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Abstract

Graph visualization plays a key role analyzing relations between objects. With
increasing size of the graph, it becomes difficult to understand global and
local structures of the graph. Grouping objects of the graph based on their
attributes or relations helps reveal global structures. Visualizing these group
structures together with the graph topology can highlight central objects and
reveal outliers. The ability of a visualization to help detecting these features
becomes more difficult for groups that overlap or change over time. In many
applications, groups cannot be interpreted as disjoint sets of objects. In fact,
objects are often involved in several groups, sometimes even to different extent.
With the existing types of overlapping groups, further analysis tasks arise that
need to be considered for the visualization. In addition, real-world scenarios
are not static but change over time and so do relations among objects. With
the graph topology changing over time, the group structure changes as well.
The challenge for visualizations of dynamic groups in dynamic graphs is to
facilitate the analysis of group-related features not only for individual points in
time but over time, showing group evolution events.

This thesis presents visualization techniques for group structures in graphs that
address these challenges: overlap and time dependency. As a basis, a survey
of the state of the art in visualizing group structures in graphs is presented.
The first part of this thesis is dedicated to the visualization of overlapping
groups in static graphs, where different types of overlaps are considered. With
each technique, the complexity of the groups increases. First, a visual analytics
system for crisp overlapping groups in multivariate graphs is presented. This
system integrates interactive filtering of large and dense networks with group-
based layouts of the resulting subnetworks and a technique to compare those
subnetworks. Second, a technique that visualizes fuzzy overlapping groups in
a graph based on layout strategies and further visual mappings is presented.
This technique facilitates the investigation of fuzzy group memberships at
different levels of detail based on a hierarchical aggregation model. In contrast
to these techniques, the third visualization technique shows groups based on
multivariate edge attributes rather than vertex attributes or the topology of
the graph. In particular, edge-edge relations are visualized as curves that are
directly integrated into the node-link diagram representing the object-relation
structure. The second part is dedicated to visualization techniques for dynamic
groups in dynamic graphs. Again, the complexity of the group structure
rises from the first technique addressing flat groups to the second technique
addressing more complex hierarchical groups. Within both techniques, the

xvii



Abstract

evolution of groups is encoded using a flow metaphor. The first technique
visualizes the partially aggregated graphs by node-link diagrams, whereas the
second technique is based on an extended adjacency matrix representation that
encodes the hierarchical structure of vertices as well as changes in the graph
topology. All presented techniques visualize the group structure integrated
with the graph topology in a single image. Finally, the use of all techniques
is demonstrated for real data sets from biology, one of the main application
domains of group structures in graphs.

xviii



German Abstract
—Zusammenfassung—

Netzwerkvisualisierung spielt eine wichtige Rolle bei der Analyse von Relatio-
nen zwischen Objekten. Mit zunehmender Größe des Graphen wird es schwierig
globale sowie lokale Strukturen des Graphen zu verstehen. Die Gruppierung
von Objekten des Graphen basierend auf ihren Attributen oder Relationen hilft
dabei, globale Strukturen aufzuzeigen. Durch die Visualisierung der Grup-
penstruktur zusammen mit der Graphtopologie können zentrale Objekte und
Ausreißer hervorgehoben werden. Die Fähigkeit einer Visualisierung, die Erken-
nung solcher Merkmale zu unterstützen, wird für überlappende oder sich zeit-
lich verändernde Gruppen noch schwieriger. In vielen Anwendungsbereichen
können Gruppen nicht als disjunkte Mengen von Objekten verstanden werden.
Vielmehr sind Objekte oftmals in mehrere Gruppen involviert, teilweise sogar
in unterschiedlichem Umfang. Für die verschiedenen Arten überlappender
Gruppen müssen weitere Analyseaufgaben für die Visualisierung in Betracht
gezogen werden. Darüber hinaus sind Szenarien in der echten Welt nicht sta-
tisch, sondern ändern sich über die Zeit, weshalb auch die Relationen zwischen
den Objekten dynamisch sind. Verändert sich die Graphtopologie über die Zeit,
so ändert sich auch die Gruppenstruktur des Graphen. Die Herausforderung
für die Visualisierung von dynamischen Gruppen in dynamischen Graphen ist
es, die Analyse von gruppenbezogenen Eigenschaften nicht nur für individuelle
Zeitpunkte, sondern auch über die Zeit hinweg zu ermöglichen, um Ereignisse
in der Gruppenentwicklung aufzuzeigen.

Diese Doktorarbeit präsentiert Visualisierungstechniken für Gruppenstruktu-
ren in Graphen, welche folgende Herausforderungen angehen: Überlappung
und Zeitabhängigkeit. Als Grundlage wird ein Überblick über den Stand exis-
tierender Techniken zur Visualisierung von Gruppenstrukturen in Graphen
präsentiert. Der darauffolgende erste Teil der Doktorarbeit widmet sich der
Visualisierung von überlappenden Gruppen in statischen Graphen, wobei ver-
schiedene Arten von Überlappung betrachtet werden. Mit jeder dieser Techniken
erhöht sich die Komplexität der Überlappung. Zuerst wird ein System zur vi-
suellen Analyse von scharf überlappenden Gruppen in multivariaten Graphen
präsentiert. Dieses System integriert interaktive Methoden zum Filtern großer
dichter Netzwerke mit einem gruppenbasierten Layout der resultierenden Teil-
netzwerke und einer Technik zum Vergleich solcher Teilnetzwerke. Darauf
folgend wird eine Technik zur Visualisierung von unscharf überlappenden
Gruppen in Graphen präsentiert. Diese Technik basiert auf Layout-Strategien
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German Abstract — Zusammenfassung

und weiteren visuellen Abbildungen. Sie ermöglicht es, die unscharfen Grup-
penzugehörigkeiten basierend auf einem hierarchischen Aggregationsmodell
auf verschiedenen Detailstufen zu untersuchen. Diese ersten Techniken zei-
gen beide Gruppen von Objekten des Graphen. Im Gegensatz dazu widmet
sich die dritte Visualisierungstechnik Gruppen von Relationen, welche von
multivariaten Attributen dieser Relationen abgeleitet werden. Im Speziellen
werden Relationen zwischen Kanten als Kurven visualisiert, welche direkt
in das Knoten-Kanten-Diagramm des Graphen integriert werden. Der zweite
Teil dieser Doktorarbeit widmet sich Visualisierungstechniken für dynamische
Gruppen in dynamischen Graphen. Auch hier steigt die Komplexität der Grup-
penstruktur: Die erste Technik dient der Visualisierung von flachen Gruppen,
während die zweite Visualisierungstechnik für komplexere, hierarchische Grup-
pen entwickelt wurde. In beiden Techniken wird die Entwicklung der Gruppen
mit Hilfe einer Fluss Metapher dargestellt. Während die erste Technik teilweise
aggregierte Graphen als Knoten-Kanten-Diagramme darstellt, basiert die zweite
Technik auf einer erweiterten Adjazenzmatrix-Darstellung, welche die hierarchi-
sche Struktur der Objekte sowie die Änderungen in der Graphtopologie kodiert.
Alle Techniken, welche in dieser Doktorarbeit vorgestellt werden, visualisieren
die Gruppenstruktur gemeinsam mit der Graphtopologie in einem Bild. Zu-
letzt wird der Nutzen aller Techniken am Beispiel von realen Datensätzen aus
der Biologie, einem der Hauptanwendungsgebiete von Gruppenstrukturen in
Graphen, gezeigt.
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1
Introduction

In a variety of real-world concepts, objects are grouped into sets based on their
properties, where similar objects are grouped together. Visualizing these groups
can help understand the global structure of the data as groups can be used to
abstract the data. In addition, visualizations can support the identification of
relations between these groups, e.g., overlaps. In biology, for instance, proteins
and genes are associated with particular biological functions, pathways, and the
like. Biological entities are, thereby, often associated with different groups.

Relations often exist not only between the groups but among the objects as well.
In biology, e.g., these relations model interactions, dependencies, or reactions
between biological entities such as proteins or genes. Relational data is modeled
by graphs that are visualized using network visualization techniques. When
analyzing graphs, often the local structure, i.e., relations between objects, as
well as the global structure, i.e., groups of objects and relations between them,
are of interest. The global structure is of high value for the graph analysis—in
particular, for large graphs—as it is not possible to study each object and each
relation connecting two objects individually. Graph visualization can provide
a meaningful overview of the graph structure. It can highlight central objects
that are tightly connected to many other objects, show groups of related objects,
and reveal outliers, e.g., objects that do not belong to any group. The ability
of a visualization to facilitate identifying and analyzing these features largely
depends on its effectiveness to abstract from individual objects to groups of
objects.
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Within a random arrangement of objects and their relations on a two-dimensio-
nal canvas and no explicit visual mappings such as color encoding, for instance,
these groups do not become apparent. Indicating groups in the graph by placing
related objects close to each other implicitly shows some group structures.
Depending on the complexity of the groups, they can be visualized using layout
algorithms that produce two-dimensional or one-dimensional layouts for node-
link diagrams or matrices. Within such layouts, relationships are implied by
closeness. But closeness between two objects does not necessarily imply that
there is a relationship between them. Hence, close objects are perceived as
related although their close placement might only be an artifact of the layout
algorithm. In many applications, groups cannot be interpreted as flat disjoint
sets of objects; groups might be structured hierarchically, they might overlap, or
they might be fuzzy. Implicit visualizations of group structures lack the ability
to unambiguously encode more complex concepts of groups, in particular,
overlaps.

To overcome these limitations of implicit group encodings, they can be combined
with explicit encodings of group memberships. The challenge is to provide
users with a visual representation that gives an overview of the group structure.
In addition, it should support identifying all elements associated to a group
of interest as well as elements associated to several groups. Finally, for fuzzy
groups, it should allow users to find out to what extent an object belongs to
which groups.

In addition to overlaps, another challenge for the visualization of group struc-
tures in graphs arises if the graph changes over time. If the changes of the
graph are only minor, it is sufficient to consider and visualize a static group
structure over all points in time. In contrast, given that the changes of the
graph are substantial, the group structure should change over time as well. The
challenge for visualizations of dynamic groups in dynamic graphs is to provide
users with an overview of the group evolution as well as the group structures
at individual points in time. In addition, the visualization should convey which
objects belong to which group at individual points in time.

This thesis provides visualization techniques to address the challenges overlap
and time dependence. First, visualization techniques for different types of
overlapping groups within static graphs are introduced, in particular, two
techniques for object-based groups and one for relation-based groups. The
complexity of the type of group structure increases with each chapter and
hence technique. Second, visualization techniques for two types of dynamic
group structures are presented, going from less complex flat group structures
to more complex hierarchical group structures. To allow for an embedded
representation of the graph and its group structure, for all techniques, advanced
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layout techniques (implicit encoding) are introduced that are combined with the
respective visual design of the group representation (explicit encoding).

1.1 Definitions

In this section, some important terms and definitions in the context of graphs
and group structures within graph are described. These terms are fundamental
for the remainder of this thesis. In addition, possible origins of such group
structures will be discussed. Describing the data model of graphs and group
structures in graphs, icons will be introduced that will be used throughout
this thesis, in particular, in Chapter 2, to categorize techniques. Icons that are
colored blue refer to the graph topology, whereas red icons refer to the group
structure. All icons are summarized in the list of variables (page xiii).

1.1.1 Graphs

A static graph G = (V, E) consists of a set of vertices V and a set of edges E,
where each edge ej = {vi1 , vi2}, with vi1 , vi2 ∈ V. Graphs can be extended in
different aspects, for instance, to encode directed or weighted relations, or to em-
bed additional multivariate attributes for vertices and edges. In directed graphs,
each edge ej ∈ E describes a tuple rather than a set of two vertices, (vi1 , vi2),
where vi1 and vi2 correspond to the source and target vertex, respectively. In
weighted graphs, each edge ej ∈ E is assigned a weight wej

∈ R
+. Graphs that

have more than one attribute associated are referred to as multivariate graphs.
In multivariate graphs, each vertex vi ∈ V or edge ej ∈ E is assigned a vector of
attributes~a := [a1, a2, . . . , aP]. These attributes can be quantitative (also referred
to as numerical), ordinal, or nominal (also referred to as categorical). Graphs
may also change over time regarding their topology and attributes. A dynamic
graph G := (G1, . . . , GT) (in the following marked with the symbol ) is defined
as a sequence of T subsequent graphs Gt.

1.1.2 Group Structures in Graphs

For all types of graphs—directed or undirected, weighted or unweighted,
multivariate, static or dynamic—different types of group structures can be
defined. For dynamic graphs, this group structure might even evolve over time.
This section summarizes all types of group structures and puts them into a
taxonomy.

Group structures occur in different applications of graphs, structuring the
graph vertices and the edges between them in the form of sets, categories, or
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Table 1.1 — Taxonomy of group structures. The number of existing techniques
(summarized in Chapter 2) for each of the eight categories is mapped the
darkness of blue, with dark blue for the highest number and white for zero.

Overlap Disjoint Overlapping

Structure Flat Hierarchical Flat Hierarchical

T i
m

e Static Chapters 3 & 5 Chapter 4

Dynamic Chapter 6 Chapter 7

hierarchies. Groups within graphs, in general, can be defined as a family of
sets of vertices S = {S1, . . . , SK}, where each Sk ⊆ V. If the group structure
is defined based on the edges E, each group is described by a set of edges
E = {E1, . . . , EK}, where each Ek ⊆ E.

For a dynamic graph G, the group structure can be defined globally over all
points in time, i.e., as a static group structure. Alternatively, a group structure
can be derived for each point in time, i.e., the groups ST := (S1, . . . ,ST) are
dynamic as well, with St = {St,1, . . . , St,K}. If there are only minor changes
in the graph, i.e., only the edge weights change or only few edges are added
or removed, it is sufficient to visualize the static group structure S because the
structure will stay relatively stable. For significantly changing dynamic graphs,
in contrast, it is more suitable to determine the group structure St for each
graph Gt of the sequence G individually. In this way, it is possible to analyze
changes in the high-level organization of the graph.

Groups can be differentiated in several ways (Table 1.1): They can be disjoint or
overlapping, unstructured (flat) or structured (usually, hierarchically):

Overlap: In disjoint group structures , for all pairs (Sk1
, Sk2

), with k1 6=
k2: Sk1

∩ Sk2
= ∅. Overlapping group structures , in contrast, contain at

least two sets Sk1
and Sk2

with Sk1
∩ Sk2

6= ∅. Overlapping groups can be
further differentiated into crisp and fuzzy overlapping groups. In crisp
overlapping groups, each vertex vi fully belongs to one or more sets Sk. This
membership can be described, as an alternative to the set notation, by a |V| × K
matrix F , where each matrix coefficient fik ∈ {0, 1} describes if vi belongs
to the k-th set Sk ( fik = 1) or not ( fik = 0). In contrast, in fuzzy overlapping
groups, vertices vi may belong to different sets Sk to different extent. Here,
fik ∈ [0, 1] describes to what fraction the vertex vi belongs to the set Sk. In
dynamic graphs with dynamic groups ST, the matrix F is time-dependent
as well with FT := (F1, . . . ,FT). The definition of disjoint and overlapping
edge-based group Ek ∈ E can be done in analogy to vertex-based groups, where
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the belonging coefficients f jk ∈ [0, 1] describe to what fraction the edge ej
belongs to the set Ek.

Structure: The groups within the graph might be unstructured (referred to
as flat group structures ) or structured. While arbitrarily complex group
structures are possible, the focus here lies on hierarchical group structures
in graphs (also called compound graph) because other forms are only rarely used
in visualizations of group structures in graphs. A hierarchical group structure
is defined as a family of sets H = {H0, H1, . . . , HL}, where each Hl ∈ H is a
set of other group elements from H or graph vertices vi ∈ V. For edge-based
groups, Hl ∈ H is a set of other group elements from H or graph edges ej ∈ E.
These group elements represent the inner elements of a hierarchy where H0
forms the root element. For all Hl ∈ H where l = 1, . . . , L (i.e., all groups but
the root element), there exists exactly one parent group Hl′ ∈ H (l′ ∈ {0, . . . , L})
with Hl ∈ Hl′ ; when also each graph vertex is contained in exactly one group,
the analogon applies to all vi ∈ V (∀vi ∈ V ∃! l′ ∈ {0, . . . , L} : vi ∈ Hl′). The
same is true for edge-based groups with edges belonging to exactly one group:
ej ∈ E (∀ej ∈ E ∃! l′ ∈ {0, . . . , L} : ej ∈ Hl′). For dynamic graphs , the dynamic

hierarchical group structure can be defined as HT := (H1, . . . ,HT) with
Ht = {Ht,1, . . . , Ht,L}.

The aspects overlap and structure can be considered as orthogonal concepts.
Hence, as listed in Table 1.1, both can be combined into four categories: dis-
joint flat , disjoint hierarchical , overlapping flat , and
overlapping hierarchical . For the flat approaches , the group struc-
ture is modeled by the family of sets S , whereas the hierarchical taxonomy
categories require a hierarchical group structure H. In case of disjoint
hierarchical groups , the hierarchical structure H replaces S because
the group elements of the hierarchy also provide an overlap-free grouping on
every level of the hierarchy. For overlapping hierarchical groups , in
contrast, both S and H are required to encode both the overlap of groups and
the hierarchy.

Time can be considered as third dimension of this categorization, i.e., each of
these four categories can occur not only in static graphs G but also in dynamic
graphs G. In dynamic graphs, the structure will be considered as dynamic
only if the group structure changes over time together with its underlying
graph, otherwise as static. In this thesis, visualization techniques for each of the
four categories of the group structure taxonomy are presented in Chapters 3–7
(Table 1.1), where two of these techniques visualize dynamic group structures
of dynamic graphs (Chapters 6 and 7).
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1.1.3 Origin of Group Structures

Graph and group structures only need to be visualized together when there is
a relationship between them, which is either known beforehand or should be
retrieved through the visualization. Group structures can be based on the graph
topology or additional vertex or edge attributes. Without further attributes
defined, topology-based group structures are commonly extracted using graph
clustering methods [107]. Such methods detect groups of vertices, the so-called
community structure or clustering, with a high density of edges within the
groups but low density of edges between groups. They usually result in disjoint
flat or hierarchical group structures , and for some specialized algorithms,
crisp or fuzzy overlapping groups . Some of these methods take not only the
pure topology alone but also the edge weights into account when determining
the group structure.

When there are other attributes—multivariate attributes described by vectors~a
(Section 1.1.1)—available to describe the graph vertices and edges in a specific
application, these can be used as well to derive a group structure. Categorical
attributes describing vertices directly translate into flat groups S that can be
disjoint or overlapping . Furthermore, hierarchical structures might
already be encoded explicitly in a set of categorical vertex attributes. If multi-
ple vertex attributes—in particular, quantitative ones—should be aggregated,
vertices can be grouped based on these multivariate attributes using standard
feature-based clustering and classification algorithms [274]. These commonly
result in disjoint groups that are either flat or hierarchical . Based on
multivariate edge attributes, edge-based groups E can be derived. In particular,
the edge-based group structure E can describe pairs or clusters of similar or
correlated edge attribute vectors (~a). The resulting groups defined by E are
commonly overlapping flat group structures.

The techniques described in this thesis are independent from the origin of
the group structure. They can be applied to groups derived from the graph
topology, as well as to groups derived from attributes of the graphs vertices.
The only exception is the technique for edge-based groups (Chapter 5), which
was designed for groups derived from the edge attributes of the graph.

1.2 Analysis Tasks

Existing visualization techniques for static disjoint group structures aim at
solving different group-related graph tasks as summarized by Saket et al. [223]
for node-link diagrams. The tasks contained in their task taxonomy can be
reformulated to tasks, independent from the visual representation of the graph,
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including group–only, group–vertex, group–edge, and group–network tasks for flat
but not for hierarchical group structures. Group–only tasks can be performed by
only considering the groups, e.g., identify the number of existing groups. For
group–vertex tasks, both group and vertex information have to be considered, e.g.,
find vertices associated with a given group. Group–edge tasks can be performed
by only considering group and edge information, e.g., find the most sparsely or
most densely connected group. This density-related task contributes to a task
on the higher level; a task that is important, in particular, if the group structure
was derived based on the graph topology: analyze the consistency between
group structure and graph topology. For group–network tasks, all information
including group, vertex, and edge information has to be considered, e.g., find
pairs of groups that are weakly connected by edges, whose removal disconnects
the network.

For disjoint hierarchical group structures, these tasks need to be extended to
consider the nesting of groups. As a group–only task, e.g., it may be important
to identify the depth of the hierarchical structure. Considering groups and
vertices (group–vertex tasks), it may not only be relevant to identify the subgroup
a vertex belongs to, but also where a vertex is located within the hierarchy. The
density-related group–edge task directly translates to groups and subgroups in
the hierarchy.

As described in Section 1.1.2, vertices may belong to several groups. With respect
to group–only tasks, among others, the following additional tasks can be relevant
for overlapping groups : identify groups that overlap; determine the extent of
the overlap. Vertices assigned to more than one group are usually located at the
boundary between groups, thereby representing mediates or bridges between
these groups. The identification of vertices contained in multiple groups is an
important group–vertex task for analyzing the connectivity in graphs [177]. In
addition, the identification of vertices that are member of only one group can
be of importance. For fuzzy overlapping groups , further group–vertex tasks
with respect to the vertices that belong to different groups arise: identify to
what extent a vertex belongs to which groups; differentiate vertices that are
heavily involved in different groups from those that are involved in few groups
or in solely one group.

Further tasks can be defined for dynamic graphs because, given that the
changes are substantial, the group structure changes over time as well. Of
course, all previously mentioned tasks account for graphs at individual points
in time as well. Time-related tasks refer to the evolution of group structures
(group–only task) and the occurrence of events such as split and merge, growth
and contraction, or disappearance and emergence. To identify events like these,
it is necessary to compare group structures over time. In addition to this group–
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only task, group–vertex tasks can be extended toward the temporal dimension:
Differentiate vertices that are stable with respect to their integration into the
dynamic group structure from vertices that are instable. Not least, extending the
group–edge tasks of consistency toward the temporal dimension, the following
task arises: analyze how far changes in the graph topology are reflected in
changes in the group structure. Similar to static group structures, this task is
even more relevant if the group structure was derived based on the graphs
topology rather than its attributes (Section 1.1.3).

Of course, for both static and dynamic graphs, network–only tasks—tasks con-
sidering only vertex and edge information—can be of interest as well. Typical
network–only tasks are described elsewhere for static graphs [177] and specifically
for dynamic graphs [24, 38].

The question how to support these tasks will be addressed in the different
chapters of this thesis. The tasks that will be addressed by each of the techniques
are summarized at the beginning of each of the respective chapters.

1.3 Research Questions

There is a large body of scientific literature on the visualization of group
structures in graphs. An extensive survey of these techniques is presented
in Chapter 2. In Table 1.1, the numbers of available visualization techniques
summarized in Chapter 2 for each of the eight categories of group structure
types are mapped to the color of the cells. These eight categories result from
the line-up of the three concepts overlap, structure, and time. The numbers
give some indication of which types of group structures have been covered
extensively in visualization research and which types need further investigation.
There is a large number of visualizations for disjoint groups in static
graphs. For this type of group structure, only few challenges remain. Also for
crisp overlapping groups in static graphs, several techniques exist but with
more challenges that have not been addressed yet. For fuzzy overlapping
groups and for dynamic groups, a considerably smaller number of techniques
exists. From the group-structure perspective, the concepts fuzzy overlap and
time-dependency represent good research opportunities.

However, research challenges for the visualization of group structures in graphs
go beyond the type of group structure. As described in Section 2.4, there are
five main challenges, including time-varying groups and comparison, data
complexity, scalability, interaction techniques, and tasks and evaluation. These
challenges partially coincide with the challenges from the group structure
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perspective. The visualization techniques presented in this thesis address, in
particular, the main challenges data complexity and time-dependency.

The first research question addressed in this thesis is the data complexity (box
at the top of Figure 1.1). The complexity of the data increases by adding refining
data dimensions. For group structure visualizations, for instance, this is the
case when multivariate attributes of vertices and edges need to be visualized
together with the graph. Crisp overlapping flat group structures are
covered relatively well with respect to existing visualization techniques. Most
techniques are independent from the origin of the groups (Section 1.1.3), which
can therefore be based on either the graph topology in (un-)weighted graphs
or multivariate attributes of the graphs vertices and edges. However, none of
the existing techniques considers multivariate attributes of the graphs elements
together with the groups. Which interaction techniques and visual mappings
can be used to support tasks related to the attributes and the overlapping group
structure of the graph (box A in Figure 1.1)?

Another degree of complexity is introduced considering fuzzy memberships ,
which implicate a challenge for the visualization. Not least, the complexity of
the group structure visualization increases considering that both disjoint and
overlapping groups can also be organized hierarchically . Neither for fuzzy
overlapping flat groups nor for overlapping hierarchical groups,
visualization techniques exist. Fuzzy clustering methods derive membership
degrees describing how strongly each object of the graph belongs to each group
of the structure. Considering that objects can belong not only to different
groups but with different extent as well, further analysis tasks considering these
membership degrees arise (Section 1.2). Using visualization techniques for crisp
overlapping groups by neglecting the fuzzy memberships, these tasks cannot be
performed. Which visual mappings help to support, in particular, tasks related
to membership degrees (box B in Figure 1.1)?

A completely uncovered area is the visualization of overlapping edge-based
groups. Given that the groups are based on the attributes of the edges, vi-
sualization techniques for multivariate graphs can be used to investigate the
edge attributes [271] or to abstract the graph based on the edge attributes [268].
However, using common visualization techniques for multivariate graphs, co-
herencies between edge attributes and, hence, groups of edges cannot be
perceived. How can such crisp overlapping edge-based groups be visualized
together with the graph topology such that tasks related to edge-based groups
are supported (box A in Figure 1.1)?

The second main challenge addressed in this thesis is the visualization of time-
varying groups in dynamic graphs (box at the bottom of Figure 1.1). There is a
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Figure 1.1 — Illustration of the context of the research questions addressed in
this thesis. The first part of this thesis is dedicated to overlapping group
structures with increased complexity, compared to existing techniques for crisp
overlapping groups, considering multivariate attributes and fuzzy memberships
in static graphs. The second part of this thesis addresses dynamic groups of
flat and hierarchical structures.
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variety of visualization techniques for dynamic groups that do not visualize
the underlying dynamic graph topology . They support the identification
of group evolution phenomena but do not help understand their causes, i.e.,
changes in the graph topology. This requires the visualization of the graph
topology itself. How can both dynamic group structure and graph evolution
be integrated in a single image without overdraw? Embedding both in one
visualization would help analyze how far changes in the graph topology are
reflected in changes in the flat (box C in Figure 1.1) or hierarchical (box D
in Figure 1.1) group structure and occurring group evolution phenomena.

In general, visualizing the graph topology together with the group structure in a
single image facilitates the analysis of the consistency between and correlations
of both components. At the same time, integrating both types of information in
one view goes along with the risk of overdraw. This leads to the main research
question of how to integrate the group structure with the graph topology in a
combined visualization that is readable and does not suffer from visual clutter.
Which visual mappings can be used for the group structure and the graph
topology and combined to a visualization that facilitates the analysis tasks
evolving for the respective type of group structure? Is it possible to design both
group structure and graph representation such that they are readable even for
large graphs and/or many groups? Finally, possible interactions that help deal
with the inevitable amount of overdraw should be investigated (indicated by
the hand within each box in Figure 1.1).

A common way to address certain issues of scalability is the use of interaction
methods such as aggregation. Independent of the type of group structure, some
data is lost through this abstraction. How can graphs be aggregated while, at
the same time, visually encoding the uncertainty of aggregated groups and the
density of edges within these groups? For overlapping groups , aggregation
is even more difficult. How can overlaps be represented explicitly such that
they are retrievable for the users? For fuzzy overlapping groups, this question
becomes even more difficult to answer.

These research questions will be addressed in the chapters of this thesis consid-
ering group structures of different degree of complexity, which increases in the
course of the chapters. First, overlapping groups of varying complexity will be
considered (red arrow at the top of Figure 1.1), starting with crisp overlapping
groups in multivariate graphs to more complex fuzzy overlapping groups and
overlapping edge-based groups that are again based on multivariate attributes.
The dynamic aspect (blue arrow at the left of Figure 1.1) represents another
important challenge for group structure visualization and will, therefore, be
addressed in the second half of this thesis. Again, group structures of differ-
ent degree of complexity will be investigated (red arrow in Figure 1.1). This
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includes dynamic flat group structures, which are considered before more
complex dynamic hierarchical group structures are addressed.

1.4 Outline and Contributions

This section provides a short abstract for each chapter and states the authors’
contributions to the related publications. Note that all publications were co-
authored by my advisor Daniel Weiskopf, who was involved in the discussions
on the design of each technique as well as the taxonomy presented in the
survey.

Chapter 2 presents a survey of the current state of the art of explicit visualization
techniques for group structures in graphs. The data model introduced in the
related paper [15] was already described in Section 1.1. Chapter 2 describes the
classification of explicit visualization techniques into a two-layered taxonomy
derived by surveying the literature. The techniques covered by the taxonomy
are furthermore put into perspective with the derived group structure taxonomy
describing different types of groups (Section 1.1.2). In addition, the chapter
discusses evaluations and applications of the presented techniques. Finally,
the identified major research challenges that could guide future research are
summarized in this chapter. Chapter 2 is based on the published state of
the art report [15] with all co-authors involved in the discussions about the
taxonomy.

Chapter 3 presents a visual analytics system that integrates interactive filtering
of large and dense networks based on degree-of-interest (DoI) functions with
group-based layouts of the resulting subnetworks and a technique to compare
those subnetworks. The implicit encoding of crisp overlapping groups is,
thereby, achieved by a new interactive layout approach. Chapter 3 is based
on the paper describing the visual analytics system [16] where I, D. Kao,
D. Weiskopf, and C. Görg devised the visual analytics system and L.E. Hunter
and C. Görg conceived the original ideas for the application of DoI functions in
the context of biological network analysis; I implemented and tested the system
as a Cytoscape app.

Chapter 4 describes a visualization technique for fuzzy rather than just
crisp overlapping groups. The visualization technique makes use of the
hierarchical structure defined on the fuzzy membership degrees, which supports
the investigation of fuzzy overlapping groups in graphs at different levels
of detail. The visualization technique is based on a new layout algorithm
that uses Gestalt principles of closure as well as texture patterns and further
visual mappings to graphically encode fuzzy group memberships. The initial
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implementation of this technique was done by T. Reinhardt, extended by me
to generate the desired layouts, while the visualization was designed by me.
Chapter 4 is based on the paper describing the visualization technique for fuzzy
communities [12].

Chapter 5 presents two alternative visualization techniques for overlapping
groups based on multivariate edge attributes rather than vertex attributes or
the topology of the graph. In particular, these groups represent pairs of edges,
which can be modeled as a second type of relation—the edge–edge relations.
The two alternative visualizations include an “embedding approach” and a
“juxtaposition approach”. Within the embedded visualization technique, both
types of relations are integrated into one node-link diagram, which requires
a layout algorithm considering both types of relations. The developed layout
algorithm is described in the chapter as well. Chapter 5 is mainly based on
the paper describing the embedded visualization of edge-edge relations [11]
but in parts also the papers describing a visual analytics system with the
juxtaposed visualization as an integrated component of the system [8, 10]. Co-
author J. Hasenauer helped with the biological case study for the publication
on the embedded visualization [11] and with the description of the biological
background for the publications on the visual analytics system [8, 10].

Chapter 6 presents an embedded visualization technique for dynamic disjoint
flat group structures in dynamic graphs . The technique uses a flow-like
representation for the evolution of groups, where graphs are visualized by
node-link diagrams superimposed on the group representation. Advanced
strategies and optimization methods for the rendering of transitions between
points in time, ordering of groups and vertices (i.e., the implicit encoding), and
assignment of colors that have been developed are presented in this chapter
as well. Chapter 6 is based on the publication presenting this technique [13],
where the initial implementation of this technique was done by P. Auwärter
based on my ideas and design of the system. The initial implementation was
extended by co-author F. Beck to optimize the sorting of groups and vertices,
and by me to optimize the assignment of colors.

Chapter 7 describes an embedded visualization technique for dynamic hi-
erarchical rather than just flat group structures in dynamic graphs . The
technique uses a matrix representation for the graphs with an improved en-
coding of the hierarchical group structure, where transitions between points
in time are visualized using a flow-metaphor. This chapter describes a sorting
algorithm for sequences of hierarchies to facilitate their comparison. In addition,
a transition-based metric that describes the dissimilarity between hierarchies is
introduced. Chapter 7 is based on the publication presenting this technique [17].
It was designed together with F. Beck and implemented by me.



14 Chapter 1 • Introduction

The techniques presented in Chapters 3–5 are applied to the same set of synthetic
graphs with overlapping groups to analyze their scalability. In analogy, the
techniques presented in Chapters 6 and 7 are used to visualize the same set of
synthetic dynamic graphs with dynamic disjoint groups . The application of
the individual techniques to the synthetic graphs are presented at the end of
each of the respective chapters (Chapters 3–7).

Chapter 8 presents applications of all visualization techniques presented in
the previous chapters to biology. The visual analytics system [16] for crisp
overlapping groups (Chapter 3) was applied to a complex data set that combines
clinical data with high-throughput data, which was used to derive a gene co-
expression network (GCN). M.R. Bristow was the principal investigator of the
study that generated the data. D. Kao used the system to perform the additional
analysis of the data and derived the biological findings presented in the case
studies. I produced the figures for this case study. As a second case study, the
visualization technique for fuzzy overlapping groups (Chapter 4) is applied
to a protein-protein interaction (PPI) network. The case study was done by
me and is published in the related paper [12]. The visualization technique for
edge-based groups (Chapter 5) was used by a system biologist (J. Hasenauer),
who was co-author of both related publications [8, 11], to analyze simulated
data of a biochemical reaction network (BRN). I extended this case study for
the juxtaposed approach described in Chapter 5. Finally, both visualization
techniques for dynamic groups in dynamic graphs (Chapters 6 and 7) are
applied to a dynamic PPI network. This case study was done by me.

Material from the following Eurographics copyrighted papers [13, 15] is partly
reused with kind permission of the Eurographics Association following the
author rights agreement. In addition, material from the following IEEE copy-
righted papers [8, 11, 12] is partly reused with kind permission of IEEE by
following the agreement for reuse in a thesis or dissertation. Finally, the copy-
right for the following BMC Bioinformatics papers [10, 16], which are partly
reused in this thesis, retains with the authors of the papers and permits the
reuse of the material contained.

Further co-authored papers published during my PhD research include different
techniques for static disjoint hierarchical group structures of dynamic graphs [2,
3, 9], partial links for directed graphs [4], biological sequence data [1, 6, 7], and
computational art [5, 14]. The techniques for static group structures of dynamic
graphs [2, 3, 9] are related to the topic of this thesis but were discounted in the
main part of this thesis as the concentration lies on the white spots of visualizing
group structures in graphs. The techniques described in these publications
are briefly described in Chapter 2. The other publications were disregarded,
because they are out of the scope of this thesis.
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State of the Art in Visualizing

Group Structures in Graphs

This chapter presents a survey of visualization techniques for group structures
within graphs.1 The background of the visualized group structures and graphs
is given in Section 1.1.1, which presents a consistent terminology and data
model. This survey comprises only techniques that support the visualization
of both the group structure and the graph topology. Techniques that visualize
only the groups but not the graph, or vice versa, only the graph are considered
out of scope. A further differentiation is made between implicit and explicit
visualizations of group structures. There are many layout techniques for node-
link representations and vertex sorting algorithms for matrices that can be
used to implicitly encode the group structure in the node positions. The
survey comprises only publications that use an explicit encoding of the group
structure. These can be subdivided into application (39), evaluation (5), and
technique (82) papers. A detailed description of the scope, data collection, data
analysis, as well as a brief summary of implicit visualization techniques can
be found in the related publication [15]. The explicit visualization technique
papers are classified into a two-layered taxonomy (Section 2.1). Evaluations and
applications of the presented techniques as well as major research challenges
that could guide future research are discussed in Sections 2.2–2.4.

1 Parts of this chapter have been published in:
[15] C. Vehlow, F. Beck, and D. Weiskopf. The state of the art in visualizing group structures
in graphs. In EuroVis - STARs, EuroVis, pages 21–40. Eurographics Association, 2015.
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2.1 Taxonomy

There are various visualization techniques that explicitly encode the group
structure within the graph visualization. Some of the explicit encodings are
based on layouts already implicitly showing group structures. In total, this
taxonomy is based on the 81 collected explicit visualization technique papers,
which are categorized according to a hierarchical taxonomy that consists of two
layers (Table 2.1). In the first layer, the four main categories of the taxonomy
are visual node attributes, juxtaposed visualization, superimposed visualiza-
tion, and embedded visualization. The categories are largely disjoint; only
some superimposed and embedded visualization approaches use visual node
attributes as additional explicit encoding. The second layer further subdivides
the categories according to main distinguishing visual features. This section
describes all categorized techniques following the hierarchical taxonomy and
illustrates them using conceptual sketches.

All techniques are additionally tagged with respect to the type of group struc-
ture (Section 1.1.2) that they visualize. The references are marked with the
respective icons: flat or hierarchical , disjoint or overlapping
accordingly. With respect to the type of overlap, by default crisp overlap
can be assumed if not indicated otherwise; therefore, only the few fuzzy over-
lapping groups are marked. Table 2.1 contrasts the taxonomy of group
structures with the taxonomy of group visualizations by listing all technique
papers classified into the respective combination of categories. Few techniques
combine two explicit visualization approaches or can be used for different types
of group structures; each of these occurs in several cells of the table. Tech-
niques are thereby marked with 1st (2nd) if the approach represents the primary
(secondary) visualization approach of this technique. In particular, color is
often used as secondary explicit visual mapping of the group structure. In the
following, techniques that represent a dynamic graph are additionally marked
with if their group structure S or H is static and with if also their group
structure ST or HT changes over time. Finally, depending on the underlying
graph visualization, each technique is classified as node-link representation ,
matrix representation , or hybrid .

2.1.1 Visual Node Attributes

The association of a vertex with one or more groups can be encoded visually
by changing the node representation. Although no more than approximately
7 colors [137] can be distinguished easily, color is widely used to convey group
information. Each group Sk ∈ S is assigned a color and the nodes of the graph
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(a) (b) (c) (d)

Figure 2.1 — Using visual node attributes to encode group membership.
(a) Color encodes disjoint flat group structures . (b)–(c) Pie-charts
encode the (b) crisp or (c) fuzzy membership degrees, where (c) addi-
tionally uses color . (d) Icons within the node representatives encode crisp
overlapping group memberships .

(Figure 2.1a) or group representatives (e.g., Figures 2.2a, 2.3e, and 2.4d) are
colored respectively. In total, 30 techniques use visual node attributes, i.e.,
color (30) and/or glyphs (7), as primary or secondary explicit encoding of the
group memberships; all of them are based on node-link diagrams to represent
the graph. Most of these approaches combine the group encoding with one
of the other explicit visualization approaches—juxtaposed, superimposed, or
embedded visualization. Since these other encodings usually dominate the
visual appearance, these are discussed in later subsections in detail, but indicate
the additional encoding via visual attributes by an icon .

There are 7 techniques that use only color to explicitly visualize group mem-
bership [94, 155, 181, 189, 244, 249, 258]. Nodes that belong to only one group
are simply colored with respect to that group [94] (Figure 2.1a). For flat
overlapping groups , nodes are represented using glyphs—“graphical
objects designed to convey multiple data values” [266]. One approach is to
represent vertices as pie charts [155, 181, 189, 228] with sections colored with
respect to the groups the vertex belongs to [155, 181]. For crisp overlapping
groups , the sections of the pie charts have equal size [181, 228]. In contrast,
for fuzzy overlapping groups , they can have different size to encode the
fuzzy membership degrees fik [12] (Figure 2.1b). Another approach for crisp
overlapping groups is to represent vertices using boxes that contain icons
(Figure 2.1d), such as cross or check marks, in the particular color for all groups
they belong to [249]. Xu et al. [273] use glyphs to encode the group overlap as
well as other metrics by combining different visual channels including intensity
of color, hue, size, and shape.
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Some techniques optimize the color assignment to maximize either the color
differences between neighboring groups [113, 148, 174] or the color
stability between similar groups [149] . Vehlow at al. [13]
developed an approach for dynamic graphs with dynamic groups. Here, each
dynamic group is assigned a color to highlight the evolution of groups, where
the optimization approach assigns similar hues to similar dynamic groups
(more details are presented in Chapter 6).

2.1.2 Juxtaposed Visualization

In juxtaposed visualization approaches, the graph G and the group structure S
or H are visualized adjacent to each other (Figure 2.2). These can be subdivided
into separate juxtaposition approaches, where both visualization layouts are
independent from each other, and attached juxtaposition approaches, where the
layouts are aligned, e.g., using the same vertex order. There are 25 technique
papers for that category (as primary approach), whereof all but 3 visualize
disjoint hierarchically structured groups ( ; Table 2.1).

2.1.2.1 Separate

In separate juxtaposed visualizations, the group structure S or H is visualized
independently of the graph in different views. Although drawn separately, the
juxtaposed visualizations are usually linked by interactions (Figure 2.2d) or
visual indicators (Figures 2.2b and 2.2c). In total, there are 6 separate juxtaposed
visualizations—all but one [233] for disjoint group structures ; two for
flat and 3 for hierarchical group structures.

Disjoint flat group structures can be visualized using node-link dia-
grams [254] (Figure 2.2a). Nodes represent groups Sk defined interactively
based on multivariate attributes; the number of aggregated edges between
groups is mapped to the width of the link connecting the group nodes. Sal-
laberry et al. [226] visualize the evolution of groups ST using a time-line
approach and the graph of a selected point in time separate from the group
visualization.

Disjoint hierarchical group structures H are visualized using tree visu-
alization methods such as axis-parallel [19] (Figure 2.2c) or radial [79] node-link
diagrams, or a treemap [18] (Figure 2.2d). Abello et al. [18, 19] link the group
structure view with the graph view via brushing and linking. By selecting
a subtree in the hierarchical structure Hl, the user can navigate through the
graph as only the respective subgraph will be visualized. The ASK-GraphView
approach [19] additionally supports an overview of the complete graph using
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 2.2 — Juxtaposed visualization of disjoint hierarchical groups .
(a)–(d) Juxtaposed–separate approaches, where in (c) visual links and in (d)
brushing and linking are used to highlight associated elements of a subhier-
archy. In (e)–(h), the hierarchical group structure is aligned with the graph
visualization—visualized as matrix or node-link diagram—to associate leaves
of the hierarchy to the respective nodes of the graph.

a matrix representation in a third view. VisLink [79] arranges two planes
showing the group structure and the graph in 3D space. Visual links connect
internal nodes of the hierarchy, i.e., group nodes Hl , with all its vertices vi ∈ Hl,
respectively. Again, the highlighting—here using visual links—is done only on
demand via selection, and hence, only for a selected subtree of the hierarchy
(Figure 2.2c). Schulz et al. [233] make use of visual links between the
groups and the graph vertices as well. They visualize semi-bipartite graphs,
which are defined as bipartite graphs with possible edges within the bipartite
sets of vertices (Figure 2.2b). In their visualization of semi-bipartite graphs, both
vertices and groups are arranged separately on two vertical axes and linked
visually by straight links, where arcs are used to visualize relations between
the vertices. The sorting of either one of the two axes can be adapted to reduce
edge crossings.
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2.1.2.2 Attached

In contrast to separate juxtaposed group visualizations, attached juxtaposed vi-
sualizations align the group structure visualization with the graph visualization.
In total, 19 attached juxtaposed visualizations could be identified (as primary
approach), all for disjoint hierarchical group structures H . For the align-
ment, these approaches use the same linear order and position vertices along
one axis [2, 3, 21, 47, 46, 64, 65, 118, 130, 191, 209, 255, 259] (Figures 2.2e–2.2f)
or a circle [9, 62, 63, 124, 144, 146] (Figure 2.2h).

One approach to visualize disjoint hierarchical group structures is to use a
layered icicle plot that is attached to a matrix representing the graph [21, 46,
65, 118, 255, 259] (Figure 2.2e). The leaves within the icicle plot are aligned
with the rows and columns of the matrix, i.e., the hierarchical structure is used
to generate a linear ordering of the vertices represented in rows and columns.
Most of these techniques support an abstraction of the graph based on the
hierarchical structure by collapsing and expanding groups to aggregate rows
and columns [21, 118, 255, 259].

Instead of using a matrix as graph representation, the disjoint hierarchical group
structure can also be aligned with a node-link representation of the graph
(Figure 2.2f). To be aligned with the hierarchy, the nodes need to be arranged
linearly; arcs are usually used instead of straight links to avoid overplotting
of nodes and links. The ArcTrees approach [191] combines the linear node-
link diagram with a one-dimensional treemap (left of Figure 2.2f): the arcs are
attached to the leaves of the tree visualization. The disjoint hierarchical structure
can also be visualized by a node-link diagram [130] (right of Figure 2.2f) or other
tree visualizations with a linear leaf order [209] (middle of Figure 2.2f). The
TimeArcTrees approach [130] extends these approaches to dynamic graphs .
For each time step, the vertices are aligned vertically and directed links are
drawn as arcs right (direction is downwards) and left (direction is upwards) of
the vertices. An aligned tree node-link diagram attached at the left visualizes
the hierarchy (right of Figure 2.2f). Increasing the scalability of the graph
representation, other approaches place the vertices of the graph on two parallel
vertical axes and, instead of arcs, straight links between the two axes visually
encode directed graph edges [2, 3] [47] (Figure 2.2g). This technique can be
used not only for dynamic graphs [2, 3], but graph comparison as well [47]. To
overcome the problem of visual clutter for dense graphs, edge bundling [47] or
edge splatting [2, 3] (i.e., plotting edge density fields) is applied.

The group structure can also be aligned with the graph visualization radially,
for instance, by positioning the vertices along a circle circumference and by
surrounding the graph visualization with a radial layered icicle plot [18, 124,
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144, 146] (Figure 2.2h), by drawing the hierarchical structure as an indented
hierarchy in the center of a radial graph representation [64] , or by drawing the
hierarchical structure on top of the graph visualization [62] . The edges of the
graph are visualized using arcs [124] or bundled edges [144, 146] (Holten [144]
presents three explicit visualization techniques and therefore is referenced in
three subsections, respectively). Gou and Zhang [124] furthermore allow an
abstraction of the graph by collapsing inner nodes of the tree. For representing
dynamic graphs , the graph within the circle needs to be replaced by a
sequence of graph G := (G1, . . . , GT), for instance, arranged in colored pieces
of circle rings as in the TimeRadarTrees [62]. Using the TimeSpiderTrees [63],
relations are visually indicated by orientation of shortened links instead of
connectedness. In contrast, within the radial layered matrix visualization [9],
edges are represented as color-coded markers in a polar coordinate system.

2.1.3 Superimposed Visualization

Another method to show the graph and its group structure together is to overlay
their representations (Figure 2.3). In this case, the visualizations of the two
layers are not rendered independently but are fully aligned in order to create a
meaningful superimposition. There are 30 technique papers that superimpose
the group structure onto the graph visualization, where 18 of them use color
coding as an additional explicit visual mapping (see also Section 2.1.1 and
Table 2.1). All of the superimposition techniques are based on two- or three-
dimensional node-link diagrams to visualize the graph. There are three main
categories of overlays: line overlays (3), contour overlays (20), and partitioning
approaches (8).

2.1.3.1 Line Overlay

When using lines as overlay, for each group Sk ∈ S , a line of a particular
color connects all nodes of that group without interruption [25, 273]
(Figure 2.3a). The LineSets technique [25] draws a smoothly curved line for each
group, where the shortest path is computed by an adopted Lin-Kernighan’s
traveling salesman heuristic. In contrast, in the technique by Xu et al. [273],
for each group Sk, all nodes vi ∈ Sk are connected using a spanning-tree-like
shape, which is a generalization of the LineSets approach. While LineSets
can be applied to any graph layout, the technique by Xu et al. [273] uses
multidimensional scaling (MDS) to arrange similar items close to each other,
i.e., combines line overlays with an implicit encoding of groups. Alternatively,
line overlays can also be used to connect edges in case that the groups Sk ∈ S
are originally based on groups of edges Ek ∈ E . Vehlow et al. [11] visualize
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 2.3 — Superimposed visualization of the group structure using (a) line
overlays, (b)–(d) partitioning, or (e)–(h) contour overlays; often in combination
with color . For overlapping groups , either the lines (a) or contours over-
lap (f), or objects are duplicated (c) and (g). For hierarchical group structures ,
the partitions and contours are nested (d) and (h).

pairs of edges, i.e. |Ek| = 2, by connecting them with curves (more details on
this approach are presented in Chapter 5).

2.1.3.2 Contour Overlay

Groups can also be visualized within node-link diagrams using closed con-
tours: all nodes vi within the contour are interpreted as belonging to the
enclosed group Sk ∈ S or Hl ∈ H (Figures 2.3e–2.3h). Such contours share the
characteristics of set diagrams such as Euler diagrams. Contour shapes are ver-
satile and include rectangles [91, 142] (Figures 2.3g–2.3h), circle sections [103] or
circles [144, 171] (Figure 2.3e), convex hulls [38, 228], arbitrary two-dimensional
curves or splines [69, 41, 66, 68, 89, 87, 101, 113, 148, 149, 174] (Figure 2.3f), or
three-dimensional bubbles [42, 242]. The GMap technique [113, 148, 149] creates
a map of contours that are adjacent to each other using a Voronoi tessellation.
In contrast, the contours within the MapSets [101] are generated based on
non-crossing spanning trees of points belonging to the same cluster. The trees
can be grown to contiguous non-overlapping regions that are optimized with
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respect to their convexity. Other approaches use such spanning trees but draw
the filled contours using texture splatting; a splat is defined as radial function,
where the transparency increases with the radius. The eXamine approach [89]
uses an extended self-organizing map neuron grid approach to lay out nodes
and links but also to draw the contours. The contours within KelpDiagrams [87]
are generated using a routing algorithm linking elements of the same group by
constructing minimum cost paths over a tangent visibility graph (i.e., a graph
including edges that are tangent to the area of linked nodes).

Contours may be used alone [91, 228], in combination with texture [68] (i.e., each
group Sk is assigned a different texture and the contour is filled respectively),
or in combination with color coding (all other approaches). When used in
combination with color coding, the contour itself can be colored with respect
to the group it surrounds [89] (e.g., Figure 2.3f) or the contour is filled with
that color [69, 41, 42, 38, 66, 87, 101, 103, 113, 148, 149, 142, 171, 174, 242] (e.g.,
Figures 2.3e and 2.3g).

Contours are so far used to visualize disjoint flat , overlapping flat ,
and disjoint hierarchical group structures (Table 2.1). For disjoint flat
group structures , the contours are also disjoint, while the contours
representing overlapping group structures intersect. To untangle over-
lapping contours, Henry Riche and Dwyer [142] introduced two techniques for
rectangular contour overlays: a splitting approach (groups with intersections
are split up, drawn as non-overlapping rectangular shapes, and linked by lines)
and a duplication approach (Figure 2.3g) (groups are represented by overlaid
rectangles and nodes contained in several groups are duplicated and linked
visually). For disjoint hierarchical group structures , the contours or
surfaces are nested to visually encode the hierarchical structure [91, 144] (e.g.,
Figure 2.3h). The circle contour approach by Holten [144] visualizes edges
between groups by links that are bundled based on the hierarchical structure.
Also the ArcTrees [191], although classified as juxtaposed attached visualization,
could be considered as well as a contour approach because it uses a contour
overlay using rectangles nested in one dimension. There are two contour tech-
niques that have been applied to dynamic graphs with dynamic groups using
animation [149, 171].

2.1.3.3 Partitioning

Similar to contour overlays, partitioning indicates group membership by visual
enclosing. In contrast to the contour approaches, partitioning is space-filling:
the screen space is divided into areas that represent the groups. There are 8
partitioning approaches, all of them use node-link diagrams to represent the
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graph. For disjoint flat groups , the area of the node-link diagram is
partitioned vertically or horizontally into the respective number of areas K—one
for each group Sk ∈ S [238, 231, 278]; nodes are laid out within the area they
belong to (Figure 2.3b). Each area is either surrounded by a rectangle [231, 278]
or colored with respect to the group it presents [238] . If groups overlap,
the same approach can be used, but nodes that belong to different groups
are duplicated [178] (Figure 2.3c). Beyond what is shown in the figure,
the approach by Lex et al. [178] arranges a two-dimensional area for each
group in 3D, like walls of a room, and adds visual links between shared
nodes to visualize the overlap. For disjoint hierarchical structures , the
screen is partitioned in a space-filling way using a circular icicle plot [23]
or a treemap approach [83, 105, 144] (Figure 2.3d), where each subsection
representing Hl ∈ H is surrounded by a rectangle. The technique by Ahmed et
al. [23] visualizes a dynamic graph G with a dynamic group structure HT

by stacking the visualization of all points in time (Gt with Ht) in 2.5D.

2.1.4 Embedded Visualization

The fourth main category of the taxonomy is the embedded visualization of
group structures (Figure 2.4). At a first glance, this category looks similar to
the superimposition approach using contours (Section 2.1.3.2). In contrast to
overlays, groups are modeled as nodes themselves and are integrated into the
graph. In total, 21 technique papers could be identified, where 17 approaches are
based on node-link representations alone (Section 2.1.4.1) and 4 approaches
are hybrids of node-link and matrix diagrams (Section 2.1.4.2).

2.1.4.1 Node-Link

Using embedded approaches, the groups Sk ∈ S or Hl ∈ H are drawn as nodes,
e.g., using concave shapes (Figure 2.4a). Group nodes are connected by visual
links if any of their members are related [73] , [153, 154] . Besides
those aggregated edges, in these approaches, only edges e ∈ E within each
group are visualized in a non-aggregated way.

While these techniques are static with respect to the group structure visualiza-
tion, the following approaches support interactive aggregation methods: groups
or subtrees can be collapsed to visualize only the group node but not the under-
lying subset of vertices vi ∈ Sk and their within-group edges (Figures 2.4b–2.4d).
In the OntoVis approach [235] , each node representing a group Sk is
connected to all its members vi using visual links in addition to links encoding
the edges of the graph. An approach to visualize the evolution of groups ST for
dynamic graphs G is to draw groups as rectangles on top of a flow-like group
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(a) (b) (c) (d)

(e) (f) (g)

Figure 2.4 — Embedded visualization of groups: (a)–(d) Node-link-based inte-
grated representations, where groups are included as nodes of the graph and
can be aggregated. (e)–(g) A hybrid of a node-link and matrix representation of
the graph and groups within the graph.

evolution visualization; between-group edges are aggregated and the subgraphs
of individual groups are drawn within the group representations [13]
(a detailed description of this technique is given in Chapter 6). Disjoint hierar-
chical groups can be visualized using nested rectangular [26, 84, 85, 217]
or circular [28, 30, 31, 33] (3D: spherical [257]) group structure representations
(Figure 2.4c). Reitz et al. [217] use the dynamic hierarchical group struc-
ture HT to control the animation of the dynamic graph visualization and to
automatically aggregate subhierarchies that do not change.

The grid-based visualization approach by Rohrschneider et al. [219]
arranges the graph nodes on a regular orthogonal grid, where edges are routed
on that grid using a cost minimization technique. Nodes belonging to several
groups are duplicated to support the aggregation of groups. Nodes vi contained
in different groups Sk are duplicated. In contrast, Sallaberry et al. [225]
place nodes belonging to at least two groups between the respective group
nodes, while vertices vi that belong to only one group Sk can be aggregated
and collapsed into group nodes (Figure 2.4b). The approach by Vehlow et
al. [12] for fuzzy overlapping groups is similar, it aggregates vertices vi
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hierarchically based on their membership-degrees fik (Figure 2.4d) (a detailed
description of this technique is given in Chapter 4). Van Ham and van Wijk [257]
collapse groups by default and show only the area underneath a lens in more
detail. For all other approaches, aggregation is performed by individually
collapsing or expanding group nodes interactively by clicking on group nodes
within the node-link diagram [26, 84, 85, 219, 225] or in a separate tree view [28,
30, 31, 33].

2.1.4.2 Hybrid: Node-Link and Matrix

There are 4 approaches that use matrix representations to visualize edges within
groups and links for relations between groups [140, 141, 185, 222] . In
NodeTrix [140] , the adjacency matrices are connected among themselves
using edge bundles that visualize the between-group relations (Figure 2.4e).
This approach was extended to visualize overlapping groups by duplicating
vertices vi for each group Sk they belong to [141] (Figure 2.4f). Also the
approach by Misue and Zhou [185] allows one to visualize overlaps using
node duplication. Here, in addition to the matrices representing groups, a node
is drawn for each group and linked to all its members vi, i.e., to the respective
rows or columns of the matrices or to single nodes vi not contained in any group
and hence matrix. The TreeMatrix approach [222] encodes hierarchical
structures, where subgraphs Hl are shown as adjacency matrices with an
attached hierarchy that is visualized as a node-link diagram or an icicle plot
(see also Section 2.1.2.2) and can be collapsed interactively (Figure 2.4g).

2.2 Evaluation

When searching for visualization techniques for group structures in graphs,
very few evaluation papers that describe extensive user studies (5 in total)
could be found, but most of the 81 technique papers summarized in Section 2.1
include some kind of evaluation, including: case studies (44), small user studies
(10), algorithmic evaluations using metrics (7), comparisons with alternative
techniques (3), and some solely collected user feedback (4). In this section, the
results presented in the 5 evaluation papers as well as insights gained from user
studies contained in technique papers that thoroughly evaluate group-related
tasks (4 in total) are summarized.

Contrasting visual node attributes (Section 2.1.1) and superimposed techniques
(Section 2.1.3), a series of three recent user studies provides the most systematic
evaluation of visualization techniques in the field: Saket et al. [224]
compared a superimposed contour approach (GMap [113]) against the use of
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color as a visual node attribute (Section 2.1.1). They investigated node-based,
network-based, and group-based tasks. The results of their user study with
36 participants suggest that adding contours does not negatively impact the
performance of network-based tasks and the GMap approach outperforms
colored nodes with respect to group-based tasks. Jianu et al. [156]
replicated this study and included two more approaches in their online study
comprising 800 participants. They evaluated colored nodes, line overlay, and
two types of contour overlays—GMap [113] and BubbleSets [80]—based on
10 group and network tasks. With respect to group-related tasks, BubbleSets
performs best, followed by lines and the GMap approach, while color appears
to be least effective. Line overlays (LineSets) were also compared to contour
overlays—again the BubbleSets technique—by Alper et al. [25] . They
conducted a user study (12 participants) to evaluate the performance on four
group-related tasks. Compared to the study by Jianu et al. [156], they found
that LineSets improve the readability of set membership and set intersection
tasks—with higher accuracy rates and shorter completion times—compared to
the BubbleSets technique. They also did an informal, small-scale eye-tracking
study that aimed at understanding some of the effects seen in the quantitative
results.

Other evaluations focus solely on superimposed contour approaches (Sec-
tion 2.1.3.2): Henry Riche and Dwyer [142] evaluated their Euler diagram
technique with respect to its readability considering four group-related
tasks and one node-related task. In their study (18 participants), they com-
pared their two rectangular contour overlay techniques—the splitting approach
and the node duplication approach (Section 2.1.3.2)—to a third (non-convex)
contour overlay. They found that the duplication approach outperforms the
other techniques for two of the group-related tasks, but the splitting approach
is preferred by many participants. Using a qualitative evaluation, Byelas and
Telea [67] compared algorithmically generated contour overlays to
hand-drawn contours to improve the rendering algorithm. The GraphDiaries
technique [38] was evaluated based on a user study comparing it to
two other approaches for dynamic graphs. The focus of the study lies more on
tasks related to the dynamic behavior analyzing groups of added or removed
elements.

Some evaluations also take embedded approaches into account (Section 2.1.4):
Archambault et al. [32] compared a superimposed contour with an
embedded approach, where groups of nodes are replaced by group nodes. They
evaluated how this affects the readability, but with respect to tasks focusing
on attributes and graph topology rather than group structures. In contrast,
Henry et al. [141] evaluated their embedded hybrid approach with
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respect to four group-related as well as two node-related tasks. Their user study
(12 participants) applied different alternatives of duplications of elements in
overlapping groups and compared these to an embedded approach without
duplication. As a result, they found that duplications improve group-related
tasks but sometimes interfere with other graph readability tasks.

Hierarchical group structures in graphs have been evaluated rarely, so far;
the same applies to juxtaposed approaches (Section 2.1.2). There is only one
qualitative user evaluation on juxtaposed attached visualizations in the context
of hierarchies [22] comparing a node-link-based [47] and a matrix-
based [46] approach, but focusing more on tasks for graph comparison.

2.3 Application

Group structures occur in various applications of graphs. In total, comprising
application, evaluation, and technique papers collected, the most common ap-
plication domains for the visualization of group structures are social networks
(41 papers), biology (30 papers), and software engineering (25 papers). In this
section, mainly the application papers but occasionally also technique papers
with a focus on these areas are summarized. Further application domains of
group visualizations include economy networks representing business, trans-
port, or financial data, computer networks, relations between documents or
texts, relations within media data, or sports-related data.

In biological applications, graphs are almost exclusively represented as node-
link diagrams . In particular in protein-protein-interaction networks and
gene co-expression networks, disjoint and overlapping flat group struc-
tures occur. These mainly result from categorical attributes of the genes or
proteins, e.g., from cell compartment and pathway associations or from gene
ontology annotations. Clustering is applied to extract motifs, e.g., functional
groups of proteins. Commonly, group structures are visualized by visual node
attributes [57, 108, 250] and superimposed techniques—including overlaid con-
tours [10, 200, 241] and partitioning approaches [43, 117, 197, 245]. Attached
juxtaposed [233] and embedded [12, 219] approaches have been applied to
biological networks as well.

In social networks such as friendship, communication, collaboration, or co-
authorship networks, vertices represent people, while edges encode relation-
ships between them. Groups of vertices therefore identify circles of friends,
groups that cooperate, or the like. Social groups, also called communities,
may be disjoint but are often modeled more realistically by overlapping
groups because people often participate in a multitude of diverse, yet
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Table 2.2 — Taxonomy of group structures with numbers of visualization
techniques for each category.

Overlap Disjoint Overlapping
Structure Flat Hierarchical Flat Hierarchical

Ti
m

e Static 14 40 20 1
Dynamic 4 2

overlapping social communities. So far, social communities have been visu-
alized mainly within node-link diagrams . Similar to the biological appli-
cation, the group structure is commonly visualized by visual node attributes
(color) [81, 202], superimposed visualization, in particular using line [25, 273]
or contour overlays [72, 86, 203, 236], or using color and contour overlays in
combination [114, 134, 138]. Hierarchical group structures in social net-
works, in contrast, are often visualized in attached juxtaposed views together
with static [124] or dynamic graphs [2, 120]. Embedded approaches have been
applied to social networks as well [30, 85, 141].

In software engineering, network visualization is used to analyze program
structures and their hierarchical organization , which is usually given by the
modularization of the software system. Within software architecture diagrams,
also software metrics can be used to define disjoint or overlapping flat
group structures [68, 249]. The hierarchical structure of call graphs or other
dependency networks is commonly visualized using attached juxtaposed visual-
izations [47, 46, 210, 211, 227, 255], superimposed contours [215], or embedded
approaches [207, 222]. Overlapping group structures can be visualized using
glyphs [249] and overlaid colored [67] or textured [68] contours.

2.4 Challenges

The taxonomy of techniques shows what has been achieved in the field and
reveals gaps in the research literature. Table 2.2 aggregates the numbers of
visualization techniques for each of the four group structure categories for static
graphs and for dynamic graphs with dynamic group structures. However, not
necessarily, every gap in Table 2.1 and Table 2.2 is a good research opportunity
and there might be other interesting challenges that are not indicated by gaps
in the taxonomy. To provide ideas of worthwhile future research, research
challenges have been discussed with other researchers who have substantially
contributed to the field. In particular, 7 experts in graph or group visualization
have been interviewed face-to-face—on average for about 40 minutes per person.
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First, they were shown a preliminary version of the taxonomy of group structure
visualizations containing illustrations of existing techniques. Second, they
were asked for feedback on terms and definitions—this feedback is already
reflected in the terms used in the data model (Section 1.1.2) and the taxonomy
of visualization techniques (Section 2.1). The main purpose of these interviews,
however, was to ask for the experts’ opinion on open problems and challenges
on visualizing group structures in graphs. Besides challenges they named,
challenges that were identified beforehand have been discussed as well, in case
they did not mention them already. Based on the received feedback, five main
challenges could be identified that will be described in the following.

2.4.1 Time-Varying Groups and Comparison

In many application domains, graphs are not static but change over time, i.e.,
their topology or their attributes change over time. It follows that the topology-
based or node-attribute-based group structures also change over time. If changes
in the graph are significant, the group structure should be determined for each
point in time individually. In contrast, for minor changes in the graph topology
or attributes of the graph, it is often sufficient to visualize the static group
structure. Most techniques that have been developed to visualize the evolution
of groups, do not visualize the graph topology [104, 195, 216, 220]—for this
reason, these are not part of the taxonomy in Section 2.1. Other approaches
focus on the visualization of dynamic graphs but not the temporal evolution of
groups; they visualize the group structure aggregated over time.

First attempts have been made to visualize both the evolution of groups and
the dynamic graph together either using animation [149, 171, 217] or using a
timeline-based approach [13, 23, 226], but these only cover evolving disjoint
flat ST or hierarchical HT group structures (Table 2.2). One of these
timeline-based techniques [13] is part of this thesis and will be discussed
in detail in Chapter 6. Related to dynamic graphs is the problem of graph
comparison: instead of several graphs in a sequence, an unordered set of
graphs is compared. Similarly, the comparison of groups structuring these
graphs has not yet been discussed in this context. Chapter 7 introduces a first
visualization technique that supports the comparison of hierarchical group
structures together with the underlying graphs.

2.4.2 Data Complexity

The data can get more complex by adding or refining data dimensions. For
overlapping groups , for instance, the visualization of fuzzy memberships
is challenging, where vertices may belong to different groups to different extent
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(Section 1.1.2). Although the detection of fuzzy overlapping groups has become
quite popular in the domain of graph clustering [107], their visualization was
only addressed in one work so far [12]; a detailed description of the technique
by Vehlow et al. [12] is given in Chapter 4. In many applications, groups need
to express a degree of uncertainty that can be modeled as fuzzy groups.

Another degree of complexity is introduced by the topology of the group
structure: so far, most of the visualization approaches that were developed for
overlapping groups can handle only flat group structures (Table 1.1).
However, overlapping groups can also be organized hierarchically , for
example, derived from an ontology, through clustering, or other sources. The
complexity of the group structure visualization also increases when multivariate
attributes of vertices and edges need to be visualized together with the graph.
These attributes could, for instance, explain why certain elements are grouped
together or why a pair of groups overlaps.

2.4.3 Scalability

The data does not need to get more complex, but already visualizing more data
elements can be challenging. In graph visualization, questions of scalability
usually relate to the number of vertices and density of edges. Visualizing
additional group structures, however, introduces further challenges. For an
increasing number of groups, for instance, encoding the groups by colors be-
comes difficult for more than about 7 groups [137]. There are some approaches
that optimize the color assignment (Section 2.1.1), but there is still potential to
improve and extend these approaches. For larger numbers of groups, coloring
approaches need to be replaced by other group representations. However,
even having a constant number of groups, scalability issues may arise from
increasing the overlap of groups . For instance, superimposed approaches
(Section 2.1.3) become more and more cluttered through a denser overlay of
group structures. Therefore, new representations need to be found to handle
datasets with large overlap of many groups. In hierarchical groups , also the
depth of the hierarchy is a problem of scalability for some visualizations.

2.4.4 Interaction Technique

One way to address certain issues of scalability is the use of interaction methods
such as aggregation, which already is a widely used method—26 of the 81
collected technique papers support aggregation. However, some data is lost
through this abstraction. The question therefore remains how to aggregate
while, at the same time, visually encoding the uncertainty of aggregated groups
and the density of edges within these groups. For overlapping groups ,
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aggregation is even more difficult because overlaps either need to be represented
explicitly or the overlap is not retrievable for the users. This challenge was
addressed by only three techniques so far [12, 219, 225] (a detailed description
of the hierarchical technique [12] can be found in Chapter 4). There is also a
need for advanced interactive (semi-) automatic aggregation methods that guide
the user through large datasets or define a good default aggregation.

Beyond aggregation, there is potential in visual analytics approaches that com-
bine data mining methods with the visualization of group structures in graphs
into an interactive approach. Clustering and classification algorithms provide
alternative group structures on demand. To update the data in a comprehen-
sible way, the visualization needs to adapt on the fly, which introduces new
visualization challenges. Similar updates are required when the user edits the
group structures interactively, for instance, by applying set operations to the
groups.

2.4.5 Tasks and Evaluation

In order to choose the right type of group structure visualization for a particular
application, it is necessary to be aware of the tasks users want to solve with
the help of the visualization. Application-specific tasks can be generalized to
abstract data tasks, generalizable to different applications. There exists work
on disjoint flat groups [223], which still needs to be extended to overlapping
groups and hierarchical structures . Besides, it is important to study how
basic data-related tasks are composed to complex tasks and which complex
tasks are most relevant in specific areas of application. Based on the defined
tasks, it can be investigated which visualization technique is suitable for which
application and task. Some evaluations have already been conducted (Sec-
tion 2.2), but cover the techniques discussed as part of the presented taxonomy
only partially. Advanced evaluation methods to better understand perceptive
and cognitive processes such as eye tracking [172] have rarely been applied in
the field [156].
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Visualizing Overlapping Group
Structures
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Objects may belong to several groups at the same time, i.e., groups can over-
lap . As introduced in Section 1.1.2, two types of overlapping groups can be
differentiated: crisp and fuzzy overlapping groups. Which type of overlapping
group structure is more suitable depends on the data and application. The
visualization of crisp overlapping groups is sufficient to identify which groups
overlap, how strongly they are interconnected, and which vertices are part
of only one group or part of several groups. To understand to what extent
objects contribute to different groups, however, it is necessary to visualize
fuzzy group memberships. In contrast to crisp overlapping groups, which
can be derived based on multivariate categorical attributes, fuzzy overlapping
groups are commonly derived using clustering methods (Section 1.1.3). As
stated in Section 2.4.2, the aspect of overlapping groups adds complexity to
the visualization and, therefore, still poses a challenge. The following chapters
present different visualization techniques for overlapping group structures
in node-link diagrams : Chapter 3 presents a visual analytics approach based
on crisp overlapping groups, whereas in Chapter 4 the focus lies on the
visualization of fuzzy overlapping groups. In contrast, the visualization
technique presented in Chapter 5 was developed for overlapping edge-based
group structures.
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3
Crisp Overlapping Group Structures

In many application domains, networks get larger and partially also denser
due to the ever increasing amount of available data. With increasing size
and density of networks, it is difficult to generate meaningful layouts for
node-link diagrams , which often impedes their efficient exploration and
understanding. Sometimes, additional multivariate attributes are defined on
top of the graph that need to be visualized, which makes the visualization
even more challenging. Rather than visualizing all information at once, the
multivariate attributes can also be used to “untangle the hairball” and to identify
interesting subnetworks.

This chapter presents a visual analytics approach that integrates interactive
filtering of large and dense networks based on degree-of-interest (DoI) functions
with group-based layouts of the resulting subnetworks and a technique to
compare those subnetworks.1 First, users can quickly filter a complex network
to a small set of relevant nodes and edges by combining multiple continuous
and discrete DoI functions. Continuous DoI functions are derived based on
numerical attributes. In contrast, discrete DoI functions are derived from the
categorical attributes describing the overlapping group structure of the
network.

1 Parts of this chapter have been published in:
[16] C. Vehlow, D.P. Kao, M.R. Bristow, L.E. Hunter, D. Weiskopf, and C. Görg. Visual analysis
of biological data-knowledge networks. In BMC Bioinformatics, 16(135), 2015.
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For an additional analytical step, an interactive layout approach was developed
that semi-automatically groups and displays the nodes of the extracted subnet-
works according to a user-defined subset of groups from the group structure.
The user can influence the resulting layout so that it reflects how the user
thinks about the specific subnetwork in the context of the given task. As a third
analysis step, the comparison of multiple extracted subnetworks is supported to
help users examining the data in the context of group structures derived from
different categorical attributes or attribute values of interest.

The visual analytics system presented here, was developed in the context of
a biological application [16]. In this chapter, the underlying data model and
techniques incorporated into the system are abstracted such that they can be
applied to multivariate graphs in general. At higher level, the visual analytics
system was developed to handle the following group-related tasks:

I) Find vertices and edges with particular numerical attributes.

II) Find vertices and edges associated with a group of interest.

III) Identify vertices that are contained in multiple groups.

IV) Compare subnetworks derived using different group associations.

To evaluate the scalability of the group-based layout technique integrated into
the visual analytics system with respect to graph size and degree of overlap,
the layout technique is applied to a set of benchmark data sets of different size
and degree of overlap. An application of the technique to a biological network
is presented in Section 8.1.

3.1 Related Work

In this section, the work in fields related to the presented visualization technique
is summarized, including the application of DoI functions to networks, the
visualization of overlapping groups in graphs, and the visual comparison of
networks.

Application of DoI functions to networks: The concept of DoI functions is
widely used in scientific visualization for focus-and-context techniques [135],
such as space-distortion techniques, or highlighting based on blurring, opacity,
or color. In this chapter, discrete and continuous (fuzzy) DoI functions are
distinguished, where the latter describe a gradual transition from the subset
of interest to the rest. In graph drawing, numerous approaches exist for
computing the DoI based on a user-defined focus. The user typically defines
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one or more nodes of interest, based on which the DoI is diffused over a
tree [139] or graph [20, 256]: less interesting parts of the tree or graph can be
aggregated [139, 20, 208] or faded out using logical filtering [256, 208].

In contrast to previous work, the technique presented here does not derive
the DoI based on the user’s selection. The aim is to support users exploring
the data and identifying vertices of the graph associated with a user-selected
group of interest. Hence, the interesting vertices are not known beforehand.
Furthermore, the DoI functions are used not only to fade out uninteresting
components, but also to rearrange the interesting components based on selected
group annotations. This type of DoI approach has not yet been applied to
typical application domains of networks—biology, social network, software
engineering—and therefore, there are no systems that are directly comparable
to the one presented here.

Group structure visualization: As introduced in Chapter 2, there are two
general possibilities to visualize group structures: groups can be visualized
implicitly using layout methods, i.e., encoded in the node positions, or explicitly.
The explicit visualization techniques are categorized and summarized in detail
in Chapter 2. In summary, it can be stated that overlapping groups of nodes are
commonly represented using colored line or contour overlays or using glyphs
as node representatives [15] (see Chapter 2 for more details), where all these
techniques have been applied exclusively to node-link diagrams .

With respect to implicit visualization techniques, group structures can be in-
dicated by placing vertices that are associated with the same group next to
each other. Implicit techniques can, thereby, be divided into one-dimensional
and multi-dimensional layout strategies, where one-dimensional layouts are
mainly used for adjacency matrix representations to position vertices along
one axis. In contrast, multi-dimensional layouts are only applicable to node-link
diagrams because only node-link diagrams allow the free positioning of
nodes in a two- or three-dimensional space. Force-directed layout algorithms,
such as the Fruchterman-Reingold (FR) model [110] or the Kamada-Kawai (KK)
model [163], can reveal clusters because connected nodes are positioned close
to each other. This is due to the combination of repulsive spring forces between
all nodes and attractive forces between adjacent nodes. However, this “visual
grouping approach” shows the group structure only roughly, if at all.

There are several layout approaches that use group membership to guide the
node placement in the plane, but only few consider overlaps between groups.
The approach by Zhang et al. [277] allows for the overlap of gene ontology
annotations by duplicating nodes annotated to different groups and hence
regions. However, it does not facilitate the task of identifying nodes that overlap
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between multiple groups (Task III). eXamine [89] models the group-based
annotations, e.g., pathway and ontology terms, and relationships of a graph as
a hyper-graph and uses a self-organizing map approach to lay out the node-link
diagram and contours surrounding the groups. The hybrid approach by Itoh
et al. [155] represents groups based on a meta-graph that is laid out using a
force-directed algorithm, where nodes within the groups are positioned on a
grid. The hierarchical layout technique for fuzzy overlapping groups (described
in Section 4.2.2) also uses a meta-graph for the layout [12].

In comparison to these approaches, the layout technique presented here is
semi-automatic and gives the user the opportunity to intervene and adjust the
arrangement of groups and their intersections to match the user’s mental map,
also called cognitive map—the users subjective association of a spatial situation.
The technique is also different in regard to the stability of layouts. eXamine [89]
adjusts the layout every time the selection and contour-based highlighting of
groups changes. The resulting new layout is derived from the previous layout
to avoid severe changes in the new layout. This approach guarantees a good
layout with respect to a few groups, but it is not possible to re-create the very
same layout for the same groups as the layout always depends on the previous
node positions.

Network comparison techniques: There are four general approaches for visual
comparison, which can also be applied to networks [55, 121]: juxtaposition
(showing objects side-by-side), superposition (overlaying objects), combinations
of juxtaposition with superposition [54, 56, 111], and the explicit encoding of
similarities and differences. Approaches that use juxtaposition or superposition
to compare networks position nodes at similar relative positions [229] or even
at the same positions derived from the super-graph [27]. However, the node
positions themselves do not directly reveal which parts of the combined network
belong to which of the initial networks that should be compared. Therefore,
superpositions and juxtapositions are usually combined with the explicit encod-
ing of the similarities and/or differences in the networks. Color, other visual
attributes, or brushing in coordinated multiple views [230] can be used as an
encoding or interaction technique. However, the aforementioned approaches
align networks [27, 54, 55, 56, 111, 229, 230] without considering the overlap of
different groups available for the networks under investigation (Task III).

3.2 Visualization

To support users in working on the described analysis tasks to investigate large
dense networks, the system integrates three visual analytics aspects:
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Figure 3.1 — Schematic overview of visual analytics approach. (A) Large dense
network with meta-data. (B) Filter subnetworks based on continuous and/or
discrete DoI functions. (C) Lay out the subnetworks semi-automatically based
on a user-selected set of interesting groups. (D) Generate the super network for
comparison.

• the DoI-based filtering of networks (Section 3.2.2; Tasks I and II),

• the extraction and rearrangement of subnetworks with respect to group
annotation subsets (Section 3.2.3; Tasks II and III), and

• the comparison of two or more subnetworks (Section 3.2.4; Task IV).

A typical workflow involving these aspects is illustrated in Figure 3.1.

3.2.1 Data Model

The approach was designed for multivariate undirected graphs with crisp
overlapping hierarchical groups . Undirected graphs G = (V, E) are
modeled as a set of vertices V and edges E. Since the graph is multivariate,
each vertex vi ∈ V or edge ej ∈ E is assigned a vector of numerical attributes
~a := [a1, a2, . . . , aP], where P = |~a| is the number of attributes. Moreover, each
vertex vi is assigned a vector of binary categorical attributes~b := [b1, b2, . . . , bK]
with bk ∈ {0, 1}.
Based on the K categorical attributes, the group structure S = {S1, . . . , SK} can
be defined, where each category represents a group Sk ∈ S with Sk ⊆ V. A
vertex vi is thereby allocated to each Sk with bk = 1. Since vertices can have an
attribute value of 1 for several categories, the groups Sk ∈ S might overlap ,
i.e., S contains at least two sets Sk1

and Sk2
with k1 6= k2 and Sk1

∩ Sk2
6= ∅. The

groups S can be abstracted to a higher level described by the set of groups
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Vertices 𝑣𝑖 𝑣2𝑣1 𝑣4𝑣3 𝑣5 𝑣𝑛𝑣7𝑣6 𝑣9𝑣8

Secondary
groups 𝑆𝑘

𝑆1 𝑆2 𝑆3 𝑆4 𝑆5 𝑆6 𝑆7 𝑆8 𝑆9

Primary 
groups  𝑆 𝑘

 𝑆 1  𝑆 2  𝑆 3

Figure 3.2 — Illustration of the data model: the two-layered overlapping group
structure is described by primary groups S̄k̄ ∈ S̄ on the higher level and by
secondary groups Sk ∈ S on the lower level.

S̄ = {S̄1, . . . , S̄K̄} with K̄ ≤ K. Each S̄k̄ represents a set of Sk from S , where the
groups S̄k̄ are disjoint, i.e., for all pairs (S̄k̄1

, S̄k̄2
) ∈ S̄ × S̄ with k̄1 6= k̄2 there are

S̄k̄1
∩ S̄k̄2

= ∅. For each Sk ∈ S , there is exactly one S̄k̄ ∈ S̄ with Sk ∈ S̄k̄.

The two group structures form a two-layered hierarchical group structure with
S̄ as primary layer and S as secondary layer (Figure 3.2), in the following
referred to as primary and secondary groups, respectively. In contrast to the
hierarchical group structure H as described in Section 1.1.2, the two-layered
hierarchy described by S̄ and S has two constraints: First, the primary groups
S̄k̄ ∈ S̄ do not contain vertices but only groups Sk, which in turn contain only
vertices vi. However, based on the definition of secondary groups Sk, vertices vi
are allocated indirectly to primary groups S̄k̄. Second, the secondary groups
Sk can overlap. The two layers will be used for different aspects of the visual
analytics system presented in this chapter: the primary group will be used for
filtering the network on the higher group structure level (Section 3.2.2) and
the secondary groups will be used to layout out the filtered subnetwork with
respect to the group structure on the lower level (Section 3.2.3).

The visual analytics system presented in this chapter uses two types of DoI
functions: continuous and discrete DoI functions. The continuous DoI functions
doicontp

() ∈ [0, 1] are based on either the numerical node attributes or numerical
edge attributes interpreted as the DoI of vertices or edges, respectively. In partic-
ular, the DoI functions are described by the attribute vectors~a := [a1, a2, . . . , aP]
assigned to the vertices (edges), where P is the number of attributes and hence
available continuous DoI functions. The continuous DoI functions have the
following semantic meaning: higher values are interpreted as more interesting,
i.e., the higher the value doicontp

, the more interesting is the vertex or edge. To
match this semantic meaning of the continuous DoI functions, the numerical at-
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tribute values can be transformed in arbitrary ways using inversion, logarithmic
transformations, and the like.

Existing approaches that apply the DoI concept to graphs incorporate a diffusion
of the DoI over the graph based on a subset of interesting elements—mostly
defined by selection [20, 256]. In contrast, in the application scenario considered
here, there is no predefined subset of interesting elements available (since the
interestingness depends on the task). Instead P DoI functions are available that
describe the interestingness of either the nodes or edges. To combine and use
the DoI functions for filtering, DoI values are required for nodes and edges.
Since each function doicontp

() is based on either a node or edge attribute~ap, the
node-based interest values (described by the node attributes) are extended to
edge-based interest values and vice versa. The DoI for vertices doicontp

(vi) is
extended to the edges by applying the minimum operator:

doicontp
(ej) = min(doicontp

(vi1), doicontp
(vi2)),

where vi1 and vi2 are the two vertices connected by ej. Using this operator, it
is assured that an edge is considered interesting only if both of its vertices are
interesting, each edge is assigned the smaller DoI value of the two vertices it is
connected to. The DoI for edges doicontl

(ej) is extended to the vertices using the
maximum operator:

doicontp
(vi) = max(doicontp

(ej)),

∀ej for which vi is a source or target. Each vertex is assigned the highest DoI of
all edges it is part of, which ensures that a node is considered interesting if any
of its edges is interesting. The user can define a threshold θp ∈ [0, 1] for each
doicontp

() function and apply it as a filter to the network.

The discrete DoI functions doidisck̄
() ∈ {0, 1} are derived from the K̄ primary

groups S̄k̄. For each vertex vi that is indirectly contained in S̄k̄ (i.e., vi ∈ Sk
with Sk ∈ S̄k̄), doidisck̄

(vi) = 1, otherwise 0. For each relationship ej, the DoI is
derived from the two vertices vi1 and vi2 it connects, where doidisck̄

(ej) = 1, if vi1
and vi2 are both indirectly contained in S̄k̄ and doidisck̄

(ej) = 0 otherwise.

The system allows users to interactively define additional continuous DoI
functions based on a combination of weighted discrete DoI functions. For this
purpose, users can assign a degree of importance αk ∈ [0, 1] to each primary
group S̄k̄ and hence DoI value doidisck̄

. These importance values are normalized
such that ∑ αk̄ = 1. Additional continuous DoI functions are derived using the
following product:

doicont() = 1−
K̄

∏̄
k=1

(1− αk̄ · doidisck̄
).
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The design choice for this calculation results from the application for which the
visual analytics system was developed [16]. Of course, also other calculations,
e.g., using a sum, could be incorporated.

3.2.2 DoI-based Filtering

To support users in finding relevant nodes (Tasks I–III), the concept of DoI-
based filtering is integrated. In particular, users can select a set of continuous
DoI functions to dynamically create subsets based on specific attributes in the
meta-data (Task I; Figure 3.1 (B)). To identify nodes that belong to particular
primary groups S̄k̄ (Tasks I and II), discrete DoI functions can be used for
filtering as well. The visual analytics system supports users in combining an
arbitrary number of DoI functions to capture interest according to a certain
application domain or analysis task.

The discrete DoI values can be combined using standard first-order logic (∧,
∨) [20, 50]:

doidisc =

{
∧ : doidisc1

∧ doidisc2
∨ : doidisc1

∨ doidisc2

In contrast, the combination of continuous DoI values requires first-order fuzzy
logic operations (∧, ∨) [276]:

doicont =

{
∧ : doicont1

∧ doicont2
= min(doicont1

, doicont2
)

∨ : doicont1
∨ doicont2

= max(doicont1
, doicont2

)

Before combining the continuous DoI values for the selected DoI functions, a
user-defined threshold θp is applied for each doicontp

such that doicontp
is set to

zero if doicontp
< θp. The operators (∧, ∨) can be chosen for both function types

individually. Finally, both types of DoI are combined using AND (∧):

doi = min(doidisc, doicont).

During the iterative design process of the visual analytics system and the
collaboration with experts in the biological application domain, it became clear
that for the combination of both types of DoI functions the AND operator is
preferred. For that reason, the interface of the visual analytics system does—in
its current state—not support other combinations. In general, the combination
could be done using the maximum operator as well.

The overall fuzzy DoI value doi ∈ [0, 1] determines whether an element of the
graph is visible, i.e., a node (an edge) is only visible if doi > 0. For those
elements that remain visible, the fuzzy DoI value doi can be mapped to either
the transparency or color of the nodes and edges, respectively.
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3.2.3 Group-based Layout of Subnetworks

To support the identification of nodes within the filtered subnetwork that are
part of several groups S′k (Task III) (e.g., vi ∈ S′1

⋂
S′2), the nodes should be

positioned in between the groups (here between the subsets S′1 \ S′2 and S′2 \ S′1).
For a set of three groups, this could be easily achieved by arranging the nodes
in the respective subsection of a Venn diagram for three sets. For more groups,
finding the optimal solution is not as trivial. As an approach for finding a
solution to this layout concept, non-empty sets and intersections of them are
modeled as nodes of a graph, which is then laid out using a force-based layout
algorithm.

The visual analytics system presented here allows users to semi-automatically
create annotation-based layouts for the currently filtered subnetwork (Fig-
ure 3.1 (C)). The layout approach makes use of the discrete DoI functions
doidisck̄

() and the underlying two-layered hierarchical group structure. The
layout algorithm is initiated by the user who can choose a set of groups S ′ ⊆ S
for the subnetwork of interest (Figure 3.3a). For this selection, only groups
Sk ∈ S with Sk ∈ S̄k̄ and the k̄-th discrete DoI function doidisck̄

() enabled can be
combined. In addition, only secondary groups Sk that have at least one leaf vi
with doi(vi) > 0 can be selected to lay out the current subnetwork. By using
only the secondary groups for the layout algorithm, the two layered hierarchical
structure is reduced to one layer, i.e., a flat group structure . All vi with
doi(vi) = 0 are removed from the selected groups S′k.

The layout of the subnetwork is then computed with a two-step layout approach
based on the selected groups S′k ∈ S

′. First, the subset graph Gsubset modeling
groups S′k and their intersections as vertices is laid out before—in the second
step—individual subsets are laid out. This divide-and-conquer approach allows
one to visualize different intersection groups explicitly. It is related to the
approach by Itoh et al. [155], but it is based on a different subset graph (meta-
graph) and uses a different layout within the intersection groups, i.e., in the
second layout step. The subset graph Gsubset is derived from the selected groups
S′k by applying a formal concept analysis [270] (Figures 3.3a and 3.3b). The
results of the formal concept analysis are commonly represented as concept
lattice graphs (Figure 3.3b).

In contrast to the concept lattice graphs, the technique presented here allocates
each vi to only one subset node vsubset

n (colored vertices vi in Figure 3.3b), the
subset node that represents the intersection of all its groups S′k, i.e.,

⋂
S′k for all

S′k with vi ∈ S′k. Therefore, some subsets may remain empty. Hence, the subset
graph Gsubset contains fewer subset nodes than the concept lattice graph; only
the nodes and edges highlighted in blue in Figure 3.3b are considered as subset
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(a) (b)

(c) (d)

Figure 3.3 — Schematic overview of the layout approach. (a) Formal context
describing the association of vertices vi to different groups S′k. (b) Result of the
formal concept analysis. (c) The subset graph is laid out using a force-directed
layout approach (FR) considering edge weights (here mapped to shades of gray).
(d) Each subset node is replaced by the group of vertices it represents, which is
laid out independently from the other groups using a force-directed approach.
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graph. Besides, further edges are included between nodes vsubset
n that are more

than one hierarchy level apart (dashed links in Figure 3.3b), which improves the
results of the force-directed layout algorithm applied to the subset graph.

In summary, the nodes of the resulting subset graph Gsubset represent non-empty
groups S′k and intersections of them and edges connected any two subset nodes
vsubset

n that have at least one associated group S′k in common (Figure 3.3c). Before
the layout is computed using the force-based FR model [110], edge weights
are assigned to each of the edges in Gsubset, which are indirectly proportional
to the size of the two subset nodes vsubset

n they connect. In Figure 3.3c, these
edge weights are mapped to shades of gray. The edges help position subsets
representing intersections (e.g., S′1

⋂
S′2) between the respective subsets nodes

they combine (here S′1 \ S′2 and S′2 \ S′1); the edge weights keep connected subset
nodes vsubset

n far enough from each other to—in the next step—fill in the set of
nodes they represent.

The goal is to position “hub” nodes that belong to many groups in-between the
groups they are associated with. If the subset graph would cover almost the
complete concept lattice graph, i.e., if almost all possible subsets (intersections)
would be non-empty, the technique presented here would not result in a layout
that fulfills the layout aim for all subsets. The presented technique achieves
the goal of positioning “hub” genes in between the groups they are associated
with, as the subset graphs are sparse, i.e., they represent a subgraph of the
concept lattice graph. However, to give users the opportunity to adjust the
layout to their needs, the subset graph is shown as intermediate result. Once
the user is satisfied with the layout of the subset graph, each group of nodes,
i.e., all vsubset

n , is laid out individually within an area around the position of the
respective subset node vsubset

n using a force-directed layout but without edge
weights (Figure 3.3d). The size of the layout area is thereby proportional to the
number of nodes in that group (|vsubset

n |).

3.2.4 Comparing Subnetworks

The visual analytics system also allows comparing subnetworks derived based
on different sets of groups S ′ based on different or the same discrete DoI func-
tions doidisck

() (Task IV). A set of subnetworks can be compared by arranging
the subnetwork views next to each other (using juxtaposition) and using explicit
encoding based on brushing and linking in coordinated multiple views—the
selection of nodes in one subnetwork will highlight these nodes in all other
subnetworks in which they are present (further details on this highlighting are
described in Section 3.2.5). However, using simple juxtaposition, similarities
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and differences are hard to capture. Therefore, the superposition concept was
incorporated additionally into the system.

To compare networks, the user is provided with an additional network view
showing the super-graph of the to-be-ompared subnetworks, i.e., the graph
that contains the union vertex sets of these subnetworks (Figure 3.1 (D)). A
straightforward approach to layout this super-graph would be to recompute the
subset graph for the union of all annotation groups S′k used for the underlying
subnetworks. However, this would create a layout that would be different from
each of the underlying subnetworks. Since it is important to maintain the user’s
mental map, layout changes in the super-graph compared to the underlying
subnetworks should be minimized. To achieve this goal, the layout is computed
using the largest subnetwork as a reference.

First, the super-subset graph is initialized as a copy of the reference subset
graph Gsubset. Next, any group (subset node v̄subset

n ) that is not yet part of
the reference subset graph is added to the super-graph Gsuper. Every v̄subset

n
will thereby be positioned close to those—already existing—subsets vsubset

n it
overlaps with, preferably those with high overlap or with a high number of
topological connections. Therefore, any v̄subset

n is connected with at least one or
more subsets vsubset

n it overlaps with. The edge weights thereby depend on the
size of the overlap (|v̄subset

n ∩ vsubset
n |) or—in case of similar sizes of overlaps—

the number of edges connecting vertices vi from the added subset v̄subset
n with

vertices from the overlapping subsets vsubset
n . The super-graph is then laid out

using the same layout approach as used for the individual subset graphs, with
the restriction that only the added nodes v̄subset

n (the ones that are not part of
the reference subset graph) are allowed to change their position. Similar to the
two-step layout approach for individual subnetworks, in the second step, each
group of nodes (all vi associated with a v̄subset

n ) is laid out individually, where
only the node groups of the added subsets v̄subset

n are laid out.

3.2.5 Interaction Techniques

The visual analytics system presented in this chapter allows users to interactively
filter a network using different DoI functions. To do so, continuous as well
as discrete DoI functions can be enabled or disabled by selecting one or more
check boxes (Figure 3.4a I and III). Different continuous (discrete) DoI functions
can combined using the logical ’and’ (∧) or ’or’ (∨) operator by selecting the
respective radio button.

As mentioned in Section 3.2.2, before the selected continuous DoI functions
are combined, for each continuous DoI function doicontp

() the user-defined
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(a) (b)

Figure 3.4 — Menu panel of the visual analytics system. In (b), the panel for
the threshold adjustment for a selected continuous DoI function (surrounded
by the green box) is superimposed on the menu panel. The threshold can be
adjusted using a slider that is annotated with a histogram showing the value
distribution of the selected DoI function.

threshold θp is applied. By default, the threshold is set to zero (θp = 0.0) to
show everything. To show only nodes and edges above a particular degree
of interest, the user can change the threshold by selecting a DoI function and
right clicking on it. This will open a window including a slider to adjust
the interestingness threshold (θp) to a value between 0 and 1 (Figure 3.4b).
While changing the threshold using the slider, the network will be updated
respectively, i.e., while increasing the threshold, more and more nodes and
edges are faded out.

The visual analytics system allows users to create group-based layouts based on
the selected discrete DoI functions (Figure 3.4a III) semi-automatically. First, a
window including all groups Sk ∈ S associated with any node of the currently
visible (filtered) subnetwork is shown to allow the user to select a subset of
groups S ′ ⊆ S (Figure 3.5a). The number behind the arrow of each group
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(a)

(b) (c)

Figure 3.5 — Steps to lay out a filtered subnetwork within the visual analytics
system. (a) Selection of subgroups for the group-based layout algorithm within
the visual analytics system. (b) Subset graph Gsubset laid out using the force
directed FR layout algorithm. (c) Filtered subnetwork laid out with respect to
four selected groups Sk.
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(Sk → n) states how many visible nodes are associated with it. The label
Node coverage: nsum(nmax) at the top of the window (surrounded by the green
box) states how many nodes in total are associated with the currently selected
set of groups S ′. Second, based on the selected set of groups S ′, the subset
graph Gsubset will be generated as described in Section 3.2.3 and visualized
in a separate network view (Figure 3.5b). Within this view, the automatically
generated layout of Gsubset can be adjusted. Once the layout is confirmed, the
filtered subnetwork is laid using the layout of Gsubset, i.e., the second layout step
is performed (Figure 3.5c). As the filtered subnetwork is laid out and visualized
in a view that is separate from the main network view, it is not affected by
changes in the filter settings. This way, several subnetworks representing
different analysis facets and aspects can be extracted and laid out.

The visual analytics system integrates a network comparison option to compare
subnetworks derived using different sets of group associations based on differ-
ent or the same discrete DoI functions. First, the user has to select two or more
filtered subnetworks for the comparison. The comparison procedure is done as
described in Section 3.2.4, where the super-subset graph is represented to the
user as intermediate result similar to the subset graph in Figure 3.5b to allow
the user to adjust the layout. Again, after confirming the layout of the subset
graph, the super graph for the comparison is created and laid out.

Each subnetwork view includes an interactive legend that shows all group
annotations S′k ∈ S

′ (Figures 3.6b–3.6d). Each group S′k is labeled with the name
of the discrete DoI function doidisck̄

(), i.e., the primary group S̄k̄, and the name
of the group S′k itself. In Figure 3.6, one primary group labeled ’Groups’ and
three secondary groups S′k labeled ’Sk’ were used to generate the layout of the
small example graph. For the super-graph, the legend additionally includes a
network label for each of the subnetworks included in the network comparison
the super-graph represents. The legend is linked to the main-network and all
subnetworks via brushing and linking such that the selection of any S′k within
the legend results in the highlighting of all associated nodes vi ∈ S′k in all
network views.

The subnetwork labels can be used to highlight all nodes of the respective
subnetwork or—in case two or more such labels are selected—the intersection
between these networks. Nodes are highlighted by drawing them slightly big-
ger and by adding a thick black border (Figures 3.6c and 3.6d). To visualize
the group memberships, a “superimposed contour overlay” approach is used
(further details on different alternatives of the “contour overlay” approach are
described in Section 2.1.3.2). In particular, each selected set of nodes is sur-
rounded by an isocontour based on the BubbleSets technique [80]. Alternative
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(a) (b)

(c) (d)

Figure 3.6 — Group visualization for an example graph with 12 vertices and 3
groups. (a) Layout of the subset graph Gsubset used to generate (b). (c) All groups
S′k are selected to highlight the associated vertices and group memberships.
(d) Node ’d’ was selected to highlight all groups S′k ’d’ is allocated to.

types of contours such as convex hulls or Euler diagrams are not suitable as
these contours may include nodes that are actually not associated with the
underlying group and therefore could lead to confusion. By selecting a node vi
within a subnetwork, each group S′k and hence network label it is associated
with will be highlighted in the legend of the respective subnetwork view and
the respective isocontours will be shown (Figure 3.6d).

Each annotation and hence isocontour is assigned a color based on a qualitative
colormap created with ColorBrewer [59] including nine colors. If more than nine
contours are shown, the colors are reused but in different grades of brightness.
If the highlighting of groups was initiated by selecting a group S′k, the contours
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Table 3.1 — Description of synthetic static graphs with varying size and crisp
overlapping flat groups .

Figures n davg dmax mix on (%n) om K |E| d(G)

3.7a–3.7c 25 4 10 0.1 5 (20) 3 5 38 0.13
3.7d–3.7f 50 6 10 0.1 10 (20) 3 10 135 0.11
3.7g–3.7i 100 8 10 0.1 20 (20) 3 16 380 0.08
3.7j–3.7l 200 10 20 0.1 40 (20) 3 21 1002 0.05

3.7m–3.7o 400 12 40 0.1 80 (20) 3 28 2578 0.03

are filled with the same color but rendered semi-transparent (Figure 3.6c),
otherwise not (Figure 3.6d).

3.3 Results

The aim of this section is to demonstrate the scalability of the group-based
layout of networks with respect to the number of nodes and the degree of
overlap. Therefore, the DoI-based filtering (Task I) and the comparison of
subnetworks (Task IV) are neglected. Instead, the group-based layout technique
(Section 3.2.3) is applied to a set of synthetic graphs. The synthetic graphs were
generated using the static network generation tool for undirected weighted
graphs with overlapping groups [175].

The tool creates graphs with a defined number of nodes (n), average and maxi-
mum degree (davg and dmax), and mixing parameter for the topology controlling
the amount of edges between groups (mix). With respect to group overlaps,
the number of overlapping nodes (on) and the number of memberships (om) of
the overlapping nodes can be adjusted. The tool automatically determines the
number of groups (K) based on the network size and overlap parameters. Using
this tool, two sets of static graphs were generated, one including graphs of
increasing size n with the same degree of overlap on (Table 3.1, Figure 3.7), and
one including graphs of constant size n but varying the degree of overlapping
nodes on (Table 3.2, Figure 3.9). For all graphs, the mixing parameter for the
topology mix and the number of memberships om were kept constant with
values of mix = 0.1 and om = 3, respectively.

The tool generates graphs G with n vertices, |E| edges, a density d(G), and K
overlapping flat groups, where only n can be controlled. Each of the K derived
groups represents a secondary group Sk. Since no primary groups are defined,
the hierarchical group structure has only one layer. However, the secondary
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Gsubset Group-based layout (G) Force-based layout (G)

(a) n = 25 (b) n = 25 (c) n = 25

(d) n = 50 (e) n = 50 (f) n = 50

(g) n = 100 (h) n = 100 (i) n = 100

(j) n = 200 (k) n = 200 (l) n = 200

(m) n = 400 (n) n = 400 (o) n = 400

Figure 3.7 — The developed layout technique (left and middle column) and
a common force-based layout method (right column) are applied to synthetic
graphs of different size n = |V| where 20% of the n nodes belong to several
groups.
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Figure 3.8 — Group-based layout of the synthetic graph G with n = 400 vertices
and a degree of overlapping nodes of on = 20%. The graph is the same as
in Figure 3.7n, where the highlighting was initiated by selecting all groups.
Therefore, the contours are filled with color and rendered semi-transparent.

groups can be summarized to one primary group S̄k̄ building one discrete DoI
function doidisc.

Since the layout algorithm does not consider the different layers of the hierarchy,
but only the associations to secondary groups, this does not contradict with the
aim of analyzing the scalability. Each of the synthetic graphs is laid out based
on the technique described in Section 3.2.3, where all vertices vi ∈ V and all
groups Sk are considered. In Figures 3.7 and 3.9, the subset graph Gsubset—used
to compute the layout—and the resulting group-based layout of G are shown in
the left and middle column, respectively.

As mentioned in Section 3.1, force-directed layout algorithms can reveal groups
based on the graph topology and edge weights. The group structures of the
synthetic graphs are based on the graph topology as well. For comparison, each
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Table 3.2 — Description of synthetic static graphs of size n = 200 and with
overlapping flat groups , where the percentage of overlapping nodes on
is adjusted.

Figures n davg dmax mix on (%n) om K |E| d(G)

3.9a–3.9c 200 10 20 0.1 20 (10) 3 19 994 0.05
3.9d–3.9f 200 10 20 0.1 40 (20) 3 21 1002 0.05
3.9g–3.9i 200 10 20 0.1 60 (30) 3 27 1012 0.05
3.9j–3.9l 200 10 20 0.1 80 (40) 3 30 1016 0.05

3.9m–3.9o 200 10 20 0.1 100 (50) 3 34 1019 0.05

graph G is also laid out using a force-based layout algorithm that considers the
edge weights (right column)—the Prefuse force-based layout integrated into
Cytoscape [234]. Due to the combination of repulsive spring forces between all
nodes and attractive forces between adjacent nodes, groups should emerge at
least roughly within the node-link diagrams. In both layouts of G (i.e., middle
and right column), all vertices that belong to two or more groups Sk are selected
and, hence, the contours for all groups Sk become apparent.

Figure 3.7 (middle column) shows that the layout technique scales relatively
well with increasing graph size (n). Groups of vertices that belong to only
one group Sk show up as round bubble-like clusters, mostly at the borders of
the node-link diagrams (Task II). Even for the largest graph in the sequence
(Figures 3.7n and 3.8), these subgroups of vertices can still be perceived. Vertices
that belong to at least two groups (Task III) are positioned in between those
bubbles forming bridges between the groups of vertices that belong to only one
group.

With increasing size n of the graph and hence number of groups K that can
overlap, visual clutter occurs inevitably, at least in some areas of the node-
link diagram. In particular, in areas, where many nodes belong to several
groups, contours intersect and overlap. In Figure 3.8, this is the case within
the areas surrounded by the blue ovals. However, using a common force-based
approach, the visualization contains much more visual clutter for all graph
sizes (Figure 3.7, right column) as the groups become indistinct and overlap
much more than using the group-based layout technique.

In addition to the size of the graphs, the degree of overlapping nodes is the
limiting factor with respect to the scalability. Figure 3.9 reveals that with
increasing degree of overlap, the layouts become less readable with respect to
the perception of all contours enclosing the groups Sk (Task II). At a degree of
on = 30% (Figure 3.9h), the groups can still be distinguished well and subsets



3.3 • Results 59

Gsubset Group-based layout (G) Force-based layout (G)

(a) on = 10% (b) on = 10% (c) on = 10%

(d) on = 20% (e) on = 20% (f) on = 20%

(g) on = 30% (h) on = 30% (i) on = 30%

(j) on = 40% (k) on = 40% (l) on = 40%

(m) on = 50% (n) on = 50% (o) on = 50%

Figure 3.9 — Comparison of the developed layout technique (left and middle
column) with a common force-based layout method (right column). Both layout
techniques are applied to synthetic graphs of different degrees of overlap (on).
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of vertices that belong to only one group can be differentiated. At a degree of
on = 40% (Figure 3.9k), several contours within the calculated layout overlap or
intersect. With a further increase of the degree to 50%, there is no subjective
qualitative difference between the two layouts (Figures 3.9n and 3.9o), i.e., using
the group-based layout as much intersecting and overlapping contours exist as
within the force-based layout appear.

Hence, for large graphs as well as for graphs with a high degree of overlapping
groups, it is reasonable and necessary to use the DoI-based filtering options
(Section 3.2.2) to extract and lay out subnetworks that represent a subset S ′ of
interesting groups from S . For graphs that have a large number of groups, the
brushing and linking option (Section 3.2.5) helps analyze the group structure
and to identify the vertices associated with a group (Task II) and how particular
groups overlap as well (Task III). Selecting only a subset of groups to highlight
their members and enclose them by contours reduces visual clutter and helps
to work on the group-based analysis tasks (Tasks II and III).
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4
Fuzzy Overlapping Group Structures

In contrast to the technique presented in the previous chapter, which was
developed exclusively for crisp overlapping groups, in this chapter, the focus
lies on the visualization of fuzzy overlapping groups .1 Considering fuzzy
group memberships increases the complexity of the visualization (Section 2.4.2).
To deal with this complexity, the visualization technique makes use of the
hierarchical structure defined on the fuzzy membership degrees. The
second difference to the previous chapter but also to other existing visualization
techniques for crisp overlaps is given by the hierarchical aspect of the group
structure visualization. In contrast to the previous chapter, only the fuzzy
group memberships are considered but no further multivariate attributes of the
graph. Considering these differences to the previous chapter, slightly different
group-related tasks can be defined:

I) Find vertices and edges associated with a group of interest.

II) Identify vertices that are contained in multiple groups.

III) Identify to what extent a vertex belongs to which groups.

IV) Differentiate vertices that are heavily involved in different groups from
those that are involved in few groups or in solely one group.

1 Parts of this chapter have been published in:
[12] C. Vehlow, T. Reinhardt, and D. Weiskopf. Visualizing fuzzy overlapping communities in
networks. IEEE Transactions on Visualization and Computer Graphics, 19(12):2486–2495, 2013.
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The visualization technique presented in this chapter supports all of these five
tasks. With respect to overlap-related tasks, the hierarchical structure defined on
the fuzzy membership degrees is of great advantage. The hierarchy can be used
to investigate the fuzzy groups of the network at the group level, the vertex
level, as well as all intermediate states in between by partially aggregating
subsets of vertices with a maximum fuzziness (Task IV). The details-on-demand
option facilitates the identification of shared nodes of particular fuzziness as
well as the investigation of how much each vertex contributes to each of the
groups (Tasks II–IV), which is defined by the membership coefficients of the
respective vertex.

The visualization technique is applied to a set of benchmark data sets of different
size to evaluate its scalability with respect to graph size and degree of overlap.
An application of the technique to a network from the biological application is
presented in Section 8.2.

4.1 Related Work

As mentioned in Chapter 2, group structures can be visualized using implicit
or explicit visualization techniques either individually or in combination. In
this section, the related work on explicit and implicit visualization techniques
for group structures in graphs is summarized.

Explicit group structure visualization: Explicit visualization techniques are
presented in detail in Chapter 2. Therefore, the focus of this section lies on
implicit visualization techniques. In summary, it can be stated that there are
several techniques that explicitly visualize hierarchical group structures .
Most of these techniques support an abstraction of the graph based on the
hierarchical structure by collapsing and expanding groups to aggregate vertices
interactively either within the adjacency matrix [21, 118, 255, 259, 222] or node-
link diagram [26, 28, 30, 31, 33, 84, 85, 257] . In comparison to the technique
presented in this chapter, these techniques do not support overlapping groups
(Tasks II–IV). There are two techniques that support the aggregation of crisp
overlapping groups [219, 225] that, in turn, do not support hierarchical
structures.

Implicit group structure visualization: Graphs are commonly visualized using
node-link diagrams or adjacency matrices. For both techniques, the visual
representatives of vertices need to be positioned on the canvas, i.e., laid out
or ordered. By placing related or similar vertices next to each other, group
structures can be already indicated implictly. Force-directed layout algorithms
for node-link diagrams , such as the FR model [110] or the KK model [163],
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can reveal clusters because connected nodes are positioned close to each other.
Thereby, groups can emerge visually, although they have not been extracted
explicitly based on any of the methods described in Section 1.1.3. However, this
“visual grouping approach” does not extract fuzzy memberships as it does not
become apparent to which groups a vertex belongs with what extent (Tasks III
and IV). The technique presented here uses a force-directed approach as well,
but to produce an aesthetic global layout for aggregated graphs representing
relations between groups.

If the group structure is already defined, it can be incorporated in the layout al-
gorithm. Force-based approaches have been extended in various ways to further
enforce the implicit grouping of nodes for disjoint flat groups [60, 96,
90, 193]. In general graph layout algorithms, a generic approach to consider dis-
joint or overlapping groups is to use pseudo (dummy) vertices that rep-
resent groups of vertices and are connected to all contained vertices [99, 98, 119].
For disjoint groups , another method is based on a divide-and-conquer
strategy [37, 29, 45, 97, 109, 265]: first, a meta-layout is derived for an aggre-
gated graph with collapsed groups; then, the vertices of each group are laid out
independently. For overlapping groups , some approaches apply a sequence
of different layout algorithms to first generate a rough layout that is refined in
later steps by other algorithms [51, 52, 173] (supporting Task II).

4.2 Visualization

The visualization technique presented in the following supports the visualiza-
tion of fuzzy overlapping groups , where the hierarchical group structure

of the vertices is used as a basis for an aggregation method. The technique
visualizes undirected graphs as node-link diagrams , where the fuzzy group
memberships are visually encoded by the node positions (Section 4.2.2) as well
as the attributes shape and color of the nodes (Section 4.2.4). The former is
achieved by a layout approach that incorporates the fuzzy overlapping group
structure. The different mappings are combined because using either the po-
sition or color of nodes leaves ambiguities concerning the groups to which a
vertex belongs. Using these mappings allows users to work on Tasks I–III, where
Task IV can be solved based on the layout (Section 4.2.2) and by aggregating
subsets of vertices with a maximum fuzziness using the layered visualization
model (Section 4.2.3).



64 Chapter 4 • Fuzzy Overlapping Group Structures

4.2.1 Data Model

The technique presented here, visualizes undirected graphs G = (V, E), where
each edge ej ∈ E, 1 ≤ j ≤ m, m = |E| is assigned a weight wej

∈ R. As
introduced in Section 1.1.2, groups are defined as family of sets of vertices
S = {S1, . . . , SK}, where each Sk ⊆ V (Figure 4.1). In fuzzy overlapping
groups, vertices vi may belong to different sets Sk to different extent. This
membership can be described, in an alternative to the set notation, by a |V| × K
matrix F , where each matrix coefficient fik ∈ [0, 1] describes to what fraction
the vertex vi belongs to set Sk. In Figure 4.1, these membership coefficients are
mapped to the width of the links representing containment relationships.

A hierarchical group structure is defined by the sets H = {H0, H1, . . . , HL},
where each Hl ∈ H is a set of other group elements from H or graph vertices
vi ∈ V (more details are described in Section 1.1.2). For overlapping hierarchical
groups , both S and H are required to encode both the overlap of
groups and the hierarchy. Here, the hierarchy is derived based on the fuzzy
membership degrees fik, where vertices vi are included into only one Hl, the
one representing their predominant group Si

k. The predominant group Si
k of

a vertex vi is defined as the group of the highest membership degree fi
max

of the vertex vi. Based on that, the fuzziness fi
fuz of a vertex vi is described

by 1− fi
max. Vertices whose fuzziness is greater than 0.5 are considered as

extremely fuzzy because they belong to their predominant group with a rate
of less than 50%. Vertices that belong to several groups equally, e.g., fi1 = 0.5
and fi2 = 0.5, represent perfect bridges between these groups [190]; here, the
predominant group is selected randomly from them.

Based on the predominant groups, aggregated graphs, also called meta-graphs,
Gθ = (V, E, Vmeta, Emeta) can be constructed by collapsing subgraphs Gθ

k =

(MVθ
k , MEθ

k) with MVθ
k ⊆ Sk and MEθ

k ⊆ MVθ
k × MVθ

k into meta-vertices

Vertices 𝑣𝑖 𝑣2𝑣1 𝑣4𝑣3 𝑣5 𝑣𝑛𝑣7𝑣6 𝑣9𝑣8

Overlapping
groups 𝑆𝑘

𝑆1 𝑆2 𝑆3 𝑆4 𝑆5 𝑆6 𝑆7 𝑆8 𝑆9

Figure 4.1 — Illustration of the data model: the fuzzy overlapping group
structure is described by the sets Sk ∈ S , where the membership coefficients fik
are mapped to the width of links representing containment relationships.
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Figure 4.2 — Meta-graphs Gθ describing different aggregation levels of a graph,
where only the section of group S1 with |S1| = 7 is represented. Vertices vi
and meta-vertices mvθ

1 are saturated with respect to their highest belonging
coefficient fi

max and average belonging f1
avg.

mvθ
k ∈ Vmeta and by transforming inter-group-edges ej of G into meta-edges

meθ ∈ Emeta. Each MVθ
k , thereby, represents an inner element Hl of the hierarchy

H, where l > 0 as H0 forms the root element. The weight wmeθ of a meta-edge

meθ(mvθ
1, mvθ

2) is equal to the sum of weights of all the inter-group-edges
between vertices of the two subsets MVθ

1 and MVθ
2 . Of course, meta-edges can

also connect a meta-vertex mvθ
k with a single vertex vi, aggregating the edges

between those.

The aggregation level of the graph depends on the threshold θ ∈ [0, 1], as only
vertices vi with fi

max ≥ θ are aggregated into the respective meta-vertex mvθ
k

of their predominant group Si
k (see schematic illustration in Figure 4.2). This

threshold is used as determining parameter for the aggregation method. An
aggregated graph Gθ may therefore consist of vertices vi and meta-vertices
mvθ

k, where G0 contains meta-vertices only. G1 represents a second special case,
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(a) (b) (c)

Figure 4.3 — Comparison of different layout approaches using the example of
a personal friendship network with 81 individuals and 817 weighted connec-
tions [190]. (a) The graph is laid out with the force-directed FR model [110]
regardless of the graph’s group structure. (b) The layout is derived using
a divide-and-conquer approach, where each group is laid out separately us-
ing the force-directed FR model before the groups are composed to form the
graph. Shared (fuzzy) nodes are thereby included in the subgraph of their
predominant group. (c) The layout is derived with the introduced extended
divide-and-conquer technique that includes the fuzziness of nodes, i.e., the
different belonging coefficients, in the calculation. Vertices with certain group
membership are visually encoded by regular and symmetric disk-shaped lay-
outs.

as it aggregates only non-fuzzy vertices ( fi
fuz = 0). Finally, G>1 is equal to

the original complete graph G containing vertices only (in the following the
superscript >1 will be dropped for G and group subsets MVk). The certainty
of a meta-vertex mvθ

k is defined as the average belonging coefficient fk
avg of all

its vertices vi ∈ MVθ
k : ∑ fi

max

|MVθ
k |

representing how strongly the members belong

to the group, where fk
avg = 1 for a completely certain group. The certain

group subsets MV1.0
k with fi

max = 1.0 for all vi ∈ Ck are referred to as the core
subgroups.

4.2.2 Graph Layout

As mentioned in Section 4.1, force-directed layouts can help reveal groups be-
cause vertices that are highly connected are often—but not always—positioned
close to each other (Figure 4.3a). The visualization technique presented here
uses the Gestalt principles of closure (spatial proximity) as well as texture
patterns [168] to encode the group memberships using a hierarchical layout
approach. Texture perception was studied by Julesz [159, 160].
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Mirror symmetry is known to be recognized preattentively [151, 253]. Therefore,
the layout is designed to show mirror symmetry; in fact, the regular disk-shaped
layout shows mirror symmetry along multiple axes to facilitate a preattentive
perception and hence effortless and efficient differentiation between certain
and fuzzy group members (Figure 4.3c) (Tasks II and IV). Regularity is one of
the primary texture dimensions [214]. Therefore, layouts with regular patterns
for core subgroups are generated in order to make their texture appearance
different from that of fuzzy vertices, adding a visual cue on top of mirror
symmetry. Furthermore, the distance of fuzzy vertices to their group gives
some indication of their membership degree (Task III).

The developed hierarchical approach is related to the divide-and-conquer ap-
proach by Wang and Miyamoto [265], in which each cluster is laid out separately
before the clusters are composed to form the graph (Figure 4.3b). Similar to the
approach by Wang and Miyamoto, the global layout is derived based on a layout
algorithm that considers the size of the sublayouts, which is proportional to
the number of vertices the subgraphs Gk contain. In contrast to their approach,
the layout technique presented here incorporates an additional division step to
derive the sublayouts (both alternatives are compared in Figures 4.3b and 4.3c).
To achieve a regular and symmetric disk-shaped layout for a core subgroup,
the core-vertices are positioned based on a layout derived for the complete
core-graph Gcore

k . In particular, Gcore
k is laid out using the force-directed KK

model [163] based on spring forces proportional to the graph theoretic distances,
as this creates very regular layouts.

In the next step, all non-core-vertices vi ∈ Gk with fi
max < 1.0 are positioned

around the core-layout Lcore using a force-directed approach of attracting and
repulsive forces that depend on the belonging coefficients fik and are applied to
non-core-vertices only. The repulsive force between any two vertices vi is small,
where the forces between a vertex vi and the “pseudo-vertices” representing Si

k,
positioned at the center of Lcore, depends on fi

max. Hence, the weaker the
membership degree of vi to its predominant group Si

k, the stronger is the force
of repulsion. This produces distances of vertices vi to the center of the core that
are nearly proportional to their fuzziness. Furthermore, the non-core-vertices vi
are pulled toward those groups to which they also belong.

This is achieved by attracting forces between a vertex vi and all its groups Sk rep-
resented by “pseudo-vertices”, which are again proportional to the respective
membership degrees fik. For example, for a vertex vi with the belonging coef-
ficients of fi1 = 0.5, fi2 = 0.4, and fi3 = 0.1, the attracting force to community
S2 will be much higher than for S3 but highest for S1. Whereas the repulsive
forces guarantee a minimum distance between the core-graphs and the fuzzy
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I

I I
θ < 0.7 0.7 ≤ θ < 0.91 0.91 ≤ θ ≤ 1.0 θ > 1.0

Figure 4.4 — Sequence of graphs Gθ showing the fuzzy overlapping group
structure for an example graph with |V| = 12 and K = 3 at different levels of
detail, i.e., using different thresholds θ, starting with the fully aggregated graph
(left) and ending with the detailed graph (right). For comparison, the sequences
are laid out with (I) a force-directed and (I I) circular global layout L. Increasing
θ first of all separates the fuzziest vertex of the graph e from its predominant
group S3 followed by the less fuzzy vertices d and i.

vertices, the attracting forces keep the vertices within a maximum distance from
the core-graph. Vertices will therefore be mostly, i.e., if fi

max >> fik for each
Sk 6= Si

k, be positioned closest to their predominant group and toward one
or two other groups to which they significantly belong. In the final step, the
sublayouts are integrated into the global layout L to form the overall layout (see
graphs at θ > 1 in Figure 4.4).

For the global layout, several layout alternatives are provided: a force-directed
layout, either the FR model [110] or the KK model [163], and a circular layout.
For the force-directed approaches, the size of the sublayout is described by 2D
rectangular areas. In contrast, for the circular approach it is described by an arc
of particular length.

4.2.3 Layered Visualization Model

The visualization technique presented here provides users with graphs at
different aggregation levels described by a degree-of-fuzziness function. This
function aggregates nodes of a particular degree of fuzziness described by the
threshold θ (Task IV). The layout of the original complete graph (Figure 4.4,
θ > 1.0) is used as a basis to derive the layout for any aggregated graph Gθ.
Meta-nodes (mvθ

k) are thereby positioned at the barycenter of the vertices vi ∈
MVθ

k they aggregate. Due to the hierarchical layout approach, meta-nodes are
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positioned near the center of the core-graph Gcore
k . Therefore, changing the level

of detail by in- or decreasing the threshold θ, produces a sequence of plots
of the graphs Gθ at different abstraction levels that preserves the mental map
(Figure 4.4). This holds for both layout approaches, the force-directed (I) and
the circular (I I) layout approach.

Figure 4.4 shows the complete sequence of aggregation states for a small
example graph. The graph consists of 12 vertices, 3 overlapping groups, and
3 nodes whose group memberships are fuzzy. Figure 4.4 illustrates how the
layered visualization model can be used to first identify vertices that are heavily
involved in several groups, second vertices that are more stable with respect to
their group membership, and finally vertices that belong to solely one group.
Starting with threshold θ = 0, the graph contains meta-vertices only and
represents the fully aggregated graph. Increasing the threshold to θ = 0.7
separates node e with f max = 0.664 from S3. A further increase of θ to θ ≥ 0.91
separates nodes d and i both with f max = 0.908 from S1 and S2, respectively, and
results in an aggregated graph whose meta-vertices contain core-vertices only,
i.e., fk

avg = 1.0 for all three aggregated subgraphs. Setting the threshold θ > 1.0
finally breaks up the partially aggregated graph to its single vertices vi, showing
the core-vertices—vertices that belong to only one group—as well.

4.2.4 Node-oriented Visual Mapping

In addition to the node position, the visualization technique uses further visual
attributes of nodes to encode the group memberships and to emphasize the
degree of fuzziness of shared nodes (Figure 4.5; Tasks II and III). To differentiate
between single nodes vi and meta-nodes mvθ

k, they are represented using
different shapes: circles and stars for vi and mvθ

k , respectively. To allocate nodes
and meta-nodes to a group Sk, each group Sk is assigned a color and nodes
(meta-nodes) are colored with respect to their predominant group Si

k (group Sk).
To differentiate between both types of nodes, two different approaches are used
to visualize the node’s and meta-node’s fuzziness. The modification of lightness
is used for nodes and the geometry of the object’s shape for meta-nodes.
Both mappings represent common approaches to convey uncertainty [199]:
the brighter (the more distorted) a shape, the higher the uncertainty (here
fuzziness).

To visualize the fuzziness of the group membership of a vertex vi to Si
k (Task IV),

nodes with fi
fuz > 0 are rendered with a color gradient instead of a constant

color (Figure 4.5a). The gradient progresses radially from the center of the circle
to the inner radius rin

v , starting with white in the center and ending with the
respective color for Si

k at the inner circle. The annulus defined by rin
v and rout

v is
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rin
v

rout
v

fi
max

(a) Fuzziness of nodes

rin
mv

rout
mv

fk
avg

(b) Fuzziness of nodes

Figure 4.5 — Mapping the group membership fuzziness to visual attributes
of the nodes representing (a) vertices vi or (b) meta-vertices mvθ

k. For vertices,
the inner circle of the node defined by rin

v ∼ 1− fi
max is rendered with a radial

color gradient. Meta-vertices, on the contrary, are represented by stars, where
again the inner circle depends on the fuzziness rin

mv ∼ fk
avg. The sequences

show the visual mappings for fi
max : [0.3, 1.0] and fk

avg : [0.65, 1.0], respectively.

rendered without gradient in the group color. The inner radius rin
v describes the

circle whose area is scaled compared to the outer circle area using the fuzziness:
rin

v =
√

fi
fuz(rout

v )2. To emphasize fuzzy nodes ( fi
fuz > 0), these are rendered with a

slightly increased radius compared to non-fuzzy nodes ( fi
fuz = 0).

If a vertex belongs to several groups Sk with similar extent, the circle is divided
into the respective number of segments whose size is proportional to the
belonging coefficient fik, where each segment is rendered with the gradient as
described before. A threshold of 10% is used for the similarity criterion in the
examples of this chapter, i.e., two membership degrees are regarded as similar
if fi

l+1 ≥ 0.9 fi
l, where l denotes the index of the membership degrees fik of vi

in descending order, starting with fi
0 = fi

max. Similar to the approach by Itoh
et al. [155], the segments and hence colors of the circle are arranged such that
they are closest to the respective groups. This mapping shows which groups
contribute significantly to the fuzziness of a vertex, where small coefficients fik
remain disregarded by normalizing the significant coefficients.

For meta-nodes mvθ
k , the certainty fk

avg is represented by the fringe degree of the
star (Figure 4.5b). The outer radius rout

mv of the star representing mvθ
k describes

the circle whose area is proportional to the number of vertices aggregated
in mvθ

k, i.e., rout
mv =

√
|MVθ

k |(r
out
v )2. The inner radius rin

mv depends on the average
strength: rin

mv=( fk
avg)2rout

mv . The quadratic mapping of fk
avg allows for an enhanced
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differentiation of group fuzziness. Using different visual mappings for the
fuzziness of vertices and the sharpness of meta-vertices has the advantage that
both types of vertices are clearly distinguishable from each other.

In addition to the fuzziness of nodes, also the distribution of membership
degrees fik of individual vertices vi should be visualized because determin-
ing to what extent a vertex contributes to its groups is an important task
(Task III) when analyzing fuzzy overlapping groups. In particular, pie charts
and bar charts are used in the force-directed and circular node-link diagram
(Figure 4.6), respectively. To ensure the readability of the charts, these are ren-
dered not smaller than a user-specified minimum size. To avoid visual overload
in the force-directed layout, only selected nodes are rendered as pie charts
(Figure 4.6a), because these have a much bigger radius to make the individual
segments clearly recognizable. In contrast, in the circular diagram, the bars
are attached radially to the nodes instead of replacing them (Figure 4.6b). For
both charts, the segments are arranged by the fuzzy membership degrees fik in
descending order.

In the force-directed layout approach, nodes are connected by straight links,
whereas in the circular layout approach, curved links are used to produce
aesthetically pleasing diagrams. The curvature of a link connecting two nodes
v1 and v2 positioned at θ1 and θ2 decreases with increasing angular distance,
such that the link is straight for ∆θ = 180◦. To differentiate intra-group edges
(e(v1, v2) with S1

k = S2
k) from inter-group edges (S1

k 6= S2
k) (Task I), the former

are rendered in the respective group color for Sk, while the latter are rendered
in black. The edge weights (weights we of edges ej and aggregated weights wme
of meta-edges me) are mapped to the width of the link.

4.2.5 Interaction Techniques

The most important interaction technique of the visualization technique pre-
sented here is the support for continuously drilling from the highest aggregation
level (G0) down to the most detailed level showing the complete graph (G).
Therefore, the visualization technique adopts the “Visual Information Seek-
ing Mantra” [237]: it supports the user with an overview of the fuzzy group
structure on the group and vertex level, with zoom and pan options, and with
details-on-demand functions. The latter include the representation of the mem-
bership distributions of individual vertices of interest as well as the available
tooltips that appear when hovering over nodes to obtain some exact values
describing the properties of vertices and meta-vertices.

The zoom and pan options ensure the readability of the fuzzy group member-
ships on the vertex level, in particular, for large graphs. Moreover, selecting a
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(a) (b)

Figure 4.6 — Graph G from Figure 4.4 using (a) a force-directed and (b) the
circular global layout. The distribution of membership degrees fik of individual
vertices vi is visualized using (a) pie-charts as nodes or (b) bar charts attached
to the nodes. Edges of selected vertices are drawn thicker: in (a) all fuzzy nodes
are selected and in (b) only d is selected.

vertex vi helps analyze its relations because it highlights all edges of vi with an
increased link width and fades all other links to the background by decreasing
the link width (Figure 4.6).

4.3 Results

The visualization technique presented in this chapter was applied to the same
set of synthetic graphs described and used in Section 3.3. The parameters
are summarized again in Tables 4.1 and 4.2. The tool by Lancichinetti and
Fortunato [175] creates graphs with K crisp overlapping groups Sk, describing

Table 4.1 — Description of synthetic static graphs with varying size and over-
lapping flat groups .

Figures n davg dmax mix on (%n) om K

4.7a–4.7c 25 4 10 0.1 5 (20) 3 5
4.7d–4.7f 50 6 10 0.1 10 (20) 3 10
4.7g–4.7i 100 8 10 0.1 20 (20) 3 16
4.7j–4.7l 200 10 20 0.1 40 (20) 3 21

4.7m–4.7o 400 12 40 0.1 80 (20) 3 28
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(a) n = 25, G0 (b) n = 25, G100 (c) n = 25, G

(d) n = 50, G0 (e) n = 50, G100 (f) n = 50, G

(g) n = 100, G0 (h) n = 100, G100 (i) n = 100, G

(j) n = 200, G0 (k) n = 200, G100 (l) n = 200, G

(m) n = 400, G0 (n) n = 400, G100 (o) n = 400, G

Figure 4.7 — Synthetic graphs of different size n = |V| where 20% of the n
nodes belong to several groups. Left column: fully aggregated graph G0; middle
column: G100; right column: completely resolved graph G.
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(a) on = 10%, G0 (b) on = 10%, G100 (c) on = 10%, G

(d) on = 20%, G0 (e) on = 20%, G100 (f) on = 20%, G

(g) on = 30%, G0 (h) on = 30%, G100 (i) on = 30%, G

(j) on = 40%, G0 (k) on = 40%, G100 (l) on = 40%, G

(m) on = 50%, G0 (n) on = 50%, G100 (o) on = 50%, G

Figure 4.8 — Synthetic graphs of different degrees of overlap (on) denoted in %
of the size n = |V| = 200. Left column: fully aggregated graph G0; middle
column: G100; right column: completely resolved graph G.



4.3 • Results 75

Table 4.2 — Description of synthetic static graphs of size n = 200 and with
overlapping flat groups , where the number of overlapping nodes on is
adjusted.

Figures n davg dmax mix on (%n) om K

4.8a–4.8c 200 10 20 0.1 20 (10) 3 19
4.8d–4.8f 200 10 20 0.1 40 (20) 3 21
4.8g–4.8i 200 10 20 0.1 60 (30) 3 27
4.8j–4.8l 200 10 20 0.1 80 (40) 3 30

4.8m–4.8o 200 10 20 0.1 100 (50) 3 34

which groups each vertex belongs to but not to what extent. Therefore, the fuzzy
membership degrees fik are derived by equally distributing the membership to
all groups Sk a vertex belongs to ( fik = 1.0/number of memberships).

The set including graphs of increasing size n with the same degree of overlap
(20% of n) is visualized in Figure 4.7 and the set including graphs of constant
size n but with varying the degree of overlapping nodes on (denoted in % of
n) is shown in Figure 4.8. Figure 4.7 shows that the visualization technique
scales relatively well with increasing graph size using the partially aggregated
graphs G0–G100. But also using the complete graph G, the core-groups can
easily be perceived and fuzzy nodes can be differentiated from core-nodes
(Task II), due to the texture-like layout of the core-groups. The same holds
true when increasing the degree of overlapping nodes on. At a degree of 40%
overlap (Figures 4.8j–4.8l), core groups still emerge and fuzzy nodes can be
differentiated from the rest (Task II).

With a degree of 50% (Figures 4.8m–4.8o) or more, the visualization of G100 still
looks relatively clean, whereas Figure 4.8o already contains visual clutter. With
increasing degree of overlap, the core groups become smaller and the fuzzy
overlapping groups start to become blurred. However, the developed layout
technique still produces much clearer representations of the fuzzy overlapping
groups than common force-directed layout algorithms, such as the KK or FR
algorithm, that do not incorporate the group information in the layout algorithm
(Figure 4.9).

The major bottleneck of the visualization technique is the use of color in addition
to position to encode group membership (Task I): for an increasing number
of groups, encoding the groups by colors becomes difficult. For the first four
graphs (n = 25 to n = 200) of Figure 4.7, the colors can still be differentiated. If
more than k = 23 fuzzy groups are defined on the graph (last row of Figure 4.7
and last three rows of Figure 4.8), a color map dividing the hue circle is used.
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(a) =̂ Figure 4.7o: n = 400, on = 20% (b) n = 400, on = 20%; KK (c) n = 400, on = 20%; FR

(d) =̂ Figure 4.8o: n = 200, on = 50% (e) n = 200, on = 50%; KK (f) n = 200, on = 50%; FR

Figure 4.9 — Comparison of layout techniques applied to synthetic graphs of size n with overlapping groups of degree
on. Left column: the layout approach presented in Section 4.2.2; middle column: KK layout; right column: FR layout.
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Figure 4.10 — The same completely resolved synthetic graph G as shown in
Figure 4.7o with n = 400 and 20% of the n nodes belonging to several groups
(K = 28).

This is because the predefined color map comprises only 23 colors. Hence,
with increasing number of groups K, the hues become less distinguishable
(e.g., the shades of green in Figure 4.10 are very similar). For core nodes, the
layout by itself unambiguously encodes to which group the node belongs. For
fuzzy nodes, similar colors assigned to different groups can be problematic, in
particular, if groups of similar hue are positioned close to each other. In that
case, it would be difficult to identify which groups a node belongs to (Task II)
based on the colored circle sections only. Using the tooltips, however, helps to
dissolve eventual ambiguities.

The position of a vertex already indicates to which groups a fuzzy vertex
belongs. To identify to what extent a vertex belongs to which group (Task IV),
the pie-charts need to be investigated. At zoom levels such as in Figures 4.7–4.9,
this is not possible. Zooming into the diagram (e.g., Figure 4.10) or selecting
fuzzy nodes of interest which enlarges the pie-chart, it is possible to analyze a
node’s membership distribution.
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5
Edge-based Group Structures

As introduced in Section 1.1.3, group structures are often determined based on
multivariate attributes of a graph. In particular, vertex attributes are commonly
used to derive groups using standard feature-based clustering and classification
algorithms. In contrast to the techniques introduced in the previous chapters,
the visualization techniques presented in this chapter show groups based on
multivariate edge attributes rather than vertex attributes or the topology of the
graph.1 Similarity or correlation measures can be used to group pairs of edges.
These pairs of edges can be modeled as a second type of relation.

In this chapter, edges between vertices are referred to as vertex-vertex relation
(VVR) and pairs of them as edge-edge relation (EER). Considering that the
groups are defined as pairs of edges, compared to the previous chapters,
different group-related tasks can be defined:

I) Find edges and vertices associated with a group (EER) of interest.

II) Identify edges that are involved in multiple groups (EERs).

III) Identify the type and strength of the groups (EERs).

1 Parts of this chapter have been published in:
[10] C. Vehlow, J. Hasenauer, A. Kramer, A. Raue; S. Hug, J. Timmer, N. Radde, F. Theis, and
D. Weiskopf. iVUN: interactive Visualization of Uncertain biochemical reaction Networks. In:
BMC Bioinformatics, 14(S-19):S2, 2013.
[11] C. Vehlow, J. Hasenauer, F. J. Theis, and D. Weiskopf. Visualizing edge-edge relations in
graphs. In Proceedings of the IEEE Pacific Visualization Symposium, PacificVis, pages 201–208,
IEEE, 2013.
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This chapter describes a technique—an “embedding approach”—that visualizes
EERs directly in the context of the node-link diagram showing relations between
objects (VVRs) [11]. The technique is compared to a second visualization
technique—a “juxtaposition approach”—that is based on multiple linked views,
where VVRs are shown by a node-link diagram and EERs are encoded within a
matrix [8, 10]. Therefore, the “juxtaposed visualization” is briefly described in
Section 5.4. Both visualization techniques presented in this chapter support the
aforementioned tasks.

For comparison, both techniques are applied to a set of benchmark data sets of
different size to evaluate their scalability with respect to graph size and degree
of EERs. An application of the technique to a network from the biological
domain is presented in Section 8.3.

5.1 Related Work

In this section, the work in fields related to the presented visualization technique
is summarized, including the use of curved links in node-link diagrams and
the visualization of multivariate graphs.

Curved links in node-link diagrams: As mentioned before, node-link dia-
grams are a common representation for graphs. Vertices are thereby mapped
to geometric forms such as circles or squares and relations among them are
depicted by links. For directed graphs, directed edges are commonly visu-
alized as straight links with triangular arrow heads. Alternative approaches
include tapered representations, (clockwise) curvature, partially drawn links, or
color-/intensity-based representations [4, 147].

Curvature has been used for many visualizations with the vertices aligned
linearly, where arcs are used to represent relations between them. TimeArc-
Trees [130] include such vertical arranged sets of vertices, one for each time step,
where the arcs connecting vertices within a set are colored based on the edge
weights. Within the Arc Diagrams [267] and Thread Arcs [166], arcs are used to
visualize relations between repeating parts in strings and in email conversations,
respectively. ArcTrees [191] combine a 1D treemap, visualizing the hierarchical
structure of objects, with an arc diagram of Chaikin curves [71] attached to the
treemap to depict additional relations between objects within the hierarchy. In
contrast, Bézier curves that vary in the amount of curvature can be used to
connect two treemap regions and to indicate direction [105].

Curved edge representations can also be used to improve the 2D layout of
node-link diagrams. One example are the pivot graphs [268], which use curves
of different bend angle to connect nodes representing categories within the orig-
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inal multivariate graph. Within EdgeMaps [92], two types of curves are used to
visualize incoming and outgoing edges of a selected node distinguishably. In
the train graph representation [53], straight and curved links are combined to
reduce visual clutter: straight links are used to represent continuous connec-
tions between stations not passing through a third one, whereas Bézier curves
represent connections passing through other stations without stopping. There
are several more layout algorithms for node-link diagrams with curved edge
representations that aim at optimizing the angular resolution between adjacent
edges [76, 93, 106, 123, 133]; in the approaches [106, 123], the control points for
curves are included as vertices within the graph that is used to compute the
layout.

Visualization multivariate graphs: All of the abovementioned approaches have
been developed to visualize relations between objects (VVRs). To visualize the
multivariate attributes or EERs defined by them, visualization techniques for
multivariate graphs are required. Single attributes of vertices and edges can
be mapped to visual attributes of nodes , such as their size, shape, color, or
brightness, and visual attributes of links, such as their length, thickness, color, or
brightness [152]. In contrast, multivariate attributes are commonly visualized
using small multiples or using complex glyphs as node representatives in node-
link diagrams . The latter approach, however, cannot by applied to edge
attributes.

For multivariate edge attributes and EERs, small multiples can be used to
visualize both types of relations in two separate but linked views. EERs,
representing correlations between or similarities of VVRs, could be visualized
within a separate node-link diagram where each vertex represents a VVR. A
more common way of visualizing correlations or similarities are correlation
matrices [74]. Using a matrix to represent EERs, each column/row represents
a VVR and cells within the matrix could be color-coded based on the strength
of the correlation or similarity.

The use of two views calls for the use of brushing and linking to allocate
elements, e.g., to highlight the respective two VVRs the selected EER connects.
However, already the selection of several EERs would pose a problem, as a
consistent highlighting of the respective links (VVRs) would not be bijective
without the use of labels. Furthermore, when visualizing EERs out of context,
i.e., separate from the graph structure, it is hard to extract circular dependencies
between VVRs.

In this chapter, an “embedded visualization” for edge-based groups (EERs)
within graphs based on node-link diagrams is presented (Section 5.3). This
technique visualizes EERs directly integrated in the context of the graph visual-
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𝑣1

𝑣2

𝑣3
𝑣4

𝑒𝑒1 = {𝑒1, 𝑒2}
EER

Figure 5.1 — Illustration of the data model.

ization. “Embedded visualizations” have the advantage that the allocation of an
EER to the related two VVRs (Task I) does not necessarily require brushing and
linking. Using a matrix representation for the EERs as separate but linked
view, in contrast, allows for a higher density of EERs, since matrices are more
suitable for dense graphs than node-link diagrams.

5.2 Data Model

The visualization technique presented in this chapter, visualizes (un-)directed
graphs G = (V, E) with E as the set of edges (VVRs), where each edge ej ∈ E
describes a tuple of two vertices ej = (vi1 , vi2), with vi1 , vi2 ∈ V (light blue links
in Figure 5.1). If the edges are undirected, they can be described by the set
{vi1 , vi2}. Since the graph is multivariate, each edge ej ∈ E is assigned a vector
of attributes ~a := [a1, a2, . . . , aP], where P = |~a| is the number of attributes.
Based on these attribute vectors, (anti-)correlations or (dis-)similarities can be
computed to build edge-based groups. These groups can be described by sets
of edges E = {E1, . . . , EK} with Ek ⊆ E and |Ek| = 2.

Since all groups describe pairs of edges ej ∈ E, the groups Ek can also be
modeled as a second set of edges EE within the graph G = (V, E, EE). Each
eek ∈ EE with K = |EE|, in the following referred to as EERs, connects two
edges {ej1 , ej2} ⊆ E representing an undirected relation between VVRs (dark
blue curve in Figure 5.1). Each edge eek ∈ EE is assigned a weight wk ∈ R,
representing the strength of the (anti-)correlation or (dis-)similarity. This weight
is later mapped to visual attributes of the edge eek representative and used for
filtering. Therefore, wk is normalized such that −1 ≤ wk ≤ 1, where wk < 0 for
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anti-correlations and dissimilarities and wk > 0 for correlations and similarities,
respectively.

5.3 Embedded Visualization

This section describes how both types of edges can be integrated into one node-
link diagram [11]. Due to its design (Sections 5.3.1–5.3.3), the diagram supports
all of the aforementioned tasks (Tasks I–III). Tasks I and II are supported, in
particular due to the design of the edge shapes (Section 5.3.2), whereas Task IV
is supported by the coloring of edges (Section 5.3.3). The interaction techniques
(Section 5.3.5) facilitate all three tasks.

5.3.1 Design

Visualizing both VVRs and EERs integrated into one diagram, it is necessary to
display both types of relations by different and appropriate visual representa-
tions [237]. Edges are usually shown as lines, where directed edges are mostly
represented by arrows, clockwise curves, tapered representations, partially
drawn links, or color-/intensity-based representations [4] [147, 264]. There-
fore, it would be straightforward to represent directed VVRs using one of the
aforementioned representations and EERs using straight links attaching the
midpoints of the two connected VVRs. This would lead to many sharp angles
between VVRs and attaching EERs, which are not aesthetically pleasing within
graph layouts [213]. Furthermore, it would be hard to differentiate between
VVRs and EERs, using similar shapes.

Treisman and Gormican [252] performed several tests on the preattentive pro-
cessing of visual features. Among others, they investigated lines vs. curvature
and discovered that curved targets can be found much more rapidly among
lines than the other way round. The aim of visualizing graphs, as presented
here, is to investigate interrelations between edges, which should be detectable
immediately. Therefore, VVRs are represented by relatively straight shapes,
whereas EERs are depicted as curves (Figure 5.2a). In addition to the shape of
links, a luminance gradient is used to emphasize the difference between VVRs
and EERs.

In case that the VVRs are directed, the direction is indicated by triangular
arrow heads attached to the straight links. The direction is further stressed by
pulling the straight links outward to form triangular-like shapes (Figure 5.2b),
referring to clockwise curves. The other aforementioned possibilities—color,
partial links, and tapered representations—to indicate directionality are omit-
ted for the following reasons: color is already used otherwise, partial links
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𝑣1

𝑣2

𝑣3

𝑣4

𝑣5

(a) Undirected graph

𝑣1

𝑣2

𝑣3

𝑣4

𝑣5

(b) Directed graph

Figure 5.2 — Design of edge shapes for directed and undirected graphs. While
VVRs are represented as straight shapes, EERs are visualized using cubic Bézier
curves. (a) Undirected VVRs are represented as tight straight shapes. The
positioning of docking points allows for optimizing the layout of the Bézier
curves. (b) The direction of VVRs is indicated by the clockwise curvature as
well as arrows. Hence, the positioning of docking points for EERs is restricted.

cannot be connected over EERs, and tapered representations are not suitable
for multigraphs, i.e., graphs that include multiple edges between two vertices.
Furthermore, the weights of EERs have to be encoded visually. A common way
to do so is to use the width of links representing edges [264]. Therefore, the
strength of EERs is mapped to the width of the curves.

Although the shape of the relatively straight VVRs stands in contrast to the
curves representing EERs, the transition between them should be smooth to
achieve an aesthetically pleasing graph representation. In particular, the curly
bracket-like shape of VVRs in combination with the curves that go out in the
normal direction of the VVRs provide for a continuous transition between the
two edge shapes (Figure 5.2b). Thus, the chosen design for different edge
shapes supports the Gestalt principle of continuity [168]. The aesthetic of
visual representations is not to be underestimated. The results of the user
studies performed by Tractinsky [251] and Cawthon and Vande Moere [70]
showed that the visualization’s perceived aesthetic can ease its use. Aesthetic
visualizations are not necessarily usable but improving the aesthetics of an
effective visualization improves its ease. Norman [194] claims that “beauty
matters” in that humans are encouraged to think creatively when solving
problems involving objects to which they have a positive affection.
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5.3.2 Edge Shapes

The visualization technique presented in this section uses different shapes for
VVRs and EERs to support the differentiation of the two relation types. For
VVRs that are related to another VVR, two different shapes reminiscent of the
shape of curly brackets were developed: one for directed e(vi1 , vi2) and one for
undirected e{vi1 , vi2} edges. The shape for undirected VVRs fits closely to the
straight line connection between the respective vertices (Figure 5.2a). In contrast,
directed VVRs are represented by open triangle-like shapes that correspond
to the clockwise curve for the directed edges (Figure 5.2b). Therefore, the
second shape supports the differentiation between two contrarily directed edges
connecting the same two vertices (e(vi1 , vi2) and e(vi2 , vi1)). VVRs that are not
related to any other VVR are visualized as straight thin lines. To put the focus
onto the EERs and related VVRs, VVRs that are not related to any other VVR
are drawn first, followed by related VVRs, then EERs, and finally the vertices. In
this way, VVRs that are involved in any group (EER) can be easily distinguished
from all other VVRs (Task I).

To connect VVRs via EERs, docking points are defined. Each docking point
Pe(vi1

,vi2
) for EERs is thereby positioned halfway between the vertices vi1 and vi2

and slightly shifted into the direction of the normal of the VVR. For directed
VVRs, the displacement of the docking point in normal direction is done so that
the curve circumscribed by the three points vi1 , Pe(vi1

,vi2
), and vi2 corresponds

to the clockwise curve for the directed edge (Figure 5.3). If the VVRs are
undirected, the docking point Pe is shifted along the normal into the direction
that reduces the Euclidean distance to the second docking point Pe(vi3

,vi4
) of the

EER. Hence, there are two different docking points Pe(vi1
,vi2

) and Pe(vi2
,vi1

) for

an undirected edge e{vi1 , vi2}. If a VVR is undirected and related to several
other VVRs that are positioned on different sides of the edge e{vi1 , vi2}, both
docking points are constructed, one on each side (e.g., e{vi1 , vi2} in Figure 5.2a).
For the example in Figure 5.3, the docking points for the undirected edges
e{vi1 , vi2} and e{vi3 , vi4} are the same as for the directed edges Pe(vi1

,vi2
) and

Pe(vi3
,vi4

).

Holten et al. [147] found that curves are not the best way to represent direction.
Hence, for directed VVRs, the edge representation is extended by a triangular
arrow head to indicate direction (Figure 5.2b). For that same reason, users can
select to use arrows only to infer the direction of an edge, where VVRs are
represented using the same shape as for undirected edges.

To differentiate EERs from VVRs, the former are visualized using cubic Bézier
curves. These curves lie within the convex hull of a set of four control points (P0,
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𝑣1

𝑣2

𝑣3
𝑣4

𝑃𝑒(𝑣1,𝑣2) = 𝑃0
𝑃𝑒(𝑣2,𝑣1)

𝑃𝑒(𝑣4,𝑣3)

𝑃2

𝑃1

𝑃𝑒(𝑣3,𝑣4)= 𝑃3

Figure 5.3 — Definition of the control points for a Bézier curve, representing
the EER between two undirected VVRs, e{vi1 , vi2} and e{vi3 , vi4}. P0 and P3 are
chosen as the closest docking points of the two VVRs; P1 and P2 are positioned
on the normal of those docking points.

P1, P2, and P3), used to define the curve. Each curve starts in P0, points toward
P1 and next toward P2, before it finally arrives at P3. The start and end points
(P0 and P3) correspond to the two docking points of the related VVRs (e.g.,
Pe(vi1

,vi2
) and Pe(vi3

,vi4
) in Figure 5.3). The other two control points (P1 and P2)

are positioned on the normals of the respective VVRs (e(vi1 , vi2) and e(vi3 , vi4)).
The distance of the control point (e.g., P1) to the docking point (e.g., P0) is,
thereby, proportional to the length of the link (i.e., to the distance between vi1
and vi2). To support Task III, the absolute weight |wk| of the EER is mapped to
the width of the curve shape.

As the curves representing groups (EERs) visually link the VVRs and, hence,
indirectly the vertices involved, Task I is supported. Task II is supported by
the design as well, because edges (VVRs) that are contained in multiple groups
(EERs) show up as link with many outgoing curves.

5.3.3 Edge Coloring

Both edge shapes are rendered with color gradients such that the color changes
gradually from a vertex vi to the docking point P and finally to the midpoint
M of the curve representing the EER (Figure 5.4). In particular, the value of
the color is changed along the gradient, starting with a light color at vertices
and ending with a dark color at midpoints. This color gradient puts the focus
onto the EERs, which are of main interest concerning analysis: highly saturated
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(a) Gray scale (b) Color mapping of weights

Figure 5.4 — Edge-based groups for an example graph with 12 vertices, 20
VVRs, and 14 EERs. Nodes are labeled by vertex ID (i). The EERs are either
rendered in gray (a) or using color (b), where the weight wk of the EER is
mapped to color using a divergent color map. In both diagrams, wk is mapped
to the width of the curve.

and dark colors pop out in front of white background more easily than less
saturated and light colors. Furthermore, the color gradient helps identify the
VVRs and vertices involved in an EER (Task I).

The basic color scheme uses gray values only, starting with light gray at vi, over
gray at P and ending with black at M (Figure 5.4a). To visualize whether two
VVRs are correlated/similar or anti-correlated/dissimilar (Task III), the hue of
color is used. In particular, a divergent color table is used as wk ∈ R, where a
highly saturated red (blue) is used if wk > 0 (wk < 0) (Figure 5.4b). EERs are
thereby rendered with a color gradient such that value and saturation of the
color increase from P to M.

5.3.4 Graph Layout for Vertex Positioning

In addition to the design of visual representatives of relations, which is the
main focus of the technique presented here, the computation of an aesthetically
pleasing layout is important. Common graph layout algorithms, such as force-
directed, orthogonal, or hierarchical layout algorithms, aim at optimizing a set
of aesthetic criteria for graph drawings [44]. To lay out the graph including
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𝑣1

𝑣2

𝑣3
𝑣4

𝑃𝑒(𝑣1,𝑣2)

𝑃𝑒(𝑣3,𝑣4)

Figure 5.5 — Illustration of the graph used to compute the layout of the node-
link diagram showing both VVRs and EERs. The weight factors wlength are
mapped to the width and color of the links. Edges and nodes that are visual-
ized by dotted links and circles, respectively, are only inserted for the layout
computation but not visible in the actual visualization.

two type of edges (VVRs and EERs), the approach by Kamada and Kawai [163],
which is based on spring forces proportional to the graph theoretic distances,
was modified. This approach supports the definition of diverging preferred
edge length for different relations (VVRs and EERs). As input for the layout
algorithm, a graph that contains all vertices vi ∈ V as well as all ej ∈ E is used
(Figure 5.5). For those VVRs (e(vi1 , vi2)) that are related to any other VVR (ej),
the docking point Pe(vi1

,vi2
) (circles with dashed border in Figure 5.5) as well

as the two edges connecting the vertices vi1 and vi2 with the docking point
Pe(vi1

,vi2
) (dashed lines in Figure 5.5) are inserted into the graph. For each EER

(eek ∈ EE), an edge connecting the respective two docking points is included
into the graph.

One of the aesthetic graph drawing criteria is to produce layouts with edges of
similar length. The aim of laying out graphs, as visualized here, is to put related
vertices v close to each other, where EERs are allowed to be longer than VVRs.
The approach by Kamada and Kawai is modified by adding different weight
factors wlength ∈ R to different types of edges corresponding to desirable edge
lengths. In Figure 5.5, these weights are mapped to the thickness and color of
the links, where the lowest and highest weight are mapped to gray and dark
blue, respectively.

Edges between vertices vi and docking points P are weighted highest (wlength =
1), as they should be closest. Edges between two vertices v are assigned
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(a) Selection of a vertex (b) Selection of a VVR (c) Selection of an EER

Figure 5.6 — Edge-based groups for the same example graph shown in Fig-
ure 5.4. Different vertices, VVRs, and EERs are highlighted by putting all
other elements to the background based on the selection of (a) the vertex v5,
(b) the edge e1 = {v1, v4}, and the EER ee = {e2, e3}, with e2 = {v1, v3} and
e3 = {v4, v9}.

a weight half as big (wlength = 1/2), as the docking point should lie half
way inbetween those vertices. In comparison, edges between docking points
are assigned a smaller weight (wlength > 1/2) to allow for more flexibility
concerning EERs. Tests showed that the best layouts were produced with
weights in the interval 1/5 ≤ wlength ≤ 1/3. Throughout this chapter, wlength =
1/4 is used. After computing the layout based on this approach, a refinement is
performed to adjust the positions of docking points to the positioning described
in Section 5.3.2.

5.3.5 Interaction

To support the user in analyzing EERs, several interaction techniques are
incorporated into the visualization technique. It is possible to change the
transparency of VVRs and EERs separately, e.g., to fade out VVRs and thus
to put the original graph structure even more into the background, than it is
achieved by the color gradient. Drawing both edges slightly transparent is
advantageous when occlusions and edge crossings occur, as the path of edges
can be identified more easily.

To emphasize strong EERs (Task III), a threshold tw can be set so that for each eek
with wk < tw the transparency is increased. Since weak EERs are not completely
hidden but rather faded to the background of the visualization, the user does
not lose the context of strong EERs that are brought into the user’s focus. The
exact weight of EERs is available within the tooltips.
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Vertices and relations of interest can also be highlighted by selecting a vertex vi,
a VVR (ej), or an EER (eek) (Figure 5.6). When selecting a vertex vi1 , each VVR
(ej) in which vi1 is involved, as well as all EERs (ee′s) of these ej are highlighted
by putting all other vertices and edges to the background. When selecting a
VVR (e(vi1 , vi2)), the two vertices vi1 and vi2 as well as all EERs of e(vi1 , vi2) are
highlighted in the same way. This highlighting helps to identify and investigate
edges (VVRs) that are involved in multiple VVRs (Task II). Finally, an EER (eek)
can be selected to highlight the two VVRs (ej1 and ej2) that are connected by eek
(Task I).

5.4 Juxtaposed Visualization

The technique presented in this section was developed as part of a visual
analytics system that supports an uncertainty-aware analysis of static and
dynamic attributes of networks [8, 10]. Using this system, statistical values of
the multivariate attributes are mapped to the color of nodes and links of the
diagram. In contrast, the multivariate attributes themselves can be analyzed
using several views that are linked to the graph representation and to each
other. These views include line plots, scatter plots, histograms, and correlation
matrices. In this chapter, the focus lies on multivariate edge attributes and their
dependencies, which are visualized using correlation matrices within the visual
analytics system. Therefore, only this aspect of the system will be described. A
detailed description of all features of this system can be found in the respective
publications [8, 10].

The aforementioned visual analytics system uses juxtaposition to visualize the
graph and the edge-based groups, i.e., the EERs. In particular, the graph G is
visualized as a node-link diagram, laid out using a force-based layout algorithm
(Figure 5.7b). The visual analytics system incorporates a matrix view that can be
used to investigate EERs (Figure 5.7c), e.g., correlations or similarities, between
the multivariate edges (VVRs). Each row (column) represents a VVR, where
cells represent the EERs between them. To support Task III, the weight wk of
each EER (eek) is mapped to the color of the cells using the same divergent color
table as for EERs (Section 5.3.3). Within this matrix, edges that are involved
in multiple EERs (Task II) show up as rows (columns) with many colored
cells.

The matrix view is linked to the graph view using brushing and linking. The
selection of a cell within a matrix and hence EER (eek), results in the highlighting
of the respective two VVRs (ej1 and ej2) in the node-link diagram (Task I). Vice
versa, if the user selects a set of VVRs (E′ ⊆ E) within the graph view, all
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(a) Embedded visualization (b) Juxtaposed visualization:
node-link diagram of VVRs

(c) Juxtaposed visualization:
matrix view of EERs

Figure 5.7 — Comparison of the embedded and juxtaposed visualization: Edge-
based groups for the same example graph shown in Figure 5.4. Nodes are again
labeled by their ID (i) and edges ej = {vi1 , vi2} in the matrix view are label with
i1–i2.

pairwise combinations of ej ∈ E′ and hence respective cells within the matrix
view are determined and highlighted, given that the respective EER exists.

5.5 Results

In this section, the embedded visualization technique presented in this chapter
(Section 5.3) is compared to the visualization technique using juxtaposition of
two representations showing the VVRs and EERs separately (Section 5.4). To
compare both techniques with respect to their scalability, both are applied to a
set of synthetic graphs. In particular, the same set of synthetic graphs is used as
within Sections 3.3 and 4.3, where the generation of the graphs is described in
detail in Section 3.3. The last two chapters describe visualization techniques
for overlapping groups within graphs, where groups are defined based on the
graphs vertices.

The tool provided by Lancichinetti and Fortunato [175] that was used to generate
the synthetic graphs creates graphs with crisp overlapping groups S , describing
which groups each vertex belongs to. The visualization technique presented in
this chapter, however, was designed for edge-based groups in graphs. Whereas
edge-based groups can be transformed easily into node-based groups (Sec-
tion 1.1.2), the transformation from node-based to edge-based groups is not as
straightforward. To create edge-based groups based on the synthetic graphs



92 Chapter 5 • Edge-based Group Structures

as described in Table 3.1, the following steps were required for each synthetic
graph:

• First, the subset E′ ⊂ E was extracted, where for each edge ej = {v1, v2} ∈
E′, v1 and v2 have at least one associated group from S in common.

• Second, a set of randomized EERs ¯EE′ between edges ej ∈ E′ was created,
such that each ee = {ej1 , ej2} connects two VVRs ej1 and ej2 associated
with the same group(s) from S . To avoid all pairwise combinations of
edges ej ∈ E′ with the same group, only a subset of all possible EERs was
created, such that each ej ∈ E′ is involved in at least one EER.

• Finally, this set of EERs ¯EE′ was reduced to the set EE′ by randomly
selecting a percentage α from ¯EE′.

Using this procedure, a sequence of synthetic graphs G = (V, E, EE) (Table 5.1)
was generated based on the synthetic graphs G = (V, E) (Table 3.1). In this
sequence, the focus lies again on the scalability with respect to the graph
size n. For this sequence, both the set of vertices V and the set of edges E
were inherited completely. The EERs were extracted as described before using
different percentages α as summarized in Table 5.1. The resulting graphs are
visualized in Figures 5.8 and 5.9. Similar to Figure 5.7, the embedded approach
described in Section 5.3 (left column) is opposed to the juxtaposed approach
described in Section 5.4 (middle and right column). The matrix views contain
only these edges ej ∈ E′ that are involved in any EER, where edges ej are
ordered with respect to the groups in S they can be associated with. The
embedded visualization does not include any labels for vertices or edges. In
contrast, in the two views of the juxtaposed approach, labels are necessary to
allocate VVRs (links) in the node-link diagram with VVRs (rows and columns)
in the matrix view. Therefore, nodes in the node-link diagram are labeled by

Table 5.1 — Description of synthetic static graphs with varying size and over-
lapping edge-based groups .

Figures n |E| d(G) |E′| | ¯EE′| α |EE|
5.8a–5.8c 25 38 0.13 20 23 100 23
5.8d–5.8f 50 135 0.11 120 81 50 41
5.8g–5.8i 100 380 0.08 336 232 25 58
5.9a–5.9c 200 1002 0.05 894 609 12.5 77
5.9d–5.9f 400 2578 0.03 2307 1605 6.25 101
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(a) V, E, EE; n = 25 (b) V, E; n = 25 (c) EE

(d) V, E, EE; n = 50 (e) V, E; n = 50 (f) EE

(g) V, E, EE; n = 100 (h) V, E; n = 100 (i) EE

Figure 5.8 — Comparison of the developed embedded visualization technique
(left column) with the juxtaposition approach using two separate views: a
node-link diagram to visualize vertices and VVRs (middle column) and a
matrix representation for the EERs (right column). Nodes are again labeled
by their ID (i) and edges ej = {vi1 , vi2} in the matrix view are label with ’i1–i2’.
Both techniques are applied to synthetic graphs of different size n = |V| with
n ∈ {25, 50, 100}.
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vertex ID i and the rows and columns within the matrix representing edges
ej = {vi1 , vi2} are labeled i1–i2.

Due to the design of edge representatives and the drawing order, it is possible to
differentiate both types of relations as well as to judge the type and strength of
occurring EERs (Task III) for all graphs using the embedded visualization (left
column of Figures 5.8 and 5.9). However, looking at the integrated visualization
approach, it becomes apparent that the readability of the visualization suffers
with increasing size n and, hence, with increasing number of VVRs and EERs. In
Figures 5.8a and 5.8d, group structures can be perceived clearly, i.e., individual
EERs can be followed to the VVRs they connect and up to the vertices involved
(Tasks I and II).

In addition, clusters of VVRs show up due to the connecting EERs. VVRs that
are involved in several EERs (Task II) can be identified as those with many
outgoing curves. In the embedded visualization of the synthetic graph with
100 vertices and 380 edges (Figure 5.8d), such clusters can still be perceived.
The investigation of individual related VVRs and the identification of highly
connected VVRs, however, becomes more difficult due to the large amount of
edge crossings. With increasing number of vertices (left column of Figure 5.9),
this becomes worse; here, not even clusters of EERs can be perceived. The main
reason for this is neither the number of nodes nor the number of EERs but
rather the number of edges |E|. Although VVRs are rendered before the EERs,
the diagrams look cluttered.

The same problem occurs visualizing VVRs and EERs in juxtaposed views.
In Figures 5.8b, 5.8e, and 5.8h, VVRs can be perceived separate from each
other and vertex labels are readable if the node-link diagram is scaled up to
screen size. Hence, the allocation of VVRs in the node-link diagrams with rows
and columns of the matrices (Tasks I and II) is possible without interaction
techniques other than zooming and panning (Figures 5.8c, 5.8f, and 5.8i).

With increasing number of vertices n (Figures 5.9b, 5.9e), the readability of vertex
labels and, hence, allocation of VVRs becomes difficult. Although vertices and
their labels are drawn last, in the synthetic graph with 400 vertices (5.9e)),
edge identifiers (i1–i2) cannot be detected and differentiated any more. The
identification of the type and strength of the groups (Task III) is a little bit more
difficult at the same scale, simply because fewer pixels are allocated to each
EER. The perception and interpretation of color encoding the type and weight
may therefore be more difficult.

To reduce visual clutter, the amount of visible edges ej ∈ E′ can be reduced to
those that are related to any other VVR using filtering. Figure 5.10 shows the
synthetic graphs of size n ∈ {100, 200, 400} after removing all unrelated edges
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(a) V, E, EE; n = 200 (b) V, E; n = 200 (c) EE

(d) V, E, EE; n = 400 (e) V, E; n = 400 (f) EE

Figure 5.9 — Comparison of the developed embedded visualization technique
(left column) with the juxtaposition approach using two separate views: a
node-link diagram to visualize vertices and VVRs (middle column) and a matrix
representation for the EERs (right column). Both techniques are applied to
synthetic graphs of different size n = |V| with n ∈ {200, 400}.

ej ∈ E′. Filtering clearly improves the readability of the embedded visualization
as well as the node-link diagram of the juxtaposed approach. The embedded
visualization of the synthetic graph with 400 vertices, however, contains a severe
amount of clutter already.

Visualizing both types of relations in one diagram has the advantage that
it is not necessary to look forth and back between the two views, which is
required using the juxtaposed approach (Tasks I and II). However, at the same
time it comes with more overdraw caused by the additional links representing
EERs. In addition, the design of the link shapes within the embedded approach
allocates more pixels to each VVR and EER than it is done within the juxtaposed
approach. Therefore, the embedded technique is more suitable for graphs that
are sparse with respect to the number of VVRs and the number of EERs.
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(a) V, E, EE; n = 100 (b) V, E; n = 100 (c) EE

(d) V, E, EE; n = 200 (e) V, E; n = 200 (f) EE

(g) V, E, EE; n = 400 (h) V, E; n = 400 (i) EE

Figure 5.10 — Comparison of the developed embedded visualization technique
(left column) with the juxtaposition approach using two separate views: a
node-link diagram to visualize vertices and VVRs (middle column) and a matrix
representation for the EERs (right column). Nodes are again labeled by their
ID (i) and edges ej = {vi1 , vi2} in the matrix view are label with ’i1–i2’. Both
techniques are applied to the synthetic graphs described in Table 5.1 including
graphs of size n ∈ {100, 200, 400} but removing all VVRs that are not related
to any other VVR.
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The juxtaposed approach scales better with respect to the density of EERs as
the matrix supports a visualization of all possible EERs between the VVRs of
the graph that is free of overlaps. However, the use of two views calls for labels
or the use of brushing and linking to allocate elements (Tasks I and II). Already
the selection of several EERs poses a problem, as a consistent highlighting of
the respective links (VVRs) is not bijective without the use of labels. Scanning
the vertex labels in the node-link diagram and searching for the respective edge
connecting two vertices of interest, i.e., the respective row/column, in the matrix
is cumbersome. In contrast, using the embedded visualization, this allocation
task can be performed straightforward due to the visual connection of related
VVRs, at least in graphs that are relatively sparse. Besides, compared to the
juxtaposed approach using a matrix representation for EERs, the embedded
visualization is more suitable for path-oriented tasks.
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Part II

Visualizing Dynamic Group
Structures
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The group structure describes an abstraction of the graph. In many applications
of graphs, relations change over time . Given that the changes of the graph
are substantial, the group structure changes over time —together with the
underlying graph. In this case, the following analysis tasks arise:

I) Find vertices and edges associated with a group of interest at a particular
point in time.

II) Analyze the consistency between group structure and graph topology of
individual graphs.

III) Compare graph topologies over time.

IV) Compare group structures over time.

V) Analyze how far changes in the graph topology are reflected in changes
in the group structure.

VI) Differentiate vertices that are stable with respect to their integration into
the dynamic group structure from vertices that are instable.

Analyzing the evolution of group structures can help determine shifting struc-
tural properties of a dynamic network. As stated in Section 2.4.1, most tech-
niques that visualize the evolution of groups, do not visualize the graph topol-
ogy, which makes it hard to understand the origin of the derived group structure
evolution or to estimate its reliability (Tasks II and V). Besides, existing visu-
alization techniques for dynamic group structures often suffer from overdraw
and edge crossings.

These problems make it hard to analyze the evolution of group structures
over time and hence to identify group evolution phenomena (Task IV), such as
merging of groups. There are also several approaches that visualize dynamic
graphs [48], but only few attempts have been made to show both dynamic
group structure and graph evolution, in a single image. Two such techniques
for dynamic disjoint groups will be presented in the next two chapters, one
for flat groups (Chapter 6) and one for hierarchical groups (Chapter 7).
Where the former is based on node-link diagrams , the latter uses matrix
representations for the graphs .
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6
Dynamic Flat Group Structures

The technique presented in this chapter visualizes the dynamic disjoint
flat group structure together with the graph topology by overlaying
a dynamic group structure representation with node-link diagrams of the
graphs.1 As mentioned before, given that the flat group structure changes over
time—together with the underlying graph—the following analysis tasks arise:

I) Find vertices and edges associated with a group of interest at a particular
point in time.

II) Analyze the consistency between flat group structure and graph topology
of individual graphs.

III) Compare graph topologies over time.

IV) Compare flat group structures over time.

V) Analyze how far changes in the graph topology are reflected in changes
in the flat group structure.

VI) Differentiate vertices that are stable with respect to their integration into
the dynamic flat group structure from vertices that are instable.

1 Parts of this chapter have been published in:
[13] C. Vehlow, F. Beck, P. Auwärter, and D. Weiskopf. Visualizing the evolution of communi-
ties in dynamic graphs. Computer Graphics Forum, 34(1):277–288, 2014.
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Both components, the graph topology and the flat group structure, are shown
within an embedded visualization that supports all of these tasks. The represen-
tations for both components are superimposed instead of using multiple linked
views because using the latter approach vertex representatives in both views can
only be allocated using additional visual aids (e.g., labels or brushing and link-
ing) and with long eye movements. The technique presented here avoids these
issues of matching through visual embedding of both structures and further
minimizes the aforementioned problems of long eye movements. In addition,
embedding both representations helps to work on Tasks I, II and V.

The visualization technique is applied to a set of synthetic graphs of different
size. An application of the technique to a network from the biological domain
is presented in Section 8.4 together with the technique presented in the next
chapter.

6.1 Related Work

In this section, the work in fields related to the presented visualization technique
is summarized, including the visualization of dynamic graphs, visualization
of dynamic groups, and techniques that are visually similar to the technique
presented here.

Visualization of dynamic graphs: Dynamic graphs are often visualized using
animation, timeline-based static visualizations [48], or hybrid approaches such
as DiffAni [221], which combines the first two with a difference representation.
Timeline-based approaches, so far, have only looked at the transition of graphs
and considered the group structure as stable [2, 3, 9, 62, 63, 64, 65, 130] (more
details on these approaches are presented in Section 2.1).

In contrast, for animated diagrams, the evolution of group structures has al-
ready been visualized: in addition to implicit visualizations of groups using
layout algorithms for node-link diagrams [109, 171, 186], the drawing space
can be partitioned into (not necessarily connected) regions [149], convex (po-
tentially overlapping) shapes [109, 171], or nested boxes displaying a cluster
hierarchy [217]. However, animation can lead to high cognitive load [34]; it
is difficult to follow multiple group transitions happening at the same time
and to track groups or individuals across longer periods. Because of these
limitations, the visualization technique presented in this chapter is based on a
timeline-based approach rather than on animation.

Visualization of dynamic groups: There also exist approaches that visualize
solely the evolution of group structures—without considering an additional
dynamic graph—using a timeline-based representation [104, 195, 216, 220].
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Vertices are usually positioned on a vertical axis and arranged by group con-
tainment for each point in time individually. These vertically aligned ver-
tices are then plotted from left to right on a timeline. In some approaches,
only the transitions between points in time are visualized using straight
links [216, 226] or splines [220]; other approaches depict the groups or ver-
tices using nodes [104, 195].

The work by Reda et al. [216] is one of the few examples that apply an explicit
sorting strategy: they position large and active groups closer to the top based
on an influence factor. Sallaberry et al. [226] derive a one-dimensional ordering
of vertices by minimizing the distance of the representatives of the same vertex
across different points in time.

Visually similar techniques: There are techniques that do not show the evo-
lution of group structures in graphs, but are visually similar to the technique
presented here. These techniques aim at the comparison of clustering results
or group containment in general. Kosara et al. [169], for instance, visualize
categorical multidimensional data using so-called parallel sets, where each
categorical dimension is laid out along one axis and categories are represented
by boxes laid out along the other axis. The categorical dimensions are con-
nected to show the overlap of data points between any two categories. Similar
visualization techniques have been developed to compare multiple groups of
clustered data [179]. Pilhöfer et al. [206] discuss sorting strategies for comparing
hierarchical clustering results.

Nearly all described approaches either focus on dynamic graph drawing or
the temporal evolution of group structures; only Sallaberry et al. [226] sys-
tematically combine both: the group structure’s evolution timeline is used for
quick navigation through an animated node-link diagram . In contrast to
their approach, which requires animation and different views, the visualization
technique presented here shows both the group structure evolution and the
dynamic graph within one view using a layered approach. Also the sorting
problem has only been addressed by few works [216, 226] based on impact
factor and optimizing closeness. However, it is very likely that reducing cross-
ings of group transitions could be a better optimization criterion. Moreover,
the visualization technique presented in this chapter uses a special ranking of
transitions and an advanced color assignment to better deal with the remaining
and inevitable crossings.
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6.2 Visualization

The idea of the visualization technique is to show both the evolution of the flat
group structures and the graph structure at individual points in time using
an embedded approach (Tasks I, II, and V). To this end, the visualization is
composed of two superimposed layers: the Group Evolution Layer (Section 6.2.2)
and the Graph Layer (Section 6.2.3). For the Group Evolution Layer, advanced
strategies and optimization methods for the rendering of transition edges (Sec-
tion 6.2.2.1), ordering of groups and vertices (Section 6.2.2.2), and assignment of
color (Section 6.2.2.3) have been developed. These strategies support Tasks IV
and VI and, to some extent, Task III. All dynamic-related tasks, Tasks III–VI, are
furthermore supported by interactive highlighting techniques of the embedded
visualization (Section 6.2.4). After introducing both layers, their interplay, in
particular, visual signatures that point to interesting patterns in the data, are
discussed in Section 6.3.

6.2.1 Data Model

The visualization technique was developed for dynamic undirected weighted
graphs with disjoint flat groups that evolve over time . Therefore,
these groups can be connected to dynamic groups across points in time. As
introduced in Section 1.1.1, a dynamic graph G := (G1, . . . , GT) is defined
as a sequence of T subsequent graphs Gt. Each weighted graph Gt = (Vt, Et)
consists of a set of vertices Vt and a set of edges Et ⊆ Vt ×Vt, where each edge
ej ∈ Et is assigned a weight wej

∈ R
+.

The group structure of the vertices over time is summarized in partition set
ST := (S1, . . . ,ST), where each partition St = {St,1, . . . , St,K} consists of dis-
joint sets of vertices St,k. Connecting groups St,k across points in time, a set of L
dynamic groups D = {D1, . . . , DL} can be derived, where each dynamic group
Dl is a sequence of groups St,k ordered by time, with at most one group for
each point in time t. To distinguish the dynamic group structure ST from the
dynamic groups D, the latter is referred to as dynamic communities D for the
remainder of this chapter. This basic data model is illustrated as a node-link
diagram for a small example in Figure 6.1.

The transition of group memberships of vertices between consecutive points in
time can be described by an additional set of edges, here called transition edges
E = {E1, . . . , ET−1}, where the number of the sets is equal to T− 1. Each set Et
contains transition edges εt,i = (vt,i, vt+1,i) connecting a vertex vi at consecutive
points in time t and t + 1.
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Figure 6.1 — Example of a dynamic graph G with T = 3 points in time and
L = 2 dynamic communities D. The edge weights wej

are mapped to the width
of the links.

The group structure of dynamic graphs can be specified manually or derived
using automatic approaches. In case of an automatic detection, two general
approaches are available [107]: First, in two-stage approaches, the group struc-
ture is derived for each Gt independently and relationships between groups at
different points in time St are inferred successively using community tracking
methods [128, 247]. Second, evolutionary community detection approaches
incorporate both the graph structure of the current and of previous points in
time to determine the evolving communities D of G. Which approach is more
suitable depends on the application context [107].

The presented visualization technique is independent of the choice of the
community detection algorithm. Using evolutionary community detection, the
dynamic communities D = {D1, . . . , DL} are derived directly. If, in contrast,
the two-step approach is used, they have to be derived by a community tracking
procedure that takes the partition sets ST of the vertex sets as input. To support
the latter, a community tracking approach is integrated into the visualization
technique.

The key concept for the tracking is a notion of similarity between groups at
different points in time. Similar to the threshold-based community tracking
approach by Greene et al. [128], two groups S′ and S′′ are similar if their
Jaccard similarity sim(S′, S′′) = |S′ ∩ S′′|/|S′ ∪ S′′| exceeds a given threshold
θ ∈ [0, 1). The threshold θ can be changed interactively within the interface
of the prototype to find a suitable dynamic communities D—for less stable
group structures, a lower threshold is more suitable than for more stable group
structures.
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While the approach by Greene et al. [128] allows many-to-many mappings
between similar groups, in the technique presented here, only pairs of groups
across two points in time are connected: if multiple pairs of groups are rated
as similar, the pair having the highest similarity value is selected. To track
the groups over time, it is necessary to sweep through the points in time and
compare all St,k of partition St to the last members of already partially detected
dynamic communities Dl. Using this approach, some groups St,k may not be
assigned to any dynamic community Dl; also some dynamic communities do
not cover all points in time and can have gaps.

6.2.2 Group Evolution Layer

The dynamic group structure is visualized based on the flow metaphor—already
used for group evolution in other contexts [184, 205, 218]. As illustrated in
Figure 6.2a, the flow-based visualization employs a timeline from left to right
where groups literally flow from one state to the other. The impression of flow
is created by grouping the vertices of a group and connecting the same vertices
across points in time by smooth curves. This helps compare group structures
over time (Task IV).

Technically speaking, for each point in time t, vertices vi of the graph are
rendered as horizontal stripes of a particular height, arranged vertically such
that they form blocks representing groups St,k. As a consequence, the heights of
the blocks corresponds to the size of each group St,k; the blocks are separated
by a small gap to clarify that they are distinct. The groups in partitions St
are arranged side by side, where vertices vi of consecutive points in time t are
connected by links according to transition edges εt,i to represent the changes in
group membership.

6.2.2.1 Group Transitions

Each transition edge εt,i is drawn using a cubic Bézier curve instead of a straight
link. In doing so, smooth, continuous transitions between successive groups
are generated, applying the Gestalt principle of continuity [168]. To support
the user in following transition edges crossing each other, the transitions are
rendered in a specific order so that small groups of transitions are not covered
by larger ones. Transition edges εt,i are ranked for each t ∈ {1, . . . , T− 1} first
and the cubic Bézier curves are then rendered in descending ordered by their
rank rt,i.

The ranking algorithm assigns high ranks rt,i to transition edges εt,i that build
up sets of transitions E between groups St,k belonging to the same dynamic
community Dl: rt,i = |V| · |E |. The factor |V| makes sure that these vertices
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(a) (b)

(c)

Figure 6.2 — Evolution of a dynamic graph with T = 3 and L = 3 dynamic
communities Dl. (a) Group Evolution Layer showing the partitions St and the
transitions εt,i between them. Groups St,k are labeled with l and colored
according to the dynamic community Dl they are associated with. (b) Graph
Layer showing the graph structure at individual points in time, where inter-
group edges are aggregated and represented by curves. (c) Joined layers: the
Graph Layer (b) is superimposed on the Group Evolution Layer (a); vertices vi are
labeled. Vertex v7 was selected and hence the respective ribbon as well as the
respective nodes at all points in time are highlighted within the Graph Layer.
Moreover, all inter- and intra-group edges v7 is involved in, are highlighted as
well. The direct neighbors (v6, v8, v9, and v10) are slightly highlighted at each
point in time individually.

are assigned the highest ranks. Transition edges εt,i that are part of a set of
transitions connecting two groups belonging to different dynamic communities
Dl are assigned medium ranks: rt,i = |E |. The ranks are proportional to the size
of these groups of transitions E . For all single transition edges εt,i, small ranks
are assigned, where rt,i depends on the vertical distance between the positions
of vi at t and t + 1:

rt,i = 1− |y(vt,i)− y(vt+1,i)|/∆ymax,

where the function y(vt,i) returns the vertical position of a vertex vt,i at a
particular point in time t and ∆ymax describes the maximal vertical distance
between vertices.

Using this ranking, larger groups of transitions are drawn first, and single
transitions that bridge the highest vertical distance are drawn last. In Figure 6.2,
vertex v7 is the one that is drawn last. Moreover, the cubic Bézier curves are
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(a) (b)

Figure 6.3 — Demonstration of the effect of ordering groups and vertices based
on a graph with |V| = 100 and T = 5: (a) ordered by group size and vertex
name; (b) ordered by crossing minimization.

rendered with halos to further improve the readability of crossing transition
edges, in particular for crossing edges having the same color.

6.2.2.2 Ordering of Groups and Vertices

The visual traceability of dynamic groups in the visualization (Tasks IV and V)
also depends on the ordering of the groups and their contained vertices. As
in node-link diagrams, in particular, many crossings of transition edges εi,j
reduce the readability: Figure 6.3 illustrates this by comparing a simple group
ordering by size (and vertex name within the groups) to one with minimized
edge crossings; here, the number of crossings is reduced from 7,405 to 1,788.
The minimization of edge crossings in layered node-link diagrams has been
studied already, e.g., as part of the Sugiyama layout [246]. However, in the
visualization presented here, vertices cannot be moved independently as the
group structure needs to be preserved. Holten and van Wijk [145] discussed
crossing minimization for two clustered sets of vertices; their approach was
extended to multiple points in time. An alternative optimization goal would
have been to optimize for closeness of groups and vertices as proposed by
Sallaberry et al. [226]. This criterion is less suitable because crossing edges are
more harmful than long edges with respect to traceability.

Like other linear arrangement problems in the context of layered graphs and par-
titions [145, 226], the ordering problem in the presented technique is NP-hard
because the one-sided crossing minimization [187] is contained. A heuris-
tic solution was implemented that is, in particular, based on a barycenter
approach [246]. The algorithm sweeps through the layers as illustrated in
Figure 6.4a and optimizes the order of group St,k and vertices vi of pairs of
two consecutive points in time: the layer that has already been sorted is kept
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(a)

(b)

Figure 6.4 — Illustration of the sorting algorithm of dynamic groups St,k ∈ St
and their vertices. (a) Sequence of groups St of a dynamic graph with T = 5.
(b) The dynamic group structures St are scanned forth and back.

fixed, while the order of groups and vertices is optimized in the other layer
in a one-sided crossing minimization. The applied optimization procedure
first sorts the groups and then considers the order of the vertices within the
groups. To further improve the result of this heuristic optimization, the sweep
is performed forward and backward through the points in time (indicated by
the blue and green arrows in Figure 6.4a and the steps in Figure 6.4b) until the
number of crossings cannot be reduced further. The full optimization procedure
is repeated with randomized starting orderings for groups and vertices. Finally,
the solution with least crossings is selected.

6.2.2.3 Vertex Coloring

Using color is not required for the presented visualization technique, but
color can encode further useful information on the vertices and groups. The
visualization technique, in particular, allows users to switch between three
different coloring schemes based on:

• the dynamic communities Dl (Figure 6.5),

• the stability of the dynamic communities Dl over time (Figure 6.6a), and

• the vertex stability over time (Figure 6.6b).

For coloring based on dynamic communities as well as on the group stability,
transition edges εi,j might connect groups of different color. The respective
curves are therefore rendered with a color gradient, where the center of the
color gradient is shifted more toward the next time step to indicate the direction
of time.

Dynamic community coloring: Previous visualization approaches for group
structures in static as well as in dynamic graphs often represent (dynamic)
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(a) (b)

Figure 6.5 — Color assignment for dynamic communities Dl based on two
contrary optimization criteria: (a) similarity-based criterion and (b) distance-
based criterion.

groups by different colors with vertices—here ribbons—colored with respect
to the group to which they belong (Task I). Color is, thereby, used either as pri-
mary or secondary encoding (see Section 2.1 for a summary of these techniques).
Which color is assigned to which group, however, is arbitrary in most of those
approaches. Few techniques optimize the color assignment to maximize the
color differences between neighboring groups [113, 148, 174] within
static graphs. Only one technique assigns colors to the groups of a dynamic
graph using an optimization strategy that maximizes the color stability between
similar groups of successive points in time [149] .

In this visualization technique, optimization approaches for an informed color
assignment are investigated. In contrast to Hu et al. [149], the similarity of
groups is rather used to detect dynamic communities Dl, which are then
assigned colors based on an optimization criterion. Vertices (ribbons) are colored
with respect to the dynamic community Dl they belong to at a particular point
in time. As mentioned before, the ribbon may contain color gradients along the
transitions, if the vertex switches between dynamic communities. Groups St,k
that do not belong to any dynamic community Dl and their contained vertices
are gray.

The developed technique optimizes the color assignment with respect to one of
two contrary optimization criteria (Figure 6.5). The similarity-based criterion
tries to assign similar hues to similar dynamic communities Dl (i.e., dynamic
communities that exchange many vertices). In contrast, the distance-based
criterion tries to assign different hues to dynamic communities Dl that are close
in space to increase the hue contrast. The optimization problem of assigning
different hues to all Dl can be considered as a circular arrangement problem
because the hues are arranged on a color wheel with respect to color models
such as HSV. The nodes (here, Dl) of a graph, thereby, have to be positioned
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(a) (b)

Figure 6.6 — Coloring based on stability metrics: (a) group stability and (b) ver-
tex stability.

on a circle to minimize the total angular edge length. The minimum circular
arrangement problem is NP-complete [115]. To find a heuristic solution for this
problem, the arrangement of dynamic communities Dl is calculated on the hue
circle by extending the barycenter-based method of Gansner and Koren [112]. To
achieve that pairs of Dl whose relation has strong weights are positioned close
to each other on the circle, edge weights were incorporated in the barycenter-
based method. This method is based on polar coordinates, where the node
positions are rescaled before the colors are assigned such that they are equally
distributed on the circle.

Six weighting schemes have been developed—three for each optimization
criterion—describing the edge weights for all pairwise combinations of Dl.
Figure 6.5 illustrates the coloring results of two such weighting schemes. To
find out which of the colorings users find more aesthetically pleasing, an elec-
tronic survey was performed. In the survey, the participants were asked to
rank the six colorings presented in random order using a 5-point Likert scale
(the higher the rank, the higher the participant’s preference) and to choose the
coloring they like most. With high significance (t-test, t = 3.85, p = 0.001),
participants preferred similarity-based optimization results (averrank = 3.56,
σrank = 0.94) over distance-based ones (averrank = 2.47, σrank = 0.94). 20 of 22
participants chose one of similarity-based optimization results as their favorite.
This result suggests that the vertical gap between the groups is sufficient to dif-
ferentiate between them. The similarity-based approaches are more aesthetically
pleasing. Therefore, a similarity-based optimization is used for the remainder
of this chapter.

Group stability coloring: Dynamic communities exchange members with each
other. The stability of the dynamic communities describes the degree of ex-
change, where high stability values represent a low exchange. The stability of
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a dynamic community Dl can be defined as the mean Jaccard similarity (Sec-
tion 6.2.1) between each pair of subsequent constituent groups St,k according to
Greene et al. [128]:

stab(Dl) =
1

T − 1

|Dl |−1

∑
n=1

sim(S(Dl, n), S(Dl, n + 1)),

where function S(Dl, n) returns the nth group St,k of dynamic community Dl.
To distinguish the stability of gapped or partial sequences of groups from
non-gapped or full sequences spanning the complete time frame, the term is
divided by T − 1 but not |Dl| − 1. The highest stability stab(Dl) = 1 is reached
only if all groups belonging to Dl are identical and |Dl| = T − 1. Based on this
stability metric, vertices (ribbons) are colored with respect to the stability of the
dynamic community Dl they belong to at a particular point in time.

As mentioned before, the ribbon may contain color gradients along the transi-
tions, if the vertex switches between dynamic communities. This mapping is
done using a blue single-hue color map, where the saturation and value depend
on stab(Dl) such that stab(Dl) = 0.0 is mapped to blue and stab(Dl) = 1.0 is
mapped to light gray (Figure 6.6a) to highlight instable groups. Groups St,k
not belonging to any dynamic community Dl and their contained vertices are
assigned the same color as for stab(Dl) = 0.0. As the ribbons form bundles
representing the groups at particular points in time, this coloring helps to
compare group structures over time and to identify stable groups from instable
ones (Task IV).

Vertex stability coloring The third coloring approach considers stability from
the perspective of vertices (Task VI). The stability of a vertex v describes its
tendency to belong to similar groups over time. It is defined based on the
Jaccard simililarity of groups, similar to Takaffoli et al. [247]:

stab(v) =
1

a− 1

a−1

∑
n=1

sim(S(v, n), S(v, n + 1)),

where function S(v, n) returns the nth group St,k to which v belongs and a is
the number of groups v is part of, i.e., a ≤ T. If the dynamic community to
which a vertex belongs does not change over time, stab(v) = 1 is maximal. To
visually discern the vertex from group stability, here, a green single-hue color
map is used. The saturation and value, thereby, depend on stab(v) such that
stab(v) = 0.0 is mapped to green and stab(Dl) = 1.0 is mapped to light gray
(Figure 6.6b) to highlight instable vertices. Since stab(v) is a property of the
vertices themselves, all horizontal stripes and transition edges representing the
vertex can be drawn using the same color.



6.2 • Visualization 115

6.2.3 Graph Layer

Visualizing only group evolution, users cannot analyze why the group structure
changed and whether changes are due to noise or drastic changes in graph
topology. To allow users investigate the reliability of the derived dynamic group
structure (Task II and V), the Graph Layer (Figure 6.2b) can be superimposed on
the Group Evolution Layer. Each individual graph Gt is visualized as a node-link
diagram on top of the group structure at time t (Figure 6.2c; Tasks I and II).
The node-link diagrams contain two types of edges: intra-group edges (edges
of the intra-group graph, i.e., within the groups) and inter-group edges (edges
connecting vertices from different groups). In both cases, the width of the links
encodes the edge weights.

Each graph is visualized as a partially aggregated graph with group nodes
visualized as a rectangles with aggregated inter-group edges shown as curves
connecting the rectangles. The intra-group graph of each group is plotted on top
of the respective rectangle (Task I). Within this rectangle, small circular nodes
representing vertices are connected by straight lines according to the graph
structure. The vertical position of the nodes is determined by the ordering of
groups and vertices (Section 6.2.2.2). Nodes can still be moved horizontally to
optimize the layout. An adapted force-based FR model [110] is used, where
node movements are restricted to the horizontal axis.

As an important property of the intra-group graph, its relative density is
visualized in the color of the rectangular group node: if dynamic group coloring
is applied, the saturation and value of the original background color is varied,
otherwise the relative density is mapped to a gray scale. The relative density of
a group St,k is based on the intra-group density of the group subgraph (internal
degree: dint(St,k)) and the inter-group density (external degree dext(St,k)):

ρ(St,k) =
dint(St,k)

dint(St,k) + dext(St,k)
.

The intra-group density is described by the ratio between the number of internal
edges of St,k and the number of all possible edges in St,k. The inter-group density,
in contrast, is defined as the ratio between the number of edges connecting
vertices of St,k with the rest of the graph Gt [107]. The relative density of a
group ρ(St,k) may be sufficient to explain why a group dissolves or splits up.
The intra-group graph can therefore also be hidden on demand.

For depicting the inter-group edges, straight links could have been used as well
to connect the vertices, but they would clutter the display considerably. For this
reason, inter-group edges can be aggregated on demand based on the group
structure: all edges linking vertices from the same pair of groups are aggregated
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to a single edge between the two groups (edge weights are summed). The
aggregated inter-group edges (individual edges) are then visualized by curved
links connecting the rectangular group nodes (individual nodes) as depicted
in Figure 6.2b for the aggregated links. Both types of edges—intra-group and
inter-group edges—can be filtered interactively using sliders to concentrate on
strong edges only.

The relative density within groups in combination with the aggregated inter-
group edges help analyze the consistency between graph topology and group
structure (Tasks II and V). If the group structure was derived based on the graph
topology using clustering, the density of edges within groups should be much
higher than between groups. A thick inter-group edge is an indicator for a
high density of edges between the two groups, where bright unsaturated group
nodes indicate that the members of that group are related only weakly.

6.2.4 Interactive Highlighting

To support the user in analyzing group lifetime phenomena and identifying
their causes, the visualization technique incorporates standard brushing-and-
linking techniques that help the user focus on particular nodes or groups of
the dynamic graph (Tasks III and IV). The selection of a vertex vi within the
Group Evolution Layer or Graph Layer will result in highlighting all visual objects
associated with this vertex over the complete period of time, i.e., the ribbon
and the respective nodes representing vi within the node-link diagrams. This is
achieved using a more saturated color for selected elements and a less saturated
color for all others (Figure 6.2c). In the Graph Layer, in addition to the selected
node itself, also its neighbors as well as its relations will be highlighted showing
them in medium saturation (Task III). The highlighted relations include the
node’s inter-group links and all aggregated intra-group links (curves) the vertex
contributes to. The selection of a complete group St,k will highlight all vertices
vi it includes as described before (Task IV).

6.3 Visual Signatures

Visual signatures—sometimes also referred to as visual patterns—are typical
patterns of a visualization that identify significant phenomena in the data.
For group evolution, some signatures have already been discussed elsewhere:
formation, growth, contraction, split, and dissolution of a group and merge
with other groups [36, 107, 180]. However, the combined visualization of the
group evolution and the graph structure introduces new signatures that enable
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Figure 6.7 — Visual signatures in group evolution.

a more informed and in-depth analysis of the group evolution as discussed in
the following.

The low-level evolution of groups alone can be largely described by a small num-
ber of visual signatures that are illustrated in Figure 6.7 (two-step signatures)
summarized from literature [36, 82, 107, 180]: stable (or continued) groups form
thick continued lines; at a split, a single group falls into at least two parts and a
merge is a reverse split; if vertices of a group are not continued, they extinct or,
on the contrary, they emerge. These signatures describe ideal scenarios—often,
in real data sets, mixed scenarios or slightly deviating patterns can be observed.
Visualizing group stability, as possible with the presented visualization tech-
nique using color mapping (Section 6.2.2.3), supports estimating the degree of
stability. Although patterns can be detected automatically and highlighted [82],
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this option was not included as to not overload the diagram and to not limit
the users’ interpretation of patterns.

Other signatures cover several time steps, such that dynamic communities have
a growth or contraction phase [107]. Further signatures that can be observed
with the visualization technique presented here but have not been described
in literature yet, are shown in Figure 6.7 (n-step signatures): a re-merge merges
together the same vertices that have been split before and a re-split is the
analogous operation for a split; a gap is the extinction at any point in time t′

and emerge of the same vertices at t′′ > t′ + 1 as a group. For detecting these
n-step signatures, it is particularly helpful that dynamic communities Dl are
computed and the same color is assigned to each group Ct,k ∈ Dl. For instance,
it is much easier to check that a re-split really falls into the same groups that
existed before based on those colors.

Layering graph information on top of group structures, which is a unique
feature of the presented technique, allows for identifying additional signatures.
The graph structure provides details on the groups showing how coupled
they are between each other and how cohesive they are themselves (Figure 6.7,
graph-related signatures): an independent group is not coupled to other groups
by inter-group links, but its vertices form a cohesive and dense graph structure;
in contrast, a coupled group is highly connected to other groups, whereas vertices
of an incohesive group are not reasonably connected among each other.

The graph-related signatures—in particular, when combined with the time step
signatures—open up a new perspective on analyzing group structure evolution:
while group assignment is an either/or decision, the dynamic graph layer allows
for taking a “look behind the scenes” and reveals uncertainties with respect to
group assignment. For instance, it could make a considerable difference if, after
a split, the new groups are coupled or independent; in the first case, the split
has much less relevance than in the second. When groups are automatically
detected, the visualization might even be used for debugging or configuring the
detection algorithm because graph and group structures can be connected.

6.4 Results

The visualization technique presented in this chapter was applied to a set of syn-
thetic dynamic graphs. The dynamic graphs were generated using a dynamic
network generator by Greene et al. [128] based on the static network gener-
ation tool for undirected unweighted graphs with dynamic non-overlapping
groups [176]. The tool creates dynamic graphs with embedded groups contain-
ing specific types of group evolution events, such as merge, split, switch, growth,
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or contraction. Using this tool, two sets of dynamic graphs were generated, one
including merges and splits of groups at each point in time (Figure 6.8) and one
including switch events, where group memberships are switched at each point
in time (Figure 6.9).

With respect to the graph topology, the number of nodes (n), the average and
maximum degree (davg and dmax), and the mixing parameter for the topology
(mix) can be adjusted. For both sets, the number of vertices n, the degree values
(davg and dmax) and the number of points in time T were continuously increased,
where the mixing parameter for the topology was kept constant with a value
of mix = 0.3. For the merge-split events, in addition the number of merge
and split events per point in time was increased. In contrast, for the switch
events, the probability p of a vertex switching its group membership between
successive points in time was kept constant with p = 0.1. The parameters are
summarized in Table 6.1 and Table 6.2 together with the number of dynamic
communities L as well as the number of crossing transitions occurring if the
groups St,k are (a) not ordered, (b) ordered by group size and vertex name,
(c) ordered by crossing minimization as described in Section 6.2.2.2.

Figures 6.8 and 6.9 show both sets of synthetic dynamic graphs, where the
diagrams have the same aspect ratio for all dynamic graphs. This was achieved
by adjusting the drawing parameters such as transition width and length and
horizontal space for each point in time.

For both sets of synthetic graphs, it is possible to perceive group evolution
events (Task IV) using the dynamic community coloring (left column in both
figures). Even with increasing size of the graphs n, number of groups K, and
dynamic communities L, the group structure can still be perceived. Although

Table 6.1 — Description of synthetic dynamic graphs with disjoint flat
groups and merge and split events. The number of crossing tran-
sitions refer to different group and vertex orderings: (a) none, (b) by group
size and vertex name, (c) by crossing minimization. The number of dynamic
communities L was obtained with θ = 0.3.

Figures n davg dmax T

M
er

ge

Sp
lit L crossings for ordering

(a) none (b) size (c) min.

6.8a & 6.8b 25 4 10 3 1 1 4 203 334 23
6.8c & 6.8d 50 6 10 4 2 2 7 1,342 1,284 239
6.8e & 6.8f 100 8 10 6 4 4 16 14,722 8,920 2,957
6.8g & 6.8h 200 10 20 9 7 7 36 79,164 55,967 24,215
6.8i & 6.8j 400 12 40 13 16 16 68 450,224 296,696 156,365
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(a) n = 25, T = 3, L = 4 (b) n = 25, T = 3, L = 4

(c) n = 50, T = 4, L = 7 (d) n = 50, T = 4, L = 7

(e) n = 100, T = 6, L = 16 (f) n = 100, T = 6, L = 16

(g) n = 200, T = 9, L = 36 (h) n = 200, T = 9, L = 36

(i) n = 400, T = 13, L = 68 (j) n = 400, T = 13, L = 68

Figure 6.8 — Visualization technique applied to synthetic dynamic graphs of
different size n = |V| and T with merge and split events. Left column: dynamic
community coloring; right column: group stability coloring.
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(a) n = 25, T = 3, L = 4 (b) n = 25, T = 3

(c) n = 50, T = 4, L = 7 (d) n = 50, T = 4

(e) n = 100, T = 6, L = 12 (f) n = 100, T = 6

(g) n = 200, T = 9, L = 18 (h) n = 200, T = 9

(i) n = 400, T = 13, L = 20 (j) n = 400, T = 13

Figure 6.9 — Visualization technique applied to synthetic dynamic graphs
of different size n = |V| and T with switch events. Left column: dynamic
community coloring; right column: vertex stability coloring.
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Table 6.2 — Description of synthetic dynamic graphs with disjoint flat
groups and switch events. The number of dynamic communities L was
obtained with θ = 0.3. The number of crossing transitions refer to different
group and vertex orderings: (a) none, (b) by group size and vertex name, (c) by
crossing minimization.

Figures n davg dmax T p L crossings for ordering
(a) none (b) size (c) min.

6.9a & 6.9b 25 4 10 3 0.1 4 50 51 26
6.9c & 6.9d 50 6 10 4 0.1 7 258 901 137
6.9e & 6.9f 100 8 10 6 0.1 12 1,653 3,231 1,331
6.9g & 6.9h 200 10 20 9 0.1 18 11,201 22,839 7166
6.9i & 6.9j 400 12 40 13 0.1 20 65,632 105,572 50,053

colors cannot be assigned without ambiguities to dynamic communities—the
encoding of categorical values using color becomes difficult for more than about
seven groups [137]—they can still be differentiated due to the flow-like design
of the visualization. Following the bundles of ribbons that are separated by
white space, it is still possible to identify group evolution events.

Due to the similarity-based optimization of the assignment of colors to dynamic
communities, groups that split and merge or exchange many objects are as-
signed similar colors. Dynamic groups that are independent from each other,
in contrast, are still assigned colors that can be differentiated. In Figure 6.8i,
e.g., there is one huge pink group that splits up during the second third of the
lifespan into smaller and smaller groups. A dynamic community that persists
over time is the light green group that emerges at the second point in time.

In addition, the group stability coloring based on the dynamic communities
Dl helps identify stable and unstable groups St,k (right column of Figure 6.8).
This coloring confirms that the light green dynamic community of Figure 6.8i is
relatively stable as it shows up as light blue bundle in Figure 6.8j. In contrast to
group evolution events, the identification of single vertices that switch from one
dynamic community into another becomes more difficult with increasing size.
In general, switch events can be obtained using coloring based on the dynamic
community (left column of Figure 6.9). Transitions that represent switch events
are drawn last (Figure 6.10a shows a part of Figure 6.9g). However, when
zooming out to visualize to complete dynamic graph, the ribbons become
very thin and it is hard to find single curves connecting different dynamic
communities (e.g., Figure 6.9g).
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(a) Dynamic community coloring (b) Vertex stability coloring

Figure 6.10 — The same synthetic dynamic graph as shown in Figures 6.9g
and 6.9h (n = 200, T = 9, and L = 18), where only the first two points in time
are visualized.

In comparison to group–only tasks, for group–node tasks (Tasks I, II, V, and
VI), it is necessary to investigate both graph topology and group structure in
combination. With increasing size of the graph, it is inevitable to use interaction,
e.g., zooming and panning to identify vertices associated with a particular group
(Task I). The consistency between graph topology and group structure (Tasks II
and V) can be investigated based on the embedded graph visualization at each
point in time. Here, the aggregated inter-group edges and the mapping of the
edge density within each group helps. With increasing size n, this becomes
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difficult as the graph layer becomes relatively scattered due to the long vertical
distances between the groups St,k. In Figures 6.8g–6.8j, 6.9g–6.9j, and 6.10, e.g.,
many inter-group links cross, which makes it hard to analyze how coupled the
groups are.

Vertices that are stable with respect to their integration into the dynamic flat
group structure can be differentiated from vertices that are instable (Task VI)
using the vertex stability coloring (right column of Figure 6.9). This coloring
highlights instable vertices that show up as green ribbons among light green
ribbons, if the ribbons are visible at a minimum width (Figure 6.10b). However,
when zooming out to display the complete large dynamic graph on the screen,
it becomes difficult to spot the few dark green ribbons among the light green
ones (Figures 6.9f, 6.9h, and 6.9j).

In summary, group–only tasks (Task IV) can be solved even for large graphs,
whereas for group–node tasks (Tasks I, II, V, and VI), interactions become
necessary with increasing size of the graph. Network–only tasks (Task III),
however, are difficult to solve using the presented visualization technique. For
larger graphs, the visualization technique can still be used to obtain an overview
of the evolving group structure and to identify lifetime phenomena, whereas
an investigation of the underlying graph structure at individual points in time
becomes difficult.
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Dynamic Hierarchical Group

Structures

In contrast to the previous chapter, the technique presented in this chapter
goes one step further, considering hierarchical rather than just flat group
structures.1 Again, dynamic graphs are taken into account, where given that the
changes of the graph are substantial, the hierarchical group structure changes
over time as well. The tasks for dynamic hierarchical group structures in
dynamic graphs are the same as in Chapter 6, where all group-related tasks
have to be extended toward hierarchical groups considering not only groups
but also subgroups of vertices:

I) Find vertices and edges associated with a group (subgroup) of interest at
a particular point in time.

II) Analyze the consistency between the hierarchical group structure and the
graph topology of individual graphs.

III) Compare graph topologies over time.

IV) Compare hierarchical group structures over time.

V) Analyze how far changes in the graph topology are reflected in changes
in the hierarchical group structure.

1 Parts of this chapter have been published in:
[17] C. Vehlow, F. Beck, and D. Weiskopf. Visualizing dynamic hierarchies in graph sequences.
IEEE Transactions on Visualization and Computer Graphics, 2016.
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VI) Differentiate vertices that are stable with respect to their integration into
the dynamic hierarchical group structure from vertices that are instable.

Both components, the graph topology and the hierarchical group structure, are
shown within an embedded visualization that supports all of these tasks.

The visualization technique is applied to a set of synthetic graphs of different
size. An application of the visualization techniques introduced in this and
the previous section to a network from the biological domain is presented in
Section 8.4.

7.1 Related Work

In this section, the work in fields related to the visualization technique presented
in this chapter is summarized, including the visualization of dynamic graphs,
hierarchical group structures, and flow-oriented data.

Dynamic graphs: Graph sequences are commonly visualized using timeline- or
animation-based methods for node-link diagrams or adjacency matrices [48].
Using matrices, neighboring graphs can be linked visually for comparison using
a flow metaphor as they have a linear order of vertices. Alternative graph
representations that use a linear arrangement of vertices include parallel edge
splatting [3], TimeArcTrees [130], or adjacency lists [143]. Although adjacency
matrices require more space than these alternatives, here, adjacency matrices
are used for several reasons: They facilitate the encoding the hierarchical
structure within each graph without visual clutter. Second, using matrices,
the visualization technique presented here can be extended easily to compare
the hierarchical group structures not only within a graph sequence but also
between different graph sequences. Third, matrices are well suited for dense
graphs and support the visual encoding of edge densities within and between
groups, which improves the scalability.

Intra-cell timeline techniques [65, 275] and layered matrix visualizations [9, 39,
62, 64] are examples of matrix-based approaches. Intra-cell timeline methods
only support the visualization together with the global hierarchical group
structure—static over the full time span, e.g., by attaching a layered icicle-like
representation to the matrix [65]. They are not suitable for the visualization of
dynamic hierarchical group structures and varying vertex order.

Using layered or stacked matrices, in contrast, the vertices for each graph
of the sequence can be sorted individually based on the hierarchical group
structure. So far, this approach was mainly used for dynamic graphs without
an additional hierarchical group structure [39, 40, 204] or for dynamic graphs
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with a static hierarchical group structure [9, 62, 64]. The matrices representing
individual points in time are, thereby, positioned next to each other in one
dimension [204], they can be arranged in radial layers [9, 62, 64], or stacked
in three-dimensional space [39]. The static hierarchical group structure of a
dynamic graph can be visualized using hierarchy representations, such as a
tree node-link diagram [62], indented plot [64], or icicle plot [9], attached to,
or superimposed on, the layered dynamic graph representation [15]. However,
these techniques do not support the visualization of a dynamic hierarchical
group structure.

Hierarchical group structures in dynamic graphs: Only two techniques visual-
ize the changes of both the hierarchical group structure and the graph topology.
The animated node-link technique by Reitz et al. [217] uses the hierarchi-
cal group structure to control the animation and to automatically aggregate
subhierarchies that do not change. Although only those parts of the data that
change are presented in detail, it is still difficult to perceive and understand
the changes in the animation (Tasks III and IV). Moreover, it is difficult to keep
track of the vertices placements in the course of the sequence of hierarchical
group structures (Task V), especially as a vertex may not even be visualized at
some points in time.

Ahmed et al. [23] visualize each hierarchically structured graph using radial
representations and stack them in three-dimensional space. Because of the three-
dimensional positioning of the layers, it is difficult to keep track of vertices,
their relations, and their hierarchical placement over time (Tasks III and IV). In
addition, the change of the layout over time makes it difficult to compare the
graphs because no visual links connect matching elements between successive
points in time. Within both techniques, it is hard to monitor the changes in the
hierarchical group structure (Task IV) as well as the graph topology (Task III)
and to investigate the consistency between the hierarchical group structure and
the graph topology (Tasks II and V). In contrast, the technique presented in this
chapter supports all these tasks due to its design, the dissimilarity metric, and
the sorting algorithm.

Hierachical group structures: Hierarchical group structures are often visu-
alized using tree visualization techniques [162, 232]. The most common ap-
proaches include node-link diagrams, stacking approaches like icicle or indented
plots, or nesting approaches like treemaps. Graham and Kennedy [126] sum-
marize visualization techniques for pairs of trees but also sequences of trees.
They classify existing approaches into five categories: edge drawing, coloring,
animation, matrix representation, and agglomeration. Using edge drawing, two
hierarchies visualized, e.g., as icicle plots, are juxtaposed and matching leaves
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are connected by straight [182] or bundled [145] links. Coloring approaches,
such as the TreeJuxtaposer [188], visualize links by color coding.

Within matrix representations, such links are visualized using an adjacency
matrix with two hierarchies attached to it [46]. Agglomeration methods merge
two hierarchies into one representation; some approaches encode differences
visually [125, 131, 132], others superimpose both tree visualizations [61]. Ap-
proaches that support the comparison of multiple hierarchical group structures
mainly use edge drawing [95, 243, 248] or coloring [58, 77].

CodeFlows [248] visualizes the temporal evolution of hierarchies using juxta-
posed mirrored icicle plots. Alternatively, the hierarchies can be visualized
using node-link diagrams on individual planes stacked in 2.5D [95] or 3D [243].
Using coloring, hierarchies are arranged as small multiples with all differences
to a reference hierarchy color-coded within each hierarchy visualization [58, 77].
The visualization technique presented here uses an edge-drawing approach to
compare juxtaposed hierarchically structured graphs.

Flow-oriented visualization: There are several flow-like visualization tech-
niques that are visually similar to the technique presented here, employing a
timeline from left to right where groups of elements literally flow from one state
to the other [13, 127, 136, 218, 263]. In contrast to the technique introduced in
this chapter, these techniques do not visualize graph sequences. Solely the tech-
nique presented in the previous chapter [13] visualizes a dynamic graph as well.
However, the method presented in Chapter 6 represents the graphs by node-link
diagrams and it only supports the visualization of flat—but not hierarchical—
group structures. The Sankey diagram [218] and the ThemeRiver [136] show
continuous flow-like shapes, whereas in the Domino [127] and the Connected-
Charts [263] the flow is interrupted by small charts. Domino [127] visualizes
multiple interconnected datasets—e.g., heatmaps shown as matrix—aligned
horizontally, where relationships between them are encoded by links. In the
ConnectedCharts [263], multidimensional multivariate data is displayed using
multiple charts (bar charts and scatter plots) and relationships between them
are represented by curves to show conceptual links.

7.2 Visualization

The visualization technique aims at the visual analysis of changes within a
dynamic graph and its hierarchical group structure considering the aforemen-
tioned tasks. To support these tasks, the visualization technique combines
a small multiples representation of the dynamic graph, icicle plots attached
to and contours within an adjacency matrix, and the edge-based comparison
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of two hierarchies. However, the naive hybrid of those techniques implies
several problems with respect to the defined tasks. Therefore, the different
components were adjusted to a visualization technique applicable to dynamic
hierarchically structured graphs and to support all tasks. The key components
of the visualization technique supporting the defined tasks are:

• an integrated visualization of the dynamic hierarchical group structure
together with the dynamic graphs (Sections 7.2.3 and 7.2.4; Tasks I–V),

• a visualization that supports the comparison of dynamic hierarchical
group structures (Section 7.2.4; Task IV),

• an improved encoding of the hierarchical group structures in adjacency
matrix visualizations (Section 7.2.3; Tasks I, II, and V),

• a sorting algorithm for sequences of hierarchies to facilitate their compari-
son (Section 7.2.5; Task IV), and

• a transition-based metric that describes the dissimilarity between hierar-
chies (Section 7.2.2; Tasks IV and VI).

In contrast to existing techniques, the design of the integrated visualization
supports all six tasks. In addition, the integrated interaction techniques (Sec-
tion 7.2.6) support the defined tasks.

7.2.1 Data Model

A dynamic graph G := (G1, . . . , GT) is defined as a sequence of T subsequent
graphs Gt. Each of these graphs is modeled as a directed weighted graph
Gt = (Vt, Et) that consists of a set of vertices Vt and a set of edges Et ⊆ Vt ×Vt.
Thereby, each edge ej ∈ Et describes a tuple of two vertices (vi1 , vi2) and each
edge is assigned a weight wej

∈ R
+. The number of vertices |Vt| may change

over time. In the following, V denotes the global set of vertices containing all
vertices v in any Vt.

An associated hierarchical group structure HT := (H1, . . . , HT) of the dynamic
graph G is defined as a sequence of T subsequent hierarchies Ht. The hier-
archical group structure Ht of the vertices v ∈ Vt can be defined as a family
of sets Ht = {S0, S1, . . . , SL}, where each Sl1 is a set of other group elements
Sl2 ∈ Ht, with l1 6= l2 or graph vertices vi ∈ Vt. These groups represent the
inner elements of a hierarchy where S0 forms the root element. For all Sl from
Ht where l = 1, . . . , L, there is exactly one parent group Sl′ ∈ Ht with Sl ∈ Sl′ ;
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since also each graph vertex is contained in exactly one parent group, the same
applies to all vi ∈ Vt (∀vi ∈ Vt ∃! l′ ∈ {0, . . . , L} : vi ∈ Sl′).

The visualization technique presented in this chapter supports the visual com-
parison of M different sequences of hierarchical group structures Hm, with
m = 1, . . . , M, for the same dynamic graph G. Therefore, the comparison of
hierarchical group structures Ht within a sequence Hm1

(comparing Hm1,t with
Hm1,t+1) and between sequences Hm1

and Hm2
(comparing Hm1,t with Hm2,t)

are supported. Such sequences could be the result, e.g., of different clustering
algorithms. Also the comparison of a local (time-dependent) with a global
(static) hierarchical group structure is conceivable. If H is static, all Ht ∈ H are
identical.

7.2.2 Dissimilarity Computation

The comparison of hierarchies within and between sequences can be supported
on a higher level using a dissimilarity metric. In the context of software clus-
tering, different global metrics for hierarchy similarity, e.g., based on edit
operations similar to the Levenstein distance were suggested [239, 240]. Both
the END metric [239] as well as the UpMoJo metric [240] are based on similarity
metrics that estimates the distance between two flat decompositions and com-
pare the hierarchies level by level. Both metrics support only the calculation of
the distance between two hierarchies but not for individual vertices.

In contrast, the novel metric described here is able to compute a dissimilarity
value for each vertex v (hence, transition edge) describing the difference of
containment of v in two hierarchies. In particular, the metric can be used to
compare the integration of a vertex v ∈ Vt ∪Vt+1 into two hierarchies Hm,t and
Hm,t+1 (or v ∈ Vt into Hm1,t and Hm2,t). In the following, for simplification, these
hierarchies are only referred to as H1 and H2, with V1 and V2 as the vertex sets
of the respective graphs G1 and G2 (for H1 = Hm1,t and H2 = Hm2,t, G1 = G2).
This dissimilarity can be described based on the cosine similarity:

dissim(v, H1, H2) = 1−
−→c1 ·
−→c2

|−→c1 | |
−→c2 |

,

where−→c1 and−→c2 are vectors of length |V′|with V′ = V1∪V2. Each entry of these
vectors describes the closeness of v to all vi ∈ V′, with v 6= vi. The closeness
between two vertices vi1 and vi2 in a hierarchy H is defined as c(vi1 , vi2 , H) =
1/(p− 1), where p describes the length of the shortest path in H from vi1 to
vi2 . The shortest possible path length is therefore p = 2 and the longest path
length is p = 2(d− 1), where d is the depth of the hierarchy H. In case that
{vi1 , vi2} 6∈ V1 ∩V2, p is set to the maximum path length.
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(a) (b)

Figure 7.1 — Illustration of the calculation of the dissimilarity between the
hierarchical integration of v10 within the two hierarchies H1 and H2. (a) Transi-
tions between H1 and H2, where the path lengths p from V10 to any other vi or
internal node Sl are included in the layered icicle plot. (b) Summary of path
lengths p and closeness values c = 1/(p− 1). The dissimilarity is based on the
cosine similarity between ~c1 and ~c2.

We use the cosine similarity instead of alternative similarity measures such
as the Dice or Jaccard coefficient as high values within the vectors, i.e., high
path lengths, carry more weight and to stress dissimilarities. We use 1/(p− 1)
as closeness metric, to maximize the possible value range and to increase the
weight on the direct neighbors of v. Hence, using this metric, changes within
any subhierarchy Sl, with v ∈ Sl, have a stronger influence on the dissimilarity
dissim(v, H1, H2) than changes in a subtree S′l, with v 6∈ S′l.

Figure 7.1 illustrates the calculation of the dissimilarity for vertex v10 between
two hierarchies of depth d = 4. The dissimilarity metric for a single vertex v
can be used to compute the dissimilarity between two hierarchies:

dissim(H1, H2) =
1
|V′|

|V′|

∑
n=1

dissim(vi, H1, H2).
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The metric dissim(H1, H2) fulfills all conditions for a metric: it is non-negative
(dissim() ∈ R

+), positive definite dissim(H1, H2) = 0 if H1 = H2, sym-
metric (dissim(H1, H2) = dissim(H2, H1)), and obeys the triangle inequality,
dissim(H1, H3) ≤ dissim(H1, H2) + dissim(H2, H3). The same is true for the
the metric dissim(v, H1, H2).

7.2.3 Matrix–Hierarchy Visualization

The dynamic graph is visualized using small multiples of an extended adjacency
matrix visualization incorporating three components together with the graph
topology Gt itself: the hierarchical group structure Ht of Gt, edge densities
within and between groups Sl ∈ Ht, and topological changes compared to the
previous graph Gt−1.

Hierarchical group structure: To identify vertices and edges associated to a
group (Task I) and to analyze the consistency between the graph topology Gt and
the hierarchical group structure Ht (Tasks II and V), both are integrated within
a matrix representation (Figure 7.2a), where vertices vi are represented by rows
and columns. The vertex order depends on the hierarchical structure Ht. Each
edge ej := (vi1 , vi2) is encoded by a square within the matrix. The hierarchical
group structure Ht of a graph Gt is visualized using icicle plots attached to the
matrix but also within the matrix using nesting. First, the rows and columns
are indented with respect to their hierarchical group structure (Figure 7.2b).
Second, the internal nodes Sl ∈ Ht are visualized as contours surrounding the
respective rows and columns (Figure 7.2c). The contours representing the group
elements Sl are indented with respect to their depth in the hierarchy. Within
both the matrix and icicle plot, the hierarchical group structure is encoded with
red, where within the icicle, the depth of the internal nodes of the hierarchy is
mapped to brightness (Figure 7.2).

Edge density: To support the analysis of the consistency between the graph
topology and the hierarchical group structure (Tasks II and V), the density of
relations within and between groups Sl of the hierarchy Ht are encoded within
the matrix (Figure 7.2d). The density ρl = |E

′|/(|Sl|
2 − |Sl|) of edges E′ among

the vertices that are (directly or indirectly) contained in Sl is mapped to a gray
value used to fill the contour for Sl. Based on the gray scale used, groups Sl with
ρl = 0 (ρl = 1) are white (dark gray). The group elements Sl of the hierarchy
show up as squares on the diagonal. To analyze how strongly a graph is coupled
and how far subgroups are connected, the density ρl1,l2 = |E′|/(|Sl1 ||Sl2 |) of
edges E′ between any two sets Sl1 and Sl2 that have the same parent group Sl′ ,
i.e., that have the same depth in Ht, is visualized as well. Both densities ρl and
ρl1,l2 are based on the definition of the density in directed graphs. We decided
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(a) (b) (c)

(d) (e)

Figure 7.2 — Each graph Gt is visualized using an adjacency matrix, where Ht
is visualized as indented icicle plot attached to the matrix (a). To encode the
hierarchical group structure Ht within the matrix, identation (b) and nested
contours (c) are used. (d) The density of edges within and between groups of
the hierarchical group structure Ht is mapped to the gray value of the respective
areas in the matrix. (e) Edges added (removed) compared to the last time point
Gt−1 are highlighted in green (purple).

for this restriction so as to not fragment the adjacency matrix too much. The
density ρl1,l2 is mapped to the rectangle described by the two groups Sl1 and Sl2
using the same gray-scale mapping as for ρl.

Based on the visual mapping of the density within and between groups, users
can immediately analyze if the hierarchical group structure matches the graph
topology. If the hierarchical group structure is derived based on a clustering
algorithm, the squares on the diagonal will be much darker in comparison to
the surrounding rectangles. The reason is that clustering algorithms usually
aim at detecting groups and subgroups of vertices vi that are more densely
connected among each other than with vertices of other groups.



134 Chapter 7 • Dynamic Hierarchical Group Structures

(a) (b) (c)

Figure 7.3 — Composition of the visualization: (a) The visualization consists
of a matrix of adjacency matrices, where the time points of the dynamic graph
are aligned horizontally and each row represents a sequence with a different
hierarchical group structure of the dynamic graph. (b) Dynamic graph (n = 11
and T = 3) visualized together with its local (dynamic) and global (static)
hierarchical group structure. (c) Changes between adjacent hierarchies are
visualized by connecting the leaves of the icicle plots with cubic Bézier curves.

Topological changes: To support the tracking of changes in the graph topology,
within each of the graphs Gt with t > 1, the differences to the previous graph
Gt−1 are encoded explicitly on demand. Edges that were added or removed
compared to the previous point in time (t− 1) are highlighted using green or
purple, respectively (Figure 7.2e). The weight wej

of an edge is mapped to the
brightness of the cell. For constant edges, wej

is mapped non-linearly to a gray
scale. For added or removed edges, the edge weights wej

are mapped in similar
fashion as for the gray scale, adapting not only value, but also saturation. In
contrast to the constant and added edges (shown as filled squares), for removed
edges, only the border of the square is drawn. The mapping of edge weights
to the brightness is somehow conflicted with the estimation of the amount of
added and removed edges within the matrix. Therefore, the mapping of edge
weights but also the encoding of added and removed edges can be disabled
interactively.

7.2.4 Transitions

The visualization technique shows the dynamic graph G := (G1, . . . , GT) using a
timeline approach [48], where the matrix-hierarchy visualizations are arranged
horizontally (Figure 7.3a). If more than one sequence of hierarchical group
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structures Hm with M > 1 is defined, M sequences (timelines) representing
G are stacked vertically. As mentioned before, the number of vertices |Vt|
may change over time. If |Vt| < |V|, the matrix is scaled such that it fills the
maximum available space.

The visualization technique aims at the visual analysis of changes in the graph
topology (Task III) as well as the hierarchical group structure (Task IV). With
the graphs next to each other, it is still difficult to compare the hierarchical
group structure between neighboring graphs, although the hierarchical group
structure is encoded within each of the graph representations. To facilitate the
analysis of changes in the hierarchy (Task IV), an edge-drawing approach is
used for the comparison of hierarchies [126]. The hierarchies are visualized as
icicle plots attached to matrices such that edges (transitions) can be drawn in
the space between the matrices (Figure 7.3b).

Using an edge-drawing approach, transitions between two hierarchies Hm,t
and Hm,t+1 or Hm1,t and Hm2,t—in the following only referred to as H1 and
H2—are visualized explicitly (Figure 7.3c). In particular, each transition from
v ∈ H1 to v ∈ H2 is drawn using a cubic Bézier curve. In doing so, smooth
transitions between successive hierarchical group structures are generated
applying the Gestalt law of connectedness [168]. The dynamic graph together
with the transitions of hierarchical group structures is reminiscent of a flow—
as already used for group evolution in the technique presented in Chapter 6
and in other contexts [184, 136, 218]—employing a timeline from left to right
where vertices v literally flow from one hierarchically structured graph to
the other. Therefore, the presented visualization of transitions helps to track
a vertex and its relations over time (Task III) and across sequences because
rows and columns—representing vertices and their relations—are connected by
curves.

To help identify vertices v whose placement within neighboring hierarchies
H1 and H2 changes (Task VI), the dissimilarity dissim(v, H1, H2) is mapped
non-linearly to the color of the curves using a blue single-hue color map
(Figure 7.3c). To make vertices with higher dissimilarities visible even when
many edge crossings occur, the transitions are sorted and drawn as opaque
curves in ascending order based on their associated dissimilarity value. The
total dissimilarity dissim(H1, H2) between two neighboring hierarchies H1 and
H2 is visualized by a bar that spans between the two matrices (bottom of
Figure 7.3c). The dissimilarity value is thereby mapped to the length of a blue
bar.

The visualization of the dissimilarities on vertex and on hierarchy level helps
immediately detect transitions, between neighboring hierarchies within or
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between sequences, where many changes or differences in general occur. The
exact dissimilarity values for the vertices are available via tooltips. Hence, the
dissimilarity can be used for the identification and analysis of differences in
the hierarchical group structure on the higher level, before drilling down and
investigating the differences between the two graphs and their hierarchical
group structures in more detail.

The total amount of added padd and removed prem edges between two successive
graphs Gt−1 and Gt is visualized by two additional bars that span between the
two matrices just above the first sequence (Figure 7.3b). The amount of added
edges padd = |Eadded|/|Et| describes the percentage of edges in Gt that are not
part of Gt−1. Vice versa, the amount of removed edges prem = |Eremoved|/|Et−1|
describes the percentage of edges in Gt−1 that are not contained in Gt. The
values padd and prem are thereby mapped to the length of a dark green and
dark purple bar, respectively.

7.2.5 Sorting of Vertices

The naive sorting of vertices based on the hierarchical group structures poses
a problem for the hierarchy comparison and tracking of vertices within and
across sequences due to the large amount of crossing edges. To minimize
these crossings, a sorting technique for the comparison of two hierarchies was
extended toward the comparison within and between an arbitrary number
of sequences of variable length. There are some sorting algorithms that per-
form edge crossing minimization between two non-binary hierarchies, e.g.,
the approach by Holten and van Wijk [145]. Only few techniques extend this
technique to a sequence of hierarchies. Dwyer and Schreiber [95], e.g., apply an
edge crossing minimization to their dynamic phylogenetic tree visualization,
where their approach can only be applied to a single sequence of binary trees.
There are no techniques that sort dynamic non-binary hierarchies for more
than one sequence. In contrast, the developed sorting algorithm presented here
allows sorting non-binary hierarchies within and between different sequences
Hm.

In the visualization presented in this chapter, the different sequences of hierar-
chically structured graphs are not visualized independently but are connected
via transitions as well. Therefore, it is not sufficient to sort each of the sequences
individually. Instead, the developed sorting algorithm considers all within-
and between-sequence transitions. In particular, the algorithm sweeps through
all sequences by scanning them line by line (indicated by the yellow arrow in
Figure 7.4a).
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(a) (b)

Figure 7.4 — Illustration of the sorting algorithm. (a) Dynamic graph with T = 3
and M = 3 sequences Hm, where the hierarchies in H1 and H2 change over
time and H3 models a global hierarchy. Here, the hierarchical group structures
Hm,t are named based on their global hierarchy IDs Hi. The hierarchies Hi are
scanned line by line. (b) Sequence of sorting steps based on the sweep, where
each hierarchy has one or more dependencies illustrated by links in (a).

Figure 7.4a shows an example of a dynamic graph with T = 3 and M = 3
sequences Hm, where the hierarchies H1,t ∈ H1 and H2,t ∈ H2 change over time
and H3 models a global hierarchy defined over the complete dynamic graph G.
As H3 models a global (static) hierarchy, all hierarchies H3,t ∈ H3 should have
the same order of vertices. Therefore, they are incorporated only once (H7) in
the sorting process with the respective dependencies. Dependencies between
hierarchical group structures occur between any two neighboring hierarchies of
the sequences, i.e., between any two hierarchies Hm,t and Hm,t+1 or Hm,t and
Hm+1,t (indicated by the visual links in Figure 7.4a).

To sort all hierarchies taking into account all dependencies, the sweep is per-
formed in both directions—doing a forward and backward sweep. The algo-
rithm first performs a forward sweep (illustrated by blue arrows) as indicated
in Figure 7.4b from the first hierarchy H1 to the last hierarchy H7, which is
followed by a backward sweep (illustrated by green arrows). At each sort-
ing step (e.g., I. H2 ← (H1)), a sorting technique similar to the approach by
Holten and van Wijk [145] is applied to reorder the leaves of the depending
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hierarchy (H2) based on the reference hierarchy (H1). The sorting is based
on the Sugiyama-style crossing reduction technique [246], where the nodes
of dependent hierarchy are reordered with respect to matching nodes in the
reference hierarchy.

The crossing reduction is performed per hierarchy level using the barycenter
method. The algorithm, thereby, starts with the root element and recursively
sorts the subsets until the leaves are reached. Due to the incorporated compari-
son not only along but also across sequences, a hierarchy can have more than
one dependency (e.g., IV. H5 ← (H2, H4)). Therefore, the standard barycenter
method was extended. This method takes only the index positions of one hierar-
chy into account such that different reference hierarchies Href := {Hi1 , . . . , HiK}
with K = |Href| are considered. This is done by taking the average of the
respective index positions from all reference hierarchies, where the indexing is
independent in each hierarchy, starting with 1.

The sweep is performed in both directions several times—each time starting
with the result from the last run. After each run, the number of crossing
transitions is computed. The sorting algorithm stops after a maximum number
of 100 runs. As a resulting vertex ordering, the one with the least number of
crossing transitions is taken.

7.2.6 Interaction Techniques

The presented visualization technique facilitates the analysis of changes and
differences in the hierarchical group structure as well as the consistency between
the graph topology and hierarchical group structure. Both can be performed
on the higher level (zooming out) and on the lower level (zooming in). The
hierarchy is encoded visually within the matrix using indentation and contours.
When decreasing the size of the matrix when zooming out, the thickness of
the contours and the amount of indentation within the matrix are increased.
In this way, the hierarchical group structure can also be perceived at a coarse
level. The hierarchy dissimilarities, the hierarchical structures, as well as the
edge densities within and between groups can be perceived using the bars even
when the visualization is scaled down such that the complete data set is visible
on the screen. To gain further insight and to analyze changes in more detail,
interaction is necessary, at least for large data sets.

Vertex labels can be displayed on demand but are also available as tooltip when
hovering over a vertex vi, i.e., a leaf node in the icicle or transition between
hierarchies. For the latter, the tooltip also contains the dissimilarity dissim(vi)
mapped to the color of the transition. The tooltips on edges ej can be used to
determine vertices (v1, v2) as well as the exact weight wej

of that edge.



7.2 • Visualization 139

(a) Vertex v7 is selected.

(b) A group within H1 is selected.

Figure 7.5 — Illustration of interactive highlighting. The same dynamic graph
as in Figure 7.3b visualized together with its local (dynamic) hierarchical group
structure. (a) The vertex with the strongest dissimilarity at any point in time
was selected (v7, with dissim(v7, H2, H3) = 0.28). (b) One subgroup within H1
including four vertices was selected. For both selections, the vertices themselves
and their corresponding rows (columns) and cells with the matrix as well as
their transitions are highlighted over the complete sequence.

The visualization technique also facilitates brushing and linking: by selecting a
single vertex (Figure 7.5a) or a group of vertices (Figure 7.5b), their course is
highlighted through all sequences using yellow ribbons. Using this highlighting,
points in time when vertices or groups emerge or disappear (Task IV) and
how they change with respect to their integration into hierarchical group
structures (Tasks VI) can be identified easily. Figures 7.5 and 7.3b show the
same dynamic graph as Figure 6.2 but integrated with the dynamic hierarchical
rather than the dynamic flat group structure. In Figure 7.5a, the vertex was
selected for highlighting as in Figure 6.2c. Vertex v7 is the vertex with the
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strongest dissimilarity at any point in time, with dissim(v7, H2, H3) = 0.28 (the
calculation is illustrated in Figure 7.1).

7.3 Results

The visualization technique presented in this chapter was applied to the same
two sets of synthetic graphs as described and used in Section 6.4. The param-
eters are summarized again in Tables 7.1 and 7.2. The dynamic network
generator by Greene et al. [128] creates graphs with dynamic flat groups
ST := (S1, . . . ,ST). These dynamic flat groups can be translated into a dy-
namic two-layered hierarchical group structure HT := (H1, . . . , HT), i.e., the
depth of each Ht ∈ H

T is two.

Figures 7.6 and 7.7 show both sets of synthetic dynamic graphs. In contrast to
the technique presented in the previous chapter, the parameters of the matrix-

Table 7.1 — Description of synthetic dynamic graphs with dynamic disjoint
groups and merge and split events. The number of crossing transitions
refer to different group and vertex orderings: (a) none and (b) by crossing
minimization.

Figure n davg dmax T

M
er

ge

Sp
lit crossings for ordering

(a) none (b) min.

7.6a 25 4 10 3 1 1 226 23
7.6b 50 6 10 4 2 2 1,366 239
7.6c 100 8 10 6 4 4 12,710 2,588
7.6d 200 10 20 9 7 7 77,404 21,965
7.6e 400 12 40 13 16 16 475,734 151,496

Table 7.2 — Description of synthetic dynamic graphs with dynamic disjoint
groups and switch events. The number of crossing transitions refer to
different group and vertex orderings: (a) none and (b) by crossing minimization.

Figure n davg dmax T p crossings for ordering
(a) none (b) min.

7.7a 25 4 10 3 0.1 51 26
7.7b 50 6 10 4 0.1 253 138
7.7c 100 8 10 6 0.1 1,693 1,172
7.7d 200 10 20 9 0.1 11,395 9,614
7.7e 400 12 40 13 0.1 59,927 49,757
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based technique cannot be adjusted such that the diagrams have the same aspect
ratio for all dynamic graphs. Instead, each diagram was scaled by zooming
out, such that the complete diagram fits the same horizontal screen space.
As mentioned before, when zooming out, the thickness of the contours and
the amount of indentation within the matrix are increased. Hence, different
amounts of indentation and thicknesses of contours have been used to generate
the diagrams in Figures 7.6 and 7.7. In addition, in all diagrams, added and
removed edges are highlighted as described in Section 7.2.3.

Figure 7.6 shows the set of synthetic graphs with split and merge events in
the group structure. Based on the indentation and the contours within the
matrix, which are both enhanced with decreasing zoom level, the evolution of
group structures (Task IV) can be perceived for all graphs, even the larger ones.
The largest graph with n = 400 vertices (Figure 7.6e), e.g., at the beginning
contains many small groups that are about equal size. Several of these groups
merge to one large group at the third point in time, which splits up into two
medium sized groups at the next point in time. The dissimilarity bars show that
for each dynamic graph (Figures 7.6 and 7.7), the difference of two successive
hierarchical group structures is about the same for the complete time span. In
Figure 7.7, it becomes apparent that the group structure is very stable as the
dissimilarity—visualized by the bars—is very low. But even without the bars,
this can be recognized as the matrices within each sequence look very similar.
Only few single vertices switch from one group into another (Task VI), visible
by few dark blue curves between the matrices. Only for the largest two graphs
(Figures 7.7d and 7.7e), it becomes difficult to perceive individual transitions
due to the low zoom level.

The consistency between group structure and graph topology (Tasks II and V)
can be perceived even at low zoom level, i.e., even for large graphs. With
the help of the edge density mapping, it can be perceived how coupled the
groups are. In the last graph of Figure 7.6d (G9), e.g., there is one large group
that is coupled with all other small groups, where the small groups are not
coupled with each other. This becomes clear by the white space next to the
diagonal of small groups. A similar pattern can be perceived for the third
graph of Figure 7.6e (G3). For the largest graphs and hence smallest zoom level
(Figures 7.6e and 7.7e), it becomes difficult to differentiate small low-density
areas (white) from medium-density areas (light gray) as they seem to merge
visually. Therefore, zooming and panning become necessary.

With respect to network-only tasks, such as the comparison of graph topology
over time (Task III), the matrix-based visualization scales well. At low zoom
level, i.e., for large graphs, again the mapping of densities within and between
groups helps analyze the graph topology on the higher level. The overall degree
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(a) n = 25, T = 3

(b) n = 50, T = 4

(c) n = 100, T = 6

(d) n = 200, T = 9

(e) n = 400, T = 13

Figure 7.6 — Visualization technique applied to synthetic dynamic graphs of
different size n = |V| and T with merge and split events. Each diagram was
scaled by zooming out, such that the complete diagram fits the same horizontal
screen space, which increases the thickness of the contours and the amount of
indentation within the matrix.
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(a) n = 25, T = 3

(b) n = 50, T = 4

(c) n = 100, T = 6

(d) n = 200, T = 9

(e) n = 400, T = 13

Figure 7.7 — Visualization technique applied to synthetic dynamic graphs of
different size n = |V| and T with switch events. Again, each diagram was
scaled by zooming out, such that the complete diagram fits the same horizontal
screen space, which increases the thickness of the contours and the amount of
indentation within the matrix.
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Figure 7.8 — The same synthetic dynamic graph as shown in Figure 7.6d
(n = 200 and T = 9), where only the last two points in time are shown.

of changes in the graph topology can be perceived by the bars that visualize
the amount of added and removed edges. To analyze individual relations or
subgroups of relations, however, it is necessary to visualize the matrix at a
minimum size such that each cell is at least a few pixels wide. Figure 7.8 shows
the transition between the last two points in time of Figure 7.6d. At this zoom
level, it is possible to perceive clusters of added and removed edges, and to
follow individual transitions.

In summary, the matrix-based visualization technique scales well with respect
to the size of the dynamic graph and with respect to the defined tasks, even
though for some tasks zooming and panning are inevitable. In contrast to the
node-link based approach (Chapter 6), the matrix-based approach scales well
even with respect to the comparison of graphs over time (Task III). However,
compared to the node-link based technique, the matrix-based diagrams get
very elongated with increasing number of points in time. The node-link based
technique, therefore, scales better with respect to the number of points in
time.
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8
Applications in Biology

Information visualization and visual analytics techniques are widely used to
illustrate and analyze biological data. This includes, e.g., one-dimensional
data such as deoxyribonucleic acid (DNA) sequences (genomes) or amino acid
sequences (proteins) [192, 212]. Alignments of such sequences are commonly
visualized using matrix representations, often in combination with the consen-
sus sequence [78], meta-data assigned to individual sequences [1, 6, 7, 122], or
hierarchical clustering of the sequences [1, 6, 7, 78]. Multivariate data, such
as time-series data or gene expression profiles, can be visualized using pro-
file plots (parallel coordinates), heat maps (matrix representations), or scatter
plots [116].

Relational data in biology, in contrast, is visualized using network visualiza-
tions [201] and tree visualizations [212]. For networks, the most common
approach is the use of node-link diagrams, whereas matrices and other rep-
resentations are rarely used to visualize interactions between biological en-
tities [88, 261, 262]. Relational data such as biological networks and path-
ways is often given in combination with multivariate data, thereby describ-
ing attributes of the objects and the interactions between them. Some tech-
niques visualize the meta data of the network in combination with relational
data [10, 43, 116, 150, 161]. In contrast, other techniques use the meta data or
the network topology itself to extract groups within the biological network and
to abstract the network.
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As stated in Section 2.3, one of the three main application areas of visualization
techniques for group structures in graphs is biology. Groups can occur in
various different biological networks, e.g., in a protein-protein-interaction (PPI)
network, gene co-expression network (GCN), or biochemical reaction network
(BRN). In PPI networks, nodes represent proteins and undirected edges model
interactions between them. A GCN can be modeled as an undirected graph,
where nodes represent genes and edges are introduced between pairs of genes
that are significantly co-expressed. In BRNs such as metabolic networks, nodes
represent chemical compounds and directed edges model biochemical reac-
tions which convert one compound into another. Groups in such networks
mainly result from categorical attributes of the genes or proteins, e.g., from
cell compartment and pathway associations or from gene ontology annotations.
Clustering, in contrast, is applied to extract densely connected subsets of genes
or proteins, e.g., functional groups of proteins in PPI networks also referred to
as motifs.

This chapter provides applications of the described visualization techniques
(Chapters 3– 7) to biological networks. The case studies provided in this chapter
are intended to give an impression of the usefulness of the different visualization
techniques for the analysis of groups in biological networks. Both techniques
for overlapping and for dynamic groups are demonstrated. The visualization of
overlapping group structures is relevant in the context of biological networks
as biological entities are involved in, and associated with, different biological
processes and functions. In addition, biological processes are not static but
highly dynamic. Static biological networks often represent a snapshots of a
particular point in time or, which is more common, an aggregation of inter-
actions, correlations, and reactions that actually happen not all at the same
time. To visualize the actual evolution of biological relations, the visualization
techniques for dynamic group structures can help.

8.1 Gene Annotations in Gene Co-expression
Networks

GCNs can be used to analyze which genes show a similar expression pattern
across samples. They are of biological interest since co-expressed genes are
associated with the same pathway or protein complex. Genes are in most
cases involved in not only one but several pathways or complexes. Hence,
these pathways or complexes describe crisp overlapping groups in GCNs.
This section describes how the visual analytics technique for crisp overlapping
groups introduced in Chapter 3 was used by a biomedical researcher to analyze
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a multivariate GCN.1 This network is based on a complex dataset that combines
clinical data with high-throughput data from patients with heart failure (HF)
derived during a longterm clinical trial [165]. The three primary goals of the
analysis of this data set were:

• understand the molecular mechanism of clinical response to β-blocker
therapy,

• understand pathological molecular changes associated with HF, and

• identify medical interventions that may increase the likelihood of β-blocker
response in HF.

To achieve these goals, the following analysis tasks were relevant:

I) Find genes and interactions with particular numerical attributes.

II) Find genes and interactions associated with a group of interest.

III) Identify genes that are contained in multiple groups.

These tasks correspond to the abstract tasks (Tasks I–III) defined at the beginning
of Chapter 3, adapting them to the network of co-expressed genes.

The biomedical data used for this case study includes clinical data, transcrip-
tomic profiling data, and knowledge-based data. Clinical data refers to tests
performed on HF patients during the study. For this analysis, the most relevant
elements include presence of HF, assignment to one of three β-blocker treat-
ment arms, and left ventricular ejection fraction (LVEF) measured at different
stages of the study following initiation of β-blockers. Transcriptomic profil-
ing data refers to longitudinal measurement of myocardial gene expression in
HF patients during the study. Differences in gene expression between LVEF
responders and non-responders were tested; these are described by p-values.
Based on prior work suggesting a relationship between β1-AR activity and
gene expression or β1-AR signal transduction, a list of 711 genes was obtained.
Based on this list and the myocardial gene expression data for these genes, a
GCN comprising these 711 genes and 74,373 relationships between them, was
generated (Figure 8.1a).

Knowledge-based data refers to knowledge from curated biomedical databases
and the published literature. Here, prior knowledge about all 711 genes of the
network was extracted from 26 different knowledge sources (including pathways
from KEGG [164] and Reactome [260], gene annotations from ontologies such
as GO [35], and disease annotations from GAD [49]), plus co-occurrence in
1 Parts of this section have been published in:

[16] C. Vehlow, D.P. Kao, M.R. Bristow, L.E. Hunter, D. Weiskopf, and C. Görg. Visual analysis
of biological data-knowledge networks. In BMC Bioinformatics, 16(135), 2015.
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(a) (b)

(c)

Figure 8.1 — Overlapping groups in a GCN comprising 711 genes and 74,373
relationships (a). (b) Filtered subnetwork after applying two continuous DoI
functions. (c) Further filtering and layout of the subnetwork in (b) based on two
discrete DoI functions of interest: KEGG and Reactome.
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PubMed abstracts and certain types of inferred relationships. These knowledge
sources represent the primary groups S̄ = {S̄1, . . . , S̄K̄} with K̄ = 26. The
annotations within each knowledge source, e.g., all pathways of the KEGG
database, represent the secondary groups S = {S1, . . . , SK} with K � K̄.

Results To identify potential mechanisms of positive β-blocker response, the
analyst compared the transcriptomic profiling data between LVEF responders
and non-responders. In particular, he used the statistical association of gene
expression with LVEF response as a continuous DoI function doicont1

(the
corresponding p-values were transformed to match the semantic meaning of
the continuous DoI functions). This DoI-function permits a dynamic filtering of
nodes with low p-value of p ≤ 0.05 using the threshold of θ1 ≥ 0.95 (Task I). To
focus on genes with evidence of meaningful co-expression, the analyst added
a second continuous DoI function (doicont2

) based on the gene co-expression.
This function allows for dynamic filtering of high gene co-expression values
(using a threshold θ2 ≥ 0.5). Figure 8.1b shows the result of applying these two
DoI functions to the network and mapping the difference in the magnitude of
change in gene expression to the color of nodes and the gene co-expression to
the color of edges, respectively.

To explore which biological processes and pathways may be associated with
β1-adrenergic signaling-related genes and LVEF response (Task II), the analyst
selected two specific knowledge sources (discrete DoI functions) of interest—
KEGG and Reactome. Based on these DoI functions, he created an intermediate
subnetwork from visible genes based on shared annotations from these knowl-
edge sources only. To identify genes that overlap between several pathways
(Task III), he then rearranged all genes of this subnetwork to reflect the existing
knowledge of the filtered genes and their relationships in myocardial contractile
function. In particular, he used the layout technique described in Section 3.2.3
to generate a layout of the subnetwork based on a set of KEGG and Reactome
pathways (secondary groups Sk) that are involved in heart function (Figure 8.1c),
e.g., muscle contraction and calcium processing.

Based on this layout and the evidence of change in a number of metabolic
genes and extracellular matrix proteins, the analyst could identify several genes
implicated in the β1-AR network that have been suspected to be relevant to
LVEF improvement, but were not previously characterized. In combination
with the color mapping, he could conduct a rapid survey of coordinated and
correlated expression changes in various pathways. Correlated up-regulation
of contractile and calcium handling genes is apparent, although there is also
clear coordinated up-regulation of several metabolic genes and correlated down-



150 Chapter 8 • Applications in Biology

regulation of extra-cellular matrix proteins, which is consistent with improved
myocardial efficiency and slowing of pathologic remodeling.

In Figure 8.1c, annotations (secondary groups Sk) related to metabolism, ex-
tracellular matrix organization, calcium signaling, or muscle contraction are
selected to highlight genes associated with them (Task II). The analyst indi-
cated that these findings in particular and the ability to explore these data
in the context of specific knowledge sources will provide hypotheses for fu-
ture confirmatory clinical studies regarding diagnostics and the likelihood of
LVEF response to β-blockers as well as possible interventions to increase the
effectiveness of β-blockers.

Using the visual analytics system presented in Chapter 3, the analyst was able to
interactively extract different subnetworks that helped analyze and understand
the experimental data collected during the study in the context of existing
knowledge, such as the association of genes with particular pathways. Using
these subnetworks, it was possible to identify genes that are associated with
different pathways involved in heart function and that are, at the same time,
differentially expressed between patients that responded to the treatment and
patients that did not. These genes may play a central role in clinical response to
β-blocker therapy. In a second case study on this data set, subnetworks from
different knowledge sources are compared (Task IV, Chapter 3) to explore novel
findings in experimental data. Details on this case study can be found in the
related publication [16].

8.2 Overlapping Functional Complexes in Protein-
Protein-Interaction Networks

In this section, the visualization technique for fuzzy overlapping hierarchical
group structures (Chapter 4) is applied to a PPI network.2 The analysis of PPI
networks is of high value for investigating biological systems in human and
helps understand complex cellular mechanisms and processes [157, 158]. In
particular, the global organization of such networks, i.e., their classification
into structural subunits, is of great interest because groups of proteins usually
comprise the same specific cell function. This is because cellular functions
are not performed by individual proteins but groups of proteins (also called
modules or protein complexes). Groups in PPI networks do overlap because
many proteins can play several distinct roles in different contexts [198], but they
2 Parts of this section have been published in:

[12] C. Vehlow, T. Reinhardt, and D. Weiskopf. Visualizing fuzzy overlapping communities in
networks. IEEE Transactions on Visualization and Computer Graphics, 19(12):2486–2495, 2013.
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cannot interact with different proteins at the same time [75, 157]. Clustering
methods can therefore be used to identify groups of proteins based on their
interactions, to analyze in how far they overlap, and to identify to what extent
shared proteins are involved in particular functions.

The degree of contribution to different complexes can be modeled by fuzzy
overlapping groups. Therefore, all tasks described in Chapter 4 are relevant
for the application to PPI networks as well. They were adapted to proteins and
interactions among them:

I) Find proteins and interactions associated with a protein complex (group)
of interest.

II) Identify proteins that are contained in multiple complexes.

III) Identify to what extent a protein belongs to which complexes.

IV) Differentiate proteins that are heavily involved in different complexes
from those that are involved in few complexes or in solely one complex.

In this case study, an undirected PPI network based on the data of a study
by Jonsson and Bates [158] is analyzed. They derived interactions of proteins
that are known to be susceptible to mutations leading to cancer. Based on this,
they constructed an extensive human PPI network (17,018 vertices and 99,507
edges) using computational methods. The network is undirected and weighted,
with edge weights representing confidence scores for the respective interactions.
Here, the same subnetwork of this PPI network is analyzed as Jonsson and Bates
did in their study, comprising 1,253 weighted interactions between 232 proteins.
The network was clustered using the modularity-maximization approach by
Gregory [129], which extracted a set of 14 groups.

As described in the original paper [158], proteins that were transcribed from
mutated genes are classified as cancer proteins. The network comprises 174
non-cancer and 58 cancer proteins, where cancer proteins were additionally
classified into somatic (S) or germline (G) mutations. The cancer proteins are
emphasized by framing the respective nodes with a yellow or dark blue circle
for somatic and germline mutations, respectively.

Results Figure 8.2 shows the PPI network—laid out using the force-directed
FR model for the global layout—at different aggregation levels, starting with the
highest level of aggregation G0 (Figure 8.2a) up to the most detailed graph G
(Figure 8.2e). Figure 8.3 shows the PPI network—laid out using the circular
global layout—at three aggregation levels, including the highest level of aggre-
gation G0, the partially aggregated graph that aggregates all core vertices G0.86,
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(a) G0.0 (b) G0.34

(c) G0.51 (d) G0.86

(e) G

Figure 8.2 — PPI network comprising 1,253 weighted interactions between
232 proteins. The network is shown at different aggregation levels θ ∈
{0.0, 0.34, 0.51, 0.86} up to the complete graph G.
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and the complete graph G. The analysis of the fuzzy overlapping groups is
done in a top-down approach starting with the highest level of aggregation G0

(Figure 8.2a). Due to the shape of meta-nodes, it appears that there are four
groups that do not overlap with any other group (S1, S11, S13, and S14) as the
meta-nodes are represented by circles.

Increasing θ to 0.34 separates all proteins with a high membership distribution
from their predominant groups (Tasks II and IV). These include the two somatic
cancer proteins PTPN11 and JAK2 as well as the protein TRAP1 (Figure 8.2b).
By selecting these nodes, the membership distributions can be investigated
using pie charts (e.5–e.7 in Figure 8.2e; Task III), which show that all three
proteins are equally involved in the three functional units. PTPN11 is allocated
to S3, S14, and S7, which build a huge protein complex responsible for signal
transductions related to the “Jak-ST AT” signaling and adipocytokine signaling
but also cell communication at adherens junctions. JAK2 is involved in the
functional units S3, S13, and S6. The group S6 is mainly responsible for cell
growth and death in apoptosis, the process of the programmed cell death, as
well as signal transductions related of the immune system. In comparison to
JAK2, TRAP1 is additionally involved in the process of antigen processing of
the immune system, which is the function of S12.

Increasing θ to 0.51 (Figure 8.2c) separates all proteins with f fuz > 0.5 from
their predominant groups (Task IV), which comprise 13 of 232 proteins (≈ 6%).
At the aggregation level of θ = 0.86 (Figures 8.2d and 8.3b), all remaining
meta-nodes contain only proteins that exclusively belong to that group. This
becomes apparent by the shape of the meta-nodes, which are all rendered as
circles. Hence, all proteins in G0.86 that have not yet been aggregated into any
group node (31 of 232 proteins ≈ 14% of the PPI network) are allocated to at
least two biological functions (Task II).

Groups S5, S6, and S12 build a large functional complex (Figure 8.3b): all three
groups comprise functions related to the immune system. G0.86 reveals that
these functional units are held together by several proteins involved in these
different functions. In particular, the functional units S5 and S12 share many
proteins with different extents (Task III). This becomes visible by the node
positioning (many proteins are positioned in the space between the respective
two cores) and color gradients used to visualize the fuzziness of the proteins
(Figure 8.2). The amount of inter-group links (black curves between proteins
of S5 and S12) in the circular layout of Figures 8.3a and 8.3b confirms this as
well. By selecting the respective nodes, the membership distributions can be
investigated using pie charts. In the circular layout (Figure 8.3), the membership
distributions can be analyzed using the bar charts attached to the nodes. The
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(a) G0.0 (b) G0.86

(c) G; DMD and HSPCA selected (d) G; DDX10, DDX18, and PPP1CC selected

Figure 8.3 — The PPI network from Figure 8.2 shown with the circular layout
at different aggregation levels θ ∈ {0.0, 0.86} up to the complete graph G. In (c)
and (d), different proteins are selected to highlight all their interactions.

somatic cancer proteins HSPCA, e.g., is involved in all three functional units (pie
chart (e.4) in Figure 8.2d). Figure 8.3c shows that HSPCA has a particularly high
degree of interactions in general compared to other cancer but also non-cancer
proteins.
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Besides functional complexes, also single functional units (groups) share one
or more proteins. The respective proteins are selected to investigate their
belonging coefficients using a pie chart (e.g., e.1–e.3 in Figure 8.2d; Task III).
The protein DMD, e.g., is involved in the functional units S8 and S13, which
are both responsible for cell motility of the cytoskeleton. In fact, DMD takes a
central and important role, as the function is carried out by both groups as a
whole, where DMD serves as mediator. The shared role of DMD also becomes
clear looking at the circular visualization in Figure 8.3c, which shows that DMD
interacts with all proteins of S8 and all proteins of S13. The proteins positioned
between S4 and S9 (DDX10, DDX18, PPP1CC) are shared by units of different
functions. The group S4 has the function of another type of signal transduction
(Wnt signaling), whereas S9 is responsible for the carbohydrate metabolism and
insulin signaling. The circular visualization in Figure 8.3d shows this as well:
DDX10 and DDX18 have (PPP1CC has) a huge degree of contacts with proteins
from S9 (S4).

The visualization of the complete PPI network G (Figure 8.2e) shows that all
germline cancer proteins (highlighted by the blue circles) are contained in the
group cores, hence participating in central hubs rather than peripheral ones.
Therefore, somatic cancer proteins (highlighted by the yellow circles) tend to be
at the interfaces of different protein groups. Analyzing the fuzzy overlapping
group structure of a PPI network, as presented here, helps investigate which
proteins are involved in more than one group (Task II) and hence functional unit
(protein complex). Jonsson and Bates [158] present their results tabularly and
visualize single groups, i.e., functional units as well as functional complexes,
using node-link diagrams within which shared proteins are barely recognizable.
Using the visualization technique from Chapter 4, it was possible to detect
the same proteins associated to different functional complexes they found and,
hence, to confirm their findings.

8.3 Reaction Clusters in Biochemical Reaction
Networks

This section describes how the visualization techniques for edge-based groups
described in Chapter 5 were used by a system biologist and me to analyze
simulated data of a biochemical reaction network (BRN).3 BRNs are widely

3 Parts of this chapter have been published in:
[8] C. Vehlow, J. Hasenauer, A. Kramer, J. Heinrich, N. Radde, F. Allgöwer, and D. Weiskopf.
Uncertainty-aware visual analysis of biochemical reaction networks. In Proceedings of the IEEE
Symposium on Biological Data Visualization, volume 2012 of BioVis, pages 91–98, IEEE, 2012.
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used to analyze metabolism, signal processing, and gene regulation in cells [167].
BRNs describe the interaction of biochemical species via biochemical reactions.
In a graph-theoretic sense, reactions can be interpreted as directed edges (ej =
(v1, v2)) between vertices (vi) that represent the biochemical species. Graphs
representing BRNs can contain up to four classes of edges:

• The simplest reaction, the conversion of one substrate into one product, is
modeled as a regular directed edge: v1 → v2.

• Some reactions consume (produce) several substrates (products):
v1 + v2 → v3 (v1 → v2 + v3). In this section, they are visualized by thin
dotted lines, connecting the substrates (products) with the regular reaction
edge.

• Some species (vertices vi), known as enzymes or modifiers, regulate
chemical reactions (edges ej). Such regulations are illustrated by a link (in
this section visualized by thick dotted lines) from a modifier species to
the modified reaction: v1 → e1.

• Consumption (synthetis) reactions represent a non-conventional type of
edge as they connect a vertex with nothing (∅). Consumption (synthetis)
reactions are modeled by directed edges starting from a species v1 → ∅
(ending in a species ∅→ v1).

BRNs are often described by mathematical models, most commonly ordinary
differential equations [167]. These models predict the time-dependent concen-
trations of the chemical species xi(t) and the time-dependent reaction fluxes
κj(x(t), θj) as a function of the reaction parameters θj. The fluxes and the pa-
rameters are attributes of the reactions and hence of the edges ej ∈ E of the
graph, e.g., e1 = v1 →

κ1, θ1

v2.

The parameters can in general not be measured directly but have to be inferred
from experimental data using, e.g., Markov chain Monte Carlo sampling [183].
Markov chain Monte Carlo sampling yields a sample of parameters {θ(p)}P

p=1
that provide a reasonable fit of the data [170, 269]. Associated to this parameter
sample {θj

(p)}P
p=1 is a sample of time-dependent fluxes {κj

(p)(t)}P
p=1 and states

{xi
(p)(t)}P

p=1, with 0 ≤ t ≤ T and T being the final point in time.

The parameter sample as well as the sample of dynamic fluxes are attribute
vectors ~aj of ej, with ~aj := [θ1, . . . , θP] or ~aj(t) := [κ1(t), . . . , κP(t)]. This gives

[11] C. Vehlow, J. Hasenauer, F. J. Theis, and D. Weiskopf. Visualizing edge-edge relations in
graphs. In Proceedings of the IEEE Pacific Visualization Symposium, PacificVis, pages 201–208,
IEEE, 2013.
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rise to two types of edge-based groups that can be defined based on correlations:
static parameter–parameter correlations and dynamic flux–flux correlations.
Here, the Pearson correlation coefficient

ρ(~aj1 ,~aj2) =
cov(~aj1 ,~aj2)

σ(~aj1)σ(~aj2)
,

of the two attribute vectors ~aj1 and ~aj2 is used as measure for the degree of
correlation; cov(~aj1 ,~aj2) denotes the covariance of~aj1 and~aj2 , whereas σ(~ajk) is
the standard deviation of~ajk . More details of this application background can
be found in the related publication [8].

The resulting correlated pairs of vertex-vertex relations (VVRs) represent crisp
overlapping groups modeled as edge-edge relation (EER). With respect to
the BRN structure and correlation among parameters and fluxes, the following
analysis tasks are relevant:

I) Find reactions and biochemical species associated with a correlation (EER)
of interest.

II) Identify reactions (VVRs) that are involved in multiple correlations (EERs).

III) Identify the type and strength of the correlations (EERs).

These tasks correspond to the abstract tasks defined at the beginning of Chap-
ter 5, which were adapted to the multivariate BRN.

Both types of correlations can be visualized using the visual analytics system
that integrates the juxtaposed approach to visualize edge-based groups [8, 10]
(Section 5.4). Static parameter correlations can be analyzed within a single
matrix, whereas for dynamic flux correlations, correlation matrices can be
retrieved for different points in time.

Using the embedded visualization technique for edge-based groups (Section 5.3),
the parameter correlations can be illustrated in a static node-link diagram. As
fluxes are dynamic, an attribute vector ~a for each point in time t is obtained,
resulting in a time-dependent correlation coefficient. To analyze the time-
dependence of the correlation coefficient, the technique described in Section 5.3
was extended such that the user can navigate through time. Note that all
parameters are associated with the reaction edges and none with the inter- and
hyper-edges used to visualize more complex reaction types.

Results For this case study, the Eissing model [102], which describes apoptosis
induction, the physiological process of programmed cell death, is employed.
The model predicts the time evolution of 8 biochemical species involved in
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(a) BRN (b) Correlations of parameter samples

(c) Correlations of flux samples; t = 0 min (d) Correlations of flux samples; t = 175 min

(e) Correlations of flux samples; t = 180 min (f) Correlations of flux samples; t = 360 min

Figure 8.4 — Correlation analysis of the Eissing model describing apoptosis
induction using separate views for the representation of the BRN (a) and
correlations (EERs) between attributes of the VVRs (b)–(f). The matrices show
all pairwise correlation coefficients; only for empty samples, the cells remain
white (c). Nodes that represent biochemical species are labeled with the name
of that species. Links (row and columns) that represent biochemical reactions
are labeled with the parameter identifier k j (b) and the flux identifier vj (c)–(f).
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17 different biochemical reactions. For the analysis, parameter, flux, and state
samples generated for in-silico measurement data using a Bayesian parameter
estimation were employed. The fluxes and states were evaluated between
t = 0 min and t = 360 min in steps of about 5 minutes.

Using the visual analytics system that integrates the juxtaposed approach to
visualize edge-based groups [8, 10], first all pairwise correlations between
samples can be investigated (Figure 8.4). The BRN of the Eissing model is
visualized in Figure 8.4a, where nodes that represent biochemical species are
labeled with the name of that species. Links that represent biochemical reactions
are labeled with the parameter identifier k j instead of θj and the flux identifier
vj instead of κj. Figure 8.4b shows that only few parameters θj are strongly
correlated with a correlation of ρ(~aj1 ,~aj2) > 0.5 (Task III). Figures 8.4c–8.4f depict
the correlation among fluxes κj at four points in time t ∈ {0, 175, 180, 360} min.
At t = 0 min, there are few correlations as several fluxes have a value of zero at
the beginning, leading to vectors that contain only zero values. Between t > 0
and t = 175 min, the amount of strong correlation increases with a relative high
percentage of negative correlations (blue cells in Figure 8.4d). This changes with
the next sampled point in time t = 180 min; from that point on, the amount of
positive correlations predominates.

Figures 8.5 and 8.6 depict the resulting pairwise positive and negative corre-
lations in parameters and fluxes using the embedded visualization technique
described in Section 5.3. For both parameter and flux correlations, a threshold
of |ρ| ≥ 0.5 was used to derive the edge-based groups (EERs). Edge-based
groups were inserted only for edges {ej1 , ej2} with j1 6= j2. The layout for the
Eissing model was manually refined to satisfy biological drawing conventions
for graphs and to meet the expectations of the system biologists who analyzed
the data.

The embedded visualization of the BRN and the parameter correlation in
Figure 8.5 reveals recurrent correlation patterns. In particular, all parameter
pairs associated to the same reversible reaction, e.g.,

k3 and k4 with C3a + IAP
k3
�
k4

C3a_IAP

show strong positive correlation (Tasks I and III). This is plausible because the
effective flux close to steady state is predominately determined by the ratio of
forward and backward reaction rates, e.g., k3/k4. Hence, if the data provides
information about the effective steady state flux, tight bounds in the ratio can
be expected, e.g., k3/k4, but not necessarily for the absolute value of both pa-
rameters. Using the embedded visualization technique, this correlation pattern
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Figure 8.5 — Correlation analysis of the Eissing model describing apoptosis
induction. Correlations between parameters with a Pearson correlation of
|ρ| > 0.5 are illustrated. Nodes that represent biochemical species are labeled
with the name of that species. Links that represent biochemical reactions are
labeled with the parameter identifier k j.

can be identified. In contrast, using the juxtaposition approach (Figure 8.4), this
pattern is not directly obvious.

In addition to these pairwise positive correlations, parameter pairs associated
to alternative reaction paths are anti-correlated (Tasks I and III), for instance, k7
and k8. While k7 determines the level of direct C3a degradation (path A):

C3a
k7→ ∅,

k8 determines the level of indirect C3a degradation via the complex formation
with C3a and IAP (path B:)

C3a + IAP � C3a_IAP; C3a_IAP
k8→ ∅.

Both reaction path A and B result in a reduction of the C3a concentration,
which is a key variable and also measured in the in-silico dataset. The negative
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(a) Correlations of flux samples; t = 0 min (b) Correlations of flux samples; t = 175 min

(c) Correlations flux samples; t = 180 min (d) Correlations of flux samples; t = 360 min

Figure 8.6 — Correlation analysis of the Eissing model describing apoptosis
induction. Correlations between fluxes with a Pearson correlation of |ρ| > 0.5
are illustrated. Nodes that represent biochemical species are labeled with the
name of that species. Links that represent biochemical reactions are labeled
with the flux identifier vj.

correlation indicates that the data is informative with respect to the effective
C3a reduction, but the precise flux distribution on the two paths is unknown.
A similar structure exists for C8a degradation, where negative correlations of
parameters associated to basal degradation (k6) and the parameters determining
CARP-induced degradation (k17,k18) can be observed. Using the embedded
approach, it is easy to identify such negative correlations, while within the
juxtaposed approach, it would be hard to identify whether the related VVRs
are part of two alternative reaction paths or not.
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The embedded visualization technique also allows for the study of redundancy
in the system: highly redundant systems may possess a higher percentage of
negative correlations, which indicate alternative reaction paths, than positive
correlations. The amount of negative correlations can also be analyzed using the
matrices, where negative correlations show up as blue cells in the matrix.

In contrast to the graph containing the parameter correlations, the graph con-
taining the flux correlations is dynamic. The strength of the correlations as
well as the correlation structure change over time, i.e., some EERs (dis-)appear
at particular points in time (Figures 8.6a–8.6d). Indeed, the correlation struc-
ture can change suddenly, which is observed for the Eissing model between
t = 175 min and t = 180 min. Using the embedded visualization technique, the
user can easily detect this sudden change and unravel the underlying source,
the rapid transition: living cell→ dying cell.

Again, pairwise positive flux correlations between the paths of a reversible
reaction as well as pairwise negative correlations of fluxes belonging to alter-
native reaction paths are visible (Tasks I and III). The latter are particularly
easy to spot as in the embedded visualization of flux correlations; they occur as
correlation hubs, e.g., fluxes entering and leaving C8a, CARP, and C8a_CARP
at t = 360 min (Figure 8.6d). These hubs are not directly obvious in the separate
juxtaposed views (Figure 8.4). In addition, in the embedded visualization of
flux correlations at t > 0, it appears that some reaction fluxes (v1, v2, and v8)
are correlated with many other fluxes (Task II). These reactions have many
outgoing EERs.

In summary, both techniques have their advantages in the analysis of corre-
lations between attribute vectors. The juxtaposed approach using matrices to
represent the correlations gives a good overview of all pairwise correlations.
The embedded visualization, in contrast, allows for the identification of lo-
cal structures that arise from the correlations (EERs), e.g., hubs of alternative
reaction paths.

8.4 Dynamic Complexes in Protein-Protein-
Interaction Networks

In this section, the embedded visualization techniques for dynamic group
structures—the node-link-based technique for flat groups (Chapter 6) and the
matrix-based technique for hierarchical groups (Chapter 7)—are applied to a
dynamic protein-protein interaction (PPI) network.
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As already mentioned in Section 8.2, proteins rarely act alone but often bind
together to form groups of proteins, so-called protein complexes, to carry out
biological functions. Since cellular systems are highly dynamic and responsive
to environmental cues, PPI networks change over different stages of the cell
cycle. With the PPI network changing, also the protein complexes change
their formation over time. In this case, the abstract tasks for dynamic flat or
hierarchical groups (described at the beginning of Chapters 6 and 7) can be
adapted to PPIs:

I) Find proteins and interactions associated with a protein complex (group)
of interest at a particular point in time.

II) Analyze the consistency between protein complexes (group structure) and
PPIs (graph topology) of individual PPI networks.

III) Compare PPI networks over time.

IV) Compare protein complexes (group structures) over time.

V) Analyze how changes in the PPI network are reflected in changes in the
group structure.

VI) Differentiate proteins that are stable with respect to their integration into
the dynamic protein complexes (group structure) from proteins that are
instable.

The analysis of dynamic protein complexes can reveal important insights into
dynamic modular mechanisms. PPIs can be classified into stable and transient
interactions. Stable interactions are important to maintain the cell fitness
and stability. In contrast, transient interactions can associate and dissociate
dynamically and can therefore provide a mechanism for cells to quickly respond
to extracellular stimuli.

The dynamic PPI network analyzed in this section was derived from the data
obtained in a study by Ou-Yang et al. [196]. They developed a method, first, to
construct dynamic PPI networks based on joint analysis of time-course gene
expression data and protein interaction data and, second, to detect dynamic
overlapping protein complexes in these networks. They tested their method
based on two data bases for protein interactions with a focus on the network
that was derived from the database of interacting proteins [272]. Further details
on the network generation and protein complex prediction are described in
their publication [196].

The dynamic PPI network provided by Ou-Yang et al. comprises 12 stages in
the cell cycle (i.e., T = 12). Each PPI network Gt contains at most 1,984 vertices.
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Based on the supplemental material of the paper describing the complete list of
predicted protein complexes, the networks were reduced to the set of proteins
that are associated with any complex listed in the supplemental material. The
filtered dynamic network contains no more than 173 proteins per point in
time.

Based on the filtered dynamic network and the predicted overlapping com-
plexes, a dynamic disjoint group structure was derived. The groups
described by the predicted protein complexes are overlapping only slightly
with at most 11 proteins (vertices) that belong to two complexes (groups) at
a particular point in time. To extract dynamic disjoint groups, each of the
proteins (vertices) that was predicted to be part of two complexes is randomly
assigned to either one of them. This way a dynamic flat group structure
ST := (S1, . . . ,ST) can be defined, with St = {St,1, . . . , St,K} where K ≤ 49. The
group structure ST can also be represented as dynamic two-layered hierarchical
group structure H := (H1, . . . ,HT) with Ht = {St,0, St,1, . . . , St,L}, L = K,
and with St,0 as the root element.

In addition to the group structure based on the protein complexes predicted
by Ou-Yang et al., a second dynamic flat ST and a dynamic hierarchical HT

group structure were derived using the MapEquation software package by Edler
and Rosvall [100], which incorporates different clustering methods to generate
two-level (flat) or multi-level (hierarchical) partitions (group structures). In
summary, three group structures were obtained:

1. group structure based on the predicted complexes,

2. group structure based on two-level clustering, and

3. group structure based on multi-level clustering.

The group structures ST and HT are visualized using the techniques described
in Chapters 6 and 7, respectively. As the technique described in Chapter 7
supports the visual comparison of different sequences of hierarchical group
structures H for the same dynamic graph G, both structures (Group Structures 1
and 3) can be visualized in one diagram (Figure 8.10a). In contrast, using the
technique for flat group structures, this is not possible, why Group Structures 1
and 2 are visualized separately in Figures 8.7, 8.8, and 8.9.

Results First, the predicted protein complex (Group Structure 1) is visualized
using the technique from Chapter 6 and using the group stability coloring
(Figure 8.7a). Within this diagram, the stable protein complexes (Task IV) show
up as bundles of light gray ribbons arranged at the bottom of the diagram.
Protein complexes (groups) that are less stable, i.e., that disappear and emerge
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(a) Group stability coloring

(b) Vertex stability coloring

Figure 8.7 — Group Structure 1 visualized using the node-link-based technique
(Chapter 6), where vertices are colored using the two stability coloring schemes.

over time, have a low stability stab(Dl) and are therefore colored dark blue.
Several of these instable complexes (groups) do not belong to any dynamic
community Dl, i.e., the occur only at one particular stage of the cell cycle; these
show up as gray groups in the dynamic community coloring (Figure 8.8a).

There are several complexes that appear only during particular intervals of
the cell cycle (Task IV), i.e., they disappear and emerge again. The dynamic
communities D36 and D42, e.g., emerge at t = 3 for the first time, disappear
at t = 7, where D36 emerges again at t = 9 and t = 11 and D42 does not
re-appear before t = 12 (Figure 8.8b). Zooming into the visualization, it
is possible to identify the proteins associated to the two protein complexes
(Task I) with D36 = {YLR026C, YHL031C, YER157W} and D42 = {YGR140W,
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(a) Sections shown in (b)–(d) are indicated by frames.

(b) The dynamic communities D36 and D42 are selected and highlighted.

(c) The dynamic community D13 is selected and highlighted.

(d) The protein YBL035C is selected and highlighted over time.

Figure 8.8 — Group Structure 1 visualized together with the dynamic PPI
network using the node-link-based technique, where groups and their vertices
are colored with respect to the detected dynamic communities. Groups are
labeled with respect to their dynamic community ID. (b)–(d) show sections of
(a) with particular elements highlighted.
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YDL192W, YMR094W}. The proteins in D36 are involved in the oligomeric
Golgi complex responsible for the intra-Golgi transport. The proteins in D42 act
as components of the centromere DNA-binding protein complex CBF3, which
is essential for chromosome segregation and movement of centromeres along
microtubules.

Visual signatures that occur often include the stable signature as well as the
extinct and emerge signature (Task IV). Only a few contractions can be obtained,
e.g., the dynamic community D67 shrinks from t2 to t3 to less than half of its size
(in Figure 8.8a surrounded by the blue frame). D67 is composed of proteins of
various different functions that cannot be associated with a functional complex.
Therefore, this group may be an artifact of the protein complex detection method.
Almost no split and merge patterns occur besides the dynamic community D13,
which splits at t = 4 and merges again just one time step later (Figure 8.8c).
The six proteins contained in D13 are all associated with eIF-2 functions in the
early steps of protein synthesis. The split into the two subgroups (YDR211W,
YJR007W, YPL237W) and (YER025W, YKR026C, YOR260W) is questionable
as all six proteins are somehow related to the translation initiation factor 2B
(eIF2-B) and should, therefore, rather be contained in one group. Again, this
may hint at an artifact of the complex detection method.

In addition, there is one protein that switches between protein complexes (i.e.,
groups; Task I): YBL035C is first (t ≤ 8) involved in the dynamic community D8
before it switches into D10 for three points in time and finally switches back
to D8 during the last transition, i.e., at t = 12 (Figure 8.8d). YBL035C is
a non-catalytic component of DNA polymerase alpha, which in a complex
with DNA primase constitutes a replicative polymerase. D8 represents this
enzyme complex consisting of four subunits (YBL035C, YIR008C, YNL102W,
and YNL262W), which is assembled throughout the cell cycle. This assembly
is interrupted when YBL035C switches to D10, a group of proteins (YBR087W,
YNL290W, YOL094C, YOR144C, and YMR078C) that are part of the ATP-
dependent clamp loader (RFC and RFC-like) complexes that bind to DNA.

The vertex stability coloring (Figure 8.7b) helps differentiate proteins that are
involved in stable PPIs from proteins involved in transient PPIs (Task VI).
Proteins (vertices) that are stable with respect to their protein complex (group
membership) show up as light gray ribbons, whereas transient proteins (vertices)
are visualized by dark green ribbons. The method by Ou-Yang et al. preserves
stable interactions across different points in time, as they serve as the backbone
of the PPI networks. Using the vertex stability coloring, it is possible to detect
this backbone which shows up by the bundles of light gray ribbons.
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(a) Group stability coloring

(b) The dynamic community D10 is selected and highlighted.

(c) The dynamic community D23 is selected and highlighted.

Figure 8.9 — Group Structure 2 is represented using the node-link-based tech-
nique. (a) Vertices are colored based on the group stability. (b)–(c) the group
structure is visualized together with the dynamic PPI network and groups and
their vertices are colored with respect to the detected dynamic communities.
Groups are labeled with respect to their dynamic community ID. In (b) and (c),
one dynamic community is highlighted.
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The method by Ou-Yang et al. predicts dynamic protein complexes (groups)
such that they change smoothly over time. In contrast, clustering the PPI net-
works for each point in time individually reveals groups that are much more dy-
namic (Figure 8.9) (Task IV). This becomes visible by the higher amount of dark
blue ribbons that appear using the group stability coloring (Figure 8.9a).

In the flat group structure derived by a clustering algorithm (Group Structure 2),
several of the detected groups are much bigger than the predicted groups
(Group Structure 1). Similar to Group Structure 1, in Group Structure 2 stable
groups of proteins exist that persist over several stages in the cell cycle (light
gray bundles of ribbons in Figure 8.9a). These comprise relatively small groups
of similar size as the predicted groups.

In contrast, the larger groups (bundles colored in shades of red, pink, purple, or
blue in Figures 8.9b and 8.9c) show many visual signatures (Task IV), including
split and merge, as well as re-split and re-merge events. These events can be
observed, e.g., for the dynamic communities D10 (purple group in Figure 8.9b)
and D23 (pink group in Figure 8.9c). The split and merge pattern can be obtained
by selecting all groups assigned to a dynamic community over all points in time,
which highlights all proteins (vertices) that belong to this dynamic group at any
point in time (this was done for both Figures 8.9b and 8.9c). Parts of D10 split
up from that dynamic community and join into other dynamic communities
but remerge into D10 at later points in time. The dynamic community D23
emerges at t = 2 by the merge of smaller groups from t = 1. Until t = 7, D23 is
preserved in large part, where at t = 8 it splits into several smaller groups that
are finally re-merged at t = 12. These larger groups may hint at the composition
of smaller functional units to large functional complexes at particular stages of
the cell cycle.

Using the matrix-based technique described in Chapter 7, both Group Struc-
tures 1 and 3 can be visualized in one diagram (Figure 8.10a, with Group
Structure 1 on the top). With the help of the dissimilarity bars, it becomes
apparent that the predicted protein complexes (Group Structure 1) are very
stable as the maximum dissimilarity between two successive group structures
is 0.01 (e.g., the bars in Figure 8.10b; Task IV).

In both, the node-link-based and the matrix-based visualization, it becomes
clear that several protein complexes (groups) as well as clustered groups get
extinct and new ones emerge at each point in time (Task IV). This indicates
that some biological functions happen only at particular stages of the cell cycle.
The emergence and disappearance of complexes can be perceived based on the
transitions (curves) that connect successive points in time. At each stage of the
cell cycle (point in time), there are several groups of proteins (vertices) that
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have no outgoing or incoming transitions (e.g., the transition between the two
hierarchical clusterings from t = 9 to t = 10 in Figure 8.11c). In addition, using
the matrix-based approach, this can also be perceived using the highlighting
of changes in the graph topology (Task III). Added and removed PPIs are
visualized explicitly in an aggregated way using the bars that span between the
matrices and—on the detailed level—by coloring the cells of the matrix. The
highest amount of added and removed PPIs occurs from t = 9 to t = 10. In the
hierarchical clustering of G10 (Figure 8.11c), several completely new PPI clusters
appear, which show up as groups of green matrix cells. These include, e.g., a
protein complex associated with RNA transport; a group of proteins that act as
components of chromatin assembly factor 1 (Figure 8.11c (1)), which is involved
in the first step of the nucleosome assembly process; and a group of proteins
involved in the proteasome, essential for the regulated turnover of proteins and
for the removal of misfolded proteins.

The split and merge patterns (Task IV) that could be identified with the node-
link-based visualization technique (Figure 8.8c), can also be found using the
matrix-based visualization (Figure 8.11a). However, using the matrix-based
visualization technique it becomes clear that the interactions among those
proteins do not change from t = 3 to t = 4 as no edges are added or removed
(Task III). In the matrix view, added (removed) edges are highlighted within the
matrix using green (purple) cells, which do not appear within the highlighted
protein complexes. By selecting the group that splits up from t = 3 to t = 4,
the proteins contained in that group are highlighted and can be tracked easily
to the second sequence showing the hierarchical group structure based on
the clustering (Group Structure 3). In the hierarchical clustering sequence,
these proteins remain in the same group over all points in time. This confirms
the assumption made earlier, that the split may be an artifact of the complex
detection method because the proteins that split into two groups are actually
all related to the translation initiation factor 2B (Figure 8.11a).

The two hierarchical group structures (Group Structures 1 and 3) can be com-
pared using the dissimilarity bars between the sequences and using the coloring
of transitions connecting the hierarchies in both sequences. Transitions that are
colored dark blue reveal a high dissimilarity of integration of the proteins (ver-
tices) into the two hierarchical group structures that are compared. With respect
to the bars and the little amount of present dark blue transitions, it becomes
apparent that the group structures are relatively similar. Figure 8.10b shows
the transition between the second half of all points in time. The relatively small
predicted protein complexes (Group Structure 1) consistently merge together
to bigger groups in the hierarchical clustering (Group Structure 3), i.e., the
small groups do not split before they merge into larger groups. Some of these



8.4
•

D
ynam

ic
C

om
plexes

in
Protein-Protein-Interaction

N
etw

orks
171

(a) Sections shown in (b) and Figure 8.11 are indicated by frames.

(b) The dynamic community D23 is selected at t7 and highlighted.

Figure 8.10 — Group Structures 1 and 3 are visualized using the technique from Chapter 7. While (a) shows the
complete timeframe, (b) shows only the second half of it.



172 Chapter 8 • Applications in Biology

small complexes are associated with different functions involved in the DNA
replication process. Other complexes are involved in cytokinesis or different
types of transport, e.g., nucleocytoplasmic transport. Clustering the network
based on its PPI structure, these complexes appear as integrated within one
larger group, which gives rise to the assumption that these processes are not
decoupled. Merges like the one highlighted at t = 6 (Figure 8.11b) appear at all
points in time.

In the predicted protein complexes (Group Structure 1), several protein com-
plexes (groups) are interconnected well (Tasks II and V). Again, this suggests
that particular functions are coupled. This becomes clear by the many dark
gray boxes that are drawn next to the diagonal and are not framed in red
(Figure 8.10). These visualize the density of PPIs between proteins of different
complexes (groups). In contrast, in the hierarchical clustering sequence, the
density of edges between groups of the highest aggregation level is very low.
There are only few light gray boxes that span between the big groups. For some
points in time (t ∈ [4, 6, 12]) no edges (PPIs) exist between proteins allocated to
different main groups (e.g., G12 in the bottom sequence of Figure 8.10b).

The split and merge behavior of the clustered groups (Task IV) that was obtained
using the node-link-based visualization for the dynamic communities D10 and
D23 (Figures 8.9b and 8.9c) can be obtained in the matrix-based visualization as
well. Figure 8.10b illustrates this for D23 by selecting the big group representing
D23 at t = 7, which highlights all proteins (vertices) contained in that group
over time. This figure reveals that the group splits into several smaller groups
at t = 8, which are re-merged at t = 12. However, due to the longer horizontal
distances, it is harder to follow the elements over time using the matrix-based
visualization compared to the node-link-based visualization.

In summary, with both techniques, it is possible to identify stable groups (here,
functions executed during the complete cell cycle) as well as split and merge
events (here, the association of subgroups of proteins to specific subfunctions
during particular intervals), which matches Task IV. Patterns such as the disap-
pearance and re-emergence of groups over time (i.e., functions that are executed
only at particular stages of the cell cycle), however, can be detected more easily
using the node-link-based visualization technique (Chapter 6). The reason is
the coloring of groups and their proteins (vertices) based on the dynamic com-
munities. However, colors cannot be differentiated easily for large numbers of
dynamic communities. Nevertheless, they help reduce the amount of interactive
highlighting of groups that is necessary to find out whether a group that has
no transition to the next point in time reappears at a later stage. In contrast, in
the matrix-based technique (Chapter 7), the only way to identify such pattern
would be to select an internal node of the hierarchy (a group) to highlight the
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(a) The same group as in Figure 8.8c is selected (D13).

(b) Difference of group structures at t = 6 with the biggest group highlighted.

(c) Clustered hierarchical group structure of G10.

Figure 8.11 — Group Structures 1 and 3 are visualized using the technique
from Chapter 7. (a)–(c) show sections of Figure 8.10a, with particular elements
highlighted in (a) and (b).
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vertices contained in that group over all points in time. Therefore, community
tracking as integrated in the technique in Chapter 6 clearly helps because this
way it is possible to color related groups of proteins (i.e., complexes that persist
over time) similarly.

In contrast to the node-link-based visualization (Chapter 6), using the matrix-
based representation (Chapter 7), the density within and between groups of
proteins of a particular graph can be perceived better. This helps identify
whether protein complexes are coupled or independent. In addition, within the
matrix-based technique, differences of the composition into complexes and the
PPI structure between successive stages of the cell cycle can be perceived more
easily. Finally, using the matrix-based technique, it is possible to compare the
predicted protein complexes with the hierarchical groups of proteins derived
by clustering the PPIs.

8.5 Summary

This chapter demonstrated how the different visualization techniques for over-
lapping or dynamic group structures can be applied to biological networks.
Biological entities (proteins or genes) achieve their biological function in groups
rather than by themselves. Hence, a task that was important for each case study
was the identification of elements associated to a group of interest. The other
way round, it was of interest to identify the group(s) an object of interest (e.g., a
protein or gene) belongs to.

The group structures in biological networks can be complex with respect to
the concept overlap. Biological entities are often involved in more than one
biological function or process (group). Therefore, visualization techniques for
overlapping groups as presented in this thesis (Chapters 3–5) can be used to
investigate these overlaps. They help identify groups that overlap, the degree
of overlap, biological entities allocated to different groups, and—for fuzzy
overlaps—to what extent they are allocated to those groups. The visualization
techniques for crisp and fuzzy overlapping groups can also be applied to
other biological networks as presented in the respective sections. If fuzzy
overlapping groups have been derived for a biological network, these can be
abstracted to crisp overlapping groups ignoring the fuzzy memberships and
simply considering which groups the biological entities are allocated to. Vice
versa, crisp overlapping groups can also be visualized using the technique for
fuzzy overlapping groups with the assumption that entities are allocated to all
their associated groups with the same extent (as done for the synthetic graphs
visualized in Section 4.3).
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For both techniques, for crisp and fuzzy overlapping groups, the origin of the
group structure is irrelevant. Only the filtering option for networks using DoI
functions (Section 3.2.2) incorporated into the visual analytics technique for
crisp overlapping groups is based on the assumption that the biological network
is multivariate. The visualization techniques for edge-based groups, in contrast,
can be used for multivariate biological networks with edge attributes only. The
reason is that the edge-based groups are derived based on the edge attributes
rather than the graph topology.

Biological relations are indeed dynamic, why groups do not only overlap but
change over time as well. If the overlaps are only minor, such as in the case
study in Section 8.4, they can be neglected. In this case, dynamic groups of
biological entities can be analyzed using the visualization techniques for flat or
hierarchical dynamic group structures. Similar to the techniques for crisp and
fuzzy overlapping groups, the techniques for dynamic groups are independent
of the origin of the group structures. The visualization technique for hierarchical
group structures can also be used for flat groups of biological entities, which
are in fact described by two-layered hierarchies. The other way round, the
visualization for flat group structures can be used for hierarchically grouped
entities, only if the hierarchy is abstracted, e.g., taking the partition described
by the first layer under the root.

In general, it depends on the biological data and analyis questions, which of the
presented techniques is suitable. However, the application of the visualization
techniques introduced in this thesis is not limited to biology. As presented
in the related publications [11, 12, 13], the techniques can also be applied to
social networks. But also the application in software engineering is conceivable,
where the visualization is used to analyze program structures.
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Conclusion

This thesis presented visualization techniques for group structures in graphs
to overcome limitations with respect to overlapping groups and dynamic
groups.

Chapter 2 presented the state of the art in explicitly visualizing group structures
in graphs, bringing together various visualization techniques for different
types of group structures in graphs that have been discussed separately so
far. The derived taxonomy of visualization techniques was intersected with
the taxonomy of group structures introduced in Chapter 1. It shows which
visualization has already been used for what type of structure. The comparison
enables the identification of “white spots”, gaps in existing research literature
that require further research. In addition to identified research challenges,
existing evaluations and the main application domains were discussed.

In the following, the results for the presented visualization techniques for
overlapping groups will be discussed first, followed by the results for the
visualization techniques for dynamic groups. Finally, the high-level results will
be discussed together with an outlook.
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9.1 Results of Visualizing Overlapping Group
Structures

Chapter 3 presented a visual analytics system that integrates interactive filtering
of dense networks with group-based layouts of the resulting subnetworks. The
filtering is based on multivariate quantitative attributes as well as the defined
group structure. Filtering the network using the group structure allows users
to extract subnetworks that exclusively contain objects associated to particular
groups of interest. The group structure can be visualized implicitly based
on an interactive semi-automatic layout algorithm that groups and displays
the nodes of extracted subnetworks according to a user-defined subset of
groups. In addition, groups can be highlighted using an explicit visualization
approach—contours overlaid on the node-link diagram. Not least, the visual
analytics system facilitates the comparison of multiple subnetworks representing
different analysis facets through an interactive super-network. The combination
of interaction techniques (filtering) and visual mappings (node position and
contours) facilitates the tasks related to the attributes and the overlapping group
structure of the graph.

The visual analytics system was initially developed for multivariate graphs with
categorical attributes describing the group structure. However, the system is not
limited to multivariate graphs. The filtering based on groups and the implicit
and explicit visualization of groups could also be applied to graphs with a
group structure defined on the topology because the group structure depicts a
categorization of the objects. This was demonstrated for the synthetic graphs
with overlapping groups. The analysis of the synthetic graphs revealed that
the scalability of the implicit visualization, the group-based layout technique, is
limited. In particular, with increasing number of groups and degree of overlap
between groups, the group structure cannot be perceived in the layout of the
node-link diagram.

Highlighting groups using colored contours helps identify which objects are
allocated to a group of interest. However, with an increasing degree of the
overlap, highlighting all groups at the same time goes along with overdraw
caused by many intersecting contours. Interactively fading in and out contours,
however, helps overcome this problem. Another problem arises with an increas-
ing number of groups and the use of color for the contours, because there is
only a limited number of colors that can be differentiated. In graphs with many
groups, contours that intersect may be assigned similar colors, which might
impede the analysis of overlapping groups. First optimization techniques have
been developed for disjoint groups [113, 148, 174], which maximize the color
differences between neighboring groups. The extension of such techniques
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for overlapping groups such that groups that share many objects are assigned
preferably different colors, is still an open research challenge.

The visual analytics system introduced in Chapter 3 is well suited for the filter-
ing of large dense networks to networks of reasonable size. Group structures
within the filtered subnetworks can be analyzed with respect to overlaps, while
the context of the complete network—shown in a separate view—is preserved
by brushing and linking techniques. The scalability of implicit and explicit visu-
alization of the group structure could be improved incorporating an interactive
aggregation of groups and their intersections. Based on the formal concept
analysis [270] or the subset graph used to generate the layout, aggregation
schemes can be described. Using the layered view of the groups and their
intersections, for instance, arbitrary cuts through the layered subset graph could
be made to define the current level of aggregation.

In contrast to the visualization technique for crisp overlapping groups (Chap-
ter 3), Chapter 4 went one step further. It considered not only which objects are
associated to more than one group, but also to what extent they are associated
to these groups. These fuzzy memberships are used to define a hierarchical
structure of the vertices. This hierarchy can be used to partially aggregate
the graph and to investigate the group structure at different levels of detail.
Starting with the network of groups, the user can continuously drill down to
the network of individual nodes.

The fuzzy memberships are encoded implicitly by the nodes position and explic-
itly using color gradients and icons. Both encodings of the fuzzy overlapping
group structure are independent from its origin, i.e., the technique presented in
Chapter 4 can be used for groups derived from the topology or attributes. The
visual encoding of the fuzzy memberships in combination with the hierarchical
aggregation model helps analyze overlaps and differentiate core objects from
objects heavily involved in different groups. The visualization technique for
fuzzy overlapping groups (Chapter 4) was applied to the same synthetic graphs
as the technique for crisp overlaps (Chapter 3). Due to its hierarchical aggre-
gation model, the technique for fuzzy overlapping groups scales better with
respect to the number of groups. The technique for crisp overlaps (Chapter 3),
in contrast, supports filtering of groups, which helps reduce the number of
presented groups to those that are of interest. However, this presumes that the
user already has an idea which groups are interesting.

With increasing degree of overlap of a large number of groups, the analysis
of overlaps becomes difficult. Objects belonging to several groups cannot be
associated with those in any case. With an increasing number of groups, the
colors assigned to the groups become less distinguishable. If groups placed
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close to each other are assigned similar colors, this may lead to ambiguities
for objects that belong to several groups to similar extent. These objects are
visualized as pie charts, with the sections of the charts pointing into the direction
of the respective group. This indication may not be sufficient to associate
an object with a particular group given that the nearby groups have similar
colors. Optimization methods for the assignment of colors to groups would
help and therefore represent an opportunity for future research. In particular,
existing color optimization techniques for disjoint groups [113, 148, 174] could
be extended for overlapping groups. These techniques should aim at assigning
preferably different colors not only to neighboring groups but also to groups
that share many objects. By interactively fading in contours to highlight group
memberships—as done within the visualization technique for crisp overlaps
(Chapter 3)—this problem can be circumvented. In this technique, the selection
of a node results in fading in contours surrounding each group the selected
node is associated with. Incorporating this interactive fading in of contours
would help overcome ambiguities caused by similar colors.

Chapter 5 introduced two alternative visualization techniques for edge-based
groups in graphs, where groups represent pairwise relations between multivari-
ate edges of the graph, so-called edge-edge relations (EERs). The embedded
visualization technique integrates these EERs into a node-link diagram showing
the graph topology. The juxtaposed approach is based on multiple linked views
with the graph topology visualized as node-link diagram and the EERs encoded
within a matrix. In contrast to the techniques presented in Chapters 3, 4, 6, and 7,
the application of the technique presented in Chapter 5 requires multivariate
graphs, because the definition of groups is based on edge attributes.

The design of edge representatives within the embedded visualization allows
users to differentiate edges of the graph and relations between them (EERs) as
well as to judge the type and strength of occurring EERs. In the juxtaposed
approach, both types of relations can be differentiated because they are shown in
different views. Both techniques were applied to the same synthetic graphs with
increasing size as the techniques for crisp and fuzzy overlapping node-based
groups (Chapters 3 and 4) but with edge-based groups defined.

Comparing the embedded and juxtaposed visualization technique, the latter
scales better with respect to the number of EERs and the degree of overlap
between them. Visualizing both types of relations in one diagram, like done
in the embedded technique, goes along with more overdraw caused by the
additional links representing EERs. To reduce visual clutter, the layout technique
of the embedded visualization could be extended to evaluate vertex–edge and
edge–edge repulsions, instead of just evaluating attracting and repelling forces
between vertices. In addition, visual clutter could be reduced by the use of more
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than two control points for the curves representing the EERs, to force curves to
run around vertices instead of crossing them. A disadvantage of the juxtaposed
visualization is the need for labels or brushing and linking techniques to retrieve
relations in both views. With the embedded visualization, path-oriented tasks
and the identification of global structures involving several EERs are supported
better. In comparison to the visualizations for overlapping node-based groups
(Chapters 3 and 4), considering overlapping edge-based groups increases the
complexity of the visualization, in particular, visualizing both graph topology
and group structure within a single image.

9.2 Results of Visualizing Dynamic Group
Structures

The techniques presented in Chapters 3–5 concentrated on overlapping groups
in static graphs, whereas Chapters 6 and 7 focused on dynamic groups in
dynamic graphs. The techniques presented in Chapters 6 and 7 are independent
of the origin of the group structure and can be applied to groups based on
either the topology or attributes of the graph. Both visualization techniques fall
into the category of embedded visualization approaches of group structures in
graphs. For both techniques, the transitions between the group structures of
successive points in time are encoded using a flow metaphor. The technique
presented in Chapter 6 uses a node-link diagram to encode the graph topology
at individual points in time, whereas in the technique from Chapter 7 matrices
are used. In contrast to the node-link-based technique (Chapter 6), the design
of the matrix-based technique (Chapter 7) supports visualizing more than one
hierarchical group structure of the same graph by stacking the sequences. The
hierarchy comparison is facilitated not only within but also between sequences,
again using a flow metaphor. Compared to the node-link-based technique, the
matrix-based technique can be applied to flat as well as hierarchical disjoint
group structures. The node-link-based technique can be applied exclusively to
flat disjoint group structures.

Both techniques benefit from an optimized ordering of groups and vertices,
which minimizes the number of crossing transitions between successive points
in time. The sorting algorithm presented in Chapter 7, considers dynamic
hierarchical group structures and transitions not only within but also between
sequences of hierarchies. It can therefore be considered as an extension of the
sorting algorithm for flat group structures in Chapter 6, whereas the sorting
technique for hierarchical group structures (Chapter 7) could be applied to flat
group structures as well.
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By design, both embedded visualization techniques support analyzing the
evolution of groups. For flat group structures, dynamic communities can be
derived. Assigning each dynamic community a color and showing groups in
the color of the dynamic community they belong to (as done by the technique
in Chapter 6) supports the analysis of group evolution at a glance. Using the
matrix-based technique (Chapter 7), more effort is necessary to follow a group of
interest over time. Here, the vertices of that group need to be tracked following
the ribbons. The tracking of vertices over time is facilitated using interactive
highlighting techniques incorporated in both visualization techniques.

Changes in the graph topology can be perceived at a glance within the matrix-
based technique (Chapter 7), due to the explicit encoding of changes. Using the
node-link-based technique (Chapter 6), differences between successive diagrams
can only be identified looking forth and back between them. Therefore, the
comparison of graph topologies over time is supported better by the matrix-
based technique. The analysis of the consistency between group structure and
graph topology is provided by both techniques. Within the node-link-based
visualization, aggregated between-group-links depict the density of edges
between groups, whereas the density of edges within each group is mapped
to the brightness of the group node. Within the matrix-based visualization,
these densities are mapped to the gray value of rectangular areas representing
connections between the groups. This visual mapping can be perceived more
easily than the links connecting groups in the node-link-based visualization; in
particular, for large numbers of groups, the amount of edges crossing at small
angles hampers the analysis.

Both techniques include metrics modeling stabilities and differences of group
structures, which are mapped to the color of vertices and transition curves
between successive points in time. These help identify differences in the group
structure and differentiate vertices that are stable with respect to their integra-
tion into the dynamic group structure from vertices that are instable.

To evaluate both techniques with respect to their scalability, they have been
applied to the same set of dynamic synthetic graphs with dynamic flat group
structures. The node-link-based technique scales better with respect to the
number of points in time than the matrix-based technique, because less hori-
zontal space is required per point in time. The diagrams generated with the
matrix-based visualization become very elongated with increasing number of
points in time. Yet unanswered is the question how to improve the temporal
scalability, e.g., using aggregation methods. The dissimilarity metric described
in Chapter 7, e.g., could be used to determine intervals containing only minor
changes. Graphs contained within these intervals could therefore be aggregated,
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where the respective group structures need to be merged or redefined based on
the aggregated graph.

In contrast to the node-link-based visualization, the matrix-based visualization
scales better with respect to the size of the graph and the number of groups.
The matrix-hierarchy visualization adapts to the zoom level and therefore
supports the perception of the group structure and consistency between group
structure and graph topology even when viewed from a distance. In the node-
link diagrams, the links between groups eventually get very elongated, which
hampers the analysis of the consistency.

Another scalability issue arises using colors to encode groups. The dynamic
community color within the node-link-based technique (Chapter 6) facilitates the
analysis of group evolution. Its capabilities, however, are limited: similar to the
techniques for crisp and fuzzy overlapping groups in static graphs (Chapters 3
and 4), with an increasing number of groups, it becomes more difficult to
differentiate them based on their color. In contrast to these techniques, the node-
link-based technique for dynamic groups already incorporates an optimization
for the assignment of colors to dynamic communities. This optimization method
supports allocating similar colors to dynamic groups that exchange many objects
over time or colors high in contrast to neighboring dynamic communities.

9.3 High-level Results and Outlook

The practical implications of all five visualization techniques presented in this
thesis are demonstrated for the biological application domain in Chapter 8. In
biology, groups do overlap and change over time. Existing data models for
biological phenomena usually simplify the group structure to either static but
overlapping groups or dynamic but disjoint groups. For those networks and
group structures, the techniques like presented in this thesis are sufficient for
the analysis. To visually encode the actual properties of biological networks
and their groups, novel techniques are required that support overlapping as
well as dynamic groups, both at the same time. The techniques presented here
are, however, not limited to the application in biology. They could be of use for
the analysis of social networks, software systems, economy networks, computer
networks, and many other.

The visualization techniques presented in this thesis address several research
questions that coincide with challenges identified for group structures in graphs
as described in Section 1.3. The main research question was how to integrate the
group structure with the graph topology in a single visualization that is readable
and supports an analysis of the groups and the graph. Based on the application
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to synthetic graphs and, in particular, to biological networks (Chapter 8), it
could be demonstrated that the developed visualization techniques facilitate
the tasks emerging for the respective type of group structure. They allow users
to analyze the consistency between and correlations of both components. This
yields for all types of group structures investigated in this thesis.

However, the application to the synthetic graphs of varying size also revealed
that for some techniques presented in this thesis, the readability is limited to
graphs of manageable size and number of groups. In particular, the techniques
for crisp overlapping groups in multivariate graphs (Chapter 3) and for overlap-
ping edge-based groups (Chapter 5) suffer from overdraw with increasing size
of the graph and number of groups. The visualization technique for fuzzy over-
lapping groups (Chapter 4) and the techniques for dynamic groups (Chapters 6
and 7), at least still support the analysis of the group structure with increas-
ing size of the graphs. These techniques scale better because they represent
embedded visualization techniques rather than superimposed techniques. In
contrast to overlays, embedded visualizations tightly integrate group and graph
representation by modeling groups as nodes themselves that are integrated into
the graph (Section 2.1.4). Visualizing these group nodes helps reveal the global
structure even for large graphs. The technique for dynamic hierarchical group
structures (Chapter 7) scales best because features of the graph topology, such
as the density within and between groups and the amount of changes in the
graph topology between successive points in time, can be perceived even for
large graphs (at small zoom levels).

On top of the future work mentioned for the individual techniques, the general
open research challenge is the improvement of the scalability. The evaluation
based on the synthetic graphs revealed that the use of color to encode groups
does not scale with respect to the number of groups. The scalability of the use of
colors can be addressed by color optimization methods such as used within the
node-link-based technique for dynamic flat group structures (Chapter 6). Color
optimization methods help deal with the challenge of an increasing number
of groups. Existing optimization methods exclusively support the assignment
of colors to disjoint groups. Yet unanswered is the question how to extend
these techniques such that overlaps are considered, e.g., to maximize the color
difference of groups that overlap.

Each technique presented in this thesis incorporates interaction techniques to
support the analysis of the group structure and the graph topology mainly using
brushing and linking techniques to highlight particular elements. Highlighting
methods, however, help improve the scalability to a minor degree only. A
common way to address the scalability with respect to the size of the graph
and the number of disjoint groups is the use of aggregation. The node-link-
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based technique presented in Chapter 6 allows users to visualize partially
aggregated graphs based on the disjoint group structure superimposed on the
group evolution visualization. Within this aggregated graph representation, the
density of edges within and between the groups is encoded in the brightness of
the group nodes and width of the aggregated links, respectively. The matrix-
based visualization for the dynamic hierarchical group structures supports at
least a visual aggregation of the graph topology by mapping the edge densities
within and between groups to the gray value of the respective rectangular
areas within the matrix. However, the question of how to interactively collapse
and expand groups and subgroups within the dynamic graph, has not been
addressed yet.

A first approach for the aggregation of fuzzy overlapping groups was presented
in Chapter 4. Incrementally aggregating groups based on fuzzy memberships
clearly improved the scalability of this technique. The incorporation of this
aggregation scheme into other explicit visualization techniques for overlapping
group structures is an opportunity for future research. Existing aggregation
methods for disjoint hierarchical group structures oftentimes support arbitrary
cuts through the hierarchy. Extending the concept of arbitrary aggregations for
overlapping hierarchical groups is a research challenge as well. Yet unanswered
is the question how to aggregate edge-based groups.

For dynamic graphs with dynamic groups, the development of aggregation
methods is even more important as for static graphs. Here, the scalability can be
limited not only with respect to the size of the graph and number of groups but
with respect to the number of points in time as well. The question whether the
independent aggregation of disjoint groups in the individual graphs impedes
the analysis of the evolution of the group structure or graph topology, is still
unanswered. In addition, future work includes the development of methods for
the aggregation of graphs and their group structures over time to improve the
temporal scalability.

A question that was not addressed at all so far is how to visualize groups
that overlap and change over time. A first step in this direction would be the
adaption of comparison techniques for pairs of graphs with disjoint group
structures, to overlapping group structures.
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