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Notation

The following table shows the significant symbols used in this work. Local notations are

explained in the text.

Symbol Definition Dimension

Greek Letters:

α multivariate index

χ basis concentration [kg/kg]

δ binary interaction factor [-]

ε system perturbation parameter [-]

ε error

µ dynamic phase viscosity [Pa s]

µ mean value

µ raw moment

ν chemical potential [J/mol]

π fractional mass flow ration [-]

ρ density [kg/m3]

ϕ porosity [-]

ϕ fugacity factor

ι mobility [1/(Pa s)]

σ standard deviation

τ time of flight [s]

ω relative mobility parameter [-]

ω model input

ξ random input
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S arbitrary streamline [-]
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Ω space of events

Ω model output

ψ hydraulic phase conductivity [kg/(Pa m s)]

Latin Letters:

c mass concentration [kg/kg]

c expansion coefficient

d order of expansion

e unit vector [-]

f fractional flow function [-]

f frugality

f anisotropy ratio

g metric tensor

g gravity vector

h hydraulic head [m]

l curvilinear coordinate [m]

k relative permeability [-]

n mole number [mol]
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p pressure [-]

p polynomial coefficient

q total flow rate [kg/s]

r health risk
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Zusammenfassung

Die starke industrielle Entwicklung des letzten Jahrhunderts führte zu einer erheblichen

Steigerung der öffentlichen Nachfrage nach verschiedenen Energiearten, was wiederum

einen enormen Anstieg der Nachfrage nach natürlichen Ressourcen zur Folge hatte. Natür-

liche Ressourcen bilden einen bedeutenden Bestandteil unserer Umwelt. Die Entwick-

lung einer Vielzahl von Technologien zur Gewinnung von natürlichen Ressourcen verur-

sacht eine fortwährende Zunahme von Umwelteingriffen. Gleichzeitig sind Umweltsysteme

eine der bedeutendsten Erscheinungsformen von komplexen dynamischen Systemen. Aus

diesem Grund brauchen wir ein besseres Verständnis unserer natürlichen Umgebung, das

uns eine effiziente und sichere Interaktion mit der Umwelt und ein nachhaltiges Ressourcen-

management zum Wohle der Menschheit ermöglichen kann. Insbesondere die Fähigkeit

vorherzusagen, wie sich unsere Umwelt im Laufe der Zeit verändern oder auf geplante Ein-

griffe reagieren wird, ist unverzichtbar. Unsere Umwelt verhält sich jedoch in verschiedenen

zeitlichen und räumlichen Dimensionen sehr komplex. Darüber hinaus sind viele Umwelt-

systeme nichtlinear und dominiert von Echtzeiteinflüssen externer treibender Kräfte. Ein

vollständiges Bild der Umweltsysteme ist oft nicht verfügbar, denn viele dieser Systeme

lassen sich nicht direkt beobachten und eine Beschreibung kann nur anhand von spärlich

vorhandenen Messwerten hergeleitet werden. Hinzu kommt, dass Umweltdaten kaum er-

hältlich und teuer zu beschaffen sind. Mehrere Jahrzehnte der Forschung haben gezeigt, dass

Modellierung eine sehr wichtige Rolle bei der Rekonstruktion eines vollständigen Bildes

von Umweltsystemen spielt und eine einzigartige Möglichkeit bietet, das Verhalten solcher

vielschichtiger Prozesse vorherzusagen. Aufgrund der Komplexität unserer Umwelt, besteht

die größte Herausforderung in der Konstruktion zuverlässiger und praktikabler Modelle, die

eine adäquate Beschreibung physikalischer Konzepte unter gleichzeitiger Berücksichtigung

von Unsicherheiten liefern. Die vorliegende Arbeit befasst sich mit Forschung auf dem Ge-

biet der Umweltmodellierung unter Beachtung von Komplexität und Unsicherheit. Die Ar-

beit besteht aus drei Teilen und behandelt Anwendungsfälle wie Erdöllagerstätten, Grund-

wasserströme, die Lagerung radioaktiver Abfälle sowie die unterirdische Speicherung von

energierelevanten Gasen. Jeder Teil enthält mehrere Kapitel, die jeweils auf ausgewählten
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Publikationen basieren und unabhängig voneinander gelesen werden können. Teil II konzen-

triert sich auf physikalische Konzepte und stellt mehrere Möglichkeiten vor um die Mod-

ellierung zu beschleunigen. Teil III beschäftigt sich mit effizienten Methoden der Mod-

ellreduktion zur Quantifizierung von Unsicherheiten. Teil IV zeigt Anwendung als die Spe-

icherung von energierelevanten Gasen in geologischen Formationen und diskutiert die damit

verbundenen Herausforderungen. Der aktuelle Abschnitt bietet einen allgemeinen Überblick

in deutscher Sprache.

Von Komplexen Systemen zu machbaren Modellen Viele Umweltprobleme wer-

den von Echtzeiteinflüssen externer treibender Kräfte beherrscht. Leider ist ein vollständi-

ges Bild von Umweltsystemen nicht verfügbar - insbesondere wenn man versucht, das

physikalische Verhalten von unterirdischen Systemen wie Grundwasserströmen, Erdöllager-

stätten, Lagerstätten von radioaktiven Abfällen oder von Gasspeichern zu untersuchen. Er-

schwerend hinzu kommt, dass Umweltdaten kaum erhältlich und teuer zu beschaffen sind.

Für die Rekonstruktion eines vollständigen Bildes solcher Umweltsysteme benötigen wir

Zusammenhang adäquater und effizienter physikalischer Modelle. In diesem Kontext spie-

len Modelle eine sehr wichtige Rolle für das Verständnis von Umweltprozessen und bieten

eine einzigartige Möglichkeit, das Verhalten komplexer Systeme vorherzusagen.

Die beteiligten Mehrphasenströmungs- und Transportprozesse in unterirdischen porösen

Medien werden von komplexen und nicht-linearen Multi-Physik- und Multi-Skalen-

Gesetzen beherrscht, die unter anderem instabile Mehrphasenströmungen, Phasenübergänge,

Gesteinsdeformationen, geochemische Prozesse und Temperatureffekte beinhalten. Darüber

hinaus ist zu berücksichtigen, dass Umweltsysteme Auswirkungen in sehr großen räum-

lichen und zeitlichen Dimensionen haben können. Aufgrund der Komplexität von Umwelt-

systemen sind numerische Simulationsmodelle von Mehrphasenströmungs- und Transport-

prozessen oft zu rechen-aufwändig für realistische großflächige Anwendungen. Selbst die

Einbeziehung von parallelem Hochleistungsrechnen kann das Problem nicht vollständig

lösen. Die große Schwierigkeit besteht folglich in der Entwicklung von konsistenten und

machbaren Umweltmodellen, die sowohl angemessene konzeptuelle Beschreibungen liefern,

als auch einen praktikablen Zeitrahmen für die Simulationen wahren.

Teil II konzentriert sich auf die konzeptuellen Besonderheiten von Umweltsystemmodel-

lierungen und eröffnet vielfältige Möglichkeiten um den Modellierungsprozess zu beschle-

unigen. Kapitel 5 beinhaltet eine kurze Diskussion möglicher Fehlerquellen innerhalb des

gesamten Modellierungsprozesses und zeigt ihre möglichen Auswirkungen am Beispiel der
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unterirdischen Speicherung von Kohlendioxid. Kapitel 5 unterstreicht die möglicherweise

größte, übergeordnete Herausforderung, welche darin besteht, einen gesunden und vernün-

ftigen Kompromiss zwischen numerischen Verfahren, konzeptionellen physikalischen For-

mulierungen, der Schätzung von Modellparametern und ihren Unsicherheiten sowie dem

Rechenaufwand zu finden. Kapitel 6 stellt eine effiziente Methode zur Handhabung ther-

modynamischer Eigenschaften einer kompressiblen kompositorischen zweiphasigen Strö-

mung in porösen Medien vor, die eine extrem kurze Rechnungzeit hat. Kapitel 7 präsentiert

einen effektiven Ansatz basierend auf der Stromlinientechnik für mehrphasige Mehrkom-

ponentenströmungen in großflächigen heterogenen Erdöllagerstätten.Kapitel 8 befasst sich

mit Wasserstoffmigration rund um Lagerstätten von radioaktiven Abfällen. Dieses Kapitel

bietet eine kalibrierte analytische Beschreibung der Löslichkeit von Wasserstoff in Wasser

(Phasendichten, Viskositäten und Phasenkonzentrationen), die die weitere Modellierung

wesentlich beschleunigt.

Effiziente Methoden der Modellreduktion zur Quantifizierung von Unsicher-
heiten Umweltsysteme wie unterirdische Mehrphasenströmungen, Grundwasserströ-

mungen oder Kohlendioxidspeicher sind Erscheinungsformen komplexer dynamischer Sys-

teme. Mangelnde Informationen über ihre Systemeigenschaften führen zu Modellunsicher-

heiten bis zu einem Ausmaß, bei dem die Quantifizierung von Unsicherheiten zur do-

minierenden Frage der Modellierungs-, Simulations- und Anwendungsaufgaben werden

kann. Die Vorhersage des Verhaltens von weiträumigen Umweltsystemen hängt stark von

unserer Fähigkeit ab, ihre Unsicherheiten zu quantifizieren. Aktuelle numerische Simula-

tionsmodelle sind oft zu rechenintensiv für fortgeschrittene Anwendungsaufgaben, welche

die genaue Quantifizierung von Unsicherheiten, Risikobewertung, robustes Design sowie

Modellkalibrierung umfassen. Selbst einzelne deterministische Simulationen erfordern par-

allele Hochleistungsrechnungen. Weil die beteiligten komplexen Strömungsprozesse in

porösen Medien einen äußerst nichtlinearen Charakter haben, ist das Problem zu nichtlin-

ear, um quasilineare und andere vereinfachte stochastische Werkzeuge anzuwenden.

Teil III befasst sich mit der Entwicklung von Lösungsansätzen für diese erweiterten Her-

ausforderungen basierend auf stochastischen Verfahren der Modellreduzierung. Die Reduk-

tion wird durch Projektionen auf orthonormale Polynombasen erreicht, die eine sogenannte

”Antwortfläche” bilden. Auf diese Weise wird die Reaktion des Modells auf Änderungen

unsicherer Parameter durch multivariate Polynome repräsentiert und erlaubt so eine nicht-

lineare Fortpflanzung der Modellunsicherheiten auf das vorherzusagende Risiko. Dieses

Verfahren ist bekannt als polynomielle Chaos-Expansion auf dem Gebiet der stochastis-
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chen partiellen Differentialgleichungen. Das von der Antwortfläche repräsentierte reduzierte

Modell ist erheblich schneller als das ursprüngliche, komplexe Modell und bietet so einen

vielversprechenden Ausgangspunkt für nachfolgende Aufgaben, zu denen die globale Sensi-

tivitätsanalyse, die Quantifizierung von Unsicherheiten, robustes Design, probabilistische

Risikobewertung sowie Modellkalibrierung zählen. In vielen Fällen wird die Tatsache,

dass die Antwortoberfläche bekannte polynomische Eigenschaften hat, helfen, diese Auf-

gaben weiter zu vereinfachen. Auf diese Weise bietet stochastische Modellreduzierung eine

Möglichkeit, Unsicherheiten in nichtlinearen Systemen mit einem vertretbarem Aufwand zu

quantifizieren.

Kapitel 9 konzentriert sich auf das arbitrary polynomielle Chaos-Expansion, das sich an

beliebige Formen der Wahrscheinlichkeitsverteilung von Eingabeparametern anpassen kann

und eine verbesserte Konvergenz im Vergleich zu klassischen Chaosexpansionsverfahren bi-

etet. Kapitel 10 bietet einen flexiblen und effizienten Ansatz für die globale Sensitivitäts-

analyse, um die Auswirkungen von Parametervariationen oder Parameterunsicherheiten auf

die Gesamtunsicherheit des Modells zu quantifizieren. Dieser Ansatz kann Informationen

einer globalen Sensitivitätsanalyse mit einem Rechenaufwand ermitteln, der kaum größer

ist als der Aufwand für eine lokale Analyse. Kapitel 11 präsentiert einen neuen Ansatz

zur Modellkalibrierung und zum ”History Matching”, basierend auf arbitrary polynomielle

Chaos-Expansion und strengen Bayesschen Grundsätzen. Durch diese Kombination erhalten

wir eine statistische Methode des ”History Matching”, die ein hohe Genauigkeit besitz, und

dennoch eine Rechengeschwindigkeit aufweist, die mehr als ausreichend für die Echtzeit-

Anwendung ist.

Anwendung auf die Speicherung von energierelevanten Gasen in geologis-
chen Formationen Die Modellierung von Umweltsystemen erfordert oft die Erfül-

lung von Aufgaben wie des Vorhersage möglicher Szenarien, der Ausgestaltung geplanter

Engineering-Maßnahmen, die Abschätzung von Risiken, des Kalibrierung von Modellen

anhand verfügbarer Daten etc. Der gemeinsame Kern all dieser Aufgaben ist die Häufige

Auswertung des zugrunde liegenden Modells mit variierenden Modellparametern. Unab-

hängig davon sollte die gesamte Modellierungs innerhalb eines akzeptablen Zeitrahmens

durchgeführt werden. Darüber hinaus ist der Modellierungsprozess im Bereich der Umwelt-

technik eine Kette von vielen Aufgaben. Wie jede Kette, ist sie nur so stark wie ihr schwäch-

stes Glied. Die Abschätzung von Unsicherheiten ist ein Glied der Kette und die Unter-

schätzung ihres Einflusses kann dieses Glied immens schwächen. Kapitel 5 zeigt, dass Mod-

ellierungsfehler verschiedene Ursachen haben können und Auswirkungen auf den gesamten
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Modellierungsprozess möglich sind. Somit bietet eine adäquate Kombination aus einem

zuverlässigen physikalischen Modell und aktuellen stochastischen Werkzeugen eine leis-

tungsfähige Basis für die Vorhersage des Verhaltens von Umweltsystemen. Teil IV enthält

Anwendungsbeispiele von Modellreduktionsverfahren auf Probleme der Speicherung von

energierelevanten Gasen in geologischen Formationen.

Viele Umweltprojekte müssen so gestaltet werden, dass selbst unwahrscheinliche Gefahren

unterhalb eines akzeptablen Risikoniveaus bleiben. Kapitel 12 diskutiert einen integrativen

Ansatz für ein robustes Design bei bestehenden Unsicherheiten und eine probabilistische

Risikobewertung für CO2 Speicherung in geologischen Formationen. Es zeigt, dass sich

Versagenswahrscheinlichkeiten aus einem Wechselspiel zwischen steuerbaren technischen

Aspekten und unsicheren Aspekten des Systems ergeben. Kapitel 13 befasst sich mit der

Bewertung von steigendem Druck in Speicherstätten, der unter Umständen zu Deckgesteins-

brüchen oder Soleverschiebungen führen kann. Hierzu präsentiert Kapitel 13 eine Studie

über den Einfluss der Dimension hochpermeabler Kanäle und ihrer Permeabilität auf die

Druckentwicklung in einem Kanalsystem während der CO2.

Es ist bekannt, dass die Quantifizierung von Unsicherheiten in unterirdischen Systemen An-

nahmen über die Wahrscheinlichkeitsverteilungen aller Modellparameter erfordert, was en-

tweder eine große Menge an verfügbaren Daten voraussetzt oder eine sehr subjektive Wahl

des Verteilungsformen erfordert. Kapitel 14 stellt einen minimal subjektiven Ansatz zur

Quantifizierung von Unsicherheiten vor, der auf einer neuen und rein datengesteuerten For-

mulierung der polynomielle Chaos-Expansion basiert. Formulieng die Analyse von Un-

sicherheiten die Berücksichtigung verschiedener Arten von Unsicherheiten je nach Anwen-

dung des Modells. Kapitel 15 unterscheidet zwischen Szenario- und statistischen Unsicher-

heiten. Insbesondere befasst sich Kapitel 15 mit der Schätzung des Risikos von Soleein-

leitung in Süßwasseraquifere durch CO2-Injektion in geologische Formationen. Kapitel 16

nutzt die globale Sensitivitätsanalyse und die Risikobewertung auf Grundlage des Chaos-

expansionsansatzes zur Untersuchung eines realistischen, großflächigen Problems der CO2-

Speicherung. In dieser Studie wurde der Einfluss von unsicheren Parametern untersucht,

die die strukturellen Heterogenitäten steuern. Hierzu zählen Barrieren, Aggradationswinkel,

Durchleitungsvermögen von Gesteinsspalten sowie die externe Einflüsse durch Aquifere.
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This thesis contains research in the field of environmental modeling in the face of complexity

and uncertainty. Research over several decades has shown that modeling plays a very impor-

tant role in reconstructing (as far as possible) the complete complex picture of environment

systems and offers a unique way to predict behaviors of the multifaceted processes at play in

such complex systems. Due to the complexity of the surrounding environment, the greatest

challenge here is the construction of reliable and feasible models that can adequately de-

scribe physical concepts and, at the same time, account for uncertainty. The presented thesis

is divided into three Parts and refers to diverse applications such as underground petroleum

reservoirs, groundwater flow, radioactive waste deposits and storage of energy relevant gases.

Each Part contains Chapters that are based on selected publications and can be read indepen-

dently. Part I is the overall introduction, Part II focuses on complex physical concepts and

their mathematical description. Also, it offers several possibilities to accelerate the modeling

process. Part III deals with efficient model reduction methodologies for uncertainty quantifi-

cation. Part IV demonstrates application to the storage of energy relevant gases in geological

formations and discusses related challenges.



1. The challenge of modeling
environmental systems

Strong industrial development of the last century has led to a significant increase in pub-

lic demand for different types of energy and, as a consequence, to an enormous increase in

demand for natural resources. Naturally, all types of nature resources form a part of our

surrounding environment. In order to extract natural resources a wide variety of technolo-

gies has been developed. This has led to a strong rise in interventions in the environment

continuing up to the present days. At the same time, environmental systems form one of

the largest and most important classes of complex dynamic systems. For this reason, society

needs a better understanding of the environment in order to have an efficient and safe in-

teraction for the sake of maximized welfare and sustainability in resources management. In

particular, the ability to predict how the environment changes over time or how it will react

to planned interventions is indispensable. However our surroundings behave non-trivially in

various time and spatial scales. Moreover, many environmental systems are heterogeneous,

non-linear and dominated by real-time influences of external driving forces. Unfortunately,

a complete picture of environmental systems is not available, because many of these systems

cannot be observed directly and only can be derived using sparse measurements. Moreover,

environmental data is hardly available and expensive to acquire. Overall, this leads to lim-

ited observability, and an inherent uncertainty in all modeling endeavors. Still, research over

several decades has showed that modeling plays a very important role in reconstructing (as

far as possible) the complete and complex picture of the environment systems and offers a

unique way to predict behavior of such multifaceted systems.

The current thesis mainly deals with environmental systems that are mostly situated below

the surface (see Figure 1.1), such as underground petroleum reservoirs, groundwater flow,

flow around radioactive waste subsurface storage sites and deep geological formations for

storage of energy relevant gases. The mentioned systems have already been exploited for a

long time in diverse locations. However, they still stay very challenging and still attract a lot
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Figure 1.1.: The subsurface and its various competing use types as an example for a complex

environment system

of attention. Let us briefly describe the discussed systems.

During the last century our society hugely exploited the hydrocarbons that occur naturally in

subsurface. The hydrocarbons still play an extremely important role in satisfying the ener-

getic demands of our society. It can be gas or oil that typically form extremely big fields in

the underground. Multiphase multi-component flows in large-scale heterogeneous petroleum

reservoirs are represented by very complex models. One of the most challenging problems in

this field is to derive models for flow in complex reservoirs accounting for their geology and

petrophysical properties. The modelling should take into account the simulation of the reser-

voir parameters that matches historical dynamic production data in order to predict pressure

and saturation changes in the reservoir during exploitation.

Over the last decades storage of carbon dioxide (CO2) in geological formations has been in-

tensively discussed as an interim technology with a high potential for mitigating CO2 emis-

sions. This technology comprises capturing CO2 at industrial facilities, compressing it into
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a fluid or supercritical state and disposing of it in deep underground formations. In recent

years research efforts have been directed towards understanding the physical processes in

CO2 storage (e.g. (IPCC, 2005)). Like in the case of petroleum reservoirs, the multiphase

flow and transport processes involved are strongly non-linear. They include phase changes in

the region of the critical point and effects such as gravity-induced fingering and convective

mixing as well as geo-chemical and geo-mechanical processes etc. The principal hazards that

can occur in CO2 storage need to be addressed. Such hazards can be, for example, leakage

of CO2 from the reservoir back into the atmosphere, pollution of drinking water resources or

structural failures caused by very high pressure peaks.

Another concern of our society is the processing and storage of radioactive waste result-

ing from nuclear energy. The danger here is that radioactive elements can leak from the

subsurface storage site. Such elements can be transported by other molecules that migrate

from the storage of radioactive waste. For example, substantial quantities of hydrogen (H2)

are produced by physical process within the nuclear waste. Other gases, such as CH4, C2H6,

C2H2, etc., can be produced as well, but in quantities that are very small in comparison to H2.

The hydrogen is formed as a result of physical and chemical processes in storage, which are

caused by an intensive corrosion of metal. The storage frame has several hundred thousand

tons of metal, and the surface of corrosion reaches several hundred thousand m2. Hydrogen

production by corrosion essentially in presence of water, but it still can be formed as a result

of other processes, such as radiolysis waters and decomposition of organic substances. A

particular property of hydrogen is its small molecular size. This why H2 has a strong ability

of transport in porous medium even with almost impermeable properties. The big danger

consists in transfer of radionuclides from the waste storage site through molecules of hydro-

gen. That is why the analysis of gas transfer (mainly hydrogen transfer) in porous media

saturated by water is a non-trivial problem and demands better understanding of transport

processes.

Another irreplaceable and maybe even the most essential natural resource for our society is

drinking water consumed in everyday life. Huge amounts of freshwater and drinking water

are located in the subsurface and represent an important part of the hydrological cycle. Such

subsurface water systems can be easily polluted and need to be monitored efficiently. In par-

ticular, the groundwater can be contaminated by agricultural, urban and industrial processes

or by other ecological sources. This can directly affect the quality of drinking water and also

can have impact on plants and animals. Because of an extremely large scale of groundwa-

ter resources, their heterogeneity and their connectivity it is very challenging to predict the

behavior of such nontrivial systems



2. Complexity of environmental
systems and models

Flow and transport processes in subsurface porous media often involve several phases, such

as water, oil, gas, and so forth. These process are governed by complex and non-linear multi-

physics and multi-scale laws which could take into consideration multiphase flow, phase

transitions, rock deformation, geochemistry, temperature effects etc. Although these laws

are traditionally derived for small scales, many modeling tasks require considering impacts

on very large spatial and temporal scales as well. Such multifaceted environmental systems

demand adequate physical model concepts for the reconstruction of a full and complex pic-

ture of the environment. Due to the complexity of the surrounding environment, numerical

simulation models for multiphase flow and transport processes are often too cumbersome for

realistic large-scale applications. Even the increasing power of parallel high performance

computing offers only limited help and can never completely solve that problem. The big

difficulty here is the definition of consistent and feasible environmental models that can pro-

vide adequate conceptual descriptions and that can simultaneously maintain a reliable time

frame of simulations. This Chapter discusses several possibilities to accelerate the modeling

process for a selected class of environmental problems, keeping at the same time the under-

lying physical aspects. These possibility will be explained in more detail in the Chapter 5 to

Chapter 7 in Part II of this thesis, and the corresponding cross-references will be provided

here.

2.1. On possible sources of modeling errors

In spite of all possible conceptual and numerical finesse, the possibly greatest overall chal-

lenge consists in finding a healthy and reasonable compromise between robust and efficient

numerical techniques, adequately complex and accurate conceptual physical formulations,
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reliable estimation of model parameters and their uncertainties, overall computational ef-

fort, etc. This compromise is very relevant for diverse environmental systems that offer only

limited observability, and where multifaceted and imperfectly determined processes are in-

volved, owing to heterogeneity, complexity, dynamics, scarcity of data and uniqueness of

place (Pappenberger and Beven, 2006). In Chapter 5, we use the example of carbon diox-

ide (CO2) storage in geological formations to demonstrate the impact of several modeling

error sources, such as uncertain choice of physical concepts, error in numerical schemes,

parameter uncertainty and human subjectivity in data interpretation.

Unfortunately, as for many environmental problems, modeling underground CO2 storage in-

volves many conceptual and quantitative uncertainties (Hansson and Bryngelsson, 2009a).

The lack of information on subsurface properties may lead, depending on the specific ques-

tion at hand, to parameter uncertainties up to a level where the uncertainties dominate or

even override the influence of secondary physical processes (see (Oladyshkin et al., 2010)).

However, a significant part of the scientific community still refrains from considering uncer-

tainty in modeling, although the corresponding arguments are discussed and rejected one by

one in (Pappenberger and Beven, 2006). Obviously, handling of uncertainty is necessary, but

unfortunately it is a very challenging task, which will be discussed in detail in the upcoming

Part III. Model-based uncertainty analysis can help to better judge the potentials and hazards

in many engineering applications. This requires to specify the probability distributions of

Figure 2.1.: Illustration of CO2 leakage well problem
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all model parameters, posing a huge demand on data availability or requiring highly subjec-

tive assumptions on distribution shapes to compensate for missing data. Even the outcome

of well-established simulation models (see illustration in Figure 2.1) can lead to surpris-

ingly different results betweeen different numerical schemes, different subjective conceptual

model choices, or different subjective choices in raw data interpretation. Chapter 5 attracts

attention to the often ignored or forgotten fact that efforts invested in improved physical con-

ceptualization, numerical codes and stochastic modeling can easily be overwhelmed by error

through human subjectivity in data interpretation and in histogram analysis at a very early

stage of modeling.

2.2. Thermodynamic properties of multiphase

compositional flow

A specific challenge in petroleum reservoir modeling and simulation is handling of ther-

modynamic properties of compositional flow. This section introduces research on how to

efficiently include compositional effects and inter-phase mass transfer into multi-phase flow

simulations, using the example of gas-oil reservoirs.

Mass exchange between phases strongly affects the flow process. Typically, the composi-

tional fluid consists of a large number of chemical components. The components are able to

form different thermodynamic phases separated from one another by an interface. There are

three types of components in the system: light (N2, CH4, C2H6, ...), heavy (C5H12, C6H14,

...) and neutral (C3H8, C4H10, ...). The compositional fluid in porous media takes the form

of a finely dispersed system with a characteristic scale of liquid drops or gas bubbles of

the order of pore size. The interface between the phases is then highly dispersed and ir-

regular. Under such conditions the examined system may be effectively described in terms

of a phenomenological approach when both phases are considered as two interpenetrating

continua, so that each of them occupies the whole space. Moreover, the system may be

assumed to be in local equilibrium, due to a highly developed interface area ensuring fast

mass transfers. To describe this system, a model based on high order nonlinear transcendent

equations is used, which can only be solved numerically (Aziz and Settari, 1979), (Coats,

1980). Some simplified versions of the compositional model may be obtained by reducing

the number of components up to two (Koldoba and Koldoba, 2003), or by assuming a flow

stationarity (Whitson et al., 2003), (Dinariev, 1996). However, the simplified models have
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a limited range of applicability and therefore accounting for the compositional effects at a

higher complexity and accuracy level is very relevant for practical applications.

Generally, one can distinguish two typical physical scenarios of thermodynamic behavior in

the compositional system. The first one corresponds to the closed thermodynamic system be-

havior. This type of behavior means that the phase transition between a gas sub-volume and a

liquid sub-volume happens in a closed volume. Physically this type of behavior corresponds

to the thermodynamic experience in a so-called closed PVT bomb, which describes the most

fundamental thermodynamic data such as pressure, volume and temperature (PVT). The

thermodynamic theory of these systems is well developed in fundamental works: (Sedov,

1976), (Nigmatulin, 1987), as well as in reservoir engineering: (Coats, 1980), (Nikolaevski

et al., 1968), (Firoozabadi, 1999), (Danesh, 1998), (Batalin et al., 1992). The second type of

behavior corresponds to the open thermodynamic system behavior. In this case, there is not

only phase exchange between the two individual sub-volumes of gas and liquid, but also a

motion of the phases relative to each other.

Usually, for this kind of analysis, a full compositional model consisting of thermodynamic

relations as well as hydrodynamic equations is used. Actually, the mathematical description

consists of mass balance equations for each component, equations of phase state and equa-

tions of phase equilibria relating the chemical potentials of each component in both phases,

phase pressures and phase temperatures. Unfortunately, to understand the thermodynamic

behavior in an open system, it is not sufficient to consider the classical thermodynamic rela-

tions for closed systems. Due to hydrodynamic coupling, the analysis of behavior in an open

system becomes very complicated.

Chapter 6 presents a new type of thermodynamic model and a corresponding simulator that

describes phase equilibrium in a thermodynamically open system. The new open thermody-

namic simulations are validated by full compositional flow simulations using the commercial

software Eclipse E300. However, the new open thermodynamic simulator is independent of

space and time and hence is much faster than the fully coupled compositional simulator.

Moreover, this new approach does not limit the number of chemical components in the sys-

tem. Chapter 6 also offers the possibility to quantify the difference between closed and open

thermodynamic systems. This judgment is based on mass conservation in an individual vol-

ume and is achieved by simple analytical relations. The closed description can be reasonable

if the incoming gas in an individual volume is not different from the leaving gas; otherwise

the use of the open approach is inevitable.
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2.3. Efficient modeling of multiphase flow using

streamline technique

This section motivates the research on streamline-based flow and transport simulation that

will be discussed in more detail in Chapter 7. Multiphase-multicomponent flow in petroleum

reservoir is computationally expensive to simulate. This holds in particular for large-scale

reservoirs. An additional challenge for computational efficiency is posed by the need for

inverse modeling, when the task is to find permeability fields such that past dynamic produc-

tion data are reproduced. In this context, streamlines are often used to find an approximation

of the flow and saturation equations in order to accelerate dynamic simulations. The main

idea underlying the streamline-based concept is to reduce a multidimensional flow problem

to a set of 1D flow problems along streamlines. Streamline-based flow simulation is often

presented as an alternative method to the classical traditional flow modelling approaches for

multi-phase flow problems based on finite differences or finite element techniques. More-

over, the streamline simulation approach is an effective technology to simulate fluid flows in

large heterogeneous geological models of petroleum reservoirs. The basis of any streamline

method is the simulation of the pressure field. A typical technique is presented in (Aarnes,

2004) which uses a multi-scale mixed finite-element method to compute the pressure on a

coarse grid. The velocity field is used to define streamlines and then gives an estimated on an

underlying finer grid using base functions fitted on the coarse grid. This numerical method-

ology together with streamlines gives an efficient and robust method to solve detailed flow

patterns on the underlying fine grid. A significant element of any streamline technique is the

introduction of the time-of-flight, i.e. a travel time coordinate, used instead of the longitudi-

nal curvilinear coordinate along each streamline. The parameterization of streamlines with

the time-of-flight was suggested in (Thiele and Batycky, 2001), (Wang and Kovscek, 2000),

(Lialin and Silniov, 2005), (Batycky, 1997), (Batycky et al., 1996).

The streamline technology is also promising alternative to solve the special case of composi-

tional flow (Christie and Clifford, 1997). In several field-scale compositional studies, serious

numerical difficulties occur in conventional methods. A common solution often used is to re-

duce the number of cells and/or to simplify the geological complexity which affects directly

the numerical performances. In opposition, the streamline approach remains unrivaled in the

ability to efficiently model the transport of species along the flow paths, even in the presence

of extreme permeability/porosity contrasts. In the very specific case of multi-component and

multi-phase flow characterized by an extreme degree of complexity, the reduction of a three-
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Figure 2.2.: Multiphase flows in a large-scale heterogeneous petroleum reservoir

dimensional problem to the series of one-dimensional solutions is so attractive in controlling

the numerical dispersion that it cannot be overlooked, as shown in (Thiele and Edwards,

2001). For large oil fields exploited by gas injection, streamlines unlike traditional technolo-

gies offer some advantages to model full-field scenarios with a reasonable inter-well spatial

resolution in acceptable run times on affordable computers.

In the present chapter, we examine one large class of a compositional flow that corresponds

to gas-condensate systems which contain N chemical components like hydrocarbons from

CH4 to C10H22 and even heavier ones. The flow of such a mixture is described by the full

compositional model that consists of a coupled system involving the momentum balance

equations for each phase, the mass balance equations for each chemical component present

in the mixture, and the thermodynamic closure relations that describe the phase equilibria

and the phase states. Usually such a model represents a high order nonlinear transcendent

equation system for which a constructive analysis is very difficult, so that the only method to

analyze this system is numerical simulation (Aziz and Settari, 1979), (Coats, 1980). Some

simplified versions of the compositional model may be obtained by reducing the number of

components down to two (Koldoba and Koldoba, 2003), or by assuming a flow stationar-
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ity (Whitson et al., 2003), (Dinariev, 1996). An attempt to provide a justification to such

a stationary theory was done in (Chopra and D., 1986) by neglecting dispersion, capillar-

ity and gravity. Another, much less coarse approach was developed in (Oladyshkin and

Panfilov, 2007b,a, 2012) where the thermodynamic block was totally split from the hydro-

dynamic sub-system along streamlines, whatever the number of components. Chapter 7 will

exploit this splitting of hydrodynamics and thermodynamics along the streamlines. Namely,

a multi-component 1D solver has been implemented using the splitted hydrodynamic equa-

tions along the streamlines, see Figure 2.2. The equations that govern the equilibrium be-

tween phases are solved separately using a classical non-linear solver. Chapter 7 shows that

the splitting of hydrodynamics and thermodynamics coupled to the streamline technology

provides an effective tool to solve complex problems involving multi-compositional flow for

heterogeneous 3D reservoirs.

2.4. Transport in porous media around subsurface

radioactive waste storage sites

Modeling of gas transport around a radioactive waste storage asks for very large time scale

simulations, and as consequence, demands high computational power. That is why questions

about model complexity describing the flow in porous media and possible assumptions are

still open (S. and Panfilov, 2011). In Chapter 8, we consider a multiphase compositional

model containing gas and liquid phases, which consist of two main components: hydrogen

and water. Chapter 8 also discusses the complexity of the underlying physical model and

shows the domain of validity for such simplified relations as Henry’s, Raoult’s and Kelvin’s

law for the estimation of phase properties in comparison to full thermodynamic formulations.

In additional, we offer a calibrated analytical form of the relation for hydrogen solubility

in water (phases densities, viscosities and phase concentrations) which vastly accelerates

further modeling. As a result, the large time scale hydrogen transport around a radioactive

waste storage sites could be simulated within acceptable time frame using such calibrated

relations. An Illustration of a possible scenario of hydrogen transport around the storage

of radioactive waste is shown in Figure 2.3. Chapter 8 also demonstrates the influence of

compositional effects on hydrogen transport in porous media. To track the appearance of

phases, we introduce the novel notion of pseudo saturation.



2.4 Transport in porous media around subsurface radioactive waste storage sites 13

Figure 2.3.: Hydrogen transport around storage site of radioactive waste after 1000 years



3. Uncertainty in environmental
modeling

For all systems in general, and for environmental systems in specific, lacking information

about their system properties leads to model uncertainties up to a level where quantification

of uncertainties may become the dominant question in modeling, simulation and applica-

tion tasks. Unfortunately, parametric-based uncertainty can change simulation outcomes

by factors several order of magnitude in many typical environmental problems. Our abil-

ity to quantify such uncertainties and related risks plays a key role and may even be more

important than detailed numerical perfection of simulation codes. Current numerical sim-

ulation models are often too expensive for advanced application tasks that involve accurate

uncertainty quantification, risk assessment, robust design and model calibration. Even single

deterministic simulations often require parallel high performance computing. Because the

involved complex flow processes in porous media have a significantly non-linear character,

the problem is too non-linear for quasi-linear and other simplified stochastic tools.

Due to the complexity of the surrounding environment, the greatest challenge here is the

construction of reliable and feasible models that can adequately describe physical concepts

and at the same time account for uncertainty. The current Chapter is a preview on Part

III of this thesis and discusses advancements in the development of approaches for these ad-

vanced challenges, based on massive stochastic model reduction techniques. The reduction is

achieved via projections on orthonormal polynomial bases which form a so-called response

surface. This way, the model response to changes in uncertain parameters is represented

by multivariate polynomials for each output quantity of interest and allows for non-linear

model-based propagation of parameter uncertainties onto the predicted quantities of interest.

This technique is known as polynomial chaos expansion in the field of stochastic partial dif-

ferential equations. The reduced model represented by the response surface is vastly faster

than the original complex one, and thus provides a promising starting point for follow-up

tasks: global sensitivity analysis, uncertainty quantification, robust design, probabilistic risk
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assessment as well as model calibration. For many cases, the fact that the response surface

has known polynomial properties will help to further simplify these tasks. Thus, stochastic

model reduction provides an opportunity to quantify uncertainty in complex non-linear and

dynamic systems at acceptable costs. The following three sections provide an overview on

the Chapters 9, 10 and 11 in Part III of this thesis.

3.1. Uncertainty quantification via the polynomial

chaos expansion

Throughout the following, we will consider model reduction via a response surface in a

closed polynomial form. Obviously, a response surface can be constructed in different ways,

e.g. it can be constructed directly on a dense Cartesian grid of input parameters at extremely

high computational efforts. Likewise, conceptually straightforward numerical Monte Carlo

(MC) simulation techniques are computationally demanding since the statistical accuracy

of their predictions depends on the number of realizations used. Chapter 9 is exploring an

alternative methodology which demands only a very small number of model evaluations

to construct a response surface. Our alternative approach is through the polynomial chaos

expansion (PCE). Generally, all PCE techniques can be viewed as an efficient approximation

to full-blown stochastic modeling (e.g., exhaustive MC). The basic idea is to represent the

response of a model to changes in variables through a response surface that is defined with

the help of an orthonormal polynomial basis in the parameter space. In simple words, the

dependence of model output on all relevant input parameters is approximated by a high-

dimensional polynomial. This projection can be interpreted as an advanced approach to

statistical regression. The PCE offers an efficient and accurate high-order way of including

nonlinear effects in stochastic analysis. One of the attractive features of PCE is the high-

order approximation of error propagation (Oladyshkin and Nowak, 2012b) as well as its

computational speed when compared to MC (Oladyshkin et al., 2011b), (Oladyshkin et al.,

2010).

The original PCE concept can be used only for Gaussian distributed input parameters. Un-

fortunately, natural phenomena and uncertainty in engineering are often not that simple, and

the distribution of physical or model parameters often cannot be considered Gaussian. How-

ever, it is possible to put into conformity a physical variable with a normal variable by an

adequate transformation called Gaussian anamorphosis or normal score transformation (e.g.



16 Uncertainty in environmental modeling

−25 −20 −15 −10 −5 0 5
0

50

100

150

Log of reservoir permeability, Log(K)

D
at

a 
di

st
rib

ut
io

n

Distribution of reservoir permeability

Figure 3.1.: Distribution of reservoir permeability

(Wackernagel, 1998)) or approximate parametric transformations (Ditlevsen and Madsen,

1992). Using transformed variables for expansion cannot be considered an optimal choice

because it leads to slow convergence of the expansion (e.g. (Xiu and Karniadakis, 2002a),

(Xiu and Karniadakis, 2003)). In recent years, the classical PCE technique was extended to

the generalized polynomial chaos (gPC) which accommodates for the use of an increased,

yet limited number of statistical distributions. The PCE methods discussed above assume

an exact knowledge of the probability density functions of all input parameters and they are

optimal only when applied to a finite number of certain parametric probability distributions.

Unfortunately, information about the distribution of data or input parameters is very limited

in many realistic applications, especially in environmental engineering and sciences (see also

(Red-Horse and Benjamin, 2004)). Data that characterize model parameters often indicate a

variety of statistical distribution shapes (e.g., bounded, skewed, multi-modal, discontinuous,

etc). Applied research on (partially) natural or complex realistic systems often faces the

problem of limited information about the model parameters and even about their probability

distributions. For example, material properties of underground reservoirs are insufficiently

available to provide a full picture of their distribution. Moreover, the statistical distribution

of model parameters can be nontrivial, e.g., bounded, skewed, multi-modal, discontinuous,

etc. Figure 3.1 illustrates the distribution of reservoir permeability from a public data base

(Comunian and Renard, 2009). Also, empirical parameter distributions derived from raw

data sets do in general not follow analytically known distribution shapes. Any attempt to

construct probability density functions of any particular shape from samples of limited size

or from sparse information introduces additional subjectivity into the analysis, which bears
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the severe risk of leading to biased results. For such reasons, application tasks demand

further adaptation of the chaos expansion technique to a larger spectrum of distributions.

In the light of thesis challenges, Chapter 9 generalizes the PCE to the arbitrary polynomial

chaos (aPC) that accommodates for a wide range of data distributions. The aPC adapts to

arbitrary probability distribution shapes of input parameters and, in addition, can even work

with unknown distribution shapes when only a few statistical moments (Oladyshkin and

Nowak, 2012b),(Oladyshkin et al., 2011a),(Oladyshkin and Nowak, 2012a) can be inferred

from limited data or from expert elicitation. In fact, our equations will show explicitly (in

closed form) that statistical moments are the only source of information that is propagated

in all polynomial expansion-based stochastic approaches. Thus, exact probability density

functions do not have to be known and do not even have to exist. The arbitrary distributions

for our framework can be either discrete, continuous, or discretized continuous. They can

be specified either analytically (as probability density/cumulative distribution functions), nu-

merically as histogram or as a raw data sets. The available information can directly and most

purely be used in stochastic analysis, when using our data-driven formulation of aPC. The

aPC approach provides improved convergence in comparison to classical PCE techniques,

when applied to input distributions that fall outside the range of classical PCE.

3.2. Assessing the impact of model parameters via

global sensitivity analysis

Understanding the general role of parameters in models and the impact of varying model pa-

rameters on the response of prediction models is a relevant subject in various fields of science

and engineering. Characterizing the impact of parameter variations is known as sensitivity

analysis and can be subdivided into local and global analysis. In many cases of practical

interest, we wish to perform a GSA in order to analyze a model as such or to investigate,

quantify and rank the effects of parameter variation or parameter uncertainty on the overall

model uncertainty. GSA can also be used to: (1) quantify the relative importance of each

individual input parameter in the final prediction; (2) aid engineers to produce more robust

designs; and finally (3) help decision makers to allocate financial resources towards better

uncertainty reduction. For example, the field of subsurface contaminant hydrology requires

uncertainty estimates due to the ubiquitous lack of parameter knowledge caused by spatial

heterogeneity of hydraulic properties in combination with incomplete characterization. For
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such reasons, we need to rely on probabilistic tools to predict contaminant levels and their

overall health effects, and to quantify the corresponding uncertainties (Oladyshkin et al.,

2011d). Having efficient computational approaches to estimate uncertainty and to perform

GSA in many fields of science and engineering that feature uncertain dynamic or distributed

systems is desirable. It can inform modelers about the relevance of processes or parameters

in the models they compile, and can inform engineers and decision makers about which pa-

rameters require most attention and where characterization efforts should be allocated such

that prediction uncertainty can be minimized. Hence, there is an ever-increasing demand

for having a GSA method that efficiently quantifies uncertainty and parameter relevance in

complex and non-linear systems.

Chapter 10 tackles GSA based on the aPC technique, following the line of work on aPC

(Oladyshkin and Nowak, 2012b), (Oladyshkin et al., 2011a). Because the presented frame-

work accounts for arbitrary bounds or weighting functions for input parameters, it provides

a weighted global sensitivity (Oladyshkin et al., 2011d). In some sense, the novel sensitivity

indexes introduced here can be perceived as a generalization of the Morris method (Morris,

1991) to weighted analysis. Up to presence, the Morris method considers a uniform impor-

tance of input parameters within predefined intervals. We also generalize the Sobol indices

(Sobol, 1990) for GSA to the aPC context, and provide a novel GSA measure which resem-

bles a weighted square norm of sensitivities. Compared to Sobol indices, the new weighted

sensitivity measure is absolute rather than relative. The advantage of an absolute index over

a relative one is that it is a quantitative expression for the (averaged) derivative (slope), and

hence keeps the original meaning of a sensitivity as known from linear, local analysis. The

resulting sensitivity measure shows better convergence properties than Sobol analysis.

Performing GSA requires to evaluate the model at many points in the space of the input

parameters. The correct choice of such points within the parameter space is important for

adequate and efficient assessment of sensitivity. The aPC approach explicitly offers a method

for optimal choice of these points, based on the generalized mathematical theory of Gaussian

integration, see (Oladyshkin et al., 2011a). The big advantage of aPC-based GSA (or more

generally: GSA based on any PCE technique), is that one can obtain global sensitivity infor-

mation at computational costs that are hardly larger than those for local analysis (Oladyshkin

et al., 2011d), (Oladyshkin et al., 2011c). The reason is the following: Local methods use

infinitesimally small spacing between parameter sets for model evaluation to get numerical

derivatives evaluated at a single point. The aPC based-method places the parameter sets for

model evaluation at an optimized spacing in parameter space. This can be interpreted as

fitting secants (or polynomials for non-linear analysis) to the model response. These secants
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(polynomials) approximate the model over the entire parameter space in a weighted least-

square sense. This is more beneficial to computing a tangent or local second derivatives

(compare FORM, SORM methods) that approximate the model well just around one point

in the parameter space.

Overall, this provides an alternative procedure to perform GSA that is computationally effi-

cient and highly flexible. In particular, due to aPC, the GSA can be interpreted as exploiting

a smart (mathematically optimal) interpolation rule of model output between optimally cho-

sen sets of input parameters, where the number of model evaluations is minimal. Compared

to earlier works that related GSA to classical PCE our presented approach: (1) emphasizes a

more engineering-like language as compared to otherwise intense mathematical derivations

and is based on a clear 3-step procedure to perform sensitivity analysis, (2) provides easy-to-

use semi-analytical expressions for frequent use in applications, (3) generalizes PCE-based

GSA to arbitrary probability distributions of the investigated parameters, and moreover, (5)

allows to align the complexity and order of analysis with the reliability and detail level of

statistical information on the input parameters.

3.3. Model calibration via Bayesian updating

Chapter 11 offers a novel combination of methods that improves the tension between ac-

curacy and efficiency in model calibration problem. The construction and calibration of

accurate simulation models for complex environmental systems that reproduce the observed

behavior of real systems is a very challenging task. This task is a particular challenging in

real-world applications, where one features uncertainties and complexities at each stage of

modeling. Once a virtual model has been established, inverse modeling and history matching

to past production data becomes an extremely important issue in order to improve the quality

of prediction. The accuracy of inversion or history matching depends on the quality of the

established physical model concepts (including, e.g. seismic, geological and hydrodynamic

characteristics, fluid properties, and mathematical laws fro the hypothesized processes, etc.),

and on the accuracy of the involved parameter calibration, stochastic inversion or data as-

similation techniques. The quality will also depend on the computational efficiency of all in-

volved methods (Oliver and Chen, 2011), because too large computational time would have

to be mitigated by compromises in numerical or inversion accuracy. The principal challenge

of history matching is that one wishes to obtain a model that reproduces the full behavior

of the featured environmental system from a only limited number of local measurements
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(Gavalas et al., 1976). The reliability of history matching is increasing with the number of

available observations.

History matching is very well known in the field of reservoir engineering (Makhlouf et al.,

1993). Traditionally, an iterative manual process of trial and error (see e.g. (Williams et al.,

1998)) is applied to adjust the reservoir geological model in order to reproduce past obser-

vations of oil or gas production. Such a manual approach is very popular among experts in

reservoir engineering and demands a very strong understanding of geology and processes.

However, the non-trivial and non-linear interaction of the matched parameters within the

model can complicate the history matching procedure a lot (Oliver et al., 2001). Instead

of the manual technique, formal optimization methods such as gradient search or the adjoint

method (see (Gao and Reynolds, 2006; Li et al., 2003; Rodrigues, 2006)) can be applied. Un-

fortunately, the mentioned optimization approaches often lead to high computational costs

and cannot be easily applied for complex real-world tasks.

Another important point about history matching techniques is that they can produce non-

unique solutions (Oliver et al., 2008), which means that several virtual models and parameter

sets can match the observation data equally well. In fact, this problem is common to most in-

verse problems (Sun, 1999; Tarantola, 2005). Stochastic approaches can handle such type of

uncertainty occurring during the matching procedure without the need to introduce regular-

ization or to artificially restrict the parameter space. Their result is a probability distribution

of possible parameters sets instead of a single best estimation. As an improvement of clas-

sical optimization, several successful stochastic approximation methods have been adapted

for the history matching problem (Bangerth et al., 2006; Gao and Reynolds, 2007; Li et al.,

2011). However, stochastic approaches are more expensive than classical optimization-based

(deterministic) calibration techniques, because they need to explore the full range of possible

model outcomes with many model runs. In particular, this requires to draw samples from the

conditional distribution of the parameters as equally likely calibrated parameter sets. This

can be done, e.g., via Markov chain Monte Carlo (Gilks et al., 1996), Bootstrap filtering

(Smith and Gefland, 1992), GLUE (Leube et al., 2012a) or rejection sampling (Smith and

Gefland, 1992). A particular reason for the high computational costs is that, when exploring

the full range of possible model outcomes, many model runs are rejected upon comparison

with the data. Therefore, the high computational costs of forward modeling get multiplied

by large factors in stochastic calibration methods.

The Ensemble Kalman filter (EnKF) method is one of the simplest yet most successful ways

to transfer Bayesian theory (see e.g. (Smith and Gefland, 1992)) to practice for model updat-
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ing and forecasting. The EnKF (Evensen, 2006) is derived from a first-order second-moment

approximation of error propagation for Bayesian updating. The Special Issue in Computa-

tional Geosciences (Naevdal et al., 2011) was fully devoted to (Ensemble) Kalman filtering

for model updating. As practically successful attempt to accelerate inverse modeling, the

EnKF recently received a lot of attention for history matching (e.g. (Aanonsen et al., 2009;

Naevdal et al., 2005)). It is a comparatively cheap method that can generate reasonable

history-matched models for real fields. Due to its foundation on first-order second-moment

analysis, it is optimal only if all involved model parameters, model states and data follow

a joint multi-Gaussian distribution. Thus, the EnKF has a theoretical limitation which does

not allow it to deal with strongly non-linear problems. For example, the papers (Wang et al.,

2010) and (Zafari and Reynolds, 2007) pointed out that the EnKF suffers from non-linearity

and inconsistency in matching.

Therefore, further advancements can be achieved by using more accurate non-linear ap-

proaches to Bayesian updating, when combined with sufficiently accurate (and more expan-

sive) model reduction techniques. In fact, techniques based on response surfaces or other

surrogate models have lately been combined with more accurate versions of Bayesian up-

dating. In (Jin, 2008) and (Marzouk et al., 2007), the polynomial chaos expansion has been

applied to accelerate Bayesian updating via Markov chain Monte Carlo (MCMC) methods.

Even the EnKF has been combined with polynomial chaos expansion for accelerated and ac-

curate computation of the required covariance matrices, see (Saad and Ghanem, 2009), (He

et al., 2011) and also related work (Pajonk et al., 2012). However, more accurate Bayesian

updating approaches incorporate higher order stochastic information on the input parameters

(e.g., in form of high-order statistical moments) (Ghanem and Spanos, 1991; Le Maitre and

Knio, 2010; Wiener, 1938) which goes beyond the scope of the Gaussian assumption. Also,

the Gaussian assumption in stochastic inversion typically goes along with (possibly implicit)

linearization of model dependencies. Hence, more accurate Bayesian updating also requires

to work with high-order approximations of the involved models than linear ones. Using a

more accurate updating rule for higher moments would be inadequate when the involved

surrogate model is too inaccurate (e.g. by linearizing strongly non-linear model dependen-

cies). As a consequence, model reduction techniques also need to retain the non-linearity of

models at sufficiently high orders.

Chapter 11 offers an advanced methods for statistical (Bayesian) model calibration, which

takes into consideration the non-linearity of the forward model and of inversion. The pre-

sented approach combines fully accurate Bayesian updating via Bootstrap filtering (Ola-

dyshkin et al., 2013a,b) (or, alternatively, via MCMC) with a model reduction based on
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the arbitrary polynomial chaos expansion technique (Oladyshkin and Nowak, 2012a; Ola-

dyshkin et al., 2011a). It provides the necessary flexibility to handle arbitrary distributions

of model parameters, including high-order statistical moments. It can also handle the con-

ditional parameter distributions that occur after Bayesian updating. Bootstrap filtering is the

most direct yet simple numerical implementation of Bayes theorem, which can account for

arbitrary non-linear model equations and for arbitrary distribution shapes in comparison to

(Ensemble) Kalman Filters. Hence, Bootstrap filtering is a perfect match for combination

with the aPC technique. This combination is superior to the previous combinations of the

classical PCE with (Ensemle) Kalman Filtering, because the latter two components are both

optimal only for (multi-) Gaussian distributions. At the end of Chapter 11 we demonstrate

a straightforward implementation of aPC-based Bayesian updating on the benchmark prob-

lem of CO2 leakage. However, the surrogate model may be very inaccurate and lead to

wrong results, when the prior information is strongly offset against reality. This is caused by

the fundamental property of all chaos expansion techniques that the error of approximation

is lowest where the (prior) probability density is high, i.e., large errors may occur in low-

probability regions. For that case, we introduce at the end of Chapter 11 also an advanced

iterative approach for aPC-based Bayesian updating. It allows to perform Bayesian updating

even in the case where the prior assumptions on model parameters are far from reality, such

that the response surface has to be re-iterated in order to be accurate in the relevant regions

of high posterior probability. The iteration can be seen as an extension of statistical inversion

based on successive linearization to successive high-order expansion.



4. Feasibility of applied
environmental tasks

Modeling of environmental systems often demands such tasks as prediction of possible sce-

narios, design of planned engineering actions, estimation of risks, calibration of the model

using available data etc. The common core of all tasks is multi-query evaluation of the un-

derlying model with varying modeling parameters. Regardless of that, the overall modeling

procedure should be performed within an acceptable time frame. However, ignoring or ne-

glecting, for the sake of computational efficiency, of some of the components or processes

in the system could be very dangerous. Indeed, the modeling process in the field of environ-

mental engineering is a chain of many tasks. Like any chain, it is only as strong as its weakest

link. Estimation of uncertainty is part of the chain and underestimation of its influence can

weaken that link immensely. An adequate combination of a reliable physical model with ad-

vanced stochastic tools offers a powerful base for the forecasting of environmental behavior.

The current Chapter focuses on applications of model reduction technique to problems of

energy relevant gas storages in geological formations and discuss related to that obstacles.

It offers an overview over the works presented in Part IV of this thesis, and addresses the

corresponding Chapters 12 to 16 in the following sections.

4.1. Robust design of an environmental project under

uncertainty

Environmental systems require statistical concepts to support risk assessment and decision

making. The task of finding optimal system design while accounting for uncertainty leads

to robust designs. In specific, risk can be controlled to stay below a given risk acceptance

level, if robust design is performed under corresponding constraints. The modeling param-

eters can be separated into two classes: design or control parameters that can be chosen by
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Figure 4.1.: Integrative response surface

the operator of a system, and uncertain parameters that describe our (incomplete) knowledge

of the system properties. For example, in the CO2 injection problem, the latter include per-

meability, porosity etc. On the other hand, the system’s performance and failure probability

will also depend on design parameters such as the injection rate or depth. Evidently, the

decision making will depend on the interplay between the response to design parameters,

system uncertainty and, finally, the probability of failure or some statistical expectation of

benefit. Robust design directly accounts for uncertainties and failure probabilities. This way,

it can minimize risks during operation.

Chapter 12 proposes to combine the model response to all design variables and uncertain

parameters into a single approach based on an integrative (joint) response surface (see Fig-

ure 4.1), which allows to reflect the non-linear dependence of the original model on all these

parameters. Based on this integrative concept, the design task explicitly includes uncertainty,

which leads to robust designs with minimum failure probability. This integrates the design

task into the reduced stochastic model, allowing us to find robust designs with controlled

risks at low computational costs. Namely, designing system behavior for maximum load at

a guaranteed specific safety level can be achieved by quick Monte-Carlo methods on the re-

sulting polynomials. It assures that the known risks remain below a chosen acceptable level.

In the example of underground gas storage, one could choose the injection rate and depth
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to avoid geomechanical cracking at 99% safety level. Chapter 12 also draws attention to

the possible significant impacts of incorporating uncertainty into risk predictions and design

tasks, in comparison to deterministic modeling approaches. We demonstrated that neglect-

ing parametric uncertainty in design can be an overly strong and dangerous simplification for

the design tasks. Due to the non-linearity of processes, including uncertainty can lead to a

systematic and significant shift of the predicted values, affecting both risk estimates and the

design of injection scenarios. Thus, design under uncertainty that openly admits uncertainty

and seeks for roust solutions is much more reliable in comparison to conventional design.

The subsequent Chapter 13 continues this line of thoughts and applies robust design to assess

the pressure increase in a sand channel system during carbon dioxide injection. The pressure

increase is important to consider, since too large pressures might lead to caprock failure near

the injection well and might result in new leakage pathways. Far away from injection, the

pressure increase also has to be taken into account because it might influence the pressure

in other storage reservoirs and might reduce the overall storage capacity. Additionally, brine

displacement due to pressure increase has to be investigated since infiltration into higher

(drinking) water aquifers needs to be avoided. Chapter 13 closes by demonstrating how ro-

bust design helps to assess the maximum allowable injection rate in the presence of uncertain

structural parameters of the reservoir, and how well-done uncertainty quantification and risk

assessment helps to guide further reservoir exploration efforts.

4.2. Data-driven uncertainty quantification in

environmental systems

Applied research on real-world environmental projects, like modeling underground reservoir,

gas storage, groundwater flow, etc., often faces the problem of immensely limited informa-

tion about the model parameters involved. Unfortunately, precise information on distribution

shapes for all uncertain input parameters is very rare in realistic applications. With only lim-

ited data available or even in total absence of data, not even probability density functions

representing the lack of knowledge can be easily inferred in a justified manner. Moreover,

even if some amount of data is available, the statistical distribution of the corresponding

model parameters can be nontrivial, e.g. bounded, skewed, multi-modal or discontinuous.

Several examples of real data types can hardly be described by known families of theoretical

statistical distributions. Sophisticated approaches to assigning distributions to data include
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maximum likelihood or moment-fitting of selected parametric distributions that satisfy the

personal perception of the modeler. Due to the typically low numbers of parameters (e.g.

two or three), this resembles a subjective and highly restrictive assumption on the distri-

bution shape, its higher-order moments, and its extreme-value tails. Methods of maximum

entropy (Jaynes, 1982) and minimum relative entropy (Woodbury and Ulrych, 1993) are of-

ten used in the engineering sciences to construct probability distributions from sparse prior

information (mostly in the form of a few statistical moments and bounds). The required

information may be available from different sites with supposedly similar conditions. Al-

though these two methods are designed to minimize subjectivity, they are heavily debated

within the statistics community (e.g. (Sambucini, 2007)) and in fact still impose a specific

assumption on distribution shape. Thus, in any case, the attempt to construct probability den-

sity functions from samples of limited size or from sparse information introduces additional

room for subjectivity into the analysis. Chapter 14 provides a striking example of bias in-

troduced by subjectivity, which can appear in various environmental problems. Apparently,

subjectivity in assigning distribution shapes is not only a philosophical problem, but can

severely bias or even invalidate all subsequent results, including uncertainty quantification

and risk assessment.

Applied tasks demand the direct handling of arbitrary distribution shapes and sparse data

sets without additional assumptions. Therefore, Chapter 14 continues by presenting a highly

parsimonic and yet purely data-driven description of uncertainty. We apply a very recent

polynomial chaos expansion technique that can be applied to arbitrary distributions of data,

which has been discussed in detail in Chapter 9. Our derivation explicitly shows that statisti-

cal moments are the only source of information that is propagated in all types of polynomial

expansion-based stochastic approaches. This avoids the necessity of assuming subjectively

or speculating on the exact shapes of probability distributions. The new freedom opens the

path to accessing with the chaos expansion technique even those applications where data

samples of limited size merely allow the inference of a few moments, and one would not

be able to construct a probability density function without introducing subjective assump-

tions and hence dangerous sources of bias. In a small fictitious example in Chapter 14,

we asked independent experts to select and fit parametric distributions to two raw data sets

describing reservoir properties. The example demonstrated that subjectivity in data interpre-

tation can easily lead to prediction bias. Chapter 14 offers also validation of the discussed

data-driven stochastic approach by Monte Carlo simulation using a common 3D benchmark

problem of CO2 storage. The proposed approach yields a significant computational speed-up

compared with Monte Carlo, and provides faster convergence than conventional polynomial
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chaos expansions. Even for small degrees of expansion, the data-driven expansion can be

very accurate, which can save a lot of computational power for probabilistic risk analysis.

4.3. On risk estimation including various levels of

uncertainty

Risk assessment requires dealing with uncertainties. In a broader sense, uncertainty can be

defined as the absence of information or knowledge. In the field of uncertainty quantification,

one often distinguishes between two categories, i.e. epistemic and aleatory uncertainty (e.g.,

(Helton, 1994), (Hoffman and Hammonds, 1994), (Wojtkiewicz et al., 2001)). Epistemic

uncertainty is also denoted as reducible, subjective, or type B uncertainty and results from

a lack of information about the system. Such an uncertainty can be reduced by further

research or measurements. Aleatory uncertainty is also known as variability, irreducible,

stochastic, or type A uncertainty and results from the fact that a system can react in many

different unpredictable ways. Some authors additionally distinguish between dimensions

of uncertainties (e.g., (Rowe, 1994) and (Walker et al., 2003)). (Walker et al., 2003) divides

uncertainties not only into different natures (epistemic and aleatory) but also into the location

and the level of uncertainty. The location identifies where the uncertainty is situated within

the model complex, whereas the levels categorise the uncertainty into ranges of knowledge.

In this study, we follow the approach of (Walker et al., 2003) and categorize the uncertainties

into levels. Levels of knowledge range from determinism to total ignorance. Determinism

means that everything is known exactly, which would be an ideal situation. Total ignorance

is the other extreme, where nothing is known, and one does not ever know a complete list

of uncertainty sources. The levels in between are statistical uncertainty, scenario uncertainty

and recognized ignorance.

Statistical uncertainties can still be described by statistical terms (e.g., statistical moments,

probability density functions, or histograms). In the case of environmental problems, such

uncertainties can be found, for example, in permeability, porosity, or anisotropy values. The

next level is scenario uncertainty (or conceptual uncertainty). Such uncertainties, e.g. the

geological layering considered in the model or a gap in the caprock, cannot be described suf-

ficiently by statistical terms. Adequate scenarios have to be chosen properly by considering

the opinion of experts in the field of interest, e.g., geologists. Measurements and site explo-

ration typically reduce uncertainty. For example, drilling an exploration well together with
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a seismic campaign might substantially improve the knowledge of number and orientation

of distinct geological features, while still leaving much uncertainty of their specific prop-

erties. When considering uncertainty due to geological features, there can be a continuous

transition between these two categories of uncertainty. The modeler must consider both the

unknown natural conditions and interpretation of available expert opinion. Recognized igno-

rance is defined by (Walker et al., 2003) as fundamental uncertainty about the mechanisms

and functionalities.

Chapter 15 deals with risk estimation including various levels of uncertainty. Namely, we

distinguish between scenario and statistical uncertainty that occur during the modeling of ge-

ological CO2 storage. Addressing scenario uncertainty involves expert opinion on relevant

geological features such as caprock properties, faults, distinct geological layers, etc. Chap-

ter 15 investigates scenario uncertainty by simulating 6 scenarios with different geological

setup and subsequent ranking according to the resulting damage. Accounting for statistical

uncertainties is performed using a massive stochastic model reduction via polynomial chaos

expansion. The overall approach estimates the probabilities of certain hazardous events,

which leads to quantification of risks. We also would like to point out that, dependent on

the availability of data, both scenario and statistical uncertainty can be equally significant.

The proposed ideas can be easily transferred to other problems such as natural-gas storage

or radioactive-waste disposal.

4.4. Large-scale global sensitivity analysis in

geological storage

Once one deals with a real-world large-scale environmental problem, the freedom to observe

diverse scenarios and handle various uncertainty sources in large time/space scales could

be strongly reduced because of high computational demands. However, many question are

open even at the stage of site screening (Nordbotten and Celia, 2011). For example, ranking

the important model parameters based on their influence on the model responses can sup-

port a better understanding of the system, and it can result in a better design of subsequent

studies on the stochastic nature of the process. In an approach to quantify the impact of

geological heterogeneity on model predictions of multiphase flow in geological formations,

a large number of shallow marine depositional realizations has been generated and used in

the sensitivity analysis of the impact of geological uncertainties on production forecasting
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Figure 4.2.: Possible scenario of carbon dioxide displacement in a potential storage site

(SAIGUP), see (Howell et al., 2008; Manzocchi et al., 2008a; Matthews et al., 2008). The

main general conclusion of that study is that realistic features of geological uncertainty in

modeling (other than typical hydrological parameters) can lead to considerable uncertain-

ties in prediction. Morover, the European Commission and the United States Environment

Protection Agency recommend using sensitivity analysis in the context of extended impact

assessment for policy making (Commission, 2002).

Chapter 16 tests and demonstrates the applicability of the recent set of methods discussed in

the previous chapters to perform a sensitivity analysis and to assess the risks for a realistic

large-scale problem of CO2 storage (Ashraf et al., 2013), which is illustrated in Figure 4.2.

We make use of global sensitivity analysis rather than a local one, because local analysis fails

to cover the non-linear variation of model responses over the entire range of probability dis-

tributions of the input parameters. Namely, we use Sobol indices (Sobol, 2001) constructed

from a chaos expansion (Oladyshkin et al., 2011d) for sensitivity analysis. The parameters

we consider are the level of barriers presence, aggradation angle, fault transmissibility, and

regional groundwater effects. The considered features are the structural and depositional

features that dictate the distribution of hydrological parameters such as permeability and

porosity, both in terms of value and spatial distribution. Additionally, Chapter 16 discusses

and estimates risks which can appear in the analyzed geological formation. The proposed
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framework offers a chance to observe the diverse type of behavior of a potential geological

storage site and can inform about dangerous behavior already at the stage of site screening.

To the best of our knowledge, the current study is the first one that implements the proposed

mathematical analysis tools on realistic geological structural parameters at reservoir scale.



Part II.

From complexity to feasibility for
environmental modeling
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Environmental systems are one of the biggest and most important classes of complex dy-

namic systems. Many environmental systems are dominated by real-time influences of ex-

ternal driving forces. Unfortunately, a complete picture of the environmental system is not

available, especially if one tries to analyze behaviors below the surface, such as groundwater

flow, petroleum reservoirs, radioactive waste deposits, storage of gases, etc. Namely, envi-

ronmental data is hardly available and expensive to acquire. That is why we need adequate

and efficient physical model concepts for the reconstruction of a full and complex picture of

the environment. In this context, models play a very important role in the understanding of

environmental behaviors and offer a unique way to predict behaviors of complex systems.

Flow and transport processes in subsurface porous media often involve several phases, such

as water, oil, gas, and so forth. These process are governed by complex and non-linear multi-

physics and multi-scale laws which could take into consideration instable multiphase flow,

phase transitions, rock deformation, geochemistry, temperature effects etc. Although these

laws are traditionally derived for small scales, many modeling tasks require considering im-

pacts on very large spatial and time scales as well. Due to the complexity of the surrounding

environment, numerical simulation models for multiphase flow and transport processes are

often too expensive for realistic large-scale applications. Even the increasing power of par-

allel high performance computing offers only limited help and can never completely solve

that problem. The big difficulty here is the definition of consistent and feasible environmen-

tal models that can provide adequate conceptual descriptions and that can simultaneously

maintain a reliable time frame of simulations.

The current Part II focuses on several conceptual particularities of environmental modeling

and offers several possibilities to accelerate the modeling process. Chapter 5 briefly dis-

cusses different sources of possible error within an entire modeling challenge and illustrates

their possible impact using an application to carbon dioxide storage. Chapter 5 underlines

the possibly greatest overall challenge which consists in finding a healthy and reasonable

compromise between numerical techniques, conceptual physical formulations, estimation of

model parameters and their uncertainties, computational effort, etc. Chapter 6 presents an

efficient handling of thermodynamic properties of a compressible compositional two-phase

flow in porous media which demands an extremely short time of simulation. Chapter 7

presents an effective framework based on the streamline technique for multiphase multi-

component flows in large-scale heterogeneous petroleum reservoirs. Chapter 8 deals with

hydrogen migration around a storage of site of radioactive waste. This Chapter offers a

calibrated analytical form of hydrogen solubility in water (phases densities, viscosities and

phase concentrations) which vastly accelerates further modeling.



5. On the impact of modeling error
sources: application to CO2

storage

Bibliographic Note: The content of this chapter is based on the following original article:

Oladyshkin S., Class H., Helmig R., Nowak W., A concept for data-driven uncertainty quan-

tification and its application to carbon dioxide storage in geological formations. Advances

in Water Resources, Elsevier, V. 34, P. 1508-1518, 2011.

Model-based uncertainty analysis can help to judge the potentials and hazard in many en-

gineering applications better. This requires to specify the probability distributions of all

model parameters, posing a huge demand on data availability or requiring highly subjective

assumptions on distribution shapes to compensate for missing data. In a small fictitious ex-

ample we demonstrate that this subjectivity can easily lead to substantial prediction bias, and

that the subjective choice of distribution shapes has a similar relevance as uncertainties due

to physical conceptualization, numerical codes and parameter uncertainty.

5.1. Introduction to modeling carbon dioxide storage

CO2 storage in geological formations is currently being discussed intensively as an interim

technology with a high potential for mitigating CO2 emissions. In recent years, greate

research efforts have been directed towards understanding the physical processes in CO2

storage (e.g. (IPCC, 2005)). The multiphase flow and transport processes involved are

strongly non-linear. They include phase changes in the region of th critical point and ef-

fects such as gravity-induced fingering and convective mixing as well as geo-chemical and

geo-mechanical processes etc. In order to describe the space-time evolution of the CO2

plume and the influence of potentially leaky abandoned wells, (semi-) analytical solutions
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have been derived by Nordbotten et al. (Nordbotten et al., 2005a, 2009). A comparison

study of various simplifying semi-analytical models with complex simulations models was

discussed by Ebigbo et al. (Ebigbo et al., 2007). The analysis in (Birkholzer et al., 2009)

focused on the effects of large-scale CO2 leakage through low-permeability layers. Various

optimization strategies for monitoring surface leakage using near-surface measurement ap-

proaches were developed in (Cortis et al., 2008). Recently, Class et al. (Class et al., 2009)

published a benchmark study comparing a number of mathematical and numerical models

of varying complexity. In the current chapter, we would like to attract attention to the often

ignored or forgotten fact, that efforts invested in improved physical conceptualization, nu-

merical codes and stochastic modeling can easily be overwhelmed by error through human

subjectivity in data interpretation and in histogram analysis at a very early stage of modeling

(see Section 5.3). The approach developed in this chapter will help overcome this problem,

especially in data-sparse situations when only global databases for similar sites and expert

opinions are available. A direct application of our proposed framework can be considered

best at the stage of site screening, when considering relatively low-parametric large-scale

models, prior knowledge and measured data on large scales. In more detailed site-specific

studies, more resolved structural models will be more useful, as defined site investigation

and new data allow the spatial resolution of geological heterogeneity and Bayesian updating.

Modeling underground CO2 storage involves many conceptual and quantitative uncertain-

ties (Hansson and Bryngelsson, 2009a). The lack of information on subsurface properties

may lead, depending on the specific question at hand, to parameter uncertainties up to a

level where the uncertainties dominate or even override the influence of secondary physi-

cal processes (see (Oladyshkin et al., 2010)). A significant part of the scientific community

still refrains from considering uncertainty in modeling, but the corresponding arguments are

discussed and rejected one by one in (Pappenberger and Beven, 2006). The current chapter

attracts attention to the often ignored or forgotten fact, that efforts invested in improved phys-

ical conceptualization, numerical codes and stochastic modeling can easily be overwhelmed

by error through human subjectivity in data interpretation and in histogram analysis at a very

early stage of modeling.

5.2. Physical problem formulation

We consider the benchmark leakage problem of injected CO2 into overlying formations

through a leaky well defined by Class et al. (Class et al., 2009). In the current chapter,
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we present an illustrative example for a homogenized system, i.e. we consider spatial het-

erogeneity only through zonation according to different geological media. However, the

technique presented can be extended to many classes of heterogeneous systems, where spa-

tially correlated heterogeneous parameter fields can be decomposed into their uncorrelated

principal components using the KL-expansion (e.g. (Li and Zhang, 2007)), if heterogeneity

does not span over too many scales. Figure 5.1 illustrates a 2D section of the 3D domain

under consideration. The top of the figure is not the ground surface, but the transition to yet

another aquitard. CO2 is injected into a deep aquifer, spreads within the aquifer and, upon

reaching a leaky abandoned well, rises to a shallower aquifer. The goal of the simulation

is to quantify the leakage rate which depends on the pressure build-up in the aquifer due to

injection and on the plume evolution. The leaky well is at the center of the domain and the

injection well is 100m away. Both aquifers are 30m thick and the separating aquitard has a

thickness of 100m. The leaky well is modeled as a porous medium with a higher permeabil-

ity than the formation. The CO2 leakage rate is defined in the benchmark study as the total

CO2 mass flux integrated over a control plane midway between the top and bottom aquifer,

divided by the injection rate, in percent.

We will consider a relatively simple benchmark model to illustrate the concept presented

in the current chapter. The simplicity of the benchmark model chose is fully motivated by

the high computational demand of Monte Carlo simulations, which we use to validate the

Figure 5.1.: Benchmark problem for CO2 leakage through an abandoned well.
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proposed concept (see details in Section 14.3.2). The benchmark problem assumes that fluid

properties such as density and viscosity are constant, all processes are isothermal, CO2 and

brine are two separate and immiscible phases, mutual dissolution is neglected, the pressure

conditions at the lateral boundaries are constant over time, the formation is isotropic rigid

and chemically inert, and capillary pressure is negligible. Within our approach, the physical

complexity of the problem can be increased to an arbitrary extent because of the non-intrusive

black-box conception of the probabilistic collocation method (Isukapalli et al., 1998), (Li

and Zhang, 2007). The initial conditions in the fully saturated domain include a hydrostatic

pressure distribution which is dependent on the brine density. The aquifers are initially filled

with brine. The initial pressure at the bottom of the domain (at 3000m depth) is 3.086×107

Pa. The lateral boundary conditions are constant Dirichlet conditions and equal to the initial

conditions. All other boundaries are no-flow boundaries. CO2 is injected at a constant rate of

8.87 kg/s, which corresponds to 1600m3/d at reservoir conditions. Simulation time is 1000

days. All relevant parameters used for the simulation are given in Table 5.1. Mass balances

of the two phases and the multiphase version of Darcy’s Law give the following system of

Parameter Value

CO2 density, ρg 479kg/m3

Brine density, ρw 1045kg/m3

CO2 viscosity, µg 3.950·10−5Pa s

Brine viscosity, µw 2.535·10−4Pa s

Aquifer permeability, KA 2·10−14m2

Aquifer thickness 30m

Aquitard thickness 100m

Leaky well permeability, KL 1·10−12m2

Porosity, ϕ 0.15

Leaky & injection well radius 0.15m

Injection rate 8.87kg/s (1600m3/d)

Distance between wells 100m

Dimensions of model domain 1000m×1000m×160m

Simulation time, t 1000days

Table 5.1.: Benchmark parameters
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differential equations:

−ϕ
∂Sg

∂ t
−∇ ·

{
krw

µw
K · (∇p−ρwg)

}
−qw = 0,

ϕ
∂Sg

∂ t
−∇ ·

{
krg

µg
K · (∇p−ρgg)

}
−qg = 0,

(5.1)

which is constrained by the equation

Sw +Sg = 1. (5.2)

The subscripts w and g stand for the brine (water) phase, and the CO2-rich (gas) phase,

respectively. The primary variables in equation (5.1) are the gas-phase saturation Sg and

pressure p. Sw is the brine-phase saturation. The relative permeabilities krw and krg are

secondary variables and linear functions of Sw and Sg, (krw = Sw = 1− Sg; krg = Sg), g is

the gravity vector, K is the absolute permeability tensor and qw, qg are sources/sinks. In

the current study, the benchmark problem has simulated using DuMuX, a multi-scale multi-

physics toolbox for the simulation of flow and transport processes in porous media (Flemisch

et al., 2007).

5.3. Impact of error sources

In the previous section, we discussed the convergence and minimal subjectivity of our data-

driven concept. However, stochastic approximation and subjectivity are, of course, not the

only sources of possible error within an entire modeling challenge. The possibly greatest

overall challenge consists in finding a healthy and reasonable compromise between numer-

ical techniques, physical formulations and model selection, mathematical descriptions, esti-

mation of model parameters and their uncertainties, computational effort, etc. In this section,

we would like to set the corresponding magnitudes of possible errors in relation to the pos-

sible error range of subjectivity, again using the above benchmark problem as quantitative

example. Our intention here is not to reduce the importance of numerical schemes and a

proper consideration of conceptual uncertainty. Instead, we wish to draw attention to subjec-

tivity in data interpretation as an equally important source of overall error.

We will subdivide the overall error into the following four categories: I-numerical approxi-

mation error; II-conceptual model error; III-error due to parameter uncertainty; IV-error due

to subjectivity in data analysis (see Figure 5.2). The shaded areas in Figure 5.2 illustrate the
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ranges of variations obtained using different concepts, approaches, techniques and choices

within each category.

The first type of error is illustrated in the upper left plot of Figure 5.2, where CO2 leakage

was predicted using different numerical codes within an international code intercomparison

study. The correspondence of individual lines to numerical codes is provided in (Class et al.,

2009). The shaded area illustrates the difference between the lowest and highest prediction.

To illustrate the second type of impact, i.e. conceptual model error, we consider two alterna-

tive conceptual models, one with and one without phase transition, see the upper right plot

of Figure 5.2. We choose this physical phenomenon for our current illustration, because it

has a strong impact on multi-phase flow prediction in underground reservoirs. Moreover, the

two lines bounding the shaded area in the upper right plot of Figure 5.2 represent the aver-

aged solution (through different numerical codes), which makes this plot independent of the

numerical choice. The upper two plots in Figure 5.2 were reproduced with kind permission

of the authors of (Class et al., 2009). The third type of impact is illustrated in the bottom

left plot of Figure 5.2, where the consequences of parameter uncertainty (such as reservoir

permeability and porosity) are presented. Here, we plot the standard deviation for the mean

value of CO2 leakage over time. The fourth type of impact, i.e. the influence of subjectivity

in data interpretation, is presented in the bottom right plot of Figure 5.2.

The current example shows that the influence of different numerical schemes may be less

important than different physical formulations, the influence of uncertainty and subjectiv-

ity. Also, we can see that parameter uncertainty has a large impact on modeling CO2 stor-

age even in comparison with the considered refinement of physical phenomena. Therefore,

physical refinement is only meaningful if the uncertainty of newly introduced parameters is

also accounted for. Also, a balanced compromise between allocating computer resources

on refined models, better stochastic approximation and numerical accuracy has to be kept

in mind. Moreover, this demonstrates that subjectivity within data interpretation can cause

the same order of magnitude in uncertainty or error as numerical, conceptual and stochastic

approximation error, at least in the example considered here.

The list of sources for possible errors discussed here is well known. However, to the best

of our knowledge, the impact of subjectivity in data interpretation especially for non-linear

stochastic problems has not been discussed in the literature before. For generalization and

abstraction from the example considered here, we expect that more complex models with

more parameters (each one requiring its own assumptions) increase the number of oppor-

tunities to introduce subjectivity. Moreover, more complex models often exhibit stronger
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Figure 5.2.: Variation of CO2 leakage: impact of numerical choice, conceptual model choice,

parameter uncertainty and subjectivity

non-linearity, which can amplify the impact of subjectivity especially for assumptions on

extreme value tails and higher-order moments.

5.4. Conclusions

We demonstrated that subjectivity in data interpretation can easily lead to prediction bias.

With the considered example, we also illustrated that subjectivity can be a source of error

that plays in the same league as physical conceptualization, numerical code development,

and stochastic modeling. Moreover, the modeling process is a chain of many tasks. Like any

chain, it is only as strong as its weakest link. Our results indicate clearly that the statistical
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treatment of input data is part of the chain, and that the subjectivity in assuming theoretical

curves can weaken that link immensely.



6. Thermodynamic modeling of
multicomponent two-phase flow

Bibliographic Note: The content of this chapter is based on the following original article:

Oladyshkin S., Panfilov M. Open thermodynamic model for compressible multicomponent

two-phase flow in porous media, Journal of Petroleum Science and Engineering, Elsevier, V.

81, P. 41-48, 2012.

The compressible compositional two-phase flow in porous media was considered. This sys-

tem was characterized by two essential parameters: the perturbation parameter and the rela-

tive mobility parameter. The perturbation parameter represents the stabilization time of the

pressure field after perturbation. The relative mobility parameter represents the interior char-

acteristic of the system by the ratio between liquid mobility and gas mobility. For the contrast

phase mobility and fast pressure relaxation process an open thermodynamic model was ob-

tained by splitting between thermodynamics and hydrodynamics (HT-splitting). This model

includes several differential thermodynamic equations for characterization of the transport

phenomena (Delta Law), i.e. describes the equilibrium in an open system. A new open

thermodynamic simulator (OTS) was developed. The OTS simulations are validated by the

full compositional flow simulations using Eclipse. However, compared to the full composi-

tional simulator an evident advantage of the new OTS simulator is the fact that due to the

independence from space and time, data construction demands an extremely short time of

calculation. Moreover this new approach does not limit the number of chemical components

in the system.

The closed thermodynamic system was shown as behaving similarly to the open system

for several test cases. In order to characterize the difference between the closed and the

open thermodynamics we proposed to use Delta Law for one chemical component and a

variation function for the combination of all components. This behaviour depends on mass

conservation in an individual volume. The closed description can be realistic if the incoming
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gas in an individual volume is not different from the leaving gas; otherwise the use of the

open approach (new or classical) is suggested.

6.1. Introduction

We shall consider the compositional fluid which consists of N chemical components. The

components are able to form two thermodynamic phases separated from one another by an

interface. Usually there are three types of components in the system: light (N2, CH4, C2H6,

...), heavy (C5H12, C6H14, ...) and neutral (C3H8, C4H10, ...). Usually such a model represents

a high order nonlinear transcendent equation system for which a constructive analysis is very

difficult, so that the only method to analyze this system is the numerical simulation (Aziz and

Settari, 1979), (Coats, 1980). Some simplified versions of the compositional model may be

obtained by reducing the number of components up to two (Koldoba and Koldoba, 2003),

or by assuming a flow stationarity (Whitson et al., 2003), (Dinariev, 1996). An attempt to

provide a justification to such a stationary theory was done in (Chopra and D., 1986) by

neglecting dispersion, capillarity and gravity.

Figure 6.1.: Closed thermo-

dynamic system:

phase exchange

We will focus on a system without chemical reactions.

However the mass exchange between phases will be one

of the important mechanisms for the thermodynamic sys-

tem. Such compositional fluid in porous media takes the

form of a finely dispersed system with a characteristic

scale of liquid drops or gas bubbles of the order of pore

size. The interface between the phases is then highly dis-

persed and irregular. Under such conditions the exam-

ined system may be effectively described in terms of a

phenomenological approach when both phases are con-

sidered as two interpenetrating continua, so that each of

them occupies the whole space. Moreover, the system may be assumed to be in local equi-

librium, due to a highly developed interface area ensuring fast mass transfers.

There are two typical physical scenarios of thermodynamic behaviors in the compositional

system. The first one corresponds to the closed thermodynamic system behaviors. This type

of behaviors means that the phase transition between a gas sub-volume Vg and a liquid sub-

volume Vl happens in a closed volume V =Vg+Vl , llustrated in the Figure 6.1. Physically this

type of behaviors corresponds to the thermodynamic experience in closed PVT bomb. The
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thermodynamic theory of these systems is well developed in fundamental works: (Sedov,

1976), (Nigmatulin, 1987), as well as in reservoir engineering: (Coats, 1980), (Nikolaevski

et al., 1968), (Firoozabadi, 1999), (Danesh, 1998), (Batalin et al., 1992).

Figure 6.2.: Open thermodynamic sys-

tem: phase exchange &

transport

The second type of behaviors corresponds to

the open thermodynamic system behaviors. In

this case there is not only phase exchange be-

tween the two individual sub-volumes of gas Vg

and liquid Vl , but also the transport of one rel-

atively another. Practically this type of system

is a very common one, and can be represented

by a petroleum reservoir of a compositional fluid

with mass exchange between phases, where gas

moves relatively liquid. Due to the transport in

the open system, the individual sub-volume of

gas Vg is replaced by a new one V new
g , which is illustrated in the Figure 6.2.

Unfortunately, in order to understand the thermodynamic behaviors in an open system it is

not sufficient to consider the classical thermodynamic relations for a closed system. Usually

for this kind of analysis a full compositional model consisting of classical thermodynamic

relations as well as hydrodynamic equations is used. Actually, the mathematical description

of this model consists of N equations of mass balance for each component, two equations

of phase state and N + 2 equations of phase equilibria relating the chemical potentials of

each component in both phases, phase pressures and phase temperatures. Usually such a

model represents a high order nonlinear transcendent equation system which may be solved

numerically by using various iteration procedures. Finally, due to hydrodynamic coupling,

the analysis of behaviors in an open system becomes very complicated. In this chapter we

propose a new type of thermodynamic model and a corresponding simulator that describes

phase equilibrium in a thermodynamically open system.
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6.2. Mathematical model of two-phase flow in porous

media

6.2.1. Hydrodynamic system formulation

We shall consider the full compositional model of two-phase flow consisting of N chemi-

cal components. The components form two thermodynamic phases: gas and liquid, which

moved in porous medium. We shall consider the phases as the interpenetrating continua, ac-

cording to the phenomenological approach, (Nikolaevski et al., 1968), (Nigmatulin, 1987),

(Sedov, 1976). The general dynamic of compositional flow can be described by the mass

balance equation for each chemical component k and momentum balance equation for each

phase (the Darcy law):

ϕ
∂
∂ t

(
ρlc

(k)
l s+ρgc(k)g (1− s)

)
= div

(
ρlc

(k)
l Vl +ρgc(k)g Vg

)
,k = 1, ...,N (6.1)

Vl =−Kkl

µl
gradPl, Vg =−

Kkg

µg
gradPg

where superscript k refers to k-th chemical component (k = 1, ...,N), indexes g and l to gas

and liquid; ϕ is the porosity; c(k)g or c(k)l is the mass concentration of k-th component in

gas or liquid [kg/kg]; s is the volume saturation of pores by liquid; ρg and ρl are the phase

densities; kg and kl are the relative permeabilities; µ is the dynamic phase viscosity; K is the

absolute permeability; P is the phase pressure.

6.2.2. Thermodynamic system formulation

The thermodynamic part describes the local equilibrium in the two-phase system and con-

sists from N equilibrium equations (6.2a) for each chemical component, two equations of

phase state (6.2b), two normalizing equations for concentrations (6.2c) and the equilibrium
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equation for phase pressures in the capillary field:

ν(k)
g

(
Pg,
{

c(q)g

}N

q=1

)
= ν(k)

l

(
Pl,
{

c(q)l

}N

q=1

)
, k=1, ...,N (6.2a)

ρg = ρg

(
Pg,
{

c(q)g

}N

q=1

)
, ρl = ρl

(
Pl,
{

c(k)l

}N

q=1

)
(6.2b)

N

∑
k=1

c(k)g = 1,
N

∑
k=1

c(k)l = 1 (6.2c)

Pg −Pl = Pc(s) (6.2d)

here ν(k)
i is the chemical potential of kth component in ith phase; Pc(s) is the capillary pres-

sure function. Equations of state (6.2b) are written in general form. Functions ν(k)
g (P, ...) are

given.

6.2.3. Thermodynamic variance in two-phase systems

We will note that in the case of a gas-condensate or an oil-gas system, the capillary pressure

is always large as the surface tension is low due to familiar phase compositions (Panfilova

and Panfilov, 2004): Pc =∼ 0.01−0.1 bar. Thus, we will assume that the capillary pressure

Pc can be neglected with respect to the characteristic pressure difference over the domain,

∆P, i.e. the capillary number Ca is large or the flow velocity is rather important. So, the

system has a unique pressure:

Pl = Pg ≡ P (6.3)

Hence, the thermodynamic system (6.2a), (6.2b), (6.2c), (6.3) does not contain saturation s,

as the phase densities and concentrations are independent of s.

The hydrodynamic system consists of N equations (6.1) written with respect to pressures P

and saturation s and N − 2 independent concentrations. Such concentrations represents the

basis and can be denoted as χ(k):

χ( j) = c( j)
g , j = 1, ...,N −2 (6.4)

On the other hand, other concentrations and phase densities are determined from the thermo-

dynamic system (6.2a), (6.2b), (6.2c), (6.3) which includes (N+4) equations with respect to

(2N +3) variables: P, ρg, ρl ,
{

c(q)g

}N

q=1
,
{

c(q)l

}N

q=1
. According to the Gibbs rule of phases,

the difference between the number of variables 2N + 3 and the number of equations N + 4
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represents the thermodynamic variance of the system v = N −1, which determines the num-

ber of independent variables. We will select the pressure and N −2 basic concentrations as

the independent variables, and hence another variable (phase densities and other concentra-

tions) can be find from the thermodynamic system. Basis concentration χ( j) and pressure

P can be computed with help of the hydrodynamic system (6.1). This mean that the hy-

drodynamic system strongly couplet with thermodynamic one. Thus, the classical approach

for analysis of an open system requires solving of the full compositional model, which rep-

resents a huge nonlinear hydro-thermo dynamic problem. The current chapter presents the

study on compositional two-phase flow and provides important simplification which helps to

overcome direct solution of the couplet thermo-hydro system.

6.3. Flow model properties for an open contrast

two-phase system

6.3.1. Open system characterization

Evidently such natural system as underground petroleum reservoirs or another one non iso-

late from exterior exchange represent class of open system. To characterize this type of sys-

tem we will introduce two essential parameters: the perturbation parameter and the relative

mobility parameter.

For that, first of all, let us introduce the the characteristic values of the length, time, pressure,

viscosities and densities as L, t∗, ∆P, µ0
g , µ0

l , ρ0
g and ρ0

l . Let ⟨K⟩ and ⟨ϕ⟩ be the mean values

of permeability and porosity. Hence, the compositional system (6.1) can be transformed to

a dimensionless canonical one ((Panfilova and Panfilov, 2004)), where each equation has a

strict physical meaning: first equation describes the total flow, the second one describes the

liquid flow, while the remaining N−2 equations will describe the transport of basic chemical
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components:

ε
∂

∂τ
(φlρs+φg(1− s)) = div([ψgkg +ωψlkl]gradp) , (6.5a)

ε

(
ρ

∂ (φls)
∂τ

+ρφls
∂ζ (N)

l
∂τ

+φg(1− s)
∂ζ (N)

g

∂τ

)
= (6.5b)

ωdiv(ψlklgradp)+ωψlklgradp·gradζ (N)
l +ψgkggradp·gradζ (N)

g ,

ε
[

ρφls
∂

∂τ

(
ζ (k)

l −ζ (N)
l

)
+φg(1− s)

∂
∂τ

(
ζ (k)

g −ζ (N)
g

)]
= (6.5c)

ωψlklgradp·grad
(

ζ (k)
l −ζ (N)

l

)
+ψgkggradp·grad

(
ζ (k)

g −ζ (N)
g

)
,k = 1, ...,N −2

Here the operations div and grad are performed in dimensionless space coordinates; other

definitions are the following:

p ≡ P
∆P

, φi ≡
ϕρi

⟨ϕ⟩ρ0
i
, ψi ≡

Kρiµ0
i

⟨K⟩ρ0
i µi

, τ ≡ t/t∗, ρ ≡
ρ0

l
ρ0

g
, t∗ ≡

L2µ0
g ⟨ϕ⟩

⟨K⟩∆P

The parameter t∗ is called the global reservoir relaxation time and is equal to the time of

propagation of the perturbation caused by a pressure variation ∆P. The functions ζ (k)
g and

ζ (k)
l is the component neutralities, which describes how much the concentration variation

within a fixed phase (dc(k)i ) is higher/lower than the concentration variation between two

phases (∆c(k) = c(k)l − c(k)g ):

dζ (k)
l ≡ 1

∆c(k)
dc(k)l , dζ (k)

g ≡ 1
∆c(k)

dc(k)g (6.6)

Figure 6.3.: Pressure stabilization: dimensionless pressure p and time t
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Finally, the perturbation ε and relative mobility ω characteristic parameters for the consid-

ered system can be presented in the following form:

ε ≡ t∗

t∗
, ω ≡

ρ0
l µ0

g

ρ0
g µ0

l
(6.7)

Physically the parameter ε characterize the time of stabilization of the pressure field after

perturbation, i.e. the ratio of perturbation propagation time to the external process time t∗.

Usually this time of stabilization quite small relatively the characteristic time of processes

in the system, (Oladyshkin and Panfilov, 2005). Such physical phenomena assure the small

value of the parameter ε . One illustration for pressure behaviors after the well creation in

several gas-condensate reservoir presented on the Figure 6.3 (t∗ = 0.005 - dimensionless

stabilization time). Thus, the perturbation parameter ε is an exterior characteristic for the

considered system. Another interior characteristic for the system can be presented by the

ratio between liquid mobility and gas mobility, parameter ω . Usually the liquid is less mobile

relatively to the gas in systems as gas-condensate and gas-liquid, i.e. characterized by the

small parameter ω .

6.3.2. Splitting thermodynamics and hydrodynamics

For the contrast phase motilities and fast stabilizing pressure field the limit form of the gas-

liquid flow model can be obtained (Oladyshkin and Panfilov, 2007a). Duo to the limit behav-

iors of the system (6.5) when ω→0 and ε→0 the last equation characterizing the transport of

basic components can be transformed (Oladyshkin and Panfilov, 2007a) into the following

sub-system (Delta Law) along the streamlines:

1
∆c(k)

dc(k)g

d p
=

1
∆c(N)

dc(N)
g

d p
, k = 1, ...,N −2 (6.8)

This sub-system is a time-independent and space-independent system of ordinary differential

equations, and this sub-system has a thermodynamic character. Hence the group of transport

equations (6.5c) can be used in thermodynamic formulation (6.8), and finally we obtained

the splitting between the thermodynamics and the hydrodynamics:
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Hydrodynamic part determines pressure p and saturation s:

div(ψgkggradp) = 0, (6.9a)

ρφl
∂ s
∂τ

+ρφls
∂ζ (N)

l
∂τ

+φg(1− s)
∂ζ (N)

g

∂τ
=

ω
ε

div(ψlklgradp)+
1
ε

ψgkggradp·gradζ (N)
g (6.9b)

Thermodynamic part determines N−2 basic concentrations χ(k), N+2 other concentrations,

and two phase densities ρl and ρg as the functions of pressure p:

ν(k)
g

(
p,
{

c(q)g

}N

q=1

)
= ν(k)

l

(
p,
{

c(q)l

}N

q=1

)
, k=1, ...,N (6.10a)

ρg = ρg

(
p,
{

c(q)g

}N

q=1

)
, ρl = ρl

(
p,
{

c(k)l

}N

q=1

)
(6.10b)

N

∑
k=1

c(k)g = 1,
N

∑
k=1

c(k)l = 1 (6.10c)

1
∆c(k)

dc(k)g

d p
=

1
∆c(N)

dc(N)
g

d p
, k = 1, ...,N −2 (6.10d)

The new thermodynamic system is represented by the group of classical equations and the

new differential thermodynamic equations (Delta Law). Finally, the new thermodynamic

system depends on pressure only. This means that for known pressure all thermodynamic

variable (concentrations, phases densities) can be obtained.

The interpretation of the new delta law consists in the description of chemical components

transport in an open two-phase system (illustration on the Figure 6.2). This means the ob-

tained thermodynamic system is the open one, in which two types of principals processes

are described: phase equilibrium (classical relations) and transport (Delta Law). Physically

there are phase transitions between individual volume of gas and individual volume of liq-

uid, and the gas volume replaced by the new one due to a faster gas flow relatively liquid.

Thus, this open thermodynamic model presents a new field for development of an alternative

solvers in relation to the classical approach.
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6.4. Open thermodynamic model

The full mathematical formulation of the open thermodynamic model consists of the equilib-

rium equations for chemical potentials (6.10a), the equations of phase state (6.10b), the con-

centration normalizing relations (6.10c), the total composition variation in an open system

(Delta Law, 6.10d) and thermodynamic closure relations (see details in Section 6.4.3).The

details of formulation for phase equilibrium conditions of two-phase fluid and equations of

state for the multicomponent systems described in Section 6.4.3 and Section 6.4.1 correspon-

dently.

Based on the described model (6.10) the open thermodynamic simulator was developed for

the open multicomponents two-phase system. Very important to note that such a type of

simulator produces the data on phase equilibrium for the class of stabilized and contrast

systems (discussed in the section 6.3.1).

6.4.1. Equations of state for the multicomponent systems

Equations of state are basically developed for pure components, and applied to multicom-

ponent systems by using some mixing rules which determine the averaged parameters for

a mixture (Peng and Robinson, 1976), (Orbey and Sandler, 1998). The mixing rules take

into account the prevailing forces between molecules of different substances which form the

mixture.

The EOS like Peng-Robinson is usually formulated in a form with respect to the z-factor z

as an implicit function of P, T and concentrations:

z3
i − (1−Bi)z2

i +(Ai −3B2
i −2Bi)z− (AiBi −B2

i −B3
i ) = 0, i=g, l (6.11)

where zi is z-factor of ith phase; coefficients Ai, Bi depend on pressure P, temperature T and

mixture composition:

Ai = āi
P

R2T 2 , Bi = b̄i
P

RT
, i=g, l (6.12)

Parameters āi and b̄i describe the mixture composition and the mixing rules:

āi =
N

∑
k=1

N

∑
j=1

xk
i x j

i ak j, ak j =
√

aka j(1−δ k j), b̄i =
N

∑
k=1

xk
i bk, i=g, l (6.13)

where δ k j is known as a binary interaction parameter (Danesh, 1998); xk
i is the mole fraction

of kth component in ith phase.
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Parameters ak and bk for kth chemical component are defined by the following equations:

ak = 0.4274800232
R2T k

cr
2

Pk
cr

[
1+mk

(
1−

√
T
T k

cr

)]2

, (6.14a)

mk = 0.37464+1.5422ωk −0.26992ωk2
, (6.14b)

bk = 0.086640350
RT k

cr

Pk
cr

, k=1,N (6.14c)

where T k
cr and Pk

cr are the critical fluid temperature and pressure for component k; ωk is the

acentric Pitcer factor.

Cubic equation (6.11) for the z-factor may be solved for liquid and vapor phases. Generally

three solutions are obtained. The smallest root corresponds to liquid, while the largest root

describes vapor.

6.4.2. Phase equilibrium conditions for two-phase fluid

The equality of chemical potentials of each component in all the co-existing phases at equi-

librium ((Danesh, 1998),(Batalin et al., 1992)) is described by equation (6.10a). The chemi-

cal potential for gas ν(k)
g and liquid ν(k)

l phases can be defined as:

ν(k)
i

(
P,
{

c(q)i

}N

q=1

)
= ν(k)

ip

(
P,T,

{
c(q)i

}N

q=1

)
+RT ln

(
f (k)i c(k)i

)
, (6.15)

k=1,N; i = g, l

where R is the universal gas constant; T and P are the reservoir temperature and pressure;

f (k)i is the fugacity of component k in phase i; ν(k)
ip is the chemical potential of the ideal gas:

ν(k)
ip

(
P,
{

c(q)i

}N

q=1

)
= G(k)

p (P,T )+RT ln
(

c(k)i

)
, k=1,N; i = g, l (6.16)

herein G(k)
p (P,T ) is the chemical potential of the pure component k.

Therefore, using (6.16) and (6.16), the phase equilibrium conditions (6.10a) lead to a balance

between the fugacities:

f (k)g

(
P,T,

{
c(q)g

}N

q=1

)
= f (k)l

(
P,T,

{
c(q)l

}N

q=1

)
, k=1,N (6.17)



52 Thermodynamic modeling of multicomponent two-phase flow

The fugacities will be described the attraction/repulsion between molecules. The ratio of the

fugacity to the pressure is called the fugacity factor ϕ (k)
i :

ϕ (k)
i =

f (k)i

Pxk
i
, k = 1,N; i = g, l (6.18)

The fugacity factors are calculated using:

ln
(

ϕ (k)
i

)
=

bk

b̄i
(zi −1)− ln(zi −Bi)−

Ai

2
√

2Bi


2

N

∑
j=1

xk
i ak j

āi
− bk

b̄i

 ln

(
zi +(

√
2+1)Bi

zi − (
√

2−1)Bi

)
(6.19)

where zi, Ai, Bi, āi, b̄i and ak j are defined by equations above (i=g, l; k=1,N).

Thus, the fugacity factor of a component depends on the composition and z-factor of the gas

mixture (zi), on the additional functions (āi and b̄i), on the properties of the pure components

(T k
cr, Pk

cr, and ωk), and on the cross parameters δ k j.

6.4.3. Thermodynamic closure relations

The closure relations are needed to describes some other parameters of the equation of state.

Actually, the fluid densities can be calculated from following relations:

ρi =
PMi

zRT
, i = g, l (6.20)

where Mi is the molar masse for ith phase, Mi =
N

∑
k=1

xk
i Mk.

6.4.4. Open thermodynamic simulator

Conversion of thermodynamic differential equations. The open thermodynamic

system has two types of equations: nonlinear and differential equations. We shall convert the

system of differential equations into the finite-difference recurrent algebraic equations. Let

us replace the differential equations by their finite difference analogues, using the definition
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of pressure as pi = pi−1 +∆p (for a step i=0,1,...), with 0 < |∆p|<< 1. Hence the relations

(6.10d) can be presented in the following form:(
1

∆c(k)

)(i) [
(c(k)g )(i)− (c(k)g )(i−1)

]
=

(
1

∆c(N)

)(i) [
(c(N)

g )(i)− (c(N)
g )(i−1)

]
, (6.21)

k = 1, ...,N −2

Open thermodynamic simulator numerical algorithm. The algorithm of devel-

oped simulator consists from the following principal steps:

Step 1. The initial pressure p0 is imposed as an input parameter.

Step 2. The zero approximation for initial conditions
{

c(q)l∗

}N

q=1
and

{
c(q)g∗
}N

q=1
of the recur-

rent equations (6.21) calculated for the pressure p0 using the classical closed thermodynamic

methods.

Step 3. The new pressure is imposed as p1 = p0 +∆p for the given pressure step ∆p. The

system of phase equilibrium equations, phase state equations and the recurrent phase compo-

sition equations are nonlinear transcendent system, and can be solved simultaneously using

the iterative Newton-Raphson method for the current pressure p1.

Actually, we shall present the relations (6.10) in the form of linear system relatively the

unknown vector X:

AX = B (6.22)

Here the vector X represents correction for the nonlinear system relatively the previous so-

lution:

c(i)l = c(i)l∗ +X(i), i = 1, ...N −2,N (6.23a)

c(i)g = c(i)g∗ +X(N−1+i), i = 1, ...N −2,N (6.23b)

The kernel of numerical algorithm consists on the definition of the matrix A and B for con-

sidered physical problem. The matrix A composed on two matrixes Ag and Al: A = Ag
∪

Al.

The full definition of the matrixes presented in general forms below.
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Ag =



1 ... N −2 N −1

1
∂ϕ (1)

l

∂c(1)l

...
∂ϕ (1)

l

∂c(N−2)
l

∂ϕ (1)
l

∂c(N)
l

... ... ... ... ...

N
∂ϕ (N)

l

∂c(1)l

...
∂ϕ (N)

l

∂c(N−2)
l

∂ϕ (N)
l

∂c(N)
l

N +1 − 1(
∆c(1)

)2
∂c(1)g

∂ p
... 0 0

... ... ... ... ...

2N −3 0 ... − 1(
∆c(N−2)

)2
∂c(N−2)

g

∂ p
0

2N −2 0 ... 0 − 1(
∆c(N)

)2
∂c(N)

g

∂ p



Al =



N ... 2N −3 2N −2

1 −∂ϕ (1)
g

∂c(1)g

...
∂ϕ (1)

g

∂c(N−2)
g

∂ϕ (1)
g

∂c(N)
g

... ... ... ... ...

N −∂ϕ (N)
g

∂c(1)g

...
∂ϕ (N)

g

∂c(N−2)
g

∂ϕ (N)
g

∂c(N)
g

N +1
1(

∆c(1)
)2

∂c(1)g

∂ p
... 0 0

... ... ... ... ...

2N −3 0 ...
1(

∆c(N−2)
)2

∂c(N−2)
g

∂ p
0

2N −2 0 ... 0
1(

∆c(N)
)2

∂c(N)
g

∂ p
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B =



1 −
(

ϕ (1)
l + ln(x(1)l )+ϕ (1)

g + ln(x(1)g )
)

... ...

N −1 −
(

ϕ (N−2)
l + ln(x(N−2)

l )+ϕ (N−2)
g + ln(x(N−2)

g )
)

N −
(

ϕ (N)
l + ln(x(N)

l )+ϕ (N)
g + ln(x(N)

g )
)

N +1
1

∆c(N)

∂c(N)
g

∂ p
− 1

∆c(1)
∂c(1)g

∂ p

... ...

2N −2
1

∆c(N)

∂c(N)
g

∂ p
− 1

∆c(N−2)

∂c(N−2)
g

∂ p


In the current pressure point p1 the iteration process for the roots vector X is stopped when

the giving precision ζ was attend:

N

∑
i=1

∣∣∣∣∣∣∣
ϕ (i)

l + ln(x(i)l )(
ϕ (i)

g + ln(x(i)g )−1
)2

∣∣∣∣∣∣∣< ζ (6.24)

On the other hand if the precision ζ was not obtained the linear system (6.22) need to be

solved for new value of the approximation c(i)l∗ = c(i)l and c(i)g∗ = c(i)g (i=1,...,N).

Step 4. The algorithm is repeated for the new pressure p2 = p1 +∆p. The initial approxima-

tion for the solution
{

c(q)l∗

}N

q=1
and

{
c(q)g∗
}N

q=1
can be taken from the previous point pl . The

algorithm repeats until the defined bottom limit for pressure is reached.

6.4.5. Thermodynamic system simulation

Based on the described approach the open thermodynamic simulator OTS was developed.

The last version of this noncommercial simulator was developed for an unlimited number of

chemical components in fluid. Let us show several test cases and compare to the results of

the commercial software Eclipse.
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Figure 6.4.: Phase plot for the 8-components fluid

We will consider the multicompositional mixture consisting of 8 chemical components

(CO2,N2,CH4,C2H6,C3H8,C4H10,F1,F2). We will focus on the domain of coexistence of

gas and liquid phases - illustration presented in the Figure 6.4. We will perform the simu-

lations for this 8-components mixture using the OTS simulator and also the compositional

simulator Eclipse. However, to obtain the same data using the classical approach (Eclipse),

a full compositional system with a hydrodynamic space and time depending part needs to

be simulated. The results of Eclipse simulation are based on the model of radial flow and

are illustrated after the pressure stabilization in the Figure 6.5 by circles. In terms of mole

fractions, the liquid as well as the gas are strongly represented by CH4, however the liquid

phase is also presented by the heavy component F2. On the other hand, OTS data construc-

tion demands an incomparably small time of calculation, which is represented by lines in the

Figure 6.5.

The open thermodynamic model describes correctly the two-phase behaviors for an open

system moving through porous media. Even in the case in which the initial conditions are

far from real state, OTS comes fast to the solution that describes the open behaviors. An

illustration is presented in the Figure 6.6 for a 9-components mixture. Here both phases are

also strongly represented by mole fractions of component CH4.

Let us note, that for some pressure domains the closed thermodynamics can behave simi-

larly to the open system, while for other pressures the behavior can be totally different. We

will show an example for a 4-components mixture that was obtained by the simulation of a

classical closed thermodynamic system using the commercial software Eclipse PVTi. For

the same fluid OTS data was gained. Figure 6.7 illustrates the difference between the two
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Figure 6.5.: Liquid and gas mole fractions for the 8-components fluid: solid lines - OTS;

circles - Eclipse
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Figure 6.6.: Liquid and gas mole fractions for the 9-components fluid: solid lines - OTS;

circles - Eclipse

kinds of simulation - open (solid lines) and closed (dashed lines). Even in the case when

the initial approximation for the open simulations are taken from the closed model (Figure

6.7) the result become enormously diverse. In the next section we will concentrate on the

analysis of this difference.

One of the evident advantages of the described open thermodynamic simulation is that the

system is not calculated in space and time points any more, which can be useful for advanced

simulation techniques (e.g. (Thiele et al., 1996), (S. et al., 2008)). Moreover this approach

does not limit the number of chemical components in the system.
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Figure 6.7.: Liquid and gas mole fractions for the 4-components fluid: solid lines - OTS;

dashed lines - closed Eclipse PVTi

6.4.6. Behavior of thermodynamic systems

The open thermodynamic model presents the existence of motion through porous media in

terms of Delta Law that was obtained from transport equations. Physically this means that

the mass of each component is not conserved in some individual volume (Figure 6.1), while

for a closed system mass conservation is evident. Actually, the difference between closed

and open thermodynamic description is represented by Delta Law for chemical components:

1
∆c(k)

dc(k)g

d p
=

1
∆c(N)

dc(N)
g

d p
, k = 1, ...,N −2 (6.25)

Delta Law means that the variation of component concentration in gas along the streamline

divided by the concentration difference in phases is the same for any component in the ex-

amined class of systems. This law may be considered as a necessary condition ensuring a

thermodynamic behavior to an open gas-liquid system. Now let us show an example of the

behavior for one chemical component by calculating the thermodynamic variables for the

8-components fluid using the classical closed approach (Eclipse PVTi). From the obtained

data we can construct the left and right sides of transport Delta Law formula (6.25) for dif-

ferent chemical components. An illustration of this difference is presented in the Figure 6.8

for the component CH4. This means that behaviors of CH4 look the same in closed and open

systems for the domain of high pressure. However for a large pressure domain the behavior

of this component is not the same.

To understand and classify the global behavior in the system by means of the combination
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Figure 6.8.: Thermodynamic behaviour: Delta Law for the component CH4 in the 8-

components fluid

of all components let us introduce the following function:

V (p) =
1

N −2

N−2

∑
k=1

1
∆c(k)

dc(k)g

d p

1
∆c(N)

dc(N)
g

d p

(6.26)

This function V (p) represents the variation of the closed model from the open one. If V (p)

tends to the value 1 the system behaves like the open one. An example is presented in the

Figure 6.9 for the 8-components fluid. It is easy to see that the closed thermodynamic sys-

tem behaves in the described way only for a certain pressure domain. Nevertheless there is

a domain where both open and closed systems behave totally different for the same mixture.

Actually, we can imagine one individual volume through which gas flows fast while the liq-

uid stays almost immobile. The closed description will be more realistic when the incoming

gas in such a volume will be not different from the leaving gas.

6.5. Conclusions

The general case of the compressible compositional two-phase flow in porous media was

considered. For this kind of system the mass exchange between phases is one of the impor-

tant mechanisms, however it is not unique as there is also the transport influence.
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Figure 6.9.: Thermodynamic behaviour: Delta Law for the 8th components fluid

The multicomponent two-phase system moving through porous media was characterized by

two essential parameters: the perturbation parameter and the relative mobility parameter.

The perturbation parameter represents the stabilization time of the pressure field after per-

turbation. The relative mobility parameter represents the interior characteristic of the system

by the ratio between liquid mobility and gas mobility.

For the contrast phase mobility and fast pressure relaxation process an open thermodynamic

model was obtained by HT-splitting. This model includes several differential thermodynamic

equations for characterization of the transport phenomena (Delta Law), i.e. describes the

equilibrium in an open system.

The new open thermodynamic simulator (OTS) was developed as an alternative to the classi-

cal approach. The OTS simulations are validated by the full compositional flow simulations

using Eclipse. However, compared to the full compositional simulator an evident advantage

of the new OTS simulator is the fact that due to the independence from space and time, data

construction demands an extremely short time of calculation. Moreover this new approach

does not limit the number of chemical components in the system.

In several cases the closed thermodynamics can behave similarly to the open system. This

behavior depends on mass conservation in an individual volume. In order to characterize

the difference between the closed and the open thermodynamic systems we proposed to use

Delta Law for one chemical component and a variation function for the combination of all

components. The closed description can be realistic if the incoming gas in an individual

volume is not different from the leaving gas; otherwise the use of the open approach (new or

classical) is suggested.



7. Effective streamline-based
modeling of compositional flow

Bibliographic Note: The content of this chapter is based on the following original article:

Oladyshkin S., Royer J.-J., Panfilov M. Effective solution through the streamline technique

and HT-splitting for the 3D dynamic analysis of the compositional flows in oil reservoirs.

Transport in Porous Media, Springer, V. 74, N. 3, P. 311-329, 2008.

Streamline approach are often used as an alternative effective method to classical finite dif-

ference technique for solving large heterogeneous fluid flow models in petroleum reservoirs.

In the case of complex multi-component fluid system, this approach is scarcely used because

the hydrodynamic and thermodynamic flow equations are strongly coupled through non in-

dependent variables including the pressure, the saturation and the species concentrations.

It has been shown recently (Oladyshkin and Panfilov, 2007a), (Oladyshkin and Panfilov,

2007b) that assuming quasi steady state for the pressure field, the hydrodynamic and ther-

modynamic parts can be split into a set of equations that is referred as HT-split compositional

model. In this work, the HT-split model is combined with the streamline technique. This ap-

proach has been implemented in gOcad using the StreamLab plugin. The pressure field and

the streamlines are computed using the finite volume flow simulator. The equations that gov-

ern the equilibrium between phases are solved separately using a classical non-linear solver.

A multi-component 1D solver has been implemented using the HT-split equations along the

streamlines. Tools for visualizing the time evolution of species compositions have been also

developed. Finally a simple case study illustrating the technique is presented.

It is shown that the HT-splitting method coupled to the streamline technology provides an

effective tool to solve complex problems involving multi-compositional flow for any 3D

reservoir geometry and for any gas-liquid system. The advantage of such a technology is

that the number of components is not limited.
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7.1. Introduction

One of the most challenging problems in petroleum reservoir engineering is the modelling of

flows in complex reservoirs accounting for geology and petro physical properties. This mod-

elling should take into account the simulation of the permeability field that matches history

dynamic production data in order to predict pressure and saturation changes in the reservoir

during exploitation. In this context, streamlines are often used to find an approximation of

the flow and saturation equations in order to accelerate dynamic simulations.

The main idea underlying the streamline-based concept is to reduce a multidimensional prob-

lem to a set of 1D flow problems along streamlines. Streamline-based flow simulation is of-

ten presented as an alternative method to the classical traditional flow modelling approaches

based on finite differences or finite element techniques. Moreover, the streamline simulation

approach is an effective technology to simulate fluid flows in large heterogeneous geologi-

cal models of petroleum reservoirs. Extended works have been done on black oil models in

heterogeneous systems (Thiele et al., 1996) and on 3D Compositional Reservoir Simulation

(Thiele et al., 1997). The streamline approach is often based on the assumption that pressure

is stationary at least during short period of time. This assumption may not be verified dur-

ing a long-term exploitation period when the time variation of pressure becomes significant.

However, in some cases as in gas-condensate reservoirs (Oladyshkin and Panfilov, 2005),

(Oladyshkin and Panfilov, 2007b) pressure may be considered as stationary with a good ap-

proximation, on the contrary to saturation. Hence, this work suggests applying streamline

technology to gas-condensate reservoirs.

Streamline-based methods have been successfully applied to multi-phase flow in porous me-

dia, in particular in hydrogeology and in reservoir simulation, (Batycky, 1997) and (Baty-

cky et al., 1996), while treating gravity but neglecting capillarity. Water-oil flow problems

were treated in (Wang and Kovscek, 2000), (Thiele and Batycky, 2001), (Yeh, 1986) where

efficient solutions to the pressure equation were suggested. In these cases the streamline

methods use the fractional flow formulation when the model represents an elliptic/parabolic

pressure equation and a hyperbolic saturation transport equation. The sensitivity analysis

shows that the fractional flow rate at the production wells is directly related to the time-of-

flight along each individual streamline and to the pressure at the grid cells (Fetel, 2007).

The basis of any streamline method is the simulation of the pressure field. A typical tech-

nique is presented in paper (Aarnes, 2004) which uses a multi scale mixed finite-element

method to compute the pressure on a coarse grid, while the velocity field is estimated on an
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underlying finer grid using base functions fitted on the coarse grid. This numerical method-

ology together with streamlines gives an efficient and robust method to solve detailed flow

patterns on the underlying fine grid.

A significant element of any streamline technique is the introduction of the time-of-flight,

used instead of the longitudinal curvilinear coordinate along each streamline. The parame-

terization of streamlines with the time-of-flight was suggested in (Thiele and Batycky, 2001),

(Wang and Kovscek, 2000), (Lialin and Silniov, 2005), (Batycky, 1997), (Batycky et al.,

1996). In particular Pollock (Pollock, 1988) suggested a simple analytical formula to calcu-

late the streamline trajectory crossing a 3D cell. Assuming a piece-wise linear approximation

of the velocity field in the cell, the Pollock algorithm determines the exit point and the time

of flight for a specific streamline from any entry point.

The streamline technology gives an alternative choice to the traditional approach for multi

phase flow problems in heterogeneous reservoirs and rises attention to the special case of

compositional flow (Christie and Clifford, 1997). In several field-scale compositional stud-

ies, serious numerical difficulties occur in conventional methods. A common solution often

used is to reduce the number of cells and/or to simplify the geological complexity which

affects directly the numerical performances. In opposition, the streamline approach remains

unrivaled in the ability to efficiently model the transport of species along the flow paths,

even in the presence of extreme permeability/porosity values. In the very specific case of

multi-component and multi-phase flow characterized by an extreme degree of complexity,

the reduction of a three-dimensional problem to the series of one-dimensional solutions is so

attractive in controlling the numerical dispersion that it cannot be overlooked, as shown in

(Thiele and Edwards, 2001).

For large fields exploited by gas injection, streamlines unlike traditional technologies offer

some advantages to model full-field scenarios with a reasonable inter-well spatial resolution

in acceptable run times on affordable computers. In the present chapter we examine one

particular case of a compositional flow that corresponds to gas-condensate systems which

contain N chemical components like hydrocarbons from CH4 to C10H22 and even heavier

ones. The flow of such a mixture is described by the full compositional model that consists

in a coupled system involving the momentum balance equations for each phase, the mass

balance equations for each chemical component present in the mixture, and the thermody-

namic closure relations that describe the phase equilibrium and the phase state. Usually

such a model represents a high order nonlinear transcendent equation system for which a

constructive analysis is very difficult, so that the only method to analyze this system is the
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numerical simulation (Aziz and Settari, 1979), (Coats, 1980). Some simplified versions of

the compositional model may be obtained by reducing the number of components up to two

(Koldoba and Koldoba, 2003), or by assuming a flow stationarity (Whitson et al., 2003),

(Dinariev, 1996). An attempt to provide a justification to such a stationary theory was done

in (Chopra and D., 1986) by neglecting dispersion, capillarity and gravity.

Another, much less coarse approach was developed in (Oladyshkin and Panfilov, 2007b)

where the thermodynamic block was totally split from the hydrodynamic sub-system along

streamlines, whatever the number of components. Such a decoupling procedure was named

the HT-splitting.

In the present work, the HT-model is combined with the streamline technique. This approach

has been implemented in gOcad using the StreamLab plugin. The pressure field and the

streamlines are computed using the StreamLab finite volume flow simulator. The equations

that govern the equilibrium between phases are solved separately using a classical non-linear

solver. A multi-component 1D solver has been implemented as a StreamLab plug-in to solve

the HT-split equations along the streamlines. Tools for visualizing the time evolution of

species compositions have been linked to the StreamLab plug-in. Finally, a simple case

study illustrates the technique presented here.

7.2. Compositional flow model

This work considers a mixture consisting of N chemical components able to form two ther-

modynamic phases (namely, gas and liquid) separated from one to another by an interface.

Each component may be dissolved in both phases at a variable solvability degree under var-

ious thermodynamic conditions.

7.2.1. Full compositional model

According to the phenomenological approach (Nigmatulin, 1987), (Sedov, 1976), the gas,

liquid and solid are considered as three interpenetrating continuums. This implies a fine

dispersed system which justifies a local equilibrium assumption. We will consider isothermal

process in the reservoir. The general compositional model involves N mass balance equations

for each chemical component and two momentum balance equations for each phase, (Coats,
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1980), (Aziz and Settari, 1979) :

ϕ
∂
∂ t

(
ρlc

(k)
l Sl+ρgc(k)g [1−Sl]

)
+div

(
ρlc

(k)
l vl +ρgc(k)g vg

)
= 0, k = 1, ...,N (7.1a)

vl =−kl K
µl

grad(Pl −ρlgz), vg =−
kg K
µg

grad(Pg −ρggz) (7.1b)

where superscript k refers to the kth chemical component (k = 1, · · · ,N), and indexes g and

l to gas and liquid, respectively; ϕ is the porosity; ρ is the phase density; c(k)g or c(k)l are

the mass concentrations of the kth component in gas or liquid; Sl is the volume saturation of

pores by liquid; kg and kl are the relative permeabilities; µ is the phase dynamic viscosity;

K is the tensor of the absolute permeability; P is the phase pressure, v is the Darcy velocity.

The components are assumed to be sorted in ascending order of molecular weights, such that

component 1 is the lightest, whilst component N is the heaviest.

The momentum balance equations (7.1b) are written in the Darcy form for each phase. The

phase dynamic viscosity µ is a given function of the pressure P and of the phase composition

c(k)i . The absolute permeability K and porosity ϕ are given as functions of the space coordi-

nates and of the pressure P. The system of N+2 equations (7.1) is written with respect to the

pressure P, the liquid saturation Sl , the phase velocities vl and vg, and the N−2 independent

concentrations which will be denoted as χ(k), k = 1, ...,N − 2 and called the concentration

basis according to (Oladyshkin and Panfilov, 2007b).

Other concentrations and phase densities are determined from the thermodynamic closure

relationships:

ν(k)
g

(
P,
{

c(q)g

}N

q=1

)
= ν(k)

l

(
P,
{

c(q)l

}N

q=1

)
, k = 1, ...,N (7.2a)

ρg = ρg

(
P,
{

c(q)g

}N

q=1

)
, ρl = ρl

(
P,
{

c(k)l

}N

q=1

)
(7.2b)

N

∑
k=1

c(k)g = 1,
N

∑
k=1

c(k)l = 1 (7.2c)

where ν(k)
i is the chemical potential of the kth component in the ith phase which is a given

function.

Equation (7.2a) describe the local phase equilibrium (equivalence of the chemical potentials

for each component in both phases), equation (7.2b) are the equations of phase state formu-

lated in a general form (various versions of these equations may be found in (Danesh, 1998)),

Equation (7.2c) normalize the concentrations.
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For sake of simplicity, the capillary pressure Pc and the gravity head ρlgh with h being

the characteristic reservoir height, are neglected with respect to the characteristic pressure

difference ∆P over the studied domain. Under these assumptions, gas and liquid pressures

are identical: Pl = Pg = P. Thus, the liquid and gas velocities take the form :

vl =−kl K
µl

gradP, vg =−
kg K
µg

gradP (7.3)

It is classical to define the total velocity vt as the sum of liquid and gas velocities vt = vg + vl ,

and to introduce the fractional flows fl and fg for liquid and gas, respectively. The fractional

flow f j = ι j/ιt of phase j is defined as the ratio of the phase mobility ι j = k j/µ j to the

total mobility ιt = ιl + ιg, such that v j = f j vt . Then, the full compositional model can be

simplified into :

ϕ
∂
∂ t

(
ρlc

(k)
l Sl+ρgc(k)g [1−Sl]

)
+div

([
ρlc

(k)
l fl+ρgc(k)g fg

]
vt

)
= 0, k = 1, ...,N(7.4)

where vt is the total velocity defined by :

vt =−ιt K gradP (7.5)

7.2.2. HT-split mompositional model

In (Oladyshkin and Panfilov, 2007b), (Oladyshkin and Panfilov, 2005) it has been shown that

for gas-liquid systems the compositional model can be written in a HT-split form in which

the thermodynamic part is totally separated from the hydrodynamic one. This is possible to

applied the same procedure along each streamline if the following properties of the system

are verified :

• the contrast between gas and liquid mobilities (ιg ≪ ιl) is very high in magnitude,

liquid mobility is much lower than that of gas;

• the pressure field is quasi-stationary (∂P/∂ t ≈ 0), i.e. the reservoir is studied for times

greater than the characteristic propagation time of the pressure perturbation;

Within this framework, the global system of the N mass balance equations can be reduced

to two hydrodynamic equations which characterize the saturation Sl and pressure P evolu-

tions of the two-phase multi component fluid system, which is called the split hydrodynamic
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model (Oladyshkin and Panfilov, 2007b):

div(ρgvg) = 0 (7.6a)

ϕρl
∂Sl

∂ t
+ϕ

{
ρlλlSl +ρgλg(1−Sl)

} ∂P
∂ t

=− [div(ρlvl)+ρgλgvg ·gradP] (7.6b)

where

λl =
1

∆c(N)

dc(N)
l

dP
, λg =

1
∆c(N)

dc(N)
g

dP
, ∆c(N) = c(N)

l − c(N)
g

All the other thermodynamic variables (mass densities and phase concentrations) are deter-

mined through the split thermodynamic model that consists of equations (7.2) and the new

differential thermodynamic equations:

N−2

∑
q=1

(
1

∆c(q)
δqk −

1
∆c(N)

∂c(N)
g

∂ χ(q)

)
dχ(q)

dP
=

1
∆c(N)

∂c(N)
g

∂P
, k = 1, ...,N −2 (7.7)

They are obtained from the original compositional system (7.1) assuming the splitting hy-

pothesis, see (Oladyshkin and Panfilov, 2007b). These last differential thermodynamic equa-

tions describe the variation of the total composition in an open system, see (Oladyshkin and

Panfilov, 2007a). The boundary-value conditions impose the pressure value at the starting

point of each streamline and at the well-bore (or at the reservoir boundary depending on the

flow direction).

System (7.2), (7.7) is closed if the pressure is known. In other words, this system determines

all the concentrations and phase densities as functions of the pressure. Due to this, the

coefficients of the hydrodynamic model (7.6b) depend on pressure only.

Note that the thermodynamic model (7.7) is valid only along the streamlines for any 3D

geometry and for any gas-liquid system.

The advantage of the HT-split model is that the number of components is not limited.

7.2.3. HT-split model expressed through the total velocity

Equation (7.6) can be rewritten using the total velocity vt = vl + vg introduced in §7.2.1

in a more compact form which can be easily used then to be applied in to the streamline

approach. The liquid and gas velocities expressed through the total velocity are: vl = flvt and
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vg = fgvt , where fl and fg are the fractional flows for liquid and gas, respectively. Reporting

these expressions in equation(7.6), it comes :

div(ρg fgvt) = 0 (7.8a)

ϕρl

[
∂Sl

∂ t
+λ

∂P
∂ t

]
=−ρg fg

(
gradπ l

g +λggradP
)
·vt (7.8b)

where

λ ≡ λ (P,Sl)≡ λl(P)Sl +
ρg(P)
ρl(P)

λg(P)(1−Sl) (7.9)

π l
g = π l

g(P,Sl) =
ρl fl

ρg fg
=

ρlµgkl(Sl)

ρgµlkg(Sl)
(7.10)

π l
g is the fractional mass flow ratio.

Indeed, using Eq. (7.8a), the first term in the right-hand side of Eq. (7.6b) may be trans-

formed in the following way:

div(ρlvl) = div(ρl flvt) = div
(

ρg fgvt
ρl fl

ρg fg

)
=

= ρg fgvt ·grad
(

ρl fl

ρg fg

)
= ρg fgvt ·grad

(
ρlµgkl

ρgµlkg

)
The second term in the right-hand side of Eq. (7.6b) can be also transformed by replacing

the pressure gradient by the flow velocity from Darcy’s law, but this operation appears to be

useless for the streamline technique.

7.3. Compositional flow problem solved along

streamlines

7.3.1. Framework and assumptions

The underlying idea of the streamline simulation method is to decouple the governing flow

equations from the full 3D problem into a set a multiple 1D transport problems solved in-

dependently along the streamlines. The streamlines are simulated using the 3D equation for

pressure (7.8a) in which the saturation field is assumed to be known. After this, the saturation
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field is calculated using (7.8b) as a 1D equation along each streamline. The advantage of the

HT-split method consists in that the concentrations transport equations are not calculated at

all. Whatever the number of components, the phase concentrations are calculated from the

thermodynamic split model.

The general procedure is to :

• Simulate the mono-variant thermodynamic system for pressures ranging in a realistic

interval defined by the exploitation conditions of the reservoir under study;

• Compute the pressure and the velocity fields, separately, by assuming the saturation

field be known;

• Track the streamlines defined as lines tangent to the flow velocity vector;

• Solve the saturation equations in 1D;

Then, once both the boundary conditions and the saturation field within the reservoir have

changed significantly, the pressure and the streamlines are updated.

Such a streamline technique is based on the following assumptions :

• the pressure field is steady-state or quasi steady-state;

• the total velocity depends weakly on the saturation (and concentration) at least during

sufficient periods of time;

• the capillary pressure is neglecting;

• the permeability is isotropic, so the pressure gradient and the flow velocity are

collinear;

The neglected capillary pressure implies that the velocities of both pases are collinear being

proportional to the same pressure gradient. This means that the system of streamlines is

common for gas and liquid (even if the absolute values of flow velocities are different).

The assumption concerning the medium is isotropy means that the flow velocities for both

phases are collinear to the pressure gradient. In an anisotropic medium, the components of

the pressure gradient orthogonal to the streamline are non zero, due to that, implementation

of the streamline technology becomes much more complicated.

Within the framework of the above mentioned assumptions, the saturation equation can then

be rewritten in a 1D form along streamlines as it was done in (Oladyshkin and Panfilov,
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2005). This method provides an extremely fast solution to the compositional system. In

some very specific cases, these one-dimensional equations can be even solved analytically

(Panfilova and Panfilov, 2004).

7.3.2. Saturation equation along a streamline

In the following, it is assumed that the set of streamlines is compact, i.e. any point of the

studied domain is crossed by one and only one streamline, and uniquely defined, i.e. the

streamlines do not cross over one each other. So, at any location in the studied domain, it is

always possible to find a unique streamline passing through that point.

Let S be an arbitrary streamline and Y an orthogonal curvilinear coordinate system Y =

(y1,y2,y3) with unit vectors (e1,e2,e3) in such a way that the vector e1 is tangent to the

streamline S at each point, then :

e1 = vt/∥vt∥

where vt is the total Darcy velocity. The two other coordinate vectors, e2 and e3, are located

on the curvilinear iso-pressure surface orthogonal to all the streamlines, as shown in Figure

7.1.

Figure 7.1.: Curvilinear frame (y1,y2,y3)

associated to the streamlines

The Riemann metrics in the introduced curvi-

linear space is defined by the metric tensor g =

[gi j] whose components are defined as the scalar

products of the base vectors gi j = ei ·e j. It deter-

mines the metric properties of the space such as

length, angles, areas and volumes in the vicinity

of any space point. In an orthogonal frame, only

the diagonal elements of this tensor are non nil.

To reformulate the saturation equation (7.8b)

along a streamline, we need to use the general

relationship for the gradient operator of any ar-

bitrary function Φ in an orthogonal curvilinear

coordinate system, (Korn and Korn, 1968):

gradΦ =
1

√
g11

∂Φ
∂y1 e1 +

1
√

g22

∂Φ
∂y2 e2 +

1
√

g33

∂Φ
∂y3 e3
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As seen, in the frame Y associated to the streamline, the total velocity vector becomes:

vt = vte1. Due to this, the scalar product of the total velocity vector and the gradient of any

function Φ becomes mono-dimensional in the frame Y :

vt ·gradΦ = vt e1 ·gradΦ =
vt√
g11

∂Φ
∂y1

Instead of y1, let introduce l the curvilinear abscise (length) measured along the current

streamline. It is easy to show that (Korn and Korn, 1968):

dl =
√

g11dy1

Due to this, the saturation equation (7.8b) formulated along a streamline becomes:

ϕρl

[
∂Sl

∂ t
+λ

∂P
∂ t

]
=−ρg fgvt

(
∂π l

g

∂ l
+λg

∂P
∂ l

)
(7.11)

where vt is the magnitude of the total flow velocity: vt ≡ ∥vt∥.

7.3.3. Saturation equation in terms of time-of-flight

The time of flight τ (TOF) is the time required by a transported particle to reach a given

point located at a known distance l along a streamline (Lialin and Silniov, 2005). The TOF

is defined by :

dτ(l) =
ϕ(l)
vt(l)

dl (7.12)

where ϕ is the medium porosity, so that vt/ϕ is the true flow velocity.

Then,

vt
∂
∂ l

= ϕ
∂

∂τ

Using the time of flight equation (7.12) instead of the curvilinear abscise l, the saturation

equation Eq.(7.11) takes the following simplified fundamental form :

∂Sl

∂ t
+λ

∂P
∂ t

=−
ρg fg

ρl

(
∂π l

g

∂τ
+λg

∂P
∂τ

)
(7.13)

Noting that the fraction mass flow ratio is a function of the saturation and of the pressure, it

comes
∂π l

g

∂τ
=

∂π l
g

∂Sl

∂Sl

∂τ
+

∂π l
g

∂P
∂P
∂τ
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Then, within the streamline approach, in the last equation 7.13, the pressure field is known

a priori, so the saturation equation can be reduced to the following non-linear convective

transport equation with a source term caused by phase transitions:

∂Sl

∂ t
+a(Sl,τ, t)

∂Sl

∂τ
= b(Sl,τ, t) + c(Sl,τ, t) (7.14)

where

a(Sl,τ, t)≡
µg

µl
fg(Sl)

d
dSl

(
kl

kg

)
,

b(Sl,τ, t)≡−
ρg fg

ρl

[
λg +

(
kl

kg

)
d

dP

(
ρlµg

ρgµl

)]
∂P
∂τ

,

c(Sl,τ, t)≡−λ
∂P
∂ t

The dependence of all the coefficients on τ and t is due to the presence in their structure of

the pressure P that varies in space and time.

In a particular case when the pressure field is totally steady-state and the phase viscosities

are constant, the coefficient c is zero and we obtain the following equation:

∂Sl

∂ t
+a(Sl)

∂Sl

∂τ
= b(Sl,τ) (7.15)

Equation for saturation should be completed with the initial condition:

Sl(τ, t = 0) = Sl0(τ)

where S0
l is a known function.

The structure of Eq. (7.15) reveals two basic mechanisms which determine the saturation

variation in time: the liquid flow which is described by the convective term, and the phase

transition that corresponds to the source-term b.

The convective term is close to the respective term in the Buckley-Leverett equation which

describes the flow of two immiscible liquids without phase transitions. The source-term, b,

is responsible for the mass exchanges between gas and liquid and determines the continu-

ous evolution of the liquid saturation in time at each space point. When the relative liquid

mobility is low then the phase transition term is dominant, which will lead to a continuous

non-stationary process of liquid accumulation or evaporation in the overall space.

Unfortunately, the term b in Eq. (7.15) contains explicitly the time of flight, which makes it

impossible to develop an analytical approach in the general case. In particular for cases of

metrics which correspond to a radial or a plan-parallel flow, the analytical methods for solv-

ing this equation, based on the singular perturbation technique, were developed in (Panfilova

and Panfilov, 2004).
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7.3.4. Simulating the phase composition

The compositions of the liquid and gas phases result from the thermodynamic equilibrium

described by the thermodynamic split equations (7.2), (7.7).

As mentioned, Eq. (7.7) takes into account the fact that any medium volume is an open

system due to the difference between the gas and liquid velocities. Indeed, any mobile

volume element strictly related with the individual particles of gas is open with respect to

liquid and vice versa. The open character of the system does not influence its phase behavior

if the concentrations are uniform throughout all this volume: indeed, the entering fluid has

the same composition as the fluid leaving the volume, so the composition in the volume is

invariable. In contrast, if the concentration gradients are non zero, then the open character

of the system influence its phase behavior. By this way, Eq. (7.7) contains the concentration

gradients in the pressure space.

The practical simulation of mixed systems of algebraic and differential equations (7.2), (7.7)

is not simple and requires a numerical solution for the differential equations, which renders

the overall thermodynamic algorithm more complicated than in the classical cases. It is then

natural to analyze whether this split thermodynamic model can be replaced by the classical

thermodynamic model.

Let remind that the full compositional model (7.1), (7.2) is usually not calculated directly

in this form, but is also split: in this case the thermodynamic part is completed by addi-

tional relations describing the mass balance in a closed system, after which one solves the

hydrodynamic part (7.1). These additional thermodynamic relations are:

η(k) =
ρgc(k)g (1−σ)+ρlc

(k)
l σ

ρg(1−σ)+ρlσ
, k = 1,2, ...,N −1 (7.16)

where η(k) is the total composition of the fluid which is assumed to be known, σ is the liquid

saturation which is reached in a quasi-static process.

System (7.1), (7.16) of 2N +3 equations contains 2N +2 variables: {c(k)g }N
k=1, {c(k)l }N

k=1, P

and σ . So this system also determines the phase concentrations as the functions of pressure.

This system is classic and is implemented into a number of commercial simulators.

We have performed a comparative simulation of the phase concentration variation as the

function of pressure for a standard gas-condensate mixture described in section 7.4.1, by

using two approaches: i) the split thermodynamic model (7.1), (7.2) for an open system,

and ii) the classic thermodynamic model (7.1), (7.16) for the closed system. The results
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of the numerical simulations are shown in Figure 7.2, and presented as a mean relative error

between model (i) and (ii) in term of variation of the total composition (VTC), equation (7.7).

In other words, the Figure 7.2 shown the order of non-conservation of the full derivative

(7.7) in classical thermodynamics relatively open one with respect to pressure along the

streamlines, (Oladyshkin and Panfilov, 2007a).

Figure 7.2.: Difference between the simulation results obtained by the split thermodynamic

model and the classic thermodynamic model

This means that the open character of any volume is a negligible fact for the thermodynamic

behavior of gas-condensate systems.

Due to this result, the classic thermodynamic model will be used in the streamline simula-

tions described below.

7.4. Streamline simulation of a compositional flow

7.4.1. 3D reservoir and fluid

In this section, a simple case study will illustrate the Streamline Compositional Flow Sim-

ulation. We examine the exploitation of a 3D gas-condensate heterogeneous reservoir by

three production wells at natural drive (see the Figure 7.3). The reservoir temperature was

constant and equal to T = 350K.

At the initial state the reservoir was in single-phase state. The reservoir depletion leads to

a pressure decrease in the overall reservoir, which leads in turn to the appearance of the
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retrograde liquid and the continuous growth of liquid saturation. The saturation behavior in

a gas-condensate system significantly depends on the current composition of each phase and

the character of mass exchanges between gas and liquid.

As an example, let consider the mixture constituted of 9 chemical components at the follow-

ing initial mass concentrations:

N2 = 0.047,C1 = 0.791,C2 = 0.0672,C3 = 0.036,C4N = 0.0149,

C5 = 0.0196,C6 = 0.0162,C10 = 0.0071,CO2 = 0.001

As explained in the previous section 7.3.4, the thermodynamics of the mixture was simulated

using the classical approach adapted to a closed system. As the result, all the thermodynamic

variables were determined as functions of pressure for a realistic range of pressure variation.

This enables to calculate all the coefficients of the saturation transport equation (7.14) which

depend on pressure.

7.4.2. Simulation of the pressure and velocity fields

The pressure and the velocity fields were computed by solving the 3D Eq. (7.6a). The

example of the total velocity field in a reservoir is shown in Figure 7.3, together with the

pressure around the production wells (Figure 7.4).

7.4.3. Streamline tracking

From the obtained 3D pressure field, the streamlines can be built in 3D for a fixed number of

lines using the technique described in (Fetel, 2007). Figure 7.4 illustrates an example of the

pressure field around the production wells with 50 streamlines.

The streamlines are defined as tangent lines to the total velocity vector and are parameterized

with the time-of-fight. A Pollock analytical approach is used to determine the trajectory

while crossing a 3D cell. Assuming a piece-wise linear approximation of the velocity field

in the cell, the Pollock algorithm determines the exit point and the time of flight for a specific

streamline given at any entry point.

The results of simulations are shown in Fig. 7.4.



76 Effective streamline-based modeling of compositional flow

Figure 7.3.: Velocity distribution in the reservoir

Figure 7.4.: Pressure fields (left) and Streamlines (right) in the vicinity of wells

7.4.4. Computing the saturation along streamlines

After computing the pressure and the velocity fields, the derivative of pressure with respect

to the time-of-flight τ was simulated along each streamline, in order to compute parameter b

in the saturation equation (7.15).
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The solution to (7.15) was obtained by applying the discretization scheme that was explicit

in time and backward in space. The nonlinearity if the convective term a was treated by

iterations, without linearizing. In the examined problem of the natural reservoir depletion,

the saturation and concentration behavior is continuous without arising of shocks, as shown

in (Panfilova and Panfilov, 2004), so there was no needed to apply some special procedure

of grid refinement or a priori shock detection.A typical variation of the saturation variation

along a streamline is presented in Figure 7.5b.

The numerical grid along each streamline was refined in the vicinity of the production wells,

by using a grid refinement near the wells through linking to the pressure gradient. This was

caused by the fact that the general streamline metrics tends to the radial one near each well.

The time step was variable and was selected by verifying the Courant criterium of stability.

The results of saturation simulations along all the streamlines are shown in Figure 7.5.

7.4.5. Mapping the saturation in the reservoir

To visualize the results simulated along each streamline, it is necessary to perform the map-

ping of the results obtained on each 1D grid built along each streamline to the 3D grid used

to simulate pressure. The influence of each streamline on the 3D cell depends on two factors:

(i) the time of flight of the particles in the cell trajectory and (ii) the flow rate associates with

the cell. This is performed by means of standard mathematical relationships which define

the coordinate transformation between two different coordinate frames. Actually, if a cell C

crossed by streamline nsl,C, the saturation in the cell Sl,C can be obtained as:

Sl,C =
nsl,C

∑
i=0

qi∆τi,C

∑
nsl,C
j=0 q j∆τ j,C

Sl,i

here Sl,i is saturation, qi is total flow rate and ∆τi,C is time of flight on the cell C for the

streamline i.

The presented approach has been implemented in gOcad using the StreamLab plugin. Spe-

cial tools for visualizing the time evolution of species compositions have been linked to the

StreamLab plug-in.

Figure 7.6 illustrates the saturation dynamics in the reservoir, which shows a significant

liquid saturation increases through time in the vicinity of the production wells, by forming

the well-known condensate banks.
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Figure 7.5.: Saturation variation during the natural depletion of a gas-condensate reservoir:

(a) in the overall 3D system, and (b) along a streamline

7.4.6. Comparison with classical approach

In the compositional reservoirs, like a gas-condensate reservoirs, the significant liquid satura-

tion increases through time observed in the vicinity of the production wells, Figure 7.6. The
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Figure 7.6.: Evolution of saturation against time in a gas-condensate reservoir: 3 month (up-

per plot) and 3 years (lower plot).

big pressure gradient on the wells (Fig. 7.4) provide the intensive phase exchange processes,

which actually provoke the saturation increase around the wells, so-called condensate banks.
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Obviously, that in this case the flow around the wells is very close to radial flow type, while

far from the wells the flow is not really important (Fig. 7.4). This fact give an opportunity

to perform a series of numerical tests using the radial flow approximation for each of three

wells with the objective to verify the Streamline HT-splitting approach presented below.

Thus, the simulation of classical full compositional flow model with mass exchange be-

tween the phases (section 7.2.1) was done by the radial flow approach without any splitting

between thermodynamics and hydrodynamics, Figure 7.7. This kind of tests based on the

9-components mixture and the reservoir description presented in the section 7.4.1. How-

ever, one approximation for the radial flow was done: the absolute permeability in each of

three domain is the constant value (the average value). The example of comparison between

Streamline HT-splitting approach and direct numerical simulation of radial flow around the

wells presented on Figure 7.7 for 3 years. The upper, middle and lower plots on the Figure

7.7 correspond to the wells W1, W2 and W3 on the Figure 7.6, counted from the left well

counter-clockwise. The lower plot of the Figure 7.6 give the qualitatively similar results for

the saturation evolution around the each production well: W1, W2 and W3, presented on the

Figure 7.7.

7.5. Conclusions

This work presents an original combination of the HT-split compositional model with the

streamline technique, by using the fact that both these approaches are based on the hypothesis

of a quasi-stationary pressure field. The HT-split model was developed in (Oladyshkin and

Panfilov, 2007b) and used only for the one-dimensional problems. In the present work the

HT-split model is applied for a 3D flow case for the first time.

The technology of splitting the thermodynamics and the hydrodynamics of the composi-

tional model reduces significantly the complexity of the hydrodynamic part. Due to such a

splitting, the hydrodynamics system for the two-phase compositional mixture is simplified

up to two equations only. Within this approach the phase compositions are simulated from

the independent thermodynamic system which determines the phase concentrations as the

function of pressure only.

The pressure field and the streamlines were computed using the StreamLab finite volume

flow simulator developed by the research group GOCAD for two-phase flow problems in an

arbitrary 3D heterogeneous reservoir.
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Figure 7.7.: Radial flow approach: saturation on the three production wells of a gas-

condensate reservoir after 3 years: W1 (upper plot), W2 (middle plot), and W3

(lower plot).
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At present, the adaptation of the HT-split model to the streamline technique was performed

for the case of a neglected capillary pressure, an isotropic permeability field, and vanishing

gravity effects.

The problem of natural depletion of an as-condensate reservoirs contained three production

wells was simulated. The original mixture contained 9 chemical components. The reservoir

was heterogeneous.

The saturation distribution in the reservoir was computed by solving the set of 1D saturation

transport problems along each streamline. The saturation transport equation was formulated

in terms of the time-of-flight, in an optimal form for application to the streamline numerical

technique.

We have shown that, in contrast to the problem of immiscible two-phase flow, the coefficients

of the saturation equation depend both on the pressure though the thermodynamic sub-system

and on the pressure space derivatives along streamlines. These derivatives should be calcu-

lated once the global 3D pressure field is simulated.

The structure of the saturation equation is determined by the competition between the term

responsible for the liquid flow and another term responsible for the mass exchange between

liquid and gas. The nonlinear character of this equation does not permit to develop analytical

solutions in general case of the space metrics.

The obtained numerical results illustrate an adequate scenario of the condensate saturation

evolution in space and in time, by predicting the formation of condensate banks in the vicinity

of the productors in which the liquid saturation behaves as a highly non-stationary variable

and undergoes a fast growth in time.

The developed new simulation technique is much faster that the traditional compositional

flow simulation based on the streamline approach but a full (non-split) compositional flow

model.



8. Hydrogen penetration in water
through porous medium

Bibliographic Note: The content of this chapter is based on the following original article:

Oladyshkin S., Panfilov M. Hydrogen penetration in water through porous medium: appli-

cation to a radioactive waste storage site. Environmental Earth Sciences, Springer, V. 64, N.

4, P. 989-999, 2011.

Hydrogen penetration in water through a porous medium was analyzed in this chapter. A

two-phase compositional model approach was considered. The first part of the work deals

with the thermodynamic analysis of a hydrogen-water system. The thermodynamic model

was calibrated using experimental data of hydrogen solubility in water. The phase densities,

viscosities and concentrations were presented in an analytical form. Moreover, the domain

of validity of analytical laws for the estimation of phase properties (such as Henry’s, Raoult’s

and Kelvin’s laws) was presented for the analyzed system. The second part deals with two-

phase hydrodynamic behavior. An analytical solution for a non-compressible flow was con-

structed. For a general case the influence of relative permeabilities on the flow regimes was

analyzed numerically. The notion of pseudo-saturation was introduced to define the appear-

ance of the phases. Low mobile gas created a time displaced front that was relatively slower

than the mobile gas flow. Diffusion becomes really important for a low mobile gas case, as

the penetration accelerates for a large range of saturation. In contrast to this, the mass ex-

change phenomenon has a small influence on the flow type. Thus, the regimes of hydrogen

penetration in liquid were shown as really sensitive to the relative permeability form.

8.1. Introduction

This work deals with the study of gas migration around storage sites of radioactive waste.

Important quantities of hydrogen (H2) are produced due to radiolysis and corrosion. Other
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gases, such as CH4, C2H6, C2H2 etc., can also be produced, however, quantities of these

gases are very small in comparison to H2. The document (Andra, 2005) provides detailed in-

formation about the mechanisms of hydrogen generation around a radioactive waste storage

site. Because of its small molecular size hydrogen has a strong ability of transport in porous

media even with almost impermeable properties. Hence, the danger consists in the transport

of radioactive elements from the waste storage site by the hydrogen molecule. Let us notice,

that water usually exists in porous media around the storage site. That is why the analysis of

gas transfer (actually hydrogen transfer) in porous media saturated by water is a non-trivial

problem and demands better understanding of transport processes.

The current chapter contains research initiated in scope of the MoMaS project and is based

on data of French National Radioactive Waste Management Agency (ANDRA) (see (Andra,

2005). Modeling of gas transport around a radioactive waste storage site asks for very large

time scale simulations and, as consequence, demands high computational power. That is why

the questions of model complexity describing flow in porous media and possible assumptions

are still open. In this chapter we consider a full multiphase compositional model containing

gas and liquid phases, which consist of two main components: hydrogen and water. These

components can be present in all phases. In this chapter we provide clarification about ther-

modynamic model complexity and we illustrate errors of simplified thermodynamic relations

in comparison to a full compositional formulation (see the section 8.3). Section 8.4 demon-

strates the influence of compositional effects on hydrogen transport in porous media. Also,

we analyze the influence of relative permeability on the regimes of hydrogen penetration

using the presented compositional approach.

8.2. Hydrogen-water compositional model of

two-phase flow in a porous medium

We will consider a compositional mixture consisting of 2 chemical components, H2 and

H2O, capable of forming two thermodynamic phases, gas and liquid, that are separated from

one another by an interface. The permanent mass exchange of hydrogen and water compo-

nents between liquid and gas phases was determined by thermodynamic conditions. We will

suppose that there are no chemical reactions, but each component may be dissolved in both

phases.
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8.2.1. Compositional two-phase flow model

We shall consider a fine dispersed system which is in local equilibrium. According to the

phenological approach we will examine gas, liquid and solid as three interpenetrating contin-

uums, (Nikolaevski et al., 1968), (Nigmatulin, 1987), (Sedov, 1976). As accepted in under-

ground thermo and hydrodynamics, we consider an isothermal process, because the overall

mass of earth rocks surrounding the examined reservoir plays the role of a huge calorimeter

with a huge integral calorific capacity which maintains a constant temperature.

To describe a hydrogen-water flow in a porous medium we will use the general compositional

model which is composed in this case of 2 equations of mass balance for each chemical

component, H2 and H2O, and two equations of momentum balance for each phase, gas and

liquid (see (Nigmatulin, 1987), (Sedov, 1976), (Coats, 1980) and (Aziz and Settari, 1979)):

ϕ
∂
∂ t

(
ρlc

(k)
l s+ρgc(k)g [1−s]

)
+div

(
ρlc

(k)
l Vl − J(k)l +ρgc(k)g Vg − J(k)g

)
, k = 1,2 (8.1a)

Vl =−Kkl

µl
gradPl, Vg =−

Kkg

µg
gradPg (8.1b)

where superscript k refers to k-th chemical component (H2 denoted as w or H2O denoted as

h), indexes g and l to gas and liquid; ϕ is porosity; ρ is the phase density; c(k)g or c(k)l is the

mass concentration of k-th component in gas or liquid; s is the volume saturation of pores

by liquid; kg and kl are the relative permeabilities; µ is the phase viscosity; K is the absolute

permeability; P is the phase pressures, V is the Darcy velocity.

The momentum balance equations 8.1b are written in the form of the Darcy law for each

phase, thus we neglect the momentum exchange at phase transitions. The phase viscosity

is a given function of pressure and phase composition. The absolute permeability K and

porosity ϕ are given functions of space coordinates. The structures of relative permeabilities

may be arbitrary, in particular they may be examined as functions of velocity, as shown in

(Henderson et al., 1995), but not only of saturation.

Due to the capillarity, a phase pressure difference appears in the compositional model:

Pg −Pl = Pc(s) (8.2)

Pc - is the given function of the effective capillary pressure. Let us note, that we will us the

notation P for the gas pressure (Pg) below.

The diffusive flow of dissolved hydrogen can be expressed by applying Fick’s Law:

Jh
l = ρlDh

l gradch
l (8.3)
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Jh
g = ρgDh

ggradch
g (8.4)

here the diffusion coefficients, (Andra, 2005), Dh
l and Dh

g are:

Dh
l = D0

l s
µ0

l
µl

, D0
l = 1.57 ·10−14 ϕT

θ 2µ0
l

Dh
g = D0

g(1− s)
P0

P
, D0

g =
D0ϕ
θ 2

Pat

P0

(
T
T0

)1.75

θ is tourtosity and T0 = 303K, Pat = 1.01 · 105Pa, D0 = 9.5 · 10−5m2/s; P0 - characteristic

values of the pressure.

The system of 4 equations 8.1 is written with respect to pressure P, saturation s, velocities

Vl and Vg. Thus, for two components, h and w, the system 8.1 does not contain indepen-

dent concentrations. This means that all concentrations and phase densities are determined

by additional thermodynamic relationships. In other words, for a mixture consisting of two

chemical components it is possible to totally split the general compositional model into a

thermodynamic system and a hydrodynamic system which may be resolved independently

of one another. Let us note that such splitting is not possible for general class of multi-

compositional systems, however, can be performed for a particular case along streamlines

(Oladyshkin and Panfilov, 2007a).

8.2.2. Thermodynamic closure relationships

The closure relationships for system 8.1 describe the local equilibrium thermodynamic be-

havior. They consist of 2 equilibrium equations in terms of chemical potentials 8.5a for

chemical component h and w, two equations of phase state 8.5b and two normalizing equa-

tions for concentrations 8.5c:

νh
g

(
P,ch

g,c
w
g

)
= νh

l

(
P,ch

g,c
w
g

)
, (8.5a)

νw
g

(
P,ch

g,c
w
g

)
= νw

l

(
P,ch

g,c
w
g

)
,

ρg = ρg

(
P,ch

g,c
w
g

)
, (8.5b)

ρl = ρl

(
P,ch

g,c
w
g

)
,

ch
g + cw

g = 1, (8.5c)

ch
l + cw

l = 1
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where νh
i and νw

i are the chemical potential of components h and w in ith phase (i = g, l).

Equations of state 8.5b are written in a general form. Functions ν(k)
g (P, ...) are given. Various

versions of these functions may be found in (Danesh, 1998), (Batalin et al., 1992). A detailed

description of the thermodynamic system will be presented below.

The system 8.5a – 8.5c includes 6 equations with respect to 7 variables: P, ρg, ρl , ch
g, cw

g ,

ch
l , cw

l . The difference between the number of variables and the number of equations, v =

7−6 = 1, is called the thermodynamic variance and determines the number of independent

variables. We select the pressure as an independent variable. As a result the phase densities

and concentrations depend only on the pressure P, which constitute the Gibbs rule of phase.

8.2.3. Model of relative permeabilities

The flow of a two-phase system in a porous medium strongly depend on the petrophysic

closure relations. We will analyze the influence of relative permeability on the regimes of

hydrogen penetration in water in a porous medium. In this chapter we shall consider two

principal models of gas penetration: the model of mobile gas and the model of low mobile

gas.

Mobile gas model:

kg(s) = 1− sα , (8.6a)

kl(s) = γ(s− sr)
β (8.6b)

Low mobile gas model:

kg(s) = (1− s)α , (8.7a)

kl(s) = γ(s− sr)
β (8.7b)

8.3. Hydrogen-water thermodynamic behavior

In the previous section we showed that hydrodynamics and thermodynamics may be split

for a hydrogen-water mixture. As the result of such a splitting we obtain a hydrodynamic

model 8.1 consisting of two equations (for two variables - pressure and saturation) and a

thermodynamic model 8.5. The independent thermodynamic model for the hydrogen-water
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mixture consists of two equilibrium equations, two equations of phase state and two normal-

izing equations for concentrations. In this section we will describe the mathematical model

for hydrogen-water (h−w) two-phase system through thermodynamic relations.

8.3.1. Phase equilibrium conditions

The equality of chemical potentials of each component in all the co-existing phases at equi-

librium is described by the equation (8.5a). The chemical potentials for gas νh
g , νw

g and liquid

νh
l , νw

l phases of components h and w can be defined as:

νh
i = νh

ip

(
P,T,ch

i ,c
w
i

)
+RT ln

(
f h
i ch

i

)
, (8.8)

νw
i = νw

ip

(
P,T,ch

i ,c
w
i

)
+RT ln( f w

i cw
i ) , i = g, l

where R is the universal gas constant; T and P are the reservoir temperature and pressure; f h
i

and f w
i are the fugacities in phase i; νh

ip and νw
ip are the chemical potentials of the ideal gas:

νh
ip = Gh

p (P,T )+RT ln
(

ch
i

)
, (8.9)

νw
ip = Gw

p (P,T )+RT ln(cw
i ) , i = g, l

herein Gh
p (P,T ) and Gw

p (P,T ) are the chemical potential of the pure components h and w

correspondently.

Therefore, using (8.8) and (8.9) the phase equilibrium conditions (8.5a) lead to a balance

between the fugacities:

f h
g

(
P,T,ch

g,c
w
g

)
= f h

l

(
P,T,ch

l ,c
w
l

)
, (8.10)

f w
g

(
P,T,ch

g,c
w
g

)
= f w

l

(
P,T,ch

l ,c
w
l

)
The fugacities will be introduced through the equation of state for gas-liquid systems, section

8.3.2, and will be described in section 8.3.3.

8.3.2. Equations of state for gas-liquid system

Equations of state are basically developed for pure components (Redlich and Kwong, 1949),

(Walas Stanley, 1984), but may be applied to multicomponent systems by using mixing
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rules which determine the averaged parameters for a mixture (Peng and Robinson, 1976),

(Orbey and Sandler, 1998). The mixing rules take into account the prevailing forces between

molecules of different substances which form the mixture.

An equation of state like Peng-Robinson is usually formulated with respect to the z-factor z

(compressibility) as an implicit function of P, T and concentrations:

z3
i − (1−Bi)z2

i +(Ai −3B2
i −2Bi)z− (AiBi −B2

i −B3
i ) = 0, i=g, l (8.11)

where zi is the z-factor of i-th phase; coefficients Ai, Bi depend on pressure P, temperature T

and mixture composition:

Ai = āi
P

R2T 2 , Bi = b̄i
P

RT
, i=g, l (8.12)

Parameters āi and b̄i describe the mixture composition and the mixing rules:

āi = xh
i xh

i ah,h + xh
i xw

i ah,w + xw
i xh

i aw,h + xw
i xw

i ah,w, (8.13)

ak j =
√

aka j(1−δ k j), k, j = h,w,

b̄i = xh
i bh + xw

i bw, i=g, l

where δ k j is known as a binary interaction parameter (Danesh, 1998); xh
i and xw

i are the mole

fractions of components h and w in the i-th phase (gas or liquid).

Parameters ak and bk for k-th chemical component (h or w) are defined by the following

equations:

ak = 0.4274800232
R2T k

cr
2

Pk
cr

[
1+mk

(
1−

√
T
T k

cr

)]2

, (8.14a)

mk = 0.37464+1.5422ωk −0.26992ωk2
, (8.14b)

bk = 0.086640350
RT k

cr

Pk
cr

, k=h,w (8.14c)

where T k
cr and Pk

cr are the critical fluid temperature and pressure for component k (h, w); ωk

is the acentric Pitcer factor.

The cubic equation (8.11) for the z-factor may be solved for liquid and vapor phases. Gen-

erally, three solutions of equation (8.11) are obtained. Finally, the smallest root corresponds

to liquid, while the largest root describes vapor.
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8.3.3. Fugacities of chemical components

Let us introduce the fugacities to describe the attraction/repulsion between molecules in the

hydrogen-water mixture.

The ratio of the fugacity to the pressure is called the fugacity factor ϕ h
i , ϕ w

i :

ϕ h
i =

f h
i

Pxh
i
, ϕ w

i =
f w
i

Pxw
i
, i = g, l (8.15)

The fugacity factors are calculated using following relation:

ln
(

ϕ h
i

)
=

bh

b̄i
(zi −1)− ln(zi −Bi)−

Ai

2
√

2Bi

2
(

xh
i ah,h + xh

i ah,w
)

āi
− bh

b̄i

 · ln

(
zi +(

√
2+1)Bi

zi − (
√

2−1)Bi

)
, (8.16)

ln(ϕ w
i ) =

bw

b̄i
(zi −1)− ln(zi −Bi)−

Ai

2
√

2Bi

2
(

xw
i aw,h + xw

i aw,w
)

āi
− bw

b̄i

 · ln

(
zi +(

√
2+1)Bi

zi − (
√

2−1)Bi

)

where zi, Ai, Bi, āi, b̄i and ak j are defined by equations above (i=g, l).

Thus, the fugacity factor of a component depends on the composition and the z-factor of the

mixture (zi), on the additional functions (āi and b̄i), on the properties of the pure components

(T k
cr, Pk

cr, and ωk) and on the cross parameters δ k j.

8.3.4. Thermodynamic closure relations

To close the thermodynamic system we will introduce the relation below.

Let us introduce a relation between the mole fractions xh
i , xw

i and the mass concentrations ch
i ,

cw
i :

ch
i =

mh

V
, cw

i =
mw

V
(8.17)

where V is the volume; mh and mw are the mass of the chemical components h and w, i.e. mk

is the product of the mole number nk and the molar mass Mk:

mh = nhMh, mw = nwMw (8.18)
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Therefore:

nh =
ch

i V
Mh , nw =

cw
i V

Mw (8.19)

On the other hand, the mole fractions xh
i and xw

i in phase i are the ratio of the mole number

for components h and w to the total number of moles:

xh
i =

nh

n
, xw

i =
nw

n
(8.20)

Taking into account the fact that the total number of moles is the sum of mole numbers for

each component, n = nh +nw, we obtain:

xh
i =

ch
i

Mh

ch
i

Mh +
cw

i
Mw

, xw
i =

cw
i

Mw

ch
i

Mh +
cw

i
Mw

, i = g, l (8.21)

We also need to use the inverse relation for the concentrations ch
i and cw

i :

ch
i =

xh
i Mh

xh
i Mh + xw

i Mw , cw
i =

xw
i Mw

xh
i Mh + xw

i Mw , i = g, l (8.22)

The fluid densities can be calculated as:

ρi =
PMi

zRT
, i = g, l (8.23)

where Mi is the molar mass for i-th phase, Mi = xh
i Mh + xw

i Mw.

8.3.5. Calibrated thermodynamic model for hydrogen-water
system

The described mathematical model is based on a compositional approach depending on the

numbers of a binary interaction and pseudo individual parameters. Thus, such a theoretical

model describing the phase behavior needs to be calibrated with experimental data.

Usual thermodynamic conditions for the underground storage of radioactive waste are a pres-

sure of 50 bars and a temperature about 20oC. For the calibration of the hydrogen-water
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Figure 8.1.: Calibration of H2 solubility in H2O: non-correlated model (dashed curve) and

correlated model (solid curve)

system we will consider a large pressure range, but constant temperature. This constant ap-

proximation is due to the small temperature variation from 19.6oC up to 23.3oC around the

storage site.

The calibration of a mathematical model for compositional thermodynamics is based on the

fitting of experimental data. The most common representation of experimental data is known

in terms of hydrogen solubility in water: (Pray et al., 1952), (Wiebe and Gaddy, 1934),

(Wiebe et al., 1932), (Morrison and Billet, 1952). The calibration of a PVT-model consists

in corrections of the binary interaction parameters and the pseudo individual parameters.

Applying of the phase equilibrium law to gases like H, He and Ne requires the adaptation

of the critical constant of temperature Tc and pressure Pc. For hydrogen the modifications of

such pseudo individual parameters are obtained in (Gunn et al., 1966):

Tc =
43.6

1+10.8/T
, Pc =

20.2
1+21.9/T

Here temperature T is measured in K and pressure P is measured in atm. On the other hand,

the research of the binary interaction parameter is similar to the iterative process of the root

search for an nonlinear system.

The calibrated theoretical model is shown on Figure 8.1 by solid a line. Unfortunately, the

non-calibrated theoretical model can increase the error and be totally non-realistic (dashed
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curves on Figure 8.1). Finally, the binary interaction parameter for the h−w mixture δ h,w is

−0.121. The individual parameters for a calibrated PVT-model are presented in Table 8.1.

Component h w

Molar Weight 2.016 18.015

Critical Presssure (bar) 18.82 220.48

Critical Temperature (K) 42.08 647.3

Omega A 0.45724 0.45724

Omega B 0.077796 0.077796

Acentric Factor -0.218 0.344

Parachors 34.0 53.1

V Critical (m3 /kg-mole) 0.065 0.22942

Z Critical 0.34965 0.056

Boil Temperature (K) 20.3 373.2

Table 8.1.: Individual parameters

8.3.6. Polynomial form for the thermodynamic variables

In this section we propose illustrations of hydrogen-water thermodynamic behavior using

the calibrated data in the range of pressure from 1 up to 100 bars.

The dissolution of hydrogen in water shows linear behavior relative to pressure and is pre-

sented in Figure 8.2 (left plot) in terms of hydrogen concentration in the liquid phase. On

the other hand, phase transitions leads to a the non-linear dependency of the hydrogen con-

centration from pressure in the gas phase, see right plot in Figure 8.2. Let us note that

thermodynamic properties of the liquid such as density and viscosity show pseudo-constant

behavior. The thermodynamic properties of gas keep a linear behavior relative to pressure.

Finally, the calibrated mathematical model of a h−w system can be presented in the simple

polynomial form of thermodynamic variables in respect to pressure. The concentration of

h in % for the liquid and the gas phases, the phases densities in KG/M3 and the phases
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Figure 8.2.: Hydrogen concentration in liquid (left) and in gas (right) phases

viscosity in CPOISE is presented below relative to the pressure in bar:

ch
l = 0.0002P+10−5 (%), (8.24a)

ch
g = 0.0944ln(P)+99.545 (%), (8.24b)

ρl = 0.0089P+858.74 (KG/M3), (8.24c)

ρg = 0.0817P+0.0155 (KG/M3), (8.24d)

µl = 3 ·10−5P+0.3258 (CPOISE), (8.24e)

µg = 8 ·10−9P2 +10−6P+0.0082 (CPOISE) (8.24f)

Thus, the total splitting of hydrodynamics and thermodynamics allows to present the ther-

modynamic properties of a hydrogen-water two-phase system in an analytical form. In other

words, the thermodynamic behavior can be introduced through the coefficients in the hydro-

dynamic equations, and hence the general compositional model can be analysed.

8.3.7. Error estimation for simplified analytical laws

The properties of a two-phase system can be estimated using simplified analytical laws. An-

alytical expressions allowing to calculate the pressure exist in form of the laws of ideal gas,

such as Henry’s, Raoult’s, Kelvin’s laws. Unfortunately, this kind of analytical simplified

laws can also lead to errors in estimation of the system’s properties. In this section we
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propose to analyze the domain of validity of such laws for the presented hydrogen-water

two-phase system.

Primarily, the phase equilibrium analysis was started with the ideal gas law using the equa-

tion of state of a hypothetical ideal gas. For the gaseous mixture an empirical law related

to the ideal gas laws was observed by Dalton. Mathematically, the pressure of a mixture of

gases can be defined as the sum of the partial pressures of each individual component in a

gas mixture:

Pg = Ph
g +Pw

g (8.25)

where Ph
g and Pw

g are the partial pressures of hydrogen and water in the gas phase:

Pw
g =

ρw
g

Mw RT, Ph
g =

ρh
g

Mh RT (8.26)

The statement of Henry’s law is that the amount of a gas dissolved by a liquid is proportional

to the pressure of the gas upon the liquid. This law was originally formulated by William

Henry in 1803 for dilute solutions and low gas pressures:

MhH(T )Ph
g = ρh

l (8.27)

here H(T ) is the Henry constant depending only on the temperature.

The Raoult’s law is based on the following formulation: the vapor pressure of a solution of

a non-volatile solute is equal to the vapor pressure of the pure solvent at this temperature

multiplied by its mole fraction. The vapor pressure of the pure solvent depends only on the

temperature and therefore is a constant:

Pw
g = pw

g
ρw

st

ρw
l +

Mw

Mh ρh
l

(8.28)

where pw
g is the vapor pressure of the pure solvent.

Further, the influence of capillary forces can be introduced using Kelvin’s formulation:

Pw
g = pw

g
ρw

st

ρw
l +

Mw

Mh ρh
l

e
−Mh Pc

RT ρl (8.29)

However, in the current chapter we considered a real mixture and it is obviously that laws

based on the ideal gas approach can not be applied for a large pressure range. Thus, we pro-

pose an estimation of error for the described analytical laws in application to the hydrogen-

water two-phase system.
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Figure 8.3.: Absolute end relative errors of Henry’s law for the hydrogen-water two-phase

system

We will use the calibrated data obtained from the compositional approach to calculate the

absolute and the relative error of Henry’s law:

εH
abs =

∣∣∣MhH(T )Ph
g −ρh

l

∣∣∣ , (8.30)

εH
rel = 2εH

abs/
(

MhH(T )Ph
g +ρh

l

)
As we can see in Figure 8.3, the relative error of Henry’s law for the hydrogen-water two-

phase system is not more than 15%.

The errors of Raoult’s and Kelvin’s laws can be defined in the same way:

εK
abs =

∣∣∣∣∣∣∣Pw
g − pw

g
ρw

st

ρw
l +

Mw

Mh ρh
l

e
−Mh Pc

RT ρl

∣∣∣∣∣∣∣ ,

εK
rel = 2εR

abs

Pw
g + pw

g
ρw

st

ρw
l +

Mw

Mh ρh
l

e
−Mh Pc

RT ρl


−1

(8.31)

where εR
abs and εR

rel can be calculated for Pc = 0.

The relative errors of Kelvin’s and Raoult’s approximations essentially increase from a pres-

sure of 30 bar, Figure 8.4. Evidently, Kelvin’s and Raoult’s laws can not be applied for a

high pressure range, not even as an approximation. On the other hand, Henry’s law gives a

more accurate analytical approximation for a hydrogen-water two-phase mixture.
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Figure 8.4.: Absolute and relative errors of Raoult’s and Kelvin’s laws for the hydrogen-

water two-phase system

8.4. Hydrogen-water hydrodynamic behavior

This section is devoted to the analysis of hydrodynamic behavior in a hydrogen-water two-

phase system. The hydrodynamic model was formulated for a general case of a 3D hydrogen-

water flow with phase transitions (the equation 8.1). The influence of relative permeabilities

on the flow behavior will be analysed in this section as well as the influence of a phase ex-

change effect and the diffusion phenomenon. The thermodynamics was introduced through

coefficients of the hydrodynamic equations. Such thermodynamics was shown to be mono-

variant so that all thermodynamic variables can be presented in analytical form as functions

of pressure.
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8.4.1. Dimensionless form of flow problem

Let us replace the flow velocities in equation 8.1 by Darcy’s law, then the compositional

model takes the following form:

ϕ
∂ρ
∂ t

= div([Ψl +Ψg]gradP)−div(ΨlgradPc) , (8.32a)

ϕ
∂ρ(k)

∂ t
= div

([
Ψlc

(k)
l +Ψgc(k)g

]
gradP

)
−div

(
Ψlc

(k)
l gradPc

)
(8.32b)

+div
(

D0
l sρlgradc(k)l +D0

g(1− s)ρg
P0

P
gradc(k)g

)
, k = 2

here Ψi ≡ ρiKki/µi is the hydraulic phase conductivity (i = l,g); ρ ≡ ρls+ρg(1− s) is the

total density; ρ(k) ≡ ρlc
(k)
l s+ρgc(k)g (1− s) is the total partial density of the component k.

We will introduce the characteristic values of length, time, gas pressure and capillary pres-

sure, viscosities and densities by: L, t∗, P0, P̂c, µ0
g , µ0

l , ρ0
g and ρ0

l ; and we will perform the

operations div and grad in dimensionless space coordinates. Hence, we obtaine the following

dimensionless definitions:

p ≡ P
P0

, pc ≡
Pc

⟨Pc⟩
,φi ≡

ϕρi

⟨ϕ⟩ρ0
i
,ψi ≡

Kρiµ0
i

⟨K⟩ρ0
i µi

,ρ ≡
ρ0

l
ρ0

g
,τ ≡ t/t∗,

ω ≡
ρ0

l µ0
g

ρ0
g µ0

l
,ε ≡ t∗

t∗
,

1
Ca

≡ ⟨Pc⟩
P0

, t∗ ≡
L2µ0

g ⟨ϕ⟩
⟨K⟩P0

,Pe ≡ ⟨K⟩P0

D0
gµ0

g
,σ ≡

D0
l

D0
g

Here the parameter t∗ is the characteristic time of perturbation propagation caused by the

pressure variation. The parameter ε is the ratio of the perturbation propagation time t∗ to the

characteristic process time t∗, while the parameter ω is the ratio of the liquid mobility to the

gas mobility.

Thus, the full compositional model 8.1 takes the following dimensionless form:

ε
∂

∂τ
(φlρs+φg(1− s)) = div([ψgkg +ωψlkl]gradp)− ω

Ca
div(ψlklgradpc) , (8.33a)

ε
∂

∂τ

(
φlρsc(N)

l +φg(1− s)c(N)
g

)
= div

([
ψgkgc(N)

g +ωψlklc
(N)
l

]
gradp

)
(8.33b)

− ω
Ca

div
(

ψlklc
(N)
l gradpc

)
+

1
Pe

div
(

φg(1− s)
p

gradc(N)
g +σωψlsgradc(N)

l

)
The first equation 8.33a describes the pressure behavior and the second equation 8.33b de-

scribes the saturation evolution. In fact, the saturation evolution is caused by the following



8.4 Hydrogen-water hydrodynamic behavior 99

effects: convection, capillary influence and diffusion in liquid:

ε
ω

∂ s
∂τ

∼ ∂
∂x

([
ψlklc

(N)
l

] ∂ p
∂x

)
− 1

Ca
∂
∂x

(
ψlklc

(N)
l

∂ pc

∂x

)
+

σ
Pe

∂
∂x

(
ψls

∂c(N)
l

∂x

)

In order to analyse hydrogen migration around storage site of radioactive waste we will

consider the 1D flow problem on a dimensionless domain [x∗ : 1]. Hydrogen is produced

due to corrosion of metal components of the storage facility and can be described by the

given function of the flow rate q(τ) at the source x∗. At the same time, the pressure at the

exterior bound of the domain (x = 1) can be the function of time p∗(τ). We will suppose

that at the initial stage there is no gas in the porous medium, i.e. s=1. However, due to the

hydrogen production at the source x= x∗ the liquid saturation equal to 0, i.e. s=0. Finally, the

formulation 8.33 can be completed by the following initial and boundary-value conditions:

s|τ=0 = 1, (8.34a)

p|x=1 = p∗(τ), (8.34b)

(ψgkg +ωψlkl)
∂ p
∂x

∣∣∣∣
x=xs

=−εq(τ)
2

(8.34c)

s|x=xs
= 0 (8.34d)

The hydrogen-water two-phase system corresponds to the flow around the radioactive waste

storage site. The essential properties of this system are the following: average absolute per-

meability K = 0.00005mD, average reservoir porosity ϕ = 0.15, temperature T = 298.1500K

and initial pressure is 100 bars. The thermodynamic properties of the system are taken from

the correlated model presented in section 8.3.

8.4.2. Analytical solution for a non-compressible flow

An analytical solution can be constructed for the case of a non-compressible flow, i.e. ψl = 1,

ψg = 1 and φl = 1, φg = 1. For the 1D flow the system 8.33 takes the form:

ε
∂

∂τ
(ρs+1− s) =

∂
∂x

(
[kg +ωkl]

∂ p
∂x

)
, (8.35a)

ερ
∂ s
∂τ

= ω
∂
∂x

(
kl

∂ p
∂x

)
− ω

Ca
∂
∂x

(
kl

∂ pc

∂x

)
+

1
Pe

∂
∂x

(
1− s

p
∂c(N)

g

∂x
+σωs

∂c(N)
l

∂x

)
. (8.35b)
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Figure 8.5.: Analytical (solid line) and numerical (dashed line) solutions for a non-

compressible flow: left plot - mobile gas; right plot - low mobile gas

Let us substitute equation 8.35b by equation 8.35a:

−ε
∂ s
∂τ

=
∂
∂x

(
kg

∂ p
∂x

)
+

ω
Ca

∂
∂x

(
kl

∂ pc

∂x

)
− 1

Pe
∂
∂x

(
1− s

p
∂c(N)

g

∂x
+σωs

∂c(N)
l

∂x

)
(8.36)

Let us add the equation 8.35b divided by ρ to the last equation 8.36, so that we obtain the

following relation:

∂
∂x

([
kg +

ω
ρ

kl

]
∂ p
∂x

)
=

(
1− 1

ρ

)
1
Pe

∂
∂x

(
1− s

p
∂c(N)

g

∂x
+σωs

∂c(N)
l

∂x

)

−
(

1− 1
ρ

)
ω
Ca

∂
∂x

(
kl

∂ pc

∂x

)
In the case when diffusion and capillary effects can be neglected we obtain the following

pseudo-stationary equation for pressure:

∂
∂x

([
kg +

ω
ρ

kl

]
∂ p
∂x

)
= 0 (8.37)

Finally, substituting the term
∂ p
∂x

form the equation 8.37 to 8.36 we obtain:

∂ s
∂τ

− ωq
2ρ2

∂
∂x

 kl

kg +
ω
ρ

kl

= 0 (8.38)
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This means that saturation can be presented in form of a Buckley-Leverett equation with

flow velocity U =
ωq
2ρ2 and pseudo-fractional flow function F = kl/(kg +

ω
ρ

kl). Thus, the

solution to the hydrogen-water two-phase problem can be presented in analytical form for a

non-compressible flow without capillarity end diffusion.

As a first attempt of analysis we propose to compare the numerical simulation to the analyt-

ical solution (equation 8.38), for the case of a non-compressible flow without mass transfer

between the phases. Illustrations of several time instances for low mobile gas and mobile

gas are presented in Figure 8.5. Thus, the analytical approach match very well the numerical

one.

8.4.3. Full concentration approach and pseudo saturation

Such type of flow as gas penetration in liquid requires a non-trivial analysis. One of the

most important questions is how to define the separation of the one-phase domain from the

two-phase domain. Initially, the system contains one single phase (liquid phase), and in the

analyzed problem this liquid phase mainly consists of water. Actually, if the liquid satura-

tion tends to 1 (not exactly 1), then it is formally considered as a two-phase system, while

physically it can be a two-phase system as well as a one-phase system. The question is how

to define this separation, i.e. what is the numerical error of calculation. This problem is very

relevant for the penetration of mobile gas, especially in the simple case of a non-compressible

flow (see the left plot in Figure 8.5). Further questions are how to interpret the fact that the

asymptotical curve tends to 0 for gas saturation. and whether it is a physical reality or a

numerical error. To answer these questions the classical approach for the definition of satu-

ration is not sufficient. In this chapter we propose to introduce a pseudo-saturation function

into the system. To reach this goal we will first introduce the notion of full concentration of

hydrogen:

ch =
ρlch

l s+ρgch
g(1− s)

ρls+ρg(1− s)
(8.39)

Hence, the saturation for the liquid phase can be written as:

s =
ρg(ch

g − ch)

ρl(ch
l − ch)+ρg(ch

g − ch)
(8.40)

If for a fixed pressure the full concentration of hydrogen ch is less than the concentration

of hydrogen in the liquid phase ch
l then the system is a one-phase system (liquid phase).
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Figure 8.6.: Pseudo-saturation of gas: one phase and two-phase domains

The situation is similar when ch > ch
g, i.e. the system is a one-phase system (gas phase).

The system is in two-phase state for a fixed pressure when the following condition is valid:

ch
l < ch < ch

g. However, according to relation 8.40 the saturation s is outside of the domain

[0 : 1] if the full concentration of hydrogen ch is in a non-equilibrium state, i.e. outside of

the domain [ch
l : ch

g]. This gives us the opportunity to introduce the new notion of pseudo-

saturation sp which has the same value as the saturation s in the two-phase domain [0 : 1], but

can also be less than 0 and more than 1 in the one-phase domain (see Figure 8.6). Physically,

notions of full concentration and pseudo-saturation indicate clearly the state of the system,

i.e. indicate how far the one-phase system is situated from the two-phase state. Thus, this

approach defines exactly the separation of the one-phase domain from the two-phase domain,

which is very tipical for mobile gas penetration (Figure 8.6).

8.4.4. Gas penetration in liquid through a porous medium

The general compositional flow model of gas penetration in liquid through a porous medium

was analyzed numerically (Fortran Code). Using the notion of pseudo-saturation the influ-

ence of diffusion on mobile gas penetration in liquid was analyzed. The typical evolution

of gas saturation (pseudo-saturation) for a hydrogen-water flow around a radioactive storage

site was presented in Figure 8.7. The influence of diffusion increases gas penetration with

time, for example gas penetration can exceed the value of 1 meter in 200 years (especially

in a low saturated domain). Even without diffusion pure gas penetration is still fast for low
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mobile gas. In the case of low mobile gas penetration in liquid through a porous medium

the flow has a clear front, displacing very slowly.Evidently, diffusion is one of the essential

drives of the flow for a large range of saturation.

The mass exchange phenomenon has a small influence on the flow type but essential influ-

ence on the phase properties (phase compressibilities). The impact of phase transition can

be illustrated by the difference between two saturations: saturation with a diffusion effect

and saturation without this effect, see Figure 8.8. It is necessary to note that the influence of

phase transitions was also introduced non-directly, actually through the diffusion term. Thus,

we can conclude that influence only of the direct mass exchange phenomenon has insignifi-

cant impact on gas displacement in liquid of not more than one millimetre for the presented

example in Figure 8.8.

8.5. Conclusions

Hydrogen penetration in water through a porous medium was analysed in this chapter. A

two-phase hydrogen-water compositional model approach was proposed. The present work

consists of two principal parts:

The first part deals with the thermodynamic analysis of a hydrogen-water system. The ther-

modynamic model was calibrated using experimental data of hydrogen solubility in water.
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The phase densities, viscosities and concentrations were presented in analytical form. More-

over, the domain of validity of simplified analytical laws for the estimation of phase proper-

ties (such as Henry’s, Raoult’s and Kelvin’s laws) was presented for the analysed system.

The second part of the work deals with hydrogen-water two-phase hydrodynamic behavior.

An analytical solution for a non-compressible flow was constructed. An approach based

on the full concentration and the pseudo-saturation was introduced to exactly define the

separation of the one-phase domain from the two-phase domain. The general compositional

flow model of gas penetration in liquid through a porous medium was analysed numerically.

The influence of relative permeabilities on the flow regimes was analysed. Two principal

models were used: the mobile gas model and the low mobile gas model. Low mobile gas

creates a front which displaces with time, but evidently not as fast as in the case of mobile

gas flow. In both cases the influence of diffusion increases with time. However, diffusion

becomes very important for the low mobile gas case as the penetration accelerates for a large

range of saturation. In contrast to this, the direct mass exchange phenomenon has a small

influence on the flow type. Thus, the regimes of hydrogen penetration in liquid were shown

as very sensitive to the forms of relative permeability.
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Many environmental systems, such as subsurface multiphase flow, ground water flow and

carbon dioxide storage, are plagued in modeling by the ubiquitous presence of uncertainty.

Lacking information about their system properties leads to model uncertainties up to a level

where quantification of uncertainties may become the dominant question in modeling, sim-

ulation and application tasks. The prediction of environmental systems in large-scale vastly

depends on our ability to quantify such uncertainties and related risks. Current numerical

simulation models are often too expensive for advanced application tasks that involve accu-

rate uncertainty quantification, risk assessment, robust design and model calibration. Even

single deterministic simulations often require parallel high performance computing. Because

the involved complex flow processes in porous media have a significantly non-linear charac-

ter, the problem is too non-linear for quasi-linear and other simplified stochastic tools.

The current Part III deals with the development of approaches for these advanced challenges

based on massive stochastic model reduction techniques. The reduction is achieved via pro-

jections on orthonormal polynomial bases which form a so-called response surface. This

way, the model response to changes in uncertain parameters is represented by multivariate

polynomials for each output quantity of interest, which allows for non-linear model-based

propagation of parameter uncertainties onto the predicted quantities of interest. This tech-

nique is known as polynomial chaos expansion in the field of stochastic partial differen-

tial equations. The reduced model represented by the response surface is vastly faster than

the original complex one, and thus provides a promising starting point for follow-up tasks:

global sensitivity analysis, uncertainty quantification, robust design, probabilistic risk as-

sessment as well as model calibration. For many cases, the fact that the response surface

has known polynomial properties will help to further simplify these tasks. Thus, stochastic

model reduction provides an opportunity to quantify uncertainty in complex non-linear and

dynamic systems at acceptable costs.

Chapter 9 focuses on the arbitrary polynomial chaos which can adapt to arbitrary probability

distribution shapes of input parameters. It provides improved convergence in comparison to

classical chaos expansion techniques. Chapter 10 provides a flexible and efficient framework

for global sensitivity analysis in order to quantify the effects of parameter variation or param-

eter uncertainty on the overall model uncertainty. It can convey the information of a global

sensitivity analysis at computational costs that are hardly larger than those for local analy-

sis. Chapter 11 proposes an advanced framework for model calibration and history matching

based on the arbitrary polynomial chaos expansion and strict Bayesian principles. Through

this combination, we obtain a statistical method for history matching that is accurate, yet has

a computational speed that is more than sufficient for real-time application.
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Bibliographic Note: The content of this chapter is based on the following original article:

Oladyshkin S. and Nowak W. Data-driven uncertainty quantification using the arbitrary poly-

nomial chaos expansion. Reliability Engineering & System Safety, Elsevier, V. 106, P. 179-

190, 2012.

We discuss the arbitrary polynomial chaos (aPC), which has been subject of research in a

few recent theoretical papers. Like all polynomial chaos expansion techniques, aPC approx-

imates the dependence of simulation model output on model parameters by expansion in

an orthogonal polynomial basis. The aPC generalizes chaos expansion techniques towards

arbitrary distributions with arbitrary probability measures, which can be either discrete, con-

tinuous, or discretized continuous and can be specified either analytically (as probability

density/cumulative distribution functions), numerically as histogram or as raw data sets. We

show that the aPC at finite expansion order only demands the existence of a finite number

of moments and does not require the complete knowledge or even existence of a probability

density function. This avoids the necessity to assign parametric probability distributions that

are not sufficiently supported by limited available data. Alternatively, it allows modellers to

choose freely of technical constraints the shapes of their statistical assumptions. Our key idea

is to align the complexity level and order of analysis with the reliability and detail level of sta-

tistical information on the input parameters. We provide conditions for existence and clarify

the relation of the aPC to statistical moments of model parameters. We test the performance

of the aPC with diverse statistical distributions and with raw data. In these exemplary test

cases, we illustrate the convergence with increasing expansion order and, for the first time,

with increasing reliability level of statistical input information. Our results indicate that the

aPC shows an exponential convergence rate and converges faster than classical polynomial

chaos expansion techniques.
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9.1. Introduction

The lack of information about the properties of physical systems, such as material parameters

or boundary values, can lead to model uncertainties up to a level where the quantification of

prediction uncertainties may become the dominant question in application tasks. Most phys-

ical processes appearing in nature are non-linear and, as a consequence, the required math-

ematical models are non-linear. Traditional and very well-known approaches for stochastic

simulation are brute-force Monte Carlo simulation (e.g. (Maltz and Hitzl, 1979)) and related

approaches (e.g. latin hypercube sampling (Helton and Davis, 2003)). Unfortunately, for

large and complex models, Monte Carlo techniques are inadequate. Even single determinis-

tic simulations may require parallel high-performance computing. As a reasonably fast and

attractive alternative, stochastic model reduction techniques based on the polynomial chaos

expansion can be applied.

9.1.1. Polynomial chaos expansion

A large number of studies for diverse applications is based on the polynomial chaos expan-

sion (PCE) introduced by Wiener (Wiener, 1938) in 1938. The chaos expansion offers an

efficient high-order accurate way of including non-linear effects in stochastic analysis. PCE

can be seen, intuitively, as a mathematically optimal way to construct and obtain a model re-

sponse surface in the form of a high-dimensional polynomial in uncertain model parameters.

The chances and limitations of polynomial chaos and related expansion techniques were dis-

cussed in (Augustin et al., 2008). The paper (Oladyshkin et al., 2011b) showed how to use

PCE for robust design under uncertainty with controlled failure probability. Recently, the

sensitivity analysis based on PCE decomposition (Buzzard, 2011), (Crestaux et al., 2009),

(Haro Sandoval et al., 2012) has received increased attention. The papers (Sudret, 2008) and

(Oladyshkin et al., 2011d) demonstrate correspondingly how classical PCE and its new aPC

version can deliver the information required for global sensitivity analysis at low computa-

tional costs. Also, FORM and SORM methods (e.g. (Jang et al., 1994)) could be extended

to higher order accuracy via PCE, however, this has not yet been achieved.

The PCE technique can mainly be sub-divided into intrusive and non-intrusive approaches

for the involved projection integral. The intrusive approach requires manipulation of the gov-

erning equations and can sometimes provide semi-analytical solutions for stochastic analy-

sis. The best-known method from this group is the stochastic Galerkin technique, which
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originated from structural mechanics (Ghanem and Spanos, 1991) and has been applied in

studies for modeling uncertainties in flow problems ((Ghanem and Spanos, 1993), (Matthies

and Keese., 2005), (Xiu and Karniadakis, 2003)). However, because of the necessary sym-

bolic manipulations, the procedure may become very complex and analytically cumbersome.

For that reason, non-intrusive approaches like sparse quadrature (Keese and Matthies, 2003)

and the probabilistic collocation method ((Isukapalli et al., 1998), (Li and Zhang, 2007))

have been receiving increasing attention.

9.1.2. Polynomial chaos expansion for non-Gaussian
distributions

The original PCE is based on Hermite polynomials, which are optimal for normally dis-

tributed random variables. Unfortunately, natural phenomena and uncertainty in engineering

are often not that simple, and the distribution of physical or model parameters often cannot be

considered Gaussian. However, it is possible to put into conformity a physical variable with

a normal variable by an adequate transformation called Gaussian anamorphosis or normal

score transformation (e.g. (Wackernagel, 1998)) or approximate parametric transformations

(Ditlevsen and Madsen, 1992). Using transformed variables for expansion cannot be con-

sidered an optimal choice because it leads to slow convergence of the expansion (e.g. (Xiu

and Karniadakis, 2002a), (Xiu and Karniadakis, 2003)). In recent years, the PCE technique

has been extended to the generalized polynomial chaos (gPC), based on the Askey scheme

(Askey and Wilson, 1985) of orthogonal polynomials by (Xiu and Karniadakis, 2002a) and

(Xiu and Karniadakis, 2003). The gPC extends PCE towards a counted number of para-

metric statistical distributions (Gamma, Beta, Uniform, etc.). However, application tasks

demand further adaptation of the chaos expansion technique to a larger spectrum of distri-

butions. In (Wan and Karniadakis, 2006) and (Prempraneerach et al., 2010), the authors

presented a multi-element generalized polynomial chaos (ME-gPC) method. It is based on a

decomposition of the random space into local elements, and subsequently implements gPC

locally within the individual elements. An error control theory for the ME-gPC method

was developed in (Wan and Karniadakis, 2009) for elliptic problems. The ME-gPC is the

first adaptive piece-wise approach helping to deal with discontinuity of distributions or of

model responses, and provides the desired adaptation to a wide spectrum of distributions.

The ME-gPC conception offered in (Wan and Karniadakis, 2006) provides a flexible tool for

stochastic modeling, but interprets these data as an exactly known probability distribution,
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and considerably increases the computational effort for multidimensional stochastic prob-

lems.

9.1.3. Limited availability of data

The methods discussed above assume an exact knowledge of the involved probability density

functions. Unfortunately, information about the distribution of data is very limited in realis-

tic engineering applications, especially when environmental influences or natural phenomena

are involved, or when predicting or engineering the environment (see also (Red-Horse and

Benjamin, 2004)). Applied research on (partially) natural or complex realistic systems often

faces the problem of limited information about the model parameters and even about their

probability distributions. For example, material properties of underground reservoirs are in-

sufficiently available to provide a full picture of their distribution. Moreover, the statistical

distribution of model parameters can be nontrivial, e.g., bounded, skewed, multi-modal, dis-

continuous, etc. Also, the dependence between several uncertain input parameters might

be unknown, compare (Der Kiureghian and Liu, 1986). Depending on the modeling task

and circumstances, statistical information on model parameters may be available either dis-

crete, continuous, or discretized continuous, they could exist analytically as PDF/CDF or

numerically as histogram. The key shortcoming of current PCE approaches in this context is

twofold. First, they are heavily restricted in handling most of these conditions, and second

they assume that this information is complete and perfect.

Small samples or data sets do not contain perfect or complete information on the probability

distribution of model input parameters. For example, the study (Red-Horse and Benjamin,

2004) demonstrated that limited information on input statistics introduces its own type of

uncertainty in quantifying statistical model output distribution. Also, any attempt to con-

struct probability density functions of any particular shape from samples of limited size or

from sparse information introduces additional subjectivity into the analysis, which bears the

severe risk of leading to biased results. In a related application study (Oladyshkin et al.,

2011a), we illustrate that errors or additional (and mostly subjective) assumptions in data

interpretation can severely bias uncertainty quantification and risk assessment, and hence

could lead to failing designs. Methods of maximum entropy (Jaynes, 1982), closely related

to known as the exponential polynomial method (Er, 1998) in reliability engineering, and

minimum relative entropy (Woodbury and Ulrych, 1993) are often used in the engineering

sciences to construct a probability distribution from sparse information (mostly in the form

of a few statistical moments and bounds) that may be available from different instances of
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the same object or from different objects with supposedly similar properties or conditions.

Although these two methods are designed to minimize subjectivity and even though they

can preserve the sample moments up to arbitrary order, they are heavily debated within the

statistical community (e.g. (Sambucini, 2007)). In fact, they still introduce new assumptions

and impose a specific assumption on distribution shape. The same is true for other typical

methods to construct PDFs from moments in the field of reliability engineering, such as the

Hermite polynomial transformation (Winterstein, 1988). Such methods, however, are more

subjective than entropy-based methods, since they cannot keep the original sample moments

up to higher orders unchanged. If one still desires to fit a PDF as a pragmatic tool to filter

raw data against noise, one should have full freedom in the chosen distribution shapes, not

restricted by the technical constraints of PCE or gPC.

9.1.4. Approach and novelties

To overcome the first part of the problem, we claim that it is not even necessary to cast

the available statistical information into probability density functions. Instead, the available

information can directly and most purely be used in stochastic analysis, when using our

data-driven formulation of PCE, see section 9.2. We argue that applied tasks demand direct

handling of arbitrary data distributions without additional assumptions for stochastic analy-

sis. To overcome the second part of the problem, we suggest to perform a robustness analysis

around the PCE (here: aPC) to assess the impact of incomplete statistical input information.

Overall, we propose to align the complexity level and order of analysis with the reliability

and detail level of statistical information on the input parameters.

The concept we propose in the current chapter is to approach the problem in a highly par-

simonic and yet fully data-driven description of randomness. We draw attention to the ar-

bitrary polynomial chaos (aPC) that has recently been touched upon in a few theoretical

papers. Two studies focusing on proofs of existence were published in the mathematical

stochastics community ((Ernst et al., 2012), (Soize and Ghanem, 2004)). Constructing the

aPC polynomials by Gram-Schmidt orthogonalization was presented in the field of aerospace

engineering ((Witteveen and Bijl, 2006), (Witteveen et al., 2007)). These studies did not dis-

cuss the aPC in the light of data availability, limited reliability of data and assumptions in

data interpretation.

The aPC extends chaos expansion techniques by employing a global polynomial basis for

arbitrary distributions of data. In a certain sense, it allows to return back to a global basis with
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the new freedom of arbitrary polynomial chaos that the ME-gPC ((Wan and Karniadakis,

2006) and (Wan and Karniadakis, 2009)) uses only within piecewise local elements.

The most important property of the aPC that we will install and exploit in the current chapter

is that the aPC can work with probability measures that may be (if necessary) implicitly and

incompletely defined via their moments only, and that it requires no additional information.

In fact, our equations will show explicitly (in closed form) that statistical moments are the

only source of information that is propagated in all polynomial expansion-based stochastic

approaches. Thus, exact probability density functions do not have to be known and do not

even have to exist. For finite-order expansion, only a finite number of moments has to be

known. This opens the path to data-driven applications, where data samples with limited

size merely allow inference of a few statistical moments, but are not sufficient to support,

without a substantial degree of subjectivity, the assumption of an exactly known probability

measure (see discussion in section 9.4.1). Fully in line with the demands of application tasks,

the statistical data of modeling parameters can be specified either analytically (as probability

density/cumulative distribution functions), numerically as histogram as a raw data sets.

In section 9.2, we deliver the necessary mathematical material, and provide the necessary

properties and proofs in section 9.3. The convergence rate of the aPC will be illustrated in

the context of an example problem in section 9.4. How to address issues arising from the

incomplete and inaccurate character of raw data sets used as statistical input information is

discussed and illustrated in section 9.5.

9.2. The arbitrary polynomial chaos expansion

9.2.1. One-dimensional aPC

We will consider a stochastic process in the probability space (Ω,A,Γ) with space of events

Ω, σ -algebra A and probability measure Γ, see e.g. (Grigoriu, 2002). Let us consider a

stochastic model Y = f (ξ ) with model input ξ ∈ Ω and model output Y . For a stochastic

analysis of Y , the model f (ξ ) may by expanded as following:

Y (ξ )≈
d

∑
i=1

ciP(i)(ξ ), (9.1)

where d is the order of expansion, ci are the expansion coefficients that are determined by

Galerkin projection, numerical integration or collocation, and P(i)(ξ ) are the polynomials
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forming the basis
{

P(0), . . . ,P(d)
}

that is orthogonal (or even orthonormal) with respect to

the measure Γ (see equation 9.6). The only difference between aPC and previous PCE meth-

ods is that the measure Γ can have an arbitrary form, and thus the basis
{

P(0), . . . ,P(d)
}

has

to be found specifically for the probability measure Γ appearing in the respective application.

This open the path to data-driven applications of aPC. If a function Y (ξ ) is expanded in the

orthonormal polynomial basis
{

P(0), . . . ,P(d)
}

, then characteristic statistical quantities of

Y (ξ ) can be evaluated directly from the expansion coefficients ci. For example, the mean

and variance of Y (ξ ) is given by the following simple analytical relations:

µY = c1, σ2
Y =

N

∑
i=2

c2
i . (9.2)

Notice that, in the current chapter, we will focus on mono-dimensional stochastic input

(i.e., only one uncertain parameter) for simplicity, but without loss of generality (see sec-

tion 9.2.2).

9.2.2. Multi-dimensional aPC

Most realistic applications feature multi-dimensional model input ξ , i.e. ξ =

{ξ1,ξ2, . . . ,ξN}. Here, the total number of input parameters is equal to N. The model pa-

rameters can be design or control parameters that can be chosen by the operator of a system,

and uncertain parameters that describe our (incomplete) knowledge of the system properties.

Hence, to investigate the influence of all input parameters ξ1,ξ2, . . . on the model output Y ,

the model output Y can be represented by a multivariate polynomial expansion as follows

Y (ξ1,ξ2, . . . ,ξN)≈
M

∑
i=1

ciΦi(ξ1,ξ2, . . . ,ξN) (9.3)

Here, the coefficients ci quantify the dependence of the model output Y on the input parame-

ters ξ1,ξ2, . . . ,ξN . The number M of terms in the expansion (9.3) depends on the total number

of input parameters N and on the order d of the expansion, according to the combinatory for-

mula M = (N + d)!/(N!d!). The function Φi is a simplified notation of the multi-variate

orthogonal polynomial basis for ξ1,ξ2, . . . ,ξN . Assuming that the input parameters within

ξ1,ξ2, . . . ,ξN , are independent (e.g. (Ghanem and Spanos, 1991)), the multi-dimensional
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basis can be constructed as a simple product of the corresponding univariate polynomials:

Φi(ξ1,ξ2, . . . ,ξN) =
N

∏
j=1

P
(α i

j)

j (ξ1,ξ2, . . . ,ξN), (9.4)

N

∑
j=1

α i
j ≤ M, i = 1 . . .N,

where α i
j is a multivariate index that contains the combinatoric information how to enumerate

all possible products of individual univariate basis functions. In other words, the index α can

be seen as M ×N matrix, which contains the corresponding degree (e.g. 0, 1, 2, etc.) for

parameter number j in expansion term k.

Let us mention that, in the current state of science for polynomial chaos expansions, the

random variables have to be statistically independent or may be correlated in a linear fashion

only. Linear correlation can be removed by adequate linear transformation, such as the

KL-expansion (Li and Zhang, 2007), also called proper orthogonal decomposition (Lumley,

1967) or principal component analysis (Pearson, 1901) in other disciplines. Construction of a

joint polynomial basis for statistically dependent random variables beyond linear dependence

is a very important issue for future research.

9.2.3. Stochastic analysis based on the aPC

Equations (9.1) and (9.3) can be interpreted as a model response surface for Y =

f (ξ1,ξ2, . . . ,ξN), and represent the basic key element for: (I) uncertainty quantification; (II)

robust design and (III) global sensitivity analysis.

(I) The simplest way to quantify uncertainty is via the analytical relations, see equation (9.2).

However, in order to evaluate more complex statistical quantities, Monte Carlo simulation

can be performed directly and immensely fast on the obtained polynomial given by equation

(9.3) (see e.g. (Oladyshkin et al., 2011a), (Walter et al., 2012)). For Monte Carlo simulation

in absence of precise statistical information, (Oladyshkin et al., 2011a) discuss and suggest

the maximum entropy method for PDF estimation.

(II) Including design and control parameters together with uncertain parameters in expan-

sion (9.3) provides an effective basis for robust design. The paper (Oladyshkin et al., 2011b)

showed how to use PCE for robust design under uncertainty with controlled failure probabil-

ity.
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(III) Expansion (9.3) also delivers the information required for global sensitivity analysis

including simultaneous influences of different modeling parameters at low computational

costs. For example, Sobol indices (Sobol, 1990, 2001) or Weighted indices (Oladyshkin

et al., 2011d) can be computed directly from the coefficients αi.

9.3. Moment-based analysis

Let us define the polynomial P(k)(ξ ) of degree k in the random variable ξ ∈ Ω:

P(k)(ξ ) =
k

∑
i=0

p(k)i ξ i, k = 0,d, (9.5)

where p(k)i are coefficients in P(k)(ξ ).

Our goal is to construct the polynomials in equation (9.5) such that they form an orthonormal

basis for arbitrary distributions. The arbitrary distributions for the framework presented in

this chapter can be either discrete, continuous, discretized continuous, specified analytically,

as histograms, raw data sets or by their moments. In this chapter, we exploit this freedom and

show how to treat any given probability distribution solely defined by the statistical moments

of ξ . For limited-order expansion, this allows to work with arbitrary probability measures

that are implicitly and incompletely defined by a limited number of moments only.

The goals of this section are to: (1) Derive a constructive rule to obtain the orthonormal basis

which clarifies that only moments of ξ are important, (2) show that finite-order expansion

only requires a finite number of moments, (3) provide conditions for the existence of an aPC

even for sampled data.

9.3.1. Constructing the aPC from moments

Orthonormality for polynomials P(k) of degree k and P(l) of degree l is defined as:
ˆ

ξ∈Ω
P(k)(ξ )P(l)(ξ )dΓ(ξ ) = δkl, ∀k, l = 0,d (9.6)

where δkl is the Kronecker delta. For the further development, we will make use of only the

orthogonality condition:
ˆ

ξ∈Ω
P(k)(ξ )P(l)(ξ )dΓ(ξ ) = 0, ∀k ̸= l. (9.7)
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Instead of the normality condition, we will at first introduce an intermediate auxiliary condi-

tion by demanding that the leading coefficients of all polynomials be equal to 1:

p(k)k = 1, ∀ k. (9.8)

The following conditions apply for the orthogonal polynomial basis
{

P(k)(ξ )
}

(k = 0,d).

First, for the zero-degree polynomial P(0), we obtain directly from (9.7) and (9.8) that p(0)0 =

1, which also satisfies the normality condition (9.6). The orthogonality conditions for P(1)

are as follows:
ˆ

ξ∈Ω
p(0)0

[
1

∑
i=0

p(1)i ξ i

]
dΓ(ξ ) = 0;

p(1)1 = 1

(9.9)

This procedure can be continued for the construction of all following polynomials to obtain

an orthogonal basis. The generalized conditions of orthogonality for any polynomial P(k) of

degree k with all lower-order polynomials can be written in the following form:

ˆ
ξ∈Ω

p(0)0

[
k

∑
i=0

p(k)i ξ i

]
dΓ(ξ ) = 0;

ˆ
ξ∈Ω

[
1

∑
i=0

p(1)i ξ i

][
k

∑
i=0

p(k)i ξ i

]
dΓ(ξ ) = 0;

. . .

ˆ
ξ∈Ω

[
k−1

∑
i=0

p(k−1)
i ξ i

][
k

∑
i=0

p(k)i ξ i

]
dΓ(ξ ) = 0;

p(k)k = 1.

(9.10)

The system of equations given by (9.10) is closed and defines the unknown polynomial coef-

ficients p(k)i (i = 0,k) of the required basis. Obviously, the above definition of the orthogonal

polynomial of degree k uses the definition of all polynomials of lower degrees 0, . . . ,k− 1.

We will use that particular property to simplify the system in equation (9.10) by substituting

the first equation into the second, the first and the second into the third, and so on. In addi-

tion, we will apply condition (9.8). Hence, without loss of generality, the system in equation



9.3 Moment-based analysis 117

(9.10) can be reduced to:
ˆ

ξ∈Ω

k

∑
i=0

p(k)i ξ idΓ(ξ ) = 0;

ˆ
ξ∈Ω

k

∑
i=0

p(k)i ξ i+1dΓ(ξ ) = 0;

. . .

ˆ
ξ∈Ω

k

∑
i=0

p(k)i ξ i+k−1dΓ(ξ ) = 0;

p(k)k = 1.

(9.11)

Note that this rearrangement defines the kth orthogonal polynomial independent of all other

polynomials from the orthogonal basis. The kth raw moment of the random variable ξ is

defined as:

µk =

ˆ
ξ∈Ω

ξ kdΓ(ξ ). (9.12)

This allows to re-write equation (9.11) based on only the raw moments of ξ :

k

∑
i=0

p(k)i µi = 0;

k

∑
i=0

p(k)i µi+1 = 0;

. . .

k

∑
i=0

p(k)i µi+k−1 = 0;

p(k)k = 1.

(9.13)

Alternatively, the system of linear equations (9.13) can be written in the more convenient

matrix form: 
µ0 µ1 . . . µk

µ1 µ2 . . . µk+1

. . . . . . . . . . . .

µk−1 µk . . . µ2k−1

0 0 . . . 1





p(k)0

p(k)1

. . .

p(k)k−1

p(k)k


=


0

0

. . .

0

1

 . (9.14)
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As a direct consequence, an orthogonal polynomial basis up to order d can be constructively

defined for any arbitrary probability measure Γ under the following conditions: the coeffi-

cients p(k)i can be constructed if and only if the square matrix of moments in the left-hand

side of equation (9.14) is not singular. In the Section 9.3.2, we provide a proof for this under

the condition that the number of support points in the distribution of ξ is greater than k and

that all moments up to order 2k−1 are finite. This holds for all continuous random variables,

under the condition that 2k− 1 moments exist. If the moments of ξ are evaluated directly

from a data set of limited size or from a discrete probability distribution featuring a finite

number of possible outcomes, there need to be k or more distinct values in the data set or

distribution. All moments are always finite if no element of the data set is infinite.

From the equations (9.7) to (9.14), it becomes evident that moments are the only required

form of information on input distributions for constructing the basis and thus to operate

the aPC. For finite-order expansion, a finite number of moments is sufficient. Hence, if

a raw data set is the only form of available input information, computing its moments is

sufficient, and estimating a full PDF from the data is not necessary. The same is true if only a

limited number of moments are provided as input characterization. Also, arbitrary parametric

distribution can be addressed, simply by working with their moments. This implies that any

difference between distributions that becomes visible only in moments of order higher than

2d −1 will be invisible to any order d polynomial expansion technique.

9.3.2. Non-singularity of the moments matrix

Let us write the square matrix of equation (9.14) in the following decomposed form:

M =

[
H B
C D

]
(9.15)

where

H =

 µ0 . . . µk−1

. . . . . . . . .

µk−1 . . . µ2k−2

 , B =

 µk

. . .

µ2k−1

 ,
C =

[
0 . . . 0

]
, D =

[
1
]

Evidently, D is always invertible, and hence the determinant of M is given by:

det(M) = det(D)det(H−BD−1C) (9.16)



9.3 Moment-based analysis 119

Because det(D) = 1 and C = [0, . . . ,0], we obtain:

det(M) = det(H) (9.17)

The matrix H is also known as the Hankel matrix of moments. The properties of its deter-

minant were studied in the paper (Lindsay, 1989). Moreover, (Karlin, 1968) showed that

det(H) for rank(H) = k is zero if and only if the distribution of ξ has only k or fewer points

of support. Thus, M is non-singular if and only if the number of support points in the distri-

bution of ξ is greater than k and if all moments up to order 2k−2 are finite.

9.3.3. Explicit form of the data-driven polynomial chaos

In this section, we present an analytical explicit form of the coefficients for moderate degrees

of polynomials, which can be easily used for diverse data-driven application tasks, such

as uncertainty quantification, global sensitivity analysis and probabilistic risk assessment.

The coefficients for the higher degrees of polynomials can be obtained using the implicit

scheme presented above (9.14), via recursive relations (see Chapter 22 of book (Abramowitz

and Stegun, 1965)), via Gram-Schmidt orthogonalization (see (Witteveen and Bijl, 2006),

(Witteveen et al., 2007)) or via the Stieltjes procedure (Stieltjes, 1884).

To simplify the explicit form of coefficients, we will assume a normalized distribution of

data with zero mean and unit variance after linear transformation:

ξ ′ =
(ξ −µ)

σ
, (9.18)

which leads to a centralization and standardization of all moments.

Thus, the orthogonal polynomial basis
{

P(k)(ξ )
}

(k = 0,d) can be presented as:

P(d)(ξ ) =
d

∑
i=0

p(d)i

(
ξ −µ

σ

)i

, (9.19)

where p(d)i are the coefficients of polynomial P(d) defined explicitly through the raw mo-

ments of ξ ′ from the relations below. Due to equation (9.18), the raw moments of ξ ′ are

related to the central moments µ̂k(ξ ) of ξ via:

µk(ξ ′) = µ̂k(ξ ) µ̂2(ξ )−k/2.
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Coefficients for polynomial of 0 degree

p(0)0 = 1; (9.20)

Coefficients for polynomial of 1st degree

p(1)0 = 0, p(1)1 = 1; (9.21)

Coefficients for polynomial of 2nd degree

p(2)0 =−1, p(2)1 =−µ3, p(2)2 = 1; (9.22)

Coefficients for polynomial of 3rd degree

p(3)0 = µ2
3 −µ3

3 +µ3µ4 −µ5;

p(3)1 =−µ3µ5 +µ2
3 −µ4 +µ3µ4;

p(3)2 =−µ3µ4 +µ5 −µ3;

p(3)3 = 1−µ3 +µ2
3 ;

(9.23)

Coefficients for polynomial of 4th degree

p(4)0 = µ2
3 µ5µ4 +µ3

3 µ7 −µ2
3 µ2

5 −2µ2
3 µ4µ6 +2µ2

4 µ5 −µ3
4 ;

p(4)1 =−µ3
5 +µ2

4 µ2
3 −µ2

3 µ4µ5 +µ4µ5µ6 +µ3µ5µ6;

+µ3µ5µ7 −µ3µ4µ7 −µ3
3 µ5 +µ3

3 µ6 −µ3µ2
6 ;

p(4)2 =−µ2
4 µ2

3 +µ3µ4µ7 +µ4µ2
5 −µ2

4 µ6 +µ3
3 µ5 −µ3µ5µ6;

p(4)3 = µ3
3 µ4 −µ5µ4 −µ2

3 µ7 +µ2
5 +µ4µ6;

p(4)4 =−µ4
3 +µ2

3 µ6 −2µ5µ4 +µ2
4 ;

(9.24)

9.3.4. Normalization

The above orthogonal polynomial basis can be used directly for analysis. However, an or-

thonormal basis has more useful properties (see equation (9.2) and section 9.3.5). Thus, the
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next step is to normalize the orthogonal basis. We will use the norm for the polynomial Pk

introduced in equation (9.6):∥∥∥P(k)
∥∥∥2

=

ˆ
ξ∈Ω

[
P(k)(ξ )

]2
dΓ(ξ ). (9.25)

Hence, a valid orthonormal polynomial basis
{

Ψ(k)(ξ )
}

(k = 0,d) is:

Ψ(k)(ξ ) =
1∥∥P(k)
∥∥ k

∑
i=0

p(k)i ξ i. (9.26)

For normalization, the evaluation of
∥∥∥P(k)

∥∥∥ for k = d additionally requires finiteness and

availability of the 2d-th moment.

9.3.5. Summarized properties of the orthonormal basis

As consequence of the derivations in sections 9.3.1 and 9.3.4, the polynomial basis in equa-

tion (9.26) has the following properties:

Property I. The orthonormal basis can be constructed without any hierarchical conditions or

recurrence relations that are used in Chapter 22 of (Abramowitz and Stegun, 1965) and in

(Witteveen et al., 2007), (Witteveen and Bijl, 2006).

Property II. Existence of the moments µ0, . . . ,µ2d is the necessary and sufficient condition

for constructing an orthonormal basis
{

Ψ(0), . . . ,Ψ(d)
}

up to degree d, together with the

condition that the number of supports points of ξ is greater than d if ξ is a discrete variable

or is represented by a data set.

Property III. The orthonormal polynomial basis for arbitrary probability measures is based

on the corresponding moments only, and does not require the knowledge (or even existence)

of a probability density function.

Property IV. All the zeros of the orthogonal polynomials are real, simple and located in the

interior of the interval of orthogonality (Abramowitz and Stegun, 1965). This property is

useful for numerical integration, especially for bounded distributions.

Property V. As particular cases, the Hermite, Laguerre, Jacoby polynomials, etc. from the

Askey scheme and the polynomials for log-normal variables by Ernst at al. (Ernst et al.,

2012) can be reconstructed within a multiplicative constant.

Property VI. All distributions that share the same moments up to order 2d will also share the

same basis, and thus will lead to identical results in an expansion up to order d.
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9.4. Data-driven modeling

The arbitrary polynomial chaos expansion presented in sections 9.2 and 9.3 provides a sim-

ple and efficient tool for analysing stochastic systems. We will consider a very simple model

in order to focus all attention on our data-driven concept, which is based directly on the mo-

ments of sampled data without intermediate steps of data reinterpretation. This avoids the

subjectivity usually introduced when choosing among a small limited number of theoretical

distributions to represent a natural phenomenon, and so avoids the problems of subjectivity

under limited data availability is discussed in section 9.1. These problems will be illustrated

in section 9.4.1. An application to a problem with a realistic level of complexity and a de-

tailed discussion of expert’s subjectivity in uncertainty analysis is presented in (Oladyshkin

et al., 2011a). That paper demonstrates how subjectivity of interpreting limited data sets can

easily lead to substantial prediction bias, and that the subjective choice of distribution shapes

has a similar relevance as uncertainties due to physical conceptualization, numerical codes

and parameter uncertainty.

Here, for simplicity, we consider the exponential decay differential equation which was al-

ready used in (Xiu and Karniadakis, 2003) to illustrate the Askey scheme:

dY (t)
dt

=−ξY, Y (0) = 1 (9.27)

Let YPC be the solution obtained using the polynomial chaos expansion (9.1) for the problem

defined in equation (9.27). We use a Monte Carlo simulation as reference solution and de-

fine the time dependent relative error ε(t) between the polynomial chaos expansion solution

YPC(t) and the Monte Carlo solution YMC(t) as:

ε(t) =
|YPC(t)−YMC(t)|

|YMC(t)|
. (9.28)

9.4.1. Fidelity of data-driven interpretation

To illustrate the fidelity of the data-driven chaos expansion, we will consider a synthetic ex-

ample for an empirical data distribution, see Figure 9.1, and apply both aPC and the classical

PCE for comparison. The illustrative data set (with sample size N = 500) presented in the

left plot of Figure 9.1 was generated as superposition of normal and log-normal distributions

and contains statistical noise introduced due to the small size of the data sample.
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Figure 9.1.: Data distribution (left plot) and assumed stochastic distribution: Normal, Log-

normal and Gamma (right plot)

The classical approach would be to introduce a parametric probability distribution, e.g., with

fitted mean and variance or with maximum likelihood parameters. Here, for illustration, we

select the Normal, Lognormal and Gamma distribution, see the right plot of Figure 9.1. Evi-

dently, the list of possible candidate distributions for fitting to the considered data can be very

long. Introducing a full probability density function (PDF) resembles a strong assumption

on all higher moments up to infinite order, and claims to know the exact shape, e.g., also of

the extreme value tails. Such assumptions on the alleged shape of the underlying probabil-

ity density function, unfortunately, can lead to substantial errors in data interpretation. The

data-driven approach strongly alleviates this situation, because it can directly handle a set

of moments (e.g., the mean, variance, skewness, kurtosis, and so forth), without any further

assumptions on higher-order moments and without having to introduce a PDF at all. This

also provides the freedom to work with only a small number of moments obtained via expert

elicitation, without asking for a full PDF.

We will apply different orders of the polynomial chaos expansion (9.1) to the test problem

(9.27) using two sources of input information about the data distribution: (1) the three intro-

duced assumptions on PDFs (right plot of Figure 9.1) and (2) the pure raw data sample (left

plot of Figure 9.1). To observe the pure impact of data interpretation regardless of numerical

techniques, we treat all four cases with the aPC, i.e., we construct an optimal orthonormal

polynomial base (see section 9.2) for each case. This avoids the non-linear transformations

that are usually necessary to map the assumed PDFs onto the normal PDF. Such transforma-

tions would introduce additional errors, as discussed in sections 9.4.2 and 9.4.3.
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Figure 9.2.: Convergence on data: estimation of mean (left plot) and variance (right plot)

Technically, the coefficients ci in the chaos expansion can be obtained, e.g., by Galerkin

projection (e.g. (Ghanem and Spanos, 1993), (Matthies and Keese., 2005), (Xiu and Karni-

adakis, 2003)) or by the Collocation method (e.g. (Isukapalli et al., 1998), (Li and Zhang,

2007), (Shi et al., 2009)). Both methods lead to the same result when using the optimal

polynomial basis in the case of univariate analysis. Figure 9.2 illustrates the convergence of

the mean and variance (at time t = 1) for the assumed PDFs (left plot of Figure 9.1) and for

the pure raw data (right plot of Figure 9.1).

All considered cases reproduce an acceptable approximation with the linear expansion. In-

creasing the expansion order shows strong convergence for the data-driven polynomial chaos

expansion. However, increasing the order does not assure convergence for the expansions

based on interpreted data. The problem does not lie in poor numerical properties when treat-

ing these distributions, but in accurate convergence to a wrong value. This error is introduced

only by fitting parametric PDFs to the data instead of letting the data fully manifest them-

selves. In fact, the PDF-based analysis are good only up to first order, because only moments

up to the second are represented accurately by the matched PDFs. This means, that all effort

spent for higher order expansion (especially for complex problems) is invested to negligible

improvement, if not matched with an adequate effort for accurate data interpretation. The

key advantage of aPC is this respect is that (1) it allows full freedom in the used type of

input information, and (2) our analysis in section 9.3 makes explicitly clear what amount of

information (i.e., the moments up to a certain number) enters the analysis at what expansion

order. This allows to align the complexity and order of analysis with the reliability and detail

level of statistical information on the input parameters.
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9.4.2. Evidence of improved convergence

In this section we will illustrate the efficiency of analysis within an optimal (data-driven)

polynomial basis. We wish to show the improved convergence rate of the arbitrary polyno-

mial chaos compared to the classical PCE technique. The classical PC requires non-linear

transformations to map non-normal input data distributions onto the normal PDF. In this

technical aspect, the classical PCE does not differ from the gPC, which requires transforma-

tion onto one of possible PDF from Askey scheme.

Equation (9.27) can be expanded (see equation 9.1) in the orthogonal polynomial basis

Ψi(ξ ). The projection coefficients are defined as:

ci(t) =
ˆ

ξ∈Ω
Y (t)Ψi(ξ )dΓ(ξ ), i = 0,d (9.29)

We will apply both the aPC and the classical PCE (including the mapping onto the normal

distribution) to the example (9.27). For these two expansions techniques, we will apply both

Galerkin projection (intrusive) and Gauss quadrature (non-intrusive) to evaluate the inte-

gral in equation (9.29). In both intrusive and non-intrusive approaches, the resulting values

ci(t) from equation (9.29) will change with the distribution of the random variable ξ . For

the optimal basis (used in aPC), however, the results from Galerkin projection and numer-

ical integration coincide. This yields 3 distinguishable techniques. For all tree techniques,

we analyse the performance for diverse exemplary distributions of the univariate input ξ
(Rayleigh, Weibull, Log-normal). Detailed descriptions of these distributions can be found

in (Evans et al., 200). For the classical PCE, the random variable ξ is not distributed in the

same space as the polynomial basis Ψi(ξ ), and an additional conversion is required. Thus we

map the model variable ξ onto a corresponding normal variable ξN by Gaussian anamorpho-

sis or normal score transform (Wackernagel, 1998). Figure 9.3 illustrates the convergence of

the mean and variance of Y (at time t = 1) for our three exemplary distributions of the model

input ξ . As previously demonstrated for the gPC (Xiu and Karniadakis, 2002a), expansion

in the optimal polynomial basis without transformation shows at least an exponential conver-

gence. Convergence with a non-optimal basis (here: Hermite) after transformation strongly

depends on the nonlinearity of the required transformation from ξ to ξN .
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Figure 9.3.: Convergence of mean (left) and variance (right) estimation based on optimal

basis and transformed basis using Galerkin projection (G.) and numerical in-

tegration (C.). For the optimal basis (used in aPC), the results from Galerkin

projection and numerical integration coincide.
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9.4.3. Clarification of error types

In section 9.4.1, we demonstrated the possible errors introduced by subjective data interpre-

tation when fitting parametric PDFs to raw data. In that analysis, we deliberately excluded

the error by the different numerical accuracies of aPC and classical PCE. Now, we will

demonstrate the faster numerical convergence of aPC compared to classical PCE with trans-

formation, but this time excluding the error of data interpretation. We classify the cause of

error in two types: I - transformation expansion error and II - numerical integration error.

Modeling within the non-optimal basis using Galerkin projection leads to errors by expand-

ing and truncating the transformation, which we denote here as transformation expansion

error (type I). Modeling within the non-optimal basis using Gauss quadrature entails numer-

ical integration error (type II). Using the optimal basis provides identical results for both

intrusive and non-intrusive methods, because numerical integration is exact when using the

roots of the d + 1 order polynomial from the optimal basis, and because no transformation

from ξ to ξN is necessary.

9.4.4. Transformation expansion error (type I)

For intrusive manipulation, the anamorphosis transformation from ξ to ξN has to be ex-

panded in ξN . The finite number d of terms in this expansion causes the first type of error.

The difference between expansion in an optimal basis and expansion of Y (ξ ) after transfor-

mation to ξN is the so-called “aliasing error ”(see (Xiu, 2007)). Figure 9.4 illustrates the

nature of the this type of error. Expansion of the transformation (here ξ = exp(ξN)) at differ-

ent orders is shown in the left plot of Figure 9.4. The right plot of Figure 9.4 demonstrates

the corresponding mapping of a normal probability density function (PDF) back to physi-

cal space using the expanded and truncated expansion. In these examples, the normal PDF

should transform to a log-normal PDF. The strong nonlinearity of the logarithmic transfor-

mation leads to a poor approximation with a finite number of terms. Thus, the choice of a

non-optimal polynomial basis for the model input ξ leads to a wrong representation of the

probability measure Γξ . This leads to the erroneous analysis of model output Y (ξ ) visible

for Galerkin-based computations in Figure 9.3.



128 Uncertainty quantification using the arbitrary polynomial chaos

−5 0 5
−2

0

2

4

6

8

10

12

Input data, ξ
N

In
pu

t d
at

a,
 ξ

P
h

Transformation expansion for exp(ξ
N
) (µ=0, σ=1)

 

 
1st order

2th order

3rd order

4th order

5th order

6th order
Exact

0 1 2 3 4
0

0.5

1

1.5

Input data, ξ
P

ro
ba

bi
lit

y 
de

ns
ity

 fu
nc

tio
n

Transformation expansion for exp(ξ
N
) (µ=0, σ=1)

 

 
1st order

2th order

3rd order

4th order

5th order

6th order
Exact

Figure 9.4.: Transformation expansion error: expansion series (left plot) and corresponding

distribution(right plot)

9.4.5. Numerical integration error (type II)

The accuracy of numerical integration (especially sparse) strongly depends on the choice of

integration points. For example, in Gauss-Hermite integration, the polynomial basis defines

the positions ξi of integration points in the space of the input variable by the roots of the

polynomial of degree d + 1. Thus, using a non-optimal polynomial basis provides a non-

optimal choice of the integration points, which causes the second type of error. To illustrate

this type of error, let us consider a stochastic model with a random variable ξ that follows a

non-Gaussian distribution. The selected model is an extremely simple non-linear one:

Y (ξPh) = ξ 6. (9.30)

In our example, the input parameter ξ is distributed according to the Chi-square distribu-

tion. We will construct two expansions: one based on Hermite polynomials with adequate

Gaussian anamorphosis, and one based on optimal polynomials for the Chi-square distribu-

tion of the input data. In both cases, we employ Gauss quadrature and compare the results

to a reference solution. The supposedly optimal location of the integration points for Her-

mite polynomials correspond to the roots of the Hermite polynomial of order d + 1, back-

transformed from ξN to ξ by anamorphosis. However, the truly optimal distribution of the

integration points are the roots of the optimal polynomials that are orthogonal for ξ without

further transformation. The obvious difference is shown in the left plot of Figure 9.5. The
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Figure 9.5.: Numerical integration error: transformation shift (left plot) and convergence to

exact analytical solution (right plot)

transformed points are shifted against the optimal ones and thus cannot be considered as an

optimal choice for numerical integration. Therefore, strong nonlinearity in the transforma-

tion leads to significant errors in PCE techniques that derive their numerical integration rules

from the involved basis. Evidently, the example in equation (9.30) has an analytical solution,

which can be reproduced by expansion of 6th order within the optimal basis (see the right

plot in Figure 9.5). However, the transformed Hermite chaos combined with non-optimal

Gauss quadrature does not converge to the known analytical solution even for the expansion

degree d = 6 that should be, in theory, fully accurate construct Y = ξ 6.

9.5. Robustness analysis for inaccurate input data

The presented approach can handle different forms of input information. In particular, it can

directly handle raw data, which can be useful for practical applications. However, when the

input data set is small, the sample moments are only uncertain estimates of real moments.

Hence, a direct application of the method presented becomes less robust. In that case, it

would be useful to apply some standard methods to assess the robustness in the estimation

of moments, such as Jackknife or Bootstrapping (e.g. (Efron, 1987)). In the field of re-

liability engineering, Bootstrap methods have been applied to construct upper confidence

limits for unreliability in (Dargahi-Noubary and Razzaghi, 1992). Bootstrap-based confi-

dence intervals caused by the uncertainty representing computationally demanding models
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by meta-models has been investigated in the paper (Storlie et al., 2009) via regression based

sensitivity analysis . The recent paper (Blatman and Sudret, 2010) explores sparse and par-

tially random integration techniques for PCE, applied to sensitivity analysis, and provides

Monte-Carlo based estimates for the error introduced by the random character of the used

integration rules. In this section, we focus on the robustness of data-driven expansions with

respect to the limited size of a raw data set, that represents the underlying probability distri-

butions of model input only inaccurately.

For that, we repeatedly (N = 1000) generated raw data according to the assumed underling

theoretical distribution. Each time, we constructed a new data-driven basis and performed

a projection of the model output Y (equation (9.27)) to the corresponding data-driven poly-

nomial basis and computed the mean µY and variance σ2
Y of the model output Y (t = 1) in

each repetition. From this, we computed the variance of the mean σ2
µY

and the variance of

the variance σ2
σ2

Y
. This entire nested Monte Carlo analysis was repeated for sizes of the raw

data set ranging from N = 20 to 1000. Figure 9.6 shows the results for the distributions

considered in Section 9.4.2. For this illustration, we used a 3rd degree of expansion. Other

degrees of expansion (1−6) show similar results, all of them having error variances inversely

proportional to the size of the sampled data set (1/N), i.e. having error standard deviations

proportional to 1/
√

N. This rate is visible as the slope of the scatter plots in Figure 9.6.

The scatter is caused by the finite number of Monte-Carlo repetitions used in the error es-

timation. It corresponds to the Monte-Carlo error of the error estimate. Only visually, the

scatter increases with increasing size N of the data sets due to the logarithmic scale of the

ordinate. The important aspect of the plots in the Figure 9.6, however, is not the degree

of scatter (i.e. the uncertainty of the error estimation), but the average slope (i.e. the error

estimate itself).

Apparently, the data-driven chaos expansion has a convergence rate proportional to 1/
√

N

for the standard deviation and confidence intervals of computed model output statistics. This

convergence rate is well-known for the variance of sample statics and from Monte-Carlo

techniques in general (Caflisch, 1998). This means that the aPC does not modify the robust-

ness and convergence properties with respect to insufficient sample size in comparison to

moments from classical sample statistics or Monte Carlo simulation.

The analysis we performed here cannot be done with computationally expensive models, or

if a single real data set is all that is available. In that case, one can perform a Jackknife

or Bootstrapping method to estimate the sampling distribution of the used moments from

that data set, and propogate the resulting randomized moments through the response surface
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Figure 9.6.: Robustness of data-driven expansion with respect to the size of a raw data sam-

ple: variance of the mean (top) and variance of the variance (bottom)

obtained with a constant set of integration points. This will estimate the variances of the

PCE solution due to the limited size of the data set, and corresponded to the value for a

single given N in Figure 9.6.

Especially in such cases with very small data sets, expert opinion can be very useful to filter

the data set, remove alleged outliers, fit a simple or complex PDF, and so forth. In our pro-

posed approach, an expert will have total freedom of data interpretation (not restricted to the

selection among standard PDFs) and can provide much more sophisticated information (e.g.

lower and higher moments, complex and even non-parametric distributions, etc.). Accord-

ing to our approach, expert opinion (in a most general sense) will be incorporated directly

without any additional transformation or additional subjectivity when translating it to the

stochastic numerical framework. The presented methods allow experts to choose freely of

technical constraints the shapes of their statistical assumptions.
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9.6. Remaining issues for future research

The polynomial basis for continuous or discrete random variables can be constructed if and

only if the number of support points (distinct values) in the distribution (within the available

data set) is greater than the desired degree of the basis (see Property II in section 9.3.5).

However, for discrete cases we cannot guarantee that the integration points (see section 9.4)

will be distributed only within the space of a random variable. Still, it would be possible for

each integration point to find a neighboring point that belongs to the discrete space, but the

convergence is not guaranteed, and this remains an open question for future research.

Formal knowledge about the convergence of the polynomial basis for diverse random spaces

can be very useful for practical needs, such as the convergence for the Hermite basis in

normal space (Cameron and Martin, 1947). Karl Weierstrass established his approximation

theorem in 1885, which states that every continuous function defined on an interval can be

uniformly approximated as closely as desired by a polynomial function. A generalization of

the Weierstrass theorem was proposed in the Stone-Weierstrass theorem where, instead of

the interval, an arbitrary compact Hausdorff space is considered and, instead of the algebra

of polynomial functions, approximation with elements from more general subalgebras were

investigated (Stone, 1937). Thus, if the random space is an arbitrary compact Hausdorff

space, uniform convergence is guaranteed and the polynomial space is dense in the arbitrary

compact Hausdorf space. However, it is not assured that any polynomial expansion (includ-

ing the optimal orthonormal basis) will uniformly converge in any random space and the

definition of the random space will define convergence in that space.

The classical theorem of (Riesz, 1923) characterizes the problem of polynomial density by

the unique solvability of a moment problem, which means that the distribution function is

required to be uniquely defined by the sequence of its moments. Ernst et al. (Ernst et al.,

2012) discussed such aspects for the generalized chaos expansion (gPC), and showed that

the moment problem is not uniquely solvable for the lognormal distribution. However, the

mentioned works demand existence and precise knowledge about the probability density

function, which is neither required nor desired for the arbitrary polynomial chaos (aPC). We

observed convergence of the aPC in section 9.4 for a counted number of useful cases, how-

ever research on a formal proof of convergence is a remaining question for future research.

As an outlook for future development, we point out the construction of a joint basis for

parameters that have a complex statistical dependence beyond correlation. Following that

direction, the aPC could be the first PCE family member that will allow to handle non-linear
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statistical dependence between input variables.

9.7. Conclusions

In the current chapter, we presented the arbitrary polynomial chaos expansion (aPC). The

aPC conception provides a constructive and simple tool for uncertainty quantification, global

sensitivity analysis and robust design. It offers a new data-driven approach for stochastic

analysis that avoids the subjectivity of assigning parametric probability distributions that are

not sufficiently supported by available data. We show that a global orthonormal polynomial

basis for finite-order expansion demands the existence of a finite number of moments only,

and does not require exact knowledge or even existence of a probability density function.

Thus, the aPC can be constructed for arbitrary parametric and non-parametric distributions

of data, even if the statistical model output characterization of input data is incomplete.

Also, the orthonormal basis can be constructed without using any hierarchical conditions

or recurrence relations with polynomials of lower-order. For discrete random variables, the

aPC can be constructed if and only if the number of discrete values of the random variable

is greater than the largest considered degree of the basis. In case of continuous random

variables, the aPC can be constructed from a number of moments which equals to two times

the degree of the basis. If desired, the method can work directly with raw sampled data

sets to represent the uncertainty and possible variational ranges of input data. The presented

methods allow experts to choose freely of technical constraints the shapes of their statistical

assumptions and makes explicitly clear what amount of information (i.e., the moments up to

a certain order) enters the analysis at what expansion order. Overall, this allows to align the

complexity and order of analysis with the reliability and detail level of statistical information

on the input parameters.

We also provided numerical studies for diverse exemplary distributions, where we illus-

trated convergence rates for optimal and non-optimal polynomial bases using intrusive and

non-intrusive methods. This analysis strictly illustrated that using a non-optimal polynomial

basis provides slow convergence of the chaos expansion and therefore causes additional er-

rors in subsequent analysis. Modeling results within our new data-driven aPC show, at least,

an exponential convergence for all examined cases. We defined, discussed and illustrated

the difference between numerical integration error and transformation expansion error. Both

errors lead to wrong estimates of statistical characteristics when using a non-optimal basis.
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Thus, the aPC not only provides freedom for modeling physical systems with unknown prob-

ability distribution function, when only data sets of very limited size are available, but it also

provides better convergence rates than conventional polynomial chaos techniques.

When the statistical information used as input is inaccurate or uncertain, i.e. when using

small sets of raw data, a new form of uncertainty enters into the analysis and has to be

considered in convergence assessments. We propose to apply Jackknife or Bootstrapping

methods to asses the uncertainty of moments from small data sets, and then propagate that

uncertainty through the aPC onto the output statistics to asses robustness. In an illustrative

test case, we observe the classical Monte-Carlo convergence rate for the results of the PCE

analysis with respect to the size of the raw data set.



10. A flexible and efficient framework
for global sensitivity analysis

Bibliographic Note: The content of this chapter is based on the following original article:

Oladyshkin S., de Barros F. P. J. and Nowak W. Global sensitivity analysis: a flexible and

efficient framework with an example from stochastic hydrogeology. Advances in Water Re-

sources, Elsevier, V. 37, P. 10-22, 2012.

When investigating, modeling or operating uncertain systems, sensitivity analysis with re-

spect to uncertain model parameters yields valuable information. It helps to quantify the

relevance of parameters, to estimate their individual contributions to prediction uncertainty,

and to better direct further data acquisition. In this work, we propose a response surface

method for global sensitivity analysis (based on the arbitrary Polynomial Chaos Expansion,

aPC). The key advantages of our proposed technique are: (1) aPC alleviates the computa-

tional burden associated with conventional global sensitivity analysis methods that require

many evaluations of a simulation model; (2) the proposed method incorporates arbitrary

independent probability densities or weighting functions for the investigated model param-

eters, thus generalizing several existing methods to reflect the expected relevance of param-

eters values within their allowable ranges; and (3) our framework allows to incorporate this

information while requiring only a finite number of statistical moments for the investigated

parameters. We generalize the polynomial-based computation of Sobol indices to arbitrary

distributions, and suggest an associated complementary new sensitivity measure based on

polynomial representation, which allows both univariate and multivariate global analysis.

Compared to Sobol indices, our new weighted measure is absolute rather than relative, and

converges faster with increasing order of expansion. We use analytical and hybrid analytical-

numerical formulations that further improve computational efficiency. Altogether, we can

conduct global sensitivity analysis at computational costs that are almost as low as those

of local sensitivity analyses. We illustrate our approach for a 3D groundwater quality and

human health risk problem in heterogeneous porous media.
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10.1. Introduction

Understanding the general role of parameters in models and the impact of varying model

parameters on the response of prediction models is a relevant subject in various fields of

science and engineering. Characterizing the impact of parameter variations is known as sen-

sitivity analysis and can be subdivided into local and global analysis (Sobol, 1990), (Saltelli

et al., 2008), (Sudret, 2008). In many cases of practical interest, we wish to perform a Global

Sensitivity Analysis (GSA) in order to analyze a model as such or to investigate, quantify

and rank the effects of parameter variation or parameter uncertainty on the overall model

uncertainty. GSA can also be used to: (1) quantify the relative importance of each individ-

ual input parameter in the final prediction (Sobol, 1990; Anderson and Burt, 1985; Winter

et al., 2006); (2) aid engineers to produce more robust designs; and finally (3) help decision

makers to allocate financial resources towards better uncertainty reduction, e.g., in problems

related to risk assessment (de Barros and Rubin, 2008; de Barros et al., 2009). An impor-

tant recommendation to keep in mind is that GSA should be global not only in the sense of

looking at the entire range of possible parameter variations. It should also be used to assess

the importance of parameters on a global, final model output or post-processing result that

is relevant to generate new insight, or relevant for final decisions. GSA should not merely

be applied to model-internal quantities that are of secondary importance for the scientific or

application task at hand (Saltelli et al., 2008).

For example, the field of subsurface contaminant hydrology requires uncertainty estimates

due to the ubiquitous lack of parameter knowledge caused by spatial heterogeneity of hy-

draulic properties in combination with incomplete characterization (Dagan, 1989; Rubin,

2003). For such reasons, we need to rely on probabilistic tools to predict contaminant lev-

els and their overall health effects, and to quantify the corresponding uncertainties. Having

efficient computational approaches to estimate uncertainty and to perform GSA in hydrogeo-

logical applications (and many other fields of science and engineering that feature uncertain

dynamic or distributed systems) is desirable. It can inform modelers about the relevance of

processes or parameters in the models they compile, and can inform engineers and decision

makers about which parameters require most attention and where and how characterization

efforts should be allocated such that prediction uncertainty can be minimized. Hence, there

is an ever-increasing demand for having a GSA method that efficiently quantifies uncertainty

and parameter relevance in complex and non-linear systems.

Several methods for estimating uncertainty are available such as numerical Monte Carlo

(MC) simulations and perturbation techniques (for a detailed review in subsurface hydrol-
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ogy, see Zhang (Zhang, 2002) or Rubin (Rubin, 2003)). Although conceptually straight-

forward, the MC approach is computationally demanding since the statistical accuracy of its

predictions depend on the number of realizations used. Furthermore, perturbation techniques

require some closure approximation and are limited to certain classes of problems. An alter-

native approach for handling uncertainty is through the polynomial chaos expansion (PCE)

(Wiener, 1938). Generally, all PCE techniques can be viewed as an efficient approximation

to full-blown stochastic modeling (e.g., exhaustive MC).

PCE has already been used for sensitivity analysis in different fields of applications (Sudret,

2008; Crestaux et al., 2009; Plischke, 2010). Applications in hydrogeological sciences can

also be found in the literature (Zhang and Lu, 2004; Foo and Karniadakis, 2010; Fajraoui

et al., 2011). The basic idea is to represent the response of a model to change in param-

eters variables through a response surface that is defined with the help of an orthonormal

polynomial basis in the parameter space. One of the attractive features of PCE is the high-

order approximation of error propagation (Ghanem and Spanos, 1990, 1991; Oladyshkin

et al., 2011b) as well as its computational speed (when compared to MC). PCE techniques

can mainly be sub-divided into intrusive (Ghanem and Spanos, 1993; Matthies and Keese.,

2005; Xiu and Karniadakis, 2003) and non-intrusive (Keese and Matthies, 2003; Isukapalli

et al., 1998; Li and Zhang, 2007; Oladyshkin et al., 2011b) approaches, i.e., methods that

require or do not require modifications in the system of governing equations and correspond-

ing changes in simulations codes. Reviews of the mathematical and conceptual background

behind intrusive and non-intrusive PCE approaches are provided in (Jakeman and Roberts,

2008). The original PCE concept roots back to the work of Wiener in 1938 (Wiener, 1938)

and can be used only for Gaussian distributed input parameters. In recent years, the clas-

sical PCE technique was extended to the generalized polynomial chaos (gPC) (Wan and

Karniadakis, 2006) which accommodates for the use of an increased, yet limited number of

statistical distributions (Askey and Wilson, 1985).

The PCE methods discussed above assume an exact knowledge of the probability density

function and they are optimal only when applied to a finite number of certain parametric

probability distributions. Unfortunately, information about the distribution of data or input

parameters is very limited in many realistic applications, especially in environmental en-

gineering and sciences. Data that characterize model parameters often indicate a variety

of statistical distribution shapes (e.g., bounded, skewed, multi-modal, discontinuous, etc).

Also, imperial parameter distributions derived from raw data sets do in general not follow

analytically known distribution shapes. For such reasons, application tasks demand further

adaptation of the chaos expansion technique to a larger spectrum of distributions.
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To accommodate for a wide range of data distributions, a recent generalization of PCE de-

noted as the arbitrary polynomial chaos (aPC) was developed (Oladyshkin et al., 2011a,c;

Soize and Ghanem, 2004; Ghanem and Doostan, 2006; Witteveen and Bijl, 2006). Compared

to earlier PCE techniques, the aPC adapts to arbitrary probability distribution shapes of input

parameters and, in addition, can even work with unknown distribution shapes when only a

few statistical moments can be inferred from limited data or from expert elicitation. The ar-

bitrary distributions for the framework here can be either discrete, continuous, or discretized

continuous. They can be specified either analytically (as probability density/cumulative dis-

tribution functions), numerically as histogram or as a raw data set. The aPC approach pro-

vides improved convergence in comparison to classical PCE techniques, when applied to

input distributions that fall outside the range of classical PCE (Oladyshkin et al., 2011c).

In this chapter, we tackle GSA based on the aPC technique. Because our framework accounts

for arbitrary bounds or weighting functions for input parameters, it provides a weighted

global sensitivity. In some sense, our work can be perceived as a generalization of the Morris

method (Morris, 1991) to weighted analysis. Up to presence, the Morris method considers a

uniform importance of input parameters within pre-defined intervals. We also generalize the

Sobol indices (Sobol, 1990) for GSA to the aPC context, and provide a novel GSA measure

which resembles a weighted square norm of sensitivities. Compared to Sobol indices, our

new measure is absolute rather than relative. The advantage of an absolute index over a

relative one is that it is a quantitative expression for the (averaged) derivative (slope), and

hence is (a) useful even for a single parameter without comparison to other parameters, and

(b) keeps the original meaning of a sensitivity as known from linear, local analysis.

Performing GSA requires to evaluate the model at many points in the space of the input

parameters. The correct choice of such points within the parameter space is important for

adequate and efficient assessment of sensitivity. Our aPC approach explicitly offers a method

for optimal choice of these points, based on the generalized mathematical theory of Gaussian

integration (e.g., (Abramowitz and Stegun, 1965)).

Foglia et al. (Foglia et al., 2007) pointed out that, according to their experience, one can get

70% of the insight from 2% of the model runs when using local sensitivity analysis meth-

ods versus global methods. The big advantage of aPC-based GSA (or more generally: GSA

based on any PCE technique), is that one can obtain global sensitivity information at compu-

tational costs that are hardly larger than those for local analysis. The reason is the following:

Local methods use infinitesimally small spacing between parameter sets for model evalua-

tion to get numerical derivatives evaluated at a single point. Our aPC based-method places
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the parameter sets for model evaluation at an optimized spacing in the parameter space. This

can be interpreted as fitting secants (or polynomials for non-linear analysis) to the model re-

sponse. These secants (polynomials) approximate the model over the entire parameter space

in a weighted least-square sense (compare with the best unbiased ensemble linearization ap-

proach described in (Nowak, 2009b)). This is more beneficial to computing a tangent or

local second derivatives (compare FORM, SORM methods, e.g., (Jang et al., 1994)) that

approximate the model well just around one point in the parameter space.

The main contributions of this work are to provide an alternative procedure to perform GSA

that is computationally efficient and highly flexible. In particular, due to aPC, the proposed

GSA can be interpreted as exploiting a smart (mathematically optimal) interpolation rule

of model output between optimally chosen sets of input parameters, where the number of

model evaluations is minimal. Also, we make full use of a hybrid analytical-numerical

formulation that contributes even further to the computational efficiency of the approach.

Compared to earlier works that related GSA to classical PCE, we (1) emphasize a more

engineering-like language as compared to otherwise intense mathematical derivations and

provide a clear 3-step procedure to perform our analysis, (2) develop easy-to-use analytical

and semi-analytical expressions for frequent use in applications, (3) generalize PCE-based

GSA to arbitrary probability distributions of the investigated parameters, and moreover, (4)

the presented methods allows to align the complexity and order of analysis with the reliability

and detail level of statistical information on the input parameters.

The methodology proposed here is designed for GSA as an investigative tool about model be-

havior, relevance of model input parameters towards prediction uncertainty, and hence, also

for decision which parameters deserve most attention during further data collection or model

calibration. It is not designed as a tool for conditional (post-calibration) analysis, unless the

calibration outcome does not infer non-linear statistical dependence among parameters. For

other situations, it would be adequate to develop similar methods based on approaches such

as followed by (Bliznyuk et al., 2008).

The ideas presented in this work (to perform GSA within the aPC framework) can be sum-

marized in a 3-step procedure, see Fig. 10.1. These steps are:

1. Data characterization: Assess or compute the statistical moments of the input parame-

ters;

2. Approximate the model response surface by a polynomial;

3. Evaluate sensitivity metrics efficiently from the polynomial.
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Figure 10.1.: Illustration of the 3-step procedure for the methodology used in this work.

In Section 10.2, we describe the methodological framework for multi-parameter GSA. Sec-

tion 10.3 provides the simple 3-step algorithm shown in Fig. 10.1 and explains the computa-

tional details. In Section 10.4, we derive an explicit analytical form for single-parameter sen-

sitivity analysis based on a novel weighted sensitivity measure. Section 10.5 demonstrates

how to obtain Sobol indices and our novel weighted sensitivity indices for multi-parameters

analysis. We illustrate the ideas in a synthetic application of assessing human health risk due

to a 3D contaminant transport problem in a heterogeneous aquifer in Section 10.6. Conclu-

sions are provided in Section 10.7.

10.2. Non-intrusive chaos expansion for arbitrary

parameter distributions

10.2.1. Definitions and polynomial chaos expansion

In this Section, we will introduce the PCE-based framework used in this chapter for multi-

parameter global sensitivity analysis (GSA). Let ω = {ω1,...,ωN} represent the vector of N

input parameters for some model Ω = f (ω). The model Ω(ω) may be an explicit or im-

plicit expression (e.g., a partial or ordinary differential equation or a coupled system). To
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perform GSA, we wish to investigate the influence of all parameters ω on the model out-

put Ω. Within hydrogeological tasks, Ω can represent, e.g., hydraulic head or concentration

values at a specified location x = (x1,x2,x3) and time t, or the resulting human health risk

for an exposed population. The vector ω may contain input parameters such as hydraulic

conductivity, velocity, porosity, reaction rate coefficients, geostatistical structural parame-

ters, toxicity or exposure durations, etc. In the following, we will approximate the model

response by a truncated polynomial expansion for each point in space x and time t. Accord-

ing to polynomial chaos theory (Wiener, 1938), the model output Ω can be approximated by

polynomials Ψ j(ω) as follows:

Ω(x, t;ω)≈
M

∑
j=0

c j(x, t)Ψ j(ω), (10.1)

where the number M of polynomials depends on the total number of analyzed input param-

eters (N) and the order d of the polynomial representation, according to the combinatoric

formula M = (N+d)!/(N!d!)−1. The coefficients c j in equation (10.1) quantify the depen-

dence of the model output Ω on the input parameters ω for each desired point in space x and

time t. The symbol Ψ j is a simplified notation of the multi-variate orthonormal polynomial

basis for ω including all cross-terms between different parameters, as explained below. Let

us mention that, in the current state of science for polynomial chaos expansion, the random

variables have to be statistically independent or may be linearly correlated, which can be

removed by adequate linear transformation. Construction of a polynomial basis for statis-

tically dependent random variables beyond linear dependence is a very important issue for

future research.

10.2.2. Data-driven orthonormal basis

The support interval, weighting function or probability distribution for ω is determined from

available information (modeler’s experience, expert opinion, general prior information or

field data) and reflects the uncertainty or expected range of variation of input parameters.

This implies that the polynomial basis should adapt to the acquired information, such that

it approximates the model best where the probability density of the parameters is highest.

In order to construct such a data-driven polynomial basis that considers all the available

information about the input parameters ω , let us define the set of polynomials {P(0)
j , . . .,

P(d)
j } of degree d for the parameters ω j as an orthonormal basis in the parameter space. The

polynomial P(k)
j (ω j) of degree k in an individual parameter ω j can be written as a simple
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linear combination of the different powers i of ω j:

P(k)
j (ω j) =

k

∑
i=0

p(k)i, j ω i
j, k = 0 . . .d, j = 0 . . .N. (10.2)

Here p(k)i, j are the coefficients within the polynomial P(k)
j (ω j). Assuming that the input pa-

rameters within ω are independent (Ghanem and Spanos, 1991), the multi-dimensional basis

can be constructed as a simple product of the corresponding univariate polynomials:

Ψk(ω) =
N

∏
j=1

P
(αk

j )

j (ω j),
N

∑
j=1

αk
j ≤ M, k = 1 . . .N, (10.3)

where αk
j is a multivariate index that contains the combinatoric information how to enumer-

ate all possible products of individual univariate basis functions. In other words, the index α
can be seen as M×N matrix, which contains the corresponding degree (e.g. 0, 1, 2, etc.) for

parameter number j in expansion term k. The multivariate basis allows to represent the reac-

tion of a model Ω to several (N) parameters ω j ( j = 0 . . .N), as an N-dimensional polynomial

response surface, defined by the expansion in equation (10.1).

We will show now, how to construct the data-driven orthogonal polynomial basis for each

individual component ω j from the vector ω . The main idea of the data-driven approach, see

(Oladyshkin et al., 2011a,c), consists in constructing the coefficients p(k)i, j for equation 10.2

in such a way that the polynomials in equation (10.2) form a basis that is orthonormal in

precisely the given input distributions of model parameters. It does so without posing any

restrictions to the statistical distribution shapes or weighting functions that available data,

expert opinion or modeler experience may assume.

According to (Oladyshkin et al., 2011a,c), an orthogonal polynomial basis up to order d

can be constructively defined for any arbitrary probability measure, given that ω j has finite

statistical moments (e.g., mean, variance, skewness, etc) up to order 2d − 1. The unknown

polynomial coefficients p(k)i, j can be defined (among other available options for construction

(Abramowitz and Stegun, 1965), (Witteveen and Bijl, 2006), (Stieltjes, 1884)) from the fol-

lowing matrix equation:
µ0, j µ1, j . . . µk, j

µ1, j µ2, j . . . µk+1, j

. . . . . . . . . . . .

µk−1, j µk, j . . . µ2k−1, j

0 0 . . . 1





p(k)0, j

p(k)1, j

. . .

p(k)k−1, j

p(k)k, j


=


0

0

. . .

0

1

 . (10.4)
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Here, µi, j are the ith non-central (raw) statistical moments for random variable ω j. It be-

comes evident from equation (10.4) that statistical moments are the only required form of

information on the input distributions. This property carries over to all types of Taylor or

polynomial chaos expansions. An analytical explicit form for p(k)i, j at moderate degrees of

expansion can be obtained (see Section 10.2.3). More detailed properties of the basis {P(0)
j ,

. . . ,P(d)
j } and the conditions for non-singularity of the matrix in equation (10.4) are presented

in (Oladyshkin et al., 2011c).

The above orthogonal polynomial basis can be used directly for analysis. However, a nor-

malized basis has further useful properties. For example, the mean and variance of Ω(ω)

according to the expansion (10.1) is given by simple analytical relations (see (Oladyshkin

et al., 2011a)), by virtue of the orthonormality property. This follows from the general prop-

erties of Fourier expansions, which encompass all expansions in orthonormal bases. The

squared coefficients of such expansions are called the spectrum (compare with the Fourier

transformation). The sum of squared coefficients is the total energy or variance. Due to

orthonormality, most terms cancel out in subsequent steps. For example, if we consider a

stochastic process in the probability space (Λ,A,Γ) with space of events Λ, σ -algebra A and

probability measure Γ (see e.g. (Grigoriu, 2002)) and if P̂(k)
j (ω j) is an orthonormal basis,

then by definition of orthogonality:
ˆ

ω j∈Λ
P̂(k)

j (ω j)P̂
(l)
j (ω j)dΓ(ξ ) = δkl. (10.5)

The orthonormal polynomial basis can be obtain as:

P̂(k)
j (ω j) =

P(k)
j∥∥∥P(k)
j

∥∥∥ , (10.6)

where the normalizing constant of the polynomial ∥Pk
j ∥ for space of events Λ (where ω j ∈ Λ)

with probability measure Γ is defined as:∥∥∥P(k)
j

∥∥∥2
=

ˆ
ω j∈Λ

[
P(k)

j (ω)
]2

dΓ(ω j). (10.7)

or, if a probability density function (PDF) or weighting functions f (ω j) is given, we have:∥∥∥P(k)
j

∥∥∥2
=

ˆ +∞

−∞

[
P(k)

j (ω)
]2

f (ω j)dω j. (10.8)

Because the square of a polynomial of order k yields a polynomial of order 2k, normalization

according to equation (10.7) or (10.8) requires the statistical moments of ω up to order 2d.
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10.2.3. Explicit analytical form of orthonormal data-driven
polynomial basis

In this section, we present an explicit analytical form for linear and non-linear GSA. The

definition in equation (10.15) is invariant to the transformation (10.23). Thus, the coefficients

of the orthonormal data-driven polynomial basis p(d)i (i = 0 . . .d) for parameter ω j can be

defined explicitly through the raw moments of ξ . For moderate order polynomials, they can

be written as:

P(0)
j (ξ ) = 1; (10.9)

P(1)
j (ξ ) = ξ ; (10.10)

P(2)
j (ξ ) =−1−µ3ξ +ξ 2; (10.11)

P(3)
j (ξ ) = µ2

3 −µ3
3 +µ3µ4 −µ5 +ξ (µ2

3 −µ3µ5 −µ4 +µ3µ4) (10.12)

+ξ 2(−µ3µ4 +µ5 −µ3)+ξ 3(1−µ3 +µ2
3 )

10.2.4. Non-intrusive determination of the expansion
coefficients

The remaining task is to evaluate the coefficients c j in equation (10.1). In this chapter, we

use the non-intrusive probabilistic collocation method (PCM) (Li and Zhang, 2007). The

collocation formulation does not require any knowledge of the initial model structure, i.e.,

of Ω. It only requires knowledge on how to obtain the model output for a given set of in-

put parameters, which allows to treat the model Ω like a “black-box”. The idea of PCM

is to evaluate the model exactly M times, which allows to directly fit the polynomial rep-

resentation of Ω, see equation (10.1), with its M unknown coefficients c j to the obtained

M model results. The M model evaluations are performed with M different parameter sets

{ω(i)
1 , ...,ω(i)

N }, i = 1, ..,M, called collocation points.

This leads to the following system (Villadsen and Michelsen, 1978) of linear equations:

MΨ(ω)Vc(x, t) = VΩ(x, t;ω) (10.13)

where Vc is the M × 1 vector of unknown coefficients c j in expansion (10.1), the M × 1

vector VΩ contains the model output for each collocation point, and the M ×M matrix MΨ
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contains the polynomials evaluated at the collocation points:

MΨ =
{

Ψi(ω
(i)
1 , ...,ω(i)

N )
}
, i = 1 . . .M, j = 1 . . .M;

VΩ =
{

Ωi(x,y,z, t,ω
(i)
1 , ...,ω(i)

N )
}
, i = 1 . . .M; (10.14)

Vc = {ci(x,y,z, t)} , i = 1 . . .M.

The vectors Vc and VΩ are space- and time-dependent, whereas the matrix MΨ does not

depend on space and time and can be generated once for the given expansion degree and

parameter number.

The solution Vc of the system (10.13) depends on the selection of collocation points. Ac-

cording to Villadsen and Michelsen (Villadsen and Michelsen, 1978), the optimal choice of

collocation points corresponds to the roots of the polynomial of one degree higher (d + 1)

than the order used in the chaos expansion (d). Once the orthonormal polynomial basis is

constructed using data (or assumptions on data), the collocation points become as well data-

driven and optimally distributed in the space of input parameters. This strategy is based on

the theory of Gaussian integration (e.g., (Abramowitz and Stegun, 1965)), and allows exact

numerical integrations of order d given d +1 values of the function to be integrated.

The data-driven polynomial basis (see Section 10.2.2) defines the positions of the colloca-

tion points specific to the distribution of input parameters at hand and, thus, indicates what

are the optimal parameter sets for model evaluation using all available information about

the input parameters. For multi-parameter analysis, the number of available points from the

original optimal integration rule is (d+1)N , which is larger than the necessary number M of

collocation points. The full tensor grid can be used for low-order (1st , 2nd) analysis of few

parameters. However, for higher-order analysis of many parameters, the tensor grid suffers

from the curse of dimensionality ((d + 1)N points). In that case, a smart choice of a sparse

subset of the tensor grid becomes necessary. For this reason, the collocation approach be-

came more popular in the last years. Probabilistic collocation chooses the collocation points

according to their probability weight, i.e. their importance as specified by the available prob-

ability distribution of ω . This simply means to select the collocation points from the most

probable regions of the input parameters’ distribution (see (Oladyshkin et al., 2011b)) and

the modeler can extract a lot of information in the main range of the parameter distribution.
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10.3. Three-step algorithm for data-adaptive global

sensitivity analysis

This Section summarizes the computational algorithm for GSA based on aPC. The important

feature in this computational algorithm is that it can be performed for arbitrary distributions

of the input data ω . The entire algorithm for the desired degree of precision d and number

of parameters N is based on the following 3 steps:

Step 1. Characterize the model parameters to be investigated: Compute the raw moments

µk, j (k = 1 . . .2d) of the input data for each input parameter ω j ( j = 1 . . .N). If a PDF

is provided, then we can evaluate the actual theoretical moments in lieu of the raw data

moments of a given data set. Alternatively, expert elicitation may serve to provide opinions

on these moments, e.g., by guessing a distribution shape and then using its moments.

Step 2. Approximate the model response surface by polynomials: For the specific moments

µk, j, compute the coefficients of the optimal polynomial basis in equation (10.3) using the

system of linear equations equation (10.4) and the normalization in equation (10.6). In ad-

dition, compute the coefficients of the expansion using the system of linear equations, equa-

tion (10.13), to represent the model response.

Step 3. Compute the desired sensitivity information from the polynomials: With the orig-

inal model reduced to a multi-variable polynomial, the sensitivity indices can be obtained

analytically without any heavy additional computational efforts. This is achieved by using

the relations provided in Eqs. (10.18) and (10.39) or (10.40) provided in the two upcoming

Sections.

In summary, the algorithm described above has the following advantages:

1. It constructs an optimal orthonormal polynomial basis for any desired distribution of

data, whereas previous PCE techniques were limited to a small number of statistical

distributions. Since only statistical moments are relevant, the input distributions may

be either discrete, continuous, or discretized continuous and can be specified either

through some statistical moments, analytically as PDF, numerically as histograms, or

theoretically through the even more general format of probability measures.

2. The algorithm performs an optimal projection of the physical model onto a polynomial

basis with minimum computational effort. This reduces the original model to a set of

polynomials with many useful properties that allow immensely fast evaluation and

offer a list of analytical relations.
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3. The presented algorithm can easily be implemented without any deep knowledge re-

lated to the theory of chaos expansion and projection techniques.

4. The model Ω does not have to be modified and no specific properties are required.

Hence, it may by given in any arbitrary form for simple analytical solution up to a

multi-scale multi-physical simulation software framework.

10.4. Single-parameter global sensitivity analysis

10.4.1. Weighted sensitivity measure

Previous studies that exploited polynomial representations for sensitivity analysis looked

at Sobol sensitivity indices (e.g., (Sudret, 2008), (Crestaux et al., 2009)). Unfortunately,

Sobol sensitivity indices (see Section 10.5) cannot be applied for single-parameter sensitivity

analysis, because their aim is to compare the relative impact between several parameters or

combinations of parameters among each other. First, we will consider the influence of an

individual parameter ω j from the vector ω on the model response Ω in an alternative fashion.

Later, we will move on to multi-parameter analysis.

Classical single-parameter sensitivity analysis (e.g., (Anderson and Burt, 1985)) investigates

the influence of an input parameter on the model output Ω by changing its value by some

defined small amount ∆ (e.g., ±10%) around some reference value ωo
j or within some defined

interval [ω l
j,ωr

j ]. Such approaches fail to reflect the expected magnitude of possible changes

in ω j as well as expectations concerning their chances to occur. Instead, let us introduce a

weighted global index for GSA using an arbitrary probability measure dΓ:

S2
ω j

=

ˆ
ω j∈Λ

[
∂Ω
∂ω j

]2

dΓ(ω j) (10.15)

This global sensitivity index reflects the squared slope ∂Ω/∂ω j averaged over the statistical

distribution or weighting function of ω j. Compared to Sobol indices (see Section 10.5) which

analyze the spectral energy (variance) contribution of individual parameters to the model Ω,

our new measure looks at the spectral energy within the derivatives ∂Ω/∂ω j.

When using a uniform weight within some interval [ω l
j,ωr

j ], our approach yields a computa-

tionally optimal evaluation method for sensitivity as defined by the Morris method (Morris,

1991). For all other weighting functions, probability distributions or measures, it is a gener-

alization of the Morris method.
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Substituting the expansion in equation (10.1) into equation (10.15) and considering just one

parameter ω j, we obtain:

S2
ω j

=

ˆ
ω j∈Λ

 d

∑
k=0

ck
∂P(k)

j (ω j)

∂ω j

2

dΓ(ω j), (10.16)

Expressing the derivative of Pk
j (ω j) via a polynomial expansion of order k − 1, equation

(10.16) can be re-written as:

S2
ω j

=

ˆ
ω j∈Λ

[
d

∑
k=0

ck

k−1

∑
i=0

b(k−1)
i P(i)

j (ω j)

]2

dΓ(ω j)

=

ˆ
ω j∈Λ

[
d−1

∑
i=0

P(i)
j (ω j)

d

∑
k=1

ckb(k−1)
i

]2

dΓ(ω j), (10.17)

where the coefficients b(k−1)
i are a simple re-collection of the coefficients ck (see section

10.4.2).

Due to the orthonormality of the polynomials P(i)
j (ω j), equation (10.17) immediately sim-

plifies to:

S2
ω j

=
d−1

∑
i=0

[
d

∑
k=1

ckb(k−1)
i

]2

. (10.18)

In the following, we obtain explicit forms for the expansion (10.1) and for global sensitivity

according to equation (10.18) in a linear and non-linear analysis.

10.4.2. Exact expansion of partial derivatives of polynomials

Every partial derivative of polynomial P
(αk

j )

j (ω j) can be represented through orthogonal poly-

nomial basis of order αk
j −1:

∂P
(αk

j )

j (ω j)

∂ω j
=

αk
j−1

∑
i=0

b
(αk

j−1)
i P(i)

j (ω j), (10.19)

where the b
(αk

j−1)
i result from a re-collections of polynomial coefficients.
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Taking the derivative on the left-hand side, equation(10.19) can be written as:
p
(αk

j )

1, j

2p
(αk

j )

2, j

· · ·

αk
j p

(αk
j )

αk
j , j



T 
1

ω j

· · ·

ω
αk

j−1
j

=


b
(αk

j−1)
0

b
(αk

j−1)
1

· · ·

b
(αk

j−1)

αk
j−1



T 
P(0)

j (ω j)

P(1)
j (ω j)

· · ·

P
(αk

j−1)
j (ω j)

 . (10.20)

At the same time, the polynomials of ω j in equation (10.2) can be re-written in the following

matrix form: 
P(0)

j (ω j)

P(1)
j (ω j)

· · ·

P
(αk

j−1)
j (ω j)

=


p(0)0, j 0 0 0

p(1)0, j p(1)1, j · · · 0

· · · · · · · · · · · ·

p
(αk

j−1)
0, j p

(αk
j−1)

1, j · · · p
(αk

j−1)

αk
j−1, j




1

ω j

· · ·

ω
αk

j−1
j

 , (10.21)

From equation (10.20) and equation (10.21), we obtain all re-collected coefficients bi as

solution of the following linear system:
b
(αk

j−1)
0

b
(αk

j−1)
1

· · ·

b
(αk

j−1)

αk
j−1




p(0)0, j 0 0 0

p(1)0, j p(1)1, j · · · 0

· · · · · · · · · · · ·

p
(αk

j−1)
0, j p

(αk
j−1)

1, j · · · p
(αk

j−1)

αk
j−1, j



T

=


p
(αk

j )

1, j

2p
(αk

j )

2, j

· · ·

αk
j p

(αk
j )

αk
j , j

 . (10.22)

10.4.3. Linear sensitivity analysis

First, we will present an explicit form for linear data-driven global sensitivity analysis, which

demands only knowledge about the first three moments µ1, µ2 and µ3 for the statistical

distribution or weighting function of ω j. To simplify the explicit form of the coefficients,

we will assume a normalized distribution of the parameter with zero mean and unit variance

after the linear transformation:

ξ =
(ω j −µ)

σ
, (10.23)

where µ = µ1 is the mean and σ =
√

µ2 −µ2
1 is standard deviation of the parameter ω j.

This may be done without loss of generality.
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According to the system of equations equation (10.4) and the standardizing transformation

(10.23), the linear polynomial expansion can be expressed as:

Ω(ξ ) = c0 + c1ξ (10.24)

Using the expansion (10.24) and the explicit form of the polynomials (10.9) and (10.10)

presented in Section 10.2.3, the sensitivity index Sω j according to equation (10.18) for linear

analysis can be simply written as follows:

S2
ω j

= c2
1 (10.25)

According to the optimal integration rule (Villadsen and Michelsen, 1978) (see details in

Section 10.4.4), the collocation points can be defined explicitly by equation (10.31). Finally,

substituting the analytical solution for the collocation points (10.31) into equation (10.25)

and incorporating the transformation (10.23), we obtain the following analytical form of the

linear sensitivity index Sω j for parameter ω j:

Sω j =

∣∣∣Ω(ω∗
j

)
−Ω

(
ω∗∗

j

)∣∣∣
√µ2

√
µ2

3 +4
, (10.26)

ω∗
j = µ1 +

√µ2µ3

2
+

√µ2

√
µ2

3 +4

2
,

ω∗∗
j = µ1 +

√µ2µ3

2
−

√µ2

√
µ2

3 +4

2
.

For a symmetric weighting function with µ3=0 distributed around zero with standard devia-

tion σ , this simplifies to:

Sω j = [Ω(σ)−Ω(−σ)]/(2σ), (10.27)

which reflects a central finite difference approximation to the slope, based on a finite param-

eter variation of ∆ω j =±σ .

10.4.4. Linear analysis: explicit form of expansion

For a linear expansion, according to the optimal integration rule (Villadsen and Michelsen,

1978), the collocation points (see section 10.2.4) are defined as roots of the second order

polynomial:

−1−µ3ξ +ξ 2 = 0 (10.28)
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thus, the collocation points are given by the following quadratic formula:

ξ1,2 =
µ3

2
±

√
µ2

3 +4

2
. (10.29)

Hence, when approximating the projection of Ω(ω) onto a polynomial basis (see equa-

tion 10.13) via collocation, we can write the following linear system:[
1 ξ1

1 ξ2

][
c0

c1

]
=

[
Ω(ξ1)

Ω(ξ2)

]
, (10.30)

which has an explicit solution

c0 =
Ω(ξ2)ξ1 −Ω(ξ1)ξ2

ξ1 −ξ2
, (10.31)

c1 =
Ω(ξ1)−Ω(ξ2)

ξ1 −ξ2

10.4.5. Non-linear sensitivity analysis

We now address a non-linear data-driven GSA based on a second order expansion, which

includes the first five moments of the input parameters. According to the system of equations

in equation (10.4) and the transformation provided in equation (10.23), the second-order

polynomial expansion can be written as:

Ω(ξ ) = c0 + c1ξ + c2(−1−µ3ξ +ξ 2) (10.32)

Using the explicit form of the polynomials (10.9)-(10.11) and the expansion (10.32), the

sensitivity index Sω j for second-order single-parameter sensitivity analysis has the following

form:

S2
ω j

= (c1 −µ3c2)
2 (10.33)

For simplicity of notation, the expansion (10.32) can be rewritten as follows:

Ω(ξ ) = b0 +b1ξ +b2ξ 2 (10.34)

where b0 = c0−c2, b1 = c1−µ3c2 and b2 = c2. Again, the coefficients in expansion (10.34)

can be defined using the collocation method (see equation (10.13)) as solution of the follow-

ing linear system: 1 ξ1 ξ 2
1

1 ξ2 ξ 2
2

1 ξ3 ξ 2
3


b0

b1

b2

=

Ω(ξ1)

Ω(ξ2)

Ω(ξ3)

 , (10.35)
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Notice that, by definition, the coefficient b1 is exactly equal to Sω j and, hence, the sensitivity

index Sω j can be found as solution of the linear system (10.35), which forms a Vandermonde

matrix:

Sω j =
Ω1(ξ3

2 −ξ2
2)+Ω2(ξ1

2 −ξ3
2)+Ω3(ξ2

2
−ξ1

2)

ξ2 ξ1
2 +ξ3 ξ2

2 −ξ3 ξ1
2 −ξ2 ξ3

2 −ξ1 ξ2
2 +ξ1 ξ3

2 , (10.36)

where Ω1 = Ω(ξ1), Ω2 = Ω(ξ2), Ω1 = Ω(ξ3) and ξ1, ξ2, ξ3 are the points where model the

Ω(ξ ) should be evaluated. Similar to the previous Section 10.4.3, the optimal location of

integration points (collocation points) is defined via the roots of the third-order polynomial

(10.12), and therefore can be obtained as the solution of the following cubic equation:

µ2
3 −µ3

3 +µ3µ4 −µ5 +ξ (µ2
3 −µ3µ5 −µ4 +µ3µ4) (10.37)

+ξ 2(−µ3µ4 +µ5 −µ3)+ξ 3(1−µ3 +µ2
3 ) = 0

To obtain the roots for given moments µ3, µ4 and µ5, standard analytical or numerical meth-

ods can be applied, provided as built-in functions in commonly used mathematical software

such as MATLAB, MAPLE and MATHEMATICA.

10.5. Multi-parameter global sensitivity analysis

Within the data-driven PCE framework used in this work, the statistics of the model output

are based directly on the model formulation and the specified moments of the input data. If a

model output Ω is expanded in the normalized polynomial basis, equation (10.6), then many

statistics of Ω can be evaluated directly via closed-form analytical relations. For example,

the mean µΩ and variance σ2
Ω are given by the following simple analytical relations:

µΩ = c0, σ2
Ω =

M

∑
j=1

c2
j , (10.38)

where the mean depends on the zero-order constant only, and the variance is based on Parse-

val’s expression (e.g., (Siebert, 1986)).

The so-called Sobol indices for sensitivity estimation (Sobol, 1990) can be computed an-

alytically based on the PCE (see (Sudret, 2008) and (Crestaux et al., 2009)) using equa-
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tion (10.39):

Si1,...,is =

M

∑
j=1

χ jc2
j

M

∑
j=1

c2
j

, (10.39)

χ j =

{
1, i f αk

j > 0, ∀ j ∈ (i1, ..., is)

0, i f αk
j = 0, ∃ j ∈ (i1, ..., is)

}
,

where Si1,...,is is the Sobol index that indicates what fraction of the of total variance of Ω can

be traced back to the joint contributions of the parameters ωi1 , ...,ωis . The index selection

operator χ j indicates where the chosen parameters ω numbered as i1, ..., is (i.e., ωi1 , ...,ωis)

have simultaneous contributions within the overall expansion. In plain words, it enumerates

all polynomial terms that contain the specified combination i1, ..., is of model parameters.

A complementing metric for sensitivity analysis is the Total Index introduced in (Homma

and Saltelli, 1996). It expresses the total contribution to the variance of model output Ω
due to the uncertainty of an individual parameter ω j in all cross-combinations with other

parameters:

ST
j = ∑

(i1,...,is): j∈(i1,...,is)
Si1,...,is , (10.40)

where ST
j simply sums up all Sobol indices in which variable ω j appears, both as univariate

and joint influences.

10.5.1. Multi-parameter weighted sensitivity measure

The weighted sensitivity measure introduced in Section 10.4.1 can be generalized for multi-

parameter GSA by averaging the univariate index defined in equation (10.15) over all possi-

ble values of all other considered parameters:

S2
ω j

=

ˆ
ω1∈Λ

...

ˆ
ωN∈Λ

[
∂Ω(ω)

∂ω j

]2

dΓ(ω1)...dΓ(ωN) (10.41)

As done for the individual parameter analysis, this global sensitivity index reflects the abso-

lute value of the slope ∂Ω/∂ω j, but averaged over the statistical distributions or weighing
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functions of ω1, ...,ωN . Hence, substituting the expansion (10.1) and the definition of the

multi-dimensional basis (10.3) into equation (10.41), we obtain:

S2
ω j

=

ˆ
ω1∈Λ

...

ˆ
ωN∈Λ

[
∂

∂ω j

(
M

∑
k=0

ck

N

∏
l=1

P
(αk

l )

l (ωl)

)]2

dΓ(ω1)...dΓ(ωN), (10.42)

N

∑
l=1

αk
l ≤ M, k = 1, ..N.

The expression (10.42) can be re-written as:

S2
ω j

=

ˆ
ω1∈Λ

...

ˆ
ωN∈Λ

 M

∑
k=0

ck
∂P

(αk
j )

j (ω j)

∂ω j

N

∏
l=1,l ̸= j

P
(αk

l )

l (ωl)

2

dΓ(ω1)...dΓ(ωN). (10.43)

When exploiting the orthonormality of polynomials P
(αk

l )

l (ωl) and integrating over all ωl

(l ̸= j), equation (10.43) can be simplified to:

S2
ω j

=
M

∑
k=0

c2
k

ˆ
ω j∈Λ

∂P
(αk

j )

j (ω j)

∂ω j

2

dΓ(ω j). (10.44)

Again, introducing the coefficients b
(αk

j−1)
i as a simple re-collection (see equation (10.19)

and other details in section 10.4.2) of the coefficients c j, from equation (10.44) we obtain:

S2
ω j

=
M

∑
k=0

c2
k

ˆ
ω j∈Λ

αk
j−1

∑
i=0

b
(αk

j−1)
i P(i)

j (ω j)

2

dΓ(ω j). (10.45)

Then, considering the orthonormality of the polynomials P(i)
j (ω j) in equation (10.45), the

averaged sensitivity index Sω j can be explicitly expressed as:

S2
ω j

=
M

∑
k=0

c2
k

αk
j−1

∑
i=0

[
b
(αk

j−1)
i

]2

P(i)
j (ω j). (10.46)

where the re-collection coefficients b
(αk

j−1)
i are defined as solution of the coresponding linear

system equation (10.22).

This index reflects the influence of a parameter ω j onto the model output Ω in a similar

fashion to the total index defined in equation (10.40). However, our new multivariate index

in equation (10.41) does not rely on comparison among different parameters, i.e., it is an

absolute measure. This is an advantage over the existing Sobol-based total index which is

only a comparative and relative measure. Also, because it work on the derivative with respect

to investigated parameter, it maintains the original meaning of sensitivity.
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10.6. Illustration

10.6.1. Physical scenario

We will demonstrate our methodology for a contaminant transport problem in a 3D hetero-

geneous aquifer and the resulting human health risk for an exposed population. We chose

an example with simple conditions in order to use analytical solutions and not to burden the

presentation of our method with too many details of complex setups, numerical solutions

and so forth. The aquifer has a hydraulic conductivity tensor K(x) and constant effective

porosity ne with x = (x1,x2,x3). For illustration purposes, we consider flow to be incompress-

ible, single-phased, at steady-state, free of boundary effects and with velocity u(x) satisfying

Darcy law:

u(x) =−K(x)
ne

∇h, (10.47)

where the hydraulic head h is determined from the continuity equation:

∇ · [K(x)∇h(x)] = 0. (10.48)

A tracer with initial concentration C0 is instantaneously released from a rectangular source

volume V0 under purely advective transport conditions. Under these conditions, the govern-

ing equation for contaminant transport is:

∂C
∂ t

+ui
∂C
∂xi

= 0 (10.49)

With the aid of the Lagrangian framework (Dagan, 1987), the solution to equation (10.49)

is:

C (x, t) =
ˆ

V0

C0 (a)δ [x−X(t;a)]da, (10.50)

where δ is the Dirac operator, a denotes the initial position of a solute particle within V0,

and X is the particle trajectory of the solute that follows the local velocities u(x). In our

illustration, we consider C0 = 1 constant within V0. More details concerning equation (10.50)

can be found in Ch. 9 and 10 of Rubin (Rubin, 2003).
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10.6.2. Concentration moments

Since we are unable to fully characterize the hydraulic properties of the porous medium,

we must treat K(x), u(x) and C(x, t) as Random Space Functions (RSF) (Rubin, 2003).

For this reason, we will resort to probabilistic concepts in order to estimate the statistical

moments of resident concentration. The RSF for the log-conductivity Y = lnK is statistically

characterized by its mean ⟨Y ⟩, variance σ2
Y , covariance model CY (assumed here exponential)

and its integral scale IY,i, where i = 1, 2 and 3 for x = (x1, x2, x3). For our case, we will

consider IY ≡ IY,1 = IY,2 and IY,v ≡ IY,3 with anisotropy ratio f = I3/IY . Statistical stationarity

for Y is assumed. Flow is uniform-in-the-average with mean velocity ⟨u(x)⟩ ≡ (U , 0, 0).

In this work we will limit ourselves to the first two statistical moments of C for illustration

purposes. Under the above mentioned conditions and assumptions, the concentration mean

and variance can be expressed as (Rubin et al., 1994):

⟨C (x, t)⟩=C0

3

∏
i=1

ψi (x, t) (10.51)

ψi (x, t) =
1
2

erf

[
xi −Uit +Li/2√

2Xii (t;a)

]
− 1

2
erf

[
xi −Uit −Li/2√

2Xii (t;a)

]

σ2
C = ⟨C (x, t)⟩ [C0 −⟨C (x, t)⟩] (10.52)

where Xii (t;a) is the one-particle displacement covariance function. Note that this expression

also assumes that the statistical distribution of particle displacements is Gaussian. In our test

case, we will make use of the semi-closed expressions for Xii (t;a) from Dagan (Dagan, 1988)

(reproduced in section 10.6.3). Additional details concerning Xii (t;a) are given in Ch. 10 of

Rubin (Rubin, 2003). The concentration statistical moments in Eqs. (10.51)-(10.52) are valid

for low to mildly heterogeneous aquifers, σ2
Y .1 (Bellin et al., 1992).

Note that in the current scenario, the parameter vector ω is represented by the structural pa-

rameters in the RSF. These parameters are, e.g., inferred from site characterization data or

from expert knowledge gained at geologically similar sites. Because of data scarcity, uncer-

tainty in the estimates of structural parameters needs to be accounted for in the prediction

(Kitanidis, 1986; Rubin and Dagan, 1992; Riva and Willmann, 2009; Nowak et al., 2010).

For our case, we will consider ω = {IY , σ2
Y , U} (see Section 10.2.1). In the following, we
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will analyze the sensitivity of concentration moments and a risk-based performance metric,

see Eqs. (10.51)-(10.52), with respect to these three and several other parameters. To the

best of our knowledge, our illustration is the first application of the PCE technique to the

structural parameters of an RSF.

10.6.3. Semi-analytical expressions of particle displacement
covariances

We present here the semi-analytical expressions of particle displacement covariances Xii (t;a)
for statistically anisotropic conductivity fields. The details concerning the derivation of the

following expressions can be found in Dagan (Dagan, 1988) and in Ch. 10 of Rubin (Rubin,

2003). The results are reproduced in this Appendix for completeness. For the longitudinal

component (i = 1), we have:

X11

I2
Y σ2

Y
= 2τ +2(exp [−τ]−1) (10.53)

+8 f
ˆ ∞

0
[Jo (kτ)−1] ω̃1 (k; f )dk

− . . .2 f
ˆ ∞

0

[
Jo (kτ)− J1 (kτ)

kτ
− 1

2

]
ω̃2 (k; f )dk;

with τ = Ut/IY and:

ω̃1 (k; f ) =
1

(1+ k2 − f 2k2)
2 (10.54)

− f k

(1+ k2 − f 2k2)
2√

(1+ k2)
−

. . .
f k

2(1+ k2 − f 2k2)(1+ k2)
3/2 ;

ω̃2 (k; f ) =
f 3k3 ( f 2k2 +5+5k5)

( f 2k2 −1− k2)
3
(1+ k2)

3/2 (10.55)

+
1+ k2 −5 f 2k2

1+ k2 − f 2k2 .
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In equation (10.53), Jo and J1 denote the Bessel functions of zeroth and first order. The

transverse particle displacement covariances are (i = 2 = 3):

X22

I2
Y σ2

Y
=−2 f

ˆ ∞

0

[
J1 (kτ)

τ
− k

2

]
(10.56)

. . .

[
f 3k2 ( f 2k2 −5k2 −5

)
( f 2k2 −1− k2)

3
(1+ k2)

3/2 +
1+ k2 −5 f 2k2

k (1+ k2 − f 2k2)
3

]
dk;

X33

I2
Y σ2

Y
=−4 f

ˆ ∞

0

[Jo (kτ)−1]

( f 2k2 −1− k2)
2 (10.57)

. . .

[
1
2
+

2 f 2k2

(1+ k2 − f 2k2)
+

f k
(

f 2k2 +3+3k2)
2( f 2k2 −1− k2)(1+ k2)

1/2

]
dk.

10.6.4. Human health risk

In most cases, decision makers are interested in quantifying adverse effects in human health

due to contaminated groundwater exposure. For this case, the environmental performance

metric of interest is human health risk, denoted by r. In contrast to the concentration C, where

the input parameters are related to the hydrogeological aspects of the problem, r depends

not only on the hydrogeological parameters but also on the physiological and behavioural

parameters of the exposed individual.

For illustration purposes, we will consider the increased lifetime cancer risk model from the

EPA (USEPA, December 1989,D), although many other risk models exist as discussed in the

literature (de Barros et al., 2011; Maxwell and Kastenberg, 1999; Siirila et al., 2012). The

increased lifetime cancer risk formulation for the groundwater ingestion pathway is given

by:

r = aC (10.58)

where C is the maximum running average over the exposure duration ED (years) defined in

(Maxwell and Kastenberg, 1999)
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C = max

[
1

ED

t+ED

∑
t

C (t)

]∞

t=0

(10.59)

and a is given by

a =CPF × IR
BW

× ED×EF
AT

(10.60)

where CPF (mg kg−1 day−1) is the cancer potency factor, IR (L/day) is the ingestion rate

of tap water, BW (kg) is the body weight, EF (days/year) denotes exposure frequency and

AT (days) is the averaging time. It is out of the scope of this chapter to perform a detailed

analysis of each of these parameters present in equation (10.60) and, for simplicity, we will

only work with a as a single health parameter. Although each of the parameters given in a are

uncertain and vary from individual to individual (see discussion in (Maxwell and Kastenberg,

1999)), we will only concentrate on the bulk uncertainty in a.

10.6.5. Results and discussion

In this Section, we will apply our framework introduced in Section 10.3 for the contaminant

transport problem and human health risk analysis described in Sections 10.6.1 to 10.6.4. We

will illustrate our approach for single-parameter GSA (Section 10.4) and multi-parameter

GSA (Section 10.5). Let us at first consider two predictions: the concentration mean and

variance, as mentioned in Section 10.6.2. We will quantify the influence of the model param-

eters ω = {IY , σ2
Y , U} (i.e. N = 3) on the concentration mean and variance at a dimensionless

fixed location x = (10, 0, 0). Corresponding to the presented framework, the parameters IY ,

σ2
Y , U are denoted as ω1, ω2 and ω3, respectively.

According to Step 1 of the algorithm presented in Section 10.3, we first characterize all input

parameters. Here, we assume for a simple example that the PDFs of the parameters within

ω are as follows:

• For ω1: ω1 = 1+2ω ′
1, with ω ′

1 following a beta distribution with α = 2 and β = 2;

• For ω2: Uniformly distributed within the interval [0.1,0.7];

• For ω3: Log-normally distributed with µ = 3.6 and σ = 0.3.
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Figure 10.2.: Normalized concentration mean (left plot) and variance (right plot): Curves

obtained for the mean values of parameters (dashed line) and for the averaged

behavior of the system over all possible values of ω (solid lines).

These PDFs are used in the Step 1 to calculate the corresponding raw moments of input data.

According to Step 2 of our algorithm (Section 10.3), we compute the coefficients of the

orthonormal polynomial basis using equation (10.4) and equation (10.6) for given raw mo-

ments and for the desired degree of expansion d. Also, we consider the response surface

of the model (Eqs. (10.51) and (10.52)) according to equation(10.1) and equation(10.13).

Immediately, statistical quantities can be extracted. For example, Figure 10.2 shows the

behavior of the physical problem obtained with the second degree expansion (d = 2). The

dashed lines illustrate the concentration mean and variance, which were computed for the av-

erage value of all parameters in ω (i.e., a zeroth-order approximation to the expected value).

The solid lines represent the averaged behavior of the system at 2nd order, averaged over all

possible values of ω using equation(10.38).

Qualitative sensitive analysis can be done directly using the model expansion (response sur-

face) obtained from Step 2. Figures 10.3 and 10.4 show global sensitivities of the time and

level of the peak in ⟨C(t)⟩ with respect to the relevant parameters. In all figures, dashed lines

represent linear single-parameter GSA, solid lines are for non-linear single-parameter GSA,

and the scattered points visualize realizations of the multi-parameter model response. Figure

10.3 illustrates the sensitivity of the peak time of ⟨C(t)⟩ (see equation 10.51), denoted as

tpeak, to each individual parameter in ω = {IY , σ2
Y , U}. Analyzing Figure 10.3 closely, we

see that tpeak is much more sensitive to the mean longitudinal velocity U than to the other
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Figure 10.3.: Sensitivity of time of maximal mean concentration: dashed line is linear single

parameter GSA, solid line is non-linear single parameter GSA (here: second

order) and points represent realizations of the multi-parameter model response

two parameters (IY and σ2
Y ). This is an outcome of the physical scenario under investiga-

tion, where the uniform-in-the-average flow almost completely determines the motion of the

plume’s centroid, while IY and σ2
Y can merely modify the shape of ⟨C(t)⟩, and only slightly

shift the time of peak arrived relative to the time of bulk arrival.
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Figure 10.4.: Sensitivity of maximal mean concentration: dashed line is linear single param-

eter GSA, solid line is non-linear single parameter GSA and points represents

multi-parameter model response

On the other hand, if we perform the sensitivity analysis for the peak level of the mean con-

centration, denoted by Cpeak (see Figure 10.4 ), we observe a completely different picture
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than in Figure 10.4. In this case, having knowledge of the level of heterogeneity (σ2
Y ) and

its correlation length scale (IY ) helps to determine the peak level of the mean concentration.

This is because σ2
Y and IY determine the magnitude of the plume dispersion in the system.

This is a clear example of how the response of parameters and corresponding required char-

acterization efforts vary according to the quantity to be predicted, see (de Barros et al., 2009;

Nowak et al., 2010).

At the last phase of analysis, Step 3 of our algorithm (Section 10.3), the desired quantita-

tive sensitivity information is extracted from the polynomial response surface. We denote

the parameters IY , σ2
Y and U with subscripts 1, 2 and 3 of the Sobol (and sensitivity) in-

dices, respectively. Table 10.1 represents the ranked Sobol indices for the time of maximal

mean concentration (tpeak) and peak level of mean concentration (Cpeak). Total sensitivity

Sobol index SIY Sσ2
Y

SU SIY σ2
Y

SIY U Sσ2
Y U

Value for tpeak 0.004 0.016 0.975 8×10−4 6×10−4 0.003

Rank for tpeak 3 2 1 6 5 4

Value for Cpeak 0.111 0.887 6×10−9 0.002 9×10−10 1×10−10

Rank for Cpeak 2 1 4 3 5 6

Table 10.1.: Sobol indices for time of maximal mean concentration (tpeak) and maximal mean

concentration (Cpeak).

Total sensitivity index ST
IY ST

σ2
Y

ST
U

Value for tpeak 0.005 0.021 0.980

Rank for tpeak 3 2 1

Value for Cpeak 0.2113 0.889 8×10−9

Rank for Cpeak 2 1 3

Table 10.2.: Total sensitivity indices for time of maximal mean concentration (tpeak) and

maximal mean concentration (Cpeak).

Weighted sensitivity index SIY Sσ2
Y

SU

Value for tpeak 17.857 81.6645 8×103

Rank for tpeak 3 2 1

Value for Cpeak 0.053 0.381 2×10−5

Rank for Cpeak 2 1 3

Table 10.3.: Weighted first-order sensitivity indices for time of maximal mean concentration

(tpeak) and maximal mean concentration (Cpeak).
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Weighted sensitivity index SIY Sσ2
Y

SU

Value for tpeak 14.246 66.163 2×104

Rank for tpeak 3 2 1

Value for Cpeak 0.143 0.958 7×10−4

Rank for Cpeak 2 1 3

Table 10.4.: Weighted second-order sensitivity indices for time of maximal mean concentra-

tion (tpeak) and maximal mean concentration (Cpeak).

indices are presented in Table 10.2. The weighted sensitivity indices for the single parameter

analysis introduced in Eqs. (10.26) and (10.36) are given in Tables 10.3 and 10.4 (first and

second-order, respectively). These results quantify to what extent the time of peak mean

concentration is sensitive with respect to U . On the other hand, the magnitude of the mean

concentration is very sensitive to σ2
Y .

These sensitivity indices are useful to quantify the simultaneous influence of model parame-

ters, especially when the number of parameters becomes large and visualization of a multi-

variate model response like in Figure 10.4 becomes unfeasible and confusing. To illustrate

this, we will additionally consider an uncertain contaminant spill location and uncertain pa-

rameters in the model for health risk. Let us include the position xs, ys, zs of the source with

the source volume V0 and the slope of the risk model a as additional parameters ω4, ω5, ω6

and ω7 into our analysis.

• For ω4: ω4 = 9+2ω ′
4, where ω ′

4 is beta distributed with α = 2 and β = 2;

• For ω5 and ω6: ω5,6 = −1+ 2ω ′
5,6, where ω ′

5,6 is beta distributed with α = 2 and

β = 2.

• For ω7: ω7 is lognormal distributed with µ = 1.7 and σ = 0.14.

Now, we look at the sensitivity of the probability of a critical heath effect with respect to

these seven parameters using equation(10.58). Again, all sensitivity indices can be con-

structed as it was shown above. For brevity, we will focus on the total and weighted indices

only. Figure 10.5 illustrates the total (left plot) and weighted (right plot) sensitivity indices

at different degrees of expansion. This figure shows the overall influence of all model pa-

rameters on the total human health effect (final prediction), which implicitly includes a time

integral over the concentration history (see equation 10.58 and 10.59). For this particular

case, we observe that risk is more sensitive towards hydrogeological parameters than to the

health parameters. However, results indicate that the health component is still as important
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Figure 10.5.: Convergence of total (left plot) and weighted (right plot) sensitivity indices for

the health risk prediction.

when compared to the uncertainty of the source location. As shown in Figure 10.5, the flow

distance and resulting macrodispersive effects are so large that effects related to the source

offsetting matter less. The results in Figure 10.5 illustrate how our framework can be used in

problems with multiple sources of uncertainty. As discussed in (de Barros and Rubin, 2008;

de Barros et al., 2009), health risk related problems are challenging because uncertainty is

present in both the physical problem (flow and transport) and in the human physiological

response and methods are needed to help decision-makers allocate resources towards uncer-

tainty reduction. Figure 5 also re-emphasizes how GSA results change according to the goal

of prediction (concentration versus risk, see discussion in (de Barros et al., 2011)).

In the case study related to health risk (Figure 10.5), our new weighted measure converges

faster in comparison to Total indices with increasing order of the expansion. Total indices

show the main reaction of the model to the analyzed parameters, but as relative quantities

do not provide faster stabilization in the ranking of analyses parameters in comparison to

absolute weighted indices. The presented approach for GSA provides a relatively accurate

approximation even for moderate orders (see also the convergence study for aPC in (Ola-

dyshkin et al., 2011c)) and work already with a small set of model evaluations. Thus, global

and weighted sensitivity analysis can already be performed at computational costs that are

only slightly larger than those of local analysis.
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10.7. Conclusions

In this work, we have presented an alternative method for global sensitivity analysis (GSA).

The methodology shown is based on the arbitrary polynomial chaos expansion (aPC) . The

aPC approach provides improved convergence in comparison to classical PCE techniques,

when applied to input distributions that fall outside the range of classical PCE (Oladyshkin

et al., 2011a,c). Compared to existing polynomial-based GSA methods, it can accommodate

for all types of statistical distributions or weighting functions of the input parameters. We

denote this approach as data-adaptive because the aPC method can be applied even in situa-

tions where precise statistical information (e.g., known parametric distributions) for the input

parameters is not available. If desired, the method can work directly with raw sampled data

sets to represent the uncertainty and possible variational ranges of input data. The presented

methods allow experts to choose freely of technical constraints the shapes of their statistical

assumptions, and they allow to align the complexity and order of analysis with the reliability

and detail level of statistical information on the input parameters.

The proposed method incorporates the full range of possible simulation outcomes for the

investigated model parameters as it approximates the model’s full response surface by mul-

tivariate polynomials. We have extended an existing polynomial-based method to compute

Sobol indices to the much more general aPC framework. While Sobol indices only allow a

comparison between several model parameters, we also derive a new sensitivity measure in

the context of polynomial model approximation, which allows to quantify sensitivity even

for individual parameters. While Sobol indices look at the contributions from individual pa-

rameters to the energy (variance) of the model, we look at the energy norm of derivatives of

the model w.r.t individual parameters. The resulting sensitivity measure shows better con-

vergence properties than Sobol analysis and maintains he original derivative based character

of sensitivity analysis.

We made use of an analytical formulation of GSA to investigate the sensitivity of a sin-

gle parameter on a model prediction. As for multi-parameter analysis, a hybrid analytical-

numerical 3-step algorithm is presented. These features contribute to the computational ef-

ficiency of our approach. Compared to earlier works that related GSA to classical PCE, we

emphasize a more engineering-like language as compared to otherwise intense mathematical

derivations. The framework presented in this chapter is limited for statistically independent

random variables, which reflect the current state-of-art with PCE techniques. Construction

of a polynomial basis for statistically dependent random variables beyond linear dependence

is an important topic for future research. In the current work, we suggest the non-intrusive
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collocation approach for construction of the aPC-based expansion, however other projection

techniques can be used as well, if desired.

In summary, we proposed a rational and computationally efficient framework that allows

modelers and decision makers to better judge the relative and absolute importance of model

parameters. It allows modelers and decision makers to better allocate resources towards

uncertainty reduction in model predictions or model-based decisions by goal-oriented data

acquisition. For instance, our method could be applied in human health risk assessment

where both health-related and hydrological parameters are sources of uncertainty (Maxwell

and Kastenberg, 1999; de Barros and Rubin, 2008). In such applications, decision makers

are interested in knowing the relative impact of uncertainty of each input parameter on risk

in order to better invest (and allocate) characterization efforts between hydrogeology and

behavioral parameters to obtain more reliable estimates in human health risk (Benekos et al.,

2007; de Barros and Rubin, 2008; de Barros et al., 2009).

The methodology was illustrated for a 3D groundwater contamination problem in a hetero-

geneous aquifer and the resulting human health risk. Although our illustrative example relied

on a relatively simple physical-mathematical formulation, more complicated problems (e.g.,

highly heterogeneous aquifers, reactive transport, uncertain boundary conditions, etc.) can

be tackled through the same procedure.



11. Bayesian updating based on
data-driven polynomial chaos

Bibliographic Note: The content of this chapter is based on the following original article:

Oladyshkin S., Class H., Nowak W., Bayesian updating via Bootstrap filtering combined with

data-driven polynomial chaos expansions: methodology and application to history matching

for carbon dioxide storage in geological formations. Computational Geosciences, Springer,

V.17, N. 4, P. 671-687, 2013.

Model calibration and history matching are important techniques to adapt simulation tools

to real-world systems. When prediction uncertainty needs to be quantified, one has to use

the respective statistical counterparts, e.g. Bayesian updating of model parameters and data

assimilation. For complex and large-scale systems, however, even single forward determin-

istic simulations may require parallel high-performance computing. This often makes ac-

curate brute-force and non-linear statistical approaches infeasible. We propose an advanced

framework for parameter inference or history matching based on the arbitrary polynomial

chaos expansion (aPC) and strict Bayesian principles. Our framework consists of two main

steps. In step one, the original model is projected onto a mathematically optimal response

surface via the aPC technique. The resulting response surface can be viewed as a reduced

(surrogate) model. It captures the model’s dependence on all parameters relevant for history

matching at high-order accuracy. Step two consists of matching the reduced model from step

one to observation data via Bootstrap filtering. Bootstrap filtering is a fully nonlinear and

Bayesian statistical approach to the inverse problem in history matching. It allows to quantify

post-calibration parameter and prediction uncertainty, and is more accurate than Ensemble

Kalman filtering or linearized methods. Through this combination, we obtain a statistical

method for history matching that is accurate, yet has a computational speed that is more

than sufficient to be developed towards real-time application. We motivate and demonstrate

our method on the problem of CO2 storage in geological formations, using a low-parametric

homogeneous 3D benchmark problem. In a synthetic case study, we update the parameters
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of a CO2/brine multiphase model on monitored pressure data during CO2 injection.

11.1. Introduction

11.1.1. Modeling carbon dioxide storage

We would like to motivate our work on the example of modeling CO2 storage in geological

formations. CO2 storage is currently being discussed intensively as an interim technology

with a high potential for mitigating CO2 emissions (e.g. (IPCC, 2005)). In recent years, great

research efforts have been directed towards understanding the processes in CO2 storage. The

multiphase flow and transport processes involved are strongly non-linear. They include phase

changes in the region of the critical point and effects such as gravity-induced fingering and

convective mixing as well as geo-chemical and geo-mechanical processes, etc.

In order to describe the space-time evolution of injected CO2 plumes, to analyze the influ-

ence of potentially leaky abandoned wells and to investigate possible geo-mechanical failure

of reservoirs, (semi-) analytical solutions have been derived by Nordbotten et al. and others

(Nordbotten et al., 2005a, 2009). A comparison study of various simplifying semi-analytical

models with complex numerical simulation tools was performed by Ebigbo et al. (Ebigbo

et al., 2007). The analysis in (Birkholzer et al., 2009) focused on the effects of large-scale

CO2 leakage through low-permeability layers. Various optimization strategies for monitor-

ing surface leakage using near-surface measurement approaches were developed in (Cortis

et al., 2008). These studies are cited here merely to provide a few examples. More detailed

reviews are provided in, e.g., (IPCC, 2005), (Class et al., 2009), (Ebigbo et al., 2007).

Modeling underground CO2 storage involves many conceptual and quantitative uncertainties

(Hansson and Bryngelsson, 2009a). Class et al. (Class et al., 2009) published a benchmark

study that compares a number of mathematical and numerical models of varying complexity.

However, the lack of information on subsurface properties (porosity, permeability, etc.) may

lead, depending on the specific question at hand, to parameter uncertainties up to a level

where parameter uncertainties dominate or even override the influence of secondary physical

processes. In (Oladyshkin et al., 2011a; Oladyshkin and Nowak, 2012a), the authors of

the current study pointed out, that efforts invested in improved physical conceptualization,

numerical codes and stochastic modeling can easily be overwhelmed by error through human

subjectivity in data interpretation at a very early stage of modeling, and proposed a purely

data-driven approach to overcome this problem.
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In the development of CO2 injection as a large-scale interim solution, our ability to quantify

its uncertainties and risks will play a key role. Sensitivity analyses (e.g. (Birkholzer et al.,

2009), (Kopp et al., 2009)) for CCS have been applied up to the present. Fault-tree analyses

have been used to identify risks through different factors (Wildenborg et al., 2005), but have

not yielded quantitative risk information. A significant part of the applied and scientific

community still refrains from explicitly considering uncertainty in modeling, although the

corresponding arguments are discussed and rejected one by one in (Pappenberger and Beven,

2006). A key hindrance to quantitative risk assessment is that current numerical simulation

models are often inadequate for stochastic simulation techniques based on brute-force Monte

Carlo simulation and related approaches (e.g. (Maltz and Hitzl, 1979), (Robert and Casella,

2004)), because even single deterministic simulations may require parallel high-performance

computing.

This triggered an urgent need to develop reasonably fast stochastic approaches for probabilis-

tic risk assessment of CO2 sequestration. In (Oladyshkin et al., 2011b), the authors of the

current study have pioneered the application of massive stochastic model reductions based

on the polynomial chaos expansion (PCE) to CO2 storage and developed a novel approach to

join robust design ideas with the PCE technique. Statistical uncertainty has been combined

with scenario uncertainty in the recent work (Walter et al., 2012) to estimate the risk related

to the brine migration resulting from CO2 injection into saline aquifers. In the current study,

we suggest a history matching (or model calibration, parameter inference) framework based

on Bayesian updating, which is both accurate and sufficiently fast to be applied to complex

large-scale models. Putting history matching into the Bayesian updating context allows to

combine available data with prior expert judgment and to quantify parametric uncertainty

after calibration. In this context, our approach will help to override the subjectivity of prior

assumptions on parameter distribution by incorporating observed data.

11.1.2. Inverse modeling and history matching

Inverse modeling and history matching to past production data is an extremely important

issue in order to improve the quality of prediction. When cast into a stochastic/statistical

framework, the results also provide information on the remaining parameter and prediction

uncertainty (e.g., (Lia et al., 1997)). Also, the statistical framework allows to assess the

worth of monitoring data and then to optimize future monitoring strategies (e.g. (Leube

et al., 2012a)). This would help to raise studies on CO2 plume monitoring (e.g. (Cortis et al.,

2008)) to the level of formal optimization.
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The accuracy of inversion or history matching depends on the quality of the established

physical model (including, e.g. seismic, geological and hydrodynamic characteristics, fluid

properties etc.), and on the accuracy of the involved parameter calibration, stochastic in-

version or data assimilation techniques. The quality will also depend on the computational

efficiency of all involved methods (Oliver and Chen, 2011), because too large computational

time would have to be mitigated by compromises in numerical or inversion accuracy.

The principal challenge of history matching is that the full reservoir behavior has to be repro-

duced from local measurements (Gavalas et al., 1976). The reliability of history matching

is increasing with the number of available observations. Moreover, besides the proper def-

inition of the involved geological and physical models, the list of uncertain parameters has

to be defined adequately for further investigation (Kravaris and Seinfeld, 1985). Compro-

mises in this task are indispensable. On the one hand, a too short list of parameters leads

to a very parsimonious model that allows robust parameter inference, but simply can not

accurately reproduce the observation data. On the other hand, a too long list of parameters

leads to a very complex task which cannot be afforded, computationally, and one can run

into under-determined or otherwise ill-posed problems (Ewing et al., 1994). In this stage,

an expert opinion on relevant parameters that are useful for calibration, probably combined

with sensitivity analyses (see e.g. (Saltelli et al., 2008; Oladyshkin et al., 2011d; Cominelli

et al., 2007)) or regularization choices is very important.

History matching is very well known in the field of reservoir engineering (Makhlouf et al.,

1993). Traditionally, an iterative manual process of trial and error (see e.g. (Williams et al.,

1998)) is applied to adjust the reservoir geological model in order to reproduce past obser-

vations of oil or gas production. Such a manual approach is very popular among experts in

reservoir engineering and demands a very strong understanding of geology and processes.

However, the non-trivial and non-linear interaction of the matched parameters can compli-

cate the history matching procedure a lot (Oliver et al., 2001). Instead of the manual tech-

nique, formal optimization methods such as gradient search or the adjoint method (see (Gao

and Reynolds, 2006; Li et al., 2003; Rodrigues, 2006)) can be applied. Unfortunately, the

mentioned optimization approaches often lead to high computational costs and cannot be

easily applied for complex real-world tasks. The state-of-the-art and its recent progress for

history matching is presented in detail in the review paper (Oliver and Chen, 2011).

Another important point about history matching techniques is that they can produce non-

unique solutions (Oliver et al., 2008), which means that several virtual models and parameter

sets can match the observation data equally well. In fact, this problem is common to most in-
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verse problems (Sun, 1999; Tarantola, 2005). Stochastic approaches can handle such type of

uncertainty occurring during the matching procedure without the need to introduce regular-

ization or to artificially restrict the parameter space. Their result is a probability distribution

of possible parameters sets instead of a single best estimation. As an improvement of clas-

sical optimization, several successful stochastic approximation methods have been adapted

for the history matching problem (Bangerth et al., 2006; Gao and Reynolds, 2007; Li et al.,

2011).

However, stochastic approaches are more expensive than classical optimization-based (de-

terministic) calibration techniques, because they need to explore the full range of possible

model outcomes with many model runs. In particular, this requires to draw samples from the

conditional distribution of the parameters as equally likely calibrated parameter sets. This

can be done, e.g., via Markov chain Monte Carlo (Gilks et al., 1996), Bootstrap filtering

(Smith and Gefland, 1992), GLUE (Leube et al., 2012a) or rejection sampling (Smith and

Gefland, 1992) . A particular reason for the high computational costs is that, when exploring

the full range of possible model outcomes, many model runs are rejected upon comparison

with the data. Therefore, the high computational costs of forward modeling get multiplied

by large factors in stochastic calibration methods.

The overall efficiency challenge of history matching or inverse modeling can be subdivided

into to two principal parts. The first part of the challenge consists in the acceleration of

forward modeling itself, using reduced forward models (e.g. response surfaces, surrogate

models, low-parametric representation, etc.). The second part of the challenge consists in

developing efficient searching algorithms or integration rules for inverse modeling.

To accelerate forward modeling, fast streamline forward simulations have been used in

(Daoud, 2004). An optimal representation of uncertain heterogeneous parameter fields in

terms of a Karhunen-Loeve expansion is presented in (Sarma et al., 2006), leading to a

reduced number of parameters to be treated. Later, a kernel-based principal component anal-

ysis was presented in (Sarma et al., 2008) as an alternative to the standard Karhunen-Loeve

expansion. That method is capable to parametrize large-scale non-Gaussian, non-stationary

random fields and to reproduce complex geological structures. In low-parametric inverse

problems, surrogate models can be constructed with response surface techniques. For ex-

ample, experimental design techniques were applied in the paper (Zabalza-Mezghani et al.,

2004) to build an accurate proxy (surrogate) model using polynomials of second order. So-

called proxy functions based on polynomials combined with multi-dimensional kriging have

been used to approximate the output of a flow simulator in (P.A. and Smørgrav, 2008). Para-
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metric response surfaces have been used in (Feraille and Marrel, 2012) to approximate the

reservoir production forecasts and obtain their probabilistic distribution by propagating the

remaining posterior uncertainty of input parameters. Recently, a distance-based stochastic

technique has been presented in (Scheidt et al., 2011).

The Ensemble Kalman filter (EnKF) method is one of the simplest yet most successful ways

to transfer Bayesian theory (see e.g. (Smith and Gefland, 1992)) to practice for model updat-

ing and forecasting. The EnKF (Evensen, 2006) is derived from a first-order second-moment

approximation of error propagation for Bayesian updating. The Special Issue in Computa-

tional Geosciences (Naevdal et al., 2011) was fully devoted to (Ensemble) Kalman filtering

for model updating. As practically successful attempt to accelerate inverse modeling, the

EnKF recently received a lot of attention for history matching (e.g. (Aanonsen et al., 2009;

Naevdal et al., 2005)). It is a comparatively cheap method that can generate reasonable

history-matched models for real fields. Due to its foundation on first-order second-moment

analysis, it is optimal only if all involved model parameters, model states and data follow a

joint multi-Gaussian distribution, and if the used ensemble is sufficiently large for accurate

covariance estimation. For example, the paper (Liu and Oliver, 2005) address the problem

of matching production data by the EnKF for updating facies delineations in reservoir mod-

els. The recent article (Pajonk et al., 2012) offers an alternative way of computing a linear

Bayesian estimator, which allows updating of non-Gaussian quantities. It has been shown

that, although no formal linearization is involved, the EnKF contains an implicit form of

linearization (Nowak, 2009a). Thus, the EnKF has a theoretical limitation which does not

allow it to deal with strongly non-linear problems. For example, the papers (Wang et al.,

2010) and (Zafari and Reynolds, 2007) pointed out that the EnKF suffers from non-linearity

and inconsistency in matching. The univariate deviation from Gaussianity can be removed by

empirical data transformation (e.g. (Hendricks Franssen and Kinzelbach, 2009; Schoeniger

et al., 2012)), but the multivariate structure still poses a problem.

Therefore, we believe that further advancements can be achieved by using more accurate

non-linear approaches to Bayesian updating, when combined with sufficiently accurate (and

more expansive) model reduction techniques. In fact, techniques based on response sur-

faces or other surrogate models have lately been combined with more accurate versions of

Bayesian updating. In (Jin, 2008) and (Marzouk et al., 2007), the polynomial chaos ex-

pansion has been applied to accelerate Bayesian updating via Markov chain Monte Carlo

(MCMC) methods. Even the EnKF has been combined with polynomial chaos expansion

for accelerated and accurate computation of the required covariance matrices, see (Saad and

Ghanem, 2009), (He et al., 2011) and also related work (Pajonk et al., 2012).
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To summarize, we would like to point out that the methodology for history matching has

progressed from manual procedures to automatic optimization approaches. During the

last years, we see a transition from classical optimization to statistical inference based on

Bayesian principles for uncertainty quantification. Also we can observe that, due to the high

computational demands of reservoir models especially in the stochastic framework, the use

of surrogate models in history matching received a quickly increasing attention in the very

recent years.

The most promising novel approach seems to be the combination of PCE-based response

surfaces with EnKF filtering or with more accurate but more expensive implementations of

Bayesian updating, such as MCMC. However, more accurate Bayesian updating approaches

incorporate higher order stochastic information on the input parameters (e.g., in form of high-

order statistical moments) (Ghanem and Spanos, 1991; Le Maitre and Knio, 2010; Wiener,

1938) which goes beyond the scope of the Gaussian assumption. This leaves the optimality

range of the EnKF. Also, the Gaussian assumption in stochastic inversion typically goes

along with (possibly implicit) linearization of model dependencies.

Our key motivation is that more accurate Bayesian updating also requires to work with high-

order approximations of the involved models than linear ones. Using a more accurate updat-

ing rule for higher moments would be inadequate when the involved surrogate model is too

inaccurate (e.g. by linearizing strongly non-linear model dependencies). As a consequence,

model reduction techniques also need to retain the non-linearity of models at sufficiently

high orders.

11.1.3. Approach and contributions

The goal of this work is to further advance statistical (Bayesian) model calibration, here

working on the example of history matching. We wish to find an even better compromise

between computational efficiency and accuracy of the inversion. The resulting framework

will take into consideration the non-linearity of the forward model and of inversion, and will

provide a cheap but highly accurate tool for reducing prediction uncertainty. We will also

aim at a consistent use and processing of high-order statistical moments for the considered

uncertain model parameters. Our approach is to combine fully accurate Bayesian updat-

ing via Bootstrap filtering (or, alternatively, via MCMC) with a model reduction based on

the arbitrary polynomial chaos expansion (aPC) technique (Oladyshkin and Nowak, 2012a;

Oladyshkin et al., 2011a; Oladyshkin and Nowak, 2012b), see details in Section 11.2.
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The aPC is a so-called data-driven generalization of the PCE technique (see details in Sec-

tion 11.2.1). It provides the necessary flexibility to handle arbitrary distributions of model

parameters, including high-order statistical moments. Due to this flexibility, it can also han-

dle the conditional parameter distributions that occur after Bayesian updating (see Section

11.2.2), if one would desire to renew the PCE-based model reduction after Bayesian updat-

ing. A second advantage of the aPC approach is that it provides improved convergence with

respect to increasing order of expansion (Oladyshkin and Nowak, 2012a) of the surrogate

to the original model in comparison to more classical PCE techniques, when applied to in-

put distributions that fall outside the range of classical PCE. Thus, the aPC allows efficient

allocation of computational resources for constructing of the surrogate model.

Bootstrap filtering (BF) is the most direct yet simple numerical implementation of Bayes

theorem, based on brute-force Monte-Carlo. It approximates the conditional PDF by a suf-

ficiently large ensemble of realizations, and it is exact at the limit of infinite ensemble size.

It can account for arbitrary non-linear model equations and for arbitrary distribution shapes

in comparison to (Ensemble) Kalman Filters. Hence, BF is a perfect match for combination

with the aPC technique. This combination is superior to the previous combinations of the

classical PCE with (Ensemle) Kalman Filtering, because the latter two components are both

optimal only for (multi-) Gaussian distributions.

Technically, the conditional ensemble is obtained by simple rejection sampling (Smith and

Gefland, 1992) applied to an ensemble of parameter vectors drawn from the prior PDF, i.e., to

the parameter distributions assumed before incorporating the calibration or history matching

data. However, an accurate representation of conditional statistics for model parameters and

responses demands a sufficiently large size of the simulated conditional sample. This can be

a problem if the used data set is large and accurate, because then the acceptance probability

in the rejection sampling approaches to zero. For that reason, BFs can be feasible for very

complex models, only when extremely fast evaluation techniques for the response surface

are available. For the polynomial response surface resulting from the aPC, this is fulfilled in

cases where small acceptance probability still pose a problem, BF can simply be exchanged

for more efficient MCMC methods, e.g., (Vrugt et al., 2009).

Overall we expect that (1) thanks to the computational efficiency caused by the improved

convergence of the aPC and (2) due to the accuracy of Bootstrap filtering, Bayesian updating

for history matching or more general data assimilation can be developed further towards real

time even for complex or large-scale simulation models. For example, we demonstrate in

Section 11.4 that, four our computational example, it takes only about 20 seconds of CPU
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time to perform the actual Bayesian updating step for history matching.

In Section 11.4, we demonstrate a straightforward implementation of aPC-based BF on the

benchmark problem of CO2 leakage taken form (Class et al., 2009) and described in Section

11.3. We apply our method to match the model repose to synthetic pressure data monitored

during CO2 injection. However, the surrogate model may be very inaccurate and lead to

wrong results, when the prior information is strongly offset against reality. This is caused

by the fundamental property of all PCE techniques that the error of approximation is lowest

where the (prior) probability density is high, i.e., large errors may occur in low-probability

regions. For that case, we introduce an advanced iterative approach for aPC-based BF in

Section 11.5. It allows to perform Bayesian updating even in the case where the prior as-

sumptions on model parameters are far from reality, such that the response surface has to be

re-iterated in order to be accurate in the relevant regions of high posterior probability. The

iteration can be seen as an extension of statistical inversion based on successive linearization

to successive high-order expansion. Statistical inversion via successive linearization can be

found, e.g., in Extended Kalman Filtering, in iterative Ensemble Kalman Filters, or in the

quasi-linear geostatistical approach (Evensen, 2006; Kitanidis, 1995; Gu and Oliver, 2007;

Nowak, 2009a).

11.2. Bootstrap filtering on the polynomial chaos

expansion

As outlined in Section 11.1.3, we propose an advanced stochastic inversion framework for

history matching based on a recent generalization of the polynomial chaos expansion (PCE)

and Bootstrap filtering. Hence, our framework consists of two main steps: a massive but

high-order accurate stochastic model reduction via the arbitrary polynomial chaos expansion

(aPC) (Section 11.2.1) and accurate numerical Bayesian updating of the reduced model via

Bootstrap filtering (BF) (Section 11.2.2).

11.2.1. Response surface based on the arbitrary polynomial
chaos expansion

PCE techniques can be seen as an efficient and mathematically optimal approach to construct

the response surface of a model with uncertain parameters. A response surface can be con-
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structed in different ways. The most straightforward way is to construct it directly on a dense

Cartesian grid of input parameters together with an adequate interpolation rule. Due to the

curse of dimension (Babuska et al., 2007) for tensor grids, this approach has an extremely

high computational effort if more than a single parameter is of interest. Alternatively, con-

ceptually straightforward numerical Monte Carlo (MC) simulation techniques can be used

to screen the parameter space. Their convergence independent of the number of uncertain

parameters. However, they are also computationally demanding since the statistical accuracy

of their predictions increases only with the square root of the number of realizations used.

The PCE introduced by Wiener (Wiener, 1938), generally, can be viewed as an efficient ap-

proximation to full-blown stochastic modeling (e.g., exhaustive MC). The basic idea is to

approximate the response surface of a model with the help of an orthonormal polynomial

basis in the parameter space (Ghanem and Spanos, 1991; Le Maitre and Knio, 2010). In

simple words, the dependence of model output on all relevant input parameters is approxi-

mated by projection onto a high-dimensional polynomial. This projection can be interpreted

as an advanced approach to statistical regression. Alternatively, PCE can be interpreted as

a smart and polynomial-based interpolation and extrapolation rule of model output between

and beyond different parameter sets.

The key attractive features of all PCE techniques are the high-order approximation of the

model (Fajraoui et al., 2011; Foo and Karniadakis, 2010; Ghanem and Spanos, 1990, 1991;

Zhang and Lu, 2004) combined with its computational speed when compared to alternatives

such as MC (Oladyshkin et al., 2011b). This advantage holds mostly for low-parametric

problems. The exact break-even point against Monte-Carlo, however, depends on model

non-linearity, the dimension of the parameter space and on the chaos expansion order, so it

varies from problem to problem.

Formally, let ω = {ω1,...,ωN} represent the vector of N input parameters for some model

Ω = f (ω). The model Ω(ω) may be an explicit or implicit expression (e.g., a partial or

ordinary differential equation or a coupled system). We wish to investigate the influence

of all parameters ω on the model output Ω. That the model output may be time and space

dependent, Ω = f (ω , t,x), where x = (x1,x2,x3). According to polynomial chaos theory

(Wiener, 1938), the model output Ω can be approximated by polynomials Ψ j(ω):

Ω(x, t;ω)≈
M

∑
j=0

c j(x, t)Ψ j(ω) = Ω̃(x, t;ω). (11.1)

The number M of polynomials Ψ j and corresponding coefficients c j depends on the total

number of analyzed input parameters (N) and on the order d of the polynomial representation
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as discussed below. The coefficients c j(x, t) in Eq. (11.1) quantify the dependence of the

model output Ω on the input parameters ω for each desired point in space x and time t,

resulting in a surrogate model Ω̃.

Assuming that the input parameters within ω are statistically independent, the multi-

dimensional basis Ψk can be constructed as a simple product of the corresponding univariate

polynomials ¶ j (e.g. (Ghanem and Spanos, 1991)):

Ψk(ω) =
N

∏
j=1

P
(αk

j )

j (ω j),
N

∑
j=1

αk
j ≤ M, k = 1 . . .N. (11.2)

Here αk
j is a multivariate index that contains the combinatoric information how to enumerate

all possible products of individual univariate basis functions. In other words, the index α
can be seen as M ×N matrix, which contains the corresponding degree (e.g. 0, 1, 2, etc.)

for parameter number j in expansion term k. The set of polynomials {P(0)
j , . . ., P(d)

j } forms

an an orthogonal basis of degree d in the space of parameter ω j. For example, the polyno-

mials P(k)
j (ω j) are Hermite polynomials, if the parameters ω j are Gaussian distributed (e.g.,

(Wiener, 1938)). Generally, the polynomial P(k)
j (ω j) of degree k in an individual parameter

ω j can be written as a simple linear combination of the different powers i of ω j:

P(k)
j (ω j) =

k

∑
i=0

p(k)i, j ω i
j, k = 0 . . .d, j = 0 . . .N, (11.3)

where p(k)i, j are the coefficients for the power i = 0 . . .k within the polynomial P(k)
j (ω j).

Up to the present, all implementations of PCE require the random variables in which one

expands to be statistically independent. However, PCE can also be applied to correlated

variables, if correlation can be removed (or minimized) by adequate linear or non-linear

transformation. Only in a few specific cases (including linear correlation), adequate linear

(or non-linear) transformations allow expanding statistical by dependent variables in inde-

pendent random variables. The advantages of using an expansion basis that is orthonor-

mal directly in the physical random variables without further need for transformation are

manifold. They include direct accessibility of the moments of Ω from the expansion co-

efficients c j in equation (11.1), better performance of integration rules, and the fact that

additional transformation would include new non-linear terms in the expansion (Oladyshkin

and Nowak, 2012a). In particular, the technique presented can be extended to many classes

of heterogeneous systems, where spatially correlated heterogeneous parameter fields can be

decomposed into their uncorrelated principal components using a truncated KL-expansion

(e.g. (Li and Zhang, 2007)), if heterogeneity does not span over too many scales.
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In the current work, we will apply a most recent generalization of the PCE technique known

as the arbitrary polynomial chaos (aPC) (see (Oladyshkin et al., 2011a; Oladyshkin and

Nowak, 2012a,b)). Highly similar ideas can be found in (Ghanem and Doostan, 2006; Soize

and Ghanem, 2004; Witteveen and Bijl, 2006; Witteveen et al., 2007). Compared to earlier

PCE techniques, the aPC adapts to arbitrary probability distribution shapes of input parame-

ters and, in addition, can even work with unknown distribution shapes when only a few sta-

tistical moments can be inferred from limited data or from expert elicitation. The arbitrary

distributions for the framework can be either discrete, continuous, or discretized continu-

ous. They can be specified either analytically (as probability density/cumulative distribution

functions), numerically as histogram or as raw data sets. Thus, exact probability density

functions do not have to be known and do not even have to exist. The available informa-

tion can directly and most purely be used in stochastic analysis, when using our data-driven

formulation of aPC.

The aPC approach provides improved convergence with respect to increasing order of ex-

pansion (e.g. (Oladyshkin and Nowak, 2012a)) in comparison to classical PCE techniques,

when applied to input distributions that fall outside the range of classical (Wiener, 1938) or

generalized version (Xiu and Karniadakis, 2003) of the PCE. aPC deals with a highly parsi-

monic and yet purely data-driven description of uncertainty. The new freedom opens the path

to accessing with the chaos expansion technique even those applications where data samples

of limited size merely allow the inference of a few moments, and one would not be able

to construct a probability density function without introducing subjective assumptions and

hence dangerous sources of bias. The necessity to adapt to arbitrary distributions in practical

tasks is discussed in more detail in (Oladyshkin et al., 2011a). A future incentive to work

with the aPC is that, during sequential Bayesian updating for non-linear problems, parameter

distributions generally change their shapes from updating step to updating step. Thus, they

will almost surely fall out of the optimality range of many previous PCE techniques.

According to (Oladyshkin and Nowak, 2012a), an orthogonal polynomial basis up to order d

can be constructively defined for any arbitrary probability measure, given that ω j has finite

statistical moments (e.g., mean, variance, skewness, etc) up to order 2d−1. The coefficients

p(k)i, j within the basis polynomial in Eq. (11.3) can be defined from the following matrix
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equation: 
µ0, j µ1, j . . . µk, j

µ1, j µ2, j . . . µk+1, j

. . . . . . . . . . . .

µk−1, j µk, j . . . µ2k−1, j

0 0 . . . 1





p(k)0, j

p(k)1, j

. . .

p(k)k−1, j

p(k)k, j


=


0

0

. . .

0

1

 . (11.4)

Here, µi, j are the ith non-central (raw) statistical moments of the random variable ω j. It

becomes evident from Eq. (11.4) that statistical moments are the only form of information

required on the input distributions. Other possible contribution methods are discussed in

(Ghanem and Doostan, 2006; Soize and Ghanem, 2004; Witteveen and Bijl, 2006; Witteveen

et al., 2007). If the matrix in equation (11.4) has a poor condition for high-order expansions,

adequate problem scaling will be helpful.

The above orthogonal polynomial basis can be used directly for analysis. However, a nor-

malized basis has further useful properties and can be obtained as:

P̂(k)
j =

P(k)
j∥∥∥P(k)
j

∥∥∥ ,
∥∥∥P(k)

j

∥∥∥2
=

ˆ
ω j∈Λ

[
P(k)

j (ω)
]2

dΓ(ω j), (11.5)

where ∥Pk
j ∥ is the normalizing constant of the polynomial Pk

j for space of events Λ (where

ω j ∈ Λ) with probability measure Γ. In practical applications of the aPC, the integration

in equation (11.5) is performed analytically based in the moments of ω up to order 2d,

which avoids (like equation 11.4) the necessity to know exactly the probability measure

(Oladyshkin and Nowak, 2012a).

To determine the unknown coefficients c j(x, t) of the expansion in equation (11.1), many dif-

ferent methods exist. We choose to apply the non-intrusive probabilistic collocation method

(PCM for short, see e.g. (Li and Zhang, 2007; Oladyshkin et al., 2011b)). Non-intrusive

methods do not require modifications in the system of governing equations. Thus, they re-

quire no corresponding changes in simulation codes, which is very valuable for modeling

complex flow or transport processes with commercially available software. The PCM is

based on a minimal and optimally chosen set of model evaluations, each with a defined set

of model parameters (called collocation points) that is related to the roots of the polynomial

basis via the optimal integration theory (Villadsen and Michelsen, 1978).

From the practical point of view, the computational costs of our framework are dominated by

the model calls required in construction of the surrogate model, i.e., by aPC combined with



180 Bayesian updating based on data-driven polynomial chaos

PCM. In the PCM technique, the number M of model evaluations is equal to the number M

of coefficients, which can be obtained from the following equation:

M = (N +d)!/(N!d!)−1. (11.6)

The order d of expansion is typically found as a compromise between the accuracy required

by the application, the number of parameters N included in the analysis, the computational

costs of individual model evaluations and the available computer power.

The challenge here is to find a compromise between computational effort and a reasonable

approximation of the physical processes. Sometimes, a much smaller number M can be

found by a sparse selection (Blatman and Sudret, 2010) of the relevant terms in equation

(11.1). Also, an initial sensitivity analysis can be applied to keep the number of analyzed

parameters and their respective degree of expansion at a low and efficient level (see, e.g.,

(Saltelli et al., 2008; Oladyshkin et al., 2011d)). Because the number M quickly increases

with the degree d of expansion when the number of parameters N is large, the framework is

most efficient for low-parametric systems. In order to translate these advantages to spatially

heterogeneous systems, a combination with the KL-expansion (e.g. (Li and Zhang, 2007))

to truncate the representation of spatial heterogeneity can be very useful.

11.2.2. Bootstrap filter

The aPC method in Section 11.2.1 reduces the original simulation model Ω(ω) to a response

surface (surrogate model) Ω̃(ω) that approximates the original model. Because the reduced

model is merely a polynomial and has exploitable properties due to the orthogonal basis,

it is vastly faster than the original one and offers a large playground for stochastic analysis

(Ghanem and Spanos, 1993; Wan and Karniadakis, 2006; Oladyshkin et al., 2011a), risk

assessment (Oladyshkin et al., 2011b; Walter et al., 2012) and global sensitivity analysis

(Sudret, 2008; Crestaux et al., 2009; Oladyshkin et al., 2011a). In this Section, we will apply

Bayesian updating (see e.g. (Smith and Gefland, 1992)) to match the surrogate model Ω̃(ω)

to available measurements in a data vector y of state variables or to other past or real-time

observations of system behavior. In this context, Bayes’ theorem is:

f (ω|y) = f (y|ω) f (ω)

f (y)
, (11.7)

where f (ω) is the joint prior probability density function (PDF) for the vector of model

parameters ω , f (y) is the prior probability of y used as normalization constant, f (y|ω) is
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the conditional PDF of y for given ω , i.e. the likelihood of the parameters, and f (ω |y) is the

conditional PDF of ω for given y, that we seek to approximate swiftly and accurately.

Under the common assumption that the measurement errors are independent and Gaussian,

i.e. y = Ω(ω)+ ε,ε ∼ N(0,R), the likelihood function becomes:

f (y|ω) ∝ exp
[
−0.5(y−Ω(ω))T R−1 (y−Ω(ω))

]
, (11.8)

where R is the diagonal (co)variance matrix of measurement errors. We will adapt this

assumption for the remainder of this study, although other arbitrary error models could be

considered as well.

The most direct numerical implementation of Bayes theorem (Eq. 11.7) is known as Boot-

strap filtering (e.g. (Smith and Gefland, 1992)). Formally, we draw a number Np of realiza-

tions of parameter vectors ωi from the prior PDF f (ω):

ω ∼ f (ω), i = 1,Np (11.9)

where Np is a sufficiently large number. The correction form f (ω) to f (ω|y) in equation

(11.7) is represented by assigning importance weights wi to each realization ωi:

wi =
f (y|ωi))

max( f (y|ωi))
. (11.10)

Then, realization ωi is accepted as a legitimate ensemble member of the posterior distri-

bution, if wi ≥ ui is fulfilled for a random number ui drawn from the uniform distribution

u(0,1). max( f (y|ωi)) is the largest individual values f (y|ωi) appearing across all realiza-

tions i = 1,Np. The convergence for a given value Np can be assessed, e.g, via weighted

Jackknife of Bootstraping techniques (Efron and Tibshirani, 2010; Leube et al., 2012b).

11.3. Scenario definition for history matching: the

problem of CO2 leakage

We will consider a relatively simple benchmark model to illustrate and thoroughly test the

concept presented in the current study. We use the benchmark leakage problem of injected

CO2 into overlying formations through a leaky well defined by Class et al. (Class et al., 2009)

as described in Section 11.3.1. Within our approach, the physical complexity of the problem

can be increased to an arbitrary extent because of the non-intrusive black-box conception
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of the proposed framework. How the approach scales with larger numbers of uncertain

parameters has already been discussed in Section 11.2.1. Statistical assumptions, generation

of the synthetic data sets and the test cases are defined in Section 11.3.2

11.3.1. Physical and numerical set-up of the CO2 leakage
problem

Figure 5.1 illustrates a 2D section of the 3D domain under consideration. The top of the

figure is not the ground surface, but the transition to yet another aquitard. CO2 is injected

into a deep aquifer, spreads within the aquifer and, upon reaching a leaky abandoned well,

rises to a shallower aquifer. CO2 is injected at a constant rate of 8.87 kg/s, which corresponds

to 1600m3/d at reservoir conditions. The leaky well is at the center of the domain and the

injection well is 100m away. Both aquifers are 30m thick and the separating aquitard has a

thickness of 100m. The initial conditions in the fully saturated domain include a hydrostatic

pressure distribution which is dependent on the brine density. The aquifers are initially filled

with brine. The initial pressure at the bottom of the domain (at 3000m depth) is 3.086×107

Pa.

The benchmark problem assumes that fluid properties such as density and viscosity are con-

stant, all processes are isothermal, CO2 and brine are two separate and immiscible phases,

mutual dissolution is neglected, the pressure conditions at the lateral boundaries are constant

over time, the formation is isotropic, rigid and chemically inert, and capillary pressure is

negligible. More details and modeling parameters can be found in (Class et al., 2009).

Mass balances of the two phases and the multiphase version of Darcy’s Law give the follow-

ing system of differential equations:

−ϕ
∂Sw

∂ t
−∇ ·

{
krw

µw
K · (∇p−ρwg)

}
−qw = 0,

ϕ
∂Sg

∂ t
−∇ ·

{
krg

µg
K · (∇p−ρgg)

}
−qg = 0,

(11.11)

which is constrained by the equation

Sw +Sg = 1. (11.12)

The subscripts w and g stand for the brine (water) phase, and the CO2-rich (gas) phase,

respectively. The primary variables in equation (11.11) are the gas-phase saturation Sg and
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pressure p. Sw is the brine-phase saturation. The relative permeabilities krw and krg are

secondary variables and linear functions of Sw and Sg, (krw = Sw = 1 − Sg; krg = Sg), g
is the gravity vector, K is the absolute permeability tensor, ϕ is porosity and qw, qg are

sources/sinks.

The CO2 leakage rate is defined in the benchmark study as the total CO2 mass flux integrated

over a horizontal control plane midway between the top and bottom aquifer, divided by

the injection rate, in percent. In the current study, the benchmark problem is simulated

using DuMuX, a multi-scale multi-physics toolbox for the simulation of flow and transport

processes in porous media (Flemisch et al., 2007). The goal of the simulation is to quantify

the leakage rate which depends on the pressure build-up in the aquifer due to injection, on

the proprieties of formation and the leakage well and on the plume evolution.

11.3.2. Set-up for the history matching task

In our study we will consider three uncertain parameters: reservoir absolute permeability,

reservoir porosity and permeability of the well. For simplicity, we feature here only a scalar

permeability, homogeneous within the entire reservoir. The prior assumptions on the param-

eters (see Section below) will be updated using our framework, such that model predictions

match a synthetic time series of pressure monitored daily at the top of the well (Figure 5.1)

during the 100 days of injection.

We assume prior distributions of the uncertain model parameters as illustrated in Figure

11.1. For reservoir permeability and porosity, these distributions are represented by raw

data sets taken from the U.S. National Petroleum Council Public Database (which includes
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Figure 11.1.: Prior distribution of model parameters: absolute permeability, porosity and

leakage well permeability.
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1270 reservoirs), see also (Kopp et al., 2009). For the well, we assume as expert knowledge

a log-normal PDF with the location parameter µ = −27.7 and the scale parameter σ =

0.4. The presented aPC-based framework does not have any restrictions on the shapes of

prior distributions, thus it can handle the statistical information provided here without further

modification.

As a specific example, the positivity of permeability and the (0,1) -boundedness of porosity

are directly enforced through their assigned probability distributions, without any additional

necessary action. In our test case, we use a third-order aPC expansion, because it demon-

strates the advantages of non-linear information and expert opinion processing over linear

methods (e.g., the entire family of Kalman filters). Typically, a third-order expansion has

the freedom to handle non-trivial and possibly non-monotonic behavior of model output.

However, a second-order analysis has been shown to be a reasonable approximation for aPC

applied to this benchmark problem in (Oladyshkin et al., 2011a). In general, the degree of

expansion can be chosen according to the specific needs and available computer resources

in any specific application, and it can also be increased adaptively during the matching pro-

cedure (see details in Section 11.5). We prefer here a third-order expansion, because most

parameter-state relations in the featured model are monotonic, and second-order polynomials

do not offer the possibility to approximate monotonic behavior over large parameter ranges.

To illustrate the proposed method, we will generate two reference simulations (Case1 and

Case 2), which provide synthetic reference time series of pressure data at the monitoring

well. In Case 1, the parameter values (Table 11.1) used in the reference simulation are

reasonably probable within the assumed prior distributions (see Figure 11.1). In contrast to

Case 1, Case 2 will use parameter reference values (see porosity in Table 11.1) in a pressure

response which is extremely improbable according to the prior. The resulting reference

pressure time series and how they compare to the prior distribution of pressure can be seen

in Figure 11.2 (Case 1) and Figure 11.8 (Case 2). Test Case 1 is treated in Section 11.4 and

Test Case 2 is treated in Section 11.5.

Reservoir absolute permeability Reservoir porosity Leaky well permeability

Case 1 1.43 ·10−13m2 0.023 [-] 1.09 ·10−12m2

Case 2 1.43 ·10−13m2 0.259 [-] 1.09 ·10−12m2

Table 11.1.: Reference values: Case1 and Case 2
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We will consider a random synthetic measurement error (i.e. standard deviation) of 1 bar.

Thus, in our case studies, the original model can never reproduce exactly the data, even when

the ”true” parameter set used in data generation is applied, which is typical in real-world ap-

plications. Please note that, due to the overdetermined and stochastic problem character, the

individual data points will not be matched precisely, but the solution will be a best com-

promise between prior information and a best fit of the physical model to the cloud of data

points.

11.4. Straightforward aPC-based bootstrap filtering

We will now apply the straightforward aPC-based BF described in Section 11.2 to Case 1

of the benchmark problem of CO2 leakage described in Section 11.3. That means, we will

perform history matching to the synthetic pressure data marked as squares in the right plot

of Figure 11.2. First, we construct a surrogate model by projecting the original model (Eq.

11.11) onto a polynomial response surface via the aPC at third order (see details in Section

11.2.1). Then, we apply the BF as described in Section 11.2.2. Figure 11.2 illustrates the

unmatched pressure histogram after 100 days of injection (left plot) and the correspondence

of predicted values (mean ± two standard deviations) to the synthetic observed values during

the first 100 days (right plot).

We draw a number of Np = 100.000 particles from the prior distributions. This number was

assured to be sufficiently large to yield stable posterior statistics upon filtering. Because the

data base we use for defining the prior distributions in not as large as 100.000 data sets,

we use a PDF estimation technique based on Kernel smoothing (see e.g. (Wand and Jones,

1994)) with minimal Kernel width to obtain Np = 100.000 particles. Then, the obtained

surrogate model is evaluated for each particle, and each particle is reweighed according to

its correspondence to observation values (see equations (11.7) and (11.8)).

At first, we are interested in the statistical distribution of the uncertain parameters and of the

pressure at the monitoring well before and after matching, in order to assess the accuracy of

the inversion. The resulting posterior distributions of model parameters are presented in Fig-

ure 11.3 and Figure 11.4 against the reference values. The quality of matching the pressure

data is shown as PDF in Figure 11.5. Figure 11.5 also shows how the quality of matching

can be improved when increasing the number of available observation values. Overall, we

observe very satisfactory and consistent results: increasing the degree of expansion helps to

better catch non-linearity of the original model and shows convergence of distribution peaks
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Figure 11.2.: Prior pressure at monitoring well: pressure histogram after 100 days of injec-

tion (upper plot) and correspondence to observation values during 100 days

(bottom plot), for Case 1

and mean values to reference values in Figure 11.3, as much as allowed by the data consid-

ered for history matching. The peaks of the posterior parameter PDFs in Figure 11.5 (for 3rd

order) and for the posterior pressure values in Figure 11.4 (also 3rd order) are close to the

reference values, with improved accuracy for an increasing number of considered data val-

ues. The posterior pressure PDF at the monitoring well converges to the noise-free reference

value. In Figure 11.5, the time-dependent posterior mean of pressure at the monitoring well

converges, already with just few data values, to a best-fit curve through the noisy data, al-

most coinciding completely with the nose-free reference curve. Finally, the noisy data points

fall into the 95% confidence interval of the posterior pressure distribution (see Figure 11.5),

indicating reasonable error bounds.
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Figure 11.3.: Posterior distribution of model parameters obtained by 1st , 2nd and 3rd de-

gree of expansion using 100 measurement values: absolute permeability (left),

porosity (center) and leakage well permeability (right) in Case 1
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Figure 11.4.: Posterior distribution of modeling data using 1, 5, 10 and 100 measurements

at 3rd order of expansion: absolute permeability, porosity and leakage well

permeability in Case 1

In addition, the multivariate posterior probability density function can be constructed from

the posterior ensemble for the model parameters, see the left plot in Figure 11.6. Here we

used the multivariate kernel density estimation based on FIGTree algorithm (Morariu et al.,

2008). The black point in the left plot of Figure 11.6 indicates the peak of the posterior

multivariate PDF. As a final convergence check, the original model has been simulated within

the corresponding parameter values. The root square error of the obtained pressure from the

reference is presented in the right plot of Figure 11.6. It shows an acceptable approximation

error that is small compared to the 95% confidence interval of the data noise (±2 bars for

95% confidence interval). It can be improved even further by adjustment of the response

surface in the domain of high posterior probability density, as it will be discussed in the next
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Figure 11.5.: Posterior pressure at monitoring well: pressure distribution after 100 days of

injection using 1, 5, 10 and 100 measurements (upper plot), and matching of

pressure (mean ± 2 · std) to all observation values during all 100 days (bottom

plot) for Case 1. All results obtained at 3rd order.

Section.

Once the virtual model is matched to observation values, the forecast of storage behavior

can be investigated. Diverse physical quantities, such as saturation, pressure distribution

within the overall domain and the CO2 leakage rate can be predicted. We will illustrate

the reservoir behavior after 1000 days by the cumulative probability function (CDF) of the

CO2 leakage rate, which is an integrative and very important characteristic of the overall

benchmark problem for probabilistic risk assessment. The CDF represents the probability
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Figure 11.6.: Multivariate posterior probability density function based on 100 measurements

(left plot) and deviation of posterior peak PDF pressure from the reference

(right plot) for Case 1. The large values for probability density on the color

scale in the left plot are caused by the small magnitudes of permeability

that the CO2 leakage after 1000 days is less than or equal to a particular value. Figure 11.7

shows the corresponding prior and posterior CDFs. It also illustrates how the matching with

more and more data improves the prediction. This illustrates how the proposed framework

could be used within worth-of-data and information analysis (e.g., (Leube et al., 2012a;

Nowak et al., 2012))
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Figure 11.7.: Cumulative density function of CO2 leakage: prior and posterior prediction

after 1000 days injection using 1, 5, 10 and 100 measurements for Case 1
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In order to illustrate the efficiency of the presented history matching framework, we will

provide some details regarding the involved CPU time. Here we considered a simple Bench-

mark model which demands approximately 10 minutes of CPU time without paralleliza-

tion on a contemporary PC. To obtain the response surface (N = 3 and d = 3), we per-

formed 20 runs of the original Benchmark model, resulting in 200 min. overall simulation

time. One evaluation of the obtained response surface for history matching demands ap-

proximately 0.2 milliseconds. In this example, we used Np = 100.000 particles for Boot-

strap filtering. Hence, for the overall procedure of history matching, we used about 3.34

hours (20× 600sec.+ 100.000× 0.0002sec., i.e. it takes only about 20 sec. only to per-

form the actual Bayesian updating step) of CPU time. Alternatively, direct application of

Bootstrap filtering to the original Benchmark model would demand approximately 695 days

(100.000× 600sec.) of CPU time. It is evident that such direct application of Bootstrap

filtering (or similar methods) seems to be not feasible even when involving parallelization,

especially for realistic and complex models. Thus, the presented framework provides an

extremely efficient way for handling the task of history matching, with very accurate statis-

tical methods. Without the PCE-based response surface, nobody would ever even consider

applying an approach like Bootstrap filtering on this type of model.

11.5. Iterative aPC-based bootstrap filtering

In this Section, we will re-consider the problem of history matching for the case where the

true properties of the system are very far from the prior (Case 2 defined in Section 11.3.2,

see Figure 11.8). This is a very challenging problem for updating, because the assumed prior

distribution does not adequately cover the domain of interest in hindsight. Thus, the aPC-

based response surface used in BF is fitted to a distant and poorly chosen region within the

parameter space. That means, it represents an expansion around a point or distribution far

away from the region of interest, and hence cannot be expected to be accurate. Theoretically,

the approximation could be improved significantly using a higher degree of expansion, lead-

ing to a very high number of model evaluations. Unfortunately, this would ask for a very

high computational power, as can be seen from equation (11.6). As an alternative, we will

re-iterate the response surface, keeping it at third order.

We will initially perform the same steps as in Section 11.4, i.e. we will project the original

model (equation (11.11)) onto a response surface via aPC and then apply BF on the obtained

surrogate model. Let us denote this initial step as 0th iteration. The corresponding results are
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Figure 11.8.: Prior pressure at monitoring well: pressure histogram after 100 days of injec-

tion (upper plot) and correspondence to observation values during 100 days

(bottom plot) for Case 2

presented by green lines in Figure 11.9 for the posterior distribution of model parameters,

and for the updated pressure at the monitoring well in Figure 11.10.

We will improve this initial 0th prediction by applying an iterative approach. The idea we

will pursue here is to improve the response surface in the parameter domain where the re-

spective previous step indicated a high posterior probability density, because this is the al-

leged (best current guess for the) parameter region of interest. For that, in each iteration,

we will include new integration points for the projection onto the orthonormal basis. These

additional integration points for projection are located in the space of uncertain parameters,

where the current iterate of the posterior density is largest. For all new integration points,
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Figure 11.9.: Posterior distribution of modeling data: absolute permeability, porosity and

leakage well permeability

we will run the original model (equation (11.11)) to obtain the corresponding model outputs

Ω. Then we will perform a new projection of the model onto the orthonormal basis (see

Section 11.2.1) using all cumulatively available collocation points within the least-squares

collocation method (e.g.(Chen et al., 2009; Moritz, 1978)) instead of simple collocation. The

extension of the original probabilistic collocation method by least-squares collocation dur-

ing the iterations is very useful for complex applied tasks, because it keeps the black-box

property. Also, the initial PCM in the 0th iteration can be understood as the special case of

least-squares at the limit of a determined problem.

The residual of the least-squares collocation method in each integration point is not equal to

zero in comparison to the classical probabilistic collocation technique, where the residuals

are zero at all collocation points. However, it provides an integration rule which minimizes

the overall residuals (Liou and Lin, 1991) in all collocation points. In that way, we can

cumulatively incorporate all available (i.e original and additional) integration points. Thus,

the updated response surface contains more accurate information about the system behavior

in all alleged regions of interest. In practice, it is improved in the region where the pos-

terior distributions during iteration assign a strong weighting. This bears some conceptual

similarity to approaches like the shifted Hermite chaos (e.g., (Paffrath and Wever, 2007))

for evaluation of failure probabilities. The proposed iteration scheme can be very useful for

history matching because it can help to avoid the dangerous consequences of specifying a

misleading prior distribution. Our method does not change the meaning or importance of

such prior information in Bayesian updating, but merely protects the response surface from

being expanded in an inappropriate alleged region of interest.

In each iteration step, the number of new integration points can vary from 1 up to any desired
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number of such points. In our concept, the modeler can specify the order of local refinement

(0th, 1st , 2nd , etc.). According to that order, a new polynomial basis can be constructed using

the posterior distribution obtained from the previous iteration. Then, a new full tensor set of

optimal integration points can be computed from the respective roots of the new polynomial

basis, again based on the optimal integration theory (Villadsen and Michelsen, 1978).

Obviously, using the full tensor grid would be very costly, especially when the number of

parameters and the order of local refinement are high. To reduce the number of model eval-

uations, we suggest again using the principles behind the PCM method. This means to add

just a limited number of points from the suggested tensor grid, selected to cover the high

probability region of the current posterior. Thus, the modeler has some freedom to choose

the number of evaluations of the original model according to the available computational re-

sources. Evidently, a large number of additional integration points will lead to a more robust

projection in the region of the possible posterior. However, it is not guaranteed that a large

effort for local refinement will immediately lead to final results, because the refinement can

be placed poorly in the parameter space at early iteration steps. Thus, we suggest to use a

moderate number of new integration points in each iteration step.

Once the response surface is improved by adding new collocation points, the history match-

ing using Bootstrap filtering is applied again. This procedure is repeated until the matched

model matches the observation values with a desired precision, or until no significant changes

can be observed between the iterations any more. Overall, the iterative accumulation of col-

location points leads to an efficient estimation of the posterior distribution. This refinement

idea could also be extended to different methods which use response surfaces for inverse

modeling (e.g. EnKF or MCMC combined with PCE, etc.).

In Case study 2, we choose a 1st order refinement for 3 parameters, and add 4 highly probable

integration points out of the 8 available ones in each iteration step.The results of our iterations

are presented in Figures 11.9 and 11.10 by green, blue, brown and red lines for the 0th, 1st ,

3rd and 5th iteration, respectively. According to our observations, the posterior improves

quite fast (with only a few iterations). In our case study, we stopped at the 5th iteration,

because all posterior distributions were stabilized, i.e. the posterior distributions in the ith

iteration did not differ significantly from the posteriors in the (i−1)th iteration.

After matching the model via the iterative version of aPC-based Bootstrap filtering, we per-

form a forecast. As in Section 11.4, we predict the CDF of the CO2 leakage rate after 1000

days. The posterior CDF (after the 5th iteration) is significantly different from the prior CDF,

see Figure 11.11, and also differs strongly from the results after the 0th and 1st iterations.
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Figure 11.10.: Posterior pressure at monitoring well: pressure distribution after 100 days of

injection (upper plot) and corresponding matching of pressure (mean ± 2 ·
std) to observation values during 100 days (bottom plot).

The question how to optimize the overall projection in the iteration approach and, in more

general, under the changing probability measure from prior to posterior, is a more general and

wider challenge than what can be addressed within the scope of the study. Such a procedure

should find a balance between the number of iterations and the number of new integration

points per iteration. If the prior assumption is strong offset against the posterior, then the

computational effort for a very accurate expansion according to the prior distribution would

be spent almost in vain. To overcome this drawback, the iterative framework presented here

could first perform a cheap expansion using a low order. Then, using the flexibility of aPC,

one could construct expansions of higher orders during the iterations, as the knowledge on
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Figure 11.11.: Cumulative density function of CO2 leakage: prior and posterior prediction

during iterations after 1000 days.

the posterior improves and the increasing set of collocation points becomes more trustworthy

to provide an accurate high-order response surface in the current alleged posterior region.

Altogether, this poses significant challenges for future research.

11.6. Summary and conclusions

The present study deals with history matching of mathematical models to observation values.

We propose an advanced framework for history matching based on response surface attained

via the polynomial chaos expansion (PCE) and strict Bayesian principles. The reduced model

represented by the response surface captures the model’s dependence on textcolorblackits

three physically most relevant parameters. For constructing the response surface, we used

the aPC, a recent generalization of PCE theory, because it has very good convergence proper-

ties and tends to represent efficiently the underlying model according to the available statis-

tical information. The aPC allows accommodating for a wide range of prior distributions of

model parameters. The applied technique for projection onto the polynomial basis is totally

non-intrusive, i.e. it is black-box compatible with arbitrary commercial simulation codes.

Then, we perform Bayesian updating via Bootstrap filtering in order to match the obtained

reduced polynomial model to past or real-time observations of system behavior. Basically,

with Bootstrap filtering, we follow a direct implementation of Bayes theorem.

The combination of high-order expansion and Bootstrap filtering accounts for the non-
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linearity of both the forward model and of the inversion. It takes into consideration higher-

order statistical moments in comparison to (Ensemble) Kalman Filters. Hence, our method

is more accurate than linearized inversion rules or related second-order moment approaches

based on implicit lineralizations or on multi-Gaussian assumptions. The usually high com-

putational costs of accurate filtering become very feasible in our suggested method by com-

bining it with a response surface framework. Thanks to the computational efficiency of the

aPC, Bayesian updating for history matching becomes an interactive task and could even be

applied to real-time problems with complex large-scale real-world models in future works.

textcolorblack The key contribution of our approach is that the response surface can be pre-

pared in expansive off-line computation, but can served for Bayesian updating to new in-

coming data withing seconds.

The efficiency and power of Bayesian updating strongly depends on the accuracy of prior

information. In our aPC-based methodology, the model parameter distributions can be deter-

mined from arbitrary available information (modeler’s experience, expert opinion, general

prior information or field data) and reflects the uncertainty or expected range of variation of

input parameters. The polynomial basis of the aPC is able to adapt to arbitrary shapes of

these parameter distributions. The presented methodology approximates the original model

best where the prior probability density of the parameters is highest. In the case where the

prior guess is highly inaccurate and strongly offset against the posterior, we suggest to use

an iterative procedure, which helps to overcome this drawback even with small costs. We

propose to account for the posterior on each iteration step and increase the precision of ex-

pansion around the current iterate of the posterior distribution.

A direct and straightforward application example of the proposed methodology is illustrated

using a CO2 benchmark problem. In this example, we found highly satisfying accuracy and

computational efficiency. However, our methodology is not restricted to this example, as

both the polynomial chaos expansion and Bootstrap filtering require no specific properties

for the forward model or the inversion task. The only restriction is that the forward model

has to be approximated well by the aPC.



Part IV.

Application to storage of energy
relevant gases in geological

formations
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Modeling of environmental systems often demands such tasks as prediction of possible sce-

narios, design of planned engineering actions, estimation of risks, calibration of the model

using available data etc. The common core of all tasks is multi-query evaluation of the un-

derlying model with varying modeling parameters. Regardless of that, the overall modeling

procedure should be performed within an acceptable time frame. Moreover, the modeling

process in the field of environmental engineering is a chain of many tasks. Like any chain,

it is only as strong as its weakest link. Estimation of uncertainty is part of the chain and

underestimation of its influence can weaken that link immensely. Chapter 5 has illustrated

that sources of modeling error can have different nature and their impact can be relevant

for the overall modeling procedure. Thus, an adequate combination of a reliable physical

model with advanced stochastic tools offers a powerful base for the forecasting of environ-

mental behaviors. The current Part IV contains applications of model reduction technique to

problems of energy relevant gas storages in geological formations.

Many environmental projects should be designed the way that even improbable dangers stay

below acceptable risk levels. Chapter 12 discusses an integrative approach to robust design

under uncertainty and probabilistic risk assessment for CO2 storage in geological forma-

tions. It shows, that the probability of failure and negative impacts is an interplay between

controllable engineering aspects and uncertain aspects of the system. Chapter 13 deals with

assessment of pressure increasing in the storage which might result in caprock failure or

brine displacement. Namely, Chapter 13 presents a study on the influence of the dimension

of the high permeable channel and the permeability on pressure evolution in a sand channel

system during carbon dioxide injection.

It is well known that quantification of uncertainty in underground systems requires assump-

tion on the probability distributions of all model parameters, which posing a huge demand on

data availability or requiring highly subjective assumptions on distribution shapes. Chapter

14 presents a minimally subjective approach for uncertainty quantification, based on a new

and purely data-driven version of polynomial chaos expansion. However, analysis of uncer-

tainty requires consideration of different kinds of uncertainties associated with the applied

models. Chapter 15 distinguishes between scenario and statistical uncertainty. In particular,

Chapter 15 estimates the risk of brine discharge into freshwater aquifers due to CO2 injection

into geological formations. A realistic large-scale problem of CO2 storage is investigated in

Chapter 16, which makes use of global sensitivity analysis and risk assessment based on

chaos expansion framework. The influence of uncertain parameters that control the struc-

tural heterogeneities, such as barriers, aggradation angle, fault transmissibility and aquifer

external support, have been analyzed in this study.



12. Robust design and probabilistic
risk assessment for CO2 storage

Bibliographic Note: The content of this chapter is based on the following original article:

Oladyshkin S., Class H., Helmig R. and Nowak W. An integrative approach to robust design

and probabilistic risk assessment for CO2 storage in geological formations. Computational

Geosciences, Springer, V.15, N. 3, P. 565-577, 2011.

CO2 storage in geological formations is currently being discussed intensively as a technol-

ogy with a high potential for mitigating CO2 emissions. However, any large-scale applica-

tion requires a thorough analysis of the potential risks. Current numerical simulation models

are too expensive for probabalistic risk analysis or stochastic approaches based on a brute-

force approach of repeated simulation. Even single deterministic simulations may require

parallel high-performance computing. The multiphase flow processes involved are too non-

linear for quasi-linear error propagation and other simplified stochastic tools. As an alterna-

tive approach, we propose a massive stochastic model reduction based on the probabilistic

collocation method. The model response is projected onto a higher-order orthogonal basis

of polynomials to approximate dependence on uncertain parameters (porosity, permeability

etc.) and design parameters (injection rate, depth etc.). This allows for a non-linear propaga-

tion of model uncertainty affecting the predicted risk, ensures fast computation and provides

a powerful tool for combining design variables and uncertain variables into one approach

based on an integrative response surface. Thus, the design task of finding optimal injection

regimes explicitly includes uncertainty, which leads to robust designs with a minimum fail-

ure probability. We validate our proposed stochastic approach by Monte Carlo simulation

using a common 3D benchmark problem. A reasonable compromise between computational

efforts and precision was reached already with second-order polynomials. In our case study,

the proposed approach yields a significant computational speed-up by a factor of 100 com-

pared with the Monte Carlo evaluation. We demonstrate that, due to the non-linearity of

the flow and transport processes during CO2 injection, including uncertainty in the analysis
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leads to a systematic and significant shift of the predicted leakage rates towards higher val-

ues compared with deterministic simulations, affecting both risk estimates and the design of

injection scenarios.

12.1. Introduction

12.1.1. Modeling carbon dioxide storage in geological
formations

It is highly likely that carbon dioxide (CO2) emissions are influencing the global climate

(IPCC, 2005). Carbon capture and storage (CCS) has been proposed as an interim tech-

nology to reduce CO2 emissions. This technology comprises capturing CO2 at industrial

facilities, compressing it into a fluid or supercritical state and disposing of it in deep under-

ground formations. Before the technology can be implemented on a scale that can become

relevant for the climate, the risks of injecting CO2 into the subsurface need to be analyzed

thoroughly. Examples of these risks are CO2 leaking back to the atmosphere or into drinking-

water aquifers, overpressures in the formations etc.

In recent years, a great deal of research was directed towards understanding the physical pro-

cesses in CO2 storage. In order to describe the space-time evolution of the CO2 plume and the

influence of potentially leaky wells, (semi-)analytical solutions were derived by Nordbotten

et al. (Nordbotten et al., 2005a, 2009). A comparison study of various simplifying semi-

analytical models with complex numerical models was discussed by Ebigbo et al. (Ebigbo

et al., 2007). The analysis in (Birkholzer et al., 2009) focused on the effects of large-scale

CO2 leakage through low-permeability layers. Various optimization strategies for character-

izing surface leakage using near-surface measurement approaches were developed in (Cortis

et al., 2008). It is evident that multiphysical and multiphase non-linear models for describ-

ing CO2 flow became extremely complex due to the instability of the flow, phase transitions,

geological-formation properties, chemical effects etc. Thus, a current question to be ad-

dressed by research is how many different effects and processes need to be included in the

analysis. Kopp et al. (Kopp et al., 2009) performed a sensitivity analysis of different param-

eters and forces, including the effects of reservoir parameters such as depth, temperature,

absolute and relative permeability, as well as capillary effects. Recently, Class et al. (Class

et al., 2009) published a benchmark study, comparing a number of mathematical and numer-

ical models with different complecity applied to specific 3D problems on the reservoir scale



12.1 Introduction 201

in the context of simulating processes during CO2 injection in geological formations on a

time scale up to 50 years.

12.1.2. Options for uncertainty analysis

Modeling underground CO2 storage involves many conceptual and quantitative uncertain-

ties (Hansson and Bryngelsson, 2009a). The lack of information about distributed properties

leads to model uncertainties up to a level where the quantification of uncertainties becomes

the dominant question in application tasks and may override the influence of secondary phys-

ical processes. In the development of CO2 injection as a large-scale interim solution, our abil-

ity to quantify its uncertainties and risks will play a key role. Unfortunately, only sensitivity

analyses (Birkholzer et al., 2009), (Kopp et al., 2009) and no probabilistic risk assessment

for CCS has been applied up to the present. Fault-tree analyses have been used to identify

risks through different factors (Wildenborg et al., 2005), but have not yielded quantitative

risk information.

The multiphase flow and transport processes involved are strongly non-linear, including

phase changes about the supercritical state and effects such as gravity-induced fingering,

convective mixing etc. This eliminates quasi-linear and other simplified stochastic tools

from the list of reliable options. Current numerical simulation models are inadequate for

stochastic simulation techniques based on brute-force Monte Carlo simulation and related

approaches (e.g. (Maltz and Hitzl, 1979)), because even single deterministic simulations

may require parallel high-performance computing. Thus, the necessity for reasonably fast

and non-linear stochastic approaches for modeling CO2 sequestration poses a research task

that needs to be investigated as soon as possible. In the current study, we suggest and apply a

massive stochastic model reduction technique based on non-intrusive polynomial expansion,

as explained below.

A large number of studies for diverse applications are based on the polynomial chaos expan-

sion introduced by Wiener (Wiener, 1938). The chaos expansion offers an efficient accurate

high-order way of including non-linear effects in stochastic analysis. The chances and limi-

tations of polynomial chaos expansion techniques were discussed in (Augustin et al., 2008).

This technique can mainly be sub-divided into intrusive and non-intrusive approaches. The

intrusive approach requires manipulation of the governing equations and can often provide

semi-analytical tools for stochastic analysis. The best-known method from this group is the

stochastic Galerkin technique, which has been applied in studies like (Xiu and Karniadakis,
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2003) for modeling uncertainties in flow simulations. However, because the necessary sym-

bolic manipulations of the model equations may become very complex, non-intrusive ap-

proaches like the probabilistic collocation method (Isukapalli et al., 1998), (Li and Zhang,

2007) have been receiving increasing attention. The non-probabilistic collocation method

was developed by Villadsen and Michelsen (Villadsen and Michelsen, 1978) and has become

more popular in recent years for different stochastic applications, for example (Huang et al.,

2007), (Foo and Karniadakis, 2010), (Shi et al., 2009), (Lin and Tartakovsky, 2009). Reviews

of the mathematical theory of the aforementioned methods, focusing on their strengths and

limitations, are presented in (Jakeman and Roberts, 2008). In the current chapter, the non-

intrusive probabilistic collocation technique will be considered.

12.1.3. Purpose of the work

This chapter has two principal purposes. The first is to develop a reasonably accurate prob-

abilistic risk-assessment method at acceptable computational costs. The challenge here is

to find a compromise between computational effort and a reasonable approximation of the

physical processes. To this end, we apply for the first time the probabilistic collocation

method to the problem of CO2 sequestration, obtaining an accurate high-order tool for prob-

abilistic risk assessment. The second purpose is to develop a tool for the optimal design

of CO2 injection regimes. To this end, we present a novel framework, which projects all

design parameters and uncertain parameters onto a single integrative response surface. This

integrates the design task into the stochastic model, as presented in section 12.2, allowing

us to find robust designs with controlled failure risks. We also draw attention to the possi-

ble significant impacts of incorporating uncertainty into risk predictions and design tasks, in

comparison to deterministic modeling approaches (section 12.3.4).

12.1.4. Approach

The current work provides a massive stochastic model reduction via the polynomial chaos

expansion, as presented in section 12.2.3. We employ the collocation method (section 12.2.4)

to project the model response surface onto the polynomial chaos. This technique allows

for non-linear propagation of uncertainties in the risk analysis at low computational costs.

Our variables of interest (see section 12.3.2) include uncertain parameters such as porosity,

permeability etc., and a list of design parameters (injection rate, depth etc.).
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We validate our proposed approach by Monte Carlo simulation in section 12.3.3, using a

small version of the 3D benchmark study defined by Class et al. (Class et al., 2009). Further,

we apply the integrative probabilistic collocation method to the optimal design of a CO2

injection regime based on the same scenario.

12.2. The integrative probabilistic collocation method

12.2.1. Stochastic response surface methods

Stochastic response surface methods (Isukapalli et al., 1998) deal with the characterization

of uncertainties in systems describing the dependence of model output on the uncertain input

parameters. In the case of CO2 storage, the uncertainty input parameters are porosity, perme-

ability etc. This uncertainty has a non-trivial influence on the model output, like the spatial

distribution of pressure, gas saturation, amount of CO2 leakage etc. In the present chapter,

we construct the stochastic response surface in a closed polynomial form. Obviously, a re-

sponse surface can be constructed in different ways, e.g. can be constructed directly on dense

Cartesian grid of input parameters with a much higher computational efforts. In that way,

the response surface methodology has been applied, e.g., to design an experiment for CO2

miscibility behavior in (Ghomian et al., 2008). In the current chapter we also would like

to explore methodology which demands minimum number of model evaluation to construct

response surface (see section 12.2.3).

12.2.2. Novel integrative concept for analysis

Integrative modeling tasks We classify model parameters in two classes: design or

control parameters that can be chosen by the operator of a system, and uncertain parameters

that describe our (incomplete) knowledge of the system properties. In the CO2 injection

problem, the latter include, for example, permeability, porosity etc. On the other hand, the

system’s performance and failure probability will also depend on design parameters such as

the injection rate or depth. Evidently, the decision-making for design parameters will depend

on the interplay between the response to injection strategy, system uncertainty and, finally,

the probability of failure.
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Integrative response surface In the present chapter, we introduce an integrative con-

cept, in which all parameters group into one integrative, transparent and efficient structure.

Actually, we project all design and uncertain parameters onto a single integrative model re-

sponse surface. It is a multidimensional surface and contains the integral information about

the system behavior under all possible conditions at all points in space and time. Thus, we

expand the notion of stochastic response surfaces introduced in (Isukapalli et al., 1998) to

integrative response surfaces forming an effective basis for robust design under uncertainty.

12.2.3. Polynomial chaos expansion

Multivariable input Let us introduce a formal model Ω = f (ω). We investigate the

influence of uncertain and design parameters ω on the model output Ω (integrative response

surface approach). This means that our considered model has a multivariable input ω:

ω1, ...,ωNU ,ωNU+1, ...ωNU+ND (12.1)

where NU is the number of uncertain parameters and ND is the number of design parameters.

The total number of input parameters is N = NU +ND.

Chaos expansion According to (Wiener, 1938), the model output Ω can be represented

by the polynomial chaos expansion (PCE):

Ω(ω) = α0+
N

∑
i=1

αiH1(ωi)

+
N

∑
i=1

i

∑
j=1

αi jH2(ωi,ω j)

+
N

∑
i=1

i

∑
j=1

j

∑
k=1

αi jkH3(ωi,ω j,ωk)

+ ... (12.2)

where {H1,H2,H3, ...} form an orthogonal polynomial basis for ω and the coefficients α
quantify the dependence of the model output Ω on the input parameters ω .

Hermite polynomials basis In this chapter, we project the stochastic model response

surface onto the orthogonal basis of Hermite polynomials defined by:

Hd(ωi1 , ...,ωid) = (−1)de
1
2 ωT ω ∂ d

∂ωi1 ...∂ωid

[
e

1
2 ωT ω

]
(12.3)
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where d is the polynomial degree. Hermite polynomials are an optimal basis for normally

distributed variables. Obviously, the distribution of physical parameters cannot always be

assumed to be normal. Thus, we apply a transformation Θ from physical space ωPh to

normal space ω :

ω = Θ(ωPh) (12.4)

where ωPh = {ωPh
1 ,ωPh

2 , ...,ωPh
N }T consists of non-Gaussian distributed physical parameters.

As an alternative approach, the polynomial basis could be chosen from the Askey scheme

for selected non-Gaussian distributions (Askey and Wilson, 1985) or from other generalized

options (Xiu and Karniadakis, 2003).

Weighting function Even little information about reality can help to construct proba-

bility density functions of uncertain parameters, for example a log-normal distribution of

permeability or empirical correlations between porosity and permeability. In other cases, the

methods of maximum entropy (Jaynes, 1982) and minimum relative entropy (Woodbury and

Ulrych, 1993) can be used to construct a probability distribution from sparse information. Of

course design parameters do not have probabilistic distributions, but suitable weighting func-

tions for such parameters can be described by user-defined feasibility functions that select

the feasible range or preferences of the designing engineer concerning the values of design

parameters. Feasibility functions provide a freedom for scenario analysis and can be used as

an entry point for monetary punishment terms.

Space-time dependent expansion We consider a system which is space-distributed

and time-dependent, with model output Ω(X ,ω), where the vector X consists of three space

coordinates and time X = {x,y,z, t}. Hence, the coefficients α in expansion (12.2) are deter-

mined for each point in space and time. In the case of CO2 sequestration (see illustrations

in section 12.3), the output Ω corresponds to CO2 saturations, pressures in the reservoir,

or, foe example, total CO2 leakage to the surface. Here, saturation and pressure are three-

dimensional and time-dependent, whereas total CO2 leakage is just time-dependent.

In practice, only a finite number of terms in the expansion (12.2) is considered, leading to:

Ω(X ,ω) =
P

∑
j=1

c j(X)Ψ j(ω) (12.5)

where the coefficients c j(X) are deterministic space- and time-dependent functions, and

Ψ j(ω) is a simplified notation of the multi-dimensional cross-terms in equation (12.2). The
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number of terms P in expansion (12.5) depends on the total number of input parameters N

and the order d of the expansion, according to the following combinatory formula:

P =
(N +d)!

N!d!
(12.6)

12.2.4. Collocation method

The remaining task is to evaluate the yet unknown coefficients ci(X) in expansion (12.5). The

goal of diverse methods is to determine ci(X) from the point of view of weighted-residual

minimization or projection. In this chapter, we use the collocation method.

Non-intrusive collocation method Various intrusive or non-intrusive techniques can

be used to find the polynomial coefficients of this expansion. We apply the non-intrusive

probabilistic collocation method (PCM) to find the coefficients, because it does not impose

rearrangement, modification or simplification on the initial flow model. The basic idea of

collocation was described in the book (Villadsen and Michelsen, 1978) by Villadsen and

Michelsen in 1978 as a solution of deterministic differential equations by polynomial ap-

proximation as an alternative to the popular and effective perturbation method. In 1996,

the collocation method was applied to the uncertainty analysis of a simple ocean model by

Webster (Webster et al., 1996). During the same period, the collocation method was applied

for probabilistic analysis to environmental and biological systems (Isukapalli et al., 1998),

although it was not a popular tool for stochastic modeling at that time. Only in the last few

years has the use of collocation methods increased in probabilistic analysis, especially where

model complexity is very high with pronounced non-linearity. The uncertainty of steady-

state single-phase flow in random porous media was analyzed in (Li and Zhang, 2007) by

a combination of the Karhunen-Loeve expansion and the probabilistic collocation method

(PCM). The method was later extended for the non-stationary formulation of non-linear flow

in heterogeneous unconfined aquifers (Shi et al., 2009). Recently, (Lin and Tartakovsky,

2009) demonstrated that PCM on sparse grids can efficiently simulate solute transport in

randomly heterogeneous porous media with large variances. In (Huang et al., 2007), PCM

was applied to general random field problems. The multi-element PCM was tested by Foo et

al. (Foo and Karniadakis, 2010) on a stochastic diffusion problem with various random input

distributions, and the authors showed that the PCM error for estimating mean and variance

is two orders of magnitude lower than the error obtained with Monte Carlo using the same

number of model evaluations.
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Figure 12.1.: Computational costs. Number of terms and model evaluations in polynomial

chaos expansion of different orders

Collocation approach The main idea of the collocation method (Villadsen and

Michelsen, 1978) consists of matching the unknown coefficients ci to model outputs Ωi eval-

uated with different parameters sets ω i. The distinctive feature of non-intrusive approaches

such as PCM is that any simulation model can be considered a “black-box”, i.e. commercial

software can be used without any modifications required.

Collocation formulation A given N-dimensional set of parameters ω i is called a collo-

cation point in the multi-dimensional parameter space. The number of collocation points ω i

is equal to the number P of unknown coefficients ci in the formulated chaos expansion (12.5),

requiring P model evaluations in total (Figure 12.1). This leads to the following system of

linear equations:

MΨ(ω)Vc(X) =VΩ(X) (12.7)

where Vc is the P× 1 vector of unknown coefficients ci, the P× 1 vector VΩ contains the

model output Ωi(ω i) for each collocation point ω i, and the P×P matrix MΨ contains the P

Hermite polynomials H j(ω i) evaluated at the P collocation points. The vectors Vc(X) and

VΩ(X) are space- and time-dependent, whereas the matrix MΨ(ω) does not depend on space

and time and can be generated once for the given expansion degree and parameter number.

Selection of collocation points The solution Vc(X) of system (12.7) depends on

the selection of collocation points. According to Villadsen and Michelsen (Villadsen and
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Michelsen, 1978), the optimal choice of collocation points corresponds to the roots of the

polynomial of one degree higher than the order used in the chaos expansion. The resulting

polynomial surface is exact at the collocation points, and is a polynomial inter - or extrapo-

lation within and outside the domain with collocation points, respectively. The collocation

method provides the same results as Galerkin projections for the case of one input parame-

ter, and hence is regarded as an optimal method (Villadsen and Michelsen, 1978). For the

multi-dimensional case, the number of available points is larger than the necessary number

of collocation points.

There are two principal strategies for selecting collocation points: totally random and selec-

tion based on the distribution of the input parameters. Theoretically, any choice of colloca-

tion points from the available roots should give adequate estimates of the polynomial chaos

expansion coefficients (Isukapalli et al., 1998). However, different combinations of colloca-

tion points will provide different estimates of the probability density function of the model

output. In this work, we use the second option. We focus on the best estimation of the mean

stochastic characteristics, and therefore select the collocation points from the most probable

regions of the input parameters’ distribution (Li and Zhang, 2007).

Post-processing computations Once the coefficients have been obtained, the initial

model can be represented by the polynomials in equation (12.5). This means that the com-

putational cost for evaluating diverse statistical quantities is now very low. The mean value

of model output can be obtained directly via:

µΩ(X) = c1(X) (12.8)

This means that each model output Ω(X) has its own coefficients in space-time and coeffi-

cient c1(X) represents the mean value of that output Ω(X). The variance can be computed

from:

σ2
Ω(X) =

P

∑
i=2

c2
i (X)⟨Ψi(ω)⟩2 (12.9)

In order to evaluate more complex statistical quantities, Monte Carlo simulation can be per-

formed directly on the polynomial obtained. In this way, the probability density function

and cumulative distribution function of the model output can be computed easily. All out-

put statistics depend on the design parameters, and can be evaluated from the integrative

response surface at low computational costs for any desired values of the design parameters.
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12.3. Case study: Robust design and risk

assessment for CO2 storage

12.3.1. Benchmark description

We consider the benchmark leakage problem of injected CO2 into overlying formations

through a leaky well defined by Class et al. (Class et al., 2009). Figure 5.1 illustrates a 2D

section of the 3D domain under consideration. CO2 is injected into a deep aquifer, spreads

within the aquifer and, upon reaching a leaky well, rises up to a shallower aquifer. A quan-

tification of the leakage rate which depends on the pressure build-up in the aquifer due to

injection and on the plume evolution is the goal of the simulation. At the lateral boundaries,

constant boundary conditions are imposed. The leaky well is at the center of the domain and

the injection well is 100m away. Both aquifers are 30m thick and the separating aquitard

has a thickness of 100m. The leaky well is modeled as a porous medium with a higher

permeability than the formation.

The benchmark study used the following assumptions (Class et al., 2009): fluid properties

Parameter Value

CO2 density, ρg 479kg/m3

Brine density, ρw 1045kg/m3

CO2 viscosity, µg 3.950·10−5Pa s

Brine viscosity, µw 2.535·10−4Pa s

Aquifer permeability, KA 2·10−14m2

Aquifer thickness 30m

Aquitard thickness 100m

Leaky well permeability, KL 1·10−12m2

Porosity, ϕ 0.15

Leaky & injection well radius 0.15m

Injection rate 8.87kg/s (1600m3/d)

Distance between wells 100m

Dimensions of model domain 1000m×1000m×160m

Simulation time, t 1000days

Table 12.1.: Simulation parameters
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such as density and viscosity are constant; all processes are isothermal; CO2 and brine are

two separate and immiscible phases; mutual dissolution is neglected; the pressure conditions

at the lateral boundaries are constant over time; the formation is isotropic; capillary pressure

is negligible. The initial conditions in the domain include a hydrostatic pressure distribution

which is dependent on the brine density. The aquifers are initially filled with brine. The

initial pressure at the bottom of the domain (at 3000m depth) is 3.086×107 Pa. The lateral

boundary conditions are constant Dirichlet conditions and equal to the initial conditions. All

other boundaries are no-flow boundaries. CO2 is injected at a constant rate of 8.87 kg/s,

which corresponds to 1600m3/d. Simulation time is 1000 days. The relevant parameters

used for the simulation are given in Table 12.1.

Mass balances of the two phases and the multiphase version of Darcy’s law give the following

system of differential equations:

−ϕ
∂Sg

∂ t
−∇ ·

{
krw

µw
K · (∇p−ρwg)

}
−qw = 0

ϕ
∂Sg

∂ t
−∇ ·

{
krg

µg
K · (∇p−ρgg)

}
−qg = 0

(12.10)

which is constrained by the equation

Sw +Sg = 1. (12.11)

The subscripts w and g stand for the brine (water) phase and the CO2-rich (gas) phase re-

spectively. The primary variables in equation (12.10) are the gas-phase saturation Sg and

pressure p. Sw is the brine-phase saturation. The relative permeabilities krw and krg are sec-

ondary variables and linear functions of Sw and Sg, (krw = Sw = 1− Sg; krg = Sg), g is the

gravity vector, K is the absolute permeability tensor and qw, qg are sources/sinks.

The benchmark problem was simulated using the DuMuX simulator. DuMuX (Flemisch

et al., 2007) is a multi-scale multi-physics toolbox for the simulation of flow and transport

processes in porous media. Its main intention is to provide a framework for the easy and

efficient implementation of models for porous media flow problems, ranging from problem

formulation, selection of spatial and temporal discretisation schemes, as well as non-linear

solvers, to general concepts for model coupling.
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12.3.2. Description of case studies

Case studies 1 and 2 We consider two scenarios within the described benchmark: case

1, validation on a small test problem (section 12.3.3), and case 2, application to a large prob-

lem combined with the design task of finding an optimal injection regime (section 12.3.4).

The first case study focuses on the validation of the proposed collocation approach by Monte

Carlo simulation. With this in mind, we consider a small version of the benchmark prob-

lem where the simulation time is equal to 30 days, and the numerical grid is coarse (1183

nodes). This simplification is imposed by the expensive Monte Carlo approach. The second

case study demonstrates our integrative approach for robust design under uncertainty on the

original-size benchmark problem with a fine grid (65985 nodes) and a simulation time of up

to 1000 days.

Uncertain parameters Probability distribution function

Reservoir porosity, ϕ Log-normal distribution:

f (ϕ) =
1

ϕσ
√

2π
exp
[
− (ln(ϕ)−µ)2

2σ2

]
, ϕ > 0,

with µ =−1.8971, σ = 0.2

Reservoir permeability, KA Analytical permeability-porosity correlation
with beta distribution for error ε:

f (ϕ ,ε) = ξ1ϕ ξ2

[
1+ξ3 ∗

Γ(α +β )
Γ(α)+Γ(β )

(
ε
ξ3

)α−1(
1−
(

ε
ξ3

))β−1
]

,

with ξ1 = 4.0929×10−11, ξ2 = 3.6555, ξ3 =−2, α = 3, β = 3
and Γ is the Gamma function

Leaky well permeability, KL Log-normal distribution:

f (KL) =
1

KLσ
√

2KL
exp
[
− (ln(KL)−µ)2

2σ2

]
, KL > 0,

with µ =−27.6310, σ = 0.3679

Table 12.2.: Distribution of uncertain parameters

Design and control parameters Feasibility function

Injection rate, QCO2 f (QCO2) =
1

QCO2σ
√

2π
exp
[
−
(ln(QCO2)−µ)2

2σ2

]
, QCO2 > 0,

with µ = 2.1827, σ = 0.2

Size of the screening interval, Wz f (Wz) = ξ ∗ Γ(α +β )
Γ(α)+Γ(β )

(
Wz

ξ

)α−1(
1−
(

Wz

ξ

))β−1

,

with ξ = 30, α = 2, β = 2 and Γ is the Gamma function

Table 12.3.: Distribution of design and control parameters
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Uncertain and design parameters In both cases, we consider three uncertain param-

eters: reservoir absolute permeability, reservoir porosity and permeability of the leaky well.

Their distributions were considered around the corresponding benchmark values defined in

Table 12.1. The assumed probability distribution functions for the parameters, required for

the selection of the collocation points, are presented in Table 12.2. Actually, Table 12.2

contains mathematical functions fitted to observed distributions of the uncertain parameters.

The correlation between absolute permeability and porosity was reconstructed from the U.S.

National Petroleum Council Public Database (more than 1200 reservoirs), see also (Kopp

et al., 2009). For case 2, we also included two design parameters for describing the injection

strategy: the CO2 injection rate (fluctuating around 8.87 kg/s) and the size of the screening

interval (up to 30m). The choice of the design parameters in this study is only exemplary and

serves to demonstrate how engineering decision-making can be supported by the approach

presented here. Both the injection rate and the screening interval directly affect the ratio of

forces in the reservoir during the injection. The chosen feasibility functions of design and

control parameters are presented in Table 12.3. The choice of feasibility functions is arbi-

trary, and modelers have full freedom to introduce feasibility functions and to weight them

according to their personal experience or preferences. For example, we chose a beta distri-

bution for the size of the screening interval (see Table 12.3) with lower and upper bounds of

z=0[m] and z=30[m], respectively, reflecting the physical bounds of the reservoir.

Quantities of interest Our model outputs of interest are:

(a) Physical characteristics of flow: spatially distributed pressure and saturation as a function

of time and the CO2 leakage through the leaky well as a function of time. CO2 leakage rate

is defined in the benchmark study as the CO2 mass flux midway between the top and bottom

aquifer divided by the injection rate, in percent.

(b) Stochastic characteristics of flow: mean values, variance and cumulative distribution

function.

12.3.3. Case 1: Validation on a small test problem

First, we validate the PCM method against traditional Monte Carlo simulations. We per-

formed a Monte Carlo simulation with 1000 realizations and P simulations (see equation

12.6) for the collocation approach within the simplified benchmark problem. We repeated
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Figure 12.2.: 2D section plot (y=0[m]) for mean value of CO2 saturation

the comparison study for different degrees of chaos expansion, such as first order (4 sam-

ples), second order (10 samples), third order (20 samples) and fourth order (35 samples).

The strongest CO2 infiltration processes occur between the injection well and the leaky well.

Therefore, we show the mean values of CO2 saturation after 30 days in the 2D section for

y=0[m] (Figure 12.2), where leakage well is located at the position x=0[m]. The bottom

plot in Figure 12.2 illustrates the reference mean value which was calculated on the basis of

1000 Monte Carlo samples. The other four plots were obtained by the PCM with different

degrees of expansion. Evidently, the linear approximation is not adequate to represent the

non-linear behavior of multiphase flow. The second-order expansion shows high accuracy

at very low computational costs. The higher orders of chaos expansion show even better

accuracies (Figure 12.2), but the convergence is not uniform (see the third order), because of

a special property of the collocation method that will be discussed in section 12.3.5.

The most integrative characteristic of the overall process is the total leakage of CO2. Fig-

ure 12.3 and Figure 12.4 show the mean value and standard deviation of CO2 leakage rate

as functions of time, respectively. To compare a quantitative characteristic for probabilistic
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Figure 12.3.: Mean value of CO2 leakage rate
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Figure 12.4.: Standard deviation of CO2 leakage rate

risk assessment, we also computed the cumulative density function of CO2 leakage rate after

30 days (Figure 12.5). The cumulative density function represents the probability that the

random variable is less than or equal to a particular value. For example, the CO2 leakage

rate takes on a value less than 0.3% with a probability of about 80% (see Figure 12.5). In

addition, Figure 12.5 shows the value of the CO2 leakage rate obtained by the determinis-
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Figure 12.5.: Cumulative distribution function of CO2 leakage rate after 30 days

tic benchmark prediction. Such a deterministic computation does not take any uncertainty

into consideration, and hence cannot quantify a probabilistic risk. The difference between

deterministic and stochastic prediction increases with time (see details in section 12.3.4).

Because the collocation approach provides an efficient polynomial representation of the

model output, we were able to perform 100,000 Monte Carlo runs on the polynomial in

order to construct the cumulative distribution function in virtually no time. The great advan-

tage consists in constructing smooth cumulative distribution functions even in regions where

the probability density is very low and Monte Carlo becomes inaccurate (see Figure 12.5).

In summary, the PCM approach provides an effective tool for a probabilistic risk assess-

ment of CO2 storage; however, this risk assessment is still based on a priori knowledge of

probability distributions, in this case on the distribution of the parameters ϕ ,Ka,Kl . For our

purposes, the second degree of expansion turned out to be sufficiently accurate and can be

considered the cheapest reasonable approximation for non-linear transport processes in CO2

storage.

12.3.4. Case 2: Application to a large problem

We now consider the original-size benchmark problem and additionally include design pa-

rameters. Using the IPCM conception, we construct an integrative response surface (section
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Figure 12.6.: Distribution of CO2 in the reservoir after 100 days

12.2.2) of the model output in the combined 5D parametrical space (ϕ ,KA, KL, QCO2 ,Wz )

and 4D physical space (X,Y,Z,t).

Figure 12.6 illustrates the saturation of CO2 after 100 days obtained by 2nd order IPCM, av-

eraged over the three uncertain parameters, and evaluated at the original benchmark values

of the design parameters. Figure 12.7 shows the dynamics of the cumulative distribution

function of caprock pressure (100, 500 and 1000 days). This provides quantitative informa-

tion about caprock pressure exceedance probabilities and can be directly used for predicting

critical behavior of the storage formation. In this case, the pressure in the reservoir and thus

also at the caprock decreases over time as a result of the boundary conditions in the problem

description, cf. (Ebigbo et al., 2007). For the same reason, the leakage rate also decreases

after an early peak which marks the arrival of the CO2 at the leaky well. The probability

of unacceptable CO2 leakage (Figure 12.8) can be explored to quantify the probability of

punishment actions when the CO2 leakage towards the surface exceeds acceptable limits.

All the above results had the values of design parameters fixed to their original values when

information was extracted from the integrative response surface. Figure 12.9 demonstrates

how the injection rate and screening interval influence the leakage rate of CO2. An important

advantage of IPCM is that parameter uncertainty is easily included in such predictions. The

top surface in Figure 12.9 is the CO2 leakage rate expected after 100 days as a function

of the design parameters, averaged over the uncertain parameters. The bottom surface in

Figure 12.9 is the CO2 leakage rate using the expected values of the uncertain parameters
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Figure 12.7.: Cumulative distribution function of caprock pressure after 100, 500 and 1000

days

Figure 12.8.: Time dynamics for the cumulative distribution function of CO2 leakage rate

(see Table 12.1), i.e. as in deterministic simulations. It is easy to see that the impact can

be extremely important for non-linear systems (here, a factor of about two), especially in

long-term simulations.
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Figure 12.9.: Influence of design parameters on prediction of CO2 leakage rate after 1000

days: top surface - expected CO2 leakage rate (average over uncertain param-

eters); bottom surface - CO2 leakage rate evaluated pseudo-deterministically

with expected values of parameters

In a similar fashion, the dependence of the leakage probability or any other statistical char-

acteristics on design parameters can be evaluated, so that the injection regime can be chosen

according to a maximum allowable failure probability. Figure 12.10 illustrates the choice of

design parameters based on the caprock pressure after 1000 days. In this test case, a critical

caprock pressure equal to 330 bar was chosen at a significance level of 5%, i.e. the maximal

acceptable probability of failure is set to 0.05 (solid black line on surface). Figure 12.10

demonstrates acceptable strategies of injection where the caprock pressure does not exceed

the limit of 330 bar, which corresponds to an injection-induced pressure build-up of about

40 bar.

In this way, the proposed approach provides a constructive solution to the problem of robust

design under uncertainty and provides valuable support for risk-informed decision making.

12.3.5. Discussion

The simulation of complex large-scale systems, such as multiphase flow problems in under-

ground reservoirs, is limited by computational power. This leads to simplifications of models

on different levels, such as coarse numerical schemes, neglecting uncertainty, simplifying
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Figure 12.10.: Choice of design parameters based on caprock pressure after 1000 days: crit-

ical pressure 330 bar at a significance level of 5 %

or neglecting physical processes etc., especially for large-scale simulations. The greatest

challenge to modeling consists of finding a healthy and reasonable compromise between an

accurate system representation and computational efforts. In section 12.3.4, we showed that

neglecting uncertainty can be a strong simplification for modeling CO2 sequestration, and

the consequences can be stronger than when neglecting several physical phenomena (e.g.

phase transition, convective mixing, capillary forces etc.).

The underlying idea of the work presented here relies on the application of the polynomial

expansion even to discontinuous functions such as CO2 saturation. In fact, this causes a

smoothing of the saturation front in parametrical space. However, it conserves the disconti-

nuity of physical processes in space and time. This leads to a reasonably accurate approxima-

tion even for discontinuous variables such as saturation, but offers a field of future research

to find discontinuous expansion bases.

From the practical point of view, the computational costs of IPCM are proportional to the

number of terms in the chaos expansion multiplied by the time of a single simulation run.

In section 12.3, we presented two small-scale examples, where the computational time for

single simulation runs was about 1 hour and 20 hours for the coarse (section 12.3.3) and the

fine (section 12.3.4) model, respectively. Large-scale models can be feasible as well, because
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of the evident potential for trivial parallelization (see section 12.2) and because of possible

incorporation with readily developed high-performance computing codes for simulating the

system (see (Class et al., 2009), (Flemisch et al., 2007), (Bastian et al., 2008), (Lacroix et al.,

2001)). The total number of model evaluations depends on the desired degree of expansion

and the number of considered parameters (see section 12.2). Theoretically, there is no limita-

tion to the maximum number of parameters, however, in reality, the number of parameters is

limited by the number of model evaluations according to the available computational power.

The presented methodology has strong advantages over Monte Carlo, when the number of

parameters remains below approximately 100 (see e.g. (Xiu and Karniadakis, 2003), (Li and

Zhang, 2007)). The fastest estimation could be computed using a linear approach; however,

the precision of such linearization for non-linear flow is not acceptable. On the other hand,

too high degrees of expansion (here: more than 4th order) quickly become too expensive,

and cannot be considered a realistic alternative to Monte Carlo approaches for large num-

bers of parameters. Thus, we see the compromise between reasonable precision and fast

computation using the 2nd , 3rd and 4th orders. However, the 3rd order of expansion showed

greater inaccuracy than the 2nd order. This is based on the fact that not one of the colloca-

tion points for 3rd order coincides with the central point of largest probability (zeroth root in

normal space), see also (Li and Zhang, 2007). Hence, no information about the most prob-

able region enters the statistical computations. This is a propriety of numerical integration

which is caused by the transformation from Gaussian space to physical space. To avoid this

problem, an advanced technique is proposed in (Oladyshkin et al., 2011a). As a reasonable

compromise, we recommend the second order as the cheapest, but still sufficiently accurate

approach for evaluating non-linear processes.

12.4. Conclusions

In this work, we provide a massive stochastic model reduction via the polynomial chaos ex-

pansion. We use the “black-box” collocation technique to project the space and time model

response surface onto a higher-order orthogonal basis of polynomials. This allows for the

non-linear propagation of parameters uncertainty affecting the predicted quantities, ensures

fast computation and provides a powerful tool for joining design variables and uncertain

variables into one approach based on an integrative response surface in the form of an ex-

plicit polynomial expression. This offers fast evaluation for statistical quantities and their

dependence on design or control parameters.
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We recommend the second order of polynomial expansion as a reasonable compromise be-

tween computational effort and accuracy. The proposed stochastic approach was validated

on the basis of Monte Carlo simulation using a common 3D benchmark problem. In this case

study, our proposed approach yielded a significant speed-up of 100: 1000 Benchmark runs

for the Monte Carlo evaluation were comparable in accuracy with 10 benchmark runs using

the probabilistic collocation method.

A specific novelty is that we project all the design parameters and uncertain parameters

onto one single integrative response surface. Based on this integrative concept, the design

task explicitly includes uncertainty, which leads to robust designs with minimum failure

probability. Thus, the integrative response surface provides a powerful tool for probabilistic

prediction and robust design of non-linear systems and provides valuable support for risk-

informed management decisions.

We demonstrated that neglecting parametric uncertainty constitutes a strong simplification

for modeling CO2 sequestration. Due to the non-linearity of CO2 infiltration, including

uncertainty leads to a systematic and significant shift of the predicted leakage rates (here

towards higher values), affecting both risk estimates and the design of injection scenarios.



13. Pressure assessment in a sand
channel system during CO2

injection

Bibliographic Note: The content of this chapter is based on the following original article:
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2011.

Risk assessment and feasibility studies based on numerical simulations are essential for a

realisation of large scale carbon capture and storage projects. The numerical simulation of

CO2 storage in deep saline aquifers, which is focused on in this study, is very demanding with

respect to computational costs. During CO2 injection it is important to observe the pressure

increase since it might result in caprock failure, reduction of storage capacity or brine dis-

placement. For many reservoir parameters like e.g. the permeability only few information

exists. More over the geological structure of the reservoir, e.g. the size and distribution

of high permeable sand channels is often not known in detail. To deal with the resulting

uncertainties the integrative probabilistic collocation method is applied to a channel system

scenario. The influence of the dimension of the high permeable channel and the permeabil-

ity on the pressure evolution is investigated in detail. Additionally, the maximum allowable

injection rate is predicted with the method.

13.1. Introduction

CO2 storage in saline aquifers is recently intensively investigated as one option to reduce

greenhouse gas emissions. One challenging task concerning this issue is the development

of methods for assessing the risks during CO2 injection and the post-injection phase. CO2
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leakage and brine displacement and infiltration into higher (drinking water) aquifers far away

from the injection site are the major risks, which need to be considered and minimized during

CO2 storage. The major problem for performing risk assessment is the uncertainty in many

reservoir parameters like permeability, porosity, heterogeneity, since there is often only few

information available for these parameters. To cover all these uncertainties numerous Monte

Carlo simulations would be required, which is very time consuming and causes high compu-

tational cost. The paper (Kopp et al., 2010) already presented a risk assessment method for

a leakage scenario, where a limited number of most relevant parameters was used and risk

was estimated by considering their range of variability. To reduce the computational cost we

use a massive stochastic model reduction based on the integrative probabilistic collocation

method, which was developed for CO2 storage in (Oladyshkin et al., 2011b). The idea behind

this method is simply to replace the full model by a response surface that is able to repre-

sent the model output (e.g. leakage, pressure) dependent on the chosen uncertain and design

parameters. The method is tested here on a simplified example for assessing the pressure

increase depending on different uncertain parameters. The pressure increase is important

to consider since too large pressures might lead to caprock failure near the injection well,

which might result in new leakage pathways. Far away from injection, the pressure increase

also has to be taken into account because it might influence the pressure in other storage

reservoirs and might reduce the overall storage capacity. Additionally, brine displacement

due to pressure increase has to be investigated since infiltration into higher (drinking) water

aquifers need to be avoided. In this scenario it is focused on the influence of the structure of

the reservoir therefore the permeability and the dimension of a high permeable sand channel

are varied.

13.2. Integrative probabilistic collocation method

The integrative probabilistic collocation method (IPCM) is described in detail in (Oladyshkin

et al., 2011b). Here we will only present the three main steps. The overall basis of this

method is the stochastic response surface approach, which consists of (1) the expression of

the uncertain input variables as standard distributed random variables, (2) the formulation

of a polynomial chaos expansion for the output variables and (3) the determination of the

coefficients in the expansion (see (Isukapalli et al., 1998)). In this work, we use the poly-

nomial chaos expansion with Hermite polynomials as a basis. To determine the unknown

coefficients (step 3) we apply the probabilistic collocation method. The resulting surface is
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called integrative response surface, which contains all design and uncertain parameters.

As already mentioned, normally distributed variables are needed for the chosen method.

However the uncertain parameters as the permeability or the channel dimensions are not

normally distributed since no negative values occur. The construction of a reliable probability

density function of the uncertain parameters can be performed with the help of even little

information, e.g. bore hole information about the permeability. For the method, the physical

distribution (e.g. lognormal for the permeability) has to be transformed to normal space.

In the second step, the output can be represented by the polynomial chaos expansion (Wiener,

1938). The model output Ω depending on the input parameters can be represented by the

expansion as:

Ω(ω) =
P

∑
j=1

c jΨ j(ω) (13.1)

The coefficients c j quantify the dependence of the model output Ω on the input parameters

ω . The function Ψ j is a simplified notation of the multi-variate orthogonal polynomial basis

for ω . The formulas are presented in (Oladyshkin et al., 2011b). The CO2 storage problem

is solved at each grid point in space and time, therefore the polynomial form depends on

the three spacial dimensions and the time. The number of terms P, which have to be solved,

depends on the number of uncertain input parameters N and the order of the expansion d. We

choose the second order polynomial expansion due to a compromise between computational

time and adequate accuracy (see (Oladyshkin et al., 2011b)).

P =
(N +d)!

N!d!
(13.2)

For the third step, different methods can be applied to determine the unknown coefficients. In

our case the coefficients are obtained by the collocation technique. A set of parameters with

the dimension N is called a collocation point. The number of required collocation points is

the same as the number of terms and unknown coefficients P. This means that P model runs

are needed for obtaining the unknown coefficients. If the coefficients are determined, a set of

polynomials for calculating the output as pressure and saturation are available. The optimal

choice of collocation points are the roots of the polynomial one degree higher than the order

used in the chaos expansion. The polynomial surface is exact directly at the collocation

points and a polynomial extrapolation or interpolation in between. For our multidimensional

problem the number of available collocation points is higher than the required number for

calculating the coefficients. One possibility for choosing the collocation points is a totally
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random selection. In this work, the other option, where the points are selected from the most

probable regions of the input parameters is used. After the determination of the unknown

coefficients a set of polynomials is available for post-processing computations. This means

that the model output depending on the uncertain and design input parameters is projected

on one single integrative response surface. The mean values and the variance can also be

easily computed with the polynomials. For obtaining further statistical parameters, Monte

Carlo simulation on the polynomials can be performed. For more details see (Oladyshkin

et al., 2011b), (Isukapalli et al., 1998) and (Li and Zhang, 2007).

13.3. The channel scenario

In order to investigate the influence of different reservoir structures like e.g. high permeable

channels on the pressure increase during CO2 injection, the IPCM is applied for modelling a

channel scenario. In reservoirs with high permeable sand channels CO2 will mainly spread

inside these channels. Depending on the dimension and the permeability of the channel the

pressure increase in the reservoir will change. In the presented scenario no site specific data

is used, however the scenario can be easily assigned to realistic data, which will be subject

of future work. Figure 13.1 shows the model domain with the variable channel enclosed

by a larger domain with lower permeability. The outer domain beyond the channel has

the function to reduce the influence of the boundary conditions on the pressure field. For

boundary conditions no flow (Neumann) conditions are applied on all sides except the back

end of the domain. Here constant head boundary conditions (Dirichlet) are set. The CO2

injection takes place over the whole height of the permeable channel on the left front edge of

the channel (see red cycle in Figure 13.1). This means that the injection area changes with

changing channel height and the CO2 will mainly spread into the permeable channel. The

simulation period is two years of injection.

As uncertain parameters, the permeability, the length, the width and the height of the channel

are taken since for these parameters often only few information exists. Additionally the injec-

tion rate is chosen as a design parameter. Finally, five variable input parameters (N = 5) and

the second order of polynoms (d = 2) results in 21 terms in chaos expansion (equation (13.2))

and 21 simulation runs (P = 21, see equation (13.2)). Figure 13.2 shows the distributions of

the uncertain parameters and the feasibility function for the injection rate. Taking the injec-

tion rate as a design parameter into account can help to investigate how the pressure increase

reacts with changing injection rate. Therewith the maximum possible injection rate for a
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Figure 13.1.: The simulation domain with variable channel (Walter et al., 2011).

given threshold value for maximum allowable pressure increase at the caprock can be easily

estimated. To construct the response surface the model should be evaluated 21 times with 21

different parameter sets. For the simulation we use DuMuX, a multiphase-multicomponent

simulator for flow in porous media (see (Flemisch et al., 2007), http://www.dumux.de). A

two phase (2p) model, which does not account for compositional effects, is chosen. Com-

positional effects are neglected here, since we mainly focus on the pressure increase during

the injection period and not on the long term plume behavior. However, the pressure peak is

slightly overestimated using a 2p model without compositional effects, thus the assessment

is conservative.

13.4. Results

In this section different possible evaluation methods are shown for a demonstration of the

method and an investigation of the influence of uncertain and design parameters on the pres-

sure increase. For evaluation, two interesting points of the domain are chosen for measuring

the pressure. One is located directly at the injection well and the second one is located in

a distance of 350 m to the injection well (along the length of the channel). At both loca-

tions the pressure is measured in the overlying caprock (2 m above the channel) since the

pressure in the caprock is most interesting for risk assessment as it was discussed in Section

13.1. In Figure 13.3, the mean pressure increase obtained with the IPCM, during two years
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Figure 13.2.: Distributions of the uncertain parameters and feasibility function for the injec-

tion rate

of injection at the two measurement locations is shown. At the beginning of the injection the

pressure increases strongly. After 100 days only a slightly further increase occurs. When in-

jection starts the relative permeability is very small, therefore a high resistance results in high

pressure peaks. With increasing saturation the relative permeability and thus the resistance

is decreasing.

Interesting to see, is how the pressure signal is affected by changing uncertain parameters.

With this method the dependencies can be easily presented. The left plot in Figure 13.4

shows the response surface in 3 dimensions, which is obtained by varying the injection rate

and the permeability. For the dimensions of the channel mean values are constructed using

1000 Monte Carlo simulation on the obtained polynomials. This surface easily shows that

a higher permeability decreases the pressure due to lower resistance and a higher injection
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Figure 13.3.: Mean pressure increase at two different locations in the caprock

rate increases the pressure. For a more detailed analysis the dependence on the injection

rate is plotted as a 2D curve (see the right plot in Figure 13.4). Now the permeability is

also set to the mean value. For increasing injection rate one would expect a linear increase

of the pressure. However the non linear slope in the right plot of Figure 13.4 results from

the compressibility of the fluid phases. With changing pressure the volume also changes,

therefore the pressure injection rate curve shows a slightly nonlinear run.

The Figure 13.5 shows how the pressure is increased with variable channel dimensions at the

two measurement locations. In each figure one dimension (length or height) is variable and

for the remaining input parameters the mean values are set. Obviously, the pressure increase

falls with larger dimensions since a larger high permeable region with less resistance for the

CO2 exists. As already shown in Figure 13.3 the pressure increase is lower with proceeding

time. In overall comparison, the pressure increase 350 m away from injection is up to 20
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Figure 13.4.: Influence of permeability and injection rate (left) and influence of the injection

rate (right) on the pressure at injection

bar lower than at the injection well. The dependence of pressure on the channel width is not

shown since it shows a similar run as the dependence on the channel length.

Figure 13.5.: Influence of the channel length: a) at injection and b) in 350 m distance from

injection along the channel

An interesting point is the horizontal run of the pressure curve with channel length larger

than 1800 m (see the left plot in Figure 13.6). This means that in this case study, the pressure

at the injection well does not further decrease with larger channel length than 1800 m. The

pressure gradient at the end of the channel is very small when long channels are considered.

One reason is that the ratio of compression and displacement becomes smaller with longer

channels. A change in the channel length higher than 1800 m results only in very small

pressure changes. This change has no influence on the injection well pressure due to the
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Figure 13.6.: Influence of the channel height: c) at injection and d) in 350 m distance from

injection along the channel

small value and the long distance from injection.

Another interesting point is the difference in pressure increase with time between channels

with smaller and higher height (see the right plot in Figure 13.6 and Figure 13.7). In a

thinner channel the same amount of CO2 is injected into a smaller volume (see Section

13.3). So, the pressure peak at the beginning of injection is much higher. The CO2 front

moves faster through channels with smaller height. Due to the long distance between the

front and the injection well and the low pressure at the front in comparison with the high

injection pressure, a further pressure increase at the front does not influence the injection

pressure. The presented curves demonstrate the strong influence of changes in the storage

site structure (here the channel dimensions) in the domain.

Another powerful tool, which can be provided by IPCM, is the cumulative distribution func-

tion (CDF). For the determination of CDFs Monte Carlo has to be performed on the gener-

ated polynomials. One possible assessment of CDFs is exemplary shown in Figure 13.8. For

CO2 injection one critical parameter is the maximum possible pressure in the caprock. This

threshold value is determined in a way that any damage of the caprock is avoided. In this

fictive scenario a caprock threshold value of 60 bar is chosen. CDFs with three different in-

jection rates are performed. For all other uncertain parameters, the mean values determined

from Monte Carlo on the polynomials are taken. The significance level is 5%, which means

that the overpressure is accepted if it is below the threshold value with a probability of 95%.

The threshold value of 60 bar overpressure is only not exceeded with a probability of 95%

by the case with the smallest injection rate (0.15kg/s). If higher injection rates are applied

this is not further warranted. With this method the maximum allowable injection rate can be
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Figure 13.7.: Section along the channel, with three different channel heights (H) and mean

values for the remaining parameters

Figure 13.8.: Cumulative distribution function for pressure at injection (initial pressure: 113

bar)

easily accessed by using CDFs. Thus, probabilistic informed prediction can be performed,

i.e. robust design.
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13.5. Conclusions

In this work, detailed analyses on the pressure evolution in a channel system with low com-

putational cost are demonstrated. Several powerful tools for investigations of the influence

of different uncertain and design parameters on the pressure increase are performed. The

shown channel scenario clearly demonstrates how the structure of the storage site strongly

influences the pressure increase in the domain. Several characteristic behaviours and their

visibility in the results of the probabilistic collocation method were discussed and a method

to determine the maximum allowable injection rate was presented.

In the future this method is planned to be applied to much larger and more realistic CO2

storage sites for assessing the different risks during injection and in post-injection phase.

For risk assessment of pressure increase and brine displacement far away from injection,

large domains and long time periods must be considered (see (Birkholzer and Zhou, 2009)

and (Schäfer et al., 2011)). In order to deal with these large domains and long simulation

times, the idea is to further reduce the computational cost by model coupling in time and

space ((Darcis et al., 2009) and (Darcis et al., 2011)).
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Bibliographic Note: The content of this chapter is based on the following original article:
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Model-based uncertainty analysis can help to judge the potentials and hazard in many engi-

neering applications better. This requires to specify the probability distributions of all model

parameters, posing a huge demand on data availability or requiring highly subjective as-

sumptions on distribution shapes to compensate for missing data. We present a minimally

subjective approach for uncertainty quantification in data-sparse situations, based on a new

and purely data-driven version of polynomial chaos expansion (PCE). It avoids the subjectiv-

ity that is otherwise introduced when choosing among a small limited number of theoretical

distribution shapes to represent natural phenomena: we only demand the existence of a finite

number of statistical moments, and do not require knowledge or even the existence of proba-

bility density functions for input parameters. In a small fictitious example with independent

experts, otherwise, we demonstrate that this subjectivity can easily lead to substantial pre-

diction bias, and that the subjective choice of distribution shapes has a similar relevance as

uncertainties due to physical conceptualization, numerical codes and parameter uncertainty.

With our approach we can directly and most flexibly use raw data sets available from global

databases or soft information from experts in the form of arbitrary distributions or statistical

moments. We illustrate and validate our proposed approach by a comparison with a Monte

Carlo simulation using a common 3D benchmark problem for CO2 injection, which is a low-

parametric homogeneous system. We obtain a significant computational speed-up compared

with Monte Carlo as well as high accuracy even for small orders of expansion, and show

how our novel approach helps overcome subjectivity.
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14.1. Introduction

14.1.1. Modeling carbon dioxide storage

CO2 storage in geological formations is currently being discussed intensively as an interim

technology with a high potential for mitigating CO2 emissions. In recent years, greate

research efforts have been directed towards understanding the physical processes in CO2

storage (e.g. (IPCC, 2005)). The multiphase flow and transport processes involved are

strongly non-linear. They include phase changes in the region of th critical point and ef-

fects such as gravity-induced fingering and convective mixing as well as geo-chemical and

geo-mechanical processes etc. In order to describe the space-time evolution of the CO2

plume and the influence of potentially leaky abandoned wells, (semi-) analytical solutions

have been derived by Nordbotten et al. (Nordbotten et al., 2005a, 2009). A comparison

study of various simplifying semi-analytical models with complex simulations models was

discussed by Ebigbo et al. (Ebigbo et al., 2007). The analysis in (Birkholzer et al., 2009)

focused on the effects of large-scale CO2 leakage through low-permeability layers. Various

optimization strategies for monitoring surface leakage using near-surface measurement ap-

proaches were developed in (Cortis et al., 2008). Recently, Class et al. (Class et al., 2009)

published a benchmark study comparing a number of mathematical and numerical models

of varying complexity. In the current chapter, we would like to attract attention to the often

ignored or forgotten fact, that efforts invested in improved physical conceptualization, nu-

merical codes and stochastic modeling can easily be overwhelmed by error through human

subjectivity in data interpretation and in histogram analysis at a very early stage of modeling

(see Section 5.3). The approach developed in this chapter will help overcome this problem,

especially in data-sparse situations when only global databases for similar sites and expert

opinions are available. A direct application of our proposed framework can be considered

best at the stage of site screening, when considering relatively low-parametric large-scale

models, prior knowledge and measured data on large scales. In more detailed site-specific

studies, more resolved structural models will be more useful, as defined site investigation

and new data allow the spatial resolution of geological heterogeneity and Bayesian updating.

Modeling underground CO2 storage involves many conceptual and quantitative uncertain-

ties (Hansson and Bryngelsson, 2009a). The lack of information on subsurface properties

may lead, depending on the specific question at hand, to parameter uncertainties up to a

level where the uncertainties dominate or even override the influence of secondary physi-

cal processes (see (Oladyshkin et al., 2010)). A significant part of the scientific community
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still refrains from considering uncertainty in modeling, but the corresponding arguments

are discussed and rejected one by one in (Pappenberger and Beven, 2006). Still, current

numerical simulation models are inadequate for stochastic simulation techniques based on

brute-force Monte Carlo simulation and related approaches (e.g. (Maltz and Hitzl, 1979),

(Robert and Casella, 2004)), because even single deterministic simulations may require par-

allel high-performance computing. The necessity for reasonably fast stochastic approaches

for modeling CO2 sequestration poses an urgent research task that needs to be investigated

as soon as possible. The current chapter follows a recent line of development that uses a

massive stochastic model reduction based on the polynomial chaos expansion technique, but

focuses additionally on the impact and minimization of human subjectivity when assigning

distribution shapes to represent input parameter uncertainty in stochastic modeling.

14.1.2. Uncertainty and subjectivity in data interpretation

Stochastic models require specifying probability density functions (PDFs) for all uncertain

input parameters. Unfortunately, precise information on distribution shapes is very rare in re-

alistic applications, such as underground reservoir simulations, groundwater modeling, etc.

Applied research on real-world systems, like modeling CO2 storage within site-screening

procedures, often faces the problem of immensely limited information about the model pa-

rameters involved, e.g. reservoir permeability, porosity, etc. With only limited data available

or even a total absence of data, not even probability density functions representing the lack

of knowledge can be easily inferred in a justified manner. Moreover, even if some amount

of data is available, the statistical distribution of the corresponding model parameters can be

nontrivial, e.g. bounded, skewed, multi-modal or discontinuous. Several examples of real

data types can hardly be described by known families of theoretical statistical distributions.

A straightforward example is the world-wide reservoir-permeability and -porosity data avail-

able from public databases (e.g. http://www.npc.org) presented in Figure 14.1, illustrating

a possible empirical distribution shape of reservoir parameters. Sophisticated approaches

to assigning distributions to data include maximum likelihood or moment-fitting of selected

parametric distributions that satisfy the personal perception of the modeler. Due to the typi-

cally low numbers of parameters (e.g. two or three), this resembles a subjective and highly

restrictive assumption on the distribution shape, its higher-order moments, and its extreme-

value tails. Methods of maximum entropy (Jaynes, 1982) and minimum relative entropy

(Woodbury and Ulrych, 1993) are often used in the engineering sciences to construct prob-

ability distributions from sparse prior information (mostly in the form of a few statistical
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moments and bounds). The required information may be available from different sites with

supposedly similar conditions. Although these two methods are designed to minimize sub-

jectivity, they are heavily debated within the statistics community (e.g. (Sambucini, 2007))

and in fact still impose a specific assumption on distribution shape. Thus, in any case, the at-

tempt to construct probability density functions from samples of limited size or from sparse

information introduces additional room for subjectivity into the analysis.

In our example application to CO2 injection (see Section 14.3.4), we will provide a striking

example of bias introduced by subjectivity. We will relate possible errors due to this type

of subjectivity to the magnitude of error introduced by numerical schemes, reduced physical

complexity and uncertain parameter values. This will illustrate that subjectivity in assign-

ing distribution shapes is not only a philosophical problem, but can severely bias or even

invalidate all subsequent results, including uncertainty quantification and risk assessment.

We conclude that applied tasks demand the direct handling of arbitrary distribution shapes

and sparse data sets without additional assumptions. To make this possible, we claim that

it is not even necessary to define the available prior information with a probability density

function. Instead, we will show that the available information can be used directly and most

purely, when employing a certain class of expansion techniques for stochastic modeling.

14.1.3. Approach and contributions

The purpose of the current chapter is to work with a highly parsimonic and yet purely data-

driven description of uncertainty. We apply a very recent polynomial chaos expansion (PCE)

technique that can be applied to arbitrary distributions of data, which is called the arbitrary

polynomial chaos (aPC). PCE techniques and the aPC are discussed in detail in Section 14.2.

The aPC can use unspecified probability measures for model parameters that are implicitly

and incompletely defined via a counted number of statistical moments only, and requires

no additional information. In fact, our own derivation of aPC will explicitly show and then

exploit the fact that statistical moments are the only source of information that is propagated

in all types of polynomial expansion-based stochastic approaches. Thus, exact probability

density functions for uncertain input parameters do not have to be known and do not even

have to exist. This avoids the necessity of assuming subjectively or speculating on the exact

shapes of probability distributions.

The new freedom in distribution shapes gained with aPC opens the path to accessing with

PCE even those applications where data samples of limited size merely allow the inference
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of a few moments, and one would not be able to construct a probability density function

without introducing subjective assumptions and hence a dangerous sources of bias.

After understanding that only moments matter when considering polynomial expansion,

Maximum Entropy (ME) methods are indeed minimally subjective in the sense that they

require only the same moments for defining distribution shapes that are also required to con-

struct a PCE. Since both ME and our method work with the same information units, they are

suitable for combination.

There are only very few studies that have used aPC before, and they can only be found

in mathematical stochastics (Soize and Ghanem, 2004), (Ghanem and Doostan, 2006) and

aerospace engineering (Witteveen and Bijl, 2006), (Witteveen et al., 2007). These studies

focused on proofs of existence, constructing the basis by Gram-Schmidt orthogonalization

and related, quite theoretical issues. A notable exception is the very recent study (Li et al.,

2011) in field of petroleum engineering. That study did not discuss, however, the aPC in the

light of data availability in applications and subjectivity. A detailed mathematical discussion

and some necessary proofs to support the statements made in Section 14.2 of our study will

be available in the paper (Oladyshkin and Nowak, 2012a).

14.2. Data-driven analysis

14.2.1. A short review of polynomial chaos expansions

A large number of stochastic simulations tools (e.g. (Ghanem and Spanos, 1993), (Matthies

and Keese., 2005), (Wan and Karniadakis, 2006), (Wan and Karniadakis, 2009), (Xiu and

Karniadakis, 2003), (Xiu and Karniadakis, 2002a)) for diverse applications are based on

the polynomial chaos expansion (PCE) first introduced by Wiener (Wiener, 1938) in 1938.

The chaos expansion offers an efficient and accurate high-order way of including non-linear

effects in stochastic analyses. In simple words, the dependency of model output on input

parameters is approximated by a high-dimensional polynomial. This is achieved by pro-

jecting the model response surface onto a basis of polynomials which is orthogonal in the

probabilistic parameter space (e.g. (Li and Zhang, 2007)). The benefits and limitations of

polynomial chaos and related expansion techniques are discussed in (Augustin et al., 2008).

PCE techniques can mainly be sub-divided into intrusive and non-intrusive approaches for

the projection integrals involved. Intrusive approaches require manipulation of the govern-
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ing equations and can sometimes provide semi-analytical solutions for stochastic analyses

of simple problems. The best-known method from this group is the stochastic Galerkin

technique, which has also been applied in studies for modeling uncertainties in flow prob-

lems (e.g. (Ghanem and Spanos, 1993), (Matthies and Keese., 2005), (Xiu and Karniadakis,

2003)). However, the necessary symbolic manipulations may become very complex and an-

alytically cumbersome, and cannot easily be implemented in commercial codes. For this

reason, non-intrusive approaches like sparse quadrature (Keese and Matthies, 2003) and the

probabilistic collocation method (PCM) (Isukapalli et al., 1998; Li and Zhang, 2007) have

been receiving quickly increasing attention. In a simple sense, PCM can be interpreted as

a smart (mathematically optimal) interpolation rule of model output between different pa-

rameter sets. The polynomial interpolation may be interpreted as a response surface of the

model. It is based on a minimal and optimally chosen set of model evaluations, each with

a defined set of model parameters (called collocation points). Reviews of the mathematical

theory behind intrusive and non-intrusive PCE approaches are presented in (Jakeman and

Roberts, 2008). Uncertainty characterization can also be extended to robust design tasks in

uncertain systems, when including design variables in the PCE approach (Oladyshkin et al.,

2011b).

The classical polynomial chaos is based on Hermite polynomials, which are optimal for

normally distributed random variables (Wiener, 1938), (Cameron and Martin, 1947). Un-

fortunately, natural phenomena are not often that simple, and the distribution of physical

parameters often cannot be considered Gaussian. Simple examples of non-Gaussian phe-

nomena are the non-negativity of reservoir permeability or the boundedness of porosity. In

such cases, it is possible to put into conformity the physical variable with a normal variable

by an adequate transformation called Gaussian anamorphosis (Wackernagel, 1998). The

anamorphosis function can be constructed through cumulative distribution functions and is

bijective, i.e. provides one-to-one correspondence between both spaces. However, using

transformed (normal) variables in the expansion cannot be considered an optimal choice be-

cause it leads to slow convergence of the expansion (e.g. (Xiu and Karniadakis, 2002a), (Xiu

and Karniadakis, 2003)).

In recent years, the classical PCE technique was extended to the generalized polynomial

chaos (gPC) (Wan and Karniadakis, 2006), which can directly use a counted number of

theoretical statistical distributions, such as Gamma, Beta, Uniform, etc. (see the Askey

scheme in (Askey and Wilson, 1985)). However, application tasks demand further adapta-

tion of the chaos expansion technique to a larger spectrum of distributions. In (Wan and

Karniadakis, 2006), the authors presented a multi-element generalized polynomial chaos
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(ME-gPC) method, decomposing the random space into local elements, and subsequently

implementing gPC locally within the individual elements. The ME-gPC is the first adap-

tive piece-wise approach helping to deal with the discontinuity of probability distributions

and providing the desired adaptation to a wide spectrum of distributions. Up to the present,

all implementations of PCE require the random variables to be statistically independent.

However, PCE also can be applied to correlated variables, if correlation can be removed (or

minimized) by adequate linear or nonlinear transformation.

14.2.2. Polynomial representation of models

This Section deals with the representation of models by polynomials, which is the basis

for uncertainty propagation from input parameters to model output (prediction) within all

PCE techniques. The case of CO2 storage serves as an example throughout this chapter.

Here, the significant uncertain input parameters are porosity, permeability, etc. (Kopp et al.,

2009). This uncertainty has a non-trivial influence on the model output. In the case of CO2

storage, the model output may, for example correspond to CO2 saturations, pressures in the

reservoir, the total CO2 leakage to the surface, or the amount of displaced saltwater (brine)

contaminating fresh-water aquifers above.

In order to quantify this influence, we perform non-linear uncertainty propagation from

model parameters to the predicted quantities of interest. To do so, we project the output

of an adequately chosen simulation model onto a higher-order orthogonal basis of polyno-

mials via the probabilistic collocation method (PCM) (Li and Zhang, 2007). Let us introduce

a formal model Ω = f (ω). We investigate the influence of uncertain input parameters ω on

the model output Ω. The total number of input parameters is equal to N, and ω can be con-

sidered a vector ω = {ω1, ...,ωN}. According to polynomial chaos theory (Wiener, 1938),

the model output Ω can be represented by the polynomial expansion (PCE):

Ω(ω) =
∞

∑
i=1

ciΨi(ω). (14.1)

Here, the coefficients ci quantify the dependence of the model output Ω on the input pa-

rameters ω . Because the system we consider is space-distributed and time-dependent, the

model output should be written Ω(X ,ω), where the vector X = {x,y,z, t} consists of three

space coordinates and time. This means that the coefficients c j in expansion (14.1) have to

be determined for each desired point Xk in space and time, i.e. c j(Xk).
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In practice, only a finite number M of terms in the above expansion is considered. The

function Ψi is a simplified notation of the multi-variate orthogonal polynomial basis for ω
(see Section 14.2.3). The number M of terms in expansion (14.1) depends on the total number

of input parameters N and the order d of the expansion, according to the combinatory formula

M = (N +d)!/(N!d!).

The remaining task of PCE methods consists in evaluating the as yet unknown coefficients

c j in expansion (14.1). In this chapter, we use the non-intrusive probabilistic collocation

method (Oladyshkin et al., 2010; Li and Zhang, 2007), which requires evaluating the model

Ω with M different sets of parameters ω that are called collocation points.

According to Villadsen and Michelsen (Villadsen and Michelsen, 1978), the optimal choice

of collocation points corresponds to the roots of the polynomial of one degree higher (d+1)

than the order used in the chaos expansion (d).

In the current chapter, we present a data-driven polynomial basis (Section 14.2.3), which

also defines data-driven positions of the collocation points for PCM. Our concept to avoid

subjectivity, however, is not at all limited to PCM, but will apply to all PCE-related methods

and other methods that work with polynomial expansion.

14.2.3. Data-driven polynomial basis

For simplicity, we will consider only one random variable ω j from the vector ω =

{ω1, ...,ωN} in the following derivation. In this section, we will show how to construct

the data-driven orthogonal polynomial basis for each individual component ω j. The multi-

dimensional basis for ω = {ω1, ...,ωN} is obtained from the individual univariate bases by

simple multiplication of all bases
{

P(0)
j , . . . ,P(d)

j

}
, j = 1, ..N.

The basis of degree d for parameter ω j is defined as
{

P(0)
j , . . . ,P(d)

j

}
. The polynomial

P(k)
j (ω j) of degree k in the variable ω j is defined as:

P(k)
j (ω j) =

k

∑
i=0

p(k)i, j ω i
j, k = 0,d, j = 0,N. (14.2)

Here, p(k)i, j are the coefficients in P(k)
j (ω j). The main idea of our data-driven approach con-

sists of constructing the coefficients p(k)i, j in such a way that the polynomials in equation

(14.2) form a basis that is orthogonal in arbitrarily given distributions of data. The arbi-

trary distributions can be either discrete, continuous, or discretized continuous and can be
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specified either through some statistical moments, analytically as PDF/CDF, numerically as

histograms, or theoretically through the even more general format of probability measures.

Most importantly, the distribution can be specified directly via raw data, without any need

for PDF estimation in intermediate steps.

We briefly summarize the theory of the arbitrary polynomial chaos from our own point of

view. An orthogonal polynomial basis up to order d can be constructively defined for any

arbitrary probability measure, given that ω j has finite moments up to order 2d −1. Starting

within the definition of orthogonality and some matrix algebra, it can be shown that the

unknown polynomial coefficients p(k)i, j can be defined from the following matrix equation:


µ0, j µ1, j . . . µk, j

µ1, j µ2, j . . . µk+1, j

. . . . . . . . . . . .

µk−1, j µk, j . . . µ2k−1, j

0 0 . . . 1





p(k)0, j

p(k)1, j

. . .

p(k)k−1, j

p(k)k, j


=


0

0

. . .

0

1

 . (14.3)

Here the µi, j are the non-central (raw) statistical moments of order i for random variable

ω j. Written in this form, it becomes evident that moments are the only required form of

information on input distributions for constructing the basis and the collocation points.

If the moments of ω j are evaluated directly from a data set of limited size, there need to be k

or more distinct values in the data set. The respective proofs are provided in the paper (Ola-

dyshkin and Nowak, 2012a). All moments are always finite if no element of the data set is

infinite. An analytical explicit form of the coefficients p(k)i, j for moderate degrees of polyno-

mials and more detailed properties of the basis
{

P(0)
j , . . . ,P(d)

j

}
are also given in (Oladyshkin

and Nowak, 2012a). We would like to remark that any PDF contains stronger information in

comparison to raw data or other weaker probability measures. As a consequence, the avail-

ability of a PDF is a sufficient condition for the proposed framework; however, the condition

that a finite number of moments exist is still necessary.

The orthogonal polynomial basis above can be used directly for analysis. However, a nor-

malized basis has further useful properties. For example, the mean and variance of Ω(ω)

according to the expansion (14.1) is given by simple analytical relations (see equation 14.6),

thanks to the orthonormality property. The orthonormal polynomial basis can be obtained

as:

P̂(k)
j (ω j) = P(k)

j /
∥∥∥P(k)

j

∥∥∥ , (14.4)
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where the norm of the polynomial
∥∥∥Pk

j

∥∥∥ for space of events Λ (where ω j ∈ Λ) with probabil-

ity measure Γ is defined as:∥∥∥P(k)
j

∥∥∥2
=

ˆ
ω j∈Λ

[
P(k)

j (ξ )
]2

dΓ(ω j). (14.5)

The normalization by
∥∥∥P(k)

j

∥∥∥ for k = d additionally requires the finiteness of the 2d-th mo-

ment.

14.2.4. Evaluation of statistics

In our approach, the statistics of the model output are based directly on the model and the

specified moments of input data. If a model output Ω(ω) is expanded in the normalized

polynomial basis (14.4), then characteristic statistical quantities of Ω(ω) can be evaluated

directly. For example, the mean and variance of Ω(ω) are given by the following simple

analytical relations:

mean(Ω) = c1, var(Ω) =
N

∑
j=2

c2
j , (14.6)

where the latter is a result of Parseval’s Theorem (e.g. (Siebert, 1986)).

Likewise, all moments of Ω up to the order of expansion can be obtained analytically, based

only on expansion coefficients and the used moments of the input parameters. Therefore,

all probability distributions of input parameters that share the same 2d moments will, in any

polynomial chaos expansion of order d, lead to the same moments of model output of order

d. For the same reason, PCE expansions of order d are unaffected by subjective choices

concerning input parameter distributions that only affect moments beyond the order 2d. This

is the case, for example, for maximum entropy PDFs.

As an alternative to the analytical relations above, arbitrary output statistics can be evaluated

via Monte Carlo analysis of the polynomial response surface that results from the expansion

(14.1). This is very fast, because the polynomial surface is much faster to evaluate than

the original model equations. However, the latter approach will ask for full knowledge of

the probability density function involved, which we try to avoid. If Monte Carlo cannot

be avoided, e.g. for computing exceedance probability in risk analysis, we suggest using

maximum entropy PDFs, or alternatively, a sufficiently large data set (if available) that can

be used directly as Monte-Carlo realizations of input parameters.
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14.2.5. Small data sets and robustness

When the input data set is small, the sample moments are only uncertain estimates of real

moments. Hence, a direct application of the method presented becomes less robust. In

that case, it would be useful to apply some standard methods to achieve robustness in the

estimation of moments, such as bootstrapping (e.g. (Efron, 1987)). Moreover, especially in

such cases, expert opinion can be very useful. In our proposed approach, an expert will have

total freedom of data interpretation (not restricted to the selection among standard PDFs) and

can provide much more sophisticated information (e.g. lower and higher moments, etc.).

According to our approach, expert opinion (in a most general sense) will be incorporated

directly without any additional transformation or additional subjectivity when translating it

to the stochastic numerical framework.

14.3. Data-driven uncertainty quantification for CO2

storage

14.3.1. Statistical problem formulation

To illustrate our proposed methodology, we will consider three parameters uncertain: reser-

voir absolute permeability, reservoir porosity and permeability of the leaky well. Figure 14.1
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Figure 14.1.: Distributions of reservoir data taken from U.S. National Petroleum Council

Public Database
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demonstrates the distributions of the material properties which we use in our illustration.

Here, the distributions of absolute permeability and porosity were taken from the U.S. Na-

tional Petroleum Council Public Database (which includes 1270 reservoirs), see also (Kopp

et al., 2009). This choice reflects the situation of site screening, where site-specific data and

data that allow heterogeneity within geological units to be resolved are not yet available.

Instead, we use data sets that represent macroscopic properties of supposedly similar sites as

prior knowledge.

Unfortunately, such information is not available for all sources of uncertainty, like in our case

the permeability of the leaky well. In such cases, additional assumptions become necessary.

The classical way would be to introduce a theoretical (parametric) probability distribution,

e.g. with an assumed mean and variance. Here, we could introduce as expert opinion the

lognormal distribution for the leaky-well permeability, with parameters defined from the

benchmark values (Class et al., 2009), see Figure 14.2. As discussed in the introduction,

establishing a full theoretical probability density function involves a strong assumption on

all higher moments up to infinite order, and assumes implicit knowledge of the exact shape,

e.g. also of the extreme-value tails. Our approach strongly alleviates this situation, because

it can handle a set of moments directly (e.g. the mean, variance, skewness, peakedness),

without any further assumptions on higher-order moments and without having to introduce

a PDF. We will use this freedom, and obtain only a small number of required moments

directly from a large database or via experts, without asking for a full PDF. For evaluating

arbitrary complex output statistics without having a sufficiently large raw data set, we would

recommend the Maximum Entropy PDF also shown in Figure 14.2 to draw a sufficiently

large sample for Monte Carlo analysis of the polynomial.

In the test case considered, we apply a second-order expansion, which requiring knowing

the first four moments. Figure 14.2 illustrates possible distributions of stochastic variables,

where the solid line represents a theoretical PDF and the dashed lines represent a small col-

lection of alternative maximum entropy PDFs with the same first four moments. Our method

does not require a choice between these alternatives, but only uses common information in

the form of the required moments (here: up to order four). The discussion in Section 14.2.3

shows that the existence of finite moments (up to a certain required order) is a necessary and

sufficient condition for the proposed framework. Usually, this condition is easily fulfilled for

a large spectrum of practical applications, especially for moderate degrees of expansion.

Formally, the uncertain parameters presented in Figures 14.1 and 14.2 correspond to the

components of the vector ω = {ω1,ω2,ω3} and represent the input parameters of Equation
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Figure 14.2.: Assumed stochastic distribution: theoretical PDF (solid line), some alternative

PDFs (dashed lines) with the same first four moments and Maximum Entropy

PDF with the same first four moments (dotted line).

(14.1). The model output quantities Ω considered here are pressure and saturation values as

a function of space and time, and the CO2 leakage rate through the leaky well as a function

only of time.

14.3.2. Application and test of the data-driven approach

The procedure for quantifing uncertainty in CO2 storage can be divided into three main steps.

The first step is to construct the polynomial basis (see Section 14.2.3) according to the data

considered in Section 14.3.1. The second step is to set up the chaos expansion and obtain the

required coefficients ci using the non-intrusive probabilistic collocation method summarized

in Section 14.2.2. In the third step, we evaluate all desired output statistics according to

Section 14.2.4.

In the current work, we also apply the conventional PCE approach for direct comparison with

the data-driven approach. The principal difference lies in the first step, i.e. in constructing the

polynomial basis. The conventional approach is based on Hermite polynomials, which are

optimal for Gaussian random variables. Because the random variables ω are not distributed

Gaussian in compliance with the Hermite polynomial basis, an additional conversion is re-

quired. A large number of methods are based on transformations of the model variables ωPh



246 Data-driven uncertainty quantification of CO2 storage

from physical space (shown in Figure 14.1) to corresponding normal variables ωN via Gaus-

sian anamorphosis (Wackernagel, 1998). This would implicitly define an exact PDF, which

once again is an unjustifiably strong assumption. In contrast, the data-driven approach is

based directly on the considered moments of the distributions or raw data of the uncertain

input variables ω (see Section 14.2) in physical space.

The numerical part of our case study focuses on the validation of the proposed approach by

comparison with Monte Carlo simulation. Due to the high computational demand of Monte

Carlo reference simulations, we consider only a small version of the original benchmark

problem, where the simulation time is limited to 30 days, and the numerical grid is coarse

(1183 nodes). This simplification is imposed only by the expensive Monte Carlo approach,

while PCE methods can easily handle much larger problems.

14.3.3. Computational efficiency and convergence

The data-driven polynomial chaos expansion presented in Section 14.2 provides a simple but

powerful tool for stochastic modeling and, in this case study, for the probabilistic risk as-

sessment of CO2 storage. Before discussing the mentioned issues of subjectivity in Section

14.3.4, we will first demonstrate the computational efficiency of the data-driven polynomial

basis, and we will show the improved convergence compared with the conventional polyno-

mial chaos approach.
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Figure 14.3.: Cumulative distribution function of CO2 leakage rate after 30 days: conven-

tional approach (left plot) and data-driven (right plot)
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The most integrative characteristic of the overall benchmark problem is the total leakage of

CO2. To compare a quantitative characteristic that is most important in probabilistic risk as-

sessment, we computed the cumulative probability function of the CO2 leakage rate after 30

days (Figure 14.3). The cumulative density function represents the probability that the CO2

leakage is less than or equal to a particular value. The left plot in Figure 14.3 corresponds

to the conventional approach, i.e. involving Gaussian anamorphosis and Hermite polynomi-

als. The right plot in Figure 14.3 corresponds to our data-driven approach without additional

transformation. The convergence of both types of chaos expansions (dashed lines) was vali-

dated by traditional Monte Carlo simulations (solid lines) with 1270 realizations, where we

sampled directly from the available data sets. We repeated the comparison study for dif-

ferent degrees of the chaos expansion, such as first order (4 evaluations), second order (10

evaluations), third order (20 evaluations) and fourth order (35 evaluations).

Figure 14.3 demonstrates that the data-driven approach provides fast convergence. Even

small degrees of the data-driven expansion (even the linear one in our specific case study)

ensure adequate representation of the stochastic processes in the considered multiphase flow

system. This fact can be very useful for fully resolved and complex real-world application

challenges, where computational costs are very high even for a single model evaluation.

Convergence with the conventional approach (here: based on Hermite polynomials) strongly

depends on the non-linearity of the required transformation from ωPh to ωN (Oladyshkin

and Nowak, 2012a). There are two sources of slow convergence (or errors) for chaos expan-

sions based on non-data-driven polynomial bases. First, the transformation from physical

space to normal space introduces additional non-linear behavior into the overall problem,

which will require a higher order of expansion to obtain comparable accuracy. Second, for

non-intrusive methods that rely on numerical integration to obtain the coefficients ci, the

accuracy of numerical integration strongly depends on the choice of integration or colloca-

tion points. For example, in Gauss-Hermite integration (Abramowitz and Stegun, 1965), the

polynomial basis of degree d defines the positions of integration points by the roots of the

polynomial of degree d+1. These integration points are optimal only if the weighting func-

tion (here: the probability measure) and the polynomial basis are in direct correspondence.

Any non-linear transformation from ωPh to ωN destroys this direct relation. Thus, using

a non-data-driven polynomial basis leads to a non-optimal placement of integration points,

which causes a reduced accuracy of the integration (see (Oladyshkin and Nowak, 2012a)).

As a consequence, in comparison with the classical PCE, the same order of precision can be

achieved with a smaller degree of expansion. From the practical point of view, the computa-

tional costs of our data-driven chaos expansion combined with PCM are proportional to the



248 Data-driven uncertainty quantification of CO2 storage

number of terms in the chaos expansion multiplied by the time of a single model evaluation.

The number of terms is M = (N+d)!/(N!d!), where N is number of model parameters and d

is the degree of expansion. The number M quickly increases with the degree d of expansion

and the N number of parameters, but the framework is very efficient for low-parametric sys-

tems. In order to translate these advantages to heterogeneous systems, a combination with

the KL-expansion (e.g. (Li and Zhang, 2007)) can be very useful. Moreover, an initial sensi-

tivity analysis can be applied to keep the number of analyzed parameters and their respective

degree of expansion at a low and efficient level.

14.3.4. Impact of subjectivity

To illustrate the drastic impact of subjectivity that can be introduced into analysis, we per-

form the following simple experiment. The sample data (reservoir permeability and porosity)

presented in Figure 14.1 are distributed to five different and independent experts. The task

of each expert consisted of constructing a theoretical probability density function for each

parameter, which in their opinion would describe the statistics of the raw data best. As

a common way of data description, all experts provided two-parametrical distributions for

each input parameter (permeability and porosity), which are presented in Table 14.1. Ta-

ble 14.1 demonstrates that all experts proposed very different assumptions and techniques

to match the permeability and porosity distributions. The responses of all experts were col-

lected and used as input for modeling the benchmark problem defined in Sections 5.2 and

14.3.1.

The results of this experiment are illustrated in Figure 14.4 using second-order polynomial

Number Assumption on permeability Assumption on porosity

Expert 1 Manual fit of Log-Normal distribution Manual fit of Beta distribution
to first two moments to first two moments

Expert 2 Maximum likelihood fitting Maximum likelihood fitting
for Beta distribution for Normal distribution

Expert 3 Log transformation and visual fitting Maximum likelihood fitting
by Normal in distribution Beta distribution

Expert 4 Visual fitting by BoxCox transformation Maximum likelihood fitting
of Log-Normal distribution for Log-normal distribution

Expert 5 Visual fitting of Visual fitting of
Log-Normal distribution Log-Normal distribution

Table 14.1.: Expert opinions for the distributions of input data.
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Figure 14.4.: Estimation of mean value (left plot) and standard deviation (right plot) of the

CO2 leakage rate: expert opinions (dashed lines) and data-driven approach

(solid lines)

chaos expansion. It shows the resulting mean value (left plot) and standard deviation (right

plot) of the CO2 leakage rate over time. Here, dashed lines correspond to the results based

on subjective expert opinions, and solid lines correspond to the results from our purely data-

driven approach. All test cases presented in Figure 14.4 were performed under the same

conditions in all other aspects. The differences in predicting leakage rates based on the

different experts are a consequence of their different interpretations and opinions on how

to treat the data. This example clearly demonstrates that the room for subjectivity (when

assigning theoretical stochastic distributions to real data and thus modifying their higher-

order moments) can lead to significant differences in the predicted values.

In this specific case, individual expert subjectivity even results in a systematic bias on aver-

age for all experts. The reason is that most of the experts assigned a log-normal distribution

to reservoir permeability and a normal distribution to porosity, which is a systematic overes-

timation of higher-order moments compared with the raw data. As one can easily see from

Figure 14.4, one of the experts provides a very good match to the leakage values obtained

directed from the raw data. This expert’s PDFs have a very precise approximation of the

first four moments of the data set, which is sufficient for the second-order expansion in the

example under consideration to produce identical results.

The data-driven polynomial chaos expansion we propose here for stochastic analysis is based

directly on the moments of sampled data without intermediate steps of data re-interpretation.
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This avoids the subjectivity usually introduced when choosing among a small limited number

of theoretical distributions to represent a natural phenomenon, and so avoids the problem

illustrated in Figure 14.4.

14.4. Conclusions

In this work, we presented a data-driven approach for stochastic modeling and uncertainty

quantification, based on polynomial chaos expansion (PCE), and applied it to CO2 storage in

deep geological formations. PCE allows a non-linear propagation of parameter uncertainty

onto the predicted quantities. The data-driven approach provides a response surface based on

a global orthonormal polynomial basis for arbitrary distributions. The method only demands

the existence of a finite number of moments, and does not require the exact knowledge or

even existence of probability density functions. The arbitrary distributions can be either

discrete, continuous, or discretized continuous and can be specified either through a few

statistical moments, analytically as PDF/CDF, numerically as a histogram, or theoretically

through the even more general format of a probability measure.

Thus, the data-driven approach provides freedom for modeling even physical systems with

unknown probability distribution functions, when only data sets of very limited size or only

little prior knowledge is available. It offers a new approach to defining parameter uncertainty

in stochastic analysis that avoids the subjectivity of assigning theoretical probability distri-

butions. Such theoretical distributions are often not sufficiently supported by the available

data and thus can introduce assumptions on higher-order moments (and extreme-value tails)

that are only based on the chosen distribution. Especially non-linear models are highly sen-

sitive to such subjectively chosen higher-order moments or shapes of distribution tails. An

interesting aspect is that only moments up to twice the order of expansion matter. Therefore,

any PDFs fitted to input data will lead to the same statistical moments for model output, if

the PDFs coincide in the required moments up to twice the order of expansion. For the same

reason, if one still desires to fit a single PDF to the input data set, we recommend maxi-

mum entropy or minimum relative entropy methods applied such that the moments relevant

for PCE are matched. This differs drastically from fitting low-parametric distributions to

only lower moments of the available data, because this would modify the remaining relevant

moments up to twice the order of expansion.

In a small fictitious example, we asked independent experts to select and fit parametric distri-

butions to two raw data sets. The example demonstrated that subjectivity in data interpreta-
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tion can easily lead to prediction bias. With this example, we also illustrated that subjectivity

can be a source of error that plays in the same league as physical conceptualization, numeri-

cal code development, and stochastic modeling. Modeling is a chain of many tasks. Like any

chain, it is only as strong as its weakest link. Our results indicate clearly that the statistical

treatment of input data is part of the chain, and that the subjectivity in assuming theoretical

curves can weaken that link immensely.

Our test case illustrated the method for a law-parametric homogenized system. This is most

useful for site-screening procedures. When moving towards a more refined model with het-

erogeneity, our approach can easily be adapted by the often invoked combination with the

KL-expansion.

We use the “black-box” collocation technique to project the output of a simulated model

(“response surface”) onto a higher-order orthogonal basis of polynomials, which then can

be used for a wide range of statistical modeling tasks. The data-driven stochastic approach

was validated on the basis of Monte Carlo simulation using a common 3D benchmark prob-

lem. The proposed approach yields a significant computational speed-up compared with

Monte Carlo, and provides faster convergence than conventional polynomial chaos expan-

sions. Even for small degrees of expansion, the data-driven expansion can be very accurate,

which can save a lot of computational power for probabilistic risk analysis. The available

computational resources can thus be used towards large-scale, more finely resolved and more

complex simulation models in real-world application challenges. Our data-driven version of

PCE can also be applied for robust design problems under uncertainty (Oladyshkin et al.,

2011b).

In summary, the chaos expansion approach presented here provides an effective tool for a

probabilistic risk assessment of CO2 storage and other problems that suffer from data spar-

sity. Our method is based directly on raw data or other arbitrary sources of information

without auxiliary assumptions. This increases the efficiency of chaos expansion and mini-

mizes subjectivity, providing valuable support for risk-informed decision making as well as

for robust design and control, allowing a better assessment and reduction of risk.



15. Risk estimation of brine
migration resulting from CO2

injection

Bibliographic Note: The content of this chapter is based on the following original article:

Walter L., Binning P., Oladyshkin S., Flemisch B., Class H., Brine migration resulting from

CO2 injection into saline aquifers - An approach to risk estimation including various levels

of uncertainty. International Journal of Greenhouse Gas Control, Elsevier, V. 9, P. 495-506,

2012.

Comprehensive risk assessment is a major task for large-scale projects such as geological

storage of CO2. Basic hazards are damage to the integrity of caprocks, leakage of CO2, or

reduction of groundwater quality due to intrusion of fluids. A particular focus of this study

is on salinisation of freshwater aquifers resulting from displaced brine. Quantifying risk

on the basis of numerical simulations requires consideration of different kinds of uncertain-

ties associated with the applied models. This study distinguishes between different levels

of uncertainty, among which scenario uncertainty and statistical uncertainty are particularly

accentuated. Addressing scenario uncertainty involves expert opinion on relevant geological

features such as caprock properties, faults, distinct geological layers, etc. This is consid-

ered in this work by 6 different scenarios having different characteristic geological features.

On the other hand, Monte Carlo methods are a classical approach to address statistical un-

certainty. Since this is not feasible for large-scale 3D models including complex physics, a

model reduction on the basis of the Integrative Probabilistic Collocation Method is proposed.

It is shown that, dependent on the data availability, both levels of uncertainty can be equally

significant. The presented study gives estimates for the risk of brine discharge into freshwa-

ter aquifers due to CO2 injection into geological formations and resultant salt concentrations

in the overlying drinking water aquifers.
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15.1. Introduction

15.1.1. CO2 storage and associated risks

Carbon capture and geological storage (CCS) is currently being discussed as one possible

technology for reducing emissions of the greenhouse gas CO2 (carbon dioxide) into the

atmosphere. CCS comprises three main parts: (i) the capture of CO2o, e.g. from fossil-

or biomass-fueled power plants, (ii) the transportation of the CO2 to a suitable storage site,

and (iii) the safe storage in deep geological formations. Possible geological storage sites are

depleted oil or gas reservoirs, coal beds, and saline aquifers.

This study focuses on CO2 storage in saline aquifers because these formations have the high-

est storage potential worldwide ((IPCC, 2005)). Various trapping mechanisms in the porous

rock are responsible for storing the CO2 safely: structural trapping by a closed caprock,

residual trapping in the porous rock, solubility trapping in the water phase, and geochemical

trapping by reactions with the rock matrix ((IPCC, 2005)).

To assess the safety of CO2 storage it is important to quantify the risks to health, safety,

and the environment. The basic hazards that need to be considered for CO2 storage in

saline aquifers are CO2 leakage, brine displacement and infiltration, and structural failure.

If CO2 leaks from the reservoir, it could rise to shallower aquifers and dissolve partly or

fully in freshwater (drinking-water resources) or leak back to the atmosphere. Structural

failure could occur due to high pressure peaks at the injection well and result in new leakage

pathways through the caprock. It is highly likely that the injected CO2 will displace brine

initially. Injected CO2 (partly) dissolves in the brine. Non-dissolved gaseous (supercritical)

CO2 requires pore space. The pore space is gained by compression of the fluids and the rock

and by displacement of the resident brine. The displaced brine could move into shallower

aquifers through fractures, faults, or abandoned wells and subsequently infiltrate and pollute

freshwater aquifers with salt and other contaminants. Obtaining estimates for damage events

and their likelihood is of major interest to water suppliers, and this study will therefore focus

on the salt transport and potential damage to freshwater resources.
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15.1.2. Risk assessment for geological CO2 storage - State of
research

A few studies have already presented systematic risk assessments for realistic CO2 storage

scenarios. (Benson et al., 2002) and (Lewicki et al., 2007) discussed the lessons which

can be learned from natural or industrial analogues for CO2 storage. (Lewicki et al., 2007)

identified the features, events, and processes from these analogues and compared them with

CO2 storage. (Maul et al., 2007) discussed similarities and differences between radioactive

waste disposal and CO2 storage for performance assessment. (Oldenburg, 2008) and (Olden-

burg et al., 2009) developed a screening and ranking method and a certification framework,

respectively, for selecting suitable storage sites on the basis of health, safety, and environ-

mental risk resulting from CO2 or brine leakage. (Kopp et al., 2010) developed a method

for assessing a CO2 leakage scenario, where the most relevant parameters and dependencies

of all other parameters were used to estimate the risk, thereby considering their range of

variability. (Siirila et al., 2012) presented a quantitative methodology to assess the risks to

human health, that can occur if CO2 leaks into groundwater.

It is important to consider the pressure evolution during CO2 storage since high pressure

peaks at the injection well can damage the caprock. Moreover, the far-field pressure build-

up is an indicator of brine displacement and possible brine infiltration into water aquifers.

(Birkholzer et al., 2009) and (Schäfer et al., 2011) investigated the pressure build-up resulting

from CO2 injection and concluded that it is very important to consider the far-field pressure

evolution, especially for brine displacement. (Lemieux, 2011) summarizes the current sci-

entific knowledge of the potential impact of CO2 storage in saline aquifers on groundwater

resources.

15.1.3. Uncertainties

Risk assessment requires dealing with uncertainties. In a broader sense, uncertainty can be

defined as the absence of information or knowledge ((Rowe, 1994)). In the field of uncer-

tainty quantification, there is often distinguished between two categories, i.e. epistemic and

aleatory uncertainty (e.g., (Helton, 1994), (Hoffman and Hammonds, 1994), (Wojtkiewicz

et al., 2001)). Epistemic uncertainty is also denoted as reducible, subjective, or type B un-

certainty and results from a lack of information about the system. Such an uncertainty can be

reduced by further research or measurements. Aleatory uncertainty is also known as variabil-

ity, irreducible, stochastic, or type A uncertainty and results from the fact that a system can
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Figure 15.1.: Levels of uncertainty after (Walker et al., 2003).

react in many different unpredictable ways. Some authors additionally distinguish between

dimensions of uncertainties (e.g., (Rowe, 1994) and (Walker et al., 2003)).

(Walker et al., 2003) divides uncertainties not only into different natures (epistemic and

aleatory) but also into the location and the level of uncertainty. The location identifies where

the uncertainty is situated within the model complex, whereas the levels categorise the un-

certainty into ranges of knowledge. In this study, we follow the approach of (Walker et al.,

2003) and categorize the uncertainties into levels. Levels of knowledge range from deter-

minism to total ignorance (see Figure 15.1). Determinism means that everything is known

exactly, which would be an ideal situation. Total ignorance is the other extreme, where

nothing is known. The levels in between are statistical uncertainty, scenario uncertainty and

recognized ignorance.

Statistical uncertainties can still be described by statistical terms (e.g., probability density

function, or histogram). In the case of CO2 storage, such uncertainties can be found, for ex-

ample, in permeability, porosity, or anisotropy values. The next level is scenario uncertainty

(or conceptual uncertainty). Such uncertainties, e.g. the geological layering considered in

the model or a gap in the caprock cannot be described sufficiently by statistical terms. Ade-

quate scenarios have to be chosen properly by considering the opinion of experts in the field

of interest, e.g., geologists. Measurements and site exploration typically reduce uncertainty.

For example, drilling an exploration well together with a seismic campaign might substan-

tially improve the knowledge of number and orientation of distinct geological features, while

still leaving much uncertainty of their specific properties. When considering uncertainty due

to geological features, there can be a continuous transition between these two categories of

uncertainty. The modeler must consider both the unknown natural conditions and interpre-

tation of available expert opinion. Recognized ignorance is defined by (Walker et al., 2003)
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as fundamental uncertainty about the mechanisms and functionalities. Assumptions made in

the model such as neglecting compositional effects or thermal effects are examples for this

level.

For a given system, all these levels of uncertainties can be found. All levels of uncertainty

discussed in this paper, except for total ignorance, can be also classified into the commonly

used concept of epistemic and aleatory uncertainty, (the nature dimension in (Walker et al.,

2003)). The considered examples for uncertainties as permeability, the geological model

set-up, or geochemistry are epistemic uncertainties since more measurements or more so-

phisticated models reduce uncertainty. However, in engineering practice there will always

remain an aleatory uncertainty in parameters like permeability or porosity due to insufficient

measurements.

15.1.4. Scope of this work

In this study, a comprehensive risk assessment methodology is developed and demonstrated

for the estimation of the potential for brine displacement and brine infiltration into a drinking

water aquifer. The proposed method can be transferred to other hazardous events such as

CO2 leakage and to other problems such as natural-gas storage or radioactive-waste disposal.

The approach to divide uncertainties into different levels proposed in (Walker et al., 2003) is

adapted to CO2 storage and the uncertainties in the geological structure are investigated on

two different levels: statistical and scenario uncertainty. We deal with both by performing

numerical simulations of the CO2 storage process.

Scenario uncertainty is investigated by simulating 6 scenarios with different geological setup

and subsequent ranking according to the resulting damage. Accounting for statistical uncer-

tainties requires further the testing of parameter spaces, for example with Monte Carlo sim-

ulations. Performing Monte Carlo simulations with complex multiphase flow models would

incur huge computational costs. We reduce them with a massive stochastic model reduction

via polynomial chaos expansion combined with the probabilistic collocation method, pre-

sented in (Oladyshkin et al., 2011b) and (Oladyshkin et al., 2011a). The method provides

estimates of probabilities of certain hazardous events. By combining them with an estimation

of damage, a quantification of risk can be obtained.

In order to quantify the impact of brine migration on a resource like potable groundwater, it is

necessary to consider both brine migration from the reservoir and its mixing with freshwater
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resources. Therefore, we discuss additional approximations for assessing the salt concentra-

tions in the water aquifer and for investigating salt water upconing at water-production wells.

The aim of these simple analytical approximations is to emphasize that a comprehensive risk

assessment requires a set of consistent methods which allow for the consideration of vari-

ous levels of uncertainties and operational strategies. The methods are linked to achieve an

integral risk assessment methodology.

The chapter includes the following sections: Section 15.2 provides a description of the sim-

ulation model; Section 15.3 shows results for 6 different scenarios; and Section 15.5 char-

acterizes the risk of brine breakthrough. The chapter concludes with discussions in Section

15.4.

15.2. Simulation model

15.2.1. Model set-up

The model set-up is based on the assumption that drinking water is pumped from a depth of

500 m. Such a deep pumping depth is considered because it is assumed that municipal au-

thorities wish to protect all drinking water resources above a CO2 reservoir and the deepest

system would be those first polluted if leakage occurred. It is further assumed that the fresh-

water aquifer is located above the CO2 storage reservoir, separated by 7 geological layers in

between. The storage reservoir is located in a depth of 817.5 m. At this depth, pressure and

temperature are high enough to assure supercritical conditions. For CO2 storage it is impor-

tant that the CO2 is in supercritical state because it has a higher density than in gaseous or

liquid state, which increases the storage capacity and safety.

The model domain is confined at the bottom by the storage reservoir, into which the CO2 is

injected, and at the top by the freshwater aquifer, with a caprock and low permeable layers

(aquitards) in between. All layers, except for the freshwater aquifer, initially contain brine

of equal constant salinity (0.1 kg salt/kg solution). Compared to the most probable situation

of salinity increasing with depth, this is a conservative assumption. Figure 15.2 shows a

schematic view of the domain for the reference scenario.

A radially symmetric 3D model domain is set up with an inner radius of 1 m representing

the injection well. The domain has a height of 350 m and an outer radius of 10 km (see

Figure 15.3). The simulated domain represents 1/12 (30◦) of a circle, which means that
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extensive values like brine discharge or injection rate need to be multiplied by 12 to account

for the entire domain. The upper and lower boundaries as well as the segments’ symmetric

boundaries are modeled with closed no-flow boundary conditions. Closed boundaries on the

top and the bottom of the reservoir lead to higher pressures than would be obtained with

open boundaries. This assumption corresponds to the existence of aquitards of very low

permeabilities at top and bottom. The outer boundary at 10 km distance is a hydraulically

open constant-head boundary. This has also influence on the pressure in the domain since

the prescribed injection rate causes primarily a pressure gradient. Thus, dependent on the

size and the traveling speed of the pressure signal, a fixed head at the boundary can lead

to an underestimation of pressure in the domain during injection. Therefore, to minimize

errors induced by this boundary condition, the distance to the investigated locations should

be large. The CO2 injection period is 25 years at a rate of 1 Mt CO2/a. The actual injection

rate into the radially symmetric section corresponds to 1/12 Mt/a.

A two-phase (2p) model implemented in the simulator DuMuX ((Flemisch et al., 2011))

including only the phases CO2 and brine is applied, which means that the model does not

distinguish between salt water (brine) and freshwater. This is considered justified if, like

here, a primary goal is just to identify geological setups having high potentials for brine

displacement. The output of interest is the brine discharge into the water aquifer. For the 2p

Figure 15.2.: Schematic cross-sectional view of the reference scenario (Walter et al., 2012)

to estimate the risk of brine infiltration into a freshwater aquifer including per-

meability and porosity values for all layers (Kz = 0.1·Kx).
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Figure 15.3.: Model domain (Walter et al., 2012) (1/12 segment of a circle).

model (no compositional effects considered), only advective discharge is calculated, which

is defined for each phase as:

Discharge = K · ((gradpα)−ρα g)ρα λα A ·n , (15.1)

with the discharge in [kg/s], the intrinsic permeability K in [m2], the potential gradient

(gradpα −ραg) in [Pa/m], the density ρα in [kg/m3], the mobility λα in [1/Pa s], the surface

area A in [m2], and the unit normal vector n. For the equations of the 2p model, we refer to

(Flemisch et al., 2011) and for information about the fluid properties to (Bielinski, 2006). To

account for rock compressibility, the following additional equation is applied in the model:

Φ(pg) = Φinit(1+C(pg − pre f
g )) , (15.2)

where Φ [-] is the effective porosity, Φinit [-] the initial porosity, C the rock compressibility

of 4.5 ·10−101/Pa (see (Birkholzer et al., 2009)), pg [Pa] the gas pressure, and pre f
g [Pa] the

initial reference pressure.

The horizontal permeabilities and porosities for the reference scenarios are shown in Figure

15.2. The anisotropy for all layers is set to 0.1 (Kz = 0.1·Kx). The porosity is related to the
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different permeabilities of the layers using ((Holtz, 2002) and (Kumar et al., 2005)):

Φinit =
9.61

√
kx

7e7[mD]
, (15.3)

where kx is the horizontal permeability in [mD]. This relation is compared with real data

for permeability and porosity determined from core samples from the Ketzin site located

near Berlin in Germany ((Norden et al., 2010)) and it fits well with the sampled data. For

permeabilities lower than 1 mD (10−15m2), the relation is not verified by data. However, we

also use this relation to determine the porosity in layers of low permeability and the caprock

since the values obtained are reasonable. (Birkholzer et al., 2009) use similar values for

the aquitards in their simulations. Based on this reference scenario, different variations are

chosen to estimate which geological structure is associated with the highest risk of brine

infiltration into the freshwater aquifer, see Section 15.3.

15.2.2. Arbitrary chaos expansion via probabilistic collocation
method

A possible way of dealing with the statistical uncertainties is performing Monte Carlo sim-

ulations. Handeling this with acceptable computationally costs is possible with a reduced

model, for example, using the polynomial chaos expansion technique (PCE). The principal

idea of the classical chaos expansion, originally introduced by (Wiener, 1938), is to replace

the full model by a response surface that is able to represent the model output (e.g. leak-

age, pressure) dependent on the chosen uncertain parameters. Therefore, the output of a

simulation model is projected onto a higher order orthogonal basis of polynomials. The

non-intrusive (i.e. “black-box”) approach for the definition of the PCE form has lately been

receiving increasing attention. The PCE technique combined with probabilistic collocation

method (PCM) is described in detail in (Oladyshkin et al., 2011b), and an application is

presented in (Walter et al., 2011).

In the current chapter we apply the most recent generalization of the chaos expansion tech-

nique ((Oladyshkin and Nowak, 2012a)), which accounts for arbitrary parameter input. The

so-called arbitrary polynomial chaos expansion (aPC) approach provides improved conver-

gence in comparison to classical PCE techniques, when it is applied to input distributions

that fall outside of the range of classical PCE ((Oladyshkin and Nowak, 2012a)). Moreover,

it allows to align the complexity and the order of analysis with the reliability and detail level
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of statistical information on the input parameters. The fidelity of the reduced model has been

tested via full model using classical PCE techniques in (Oladyshkin et al., 2011b) and using

recent generalization aPC in (Oladyshkin et al., 2011a) for the CO2 benchmark presented by

(Class et al., 2009).

Here, only the main steps are summarized. The simulation output Ω can be projected onto an

orthogonal basis of polynomials, i.e. the model output can be represented by the polynomial

chaos expansion ((Oladyshkin et al., 2011a)). Thus, any model output Ω depending on the

input parameters ω can be represented by the expansion as:

Ω(ω ,x,y,z, t) =
P

∑
j=1

c j(x,y,z, t)Ψ j(ω) . (15.4)

The coefficients c j quantify the dependence of the model output Ω on the input parame-

ters ω . Here, Ψ j is a simplified notation for the multi-variate orthogonal polynomial basis

(polynomials of more than one variable) for the input parameters ω = {ω1,ω2, ...}.

The CO2 storage problem is solved at each grid point in space and time. Therefore, the poly-

nomial form depends on the three spatial dimensions and the time. For the construction of

the data-driven orthogonal polynomial basis, the only information required is the moments

of the input distribution. If the basis is constructed, the unknown coefficients c j have to be

determined to represent the model output with the polynomials. The number of unknown co-

efficients P, which have to be defined, depends on the number of uncertain input parameters

N and the desired order of the expansion d:

P =
(N +d)!

N!d!
. (15.5)

The remaining step is to determine the unknown coefficients. In this work, the coefficients

are obtained by the probabilistic collocation technique. The (full complexity) model has to

be run P times with different sets of collocation points to evaluate the unknown coefficients

c j. The optimal choice of collocation points is the roots of the polynomial that is one degree

higher than the order used in the chaos expansion. After the determination of the unknown

coefficients, a set of polynomials forming a response surface is available for estimating the

model output dependent on the uncertain model input. In the example for brine displacement

during CO2 storage presented here, the model outputs Ω are the pressure, the CO2 saturation

and the brine discharge into the water aquifer. The uncertain input parameters are the perme-

ability of the reservoir, fault permeability, and anisotropy of all layers, which are described

in Section 15.3.2.
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15.3. Modeling brine displacement and migration

As explained earlier, the focus of this work is on a methodology applied to estimating the

potential for brine displacement and migration for different geological situations. In this

section, scenario uncertainty and statistical uncertainty are investigated and discussed.

15.3.1. Impact of scenario uncertainty

Scenario uncertainty is addressed by numerical simulations of various well-defined scenar-

ios. Brine infiltration into the shallower freshwater aquifer is obtained by simulating the CO2

injection process into a deep geological reservoir; in this case, we simulated a 25 years in-

jection period and 25 years of the post-injection period. Various geological features such as

fractures, faults, or seal weaknesses can influence the success of storage and are considered

to explore uncertainties attributed to different scenarios. They influence the amount of brine

infiltrating into a shallow freshwater aquifer.

Figure 15.4 shows the scenarios with the characteristics which are considered relevant by ex-

perts for the risk assessment. Scenario 1 is the base case with a closed caprock as described

in Section 15.2.1. In Scenario 2, the caprock ceases to cover the CO2 reservoir at 5 km dis-

tance from the injection. In Scenario 3, a vertically oriented fault zone of higher permeability

(Kfault=10−12 m2) exists at the same horizontal distance. The aquitard zones along the fault

zone are less permeable (K= 5.5 ·10−15 m2) in Scenario 4 compared to Scenario 3. Scenarios

5 and 6 consider worst-case (in terms of brine migration) modifications of Scenario 3, where

low permeable barriers are introduced: in Scenario 5 only in the reservoir, in Scenario 6 over

the whole depth. Such a list of scenarios is, of course, never complete, but should contain a

representative selection of possible features. It could be extended, for example, by scenarios

with inclined caprock, however not with this radially-symmetric approach.

Due to the grid resolution, only very simplified fault zones extending some hundred meters

(in this study: 370 m) are investigated. Such broad fault zones are nevertheless reasonable

since larger zones of different rocks are often found in geological formations, for example as

a result of subrosion.

Results Figure 15.5 shows the total brine mass discharge over time into the water aquifer

for each scenario. Figure 15.6 presents the brine mass discharge only from the region, where
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the fault zone is (S3-S6) or would be (S1, S2). Figure 15.7 illustrates the pressure profile

directly above the caprock in a horizontal direction for selected cases.

Figure 15.4.: Schematic view of the different geological scenarios (Walter et al., 2012). Sce-

nario 1: reference scenario with closed caprock, see Figure 15.2; Scenario 2:

gap in the caprock at about 5 km distance; Scenario 3: fault zone at about 5

km distance ; Scenario 4: lower permeability of the fault zone in the aquitard

layers; Scenario 5: barrier of low permeability within the reservoir (at 9500 m);

Scenario 6: barrier of low permeability over the whole domain (at 9500 m);
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Figure 15.5.: Total brine discharge into the freshwater aquifer (over the whole domain) for

the different scenarios.

In Scenario 1, i.e. the reference case, no brine discharge into the aquifer is observed (see

Figure 15.5 and 15.6) because the caprock has no leaking fault and has a permeability of

KCaprock = 10−20 m2. The brine is displaced in a horizontal direction and leaves the model

domain laterally through the open (constant-head) boundary at the end of the domain. The

pressure profile above the caprock in Figure 15.7 shows no increase. This implies that brine

is not displaced through the caprock. A simple calculation shows how much brine would

actually be displaced if incompressibility was assumed for the fluids and the rock. The given

CO2 injection of 2.64 kg/s then corresponds to a displaced brine discharge of 4.53 kg/s.

In Scenario 2 (see Figure 15.4b), the caprock ceases at about 5 km distance and the overlying

sediment has a high permeability. The gap in the caprock leads to a maximum discharge into

the aquifer of 0.31 kg/s and the pressure above the caprock increases strongly (see Figure

15.5 and 15.7). However, the brine discharge through the gap, along the region, where

the fault zone would be, is almost zero (see Figure 15.6), and the highly concentrated salt

water from the reservoir does not reach the freshwater aquifer directly. Rather, the increase

in pressure leads to a flow of brine from the layer directly below into the aquifer. The

difference in salt concentration is not modeled because the salinity is constant in the model.
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Figure 15.6.: Brine discharge into the freshwater aquifer (along the fault zone) for the differ-

ent scenarios.

A clear pressure peak directly at the gap zone of the caprock can be identified. The aquitards

in between the reservoir and the aquifer apparently do not act as completely impermeable

layers like the caprock above the reservoir. However, the intermediate aquitards cause a

partial retention of the brine and the highly concentrated salt water is held back in lower

layers.

The importance of the low permeability aquitards above the caprock becomes clear when

comparing Scenario 2 with Scenario 3, which has a fault zone at about 5 km distance through-

out the vertical extent of the domain (see Figure 15.4c). Here, all aquitards are crossed by

a highly permeable zone. A much higher discharge into the aquifer with a maximum of

1.86 kg/s occurs since the brine can be displaced more easily through the highly permeable

fault zone. Comparing the brine discharge over the whole layer with the discharge along

the fault zone alone shows that almost all the brine is displaced along the fault zone (97%).

The pressure above the caprock is much lower than in Scenario 2, since the pressure can

propagate more easily through the highly permeable fault zone.

Scenario 4 is a variation of Scenario 3: the fault zone is less permeable (K=5.5 · 10−15 m2)

where it passes through the aquitards (see Figure 15.4d). These barriers reduce the brine
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Figure 15.7.: Pressure above the caprock along the model domain (pinitial= 8.1582 ·106Pa).

discharge and the ratio of discharge through the fault is slightly changed (91% discharge

through the fault zone). The pressure peak above the caprock is higher than in Scenario 3 but

still much lower than in Scenario 2, since the pressure can still propagate through the fault

zone.

Scenario 5 and 6 are very unfavourable scenarios, where there is a fault zone as in Scenario

3 and there are barriers of low permeability at about 9500 m distance from the injection. In

Scenario 5, the barrier of low permeability is only in the reservoir (see Figure 15.4e), whereas

in Scenario 6, the barrier reaches from the reservoir through the whole vertical profile up to

the aquifer (see Figure 15.4f). The discharge into the aquifer is increased in both scenarios in

comparison to Scenario 3 since, in the latter case, more brine can be displaced horizontally

from the reservoir (see pink and black lines in Figure 15.5). Particularly in Scenario 6,

the observed discharge is more than double and reaches a value of 4.01 kg/s. Nearly all

the displaced brine infiltrates the aquifer. An interesting point is that 97% of the brine still

discharges through the fault zone in Scenario 5 but only 72% is displaced through the fault

zone in Scenario 6. In Scenario 6, the pressure in the layer directly below the aquifer is

higher due to the barrier; therefore, the displaced brine is distributed over a larger area and

cannot be displaced in the horizontal direction. It infiltrates the aquifer due to the higher
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pressure near the barrier. For Scenario 5, the pressure above the caprock is the same as in

Scenario 3, and for Scenario 6, the pressure increases only slightly.

In most of the scenarios, the brine discharge has ceased after 50 years (25 years after CO2

injection stops). A small amount of brine is still infiltrating the upper aquifer only in the

worst of the selected cases (Scenario 6). An important issue is the different brine discharge

areas of the scenarios. In Scenario 2, a discharge can be measured over the whole layer

underneath the aquifer, but nearly no brine is displaced directly along the region, where

the fault would be as in Scenario 3. This means that the discharged brine is water which

originates from directly below the freshwater aquifer and is expected to have a significantly

lower salt content than water from greater depth. This is not modeled in these simulations

since a salt component of variable concentration is not explicitly considered and the salinity

is constant (0.1 kg salt/kg solution). For the highly likely situation that salinity decreases

at shallower depth, the obtained result is a conservative estimate. For the scenarios with a

fault zone (scenarios 3-6), it is more probable than in Scenario 2 that highly concentrated

brine reaches the aquifer, since it is displaced directly along the fault zone. The values for

brine discharge along the fault zone in Scenarios 3-6 are more realistic since here, water

with high salt content can migrate directly from the reservoir to the aquifer. However, these

values are still overestimated since the rising, highly concentrated brine would mix with the

surrounding, less concentrated water. These effects of dilution and mixing are a topic of

ongoing work and not considered in the model presented here.

15.3.2. Impact of statistical uncertainty

Many parameters like reservoir permeability, porosity, anisotropy are uncertain. Often these

uncertainties can be described statistically, but to do so requires adequate distributions. In

the best case, measurement data are available for the uncertain parameters to provide an ap-

propriate distribution. In the following, Scenario 4, which has a fault zone with lower perme-

ability in the aquitard zones, is chosen as an example to investigate statistical uncertainties.

The uncertain upscaled/averaged parameters are the permeability in the storage reservoir,

the anisotropy for all layers except the fault zone, and the aquitard permeability in the fault

zone. For the distribution of the reservoir permeability, the Ketzin data (see (Norden et al.,

2010)) are used. The other distributions for anisotropy and fault permeability are selected

based on a reasonable range of values. Anisotropy is chosen between 0 and almost 1 with

a higher probability for smaller values. The data for aquitard permeability in the fault zone
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Figure 15.8.: Distributions for the uncertain parameters: Permeability of the reservoir,

anisotropy, and fault permeability in the aquitard layers.

are varied between 10−17m2 and 10−12m2. For both parameters, a beta distribution is taken

as the basis. Figure 15.8 shows the resulting distributions of the three parameters.

Third-order polynomials are used to project the complex model onto a response surface.

Third-order is a sound trade-off between accuracy and computational effort ((Oladyshkin

et al., 2011b)). Three uncertain parameters and third-order polynomials result in P = 20

unknown coefficients in the expansion, see Eq. (15.4), and as a consequence require 20

simulation runs (snapshots). The four collocation points chosen for each parameter are listed

in Table 15.1.

Results With set-ups of 20 different combinations of the collocation points, the original

model is projected onto the polynomials. For a detailed interpretation of the dependencies,

Figure 15.9 shows the change in brine discharge for each uncertain parameter while the

other parameters are held constant. The points shown represent a selection of snapshot runs

with the same values for the remaining parameters, and the polynomials are constructed to
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Reservoir permeability [m2] Anisotropy [-] Fault permeability [m2]

1.7826·10−14 0.0435 1.2278·10−17

1.3915·10−13 0.2291 4.4076·10−16

6.9912·10−13 0.5294 4.1062·10−14

3.4914·10−12 0.8573 1.3027·10−12

Table 15.1.: Collocation points for snapshot simulations.

fit through these points. In the following, the dependence of the brine discharge on each

parameter and the accuracy of the polynomials are discussed.

For anisotropy, the polynomial reflects the continuously increasing behavior very well (see

Figure 15.9a). Higher anisotropy increases the brine discharge into the aquifer. Increasing

the anisotropy means a lower flow resistance in vertical direction. The anisotropy in all layers

except for the fault zone is increased. Thus, more brine is displaced vertically and the brine

discharge into the aquifer becomes greater.

An increase of the fault permeability has a similar effect as increasing anisotropy (see Figure

15.9b). More brine infiltrates the aquifer with higher fault permeability, since the resis-

tance of the flow path along the fault is decreased. This continuous increase diminishes for

high-value fault permeabilities and the brine discharge remains almost constant (see the two

snapshot runs with higher permeability in Figure 15.9b) because the resistance is already low

enough to let the displaced brine flow. The behavior of the brine discharge depending on the

fault permeability is reflected well by the polynomial in regions of lower permeability. In the

region of higher permeabilities, the highly nonlinear behavior cannot be reflected adequately

by the polynomials. The extrapolation for higher permeabilities outside the range of snap-

shot simulations yields the wrong characteristics, and one has to be careful while using the

polynomials for risk assessment. The limitations of the collocation method will be discussed

in more detail in Section 15.5.

While both anisotropy and fault permeability lead to a more or less monotonic response of the

brine discharge, this is not the case for reservoir permeability. At the beginning of injection,

the brine discharge first increases and then decreases again with increasing permeabilities

(see Figure 15.9c after 2 years of injection). If the permeability is very low, the pressure

during CO2 injection will be higher, due to higher flow resistance. The higher pressure

increases the effect of compressibility of the fluids and the rock. Thus, less brine needs to

be displaced. Higher permeability of the reservoir results in smaller pressure peaks. Thus,
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Figure 15.9.: Brine discharge versus the uncertain parameters: Snapshot runs (bullets) and

fitted polynomials a) for anisotropy after 25 years of injection, b) for fault per-

meability after 25 years of injection, c) for reservoir permeability after 2 years

of injection, and d) for reservoir permeability after 25 years of injection

at lower pressures, the compressibility effect is reduced. Consequently, more brine has to

be displaced to free the required pore space, and more brine infiltrates the aquifer. At a

certain value of the reservoir permeability, the brine discharge decreases again. Here, the

permeability of the reservoir is similar to the permeability of the fault zone. In this situation,

more brine can be displaced in horizontal direction from the reservoir instead of vertically

against gravity. At this early stage of injection, the polynomials resemble the behavior well.

As the injection proceeds, the situation changes and the effect of very small permeabilities in

the reservoir on the reduction of brine discharge diminishes (see Figure 15.9d: Permeability

after 25 years of injection). The two snapshot runs for smallest permeabilities result in al-

most the same brine discharge. At later stages, the compressibility is less important since the

pressure at the injection well does not rise further and the displacement becomes more rele-

vant. Thus, the effect that the brine discharge is lower for smaller permeabilities cannot be
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observed. Comparing the snapshot runs at the collocation points with the fitted polynomial at

later times shows that the behavior is described well by the polynomial for higher permeabil-

ities but a discrepancy can be identified for smaller values. Between the two snapshot runs on

the left, the polynomial overestimates the brine discharge because of overshoot in the third-

order polynomial. This overestimation is acceptable for the risk calculations since it gives a

conservative estimate. However, the steep decrease for further decreasing permeabilities is

not seen in further simulations and should not be considered in the risk estimation.

15.4. Risk assessment

15.4.1. Quantification of risk

The approach to quantify risk, followed in this work is often found in the literature, and

defines risk as ((Kaplan, 1997))

Risk = Probability×Damage . (15.6)

This means that the risk is the expected loss incurred by an accident, which is defined as

damage multiplied by the probability of an accident occurring. In (Kopp et al., 2010), risk

is used as a statistical leakage probability that could occur at a well and is calculated by

multiplying the likelihood of failure times the consequence of failure. In their work, only

the cases were considered when CO2 leaks. In this study, no explicit failure event occurs for

the considered Scenario 4, because in any case brine is displaced and some damage always

occurs. Risk, as it is defined here, is the probability-weighted expectation of damage.

The mathematical definition of damage has to be chosen carefully for each risk assessment

individually depending on the hazard which is evaluated. It is necessary that damage can

be derived from the model output of the numerical simulations. In this study, the damage

is defined as the amount of infiltrated brine per time (brine discharge) into the shallower

freshwater aquifer:

Damage =
Mass of brine[kg]

Time[s]
. (15.7)

To determine the probability of a certain damage, a stochastic approach is required. As

explained in Section 15.2.2, we reduce the complex model via the arbitrary polynomial chaos

expansion (aPC) combined with the probabilistic collocation method (PCM). Mean values
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and variances of the model output can be easily computed with the polynomials. To calculate

the probabilities, Monte Carlo calculations on the polynomials can be performed, which is

much faster than using the complex model for hundreds or thousands of runs. This can

provide a probability density function (PDF) and cumulative distribution functions (CDF)

for the damage, where the evidence probability can be determined for a certain damage (e.g.

high pressures or brine discharge events).

Scenario uncertainty For the category of scenario uncertainty, there is no statistically

representative information on the features of a selected scenario available. Thus, it is not

possible to determine probabilities on the basis of the aPC/PCM approach. To this end, we

calculate only damage values for the scenarios and compare them. The brine discharge

calculated and discussed in Section 15.3.1 corresponds to the damage as defined in this

work. With the results from the previous section, the damage in the scenarios can be ranked

(S6>S5>S3>S4>S2>S1). Scenario 6 with a fault zone and a barrier of low permeability

results in the biggest damage, and is thus the most unfavourable geological structure within

the selected scenarios. It is followed by Scenario 5, which results in a smaller damage

due to the fact that the brine can also flow in horizontal direction as soon as it leaves the

reservoir. Scenario 3 with the laterally open reservoir reduces the damage further, which is

also the case when there is a lower permeability in the aquitard zones of the fault (Scenario

4). A substantial reduction of damage is predicted for Scenario 2, and Scenario 1 is the

safest one with practically no damage at all. It can be concluded that the caprock integrity

and faultless overlying aquitards are the key geological features to keep brine migration to

shallower aquifers at a minimum. Other geological features also have significant impact on

brine migration, but not to the same extent as faults in the caprock.

Statistical uncertainties When uncertainty is statistical, both damage and probability

can be calculated, since the distribution of parameters like permeability or anisotropy can be

quantified. Here, a cumulative distribution function (CDF) and a probability density function

(PDF) are used, and risk is estimated for Scenario 4. Figure 15.10a shows a CDF for the

brine discharge after 25 years of injection for the given uncertain parameters, in this case

permeability in the reservoir, fault permeability, and anisotropy. If a certain threshold value

for a maximum brine discharge is given, the probability that this value is not exceeded can be

determined by the CDF. Example: For a given threshold of 1.84 kg/s, the probability that this

value is not exceeded is 95%. Figure 15.10b shows the PDF of the damage (brine discharge).

Overall it says that damage values smaller than 1 kg/s, for example, are more probable than
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Figure 15.10.: Cumulative distribution function and probability density function for brine

discharge into the water aquifer after 25 years of injection.

damages above this value. However, the risk calculation would shift the significance to larger

values of damage since damage and probability are multiplied. An overall risk value for the

given Scenario 4 can be estimated with the mean value for risk, i.e. the expected value of

risk:

E[Risk]i =
∑N

i DamageiProbabilityi
N

(15.8)

where N is the number the sample size of the model parameters. For Scenario 4, the overall

risk is then 0.4722 kg/s. We interpret this value as the probability-weighted expectation of

damage for this particular scenario.

15.4.2. Estimates for salt concentration and the impact on the
freshwater aquifers

Using estimates of damage and the risk of brine discharge into the freshwater aquifer from

the methods, the question of the impact on the freshwater aquifer, i.e. the drinking-water

resources can be addressed. For potable water, salt concentrations, or total dissolved solids

(TDS) must not exceed a certain value. The World Health Organization (WHO) does not

regulate the amount of TDS; however several countries define a critical value for TDS, e.g.
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Denmark defines a critical value of 1500 mg/l, and Australia does not allow TDS higher than

500 mg/l ((Rygaard et al., 2011)). Germany allows a maximum concentration of 250 mg/l for

chloride ions and 200 mg/l for sodium but no cumulative value for TDS. The gap between

the calculated risk of brine discharge, obtained from numerical methods, on the one hand

and salt concentration in drinking water wells on the other hand is bridged with some simple

analytical considerations.

Fully mixed approach Let us assume that the freshwater aquifer can be considered a

fully mixed reactor. A steady-state salt-mass balance can then be formulated as:

qoutAoutcout = qinAincin +SDbrine , (15.9)

where q [m/s] and c [kg/m3] are the groundwater flow and concentration into and out of the

control volume, A [m] is the area of the cross section, S [-] the salinity used in the numerical

simulations, and Dbrine [kg/s] the mass discharge of brine as given by Equation (15.7). It is

assumed that the incoming groundwater flow contains no salt (cin = 0), yielding the following

equation for the salt concentration in the aquifer:

cout =
12SDbrine

qout w f baq
. (15.10)

Aout = w f baq, w f is the width of the diluting volume and baq is the thickness of the aquifer

(here 22.5 m). The brine discharge is multiplied by 12 since the results of the numerical

model are only valid for a twelfth of the whole area and we consider the entire circular

domain here. The salinity of the brine discharge into the freshwater aquifer is S = 0.1 (as

before). For the groundwater flow qout , 1m/d=1/86400m/s is assumed. Figure 15.11 shows

the top view of the model domain with the fault circle and the segment for the numerical

simulation. The assumption of a circle-shaped fault is not very realistic, but it simplifies

calculations, thus fulfilling its purpose in this principal study. Two different approximations

are now discussed. In the first, the brine discharge over the whole layer (the whole circle)

is used. Here, the width of the diluting volume is twice the width of the full model domain

(w f 1 = 2× 10000m). For the second approximation, only the brine discharge through the

fault zone is considered and the width of the diluting volume is twice the distance from the

injection site to the fault zone (w f 2 = 2×5500 m).

Table 15.2 lists the maximum brine discharge obtained from the numerical simulations and

the corresponding concentrations calculated by Equation (15.10) for the two different ap-

proximations and for each scenario. The concentration from the approach that considers
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Figure 15.11.: View of the model domain from above (Walter et al., 2012).

Brine discharge whole domain Brine discharge fault only

Scenario Dbrine [kg/s] cout mg/l Dbrine [kg/s] cout mg/l

1 0 0 - -

2 0.3135 72.0 - -

3 1.8631 429.2 1.8063 756.7

4 1.6236 387.9 1.4803 620.1

5 2.0079 462.6 1.9466 815.5

6 4.012 924.4 2.892 1211.5

Table 15.2.: Maximum brine discharge (from numerical simulations) and estimated salt con-

centration for the different scenarios and for the two different approximations:

(i) brine discharge over the whole domain, and (ii) brine discharge through the

fault zone

mixing over the whole domain is lower despite the larger brine discharge due to the larger

diluting volume. For Scenarios 1 and 2, no salt concentrations from infiltration via the fault

zone are calculated, since the fault zone is not connected to the freshwater aquifer. The

concentrations cout of each scenario are compared with the drinking water criteria, given

in (Rygaard et al., 2011). The guideline value of Denmark (1500mg/l) is not exceeded in

any of the scenarios if the brine discharge is assumed to occur over the whole domain. The

most critical one is Scenario 6, which exceeds the TDS criterion of Australia but not that of

Denmark. For the case where the infiltration occurs only through the fault zone, the drinking-

water criterion in Australia is exceeded in all four scenarios, while the Danish criteria would
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still tolerate these concentrations. The validity of the approximation can be tested using the

mixing length Lmix [m] (see (Binning and Celia, 2008)):

Lmix =
b2

aq

2αT
. (15.11)

Here, αT = 0.018 m is a reasonable value for the transverse dispersivity ((Binning and Celia,

2008)). Lmix defines how far downstream the aquifer can be assumed to be fully mixed. For

the water aquifer above, the mixing length is 14.06 km, which means that the calculated

values (Table 15.2) are valid for a water production well at a distance of at least 14.06 km

downstream of the discharge zone. Closer to the zone of discharge, concentrations can be

higher.

These calculations prove that it is just as important to calculate the diluting volume (given by

w f ×baq) as it is to calculate the brine discharge Dbrine. Depending on the diluting volume,

the fully-mixed concentration in the drinking water aquifer changes strongly. As already

indicated in Section 15.3.1, it appears more realistic to consider the infiltration associated

with the fault zone since, in Scenarios 3-6, highly concentrated salt water can be displaced

through the fault zone directly from the reservoir up to the water aquifer. The assumption

of a fully-mixed system mitigates this unfavorable situation because of the large diluting

volume, and it has to be stated again that this situation is only valid far downstream from the

discharge zone.

Both approximations show high values for the salt concentrations compared with the drink-

ing water criteria, which at least in part results from the fact that the salt content is not

explicitly modeled in the numerical simulation. The initial salinity is set to 0.1 over the

whole domain, which means that, even directly underneath the water aquifer, the model cal-

culates with this high salinity. Furthermore, mixing effects cannot be addressed with the

current numerical model. Therefore, the concentrations shown are rather conservative esti-

mates. Explicitly accounting for the salt concentration and a variable salinity over depth is

ongoing work and not within the scope of this chapter.

Analytical approximation of salt-water upconing Near the zone of brine infiltra-

tion, i.e. for distances less than Lmix, the fully-mixed assumption cannot be made. A con-

servative approach is then to assume that concentrated brine is at the bottom of the aquifer

and has impacts on the water produced by upconing at the drinking water wells. It is inter-

esting to determine the operating conditions under which the concentrated salt water will be

pumped in the well. As soon as upconing salt water reaches well screen, it will affect the
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quality of the water produced. Simplified estimates with an analytical approximation allow

us to develop an operational strategy for water suppliers.

(Schmorak and Mercado, 1969) and (Todd, 1980) presented an analytical approach to in-

vestigate the upconing of sea water caused by a drinking-water well. This approach can be

adapted to the brine infiltration problem here. A few assumptions are necessary. First a sharp

interface between the salt and the freshwater is assumed. Furthermore, only the region di-

rectly beneath the drinking water well (r = 0) is considered and it is assumed that the system

is at steady state (t → ∞). This assumption leads to a conservative estimation of upconing

and thus is appropriate for risk assessment. The situation under consideration is shown in

Figure 15.12. According to (Schmorak and Mercado, 1969) and with these assumptions, the

upconing of the salt water can be defined as:

Z(r = 0, t → ∞) =
Q

2Πd ∆ρ
ρ f

kx
, (15.12)

where Z[m] is the rise of the interface above the initial state, Q [m3/s] the pumping rate in

the well, d [m] the distance between the salt-water layer and the drinking water well, ∆ρ
ρ f

the

dimensionless difference between salt and freshwater density ρ f and kx [m/s] the horizontal

permeability. (Schmorak and Mercado, 1969) stated that this relation is limited to a critical

rise Zcrit . When Zcrit is reached, a spontaneous breakthrough of the salt water occurs. In

their experiments, they found that sudden breakthrough occurs for upconing higher than

Zcrit = d/3.

For the water aquifer already investigated in the numerical simulations, Table 15.3 shows the

values of model parameters at the depth of 500 m. Let us assume that the brine forms a thin

layer at the bottom of the aquifer. Then the distance d between the salt layer and the well

Q[m3/s] 0.004

d[m] 22.5

T [K] 298

p[bar] 50.16

ρbrine[kg/m3] 1068.5

ρ f [kg/m3] 998.2

Kx[m2] 10−12

kx[m/s] 1.0978 ·10−05

Table 15.3.: Physical values for the given problem.
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Figure 15.12.: Upconing of salt water to a pumping well after (Schmorak and Mercado,

1969).

screen in Equation 15.12 is the aquifer thickness (22.5 m).

Figure 15.13 shows the approximation of the salt-water rise for different vertical distances

between the salt-water layer and the drinking-water well. A constant pumping rate of

0.004 m3/s in the well is assumed. It is obvious that a smaller vertical distance between

the well and the salt-water layer results in higher upconing. Without considering the effect

of a sudden rise, the salt water would affect the well for distances smaller than ca. 29 m. For

larger distances d, the well is not reached by saline water. However, to ensure that no salt

is pumped into the drinking water well, the upconing needs to fall below the critical rise of

Zcrit = d/3. This linear relation is also shown in Figure 15.13. For the situation to the left of

the intersection of the two curves (d < 50 m), the upconing has exceeded Zcrit , and the well

is affected by saline water. For larger distances, Zcrit is not exceeded and freshwater can be

pumped at the given rate.

Equation (15.12) further allows an estimation of how strongly the drinking-water well is

affected by the saline water. For example, the green point in Figure 15.13 represents the

situation where the salt-water layer is 22.5 m below the well. In this case, salt-water upconing

is greater than 37 m. This corresponds to a height of about 14.5 m salt-water infiltration into
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Figure 15.13.: The rise of the brine interface versus distance from brine layer to the pumping

well (using Zcrit = d/3).

the well.

The pumping rate of an operational strategy is obviously a design parameter. According to

Equation (15.12), the upconing depends linearly on the pumping rate. Without considering

the critical rise and the abrupt jump of the brine layer, the well would be reached by salt water

with a pumping rate of 0.0025 m3/s. However, considering the critical rise, the maximum

permissible pumping rate is only 8.194 ·10−4 m3/s.

An interesting point is that the upconing is inversely proportional to the density difference

between salt and freshwater. A higher salt content will result in a low estimate for upconing.

However, the greatest impact has upconing occuring at the highest concentration. Figure

15.14 shows how the upconing decreases with increasing density difference.

The section concludes by examining how the analytical model can be linked to the brine

discharge obtained from the numerical simulation. A first approach is to check at which

salt concentrations upconing of brine would actually occur. As discussed above, upconing

is inversely proportional to the density difference between salt water and freshwater. The

maximum concentration at which upconing occurs can be calculated. If the concentrations

in the water aquifer are above this critical concentration, then upconing is not an issue. For
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Figure 15.14.: The rise of the brine interface versus the density difference.

this example, the values in Table 15.3 are used with the reservoir thickness of d = 22.5 m

and a pumping rate of 0.004 m2/s. The maximum density difference is 343.03 kg/m3 and

the corresponding salinity equals 0.4233. The concentration is calculated by multiplying the

salinity with the brine density of 1341.3 kg/m3 resulting in ccrit = 567.78 kg/m3. Such a high

salinity has, of course, no physical meaning since the water will be fully saturated with salt

for a salinity of about 0.35. Thus, it must be concluded that in the presented example with the

small aquifer thickness of d = 22.5 m, upconing will always occur. This means that within

a radius of 14.06 km from the brine discharge zone, the drinking water could be affected by

the salt concentration.

15.5. Conclusions

The study has shown that it is important to address uncertainties on different levels for a

comprehensive assessment of risk related to CO2 storage. In this approach, a distinction is

made between scenario uncertainty and statistical uncertainty. Scenario uncertainty requires

expert opinion to identify relevant geological scenarios; statistical uncertainty requires in-

formation on parameter distributions as well as a concept for testing the parameter space,
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for example with Monte Carlo methods. The concept applied here uses Monte Carlo test-

ing on computationally very cheap polynomials which represent the response surface of the

full-complexity models on the basis of the arbitrary polynomial chaos expansion combined

with the probabilistic collocation method. The ultimate aim is to determine a reliable order

of magnitude for occurring damages and corresponding probabilities; in this study, damage

represents brine discharge and, eventually, the concentration of salt in a drinking water well.

The suggested practical work flow of risk assessment includes different steps.

(i) It is necessary to identify those scenarios which are both realistic and lead to high damage.

Expert opinion and geological knowledge is inevitable. This was shown in Section 15.3.1.

The total volume of displaced brine depends on the volume of injected CO2, although com-

pressibility effects can lead to a time-shift of brine displacement. The displaced brine has

several possible escape routes: (a) towards the outer regions of the injection horizon if the

formation is large enough and not sealed at its edges, (b) through the caprock, or (c) through

faults. The study gives clear evidence that fault structures are the most important features in

these scenarios and brine discharge to freshwater aquifers crucially depends on the connec-

tivity between the storage reservoir and the freshwater aquifer. The likelihood of large brine

discharge into freshwater aquifers is far smaller if faults do not connect the two layers, even

if the caprock is not faultless.

(ii) For a selected scenario with given geological features (gap in the caprock, fault zone,

aquifers, aquitards, etc.), the statistical uncertainties can be included, i.e. the variability

of parameters such as permeability, porosity, or anisotropy. Section 15.3.2 addressed this

issue for Scenario 4. Knowing the expected range of the tested parameter space and the cor-

responding distribution functions, it is possible to quantify probabilities of certain damage

events. The aPC method allows, for example, the calculation of response surfaces and cumu-

lative distribution functions. For the particular geological set-up of Scenario 4, a value could

be assigned to the risk of brine discharge into the freshwater aquifer (here: 0.4722 kg/s).

(iii) The risk of brine discharge needs to be transformed into the risk of exceeding drinking-

water criteria in water-production wells. Using simple analytical approaches, it could be

shown that this can be done on the basis of a few assumptions. For example, a fully mixed

state of the aquifer appears realistic if the production well is far enough from the discharge

zone. If the salt intrusion into the freshwater aquifer occurs rather close to a production well,

fully-mixed conditions are not achieved and salt water can be assumed to form a layer at the

bottom of the reservoir due to gravity. In such a case, upconing of salt water is the relevant

mechanism that could lead to salt concentrations in the water production well (see Section

15.4.2).
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A conservative assumption in the presented study is that of a constant salinity of all water

below the freshwater horizon. This overestimates the concentration arriving in the aquifer,

and future work will consider this by using spatially coupled models with a multiphase model

in the region where the CO2 phase spreads and a single-phase compositional model in the

major part of the model domain.

This study suggests that salt-water intrusion into freshwater aquifers due to CO2 storage is

probably a locally confined problem, at least in terms of salt concentration. It occurs not over

large areas if storage sites with multiple barriers are chosen. To which extent geochemistry

is changed by intruding brine remains an issue to be investigated.

This study showed that the probabilistic collocation method combined with the arbitrary

polynomial chaos expansion could not reproduce all the non-linearities occurring in the

model. Over- and undershoots between the collocation points can occur with even more

problems beyond the collocation points. However, according to PCM the modeler can ex-

tract a lot of information in the main range of the parameter distribution, which is sufficient

to understand the principal behavior. In that way, the aPC via PCM framework helps to keep

the compromise between the computational effort and degree of expansion. Higher-order

polynomials could probably improve this; however, only at higher computational costs for

determining the polynomials.

In the simulations of this work, the calculated overall brine discharge varied from almost

zero to about 4 kg/s for the different scenarios, while the statistical variability considered in

Scenario 4 lead to a brine flux variation between zero and almost 2 kg/s. Therefore, it appears

as if scenario uncertainty is a little higher here, but still of the same order of magnitude as

statistical uncertainty. More knowledge decreases both scenario and statistical uncertainty.

Finally, we claim that the presented set of methods is a reasonable trade-off between com-

putational effort and desired accuracy for combining quantitative and qualitative uncertainty

assessment in modelling CO2 storage.



16. Sensitivity analysis and risk
assessment for large-scale CO2

storage

Bibliographic Note: The content of this chapter is based on the following original article:

Ashraf M., Oladyshkin S., Nowak W., Geological storage of CO2: global sensitivity analysis

and risk assessment using arbitrary polynomial chaos expansion. International Journal of

Greenhouse Gas Control, Elsevier, V. 19, P. 704-719, 2013.

Geological storage of CO2 is a proposed interim solution for mitigating the climate change.

Modeling CO2 storage is accompanied by huge geological uncertainties and excessive com-

putational demands. However, the considerable costs and potential hazards of the technique

require feasibility studies to assess all possible risks. This makes computationally efficient

methods for sensitivity analysis, uncertainty quantification and probabilistic risk assessment

indispensable.

Our goal is to demonstrate the application and feasibility of the arbitrary polynomial chaos

expansion (aPC) for these tasks under realistic conditions. We model a typical CO2 injection

scenario in realistic geological realizations of a shallow marine deposit. Our scenario fea-

tures uncertain parameters that control the structure of geological heterogeneities, including

the density of barriers, the aggradation angle, fault transmissibility and regional groundwater

effects. The aPC approximates the models by a polynomial-based response surface to speed

up the involved statistical analysis of an otherwise expensive simulation tool.

We demonstrate how such an analysis can guide further exploration and the design process

of finding suitable injection rates. Our case study demonstrates clearly that the aPC is an

efficient, feasible and hence valuable approach in this context, and we strongly encourage its

future use. A key advantage of the aPC over more conventional polynomial chaos methods is

the flexibility to work with arbitrary probability distributions of uncertain parameters. From



284 Sensitivity analysis and risk assessment for large-scale CO2 storage

our featured parameters, we found the aggradation angle to be the most and the regional

groundwater effect to be the least influential one. To the best of our knowledge, this is the

first analysis of structural parameters for geological heterogeneities in the CO2 context and

within a probabilistic setting.

16.1. Introduction

In the context of climate change mitigation, geological storage of CO2 has been proposed

as interim solution. The idea has been challenged during the last decades for its costs and

potential hazards (Lenzen, 2011; Viebahn et al., 2007). A large number of studies has been

performed in the industry and research communities to evaluate the safety and feasibility

of CO2 storage, addressing issues such as the status and barriers of CO2 storage (Bachu,

2008), screening and ranking of geological storage sites (Bachu, 2003), large-scale impacts

of CO2 injection in deep saline aquifers (Birkholzer et al., 2009), new solution methodolo-

gies for CO2 leakage (Nordbotten et al., 2005b), the capture project (Thomas, 2005), and

leakage estimates (Celia et al., 2004). Furthermore, many pilot projects have been installed,

like In Salah (Riddiford et al., 2004), Ketzin (Förster et al., 2006), and Johansen (Eigestad

et al., 2009). A discussion on the experiences from the existing pilot projects is reported in

(Michael et al., 2010).

Yet, there is a big demand for studies which demonstrate the appropriateness of the storage

operation. Transparent scientific results are required to communicate the facts and evidences

about feasibility and possible risks within public and industry. The large involved time and

space scales, however, cause substantial computational issues in such studies (e.g., (Class

et al., 2009)), and the modeling procedure is accompanied by a huge extent of geological

uncertainties (e.g., (Walton et al., 2004; Brennan et al., 2010; Wilson et al., 2003; Hansson

and Bryngelsson, 2009b)).

In an approach to quantify the impact of geological heterogeneity on model predictions of

multiphase flow in geological formations, a large number of shallow marine depositional

realizations has been generated and used in the sensitivity analysis of the impact of geologi-

cal uncertainties on production forecasting (SAIGUP), see (Howell et al., 2008; Manzocchi

et al., 2008a; Matthews et al., 2008) . There, the impact of variable geological parameters

has been quantified for oil recovery in different field development scenarios. The main gen-

eral conclusion of that study is that realistic features of geological uncertainty in modeling
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(other than typical hydrological parameters) can lead to considerable uncertainties in predic-

tion. The papers (Ashraf et al., 2010a,b) used a number of SAIGUP realizations to study the

impact of geological heterogeneity on the injection and early migration of CO2 in a shallow-

marine aquifer with a complex, heterogeneous geological structure. That study transferred

the significance of some of the geological structural features to the case of CO2 injection.

In practice, modeling complicated physical phenomena in the subsurface requires stochas-

tic approaches. Uncertainty can exist in different levels, from the formulation of depen-

dency rules in the model to uncertainty about appropriate values for the model input parame-

ters. Uncertainty coming from any source in the modeling procedure propagates through the

model to the predicted responses. Ranking the important model parameters based on their

influence on the model responses can support a better understanding of the system, and it

can result in a better design of subsequent studies on the stochastic nature of the process.

Hence, identifying and evaluating the sensitivities and uncertainties of model parameters

and their impact on prediction uncertainties and projected risks is a significant task. Sensi-

tivity analysis is known to be the right approach to identify the significance of uncertainty

sources within the modeling process (Oladyshkin and Nowak, 2012a) and to improve the

understanding of model behavior (Sobol, 2001). For example, the European Commission

and the United States Environment Protection Agency recommend using sensitivity analysis

in the context of extended compact assessment for policy making (Commission, 2002).

Uncertainty sources within the CO2 storage problem can be classified in different types as

geological, physical and operational uncertainties. This work is devoted to geological un-

certainties. However the same procedure can be applied to extend the work for other types

as well. Here, we use a set of SAIGUP realizations to perform a sensitivity analysis and to

assess the risks caused by uncertainties in a choice of parameters that govern the geological

structure of the featured shallow-marine deposit.

The goal of this study is to test and demonstrate the applicability of a recent set of methods

to a realistic scenario. We choose a stochastic response surface method to project the model

response to parameter changes onto high-dimensional polynomials via the arbitrary poly-

nomial chaos expansion (aPC) (Oladyshkin and Nowak, 2012a; Oladyshkin et al., 2011a).

Highly similar ideas to the aPC have also been proposed in other scientific areas (Witteveen

et al., 2007; Witteveen and Bijl, 2006; Ghanem and Doostan, 2006; Soize and Ghanem,

2004). As we review in Section 16.2, the involved orthogonal polynomial basis can be

constructed for arbitrary probability distributions of the uncertain parameters. This data-

driven approach provides fast convergence (Oladyshkin and Nowak, 2012a) in comparison
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to the classical polynomial chaos expansion (e.g., (Wiener, 1938; Ghanem and Spanos, 1991;

Le Maître and Knio, 2010)). Moreover, it avoids the subjectivity of data treatment that would

arise when being forced to fall back onto a limited number of theoretical distributions that

can be tolerated with previous generalized versions of polynomial chaos expansions (Wan

and Karniadakis, 2007; Xiu and Karniadakis, 2002b). The reduced model represented by the

response surface is significantly faster than the original complex one, and thus provides a

promising starting point for global sensitivity analysis, uncertainty quantification, and prob-

abilistic risk assessment.

In the current work, we use global sensitivity analysis rather than a local one, because local

analysis fails to cover the non- linear variation of model responses over the entire range of

probability distributions of the input parameters. A practical approach in global sensitivity

analysis is to work with the impact of uncertain parameters on prediction variances, because

this shows a good success in nonlinear problems (Reuter and Liebscher, 2008). In the current

study, we use Sobol indices (Sobol, 2001) for sensitivity analysis, which are indeed working

with variances. The fact that the aPC based response surface is based on orthonormal poly-

nomials with exploitable known properties (Oladyshkin et al., 2011d) substantially simplifies

this analysis.

Finally, we perform risk analysis by applying a Monte-Carlo procedure to the response sur-

face. The approximating polynomial is fast enough to be used for a large number of Monte-

Carlo realizations. This makes it possible to cover the entire range of variations in the model

input described by the assigned probability distributions, and thus provides accurate esti-

mates for the risk in the system. We conclude with a discussion of the results.

The global sensitivity analysis and uncertainty quantification studies for CO2 storage existing

in the literature are concerned with classic hydrological uncertain parameters like porosity,

pore volume and permeability as global constants (see for example (Brennan et al., 2010;

Kovscek and Wang, 2005; Oladyshkin et al., 2011a)). To the best of our knowledge, the

current study is the first one that implements the proposed mathematical analysis tools on

realistic geological structural parameters at reservoir scale. The parameters we consider are

the level of barriers presence, aggradation angle, fault transmissibility, and regional ground-

water effects. The considered features are the structural and depositional features that dictate

the distribution of hydrological parameters such as permeability and porosity, both in terms

of value and spatial distribution. These are among the most uncertain geological parameters

identified with the SAIGUP study (except the regional groundwater effect, which is specific

to this study).



16.2 Response surface via arbitrary polynomial chaos expansion 287

16.2. Response surface via arbitrary polynomial

chaos expansion

Working with uncertain parameters in complex, non-linear and dynamic systems puts a high

demand on stochastic tools to analyze the system and to propagate uncertainties through the

system. Conceptually straightforward numerical Monte Carlo (MC) techniques are computa-

tionally demanding since the statistical accuracy of their predictions depends on the number

of realizations used. The Monte-Carlo estimation error (measured as standard deviation) for

output statistics typically decreases only with the square root of the number of realizations

used. Using a stochastic response surface is a promising approach in this respect.

Obviously, a response surface can be constructed in different ways, e.g. it can be constructed

directly on a dense Cartesian grid of input parameters at extremely high computational ef-

forts. In the current study, we apply an alternative methodology which demands only a

minimum number of model evaluations to construct the response surface. This approach

is based on the theory of polynomial chaos expansion (PCE) introduced in (Wiener, 1938).

Generally, all PCE techniques can be viewed as an efficient approximation to full-blown

stochastic modeling ( e.g., exhaustive MC). The basic idea is to represent the response of a

model to changes in variables through a response surface that is defined with the help of an

orthonormal polynomial basis in the parameter space. In simple words, the dependence of

model output on all relevant input parameters is approximated by a high-dimensional poly-

nomial. The resulting polynomials are functions of the model parameters. This projection

can be interpreted as an advanced approach to statistical regression.

The PCE offers an efficient and accurate high-order way of including non-linear effects in

stochastic analysis (e.g., (Zhang and Lu, 2004; Foo and Karniadakis, 2010; Fajraoui et al.,

2011)). One of the attractive features of PCE is the higher-order in uncertainty quantification,

e.g., (Ghanem and Spanos, 1990, 1991; Le Maître and Knio, 2010), as well as its compu-

tational speed when compared to other methods for uncertainty quantification performed on

the full model, such as MC (Oladyshkin et al., 2011b). Due to its elegant reduction of models

to polynomials, it allows performing many tasks analytically on the expansion coefficients.

Alternatively, it allows performing excessive MC on the polynomials since they are vastly

faster to evaluate than the original model.

Unfortunately, the original PCE concept (Wiener, 1938) is optimal only for Gaussian dis-

tributed input parameters. To accommodate for a wide range of data distributions, a recent

generalization of PCE is the arbitrary polynomial chaos (aPC (Oladyshkin et al., 2011a)).
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Compared to earlier PCE techniques, the aPC adapts to arbitrary probability distribution

shapes of input parameters and, in addition, can even work with unknown distribution shapes

when only a few statistical moments can be inferred from limited data or from expert elic-

itation. The arbitrary distributions for the framework can be either discrete, continuous,

or discretized continuous. They can be specified either analytically (as probability den-

sity/cumulative distribution functions), numerically as histogram or as raw data sets. This

goes beyond the generalization of PCE in methods such as the generalized polynomial chaos

(gPC) or the multi-element gPC (ME-gPC) (Wan and Karniadakis, 2007; Xiu and Karni-

adakis, 2002b). The aPC approach provides improved convergence in comparison to classi-

cal PCE techniques, when applied to input distributions that fall outside the range of classical

PCE. A more specific discussion and review of involved techniques will follow in Sections

16.2.1 to 16.2.3.

With an introduction to response methods via the aPC, we describe here the theoretical back-

ground that we use in our modeling procedure. The related techniques for sensitivity and risk

analysis used in this work are explained in Sections 16.4 and 16.5.

16.2.1. Definitions and polynomial chaos expansion

Suppose that we approximate a problem by a functional ϒ, which represents the model re-

sponses Γ for the input variables Θ:

Γ ≈ ϒ(Θ). (16.1)

Like all PCE methods, the aPC is a stochastic approach to approximate the response surface.

Considering the uncertainty in the input variables, the aPC constructs a set of polynomial

basis function and expands the solution in this basis. Thus, the response vector Γ in Eq. (16.1)

can be approximated by (Oladyshkin and Nowak, 2012a):

Γ ≈
nc

∑
i=1

ciΠi(Θ). (16.2)

Here, nc is the number of expansion terms, ci are the expansion coefficients, and Πi are

the multi-dimensional polynomials for the variables Θ = [θ1, ...,θn], and n is the considered

number of modeling parameters. If the model response Γ(Θ) depends on space and time,

then so do the expansion coefficients ci.

The number nc of unknown coefficients ci results from the number of possible polynomials

with total degree equal to or less than d. This number depends on the degree d of the
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approximating polynomial, and the number of considered parameters n:

nc =
(d +n)!

d!n!
. (16.3)

16.2.2. Data-driven orthonormal basis

All polynomials Πi in expansion (16.2) are orthogonal, i.e., they fulfill the following condi-

tion: ˆ
I∈Ω

ΠlΠm p(Θ)d(Θ) = δlm, (16.4)

where I is the support of Ω, δ is the Kronecker symbol, and p(Θ) is the probability density

function for the input parameters. We obtain the orthonormal basis with the moments-based

method proposed in (Oladyshkin and Nowak, 2012a; Oladyshkin et al., 2011a). Orthonor-

mality has the advantage that many subsequent analysis steps are accessible to relatively

simple analytical solutions.

Knowledge on variability never is so perfect such that we could express the probability of

model parameter values in a unique distribution function. Available data are mostly scarce,

and fitting a density function to observed frequencies is often biased by subjective choices

of the modeler. The paper (Oladyshkin et al., 2011a) argued that, with aPC, it is possible

to use available probabilistic information with no additional formal knowledge requirements

for their probability distributions, only based on the statistical moments of the available

data. They showed that, it is possible to calculate estimates for the mean, variance, and

higher order moments of the model response Γ(Θ) even with incomplete information on the

uncertainty of input data, provided in the form of only a few statistical moments up to some

finite order.

16.2.3. Non-intrusive determination of the coefficients

The next task is to compute the coefficients ci in Eq. 16.2. Generally, all PCE techniques can

be sub-divided into intrusive (Ghanem and Spanos, 1993; Matthies and Keese., 2005; Xiu

and Karniadakis, 2003) and non-intrusive (Keese and Matthies, 2003; Isukapalli et al., 1998;

Li and Zhang, 2007; Oladyshkin et al., 2011b) approaches, i.e., methods that require or do

not require modifications in the system of governing equations and corresponding changes

in simulation codes. The challenge in choosing between the methods is to find a compromise
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between computational effort for model evaluations and a reasonable approximation of the

physical processes by the interpolation.

For our study, we prefer the probabilistic collocation method (PCM: see (Oladyshkin et al.,

2011a; Li and Zhang, 2007; Oladyshkin et al., 2011b)) from the group of non-intrusive ap-

proaches like sparse quadrature (Babuska et al., 2007; Xiu and Hesthaven, 2005; Gerstner

and Griebel, 2003; Barthelmann et al., 2000). In a simple sense, PCM can be interpreted as a

smart (mathematically optimal) interpolation and extrapolation rule of model output between

and beyond different input parameter sets. It is based on a minimal and optimally chosen set

of model evaluations, each with a defined set of model parameters (called collocation points).

For this reason, the collocation approach became more popular in the last years. Also, the

collocation formulation does not require any knowledge of the initial model structure. It only

requires knowledge on how to obtain the model output for a given set of input parameters,

which allows treating the model like a “black-box”. The distinctive feature of non-intrusive

approaches is that any simulation model can be considered a “black-box”, i.e. commercial

software can be used without any modifications required.

According to (Villadsen and Michelsen, 1978), the optimal choice of collocation points cor-

responds to the roots of the polynomial of one degree higher (d + 1) than the order used in

the chaos expansion (d). This choice adapts the position of collocation points to the involved

distribution shape, and is based on the theory of Gaussian integration (e.g., (Abramowitz

and Stegun, 1965)). For one-dimensional problems (i.e., when analyzing only one uncertain

model parameter), it allows exact numerical integrations of order 2d given d + 1 values of

the function to be integrated.

For multi-parameter analysis, the number of available points from the corresponding Gaus-

sian integration rule is (d +1)n, which is larger than the necessary number M of collocation

points. The minimum value of M is equal to the number of coefficients nc in Expansion

(16.2), according to Eq. (16.3). The full tensor grid can be used only for low-order (1st ,

2nd) analysis of few parameters. For higher-order analysis of many parameters, the tensor

grid suffers from the curse of dimensionality (a full tensor grid in n dimensions requires

(d + 1)n points, which rises exponentially in n)(Nobile et al., 2008). In that case, a smart

choice of a sparse subset from the tensor grid becomes necessary. Then, PCM chooses the

minimum required number of collocation points, equal to the number of coefficients nc, from

the full tensor grid according to their probability weight, i.e. according to their importance

as specified by the available probability distribution of Θ. This simply means to select the

collocation points from the most probable regions of the input parameter distribution (see
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(Oladyshkin et al., 2011b)).

The weighted-residual method in the random space is defined as (Li and Zhang, 2007):

ˆ
(Γ−

nc

∑ci
i=1

Πi(Θ))w(Θ)p(Θ)dτ = 0, (16.5)

where w(Θ) is the weighting function and p(Θ) is the joint probability density function of Θ.

Please note that choosing wi = Πi in Eq. 16.5 results in the method discussed by (Ghanem

and Spanos, 1991) and (Le Maître and Knio, 2010). In PCM, the weighting function is

chosen as the delta function:

w(Θ) = δ (Θ−Θc). (16.6)

Θc is the set of collocation points. Substituting from Eq. (16.6) into Eq. (16.5) gives the

following:

Γc −
nc

∑ci
i=1

Π(Θc) = 0, (16.7)

where Γc are the response values corresponding to the collocation values Θc. We solve

Eq. (16.7) to find the coefficients ci.

Hence, in total, nc detailed runs are required to determine the nc unknown coefficients. The

roots of the data-driven polynomial basis (see Section 16.2.2) define the positions of the

collocation points specific to the distribution of input parameters at hand and, thus, indicate

the optimal parameter sets for model evaluation, using all available information about the

input parameters. In our study, we have n = 4 uncertain parameters and we use a polynomial

of degree d = 2. This means that only nc = 15 detailed runs are necessary to obtain the

expansion coefficients and approximate the response surface.

16.3. CO2 storage problem

Here, we describe the injection scenario for which we analyze sensitivities, uncertainties,

and risks in Sections 16.4 and 16.5. The same flow responses are studied here as in (Ashraf

et al., 2010a,b). These are CO2 pressure, CO2 mobile and residual volumes and leakage

risk as described below. Then, we describe the uncertain parameters considered in the study

followed by a discussion on the uncertain structural aspects of the considered geological

settings.
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16.3.1. Modeling scenario

A typical scenario of CO2 injection is defined in which a volume of 40×106 m3 is injected

via one well during an injection period of 30 years. This volume corresponds to 20% of

the total aquifer pore volume. After stopping injection, simulation continues for 70 years

to study the early migration of the CO2 plume. For brevity, we omit the detailed model

equations here and refer the interested reader to (Oladyshkin and Nowak, 2012a; Oladyshkin

et al., 2011a).

In our scenario, we feature an aquifer system that is formed by shallow-marine deposits.

There is one closed boundary on the top side of the model and the other sides are assumed

to be open (Figure 16.1). All the open boundaries are modeled as Dirichlet boundaries, two

of which with hydrostatic pressure distribution (the right and bottom boundaries in Figure

16.1). The remaining left boundary is also hydrostatic, but modified in order to account for

the regional groundwater effect (see below).

The cells on the faces of the open boundaries are equipped with a very large pore volume

multiplier, such that they numerically represent a much larger volume and effectively enlarge

the domain. This helps to minimize the boundary effects of a computational domain that

would otherwise be relatively small compared to the injected CO2 volume (about 20% of the

total pore volume, see above). The pore volume multiplier technique allows for a physically

reasonable pressure build-up close to the boundary. Moreover, this allows the CO2 that has

left the domain to re-enter by gravity segregation after the injection has stopped.

A summary of the used parameter values is given in Table 16.1. The hydrological parame-

Figure 16.1.: Boundary conditions and the well location in the designed injection scenario

(Ashraf et al., 2013). Red color corresponds to the open boundaries and yellow

color shows the closed side on the crest.
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ters like permeability and porosity vary within individual realizations due to the considered

geological structure (see Figure 16.2 for the histograms of porosity and permeability in one

selected realization). They also differ between the different realizations, as they are changed

to represent different geological features. Although the geological realizations of this model

vary in some geological features, but the same total pore volume, grid, and fault geometry is

considered. The injection well is screened in the lower part of the model.

(a) Porosity, fraction. (b) Horizontal Permeability, log(mD).

Figure 16.2.: The histograms of hydrological parameters shown for a realization with low

levels of heterogeneity. The vertical permeabilities are approximately one order

of magnitude lower than the horizontal permeabilities.

Table 16.1.: Aquifer model information.

Parameter Value Unit

Number of active cells in the model 78720 -

Resolution X,Y,Z 40 × 120 × 20 -

Scale X,Y,Z 3000 × 9000 × 80 m

Injection rate 3650 m3/day

Initial pressure 266.5 bar

Critical CO2 and water saturations 0.2 -

CO2 viscosity 0.04 cp

Water viscosity 0.4 cp

Rock compressibility 0.3e-6 1/bar
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16.3.2. Analyzed model predictions

We seek to maximize the CO2 storage volume and minimize the risk of leakage. These

quantities are measured by various simulation outputs that are described in Table 16.2 and

discussed in the following.

CO2 pressure is considered as the spatial average of the pressure distribution in the entire

domain, weighted by the CO2-filled pore volume in each model cell. Monitoring or pre-

dicting the pressure response within the CO2 plume is important to avoid over-pressurized

injection operations.

Residual CO2 volume is the volume of trapped CO2 that is left in the small pores in an

imbibition process. This volume is crucial for the long-term storage capacity of reservoirs.

Mobile CO2 volume is the volume of CO2 that can move in a continuous phase in the

medium. It is considered as one of the important flow responses, because only mobile CO2

volumes can lead to leakage through any failure in the sealing cap-rock or ill-plugged well.

Finally, we consider leakage risk through cap-rock failure. Cap-rock integrity is a major

concern for the safety of CO2 storage operations. An over-pressurized injection can lead to

fractures that may extend up to the cap-rock, penetrate through the cap-rock, or activate pre-

existing faults and fractures, and finally lead to CO2 leakage. In addition, the capillary barrier

effect of the cap-rock can be overcome by a local pressure build-up. Thus, the probability

of cap-rock failure can depend on the geomechanical properties of the cap-rock and of the

medium, on the topography of the cap-rock, and on the pressure build-up resulting from

the CO2 injection and migration. More details about failure mechanisms and failure criteria

can be found in the literature (e.g., (Zweigel and Heill, 2003; Aker et al., 2013; Rohmer

and Seyedi, 2010)). However, geomechanical modeling and knowledge about pre-existing

Table 16.2.: Important model responses and their brief description. For more information,

see (Ashraf et al., 2010a,b).

Response Description

Average CO2 pressure Volume average of pressure, weighted by CO2 volume

Mobile CO2 Volume of CO2 in places with saturation above critical value

Residual CO2 Volume of CO2 in places with saturation below critical value

Leakage risk A risk value for the leakage through the cap-rock.
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features that can be activated during injection would be required to take these processes into

account.

Here, we demonstrate how cap-rock integrity can be considered in the workflow of sensitivity

analysis and uncertainty assessment in a simplified manner. To avoid detailed studies of

multiphase flow coupled with geomechanical simulations and fracture mechanics, we follow

a pragmatic approach. The idea is to assign a spatial probability distribution of cap-rock

failure over the area of the cap-rock layer, such that each point of the cap-rock has its own

failure probability. In principle, this probability could be assigned in correspondence with the

current pressure distribution and with geological features such as varying cap-rock thickness,

material properties, faults and fractures. For the means of demonstration, we simply assign a

spatial Gaussian function as a scenario assumption to provide the cap-rock failure probability

for each point of the cap-rock (see Figure 16.3). Leakage risk is defined as the probability

of leakage (due to cap-rock failure) times the amount of escaping CO2 in case of leakage.

Thus, we spatially integrate the product between cap-rock failure probability and the volume

of mobile CO2 below each point of the cap-rock over the entire area of the cap-rock.

Figure 16.3.: CO2 leakage risk is computed as the product of a cap-rock failure probability

and the amount of mobile CO2 beneath the cap-rock, integrated over the entire

surface area of the cap-rock (Ashraf et al., 2013). Here, we use a Gaussian

function as simple scenario assumption for the cap-rock failure probability (in-

dicated schematically by the color shading and the dashed red line with the

black coordinate system).
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16.3.3. Uncertain parameters

The most apparent uncertainty in CO2 storage is the lack of geological knowledge. Large

geological scales and diversity of rock properties make it impossible to obtain the whole

descriptive picture for a study. A geological study will therefore be accompanied by huge

levels of uncertainty. Many studies have shown the significance of geological heterogeneity

on underground flow performance (e.g., (Dutton et al., 2003; Eaton, 2006)). To obtain a

descriptive image of a feature, like faults and depositional structure, such that uncertainty can

be reduced, we must provide adequate data. The process of data collection from underground

layers is very costly, therefore it is important to know the ranking of influence each feature

has on the flow in order to optimize the cost of data acquisition in modeling.

From the geological parameters that are relevant for shallow-marine deposits used in (Ashraf

et al., 2010a,b), we pick three parameters: the degree to which barriers may block horizontal

and vertical flow, aggradation angle, and fault transmissibility. In addition to these, we con-

sider the regional groundwater effect as an uncertain parameter in our study. Here, we give

a brief description on each one, followed by the probabilities assigned to these parameters.

Barriers: During the formation of shallow-marine deposits, periodic floods result in a sheet

of sandstone that dips, thins, and fines in a seaward direction. In the lower front, thin sheets

of sandstone are inter-bedded with the mud-stones deposited from suspension. These mud-

draped surfaces are potential significant barriers to both horizontal and vertical flow. In the

SAIGUP realizations, these barriers were modeled by transmissibility multipliers in specific

layers of the formation. The position of the barriers is generated by creating an elliptic cone-

Figure 16.4.: The figure shows 50% of zero transmissibility multipliers in a specific model

layer representing a medium level of barriers (Ashraf et al., 2013). One layer

of the model is shown in the figure.
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shaped surface that follows the plan-view shoreline shape of the facies, characterized from

real world data (Howell et al., 2008). We define the degree of barrier presence by the areal

percentage of zero-valued transmissibility multipliers. Figure 16.4 shows a medium level of

barriers.

Aggradation angle: in shallow-marine systems, two main factors control the shape of the

Figure 16.5.: The river flows from left to right toward the sea on the model vertical section

shown here (upper figure). Aggradation angle is demonstrated in three levels

(bottom figure); from top: low, medium and high aggradation angle (Ashraf

et al., 2013). Between deposition and now, the entire system was rotated by

tectonic effects such that the original river flow direction is oriented upward,

not downward.
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transition zone between river and basin: the amount of deposition supplied by the river and

the accommodation space that the sea provides for these depositional masses. Deposition

happens in a spectrum from larger grains depositing earlier on the land side, to fine deposits

happening in the deep basin. If the river flux or sea level fluctuates, equilibrium changes into

a new bedding shape based on the balance of these factors. In the SAIGUP study, progra-

dational cases are considered, in which river flux increases and shifts the whole depositional

system into the sea. The angle at which transitional deposits are stacked on each other be-

cause of this shifting is called the aggradation angle. Three levels of aggradation are shown

in Figure 16.5: low, medium and high. The study reported in (Ashraf et al., 2010a,b) showed

that aggradation can have a dramatic influence on the injection and migration process.

Fault transmissibility: Huge uncertainties can be involved when modeling the presence of

faults. Faults are discrete objects that are modeled by changing the geometry of the simula-

tion grid. The transmissibility for flow across faults changes during the process of faulting.

This causes a spectrum of transmissibilities, from a sealing fault with no flow across it, to a

fault that has not produced any barriers to the flow within its opening space.

Within a simulation grid, the influence of faults on the local and global flow behavior depends

on a number of parameters including fault length, orientation, intensity and transmissibility.

The well location with respect to the faults can change the overall behavior of injected CO2

plume significantly. In the SAIGUP models, different levels of fault orientations, transmis-

sibility, areal intensity, and well patterns are considered. For this study, we consider all fault

Figure 16.6.: Fault orientation and intensity of the model used in the study (Ashraf et al.,

2013). Depth in meter is shown by color on the grid.
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modeling parameters at their medium level and consider to vary only the fault transmissibil-

ity. These variations, however, do not affect the definition of the no-flow boundary, which is

motivated by the presence of an impermeable fault.

The used geology realizations contain compartmentalized fault systems comprising approx-

imately equal densities of strike-parallel and strike-perpendicular faults based on a portion

of the Gullfaks field (Manzocchi et al., 2008b; Howell et al., 2008). Figure 16.6 shows the

fault pattern and location of the injector considered for the study.

It is shown in (Manzocchi et al., 1999) that the transmissibility multiplier provides a nu-

merically more robust representation of faults within reservoir simulation than conventional

permeability multipliers. We consider the fault transmissibility multipliers to range between

zero and one. A multiplier value of one corresponds to a fault permeability equal to the har-

monic average of cell permeabilities across the fault, i.e., to a fault without any influence on

flow (Manzocchi et al., 1999).

Regional groundwater effect: Geological modeling always comes with the uncertainty of

how large the aquifer is and how it is connected to other underground aquifers. This is a direct

consequence of the need to define boundary conditions to limit the computational domain,

which cannot always coincide with meaningful physical boundaries in large-scale systems.

However, connections to active external aquifers can be accounted for by adapting the values

for the boundary conditions accordingly. Some connections might even change throughout

the year, depending on rainfall. The flux across model boundaries might influence the CO2

plume dynamics during and after injection. To simulate such effects, we changed the left

boundary pressure by adding an uncertain additional pressure value ∆p that varies between

0 and 100 bars.

As a scenario assumption, this pressure value is added at the start of injection, i.e., the pres-

sure distribution is not at a steady state when the simulation starts, and this triggers a corre-

sponding transient brine flow. We do so in order to analyze the effect of transient ground-

water effects on the system. This may seem an arbitrary choice, but assuming a steady-state

would also be arbitrary to some extent.

The overall process for sensitivity analysis, uncertainty propagation, and risk assessment

starts by specifying probability information for the uncertain parameters. Next, one has to

design and choose the simulation cases required to obtain the expansion coefficients in the

approximating polynomial. However, in our study, we had access to the set of SAIGUP geo-

logical realizations and simulation results that had been designed without the considerations
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possible with the aPC. The computing time for each SAIGUP realization was about 2 hours

on a 2.4GHz Intel Xeon CPU, and we decided to recycle these highly expensive simulations

in our study. The large computing times are a key motivation to build a cheaper surrogate

model for further analysis. Hence, we assume the histograms of uncertain parameters such

that they result in collocation points that coincide with the SAIGUP designed values. There-

fore, the histograms used in this study are almost uniform, as shown in Figure 16.7. In fact,

these input distributions could also be handled with the gPC method already mentioned in

the introduction, and would correspond to the use of Legendre polynomials. In our case,

we use the aPC to avoid the step of modeling the input distributions as exactly uniform.

Consequently, the polynomials resulting from the aPC approach are very close to Legendre

polynomials. The aPC, however, could be used for any type of histograms and so provides

the freedom in other studies to adapt to arbitrary input statistics.

The main concern here is not a unique probability description of the input geological param-

eters, but rather we perform an uncertainty analysis practice, relying on a scenario assump-

tion of probability distributions. Thus, no general geological conclusion is expected from

this study, and results might change by feeding the work-flow with a different probability

description.

16.4. Sensitivity analysis

In this section, we tackle global sensitivity analysis with Sobol indices based on the aPC

technique, following the line of work on aPC by (Oladyshkin and Nowak, 2012a; Oladyshkin

et al., 2011a,d). The big advantage of global aPC-based sensitivity analysis is that one can

obtain global sensitivity information at computational costs that are hardly larger than those

for local analysis. The reason is the following: local methods use infinitesimally small spac-

ing between parameter sets for model evaluation to get numerical derivatives evaluated at a

single point. The aPC-based method places the parameter sets for model evaluation at an op-

timized spacing in parameter space. This can be interpreted as fitting secants (or polynomials

for non-linear analysis) to the model response. These secants (polynomials) approximate the

model over the entire parameter space in a weighted least-square sense (compare with the

best unbiased ensemble linearization approach described by (Nowak, 2009b)). This is more

beneficial compared to computing a tangent or local second derivatives (compare FORM,

SORM methods, e.g., (Jang et al., 1994)) that approximate the model well just around one

point in the parameter space.
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(a) Barriers, percentage. (b) Aggradation angle, degree.

(c) Fault transmissibility multiplier,-. (d) Lateral pressure support, bar.

Figure 16.7.: The histograms of geological variables used in this study are sampled from

uniform distributions.

The system featured here is non-linear due to two reasons: First, the involved multi-phase

flow equations (Oladyshkin et al., 2011a) form a coupled system of non-linear partial differ-

ential equations, and second, these equations are non-linear in their coefficients. The latter

is even more significant if parameters are spatially heterogeneous.

In the following, we briefly summarize the Sobol sensitivity indices technique for quantify-

ing the relative importance of each individual input parameter in the final prediction. Then,

we implement the method for our geological CO2 storage problem, based on the aPC re-

sponse surface.
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The model responses featured here for global sensitivity analysis (this section) and for the

probabilistic risk analysis (see Section 16.5) are listed in Table 2 and have been discussed

in Section 16.3.1. In the sense of global sensitivity analysis (Saltelli et al., 2008), not only

should the analysis technique be global, but also should the analyzed quantities be global.

In the latter, global refers to the fact that they are relevant for the engineer, are crucial in

decision processes, etc. For example, an overall leakage risk is more informative in final

decisions than the leakage rate at a specific point, and a total stored volume of CO2 is more

informative for volumetric efficiency considerations of the reservoir than the CO2 saturation

at individual points.

16.4.1. Sobol sensitivity indices

The method is well described in the literature (Sobol, 2001; Saltelli et al., 2008; Saltelli,

2004; Reuter and Liebscher, 2008). More recent works are concerned about expediting cal-

culation pace by computing Sobol indices analytically from polynomial chaos expansions

(Crestaux et al., 2009; Oladyshkin et al., 2011a,d; Le Maître and Knio, 2010; Sudret, 2008).

The idea behind the combination of PCE techniques with Sobol indices is to replace the an-

alyzed system with an approximating function which leads to mathematical and numerical

benefits in the sensitivity analysis.

Using polynomials for this approximation is convenient, because it is easy to analytically

obtain the output variances from the statistics of the input variables of the polynomials. In

our case, the solution is approximated by orthogonal polynomials with ascending polynomial

degree. We expand the variance of model output into individual components originating from

all possible combinations of input parameters. Assume that we break the system output into

components as follows:

Γ = Γ0 +∑
i

Γi +∑
i

∑
j>i

Γi j + ... (16.8)

A single index (here: i) shows dependency to a specific input variable. More than one index

(e.g.: i and j) shows interaction of two or more input variables. If we consider the input

vector Θ to have n components θi for i = 1, ..,n, then Γi = fi(θi) and Γi j = fi j(θi,θ j). In

practice, we stop at a finite number of terms in Eq. (16.8). The first order sensitivity index,

the so called Sobol index, is defined statistically as follows (Saltelli et al., 2008):
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Si =
V[E(Γ | θi)]

V(Γ)
, (16.9)

where E(Γ | θi) is the conditional expectation of output Γ for a given value of θi and V is

the variance operator. In plain words, Si is the fraction of total variance V (Γ) that can be

explained by the parameter θi. Since θi can be fixed at any value in its uncertainty interval,

each of those values produces a distinct expectation. In Eq. (16.9), the variance of those

expectations is divided by the unconditional variance of output (i.e., with no input variable

fixed). For more than one index, a higher-order Sobol index can be defined as:

Si j =
V[E(Γ | θi,θ j)]−V[ E(Γ | θi)]−V[E(Γ | θ j)]

V(Γ)
. (16.10)

Here, V[E(Γ | θi,θ j)] is the variance of output expectations after fixing θi and θ j. This

index represents the significance of variation in output generated from the joint uncertainty

in several input variables, i.e., from the interaction of uncertain parameters. If we add all

indices that contain a given variable θi, the sum is called the total Sobol index:

STi = Si +∑
j ̸=i

Si j +∑
j ̸=i

∑
k ̸=i

Si jk + ... (16.11)

The total Sobol index is a sensitivity measure to rank parameters according to their influence

on the model results. When this index is close to zero, the corresponding parameter has a

negligible role in the variation of the system response. In that case, the uncertainty in that

parameter does not introduce a considerable uncertainty in the response, and the parameter

could be omitted from further analyses.

In practice, we evaluate the Sobol indices analytically from the expansion coefficients of the

aPC as described by (Oladyshkin et al., 2011d).

16.4.2. Sensitivity analysis

We calculate the total Sobol indices for the geological CO2 storage problem that is described

earlier. The results are based on an aPC expansion of order two that is obtained by fifteen

detailed simulations. The choice of order two is supported by the results of (Oladyshkin et al.,

2011b), where the authors found in a similar CO2 storage problem that second order may

be the cheapest non-linear expansion, but still sufficiently accurate for this type of purpose.

Recently, (Oladyshkin et al., 2011d) provided the results of a numerical convergence analysis



304 Sensitivity analysis and risk assessment for large-scale CO2 storage

for aPC-based Sobol analysis. They report that increasing the expansion order beyond 2

introduces only small changes to the sensitivity values for their considered system, and does

not change the ranking of the analyzed parameters anymore. A study similar to the current

study without aPC needed one hundred and sixty runs to perform a sensitivity analysis with

a different method (Ashraf et al., 2010b). The pattern of sensitivity reported here is similar

to what is produced in that study, but at dramatically reduced costs.

16.4.3. Results

The flow behavior in the domain is influenced by the type and intensity of different hetero-

geneities. This influence can be traced in the CO2 pressure and saturation distributions over

time. During injection, viscous forces imposed by the injector dominate the force balance.

Viscous forces act in the form of spatial pressure gradients in all directions. After 30 years,

the injection stops, and gravity starts playing the major role in the flow dynamics, acting in

the vertical direction (Ashraf et al., 2010a,b).

Barriers and aggradation angle have different impacts on the flow during each flow regime,

i.e., injection or after injection. Low fault transmissibility hinders the flow and keeps the

pressure in compartments. Geometry distortion in the geological layers because of the fault-

ing processes plays a considerable role in the splitting of CO2 plumes within the domain.

Water flux from lateral boundaries due to the regional groundwater effect enhances the spread

of CO2 and leads the mass of CO2 toward the other open boundaries.

Figure 16.8 shows the sensitivity of different responses to the uncertain parameters. Total

Sobol indices are plotted at specific times. End of simulation refers to the year 100, i.e., 70

years after injection stops. This time duration is long enough for the flow to stabilize at a

stationary condition for the majority of the model runs.

As already observed in (Ashraf et al., 2010a,b), the aggradation angle plays a significant role

in the flow behavior. In cases with low aggradation angle, the stratigraphy of rock types is

a pattern of parallel layering. For higher aggradation angles, rock-types are distributed be-

tween more modeling layers. The effective vertical permeability changes from the harmonic

average (in Figure 16.9a) toward the arithmetic average (in Figure 16.9c), as the aggradation

angle increases from 0 to 90 degrees. The harmonic average might be much smaller than

the arithmetic average, in particular when there are vertically impermeable rock-types in the

medium. The shallow marine depositional system contains some rock-types with almost zero

transmissibility in the vertical direction. Therefore, a low aggradation angle can hinder the
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(a) Average CO2 pressure. (b) Mobile CO2.

(c) Residual CO2. (d) Leakage risk.

Figure 16.8.: Sensitivity analysis for different responses (a: average CO2 pressure, b: mobile

CO2, c: residual CO2, and d: leakage risk) with respect to the uncertain param-

eters. In the figures above, Barr. is for barriers, Aggr. for aggradation angle,

Fault for fault transmissibility, and B.C. for regional groundwater effect.

flow from traveling upward across layers in the domain and force it to stay trapped in some

lower layers, as seen for many of the low aggradation angle realizations in our study. The

relatively large sensitivities to the level of barrier presence is based on the same effects.

Our results show a relatively weak sensitivity of responses with respect to the water influx

from one side of the model. This sensitivity is in particular low during injection, when the

high pressure imposed from the well dominates the dynamics of flow in the medium (Figure

16.8a). The sensitivity patterns for the mobile and residual CO2 volume are similar in Figures

16.8b and 16.8c, because the mobile and residual CO2 volume add up to the total injected



306 Sensitivity analysis and risk assessment for large-scale CO2 storage

(a) Low aggradation angle. (b) Medium aggradation angle.

(c) High aggradation angle.

Figure 16.9.: Illustration of how the aggradation angle affects the effective vertical conduc-

tivity (Ashraf et al., 2013).

CO2 volume, with the exception of the CO2 volume that has left the domain. Hence, they

are highly dependent on each other.

More detailed results are shown in Figures 16.10a to 16.10d. Total Sobol indices are plot-

ted for each response during the entire time interval. When the flow regime switches from

injection to a gravity-dominated system, we observe a jump or sharp drop in some of the

sensitivity plots (Figures 16.10a and 16.10c at 30 years).

The sensitivity of the CO2 pressure with respect to the presence of barriers jumps up, right

after stopping the injection. This happens because barriers slow down the pressure release

through open boundaries, resulting in local pressure build-ups.

The sensitivity of the residual CO2 volume with respect to barriers presence drops soon after

injection. This is reasonable since the residual trapped volume is more a function of lateral

flow in the medium, compared to the vertical flow in the relatively small thickness of the

aquifer.
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(a) CO2 pressure. (b) Mobile CO2 volume.

(c) Residual CO2 volume. (d) Leakage risk.

Figure 16.10.: Sensitivities (expressed by total Sobol indices) plotted versus time for differ-

ent responses.

16.5. Risk analysis

The risk R of a process is quantitatively defined as the extent of consequence C caused by

the process, multiplied by the probability P of that consequence to happen:

R = P×C. (16.12)

The consequence can be defined by direct measures in the simulation responses, or it can be

related to consequences caused in the environment outside the considered system. For exam-

ple, in the case of CO2 injection into deep aquifers, the amount of CO2 which stays mobile

and undissolved in the medium for a time after injection can be considered as a consequence,
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bearing the potential of leakage up to the surface if exposed to a geological leakage point.

The consequence could also be defined by a criterion for external consequences, like the rate

of climate change (either locally or globally) due to CO2 leakage, the costs of pumping CO2

that does not remain in the subsurface, or via the related costs for CO2 emission certificates.

The other part is the probability of these consequences to happen. This depends on the

stochastic behavior of the process which results in the respective outcomes.

We use the polynomial-based reduced model for risk analysis, because it is fast enough

to perform a Monte-Carlo analysis with a large number (here: 10000) of realizations on

the polynomials. Thanks to the higher-order approximation via the aPC, the principal non-

linear physical behavior of CO2 storage is included in the analysis, and detailed probabilistic

risk assessment becomes feasible. We analyze here the same quantities as in Section 16.4,

i.e., average CO2 pressure, the volume of mobile or immobile CO2, and leakage risk. For

definitions, see Section 16.3.1.

16.5.1. Quantification of expected values in CO2 storage

Average response values can be calculated analytically from the polynomial (e.g., (Ola-

dyshkin et al., 2011a)) or via the Monte-Carlo post-process as mentioned above. Figures

16.11a to 16.11d show some of the calculated expectations as functions of time. In Figure

16.11a, the mobile CO2 volume increases linearly in the medium because of the constant in-

jection rate during the first thirty years. After injection, the mobile volume of CO2 is reduced

due to the trapped volume in residual form and the migration of CO2 across open boundaries.

Figure 16.11b shows the expected values for the volume of residually trapped CO2 as a

function of time. The plot shows the significance of imbibition during the plume migration

period, when water replaces CO2 that is moving upward because of gravity segregation.

During injection, CO2 invades the aquifer and drainage is dominant. Therefore, the expected

residual CO2 plot shows a smaller slope during injection than what it shows later in time.

When injection starts, a pressure pulse travels through the medium at a finite velocity because

of the slight compressibility of brine. The initially built-up pressure releases through open

boundaries over time and the average pressure drops in the aquifer (Figure 16.11c). The

large pressure build-up in the very early time steps occurs because large pressure values

have to be exceeded in the injection cell before CO2 becomes mobile at saturations above the
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(a) Expected mobile CO2 volume. (b) Expected residual CO2 volume.

(c) Expected pressure. (d) Expected leakage risk.

Figure 16.11.: Expectation for response values versus time. The presssure value for initial

time step in Figure c goes up to 670 bars.

residual value. During this period, the CO2 pressure is defined almost only by the pressure

in the injection cell (compare the definition of CO2 pressure in Section 3.2). Under realistic

injection settings, a pressure rise of up to 400 bars (from 270 to 670 bars in the first simulation

time step, not visible in Figure 16.11c) would be very unrealistic and would not be allowed

to occur. At the end of Section 16.5.2, we will investigate this issue in more detail.

Also, during early injection time, the pressure is larger than at the end of injection. There are

a few realizations where the contributions from the external aquifer support, a dense barrier

system close to 100% areal coverage, an adverse aggradation angle of the formation and

extremely low fault transmissibilities interact to effectively block the CO2 flow close to the
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well. This has strong effects on pressure when the rock at the injector position happens to

be poorly permeable, leading to a very poor injectivity. An adapted CO2 injection strategy

would react by lowering the injection rate, by choosing a different injection position, or by

even abandoning the entire site.

Based on the results of the current study, it is possible to identify such adverse combinations

and guide site investigation strategies to pay attention to such situations. In a follow-up study

(ready for submission), we are currently investigating an active injection strategy controlled

by an upper allowable pressure limit.

However, the initial sharp pressure increase is released very quickly. This happens, when first

parts of the CO2 plume have found flow pathways into regions with better rock properties,

providing the possibility to relax the pressure build-up, and also to let the CO2 escape towards

the boundaries.

The expected leakage risk is plotted in Figure 16.11d, and increases in value as the injected

CO2 travels upward and accumulates beneath the sealing cap-rock.

16.5.2. Results of CO2 storage risk assessment

In this section, the probability distributions (rather than expected values) of system responses

during and after injection are studied. Results from the MC analysis of the response surface

are given as histograms of output values and also as cumulative distribution functions (CDF)

for probabilities (Figures 16.12 and 16.13).

Figures 16.12a to 16.12c show the histograms of responses obtained from the Monte-Carlo

process at the end of injection. A long tail is observed for lower residual and mobile CO2

values in Figures 16.12b and 16.12c. The long tail means a large range of possible low

values. Pressure shows a long tail for higher values. This means that even high critical

values still have substantial probabilities to be exceeded, indicating that the possibility of

geomechanical damage to sealing layers will have to receive a large attention. We observe

an issue of mass conservation in Figure 16.12b, where a few realizations show more mobile

CO2 in the domain than the total injected volume (which is about 40× 106 m2). This is a

typical issue for a large class of statistical methods that interpolate or extrapolate simulation

results in the parameter space, because their setup is not based on the mass conservation

equation. In this specific case, the mass conservation issue is caused by approximating the

response surface via polynomials, with vanishing residuals only at the collocation points.
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(a) Average CO2 pressure. (b) Mobile CO2 volume.

(c) Residual CO2 volume. (d) Leakage risk.

Figure 16.12.: Histograms of selected response values at end of injection.

The polynomials are evaluated at many randomly chosen parameter sets drawn from the

histograms shown in Figure 16.7, which do not coincide with the collocation points.

Finally, we report how the corresponding probabilities change over time in Figures 16.13a

to 16.13c. High pressure buildup is considerable during the early injection time, and it

is negligible after injection during plume migration (Figure 16.13a). An over-pressurized

injection can induce fracturing in the medium, extending to the sealing layers. Any fractures

caused in the structural traps can expose the mobile CO2 to leakage paths. Therefore, higher

pressure values can be interpreted as high risk in early time.

The presented framework for risk assessment indicates that the pressure in the reservoir

is unacceptably large (see Section 16.5.1 and Figure 16.11c) and can be too high. In the
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(a) Average CO2 pressure. (b) Mobile CO2 volume.

(c) Residual CO2 volume. (d) Leakage risk over time.

Figure 16.13.: Evolution of the cumulative distribution function of different response values

over time.

following, we use our method to investigate this critical issue. Figures 16.14a and 16.14b

show the predicted time evolution of field-average CO2 pressure for a collocation point with

adverse and well-suitable values of the aggradation angle, respectively. It becomes apparent,

that the unacceptable pressure values arise only under extreme values of the aggradation

angle. Reacting to this insight, we see and discuss two possible options in the following.

The first option is to lower the injection rate, so that we keep the pressure values in a safe

region, even under the probability that the reservoir might have an adverse aggradation angle.

Figure 16.15a shows the injection rate for a safe scenario: the injection rate ramps up over a

year from zero to one fifth of the level used before. The corresponding pressure behavior for
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(a) Average CO2 pressure for an extreme aggradation
case in the original (high) injection rate scenario.

(b) Average CO2 pressure for an average case in the
original (high) injection rate scenario.

(c) Average CO2 pressure for the extreme aggra-
dation case in an adapted (lower) injection rate
scenario.

(d) Average CO2 pressure for an average case in the
adapted (lower) injection rate scenario.

Figure 16.14.: Expectation for response values versus time. The presssure value for initial

time step in Figure c goes up to 670 bars.

the adverse and the well-suitable cases is shown in Figures 16.14c and 16.14d. Please note

that the case with the less extreme aggradation angle shows the typical rise in CO2 pressure

up to the end of injection (Figure 16.14b and 16.14d), following just after the initial pressure

peak due to first entry.

The second option is to improve our understanding about the properties of the analyzed

storage site. In particular, some additional exploration actions could help to reduce the un-

certainty in the aggradation angle. In the previous analysis we considered that all values of

aggradation angle between zero and ninety degrees are equiprobable, which is a very con-



314 Sensitivity analysis and risk assessment for large-scale CO2 storage

Figure 16.15.: Adapted injection rate scenario for safer conditions.

servative assumption on the initial state of knowledge. As a scenario variation, we will now

assume that further exploration decreased the probability of the extreme aggradation val-

ues. Figure 16.16a shows the modified assumption on the aggradation distribution, where

the extreme values have low probability values in comparison to the initial assumption. The

present aPC framework allows estimating the influence of such an uncertainty reduction onto

the model output without expensive computational costs. Technically, the Monte-Carlo pro-

cess can be performed on the response surface under the new assumption on uncertainty.

Figures 16.16b to 16.16c show the new expected field-average CO2 pressure and the his-

togram of average CO2 pressure at the end of injection, respectively. The new pressure

statistics indicate a feasible reservoir operation, even with the original (large) injection rate.

16.6. Conclusions

In this chapter, we used the arbitrary polynomial chaos expansion (aPC) method in a sensi-

tivity analysis and risk assessment process. The goal was to demonstrate the application and

feasibility of aPC-based methods in the context of realistic CO2 injection scenarios. We im-

plemented this method for a typical CO2 storage problem. Four uncertain parameters with

assumed uncertainty distributions are considered. Injection and early migration of CO2 is

studied. The flow sensitivity to geological heterogeneity is evaluated and quantified using

Sobol indices. Risk analysis is performed on the defined problem. Flow dynamics are dis-

cussed and corresponding interpretations and explanations of the sensitivity and risk results

are provided.

The performance of the aPC method has been satisfactory. It is very fast, compared to other
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(a) Histogram of aggradation angle filtered out for
extreme values.

(b) Expected average CO2 pressure.

(c) Histogram of average CO2 pressures.

Figure 16.16.: Extreme aggradation angle values can result in impractical injection oper-

ations. Filtering out the extreme aggradation cases (e.g., by geophysical

screening) leads to more favourable conditions. (a): more narrow distribution

of aggradation. (b): New expected value for CO2 field-average pressure under

more narrow aggradation range. (c): New distribution of CO2 field-average

pressure at end of injection.

stochastic methods for low-parametric systems, and this speed-up allows us to perform an

extensive Monte-Carlo process on the aPC-based response surface to calculate the probabil-

ity of response values throughout simulation time. This study was a first-time application of

the aPC to study a realistically complex type of geological structural uncertainty. Based on

our assessment of aPC feasibility, we can strongly encourage the use of aPC for sensitivity

and risk analysis in complex situations.
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The results have shown that the most influential parameter for most of the responses is the

aggradation angle of deposition layers of the considered shallow-marine aquifer. The least

relevant parameter is the regional groundwater effect, especially during injection time. We

re-iterate that the aim of this study was to demonstrate a practice of using arbitrary polyno-

mial chaos expansion for the sensitivity and risk analysis of a typical CO2 storage problem.

Since, in general, the levels of involved input uncertainty are not unique, the physical and

geological conclusions of this study are restricted to the probability assumptions taken here

and should not be generalized to systems that are very different.



Part V.

Summary and Conclusions
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The proposed thesis presented research in the field of environmental modeling in the face of

complexity and uncertainty. The thesis demonstrated achievements for the construction of

reliable and feasible models that can adequately describe physical concepts and, at the same

time, account for uncertainty. The achievements were subdivided into three principal parts.

The first part focused on complex physical concepts and their mathematical description. It

offered several possibilities to accelerate the modeling process. Chapter 7 presented an ef-

fective framework based on the streamline technique for multiphase multi-component flows

in large-scale heterogeneous petroleum reservoirs. Chapter 6 showed an efficient handling

of thermodynamic properties of a compressible compositional two-phase flow in porous me-

dia which demands an extremely short time of simulation. Chapter 8 offered a calibrated

analytical form of hydrogen solubility in water to accelerate modeling of hydrogen migra-

tion around a storage site of radioactive waste. Additionally, the first part of the thesis em-

phasized the challenge of finding a healthy and reasonable compromise between numerical

techniques, conceptual physical formulations, estimation of model parameters and their un-

certainties, computational effort, etc. For this purpose, Chapter 5 briefly discussed different

sources of possible error within an entire modeling challenge and illustrated their possible

impact using an application to carbon dioxide storage.

The second part was dedicated to the development of efficient model reduction methodolo-

gies for uncertainty quantification. Chapter 9 focused on the development of arbitrary poly-

nomial chaos that can adapt to arbitrary probability distribution shapes of input parameters

and provides improved convergence in comparison to classical chaos expansion techniques.

Chapter 10 provided a flexible and efficient framework for global sensitivity analysis for

quantification of the effects of modeling parameters on the overall model uncertainty. Chap-

ter 11 proposed an advanced framework for model calibration and history matching based on

the arbitrary polynomial chaos expansion and strict Bayesian principles. This combination

offered a statistical method for history matching that is accurate, yet has a computational

speed that is more than sufficient for real-time application.

The third part demonstrated the potential of uncertainty quantification in the overall mod-

eling procedure using an application to the storage of energy relevant gases in geological

formations and discussed related challenges. Chapter 12 discussed an integrative approach

to robust design under uncertainty and probabilistic risk assessment for gas storage in geo-

logical formations. It showed that the probability of failure and negative impacts is an inter-

play between controllable engineering aspects and uncertain aspects of the system. Chapter

13 analyzed the pressure increasing in the storage which might result in caprock failure or
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brine displacement. Chapter 14 presented a minimally subjective approach for uncertainty

quantification based on a new and purely data-driven version of polynomial chaos expansion.

Chapter 15 distinguished different kinds of uncertainties associated with the applied models

and estimated the risk of brine discharge into freshwater aquifers due to CO2 injection into

geological formations. At the end of the third part in Chapter 16 the influence of uncertain

parameters controlling structural heterogeneities on flow of CO2 in a realistic largeŰscale

storage was investigated.

To conclude, it should be mentioned that every specific environmental system is unique

and requires an individual and careful treatment. However, the overall modeling process of

environmental systems often demands tasks such as prediction of possible scenarios, design

of planned engineering actions, estimation of risks, calibration of the model using available

data etc. Moreover, the modeling process in the field of environmental engineering is a chain

of many tasks. Like any chain, it is only as strong as its weakest link. Ignoring or neglecting,

for the sake of computational efficiency, of some of the components or processes in the

system could be very dangerous. Thus, an adequate combination of a reliable physical model

with advanced stochastic tools offers a powerful base for the forecasting of environmental

behavior.
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