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ZusammenfassungDie vorliegende Arbeit bes
häftigt si
h mit der numeris
hen Simulation von Ruÿbildungsvor-gängen unter gasturbinen-ähnli
hen Bedingungen. Ziel der Arbeit ist die Entwi
klung eines zu-verlässigen Computerprogramms, mit dem der Trend von Ruÿverteilungen unter vers
hiedenenBetriebsbedingungen vorhergesagt werden kann. Hierzu müssen für die einzelnen 
hemis
henund physikalis
hen Vorgänge eigenständige Modelle entwi
kelt werden.Die derzeitig verfügbare Re
henleistung ermögli
ht die Anwendung von Verbrennungsmo-dellen, die auf detaillierter 
hemis
her Kinetik (�Finite-Rate Chemistry�) basieren. Mit derenHilfe lassen si
h laminare Verbrennungsprozesse zuverlässig bes
hreiben. Die 
harakteristis
hen
hemis
hen Zeitskalen sol
her Verbrennungsprozesse erstre
ken si
h gewöhnli
h über mehrereGröÿenordnungen. Die daraus hervorgehenden Glei
hungssysteme bezei
hnet man als �nume-ris
h steif�. Um denno
h eine e�ziente und stabile Lösung zu gewährleisten, sind speziellenumeris
he Verfahren nötig, die in Kapitel 2 vorgestellt werden. Der implementierte nume-ris
he Algorithmus wird anhand nulldimensionaler als au
h axialsymmetris
her Simulationenvalidiert.Ein Groÿteil der genutzten physikalis
hen Modelle wird an laminaren Di�usions�ammengetestet und die Ergebnisse werden diskutiert. Ein S
hwerpunkt liegt hierbei auf der Untersu-
hung der Interaktion zwis
hen Flammenstruktur und Strömungsfeld. Die folgende Sensitivi-tätsanalyse zeigt, dass der verwendete kinetis
he Me
hanismus einen starken Ein�uss auf dieFlammenstruktur ausübt. Insgesamt konnte eine gute Übereinstimmung von Temperatur- undSpeziespro�len mit experimentellen Daten erziehlt werden.Die Modellierung von Ruÿbildungsvorgängen in Flammen ist heutzutage aufgrund der immerstrikteren S
hadsto�emissionsgrenzen ein aktuelles Thema. Da die Ruÿbildung sehr komplexenReaktionpfaden folgt und zahlrei
he Spezies daran beteiligt sind, ist eine direkte Erweite-rung des Gasphasenmodells auf die Ruÿvorläufer ausges
hlossen. Um den Re
henaufwand zumindern, wird in dieser Arbeit ein sektionaler Ansatz für die Ruÿvorläufer verwendet. Die ent-spre
henden Transportglei
hungen und Quellterme sind in Kapitel 3 aufgeführt. Das Ruÿmodellwird mit laminaren Methan/Luft Di�usions�ammen validiert. Der Verglei
h von Ruÿvolumen-bru
hpro�len mit den experimentellen Daten verdeutli
ht den starken Ein�uss der verwendetenArrhenius-Parameter auf die Genauigkeit der Ergebnisse. Anhand einer laminaren, teilvorge-mis
hten A
etylen/Luft Di�usions�amme wird der Ein�uss von Vormis
hungse�ekten auf dieRuÿbildung untersu
ht. Beoba
htete Abwei
hungen beim Ruÿvolumenbru
h lassen si
h in demFalle direkt auf ungenügende Übereinstimmungen bei Benzol und A
etylen in fetten Flammen-berei
hen zurü
kführen. 21



22 ZusammenfassungDa die heutigen te
hnis
hen Verbrennungssysteme hö
hste Wirkungsgrade erzielen sollen,sind ho
h turbulente Strömungen, mit ihrem guten Mis
hverhalten, unumgängli
h. Das ni
ht-lineare Verhalten der 
hemis
hen Reaktionsraten bezügli
h Temperatur- und Spezieskonzentra-tionen ma
ht die Berü
ksi
htigung turbulenter Fluktuationen bei der Bere
hnung der 
hemi-s
hen Quellterme unvermeidbar. In dieser Arbeit wird eine vorgegebene Wahrs
heinli
hkeits-di
htefunktion (�Assumed PDF - Probability Density Fun
tion�) für die Modellierung der obenerwähnten Fluktuationen hergeleitet und validiert. Transportglei
hungen für die Varianz derTemperatur und die Varianz der sogenannten �turbulenten skalaren Energie�(Summe der Vari-anzen aller Spezies) in Verbindung mit vorgegebenen Gauÿ- und β-Verteilung ermögli
hen dieBere
hnung der 
hemi
hen Quellterme in den Favre-gemittelten Spezies- Transportglei
hungen.Der Ein�uss des PDF-Ansatzes auf den Verbrennungsablauf wird für anliegende und abge-hobene Flammen untersu
ht. Die numeris
hen Simulationen zeigen, dass die Temperatur-PDFdie Form der Flamme und die Position des Zündpunktes von abgehobenen Flammen starkbeein�usst. In allen bere
hneten Fällen ist die Anwendung des PDF-Ansatzes für die Elementa-reaktionen ents
heidend und es wurden erhebli
he Unters
hiede in den Radikalkonzentrazionenbeoba
htet.Zur Demonstration der Anwendbarkeit des entwi
kelten Computerprogramms auf Flugga-sturbinen wird eine halb-te
hnis
he Brennkammer simuliert. Aufgrund der verwendeten Dral-lerzeugergeometrie und der zusätzli
hen eingedüsten Sekundärluft bildet si
h ein komplexesStrömungsfeld aus. Die Sekundärluft, die in der Mitte der Brennkammer einströmt, beein-�uÿt stark die Bildung der primären Rezirkulazionzone. So entsteht in den Re
hnungen ohnezusätzli
he Oxidationsluft eine deutli
he kleinere Rezirkulazionzone am Düsenaustritt. Die Ver-wendung des PDF-Ansatzes wirkt si
h ents
heidend auf die Position des Zündpunktes und dasVerhalten des Strömungsfeldes aus. Eine Vers
hiebung des Zündpunktes geht einher mit derVeränderung des Mis
hungsverhältnisses der Gase und damit mit einer starken Beein�ussungder Ruÿbildungsrate.In Hinbli
k auf die Dru
kabhängigkeit des Ruÿbildungsprozesses wird eine Sensitivitätsanaly-se dur
hgeführt. Die Temperatur- und Ruÿvolumenbru
hfelder werden stark vom Dru
kniveaubeein�usst. Bei höherem Dru
k verändert si
h das Temperaturfeld kaum, während die Wand-wärmebelastung mit steingenden Dru
k weiter zunimmt. Die Hö
hstwerte des Ruÿvolumenbru-
hes steigen mit dem Dru
k an und errei
hen beim untersu
hten 9-bar Fall den sub-ppm Berei
h.Der Verglei
h mit experimentellen Daten zeigt, dass die vorhergesagten Ruÿverteilungen teil-weise deutli
h von denen der Messungen abwei
hen. Mängel in der Turbulenzmodellierung undihre Auswirkungen auf die Speziestransportglei
hungen könnten diese Abwei
hungen erklären.Trotz der bes
hriebenen Unters
hiede wird die Dru
kabhängikeit des Ruÿvolumenbru
hes dur
hdie numeris
hen Simulationen jedo
h re
ht gut wiedergegeben.



Abstra
tThis work deals with the simulation of soot formation phenomena under gasturbine-like 
on-ditions. Main goal is the development of a reliable CFD simulation tool able to predi
t trendsof soot formation under di�erent operating 
onditions. In order to a

omplish this task, themodeling of the signi�
ant physi
al phenomena involved in the pro
ess is needed.The in
reasing 
omputer power allows the use of detailed 
hemistry 
ombustion models,whi
h are able to give a reasonable des
ription of 
hemi
al rea
tions taking pla
e in rea
tingmedia. The 
hara
teristi
 times
ales stemming from the 
hanges in spe
ies 
on
entrationsrange over several orders in magnitude. This disparity, known as mathemati
al sti�ness, needsspe
ial methods in order to obtain an e�
ient and fast numeri
al solver. Su
h a pro
edureis presented in Chapter 2 together with validations for zero-dimensional and two-dimensional
on�gurations.The model ben
hmarking is done for axial-symmetri
 di�usion �ames and an extended dis-
ussion of its physi
al features will be given. Of spe
ial interest is the intera
tion between the�ame stru
ture and the �ow�eld. Usually there is a strong sensitivity of the �ame with respe
tto gas-phase rea
tion modeling whi
h will be assessed by 
omparing simulations employingdi�erent kineti
 me
hanisms. An se
ond sour
e of un
ertainties results from the 
hosen bound-ary 
onditions whi
h are usually not know from experiments. Thus, the in�uen
e of out�owboundary 
onditions and preheating e�e
ts on the �ame shape is investigated. The studied�ames show a fairly good agreement with experimental temperature and spe
ies pro�les, evenif the un
ertainties des
ribed above do not allow to draw unique 
on
lusions 
on
erning someof the observed dis
repan
ies.Be
ause of the in
reasingly more stringent emission rules, soot formation in 
ombustion isa topi
 of high priority. Sin
e soot parti
les are the result of thousands of rea
tions involvinghundreds of spe
ies, a dire
t extension of the �nite-rate 
hemistry model is unfeasible. In orderto retain the main features of the soot formation pro
ess and, at the same time, redu
e the
omputational e�ort, a se
tional approa
h for soot pre
ursors and related rea
tions is 
hosenin this work (Chapter 3). The model validation is performed with a laminar methane/airdi�usion �ame, where a strong in�uen
e of Arrhenius parameters on the model a

ura
y hasbeen observed. Moreover, an investigation of premixing e�e
ts on the soot formation will begiven. It will be shown that the predi
tions of the soot volume fra
tion are dire
tly relatedto the kineti
 me
hanism used and the degree of premixing. Observed dis
repan
ies betweenexperimental and numeri
al soot pro�les are 
aused by a poor des
ription of soot-related spe
ies(i.e. benzene and a
etylene). 23



24 Abstra
tBe
ause of the in
reasing demand of 
ompa
t and e�
ient aeroengines, a high degree ofturbulen
e is needed. This requires an appropriate modeling of the highly non-linear 
hemi
alsour
e term with respe
t to temperature and spe
ies �u
tuations. In this work an assumedProbability Density Fun
tion (hereafter PDF) approa
h for the des
ription these �u
tuationsis presented and validated. Transport equations for the temperature varian
e and the so 
alled�turbulent s
alar energy� (sum of spe
ies varian
es) in 
onjun
tion with Gauss and β−PDFfun
tions allow a 
losure of the 
hemi
al sour
e term in the Favre-averaged spe
ies transportequations.The in�uen
e of the assumed-PDF method on the 
ombustion pro
ess will be investigatedboth for atta
hed and lifted �ames. These simulations will show that the temperature PDFplays an important role in the determination of the �ame stru
ture and ignition delay in lifted�ame 
on�gurations. Moreover, the 
ontribution of the assumed-PDF approa
h with respe
tto the predi
tion of radi
al spe
ies will be assessed.Finally, the simulation of a semi-te
hni
al s
ale burner under gasturbine-like 
onditions willdemonstrate the validity of the developed tools. Be
ause of a swirler nozzle and se
ondaryair in�ows, a 
omplex three dimensional �ow develops. Momentum and lo
ation of the addedoxidation air a�e
t the extension and the shape of the primary re
ir
ulation zone. The use ofthe assumed-PDF approa
h was found to be 
riti
al for this test
ase, sin
e the ignition point,premixing degree of the burning medium and therefore soot formation are strongly a�e
ted.A sensitivity analysis with respe
t to the in�uen
e of the operating pressure will be given.Temperature and soot volume fra
tion distributions show a di�erent behavior at in
reasingpressures. The temperature remains nearly un
hanged although a higher wall heat load isassessed. On the other hand, the soot formation is enhan
ed with in
reasing pressure and sootvolume fra
tions rea
h sub ppm levels for the 9-bar test
ase. The 
omparison with experimentaldata shows some 
ontradi
ting results. If the predi
ted soot volume fra
tion distributions are
ompared with the experimental data, large di�eren
es are observed. On the other hand,numeri
al simulations are able to reprodu
e the experimentally observed pressure dependen
eof the peak soot volume fra
tion quite well.



1 Introdu
tion
1.1 MotivationsNowadays, 
ombustion and its appli
ations are fundamental in everyday's life. Propulsion,ele
tri
al power generation and heating systems are only few examples where bond energystored in a fuel is released by 
hemi
al rea
tions. In spite of the wide range of appli
ationswhere it takes pla
e, a general de�nition of 
ombustion 
an be formulated as follows: �giventwo substan
es, 
alled fuel and oxidant, 
ombustion is a sequen
e of 
omplex rea
tions betweenthem asso
iated with the release of thermal and (eventually) luminous energy�. Both oxidantand fuel may be in a solid, liquid or gaseous state and rea
tions may take pla
e among di�erentones. In most 
ases air represents the oxidant1 and gaseous-gaseous rea
tions are the mostimportant ones, at least in the appli
ations 
onsidered in this work.As in many other 
ir
umstan
es, pra
ti
al appli
ations of 
ombustion took pla
e long wellbefore theoreti
al and experimental investigations started. Only in the last de
ades systemati
studies of fundamental phenomena involved in 
ombustion began to appear in the literature. Atpresent days, more stringent environmental regulations impose the adoption of new 
ombustion
on
epts in order to redu
e pollutant formation and noise generation. The in
reasing oil demandrequires a more e
onomi
 and more e�
ient brand-new generation of 
ombustors. Sin
e thesetargets are not a
hievable with a simple use of engineering rules-of-thumb on whi
h past systemsrelied, a synergy between experimental and numeri
al works is needed. That is the reason why
ombustion resear
h now represents an unique tool in designing and improving 
ombustionsystems.Experimental investigations of �ame and 
ombustion devi
es range from simple naked-eyeobservations to simultaneous, three-dimensional, laser-based quantitative measurements of lo
alvelo
ity, temperature and mixture 
omposition. Su
h data are important to analyze �amephenomena and improve the 
ombustion e�
ien
y. At the same time, experiments 
an be usedas ben
hmark for numeri
al simulations. One of most important drawba
ks of most experimentsis the limited amount of data whi
h 
an be 
olle
ted with a single measurement te
hnique. Asan example, temperature, main spe
ies 
on
entrations and velo
ity measurements require atleast two di�erent measurement systems to be performed. Moreover, they have to to run inparallel, in 
ase that simultaneous data are needed. To 
omplete the pi
ture it should be added1In some non-
onventional appli
ations (i.d. spa
e propulsion) more exoti
 
omponents (i.d. HNO3) may beemployed. 25



26 Introdu
tionthat the la
k of suitable experimental methods makes the investigation of many fundamentalphenomena (i.e. tra
e-spe
ies 
hemistry) in 
omplex geometries impossible.For these reasons the numeri
al simulation of rea
ting systems is playing an in
reasing rolein understanding 
ombustion. In 
omparison with experimental methods, more information
an be provided simultaneously. Flame stru
ture and its intera
tion with the �ow�eld 
an beinvestigated and sensitivity studies 
an be performed at limited additional 
ost. However, thedegree of 
omplexity of a numeri
al simulation is often limited by the available 
omputer power.Of 
ourse, the bene�ts of 
ombustion simulations are 
ounterbalan
ed by di�
ulties embed-ded in the formulation of reliable models. An exa
t des
ription of turbulen
e, 
ombustion,pollutants formation and radiation is still far from being rea
hed. Models with di�erent de-grees of 
omplexity 
an be formulated and validated against simple test
ases. The appli
ationof su
h models to real 
ombustors is somewhat questionable sin
e dis
arded phenomena andintera
tions may 
ome into play. Thus, a 
orre
t evaluation of model limits and drawba
ks ismandatory and represents one of the main tasks in 
ombustion simulations.1.2 Goals of this workThe present work is 
on
erned with the development of a 
omputer 
ode able to give reliablepredi
tions of soot formation rate in 
ombustion 
hambers under gasturbine-like 
onditions.Despite the fa
t that a 
omplete treatment of all important physi
al and 
hemi
al phenomenais impossible at present, the following aspe
ts have to be 
onsidered:
• high-temperature gas 
hemistry whi
h models 
hemi
al rea
tions whi
h take pla
e in the
ombustion pro
ess;
• soot2 formation phenomena;
• turbulen
e-
hemistry intera
tion whi
h 
an not be negle
ted, sin
e �ows under 
onsider-ation are usually fully turbulent.The points mentioned above will be introdu
ed and dis
ussed in the next 
hapters. The theo-reti
al basis and pra
ti
al implementations will be des
ribed.All physi
al models presented in Chapters 2-4 have been developed and validated withinthe s
ope of this Thesis. The in-house DLR THETA 
ode has been employed as basis for thedevelopment. It should be noted that no detailed 
hemistry nor soot formation models wasavailable in the starting version of the 
ode. Similarly, turbulen
e-
hemistry intera
tion (seeChapter 4) was taken in that version with a simple turbulent �amelet approa
h into a

ount.Ea
h subje
t presents both modeling and numeri
al issues, whi
h have to be 
onsidered inorder to get a robust and a

urate tool. As an example, the numeri
al sti�ness asso
iated withthe 
hemi
al time s
ales is still an a
tive �eld of resear
h [37, 36℄. The strong 
oupling betweenthe spe
ies equations is another important issue, sin
e it may destroy the good 
onvergen
eproperties of many iterative linear solvers. Chapter 2 will dis
uss these topi
s in detail.2The de�nition of soot will be given in Chapter 3.



1.2 Goals of this work 27Soot formation represents one of the most a
tive �elds in fundamental [132℄ and applied
hemistry [46℄. Its 
omplex nature does not allow a straightforward implementation by �nite-rate 
hemistry models. Thus, some assumptions have to be made in order to make the problemtra
table espe
ially for 
omplex, three-dimensional simulations. On one side the 
omputationale�ort has to be redu
ed, on the other side the model should be kept as general as possible. A
ompromise is presented in Chapter 3.Be
ause of e�
ien
y reasons, the energy density3 of gas turbine 
ombustion 
hambers hasto be as high as possible. This requirement 
an be ful�lled only if the �ow is fully turbulent,sin
e transport and mixing of rea
tants are faster. Simulations whi
h would 
at
h all details ofa three-dimensional, unsteady turbulent �ow are unfeasible, at least for real size 
ombustors.Thus, FANS4 governing equations are 
onsidered sin
e they provide the needed degree of a
-
ura
y. Issues and algorithms whi
h are related to the averaging will be dis
ussed in Chapter4. Simulations of a semi-te
hni
al s
ale burner will be presented in Chapter 5. A joint useof all models developed will be employed to investigate the soot formation in gasturbine-like
onditions. Additionally, a sensitivity study with respe
t to several simulation parameters willbe performed in order to assess the validity of the tools developed.

3The term �energy density� refers to the amount of energy released in the 
ombustion 
hamber per unit oftime, 
hamber volume and pressure.4Favre-Averaged Navier-Stokes equations will be introdu
ed in Chapter 4.





2 Governing equations and numeri
als
heme
2.1 Transport equations in the �nite-volume formulationThe equations des
ribing 
hemi
ally rea
ting �ows are dire
tly derived from the mass 
onserva-tion (for density and spe
ies mass fra
tions), momentum 
onservation, and energy 
onservationunder the assumption that the �uid behaves like a perfe
t gas. These prin
iples 
an be formu-lated for �uid parti
les moving through the domain (Lagrangian formulation) or for a 
ontinuumo

upying a volume v having a boundary surfa
e s (Eulerian formulation). If the Eulerian for-mulation is 
onsidered, a generi
 transport equation for ea
h of the above physi
al quantities
an be 
ast into the following expression

∂

∂t

∫

v

ρψdv +

∫

s

ρψV · nds =

∫

v

SvdV +

∫

s

Ss · nds. (2.1.1)The left hand side of Eq. (2.1.1) represents the 
hange in time and spatial transport of
ψ whereas the right hand side 
onsists of sour
e terms whi
h a
t on the volume (Sv) andboundaries (Ss). In 
ase a mixture of Ns spe
ies is 
onsidered, the solution ve
tor has thefollowing 
omponents

Φ = {ψi} =

{
ρ, V, h, Y1, . . . , YNs−1

}T (2.1.2)Thus, Ns + 4 transport equations have to be solved.Mass 
onservation lawThe overall mass 
onservation is ensured by solving the 
ontinuity equation
∂

∂t

∫

v

ρdv +

∫

s

ρV · nds = 0 (2.1.3)where no sour
e term appears. Thus, the rate of 
hange of mass in the volume is equal to themass �ux through the volume's surfa
e. 29



30 Governing equations and numeri
al s
hemeMomentum 
onservation equationIn the momentum equation 
ontributions to the right hand side of Eq. (2.1.1) result frompressure, vis
ous, and gravitational for
es. The 
orresponding transport equation is given by
∂

∂t

∫

v

ρVdv +

∫

s

ρVV · nds =

∫

v

ρgdv +

∫

s

Π · nds. (2.1.4)Assuming a Newtonian �uid (vis
ous for
es are dire
tly proportional to shear stresses) these
ond-order tensor
Π = −pI + µ

[
∇V + (∇V)T +

2

3
I∇ · V

] (2.1.5)represents the a
tions of pressure and surfa
e for
es in normal and tangential dire
tions [7℄.Energy 
onservation equationThe energy equation 
an be derived dire
tly from the se
ond prin
iple of thermodynami
s. How-ever there is a 
ertain degree of freedom in 
hoosing the appropriate thermodynami
 variable.Sin
e only low-Ma
h number �ows will be 
al
ulated in this work (thermodynami
 pressure isnearly 
onstant1) the stati
 enthalpy h
h (T, Yi) =

Ns∑

i=1

Yi

(
∆h0

fi
+

∫ T

T 0

Cp (T ′) dT ′

) (2.1.6)is 
hosen. Sin
e its de�nition in
ludes the heat of formation ∆h0
f , no sour
e term due to
hemi
al rea
tions appears in the 
orresponding transport equation

∂

∂t

∫

v

ρhdv +

∫

s

ρhV · nds =

∫

v

ρg · Vdv −
∫

s

ShS · nds (2.1.7)where ShS represents heat �uxes through the volume's surfa
e (Fourier's law). The only radiationlosses in
luded in Eq. (2.1.7) are related to the soot parti
les (Chapter 3) and are des
ribedlater.Spe
ies transport equationsBalan
e equations for ea
h spe
ies Yi are given by
∂

∂t

∫

v

ρYidv +

∫

s

ρYiVi · nds =

∫

v

ωidv (2.1.8)where the 
onve
tive velo
ity Vi

Vi = V + vi (2.1.9)1The low-Ma
h number hypothesis implies also that the work of dissipation for
es in Eq. (2.1.7) 
an benegle
ted.
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ludes both �ow (V) and di�usion (vi) velo
ities. The latter represents the velo
ity of thespe
ies i around parti
le mass 
enter [110℄ and is due to spe
ies di�usion properties. Severalformulations of vi 
an be found in literature whi
h o�er di�erent degrees of a

ura
y. In thiswork a gradient-like form based on the Fi
k's law is used:
vi = −Di

ρ
∇Yi. (2.1.10)negle
ting some other types of di�usion e�e
ts (i.d. Dufour, Soret). Sin
e this work is fo
usedon the 
omputation of turbulent rea
ting �ows, this approximation should have no in�uen
eon the numeri
al results. Nevertheless, the relative importan
e of the negle
ted e�e
ts has tobe kept in mind if laminar test
ases are treated, where the di�erential di�usion of light spe
ies(e.g. hydrogen) be
omes important.Eqs. (2.1.3), (2.1.4), (2.1.7) and (2.1.8) form a sti�, non-linear set of Ns+4 strongly 
oupledpartial di�erential equations with Ns + 6 unknowns. Additional relations are

• the gas law for a mixture of perfe
t gases
p = ρℜT

Ns∑

i=1

Yi

Mi

, (2.1.11)
• the enthalpy de�nition (2.1.6),
• the heat �ux term ShS

ShS = −λ∇T + ρ

Ns∑

i=1

hiYivi, (2.1.12)
• di�usion 
oe�
ients2 µ, λ, Di,
• and in parti
ular by the 
hemi
al sour
e term ωi, whi
h will be des
ribed in the followingse
tion.2.2 Chemi
al sour
e termIn order to give a mathemati
al formulation of the 
hemi
al sour
e term appearing in Eq.(2.1.8) a generi
, reversible 
hemi
al rea
tion is introdu
ed by

Ns∑

j=1

ν ′jCj ⇋

Ns∑

j=1

ν
′′

j Cj. (2.2.1)2Even if the term �di�usion 
oe�
ient� should only refer to Di, here it has been extended to all 
oe�
ientsrelated to mole
ular transport phenomena (i.e. vis
osity, thermal 
ondu
tivity).
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al s
hemeThe forward (RRf ) and the ba
kward (RRb) rea
tion rates are expressed a

ording to the�Law of Mass A
tion� [198℄
RRf = kf

Ns∏

j=1

[Cj]
ν
′

j , (2.2.2)
RRb = kb

Ns∏

j=1

[Cj]
ν
′′

j , (2.2.3)by a fun
tion of spe
ies 
on
entrations [198℄. The overall rea
tion rate is 
al
ulated as
∆RR = RRf −RRb. (2.2.4)The rate 
oe�
ients kf and kb (Eqs. (2.2.2) and (2.2.3)) are 
al
ulated by the so-
alled �Ar-rhenius fun
tion�
k = AT α exp

(
− Ea

ℜT

) (2.2.5)whi
h is strongly non linear for most rea
tions. In 
ase of re
ombination/disso
iation rea
tionsoften the intera
tion with so 
alled �third bodies� is required. There are spe
ies whi
h do nottake part in the rea
tion [110℄ but add/remove vibrational energy from the 
ompound, thuspromoting the disso
iation or the re
ombination pro
ess. These e�e
ts are introdu
ed in Eq.(2.2.1) by a virtual rea
tant whi
h appears on both sides of the rea
tion equation
Ns∑

j=1

ν ′jCj + TH ⇋

Ns∑

j=1

ν
′′

j Cj + TH. (2.2.6)In most 
ases all spe
ies present in the mixture may a
t as a third body and its 
on
entrationis given by a linear 
ombination of the physi
al spe
ies
[TH ] =

Ns∑

j=1

tbj [Cj] (2.2.7)where tbj ≥ 0 is the third body e�
ien
y of the j-th spe
ies.The forward and ba
kward rea
tion rates kf and kb are related by the thermodynami
 equi-librium 
onstant
Kc =

kf

kb
(2.2.8)whi
h 
an be 
al
ulated from the Gibbs free energy [110℄

∆G0 =
Ns∑

j=1

(
ν

′′

j − ν
′

j

) (
H0
j − TS0

j

)
. (2.2.9)Thus

Kc =
( p

ℜT
)∆ν

exp

(
−∆G

0

ℜT

) (2.2.10)
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al sour
e term 33where ∆ν is the di�eren
e between forward and ba
kward rea
tion orders
∆ν =

Ns∑

j=1

ν
′′

j −
Ns∑

j=1

ν
′

j .From Eqs. (2.2.8), (2.2.9) and (2.2.10) it follows that only kf has to be 
al
ulated from Arrhe-nius parameters, whereas kb 
an be derived from the equilibrium 
ondition.In a rea
ting mixture of Ns spe
ies a kineti
 me
hanism is a set of Nr elementary rea
tions3de�ned by Eq. (2.2.1) 
onsisting out of rea
tants, produ
ts, and Arrhenius 
oe�
ients. On
ea single me
hanism has been sele
ted, the sour
e term in Eq. (2.1.8) is 
al
ulated as the sumover all rea
tions
ωi = Mi

Nr∑

r=1

(
ν

′′

ir − ν
′

ir

)
kfr

(
Ns∏

j=1

[Aj ]
ν
′

jr − 1

Kc

Ns∏

j=1

[Aj ]
ν
′′

jr

)
. (2.2.11)In order to avoid the 
al
ulation of equilibrium 
onstants Kc during the simulation and totreat both forward and ba
kward rea
tions in the same way, an alternative approa
h has beendeveloped and is des
ribed in Appendix C. This algorithm 
asts the ba
kward rea
tion rate kbinto the Arrhenius form (2.2.5) for a large temperature interval. In this 
ase we 
an 
onsiderany kineti
 me
hanism as a set of 2Nr irreversible rea
tions

ωi = Mi

2Nr∑

r=1

ωir = Mi

2Nr∑

r=1

(
ν

′′

ir − ν
′

ir

)
kr

Ns∏

j=1

[Aj]
ν
′

jr . (2.2.12)It should be pointed out that there is no physi
ally unique rea
tion me
hanism whi
h is able todes
ribe a 
ombustion pro
ess (i.e. ignition delay, heat release) under all 
onditions.4 Therefore,part of this work is also 
on
erned with the investigation of several kineti
 s
hemes and theirin�uen
e on results.2.2.1 Sour
e term linearizationAs will be pointed out in subse
tion 2.2.2, the 
hara
teristi
 
hemi
al times
ales may di�er byseveral orders of magnitude. Thus, without any spe
ial mathemati
al treatment stability re-quirements would allow to solve the spe
ies equations (2.1.8) only by adopting extremely smalltimesteps [83℄. This would make most 
al
ulations unfeasible be
ause of the enormous 
ompu-tational time required to rea
h a steady state solution. In order to over
ome this problem, animpli
it treatment of the sour
e term in the dis
retized transport Eq. (2.3.1) is applied. Equa-tion (2.2.12) outlines 
learly that sour
e term ωi may be highly non-linear with respe
t to the3Global rea
tions like ∑

i

Ai → productsare in
luded in a similar manner but their treatment is not repeated here for sake of brevity.4In fa
t, a large part of 
ombustion resear
h 
ommunity is devoted to the 
reation of rea
tion me
hanismswhi
h should be as 
omprehensive as possible.
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al s
hemespe
ies mass fra
tions and temperature. Sin
e a linear solver is employed, (see Appendix B.5),all transport equations have to be linearized with respe
t to the solution variables. Con
erningthe subve
tor of thermo-
hemi
al variables
Ψ =






h

Y





(2.2.13)this linearization yields

ωi
(
Ψt+∆t

)
= ωi

(
Ψt
)

+
∂ωi

∂Ψ

∣∣∣∣
t

∆Ψ + O
(
‖∆Ψ‖2) (2.2.14)where ∂ωi

∂Ψ

∣∣t is the i-th line of the Ja
obian matrix, 
al
ulated at time t. The linearized sour
eterm is then in
luded in the transport equation (Eq. (2.1.8)).The 
al
ulation of the Ja
obian matrix in Eq. (2.2.14) may be performed both analyti
allyor numeri
ally, using a �nite-di�eren
e approa
h. In this work the analyti
al approa
h ispreferred sin
e it yields a more robust algorithm and avoids round-o� errors. The �rst 
olumnof the Ja
obian 
omes from derivatives of the sour
e term with respe
t to enthalpy. Due tothe Arrhenius form of the rea
tion rates (2.2.5), ωi expli
itly depends on the temperature only.Thus, derivatives with respe
t to h are 
al
ulated using the 
hain rule
∂ωi

∂h

∣∣∣∣
Y

=
∂ωi

∂T

∣∣∣∣
Y

∂T

∂h

∣∣∣∣
Y

(2.2.15)where the �rst term 
an be 
al
ulated dire
tly from (2.2.5)
∂ωi

∂T

∣∣∣∣
Y

=
Mi

T

2Nr∑

r=1

ωir

(
αr +

Ear

ℜT −
Ns∑

j=1

ν
′

jr

) (2.2.16)whereas the se
ond term
∂T

∂h

∣∣∣∣
Y

=
1

Cp
(2.2.17)
omes from Eq. (2.1.6). The spe
ies derivatives 
ome from two 
ontributions

∂ωi

∂Yk

∣∣∣∣
h,Yj,j 6=k

=
∂ωi

∂T

∣∣∣∣
h,Yj,j 6=k

∂T

∂Yk

∣∣∣∣
h,Yj,j 6=k

+
∂ωi

∂Yk

∣∣∣∣
T,h,Yj,j 6=k

. (2.2.18)The se
ond term of the right hand side of Eq. (2.2.18) 
an be derived from de�nition (2.1.6)using the 
onstant enthalpy 
ondition (valid in adiabati
, low Ma
h number �ows), resulting in
∂h

∂Yk

∣∣∣∣
h,Yj,j 6=k

= 0 = hk − hNs
+ Cp

∂T

∂Yk

∣∣∣∣
h,Yj,j 6=k

(2.2.19)
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h yields
∂T

∂Yk

∣∣∣∣
h,Yj,j 6=k

=
hNs

− hk

Cp
(2.2.20)
onsidering that only Ns − 1 spe
ies are independent and the last spe
ies mass fra
tion isobtained from the normalization 
ondition

YNs
= 1 −

Ns−1∑

j=1

Yj. (2.2.21)From the de�nition of 
on
entration
[Aj ] = ρ

Yj

Mj
(2.2.22)and Eq. (2.2.7) it follows for the density derivatives

∂ρ

∂Yk

∣∣∣∣
T,h,Yj,j 6=k

= − ρ
∑Ns

ℓ=1
Yℓ

Mℓ

(
1

Mk

− 1

MNs

)
. (2.2.23)spe
ies and third body 
on
entrations. Thus, the se
ond term in Eq. (2.2.18) 
an be writtenas

∂ωi

∂Yk

∣∣∣∣
h,T,Yj,j 6=k

= Mi

2Nr∑

r=1

ωir

[(
Ns∑

j=1

ν
′

jr

1

ρ

∂ρ

∂Yk

)
+
ν

′

k

Yk
− ν

′

Ns

YNs

+
ρ

[TH ]

(
tbk
Mk

− tbNs

MNs

)]
. (2.2.24)2.2.2 Sti�ness and 
hemistryA de�nition of sti�ness is introdu
ed here in order to justify the use of impli
it methods inhandling the 
hemi
al sour
e term. As mentioned above, times
ales asso
iated with 
hemi
alrea
tions span several orders of magnitude, sin
e in a 
omplex rea
ting system both fast andslow dynami
s exist. From the mathemati
al point of view, these times
ales are related to thelinearized sour
e term and obtained from the eigenvalues of the Ja
obian matrix ∂ωi

∂Ψ

τci = [|Re (Λi)|]−1
. (2.2.25)A possible quanti�
ation of the sti�ness is the so-
alled sti�ness ratio [27℄

R =
maxi=1...Ns

[|Re (Λi)|]
mini=1...Ns

[|Re (Λi)|]
(2.2.26)provided that

Re (Λi) < 0 (2.2.27)
∀i = 1 . . .Ns. That is, the sti�ness is the ratio between the fastest and the slowest times
ales.Another possible de�nition, due to Curtiss and Hirshfelder [82℄, is more pragmati
: �sti� equa-tions are equations where 
ertain impli
it methods, [...℄ , perform better, usually tremendously
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al s
hemebetter, than expli
it ones�. That means that a faster and more e�
ient solution method 
anbe formulated if an impli
it treatment of sti� equations is employed. Even if they add some
omputational 
ost, impli
it methods have to be preferred to expli
it s
hemes sin
e the latter
an fail even if the timestep requirements are ful�lled [83℄.2.2.3 Constant-pressure adiabati
 rea
torIn this se
tion test
ases 
on
erning the sour
e term (2.2.11) are presented in order to demon-strate some important features of the 
hemistry equations. The main underlying hypothesisare:1. the velo
ity is zero everywhere;2. neither spatial gradients of temperature nor of 
on
entration are present;3. the system is 
losed and isolated, no mass or energy ex
hanges are allowed;4. the volume 
hanges to keep the pressure 
onstant.Applying hypothesis (2) and (3) to the se
ond law of the thermodynami
s, a 
onstant enthalpy
ondition is obtained. Thus, a system of Ns−1 
oupled Ordinary Di�erential Equations (ODEs)in the following form
dYi

dt
=
ωi

ρ
(2.2.28)is integrated.Hydrogen-air ignitionThe system studied is a stoi
hiometri
, atmospheri
, H2/air mixture with initial temperature

T0 = 1000K. The 
hosen 
onditions are in the explosion region, where the high-temperatureequilibrium 
ondition 
an be rea
hed in a �nite time [110℄. The kineti
 s
heme used to des
ribethe rea
ting mixture 
ontains 9 spe
ies and 21 reversible rea
tions [149℄ and has been validatedagainst di�erent 
on�guration, ranging from �ow-rea
tors to premixed �ames.In Fig. 2.2.1 the 
hange of temperature and spe
ies mass fra
tions in time are shown. Thetemperature in
reases strongly and rea
tions bring the system to the equilibrium 
onditionafter an initial ignition delay. Be
ause no unique de�nition of this parameter exists [110, 198℄,in this work it is de�ned as the time at whi
h the H2O 
on
entration slope rea
hes a maximum[149℄
τign = t

(
d [H2O]

dt

∣∣∣∣
max

)
. (2.2.29)From this simulation a value of τign ≈ 200µs is found, whi
h is in good agreement with thevalue given in Ref. [149℄. Regarding the spe
ies behavior, water vapor in
reases monotoni
allywhereas radi
als like H, O and OH rea
h signi�
ant values at high temperatures only. A furtherdistin
tion between OH, on one side, and O and H on the other side 
an be made. The �rsthas a monotone in
rease up to its equilibrium value whereas O and H 
on
entrations �rst rea
h
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Figure 2.2.1: Ignition of a H2/air mixture, φ = 1, p = 105Pa, T0 = 1000K.
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Figure 2.2.2: Sour
e terms for ignition problem 2.2.1.super-equilibrium levels and afterward drop due to re
ombination rea
tions. These di�eren
esare quite important for turbulent �ames, where turbulent transport of highly rea
tive radi
alsmay ignite po
kets of fresh mixture [194℄. In Fig. 2.2.2 spe
ies sour
e terms are shown.Both O2 and H2O rea
h similar peaks with opposite signs whereas H and O present bothpositive and negative values. As expe
ted, the rea
tion zone is limited to a small region ofthe simulated period and in multi-dimensional �ow this means that the �ame front5 o

upies aregion signi�
antly smaller than the whole domain. This represents one of the most 
hallengingaspe
ts in 
ombustion simulations: a good resolution of these zones should be a
hieved keepingthe 
omputational 
ost low.As pointed out in subse
tion 2.2.2, a rough estimation of the system sti�ness 
an be given byan eigenvalue evaluation. In Fig. 2.2.3 the non-zero real eigenvalues of the Ja
obian (2.2.14) areplotted. A large di�eren
e between fast and slow s
ales is observed at the beginning. At later5In a multi-dimensional problem the ��ame front� 
an be de�ned as the region of the simulated domain whereheat release and rea
tions take pla
e.
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Figure 2.2.3: Eigenvalues of the Ja
obian matrix for ignition problem 2.2.1.times the spe
trum of the Ja
obian matrix is redu
ed but is still large enough to 
lassify thesystem as sti�. Another important aspe
t are the signs of these eigenvalues: being all negativeyields to the absolute stability 
ondition if a �rst/se
ond order A-stable integration s
heme isused [83℄. The imaginary part of the eigenvalues (not plotted here) are all zero and thereforeno os
illatory behavior arises.In�uen
e of the simulation parameters on the ignition delayIn order to asses the 
orre
tness of the sour
e term implementation several tests have been
arried out. The �rst parameter being investigated is the fuel/air ratio normalized by itsstoi
hiometri
 value, the so-
alled fuel equivalen
e ratio
φ =

(
f
o

)
(
f
o

)
st

. (2.2.30)The mixture is 
alled lean if φ < 1 and ri
h if φ > 1. Results of simulations using di�erent φare plotted in Fig. 2.2.4. First, it 
an be noti
ed that the equilibrium temperature rea
hed atthe end of the simulation has a maximum for stoi
hiometri
 mixtures. As 
an be seen later,a similar behavior is observed in di�usion �ames where the maximum temperature is lo
atedin a small sheet lying around the stoi
hiometri
 surfa
e. The se
ond aspe
t is the variation ofthe ignition delay with the equivalen
e ratio φ. A lean mixture does not show an appre
iable
hange in the ignition delay, even if a slightly smaller overall rea
tion rate is predi
ted. For theri
h mixture the ignition delay is in
reased by a fa
tor of about 10% be
ause the OH radi
alprodu
tion is delayed, as shown in Fig. 2.2.4(
). Moreover, it 
an be observed that the ratiobetween H and O 
urves (i.e. slope and maximum) are un
hanged in all 
ases but the ri
h one.The se
ond set of simulations is 
on
erned with the in�uen
e of the pressure on the ignitiondelay. Be
ause the mass law (2.2.2) holds, higher pressure yields to higher rea
tant 
on
entra-tions and higher rea
tion rates. In Fig. 2.2.5 su
h an expe
tation is 
on�rmed for pressuresranging from 0.1 to 1 bar. It is observed that the ignition delay is dire
tly proportional to the



2.2 Chemi
al sour
e term 39

0.0e+00 1.0e-04 2.0e-04 3.0e-04 4.0e-04 5.0e-04
time (s)

1000

1500

2000

2500

3000

te
m

pe
ra

tu
re

 (
K

)

φ = 0.5
φ = 1.0
φ = 2.0

(a) temperature

1.0e-04 1.5e-04 2.0e-04 2.5e-04 3.0e-04
time (s)

0

0.05

0.1

0.15

0.2

0.25

0.3

m
as

s 
fr

ac
tio

n

H2
O2
H2O

φ = 1.0
φ = 0.5
φ = 2.0

(b) stable spe
ies

1.5e-04 2.0e-04 2.5e-04 3.0e-04
time (s)

0.0001

0.001

0.01

0.1

m
as

s 
fr

ac
tio

n

H
O
OH

phi = 1.0
phi = 0.5
phi = 2.0

(
) radi
alsFigure 2.2.4: Ignition of H2/air mixtures at di�erent equivalen
e ratios, p = 105pa, T0 = 1000K.



40 Governing equations and numeri
al s
heme

0.0001 0.001 0.01
time (s)

1000

1500

2000

2500

3000

te
m

pe
ra

tu
re

 (
K

)

T
max

 = 2690.7
T

max
 = 2642.99 T

max
 = 2578.06

T
max

 = 2523.02

1E5 pa
5E4 pa
2E4 pa
1E4 pa(a) temperature

0.0001 0.001 0.01
time (s)

5000

10000

15000

20000

25000

d(
H

2O
)/

dt
 (

kg
/m

3 /s
2 )

t
ign

 = 0.0002052

t
ign

 = 0.000335

t
ign

 = 0.00077
t
ign

 = 0.001509

1E5 pa
5E4 pa
2E4 pa
1E4 pa

(b) H2O slopeFigure 2.2.5: Ignition of H2/air mixtures at di�erent pressures, φ = 1, T0 = 1000K.pressure 
hange varying by about one order of magnitude. On the other hand, the equilibriumtemperature is only slightly in�uen
ed, indi
ating that the dominating rea
tions rea
h similarequilibria at di�erent pressures. A

ording to Eq. (2.2.10) this means that for su
h rea
tionsthe number of rea
tants and produ
ts is the same (∆ν = 0) and there is no pressure dependen
eof Kc.The Arrhenius parameter Ea gives an indi
ation of the energy barrier that mole
ules haveto over
ome during the 
ollision to allow the formation of the produ
t [110℄. In 
ase the term(2.2.5) has a positive a
tivation energy, the exponential fa
tor is proportional to the number ofmole
ules whi
h have kineti
 energies higher than Ea at temperature T and it goes to 1 at veryhigh temperatures6. It be
omes obvious that higher initial temperatures yield to more energeti

ollisions and thus faster rea
tion rates. In Fig. 2.2.6 results are shown for simulations whi
h6This results from the Boltzmann distribution of a perfe
t gas in thermal equilibrium [195℄.
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Figure 2.2.6: Ignition of H2/air mixtures at di�erent initial temperatures, φ=1, p = 1 bar.Table 2.1: Me
hanisms used to simulate the ignition of a H2/air mixture.Me
hanism Ns Nr Tmax (K) τign (µs)Ó Connaire et al. 9 21 2691 205GRI 3.0 9 28 2692 303Ja
himowski 9 19 2692 209Müller et al. 9 21 2695 246adopt di�erent initial temperatures T0. The ignition delays and equilibrium temperatures area�e
ted by T0 as expe
ted. However, the in�uen
e of T0 is higher at the low temperatures dueto the exponential behavior of Eq. (2.2.5). Moreover, near the ignition point the in�uen
e ofsingle rea
tions (i.e. bran
hing ones) is more pronoun
ed. For the same reasons the temperaturegradients are steeper for low ignition temperatures whereas a smoother in
rease is obtained athigher T0.The last parameter investigated is the kineti
 me
hanism used to des
ribe the 
ombustionpro
ess. Several simulations have been 
arried out using the kineti
 s
hemes summarized inTable 2.1. In Fig. 2.2.7 the resulting temperature plots are shown. The �rst me
hanism hasalready been employed in the previous simulations and was proposed by Ó Connaire [149℄.The se
ond s
heme is from Ref. [144℄ and in some extent it was also used to issue the kineti
me
hanism in Ref. [149℄. The GRI me
hanism [178℄ was developed mainly for natural gas
ombustion, even if the subset involving H2/air spe
ies has been extensively used to simulatehydrogen �ames [178℄. The Ja
himowski me
hanism [94, 95℄ was originally used in supersoni

ombustion and it may be interesting to 
ompare it with other me
hanisms validated againstrea
tor experiments or low-Ma
h number �ows. All me
hanisms use the same set of spe
ies(H2, O2, OH, O, H, HO2, H2O2 and H2O) but 
ontain di�erent rea
tion paths.
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al s
hemeExamining the third 
olumn of Table 2.1, all tested me
hanisms rea
h the same temperatureat the end of the simulation. For the above-mentioned 
onsideration and a

ording to Eq.(2.2.10) it 
an be 
on
luded that there is a general agreement between the di�erent thermody-nami
 databases adopted by the di�erent me
hanisms. On the other hand (see fourth 
olumn),a large sensitivity of the ignition delay to the kineti
 me
hanisms is observed. In parti
ular, theGRI3.0 me
hanism predi
ts an ignition delay whi
h is about 30% longer than that of ÓConnaireet al. The Ja
himowski's me
hanism predi
ts a similar τign, but a slower heat release, whi
happroa
hes the performan
e of the Mueller et al. s
heme.
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2.3 Numeri
al methods 432.3 Numeri
al methods2.3.1 Low-Ma
h number formulationAs may be shown analyti
ally [187℄, 
ompressible �ow solvers be
ome numeri
ally sti� as thezero-Ma
h limit is approa
hed. That is be
ause the ratio between the 
onve
tive times
ales(given by the velo
ity �eld) and a
ousti
 wave times
ales (given by the pressure �eld) de
reasesfor Ma approa
hing zero. The 
onvergen
e of the system may be 
ompromised and di�erentsolution methods usually have to be used when dealing with high and low Ma
h number �ows.Sin
e steady-state problems at low Ma
h number are 
onsidered in this work, the 
ontinuityequation (Eq. (2.1.3)) is repla
ed by an equation for pressure and the equation set (V, p, h,Y)is solved in a sequential fashion until a 
onverged solution is obtained. Details of the solutionalgorithm are given in Appendix B and are shortly summarized here:1. momentum and pressure equations are solved iteratively until the mass 
onservation lawis ful�lled;2. additional model equations (i.e. turbulen
e, radiation, spe
ies) are solved in a sequentialmanner;3. energy and spe
ies equations are solved in a 
oupled fashion in order to retain the strong
oupling between them and in
rease robustness;4. steps 1-3 are repeated until the steady-state 
ondition is rea
hed.The domain is subdivided into small 
ontrol volumes ∆v, delimited by planar fa
es ∆s and Eq.(2.1.1) is applied to ea
h of them in the following form
ρ
∆ψ

∆t
∆v =

∑

∆s

[
F c
ψ

(
ψt, ψt+1

)
+ F d

ψ

(
ψt, ψt+1

)]
+ ρSv

(
ψt, ψt+1

)
∆v. (2.3.1)The �uxes through the 
ell interfa
es F c

ψ and F d
ψ 
onsists of 
onve
tive and di�usive parts. Ingeneral they are non-linear fun
tions of solution ve
tor ψ and therefore a linearization is needed.Moreover, �uxes and sour
e terms 
an be 
al
ulated using variable ψ at di�erent times. Methodsusing only known values from time t belong to the 
lass of expli
it methods whereas methodswhi
h use ψt+∆t as well are 
alled impli
it methods. Be
ause in this work only steady �ow�eldsare investigated, impli
it methods are preferred due to the larger timestep allowed.2.4 Modeling of transport phenomena2.4.1 Dimensionless parametersDi�usive �uxes appearing in Eqs. (2.1.4), (2.1.7) and (2.1.8) are here modeled with a termproportional to the gradient of the transported variable [198, 110℄. It has been demonstrated
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al s
hemethat this approa
h is able to give a reasonable des
ription of momentum, energy and spe
iestransport for low-speed, Newtonian �ows.7Based on the transport 
oe�
ients µ, λ and Di, dimensionless parameters 
an be formed.They represent ratios between the 
hara
teristi
 times of di�erent physi
al phenomena. Inparti
ular
• the Prandtl number represents the ratio between momentum and energy transport

Pr =
Cpµ

λ
; (2.4.1)

• the Lewis number is the ratio between energy and mass transport (here for the spe
iespair i, j)
Leij =

λ

ρCpDij
; (2.4.2)

• the S
hmidt number is the ratio between momentum and mass transport
Scij =

µ

ρDij
. (2.4.3)From Sc and Pr de�nitions follows

Leij =
Scij

Pr
. (2.4.4)The 
al
ulation of transport 
oe�
ients (in parti
ularDij) may be expensive and in 
onve
tion-dominated problems (i.e. turbulent �ows) their in�uen
e may be marginal. In su
h 
asessimpli�
ations (Le = 1) may be used where Dij 
oe�
ients are not independent any more.In subse
tion 2.5.4 the in�uen
e of su
h a hypothesis on laminar �ame 
on�gurations will bedis
ussed.If the temperature dependen
e of the non-dimensional parameters is negle
ted,

Pr = .7 (2.4.5)
Leij = 1 (2.4.6)
Scij = LeijPr (2.4.7)
an be assumed. Thus, spe
ies and energy transport have proportional times
ales, regardlessof the spe
ies 
onsidered or the temperature range.7It should be pointed out that in multi-
omponent mixtures the transport of the single spe
ies by 
ollision hasto take into a

ount the intera
tion among all other spe
ies [110℄. Even if more exa
t, su
h an approa
hwould yield very high 
omputational 
osts, unfeasible in 
omplex simulations. Therefore, it will not be
onsidered here.



2.4 Modeling of transport phenomena 45From the enthalpy de�nition (2.1.6) temperature gradients 
an be 
al
ulated as a sum ofenthalpy and spe
ies gradients
∇T =

1

Cp

(

∇h−
Ns∑

i=1

hi∇Yi
) (2.4.8)and the heat �ux (2.1.12) be
omes

q = − λ

Cp
∇h +

Ns∑

i=1

(
λ

Cp
− ρDi

)
hi∇Yi. (2.4.9)In 
ase that Eq. (2.4.6) holds, the se
ond term in Eq. (2.4.9) is identi
ally zero, leaving anhomogeneous, se
ond-order term in the enthalpy equation (2.1.7).Similarly, if Fi
k's law (2.1.10) holds, all di�usive �uxes (Eqs. (2.1.4), (2.1.7) and (2.1.8))have the following form

F d
ψ =

∫

s

Dψ∇ψ · nds, (2.4.10)where Dψ is a generi
 di�usion 
oe�
ient (di�erent for ea
h transport equation). The 
al
ula-tion of transport 
oe�
ients 
an be further simpli�ed by relations (2.4.5) and (2.4.7): in this
ase only the vis
osity is 
al
ulated as a fun
tion of the temperature (see Appendix A), whereas
λ and Di are derived from simple algebrai
 expressions. The temperature dependen
e of Dψhas to be 
onsidered in laminar, rea
ting �ows. On the other hand, in this work the pressuredependen
e is not very 
riti
al be
ause of the narrow Ma
h number range 
onsidered. Detailsabout the 
al
ulation of the transport properties are given in Appendix A.Even if the hypotheses (2.4.5), (2.4.6) and (2.4.7) may save 
omputational time, it should benoted that they may 
ause misleading results. Sin
e light, small spe
ies (like atomi
 hydrogen)di�use faster than bigger mole
ules, simpli�
ations like (2.4.6) are wrong in 
ases where su
hspe
ies play an important role. Moreover, some additional e�e
ts (i.e. Soret, Dufour) may
ontribute to mass and energy transport. In parti
ular they 
an play an important role inignition and stabilization of non-premixed 
on�gurations [34℄. Even in turbulent regimes �owlaminarization often o

urs in regions where the �ame stabilizes, thus in
reasing the importan
eof mole
ular transport models.Con
erning the numeri
al behavior of the dis
retized system (2.3.1), di�usive �uxes like(2.4.10) smooth the ψ gradients and yield a more stable numeri
al s
heme [153℄. Moreover,su
h terms in
rease the diagonal dominan
e of the algebrai
 system and therefore the stabilityof any iterative linear solver [168℄. On the other hand, the spe
ies gradients in (2.4.9) introdu
ea non-diagonal term whi
h does not depend dire
tly from enthalpy. As explained in AppendixB, solvers for linear system employed in this work use a diagonal pre
onditioning and thereforesu
h a term may de
rease the 
onvergen
e rate.
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al s
heme2.5 Laminar di�usion �amesLaminar di�usion �ame represent the most simple yet real 
on�guration where all terms fromEq. (2.1.1) are required for the mathemati
al des
ription. In this 
ase both 
hemistry andtransport phenomena are important and the in�uen
e of the di�erent modeling assumptionshas to be assessed. As the di�usion �ame regime is present in te
hni
al appli
ations, 
orre
tpredi
tions of simple laminar �ames are a prerequisite for simulating more 
omplex systems.Be
ause of their simpli
ity, laminar di�usion �ames have been studied extensively, and bothexperimental and numeri
al data are available. Unfortunately, in most experiments only simplefuels are adopted, namely hydrogen and methane. Con
erning the geometry, mainly axisym-metri
 
on�gurations [140, 61℄ or slot burners [148, 6℄ are used. From the view of 
ombustionmodeling, �rst approa
hes were based on �ame-sheet models [139℄, whi
h did not solve de-tailed transport equation sets for all spe
ies but needed a 
areful 
alibration of the model
onstants. Moreover, the pressure-velo
ity 
oupling was still an a
tive �eld of resear
h anda unique set of equations for this problem was not established yet (see Refs. [180, 182℄ forexamples of the stream-vorti
ity approa
h and Ref. [205℄ for a possible primitive-variable ap-proa
h). Later, solutions of the fully-
oupled spe
ies and energy transport equations be
amefeasible with asymptoti
 analyses [172, 173℄ and detailed kineti
 s
hemes [205, 148℄. Massive
ode parallelization �nally allowed to break the barrier of the single-
omputer power [55℄. Somestudies were also devoted for understanding the in�uen
e of di�erent parameters (Lewis number[34℄, fuel mass�ow [6℄) on the �ame. A 
urrent �eld in the laminar �ow regime 
on�gurationare triple �ames obtained by a partial premixing between fuel and oxidizer at the fuel inlet[17, 8℄. Su
h a 
on�guration gives also indi
ations about lifted-�ame stabilization me
hanismsin turbulent �ows [161℄ whi
h are fundamental in te
hni
al appli
ations.Mit
hell's di�usion �ameThe 
on�ned, atta
hed, methane/air laminar di�usion �ame presented in Ref. [139℄ by Mit
hellet al. is taken here as a referen
e �ame. The 
on�guration shown in Fig. 2.5.1 is quitesimple: there are two 
oaxial in�ows (air and fuel) and an external 
himney to avoid ambientdisturban
es. A
tually the upper part of the experimental fa
ility is more 
omplex than shownin the sket
h with s
reens and air passages to avoid buoyan
y-driven instabilities. In the originalwork [139℄ no information about these devi
es is given, thus a simple zero-gradient out�ow hasbeen assumed. The 
himney is modeled as a 
onstant-temperature wall and the radiationterm in the energy equation is negle
ted. This assumption should not a�e
t the results, asexperimental works showed that in sooting-free �ames radiation losses are small. Con
erningthe inlet 
onditions a fully-developed, laminar, pipe �ow is assumed for the fuel. A bulk pro�lehas been adopted for the air in�ow be
ause the use of a perforated plate was reported. Thegeometri
al and thermo
hemi
al boundary 
onditions are summarized in Table 2.2.In subse
tion 2.5.1 a baseline simulation is presented. Insights 
on
erning the �nite-rate
hemistry model as well as the main �ame's 
hara
teristi
s are dis
ussed in this se
tion. The
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Figure 2.5.1: Mit
hell's di�usion �ame 
on�guration.Table 2.2: Boundary 
onditions for Mit
hell's �ame shown in Fig. 2.5.1.radius(mm) 
omposition1 temperature(K) velo
ity(ms )2fuel inlet 6.35 CH4:1 300 .045air inlet 25.4 O2:.23N2:.77 300 0.0988wall - zero gradient 300 0out�ow - zero gradient zero gradient zero gradientaxis - zero gradient zero gradient zero gradient1 Spe
ies mass fra
tions.2 For the fuel inlet the bulk velo
ity is given.
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al s
hemein�uen
es of the adopted 
hemi
al me
hanism and of transport models will be shown in subse
-tions 2.5.3 and 2.5.4, respe
tively. A further aspe
t whi
h is worth investigating is the in�uen
eof boundary 
ondition on the �ame's geometry (subse
tion 2.5.5). To 
on
lude the se
tion,results will be 
ompared with experimental data available in the same work [139℄.2.5.1 Referen
e simulationThe baseline simulation has been 
arried out using the unity Lewis number hypothesis, andonly vis
osity and heat 
ondu
tion 
oe�
ients have to be 
al
ulated using mole
ular data (seeAppendix A). The me
hanism whi
h des
ribes the methane/air 
hemistry is taken from Ref.[101℄ and 
onsists of 17 spe
ies and 58 reversible rea
tions. The simulated domain is a 
ylindersli
e (5 degrees, 10 
m height) starting from the fuel tube exit. Con
erning the 
omputationalgrid, 70x40 elements are used in axial and radial dire
tion, respe
tively. The grid spa
ing isadjusted in order to get a more dense grid resolution in zones where mixing and rea
tions takepla
e.In this se
tion some features of the di�usion �ame will be presented. The velo
ity �eld givenin Fig. 2.5.2(a) shows two important aspe
ts. The low in�ow velo
ity in 
onjun
tion withhigh �ame temperatures result in a buoyan
y-driven �ame with its typi
al 
oni
al shape. Atthe �ame tip several meters per se
ond are attained sin
e volume for
es dominate the �ow�eld. Combined e�e
ts of buoyan
y and walls produ
e the re
ir
ulation zone visible in theleft part of the plot. This re
ir
ulation zone has already been observed in the original work[139℄ and is due to the �ame 
on�nement. As will be dis
ussed in subse
tion 2.5.5, su
h aboundary 
ondition (negative velo
ities at the out�ow boundary) 
an result in an unstableand/or unsteady solution.In Fig. 2.5.2(b) the temperature �eld and (super-imposed) the stoi
hiometri
 line are plotted.The �ame height8 is about 8 
entimeter. The following observations hold:
• the stoi
hiometri
 line lies on a 
onstant-temperature 
ontour whi
h is slightly lower (2186K) than the adiabati
 �ame temperature at stoi
hiometri
 
onditions (about 2200 K).
• be
ause of su
tion e�e
ts some streamlines 
ross the stoi
hiometri
 line �rst at the bottomof the �ame (when going from the lean to the ri
h fuel side) and a se
ond time (in theopposite dire
tion) at the �ame's tip. The length (time) between these two instants isimportant for the produ
tion and oxidation of radi
al and intermediate spe
ies. As willbe explained in subse
tion 2.5.4, di�erent �ame lengths yield di�erent residen
e times forthe �uid parti
les in the fuel ri
h region.The penetration of the streamlines be
omes more 
lear when looking at the oxygen �eld shownin Fig. 2.5.3. The oxygen entering the fuel ri
h region at lower �ame se
tions 
auses in a slightlypremixed regime. Su
h an e�e
t is due to the �nite-rate 
hemistry whi
h in
ludes 
hara
teristi
8The �ame height is the distan
e (along the axis) from the burner to the point where the maximum temperatureis rea
hed.
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(b) temperatureFigure 2.5.2: Axial velo
ity �eld and temperature �eld for the Mit
hell et al. �ame [139℄.
hemi
al times and allows oxygen and fuel to 
oexist. If su
h times
ales would not be takeninto a

ount (i.e. fast-
hemistry or �ame-sheet approa
hes [139℄), su
h situation 
ould not bepredi
ted and premixing e�e
ts would be negle
ted.Some intermediate mole
ules resulting from the methane de
omposition and oxidation areshown in Figs. 2.5.4-2.5.5. Carbon-
ontaining spe
ies are formed on the ri
h side of the �ame.CH3 radi
als are present mainly in the lower �ame se
tions as a result of the CH4 de
ompositionby CH4 + M ⇋ CH3 + H + M. (2.5.1)A further step in the fuel break-up phase is the produ
tion of CH radi
als. This is a manda-tory step in the 
arbon 
onversion pro
ess and, as we 
an see in Fig. 2.5.4, it is produ
ed ina small thin layer lying near the stoi
hiometri
 line, where heat release takes pla
e. Be
auseof this property, CH 
hemilumines
en
e is used to determine the position of the �ame front inlaminar and turbulent �ames [53℄.One of last steps involved in the methane de
omposition is the H produ
tion. As shownin Fig. 2.5.5(b), this pro
ess also takes pla
e near the stoi
hiometri
 line but in the fuel leanregion. Thus, the H radi
al 
an also be employed as rea
tion marker. In Fig. 2.5.5(a) it isnoted that H2 is formed in the ri
h region and rea
hes its maximum at a height of about 5.5
m. Downstream of this lo
ation most of the produ
ed H2 is 
onverted into water vapor before
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Figure 2.5.3: Oxygen mass fra
tion �eld for the Mit
hell et al. �ame [139℄.
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(b) HFigure 2.5.5: H and H2 mass fra
tion �elds for the Mit
hell et al. �ame [139℄.rea
hing the �ame tip and only a small amount 
rosses the stoi
hiometri
 line. In 
ase of aglobal fuel-ri
h 
ombustion, this phenomenon 
an be exploited to produ
e hydrogen and (aswill be seen shortly) 
arbon monoxide.On
e methane is 
ompletely de
omposed into smaller mole
ules, re
ombination and heatrelease take pla
e in the fuel lean region. A large amount of water is produ
ed by means of OHre
ombination with H. A

ording to the OH plot in Fig. 2.5.6, the formation of this radi
alis related to high temperatures and thus to the heat release in the �ame. The highest OH
on
entrations 
an be found in the �ame's wings, where highest spe
ies gradients o

ur andrea
tion-di�usion phenomena are predominant.On the right plot of Fig. 2.5.6 water mass fra
tions are shown. Comparing this plot withthe temperature distribution in Fig. 2.5.2, a 
orrelation between water produ
tion and heatrelease is observed. Water is produ
ed by the re
ombination of mole
ules 
ontaining hydrogen(like H, H2), 
oming from the fuel ri
h side, and mole
ules 
ontaining oxygen (O, OH) 
omingfrom the fuel lean one.CO and CO2 distributions are given in Fig. 2.5.7. Sin
e the 
ombustion takes pla
e in ex
essof air, CO 
an be burned and 
onverted into CO2. Comparing the two plots it be
omes 
learthat the CO2 formation follows the CO, on
e that �uid parti
les rea
h the oxygen-ri
h zone.In 
ase of overall ri
h 
ombustion it is even possible that this 
onversion remains in
ompleteyielding high CO emissions.
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tion �elds for the Mit
hell et al. �ame [139℄.
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(b) O2Figure 2.5.8: E�e
t of grid re�nement: temperature and O2 �elds.2.5.2 E�e
ts of grid re�nementComputational Fluid Dynami
s (CFD) relies on a dis
retized form of Eqs. (2.1.3), (2.1.4),(2.1.7) and (2.1.8) (see Appendix (B)). This means that an important sour
e of error is theso-
alled trun
ation error, whi
h depends on the adopted dis
retization methods and the used
omputational grid [58℄. In order to asses the in�uen
e of the grid resolution, an additionalsimulation has been performed on a re�ned grid, whi
h is obtained by doubling the number ofpoints in both 
oordinate dire
tions and adjusting the stret
hing rate a

ordingly.In Fig. 2.5.8(a) temperature �elds for both grids are 
ompared. Sin
e se
ond order dis-
retization methods are used for 
onve
tion and di�usion, the di�eren
es are not very large andmainly appear along the axis near the inlet. These dis
repan
ies may 
ome from the amountof air penetrating into the fuel ri
h side (as shown in Fig. 2.5.3) whi
h depends on the �ameresolution. Sin
e the �ame thi
kness is de�ned by a balan
e of terms (i.e. 
onve
tion, di�usion)depending on spatial gradients, it be
omes obvious that grid resolution has a strong in�uen
ein this region.Figures 2.5.8(b) and 2.5.9 
on�rm this hypothesis. In both plots only the lower part of the�ame is a�e
ted by grid resolution. Sin
e OH 
on
entration is dire
tly related to heat release,higher values are rea
hed on the re�ned grid (Fig. 2.5.9), where gradients are stronger. Forthe same reasons, the amount of penetrating oxygen is lower and its burn-out is faster. On the
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Figure 2.5.9: E�e
t of grid re�nement: OH �eld.other hand, the �ame length does not depend on the grid re�nement, as left and right wingsjoin the axis at the same height.2.5.3 E�e
t of the kineti
 me
hanismThe kineti
 s
heme adopted to des
ribe the gas-phase 
hemistry may have a strong in�uen
e,even for di�usion �ames where the di�usion between fuel and air is known to be the leadingstabilization me
hanism. Beside the Kee me
hanism [101℄ used in the above simulation, thewidely used GRI3.0 me
hanism [178℄ has been tested. It 
onsists of 36 spe
ies, 219 reversible re-a
tions and has been extensively used and validated for natural gas 
ombustion, where methaneis one of the most abundant 
omponents [178℄. In Fig. 2.5.10 the temperature �elds predi
tedby the two di�erent me
hanisms are shown. From the position of the stoi
hiometri
 surfa
ewe 
an assess that the �ame length is slightly sensitive to the adopted kineti
s. However, thebehaviors of the temperature �elds are quite di�erent for the two simulations. In parti
ular,the GRI me
hanism predi
ts a slower heat release rate in the fuel ri
h regions while 
omparableperforman
e ise a
hieved in fuel lean ones, thus yielding the same �ame length.Further details 
on
erning the di�eren
es between the two me
hanisms 
an be found in Figs.2.5.11 and 2.5.12. In Fig. 2.5.11(a) methyl radi
al mass fra
tions are shown and large di�eren
esbetween the two me
hanisms are found. In parti
ular, the amount of CH3 predi
ted by theGRI me
hanism is mu
h lower and this is mainly due to the higher number of in
luded rea
tion
hannels for the fuel de
omposition. On the other hand, the GRI me
hanism predi
ts higher
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Figure 2.5.10: E�e
t of kineti
 me
hanism: temperature �eld.
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(b) H2OFigure 2.5.12: E�e
t of kineti
 me
hanism: CO2 and H2O �elds.H2 (Fig. 2.5.11(b)) 
on
entrations even in the low se
tion of the �ame. Downstream, the burn-out is also faster than for Kee's me
hanism, resulting in approximately the same amount ofhydrogen at the �ame tip. This means that in the GRI me
hanism rea
tions involving H2 arefaster at low temperatures, both the formation and oxidation dire
tions.Con
erning the produ
tion of CO2 (Fig. 2.5.12(a)), the GRI predi
tions show a monotonein
rease along the axis and a higher peak value near the �ame tip. Moreover, the predi
tedwater 
on
entration (Fig. 2.5.12(b)) is 
onsistent with the predi
tions above sin
e peak valuesare rea
hed at lower se
tions.It results from Fig. 2.5.10 that temperature in
rease predi
ted by the GRI me
hanism islower, meaning that a slower heat release is predi
ted. This behavior 
an not be explainedby the in
lusion of the C2 and C3 spe
ies in the GRI me
hanism, sin
e plots of these spe
ies(not shown here) show their low 
on
entrations and a 
omplete burn out before the �ame tip.Similarly (Figs. 2.5.11 and 2.5.12), a steeper in
rease of the intermediate and �nal 
ombustionprodu
ts is observed for the GRI me
hanism. On the other hand, di�erent thermodynami
databases are adopted in the two simulations. Normalized 
onstant-pressure heat 
apa
ities formethane are plotted for both me
hanisms in Fig. 2.5.13. The distan
e between the two 
urvesis bigger at higher temperatures and similar di�eren
es have been found for other spe
ies. Sin
etemperature is 
al
ulated a

ording to Eq. (2.1.6), these di�eren
es may explain the observeddis
repan
ies in the temperature predi
tions.
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Figure 2.5.13: CH4 
onstant-pressure heat 
apa
ities for me
hanisms [101℄ and [178℄.2.5.4 In�uen
e of transport phenomena modelingIn this subse
tion the hypothesis Le = 1 is relaxed and binary di�usion 
oe�
ients for ea
hspe
ies pair are 
al
ulated from mole
ular data; details are given in Appendix A. The assump-tion of a 
onstant Lewis number should be more 
riti
al for radi
al spe
ies, whi
h in turn areimportant in the determination of the �ame length and the overall rea
tion rate. Moreover,an additional term appears in the energy equation (2.1.7) due to the transport of spe
ies withdi�erent enthalpies (2.1.12) and this has an in�uen
e on the temperature �eld.In Fig. 2.5.14(a) temperature 
ontours are shown for 
onstant and variable Lewis numbers.Adopting the stoi
hiometri
 line as an indi
ator of the �ame length, the variable-Lewis num-ber simulation predi
ts a �ame whi
h is about 25% shorter. As explained above, su
h a bigdi�eren
e is due to an enhan
ed transport of radi
al and intermediate spe
ies within the �amesheet. This is parti
ularly important for highly rea
tive atomi
 spe
ies like O and H, whi
hhave a higher mobility than the 
onstant Lewis number hypothesis predi
ts. Sin
e they arethe rate-limiting spe
ies in the 
onversion pro
ess, the use of Le = 1 limits their mobility andtherefore the overall heat release rate.Con
erning the water mass fra
tion (Fig. 2.5.14(b)), the most important di�eren
e betweenthe two simulations is the lo
ation of the maximum: using a multi-di�usion model it is lo
atedin the �ame's wings and it is about 10% lower than the 
orresponding value for Le = 1. Thisis partially due to the redu
ed residen
e time (the �ame is shorter) but also to a di�erentdistribution of water pre
ursors, like O, H and OH.CO and CO2 mass fra
tions are plotted in Fig. 2.5.15. The CO distribution shows that theredu
ed residen
e time and steeper temperature gradients along the axis redu
e its maximumand promote its 
onversion into CO2. On the other hand, CO2 is a�e
ted in an oppositemanner. The peak value is higher (+20%) and it is rea
hed at lower se
tions sin
e the 
onversionCO→CO2 is faster. Moreover, the CO2 distribution along the axis is monotone in 
omparisonwith the unity-Lewis number 
al
ulation (Fig. 2.5.7).
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(b) H2OFigure 2.5.14: Temperature and H2O �elds using 
onstant and variable Lewis numbers.
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Figure 2.5.16: Original and extended grids.2.5.5 In�uen
e of boundary 
onditionsEven if the studied geometry is rather simple, the set up of the boundary 
onditions (bothfor the in�ow and the out�ow) is not trivial. In a subsoni
 �ow the 
hara
teristi
 theory saysthat for an out�ow three of the four physi
al quantities have to be extrapolated from interiorpoints whereas the fourth one has to be �xed a

ording to the operating 
onditions. The most
ommon 
hoi
e in steady-state 
al
ulations is to �x the stati
 pressure and to extrapolate thevelo
ity ve
tor within a 
hosen a

ura
y. At the inlet the three velo
ity 
omponents are givenand the pressure is extrapolated. When treating problems where re
ir
ulation zones o

ur (as inthe present 
ase), negative velo
ities appear at the out�ow and a mixed inlet/outlet boundary
onditions is required. Sin
e the implementation of su
h a boundary 
onditions is out of thes
ope of this work, only a study on the in�uen
e of the re
ir
ulation zone on the �ame shape isperformed. For this purpose, a downstream-extended grid is used. The referen
e and extendedgrids are shown in Fig. 2.5.16. In 
ase of the extended grid the number of axial grid points isdoubled but the stret
hing rate is adjusted a

ordingly to preserve the same numeri
al a

ura
yin the lower region.Results of both grids are 
ompared in Fig. 2.5.17 
on
erning the temperature and H2 massfra
tion. In the �rst plot it 
an be observed that the stoi
hiometri
 line does not 
hange whenusing the modi�ed grid, therefore the independen
e of �ame length from the outer re
ir
ulation
an be assessed. Both temperature and H2 
ontours show no visible variations between bothsimulations and the same is valid for velo
ity and other spe
ies plots (not shown here).
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(b) H2Figure 2.5.17: E�e
t of the out�ow boundary on the results: temperature and H2 �elds.Next, a mathemati
ally-
orre
t formulation for the in�ow boundary values have to be deter-mined. Sin
e the �ame is atta
hed to the burner, a strong heat ex
hange takes pla
e betweenthe hot gases and the fuel pipe. This heat transfer will yield a non-uniform inlet temperaturedistribution whi
h a�e
ts the fuel and air in�ow velo
ity pro�les. A well-posed problem wouldhave to in
lude the 
onjugate heat transfer between the fuel tube and the gas in order to resolvethis intera
tion. Sin
e su
h a treatment is beyond the s
ope of this work, a di�erent approa
his used here. Similarly to the investigation of the out�ow re
ir
ulation vortex, the in�uen
e ofthe in�ow boundary 
ondition is studied by using an upstream-extended simulation domain.In this 
ase small portions (about 1 
m) of fuel pipe and air 
o�ow have been meshed andin
luded in the simulation. Moreover, a linear distribution for the pipe temperature is assumed[79℄. The asymptoti
 value is 300 K whereas 400 K is the pipe temperature at the burner exit.Now the inlet �ow velo
ity and temperature pro�les are imposed away from the burner exitand the development of the thermal and momentum boundary layer is resolved.In Fig. 2.5.18 temperature �elds for referen
e and extended domains are 
ompared. Exam-ining the stoi
hiometri
 line it 
an be assessed that the �ame length is strongly a�e
ted bythe in�ow 
onditions. Even if the inlet mass �ows are identi
al, the non-
onstant boundary
onditions at the burner exit (x = 0) enhan
e the mixing for the simulation whi
h adopts theextended domain.
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Figure 2.5.18: E�e
t of the in�ow boundary 
ondition: temperature �eld.A 
omparison of the in�ow pro�les of both simulations is shown in Fig. 2.5.19. Both velo
ityand temperature show big di�eren
es near the burner lip. In parti
ular there is a stronga

eleration of the 
o�ow and the stronger gradients in
rease momentum and mass transport,the driving phenomena in determining the overall rea
tion rate and the �ame length. Thespe
ies produ
tion rate is also a�e
t by the variation of the in�ow 
onditions, as shown for COin Fig. 2.5.20.2.5.6 Comparison with the experimental dataIn this se
tion a 
omparison between simulations and experimental data available in Ref. [140℄is presented. Radial temperature distributions at di�erent heights above the burner are shownin Fig. 2.5.21. There is a good overall agreement between simulations and experiments. Thebest results are a
hieved using the multi-di�usion transport model in 
onjun
tion with GRI-3.0me
hanism. The peak temperature is well predi
ted, meaning that radiation e�e
ts do notin�uen
e the energy balan
e too mu
h. Nevertheless, a systemati
 shift between the experi-ment and the simulations is observed 
on
erning the maximum temperature lo
ation and �ameposition. Moreover, large dis
repan
ies o

ur at the inner (fuel ri
h) part of the �ame, wherethe adopted kineti
s may not be able to 
orre
tly des
ribe low-temperature fuel-ri
h rea
tionpaths. In parti
ular at a height of 2.4 
m the simulations predi
t too high temperatures, leadingto an higher expansion of the gases and a lateral shift of the �ame front. Despite the di�eren
esobserved among the di�erent simulations, it 
an be noti
ed that all pro�les attain similar slopes
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2.5 Laminar di�usion �ames 63in the lean part where the agreement with the experimental data is quite good if the systemati
shift is removed.The N2 pro�les shown in Fig. 2.5.22 
an be used to tra
k the mixing pro
ess between thetwo streams sin
e under the given 
onditions only a few ppm of NOx are produ
ed. There arelarge di�eren
es not only between the di�erent transport models, but also between simulationsadopting di�erent boundary 
onditions. The best agreement with the experiment is obtainedfor the upstream-extended grid and the multi-di�usion model. Comparing Fig. 2.5.21 with Fig.2.5.22, a good 
orrelation between temperature and N2 pro�les is observed. This means thatthe simulation predi
ting the highest mixing rates also shows the highest temperature alongthe axis. This, however, is not the 
ase for the measurements. It seems that, even if the mixingrate is high, slow rea
tions keep the temperatures low. As pointed out in subse
tion 2.5.5, heatex
hange with the fuel pipe has an in�uen
e on the temperature �eld and 
ould be responsiblefor su
h a behavior. The temperature pro�les in Fig. 2.5.21 and the CO2 pro�les in Fig. 2.5.23give an indi
ation about the �ame shape. In parti
ular, the predi
ted �ame is too long, evenfor the 
ase with the fastest mixing rate.More indi
ations 
on
erning di�eren
es between simulations and experiment 
an be obtainedfrom the axial velo
ity pro�les (Fig. 2.5.24). A strong 
orrelation between mixing, temperatureand velo
ity is observed 
aused by the buoyan
y-driven nature of this �ame. Moreover, athigher se
tions all predi
ted axial velo
ity pro�les lie above the experimental points, meaningthat the a

eleration predi
ted is too strong. Center-line deviations 
an be due to the lowerpredi
ted temperatures and therefore higher densities. Su
h a reason 
an not be 
laimed forpoints away from the axis, where a better agreement for the temperature is a
hieved. In this
ase the stabilizing s
reens and �ow 
ontrollers may play a role in determining the global shape.Additionally, nozzle thi
kness (not reported in the original work) 
an a�e
t the near �eld andthe subsequent mixing.
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3 Soot formation modeling in laminar�ames3.1 Introdu
tionThe term �soot� refers to tiny solid parti
les 
omposed mainly of 
arbon atoms, produ
edby in
omplete 
ombustion of hydro
arbons. Despite the fa
t that resear
hers have alreadybeen 
on
erned with soot for several de
ades, there are still many open questions in soot-related formation pro
esses. It has been demonstrated that soot and its pre
ursors are ahuman 
ar
inogen [11℄ and 
ontribute to global warming, so its produ
tion in engines shouldbe avoided [202℄. Numeri
al simulations of sooting �ames may help to minimize the sootprodu
tion already in the design phase of propulsion devi
es [134℄. On the other hand, sootparti
les enhan
e radiation, thus yielding a higher energy ex
hange in radiation-dominatedsystems (i.e. boilers). Therefore, the knowledge and 
ontrol of soot formation pro
esses arefundamental in many appli
ations.Soot parti
les are formed in the fuel-ri
h regions of the �ame be
ause of the la
k of thene
essary oxygen to 
omplete the 
ombustion. In 
lassi
al di�usion �ame 
on�gurations [97℄the parti
les formed are transported into leaner zones where they are eventually 
onverted intosmaller ones by oxidation. If a large amount of soot is produ
ed and the residen
e time inoxygen-ri
h regions is insu�
ient, parti
les 
an es
ape from the high-temperature regions andbe present in the exhaust gases produ
ing the so-
alled �smoking �ames�.Due to agglomeration, soot masses may range from several hundred of thousands of atomi
mass units1 (amu) up to millions of amu. Main 
onstituent is 
arbon, although young parti
lesstill 
ontain a large amount of hydrogen [164℄, whi
h therefore 
an be used as an index of theparti
le's age and its surfa
e rea
tivity [4, 51℄. Smaller parti
les have a spheri
al shape andtheir growth takes pla
e at the surfa
e by the addition of gaseous mole
ules. If soot parti
lesrea
h a 
riti
al size, further growth mainly takes pla
e by the 
oagulation among soot parti
lesthemselves. Sin
e these latter 
an not re-arrange their shape into spheres (in order to minimizethe surfa
e tension), 
hain-like stru
tures are obtained [150℄.Sin
e �rst studies, experimental works provided an invaluable tool in understanding the mainphenomena involved in soot formation [40, 48℄. In order to isolate di�erent soot formationphenomena as far as possible, simple 
on�gurations were studied [167℄. The laminar, premixed�ame represents one of the most studied 
on�guration [32, 91, 124, 134, 136, 151, 171, 193,1One atomi
 mass unit 
orresponds to 1

12
of the mass of the 
arbon-12.69



70 Soot formation modeling in laminar �ames203, 204℄ sin
e there is only one main dire
tion along whi
h the �ame and soot develop. The�ame stru
ture is mainly determined by an equilibrium between rea
tion and di�usion [110℄and both kineti
s and soot formation models 
an be easily validated against these data. Sin
ethe sooting 
hara
teristi
s of a �ame depends on the operating 
onditions, those works were
on
erned with pressures ranging from several millibar [52, 166℄ up to several bar [18, 191℄. Evenif the experiments at lower pressures have no 
ounterpart in te
hni
al appli
ations, they giveinsight into the 
oupling between soot and 
hemistry sin
e the �ame front is thi
ker and thusmore suitable for experimental investigations. On the other hand, measurements performed athigh pressure are required sin
e most industrial and propulsion appli
ations work under those
onditions and the models developed need 
orresponding validation datasets.Another bran
h of experimental works is devoted to di�usion �ames [189, 169, 51, 54℄. This
ombustion regime is present, at least in some regions, in most propulsion devi
es. Studies ofsu
h 
on�gurations provide additional information about the intera
tion between soot formationand �ow�eld. For example, the amount of soot depends on the ratio between the fuel andoxidation mass in�ow, sin
e the extent of the fuel-ri
h region and the soot parti
le's residen
etime depend on it [97℄. For the same reasons, a di�erent sooting behavior in normal and inversedi�usion �ames has been observed2 [97℄.The type of fuel is another important parameter whi
h in�uen
es the amount of soot pro-du
ed. Experimental works showed that the mole
ular stru
ture of the fuel (linear vs aromati
)determines the sooting tenden
y [132℄ with few ex
eptions (i.e. methane). Most of the experi-mental resear
h was fo
used on simple fuels (
ontaining one or two 
arbon atoms) sin
e for su
hfuels an adequate des
ription of the 
hemi
al kineti
s is available and models 
ould be tested.On the other hand, real fuels are a blend of hundreds of di�erent hydro
arbons in liquid phaseand the intrinsi
 
omplexity in rea
tion and vaporization issues makes su
h experiments lessattra
tive. Nevertheless, some workers tried to over
ome those problems, at least for laminar�ames [185℄.Additional measuring un
ertainties are added when turbulen
e 
omes into play. Single-shotmeasurements are able to give insights into the soot formation in turbulent �ows but they arestill expensive and di�
ult to perform. Although several works exists [25, 90℄, the intera
tionbetween soot formation and turbulent �u
tuations is still an open �eld of resear
h [39, 107℄.From the modeling point of view, the way how soot is formed and intera
ts with gaseousspe
ies is still under development. Be
ause of the intrinsi
 
omplexity of the phenomena in-volved, it is di�
ult for a model to satisfa
torily des
ribe soot formation under all 
onditions.Experimental data indi
ate that soot parti
les are the result of a long sequen
e of rea
tionsinvolving many mole
ules. Some of them a
t like bottlene
ks in the formation pro
esses buttheir experimental dete
tion and quanti�
ation is still an issue. These fa
tors have to be takeninto a

ount when soot models are developed, sin
e experimental datasets still la
k in somekey data. Additionally, instationary behavior typi
al of most real devi
es yield variations ofthe lo
al gas 
omposition whi
h, in turn, 
an enhan
e or lower the sooting 
hara
teristi
 of the2In the inverse di�usion �ame 
on�guration the 
entral jet 
ontains the oxidizer, in most 
ases air.



3.1 Introdu
tion 71mixture. In 
on
lusion, the formulation of a soot formation model is still a formidable task andall numeri
al results still have to be 
onsidered from the qualitative point of view. Nevertheless,su
h simulations perform quite well in sensitivity analyses, to predi
t trends and give insightsinto the 
oupling among the di�erent phenomena [80℄.Con
erning the numeri
al modeling of soot formation, two di�erent trends 
an be outlineda

ording to their theoreti
al basis and degree of 
omplexity. Models whi
h have the goal todes
ribe soot physi
s in a most 
omplete way belong to a �rst group. In order to a
hieve su
ha 
ompleteness, both experimental data, basi
 
hemistry resear
h, ab-initio and quantum sim-ulations [196℄ and group additivity methods [184, 197℄ are used in order to a

urately des
ribekineti
s and thermodynami
 properties of soot and related spe
ies. A satisfa
tory des
riptionof the soot formation paths and phenomena (within a high degree of a

ura
y) 
an be obtainedat expense of the model's 
omplexity [100℄. The resulting models are able to give good pre-di
tions for a large range of operating 
onditions without 
hanges in the model parameters.Nevertheless, sin
e there are limits in the experimental database and in the 
omputationalresour
es, these models are validated and used only against simple fuels and low-dimensional,laminar 
on�gurations [181℄. Even if the use of su
h models in real geometries is prohibitive,some attempts for turbulent, full-s
ale te
hni
al appli
ations start to appear in literature [98℄.In order to over
ome that extreme numeri
al e�ort, simpler semi-empiri
al soot formationmodels have been proposed. The most simple ones link the soot formation rate to a single s
alarlike the fuel mass fra
tion [89, 97℄ or an intermediate spe
ies 
on
entration [26℄ in 
onjun
tionwith simple one- or two-rea
tion 
ombustion models. Even the fuel smoking point (maximumheight for a �ame whi
h does not soot) has been used to estimate the amount of soot formedin a �ame [113℄. In su
h approa
hes unknown model parameters have to be �tted a

ording toexperimental data [189, 190℄. Su
h an approa
h yields a simple system of PDEs whi
h is suitedfor 
arry out engineering 
al
ulations. On the other hand, the performan
es of su
h modelsare highly test
ase-dependent. A higher degree of generality is a
hieved by 
onserved-s
alarapproa
hes [57, 102℄, where 
omplex 
hemistry (hundreds of rea
tions) is in
luded in an impli
it,de
oupled manner by the de�nition of the mixture fra
tion. However, the appli
ability of thesehypotheses is restri
ted 
on
erning the soot 
hemistry sin
e its times
ales are usually di�erentfrom the �ame's ones. Additional improvements are obtained if additional transport equationsfor soot mass fra
tion and parti
le density number are solved [9℄. Nowadays, new approa
heslike arti�
ial neural network methods [91℄ or lumping te
hniques [164℄ are available and mayover
ome some issues related to the determination of the soot's properties. If real-s
ale devi
eshave to be modeled and turbulen
e 
omes into play, only the use of additional hypotheses (i.e.partially stirred plug �ow rea
tor [105℄) sooting 
ombustion be
omes tra
table.The formulation presented in this work wants to bridge the des
ribed approa
hes. In orderto handle soot formation under di�erent 
onditions and keep the degree of simpli�
ation low,a general model is required. On the other hand, 
omplex three-dimensional 
omputations (seeChapter 5) do not allow a straightforward appli
ation of a fully-detailed soot model. Thus,the model developed here represents a 
ompromise between these needs, sin
e it based on



72 Soot formation modeling in laminar �amesa simpli�ed yet 
omplete treatment of all signi�
ant phenomena involved in soot formation.Beside the des
ription of the 
ombustion 
hemistry (already presented in Chapter 2), the sootmodel 
onsists out of two parts: the formation of the gaseous soot pre
ursors as des
ribed inSe
tion 3.2 and the solid soot parti
les, whi
h are treated in Se
tion 3.3. The soot model isvalidated in subse
tion 3.4.2 against a laminar, di�usion methane/air �ame. Afterwards, themodel is employed to investigate premixing e�e
ts on the soot formation rate in laminar �ames(Se
tion 3.5).3.2 A se
tional approa
h for soot formation modelingPhenomenologi
al des
ription of the soot formation pro
essEven if the 
ombustion of most hydro
arbons involves thousands of rea
tions and hundreds ofspe
ies, some steps 
an be outlined as fundamental [192℄:
• break-up of the fuel mole
ules whi
h are atta
ked by the oxidizer, radi
als or generi
third bodies (pyrolysis). The rate at whi
h this pro
ess takes pla
e depends on theinter-mole
ular for
es and therefore is highly fuel dependent. Rea
tions involved in thisstep depend on the lo
al temperature and stoi
hiometry. Even the kind and the amountof small hydro
arbon fragments produ
ed at the end of this step are fuel dependent.Therefore ea
h fuel 
lass has to be 
onsidered by a separate rea
tion me
hanism.
• re
ombination of small mole
ules into unsaturated fragments with few 
arbon atoms.These spe
ies 
an be either oxidized by radi
als (like O, OH) or form bigger mole
ules,namely aromati
s. The dominating paths depend on the lo
al thermodynami
 
onditions(stoi
hiometri
 ratio, temperature, 
omposition) but similarities in the 
ombustion ofdi�erent hydro
arbons have been outlined.
• polymerization whi
h produ
es bigger aromati
s, so-
alled Poly
y
li
 Aromati
 Hydro-
arbons (PAHs). These spe
ies have been re
ognized to be the main soot pre
ursors[49℄.The des
ribed pro
esses are graphi
ally summarized in Fig. 3.2.1, where emphasis is given tothe fa
t that the soot formation 
an be seen as a side path of the 
ombustion pro
ess. Thus, themain steps presented in the previous 
hapter should not be modi�ed whether the soot modelis in
luded or not. Thus, it is assumed that soot may a�e
t the heat release and the amountof 
ombustion produ
ts but not the rea
tion paths.3.2.1 Outline of the PAH se
tional modelIn this work the entry point of the soot formation model is the de�nition of the soot pre
ursors.Many studies have been performed to understand whi
h mole
ules lie between the gas-phaseradi
als and the �rst soot parti
les. There is a general agreement that the gas phase rea
tionsrepresent the rate-limiting steps for soot [130℄. Di�erent models have been proposed, but the
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soot precursors sootFigure 3.2.1: Sket
h of a generi
 
ombustion pro
ess.most a

epted ones use Poly
y
li
 Aromati
 Hydro
arbons (PAHs) as fundamental spe
ies[74, 136, 165℄. Only in few publi
ations non-PAH soot pre
ursors have been proposed [174℄.In this work the introdu
tion of the PAHs as soot pre
ursors is preferred sin
e the modelhas to perform well with di�erent fuel 
lasses. Sin
e the produ
ts of the fuel break-up dependon the type of fuel, their in�uen
e on the soot formation may vary. In 
ase that simple C1and C2 fuels are 
onsidered, the pyrolysis must not dire
tly a�e
t soot formation. On theother hand, 
omplex fuels whi
h 
ontain large 
y
li
 hydro
arbons may de
ompose dire
tlyinto aromati
s, whi
h form PAHs. That is the reason why soot models whi
h are based onlyon to the 
on
entration of small spe
ies (i.e. a
etylene [119℄) may perform well for simple fuelsbut not for more 
omplex ones.PAHs have masses whi
h range from that of small hydro
arbons produ
ed by the fuel break-up up to the mass of in
ipient soot parti
les [32, 171℄.3 They mainly 
onsist out of severalaromati
 rings and have a planar stru
ture. Be
ause of the broad mass interval 
overed, alarge number of spe
ies 
an be formed by addition or subtra
tion of small hydro
arbons (i.e.a
etylene). The in
lusion of these spe
ies and the solution of 
orresponding transport equationswould make the model unfeasible for multi-dimensional appli
ations. Moreover, the experimen-tal dete
tion of spe
ies with masses higher than 400-500 amu su�ers from high un
ertainties[132℄ and validation datasets are s
ar
e. Be
ause of these 
onsiderations, a se
tional method(or 
hemi
al lumping approa
h) seems to be a good 
ompromise between 
ompleteness (funda-mentals of PAH physi
s are retained) and 
omputational e�ort (only a few transport equationsare added).The main idea of the se
tional method is to divide the mass interval 
overed by the PAHsinto Np equally-spa
ed 
lasses. Ea
h 
lass has its own transport equations written in terms ofbalan
e between 
onve
tion, di�usion and sour
e
∂ρYPAHi

∂t
+ ∇ · (ρVYPAHi

) = ∇ · (ρDPAHi
∇YPAHi

) + SPAHi
v . (3.2.1)The PAH formation me
hanism is still under investigation, however some fundamental stepshave been identi�ed. In parti
ular, it seems that benzene formation is a preliminary step inthe mass growing pro
ess [133℄. After that, PAHs 
an 
ollide, absorb smaller mole
ules and,3In this work our attention is fo
used on neutral PAHs, although in some experimental and theoreti
al workioni
 spe
ies has also been stated and dis
ussed [84, 124℄.
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Figure 3.2.2: S
hemati
 representation of the PAH se
tional model and related pro
esses.when they are big enough, form in
ipient soot parti
les. As demonstrated in experiments andsimulations, an important role in the PAHs growth is played by a
etylene, whi
h is involved inthe widely a

epted Hydrogen Abstra
tion by C2H2 Addition (HACA) me
hanism [4℄PAHi + C2H2 ⇋ PAHi+1 + H. (3.2.2)The pro
ess links the PAH growth rate to the a
etylene 
on
entration. As a side e�e
t, hydrogenradi
als are produ
ed. Oxidation rea
tions, responsible for the PAH size redu
tion, work in theopposite dire
tion.An overview of the se
tional PAH model and the related 
hemi
al pro
esses is given in Fig.3.2.2 while the mathemati
al formulation for the PAH sour
e is given in Eq. (3.2.3). The sour
eterms may have di�erent forms and rate 
onstants for ea
h 
lass and it re�e
ts the physi
alphenomena (formation, growth, oxidation) in whi
h the parti
ular 
lass is involved
SPAHi
v = MformS

form
v +MaddS

add
v +McoalS

coal
v +MgwthS

pgwth
v −MoxS

pox
v . (3.2.3)The mole
ular masses Mk are 
hosen to enfor
e mass 
onservation. A similar approa
h hasbeen proposed by Zamuner and Dupoirieux [206℄, but in their work the PAH interval wasdivided in two 
lasses only and a linear distribution was assumed. The present approa
h has



3.2 A se
tional approa
h for soot formation modeling 75also been used by Wen et al. [199℄, where its superior performan
e with respe
t to a simplera
etylene-based in
eption model [118, 119℄ in kerosene �ames has been demonstrated.3.2.2 Formation of the �rst PAH 
lassIn this work benzene is 
onsidered to be the spe
ies from whi
h the PAH formation starts bythe one-step irreversible rea
tionC2H2 + C6H6 +RM → PAH1. (3.2.4)The introdu
tion of the �rea
tion marker� RM is required sin
e Eq. (3.2.4) represents a sim-pli�
ation of the real steps involved. As will be shown later, a
etylene and benzene are formedin fuel-ri
h regions even at relatively low temperatures. On the other hand, high PAH 
on
en-trations are found at high temperatures in the most rea
tive, yet fuel-ri
h �ame zones [151℄.Thus, the rea
tion marker is used to limit the PAH formation step in these zones and avoid theprodu
tion of PAHs in other regions. Whi
h spe
ies is best suited as rea
tion marker is an openquestion. As shown by the laminar �ame 
al
ulations of Se
tion 2.5, several mole
ules 
an beused to tra
k the �ame front and the rea
tive zones. In this work CH and H are investigatedand results are presented in Se
tion 3.4.The rate 
onstant of Eq. (3.2.4) is modeled by an Arrhenius fun
tion. The 
hoi
e of the
orresponding parameters (a
tivation energy and pre-exponential fa
tor) is a fundamental task.As pointed out above, this step is a purely mathemati
al abstra
tion whi
h 
an not be inves-tigated experimentally. Thus, a trial and error method is used. In this work two di�erent setsof parameters are tested and dis
ussed. The �rst one is taken from the work of Zamuner andDupoirieux [206℄, where they are �tted against experimental and numeri
al data obtained frommore advan
ed models. The se
ond ones 
ome from the work of Skjøt-Rasmussen et al. [177℄,where transport equations for real PAH spe
ies have been solved but all PAH growth rea
tionshave the same Arrhenius parameters. Further details will be given in subse
tion 3.4.3.2.3 PAH growth by small mole
ule additionSin
e all PAHs have a similar stru
ture, the growth pro
ess 
an be des
ribed by a step whi
his similar to the PAH formation. Experimental and numeri
al works identi�ed a
etylene to bethe main growth spe
ies and the HACA me
hanism is formulated on this basis. In this work asimpli�ed version of Eq. (3.2.2) is adoptedPAHk + C2H2 → PAHk+1. (3.2.5)Spe
ies lumping has the 
onsequen
e that the growth pro
ess a�e
ts only the heaviest part ofthe PAH 
lass. Thus, only the last subinterval of mass ∆M will move from the k-th 
lass to



76 Soot formation modeling in laminar �amesthe (k + 1)-th one, and a s
aling fa
tor is introdu
ed in the rea
tion rate
Saddv = kf(3.2.5) [C2H2] [PAHi]

(
∆M

Mwk+1
−Mwk

)
. (3.2.6)Con
erning the Arrhenius parameters of the rate 
onstant kf(3.2.5), a similarity between forma-tion and growth is assumed, and the same 
onstants are used for both sour
e terms. Moreover,no attempt to formulate 
lass-dependent parameters is done in this work.3.2.4 PAH 
oales
en
eThe present approa
h allows the introdu
tion of phenomena like the 
ollision among PAHs,whi
h provides an important 
ontribution to the PAH growth, in parti
ular if 
omplex fuels(i.e. blends whi
h 
ontain aromati
 mole
ules) are 
onsidered [199℄. Presently only 
ollisionsbetween PAHs belonging to the same 
lass are 
onsidered. This assumption may redu
e thetotal growth rate, but if the PAH mass interval is kept 
onstant and Np is in
reased (thesize of the single interval de
reases) the growth rate has to 
onverge to a �nite value. Insubse
tion 3.4.1 a simple zero-dimensional 
al
ulation is performed to demonstrate this. ThePAH 
oales
en
e is expressed as

2PAHm
k → PAHm (3.2.7)where PAHm

k is the fra
tion of k-th 
lass leading by 
oales
en
e to the m-th PAH. Sin
e thenumber of PAH 
lasses and PAH mass intervals are given, the PAHm
k 
an be found by simplealgebrai
 relations if an equi-spa
ed distribution is assumed. The rea
tion rate of Eq. (3.2.7)

Scoalv = −2γkkβkkNav [PAHm
k ]2is based on the kineti
 theory of perfe
t gases. The 
ollision frequen
y βkk is based on anaveraged PAH 
ollision diameter [23℄

dk = dA
√
nc (3.2.8)where dA = 1.395

√
3 Å is the approximate size of a single aromati
 ring. The redu
ed mass isde�ned as the harmoni
 mean of 
olliding masses

µij =
mi ·mj

mi +mj
(3.2.9)and the 
ollision frequen
y is 
al
ulated from

βij = 2.2

√
π

2

kbT

µij
(di + dj)

2 (3.2.10)where kb is the Boltzmann 
onstant. In this work a 
onstant value for the 
ollision e�
ien
y
γkk is assumed, even if a size-dependent formulations has been proposed in the past [138℄.



3.3 Soot parti
le equations 773.2.5 PAH oxidationThe PAH oxidation is performed by oxidizers like O2 and OH. The generi
 oxidation step isgiven by PAHk +OX → PAHk−1 +OXP (3.2.11)where OX and OXP are the oxidizer and the oxidation produ
t, respe
tively. Again, theoxidation rea
tion rate
Spoxv = kf(2.2.2) [PAHi] [OX]

(
∆M

Mwk
−Mwk−1

)has to be 
orre
ted by a fa
tor whi
h takes into a

ount that only the lightest portion of the
k-th PAH 
lass moves to the next lower 
lass.3.3 Soot parti
le equationsSin
e sizes and masses of the soot parti
les 
over a large range, global parameters are neededto des
ribe the soot parti
le distribution. One of the most a

epted approa
hes, 
alled methodof moments, assumes a parti
le size distribution and solves equations of some low-order mo-ments (mean, varian
e). Be
ause of short residen
e times of soot in real 
ombustion devi
es,a mono-disperse distribution (all parti
les have the same size) 
an be assumed without a lossin a

ura
y4 [54, 203℄. In this 
ase only two additional transport equations for the soot massfra
tion Ys and the soot parti
le density number ns have to be solved

∂ρYs

∂t
+ ∇ · (ρVsYs) = SYs

v (3.3.1)
∂ρns

∂t
+ ∇ · (ρVsns) = Sns

v (3.3.2)where
SYs

v = MnuclS
nucl
v +MgwthS

sgwth1+2
v −MoxS

sox
v (3.3.3)

Sns

v = NA

(
Snuclv − Saggv

) (3.3.4)and NA is the Avogadro number. In Eqs. (3.3.1) and (3.3.2) there is no di�usion, sin
e sootparti
les are solid and do not intera
t by 
ollisions. On the other hand, the a
tual soot velo
ity
Vs is the sum of the �ow velo
ity and a thermophoreti
 
ontribution (see subse
tion 3.3.5)

Vs = V + vth. (3.3.5)Sin
e the soot distribution is mono-disperse, the average soot parti
le diameter is 
al
ulatedby an algebrai
 relation
ds = 3

√
6

π

fv

ns
(3.3.6)4It should be kept in mind that more 
ompli
ated soot size distributions (i.e bimodal fun
tions [207℄) arepossible under parti
ular 
onditions, as experimental and numeri
al data show.
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Figure 3.3.1: Soot sour
e term representation.where
fv =

ρYs

ρsis the so-
alled soot volume fra
tion (ρs ∼ 1800 kgm−3 [119℄). If details about the soot distri-bution are needed, additional transport equations or di�erent methods (i.e. advan
ed methodof moments [5, 10℄, population balan
e equations [209℄, bin-models [163℄, see also [175℄) haveto be used.Con
erning the intera
tion between the soot parti
les and the �ow �eld, it should be remem-bered that soot parti
les are small (ds ∼ 10−8m), and the ratio between the inertia and vis
ousfor
es [176℄ on the soot parti
les
τs =

ρsd
2
s

µ
(3.3.7)is negligible. Thus, drag e�e
ts on the �ow�eld 
an be negle
ted and no additional sour
e termsin momentum equations are needed.A simpli�ed representation of the pro
esses in
luded in the soot transport equations is givenin Fig. 3.3.1. Soot parti
les are supposed to be formed by the 
ollision between PAHs witha total mass ex
eeding a given minimum soot mass. The growth pro
esses are responsiblefor adding mass to the parti
les: main 
ontributions are the 
ondensation of small spe
ies onthe soot surfa
e and 
ollision between soot and PAHs. Similarly to the PAH submodel, sootoxidation is in
luded.3.3.1 Soot nu
leationSoot nu
leation takes pla
e in a mass interval where no experimental data are available. Never-theless it is 
ommonly a

epted that soot is formed by 
ollisions between PAHs. In agreementwith other works [206℄, a minimum soot mass of 1200 amu is assumed, whi
h 
orresponds toa soot parti
le size of about 1 nm. The formation of the in
ipient soot parti
les involving the

i-th and j-th PAH 
lasses is PAHncj
i + PAHnci

j → Cs (3.3.8)
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Figure 3.3.2: Graphi
al representation of the intera
tion between the PAH se
tional method(four 
lasses between 100 and 900 amu) and soot nu
leation.under the 
ondition
M

ncjPAHi
+MnciPAHj

≥MmCs
(3.3.9)where MncjPAHi

and M
ncjPAHi

are the masses within the i-th and j-th 
lasses whi
h satisfy Eq.(3.3.9). An example of the intera
tion between the PAH se
tional method and soot nu
leationis given in Fig. (3.3.2). The total nu
leation rate is obtained by summing these 
ontributionsover all possible (i, j) 
ombinations
Snuclv =

∑

(i,j)

γijβijNav

[PAHnucj
i

] [PAHnuci
j

]
, (3.3.10)where 
ollision frequen
y βij is 
al
ulated a

ording to Eq. (3.2.10).3.3.2 Soot growthThe 
ondensation of both small mole
ules and PAHs on soot 
ontributes to the growth of thesoot mass and diameter [54, 104℄. In this work both 
ontributions are in
luded, even if someworks [108℄ point out that the growth pro
ess takes pla
e only through 
ondensation of PAHs(Eq. (3.3.14)) on soot, while a
etylene is only indire
tly added by the PAH growth pro
ess(Eq. (3.2.5)).Con
erning the �rst part, experimental [204℄ and numeri
al investigations [103℄ indi
atea
etylene to be the most important growth spe
iesC2H2 + Cs → Cs. (3.3.11)Sin
e the de�nition of a �soot 
on
entration� does not make sense5, Eq. (2.2.2) 
an not dire
tlybe applied to 
al
ulate the 
orresponding soot sour
e term. Be
ause rea
tion (3.3.11) takes pla
eon the soot surfa
e, the soot surfa
e area per unit of volume As is used. For a monodispersedistribution the latter quantity is obtained from the soot volume fra
tion and density numberby

As =
[
36πns (fv)

2] 1
3 . (3.3.12)5As explained above, soot parti
le sizes range over a broad interval and a single mole
ular mass 
an not bede�ned.



80 Soot formation modeling in laminar �amesThe rea
tion rate is then 
al
ulated as
Ssgwt1v = k(3.3.11) [C2H2]As. (3.3.13)The 
ondensation of large PAH mole
ules on the soot surfa
e is modeled byPAHk + Cs → Cs (3.3.14)and the rea
tion rate is 
al
ulated a

ording to the kineti
 theory of gases by
Ssgwth2
v = γisβis [PAHk]ns. (3.3.15)The soot-PAH 
ollision frequen
y βis is 
al
ulated similarly to Eq. (3.2.10), where the sootdiameter (3.3.6) is used.3.3.3 Soot oxidationSoot oxidation is responsible for the redu
tion of soot mass and diameter [147℄. The generi
oxidation rea
tion has the form Cs +OX → Cs +OXP. (3.3.16)Even if the role of di�erent spe
ies in the soot oxidation is still under resear
h, O2 and OH havebeen identi�ed as the most important ones [54, 143℄. Experimental results indi
ate that theoxidation e�
ien
y is spe
ies-dependent. Thus, a parameter ηi is introdu
ed in the rea
tionrate
Ssoxi
v = ηik(3.3.16) [OXi]As. (3.3.17)In this work ηOH = .13 and ηO2 = 1 are used. In some works a temperature-dependente�
ien
y was proposed in order to a
hieve better predi
tions (i.e. smoking point and sootvolume fra
tions) of smoking �ames [121℄.3.3.4 Soot agglomerationAgglomeration redu
es the number of parti
les while in
reasing the diameters. A

ording toTransmission Ele
tron Mi
ros
opy (TEM) pi
tures, two di�erent kinds of agglomeration steps
an be re
ognized, depending on the age of soot:

• at early stages the soot parti
les 
an rearrange themselves to attain a spheri
al shape;
• at later stages they form long, 
hain-like stru
tures.It is obvious that these two pro
esses have a di�erent in�uen
e on the spe
i�
 surfa
e area andtherefore on the growth and oxidation terms (Eqs. (3.3.11) and (3.3.17)). The agglomeration at



3.3 Soot parti
le equations 81Table 3.1: Constants used in the soot formation model. Units are mol, m, s, K.PAH 
onstants
Np = 4* MPAH

min = .1
kgmole MPAH

max = .9
kgmole ∆M = 1

10Np

(
MPAH

max −MPAH
min

)Formation C2H2 addition PAH addition Oxidation
RM H
Aforp 1.5e8
T forp 11300 Aaddpi

1.5e8
T addpi

11300 γ = 0.3 O2 OH
Aoxpi

2e6 2.1e7
T oxai

3800 2300Soot 
onstantsNu
leation C2H2 
ondensation PAH addition Oxidation
γ = 0.3 Acon 350

T cona 12100 γ = 0.3 O2 OH
Aoxpi

742 8.82
T oxai

19800 0
γ 1 .13* If not stated otherwise.early stages does not have an in�uen
e on the total amount of soot but introdu
es an additionalsink term in the ns equation

Saggv = −kaggn
11
6
s As (3.3.18)where kagg = 3. Sin
e the residen
e times in te
hni
al 
ombustors are quite short and due tothe la
k of experimental data, no attempt is made in this work to model the se
ond stage ofagglomeration (see for example [99℄).An overview of the soot model 
onstants is given in Table 3.1. If not stated otherwise, theyare used for all simulations of soot formation presented in the following se
tions and 
hapters.3.3.5 ThermophoresisA

ording to the kineti
 theory of gases [195℄, the amount of energy ex
hanged by 
ollisionsbetween gaseous mole
ules and solid soot parti
les is a fun
tion of the gas temperature. In
ase of spatial temperature gradients, these intera
tions result in a net for
e for the soot in theopposite dire
tion of the temperature gradient. This phenomenon is 
alled thermophoresis and
an be modeled as

vth = −Cthν
∇T
T
. (3.3.19)A

ording to [170℄, Cth = 0.55 �ts well with experimental data. A rough estimation of thisterm in laminar �ames results in thermophoreti
 velo
ities of about several 
entimeters perse
ond [170℄. Even if this 
ontribution is small 
ompared to turbulent �u
tuations, these valuesare 
omparable with the �ow velo
ities of many laminar test
ases. Sin
e any soot formationmodel has to be validated against laminar experiments (Se
tion 3.4), thermophoresis has to



82 Soot formation modeling in laminar �amesTable 3.2: Initial 
ondition for the ignition of a sooting mixture.Gas 
omposition (mass fra
tions) φ T0 (K) p (pa)C2H4 .15O2 .1N2 .75 5 1700 1e5be in
luded. Con
erning its implementation, vth is a 
onve
tive term and has to be handleda

ordingly (see Appendix B).3.4 Model test and validationIn a �rst step a validation of the soot formation model is performed against simple test
ases:zero-dimensional simulations in order to study the in�uen
e of the model parameters (in par-ti
ular those 
on
erned with the PAH modeling), and laminar di�usion �ames in order to geta 
omprehensive assessment of the model performan
e.3.4.1 Adiabati
, 
onstant pressure rea
torA zero-dimensional simulation of a homogeneous, adiabati
, 
onstant-pressure rea
tor is inves-tigated under the hypothesis asserted in Se
tion 2.2.3. The initial 
onditions are given is Table3.2 and they are 
hosen in order to produ
e a signi�
ant amount of soot. The 
hemi
al kineti
sdes
ription 
onsists of 63 spe
ies and 338 rea
tions and is derived from the work of Appel et al.[4℄ by deleting spe
ies heavier than benzene. Four PAH 
lasses are used for the mass intervalof the soot pre
ursors.In Fig. 3.4.1 temperature, PAH and soot 
on
entrations are shown. Be
ause of the highfuel/oxidizer ratio, the temperature rise is slow and equilibrium 
onditions are not rea
hedwithin the simulation time.6 Some qualitative observations 
an be made:
• the produ
tion of the PAHs has a well de�ned delay in 
omparison to the temperaturerise;
• PAH 
lasses are formed 
onse
utively, with the lightest PAH �rst and the heavier oneslater; their peak values rea
h the same order. It should be noted that from the �rstto the se
ond PAH 
lass these maxima in
rease. Later on, the soot 
on
entration be-
omes signi�
ant and heavier 
lasses experien
e a 
ompetition between PAH growth and
ondensation on the soot surfa
e. Therefore, lower PAH maxima are obtained.Con
erning the soot, the prompt rise at the beginning is due to the nu
leation pro
ess whi
his related to the availability of PAHs. On the other hand, be
ause of low PAH 
on
entrationssoot growth due to a
etylene addition plays the most important role. Indeed, the asymptoti

onstant soot growth rate is due to the almost 
onstant a
etylene 
on
entration sin
e the latteris only marginally a�e
ted by the soot formation.6For the same reason the oxidation pro
ess does not a�e
t the results.



3.4 Model test and validation 83

0 0.0001 0.0002 0.0003 0.0004
time (s)

1700

1800

1900

2000

2100

te
m

pe
ra

tu
re

 (
K

)
T

1e-05

0.0001

0.001

0.01

0.1

m
as

s 
fr

ac
tio

n

PAH
1

PAH
2

PAH
3

PAH
4

Soot
C

2
H

2

Figure 3.4.1: Temperature and soot-related spe
ies pro�les versus time for the zero-dimensionalrea
tor simulation. Symbols ea
h 100 timesteps.Model sensitivity to the number of PAH 
lasses and pressureSin
e the 
hosen number of PAH 
lasses may have an in�uen
e on the soot formation rate,a sensitivity study is performed. In Fig. 3.4.2 soot mass fra
tion and soot density numberare shown for di�erent numbers of PAH 
lasses. From this plot it be
omes evident that sootnu
leation and growth are 
hara
terized by di�erent times
ales. Two di�erent regimes in thesoot density number are outlined, namely before and after rea
hing the peak value. In the �rstregion the nu
leation is responsible for a fast in
rease in ns where many small parti
les areformed. After the maximum is rea
hed, the soot density number de
reases be
ause of agglom-eration. The soot mass grows monotoni
ally but with a 
ertain delay in 
omparison to the sootdensity number. A higher number of PAHs delays the onset of soot sin
e both nu
leation andgrowth phases are shifted to later times. On the other hand, the peak 
on
entrations are higherand bigger parti
les are produ
ed. Nevertheless, the di�eren
es between these 
al
ulations arelimited. About 20% di�eren
e between the highest and the lowest 
on
entration are obtainedat the end of the simulation time. Sin
e soot measurements in �ames usually su�er from higherexperimental errors (at least 30% [133℄) and a similar, 
onstant slope is attained at the endof all simulations, it 
an be 
on
luded that the number of PAH 
lasses plays a minor role forthe determination of the soot formation rate. Additional 
onsiderations are postponed to thedis
ussion of laminar sooting �ames (subse
tion 3.4.2).The in�uen
e of the pressure on 
hemi
al kineti
s has already been shown in se
tion 2.2.3.Here some additional 
onsiderations are given 
on
erning the soot formation rate. In Fig. 3.4.3a 
omparison between 1 bar and 10 bar 
al
ulations is shown. Sin
e all pro
esses are a

eleratedat higher pressure7, the x-axis uses a normalized time (t1 barend = 4 · 10−4, t10 barend = 4 · 10−5
). Besidethe di�eren
es at the end of the simulations whi
h are due to di�erent equilibrium 
onditions,similar trends are observed for both pressures. Formation of the lightest PAH takes pla
e at7PAH and soot sour
e terms are at least �rst-order rea
tions, as Eqs. (3.2.4)-(3.3.14) show.
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Figure 3.4.3: Ignition of a sooting mixture: in�uen
e of the pressure.similar normalized times. On the other hand, heavier 
lasses are more a�e
ted by the in
reasedpressure sin
e growth pro
esses play a more important role.3.4.2 Sooting methane/air di�usion �ameIn order to validate the soot model, an atmospheri
, 
on�ned, laminar, methane/air di�usion�ame is simulated and results are 
ompared with the experimental data provided by Smookeet al. [179℄. The experimental set-up is similar to the one shown in Fig. 2.5.1. Geometri
data and boundary 
onditions are given in Table 3.3. The fuel in�ow is assumed to be fullydeveloped. A �at pro�le is adopted for the 
o�ow, sin
e the use of a honey
omb �lter isreported. Preheating e�e
ts [79, 189℄ and the nozzle material [77℄ may play a fundamental rolein the sooting 
hara
teristi
s of this �ame [179℄. In Ref. [179℄ an in
reased in�ow temperatureis used to take these e�e
ts into a

ount. Due to a la
k of experimental data 
on
erning theboundary 
onditions, the same approa
h is adopted here.



3.4 Model test and validation 85Table 3.3: Boundary 
onditions for the methane/air �ame of Smooke et al.radius (mm) 
omposition temperature (K) velo
ity(ms )1fuel inlet 5.56 CH4: 1.0 420 0.0552air inlet 47.625 O2: .23N2: .77 420 .1254wall - zero gradient 300 0out�ow - zero gradient zero gradient zero gradientaxis - zero gradient zero gradient zero gradient1 For the fuel inlet the bulk velo
ity is given.The kineti
 s
heme used to model the gas-phase 
hemistry is responsible for a 
orre
t de-s
ription of the heat release and the temperature �eld. Moreover, the soot model depends ona 
orre
t predi
tion of the so-
alled �key spe
ies�, a
etylene and benzene. The referen
e simu-lation adopts the me
hanism of Bittker [20℄ be
ause of the relative small number of rea
tionsin
luded. Sin
e this me
hanism was originally derived to des
ribe benzene depletion, propar-gyl self-
ombination and a
etylene addition to C4-spe
ies are added a

ording to the work ofD'Anna and Kent [45℄ and Dias et al. [50℄. If not stated otherwise, the soot model parametersused in this simulations are those summarized in Table 3.1. No radiation model is in
ludedsin
e the �ame produ
es only sub-ppm soot 
on
entrations [143℄.3.4.2.1 Referen
e simulationSin
e the 
on�guration is similar to the one studied in the previous 
hapter, temperature andmain spe
ies plots are not shown again. Moreover, only small amounts of soot are formedand the soot model should not a�e
t main spe
ies 
on
entrations. Thus, the 
onsiderationsmade in subse
tion 2.5.1 are still valid. Thus, attention is fo
used on spe
ies related to soot,namely a
etylene and benzene. In Fig. 3.4.4 their plots are shown together with the line ofstoi
hiometri
 ratio. Both spe
ies are 
on�ned to fuel-ri
h regions and are burned as theyapproa
h the stoi
hiometri
 line. Along a streamline highest benzene 
on
entrations o

urbefore a
etylene rea
hes its maximum. The reason is that at low temperature methane pyrolysisprivileges the benzene formation and only at in
reased temperatures it shifts to paths resultingin a
etylene.Mass fra
tions of the four PAH 
lasses, soot volume fra
tion and soot parti
le density numberare plotted in Figs. 3.4.5 and 3.4.6, respe
tively. High PAH 
on
entrations are found in the�ame wings, where high temperatures and fuel-ri
h 
onditions promote the formation of sootpre
ursors and their 
onversion into soot. The PAH 
as
ade is well visible and for higher PAH
lasses the peak values are obtained further downstream. The intera
tion between the PAHsand soot be
ome 
learer if Fig. 3.4.5 and Fig. 3.4.6 are 
ompared. The �rst two PAH 
lassesare 
hara
terized by distributions whi
h are 
omplementary to the one of soot. This means that
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Figure 3.4.4: A
etylene and benzene molar fra
tions for the sooting methane/air �ame ofSmooke et al. [179℄.
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tions of PAH (one to four) for the sooting methane/air �ame of Smookeet al. [179℄
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(b) soot parti
les density numberFigure 3.4.6: Soot volume fra
tion and parti
le density number for the sooting methane/air�ame of Smooke et al. [179℄these 
lasses are 
ompletely 
onsumed by the soot nu
leation and growth pro
ess. On the otherhand, the fourth 
lass (and partially the third one) shows maxima at lo
ations where high soot
on
entrations are attained and this indi
ates that bigger PAHs are not entirely 
onverted intosoot. In any 
ase all PAH 
lasses are absorbed or oxidized before they rea
h the stoi
hiometri
line.Figure 3.4.6(a) shows that soot formation is a pro
ess limited to fuel-ri
h regions and thatsoot parti
les are oxidized before they rea
h the �ame tip. Most of the soot is 
on
entrated inthe �ame's wings, as pointed out in many experimental works [142℄. The use of the rea
tionmarker RM in the PAH formation step (Eq. (3.2.4)) is motivated by the 
omparison of theFig. 3.4.6(a) with benzene and a
etylene distributions plotted in Fig. 3.4.4. The omission of area
tion marker would yield a soot produ
tion spread over the whole fuel-ri
h region, whi
h isin 
ontrast with the 
ited experimental data.The di�eren
es among the nu
leation and growth times
ales found in zero-dimensional sim-ulations are now 
orrelated to the �ow�eld. A 
omparison of the two plots in Fig. 3.4.6 showsthat the maximum of the soot mass fra
tion is lo
ated more than two 
entimeters downstreamthe peak of the soot parti
le density number Ns. Moreover, a se
ond peak of Ns along the�ame's axis is 
aused by the high 
on
entrations of soot pre
ursors near the �ame tip. How-ever, a lo
al maximum in soot mass does not appear, sin
e the soot parti
les are 
lose to thestoi
hiometri
 line and little time is left before they are oxidized by OH radi
als [86℄ (the OH
ontours are plotted in the same image).



88 Soot formation modeling in laminar �amesTable 3.4: Adopted parameters for a sensitivity analysis study of the soot model. Units aremol, m, s, K.Simulation Number of PAH 
lasses Aforpi
T forai

[RM ]1 4 1.5e8 11300 H2 4 3.98e7 5100 H3 4 3.98e7 5100 CH4 8 3.98e7 5100 H3.4.2.2 Validation of the soot modelThe validation of the soot model is related to the determination of the model 
onstants intro-du
ed in Se
tions 3.2 and 3.3, with the aim to get a good agreement with experimental data.It should be kept in mind that the soot model has to be as general as possible as to allowdi�erent operating 
onditions. Therefore, only few parameters should be tuned and as far aspossible generally a

epted values from literature should be used. That is espe
ially true forthe soot parti
le sub-model, for whi
h large experimental datasets exist. On the other hand,the adoption of a se
tional approa
h for PAH 
hemistry in the present form is new and doesnot have many 
ounterparts in the literature.A 
loser look at the PAH sub-model reveals that there are only few parameters whi
h havea large in�uen
e on the overall performan
e. In parti
ular, exponential fa
tors in the PAHformation and growth steps (by a
etylene addition) are of great importan
e. Additionally, therea
tion marker and the number of PAH 
lasses as free parameters. Both values are investigatedin a sensitivity study and the 
orresponding parameters are summarized in Table 3.4.Con
erning the Arrhenius 
oe�
ients, the referen
e simulation adopts parameters taken di-re
tly from the work of Zamuner and Dupoirieux [206℄. The Arrhenius 
oe�
ients used in theremaining simulations are taken from the rea
tion me
hanism of Skyøt-Rasmussen et al. [177℄,where formation and growth of the most abundant PAH mole
ules are des
ribed by elementaryrea
tions. Sin
e the HACA me
hanism adopted in that work pres
ribes similar rates (regardlessof the PAH size), the same Arrhenius parameters are used here to des
ribe the formation andgrowth of the lumped spe
ies.The in�uen
e of the rea
tion marker is also taken into a

ount by testing two spe
ies, namelyH and CH. Both radi
als are asso
iated with the most rea
tive zones of the �ame and rea
htheir maximum in the fuel ri
h region (see Figs. 2.5.4 and 2.5.5 in Chapter 2). Moreover, their
on
entrations di�er by several orders in magnitude and a signi�
ant in�uen
e on the sootmodel performan
e may be expe
ted.Simple zero-dimensional simulations have already shown that the number of PAH 
lassesused has an in�uen
e on the soot growth rate. Thus, an additional simulation with eight PAH
lasses is performed to investigate e�e
ts on the di�usion �ame.In a �rst step a 
omparison with experimental data in terms of temperature, a
etylene andbenzene is performed. Smooke et al. [179℄ measured temperature and spe
ies distributions at
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mFigure 3.4.7: Temperature pro�les at several heights above burner of the sooting methane/air�ame of Smooke et al. [179℄.distan
es of 1.0, 1.5, 2.0, and 2.5 
m above the burner. In Fig. 3.4.7 temperature pro�les aregiven for simulations using the parameters summarized in Table 3.4. Sin
e the amount of sootis small, 
hanges in the soot model parameters have no signi�
ant impa
t on these pro�les, andCH4 plots (Fig. 3.4.8) show a similar trend.The temperature pro�les of Fig. 3.4.7 show a fairly good agreement with the experimentalresults. The di�eren
es in the peak temperatures are less than 40 K at all heights and show(as expe
ted) that radiation e�e
ts are not important. However, the 
al
ulated peak lo
ationsdo not shift towards the axis as in the experiments. As before in 
ase of a non-sooting �ame(see Se
tion 2.5) the greatest dis
repan
ies are found along the axis where the temperatureis underpredi
ted near the burner (at 1.0 and 1.5 
m) and overpredi
ted further downstream(at 2.0 and 2.5 
m). Sin
e the simulated stoi
hiometri
 line rea
hes the axis at a height of3.5 
m, all measuring stations lie in the fuel-ri
h region, where the temperature in
reases within
reasing height. Thus, these dis
repan
ies may be due to a poor des
ription of the fuel-ri
h
hemistry. On the fuel-lean side the temperature slope, whi
h results from the equilibrium be-tween rea
tions and mole
ular transport, is well reprodu
ed. Nevertheless, the �ame thi
knessis signi�
antly overpredi
ted. Sin
e a grid 
onvergen
e study has been performed for a similar
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(d) 2.5 
mFigure 3.4.8: Methane pro�les at several heights above burner of the sooting methane/air �ameof Smooke et al. [179℄.�ame (see subse
tion 2.5.2), dis
retization errors are unlikely to be the 
ause of this dis
rep-an
y. Instead, 
on�nement e�e
ts (see Se
tion 2.5) may play a role. The external re
ir
ulationzone may push the �ame towards the burner and therefore it may also be responsible for theshift of the peaks.Figure 3.4.8 shows that the predi
ted rate of fuel depletion is too low. The di�eren
es betweensimulations are relatively small and only appear at the highest measurement station. Therefore,these dis
repan
ies 
an not be attributed to the soot model but they may be related to badtemperature predi
tions, and even if overpredi
ted temperature pro�les should yield a fastermethane pyrolysis.The pro�les for the key spe
ies of the soot formation model (a
etylene and benzene) areplotted in Figs. 3.4.9 and 3.4.10. The parameter variation now shows a signi�
ant impa
t onthe plots, sin
e these spe
ies are dire
tly involved in soot produ
tion. The agreement withthe experimental data is very good at lo
ations where a good agreement for the temperatureis observed. This highlights the high sensitivity of the C2H2 and C6H6 formation paths tothe temperature. Moreover, even if the benzene formation paths of D'Anna and Kent [45℄ arein
luded, benzene 
on
entrations are underpredi
ted at most lo
ations, regardless of the lo
al
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mFigure 3.4.9: A
etylene pro�les at several heights above the burner of the sooting methane/air�ame [179℄.
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mFigure 3.4.10: Benzene pro�les at several heights above the burner of the sooting methane/air�ame of Smooke et al. [179℄.thermodynami
 
onditions. Probably the skeleton me
hanism adopted is not able to des
riberea
tion paths of C4-C6 hydro
arbons 
orre
tly. Nevertheless, it should be observed that sootparti
les are formed in a thin layer near the stoi
hiometri
 line (see Fig. 3.4.6), where bothtemperature and main spe
ies pro�les are in good agreement with the experiment. This meansthat the �nite-rate 
ombustion model provides a good basis for the soot model validation.Soot volume fra
tion pro�les are shown in Fig. 3.4.11. In 
omparison with the experimentaldata the model is able to reprodu
e the main features of the soot formation. Con
erning thein�uen
e of the model parameters, the greatest impa
t 
omes from the Arrhenius 
oe�
ientsused. The maximum soot 
on
entration is 
hanged by a fa
tor of �ve if the Skjøt-Rasmunssen[177℄ parameters are used. On the other hand, the rea
tion marker plays only a marginal role,despite the fa
t that H and CH 
on
entrations di�er by more than three orders in magnitude(
[H]max ≃ .02molesm3 , [CH]max ≃ 10−5molesm3

). Con
erning the number of PAH 
lasses, the re-sults are 
onsistent with the simulations of the zero-dimensional rea
tor. The soot formationrate in
reases with an in
reasing number of 
lasses even if the soot 
on
entration peaks o

urat similar lo
ations.
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(d) 2.75 
mFigure 3.4.11: Soot volume fra
tion pro�les at several heights above the burner of the sootingmethane/air �ame of Smooke et al. [179℄.
The radial shift of the peak values already observed before are 
on�rmed by the dis
repan
iesin soot quantities. With in
reasing distan
e from the burner the numeri
ally predi
ted peaksare shifted more and more outwards in radial dire
tion. This trend is not observed in theexperiment and may be related to the boundary 
ondition. Moreover, the underpredi
teda
etylene and benzene 
on
entration may limit the PAH formation and the subsequent sootnu
leation rates along the 
enterline. Similar dis
repan
ies were also found by Smooke [179℄and in the work of Kennedy et al. [103℄ whereas D'Anna and Kent propose a model whi
h doesnot su�er from this problem [46℄.In summary it has been shown that the soot model is able to give a reasonable des
ription ofthe physi
al phenomena involved. The model parameters used in simulation 2 (see Table 3.4)provide the best agreement with experimental data and thus are adopted in the next se
tions.
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onditions for the sooting ethylene/air �ame [131℄.radius(mm) 
omposition temperature(K) velo
ity(ms )air inlet 54.0 O2: 0.23N2: 0.77 300. .338fuel inlet 6.0 see Table 3.6 300. see Table 3.6wall - zero gradient 300 0out�ow - zero gradient zero gradient zero gradientaxis - zero gradient zero gradient zero gradient3.5 Premixing e�e
ts on soot formation rate for a 
o�ow,ethylene/air di�usion �ameA laminar, partially-premixed, ethylene/air di�usion �ame is simulated in order to study thepremixing e�e
ts on the soot formation. The 
hosen test
ase has been investigated experimen-tally by M
Enally and 
oworkers [131℄. The �ame is 
on�ned and the geometry is similar to theone presented in Fig. 2.5.1. Main di�eren
e is a metalli
 plate whi
h partially 
overs the 
o�owin order to in
rease the �ame stability [131℄. In the experiments the premixing rate ranges from
∞ (pure fuel) to 3 (the lower limit at whi
h �ashba
k issues o

ur). The boundary 
onditionsare given in Table 3.5. Fuel velo
ity and 
ompositions 
hange with the stoi
hiometri
 ratio aslisted in Table 3.6. For both inlets (fuel and 
o�ow) the N2 and C2H4 volumetri
 �ows are kept
onstant. With an in
reasing degree of premixing the additional oxygen in
reases the bulk ve-lo
ity. The used kineti
 s
heme 
onsists of 63 spe
ies and 338 reversible rea
tions, derived fromthe work of Appel et al. [4℄ by dropping all rea
tions involving spe
ies with mole
ular weightshigher than benzene. Con
erning the soot model, four PAH 
lasses are used and the modelparameters given in Table 3.1. PAH formation and growth are 
al
ulated with the parameterof Table 3.4.3.5.1 Premixing e�e
ts on the �ame stru
tureTemperature �elds for di�erent values of φ are plotted in Fig. 3.5.1. The �ame length, de�ned asthe lo
ation along the axis where the temperature rea
hes its maximum, is 
learly a�e
ted by thepremixing. Table 3.7 and Fig. 3.5.2 give a 
omparison between the 
orresponding experimentaland numeri
al values. The general trend is well reprodu
ed even if some dis
repan
ies areevident. For nearly pure fuel 
onditions the �ame length is underpredi
ted whereas at lower φit is overpredi
ted. Con
erning the φ = ∞ 
ase, the predi
ted �ame length is in good agreementwith the simulations performed for a methane �ame in the previous subse
tions (2.5 for a non-sooting and 3.4.2 for a sooting �ame). The similar variation of the �ame length with thedegree of premixing shows that overall intera
tion between 
hemistry, 
onve
tion and transport
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onditions for the sooting ethylene/air �ame [131℄.
φ 
omposition velo
ity(ms )1 φ 
omposition velo
ity(ms )1
∞

C2H4: 0.306O2: 0.0N2: 0.694 .108 6 C2H4: 0.174O2: 0.100N2: 0.726 .189
24 C2H4: 0.258O2: 0.037N2: 0.705 .128 4 C2H4: 0.144O2: 0.124N2: 0.732 .228
12 C2H4: 0.223O2: 0.063N2: 0.714 .148 3 C2H4: 0.122O2: 0.140N2: 0.738 .2681 The bulk velo
ity is given and a fully-developed laminar �ow is assumed.Table 3.7: Comparison between predi
ted and measured �ame length of sooting ethylene/air�ame [131℄.

φ ∞ 24 12 6 4 3
Hsim (mm) 70.58 69.02 69.02 64.50 60.25 54.96
Hexp (mm) 71.5 69.8 67.3 61.8 56.9 52.5phenomena is well des
ribed. The systemati
 shift may be 
aused by preheating e�e
ts, whi
hbe
ome more important if the �ame be
omes shorter.In the non-premixed or slightly premixed 
ases the smooth temperature in
rease along theaxis is 
aused by the fuel pyrolysis whi
h is a slow endothermi
 pro
ess. On the other hand,an in
reased amount of oxygen in the fuel yields a se
ond �ame front near the burner andthe temperature in
rease takes pla
e in a thin layer. For the same reasons the fuel burningrate is higher and the maximum temperature along the �ame's wings is rea
hed sooner. Su
h abehavior has already been observed by other resear
hers [8, 161℄ and similar results are reportedby Bennet et al. [17℄.A
etylene and benzene plots are shown in Figs. 3.5.3 and 3.5.4, respe
tively. The two spe
ieshave a di�erent behavior with respe
t to premixing. The a
etylene 
on
entrations de
rease asthe premixing degree in
reases, sin
e most of the spe
ies 
on
urring in the C2H2 formation areoxidized faster into stable produ
ts. On the other hand, the benzene produ
tion is enhan
ed byan in
rease in premixing, even in 
ase of shorter residen
e times due to an enhan
ed 
ombustionrate. A similar trend has been found in measurements [131℄ although the highest 
on
entrationsare shifted towards less premixed 
ases.The soot volume fra
tion and the soot parti
le density number are plotted in Figs. 3.5.5and 3.5.6, respe
tively. Both quantities are strongly a�e
ted by the degree of premixing. The
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tion of premixing for the sooting ethylene/air �ame [131℄.
omparison of Fig. 3.5.5 with Figs. 3.5.3 and 3.5.7 shows that the a
etylene 
on
entrations
orrelate well with the soot volume fra
tions. This is a further proof that the major 
ontributionto soot mass is given by the a
etylene addition. The soot parti
le density number does neitherhave a monotone behavior with respe
t to premixing nor have a strong 
orrelation with thebenzene 
on
entration.Figure 3.5.6 shows that there are several regions where soot formation takes pla
e and thattheir extension is a�e
ted by the degree of premixing. Under pure-fuel 
onditions or with smallamounts of oxygen, favorable 
onditions for soot formation and growth are found only in thewings of the �ame. The se
ond region, lo
ated around the axis, is too 
lose to the stoi
hiometri
line and the soot oxidation takes pla
e well before the soot parti
les have rea
hed a 
onsiderablemass [47℄. At lower stoi
hiometri
 ratios both zones merge into a single layer.3.5.2 E�e
ts of soot radiationIf the soot volume fra
tion rises above the ppm-threshold, radiation e�e
ts may be
ome impor-tant and a�e
t the �ame stru
ture. Sin
e, the amount of soot predi
ted in most non-premixedtest
ases is signi�
antly above this empiri
al limit, a sensitivity study with respe
t to the in-�uen
e of radiation is performed. A simple radiation model for gases whi
h are 
onsideredopti
ally thin [113℄ is used in order to take soot radiation losses into a

ount. Self-absorptione�e
ts are negle
ted and soot radiation is modeled by a volumetri
 sour
e term
qR = CRfvT

5 (3.5.1)in the enthalpy equation (2.1.7). The exponent in Eq. (3.5.1) takes the bla
k-body theory
(∝ T 4) and the variation of the soot radiation spe
trum with the temperature (∝ T ) intoa

ount. The 
hoi
e of the 
onstant CR is not unambiguous and di�erent values are used in theliterature [44, 76, 78℄. Additionally, opti
ally-thin radiation models are known to overpredi
tthe radiation losses near the 
enterline, where self-absorption e�e
ts may be
ome important.
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Sin
e the 
omparison with experimental data will be performed in terms of axial pro�les,
CR = 10−4 kJsm3K5 (3.5.2)is 
hosen to reprodu
e roughly the same peak temperature at φ = ∞, whi
h represents themost sooting 
ase (see Fig. 3.5.5).In Fig. 3.5.8 temperature �elds 
al
ulated with and without radiation are 
ompared forseveral stoi
hiometri
 ratios. Temperature does not peak at the axis when radiation is in
luded.Moreover, the temperature drop is more pronoun
ed for the most sooting 
ases (i.e. φ = ∞)and the temperature rise along the axis is slowed down.The 
omparison in terms of soot volume fra
tion is given in Fig. 3.5.9 for the same stoi
hio-metri
 ratios. The soot formation pattern is not a�e
ted by the radiation whereas the maxima(in the insets between bra
kets) are. This behavior is 
onsistent with the sensitivity of the sootmodel to temperature shown in the previous se
tion. Sin
e the radiation losses de
rease themixture temperature in the soot-ri
h regions, the growth pro
ess is inhibited and lower soot
on
entrations are a
hieved. On the other hand, the radiation term does not seem to a�e
t thesoot 
on
entration along the axis be
ause of the short residen
e times of the soot parti
les inthis region.
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) φ = 3Figure 3.5.9: In�uen
e of radiation on the soot volume fra
tion �eld of the sooting ethylene/air�ame [131℄. Maximum soot 
on
entrations are given in bra
kets.3.5.3 Comparison with experimental dataTemperature and spe
ies pro�les are shown in Figs. 3.5.10-3.5.13. The 
ase φ = ∞ in
ludes anadditional simulation where the fuel inlet temperature is set to 450 K, in order to have a roughestimation of the preheating e�e
ts.Con
erning the temperature pro�les, the overall behavior is well reprodu
ed in the wholestoi
hiometri
 range and the predi
ted �ame lengths are in good agreement with the experi-ments. When soot radiation is in
luded, the pro�les be
ome �atter and the de�nition of the�ame length is more ambiguous. The temperature drop due to radiation varies between 210K (non-premixed) and 120 K (the most premixed �ame). In most of 
ases the 
onsiderationof radiation losses improves the predi
tions, although su
h a simple model is not able to takethe intera
tion between the �ame wings (where most of the soot is formed) and the �ame axis(where measurements are available and self-absorption e�e
ts are important) into a

ount. Forthis reason at φ three and four best results are obtained if soot formation and radiation lossesare not in
luded.A

ording to similar simulations (see subse
tions 2.5 and 3.4.2), the 
hemi
al kineti
s [4℄seems to have some problems to a

urately des
ribe the heat release in fuel-ri
h regions. Thetemperature gradients are underpredi
ted in the non-premixed 
ases and overpredi
ted in theothers. As may be seen from Fig. 3.5.10(a), an in
reased fuel inlet temperature improves theresults near the burner only. Sin
e the same temperature behavior is obtained downstream, it
an be 
on
luded that the inlet enthalpy is not important for the observed dis
repan
ies. Thetemperature drop whi
h takes pla
e at about two-thirds of the �ame height is not reprodu
edby any 
al
ulation. It 
an be noti
ed that this is more pronoun
ed at lower premixing ratesand thus may be due to soot radiation losses.Axial methane and a
etylene pro�les are given in Figs. 3.5.11 and 3.5.12. All simulationswithout the non-premixed 
ase predi
t the region where these spe
ies are produ
ed very well.
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106 Soot formation modeling in laminar �amesThe di�eren
es observed near the burner are 
onsistent with the temperature pro�les of Fig.3.5.10 and support the hypothesis of a poor des
ription of the fuel-ri
h 
hemistry. Con
erningthe overall behavior, the soot formation model plays a signi�
ant role and a better agreementis a
hieved if it is in
luded. The only ex
eption is for small values of φ, where the soot 
on
en-tration is strongly overpredi
ted (see Fig. 3.5.14). The methane 
on
entration rea
hes lowerpeak values if soot formation is 
onsidered, due to the a
etylene 
onsumption me
hanism. Sootradiation losses have a minor in�uen
e on these plots. The non-premixed test
ase shows asomewhat di�erent behavior and deserves additional 
onsiderations. The methane 
on
entra-tion does not seem to be a�e
ted by the soot formation and the pro�les are signi�
antly widerthan in the experiments. A
etylene formation is delayed whereas its peak and the su

essiveoxidation are well predi
ted.Benzene axial pro�les are plotted in Fig. 3.5.13. There is a systemati
 underpredi
tion for thefuel-ri
h 
ases and an overpredi
tion in the lean ones. In all simulations but the pure-fuel onethe dis
repan
ies in the maximum benzene 
on
entrations between numeri
al and experimentalpro�les range from 30% to 75%. Sin
e the 
hemi
al kineti
s has been initially validated againstpremixed �ames [4℄, it may la
k some formation and/or destru
tion paths whi
h 
ome into playin di�usion �ames. The φ = ∞ test
ase represents the upper bound of su
h a de�
ien
y, sin
ebenzene is largely underpredi
ted and the soot formation rate 
onsequently underestimated.The 
omparison between the measured and simulated axial pro�les of soot volume fra
tionsare given in Fig. 3.5.14. The agreement a
hieved here is stri
tly 
orrelated to predi
tions ofthe benzene 
on
entration. In the most sooting test
ases radiation 
hanges the soot maximumvalues up to 25%, whereas only minor 
hanges are observed for a higher inlet temperature.The peak lo
ation is very well predi
ted whi
h means that the phenomena behind the sootformation are 
aptured at all stoi
hiometri
 ratios. These peaks are quite insensitive to 
hangesin the inlet 
omposition, as they remain 
onstant for the whole stoi
hiometri
 range. At lowerpremixing rates the underpredi
tions are partially mitigated by the good agreement of thea
etylene 
on
entrations, as it represents the main 
ontribution to the soot growth.
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(f) φ = 3Figure 3.5.12: Axial a
etylene pro�les for the sooting ethylene/air �ame [131℄.
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(f) φ = 3Figure 3.5.13: Axial benzene pro�les for the sooting ethylene/air �ame [131℄.
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4 Chemi
al kineti
s in turbulent �ows4.1 Phenomenologi
al des
ription of turbulent �owsThe non-dimensional number whi
h gives an indi
ation about the �ow regime is the so 
alledReynolds number
Re =

ρVinD

µ
. (4.1.1)In the simulations presented in the previous 
hapters the Re number (based on the fuel pipediameter) was below the 
riti
al limit (3000 in 
ase of a round pipe), thus the �ow 
an be
onsidered laminar. The �uid parti
les �ow in parallel layers and the spa
ial s
ales of the �oware in the range of the 
hara
teristi
 dimensions of the problem (i.d. �ame length). Underthese 
onditions, the �uid dynami
 stru
tures whi
h need to be resolved are in a small intervalaround the 
hara
teristi
 lengths. This means that volumes into whi
h the domain has to bedis
retized should not be smaller than the smallest s
ales. A 
ompletely di�erent situation isfound in real 
ombustion devi
es, where mu
h higher Reynolds numbers are a
hieved (> 105)and inertia for
es prevail over vis
ous ones. Under su
h 
onditions the non-linear behavior ofthe 
onve
tive terms 
reates smaller stru
tures and the �ow regime is 
alled turbulent. Theresolution of all turbulent stru
tures in spa
e and time for pra
ti
al appli
ations is beyond thea
tual 
omputational 
apabilities.A well-known behavior of turbulent �ows is its inherent randomness. Any �ow variablewhi
h is measured in two di�erent realizations of the same experiment may di�er be
ause ofsmall disturban
es whi
h are out of the resear
her's 
ontrol (i.e. roughness, vibrations). Inorder to give a pra
ti
al 
hara
terization of turbulent �ows, statisti
al treatments and averagedquantities have to be introdu
ed. In the most general 
ase, an averaging over a large numberof realizations has to be performed. In the parti
ular 
ase where the boundary 
onditionsare statisti
ally stationary, averages 
an be performed over time [160℄. By su
h a statisti
altreatment of the �ow, small-s
ale details and parts of the 
omplexity of an unsteady �owdes
ription are dis
arded1.One of the most signi�
ant e�e
ts of the turbulent stru
tures on the averaged �ow�eld isthe enhan
ed transport of momentum, energy and spe
ies in 
omparison to laminar �ows.Ma
ros
opi
2 e�e
ts may be modeled by the so-
alled Boussinesq hypothesis whi
h introdu
es1It should be also pointed out that in most 
ases numeri
al simulations should be able to provide only su
haveraged �ow features whi
h are a�e
ted by these small stru
tures but do not show them.2The word is quoted sin
e here it is not related to the mean mole
ular free path but to the problem's geometry.Even for the smallest turbulent stru
tures the 
ontinuum hypothesis still remains valid.111



112 Chemi
al kineti
s in turbulent �owsan �
titious �eddy� vis
osity. Under this simpli�
ation, averaged transport equations 
an besolved and useful information about the mean �ow extra
ted.In the next se
tion the Boussinesq hypothesis will be introdu
ed brie�y in order to understandhow and in whi
h 
ases it 
an be applied. Even if this is a powerful approa
h, it showssigni�
ant limits in 
ase 
omplex non linear terms (i.e. a 
hemi
al sour
e term) are in
ludedin the transport equations. Thus, the rest of this 
hapter will be devoted to the developmentof a strategy to 
lose the 
hemi
al sour
e term and a
hieve a 
oupling between 
hemistry andturbulent �u
tuations.4.2 Averaged transport equationsA widely a

epted approa
h de
omposes the �ow variables into averages and �u
tuations (also
alled unresolved 
omponents [96℄)
ψ (x, t) = 〈ψ〉 (x, t) + ψ′ (x, t) (4.2.1)where the �u
tuating term has zero mean

〈ψ′〉 = 0. (4.2.2)Sin
e only statisti
ally-stationary �ows are 
onsidered in this work, the mean 
an be 
al
ulatedas a time averaged quantity. In rea
ting �ows large density variations o

ur and density-weighted (or Favre) averaged quantities
〈ψ〉 =

1

〈ρ〉∆t

∫ t+∆t

t

ρψdt (4.2.3)o�er advantages. The integration time ∆t has to be signi�
antly larger than the 
hara
teristi
turbulent times
ale. This is required in order to obtain a value for 〈ψ〉 whi
h is independentfrom the 
hosen averaging interval.The presented de
ompositions are substituted in the momentum, energy and spe
ies equa-tions (Eqs. (2.1.4), (2.1.7) and (2.1.8)) and a time-averaging Eq. (4.2.3) is performed. Theresulting transport equations 
ontain some non-linear terms whi
h 
an be divided into twogroups:
• 
onve
tive terms, whi
h 
an be splitted into two parts

〈Vψ〉 = 〈V〉 〈ψ〉 + 〈v′ψ′〉 (4.2.4)where the �rst one is a fun
tion of averaged variables3 only, whereas the se
ond onerequires modeling;3The turbulen
e terminology refers to these terms as 
losed, sin
e no additional hypothesis or models arerequired to 
al
ulate them.
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• spe
ies sour
e terms whi
h are highly non-linear (see Eq. (2.2.4)) and a de
ompositiona

ording to Eq. (4.2.1) would yield to a high number of high order 
orrelations. In someworks [145℄ some attempts to over
ome this problem by using a Taylor expansion of theArrhenius fun
tion have been made. Even if su
h an approa
h is appealing, the highlynon-linear behavior of this fun
tion slows down the series's 
onvergen
e [62℄. Thus, itdid not rea
h a wide use within the s
ienti�
 
ommunity. It may be 
on
luded that theReynolds de
omposition does not represent a feasible method to 
al
ulate the averaged
hemistry sour
e terms.The 
losure problem plays a 
entral role in turbulent �ow sin
e no ultimate solution exists.The 
losure of the 
onve
tive terms is not related to 
ombustion (even if it is a�e
ted by it)and several models have been proposed. In this work the Boussinesq hypothesis is used to linkun
losed terms to the gradients of mean quantities

〈V′ψ〉 = − µt

Prψ
∇〈ψ〉 (4.2.5)where the 
oe�
ient µt is 
alled �turbulent vis
osity� and represents the e�e
ts of turbulent�u
tuations on the mean �ow �eld. The 
onstant Prψ takes into a

ount that the transport ofthe s
alar quantity ψ by turbulen
e depends on the s
alar's nature. Assuming Eq. (4.2.5) the
losure problem is not solved but shifted to the determination of µt. A dimensional analysissuggests that it should be 
al
ulated from 
hara
teristi
 turbulent length and time s
ales. Inorder to determine these quantities, many approa
hes exist with di�erent degrees of 
omplexity.Zero-equation methods (no additional equations are added to the system) have been usedwith su

ess for 
old, external �ows [200℄ but a geometry-independent formulation does notexist. Two-equation turbulen
e models show more general properties. They are 
omplete, sin
e
hara
teristi
 turbulent spa
e and time s
ales 
an be derived without additional problem-relatedassumptions. In this work the extensively used standard k − ǫ turbulen
e model [200, 160℄ isemployed [112℄. This model should perform equally well for simple test
ases and 
omplexgeometries. Transport equations are solved for the turbulent kineti
 energy

k =
1

2
〈v · v〉 (4.2.6)and the turbulent dissipation rate

ǫ =
µ

ρ
〈∇v · ∇v〉 . (4.2.7)The required turbulent vis
osity is related to these quantities by

µt = Cµρ
k2

ǫ
(4.2.8)where Cµ is a modeling 
onstant.
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al kineti
s in turbulent �ows4.3 PDF approa
h for the 
al
ulation of averaged sour
etermsIn any turbulent �ow lo
al statisti
s may be des
ribed by the Probability Density Fun
tion [59℄(hereafter PDF) f (ξ) for any arbitrary random variable ξ. The PDF delivers the probability
P {} that in any realization the value ψ lies between ξ and ξ + dξ

P {ξ ≤ ψ ≤ ξ + dξ} = f (ξ) dξ (4.3.1)where ξ represents the sample spa
e, the interval of possible values whi
h ψ 
an assume. In thesame manner, the joint PDF of n random variables Ξ = {ξ1, . . . , ξn}T is the probability thatany realization Ψ = {ψ1, . . . , ψn} lies between Ξ and Ξ + dΞ

P {ξ1 ≤ ψ1 ≤ ξ1 + dξ1; . . . ; ξn ≤ ψn ≤ ξn + dξn} = f (Ξ) dΞ. (4.3.2)In this 
ase the marginal PDF of a single variable is obtained by integration of the joint PDFin the remaining sample spa
e
f (ξi) =

∫

ξj,j 6=i

f (Ξ) dξ1 . . . dξi−1dξi+1dξn. (4.3.3)The normalization property of any PDF 
laims
∫

ξ

f (ξ) dξ = 1. (4.3.4)Sin
e the PDF gives a 
omplete statisti
al des
ription of ξ (or Ξ) at one point, one time, lo
almean
〈ψ〉 =

∫

ξ

ξf (ξ) dξ (4.3.5)and varian
e
〈
ψ′2
〉

=

∫

ξ

(ξ − 〈ψ〉)2
f (ξ) dξ (4.3.6)
an be 
al
ulated on
e the distribution is known. More important, any fun
tion whi
h dependson the random variable ξ 
an be averaged in the same manner

〈S (ψ)〉 =

∫

ξ

S (ξ) f (ξ) dξ. (4.3.7)Thus, if the joint PDF of temperature and 
omposition is given, the averaged 
hemi
al sour
eterms 
an be 
al
ulated exa
tly.Con
erning the methods for 
al
ulating a PDF, di�erent approa
hes are found in the litera-ture:
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• a PDF transport equation may be solved. This method is 
alled transported PDF ap-proa
h [141, 158℄ and has revealed to be quite general yet 
omputational expensive, inparti
ular in rea
ting �ows. In prin
iple, the joint PDF may 
ontain an arbitrary numberof random variables [159℄, but usually only spe
ies and energy are 
onsidered [109, 120℄,sin
e numeri
al experiments showed that in most of 
ases the velo
ity �eld may not a�e
tthe PDF evolution [69℄.
• the PDF's shape is assumed. The method is 
alled assumed PDF approa
h whi
h existsmainly in two di�erent versions:� only a few low-order moments (i.e. mean, varian
e) are solved globally to obtainthe PDF. The averaging pro
ess 
an then be performed during runtime or, moree�
iently, by the use of pre
omputed look-up tables [64℄.� a varying number of moments is used to de�ne �lo
al� assumed PDF distributions,whi
h may be based on the maximization of the entropy [157℄ or on the turbulen
ede
ay properties [71, 72℄. This approa
h is likely to give a better mat
h with theexperimental results in 
omparison to the �global� presumed PDF method, sin
ean arbitrary number of moments 
an be in
luded [156℄ and non 
anoni
al PDFsrepresented. However, this approa
h is impra
ti
al and has never been used in realappli
ations.Sin
e the sour
e term is a fun
tion of Ns + 1 variables, the multidimensionality of the PDFprevents the use of 
onventional, �nite volume methods for solving a transported PDF equation.Thus, di�erent solution strategies (i.e. Monte Carlo solution methods) have to be used. Their
omplexity and the need to develop new algorithms are still issues and delay their use on alarger s
ale. The use of lo
ally presumed PDF methods would require that expensive sour
eterm integrations are performed during runtime. Thus, in this work a globally-assumed PDFapproa
h is 
hosen.Even if there are many unresolved issues, PDF methods represent a general framework that isindependent from the 
ombustion regime under 
onsideration. Other approa
hes, like strainedlaminar �amelets [87, 88, 154℄, fast 
hemistry, progress variable [73℄, or CMC [106℄ methods(see [24, 70℄ for old yet 
omplete reviews), are based on hypothesis whi
h are seldom satis�ed inthe whole domain of 
omplex te
hni
al 
ombustors (i.e. swirl-stabilized 
ombustion 
hambers)where lo
al extin
tion as well as thin and broadened rea
ting regions may o

ur at the sametime [43, 128℄.4.3.1 Assumed PDF formulation for rea
ting �owsSin
e a turbulen
e model is used to 
lose the 
onve
tive terms in the transport equations, theassumed PDF approa
h is employed here to average the spe
ies sour
e terms only. In this 
asethe joint PDF should in
lude the temperature T and spe
ies mass fra
tion ve
tor Y. Due tothe intrinsi
 di�
ulties in the formulation of 
ross-
orrelation terms, up to now the assumed
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al kineti
s in turbulent �owsjoint temperature-spe
ies PDF have only been used in low-dimensional spa
es, with few spe
ies[22, 33, 81℄ or additional hypotheses [15, 117℄.In this work statisti
al independen
e of T and Y [66℄ is adopted. Thus, a splitted form ofthe PDF is obtained
f
(
T̂ , Ŷ

)
= fT

(
T̂
)
fY

(
Ŷ
)
. (4.3.8)From Eq. (2.2.12) temperature and spe
ies mass fra
tion dependen
ies are 
learly separated.It follows that the averaged sour
e term is obtained as the produ
t of several averaged terms

〈
ω
f
i

〉
= Mi

∑

r

(
ν

′′

i − ν
′

i

)〈kfr

(
T̂
)

T̂
P

j ν
′

jr

〉〈(
p

ℜ
∑

ℓ
Ŷℓ

Mℓ

)P

j ν
′

jr ∏

j

(
Ŷj

Mj

)ν
′

jr
〉
. (4.3.9)A similar expression holds for the ba
kward rea
tion. Su
h an approa
h has already beenadopted in the past and it has been shown that it is able to predi
t many turbulen
e-
hemistryintera
tion e�e
ts [64℄. In the following se
tions both fT and fY will be presented along withthe additional transport equations required to determine their se
ond-order moments.4.3.2 Assumed temperature PDFBe
ause of the strong non-linear dependen
e of the Arrhenius fun
tion from temperature, theaveraged rate 
onstant in Eq. (4.3.9) is expe
ted to di�er strongly from values 
al
ulatedwith averaged temperatures.4 Therefore, the in�uen
e of the temperature �u
tuations hasto be in
luded. The PDFs observed experimentally depend largely on the 
on�guration andthe 
ombustion regime (premixed/di�usion �ame) and they range from Gaussian to bimodaldistributions [126℄. From the modeling point of view, in previous works both β and GaussianPDF have been adopted su

essfully in numeri
al simulations of turbulent �ames [60℄. TheGaussian PDF o�ers some advantages in 
omparison with the β PDF, sin
e the latter is de�nedin the interval [0, 1] and the determination of a suitable normalization fa
tor 
an be an issue[21, 63℄.In this work a 
lipped Gaussian PDF has been 
hosen to statisti
ally des
ribe the temperature�eld. The 
lipping is 
arried out and Dira
's δ fun
tions are added. This is needed sin
e the
anoni
al Gaussian fun
tion is de�ned in the interval (−∞,∞) and thus outside any physi
altemperature range. The resulting distribution

f
(
T̂ ; 〈T 〉 , σT

)
= Cmδ (Tm) +

1√
2πσg

exp



−

(
T̂ − Tg

)

2σg





︸ ︷︷ ︸
fg(T̂ ;Tg,σg)

+CMδ (TM ) (4.3.10)
is limited to the interval [Tm, TM ] and 
ontains two additional 
oe�
ients, Cm and CM , whi
hare related to the 
lipped tails [122℄. The 
hoi
e of the interval [Tm, TM ] should be set a

ording4In this statement it is impli
itly assumed that Arrhenius fun
tions are not linear with temperature, i.e. both

α and Ea in Eq. (2.2.5) are not zero.
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Figure 4.3.1: Un
lipped and 
lipped temperature PDFs, 〈T 〉 = 2000K.to the test
ase and the kineti
 data5, but an interval [300, 3000] 
overs most of the pra
ti
al
ases. It should also be noted that the distribution (4.3.10) is not longer symmetri
, sin
ethe 
lipping is not. Therefore, moments of the un
lipped distribution (Tg, σg) are in generaldi�erent from the given moments (〈T 〉 , σT ). Figure 4.3.1 
ompares several PDFs based onthe same mean temperature but di�erent temperature varian
es σT and subsequently di�erentvalues of the temperature �u
tuation intensity
IT =

√
σT

〈T 〉 . (4.3.11)In order to 
al
ulate the unknown moments of the un
lipped distribution (Tg, σg), an iterativealgorithm has to be adopted. Sin
e the moments of the 
lipped PDF are given (〈T 〉 , σT ) andthe Dira
 δ peaks depend on the 
lipped portions, Eqs. (4.3.5) and (4.3.6) provide the ne
essary
onditions to �nd the unknowns Tg and σg
f1 =

∫

T̂

T̂ f
(
T̂ ; 〈T 〉 , σT

)
dT̂ − 〈T 〉 = 0, (4.3.12)

f2 =

∫

T̂

(
T̂ − 〈T 〉

)2

f
(
T̂ ; 〈T 〉 , σT

)
dT̂ − σT = 0. (4.3.13)Equations (4.3.12) and (4.3.13) are non-linear with respe
t to 〈T 〉 and σT and a Newton algo-rithm is used. Starting from a guessed ve
tor {T (0)

g , σ
(0)
g

}T the i-th iteration





Tg

σg






(i+1)

=






Tg

σg






(i)

+




∂f

(i)
1

∂Tg

∂f
(i)
1

∂σg

∂f
(i)
2

∂Tg

∂f
(i)
2

∂σg





−1




f1

f2






(i) (4.3.14)5In parti
ular, the range of validity of the Arrhenius fun
tion and thermodynami
 
oe�
ients should be takeninto a

ount.
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al kineti
s in turbulent �owsprovides the (i+ 1)-th approximate solution. The algorithm stops if the Eqs. (4.3.12) and(4.3.13) are satis�ed up to a small toleran
e. Parti
ular 
are has to be taken in 
ase that largeportions of the PDF are 
lipped: in su
h 
ases the integration interval is slightly enlarged (seeFig. 4.3.1) in order to allow 
onvergen
e of the Newton method.Averaged rea
tion rate 
al
ulationIf the temperature PDF is given, the averaged rea
tion rates are obtained by integration with the
lassi
al Simpson's quadrature formula [3℄. In order to evaluate the in�uen
e of the temperature�u
tuations, an ampli�
ation fa
tor, being the ratio between the averaged and the �laminar
hemistry�6 temperature dependent sour
e term 
ontributions,
αT = log




〈
kf

(
T̂
)

T̂
P

j ν
′

j

〉
· 〈T 〉

P

j ν
′

j

kf (〈T 〉)



 (4.3.15)is de�ned. Positive values are obtained if the temperature �u
tuations enhan
e the rea
tionrate and negative values otherwise. Figures 4.3.2 and 4.3.3 show αT for two rea
tions takenfrom the Ja
himowski me
hanism [94℄. In the �rst plot there is a signi�
ant enhan
ement ofthe rea
tion rate at low temperatures and high temperature �u
tuations. Su
h a behavioris espe
ially important for a 
orre
t predi
tion of the ignition delay in turbulent �ows, sin
ethese are the typi
al 
onditions at whi
h it takes pla
e. A di�erent situation is given in Fig.4.3.3, where the rea
tion is either enhan
ed or suppressed depending on T and IT . Figure 4.3.4explains these di�eren
es by showing the temperature dependen
e of the rate 
onstants. Forthe �rst rea
tion there is a super-linear trend in the whole temperature range, while for these
ond one two di�erent ranges are observed depending on the sign of the se
ond derivatives.Due to the strongly varying behavior of di�erent rea
tions, no general 
on
lusions about thein�uen
e of the temperature �u
tuations on the 
ombustion pro
ess 
an be drawn and ea
h
ase has to be examined separately.4.3.2.1 Interpolation pro
edureThe Newton-like algorithm (4.3.14) and the averaging pro
edure are 
omputationally expensiveand should not be exe
uted at every timestep (or under-relaxation step). Therefore, two-dimensional lookup tables are used where averaged Arrhenius 
oe�
ients are stored as fun
tionof the mean temperature and temperature varian
e [64℄. The main drawba
k of su
h an ap-proa
h is its high memory requirement, whi
h in
reases with the number of (T, σT ) points andthe size of the kineti
 s
heme.6The term �laminar 
hemistry� indi
ates that the sour
e term is 
al
ulated with the mean variables, without
onsidering the in�uen
e of the turbulent �u
tuations. From the mathemati
al point of view, it is equivalentto set
fT

(
T̂
)

= δ
(
T̂ − 〈T 〉

)
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ts of the temperature �u
tuations on αT for the rea
tion H+O2 → OH+O.Arrhenius 
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120 Chemi
al kineti
s in turbulent �owsIn this work a di�erent low-storage method is implemented. Here the 〈kfr

(
T̂
)〉 is �tted atea
h IT point by an Arrhenius fun
tion

〈
kfr

(
T̂
)〉

≃ Afr
(IT ) 〈T 〉αr(IT ) exp

(
−Ear

(IT )

ℜ 〈T 〉

) (4.3.16)a

ording to the �tting pro
edure des
ribed in the Appendix C. After that, the Arrhenius
oe�
ients in Eq. (4.3.16) are interpolated over the IT spa
e by means polynomial fun
tionsof p-th order. In this way only 3 × (p+ 1) × Nr �oats have to be stored, independently fromthe number of grid points used in 〈T 〉 and IT dire
tions. Additionally, sin
e the interpolation
asts 〈kf〉 into the 
anoni
al Arrhenius form, the impli
it treatment of the Eq. (4.3.16) doesnot require neither a 
omplete reformulation nor additional terms in the Ja
obian matrix (Eq.(2.2.14)).4.3.2.2 Temperature varian
e equationIn order to have a 
omplete des
ription of the temperature PDF, an additional transportequation is needed from whi
h the varian
e of a temperature-related variable may be obtained.In past works, the varian
e of energy, enthalpy or temperature has been adopted [64℄. Theimplementation of a transport equation for the varian
e of the enthalpy is straightforwardbut the relation between σh and σT has to be formulated by adopting additional modelingassumptions. On the other hand, the derivation of a σT equation also requires some additionalhypotheses7 but the 
al
ulation of IT is 
omputationally inexpensive. Moreover, most of theexperimental data of turbulent �ames provide σT and therefore the 
omparison is easier.Provided that the Boussinesq hypothesis holds and negle
ting the turbulent �u
tuation e�e
tson the transport 
oe�
ients, a modeled and simpli�ed temperature varian
e transport equationin di�erential form is given by [65℄
∂ (〈ρ〉 σT )

∂t
+∇ · (〈ρ〉σT 〈V〉) = ∇ ·

(
µt

PrσT

∇σT
)

+ 2
µt

PrσT

∇〈T 〉 ·∇ 〈T 〉 −CσT
〈ρ〉 σT

τt
. (4.3.17)The sour
e term in Eq. (4.3.17) is represented by the gradients of the averaged temperature.This is in analogy with the k equation where the velo
ity gradients are responsible for produ
ingturbulent kineti
 energy. Following the turbulen
e 
as
ade, the temperature �u
tuations aredissipated at the Kolmogorov s
ale by the mole
ular di�usion. In this work a linear dependen
eof the dissipation term on the turbulent times
ale (τt) is assumed. The 
omparison betweensimulations and experimental results (already performed in the literature [64℄) a
hieved thebest agreement for CσT

= 2.0. The transport equation for σT is added to the solution ve
tor(2.1.2) but is solved un
oupled. Therefore, derivatives of the 
hemi
al sour
e term with respe
tto σT are not in
luded in the Ja
obian matrix given in Eq. (2.2.14).7In parti
ular, it is assumed that temperature and spe
ies �u
tuations have a minor in�uen
e on the enthalpy-temperature relation, Eq. (2.1.6).
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al
ulation of averaged sour
e terms 121In the derivation of the Eq. (4.3.17) some terms (i.e. temperature-sour
e term 
orrelations)are negle
ted even if they may have a strong in�uen
e on predi
tions. However, previous worksalready demonstrated that simple modeling approa
hes for these terms in a framework of un
or-related temperature and spe
ies PDFs (see Eq. (4.3.8)) are responsible for a strong dissipationof temperature �u
tuations [16℄ not observed in experiments. Sin
e only few attempts to modelthese terms are known [15℄ and not a widely a

epted method exists, it has been de
ided tonegle
t them.4.3.3 Assumed spe
ies PDFIn a similar was as for temperature, the de�nition of a spe
ies PDF requires se
ond-ordermoments for its de�nition. Equations for the varian
es of spe
ies may be written in a similarform as Eq. (4.3.17). However, for an in
reasing number of spe
ies the solution of the relatedtransport equations would make three-dimensional simulations unfeasible.For this reason a multi-variate β PDF is used to des
ribe the in�uen
e of the spe
ies �u
tu-ations on the rea
tion rates [68℄. This approa
h has several major advantages:
• it gives a reasonable des
ription of the s
alar mixing during all stages (from initial δ-peaksup to the �nal Gaussian distributions [67℄), as shown by DNS [56℄.
• the averaged spe
ies produ
tion rate has an analyti
al form and neither look-up tablesnor interpolation algorithms are ne
essary.
• only one additional transport equation for the sum of the spe
ies varian
es8

σY =

Ns∑

i=1

〈
Y

′2

i

〉 (4.3.18)has to be solved.As 
ounterpart, bimodal distributions W peaks away from the boundary 
an not be predi
ted[66℄ with this PDF.The β PDF for a single variable x ∈ [0, 1] is de�ned as
f (x̂; 〈x〉 , σx) =

Γ (α+ β)

Γ (α)Γ (β)
x̂α−1 (1 − x̂)β−1 (4.3.19)where α and β are fun
tions of the �rst two moments of the distribution

〈x〉 =
α

α + β
, (4.3.20)

σx =
αβ

(1 + β)2 (α + β + 1)
, (4.3.21)8Hereafter σT will be 
alled turbulent s
alar energy [67℄ sin
e its de�nition is analogous to the turbulent kineti
energy k (4.2.6).
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al kineti
s in turbulent �owsand the Γ fun
tion is [75℄
Γ (β) =

∫ ∞

0

tβ−1 exp (−t) dt. (4.3.22)In 
ase of a multivariate joint β-PDF of spe
ies mass fra
tions, Ns fun
tions Γ (βi) have tobe de�ned. Ea
h βi depends on the averaged spe
ies mass fra
tions and the turbulent s
alarenergy
βi = 〈Yi〉

[∑Ns

j=1 〈Yj〉 (1 − 〈Yj〉)
σY

− 1

]
. (4.3.23)Thus, the joint β-PDF is de�ned as

P
(
Ŷ; 〈Y〉, σY

)
=
Γ
(∑Ns

j=1 βj

)

∏Ns

j=1 Γ (βj)

Ns∏

j=1

(
Ŷj

)βj−1

δ

(

1 −
Ns∑

j=1

Ŷj

) (4.3.24)where the Dira
's δ fun
tion is introdu
ed to limit the PDF to the subspa
e where the ve
tor
Ŷ sums up to one. The varian
e of a single spe
ies 
an be 
al
ulated as

〈
Y

′2

j

〉
=

〈Yj〉 − 〈Yj〉2∑
j βj + 1

. (4.3.25)The analyti
al expression for the produ
t of spe
ies mass fra
tions (Eq. (2.2.2)) 
an be foundby exploiting some properties of the β and Γ fun
tions. Here only �nal expressions are given;for an exhaustive demonstration see [13℄ or [68℄. For a generi
 rea
tion whi
h does not involvethird bodies it be
omes
〈

Ns∏

j=1

(Yj)
νj

〉
=

∏Ns

j=1

∏νj

i=1 (βj + νj − i)
∏N

i=1 (B +N − i)
, (4.3.26)where

B =
Ns∑

j=1

βj (4.3.27)and
N =

Ns∑

j=1

νj. (4.3.28)In the 
ase that third-body rea
tions are 
onsidered, an additional fa
tor
〈

Ns∏

j=1

(Yj)
νj

(
Ns∑

j=1

tbjYj

)〉

=

〈
Ns∏

j=1

(Yj)
νj

〉

︸ ︷︷ ︸Eq.(4.3.26) [
Ns∑

j=1

tbj (βj + νj)

] (4.3.29)
whi
h in
ludes third-body e�
ien
ies is added.
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Figure 4.3.5: E�e
ts of the spe
ies �u
tuations for a self-re
ombination rea
tion.In�uen
e of the spe
ies �u
tuationThe in�uen
e of the β-PDF on the spe
ies sour
e term 
an be assessed by examining theampli�
ation fa
tor
αY =

〈∏Ns

j=1 (Yj)
νj

〉

∏Ns

j=1 (〈Yj〉)νj
(4.3.30)for simple two body rea
tions [13℄ in a two-
omponents mixture. In 
ase of self-re
ombination

A+ A→ products (4.3.31)the spe
ies �u
tuations enhan
e the averaged rea
tion rate. The 
orresponding ampli�
ationfa
tor 
an be derived from Eq. (4.3.26)
αAAY = 1 +

σY (1 − 〈YA〉)
〈YA〉

(
1 −

∑
j 〈Yj〉

2
) (4.3.32)and is shown in Fig. 4.3.5 in a logarithmi
 s
ale. The highest ampli�
ation fa
tors are a
hievednear the origin for small 
on
entrations of A. On the other hand, heterogeneous rea
tions as

A+B → products (4.3.33)are suppressed by the spe
ies �u
tuation sin
e the ampli�
ation fa
tor
αABY = 1 − σY

1 −
∑

j 〈Yj〉
2 (4.3.34)is always less than one. Figure 4.3.6 shows the 
orresponding symmetri
 behavior.
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Figure 4.3.6: E�e
ts of the spe
ies �u
tuations for a heterogeneous re
ombination rea
tion.4.3.3.1 Impli
it treatment of the averaged rea
tion rateSin
e the formulation of the averaged sour
e term is a�e
ted by spe
ies �u
tuations, the Ja
o-bian matrix depends on the assumed PDF approa
h. Derivatives with respe
t to mass fra
tionsare 
al
ulated using the 
hain rule
∂

∂Yk

〈
∏

j

(Yj)
νj

〉∣∣∣∣∣
h,Yj,j 6=k

=

Ns∑

ℓ=1

∂

∂βℓ

〈
∏

j

(Yj)
νj

〉∣∣∣∣∣
βi,i6=ℓ

∂βℓ

∂Yk

∣∣∣∣
h,Yj,j 6=k

, (4.3.35)where
∂βℓ

∂Yk
= 2

〈YNs
〉 − 〈Yk〉
σY

Yℓ + δℓk

(∑
j 〈Yj〉 (1 − 〈Yj〉)

σY
− 1

) (4.3.36)and δℓk is the Krone
ker delta. Con
erning the derivative with respe
t to βℓ, Eq. (4.3.26) isused and for the numerator the following expression
∂

∂βℓ

[
Ns∏

j=1

νj∏

i=1

(βj + νj − i)

]∣∣∣∣∣
βi,i6=ℓ

=

Ns∏

j=1

νj∏

i=1

(βj + νj − i)

νℓ∑

i=i

1

(βℓ + νℓ − i)
(4.3.37)is obtained. Derivatives of the denominator are straightforward, sin
e only the sum of βiappears

∂

∂Yk

[
N∏

i=1

(B +N − i)

]∣∣∣∣∣
Yj,j 6=k

=
∂

∂B

[
N∏

i=1

(B +N − i)

]
∂B

∂Yk

∣∣∣∣
Yj,j 6=k

, (4.3.38)where
∂

∂B

[
N∏

i=1

(B +N − i)

]

=

N∏

i=1

(B +N − i)

N∑

i=1

1

(B +N − i)
(4.3.39)
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∂B

∂Yk

∣∣∣∣
Yj,j 6=k

= 2
〈YNs

〉 − 〈Yk〉
σY

. (4.3.40)In 
ase that third-body rea
tions are in
luded, the derivatives of the additional term in Eq.(4.3.29) are 
al
ulated with the help of Eq. (4.3.36)
∂

∂Yk

[
Ns∑

j=1

tbj (βj + νj)

]∣∣∣∣∣
Yj,j 6=k

= 2
〈YNs

〉 − 〈Yk〉
σY

Ns∑

j=1

tbj 〈Yj〉+

(
tbk − tbNs

)(
∑

j 〈Yj〉 (1 − 〈Yj〉)
σY

− 1

)
. (4.3.41)4.3.3.2 Turbulent s
alar energy transport equationUnder the same hypothesis as for Eq. (4.3.17), the di�erential form of the transport equationfor σY is written as follows

∂ (〈ρ〉σY )

∂t
+ ∇ · (〈ρ〉 σY 〈V〉) = (4.3.42)

= ∇ ·
(

µt

PrσY

∇σY
)

+ 2 〈ρ〉 µt

PrσY

Ns∑

j=1

∇〈Yj〉 · ∇ 〈Yj〉 − CσY
〈ρ〉 σY

τtwhere 
ross-
orrelation terms like 〈Y ′

i ωi
〉 are negle
ted as explained above. CσY

gives therelation between the rates at whi
h the velo
ity and spe
ies �u
tuations are dissipated. A
omparison with experimental data in turbulent jet �ames obtained the best results for CσY
=

2.0, although lo
al values 
an range in the interval 0.5-2.0 [154℄.4.4 Model validationIn order to validate the assumed PDF approa
h, simulations for turbulent hydrogen/air �amesare performed. For this fuel only a small number of rea
tions is needed in order to get analmost 
omplete des
ription of the 
ombustion pro
ess. Although this does not preserve theresults from the in�uen
e of the adopted kineti
s (see for example subse
tion 2.2.3), the smallsize of the 
hemi
al me
hanism allows to dis
uss the in�uen
e of the single rea
tions to someextent. Moreover, the 
hosen test
ases exhibit some features to point out the in�uen
e of theturbulent �u
tuations and the range of appli
ability of the assumed PDF approa
h.4.4.1 Atta
hed, turbulent H2/air �ame (H3 �ame)The axysimmetri
, un
on�ned, turbulent, di�usion hydrogen/air �ame presented in the Turbu-lent Non-premixed Flame Workshop [85℄ is investigated. A turbulent N2/H2 mixture is inje
tedfrom a 8-mm pipe into a slow 
o�ow under 
onditions that an atta
hed, statisti
ally-stationarydi�usion �ame is obtained. Detailed axial and radial pro�les of the main spe
ies and tempera-ture have been measured along with their �u
tuations. Thus, the 
omparison of both σT and
σY (Eqs. (4.3.17) and (4.3.42)) with experimental data be
omes possible and their in�uen
e on



126 Chemi
al kineti
s in turbulent �owsTable 4.1: Boundary 
onditions for the H3 �ame (Se
tion 4.4.1).radius(mm) 
omposition2 temperature(K) velo
ity(ms )fuel inlet 4 H2: .0671N2: .9329 300 341air inlet 70 O2: .23N2: .77 300 0.2wall - zero gradient 300 0out�ow - zero gradient zero gradient zero gradientaxis - zero gradient zero gradient zero gradient1 The bulk fuel velo
ity is given here. Pro�les are given in [1℄.2 The 
omposition is given in mass fra
tions.the mean quantities 
an be evaluated. Moreover, data from other resear
h groups investigatingthe same test
ase are also available [146℄.The simulation is 
arried out on a 5-degree sli
e using hexahedral elements for the 
omputa-tional grid everywhere but along the axis, where prisms are better suited to �t the geometry.The fuel in�ow pro�les are taken from numeri
al simulations [1℄ and are pres
ribed at thepipe's exit. The 
o�ow is assumed to be laminar and a small portion of it is in
luded in thesimulation in order to take the su
tion e�e
ts near the mixing region into a

ount. Sin
e thefuel and 
o�ow inlets show large di�eren
es in their axial momentum, an upstream extensionof the fuel inlet (as done in subse
tion 2.5.5) is 
onsidered useless. A summary of the boundary
onditions is given in Table 4.1.The H2-
hemistry is des
ribed by the 9-spe
ies, 21-rea
tions me
hanism of Ò Connaire etal. [149℄ already employed to study the hydrogen ignition in subse
tion 2.2.3. The turbulenttransport terms are 
losed by the standard k−ǫ turbulen
e model [200℄ using C1 = 1.6 (insteadof the standard value C1 = 1.44 [200℄). This value is 
hosen to a
hieve a higher a

ura
y inthe predi
tions of the spreading rate in blu�-body 
on�gurations [38, 41℄ and axysimmetri
 jets[208℄, also in 
ase of a hot 
o�ow [35℄. Beside the assumed PDF approa
h, both the in�uen
eof the 
hemi
al kineti
s and the C1 turbulen
e model 
onstant will be investigated.4.4.1.1 Referen
e 
al
ulationIn order to analyze the in�uen
e of di�erent parameters, a referen
e 
al
ulation is performedwithout taking the in�uen
e of turbulent temperature and spe
ies �u
tuations on the rea
tionrates (laminar 
hemistry) into a

ount. Fig. 4.4.1 shows the axial velo
ity and mixture fra
tion
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Figure 4.4.1: Axial velo
ity and mixture fra
tion distributions for the H3 jet �ame.distributions. The latter is a 
onserved s
alar
Z =

2
ZC
WC + 1

2

ZH
WH +

ZO˛

˛

˛

air

in
−ZO

WO
2
ZC˛

˛

˛

fuel

in

WC + 1
2

ZH˛

˛

˛

fuel

in

WH +
ZO˛

˛

˛

air

in

WO (4.4.1)able to des
ribe the mixing of two di�erent streams in non-premixed, hydro
arbon �ames [19℄.
Ze is the fra
tion of element e in the mixture and the supers
ripts air and fuel refer to thevalues 
al
ulated at air and fuel inlets, respe
tively. A

ording to its de�nition, the mixturefra
tion is bound between zero (air inlet) and one (fuel inlet). Sin
e it is not dire
tly a�e
tedby 
hemi
al rea
tions, it is often used to provide a parameter to 
ompare experimental andnumeri
al results independently from the adopted 
ombustion model. In Fig. 4.4.1 the mixturefra
tion distribution shows a 
oni
al 
ore �ow in the jet 
enter and a mixing between thestreams.In Fig. 4.4.2 temperature and OH mass fra
tion distributions are given. Even if the �amestru
ture looks similar to the laminar �ames investigated in the previous 
hapters, a signi�
antlyhigher ratio between �ame length and fuel inlet nozzle (about 90) is observed. The �ameis stabilized by the turbulent stru
tures 
aused by high inlet velo
ity gradients. The OHdistribution (in the same plot) is 
onsistent with the temperature predi
tions and outlines themean position of the �ame front. Highest 
on
entrations are a
hieved near the burner exit,where high spe
ies gradients o

ur.4.4.1.2 In�uen
e of the simulation parametersThe sensitivity with respe
t to the kineti
 me
hanism is investigated �rst. Figure 4.4.3 showsthat only small di�eren
es in terms of temperature and �ame length are obtained if the 9-spe
ies,19-rea
tion Ja
himowski's me
hanism [94℄ is used instead of the Ò Connaire one. Thus, it 
an
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on
luded that �ame stabilization is dominated by �di�usion�9 of fuel and oxidator intothe thin, rea
tive layer [110℄. On
e that fuel, air and hot 
ombustion produ
ts are mixed atmole
ular level (below the Kolmogorov s
ale), rea
tions 
an take pla
e and heat is released.Here the di�usion pro
ess a
ts as a bottlene
k for the 
ombustion pro
ess. However, it shouldbe kept in mind that pollutant formation (i.e. NOx produ
tion, soot) may depend strongly onthe adopted kineti
s sin
e radi
al 
on
entrations show a signi�
ant sensitivity to the kineti
s.As an example, Fig. 4.4.3(b) 
ompares the H radi
al distributions of both me
hanisms andlarge di�eren
es in the peak values and distributions are observed.The k − ǫ model is used to 
lose the averaged momentum equations and the 
losure modelparameters are expe
ted to have an in�uen
e on the velo
ity �eld and 
onsequently the �amebehavior. As suggested in Ref. [208℄, the jet anomaly10 
an be partially solved by a simple
hange of the 
onstant C1 in the ǫ equation. In Fig. 4.4.4(a) large di�eren
es between simula-tions using the standard value (C1 = 1.44) and the jet-
orre
ted value (C1 = 1.6) are noti
ed.Spreading and mixing rates are heavily a�e
ted by this 
onstant and the �ame is more than37% shorter if C1 = 1.44 is used. Additionally, radial velo
ity pro�les are �atter and a thi
ker�ame is obtained. The 
omparison with the experimental data in subse
tion 4.4.1.4 will showthat the jet-
orre
ted value (C1 = 1.6) a
hieves a better agreement with measurements even ifit is not able to improve the results at all stages of the mixing pro
ess.Next, the in�uen
e of the mole
ular transport phenomena is investigated, sin
e laboratory-s
ale �ames are in a Reynolds number interval where they show some sensitivity to di�erentialdi�usion [12℄. Indeed, even if the test
ase is nominally in the turbulent regime the high dissi-pation rates whi
h o

ur near the burner exit may be able to damp the turbulent �u
tuations.In this 
ase high mole
ular di�usivities whi
h 
hara
terize small radi
al spe
ies (i.e. hydrogen)may play a role. The so-
alled relaminarization is parti
ular important in the near-�eld of theburner, where the �ame's stabilization is related to the upstream transport of heat and 
ombus-tion produ
ts. Figure 4.4.5 
ompares temperature and OH distributions for simulations wheredi�erential di�usion or equal di�usivity for all spe
ies (Le = 1) are used. Beyond di�erentpeak temperatures, the most important di�eren
e is the position of the stabilization point. Ifa unity Lewis number is used, a deta
hed �ame (not observed in the experiments) is obtainedsin
e the relaminarization whi
h takes pla
e at the burner exit damps the turbulent �u
tuationand therefore mixing. It be
omes 
lear that in su
h hydrogen fueled �ames the assumption of
Le = 1 is parti
ularly poor, sin
e H2 (as well as radi
als responsible for the ignition of freshmixture po
kets) has a high mole
ular di�usivity and 
an penetrate in the rea
tive layer moree�
iently than the Le = 1 hypothesis 
an predi
t.9Here the term �di�usion� has a more general meaning, sin
e it in
ludes the 
onve
tive transport operated byunresolved small turbulent stru
tures.10The term �jet anomaly� refers to the fa
t that the k − ǫ model underpredi
ts the spreading rate in plain jetsand overpredi
ts it in axysimmetri
 
on�gurations.
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(b) σYFigure 4.4.6: Temperature, temperature �u
tuation intensity and turbulent s
alar energy dis-tributions of the H3 jet �ame.4.4.1.3 In�uen
e of the turbulent �u
tuationsIn this se
tion both the spe
ies and temperature turbulent �u
tuations are 
onsidered in the
al
ulation of the sour
e term. Several simulations have been 
arried out where σT , σY orboth are transported and in
luded in the averaged sour
e term 
al
ulation. In Fig. 4.4.6both temperature and spe
ies varian
e distributions are shown next to the temperature and N2distributions, respe
tively. Ea
h simulation has been performed with either σT or σY equationa
tivated. It is observed that the �ame shape is neither a�e
ted by the in
lusion of σT nor
σY . The reasons for this insensitivity 
an be found in Figs. 4.3.2 and 4.3.3. Sin
e the �ameis atta
hed and a 
old 
o�ow is used, temperature and spe
ies �u
tuations are established bythe �ame itself. That is, the mixture will be ignited at high temperature and low temperature�u
tuations in a region of the plane (T, Tf ) (see Figs. 4.3.2 and 4.3.3) where the ampli�
ationfa
tor is negligible.This hypothesis is 
on�rmed by the dire
t 
omparison of the temperature �eld with andwithout temperature-PDF, as done in Fig. 4.4.7(a). No signi�
ant di�eren
es are observedin the temperature distribution and only a thinner �ame is obtained. Nevertheless, similarlyto the 
hemi
al kineti
s, the temperature �u
tuations have a large in�uen
e on the radi
al
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(b) OH mass fra
tionFigure 4.4.7: E�e
t of the temperature PDF on the temperature and OH distributions of theH3 jet �ame.produ
tion, as shown in Fig. 4.4.7(b) for the OH 
on
entration. In 
ase that the temperature-PDF is employed, the rea
tion zone is thinner and lower OH 
on
entrations are obtained;other spe
ies show the same trend. Analogous 
on
lusions may be drawn in 
ase that spe
ies�u
tuations are taken into a

ount; the results are not shown here for the sake of brevity.4.4.1.4 Comparison with experimental resultsThe experimental dataset 
onsists of temperature and main spe
ies measurements along theaxis and radial pro�les at seven heights above the burner. The root mean square (rms) valuesof the same variables are also provided. In this work both axial and radial pro�les (at 2.5,10 and 50 diameters above the burner) are shown. These heights are 
hosen to give a goodoverview of the whole �eld (i.e. from the near-�eld mixing to the self-similar regime).In order to assess the e�e
ts of the modi�ed turbulen
e model 
onstant C1 on the mixing�eld, mixture fra
tion pro�les are plotted in Fig. 4.4.8. In the axial plot (Fig. 4.4.8(a)) it isobserved that the C1 = 1.6 assumption provides a better agreement in the near-�eld region,where the �ame stabilization takes pla
e. On the other hand, the spreading rate in the far-�eldregion is not well reprodu
ed and the mixture fra
tion is overpredi
ted. Sin
e most phenomena
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(d) H

D
= 50Figure 4.4.8: Mixture fra
tion pro�les for the H3 jet �ame.a�e
ting the �ame stru
ture take pla
e near the burner exit (where highest temperature andspe
ies gradients o

ur), the modi�ed 
onstant represents the better 
hoi
e.The temperature pro�les are shown in Fig. 4.4.9. In 
ase the modi�ed turbulen
e 
losure
onstant C1 is adopted, a better overall agreement along the axis (Fig. 4.4.9(a)) is a
hieved.The 
hoi
e C1 = 1.44 overpredi
ts the temperature rise, sin
e a higher turbulent kineti
 energyand a high turbulent transport are attained. Changes in this modeling 
onstant does not seemto a�e
t the peak temperature, whi
h is overpredi
ted by both 
al
ulations. The position of thetemperature peak, whi
h represents the �ame length, does not mat
h the experimental data inany of the presented simulation. The radial pro�les show that it is well predi
ted in the near-�eld whereas larger errors appear further downstream. In 
omparison, the experimental pro�lesare wider and the peak is shifted towards the axis. Sin
e the turbulent transport determines the�ame's shape, the turbulen
e model should be responsible for these dis
repan
ies. In parti
ular,a la
k of energy and spe
ies transport in the radial dire
tion (see also Fig. 4.4.11) is observed. Inprevious numeri
al works [146℄ similar dis
repan
ies in peak temperatures were found, althoughthe use of a more 
omplex 
orre
tion for axysimmetri
 jets leads to a better overall agreement[155℄.
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e of turbulen
e and thermo-
hemistry modeling.
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(d) H

D
= 50Figure 4.4.11: O2 mass fra
tion pro�les for the H3 jet �ame: in�uen
e of turbulen
e and thermo-
hemistry modeling.E�e
ts of the temperature and spe
ies �u
tuations on mean temperature pro�les (see Fig.4.4.10) are marginal. Nevertheless, even if the global rea
tion rate is similar, the relative impor-tan
e of single rea
tions 
hanges if the PDFs are in
luded. An example is given in Fig. 4.4.12where di�eren
es between laminar 
hemistry and 
al
ulations employing temperature- andspe
ies-PDFs are given. In parti
ular, the O2 penetration into the �ame 
ore is more pronoun
edif PDFs are in
luded. Even if these di�eren
es seem to be quite small, the high sensitivity withrespe
t to the gas 
omposition of many rea
tions makes the in
lusion of turbulen
e-
hemistryintera
tion mandatory.Pro�les of IT (see Eq. (4.3.17)) are plotted in Fig. 4.4.13. Experimental peak values andtrends are well reprodu
ed. In the axial plot (Fig. 4.4.13(a)) the se
ond peak is missed what maybe partially 
aused by the dis
repan
ies in the �ame length predi
tions. In spite of dis
repan
iesobserved in the temperature predi
tions, the radial IT pro�les are in good agreement with themeasurements, even if the bimodal distributions found at H

D
= 2.5 and H

D
=10 are only partiallyreprodu
ed. These di�eren
es, along with the dis
repan
ies found at H

D
= 50, may be relatedto negle
ted terms in the IT transport equation (Eq. (4.3.17)).
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D
= 50Figure 4.4.14: Turbulent s
alar energy for the H3 jet �ame.A 
omparison of the experimental and simulated σY pro�les is given in Fig. 4.4.14. In this
ase the agreement is ex
ellent, sin
e even bimodal distributions are quite well reprodu
ed.Dis
repan
ies in the far-�eld may be related to the bad performan
e of the turbulen
e model.4.4.2 Lifted, H2/air jet �ame in vitiated 
o�owThe se
ond test
ase investigated also represents a H2/N2 turbulent di�usion jet �ame. If
ompared with the previous one, fuel in�ow velo
ities are signi�
antly higher. Thus, in orderto stabilize the 
ombustion a lean, premixed, laminar �at H2/air �ame is used as 
o�ow. In theexperiments [28℄ a lifted �ame is observed, with a lift-o� distan
e whi
h shows an extremelyhigh sensitivity to the 
o�ow temperature [201℄. In this 
on�guration a strong in�uen
e oftemperature and spe
ies �u
tuations is expe
ted, sin
e they are generated before ignition takespla
e [14℄. This is similar to the �ame stabilization me
hanism in swirled 
ombustion 
hambers,where hot produ
ts form a re
ir
ulation zone and ignite the fresh mixture [135℄. Similarly, new
ombustion 
on
epts as MILD and FLOX [123℄ strongly rely on the intera
tion of jets withdi�erent temperatures [42℄.The boundary 
onditions are given in Table 4.2. Sin
e no velo
ity measurements have been
arried out, a fully-developed fuel in�ow is assumed. In order to provide boundary 
onditions
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onditions for the lifted H2/air �ame (Se
tion 4.4.2).radius(mm) 
omposition temperature(K) velo
ity(ms )fuel inlet 2.285 H2: .02342N2: .97658 300 1071
air inlet 200 O2: .17085N2: .76431H2O: .06453OH: 3.1e-4 1045 3.52out�ow - zero gradient zero gradient zero gradientaxis - zero gradient zero gradient zero gradient1 The bulk value is given here.2 A 
onstant in�ow velo
ity is used for the 
o�ow.whi
h are 
onsistent with the employed turbulen
e model, an additional simulation of the fuelpipe delivers the required radial pro�les of V, k and ǫ at the in�ow. The vitiated 
o�ow isassumed to be in thermodynami
 equilibrium and the 
omposition is 
al
ulated a

ordingly.Con
erning the �ow regime, it is laminar and a 
onstant velo
ity inlet is pres
ribed. Sin
e thereare large di�eren
es in momentum between fuel and air (see Table 4.2) this approximation isnot expe
ted to a�e
t the results. If not stated otherwise, the 
hemi
al kineti
s presented inRef. [149℄ is adopted. 140 elements are used in both axial and radial dire
tion with more 
ellsin regions where strong gradients are expe
ted.In order to outline the physi
s of this �ame, several simulations have been performed. Varia-tions in 
hemi
al kineti
s, turbulen
e model parameters and 
o�ow temperature are investigatedsin
e they determine the �ame behavior.4.4.2.1 Referen
e simulationIn Fig. 4.4.15 temperature and OH distributions are given the referen
e simulation. Be
ause ofthe high �ow velo
ity and low hydrogen 
on
entrations of the fuel mixture, a lifted �ame in apartially-premixed regime is obtained. As for the ignition problem (subse
tion 2.2.3), a uniquede�nition of the lift-o� distan
e does not exist. A

ording to Cabra and 
oworkers [28℄ it 
anbe de�ned as the height at whi
h YOH rea
hes 600 ppm. In Fig. 4.4.15 the YOH = 600 ppmisoline is superimposed on the OH 
ontours and a lift-o� distan
e of about 13 D is obtained.This value is slightly higher than the experimental value, where a mean value of 10 D has beenobserved.Sin
e the boundary 
onditions (in parti
ular the 
o�ow temperature) are di�erent from whathas been dis
ussed in subse
tion 4.4.1, the phenomena responsible for �ame stabilization aredi�erent too. Here 
hemi
al kineti
s, whi
h do not play an essential role in the H3 �ame,explain the �ame behavior mu
h better than turbulent di�usion does. Mixing between the
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Figure 4.4.15: Temperature and OH distributions of the lifted H2/air �ame [28℄.
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Figure 4.4.16: HO2 and H2O2 distributions of the lifted H2/air �ame [28℄.vitiated hot 
o�ow and the 
old jet enhan
es rea
tions responsible for the produ
tion of HO2and H2O2 whi
h are more a
tive at temperatures below 1000 KH2 + O2 ⇋ HO2 + H, (4.4.2)
2HO2 ⇋ H2O2 + O2, (4.4.3)HO2 + H2 ⇋ H2O2 + H. (4.4.4)As a side e�e
t, H atoms are produ
ed whi
h again 
an atta
k O2 or H2 to form more radi
als.If H2O2 rea
hes high 
on
entrations the 
hain-bran
hing rea
tionH2O2 ⇋ 2OH (4.4.5)prevails and the mixture is ignited. HO2 and H2O2 plots given in Fig. 4.4.16 support thishypothesis sin
e high 
on
entrations of both spe
ies are found well before ignition takes pla
e.
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Figure 4.4.17: In�uen
e of the kineti
 me
hanism on the temperature distribution of the liftedH2/air �ame [28℄.4.4.2.2 In�uen
e of the simulation parametersSome of the kineti
 me
hanisms des
ribed in the subse
tion 2.2.3 have been tested using thistest
ase. In Figs. 4.4.17 and 4.4.18 the 
orresponding temperature and OH distributions areshown. As expe
ted, strong di�eren
es in the lift-o� distan
es are observed. They are 
onsistentwith the zero-dimensional simulations and the me
hanism predi
ting a shorter ignition delay inthe 
onstant-pressure rea
tor also gives a lower lift-o� height. Sin
e all me
hanisms are basedon the same thermodynami
 and transport databases, these dis
repan
ies are essentially dueto 
hemi
al kineti
s e�e
ts [127℄.It should be noted that the degree of premixing of the jet with the 
o�ow pro
eeds within
reasing height above the burner. That means that the regime at whi
h the �ame is stabilizeddepends on the lift-o� distan
e. In other words, me
hanisms whi
h predi
t large lift-o� heightswould stabilize the �ame under almost premixed 
onditions. Moreover, with an in
reasedpremixing the �ame front be
omes shorter and more perpendi
ular to the streamlines, sin
ethe �ame speed in
reases. This high and non-linear sensitivity with respe
t to the kineti
me
hanisms has also been found with more 
omplex turbulen
e-
hemistry intera
tion models,like the transported-PDF approa
h [30℄.The importan
e of the HO2/H2O2 subme
hanism is endorsed in Fig. 4.4.19, where tempera-ture and OH distributions are obtained by using the 
omplete (9 spe
ies, 19 rea
tions [94℄) andthe abridged (7 spe
ies, 7 rea
tions [2℄) me
hanisms of Ja
himowski. In the abridged version,
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72 DFigure 4.4.18: In�uen
e of the kineti
 me
hanism on the OH distribution and lift-o� distan
eof the lifted H2/air �ame [28℄.where 
hemi
al rea
tions involving OH2 and H2O2 are negle
ted, the single reversible rea
tionO2 + H2 ⇋ 2OHis responsible for ignition. Thus, a pretty smaller lift-o� height is predi
ted, as ignition takespla
e as soon as fuel and air are mixed. These results are in agreement with DNS studiesperformed using the same initial 
ompositions in homogeneous turbulen
e. They highlight theimportan
e of the intermediate spe
ies on the ignition delay and, in parti
ular, their intera
tionwith the turbulent eddies may play a fundamental role in starting the 
ombustion pro
ess [183℄.The high sensitivity of the experiment 
on
erning the boundary 
onditions is demonstratedin Fig. 4.4.20, where simulations using di�erent 
o�ow temperatures are 
ompared. Theobserved large di�eren
es are in agreement with the results of previous works [31, 201℄ and
an be explained by the fa
t that ignition takes pla
e in a 
riti
al temperature range wherethe ignition delay shows a high sensitivity to the initial temperature11. Additionally, the lift-o�distan
e is a non-linear fun
tion of the 
o�ow temperature. There is a kineti
-based stabilizationme
hanism whi
h is able to explain this behavior, sin
e the equilibrium between the produ
tion11This has been 
on�rmed by zero dimensional simulations (subse
tion 2.2.3).
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Figure 4.4.20: In�uen
e of the 
o�ow inlet temperature on the OH distribution of the liftedH2/air �ame [28℄.of HO2 and H2O2 (Eqs. (4.4.2)-(4.4.5)) and their 
onversion into O, H and OH is a highly non-linear fun
tion of the temperature. Su
h a high sensitivity has also been observed in anotherexperiment where a lifted CH4/air �ame has been investigated using the same geometry12 [28℄.The in�uen
e of the k−ǫ turbulen
e model 
losure 
onstant C1 on the temperature predi
tionsis shown in Fig. 4.4.22. The lift-o� distan
e (Fig. 4.4.21) is dramati
ally a�e
ted by this
onstant and a 
hange of 10% 
auses di�eren
es in the lift-o� height of 34%. Sin
e a lowervalue of C1 in
reases the turbulent intensity, these results are 
onsistent with three-dimensionalDNS simulations [183℄. In parti
ular they show that ignition delay in a non-premixed mediumde
reases with in
reasing turbulen
e intensity (i.e. better mixing). An interesting result is thatthe �ame stabilization is shifted towards a di�usion-based me
hanism if the original 
onstantis used. This is demonstrated by additional simulations performed with C1 = 1.44 (not shownin this work) where a lower sensitivity with respe
t to the inlet temperature has been observed.4.4.2.3 In�uen
e of the assumed-PDF modelSin
e the temperature and spe
ies �u
tuations are expe
ted to have a strong in�uen
e onthe simulations, their e�e
ts are �rst 
onsidered separately. Temperature and temperature�u
tuation intensity (IT ) �elds are shown in Fig. 4.4.23 for a simulation whi
h only takes thetemperature �u
tuations into a

ount. In this parti
ular 
ase, the ignition takes pla
e wherehigh temperature �u
tuations o

ur, as experimental data also show [29℄. The 
omparison12Further un
ertainties may result from the 
o�ow velo
ity whi
h also may a�e
t the lift-o� height [188℄.
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Figure 4.4.21: Non-dimensional lift-o� heights as fun
tions of the inlet 
o�ow temperatures withstandard and modi�ed C1 
onstant of the k − ǫ turbulen
e model.
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e of the 
onstant C1 of the k − ǫ turbulen
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T (K): 300 500 700 900 1100 1300 1500Figure 4.4.23: IT and temperature �elds of the lifted H2/air �ame [28℄.between Fig. 4.4.23 with Fig. 4.4.15 demonstrates the large e�e
t that the temperature PDFmay have.Of 
ourse, the impa
t of the assumed PDF approa
h depends on the 
hemi
al me
hanismas may be seen from Fig. 4.4.24. The �ame obtained by using the Ò Connaire me
hanismis most a�e
ted by the temperature �u
tuations and the lift-o� distan
e drops to very smallvalues. In 
ase of the Ja
himowski s
heme the lift-o� distan
e remains nearly un
hanged butlower 
on
entrations of OH are obtained. The GRI 3.0 
al
ulations do not seem to be a�e
tedby temperature �u
tuations at all.Temperature and σY distributions are plotted in Fig. 4.4.25 for the 
ase that only the joint
β-PDF is used. Large variations are observed, both in the ignition delay and in the peak values.In 
ontrast to the temperature PDF, the spe
ies PDF seems to suppress mixture rea
tivity anda slower overall rea
tion rate is observed. Referring to Figs. 4.3.5 and 4.3.6, this implies thatheterogeneous rea
tions play the most important role.An overview of the in�uen
e of the temperature and spe
ies PDFs is given in Fig. 4.4.26.As already observed for the H3 �ame, the temperature PDF 
auses a thinner �ame and thespe
ies PDF de
rease the mixture rea
tivity [2℄. In 
ase of a joint use of both PDFs, a 
learprevalen
e of the temperature �u
tuation e�e
ts is observed.4.4.2.4 Comparison with the experimental dataThe experimental dataset from Ref. [28℄ in
ludes mixture fra
tion, main spe
ies 
on
entrationsand temperature as well as their 
orresponding rms values. These pro�les are given at di�er-ent heights above the burner (H

D
= 1, 8, 9, 10, 11, 14, 26

) and along the symmetry axis. In theexperiments the ignition takes pla
e at H
D

= 10 and a 
omparison of pro�les around this heightwould be strongly a�e
ted by the predi
ted position of ignition. Thus, only radial pro�les above
H
D

= 10 together with the axial trends are 
ompared.
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Figure 4.4.24: OH predi
tions for the lifted H2/air �ame [28℄ with and without temperaturePDF.
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(d) H

D
= 26Figure 4.4.27: N2 mass fra
tion pro�les for the H2/air lifted jet �ame [28℄: in�uen
e of turbu-len
e and thermo-
hemistry modeling.The nitrogen pro�les shown in Figs. 4.4.27 and 4.4.28 
an be used to monitor the in�uen
e ofthe �ame on the mixing sin
e experiments outline that only small amounts of NOx are produ
ed[28℄. The plots show that there is a strong intera
tion between the lift-o� distan
e and mixingsin
e the volumetri
 expansion due to the 
ombustion damps part of the turbulent �u
tuations.Temperature plots are given in Figs. 4.4.29 and 4.4.30. The pro�les at H

D
= 11 are stillstrongly a�e
ted by the ignition, and larger dis
repan
ies are found. Further downstream theagreement is quite satisfa
tory even if there are some e�e
ts whi
h have to be outlined. Re-ferring to Fig. 4.4.30, the temperature PDF improves the predi
tions, whereas the ex
lusiveadoption of the β-PDF largely deteriorates the results. The good performan
e of the Ja
hi-mowski me
hanism, whi
h does not 
hange if the PDFs are adopted, should also be mentioned.The peak temperatures are slightly overpredi
ted, probably due to the la
k of H2O radiationlosses in the enthalpy equation. Both the axial and radial temperature plots show that the

C1 = 1.44 
al
ulation overpredi
ts the spreading rate and therefore the temperature. Theseresults are in 
ontrast to the work of other resear
hers [127℄, whi
h 
laim that jet �ames issuedin hot 
o�ows do not su�er from the jet anomaly.
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(b) H

D
= 14Figure 4.4.28: N2 mass fra
tions pro�les for the H2/air lifted jet �ame [28℄: in�uen
e of tem-perature and spe
ies PDFs.
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= 14Figure 4.4.30: Temperature pro�les for the H2/air lifted jet �ame [28℄: in�uen
e of temperatureand spe
ies PDFs.The hydrogen pro�les given in Figs. 4.4.31-4.4.32 are 
onsistent with the above 
onsidera-tions, sin
e the best performan
e is obtained using Ja
himowski's me
hanism. Here, the dropof H2 mass fra
tion predi
ted by using the standard k − ǫ model is evident. At H

D
= 26 thesimulations using both the temperature and spe
ies PDFs overpredi
t the amount of hydrogen,be
ause of the early ignition and the la
k of oxygen penetration (see also Fig. 4.4.18).The temperature �u
tuations shown in Fig. 4.4.33 agree very well with the experimentaldata. Dis
repan
ies are found at H

D
= 26 whi
h probably are due to the 
oupling betweentemperature and spe
ies �u
tuations, dis
arded in this work. This missing 
oupling may alsoexplain the absen
e of large variations in the IT pro�les if the β-PDF is added to the system.Pro�les of the s
alar turbulent energy σY are 
ompared in Fig. 4.4.34. In this 
ase thetemperature PDF has a large in�uen
e sin
e large variations in the lift-o� point and the �amestru
ture are obtained. In parti
ular, the joint use of both PDFs improves the agreement withthe experimental pro�les.The presented results demonstrate that the in
lusion of the temperature and spe
ies �u
tu-ations in the 
al
ulation of averaged sour
e terms is ne
essary in order to predi
t the ignitiondelay a

urately. Moreover, a strong in�uen
e of the temperature and spe
ies �u
tuations onthe results are observed. The temperature �u
tuations strongly a�e
t the �ame stru
ture, theignition point and the heat release rate. On the other hand, the spe
ies �u
tuations do not
hange the �ame behavior signi�
antly, but they have a large in�uen
e on the predi
tions ofthe minor spe
ies.
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e of turbu-len
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5 Soot formation in semi-te
hni
als
ale burners5.1 Introdu
tionIn this 
hapter all models developed and validated in the previous parts are employed for thenumeri
al investigation of a semi-te
hni
al s
ale burner. Semi-te
hni
al s
ale means that:
• the geometry does not rea
h the 
omplexity found in industrial real size appli
ations, butis 
lose to them;
• and working 
onditions (in parti
ular the pressure) are 
omparable to those of real 
om-bustors, even if in the present 
ase pressures are lower be
ause of experimental limitations.Nevertheless, this investigation already has a high degree of 
omplexity and the �ow patterns
orrespond to those of real devi
es. On the other hand, semi-te
hni
al s
ale also means thatthe system runs under 
ontrolled boundary and operating 
onditions, what is impossible in real
ombustors.Combustion 
hambers for propulsion and energy produ
tion devi
es are based on the samedesign prin
iples (see Fig. 5.1.1):
• A splitting of the in
oming air into a primary and a se
ondary �ow. The �rst usuallyenters the 
ombustion 
hamber through a swirler and feeds the main 
ombustion zone.The se
ondary air is used as 
oolant medium and to redu
e pollutants.
• A rea
tion zone where air and fuel are mixed and a near stoi
hiometri
 
ombustion isobtained. Sin
e the �ow velo
ities are usually higher than the turbulent �ame speed, ame
hani
al (blu�-body) or �uid dynami
 (swirl) �ame stabilization me
hanism has to beprovided. In order to minimize the pressure losses in the 
ombustor, swirled �ows are
ommonly used. Radial pressure gradients 
aused by the tangential velo
ity 
omponent
reate large re
ir
ulation zones in the 
ombustion 
hambers. In su
h regions the premixingof hot 
ombustion produ
ts and fresh air promotes ignition.
• Be
ause of me
hani
al and emission-related reasons, hot gases have to be 
ooled downbefore they enter the turbine. Se
ondary air in�ows 
an be either distributed (i.e. �lm-
ooling systems) or lo
al (i.e. quen
hing jets). Film 
ooling is mainly used to prote
t the155
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primary zone diluitionsplittingFigure 5.1.1: S
hemati
 representation of a 
ombustion 
hamber for propulsion appli
ations[114℄.
hamber walls from high temperatures while quen
hing jets have a large impa
t on thepollutant formation and oxidation.The presented layout is only one out of several possible designs whi
h are 
urrently used.Sin
e the detailed experimental or numeri
al investigation of industrial devi
es is infeasible,subs
ale burners are designed in a way that they retain their most important features. Theanalysis of su
h systems at di�erent operating and boundary 
onditions allow 
on
lusions whi
hmay help to improve future 
ombustion 
hambers.5.2 The SiA semi-te
hni
al s
ale burnerThe SiA semi-te
hni
al s
ale burner is designed to study the soot formation under gas-turbinelike 
onditions [111℄. It 
an work both with gaseous or pre-vaporized fuels at pressures rangingfrom 1 to 10 bars. In this work ethylene is 
onsidered as fuel [111℄.A sket
h of the simulated geometry is given in Fig. 5.2.1. Sin
e the 
ombustion 
hamberhas a square se
tion, a 90-degree sli
e is simulated. Swirling air is provided by a double 
o-swirler nozzle plotted in Fig. 5.2.1(b). The swirler 
hannels are in
luded in the simulationssin
e they provide a strongly non-uniform velo
ity pro�le. Both the inner and outer swirlersare fed by a 
ommon plenum 
hamber (not shown). A problemati
 aspe
t of the experimentsis that the air splitting ratio αr between the outer and inner swirlers has not been measured.Sin
e an in
lusion of the plenum in the simulation is beyond the available 
omputer fa
ilities,information 
oming from previous works have been used in order to de�ne 
orre
tly the in�ow
onditions. In a work by Lehmann [115℄ the same geometry (s
aled up by a fa
tor of two) hasbeen extensively investigated experimentally and a ratio
αr =

ṁouter

ṁinner
= 1.5 (5.2.1)between mass in�ows of 60% (outer swirler) to 40% (inner swirler) has been measured. In thisstudy this value is used without any modi�
ation.



5.2 The SiA semi-te
hni
al s
ale burner 157Table 5.1: Experimental 
onditions for the SiA semi-te
hni
al s
ale burner.test
aseidenti�
ation pressure(bar) φ

primaryair ( kgms) oxidationair ( kgms) Re swirlnumberinner swirler outer swirler inner swirler outer swirler se
ondaryC2H4-3-1.4-1 3 1.4 1.2e-3 1.7e-3 2.9e-3 4400 6600 6800 .43C2H4-3-1.4-0 3 1.4 1.2e-3 1.7e-3 0 4400 6600 0 .76C2H4-5-1.2-1 5 1.2 2.9e-3 4.4e-3 7.3e-3 11000 16500 17300 .41C2H4-9-1.2-.9 9 1.2 5.3e-3 7.9e-3 1.2e-2 20000 29700 27900 .41In order to investigate quen
hing e�e
ts of the se
ondary air on the �ame and soot formation,air may be inje
ted from pipes lo
ated at the 
orners of the 
ombustor dire
tly in the post-�amezone. Several ratios between primary and se
ondary air mass �ows (ranging from zero to one)have been investigated experimentally.The 
orresponding 
ombustor 
onditions are summarized in Table 5.1. The test
ase identi�-
ation 
ode is based on the fuel name (C2H4 in all 
ases), pressure (in bar), φ (in the primaryzone only) and the se
ondary-to-primary mass �ux ratio. Non-dimensional numbers are 
al
u-lated using the 
onditions at the nozzle exit (x = −3.0 
m). The Reynolds numbers are basedon the mass �uxes and geometri
 areas
Rei =

ṁi

µ
√
Ai
, (5.2.2)where i either represents the outer, inner or oxidation inlets. The swirl number is de�ned asthe ratio between �ux of tangential momentum and axial thrust

Sn =

∫
A
ρUτUaxdA[∫

A
ρU2

axdA+
∫
A

(p− p∞) dA
] (5.2.3)where A is the nozzle exit area. All values given in Table 5.1 are based on the 
al
ulated velo
ityand pressure �elds at the nozzle exit. With ex
eption of C2H4-3-1.4-0, a nearly 
onstant swirlnumber of about 0.41 is obtained. A

ording to [114℄, those are weak swirling �ows whi
hshould indu
e small re
ir
ulation zones only.The test
ases of Table 5.1 have been 
hosen in order to investigate the in�uen
e of several pa-rameters on the soot formation rate. The investigated thermodynami
 
onditions (in parti
ularpressure) are still far from industrial requirements, but they allow to draw some 
on
lusions.The �rst two simulations are performed for the same pressure with and without oxidation air,respe
tively.The inlet velo
ities for the simulations are 
al
ulated from the given mass �ow rate and areset to be 
onstant at ea
h boundary. Sin
e both swirlers and the oxidation pipe are in
luded
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(a) whole domain

(b) swirlerFigure 5.2.1: Computational domain used to simulate the SiA semi-te
hni
al s
ale burner (a)and detail of the air swirling nozzle (b).
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hni
al s
ale burner 159in the simulation, the assumption of 
onstant in�ow values only has a minor impa
t on theresults. The k − ǫ turbulen
e model is used to 
lose the averaged equations and 
onstantturbulent Prandtl and S
hmidt numbers of 0.7 are assumed for the modeling of energy andspe
ies transport. About 105 hexahedral elements have been used for the dis
retization ofswirler, nozzle and 
ombustion 
hamber with smaller elements in regions where high gradientsare expe
ted.The kineti
 s
heme proposed by Appel et al. [4℄ for C2-fuels is employed to des
ribe the gasphase 
hemistry and the same modi�
ations presented in Chapter 3 are adopted. The resultingme
hanism 
onsists of 71 spe
ies and 394 reversible rea
tions. Soot model parameters are takenfrom Table 3.1 together with the PAH Arrhenius 
onstants used in the se
ond simulation ofTable 3.4.If not stated otherwise, the temperature and spe
ies PDFs presented in Chapter 4 are em-ployed. The in�uen
e of temperature �u
tuations on the PAH and soot Arrhenius fun
tionshas been in
luded in a similar way as for elementary rea
tions. Due to the properties of the
Γ -fun
tion, an analyti
al solution of the soot sour
e term integration is impossible. Thus,the in�uen
e of the spe
ies �u
tuations on the PAH and the soot formation rate is negle
ted.Averaged Arrhenius fun
tions have been 
al
ulated for the [300, 2700] temperature range andturbulent �u
tuation intensities up to 0.8. The integrated rea
tion rates are interpolated bypolynomials of 14th order.5.2.1 General �ow featuresIn this subse
tion an analysis of the test
ase C2H4-3-1.4-1 is given. In Fig. 5.2.2 a three-dimensional representation of the streamlines in the 
ombustor (
olored by temperature) isshown. Several aspe
ts 
an be pointed out:

• both swirlers 
ause strong tangential velo
ity 
omponents resulting in a sudden expansionin the 
ombustion 
hamber;
• this, in turn, provides a primary re
ir
ulation zone, whi
h stabilizes the �ame front nearthe axis;
• external re
ir
ulation zones (not shown for sake of 
larity) are lo
ated at the 
hamber
orners;
• be
ause of the high momentum of the oxidation jet, a deep penetration of the se
ondaryair is obtained. This 
auses an enhan
ement of momentum, energy, and spe
ies transportin 
omparison with simple shear-dominated �ows. It should be pointed out that the strongintera
tion between these 
old jets and the �ame zone may be not 
orre
tly predi
ted bythe k − ǫ turbulen
e model, and that the 
onstant Prandtl number hypothesis used inthis work may not perform properly [112℄.Figure 5.2.3 shows sli
es of temperature, velo
ity and O2 mass fra
tion at di�erent axiallo
ations. The temperature plot 
learly shows that a deta
hed �ame is obtained. This feature
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Figure 5.2.2: Three-dimensional representation of streamline in the SiA semi-te
hni
al s
ale
ombustor (C2H4-3-1.4-1 test
ase).is parti
ularly important for the soot formation, sin
e the degree of premixing has a large e�e
ton the sooting 
hara
teristi
s of the �ame (see also Chapter 3). The high penetration of theoxidation jet 
an be seen in Fig. 5.2.3(a). The in
lusion of the pipe in the simulation results ina non-uniform velo
ity pro�le at the exit of the 
ombustor with two high velo
ity wings and aslower 
entral 
ore. Be
ause of the small 
ross se
tion of the pipe, a large part of the hot gases�ows sideways dire
tly towards the 
ombustor exit.The axial velo
ity and O2 plots given in Figs. 5.2.3(b) and 5.2.3(
) show the strong de-penden
e of the primary re
ir
ulation zone on the oxidation jet. The momentum of the jet ishigh enough to rea
h the 
hamber axis where it is splitted into forward and ba
kward �owing
omponents. From the amount of oxygen found in the re
ir
ulation zone (Fig. 5.2.3(
)) itbe
omes 
lear that the ba
kward-oriented one has an important impa
t on �ame stabilization.The temperature and oxygen 
ontours additionally outline how the primary and se
ondary air�ows are separated by the �ame front.In Fig. 5.2.4(
) distributions for temperature (IT ) and spe
ies (σY ) �u
tuation (Eqs. (4.3.11)and (4.3.18)) are given. Beside temperature �u
tuations indu
ed by 
old walls (isothermalboundary 
onditions have been assumed), highest IT values are found near the �ame front.Another maximum is rea
hed near the oxidation jet due to its signi�
antly lower temperature.Strong spe
ies �u
tuations o

ur mainly near the �ame front and to a lower extent near theoxidation air inje
tion.Soot volume fra
tion and parti
le density number distributions are plotted in Fig. 5.2.5.From a 
omparison of these plots with the temperature distribution given in Fig. 5.2.4(b) itmay be 
on
luded that soot is formed in regions where hot gases are mixed with fresh mixture.In 
omparison to the test
ase in Chapter 3, relatively low amounts of soot are observed despite
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hni
al s
ale burnersthe high pressure 
onditions. This is mainly due to premixing e�e
ts whi
h have a strongin�uen
e on the soot formation rate, as shown in Se
tion 3.5.5.2.2 In�uen
e of turbulen
e-
hemistry intera
tionThe high temperature and spe
ies �u
tuations shown in Fig. 5.2.4(
) are expe
ted to havean in�uen
e on the �ame, ignition delay and soot formation. In order to asses their impor-tan
e, 
al
ulations are performed with and without the assumed PDF approa
h and results are
ompared.Figure 5.2.6 highlights di�eren
es between the two sets of simulations 
on
erning both ther-modynami
 and �uid-dynami
 variables. The temperature plot in Fig. 5.2.6(a) points out thata di�erent �ame stru
ture is obtained if the in�uen
e of turbulent �u
tuations on the 
hemistryis negle
ted. In this 
ase a nearly atta
hed two-wings �ame is obtained in 
ontrast to a singlelifted �ame predi
ted by the PDF simulation, whi
h is also observed in the experiments.The di�erent positions of the �ame fronts are also highlighted by the CH and velo
ity dis-tributions (Figs. 5.2.6(b) and 5.2.6(
)). It 
an be noti
ed that in the laminar �ame 
al
ulationthe �ame front is not surrounded by a re
ir
ulating region with high temperature. That is,the mixture is not ignited by a stable re
ir
ulation zone of hot produ
ts, as des
ribed in theintrodu
tion (see Se
tion 5.1). On the other hand, partial premixing whi
h takes pla
e at thenozzle exit provides 
onditions (i.e. mixture 
omposition) at whi
h the turbulent �ame speed is
omparable to the lo
al �ow velo
ities and the �ame stabilizes by the turbulent transport of the
ombustion produ
ts. The additional �ame front observed in the external region is indu
ed bythe se
ondary vortex lo
ated at the 
hamber basis. It is worth noti
ing that the experimentallyobserved �ame is deta
hed. Therefore the laminar 
al
ulation is erroneous.The assumed-PDF 
al
ulation provides a slightly higher maximum temperature in the pri-mary rea
tion zone. This is in 
ontrast to the exit temperature, whi
h is higher in thelaminar-
hemistry 
al
ulation (by about 150K). This is mainly due to a stronger a

elera-tion of the gas 
aused by the mixture ignition near the axis, whi
h lowers the penetration ofthe oxidation jet and related 
ooling e�e
ts. Additionally, the expansion due to the �ame frontalso redu
es the extension of the primary re
ir
ulation zone and separates it from the se
ondone. As will be shown later, the assumed PDF approa
h a
hieves a better agreement withexperimental temperature measurements.As expe
ted, �ame position and stabilization me
hanisms have an enormous in�uen
e on thesooting 
hara
teristi
s. Figures 5.2.7(a) and 5.2.7(b) show soot volume fra
tion and parti
ledensity number, respe
tively. Even if large di�eren
es in terms of number of soot parti
lesare observed, the most important dis
repan
y is related to the soot volume fra
tion. In Fig.5.2.7(a) a logarithmi
 s
ale has to be used in order to make the soot 
ontours in the assumed-PDF 
al
ulation better visible. The ratio in soot volume fra
tion between laminar-
hemistryand assumed-PDF model is about 50 and may be attributed to the lower number of sootparti
les formed. This is related to the lower amount of benzene and higher-mass PAHs (not
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tion and soot parti
le density number on a 45-degrees 
ross se
-tion of the SiA semi-te
hni
al s
ale 
ombustor (C2H4-3-1.4-1 test
ase).shown here) produ
ed in the fuel-ri
h region. In Fig. 5.2.7(b) it 
an also be noti
ed that in thePDF 
al
ulation the soot in
eption region (marked by high Ns values) is more distributed.5.2.3 In�uen
e of pressure and oxidation airA 
omparison between test
ases performed at di�erent pressures is important to verify thesensitivity of the model 
on
erning di�erent operating 
onditions. Results of the 3 and 9 bartest
ases of Table 5.1 will be shown.In Fig. 5.2.8 several thermo- and �uid-dynami
 variables are 
ompared. The axial velo
ity�eld (Fig. 5.2.8(a)) shows that qualitatively similar solutions are obtained and large di�eren
esappear only at the 
hamber exit. The primary re
ir
ulation zone (indu
ed by the swirl) in
reaseswith in
reasing pressure and joins the bigger stagnation region (indu
ed by the oxidation airjet).At higher pressures a higher nominal Reynolds number is obtained1, as given in Table 5.1.Thus a higher turbulent transport is expe
ted at higher pressure. Turbulent vis
osity plotsgiven in Fig. 5.2.8(b) are in agreement with this hypothesis sin
e values 
al
ulated at 9 barare signi�
antly higher than at 3 bar. Temperature plots for both pressures are shown in Fig.5.2.8(
). With in
reasing pressure the ignition point moves upstream be
ause of the faster
hemistry (see subse
tion 2.2.3). Moreover, the temperature in the outer re
ir
ulation zone ishigher and 
auses an ignition of the mixture in the external region. Exit temperatures are alsohigher and yield a higher 
hamber exit velo
ity.Only relatively small deviations in the maximum values of IT and σY are observed. As the�ame front is shifted upstream, temperature �u
tuations move a

ordingly.The soot volume fra
tion distributions are 
ompared in Fig. 5.2.10. As expe
ted, more sootis obtained at higher pressure. This is due to the enhan
ed formation of soot-related spe
ies1A

ording to its de�nition (Eq. (4.1.1)), at 
onstant velo
ity the Reynolds number s
ales linearly with densityor, equivalently, pressure.
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ase): soot volume fra
tion.(i.e. a
etylene and benzene) and an a

eleration of soot-formation rea
tions, whi
h are at leastse
ond-order with pressure (see Eqs. 3.2.4-3.3.18).A 
omparison between simulations with and without additional oxidation air is given inFig. 5.2.11. As dis
ussed above, the inje
tion of additional air has a strong in�uen
e on theformation of the primary re
ir
ulation zone and on the �ame stabilization. As may be seen inFig. 5.2.11(a), the primary re
ir
ulation zone is redu
ed to a small region near the axis whereasthe external one extends up to the oxidation pipe. In the simulation without oxidation air anadditional vortex is observed around x = .1m.Temperature distributions (Fig. 5.2.11(b)) outline the in�uen
e of the oxidation jet on the�ame stabilization region and outlet temperature pro�le. The axial positions of ignition arealmost doubled and a large portion of the 
ombustion 
hamber has temperatures above 2200 K.Even temperature pro�les at the 
hamber's exit are signi�
antly higher with peaks above2000 K. This highlights the importan
e of se
ondary jets to obtain a uniform temperaturepro�le.In Fig. 5.2.11(
) soot volume fra
tion distributions are plotted. Even if shifted, similar trendsare observed and it is not possible to 
on
lude that se
ondary air plays an important role insoot oxidation. In the test
ase without additional se
ondary air a layer showing an almost
onstant soot 
on
entration is obtained.
IT distributions are 
ompared in Fig. 5.2.12. Be
ause of the higher lift-o� height of the�ame, the 3-bar test
ase shows lower temperature �u
tuations at the �ame lo
ation. This, inturn, may have an important role on soot 
hemistry and may explain why similar distributionsare obtained even if 
ompletely di�erent �ow �elds are predi
ted.
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Figure 5.2.12: Temperature �u
tuation distributions with and without oxidation air (C2H4-3-1.4-1 and C2H4-3-1.4-0 test
ases).5.2.4 Comparison with experimental dataAt the Institute of Combustion Te
hnology the des
ribed semi-te
hni
al s
ale 
ombustor hasbeen investigated experimentally. Up to now SV-CARS [186℄ and Laser Indu
ed In
andes
en
e[116℄ have been used to measure temperature and soot volume fra
tion, respe
tively. PIVvelo
ity measurements [137℄ are planned for the next future. Even if the available data do notallow a 
omplete analysis of the model, some indi
ations about the quality of the simulationsand dire
tions of possible improvements 
an be extra
ted.Axial temperatures are 
ompared in Fig. 5.2.13. As already stated in the previous se
tion,di�eren
es between laminar-
hemistry and the assumed-PDF 
ombustion model are signi�
ant.The la
k of a re
ir
ulation zone at the nozzle exit has a strong in�uen
e on the temperaturein
rease near x = 0.01m. For the same reasons, peak temperatures predi
ted by the laminar-
hemistry model are signi�
antly lower. The large temperature drop observed at x = .05mis well predi
ted by the assumed-PDF approa
h, whereas laminar-
hemistry 
al
ulations donot show any appre
iable in�uen
e, sin
e the �ame front is not lo
ated near the axis (see Fig.5.2.6(a)). In 
on
lusion, a good overall agreement is a
hieved if the presumed-PDF 
ombustionmodel is used, even if turbulent transport is still not modeled a

urately enough. Dis
repan
iesin maximum temperature and �ame front extension may be due to the used 
onstant Prandtland S
hmidt numbers.Experimentally and numeri
ally observed soot distributions are shown in Figs. 5.2.14 and5.2.15 for the z = 0 plane. Signi�
ant dis
repan
ies appear both in the peaks and overalldistributions. Several reasons may be the origin of these di�eren
es. Sin
e in the investigated
ombustor a deta
hed �ame is observed, a signi�
ant premixing degree is obtained beforeignition takes pla
e. On the other hand, validation tests for the soot formation model performedin Chapter 3 have shown that the employed kineti
 me
hanism is not able to provide good
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Figure 5.2.13: Comparison of axial temperature pro�les for the C2H4-3-1.4-1 test
ase.predi
tions in partially-premixed �ames. An example of this de�
ien
y is given in the C2H4-3-1.4-0 simulation, where the �ame front is well above the nozzle exit and an almost premixedregime is a
hieved. For su
h 
onditions an almost sooting-free �ame is expe
ted, and the largeamount of soot observed (
omparable with the test
ase C2H4-3-1.4-1) may be attributed to thebad performan
e of the kineti
 me
hanism.Simple two-equation turbulen
e models are not able to 
orre
tly predi
t �ows with strong
urvature and jets in 
ross-�ow. However, it has to be kept in mind that �nite-rate 
hemistry,soot formation and assumed PDF models require a large amount of CPU time. Therefore,a two-equation turbulen
e model has been a 
ompromise between the high e�ort ne
essaryfor good 
hemistry and soot predi
tions and a�ordable 
omputational time for 
omplex three-dimensional simulations.Fig. 5.2.16 shows the 
omparison between predi
ted and measured soot volume fra
tion peakvalues. Despite the problems dis
ussed above, a good overall agreement is obtained. The modelis able to predi
t pressure e�e
ts on the soot formation rate, even if a slope lower than in theexperiments is observed.
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6 Con
lusionsIn the present work a new numeri
al approa
h for modeling the soot formation in 
ombustion
hambers has been presented. The model developed has been validated against simple and
omplex test
ases. In this Chapter a summary of results is given and possible improvementsare dis
ussed. Sin
e several topi
s are tou
hed the dis
ussion is split a

ordingly.Finite-rate 
hemistry modelBoth zero-dimensional premixed and multi-dimensional di�usion �ames have been used to in-vestigate the newly implemented �nite-rate 
hemistry model. The results show the expe
tedsensitivity with respe
t to simulation parameters as initial temperature or pressure. A strongin�uen
e of the kineti
 s
heme on ignition (i.e. ignition delay) in 
onstant-pressure rea
tion
al
ulations as well as in laminar �ames has been found. Signi�
ant di�eren
es in main spe
ies
on
entrations have also been observed. It should be pointed out that due to 
omputationallimits it is often not possible to use the best me
hanism available. This has to be taken intoa

ount in the dis
ussion and assessment of the simulation a

ura
y, sin
e it may represent amain sour
e of error.Mu
h attention has been given to boundary 
onditions and their in�uen
e on results. Bothkineti
 and �uid dynami
 e�e
ts may play a signi�
ant role in the determination of the �ameshape. Simulations showed that the in
lusion of the burner in the 
al
ulation a�e
ts �amelength and temperature pro�les. It was also found that a more 
omplete des
ription of theexperimental boundary 
onditions is important to improve the simulations and understandthe 
ombustion phenomena. The �nite-rate 
ombustion model has been validated su

essfullyagainst experimental data. Nevertheless, some of the identi�ed dis
repan
ies 
ould not beexplained unambiguously.Soot formation modelingSin
e a straightforward extension of 
hemi
al kineti
s to soot formation would be unfea-sible, a se
tional method has been proposed for the soot pre
ursors (Chapter 3). Simplezero-dimensional simulations showed main model features (i.e. a sequential behavior for theformation of the pre
ursors). In di�usion �ame 
on�gurations di�erent lo
ations are observedwhere soot formation and oxidation predominate. The e�e
tiveness of several assumptions (i.e.the introdu
tion of a rea
tion marker) 
ould be justi�ed in the light of a typi
al �ame stru
ture.The model has been validated against methane/air di�usion �ames where a number of mod-eling parameters have been set up and a 
riti
al dis
ussion of their in�uen
e is given. The PAH175



176 Con
lusionsmodel has been found to be more sensitive to 
hanges in the Arrhenius parameters (i.e. a
ti-vation energy) than to the 
hoi
e of the rea
tion marker. The la
k of 
omprehensive test
asesat higher pressures presently does not allow a more exhaustive validation for gas turbine like
onditions.An additional investigation of premixing e�e
ts on the soot formation rate showed somemajor drawba
ks in the performan
e of the kineti
 s
heme. In parti
ular, key spe
ies in sootformation as C2H2 and C6H6 often show large dis
repan
ies in fuel-ri
h regions and this, inturn, has a large in�uen
e on the soot pro�les. This is espe
ially important for gas turbine
ombustion 
hambers where lifted �ames and partially premixed regimes are quite 
ommon.Assumed PDF approa
hThe in�uen
es of temperature and spe
ies �u
tuations due to turbulen
e on the 
hemi
al re-a
tion rates has been dis
ussed in Chapter 4. Fundamental di�eren
es between temperatureand spe
ies ampli�
ation fa
tors have been outlined and the strong in�uen
e of the non-linearbehavior of the Arrhenius fun
tion has been pointed out. Analyti
al trends of the assumedspe
ies PDFs were assessed (in 
ase of two-body rea
tions) whereas only a qualitative in�uen
eof the Arrhenius 
oe�
ients on the ampli�
ation fa
tor 
ould be found.Both atta
hed and lifted turbulent �ames have been simulated in order to establish re
ipro
aldependen
ies between �ame 
on�guration and PDF 
ontribution. As expe
ted, the observedin�uen
e of temperature and spe
ies PDFs on the rea
tion rates and �ame shapes is highlytest
ase-dependent.Atta
hed �ames only show minor 
hanges in stru
ture and temperature �eld if the assumedPDF approa
h is in
luded in the 
al
ulation. However, some important di�eren
es in radi
aldistributions (i.e. OH) have been noti
ed and they 
ertainly have an impa
t on the formation ofpollutants (i.e. soot formation rate). In lifted �ames the in�uen
e of PDFs is more pronoun
edbe
ause the ignition point and �ame shape are strongly a�e
ted by both temperature andspe
ies �u
tuations. The turbulen
e model has also been identi�ed as an additional sour
e oferror sin
e large variations of the ignition point are observed in the 
ase of 
hanging turbulen
emodeling 
onstants.Simulation of the SiA semi-te
hni
al s
ale burnerThe models developed are tested under 
omplex 
onditions by simulating a fully turbulent,sooting semi-te
hni
al s
ale 
ombustor (Chapter 5) with a double swirler nozzle. Both general�ow features and sensitivity to boundary and operating 
onditions have been investigated. Thereferen
e simulation highlighted a 
omplex �ow pattern with a swirling in�ow and additionaloxidation air. Under su
h 
onditions the k − ǫ turbulen
e model is known to be erroneous.Therefore, �nal 
on
lusions about the simulation quality should be drawn with 
are.The �ame front lo
ation and �ow streamlines are heavily a�e
ted by the oxidation air be
auseof its high momentum. Sin
e the 
ombustion 
hamber operates at a low nominal swirl number,



177it was found that the oxidation jet 
auses a large re
ir
ulation zone lo
ated near the axis. Thishas been 
on�rmed by a 
omparison of 
al
ulations with and without oxidation air.Con
erning the in�uen
e of the operating 
onditions, simulations at three di�erent pressureshave been 
ompared. While �ow patterns and temperature distributions do not 
hange signif-i
antly and show only a marginal departure from the referen
e simulation, the soot formationrate in
reases monotoni
ally with in
reasing pressure.The assumed PDF model has a strong in�uen
e on the �ame 
on�guration for this test
aseand a di�erent ignition point is predi
ted in the laminar 
hemistry 
al
ulation. This, in turnhas a large impa
t on the �ow pattern and therefore pollutant formation. Thus, this test
aserepresents an example where the assumed PDF approa
h is an essential 
omponent in thesolution algorithm.However, there still are signi�
ant di�eren
es between experimentally and numeri
ally ob-tained soot volume fra
tion distributions. In parti
ular, regions with a high soot formation ratehave di�erent shapes. While measured soot distributions highlight that soot formation takespla
e in the whole re
ir
ulation region, this is not the 
ase in the numeri
al simulations, wherethe sooting region is limited to the �ame front. Despite these di�eren
es, a good agreement insoot volume fra
tion peaks is obtained and the pressure dependen
e is 
orre
tly predi
ted bythe model. Thus, the turbulen
e modeling seems to represent the issue in this 
on�gurationand improvements in that dire
tion may help to in
rease simulation a

ura
y.





A Determination of the mixturetransport propertiesThe transport of momentum, mass and energy in a �uid is due to 
ollisions among mole
ules.Rates of ex
hange of these quantities depend on the spe
ies involved and their 
on
entrations.Hen
e, the determination of the transport 
oe�
ients for a mixture of gaseous spe
ies is splitinto two steps:
• �rst, properties of pure spe
ies are 
al
ulated in dependen
e of temperature from mole
-ular parameters and are �tted into polynomials. This pro
edure is 
arried out in prepro-
essing, as lo
al mixture 
omposition does not 
ome into play.
• during the run mixture vis
osity, heat 
ondu
tivity and spe
ies di�usivities are 
al
ulateda

ording to the lo
al gas 
omposition.A.1 The 
al
ulation of pure spe
ies propertiesVis
osity, heat 
ondu
tivity and di�usivity of gaseous spe
ies depend on mole
ular parameters:
• mole
ular geometry (atomi
, linear or polyatomi
 stru
ture);
• Lennard-Jones potential ǫk, normalized with the Boltzmann 
onstant kb;
• 
ollision diameter σc;
• dipole momentum dm;
• dipole polarity dp;
• rotational 
ollision number at the referen
e rotational temperature z0.The redu
ed temperature is de�ned as

T r =
T

ǫk
, (A.1.1)whereas the e�e
tive 
ollision diameter is

dk =
1

2

(dm)2

ǫkkb (σc)
3 . (A.1.2)179



180 Determination of the mixture transport propertiesThese two quantities are ne
essary to 
al
ulate the 
ollision integral
Ω∗
lm = Ω

(
i, T r, dk

) (A.1.3)where l,m = 1, 2 depend on the transport property (vis
osity, heat 
ondu
tivity or di�usivity).Sin
e the 
al
ulation of Ω∗
lm is expensive, it is normally obtained from look-up tables.Vis
osityThe vis
osity of the i-th spe
ies is 
al
ulated in dependen
e of temperature from
µi (T ) =

5

16

√
ℜMiT

π

1

Navσ
c2
i Ω

∗
22 (T r, dk)

. (A.1.4)Di�usivityThe di�usion 
oe�
ient for a (i, j) spe
ies pair is 
al
ulated from mean mole
ular parameters[162℄:
• 
ollision diameter

σc =
1

2

(
σci + σcj

)
, (A.1.5)

• Lennard-Jones potential
ǫ =

√
ǫki ǫ

k
j

kb
, (A.1.6)

• harmoni
 mean of the mole
ular masses
M =

2MiMj

Mi +Mj

. (A.1.7)The above parameters and the e�e
tive 
ollision diameter dk have to be 
orre
ted a

ording tothe polarity of the mole
ules. In the following expression the subs
ript p refers to mole
ularparameters of polar spe
ies and np refers to neutral ones. In order to 
al
ulate the enhan
ementfa
tor xi , two di�erent 
ases have to be distinguished:
• one spe
ies is polar and the other one is not

xi = 1 +
1

2

dpnp
(
dMnp
)2
√

ǫkp
ǫknp

(
σcnpσ

c
p

)3
ǫpkb

(A.1.8)with the e�e
tive 
ollision diameter
dk = 0; (A.1.9).
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• both spe
ies are polar or neutral; in this 
ase no enhan
ement fa
tor is used (xi = 1)whereas the e�e
tive 
ollision diameter is

dk =
dmi d

m
j

2kbǫ (σc)
3 . (A.1.10)The 
orre
ted mole
ular parameters are 
al
ulated a

ording to the following expressions

σc
′ = σcx

1
6
i , (A.1.11)

ǫ′ = ǫ
√
xi, (A.1.12)

T
′

r =
T

ǫ′
. (A.1.13)The di�usion 
oe�
ient has the following expression

Dij =
1

p

3

8

(ℜT )
3
2

Nav

√
πMσc

2
Ω∗

11

(
T

′

r , d
k
)FD

c , (A.1.14)where FD
c is a 
orre
tion fa
tor de�ned by Marrone and Mason [125℄.Heat 
ondu
tivityIn order to 
al
ulate heat 
ondu
tivity, the rotational 
ollision parameter at temperature T isneeded

z = z0f (Tr)where f (Tr) is a fun
tion de�ned by Parker [152℄. A

ording to the Lewis number for the i-thspe
ies
Scii =

µi

ρDii
(A.1.15)the following parameter is de�ned

a =
5

2
− 1

Scii
. (A.1.16)The number of degree of freedom depends on the mole
ular stru
ture. This, in turns, has anin�uen
e on the spe
ies heat 
ondu
tivity. In order to take it into a

ount, two additionalparameters (b and c) are introdu
ed:

• for mono- and bi-atomi
 spe
ies they are obtained as follows
b = z +

2

π

(
5

2
+

1

Scii

)
, (A.1.17)

c = 1; (A.1.18)
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• whereas for polyatomi
 spe
ies they are

b = z +
2

π

(
5

3
+

1

Scii

)
, (A.1.19)

c =
2

3
. (A.1.20)Ea
h degree of freedom has a separate 
ontribution to the heat 
ondu
tivity:

• translational
Ft =

5

2

(
1 − 2

π
c
a

b

)
; (A.1.21)

• rotational
Fr =

1

Scii

(
1 +

2

π

a

b

)
; (A.1.22)

• vibrational
Fv =

1

Scii
. (A.1.23)The 
al
ulation of the heat 
ondu
tivity of pure spe
ies depends on the mole
ular stru
tureand a distin
tion has to be made between di�erent mole
ule 
lasses:

• for the mono-atomi
 spe
ies the kineti
 theory pres
ribes
F =

5

2

3

2
ℜ; (A.1.24)

• whereas for bi-atomi
 spe
ies
F =

(
3

2
Ft + Fr

)
ℜ + Fv

(
Cv −

5

2
ℜ
)

; (A.1.25)
• in 
ase of poly-atomi
 spe
ies the non-linear stru
ture yields a di�erent 
ombination ofthe above terms

F =
3

2
(Ft + Fr)ℜ + Fv (Cv − 3ℜ) . (A.1.26)On
e that the total 
ontribution F has been determined, the heat 
ondu
tivity is 
al
ulated asfollows
λi =

µi

MiF
. (A.1.27)A.1.1 Fitting of the pure spe
ies transport 
oe�
ientsA 
al
ulation of the transport 
oe�
ients a

ording to Eqs. (A.1.4), (A.1.14) and (A.1.27) isexpensive and should be avoided in the �ow solver. Additionally, it 
an be observed that pure-spe
ies properties do not depend on the lo
al mixture 
omposition. Thus, above 
al
ulations



A.2 Cal
ulation of the mixture transport 
oe�
ients 183are performed in a prepro
essing step and results are �tted into polynomials of fourth order.If a generi
 polynomial fun
tion of order n is indi
ated as
P n (x) =

n∑

i=0

aix
i (A.1.28)the logarithm of transport 
oe�
ients

ln (µi) = P 4
µi

(lnT ) (A.1.29)
ln (λi) = P 4

λi
(lnT ) (A.1.30)

ln (Dij) = P 4
Dij

(lnT ) (A.1.31)are �tted into polynomials of the temperature logarithm. The 
oe�
ients ai are 
al
ulated mya least square method [3℄ using m temperature points whi
h span the interval [300, 3000] K.A.2 Cal
ulation of the mixture transport 
oe�
ientsAt the beginning of the every time or under-relaxation step, transport properties of pure spe
iesare 
al
ulated from polynomials, as des
ribed above (Eqs. (A.1.29)-(A.1.31)). Next, transport
oe�
ients for a mixture of gases are obtained as a weighted mean of the pure spe
ies properties[129℄ by
µmix =

1

2

(
Ns∑

i=1

Xiµi +
1

∑Ns

i=1
Xi

µi

)

, (A.2.1)
λmix =

1

2

(
Ns∑

i=1

Xiλi +
1

∑Ns

i=1
Xi

λi

)

, (A.2.2)
Dimix

=
1 − Yi∑Ns

j=0,j 6=i
Xj

Dij

1

pn
. (A.2.3)





B Elements of numeri
al methods forNavier-Stokes equations
B.1 Gradient 
omputationGradient 
al
ulation plays a 
entral role in the determination of the a

ura
y of a CFD 
ode,sin
e both 
onve
tive and di�usive terms require it. Variables and their gradients 
an be 
al
u-lated either at the 
ell 
enter (
o-lo
ated approa
h) or at the 
ell interfa
e (staggered approa
h).In this work a 
o-lo
ated approa
h is preferred be
ause of its lower memory requirements. As
ounterpart, this method needs to extrapolate �eld variables at 
ell interfa
es. Cell gradientsare obtained by the Gauss theorem as sum of the fa
e �uxes. This method 
an be also used ifve
tor gradients are needed: in this 
ase ea
h ve
tor 
omponent is pro
essed separately.The Gauss theorem relates the gradients of a given, 
ontinuous �eld ψ and its �uxes throughthe 
ell interfa
e by ∫

v

∇ψdv =

∮

s

ψnds. (B.1.1)The dis
retized form of the above relation averages the gradients within the 
ell and assumesa 
onstant ψ over ea
h boundary fa
e
∇ψ =

1

∆v

∑

s

ψsns∆s. (B.1.2)
ψs at the 
ell interfa
e is obtained as the mean between the left and the right values

ψs =
ψL + ψR

2
(B.1.3)B.2 Dis
retization of the 
onve
tive termsThe kind of dis
retization of 
onve
tive �uxes has a strong in�uen
e on 
ode stability anda

ura
y. A purely expli
it dis
retization would yield a severe limitation of the allowed timestepand unfeasibly long 
omputational times to rea
h a steady-state solution.A 
ompromise between stability and a

ura
y is found if an expli
it high-order method isused in 
onjun
tion with an impli
it upwind part. This algorithm, known as deferred 
orre
tionmethod, works very well espe
ially when 
oupled with matrix-free linear solvers (see se
tion(B.5)). 185
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P L

P R

~na~ℓ

Figure B.2.1: Generi
 
ell-fa
e 
on�guration.Referring to Fig. B.2.1, the 
onve
tive term at fa
es c is dis
retized as follows
F c
ψ

(
ψt, ψt+∆t

)
=

1

2
ṁ
(

[α∆ψ ± β∇ψ · ℓ]|t + ψup|t+∆t
) (B.2.1)where α and β determine the s
heme being used. A �rst order, fully impli
it upwind s
heme isobtained with the following settings

α = β = 0 (B.2.2)However, the use of �rst order upwind s
hemes has to be avoided be
ause of their highnumeri
al di�usivity. In order to use a higher order s
heme, expli
it terms in Eq. (B.2.1) 
anbe added by a 
orresponding 
hoi
e of α and β:
• α = 1 and β = 0 result in a se
ond order, Central Dis
retization S
heme (CDS);
• with α = 0 and β = 1 a se
ond order, Linear Upwind Dis
retization S
heme (LUDS) isused;
• in 
ase of α = β = 1

2
a third order, Quadrati
 Upwind Dis
retization S
heme (QUDS) isobtained.B.3 Dis
retization of the di�usive termsThe di�usive �ux in the momentum equation has the following form

F d
V

= µeff

[(
∇V + ∇VT

)
· n + F d

corr

]t
+

[
∆V

‖ℓ‖ n +
1

3
∇ · Vn

]t+∆t
, (B.3.1)where the overlined terms () are means between the left and right values whereas ∆ () is thedi�eren
e operator. For the other s
alar equations the di�usive �ux is

F d
ψ = Deff

[
∇ψ · n + F d

corr

]t
+

[
∆ψ

‖ℓ‖ ‖n‖
]t+∆t

. (B.3.2)In 
ase that highly non-orthogonal unstru
tured grids are used, it is ne
essary to in
lude a
orre
tion term to avoid negative e�e
ts on the results. In both equations (B.3.1) and (B.3.2)



B.4 Pressure-velo
ity 
oupling 187the expli
it 
orre
tion term is used as follows
F d
corr = −

[
∇ψ
]t ·
(n · n
ℓ · n

) (B.3.3)B.4 Pressure-velo
ity 
ouplingIf the Ma
h number rea
hes the in
ompressibility limit (around 0.3), 
onvergen
e of density-based1 solvers slows down signi�
antly. The numeri
al sti�ness, due to the large di�eren
ebetween a
ousti
 and �ow times
ales, in
reases with de
reasing Ma
h number. In order toover
ome this problem, pressure-based solvers have been developed to handle the 
ouplingbetween pressure and velo
ity �elds [153℄. Su
h an approa
h is also known as pressure-
orre
tionmethod, sin
e the 
oupling is realized by means of a 
orre
tion to the pressure and velo
ity�elds whi
h ensures 
ontinuity. Even if originally developed for low Ma
h number �ows, su
hmethods have been extended to 
ompressible regime [92, 93℄ and rea
ting �ows.The main idea behind pressure 
orre
tion methods is to de
ompose velo
ity and pressureinto two 
ontributions
Vm = Vm∗ + αvv

′ (B.4.1)
pm = pm−1 + αpp

′ (B.4.2)where αv and αp are under-relaxation fa
tors. The algorithm 
onsists of the following steps:1. a dis
retized version of the Navier-Stokes equations (Eq. 2.1.4) is solved
AVm∗ = −∇pm−1 (B.4.3)and a new velo
ity �eld Vm∗ is obtained. Pressure gradients in Eq. (2.1.4) are estimatedfrom the previous iteration step;2. sin
e the pressure-velo
ity 
oupling has been negle
ted, the velo
ity �eld Vm∗ does notsatisfy the 
ontinuity equation. From Eqs. (2.1.3) and (2.1.4) an equation for the pressure
orre
tions p′ 
an be derived

∇ ·
[
D−1ρ (∇p′)

]
= ∇ · (ρVm∗) + ∇ · (ρv′) (B.4.4)where D represent the diagonal terms of the matrix A in Eq. (B.4.3). The last term inEq. (B.4.4) is negle
ted, and equation for the pressure-
orre
tion p′ is solved. Thus, the1Density-based solvers implement dire
tly an equation for the mass 
onservation, written in term of density

∂ρ

∂t
+ ∇ · (ρV) = 0
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al methods for Navier-Stokes equationspressure pm−1 and the velo
ity Vm∗ �elds are 
orre
ted a

ording to Eq. (B.4.2) and
v′ = −D−1∇p′; (B.4.5)3. additional transport equations (turbulen
e, spe
ies, energy) are solved;4. steps 1-3 are repeated until a steady state solution is rea
hed.B.5 Matrix-free linear solversAn e�
ient solution of the dis
retized system of equations represents an important part ofthe solution algorithm and several a

eleration methods have been developed. Sin
e a largenumber of transport equations have to be solved, in this work matrix-free linear solvers [168℄are preferred be
ause they do not need to store matrix 
oe�
ients.A system of N transport equations linearized and dis
retized on a mesh of n (inner) points2results in a linear system of N × n unknowns in the form
Ax = b . (B.5.1)Given a start solution x(0), the initial error is de�ned as

r(0) = b− Ax(0) (B.5.2)The Bi-Conjugate Gradient Stabilized method [168℄ belongs to the 
lass of matrix-free, iterativelinear solvers whi
h sear
h the solution in the dire
tion of maximum slope. The solution ofsystem (B.5.1) is found by performing the following steps:1. 
ompute the initial error (B.5.2) and set r∗(0) = r(0) and p(0) = p3;2. �nd the �rst smoothing 
oe�
ient4
α(j) =

r(j) · r(0)

Ap(j) · r(0) ; (B.5.3)3. smooth the residuum
s(j) = r(j) − α(j)Ap(j); (B.5.4)4. 
al
ulate the se
ond smoothing 
oe�
ient
ω(j) =

As(j) · s(j)

As(j) ·As(j)

; (B.5.5)2Points lying on boundaries taking Neumann-like boundary 
onditions have to be 
onsidered in the samemanner as inner points.3In this parti
ular 
ase p is auxiliary ve
tor used in the linear solver.4α and ω are 
alled �smoothing� or �stabilizing� 
oe�
ients sin
e they are introdu
ed to in
rease the robustnessof the original Conjugate Gradient method. See [168℄ for an overview of the di�erent gradient-based linearsolvers.



B.5 Matrix-free linear solvers 1895. a se
ond smoothing step is performed, the error for the next iteration step is obtained by
r(j+1) = s(j) − ω(j)As(j) (B.5.6)and a new solution ve
tor is derived

x(j+1) = x(j) + α(j)p(j) + ω(j)s(j). (B.5.7)6. In 
ase the 
onvergen
e 
riterion is not ful�lled, �nd a new ve
tor p for the next iteration
βj =

r(j+1) · r∗(0)

r(j) · r∗(0)

α(j)

ω(j)

(B.5.8)
p(j+1) = r(j+1) + β(j)

(
p(j) − ω(j)Ap(j)

)
; (B.5.9)7. steps 2-6 are repeated until 
onvergen
e is rea
hed

r(j+1) ≤ ǫr(0) (B.5.10)where ǫ = .01 is su�
ient to obtain a good approximation of the solution.In order to a

elerate the 
onvergen
e rate, a pre
onditioner is used. In this work a simplediagonal pre
onditioner is added to the system
D−1Ax = D−1b (B.5.11)where the 
omputation of D−1is trivial.If 
hemistry is in
luded, a simple diagonal pre
onditioner may not guarantee an adequate
onvergen
e rate. Therefore the Ja
obian matrix of the 
hemi
al sour
e term (Eq. (2.2.14)) isadded to the pre
onditioner
M = D + Jω (B.5.12)in order to get a stronger 
oupling between the spe
ies transport equations. The matrix M inEq. (B.5.12) has a blo
k-diagonal stru
ture (Ns ×Ns) and 
an be inverted by means of a LUdire
t solver.





C A generalized �tting pro
edure forArrhenius fun
tions
C.1 Linearized algorithmGoal of the �tting pro
edure is to 
ast ba
kward rea
tion rates in the 
anoni
al Arrhenius form.For If an Arrhenius fun
tion with parameters (Af , αf , Taf

)

kf
(
T ;Af , αf , Taf

)
= AfT

αf exp

(
−
Taf

T

) (C.1.1)is evaluated at n points in temperature spa
e [300, 3000], a ve
tor Kb 
ontaining the 
orre-sponding ba
kward rea
tion rates is derived by using the equilibrium 
onstant KC

kb (T ;Ab, αb, Tab
) =

kf
(
T ;Af , αf , Taf

)

KC (T, p)
. (C.1.2)For a given set of ba
kward Arrhenius parameters (A(ℓ)

b , α
(ℓ)
b , T

(ℓ)
ab

), an approximation of theve
tor Kb is represented by
k

(ℓ)
b

(
T ;A

(ℓ)
b , α

(ℓ)
b , T

(ℓ)
ab

)
= A

(ℓ)
b T

α
(ℓ)
b exp

(
−T

(ℓ)
ab

T

) (C.1.3)
al
ulated for ea
h point Ti and stored in a ve
tor K
(ℓ)
b . The interpolation error (in the leastsquare sense) is de�ned as

r(l)
(
A

(l)
b , α

(l)
b , T

(l)
ab

)
=
∣∣r(l)

∣∣ = WT
(
Kb −K

(l)
b

)2 (C.1.4)where W is the ve
tor 
ontaining error weights. Fun
tion C.1.4 
an be minimized with respe
tthe Arrhenius parameters. This minimum is given by the solution of the 3× 3 set of equations
∂r

∂Ab
= 0 (C.1.5)

∂r

∂αb
= 0 (C.1.6)

∂r

∂Tab

= 0 (C.1.7)191



192 A generalized �tting pro
edure for Arrhenius fun
tionsIn order to get a linear system from Eqs. (C.1.5)-(C.1.7), a logarithm of the Arrhenius fun
tionis 
onsidered
log kb = logAb + αb log T − Tab

T
. (C.1.8)If (logAb) is regarded as a new variable, Eqs. (C.1.5)-(C.1.7) are linear and a dire
t solver 
anbe used to �nd the set (Ab, αb, Tab

) whi
h minimizes the error de�ned by Eq. (C.1.4).C.2 Levemberg-Marquardt iterative methodIf the linearization of Eq. (C.1.8) is not applied, an iterative method has to be employed anda new approximation of the solution ve
tor is found at ea
h step as
X(l+1) = X(l) −H

(
X(l)

)
r(l) (C.2.1)where X(l) =

[
A

(l)
b , α

(l)
b , T

(l)
ab

]T and H is a n x n matrix whi
h should approximate the inverseof the Ja
obian matrix. It 
an be noti
ed that Eq. (C.2.1) returns to the Newton's method if
H = J−1. It is well known that this method 
onverges only if the initial guess is 
lose enoughto the solution. Unfortunately, a good initial guess of the Arrhenius parameters is not easy to�nd sin
e the only 
onstraint is Ab > 0. On the other hand, steepest des
ent methods show alinear 
onvergen
e and may os
illate in 
ase of high gradients of r. Therefore, in this work theLevemberg-Marquardt method [3℄ is used sin
e it 
an toggle between both methods in order toget an almost monotone 
onvergen
e of the solution.In this method the matrix H in Eq. C.2.1 is approximated as follows

H =
(
JTJ + λI

)−1
JTwhere λ ≥ 0 is the parameter whi
h 
ontrols the method's behavior. Sin
e the algorithm startswith large values of λ, a steepest des
ent method is returned with a 
onvergen
e rate whi
h isquite insensitive to the initial guess. As |r| de
reases, λ 
an de
rease as well and a se
ond orderNewton-like method is re
overed.Figure C.2.1(a) shows a 
omparison between ba
kward Arrhenius rates based on the equilib-rium 
onstant (Eq. C.1.2) and its �tted 
ounterpart. The blue line represents the lo
al �ttingerror

err =
kb − kbi
kb

· 100 . (C.2.2)The error is very small at �ame-relevant temperatures (T > 1000K), sin
e a weighting ve
tor
W proportional to Kb was 
hosen. A 
omparison between the presented interpolation methodsis given in Fig. C.2.1(b). No di�eren
es are observed, thus the 
heaper log-�tting method 
anbe used if a single ve
tor Kb has to be �tted. On the other hand, the use of an iterative methodis preferred if a smooth sequen
e of Arrhenius ve
tors Kb (i.e. averaged Arrhenius fun
tions inEq. (4.3.16)) has to be �tted. In this 
ase a previous solution 
an be used to start the iterativepro
ess (C.2.1) for a new 
al
ulation and a smooth variation of (Ab, αb, Tab

) is obtained.
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