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PROGRAM SUMMARY

Titleofprogram: HEXALAT required.HEXALAT containstwo subroutineswhichcanbe
usedfor calculationsof this kind in thecaseof hexagonal

Cataloguenumber:QCKQ systems.The subroutineARRANGE generatesthecoordi-
natesof a roughly sphericalarrangementof atomsoccupying

Programobtainablefrom: CPC ProgramLibrary, Queen’s theregularsitesof anhcp structure.Thecoordinatesareall
Universityof Belfast,N. Ireland (seeapplicationformin this storedin onearrayandcanbeusedfor calculatinglattice
issue) sums.ThesubroutineDLSPLcalculatesthedisplacementof

anatom dueto a doubleforcetensorcenteredat theorigin
Computer:Honeywell Bull 66/80DPS;Installation: MPI of thecoordinatesystemin theelasticapproximation.Asan
Stuttgart example,HEXALAT calculatesthepotentialenergyof an

interstitialatanoctahedralsite both in theundistortedand
Operatingsystem:GCOS in thedistortedhexagonallattice.The interactionpotential

betweenthe interstitialandoneatom is assumedto begiven.
Programminglanguageused:FORTRAN Calculationsof this kind areessentialfor thedetermination

of themost stablesitesfor aninterstitial and for theinvesti-
High speedstore required: 23 kwords gationof the diffusive behaviour.

No.ofbits in a word: 36 Methodof solution
Theprocedureusedby ARRANGE is elementaryand

Overlaystructure: none describedin detail in thelong write-up. DISPL usesthe
analytic expressionsfor thederivativesof thecontinuum

No.ofmagnetictapesrequired: none Green’sfunction.Theparametersneededby DISPL depend
on theelastic constantsandaresuppliedby thesubroutine

Otherperipheralsused:cardreader,line printer PARA.

No.ofcardsin combinedprogramandtestdeck:445 Restrictionson thecomplexityof theproblem
HEXALAT is written in singleprecision.DISPLis restricted

Card punchingcode: IBM 29 to the evaluationof displacementsdueto adiagonaldouble
force tensorPwith P

11 = P22 (which holdsfor pointdefects
Keywords:solid statephysics,hexagonalsystems,elasticity atusualinterstitialsites).
theory,continuumGreen’sfunction, latticesums,location
anddiffusionof interstitials Typical runningtime

Theexecutiontime dependson the numberof atomsin the
Natureofphysicalproblem arrangement.The test run (180atoms)on theHoneywell
In solid statetheorythecalculationof lattIcesumsin a Bull 66/80 DPStook 2.1 s for compilationand2.0 s for exe-
perfectaswell asin a distortedlattice is frequently cution.
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LONG WRITE-UP

1. Introduction The coordinatesare storedin the arrayRAT(NRAT,
3).NRAT mustbegreaterthanor equalto NMAX,

The subroutinesARRANGE andDISPLcontained thetotal numberof atomsin thearrangement.If not,
in HEXALAT havebeendevelopedfor applicationof an errormessageis printedandtheprogramis stopped.
solid statetheoryto hexagonalcrystals,in particular In thetestrun versionNRAT is setto 2000,which
to thehexagonalclosedpacked(hcp)structures, shouldbesufficientfor RMAX < 6a (a, c arethe lat.
ARRANGE generatesthecoordinatesof a roughly tice constants).If RMAX> 6a,NRAT canbeesti-
sphericalarrangementof atomswhich occupythe matedby 10(RMAX)

3/a2c.
regularsitesof anhcp structure,andthusprovidesa The lattice vectorsa, b, c and thevectortB to the
meansfor calculatinglattice sumsvery easily.(The secondatomof thebasisare definedby
methodof summationovershellsof atoms,whichis a
oftenappliedto cubiccrystals,is not applicableto —-i-
hcp crystals.)Anotherfrequentproblem,the distor- 1”
tion of the lattice dueto apoint defect,is treatedby a = —~J~a, b ! 0
the routine DISPL. Thedisplacementof an atomis 0
calculatedin theelasticapproximationusingthe
analyticexpressionsof thederivativesof the contin- 0 0
uumGreen’sfunction [1]. In manycasesthe accu- — —

racy of the elasticapproximationis sufficient [2] C — 0 tB — —~~j~a
and theextensivecalculationsnecessaryfor thedeter- c c
minationof the lattice Green’sfunction canbe
avoided~.

Theuseof ARRANGE andDISPL is demonstrated a andb definea basalplane,c is parallelto thehexa-
in the presenttestprogram,whichcalculatesthe gonalaxis.
potentialenergyof aninterstitialat an octahedral Theroutineproceedsplaneby planeandstarts
site bothin theundistortedandin the distortedlat- with the atomatg

1 = (0,0, —nc),wheren is the
tice. However,becausefor thetestrun the interaction greatestintegerless thanRMAX/c. Thepositionof
potentialbetweentheinterstitialandoneatomis thesecondatomin this planeis obtainedby g2 =

simply replacedby a “test function” simulatinga g1 + a.Similarly,g3 = g2 + b, g4 = g3 ÷(a+ b). The
screenedCoulombpotential,theenergiesand dis- fifth atomisreachedby g5 = g4 — (a+ 2b) andcon-
placementsshown in thetestrun outputdo notrefer stitutesthebeginningof anewround,which leadsby
to a particularinterstitial. Both routineswill be meansof suitablecombinationsof aandb counter-
describedin detail in sections2 and3. clockwisearoundthe first four atomsandyieldsthe

coordinatesof ten moreatoms.Thethird roundis
introducedbyg15 =g14 — (a + 2b) andcontains16

2. ARRANGE atoms,etc.However,if the startingpoint of a round
hasa distancefrom theorigin greaterthan RMAX,

ARRANGE generatesthecoordinatesof a roughly thecoordinatesof thatatom arenot stored,and the
sphericalarrangementof atomsoccupyingthe regular algorithmis stoppedandrestartedin thebasalplane
sitesof anhcp structure.The approximateradius above.In this wayone obtainsthe coordinatesof a
RMAX of this arrangementhasto besetby theuser. roughlysphericalhexagonalpoint latticewhich are

storedin the oddelementsof thearrayRAT, i.e.g1 =

* . . . . {RAT(1,I)},g2 {RAT(3 I)},etc.(1 1,2 3).TheA programfor thenumericaldetermmationof theelastic
Green’sfunctionandits derivativesfor cubiccrystalshas hexagonalclosedpackedstructureconsistsof two
beendevelopedby R.K. LeutzandR. Bauer,Comput.Phys. hexagonalBravaislatticeswhich aredisplacedby the
Commun.11(1976)339. vectortB. The coordinatesof the secondsublattice,
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which are stored in the even elements of RAT, are 
simply obtained by adding fg to the coordinates of 
the respective preceding (odd) elements. 

The hcp arrangement constructed this way is still 
roughly spherical (provided RMAX is not too small). 
It should be noted that strictly speaking it does not 
possess any of the symmetries of an infinite hcp struc- 
ture (not even the threefold symmetry). However, the 
size of the arrangement has to be chosen so large any- 
way that the influence of the surface atoms on the 
central region can be neglected. Therefore, the lack of 
symmetry does not matter in practical applications. 

3. DISPL 

Generally, the displacements s of a mass element 
at location R of an elastic medium due to a force den- 
sity f(r>, which is non-zero only for “relatively small 
r”, can be obtained in terms of the derivatives of the 
elastic (continuum) Green’s function S and the double 
force tensor P [3]. 

(1) 

with 

Eq. (1) holds in lattice theory if the lattice Green’s 
function is used instead of the continuum one and 
the double force tensor is given by 

The XT) are the Cartesian components of the location 
R(“) of the atom n, the F$$) are the components of 
the force F(“) exerted on that atom (e.g. by the point 
defect). It has been shown [2,3] that even for small 
distances from the defect the continuum Green’s 
function is a rather good approximation to the lattice 
Green’s function. Thus one can take advantage of the 
fact that an analytic expression for S exists for hexa- 
gonal systems [ 11. 

In most cases of interest one is concerned with a 
diagonal double force tensor with PI 1 = PzZ . (This 
applies in particular to defects at octahedral, tetra- 
hedral, trigonal and hexahedral interstitial sites.) Then 

only the following derivatives of S are needed which 
have been evaluated from the expression given in ref. 

111. 
3 

SIZ = c tl(&al - Bl)alx , 
I=1 

3 

$13 = C tlClalx , 
I=1 

$B1+; 

3 

S22 = c t&&al - BJaly , 
I=1 

3 

&s31 +$s32 = ,$ -t&hz, 

3 

$33 = c -tlDlz , 
I=1 

with 

tl = (al(x2 + y2) + z2)-3’2. 

The parameters A(l), B(Z), C(l), D(Z), a(l) depend on 
the elastic constants Cii and are evaluated by the sub- 
routine PARA, which has to be called once by the 
main program before the fust call of DISPL. The for- 
mulae read 

4 = [(C66 - Crr)(Caa - a&) + (CM + Gd21 i, 

4 = EG4 -~CIIXGJ -a&h) +adC~~+Gd~l&, 

cl = @I 3 + c44xc44 - alc66) & ; 

DI = (c44 - a61 1 )(c44 - alC66) $- , 

El = -47r(al - a2)(a3 -al) K 

and cycl., 

K = Cr Ic44c66 . 

aI = c44Ic66; (12, a3 ue the roots of the equation 



92 W. Maysenhôlder/ Calculatinglatticesumsanddistortion fields

(The factor—K is missingin ref. [1]! Rememberthat RMAX isthe approximateradiusof thearrange-
C66 = ~(C11— C12). Theparametersmay become ment(input),
complex.) NMAX isthe totalnumberof atomsin the

Thecomponentsof the double force tensormust arrangement(output),
be suppliedby the user.Theymaybecalculatedfrom NRAT specifiesthedimensionof RAT (input),
the derivativeof the interactionpotential U(r) AA, CC arethelattice constantsa and c (input).
betweentheinterstitialandoneatom.For thetestrun 2)The calling sequencefor DISPL is
only nearestneighboursto an octahedralinterstitial
(with distancerNN) havebeentakeninto account: CALL DISPL(R,DR,P11 ,P33,A,B,C,D,SA)

aU(r)I a
2 where

—,ar IrNN TNN R is a 3-dimensionalvectorcontainingthe
(2)

a U(r) I 3c2 coordinatesof theatom to be displaced
P

33
ar IrNN

8TNN (input),
DR is a 3-dimensionalvectorrepresentingthe

displacement(output),
P11,P33 arethe diagonalcomponentsof the double

4. A list of the subroutinesin thedeck forcetensor(input),
A, B, C, are 3-dimensionalcomplexvectorsrepre-

Theprogramfor thetestrun consistsof a main D, SA sentingthe parameterswhich haveto be
programandthe following subroutines: suppliedby PARA (input).

1) ARRANGE describedin section2, 3)The calling sequencefor PARA is
2) DISPL describedin section3,
3)PARA evaluatesthe parameterneededby CALL PARA(C11,Cl3,C33,C44,C66,A,B,C,D,SA)

DISPL, where
4) SUM calculatesthe sumof two 3-dimen-

Cli, C13,C33, arethe elasticconstants(input),
sionalvectors,

5) DIST isa FUNCTION-subprogramwhich C44,C66
calculatesthe distancebetweentwo A, B, C, D, SA are3-dimensionalcomplexvectorsrepresentingthe parametersneeded
pomts, by DISPL(output).

6) EQUAL putsa3-dimensionalvectorinto the
(NRAT, 3)-matrixRAT, PARA hasto be calledoncefrom themain program

7) RITE performstheprintingof thecoor- beforethefirst call of DISPL.
dinatesandthe displacementsof 4) The calling sequencefor SUM is
thoseatomswhich havea distance
lessthanROUT from the origin. CALL SUM(A,B,AB)

where

A,B,AB are3-dimensionalvectorsobeyingthe

5. Calling sequencesfor the subroutines relationA + B = AB.

1) The calling sequencefor ARRANGE is SUM is calledfrom ARRANGE.

CALL ARRANGE(RAT,RMAX,NMAX,NRAT,AA,CC) 5) Thecalling sequencefor DIST is

where D=DIST(A,B)

RAT is a (NRAT, 3)-matrixcontainingthe whereA, B are 3-dimensionalvectors.The function
coordinatesof the atoms(outputof valueD is themodulusof their difference.
ARRANGE), DIST is calledfrom ARRANGE.
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6) The calling sequencefor EQUAL is 7. Test run

CALL EQUAL(RAT,NRAT,G,N) Thepresentmain programshowsanexampleof

where theuseof ARRANGE andDISPL. It calculatesthe
potentialenergyof aninterstitialat anoctahedralsite

RAT,NRAT are describedin 1), (r = (ia, —(i~J~/6)a,c/4))both in anundistorted
G is a 3-dimensionalvector, andin a distortedhcp lattice.The additionalinput
N is an integerspecifyingthe elementsof requiredfor this purposeis the interactionpotential

RAT whichhaveto be setequalto the U(r) betweentheinterstitialandoneatom.In order to
componentsof G. supplyaneasilyreproducibletestrunwe simply set

EQUAL is calledfrom ARRANGE. U(r) = (l/r) exp(—r)which describessomerepulsive
interaction.The potentialenergyis determinedby

7) The calling sequencefor RITE is

CALL RITE(RAT,DRAT,NRAT,NMAX,ROUT,J) E(rocta) = ~ U(Ir0~— R~l).
n

where
Thetestrun outputshowsthecoordinatesof

RAT,NRAT,NMAX are describedin 1), thoseatoms,which lie within a sphereof radius
DRAT is a (NRAT, 3)-matrixcon- ROUT = 7 aroundrocta, in aCartesiansystemwith

tamingthe displacements, theorigin at the octahedralsite.(The origin of the
ROUT specifiestheradiusof a systemusedby ARRANGE hasbeenshiftedby

sphere.The coordinates(and rocta.)The labelN specifiesthe positionof thecoor-
eventuallythedisplacements) dinatesof anatomwithin thearrayRAT. Thepoten-
of all atomswithin this sphere tial energyof the interstitialat rocta is denotedby
areprinted, E(i). As a control thepotentialenergyE(2)at an

J = 1: the displacementsarenot (equivalent)adjacentoctahedralsiteis also calcu-
printed, lated.Theagreementof E(i) andE(2) indicatesthat

= 2: the displacementsare RMAX islargeenoughto achieveanaccuracyof four
printed, digits with the“test interactionpotential”(l/r) X

exp(—r).After the complexparametersfrom PARA
RITE is calledfrom themainprogram. thedoubleforce tensoris printed,which hasbeen

derivedfrom U(r) accordingto eq.(2) of section3
taking into accountnearestneighboursonly. Then

6. Input required eachatomof thearrangementis displacedvia DISPL

andthe potentialenergyE(i) calculatedagain.
Themain programcalling ARRANGE hasto sup- Thelattice parametersandelasticconstantsare

ply the latticeconstantsAA andCC andthe approxi- thoseof beryllium at 80 K (in atomicunits). It is
materadiusRMAX of the arrangement.RMAX in recommendedto useatomicunits(h m = e = 1) in
turn determinesthedimensionNRAT of thearray orderto avoidexponentialunderfiowor overflow
RAT, which alsohasto be specifiedby the user(see which otherwisemay occurdependingon thecom-
section2).A furtherparameterROUT hasto be fixed puterused.
if printingof coordinates(anddisplacements)by
RITE isdesired.Forcalculatingdisplacementsthe
main programhasto deliverthe elasticconstantsC~ References
for thesubroutinePARA and thecomponentsP11
andP33of the double forcetensoraswell asthe loca- [1] E. Kröner, Z.Phys.136 (1953)402.

tion R of the atomto be displacedfor the subroutine [2] H.R. Schober,M. Mostoller andP.H. Dederichs,Phys.Stat.Sol. (b) 64 (1974) 173.
DISPL.Thepresentmain programsetstheseinput [3] G.Leibfried andN.Breuer,Point defectsin metalsI
variablesin DATA statements. (SpringerTractsin ModernPhysics81, Berlin, 1978).
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TEST RUN OUTPUT

HEXALAT ** TEST PEN FOR THE ROUTINES ARRANGE AND DISPI.

(ATOMIC UNITS USED)

LATTICU CONSTANTS

AA = 4.3130 CC 6.7680

ELASTIC CONSTAF~TS

Cli C13 C33 C44 066

0.01015 0.00036 0.01161 C.00547 0.00462

NEAT = 2010 RMAX =11.3

NUMBER CF ATOllS IC THE ARRANCEMENT IMAX 130

COOROIIATES RELATIVE TO OCTAHEDRAL SITE

LOCATIUII OF ATOMS

N X T 2

2 —2. bc
0 —1.2465 —5.0760

8 2.1590 —1.2465 —5.0760
23 —0.0000 2.493) —5.0760
61 —2. 1590 1.2465 —1.6920
62 —2.1590 —1.24c~5 1.6920
63 —4.3160 —2.4933 —1.6920
64 —4.311.0 —4.71.63 ‘.6920
65 0. —2.4933 —1.6920
66 0. —4.94o3 1.6920
67 2.1590 1.2465 —1.6920
61 2.1590 —1,24o5 1.6920
69 —4.3160 49060 —1.6920
70 —4.311.0 2.4933 1.6920
71 —6.4770 1.2405 —1.6920
72 —6.4770 —1,2465 1.6920
77 —2.1590 —6.2325 —1.6920
79 2.1590 —6.2325 —1.6920
81 4.3160 —2.4933 —1.6920
82 4.3160 —4.9660 1.6920
83 6.4770 1.2465 —1.0920
84 6.4770 —1.2465 1.6920
85 4.31CC) 4.9663 —1.6920
50 4. 1110 2.4933 1.6920
87 —0.0000 4.9863 —1.6920
86 —0.0010 2.4933 1.6920

111 21S90 ~.2325 1.6920

123 —2.1590 .2325 1.6921
121 —2.1590 1.2465 5.0760
125 0. —2.4933 5.0760
127 2.1590 1.2465 5.0760

(THE 0 JTPUT IS LI1~ I TED TO ATOMS WITHIN A SPAERR
OF RADIUS ROUT 7.0 AROUNDTHE ORIGI~4
N DENOTES THE FIRST INDEX OF ARRAY RAT.)

POTENTIAL ENERCY OF AN INTERSTITIAL AT OCTAHEDRRLSITES
EEl) = 0.1108 E(2) 0.1106
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PARAMETERFROII PAPA

A ~(—0.b4S480E 02, 0. ) ( 0.727399F 01, 0.112179E 02) 1 O.727399E O1.—O.112179E 02)

B (—O.172246E 02, 0. 5 C 0, , 0. 5 ( 0, , O~ )
C ( 0. , 0. ) C O.78?337E—O7~—0.133698E 02) 1 0.787337E—07. 3.133898E 02)
D ~( 0. , C. S (—0.7273991 01, 0.1121791 02) (—0.7273991 01~—O.112179E 02)
E C—O.4009918—06, I. ) I 0633883E—06, 0.3264278—06) C O.633883E—06,—O.326427E06)
SA~Ci,1183981 01, 0. ) C 0.1022501 01, 0.3135721 00) 1 0.1022501 01 ,—D.3135?2E 00)

DOUBLE FORCE TENSOR
P11 J1344 F33 0.1238

COORDI
1ATES AFTER DISTORTION

LOCATION OF ATOMS DISPLACEMENTS.

N I 9 Z DI DY Dl

2 -2.1710 —1.2535 —5.0969 —0.0120 —0.0070 —00209
8 2.1710 —1.2535 —5.0969 0.0120 —0.0070 —0.0209

23 —0.0000 2.5069 -5.0969 —0.0000 0,0139 —0.0209
61 —2.2406 1.2953 —1.7457 —0.0846 0.0488 —0.0537
62 —2.2436 —1.2953 1.7457 —0.0846 —0.0488 0.0537
63 —4. 3496 —2.5113 —1.7024 —0.0316 —0.0183 —0.0104
64 —4.3325 —5.0029 1.6968 —0,0146 —0.0169 0.0048
65 0. —2.5917 —1.7457 0. —0.0977 —00S37
66 0. —5.0225 1.7024 0. —0.0365 0.0104
67 2.243o 1.2953 —1.7457 0.0846 0.0488 0.0537

63 2.2436 —1.2953 1.7457 0.0846 —0.0488 0.0537
69 -4.3326 5.0329 —1.6968 —0.0146 0,0169 —0.0048
73 —4.3496 2.5113 1.7024 —0.0316 0.0183 0.0104
71 —6.4989 1.2507 —1.6968 —0.0219 0.0042 —0.0048
72 —6,4969 —1.2507 1.6968 —0.0219 —O.~042 0.0048
77 —2.1663 —o.2536 -1.6968 —0.0073 —0.0211 —0.0048
79 2.1663 —6.2536 —1.6968 0.0073 —0.0211 —0.0048
Ri 4.3496 —2.5113 —1.7024 0.0316 —0.0183 —0.0104
82 4.3325 —5.0329 1.6968 0.0146 —0.0169 0.0048
83 6.4969 1,2507 -1.6968 0.0219 0.0042 —0.0048
84 6.4989 —1.2507 1.6968 0.0219 —0.0042 0.0048
35 4.3325 5.0029 —1.6968 0.0146 0.0169 —0.0048
86 4.3496 2.5113 1.7024 0.0316 0.0183 0.0104
87 —0.0000 5.0225 —1.7024 —0.0000 0.0365 —0.0104
83 —0.0000 2.5907 1.7457 —0.0000 0.0977 0.0537

118 2.1663 6.2536 1.6968 0.0073 0.0211 0.0048
123 —2.1663 62S30 1.6968 —0.0073 0.0211 00048
121 —2.1710 1.2S35 5.0969 —0.0120 0.0070 0.0209
125 0. —2.5069 3.0969 0. —0.0139 0.0209
127 2.1710 1.2535 5.0969 0.0120 0.0070 0.0209

(THE OJTPUT IS LIMITED TO ATOMS WITHIN A SPHERE
OF RADIUS ROUT 7.0 AROUNDTIlE ORIGIN.
N DENOTES THE FIR ST I1IDEX OF ARRAY RAT.)

ENERGY Eli) AFTER DISTORTION 0.0970


