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1 Summary

In this work the optical properties of three dimensional photonic crystal structures are
studied theoretically by means of a full vectorial three dimensional finite-difference time-
domain (FDTD) numerical simulation. First, the principles of lower dimensional pho-
tonic crystal structures are comprehensively discussed to assess the underlying physical
principles of eigenmode and bandgap formation. For consistency, results are obtained
on the basis of the FDTD-method. Then these principles are generalised to two different
classes of three dimensional photonic crystal systems. First, we address the technolog-
ically important case of photonic crystal slab structures, i.e. two dimensional crystal
patterns in vertically finite layer structures, where the localisation of the electromag-
netic fields perpendicular to the crystal plane is achieved by total internal reflection.
Starting with simple air-bridge structures the systems studied are extended to more com-
plex vertical structures, like patterned insulator-on-silicon-on-insulator (IOSOI) cladding
structures mounted on a substrate. The main focus thereby is laid on the quantitative
description of effects that are related to the coupling of the index-guided localised pho-
tonic crystal modes to the environment. Next to the technologically extremely important
calculation of radiation losses, it is, in particular, the discovery of cladding modes (i.e.
modes that have no exponential decaying behaviour in the claddings) for frequencies
in the bandgap region that is important and pioneering for the understanding of these
systems and their potential application in integrated optics. Second, we focus on the
fundamental physical properties of three dimensional inverted opal structures. Within
the weak coupling regime, we analyse the strong frequency, polarisation and space de-
pendance of the spontaneous emission rate (which is equivalent to the local density of
states) of a dipole source embedded within our inverted opal in a crystallite of finite size.
Thereby, strong enhancement effects are demonstrated close to dielectric interfaces for
certain frequencies due to the continuity conditions of the electric field modes. These
results are essential for the interpretation of luminescence experiments, because in real
systems there is always an inhomogenous distribution of emitters and an approximation
based on a total density of states becomes invalid. Finally, the basic building blocks
of the FDTD-code like core algorithm, boundary conditions and data extraction are
discussed in detail. Moreover, special adaptations of these components with respect to
photonic crystal analysis are discussed and examplary results for the dependance on
internal simulation parameters on the results are shown.
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Zusammenfassung

In der vorliegenden Arbeit werden die optischen Eigenschaften von dreidimensionalen
photonischen Kristallen theoretisch mit Hilfe von voll-vektoriellen finite-difference time-
domain (FDTD)-Simulationen untersucht. Zunächst werden die Prinzipien von niederdi-
mensionalen photonischen Kristall-Systemen diskutiert, insbesondere um die zugrun-
deliegenden physikalischen Mechanismen zu klären, die für das Zustandekommen von
Eigenmoden und Bandlücken verantwortlich sind. Die zugehörigen exemplarischen Ergeb-
nisse werden mit Hilfe der FDTD-Methode berechnet. Anschliessend werden diese
Prinzipien auf zwei verschiedene Klassen dreidimensionaler Systeme verallgemeinert.
Als erstes betrachten wir den technologisch wichtigen Fall eines zweidimensionalen pho-
tonischen Kristalls in einer vertikal endlichen Schichtstruktur, wobei die Wellenführung
senkrecht zur Kristallebene durch Totalreflektion erfolgt. Beginnend mit einfachen Mem-
branstrukturen werden die untersuchten Systeme bis hin zu komplex strukturierten
IOSOI-Schichtsystem mit Claddings auf einem Substrat erweitert. Das Hauptaugen-
merk liegt dabei auf der quantitativen Beschreibung von Effekten im Zusammenhang
mit der Kopplung der index-geführten photonischen Kristallmoden mit ihrer Umge-
bung. Neben der technologisch äusserst wichtigen Berechnung von Streuverlusten ist
insbesondere die Entdeckung von Cladding-Moden, d.h. Moden die keinen exponen-
tiellen Abfall in den Claddings zeigen, für Frequenzen innerhalb der Bandlücke wichtig
und neu für das Verständis dieser Systeme im Hinblick auf deren Anwendung in der in-
tegrierten Optik. Als zweites betrachten wir grundlegende physikalische Eigenschaften
in dreidimensionalen invertierten Opalen. Im Grenzfall der schwachen Wechselwirkung
analysieren wir die starke Orts-, Polarisations- und Frequenzabhängigkeit der spontanen
Emissionsrate, hier äquivalent zur lokalen Zustandsdichte, eines Punktdipols in einem
Kristalliten endlicher Grösse. Es wird dabei signifikante Verstärkung an dielektrischen
Grenzflächen für bestimmte Frequenzen gezeigt, die durch die Stetigkeitsbedingungen
der elektrischen Feldmoden verursacht wird. Diese Ergebnisse sind essentiell für die
Interpretation von Luminiszenz-Experimenten, da es in realen Systemen stets eine in-
homogene Verteilung der Emitter gibt und somit eine Näherung unter Verwendung der
totalen Zustandsdichte nicht mehr gilt. Am Schluss werden fundamentale Komponenten
eines FDTD-Programms wie Kernalgorithmus, Randbedingungen und Datenauswertung
detailliert beschrieben. Darüberhinaus werden spezielle Anpassungen dieser Kompo-
nenten im Hinblick auf die Analyse photonischer Kristalle diskutiert und exemplarische
Ergebnisse zur Abhängigkeit von internen Simulationsparametern vorgestellt.
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2 Introduction and Overview

The control of light propagation and emission is today one of the most exciting and pro-
gressing fields with respect to potential applications in information technology. Indeed,
the traditional way of transporting and processing large amount of data with electronic
circuits reaches physical limits that make it hard to satisfy the demands of the upcom-
ing global information society. Many of these limitations are hoped to be overcome by
systems that are based on photons instead of electrons. While in some aspects photonic
devices already play a leading role as in long range transmission through optical fibres,
an on-chip realisation of photonic circuits is still not achieved on a level mature enough
for the market. Moreover, electronic circuits are still orders of magnitudes ahead with
respect to miniaturisation.

For fundamental physical research this means there is a large need for the design and the
understanding of systems that can control and manipulate light on small lengthscales,
significantly smaller than the wavelength of the light itself.

In 1987, Yablonovitch [1] and John [2] independently suggested the use of periodi-
cally nano-structured (which means structures of a size similar or smaller than one
wavelength) dielectrics to engineer the mode structure and the density of states in a
meta-material that is now well known as photonic crystals. Their motivation was an
interdisciplinary use of principles long known in electrodynamics and solid-state-physics.
Similar to the electrons in a crystalline semiconductor, a crystal of periodically arranged
dielectric scatterers with carefully chosen geometry, should exhibit a photonic band-gap,
i.e. a region with vanishing density of states and prohibited propagation. In this type of
material, an excited emitter with a transition frequency within the band-gap is stabilised
and not able to emit a photon. It quickly turned out that this is really possible and a
new field of research was born.

In the last nearly two decades intensive research has been performed and showed that
the original idea of suppressing spontaneous emission is only one of many exciting pos-
sibilities photonic crystals are able to offer.

The strongly modified interaction between radiation and matter has also been applied
e.g. for the enhancement of nonlinear effects. This mainly relies on the fact that within
photonic crystals there can be light propagation with very low group velocities. Also,
besides suppression of spontaneous emission [3], strong enhancement has been predicted
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2 Introduction and Overview

[4]. The tailoring of the local density of states has furthermore led to the proposal of
various non-Markovian quantumoptical effects like an anomolous Lamb-shift [5] or split-
ting of optical levels at band edges [6]. It is obvious that these effects may be utilised
for the optimisation of light sources like semiconductor lasers.

However, the largest variety of ideas has surprisingly not arised from the originally
intended manipulation of matter-light interaction but from the purely classical propa-
gation properties of photonic crystals. It has been recognised quite early that the con-
trolled inclusion of defects in a perfect lattice generates strongly localised states within
the bandgap. In the case of a pointlike defect this results in a cavity that can have amaz-
ingly high quality factors simultaneously with very small mode volumes [7]. A property
that is very desired in optical electronics. For a linear defect however light is confined in
two space directions and can propagate along the line which creates a waveguide with
extensions on the lengthscale of the wavelength. Obviously, this is also strongly desired
by technologists. Two dimensional calculations and simulations presented very early by
Joannopoulos et al [8] moreover suggested very interesting properties of these waveg-
uides like extremely low losses at sharp bends [9]. This is possible because the guiding
mechanism in a photonic crystal is multiple Bragg interference and not total internal
reflection as in conventional optical devices. This means that it is not necessary that the
guiding happens in a material with high index or in a material at all. This perception
made a very new and interesting technical application possible, the photonic bandgap
fibre (PBF). In a PBF light is guided along a fibre with a periodically structured cross-
section, with the main intensity confined in an air-channel. These fibres apparently have
very low absorbtion losses and suffer only weakly from material dispersion. Moreover,
very high intensities can be sent through a PBF without unwanted nonlinear interaction.
PBF’s are now very likely to become the first large scale technological application based
on photonic crystals. Credits hereby must be given to the pioneering work of Phillip St.
John Russell [10].

It would be beyond the scope of this introduction to list all possible applications and
devices proposed in the last years, like beam splitters, polarisation sensitive devices,
wavelenghth monitors or dispersion compensators. However, it is important to mention
that the focus of the research concerning applications has recently been concentrated
to two-dimensionally structured layer-by-layer systems where the confinement perpen-
dicular to the crystal plane is achieved by total internal reflection. Although one looses
some of the benefits of full three dimensional crystals, the ease of fabrication seems to
pay off. Nevertheless there has been a lot of progress in the last few years to overcome
the most fundamental disadvantage of three dimensional crystals, the difficult controlled
inclusion of defects [11].

From the beginning of the research in this field, numerical analysis and simulation has
played a very important role. The reason for this is that the solutions of the full vec-
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torial Maxwell’s equations are required to correctly describe the optical properties and
that due to the structure of the equations no reasonable analytical approximation is
possible. It has e.g. been demonstrated in the early 1990’s that a scalar approximation
cannot explain the existence of a band-gap. Another reason is that the experimental
fabrication of photonic crystals is difficult and time consuming. A pure heuristic try-and-
error approach without supporting design suggestions from theory would be unpractical.

The state of the art in numerical analysis of these systems consists of a complemen-
tary use of frequency- and time-domain methods. The most prominent and widespread
frequency-domain-technique is the plane-wave-method for the computation of photonic
band-structures and eigenmodes, that is based on a time-harmonic plane wave decom-
position of eigenmodes and dielectric structure. Its advantages are the relative efficient
computation and high accuracy in frequency due to its iterative nature, while suffering
from the inability to handle systems suffering from scattering losses. On the other hand,
for time-domain methods (most prominently the finite-difference time-domain (FDTD)
method), there are nearly no restrictions in the geometrical or physical setup, but only
in required computing resources. Unfortunately, the latter are immense and provide a
significant disadvantage of FDTD. Nevertheless, due to the rapid progress in computing
power, FDTD has become the standard technique for analysing technologically relevant
problems. However, because it is still necessary to work with clusters or supercomputers
to provide the required power, recently more sophisticated and promising new develope-
ments has appeared like finite-volume, multigrid or hybrid-basis approaches that aim to
make photonic crystal analysis possible on standard personal computers.

This work adresses several aspects of photonic crystal research. Chapter 3 tries to
give a comprehensive overview over the fundamental physics and mechanisms leading to
bandstructures, eigenmodes and especially bandgaps. This is discussed for one and two
dimensional systems, and fundamental principles are generalised to more complicated
systems. To ensure consistency, all examplary results presented in this chapter are cal-
culated by self-developed computer codes.

Chapter 4 deals very detailed with one of the central aspects for the technical appli-
cation of two dimensional photonic crystals in finite layer structures. The interaction of
the crystal pattern with the vertical structure and the resulting deviations from ideal
two dimensional systems, especially concerning out-of-plane losses due to coupling to the
mode bath of the environment. By gradually progressing from simple idealised structures
up to complex systems with claddings and substrate the important physical mechanisms
as well as quantitative results for technologically relevant material systems are shown.
The discovery of cladding modes in insulator-on-silicon-on-insulator (IOSOI) structures
is thereby pioneering for the comprehensive understanding of these systems.

In Chapter 5 the attention is drawn to more fundamental physics in the context of
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2 Introduction and Overview

light-matter-interaction in a three dimensional opal structure. By applying a special
modification of the FDTD-method the strong space and frequency dependance of the
spontaneous emission rate in a finite opal crystallite within the weak coupling regime
is analysed in detail. This has a strong relevance for the interpretation of luminescence
experiments [12] and the experimental probing of the mode structure of a photonic crys-
tal. In this work this has been done for the first time in a three dimensional system with
finite size.

All results of the preceeding chapters have been obtained by several problem adapted
versions of an FDTD algorithm. As FDTD is a very general method for solving electro-
dynamical problems a proper adaptation to a certain problem with respect to efficiency,
reliability and accuracy is sometimes difficult and not straightforward. Therefore in
chapter 6 the FDTD algorithm is described in detail including practical advise for the
use in photonic crystal analysis.

14



3 Principles of Photonic Crystals

The basic principles and underlying theory of photonic crystals are introduced in this
chapter. First, necessary prerequisites from electrodynamics, solid state physics and
group theory are discussed in the context of photonic crystal analysis, most of them
using the 1D case as an example. Next, basic structures and properties of crystals
with various dimensionality are presented. Finally, more sophisticated concepts like the
introduction of controlled defects are explained.

3.1 Electromagnetism of Periodic Dielectrics

In some way, the invention of photonic crystals in 1987 [1, 2] was not the discovery of
complete new physical principles, but an outstanding interdisciplinary recombination of
well-known physics. The essential part thereby was the combination of Maxwell’s equa-
tions for electromagnetic fields in a dielectric structure with Bloch’s theorem for periodic
potentials from solid-state physics. The main aspect in understanding photonic crystals
is the understanding of how these two principles interact in a periodically structured
dielectric.

3.1.1 Maxwell’s Equations

Under general conditions the four Maxwell’s equations in Heaviside-Lorentz units read as

∇ ~B(~r, t) = 0 (3.1)

∇× ~E(~r, t) +
1

c

∂

∂t
~B(~r, t) = 0 (3.2)

∇ ~D(~r, t) = ρ(~r, t) (3.3)

∇× ~H(~r, t) − 1

c

∂

∂t
~D(~r, t) =

1

c
~j(~r, t) (3.4)

with the material relations

~B = ~B( ~H) (3.5)

~D = ~D( ~E) (3.6)
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3 Principles of Photonic Crystals

For the analysis of nanostructured dielectrics we can make some reasonable simplifica-
tions. First, we assume that no free currents or charges are present in the system. This
means we can set the right hand sides of the inhomogenous equations 3.3 and 3.4 to zero.
Moreover, we can assume linear dielectric materials with vanishing magnetic suscepti-
bility. This is reasonable for most dielectric materials as long as the field intensities are
small enough. The general material equations 3.5 and 3.6 under this assumption are now

~B(~r, t) = ~H(~r, t) (3.7)

~D(~r, t) = ε(~r) ~E(~r, t) (3.8)

where ε(~r) is the spacially varying dielectric constant. In principal, ε(~r) can also be time
and/or frequency dependent, but this is not under consideration in our case. If we go
back to Maxwell’s equations with these assumptions they now can be written as two curl
equations with the time derivatives only depending on ~E and ~H and two homogeneous
equations completing the set.

∇× ~E(~r, t) = −1

c

∂

∂t
~H(~r, t) (3.9)

∇× ~H(~r, t) =
1

c
ε(~r)

∂

∂t
~E(~r, t) (3.10)

∇ ~E(~r, t) = 0 (3.11)

∇ ~H(~r, t) = 0 (3.12)

In practical applications, e.g. solving these equations numerically, it is sufficient to solve
the curl equations while assuring the homogeneous equations are fulfilled. In this case
it might be convenient to rearrange the curl equations in a way that they depend only
on ~E or ~H, respectively. This leads to two second order wave equations, which are often
called master equations in literature [8]:

∇×
[

ε−1(~r) ∇× ~H(~r, t)
]

= − 1

c2

∂2

∂t2
~H(~r, t) (3.13)

ε−1(~r) ∇×
[

∇× ~E(~r, t)
]

= − 1

c2

∂2

∂t2
~E(~r, t) (3.14)

To analyse the structure of 3.13 (we do not choose 3.14 for reasons that will be ex-
plained later) we choose a fourier decomposition in time, which means we assume a
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3.1 Electromagnetism of Periodic Dielectrics

time-harmonic behaviour of the fields. This can be done without loss of generality. The
ansatz

~H(~r, t) = ~H(~r) eiωt (3.15)

leads to the fourier space master equation

∇×
[

ε−1(~r) ∇× ~H(~r)
]

=
ω2

c2
~H(~r) (3.16)

which can be understood as an eigenvalue problem for the eigenfunctions ~H(~r) and the
eigenvalues ω2 of the general form

Θ̂ ~H(~r) = ω2 ~H(~r) (3.17)

where the operator Θ̂ contains the information about the dielectric structure. The eigen-
value problem based on 3.13 is Hermitian and therefore ensuring that the eigenvalues
are real and the eigenfunctions form a complete set of basis functions. This is convenient
for further theoretical analysis as well as for certain types of numerical solutions (e.g.
the plane-wave-expansion method (PWM, [13]). The reason for choosing 3.13 instead of
3.14 is that the different position of ε(~r) within Θ̂ destroys the hermiticity. For further
analysis of 3.16 we need more information about the dielectric structure described by
ε(~r). This is discussed in the next section.

3.1.2 Bloch’s Theorem

Within the eigenvalue equation 3.16 the dielectric constant ε(~r) mathematically plays
the role of a potential. In a photonic crystal, we know that this potential is by defini-
tion periodic in one or more dimensions. We will now take advantage of this discrete
translational symmetry to learn more about the solutions of the master equation. Math-
ematically, the periodicity of ε(~r) can be expressed as

ε(~r + ~R) (3.18)

where ~R is an integer multiple of a primitive lattice vector ~R in one dimension or the
superposition of integer multiples of primitive lattice vectors ~Ri in d dimensions:

~R =

d
∑

i=1

ni
~Ri (3.19)
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3 Principles of Photonic Crystals

with integer ni. For simplicity we will restrict ourselves now to the one dimensional case
(in x-direction: ~R = ax̂), without loss of generality. For completeness we have to state
that we assume a continous translational symmetry in the other two space directions.
The discrete translational symmetry can be expressed in terms of a translation operator
T̂ which creates a spatial shift by a. Due to the structure of the dielectric potential ε(~r)
it can be shown, that T̂ commutes with Θ̂:

[

T̂ , Θ̂
]

= 0 (3.20)

This means we can construct simultaneous eigenfunctions of T̂ and Θ̂ and therefore clas-
sify the eigenfunctions of Θ̂ by the eigenvalues of T̂ . The eigenfuctions of T̂ are easily
determined as plane waves with wavenumber k, because the translational symmetry only
allows the eigenfunctions to differ by a phase shift which corresponds to the eigenvalue θ:

T̂ eikx = eik(x+a) = eika eikx = θ eikx (3.21)

It is obvious now, that θ is not unique for all wavevectors k, because each k+m 2π/a (m
is an integer) will produce the same θ as k. Mathematically, this means that all plane
waves corresponding to k + mG with G = 2π/a form a degenerate set of eigenfunctions,
and that all superpositions of plane waves with wavevector k + mG are also an eigen-
function with eigenvalue θ. As θ does only depend on k as a free parameter for a given
structure, we can now make the step back to the master equation and state the following:

The eigenfunctions of Θ̂ can be classified by a wavevector k and have the form:

~Hk(x) = eikx
∑

m

~Hm eimGx = eikx ~uk(x) (3.22)

with the lattice periodic function uk(x) = uk(x + na) and plane wave amplitudes ~Hm.
This statement is well known in solid state physics as Bloch’s theorem [14].

We will now generalise Bloch’s theorem for d dimensions:
A given d-dimensional structure with dielectric constant

ε(~r) = ε(~r + ~R) (3.23)

where

~R =

d
∑

i=1

ni
~Ri (3.24)
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3.1 Electromagnetism of Periodic Dielectrics

with primitive lattice vectors ~Ri and integer numbers ni has eigenfunctions which can
be labeled by an wavevector ~k and expressed in the form

~H~k
(~r) = ei~k~r

∑

~G

~H~k, ~G
ei ~G~r = ei~k~r ~u~k

(~r) (3.25)

where ~G represents reciprocal lattice vectors of the form

~G =

d
∑

i=1

mi
~Gi (3.26)

with integer numbers mi and

~Gi · ~Ri = 2π δi,j (3.27)

and a lattice periodic function.

~u~k
(~r) = ~u~k

(~r + ~R) (3.28)

δi,j is the Kronecker delta function and ~Gi primitive reciprocal lattice vectors.

3.1.3 The Concept of Brillouin-Zone and Bandstructure

We know from Bloch’s theorem that wavevectors ~k and ~k + ~G produce the same set of
eigenfunctions and corresponding eigenvalues. Therefore we can restrict our analysis to
the smallest region in k-space that can be expanded to the entire k-space by adding recip-
rocal lattice vectors. Only this region contains non-redundant information. From solid
state physics we know that this smallest possible region can be constructed as the prim-
itive Wigner-Seitz cell in reciprocal space and is called the first Brillouin-zone (BZ) [14].
This concept is easily understood in a one dimensional photonic crystal, because it is
obvious that only k-values from −π/a to π/a (which is equivalent to −0.5 G to 0.5 G)
fulfill this condition. The complete frequency eigenvalue spectrum of the system can be
obtained by calculating the eigenvalues for these k-values. One step further we can sort
all eigenvalues corresponding to a certain k-value and label them by an index, we will
refer from now to as the band-index n. The unique representation of an eigenfunction
is therefore

~Hn
~k
(~r) = ei~k~r

∑

G

~Hn
~k, ~G

ei ~G~r = ei~k~r ~un
~k
(~r) (3.29)
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Figure 3.1: Schematic picture of a one
dimensional photonic crys-
tal. The black framed box
shows a primitive unit cell,
R is a lattice vector and a
the lattice constant
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or, as also often used in literature, the labelling by the frequency eigenvalue:

~Hω
~k
(~r) = ei~k~r

∑

G

~Hω
~k, ~G

ei ~G~r = ei~k~r ~uω
~k
(~r) (3.30)

The combination of these two concepts results in an ω over ~k diagram which is called
the bandstructure and has proven to be very useful when discussing the properties of
periodic systems in solid state physics, and now as well in the field of photonic crystals.
The frequencies are displayed in units of 2πc/a, which has proven to be useful. As
Maxwell’s equations are linear, the geometry and eigenvalues/eigenfunctions scale also
linearly. Therefore it makes sense to normalize frequencies by a fundamental length of
the crystal, the lattice constant. The normalization to 2πc/a is always assumed in this
work when no explicit frequency units are given. We will illustrate this concept now for
a one dimensional photonic crystal. As shown in fig. 3.1 the unit cell consists of two
layers with the same thickness a/2 and refractive indices n1 and n2. If we assume now a
very small index contrast n1/n2 the structure is exspected to have a similiar dispersion
relation as an homogeneous material with an average index navg = (n1 + n2)/2, because
the periodic modulation represents only a small perturbation. This dispersion relation
is well known to be a straight line ω = navg · k. The modes of this slightly perturbed

structure consist mainly of one component: The plane wave with wavevector ~k. In this
simple system we can easily see what happens for a k-value k1 larger than π/a. The
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3.1 Electromagnetism of Periodic Dielectrics

modes are backfolded by an reciprocal lattice vector ~G to a k-value k0 = k1 − G into
the first Brillouin zone, and now both eigenvalues ω0 = navg · k0 and ω1 = navg · k1

belong to the k-value k0, but have gained an additional band index. Moreover, due to
the symmetry of the layer system we do not have to distinguish between k and −k and
therefore can restrict to the interval [0, π/a]. This procedure is illustrated in fig. 3.2.
This picture of backfolding into the first Brillouin-zone is only valid in a strict sense
when the modes have one dominant fourier-component (which means they are nearly
plane waves). In a general case all modes contain contributions of plane waves ei(k+G)x

for an infinite number of G vectors.

3.1.4 The Bandgap

In the discussion of the last section we ignored what happens at the edge of the BZ. It
is already obvious from fig. 3.2 that the perturbation of the homogenous case is largest
and that a small gap in the dispersion relation arises for k = ±π/a. We now want to
clarify the physical reason of this effect:

The (nearly) plane wave for k0 = π/2 can be mapped by the reciprocal lattice vector
−G to k1 = −π/2. As both plane waves have the same absolute value of k, both will
contribute to the eigenmode. The result of an interaction of a propagating and counter-
propagating plane wave is a standing wave. The same argumentation holds true when
mapping k1 to k0 by +G. This means that the modes have a two-fold degeneracy. We
can now construct basis functions of this two-dimensional subspace, with the maxima
of the standing wave either in the higher or the lower dielectric material. As the elec-
tromagnetic energy

Energy =

∫

ε(x)
∣

∣

∣

~E(x)
∣

∣

∣

2

+
∣

∣

∣

~H(x)
∣

∣

∣

2

dx (3.31)

is different in these two cases, the modes have different frequency eigenvalues. At the
edges of the BZ this results in a degeneracy splitting in the band diagram. In turn, this
splitting causes a bandgap. That we define as the frequency interval, within which no
modes exist for all possible ~k-vectors. This has further consequences:

1. Due to the lack of modes, the density of states (see 3.1.6) in the band-gap is zero.
This has a strong influence e.g. on spontaneous emission. We will discuss this
topic in more detail in chapter 5.

2. No propagation is allowed inside the photonic crystal for frequencies within the
gap. This certainly only holds when propagation within the same dimensionality
as the Brillouin-zone is taken into account. This means for the 1D-case that a
bandgap only exists for propagation perpendicular to the layers, and for the 2D-
case that there is generally no bandgap for propagation out of the crystal plane.
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3 Principles of Photonic Crystals

We want to stress here, that point 2 is not a commensurate condition for the existence
of a bandgap as often mistaken in literature. It will be discussed later that other mecha-
nism can also cause zero transmission through a photonic crystal, without the existence
of a bandgap.

In practical applications normally one aims to make the bandgap as large as possi-
ble. To obtain a comparable measure for the size, we now introduce the relative gap
width of a bandgap with lower edge ω1 and upper edge ω2

∆ω

ωc

=
ω2 − ω1

1
2
(ω2 + ω1)

(3.32)

where ∆ω is the absolute gap width and ωc the center frequency of the gap. Eq. 3.31
implies that the size of the bandgap is dependent on the refractive index contrast of the
two layers. However, geometrical parameters are also important for size and position of
the gap. The dependance of these parameters varies strongly in structures of different
dimensionalities and is discussed in the sections later on.

3.1.5 Symmetries

An important tool for analysing photonic crystals and their optical properties is informa-
tion on the behaviour of eigenmodes under certain symmetry operations. In many cases
this allows qualitative predictions e.g. about transmission behaviour, but is generally
useful when there is a coupling of a photonic crystal to the environment (e.g. incoupling
of external sources). In the following we will therefore discuss fundamental symmetries
of electromagnetic systems.

Mirror symmetry

The symmetry that will be used mainly in this work is the mirror symmetry. Generally,
if the dielectric constant ε(~r) has an invariance under a mirror operation M̂ , then M̂
commutes with the operator Θ̂ of the master equation, and Eigenmodes can thus be
classified by the eigenvalues of M̂ . We therefore define a mirror operator that mirrors a
vector field ~F (~r) at the plane x = 0

M̂ ~F (~r) : x → −x , Fx → −Fx (3.33)

This can be easily generalised to an arbitrary mirror plane, but for simplicissity we will
discuss only this simple example. It is obvious that applying M̂ two times to the vector
field will recreate the original function. Therefore, the single application can only cause
a multiplication by a constant
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3.1 Electromagnetism of Periodic Dielectrics

M̂ ~F (~r) = α ~F (~r) (3.34)

M̂2 ~F (~r) = α2 ~F (~r) = ~F (~r) (3.35)

From these two equations it follows, that α (the eigenvalue of M̂) can only have the

values +1 and −1. The eigenmodes of ~F (~r) will therefore be classified for there ‘odd’
and ‘even’ symmetry (α = −1 and α = +1, respectively).

When we adopt this principle to the electromagnetic eigenmodes of a photonic crys-
tal we have to be careful. While the argumentation above is applicable straight forward
to the electric field ~E(~r), the magnetic field ~H(~r) gains an additional sign due to its
pseudovectorial character. We will summarize the conditions that are valid for odd and
even electromagnetic eigenmodes due to a mirror operation at an x=0-plane in the fol-
lowing table:

even mode:

Ex(x, y, z) = −Ex(−x, y, z)

Ey(x, y, z) = +Ey(−x, y, z)

Ez(x, y, z) = +Ez(−x, y, z)

Hx(x, y, z) = +Hx(−x, y, z)

Hy(x, y, z) = −Hx(−x, y, z)

Hz(x, y, z) = −Hx(−x, y, z)

odd mode:

Ex(x, y, z) = +Ex(−x, y, z)

Ey(x, y, z) = −Ey(−x, y, z)

Ez(x, y, z) = −Ez(−x, y, z)

Hx(x, y, z) = −Hx(−x, y, z)

Hy(x, y, z) = +Hx(−x, y, z)

Hz(x, y, z) = +Hx(−x, y, z)

or, more generally speaking:

• An even mode has even parallel components of the electric field and an even normal
component of the magnetic field. The other components are odd.

• An odd mode has odd parallel components of the electric field and an odd normal
component of the magnetic field. The other components are even.

where normal and parallel are meant with respect to the mirror plane. We want to note
here, that e.g. a plane wave propagating in x-direction with an electric field polarized
in y-direction and magnetic field in z-direction is odd with respect to a (y = constant)-
mirror plane.

Polarisation

A special type of mirror symmetry occurs in 2D systems. Due to the continous transla-
tional invariance perpendicular to the two dimensional basis (referred to as z-direction),
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3 Principles of Photonic Crystals

an intrinsic mirror symmetry exists. Moreover, the fields can only vary by a phase factor
eikzz in z-direction. If we restrict ourselves to in-plane propagation (kz = 0), and con-
sider the symmetry conditions described in the previous section we easily obtain that
even modes can only consist of Ex, Ey and Hz field components and odd modes of Ez,
Hx and Hy, respectively. If we use this information in the master equations 3.13 and
3.14 we see that they decouple into two scalar equations for Ez and Hz.

(

∂

∂x
ε−1(x, y)

∂

∂x
+

∂

∂y
ε−1(x, y)

∂

∂y

)

Hz(x, y, t) = − 1

c2

∂2

∂2t
Hz(x, y, t) (3.36)

(

ε−1(x, y)
∂2

∂2x
+ ε−1(x, y)

∂2

∂2y

)

Ez(x, y, t) = − 1

c2

∂2

∂2t
Ez(x, y, t) (3.37)

As even modes only have transverse (in-plane) electric field components, they are called
transverse electric (TE), while odd modes, that consist only of transverse magnetic field
components, are denoted transverse magnetic (TM). This separation into two scalar
master equations can drastically reduce the numerical effort in calculating band struc-
tures and eigenmodes for purely two dimensional systems.
If the continous translational symmetry of a two dimensional photonic crystal is broken,
but a mirror symmetry still exists (e.g. in a photonic crystal slab), it is common to call
the odd modes TM-like and the even modes TE-like. Directly in the mirror plane, the
strict seperation of components is still valid.

3.1.6 Density of States

The photonic density of states (DOS) plays an important role in understanding the
optical properties of a photonic crystal because it describes the integral availability of
allowed states in a certain frequency range regardless of band-index or k-value. The
DOS is defined as

N(ω) =
∑

n

∫

BZ

d3k δ(ω − ωn(~k)) (3.38)

where the k-space integration covers the hole Brillouin zone (BZ) and ωn(~k) is the eigen-

value for band-index n and k-vector ~k. δ is the Dirac delta function. In free space N(ω)
is proportional to ω2. A vanishing DOS is the commensurate condition for a complete
photonic bandgap and not, as often argued in literature, a perfect reflection or vanishing
transmission behaviour. We will discuss later that a vanishing transmission can also be
caused by coupling effects due to symmetry mismatch.

N(ω) represents a quantity that is averaged over the unit cell. It must not be confused
with the coupling strength of an emitter at a certain position to the electromagnetic
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3.2 One-Dimensional Photonic Crystals: The Bragg Mirror

environment which can strongly vary in space. This quantity is called local density of
states (LDOS) and weights the contributions of each ωn(~k) by the intensity of the elec-
tric field at the position of the emitter, averaged over all dipole polarisations:

N(ω,~r) =
∑

n

∫

BZ

d3k
∣

∣

∣

~En
~k
(~r)
∣

∣

∣

2

δ(ω − ωn(~k)) (3.39)

The LDOS plays an essential role in quantum-electrodynamical phenomena in photonic
crystals [15]).

3.2 One-Dimensional Photonic Crystals: The Bragg

Mirror

In this section we will discuss the simplest case of a photonic crystal, the one dimensional
Bragg-mirror consisting of alternating layers of two different materials. This structure
is well known and has been used in optics for decades. Here we will discuss it using
the terminology of photonic crystals to gain insight into fundamental processes that will
help us later in the understanding of more complex higher dimensional photonic crystal
structures.

Basically, we have two types of variable parameters in a Bragg mirror. First, the refrac-
tive indices n1 and n2 of the two materials and second, the thicknesses d1 and d2 of the
two layers within the unit cell. More generally, we can speak of material and geometry
parameters that are responsible for the optical properties.

First, we want to keep the geometry fixed, using a lattice constant a and two lay-
ers with thickness a/2 forming the unit cell, and study the influence of the refractive
indices on the bandgap which is characterised by its relative width ∆ω/ωc. Before we
calculate bandstructures for different sets of refractive indices, we can obtain some more
information out of the structure of the master equation. If we multiply the dielectric
distribution ε(~r) by a constant factor α or, equivalently the refractive index by

√
α,

we see that the only consequence would be a scaling of the eigenfrequencies ω by
√

α.
However, this constant factor will be absorbed in the fractional expression in ∆ω/ωc.
This means that every dielectric structure with the same refractice index contrast n2/n1

will produce the same relative gap width, and we can resort to discussing n2/n1 instead
of n1 and n2 independently.
Now we want to see the quantitative influence of the refractive index contrast n2/n1 (we
always assume n2 > n1 and, respectively, n2/n1 > 1).

Fig. 3.3 shows the relative gap width ∆ω/ωc in dependance on n2/n1, as well as fre-
quencies of the upper and lower edges for n1 = 1.0. We can see that the relative gap
width increases strongly with the index contrast for n2/n1 ≈ 3.5, and then starts to
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Figure 3.3: ∆ω/ωc, upper and lower bandedge for layers with equal thickness dependent
on n2/n1

0,5 0,6 0,7 0,8 0,9
relative thickness of low contrast layer [d/a]

0,0

0,1

0,2

0,3

0,4

0,5

0,6

relative gap width
lower band edge [2Pi c/a]
upper band edge [2Pi c/a]

Figure 3.4: ∆ω/ωc, upper and lower bandedge dependent on d1/a for n2/n1 = 3.0.
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Figure 3.5: ∆ω/ωc, upper and lower bandedge dependent on d1/a for n2/n1 = 2.0.
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Figure 3.6: ∆ω/ωc, upper and lower bandedge dependent on n2/n1 for n1d1 = n2d2.
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saturate. This can be explained qualitatively like that: In 3.1.4 we have identified the
origin of the bandgap as a degeneracy splitting of modes that are predominatly localised
in high or low dielectric material. For increasing index contrast this is still the case,
but both modes now tend to localise more and more in the high index material. Above
a certain level of index contrast a further increase does not have a large effect because
the modes are already nearly completely localised in the the high index material. The
route to solve this problem is obvious: We should give the modes more room to localize
in the low index material. This can be done by modifying the thickness of the layers,
making the high index layer thinner in favour of the low index layer. As we normalize
frequencies to 2πc/a, we keep the lattice constant a = d1 +d2 constant. To verify this we
calculate ∆ω/ωc for different values of the relative thickness of the low index layer d1/a
with fixed n2/n1 = 3.0 (fig. 3.4) and n2/n1 = 2.0 (fig. 3.5). The maximum gap widths
correspond to d1/a = 0.75 (n2/n1 = 3.0) and d1/a = 0.666 (n2/n1 = 2.0). These values
fulfill the condition n1d1 = n2d2 that is well known in classical optics as the matching of
the optical path lengths in both layers. When we now use this condition for calculating
the gap width in dependence of n2/n1 we end up with the optimum result in fig. 3.6.
This result is not new and was known long before photonic crystals became an active
scientific topic. However, it shows the importance of the synergy between material and
geometrical properties when designing structures with a bandgap. The understanding
of the mechanisms that lead to a maximum bandgap are much more difficult in higher
dimensions because of the higher number of degrees of freedom (especially in geometry
and polarisation), but the principles are the same.

3.3 Two-Dimensional Photonic Crystals

In this section we will discuss basic properties of two dimensional photonic crystals (2D-
PC). Therefore we will present typical 2D-PC structures and corresponding numerical
results for bandstructures and eigenmodes. Furthermore we will analyze in more detail
the bandstructure and the parameter dependencies of the hexagonal hole array, which
is essential for later parts of this work.

The precise definition of a two dimensional photonic crystal we use here consists of
two parts: First, a dielectric constant that is periodic in 2D and translationally invari-
ant perpendicular to the in-plane periodicity.

ε(~rxy, z) = ε(~rxy + ~Rxy, z) (3.40)

ε(~rxy, z) = ε(~rxy, z + δz) (3.41)
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3.3 Two-Dimensional Photonic Crystals

We will associate the x-y-plane with the crystal plane and the z-direction as translation-
ally invariant. Second, we will restrict our analysis to in-plane propagation.

kz = 0 (3.42)

For out-of-plane propagtion the in-plane bandgap closes for a certain value of kz. Details
can be found in [16].

3.3.1 Basic Structures and Properties

Even if we restrict ourselves to using two different materials only, the possibilities of
designing a two dimensional photonic crystal are immense. There has been large effort of
testing various lattices and unit-cells in search of an optimimum bandgap or other optical
properties of interest. Without achieving a comprehensive quantitative understanding
yet, some general rules have been established that determine the bandgap:

Brillouin Zone and Index Contrast

Within the x-y-plane a directional gap exists in each direction because there is always
some kind of one dimensional periodic modulation and a one-dimensional photonic crys-
tal always has a gap (see 3.2). To obtain an omni-directional gap there must be an
overlap of all directional gaps. This is clearly very difficult to realize if the directional
gaps are too small. This implies that there is a minimum index contrast n2/n1 > 1 that
is required to obtain a gap. The overlap of the directional gaps may be achieved more
easily if the k-values along the edge of the Brillouin-zone do not differ too much. This
calls for a Brillouin zone that is as circular as possible.

Polarization Dependence

In 3.2 we learned that the origin of a bandgap is the degeneracy splitting of modes whose
energies are localized stronger or weaker in the high dielectric medium. We will now
see that this has consequences for the topology for gaps of different polarization. Let’s
assume a dielectric interface at x = x0 with

ε(x < x0) > ε(x > x0) (3.43)

To understand the behaviour of the electric energy ε(~r)
∣

∣

∣

~Eω
~k
(~r)
∣

∣

∣

2

= ~Eω
~k
(~r) ~D∗ω

~k
(~r) (the

* denotes the complex conjugate) of a mode at this interface we have to distinguish
between the electric fields polarized perpendicular or parallel to the interface. As E‖ is
continous at x0
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ε(x0 − δx)
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∣

∣

~Eω
~k,‖

(x0 − δx)
∣

∣

∣

2

> ε(x0 + δx)
∣

∣

∣
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(3.44)

which means the energy discontinously decreases at the interface to the low index ma-
terial. For E⊥ we recall that now the dielectric displacement ~D = ε ~E is the continous
variable and therefore

ε(x0 − δx)
∣

∣

∣

~Eω
~k,⊥

(x0 − δx)
∣

∣

∣

2

< ε(x0 + δx)
∣

∣

∣

~Eω
~k,⊥

(x0 + δx)
∣

∣

∣

2

(3.45)

which means the energy discontinously increases. The first case is obviously more suit-
able for a strong confinement in the high index material. In terms of two dimensional
photonic crystals we can use this for finding optimal topologies for gaps of different
polarizations. We have to avoid interfaces with respect to the perpendicular E-field
component. This is the case for isolated high dielectric scatterers and TM-polarization,
and for interconnected high index dielectrics with low index scatterers (inverse struc-
tures) and TE-polarization. We will demonstrate this now for typical structures.

Square Lattice of High Index Cylinders Surrounded by Air

As an example we consider a square arrangement of cylinders with refractive index
n = 3.0 and radius r = 0.2a in air. Fig. 3.7 (top) shows a schematic picture of the crystal

with a primitive unit cell, the lattice vectors ~R1 and ~R2, lattice constant a and cylinder
radius r. The corresponding reciprocal lattice is depicted in fig. 3.7 (bottom). The inset
shows the Brillouin zone constructed from the reciprocal lattice vectors G1 and G2 as
Wigner-Seitz cell of the reciprocal lattice. The Brillouin zone is quadratic and therefore
has additional symmetries that will reduce the part of k-space that has to be considered.
The light grey triangle is the smallest area that can be mapped to the whole Brillouin
zone by mirror- or rotation-operations and contains all non-redundant information. This
smallest possible part is called the irreducible Brillouin zone. It is limited by the high
symmetry points Γ, X and M . We already know from one dimensional examples that
bandgaps will appear at the border of the Brillouin zone. Therefore it is sufficient
to calculate the bandstructure for a closed path along the lines connecting the high
symmetry points. Fig. 3.8 shows a calculation for TE- and TM-bands done by a finite-
difference time-domain (FDTD) method. As exspected from the general arguments in
3.3.1 a TM-gap appears for frequencies from 0.321 to 0.441, while there is no TE-gap.
The TM-gap has a relative width ∆ω/ωc of 31.5% and is limited by the first band at
the M -point and by the second band at the X-point. There is also a small directional
gap in Γ-X-direction for TE-modes. To explain the appearance of the gaps according to

3.3.1 we will now analyze the distribution of the electric energy ε(~r)
∣

∣

∣

~Eω
~k
(~r)
∣

∣

∣

2

of the first

two TE- and TM-bands at the X-point. Fig. 3.9 shows the energy for the first TM-band
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within one primitive unit cell (Here and in all upcoming intensity plots, bright shading

indicates high intensity values and dark shading low intensity values). As ~E points along
the cylinder axis and therefore always parallel to the dielectric interface, the energy can
be confined very strongly in the region of high-index dielectric material. Consequently,
this leads to the lowest frequency in the eigenvalue spectrum. A mode of higher order
will now require an additional node in the crystal plane, because there is no additional
degree of freedom due to the quasi-scalar character of the z-polarized electric field. This
nodal line, as can be seen in fig. 3.10 has to go through the center of the cylinder because
the mode has to be orthogonal to the first one. This pushes a significant part of the
energy out of the high dielectric into the air region and causes an energy shift that leads
to the large gap observed in fig. 3.8.
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Figure 3.7: Top: Real space
lattice. Bottom: Reciprocal
space lattice.
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Figure 3.8: Bandstructure for a square lattice of
n = 3.0 cylinders with radius r = 0.2a in air.

The situation, however, is different for TE-modes. As the electric field vector lies in
the crystal plane there are additional possibilities for the energy to localise. The electric
field vector can be orientated perpendicular or parallel to the interface. For the lowest
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Figure 3.9: Electric energy at the X-
point for the first TM-band.

Figure 3.10: Electric energy at the X-
point for the second TM-
band.

Figure 3.11: Electric energy at the X-
point for the first TE-
band.

Figure 3.12: Electric energy at the X-
point for the second TE-
band.
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order mode in fig. 3.11 the field lines tend to be parallel (high contribution of the first
order plane wave). This indicates a perpendicular crossing at two sides of the cylinder.
The corresponding discontinous increase of the energy is clearly observed in fig. 3.11.
This causes a high localization in the low-index dielectric. The second order band in
fig. 3.12 has a more complex structure in the field distribution and an even higher low
index localization. However, the difference to the first order band is obviously much
smaller than in the TM-case.

Hexagonal Lattice of Air Holes in a High Dielectric Background

Following our argumentation that interconnected structures provide TE-gaps and iso-
lated structures TM-gaps, we now try to find a compromise to achieve a polarisation
independant gap. This can be done by using an inverse structure with large airholes
that nearly touch each other.

Brillouin zone

G2

G1

M K

Γ

2r

R2
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a

vein spot

Figure 3.13: Top: Real space
lattice. Bottom: Reciprocal
space lattice.
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Figure 3.14: Bandstructure for a hexagonal lat-
tice of air holes with radius r = 0.45a in a
n = 3.6 backbone.

Moreover, we now use an hexagonal lattice, that renders the Brillouin zone more circular
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3 Principles of Photonic Crystals

Figure 3.15: 1st TM at M Figure 3.16: 2nd TM at M Figure 3.17: 3rd TM at M

than in the square lattice. These considerations lead to the structure shown in fig. 3.13
(top). The high dielectric material consists of spots that are interconnected by thin
veins in a way such that each hole is surrounded by six veins and spots. The insets also
show the primitive unit cell, the lattice vectors R1 and R2 and the parameters r and
a. In fig. 3.13 (bottom) the reciprocal lattice is displayed with insets of the Brillouin
zone, the irreducible Brillouin zone with high symmetry points Γ, M and K, and the
reciprocal lattice vectors G1 and G2. As an example we choose a high dielectric back-
ground n = 3.6 and holes with r = 0.45a. The corresponding bandstructure is shown in
fig. 3.14. We can see a large TE-bandgap from 0.292 to 0.483 with ∆ω/ωc = 49.3% and
a smaller TM-bandgap from 0.382 to 0.424 with ∆ω/ωc = 10.4%. The TE-gap is limited
by the first band at the M -point and the second band at the K-point, the TM-gap by
the second band at Γ and the third band at K. To analyse the origin of these gaps we
now study the energy distribution at selected points, starting with the TM-modes.
Similiar to the square lattice the only way to create higher modes for TM-polarization is

by adding node planes. Fig. 3.15 shows the first TM-mode at the M-point that strongly
localizes its energy in the dielectric veins and spots, beside one node plane that crosses
two veins. The second band (fig. 3.16) adds one more node plane that also crosses veins.
The third band contains three nodal planes (fig. 3.17) that cross the dielectric spots
(and also run through two veins). As significantly more energy can be stored in a spot
than in a vein, the change in energy is much larger between the second and the third
band compared to the first and second. This is reflected in the bandstructure by the
frequencies at the M-point but also in the fact that the TM-gap rises between band two
and three and not between 1 and 2 as for the TE-modes.
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3.3 Two-Dimensional Photonic Crystals

Now we discuss how strong the size of the air-holes influences the width of the bandgap.
We therefore focus on the modes that limit the bandgap.

In fig. 3.18 and 3.19 we see modes that have a high six fold symmetry in the dis-
tribution of the electric energy. At the Γ-point the energy is strongly localised in the
dielectric spots while at the K-point the energy is concentrated in the veins with nodes
in the spots. The localisation in the thin veins pushes some energy into the air regions
and causes an increase in frequency which results in a gap. Following these qualitative
arguments, the upper bandedge should consequently be more sensitive to changes in the
radius of the airholes because this causes a larger relative change in the areas where the
energy is concentrated as illustrated by comparison of fig. 3.19 and fig. 3.20 where the
upper edge mode is shown for different radii. If the veins have a similiar thickness than
the spots, the gap should vanish.
Now we want to discuss the TE-modes of the hexagonal structure. This is done in more
detail because later we will focus on this particular system. Fig. 3.14 shows that the
TE-gap is much larger than the TM-gap. For the parameters used in fig. 3.14 we obtain
a TE-gap of 49.4%. The gap is limited at the lower edge by the first band at the M -point
and at the upper edge by the second band at the K-point. Therefore we will now look
closer at these two modes and for illustration also at the first band at M .
Fig. 3.21 shows the electric energy for the first band at M and radius 0.45a. The energy
is well localised in the dielectric regions and the continuity behaviour shows that the
electric field is parallel to the dielectric interfaces. Therefore only little energy is stored
in the air regions. The second band at the same point displays a completely different
picture (fig. 3.22): At two positions the field lines cross the interface perpendicular,
leading to significant energy in the holes. Moreover, there are node planes in some of
the dielectric veins and nodes. The additional degree of freedom due the polarization
leads to a large difference in energy localisation and therefore in the frequency eigenval-
ues. The mode that represents the upper band edge (fig. 3.23) has similiar properties
as fig. 3.21 beside a different symmetry due to the different k-vector. What happens if
we change the radius of the air hole? For both bands frequencies will decrease due to
the higher effective refractive index. The effect on the second band is larger because
the relative volume of air decreases and therefore also the possibility of storing energy
there. In the modes of the first band nearly the whole energy is already stored in the
high index material and adding more material will not strongly improve this. As the
frequency of the upper edge decreases stronger than the frequency of the lower edge the
relative width of the bandgap also becomes smaller. This is illustrated in fig. 3.24 to
3.26 (energy distribution) and fig. 3.30 (bandstructure) for radius 0.33a. In comparison
to the case with r = 0.45a the relative decrease is 37.8% for the upper edge frequency
and 28.6% for the lower edge frequency while the relative bandwidth decreases to 36.3%.
Compared to the structures and polarisations discussed so far, the TE-gap in the in-
verse hexagonal structure is very robust and exists for a large range of frequencies. If
we further decrease the radius we have to go until r = 0.13a to destroy the gap. This
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Figure 3.18: 2nd TM at Γ,
r = 0.4a

Figure 3.19: 3rd TM at K,
r = 0.4a

Figure 3.20: 3rd TM at K,
r = 0.47a

Figure 3.21: 1st TE at M,
r = 0.45a

Figure 3.22: 2nd TE at M,
r = 0.45a

Figure 3.23: 1st TE at K,
r = 0.45a
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Figure 3.24: 1st TE at M,
r = 0.33a

Figure 3.25: 2nd TE at M,
r = 0.33a

Figure 3.26: 1st TE at K,
r = 0.33a

Figure 3.27: 1st TE at M,
r = 0.13a

Figure 3.28: 2nd TE at M,
r = 0.13a

Figure 3.29: 1st TE at K,
r = 0.13a
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Figure 3.30: Bandstructure for TE-modes for structures with varying radius
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Figure 3.31: Bandstructure for TM-modes for structures with varying radius
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is presented in fig. 3.30 and fig. 3.27 to 3.29. In the energy distribution we see that the
perturbation of the dielectric by the hole becomes so small that the character of the
light is nearly that of a plane wave.
In contrast, the TM-gap is much less robust, as can be seen in fig. 3.31 where we compare
the TM-bands for radii 0.40a and 0.47a. The relative change in the lower edge frequency
is 14.5% while the upper edge frequency changes by 26.6%. For r = 0.47a this results
in a gap width of 14.7% while for r = 0.40a the gap just closes.
In the last two sections the application of the general principles of 3.3.1 has been demon-
strated. However, even for basic structures and the lowest order bands, it is already dif-
ficult to analyse the complicated mode structures. It has become clear that the general
principles may only work as qualitative guidelines but cannot replace numerical analysis
whenever quantitative information is required.

3.4 Defects

The availibility of structures where no propagation is allowed has led to many interesting
suggestions for applications and devices (e.g. as mirrors for lasers [17]) as well as the
novel propagation properties of the photonic crystal bands (e.g. superprisma [18]).
However, the largest field of applications opens up by the controlled introduction of
defects into the perfect periodic structure that creates well defined and strongly localised
states within the bandgap. The qualitative understanding why local deviations from the
perfect crystal can trap light is easy, because one can just imagine semi-infinite crystals
that act as perfect mirrors and are brought together in a way such that they surround
a small region. If defects with well defined properties (e.g. a certain frequency or mode
profile) are required a deeper understanding of the mechanisms that lead to a defect
mode is necessary, especially because the possibilities of locally disturbing the lattice
are large. It can be done by modifying the material, the geometry or the lattice itself.
Generally, the introduction of a defect destroys the periodicity of the crystal. In systems
of higher dimensionality this not necessarily needs to be done in all dimensions. Indeed,
we can classify the type of defect by the number of dimensions in which the periodicity is
broken. In an i-dimensional system a point-defect will destroy the discrete translational
symmetry in i directions, a line-defect in i − 1 directions and a planar defect in i − 2
dimensions. Therefore point defects can appear in 1-, 2- and 3-D systems, line defects in
2- and 3-D and planar defects only in 3-D. In the following sections we will discuss the
creation of defects of various types in some example systems. We will not address defects
in three dimensional systems because they have not yet reached technological relevance
because of experimental difficulties, but there has been important recent progress by
applying direct laser writing in polymers [11].
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3.4.1 Point Defects in 1D

The super-cell concept

Before we start analysing defects we will introduce a concept that helps understanding
the physical mechanisms leading to defect creation as well as being useful for numerical
calculations. When defining the lattice vectors ~Ri and the concept of bandstructure
in 3.1.2 and 3.1.3 we have assumed that ~Ri are primitive lattice vectors refering to a
primitive unit cell, leading to the largest possible Brillouin zone. For the concept of
bandstructure this is convenient because an unnessesary backfolding can cause confu-
sion. Mathematically, however, it is not necessary. We can also choose a non-primitive
unit cell, from now on called super-cell, (in 1D e.g. l · a long) and calculate the corre-

sponding vectors of real ( ~R · l) and reciprocal space ( ~G/l) as well as the now (l-times)
artificially backfolded bandstructure. Fig. 3.32 shows an example of this procedure for
a simple Bragg-mirror with n1 = 1.0, n2 = 2.0, d1 = 2a/3, d2 = a/3 and l = 11. In the
ideal system this formal change is trivial and not beneficial. However, if we now change
for example the thickness of one layer and thereby create a point defect, we destroy the
~R-periodicity but still have the ~R · l-periodicity. The system now consists effectively of
a periodic arrangement of defects within a background one dimensional crystal. The
solutions of this system are not the same as of the perfect defect structure that would be
a single defect in an infinitely extended crystal. However, we can argue that the defect
mode is strongly localised to the spatial perturbation and if the distance between two
defects (which is essentially the size of the supercell) is large enough that the eigenfunc-
tions of the single defects do not overlap, the eigensolutions are the same as in the ideal
case. We therefore can calculate the defect modes and frequencies without loosing the
benefits of working with a periodic system.

High and Low Index Defects

Using the supercell method we will now investigate the physical origin of pointlike defects
in the one dimensional example mentioned in the last section. The energy distribution
at the lower and the upper edge of the bandgap are shown in fig. 3.32 as well as the
dielectric structure.
We now perturb the crystal by making the central high dielectric layer dx = 0.1a thicker.
As adding high dielectric material decreases the frequencies and we look for modes in
the bandgap we examine the influence on the upper bandedge mode. Fig. 3.33 (left)
shows the supercell bandstructure of the defect system and we can observe two effects.
First, at the edges of the supercell Brillouin zone small bandgaps appear. This is due
to the small modulation with period l · a that is caused by the periodic defects. These
gaps are artificial ones due to the supercell method and have no further relevance for
our discussion. Second, the lowest branch of the second band of the unperturbed crystal
is moving downwards into the gap and flattens, but still has a small non zero group
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Figure 3.32: Bandstructure (left), upper edge mode (right,top), lower edge mode (right,
center) and dielectric distribution (right, bottom) for a 11a, dx = 0 super-
cell.

velocity. The distribution of the electric energy of this mode in fig. 3.33 (right, top)
shows already a localisation to the defect, but the additional high index material is not
yet sufficient to make the exponential decrease away from the defect fast enough to
inhibit interaction with the periodic continuation of the supercell. This is achieved in
the next example (fig. 3.34) for dx = 0.333a where we can associate the defect mode
with a constant frequency 0.3734 which results in a vanishing group velocity and there-
fore pointlike localisation. A stronger localisation to the defect can also be achieved
by increasing the refractive index contrast of the background photonic crystal. This is
illustrated in fig. 3.35 for an example with the same geometrical setup as in fig. 3.33
with a high index material with n = 3.0. Besides the stronger localisation the defect
frequency is also pushed away stronger from the bandedge.
We can also create a defect by decreasing the refractive index in one layer or, which is
effectively the same, make the high dielectric layer in the center of the supercell thinner.
In this case, the origin of the localised defect mode is the lower edge of the bandgap.
This is illustrated in fig. 3.36.

41



3 Principles of Photonic Crystals

0.000 0.125 0.250 0.375 0.500
k-vector [2Pi/(11a+dx)]

0,1

0,2

0,3

0,4

0,5
fr

eq
ue

nc
y 

[2
P

i c
/a

]

0,0

1,0

el
ec

tr
ic

 e
ne

rg
y 

[a
.u

.]

0 11a+dx
x-direction

0
1
2
3
4
5

di
el

. c
on

st
.

Figure 3.33: Bandstructure (left): defect mode marked by line, defect mode (right,top)
and dielectric distribution (right, bottom) for a 11a, dx = 0.1a supercell
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Figure 3.34: Bandstructure (left): defect mode marked by line, defect mode (right,top)
and dielectric distribution (right, bottom) for a 11a, dx = 0.333a supercell
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Figure 3.35: Bandstructure (left): defect mode marked by line, defect mode (right,top)
and dielectric distribution (right, bottom) for a 11a, dx = 0.1a supercell
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Figure 3.36: Bandstructure (left): defect mode marked by line, defect mode (right,top)
and dielectric distribution (right, bottom) for a 11a, dx = −0.233a supercell
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In summary:

• Locally decreasing the refractive index results in a defect mode that is deducted by
the lower band edge while increasing the refractive index results in a defect mode
deducted from the upper band edge.

• Small perturbations with defect frequencies close to the band edge have spatially
weakly confined modes. This should be noticed when supercell methods are used.

• A higher index contrast of the background crystal enhances the spatial localisation.

3.4.2 Point- and Line-Defects in 2D

For the creation of defects in a two dimensional system there exists a wide range of
parameters that can in principal be modified to destroy the periodicity. For example
we can locally change the refractive index, the size, shape or symmetry of a scatterer,
the lattice constant, the lattice symmetry or various combinations of these parameters.
Moreover, we can modify more than one unit cell in the described ways. This list is not
comprehensive at all and a systematic analysis of the possibilities would go beyond the
scope of this work. In the following we will restrict ourselves to typical examples and
show aspects of principal importance.

Point Defects

The simplest way of creating a point defect in a two dimensional crystal is to modify
one single scatterer without otherwise changing the symmetry of the lattice. In the
fundamental structures already discussed this is usually done by changing the radius of
a dielectric cylinder or an air hole, or by entirely removing it. If we take, for example,
an inverse hexagonal lattice and remove one hole we have a high dielectric defect that
will pull down states from the upper band edge in a qualitatively analogous way as in
the one dimensional case. However, the situation is much more complicated now. As
the defect structure still has a six-fold rotational symmetry (or C6v in terms of group
theory) that allows several types of defect modes, starting with a highly symmetric
fundamental mode and several higher order defect modes. However, it is not certain
that all modes allowed for symmetry reasons do exist in the bandgap. Detailed analysis
shows that it depends strongly on the crystal parameters which modes really appear in
the gap. Moreover, the irreducible representations of C6v also allow two fold degenerated
modes. We demonstrate this now for a set of typical parameters used in experimental
investigations based on GaAs-structures (described e.g. in [19]).

We use a supercell with 7 ·a in x-direction (Γ−K) and 5 ·
√

3a in y-direction (Γ−M).
The high dielectric material has a refractive index of 3.6 and the air holes a radius of
0.266. The hole in the center (x=0, y=0) is missing. For these parameters bandstructure
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Figure 3.37: Mode 1: Energy. Figure 3.38: Mode 1: Ey.

Figure 3.39: Mode 2: Energy Figure 3.40: Mode 2: Ey.
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calculations show only one defect mode lying in the bandgap. Due to the size of the
supercell and the being folded back many times bands the band diagram becomes very
confusing and yields no additional insights. We therefore do not display it. Practically,
if we excite the defect mode by a random initial condition, we do not know if the mode
is degenerated or not. A test could be to use a different initial condition which is not
linearly dependant on the first. If we get a different result we found a degeneracy and are
able to construct a basis for the two-dimensional subspace. We can also get orthogonal
basis functions directly if we modify the initial conditions in a way that only modes of
certain symmetries are excited. In the hexagonal lattice we have mirror symmetries for
x = 0 and y = 0. We now make use of these symmetries by choosing initial conditions
that are odd with respect to either x- or y-mirror-symmetry. The energy distributions
for the defect modes are shown in fig. 3.37 and fig. 3.39. In fig. 3.38 and fig. 3.40 the
distribution of the Ey component are shown (white represents positive, grey zero and
black negative values of Ey, respectively). Mode 1 has even symmetry for both mirror
planes while mode 2 has odd symmetry (and vice versa for Ex which is not displayed).
This proves that the modes are orthogonal basis functions. The knowledge about this
degeneracies led to improvements of certain desired mode characteristics by intensionally
lifting this degeneracy by stretching the lattice constant along x- or y-direction [7].

Line Defects

Besides the complete spatial localisation in both dimensions there is also the possibility
of breaking the crystal symmetry only in one direction by adding a one dimensional
line-shaped defect. This can be done for example by leaving out a row of holes in the
inverse hexagonal structure either in Γ-K- or in Γ-M -direction. This can create modes
in the bandgap that are localised perpendicular to the line defect but are able to prop-
agate along the defect. These structures are often called photonic crystal waveguides
and represent one of the most interesting research fields with respect to practical appli-
cations. We will now discuss the principles of a line defect analysis by looking at a Γ-K
defect in a hexagonal inverse structure with background index n = 3.6 and air holes
with radius r = 0.4a. Fig. 3.41 shows a line defect structure with the supercell used for
the calculations as an inset. Since we are only interested in the defect modes localised
perpendicular to the defect we need a sufficient number of primitive unit cells around
the defect to seperate the infinite number of parallel line defects that effectivly exist due
to the supercell. Due to the high index contrast background structure a separation of
4 ·

√
3a in Γ-M -direction is enough. In Γ-K-direction there is a real physical periodicity

but we have to be careful because the K-point is not the same as in the unperturbed
structure. In the defect-free structure the distance from Γ to K is 2/3 · 2π/a. By
adding a line defect we distinguish one K-direction from the others and therefore all
high symmetry-points that limit the BZ have to be projected onto the line-defect-axis
to determine the BZ of the defect system. The new BZ is then limited by the projec-
tion of a M -point of the unperturbed lattice and the resulting K ′ has a distance to Γ
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Figure 3.41: Schematic view
of the real space
defect structure
with supercell.
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Figure 3.42: Projected bandstructure of a line
defect (odd and even modes) with
projected bandstructure of the per-
fect structure

of 1/2 · 2π/a. The same result can be obtained by directly calculating the BZ of the
supercell. To calculate the dispersion of the line-defect (waveguide) modes we therefore
can restrict ourselves in k-space to the Γ-K ′-direction.
Although the translational symmetry in Γ-M -direction is broken there is still a mirror
symmetry with respect to the plane spanned by the Γ-K ′- and z-direction crossing the
defect at the center. We will also classify the defect modes by their odd and even sym-
metry with respect to this mirror plane. This is important for incoupling problems [20].
Fig. 3.42 shows the bandstructure under the described conditions. For clear distingua-
tion of bulk and defect modes the projected bands of the defect-free crystal are also
contained. There are six defect modes (three even and three odd) that exist in the gap.
Not all have frequencies in the gap for all k-values but enter the bulk modes for some
parameters and are therefore not confined anymore by the crystal. It can be clearly
seen that odd and even modes do not interact when they cross while modes of equal
symmetry show avoided crossing behaviour. Fig. 3.43 shows the spatial distribution of
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1 2 3 4 5 6

Figure 3.43: Ey-distribution for the six defect modes at Γ in order of increasing frequency.

the Ey (polarised in Γ-M -direction) field component to illustrate mode symmetry and
localisation of the defect modes. The modes are numbered by increasing frequency at
the Γ-point.
The guiding by the photonic crystal bandgap is not the only mechanism that is respon-
sible for the localisation. As the defect region has a higher effective refractive index than
the surrounding hole structure total internal reflection will also contribute. Mode 1 and
4 of fig. 3.43 extend more into the photonic crystal than the others that are strongly
localised to the dielectric strip in the center. The explanation is that 1 and 4 are dom-
inantly guided by the crystal while 2, 3, 5 and 6 mainly by total internal reflection. In
the literature this is sometimes referred as gap guided and index guided, respectively.
This distinguation, however, is only qualitatively and reflects only a rough estimate of
the dominant mechanism.
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3.5 Transmission

The bandstructure and eigenmode calculations presented so far have assumed an in-
finitely extended crystal (mathematically represented by Bloch’s theorem). Obviously,
this can never be realised in real applications. An important question is therefore how
a finite photonic crystal responds to an external excitation. This aspect is one of the
research topics to be addressed in the next chapters in context with realistic three-
dimensional systems. Therefore, we will now introduce some basic concepts for a 2D
example which will be important for the understanding of more complex systems.
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Figure 3.44: Bandstructure (left) and transmission (right) through 11 crystal layers in
Γ-M -direction.

Fig. 3.44 compares the bandstructure of the infinitely extended crystal with the trans-
mission through a finite system for a plane wave excitation with normal incidence. The
first band directly corresponds to high transmission, only modulated by Fabry-Perot-
oscillations that are a result of the finite length of the sample. This can be explained
by the large spatial overlap of the plane wave and the first order band because the lat-
ter has a large contribution of the lowest order fourier component. When reaching the
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bandgap at frequency 0.22 the transmission becomes smaller. The reason for this is the
flattening of the band near the bandedge and therefore a bad coupling due to impedance
mismatch of the plane wave and the photonic crystal mode. Similiar arguments hold
for the small gap caused by the anticrossing of the second and third band. Above fre-
quency 0.56 there is one more gap in transmission however this is unexspected from the
bandstructure because the fifth band (counted at Γ) covers this frequency range. To
explain this we compare the field distributions of the Ey-component of the 3rd, 4th and
5th band (fig. 3.45 to 3.47). We can see that band 3 and 4 are odd with respect to the
mirror plane spanned by Γ-M and z-direction while band 5 is even. An incoming plane
wave has an odd symmetry in this respect. The overlap and therefore the coupling of
modes with different spatial symmetry is always zero and consequently band 5 does not
contribute to transmission. This result has enormous importance for the interpretation
of experimental results. As mentioned earlier it proves that a vanishing transmission (or
complementory a reflection equal to 1) is not a commensurate condition for the existence
of a bandgap. Moreover, for practical applications there is always an interface between
conventional optical components and the photonic crystal. In nearly all systems con-
sidered so far only the odd modes can be used due to the symmetry matching problem.

Fig. 3.45: 3rd TE at M, Ey Fig. 3.46: 4th TE at M, Ey Fig. 3.47: 5th TE at M, Ey

3.6 Conclusion

In this chapter we have derived the master equation of a photonic crystal describing the
fundamental properties (bandstructure and eigenmodes) by introducing Bloch’s theo-
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rem from solid state physics into Maxwell’s equations. We have discussed fundamental
properties of this equation, especially the energy localisation mechanisms leading to
a bandgap, which is a frequency region with vanishing density of states, for several
one- and two-dimensional examples by solving the master equation numerically in the
framework of a FDTD-algorithm. As the number of degrees of freedom is very large
especially in 2D we restricted the discussion of parameter dependencies to a few easy
accesible examples like refractive index or layer thickness. Moreover, we utilised some
other helpful concepts like the Brillouin-zone, energy localisation, density of states or
certain symmetries for a better understanding of the optical properties. The inclusion of
point- and linedefects with the result of localised defect modes within the bandgap has
been presented in the context of a supercell approach. Finally, we have touched finite
systems that may additionally be described by transmssion. The concepts presented
in this chapter will be extended to more complex systems that resemble reality more
closely and are therefore of high practical interest in the next two chapters.
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4 Photonic Crystal Slab Structures

4.1 Introduction

The optical properties of two-dimensional photonic crystals presented in the preceeding
chapter have led to many suggestions of technological applications and devices. Es-
pecially in integrated optics there is a large need of basic functionalities like cavities
[7] or waveguides [20, 21] that can by the help of photonic crystals be realised by the
controlled inclusion of defects on the scale of the wavelenghth, while other applications
like superprisms base on novel refractive properties of the bulk crystal. Moreover, the
properties are controlled by the layout of the nano-structuring and not only by micro-
scopic properties of the materials used. This opens up a much larger operating window.
Further, the two-dimensional layout assures compatibility with existing on-chip technol-
ogy and the handling of high index materials like silicon or III-V-semiconductors is well
established in the field of semiconductor physics and technology [22, 23, 24]. However,
although there is a large library of well-known methods that can be applied there are
still many problems to be solved before photonic crystal devices can find their way to
the marketplace. Many of them are of experimental nature concerning the accuracy of
the patterning, wall roughness, etc. [25, 26]. Others like the efficient in- and outcoupling
from conventional optical fibres have to be carefully addressed theoretically. This is not
because the physics is unknown, but the complexity of photonic crystal modes exceeds
the limits of established approximations like effective index methods. In this section,
which represents the central aspect of this work, we want to address a problem which
is likely the most essential for the comprehensive understanding and future applicabil-
ity of two-dimensional photonic crystals, namely the finite size of the crystal structures
perpendicular to the crystal plane of real systems and the interaction of the periodic
structure with its environment. Fig. 4.1 illustrates a typical structure, a dielectric slab
of thickness d, patterned with a hexagonal lattice of holes with radius r. It is obvious
that the conditions shown in 3.3 for an ideal two-dimensional system can not be achieved
in real life, because the translational invariance in out-of-plane direction does not exist
anymore. In fact, we have to deal now with regions ”inside” and ”outside” of the crystal
as well as the interaction of both regions at the interface. This has important conse-
quences: Due to the interaction with the environment the modes of the vertically finite
photonic crystal slab may be lossy which means energy is radiated into the environment.
In most cases for technological applications this is not desired, so we need mechanisms
to keep the light in the crystal. This is mainly done by total internal reflection.
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4 Photonic Crystal Slab Structures

Mathematically this means in one direction we cannot assume periodic boundaries and
therefore Bloch’s theorem is not applicable in this direction. Moreover, the frequency
eigenvalues are not real anymore but complex, with the imaginary part describing the
losses that can be seen as an exponential damping in time. The bandstructure introduced
in 3.1.3 therefore is not anymore a complete solution of the eigenvalue problem. It still
gives important information but now has to be complemented by the lifetime of the
modes.
In the following we will analyse selected systems with a full three-dimensional finite-
difference time-domain (FDTD) approach. We will focus on the interaction of crystal
modes and the modes associated with the surrounding material in systems with a high
refractive index contrast between crystal and surrounding layers. We start with systems
that have a simple vertical structure and will step by step advance to structures typically
used in experiment.

Figure 4.1: Schematic illustration of an air-bridge structure with slab thickness d, lattice
constant a and hole radius r.

4.2 Principles of Slab Waveguides

4.2.1 Slab Modes and Lightcone

Before we start to analyse photonic crystal slabs we recall some well known facts about
planar waveguides that are based on total internal reflection. We therefore assume a
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4.2 Principles of Slab Waveguides

dielectric layer with refractive index n2 and thickness d in z-direction that is surrounded
by a lower index material n1. The system is assumed as infinitely extended in the x-
y-plane, leading to a characteristic in-plane propagation vector ~k0 due to translational
symmetry.
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Figure 4.2: Waveguide dispersion for a slab with refractive index n2 = 2.17 and thickness
d = 0.4a surrounded by air. The k-axis corresponds to Γ-M -direction of a
hexagonal crystal with lattice constant a.

Without loss of generality we can choose ~k0 to point in y-direction. The eigenmodes
of this system can now be calculated by choosing a complex exponential function in the
three regions of different dielectric constant and satisfying the continuity conditions of
the fields at the interfaces. This results in modes that have a cosinosoidal or sinosoidal
behaviour in the high dielectric region (depending on symmetry) and oscillatory or expo-
nentially decaying behaviour in the low dielectric regions. In the latter case the energy
is confined in the high dielectric core region. This can be understood as following:
The mode is characterised by a wavevector ~k, consisting of in-plane component ~k0 and
an out-of-plane component ~kz, and a frequency ω. Propagation in the low index material
is only allowed if
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due to causality constraints. c0 represents the vacuum speed of light. This implies that
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first case the behaviour away from the core is oscillatory, in the second exponentially
decaying. In an ω vs. ~k0 diagram we can therefore distinguish two regions separated by

the so-called lightline (or, equivalently, lightcone) ω = c0n1

∣

∣

∣

~k0

∣

∣

∣
. Guided modes lie below

that line while modes above the line can radiate to the surrounding layers. It should be
stressed that this general statement does not tell us anything about the strength of the
losses. Consequently, a mode above the lightline can have a long lifetime as well, due to
e.g. symmetry considerations.
Fig. 4.2 shows the dispersion relation for the two lowest guided modes of a slab with

TE01 - Ez TE02 - Ez TM02 - HzTM01 - Hz

Figure 4.3: Mode profiles corresponding to fig. 4.2 at k-value 2M . Dashed lines represent
the material/air-interface.

n = 2.17 and d = 0.4a surrounded by air for TE- and TM-polarisation, respectively. The
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air-lightline n1 = 1.0 is also displayed. Higher order modes are created by additional
node planes in the high dielectric core as can be seen in the mode profiles in fig. 4.3.
They have a certain cutoff-frequency that decreases strongly with increasing d or n2. If
we want to avoid higher order effects, these parameters have to be choosen accordingly.
The symmetry behaviour of the slab modes with respect to the mirror symmetry in
x-y-plane in the center of the core region is even for the fundamental TE-mode (TE01)
and odd for the fundamental TM-mode (TM01). For the higher order modes (TE02 and
TM02) it is vice versa. This statement seems to be contradictory to the mode profiles in
fig. 4.3 but is consistent with the definitions given in 3.1.5. The TM02 mode e.g. is even,
but its only non-zero magnetic field component Hz has odd symmetry. In literature odd
and even modes are often called TM-like and TE-like, respectively. It should be stressed
here that this labeling is only valid for zeroth order modes.

4.2.2 Backfolding of Slab Modes

From chapter 4.2.1 we know what kind of modes a planar waveguide supports. In the
following chapters we want to study step by step the way a periodic perturbation of a
slab leads to a photonic crystal structure. For simplissity and easier understanding of
the processes we make the following assumptions:

• Modes are TE-polarised.

• Modes are even with respect to the x-y-mirror-plane.

• We work in frequency ranges below the cutoff of higher order modes.

• The objective is a hexagonal crystal and restriction to Γ-M -direction.

• We consider only modes with odd symmetry with respect to a (Γ-M)-z-plane.

Note that the last item may be confusing at this stage because all slab modes of the
unpatterned layer have odd symmetry. However, as we will see later, in a photonic crys-
tal structure the even symmetry is also possible but not considered because it cannot
couple to an external waveguide excitation.

In the next step we artificially assume a hexagonal periodicity with lattice constant
a of the translational invariant x-y-plane, to fold back the waveguide dispersion into the
first BZ (Mathematically more precise we should speak of an infitesimally small periodic
perturbation). For Γ-M -direction these backfolded bands are shown in fig. 4.4.
We will now have a closer look which of these bands are caused by which reciprocal

lattice vector. Therefore, in fig. 4.5 we see the first BZ of the hexagonal lattice with the
reciprocal lattice vectors Gi(i = 1..6) and the Γ-M -direction under consideration. Gi are
the six lattice vectors with the smallest absolute value, so they should be responsible for
the lowest bands. The k-vector at M is called k0. At the Γ-point for k=0 the first band
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Figure 4.4: Fundamental TE-mode of an air-bridge slab; artificially backfolded into the
first BZ of a hexagonal lattice in Γ − M -direction.

has obviously zero frequency. The next higher frequency at Γ corresponds to one of all
six Gi vectors that are degenerate for k = 0. If we increase the k-value towards M this
degeneracy is partially lifted. We see a splitting into four branches. The lowest branch
meets the k0 branch of the origin at M . It must therefore be caused by adding G1 which
is directed oppossitely to k0, leading to a two fold degeneracy at M (The lifting of this
degeneracy will later cause the formation of the bandgap) because k0 and k0 + G1 have
the same absolute value.
The second and the third branch are caused by G2 and G3 which are equivalent to G6

and G5, respectively, due to the mirror symmetry along the Γ-M -z-plane and therefore
two-fold degenerate. The fourth branch represents the path from G4 to k0 + G4 and is
not degenerate.
Due to the backfolding the bands have crossings with each other or with the lightline.

As the periodicity is artificial up to now there is no interaction at this crosssing, although
it would be allowed by mode symmetry. The introduction of real periodic variations will
cause this mode interaction. From the picture described in this chapter it is obvious
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Figure 4.5: Schematic illustration of the backfolding process along Γ − M -direction.

that this interaction is caused by Bragg scattering at the periodic structure and there-
fore a consequence of the introduction of real plane-wave-components with wavevectors
k0 + Gi.

4.3 Interaction of In-Plane Periodicity and Vertical

Structure.

4.3.1 Air-Bridge Structure

We will now investigate the gradual transition of the backfolded modes of an unpat-
terned dielectric slab surrounded by air as described in 4.2.2 to a hexagonal photonic
crystal consisting of air holes with radius r.
For a better comparability of the structures for increasing hole radius r we keep the

geometrically averaged refractive index navg, given by
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Figure 4.6: Left: r = 0.133a, n2 = 2.25 Right: r = 0.266a, n2 = 2.58

navg =
(
√

3a2 − 2πr2)n2 + 2πr2nh√
3a2

(4.2)

of the slab constant, where n2 is the refractive index of the slab and nh the refractive
index within the holes. As r and nr = 1.0 are given, the adjustable parameter to keep
navg constant is n2.
We start with a radius r = 0.133a and a corresponding n2 = 2.25. Fig. 4.6 (left) shows
the Γ-M bandstructure of the system. We can see the following effects: The two-fold
degeneracy of the first and second band at M is lifted and a small bandgap appears. The
corresponding spatial distributions of the electric energy (fig. 4.8 and fig. 4.11) show that
the original plane waves in the x-y-plane are only slightly disturbed by the hole. However,
while in the unperturbed slab the in-plane phase of the waveguide modes was arbitrary,
now the superposition of two counterpropagating waves form either a standing wave
with a minimum or a maximum in a hole, respectively. This causes different energies
and therefore the frequency splitting that leads to a gap. This mechanism is qualitatively
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Figure 4.7: Left: r = 0.333a, n2 = 2.96 Right: r = 0.375a, n2 = 3.40

the same as the one in the ideal two dimensional system. The difference is that the basis
for these considerations are now eigenmodes of the unperturbed slab instead of plane
waves.

We also want to investigate the next branch of the slab, caused by the counterprop-
agating G2 and G6 waves of the unperturbed slab, which is two-fold degenerate. These
two G-vectors correspond at the M -point to modes with a k-vector pointing perpendic-
ular to the selected Γ-M -direction. As exspected the branch also splits into two when
introducing a periodic modulation by a similar mechanism as for the band gap. The
difference is now that because the original slab modes propagate perpendicular to the
Γ-M -direction the two possibilities of adjusting the phase of the counterpropagting parts
result in an even and an odd mode with respect to the (Γ-M)-z mirror plane. This can
be seen in the bandstructure in fig. 4.6 (left) and the energy distribution in fig. 4.14 and
fig 4.17. As we want to restrict ourselves here to modes that can couple to fundamental
excitations in Γ-M -direction (that are always odd), we will from now on neglect the

61



4 Photonic Crystal Slab Structures

Figure 4.8: 1st TE at M,
r = 0.133a.

Figure 4.9: 1st TE at M,
r = 0.266a.

Figure 4.10: 1st TE at M,
r = 0.375a.

Figure 4.11: 2nd TE at M,
r = 0.133a.

Figure 4.12: 2nd TE at M,
r = 0.266a.

Figure 4.13: 2nd TE at M,
r = 0.375a.
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Figure 4.14: 3rd TE at M,
r = 0.133a.

Figure 4.15: 3rd TE at M,
r = 0.266a.

Figure 4.16: 3rd TE at M,
r = 0.375a.

Figure 4.17: 4th TE at M,
r = 0.133a.

Figure 4.18: 2nd TE at
interaction
point.

Figure 4.19: 3rd TE at
interaction
point.
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even band. Higher branches of the backfolded bands of the unperturbed slab modes
behave in similar ways. We refrain from discussing them in detail now because for most
applications we are only interested in the few bands limiting the bandgap.
Now we increase the radius of the holes as well as the refractive index of the background
to keep the effective index constant and calculate bandstructures and energy distribu-
tions for (r = 0.266a,n2 = 2.58), (r = 0.333a,n2 = 2.96) and (r = 0.375a, n2 = 3.4). The
last set of parameters corresponds to silicon which is typically used in experiment for
high contrast applications and represents the material class that we will study further
in this work. Fig. 4.6 (left) to 4.7 (right) show the gradual developement of the band-
structures while fig. 4.8 to fig. 4.16 show the corresponding energy distributions at the
M -point for the three lowest odd bands. With increasing index contrast the bandgap
becomes larger and has approximately a constant center frequency because of the con-
stant effective index. The third band is effected least by this procedure. We can also
see that for higher index contrast the energy distributions are more and more distorted
compared with the nearly plane wave low pertubation case.
Since up to now the discussion was not qualitatively different from the two dimensional
case, we will now have a closer look at properties that are unique to slab structures.
We have argued before that backfolded modes with matching symmetry should couple,
resulting in an avoided crossing and mixing of the field distributions around the crossing.
This should also be valid for the crossing of photonic crystal slab modes with the lightline
that represents the modes allowed in the surrounding layers. Unfortunately, in the band-
structure the resolution in k- and ω-space that is achievable with our FDTD-algorithm
is too small to identify the avoided crossing. However, especially for the second band
and higher index contrast we can see a distortion of the band when crossing the light
line (fig. 4.7 (right)). As an interaction with modes of the environment continuum above
the lightline would make the slab modes lossy, we will now study the loss behaviour for
the second and the third band. Therefore we define the losses of an eigenmode

~Eω
~k
(~r, t) = eiωt ~Eω

~k
(~r) = ei Re(ω)t−Im(ω)t ~Eω

~k
(~r) (4.3)

as the imaginary part Im(ω) of the (now complex) frequency ω. This exponential decay
in time corresponds to a Lorentzian lineshape in frequency with a linewidth related to
Im(ω). For practical calculations we can either analyse the linewidths of the FDTD-
spectra in frequency domain or the decay behaviour in time after a monochromatic
excitation (see 6.3.1). For most examples in this chapter we use the latter, but in this
section we also show spectra for illustration. Qualitatively, it should be a reasonable
assumption that structures with larger holes should have higher losses because there
is no guiding by total internal reflection above the holes. To see this we calculate the
relative linewidths of modes for k = 0.7π/a in Γ-M -direction for the four systems with
constant navg and varying radius described above. The modes corresponding to this k-
value lie just above the lightcone. Fig. 4.20 shows the normalised Lorentzian lines. The
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Figure 4.20: Spectral lineshape in dependance of hole size above the lightcone (2nd TE-
band).

strong increase of the linewidth with hole radius is clearly visibile. From the smallest
to the largest holes investigated here we have approximately a factor of 20. If the hole
size is a determining parameter of the losses it should also make a difference how much
energy is localised within the holes. Therefore a comparison of the second band (energy
localised mainly in the holes) and the third band (energy localised mainly in the high
dielectric) region would be desirable. Unfortunately this is difficult because as can be
seen in the bandstructure fig. 4.7 (right) these bands interact in an avoided crossing
and mix field profiles there. This can be seen in fig. 4.18 and 4.19 where the electric
energy is shown for both bands close to the interaction point. Nevertheless, we calculate
Im(ω) for the second and third band of the silicon crystal. The result, as can be seen
in fig. 4.21 (left), shows that there are vanishing losses for modes below the lightline as
exspected theoretically. Above the lightline Im(ω) strongly increases for the second band
and drops when approaching the interaction point with the third band. The third band
shows a complementary behaviour, reaching its maximum value behind the anticrossing.
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This behaviour supports our assumption that the large losses occur for modes with high
intensity within the holes, because the air band dominates the field distribution of the
second band left of the anticrossing and the third band right of the anticrossing. Close
to the Γ-point the losses for both bands tend to zero. This effect can be explained by
symmetry considerations. For a detailed discussion see [27].

After we clearified the most important physical mechanisms that are responsible for
the band structure and the loss behaviour of an air-bridge structure, we now want to
discuss in more detail the technogically relevant quantities, band gap and losses, for
the silicon-based structure. From an application point of view it is desirable to have a
large band gap which means a big operating window for devices based on defects (cavi-
ties, waveguides). On the other hand we need low losses because optical signals should
propagate over some distance without the need of amplification. From our discussion so
far we know that these conditions cannot be fulfilled simultaneously because we need
large holes for an optimum band gap and small holes for minimum losses. We will now
study the dependance of these quantities in the sililicon structure on hole size to clar-
ify which process is dominating. We address this problem from three directions: the
bandstructure, Im(ω) of the lossy second and third band and finally by propagation
simulations through a finite number of hole layers. The latter has the following rea-
son: Im(ω) only describes the temporal losses while in applications often the losses per
propagation length are relevant. These two quantities are related by the group velocity
of the mode. As the group velocity is difficult to calculate by time-domain methods
due to the need of a very high accuracy in frequency, we choose another approach for
estimating the propagation losses. We calculate the transmission through finite samples
of different lengths. The difficulty of this method is that we have a superposition with
Fabry-Perot-resonances in the transmission spectrum that are due to the finite length
of the sample. Moreover, there are also coupling losses when the exciting pulse enters
the photonic crystal. Although these difficulties allow us only to give an estimation of
the propagation losses, the results are very important because they are directly compa-
rable with experiments in contrast to calculations that are based on infinitely extended
structures. Fig. 4.21 compares bandstructure, losses and transmission through 21 and
41 rows of holes, respectively, for the silicon system with r = 0.375a. In the transmission
calculations we only see two narrow transmission peaks for frequencies corresponding to
the second band below the lightline (ω ≈ 0.46) and close to the Γ-point (ω ≈ 0.52).
The second peak does not correspond to the third band at M which also seems possible
from the band structure, but to the second band at Γ, because the part of the third
band lying below the lightcone is very flat (low group velocity) and cannot couple prop-
erly to the excitation due to impedance mismatch. These results match well with the
corresponding Im(ω) values. The bandgap can be clearly identified in the transmission
calculations as well as the transmission close to one for the first band that is located
entirely below the lightline. Now we reduce the hole radius to r = 0.333a and show
the corresponding results in fig 4.22. As exspected, the bandgap decreases as well as
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Figure 4.21: Losses, transmission results and bandstructure for r = 0.375.
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Figure 4.22: Losses, transmission results and bandstructure for r = 0.333.
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Figure 4.23: Losses, transmission results and bandstructure for r = 0.266.
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Figure 4.24: Losses, transmission results and bandstructure for r = 0.133.
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Figure 4.25: Left: Maximum losses of second and third TE-band for varying hole radius
r. Right: Relative gap width for varying hole radius r.

the losses, leading to observable transmission of the second band in the order of 1% at
least for 21 rows. Also the absolute height of the transmission peaks at Γ and below the
lightcone increases strongly. This is not due to lower losses but to better coupling for
two reasons. First, the bands are generally slightly steeper for smaller radius, leading to
a smaller impedance mismatch. Second, the (allover) effective index difference between
the photonic crystal and the incoupling waveguide is smaller, also leading to a smaller
impedance change at the interface.

We further decrease the hole size to r = 0.266a and r = 0.133a and see the ten-
dencies described above confirmed. The corresponding results are shown in fig. 4.23
and fig. 4.24. We now want to compare the decrease of the bandgap with the decrease
of losses for smaller holes quantitatively. Fig. 4.25 compares the relative width of the
bandgap (∆ω/ωc) with the maximum value of Im(ω) along the second and the third
band for the described systems. While the size of the bandgap increases nearly linearly
with the hole size, the losses have a much stronger dependance of the radius. The mes-
sage for technical applications is clear: The price (in terms of losses) one have to pay
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for an optimum bandgap is very high. It should be carefully balanced how large the
bandgap really has to be to keep losses small.

4.3.2 Infinite Low-Index Cladding

The structures described in the preceeding section (often referred to as membrane or
air-bridge structures) have some intrinsic disadvantages from an experimental point of
view. They are difficult to fabricate because after a standard lithography process the
substrate below the guiding layer has to be removed. Moreover, the resulting structures
are sensitive to mechanical perturbations and therefore not useful for many applications.
A possible solution of these problems is to embed the guiding layer in a material with
lower index instead of air. Consequently, our next step toward a realistic and more
applicable photonic crystal slab is to consider a high index guiding layer, surrounded by
a low index cladding of infinite thickness. This cladding can either be structured like
the guiding layer or can consist of homogeneous material. We will focus here on the first
case, because in the second the physical principles are not different from the air-bridge
case with the exception that the air-lightline is replaced by the linear dispersion of the
cladding material. Another reason is that in fabrication it is much more convenient to
entirely pattern a layer-by-layer system instead of surrounding an air-bridge structure
with another material.
This type of system can be seen as a high index photonic crystal slab surrounded by two
semi-infinite two-dimensional photonic crystals. It has been pointed out in [28] that to-
tal internal reflection is now described by the lowest band of the two-dimensional crystal
cladding. Therefore, to distinguish regions of guided and lossy modes, we have to supple-
ment the three dimensional slab-bandstructures by the corresponding two-dimensional
calculations. As we are dealing with mirror symmetric (with respect to the mirror plane
in the center of the guiding layer) structures this can be done for different polarisations
seperately.
Fig. 4.26 (left) shows the bandstructure of a silicon slab with an infinite cladding of SiO2

with refractive index nclad = 1.45 (solid circles), including the corresponding 2D-bands
of the SiO2-crystal (hollow circles). We can see that only the first slab band is guided
but nearly the entire bandgap lies below the lightline. We can therefore exspect losses in
applications relying on refractive properties of higher bands. However, there is a good
chance of defect bands lying at least partially below the lightline. This is discussed for
W1-waveguides in [20]. It is obvious that with increasing effective refractive index of
the cladding the slope of the lightline will decrease and therefore less frequency ranges
are guided by total internal reflection and therefore a small cladding index is desirable.
However, there exists a counteracting mechanism that makes the ideal material choice
more sophisticated.
The strength of the spatial localisation to the guiding layer is proportional to the dif-
ference in the refractive index between core and cladding. Therefore, for a low index
cladding we have a very strong confinement to the guiding core layer. However, a
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strong spatial localisation means a weak localisation in k-space and consequently strong
out-of-plane plane-wave-components. This is not relevant if there is total internal re-
flection. However, if coupling to the cladding-modes is allowed in principle (in regions
above the lightline), this should lead to larger losses. We will analyse this now quanti-
tatively by increasing the cladding index, while keeping all other parameters constant.
Fig. 4.26 (right) shows the bandstructure for nclad = 2.0. As exspected, there is only
a slight decrease of the frequencies in the bandstructure due to a slight increase of the
effective index of the crystal modes.
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Figure 4.26: Bandstructure for a slab with ncore = 3.4, core thickness d = 0.4a, hole
radius r = 0.375a and infinitely extended cladding with refractive index
nclad = 1.45 (left) and nclad = 2.0 (right).

However, the lightline lies significantly lower, indicating a smaller operating window
for guided modes. Consequently we now also compare the losses of the second band that
is above the lightline for both cases.

Fig. 4.27 shows Im(ω) for the described systems and also for nclad = 2.5 along the
Γ-M -path. We can see a very strong dependance of the losses on the cladding index.
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Figure 4.27: Im(ω) for the second TE-band of a slab with ncore = 3.4, core thickness
d = 0.4a, hole radius r = 0.375a and infinitely extended cladding with
varying refractive index nclad.

Additionally, the localisation and the corresponding k-space distribution does not only
influence intrinsic losses of the perfect system but also causes a higher tolerance of low
index-contrast structures against fabrication tolerances, especially surface roughness and
hole shape [25].
This fundamental property of photonic crystal slabs has caused the developement of two
oppositely directed streams within the photonic crystal community. On one side there
are groups that investigate high-index-contrast structures mainly based on silicon and
silicon-oxid layers, relying entirely on the intrinsically lossless guided parts below the
lightline, because the high losses above make these frequency regions unusable [29]. On
the other hand there is the philosophy of using low-index-contrast structures, mainly
based on III-V semiconducators like GaAs or InP, which have intrinsic low losses but
have much higher tolerance against practical imperfectness, but also an additional need
of deeper holes because of the the weaker localisation. In future investigations it has to be
demonstrated, which ansatz is more successful with respect to technological applications.
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4.3.3 Finite Low-Index Cladding

Consequently, the next step towards a realistic description of a a photonic crystal slab
is to assign a finite thickness d to the cladding layers. An illustration of the systems
under consideration in this section can be seen in fig. 4.28.
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Figure 4.28: Schematic cross-sections of the symmetric finite cladding structure with
hole radius r, cladding thickness d and lattice constant a. The insets show
the numerical unit cell. All boundaries with exception of the marked PML’s
are periodic. For more details see text.

The insets show the cross-sections of the unit cell used in the FDTD-calculations,
while the dashed lines show the position of the opposing cross-section. Intensity profiles
that will be discussed in this section always correspond to these insets. Moreover, we
restrict ourselves to a Si/SiO2-system with n(core) = 3.4 and n(clad) = 1.45, respec-
tively. The core thickness is 0.4a.
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Before we analyse particular systems we will discuss the principal physical effects asso-
ciated with the finite cladding thickness. First, we exspect that the modes which are
confined to the core and decay exponentially into the cladding exist in a similar way
as in 4.3.2 and are quantitatively the same for a sufficiently large d. Second, we would
also exspect modes which are confined to the hole three-layer-structure (because it has
a higher refractive index than the surrounding air) that decay exponentially into the air
region but not within the cladding. These modes are guided when they are lying below
the air-light-line while for the core modes a definition for a lightline is not obvious.
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Figure 4.29: Left: Mode profile of the cladding mode at M . The insets correspond to
dielectric interfaces in the three-layer-system. Right: Artificially backfolded
dispersion of the three-layer-system with d = 1.2a.

Third, when these two types of modes - from now on referred to as core- and cladding-
modes - have crossings in the dispersion relation they should in principal be able to
interact, resulting in an avoided crossing behaviour and modes with mixed spatial char-
acteristics.
To address these suggestions quantitatively we first analyse the artificially backfolded
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banddiagram of an unpatterned slab structure with d = 1.2a. The result in fig. 4.29 (right)
shows a very similar picture as for the air-bridge structure discussed in 4.3.1. However,
we can clearly identify an additional band that comes up close to the lightline with a
higher frequency than the fundamental core mode. We calculate the spatial profile of
this band at the M -point and see in fig. 4.29 (left) that this mode, indeed, satifies the
definition of a cladding mode. Moreover, we can see that it has also some significant
field strength in the core, which means it is able to couple to core-modes. The band
diagram also suggests two crossings of the lowest branch of the cladding modes with two
backfolded core modes.

In the next step we pattern the three-layer-structure with small holes with r = 0.2a.
The bandstructure in fig. 4.30 (right) shows the already discussed splitting of the core
modes as well as for the cladding modes, while the interaction of cladding and core bands
is difficult to determine due to a low resolution in k-space.
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Figure 4.30: Left: Transmission through 21 rows. Right: Bandstructure for r = 0.2a
and d = 1.2a.

Instead of increasing the k-space resolution we perform a transmission simulation of
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a finite sample of 21 crystal rows in Γ-M -direction (fig. 4.30 (left)). Here we can clearly
identify a transmission dip corresponding to the frequency of the crossing between the
second core- and the cladding-band which indicates an avoided crossing. The interaction
between the third core- and the cladding-band is weaker and does not leave its ”foot-
print” in transmission.

To explain this behaviour we calculate the spatial distribution of the electric energy
for the second and the third core band as well as the two lowest cladding modes at the
M -point.

Fig. 4.31: Sec-
ond core band
at M .

Fig. 4.32:
Third core
band at M .

Fig. 4.33: First
cladding band
at M .

Fig. 4.34: Sec-
ond cladding
band at M .
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In fig. 4.31 to 4.34 (and all following figures of this type) we display cross-sections
along y-z-plane (in the center) and x-y-planes in the core region (top) and the cladding
(bottom). The electric energies are always scaled to the maximum within the particular
cross-section.
As all modes are calculated at the M -point and therefore far away from interaction
points, the x-y-distributions in core and cladding do not differ qualitatively. However,
it is obvious that both the second core- and the first cladding-band have dominating
plane-wave components pointing in y-direction while the third core band has domi-
nating components in x-direction. The resulting spatial overlap explains the different
coupling strength at the two discussed anti-crossings.
The second cladding-band has a x-y-cross-section similar to the second core band. This
is not surprising because we exspect the same type of degeneracy splitting at M for the
cladding bands as for the core bands.
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Figure 4.35: Left: Transmission through 21 rows. Right: Bandstructure for r = 0.333a
and d = 1.2a.

If we further increase the hole size to r = 0.333a we see an even stronger avoided
crossing behaviour that now causes a significant gap of ≈ 0.02 that is clearly visible
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as well in bandstructure (fig. 4.35 (right)) and transmission (fig. 4.35 (left)) and also a
small avoided crossing between the third core and the first cladding band. This can be
explained by the decreasing filling fraction. The modes that mainly concentrate their
energy in the high dielectric regions are forced to extend more into y-direction, with the
result of a stronger interaction.
Moreover, the strong avoided crossing of the second core and the first cladding band
is now quite close to the frequency of the second core band at the M -point. This has
important consequences, because this frequency marks the upper edge of the bandgap
of the core modes. We know that the mode profiles mix around the crossing. Conse-
quently, there exists a branch of the cladding band that reaches into the bandgap of the
core modes and has significant core intensity and therefore can couple to fundamental
waveguide excitations. The result is that the bandgap of the core modes is effectively
destroyed and we can observe transmission of a few percent at the upper edge of the
core bandgap (fig. 4.35 (right)) that becomes smaller towards lower frequencies with
decreasing interaction of core and cladding modes.

0,01 0,1 1
Transmission

0,1

0,2

0,3

0,4

0,5

0,6

fr
eq

ue
nc

y 
[2

P
i c

/a
]

M
k-vector

0,1

0,2

0,3

0,4

0,5

0,6

fr
eq

ue
nc

y 
[2

P
i c

/a
]

P
S
frag

rep
lacem

en
ts

Γ

Figure 4.36: Left: Transmission through 21 rows. Right: Bandstructure for r = 0.375a
and d = 1.2a.
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This effect drastically changes the picture of how photonic crystal slab structures can
be addressed theoretically. It shows that it is not sufficient to treat the slab as an ef-
fective two dimensional system including losses as the only process caused by the layer
structure. A comprehensive three dimensional treatment as discussed here uncovers
completely new effects.

To increase the interaction of the core and cladding modes further, we now increase
the hole radius to r = 0.375a. The lower overall effective index shifts the bands to higher
frequencies.

Fig. 4.37: Sec-
ond core band
at M .

Fig. 4.38:
Cladding band
at M .

Fig. 4.39: Clad.
band at inter-
action.

Fig. 4.40: 2.
core band at
interaction.
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As the core modes are effected more strongly than the cladding modes by this varia-
tion, the bandstructure in fig. 4.36 (right) shows only one avoided crossing of the second
core and the first cladding band. We can now study this effect in more detail.

Fig. 4.37 shows the energy distribution of the second core band at M , which is far
away enough from the avoided crossing so that we do not exspect large mixing of the field
profiles. The energy is strongly localised to the core and the in-plane cross-sections of
core and cladding show no qualitative difference. The situation is similar for the cladding
mode at M as shown in fig. 4.38, where we also have a ”pure” cladding mode that can
be derived from the cladding mode of the unpatterned layers (cp. fig. 4.29 (left)). The
situation becomes different, however, when we choose a k-value closer to the avoided
crossing. For the fourth k-value of the bandstructure (corresponding to 0.85π/a) the
mode profiles are strongly mixed as can be seen in fig. 4.39 and fig. 4.40. The energy
distributions have the same qualitative properties and the energy splitting is only caused
by small details of the energy localisation. The transmission behaviour through a finite
sample (fig. 4.36 (left)) shows all exspected features like transmission within the gap
(with a maximum of ≈ 6.5%) and an additional gap caused by the avoided crossing
of core and cladding bands. It should be mentioned here that these properties do not
depend on the length of the finite sample because the involved modes lie below the
air-lightline. For different sample lengths there would be only a different spacing of the
Fabry-Perot oscillations.

To prove that the unexspected transmission within the core bandgap is really caused
by the cladding modes, we will now look at the spatial profile of the transmission at
the output planar waveguide of the transmission sample. Therefore we plot the normal
component of the Poynting vector for certain frequencies along the output-plane. For
the transmission spectra shown so far, the Poynting vector has been integrated along
this plane for each frequency.

Fig. 4.41 shows the result for frequency 0.263. There is only transmission in the core
region that does not depend on the horizontal direction. This means that only k-vectors
perpendicular to the interface or, equivalently, parallel to Γ-M -direction are involved.
This is also equivalent to the mode that is used as excitation in the incoupling channel.
This direct mapping of incoupling and outcoupling modes without sacttering into other
guided modes can easily be understood, because in the bandstructure we can see that
for this frequency only the fundamental core band of the crystal can be excited. The
transmission value < 1 is caused by out-of-plane scattering losses at the coupling inter-
faces and backreflection into the incoupling waveguide. For frequency 0.430 we have a
completely different picture. This frequency lies in the core bandgap. Therefore only the
cladding mode can contribute to transmission. In fig. 4.42, consequently, we see strong
transmission in the claddings that does not depend on the horizontal direction, because
the first cladding band has (analogously to the first core band) a dominant k-component
in Γ-M -direction. In the core region, nevertheless, we see a weak horizontal structure.
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Fig. 4.41: Px at
ω = 0.263

Fig. 4.42: Px at
ω = 0.430

Fig. 4.43: Px at
ω = 0.487

Fig. 4.44: Px at
ω = 0.520

This is due to the interaction with the second core band that also allows higher order
perpendicular (with respect to Γ-M) G-vector values and therefore Bragg-like spots in
transmission. This can be seen more clearly if we go to a higher frequency 0.487 where
the cladding mode can be excited as well as the core mode. The corresponding spatially
resolved transmission in fig. 4.43 therefore shows a stronger higher order behaviour in
the core while the transmission in the claddings remains the same. To complete this
argumentation we also calculate the spatial distribution for frequency 0.520 which is in
a region where no cladding mode should be involved. As exspected, fig. 4.44 shows only
transmission in the core with a horizontal pattern that clearly indicates the presence of
higher order Bragg-components.

So far, we have kept the thickness of the cladding layers constant. Now we want
to investigate the influence of d on the cladding modes and their interaction with the
core bands. Therefore we reduce the cladding size to d = 0.8a while keeping the hole
radius r = 0.375a and show the corresponding bandstructure and transmission results in
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Figure 4.45: Left: Transmission through 21 rows. Right: Bandstructure for r = 0.375a
and d = 0.8a.

fig. 4.45. The smaller effective index of the cladding increases the slope of the cladding
mode while the core modes are nearly uneffected. This results in an additional avoided
crossing of the cladding band with the third core mode. In transmission there are only
significant values for the guided first core band, the branch below the lightline of the
second band and peaks for modes close to high symmetry points. For a further decrease
of d we would expect a more and more negligible role of the cladding mode, because its
cutoff-frequency increases while the interaction with the core decrases. Finally for d = 0
the system coincides with the air-bridge case. In the following, however, we will increase
the cladding thickness.

As exspected, for d = 1.6a, the slope of the cladding mode decreases as shown in
fig. 4.46 (right). This causes a stronger interaction with the core band for lower frequen-
cies and therefore a cladding transmission in fig. 4.46 (left) that is higher and reaches
further into the bandgap.

However, the bandstructure also shows a peculiar new feature. The second core band
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Figure 4.46: Left: Transmission through 21 rows. Right: Bandstructure for r = 0.375a
and d = 1.6a.

seems to have a discontinous step around frequency 0.49. However, as this is not possible
due to the structure of Maxwell’s equations we have to look for a different explanation.
We therefore calculate the mode profiles for the second core and the cladding mode at
M to look if there is a fundamental change in this bands. However, as can be seen in
fig. 4.47 and fig. 4.48, the core and cladding modes look very much the same as in the
cases discussed before. Next we calculate the mode profiles of the second core band
directly before and behind the ”discontinuity”. We find that these modes are extremely
lossy and are difficult to excite properly. Therefore in the energy distributions in fig. 4.49
and fig. 4.50 we can even see spurious rests of the numerical excitation sources (bright
small spots above and below the core in fig. 4.50 which is a typical effect when a mode
is only very weakly excited or extremely lossy. However, what we can also see is a faint
notion of an additional nodal plane within the cladding, leading to the suggestion that
the ”discontinuity” originates from an avoided crossing with a very lossy second order
cladding mode, that cannot be detected itself due to fundamental limitations inherent
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of the numerical method itself.

Fig. 4.47: Sec-
ond core band
at M .

Fig. 4.48:
Cladding band
at M .

Fig. 4.49:
2. core band
before interac-
tion.

Fig. 4.50:
2. core band
behind interac-
tion.

If this assumption is true, the second order cladding mode should be stabilised by
a further increase of the cladding thickness. Moreover, it must exist also in an unpat-
terned layer-by-layer structure. Therefore we first calculate the artificially backfolded
bandstructure for the unpatterned system with d = 2.0a. As predicted, fig. 4.51 (right)
shows beside the known features an aditional band (marked by a line) that has spatial
properties of a higher order cladding mode as shown in fig. 4.51 (left). This band also
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continues as a lossy band above the lightline. It becomes undetecable to the numerical
method due to the high losses before it reaches the Γ-point.
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Figure 4.51: Left: Mode profile of the 2. cladding mode at M . The insets correspond to
dielectric interfaces in the three-layer-system. Right: Artificially backfolded
dispersion of the three-layer-system with d = 2.0a.

In the next step we pattern the d = 2.0a-slab with r = 0.375a holes. In the bandstruc-
ture in fig. 4.52 (right) we can clearly see the interaction of the second order cladding
mode with the second core band. The corresponding transmission result (fig. 4.52 (left))
shows all already known features. The additional gap due to the higher order interac-
tion cannot be proven here, because it already lies in a frequency region that has low
transmission due to high losses.

To complete the proof that we found a second order cladding mode, we calculate the
mode profiles of the cladding modes at L = 0.7π/a. Fig. 4.53 shows the already known
first order cladding mode, while fig. 4.54 the new second order cladding mode. The still
hardly detectable solution above the avoided crossing of the second cladding and the
second core mode is shown in fig. 4.55 while 4.56 shows the third core band.
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Figure 4.52: Left: Transmission through 21 rows. Right: Bandstructure for r = 0.375a
and d = 2.0a.

At the end of this section we want to summarise and generalise the picture we have
obtained: Finite claddings support a new type of mode that can strongly interact with
the core bands. If this happens close to the upper band edge of the core bandgap, un-
wanted transmission through the claddings for frequencies within the bandgap occurs.
With increasing cladding thickness higher order modes appear. What does this mean
in the limit d → ∞? We know that in this limit we can go back to a picture with a
continuum of background modes that are responsible for losses and are described by the
modified lightline (see 4.3.2). The truncation to a finite cladding thickness introduces
an additional boundary that discretises the background continuum. Additionally, the
surrounding air introduces a new continuum of modes. From the point of view of the
core modes, that are normally wanted with respect to bandgap applications, this means
we have to deal with two loss mechanisms. First, the coupling to the air-continuum and
second, the coupling to a discrete set of cladding modes.
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4.3 Interaction of In-Plane Periodicity and Vertical Structure.

Fig. 4.53: 1.
order cladding
band at L.

Fig. 4.54: 2.
order cladding
band at L.

Fig. 4.55: 2.
core band at L.

Fig. 4.56: 3.
core band at L.

In the first case, the losses actually leave the system, while in the second they can be
guided within the claddings and can cause unwanted effects in applications.

4.3.4 Influence of Substrate

In a final step we mount the structures presented in 4.3.3 on a bulk substrate made of
SiO2 and therefore obtain a structure that closely resembles to the realistic experimental
situation. Before we analyse this structure quantitatively we argue what effects of the
substrate we will exspect:
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Figure 4.57: Bandstructure of cladding modes for varying cladding thickness in the fre-
quency range of the core bandgap.

• For a sufficient cladding thickness the substrate should only have a small effect on
core modes because they exponentially decay in the cladding and have only a very
small spatial overlap with the substrate.

• As the substrate has a higher refractive index than the cladding, the guided
cladding modes will become lossy. More generally, the lightline of air must be
replaced by the dispersion relation of SiO2 with refractive index n = 1.45. This
should also cause losses for the second and higher core bands that were partially
guided without substrate. These losses are small compared to those of the cladding
modes for the reason explained, however, above.

• The losses of the cladding modes should decrease with increasing cladding thickness
due to the weaker localisation.

• The substrate breaks the vertical mirror symmetry of the system. The result is a
possible interaction of the even TE-modes discussed so far with odd TE- and TM
as well as even TM-modes. The interaction again is larger for cladding modes,
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4.3 Interaction of In-Plane Periodicity and Vertical Structure.

while the separation for core modes is still valid within a certain limit.

Strictly speaking, the last item destroys the bandgap of the core modes even without
considering the cladding modes at all because in the structures discussed there is no
simultaneous bandgap for TE- and TM-modes. However, symmetric claddings of a
sufficient thickness minimize the strength of polarisation mixing.

Fig. 4.58:
Cladding band
at ω = 0.4 for
d = 2.0a.

Fig. 4.59:
Cladding band
at ω = 0.4 for
d = 1.6a.

Fig. 4.60:
Cladding band
at ω = 0.4 for
d = 1.2a.

Fig. 4.61:
Cladding band
at lightline for
d = 1.2a.

In fact, this is besides an increased mechanical stability the main reason for using
cladding structures instead of membranes where these effects are intrinsically avoided.
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4 Photonic Crystal Slab Structures

In this context the claddings act as an optical isolator for the core modes to reduce
substrate effects.

For a quantitative analysis the coupling with modes of different symmetry and po-
larisation unfortunately causes problems within our numerical framework because the
large variety of modes that now exists in the system cannot be resolved in reasonable
computation time. We will therefore focus on the most important effect, the cladding
band in the core bandgap, that we can excite selectively by spatially localised excitations
(see 6.3.1).

Fig. 4.57 shows the cladding bands for varying cladding thickness in the frequency range
covering the bandgap of the core modes. Also included are the lightlines for SiO2 and
air that indicate that the cladding modes can in principle radiate into the substrate
in all cases. For d = 0.8a and d = 1.2a it is difficult to determine if the modes are
guided with respect to the cladding-air-interface because the bands come very close to
the air-lightline within the displayed frequency range.

To clearify the influence of the cladding thickness on the spatial energy distribution
we calculate the spatial profile at frequency ω = 0.4 for cladding thicknesses d = 1.2a,
d = 1.6a and d = 2.0a as displayed in fig. 4.58 to 4.60. It can be clearly seen that
the modes strongly localise energy in the top cladding and the core while in the lower
cladding there are negligible values. With respect to mode symmetry this means that
the modes are neither odd nor even but a superposition of both with contributions in
similar order of magnitudes. Also the maximum in the core region is shifted out of
the center with the consequence of a smaller but still non-vanishing coupling to even
waveguide excitations. Moreover it can be seen that the relative part of energy localised
in the core decreases with increasing cladding thickness. This is an indication that the
coupling to an external waveguide excitation is weaker for increasing cladding thickness.
Normally, these issues should be clarified by corresponding transmission simulations.
However, as the cladding modes are lossy we would see no transmission at all for sample
lengths large enough to sort out finite size (especially Fabry-Perot) effects.

Therefore we will now analyse the strenghth of these losses for the bands displayed
in fig. 4.57. Fig. 4.62 shows the corresponding imaginary parts of the frequencies. The
behaviour close to the upper band edge is complicated because here the interaction
with the second core band takes place and the mode profiles and, consequently, also the
different loss behaviours mix. However, if we go further into the bandgap we can see
that, as exspected, the losses increase with decreasing cladding thickness. For d = 2.0
and d = 1.6 we can observe a small smooth increase of the losses towards the lower
bandedge. In the case of lower cladding thicknesses there is an additional minimum that
corresponds roughly to the frequency where the cladding band reaches the air-lightline.
For frequencies below, the loss behaviour increases stronger than for frequencies above,

90



4.4 Conclusion

0,30 0,32 0,34 0,36 0,38 0,40 0,42 0,44 0,46
frequency [2Pi c/a]

0,0

5,0×10
-4

1,0×10
-3

1,5×10
-3

2,0×10
-3

2,5×10
-3

3,0×10
-3

fr
eq

ue
nc

y 
[2

P
i c

/a
]

d=2.0a
d=1.6a
d=1.2a
d=0.8a

Figure 4.62: Losses of the cladding bands for varying cladding thickness in the frequency
range of the core bandgap.

indicating that radiation losses now occur into the air as well as into the substrate. The
energy distribution at this minimum for d = 1.2 as displayed in fig. 4.61 shows that the
mode is extended into the air region very strongly but still guided in this respect. The
origin of the formation of this minimum in losses is not yet clear and will be subject of
further investigations.

The results in this subsection indicate that lossy cladding modes may act as a loss
mechanism in realistic photonic crystal slab structures in Si/SiO2-structures. Due to
the computational effort and the large variety of parameters the comprehensive under-
standing of all related effects will require intensive further research.

4.4 Conclusion

In this section we have analysed several aspects of the interaction of a two-dimensional
photonic crystal slab with a vertical layer structure into which the slab is embedded.
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4 Photonic Crystal Slab Structures

Starting with the fundamental optical properties of an unpatterned dielectric slab we
developed a simple air-bridge structure, where we discussed the bandstructures as well as
eigenmodes, gap size, radiation losses and transmission properties in dependance of hole
radius. Gradually, this simple structure has been modified to more realistic cases. For
symmetric semi-infinite claddings we discussed the influence of the cladding index. Then
we focused on finite claddings of varying thickness in an Si/SiO2-system. We discovered
the existence of cladding modes, i.e. modes with significant, non-decaying intensity in the
cladding layers for frequencies lying in the bandgap of the core modes and identified these
cladding modes to lead to unexspected transmission. To our knowledge this has not been
reported before. A detailed analysis of the dependance on the cladding thickness also
revealed the existence of higher order cladding modes. In the last part we demonstrated
that these cladding modes become lossy when the structure is mounted onto a SiO2-
substrate. Cladding modes may act as a loss mechanism in bandgap applications and
will be therefore subject of intensive further investigations.
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5 Spontaneous Emission in Inverted
Opals

5.1 Introduction

The discussion of the optical properties of photonic crystals presented in the preceeding
chapters has been done in terms of bandstructure and eigenmodes for the ideal infinitely
extended structure and in terms of an optical response to external field excitations as far
as more realistic finite systems were concerned. Now we want to focus on the physical
processes that occur when the emitter itself (in the simplest case an atomic dipole) is
placed within the structure. It was well known before the conception of photonic crystals
that a dielectric distribution in the vicinity of an emitter can modify its emission process
because, in a classical picture, field components that are reflected back to the emitter can
interact with it. In a frequency domain picture this can be explained by the local coupling
strength of the emitter with the mode bath. A simple example is a one-dimensional
resonator that supports standing waves as eigenmodes. When the emitter is located in a
node of the standing wave it cannot couple to the mode bath and spontaneous emission
is supressed, while enhancement can be observed when the emitter is located at maxima
of the resonator mode. In a photonic crystal there ideally is a range of frequency (the
bandgap) where no modes exist at all. Therefore there should be no coupling for emitters
having a transition frequency lying in the bandgap regardless of position. Actually,
this was the original motivation for the suggestion of photonic crystals by John and
Yablonovitch in 1987 [1, 2]. The technological applications described in chapter 4 that
now mainly drive the progress in the field of photonic crystals are a later development.
In this chapter we will present the physical basis of the spontaneous emission process
in a dielectric environment and show results for the modified spontaneous emission in a
finite inverse opal structure within the weak coupling regime. For the discussion of the
fundamental theoretical description we will closely follow the argumentation of [30].

5.2 Weak and Strong Coupling Regime

In the first studies of a single two-level atom coupling to a single electromagnetic cavity
mode by Jaynes and Cummings (for further reading about the Jaynes-Cummings model
see e.g. [31]) it became obvious that the coupling strength κ between atom and cavity
mode, estimated by
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5 Spontaneous Emission in Inverted Opals

κ =
µ12

~

√

2π~Ω

V
(5.1)

is an important parameter to classify the system qualitatively. It is determined by the
atomic transition frequency Ω, the cavity volume V , and the dipole matrix element µ12

of the atom. ~ repesents Planck’s constant devided by 2π. If we compare κ with the
dipole dephasing rate γ12 and the decay rate of the cavity photon Γcav we have to dis-
tinguish the strong coupling regime

κ � (γ12, Γcav) (5.2)

from the weak coupling regime

κ � (γ12, Γcav) (5.3)

which are also referred in literature as the non-Markovian and Markovian regime, re-
spectively. Physically, in the strong coupling regime we have a significant probability of
reabsorbtion of the emitted photon, leading to an oscillatory behaviour of the exspec-
tation value of the excited state occupation number of the atom. The quantum optical
phenomena related to this behaviour and the particular optical properties of photonic
crystals have been extensively studied in [5, 6, 32, 33, 34, 35] but are also controversially
discussed [36, 37, 38]. In this work we will limit ourselves to the discussion of the weak
coupling regime where we can assume an exponential decay due to a pure dipole dephas-
ing rate γ12. In particular, we will study the influence of a photonic crystal environment
on the spontaneous emission rate

γ =

d
dt

〈

N̂2

〉

n2
(5.4)

where
〈

N̂2

〉

is the exspectation value of the occupation number operator of the excited

state and n2 the ensemble averaged occupation number.

5.3 Classical and Quantum Description Within the

Weak Coupling Regime

In this section we will give the key relations for deriving the spontaneous emission rate
within the weak coupling regime and show an analogy between the classically and quan-
tum mechanically obtained expressions that will allow us later to calculate γ within a
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5.3 Classical and Quantum Description Within the Weak Coupling Regime

classical FDTD-scheme. The derivation is not comprehensive but will only show the
steps that are important for the physical understanding. For a more detailed discussion
see [30]. Following the argumentation in [30] we do not use electric or magnetic fields

for the derivation but the vector potential ~A(~r, t) under the Coulomb gauge condition

∇
[

ε(~r) ~A(~r, t)
]

= 0 (5.5)

We will denote classical vector fields by an overarrow while quantum mechanical vector
operators are written bold with an overhat.

5.3.1 Quantum Approach

If we want to discuss the vector potential in terms of the eigenmodes of a photonic
crystal we should first introduce a general expansion of the vector field operator into a
complete set of eigenfunctions:

Â(~r, t) =
∑

n

√

2π~c2

ωn

[

ân
~An(~r) + â†

n
~A∗

n(~r)
]

(5.6)

with ân and â†
n the annihilation and creation operator of a photon in the nth mode, which

has frequency ωn and spatial profile ~An(~r). The star denotes the complex conjugated
value. If we couple this mode system to a two-level system with transition frequency Ω
we obtain an Hamiltonian of the form

Ĥ = E2b̂
†
2b̂2 + E1b̂

†
1b̂1 +

∑

n

~ωnâ
†
nân +

∑

n

[

~κnb̂†2b̂1ân + ~κ∗
nâ

†
nb̂†1b̂2

]

(5.7)

where b̂i and b̂†i are the annihilation and creation operator of state i (i = 1: ground
state, i = 2 : excited state and Ei the corresponding energies. κn represents the cou-
pling strength of the two-level system with mode n and is given by

κn = − e

~m

√

2π~

ωn

~p12 · ~A(~r0) (5.8)

in dipole approximation for an emitter located at ~r0 and dipole matrix element ~p12. e
and m are electron charge and mass, respectively.
As we are interested in the time derivative

d

dt
N̂2 =

d

dt
(b̂†2b̂2) (5.9)
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5 Spontaneous Emission in Inverted Opals

of the occupation number operator of the excited state for the calculation of the spon-
taneous emission (see eq. 5.4) we now use eq. 5.7 to set up the Heisenberg equations
of motion for N̂2. To keep this equation of motion consistent with our weak coupling
assumptions we have to introduce a quantum Langevin operator that represents the
dephasing and therefore the decay of the excited state into the modes of the dielectric
structure. Further analysis of this Langevin operator results in an interpretation as a
fluctuating quantum current ĵfluc(~r, t) that is responsible for the spontaneous emission
now described by the equation

d

dt
N̂2,spon =

i

~c

∫

d3~r
[

ĵ+fluc(~r, t) · Â−(~r, t) − Â+(~r, t) · ĵ−fluc(~r, t)
]

(5.10)

where the + and − superscripts denote parts belonging to positive and negative fre-
quencies, respectively. To evaluate eq. 5.10 we have to relate ĵfluc(~r, t) and Â(~r, t). This
can be done by a classical Green’s function ansatz that results in

Â(~r, ω) = −4π

c

∫

d3~r
′

~eαGω
αβ(~r, ~r

′

) ĵfluc,β(~r
′

, ω) (5.11)

in frequency domain and the subscripts α and β denoting Cartesian vector components
while ~e represents the polarisation vector. Using eq. 5.11 in eq. 5.10 and taking the
ensemble average finally results in the spontaneous emission rate

γ =

d
dt

〈

N̂2

〉

n2
= − 4

~c2

e2

m2
p12,αp12,β

∫

dω
2γ12

(Ω − ω)2 + γ2
12

· Im
[

Gω
αβ(~r0, ~r0)

]

(5.12)

5.3.2 Classical Approach

Now we calculate the electromagnetic energy Wrad radiated by a classical oscillating
dipole current and try to derive a form similar to eq. 5.12. We start with the equation
that describes the work that is done by an electric field ~E to a current ~j

Wrad = −
∫

dt

∫

d3~r ~j(~r, t) · ~E(~r, t) (5.13)

For convenience at a later stage, ~j(~r, t) and ~A(~r, t) are split into positive and negative
frequency parts (each the conjugate complex of the other) when fourier transformed
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~j(~r, t) =
1

2
√

2π

[
∫ ∞

−∞

dω~j(~r, ω)e−iωt +

∫ ∞

−∞

dω~j∗(~r, ω)eiωt

]

(5.14)

~A(~r, t) =
1

2
√

2π

[
∫ ∞

−∞

dω ~A(~r, ω)e−iωt +

∫ ∞

−∞

dω ~A∗(~r, ω)eiωt

]

(5.15)

In frequency domain we can, analogously to the quantum case, relate the vector poten-
tial to the current by the classical Green’s function

~A(~r, ω) = −4π

c

∫

d3~r
′

~eαGω
αβ(~r, ~r

′

)jβ(~r, ω) (5.16)

For a pointlike current source of the form

~j(~r, ω) =
e

m
jω δ(~r − ~r0)~p12 (5.17)

eq. 5.16 simplifies to

~A(~r, ω) = −jω

4πe

mc
~eα Gω

αβ(~r, ~r0)p12,β (5.18)

Now we insert eq. 5.14 and eq. 5.18 into eq. 5.13 and evaluate the resulting expression.
After replacing ω by Ω, which is equivalent to ignoring a small term of the order γ12/Ω
we end up with

Wrad = − 2πe2

c2m2
p12,αp12,βΩ

∫

dω |jω|2 Im
[

Gω
αβ(~r0, ~r0)

]

(5.19)

It is now obvious that if we choose a Lorentzian lineshape for jω

jω =
1

i(Ω − ω) + γ12

(5.20)

the classically radiated energy is proportional to the quantum mechanically obtained
spontaneous emission rate obtained in eq. 5.12. In particular this means that if we know
the values for the spontaneous emission rate and the radiated energy in free space (which
is accessible analytically) we can calculate the spontaneous emission in the vicinity of
a dielectric structure via a purely classical approach with an oscillating current source,
according to

γcav = γfree

Wcav

Wfree

(5.21)
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5 Spontaneous Emission in Inverted Opals

or, as used in this work, we can directly define a modification factor normalised by the
free space rate as

Γcav =
Wcav

Wfree

(5.22)

where Γ < 1 can be interpretated as supression and Γ > 1 as enhancement of the free
space spontaneous emission rate.
Up to this point we made no statement about the dielectric structure and therefore the
precise structure of the eigenmode basis. It is clear that the modification factor Γ can
be strongly dependant on the transition frequency and the position within the dielectric
structure. To obtain the full knowledge about Γ(~r, ω) we would have to know the com-
plete mode structure. In most practical cases, especially in complex photonic crystals,
this cannot be achieved. Moreover, even if the mode structure of the ideal crystal is
known, interesting questions concern finite structures that are principally lossy. The
big advantage of the classical approach presented is that within an FDTD-algorithm
Γ(ω) can be determined at a single position ~r0 without the explicit knowledge of the
eigenmodes, by inserting a probe current source at ~r0 and time integrating the radiated
energy. The physical origin of the modification of the radiated energy is the interaction
of backreflected parts of the emitted field that interact with the current. The deriva-
tion of equivalency of classical and quantum mechanical results was done for a classical
emitter with a Lorentzian emission spectrum corresponding to the exponential decay in
time caused by the Langevin operator within the weak coupling regime. In the classical
picture this is not mandatory because γ12 is an arbitrary parameter. We can assume
a vanishing linewidth leading to a monochromatic excitation and as a result get the
strength of the interaction of backreflected fields with the current source for just a single
frequency. Generalising these arguments and using the linearity and fourier properties
of the classical fields we can excite the system by a temporal arbitrary shaped pulsed
source ~j(ω, ~r0), fourier transform the electric field at the position of the source and cal-
culating Γcav(ω,~r0) as

Γcav(ω,~r0) =
Wcav

Wfree

=
~Ecav(ω,~r0)~jcav(ω,~r0)

~Efree(ω,~r0)~jfree(ω,~r0)
(5.23)

Then, the spontaneous emission rate of an emitter with dephasing rate γ12 can be cal-
culated by a convolution of Γvac(ω,~r) with the corresponding Lorentzian with width
γ12. This procedure requires obviously that γ12 is independant of the dielectric struc-
ture which is also a consequence of the weak coupling assumption. We also note that
Γcav(ω,~r) is equivalent to the local density of states as used in [33].
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5.4 Single Dielectric Sphere

5.4 Single Dielectric Sphere

Before we start to analyse the spontaneous emission in a photonic crystal structure we
want to verify our numerical method by the comparison with results that are obtainable
analytically. We choose as a test system a dielectric sphere of radius r and refractive in-
dex n = 3.0 embedded in free space which means the application of absorbing boundary
conditions in all three dimensions of the numerical domain. The analytical expressions
for the spontaneous emission modification factor Γ(ω,~r) are given in [39, 40]. For sim-
plicity we will only consider the case of an emitter placed in the center of the sphere
because by this we circumvent polarisation issues due the rotational symmetry of the
resulting system. Fig. 5.1 shows the comparison of the analytical results with the nu-
merical calculation. The excellent quantitative agreement legitimates the application of
this method for general dielectric structures.
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ω
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Figure 5.1: Modification factor Γ(ω) for a dipole in the center of a dielectric sphere with
radius r and refractive index n = 3.0: Comparison between analytical result
(line) and FDTD (dots).
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5.5 Inverted Opals

For the investigation of the modification and especially the suppresion of spontaneous
emission within the bandgap, the two-dimensional structures considered so far in this
work are not ideally suited because they do not exhibit a bandgap in the sense of a
vanishing local density of states. While for the application for passive optical devices
this is not prohibiting because we can selectively excite desired modes (e.g. the guided
or quasi-guided ones) an emitter embedded in the structure will more or less couple to
the whole mode bath including the radiative modes that destroy the gap. This has been
investigated e.g. in [41]. We therefore have to choose a full three dimensional periodic
structure to clearly identify the physical effects. From the variety of three dimensional
photonic crystals exhibiting a full bandgap that have been proposed theoretically and/or
realised experimentally we choose the class of inverted opal structures. This class of crys-
tals has distinguished itself as easy to fabricate by self-organising processes [42, 43, 44]
on a relative large scale. Therefore it is widely used for the investigation of fundamental
physical processes in photonic crystals [3, 12] where its largest disadvantage, the difficult
controlled inclusion of defects that is necessary for most technological applications, does
not play an important role. It is not the purpose of this work to discuss the structure
itself or dependencies on geometry and material parameters because this is described ex-
tensively in literature [45]. We just choose one example system with parameters that are
on one hand as realistic as possible from a fabricational point of view but are adjusted
in a way that the desired optical properties like the bandgap are easily observable.

5.5.1 Geometrical Setup

The geometrical distribution of dielectric material in an inverted opal can be understood
most easily by shortly reviewing the fabrication process: Polystyrene spheres of radius
r are allowed to sediment slowly in a liquid, e.g. an alcohol. Due to self-organising
processes they arrange in a face-centered-cubic (fcc) close packed lattice. Then the
liquid is evaporated and the system infiltrated by an high index material. Ideally, as will
be assumed here, all voids between the spheres are completely filled. In practice oftenly
the high index material only covers the polstyrene sphere leading to a more complicated
structure. After the infiltration the system is heated and the polystyrene spheres are
also evaporated leaving an fcc-arrangement of air-spheres in a dielectric matrix with
refractive index n. In practice, the evaporation of the polystyrene spheres leads to a
sintering of the ideally touching air spheres. This effect is incorporated in our model
by cylindrical connections of the air spheres with radius rs = 0.4r. Fig. 5.2 shows the
dielectric interfaces of a conventional unit cell of the structure. The lattice constant a
is defined as the edge length of the conventional cell and not, as often done for other
lattices, as the length of a primitive lattice vector which is

√
3/2 · a in this case. The

conventional unit cell (which consists of four primitive cells) is highly symmetric. As
we want to analyse spatial dependencies of the spontaneous emission later on we can
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5.5 Inverted Opals

Figure 5.2: Dielectric structure of a conventional unit cell of an inverse opal. The inset
shows the irreducible tetragonal volume in real space limited by the high
symmetry point P1-P4. The units are given in discrete gridpoints of the
numerical mesh.

reduce the problem by identifying the irreducible part of the unit cell that cannot be
mapped by symmetry operations to another. We find that the conventional unit cell has
a 48-fold symmetry and that we can reduce to a tetragonal space volume limited by the
high symmetry points Pi (i = 1..4) as shown in the inset of fig. 5.2. This geometrical
setup can also be interpretated as an interconnected lattice of octagonal and tetragonal
volumes of high dielectric material. It is important for the further discussion to note
that P1 is located in the center of an air sphere, P2 at the touching point of two air
spheres (therefore in the center of the cylindrical interconnect), P3 in the center of an
octagonal volume and P4 in the center of a tetragonal volume. This conventional unit
cell is used for bandstructure calculation with periodic boundary conditions applied in
all space directions.
For the calculation of the modified spontaneous emission we also want to include the
finiteness of the system. Principally, the infinite case can be addressed by a frequency
domain mode expansion as well. This has been already demonstrated with low accuracy
due to numerical constraints in [47]. We therefore model cubic crystallites with edge
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5 Spontaneous Emission in Inverted Opals

Figure 5.3: Finite crystallite of edge length 3a embedded in free space. The units are
given in discrete gridpoints of the numerical mesh.

lengths of l = 3a, l = 5a and l = 7a, respectively, that are enclosed by PML boundaries.
This system sizes correspond to 108, 500 and 1372 single scatterers. Fig. 5.3 shows the
crystallite with edge length 3a. The surface termination is the same for all sizes and
also according to fig. 5.3.

5.5.2 Bandstructure

It has been shown in literature [45] that the inverted opal structure provides a full
three dimensional bandgap for an index contrast of more than 2.6. This bandgap opens
up between the 8th and the 9th band. These values are strictly speaking for the ideal
inverted opal without the cylindrical holes connecting the air spheres but the difference
is neglectible for our purposes. The example system under consideration has a bandgap
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Figure 5.4: Bandstructure for the inverse opal with refractive index n = 3.6 and geomet-
rical setup as described in fig. 5.2. The insets show the complete bandgap
and the pseudogap in Γ-L-direction.

with a gap/midgap ratio of 6.7% between freqencies 0.795 and 0.85, as can be seen in
fig. 5.4. Another remarkable feature of the bandstructure is the large pseudogap in Γ-L-
direction. It is remarkable because it corresponds to the (111) crystallographic direction
which is in the self-organising fabrication process perpendicular to the crystal surface.
Therefore it is easily accesible for reflection experiments and also the preferred direction
for the detection of light that is coming out of the crystal. For a detailed discussion of
the irreducible BZ and the high symmetry points in k-space see e.g. [46].
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5 Spontaneous Emission in Inverted Opals

5.6 Spontaneous Emission Rate

5.6.1 Space and Polarisation Dependance

As described in 5.3.2 we have to calculate Γ(ω,~r0) seperately for each emitter position
and polarisation. In the finite crystallite moreover not every unit cell is equivalent and
differs e.g. in the distance to the surface. However, even if we neglect this and under
restriction to the irreducible tetragonal volume this is computationally too expensive to
be done for all space points. We will therefore concentrate on selected positions and
polarisations that represent interesting physical aspects.
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Figure 5.5: Γ(ω,~r) for the high symmetry points P1 - P4.

First we calculate Γ(ω,~r0) at the four high symmetry points within the center unit
cell of a l = 5a crystallite (We will justify later why this size is a reasonable choice.) and
polarisation in z-direction. In fig. 5.5 we see that the bandgap can be clearly identi-
fied for all four symmetry points. Also the directional Γ-L-pseudogap at frequency 0.56
shows its effect at least qualitatively in all cases. However, for other frequencies we see
a strong space dependance. Noticable is especially the high enhancement for frequencies
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Figure 5.6: Γ(ω,~r) for the path from P3 to P1 for a dipole orientated normal to the
interface crossed at dipole position 0.15a.

Figure 5.7: Γ(ω,~r) for the path from P3 to P1 for a dipole orientated parallel to the
interface crossed at dipole position 0.15a.
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5 Spontaneous Emission in Inverted Opals

Figure 5.8: Γ(ω,~r) for the path from P3 to P2 for a dipole orientated parallel to the
interface crossed at dipole position 0.21a.

just above the bandgap at P3 with Γ(ω,~r0) ≈ 18. This is not unexspected because many
modes tend to concentrate their energy within the high dielectric material and P3 is in
the center of the largest conglomerate of high dielectric material. It should be therefore
interesting to investigate what happens if we go from P3 to another symmetry point, e.g.
P2, and thereby crossing a dielectric interface. It is obvious that now polarisation has
also to be carefully accredited because of the different continuity behaviour for normal
and parallel components relative to the interface. We therefore calculate Γ(ω,~r0) along
the path P3-P2 for perpendicular and parallel polarisation with respect to the dielectric
interface crossed at dipole position 0.15a. For both polarisations the obvious physical
features can be clearly identified in fig. 5.6 and fig. 5.7: We have a strong supression
of emission within the bandgap regardless of position. Also the different continuity be-
haviour at the dielectric interface can be clearly seen. While we have a discontinous
step for normal polarisation in fig. 5.6, Γ is continous for parallel polarisation in fig. 5.7.
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Figure 5.9: Γ(ω,~r) for the path from P4 to P2 for a dipole orientated normal to the
interface crossed at dipole position 0.14a.

Moreover, we can see that the enhancement peak for frequencies above the bandgap
is spatially localised to the high index octagonal volume independant of polarisation.
For the case of parallel polarisation there appears a new enhancement peak below the
bandgap for emitters located close to the interface. When we start at P3 and analyse
the path to symmetry point P2 (that is also lying in air) we see for parallel polarisation
a similar picture with high enhancement localised in the octagonal volume but also en-
hancement peaks for frequencies above as well as below the bandgap at the dielectric
interface at dipole position 0.21a. This can be seen in fig. 5.8. The maximum value for
Γ is around 26.
A third possibility of crossing a dielectric interface can be found on the path from P4 to
P2. The results for normal dipole polarisation can be found in fig. 5.9. The discontinous
behaviour at the interface can be clearly observed while the maximum enhancement
values are not as large as in the other cases. In particular, the enhancement within the
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5 Spontaneous Emission in Inverted Opals

tetragonal volume is much smaller than in the octagonal volume analysed before.
From the presented results we can draw two conclusions that are essential for the inter-
pretation of luminescence experiments that are typically done by the infiltration of dye
molecules into the inverted opal [12]. First, the strong space dependance of Γ makes the
knowledge of the precise distribution of the emitters necessary. Moreover, the strongest
effects can be found on dielectric interfaces where the infiltrated dyes will very likely
adsorb. Second, the orientation of the adsorbed molecules relative to the interface is
also not neglectible. This will especially influence results of experiments done with large
dye molecules.

5.6.2 Influence of Finite Size

So far we have analysed the position and polarisation dependance of Γ within the center
unit cell. However, as we are dealing with crystallites of finite size, not all unit cells are
equivalent.

(0,3,0)

(0,3,3)

(0,3,2)

(0,3,1)

(1,3,0) (2,3,0) (3,3,0)

z

x

(a) (b)

Figure 5.10: Schematic illustration of the finite crystals and dipole positions. One square
stands for one conventional unit cell with edge length a. The center unit
cell of a crystallite is denoted by (0,0,0) and each unit cell has an integer
coordinate in all space directions. (a): Crystals of size 7a (dotted), 5a
(dashed) and 3a (solid) with z-polarised dipol in the center unit cell. (b)
y = 3 plane of the 7a crystallite with dipole positions for calculation of
surface effects.
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Figure 5.11: Γ(ω) at P3 for the center unit cell of crystallites with edge length 3a, 5a
and 7a.

We will therefore now study the effects of the absolute size of the crystallite and the
proximity of a dipol to the crystallite’s surface.

First we calculate Γ at P3 for the center unit cell of crystallites with size 3a, 5a and
7a. The geometrical setup is sketched in fig. 5.10 (a). Fig. 5.11 shows that the results
are qualitatively the same for 5a and 7a but differ substantially for 3a, especially for the
enhancement at frequencies between 0.85 and 1.0 where the confinement of the electro-
magnetic eigenmodes obviously becomes weaker. This result also justifies the choice of
a 5a crystal in 5.6.1 where we intended to get results that are relatively independant
of the finiteness of the system. We should mention here also that the resolution in fre-
quency space is not fine enough to resolve Fabry-Perot interferences that are exspected
to appear due to the finite size.
In the next calculation we take a 7a crystallite and again dipole position P3, and move
the dipole from the center unit cell closer to the surface. Due to the dipole polarisation
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Figure 5.12: Γ(ω) at P3 for a z-polarised dipole approaching a x = constant surface.

0.2 0.4 0.6 0.8 1.0 1.2
ω [2π      ]         c/a 

0

5

10

15

20

Γ(
ω

)

(0,3,0)
(0,3,1)
(0,3,2)
(0,3,3)

Figure 5.13: Γ(ω) at P3 for a z-polarised dipole approaching a z = constant surface.
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this can be done in two different ways. If we assume a z-polarised dipole, a shift in
x- and y-direction would be equivalent because both surfaces are parallel to the dipole
orientation, but a shift in z-direction is physically different, because the dipole is orien-
tated normal to the surface. The geometrical setup is sketched in fig. 5.10 (b). Fig. 5.12
shows Γ for a shift in x-direction. We can see that an effect is only observed for the unit
cell directly at the interface and (much weaker) for the next cell. Dipoles lying in the
center and the neighboring cells are not effected by the surface.
For a shift in z-direction the influence of the surface is even smaller, as can be seen
in fig. 5.13. This can be explained by recalling the emission pattern of a dipole which
has a maximum perpendicular to the dipole axis and vanishing components parallel to
it. A z-polarised dipole at a z = constant surface will therefore radiate only a little in
direction of the surface.

5.7 Conclusion

This chapter has been devoted to the study of spontaneous emission in inverted opals.
The classical approach for obtaining the spontaneous emission rate within the weak cou-
pling regime has been compared with the quantum-mechanical derivation. The numerical
FDTD-implementation that builds on this quantum-classical correspondence has been
verified by calculating the analytically accessible case of a spherical scatterer showing
excellent agreement between the analytical solution and the numerics. The application
of the numerical method to finite cuboical cristallites of an inverse opal with refractive
index 3.6 lead to the following results:

• The spontaneous emission rate clearly reflects the existence of a bandgap regardless
of dipole position.

• Outside the bandgap there is a strong space, polarisation and frequency depen-
dance.

• The strongest enhancement can be observed in the center of the dielectric regions
and at dielectric interfaces. The absolute enhancement factor is up to ≈ 26 for the
dipole positions under investigation.

• The behaviour at dielectric interfaces shows a polarisation dependance that cor-
responds to the continuity conditions of the electric field and is therefore strongly
varying for perpendicular or parallel polarisation. This result shows the impor-
tance of the knowledge of adsorbtion processes of dye molecules in luminescence
experiments.

• The finite size of the crystallite has only small influence on the results for dipole
positions more than 2-3 lattice constants away from the surface. In other words,
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5 Spontaneous Emission in Inverted Opals

a crystallite with edge length 5a represents an ”infinite” crystal for an emitter
positioned in the center unit cell. This substantially lowers the requirements for
experimental analysis.
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6 The FDTD-Method and its
Application in Photonic Crystal
Analysis

6.1 Introduction

All numerical results in this work have been obtained by using several variations of the
Finite-Difference Time-Domain algorithm (FDTD) initially presented by Yee in 1966
[48]. The FDTD method represents a very general way of solving the time and space
dependent Maxwell’s equations using a specialised linearisation scheme. It is used in
many fields of electromagnetism and covers the whole range of electrodynamical prob-
lems from nanooptics to accelerator physics. In this chapter we will give a short overview
of the basic principles and components of an FDTD simulation as well as discussing in
more detail the special modifications needed for analysing photonic crystals. For further
reading about FDTD and its applications we suggest e.g. [49] or [50].

6.2 Basic Components and Methods

Very generally speaking, a FDTD-program consists of four fundamental building blocks:
First, the spatial definition of the system with a distribution of dielectric or magnetic
materials and the choice of a proper termination of the calculation space, the boundary
conditions. Second, the core algorithm that calculates the electromagnetic fields at each
spatial discretisation point and timestep. Third, an exciting source of some kind and
fourth, routines for data extraction, especially when not only the fields but also derived
quantities like energy are of interest. The structures of the different building blocks are
closely related to each other depending on the problem under consideration. E.g. the use
of anisotropic materials requires a special form of the core algorithm, periodic (Bloch)
boundaries require complex fields in all other building blocks and so on. In this section
we will focus on the components that are needed to obtain the results presented in this
work, but there are many variations and extensions also within the field of photonic
crystals [51, 52, 53].
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6.2.1 The Time-Stepping Algorithm and the Yee-Cell

Our aim is to solve the time dependent curl Maxwell equations:

∇× ~E(~r, t) = −1

c

∂

∂t
~H(~r, t) (6.1)

∇× ~H(~r, t) =
1

c
ε(~r)

∂

∂t
~E(~r, t) (6.2)

or in vector components:

∂Hx(~r, t)

∂t
=

∂Ey(~r, t)

∂z
− ∂Ez(~r, t)

∂y
(6.3)

∂Hy(~r, t)

∂t
=

∂Ez(~r, t)

∂x
− ∂Ex(~r, t)

∂z
(6.4)

∂Hz(~r, t)

∂t
=

∂Ex(~r, t)

∂y
− ∂Ey(~r, t)

∂x
(6.5)

∂Ex(~r, t)

∂t
=

1

ε(~r)

(

∂Hz(~r, t)

∂y
− ∂Hy(~r, t)

∂z

)

(6.6)

∂Ey(~r, t)

∂t
=

1

ε(~r)

(

∂Hx(~r, t)

∂z
− ∂Hz(~r, t)

∂x

)

(6.7)

∂Ez(~r, t)

∂t
=

1

ε(~r)

(

∂Hy(~r, t)

∂x
− ∂Hx(~r, t)

∂y

)

(6.8)

where the vacuum speed of light c is set to 1 for numerical convenience. The ansatz is
now to divide continous space and time into discrete grid cells and replace spatial and
temporal derivatives by finite differences on this discrete mesh. We define the spatial
grid as

~r = (x, y, z) → (i∆x, j∆y, k∆z) (6.9)

for the general three dimensional case and the time dimension as

t → n∆t (6.10)

∆x, ∆y, ∆z and ∆t are the discretisation stepwidths and i, j, k and n the integer co-
ordinates within the discrete mesh. The vector components of the fields are therefore
denoted as, e.g.
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Hx(~r, t) → Hx|ni,j,k (6.11)

The next step is the linearisation of the derivatives, following the scheme

∂f(x = i∆x)

∂x
→ fi+1 − fi−1

2∆x
(6.12)

By this ansatz, which is used typically in applied mathematics and numerics, the lin-
earisation is effectivly done over a 2∆x-intervall. All components are localised at the
same position (i, j, k) in space and will result in e.g. the following update equation for Hx

Hx|n+1
i,j,k

2∆t
=

Hx|n−1
i,j,k

2∆t
+

Ey|ni,j,k+1 − Ey|ni,j,k−1

2∆z
−

Ez|ni,j+1,k − Ez|ni,j−1,k

2∆y
(6.13)

The revolutionary idea of Yee was now to take advantage of the special nature of
Maxwell’s curl equations to improve accuracy by a factor of two by changing the spatial
localisation of the field components in the following way:

Ex [i∆x, j∆y, k∆z] → Ex

[

(i +
1

2
)∆x, j∆y, k∆z

]

(6.14)

Ey [i∆x, j∆y, k∆z] → Ey

[

i∆x, (j +
1

2
)∆y, k∆z

]

(6.15)

Ez [i∆x, j∆y, k∆z] → Ez

[

i∆x, j∆y, (k +
1

2
)∆z

]

(6.16)

Hx [i∆x, j∆y, k∆z] → Hx

[

i∆x, (j +
1

2
)∆y, (k +

1

2
)∆z

]

(6.17)

Hy [i∆x, j∆y, k∆z] → Hy

[

(i +
1

2
)∆x, j∆y, (k +

1

2
)∆z

]

(6.18)

Hz [i∆x, j∆y, k∆z] → Hz

[

(i +
1

2
)∆x, (j +

1

2
)∆y, k∆z

]

(6.19)

In the curl expressions this means that the neighboring components that are needed to
calculate the derivative are only 0.5 steps away and the linearisation is only done over a
one step interval. As E-fields only depend on H-fields and vice versa, the same can be
done in time, shifting E-fields 0.5∆t relative to the H-fields. The resulting equations are
therefore
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for the H-field components and
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(6.25)

for the E-field components. This procedure yields a one order higher accuracy in space
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and time without increasing the total number of discretisation points. The arrangement
of the shifted grids for each component is illustrated in fig. 6.1.
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Figure 6.1: Illustration of the spatial localisation of the field components in a three
dimensional Yee cell.

The field values at a new time step only depend on former values of other fields as can
be seen in eq. 6.20-6.25. In applied mathematics this is called an explicit scheme and is
well known to be unstable in general. However, in the case of Maxwell’s curl equations
we can force stability by obeying the condition

∆t ≤ 1

c
√

( 1
∆x

)2 + ( 1
∆y

)2 + ( 1
∆z

)2)
(6.26)

for the discrete step widths in space and time. The derivation is not given here in
detail and can be studied in [49]. Principally, it is done by analysing the influence of
the discretisation on the error of the energy content of a plane wave, assuring that the
energy does not increase in time in average.
The accuracy of the discrete numerical scheme depends mainly on the discrete space and
time steps. As a rule of thumb the smallest wavelength appearing in the calculations
should be at least resolved with 12 numerical grid points.
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6.2.2 Boundary Conditions

It is obvious that in practical calculations only a finite number of discretisation points
and therefore a finite space volume (and time interval) can be calculated. The conse-
quence is that the discrete curl equations can not be applied for certain field components
at the edges of the computational domain because some of the required components
would lie outside and are therefore not defined. If we look e.g. in x-direction and a
domain bounded by i = 0 and i = imax we see that equations 6.20, 6.21 and 6.22 and
6.23 are still valid because they only require well defined field values for i = 0. However,
in equations 6.24 and 6.25 the components

Hz|
n+ 1

2

− 1

2
,j+ 1

2
,k

and

Hy|
n+ 1

2

− 1

2
,j,k+ 1

2

are required but not defined.
The situation at i = imax is similar. Now we need the undefined values

Ez|nimax+1,j,k+ 1

2

for updating Hy and

Ey|nimax+1,j+ 1

2
,k

for Hz.

If we generalise this consideration, we have to take special care of the tangential compo-
nents of the electric field at the interfaces i, j, k = 0 and i, j, k = (i, j, k)max +1 to obtain
a completely defined system. In the next subsections, typical boundary conditions used
for the calculations in this work are shortly described.

Metallic Boundaries

The simplest way of treating the tangential electric field components is to set them
to zero after each time step. Mathematically this corresponds to the von Neumann-
boundary condition of a constant potential at the interface and physically it describes
a perfectly conducting material which is approximated best in experiment by metals.
Therefore we speak of metallic boundary conditions. An incoming electromagnetic wave
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that hits the boundary is entirely reflected back into the computational domain and no
energy can escape from the system. This type of boundary does not represent the desired
circumstances for most calculations. However, because of its easy implementation it is
sometimes used in combination with other methods as will be described later.

Periodic Boundaries

For perfectly periodic systems (which means they are infinitely extended in the direc-
tion(s) of periodicity) we know from Bloch’s theorem (see 3.1.2) that the field values at
equivalent positions in different unit cells only differ by a phase factor. Numerically this
has the consequence that we can describe the entire infinite system by just one unit cell
and apply periodic boundaries that fulfill Bloch’s theorem. We illustrate this for a one
dimensional system extending in x-direction and bounded by i = 0 and i = imax. We
know from the introduction of this section that we have to take special care of Ey|i=0,
Ey|i=imax+1, Ez|i=0 and Ez|i=imax+1. If we assume a periodicity of length imax∆x we can
relate the components at the boundaries by applying Bloch’s theorem in the following
way:

Ey|i=0 = e+ikximax∆x · Ey|i=imax
(6.27)

Ez|i=0 = e+ikximax∆x · Ez|i=imax
(6.28)

Ey|i=imax+1 = e−ikximax∆x · Ey|i=1 (6.29)

Ez|i=imax+1 = e−ikximax∆x · Ez|i=1 (6.30)

For the application of Bloch’s theorem we have to introduce a wavevector kx in the
direction of periodicity. This is a parameter in the calculation and has to be given from
the outside. The restriction to only one k-value is the price one have to pay for the
benefit of limiting the computational domain to just one unit cell. Moreover, the phase
factor in Bloch’s theorem is complex, requiring complex electric and magnetic fields also.
In practice this doubles the memory requirements of the calculation. The generalisation
to three dimensions is straightforward but requires a ~k-vector with components in all
space directions.

Open Boundaries

In many cases it is desirable to simulate a structure embedded in infintely extended free
space because this is closest to most experimental situations. Numerically this means
we have to define boundary conditions with the property that waves approaching the
interfaces of the computational domain are completety absorbed without any spurious
reflection back into the system. This has to be achieved for waves of arbitrary frequency
and angle of incidence. There are several propositions in literature for addressing this
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task like Mur’s boundary conditions [54] of first and second order or perfectly matched
layers (PML) invented by Berenger [55] in several variations. In this work we use the
so-called uniaxial perfectly matched layers (UPML) boundary [49] and will now give a
short description of their fundamentals and practical implementation.
The idea of PML boundaries is simple: We introduce a layer of a certain thickness d (in
units of numerical discretisation points) consisting of an artifical conducting material
that absorbs incoming waves. The absorbing layer is terminated by metallic boundaries
that reflect the rests of the wave entirely and the wave is damped again on its way
back. Only a vanishing part of the original amplitude reenters the calculation domain.
The obvious difficulty that has to be solved is that for conventional absorbing materials
there would be a partial reflection at the interface between the calculation volume and
the absorbing material due to impedance mismatch. We have to choose the material
properties therefore in a way that there is no impedance discontinuity for any frequency
and angle of incidence. It has been shown in [49] that this condition can be fulfilled for
a plane wave with frequency ω by the modified frequency domain Maxwell’s equations

∇× ~H(~r, ω) = − iωε(~r) s · ~E(~r, ω) (6.31)

∇× ~E(~r, ω) = iωµ(~r) s · ~H(~r, ω) (6.32)

with a matrix s of the form

s =





sysz

sx
0 0

0 sxsz

sy
0

0 0 sxsy

sz



 (6.33)

where the components of the diagonal elements are given by

si = κi −
σi

iω
(6.34)

The parameter σi is responsible for the damping of a wave with a ki component of the
wavevector while κi ensures the correct treatment of evanescent waves reaching into the
PML layer. In a three dimensional volume we have six PML-layers (two for each di-
mension). Due to the finite thickness of the PML layers we have regions at edges where
two PML layers overlap and corners where three PML layers overlap. This is shown
schematically in fig. 6.2 . Depending on the region under consideration the matrix s can
be simpified because the si are only different from 1 for the components normal to the
interface. This means we only need the general form of s in the corners, while for areas
where e.g. there is only a damping in x-direction s reduces to
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1

2
3

Figure 6.2: Schematic illustration of different PML-regions. (1): Plane, (2): Edge and
(3): Corner

s =





1
sx

0 0

0 sx 0
0 0 sx



 (6.35)

Now we want to apply this concept in our FDTD algorithm. The first problem is that a
direct fourier transformation of the frequency domain expressions would lead to a convo-
lution in time. To circumvent this problem the additional fields ~B and ~D are introduced,
leading to the following set of modified Maxwell’s equations for the PML layers:

∇× ~H(~r, t) = ~κ · ∂ ~D(~r, t)

∂t
+ ~σ · ~D(~r, t) (6.36)

∇× ~E(~r, t) = − ~κ · ∂ ~B(~r, t)

∂t
− ~σ · ~B(~r, t) (6.37)

~κ · ∂ ~D(~r, t)

∂t
+ ~σ ~D(~r, t) = ε(~r)

(

~κ
∂ ~E(~r, t)

∂t
+ ~σ · ~E(~r, t)

)

(6.38)

~κ · ∂ ~B(~r, t)

∂t
+ ~σ ~B(~r, t) = ε(~r)

(

~κ
∂ ~H(~r, t)

∂t
+ ~σ · ~H(~r, t)

)

(6.39)

The discretisation follows the standard FDTD scheme with ~D localised at the same po-
sitions as ~E and ~B at the same positions as ~H.
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The last issues to consider are now the values for σi and κi. This has been the sub-
ject of many numerical experiments and studies. By a proper choice the performance
of the PML boundaries can be optimised e.g. for certain frequency ranges or angles
of incidence. Without a more detailed discussion we give now the expressions for σi(i)
and κi(i) chosen for the photonic crystal calculations in this work which are spatially
dependant of the direction perpendicular to the layers:

σi(i) = σmax ·
(

i

d

)p

(6.40)

κi(i) = 1 + (κmax − 1) ·
(

i

d

)p

(6.41)

where d is the total thickness of the PML layers and p an exponent that is usually
between 3 and 4 [49]. For the calculations in this work d is normally between 8 and 20
discretisation points.

6.2.3 Sources

To calculate the optical response of a dielectric structure we obviously need some kind
of excitation. The choice of a proper excitation for a given problem does not follow
a general guideline but strongly depends on experience. In many cases, the exspected
results play an important role for the choice of the excitation. E.g. the symmetry or
spatial localisation of the exspected solutions can help to selectively excite the desired
field distributions. This does not mean that FDTD is not an a-priori-method. However,
its general character is one major disadvantage in this respect. A solution obtained by
FDTD is always reliable. However, under circumstances to be discussed more detailed
later on a solution can be ”forgotton” due to an awkward excitation, which often means
it is superposed by solutions that are excited orders of magnitude stronger. In this
subsection we will discuss several types of excitations. The explicit forms how they are
used in practice are given directly in the related chapters of photonic crystal applications
later on.

Initial Fields

A method used quite often is the assignment of the field to certain values for t = n∆t = 0.
When this type of excitation is used one has to take care of the following issues:
The initial field distribution must fulfill the homogenous Maxwell’s equations that are
not directly incorporated in the FDTD-algorithm. Especially the condition

∇ ~H(~r, t = 0) = 0 (6.42)
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must be fulfilled because a violation would lead to unphysical results. A violation of

∇
[

ε(~r) ~E(~r, t = 0)
]

= 0 (6.43)

would physically introduce static charges that may also modify the results.
Beside this physical considerations, there are also numerical ones that can influence the
simulations. The initial condition will project to the solutions allowed by the system.
This process takes some ”relaxation” time. The proper choice of the initial condition
can reduce this time significantly and thereby also reducing numerical noise. We will
illustrate this now for a simple example.
Assume a one dimensional freespace (n = 1.0) system bounded by periodic boundaries
with k-vector kx. This system supports plane wave solutions with the spatial distribution

Ey(x) = E0
ye

i(kx+Gi)x (6.44)

where Gi are reciprocal lattice vectors as defined in 3.1.2. If we now set an initial field

Ey(x) =
∑

i

E0
ye

i(kx+Gi)x (6.45)

for some reciprocal lattice vectors Gi the initial condition will instantanously fit to
the boundary conditions and i plane waves will propagate in time through the system
without being disturbed.
Now we choose an initial condition of the same form but with a slightly different vector
k′

x = kx + δkx but keep kx as the parameter of the periodic boundaries. In this case the
values that are exchanged by the periodic boundaries do not fit and plane waves with
the same kx but slightly different phase enter the system. After some time the system
consists of many plane waves that are all slightly phase shifted. The result is a destructive
interference and no proper solutions are excited. Moreover, due to the approximative
character of the discrete system the cancellation is not perfect, but will cause a random
noise. Even if we have a mixture of fitting and non-fitting components of the initial
condition this noise can superpose the real solutions and make them undetectable.
If we look at the frequency spectrum of the initial field excitation we see that due to
the δ-like shape in time we can exspect that all frequency components could principally
be excited. Sometimes this is desirerable, especially when all solutions are exspected
to have similar coupling strengths (or spatial overlap) to the excitation and a large
spectrum of solutions is wanted. However, there are also cases when this property is
a disadvantage, especially when solutions are investigated that couple only weakly to
external excitations. Then a pulsed excitation with a narrow frequency spectrum around
the exspected solution should be preferred.
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Current Sources

A very simple way of creating electromagnetic fields is the introduction of a pointlike
oscillating current source at position ~r0 into the H-field curl equation:

∇× ~H(~r0, t) = ε(~r)
∂ ~E(~r0, t)

∂t
+ δ(~r − ~r0) ·~j(t) (6.46)

This is practically done by keeping the time-stepping algorithm unchanged and updating
the corresponding electric field components after each timestep according to

Ex|ni0+ 1

2
,j0,k0

= Ex|ni0+ 1

2
,j0,k0

+ ε−1|i0+ 1

2
,j0,k0

· jx|ni0+ 1

2
,j0,k0

(6.47)

e.g. for a x-polarised dipole with arbitrary temporal dependance jx|n. It should be
mentioned that an arbitrary orientation of one pointsource is not straightforward to im-
plement because of the different localisation of the E-field vector components.
In most cases dipoles instead of initial fields are used when only an excitation of a lim-
ited frequency spectrum is desired. A proper choice for ~j(~r0, t) is then e.g. a sinosoidal
function with center frequency ω0 multiplied with a Gaussian envelope of width σ.

~j(~r0, t) = δ(~r − ~r0) · ~j0 sin(ω0t)e
− 1

2
·( t−t0

σ )
2

(6.48)

where the spectral width of the pulse around ω0 is determined by σ−1. The radiation
characteristics of a dipole are well known [56]. It should be taken care that this is con-
sidered for a proper excitation. E.g. a x-polarised dipole has no plane wave component
directly pointing into x-direction and therefore maybe no good choice when a mode
propagating in x-direction should be excited.
When it is desired to excite a field pattern of a certain symmetry there are two issues
to be considered.
First, the spatial localisation of the excitation due to the spatial shift of the corre-
sponding E-field component. It has been observed that even the small 0.5∆x-shift can
significantly break the symmetry when not properly considered.
Second, when choosing two dipols to excite odd or even mirror symmetry the trans-
formation behaviour is different for dipoles polarised perpendicular or tangential to the
mirror plane according to the discussion in 3.1.5.
One more issue of practical importance is the choice of t0 in the envelope function. It
should be assured that the current for t = 0 is small compared to the maximum am-
plitude because otherwise we have physically a step function at the beginning that can
disturb results, especially after Fourier transforming by introducing Gibb’s oscillations.
It is also important to be aware that a point-source of the described type can introduce
static charges after the temporal oscillation vanished. This can be seen in the continuity
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equation for charges and currents

∂

∂t
ρ(~r, t) + ∇~j(~r, t) = 0 (6.49)

If we integrate 6.49 from t = 0 to t = T and assume that we had no static charges at
the beginning of the calculation we get

ρ(~r, T ) = −
∫ T

0

∇~j(~r, t)dt (6.50)

To avoid static charges we can therefore choose a current distrubution that has either
no divergence, or that is zero when integrated in time. In practice, the second condition
can be easily fullfilled by adjusting the phase of the sine function

~j(~r0, t) = δ(~r − ~r0) · ~j0 sin [ω0(t − t0)] e
− 1

2
·( t−t0

σ )
2

(6.51)

because now we integrate over the product of a sine function that is odd with respect
to t0 with a Gaussian that is even with respect to t0.

Total-Field/Scattered-Field Method

The injection of external fields by electric dipol currents has the disadvantage that the
radiation pattern of a dipole is given and therefore there is no choice of certain plane
wave components exciting the system. This can be overcome e.g. by using lines or
planes of dipoles that are arranged in a way that the plane wave components travelling
in undesired directions cancel each other. This method is used widely because of its easy
implementation. Nevertheless it has the disadvantage that e.g. for a plane of dipols,
energy is radiated in both directions away from the plane. In cases where reflection
properties of a structure are investigated the waves travelling in the wrong direction
away from the source plane can overlap with waves reflected by the dieletric structure
and therefore influence results. This can be overcome for pulsed sources by choosing
a long path between the incoupling plane and the structure. This allows the temporal
separation of the different parts but requires a lot of additional system size and there-
fore computing resources (time and memory). A better way of injecting well defined
plane wave components is the total-field/scattered-field (TFSF) method that is more
complicated but more powerful and efficient. We will now describe TFSF for a simple
one dimensional example.
Due to the superposition principle for electric and magnetic fields we can assume arbi-
trarily that the total fields are splitted in scattered parts ~Escat and ~Hscat, and incident
parts ~Einc and ~Hinc:
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~Etotal(x, t) = ~Escat(x, t) + ~Einc(x, t) (6.52)

~Htotal(x, t) = ~Hscat(x, t) + ~Hinc(x, t) (6.53)

Moreover, we can also arbitrarily define a certain position x0 = i0∆x and demand that
for x < x0 only the scattered parts are considered while for x ≥ x0 the total fields are
calculated. For the discrete FDTD equations this is consistent for most space points but
not at the border i0 where we have e.g.

Ey,total|n+1
i0

= Ey,total|ni0 + ε(i0)
−1 ∆t

∆x

(

Hz,scat|
n+ 1

2

i0−
1

2

− Hz,tot|
n+ 1

2

i0+ 1

2

)

(6.54)

with the finite difference of a total and a scattered part of the magnetic field that vio-
lates our assumptions. However, we can correct 6.54 by adding an external incident part:

Ey,total|n+1
i0

= Ey,total|ni0 + ε(i0)
−1 ∆t

∆x

(

Hz,scat|
n+ 1

2

i0−
1

2

− Hz,tot|
n+ 1

2

i0+
1

2

)

+ ε(i0)
−1 ∆t

∆x
· Hz,inc|

n+ 1

2

i0−
1

2

= Ey,total|ni0 + ε(i0)
−1 ∆t

∆x

(

Hz,tot|
n+ 1

2

i0−
1

2

− Hz,tot|
n+ 1

2

i0+
1

2

)

The incident part Hz,inc|
n+ 1

2

i0−
1

2

can now be defined arbitrarily. Together with the analo-

gous equations for the other tangential components Ez, Hy and Hz we can inject external
fields at i0. E.g. we can assume the temporal characteristics of a plane wave and assign
them to Ey,inc and Hz,inc and a wavevector in +x-direction. The result would be a wave
travelling into +x-direction, starting at i0. For x < x0 there would be no fields until a
reflection occurs somewhere at x ≥ x0. The reflected parts of the wave cross i0 unper-
turbed and represent the scattered part.

If we extend this principle to two dimensions we have to define the tangential com-
ponents along a line. However, we have to take care at the end of the line depending
on the boundary conditions used. In fig. 6.3 (a) we illustrate the case of a periodic
boundary in the direction parallel to the incoupling line. As Bloch’s theorem exactly
relates the space points at the ends we can inject plane waves that need not neces-
sarily propagate perpendicular to the incoupling line without further concerns. If we
have absorbing boundaries we cannot just end the injection line because for the ends
there would be inconsistent FDTD-equations. Instead we have to define a closed line as
seen in fig. 6.3 (b) to ensure consistency. This method requires the complete knowledge
of the temporal and spatial characteristics of the excitation at all injection lines and
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(a) (b) (c)

Figure 6.3: Different types of TFSF-injections in 2D depending on the type of boundary
conditions. The bold line represents the TFSF-injection line, dashed lines
phase fronts of incoupled plane waves and grey regions absorbing boundaries.
The remaining boundaries in (a) are periodic.

is therefore often very complicated to implement. Also, one have to be very careful
when interpretating the physical meaning of the fields inside and outside the closed line,
when a complicated scattering occurs inside. An approximation used to circumvent this
problem is to abandon the precise plane wave injection in favor of a spatially localised
excitation as sketched in fig. 6.3 (c). In this case a spatial envelope function assures
that the incident fields vanish at the ends of the injection line and therefore we do not
need a closed line. Unfortunately, this spatially localised excitation has also plane wave
components parallel to the incoupling line that cannot be injected properly by TFSF.
There is always an error in the order of a few percent, depending on the strength of these
parallel plane wave components that does not only appear as a distorted field inside the
calculation space but also as unwanted waves travelling away from the incoupling line
in the wrong direction. The extension of the discribed two dimensional scheme to three
dimensions is straightforward.

6.2.4 Data Extraction

The FDTD code principally provides all vector components of electric and magnetic
fields for the whole integration space and time. However, in many cases the time and
space dependant fields are not the relevant quantities to draw physical conclusions.
Then we need derived or transformed quantities, e.g. energy or energy transportation
information as well as fourier transforms. To obtain this information consistantly within
the FDTD-algorithm we have to properly include the effects of discretisation and shifted
grids.
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Poynting’s Theorem

The energy in a space volume V with a dielectric structure ε(~r) at a time t0 follows a
conservation equation known as Poynting’s theorem:

∫

V

dr3~j(~r, t0) ~E(~r, t0)

+

∫

Ω(V )

dr2
[

~E(~r, t0) × ~H(~r, t0)
]

−
∫

V

dr3 1

2

[

ε(~r) ~E2(~r, t0) + ~H2(~r, t0)
]

= 0 (6.55)

The first term represents the energy that is created within the volume when the electric
field ~E(~r, t) interacts with a current ~j(~r, t0). The second term integrates the energy flow
represented by the Poynting vector

~S(~r, t0) = ~E(~r, t0) × ~H(~r, t0) (6.56)

over the surface Ω(V ) and therefore stands for the energy leaving or entering the sys-
tem. The third term finally represents the total electromagnetic energy stored within
the volume.
Especially for transmission or reflection calculations the knowledge of energy related
quantities is very important. However, obviously, we have a problem when we want to
transfer eq. 6.55 to the discrete grid of an FDTD-calculation because the different field
vector components are not localised at the same positions and therefore in a strict sense
energy related quantities are not defined at any discrete grid point. The idea to overcome
this problem is to interpolate the field values at a certain point and then calculating the
correspondant local value of the derived quantities. This works fine if we e.g. want to
calculate the electric field intensity ~E2(~r0, t0):

~E2(~r0, t0) → ~E2|n0

i0,j0,k0
= 1

4

[

Ex|n0

i0−
1

2
,j0,k0

+ Ex|n0

i0+ 1

2
,j0,k0

]2

+

1
4

[

Ey|n0

i0,j0−
1

2
,k0

+ Ey|n0

i0,j0+
1

2
,k0

]2

+

1
4

[

Ez|n0

i0,j0,k0−
1

2

+ Ez|n0

i0,j0,k0+
1

2

]2

(6.57)

However, as soon as more than one interpolating operation is needed as e.g. when quan-
tities contain E- and H-fields (spatial and temporal interpolation) we see that the inter-
polation operations do not commute. There are no unambigous arguments for choosing

128



6.2 Basic Components and Methods

a certain order in which the interpolations are performed, but it has been pointed out in
[57] that the consistency of Poyntings’s theorem can be assured. Despite other existing
possibilities we used the form introduced in [57] for a consistent version of Poynting’s
theorem in this work.
We therefore introduce the interpolation operators m̂i acting on a function F |ni,j,k

m̂t F |ni,j,k =
1

2

[

F |n−
1

2

i,j,k + F |n+ 1

2

i,j,k

]

(6.58)

m̂x F |ni,j,k =
1

2

[

F |n
i− 1

2
,j,k

+ F |n
i+ 1

2
,j,k

]

(6.59)

m̂y F |ni,j,k =
1

2

[

F |n
i,j− 1

2
,k

+ F |n
i,j+ 1

2
,k

]

(6.60)

m̂z F |ni,j,k =
1

2

[

F |n
i,j,k− 1

2

+ F |n
i,j,k+ 1

2

]

(6.61)

and the following discrete counterparts of the energy contributions in 6.55:

~j(~r, t) ~E(~r, t) → jx · m̂xEx + jy · m̂yEy + jz · m̂zEz (6.62)

Sx(~r, t) → m̂y [m̂xEy · m̂tHz] − m̂z [m̂tHy · m̂xEz] (6.63)

Sy(~r, t) → m̂z [m̂yEz · m̂tHx] − m̂x [m̂tHz · m̂yEx] (6.64)

Sz(~r, t) → m̂x [m̂zEx · m̂tHy] − m̂y [m̂tHx · m̂zEy] (6.65)

ε(~r) ~E2(~r, t) → m̂x

[

εE2
x

]

+ m̂y

[

εE2
y

]

+ m̂z

[

εE2
z

]

(6.66)

~H2(~r, t) → m̂ym̂z

[

H
n− 1

2

x H
n+ 1

2

x

]

+

m̂zm̂x

[

H
n− 1

2

y H
n+ 1

2

y

]

+

m̂xm̂y

[

H
n− 1

2

z H
n+ 1

2

z

]

(6.67)

and use these relations for all energy related calculations in this work.

Spectral Information

The solutions of Maxwell’s equations investigated in this work can be decomposed into
simple time-harmonic or exponentially damped time-harmonic modes. Especially the
bandstructures and eigenmodes are defined in frequency domain. However, the FDTD-
algorithm as a time-domain method produces time-dependant results and therefore we
need a transformation into frequency domain to discuss results in the right terms. This
is done by fourier transformation that is well known as
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f(~r, ω) =
1√
2π

∫

dtf(~r, t)eiωt (6.68)

and its discrete equivalent for a finite number N of timesteps with width ∆t

f(~r, ω) =
∆t√
2π

N
∑

n=1

f(~r, n)eiωn∆t (6.69)

Due to the finite timestep and the finite summation interval we have limitations for the
accuracy of f(~r, ω). It can be shown that ∆t is proportional to the highest frequency
ωmax that can be calculated properly, while N is proportional to the resolution in fre-
quency space ∆ω.
Now we want to transform time-domain data obtained by a FDTD-simulation of
S = imax · jmax · kmax spacepoints and N timesteps. We see that for the complete
transformation we would have to store S · N (in units of required memory for all field
components of one discrete space point) numbers to apply eq. 6.69. In most practical
cases this is impossible due to constraints of computing resources. Depending on the
problem under consideration we have to choose from one of the following two possibil-
ities for reducing memory requirements: First, we have a problem where we want to
cover precisely a large frequency interval with highest possible accuracy, but it is suf-
ficient to calculate the spectrum at a few space points S0. In this case it is favourable
to store the time series for the few space points and calculate the fourier transform in a
post-processing step. One can also benefit then from highly efficient commercially avail-
able fast-fourier-transform (FFT) routines. The requirements of computing memory are
essentially S0 · N . Second, if we need spectral information at so many different space
points that we cannot store all time series in memory we can do the fourier transform
on-the-fly. This means that after each integration step we calculate for each desired
frequency ωf (f = 0..F0) the new contribution in the sum of 6.69.

f(~r, ωf , n + 1) = f(~r, ωf , n) + f(~r, n + 1)eiωf (n+1)∆t (6.70)

This method reduces the memory requirements to S0 · F0 because we only have to store
the actual value of the fourier sum for each desired frequency and not the whole time
series. This is obviously only an advantage if we do not want to calculate the fourier
transform for all possible frequencies. The disadvantage is that the computation of the
fourier sum is much less efficient than the post-processing fourier transform. It is only
recommendable if one restricts to a smaller number of frequency values. This condition
is fulfilled in most cases because the maximum frequency determined by ∆t due to the
stability condition is much larger than the frequencies to be considered for physical re-
sults.
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Another important aspect of the fourier transform is the phenomenon known as Gibb’s
oscillations. It states the following: If the corresponding time signal of a Heavyside
function is truncated and transformed back into frequency domain the discontinuity is
not represented properly. In the vicinity of the discontinuity there are oscillations that
grow towards the discontinuity. With an increasing integration interval the frequency
of the Gibb’s oscillation increases and the oscillations shift closer to the discontinuity
while their amplitudes increase. Strictly speaking this phenomenon can not be avoided
because we always deal with finite intervals. In practice, e.g. when we have a dielectric
structure that acts as a Heavyside-shaped filter we always have the disturbing effects of
Gibb’s oscillations. This problem can be faced in different ways: One way is to choose
an integration interval that is large enough so that the frequency of Gibb’s oscillations
is well below the desired frequency resolution. Then in most cases results are affected
only neglegibly. This has the disadvantage of significantly increasing the required com-
putation time. Another way is to apply filter functions as it is well known in signal
processing [58]. It means that the time signal is multiplied with a filter function before
being fourier transformed. In frequency domain this results in a convolution of the filter
function with the desired spectrum which influences the result. There exists a large va-
riety of filter functions that try to minimise the error in different aspects, e.g. for low or
high frequencies. Effectively this filter functions cause a smoothing of the discontinuity
and thereby suppress the oscillations. The question, if or what filter functions should
be used depends on the desired results. E.g. when we want to know a transmission
spectrum over a wide range of frequencies a filter function would be desirable, while if
we only want to know the precise position of the Heavyside function (e.g. the bandedge
of a photonic crystal) the smoothing would make the result more inaccurate.
The considerations so far in this subsection are more or less independent of the input
quantities and are directly applicable to E- and H-fields. However, we want to stress
now that one has to be careful when dealing with energy related quantities. If we want
e.g. to calculate the spectral transmission via the spectral energy flow described by the
Poynting vector ~S = ~E × ~H we see that the outer product does not commute with the
fourier transform FT (f):

FT
[

~E(~r, t) × ~H(~r, t)
]

6= FT
[

~E(~r, t)
]

× FT
[

~H(~r, t)
]

(6.71)

We will now illustrate by a simple example why the right hand side of 6.71 is the phys-
ically correct choice:
Assume a time signal that consists of two propagating plane waves with different fre-
quency

Ey(x, t) = E(1)
y sin(ω1t − k1x) + E(2)

y sin(ω2t − k2x) (6.72)

Hz(x, t) = H (1)
z sin(ω1t − k1x) + H (2)

z sin(ω2t − k2x) (6.73)

131



6 The FDTD-Method and its Application in Photonic Crystal Analysis

Both plane waves superpose and carry energy of their frequency. In a power spectrum
we would exspect two delta-shaped peaks at ω1 and ω2. This result is achieved by first
fourier transforming Ey and Hz seperately and then calculating the Poynting vector:

S(x, ω) = Ey(x, ω) · Hz(x, ω)

=
[

E(1)
y δ(ω − ω1) + E(2)

y δ(ω − ω2)
]

·
[

H(1)
z δ(ω − ω1) + H (2)

z δ(ω − ω2)
]

= E(1)
y H(1)

z · δ(ω − ω1) + E(2)
y H(2)

z · δ(ω − ω2) (6.74)

while fourier transforming the time-dependant Poynting vector ~S(t) would give addi-
tional peaks for the beat frequencies 0.5(ω1 + ω2) and 0.5(ω1 − ω2) which is unphysical
with respect to our assumptions. We should also note that Gibb’s oscillations are en-
ergy conserving when integrated over the whole frequency space but can lead to local
violations around the discontinuity. It has been observed by the author that e.g. for
transmission T (ω) and reflection R(ω) simulations the sum R + T that should be equal
to one regardless of frequency also contains the oscillations around the discontinuity.

6.3 Application to Photonic Crystals

6.3.1 Bandstructure and Eigenmode Calculations

The eigenvalues and eigenmodes of a periodic dielectric system are often calculated as
the solution of the frequency domain master equation 3.13, e.g. by the decomposition
of the spatial dimensions into a finite plane wave basis and solving the resulting matrix
equation. This is very effective and well established in the photonic crystal commu-
nity and freeware computer codes are available [59]. Nevertheless, plane wave solvers
have the intrinsic disadvantage that they require a periodicity in all space directions
and therefore can not handle open systems with complex eigenvalues. There are several
efforts to solve this problem in frequency domain but there is still no established solution
for three dimensional systems [60].
In time-domain, the proper implementation of open boundaries is well known as de-
scribed in 6.2.2. As the main aspect of this work concerns the optical properties of
photonic crystal slabs we use a modified FDTD algorithm for bandstructure calcula-
tions in this work. In some sense this type of algorithm is less efficient than plane wave
methods, because not all information provided by the master equation is used to op-
timize the algorithm. However, because of the possibility to address open system the
FDTD-based method is much more general.
In the following subsections we will give a description of the principal setup of the used
method as well as practical hints concerning convergence and efficiency.
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Structure of Bandstructure and Eigenmode Calculation

The principle setup of a bandstructure calculation based on FDTD is as following: In a
first step we model a unit cell of the photonic crystal containing the dielectric structure
and apply proper, proplem adapted boundary conditions. The unit cell is not necessarily
primitive. There is also the possibility of choosing conventional unit cells or supercells.
The first is e.g. necessary when the primitive unit cell is not rectangular and therefore
cannot be fit into a cuboid computation domain as it is the case for a hexagonal two-
dimensional structure or the face-centered-cubical structure in three dimensions, while
the second is used for defect calculations. As it is the nature of photonic crystals we have
periodic boundary conditions at least in one space dimension. The associated k-vector
is therefore a parameter of the calculation and to obtain the complete bandstructure we
have to repeat the following steps for each desired k-value of the Brillouin zone. Next
we have to excite the system by an external source. The proper choice of the excitation
depends strongly on the actual system and is therefore discussed in detail in the corre-
sponding sections. Then the system is time-integrated for a certain number of discrete
time-steps (that determines later the resolution in frequency space, see 6.2.4), while the
excitation projects on the eigenmodes supported by the system that are now oscillating
harmonically for a closed or damped-harmonically for an open system. It is obvious that
the coupling strength of the excitation to each crystal mode can strongly vary. It is even
possible that modes are not excited due to an improper spatial or spectral excitation.
For the identification of the frequency eigenvalues corresponding to the given k-vector
it is now sufficient (assumed all modes has been properly excited) to fourier transform
the time series of one field component at one space point and identify the peaks of the
frequency spectrum with the eigenvalues. In practice, it is dangerous to rely just on one
component and one space point because by chance one can choose a point that lies in a
node plane of a mode that is consequently missing in the spectrum. Also just one field
component can be zero for a mode of a certain polarisation. The codes in use for this
work therefore choose randomly a number of test points and components (typically 10
to 50) to minimise the risk of missing some modes for these reasons.
After determining the eigenvalues the eigenmodes can be extracted by repeating the cal-
culation and applying discrete Fourier transformations for the known eigenvalues. This
can be understood as applying very narrow band filters to extract the eigenmodes out
of the mode superposition oscillating in the system.

Material Definition and Convergence

In a FDTD algorithm the computational domain is devided into discrete subcells and
the spatial derivatives are approximated by finite differences. We now want to discuss
how fine the numerical space has to be resolved to get reliable results, or in other words,
how many grid points are needed and how far the material definition of the dielectric
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scatterers influences accuracy.
The simplest test to check convergence is to calculate the same physical system with
different resolutions and compare the results of certain output parameters. It must be
stressed that different output parameters like eigenvalues or energies can have different
sensitivity to the resolution. If the results are within a certain interval of accuracy we
say the result has converged and we use the lowest resolution that obtains this result for
optimum efficiency.
We now set up an example system to demonstrate this procedure. We choose the very
simple case of dielectric cylinders surrounded by air and arranged in a square lattice in
two dimensions. However, when we want to assign the value for ε(~r) on the discrete
grid we face a problem. The circular scatterer cannot be properly represented on the
rectangular grid. There are several resonable choices how to assign the ε(~r)-value. E.g.

Figure 6.4: Illustration of different types of mapping a circular scatterer onto the dis-
crete rectangular grid. The circle represents the shape of the ideal scatterer.
Further explanation is given in the text.

we can give all discrete cells the value of the dielectric that lie completely within the
circle as can be seen in fig. 6.4 (upper left). In the limit of an infinite resolution this
would perfectly represent the circle. However, for lower resolutions it is obviously a
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lower boundary for the size of the scatterer and the results will correspond to a slightly
smaller scatterer. Analogous we can construct an upper boundary by assigning the value
of the high dielectric material to all cells that touch the circle (fig. 6.4 (lower right)). A
good compromise would be to analyse the relative volume fraction of the ideal cylinder
in each cell and assign the corresponding index value only when more than half of the
cell is occupied by the cylinder (fig. 6.4 (lower left)). For this case we now calculate two
typical eigenfrequencies depending on the number of gridpoints N per lattice constant
a which means that the whole unit cell is devided into N 2 discrete cells. The curves are
shown in fig. 6.5 marked with open squares. We can see that especially for the lower
eigenvalue the convergence behaviour is quite bad and even for 120 points per lattice
constant there is still no convergence.
We therefore try to improve our material modelling once more by not only using the
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Figure 6.5: Convergence behaviour of two eigenvalues for different modelling of the scat-
terers. Open squares represent the staircase method; filled squares the fuzzy-
cell method.

filling fraction of a cell at the edge of the cylinder for the decision if high or low index is
assigned. Now we calculate an average refractive index weighted by the filling fraction
and assign it to the edge cells. This is illustrated in fig. 6.4 (upper right) by the use of
a grey scale. This method, often referred as fuzzy-cells, represents best the total filling
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Figure 6.6: Dielectric dis-
tribution of the conven-
tional unit cell. white:
n=3.4, black: n=1.0

Figure 6.7: Initial condi-
tion (a): H-field intensity

Figure 6.8: Initial condi-
tion (b): H-field intensity

fraction of high index material in the unit cell. The curves represented by filled squares
in fig. 6.5 show a dramatically better convergence behaviour. Good convergence is
reached for 30 grid points per lattice constant. The disadvantage of fuzzy-cells is that the
discontinous nature of the dielectric interfaces smoothes. This may have disadvantages
for other applications. However, in the case of photonic crystals fuzzy-cells have proven
to be the most effective way of material modelling. It should be added here that in plane
wave methods there exists an even more sophisticated way of averaging. Depending on
the polarisation of the electric field relative to the surface either the dielectric constant
or its reciprocal are averaged, leading to an even better convergence.
Regardless of the used material model there exists the problem that the scatterer has a
different symmetry in the numerical grid. E.g. a circular scatterer has ideally a higher
symmetry than the lattice in a hexagonal arrangement. However, in the FDTD grid it
has strictly speaking a square symmetry and therefore it is lower than that of the lattice.
This can cause a small lifting of degeneracies and therefore splitting of bands in some
cases.

Purely Periodic Systems

A purely periodic system is bounded in all space directions by periodic boundary con-
ditions. We have discussed one- and two-dimensional examples in chapter 3 and a
three-dimensional example in chapter 5. Now we discuss which type of excitation has
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Figure 6.9: Spectra for initial fields with different spatial localisation at the M -point of
an hexagonal lattice.

to be used to obtain comprehensive and reliable results.
First, we recall some known properties of the system and the desired results: Due to
its periodic boundary conditions the computational domain cannot lose energy. More-
over, the eigenmodes form a complete set of linear independant eigenfunctions. This has
the consequence that the eigenvalues are real and the exspected peaks in the spectra
are δ-shaped. The consequence is that the initial condition will project onto this set of
eigenfunctions with a strength that is only determined by its spatial overlap. Afterwards
each mode contains and conserves a certain amount of energy. To excite all modes re-
liably we have to take care of the spatial distribution of the initial condition, including
polarisation. If we additionally assure that the excitation covers the whole range of
frequencies of interest, the results should be comprehensive. Moreover, we can use an
additional property of the solution to improve convergence and reduce noise: We know
that the eigenmodes can be decomposed into plane waves with wavevector (~k + ~Gi). If
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the excitation also consists only of these plane waves, this would improve the efficiency
of the calculation (see 6.2.3).
These preliminary considerations lead to the ansatz of an initial field distribution con-
sisting of the superposition of plane waves of the form

~H(~r, t = 0) =
∑

~Gi

[

~v × (~k + ~Gi)
]

ei~r(~k+ ~Gi)+iΦi (6.75)

where we have two arbitrary parameters ~v and Φ. The form of the amplitude of each
plane wave ~v × (~k + ~Gi) forces transversality of the plane waves and satisfies the ho-

mogeneous Maxwell equation ∇ ~H = 0 [61]. ~v is arbitrary and provides an additional
degree of freedom that can be used especially in two dimensional systems. As described
in 3.1.5 the 2D case decomposes in TE- and TM-modes. If we choose e.g. ~v = (0, 0, vz)
the polarisation of the plane waves is always TM while for ~v = (vx, vy, 0) we have TE
polarisation. We can therefore selectively excite modes of a certain polarisation by a
proper choice of ~v.
The other arbitrary parameter, the phase Φi of each plane wave can be used to adjust
the spatial distribution of the initial condition. We will demonstrate this now for a two
dimensional example.
We calculate the spectrum for a hexagonal lattice of air holes with radius r = 0.375a in a
dielectric background with refractive index n = 3.4 at the M -point of the first Brillouin
zone. A sketch of the dielectric structure of the conventional unit cell used for compu-
tation is shown in fig. 6.6. As discussed in 3.3.1 the first and the the third TE-band at
M concentrate the energy mainly in the dielectric region while the second TE-band has
significant intensity within the holes. We therefore adjust Φi in a way that the intensity
of the initial field is either concentrated in the holes (fig. 6.7) or in the high dielectric
region (fig. 6.8). The initial conditions consist of 121 plane waves corresponding to the
reciprocal lattice vectors

~Gi,j =

5
∑

i=−5

5
∑

j=−5

i ~G1 + j ~G2 (6.76)

with G1 and G2 representing the primitive lattice vectors of the structure. It should
be stressed that this superposition of plane waves must not be seen in the sense of a
decomposition. It just provides ”material” for the system that can be mapped on the
eigenmodes. A further increase of the number of plane waves does not give any advan-
tage.
Fig. 6.9 compares the spectra for the two different initial conditions. For the initial
condition localised in the high dielectric region the peaks of all three bands have inten-
sities in the same order of magnitude while for localisation in the air holes the peak of
the second band is more than two orders of magnitude larger. In the choosen example
nevertheless all peaks can be clearly identified. However, in situations where modes of
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Figure 6.10: Spectra for different integration intervals at 0.75 |Γ − M | of a slab system
with Si-core and finite SiO2-claddings (d=1.2a). Parameters see 4.3.3.

different localisation have nearly the same frequency they can only be resolved with a
careful adaptation of the initial condition.

Partially Open Systems

If we want to calculate the bandstructure of a system that is at least open in one di-
rection the physical situation changes substantially. As the analysis of two dimensional
photonic crystal slabs is the central aspect of this work (see chapter 4) we will now
carefully discuss excitations that allow a reliable identification of eigenmodes in a lossy
system.
The photonic crystals under investigation generally contain both guided modes with a
δ-shaped line in frequency domain and exponentially decaying ”lossy” modes with a
corresponding Lorentzian lineshape in the spectra. This leads to a major problem when
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Figure 6.11: Arrangements of point dipole sources within the conventional unit cell of
the hexagonal lattice for different symmetries and polarisation.

bandstructures with high frequency resolution are needed. E.g. we assume a system
with one guided and one lossy mode and integrate over a time interval T with a corre-
sponding frequency resolution ∆ω and choose the initial condition in a way that both
peaks have the same intensity. If we now increase T to decrease ∆ω the ratio of the
peak intensities is not 1 anymore because the peak intensity of the lossy mode becomes
comparably smaller. The reason is that in the fourier sum the additional contributions
of the longer integration time are constant for the guided mode while these for the lossy
mode decay exponentially. Fig. 6.10 shows this effect for a realistic structure as investi-
gated in 4.3.3. The three peaks correspond to the second, third and fourth TE-modes
at the M -point. The second band is below the air light cone and therefore guided while
the third and the fourth are lossy. The effect described above can be clearly seen by the
comparison of four different integration intervals.
The consequence is that we cannot reach an arbitrary frequency resolution because at a
certain point the lossy modes would disappear in the noise of the spectra. This repre-
sents a major disadvantage of a time domain method in this case. We can not rely on
a very general excitation but have to apply additional information about the exspected
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Figure 6.12: Spectra for different spectral widths of the exciting pulse.

solutions. To achieve this we have two possible strategies. First, we can selectively excite
the desired mode by spatially localising the excitation or even use symmetry properties.
Second, we can selectively excite a frequency range by a pulsed source. In practice, for
problems that are difficult to address because we know only a little about the solution,
generally a combination of both is applied. There is no general guideline for the opti-
mum choice and a large part depends on experience. In the following we will discuss a
type of pulsed excitation that has been widely used in chapter 4 of this work.
A simple way to realise a pulsed source is the use of a pointlike current source at position
~r0 as described in 6.2.3. In our calculation we use a sine function with center frequency
ω0 and a Gaussian envelope with width s.

~j(~r0, t) = ~j0 · sin
[

2πc

a
ω0(t − t0)

]

e−
1

2
(

t−t0
s

)2 (6.77)
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As it would lead to an unwanted additional peak at ω0 we must start the fourier trans-
form not until the external current has vanished and only its emitted fields remain in
the system. We define therefore a time T = 2t0 when we start with the fourier transform
and relate t0 and s in a way that ~j(~r0, T ) is below a certain threshold. In the following
calculations this was done with t0 ≈ 3s, leading to ~j(~r0, T ) < 2%. When we apply this
to the conventional unit cell of a hexagonal lattice we have to be careful with the spatial
localisation of the current source. If we would use just one pointsource in the conven-
tional unit cell that is physically repeated infinitely in the crystal plane the periodicity
of the dielectric lattice would be different than that of the point sources. The lattice
constant of the currents would be larger, causing smaller k-values and effectively an ar-
tificial backfolding of the bandstructure. To avoid this we have to place current sources
at each position of the conventional unit cell that can be mapped by a lattice vector ~R
to ~r0. Fig. 6.11(a) shows an example for ~r0 mapped to ~r0

′ by the lattice vector ~R1. The
two dipole sources have now the correct lattice periodicity. However, we must also take
the phase between the two dipoles into account because otherwise their emission into
plane waves with wavevector ~k + ~Gi would destructively interfere. We must choose the
phase relation according to Bloch’s theorem for fields in different unit cells:

~j(~r0, t) = ei~k ~R1 ·~j(~r0
′, t) (6.78)

This has also to be taken into account when modes of certain symmetries are excited
selectively. In chapter 4 we restrict ourselves to modes with odd symmetry with respect
to the ~k-z-plane for Γ-M -direction (dashed line in fig. 6.11(a)-(c)). Therefore our current
sources have to be arranged accordingly. We mirror the source at ~r0 by the operation
M̂ to ~r1 and add the second source ~r1

′ by the application of ~R2. To excite the desired
mode symmetry we also have to be careful with the polarisation of the dipols. We recall
that parallel components of the electric field transform odd for odd modes while nor-
mal components transform even for odd modes (see 3.1.5). The dipole polarisations to
achieve odd modes are therefore as shown in fig. 6.11 (b)-(c) while (a) shows an even
excitation.
Now we have all ingredients for selectively exciting an odd mode. For the structure used
as an example above in this chapter we gradually modify t0 and s around the frequency
of the third TE-band. The results are shown in fig. 6.12. We see that for s = 100 the
neighboring modes are still dominating, for s = 200 all three modes have approximately
the same intensity and for s = 400 only the desired mode is detectable.
At the end of this section we note that the selective excitation of a single mode is com-
putationally very expensive when whole bands or bandstructures have to be analysed.
Effectively, with a nearly monochromatic excitation the main advantage of time-domain
methods vanishes. This approach should only be applied for critical positions within the
bandstructure as for example occuring at avoided crossings. However, the careful use of
all presented strategies of mode excitation provide an excellent toolkit for the analysis
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Figure 6.13: E-field intensity of a monochromatic excitation after the decay of the exci-
tation current at a randomly chosen space-point.

of photonic crystal structures supporting guided as well as lossy modes.

Calculation of Losses

The real parts of the eigenvalues can be easily determined as the peak positions in the
obtained spectra as discussed in the preceeding chapter. In the case of lossy modes
we are also interested in the imaginary part that represents the temporal decay of a
mode. Principally this could be done in two ways: We can either determine the width of
the peaks in the frequency spectra or directly extract the temporal informationen for a
monochromatic excitation. On the first view the frequency domain approach looks more
useful because the data can be obtained for all modes corresponding to a certain k-value
in a single simulation. However, in practice we have the problem that we need a high
resolution in frequency for precisely determining the linewidth. As described before this
reduces the peak height relative to these of guided modes and therefore the error caused
by neighboring peaks increases. In contrast a monochromatic excitation requires a larger
number of time steps before the excitation current has decayed, but afterwards a relative
small number of time steps is sufficient to determine the temporal decay. Even if we
repeat this for several bands the total computation time is not significantly larger than
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Figure 6.14: Logarithmic graph of the maxima of the intensity decay displayed in 6.13
(circles) with linear fit (line).

for a spectral analysis. We will demonstrate this now for a typical example choosing the
same example system as used in 6.3.1. We have seen that the parameters t0 = 1200 and
s = 400 lead to a selective excitation of the lossy mode for ω0 = 0.473. We will now
analyse the temporal behaviour of the electric field intensity at a randomly chosen point
~r0. Fig. 6.13 shows a clear exponential decay of the intensity. The approach we will
now use to extract the decay constant Im(ω) is simple: We extract the maxima of the
oscillatory decaying intensity and fit an exponential function (or, equivalent but more
practical: use the logarithm of the intensity value and apply a linear fit). As we have
a large number of maxima even for a small number of time steps (compared to what is
needed for a proper resolution in frequency space) this linear fit is very precise. We will
not discuss the fit algorithm in detail because we use predefined functions of commercial
packages, but generally speaking a simple least square fit is sufficient. Fig. 6.14 shows
the extracted maxima as well as the fit function.

6.3.2 Transmission and Reflection of Partially Periodic Systems

While the bandstructures and eigenmodes are properties of an ideal infinitely extended
system, transmission and reflection are characteristic for finite and therefore more real-
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Figure 6.15: Schematic illustration of an in-plane cross-section of a system with free-
space incoupling. White areas indicate air, grey areas silicon. Hatched
areas symbolize PML- and bold lines periodic boundaries. Dashed lines are
transmission and reflection planes, respectively.

Figure 6.16: Schematic illustration of an in-plane cross-section of a system with planar-
waveguide incoupling. White areas indicate air, grey areas silicon. Hatched
areas symbolize PML- and bold lines periodic boundaries. Dashed lines are
transmission and reflection planes, respectively.

istic structures. There is always an excitation that comes from the ”outside” and enters
the structure under investigation at an incoupling interface, interacts with the structure
and leaves at an outcoupling interface. In a FDTD-simulation this means that we have
to apply open boundaries at least in this direction of propagation where the structure
is finite. In the directions perpendicular it is still possible to repeat the structure peri-
odically into infinity. Fig. 6.15-6.18 show cross-sections for a three dimensional system
where we have the finite direction of propagation, one periodically repeated crystal di-
rection and an open out-of-plane direction. This is the typical setup for the calculation
of transmission through a photonic crystal slab.
Very sloppy speaking the transmission is the fraction of the incoupled excitation that is
going through the structure while the reflection is what is going backwards. However, if
we look more careful at the problem we see that we have to define these numbers more
precise to obtain unambigous results.
To illustrate the problem we consider as a simple example system an air-bridge structure
that is finite in Γ-M -direction and periodically repeated perpendicular. The first issue
we should clearify is the type of termination in the finite direction. The cross-sections
through the crystal plane in fig. 6.15 and fig. 6.16 show that we can e.g. either cut the
structure so that it is entirely surrounded by air or we can continue the unperturbed
waveguide. This choice has an important influence on the excitation signal as can be
seen in the cross-section perpendicular to the crystal plane in fig. 6.17 and fig. 6.18.
When we use a waveguide as an incoupling channel we can excite with modes that are
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Figure 6.17: Cross-section perpendicular to the center of fig. 6.15. The arrows symbolize
plane waves that interact with the structure (out-of-plane-scattering) or
propagate uneffected below the structure.

confined to the slab while for a freespace incoupling plane waves or, more complicated,
localised beam spots can be used. We define the transmission as the amount of energy
WT that crosses a given plane P

WT =

∫

dt

∫

P

d~r 2 ~S(~r, t) (6.79)

at the end of the structure (marked as dashed lines in the pictures) normalised by the
energy of the input. It is also obvious that all types of excitations give different transmis-
sion results. If we choose e.g. a monochromatic source with a frequency in the bandgap,
the transmission of a waveguide mode excitation is much smaller than that of a plane
wave excitation as illustrated in fig. 6.17 and 6.18. The reason is that in the case of
free space incoupling there are plane waves that do not interact with the structure and
directly reach the transmission plane (illustrated by the arrows below the structure in
fig. 6.17). In the crystal plane the difficulties can be even more complicated because
for a frequency above the bandgap the outcoupling has not only wavevector components
in the direction of the incoupling but also contributions from Bragg-diffraction as illus-
trated in fig. 6.15. The last aspect to be mentioned here is the scattering out of the
crystal plane that contributes as losses to the results. In fig. 6.17 and 6.18 it is illus-
trated that for an improper choice of the plane where transmission is calculated these
losses can partially and wrongly contribute to transmission, especially for small angle
scattering.
We saw even in this simple example that we have to carefully define the system and the
excitation to obtain results that can be interpretated clearly and unambigously which is
especially critical when comparing with experimental measurements. We will now give
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Figure 6.18: Cross-section perpendicular to the center of fig. 6.16. The excitation in this
case is done by a localised waveguide mode.

a guideline how this can be achieved.
The definition of the surface termination and the incoupling channel is given due to prac-
tical or experimental constraints. The general approach of a well defined transmission
and reflection calculation is as follows:

• Decompose the incoupling channel into a complete set of eigenfunctions. In most
cases this will be either plane waves or eigenfunctions of a waveguide or a fibre.

• Analyse the mode structure of the incoupling channel and excite one well defined
incoupling mode. This is a point where many mistakes are made in the FDTD-
community. The simple excitation by an oscillating point source in a waveguide
that is often used produces a very difficult to determine superposition of guided
and radiating parts. The radiating parts can be sorted out by a sufficient length
of the incoupling waveguide, but it remains still the problem that the resulting
excitation is a superposition of guided modes of different orders and symmetries
that strongly depends on system parameters like dipole source position that must
not influence the physical results.

• Project the outcoupling signal onto the eigenfunctions of the outcoupling channel
and calculate the percentage of the incoupling signal that is projected to each
outcoupling channel.

• Repeat the previous step for a reflection plane with the set of counterprogating
incoupling modes as outcoupling channel.

• Repeat the two previous steps for each incoupling mode.
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Figure 6.19: Spectral transmission profile of an incoupled waveguide pulse.

The complete result of a three dimensional transmission/reflection calculation of a lossy
system would consist of two matrices, one for transmission and one for reflection, that
relates each incoupling mode I to each outcoupling mode O of the system
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(6.80)

and analogously for reflection. The losses L cannot be assigned to an output channel
but can be given integral for one input channel as

Lm(ω) = 1 −
∑

n

Tmn(ω) + Rmn(ω) (6.81)

For practical applications it is not necessary in most cases to know all transmission
and reflection coefficients. E.g. it is sufficient to calculate the coefficients relating the
fundamental modes of incoupling and outcoupling waveguide because higher modes suffer
from large losses and are therefore not relevant. It is also common to integrate output
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Figure 6.20: Ratio of the spectral waveguide transmission for two planes with distance
30a.

channels that belong to the same waveguide mode but travel in different directions due
to Bragg diffraction. However, it should be stressed that simplifications like these always
require a good knowledge about the system under investigation because otherwise the
interpretation of the results is misleading. A general problem in the comparison with
experimental results is also that in experiments there are similar problems in providing
controlled and well-defined conditions (e.g. single-mode excitation).
In this work (see e.g. chapter 4) we mainly used an in- and outcoupling with unpatterned
dielectric waveguides because it is easier to produce well-defined conditions with localised
guided modes than with extended plane waves. We inject a mode by first calculating its
mode profile with standard solvers from planar optics [62] and then use the mode profile
as an envelope function for a total-field/scattered-field approach. The argumentation so
far relied more or less on a monochromatic excitation. However, to use the full potential
of a time-domain method we should also apply pulsed sources. For a pulse we principally
have to calculate the spatial profile for each frequency component and construct the
TFSF-algorithm from this. This is very time consumptive in practice and therefore
we use an approximation: We only calculate the profile for the center frequency of the
pulse and inject a pulse with this spatial envelope into a unpatterned waveguide. The
parts that do not exactly solve the eigenmode equation need some propagation length
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to project to the right solutions while some parts radiate away. While this happens the
pulse spreads in time due to the dispersion of different frequency components. Then, we
record the pulse at a certain timestep at each space point that contains relevant parts
and use this stored pulse as an initial field condition in transmission simulations. The
error of this approximative method depends on the spectral pulse width, the dispersion
of the waveguide and the spatial volume where it is recorded. Fig. 6.19 shows a typical
excitation pulse. The error can be estimated by calculating the change in the spectral
transmission of the pulse after some propagation length that ideally should be zero.
Fig. 6.20 shows a small deviation in the range of 0.5% for a large frequency range. The
deviation becomes larger for small frequencies (long wavelengths) which are not properly
recorded by the finite cutout. For frequencies below 0.1 the results are not reliable.

6.4 Conclusion

In this chapter we have presented various aspects of the finite-difference time-domain
(FDTD) method for solving the time dependant Maxwell-curl-equations. Besides the
time integrating core-algorithm with field components localised on shifted subgrids
within the Yee cell, the proper implementation of stability conditions, dielectric ma-
terials, boundary conditions and external sources has been discussed as well as various
aspects of data extraction, that can be critical due to the nature of the Yee-cell or, as
Fourier-transform related numbers, due to the time-domain character of the method. A
solution for energy related numbers has been presented in form of a discrete version of
Poynting’s theorem. As the proper choice and adaptation of these building blocks of a
FDTD-code is critical for accuracy, reliability, performance and stability of a simulation,
we have given several concrete examples from photonic crystal analysis. Especially the
proper choice of initial conditions or exciting pulse sources in bandstructure calculations
for closed as well as for open systems has been discussed and substantiated by several
investigations concerning pulse widths, localisation or symmetry considerations. Special
interest has also been given to the calculation of losses in complex eigenvalue problems.
Moreover, we carefully addressed transmission calculations of photonic crystal slabs and
formulated a general guideline for obtaining reliable and anambigous results.
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Based on FDTD-simulations, we have presented new unique results on the complex
structure of electromagnetic fields in various classes of photonic crystals as well as dis-
cussed the computational method itself in the context of this application. Thereby, the
main intention has been to achieve a realistic description of three dimensional systems
with technological or fundamental relevance.

In chapter 3 we introduced the master equation that describes the eigenvalues and eigen-
modes of an infinitely extended dielectric structure with discrete translational symmetry
as a combination of Maxwell’s equations and Bloch’s theorem. Useful representations
like Brillouin zone and bandstructure were also introduced and explained. By discussing
spatial energy localisation in one- and two-dimensional structures we explained the exis-
tence of a bandgap, i.e. a frequency region where no eigenmodes exist, under appropriate
conditions. The influence of the refractive indices and the geometry were discussed for
several examples. Besides these physical principles that entirely characterise the ideal
crystal, some auxiliary tools for an efficient and intuitive description like symmetry
considerations or the supercell approach for defect structures were presented and sup-
plemented with numerical examples. Our study of lower dimensional systems specifically
is essential for the investigation of more complex systems discussed in the succeeding
chapters because the superposition e.g. with finite size effects makes a proper identifi-
cation of the mechanisms leading to a certain property difficult.

Chapter 4 addresses the interaction of a two-dimensional photonic crystal pattern with
a vertical layer structure. This material system, that is often called photonic crystal
slab, is the most prominent candidate for application in integrated optics, because of its
relatively easy fabrication (compared to three dimensional crystals). It relies on total
internal reflection for the confinement to the core layer and has regions in the bandstruc-
ture where the modes can be lossy due to the interaction with the environment mode
bath. This interaction has been investigated in detail in this chapter for several config-
urations of the layer structure. We start with an air-bridge structure that only consists
of a patterned high dielectric slab surrounded by air, then add semi-infinitely extended
patterned low index cladding layers, cut these claddings to a finite thickness and finally
mount this structure on a substrate. While the results for the air-bridge structure and
the infinitely extended claddings closely resemble to standard predictions in literature,
in the finite cladding case we have found an (up to now undescribed) new type of mode.
These cladding-modes show significant intensity within the cladding layers and exist

151



7 Conclusions and Outlook

for frequencies within the bandgap region of the core modes. Moreover, symmetry and
field distribution allow a coupling to core modes leading to unexspected transmission
for bandgap frequencies. As a consequence the bandgap is effectively destroyed. In the
more realistic case on top of a substrate, the cladding modes are shown to be lossy. It
will be a central aspect of future work to investigate the influence of cladding modes to
defect structures like linedefect-waveguides.

We note that this part of our work directly touches one of the most important topics of
today’s photonic crystal research. Most of the interesting suggestions for optoelectronic
applications rely on two-dimensional simulations and calculations. However, more and
more, the vertical structure or, respectively, the in-plane waveguiding is realised to be
the limiting factor. It has to be clearified in future if application proposals still hold
after a full three-dimensional realistic analysis.

In chapter 5 we discuss the space-, polarisation- and frequency-dependance of the spon-
taneous emission rate in an inverted opal structure. In the limits of the weak coupling
regime we demonstrate the equivalence of a classical approach to the full quantumme-
chanical treatment, as has been shown in literature before. Then we adopt our FDTD-
method to utilise this equivalance and analyse finite crystallites of an high index inverted
opal with a complete photonic bandgap. The results show strong enhancement (up to a
factor of ≈ 26) for emitter positions in dielectric regions and interfaces. The latter has
also a strong polarisation dependance due to the continuity conditions of the electric
eigenmodes. Moreover, we found that the photonic crystal effects can be obtained for
relatively small finite crystallites and that the distance of the emitter to a surface is
only relevant if it is less than 2 or 3 lattice constants. As inverted opals are very often
used as a test system for luminescence and other light-matter-interaction experiments,
these results are very important for the interpretation of these experiments. Normally,
dye molecules are infiltrated into these opals and distribute inhomogenously. Very often
an adsorbtion at dielectric interfaces takes place. Therefore, it is essential to take the
spatial dependance of the spontaneous emission rate into account, because an estimation
of an averaged emission modification based on the total density of states would yield
inaccurate results.

In further studies it should be investigated if these effects can be used to tailor light
emission in desired ways. However, it is not only the infiltration of active materials
that gives reason for interesting apllications. Also the inclusion of materials like liquid
crystals that can be switched by external fields is an interesting perspective for future
research. Moreover, new developments like direct laser writing give new motivation for
the competition with slab structures in integrated optics, because they address the main
disadvantage of three-dimensional structures in this respect, the difficulty of a controlled
inclusion of defects.
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All the results in this work have been obtained by FDTD-simulation. As FDTD is
a very general method for analysing electrodynamic problems, several significant adap-
tations have to be done to achieve efficient, reliable and accurate results in photonic
crystal analyis. The basics of the method itself as well as the proper detailed adjust-
ments for different types of photonic crystal problems (e.g. bandstructure, transmission)
have been discussed in chapter 6. Especially the appropriate excitation of guided and
lossy modes in photonic crystal slabs has been studied and practical hints has been given.

However, although FDTD is now the standard tool for photonic crystal analysis (to-
gether with the plane-wave-expansion method) and the availible computing power is
fastly increasing, this method still suffers from its large demand of resources. There-
fore, new developments in applied mathematics and numerics are strongly required,
especially for optimisation of technologically relevant structures or intensive parame-
ter scanning, that support FDTD analysis in future. Promising achievements in this
field have been done with multigrid-methods or hybrid-basis-approximations. Moreover,
new questions like fabrication tolerances make finite-element or finite-volume-approach
reasonable, because they are better suited to resolve local deviations from the perfect
structure. However, these new developments are only able to handle optically passive
structures, while the general character of FDTD also allows in principle the inclusion of
active materials. Efforts in this direction are highly active research topics. Therefore,
in the analysis of new systems like photonic crystal lasers, fibre lasers or diodes that are
based on photonic crystal structures, FDTD will play a leading role for technological
applications, as well as in the theoretical investigation of the strong coupling regime of
spontaneous emission.
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