of PEM fuel cells need to be significantly reduced and durability needs
to be increased. Apart from an alternative to the high platinum demand, the water
management "remains one of the outstanding areas for research" (Kandlikar et al.,
2014). The optimisation of the water management in PEM fuel cells is based on a
good understanding of the occurring multi-phase transport processes, which is obtained
through experimental and numerical investigations (Wang et al., 2011, Rosén et al.,
2012, Roth et al., 2013, Wang et al., 2011). As in-situ experiments are very demanding,
numerical simulations are "an essential tool for the investigation of multi-phase transport
and spatio-temporal behaviour of water" (Gurau and Mann, 2009).
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Water management in PEM fuel cells involves two-phase flow as well as component
and energy transport in the porous diffusion layer which is in direct contact with the
gas channel. The interfacial phenomena significantly influence the water management
(Gurau and Mann, 2009). The focus of this work is on the transfer mechanisms at the
interface between GC and GDL, hence, at the interface between porous fibre structure
and free gas flow. The goal is to describe drop dynamics at the gas-channel gas-diffusion
layer interface using the REV-scale coupled model from sections 4.2 and 5.

In the following, the theoretical background and the relevant processes of the application
are explained (see section 7.1). Based on the characteristics of the application, the most
appropriate model and interface concept is identified (see section 7.2). Finally, results
showing the influence of different parameters on the drop dynamics at the cathode side
of PEM fuel cells are presented in section 7.3. A critical discussion of the applicability
of the chosen concept is given in section 7.4.

7.1 Technical background

22PEM fuel cells convert the chemical energy of the hydrogen-oxygen oxidation-reduction
reaction into electricity:

H2 
 2H+ + 2e−, (7.1)
1
2O2 + 2H+ + 2e− 
 H2O, (7.2)

H2 + 1
2O2 
 H2O. (7.3)

The reactants oxygen and hydrogen are supplied through the gas channels and diffuse
through the gas-diffusion layers to the Catalyst Layer (CL) (see figure 7.1). The two half-
reactions (7.1) and (7.2) occur in the CL and are spatially separated by an electrolyte
membrane (see figure 7.1). Reaction (7.1) occurs at the anode side, producing electrons.
Reaction (7.2) occurs at the cathode, consuming electrons. The electrolyte membrane
allows the flow of protons from anode to cathode side but forbids the transport of
electrons, so that the electrons are forced through an external circuit, creating an
22This paragraph is partly published in Baber, K., Flemisch, B., and Helmig, R. (2014). Modelling

drop dynamics at the interface between free and porous-medium flow using the mortar method.
submitted to International Journal of Heat and Mass Transfer.
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Figure 7.1: Schematic of a fuel cell. Oxygen and hydrogen are supplied through the gas channels
(GC), diffuse through the gas-diffusion layers (GDL) and react in the catalyst layer
(CL). Water is produced. Anode and cathode are separated by a proton-conducting
membrane (PEM).

electrical current. The hydrogen protons produced at the anode side and transported
through the membrane react with oxygen and electrons at the cathode, forming water
(see figure 7.1). Additionally, water is transferred through the membrane by electro-
osmotic drag, diffusion and advection (O’Hayre et al., 2006). The produced water
humidifies the membrane keeping up proton conductivity. Excess water needs to be
removed via the gas-diffusion layer and the gas channel to keep the reaction sites free
and to prevent mass-transport losses. The situation where water prevents the reacting
gases from reaching the reaction sites is referred to as flooding (Carton et al., 2012).
Flooding typically causes the limiting current of PEM fuel cells (Gurau and Mann, 2009).
Hence, a good water management is crucial to ensure performance and durability and
thus commercial and technical attractiveness (Wu et al., 2009). The water distribution
is significantly influenced by drops forming at the hydrophobic GDL/GC-surface (Gurau
and Mann, 2009, Cho et al., 2012a). In the next sections, the components of a PEM
fuel-cell are explained.



126 7 Application and results: Water management in PEM fuel cells

7.1.1 Gas channel

Instead of one big gas chamber on top of the porous electrodes, a system of small
flow channels guarantees a constant flow of reactants and a homogeneous reactant
concentration due to convective mixing. The flow structures are edged into a material
which has to fulfil several requirements. It should have a high thermal and electrical
conductivity, since the bipolar plates harvest the electrical current and conduct excess
heat. It should be resistive against corrosion, gas tight and cost effective, and it should
have a high mechanical strength. The most frequently used materials are graphite or
stainless steal (O’Hayre et al., 2006). The channel walls are generally hydrophilic while
the GDL surface is hydrophobic.

Water flowing towards the GC through the GDL forms drops and slugs on the bottom
of the gas channel disturbing the gas-flow field and causing a significant pressure loss.
The hydrophilicity of the GC walls supports film-flow formation as drops wick into
the gas-channel corners. According to Kandlikar et al. (2014), hydrophilic walls yield a
more even water distribution and lower pressure losses. Qin et al. (2012b) find that a
compromise for the GC-wall contact angle has to be found to ensure drop removal from
the GDL surface (hydrophilic side walls) and high water-removal rates due to film flow
(hydrophobic side walls). To increase the water-removal capability, the flow pattern is
optimised (O’Hayre et al., 2006). Parallel channels have the advantage of low pressure
losses, but water build-up can cause high mass-transfer losses. A serpentine flow field
has a higher water removal capability but also a higher pressure drop. The interdigitated
flow field yields the largest pressure drop. However, due to the forced convection of
reactant gas through the diffusion layer, mass transport and water management are
improved. In general, a compromise between a large pressure drop at high gas velocities
and efficient water removal, and low pressure drop at low velocities and poor water
removal has to be found.

According to O’Hayre et al. (2006) and Kandlikar et al. (2014) gas flow in fuel-cell
flow channels is laminar (Remax = 2.4 kg/m3 1·10−3 m 16 m/s

1.9·10−5 Pas ≈ 2021). Kandlikar et al. (2014)
analyse air flow velocities between 1.59m/s and 15.89m/s and observe a pressure loss
of 1.5-11 kPa. Gopalan and Kandlikar (2014) assume velocities between 0.48m/s and
7.23m/s and investigate the influence of the channel geometry on the drop transport
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characteristics. They obtain a correlation between the pressure drop and drop detachment
for a trapezoidal cross-section and velocities below 4m/s.

Flow in fuel-cell gas channels can be modelled using the Navier-Stokes equations.
However, capturing the two-phase flow conditions of reactant gas and water drops,
slugs and films is challenging. Berning et al. (2009, 2010) use the 3D Navier-Stokes
equation, neglecting the interaction between gas and water phase and assuming the
phase pressures to be equal. Gurau et al. (2008), Gurau and Mann (2010) and He et al.
(2007) include two-phase drag by source and sink terms which depend on the velocity
difference, the Reynolds number, the water saturation and the drop diameter. See and
Kandlikar (2012) present a 1D gas-channel model estimating the two-phase pressure
drop based on empirical relations considering local water saturation, phase exchange
and mass fluxes. Qin et al. (2012b) propose a 1D model based on the Hagen-Poiseuille
equation. The hydraulic conductivity depends on the hydraulic diameter, which in turn
depends on the size of the drops and the thickness of the water film.

7.1.2 Gas-diffusion layer

The gas-diffusion layer is positioned between gas channel and catalyst layer. It is a
transition zone from the channel-land architecture of the gas channel to the reaction
site, providing a homogeneous fuel supply to the catalyst layer. It also ensures water
and heat transport from the reaction site to the gas channel and current conductivity
from the bipolar plates to the catalyst layer (Mathias et al., 2003, Gurau and Mann,
2009, Chan et al., 2012). Furthermore, the GDL provides mechanical protection for the
catalyst layer.

In PEM fuel cells, the GDL is made of roughly 200-400µm thick carbon-fibre paper
(see figure 7.1). Many different varieties exist ranging from coated or filled carbon cloths
to carbon-filled non-woven webs. Mathias et al. (2003) give an overview of existing
patents, materials and manufacturing processes. The GDL has a high porosity of about
70-80%. According to Mathias et al. (2003), who measure the pore-size distribution
using mercury porosimetry, about 90% of the pores have a diameter of 10µm or higher.
The average pore diameter is around 20-40µm, and the maximal pore size is around
250µm (Benziger et al., 2005).
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Often a Polytetrafluoroethylene (PTFE) (“Teflon”) coating is applied to increase hy-
drophobicity of the GDL, yielding better water removal but lower diffusion coefficients
for the gas phase (Mathias et al., 2003, Chan et al., 2012). Sinha and Wang (2008)
analyse the influence of wettability using pore-network models. They find an optimal
fraction of hydrophobic and hydrophilic pores reducing mass-transport losses to a mini-
mum. Hydrophobic media cause fingering yielding high local but low overall saturations
(Shahraeeni and Hoorfar, 2013). Benziger et al. (2005) stress the advantages of a bi-
modal pore-size distribution with mixed wettability, because such a combination ensures
both gas supply and water removal. As explained in sections 2.4 and 4.2, the wetting
properties and the contact angle are crucial for water transport and drop formation.
Mathias et al. (2003) measure advancing θa = 170 ◦, receding θr = 134 ◦ and static
θ∗ = 140-150 ◦ contact angles at the surface of a PTFE-treated carbon-fibre paper.

The properties determining liquid transport are gas- and liquid permeability and
diffusivity. Intrinsic permeability determines the advective flow properties. According to
Mathias et al. (2003), in-plane permeability and through-plane permeability are around
5 · 10−12 − 10 · 10−12 m2. Note that in-plane permeabilities are much more important for
fuel cell performance especially in case of interdigitated flow fields, since through-plane
gas transport is dominated by diffusion. Water flow is predominantly driven by capillary
forces, while advection is important under the bipolar plates (Benziger et al., 2005).

Parameter estimation and the derivation of expressions for effective parameters like
the effective diffusion coefficient, capillary pressure or effective heat conductivity are
a research field of its own. Since the GDL is a porous medium, the effective diffusion
coefficient includes the influence of porosity and tortuosity. Different expressions for the
effective diffusion coefficient in a fibrous, hydrophobic porous medium are obtained in
Nam and Kaviany (2003), Acosta et al. (2006), Berning et al. (2009), Das et al. (2010)
and Rosén et al. (2012):

Dκ,pm
g = Dκ

gΦ
(

Φ− 0.11
1− 0.11

)k
(1− Sl)l , or (7.4)

Dκ,pm
g = Dκ

gΦτ(Sg)m. (7.5)

The exponents k, l and m are determined experimentally and clearly show the anisotropy
of the gas-diffusion medium. Some values are given in table 7.1.
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Table 7.1: Exponents for the empirical definitions of the diffusion coefficient (see equations (7.4)
and (7.5)).

Symbol Value Reference
k 0.521 in plane Nam and Kaviany (2003)

0.785 through plane Nam and Kaviany (2003)
0.91 in plane Rosén et al. (2012)
2.2 through plane Rosén et al. (2012)

l 2 Nam and Kaviany (2003)
2.1 in plane Rosén et al. (2012)
3 through plane Rosén et al. (2012)

m 1.5 Das et al. (2010)
1 Acosta et al. (2006)
2 in plane Rosén et al. (2012)
3.5 through plane Rosén et al. (2012)

Gostick et al. (2006) stress that many GDL materials have a bimodal pore-size distribu-
tion due to the employed carbon powder. Mixed-wettability and the bimodal pore-size dis-
tributions complicate the determination of the appropriate capillary-pressure–saturation
and relative-permeability–saturation relationship. Gostick et al. (2006) claim that the
Van-Genuchten model fits better to the experimental data than the Brooks-Corey
model as it captures the slow rise of the pc-S curve at high wetting-phase saturations.
Dwenger et al. (2012) measure pc-S relations of mixed-wet gas-diffusion media under
compression. The results show a strongly hysteretic behaviour for low compression
levels, which disappears completely under realistic pressure loads. The influence of
the capillary-pressure–saturation relationship on the drop dynamics at the interface is
analysed in section 7.3.4.

Another effective parameter, that needs to be determined carefully, is the effective heat
conductivity of anisotropic diffusion media. Transient conditions and cold-start scenarios
with a steep temperature evolution are most interesting for fuel-cells research. Acosta
et al. (2006) use a constant heat conductivity independent of other material properties
or the water saturation. Using the high value of the heat conductivity of the solid
material, they overestimated the heat conduction and observed only minor temperature
gradients. Das et al. (2010) and Pharoah et al. (2006) propose the following expression:

λpm = Φλvoid + (1− Φ)λs. (7.6)
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The effective thermal conductivity is strongly dependent on the wetting properties, the
pore size and pore distribution of the system. The invasion and distribution pattern of
the water phase significantly influences the thermal conductivity and causes a non-linear
behaviour which is not captured by this approach.

The introduction of an additional Micro-Porous Layer (MPL) between GDL and CL
increases the cell performance reducing ohmic losses and improving water removal
and mechanical stability (Chan et al., 2012). The MPL, however, limits the advective
transport due to low porosities and permeabilities (K = 1.3 · 10−13 m2 (Pant et al.,
2012)) and reduces the diffusive gas transport significantly (Kandlikar et al., 2014). The
MPL is between 38-112µm thick with pore sizes between 7-133 nm (Chan et al., 2012).
The MPL is generally purely hydrophobic. Since the mean free-path length of the gas
molecules is larger than the small pore size, Knudsen diffusion or Knudsen flow occurs
(Helmig, 1997). In that case, the molecules collide more often with the system borders
than with each other, causing a slip velocity on the walls and increasing flow (Bear,
1972). Eventually, continuum fluid mechanics cannot be applied any more and statistical
mechanics must be used. The movement of the single molecules can be described as a
diffusive process using Fick’s law of diffusion with a diffusion coefficient which depends
on the pore diameter, temperature and the molecular mass of the gas (Chan et al.,
2012). In a transition region between continuum flow and molecular dynamics, both
molecular and Knudsen diffusion are important. Both Fickian and Knudsen diffusion
occur in the MPL and the Knudsen diffusion coefficient accounts for 80% of the effective
diffusion of the MPL-GDL assembly (Chan et al., 2012). According to Mathias et al.
(2003) and Pant et al. (2012), it is not necessary to consider Knudsen diffusion within
the gas-diffusion layer, because the mean pore diameter of several 10s of microns is
larger than the mean free path length of the gas.

Modelling flow and transport processes in gas-diffusion media is done either on the
pore-scale, using pore-network models, or on the REV scale, assuming that an REV
can be defined. The latter assumption is questionable because of the thin heterogeneous
structure of the GDL and the high aspect ratio (Qin and Hassanizadeh, 2014). This
assumption and an alternative description based on 2D continua are discussed in section
2.2. Flow processes in the GDL are slow at most operating conditions so that Darcy’s
law can be used on the REV-scale and an extension to the Forchheimer equation is not
necessary (Pant et al., 2012).
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7.1.3 Catalyst layer and membrane23

The membrane is approximately 50µm thick. It is composed of a polymer electrolyte
which conducts protons and water but not electrons. The reaction or catalyst layer
consists of a carbon-supported catalyst (mostly platinum) and an ionomer24. The
CL is 10µm thick and has a bimodal pore-size distribution of 20-40 nm within the
agglomerates and 40-400 nm between the agglomerates. The cathodic electro-chemical
reaction (see equation (7.2)) occurs at the boundary of catalyst, ionomer and pore
space. The ionomer supplies the hydrogen protons, while the pore-space supplies oxygen
and removes product water. Water is produced as liquid in the pore-space or in the
ionomer. From the ionomer water enters the pore-space by electro-osmotic discharge. It
is also transported through the membrane by electro-osmotic drag. The boundary of
pore space, ionomer and catalyst is mostly described as a 1D straight line, but can also
be resolved in detail assuming thermodynamic equilibrium between ionomer and pore
space.

7.1.4 Electro-chemistry

The information about the electro-chemistry in fuel cells presented in this section is
summarised from O’Hayre et al. (2006). We explained above that the reaction (7.3) is
split into two half reactions separated by a semi-permeable membrane and that the
transferred electrons produce a current. Ideally, high current densities i and high voltages
E are desired to obtain an optimal fuel-cell performance. Theoretically, the maximum
voltage of a PEM fuel cell can be calculated based on the reaction kinetics. The difference
in Gibbs free energy of the oxygen-hydrogen red-ox reaction of ∆g = 237 kJ/mol yields a
reversible voltage of:

E0 = −∆g
ne−F = 237 kJ/mol

2 · 96485.3364 C/mol
= 1.228 V, (7.7)

where ne− is the number of transferred electrons and F is the Faraday constant. The
Faraday constant converts the number of electrons into a quantity of charge. Equation
23The information in this section is taken from Gurau and Mann (2009).
24A polymer with a significant proportion of constitutional units which have ionisable or ionic groups,

or both (Jenkins et al., 1996).
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(7.7) predicts an ideal reversible electro-chemical cell voltage E0 = 1.228 V assuming
constant pressure and temperature during the reaction. The dependence of the reversible
cell voltage E0 on temperature and pressure can be estimated using equations (7.8) and
(7.9):

(
dE0

dT

)
p

= ∆s
ne−F , (7.8)(

dE0

dp

)
T

= ∆Vn

ne−F . (7.9)

According to O’Hayre et al. (2006), both pressure and temperature turn out to have a
minimal effect on the reversible voltage. The dependence on composition is given by the
Nernst equation:

E = E0 −
<T
ne−F ln

∏
amiproducts∏
amireactants

, (7.10)

where ami is the activity of each component raised to the power of its stoichiometric
coefficient mi.

Ideally, the cell voltage stays constant with increasing current density, leading to a
steadily increasing power density. However, losses occur, leading to a decrease in cell
voltage E with increasing current (see figure 7.2). At low current, activation losses
dominate.With increasing current, ohmic losses become more and more important.
Additionally, mass transport limitations in the catalyst layer lead to a reduction in cell
voltage (Gurau et al., 2008). At high current, mass-transport limitations in the GDL
lead to a limit voltage. The three main losses, activation, ohmic and mass-transport
losses, are described in the following.

Under equilibrium, forward and reverse reaction occur at the same rate. A so-called
exchange current density i0 is produced:

i0 = iforward = ireverse. (7.11)
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Figure 7.2: Schematic of voltage-current diagram for a PEM fuel cell under current load (after
Ochs, 2008).

To obtain a net current density, the reaction is shifted from equilibrium to the forward
reaction, meaning to the reaction of hydrogen and oxygen to water. Therefore, the
cathode activation energy is reduced by introducing a catalyst and by decreasing the
electrode potential by ηact. Here, ηact is called activation loss, because it corresponds to
the fraction of the reversible voltage E0 sacrificed to change the activation energy. The
activation losses are responsible for the initial decrease in the cell voltage shown in figure
7.2. The current gained by a reduction of ηact can be estimated by the Butler-Volmer
equation:

i = i0

(
cO2

cO2
0

exp
(
αne−Fηact

<T

)
− cH2O

cH2O
0

exp
(
−(1− α)ne−Fηact

<T

))
, (7.12)

where cκ and cκ0 are the concentrations of the rate-limiting species κ at the catalyst
layer and at reference conditions, and α is the charge-transfer coefficient.

Electrons and ions have to be transported from one electrode to the other. The resistance
to charge transport results in a voltage loss obeying Ohm’s law:

ηohmic = iRohm.
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The specific ohmic resistance Rohm depends on the electronic and ionic resistance. The
latter is directly dependent on the water content of the membrane. Figure 7.2 illustrates
that the ohmic voltage loss causes a linear decreases in fuel-cell voltage at medium
current densities. Ohmic losses can be minimized by making the electrolyte as thin as
possible and by using high-conductivity materials.

The losses due to insufficient mass transport are called concentration losses. A lower
reactant and a higher product concentration affects the thermodynamic reversible fuel-
cell voltage E0 and shifts the reaction equilibrium towards the reverse reaction. To
keep the current density stable, the activation losses increase. The negative influence
of low reactant concentration on the reversible fuel cell-voltage can be estimated with
the Nernst equation (7.10). The increase in the activation losses is defined by the
Bulter-Volmer equation (7.12). Combining the two effects, the concentration losses are
given by:

ηconc = <T
2ne−F ln c

O2

cO2
0

+ <T
αne−F ln c

O2

cO2
0
. (7.13)

The consideration of all three losses leads to the actual cell voltage under load:

E(i) = E0 − ηact(i)− ηohmic(i)− ηconc(i). (7.14)

Equation (7.14) in combination with the definition of the individual losses yields an
expression for the local current density as a function of reversible cell voltage E0, actual
cell voltage E, ohmic resistance and reactant concentration:

i = 1− Sl
Rohm

[
E0 − E −

<T
αne−F

(
ln |i|
|i0|
− ln

pO2
g

pO2,ref
g

−
(
α

2 + 1
)

ln
pO2
g

pO2,in
g

)]
, (7.15)

where pO2
g , pO2,ref

g and pO2,in
g is the partial pressure of oxygen at the catalyst layer, at

reference conditions and at the inlet.

According to Gurau et al. (2008), the water saturation in the catalyst-layer pores as
well as the water content in the ionomer significantly influence fuel-cell performance.
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Hence, equation (7.15) includes the water saturation at the GDL-CL interface (Acosta
et al., 2006, Ochs, 2008, Walter, 2008).

Dependent on the current density, source and sink terms for oxygen, water and energy
are calculated:

• oxygen consumption:
qO2 = i

4F , (7.16)

• water production and water transport through the membrane:

qH2O = i

2F + nH2O
i

F . (7.17)

We assume that all water is produced in the CL pores and neglect the transfer
between ionomer and pores. The water transport number nH2O includes the
processes of electro-osmotic drag, convection and back-diffusion in the membrane
(Wang et al., 2001). For a discussion of more elaborate membrane models be
referred to Wu et al. (2009).

• heat production:
qT = (E0 − E)i. (7.18)

Equation (7.15) and the resulting source and sink terms form the employed electro-
chemistry model accounting for the effects of the hydrogen-oxygen oxidation-reduction
reaction in the catalyst layer at the cathode side.

7.2 Coupled model for water management in fuel cells:
Assumptions25

Focusing on the water management and on the interface processes between GDL and
GC, the model is restricted to the cathode side of a PEM fuel cell. The developed 2D
25This section is partly published in Baber, K., Flemisch, B., and Helmig, R. (2014). Modelling

drop dynamics at the interface between free and porous-medium flow using the mortar method.
submitted to International Journal of Heat and Mass Transfer.
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model includes a simple description of the catalyst layer (see section 7.1.4), a fully
hydrophobic gas-diffusion layer and the gas channel. It does not include a micro-porous
layer or the membrane. Wang et al. (2001) and Gurau and Mann (2009) state that
gravitational forces are small compared to the capillary forces. Hence, the influence of
gravity is neglected in the following.

In the gas channel, the laminar, fully developed gas flow is described by the non-
isothermal multi-component model presented in section 3.3. As calculations accounting
for the inertial term lead to oscillations (see section 7.3.1) and as the focus clearly is
on the interface treatment, inertial forces are neglected until a more suitable spatial
discretisation is available. The two-phase characteristics of the GC flow (see section
7.1.1) are not resolved in the scope of this work. Drop formation, growth and detachment
are part of the interface description, but the influence of the drops on the flow field are
not included. Film flow in the gas-channel corners is not considered either. Hence, the
parasitic pressure loss cannot be predicted correctly.

The gas-diffusion layer is considered as a fully hydrophobic, rigid porous medium.
The effect of compression is not considered. The flow and transport processes in the
GDL are described by the non-isothermal two-phase multi-component model given in
section 3.2, assuming that an REV-scale approach is applicable (Gurau and Mann,
2009). Since the MPL is not part of the model, Knudsen diffusion is not considered.

Apart from the optimization and description of the bulk properties, the interface
properties, meaning the properties determining the transition between different layers,
are crucial (Mathias et al., 2003). Two coupled models are developed to analyse these
interface processes.

The first focuses on the influence of the electro-chemical reaction (see section 7.3.1). It
considers the three components oxygen, nitrogen and water in both phases and includes
the electro-chemistry model presented in section 7.1.4. The gas channel and the porous
gas-diffusion layer are coupled by the simple interface concept (see section 3.4) so that
drop dynamics are not included.

Gurau and Mann (2009) stress that "the local saturation inside the diffusion media
changes in time, depending strongly on the location and stage of formation of the
pendant and sessile droplets, which form, grow, and detach at the cathode GDL-channel
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interface.” That is why the second model shows the applicability of the interface drop-
concept presented in section 4.2. This two-component (water and air) model, focuses on
the drop dynamics at the interface and does not include an electro-chemistry model.
The results are shown in sections 7.3.2 to 7.3.5.

7.3 Results

In this section, the results of the simulations inspired by water-management in fuel cells
are presented. All results are produced with the mathematical and numerical models
presented in chapters 3 to 5 and in Baber et al. (2012). The models are adapted to the
setting of PEM fuel cells based on the assumptions stated in the previous section. First,
simulations neglecting the drop dynamics illustrate the effect of the electro-chemistry
on the coupled system (see section 7.3.1). Then, the main simulations focus on the drop
formation, growth and detachment at the GDL-GC interface including the influence of
electro-chemistry only by constant source and sink terms (see sections 7.3.2 to 7.3.4).
The influence of the contact angle, contact-angle hysteresis, capillary pressure, free-flow
velocity and the detachment mechanism is tested with a simplified model in section
7.3.4. The applicability of the pore-velocity approach suggested in section 4.2.5 is tested
in section 7.3.5.

The approaches are based on a common set of parameters listed in table 7.2. The
porous gas-diffusion layer has isotropic material properties, except for the anisotropic
permeability field. The effective porous-diffusion coefficient is calculated based on the
heuristic approach used by Acosta et al. (2006) (see equation (7.5)). The effective
thermal conductivity of the multi-phase system is determined by equation (7.6). Table
3.2 summarises further constitutive relations and fluid properties. The influence of a
temperature-dependent surface tension γlg proved to be negligible. Hence, γlg is kept
constant. The capillary-pressure and relative-permeability–saturation relations were
measured by Acosta et al. (2006) and are shown in figures 7.3a and 7.3b. The negative
sign of capillary pressure is due to the numerical implementation. As mentioned before,
the GDL is assumed to be fully hydrophobic and hysteresis is neglected. Furthermore,
the residual saturation is assumed to be zero improving the stability of the program. He
et al. (2007) provide a formula for estimating the maximally sustained contact-angle
hysteresis in dependence of the static contact angle: ∆θmax = 0.2θ∗

1.1 ≈ 25 ◦. We choose a
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Table 7.2: Parameter values used in the fuel-cell simulations.

Symbol Meaning Value Unit Source
Gas-diffusion layer
Φ porosity 0.8 - Gurau,Mann (2010)
K intrinsic permeability

Kxx 7.5 · 10−12 m2 Gurau,Mann (2010)
Kyy 3.9 · 10−11 m2 Gurau,Mann (2010)

SRg residual saturation 0.0 -
SRl residual saturation 0.0 -
θ∗ contact angle 130 ◦ Theodorakakos (2006)
∆θmax contact-angle hysteresis 20 ◦ Cho et al. (2012a,b)
λs fibre-matrix heat conductivity 15.6 W/K m Acosta et al. (2006)
cs fibre-matrix heat capacity 710 W/kg K Acosta et al. (2006)
%s density of the fibre matrix 140 kg/m3 Acosta et al. (2006)
Fluid properties
γlg surface tension 0.0625 N/m Acosta et al. (2006)
Catalyst layer
Φ porosity 0.07 - Acosta et al. (2006)

value of 20 ◦ to be conservative. Since the temperature dependence of the surface tension
is neglected, contact-angle hysteresis is not dependent on temperature either.

Table 7.3 summarises the boundary and initial conditions. The gas-flow velocity in the
gas channel lies in the middle of the range given by Theodorakakos et al. (2006) and
Kandlikar et al. (2014). The humidity of the inflow gas and the initial water saturation
in the porous-medium varies depending on the setup. All simulations are run on a 15x51
grid for the 1.5mm x 5.1mm domain.

7.3.1 Simple interface model with electro-chemistry

Figure 7.4 illustrates the 2D setup and boundary conditions: the top region corresponds
to the gas channel where a parabolic velocity profile is specified with no slip on the
top and bottom boundary. A non-isothermal one-phase three-component model is used.
The gas-phase consisting of oxygen, nitrogen and water vapour flows from left to right.
The bottom regions correspond to the gas-diffusion layer and catalyst layer. Here, a
non-isothermal two-phase three-component model is used. Neumann no-flow conditions
are specified at the bottom, left and right boundaries. At the bottom, source and sink
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Figure 7.3: The capillary-pressure–saturation and the relative-permeability–saturation curve mea-
sured by Acosta et al. (2006).

Table 7.3: Initial and boundary conditions.

Symbol Value Unit
Gas channel
vff
g (6, 0)T m/s
pff
g 2.5 · 105 Pa
xO2
g 0.21 -
Xw
g , xH2O

g 0.075, 0.02 -
T ff 343.15 K
Gas-diffusion layer
ppm
g 2.5 · 105 Pa
T pm 343.15 K
Sl 0.1-0.45 -
xO2
g 0.21 -
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Figure 7.4: Numerical setup of the fuel-cell model: the top region corresponds to the gas channel
where a parabolic velocity profile is specified with no slip on the top boundary. The
gas phase flows from left to right. At the inlet, the mole fraction of water is set to
0.02mol/mol. The bottom regions correspond to the gas-diffusion layer and catalyst
layer. Neumann no-flow conditions are specified at all porous-medium boundaries. The
water saturation is set to 0.1 initially. At the bottom, source and sink terms for water,
oxygen and energy represent the catalyst layer and the current density is calculated.

terms for water, oxygen and energy represent the catalyst layer. Outflow conditions
are set for the mass balance in the free-flow region and for free-flow momentum and
component flux at the right boundary allowing the boundary flux to establish freely.
Table 7.4 lists the parameters for the electro-chemistry model made up of equations
(7.15) to (7.18). GC and GDL are coupled based on the simple interface concept from
section 3.4.

Figures 7.5 to 7.8 show the distribution of water, oxygen, gas-phase pressure and
temperature. Water is produced in the catalyst layer at the bottom of the domain
and flows towards the interface due to capillary forces driven by a gradient of ∇pc =
1.68 · 106 Pa/m. The water pressure in the gas-diffusion layer is constant. The water
evaporates at the interface increasing the mole fraction of water in the gas channel. As
the production rate is larger than the evaporation rate, the water saturation in the
GDL increases from initially Sl = 0.1 to Sl = 0.6. Oxygen is consumed by the chemical
reaction, leading to a significant decrease in the catalyst layer. In figure 7.7a, the small
pressure fluctuations cannot be captured by the DuMux output of the absolute pressure
values. The pressure drop in the gas-channel is only 3Pa. The oxygen consumption
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Table 7.4: Parameter values of the electro-chemistry model based on Acosta et al. (2006).

Symbol Meaning Value Unit
E cell voltage 0.5 V
E0 reversible cell voltage 1.191 V
Eth thermo-neutral cell voltage 1.4836 V
∆g0 free activation enthalpy 73 · 103 J/mol

i0 exchange current density 1.87 · 10−8 A/cm2

Tref reference temperature 353.15 K
pO2,ref
g partial pressure of

oxygen at reference conditions 5 · 105 Pa
υ load transfer number 0.5 -
afc surface increasing factor 60 -
nH2O water transport number 0.2327 -
Rohm ohmic specific resistance 0.25 Ω/cm2

δmem thickness of the membrane 87.5 · 10−6 m
λmem heat conductivity of the membrane 0.43 W/m K

δshoulder thickness of the shoulder 3 · 10−6 m
λshoulder heat conductivity of the shoulder 14.7 W/m K

ne− number of transferred electrons 2 -

(a) t = 54 s (b) t = 299 s

Figure 7.5: Distribution of the mole fraction of water in the gas phase xH2O
g in the free-flow region

and of the water saturation Sl in the porous medium. The arrows indicate the free-flow
velocity.
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(a) t = 54 s (b) t = 299 s

Figure 7.6: Distribution of the mole fraction of oxygen in the gas phase xO2
g in the free-flow region

and the porous medium. The arrows indicate the free-flow velocity.

(a) t = 54 s (b) t = 299 s

Figure 7.7: Distribution of the gas-phase pressure pg in the free-flow region and the porous medium.
The arrows indicate the free-flow velocity.

(a) t = 54 s (b) t = 299 s

Figure 7.8: Distribution of the temperature T in the gas-phase in the free-flow region and the
porous medium scaled to the porous medium. The arrows indicate the free-flow velocity.
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causes a vertical gradient in the gas-phase pressure across the GDL at a later point in
time, inducing advective flow towards the CL (see figure 7.7b and Gurau and Mann
(2009)). The evaporative cooling at the interface and the heat generated by the reaction
cause a horizontal temperature gradient in the GDL (see figure 7.8). The temperature
drops by 12K directly above the interface.

The simple interface concept from section 3.4 yields continuous gas-phase pressure, mole
fraction and temperature as well as continuous fluxes across the interface.
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Figure 7.9 illustrates the outcome of the electro-chemistry model. The current density
decreases from left to right and over time as oxygen is consumed and water produced.
The source and sink terms behave accordingly as suggested by the linear dependence on
i (see equations (7.16) to (7.18)).

The Reynolds number characterising the gas-channel flow (Re = 2.4 kg/m3 1.2·10−3 m 6 m/s
1.9·10−5 Pas ≈

909) suggests laminar non-creeping conditions. Hence, inertial forces should be considered.
Calculations with a gas-velocity of 2m/s show spurious oscillations in the GC pressure
field, which disturb the flow field significantly (see figure 7.10a). The oscillations increase
with increasing velocity so that calculations with a gas velocity of 6m/s did not converge.
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(a) Pressure distribution. (b) Water distribution.

Figure 7.10: Pressure field and water distribution after 305 s: The inertial term in the Navier-
Stokes equations causes oscillations in the pressure field in the free-flow region, which
extend into the porous medium. The water distribution is not affected.

A comparison of the results with and without inertial term showed a minor influence
on the conditions in the porous medium. Figure 7.10b depicts the water distribution
which is very similar to the distribution shown in figure 7.5b. Based on these findings,
the inertial term is neglected in the following and the Stokes equations are employed to
describe the flow conditions in the gas channel.

7.3.2 Coupled model with drop formation: The reference case26

Figure 7.11 illustrates the setup for the drop model. It is similar to the previous setup
but here a non-isothermal two-component model with the components water and air is
employed. The Neumann-flux conditions at the bottom of the domain are based on the
electro-chemical source and sink terms of the previous case (fH20

N = −7.2 · 10−4 kg/m2s,∑
κ fκN = −2.8 · 10−3 kg/m2s). The Neumann conditions are constant over time and an

electro-chemistry model is not included. The temperature at the bottom is specified by
a constant Dirichlet condition. The water saturation is set to an initial value of Sl =
0.45. The inlet mass fraction of water in the free-flow region is Xw

g = 0.075 kg/kg.

Figures 7.12a and 7.12b show the water and temperature distribution when the drop
formation is suppressed. Differences leap out when comparing these results with the
previous section where an actual electro-chemistry model was used. The water saturation
26This section is partly published in Baber, K., Flemisch, B., and Helmig, R. (2014). Modelling

drop dynamics at the interface between free and porous-medium flow using the mortar method.
submitted to International Journal of Heat and Mass Transfer.
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Figure 7.11: Numerical setup of the fuel-cell model: the top region corresponds to the gas channel
where a parabolic velocity profile is specified with a no-slip condition on the top
and bottom boundary. The gas phase flows from left to right. The bottom region
corresponds to the gas-diffusion layer. Neumann no-flow conditions are specified at
the left and right boundaries. At the bottom, Neumann fluxes for water and air
represent the catalyst layer.

(a) Water distribution. (b) Temperature distribution.

Figure 7.12: Water distribution and temperature field after 293 s without drops. The arrows
indicate the free-flow velocity.
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Table 7.5: Pore distribution of the gas-diffusion layer after Acosta et al. (2006).

Class Mean pore radius Percentage
0-100 nm 5 · 10−8 m 15%
100 nm - 1µm 5 · 10−7 m 30%
1µm - 10µm 5 · 10−6 m 30%
10µm - 100µm 5 · 10−5 m 25%

in the GDL decreases suggesting that the evaporation rate at the interface is higher
than the water supply by the Neumann condition at the bottom of the domain (compare
figures 7.5b and 7.12a). Additionally, the cooling at the interface is smaller suggesting a
lower evaporation rate (compare figures 7.8b and 7.12b). Probably, this is due to a lower
water production rate at the bottom and a higher humidity in the inlet gas stream. As
in the previous section, the interface quantities and fluxes are continuous.

Now, the influence of the drop dynamics at the interface is investigated. As a starting
point, we consider the formation of one drop inside the domain choosing the area of
influence equal to the area of the interface: Ωdrop = AΓ. For the drop-formation condition
(see section 4.2.2), the pore-size distribution of the GDL at the interface needs to be
known. Table 7.5 provides a pore-size distribution taken from Acosta et al. (2006).

Figure 7.13 (black dashed-dotted line) shows the volume of the drop over time obtained
with the complete coupled model from section 4.2. A stagnation of the drop growth can
be observed causing a slight increase of the water saturation compared to calculations
without drops (compare figures 7.12a and 7.14a). Eventually, the full drop model causes
oscillations at the interface (see figure 7.14b). The stagnation is due to the fact that the
drop grows slowly losing some of its mass by evaporation. This affects the contact-area
of the drop and reduces the fraction of the interface adrop that allows water to flow into
the drop. A steady state is reached when the water flux feeding the drop balances the
evaporation from the drop surface.

Neglecting the evaporation from the drop surface by setting fκevap = 0 in equations
(4.20), (4.28) and (4.29), cyclic drop formation, growth and detachment can be observed
(see figure 7.13, red solid line, the simulation was stopped after 300s). The duration of
one cycle is roughly 2min. This behaviour is in good, qualitative agreement with the
results of Berning et al. (2010). Theodorakakos et al. (2006) show relations between
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Figure 7.13: Drop volume Vdrop over time showing cyclical drop formation and detachment and
the influence of evaporation from the drop surface. The corresponding maximal drop
height is approximately 0.7mm.

drop diameter and gas velocities obtaining diameters of 1.25 - 1.6mm dependent on
the GDL material. The maximum diameter of the drop shown in figure 7.13 is roughly
1mm. The depicted drop volume corresponds to a maximum interface-coverage ratio of
adrop = 0.18, meaning that 18% of the interface are covered by water.

The water saturation in the GDL is smaller than without drops (compare figures 7.12a
and 7.15b). The drops improve the water removal from the gas-diffusion layer. The
pressure field is still similar to the results from section 7.3.1, causing gas flow from the
gas-channel into the gas-diffusion layer (see figure 7.16a) and a water flux towards the
interface (see figure 7.16b). As the influence of the drops on the gas-flow and pressure
field in the gas channel is not part of the model, the parasitic pressure drop in the gas
channel is underestimated being only 3Pa compared to values of 1.5-11 kPa observed by
Kandlikar et al. (2014).

The drop model causes discontinuities at the interface. The course of gas pressure and
mass fraction are parallel but show a jump directly related to the coupling conditions
(4.31) and (4.32). Figure 7.17 shows that the free-flow gas pressure lies between porous-
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(a) t = 294 s (b) t = 818 s

Figure 7.14: Distribution of the mass fraction of water in the gas phase Xw
g in the free-flow region

and of the water saturation Sl in the porous medium with drop evaporation. At a
later point in time, oscillations occur at the interface.

(a) t = 50 s (b) t = 294 s

Figure 7.15: Distribution of the mass fraction of water in the gas phase Xw
g in the free-flow region

and of the water saturation Sl in the porous medium without drop evaporation. The
arrows indicate the free-flow velocity.

(a) Velocity of the gas phase. (b) Velocity of the water phase.

Figure 7.16: Velocity field of water and gas phase in the porous medium at t = 294 s
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medium water and gas pressure. The pressure jump at the interface is an outcome of
the pressure condition discussed in section 4.3. It can be much larger dependent on the
magnitude of the water saturation and the capillary pressure in the porous medium. As
defined by condition (4.27), the temperature is still continuous across the interface. The
discontinuity in total mass fluxes across the interface shown in figure 7.18 corresponds
to the storage inside the drop and reflects its cyclic variation. The total mass fluxes are
continuous when the drop is detached. Even though the evaporative flux from the drop
surface into the free-flow region is zero, the flux entering the free-flow region fff

m is not
zero in figure 7.18. The mass flux fff

m corresponds to the direct evaporation and the gas
flux next to the drop across the drop-free fraction of the interface.
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Figure 7.17: Pressure p at the interface at t = 294 s.

7.3.3 Influence of the choice of Ωdrop

As stressed in section 4.2.1 and 5.3, the area of influence for one drop Ωdrop has to be
chosen in advance. It determines the number of drops that form on the interface a priori
and has to be chosen carefully dependent on the material properties and in accordance
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Figure 7.18: Total mass fluxes fm across the interface plotted over time. The fluxes from the
free-flow fff

m and the porous-medium fpm
m region are discontinuous due to the storage

in the drop.

with experimental observations. Having shown results for one drop on the 5.1mm-long
interface, we show now results for two drops (see figure 7.19) and four drops (see figure
7.20).

Several drops with different growth behaviour yield different capillary pressures influ-
encing the pressure condition (4.31). To avoid oscillations in the free-flow region which
cannot deal with locally varying pressure-boundary conditions, the pressure condition
(4.31) is simplified so that only the gas-phase pressures are coupled (see equation (3.11c)).
The resulting drop volumes and the growth behaviour is different for each of the drops.
The drops near the inlet grow faster than the drops further down stream. This is in
accordance with the water-phase flow field shown in figure 7.16b, where the water flux
towards the interface is much larger in the left than in the right part of the GDL domain.
The growth behaviour does not appear to change significantly for more than one drop
(compare figures 7.13, 7.19 and 7.20). The growth rate seams not only to be determined
by the water flux in the porous medium but to be dominated by the interface conditions.
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Figure 7.19: Drop volume Vdrop over time showing the first and second drop for a simulation with
two drops forming at the interface (Ωdrop = 0.5AΓ).

Table 7.6: Interface coverage ratio adrop.

one drop two drops four drops Hussaini and Wang (2009)
adrop in % 18 32 57 20-60

The water distribution in the GDL decreases faster and further with an increasing
number of drops (see figures 7.21a and 7.21b).

Figure 7.22 shows the total mass fluxes across the interface from porous-medium (black
dashed-dotted line) to the free-flow region (solid red line). As the drops do not detach at
the same time and at least one drop is present at the interface at any time, the normal
fluxes at the interface differ by the mass stored inside the drops. The flux across the
drop-free part of the interface corresponds to fff

m and is constant over time.

Kandlikar et al. (2014) stress the importance of the visualisation and quantification
of the interface coverage by water. The data found in the literature varies strongly.
Sergi and Kandlikar (2011) determine the area-coverage ratio experimentally and find
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Figure 7.20: Drop volume Vdrop over time showing for a simulation with four drops forming at
the interface (Ωdrop = 0.25AΓ).

(a) Two drops. (b) Four drops.

Figure 7.21: Distribution of the mass fraction of water in the gas-phase Xw
g in the free-flow region

and of the water saturation Sl in the porous medium for a different number of drops.
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Figure 7.22: Total mass fluxes fm across the interface plotted over time. The fluxes from the
free-flow into the porous-medium region are discontinuous due to the storage in the
drop.

a low value of 4% at low stoichiometric ratios and a current density of i = 0.2 A/cm2

at the cathode. Hussaini and Wang (2009) determine wetted-area ratios of 20-60% for
current densities of i = 0.2 A/cm2 experimentally. They observe that the wetted-area
ratio depends on the stoichiometric ratio and the relative humidity of the inflow gas
stream. Table 7.6 lists the values obtained with the interface-drop approach presented
in this work for one, two and four drops. Naturally, the fraction of the interface covered
by water increases with the number of drops. The values are in agreement with the
range provided by Hussaini and Wang (2009).

7.3.4 Parameter study with a simplified model

To analyse the influence of the GDL and GC properties and of the detachment condition,
an isothermal model with constant fluid properties is employed. Again, only one drop
is considered. Figure 7.23 shows that the drops grow faster with the simplified model
and that the consideration of the evaporative flux from the drop surface still leads to
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Figure 7.23: Drop volume Vdrop over time showing that drops do not form until the drop-formation
condition is fulfilled. Evaporation still shows a stagnation of the growth process. The
corresponding maximal drop height is approximately 0.95mm.

a stagnation of the growth process. The significant difference to the full drop model
used in the previous section is not fully understood. The good convergence rate and the
qualitatively correct results, however, qualify the model to be used for the parameter
study.

Figure 7.23 also proves the applicability of the drop-formation condition. The calculations
are started with a low initial water saturation of Sl = 0.1 causing relatively low water
pressures. As long as the drop-formation condition (4.16) is not fulfilled, the drop volume
is zero and the saturation in the porous-medium increases. Once a critical saturation
level of Sl = 0.42 is reached, drops form, grow and detach (black dashed-dotted line in
figure 7.23).

Influence of GDL properties

In general, the variation of the GDL properties like hydrophobicity or pc-Sl relation
yields the expected results.
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Increasing the contact angle means increasing the hydrophobicity of the GDL. Figure
7.24 shows that drops detach at smaller volumes for larger contact angles. A large
contact angle means a smaller contact area for a given volume. This yields a smaller
retention force. At the same time, the drop growth is slowed down significantly due to
the decreased area available for the water flux feeding the drop.
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Figure 7.24: Drop volume Vdrop over time showing the influence of a variation in contact angle.

A higher maximal value for the contact-angle hysteresis means that the drop can deform
further. Naturally, this means a later detachment point (see figure 7.25). Extrand and
Gent (1990) analyse the retention of drops on solid surfaces and conclude that drops
are better retained the larger the supported contact-angle hysteresis.

Different capillary-pressure–saturation relations can be found in the literature. Figure
7.26 shows the Van-Genuchten parametrisation with parameters given by Gostick et al.
(2006). Moreover, the relation measured by Acosta et al. (2006) (see figure 7.3a) and
linear relations are tested. The effects of a variation of the pc-Sl curve turn out to be
negligible as can be seen in figure 7.27. This supports the conclusion drawn above, that
the drop dynamics are mainly governed by the interface conditions.
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Figure 7.25: Drop volume Vdrop over time showing the influence of the maximally sustained
contact-angle hysteresis.

Influence of GC conditions

As expected, higher gas velocities in the gas channel cause faster detachment (see figure
7.28).

Since the gas velocity influences the pressure condition and the condition for the normal
fluxes, it also affects the growth rate slightly. Large velocities yield a faster growth.

Analysis of drop detachment

As explained in sections 2.4 and 4.2.6, the drag force exerted by the GC flow field can
be calculated in different ways. Figure 7.29 compares the calculation of a force balance
considering shear and pressure forces (Chen et al., 2005) with two expressions for the
drag coefficient: cw = 30√

Re
and equation (2.10). The complex empirical expression for

the drag coefficient given by Cho et al. (2012b) (equation (2.10)) and the force-balance
approach predict the same drop volume when detachment happens. The slowed growth



7.3 Results 157

 

 

van Genuchten model

linear 1000 Pa < pC < 10000 Pa

linear 500 Pa < pC < 5000 Pa

p
c

in
P

a

Sl in -

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

×104

−10

−9

−8

−7

−6

−5

−4

−3

−2

−1

0

Figure 7.26: The different capillary-pressure–saturation curves.

of the red line in figure 7.29 at larger volumes just before the detachment point cannot
be explained.

The retention force is estimated based on equation (5.27) in all three cases. As the
2D retention force does not depend on the drop size or the drop-wall interactions, it
overestimates the possible drop volume.
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Figure 7.27: Drop volume Vdrop over time showing the influence of the variation of the capillary-
pressure–saturation curve.
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Figure 7.28: Drop volume Vdrop over time showing the influence of the variation of the maximal
free-flow velocity.
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Figure 7.29: Drop volume Vdrop over time showing the influence of the drag-force calculation.
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7.3.5 Pore-velocity approach

An alternative approach for the calculation of the flux feeding the drop was presented
in section 4.2.5. It is based on a pore-scale calculation of the velocity at the interface
which depends on the pressure in the porous-medium and inside the drop (see section
4.3 for a detailed explanation). Its implementation was laid out in chapter 5.
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Figure 7.30: Drop volume Vdrop over time calculated with the pore-velocity approach.

As presumed in section 4.3, it is hard to find a stable setup since microscopic and
macroscopic capillary pressure are of different order of magnitude, causing enormous
pore velocities. The phase pressure, the capillary pressure and the saturation determine
the flux feeding the drop. The example shown in figure 7.30 is based on a linear capillary-
pressure–saturation relation with a maximal value of pc = 10000Pa. It shows a growth
rate which is about ten times as large as in the previous sections. Eventually, the model
breaks because the interface fluxes become too large.

In conclusion, the pore-velocity yields a continuous gas pressure at the interface. However,
the combination of microscopic and macroscopic pressure causes high fluxes, making
this approach infeasible up to now.
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7.4 Discussion27

The results presented in the previous sections prove the applicability of the interface
drop model. They show that it is possible to include drop dynamics in the REV-scale
coupling conditions between free and porous-medium flow. Drop formation, growth
and detachment are represented correctly, if the evaporation from the drop surface is
neglected. Once the drop model is coupled to the electro-chemistry model shown in
section 7.3.1, it will be able to predict the mutual dependence of the drop dynamics,
the conditions in the GDL and the electro-chemical reaction. The simulations for a
higher number of drops suggest that the interface conditions dominate the system. The
parameter study with a simplified setup showed that the model behaves according to our
expectations. Unfortunately, the promising appraoch based on the pore-scale velocity is
not stable and overestimates the drop-growth rate.

Despite the promising results, the model is not predictive and cannot produce quantita-
tive results which could be used to improve real fuel cells. According to Theodorakakos
et al. (2006) and Kandlikar et al. (2014) two main effects limit the exchange processes
at the interface between gas channel and gas-diffusion layer:

1. coverage of the interface by drops, slugs and films,

2. blockage of the gas channel and disruption of the fully developed flow field affecting
heat and mass transfer.

The presented model captures the first point, but not the second. The free-flow model
must be improved such that the influence of the drops on the flow conditions, the fate
of the detached drops and film flow in the hydrophilic channel corners are included.
Pressure loss is of practical interest and should be an outcome of the model. A first
step in this direction is the improvement of the discretisation scheme to obtain a stable
implementation of the laminar Navier-Stokes equation. Furthermore, an extension to 3D
is required to represent the flow field in the GC, the water distribution in the GDL and
the retention force correctly. The description of the GDL would become more realistic if
mixed wettability was taken into account.
27This section is partly published in Baber, K., Flemisch, B., and Helmig, R. (2014). Modelling

drop dynamics at the interface between free and porous-medium flow using the mortar method.
submitted to International Journal of Heat and Mass Transfer
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Possibly, the simple drop condition used by Qin et al. (2012b) could be substituted
by the drop distribution predicted in this work to describe the water transport and
pressure loss in the GC more accurately. Furthermore, the porous components of the
fuel cell, the catalyst, micro-porous and gas-diffusion layers, could be described by the
2D-continuum appraoch presented by Qin and Hassanizadeh (2014). The coupling to
the free-flow region would have to be derived based on the assumptions and concepts
presented in this work.

Concluding, this chapter demonstrates the applicability of the new interface concept
which accounts for drop dynamics at the interface and highlights the required aspects
of future research.



8 Final remarks

8.1 Summary and conclusions

The objective of this work is the development of model concepts and methods for the
coupling of free flow and flow in porous media. Coupling concepts of varying complexity
ranging from a simple to a pore-scale to a complex interface approach are derived and
presented in chapters 3 and 4 (left column in figure 8.1). The main focus is on the
development and testing of a coupling concept that accounts for drop dynamics at
the interface. The developed concepts are based on the assumption of thermodynamic
equilibrium and on flux balances. Processes like turbulent free flow, boundary layer
effects, radiation and pore-scale features, like the pore water content at the interface, are
not considered in the scope of this work (see Mosthaf et al. (2014)). The applicability
and the limitations of these concepts are assessed on the basis of two applications:
transvascular exchange and drop dynamics in Polymer-Electrolyte Membrane (PEM)
fuel cells (center column in figure 8.1). The model is implemented in the C++ simulator
DuMux (Flemisch et al., 2011), using the mortar method.

The simple interface concept In Mosthaf et al. (2011) and Baber et al. (2012), we
develop a concept for coupling non-isothermal compositional two-phase flow in the
porous-medium with a non-isothermal compositional single-phase system in the free-flow
region. The concept is based on the two-domain approach with a simple interface devoid
of thermodynamic properties. This is explained in section 3.4.

In this work, the simple interface concept is applied to model transvascular exchange
(see chapter 6). Therapeutic agents distribute in the circulatory system of the body and
are delivered to the organ level. In the smallest blood vessels, the therapeutic substances
cross the blood-vessel walls and enter the surrounding interstitial space. The current
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project focuses on the description of the exchange and regulation processes between
vascular and tissue space, trying to provide a better understanding of one of the limiting
processes in the distribution of therapeutic agents. As a first step, the micro-vascular
wall is described as a thin porous layer with effective properties, using a continuum
approach. The simple interface coupling concept is used to couple the free flow in the
blood vessels to the porous vessel wall and the surrounding tissue.

The presented model reproduces the basic processes of transvascular exchange. It simu-
lates filtration and reabsorption and reveals the influence of wall and tissue parameters
on the final distribution of therapeutic agents. Nevertheless, it is only a first step towards
modelling transvascular exchange across the micro-vascular wall. The employed concepts
are of limited applicability since information about the physiological processes and
parameters is scarce.

The limitations of the model are caused by the description of the micro-vascular wall.
Its complex structure and the influence of the different pathways cannot be resolved
by the presented approach. Moreover, the applicability of a continuum appraoch is
questionable in case of the thin micro-vascular wall. Alternatively, the vessel wall could
be described by two opposing approaches: either as a pore-scale tube model (see section
4.1 and figure 8.1) or as an averaged two-dimensional (2D)-continuum (see section 2.2
and figure 8.1).

The bundle-of-tubes concept In some applications, the complex structure of the
interface and the processes happening therein cannot be described by a simple interface
devoid of thermodynamic properties. Complex interface layers might separate the free-
flow and porous-medium region and dominate the exchange processes. In the case of
transvascular flow (section 6), for example, the micro-vascular wall is a thin heterogeneous
structure determining the exchange between vascular and tissue compartment. In other
examples, the processes in the interface region, which are influenced by both the free-flow
and the porous-medium domain (right column in figure 8.1), cannot be resolved by
the Representative-Elementary Volume (REV)-scale approaches. Salt deposition, for
example, occurs only in a very thin layer directly at the interface between the soil and
the ambient air.

In such cases, it might be beneficial to resolve the interface layer or interface region
on the pore-scale. A first step towards a resulting coupled pore-/REV-scale model is
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presented in section 4.1. The interface is described by a bundle-of-tubes approach. The
coupling concept between the one-phase free-flow, the pore-scale and the two-phase
porous-medium model is based on flux continuity and the assumption that pore- and
REV-scale pressure are equal.

The complex interface concept28 We develop an interface concept at the REV-scale
which describes drop formation, growth and detachment on a hydrophobic interface
between free and porous-medium flow (see section 4.2). The interface stores the mass
and energy of the drops without resolving them. The direct exchange between free-flow
and porous-medium region next to the drop is also part of the coupling concept since it
preserves the exchange processes described by the simple interface concept. The fraction
of the interface which is covered by drops is used to obtain an area-weighted average
of the coupling conditions with and without drop so that coupling conditions for the
whole interface are obtained.

The temporal evolution of the drop volume is an outcome of the model. The number of
drops that can form on the interface is defined a priori by choosing the size of the drop
REV. This should be done in accordance with experimental observations.

The complex interface concept captures drop formation, growth and detachment. These
processes are influenced by the conditions of both the free-flow and porous-medium
region. Neither the influence of the drops on the free-flow conditions nor film flow or
merging of drops is included. A detached drop can either slide on the porous-medium
surface, lift and float, or wick into the film flow in the corners of the free-flow channel.
Such processes are crucial for the prediction of flooding but are not yet resolved by the
current model since the focus is on the interface description.

The model is applied to simulate drop formation in the cathode of PEM fuel cells
(see chapter 7). In fuel cells, water is generated by the electro-chemical reaction in
the catalyst layer and flows through the hydrophobic porous fibre structure of the
Gas-Diffusion Layer (GDL). Reaching the Gas Channel (GC), water forms drops on
the hydrophobic interface between GC and GDL. The drops significantly influence the
28Parts of this paragraph are published in Baber, K., Flemisch, B., and Helmig, R. (2014). Modelling

drop dynamics at the interface between free and porous-medium flow using the mortar method.
submitted to International Journal of Heat and Mass Transfer
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water management in fuel cells which must be optimised to achieve good performance
and durability.

The results show that it is possible to include drop dynamics in the REV-scale coupling
conditions between free and porous-medium flow. Drop formation, growth and detach-
ment are represented correctly, if the evaporation from the drop surface is neglected. The
interface-coverage ratio, which is an indicator for the quality of the water management,
can be predicted. The simulations for a higher number of drops suggest that the interface
conditions dominate the system. A parameter study shows that interface wettability
and free-flow velocity have a significant influence on the drop growth and detachment.

The formulation of mechanical equilibrium in the pore-scale and complex interface
concept is challenging due to the scale-dependent definition of pressure (see section 4.3).
Since microscopic and macroscopic pressure formulations are combined, the interface
might dominate the system, causing pressure jumps at the interface and non-physical
pressure gradients. This can be deduced from the numerical results which show a jump in
the gas-phase pressure across the interface. This can cause significant pressure gradients
in the porous medium in dependence on the chosen boundary conditions.

The pore-velocity approach, which is presented as an alternative for the estimation of
the water flux feeding the drop (see section 4.2.5), avoids the area-weighted average of
the pressure condition and yields a continuous gas pressure at the interface. However,
the combination of microscopic and macroscopic pressure yields high fluxes, causing
instabilities and making this approach infeasible up to now.

These problems could be solved by a sound correlation between pore and average
phase pressure or by a definition of a macroscopic capillary pressure at the interface
which should depend on the drop size, drop number, saturation and interface material
properties like the contact angle. The correct definition of average pressure is still a
research challenge and is beyond the scope of this work.

In summary, this work reveals the potential of the developed coupling concepts to deal
with realistic problems and exposes the need for further improvement and development.
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8.2 Outlook

The two applications considered in this work motivate further research and an extension
of the coupling concepts. Some ideas for future work are illustrated in the right column
of figure 8.1.

Transvascular exchange It was mentioned above that the description of the micro-
vascular wall should be improved. In a pore-scale interface model, the paracellular
pathways could be represented by non-intersecting, circular pores yielding a bundle-
of-tubes description (see figure 8.1). To obtain a realistic representation, different
properties could be assigned to the pores by varying e.g. diameter and permeability.
Tight-junction strands and diaphragms obstructing some of the pathways could be
included as additional resistance. The tube model could be extended to account for
the fibre matrix of the glycocalyx and its electro-chemical properties by combining a
fibre-matrix model (Sugihara-Seki and Fu, 2005, Fu et al., 2005) with macro-molecular
transport influenced by an electric field (Stace and Damiano, 2001).

Alternatively, a description of the capillary wall as 2D continuum should be envisaged.
The challenge is the formulation of the exchange terms and coupling conditions between
2D continuum and free flow. Qin and Hassanizadeh (2014) presented only a coupling of
2D continua representing porous media. As the interfaces still match, and as the 2D
continuum provides normal fluxes and the distribution of the primary variables in the
lateral extent of the interface, the coupling should be possible.

Besides, modelling the whole capillary bed or at least several capillary blood vessels
would increase the reliability of the predicted concentrations.

Pore-scale interface description The presented concept covers one- and two-phase
flow but needs to be extended to component and energy transport. As mentioned above,
the properties of the bundle-of-tubes model can be extended to mimic the paracellular
pathways of the capillary wall. Possibly, a 2D-continuum description can then be derived
by homogenisation.

The general concept can be transferred to couple a full pore-network model to the free
and porous-medium REV-scale models (right column in figure 8.1).
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Concluding, a pore-scale interface description is well suited for interface layers and
can enhance the understanding of the occurring processes. However, the efficiency of
the coupled model can be limited by the high computational costs of the pore-scale
interface model. An intelligent numerical implementation, including e.g. a multi-time-step
technique, needs to be found.

A pore-scale description of the interface region which is influenced by both the free and
the porous-medium domain (right column in figure 8.1) requires more sophisticated
pore-scale models. It is likely that a model just of the interface region would be sufficient
to deepen the understanding of the exchange processes and a coupling to the surrounding
REV-scale models is not required.

Drop dynamics in fuel cells29 The presented model captures the coverage of the
interface by drops which limit the exchange processes at the interface between gas
channel and gas-diffusion layer, but it cannot predict the blockage of the gas channel
and disruption of the flow field.

The free-flow model must be improved such that the influence of the drops on the flow
conditions, the fate of the detached drops and film flow in the hydrophilic channel
corners are included. Pressure loss is of practical interest and should be an outcome of
the model. A first step in this direction is the improvement of the discretisation scheme
to obtain a stable implementation of the laminar Navier-Stokes equation. Furthermore,
an extension to three dimensions (3D) is required to represent the flow field in the GC,
the water distribution in the GDL and the retention force correctly.

To describe the pressure loss in the GC more accurately, the obtained drop distribution
could be fed to the one-dimensional phenomenological model for liquid water flooding
in the cathode GC presented by Qin et al. (2012b). A direct coupling with this lower-
dimensional model would require a completely different coupling concept.

The thin porous GDL is described as a fully hydrophobic porous-medium assuming that
an REV can be found. The description of the GDL would become more realistic, if mixed
wettability was taken into account. Moreover, the porous layers of the fuel cell could be
described by a stack of 2D continua as suggested by Qin and Hassanizadeh (2014) (see
29Parts of this paragraph are published in Baber, K., Flemisch, B., and Helmig, R. (2014). Modelling

drop dynamics at the interface between free and porous-medium flow using the mortar method.
submitted to International Journal of Heat and Mass Transfer
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right column in figure 8.1). Whether the complex interface concept can be transferred
to couple 2D continua to the free-flow gas channel requires further investigation.

In the short term, the drop model should be coupled to the electro-chemistry model to
asses the mutual dependence of the chemical reaction and the water distribution in the
cell. Furthermore, evaporation from the drop surface has to be reconsidered.
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A Drop details

A.1 Capillary pressure exerted by the curved drop
surface

Work is exerted by the surface tension along the drop surface to give the drop its spheric
shape. The surface tension has to balance the volume-changing work affecting the drop
volume. With the surface of a sphere A = 4πr3 and its volume V = 4

3πr3, this leads to:

γlgdA = pdV, (A.1)

γlg8πrdr = p4πr2dr. (A.2)

This gives the pressure caused by the surface tension called capillary pressure:

pc = 2γlg
r . (A.3)

For spherical caps (volume given in equation (2.1)), the expression for the differential
surface and contact area and for the differential volume element change to:

dAo
drop = 4πr(1− cos θ∗)dr (A.4)

dACA
drop = 2πr sin θ∗2dr (A.5)

dVdrop = πr2(1− cos θ∗)2(2 + cos θ∗)dr. (A.6)
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Table A.1.1: The magnitude of the geometric factor in the pc calculation for a range of static
contact angles relevant for PEM fuel cells.

(A.10) (A.11)
θ∗ = 110◦ 0.899 0.798
θ∗ = 120◦ 0.8̄ 0.7̄
θ∗ = 130◦ 0.897 0.794
θ∗ = 140◦ 0.918 0.836
θ∗ = 150◦ 0.945 0.89

With these definitions and Young’s equation (2.5), the work for the change in drop
surface, drop contact area and drop volume can be expressed as:

dWAodrop
= γlg4πr(1− cos θ∗)dr (A.7)

dWACA
drop

= (γgs − γls)2πr sin θ∗2dr = γlg cos θ∗2πr sin θ∗2dr (A.8)

dWVdrop = pπr2(1− cos θ∗)2(2 + cos θ∗)dr (A.9)

Setting dWAodrop
= dWVdrop and neglecting the work for changing the contact area yields:

pc = 2γlg
r

2
(1− cos θ∗)(2 + cos θ∗) . (A.10)

If the work for changing the contact area is considered, the capillary pressure of the
drop curvature is defined as:

pc = 2γlg
r

2(1− cos θ∗) + cos θ∗ sin θ∗2
(1− cos θ∗)(2 + cos θ∗) . (A.11)

Equations (A.10) and (A.11) and the definition of capillary pressure of a spherical drop
(A.3) differ only in a geometric factor. Table A.1.1 shows the magnitude of this factor
for a range of static contact angles relevant for PEM fuel cells.

A.2 Evaporation from drops

In the following, an estimate of the evaporative flux from a curved drop surface is given.
It is based on the following expressions:
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Figure A.2.1: Drop.

• saturated conditions prevail above the drop:

xw,ffg = xwl,drop
pwsat,Kelvin

pff
g

, (A.12)

where the Kelvin equation (2.17) is used to estimate the vapour pressure.

• the mass balance for the drop is expressed by the water flux feeding the drop, the
mass that is stored inside the drop and the evaporative mass loss:
∫

ACA
drop

(%lvlxw,pm
l −Dw

l %l∇x
w,pm
l ) · ndx − fκevap −

d

dt

∫
Vdrop

%lx
w
l,dropdV = 0, (A.13)

with mass transport of saturated vapour:

fκevap =
∫

Aodrop

(%gvgxw,ffg −Dw
g %l∇xw,ffg ) · ndropdx, (A.14)

• the energy balance of the drop, includes the enthalpy of vaporization:

∫
ACA

drop

(%lvlhl − λpm∇T ) · ndx −
∫

Aodrop

(%gvghg − λg∇T ) · ndropdx︸ ︷︷ ︸
hl−hg=∆hvap

− d

dt

∫
Vdrop

%gugdV = 0 (A.15)
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Mass and energy fluxes into the free-flow region occur in the direction normal to the drop
across the drop surface Ao

drop (see figure A.2.1). Due to mass and energy conservation,
the mass that evaporates and the energy flux have to end up in the free-flow region.
Hence, the evaporative flux is equal to the normal free-flow flux:
∫

Aodrop

(%gvgxw,ffg −Dw
g %g∇xw,ffg )·ndropdx =

∫
ACA

drop

(%gvgxw,ffg −Dw
g %g∇xw,ffg )·nffdx. (A.16)

Song et al. (2011) and Erbil et al. (2002) provide expressions for fκevap in three dimensions.
For 2D simulations, an expression is derived in the following. One possibility is to follow
the same reasoning as Song et al. (2011) and Erbil et al. (2002) where an expression for
the area of evaporation in radial extension is given A(r) = 2θ∗r and an integration from
the drop surface (r = rdrop) to infinity is performed.

We integrate from the drop surface to the channel top wall hGC :

fκevap = −%gDw
g

dxw,ffg

dr A(r)

−%gDw
g dx

w,ff
g =

fκevap

A(r)dr∫ hGC

rdrop
−%gDw

g dx
w,ff
g =

∫ hGC

rdrop

fκevap

2θ∗r π
180
dr

−%gDw
g

(
xw,ffg

∣∣∣hGC − xw,ffg

∣∣∣rdrop

)
=

ln
(

hGC
rdrop

)
2θ∗ π

180
fκevap

(A.17)

This yields the following definition for the evaporative flux, considering only diffusive
fluxes:

fκevap = −2θ∗%gDw
g

180
π

(
xw,ffg

∣∣∣hGC − xw,ffg

∣∣∣rdrop

) 1
ln
(

hGC
rdrop

) (A.18)

Alternatively, an expression for the evaporative flux can be derived from (A.14). The
surface integral in (A.14) is transformed to polar coordinates and then integrated with

ndrop =
 sinα
− cosα

. It is assumed that xw,ffg = xw,ffg,sat is constant around the drop at

the drop surface.
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fκevap =
∫

Aodrop

(%gvgxw,ffg ) · ndropdx −
∫

Aodrop

(Dw
g %g∇xw,ffg ) · ndropdx

= 2r%gxw,ffg

∫ π

π−θ∗
(vx sinα− vy cosα)rdα− 2r%gDw

g

∫ π

π−θ∗
(
∂xwg
∂x sinα−

∂xwg
∂y cosα)rdα

= 2r%gxw,ffg [vx(− cos(π)− (− cos(π − θ∗)))− vy(sin(π)− sin(π − θ∗))]

− 2r%gDw
g [
∂xwg
∂x (− cos(π)− (− cos(π − θ∗)))−

∂xwg
∂y (sin(π)− sin(π − θ∗))]

= 2r%gxw,ffg [vx(1 + cos(π − θ∗)︸ ︷︷ ︸
− cos(θ∗)

)− vy(0− sin(π − θ∗)︸ ︷︷ ︸
sin θ∗

)]− 2r%gDw
g [
∂xwg
∂x (1 + cos(π − θ∗))

−
∂xwg
∂y (0− sin(π − θ∗))]

= 2r%gxw,ffg [vx(1− cos(θ∗)) + vy(sin(θ∗))]− 2r%gDw
g [
∂xwg
∂x

(1− cos(θ∗)) +
∂xwg
∂y (sin(θ∗)]

(A.19)

Now, values for vx, vy,
∂xwg
∂x ,

∂xwg
∂y have to be found. In reality these may vary around the

drop and should have been integrated as well. Here, they are assumed to be constant,
with v = vΓ and ∂xwg

∂xi =
xwg ,GC−x

w
g ,sat

hGC−hdrop
.





B Software revisions

As mentioned in chapter 5, the coupled model is implemented in the free and open-source
simulator DuMux (Flemisch et al., 2011, Free Software Foundation, 1991). DuMux is
based on the Distributed and Unified Numerics Environment (DUNE) (Bastian et al.
(2008),http://www.dune-project.org) inheriting functionality from the DUNE core
modules and from the discretisation module dune-PDELab.

The spatial discretisation of the geometric domain and the designation of subdomains
are based on the software package DUNE-Multidomaingrid (Müthing and Bastian
(2010), http://users.dune-project.org/projects/dune-multidomaingrid) which
allows to represent arbitrarily complex subdomain shapes with conforming interfaces.
For the management of the different subdomains and their associated function spaces,
we employ PDELab (Bastian et al., 2010) and its extension DUNE-Multidomain (http:
//users.dune-project.org/projects/dune-multidomain).

DuMux can be obtained from the website http://www.dumux.org/index.php or via
Subversion. The website offers an installation guide and a detailed handbook as well as
a complete Doxygen class documentation. DuMux can be downloaded as stable release
tarball from the website. Besides, the version-control system Subversion allows an exact
documentation of the whole development process.

Table B.0.1 lists the revision numbers of the modules used for the simulations of
transvascular exchange (chapter 6, Ischinger (2013) and Ackermann (2013)) and drop
dynamics in PEM fuel cells (chapter 7).

http://www.dune-project.org
http://users.dune-project.org/projects/dune-multidomaingrid
http://users.dune-project.org/projects/dune-multidomain
http://users.dune-project.org/projects/dune-multidomain
http://www.dumux.org/index.php
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Table B.0.1: Software revisions used for the simulations of transvascular exchange (chapter 6,
Ischinger (2013) and Ackermann (2013)) and drop dynamics in PEM fuel cells
(chapter 7).

Module Revision
Transvascular exchange (Chapter 6)
dumux 9489
dumux-devel 9495
dune-common 7038
dune-geometry 333
dune-grid 8527
dune-istl 1726
dune-localfunctions 1117
dune-pdelab 2268
modified: dune/pdelab/backend/istlvectorbackend.hh
dune-multidomain 03627ec55454ba7f32df71fb0dc67e5e21939419
modified: dune/pdelab/multidomain/couplinggridfunctionspace.hh
dune-multidomaingrid 869e061bf66c16af8d8f8e2a3aa935631af36948
modified: dune/grid/multidomaingrid/indexsets.hh
Drop dynamics in PEM fuel cells (Chapter 7)
dumux-pub/Baber2014a
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