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f hindrance function (-)
fa local attenuation function (-)
fe factor kinetic energy transfer (-)
fm factor kinetic mass transfer (-)
g gravity vector (m/s2)
Gσ Gaussian smoothing kernel (-)
h specific enthalpy (J/kg)
H Henry coefficient (Pa)
H volumetric enthalpy of fluid mixture (J/m3)
h̄sα mean heat transfer coefficient of solid and α-phase (W/m2 K)
∆hv enthalpy of vaporization (J/kg K)
I image (-)
I ′ warped image (-)
j diffusive mass flux (kg/s)
J Leverett J-Function (-)
K permeability tensor (m2)
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k local position (m)
kr relative permeability (-)
L characteristic length (m)
m mass (kg)
M molar mass (kg/mol)
m van Genuchten parameter (-)
Mα mask for obtaining phase α (-)
n van Genuchten parameter (-)
ṅ mole flux (mol/s)
p mixture pressure (Pa)
pα phase pressure (Pa)
pc capillary pressure (Pa)
pcmax fitting parameter, see Section 5.1.3 (Pa)
pd entry pressure (Pa)
pκvap vapor pressure of component κ (Pa)
Q heat (J)
q source/sink (mass/energy) (kg/m3 s, J/m3 s)
q̇boil heat transfer under boiling conditions (W/m3)
q̇sf solid to fluid energy transfer (W/m3)
R2 coefficient of determination (-)
r radius (m)
r relative humidity (-)
Sα saturation of phase α (-)
T warping function (-)
T temperature (K)
Tboil boiling temperature (K)
Tref reference temperature (K)
t time (s)
u specific internal energy (J/kg)
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V volume (m3)
vα phase velocity (m/s)
v mixture velocity (m/s)
vwn velocity of interfacial area (m/s)
W work (J)
x position (m)
xκα mole fraction of component κ in phase α (mol/mol)

Subscripts
α general phase
eff effective quantity
equil under equilibrium conditions
f fluid (wetting and non-wetting phase)
i discrete point i
i initial
n non-wetting phase
pm in porous medium
ref reference
r residual
s solid phase
v void space
w wetting phase

Superscripts
H2O water
κ general component
N2 nitrogen
n time level
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Dimensionless Numbers
Nu Nusselt number
Pe Peclet number
Pr Prandtl number
Re Reynolds number
Sc Schmidt number
Sh Sherwood number
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Abstract

One of the most basic assumptions in the field of multiphase flow in porous
media is that of local equilibrium. This work is a contribution to the study and
understanding of this assumption. Assuming local equilibrium basically means that
heat and mass transfer processes between phases take place instantaneously. For a
number of applications, this assumption is questionable for various reasons. In the
following, two of these reasons are illustrated by examples.

Supply of Non-Equilibrium If there are sources present in the porous medium
which unbalance the system, assuming local equilibrium for all phases is a
very strong assumption in need of justification. Practically, this source can be
the supply of non-equilibrated, i.e. not fully water saturated, air bypassing
soil. The assumption that the air immediately becomes fully vapor-saturated
might be a serious oversimplification.

Heat sources in porous media are another reason to doubt the applicability of
local equilibrium assumptions. An evident example is the cooling of severely
damaged nuclear reactor cores. In this case, the solid phase continuously
provides energy and complex phase-change processes occur.

Insufficient Equilibration Time If the considered porous medium is thin, for ex-
ample paper during drying processes, the short residence time of air makes
the idea of immediate equilibration far-fetched.

Another case of questionable applicability of local equilibrium assumptions
comes from the field of steam-assisted subsurface remediation. In order to
predict remediation success, the correct description of the high flow velocities
as well as large temperature gradients that occur are crucial.

What the systems described above have in common is that studying them exper-
imentally is hard and/or expensive. Therefore, simulation technologies can be
an important tool in this context. This work is a contribution to the study and
understanding of such (non-) equilibrium situations in multiphase flow in porous
media.
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Abstract

In this work, a model free of local equilibrium assumptions is developed and
explained in depth. The model describes multiphase flow in porous media on a
volume-averaged basis. It is, mathematically as well as numerically, formulated
in general terms, allowing it to be applied to very different scenarios, as shown in
this thesis. The numerical implementation is accomplished in DuMux, a free and
open-source simulator. We have also developed ways of making all the source code
used in this work, be it for flow simulations or image analysis, freely available.

In a first application of the non-equilibrium model developed here, a parameter
study, motivated by evaporation from a porous medium, is conducted. In order
to obtain the necessary input parameters (volume-averaged interfacial areas) a
pore-network model is adapted and constitutive relations derived. Varying an
unknown model parameter (scaling factor) within a range of values results in the
physically expected behavior of the system.

In order to put the study of non-equilibrium effects in multiphase flow in porous
media on an experimental basis, a new platform is developed in collaboration with
colleagues from the University of Utrecht. The experimental setup allows us to
study thermal equilibration and immiscible displacement processes simultaneously
in a transparent micro-model. This is accomplished by a setup which includes
both an optical as well as an infrared camera, recording the same invasion process.
Both the versatility and feasibility of the platform are demonstrated in qualitative
findings and observations.

Building on this, two different experimental runs are simulated by means of the
model developed previously. In order to be able to use the non-equilibrium model,
a new image-analysis procedure had to be developed for the determination of
constitutive relations. As the proposed scaling factor of heat transfer is still
unknown, it had to be calibrated to the experimental observations. Remarkably,
both simulations find that the same scaling factor results in the best reproduction
of the experimental observations.

In another effort to increase confidence in the model, a code intercomparison study
is conducted. In this regard, the same technical application, a metallic evaporator,
is simulated by two simulators developed independently. These are the model
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developed in this work and a model describing multiphase flow in porous media
based on a mixture description. Although both models are different in terms of
mathematics, numerics and the simulation environments employed, they produced
very similar results. This was taken as a validation of the developed model.

In summary, three things are accomplished in this thesis: a toolbox of models and
methods allowing the study of local non-equilibrium effects in multiphase flow in
porous media in a volume-averaged sense is developed and successfully applied to a
number of different applications. Secondly, new procedures for sustainable software
development and source code accessibility are developed. Thirdly, different ways to
determine constitutive relations are developed and successfully applied.
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Zusammenfassung

Eine grundlegende Annahme in der Mehrphasenströmung in porösen Medien ist
die des lokalen Gleichgewichts. Diese Arbeit leistet einen Beitrag dazu, diese
Annahme zu untersuchen und zu verstehen. Lokales Gleichgewicht anzunehmen
bedeutet im Wesentlichen, dass Energie- und Massentransfer unendlich schnell
stattfinden. Diese Annahme ist, aus unterschiedlichen Gründen, für verschiedene
Problemstellungen fragwürdig. Im Folgenden werden zwei dieser Gründe anhand
von Beispielen erläutert.

Kontinuierliches Aus-Dem-Gleichgewicht-Bringen Wenn es Quellen in einem
porösen Medium gibt, die das System aus dem Gleichgewicht bringen, so
ist es eine starke Annahme, die begründet werden sollte, davon auszugehen,
dass sich das System im lokalen Gleichgewicht befindet. Ein Beispiel für
eine solche Situation ist nicht zu 100% mit Wasserdampf gesättigte Luft, die
über Erdreich streicht. Die Annahme, dass die Luft sofort wassergesättigt
ist, sobald sie in Kontakt mit dem porösen Medium Erde kommt, kann eine
folgenschwere, zu starke Vereinfachung sein.

Ein weiterer Grund, die Annahme des lokalen Gleichgewichtes in Frage zu
stellen, sind Wärmequellen im porösen Medium. Dies ist zum Beispiel der
Fall bei der Kühlung eines nuklearen Reaktorkerns nach einem schweren Re-
aktorunfall. Hier befindet sich eine starke Wärmequelle in der Feststoffphase,
die auch Verdampfungsprozesse verursacht.

Ungenügende Ausgleichszeit Wenn das poröse Medium relativ dünn ist, wie
zum Beispiel im Falle von Papier in der Papierherstellung, macht die kurze
Verweilzeit des Trocknungsmediums die Annahme von lokalem Gleichgewicht
abwegig.

Ein weiteres Beispiel in diesem Zusammenhang ist die Dampfinjektion in
den Untergrund zur Altlastensanierung. Um den Sanierungserfolg richtig
vorherzusagen, müssten die hohen Strömungsgeschwindigkeiten und Tempe-
raturgradienten korrekt abgebildet werden.
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Zusammenfassung

Die beschriebenen Systeme haben eine Gemeinsamkeit: experimentelle Untersuchun-
gen sind schwer und/oder teuer. Daher können Simulationstechnologien hier einen
wichtigen Beitrag leisten. Diese Arbeit entwickelt Werkzeuge zur Untersuchung
solcher Sachverhalte und leistet einen Beitrag zum besseren Verständnis von solchen
(nicht-) Gleichgewichtsprozessen.

In dieser Arbeit wird ein Modell entwickelt und erklärt, welches keine lokalen
Gleichgewichtsannahmen trifft. In diesem Modell wird eine volumengemittelte
Beschreibung von Mehrphasenströmung in porösen Medien verwendet. Sowohl
mathematisch als auch numerisch ist das Modell zunächst so generell wie möglich
gehalten. Dadurch kann es, wie in dieser Arbeit gezeigt, für sehr unterschiedliche
Problemstellungen verwendet werden. Die numerische Implementierung erfolgt als
freie Software in DuMux, einer Simulationsumgebung für Strömung und Transport
in porösen Medien. Im Zuge dessen, wurden auch neue Möglichkeiten entwickelt,
Software im Rahmen von DuMux zur Verfügung zu stellen. So kann alle Software,
die in dieser Arbeit verwendet wurde, sei es für Strömungssimulation oder zur
Bildverarbeitung, frei eingesehen, überprüft und weiterentwickelt werden.

Im ersten Anwendungsfall für das entwickelte nicht-Gleichgewichtsmodell wird
eine Parameterstudie, motiviert durch Evaporation aus dem Boden, durchgeführt.
Eine wichtige Eingangsgröße für das Modell sind volumengemittelte Phasengrenz-
flächen. Durch die Weiterentwicklung eines Porennetzwerk Modells können diese
Konstitutivbeziehungen abgeleitet werden. Die Variation eines unbekannten Mo-
dellparameters (Skalierungsfaktor) führt zu dem physikalisch erwarteten Verhalten
des Systems.

Um die Untersuchung von nicht-Gleichgewicht in der Mehrphasenströmung in
porösen Medien auf eine experimentelle Grundlage zu stellen, wurde in einer
gemeinsamen Arbeit mit Kollegen von der Universität Utrecht eine neue experimen-
telle Plattform entwickelt. Mit Hilfe dieses Versuchsaufbaus kann man gleichzeitig
thermische Ausgleichsprozesse und nicht-mischbare Verdrängungsprozesse in ei-
nem transparenten Mikromodell beobachten. Hierzu werden mit einer optischen
und einer Infrarotkamera Bilder des nicht-isothermen Verdrängungsprozesses im
Mikromodell gemacht. Die praktische Verwendbarkeit & Nutzbarkeit des beschrie-
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Zusammenfassung

benen Versuchsaufbaus wird durch eine Reihe von qualitativen Beobachtungen
demonstriert.

Aufbauend auf den Versuchsergebnissen, werden zwei unterschiedliche Versuchs-
durchläufe mit dem entwickelten nicht-Gleichgewichtsmodell simuliert. Zur Quanti-
fizierung von Konstitutivbeziehungen wurden neue Bildverarbeitungs-Algorithmen
entwickelt und angewendet. Da der oben erwähnte Skalierungsfaktor nach wie vor
unbekannt ist, muss er kalibriert werden. Es ist bemerkenswert, dass bei beiden
Simulationen der gleiche Skalierungsfaktor die beste Übereinstimmung zwischen
Modell und Beobachtung geliefert hat.

Um das Vertrauen in das entwickelte Modell zu erhöhen, wurde eine Software
Vergleichsstudie durchgeführt. Hierzu wurde die gleiche technische Anwendung mit
zwei unabhängig entwickelten Simulationsprogrammen abgebildet. Das in dieser
Arbeit entwickelte nicht-Gleichgewichtsmodell wurde einem Modell, das Mehrpha-
senströmung in porösen Medien auf Grundlage eines Mischungsansatzes beschreibt,
gegenüber gestellt. Obwohl die beiden Modelle unterschiedliche mathematische und
numerische Ansätze verwenden und in unterschiedlichen Simulationsumgebungen
implementiert sind, haben sie zu sehr ähnlichen Ergebnissen geführt. In diesem
Sinne wurden die Ergebnisse als Modellvalidierung aufgefasst.

Zusammenfassend wurden drei Dinge in dieser Arbeit erreicht: Es wurden Mo-
delle und Methoden, um lokales nicht-Gleichgewicht in der Mehrphasenströmung
in porösen Medien auf Grundlage einer volumengemittelten Beschreibung zu un-
tersuchen entwickelt. Diese Modelle wurden erfolgreich auf sehr unterschiedliche
Problemstellungen angewendet. Zweitens wurden neue Verfahren entwickelt, um
die Software Entwicklung nachhaltiger zu gestalten und den verwendeten Quellcode
zugänglich zu machen. Drittens wurden unterschiedliche Methoden entwickelt, um
Konstitutivbeziehungen herzuleiten.
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Introduction

1.1 Motivation

At the core of any model of reality are the assumptions and decisions on which
this model is built. The reasons for making these assumptions need to be well
founded and testable. If there is doubt about the applicability or correctness of an
assumption, it needs to be loosened and replaced by a suitable one.

One of the most prominent assumptions in the field of multiphase flow in porous
media is the assumption of local equilibrium. Basically, this means that energy
and mass transfer between phases take place instantaneously.

This work provides tools and methods for checking the validity of these assumptions
in porous media systems. This is done by developing a model which is free of local
equilibrium assumptions and studying consequences and implications thereof.

Pure scientific curiosity is, of course, known to boost general progress, but there are
also a number of practical applications which put the question of the applicability
of local equilibrium assumptions on the agenda:

Subsurface Remediation by Steam Injection One effective cleanup-technology
for contaminated sites is the injection of hot steam into the subsurface. This
process involves temperature differences and flow velocities which are high
compared with other flow processes in porous media. The prediction of
contaminant behavior in this highly non-isothermal setting is crucial for
solving environmental problems instead of creating new ones.

1
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Reactions, Industry In the chemical industry, reactions take place in biochemical
reactors with multiple fluid phases as well as a solid phase present. Describing
phase temperatures correctly gives control over the reactions taking place.

Reactions, In-Situ Combustion During in-situ combustion, heavy oil is partly
oxidized in the reservoir in order to decrease its viscosity for mobilization,
and ultimately production. If the temperatures of the individual phases are
not correctly described, undesired reactions may take place. Or even worse:
too much oil could be burnt instead of being produced.

Debris Cooling After a severe nuclear accident, the core might collapse and can be
treated as a porous medium. It is of paramount importance to have a good
understanding of the subsequent events in order to be able to orchestrate a
fast cooling without causing any further (H2) explosions.

Drying In the case of drying thin porous media for industrial applications (pulp
and paper) local equilibrium assumptions are at least questionable. Better
models will lead to a better allocation of resources in the production process.

Evaporation At the interface between the subsurface and the atmosphere, two very
different compartments share a boundary: the land surface. Here, evaporation
takes place if the subsurface provides liquid water and the atmosphere can
take up water vapor. However, flow velocities in the atmosphere can be very
high and the exact interaction processes are not yet fully understood.

What all these examples have in common is that they do not only involve tempera-
ture differences but also phase change-processes. In other words, heat and mass
transfer are strongly coupled phenomena which need to be treated and understood
together. Therefore, a model allowing the combined description of local chemical as
well as thermal non-equilibrium is developed in this work. The detailed structure
of this thesis is given in the next section.
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1.2 Structure of the Thesis

1.2 Structure of the Thesis

To analyze local equilibrium assumptions in multiphase flow in porous media, I
use the classic scientific method extended by simulation, see Figure 1.1. In today’s
research, simulation has established itself as a crucial third pillar beside theoretical
and experimental work. It demands a thorough foundation in physics, mathematics
and numerics on the one hand and, on the other, it gives guidance and allows the
efficient allocation of resources.

I start by giving a concise introduction to physical definitions and conventions
in Chapter 2. All quantities relevant in order to describe the multiphase flow in
porous media processes covered in this work are briefly introduced. I emphasize
the volume-averaged description of quantities, which will be built upon later when
employing these concepts in order to derive input parameters from numerical and
actual experiments. The main part of this chapter is, of course, the explanation
and discussion of local thermal and chemical equilibrium in multiphase flow in
porous media.

In Chapter 3, a macro-scale non-equilibrium model is developed. Limitations as
well as numerical solution techniques are also briefly discussed.

Chapter 4 gives a quick explanation of why an interesting and promising approach,
the balancing of interfacial area on the macro scale, can as of now not be used for

Figure 1.1: Closing the loop.
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volume-averaged macro-scale models. This is extremely unfortunate as the interfa-
cial area approach has the potential to loosen assumptions about the knowledge of
the history of a system.

The macro-scale non-equilibrium model is put to use in Chapter 5. There, a
parameter study is conducted, delimiting ranges of an unknown model parameter,
the scaling factor of heat and mass transfer. In the model, this parameter is
essential for actually describing heat and mass transfer in multiphase flow in porous
media. In order to estimate that parameter, an experimental setup and qualitative
findings are presented in Chapter 6. A model calibration conducted in Chapter 7
gives an estimate of that formerly unknown parameter.

The other possibility, besides experimental testing, to increase confidence in nu-
merical models is the cross-validation with independently developed models. This
ansatz is adopted in Chapter 8 by means of a comparison between two different
numerical models simulating a technical system. I conclude in Chapter 9.
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2
Conceptual Model

Numerical simulation, first of all, demands the development of a conceptual model.
This includes the proper selection of relevant processes as well as the decision
regarding the level of detail necessary to capture the characteristics of the system.
The focus of this work is the description and study of non-equilibrium processes.
Therefore, special attention is given to the definition of equilibrium.

We start this chapter by giving definitions of standard thermodynamic quantities
followed by a short introduction to the scales of interest which will be useful in the
scope of this work. This process gives rise to new quantities which are only defined
on higher scales. Finally, the respective equilibria are introduced.

2.1 Basic Definitions

In this section, terms and definitions which are essential to this work, are presented.
These definitions are kept as short as possible and the reader is referred to the
literature – which was the basis for this section – for in depth discussions (Atkins
and Julio, 2006; Reid et al., 1987).

2.1.1 Phase, Component, Capillary Pressure

A phase (α) is a region with continuous physical and chemical properties. In other
words, a phase is defined by the fact that it has a sharp interface with another
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phase. Three different phases are typically distinguished: solid, liquid and gas
phase. In the scope of this work, all phase states occur. The grains of the porous
medium are solid and considered immobile and rigid. Within the void space, liquid
and gas phases can move. In this work, only two mobile phases are considered,
although three phase flow can also occur (e.g. Class et al., 2002). We consider also
phase transitions between liquid and gas states. These processes can be highly
non-isothermal and are therefore strongly coupled with energy conservation.

The term component refers to chemical species (like water or nitrogen) which
constitute a phase. A phase can be comprised of multiple components. We do not
consider chemical reactions but the chemical composition of phases can change as
the individual components can move within a phase and across phase boundaries.

In the presence of two separate fluid phases the phenomenon of capillarity occurs.
Fluids tend to minimize their surface, in order to reach a state of minimum energy.
If the area (A) of an interface between two fluids is changed, work (W ) either needs
to be supplied or is freed according to

dW = σdA , (2.1)

with the surface tension σ as a material property of any combination of two fluids.
This minimization of surface area can lead to curved surfaces, which are associated
with a pressure difference across the interfaces. The difference in pressure (p)
between the fluid phases can be described by the so called Young-Laplace-Equation

∆p = σ
( 1
r1

+ 1
r2

)
, (2.2)

with r1 and r2 as the two principal radii of curvature of the considered interface.
The pressure on the concave side of the interface is always the bigger one.

However, in the scope of this work, we also consider the presence of a solid phase
(index s). In this case, the pressure difference across an interface is given by

∆p = σ cos Θc

( 1
r1

+ 1
r2

)
, (2.3)
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Figure 2.1: A water droplet on two different surfaces. Left: Water is the non-wetting phase.
Right: Water is the wetting phase.

with Θc as the contact angle of a phase with respect to a considered solid phase. A
contact angle of 0° < Θc < 90° defines a wetting phase, as it tends to cover the solid
phase. Phase specific properties of the wetting phase are denoted with a subscript
w in this work. Contact angles of 90° < Θc < 180° define the so called non-wetting
phase, subscript n, see Figure 2.1. A water droplet is the non-wetting phase with
respect to e.g. a Teflon® surface (left) and the wetting phase with respect to a glass
surface (right). In general, wettability is defined by the combination of fluids and
solid phase. It can even change over time (e.g. Wessolek et al., 2009). However, in
the scope of this work, wetting properties are considered constant.

The surface tension between phases is mainly a function of temperature. Thus, the
pressure difference across an interface between two fluid phases is also a function of
temperature, decreasing up to the critical point where the discrimination between
phases ceases to be possible.

2.1.2 Density, Viscosity

The ratio of mass (m) to occupied volume (V ) of a phase α is called its density,
%α. In general, density is a function of pressure, temperature and composition. In
the case of gases, the pressure dependence is much stronger than for liquids. The
density of the solid phase is generally assumed constant in this work.

Applying a shear stress to a fluid results in a movement of the fluid with the
maximum velocity at the point where the shear stress is applied. In the scope
of this work, all fluids are assumed to behave as Newtonian fluids. Therefore,
the proportionality factor relating the shear stress to the gradient in velocity is
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viscosity, µ. In that sense, viscosity can be considered a measure for the internal
fluid friction opposing any change of fluid motion.

2.1.3 Internal Energy, Enthalpy, Heat Capacity, Thermal
Conductivity

The total amount of energy contained in a given mass of a substance is given by
its mass specific internal energy, u. However, when moving substance, energy is
also needed for making space for it. Therefore, a further characteristic quantity is
introduced, mass specific enthalpy, h. It is different from the internal energy by
the contribution of volume changing work

h = u+ p

%
. (2.4)

The ratio of supplied heat (Q) to the resulting change in temperature (∆ T ) of a
substance is called its heat capacity. This change can either happen at constant
pressure or constant volume leading to isobaric and isochoric heat capacities,
respectively. However, in the scope of this work, the heat capacity will be only
used for characterizing solid and liquid phases which are assumed incompressible.
Therefore, discrimination between isobaric and isochoric heat capacities is not
necessary in the scope of this work and the symbol c will be used for the mass
specific heat capacity.

Two systems at different temperatures which are in contact with one another will
exchange energy. The proportionality factor which relates the heat flux and the
temperature gradient in a homogeneous medium is called heat conductivity, λ
(Atkins and Julio, 2006). It is a material property of a phase.

2.1.4 Mole Fractions

As mentioned above, the coexisting phases are not necessarily pure, i.e. they can
consist of multiple chemical species of varying composition. In the scope of this
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work, we will only deal with two components per phase at the most, as this is
the simplest configuration allowing the study of the coupled phenomenon of phase
change.

The composition of the respective phases is given by the mole fractions xκα of the
components κ in a phase α. Mole fractions are defined by the relation of the
amount of the species κ in a phase to the total amount of substance in a phase. In
an existing phase, mole fractions always add up to unity:

∑
κ

xκα = 1 . (2.5)

2.1.5 Mixture Properties

When mixing two or more components, properties of the mixture arise which are
not necessarily a pure linear combination of the original properties. Interactions
between the molecules of the pure components lead to an additional contribution,
the so called excess quantities. However, in the scope of this work, we will assume
ideal mixtures and ignore excess contributions. In other words, we assume that
the interaction of molecules in a mixture are uniform, no matter which types
of molecules are interacting. The considered properties of phases are therefore
calculated as simple mole fraction weighted sums, e.g. for the molar density of a
phase consisting of two components a and b:

%(n)
α = xaα%

(n) a + xbα%
(n) b . (2.6)

Here, %κ stands for the density of the pure substance at the current pressure and
temperature and %α for the density of the resulting mixture.

2.2 System Properties

In the previous section, the properties of pure substances, their mixtures and the
interaction of two fluid phases were introduced. In this section, the interaction
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Figure 2.2: Construction of an REV. Adapted from Helmig (1997).

with the solid phase as well as the scales utilized in this work will be explained.
This will also give rise to new quantities which are not defined on all scales or have
different meanings on different scales.

2.2.1 Scales

Up to know, reasoning took place on a scale where the individual phases were
resolved. This scale will be called micro scale. Although this scale might be helpful
for principal understanding and developing conceptual models, in most cases and
for real life applications it is not feasible to describe multiphase flow in porous
media on the micro scale.

Obtaining the geometry of a porous medium is typically associated with prohibitively
high costs. An alternative to obtaining real geometries is to use pore-network
models (Joekar-Niasar, 2010). They exhibit certain features of a porous medium
without reproducing exact geometries (see Section 5.1). Even in those cases where
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geometries are obtained, simulation can only take place on small samples due to
computational limitations.

Therefore, the description of multiphase flow in porous media systems typically
involves an averaging step (Whitaker, 1999), see Figure 2.2 for a depiction of
the process. Averaging properties over some volume initially leads to strong
fluctuations of the averaged quantity (d in Figure 2.2). However, after reaching a
certain averaging volume, the averaged quantity ceases to fluctuate (l in Figure 2.2).
The scale on which these constant properties can be observed will be called macro
scale. The volume for which it is possible to observe non-fluctuating properties will
be called representative elementary volume, REV. In the case of an inhomogeneous
porous medium, further increasing the averaging volume (L in Figure 2.2) will lead
to a non-constant averaged quantity.

The goal of this work is to describe non-equilibrium in multiphase flow in porous
media on the macro scale. As the body of literature in this area is sparse, necessary
input parameters for the macro-scale model have to be derived from micro-scale
considerations, see Figure 2.3. In Section 5.1 a pore-network model will be employed
in order to obtain effective volume-averaged quantities and in Chapters 6 and 7
observations of and measurements from a micro-model experiment are presented.

2.2.2 Quantities on the Macro Scale

In the described averaging process the detailed micro-scale information is lost, see
Figure 2.3. It is represented by averaged quantities which will be introduced in the
following.

Matrix Properties

A porous medium consists of the solid phase which acts as a skeleton for the void
space in between. The ratio of void space to the space occupied by the REV is
called porosity, φ:

φ = volume of void space
volume of REV . (2.7)
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The reciprocal of the resistance exerted by the porous medium on the movement of
a fluid phase is called permeability, K. Resistance to flow is in general a directional
property and therefore a tensor. However, in the scope of this work, it will be
treated as a scalar.

Multiphase Properties

Saturation The volume fraction of the void space of a porous medium which is
occupied by a phase α is called saturation, Sα, of that phase:

Sα = volume of fluidα
volume of void space . (2.8)

Figure 2.3 shows on the left-hand side the micro-scale configuration with solid
grains and a wetting and a non-wetting phase. On the right-hand side the macro-
scale representation is shown. Here, only the information about respective volume
fractions is retained.

Capillary Pressure In Section 2.1.1 the capillary pressure on the micro scale was
introduced. In Equation 2.3 it was defined as the difference of pressures across a
curved interface.

On the macro scale, the information about individual interfaces is not available.
There are only volume-averaged quantities defined. Therefore, the macro-scale
capillary pressure pc is defined as the difference in pressures of the wetting and

Figure 2.3: Micro-scale configuration (left) and macro-scale representation (right) of a
multiphase flow situation.
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Figure 2.4: Qualitative observation of capillary pressure – saturation relationship.

non-wetting phase in an REV. It is related to the saturation of a phase, usually
the wetting phase.

In a typical experiment for establishing the relation between wetting phase satura-
tion and macro-scale capillary pressure a sample of a porous medium is first fully
saturated with a wetting phase and placed horizontally in order to minimize the
influence of gravity. One side of the sample is in contact with a non-wetting phase
and the other side allows the wetting phase to leave the sample. The pressure
difference between these two sides is identified as macro-scale capillary pressure.

Raising the non-wetting phase pressure and letting the sample equilibrate leads
to a new saturation and a non-zero capillary pressure. Repeating this procedure
incrementally up to the point where no (mobile) wetting phase is left in the sample
establishes a series of points which uniquely relate the wetting phase saturation and
the macro-scale capillary pressure. As the process of non-wetting phase replacing a
wetting phase is called drainage, this curve is called primary drainage curve, A in
Figure 2.4.

However, reversing the process leads to a new series of pc–Sw couples, B in Figure 2.4.
As the process of wetting phase replacing non-wetting phase is called imbibition, this

13



2 Conceptual Model

curve is called primary imbibition curve. Switching again to drainage establishes
yet another path, C in Figure 2.4, which is called main drainage curve. Further
switching between drainage and imbibition will lead to so called scanning curves,
D in Figure 2.4, between the primary imbibition and the main drainage curve. Sw r
and Sn r are the residual saturation of wetting and non-wetting phase respectively.
These are the saturations at which the respective phases become immobile and thus
cannot be reduced any further by hydromechanical processes. In summary, it can
be stated that only knowing the saturation of a porous medium does no uniquely
give its macro-scale capillary pressure. Saturation Sw 1 in Figure 2.4 allows any
capillary pressure between pc 1 and pc 3.

Systems behaving like this, with the state of the system not clearly defined by
state variables but also by the systems history, are said to inhibit hysteresis. The
word hysteresis was coined by Sir Alfred Ewing (Bates, 1948) who studied
magnetization. It is derived from ancient Greek υστ έ%ησιζ which means “lagging
behind” or “deficiency” (in the meaning of scarcity).

Many empiric parametrizations of the above described curves exist. The two most
commonly used functions are according to Helmig (1997):

Brooks&Corey: pc = pdS
−1/λ
w eff and (2.9)

van Genuchten: pc = 1
α

(
S
−1/m
w eff − 1

)1/n
(2.10)

where m,n, α are van Genuchten (van Genuchten, 1980) and pd, λ are Brooks
&Corey (Brooks and Corey, 1964) parameters. In fact, the van Genuchten
approach has only two parameters, as m = 1− 1/n is a necessary assumption in its
derivation, see van Genuchten (1980). Sw eff is the effective wetting phase saturation
defined by

Sw eff = Sw − Sw r
1− Sw r

. (2.11)

The functions presented in Equations 2.9 and 2.10 are depicted in Figure 2.5.
Additionally, that figure depicts the temperature dependence of the capillary
pressure saturation relationship according to Grant (2003).
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Figure 2.5: Left: Capillary pressure – saturation relationship according to Brooks &
Corey, λ = 2.74, pd = 2300 Pa, right: Capillary pressure – saturation relation-
ship according to van Genuchten, α = 3.3 · 10−4 1/Pa, n = 5.4. The scaling
according to Grant (2003) for the temperatures of 298 K (reference, solid), 275 K
(dotted) and 318 K (dashed) are also depicted, scaling parameter β0 = −413.4 K.

The temperature dependence of surface tension is well understood and industry
standard equations of state are readily available for common systems like water
and air (IAPWS, 1994). However, Grant (2003) shows that the variation with
temperature of the macro-scale capillary pressure in porous media cannot be
explained by the variation of surface tension alone. Therefore, he proposes a scaling
of the capillary pressure relationship:

pc = β0 + Tref
β0 + T

1
α

(
S
−1/m
w eff − 1

)1/n
, (2.12)

with T and Tref as the current and reference temperature, respectively. The
parameter β0 of this relationship is characteristic for the given porous medium and
combination of fluids, it should not be used outside its fitting range. Within that
range, however, Grant (2003) shows that the above equation can be fit to many
natural and artificial porous media as well as combinations of fluids. Two examples
are shown in Figure 2.5 (right).

However, all of these functions uniquely relate saturation and capillary pressure, i.e.
they can describe one of the curves A, B, C, D in Figure 2.4. Extensions in order
to capture the hysteretic behavior of the system could be accomplished e.g. by
inclusion of a phenomenological scaling approach e.g. play-type hysteresis (Visintin,
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Figure 2.6: Left: Relative permeability–saturation relationship according to Brooks&Co-
rey, right: relative permeability – saturation relationship according to van
Genuchten.

1994) or Parker Lenhard hysteresis (Parker et al., 1987). For other approaches,
including the relaxation behavior of the phase pressure difference, we refer to the
literature, e.g. Manthey et al. (2005).

In Chapter 4 a short introduction into an approach (and its limitations) which tries
to describe macro-scale capillary pressure uniquely by introducing an additional
state variable will be given. For the sake of brevity we will abbreviate “macro-scale
capillary pressure” by capillary pressure in the rest of this work.

Relative permeability In a multiphase setting, the resistance to flow is changed
compared to the single-phase case. In other words, the presence of one fluid phase
does have an influence on the flow behavior of the other fluid phase. This influence
is described by so-called relative permeabilities. They are also parametrized as
functions of saturation (kr(Sw)).

Of course, relative permeabilities are also a function of the configuration of the
respective phases and therefore inhibit hysteresis as explained above. However,
this will not be covered in this work. For an example where this phenomenon is of
interest, see Juanes et al. (2006) who applied a concept of Land (1968).

Independent measurements of relative permeabilities are most informative and
therefore preferable for characterizing the behavior of the system at hand. In their
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absence, Helmig (1997) explains how the relative permeability functions can be
approximated from knowledge about pc–Sw parameters.

Concepts from Burdine (1953) in conjunction with the Brooks&Corey approach
lead to the relative permeability functions:

krw = S
2+3λ
λ

w eff , (2.13)

krn = (1− Sw eff)2
(

1− S
2+λ
λ

w eff

)
, (2.14)

visualized in Figure 2.6 (left). The van Genuchten approach with Mualem (1976)
leads to another set of relative permeability functions:

krw =
√
Sw eff

(
1−

(
1− S

1
m
w eff

)m)2
(2.15)

krn = (1− Sw eff)
1
3

(
1− S

1
m
w eff

)2m
, (2.16)

visualized in Figure 2.6 (right).
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Figure 2.7: Conceptual sketch of the wetting – non-wetting (left) and wetting – solid (right)
interfacial area in a multiphase flow in porous media situation.

Interfacial Area

This work deals with the description of transfer processes between phases. An
important quantity in order to describe such processes is the cross-sectional area
actually available to the transfer process.

In the case of mass transfer (and in the absence of sorption) the corresponding
quantity is the interfacial area between the fluid phases, see Figure 2.7 (left). In the
case of heat transfer, the solid phase also needs to be taken into account. There is
potentially heat transfer between the fluid phases as well as fluid and solid phases,
see Figures 2.7 (right) and 2.8 (left) for a depiction of the corresponding interfacial
areas. Only one of the two interfacial areas between the solid and fluid phases need
to be determined, as the other one can be calculated as the difference between the
solid surface (Figure 2.8, right) and the respective other interfacial area.

As explained before, the volume-averaged description of flow processes in this work
takes place on the macro scale. Therefore, not the actual interfaces, depicted in
Figures 2.7 and 2.8 (in the unit of m2), but their volume averages (in the unit of
m2/m3 or 1/m) are used. Therefore, the quantities employed in this work will actually
be the volume-averaged interfacial areas, awn, aws and ans between the respective
phases as indicated by the subscripts. For the sake of brevity, these terms will be
called interfacial areas.
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Figure 2.8: Conceptual sketch of the non-wetting – solid (left) and total solid (right)
interfacial area in a multiphase flow in porous media situation.

Although being non-standard constitutive relations, interfacial areas can be deter-
mined by several techniques. These techniques are pore-network modelling (e.g.
Reeves and Celia, 1996, and Section 5.1 of this work), Lattice-Boltzmann simulation
(e.g. Ahrenholz et al., 2011), optical observation (e.g. Karadimitriou, 2013, and
Chapter 7 of this work), X-ray computed tomography (e.g. Wildenschild et al.,
2002) or interfacial tracer (e.g. Chen and Kibbey, 2006).

2.3 Equilibrium

At the core of this work is the study of equilibrium assumptions. Therefore, we first
of all need to precisely define what this term means. To be more precise, we need
to distinguish between local equilibrium and global equilibrium. In general, local
equilibrium means that a sufficiently small surrounding of a point is equilibrated, i.e.
a sufficient number of collisions of particles has taken place, allowing the definition
of intensive state variables such as temperature.

However, in the scope of this work, the term will be used in a slightly different
notion. Due to the volume-averaged description (see Figure 2.3), mathematically,
there are potentially several phases present at the same point. If theses phases do
not fulfill the subsequently given criteria for equilibrium, the system is said to be
in local non-equilibrium. With the given definition, we find that in this context
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Figure 2.9: Conceptual sketch of a local thermal non-equilibrium situation. The two fluid
phases and the solid phase do not have the same temperature.

there is little danger of confusion. Global equilibrium, on the other hand, means
that the subsequently given criteria are fulfilled throughout the whole system.

A system is said to be in full or thermodynamic equilibrium if all of the three
subsequently defined equilibria are given.

2.3.1 Mechanical Equilibrium

A system is said to be in mechanical equilibrium if the sum of all forces sum up
to zero. This is usually the case for multiphase flow in porous media processes as
flow velocities are typically sufficiently small for neglecting inertial effects. This is
also a necessary assumption for applying the momentum equations presented in
Section 3.3. The assumption of mechanical equilibrium will be kept in this work.

2.3.2 Thermal Equilibrium

Two systems that have the same temperature are said to be in thermal equilibrium.
These systems could either be adjacent points or phases (mathematically) present
at the same point. If these systems do not have the same temperature, the former
would imply global thermal non-equilibrium, while the latter will be called local
thermal non-equilibrium.

Figure 2.9 gives a conceptual impression of a thermal non-equilibrium situation.
However, it has to be kept in mind that the left-hand side of that figure is merely
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Figure 2.10: Conceptual sketch of a chemical non-equilibrium situation. The figure shows
an interface between two grains. While the mole fractions on the interface are
related via equilibrium relations, they need not be in equilibrium in the bulk
phase. Only the quantities with regard to the N2 component are shown, a
similar sketch can be drawn for the other component.

a mental tool. As explained in Section 2.2, we are describing multiphase flow in
porous media on the macro scale, without knowledge about individual interfaces.
Figure 2.9 shows the different temperatures in the respective phases. As long as
the temperatures have not equilibrated, energy exchange between the phases will
occur. This process will be called kinetic energy transfer.

Without making the assumption of local thermal equilibrium, all phases need to
be attributed individual temperatures on the macro scale. It has to be noted that
although allowing local thermal non-equilibrium, we keep the assumption that
within a given REV each phase has a uniform temperature.

2.3.3 Chemical Equilibrium

Chemical equilibrium is a state at which a system is at a local minimum of Gibbs
free energy. Atkins and Julio (2006) elegantly show that (for the other equilibria
fulfilled) this is only the case if the derivative of Gibbs free energy with respect to
number of particles (the chemical potential, µ) is constant.

If this state is not yet reached, either reaction will take place or a change in
composition by other processes will occur. As reactions are not covered in this
work, the remaining equilibrating processes are mass fluxes within a phase (diffusion)
or across phase boundaries (phase change). In the scope of this work, only phase
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change between fluid phases is considered, i.e. neither sorption nor dissolution of
the solid phase are described.

Diffusion can be described by many different kinds of gradients like pressure
(pressure diffusion), temperature (thermal diffusion) or external force fields (forced
diffusion). In this context, only diffusion caused by gradients in mole fraction are
considered (Poling et al., 2001). Of course this is already a simplifying assumption
from what is considered to be the true driving force of diffusion: the gradient in
chemical potential (Ghai et al., 1973). This assumption is especially good for binary
gases at moderate pressures but is commonly made in the scope of multiphase flow
in porous media systems. The mathematical description of diffusion, employed in
this work, will be given in Section 3.1.

If two fluid phases, present in the same REV, do not have the same chemical
potential, we call this local chemical non-equilibrium. In the REV considered in
Figure 2.10, the present fluid phases do not have the same chemical potentials and
are therefore not in chemical equilibrium. Conceptually, it is still assumed that on
the interface chemical equilibrium prevails. But this is merely a mental tool for
constructing the quantitative description of the equilibration process, i.e. the phase
change or kinetic mass transfer. Phase change will take place until equal chemical
potentials of all components in all phases are reached. It has to be stressed that
the goal of this work is to study non-equilibrium on the macro scale. On that scale,
no information about individual interfaces is available. The assumption of equal
chemical potentials on the interface is incorporated into the macro-scale description
by means of the volume-averaged interfacial area, see Section 3.1. Although allowing
local chemical non-equilibrium, we keep the assumption that each phase within a
given REV has a uniform chemical potential.

Similar to the process of diffusion, which is described by means of gradients in mole
fractions, the endpoint of phase change is usually described by means of equilibrium
relations. Equilibrium relations connect the mole fractions of contacting phases.
This allows to identify the state up to which phase change will occur. These
relations give information about the chemical composition of phases which were
in contact for sufficiently long time at a given pressure and temperature. In the
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following, the two most prominent examples for air–water systems are presented.
They have the benefit of simplicity and being applicable in many environmental
systems. If systems over wider ranges of pressure and temperature are to be
described, more complex relations have to be employed, see e.g. Duan and Sun
(2003) for a description of a CO2–water system.

Raoult’s Law

The French chemist François Marie Raoult (1830− 1901) provided the foundation
for relating vapor pressures of components in mixtures, their mole fractions in
the liquid phase and the pressure in the overlying gas phase. The general form of
Raoult’s law can be obtained by an approach of equal chemical potentials of one
component in both phases.

For an almost pure main component of an ideal mixture with an ideal gas phase
Raoult’s law (Baehr, 2005) is

pκvapx
κ
w equil = pnx

κ
n equil , (2.17)

with pκvap as the saturation vapor pressure of the component κ and the non-wetting
phase being gaseous. The index equil illustrates that this relation only holds in an
equilibrium situation. In other words, for a given pressure and temperature the
composition after equilibration can be determined.

The consideration of the gas phase to behave ideally is valid in most cases if a
pressure of ≈ 0.1 MPa is not exceeded. Even for pressures of up to 1 MPa deviations
from ideal behavior may not be large according to Baehr (2005).

It has to be kept in mind that this simplification is only valid if the mixture consists
almost exclusively of one component and the gas phase can be considered ideal.
Otherwise deviations from ideal behavior occur.
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Henry’s Law

In the last section, it was shown how the composition of the liquid phase and of
the gaseous phase can be related easily if the component of interest is the main
component of the liquid mixture. In the case of a mixture of water and air, the mole
fractions of air in the gas and liquid phases cannot be calculated by Equation 2.17,
as the component of interest in the liquid phase is in very low concentration. The
described case, of one component having a very low mole fraction, is relevant for
many applications, mostly gases dissolved in liquids.

The English chemist William Henry (1774− 1836) studied dissolution of gases in
liquids. He found that the mole fraction of a dissolved gas in a liquid is related to
the mole fraction of the gas in the mixture’s vapor (Baehr, 2005).

Following a similar rationale of simplifying the general Raoult’s law, a simplified
version of Henry’s law can be obtained:

Hκxκw equil = pnx
κ
n equil . (2.18)

Here, Hκ is the Henry coefficient of the component κ and the non-wetting phase is
gaseous. Precisely like in the case of Raoult’s law, the given relation holds after
equilibration, as indicated by the subscript equil.

According to Baehr (2005), Henry coefficients do not vary strongly with pressure
but are mainly a function of temperature. By means of Equation 2.18 the mole
fraction in the liquid phase of one or more dissolved gases can be calculated if
the individual Henry constants, mole fractions and pressure in the gas phase are
known.

Let us reconsider Figure 2.10 in the light of the above introduced equilibrium rela-
tions. The system of air and water is captured by two phases and two components,
with nitrogen representing the air phase (exponent N2). In order to determine
the endpoint of kinetic mass transfer, the equilibrium composition needs to be
calculated. With two components in two phases, this state is characterized by the
four mole fractions.
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With Equations 2.5 (for each phase), 2.17 and 2.18 this state is uniquely defined for a
given set of constitutive relations (vapor pressure, Henry coefficient) and boundary
conditions (temperature and pressure). This way, the equilibrium composition,
denoted by an index equil, can be calculated. Kinetic mass transfer will occur as
long as the actual mole fractions do not equal the equilibrium composition in the
fluid phases (or a phase is depleted).

Dalton’s law

Partial pressures pκn are defined as the product of gas phase pressure and mole
fraction (if the non-wetting phase is gaseous)

pκn = xκnpn . (2.19)

In this work, gases are assumed to behave ideally. Therefore, the pressure of the
gas phase can be calculated as the sum of the individual partial pressures

pn =
∑
κ

pκn . (2.20)

This relation is known as Dalton’s law.

2.3.4 Relaxing Equilibrium Assumptions / State of the Art

In the following, a brief literature review of chemical and thermal non-equilibrium
in multiphase flow in porous media is given. Reasons for loosening the local ther-
modynamic equilibrium assumption include slow transfer processes or the presence
of internal “sources” of mass or energy. This is the case for heat input by radiation,
for nuclear debris cooling (Fichot et al., 2006) after a severe nuclear accident
or for in-situ combustion in porous media (Oliveira and Kaviany, 2001) which
prevent a system from reaching local thermodynamic equilibrium. In Chapter 5,
the continuous supply of comparatively fast dry air, bypassing a porous medium,
as a cause for non-equilibrium will be studied.
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In the case of air-water systems, it is common to assume local chemical equilibrium
and to use Raoult’s and Henry’s law for describing the composition of the
coexisting fluid phases (Helmig, 1997; Atkins and Julio, 2006). In the field of
groundwater remediation, for example, it can be important to describe the temporal
course of the mass transfer process of contaminants between the liquid and the
gas phase as opposed to just assuming that mass is transferred instantaneously.
Armstrong et al. (1994) find that a standard model for multiphase flow in porous
media, which assumes local chemical equilibrium, overestimates the mass transfer
between the phases. However, Falta (2000) argues that this observation is just an
apparent kinetic effect. He attributes the observed non-equilibrium to the formation
of air channels in the water-saturated porous medium.

Berning et al. (2010) describe kinetic mass transfer on the cathode side of a fuel
cell. In that case, the reason for non-equilibrium is air, quickly bypassing water
droplets in the free flow channel. However, their model only captures stationary
states, exhibits some rough approximations with respect to the distribution of the
liquid phase and is restricted to the description of kinetic mass transfer of the water
component.

Similarly to the discussion of local chemical equilibrium above, local thermal
equilibrium might not be a good assumption in the case of processes causing a lot
of heat transfer –like evaporation of water– or in the presence of a heat source –
e.g. if the cooling of a technical system is to be modeled.

In order to capture the relevant physics, the idea of modeling such situations
as several temperatures in the same REV has been developed (Anzelius, 1926;
Schumann, 1929). This means that the temperature distribution of each coexisting
phase is described by individual energy conservation equations. Today, local
thermal non-equilibrium for the case of single-phase flow in porous media is covered
in textbooks, see Nield and Bejan (2006) and references therein. Local thermal
non-equilibrium might be caused by transient effects, like the injection of a hot
fluid into a cold domain or vice versa (Rees et al., 2008), the heat generation due
to chemical (Li et al., 2007) or nuclear (Baytas and Pop, 2002) reaction or very
strong contrast in thermal properties (Truong and Zinsmeister, 1978).
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The body of literature covering local thermal non-equilibrium in the case of multi-
phase flow in porous media, on the other hand, is very limited. There are approaches
(Crone et al., 2002) which assign the same temperature to both fluid phases, but
acknowledge that those might be different from the solid temperature. They also
capture the fact that grains might have a non-uniform temperature and describe
the temperature distribution as a function of grain size.

Models which also allow the fluid phases to have different temperatures are mostly
motivated by nuclear safety research, concerning post-accident nuclear debris
cooling.

In the case of a severe nuclear accident the nuclear core may collapse and the debris
will form a debris bed at the bottom of the reactor vessel. This has e.g. happened
in the Three Mile Island Accident (Tolman et al., 1988). The debris bed can be
treated as a porous medium. There is ongoing research concerning the modeling
(Bürger et al., 2006; Fichot et al., 2006) and the experimental (Schäfer et al., 2006;
Rashid et al., 2012) investigation of this situation.

Here, the cause for local thermal non-equilibrium is the high initial temperature as
well as the heat source in the solid phase. Other authors use three energy equations
to describe the thermal equilibration process (along with compositional effects) of
a two-phase invasion process into a porous medium (Ahrenholz et al., 2011). In
that work, only invasion processes are studied. Quite naturally, equilibration is
quick because this is a purely asymptotic process. Therefore, the non-equilibrium
situation can only be shown for early times, i.e. the first moments of an invasion
process.

Nonetheless, the balance equations therein capture both phenomena, local thermal
and chemical non-equilibrium at the same time. Therefore, these are the starting
point for the equations used in this work.

The work of Ahrenholz et al. (2011) and this work are to the best of my knowledge
the only ones that describe the coupled phenomena of local thermal and chemical
non-equilibrium in multiphase flow in porous media on the macro scale. This work
is the first to experimentally estimate heat transfer coefficients, which are necessary
for describing local thermal non-equilibrium between fluid phases.
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3
Mathematical and Numerical Model1

In this chapter, first the mathematical description of mass and energy conservation,
as well as possible momentum descriptions employed in this work will be explained.
Building on the mathematical description, the numerical discretization and solution
techniques will be briefly outlined.

Although the presented concepts are extendible to multiple components, we present
a two-phase – two-component system for the sake of simplicity. This means that
the only components considered are water and nitrogen (as the main component
of air). In this context, we need to describe the different components (nitrogen
and water with the respective superscripts N2, H2O) in the wetting (subscript
w) and non-wetting (subscript n) phases because we are interested in the non-
equilibrium transition of components between phases, see Section 5.2 for an example
in the context of evaporation. In Chapters 7 and 8 special cases of the presented
systems of equations are employed, namely the cases of an immiscible system and
a single-component system.

1The mathematical description presented in this chapter is largely based on
Nuske, P., Joekar-Niasar, V., and Helmig, R. (2014a). Non-equilibrium in multiphase multicom-
ponent flow in porous media: An evaporation example. International Journal of Heat and Mass
Transfer, 74(0):128–142
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3.1 Non-Equilibrium Mass Conservation

Following the discussion in Section 2.3.3, we will present a mathematical model
capable of describing local chemical non-equilibrium. In this context, this amounts
to the components in the different phases of the same REV not necessarily being
connected via equilibrium relations. As the knowledge about the composition of
one phase does therefore not allow direct calculation of the composition of the other
phase, we need to balance each component in each phase. Similar to the standard
set of balance equations (Helmig, 1997) there is a storage term, a flux term and
a source term. Each of these terms has to be given for each component in each
phase, leading to four balance equations for the case of a two-phase two-component
system. This approach builds on the work presented in Ahrenholz et al. (2011) with
a refined mass exchange term. The described concept amounts to the following set
of equations:
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with: pn − pw = pc (Sw) , (3.1e)

awn = awn (Sw, pc) . (3.1f)
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The storage terms represent the change of a component’s mass for a given point.
The flux terms have two contributions: an advective and a diffusive part. There
are also two contributions to the source terms. Either from an external source
(injection / reaction) or from exchange between the phases.

As explained above, any system strives towards full equilibrium. The underlying
assumption in this context is that, conceptually, on the fluid-fluid interface, the
mole fractions exist according to local chemical equilibrium (xκα equil), see Figure 2.10.
The actual mole fractions (xκα) on the other hand, are independent variables. They
are not necessarily defined by equilibrium relations but are in principle free to
assume any value. Driven by the difference in actual mole fraction and equilibrium
mole fraction, exchange between the residing phases will take place approaching
equilibrium.

This means that there will be mass transfer from the interface towards the bulk
phase until the equilibrium mole fraction (xκα equil) is reached in bulk phase, too.
The equilibrium mole fractions are uniquely defined via equilibrium relations (for
the case of an ideal consideration of water and nitrogen: Henry’s and Raoult’s
law), phase pressures (pα), phase temperature (Tα) and closure relations.

Constitutive relations (Equations 3.1e and 3.1f), are needed in order to close
the system. In this work, the determination of such relations from experimental
measurements (see Chapter 7) and pore-network modeling (see Section 5.1) will be
demonstrated. The pressure difference between the phases equals capillary pressure
pc (i.e. local mechanical equilibrium is established), which is a function of Sw alone,
because the system of interest is assumed to follow a primary drainage curve, i.e.
there is knowledge about the history of the system, see the discussion on hysteresis
in Section 2.2.2.

jκα is the molar diffusive flux of the κ-component in the α-phase. In this work a
Fickian ansatz is employed

jκα = −%αDκ
α pm∇xκα . (3.2)

In other words, the gradient in the chemical potential of a species, which drives
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Table 3.1: Dimensionless numbers for mass transfer, meaning and definition.

Symbol (Name) Definition Meaning Purpose
Re (Reynolds) vL

ν
inertia
viscosity flow regime

Sc (Schmidt) ν
D

momentum diffusion
mass diffusion fluid characterization

Sh (Sherwood) βL
D

convective mass transfer
diffusive mass transfer mass transfer

diffusion, is approximated by a gradient in mole fraction. The porous diffusion
coefficients Dκ

α pm are calculated from the binary diffusion coefficients (Dκ
α) and

tortuosity (τ) according to the model of Millington and Quirk (1960):

Dκ
α pm = τφSαD

κ
α (3.3)

with: τ = (φSα)2/3

φ2 .

vα is a cross section specific velocity in a porous medium. In Section 3.3 Darcy
and Forchheimer velocity descriptions will be presented for its calculation.

The rightmost expression in the above system of equations approximates the rate
of mass transfer of a component into a phase. A standard ansatz for describing
the rate of mass transfer between the phases is chosen: The Sherwood number (Sh)
is a function of the flow regime (Reynolds number, Re) and the fluid properties
(Schmidt number, Sc). Definitions for these parameters are given in Table 3.1. In
there, β is the mass transfer coefficient and ν = µ/% is the kinematic viscosity
defined as the ratio of dynamic viscosity and density. L is a characteristic length
to the system (e.g. mean pore or grain size).

However, no Sh for the case of multiphase flow in porous media could be found in
the literature. Therefore, single-phase relations for flow in porous media are used
(Wakao and Kagei, 1982)

Sh = 2 + 1.1Sc1/3Re0.6 . (3.4)

Because these dimensionless correlations do not exactly apply to the given situation,
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the factor fm allows scaling of the used relation in order to study the influence of
the magnitude of the mass transfer. In a second step, the results can be compared
to experiments and an appropriate factor fm for the given situation can be applied.
A study investigating the influence of this scaling factor is conducted in Section 5.2.

Mass conservation with respect to transfer is ensured by a straight forward assump-
tion. The interface is considered a lower dimensional object, i.e. it has no thickness.
Therefore, what leaves one phase has to arrive in the other phase (shown by braces
and mole fluxes ṅκwn;α in Equations 3.1a/3.1c and 3.1b/3.1d). qκα finally stands for
the component κ which can be supplied to phase α via external sources and sinks.

The standard approach to mass balance of compositional multiphase flow in porous
media uses the same set of balance equations with one exception: local chemical
equilibrium of the individual components in the respective phases is assumed. Thus,
the set of Equations 3.1a to 3.1d is simplified because equilibrium relations for
the mole fractions can be employed and the mass balances of each component
in the respective phases can be summed up leading to one balance equation per
component (Helmig, 1997).

3.1.1 Phase Presence

Not all quantities presented in the mass balance equations are necessarily always
defined. Nonetheless, saturation is typically taken as a primary variable. In the
case of that phase not being present at a given point, it is not defined. Therefore,
the standard fully implicit (see Section 3.4.1) description of miscible multiphase
flow in porous media usually includes some sort of variable switching (Class et al.,
2002). Depending on the presence of a phase, either saturation or mole fractions
are used as primary variables. This switching of variables can lead to oscillations
and bad convergence behavior.

Therefore, this work builds on non-linear constraints as formulated by Lauser et al.
(2011). Essentially, the idea boils down to demanding, by additional equations,
that either the saturation of a phase be zero (the phase is not present) or the mole
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fractions of that phase sum up to one (the phase is present). Mathematically, this
can be formulated for each fluid phase α at each point as follows

Sα

(
1−

∑
κ

xκα

)
= 0 . (3.5)

As a phase must be either present or not, this equation is always fulfilled and
no switching between variables is necessary. Although the added equations are
non-linear in nature, they do not need additional boundary conditions as they do
not include flux terms.

3.1.2 Limitations of Non-Equilibrium Mass Conservation

The described model for non-equilibrium mass conservation in multiphase multi-
component flow in porous media has four main limitations. The first three are
unique to the non-equilibrium description while the last one is shared with the
standard model.

Resistance to Transfer In the above system of equations the mass transfer
quantities ṅN2

wn;w and ṅH2O
wn;n (Equations 3.1b, 3.1c) are calculated. In order to

ensure mass conservation, these quantities are inserted into the remaining mass
balance equations (Equations 3.1a, 3.1d).

This is a good engineering approximation; a particle that is transferred to a phase
has to originate from the other phase. However, a potentially important piece of
information is lost during this replacement: the resistance to transfer “on the other
side of the interface”. Especially in the case of considering more components and
slow transfer this can be important. In the presented case, ṅH2O

wn;n is surely bigger
than ṅH2O

w;wn, as diffusion in the gas phase is orders of magnitude bigger than in
the liquid phase. Therefore, the presented model is an upper limit to the possible
rate of kinetic mass transfer of the water component.

A possible remedy, accounting for the resistances to mass transfer in both phases,
is to calculate all transfer quantities (without making replacements) and ensure
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mass conservation by additional balance equations for each conserved component.
For the above system of equations this would amount to the additional equations

ṅH2O
wn;w + ṅH2O

wn;n = 0 (3.6)

ṅN2
wn;w + ṅN2

wn;n = 0 (3.7)

Boiling Conditions When the boiling temperature of a pure phase is reached,
the mole fraction of the respective component in the gas phase is exactly one (see
Equation 2.17). Although this is correct, it leads to a situation, where no more
mass can be transferred according to the presented mass transfer concept even if
there is liquid phase present. The actual and the equilibrium mole fraction remain
identically one, even if more energy is added. As a consequence, temperatures can
rise above the boiling temperature with liquid phase present, which is unphysical.

This behavior is a limitation of the chosen mass transfer approximation. It can
be circumvented, by employing the true driving force behind mass transfer which
is a gradient in chemical potential. With a proper description of a component’s
chemical potential, mass transfer would continue until equal potentials are reached
or a phase is depleted.

Condensation The current description of mass-transfer focuses on the exchange
between the bulk phases. Mass is exchanged via the common wetting – non-wetting
interface. However, during condensation, mass could also be transferred towards
the solid – non-wetting interface.

This mechanism can be especially important in a very dry hydrophilic porous
medium, see Berning et al. (2010) who employ a concept from Nam and Kaviany
(2003) in the scope of water management in fuel cells.

However, in the scope of this work, we focus on intermediate saturation ranges and
evaporation. Therefore, no dedicated condensation model is employed.
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Super Critical State This limitation is shared with the standard description
of multiphase multicomponent flow in porous media. If the main component of
the liquid phase in a gas-liquid system reaches its critical point, the distinction
between liquid and gas phase ceases to be possible. Therefore, all descriptions
which build on relating mole fractions in liquid and gas phases (i.e. standard and
non-equilibrium) are not applicable any more.

A possible solution could be based on a variable switch based on pressure and
temperature conditions.

3.2 Non-Equilibrium Energy Conservation

Following the explanations of Section 2.3.2, the possibility to capture local thermal
non-equilibrium is given by allowing individual temperatures in all phases in the
same REV. Therefore, each phase is attributed an individual energy balance. The
caloric state variables internal energy (uα) and enthalpy (hα) are defined by the
contributions of the components in the (ideal) mixture of a phase.

The formulation of energy balance equations for the individual phases follows a
similar train of thought than the balance equations for the components in the
respective phases: The phases do not have the same temperature, exchange between
the phases is described via a standard heat transfer ansatz. Similar to the mass
balance equations presented above, we build on the work of Ahrenholz et al. (2011).

Again, we have a storage, a flux and a source term. The flux terms have three
contributions: the advective and the diffusive contribution move energy associated
with the moved mass. However, the transported quantity is different from the
stored quantity. Because we also need to make room for the transported internal
energy, the flux quantity is enthalpy. The third flux-contribution originates from a
different transport mechanism: conduction does transport energy without moving
mass. The fraction occupied by a phase is taken as a first approximation to the
crossectional area available to conduction.
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The source terms of the fluid phase energy balances have four contributions: Energy
can either be introduced associated to a mass injection or without injecting mass,
e.g. via heating. Each phase can exchange energy with the other two phases via two
mechanism: due to different temperatures (conduction) or due to mass exchange
and the associated energy transfer.

Energy conservation is different from mass conservation in the fact that, although
the solid matrix is conceptualized as rigid, it can still take part in the energy
exchange. Therefore, a third balance equation is needed for the case of two fluid
phases (Equation 3.8c). In that equation, the storage term captures the change of
energy via the heat capacity (c) and the change of temperature (Ts). The only flux
possible in the solid phase is conduction. There are three possible source terms to
the solid phase: it can either be supplied with heat from external sources or from
conductive heat exchange from other phases.

The described system amounts to the following set of balance equations for three
phases:
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∂ (φ%wSwuw)
∂t

+ ∇·
(
%wvwhw +

∑
κ

jκwhκw

)
−∇· (φSwλw∇Tw) =∑

κ

hκwq
κ
w + qenergyw

+ feNu(Re, Pr)awn
λwn
L

(Tn − Tw)︸ ︷︷ ︸
ėn;w

+ feNu(Re, Pr)aws
λws
L

(Ts − Tw)︸ ︷︷ ︸
ės;w

+
∑
κ

ṅκwn;wh
κ
n (3.8a)

∂ (φ%nSnun)
∂t

+ ∇·
(
%nvnhn +

∑
κ

jκnhκn

)
−∇· (φSnλn∇Tn) =∑

κ

hκnq
κ
n + qenergyn

−feNu(Re, Pr)awn
λwn
L

(Tn − Tw)︸ ︷︷ ︸
−ėn;w

+ feNu(Re, Pr)ans
λns
L

(Ts − Tn)︸ ︷︷ ︸
ės;n

+
∑
κ

ṅκwn;nh
κ
w (3.8b)

∂ ((1− φ)%scTs)
∂t

− ∇· ((1− φ)λs∇Ts) = qenergys

−feNu(Re, Pr)aws
λws
L

(Ts − Tw)︸ ︷︷ ︸
−ės;w

−feNu(Re, Pr)ans
λns
L

(Ts − Tn)︸ ︷︷ ︸
−ės;n

(3.8c)

Each phase can be supplied with energy by a heat flux (qenergyα ). Additionally, the
fluid phases can be supplied with energy if a component is supplied to the phase
(qκα).

The conductive heat transfer between the phases is captured by the expressions
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Table 3.2: Dimensionless numbers for heat transfer, meaning and definition.

Symbol (Name) Definition Meaning Purpose
Re (Reynolds) vL

ν
inertia
viscosity flow regime

Pr (Prandtl) cpµ
λ

momentum diffusion
thermal diffusivity fluid characterization

Nu (Nusselt) αL
λ

convective heat transfer
conductive heat transfer heat transfer

marked with underbraces. A well-known engineering approach is chosen: the
heat transferred is equal to a dimensionless number times the (volume-averaged)
crossectional area (awn, aws, ans) available to the heat flux, times the averaged
heat conductivity times the driving temperature difference between the respective
phases divided by a characteristic length of the system, L. The concept of differing
temperatures at the same point was introduced in Figure 2.9. In detail, awn stands
for the volume-averaged interfacial area between wetting and non-wetting phase, aws
stands for the volume-averaged interfacial area between the wetting and solid phase
and ans stands for the volume-averaged interfacial area between the non-wetting and
solid phase, see Figures 2.7 and 2.8. In Sections 5.1 and 7.3 constitutive relations
between the above quantities and saturation and capillary pressure are developed
from pore-network modeling and experimental measurements, respectively.

The dimensionless number for the case of heat transfer is the Nusselt number which
is a function of the flow regime – Re – and the fluid-specific Prandtl number – Pr,
see Table 3.2. In there, cp stands for heat capacity at constant pressure, α is the
heat transfer coefficient.

However, in the setting of compositional flow, there is one more mechanism for
the transfer of energy from one phase to another. Each particle entering a phase
carries the enthalpy it had in the originating phase. This mechanism is captured
by the last term on the right-hand side in Equation 3.8a and 3.8b.

Of course, the enthalpies of a component differ with respect to the phase it resides
in: there is the latent heat of vaporization / enthalpy of vaporization. This enters
the balance equations in the following way: a component brings the enthalpy it
had before transfer from the other phase. After transfer, it is accounted for in the

40



3.2 Non-Equilibrium Energy Conservation

storage term of the new phase, with the enthalpy of the phase it newly belongs to.
In order for the energy balance to be fulfilled, the temperature has to adopt, i.e. it
has to drop for vaporization and rise for condensation.

The fact that the interfaces are conceptualized as sharp interfaces means that they
cannot store energy. Therefore, the amount of energy leaving one phase has to
equal the amount of energy entering another phase. This has already been included
in the equations, by the braces showing the individual energy fluxes ė.

Similar to the case of mass transfer, no Nu correlations for the case of multiphase
flow in porous media could be found in the literature. Again, single-phase relations
are employed (Wakao and Kagei, 1982)

Nu = 2 + 1.1Pr1/3Re0.6 , (3.9)

and a scaling factor fe is assigned, allowing the study of the influence of the
heat transfer on evaporation. In Section 5.2, a detailed investigation of this
scaling factor’s influence is conducted. Ultimately, fe needs to be determined
experimentally. A first approximation is established in Chapter 7 by calibrating
the presented macro-scale model to experimental observations.

Although the system of Equations 3.8a - 3.8c looks quite daunting, it can be reduced
easily to the standard energy balance applied in multiphase non-isothermal flow in
porous media (e.g. Class et al., 2002). Assuming local thermal equilibrium of the
phases leads to Tw = Tn = Ts = T . This allows to sum up the three equations with
the right-hand side terms canceling one another and leading to one energy balance
equation.

Formulating individual energy equations for the respective phases (Equations 3.8a-
3.8c) makes it possible to describe the processes of energy transfer between the
phases and the “path to equilibration”. In this context this means that e.g. the
influence of the resistance to energy transfer on evaporation rates can be studied (see
Section 5.2), the process of equilibration between a hot invading and a cold residing
phase can be described (see Chapter 7) or the influence of energy transfer can be
studied if an energy source is restricted to an individual phase (see Chapter 8).
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Figure 3.1: Schematic sketch of an invasions process.

3.2.1 Limitations of Non-Equilibrium Energy Conservation

Resistance to Transfer As explained for the case of the local chemical non-
equilibrium mass conservation equations, energy conservation is forced by calcu-
lating transfer fluxes into one phase and inserting that quantity into the balance
equation for the respective other phase. This neglects the fact that resistance to
energy transfer is potentially different for the involved phases. The error made in
the context of energy conservation is probably smaller compared to the respective
error in the case of mass conservation: Thermal conductivities typically do not
vary as strongly as diffusion coefficients e.g. between gas and liquid. A similar
procedure as suggested for mass conservation is possible if both resistances are
to be captured. All transferred quantities have to be calculated and additional
balance equations have to be fulfilled

ėw;n + ėn;w = 0 (3.10)

ėw;s + ės;w = 0 (3.11)

ėn;s + ės;n = 0 . (3.12)

Capturing Volume Changing Work with Phase Specific Energy Balances The
second limitation is probably of less importance, however so far no solution was
found. Figure 3.1 schematically depicts an invasion process. Some fraction of the
middle cell has just been invaded by the red phase, while blue phase has left to the
right cell.

As mentioned before, in an energy balance for fluid flow, the transported quantity is
enthalpy while the stored quantity is internal energy. Equations 3.8a-3.8c formulate
energy conservation phase specifically. In the depicted setup, this leads to a situation
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where “red” enthalpy has entered the middle cell, but only “red” internal energy is
stored. The difference (volume changing work) has left with the blue phase. In
order for the energy conservation to be fulfilled, this must lead to a temperature
peak in the red phase at the invasion front: The energy of the volume changing
work has to be conserved and goes into a temperature rise. However, this is only
observable for fine grids (see Section 3.4.2 for a discussion of the applied spatial
discretization techniques) with sharp invasion front. A possible circumvention is to
neglect volume changing work. In the standard description of energy conservation
in multiphase flow in porous media this behavior does not occur, because the
enthalpy fluxes are summed up.

3.3 Momentum Description in Multiphase Flow in
Porous Media

On the macro scale, the flow of fluid phases within a porous medium is commonly
described by Darcy’s law. Darcy (1856) observed that the volumetric water flux
through a fully water saturated column filled with sand linearly depends on the
applied pressure gradient.

Darcy was concerned with single-phase (or saturated) flow conditions. Such
situations occur in a number of relevant settings: In groundwater flow Darcy’s law
is the well-established standard for describing fluid flow in porous media (Freeze
and Cherry, 1979). However, it has also been successfully applied to different
other fields, such as technical filtration processes (Rushton et al., 2000) or flow in
biological tissue (Støverud et al., 2012).

Beyond the original scope of application, Darcy’s law has been empirically ex-
tended to the so-called “extended Darcy’s law” in order to describe multiphase
flow (e.g. Helmig, 1997; Class et al., 2002)

vα = −Kkrα
µα

(∇ pα − %αg) . (3.13)
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Here, g is the vector of gravity. v is a crossectional-area specific velocity, known as
Darcy velocity. In other disciplines it is known as superficial velocity.

With more than one fluid phase present in a porous medium, the non-linearity
of the system is drastically increased: phase pressures differ (capillary pressure)
and the presence of one phase inhibits the movement of the other phase (relative
permeability). In addition, both relations are strongly non-linear functions of
saturation, see Section 2.2.2.

The extended Darcy’s law is established as the standard for the multiphase flow
in porous media macro-scale momentum description of such diverse applications
as remediation of contaminated sites, CO2 storage and modeling of the cathode
side of fuel cells (Class and Helmig, 2002; Class et al., 2009; Acosta et al., 2006).
Although the theoretical foundation and correctness of the extended Darcy’s law
is the subject of ongoing scientific debate (e.g. Joekar-Niasar and Hassanizadeh,
2011), its application is largely justified by satisfactorily reproducing experimental
data and field scale measurements.

However, Darcy’s law only applies for viscous-dominated flow regimes. According
to Nield and Bejan (2006) Darcy’s law is only valid for Reynolds numbers
. 1. Beyond that threshold, drag forces start to become important, demanding
for a different relation for the description of momentum in porous media flow. For
Reynolds numbers between 1 and 500 a non-linear extension can be applied. This
was first conducted by Forchheimer (1901). However, Ward (1965) was the first
to suggest that the pre-factors of the non-linear term depend on permeability and
density

∇ pα = %αg− K−1 µα
krα

vα − K−1/2%αcF
ηrα

vα|vα| . (3.14)

The coefficient cF is, in approximation, taken to assume a constant value of 0.55
(Nield and Bejan, 2006).

Similar to the case of Darcy’s law and relative permeability, the extension to
multiphase flow of the Forchheimer relation has been performed by the ad-
hoc introduction of a non-linear scaling factor, relative passability ηr. It is often
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assumed to follow the same functional relationship as the relative permeability
(Fichot et al., 2006). The multiphase Forchheimer extension is used for describing
relatively high velocity flow, e.g. in fractures (Wu, 2002) or during debris cooling
of a damaged nuclear reactor (Schäfer and Lohnert, 2006).

The replacement of Equation 3.13 by 3.14 further increases the non-linearity of
the system. Equation 3.14 cannot be solved analytically for velocity (except for
one-dimensional flow). Therefore, it cannot be directly inserted into mass or energy
conservation equations.

3.4 Numerical Model

The presented framework of local thermal and chemical non-equilibrium constitutes
a transient problem and includes spatial derivatives. In the case of a two-phase
two-component system with the phase presence determined by non-complimentary
constraints, a set of seven partial differential equations along with two non-linear
algebraic equations have to be solved. This cannot be accomplished by analytical
methods but has to be approached numerically in space and time. Therefore, robust
temporal and spatial discretization techniques are needed in order to solve the
system.

3.4.1 Temporal Discretization

The above presented framework of conservation equations can be written as (Class,
2007)

∂e

∂t
= Ae (3.15)

with A as an operator holding coefficient functions, including the spatial derivatives,
which are functions of the unknowns. In this formalism the following defines a fully
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implicit backward Euler scheme

en+1 − en

∆t = An+1en+1 . (3.16)

In other words, all material parameters and constitutive relations are evaluated and
all unknowns solved at the unknown time-level n+ 1. The fully implicit scheme is
used in the scope of this work.

Although resulting in big systems of linear equations, the fully implicit scheme has
a number of advantages. It is unconditionally stable and therefore does not restrict
time-stepping in terms of stability. In contrast to IMPES-like approaches, fully
implicit schemes in combination with a Newton solver always provide converged
solutions in terms of the non-linearity. Fully implicit schemes are robust and
technically mature procedures which allow focusing on the physical phenomena of
interest.

3.4.2 Spatial Discretization

In terms of space discretization, the box method (Huber and Helmig, 2000) is
chosen in the scope of this work. The box method combines aspects of finite element
and finite volume discretization. It is a vertex centered discretization scheme which
assembles fluxes for local sub-domains around each node. In Figure 3.2 the principle
of constructing the name-giving boxes is depicted. Weighting functions are chosen
such that the residual can be assembled locally for each sub-control-volume Bi. The
elements e associated with the node i each contribute a sub-control-volume Bi to
the node i. Fluxes are assembled at the integration points of the sub-control-volume
faces. This way, one can benefit from the local mass conservation, typical for finite
volume techniques and the freedom to choose appropriate shapes of elements,
typically provided by finite element techniques.

Advectively transported quantities are typically treated by a fully up-winding
method, although the switch to central spatial weighting is easily feasible on the
level of the problem definition in the code.
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Figure 3.2: Conceptual sketch of the construction of the box method for spatial discretization
(Helmig, 1997).

The discretized system of equations is highly non-linear and cannot be solved
directly. A Newton-Raphson method is employed in order to solve the system.
The resulting linear system of equations is solved either by the direct Super-LU
solver (Li, 2005) or a preconditioned BiConjugateGradient method (van der Vorst,
1992). Depending on the convergence behavior of the Newton-Raphson method,
the time step size is accordingly adjusted after each time step.

3.4.3 Numerical Framework

Building on the Distributed and Unified Numerics Environment DUNE (Bas-
tian et al., 2008; Blatt and Bastian, 2007) the presented mathematical model is
numerically solved in DuMux (Flemisch et al., 2011).

DuMux provides a free and open source numerical framework allowing the consistent
treatment of flow and transport in porous media. All parts of the dumux-stable
module are published under a GNU General Public License (GPL, Free Software
Foundation, 1991). Source code as well as integrated documentation are readily
available2. This is not only motivated by the idea that (publically funded) knowledge
belongs to society but also by the concrete possibility to facilitate collaboration and
scientific exchange. The possibility for third parties to reproduce scientific results as
well as to benefit and learn from developed algorithms (and the little but important

2http://www.dumux.org
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Table 3.3: Accessibility of the employed source code.

application source code
Chapter 5 dumux-stable, revision 11063
Chapter 7 dumux-pub/Nuske-2014a
Chapter 8 dumux-stable, revision 12744

details) is an additional advantage of free and open source software development.
All development is conducted in the version control system subversion3 allowing
collaborative working and documented, comprehensible improvements as well as
transparent development.

To be more precise, the above system of equations was implemented as additional
modules to the implicit mpnc model in DuMux. The modularized structure allowed
the efficient implementation and testing of the newly developed numerical model. By
means of the high degree of modularization a slim codebase and thus comparatively
easy code maintenance is achieved. Additionally, modules can be easily combined:
in Chapter 8, the standard mass conservation model is combined with a local
thermal non-equilibrium model.

3.5 Sustainability and Code Accessibility

DuMux strives to conform to sustainable software development principles. A first
step in this direction was the implementation of a continuous testing framework.
This is a crucial tool for making sure that models do not break and results are not
altered e.g. by seemingly unrelated changes to the code-base.

As two models presented in this work were newly developed, their test applications
are simply the applications described in the respective chapters. They can be
accessed as part of the freely available dumux-stable repository and the respective
revision numbers, given in Table 3.3.

3subversion.apache.org/

48

subversion.apache.org/
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However, dumux-stable itself is meant to be an as small as possible code-base. For
each model, there is exactly one test application included. The work presented in
Chapter 7 is the experimental application of the model introduced in this chapter
and tested in Chapter 5. Therefore, new infrastructure was developed in order to
make the employed DuMux code as well as the developed image analysis source
code available to the public.

A new repository, dumux-pub, was implemented. Each publication, conducted with
DuMux, can be published this way by means of a self-contained transparent archive
binding to the ideas and principles of libre software (table). In this case, the
image analysis code, raw images and the complete problem setup are included,
see Table 3.3. Technically, a table is a DUNE module which only depends on
dumux-stable. These tables are also freely published under a GPL license. This
way a high degree of modularization on the one hand and transparency, testability
and documentation on the other hand are achieved.

3.6 Summary

In this chapter, we explained the mathematical description of the developed non-
equilbrium macro-scale model. Loosening the local chemical equilibrium assumption
resulted in four balance equations for a two-phase two-component system. Loosening
the local thermal equilibrium assumption led to three balance equations for two
fluid phases and a solid phase. Limitations of the presented models and possible
solutions were presented in each case. Subsequently, numerical tools allowing spatial
and temporal discretization were briefly introduced. In an effort of sustainable and
transparent software development, we explained how the used source code can be
accessed. As this is considered an important aspect of simulation technology, new
infrastructure was developed for this purpose.
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4
Discussion of
Interfacial Area Balance

In a series of publications, Hassanizadeh and Gray (e.g. 1980, 1990, 1993a,b) have
suggested to include interfacial area (awn) as a state variable into a thermodynami-
cally motivated description of multiphase flow in porous media. They show that this
inclusion is thermodynamically consistent and standard description of multiphase
flow in porous can be retrieved as limiting cases. The provided framework allows
detailed understanding of the consequences of a given assumption. Additionally, it
allows testing for the admissibility of constitutive relations by providing a rigorously
derived formulation of the entropy inequality for multiphase flow in porous media.

The above mentioned work, conducted under the name Rational Thermodynamics,
is considered fundamental and defining for the field of multiphase flow in porous
media. Many researchers build on the general and clear derivations in that work.

One major expected practical outcome of the Rational Thermodynamics approach
was the physically based (as opposed to heuristically) description of hysteresis in
macro-scale models. It was expected, that the inclusion of interfacial area as an
additional state variable would uniquely describe multiphase flow systems.

In the meantime, it has been shown (Reeves and Celia, 1996; Ahrenholz et al.,
2011; Chen and Kibbey, 2006; Wildenschild et al., 2002) that the theoretically
postulated dependence between interfacial area, saturation and capillary pressure
exists on the micro scale and can be transferred by means of volume averaging to
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4 Discussion of Interfacial Area Balance

(a) (b) (c) (d)

Figure 4.1: Schematic depiction of interfacial area production.

the macro scale. Building on these findings, a macro-scale model for balancing
interfacial area has been suggested (Niessner and Hassanizadeh, 2008)

∂awn
∂t

+∇· (awnvwn) = Ewn . (4.1)

In that equation, awn stands for the interfacial area separating wetting and non-
wetting phases, vwn is the velocity of that interfacial area and Ewn is the production
/ destruction term of interfacial area. The driving idea is to model interfacial area
on the macro scale by the presented additional balance equation and this way being
able to capture hysteresis in a natural, physically motivated way.

First of all, it is important to understand the meaning of the presented terms in
Equation 4.1. The right-hand side term is different from a standard source/sink
term. It captures the possibility that interfaces might be produced or destroyed as
depicted in Figure 4.1. It shows how the amount of interfacial area in an REV can
change without the interfacial area being injected or passing borders. During the
depicted invasion process, an interface moves (a to b). From b to c, the interface
changes size and finally from c to d an interface splits in two. This behavior is
fundamentally different from conserved quantities, like mass.

In Pop et al. (2009) an approximation for Ewn is suggested. However, it still
uniquely relates saturation and capillary pressure. Therefore, it does not help in
capturing hysteresis. In addition, the suggested approximation potentially violates
the entropy inequality. In order for the Ewn approximation to be admissible, it
would have to be shown that the difference in Gibbs energy between phases and
interface needs to change sign simultaneously with the type of invasion process
(imbibition / drainage) changing.
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(b)

(c)

(d)

Figure 4.2: Schematic depiction of distinction between destruction and flow.

Although changes in interfacial area can be measured by pore-network modeling
(Joekar-Niasar and Hassanizadeh, 2011) the differentiation between movement and
production of interfacial area is tricky. Identifying the interfacial area velocity with
the velocity of the center of mass of interfacial area might not be sufficient: The
interfacial area that is formed by coalescence (or breakup) can change the center
of mass of interfacial area without interfacial areas necessarily moving. In other
words, it is not straightforward to decide whether the transition from Figure 4.2a
to 4.2d happened via flow (Figure 4.2b) or destruction (Figure 4.2c).

A thought experiment (Figure 4.3) reveals another problem with the concept of
equating interfacial area (red) velocity with the velocity of the center of mass of
interfacial area: A straight, long pipe that is consecutively invaded by wetting
(black) and non-wetting (white) phase has moving interfaces at the velocity of the
bulk phases. The center of mass of interfacial area, however, is not moving.

In summary, it can be concluded that the Rational Thermodynamics approach has
many merits especially in providing foundations and rigorous descriptions. The
inclusion of an interfacial area balance on the macro scale is desirable and the

Figure 4.3: Thought experiment with interfacial velocity and non-moving center of mass of
interfacial area.
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4 Discussion of Interfacial Area Balance

physically based description of hysteresis would constitute substantial progress to
the field. At the current state, however, the empirical approaches introduced in
Section 2.2.2 have to be kept in service if hysteresis is to be described.

This work focusses on the description of local thermal and chemical non-equilibrium
and the associated energy and mass transfer. For this, interfacial areas can be
a limiting factor and are therefore explicitly included in the description of the
transfer processes. For reasons explained above, they have to be obtained from
constitute relations for the time being.
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5
Non-Equilibrium:
An Evaporation Example4

In this chapter, we use the previously developed macro-scale non-equilibrium model
in order to simulate evaporation from a porous medium. Interfacial areas as well as
capillary pressure – saturation relations are obtained from a pore-network model,
presented in the first part of this chapter. We discuss the development and fitting
of appropriate model functions and use the resulting constitutive relations as input
for the macro-scale model. Eventually, the results of the macro-scale model, as a
function of varying the scaling factors of heat and mass transfer, are discussed.

5.1 Generation of Constitutive Relations

One benefit of the presented kinetic model is its capability to capture the physics
of heat and mass transfer across interfaces in multiphase flow in porous media.
However, this capability stands or falls with the choice of appropriate constitutive
relations. Namely the volume-averaged interfacial areas between the fluid phases
(awn) and volume-averaged interfacial area between the non-wetting phase and
the solid phase (ans) arise as new variables. The volume-averaged interfacial area

4The results presented in this chapter are published in
Nuske, P., Joekar-Niasar, V., and Helmig, R. (2014a). Non-equilibrium in multiphase multicom-
ponent flow in porous media: An evaporation example. International Journal of Heat and Mass
Transfer, 74(0):128–142

55



5 Non-Equilibrium: An Evaporation Example

(a) (b) (c) (d)

Figure 5.1: Principle of the used pore-network model. Depicted are four different pressure
states as well as the interfacial areas between the fluid phases (red), non-wetting
phase and solid phase (green) and wetting phase and solid phase (blue). The
wetting phase is depicted in dark gray and the non-wetting phase is depicted in
light gray.

between the wetting and solid phases (aws) can be obtained as the difference of the
constant volume specific solid surface (as) and ans. Furthermore, the model needs
capillary pressure as a function of saturation as input.

We employ a pore-network model in order to generate the required constitutive
relations. From a “non-equilibrium” point of view, pore-network models can take
equilibrium assumptions at the pore level into account (for example the validity of
the Young-Laplace equation for capillary pressure or the validity of equilibrium
sorption in a single pore). As a consequence of upscaling to the network scale,
they show non-equilibrium effects (for example, non-equilibrium capillary pressure,
non-equilibrium relative permeabilities, or non-equilibrium sorption on the macro
scale). In that sense, they indirectly support the approach of a non-equilibrium
macro-scale approach. However, the pore-network presented in this chapter is
used merely in order to generate constitutive relations for the macro-scale model.
The following papers can be referred to for more information: Joekar-Niasar et al.
(2010); Joekar-Niasar and Hassanizadeh (2011); Joekar-Niasar et al. (2012).

The challenge in this context is that interfacial areas between the fluid phases
as well as the fluid phases and the solid phase are needed. So far, pore-network
models have not been used to generate ans-data and an existing model had to be
extended for providing this data. By employing a pore-network model, different
constitutive relations representing different porous media can be obtained. The
beauty of the method is that it only needs a pore size distribution and a set of rules
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5.1 Generation of Constitutive Relations

Table 5.1: Medium sand properties taken from Stingaciu et al. (2010).

µg (µm) µp (µm) σp (µm) α (1/m) n (-)
180− 720 138 90 3.3 · 10−4 5.4

as input parameters. This is the motivation for briefly presenting the employed
pore-network model in the following section. Afterwards we show the resulting
input relations applied to the macro-scale model.

5.1.1 Pore-Network Model

The three dimensional, quasi-static pore-network of Joekar-Niasar et al. (2008) is
extended by one capability: the determination of the interfacial area between solid
surface and a fluid phase. Roughly, the pore-network model works as follows: First,
the whole domain is filled with wetting phase: Figure 5.1a. Then, the pressure
on one boundary of the domain is raised until the entry pressure of a pore is
overcome: Figure 5.1b. Saturation, pressure difference (capillary pressure) and
interfacial areas are recorded. Subsequently this step is repeated (Figure 5.1c)
until the whole model domain is filled with non-wetting phase: primary drainage is
complete (Figure 5.1d). Afterwards, the pressure on the boundary is lowered step
by step, again recording the respective values until the pressure difference is back
to zero: primary imbibition is complete.

It has to be kept in mind that the applied model is quasi static in nature. This means
that not the flow process itself is captured but stable configurations of the phases
are determined by rules. For detailed information please refer to Joekar-Niasar
et al. (2008).

The input data for the pore-network model (pore body distribution information) is
taken from Stingaciu et al. (2010), see Table 5.1. In there, µg stands for the grain
size µp stands for the mean of the measured pore size distribution, σp stands for its
standard deviation and α, n are the given parameters of a fitting van Genuchten
(1980) function.
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Figure 5.2: The figure depicts 42 realizations (gray) and the mean value (black) of the
pc − Sw data generated by the pore-network model. The measured value of
(Stingaciu et al., 2010) is plotted in red (dashed).

By means of the information given in Table 5.1 and the assumption of a log-normal
distribution of the pore body sizes, pore body distributions could be generated. In
order to ensure that different realizations of the same statistical properties result in
comparable results, several simulation runs were conducted. The resulting pc − Sw
primary drainage and primary imbibition data are shown in Figure 5.2. The dashed
red line depicts the measured van Genuchten (1980) curve given in Stingaciu et al.
(2010), the gray lines represent individual realizations and the black line their
average.

The data originating from the described pore-network model generally shows a
sharper transition between low and high capillary pressures. In other words, the
pc(Sw) curve looks more similar to a well sorted sand. This can be explained by
the structure of the input pore size distribution. The pore bodies are spatially
uncorrelated and therefore it is probable that for some threshold pc a small increase
in pc leads to drainage of large parts of the pore-network.

However, as the pore-network model was not calibrated by any means but merely the
cited pore body distribution was given as an input, this is taken as good agreement.
Furthermore, it can be seen that all realizations show the same principle behavior.

Figure 5.3 shows the generated awn − Sw data (left) and the generated ans − Sw

58



5.1 Generation of Constitutive Relations
a
w
n
(1
/m

m
)

Sw(−)
0 0.2 0.4 0.6 0.8 1

0

0.5

1

1.5

2

a
n
s(
1/
m
m
)

Sw(−)
0 0.2 0.4 0.6 0.8 1

0

0.5

1

1.5

2

2.5

Figure 5.3: Plot of awn − Sw (left) and ans − Sw (right) data, 42 realizations of the pore-
network results (gray) are shown. The mean value is depicted in black.

data (right) for 42 realizations of the pore-network undergoing primary drainage
and primary imbibition. Again, gray lines stand for individual realizations and the
black lines represent their average. Although these results scatter further, all in all
this is taken as confirmation that the result of a model run is representative and
one realization is chosen and used for input generation. Therefore, we show in the
subsequent sections how the constitutive relations are fit to the respective data.

5.1.2 Capillary Pressure – Saturation Relation

As described in more detail in Section 5.2, the idea of this chapter is to describe the
different flow domains in a mathematically as simple as possible way. Therefore,
the Brooks and Corey (1964) (see Equation 2.9) model is chosen in order to relate
saturation and capillary pressure. This way, the capillary pressure can easily be
set to zero by setting the entry pressure, pd, to 0 Pa in the “free flow” domain, see
Section 5.2.

Table 5.2: Fit Brooks and Corey (1964) parameters for a realization of medium sand.

pd(Pa) λ(−) R2

2.29 · 103 2.74 0.99
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5 Non-Equilibrium: An Evaporation Example

Figure 5.4: Averaged pore-network results with fit Brooks and Corey (1964) function.

In order to give each saturation range equivalent weight, the results obtained from
the pore-network are first averaged. Subsequently the Brooks and Corey (1964)
parameters are fit to the averaged data points by minimizing the sum of the squared
distances to the model function. The averaged data points as well as the resulting
fit are shown in Figure 5.4 and the corresponding parameters of Equation 2.9 are
given in Table 5.2. The table also shows the coefficient of determination R2 of the
fit which would be one for a perfect fit.

5.1.3 Non-Wetting – Wetting Surface

So far, no generally accepted model function relating interfacial area, capillary
pressure and saturation was established. Therefore, we felt free to design a model
function that would fit the data as well as the physical constraints

awn = a1(pcmax − pc)(1− Sw) + a2(pcmax − pc)2(1− Sw)

+ a3(pcmax − pc)(1− Sw)2 . (5.1)

Equation 5.1 is chosen such that awn will always be zero for Sw = 1. Additionally,
the equation ensures that the interfacial area is zero for the point where the
maximum pc value is reached. This choice is reasonable as it leaves more degrees of
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Figure 5.5: The figure shows the averaged data points obtained from the pore-network
simulation as well as the resulting fit surface, see Equation 5.1. For parameters
see Table 5.3. The solid (red) line is the fit (Brooks and Corey, 1964) function.

Table 5.3: Fit parameters (Equation 5.1) for a realization of medium sand.

a1(1/Pa m) a2(1/Pa2 m) a3(1/Pa m) R2

−1.60 · 10−1 1.43 · 10−5 1.91 · 10−1 0.91

freedom than demanding that the surface be zero for Sw = 0 and thus allows the
description of the pore-network results by a macro-scale equation. As pc is obtained
as a function of Sw alone, it is in the end equivalent to demand that interfacial
area be zero for Sw = 0 and that it be zero for pc = pcmax, because Sw = 0 can only
be reached for pc = pcmax.

The maximum capillary pressure value pcmax is rather hard to define. Physically,
one could define the maximum capillary pressure as the pressure difference for which
the fluid phases start to be disconnected. However, this topological information is
not available for a macro-scale model.

Here, a pragmatic approach – also chosen in DuMux– is followed: the capillary
pressure curve is linearized at Sw = 0.01. This results in a maximum capillary
pressure value when intersecting the ordinate. For further documentation, regarding
the regularization employed in DuMux, we refer to the online documentation as
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5 Non-Equilibrium: An Evaporation Example

well as the actual code.

Similar to the fitting of pc(Sw), the pore-network data points are averaged before
Equation 5.1 is fit to it. The resulting primary drainage and primary imbibition
awn − pc − Sw data points of one realization are taken. An averaging window is
moved in the pc − Sw plane. All data falling in a window are represented by one
averaged value, depicted as black points in Figure 5.5. Subsequently, the fitting
algorithm calculated best fit ai values. Furthermore, the fitting algorithm constrains
the result such that for all data points a positive interfacial area is ensured.

Table 5.3 shows the fit coefficients as well as the coefficient of determination of the
fit. Figure 5.5 shows the fit surface, averaged data points and the fit pc(Sw).

5.1.4 Non-Wetting – Solid Surface

In order to be able to describe the energy transfer not only between the fluid
phases but also between the fluid phases and the solid phase, it is necessary
to obtain constitutive relations describing the interfacial area between one fluid
phase and the solid phase as a function of saturation and capillary pressure.
The remaining interfacial area (between wetting phase and solid phase) can be
determined algebraically because the total surface of the solid phase is a constant.

Here, the non-wetting phase is chosen for fitting according to

ans = a1(1− Sw) exp(a2Sw) + a3p
3
c . (5.2)

Equation 5.2 was chosen such that the physical constraints have to be met. In this
case this means that the surface described by Equation 5.2 has to pass through
ans(Sw = 1, pc = 0) = 0 1/m for all parameter values a1, a2, a3. The second physical
constraint, ans(Sw = 0, pc(Sw = 0)) = as is not ensured by the structure of the fit
function. However, the fit surface is for all observed cases very close to this value.

The fitting procedure is equivalent to the one described in Section 5.1.3. The
resulting coefficients along with the coefficient of determination are shown in
Table 5.4. The fit surface is depicted in Figure 5.6.
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Figure 5.6: The figure shows the averaged data points obtained from the pore-network
simulation as well as the fit surface, see Equation 5.2. For parameters see
Table 5.4. The solid (red) line is the fit Brooks and Corey (1964) function.

Table 5.4: Fit parameters (Equation 5.2) for a realization of medium sand.

a1(1/m) a2(−) a3(1/Pa3 m) R2

1.37 · 103 −3.78 1.06 · 10−9 0.98

The interfacial area between the wetting phase and the solid phase is obtained
by calculating the value for the non-wetting – solid interfacial area for a given
saturation and capillary pressure and subtracting it from the volume-averaged total
surface (as) of the solid phase

aws (Sw, pc) = as − ans(Sw, pc) . (5.3)

as is determined by obtaining the function value of ans(Sw = 0, pc(Sw = 0)). Again,
the value of pc(Sw = 0) is obtained by regularizing the Brooks and Corey (1964)
function.

The presented model functions from Equations 5.2, 5.1, and 2.9 fit the data
generated by the pore-network model very well. Therefore, the given parameters
are taken as input for the macro-scale simulation described in the next section.
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5 Non-Equilibrium: An Evaporation Example

5.2 Simulating Evaporation on the Macro Scale

In this section, the macro-scale model presented in Chapter 3 with the constitutive
relations developed in Section 5.1 is employed for the modeling of a simplified,
academic evaporation setup. This way, we show the influence of non-equilibrium
on the evaporation process. First, motivation for the setting, model setup as well
as initial and boundary conditions are explained. Afterwards, simulation results
and evidence for grid convergence are presented.

5.2.1 Motivation

In the case of evaporation from porous media two particularities appear that make
the assumption of local thermal and chemical equilibrium questionable. First, it is
quite common not to have a humidity of 100% in the atmosphere. In other words,
the water component in the free-flow domain is not in chemical equilibrium.

Second, it happens that wind is blowing, in other words: flow processes in the
free-flow domain can be comparatively fast due to forced convection. This could
make the actual transfer processes between the phases the limiting step.

With these two effects occurring at the interface between free flow and porous
medium, the setting of evaporation from porous media is an interesting system to
study.

5.2.2 Setup

We want to simulate the coupled heat and mass transfer processes resulting from
the evaporation of liquid water from a porous medium into a gas filled free-flow

Table 5.5: Intrinsic parameters for the “free-flow” and the porous-medium part.

K (m2) φ (−)
“free flow” 10−6 0.99
porous medium 10−11 0.4
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domain. The gas in the free-flow domain is subject to forced convection. The focus,
however, is on the non-equilibrium effects and not on the precise description of the
coupling conditions as e.g. in Mosthaf et al. (2011).

Therefore, we choose the mathematically simplest possible model in order to get
a first understanding of the relevance of non-equilibrium effects: The simulation
domain is separated in two parts, the “quasi free flow” (denoted with “free flow”
from now on) and the “porous medium”, see Figure 5.7. In the porous medium
part, the generalized Darcy equation (e.g. Helmig, 1997) is used as momentum
equation. Furthermore, individual mass balance equations for each component in
each phase ensure mass conservation (Equations 3.1a-3.1d). Energy conservation is
ensured by individual energy balances for the wetting, non-wetting and solid phase
(Equations 3.8a-3.8c), see Chapter 3.

In the “free-flow” part, the same equations, with adopted parameters, are used.
Of course this is not a precise description of the physical processes. Again, it has
to be stressed that the presented work is a first step towards the non-equilibrium
description of evaporation processes. The idea is to study the influence of the
thermal and chemical non-equilibrium effects.

Besides the simplified description of momentum in the “free flow”, the second
important missing mechanism is turbulence. In the case of turbulent flow the main
resistance to evaporation originates from the laminar sublayer. In that layer the
transport mechanism is still diffusion. However, the gradient driving the transport
is drastically enhanced because outside of the sublayer the water vapor is removed
by eddies (Bird et al., 2002). Therefore, turbulence in the “free-flow” domain
would very efficiently move water vapor away from the porous medium – free flow
interface.

In the chosen setup, the only mechanism available in order to remove vapor from the
interface is diffusion, i.e. we are only considering laminar flow. This is a limitation
of the presented model requiring further efforts. However, turbulence would tend
to increase the amount of vapor removed from the interface and therefore increase
any non-equilibrium effects. Thus, neglecting turbulence is a rather conservative
approach with respect to the study of thermal and chemical non-equilibrium.
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Table 5.6: Fluid parameters.

%α(kg/m3) hα(J/kg) Dκ
α(m/s)

water Wagner et al. (2000) Wagner et al. (2000) Ferrell et al. (1967)
gas ideal gas Joback (1984) Fuller et al. (1966)

In order to capture as much of the physical effects as possible, the following
procedure is adopted: Choose the permeability and influx in the “free-flow” domain
such that the resulting pressure gradients and velocities resembles the one obtained
from a Stokes description of momentum (Mosthaf et al., 2011). Choose the
porosity such that the “solid phase” has little influence in the “free-flow” domain.
Choose the parameters for pc(Sw), awn(Sw, pc) and ans(Sw, pc) such that there is
no capillary pressure and no interfacial area in the “free-flow” domain.

The parameters for the porous medium part are taken either from the fitting
procedure described in Section 5.1 or taken as typical values for a medium sand,
see Table 5.5. References for the fluid property relations employed are given in
Tables 5.6 and 5.7.

5.2.3 Initial and Boundary Conditions

Figure 5.7 depicts the initial and boundary conditions for all conducted (two
dimensional) simulations. Initial conditions amount to a fully water saturated
porous medium and a gas filled “free-flow” domain.

Initially, there is atmospheric pressure. Temperatures are initially homogeneous
through all phases and at 293 K in the whole domain. The chemical composition
in the porous medium domain is according to chemical equilibrium as defined by

Table 5.7: Fluid parameters cont.

µα(Pa s) λα(W/m K)
water Huber et al. (2009) Huber et al. (2012)
gas Poling et al. (2001) Younglove (1982) (according to NIST)
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Figure 5.7: Sketch of the simulation setup.

pressure, temperature and equilibrium relations (namely Henry’s and Raoult’s
law).

In the “free-flow” domain, the chemical composition is initially that one of the
inflowing phase. The mole fraction of water in the gas phase is calculated to be
10% of the equilibrium relation. This means that there is chemical non-equilibrium
in the “free-flow” domain and the inflow of dry gas continuously unbalances the
system.

The boundary conditions are supposed to mimic the case of a sand box which
is passed by dry air: The porous medium outer boundary is closed to mass flux
by Neumann no-flow conditions while temperatures of all phases are fixed by
Dirichlet conditions. All primary variables are fixed by Dirichlet conditions
at the top of the “free-flow” domain. To the left there are Neumann conditions for
mass inflow of gas. The gas phase has a relative humidity of r = 10%. The heat
influx is calculated according to the temperature, pressure and composition of the
mass influx. To the right, outflow conditions for energy and mass let the primary
variables develop in a natural way on the boundary.
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(a) (b) (c) (d)

Figure 5.8: (a), (b): Water saturation after 1 d and 4 d simulated time. (c), (d): Gas
temperature after 1 d and mole fraction of vapor in the gas phase after 1 d
simulated time.

5.2.4 Results

In this section, we present simulation results of the above explained setup. All
results in this and the next section are calculated on a 34× 80 grid which is refined
towards the interface (see Figure 5.13).

To give a general impression of the results, Figures 5.8a, b show the water distribu-
tion after one and four days of simulated time, the gas temperature after one day
of simulated time (Figure 5.8c) and the water mole fraction in the gas phase after
one day of simulated time (Figure 5.8d).

It can be seen how the drying front moves through the system, while water
evaporates from the porous domain. The water evaporates because the inflowing
gas is less than fully saturated leading to mass transfer from the liquid to the
gas phase (see source term of Equation 3.1c). This mass transfer is accompanied
by an evaporative cooling effect (heat of vaporization) leading to lower gas phase
temperatures.

It has to be kept in mind that in the “free-flow” domain single-phase conditions
prevail. Therefore, all non-equilibrium effects are confined to the porous medium
part. Heat and mass transfer between “free-flow” and porous-medium domain take
place exclusively via conduction and diffusion.
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Influence on Evaporated Water

In this section, the influence of heat and mass transfer on the evaporated water
from the porous medium is studied. Figure 5.9 shows the temporal development
of the remaining liquid water in the domain. The porous medium boundaries are
closed to mass flowing, therefore all lost water has to be evaporated. As explained
in Chapter 3, there is some uncertainty associated with the dimensionless numbers
characterizing heat and mass transfer, i.e. Nu(Re, Pr) and Sh(Re, Sc). Therefore,
we varied the scaling factor fe in front of Nu and the scaling factor fm in front of
Sh in order to get a better understanding about the behavior of the system.

It can be observed that the two highest factors result in very similar behavior. This
is due to the equilibrium situation being an upper limit to heat and mass transfer
from the porous medium. Further decreasing the scaling factors results in less and
less water being removed from the porous medium.

Figure 5.10 shows the influence of only varying either fe (left) or fm (right). It
can be seen that decreasing the heat transfer leads to an increase in evaporation.
This can be explained in the following way: Mass gets transferred as long as the
equilibrium concentration is not reached yet. However, a water particle only brings
its liquid enthalpy into the gas phase and the temperature in the gas phase has
to compensate for that in order for the energy balance to be fulfilled. This way,
evaporation leads to cooling of the gas phase. However, if the heat transfer between
gas and water phase is poor, the water phase gets cooled less efficiently and stays
warmer. A warmer water phase has a higher vapor pressure which leads to a higher
equilibrium mole fraction of water in the gas phase and thus to more efficient
evaporation.

Figure 5.10 shows that the main influence on evaporation originates from the mass
transfer. Varying fm leads to almost the same variations in mass loss than varying
both fm and fe. The smaller fm gets, the lower is the mole fraction of water in the
gas phase of the porous medium and therefore less water can reach the “free-flow”
domain via diffusion.

This figure also explains the chosen range of the scaling factors. It can be seen that
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fm was varied between the two extreme cases. The smallest value of fm does not
lead to any perceivable evaporation. The two highest values of fm, on the other
hand, do not lead to a difference in the amount of evaporated water. This shows
that we span the range from no transfer to chemical equilibrium.

For now, the transfer coefficient for energy fe was varied in the same range. An
outline of future work enabling us to obtain estimates of that quantity will be given
in the outlook.

With the given ranges for fm and fe, the conclusion that has to be drawn is that
chemical non-equilibrium is of higher importance than thermal non-equilibrium for
this application. This does not mean that the energy conservation equation can
be omitted altogether. But the main features of the system seem to be captured
with a local thermal equilibrium model. However, this conclusion is subject to the
range of applied transfer coefficients which has to be substantiated.

In this section, the global implications of scaling fm and fe were studied. In the
next section, the detailed distribution of temperatures and chemical compositions
on the interface are analyzed.
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Figure 5.9: Liquid water in the porous medium over time as a function of different fe = fm.
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Figure 5.10: Liquid water in the porous medium over time. Left: Only fe for heat transfer
is varied and fm for mass transfer is kept constant. Right: Only fm for mass
transfer is varied and fe for energy transfer is kept constant.
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Figure 5.11: Top: Equilibrium (black, dashed) and actual (red, solid) mole fraction of water
component in the gas phase. Bottom: water (blue, dashed) and gas (red,
solid) temperature on the top of the porous medium. fe = fm (from left to
right): 1, 0.1, 0.05, 0.01, t = 1 d.

Situation on the Interface

The main achievement of the presented model is its capability to capture situations
where there are locally non-equilibrium situations with respect to composition
and temperature. For the given example of evaporation from a porous medium,
this could happen on the top of the porous medium. Here, there is supply of dry
inflowing gas as well as liquid, evaporating water as long as capillary forces can
supply it.

Figure 5.11 shows in the top row the distribution of water in the gas phase on
the top of the porous medium. The dashed black line shows the equilibrium mole
fraction according to the given pressure and temperature. In red, the actual mole
fraction of water in the gas phase is shown. From left to right the coefficients fm, fe
decrease which leads to a more pronounced non-equilibrium situation. A coefficient
of 1 (left) leads to almost immediate equilibration as soon as the gas phase enters
the system. A coefficient of 0.01 (right) leads only to a very small step towards
equilibration.

The bottom row of Figure 5.11 shows the distribution of the temperatures of the
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Figure 5.12: Top: Equilibrium (black, dashed) and actual (red, solid) mole fraction of water
component in the gas phase. Bottom: water (blue, dashed) and gas (red,
solid) temperature on the top of the porous medium. fe = fm (from left to
right): 1, 0.1, 0.05, 0.01, t = 4 d.

water (blue, dashed) and gas (red, solid) phase. Here, a similar trend can be
recognized: the smaller the transfer the higher the temperature difference between
the phases. However, for the smallest transfer coefficient, the cooling effect gets
smaller (less water evaporates) and the difference between the temperatures of the
fluid phases becomes smaller.

The asymmetrical shape of the temperature distributions can be explained by two
competing effects. There is the continuous cooling by evaporation to the “free-flow”
domain. This effect makes the temperature go down in the direction of flow. On
the other hand there is heat conduction from the boundaries, where temperature is
fixed. As the heat conduction in the water phase is higher than in the gas phase,
the water phase is more efficient in conducting heat from the boundary. Therefore,
the Tw distribution remains symmetrical with respect to the boundary.

Figure 5.12 shows the same variables as Figure 5.11, but after 4 d of simulated
time. There is still liquid water in the upper part of the porous medium and
the principle curve progression is equivalent. This shows clearly that the non-
equilibrium effects are not an early time artifact but an inherent feature of the
presented setup. However, the equilibrium situation is always enclosed in the
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Figure 5.13: Different grids that were used in the convergence study (see Figure 5.14).
The grid is gradually refined towards the interface between “free-flow” and
porous-medium domain. From left to right: 14 × 30 grid, 30 × 70 grid and
magnification of the interface between “free-flow” and porous-medium domain
for the 30× 70 grid. Depicted is the distribution of wetting phase saturation
after 1 d of simulated time for fm = fe = 1.

non-equilibrium description. Using high transfer coefficients is equivalent to using
a standard equilibrium model.

Now that the influence of the magnitude of heat and mass transfer on local thermal
and chemical equilibrium was shown, we will briefly show evidence for the numerical
convergence of the presented model.

5.2.5 Convergence

First, a convergence study is conducted, i.e. the above described model setup is
run with different grid resolutions. The used grid is refined towards the interface
in order to capture the important processes. Figure 5.13 shows two grids that
were used in the convergence study. Even finer grids were used but could not be
depicted.

As a global indicator of grid convergence, the liquid water left in the domain (i.e.
not evaporated) is chosen. Figure 5.14 shows the liquid water left in the domain as
a function of simulated time. Increasing grid resolution changes the result less and
less. Finally, there is no visible difference between the 34× 80 and the 38× 90 grid.
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Figure 5.14: Global indicator for convergence: The liquid water left in the domain does not
change for making the grid finer than 34× 80. The individual curves stand for
the respective grids used.

Figure 5.14 shows some global indicator for convergence. In order to show locally
that the model results are independent of the (sufficiently fine) discretization, the
distribution of temperature and mole fraction as a function of grid resolution close
to the interface are studied.

Figure 5.15 shows cuts through the porous domain at the interface (x = 0.125 m)
–i.e. the middle of the domain– and the y-coordinate increasing towards the interface
at y = 0.25 m. Although the spatial extend of the non-equilibrium situation reaches
only approximately 2 mm into the porous medium domain, it can be seen that
it is not a discretization artifact, as there are several elements in that region.
Furthermore, it can be seen that the change in the depicted variables decrease with
an increase in grid resolution up to the final grid resolution which does not result
in any detectable change in the outcome any more.
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Figure 5.15: Local indicator for convergence: temperatures and mole fractions do not change
any more for grids finer than 34× 80. Plots at x = 0.125 m, y = 0.24− 0.25 m.
The figures show the change of wetting phase temperature (left), non-wetting
phase temperature (middle) and water vapor in the gas phase (right) for
variable grid resolution and fe = fm = 1. The individual curves stand for the
respective grids used.

5.3 Summary

In Chapter 3, a volume-averaged mathematical model for the description of multi-
phase flow in porous media was developed. As opposed to standard models, this
model allows locally chemical as well as thermal non-equilibrium. By these terms
we mean that the different phases, present at the same point, may have different
chemical potentials and temperatures. The respective balance equations exchange
mass and energy via source terms.

These source terms include the crossectional area available to transfer as a parameter.
A pore-network model was extended in order to calculate the interfacial area between
solid and non-wetting phase. It was shown that different realizations of the same
pore- network model do result in comparable results and that the pc(Sw) was
very close to the experimentally found parameters. Therefore, one realization was
picked and a standard Brooks and Corey (1964) relation as well as newly developed
awn(Sw, pc) and ans(Sw, pc) functions were fit with high correlation coefficients.

Using these correlations as input parameters, a macro-scale simulation of evapora-
tion from a porous medium was conducted. This example was motivated by the
fact that at the interface between free flow and porous medium high flow velocities
(forced convection) and chemical non-equilibrium coincide. As a first step, extended
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Darcy’s law with adapted parameters was also employed in the “free-flow” domain.
The parameters were chosen based on Stokes-flow simulation.

Unfortunately, no heat and mass transfer correlations for the case of multiphase flow
in porous media are available. Therefore, single-phase correlations were employed
and the sensitivity to simulation results were studied. For the varied ranges and
setup it could be concluded that mass transfer is the limiting step and a local
thermal equilibrium consideration is sufficient in order to capture the characteristics
of the system. However, this could be different e.g. if the inflowing air had a
different temperature than the present porous medium or if heat transfer coefficients
were in different orders of magnitude.

In order to show convergence, a grid-convergence study was conducted which
showed that the amount of water evaporated from the porous domain does not
change any more above a certain discretization. It could also be shown that the
spatial extend of thermal and chemical non-equilibrium does not change any more
above some grid resolution.

5.4 Outlook

For the model to be used in a predictive sense, more experimental work is needed.
Either new heat and mass transfer correlations need to be developed or the existing
ones need to be calibrated to the multiphase-setting. In order to accomplish this,
experimental investigations of the actual mole fractions and temperatures in the
flowing phases need to be conducted.

A first step in this direction is conducted in the next chapters by means of a
micro-model under infrared as well as optical observation. Unlike in the work of
e.g. Shahraeeni and Or (2011), this way phase specific temperature information
can be gained. Detailed information about this experimental setup and simulation
of that experiment are given in the following chapters.

The second important advancement of the presented model will be the incorporation
of a more realistic momentum description in the free-flow domain on the one hand
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and the inclusion of a turbulence model on the other hand. In addition to that,
the heterogeneity of realistic porous media needs to be incorporated in order to
capture the phenomena observed in real evaporation processes.

Given that the remaining input parameters are obtained, this model can help in
strengthening the confidence into the standard model and its range of applicability.
If the local thermal and chemical equilibrium assumptions are violated, the presented
model can give a better description of reality.
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6
Estimating Transfer Coefficients:
Experimental Setup, Measurements
and Qualitative Results5

In the previous chapters, a macro-scale non-equilibrium model was developed and
put to use in a parameter study, motivated by evaporation from porous media.
Although parameter studies are valuable tools, functional relations ultimately
have to be obtained from and tested by experiments. Therefore, we developed
an experimental setup allowing the simultaneous thermal and optical observation
of multiphase flow processes in a transparent micro-model. Details of the newly
developed platform as well as qualitative findings are presented in this chapter.

A micro-model is an effective tool for the study of two-phase flow in a porous
medium. The term usually refers to a transparent, artificial porous medium with
known properties (Chang et al., 2009; Corapcioglu et al., 2009; Avraam et al., 1994;
Baouab et al., 2007; Kumar Gunda et al., 2011; Zhang et al., 2011; Ferer et al.,
2004; Grate et al., 2010; Gutiérrez et al., 2008; Hug et al., 2003; Huh et al., 2007;
Cheng et al., 2004; Karadimitriou et al., 2012). An extensive review of micro-
models used in two-phase flow studies (including fabrication, methods, materials

5The experimental setup and qualitative results presented in this chapter are published in
Karadimitriou, N. K., Nuske, P., Kleingeld, P. J., Hassanizadeh, S. M., and Helmig, R. (2014).
Simultaneous thermal and optical imaging of two-phase flow in a micro-model. Lab Chip, 14:2515–
2524
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6 Estimating Transfer Coefficients: Experimental Setup & Measurement

and visualization techniques) can be found in Karadimitriou and Hassanizadeh
(2012).

Up to now, micro-models have been used to study multiphase flow and transport
in porous media (see e.g. Cheng et al. (2004); Karadimitriou et al. (2012); Ku-
mar Gunda et al. (2011)) and colloid transport under two-phase conditions (see
e.g. Zhang et al. (2013); Baumann and Werth (2004)). But, to the best of our
knowledge, they have never been used to study heat exchange between phases. For
this study, in addition to the need for imaging pore-scale temperature fields, we
needed to visualize the pore-scale distribution of fluids under dynamic conditions.
With the use of a novel imaging setup, thermal and optical pictures of the flow
network during drainage and imbibition are taken at the same time and from the
same part of the flow network. In this way, thermal and optical pictures can be
correlated in time and space. Our micro-model setup makes it possible to exper-
imentally determine phase specific temperature distributions during a dynamic
process. In this chapter, we describe the setup, visualization and data processing
details, present some qualitative results and explain how these results can be used
in a kinetic heat transfer study.

6.1 Experimental Setup and Procedure

In this section, we explain the design and manufacturing of the employed micro-
model. Afterwards, the experimental setup and procedure are described.

6.1.1 Micro-Model Design

The micro-model’s flow network is based on Delaunay triangulation, as it has
been reported to be a good approximation to a natural porous medium (Heiba
et al., 1992). In Delaunay triangulation, first the number of points (here standing
for the number of pore bodies) has to be chosen. Subsequently, the locations
of the points are chosen such that each point is connected to its neighbors by
non-intersecting bonds. Connected points form triangles that are as equilateral
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Figure 6.1: Drawing of the flow network with 300 pore bodies and 1000 pore throats, as well
as channels for the introduction and removal of the fluids.

as possible. The triangulation points are considered to be the centers of the pore
bodies. The connections between the triangulation points are considered as the
pore throats.

We designed a flow-network with 300 pore bodies and approximately 1000 pore
throats. The overall dimensions of the network are 14.4× 39 mm2. Three channels
for the introduction of the fluids, a waste line and an outlet channel were created.
An image of the whole micro-model network is shown in Figure 6.1.

The pore-network has a quasi-two-dimensional nature. It comprises a two-dimensio-
nal network of pores, but each pore is a three-dimensional element, as it has depth.
The pore throats have a parallelepiped shape (rectangular in both cross-section
and planar view), pore bodies are cylindrical (rectangular in cross-section and
circular in planar view). The coordination number, which is the average number of
connections of a pore body, is 3.3 for our flow network. The sizes of pore bodies are
assigned from a truncated log-normal distribution, even though, in the final design,
they are strongly affected by the intersection of pore throats. The pore body sizes
ranges from 340 microns to 440 microns, with a mean of 400 microns. The width of
a pore throat is assigned such that it is always smaller than the diameters of two
neighboring pore bodies, following a formula found in Joekar-Niasar et al. (2010).
Special attention is paid to the fact that the statistical distribution of pore body
sizes and pore throat sizes should overlap to some extent, as this is the case in
natural porous media. All pores had a uniform depth of 100 microns.
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With the use of LISP (LISt Processing), the network design is converted to an
Autocad sketch. The conversion from the sketch to a mask is performed by CAD/Art
Services (U.S.A.). The mask is a plastic transparency sheet on which the Autocad
sketch is printed in actual dimensions, at a resolution of 1 micron/pixel. In the mask,
the void space is transparent, and the solid phase was black.

With the use of the mask, optical and soft lithography are employed in order
to produce the Polydimethylsiloxan (PDMS) micro-model. Then, a silanization
process is used in order to make the micro-model uniformly and stably hydrophobic.
The optical and soft lithography steps, as well as the bonding and silanization
process, are fully described in Karadimitriou et al. (2013).

The only deviation from the procedure described in Karadimitriou et al. (2013)
is as follows. A micro-model is commonly composed of two PDMS slabs, with
approximately the same thickness. One slab contains the pore-network and in-
let/outlet channels while the other, featureless, slab is used as a cover. This creates
a closed network of pores. But, because we need to do thermal imaging with this
micro-model, the cover slab has to be permissive to infrared wavelengths as well
as optically transparent. More specifically, it has to be permissive to wavelengths
between 7µm and 14µm for thermal imaging. For this purpose an infrared trans-
missive plastic film (KUBE Electronics, Switzerland), with a thickness of 100µm,
is used as cover. This film has a high (83%) permittivity for thermal radiation.

In order to ensure uniform wettability of all pore walls and an effective bonding
of the film with the other PDMS slab, the plastic film is spin-coated with PDMS,
forming a very thin layer of 8 microns. In order for the spin coated PDMS to adhere
to the film’s surface and to be permissive to infrared radiation, the mixing ratio
between the elastomer base and the curing agent is decreased from the usual 10 : 1
ratio to a ratio of 7.5 : 1. This ensures solidification of PDMS and increases its
permeability to the desired wavelengths. The overall transmissivity of the covering
slab is around 80% for wavelengths between 7µm and 14µm and close to 70%
optically. In Figure 6.2, a picture of a complete micro-model is shown.

In the work of Gervais et al. (2006), the effect of liquids pressure on the deformation
of shallow micro-fluidic channels is examined. Such deformation can, in turn, affect
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Figure 6.2: Image of the micro-model. The flow network is visible through a thin plastic
covering slab, which is thermally and optically transparent.

the laminar flow profile and pressure distribution within the channels. They come
up with a dimensionless number for assessing the significance of this deformation,
depending on the pressure drop along a channel, its width and height and the
Young modulus of PDMS. Based on this dimensionless number, we determine
that the deformation of PDMS in our experiments can be neglected.

6.1.2 Flow Visualization

In most micro-model studies, a microscope is used for visualization and a camera
for recording images (see e.g. Cheng et al. (2004); Chang et al. (2009)). As
explained above, the main objective of this work is to study thermal effects in
two-phase flow by monitoring flow during transient experiments, both optically
and thermally. A microscope would not offer the option of simultaneous thermal
and optical monitoring at the highest possible spatial resolution.

The smallest pore size is dictated by the resolution of the thermal camera. In order
to extract reliable data from the images, a feature of interest, such as a fluid-fluid
interface, must be at least 10 pixels in size. The spatial resolution of the thermal
camera is 30 microns per sensor pixel. This resolution is fixed, as the camera did
not offer the option of a magnifying lens. This means that the actual size of a pore
body has to be at least 300 microns. At the same time, it is important to keep the
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Figure 6.3: Schematic representation of the imaging setup.

pore size small enough for capillary effects to be relevant. Therefore, the mean
pore size is set to 400 microns, with the smallest pore being 340 microns and the
biggest being 440 microns.

The intrinsic resolution of the optical camera’s sensor is 3.45 microns per pixel. If
we had used the intrinsic resolution of the sensor, the area monitored by the optical
camera had been much smaller than that of the thermal one. Therefore, we use a
lens to reduce its resolution to 10 microns per pixel. This means that the image is
shrunk in order to match the thermal camera image.

The experimental needs for simultaneous thermal and optical monitoring of flow
through the micro-model, along with the restrictions of each monitoring method,
led us to a new monitoring setup which is described below. This setup involves a
light source, a prism, an objective lens with a long focal length, a high resolution
optical camera, a camera able to take infrared pictures and a computer for data
acquisition. A schematic representation of the main components is given in Figure
6.3 and a picture of the actual experimental setup is shown in Figure 6.4.

The micro-model is placed horizontally on a stage, with the side covered by the
IR-transmissible film facing upwards. The thermal camera (ICI-7640P, Infrared
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Figure 6.4: The imaging setup. The image shows the optical and thermal cameras, the prism
and the micro-model.

Cameras Inc.) is placed at a distance of 3 cm. For the optical imaging, an LED
source, emitting at the wavelength of 570 nm, is used. The light source is chosen to
be an LED one, so as to avoid any heating of the micro-model. It has to be placed
under an angle at a relatively large distance from the micro-model (see Figure 6.3).
This configuration is necessary due to the small focal length of the thermal camera
(3 cm) which leaves little space for the light source to be put close to the sample.
In order to obtain a comparative field of observation, the optical camera is placed
at a distance of 38 cm from the micro-model. A prism is used to divert the light
beam which passes through the micro-model and make it parallel to the optical
table (see Figure 6.4).

An objective lens with a focal length of 135 mm is attached to a Prosilica GC-2450
(optical) camera for the purpose of reducing its resolution (as explained above).
Both cameras are set to a constant frame rate of 10 frames per second. As explained
in Section 6.2, measures are taken to ensure the synchronization of the two image
streams. The cameras are connected to a computer so as to acquire and store the
thermal and optical images.
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6.1.3 Flow and Temperature Control

In order to exclude compressibility effects, two immiscible liquids are chosen as the
two phases, namely Fluorinert (FC-43, 3M) as the wetting phase and water as the
non-wetting phase.

Fluorinert is a colorless (refraction index, n = 1.291), fluorine based, inert liquid.
It is 4.7 times more viscous (µ = 4.7 · 10−3 Pa s) and 1.86 times heavier than water
(% = 1860 kg/m3). The surface tension between water and Fluorinert is 58 m N/m.
Fluorinert has an affinity towards PDMS which is additionally enhanced and
stabilized by surface treatment. Therefore, Fluorinert serves as the wetting phase
in our experiments.

In the first step, air is fully expelled from the micro-model by saturating it with
the wetting phase. The goal of the experiment is to study the kinetic heat transfer
between the two phases, i.e. we aim at temporally resolving the heat transfer
process between the respective phases. Therefore, the invading phase has to reach
the entrance of the flow network at the highest possible temperature, without
causing a temperature rise in the surrounding area.

In order to accomplish this, the invading fluid (i.e. water) is heated by means of a
two-walled counter-current heat exchanger up to the entry point of the micro-model
(Inlet 2). The hot water flows from “Inlet 2” to “Waste” (see Figure 6.1) at a
comparatively high flow rate (circulation flow rate). Actual invasion into the flow
network is accomplished by sucking out wetting phase (Outlet). This diverts a
fraction of the hot water into the flow network. The temperature of the invading
phase can be controlled by the temperature and flow rate of the heat exchanger.

Inlet 1 was originally designed in order to counteract local heating by means of
additionally circulating water at ambient temperature. This turned out not to
be necessary in practice. These two strategies (heating up to the entry of the
micro-model and bypassing of the entry of the flow-network) make sure that the
highest possible temperature difference between invading and retreating phase is
accomplished, without increasing the temperature of the whole micro-model.
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6.1.4 Experimental Procedure

Initially, the micro-model and the resident wetting phase (i.e. Fluorinert) are at
room temperature. The non-wetting phase (water) circulates, at a much higher
temperature, from Inlet 2 to the waste at a high flow rate. Inflow into the flow
network is initiated by withdrawing the wetting phase via the outlet, using a
high precision syringe pump (Harvard Apparatus, Pump 11 Pico Plus Elite). The
withdrawal rate is set to be much lower than the circulating flow rate of the non-
wetting phase. In this way, only a small part of the bypassing water is diverted into
the flow-network. At the end of this drainage step, the wetting phase is injected
back into the flow network via the outlet channel. After this imbibition step, we
perform several cycles of drainage and imbibition. During all steps, pictures were
taken by the thermal and the optical camera at a rate of 10 pictures per second.

6.2 Image Processing

The acquired optical and thermal images have to be temporally and spatially
correlated. This is done by the procedure described in the following sections.

6.2.1 Temporal Correlation

Temporal correlation is accomplished by holding an object, as a marker, in the
monitoring frame of the two cameras, before the start of an experimental run. At
a given time, this marker is removed. The first image from the two cameras where
the marker is not visible is set to be the first frame of the image streams. This way,
the start of the two image streams is synchronized.

Although both cameras are set to collect images at 10 frames per second, in practice
there are some deviations. In order to account for this shortcoming, a simple
nearest neighbor interpolation, based on the time stamps of the individual frames,
is conducted. The applied algorithm is based on comparing the number of frames
per second with the set frame rate (10 frames per second). If there are less frames
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Figure 6.5: Optical image of the micro-model with the metallic wires on its surface (left)
and thermal image of the same part of the micro-model (right). The wires
have a different color than the background due to the difference in their thermal
emissivities.

some frames are duplicated (i.e. the respective nearest neighbors are used) in order
to achieve a constant frame rate. The opposite is done when the frame rate is
higher than nominal (i.e. nearest neighbor frames are omitted). In this way, the
two image streams are kept synchronized.

6.2.2 Spatial Correlation

The infrared and the optical images are taken independently. In order to gain
information about the temperature of a specific phase at a specific point, the two
images have to be correctly superimposed, i.e. spatially correlated. We make use
of reference markers, which are physically put onto the micro-model and one image
is taken by both cameras. These markers are metallic wires which have a different
thermal emissivity than the micro-model. In a thermal image this is depicted as a
temperature difference.

Figure 6.5 shows how the markers are visible both in the optical image (left) and
infrared image (right). Corresponding reference points A to D are identified in the
two images and a transformation matrix is calculated. The explained temporal and
spatial correlation procedure allows us to superimpose images of the two cameras
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Figure 6.6: After temporal and spatial correlation, optical and thermal images are superim-
posed and presented in one image.

and to see both the temperature field and the phase configuration for a given point
in time and space. A typical example of a composite image (with optical and
thermal images superimposed) is shown in Figure 6.6.

6.2.3 Phase Segmentation

In order to attribute the observed temperature field to the wetting, non-wetting and
solid phases, image segmentation is applied. The segmentation and attribution to
the respective phases is a necessary prerequisite in order to assign the temperature
field to the respective phases and, ultimately, derive heat transfer coefficients which
is done in the next chapter. Image segmentation is conducted on the optical image.
The information about phase presence is subsequently transferred to the infrared
image, resulting in phase specific temperature distributions. The segmentation is
conducted in two steps: first, delineation of the void space and, second, distinction
between wetting and non-wetting phase. Information on the location of the solid
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Figure 6.7: Raw optical image (left) and segmented image (right) acquired during a drainage
process. In the segmented image, black stands for the solid phase, blue for the
non-wetting phase and red for the wetting phase.

matrix (and thus also of the void space) is available from the original Autocad
design (blueprint) of the flow network.

Correlation between the blue print and the optical image is achieved in the same way
as for the correlation between the infrared and the optical images (see Section 6.2.2).
The only difference being that the reference points are geometrical features rather
than introduced markers.

The segmentation of wetting and non-wetting phases, however, is a more complicated
process. The distinction between the phases is based on a thresholding approach,
i.e. we compare the gray-level of a pixel to a threshold level. Depending on whether
the gray-level is bigger or smaller than the threshold, we assign the pixel to the
respective phase. In order to facilitate this process, the invading non-wetting (i.e.
water) phase is dyed with ink.

The biggest challenge in the segmentation of the fluid phases is the low illumination
quality. As explained before, the infrared camera has to be installed at the distance
of 3 cm from the micro-model and there is little space for the light source. Therefore,
the LED source is put at an angle, resulting in a dark optical image with a very
narrow distribution of gray values, see Figure 6.7, left. This, in turn, makes the
result of the segmentation very sensitive to slight variations in the thresholding
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Figure 6.8: Segmented temperature fields of the two fluids and the solid phase, which
correspond to the event shown in Figure 6.7.

level, slight intensity gradients over the optical image, as well as slight variations in
illumination. Therefore, additional preprocessing of the optical image is necessary.

Mainly, we apply two measures in order to facilitate segmentation. First, the
segmentation is not conducted on the optical image itself but on the difference
between the optical image and a reference image. The reference image is chosen
to be an image of the micro-model fully saturated with the wetting phase. This
makes the result independent of background gradients in intensity, as only changes
in gray-level caused by the phase distributions are detected. The second measure
is intensity compensation. In order to compensate for temporal variations of light
intensity, regions of the optical image are compared to the respective region in the
reference image. If the intensity of the region of interest in the optical image is
different from the reference intensity, this difference is counterbalanced in order to
achieve constant light intensity of the optical images. This comparison is based on
a Gauss-filter (MATLAB, 2013).

With these two measures, a constant global threshold is manually selected for each
experimental run. In a post processing step, image noise is eliminated by applying
a 2D median filter with a size of 7 pixels. The unprocessed optical image from a
drainage event and the corresponding segmented image are given in Figure 6.7.
With the phase distributions known, the temperature field can be attributed to
the respective phases, as shown in Figure 6.8.
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6 Estimating Transfer Coefficients: Experimental Setup & Measurement

Figure 6.9: The initial step of the experimental procedure: saturating the micro-model with
Fluorinert. In the accompanying movie (Chapter6_1.avi) Fluorinert replacing
air is shown.

6.3 Results

In this section, we provide visualization results of a number of experiments and
discuss how and what kind of information is extracted from them. Each example
is accompanied by a movie, which is provided as ancillary material. These movies
are important, as the very purpose of the experiment is to capture the dynamics of
the system.

6.3.1 Preparation and Removal of Entrapped Air

Before the start of the experiment, the micro-model has to be saturated with the
wetting phase displacing the air completely. Figure 6.9 shows an image from this
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Figure 6.10: Invasion of hot water in a primary drainage process at two different flow
rates. An extraction rate of 2.4 ml/h (left, shown in the accompanying movie
Chapter6_2a.avi) leads to a much smoother temperature distribution than
an extraction rate of 4.8 ml/h (right, shown in the accompanying movie
Chapter6_2b.avi). Both images are taken at the same impingement time
of 18 s.

step. The two pieces of wire visible are the markers used for image registration. The
accompanying movie file Chapter6_1.avi, shows how some residual air bubbles
are removed in order to obtain a fully Fluorinert saturated micro-model at the
beginning of the actual experiment.

6.3.2 Influence of Velocity on Temperature Distribution

Figure 6.10 shows two primary drainage experiments with extraction flow rates
of 2.4 ml/h (left) and 4.8 ml/h (right). The inflow temperature is the same in both
experiments. Both images originate from primary drainage experiments. It can
clearly be seen that the lower flow rate leads to a very smooth temperature
distribution. In other words, non-equilibrium effects are much smaller. Additionally,
with the higher flow rate, an increasing influence of geometry of the flow network
on the temperature distribution can be observed. This is attributed to the more
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Figure 6.11: Two stages during secondary drainage. A stable temperature distribution
is shown (left). Suddenly the temperature field changes (right), because
a new flow path is established. This process can be nicely observed in the
accompanying movie (Chapter6_3.avi).

pronounced difference between the phase temperatures. In other words: the heat
transfer process shifts from being an equilibrium process to a kinetic process.

6.3.3 Temperature as Flow Path Indicator

Figure 6.11 shows two snapshots of a secondary drainage experiment, taken a
moment apart, at an extraction flow rate of 2.4 ml/h. This can be nicely seen in the
accompanying movie. The left figure originates from a stage during flow where
stable temperature field and constant fluid distribution prevail. Without any change
in the boundary conditions and phase distribution, suddenly the temperature field
changes (right figure). We attribute the new temperature field to a newly established
flow path.

This suggests that our experimental setup can be used in order to study which
connected pathways are active, in the sense of actually conducting fluid, in a
multiphase flow setting. This would not be possible by means of only optical
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Figure 6.12: This figure shows two successively reached temperature distributions obtained
at flow rates of 80 µl/min (left) and 200 µl/min (right). The interesting thing
here is that the flow field and temperature distributions reach a steady states.
The accompanying movie (Chapter6_4.avi) shows the respective stationary
states.

observation, as optical observation merely shows phase presence and not whether
it moves. Knowledge about active pores is important in order to calculate e.g.
average residence time of particles in an REV.

After flow through the micro-model and the circulation of hot water at the inlet
are both stopped, we can observe how the micro-model cools down. Expectedly,
the large mass of water in the inlet area, compared to the flow network, leads
to a bigger latency before reaching room temperature (please refer to the movie
Chapter6_3.avi for this).

6.3.4 Stationary Temperature Distributions

Two successively reached stationary states for the extraction flow rates of 80 µl/min

(left) and 200 µl/min (right) are shown in Figure 6.12. The most interesting aspect
with this run is the fact that stationary states are reached for the respective
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extraction rates. The temperature fields are stationary but not homogeneous in
space because there is heat loss via the top and bottom of the micro-model.

Close observation shows that the temporal synchronization procedure is not fully
successful: the optical stream is lacking behind the infrared stream. However,
for those states which are stationary, this is not a problem as neither phase, nor
temperature distribution change. This makes these runs highly valuable for deriving
macro-scale heat transfer coefficients.

Apart from the stationary temperature distributions, the backflow of the cooled
down water can be seen in the accompanying movie. As explained earlier, after the
invasion of hot water is stopped, the flow process is reversed and the (now cooled
down) fluid is re-injected. This can be seen as cool fingers moving from right to left
in the later times of the accompanying movie (Chapter6_4.avi). Again, as shown
in Section 6.3.3, local temperature information can serve as a flow path indicator.

6.4 Summary & Conclusion

In this chapter, we presented a novel setup, consisting of a specially-designed
micro-model and two cameras, which allows simultaneous optical and thermal
imaging. This is the first time that a micro-model has been used in an integrated
study of two-phase flow and heat transfer between phases.

The thermal and optical images acquired from this monitoring setup were temporally
and spatially correlated. These images enabled us to draw conclusions on the
interplay of flow and kinetic heat exchange between phases.

For future work, also the segmentation of the optical image into the wetting,
non-wetting and solid phases is demonstrated. This will allow attributing the
temperature fields to the respective phases. Our images clearly show that there are
significant local differences in the pore-scale temperature of phases. The averaging
of this information to macro-scale phase-average temperatures as well as further
testing of the validity of the local thermal equilibrium assumption are conducted
in the next chapter.
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Additionally, we could show that temperature can be used as a flow path indicator.
That is, the temperature information tells us which one of the pathways occupied
by a phase actually takes part in the flow process. This information cannot be
obtained from optical imaging alone.

The described setup had one major shortcoming: the cameras did not acquire
images at the specified frame rates. This could be partly compensated by a simple
nearest neighbor interpolation. But especially late time data were not synchronized
temporally any more. An improvement of the experimental equipment would allow
to have synchronized streams without post-processing. The macro-scale modeling
of the described experimental setup as well as the estimation of heat transfer
coefficients for the case of multiphase flow in porous media is demonstrated in the
next chapter.
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7
Estimating Transfer Coefficients:
Simulation of the Experiment under
Non-Equilibrium Conditions6

In this chapter, we want to take one further step towards the quantitative under-
standing and parameter estimation in the area of local thermal non-equilibrium in
multiphase flow in porous media. To be more precise, we want to obtain an estimate
of the heat transfer coefficient for a local thermal non-equilibrium model by means
of parameter calibration. In order to accomplish this, we simulate two experimental
runs of the experiment explained in Chapter 6 by means of the macro-scale local
thermal non-equilibrium model presented in Chapter 3. By comparing simulation
and experiment, we obtain a first-order approximation of the up-to-now unknown
scaling parameter fe.

The structure of this chapter is the following: In Section 7.1, input parameters
needed for the macro-scale model are presented. Fluid and material parameters
are straight forward to obtain. However, matrix properties and multiphase prop-
erties require some more effort (Section 7.1.2). The determination of interfacial
areas, which are inevitable input parameters to the macro-scale model, require the
development of a new image analysis algorithm, explained in Section 7.2. Building

6The macro-scale modelling of the micro-model experiment will be published in
Nuske, P., Ronneberger, O., Karadimitriou, N. K., Helmig, R., and Hassanizadeh, M. (2014b).
Modelling multiphase flow in a micro-model with local thermal non-equilibrium on the darcy
scale. Water Resources Research. submitted
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Table 7.1: Fluid properties.

cα(kJ/kg K) %α(kg/m3) λα(W/m K) µα(Pa s)
Fluorinerta 1.1 1860 0.065 4.7 · 10−3

Water 4.2 1000 0.6 1 · 10−3

a3M (2013)

on that information, macro-scale constitutive relations are fit to the obtained data
in Section 7.3. Modelling choices and simulation setup are explained in Section 7.4.
Employing these input parameters, the simulations of different experimental runs
are presented in Section 7.5. We conclude in Section 7.6 and deduce future research
goals.

7.1 Input Parameters

A model can only be as good as its input. Therefore, the simulation of complex
systems, like multiphase flow in porous media systems, requires the detailed
understanding of the parameters which are input to the model.

This is even more so for the case of a non-standard model, like the employed local
thermal non-equilibrium model. In this case, in addition to fluid (Section 7.1.1)
and matrix (Section 7.1.2) properties (and their interaction) the interfacial area
available to heat transfer is a crucial input. The determination of all interfacial
areas in a micro-model has not been accomplished so far and is therefore presented
in detail in Section 7.2.

7.1.1 Material & Fluid Properties

In order to keep the model as simple as possible, we use constant fluid properties
for Fluorinert and water, see Table 7.1. This is mostly justified by the fluids being
both liquids and the comparatively moderate temperature differences during the
experiment.
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Table 7.2: Material properties of the solid phase (PDMS, Mark (1999)).

cs (kJ/kg K) %s (kg/m3) λs (W/m K)
1.2 970 0.15

Although PDMS is in principle elastic, it will be modelled as a rigid, non-deforming
(see Section 6.1.1) solid phase with the properties given in Table 7.2.

7.1.2 Micro-Model Properties

In order to measure intrinsic permeability, steady state flow measurements were
conducted with the model and setup described above. The flow network is com-
pletely filled with the wetting phase (Fluorinert) and one reservoir is connected to a
syringe pump. Upon reaching steady state, the pressure drop along the micro-model
is recorded. With all remaining quantities known, intrinsic permeability can be
calculated by using Darcy’s law (see Equation 3.13). The procedure is repeated
several times and an error of 2% of the intrinsic permeability measurements is
calculated, see Table 7.3.

The capillary pressure – saturation curve is obtained from pressure controlled
quasi-static measurements. Initially, the micro-model is fully saturated with the
wetting phase. The non-wetting phase is introduced through sequential equilibrium
pressure steps. For each step, an optical image of the distribution of fluids in the
network is taken and the corresponding pressure difference between the reservoirs
is recorded. Phase saturations are obtained by image processing. The equilibrium
data points as well as a fit van Genuchten (1980) function are shown in Figure 7.4.

The porosity of the micro-model is also determined by image processing (Table 7.3).
An image of the micro-model fully saturated with the wetting phase is used for
this purpose. The measured value (58%) is close to the value expected from the
design (60.5%).
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Table 7.3: Intrinsic properties of the micro-model.

K (m2) φ(−) µp(µm)
2.3 · 10−10b 0.58b 400a

aKaradimitriou et al. (2014)
bmeasurement

7.2 Image Analysis7

We developed image analysis algorithms to extract saturation and interfacial areas
from recorded images. In order to apply a consistent set of constitutive relations, the
same set of images, recorded for the capillary pressure – saturation measurements
(see above), is used.

The framework first maps each recorded image to a model image of the theoretical
network. Then, it uses a threshold segmentation and basic morphological operations
to compute the area of the wetting and the non-wetting phases in the image, as
well as the border lengths between all areas. Using the scale of the model image,
the areas and lengths in pixel coordinates are scaled to real-world units. In the
final step, these areas and lines are multiplied with the depth of the micro-channels
to obtain an estimate of the real volumes and the interfacial areas. The detailed
image analysis pipeline is described in the following sections.

7.2.1 Thin Plate Spline Warping

The camera optics introduce some distortions to the image. To compensate for
these distortions, and to bring each image to a standard coordinate system, we
compute a mapping (warping) of the recorded image to the model image. This is
done based on a set of manually defined landmark correspondences in the recorded
image. The recorded image is denoted as I : R2 → R; x 7→ I(x). We choose a
rendered model of the micro-channel layout as reference image, see Figure 7.1, left.

7This section is the outcome of joint work with Olaf Ronneberger, University of Freiburg.
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Figure 7.1: Left: Selected landmarks (red dots) in the model. Right: Identified landmarks
in the recorded image.

In this rendered model, the mask selecting the void space is given by Mv : R2 →
{0, 1}. A function value of 1 denotes the void space (white in Figure 7.1, left) and 0
the solid phase (black in Figure 7.1, left). The landmark positions in the recorded
image are denoted by ai ∈ R2, i ∈ {1, . . . , N}. The corresponding landmarks in the
reference image are denoted as bi ∈ R2, i ∈ {1, . . . , N}. From these landmarks we
compute a dense warping function T : R2 → R2 using thin plate spline interpolation
(Bookstein, 1989), such that

ai = T(bi) ∀i ∈ {1, . . . , N} . (7.1)

This transformation is applied to the recorded image to obtain the warped recorded
image (I ′)

I ′(x) := I(T(x)) . (7.2)

We added additional landmark pairs, until all micro-channel borders in the warped
image were aligned to the borders of the model image.

7.2.2 Segmentation

To segment the warped recorded image into the different phases, we first apply a
shading correction to compensate the inhomogeneous illumination and sensitivity
of the optical system. The local attenuation function fa : R2 → R is estimated
from the recorded intensities of the solid phase by a Gaussian weighted averaging
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Figure 7.2: Left: Optical image of a quasi-static measurement point. Right: Segmented
image, Mn is depicted in blue and Mw is depicted in red.

over the solid-phase-pixels in the local surrounding

fa = (Ms · I ′) ∗Gσ

Ms ∗Gσ

, (7.3)

where Gσ(x) = 1 mm√
2πσ exp(− x2

2σ2 ) is the Gaussian smoothing kernel (here σ ≈
2.2 mm),Ms is the mask selecting the solid phase pixels, and ∗ denotes a convolution.
This mask is derived from Mv by inversion and morphological erosion to exclude
the micro-channel borders by

Ms = (1−Mv)	 Cr , (7.4)

where Cr ⊂ R2 describes a disk-shaped structuring element with radius r, i.e.
Cr = {x ∈ R2 | ‖x‖ < r}. Here, we use an r ≈ 110µm. The symbol 	 denotes the
morphological erosion, which is defined for a continuous function f : R2 → R with
a structuring element S ⊂ R2 as

(f 	 S)(x) = min
k∈S

(f(x + k)) . (7.5)

The estimated attenuation function fa is then used to compensate for all attenuation
effects in the image in order to perform the subsequent threshold segmentation.
The pixels belonging to the non-wetting phase are found by

Mn =
[
I ′ ∗Gσ

fa
< 0.5

]
·Mv , (7.6)
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where Gσ is a small Gaussian smoothing kernel with σ ≈ 11µm to avoid noisy
borders in the obtained mask. Very small regions (< 10 pixels ≈ 4800µm2) are
eliminated from this mask using a connected component analysis. The segmentation
mask for the wetting phase is then found by

Mw = (1−Mn) ·Mv . (7.7)

The respective masks are graphically shown in Figure 7.2 for one equilibrium
pressure step.

7.2.3 Estimation of Macro-Scale Quantities

We use the obtained segmentation masks Mw and Mn from each recorded frame
to estimate the volume of the wetting and the non-wetting phase as well as the
interfacial areas between them and the solid phase. The analysis of an empty image
(containing only the wetting phase) at the beginning of the sequence is used to
define a mask of erroneously assigned pixels, originating from scratches and dust
particles on the sample. These pixels are excluded from further analyses.

The volume of the wetting and the non-wetting phases is computed from the area
of the corresponding segmentation mask and the constant depth d of the channels
as

Vw = d
∫
R2
Mw(x)dx (7.8a)

Vn = d
∫
R2
Mn(x)dx . (7.8b)

From this, the calculation of wetting phase saturation is straight forward:

Sw = Vw
Vw + Vn

. (7.9)

The interfacial areas appear as interface border lines in the 2d image. To measure
the length of these borders, they were computed as lines with single pixel width
using morphological operations on the segmentation masks (here all M denote the
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Figure 7.3: Left: Optical image of a quasi-static measurement point. Right: Segmented
image, bns is depicted in blue and bwn is depicted in red. Both borderlines are
grown for visualization.

discretized masks) as

bwn = (Mw ⊕N ) ·Mn (7.10a)

bws = (Mw ⊕N ) · (1−Mv) (7.10b)

bns = (Mn ⊕N ) · (1−Mv) (7.10c)

with N =
{(
−1
0

)
,
(

1
0

)
,
(

0
0

)
,
(

0
−1

)
,
(

0
1

)}
describing the 4-neighborhood of a pixel,

and ⊕ denoting morphological dilation, which is defined correspondingly to the
erosion (Equation 7.5) as

(f ⊕ S)(x) = max
k∈S

(f(x + k)) . (7.11)

The calculated borderlines are shown in Figure 7.3.

To estimate the true length of the resulting lines, the centers between two adjacent
pixels are connected to an open polygon. End pixels, corner pixels (at corners
with an angle of 90◦ or more) and center pixels at line junctions are also added
to that polygon. The measured length of such a polygon differs in the worst case
approximately 3% from the true length of a straight line, which we consider precise
enough for further evaluations.

The actual quantities of interest in this context are the volume specific interfacial
areas (awn, ans). By means of the given measurements, they are actually straight
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forward to compute from Equations 7.10. The respective lengths of the border lines
need to be multiplied by the micro-model depth d and divided by the observed
volume of the micro-model (Vmm)

awn = d bwn
Vmm

(7.12a)

ans = d bns
Vmm

. (7.12b)

7.2.4 Implementation Details & Code Availability

The image analysis pipeline is implemented in Matlab R2013a. The recorded
images have a pixel size of 11µm, the model image was rendered with a pixel size
of 21.9µm. The image analysis source code (along with the raw images) is provided
to the scientific community as part of this work under the GPLv2. Please refer
to Section 3.5 for details regarding the availability and documentation of image
analysis as well as DuMux-code used in this chapter.

7.3 Constitutive Relations

Building on the data obtained by means of the above outlined image analysis
procedure, we shortly present the fit constitutive relations. These constitutive
relations are input to the non-equilibrium macro-scale model. They are therefore
crucial to this work.

Capillary pressures are identified as the difference between the pressures on the
boundaries of the flow network during quasi-static measurements. Wetting phase
saturations, volume specific wetting – non-wetting and non-wetting – solid interfacial
areas have been obtained in Section 7.2.

From these values, a van Genuchten (1980)-type curve was fit to the pc–Sw data
points. The measured data points as well as the fit function are shown in Figure 7.4.
The resulting relative permeability curves are also shown in Figure 7.4.
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Figure 7.4: Left: Measured data points with fit van Genuchten function. Right: Relative
permeability function. The fit coefficients are given in Table 7.4.

Table 7.4: Van Genuchten parameters of the capillary pressure – saturation fit (index pc)
and relative permeability – saturation fit (index kr), see Equations 2.10, 2.15 and
Figure 7.4.

αpc(1/Pa) npc(−) Sw r R2
pc mkr R2

kr

6.8 · 10−4 28.2 0.13 0.99 1.70 0.92
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Figure 7.5: Measured data points with fit functions for awn–Sw (left) and ans–Sw (right)
relations, see Equation 7.13a, 7.13b and Table 7.5. Both relations are a unique
function of Sw because only data of a primary drainage process is fit.

Table 7.5: Fit parameters and coefficients of determination, see Equations 7.13a, 7.13b and
Figure 7.5.

a1 R2
1 a2 R2

2

-253.85 0.99 -2397 0.99
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Linear relations (Equations 7.13a, 7.13b) are fit to the volume specific interfacial
area data, see Figure 7.5 and Table 7.5.

awn = a1Sw − a1 (7.13a)

ans = a2Sw − a2 (7.13b)

All fits were conducted by means of a non-linear least squares fitting tool (MATLAB,
2013).

Naturally, the interfacial area between the wetting and non-wetting phases needs
to be zero for saturations of one and zero, respectively. However, the presented
equations fit the obtained data very well. More research is needed with respect to
the role of residual saturations and the associated interfacial areas during energy
exchange processes. For the time being, we stick to the presented equation.

7.4 Experimental & Modelling Setup

The experimental setup has been exhaustively described in Chapter 6. Here, we
will focus on the modelling decisions, made in order to simulate the experiment and
ultimately calibrate heat transfer coefficients. The most basic decision is how to
represent the physical setup which is to be simulated. We chose a one-dimensional
model, as the process of interest has a dominant direction. The flow processes in
the micro-model are represented by a macro-scale description: There is no detailed
information about geometry, but the properties of the medium and the interaction
with the fluid phases are represented on a volume-averaged basis (see Section 2.2.2).

7.4.1 Balance Equations

We employ the same balance equations as explained in Chapter 3. In the example
presented in Chapter 5, temperature differences arose from evaporation processes.
Here, temperature differences are externally applied. Therefore, we again choose
to select an as simple as possible model. Solubility effects can be neglected, as

109



7 Estimating Transfer Coefficients: Simulation of the Experiment

Figure 7.6: Boundary conditions as well as model abstraction of the simulation.

the chosen phases are virtually immiscible. Technically, this is implemented by
setting the equilibrium, initial and injected mole fractions (xκα equil) to zero and
unity, respectively. This results in pure phases.

The micro-model was placed horizontally during all experiments. Therefore, grav-
itational effects do not play an important role and are neglected. All balance
equations, constitutive relations and the thermodynamical framework are part of
DuMux and are freely available, see Section 3.5 for details.

We kindly remind the reader that in this work the index w stands for the wetting
(see Section 2.1.1) phase. With the solid phase being made of silanized PDMS (see
Section 6.1.1), the wetting phase is not water but Fluorinert.

7.4.2 Initial and Boundary Conditions

Figure 7.6 shows the one-dimensional modelling concept as well as the chosen
boundary conditions. Due to the high circulation flow rate (see Section 6.1.3)
constant conditions are assumed at the inflow to the micro-model. Therefore,
Dirichlet values are set at the left-hand side of the modelling domain. On the
right-hand side, Neumann values (ṁNeum) capture the withdrawal rates of fluid
from the micro-model. Initial conditions are given in Table 7.6.
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Table 7.6: Initial conditions and applied extraction flow rates for the simulations.

ṁwNeum(kg/s) TαDiri(K) pn i(Pa) Sw i(−) Tα i(K)
low-rate 6.2 · 10−7 307.65 1 · 105 0.999 300.15
high-rate 2.48 · 10−6 308.65 1 · 105 0.999 300.15

In this work, two experimental runs, mainly differing in the withdrawal rates
imposed on the right-hand side, will be studied. The two experimental runs will be
termed low-rate and high-rate, see Table 7.6 for the respective values.

7.4.3 Implementation of Heat Loss

As the micro-model is not placed in a complete vacuum, it exchanges energy with
its surrounding. However, the topic of this work is the study and simulation of flow
processes in porous media. Therefore, the exchange processes between micro-model
and surrounding are not explicitly included but captured via boundary conditions.

We conceptualize the micro-model as a flat plate and use literature (McAdams, 1954)
correlations for heat transfer coefficients (hc) from a hot plate. Two contributions
are assigned, heat loss from the top and from the bottom of a hot plate. At each
vertex, with associated surface A, these losses occur according to

Q̇top = hc topA(Tamb − Ts) (7.14)

Q̇bottom = hc bottomA(Tamb − Ts) , (7.15)

with the constant ambient temperature Tamb, chosen to be identical to the initial
temperature. The heat losses are attributed exclusively to the solid phase because
the outside of the micro-model consists of PDMS. Radiation losses are neglected
due to low temperatures.
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7.5 Simulation & Experiment

The goal of this work is to get a better understanding about the heat transfer
between phases in multiphase flow in porous media processes. To be more precise,
we want to estimate the unknown scaling parameter fe, see Section 5.2.

In order to accomplish this, two experimental runs (low-rate and high-rate)
are analyzed. They are simulated as explained above and the unknown scaling
parameter fe is selected by comparing simulation and experiment.

7.5.1 Line Averaging of Temperature

For comparing the measurements and the simulations, the information obtained
during the simultaneous optical and thermal imaging experiment needs to be
condensed. We choose to average the temperature information in y-direction. In
other words: each point in x-direction, observed by the infrared camera, is assigned
y-direction-averaged temperatures. In order to assign the temperature information
to the respective phases, only those points where a phase resides are included in
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Figure 7.7: Left: The mask selecting the invading non-wetting phase is depicted in blue.
Middle: The part of the infrared measurement attributed to the non-wetting
phase. Right: Averages in y-direction of the respective phase temperatures, see
movie Chapter7_1.avi.
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the average. This information is obtained by means of the masks described in
Section 6.2.3.

The procedure for obtaining the one dimensional line averages of Tw, Tn and Ts
is shown in Figure 7.7. This condensed information is compared with simulation
results in the next section.

7.5.2 Matching Simulation Results to Experimental
Observations

First, we present the low-rate experiment and simulation. Figure 7.8 shows
the micro-model experiment after 10 s and 40 s with temperature information
superimposed.

Figure 7.9 shows the line averages of temperatures, explained above. In this figure,
the beginning of the line average is moved to the left-hand side of the flow-network
and the right-hand side of the plot is dictated by the right-hand side of the field of
view of the infrared camera.

Figures 7.10, 7.11, 7.12, 7.13 show simulations of the low-rate experiment. The
heat transfer scaling parameter fe takes values of 0.1, 0.5, 1 and 10.

The temperature difference at the inflow after 10 s is matched best in Figure 7.10.
However, at both observed times, the temperature of the solid phase is not the
lowest temperature, as it is observed in the experiment, see Figure 7.9. Figures 7.12
and 7.13 both show too small a temperature difference in the inflow region when
comparing to the experiment.

We therefore conclude that simulating the experiment with a scaling coefficient
of fe = 0.5 matches the low-rate experiment best. However, two important
experimental observations cannot be matched. First, in the experiment wetting
and non-wetting temperature are close with the solid temperature being below.
In the simulation, solid and wetting temperature are close with the non-wetting
temperature above. Of course this can be explained by the interfacial area between
wetting and solid phase (aws) being an order of magnitude bigger than the interfacial
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Figure 7.8: Overlay of low-rate temperature information and optical image after 10 s (left)
and 40 s (right), see movie Chapter7_2.avi (showing a longer period).
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Figure 7.9: Experimental measurements, low-rate. Left: 10 s after start of invasion, Right:
40 s after start of invasion, see movie Chapter7_3.avi.
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7.5 Simulation & Experiment

area between non-wetting and wetting phase (awn). However, this is a notable
discrepancy between simulation and experiment.

Furthermore, the front velocity in the simulation is faster than in the experiment.
In Section 7.5.3 an explanation for this observation is given.
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Figure 7.10: Simulation of the experiment, low-rate. Left: 10 s after start of invasion,
Right: 40 s after start of invasion, fe = 0.1.
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Figure 7.11: Simulation of the experiment, low-rate. Left: 10 s after start of invasion,
Right: 40 s after start of invasion, fe = 0.5.
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Figure 7.12: Simulation of the experiment, low-rate. Left: 10 s after start of invasion,
Right: 40 s after start of invasion, fe = 1.
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Figure 7.13: Simulation of the experiment, low-rate. Left: 10 s after start of invasion,
Right: 40 s after start of invasion, fe = 10.
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7 Estimating Transfer Coefficients: Simulation of the Experiment

After having presented the matching of the low-rate experiment with simulation
results, we present now experimental observations and simulations of the high-rate
experiment.

Figure 7.14 gives an impression of the high-rate experiment after 5 s and 10 s and
Figure 7.15 gives the line averages of the observed temperatures.

Figures 7.16, 7.17, 7.18, 7.19 show simulations of the high-rate experiment with
heat transfer scaling factors fe of 0.1, 0.5, 1 and 10, respectively.

Basically, the same reasoning as given for the low-rate experiment and simulation
hold. This is in itself encouraging: The model behavior is consistent and behaves as
expected with respect to a change in boundary conditions. We therefore conclude
that for the given boundary conditions and variations of parameters, a heat transfer
scaling factor of fe = 0.5 is the best choice.

However, it has to be noted that the lowest fe = 0.1 gives the best match for the
temperature difference at the entrance. The incorrect behavior of the solid phase
temperature can be attributed to too rough an approximation of the heat losses to
the surrounding. Higher heat losses would decrease solid phase temperature, as
observed in the experiment.
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Figure 7.14: Overlay of high-rate temperature information and optical image after 5 s
(left) and 10 s (right), see movie Chapter7_4.avi (showing a longer period)
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Figure 7.15: Experimental measurements, high-rate. Left: 5 s after start of invasion,
Right: 10 s after start of invasion, see movie Chapter7_5.avi.
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Figure 7.16: Simulation of the experiment, high-rate. Left: 5 s after start of invasion,
Right: 10 s after start of invasion, fe = 0.1.
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Figure 7.17: Simulation of the experiment, high-rate. Left: 5 s after start of invasion,
Right: 10 s after start of invasion, fe = 0.5.
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Figure 7.18: Simulation of the experiment, high-rate. Left: 5 s after start of invasion,
Right: 10 s after start of invasion, fe = 1.
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Figure 7.19: Simulation of the experiment, high-rate. Left: 5 s after start of invasion,
Right: 10 s after start of invasion, fe = 10.
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Figure 7.20: Pressure distribution in the simulated experiment. Capillary pressure causes
an unintended pressure gradient to the left in the wetting phase.

7.5.3 Limitations of the Chosen Boundary Conditions

Figure 7.20 shows the pressure distribution of the low-rate simulation after 2 s
simulated time. As explained in Section 7.4, on the left boundary a Dirichlet
value of Sw = 0 and in the domain an initial saturation of Sw = 0.999 is set. In
other words: two adjacent nodes have states corresponding to the very ends of the
capillary pressure – saturation curve (Figure 7.4). This leads to a big gradient in
capillary pressure and thus in the wetting phase pressure. This gradient causes
a flux of wetting phase leaving the left-hand side of the domain. This happens
regardless of the zero mobility of the wetting phase on the left-hand boundary:
Mobilities are either upwinded or obtained by central spatial weighting. This way,
the non-zero upstream mobility is transferred to the boundary node. In order to
fulfill mass conservation, more mass of the non-wetting phase has to enter the
domain than caused by the Neumann boundary condition on the right-hand side
alone.

Although this behavior fulfills the physical constraints (conservation equations,
constitutive relations) formulated in the model, it leads to a behavior which is not
observed in the experiment. The main result of the described effect is that too
much mass of the non-wetting phase is in the system and the front locations cannot
be exactly matched between simulation and experiment.
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7.6 Summary & Conclusion

In this chapter, the experiment described in Chapter 6 was successfully simulated
by means of a one-dimensional macro-scale model.

We provided detailed information about the simulation setup and employed material
parameters. In order to obtain relevant input parameters to the macro-scale model,
new image analysis algorithms have been developed and provided under a free
license.

A number of issues remain unsolved in this context or had to be roughly approxi-
mated. First, and most notably, this is the role of heat losses to the environment.
We chose an empirical formula, valid for free convection from a horizontal plate.
However, the accuracy of such a formula remains open to validation in view of the
given dimensions of the micro-model. The best approach would be to place the
micro-model in a vacuum during the experiment in order to have good control over
boundary conditions.

The role of residuals, and their associated interfacial areas, during kinetic energy
exchange is to the best of our knowledge poorly understood. Up to now, residual
interfacial areas and bulk phase interfacial areas are treated identically although
residuals are not connected to bulk phases. Under the given flow conditions, they
remain immobile and should therefore be treated differently from the bulk phases.

With respect to the imaging setup, the weakest points remain the synchronization
of image streams (see Section 6.2.1) and the limited field of view of the infrared
camera. In Section 7.5.3, we pointed out that the chosen boundary conditions do
not perfectly match the observed behavior of the system.

In spite of the listed limitations of the presented model, the novelty and scientific
contribution of the presented work are substantial. This is the first time for phase
specific energy balances to be used in the simulation of an actual experiment.
Furthermore, the experimental setup is new in its accessibility to optical and
thermal observation. This is remarkable as it allows the phase specific attribution
of temperatures. In other experimental setups in multiphase flow in porous media,
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it is often unclear or hard to control which temperature is actually measured. The
detailed information as well as the decision to employ free and open-source software
development strategies make our results open for testing and continuation.

We give an order of magnitude estimate of the alleged heat transfer scaling factor
of fe = 0.5 for this setup.

The ultimate goal of this work is to study the correctness and applicability of
the local thermal equilibrium assumption in multiphase flow in porous media.
Therefore, the reasonable reproduction of the experimental observations can be
taken as the point of origin for multiple further paths of research.

First of all, it has to be clearly stated that local thermal non-equilibrium is not of
major importance for the given setup and boundary conditions. Therefore, either
temperature differences between phases could be increased or, more interestingly,
heat sources should be introduced in one of the present phases. This can be
motivated by chemical reactions taking place or by the cooling of a severely
damaged nuclear reactor core.

Another interesting direction of research is the study of averaging and the choice
of appropriate models. The choice of using a one-dimensional model could be
questioned. Beyond this question, the applicability of macro-scale models to
this type of problem could be challenged. Interesting tools in this respect are
pore-network models which can be seen as tools for volume averaging.

By the provided experimental, analysis and modelling tools, we give a solid foun-
dation for the further study of local equilibrium assumptions in multiphase flow in
porous media.
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8
Forced Evaporation:
Model Comparison for a Highly
Non-Isothermal System8

Up to know, we developed a model and calibrated it to experimental observations.
In another effort to increase confidence in model results, a comparison study of
two independently developed numerical simulators is conducted in this chapter.

The second distinction of this chapter is the physical setup, which is to be simulated.
We simulate a technical application: Metallic or ceramic evaporators are used for
fuel pre-evaporation before combustion (Brandauer et al., 2002) or burners with
small thermal output, see Figure 8.1. For a good overview of literature and
applications see Wang and Cheng (1997).

For the sake of model comparison, the developed fully implicit macro-scale model is
adapted to the problem at hand. The standard local chemical equilibrium module
is combined with a local thermal non-equilibrium module. However, differently to
the model presented so far, local thermal equilibrium is still assumed between the
fluid phases. This results in two energy balance equations and temperatures: The
temperatures in void space and solid phase are distinguished.

8This chapter is published in
Lindner, F., Nuske, P., Helmig, R., Mundt, C., and Pfitzner, M. (2014a). Transpiration cooling
with local thermal non-equilibrium: Model comparison in multiphase flow in porous media. Journal
of Porous Media. submitted
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Figure 8.1: Schematic of a burner for small thermal output which utilizes a porous evaporator.

Bau and Torrance (1982) experimentally show for boiling in a vertical, porous
medium filled cylinder which is heated from below and cooled from above that
the evaporation process within the porous matrix can be divided into three zones:
liquid region, two-phase region and superheated region. This is the physical setting
which will be studied in this chapter. Therefore, we can benefit from the exact
knowledge of the physical processes and apply energy transfer functions for boiling
in the two-phase region and single-phase relations for the gas and liquid saturated
parts.

Theoretically, for these three zones, three sets of energy equations could be solved
according to the thermodynamic state of the fluid with separate phase models
(SPM). The SPM require coupling of solutions through boundary conditions at the
transition between the respective zones (macroscopic phase boundaries). Drawbacks
of this approach are the need for tracking the interface between the zones and a
large number of coupled conservation equations.

An alternative to this approach was presented in the work of Wang and Beckermann
(1993) and Wang and Cheng (1996) who solved one set of conservation equations
only for mixture variables using a volume averaging method. They developed a
general set of conservation equations for the multiphase mixture and solved for
enthalpy instead of temperature. These multiphase mixture models have been
described and used in the literature (Wang, 1997; Li et al., 2010a,b,c; Yuki et al.,
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2008; Xue, 2008; Wang et al., 1994; Wang, 1996; He et al., 2013; Lindner et al.,
2014b).

For some cases, the local temperature difference between the fluid and the porous
matrix cannot be neglected. In the case of heat sources or sinks in the solid matrix,
fluid- and solid-phase temperatures may locally differ significantly (Wakao et al.,
1979). In the following work, we use the term local thermal (non-) equilibrium
indicating whether the local temperature difference between solid and fluid is (not)
negligible. In the case of the local thermal equilibrium assumption breaking down,
the individual compartments (solid – void) need to be described by individual
energy balance equations leading to an increased number of unknowns.

Even without such sources or sinks, as Wang and Wang (2006) showed for gaseous
fluids, the fluid mass flow rate (i.e. Peclet number) and the Biot number
in the pores are the most important parameters influencing the applicability of
local thermal equilibrium (LTE) or non-equilibrium (LTNE) assumption. Using a
two-energy equation approach to compute the temperatures of the fluid and the
porous matrix, Shi and Wang (2011) have generalized the two-phase mixture model
(TPMM) for local thermal non-equilibrium.

We aim to further discuss the numerical simulations of transpiration cooling with
LTNE by showing the results of two models and comparing them to the results of
Shi and Wang (2011). On the one hand, we show a newly developed fully coupled
non-equilibrium model, which was implemented in DuMux (Flemisch et al., 2011).
On the other hand, we show the results from a newly developed solver in Matlab
(MATLAB, 2013), which uses the multiphase mixture model in LTNE. The solver
in Matlab is verified by using the same set of equations and constitutive relations
in Comsol (COMSOL, 2013).

This chapter is divided into six parts. First, the different models are introduced
and discussed. We show differences and common features from the physical, as
well as from the numerical point of view. Then, we discuss the numerical solution
process for both concepts. Furthermore, we show the problem setup and boundary
conditions which are taken from Shi and Wang (2011). Eventually, we show the
numerical results and discuss similarities and deviations of the respective models.
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8.1 Mathematical Models

In this section, we briefly introduce the governing equations of the presented
models. First, in Section 8.1.1, the fully coupled system of equations, implemented
in DuMux (Flemisch et al., 2011), will be presented. In Section 8.1.2, the two-phase
mixture model will be explained. We conclude the section by showing common
features and differences between the two mathematical models.

8.1.1 Fully Coupled Model

The balance equations constituting the fully coupled model are shown in Table 8.1.
All presented conservation equations consist of a storage, a flux and a source/sink
term. The storage terms will be further discussed in Section 8.1.3.

Equation 8.1 represents the mass conservation equation of a one component (water
in liquid and gaseous state), two-phase system. It is a standard formulation for
mass conservation in multiphase porous media flow (Helmig, 1997). All terms are
described phase specifically and are subsequently summed up, because the mass of
the considered component is conserved regardless of its phase state. This leads to
one conservation equation as only one component is present in the system.

In order to capture local thermal non-equilibrium, i.e. the potentially differing
temperatures in the solid phase and void space, at least two distinct energy
conservation equations are needed. Equation 8.2 allows to calculate the temperature
in the void space, i.e. an average temperature of up to two fluid phases. In fluids,
energy can either be transported without the movement of mass (conduction) or
it can be transported by the associated mass flux (advection). In the same sense,
on the right-hand side, energy can either be provided associated with a mass flux
(q̇conv) or directly (q̇heat).

The fluid and solid phases are (in an averaged sense) present at the same point.
Therefore, the right-hand side of the equation has to capture sources and sinks as
well as an exchange term (q̇sf) between the solid and fluid phases. The exchange
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Table 8.1: Conservation equations of the fully coupled model. Momentum descriptions of
the two models are discussed in Section 8.1.3.

Conservation
of mass

∑
α

∂ (φSα%α)
∂t

+
∑
α

∇· (%αvα) =
∑
α

q̇α (8.1)

Conservation
of fluid energy

∑
α

∂ (φ%αSαhα)
∂t

+
∑
α

∇· (%αvαhα)−∇· (λf eff∇Tf ) =

+ q̇conv + q̇f heat + q̇sf (8.2)

Conservation
of solid energy ∂ ((1− φ)%scsTs)

∂t
−∇· (λs eff∇Ts) = q̇s heat − q̇sf (8.3)

term is identical for the two presented models and will therefore be explained in
Section 8.1.3.

Equation 8.3 is the energy conservation equation for the solid phase. Here, energy
can only be transported via conduction and sources / sinks can only be represented
by direct input of energy. This means that we only allow energy but not mass flux
into the solid phase.

In e.g. Crone et al. (2002) a similar implicit model, capturing the temperature
difference between fluid phases and a coarse porous medium, is described. However,
in their work the heating of a porous medium by an inflowing hot fluid phase is
studied.

8.1.2 Two-Phase Mixture Model in Local Thermal
Non-Equilibrium

In the following, the governing equations of the two-phase mixture model in local
thermal non-equilibrium (TPMM-LTNE) are shown. The term mixture is used
here with respect to fluid phases inside a control volume.
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Table 8.2: Conservation equations of the TPMM-LTNE model (Shi and Wang, 2011). Mo-
mentum descriptions of the two models are discussed in Section 8.1.3.

Conservation
of mass

∇ · (%v) = q̇ (8.4)

Conservation
of fluid energy

∇·(γhvH)−∇·(Γh∇H)−∇·
[
f(Sw)K∆%∆hv

νn
g
]

=

q̇f heat + q̇conv + q̇sf (8.5)

Conservation
of solid energy

−∇ ·(λs eff∇Ts) = q̇s heat − q̇sf (8.6)

In other words, not the properties of the individual phases are resolved, but
properties of the mixture of the gas and liquid phases. Therefore, the variables
%,v, H stand for the properties of the mixture of the liquid and gas phases (Wang,
1997; Wang and Beckermann, 1993) and will be called mixture variables in the
scope of this chapter.

The formulation is used as presented by Shi and Wang (2011) who based their
work on Wang (1997): Balance equations are formulated on the macro scale in
a volume-averaged setting and capillary pressure is included as the macroscopic
phase pressure difference. I.e. taking the energy conservation equation for the fluid
at steady state, we sum up over the phases α and get:

∑
α

∇· (%αvαhα)−∇· (λf eff∇Tf ) = q̇conv + q̇fheat + q̇sf . (8.7)

Instead of using the sum in the first term of Equation 8.7, the volumetric mixture
enthalpy H is used (Wang and Beckermann, 1993). Introducing more mixture terms
and rearranging Equation 8.7, we solve an energy conservation equation for the
fluid mixture. Temperature differences between solid and fluid are allowed, leading
to two energy conservation equations. The conservation equations for steady flow
are summarized in Table 8.2, i.e. conservation of mass as well as fluid and solid
energy.
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The properties of the phases are captured by mixture variables. Having a look
at Equation 8.5, the first term accounts for advective fluxes of the energy of the
phases. Energy fluxes due to relative phase motion can be capillary diffusion due
to capillary pressure and density-driven gravity effects. The former is captured by
the second term and the latter is implemented in the third term. Heat conduction
is also accounted for by the second term as a sub-term in the effective diffusion
coefficient Γh.

For brevity, the mixture variables and properties as well as the supplemental
equations for enthalpy (H) and the hindrance function (f) are not discussed here,
and the reader is referred to the literature (Wang, 1997; Wang and Beckermann,
1993).

8.1.3 Common Features and Differences

The two models presented above are two ways to look at the same thing, i.e.
energy and mass conservation in a porous medium without assuming local thermal
equilibrium between fluid and solid phases and including capillary pressure.

Therefore, several aspects of the two models are identical, as the same physics are
to be captured. These will be explained first.

Energy Transfer

Both models apply the heat transfer relation proposed by Shi and Wang (2011) for
the case of evaporative cooling by an external heat source. It is based on the phase
state as well as flow and fluid properties:

q̇sf =h̄swas(Ts − Tf ) for Sw = 1, (8.8)

q̇sf =(1− Sw)h̄snas(Ts − Tf ) + Swasq̇boil for 0 < Sw < 1, (8.9)

q̇sf =h̄snas(Ts − Tf ) for Sw = 0, (8.10)
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where

q̇boil = µw∆hv
[
g(%w − %n)

σ

]0.5 [
cw(Ts − Tsat)
bsf∆hvPr1.7w

]3

(8.11)

is the heat which is exchanged between solid and fluid for boiling processes (Rohse-
now, 1952; Clark and Rohsenow, 1954). The factor bsf represents a constant for a
unique combination of fluid and solid surface, bsf = 0.006 for water and bronze is
chosen. Tsat is the temperature of the boiling component for a given pressure.

In the one-phase liquid region (Sw = 1), heat transfer is a function of the tempera-
ture difference between solid and fluid phases, see Equation 8.8, which describes
the sensible heat flux. However, in the two-phase regime (1 > Sw > 0), the heat
transfer function is more complex as the boiling process influences the heat transfer.
This is captured by the contribution of q̇boil in Equation 8.9, which accounts for
the latent heat flux. Potentially, in this region, there is energy transfer without a
temperature difference between the phases.

Heat transfer in the single-phase gaseous region (Sw = 0) is again a function of the
temperature difference between solid and fluid phases, see Equation 8.10.

The mean heat transfer coefficient between the solid and the respective fluid phase
α, h̄sα, is calculated by means of the Nusselt number

Nuα = h̄sαL

λα
α = w, n (8.12)

and a Nusselt-correlation (Wakao and Kagei, 1982) for the case of heat transfer
in a porous medium under single-phase conditions

Nuα = 2 + 1.1Pr1/3
α Re3/5

α . (8.13)

As characteristic length L, the characteristic size of the porous medium dP is
chosen.

Phase specific Reynolds numbers are computed by means of the respective phase
velocities vα

Re = |vα|L
να

. (8.14)

In the case of the TPMM model, velocities have to be extracted from the mixture
velocity, taking into account the diffusive mass flux (Wang, 1997). The fully coupled
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model obtains volume-averaged velocities by averaging the phase velocities defined
on the faces of the control volumes.

Capillary Pressure Relation & Relative Permeability

The two presented models have a different notion of phase pressure. However, the
same function for the macroscopic phase pressure difference (pc) is applied (Udell,
1985)

pc = σ

√
φ

K
(
1.263(1− Sw)3 − 2.120(1− Sw)2 + 1.417(1− Sw)

)
. (8.15)

This function incorporates the influence of surface tension (σ) as well as permeability
(K) and porosity (φ) on capillary pressure. Also based on Udell (1985) the relative
permeabilities in both models are chosen as

krw = S3
w (8.16)

krn = (1− Sw)3 . (8.17)

Average Conductivities & Remaining Quantities

Both models use the same average conductivities

λf eff = φλf with λf = Swλw + (1− Sw)λn (8.18)

λs eff = (1− φ)λs . (8.19)

Volume changing work is neglected and fluid properties are assumed constant as
listed in Table 8.4 and in more detail in Shi and Wang (2011).

Time Discretization

The TPMM, presented here, is stationary in time. It can describe problems which
are known a priori to have a steady solution. The fully coupled model, on the other
hand, is transient. It cannot only resolve a stationary final state of a problem, but
also the transition from the initial state to a potentially stationary state.
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One could argue that the given problem is stationary in time and therefore a
stationary model is the appropriate choice. However, in DuMux we generally
strive for the highest possible generality and re-usability of code. Therefore, the
non-steady model described in Table 8.1 is applied and the desired stationary state
is identified from analysis of the result. When variables do not change over time
any more, the solution is considered stationary and results are compared to the
TPMM model results.

Treatment of Components

The TPMM model treats a mixture of different phases. In the case of multicompo-
nent flow, the distribution of the respective components between the phases, present
at a point, has to be determined by extra conservation equations for components
and computation of the vapor liquid equilibria in the two-phase zone.

The fully coupled model, on the other hand, bases the mass conservation on
component balances. Each component has its own balance equation, which allows
a straight forward extension to more considered components.

In this chapter, we only deal with a single-component flow setup for the fluid.
Therefore, this difference is not of major importance. However, in Appendix A the
extension to two components is discussed.

Momentum Description

Both Models apply extended Darcy’s law, although in different notions. In the
case of the TPMM model, a mixture pressure p drives a mixture velocity v

v = −K
µ

(∇ p− %kg) . (8.20)

The fully coupled model, on the other hand, calculates phase velocities vα which
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are based on phase pressures pα

vα = −Kkrα(Sw)
µα

(∇ pα − %αg) . (8.21)

Further Differences

In Section 8.2, the numerical solution schemes of the two models will be explained
in more detail. Section 8.3 will present model specific adaptations of the boundary
conditions, necessary in order to simulate the given problem.

8.2 Numerical Solution

In this section, the numerical procedures, used to solve the fully coupled as well as
the TPMM model, are presented. Naturally, the degree of detail varies, as the fully
coupled model is part of a bigger endeavor (DuMux) which is documented elsewhere
(Flemisch et al., 2011; Nuske et al., 2014a). DuMux is free and open-source software,
published under the GPL (Free Software Foundation, 1991), see Section 3.5 for
details. Therefore, also the source code can be directly studied.

8.2.1 Numerical Solution Fully Coupled Model

Space discretization is accomplished by a vertex centered finite volume (Huber
and Helmig, 2000) scheme. As mentioned earlier, although the problem in this
chapter is stationary, the fully coupled model, presented in Table 8.1, is non-steady.
In terms of time discretization, a fully implicit scheme is chosen. The resulting
set of partial differential equations is linearized by means of numerical forward
differentiation and a Newton-scheme. Full upwinding is used for all simulations.

The only adaptation in terms of numerical solution which had to be applied was a
regularization of the energy transfer function (q̇sf ). As explained in Section 8.1.3,
the approach for energy transfer is different in the single-phase and two-phase
regions.
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Figure 8.2: Heat transfer function in the two-phase region for a fixed temperature difference
Ts − Tsat = 1 K. The regularized parts are depicted as dashed lines.

Actually, there is a kink in the energy transfer function at the transition from
a gaseous to a two-phase state and it is even non-continuous with respect to
saturation at the transition from two-phase to liquid state. The problem of interest
is stationary in time and exhibits sharp gradients in saturation. Therefore, the
described transitions lead to numerical problems.

These problems are counteracted by regularizing the energy transfer function by
means of a third order spline for low (Sw < 10−3) and high (Sw > 0.999) saturations,
see Figure 8.2.

8.2.2 Numerical Solution TPMM-LTNE

Two different solvers were used in order to verify simulation results. First, the
in-house developed Matlab solver, based on R2013a, is explained (Solver 1) followed

136



8.2 Numerical Solution

by the description of the Comsol implementation (Solver 2).

Solver 1 implements the equation system of Table 8.2 by means of a cell centered
finite volume scheme. It is solved in an iterative manner:

1. Initialize: Sw, Tf (−→ H), Ts,v

2. Compute mixture variables

3. Compute velocity field

4. Compute heat transfer coefficients with phase velocities

5. Compute temperature fields for the coupled energy equations

6. Compute residuum for energy field and continue with step 2 if convergence
criterion is not met

As a convergence criterion, it is demanded that temperatures do not vary between
iterations any more. Numerically, this means that the root mean square of the
relative difference of temperatures Tf and Ts at all cells i between successive
iterations, n and n+ 1, should be below 10−5:

√√√√√ 1
2n

∑
i

(T n+1
s i − T ns i
T ns i

)2

+
(
T n+1
f i − T nf i
T nf i

)2 < 10−5. (8.22)

It was tested and made sure that this criterion goes along with a converged
saturation distribution. Under-relaxation iteration is used for the coupled energy
equations.

Inserting the momentum conservation equation of the TPMM into the mass con-
servation equation, i.e. Equation 8.20 into Equation 8.4 leads to:

∇ ·
(
%

(
−K
µ

(∇ p− %kg)
))

= q̇ . (8.23)
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Comparing Equation 8.23 with single-phase flow conservation equations, e.g. as
used in MRST (Lie et al., 2012),

∇ ·
(
− K
µw

(∇ pw − %wg)
)

= q̇/%w , (8.24)

one can see that their mathematical structure is identical.

Pressure is differently defined in MRST (global pressure) and TPMM (mixture
pressure). Since the mixture pressure is just used as an auxiliary variable to
compute the mixture velocity, the single-phase formulation (Equation 8.24) can be
used in MRST, if one incorporates the variable mixture density % in the cells. This
is done by solving for the velocity field with a hybrid solver in MRST v. 2013a
with an extension for variable density, i.e. implementing the mixture density in the
transmissibility matrix.

In other words, the driving potential gradient of fluid flow for MRST can be
exchanged by a mixture pressure gradient, if you consider mixture variables instead
of single-phase variables. In a mathematical sense, these two are identical.

Grid convergence was investigated with different grid resolutions of 1000, 1500 and
2000 cells. Independence of the grid was found with choosing 1500 cells, with the
maximum difference (to the finer grid) of the solid temperature of less than 1%.

The convective fluxes are stored at the cell interfaces. A Power-Law is used for
treatment of the advective and diffusive fluxes (Patankar, 1980). For large advective
fluxes at cell interfaces, a numerical upwinding scheme is used for stability reasons.

The switch between these discretization schemes is based on a Peclet number (Pe)
related criterion, which will be explained in the following. The Peclet number at
the cells is defined inspired by Patankar (1980) with the cell width ∆x and the
velocity v as

Pe := γh|v|
Γh/∆x

. (8.25)

Using this definition, upwinding is used for Pe ≥ 10. Note that for this distinction,
the advective and diffusive fluxes in a mathematical sense, according to Table 8.2,
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Figure 8.3: Macroscopic phase boundaries and position of cell centers for finite volume
scheme. See porous evaporator in Figure 8.1.
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Figure 8.4: Γh and Pe for a generic transition between two-phase and super-heated region.
The solid black lines (without markers) represent the actual values at cell centers,
while the other lines indicate approximated values at cell interfaces.

are used. In other words, the diffusive fluxes consist of capillary and conductive
fluxes.

As Γh degenerates at macroscopic phase boundaries, Pe tends to infinity. See
Figure 8.3 for definitions of the terms macroscopic phase boundary and the position
of cell centers for the finite volume scheme. Degenerating diffusive fluxes can intro-
duce numerical instability. Thus, we examined different possibilities of evaluating
the effective diffusion coefficient, Γh. It is needed at cell interfaces and therefore
needs to be obtained by averaging cell values. However, the method of averaging
for the diffusion coefficient at the cell interfaces has an influence of several orders
of magnitude on Γh itself.

In the following, we will show the influence of several prominent averaging schemes
on Γh, namely:
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I arithmetic mean

II geometric mean

III harmonic mean

IV harmonic mean with arithmetic mean of log10 Γh at macroscopic phase bound-
aries

V modified Kirchhoff-method (Voller and Swaminathan, 1993)

VI modified Kirchhoff-method with arithmetic mean of log10 Γh at macroscopic
phase boundaries

Using the Kirchhoff approximation (cases V and VI), an additional nested iteration
has to be used:

1. given Hi, compute Γh i at cell centers i

2. compute Γh i±1/2 at cell interfaces i± 1/2

3. solve energy equations → Hi

4. compute Γh i with mixture variables

5. compute residuum for energy field and Γh i±1/2 and continue with step 1 if
convergence criterion is not met

In Figure 8.4, we show Γh i at the cell centers and the corresponding Γh i±1/2 at
the cell interfaces for cases I to VI for a generic shift of two-phase to super-heated
zone according to Figure 8.3. We also show the corresponding Pe numbers for
these cell interfaces. As the effective diffusion coefficient varies by several orders
of magnitude, depending on the method of computation at the cell interfaces, the
Peclet number also varies in several orders of magnitude.

For cases V and VI, the values after the first iteration are shown. Clearly, using the
Kirchhoff-method, the computational effort is larger. The influence of the methods
for computation of Γh at the cell interfaces on simulation results is discussed in
Section 8.4.2. To evaluate Pe at the cell interfaces, γh has to be interpolated at
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the cell interfaces. The same procedure as for Γh is used. For the following results,
case IV was used.

Solver 2 solves the same equations with a finite element scheme in Comsol v. 3.5a.
In Comsol, the mass and momentum conservation equations are solved using the
Subsurface Flow module, and the energy conservation equations are solved using
the PDE module. The results of Solver 1 and Solver 2 are almost identical. Thus,
the differences between the results from the solvers are not discussed here but are
taken as cross-validation of model implementation and numerics. In the following
sections, only results from Solver 1 are shown.

8.2.3 Differences in Numerics

The main difference, with respect to numerics, is the order in which the formulated
balance equations are solved. The fully coupled model solves all given balance
equations simultaneously. As it is not stationary, it can be added that all unknowns
are solved for at the new time-level (fully implicit).

The TPMM model, on the other hand, solves the equations iteratively. Starting
from an initial condition, the given equations are solved consecutively and solutions
are used in the next iteration. In that sense, the numerical solution of the TPMM
model can be called a decoupled scheme.

8.3 Problem Setup & Boundary Conditions

In this section, we first describe the physical problem setup which is simulated in
this context. Next, we will explain the boundary conditions implemented in the
respective models.

We simulate the complete evaporation of a liquid within a porous medium, see
Figure 8.1. The liquid phase enters the domain over one boundary with a given
mass flux. On the other boundary of the porous medium there is energy supply
to the solid phase, atmospheric pressure conditions prevail and all fluid mass can
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Figure 8.5: Problem setup and boundary conditions for the two models. More implementation
related details are adapted as described in Shi and Wang (2011).

leave the system. The heat is exclusively provided to the solid phase because the
gas phase is assumed to be transparent to radiation.

The solid phase consists of a metallic material with a high heat conductivity. This
leads to complete evaporation of the injected fluid before reaching the exit of
the porous medium. Liquid water is the wetting phase and water vapor is the
non-wetting phase in this context.

Three regions can be distinguished in the domain. First, the fluid is heated up in a
single-phase liquid region. Upon reaching boiling conditions, a two-phase region,
with gas and liquid present, follows. In this region, capillary forces act on fluid
movement. After the liquid is completely evaporated, a single-phase gas region
starts where the gas is further heated up, until reaching the exit of the porous
domain, see Figure 8.3. This setup is known in literature as transpiration cooling
(Kaviany, 2002). However, the work presented in this chapter is motivated by the
mathematically identical application of porous evaporators, see Figure 8.1.

In this chapter, we will only treat single-component (water) flow. This has two
reasons. We want to limit the degrees of freedom and keep the system as simple
as possible in order to compare the two presented models. Secondly, there are
published simulation results (Shi and Wang, 2011) for the described setup, allowing
comparison of our models to these results. Parameter values, describing the fluids
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Table 8.3: Properties of the porous medium.

Property Value Unit
K 1.69 · 10−10 m2

φ 0.35 -
λs 30 W/m K

as well as the porous medium, are shown in Tables 8.3 and 8.4.

The boundary conditions, implemented in order to simulate the above described
physical setup, are summarized in Figure 8.5. The numerical boundary conditions
on the left-hand side of the domain are almost identical for the mass conservation
of the coupled and the TPMM model. Water enters the simulation domain via a
Neumann boundary condition.

In the TPMM model, temperature is fixed with a Dirichlet boundary condition
for the fluid and the solid phase is covered by the same mixed boundary condition,
as Shi and Wang (2011) are using. This is a mixed boundary condition of third
order taken from Wang and Shi (2008)

λs eff
∂Ts
∂x

+ Γh
∂H

∂x
+ f

K∆%∆hv
νn

g = h̄in(Ts − Tf in). (8.26)

The fully coupled model injects the energy flux associated with the given mass flux
and the Dirichlet temperature of the TPMM model (Tf in = 300 K) in the fluid
balance equation. Neumann no-flow is set for the solid phase.

Table 8.4: Main fluid properties as used in both models.

Property Liquid Gas Unit
%α 1044 1.679 kg/m3

cα 4.217 · 103 2.029 · 103 J/kg K

να 2.694 · 10−7 7.16 · 10−6 m2/s

λα 0.68 0.0248 W/m K

σ 0.0589 N/m
∆hv 2.257 · 106 J/kg
Tsat 373 K
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On the right-hand side, different approaches had to be chosen. The TPMM model
prescribes a zero gradient in fluid temperature, allows mass to freely leave the
domain and injects energy into the solid phase.

However, this was not straight forward to implement in DuMux. Therefore, an
approach mimicking the described physical setup was chosen. The simulation
domain is extended (outflow region) in the direction of flow and atmospheric
pressure prevails at the end of the extended domain. Heating was implemented as
a source term to the solid phase at x = 0.1 m, see Figure 8.5.

In the outflow region, material properties were adapted such that they have as little
influence on simulation results as possible. Permeability is set to a value four orders
of magnitudes above the value of the porous medium in order to keep the pressure
gradient in the outflow region as small as possible. The heat conductivity in the
outflow region is two orders of magnitudes smaller than in the porous medium such
that as little heat as possible is lost to the outflow region.

All simulations are carried out in 1d. The stationary state of the described models
is used for comparison.

8.4 Results and Discussion

In this section, we will present results of the models explained in Section 8.1. First,
an analytical calculation of the outlet temperature is presented. Next, results from
the two models for different boundary conditions are compared to one another
and to values found in the literature. Finally, the influence of key parameters on
simulation results is analyzed.

8.4.1 Analytical Outlet Temperature

In order to get a priori knowledge about the system described above, we analytically
estimate the temperature of the fluid phase at the exit of the porous domain. A
typical case, according to Figure 8.5, can be divided into three regions, which
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correspond to the heating of liquid fluid to saturation state, complete evaporation
until dry steam conditions are reached and further heating of the super-heated
vapor:

liquid −→ start of two-phase︸ ︷︷ ︸
∆q̇1 = ṁcw(Tsat − Tin)

phase change︸ ︷︷ ︸
∆q̇2 = ṁ∆hv

end of two-phase −→ super-heated︸ ︷︷ ︸
∆q̇3 = ṁcn(Tex − Tsat).

q̇dryout = ṁ [cw(Tsat − Tin) + ∆hv] is the minimal heat flux to completely evaporate
the fluid mass flux. The fluid exit temperature Tex can be calculated analytically
with the heat flux boundary condition q̇s heat

Tex =



Tin + q̇s heat
ṁcw

, if q̇s heat ≤ ṁcw(Tsat − Tin)

Tsat, if ṁcw(Tsat − Tin) < q̇s heat < q̇dryout

Tsat + q̇s heat − q̇dryout
ṁcn

, if q̇dryout ≤ q̇s heat

(8.27)

This is of course only true, if the solid is not conducting any heat at the inlet:

λs eff
∂Ts
∂x

∣∣∣∣∣
in

= 0 (8.28)

Furthermore, heat conduction of the fluid should be zero or negligible at the inlet
and exit, which we assume by choosing the boundary conditions mentioned in
Section 8.3.

Table 8.5 shows results of the TPMM presented in this work (Solver 1 and Solver 2)
and the fully coupled model, in comparison with the values found in the literature.
Both results from the TPMM, as well as the coupled model, are in good agreement
with the analytical solution.

8.4.2 Results and Model Comparison

Both solvers for the TPMM (Matlab and Comsol, see Section 8.2.2) show almost
the same fluid exit temperatures for the same set of boundary conditions. To
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Table 8.5: Comparison of the outlet fluid-temperature between Shi and Wang (2011), the
Matlab and Comsol solvers of the TPMM (Solver 1 and Solver 2) and the fully
coupled model.

Tf, num|
y=L

Tf, analyt|
y=L

boundary conditions Shi Solver 1, fully coupled
Solver 2 model

ṁ = 0.3 kg/m2 s, q̇s heat = 106 W/m2 0.944 0.994 1.000
ṁ = 0.5 kg/m2 s, q̇s heat = 1.5 · 106 W/m2 0.992 1.000 1.000
ṁ = 0.5 kg/m2 s, q̇s heat = 2 · 106 W/m2 0.981 1.000 1.000
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Figure 8.6: Left: Comparison between Solver 1 and Shi and Wang (2011). Right: Compar-
ison between the fully coupled model and Shi and Wang (2011). Heat injection
of q̇s heat = 1.5 · 106 W/m2.

enable a converging solution in Solver 2, smoothing of the degenerating diffusion
coefficient Γh was necessary in Comsol. The relative length of the smoothing was
set to 0.02. It is not necessary for Solver 1 to smooth Γh in order to achieve a
converged solution.

The maximum difference of the solid temperature between the two solvers is less
than 0.3%, the maximum difference of the fluid temperature is less than 0.4%. As
the results of the two solvers are virtually identical, only results of Solver 1 will be
used for model comparison.

Figures 8.6 and 8.7 show the comparison between the TPMM, the fully coupled
model and Shi and Wang (2011). We chose the parameters specified in Tables 8.3
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Figure 8.7: Left: Comparison between Solver 1 and Shi and Wang (2011). Right: Compar-
ison between the fully coupled model and Shi and Wang (2011). Heat injection
of q̇s heat = 2 · 106 W/m2.

and 8.4 as published in Shi and Wang (2011). The heat flux is varied between
q̇s heat = 1.5 · 106 W/m2 (Figure 8.6) and q̇s heat = 2 · 106 W/m2 (Figure 8.7).

Lacking the raw data of Shi and Wang (2011), we have analyzed the graphs which
were published. Within a reading accuracy of 5 K, the data points were extracted
from the graphs.

Figure 8.8 shows only the saturation of the water phase obtained by Solver 1,
the fully coupled model and the results from Shi and Wang (2011) for the same
cases as in Figures 8.6 and 8.7. While the trend of the slope for the biphasic
regime is similar for both results based on the TPMM, i.e. Solver 1 and the results
from Shi and Wang (2011), the coupled model shows a more linear water phase
distribution in the two-phase region. Having exactly the same correlations for
relative permeability, capillary pressure and heat conductivities, we attribute this
mainly to the differences in the calculation of velocities, see Section 8.1.3. As a
consequence, one can observe a difference in the length of the two-phase region
between the TPMM and the fully coupled model. However, it is remarkable that
the two models presented in this work show very similar results. Considering that
they are based on different mathematics, numerics and simulation environments,
the degree of agreement is very good.

Considerable quantitative disagreement is found when comparing to the results
of Shi and Wang (2011). The two-phase region of Shi and Wang (2011) is in
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Figure 8.8: Saturation of the water phase for the cases with q̇s heat = 1.5 · 106 W/m2 (left)
and q̇s heat = 2 · 106 W/m2 (right).

general further upstream. This leads to a drastically increased length of the two-
phase region in comparison to the TPMM and the fully coupled model. Possible
explanations are:

• Shi and Wang (2011) state that after a grid independence study a number
of 100 cells is chosen. The TPMM model implemented in this work shows
considerable changes in results for a refinement above 100 cells. Grid conver-
gence is only found for 1500 cells, see Section 8.2.2. Therefore, a shift of the
two-phase region might be observable for finer grids than used in Shi and
Wang (2011).

• Smoothing of Γh by Shi and Wang (2011) at the macroscopic phase boundaries
might have an influence on macroscopic phase boundaries, since smoothing
introduces additional artificial diffusion to the enthalpy, see Section 8.4.2.

• A deviating ω for the relative permeability kr = Sωw than given in the article
by Shi and Wang (2011) could have been chosen. Relative permeabilities are
known to have a very big influence, e.g. on macroscopic phase boundaries.

• The definition of fluid effective conductivity can have an influence on the
solution. Since Shi and Wang (2011) do not define λf , we choose λf =
Swλw + (1− Sw)λn.
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Figure 8.9: Left: Influence of smoothing Γh for ṁ = 0.3 kg/m2s, q̇s heat = 106 W/m2. Right:
Influence of approximation methods for the effective diffusion coefficient.

However, good qualitative agreement is found for all models with respect to the
shift of the two-phase region when changing the heat input. All models match to a
good degree the analytically provided outflow temperature.

In the following, we study the influence of varying a number of parameters on the
results of the TPMM model.

Influence of Smoothing the Effective Diffusion Coefficient on Macroscopic
Phase Boundary Position

Figure 8.9 (left) shows the shift of the two-phase region for a change in the
smoothing of Γh. The Matlab function smooth is used applying a moving average
filter. A filter length of lFilter/nx, with nx as the number of cells, is used. For the
two examples in Figure 8.9, nx is constant. At lFilter/nx = 0.032, the position of the
liquid macroscopic phase boundary is at x = 0.0621 m. At lFilter/nx = 0.064, the
position of the liquid macroscopic phase boundary is shifted to x = 0.0561 m. The
super-heated macroscopic phase boundary remains unchanged for these examples.
Although the liquid macroscopic phase boundary is sensitive to changes in the
smoothing length, reproducing the liquid macroscopic phase boundary of Shi and
Wang (2011) was not possible for bigger filter lengths for convergence reasons.
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Figure 8.10: Influence of heat transfer coefficient on solution.

Influence of Approximation of the Effective Diffusion Coefficient on the
Macroscopic Phase Boundary Position

The position of the macroscopic phase boundary, as well as the maximum fluid
temperature, do not depend strongly on the approximation method for the effective
diffusion coefficient, see Figure 8.9 (right). Depicted are the numerical results
for the case already presented in Figure 8.6. In one case, Γh was approximated
at the cell interfaces with a harmonic mean of the values in the neighboring cell
centers. In the other case, an arithmetic mean was used. Other approximation
methods for Γh show similar results. However, for numerical stability, we chose the
approximation method number IV, as already explained in Section 8.2.2.

Influence of Nusselt Number on Macroscopic Phase Boundary Position

It is not clear which characteristic length was chosen for the Reynolds number by
Shi and Wang (2011). This can influence the calculation of the Nusselt number
and in turn the heat transfer coefficient. The influence of h̄sα on the temperature
difference between the fluid and solid phase, and therefore the degree of local
thermal non-equilibrium, is substantial. The position of the macroscopic phase
boundaries, however, is not very sensitive to changes in h̄sα (Figure 8.10).
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8.5 Summary & Conclusion

In this chapter, we presented two different models to simulate the case of local
thermal non-equilibrium between the fluid and solid phases in multiphase flow in
porous media. One model is a two-phase mixture model (TPMM) implemented in
Matlab and MRST (Solver 1), tested by a cross-validation in a Comsol implemen-
tation (Solver 2). The other model is a fully coupled transient model implemented
in DuMux, a free and open source simulator for flow and transport processes in
porous media. Both models were newly implemented.

We explained the mathematical background and the numerical schemes employed.
Subsequently, common aspects as well as differences between the two mathematical
and numerical approaches were discussed.

The configuration presented in this chapter is known in the literature as transpira-
tion cooling. However, the same set of balance equations and boundary conditions
can be used in order to simulate porous evaporators. We presented problem and
simulation setup as well as the chosen boundary conditions.

Finally, we presented simulation results. The two models as well as a TPMM
model found in the literature (Shi and Wang, 2011) were compared. All models
matched the analytically approximated outflow temperature very well. Considerable
differences in the length of the two-phase region compared to Shi and Wang (2011)
were found.

The sensitivity of a number of variables in the TPMM model is studied, but
the difference to the literature results could not be reproduced. Therefore, we
hypothesized that differences in relative permeability or an insufficiently refined
grid are most likely the reason for the differences to the results presented in Shi
and Wang (2011).

However, we have confidence in our models. We did not apply any calibration
whatsoever and the results are very similar in terms of outflow temperature as
well as saturation distribution. We find this remarkable, as the two models are
based on very different mathematical descriptions, numerical discretizations and
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simulation environments. The remaining difference between the TPMM model and
the fully coupled model is attributed to differences in the calculation of velocities.

The strength of DuMux is in its generality and the possibility to implement
very complex physical processes while still successfully dealing with the resulting
highly non-linear systems. The free development concept of DuMux allows close
collaboration and propels scientific progress. The TPMM model, on the other hand,
is straight forward to implement and can benefit from existing projects, like the
MRST. The TPMM is adapted to the stationary system at hand. Furthermore,
it has the capability to directly implement the physically demanded boundary
conditions. In this chapter, we have compared these two very different models. Such
detailed comparisons are not very frequently conducted although they represent the
foundation for confidently developing complex models in the absence of analytical
solutions.

We find the presented results encouraging and will proceed with more complex
physical settings. In a next step, water will be replaced by a mixture of components.
Ultimately, we want to optimize the evaporator efficiency for highly complex fluid
mixtures. The next step in this direction is presented in Appendix A.
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9
Final Remarks

9.1 Summary

First, I presented a conceptual model describing those aspects of multiphase flow in
porous media which are needed in this work. On this basis, a mathematical model,
devoid of local thermal and chemical equilibrium assumptions, was developed. I
discussed the limitations and capabilities of the mathematical model and gave a
short summary of the numerical solution techniques applied. I implemented the
newly developed model as part of the numerical framework DuMux, a free and open-
source simulator for flow and transport processes in porous media. Following the
ideas of free software, as well as reproducibility and accessibility, an infrastructure
was developed in order to publish all the data and code used, along with scientific
publications.

The macro-scale non-equilibrium model developed in this work was employed in a
parameter study motivated by evaporation from porous media. A pore-network
model was extended and used for generating input parameters. Volume-averaged
interfacial areas, which are limiting factors to mass and energy transfer in multiphase
flow in porous media, were obtained from this model. These interfacial areas and
other quantities obtained from the pore-network model were used as input to the
macro-scale non-equilibrium model. Subsequently, it was successfully applied to
a simplified simulation of evaporation from a porous medium. In a parameter
study, the unknown heat and mass transfer coefficients were scaled and reasonable
limiting cases were obtained, i.e. no evaporation for low transfer coefficients and
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equilibrium for high transfer coefficients. Grid convergence was shown by means of
a global as well as a local indicator. For the given setup and boundary conditions,
it was found that chemical rather than thermal non-equilibrium is the limiting
factor for evaporation.

On the basis of the parameter study, a new experimental setup allowing the simul-
taneous thermal and optical observation of multiphase flow in a micro-model was
developed. Together with partners from the University of Utrecht, we successfully
conducted experiments with this setup. I demonstrated how relevant information
about phase presence and temperature distribution could be obtained by means of
an image analysis procedure. I was able to show that temperature can be used as
a flow path indicator and flow velocity does influence the extent of local thermal
non-equilibrium.

In order to calibrate the macro-scale non-equilibrium model to the experimental
data, all relevant input parameters needed to be obtained by means of additional
measurements and a newly developed image analysis pipeline. In this way, for
the first time, all interfacial areas could be obtained from micro-model data. I
conducted simulations of two different experimental runs. In both cases, the best
agreement between simulation and experiment was found for the same value of
the introduced scaling factor fe = 0.5. The simulation of an experiment under
non-equilibrium conditions with individual temperatures assigned to the respective
phases is novel and has not been accomplished before.

For cross-validation of numerical implementations and to show the applicability
of the model to technical applications, a comparison study was conducted in a
cooperative effort. In that context, the model developed in this work was compared
with a model developed independently. The application of interest was the forced
evaporation of a single component fluid in a metallic porous medium by means of
huge temperature gradients. Although the two models compared did not reproduce
literature values perfectly, they gave very similar results and possible explanations
for the observed discrepancies were given.

In a follow-up work, the evaporation of a two-component mixture was successfully
simulated by means of the model developed in this work. Robustness and flexibility
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of the thermodynamics framework implemented in DuMux are demonstrated by
this substantial step towards the simulation of a realistic fuel mixture. Beside the
cross-validation by another model, this study can also be taken as proof of the
successful modularization of the numerical model: different modules were combined
and used jointly.

9.2 Future Research

In this section, I outline possible directions of future research as suggested by the
results presented in this work. This outline does not follow the sequence of the
chapters of this thesis but is structured according to theoretical, experimental and
simulation aspects.

Theory Improvements So far, the approaches for describing energy and mass
transfer are motivated by physical reasoning. More rigorous, but still practical,
approaches are needed for predicting the limits of the standard model and
for coming up with better founded and testable transfer relations.

Experimental Work In the parameter study motivated by evaporation from a
porous medium, it became clear that more experimental work is needed. Mea-
surements of the extent of local (non-) equilibrium as well as the calibration
of the proposed transfer relations are reasonable further steps for studying
local non-equilibrium in the field of evaporation from porous media.

To study local non-equilibrium experimentally, a setup including sources is
highly interesting. The micro-model setup presented here could be extended
by a heat source. This would improve the possibility of observing non-
equilibrium effects.

The intrinsic experimental observation of the forced evaporation example is
hard to realize, due to high temperatures and the small spatial extent of the
porous medium. This is even more motivation for improvements in theory
and simulation in this field.
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Simulation Extensions To correctly describe evaporation from a porous medium
in a non-equilibrium context, the description of the free-flow region needs to
be improved. Most notably, turbulence needs to be accounted for and the
momentum description needs to be improved.

The decision to model the micro-model experiment by means of a macro-
scale model needs to be better founded. Interesting tools in this regard are
pore-network models, which can be seen as volume-averaging tools.

The extension of the forced evaporation example to more components and
ultimately realistic fuel mixtures is the practical motivation for that line of
research. The description of multicomponent mixtures is highly complicated
but important in this regard. It may be necessary to include chemical non-
equilibrium, e.g. if components with very small diffusion coefficients have to
be represented as well.

Each result chapter contains an outlook section at the end. Please refer to them
for more detailed information.

9.3 Conclusion

In this work, I closed the loop connecting theory, simulation, experiment and
validation in the study of local non-equilibrium in multiphase flow in porous media,
see Figure 9.1. In a modern research environment, knowledge gain is guided by
powerful simulation tools, such as the macro-scale non-equilibrium model presented
here. However, simulation technology is an extension to the interplay of theory
and experiment and not a replacement.

I studied the consequences and implications of not making local thermal and
chemical equilibrium assumptions in the simulation of multiphase flow in porous
media. The chosen course of action was to develop a macro-scale model which
allows different chemical potentials and temperatures in different phases. This
came at the cost of an increased number of balance equations. Also, unknown
heat and mass transfer coefficients arose. The standard model for non-isothermal
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9.3 Conclusion

Figure 9.1: Closing the loop in this work.

compositional flow in porous media could be recovered by invoking local equilibrium
assumptions and the execution of simple summations.

All in all, I presented a versatile and useable toolbox of methods and models: The
non-equilibrium macro-scale model is applicable to very different and demanding
applications. Amongst these are the simulation of experimental observations as well
as the simulation of a technical application. Ways to calculate input parameters,
whether numerically or experimentally, were developed if needed. In this way, a
strong foundation for further studies of the assumption of local equilibrium in
multiphase flow in porous media is given.

In other words: a model pointing beyond local equilibrium assumptions is presented.
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A
Forced Evaporation:
Compositional Effects

The design and optimization of complex systems demand the support and guidance
by simulation tools. Especially systems which are not, or incompletely, accessible
for measurements can be better understood by means of simulation. This way, new
possibilities of optimization arise.

In this particular case, the evaporator located upstream of a burner is to be
simulated, see Figure 8.1. The evaporator is treated as a porous medium. In
practice, varying mixtures of many alkanes are to be vaporized before combustion.
The combustion will power a heating system.

In a staggered approach, the development of appropriate models is conducted
in consecutive levels. Building on the confidence and experience gained by the
work presented in Chapter 8, we present in this appendix the simulation of a
two-component mixture evaporation. This constitutes the extension towards
multicomponent evaporation and is therefore a considerable step towards the
simulation of realistic fuel mixtures. We choose two alkanes, heptane (exponent
H) and dodecane (exponent D) as components.

This chapter is structured as follows: In Section A.1 the properties of the pure
components heptane and dodecane are listed. From the properties of the pure
components, the mixture properties are obtained in Section A.2. Some simulation
results, employing the listed properties, are given in Section A.3. In Section A.4
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we summarize and give an outlook.

A.1 Component Properties

Component properties are implemented as constant values, see Table A.1. This is
a strong assumption, but main characteristics of the system are preserved.

The specific enthalpy of the individual components cannot be captured by constant
values. They are described as linear functions of temperature and the enthalpy of
vaporization. For example, the enthalpy of the component heptane in the liquid
(index w) and gaseous (index n) state is given by:

hHw = cHpw(T − Tref) (A.1)

hHn = cHpw(Tboil − Tref) + ∆hHv + cHpn(T − Tboil) . (A.2)

Here, cpα stands for the specific heat capacity of the pure component in the phase
α. T, Tboil and Tref are the actual, the boiling and the reference temperature of the
respective pure components.

A.2 Fluidsystem

In a first approximation, all excess contributions are neglected. This means that
the mixture properties of the respective phases are the mole fraction weighted
averages of the pure component properties.

This is, especially for the enthalpy of the mixture, a rough approximation. Therefore,
a reasonable next step is the implementation of more accurate caloric equations of
state.

Equivalent to the system described in Chapter 8, local thermal non-equilibrium
between fluids and solid and local chemical equilibrium are assumed. Equilibrium
compositions of the respective phases are determined by applying Dalton’s law
and for each component Raoult’s law. Furthermore, the gas phase is assumed to
behave ideally.
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Table A.1: Properties of the pure components heptane and dodecane. The indices w, n
denote the liquid and gaseous properties, respectively.

Parameter Dodecane Heptane
M (kg/mol) 0.17 0.1002
Tboil (K) 487 371.2
pvap (Pa) 331051.72 2738618.08
cn (J/kg K) 2732 2772
cw (J/kg K) 2211.59 2249.3
∆hv (J/kg) 323000 316600
λn (W/m K) 0.025 0.018
λw (W/m K) 0.095 0.113
%n (kg/m3) 4.35 3.45
%w (kg/m3) 750 680
µn (Pa s) 3.22 · 10−5 2.615 · 10−5

µw (Pa s) 1.52 · 10−3 1.83 · 10−4

A.3 Simulation Results of the Two-Component
Evaporation

The simulation setup was the same as described in Chapter 8: The actual simulation
domain has a length of 0.1 m. Composition is according to equilibrium at the given
pressure and temperature. Important parameters are given in Table A.2.

Over the left-hand side of the domain, a liquid mixture, consisting of equal amounts
of heptane and dodecane, is injected. In order to represent the combustion in the
motivating application, a heat flux is imposed on the right-hand side of the domain.
In DuMux, the general and transient conservation equations are implemented, as
explained in Chapter 8. However, the chosen examples have stationary final states,
which are shown here.

Table A.2: Parameters of the simulated scenarios.

heat flux mass flux surface tension
28e4 W/m2 0.3 kg/m2 s 0.05 N/m2
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A.3.1 Grid Convergence

In Figure A.1, saturation and composition of the liquid phase is shown as a function
of grid resolution.

The development of the mole fraction of dodecane in the liquid phase needs further
explanation. Dodecane is the component with the higher boiling temperature.
However, the mole fraction of dodecane first goes down (red circles in Figure A.1)
before increasing as expected. By means of the increasing grid resolution, depicted
in Figure A.1, the decreasing section can be identified as an actually step-like
behavior which happens in one cell. This is the first cell in direction of flow,
accommodating two phases. Therefore, in this cell equilibrium compositions have
to be met for the first time. Further downstream, temperature increases, and the
mole fraction of dodecane increases according to equilibrium composition. Further
explanations in that regard are given in Section A.3.3.

All further results are obtained with a grid resolution of 100 cells.

A.3.2 Composition

Figure A.2 shows a phase diagram of a heptane–dodecane mixture at 100000 Pa.
It was calculated independently of the simulations presented in this chapter. The
construction of the phase-diagram is based on the Antoine-parameters of the pure
components, applying Raoult’s law and assuming ideal behavior of the phases. It
is in good agreement with simulation results, as will be more explicitly shown in
Section A.3.3.

Figure A.3 shows the composition of the gas phase in the simulated domain.
Although composition is also given in the one-phase liquid region, it only has
physical meaning for regions where the gas phase is actually present, i.e. for
x > 0.07 m.

In the two-phase region, composition is found according to the prevailing pressure
and temperature, as local chemical equilibrium is assumed. No reactions are
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Figure A.1: Saturation of the wetting (liquid) phase and mole fractions of heptane and
dodecane in the liquid phase. Resolutions of 100 (top), 200 (middle) and 400
(bottom) cells in the simulation domain. Mole fractions only have a physical
meaning at those locations where the respective phase α actually exists (Sα > 0).
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Figure A.2: Phase diagram of the heptane–dodecane mixture. It was calculated with a
constant pressure of 100000Pa and applying Raoult’s law for both components.
Vapor pressures are obtained from the Antoine-equation and the gas phase is
assumed to behave ideally.

considered in this context. Therefore, the one-phase liquid region has the same
composition as the one-phase gaseous region.

A.3.3 Composition in the Two-Phase Region: Factors of
Influence

The mole fraction of dodecane shows a non-monotonic behavior in the direction of
flow (see e.g. Figure A.1), which is not intuitive to understand. However, it can
be explained. To be more precise: a monotonic trend in dodecane mole-fraction
would violate model assumptions or physical constraints. In this section, we study
the influence of varying a number of model parameters on the simulation results.
This way, a better understanding of the simulation results is achieved.

For understanding the model results, the fully implicit character of the model
has to be kept in mind: All balance equations have to be fulfilled simultaneously.
Therefore, a temperature distribution fulfilling energy conservation and a saturation
and mole-fraction distribution fulfilling mass conservation has to be found. This
process does not happen in a static container, but under dynamic flow conditions.

Against this background, in the first cell in the direction of flow accommodating a
two-phase system, temperatures are found. Composition of phases has to conform
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Figure A.3: Composition of the gas phase and saturation distribution (top), as well as
temperature and pressure (bottom). Mole fractions only have a physical
meaning at those locations where the respective phase α actually exists (Sα > 0).

to pressure and temperature as local chemical equilibrium is assumed. All in all,
this results in the step-like behavior of the composition distribution observed in
Figure A.1. This step is not a numerical artifact, but physical in nature.

The above given explanations are backed by a couple of numerical values given in
Table A.3. The table refers to the varying composition at the inflow, presented in
Figure A.4. In the first column, the composition at the inflow to the simulation
domain is given. Second and third column give temperature and composition in
the first two-phase cell in the direction of flow, as calculated by DuMux. In the

167



A Forced Evaporation: Compositional Effects

Table A.3: Comparison between simulation results and read values from the phase diagram
(Figure A.2). The simulation results (index DuMux) are given for the first cell in
the direction of flow accommodating two phases.

xDw in Tf DuMux xDwDuMux xDw phase diagram(Tf DuMux)
0.3 383.348 0.2999 0.2991
0.5 394.627 0.4876 0.4875
0.7 411.346 0.6734 0.6732

fourth column, the composition for the calculated temperature (second column),
as read from Figure A.2, is given.

The phase diagram, shown in Figure A.2, is calculated independently of the
simulation. Therefore, it can be concluded that composition and temperature fit.
Demanding a monotone distribution of composition, would therefore violate the
assumption of local chemical equilibrium.

The results presented in Figure A.5 back the above given explanations. In Figure A.5,
results from varying the interfacial tension and therefore capillary pressure are
shown. The lower the capillary pressure, the further downstream the start of the
two-phase region moves. Therefore, temperature in the first two-phase cell is higher,
resulting in according compositions.

A.3.4 Varying Heat Fluxes

Figure A.6 shows temperature and saturation distribution for two different heat
fluxes imposed on the right-hand side. Both simulation results were obtained with
the same injected mass flux. The higher heat flux results in a higher temperature
at the exit and a longer one-phase gaseous region.
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Figure A.4: Influence of varying compositions at the inflow. Top: xDw = 0.3, Middle:
xDw = 0.5, Bottom: xDw = 0.7
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Figure A.5: Influence of scaling capillary pressure. Top: σ = 0.1, Middle: σ = 0.05,
Bottom: σ = 0.025
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Figure A.6: Temperature and saturation distribution for het fluxes of q̇ = 28e4 W/m2 (top)
and q̇ = 56e4 W/m2 (bottom).
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A Forced Evaporation: Compositional Effects

A.4 Summary & Conclusion

The presented fluidsystem is novel to DuMux in two respects. First, it is a fluid
system, which does not, at any point, make assumptions based on one component
being the major one or neglecting a component. Second, it is the first fluid
system implemented in DuMux to describe the composition of a liquid and a gas
phase based on applying Raoult’s law twice. Although these are interesting new
features, showcasing the versatility of the thermodynamics framework implemented
in DuMux, they are no milestones with regards to content.

In that respect, the presented results are an important step towards simulating and
designing realistic porous evaporators. These are strongly non-isothermal technical
systems which inherit also complicated chemical composition. Both aspects can be
captured by the design concept followed in DuMux. This is to strive for generality
while providing adaptability.
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