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SUMMARY The paper describes a systematic experimenta 1 · and numeri ea 1 i nvesti gati on whi eh exp lares the 
transverse vertical mixing across an initially sharp density interface between water containing salt (or 
high contaminant concentration) and fresh water in a porous medi urn under nearly hori zonta 1 flow 
conditions. The transversa 1 spreading tendency due to the pore matrix is decreasing with increasing 
density difference due to gravity action. For a sand of uniform grain size and for a sand with a 
pronounced grain size distribution, systematic experiments and numerical calculations have been carried 
out in order to quantify the effects of density differences upon the transverse dispersion coefficient. 
It was found that in a uniform sand the mixing characteristics are essentially unaffected, whereas the 
sand mixture exhibits a significant density effect. From an analysis, an approximate relationship for 
the dispersion coefficient has been derived. The results indicate that density effects on transverse 
dispersion may be even more pronounced in natural aquifers with smaller velocities and larger 
inhomogeneities. 

INTRODUCTION 

Stably stratified nearly horizontal groundwater 
flows may be encountered in the vicinity of 
pollution sources of high concentrations, in 
regions with salt water - fresh water interfaces 
or in the near field of underground cooling wate~ 
discharges. The question how far density strati
fi cations prevai 1 in porous media flows depends 
upon the magnitude of the dispersive fluxes across 
the density interface transverse to the flow 
direction. 

A systematic experimental and numerical investiga
tion has been conducted on the elementary flow 
configuration of two parallel streams in the hori
zontal direction with a density difference and an 
initially sharp interface, as shown in~· The 

fresh water 

chosen flow configuration resemb 1 es the experi
ments on lateral dispersion by Harleman and Rumer 
(1963). Under well defined boundary conditions, 
the transverse dispersive mixing processes at the 
interface and the influence upon the flow field 
were studied experimentally. The experiments were 
performed using fresh water above salt water in a 
laboratory tank filled with sand with a length of 
nearly 12 m, a height of 0.50 m and a width of 
0.125 m. Vertical salt concentration distributions 
were measured at a cross section located 11.55 m 
downstream of the inlet by conductivity 
measurements. 

For varying boundary conditions, test series were 
run both with a sand A of nearly uniform grain 
size (mean diameter 0.57 mm) and a sand B with a 
pronounced grain size distribution (mean diameter 
3.5 mm). The height of the tank was chosen such 
that it was considerably larger than the expected 
maximum mixing width. 
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The spreadinq tend-ency due to the porous matrix is 
comparatively large for the tracer case (no 
density differences) and is decreasing with 
increasing density difference due to the action of 
gravity. Si nee the sa 1t content changes both the 
density and the viscosity of the water, the Darcy 
coefficient kf (m/s) is also changing for a given 
permeabi 1 i ty, whi eh has a marked influence upon 
the flow pattern in the tank. 

In the equations of motion, the convective trans
port as described by Darcy' s 1 aw in its genera 1 
form implicitly contains the effect of changing 
fluid properties (density and viscosity) . On the 
other hand, the dispersive transport as described 
by Fick's law does not reflect the effects of 
varying fluid properti es. The basic aim of this 
study is therefore to exp 1 ore qua 1 itati ve ly and 
quantitatively the effects of density differences 
upon the transverse dispersion coefficient in 
stably stratified groundwater flows. 

2 BASIC EQUATIONS 

For sufficiently small Reynolds numbers, the flow 
in a saturated porous medium is described by 
Darcy's law in its general form (Bear, 1972) 

- k., ( -1 v, = -11 grod p - Qg ( 1 ) 

and by the mass conservation law for an element 
fixed in space, which is given for steady condi
tions by 

div fo V, I = 0 (2) 

The transport equation, described in general form 
by Bachmat and Bear ( 1964), is given for the 
investigated flow configuration in the following 
form 

div { c ~.) - div ( D grod c I = 0 ( 3) 

In this equation, D represents the dispersion 
tensor. 
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0 from Bear, 1972 

• additional ref. /9/ \o /19/ in /8/ 

Do = molecular diffusion coefficient 

DL = bng'!tudinal dispersion coefficient 
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If the fluid properties 9 and 1.1 are given a.s 
fu nctions of the concentration c, then this set of 
three equations can be solved for the three 
unknowns velocity vf' pressure p and concentration 
c for given boundary conditions . 

A numerical model for solving this set of diffe
rential equations has been developed, using a 
finite difference scheme. In solvi ng for the flow 
f i eld, an equivalent fresh water head (Frind, 
1982) has been introduced. The main characteristic 
of the transport model is a weighting function for 
the di fferences according to Spalding (1972). The 
numerical model has been tested against analytical 
solutions. It allows calculations of the flow and 
concentration distributions for the investigated 
configuration under arbitrary boundary conditions. 

The dispersion due to the porous matrix has been 
investigated theoretically and experimentally by 
many authors (Bear, 1972; Fried, Combarnous 1971). 
From a dimensi onal analysis, one obtains the 
following relationship for the dispersion 
coefficients in a homogeneous, isotropic medium of 
uniform grain size d: 

Q ,T _ I (Vod ~) (4) 
Do - 1,2 Do ' V 

Li terature data from numerous experimental inves
tigations of this relationship for uniform sands 
are shown in Fig . 2. These relationships indicate 
that the disper$Ton coefficient is primarily 
dependent upon the Peel et number. The parameter 
DR/v (inverse Schmidt number), which characterizes 
t e relative role of molecular diffusion, is of 
secondary i mportance only and can be neglected for 
Peclet numbers above 1 to 10. 

The functional relationship Eq.(4) can be alterna
t i vely also expressed in terms of a Reynolds 
number instead of the Peclet number, with the de
finition (Re= v

0 
d/v). As long as our considera

tions are restricted to salt water - fresh water 
mixing, the inverse Schmidt number remains 
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observed dispersion 
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Figure 2 Dispersion coefficients : Experimental data 
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3 EFFECT OF STRATIFICATION UPON TRANSVERSE 
DISPERSION 

E5sentially, a density stratification introduces 
additional buoyancy forces due to the density 
differences in the flow. According to Josselin de 
Jong (1969), the resulting vertical velocity com
ponent due to buoyancy because of density diffe
rences between an elementary volume and its 
surroundings is given by 

k AQ _ k (aQ/az) Az ( 6) 
Vs•t""Q"-1 Q 

The second expression represents the velocity for 
an elementary volume in a linearly stably strati
fied surrounding if it is shifted in vertical 
direction by a length A z. In a uniform sand, A. z 
can be chosen as the main grain diameter d. If 
this induced velocity is related to the mean flow 
velocity (v

0 
= -kf. I), then a dimensionless 

parameter is obtaineQ which describes the relative 
importance of the density stratification and hence 
has to be added as a third independent parameter 
to the dimensional relationship given by Eq.(4). 
Alternatively, the dispersion coefficient under 
stratified conditions can be directly related to 
the tracer case as given by Eq.(4) and Fig. 2 in 
the following form: 

Dr (c) = f {(c}Q /az) llz ) ( 7) 
Dro \ Ql 

In order to find the functional form of this 
relationship, Rinnert (1983) has developed the 
following conceptional model: 

On the microscopic scale, the pores are represent
ed by a network of cylindrical pipes in various 
directions, which macroscopically exhibit homoge
.neous and isotropic characteristics. Expressing 
the laminar flow through a pore of a given 
inclination angle 'f and then integrating the 
vertical flow components over all inclination 
angles results in an expression for the mean 
vertical flow. Assuming that the transv·erse 
dispersion coefficients can be considered 
proportional to the corresponding vertical flow 
rates, one arrives at the relationship (Spitz, 
Kobus, 1984) 

Dr lcl = (
1 

_ (aQ /az) Az )_, 

Dro · Ql 
(8) 

This expression contains the ratio of gravity 
effects to flow resistance effects as defined in 
Eq.(7). It is seen, that an increase in density 
difference causes a decrease in the dispersion 
coefficient, and at a given density difference 
this decrease is the more pronounced the sma 11 er 
the flow velocity and hence the piezometric head 
gradient I is. 

Looking at the order of magnitude of the various 
factors in this relationship makes clear that a 
density gradient has only a small effect on 
lateral dispersion in a uniform grain sand. This 
is also evident from a numerical calculation and 
from the expe~iments. However, in nonuniform 
porous media or in natural aquifers with large 
sea 1 e i nhomogenei ties, it is not sufficient to 
refer to the mean grain diameter as the only 
1 ength sea 1 e. In a 11 such cases of undetermined 
reference 1 ength, one can use as a first 
approximation a global relationship of the form 

Or le) ( llQ )_, 
Dro' = 1+ 91 (9) 
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Sand A Sand B 

dso in mm 0,57 3.5 
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Figure 3 Characteristics of the sand material 

4 EXPERIMENTAL RESULTS 

The characteristics of the two t.voes of sand used 
in the experiments are given in Fig. 3, which 
shows that sand A has a nearly uniform size 
distribution, whereas sand B is markedly ~raded. 
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Figure 4 Concentration profiles for the uniform 
sand A 



Concentration measurements were performed by 
extracting probes of l ml at different elevations 
in the vertical measurement cross section through 
sma 11 tubes of 1 mm in diameter and then 'measuring 
the probe conductivity. 

Initial salt concentrations ranged from zero to 
maximum values of 146 g/1. The piezometric head 
gradient was varied between 0.3 and 0.03, which 
correseonds to a range of filter velocities of 
1.5·10 2 to 0.8·163 m/s. 

Fig. 4 shows the measured concentration profiles 
for the uniform sand A. In the experiments, the 
elevation of the "interface" as given by the 50% 
value varied by about + 5 cm due to the experi
mental boundary conditTons and to the change of 
Darcy coefficient kf with the fluid properties 9 
and J.l • This 1 at era 1 shift of the profi 1 es was 
eleminated in Fig. 4 by referring all measurements 
to their corresponding reference 50% value. 

The experiments in Fig. 4 show no significant 
differences in the width of the mixing zone. This 
holds true for the experiments at a Peclet number 
of Pe = 1200 as well as additional experiments at 
a lower velocity (Pe = 800). 

The nonuniform sand B showed a marked decrease of 
the mixing width with increasing concentrations 
(Fig. 5). It is evident that these effects are 
more pronounced in the experimental series at 
smaller velocities (Pe = 1450) than at the larger 
velocities (Pe = 2900). 

In order to verify Eq.(9), the transverse disper
sion coefficient is determined for each salt 
concentration by relating the experimentally 
determined concentration profile to the numerical 
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solution of the differential equations with the 
experimental boundary conditions. It could be 
shown in this way that the transverse dispersion 
coefficient can be determined in good 
approximation by relating the experimental data to 
the analytical solution for the tracer case as 
given by Harleman and Rumer (1963). The concentra
tion profiles always show a normal distribution, 
which can be described by the distance between the 
16% and 84% values corresponding to twice the 
standard deviation a , which is related to the 
dispersion coefficient by 

a = V 2 01 s/v0 

1 
( 10) 

It follows therefore that the ratio of the disper
sion coefficients with and without density 
difference can be derived directly from the 
concentration profiles accordina to 

0 1 {cl = (a (cl )
2 

( 11) 
DTo Oo 

Fig. 6 shows that the main characteristic of the 
function a 1 rea lt i onsh i p is properly described by 
Eq.(9) although there are differences evident at 
lower velocities, which are due to the 
simplifications. 

5 CONCLUSIONS 

The present investigations yield a number of 
conclusions with regard to the effect of density 
differences upon transverse mixing: 
- In stably stratified flows, density differences 

affect a synvnetrical reduction of the mixing 
width at the interface. 

- The observed density effects are more pronounced 
in regions of smaller flow velocities. 

- For salt water - fresh water interfaces, density 
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Figure 5 Concentration profiles for the nonuniform sand B 



{:. 
a 

' ..Y. 
c 

21st IAHR Congress, 
Melbourne, Australia, 
19-23 August 1985 

1.0-r------"T--=---:----------, 
Peclet number 

0,8 

0,6 

0 0 

0.4 

0.2 

0 

0 

1450 2900 

0 

• experimental data (Eq.11) 
-analytical curves (Eq.9) 

0 0 

0 

16/ RINNERT, B. (1983). Hydrodynamische Dispersion 
in ~orosen Medien: EinfluB von Dichteunterschieden 
auf die Vertikalvermischung in horizontaler Stro
mung. Mittei lungen des Instituts fUr Wasserbau, 
Univers1tat Stuttgart, Heft 52. 

171 SPALDING, D.B. (1972). A novel finite 
difference formulation for differential 
expressions involving both first and second 
derivatives. Int. Journal of Numerical Methods in 
Engineering. 

/8/ SPITZ, K. and KOBUS, H. (1984) Dispersiver 
Quertransport in ei ner stabi 1 di chtegeschi chteten 
Grundwasserstromung. Wi ssenschaft 1 i cher Beri cht 
Nr. 84/8 ( HVW 056), Inst it ut fur Wasserbau, 
On1vers1tat Stuttgart. 

0 50 100 
salt concentration in g/l 

150 /9/ BERNARD, R.A. and WILHELM, R.H. (1950). 

Figure 6 Comparison between analytical and experi-
mental dispersion coefficients 

differences are invariably linked with viscosity 
differences. Viscosity differences mainly affect 
the position of the interface (50% line), which 
is moved downward as compared to the tracer 
case. In uniform sands, the downward displace
ment of the interface due to viscosity 
differences is generally negligible. 
For mechanical dispersion in the porous matrix 
of a uniform sand, the changes due to density 
differences remain within a few percent. The 
flow around the individual grain showes marked 
effects only in situations with extremely large 
local density gradients. 

- laboratory experiments with a sand mixture, 
which come more closely to the conditions of a 
natural aquifer, show a significant density 
effect. The mixing intensity is decreasing with 
increasing salt concentration. For salt concen
trations of 100 g/1, the mixing width is reduced 
to about one half. 

- These i nvesti gat ions indicate that the effects 
of density differences on transverse dispersion 
may be even more pronounced in natural aquifers 
with larger inhomogeneities. 
For engineering purposes, the glob a 1 reduction 
in mixing width can be estimated with the help 
of Eq.(9). However, the interaction of inhomoge
neities and density differences needs further 
research. 
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