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Chapter 1

Introduction.

For those of us who eat cereals for breakfast the subject of this thesis is closely related
to an everyday experience. Small objects, like cereals, floating on the surface of liquid
can usually hardly rest. Quite opposite - it is a matter of simple morning experiment
to observe their apparently attractive behavior. Some of them will form rafts while the
other ones will migrate towards the walls of the dish. Both the formation of clusters and
the attraction to the walls can be explained using the concept of surface tension (Vella
& Mahadevan 2005). Macroscopically, the surface tension of a liquid-gas interface can
be defined as a force acting at a unit length of the three phase contact line, defined
as an intersection of the liquid interface with the surface of a floating body. The force
is directed tangentially to the liquid interface and such that it tends to diminish the
liquid surface area. It opposes external deformations of the interface and therefore the
liquid interface effectively behaves like a stretched elastic membrane. (This kind of
membrane should not be confused with a biological membrane for which the surface
tension can usually be neglected.) As a consequence, heavy objects which normally
sink, can float if carefully deposited at the interface. This applies, for example, to
metal paper clamps at the water-air interface. Even though the clamps are much
denser than water, they are also characterized by large surface to volume ratio, which
implies a long three-phase contact line and the resulting force due to surface tension
can be large enough to prevent sinking. The attraction between a pair of heavy objects
floating at an interface can be understood in analogy to the attraction between a pair
of snooker balls placed on a mattress. While one of the balls causes a depression in
the surface of the mattress, the second one moves down the depression due to gravity
resulting in an apparent attraction.

In the literature, the forces originating from the tension of the liquid interface have
been termed capillary forces after the phenomenon of rise of water in a thin capillary
(glass tube) immersed in the liquid. The effective interface-mediated interactions be-
tween floating objects are often referred to as capillary interactions (Kralchevsky &
Nagayama 2001; Domı́nguez 2010b). Scientific interest in capillary interactions arose
in the 1940’s in view of their possible applications in modeling the behavior of atoms
in a crystal. In 1947 Bragg studied rafts of bubbles floating on a soap solution and
constituting a two-dimensional lattice (Bragg & Nye 1947). In 1949 Nicolson first stud-
ied the interaction between the bubbles quantitatively and indicated that for certain

11



12 CHAPTER 1. INTRODUCTION.

values of system parameters the model replicates pretty well long-range attractions as
well as short-range repulsions between atoms (Nicolson 1949). In his analytical ap-
proach Nicolson pointed out that the mechanism of attraction between the bubbles is
the same as in the case of heavy spheres not wetted by the fluid (which is equivalent
to the “mattress” analogy). One of the bubbles causes an inclination of the interface
and the other one moves up the incline due to its buoyancy.

In this thesis we investigate capillary interactions, particularly at curved interfaces
and under confinement, with applications to particles at sessile droplets, which are of
significant practical importance in the industry (for example in inkjet printing). In the
remaining part of the introduction we discuss general issues considering particles at
interfaces including possible applications in science and technology. Moreover we find
it instructive to present an overview of the literature in the field to see how a unified
theoretical description of capillary interactions has only recently started to emerge.
In fact, it has been a matter of the very last decade that the general mechanism of
those interactions, consistent with the fundamental conditions of mechanical equilib-
rium of the interface, has been understood (Domı́nguez 2010b). In this respect, the
theory of interface-mediated interactions seems to be still in its infancy, as compared
to the theories of effective interactions in the bulk, like, for example, hydrodynamic
interactions (Kim & Karilla 1991).

1.1 Particles at fluid-fluid interfaces.

Nowadays, after more than fifty years since the pioneering works of Bragg and Nicol-
son, particles at interfaces are experiencing a burst of interest owing to development of
experimental techniques, such as the video microscopy and the optical tweezers, which
enable precise observation and manipulation of individual colloidal particles. Beside
numerous technological applications, among which few are mentioned below, the effec-
tively two-dimensional systems of particles are also interesting from the fundamental
point of view, because they can be used to obtain direct insight into physical phenomena
otherwise hardly accessible experimentally. This includes Casimir forces (Bonn et al.
2009; Hertlein et al. 2008), quasicrystals (Mikhael et al. 2008) or two-dimensional grav-
itational collapse (Domı́nguez et al. 2010). Other effectively 2D-systems, composed
of droplets bouncing from a liquid interface, has been recently demonstrated (Protiere
et al. 2006; Eddi et al. 2009) to exhibit surprising features analogous to particle-wave
duality or even quantum tunneling (!).

An important feature of interfacial colloids, which enables their control and manip-
ulation, is that the colloidal particles of sizes varying over many orders of magnitude,
from nanometers to millimeters, get irreversibly trapped at fluid-fluid interfaces (Oettel
& Dietrich 2008). For example, in the case of a millimeter-sized particle at the water-
air interface, the weight and buoyancy of the particle are the forces which compete with
the capillary force due to the surface tension. For a micro-particle at the liquid-vapor
interface wetting properties take over gravity and equilibrium is determined by the
minimum of the surface free energies of the particle-liquid, particle-vapor and liquid-
vapor interfaces. If the particle is partially wetted by the liquid, the free energy for
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a spherical particle is roughly a quadratic function of the particle immersion with a
minimum corresponding to the configuration with the particle at the interface (and,
more precisely, with the contact angle obeying Young’s law). As a consequence, the
energy barrier for detachment grows quickly with the particle size and is of the order
of 103kBT (at room temperature) for a particle of 10nm in diameter at the air-water
interface, and already 105kBT for a particle of 0.1μm in diameter. These estimates
do not take into account the molecular structure of the interface, in particular ther-
mal fluctuations, however, recent studies based on Monte-Carlo simulations indicate
that the trapping mechanism remains effective for particles down to few nanometers
in size (Cheung & Bon 2009a; Bresme et al. 2009).

Depending on the typical length scale in an interfacial colloidal system, various
physical phenomena become relevant. In the case of particles smaller than a tenth of
a millimeter thermal fluctuations can lead to the particle in-plane Brownian motion
and to rearrangement of the particle positions. However, when lateral interactions
between particles (of not necessarily capillary origin) are strong enough, the particles
will rather rest in their local energy minima. In such a situation a two dimensional
colloidal crystal can form, such as the one reported by Pieranski in 1980 (Pieranski
1980). With decreasing strength of interactions and increasing random thermal motion
one would expect a transition into a fluid phase. In fact, a detailed theoretical analysis
of two-dimensional melting as pursued by Kosterlitz & Thouless (1973) and followed
by works of Halperin & Nelson (1978) and Young (1978) (KTHNY theory), predicts
an additional hexatic phase, intermediate between solid and fluid phases. Surprisingly,
the existence of the hexatic phase was for a long time a matter of debate and it was
until almost thirty years later that strong experimental evidence supporting KTHNY
theory has been given by Zahn & Maret (2000), who observed the three-stage melting
using the paramagnetic particles at the air-water interface (see also Zahn et al. 1999).
Further modifications of the melting scenario in the presence of anisotropic interactions
have also been investigated later in a similar system exposed to an external magnetic
field (Eisenmann et al. 2004). Other experiments with two-dimensional colloids have
additionally shown that strong lateral confinement of the system can lead to peculiar-
ities like freezing with increasing temperature (Bubeck et al. 1999). An appropriate
choice of the external field can even lead to the formation of quasicrystals, as in experi-
ments reported by the group of Bechinger (Mikhael et al. 2008). In these experiments
colloidal particles were placed in crossed laser beams, which effectively generated an
in-plane external quasi-periodic potential, mimicking the potential experienced by a
molecule in a quasicrystal. The transition between a perfect crystal and a quasicrystal,
together with an intermediate hexatic phase, was obtained by changing the strength
of the external field. All the above examples demonstrate a big advantage of the col-
loidal systems over the “usual” matter composed of molecules, which is the possibility
of precisely tuning the interactions between the particles by controlling the external
parameters like the strength of the magnetic field or the laser intensity.

In the case of nanoscopic colloidal particles, fluctuations of the interface themselves
can induce remarkable effective interparticle forces (Lehle 2007). The bulk counterpart
of those forces is often referred to as a thermodynamic Casimir force (Hertlein et al.
2008) and can be understood in analogy to the Casimir force in quantum electrody-
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namics, experienced by two parallel metal plates due to quantum fluctuations of the
vacuum in a small gap between them (Casimir 1948). In the case of a colloidal system
the host fluid plays the role of the fluctuating medium and the range of the interac-
tions grows together with the correlation length as the fluid approaches a critical point.
In the case of a fluctuating interface, the height-height correlation function diverges
logarithmically with the lateral distance independently of the temperature (Fischer
2004) and therefore the interactions mediated by a fluctuating interface always display
a long-range behavior. However, the strength of those interactions is of the order of
kBT (Lehle et al. 2006) and therefore, at room temperature, they could play a sig-
nificant role only for sufficiently small particles (nanoparticles). In such a case, again,
the effective interactions could be tuned by changing a single parameter, this time the
actual temperature.

The equilibrium shape of a free interface obeys the condition of a constant curvature,
which is expressed by the Young-Laplace equation

2γH(r) = Δp, (1.1)

where γ is the surface tension, H(r) is the mean curvature of the interface at point
r and Δp is the pressure change across the interface. For small deformations u of a
flat interface, the curvature 2H can be approximated in the Monge parameterization
by minus the two-dimensional Laplacian of the deformation. Then the shape of the
interface is governed by the two-dimensional Poisson equation,

−γ∇2
‖u(x) = Δp, (1.2)

where ∇‖ = ex∂x + ey∂y and x is the in-plane coordinate. Eq. (1.2) is formally
equivalent to the two-dimensional electrostatics or two-dimensional gravity (assuming
Newtonian gravity) with the deformation u playing the role of a potential and Δp the
role of a charge (or mass) distribution. In this analogy a pointlike particle deforming
the interface can be treated as a unit “capillary charge” or a unit “capillary mass”
and one could imagine that, as such, colloidal particles could possibly even be used
to experimentally study the gravitational collapse in 2D-systems Domı́nguez et al.
(2010). Of course the tempting picture of “cosmology in a Petri dish” has its obvious
limitations, like the fact that the dynamics of colloidal particles is governed rather by
the Langevin equation and not by Newton’s equations of motion.

The above examples show that particles at interfaces provide an easily accessi-
ble model system for studying laws of physics. On the side of direct applications,
two-dimensional confinement of the particles has practical importance for precise ma-
nipulation of the particles, which could be used, e.g., for patterning of solid substrates
with desired two-dimensional structures (Denkov et al. 1993). Some experimental
techniques combine capillary forces with the use of sculpted substrates as templates in
order to assemble particles into regular arrays (van Blaaderen et al. 1997; Aizenberg
et al. 2000; Cui et al. 2004).

Thermodynamically stable structures can also form spontaneously at the interfaces
owing exclusively to the interactions between the particles (i.e., without a template).
Those interactions may not only be considerably modified in the neighborhood of the
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interface, as compared to their counterparts in the bulk, but, as already mentioned,
they can even emerge exclusively due to the presence of the interface. This is the case
for macroscopic bubbles, as those studied by Nicolson, which do not exhibit long-range
interaction in the bulk, as well as for colloidal particles forming a crystal at water-
oil interface in Pieranski’s experiment. However, in the latter case, the micron-sized
particles always remain separated by a few particle diameters, which indicates the
existence of a repulsive component of the interaction potential. In fact, small spherical
particles, for which gravity and other forces are negligible, can be in equilibrium with a
perfectly flat, i.e., undeformed interface, which rules out capillary interactions. Instead,
as noticed by Pieranski and later quantitatively studied by Hurd (Hurd 1985), as
soon as the adjacent fluids have different dielectric constants, the interface breaks
the symmetry in the ion distribution around each particle which leads to an effective
electrostatic dipolar repulsion. Macroscopically, as a result of this repulsion particles
arrange themselves in a regular hexagonal lattice.

In the last decade many authors reported on spontaneous formation of colloidal two-
dimensional mesostructures, including clusters, stripes and voids (Ruiz-Garcia et al.
1998; Ghezzi & Earnshaw 1997; Ghezzi et al. 2001; Sear et al. 1999). These ob-
servations suggest more complicated form of the effective interaction potentials than
just a repulsion, in particular a presence of both repulsion and attraction. Indeed, as
shown in recent numerical studies (Archer 2008), the interaction potential in the form
of a hard-core repulsion together with an attractive part at small distances and again
a repulsive part at large distances can yield a rich variety of equilibrium structures,
depending on the surface coverage (density). At lower densities particles form arrays of
circular clusters, but at higher densities series of elongated parallel stripes are observed.
Further increasing the density leads to formation of arrays of voids within liquid-like
regions. Other numerical simulations of a two-dimensional system of a finite-number
of particles with strong lateral confinement have shown that proper tuning of the in-
teraction parameters can yield even more kinds of equilibrium structures (Liu et al.
2008). However, the emergence of the potentials used in simulations from the underly-
ing microscopic degrees of freedom (like ion distribution or deformations of the interface
around the particles) is in many cases still obscure. Moreover, the effects of possible
interfacial contaminations may easily be mistaken for pair-interactions (Fernandez-
Toledano et al. 2004).

1.2 Capillary interactions.

In general, the effective interactions between colloidal particles at interfaces emerge
as a consequence of the dependence of the free energy on the separation between the
particles (Oettel & Dietrich 2008). At the length scale of millimeters the gravitational
energy dominates (Kralchevsky & Nagayama 2000), whereas for micrometer-sized sys-
tems the interactions are driven by the changes in the surface free energy (Oettel
et al. 2005b). At the nanoscale, the presence of particles imposes constraints on the
thermal fluctuations of the interface and as a consequence the statistical sum over all
possible configurations of the interface (and so the free energy) depends on the sep-
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aration of the particles (Lehle et al. 2006). In this thesis we focus on the capillary
interactions between particles of micrometer-sizes, which are small enough such that
their buoyancy can be safely neglected, but which on the other hand are big enough
such that the thermal fluctuations can be neglected. Thus, the deformation of the
interface is induced only by the wetting properties or other constraints on the shape
of the interface at the particle surfaces (like pinning of the contact line due to rough-
ness). As mentioned in the previous Section, small deformations of an initially flat
interface obey the same governing equation as a two-dimensional electrostatic poten-
tial and thus decay logarithmically with the distance (this holds only at the length
scales much smaller than the capillary length, which is usually the case because the
latter is of the order of millimeters, such that it exceeds the particle size by orders of
magnitude). Within this electrostatic analogy a pointlike perturbation caused by an
external force f perpendicular to the interface can be treated as a “capillary charge”
Q = f (Domı́nguez et al. 2008; Domı́nguez 2010b). The interaction potential between
two arbitrary charges Q1 and Q2 separated by lateral distance d is then analogical to
Coulomb’s law in electrostatics,

Vcap(d) =
Q1Q2

2πγ
ln

(
d

L

)
, (1.3)

where L is the large distance cut-off (which might be for example the system size or
the capillary length). As one can see from Eq. (1.3) the analogy with electrostatics is
exact up to reversal in the sign of the interactions. Therefore, two like capillary charges
attract each other, while the opposite is true in electrostatics. Colloidal particles may
carry a capillary charge or a capillary dipole or even higher multipoles depending on
how they interact with the interface. A capillary monopole corresponds to a particle
pulled or pushed by an external force (this might be, for example, the weight or the
buoyancy of the particle), whereas a capillary dipole corresponds to an external torque
acting on the particle. In absence of external agents the deformation around a particle
corresponds to a capillary quadrupole. Furthermore, mechanical equilibrium of the
interface itself implies that all the external forces and torques acting at the interface
must cancel each other. Thus, an external force or torque exerted at the interface
by the particle must be balanced by the force and torque exerted by the walls of
the container. This complies with the long-range character of capillary interactions,
expressed in Eq. (1.3), and means that the boundary conditions at the walls in general
cannot be neglected.

The logarithmic behavior of monopole-monopole capillary interactions also implies
that, as soon as there is a mechanism by which the monopoles are induced, they should,
at large distances, overcome electrostatic dipolar repulsion as those in Pieranski’s ex-
periment. The formation of freely floating crystallites composed of a few particles (up
to 7) at a water droplet suspended in oil, reported in a recent experiment (Nikolaides
et al. 2002), indeed indicates the presence of a long-range attraction between particles
at the interface. The authors proposed a simple explanation in which the particles
are pulled towards the water phase by the electrostatic forces due to asymmetric ion
distribution around the particle due to the different dielectric constants of the adja-
cent fluids. Under this assumption, the particles carry not only electrostatic dipoles,
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as in Pieranski’s reasoning, but also, due to a “pulling” force in the normal direc-
tion, capillary monopoles. However, the authors assumed that the interface is flat and
unbounded, which contradicts the condition of mechanical equilibrium.

Indeed, as indicated by Megens & Aizenberg (2003), the presence of an unbalanced
force (capillary monopole) in a mechanically isolated system (no walls) would be in-
consistent with Newton’s third law. Instead, the latter authors suggested that in the
presence of the electrostatic pressure, decaying as r−6 with the lateral distance r from
the particle, the interaction potential should be attractive and decay also like r−6. A
similar reasoning was subsequently presented by Foret & Würger (2004), who obtained
the same power law, but with an opposite sign. Their calculations were based on a
regularization of the interface deformation at r = 0 and a superposition approximation
for the electrostatic pressure in the presence of two particles. However, it has been
later noted by Domı́nguez et al. (2005) and Oettel et al. (2005a) that the latter
assumption is not correct because the electrostatic pressure, proportional to the elec-
trostatic field squared, is not additive. Instead, one should use the additivity of the
electrostatic field, which finally gives an attractive r−3 behavior. This leads to the con-
clusion, that the total interparticle potential including the direct dipolar electrostatic
repulsion, governed also by the power law r−3, cannot exhibit a minimum, unless the
Debye screening length in water is comparable with the size of the particles. In such a
case a shallow minimum with a depth of several kBT could be expected (Domı́nguez
et al. 2007b). However, its occurrence would depend sensitively on the precise val-
ues of several system parameters. Particularly, it would correspond to relatively large
electric field and as a consequence to a large deformation of the interface around the
particles for which the perturbation theory would actually loose its validity. Apart
from that, it must be noted that in the mentioned experiment, the droplets of water,
at which the particles were observed, were in fact attached to a solid plate. Therefore,
any quantitative or maybe even qualitative predictions cannot be satisfactory as long
as the curvature of the interface and the boundary conditions at the plate have not
been taken into account. This problem has not yet been comprehensively studied in
the literature and it is one of the issues addressed in this thesis.

When external forces on the particles can be neglected, the capillary interactions
are ruled by the lowest non-vanishing moment, which is quadrupole, and therefore
they become anisotropic. The effects connected with the anisotropic nature of cap-
illary interactions has been demonstrated in numerous experiments and simulations
using non-spherical particles (Bowden et al. 1997; Brown et al. 2000; Stamou et al.
2000; Loudet et al. 2005; van Nierop et al. 2005; Madivala et al. 2009). Experimental
techniques enable fabrication of microscopic particles of many different shapes includ-
ing the shape of a bent disk, able to pin the interface at its perimeter (Brown et al.
2000). In the case of ellipsoidal particles, characterized by the contact angle different
than π/2, the three-phase contact line must undulate in order to meet the surface of
the particle at a constant angle given by Young’s law. The quadrupolar deformation
field around micrometer ellipsoids has been directly measured for particles of various
aspect ratio (Loudet et al. 2006). In the case of many particles the anisotropy of the
interactions leads to complicated energy landscapes with large number of local minima
resulting in a variety of possible metastable structures (Fournier & Galatola 2002; van
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Figure 1.1: Left panel: equilibrium chains of self-assembled ellipsoids at the oil-water
interface arranged tip-to-tip and side-to-side, depending on the surface chemistry of
the particles (reprinted with permission from Loudet et al. 2005, Copyright 2010 by
American Physical Society). Chains of particles bend due to many-body capillary in-
teractions; right panel: time evolution of a system of ellipsoidal particles at the decane-
water interface with the final local triangular and flower-like structures (reprinted with
permission from Madivala et al. 2009, Copyright 2010 by American Chemical Society).

Nierop et al. 2005). Moreover, multipole moments higher than quadrupoles become
important at very small separations and can lead, for example, to the formation of
linear chains of ellipsoids arranged tip-to-tip (Stamou et al. 2000; Fournier & Galatola
2002). Numerical studies (Fournier & Galatola 2002) incorporating three and more
particles have further shown an intriguing many-body effect, that the particles in such
a chain meet at a non-trivial angle forcing the chain to bend (see Fig. 1.1), which agrees
with the experimental observations (Loudet et al. 2005). At higher concentrations,
the equilibrium structures seem to depend strongly on the aspect ratio of the ellipsoids.
For nearly spherical particles, the hexagonal positional order is preferred, characteristic
for a system with isotropic interactions, together with the simultaneous orientational
order of herringbone type (van Nierop et al. 2005). For larger aspect ratios the ellip-
soids arrange tip-to-tip and form locally triangular and flower-like structures (Fig. 1.1),
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which under further compression rearrange into local side-to-side configurations. Single
particles may also flip such that their longer axes point in the direction normal to the
interface, which allows for a more closely-packed structure (Madivala et al. 2009).

In the case of particles at the surface of liquid droplets, non-trivial global curva-
ture of the interface can also influence effective interactions. However, the issue of
particles at curved interfaces goes beyond the mentioned experiments with particles
at oil-in-water droplets. For example, lipid bilayers forming boundaries of living cells
are often decorated with inclusions, which may induce variations in thickness of the
bilayers and thus exhibit effective interactions (Israelachvili 1977). Another example
comes from the world of insects: an inclination of the meniscus can pose an obstruction
for small animals to get from water to land or vice-versa (Hu & Bush 2005). To over-
come this difficulty, certain water-climbing insects developed an ability to adjust their
body posture depending on meniscus curvature such that they get dragged by capillary
forces towards the contact line, against gravity. Other insects use the lateral capillary
forces to assemble themselves into large colonies of 50-100 animals (see Fig. 1.2) and
to travel between colonies. On the side of technological applications, colloidal particles
are known to stabilize emulsions by self-assembling at the droplet surfaces and form-
ing so called Pickering emulsions (Pickering 1907). Closed packed spherical shells of
such particles might have potential use in drug delivery in medicine (Dinsmore et al.
2002). The particles at droplet surfaces can also be used to study basic problems like
correlations (Chavez-Paez et al. 2003; Viveros-Mendez et al. 2008) on a sphere or
topological defects in spherical two-dimensional crystals (Bausch et al. 2003).

Figure 1.2: Meniscus-climbing insects (here, Anurida maritima) can adjust their body
posture in order to be dragged by surface tension up the water meniscus. Due to the
capillary forces they can also assemble themselves into colonies or even move between
the colonies. Image courtesy of John Bush, MIT.

In this thesis we study the influence of interface curvature and non-spherical parti-
cle shapes on capillary interactions at the surface of a sessile droplet, which is a simple
model system for studying static self-assembly (Whitesides & Grzybowski 2002) in
confined geometries. We provide a theoretical basis for addressing the question of how
the properties of the individual particles, together with the geometry of the system,
influence the final equilibrium structure, which can be identified with a bottom-up ap-
proach to self-assembly (Pelesko 2007). Beside the scientific interest, colloidal droplets
could be of practical importance for assembling structures on solids. If spilled on a
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table, small droplets of coffee leave circular deposits of particles after evaporation. This
so-called coffee-ring effect is driven by the evaporation of liquid from the droplet, which
results in a flux of particles towards the contact line (Deegan et al. 1997). This dynam-
ical non-equilibrium phenomena has been recently thoroughly studied (Deegan et al.
1997; Dietzel & Poulikakos 2005; Bigioni et al. 2006; Kuncicky & Velev 2008; Murisic
& Kondic 2008). However, not much is known about particles at the surface (or inside)
non-evaporating droplets, which may also exhibit pattern formation by finding their
equilibrium positions corresponding to the free energy minima. Some experimental and
theoretical efforts has been devoted to explain the interactions between the particles
close to the three phase contact line at the substrate, but the effects of the curvature
and the finite volume of the droplet on the interactions were usually neglected (with
one exception, see Sangani et al. 2009), due to small interparticle separations as com-
pared to the droplet size (Helseth & Fischer 2003; Helseth et al. 2005). Interactions
between particles protruding from a spherical liquid film were studied by Kralchevsky
et al. (Kralchevsky et al. 1995). In special cases (cork-shaped particles, pinned contact
lines) the authors obtained non-monotonic interaction free energies leading to an at-
traction at small separations and repulsion at large separations (which might possibly
lead to clusterization (Archer 2008)), but the physical mechanism responsible for this
effect has not been explained.

If the particles are trapped at the interface of a microscopic sessile droplet, the
surface energies play a crucial role. Then, besides mutual capillary interactions each
particle is subjected to an effective free energy landscape induced by the presence of
the substrate. This kind of capillary effect may influence the final equilibrium struc-
tures, and one cannot rule out that it could have been the case in the experiments
reported by Nikolaides et al. (2002). The possible importance of the effects of cur-
vature on capillary interactions has been mentioned by Oettel et al., who derived the
equation for the axisymmetric shape of a slightly deformed spherical sessile droplet
with a particle at its apex, taking into account the volume constraint and a certain
type of boundary conditions at the substrate (Oettel et al. 2005b). In a subsequent
publication (Domı́nguez et al. 2005) the same authors indicated that the logarith-
mic term in the deformation field around the particle can only occur in the situation
when the droplet is not mechanically isolated (for example, if it is supported by a
substrate). The effects of curvature on capillary interactions have been also studied by
Würger (Würger 2006a;b), who claimed that a logarithmically decaying deformation
field can occur due to the curvature itself even at a mechanically isolated droplet. How-
ever, as indicated by Domı́nguez et al. (Domı́nguez et al. 2007a) Würger’s reasoning
did not correctly resolve the force balance on the droplet, and the logarithm appeared
only as an artifact of an unbalanced force.

Our approach attributes mostly to the work of Morse and Witten (Morse & Witten
1993), who considered weakly compressed emulsions rather than interfacial colloids. In
such emulsions droplets get deformed due to the contact with other droplets and then
the deformation energy can be calculated by means of Green’s function by approximat-
ing the areas of contact by pointlike forces. In this thesis we argue that the point-force
approximation is also valid for spherical colloidal particles and the mechanism of their
attachment to the interface turns out to be of secondary importance. In such an ap-



1.3. OUTLINE OF THE THESIS. 21

proach the free energy landscapes as well as pair-interactions can be calculated by using
Green’s function formalism for arbitrary angular separations between the particles.

1.3 Outline of the thesis.

The thesis is composed as follows. In Chapter 2 we introduce the Young-Laplace equa-
tion and discuss its general solutions in various coordinate systems, including spherical
coordinates. In the same Chapter we discuss shortly the wetting phenomena and their
relevance for particles at interfaces. In Chapter 3 we study the surface free energy of
a particle at a deformable, initially flat interface enclosed in a cylindrical container
(neglecting the influence of gravity). The exact solutions of the full nonlinear Young-
Laplace equation obtained for the case of an axisymmetric interface serve as a check
for a renormalized linear theory for small deformations of the interface. We show that
both theories predict, with remarkable mutual agreement, metastable branches of the
free energy as a function of the height of the particle above the interface. We find that
the external vertical force, needed to the fix the particle at a given position, uniquely
determines the shape of the interface. Next, we study the case of two heavy particles at
an unbounded interface in presence of gravity and explain the mechanism of capillary
interactions at a flat reference interface in Chapter 4. In Chapter 5 we investigate
the analogy between capillarity and electrostatics, in which the external vertical force
acting on the interface can be interpreted as a “capillary charge” and thus a particle
of an arbitrary shape can be replaced by a proper capillary charge distribution. Small
deformations of a spherical droplet subjected to an arbitrary pressure field are studied
in Chapter 6. The analytical results obtained there enable approximate calculations of
the interaction free energy between particles of various shapes at a spherical interface,
in the limit of small particles. In Chapter 7 the system composed of a single spherical
particle at a sessile droplet is studied in detail. The boundary conditions at the sub-
strate are expressed in terms of small deformations of a reference cap-spherical droplet
shape. The free energy landscape for the particle pulled radially by an external force is
calculated analytically in the point-force approximation in the special case θ0 = π/2 for
a free and for a pinned contact line at the substrate. In both cases pair-potentials are
also carried out analytically. Results of numerical minimization of the free energy for
a spherical as well as for an ellipsoidal particle and comparison with the approximate
analytical results are presented in Chapter 8. Chapter 9 provides a summary of the
thesis.
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Chapter 2

Capillarity and wetting phenomena

This Chapter introduces the basic concepts of capillarity and wetting phenomena which
underly capillary interactions between particles at fluid interfaces. In Sec. 2.1 we study
the equilibrium shapes of fluid interfaces governed by surface tension and in Sec. 2.2
we explain how a particle may get trapped at the interface due to its wetting prop-
erties. Finally we introduce the simplest mean-field version of the density functional
theory (Evans 1979), in terms of which the problem of the particle at the interface can
also be addressed at a microscopic level in terms of intermolecular forces (for a very
recent assessment in this topic see Hopkins et al. 2009).

2.1 Equilibrium capillary surfaces.

Basic ideas concerning the shape of fluid interfaces date back to the the beginning of
XIX’th century, to the works of Young (Young 1805) and Laplace (de Laplace 1805
and 1806), who considered the problem of the rise of water in a very thin vertical glass
tube dipped into the liquid. This phenomenon was then in an apparent contradiction
with the laws of hydrostatics and could not be explained on the ground of Newtonian
gravity. Indeed, one can easily convince oneself that the interaction of liquid with
glass in this case does not depend on the thickness of the glass. The observed height
of the liquid in the tube does neither depend on kind of the liquid. The solution of
this problem was one of the first examples of a link between a macroscopic phenomena
and the underlying discrete structure of matter. (In general this kind of reasoning
is nowadays prescribed to statistical physics, however, at the beginning of XIX’th
century, the molecules were assumed not to exhibit significant motion in equilibrium,
and it was not until the works of Boltzmann and Gibbs that the statistical description
of matter actually emerged.) The basic concept of the early theory of capillarity was
the assumption that the molecules of liquid attract each other. As a consequence,
removing a group of particles from the bulk liquid, costs energy (Rowlinson & Widom
1982). This energy can be associated with creating two liquid surfaces: the surface
of the droplet and the surface of the cavity in the bulk liquid. The surface energy,
expressed at the unit area of the created surface, has been called the surface tension.
In this Section we analyze the macroscopic consequences of the surface tension such as

23
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the equilibrium shape of the liquid interfaces and the capillary force.

2.1.1 Surface tension and Laplace pressure.

In this Subsection we present an explanation of the rise of liquid in a capillary tube (for
a classical presentation of this problem see Rowlinson & Widom 1982) which includes
a simple intuitive derivation of the Young-Laplace equation (Eq. (2.5)).

Macroscopically, surface tension has an interpretation of a force acting at a unit
length of a boundary of the liquid surface. In order to illustrate this, imagine a liquid
film in a rectangular wire frame with one side, of length L, being free to move and held
by force f , which is needed to balance the tension in the two-sided film. Displacing
this boundary by the distance δx requires the work fδx = γδS, equal to the change in
the surface energy, where δS = 2Lδx is the change in the area of both surfaces of the
film. Thus the capillary force equals f = 2γL.

L

δx

f

Figure 2.1: Liquid film held in a rectangular wire frame exerts a capillary force on the
rod, counterbalanced by the external force f . The work of the external force fδx done
in displacing the rod is equal to the increase of the surface free energy of the film by
2γLδx. Thus the capillary force equals f = 2γL.

To explain the rise of liquid in a capillary tube not only the surface tension but also
the curvature of the surface plays a crucial role. Taking a tube of a diameter exceeding
(in the case of water-air interface) 2 − 3 mm the effect will disappear, because the
interface becomes flat. In fact, internal pressure of liquid depends on the curvature of
the interface and it is the resulting difference in pressure that pulls the liquid up the
tube.

In the mechanical interpretation discussed above, one can treat the liquid surface
as an elastic membrane subjected to the tension γ. In order to see how this tension
leads to the shift in pressure, consider a spherical gas bubble of radius R inside a body
of liquid. For the bubble to exist, the tension of the surface, which tends to squeeze
the bubble must be balanced by an excess pressure Δp. In equilibrium the virtual
work associated with a virtual displacement δR of the radius must vanish, which can
be written as

γδS − ΔpδV = 0. (2.1)
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where δS = 8πRδR is the change in surface area and δV = 4πR2δR is the change in
volume, such that the excess pressure, called the Laplace pressure, is given by

Δp =
2γ

R
. (2.2)

For a very thin tube one can assume that the interface is a portion of a sphere. In
such a case the curvature must increase (and so the height of liquid in the tube) with
decreasing diameter of the tube as long as the contact angle θ between the interface
and the glass surface is kept constant. The idea of constant contact angle has been
first proposed by Young (Young 1805) and it can also be justified using the concept
of surface tensions. Indeed, mechanical equilibrium demands that the surface tension
γ of the liquid-gas interface acting on the three-phase contact line is balanced by the
surface tensions γsl and γsg of the glass-liquid (“solid-liquid”) and glass-vapor (“solid-
gas”) interfaces (see Fig. 2.2). Approximating the region of contact by a liquid wedge
we find the relation

cos θ =
γsg − γsl

γ
, (2.3)

θγ

γsl

γsg

s

g

l

Figure 2.2: Section of a liquid-gas (l, g) interface in contact with a wall (in general
a solid substrate s). The arrows schematically correspond to forces exerted by the
surface tensions γsl, γsg and γ at a unit length of the contact line (perpendicular to
the drawing). Young’s law in Eq. (2.3) can be understood as a condition of balance of
those three forces.

which states that the contact angle is a function only of the surface tensions and not,
particularly, of the shape of the tube. Given the contact angle θ < π/2 of water and
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glass, the meniscus inside a capillary of diameter 2R must be convex, and its radius
of curvature equals R/ cos θ. The resulting Laplace pressure 2γ cos θ/R is balanced by
the hydrostatic pressure provided the liquid inside a capillary rises to a height h, such
that

h =
2γ cos θ

ρgR
. (2.4)

The law of Laplace in Eq. (2.2) holds in fact not only for the spherical interface, for
which the principal radii of curvature are equal, but also for interfaces of arbitrary
curvature given by the two different principal radii of curvature R1 and R2. It can be
written in a general form as

Δp = γ(R−1
1 +R−1

2 ), (2.5)

which is known as the Young-Laplace equation and relates the pressure change across
the interface to the curvature of the interface. The concept of a constant contact angle
and the relation between the pressure and the curvature of the interface, together
with the laws of hydrostatics, form a basis sufficient to calculate the shape of a liquid
surface bounded by walls of arbitrary geometry. For many practical purposes it is
often more convenient to use an equivalent, variational approach, which was proposed
by Gauß (Gauss 1830), following the works of Young and Laplace.

2.1.2 Variational approach.

Consider a surface above the xy-plane such that it can be parameterized in Cartesian
coordinates as

z = z(x, y). (2.6)

The infinitesimal element of the surface area d2S corresponding to dxdy is given by
dxdy|∂xr × ∂yr| where

r(x, y) =

⎛
⎝ x

y
z(x, y)

⎞
⎠ , (2.7)

so that d2S can be written as d2S = dxdy s(x, y) with s given by

s(x, y) :=

√
1 +
(∇‖z

)2
. (2.8)

The corresponding infinitesimal element of the volume enclosed between the interface
and the xy-plane reads dxdy z. The equilibrium shape of the liquid surface minimizes
a functional F being the sum of surface energy γS for a prescribed volume V of liquid,

F = γS − λV =

∫
dx

∫
dy (γ s− λ z) (2.9)

where −λ is the Lagrange multiplier. On the other hand, treating V as an extensive
variable (and not a functional of z(x, y)), one has λ = −∂F/∂V , so that λ can be
identified with the internal pressure of the liquid.
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Minimizing F with respect to z yields the Euler-Lagrange equation in the form

−γ div
∇‖z√

1 + (∇‖z)2
= λ, (2.10)

It can be shown by explicit calculation by means of the differential geometry (Finn
1986), that the left hand side equals the sum of reciprocal radii of curvature of any
two orthogonal curves at the point of their intersection. Thus, identifying λ with the
pressure Δp we recover the Young-Laplace equation (2.5). It can also be shown that,
incorporating the wall surface energy into F would yield Young’s law (Eq. (2.3)). The
proof in the case of an arbitrary geometry of the substrate can be found in the work
of Finn (1986). In general, Young’s law does not hold in the presence of substrate
heterogeneities which prevent the relaxation of the contact angle to its equilibrium
value. This case will be discussed on the example of a sessile droplet with the contact
line pinned at the substrate in Chapter 7.

2.1.3 Balance of forces acting on the interface.

The divergence structure of the left hand side of Eq. (2.10) can be used to derive
the balance of forces acting on arbitrary piece of interface S. Integrating over the
projection A of S onto the xy-plane and applying a two-dimensional version of the
divergence theorem yields

−γ
∮

∂A

dl‖
n · ∇‖z√
1 + (∇‖z)2

= λA, (2.11)

where n is a unit vector in the XY -plane normal to the infinitesimal element dl‖ of the
boundary ∂A. The lhs of Eq. (2.11) represents minus the total capillary force acting on
the boundary ∂S in the vertical direction, which can be seen by the following reasoning.
We note that the capillary force acting at an infinitesimal element dl of the contour
∂S equals et γ dl, where et is a unit vector tangent to the interface, perpendicular to
∂S and pointing outside S (see Fig. 2.3), and reads

dlet =
∂xr × ∂yr

|∂xr × ∂yr|dr × en, (2.12)

where r is the radial vector running on ∂S and dr is directed along ∂S; en is a unit
vector normal to S at r,

en =
1√

1 + (∇‖z)2

⎛
⎝−∂xz
−∂yz

1

⎞
⎠ . (2.13)

Hence, minus the total capillary force in the z direction equals

−γ
∮

∂S

dl et · ez = γ

∫ −dy∂xz + dx∂yz√
1 + (∇‖z)2

. (2.14)
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Figure 2.3: Piece of the interface S in a Monge parameterization z = z(x, y) and its
projection A onto the xy-plane.

By noting that

−dyex + dxey = −dl‖n, (2.15)

we can rewrite the rhs of Eq. (2.14) such that it yields the lhs of Eq. (2.11). Moreover,
from the definition of the projected area A we have

A =

∫
S

d2S en · ez. (2.16)

Thus, Eq. (2.11) is equivalent to

−
(
γ

∮
∂S

dl et +

∫
S

d2S λen

)
· ez = 0. (2.17)

However, the direction z has been chosen arbitrarily, and therefore the expression in
brackets, which is explicitly invariant with respect to the parameterization of S, must
vanish. We obtain

−γ
∮

∂S

dl et =

∫
S

d2S λen, (2.18)

which is an integral representation of the Young-Laplace equation (without gravity)
and expresses the condition of mechanical equilibrium of an arbitrary piece S of the
interface in which the force due to pressure λ integrated over S (lhs) equals minus the
total capillary force acting on ∂S (rhs).
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2.1.4 The Young-Laplace equation in the presence of gravity.

In the presence of gravity the contributions to the surface energy come not only from the
surface tension but also from the weight of the liquid enclosed under the interface. The
total pressure change Δp across the interface can be written as a sum of the constant
term λ and the hydrostatic pressure −Δρgz, where Δρ is the density difference between
the lower and the upper fluid phases. The corresponding Young-Laplace equation can
be written in the form (Langbein 2002)

−γ div
∇‖z√

1 + (∇‖z)2
= λ− Δρgz. (2.19)

The gravitational field directed along the z-axis breaks the isotropy and the force
balance has a different form depending on the direction. Particularly, choosing the
z-direction, one obtains an equation analogical to Eq. (2.18):

−γ
∮

∂S

dl et · ez =

∫
S

d2S (λ− Δρgz)en · ez, (2.20)

Obviously, the rhs of Eqs. (2.19) and (2.20) do depend on the position of the reference
plane. If the volume of liquid, defined as the volume enclosed between the interface and
the reference plane, is not prescribed then one can actually always choose the reference
plane such that λ = 0 (see Eq. (2.19)). However, if the liquid volume is given a priori,
then λ must be determined from the volume constraint.

2.1.5 Linear approximations of the Young-Laplace equation.

We note that flat and spherical interfaces both spontaneously occur during the pro-
cesses of phase separation. For example, during condensation of liquid from the gas
phase, initially small amounts of liquid form perfectly spherical droplets, which finally
merge to form a single flat (g �= 0) horizontal interface, separating heavier and lighter
fluid below and above the interface, respectively. On the other hand, in the absence of
gravity, the equilibrium shape of the interface is uniquely determined by the shape of
the container (Finn 1986). Here, we study the Young-Laplace equation (2.19) in the
limit of small deformations of a reference flat interface.

Small deformations of a flat interface.

Consider a small deformation u(x, y) of an initially flat interface. In the limit |∇‖u| � 1
the Young-Laplace equation (2.19) with ∇‖z = ∇‖u can be approximated up to the
linear terms in ∇‖u by

−∇2
‖u+ q2u = 0, (2.21)

where q = λ−1
c =

√
Δρg/γ is the inverse capillary length (λc). Without loosing gen-

erality we have put the Lagrange multiplier λ equal to zero due to the fact that the
liquid volume is not fixed. A non-vanishing λ would contribute only a constant to the
deformation u, which could then be interpreted as a translation of the reference plane
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without any change in the shape of the interface. The equation (2.21) can be sepa-
rated in polar coordinates (r, φ) and then the radial component obeys modified Bessel’s
differential equation of order m, determined by the periodicity m of the angular com-
ponent. One can distinguish two different cases depending on the boundary conditions
at infinity (or, alternatively, at r = 0). If the solution is supposed to vanish at infinity
we choose the “outer” solution denoted as u>. If the solution is supposed to be regular
at the origin we choose the “inner” solution u<. Summing up the contributions from
all m one obtains

u>(r, φ) = A0K0(qr) +
∞∑

m=1

AmKm(qr) cos(mφ−mφ>,m) (2.22)

u<(r, φ) = B0I0(qr) +

∞∑
m=1

BmIm(qr) cos(mφ−mφ<,m), (2.23)

where A0, Am, B0, Bm, φ>,m and φ<,m are integration constants depending on the
specific boundary conditions. Iα and Kα with α = 0, 1, . . . are modified Bessel functions
of the first and the second kind, respectively. The outer solutions of all orders behave
at large distances according to

Kα(x) ≈
√

π

2x
e−x, x� 1 (2.24)

while the short distance asymptotics read

K0(x) ≈ ln

(
2

x

)
− γe, (2.25)

Km(x) ≈ 2m−1(m− 1)!x−m, x� 1, m = 1, 2, . . . , (2.26)

where γe is the Euler-Mascheroni constant. The force balance analogical to Eq. (2.20)
can be obtained by integrating Eq. (2.21) over A and multiplying by γ,

−γ
∮

∂A

dl‖ n · ∇‖u = −Δρg

∫
A

d2xu (2.27)

where the rhs represents minus the weight of the fluid displaced with respect to the
reference flat configuration.

Capillary equation at micrometer length scales

When we consider the interface deformations u on a length scale much smaller than
the capillary length λc, the term q2u in Eq. (2.21) can be neglected and the governing
equation resembles the two-dimensional Laplace equation. It reads

∇2
‖u = 0. (2.28)

The only axisymmetric solution ū can be written as

ū(r) = A0 ln

(
r

ζ

)
(2.29)
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and it is divergent both at small and large distances r. Therefore the constant ζ plays
the role of a large-distance cut-off or a small-distance cut-off depending on the specific
boundary conditions. The general solution can be expressed in terms of u0 and the
remaining non-axisymmetric inner and outer solutions, which read

u>(r, φ) =
∞∑

m=1

Amr
−m cos(mφ−mφ>,m), (2.30)

u<(r, φ) =
∞∑

m=1

Bmr
m cos(mφ −mφ<,m), (2.31)

with the same notation as in Eqs. (2.22) and (2.23). For a given boundary condition
at r = a the inner and outer solutions can be joined continuously, i.e., such that their
values at r = a are equal. The condition

u>(a, φ) = u<(a, φ) (2.32)

determines Bm as functions of Am.

2.2 Wetting

When a drop of water is placed on very clean glass it spreads into a thin liquid film,
whereas the same drop placed on a sheet of plastic maintains its spherical shape.
The different wetting behavior of substrates can be described by so-called spreading
parameter S∗, which measures the difference in surface energy per unit area between
a dry and a wet substrate (de Gennes et al. 2004),

S∗ = γsg − γsl − γ. (2.33)

(i) (ii)

ss

l
l

g

g

θ

Figure 2.4: The two different physical situations corresponding to (i) complete wetting
and (ii) partial wetting.

One can distinguish two regimes (see Fig. 2.4):

(i) S∗ ≥ 0, which corresponds to complete wetting, when the liquid lowers its surface
energy by spreading over the substrate. This situation corresponds to a vanishing
contact angle θ = 0.

(ii) S∗ < 0, which corresponds to partial wetting, when the liquid does not spread but
forms a spherical cap with the contact angle θ given by Young’s law in Eq. (2.3). As
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a consequence the spreading parameter S∗ can be expressed by θ,

S∗ = γ(cos θ − 1). (2.34)

We note that the above equation makes sense only if S∗ < 0.

2.2.1 Wetting energy of a particle at the interface.

As mentioned in the Introduction, micron-sized particles can get irreversibly trapped at
a liquid-gas interface (or other fluid-fluid interface). This mechanism can be understood
in terms of the surface free energy. Consider a smooth solid spherical particle of radius
a centered at the height h < a over a flat liquid-gas interface characterized by surface
tension γ. The equilibrium position of the particle is determined by the minimum of the
sum F of the changes (with respect to a reference configuration which will be specified
later) of the surface energies of the particle-liquid contact area Spl characterized by
surface tension γpl, particle-gas contact area Spg characterized by surface tension γpg,
and of the liquid-gas interface Slg:

F = γplΔSpl + γpgΔSpg + γΔSlg. (2.35)

a

β

β
h

θp

θp

liquid

gas

Figure 2.5: Sketches of the configuration of the particle at a flat, undeformable inter-
face. The left panel corresponds to the reference equilibrium configuration β = θp, and
the right panel to a configuration with an arbitrary β.

Due to ΔSpg = −ΔSpl, after applying Young’s law (Eq. (2.3)), we obtain

F = γ(− cos θpΔSpl + ΔSlg). (2.36)

The contact areas are functions of the polar angle β parameterizing the position of
the three-phase contact line at the particle, see Fig. 2.5. Taking as a reference the
configuration with β = θp, one has

ΔSpl = 2πa2(cosβ − cos θp), (2.37)

ΔSlg = −πa2(sin2 β − sin2 θp). (2.38)

Thus the total surface free energy in Eq. (2.36) can be expressed as

F = γπa2(cosβ − cos θp)2 = γπh2, (2.39)
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h/a

F

cos θp − 1 cos θp + 1

ΔF

Figure 2.6: The free energy (in arbitrary units) of a particle at a flat undeformable
interface, being the sum of the surface free energies Eq. (2.39), as a function of the
height h of the particle center above the interface.

where the height h = a(cosβ− cos θp) is measured with respect to the reference config-
uration. The free energy barrier ΔF for detachment of the particle from the interface
is determined by the smaller of the two extremal values of F at h = a(1 − cos θp) and
at h = a(1 + cos θp), see Fig. 2.6.

2.2.2 Wetting and long-range forces.

The macroscopic description of the wetting phenomena in terms of the surface tension
is sufficient only in the situations when the thickness of a film or the radius of a droplet
exceeds the range of intermolecular forces. However, in the case of very thin films or
microscopic droplets the effects of the finite range of the intermolecular forces must be
taken into account (de Gennes et al. 2004). The corresponding microscopic approach
should recover the macroscopic limit of a thick film, with the surface energy per unit
area equal to γsl + γ, and of a dry substrate, characterized by the surface energy γsg.
This suggests writing the energy per unit area of a film, as a function of the film
thickness l, in the form γsl + γ + W (l), where the effective interface potential W (l)
must obey the condition W (0) = γsg − γsl − γ = S∗.

In principle, the behavior of the effective interface potential in the limit of small l,
governed by the spreading coefficient S∗, can be considered independent of the asymp-
totic behavior W (l) for l exceeding the molecular length scale. In the systems with
van der Waals intermolecular interactions, vanishing at large separations like r−6, the
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latter is of the form

W (l) =
AH

12πl2
(2.40)

where AH is known as the Hamaker constant, which, depending on the material proper-
ties and thermodynamic parameters, can be either positive or negative. The interplay
between S∗ and the shape of the effective interface potential governed by AH can lead
to various possible wetting scenarios. Here, we pick up a few simple generic cases,
whereas for a more detailed analysis we refer to Brochard-Wyart et al. (1991). First,
we note that an equilibrium film thickness corresponds to a minimum of W (l). If there
are more than one minima, the films of a different thickness can coexist in the same
sample, which means that liquid forms a droplet. Three generic cases are possible:

(i) Complete wetting. Assuming S∗ > 0 and AH > 0 the minimum of W (l) corresponds
to a solid wetted by a macroscopically thick film (l → ∞).

(ii) Partial wetting. For S∗ < 0 and AH > 0 there are two coexisting minima at
l = 0 and l → ∞, which physically correspond to a sessile droplet surrounded by a
dry substrate. In the case S∗ < 0 and AH < 0 the maximum at l → ∞ can also be
regarded as corresponding to a metastable equilibrium. The resulting expression for
the contact angle is the same as in the macroscopic approach (see Eq. (2.34)),

cos θ = 1 +
S∗

γ
. (2.41)

(iii) Pseudo-partial wetting. In the case S∗ > 0 and AH < 0 a film of finite thickness
l0 given by the condition dW (l)/dl = 0 coexists with a macroscopically thick film
(l → ∞), which corresponds to a macroscopic droplet surrounded by a film of molecular
thickness. The effective surface tension of the film γeff = γ +W (l0) must be balanced
by the lateral component γ cos θ of the surface tension of the liquid wedge, from which
the macroscopic contact angle reads

cos θ = 1 +
W (l0)

γ
. (2.42)

One should note, that when the amount of liquid is insufficient to cover the substrate
with a film of thickness l0 the droplet would spread completely (which justifies the
notion of pseudo-partial wetting).

2.2.3 Microscopic approach: density functional theory.

Microscopic theory of fluids is nowadays a well established theory on which many
monographs and review articles have been published (see, e.g., Evans 1979; Tarazona
et al. 2008). By no means do we want to present an overview of the theory in this
short Subsection, but only to highlight certain issues possibly relevant for the problem
of particles at interfaces.
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The microscopic density of molecules ρ(r), particularly in presence of an external
field due to interactions with a solid substrate, can be addressed in the framework
of the density functional theory (DFT) (Evans 1979). Within mean-field approach
(neglecting correlations) the theory states that the equilibrium density of a fluid phase
exposed to an effective substrate potential Vs(r) minimizes the grand canonical density
functional in the form

Ω[{ρ(r)}, T, μ] =

∫
d3r fHS(ρ(r), T ) +

1

2

∫
d3r

∫
d3r′wf(|r − r′|)ρ(r)ρ(r′)

+

∫
d3r (ρsVs(r) − μ)ρ(r), (2.43)

where T is the temperature, μ is the chemical potential and ρs is the number density of
the molecules in the substrate; the integration domain is the whole region accessible to
the fluid and wf(r) describes the long-range attractive part of the fluid-fluid microscopic
interaction potential. The short-ranged molecular repulsion, according to the Weeks-
Chandler-Andersen (WCA) (Weeks et al. 1971) approximation, is incorporated into
the effective hard-sphere free energy density fHS(ρ, T ). Consider, for example, the
Lennard-Jones pair-potential in the form

φ(r) = 4εf

[(σ
r

)12

−
(σ
r

)6
]

(2.44)

where σ plays the role of the molecular length scale, whereas εf is the interaction
strength. One can perform the decomposition φ = φrep + φattr , with

φrep =

{
φ(r) + εf , r < 21/6σ,
0, r > 21/6σ

(2.45)

and

φattr =

{ −εf , r < 21/6σ,
φ(r), r > 21/6σ,

(2.46)

where the repulsive part φrep gives rise to an effective, temperature-dependent, hard-
sphere diameter d(T ). fHS(ρ, T ) can then be determined by means of, for example, the
Carnahan-Starling approximation (Carnahan & Starling 1969). For analytical treat-
ment it is often convenient to approximate the long-range attractive part φattr by a
smooth analytic function. For example wf(r) can be taken in the form

wf(r) = Wf
σ6

(σ2 + r2)3
(2.47)

with the amplitude

Wf = −128
√

2

9π
εf , (2.48)

chosen such that ∫
R3

d3r w(r) =

∫
R3

d3r φattr(r). (2.49)
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Throughout the thesis the width of the liquid-gas interface will be neglected. Thus,
DFT will only be used at a semi-microscopic level in order to calculate the shape of
the interface in neighborhood of arbitrarily shaped substrates as a function of both
the thermodynamic parameters (μ, T ) and the microscopic parameters (εf , σ) of the
system. Examples of such calculations for various substrate geometries can be found
in the works of Tasinkevych and Dietrich (Tasinkevych & Dietrich 2006; 2007). In the
next Chapter we will derive the effective interface potential for a spherical substrate
representing a colloidal particle and calculate the deformation of the resulting liquid-
vapor interface around the particle, assuming the long-range attraction in the form in
Eq. (2.47).



Chapter 3

Stability of a particle at a
deformable interface

In this Chapter we address the issue of the free energy of a single spherical particle at
a flat interface, introduced in Chapter 2. First, we apply the macroscopic approach
in terms of surface tensions and next we investigate a possible influence of long-range
intermolecular forces.

In the simple model with a flat, undeformable interface (Eq. (2.39)) the local ge-
ometric contact angle, equal to the polar angle β parameterizing the position of the
contact line (see fig. 2.5), does not fulfill Young’s law apart for the configuration cor-
responding to the minimum of the free energy in Eq. (2.39), i.e., when β = θp. In the
remaining configurations with β �= θp, the interface must get deformed in order to meet
the surface of the particle at the given contact angle θp (see Fig. 3.1). In this Chapter
we provide exact expressions (Eqs. (3.11)-(3.13)) for the free energy F̃ (h) of a single
particle at a deformable, finite interface. Those exact results are qualitatively very
similar to the results obtained by Gilet & Bush (2009) for a droplet bouncing from
a fluid-fluid interface (upon neglecting the deformations of the droplet those results
corresponds to a particle with the contact angle θp = π). The exact solution of the full
non-linear problem not only serve as a test for approximate methods applied in the
following work, but also reveals the existence of metastable branches of the free energy.
Moreover, we demonstrate that those branches can be almost perfectly reproduced by
a linear theory for small deformations, renormalized in order to match the asymptotic
form of the exact solution far away from the particle (Eq. (3.27)). Finally, we derive
an effective potential ΔΩ(h) (Eq. (3.62)) starting from the grand canonical density
functional Ω[{ρ(r)}] for the fluid surrounding the particle and applying the sharp-kink
approximation for the density profile ρ(r) at the interface. Using an effective interface
potential for a spherical substrate (particle), given by a scaling function tp(r, a, σ) of
the distance r from the particle center and the particle radius a (Eq. (3.58)) calcu-
lated by using the pair-potential in the form in Eq. (2.47), we minimize the functional
Ω[{l(x)}] with respect to the interface profile l(x) numerically. The results, after being
normalized by the surface tension expressed as a function of the microscopic system
parameters and the temperature, only slightly quantitatively deviate from the macro-
scopic theory. Our final conclusion is that the macroscopic approach is fully sufficient

37



38CHAPTER 3. STABILITY OF A PARTICLE AT A DEFORMABLE INTERFACE

for the purpose of calculating capillary forces in the case of micron-sized particles.

3.1 Free energy functional.

Mechanical equilibrium demands a mechanism immobilizing the interface at a certain
distance from the particle. In the case when the gravity is present, the interface is
effectively pinned at a distance r = λc from the particle. For the reason of mathematical
simplicity we assume that g = 0 and that the interface is pinned at the rim of a
cylindrical vessel containing the liquid. However, we note that even in the presence
of gravity, the gravitational energy of the fluid displaced due to the deformation of
the interface in a close neighborhood of a micrometer-sized particle (r � λc) can be
neglected with respect to the surface free energy of the liquid-gas interface (see, c.f.,
Sec. 4.1). Therefore, the assumption g = 0 has no significance as soon as the container
size L is much smaller than the capillary length, i.e., L/λc → 0.

In the case of a deformable interface, the configuration of the system depends not
only on the position of the particle but also on the shape of the interface, which, in the
case of a spherical particle, due to axial symmetry can be described by the departure
z(r) of the interface from the reference flat configuration. The equilibrium shape can
be determined by minimizing the following free energy functional,

F [{z(r)}, β] = −γ cos θp (Spl(β) − Spl,ref) + γ (Slg[{z(r)}, β] − Slg,ref) , (3.1)

rL

β
h

ψ(r)

θpθp

θp

Figure 3.1: Sketches of the configuration of the particle at a deformable interface
pinned at a distance L from the particle. The left panel corresponds to the reference
configuration β = θp, and the right panel to a configuration with an arbitrary β. In
the latter case β is not uniquely determined by h (see also Fig. 3.4).

In the reference configuration the interface is flat and h = 0, i.e., β = θp (see Fig. 3.1).

The free energy F̂ (β) under the constraint of fixed β is obtained by minimizing F with
respect to z(r),

F̂ (β) = min
{z(r)}

F . (3.2)
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3.2 The analytic solution of the full Young-Laplace

equation.

In the following we use the particle radius a as a unit length and γa2 as a unit energy.
The changes in the surface areas can be written as

Spl − Spl,ref = 2π(cosβ − cos θp), (3.3)

Slg − Slg,ref = 2π

∫ L

sin β

dr r
√

1 + ż2 − π(L2 − sin2 θp), (3.4)

where ż = dz/dr. Minimizing the functional in Eq. (3.1) with respect to z(r) yields
the Young-Laplace equation (Eq. (2.10)) in the form (see, e.g., Langbein 2002),

1

r

d

dr
r

ż√
1 + ż2

= 0. (3.5)

(a) r [a]

z
[a

]

3π/4

2π/3

β = 7π/12

(b) β

h
[a

]

Figure 3.2: (a) Exact interface profiles z(r) (Eq. (3.11)) for L = 10, θp = π/2 and
angular positions β = 2π/3, 3π/4, 5π/6 of the contact line (solid lines) together with
the results of the renormalized linear theory ūren(r) (Eq. (3.27), dashed lines). (b)
Immersion of the particle as a function of β for L = 10. The length scale is set by the
particle radius.

where λ = 0 (no volume constraint). The boundary conditions at the particle follow
from Young’s law, which can be written as

ψ(r = sin β) = β − θp, (3.6)

where ψ(r) is the angle between the r-axis and the tangent to the profile z(r) defined
by

sinψ(r) := − ż√
1 + ż2

. (3.7)
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(a)
β

F̂
[γ
a

2
]

(b) h [a]
F̃

[γ
a

2
]

Figure 3.3: The free energy (a) F̂ (β) and (b) F̃ (h) for various system sizes L = 2, 10 and
100, from bottom to top in (a) and from left to right in (b), for θp = π/2. The dotted
line corresponds to the model with an undeformable flat interface (Eq. (2.39)), the solid
lines are the exact solution given by Eqs. (3.11)-(3.13) for a deformable interface, and
the dashed lines correspond to the renormalized linear theory in Eqs. (3.27)-(3.29).

The first integral of Eq. (3.5) reads

ż√
1 + ż2

=
c

r
, (3.8)

where c is an integration constant, which can be determined from the boundary con-
dition in Eq. (3.6) and by using Eq. (3.7) as

c = c(β) = sin β sin(θp − β). (3.9)

The equilibrium profile z(r) can be obtained by integrating Eq. (3.8) and imposing the
second boundary condition

z(L) = 0, (3.10)

which finally yields

z(r) = c
[
ln(L−

√
L2 − c2) − ln(r −

√
r2 − c2)

]
. (3.11)

We note that the immersion h is not an independent variable and should be separately
evaluated as a function of the equilibrium interface profile z(r). The latter is uniquely
determined by the position of the contact line at the particle expressed in terms of β,

h(β) = z(r = sin β) − cos β + cos θp. (3.12)

The free energy as a function of β can be obtained by performing the integral in Eq.
(3.4) with z(r) given by Eq. (3.11), which yields

F̂ (β) = −2π cos(θp)(1 + cosβ) + π
[
c(β)2 ln(r +

√
r2 − c(β)2) + r

√
r2 − c(β)2

]∣∣∣r=L

r=sinβ
.

(3.13)
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Finally, the free energy F̃ (h) := F̂ (β) is implicitly given by Eqs. (3.11)-(3.13).

The non-monotonic behavior of h(β), depicted in Fig. 3.2(b), means that β(h) is not
uniquely determined for h > 1, which leads to the emergence of two branches of F̃ (h)
(see Fig. 3.3). Once the system is prepared in a configuration at the metastable branch
(the one corresponding to the higher energy) for h > 1 and the constraint of fixed h is
lifted, the particle slides down the branch by shrinking the contact line and decreasing
h, ending up in a state in which it is fully immersed in the gas phase (h = 1). As a
consequence, a given value of h can be realized by two different solutions, one on the
stable and one on the metastable branch. The two solutions are characterized by two
different angles β1 and β2 (see Fig. 3.4). Actually, there is also an unstable branch being
a continuation of the stable branch beyond an inflection point ∂2F̃ /∂h2 = −∂f̃/∂h = 0.
However, we postpone a detailed discussion of all the branches of the free energy to
Chapter 7, in which we consider the case of a particle at the surface of a sessile droplet
(which is actually more general due to the non-vanishing mean curvature).

x

y β1

β2

Figure 3.4: Two different interface profiles (Eq. (3.11)) for the fixed immersion h = 1.2
characterized by the angles β1 = 2.05 and β2 = 3.11 (solid and long-dashed lines,
respectively), being the two solutions of h(β) = 1.2 (Eq. (3.12)). The profiles for β1

and β2 correspond to the stable and the metastable branches of the free energy (Fig.
3.3(b)), respectively. If the constraint of fixed h is released then the particle moves
towards either the globally stable reference configuration (h = 0, β = θp = π/2) or
towards the metastable configuration (h = 1, β = π), respectively.
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(a) β

f
[γ
a
]

(b) h [a]
f
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]

Figure 3.5: The external force f needed to counterbalance the mean-force f̃ (f = −f̃)
as a function of β (i.e., f = −f̂(β)) in (a) and as a function of h in (b), see Eqs. (3.19),
(3.17), (3.12) and (3.18). In (b) one can distinguish two branches (in the case of the
exact solution as well as in the case of the renormalized linear theory): f̃ = f̃1(h)
starting at h = 0 and finishing at h = hmax and f̃ = f̃2(h) starting at h = hmax and
finishing at h = 1. The meaning of the lines corresponds to Fig. 3.3.

3.3 Mean-force acting on the particle.

The mean-force f̃(h) acting on the particle is formally given by minus the derivative
of the free energy F̃ (h) with respect to h, which can be calculated using the chain rule

f̃(h) = −∂F̃
∂h

= −∂F̂
∂β

(
∂h

∂β

)−1

(3.14)

However, the rhs is ill defined for ∂h/∂β = 0, i.e., at the extremal value of h. Indeed, at
those points, as can be inferred from Fig. 3.3(b), the free energy has a maximum such
that ∂F̂ /∂β = 0 (Fig. 3.3(a)). In fact, there are two branches f̃1(h) and f̃2(h), where
f̃1(h) > f̃2(h) (see Fig. 3.5(b)), such that f̃(h) = f̃1(h) for the configurations with
β ∈ [π/2, βmax] and f̃(h) = f̃2(h) for β ∈ [βmax, π], where βmax indicates the extremum
(maximum) of h(β) (see Fig. 3.2(b)). As a consequence, for example, in Fig. 3.4 the two
configurations corresponding to a given h correspond to different forces. Mechanically,
the force acting on the particle can be calculated as minus the force acting on the
interface at the contact line C (there is no contribution from the pressure because
λ = 0), the latter being given by the lhs of Eq. (2.18), so that

f̃ cap = −γ
∮

C

dl et, (3.15)

where the unit vector et has been defined in Eq. (2.12) (such that −et points outside
the particle). Due to axial symmetry, only the vertical component of this force does



3.3. MEAN-FORCE ACTING ON THE PARTICLE. 43
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z
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π − β1

β2

Figure 3.6: Two different interface profiles (Eq. (3.11)) for θp = π/2 and for the
fixed value of the external force f = π/2. The corresponding two different angular
positions of the contact line, β1 = 7π/12 and β2 = 11π/12 being the two solutions of
f = −f̂(β) = −π sin(2β) are depicted by the short-dashed line. In the latter case the
interface is a continuation (depicted by the long-dashed line) of the same analytic form
as the common solution (the solid line).

not vanish, i.e., f̃ cap = f̃capez. Taking into consideration Young’s law in the form of
Eq. (3.6), it can be written as

f̃cap = −2π sin β sinψ(r = sin β) = 2π sin β sin(θp − β) = 2πc(β) ≡ f̂cap(β), (3.16)

where we have introduced the notation f̂cap for the capillary force as a function of β.
It can be shown by an explicit calculation that f̃ defined in Eq. (3.14) is numerically
equal to f̃cap. However, this would not be the case for the interface with a non-vanishing
mean-curvature, see, c.f., Sec. 7.1, when the internal pressure of the liquid λ would not
vanish. Nevertheless, in this Section, for simplicity, we omit the index cap.

According to Eq. (3.16) the capillary force depends only on β and not on the system
size L. For θp = π/2 one obtains

f̂ = π sin(2β). (3.17)

Eq. (3.17) implies that in this case the absolute value of the force is bounded by π,
which is precisely twice smaller then in the unrealistic model with an undeformable
flat interface (see Fig. 3.5). In the latter case the force f̃flat, as calculated from Eq.
(3.14) with F̃ = F = πγh2 (Eq. (2.39)), reads

f̃flat = −dF
dh

= −2πγh = −2πγ(cos θp − cosβ). (3.18)
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The capillary force, as defined in Eq. (3.15) vanishes for a perfectly flat interface.
However, as soon as β �= θp, the contact angle is different from θp which violates Young’s
law. As a consequence, there is a thermodynamic “wetting” force γ(cos β − cos θp)
pulling the particle towards the reference configuration in which Young’s law holds.
Upon releasing the constraint of fixed shape of the interface the free energy F = γh2

is lowered towards F̃ and the force acting on the particle is also smaller in the latter
case, i.e., |f̃ | = | − ∂F̃ /∂h| < | − dF/dh| = |f̃flat| (see Fig. 3.5).

(a) (b)

(c) (d)

h [a]

F̃
(h

)
−
f
h

[γ
a

2
]

Figure 3.7: (a), (b), (c), and (d): the effective potential F̃ (h) − fh for a particle
subjected to an external force f = 1, π/2, 2.5, and π, respectively, for L = 5 and
θp = π/2.

The external force f , which must counterbalance the capillary force f̃(h) in order
to fix the particle at a given height h, equals

f = −f̃ (h), (3.19)

The interface profiles z(r) (Eq. (3.11)) for h = h1 and h = h2 where h1,2 are two distinct
solutions of Eq. (3.19) has been plotted in Fig. 3.6 in the case θp = π/2. According
to Eqs. (3.11) and (3.16) z(r) is uniquely determined by the external force, so that
those interface profiles are identical for r > sin β1, whereas for sin β2 < r < sin β1 the
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first solution is undefined and the second one is a smooth continuation of the common
solution. The configuration h1 corresponds to the stable branch of the free energy
whereas h2 to the metastable one, so that F̃ (h1) < F̃ (h2).

We emphasize that the configurations corresponding to h �= 0 can only be real-
ized by applying an external force as given by Eq. (3.19). In such a case the particle
experiences an effective potential F̃ (h) − fh, whose global or local (non-global) min-
ima correspond the equilibrium stable or metastable configurations, respectively. As
already mentioned, the capillary force, counterbalancing the external force, cannot ex-
ceed certain critical values, which determine the range of stability. For θp = π/2 those
values equal ±π (see Eq. (3.17)) such that for |f | > π the potential F̃ (h) − fh does
not exhibit a minimum and the particle detaches from the interface. For |f | < π there
is at least one minimum and the particle has an equilibrium configuration at the inter-
face (see Figs. 3.7(a),(b),(c)). The case |f | = π separates the two regimes and in this
case the effective potential F̃ (h) − fh has an inflection point (see Fig. 3.7(d)). The
particle can also get trapped in metastable configurations for |f | < |fmeta| < π, where
fmeta = lim′

h→hmax
∂F̃ /∂h = − lim′

h→hmax
f̃(h), where lim′ means that the limit is taken

on the metastable branch of F̃ (see Figs. 3.7(a),(b)). By comparing the plots in Fig.
3.5(b) for various L one can see that, with increasing L, |fmeta| increases towards the
maximal value of the force equal to π.

3.4 Linear theory and renormalization

Under the condition of small deformations u(r) = z(r), such that |du/dr| � 1, the
Young-Laplace equation (3.5) can be linearized and reads

1

r

d

dr
r
du

dr
= 0. (3.20)

We obtain a set of solutions analogical to Eqs. (3.11)-(3.13):

u(r) = b ln
( r
L

)
, (3.21)

hlin(β) = u(sin β) − cos(β), (3.22)

F̂lin(β) = −2π cos θp(1 + cosβ) − π sin2 β + πb2 ln

(
L

sin β

)
, (3.23)

where hlin and F̂lin are the immersion and the free energy in the linear theory, respec-
tively, and b is an integration constant which can be determined from the boundary
condition at the particle. From the first integral of Eq. (3.20) in the form

tanψ =
b

r
, (3.24)

evaluated at r = sin β, and using Eq. (3.6) we obtain

b = b(β) = cos β. (3.25)
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Figure 3.8: Comparison of the free energies calculated within the linear theory as
F̃lin(h) := F̂lin(βlin(h)) (solid line, see Eq. (3.23)) and the renormalized linear theory
F̃ren(h) := F̂ren(βren(h)) (dashed line, see Eq. (3.29)), where βlin(h) and βren(h) are
given implicitly by Eqs. (3.22) and (3.28). Only βren(h) has two branches, therefore
the metastable branch appears only in the renormalized theory. The dotted line is a
parabolic free energy profile (Eq. (2.39)).

The above expressions are expected to hold only for the values of β close to θp such
that the interface is almost flat everywhere. Otherwise, the solution in Eq. (3.21) does
not apply close to the particle, where the deformation is varying rapidly. However,
even in this case, if the system size L is large enough, the interface becomes flat far
away from the particle and Eqs. (3.5) and (3.20) are equivalent. Therefore one can
treat the particle with surrounding interface as an effective particle. This renormaliza-
tion corresponds to replacing the amplitude b by an effective amplitude beff, such that
the two solutions (3.11) and (3.21) match asymptotically. Because z(r) in Eq. (3.11)
behaves for large distances like c ln(r/L), we simply take

beff ≡ c =
f̂(β)

2π
= − f

2π
, (3.26)

where we have used Eqs. (3.16) and (3.19). The renormalized linear equilibrium defor-
mation (see Fig. 3.2(a)) reads

uren(r) =
f

2π
ln

(
L

r

)
, (3.27)

which recovers the well known expression for the deformation around a heavy parti-
cle (Oettel et al. 2005b), with L playing the role of the capillary length λc. After the
renormalization the displacement of the particle and the free energy read

hren(β) = uren(sin β) − cos(β), (3.28)
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and

F̂ren(β) = −2π cos θp(1 + cosβ) − π sin2 β +
f̂(β)2

4π
ln

(
L

sin β

)
, (3.29)

with f̂(β) given by Eq. (3.16). We note that only after the renormalization the
metastable branches of the free energy are recovered (in the non-renormalized linear
theory the free energy F̂lin(β) diverges for β → 0, π, see Eq. (3.23) and Fig. 3.8).

3.5 Dependence on the system size.

The free energy F̃ (h) can be approximated around its minimum at h = 0 by a harmonic
potential with an effective spring constant k

F̃ (h) ≈ kh2

2
+ . . . (3.30)

Differentiating Eq. (3.30) twice with respect to h and changing the independent variable
to β we obtain

k = k(L) = −df̂
dβ

(
dh

dβ

)−1
∣∣∣∣∣
β=θp

. (3.31)

For β close to θp the relation h(β) in Eq. (3.12) can be replaced by hren(β) in Eq. (3.28)
and we finally obtain

k(L) =
2π

lnL+ 1
, (3.32)

which is a slowly decreasing function of L. As can be checked, this result is actually
general, in the sense that it is not only limited to the linear theory, which is no surprise
because in the limit h→ 0 the linear theory is actually exact (for h = 0 the deformation
vanishes). While the spring constant k decreases with the system size, the free energy
for a given β increases, as can be seen from the asymptotic form

F̂ (β) −−−→
L→∞

f̂(β)2

4π
lnL +O(1). (3.33)

which is valid for β ∈ [0, π]. The subleading term O(1) is responsible for the asymmetry
of F̂ (β) with respect to β = 3π/4 for β ∈ [π/2, π], see Fig. 3.3(a). One can see
that upon increasing L the maximum of F̂ moves towards β = 3π/4, but the offset
F̂ (β = π) − F̂ (β = π/2) = π is independent on L. Therefore, for a given L and for
β sufficiently close to the value β = π, i.e., close to the minimum of the metastable
branch, the term O(1) dominates. Thus, Eq. (3.33) does not grasp the behavior of
the free energy close to the minimum of the metastable branch. Nevertheless, apart
from the close neighborhood of β = π, for L → ∞ the free energy is determined
exclusively by the capillary force, which means that in this limit the wetting energy of
the particle (the term Spl − Spl,ref in Eq. (3.1)) is subdominant. Thus, in this regime

the free energy is independent on θp. Remembering that f = −f̂(β) the free energy
depends only on the external force. Furthermore, it follows from Eq. (3.33) that the
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energy barrier between the stable and the metastable branches increases logarithmically
with L. More precisely, the maximum of the free energy in the limit L → ∞ reads
F̂max = (f̂(β = 3π/4))2 lnL/(4π)+O(1) = (π/4) lnL+O(1). Thus, the two branches of
the free energy become mutually inaccessible. This can be understood by the fact that,
for example, the shapes of the interface are significantly different for two distinct values
of β corresponding to a given h (see Fig. 3.4). Therefore, with growing L the difference
in the liquid-gas surface area and thus the difference in the free energy between these
two states also grows. Finally, we note that the interface profile as given by either the
full solution z(r) or by the renormalized linear theory uren(r) is uniquely determined
by the external force (see Eqs. (3.11), (3.16) and (3.27), and Fig. 3.6) independently
of L, i.e., not only in the limit L→ ∞.

3.6 Influence of long-range intermolecular forces.

In this Section we address the problem of a spherical particle at the liquid-vapor in-
terface in the microscopic approach. We want to study how long-range intermolecular
forces influence the stability of the macroscopic global equilibrium configuration with
the particle at a flat interface. We assume that without the particle the interface is
perfectly flat and localized at z = 0, which can be achieved by introducing an in-
finitesimal gravitational field g or a flat substrate underneath the interface (then the
interface would be actually a part of a liquid film of thickness l). We assume that
either the gravity or long-range interactions with the substrate are responsible only for
the localization of the interface, but otherwise their effect can be neglected (this means
g → 0 or l � a).

Our starting point is the grand canonical density functional Ω[{ρ(r)}, T, μ] defined
in Eq. (2.43) for the fluid around a spherical particle composed of molecules of number
density ρp and centered at the height h over an initially flat interface:

Ω[h, {ρ(r)};T, μ] =

∫
d3r fHS(ρ(r), T ) +

1

2

∫
d3r

∫
d3r′wf(|r − r′|)ρ(r)ρ(r′)

+

∫
d3r (ρpVp(h, r) − μ)ρ(r), (3.34)

where Vp(h, r) is the external potential due to the particle, which reads

Vp(h, r) =

∫
Vp

d3r′wp(|r − r′|) (3.35)

where Vp denotes the spherical domain occupied by the molecules inside the particle.
We assume that the fluid-particle pair potential wp(r) has the same functional form
that wf except for the prefactor Wp = Wfεp/εf , where εp is the strength of the particle-
fluid interaction. We also assume a step-like varying density profile ρ(r) with a kink
at the interface, i.e., for r ∈ S, such that ρ(r) = ρl inside the domain Vl occupied by
liquid and ρ(r) = ρg inside the domain Vg occupied by gas, which can be written as

ρ(r) =

{
ρl for r ∈ Vl,
ρg for r ∈ Vg,

(3.36)
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and where S = ∂Vl ∩ ∂Vg. Correspondingly, the functional in Eq. (3.34) attains the
form

Ω[h, {Vl}; ρl, ρg, T, μ] = (fHS(ρl, T ) − μρl)Vl + (fHS(ρg, T ) − μρg)Vg

+
Wf

2
σ6

∫
Vl+Vg

d3r

∫
Vl+Vg

d3r′
ρ(r)ρ(r′)

(σ2 + |r − r′|2)3

+Wpσ
6

∫
Vl+Vg

d3r

∫
Vp

d3r′
ρ(r)ρp

(σ2 + |r − r′|2)3
, (3.37)

where {Vl} denotes the set of all possible shapes of the liquid domain which fulfill
Vl ∩ Vp = ∅ and where Vg is determined as a compliment of Vl to the whole space
accessible to the fluid. Eq. (3.37) incorporates dimensionless integrals of the form

Iαβ =

∫
Vα

d3r

∫
Vβ

d3r′ (σ2 + |r − r′|2)−3, (3.38)

where α, β = p, l, g. Using the divergence theorem the volume integrals can be trans-
formed into surface integrals by introducing a second-rank tensor T (r, r′, σ):

Iαβ =
1

σ3

∫
Vα

d3r

∫
Vβ

d3r′ ∇′∇ : T (r, r′, σ)

=
1

σ3

∫
Sα

d2S

∫
Sβ

d2S ′ nα(r) · T (r, r′, σ) · nβ(r′), (3.39)

where Sα,β denote surfaces enclosing volumes Vα,β and nα,β are the corresponding nor-
mals directed outwards. The tensor T can be determined from the following differential
equation

∇′∇ : T (r, r′, σ) =
σ3

(σ2 + |r − r′|2)3
. (3.40)

We make the following ansatz:

T (r, r′, σ) = t(|r − r′|, σ) 1, (3.41)

which after inserting into Eq. (3.40) results in a differential equation for the function
t(r, σ):

− 1

r2

d

dr
r2 d

dr
t(r, σ) =

σ3

(r2 + σ2)3
, (3.42)

with the solution:

t(r, σ) =
1

8σ

[
σ

r

(
A+ arctan

( r
σ

))
+

σ2

r2 + σ2

]
+B. (3.43)

The integration constants A and B must match the expected asymptotics of t(r, σ).
Without loosing generality we can put B = 0, because the additive constant leads
to a vanishing contribution to the surface integrals in Eq. (3.39) due to the fact that
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∫
S
d2S n = 0 for an arbitrary closed surface S. The constant A must be chosen more

carefully. First, we note that in the limit σ → 0 the rhs of Eq. (3.40) vanishes every-
where except for r = r′, whereas its integral over R

3 remains constant:∫
R3

d3r
σ3

(σ2 + |r − r′|2)3
= 4π

∫ ∞

0

dx
x2

(1 + x2)3
=
π2

4
. (3.44)

Therefore the rhs of Eq. (3.40) in the limiting case σ → 0 behaves as (π2/4)δ(r − r′),
where δ(r−r′) = δ(|r−r′|)/(4π|r−r′|2) is the delta function. Thus, one can rewrite
Eq. (3.40) as

∇′∇ : T (r, r′, σ) =
πδ(|r − r′|)
16|r − r′|2 + Δ(|r − r′|, σ), (3.45)

where the function Δ(r, σ) := σ3(σ2 + r2)−3 − (π/16r2)δ(r) vanishes identically for
σ → 0. Thus, in this limit the function t(r, σ → 0) =: t0(r) fulfills Eq. (3.42) with the
rhs replaced by (π/16r2)δ(r), i.e.,

− 1

r2

d

dr
r2 d

dr
t0(r) =

πδ(r)

16r2
. (3.46)

Multiplying both sides by r2 and integrating leads to

d

dr
t0(r) = − π

16r2
, (3.47)

which gives

t0(r) =
π

16r
. (3.48)

According to Eq. (3.43) one has t0(r) = t(r, σ → 0) = (A + π/2)/(8r) which implies
that A = 0. It is useful to split the function t(r, σ) into t0(r) and the remaining part
δt(r, σ), which reads

δt(r, σ) := t(r, σ) − t0(r) =
1

8σ

[
σ

r

(
arctan

( r
σ

)
− π

2

)
+

σ2

r2 + σ2

]
. (3.49)

Then, by using Eq. (3.41), the integral in Eq. (3.38) may be written as

Iαβ =
1

σ3

∫
Sα

d2S

∫
Sβ

d2S ′ nα(r) · nβ(r′)t(|r − r′|, σ)

=
1

σ3

∫
Sα

d2S

∫
Sβ

d2S ′ nα(r) · nβ(r′)
[
t0(|r − r′|) + δt(|r − r′|, σ)

]
=

π2

4σ3

∫
Vα

d3r

∫
Vβ

d3r′ δ(r − r′) +
1

σ3

∫
Sα

d2S

∫
Sβ

d2S ′ nα(r) · nβ(r′) δt(|r − r′|, σ)

=
π2

4σ3
(Vα ∩ Vβ) +

1

σ3

∫
Sα

d2S

∫
Sβ

d2S ′ nα(r) · nβ(r′) δt(|r − r′|, σ)

:= I0,αβ + δIαβ (3.50)
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where in the last equality we have separated the contribution I0,αβ, stemming from
t0(r) and scaling with the volume of the common part of the domains Vα and Vβ but
being independent of their shapes, from the remaining contribution δIαβ, depending
on the shapes of the domains.

The total contribution to the density functional in Eq. (3.37) depending on the
volume of liquid can be written as ΔΩb = Vl × [ωb(ρl, T, μ) − ωb(ρg, T, μ)], where ωb

is the grand canonical potential density of a bulk fluid. Close to the bulk liquid-gas
coexistence line μ = μ0(T ) on has ΔΩb = VlΔρΔμ, with Δμ = μ0(T )−μ and Δρ = ρl−
ρg. In the following we consider only the situation of liquid-gas coexistence, for which
the theory yields finite contact angles at flat substrates (see, c.f., Eq. (3.55)). In such
a case ΔΩb = 0, whereas the number densities ρl = ρl(T, μ0(T )) and ρg = ρg(T, μ0(T ))
are functions of the temperature only. The grand canonical density functional reads

Ωcoex[h, {Vl};T ] = const+
Wf

2
(σ3Δρ)2 δIll + (Wpρp −Wfρg)σ6Δρ δIpl. (3.51)

To this end, we have not made any assumptions concerning the shape of the particle
and in this sense the functional in Eq. (3.51) is general. We can also use it to derive the
contact angle at the particle. We replace the particle by a flat substrate composed of
the same kind of molecules, i.e., characterized by the same number density ρp and the
same pair-potential wp. A thin film of liquid in contact with the substrate forms two
flat interfaces of surface area S separated by a film of thickness l. The grand canonical
potential, under the condition of liquid-gas coexistence, can be then written as

Ωflat
coex(l, T ) = S

(
γ +W (l)

)
, (3.52)

where

γ =
Wf

2
σ6(Δρ)2 1

σ4

∫ 2π

0

dφ

∫ ∞

0

dr r δt(r, σ) =
16
√

2(σ3Δρ)2εf
9σ2

(3.53)

can be identified as the surface tension of a flat liquid-gas interface and

W (l) = −32
√

2

9
σ4Δρ(εfρl − εpρp)

(
1 +

l

σ
arctan

(
l

σ

)
− πl

2σ

)
(3.54)

as the effective interface potential (Tasinkevych & Dietrich 2007). Thus the macro-
scopic contact angle at the particle (Eq. (2.42)) can be expressed in terms of microscopic
system parameters and number densities as

cos θp = 1 +
W (0)

γ
= 1 − 2(εfρl − εpρp)

εfΔρ
(3.55)

Accordingly, the density functional for the spherical particle of the radius a can be
written as

Ωsph
coex[h, {Vl}; a, θp] = −4

π
γσ2[δIll + (1 + cos θp)δIpl] (3.56)

with γ given in Eq. (3.53), δIll = δIll[{l(x)}] and δIpl = δIpl[h, a; {l(x)}]. The integral
over the spherical surface of the particle in the expression for δIpl can be carried out
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analytically with the result

δIpl =
1

σ3

∫
Sl

d2S nl · r − hez

|r − hez|tp(|r − hez|, a, σ), (3.57)

where

tp(r, a, σ) =
π

12r2

[
r3

(
arctan

(
r + a

σ

)
− arctan

(
r − a

σ

))

+ a3

(
arctan

(
r + a

σ

)
+ arctan

(
r − a

σ

)
− π

)
− 2arσ +

σ3

2
log

(r + a)2 + σ2

(r − a)2 + σ2

]
,

(3.58)

The quantity δIll contains a double integral over the liquid-gas interface S and therefore
it cannot be further simplified. In the local approximation one of the integrals can be
replaced by an integral over an infinite plane, so that

δIll ≈ − π

4σ2

∫
S

d2S, (3.59)

and then the functional in Eq. (3.56) can be written as

Ωsph
coex,loc[h, {Vl}; a, θp] =

= γ

∫
S

d2S

[
1 − 4

π
(1 + cos θp) nl · r − hez

|r − hez| tp(|r − hez|, a, σ)

]
. (3.60)

where r = x + l(x)ez. The effective potential

ΔΩ(h, a, θp) = Ω(h, a, θp) − Ω(h = 0, a, θp), (3.61)

of the interaction of the particle with the interface is given by the equilibrium value of
the functional in Eq. (3.60) for a fixed h:

Ω(h, a, θp) := min
{Vl}

Ωsph
coex,loc[h, {Vl}; a, θp]. (3.62)

We consider the functional in Eq. (3.62) for the geometry considered in Sects. 3.1-3.6,
i.e., in the case when the interface is axially symmetric around the particle and pinned
at a cylindrical container at a distance L from the particle. Due to axial symmetry
the problem reduces to one dimension and then the functional can be minimized nu-
merically by applying a finite element method (Brakke 1992, see also Chapter 8). We
have checked that for the cylinder of radius L = 5a the contributions from the surface
integrals at the walls of the container, which also enter the functional, can be safely
neglected. In the case θp = π/2 the dimensionless quantity ΔΩ(h, a, θp = π/2)/(γσ2)
can be directly compared with the macroscopic expression F̃ (h) obtained in Sec. 3.2.
The results presented in Fig. 3.9 demonstrate that even for colloidal particles of molec-
ular sizes the effects of long-range intermolecular force have practically no influence
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on the effective interaction potential of the particle with a liquid-gas interface. Minor
asymmetry of the potential with respect to h emerges due to the fact that the inter-
face is actually always locally tangent to the particle surface (there must be a smooth
transition to a gas “film” of zero thickness at the particle). For the same reason there
is a non-vanishing deformation of the interface towards the fluid phase even for h = 0
(see Fig. 3.9). We note that the model neglects short-range repulsions between the
substrate and the fluid molecules. The simplest way to incorporate them would be to
introduce a depletion zone of thickness d0 ≈ σ along the particle surface, being inacces-
sible to the fluid particles. More realistic models (i.e., more advanced versions of DFT)
could provide a full density profile ρ(r) which would then probably yield characteristic
oscillations of the fluid density close to the particle surface (compare, e.g., Roth et al.
1999). Furthermore, the fluctuations of the interface could also become important for
nanometer-sized particles, nevertheless their influence on the free energy should not be
overrated (see, e.g., Cheung & Bon (2009a)).
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Figure 3.9: The effective potential ΔΩ (Eqs. (3.60)-(3.62)) for a spherical nanoparticle
of various radii a/σ and with θp = π/2, at height h above the interface pinned at
the distance L/a = 5 from the particle. The black solid line represents a part of the
corresponding analytic solution F̃ (h) of the macroscopic theory (Eqs. (3.11)-(3.13))
without the metastable branches. The metastable branches of the free energy have not
been addressed numerically. The three interface profiles from left to right correspond
to h/a = −1.8, 0 and 1.8, respectively.



Chapter 4

Capillary interactions

In this Chapter we study the capillary interactions in the generic case of two heavy
spherical particles placed at an initially flat interface, under the action of gravity and
with the boundary conditions of pinned contact lines. We derive a functional of the
interface profile, which at the minimum yields the free energy F (2). The interaction
between the particles is ruled by that part of the free energy which depends on their
spatial separation d. The obtained asymptotic result ΔF (d) = f 2 ln(qd)/(2πγ), valid
for qd � 1, is identical as in the case of particles with free contact lines (Oettel et al.
2005b) and does not depend on the particle size a, which indicates that the mechanism
of attachment of the particles to the interface is irrelevant at large separations. The
model with pinned contact lines has the advantage that it enables analytical estimate
of the subleading term with the result O(a/d)4 (for general reasons of mechanical
equilibrium one can expect a subleading term to be of the the same order also for the
case of free contact lines, see the discussion at the end of Sec. 5.2). Particularly, we take
into account the tilt ψ (see Fig. 4.1) of the pinned contact lines, which together with
their elevation h parameterizes the boundary conditions for the shape of the interface
at the particles. Taking only h as a variable is sufficient for calculating the leading term
in the free energy, but overestimates the subleading term. The new variable ψ leads
to an additional contribution to the free energy (Eq. (4.19)), which then yields the
subleading term to be of the order O(a/d)4, in agreement with the general conditions
of mechanical equilibrium of the interface (see, c.f., Chapter 5). This complements a
recent approach to the effective interactions between capillary multipoles of arbitrary
order (Danov et al. 2005), in which the authors assume permanent capillary multipoles,
for example dipoles, but do not explain what is their physical origin. Our results show
that the induced capillary dipoles must actually vanish if the external torques vanish.

Furthermore, our approach enables an extension of the superposition approximation
by additional fields such that the resulting solution fulfills the boundary conditions at
the particles with higher accuracy (see Subsec. 4.2.1). This method resembles the
method of reflections known from Stokes hydrodynamics. The presented approach is
novel and has not yet been considered in the literature.
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4.1 Free energy of a heavy particle pinned at the

interface

Consider a solid spherical particle of radius a and density ρp floating at the liquid-
gas interface characterized by the surface tension γ and the difference in densities Δρ
between liquid and gas phases. We assume that the three-phase contact line is pinned
at the perimeter of the particle, such that only the bottom half of the particle is
immersed in the liquid. Physically, the pinning might be due to, for example, roughness
of particle surface or different chemical properties of the upper and lower hemispheres
(so-called Janus particles (Cheung & Bon 2009b)). This assumption means that the
contact line is a circle of radius a, which is rigidly attached to the particle and can
move only together with the particle without changing shape. Actually, in such a case
the particle can be replaced by a disk, or a vertical cylinder. (The problem of vertical
cylinders has been approached by Kralchevsky et al. (1993) but the authors assumed
that the cylinders are fixed in their vertical orientations without a possibility to tilt).
Accordingly we neglect the surface energy −γ(cos θp)Spl (see Eq. (3.1)) at the particle
which is constant in this case. The particle is heavy in the sense that its weight is not
balanced by its buoyancy in the reference configuration, which causes the particle to
sink into the liquid until the force balance is restored by the emerging vertical capillary
force. The free energy functional depending on the interface profile u(x), calculated
with respect to the reference configuration, can be written as

F [{u(x)}] = γ

∫
R2\A

d2x
[√

1 + (∇‖u)2 − 1
]

+ Δρg

∫
R2\A

d2x

∫ u

0

du′ u′

+ ΔFgrav − fh, (4.1)

where A is the projection of the region occupied by the particle onto the XY -plane
creating a circular disk of radius a. The first term is the surface free energy of the
liquid-gas interface and the second term represents the gravitational energy of the
displaced liquid under the liquid-gas interface. The third term is a correction due to
the gravitational energy of the displaced liquid beneath the particle. The last term is
the gravitational energy of the floating particle, where f = −m∗g denotes the effective
gravitational force (the minus sign results from taking upward as the positive direction)
with m∗ = (4/3)πa3[ρp − Δρ/2] being the effective mass, according to Archimedes’
principle, and h denotes the vertical position of the particle. In the following, we assume
that the particle size a is much smaller than the capillary length λc = q−1 =

√
γ/(Δρg),

such that

qa� 1, (4.2)

and therefore we can neglect ΔFgrav (this will be justified quantitatively a posteriori,
see c.f. Eq. (4.15)). Assuming small deformations of the interface, i.e. |∇‖u| � 1, the
Taylor expansion of the free energy functional up to second order in ∇‖u reads

F [{u(x)}] = γ

∫
R2\A

d2x

[
1

2
(∇‖u)2 +

1

2
q2u2

]
− fh. (4.3)
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The boundary condition of the contact line pinned at the particle can be expressed as

u|∂A = h, (4.4)

The equilibrium profile is obtained from the condition δF = 0 upon variations δu(x)
and δh fulfilling the boundary condition in Eq. (4.4). The total variation δF can be
written in the form

δF = γ

∫
R2\A

d2x
[−∇2

‖u+ q2u
]
δu − γ

∮
∂A

dl‖ (n · ∇‖u)δu − fδh, (4.5)

where n is the outward normal to the boundary ∂A of A in the XY -plane and we have
used the divergence theorem together with the fact that the boundary integral vanishes
at infinity (owing to the exponential decay of capillary deformations at distances larger
than λc, see Eq. (2.24)). Vanishing of the first term on the rhs of Eq. (4.5) yields the
Euler-Lagrange equation

−∇2
‖u+ q2u = 0. (4.6)

The boundary condition in Eq. (4.4) implies the relation

δu|∂A = δh. (4.7)

Thus, the remaining two terms in Eq. (4.5) cancel provided that

f = −γ
∮

∂A

dl‖ n · ∇‖u, (4.8)

which expresses the force balance on the particle in the vertical direction. According
to the general solutions in Eqs. (2.22) and (2.23), the only axially symmetric solution
of Eq. (4.6) vanishing at r → ∞ reads

ū(r) = A0K0(qr)
qr→0−−−→ −A0 ln(qr), (4.9)

where we have used the asymptotic expression for K0(x) in Eq. (2.25) neglecting the
constant ln 2−γe. The integration constant A0 is determined by the boundary condition
at r = a (Eq. (4.4)) which finally yields

ū(r) = h
ln(qr)

ln(qa)
. (4.10)

Rewriting Eq. (4.8) by using Eq. (4.8) we have

f = −2πγa ˙̄u(a), (4.11)

where ˙̄u(a) := dū/dr|r=a, and which enables to express the equilibrium solution in
terms of system parameters as

ū(r) = − f

2πγ
ln(qr), qr � 1. (4.12)
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The governing equation (4.6) together with the divergence theorem can be subsequently
applied to transform the surface integral in the free energy functional in Eq. (4.3) into
a line integral. The resulting equilibrium free energy can be written as

F = −1

2
γ

∮
∂A

dl‖ (n · ∇‖u)u− fh = −1

2
fh. (4.13)

Inserting h = ū(a) with the solution (4.12) into Eq. (4.13) yields the expression for
the change in the free energy with respect to the reference configuration, which can be
interpreted as the self-energy of the particle

F = −1

2
fū(a) =

f 2

4πγ
ln(qa) ≡ Fself . (4.14)

The notion of self-energy will be justified in Chapter 5 by an analogy to the self-energy
of a point-charge in electrostatics. However, we note that the expression in Eq. (4.14)
does not diverge for a→ 0, on contrary to the self-energy of a point-charge. The reason
for this is that |f | = m∗g is bounded by the maximal capillary force of the order of
γa, independently of the effective mass m∗. If, for example, by increasing the particle
density ρp the mass m∗ would exceed certain maximal value then the particle would
detach from the interface. Therefore, as long as the particle is trapped a the interface,
the free energy Fself vanishes for a → 0 as a2 ln(qa). Finally, we estimate ΔFgrav in
the exact free energy in Eq. (4.1) as

ΔFgrav = Δρgπa2

∫ h

0

dh′ h′ =
f 2

8π2γ

[
qa ln(qa)

]2
. (4.15)

By calculating the ratio ΔFgrav/Fself = (1/2)(qa)2 ln(qa) one sees that ΔFgrav can be
indeed neglected for qa� 1.

4.2 Free energy for the case of two particles: effec-

tive interactions.

In this Section we study the interaction energy of two identical particles placed at
x1 and x2, and separated by the distance d = |x1 − x2|. For simplicity we assume
x1 = (0, 0) and x2 = (d, 0). The exact free energy functional for this problem can be
written as

F (2)[{u(x)}] = γ

∫
R2\(A1∪A2)

d2x

[√
1 + (∇‖u)2 +

1

2
q2u2

]

+ ΔF (2)
grav − f1h1 − f2h2 − F

(2)
ref , (4.16)

where the upper index ”(2)” indicates two-particle case. In the following, for simplicity,
we treat the particles as identical, i.e., of the same radii and masses, so that f1 = f2 = f
and as a consequence h1 = h2 = h (here, h denotes a variable and not the equilibrium
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value which in general will be different then in the one-particle problem). Because of
the broken rotational symmetry around each particle, the contact lines can be tilted by
an angle ψ (see Fig. 4.1) relative to the planar configuration and therefore we assume
that their projections Ai onto XY -plane are in general ellipses and not circular disks.
The area of each projection equals the area of an ellipse of the principal axes equal a
and a cosψ, such that

|A1| = |A2| = πa2 cosψ (4.17)

Because Ai �= Ai,ref , where A1,ref and A2,ref are both circular disks of radius a, the
reference free energy

F
(2)
ref = γ

∫
R2\(A1,ref∪A2,ref )

d2x (4.18)

cannot be written as an integral over the actual meniscus domain R
2 \ (A1 ∪ A2) and

therefore it has been explicitly separated in Eq. (4.16). The reference configuration
corresponds to g = 0 and then the free energy does not depend on the positions of
the particles, as can be seen from Eq. (4.18). For small deformations of the interface
the tilt angle ψ must also be small. Keeping the terms up to O(ψ2) and O(u2) and

neglecting ΔF
(2)
grav ≈ 2ΔFgrav (see the discussion after Eq. (4.15)), Eq. (4.16) attains

the form

F (2)[{u(x)}] = γ

∫
R2\(A1,ref∪A2,ref )

d2x

[
1

2
(∇‖u)2 +

1

2
q2u2

]
+ πγa2ψ2 − 2fh, (4.19)

Due to the tilt of the contact lines, the boundary conditions at the particles differ from
Eq. (4.4) and can be expressed as u|∂Ai

= h + a sinψ cos φi which in first order in ψ
reads

u|∂Ai,ref
= h + aψ cos φi =: uc,i, i = 1, 2, (4.20)

where the angle φi parameterizes the contact line at particle i. Thus, the variation of
the shape of the contact lines is related to the variations of the parameters h and ψ by

δuc,i = δh + a cosφiδψ. (4.21)

The full variation of the free energy functional can be written as

δF (2) = γ

∫
R2\(A1,ref∪A2,ref )

d2x
[−∇2

‖u+ q2u
]
δu

− 2

[
f + γ

∮
∂A2,ref

dl‖ (n2 · ∇‖u)

]
δh

+ 2πγa2

[
− 1

πa

∮
∂A2,ref

dl‖ (n2 · ∇‖u) cosφ+ ψ

]
δψ

(4.22)
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Figure 4.1: Configuration of two heavy particles at the interface and projection of
the contact lines onto the XY -plane. Because the contact lines are pinned, the par-
ticles be also represented as flat disks. The dashed lines correspond to the reference
configuration.

The first term vanishes provided that u obeys the Euler-Lagrange equation in the form
in Eq. (4.6). Then the condition δF (2) = 0 is satisfied provided that

f = −γa
∫ 2π

0

dφ2
∂u

∂r
≡ −2πγa

〈
∂u

∂r

〉
0

(4.23)

ψ =
1

π

∫ 2π

0

dφ2
∂u

∂r
cos φ2 ≡ 2

〈
∂u

∂r

〉
1

, (4.24)

where we introduced the notation < (·) >n for the n-th moment in the x-direction
defined as

< (·) >n=:
1

2π

∫ 2π

0

dφ2 cosn φ2(·), n = 0, 1. (4.25)

Integrating both sides of Eq. (4.20) over the contact line we also obtain

h =< u >0, (4.26)

Using Eq. (4.6) and the divergence theorem the first term in Eq. (4.19) can be trans-
formed into a line integral, and we arrive at the free energy expressed exclusively in
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terms of the equilibrium deformation u:

F (2) = min
{u(x)}

F (2) = −f < u >0 +2πγa2

[
−
〈

(u− < u >0)

a

∂u

∂r

〉
0

+ 2

(〈
∂u

∂r

〉
1

)2
]
,

(4.27)
where u obeys Eq. (4.6) with the boundary condition in Eq. (4.20).

4.2.1 Superposition approximation

An exact solution of the capillary equation (4.6) with non-axisymmetric boundary
conditions poses a difficult problem, but one can show that an approximate solution
in the form of a superposition of one-particle solutions yields the correct result in the
leading order in a/d, i.e., for large separations of the particles. We assume

u(x) = u1(x) + u2(x), (4.28)

where ui(x) ≡ ū(x − xi) for i = 1, 2 are the equilibrium one-particle solutions given
by Eq. (4.12). In this approximation the elevation of the contact line at each particle
(Eq. (4.26)) equals

h = ū(a) + ū(d) + . . . . (4.29)

where ”. . .” indicate corrections of higher order in 1/d. The interaction between the
particles is defined by the excess free energy

ΔF = F (2) − 2Fself . (4.30)

From the one-particle result ū(d) ∼ ln(qd), it follows that the derivative ˙̄u(d) vanishes
like 1/d and moreover that each subsequent derivative introduces a factor 1/d. Thus,
the leading order contribution to Eq. (4.27) for large separations, i.e., d � a, comes
only from the first term. At large separations d → ∞ the interaction energy reduces
to

ΔF = −fū(d) =
f 2

2πγ
ln(qd). (4.31)

Due to the fixed shape of the contact lines, the boundary conditions at the particles
cannot be fulfilled exactly by the solution in the form of a simple superposition u1 +u2.
In order to see this, consider the Taylor expansion:

(u1 + u2)|∂A2,ref = ū(a) + ū(d) + an2 · ∇‖ū|dex +
1

2
a2n2n2 : ∇‖∇‖ū|dex + . . . , (4.32)

The gradient ∇‖ū|dex = ex ˙̄u(d) can be directly related to the tilt angle ψ. Inserting
Eq. (4.32) into Eq. (4.24) we obtain ψ = ˙̄u(d) and then, using Eq. (4.29), the shape of
the the contact line at the particle 2 (see Eq. (4.20)) can be written as

uc,2 = ū(a) + ū(d) + an2 · ∇‖ū|dex , (4.33)

such that the Taylor expansion in Eq. (4.32) reads



62 CHAPTER 4. CAPILLARY INTERACTIONS

(u1 + u2)|∂A2,ref = uc,2 +
1

2
a2n2n2 : ∇‖∇‖ū|dex + . . . = uc,2 +O(a/d)2, (4.34)

Thus, the boundary conditions are violated by the terms of the order O(a/d)2. Accord-
ingly, one obtains the following contributions to the excess free energy (Eqs. (4.30),
(4.27) and (4.14)):

(i)

− f < u >0 −2Fself = −f < u1 + u2 >0 +f < u2 >0= −f < u1 >0

= −f
〈
ū(d) + an2 · ∇‖ū|dex +

a2

2
n2n2 : ∇‖∇‖ū|dex

+
a3

6
n2n2n2

...∇‖∇‖∇‖ū|dex +O(a/d)4

〉
0

= −fū(d) +O(a/d)4 (4.35)

where we denoted by : and
... the second and third rank tensors contractions,

respectively, and we used the identity∫ 2π

0

dφ2 n2 = 0 (4.36)

and ∫ 2π

0

dφ2 n2n2n2 = 0, (4.37)

as well as ∫ 2π

0

dφ2 n2n2 : ∇‖∇‖ū|dex ∝
∫ 2π

0

dφ2 cos(2φ) = 0. (4.38)

Similarly, one obtains

(ii)

− 2πγa2

〈
(u− < u >0)

a

∂u

∂r

〉
0

= −2πγa2

〈
(u1− < u1 >0)

a

∂(u1 + u2)

∂r

〉
0

= −2πγa2

〈[
n2·∇‖ū|dex+

a

2
n2n2 : ∇‖∇‖ū|dex+

a2

6
n2n2n2

...∇‖∇‖∇‖ū|dex+O(a/d)4
]
×

×
[

˙̄u(a) + n2 · ∇‖ū|dex + an2n2 : ∇‖∇‖ū|dex +O(a/d)3
]〉

0

= −γa2 ˙̄u(d)2

∫ 2π

0

dφ2 cos2 φ2 +O(a/d)4 = −πγa2 ˙̄u(d)2 +O(a/d)4, (4.39)

where we used Eqs. (4.35)-(4.38); the last contribution is
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(iii)

4πγa2

(〈
∂u1

∂r

〉
1

)2

= 4πγa2

(
˙̄u(d)

2π

∫ 2π

0

dφ2 n2 · ex cosφ2 +O(a/d)3

)2

= 4πγa2

(
˙̄u(d)

2π

∫ 2π

0

dφ2 cos2 φ2 +O(a/d)3

)2

= πγa2 ˙̄u(d)2 +O(a/d)4. (4.40)

As can be seen, the sum (i) + (ii) + (iii) yields the contribution to the free energy
of the order O(a/d)4. We note that the term (iii), needed to cancel the contribution
−πγa2 ˙̄u(d)2 = O(a/d)2 from the term (ii), arises only if one takes into account the tilt
of the contact line. The exact form of the correction O(a/d)4 cannot be calculated in the
superposition approximation because of the aforementioned errors at the boundaries.
To eliminate those errors one has to introduce additional fields, which we shortly discuss
in the following Section.

4.3 Method of reflections.

The aim of this Section is to indicate that the superposition approximation can be im-
proved to yield a more accurate result. In order to diminish the error at the boundaries
we write down the deformation field u in the form

u = u1 + u2 + u12 + u21, (4.41)

where the additional fields u12 and u21 obey the capillary equation and vanish at infinity.
Moreover, we assume that they fulfill the following boundary conditions:

u12 = −(u1 + u2 − uc,2) at ∂A2,ref , (4.42)

u21 = −(u1 + u2 − uc,1) at ∂A1,ref . (4.43)

which are of the order of the quadratic term in the expansion in Eq. (4.32). As a
consequence, the contributions to the total deformation in Eq. (4.41) from u12 propa-
gated back to particle 1 and from u21 propagated to particle 2 will be then of the order
O(a/d)4. In order to see this, we use Eq. (4.32) to rewrite Eq. (4.42) as

u12(r, φ2)
∣∣
r=a

= −1

2
a2n2n2 : ∇‖∇‖ū|dex = − f

4πγa

(a
d

)2

cos(2φ2), (4.44)

from which one can infer that u12 (u21) is an “outer” solution (see Subsec. 2.1.5)
centered at the particle 2 (1) of order m = 2. That means that the “reflected” fields
u12(r) and u21(r) are of a quadrupolar type, i.e., they vanish as r−2 (with an amplitude
O(a/d)2). As a consequence they give a contribution of the order O(a/d)4. Next, the
boundary conditions are modified due to those contributions via Eqs. (4.24) and (4.26).
Accordingly, h is shifted by u21|dex and ψ by ∂ru21|dex . As a consequence, the error at
the boundaries is only of the order of ∇‖∇‖u21|dex = O(a/d)6:

(u1 + u2 + u12 + u21)|∂A2,ref
= uc,2 +O(a/d)6. (4.45)
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1 2

u1 u2

u12 u21

Figure 4.2: Schematic representation of the subsequent reflected fields. The walls
represent the surfaces of particles 1 and 2.

with
uc,2 = ū(a) + ū(d) + u21|dex + an2 · ∇‖(ū+ u21)|dex . (4.46)

The solution in the form in Eq. (4.41) enables calculation of the contribution
O(a/d)4 to the free energy (we do not perform this calculation here). Furthermore,
the whole procedure may be iterated by introducing fields u121 and u212 given by the
boundary conditions with the fields u21 and u12 playing the role of u1 + u2 − uc,2 and
u1 + u2 − uc,1, respectively, which would enable estimate of the next order corrections
(i.e., higher than O(a/d)4) to the free energy. This method is known in Stokesian
hydrodynamics as the method of reflections (Kim & Karilla 1991), owing the name
to the subsequent reflected velocity fields, instead of the two-dimensional deformation
field, propagating between the particles. In hydrodynamics, the method is used to
calculate the many-body mobility matrix, which represents the linear relation between
the velocities of the particles and the given external forces acting on them. In the case
of capillary interactions the linearity of the governing equation implies similar linear
relations between the vertical displacements of the particles and given external forces.
The advantage of the method of reflections for fixed forces is that the reflected fields
are force- and torque-free which means that they vanish as O(a/d)4 and thus give a
correction of the order O(a/d)4 to the free energy. In the case of fixed displacements
(corresponding, in hydrodynamics, to fixed velocities) reflected fields would not be
force-free and would yield a correction of the order O((ln(qd))2/ ln(qa)). In such a case
the accuracy of the asymptotic expression would be much lower. This justifies our
choice of the model system in Chapter 7 with the particle at a sessile droplet subjected
to a fixed force.



Chapter 5

Electrostatic analogy

In this Chapter we address the analogy between capillarity and electrostatics, devel-
oped recently by Domı́nguez et al. (Domı́nguez et al. 2008; Domı́nguez 2010b). Our
approach to capillary interactions, based on the concept of an effective surface pres-
sure field and its multipole expansion (see c.f. Chapters 6 and 7), greatly benefits from
applying this analogy and below we present a short derivation of the main results.

5.1 The Poisson equation

As we have shown in Chapter 2, the condition of mechanical equilibrium of an arbitrary
piece of the interface can be derived from the Young-Laplace equation. Here, instead,
we use the former as a starting point and extend the analysis by allowing an arbitrary
external surface pressure field Π(r) +λ, defined on S, which replaces the constant λ in
Eq. (2.18). Meanwhile, we assume a vanishing mean-curvature of the interface which
corresponds to λ = 0. In such a case the condition of mechanical equilibrium reads:

−γ
∮

∂S

dl et =

∫
S

d2S Π(r)en, (5.1)

We neglect gravity in the sense that λc → ∞, and thus Eq. (5.1) does not contain the
term corresponding to the weight of the fluid, but λc can still enter the analysis as a
large distance cut-off (see, c.f., Eq. (5.13)). In the limit of small deformations of an
initially flat interface the versors en and et (Eqs. (2.13) and (2.12) with z(r) ≡ u(r))
read

d2Sen = dx dy[−∇‖u+ ez] (5.2)

and

dlet = dl‖n ·
[
1 + ez∇‖u−∇‖u∇‖u+

1

2
(∇‖u)21

]
+O(∇‖u)4. (5.3)

Accordingly, the z-component of Eq. (5.1) up to first order in ∇‖u attains the form

−γ
∮

∂A

dl‖ n · ∇‖u =

∫
A

dAΠ(x). (5.4)

65
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Applying the divergence theorem to the line integral in the above equation we obtain
the linearized Young-Laplace equation in the form

−∇2
‖u =

1

γ
Π, (5.5)

which is an analogue of the Poisson equation in 2D-electrostatics with u playing the role
of the electrostatic potential, Π playing the role of the charge distribution (“capillary
charge”) and γ being electric permittivity. The analogy is complete up to the reversal
of the sign of the capillary force. Two-dimensional electric charge distribution ρ(x)
in an external potential φ(x), where x ∈ A would experience the force − ∫

A
dA ρ∇‖φ.

The lateral capillary force acting on the capillary charge distribution Π(x) is given by
minus the lateral component of Eq. (5.1), which reads (1/γ)

∫
A
dAΠ∇‖u. Thus, it has

the reverse sign of what the electrostatic analogy would imply. The reason for this
is that the attraction of like capillary charges (while the opposite is true for electric
charges) is in fact due to an external agent Π, and not only due to capillary forces
itself.

The usual boundary conditions on u also have a close analogy to electrostatics:

(i) imposing a fixed deformation of the contact line u0(x) at a boundary ∂A, such
that

u(x)
∣∣
∂A = u0(x), (5.6)

corresponds to the Dirichlet boundary condition (given potential);

(ii) a prescribed contact angle θ0(x), for example with a vertical wall,

n · ∇‖u(x)
∣∣
∂A = cot θ0(x), (5.7)

corresponds to the Neumann boundary condition. For consistency with the as-
sumption of small deformations of the interface the angle θ0(x) should be every-
where close to π/2.

We note that the linear theory works in the regions of low curvature even if there
are other regions where non-linearities become important (Domı́nguez et al. 2008).
The deformation at the boundaries of those non-linear “patches” provide boundary
conditions for the regions where the linear theory is valid. Inversely, one can always
find a virtual “capillary charge” distribution inside the “patches” corresponding to the
given boundary conditions (see, c.f., Eq. (5.19)). Thus, in analogy to Gauß’ theorem
in electrostatics, the total capillary charge Q0 inside a region A, can be defined as (see
Eq. (5.4))

Q0 := −γ
∮

∂A

dl‖ n · ∇‖u, (5.8)

On the other hand the vertical component of the capillary force according to Eq. (5.4)
counterbalances the total external vertical force f =

∫
A
dAΠ(x) acting at the interface

inside the region A and we obtain
Q0 = f. (5.9)
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In the same manner it can be shown (Domı́nguez et al. 2008) that the total capillary
dipole Q1 (see, c.f., Eq. (5.17)) is related to the total torque m, exerted by the external
force, by

Q1 = ez × m. (5.10)

5.2 Green’s function and multipole expansion

The general solution for the deformation u governed by Eq. (5.5) can be written as

u(x) =
1

γ

∫
d2x′ Π(x′)G(x,x′) (5.11)

where G is the Green’s function of the 2D Laplace equation

−∇2
‖G(x,x′) = δ(x − x′). (5.12)

Assuming isotropy and uniformity of the interface one has G(x,x′) = G(|x−x′|) and
the solution of Eq. (5.12) reads (see, e.g., Nehari 1975)

G(r) = − 1

2π
ln

(
r

ζ

)
. (5.13)

where the constant ζ reflects the dependence of the Green’s function on specific bound-
ary conditions (for example, in presence of gravity ζ = λc). In terms of the complex
variable z = x+iy the deformation u can be expressed in terms of the complex potential
V (z), such that u(x) = ReV (z), where

V (z) := − 1

2πγ

∫
d2x′ Π(z′) ln

(
z − z′

ζ

)
(5.14)

Assume that the pressure field Π is localized inside a region of size a around z′ = 0,
i.e., Π(z′) = 0 for |z′| > a. Provided that the point of observation z = r exp(iφ) lies
outside this region such that r > a, the following Taylor expansion can be used (Nehari
1975):

ln(z − z′) = ln z −
∞∑

n=0

1

n

(
z′

z

)n

. (5.15)

Inserting this into Eq. (5.14) gives

V (z) =
Q̃0

2πγ
ln

(
ζ

z

)
+

1

2πγ

∞∑
n=1

Q̃n

nzn
, (5.16)

where Q̃n are the complex capillary multipoles defined as

Q̃n :=

∫
d2x′ Π(z′)z′ n

, (5.17)
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which can be also written as Q̃n = Qne
iϕn , where Qn = |Q̃n| are the real multipoles.

The phases ϕn = argQ̃n can be interpreted as orientations of the multipoles. By
applying the residue theorem to Eq. (5.16) it can be shown that all the multipoles Q̃n

are fully determined by the deformation around an arbitrary contour C enclosing the
origin (Domı́nguez 2010b):

Q̃n = iγ

∮
C

dz zs dV

dz
, (5.18)

which after applying Cauchy-Riemann relationships verified by the analytic function
V (z) leads to

Qn = γ

∣∣∣∣
∮

C

dl‖ (x + iy)n(n − iez × n) · ∇‖u

∣∣∣∣ , (5.19)

where n is a normal to C in the xy-plane pointing outwards the area enclosed by C.
The free energy of an initially flat, unbounded interface exposed to an arbitrary

pressure Π(x) in the limit of small deformations reads

F =

∫
d2x

[γ
2

(∇‖u)2 − Π(x)u(x)
]

= −1

2

∫
d2x Π(x)u(x)

= − 1

2γ

∫
d2x

∫
d2x′ Π(x)G(x,x′)Π(x′), (5.20)

where we have used Eq. (5.5) and the boundary conditions of a vanishing deformation
at infinity. Thus, we obtained an expression analogical to the potential energy of a
charge distribution in electrostatics, but with a minus sign, which reflects the already
mentioned property that like capillary charges attract each other. The multipole ex-
pansion in Eq. (5.16) can be applied to calculate interaction free energy in Eq. (5.20)
of two sources Π1 and Π2 separated by the distance d. Assume that the pressure field
Π is of the form

Π(x) = Π1(x) + Π2(x − dex), (5.21)

where Πi(x) = 0 for |x| > a (for simplicity we assume both pressure distributions to
be of equal spacial extent a). Inserting this Π(x) into the expression in Eq. (5.20) the
free energy splits into three parts

F = F1,self + F2,self + ΔF (5.22)

where Fi,self represent, in analogy to electrostatics, self-energies

Fi,self = − 1

2γ

∫
d2x

∫
d2x′ Πi(x)G(x,x′)Πi(x

′) i = 1, 2 (5.23)

and ΔF is the interaction energy given by

ΔF =
1

2πγ

∫
d2x

∫
d2x′ Π1(x)G(x,x′ + dex)Π2(x

′

= −1

γ
Re

∫
d2x

∫
d2x′ Π1(z) ln

(
z − z′ − d

ζ

)
Π2(z′). (5.24)
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Using the Taylor expansion in Eq. (5.15) and the identity

(z − z′)n =

n∑
k=0

n!

k!(n− k)!
znz′ n−k

, (5.25)

we obtain the interaction energy ΔF in the form of the multipole expansion

ΔF = −1

γ

∞∑
n=0

∞∑
n′=0

Q1,nQ2,n′Gnn′(d) cos(nϕ1n + n′ϕ2n′), (5.26)

where the matrix elements Gnn′(d) read

Gnn′(d) =
1

2π

(−1)n|n+ n′ − 1|!
n!n′!

×

⎧⎪⎨
⎪⎩

ln

(
ζ

d

)
for n = n′ = 0,

1

dn+n′ otherwise

(5.27)

Thus, the interaction between multipoles n, n′ behaves as ln(ζ/d) for n = n′ = 0 and
vanishes as (a/d)n+n′

for n �= 0 or n′ �= 0. Moreover, according to the expression
in Eq. (5.27) we can estimate the interaction free energy of heavy colloidal particles
addressed in Chapter 4. Due to Q0 = f �= 0 the particles correspond to capillary
monopoles so that the leading term in the free energy is −Q2

0 ln(λc/d)/(2πγ) with
Q0 = f , which recovers the result in Eq. (4.31). The capillary dipoles associated with
the particles vanish due to vanishing external torques (Q1 = 0) and therefore the next
non-vanishing moment is the quadrupole Q2, which yields the subleading term in the
interaction energy ∼ Q0Q2/d

2. For a single particle, due to axial symmetry, we have
Qn = 0 for n ≥ 2, so that in the case of two particles those multipoles can only
be induced by the deformation field due to the second particle. Particularly, Q2 is
induced by a quadrupolar component of this field (i.e., by u12 or u21, see Sec. 4.3),
which means that Q2 = Q0 × O(a/d)2 (however, this fact cannot be inferred directly
from the electrostatic analogy) and we obtain a correction to the free energy of the
order Q2

0 ×O(a/d)4.

5.3 Mechanical equilibrium of the interface.

In any experimental setup the interface is always bounded by walls of a container. At
distances larger than the capillary length λc the deformation of the interface around
a particle vanishes exponentially whereas at distances smaller than λc it exhibits a
logarithmic behavior (Eq. (4.9)). In the language of electrostatics capillary deforma-
tion is screened due to gravity for d > λc. This has an important consequence for the
balance of forces acting at the interface. Any force applied to the interface at r = 0
is counterbalanced by a force due to the hydrostatic pressure −Δρgu = −γu/λ2

c inte-
grated over the interface for distances r < λc (see Eq. (2.27)). However, for r � λc the
contribution from the hydrostatic pressure can be neglected and the mechanical equi-
librium demands that all the external forces acting on the boundaries of the interface
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must cancel. Thus, for example, the force exerted at the interface by the walls of the
container must balance the force acting on the particle associated with the capillary
charge Q0. Mathematically this fact can be expressed as

Qwall = −γ
∮

wall

dl‖ n · ∇‖u = −Q0, (5.28)

where Qwall is the capillary charge of the container. As a conclusion, in the case of
a system size smaller than the capillary length the presence of boundaries cannot be
neglected (for the case of a particle at a droplet see Domı́nguez et al. (2007a)). More-
over, in the absence of gravity (for example in experiments in weightlessness (Langbein
2002)), the capillary length becomes infinite and then the shape of the liquid interface
is determined exclusively by the shape of the walls and by the contact angle.

5.4 Method of images.

As an example of the effect of boundaries we study the behavior of a particle charac-
terized by a capillary charge Q0 positioned at x = d next to a vertical wall at x = 0.
We assume that in the absence of the particle the interface is flat and the contact angle
at the wall is θ0 = π/2. The shape of the interface in the presence of the particle
will be determined by the kind of boundary conditions at the wall, which typically
are (i) free contact line and fixed contact angle θ(x) = θ0 or (ii) pinned contact line.
As already mentioned those two cases correspond to (i) Neumann and (ii) Dirichlet
boundary conditions in electrostatics. One can exploit the electrostatic analogy in or-
der to solve the boundary value problem by introducing a virtual image charge Q′ at
the virtual continuation of the reference interface beyond the wall (see Fig. 5.1). The
position and sign of the image at the virtual semi-plane should be chosen such that the
superposition of the deformations from the particle and its image satisfies the proper
boundary conditions at the wall. For symmetry reason it is easy to guess that in both
cases the image should be placed at x = −d. The image charge Q′ should be chosen
as follows:

(i) Q′ = Q0, such that the contributions to the slope of the interface n ·∇‖u coming
from the actual charge and its image cancel each other at the wall and the contact
angle remains unchanged. This can be seen by symmetry between the one particle
solution u1(|x − dex|) for the original particle and u2(|x + dex|) for its image
with respect to the reflection in the plane x = 0. Because of the equal capillary
charges, we have u2(r) = u1(r) = ū(r). Then, if we write the deformation in
the form of the superposition u = ū(|x − dex|) + ū(|x + dex|), then one obtains
n · ∇‖u|x=(0,y) = 0

(ii) Q′ = −Q0, such that the contributions to the total deformation at the wall cancel
each other and as a result the deformation at the contact line vanishes. Indeed,
in this case we have u2(r) = −u1(r) = −ū(r), so that for the solution in the form
u = ū(|x − dex|) − ū(|x + dex|) we obtain u|x=(0,y) = 0.
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The capillary image forces were first studied by Kralchevsky et al. (1994) who has
also taken into account the gravitational potential energy of the particle. If the contact
angle is slightly different than π/2 the initial interface is tilted and as a consequence
the particle feels an additional effective potential (attractive or repulsive depending
on the interplay between contact angle, weight and buoyancy of the particle). As a
consequence, in special cases, the total potential composed of the surface free energy
and the gravitational potential energy can be a non-monotonic function of d. In the
case of a heavy particle (weight prevailing buoyancy), θ0 > π/2 and the contact line
pinned at the wall, the total potential exhibits a minimum at the distance where gravity
is balanced by the capillary force. In the case of the same particle, but θ0 < π/2 and
a free contact line, the potential exhibits a maximum. We are going to observe a
qualitatively similar non-monotonic behavior of the effective potential as a function of
the separation from the contact line for a particle at a sessile droplet with a free or a
pinned contact line at the substrate, however, with the non-monotonicity being in this
case exclusively due to the curvature of the droplet surface and the volume constraint
(and not due to an external potential).

(i)

(ii)

d d

Q0

Q0−Q0

Q0

x

z

Figure 5.1: Capillary monopole Q0 (for example due to the effective mass m∗ in the
case of a heavy particle) next to a wall and its image, depending on the boundary
conditions at the wall: (i) a free contact line, (ii) a pinned contact line.
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As a last remark we note that the method of images remains valid also in the case
when the gravitational energy of the fluid cannot be neglected, i.e. at distances d > λc.
The method of images can still be applied, because the governing equation is modified
only by adding a term q2u (see Eq. (4.6)) to the lhs of Eq. (5.5) and therefore it remains
linear. As a consequence, the solution can be constructed as a superposition of single-
particle solutions for the original particle and its image. Thus, in the case of a heavy
particle with the effective mass m∗ at the distance d ∼ λc from a vertical wall, the
boundary condition of a fixed contact angle corresponds to the image particle of the
same mass m∗ at the virtual semi-plane, also at a distance d from the wall. Similarly,
the boundary condition of a pinned contact line corresponds to the image particle of
mass −m∗.



Chapter 6

Deformations of a spherical droplet.

Unlike a flat interface, the interface of a spherical liquid droplet constitutes a closed
surface. In the case of an incompressible liquid the constant volume of the droplet
imposes an additional constraint on the shape of the interface. In presence of an
external perturbation the surface tension acts such that it tends to restore the spherical
shape of the droplet, which is the one minimizing the surface area for a given volume.

Here, we present an analysis of the deformations of a full spherical (non-sessile)
droplet based on the approach of Morse and Witten (Morse & Witten 1993), who
studied the problem of compressibility of emulsions. In this problem the deformations
of a single droplet are due to the contact with the surrounding droplets. The surface
pressure field Π describing the effect of this interaction can have only negative sign (in
the formulation consistent with Chapter 5; Morse and Witten use the opposite sign
convention), such that the droplet can only be pushed, but not pulled, by the other
droplets. In our analysis we allow both signs, appropriate for a pressure field due to
a colloidal particle (which we assume that can be either pushed or pulled), which is
a natural extension of a linear theory and does not yield any additional theoretical
difficulties.

Consider a spherical droplet of radius R0 subjected to an external surface pressure
field Π(Ω) parameterized by spherical coordinates Ω = (θ, φ) on the unit sphere. The
equilibrium shape of the droplet can be found by minimizing the free energy functional
F expressed in terms of the radial position of the interface R(Ω) = R0 + u(Ω) and
consisting of the surface free energy minus the work done by the external pressure Π in
displacing the interface (both measured with respect to the reference state Rref(Ω) ≡
R0). The volume constraint can be incorporated by adding a term −λ(V − Vl) with
the sign of the Lagrange multiplier −λ chosen such that λ (at equilibrium) can be
identified with the internal pressure of the droplet, and where the total liquid volume
Vl = 4πR3

0/3. The volume V can be expressed as an integral of the infinitesimal volume
element (1/3)[(R0 + u)3 −R3

0]dΩ over the whole sphere, and then we arrive at the free
energy functional in the form

F [{R(Ω)}] =

∫
dΩ

(
γ
[
s(u,∇au) − R2

0

]− 1

3

[
λ+ Π(Ω)

][
(R0 + u)3 − R3

0

])
, (6.1)

where dΩ = dθdφ sin θ; s(u,∇au) is defined by an infinitesimal element of the area in

73
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R0u(Ω)

R(Ω)

R0

Figure 6.1: DeformationsR(Ω) of a spherical droplet of initial radius R0. The difference
defines small deformations u(Ω) = R(Ω) − R0.

the form

|∂θr × ∂φr|dθdφ = (R0 + u)2
√

1 + (∇au)2/(R0 + u)2dΩ =: s(u,∇au)dΩ (6.2)

where
∇a := eθ∂θ +

eφ

sin θ
∂φ (6.3)

is the dimensionless angular gradient on the unit sphere. The volume constraint V = Vl

yields
1

3

∫
dΩ
[
(R0 + u)3 − R3

0

]
= 0. (6.4)

All the above expressions are valid without additional approximations as long as the
interface has no overhangs and they provide a starting point to the linear analysis in
terms of small deformations u∗ = u/R0. In the following, we introduce dimensionless
quantities Π∗ = ΠR0/γ and λ∗ = λR0/γ. For simplicity we skip the superscript ∗ such
that from here on u, Π and λ are dimensionless. We obtain the following expansion of
the function s(u,∇au) up to second order in u,

s(u,∇au) = 1 + 2u+ u2 +
1

2
(∇au)2 +O(u3), (6.5)
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whereas the volume element can be expressed exactly as

1

3

[
(1 + u)3 − 1

]
= u+ u2 +

u3

3
(6.6)

In order to perform the expansion of the free energy functional in u we note that, as
soon as a vanishing external pressure leads to a vanishing deformation, Π must be
O(u). In the zeroth order in u the interface is in the reference configuration and thus
the free energy functional F is identically zero. In first order in u we obtain

1

γR2
0

F [{u(Ω)}] =

∫
dΩ [(2 − λ)u+O(u2)] (6.7)

The condition
δF
δu

= 0, (6.8)

means that λ necessarily has a zeroth order component, equal to the Laplace pressure
λ0 = 2 of an undeformed droplet. Denoting λ = 2 + δλ+O(u2), where δλ is first order
contribution, we can write the free energy functional up to second order in u as

1

γR2
0

F [{u(Ω)}] =

∫
dΩ

[
1

2
(∇au)2 − u2 − (Π(Ω) + δλ

)
u+O(u3)

]
. (6.9)

Applying the stationary condition (6.8) to Eq. (6.9) leads to the Euler-Lagrange equa-
tion in the form

−(∇2
a + 2

)
u(Ω) = Π(Ω) + δλ. (6.10)

Note that in Eq. (6.9) the Lagrange multiplier enters, in the form of δλ, only in first
order, such that the volume constraint in Eq. (6.4) must be satisfied also only in first
order (and not necessarily in second order). We obtain the condition∫

dΩu = 0. (6.11)

Using Eq. (6.10) we can calculate the free energy as

1

γR2
0

F =
1

γR2
0

min
{u(Ω)}

F =

∫
dΩ

[
1

2
(∇au)2 − u2 − (Π(Ω) + δλ

)
u

]

=

∫
dΩ

[
1

2
∇a

(
u∇au

)− 1

2
u
(∇2

au+ 2u
)− (Π(Ω) + δλ

)
u

]

= −1

2

∫
dΩ
(
Π(Ω) + δλ

)
u = −1

2

∫
dΩ Πu, (6.12)

where in the fourth equality we integrated by parts and used the fact that the inter-
face is closed and therefor the integral

∫
dΩ∇a(u∇au) vanishes due to the divergence

theorem. The last equality follows from Eq. (6.11).
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6.1 Expansion in spherical harmonics.

We expand both the deformation u(Ω) and the pressure Π(Ω) in spherical harmonics
Ylm(Ω),

u(Ω) =
∑
lm

ulmY
∗
lm(Ω), (6.13)

Π(Ω) =
∑
lm

ΠlmY
∗
lm(Ω). (6.14)

where ulm and Πlm are the expansion coefficients, subsequently called multipoles, and
equal:

ulm =

∫
dΩ′ u(Ω′)Ylm(Ω′), (6.15)

Πlm =

∫
dΩ′ Π(Ω′)Ylm(Ω′). (6.16)

The governing equation (6.10) turns into an infinite set of equations for the multipoles
ulm and Πlm

[l(l + 1) − 2]ulm = Πlm + δλδl0, (6.17)

where l = 0, 1, . . . and m = −l, . . . , l. Note that the uniform pressure shift δλ con-
tributes only to the l = 0 channel. The volume constraint in Eq. (6.11) implies that
the l = 0 component of u vanishes

u00 = 0, (6.18)

and as a consequence

δλ = −Π00, (6.19)

which means that the internal pressure shift counterbalances the external pressure.
It also follows from Eq. (6.17) that the l = 1 components of the deformation u are
undefined. The reason for this is that those components describe translations of the
whole droplet without change in its shape and therefore do not change the free energy.
On the other hand l = 1 components of the external pressure Π must all cancel, which
reflects the condition of balance of forces acting on the droplet. Indeed, according
to Eq. (6.16), the multipoles Π1−1,Π10,Π11 are related to the Cartesian components
fx, fy, fz of the total force f acting on the droplet by

Π10 =

√
3

4π

∫
dΩ′ Π(Ω′) cos θ′ ≡

√
3

4π
fz, (6.20)

Π1±1 =

√
3

4π

∫
dΩ′ Π(Ω′) sin θ′e±iφ′ ≡

√
3

4π
(fx ± ify). (6.21)

Hence, the condition f = 0 is equivalent to

Π1m = 0, m = −1, 0, 1. (6.22)
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Obviously, a free droplet pulled (or pushed) by a pointlike external force (correspond-
ing to a capillary monopole) is not in mechanical equilibrium, so that other counter-
balancing surface or body forces must be always present. This fact will be taken into
account in deriving the Green’s function, which describes the deformation in response
to a pointlike force (see Sec. 6.2).

In mechanical equilibrium the external pressure Π acting at an infinitesimal piece of
a spherical interface can only exert a force in the radial direction. Therefore there is no
torque with respect to the droplet center. However, one can consider any point at the
interface as a reference, and then, with respect to this point, there is a non-vanishing
torque m associated with Π. Without loosing generality we can choose this point to
lie at the z-axis, and then the torque m is related to multipoles Π1−1 and Π11 by

Π1±1 =

√
3

4π

∫
dΩ′ Π(Ω′) sin θ′e±iφ′ ≡

√
3

4π
(−my ± imx). (6.23)

This shows that, in fact, the condition of balance of forces acting on the whole droplet
as expressed in Eq. (6.22) implies the torque-balance with respect to an arbitrary point
at the interface.

6.2 Green’s function on a sphere

In the case of N pointlike forces acting on the interface only those configurations are
allowed in which the total force vanishes. Consider a pressure field in the form of
superposition of the delta functions centered at N different directions Ωi

Π(Ω) =

N∑
i=1

fiδ(Ω,Ωi), (6.24)

where fi are the amplitudes and δ(Ω,Ωi) = δ(θ − θi)δ(φ − φi)/ sin θi is the Dirac
delta distribution expressed in terms of spherical coordinates. The total pressure field
must obey the condition of balance of forces which in analogy to Eq. (6.22) might be
expressed as

N∑
i

Πi,1m = 0, m = −1, 0, 1. (6.25)

The corresponding interface deformation can be written as a superposition of single
particle contributions using a Green’s function,

u(Ω) =
N∑
i

fiG(Ω,Ωi), (6.26)

where G(Ω,Ω′) is Green’s function describing a response of the interface at a direction
Ω to a point-force applied at a direction Ω′ and according to Eqs. (6.10), (6.19) and
(6.24)-(6.26) it obeys the equation

−(∇2
a + 2)G(Ω,Ω′) =

∑
l≥2

l∑
m=−l

Y ∗
lm(Ω)Ylm(Ω′), (6.27)
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where the right hand side is a modified Dirac delta function δ̂(Ω−Ω′) with the l = 0 and
l = 1 components projected out. G can be also decomposed into spherical harmonics
and then Eq. (6.27) yields the following expression:

G(Ω,Ω′) =
∑
l≥2

l∑
m=−l

1

l(l + 1) − 2
Y ∗

lm(Ω)Ylm(Ω′) =
1

4π

∑
l≥2

2l + 1

l(l + 1) − 2
Pl(cos θ̄), (6.28)

where we have used the summation rule for spherical harmonics and θ̄ denotes the
angle between the directions Ω and Ω′. The l = 0 component of G vanishes, such that
the condition of constant volume in Eq. (6.18) is satisfied automatically, which can be
also expressed as ∫

dΩG(Ω,Ω′) = 0. (6.29)

The l = 1 component of G must also vanish according to the assumption that the center
of mass of the droplet is fixed in space, which can be written as

∫
dΩY1m(Ω)G(Ω,Ω′) = 0

or ∫
dΩ er(Ω)G(Ω,Ω′) = 0. (6.30)

By using identities for infinite series containing Legendre polynomials (Prudnikov et al.
1986a) one obtains the following closed expression for G (Morse & Witten 1993):

G(θ̄) = − 1

4π

[
1

2
+

4

3
cos θ̄ + cos θ̄ ln

(
1 − cos θ̄

2

)]
. (6.31)

6.3 Pressure field fixing the center of mass

There is a particular interpretation of Green’s function in the case when only a single
point-force is applied to the droplet. We already pointed out that the pressure field
in the form of a single point-force violates balance of forces expressed in Eq. (6.25).
Therefore, if we assume that the solution is in the form of Green’s function, then it
must be associated with an additional pressure field counterbalancing the point-force.
Inserting

u(Ω) = fG(Ω,Ω′) (6.32)

into Eq. (6.10) and using Eq. (6.27), we obtain the corresponding pressure field Π in
the form

Π(Ω) = fδ(Ω,Ω′) + ΠCM(Ω,Ω′), (6.33)

with the effective pressure

ΠCM(Ω,Ω′) = −3f

4π
cos θ̄. (6.34)

which must emerge in order to cancel l = 1 component of the external pressure
fδ(Ω,Ω′). Therefore, ΠCM corresponds to a body force fixing the center of mass
(CM) of the droplet. As can be seen from Eqs. (6.32) and (6.33) the contribution from
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ΠCM to the deformation field u vanishes by construction. This can also be checked by
explicit calculation by using Eqs. (6.34) and (6.31):∫

dΩ′ ΠCM(Ω′)G(Ω,Ω′) ∝
∫
dΩ′ Y1m(Ω′)G(Ω,Ω′) = 0. (6.35)

Finally, we note that for small angular distances, according to Eq. (6.31) one has
G(θ̄) → (1/2π) ln θ̄, which yields the deformation due to a point-force in the form

u(θ̄) = − f

2π
ln

(
r

R0

)
(6.36)

where r = θ̄R0 is the arc length and R0 plays the role of the capillary length, which
means that for r � R0 one can neglect the global curvature, just like one can neglect
gravity for r � λc in the case of a flat interface. However, one has to remember that
the asymptotic form in Eq. (6.36) is valid only for a droplet with a fixed center of
mass (this issue has recently raised controversy in the literature, see Würger 2006a;
Domı́nguez et al. 2007a) or for a sessile droplet (see Sec. 7.3.4).

6.4 Interaction free energy.

If we assume that the center of mass of the droplet is fixed, the expression for the
deformation under the action of point-forces in Eq. (6.26) can be generalized to the
case of an arbitrary continuous force distribution Πext(Ω),

u(Ω) =

∫
dΩ′ Πext(Ω

′)G(Ω,Ω′), (6.37)

The total pressure Π acting at the interface has an additional component responsible
for fixing the center of mass, i.e., Π = Πext + ΠCM . Inserting the expression in Eq.
(6.37) into Eq. (6.12) we can express the free energy in terms of the Green’s function
as

1

γR2
0

F = −1

2

∫
dΩ

∫
dΩ′ Πext(Ω)G(Ω,Ω′)Πext(Ω

′), (6.38)

Next, assume that the pressure Πext is localized around two different directions Ω1 and
Ω2 and introduce a decomposition analogical to Eq. (5.21):

Πext(Ω) = Π1(R̂−1
1 Ω) + Π2(R̂

−1
2 Ω), (6.39)

where R̂1 denotes the rotation transforming the original coordinate frame xyz into the
coordinate frame x′y′z′, referred to as O1, associated with the pressure distribution Π1

and R̂2 denotes the rotation transforming the original coordinate frame xyz into the
coordinate frame x′′y′′z′′, referred to as O2, associated with the pressure distribution
Π2 (see Fig. 6.2). This means that R̂i not only transforms Ω = 0 onto Ωi but also
incorporates rotation around Ωi. We use the parameterization in terms of Euler angles,
in which rotation R̂ is a composition of the rotation around the z-axis by the angle α,
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around the (rotated) y-axis by the angle β and finally around the (rotated) z-axis by
the angle and γ. Under the rotation R̂(α, β, γ) of the coordinate frame the coordinates
transform under the action of R̂−1, which we symbolically indicated in Eq. (6.39).

The interaction free energy ΔF , analogically to the case of a flat interface (see Eq.
(5.24)), is given by the cross-terms in Eq. (6.38) with Π given by Eq. (6.39),

1

γR2
0

ΔF = −
∫
dΩ

∫
dΩ′ Π1(R̂

−1
1 Ω)G(Ω,Ω′)Π2(R̂

−1
2 Ω′)

= −
∫
dΩ

∫
dΩ′ ∑

lm1

Π1,lm1Y
∗
lm1

(R̂−1
1 Ω)

∑
jm

gjY
∗
jm(Ω)Yjm(Ω′)

∑
km2

Π2,km2Y
∗
km2

(R̂−1
2 Ω′),

(6.40)

where we have used the decomposition of G as obtained in Eq. (6.28) with

gl =

⎧⎨
⎩

0 for l = 0, 1
1

l(l + 1) − 2
for l ≥ 2.

(6.41)

Without loosing generality we can assume that Ω1 = 0 and that the reference frame
O1 coincides with the global reference frame xyz, and then R̂1 is an identity operator.
In such a case Eq. (6.40) reduces to

1

γR2
0

ΔF = −
∫
dΩ′ ∑

l≥2,m1

Π1,lm1Y
∗
lm1

(Ω′) gl

∑
k≥2,m2

Π2,km2Y
∗
km2

(R̂−1
2 Ω′), (6.42)

where we have used the orthogonality of spherical harmonics, i.e.,∫
dΩYlm(Ω)Y ∗

l′m′(Ω) = δll′δmm′ . (6.43)

Transformations of spherical harmonics under rotations are governed by (Wigner 1959)

Ylm(R̂Ω) =
l∑

m=−l

Dl
m′,m(R̂)Ylm′(Ω), (6.44)

where Dl
m′,m is the Wigner D-matrix and reads (Edmonds 1974)

Dl
m′,m(R̂) = Dl

m′,m(α, β, γ) = eim′γdl
m′,m(β)eimα, (6.45)

where dl
m′,m(β) is known as the Wigner (small) d-matrix (and subsequently simply

referred to as the Wigner matrix). We use the parameterization in terms of orientations
φ1 and φ2 of coordinate frames O1 and O2, respectively, with respect to the geodesic
Λ12 connecting the points given by the directions Ω1 = 0 and Ω2 on the unit sphere
(see Fig. 6.2). The rotation R̂2 is then parameterized by the triad of Euler angles
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(2π − φ1, θ12, φ2). Accordingly, R̂−1
2 is parameterized by the opposite angles in the

reversed order, i.e., by the triad (−φ2,−θ12,−2π + φ1) and one obtains

Y ∗
km2

(R̂−1
2 Ω′) =

[
k∑

m′=−k

Dk
m′,m2

(R̂−1
2 )Ykm′(Ω′)

]∗

=
k∑

m′=−k

(−1)m2−m′
Dk

−m′,−m2
(−φ1,−θ12,−2π + φ1)(−1)m′

Yk,−m′(Ω′)

= (−1)m2

k∑
m′=−k

dk
−m′,−m2

(−θ12)ei(−m′φ1+m2φ2)Yk,−m′(Ω′) (6.46)

φ1

θ12
φ2

Ω1 = (0, 0)

Ω2

Λ12

xy

x′y′

z, z′

x′′

y′′ z′′

Figure 6.2: Angular configuration of the pressure distributions symbolically represented
as gray ellipses centered at the directions Ω1 = (0, 0) and Ω2 on a unit sphere. The
angles φ1 and φ2 represent orientations of the local coordinate frames associated with
the pressure distributions (see main text). Λ12 denotes the geodesic line from Ω1 to
Ω2.
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where we have used the identities

Y ∗
lm(Ω) = (−1)mYl,−m(Ω), (6.47)

Dl
m′,m

∗
(α, β, γ) = (−1)m−m′

Dl
−m′,−m(α, β, γ). (6.48)

Applying the transformation in Eq. (6.44) to Eq. (6.40), and using the property

dl
m′,m(−β) = dl

m,m′(β) (6.49)

one finally obtains:

1

γR2
0

ΔF = −
∑
l≥2

l∑
m1=−l

l∑
m2=−l

Π1,lm1 Π2,lm2 gl (−1)m2 dl
−m2,m1

(θ12) ei(m1φ1+m2φ2). (6.50)

6.4.1 Limit of small particles

Having in a perspective colloidal particles as sources of the effective surface pressure
Π, we would like to relate multipoles Πlm to a prescribed force, torque and higher
capillary multipoles Qn defined for the case of a flat interface. The interface can be
treated as locally flat in the case of very small particles, such that a/R0 → 0, in a close
neighborhood ΔΩ of angular size ω ≈ a/R0 around each particle separately. Assuming
that Π(Ω) vanishes outside ΔΩ, the spherical multipoles Πlm can be expressed in terms
of multipoles Q|m| and phases ϕ|m| defined for a flat interface (see the definitions after
Eq. (5.17)). Approximating ΔΩ by a circular disk D(a) of radius a centered at the
origin of the tangent plane and using the asymptotic form of spherical harmonics in
the form

Ylm(θ, φ) −−→
θ→0

i|m|+mAl|m|θ|m|ei|m|φ, (6.51)

we obtain

Πlm =

∫
ΔΩ(ω)

dΩ′ Π(Ω′)Ylm(Ω′) −−→
ω→0

i|m|+mAl|m|

∫
D(a)

d2x′

R2
0

R0

γ
Π(z′)

(
z′

R0

)|m|
=

= i|m|+mAl|m|

(
a

R0

)|m|+1 Q|m|
γa|m|+1

ei|m|ϕ|m| , (6.52)

where we have identified Π(x′) = Π(x′(Ω′)) = γΠ(Ω′)/R0; we note that Πlm are
dimensionless and complex. Moreover, one has

Alm =

√
2l + 1

4π

(l +m)!

(l −m)!

1

2mm!
, m > 0. (6.53)

In the final expression in Eq. (6.52) we have indicated that the capillary multipoles
Q|m| have the dimension γa|m|+1 (see Eq. (5.17)).

For each of the sources one can always choose the orientation φi = φi,|m| of the
coordinate frame around the local z-axis such that the phase of the order |m| van-
ishes, i.e., ϕi,|m| = 0. Equations (6.52) show that the multipole number |m| decides
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about physical properties of the source in the following sense. Non-vanishing Πlm for
m = 0 corresponds to a non-vanishing force (capillary monopole), for |m| = 1 to a
non-vanishing torque (capillary dipole), and for |m| = 2 to a force- and torque-free
capillary quadrupole (a freely floating particle). With this identification we can write
the interaction energy ΔFnn′ for a pair of capillary multipoles Q1,n and Q2,n′ of arbi-
trary orders n > 0 and n′ > 0 as a sum of terms with m1 = ±n and m2 = ±n′ in Eq.
(6.50). By using the relation Πl−|m| = (−1)|m|Πl|m| one obtains

1

γR2
0

ΔFnn′ −−−−−→
a/R0→0

−
(
a

R0

)n+n′+2
Q1,n

γan+1

Q2,n′

γan′+1

∑
l≥2

AlnAln′ gl

×

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(−1)n′
2 dl

−n′,n(θ12) cos
(
nφ1,n + n′φ2,n

)
+2 dl

n′,n(θ12) cos
(
nφ1,n − n′φ2,n

)
, n > 0 n′ > 0,

2 dl
0,n(θ12) cos

(
nφ1,n

)
, n > 0 n′ = 0,

dl
0,0(θ12), n = 0 n′ = 0.

(6.54)

where for simplicity we have assumed that the both pressure distributions have the
same size a. From Eq. (6.54) one can see that the interaction free energy scales with
the droplet radius R0 as

ΔFnn′ ∼ γR2
0

(
a

R0

)n+n′+2

= γa2

(
a

R0

)n+n′

. (6.55)

Note, that in the case of two monopoles one has n + n′ = 0 and then the free energy
does not depend on R0 but only on the total forces exerted by the pressure fields Πi.

6.4.2 Explicit formulas for interaction potentials.

In this Section we evaluate the interaction energy in Eq. (6.54) for pairs of multipoles
of the same order n = n′.

Monopoles, n = n′ = 0.

From Eqs. (6.50), (6.52) and (6.53), and using the identity dl
0,0(θ12) = Pl(cos θ12)

together with Eq. (6.28) we obtain

ΔF00(θ12) = −γa2Q1,0

γa

Q2,0

γa

∑
l≥2

2l + 1

4π[l(l + 1) − 2]
Pl(cos θ12) = −γa2Q1,0

γa

Q2,0

γa
G(θ12).

(6.56)

which is consistent with the definition of the Green’s function, because here Q1,0 and
Q2,0 refer to pointlike sources (because a/R0 → 0).
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Quadrupoles, n = n′ = 2.

Using the symmetry property of the Wigner matrix in the form

dl
m′,m = (−1)m−m′

dl
m,m′ = dl

−m,−m′, (6.57)

we obtain

ΔF22(θ12, φ1, φ2) = − γa2

(
a

R0

)4
Q1,2

γa3

Q2,2

γa3

×
∑
l≥2

(
Al2

)2
gl

[
2 cos(2φ1 + 2φ2) d

l
−2,2(θ12) + 2 cos(2φ1 − 2φ2) d

l
2,2(θ12)

]
, (6.58)

where φ1 ≡ φ1,n=2 and φ2 ≡ φ2,n′=2 are the orientations of the quadrupoles measured
as indicated in Fig. 6.2 and chosen such that the complex phases ϕi,n for n = 2 vanish.
In Appendix A we show that the multiplicative coefficient for cos(2φ1 − 2φ2) vanishes
and that the interaction energy simplifies to

ΔF22(θ12, φ1, φ2) = −3γa2

64π

(
a

R0

)4
Q1,2

γa3

Q2,2

γa3
cos(2φ1 + 2φ2) sin−4 θ12

2
. (6.59)

In the limit θ12 � 1 the interface between the particles can be approximated as flat
and then the arc length R0θ12 can be identified with the spatial separation d. Thus,
one can compare our result with the known result for of two ellipsoidal particles at a
flat interface (Stamou et al. 2000; Fournier & Galatola 2002; Lehle et al. 2008), which
in the case of two identical particles reads (Lehle et al. 2008)

ΔFel,flat = −3πγ(Δumax)2 cos(2φ1 + 2φ2)
(a
d

)4

, (6.60)

where Δumax is the maximal difference in vertical displacement of the points at the
contact line at each particle. Eq. (6.60) is valid under the assumption that the shape
of the particles only slightly deviates from spherical. Matching the solutions in Eqs.
(6.59) and (6.60) in the limit a→ 0, d→ 0 and a/d = const� 1 yields the quadrupole
moment Q2 of an ellipsoidal, almost-spherical particle in the form

Q2 = 2πγa2Δumax. (6.61)

As a consequence, the interaction energy between two identical ellipsoidal particles at
a spherical interface can be written as

ΔF22(θ12, φ1, φ2) = −3π

16
γ(Δumax)2

(
a

R0

)4

cos(2φ1 + 2φ2) sin−4 θ12
2
. (6.62)



Chapter 7

Particles at the surface of sessile
droplets

In this Chapter we study the free energy of a spherical particle at the surface of a
sessile droplet. In Sec. 7.1 we calculate the shape of a droplet and the corresponding
free energy for the configurations with the particle at the symmetry axis of the droplet
depending on the elevation of the particle above the substrate. The results are based
on the exact solution of the full Young-Laplace equation, without restriction to small
deformations of the spherical shape of the droplet. In the cases without axial symmetry
(Sec. 7.2) the free energy turns out to be independent of the position of the particle
on the droplet as long as the particle is force-free and then the shape of the droplet
is a perfect cap of sphere (referred to as the reference configuration). However in the
case when an external force is applied to the particle in the radial direction (with
respect to the origin determined by the center of the reference cap of sphere), the free
energy depends on the angular position of the particle on the droplet. In such a case
the condition of balance of forces acting on the droplet in the lateral direction requires
either a fixed lateral position of the center of mass of the droplet (model A) or a pinned
contact line at the substrate (model B). Both situations can occur in experiments.
For example, if a particle would hit the droplet and the relaxation of the position
of the center of mass would last much longer then the relaxation of capillary waves
generated by the impact, then the inertia of the droplet would effectively fix the center
of mass. Alternatively, in the presence of gravity and depending on α a small tilt of the
substrate could provide a lateral body force counterbalancing the lateral component of
fer. (However, in this case also the weight of the fluid must be taken into account.)
On the other hand, pinning of the contact line can occur due to heterogeneities of the
substrate. To some extent such a pinning is always present in actual systems because
the substrate is never perfectly smooth. Therefore, in practical terms, we expect this
latter case to be the more relevant one. In the non-axisymmetric cases we are limited to
the perturbation theory, within which we derive an approximate free energy functional
(see Eq. (7.55) and Appendix B). The effects of the particle pulled by an external force
f and of fixed center of mass are incorporated by introducing the effective pressure
fields π(Ω) and πCM(Ω), which enter the linear Young-Laplace equation governing
the small deformations of the droplet (Eq. (7.58)). We show that in the limit of small

85
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particles a/R0 → 0 the free energy of the sessile droplet (Eq. (7.83)), expressed in terms
of Green’s function satisfying the boundary conditions at the substrate corresponding
to either a free or a pinned contact line (Eqs. (7.80) and (7.81)), do not depend on
the size of the particle but only on the pulling force f , the contact angle θ0 at the
substrate, and on the angular position of the particle α. In the special case θ0 = π/2
we obtain analytic expressions for the Green’s functions by using the method of images
(Eqs. (7.95) and (7.97)). Finally, we calculate the pair-potentials for two particles and
show that the resulting equilibrium configurations depend sensitively on the boundary
conditions at the substrate (Figs. 7.10 and 7.11).

7.1 Exact results in the axisymmetric case.

Consider a spherical particle of radius a positioned at the apex of a sessile droplet,
characterized by a fixed contact angle θ0 at the substrate, which means that the contact
line at the substrate is not pinned and can move freely. Due to axial symmetry and
in absence of gravity the free energy can be calculated analytically solving the full
non-linear Young-Laplace equation. For simplicity, we assume that the interface has
no overhangs so that the shape of the droplet can be described by z = z(r), which
is particularly the case for θ0 < π/2 and θp = π/2 independently of the position
of the contact line at the particle. A similar analysis can be performed also for the
case of a pinned contact line at the substrate, in which the surface energy associated
with the substrate is constant. The situation with a free contact line is actually more
complicated, because in this case the surface free energy associated with the substrate
can vary. Therefore it is particularly interesting and instructive to incorporate the
contribution from the liquid-substrate interface into the total free energy.

7.1.1 Free energy functional

In the following calculations we take a as the unit of length and γa2 as the unit of
energy. The free energy can be expressed as

F̃ �
A0(h, θ0, θp, R0, λ) = min

{z(r)}
F̃ [{z(r)}], (7.1)

where the index A0 indicates the free contact line at the substrate and the axisymmetric
configuration, respectively. The free energy functional F̃ reads

F̃ [{z(r)}; h, θ0, θp, Vl, λ] = Slg − Slg,ref − (S0l − S0l,ref) cos θ0

− (Spl − Spl,ref) cos θp − λ(V − Vl), (7.2)

with the volume Vl of liquid being a function of the contact angles θ0 and θp, and
of the droplet radius R0 in the reference configuration, i.e., Vl = Vl(θ0, θp, R0). The
Lagrange multiplier λ can be determined from the condition V = Vl, which renders
λ = λ(h, θ0, θp, R0) and which upon insertion into F̃ �

A0(h, θ0, θp, R0, λ) yields the free
energy F̃A0(h, θ0, θp, R0).



7.1. EXACT RESULTS IN THE AXISYMMETRIC CASE. 87

0
0

r

z

R0 sin θ0

θ0

z0

z0 − 1

θp

β0

substrate

liquid

gas

z(r)

(a)

0
0

r

z

z0 + h

r0

r1 rm

θ0

β − θp

θp

β
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Figure 7.1: Cross section of an axially symmetric configuration of a droplet and a
particle; (a) reference configuration for f = 0 and h = 0, which leads to a liquid-
gas interface with the shape of a spherical cap and the contact line at the particle
at β0; (b) sketch of a configuration for an arbitrary β corresponding to f �= 0 and
h �= 0. In the studied model θ0 is kept fixed and rm �= R0 sin θ0. The dashed lines
denote continuations of the analytical profile corresponding to an unduloid or a nodoid
beyond the physical regime bounded by r = sin β and r = rm and terminating at
maximal and minimal radii r0 and r1, respectively.

It is convenient to express the contact areas S0l, Spl, and Slg in terms of auxiliary
variables: the angle β describing the position of the contact line at the particle and
the radius rm of the circle formed by the contact line at the substrate (see Fig. 7.1(b)).
One can write

S0l = πr2
m, (7.3)

Spl = 2π(1 + cos β) = 4π cos2(β/2), (7.4)

Slg = 2π

∫ rm

sinβ

dr r
√

1 + ż2, (7.5)

with ż = dz(r)/dr. The volume of liquid V can be expressed as

V = Vlg + π(sin2 β)z(r = sin β) − π

3
(1 + cosβ)2(2 − cos β), (7.6)

with

Vlg = 2π

∫ rm

sinβ

dr rz(r), (7.7)

where Vlg is the volume enclosed between the substrate and the liquid-gas interface,
the second term in Eq. (7.6) is the volume between the substrate and the circular disc
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determined by the contact line at the particle, and the third term is the volume of that
part of the particle which is immersed in the liquid.

The equilibrium profile z(r), which minimizes F̃ obeys the Young-Laplace equation
in cylindrical coordinates (see, e.g., Ref. Langbein (2002)):

1

r

d

dr

rż√
1 + ż2

= −λ (7.8)

The boundary conditions are determined by Young’s law at the particle and at the
substrate (which follow from the condition of vanishing of the variation of F̃ at the
boundaries),

ψ(r = sin β) = β − θp, (7.9)

ψ(r = rm) = θ0, (7.10)

where ψ = ψ(r) is the angle between the r-axis and the tangent of the profile z(r) (see
Fig. 7.1(b)) defined by

sinψ(r) := − ż√
1 + ż2

. (7.11)

The first integral of Eq. (7.8) reads

ż√
1 + ż2

≡ − sinψ(r) = −λr
2

+
c

r
, (7.12)

where c is an integration constant. When evaluated at the boundaries and using Eqs.
(7.9) and (7.10) this leads to the following set of equations:

− sin(β − θp) = −λ sin β

2
+

c

sin β
, (7.13)

− sin θ0 = −λrm

2
+

c

rm

. (7.14)

Solving with respect to λ and c one obtains

λ =
2[rm sin θ0 − sin β sin(β − θp)]

r2
m − sin2 β

= λ(rm, β), (7.15)

c = −r
2
m sin β sin(β − θp) − rm sin θ0 sin2 β

r2
m − sin2 β

= c(rm, β). (7.16)

7.1.2 Interface profile, surface area and volume

The equilibrium profile z(r) is obtained by solving Eq. (7.12) for ż and by subsequently
integrating:

z(r) = −1

λ

∫ rm

sinβ

dr
λr2 − 2c√

(r2 − r2
1)(r2

0 − r2)
=

= −r0
[
E(φ, q) −E(φ2, q)

]
+

2c

λr0

[
F (φ, q) − F (φ2, q)

]
. (7.17)
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where F (φ, q) and E(φ, q) are the incomplete elliptic integrals of the first and second
kind, respectively (see, e.g., Prudnikov et al. 1986b). The integral in Eq. (7.5) can be
evaluated as

Slg =
4π

|λ|
∫ rm

sin β

dr
r2√

(r2 − r2
1)(r2

0 − r2)
=

= 4π
r0
|λ|
(
E(q) − E(φ1, q) − E(φ2, q) +

1

r0 sin β

√
(r2

0 − sin2 β)(sin2 β − r2
1)

)
. (7.18)

The expression in Eq. (7.7) can be evaluated by integrating by parts, which leads to

Vlg =
π

λ

∫ rm

sinβ

dr
λr4 − 2cr2√

(r2 − r2
1)(r2

0 − r2)
− π(sin2 β)z(r = sin β) =

= πr0

(
κ
[
E(q) −E(φ1, q) − E(φ2, q)

]− r2
1

3

[
K(q) − F (φ1, q) − F (φ2, q)

]

+

[
sin β

3
+

κ

sin β

]√
(r2

0 − sin2 β)(sin2 β − r2
1) − rm

3

√
(r2

0 − r2
m)(r2

m − r2
1)

)

− π(sin2 β)z(r = sin β). (7.19)

where in Eqs. (7.18) and (7.19) K(q) and E(q) are the complete elliptic integrals of
the first and second kind, respectively. Moreover, one has

κ =
2c

3λ
+

8

3λ2
, (7.20)

q =

√
1 − r2

1

r2
0

, (7.21)

sinφ1 =
r0

sin β

√
sin2 β − r2

1

r2
0 − r2

1

, (7.22)

and

sin φ2 =

√
r2
0 − r2

m

r2
0 − r2

1

. (7.23)

The shape of the droplet is always a section of a nodoid or an unduloid (Langbein
2002) characterized by a maximal and a minimal radius r0 and r1 (see Fig. 7.1(b)),
respectively, which are two distinct solutions of the equation ż(r) = −∞ and are given
by

r0 =
1

λ

(√
1 + 2λc+ 1

)
, (7.24)

r1 =
1

λ

(√
1 + 2λc− 1

)
. (7.25)
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So far the interface profile (Eq. (7.17)) and the free energy (Eqs. (7.1)-(7.4) and
(7.18)) are determined in terms of the independent variables rm and β (through Eqs.
(7.15), (7.16) and (7.20)-(7.25)). One can replace them by the physically more directly
accessible variables h and Vl. To this end we note that the vertical displacement h of
the particle is determined by (see Fig. 7.1(b))

z0 + h = z(r = sin β) − cosβ, (7.26)

where z0 = z0(θ0, θp, R0) is the height of the particle center above the substrate in the
reference configuration with the droplet shape given by the cap of a sphere (see, c.f.,
Eq. (7.33) and Fig. 7.2). This renders the set of equations

h = h(rm, β, Vl), (7.27)

Vl = V (rm, β), (7.28)

where h(rm, β, Vl) is given by Eq. (7.26) (with the dependence on rm entering via z(r))
and V (rm, β) is defined (suppressing the explicit dependence on θ0 and θp) via Eqs.
(7.6) and (7.19) together with (7.15), (7.16) and (7.20)-(7.25). Equations (7.27) and
(7.28) provide implicitly the maximal radius rm and the angle β as functions of Vl and
h.

Finally, with keeping in mind that here all length scales are measured in units of
a, the constant liquid volume Vl can be expressed in terms of the materials parameters
θ0 and θp as well as the drop size R0. As one can infer from the geometrical features
shown in Fig. 7.2, Vl is given by

Vl(R0, θ0, θp) =
4π

3

([
f0(θ0) − f0(β0 − θp)

]
R3

0 − f0(π − β0)
)

(7.29)

with

sin β0 = R0 sin(β0 − θp) (7.30)

so that

β0(R0, θp) = arcsin
(
(R0 sin θp)/(R2

0 − 2R0 cos θp + 1)1/2
)
, (7.31)

and where the function f0(θ0) expresses the volume of a unit spherical cap characterized
by the polar angle θ0 as a fraction of the volume 4π/3 of a unit sphere:

f0(x) := (2 + cosx) sin4(x/2). (7.32)

Additionally, since the presence of the particle does not change the contact angle θ0,
the liquid volume Vl can be expressed in terms of the size R̄0 = [3Vl/(4πf0(θ0))]1/3 of
the droplet without the particle. The vertical position z0 of the particle in the reference
configuration can be expressed as

z0(R0, θ0, θp) = R0 cos(β0 − θp) − R0 cos θ0 − cosβ0. (7.33)
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R0

a

β0

β0

θp

θ0

θ0

δ

δz0

CL

Figure 7.2: Sketch of the reference configuration. The angle β0 can be found by
comparing two expressions for the radius of the contact line at the particle, namely
a sin β0 = R0 sin δ, where δ can be found equal β0 − θp (which then yields Eq. (7.30)).
In calculating the volume Vl of the liquid one must subtract from the volume of the
spherical cap of radius R0 the volume of the immersed part of the particle (beneath
the contact line CL) and additionally the small spherical cap indicated in the picture
as a hatched region (see Eq. (7.29)).

7.1.3 Free energy and mean-force

The sets of equations (7.27) - (7.33) (which must be solved numerically) implicitly yield
β = β(h,R0) and rm = rm(h,R0), which can be substituted into the expressions for the
surface areas in Eqs. (7.3), (7.4), and (7.18). Finally, the free energy functional F̃ given
as a combination of these areas (Eq. (7.2)) yields the free energy F̃A0(h, θ0, θp, R0).

The results of the calculations for θ0 = π/3, θp = π/2, and Vl = 79 × (4π/3) are
presented in Fig. 7.3(a) (for the results concerning the droplet shape see Fig. 7.9 in
Sec. 7.5). One can distinguish seven branches of the free energy both for h < 0 and
for h > 0. Branch 1 corresponds to the globally stable, full analytic solution of the
Young-Laplace equation. Branch 2 is the free energy under the constraint that the
droplet keeps the shape of a spherical cap, which is the equilibrium configuration for
h = 0. For h �= 0 this constraint induces θp to deviate from its value π/2. Lifting this
constraint lowers the free energy towards the globally stable branch 1, on which θp has
its fixed value π/2. For h/a > 0.93 and h/a < −1.04 the particle detaches from the
interface if one keeps the droplet shape to be a spherical cap (3, 4). On branch 3 (4)
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Figure 7.3: The surface free energy F̃A0(h) (a) for axially symmetric configurations
(α = 0) with θ0 = π/3, θp = π/2, and Vl = 794π

3
a3 and the total mean force f̃(h) =

−dF̃A0/dh (b), see Eq. (7.34), as functions of immersion h. For h > 0 and h < 0 one
can distinguish 7 branches (see main text). For reasons of clarity only the branches for
h > 0 have been tagged in the plot. The various line codes in (a) and (b) correspond
to each other. In (b) the straight long-dashed line indicates the slope of the analytic
solution at h = 0.

this detached configuration is metastable (globally stable). The extension of branch
1 beyond the horizontal branches 3 and 4 is metastable on branch 5 up to the filled
square, which indicates an inflection point. Beyond that point branch 6 is unstable
(F̃ (h) is convex). Branch 7 is an extension of branch 2 which is metastable with respect
to detachment, i. e., branches 3 and 4. Branches 6 and 7 merge at the point at which
the unstable solution along branch 6 ceases to exist. The equilibrium configurations
are given by the branches 1 and 4.

We note that in the above discussion “stability” of the branches of F̃ (h) should
be understood as follows: the stable and the metastable branches are convex; the
stable branch has a lower energy than the metastable branch; the unstable branch is
concave. On the other hand the stability of configurations of the particle refers to
the situations in the presence of an external force f fixing the position of the particle
at a given height h. In such a case the particle experiences an effective potential
F̃ (h) − fh, whose global or local (non-global) minima correspond to the equilibrium
stable or metastable configurations, respectively (see Sec. 3.3). The external force f
must counterbalance the mean-force f̃ , which might be expressed as

f̃(h) = −dF̃A0

dh
. (7.34)

Physically, the force f̃ has two components. The first one is the capillary force acting on
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Figure 7.4: Contributions to the free energy F̃A0(h) (solid line) defined in Eqs. (7.1)-
(7.2) for the same set of parameters as in Fig.7.3: the dotted line represents the con-
tribution numerically equal to the change in the free energy for a particle at a flat
undeformable interface (Eq. (2.39)) equal to −π sin2 β; the dashed line represents the
contribution − cos θ0(S0l − S0l,ref) from the solid-liquid interface; the dash-dotted line
stands for the remaining contribution, i.e., Slg − Slg,ref + π sin2 β.

the contact line at the particle, which is given by the same expression as in the case of a
flat interface (Eq. 3.16). The second component stems from the non-vanishing internal
pressure of the droplet, which for an almost spherical interface is approximately equal
to the Laplace pressure 2/R0 (and is given exactly by the Lagrange multiplier λ in Eq.
(7.15)), resulting in a force of magnitude approximately 2π sin2 β/R0 directed upwards,
which is of the order O(1/R0) relative to the capillary force and therefore it can be
neglected for large droplets. However, for medium-sized droplets, due to the curvature
of the interface, this force leads to asymmetry of f̃(h) with respect to h = 0 (see fig.
7.3(b)). Furthermore, for the same reason, unlike in the case of a flat interface, the
inflection points of F̃A0(h), for θp = π/2, does not correspond exactly to β = π ± π/4
(see Fig. 7.3(b)). From Fig. 7.3(b) one can also infer that f̃(h) is strongly non-linear,
particularly at the metastable branches. However, the non-linearity sets in already
at the stable branch for f̃ � 2 and for f̃ � −1. Thus, for f � −2 and f � 1 one
could expect departures from the linear perturbation theory exploited in the following
Section.

Finally, we note that the contributions to the total free energy coming from the
liquid-gas and the liquid-substrate interfaces are both of the same order of magnitude
(see Fig. 7.4) and both exhibit the aforementioned asymmetry with respect to h = 0.
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7.2 Configurations without axial symmetry
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θc(φ)
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x

y
z

θp

φ

f

r1,ref + her

(b)

Figure 7.5: Sketch of the system (see main text); (a) reference configuration; (b) defor-
mation due to an external force f = fer for a free contact line at the substrate. In this
case the contact angle at the substrate equals θ0 along the contact line. The direction
of the x-axis is chosen such that the center of the particle at r1,ref + her (with h = 0
in (a)) lies in the xz plane. In the case of a pinned contact line at the substrate (not
shown), for f �= 0 and α �= 0 the contact angle at the substrate varies along the contact
line (i.e., it is a function of φ). The contact line at the particle is free, which means a
constant contact angle equal to θp.

In this Section we study free energy of the system for configurations without axial
symmetry, with the position of the particle determined by polar angle α. Our goal is
to determine the equilibrium configuration for which the free energy as a function of α
has a minimum.

In polar coordinates, the position of the particle can be described by the radial
displacement h and the polar angle α (see Fig. 7.5). It can be shown (Kralchevsky
& Nagayama 2001) that in the absence of external forces the particle adjusts its im-
mersion, independently of its lateral position at the droplet, according to Young’s law,
such that the droplet remains an undeformed spherical cap. The configuration with
the particle at the unperturbed droplet will be called the reference configuration (see
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Fig. 7.5), for which we set h = 0 (the reference configuration for the particle at the
apex of the droplet introduced in Sec. 7.1 represents a special case for α = 0). As a
consequence of the spherical shape of the droplet the corresponding free energy does
not depend on the polar angle α.

7.2.1 Free energy functional

If an external force f acts on the particle in radial direction, the interface deforms
such that the capillary force counterbalances the external force. The corresponding
equilibrium shape of the droplet minimizes the following free energy functional:

F [{r(Ω)}, h, α; f, {γab}, a, Vl, λ] =

= γ(Slg − Slg,ref) − γ cos θ0(S0l − S0l,ref) − γ cos θp(Spl − Spl,ref)

− fh− λ(V − Vl), (7.35)

where {r(Ω)} denotes the configuration of the interface in terms of spherical coordi-
nates Ω = (θ, φ) on the unit sphere.

The condition of mechanical equilibrium of the droplet in the presence of an external
force requires a mechanism fixing the overall lateral position of the droplet on the
substrate. The substrate provides a counterbalancing force in the vertical direction,
but not in the lateral direction, and therefore the droplet would start to move under
the action of the external force. There is motionless equilibrium only if either a body-
force fixes the center of mass of the droplet or, alternatively, the contact line at the
substrate is pinned. These two different conditions for mechanical equilibrium impose
distinct additional constraints onto the equilibrium shape of the droplet and thus onto
the minimization of the free energy functional in Eq. (7.35). We shall use an index
σ in order to distinguish between the cases of a free (σ = A) or a pinned (σ = B)
contact line, respectively. In the limit of small deformations the forthcoming detailed
analysis will reveal that those two cases correspond to Robin and Dirichlet boundary
conditions, respectively.

A fixed lateral position xCM of the center of mass (CM) can be achieved by adding a
term −fCM(xCM−xCM,ref ) to the free energy functional F , where xCM,ref is determined
by the reference configuration and −fCM is a Lagrange multiplier. Choosing the minus
sign in the prefactor −fCM will enable us to identify fCM with the force acting at
the center of mass and fixing it. We introduce the free energy F �

A as a constrained
minimum of F , with α kept constant and with a fixed center of mass:

F �
A(α; f, θ0, θp, a, R0, λ, fCM) = min

{r(Ω)},h

[F − fCM(xCM − xCM,ref)
]
, (7.36)

where R0 = R0(θ0, θp, a, Vl) is the radius of the droplet in the reference configuration.
In the following, if not indicated otherwise, we shall suppress the explicit dependence on
the set {f, θ0, θp, a, R0} of independent system parameters. The Lagrange multipliers
λ and fCM can be determined as functions of these independent system parameters
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from the conditions

V (α;λ, fCM) = Vl, (7.37)

xCM (α;λ, fCM) = xCM,ref . (7.38)

This renders λ = λ(α; f, θ0, θp, a, R0) and fCM(α; f, θ0, θp, a, R0) which upon insertion
into F �

A(α; f, θ0, θp, a, R0, λ, fCM) yields FA(α; f, θ0, θp, a, R0).
On the other hand, the condition of a pinned contact line imposes only a geometric

constraint onto the minimization of the free energy, which we symbolically indicate as

F �
B(α) = min

{r(Ω)},h
′ F , (7.39)

where min′ indicates minimizing only over those configurations for which the contact
line at the substrate lies at a circle corresponding to the one of the reference configu-
ration (Fig. 7.5(a)). Inserting λ and fCM from Eqs. (7.37) and (7.38) into F �

B yields
FB(α; f, θ0, θp, a, R0).

In both cases one can split the free energy into two parts:

Fσ(α) = Fσ0 + ΔFσ(α), (7.40)

where σ = A,B. Fσ0 := Fσ(α = 0) is the free energy of the droplet with the adsorbed
particle in the axially symmetric position α = 0 and ΔFσ := Fσ −Fσ0 is the excess free
energy depending on the angular deviation of the particle position from the symmetry
axis. The latter quantity will be the main focus of the following analysis.

Finally, we note that the free energy FA0(f) for α = 0, as defined in Eq. (7.40), can
be expressed as the Legendre transform of the free energy F̃A0(h) introduced in Sec.
7.1, i.e., FA0(f) = minh{F̃A0(h) − fh}.

7.2.2 Parameterization in terms of spherical coordinates and
effective description of the particle

If without a particle the original fluid interface is flat, the capillary deformation of the
interface around an added particle can be described in terms of capillary multipoles,
uniquely determined by the deformation of the fluid interface outside the particle (see
Eq. (5.19)). Effectively, the interface with a particle can be replaced by the interface
without the particle, but with an infinite set of point-multipoles, all centered at a single
point inside the region originally occupied by the particle (Domı́nguez 2010b). In the
following analysis we apply a similar approach for the case of a spherical interface. The
subsequent comparison with full numerical results will show that in the model studied
here the effect of the particle onto the interface can be very well approximated by a
capillary monopole. Nevertheless, in the case of a curved interface, we do not claim that
there exists an equivalent set of point-multipoles positioned at a single point, analogous
to the case of a flat interface, which is determined uniquely by the deformation of the
interface outside the particle. Actually, in general, owing to the volume constraint, this
might not be the case (Domı́nguez 2010a). Instead, we assume that the particle can
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be replaced by a set of capillary charges distributed over the additional virtual piece
of liquid-gas interface inside the particle. We introduce a pressure field Π(Ω) defined
at the virtual piece of the interface described by the solid angle ΔΩ. (In the reference
configuration, this piece of interface, defined at ΔΩref , together with the remaining
part of the interface, forms a perfect cap of a sphere.) Within this approach the
contact line at the particle surface is virtual and enters only through Π(Ω); therefore,
in the following, we shall use the notion ”contact line” exclusively for the contact line
at the substrate. In polar coordinates, one can express the free energy functional in
Eq. (7.35) as a functional of the radial deformation u(Ω) = r(Ω) −R0:

F [{u(Ω)}] = γ

∫
Ωc

dΩ
[
s(u,∇au) − R2

0

]
+ γR2

0

(∫
Ωc\Ω0

dΩ −
∫

Ω0\Ωc

dΩ

)

− γ cos θ0
2

∫ 2π

0

dφ
[
(R0 + uc(φ))2 sin2 θc(φ) − R2

0 sin2 θ0
]

− 1

3

∫
ΔΩ

dΩ Π(Ω)
[
(R0 + u)3 − R3

0

]
− λ

3

∫
Ωc

dΩ
[
(R0 + u)3 −R3

0

]
+
λ

3

(∫
Ωc\Ω0

dΩ −
∫

Ω0\Ωc

dΩ

)[
(Rs(θ))

3 − R3
0

]− λδV,

(7.41)

where we distinguish two integration domains:

Ω0 = {(θ, φ) ∈ R
2 | φ ∈ [0, 2π) ∧ θ ∈ [0, θ0]}, (7.42)

which corresponds to the reference droplet shape, and Ωc in which the actual droplet
interface u(Ω) is defined:

Ωc = {(θ, φ) ∈ R
2 | φ ∈ [0, 2π) ∧ θ ∈ [0, θc(φ)]}. (7.43)

Ωc differs from Ω0 only by the maximal polar angle θc = θc(φ), which determines the
shape of the contact line. Equivalently, the shape of the contact line is also described
by the deformation uc = uc(φ) ≡ u(θ = θc(φ), φ). In the case of a pinned contact
line one has Ωc = Ω0 and uc = 0, but in the case of a free contact line in general
Ωc �= Ω0. We note that the parameterization in terms of spherical coordinates remains
valid for θ0 > π/2 (in this case the center of the droplet lies above the substrate).
The first two terms on the rhs of Eq. (7.41) emerge from γ[

∫
Ωc
dΩ s− ∫

Ω0
dΩ sref ] with

sref = R2
0 and thus they represent the changes in the surface energy of the liquid-gas

interface. The third term represents the changes in the liquid-substrate surface energy.
The fourth term represents the work done by the external pressure Π(Ω) in displacing
the interface and the last three terms correspond to the volume conservation. The
last but one term corrects the previous one with a liquid volume wedged between the
substrate surface and the surface of the cap of the reference sphere inside the domains
Ωc \ Ω0 and Ω0 \ Ωc (in the former case the reference surface is extended into the
domain Ωc \ Ω0). Accordingly, Rs(θ) = R0 cos θ0/ cos θ expresses the distance between
points on the substrate surface and the origin in terms of spherical coordinates. The
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last term represents a correction δV corresponding to the change of the volume (due
to an interface displacement u) of the virtual liquid domain added inside the particle
(see Fig. 7.6). Comparing the expressions in Eqs. (7.41) and (7.35) yields an implicit
definition of the effective pressure field Π, in the sense that Π(Ω) must be chosen such
that the following equation is fulfilled:

1

3

∫
ΔΩ

dΩ Π(Ω)
[
(R0 + u)3 − R3

0

]
= fh+ γδSpl cos θp + γδSlg, (7.44)

u

R0

h

f

ΔΩ

Π(Ω)en

Figure 7.6: Schematic cross-sectional representation of the virtual piece of the liquid-
gas interface (dashed lines) added inside the particle on which Π(Ω) is defined (en

is a unit vector normal to that interface). The quantity δSlg (see main text) is the
change in the surface area of that piece relative to the reference configuration (u = 0),
whereas δV is the volume change of the corresponding virtual liquid domain inside the
particle (hatched regions). The displacement of the center of the particle is denoted as
h. The radial displacement of the interface relative to the reference configuration (R0)
is denoted as u.

where δSpl = Spl − Spl,ref ; δSlg is the change of the area of the virtual liquid-gas
interface relative to the reference configuration (see Fig. 7.6). Equation (7.44) does
not uniquely determine Π(Ω) but in the limit of small particles, as will be studied in
Subsec. 7.3.4, it provides a condition sufficient for calculating the shape of the droplet.
In the present notation Π has actually the meaning of Πext introduced in Sec. 6.4, but
for simplicity, in the following, we omit the subscript ext.
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The shift of the center of mass is given by

xCM − xCM,ref =
1

Vl

(∫
Ωc

dΩ

∫ R0+u

Rs(θ)

dr −
∫

Ω0

dΩ

∫ R0

Rs(θ)

dr

)
r3 sin θ cos φ − δx

=
1

4Vl

∫
Ωc

dΩ
[
(R0 + u)4 −R4

0

]
sin θ cosφ

− 1

4Vl

(∫
Ωc\Ω0

dΩ −
∫

Ω0\Ωc

dΩ

)[
(Rs(θ))

4 − R4
0

]
sin θ cos φ − δx, (7.45)

where the second term in the final expression represents the contribution to the shift
due to the deformation of the contact line and δx is the contribution to the shift of
the center of mass of the whole droplet due to the shift of the virtual liquid domain
assigned to the inside of the particle. Rs(θ) has the same meaning as in Eq. (7.41).

7.3 Perturbation theory for large droplets

It is the aim of this section to base our analytical approach on a systematic expansion
in terms of a small parameter ε, such that the deformations of the droplet are small,
too. We first note that strongly deformed droplets are usually metastable or unstable
(see Sec. 7.1), so that a necessary condition for the deformations being small is the
stability of the droplet shape. In the case of a spherical droplet this means that the
shift in the internal pressure due to the force f acting on the interface must be much
smaller than the Laplace pressure 2γ/R0. Up to a geometrical factor the shift is of the
order of f/R2

0, so that in order to avoid such instabilities one must have

|f | � γR0, (7.46)

which means that the external force must be much smaller than the maximal capillary
force acting on the contact line at the substrate which is of the order of γR0. On
the other hand the same reasoning applies to the contact line at the particle implying
that the force f should not be stronger than the maximal capillary force acting on the
particle which is of the order of γa. One can argue that even if the deformation of the
interface is large (in a not yet precisely defined sense) near the particle, perturbation
theory could still be valid far away from the particle. Thus, for the perturbation theory
to be valid, instead of f � γa one only needs

|f | � γa. (7.47)

Therefore, it is reasonable to choose

ε =
|f |
γR0

(7.48)

as a small dimensionless parameter, assuming that the condition in Eq. (7.47) is ful-
filled, too. We note that for large droplets, i.e., for

a� R0, (7.49)

the condition ε� 1 is automatically satisfied.
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7.3.1 Systematic expansion, variation, boundary conditions,

and force balance

In the next step, we expand u, λ, Π, fCM , and, for later purposes, h in terms of the
small parameter ε:

u(Ω) = R0

(
εv(Ω) + o(ε)

)
, (7.50)

λ =
γ

R0

(
2 + εμ+ o(ε)

)
, (7.51)

Π(Ω) =
γ

R0

(
επ(Ω) + o(ε)

)
, (7.52)

fCM = γR0

(
εQCM + o(ε)

)
, (7.53)

h = R0

(
εh̃+ o(ε)

)
, (7.54)

where λ has been expanded around the Laplace pressure 2γ/R0 of a spherical droplet;
v, μ, π, QCM , and h̃ are dimensionless.

In the following we shall keep the radius R0 of the droplet fixed and therefore it is
convenient to divide the energy by γR2

0. In zeroth order in ε the droplet is undeformed
(u ≡ 0) and the free energy functional F (0) as defined in Eq. (7.41) equals zero.
Similarly, the free energy F (1) in first order in ε also vanishes, which reflects the fact
that we have chosen the equilibrium configuration as the reference one (in equilibrium,
by definition, perturbations do not give rise to linear contributions to the free energy).
Therefore the leading contribution is of second order in ε and the free energy functional
reads (see Appendix B)

F
γR2

0

= ε2
∫

Ω0

dΩ

[
1

2
(∇av)2 − v2 − (π(Ω) + μ

)
v

]
− ε2

2
cos θ0

∫ 2π

0

dφ (v|θ0)
2 +O(ε3),

(7.55)
where π(Ω /∈ ΔΩ) = 0 and the boundary term (second term) has been obtained by
expanding up to second order in ε those terms in the free energy functional in Eq. (7.41),
which depend on the deformations of the contact line. (For θc(φ) < θ0, the deformation
v(θ) is smoothly extended to θ = θ0, so that in Eq. (7.55) v(θ) is defined within the
whole angular domain Ω0; this is justified because the corresponding difference in the
free energy is of higher order O(ε3).) The variation of F renders

1

γR2
0

(F [v+δv]−F [v]
)

= ε2
∫

Ω0

dΩ [−∇2
av−2v−π(Ω)−μ]δv+ ε2

∫
Ω0

dΩ∇a · (δv∇av)

− ε2 cos θ0

∫ 2π

0

dφ v|θ0δv|θ0 +O((δv)2, ε3), (7.56)

whereas the variation of the additional term responsible for fixing the center of mass
(Eq. (7.45)) yields

−fCM

γR2
0

(xCM − xCM,ref)|v+δv
v = −ε2 3QCM

4πf0(θ0)

∫
Ω0

dΩ δv sin θ cos φ+O((δv)2, ε3), (7.57)
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where we have neglected the second term in Eq. (7.45), which is of the order O(ε2)
and thus in Eq. (7.57) it contributes only to the order O(ε3), and δx which contributes
only to the order O(ε2)×O(a/R0)3. The function f0(θ0) expresses the volume of a unit
spherical cap and it has been defined in Eq. (7.32).

The expressions in Eqs. (7.56) and (7.57) lead to the Euler-Lagrange equation for
a droplet with a fixed center of mass in the form

−(∇2
a + 2)v(Ω) = π(Ω) + πCM(Ω) + μ, (7.58)

where

πCM (Ω) =
3QCM

4πf0(θ0)
sin θ cosφ (7.59)

is an effective pressure fixing the center of mass of the droplet. In the case that the
center of mass is not fixed, the corresponding Euler-Lagrange equation has the same
form as in Eq. (7.58) but with πCM = 0. Applying the divergence theorem (on a unit
sphere) to the second term in Eq. (7.56) gives the boundary contribution

1

γR2
0

(F [v + δv] −F [v]
)

bc
= ε2

∫ 2π

0

dφ (sin θ0∂θv|θ0 − cos θ0v|θ0)δv|θ0, (7.60)

vanishing if δv|θ0 = 0, which corresponds to a pinned contact line (model B). If the
contact line is free (model A) one has δv|θ0 �= 0 and, instead, the expression in brackets
of the integrand in Eq. (7.60) must vanish. These two different conditions correspond
to Dirichlet (B) and Robin (A) boundary conditions, respectively:

A (free) : sin θ0∂θv|θ0 − cos θ0v|θ0 = 0, (7.61)

B (pinned) : v|θ0 = 0. (7.62)

Equation (7.61) is equivalent to the condition that the contact angle is equal to the
Young angle, which can be seen by the following reasoning. In the limit of small
deformations the normal en to the droplet surface in terms of spherical coordinates
can be expressed as en = er − ε∇av + O(ε2), so that the contact angle θ̃(φ) at the
substrate is given by

cos θ̃(φ) = ez · en|θc = cos θc + ε sin θc∂θv|θc +O(ε2) =

= cos θ0 + ε[sin θ0∂θv|θ0 − v|θ0 cos θ0] +O(ε2), (7.63)

where in the third equality we used cos θc = cos θ0(1 − εv|θ0) + O(ε2), which follows
from the analysis of small perturbations of a spherical cap. Thus, from Eqs. (7.61)
and (7.63) we recover Young’s law in the form θ̃(φ) = θ0. We note that whereas the
condition in Eq. (7.62) corresponds to the shape of the droplet at the actual contact
line, because for a pinned contact line θc(φ) = θ0, the condition in Eq. (7.61) does
not apply directly at the contact line ∂Ωc but at the boundary ∂Ω0 of the reference
integration domain. The actual shape of the contact line in this case can be obtained
by a linear extrapolation of the interface profile from θ0 to θc.
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The volume constraint in Eq. (7.37) in first order in ε reads∫
Ω0

dΩ v(Ω) = 0, (7.64)

whereas in Eq. (7.38) the constraint of fixed center of mass, due to Eqs. (7.45) and
(7.59), can be written, up to second order in ε, as∫

Ω0

dΩπCM(Ω)v(Ω) = 0. (7.65)

In Eqs. (7.64) and (7.65) we have neglected contributions from δV (Eq. (7.41)) and δx
(Eq. (7.45)), which are both of the order O(a/R0)

3.
In the following our goal is to express the pressure shift μ and the balance of forces

acting on the droplet in terms of π and θ0. Integrating both sides of Eq. (7.58) over Ω0,
with

∫
Ω0
dΩ = 2π(1 − cos θ0), and applying the divergence theorem and subsequently

the condition of constant volume (Eq. (7.64)) yields

μ = − 1

2π(1 − cos θ0)

[∫
Ω0

dΩπ(Ω) + sin θ0

∫ 2π

0

dφ ∂θv|θ0

]
, (7.66)

where we have used the fact that
∫
Ω0
dΩπCM = 0. Equation (7.66) can be interpreted

as a hydrostatic balance in that the internal pressure (lhs) is equal to the external
pressure exerted by the forces acting at the droplet (rhs), which in particular depend
on the boundary conditions.

The governing equation (7.58) can also be used to derive the force balance on the
droplet. First, multiplying both sides by the radial vector er(Ω) and integrating over
Ω0 we obtain

−
∫

Ω0

dΩ er(Ω)(∇2
a + 2)v =

∫
Ω0

dΩπ(Ω)er(Ω) + QCMex + μπ sin2 θ0ez. (7.67)

The first term on the rhs of Eq. (7.67) represents, up to first order in ε, the total external
force acting on the droplet. The surface integral on the lhs, after integrating by parts,
using the fact that (∇2

a +2)er(Ω) = 0, which follows from the identity (∇2
a +2)Y1m = 0,

and finally applying the divergence theorem can be transformed into a line integral,

−
∫

Ω0

dΩ er(Ω)(∇2
a + 2)v = − sin θ0

∫ 2π

0

dφ (er∂θv − v∂θer)|θ0 . (7.68)

Using ∂θer = eθ and taking the limit a/R0 → 0 Eq. (7.67) can be expressed in terms
of Cartesian coordinates:

x : − sin θ0

∫ 2π

0

dφ cosφ
(

sin θ0∂θv|θ0 − v|θ0 cos θ0
)

=

∫
Ω0

dΩπ(Ω) sin θ cosφ+QCM ,

(7.69)

y : − sin θ0

∫ 2π

0

dφ sin φ
(

sin θ0∂θv|θ0 − v|θ0 cos θ0
)

= 0, (7.70)

z : − sin θ0

∫ 2π

0

dφ
(

cos θ0∂θv|θ0 + v|θ0 sin θ0
)

=

∫
Ω0

dΩπ(Ω) cos θ + μπ sin2 θ0.

(7.71)
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In the case of a free contact line (see Eq. (7.61)) the left hand sides of Eqs. (7.69) and
(7.70) vanish and the force balance in the x-direction reduces to

−QCM =

∫
Ω0

dΩπ(Ω) sin θ cosφ. (7.72)

If π(Ω) corresponds to a pointlike particle (see, c.f., Sec. 7.3.4), so that π(Ω) =
Qδ(Ω,Ω1) = Qδ(θ − θ1)δ(φ − φ1)/ sin θ, where Q = f/|f | and Ω1 = (θ1 = α, φ1 = 0)
is the direction along which the external force pulls (Q = +1) or pushes (Q = −1) the
particle, due to fCM = εγR0QCM = |f |QCM (see Eqs. (7.48) and (7.53)) Eq. (7.72)
leads to fCM = −f sinα. Accordingly, the Lagrange multiplier fCM (Eq. (7.36)) can in-
deed be interpreted as a force counterbalancing the x-component of the external force,
equal to f sinα, and thus fixing the center of mass of the droplet. In the same limiting
case the first term on the rhs of Eq. (7.67) reduces to

∫
Ω0
dΩπ(Ω)er(Ω) = qer(Ω1)

corresponding to the external force on the droplet. In the case of a pinned contact line
and with a free center of mass (i.e., fCM = 0 so that QCM = 0) the force balance in
the x-direction (Eq. (7.69)) reads

− sin2 θ0

∫ 2π

0

dφ cosφ∂θv|θ0 =

∫
Ω0

dΩπ(Ω) sin θ cosφ. (7.73)

Thus, in this case, the x-component of the external force (rhs) is counterbalanced by
the capillary force due to the deformation of the droplet at the contact line (lhs).

For model A the lhs of Eq. (7.70) vanishes due to Eq. (7.61), but it also vanishes for
model B because ∂θv|θ0 and v|θ0 are symmetric and sin φ is antisymmetric with respect
to the xz-plane.

The difference between these two models is that for model A the local contact angle
is the Young angle (see Eqs. (7.63) and (7.61)), which guarantees that each piece of the
contact line is in mechanical equilibrium, whereas in the case of model B this is not the
case and the total capillary force on the contact line counterbalances the x-component
of the external force (Eq. (7.73)).

The boundary condition in Eq. (7.61) allows one to express ∂θv|θ0 in terms of v|θ0.

Inserting this into Eqs. (7.66) and (7.71) renders two equations for μ and
∫ 2π

0
dφ v|θ0,

which can be solved to yield

A : μ = − 1

4πf0(θ0)

∫
Ω0

dΩπ(Ω)(1 − cos θ0 cos θ), (7.74)

B : μ = − 1

π(1 − cos θ0)2

∫
Ω0

dΩπ(Ω)(cos θ − cos θ0). (7.75)

Equation (7.75) follows from inserting the boundary condition in Eq. (7.62) into Eq.

(7.71); this renders
∫ 2π

0
dφ ∂θv|θ0 in terms of μ, which can be inserted into Eq. (7.66)

yielding an equation for μ. In the case of a pointlike particle (see, c.f., Eq. (7.90)), Eqs.
(7.74) and (7.75) reduce to μ = −Q(1 − cos θ0 cosα)/(4πf0(θ0)) and μ = −Q(cosα −
cos θ0)/(π(1−cos θ0)2), respectively, so that due to α < θ0 (see Fig. 7.5(a)), the internal
uniform pressure shift μ has always the sign −Q, i.e., the opposite one to f . This
means that the pressure change counteracts the action of the external force, which can
be interpreted as the realization of Le Chatelier’s principle for this particular system.
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7.3.2 Green’s functions

In this subsection we present a formal solution of Eq. (7.58) by means of Green’s func-
tions Gσ(Ω,Ω′) which are the radial deformations v(Ω) due to a pointlike perturbation
π(Ω) = δ(Ω,Ω′) acting in the direction Ω′ = (θ′, φ′). Accordingly the Green’s functions
fulfill Eq. (7.58) with πCM = 0 for model B, πCM given by Eqs. (7.59) and (7.72) for
model A, and μ given by Eqs. (7.74) and (7.75). Note that Eq. (7.59) corresponds
to the special case that the external force acts in the xz-plane, i.e., φ′ = 0 so that in
the general case cosφ in Eq. (7.59) is replaced by cos(φ − φ′). As a consequence the
Green’s functions fulfill

−(∇2
a + 2)GA(Ω,Ω′) = δ(Ω,Ω′) − 3

4πf0(θ0)
sin θ′ sin θ cos(φ− φ′) − 1 − cos θ0 cos θ′

4πf0(θ0)
(7.76)

for model A and

−(∇2
a + 2)GB(Ω,Ω′) = δ(Ω,Ω′) − cos θ′ − cos θ0

π(1 − cos θ0)2
(7.77)

for model B, where in both cases Ω,Ω′ ∈ Ω0. We note that for arbitrary θ0 the
Green’s functions are not symmetric, i.e., Gσ(Ω,Ω′) �= Gσ(Ω′,Ω). This means that the
deformation at Ω due to a perturbation at Ω′ in general differs from the deformation
at Ω′ due to a perturbation at Ω. This can be understood by the fact that the shift
μ of the internal pressure depends on where the perturbation is applied. The only
exception is the case θ0 = π/2 with a free contact line, for which the Green’s function
GA is fully symmetric. In this case cos θ0 = 0 so that the last term on the rhs of Eq.
(7.76) is a constant, whereas the last but one term is explicitly symmetric.

The deformation of the droplet for an arbitrary pressure field π(Ω) can be expressed
in terms of the Green’s functions:

vσ(Ω) =

∫
Ω0

dΩ′Gσ(Ω,Ω′)π(Ω′). (7.78)

By using Eqs. (7.76) and (7.77) one can check that this expression for vσ fulfills the
Young-Laplace equation (7.58). For π(Ω) = δ(Ω,Ω′) the volume constraint in Eq.
(7.64) yields ∫

Ω0

dΩGσ(Ω,Ω′) = 0, (7.79)

whereas the boundary conditions in Eqs. (7.61) and (7.62) can be expressed as

sin θ0∂θGA(Ω,Ω′)|Ω∈∂Ω0 − cos θ0GA(Ω,Ω′)|Ω∈∂Ω0 = 0, (7.80)

GB(Ω,Ω′)|Ω∈∂Ω0 = 0. (7.81)

7.3.3 Free energy

In this Subsection we derive the expression for the free energy of a sessile droplet in
mechanical equilibrium and subjected to a pressure field π(Ω) (Eq. (7.83)). In terms
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of perturbation theory, the free energy both for model A and model B is given by the
functional in Eq. (7.55) evaluated for v obeying the Young-Laplace equation (7.58)
with πCM = 0 for model B and with the condition in Eq. (7.65) for model A. This
yields

Fσ =
f 2

γ

∫
Ω0

dΩ

[
1

2
∇a

(
v∇av

)− 1

2
v
(∇2

av + 2v
)− (π(Ω) + μ

)
v

]

− f 2

2γ
cos θ0

∫ 2π

0

dφ
(
v|θ0

)2
= −f

2

2γ

∫
Ω0

dΩπ(Ω)v +
f 2

2γ

∫ 2π

0

dφ v|θ0

(
sin θ0∂θv|θ0 − cos θ0v|θ0

)
, (7.82)

where the second equality follows from applying the divergence theorem, Eq. (7.58),
Eq. (7.65), and the constant volume constraint (Eq. (7.64)). The second term in the
last expression vanishes for boundary conditions corresponding to either a free or a
pinned contact line at the substrate (see Eqs. (7.61) and (7.62)). This leads to the free
energy in the form

Fσ = −f
2

2γ

∫
Ω0

dΩπ(Ω)v(Ω) = −f
2

2γ

∫
Ω0

dΩ

∫
Ω0

dΩ′ π(Ω)Gσ(Ω,Ω′)π(Ω′), (7.83)

where for the second equality we have used the general form of the solution given in
Eq. (7.78).

7.3.4 Limit of small particles

Taking the limit a → 0 allows one to provide a relation between the unknown pres-
sure field π and the system parameters introduced in Subsec. 7.2.1. In this context,
Eq. (7.44) provides a constraint on π expressed in terms of an unknown deformation
field, encoded by the quantities h, δSpl, and δSlg. However, this equation simplifies
considerably in the limit of small particles. In order to see this, we consider Eqs. (7.76)
and (7.77) in the limit Ω → Ω′, i.e., when the spherical reference interface becomes
locally flat in the neighborhood of Ω and Ω′. First, we rotate the coordinate frame
such that the z-axis points in an arbitrarily chosen direction in the neighborhood of Ω
and Ω′ (in the following we refer to this new axis as z̃-axis). Next, we project Ω and Ω′

along the z̃-axis onto the plane tangent to the reference spherical interface at the point
of intersection of this interface with the z̃-axis. The mapping (θ̃, φ̃) �→ (ρ̃, φ̃), where
(θ̃, φ̃) denote the spherical coordinates associated with the z̃-axis and (ρ̃, φ̃) are polar
coordinates in the tangent plane, is given by

ρ̃ = R0 sin θ̃. (7.84)

For simplicity of the notation we skip the tilde so that (ρ̃, φ̃) ≡ (ρ, φ). According to the
detailed analysis performed in Appendix C, Eqs. (7.76) and (7.77) can be rewritten in
terms of the new coordinates in the form of a single equation:

−(R2
0 ∇2

‖ + 2 − ∂ρ ρ
2 ∂ρ)Gσ(x,x′) = R0

√
R2

0 − ρ2 δ(x − x′) + Δσ(x,x′), (7.85)
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where ∇2
‖ is the Laplace operator on the tangent plane andGσ(x,x′) := Gσ(Ω(x),Ω′(x′));

the function Δσ(x,x′) := Δσ(Ω(x),Ω′(x′)) denotes all the regular non-homogeneous
terms on the right hand sides of Eqs. (7.76) and (7.77). Applying the limit R0 → ∞
to Eq. (7.85) leads to the usual two-dimensional Green’s equation

−∇2
‖Gσ(x,x′) = δ(x − x′), (7.86)

with the solution Gσ(x,x′) ≡ G(x,x′) = G(|x − x′|) = −(1/2π) ln(|x − x′|/R0)
(compare with Eqs. (5.12) and (5.13); here R0 is a natural choice of the large distance
cut-off), which depends neither on σ nor on x′, or equivalently Ω′, i.e., on where on
the droplet the perturbation is applied.

Now, it is clear that the deformation vσ diverges logarithmically in the neighborhood
of a pointlike perturbation at Ω′ independently of the boundary conditions far away
from Ω′. By taking π(Ω) = δ(Ω,Ω′) in Eq. (7.78) one obtains

vσ(Ω) = Gσ(Ω,Ω′) −−−→
Ω→Ω′

− 1

2π
ln(θ̄). (7.87)

where θ̄ is the angle between the unit vectors pointing into the directions Ω and Ω′.
Thus, with the radius a of the particle acting as a natural cutoff, the dimensionless
displacement h̃ of the particle (see Eq. (7.54)) in the leading order in a/R0 reads

h̃ =
Q

2π
ln

(
R0

a

)
+O(a/R0), (7.88)

where Q = f/|f | = sgn(f). Accordingly Eq. (7.44) in leading order in ε can be written
as (see Eqs. (7.50), (7.52), (7.54), and (7.48))∫

Ω0

dΩπ(Ω)v(Ω) =
1

2π
ln

(
R0

a

)
+O(1). (7.89)

The correction term in Eq. (7.89), which stems from the last two terms on the rhs of
Eq. (7.44), is proportional to γ2a2/f 2 which, in agreement with Eq. (7.47), is of order
1 relative to the leading term which diverges ∼ ln(R0/a). Moreover, assuming that the
virtual piece of the interface defined at ΔΩ is bounded to lie inside the particle, one
has u(Ω)|ΔΩ = h+O(a/R0) (see Fig. 7.6) so that v(Ω)|ΔΩ = h̃+O(a/R0). According
to Eqs. (7.88) and (7.89) this leads to∫

Ω0

dΩπ(Ω) = Q+O(1/ ln(R0/a)). (7.90)

Equations (7.89) and (7.90) are satisfied by π(Ω) = Qδ(Ω,Ω1) with Ω1 = (θ = α, φ =
0) (see Fig. 7.5). Thus, in leading order in a/R0 the integrated amplitude of the effective
pressure is independent of the particle radius a. In this limit the droplet radius R0 is
the only remaining length scale.

In Eq. (7.83) it is useful to consider the singular contribution toGσ(Ω,Ω′) separately
by writing Gσ = G+Gσ,reg, such that the regular part Gσ,reg = Gσ−G does not diverge
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for Ω → Ω′. (As described in the subsequent section in special cases G can be identified
as Green’s function for a free droplet (see, c.f., Eq. (6.31)).)

With π(Ω) = Qδ(Ω,Ω1) this leads to the following expressions for the free energy:

Fσ0 = −f
2

2γ

[
G(θ̄ = a/R0) +Gσ,reg(0, 0) +O(1)

]
(7.91)

and

ΔFσ = −f
2

2γ

[
Gσ,reg(Ω1,Ω1) −Gσ,reg(0, 0) +O(a/R0)

]
. (7.92)

where G(Ω1,Ω1) for Ω1 = 0 (the apex position) has been regularized as G(θ̄ = a/R0).
The leading term of the free energy Fσ0 stems from the singular part of the kernel and
thus, in analogy to electrostatics, it can be interpreted as a self-energy of the particle.
However, unlike the self-energy of a point-charge in electrostatics, this quantity does
not diverge because the singularity is suppressed by the prefactor f 2 (Eq. (7.91)) the
upper bound of which, as already noted, is proportional to γ2a2 (Eq. (7.47)). Thus for
a → 0 with f/(γa) kept constant the self-energy Fσ0 vanishes as a2 ln(R0/a). In the
following section we shall rather focus on the remaining part of the free energy ΔFσ

which determines the angular free energy landscape of the particle.
Comparing the first equality in Eq. (7.83) with Eq. (7.89) one can see that a cor-

rection of order O(1) due to the surface energy of the particle (see Eq. (7.44)) also
contributes to the free energy Fσ. As indicated in Eqs. (7.91) and (7.92), in γFσ0/f

2

this correction contributes to the order O(1) but in γΔFσ/f
2 it contributes only to the

order O(a/R0) or higher. This is the case because the changes of the surface energy of
the particle with respect to α occur only due to the presence of the substrate (the free
energy involving a free droplet would not depend on α) which is located at a distance
O(R0) from the particle and thus gives rise to the above factor O(a/R0).

7.4 Method of images for θ0 = π/2

For the special case θ0 = π/2 one can construct the Green’s functions Gσ by using
the method of images. First, in the reference configuration, the substrate is replaced
by a virtual mirror image (with respect to the surface plane of the substrate) of the
actual reference droplet. We obtain a full and free sphere composed of the actual
upper hemisphere and the virtual lower hemisphere. Next, the deformation of the
actual droplet subjected to a pointlike force can be constructed as the upper part of
the full droplet subjected to this pointlike force plus additional virtual pointlike forces,
subsequently called images, placed at the virtual lower hemisphere. The distribution
of these images has to be chosen such that the following conditions are satisfied:

(i) the shape of the droplet, given at a direction Ω by Gσ(Ω,Ω′), obeys the boundary
conditions in Eqs. (7.80) or (7.81), depending on the model;

(ii) the volume of the actual sessile droplet is conserved (Eq. (7.79));
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(iii) the total force on the full droplet vanishes in the case of a pinned contact line;
in the case of a free contact line the force balance is automatically satisfied by
fixing the center of mass.

Condition (iii) represents a sufficient condition for mechanical equilibrium of the
sessile droplet, because it implies that every piece of the full spherical interface is in
equilibrium. In fact, conditions (ii) and (iii) are automatically satisfied for the Green’s
functions which obey Eqs. (7.76) and (7.77), because those equations have been actually
obtained under the conditions of force balance and volume constraint. However, the
physical assumptions as formulated in (ii) and (iii) can provide a guide for finding the
distribution of images. The boundary condition expressed in (i) has to be imposed
separately.

According to the above reasoning, the Green’s functions for θ0 = π/2 can be written
in the following general form:

Gσ(Ω,Ω′) = G(Ω,Ω′) +
∑

i

QσiG(Ω,Ωσi) +Gσ,corr(Ω,Ω
′), (7.93)

where G(Ω,Ω′) = G(Ω′,Ω) (see, c.f., Eq. (6.31)) is the Green’s function for a free
droplet (Eq. (6.31)). Both the amplitudes Qσi and the directions Ωσi of the images, as
well as a possible correction Gσ,corr must be chosen such that the conditions (i) − (iii)
and the Green’s equations (7.76) and (7.77) are satisfied.

As we shall show in the following subsections, in the case θ0 = π/2 the method of
images can be applied successfully because the reflection at the surface plane of the
substrate provides a smooth interface between the actual and virtual droplets. In the
case θ0 �= π/2 the interface has a non-physical cusp and the method cannot be applied
directly. However, we cannot rule out the possibility that there is a modification of the
method which can be used successfully also for θ0 �= π/2 (for the case α = 0 see Sec.
7.5).

7.4.1 Free contact line

In the case of a free contact line a sessile droplet would move along the substrate
if exposed to a non-vanishing lateral component of the external force applied to the
particle. Therefore, in order to achieve a motion-free equilibrium, for example the
lateral position of the center of mass has to be fixed. Physically, this compensation
can be achieved by applying a body force to the droplet. Fixing the center of mass is
to a certain extent artificial, but provides the simplest model for a free contact line.

For θ0 = π/2 the boundary condition in Eq. (7.80) takes the simple form

∂θGA(Ω,Ω′)|Ω∈∂Ω0 = 0, (7.94)

which can be identified with the Neumann boundary condition. Equation (7.94) and

the volume constraint
∫ 2π

0
dφ
∫ π/2

0
dθ sin θ GA(Ω,Ω′) = 0 can be satisfied by the Green’s

function given in Eq. (7.93) with QA1 = 1 and ΩA1 = ẐΩ′ where Ẑ means the reflection
with respect to the plane z = 0 (see Fig. 7.7):

GA(Ω,Ω′) = G(Ω,Ω′) +G(Ω, ẐΩ′). (7.95)
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−f sinα

−f sinα
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z

Figure 7.7: In the case of a free contact line the total drop, being the union of the actual
(upper full line) and virtual (lower dashed line) drop, is pulled by f in the upper part
and by its mirror image in the lower part, which corresponds to the Green’s function in
Eq. (7.95) (with Ω′ = Ω1 = (θ′ = α, φ′ = 0)). The lateral force of magnitude −f sinα
fixes the center of mass (×) of each hemisphere separately.

If the total drop (union of the actual and of the virtual drop) is exposed to two point
forces π(Ω) = δ(Ω,Ω′) + δ(Ω, ẐΩ′) its resulting shape, given by Eqs. (7.78) and (7.95),
renders the shape of the actual droplet for z > 0. For this ansatz, with G(Ω,Ω′) given
by Eq. (6.31), it can be checked that ∂θGA vanishes at the contact line. The correction
term GA,corr vanishes, because the contributions to the volume stemming from the two
terms in Eq. (7.95) cancel each other, so that the volume constraint is fulfilled for
GA,corr ≡ 0. As can be seen in Fig. 7.7 the total lateral force due to the pointlike
forces at the interface do not vanish. Instead, the force balance is restored by fixing
the center of mass (this constraint enters via the second term on the rhs of Eq. (7.76)),
i.e., by applying a counterbalancing force of strength −2 sin θ′ to the center of mass of
the full drop in the lateral direction determined by the angle φ′ (which means applying
forces − sin θ′ both to the actual and the virtual drop, see Fig. 7.7 with f = 1, α = θ′

and φ′ = 0). Finally, by using Eq. (6.31) one can check explicitly that GA as given by
Eq. (7.95) satisfies Green’s equation (7.76) for θ0 = π/2.

7.4.2 Pinned contact line

In this subsection we consider the case that the contact line is pinned at the circle
corresponding to the reference configuration. One can propose that this pinning can
be accomplished by substrate heterogeneities; but this requires a dedicated design in
order to maintain the circular shape of the contact line. This model has the virtue that
in contrast to the previous one the balance of forces is automatically satisfied without
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fixing the center of mass.

f

−f

2f cosα

α

x

z

Figure 7.8: Distribution of images in the case of a pinned contact line, corresponding
to the Green’s function GB in Eq. (7.97) (with Ω′ = Ω1 = (θ′ = α, φ′ = 0)). The
correction GB,corr (Eq. (7.96)) does not give rise to any forces. The center of mass is
free.

By choosing QB1 = −1 positioned at ΩB1 = ẐΩ′ the boundary condition in Eq.
(7.81) is automatically satisfied. However, the corresponding pressure field for pointlike
forces placed at Ω′ and at ẐΩ′, which corresponds to π(Ω) = δ(Ω,Ω′) − δ(Ω, ẐΩ′),
leads to a non-vanishing net force acting on the droplet as a whole, which is directed
vertically and is equal to 2 cos θ′ (see Fig. 7.8). In order to restore the force balance
(without fixing the center of mass) we place a second image QB2 = 2 cos θ′ at the
bottom (”south pole”, θ = π) of the virtual droplet, so that ΩB2 = Ωπ (see Fig. 7.8
with f = 1 and α = θ′). However, this second image contributes to a deformation at
θ = θ0 = π/2, which violates the boundary condition in Eq. (7.81). This additional
contribution, which is equal to 2(cos θ′)G(Ω = (θ = π/2, φ),Ωπ) =: −I(θ′) and thus
depends neither on Ω nor on φ′, has to be subtracted from the Green’s function in order
to uphold Eq. (7.81). Finally, the volume constraint is fulfilled by adding a second
term H(Ω′) cos θ, which corresponds to a rigid vertical translation of the droplet and
to an effective pressure −(∇2

a + 2)H(Ω′) cos θ = −H(Ω′)(∇2
a + 2) cos θ which vanishes

independently of H(Ω′). Thus, this term does not contribute to the net force on the
droplet. Moreover, it vanishes for θ = π/2, i.e., at the contact line, so that it does not
violate the boundary condition in Eq. (7.81). Accordingly, we are led to the following
ansatz for the correction term:

GB,corr(Ω,Ω
′) = H(Ω′) cos θ + I(θ′), (7.96)
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so that the ansatz for the total Green’s function is

GB(Ω,Ω′) = G(Ω,Ω′) −G(Ω, ẐΩ′) + 2G(Ω,Ωπ) cos θ′ +H(Ω′) cos θ + I(θ′). (7.97)

Inserting the above expression for GB into the boundary condition in Eq. (7.81) renders
(see Appendix D)

I(x) =
cosx

4π
. (7.98)

The volume constraint in Eq. (7.79) provides an expression for H(Ω′) = H(θ′) (see
Appendix D):

H(x) =
1

2π

[
cosx ln

(
1 + cos x

2

)
− cosx

]
. (7.99)

Finally, by using Eq. (7.98), it can be checked explicitly that GB as given by Eq. (7.97)
satisfies the Green’s equation (7.77) for θ0 = π/2; the contribution to Eq. (7.77) due
to H(Ω′) (see Eq. (7.97)) vanishes because (∇2

a + 2) cos θ = 0.

7.4.3 Free energy

As discussed in Subsec. 7.3.4 the excess free energy ΔFσ is well-defined even in the
limiting case that π(Ω) is of the form π(Ω) = Qδ(Ω,Ω1). In this case and for θ0 = π/2
one obtains the closed expression (Eqs. (7.92), (7.95) and (7.97))

ΔFσ(α) = −f
2

2γ
[gσ(α) − gσ(0)], (7.100)

where the functions gA and gB are both regular at α = 0 and given explicitly by

gA(α) = G(θ̄ = π − 2α) (7.101)

and

gB(α) = −G(θ̄ = π − 2α) + 2G(θ̄ = π − α) cosα +H(α) cosα + I(α), (7.102)

with G(θ̄) given by Eq. (6.31); the functions I(α) and H(α) are given by Eqs. (7.98)
and (7.99), respectively.

7.5 Linear theory in the axisymmetric case for ar-

bitrary θ0

A modification of the method of images can be used for arbitrary θ0 if the point force
f = QεγR0 is placed at the apex of the sessile droplet. The virtual reference droplet
(for f = 0) is constructed as a smooth continuation of the actual droplet such that it
completes the full sphere and the image of amplitude f ′ = f is placed at the ”south
pole” θ′ = π. In this configuration forces acting on the union of the real and the virtual
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Figure 7.9: Droplet shapes for θp = π/2 and fixed θ0 = π/3 (model A), calculated
by using the exact solution of the capillary equation (7.8) (black solid lines beneath
the red dashed lines) for β = 3π/4 in (a) and for β = π/4 in (b), and by using the
approximate solutions R0εv0(θ)/a = u(θ)/a (red dashed lines) given by Eqs. (7.103)-
(7.105) for pointlike forces of amplitude f/(γa) = −f̃(h(β = 3π/4))/(γa) = 2.77 and
f/(γa) = −f̃(h(β = π/4))/(γa) = −3.56, respectively (compare Fig. 7.3(b) and Sec.
7.1), with a cut-off at θ = 0.005 and with the remaining set of parameters the same as
in Fig. 7.3. We note the logarithmic divergence of the approximate solutions at θ = 0.
The dotted lines correspond to the particle and the spherical cap shapes of the droplet
in the reference configuration.

parts of the droplet are balanced. We exploit the freedom to add a constant and a
term proportional to cos θ, such that the axially symmetric solution

v0(θ) = Q[G(θ) +G(π − θ) +H0 cos θ + I0] (7.103)

conserves the volume and fulfills the given boundary conditions. Moreover, this solution
fulfills Eq. (7.58) with π(Ω) = Qδ(Ω) and πCM(Ω) = 0 upon choosing I0 = −μ/2 −
1/(4π). The value of μ, given by Eqs. (7.74) and (7.75) for α = 0, depends on the
boundary condition at the substrate.

In order to be able to make a comparison with the nonlinear theory in Sec. 7.1 here
we take the contact line at the substrate to be free. (For the case of a pinned contact
line see Appendix B in Ref. Oettel et al. (2005b).) Using the expression in Eq. (7.74)
for α = 0 yields

I0 =
cos θ0(1 + cos θ0)

4π(2 + cos θ0)(1 − cos θ0)
. (7.104)

Inserting Eqs. (7.103) and (7.104) into the volume constraint
∫ θ0

0
dθ sin θv0(θ) = 0 one

obtains

H0 =
1

2π

[
ln tan(θ0/2) − cos θ0

(2 + cos θ0)(1 − cos θ0)

]
. (7.105)
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Due to I0(θ0 = π/2) = 0 = H0(θ0 = π/2), for θ0 = π/2 the solution in Eq. (7.103)
reduces to

v0(θ; θ0 = π/2) = Q [G(θ) +G(π − θ)] ≡ QGA(Ω,Ω1 = 0), (7.106)

which reproduces the result from Sec. 7.4.1 (Eq. (7.95)) for α = 0. In order to express
the deformation u in the dimension of length the solution in Eq. (7.103) has to be
multiplied by R0ε = |f |/γ, where f = −f̃(h) must be taken from the exact solution.
Particularly, by using the relation h(β) (Eq. (7.26)), one obtains the values f/(γa) =
−3.56 and f/(γa) = 2.77, for β = π/4 and β = 3π/4, respectively, for which the curves
z(r), given implicitly by z(θ) = [R0+u(θ)] cos θ−zsubstr and r(θ) = [R0+u(θ)] sin θ with
u(θ) = R0εv0(θ) and zsubstr = R0 cos θ0, have been plotted in Fig. 7.9. Apparently, even
close to the edge of the stability regime the discrepancies between the perturbation
theory and the exact solution from Sec. two approaches are so small, that they are
practically beyond the resolution of Fig. 7.9 (actually β = π/4 corresponds already to
a metastable configuration, so that it belongs to branch 6 for h < 0 in Fig. 7.3(a)).
We expect them to remain small also for the configurations without axial symmetry
(which will be justified by the numerical results in Chapter 8).

7.6 Pair-potentials for monopoles.

In this Section we consider the case of two particles placed at Ω1 = (α1, 0) and Ω2 =
(α2, β2) and subjected to external radial forces f1 and f2 (f1 ≥ f2). One can perform
similar analysis as in the case of a single monopole by taking ε = |f1|/γR0. The
resulting total pressure field has the form

π(Ω) = Q1δ(Ω − Ω1) +Q2δ(Ω − Ω2). (7.107)

where Qi := fi/|f1| denote the capillary charges of the particles (a more natural choice
for ε could be ε = |f1 + f2|/γR0, but then Qi = fi/|f1 + f2| would be ill defined for
f1 + f2 = 0). The excess free energy can be defined as:

ΔF (2)
σ (α1, α2, β2) := F (2)

σ (α1, α2, β2) − 2Fσ0 (7.108)

where F
(2)
σ is the total free energy of two particles. Using Eq. (7.83) with π(Ω) in the

form in Eq. (7.107) we obtain

ΔF (2)
σ (α1, α2, β2) = ΔFσ(α1) + ΔFσ(α2) + V (α1, α2, β2), (7.109)

where we separated the one-particle contributions ΔFσ, given by Eq. (7.100), from the
effective pair-potential V which reads

V (α1, α2, β2) = −Q1Q2

2
[Gσ(Ω1,Ω2) +Gσ(Ω2,Ω1)]. (7.110)

As indicated, the interaction potential is a function of positions of both particles sep-
arately, and not only a function of their separation. As given by Eq. (7.110), V is
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(a) (b) (c)

(d) (e) (f)

α1 = π/6

α1 = π/3

Figure 7.10: (a)-(f): Contour plots of the excess free energy ΔF
(2)
A (α1, α2, β2) of two

point-forces at a sessile droplet with the contact angle θ0 = π/2 and a free contact line
at the substrate as a function of the angular position α2, β2 of the second particle, for
α1 = π/6 in (a) − (c) and for α1 = π/3 in (d) − (f).

explicitly symmetric with respect to Ω1 and Ω2, such that the asymmetry of Green’s
function Gσ, discussed in Subsec. 7.3.2, does not affect the interaction energy, nor the
total energy in Eq. (7.109).

For point-monopoles the pair-potential V is divergent for Ω1 = Ω2, whereas the one-
particle contributions ΔFσ diverge for Ωi ∈ ∂Ω0. These configurations correspond to
global extrema of the free energy but any quantitative predictions for particles of finite
size would require a precise numerical calculation of the droplet shape for close-contact
configurations, for which monopole approximation looses its validity. Therefore, here,
we only make a qualitative remark based on the features depicted in Figs. 7.10 and
7.11, assuming that the closest approach of the particles can be given by a small angle
δ. For simplicity we assume that β1 = 0.

In the case of a free contact line at the substrate and α1 = 0 there is a degenerate
minimum of the free energy for the configurations with the second particle at α2 = δ
(close to particle 1) or α2 = π/2 − δ (close to the contact line) and the degeneracy
parameter is β2. However, as soon an α1 �= 0, the rotational symmetry is broken and
the energy minima are discrete. The exact positions of the particle 2 corresponding to
those minima depend on the value of α1 but in general they correspond either to the
closest approach to particle 1 or to the closest approach to the contact line.

When α1 � 1, there are only two local free energy minima at (|α1 − δ|, 0) and
at (π/2 − δ, π). Further increasing α1 leads to the emergence of the third minima at



7.6. PAIR-POTENTIALS FOR MONOPOLES. 115

(π/2 − δ, 0) and subsequently to the fourth one at (α1 + δ, 0). Finally, the minimum
(α1 − δ, 0) becomes a local maximum and there are three local minima at (α1 + δ, 0),
(π/2−δ, 0) and (π/2−δ, π). The configuration corresponding to the global free energy
minimum with respect to the positions of both particles might depend on their size δ.
For δ � 1 it is the configuration in which both particles touch the contact line and
touch each other.

(a)(a) (b) (c)

(d) (e) (f)

α1 = π/6

α1 = π/3

Figure 7.11: (a)-(f): Contour plots of the excess free energy ΔF
(2)
B (α1, α2, β2) of two

point-forces at a sessile droplet with a contact line pinned at the substrate at a circle
corresponding to a reference cap-spherical droplet with a contact angle θ0 = π/2 as a
function of the angular position α2, β2 of the second particle, for α1 = π/6 in (a)− (c)
and for α1 = π/3 in (d) − (f).

For a pinned contact line at the substrate we also observe a degenerate minimum of
the free energy for α1 = 0 and a broken symmetry for α1 �= 0. With increasing α1, first,
there is only one local free energy minimum at (α1 + δ, 0). Upon further increasing α1

this minimum splits into two minima at (α1 +δ′(α1),−δ′′(α1)) and (α1 +δ′(α1), δ′′(α1))
where δ′ and δ′′ are both small deviations depending on α1. Finally, the two minima
merge into a single minimum at (α1 − δ, 0). The configuration corresponding to the
global free energy minimum with respect to the positions of both particles is such that
the particles touch each other at α1 = α2 = αmin � 48◦.

In summary, we see that the preferred configuration of the particles depends on the
boundary condition at the substrate. In the case of a free contact line the particles are
attracted to the contact line, whereas in the case of a pinned contact line they tend to
arrange at a constant polar angle αmin � 48◦ (see, c.f., Fig. 8.1 in Sec. 8.1).
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Chapter 8

Numerical minimization of the free
energy.

In this Chapter we present the numerical results of the free energy minimization for
particles at the surface of sessile drops. For this purpose we use the open-source
numerical code Surface Evolver based on a finite element method, which incorporates
surface energies as well as the volume constraint in order to find the equilibrium shapes
of liquid surfaces. The numerical procedure is initiated by an arbitrarily shaped body
of liquid (possibly simple, like a cube) whose boundary is subsequently divided into
triangles and evolves toward the minimum energy by a gradient descent method.

In Sec. 8.1 we study the case of a spherical particle pulled (or pushed) radially by
an external force f , studied analytically in Chapter 7. The condition of mechanical
equilibrium, in the case of a free contact line, implies necessity of fixing the center of
mass, and then, the functional to be minimized is given by Eqs. (7.36) and (7.35). In
the case of a pinned contact line, the shape of the contact line is given a priori by a
circle of radius R0 sin θ0 and thus need not be subjected to evolution. Therefore, in this
case, we minimize the functional in Eq. (7.35) under the condition that those vertices
of a triangulated surface, which belong to the substrate, are constrained to lie at the
circle determined by the reference configuration. The numerical results fully confirm
the validity of the linear theory even for droplets as small as R0/a = 2.

The finite-size of the drop gives rise to an interesting effect due to the non-monotonic
behavior of the Green’s function G(θ̄) for intermediate angles. As a consequence,
besides the known phenomena of attraction of the particle to the free contact line and
repulsion from the pinned contact line (Kralchevsky et al. 1994), we have found a deep
local free energy minimum for the particle being at the drop apex for a free contact line
(Fig. 8.4) and a global free energy minimum at an intermediate angle α (Fig. 7.5) for
a pinned contact line (Fig. 8.1). For forces f of the order of γa the free energy barriers
associated with those minima are of the order of 0.05 × γa2. Thus for micron-sized
particles they are typically much higher than the thermal energy, and therefore the
corresponding equilibrium configurations are expected to be experimentally observable.

In Sec. 8.2 we consider the case of a free ellipsoidal particle (with f = 0) for θ0 = π/2
and various droplet sizes. The results strongly suggest that the free energy scales as
(a/R0)4 which agrees with the point-quadrupole approximation (see, c.f., Eqs. (8.4)

117
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and (8.5)). However, in this case, the free energy changes in the regime 0 < α � 45◦

are one order of magnitude smaller then in the case considered in Sec. 8.1 which leads
to much bigger relative numerical errors.

8.1 Single spherical particle at a sessile droplet.
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Figure 8.1: (a) Rescaled excess free energy (Eq. (7.40)) for a pinned contact line on the
substrate as a function of the polar angle α (Fig. 7.5) for a contact angle θ0 = π/2 of
the reference configuration at the substrate. The solid black curve corresponds to the
analytic expression given by Eqs. (7.98)-(7.102). The dotted line and the dashed line are
the contributions from the first and the second image (Fig. 7.8), respectively, and the
dash-dotted line is the volume correction (Eq. (7.96)). Green triangles (�), blue circles
and red squares correspond to {Ra/a = 4, f/(γa) = 2, θp = π/2}, {R0/a = 8, f/(γa) =
1, θp = 2π/3}, and {R0/a = 12, f/(γa) = 2, θp = π/2}, respectively. Blue diamonds
and inverted triangles (�) correspond to {R0/a = 8, f/(γa) = −1.5, θp = π/2} and
{R0/a = 8, f/(γa) = −2, θp = π/2}, respectively. (b) The difference Δθ(φ) = θ̃(φ)−θ0
between the actual contact angle θ̃(φ) and θ0 = π/2 as a function of the azimuthal
angle φ ∈ [0, π] for {Ra/a = 4, f/(γa) = 2, θp = π/2} and for various angular positions
α of the particle. The dashed lines correspond to the approximate analytic expression
(Eq. (8.1)) and the solid lines are numerical results. The thin horizontal line at Δθ = 0
corresponds to the reference configuration.

The numerical procedure follows the same protocol as the analytical approach in
Chapter 7. In order to determine the dependence of the excess free energy ΔF in Eq.
(7.40) on α, we fix the angular position α of the particle and minimize the free energy
functional given in Eq. (7.35) with respect to the radial displacement of the particle h
and the shape of the droplet under the constrains of a fixed center of mass (Eq. (7.36))
or a pinned contact line (Eq. (7.39)). In order to obtain the configurations with α �= 0
the surface is pre-evolved for α = 0 from an initial shape and then the particle is moved



8.1. SINGLE SPHERICAL PARTICLE 119

in a step-wise fashion by small increments Δα. In both models A and B the contact
line at the particle is taken to be free. In the case of model B the contact line at the
substrate is pinned from the very beginning at a circle corresponding to the reference
configuration with f = 0. The geometrical center of the reference droplet, from which
the radial distance of the particle is measured, is well defined throughout the evolution.
In the case of model A, the situation is more complicated because, due to the finite
size of the particle, the position xCM,ref of the center of mass of liquid depends on α.
This finite-size effect must be taken into account for medium-sized droplets (see, c.f.,
Eqs. (8.2) and (8.3)).

8.1.1 Pinned contact line on the substrate

In Fig. 8.1 we plot numerical values of γΔFB/f
2 for various droplet sizes R0, both

signs and various strengths of f , and various contact angles θp at the particle. The
variation of all these parameters does not affect the α-dependence and we obtain a
single master curve, in very good agreement with the theoretical expression in Eq.
(7.100) for a pointlike force. This master curve exhibits a global minimum at the angle
αmin ≈ 48◦, which corresponds to the global equilibrium configuration, independent
of f , θp and R0 (see Fig. 8.3(a) and (b)). Finally, we note that from Fig. 8.1 it also
follows that, in the theoretical expression for the Green’s function GB (Eq. (7.97)) the
contributions from both images and from the volume correction GB,corr are all equally
important.

We emphasize the de facto independence of ΔF from the contact angle θp at the
particle, which justifies the monopole approximation in which we neglect the changes
of the wetting energy at the particle. The only systematic deviation from the analytic
expression occurs for negative values of f . We have investigated the system for vari-
ous absolute values of negative f and the free energy turns out to be always slightly
overestimated by the analytic theory. In fact we obtain two master curves, which are
close to each other: one for positive and one for negative f .

0 50 100 150

-0.15

0

0.15

π/6
π/3

π/2

2π/3

θ0 = 5π/6

γ
Δ
F

B
/f

2

α[degrees]

(a)

0 60 120 180
0

40

80

-0.2

-0.1

0

θ0[degrees]

γ
Δ
F

B
,m

in
/f

2

α
m

in
[d

eg
re

es
]

(b)

Figure 8.2: (a) Dependence of the rescaled excess free energy (Eq. (7.40)) on the contact
angle θ0 and a pinned contact line on the substrate. For all curves f/(γa) = 2, θp = π/2,
and Vl = 79 × 4π

3
a3. (b) Position and depth of the free energy minimum as functions

of θ0.
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For f �= 0 the actual contact angle θ̃(φ) at a pinned contact line (see Eq. (7.63))
differs from the constant value θ0 for the reference configuration (f = 0). Up to first
order in ε one obtains for θ0 = π/2 and with v(Ω) = q GB(Ω,Ω1)

cos θ̃(φ) =
a

R0

f

γa
∂θGB(Ω,Ω1)|Ω=(θ=π/2,φ). (8.1)

The numerical results for Δθ(φ) := θ̃(φ) − π/2 and the comparison with Eq. (8.1) are
presented in Fig. 8.1(b). The discrepancy is typically of the order of 10%, which differs
from the almost perfect agreement found in the case of the free energy (see Fig. 8.1(a)).
If the particle is close to the contact line (α = 72◦) the discrepancy reaches 25% which
is linked to the large value of Δθ̃(φ) ≈ 30◦ ≈ 0.5 [rad] for φ ≈ 0, which in turn signals
that in the vicinity of the contact line and close to the particle the small gradient
approximation breaks down and the terms O(ε2) in Eq. (7.63) become important (for
the values of the parameters used in Fig. 8.1(b) one has ε = 0.5).

On the other hand we observe a strong dependence on θ0. For the contact angle on
the substrate being different from θ0 = π/2 the minimum is always in between the apex
and the contact line on the substrate (see Fig. 8.2(a)), just like in the case θ−0 = π/2,
whereas its depth increases strongly with θ0 approaching π (Fig. 8.2(b)). The droplet
shapes corresponding to the global free energy minima for various values of θ0 have
been displayed in Fig. 8.3.

(a) (b)

(c) (d) (e)

Figure 8.3: Droplet shapes corresponding to the global free energy minima for various
droplet geometries for a pinned contact line at the substrate, and a given volume of
liquid (the same for all configurations). (a), (b): θp = π/2; the minimum of ΔF (α)
occurs at α � 48◦ independently of the pulling force (here f0/(γa) = 2 in (a), and
f0/(γa) = −2 in (b)) and droplet radius (here R0/a = 8). In the remaining configura-
tions f0/(γa) = 2 and θp = π/6 (c), θp = 2π/3 (d) and θp = 5π/6 (e). Note a different
geometric contact angle at the substrate on different sides of the droplet.
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8.1.2 Free contact line on the substrate
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Figure 8.4: The rescaled excess free energy (Eq. (7.40)) as a function of the polar angle
α for the contact angle θ0 = π/2 of a free contact line at the substrate, f/(γa) = 1
(above the solid line) and f/(γa) = −1 (below the solid line), and various radii R0. The
solid line corresponds to the expression given by Eqs. (6.31), (7.100), and (7.101) for
pointlike forces. For geometrical reasons the maximal accessible values of α decrease
for decreasing R0. For a free contact line the contact angle at the substrate remains at
the value θ0 for f �= 0, i.e., it remains the same as for the reference configuration.

The results for a free contact line, presented in Fig. 8.4, demonstrate that changing
the boundary conditions on the substrate can change the behavior of the particle
completely. The equilibrium position is now at the contact line and there is a deep
metastable free energy minimum at the drop apex (see Fig. 8.5).

In the case of a free contact line we observe much larger discrepancies with the
predictions of the theory for pointlike forces, revealing a dependence of ΔFA on f
beyond the simple scaling ∼ f 2. However, this deviation vanishes for increasing radii
R0 of the droplet indicating that this is a finite-size effect. In order to understand this
effect we first consider the reference configuration, i.e., the case f = 0. For θp = π/2
the immersed part ΔV of the particle (being the intersection of the domain occupied
by the particle with the spherical cap representing the reference droplet of volume
approximately Vl = 2πR3

0/3 in the case θ0 = π/2) for θp = π/2 has the constant
volume of approximately ΔV = 2πa3/3, but its position depends on α. Therefore
xCM,ref also depends on α and equals (here the position of the particle is taken to have
a positive x component, see Fig. 7.5):

xCM,ref(α) =

∫
Vl
dV x

Vl

= − 1

Vl

∫
ΔV

dV x ≈ −ΔV

Vl

R0 sinα ≈ −
(
a

R0

)2

a sinα. (8.2)

In contrast, in the case of a pointlike force one has xCM,ref ≡ 0. The corresponding
difference in the free energy δF can be understood as the work done by the force
fCM = −f sinα applied to the center of mass in order to counterbalance the lateral
component of the force f (see Eq. (7.72)), upon displacing the center of mass from the
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(a) (b)

(c)
(d)

Figure 8.5: (a) and (b): droplet shapes corresponding to the local free energy minima at
the apex for a free contact line at the substrate and θ0 = π/2; (c) and (d): configurations
with the particle close to the global minima (at the contact line); f0/(γa) = 2 in (a),
(c), and f0/(γa) = −2 in (b), (d). Note the constant contact angle at the substrate.

configuration with α = 0 to α:

δF = −
∫ α

0

dα′ fCM(α′)dxCM,ref/dα
′

= fa

(
a

R0

)2 ∫ α

0

dα′ sinα′ cosα′ =
fa

2

(
a

R0

)2

sin2 α. (8.3)

This correction should be subtracted from the numerically calculated free energy in
order to facilitate the comparison with the analytical result for a pointlike force (we
have ignored the correction δx, which also depends on α, see Eq. (7.45), but gives a
contribution of the order (f 2/γ) × O(a/R0)

3). It is linear in f , which explains the
aforementioned deviation from the scaling ∼ f 2. For large drops it vanishes ∼ (a/R0)2

so that for (a/R0) � 0.1 it can practically be neglected (see Fig. 8.4). However,
for smaller droplets this correction has to be taken into account in order to obtain
agreement with the perturbation theory (see Fig. 8.6(a)).

8.2 Single ellipsoidal particle at a sessile droplet

The results of the previous Section have shown that the free energy landscape ΔF
of a single spherical particle subjected to an external radial force is well reproduced
by a point-force approximation. In this Section we use the analytical results for the
interaction energy of pointlike quadrupoles derived in Chapter 6 in order to compare
with the numerical calculations of the free energy landscape ΔFel of a free ellipsoidal
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Figure 8.6: (a) The rescaled excess free energy (Eq. (7.40)) for a free contact line at
the substrate with taking into account the finite size correction δF (Eq. (8.3)) for the
numerical data (symbols): Δ′F = ΔF − δF ; the color code is the same as in Fig. 8.4,
f/(γa) = 1 and f/(γa) = −1 for the points slightly above and below the solid line,
respectively (valid for α > 60◦). (b) The deformation of a free contact line at the
substrate for α = 12◦ (squares), α = 48◦ (diamonds), and α = 72◦ (triangles), where
θ0 = π/2, R0/a = 4, f/(γa) = 2, and θp = π/2. The dashed line denotes the reference
configuration. The solid lines are predicted analytically for pointlike forces by Eqs.
(7.78), (6.31), and (7.95).

particle (f = 0) at a sessile half-spherical droplet, see Fig. 8.7. In analogy to the case
of spherical particles, we expect that the point-multipole approximation should be
valid as long as the deformation of the interface outside the ellipsoidal particle can be
reproduced by a constant pointlike quadrupole Q2 placed in the center of the particle.
For the configurations with the particle very close to the contact line one would expect
that Q2 is no longer constant and moreover that the higher multipoles may become
important.

We performed the numerical calculations for θ0 = π/2 for a free and a pinned contact
line at the substrate, see Fig. 8.8. In the case of a free contact line the substrate acts
as a “mirror” and the shape of a sessile droplet is the same as the shape of a half
of a full droplet with two identical particles in a configuration reflecting the mirror
symmetry. Thus method of images in this case can be directly applied. Approximating
the particle as a point quadrupole Q2, oriented with the angle φ1 with respect to the
great circle passing through it and perpendicular to the substrate, the image is also
a point quadrupole Q2 oriented such that φ2 = π − φ1. The energy of a particle at a
sessile droplet is a half of the energy of two particles at a full droplet. Thus, according
to Eq. (6.62) and taking θ12 = π − 2α, we obtain an approximate expression for the
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Figure 8.7: Sections of the droplet shapes for a prolate ellipsoid with contact angle
θp = π/2 placed at the droplet surface in a configuration with the particle main axis
directed perpendicular (left panel) or parallel (right panel) to the contact line at the
substrate; droplet radius is R0/a = 6 and the particle main axes are (3a, a, a); contact
line at the substrate is pinned.

excess free energy ΔFel,A for a free contact line at the substrate in the form

ΔFel,A(α) = −3π

32
γ(Δumax)2

(
a

R0

)4

(cos−4 α− 1). (8.4)

which yields a monotonic attraction of the particle towards a contact line (see Fig.
8.8(a) and 8.9). Note, that the free energy in the point-quadrupole approximation does
not depend on the orientation of the particle φ, because cos(2φ1 + 2φ2) = cos 2π =
1. This is in general not true for an actual ellipsoidal particle due to non-vanishing
contributions from higher multipoles (or actually from the elliptic multipoles Lehle
2007), but here we do not investigate the dependence of the free energy on φ.
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Figure 8.8: Free energy of a prolate ellipsoid with main axes (3a, a, a) and the contact
angle θp = π/2 at the surface of a sessile droplet of various radii, with a free (a) or a
pinned (b) contact line at the substrate and θ0 = π/2.

In the case of a pinned contact line at the substrate Green’s function GB contains
a contribution from an additional image and a correction term GB,corr (Eq. (7.96)) re-
sponsible for the volume constraint. In the simplest estimate we neglect this correction
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and approximate the excess free energy ΔFel,B only by the interaction energy with a
single image quadrupole −Q2 (oriented the same as in model A), such that

ΔFel,B(α) ≈ −ΔFel,A(α) =
3π

32
γ(Δumax)2

(
a

R0

)4

(cos−4 α− 1), (8.5)

which yields a monotonic repulsion from the contact line, see Figs. 8.8(b) and 8.9. In
both cases of a free and a pinned contact line we have not observed any local free energy
minima, as we have in the case for a capillary monopole. The reason for this can be
understood by considering again the deformations of a free droplet. In the presence of
a capillary monopole, the droplet is stretched at the poles and simultaneously squeezed
at the equator in order to maintain the constant volume. This non-monotonicity of the
deformation results in a non-monotonic interaction free energy with another particle.
In the case of a quadrupole the deformation of the droplet is not axisymmetric. The
contributions to the volume ∼ cos 2φ coming from different directions φ cancel each
other (that is actually the case for all multipoles of order higher that m = 0) and the
deformation of the droplet is monotonically decaying with θ, which as a consequence
leads to a monotonic interaction free energy.
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Figure 8.9: −ΔFel,A and ΔFel,B (Fig. 8.8) rescaled with (R0/4a)4. Note the collapse of
the data onto the theoretical expression in Eq. 8.4 (with Δumax/a = 1.3 fitted to the
data for R0/a = 4) for α � 60◦. The data for R0/a = 5 and R0/a = 6 in the case of
model A (squares and diamonds, respectively) for α � 50◦ suffer from large numerical
errors.
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Figure 8.10: Confining potential (Eq. (8.5)) for an ellipsoidal particle of size a = 1μm
at the surface of a half-spherical sessile droplet with a pinned contact line for various
values of R0/a. The undulation of the contact line is assumed constant and equal
Δumax/a = 1.

In Fig. 8.8(a) we present the results for an ellipsoidal particle with half-axes (3a, a, a)
oriented parallel to the contact line at the substrate and for droplets of radii R0/a = 4, 5
and 6 with a free contact line at the substrate. The contact angle at the particle is
taken θp = π/2, which means that in the case of a flat liquid surface the particle would
not induce any deformation of the interface (Δumax ≡ 0). However, in the case of a
spherical interface of radius R0 the particle deforms the interface and we can expect that
the maximal deformation Δumax must depend on R0, such that it vanishes in the limit
of a flat interface, i.e., for R0 → ∞. Thus, for very large droplets, one could assume a
linear relation in which the deformation Δumax, as compared with the particle size a, is
proportional to the ratio a/R0 which would give Δumax ∼ a2/R0. Thus, for θp = π/2,
we would expect the excess free energy to scale as (a/R0)6. However, this does not
necessarily hold for intermediate-sized droplets and one can assume that scaling of the
actual free energy is intermediate between (a/R0)

6 (for Δumax ∼ a2/R0) and (a/R0)4

(for Δumax = const). The numerical data indicate that in the considered droplet size
regime the scaling (a/R0)4 is more likely reproduced, see Fig. 8.9. The fitted value of
Δumax/a is 1.3 which seems large, but one has to remember that this undulation should
be measured to a fixed distance r = a from the particle center. Therefore, the actual
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undulation of the contact line at the ellipsoidal particle of main axes (3a, a, a) is much
smaller (the numerically calculated undulation of the contact line equals approximately
Δumax,num/a ≈ 0.5).

In the case of a pinned contact line we observe a collapse of the data ΔFel,B with
−ΔFel,A for a given droplet radius (see Fig. 8.9). This indicates that any possible
corrections (for example due to the volume constraint) to Eq. 8.5 must be small. The
data again suggest a possible scaling (a/R0)4.

In agreement with a point-quadrupole model we observe the repulsion from a pinned
contact line corresponding to the energy barrier for R0/a = 4 and α < π/4 of the order
10−5γa2 = 102kBT×(a/1μm)2, such that the effect of entrapment of the particle at the
drop apex could be of practical relevance for micro-particles. However, the numerical
value of the barrier is very sensitive to the droplet radius (as it scales as (a/R0)

4). In
order to indicate this dependence in Fig. 8.10 we plot the confining potentials ΔFel,B

(Eq. (8.5)) in units of kBT for γ = 0.05N/m and various values of the ratio R0/a.
We assume the contact angle at the particle to be different that π/2 such that the
undulation of the contact line measured by Δumax remains constant with R0 → ∞.
With growing R0 the energy landscape significantly flattens but still it can lead to
entrapment (with a barrier of 10kBT ) of non-spherical particles of size a = 1μm in the
region α < π/4 even for droplets as large as R0/a = 30 (or R0/a = 100 for a = 10μm).
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Chapter 9

Summary.

The results of the thesis may be summarized as follows.

We have studied the behavior of particles at liquid-gas interfaces in the situation
when the particles are partially wetted by the liquid. First, we have investigated
the case of a flat interface. We have derived exact expressions (Eqs. (3.11)-(3.13))
for the free energy depending on the immersion of the particle in the liquid phase.
We have found that the exact results are almost perfectly reproduced by a linearized
theory for small deformations of the flat interface with the amplitude renormalized in
order to match the solution of the full non-linear problem far away from the particle.
Furthermore, we have compared the above macroscopic approach with a microscopic
calculations based on the mean-field density functional theory for the fluid surrounding
the particle being characterized by long-range intermolecular forces and assuming so-
called sharp-kink of the density profile at the interface. From these results we have
drawn a general conclusion that the macroscopic linear theory is sufficient for the
purpose of calculating the capillary forces even for sub-micrometer particles and that
the effect of the long-range intermolecular forces enters then only through the surface
tensions.

Next, we have investigated the interaction free energy of two heavy spheres at a
flat fluid-fluid interface in presence of gravity. We have assumed that the contact lines
at the particles are pinned which leads to the asymptotic result f 2 ln(qd)/(2πγ) as a
function of the spatial separation d of the particles, where f is the effective weight of the
particles and q is the inverse capillary length, which coincides with the result obtained
by Oettel et al. (2005b) for the particles with free contact lines (fixed contact angles).
This leads to a conclusion that, for the leading asymptotic behavior, the mechanism
of the attachment of the particles to the interface is irrelevant.

In order to set up a more general theoretical framework, we have introduced the
analogy between capillarity and electrostatics, developed recently by Domı́nguez et al.
(2008), in which the small deformations of an initially flat interface play the role of the
electrostatic potential and the external pressure can be interpreted as the “capillary
charge” distribution. In the case of a deformation induced by a particle the analogy
can be used to identify the capillary monopole with the total external force acting on
the particle and the capillary dipole with the total external torque. As a consequence,
a free particle of arbitrary shape corresponds to a quadrupole. In this picture the
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asymptotic results for the interaction energy between particles subjected to external
forces or between free ellipsoidal particles, reported in the literature, can be easily
explained in terms of electrostatics and multipole expansion.

Subsequently, we have studied the spherical interfaces. We have considered small
deformations of a spherical droplet subjected to an external pressure field Π. In the
limit of large droplets we have obtained a relation between the spherical multipoles Πlm

associated with a particle and the capillary multipoles Q|m| for the identical particle
at a flat interface. We have derived general expressions for the interaction potentials
between arbitrary-order multipoles at an arbitrary angular separation. We have shown
that the result for monopoles reproduces the Green’s function derived by Morse & Wit-
ten (1993). Additionally, we have obtained a closed expression for point-quadrupoles
(see Eq. (6.62) Appendix A).

Finally, we have approached the problem of a single spherical particle at the surface
of a sessile droplet. In the case of the particle being at the drop apex we have used
the axial symmetry in order to obtain exact analytic solutions for the droplet shape
and expressions for the surface free energy as a function of the elevation of the particle
above the substrate. In the cases without axial symmetry we have taken into account
the fact that the condition of balance of forces acting on the droplet in the lateral
direction requires either a fixed lateral position of the center of mass of the droplet
(model A) or a pinned contact line at the substrate (model B). Using a perturbation
theory for small deformations of the reference cap-like spherical shape of the droplet we
have derived the free energy functional incorporating the liquid-substrate surface free
energy (see Appendix B). The effects of the particle pulled (or pushed) by an external
force f and of the fixed center of mass have been incorporated by introducing effective
pressure fields π and πCM . In terms of those fields, the linear Young-Laplace equation
governing the small deformations, has been derived (Eq. (7.58)). We have shown that
in the limit of a small particle (see Subsec. 7.3.4 and Appendix C) the free energy of the
sessile droplet (Eq. (7.83)) can be expressed in terms of the Green’s functions satisfying
the boundary conditions at the substrate corresponding to either a free or a pinned
contact line (Eqs. (7.80) and (7.81)) and it does not depend on the size of the particle
but only on the pulling force f (Eq. (7.90)), the contact angle θ0 at the substrate, and
on the angular position of the particle α. For θ0 = π/2 we have exploited an analogue
of the method of images known from electrostatics in order to calculate the surface free
energy (in excess over the surface free energy of the reference configuration of a drop
shape given by a spherical cap) as a function of α analytically. Because in this case
the reference droplet forms a half of a sphere the boundary conditions at the substrate
can be fulfilled by introducing an image particle at the virtual hemisphere below the
substrate surface (such that the union of the actual and the virtual droplet forms a full
sphere). Further analysis shows that due to the conditions of force balance and volume
constraint the Green’s function requires additional terms (see Eq. (7.97)), but they do
not change the results qualitatively (see various contributions in Fig. 8.1(b)). Using the
analytical results for the Green’s functions (see Sec. 7.4 and Appendix D) in the case
θ0 = π/2 we have also calculated pair-potentials for two particles at arbitrary angular
positions at the droplet and analyzed possible minimum free energy configurations.

The analytical results have been compared with the results of the numerical mini-
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mization of the free energy functionals for a spherical and for an ellipsoidal particle at
a sessile droplet. In the case of a spherical particle pulled (or pushed) by an external
force we have found an almost perfect agreement with the predictions of the pertur-
bation theory in the case θ0 = π/2. For this particular geometry a pinned contact
line corresponds to Dirichlet boundary conditions (see Fig. 7.8) and a free contact line
with fixed contact angle to Neumann boundary conditions (see Fig. 7.7). The type
of boundary conditions determines the sign of the capillary monopole associated with
the image particle at the virtual hemisphere and therefore the free energy, which is
proportional to the product of the capillary charges of the original particle and its
image, can change sign, too. Besides the known phenomena of attraction of a particle
to a free contact line and repulsion from a pinned one, we have observed a local free
energy minimum for the particle being located at the drop apex (Fig. 8.4) or at a char-
acteristic intermediate angle (Fig. 8.1(a)), respectively. This peculiarity can be traced
back to a non-monotonic behavior of the Green’s functions for a free droplet, which
is a consequence of interplay between the deformations of the droplet and the volume
constraint.

In the case of force-free ellipsoidal particles we have obtained monotonic free en-
ergy landscapes, in qualitative and partially quantitative agreement with the point-
quadrupole approximation (Fig. 8.9). Particularly, the theoretically predicted mono-
tonic dependence of the free energy on α and scaling ∼ (a/R0)

4 has been confirmed.
We have argued that in the case of a pinned contact line at the substrate the ellipsoidal
particle gets trapped at the drop apex in an energy well typically exceeding by far the
thermal energy and therefore this effect could be observed in an experiment (Fig. 8.10).

We note that the observed dependence on θ0 (Fig. 8.2) for particles subjected to an
external force remains an open problem (even qualitative). As a further outlook, the
pair potential ΔF22 for point-quadrupoles at a free droplet could be used in order to
derive the corresponding pair-potential in the case of a sessile droplet, which could be
of significant practical importance, because any force- and torque-free particle of non-
spherical shape trapped at the surface of a drop corresponds to a capillary quadrupole.
In much more general terms, it is also still a matter of a future research to extend the
theory of capillary interactions beyond flat and spherical interfaces towards general
curved interfaces.



132 CHAPTER 9. SUMMARY.



Zusammenfassung.

Die Ergebnisse der Dissertation können wie folgt zusammengefasst werden.

Das Verhalten von kolloidalen Teilchen an Flüssig-Gas-Grenzflächen wurde unter-
sucht für den Fall, in dem die Teilchen nur teilweise von der Flüssigkeit benetzt sind.
Zuerst, wurde ein Teilchen an einer ebenen Oberfläche betrachtet. Exakte Ausdrücke
(Gl. (3.11) - (3.13)) für die freie Energie je nach Eintauchen des Teilchens in die flüssigen
Phase wurde hergeleitet. Die genauen Ergebnisse werden sehr gut durch eine lin-
earisierte Theorie für kleine Deformationen der flachen Oberfläche beschrieben, wobei
die Amplitude der Lösung des vollen nichtlinearen Problems weit weg vom Teilchen
entspricht. Darüber hinaus wurde dieser makroskopische Ansatz mit mikroskopischen
Berechnungen im Rahmen der Mean-Field-Dichtefunktionaltheorie für die Flüssigkeit
in der Umgebung der Partikel verglichen, unter der Annahme eines sogenannten sharp-
kink Profils der Dichte an der gekennzeichneten Grenzfläche. Aus diesen Ergebnissen
wurde die allgemeine Schlussfolgerung gezogen, dass für die Berechnung der Kapil-
larkräfte zwischen Sub-Mikrometer-Partikeln die makroskopische Theorie voll ausre-
ichend ist und dass sich die intermolekulare Kräfte, auch die von größer Reichweite
(van der Waals), praktisch nur über die Oberflächenspannung auswirken.

Weiter wurden die Wechselwirkungen zwischen zwei Kugeln an einer flachen Flüssig-
Flüssig-Oberfläche unter Berücksichtigung der Schwerkraft untersucht. Es wurde angenom-
men, dass die Dreiphasen-Kontaktlinien auf der Teilchenoberfläche fixiert sind, was zu
dem asymptotischen Ergebnis f 2 ln qD/(2πγ) für die freie Energie als Funktion des
Abstandes d der Teilchen führt, wobei f das effektive Gewicht der Teilchen und q die
inverse Kapillarlänge sind. Dies stimmt mit dem Ergebnis von Oettel et al. (2005b)
für die Teilchen mit freien Kontaktlinien (feste kontakt Winkeln) überein. Für das
führende asymptotische Verhalten ist also der Mechanismus der Bindung der Teilchen
an die Oberfläche nicht wichtig.

Für eine allgemeine theoretische Beschreibung, wurde die Analogie zwischen Kap-
illarität und Elektrostatik, welche kürzlich von Domı́nguez et al. (2008) beschrieben
wurde, eingeführt. Dabei spielen die kleinen Deformationen einer zunächst flachen
Oberfläche die Rolle des elektrostatischen Potentials und der Druck von außen kann
als “ kapillare Ladungverteilung” interpretiert werden. Fr̈ den Fall einer Teilchen-
induzierten Deformation kann die Analogie verwendet werden, um den kapillaren Monopol
als die gesamte äußere Kraft auf das Teilchen und den kapillaren Dipol als das gesamte
externe Drehmoment zu identifizieren. Daher entspricht einem freien Teilchen be-
liebiger Form immer ein Quadrupol. In diesem Bild können asymptotische Ergebnisse
aus der Literatur für die Wechselwirkungsenergie zwischen Teilchen, im Rahmen der
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Elektrostatik und Multipolentwicklung leicht erklärt werden.
Anschließend wurden sphärische Grenzflächen untersucht. Kleine Deformationen

eines kugelförmigen Tröpfens unter einem äußeren Druckfeld Π wurde betrachtet. Im
Grenzfall großer Tröpfchen wurde eine Beziehung zwischen den sphärischen Multi-
polen Πlm und den kapillaren Multipolen Q|m| für gleiche Teilchen an einer flachen
Oberfläche gefunden. Allgemeine Ausdrücke für die Kapillarwechselwirkungen zwis-
chen zwei Multipolen beliebieger Ordnung und beliebigem Winkel zwischen ihnen wur-
den hergeleitet. Es wurde gezeigt, dass das Ergebnis für die Monopole der Green-
sche Funktion von Morse & Witten (1993) entspricht. Darüber hinaus wurde ein
geschlossener Ausdruck für Punkt-Quadrupole erhalten (siehe Gl. (6.62), Appendix
A).

Darüber wurde das Problem eines einzelnen kugelförmigen Partikels auf der Oberfläche
eines auf dem Substrat sitzenden Tropfens erörtert. Im Falle des Teilchens auf der
Tropfen-Spitze die axiale Symmetrie wurde verwendet um exakte analytische Lösungen
für die Tropfenform und die freien Oberflächenenergie als Funktion der Höhe der Par-
tikel über dem Substrat zu erhalten. In den Fällen ohne axiale Symmetrie verlangt
die Bedingung des Gleichgewichts der Kräfte in der Richtung parallel zu dem Substrat
entweder eine feste seitliche Position des Massemittelpunkts des Tropfens (Modell A)
oder eine feste Kontaktlinie auf dem Substrat (Modell B). Ohne Teilchen besitzt der
Tropfen die Form eines Kugelabschnitts. Mit einer Perturbationstheorie für kleine
Abweichungen von dieser Referenz-Form freie Energiefunktionale (siehe Appendix B)
wurde hergeleitet. Einfluss der Position des Teilchens (gezogen oder gedrückt) durch
eine externe radiale Kraft f bei festem Massemittelpunkt wurde durch die Einführung
externen Druck Felder Π und ΠCM beschrieben. In Bezug auf diese Felder wurde die
lineare Young-Laplace-Gleichung für kleine Deformationen hergeleitet (Gl. (7.58)). Es
wurde gezeigt, dass im Grenzfall eines kleinen Teilchens (siehe Subsec. 7.3.4 und An-
hang C) die freie Energie des sitzendes Tropfens (Gl. (7.83)) durch die Greensche
Funktionen ausgedrückt werden kann, die die Randbedingungen auf dem Substrat
erfüllen, die entweder eine freie oder feste Kontaktlinie annehmen (Gl. (7.80) und
(7.81)). Außerdem hängt die freie Energie nicht von der Größe der Teilchen, sondern
nur von der Zugkraft f (Gl. (7.90)), dem Kontaktwinkel θ0 auf dem Substrat und der
Winkelstellung des Teilchens α. Für θ0 = π/2 wurde ein Analogon der Methode von
Bildladungen aus der Elektrostatik verwendet, um die freie Energie (als Überschuss
über der freien Oberflächenenergie der Referenz-Konfiguration in dem das Tröpfchen
die Form einer Kugel-hälfte hat) als Funktion von α analytisch zu berechnen. Für
diesen Fall können die Randbedingungen auf dem Substrat durch die Einführung eines
Bildteilchens auf der virtuellen Halbkugel unter der Substratoberfläche erfüllt werden
(der tatsächliche und der virtuelle Tropfen formen gemeinsam eine vollständige Kugel).
Eine weitere Analyse wurde gezogen, dass die Bedingungen Gleichgewicht der Kräfte
und Volumen-Einschränkung auch durch die Greensche Funktion ausgedrückt werden
kann (siehe Gl. (7.97)). Dies ändert die Ergebnisse quantitativ (aber nicht qualitativ,
siehe verschiedene Beiträge in Abb. 8.1(b)). Mit hilfe der analytischen Ergebnisse für
die Greenschen Funktionen (siehe Sec. 7.4 und Anhang D) für den Fall θ0 = π/2 wurde
auch Paar-Potentiale für zwei Teilchen an beliebigen Winkelpositionen auf dem Tröpfen
berechnet und mögliche Konfigurationen der minimalen freien Energie analysiert.
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Die analytischen Ergebnisse wurden mit den Ergebnissen einer numerischen Min-
imierung der freien Energiefunktionale für ein sphärisches und ein ellipsoidales Teilchen
auf einem sitzenden Tröpfchen verglichen. Für den Fall eines kugelförmigen Teilchens,
was durch eine externe Kraft gezogen oder gedrückt wird, wurde eine fast perfekte
Übereinstimmung mit den Vorhersagen der Perturbationstheorie für den Fall θ0 = π/2
gefunden. Für diese spezielle Geometrie entspricht eine feste Kontaktlinie Dirichlet
Randbedingungen (siehe Abb. 7.8) und eine freie Kontaktlinie mit einem festen Kon-
taktwinkel Neumann Randbedingungen (siehe Abb. 7.7). Die Art der Randbedingun-
gen bestimmt das Vorzeichen des kapillaren Monopols der dem virtuellen Teilchen an
der virtuellen Hemisphäre entspricht. Somit kann sich die freie Energie, die propor-
tional zum Produkt der Kapillarladung des ursprünglichen Teilchens und seines Bildes
ist, auch ändern. Neben den bekannten Fällen der Anziehung eines Teilchens zu einer
freien Kontaktlinie und Abstoßung von einer festen Kontaktlinie, gibt es ein lokales
Minimum der freien Energie für das Teilchen, das einer Konfiguration entspricht, in
der das Teilchen an der Spitze des Tröpfchen (Abb. 8.4) oder am einen charakteristis-
chen Winkel (Abb. 8.1(a)) sitzt. Diese Besonderheit lässt sich aufgrund eines nicht-
monotonen Verhaltens der Greenschen Funktionen für freie (nicht auf dem Substrat
sitzende) Tröpfchen verstehen, die durch eine Zusammenspiel zwischen der Deforma-
tion des Tropfens und der Volumen-Einschränkung erfolgt.

Für ein kraft-freies ellipsoidales Teilchen ist die freie Energie monoton, in qualita-
tiver und teilquantitativer Übereinstimmung mit der Punkt-Quadrupol-Approximation
(Abb. 8.9). Vor allem die theoretisch vorhergesagten monotone Abhängigkeit der freien
Energie von α und die Skalierung ∼ (a/R0)

4 wurde bestätigt. Für den Fall einer fes-
ten Kontaktlinie auf dem Substrat befindet sich das ellipsoidale Teilchen an der Spitze
des Tropfens in einem Energie-Minimum, das in der Regel weit tiefer als die thermis-
che Energie ist. Deshalb konnte dieser Effekt auch in einem Experiment (Abb. 8.10)
beobachtet werden.

Die erwähnte Abhängigkeit von θ0 (Abb. 8.2) bleibt eine offene Frage (auch qualita-
tiv). Als weitere Aussicht, könnte das Paarpotenzial ΔF22(α) für Punktquadrupole an
einem freien Tropfen könnten verwendet werden, um das entsprechende Paarpotenzial
im Fall eines sessilen Tröpfchen zu bestimmen. Die würde erhebliche praktische Bedeu-
tung haben, weil alle Kraft-und Drehmoment-freien Teilchen nicht-sphärischer Form
einem kapillaren Quadrupol entsprechen. In Zukunt sollte die Theorie der kapillaren
Wechselwirkungen jenseits der flachen und sphärischen Grenzflächen auf allgemeinen
gekrümmten Grenzflächen erweitert werden.
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Appendix A

Calculation of the interaction free
energy ΔF22

The Wigner d-matrix can be represented in terms of the Jacobi polynomials P
(α,β)
n (see,

for example Edmonds 1974):

dl
m′,m(β) =

[
(l +m)!(l −m)!

(l +m′)!(l −m′)!

]1/2(
sin

β

2

)m−m′ (
cos

β

2

)m+m′

P
(m−m′,m+m′)
l−m (cosβ)

(A.1)
and the needed elements of the Wigner d-matrix equal

dl
−2,2(θ) =

(
1 − cos θ

2

)2

P
(4,0)
l−2 (cos θ), (A.2)

dl
2,2(θ) =

(
1 + cos θ

2

)2

P
(0,4)
l−2 (cos θ), (A.3)

(A.4)

Inserting the above expressions into Eq. (6.58) we obtain

ΔF22(θ, φ1, φ2) = − γa2

(
a

R0

)4
Q1,2

γa3

Q2,2

γa3

1

128π

×
[

cos(2φ1 + 2φ2)

(
1 − cos θ12

2

)2∑
n=0

(2n+ 5)
(n+ 3)!

(n+ 1)!
P (4,0)

n (cos θ12)

+ cos(2φ1 − 2φ2)

(
1 + cos θ12

2

)2∑
n=0

(2n+ 5)
(n+ 3)!

(n+ 1)!
P (0,4)

n (cos θ12)

]
. (A.5)

The series entering the above expression can be evaluated using the generating function
g(x, z) for the Jacobi polynomials, which reads (Abramowitz & Stegun 1970):

g(x, z) =
1

R(1 − z +R)α(1 + z +R)β
= 2−α−β

∞∑
n=0

znP (α,β)
n (x), |z| < 1 (A.6)
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where
R =

√
1 − 2xz + z2. (A.7)

We introduce the following auxiliary functions expressed in terms of the derivatives of
the generating function g(x, z)

g0(x) =
∑
n=0

P (α,β)
n (x) = 2α+β lim

z→1
g(x, z), (A.8)

g1(x) =
∑
n=0

nP (α,β)
n (x) = 2α+β lim

z→1

∂

∂z
g(x, z), (A.9)

g2(x) =
∑
n=0

n2P (α,β)
n (x) = 2α+β lim

z→1

∂2

∂z2
g(x, z) + g1(x), (A.10)

g3(x) =
∑
n=0

n3P (α,β)
n (x) = 2α+β lim

z→1

∂3

∂z3
g(x, z) + 3g2(x) − 2g1(x). (A.11)

The series appearing in Eq. (A.5) can be then simplified as

∑
n=0

(2n+ 5)
(n+ 3)!

(n+ 1)!
P (α,β)

n (x) =
∑
n=0

(2n3 + 15n2 + 37n+ 30)P (α,β)
n (x)

= 2α+β[2g3(x) + 15g2(x) + 37g1(x) + 30g0(x)], (A.12)

After some algebra we obtain

∑
n=0

(2n+ 5)(n+ 3)(n+ 2)P (4,0)
n (x) =

96

(1 − x)4
, (A.13)

∑
n=0

(2n+ 5)(n+ 3)(n+ 2)P (0,4)
n (x) = 0, (A.14)

which together with Eq. (A.5) finally yields Eq. (6.59).



Appendix B

Derivation of the free energy
functional F [{v(Ω)}] for a sessile
droplet

Our starting point is the exact functional in Eq. (7.41). In order to separate the bound-
ary terms we would like to split F into two parts: one composed of integrals over Ω0

and the other one incorporating integrals over Ωc \Ω0 and Ω0 \Ωc. However, the defor-
mation u(Ω) is not defined inside the domain Ω0 \ Ωc. Therefore it is more convenient
first to apply the ε-expansion in terms of which the dimensionless deformation v(Ω)
can be linearly extrapolated into Ω0 \ Ωc and then to proceed with the decomposition
of the free energy functional into the surface and the boundary terms.

First, we note that θc(φ) − θ0 = O(ε) and thus, because we want to keep only
the terms up to second order in ε in the free energy functional, we can neglect the
terms O(ε2) under the integrals over Ωc \Ω0 and Ω0 \Ωc. The functional in Eq. (7.41)
consists of seven terms which we group into four terms for each of which we perform
the ε-expansion:

(1)

γ

∫
Ωc

dΩ
[
s(u,∇au) −R2

0

]
+ γR2

0

(∫
Ωc\Ω0

dΩ −
∫

Ω0\Ωc

dΩ

)

= γR2
0

∫
Ω0

dΩ
[
(1 + εv)2 +

ε2

2
(∇av)2 − 1

]
+ γR2

0

(∫
Ωc\Ω0

dΩ −
∫

Ω0\Ωc

dΩ

)[
1 + 2εv

]
+ O(ε3)

= γR2
0

∫
Ω0

dΩ
[
2εv + ε2v2 +

ε2

2
(∇av)2

]
+ γR2

0

∫ 2π

0

dφ

∫ θc(φ)

θ0

dθ sin θ
[
1 + 2εv

]
+O(ε3), (B.1)
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(2)

− γR2
0

cos θ0
2

∫ 2π

0

dφ
[
(1 + εvc)

2 sin2 θc − sin2 θ0
]

= −γR2
0

cos θ0
2

∫ 2π

0

dφ

[
(1 + εvc)

2

(
1 − cos2 θ0

(1 + εvc)2

)
− sin2 θ0

]

= −γR2
0

cos θ0
2

∫ 2π

0

dφ
[
(1 + εvc)

2 − cos2 θ0 − sin2 θ0
]

= −γR2
0 cos θ0

∫ 2π

0

dφ

[
εvc +

ε2v2
c

2

]
+O(ε3), (B.2)

where we skipped the explicit dependence of vc and θc on φ and in the first equality
we used

cos θc =
cos θ0

1 + εvc
, (B.3)

which follows from the analysis of small perturbations of a spherical cap.

(3)

− 1

3

∫
ΔΩ

dΩ Π(Ω)
[
(R0 + u)3 −R3

0

]− λ

3

∫
Ωc

dΩ
[
(R0 + u)3 − R3

0

]
= −γR

2
0

3

∫
Ω0

dΩ
[
επ(Ω) + 2 + εμ

][
(1 + εv)3 − 1

]
− γR2

0

3

(∫
Ωc\Ω0

dΩ −
∫

Ω0\Ωc

dΩ

)
6εv + O(ε3)

= −γR2
0

∫
Ω0

dΩ
[
2εv + 2ε2v2 + ε2

(
π(Ω) + μ

)
v
]

− γR2
0

∫ 2π

0

dφ

∫ θc(φ)

θ0

dθ sin θ 2εv + O(ε3), (B.4)
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(4)

λ

3

(∫
Ωc\Ω0

dΩ −
∫

Ω0\Ωc

dΩ

)[
(Rs(θ))

3 − R3
0

]

=
γR2

0

3
(2 + εμ)

∫ 2π

0

dφ,

∫ θc(φ)

θ0

dθ sin θ

(
cos3 θ0
cos3 θ

− 1

)

=
γR2

0

3
(2 + εμ)

∫ 2π

0

dφ

∫ cos θ0

cos θc(φ)

dx

[
cos3 θ0
x3

− 1

]

=
γR2

0

3
(2 + εμ)

∫ 2π

0

dφ

[
−cos3 θ0

2

(
1

cos2 θ0
− 1

cos2 θc

)
− (cos θ0 − cos θc)

]

=
γR2

0

3
(2 + εμ)

∫ 2π

0

dφ (cos θ0 − cos θc)

[
cos θ0(cos θ0 + cos θc)

2 cos2 θc
− 1

]

=
γR2

0

3
(2 + εμ)

∫ 2π

0

dφ cos θ0εvc

[
1

2
(2 + εvc)(1 + εvc) − 1

]

= γR2
0

∫ 2π

0

dφ cos θ0ε
2v2

c +O(ε3), (B.5)

where in the last but one equality we again used Eq. (B.3).
Summing up all the terms (we neglect the term −λδV ) the resulting free energy

functional F can be splitted into two parts

F = Fsurf + Fbc, (B.6)

where

1

γR2
0

Fsurf [{v(Ω)}] = ε2
∫

Ω0

dΩ

[
1

2
(∇av)2 − v2 − (π(Ω) + μ

)
v

]
+O(ε3) (B.7)

is the surf ace contribution and

1

γR2
0

Fbc[{v(Ω)}]

=

∫ 2π

0

dφ

(∫ θc(φ)

θ0

dθ sin θ[1 + 2εv − 2εv] − cos θ0

[
εvc +

ε2v2
c

2

]
+ cos θ0ε

2v2
c

)
+O(ε3)

=

∫ 2π

0

dφ

(
cos θ0 − cos θc − cos θ0

[
εvc +

ε2v2
c

2

]
+ cos θ0ε

2v2
c

)
+O(ε3)

= cos θ0

∫ 2π

0

dφ

(
εvc − ε2v2

c − εvc − ε2v2
c

2
+ ε2v2

c

)
+O(ε3)

= −ε
2 cos θ0

2

∫ 2π

0

dφ v2
c +O(ε3) = −ε

2 cos θ0
2

∫ 2π

0

dφ (v|θ0)
2 +O(ε3) (B.8)

is the boundary contribution. In the third equality we have used Eq. (B.3) and in the
last equality we have replaced vc by v|θ0 which gives a correction O(ε3).
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Finally, we also note that taking into account the constraint of a fixed center of mass
would yield a contribution −fCM (xCM −xCM,ref) = O(ε2) to F , but the corresponding
contribution to F|bc would be O(ε3) (one ε due to fCM , one due to v and one due to
θc(φ) − θ0) and therefore we have omitted it here.



Appendix C

Local approximation of the Green’s
equation for a sessile droplet

The Green’s equations Eq. (7.76) and Eq. (7.77) can be written shortly as

−(∇2
a + 2)Gσ(Ω,Ω′) = δ(Ω,Ω′) + Δσ(Ω,Ω′), (C.1)

where the function Δσ denotes all the regular non-homogenous terms on the rhs.

We study the behavior of Eq. (C.1) in the case when Ω → Ω′. We choose new
spherical coordinates Ω̃ = (θ̃, φ̃) defined with respect to the axis z̃ = R̂z, where R̂ is a
rotation operator and thus Ω̃ = R̂−1Ω (see Fig. C.1). The Green’s equation (Eq. (C.1))
can be then written as

−(∇̃2
a + 2)G̃σ(Ω̃, Ω̃′) = δ(Ω̃, Ω̃′) + Δ̃σ(Ω̃, Ω̃′), (C.2)

where

∇̃a := eθ̃∂θ̃ +
eφ̃

sin θ̃
∂φ̃ (C.3)

and the functions G̃σ and Δ̃σ are defined as G̃σ(Ω̃, Ω̃′) := Gσ(R̂Ω̃, R̂Ω̃′) and Δ̃σ(Ω̃, Ω̃′) :=
Δσ(R̂Ω̃, R̂Ω̃′). Moreover, we have used the fact that the delta function is invariant with
respect to rotations, so that δ(R̂Ω̃, R̂Ω̃′) = δ(Ω̃, Ω̃′).

Next, we define the mapping (θ̃, φ̃) �→ (ρ̃, φ̃) which associates each point on the
sphere in the neighborhood of the z̃-axis with its projection onto the tangent plane
(defined at the point of intersection of the z̃-axis with the sphere), where (ρ̃, φ̃) are
polar coordinates in the tangent plane. Thus, the relation between ρ̃ and θ̃ is

ρ̃ = R0 sin θ̃. (C.4)

For simplicity of the notation we skip the tilde so that (ρ̃, φ̃) ≡ (ρ, φ). The Laplace-
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x

y

z

x̃

ỹ

z̃

x̃(Ω̃)

z̃ = R̂z

Ω(Ω̃)θ̃

φ̃

Figure C.1: Tangent plane and local flat coordinates at a unit sphere. Projection of the
point associated with the direction Ω (or, equivalently, Ω̃) onto the x̃ỹ-plane defines
x̃(Ω̃).

Beltrami operator ∇2
a can be written in terms of the polar coordinates as

∇2
a =

1

sin θ
∂θ sin θ ∂θ +

1

sin2 θ
∂2

φ = ∂2
θ + cot θ ∂θ +

1

sin2 θ
∂2

φ

=
dρ

dθ
∂ρ
dρ

dθ
∂ρ +

√
R2

0 − ρ2

ρ

dρ

dθ
∂ρ +

R2
0

ρ2
∂2

φ

=
√
R2

0 − ρ2 ∂ρ

√
R2

0 − ρ2 ∂ρ +
R2

0 − ρ2

ρ
∂ρ +

R2
0

ρ2
∂2

φ

= (R2
0 − ρ2)∂ρ2 +

1

ρ
(R2

0 − 2ρ2) ∂ρ +
R2

0

ρ2
∂2

φ

= R2
0

[
1

ρ
∂ρ ρ ∂ρ +

1

ρ2
∂2

φ

]
− ∂ρ ρ

2 ∂ρ = R2
0 ∇2

‖ − ∂ρ ρ
2 ∂ρ, (C.5)

where ∇2
‖ is the two-dimensional Laplace operator on the tangent plane. The delta

function transforms as (here also skipping the tilde)

δ(Ω,Ω′) =
1

sin θ
δ(θ − θ′) δ(φ− φ′) =

R0

ρ
δ(θ(ρ) − θ′(ρ′)) δ(φ− φ′)

=
R0

|dθ/dρ|
1

ρ
δ(ρ− ρ′) δ(φ− φ′) = R0

√
R2

0 − ρ2 δ(x − x′), (C.6)

where we have used (dθ/dρ)−1 = dρ/dθ =
√
R2

0 − ρ2. Finally, Eqs. (C.2), (C.5) and
(C.6) lead to the Green’s equation expressed in terms of the local “flat” coordinates
(Eq. (7.86)).



Appendix D

Calculation of the functions H(Ω′)
and I(Ω′) in the Green’s function
GB(Ω,Ω′).

D.1 Derivation of the function I(Ω′)

Imposing the boundary condition

GB(Ω,Ω′)|Ω=(θ=π/2,φ) = 0, (D.1)

on the Green’s function in Eq. (7.97) yields

2G(θ̄ = π/2) cos θ′ + I(θ′) = 0, (D.2)

from which it follows that
I(x) =

cosx

4π
. (D.3)

D.2 Derivation of the function H(Ω′)

In order to calculate the function H(Ω′) we use the volume constraint∫ 2π

0

dφ

∫ π/2

0

dθ sin θ GB(Ω,Ω′) = 0, (D.4)

which together with Eq. (7.97) yields

C(Ω′) − B(Ω′) + 2A cos θ′ + πH(Ω′) + 2πI(Ω′) = 0, (D.5)

where we have defined

A :=

∫ 2π

0

dφ

∫ π/2

0

dθ sin θ G(Ω,Ωπ), (D.6)

B(Ω′) = B(θ′) :=

∫ 2π

0

dφ

∫ π/2

0

dθ sin θ G(Ω, ẐΩ′), (D.7)

C(Ω′) = C(θ′) :=

∫ 2π

0

dφ

∫ π/2

0

dθ sin θ G(Ω,Ω′). (D.8)
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From Eq. (D.5) we obtain H(Ω′) ≡ H(θ′) and

H(θ′) =
1

π

[
B(θ′) − C(θ′)

]− 2A

π
cos θ′ − 2I(θ′). (D.9)

The coefficient A, due to the axial symmetry of the integrand, can be carried out
immediately with the result

A =
5

24
− ln 2

4
. (D.10)

The volume constraint for G in the form
∫

S2
dΩG(Ω,Ω′) = 0 yields

B(θ′) + C(θ′) = 0. (D.11)

Therefore, we have C(θ′) − B(θ′) = −2B(θ′), and thus only the function B(θ′) is
left to be calculated in Eq. (D.9). By using the symmetry of the Green’s function
G(Ω,Ω′) = G(Ω′,Ω) and the explicit form of G in Eq. (6.31) we can write

B(θ′) =

∫ 2π

0

dφ

∫ π/2

0

dθ sin θ G(ẐΩ,Ω′) =

∫ 2π

0

dφ

∫ π

π/2

dθ sin θ G(Ω,Ω′) =

= − 1

4π

∫ 2π

0

dφ

∫ π

π/2

dθ sin θ

[
1

2
+

4

3
cos θ̄ + cos θ̄ ln

(
1 − cos θ̄

2

)]
, (D.12)

where

cos θ̄ = cos θ cos θ′ + sin θ sin θ′ cos φ. (D.13)

We introduce the following auxiliary integrals

J0(y) :=
1

π

∫ π

0

dφ ln(1 − y cosφ), (D.14)

J1(y) :=
1

π

∫ π

0

dφ cosφ ln(1 − y cosφ). (D.15)

First, we calculate

dJ0

dy
=

1

π

∫ π

0

dφ
− cosφ

1 − y cos φ
=

1

y
− 1

y
√

1 − y2
. (D.16)

Then, J0(y) can be obtained by integration with respect to y,

J0(y) =

∫ y

0

dy′
(

1

y′
− 1

y′
√

1 − y′2

)
= ln

(√
1 − y2 + 1

2

)
. (D.17)

Analogically, we obtain

J1(y) =

√
1 − y2 − 1

y
. (D.18)
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Denoting s := sin θ′, c := cos θ′, x := − cos θ and y(x) := s
√

1 − x2/(1 + cx), and
performing the integration over φ, we can rewrite Eq. (D.12) in the form

B = −1

2

∫ 1

0

dx

[
1

2
− 4

3
cx− cx ln

(
1 + cx

2

)
− cxJ0

(
y(x)

)
+ s

√
1 − x2J1

(
y(x)

)]
.

(D.19)
Performing the following simplifications

−cx ln

(
1 + cx

2

)
− cxJ0

(
y(x)

)
= −cx ln

(1 + c)(1 + x)

4
, (D.20)

s
√

1 − x2J1

(
y(x)

)
= −(1 − c)(1 − x), (D.21)

we obtain

B(θ′) = −1

2

∫ 1

0

dx

[
c− 1

2
+ x

(
1 − 7c

3
− c ln

1 + c

4

)
− cx ln(1 + x)

]
=

=
cos θ′

4

(
5

6
+ ln

1 + cos θ′

4

)
. (D.22)

It can be checked, that for θ′ = 0 the relation C(θ′ = 0) = A is recovered. Finally, Eq.
(D.5) yields expression for H(x) in the form

H(x) =
1

2π

[
cosx ln

(
1 + cos x

2

)
− cosx

]
. (D.23)



148 APPENDIX D. CALCULATION OF THE FUNCTIONS H(Ω′) AND I(Ω′)



Bibliography

Abramowitz, M, & Stegun, I A. 1970. Handbook of mathematical functions.
Washington, D.C.: U.S. Government Printing Office.

Aizenberg, J, Braun, P V, & Wiltzius, P. 2000. Patterned colloidal deposition
controlled by electrostatic and capillary forces. Physical Review Letters, 84(13),
2997–3000.

Archer, A J. 2008. Two-dimensional fluid with competing interactions exhibiting
microphase separation: Theory for bulk and interfacial properties. Physical Review
E, 78(3), 031402.

Bausch, A R, Bowick, M J, Cacciuto, A, Dinsmore, A D, Hsu, M F, Nel-

son, D R, Nikolaides, M G, Travesset, A, & Weitz, D A. 2003. Grain
boundary scars and spherical crystallography. Science, 299(5613), 1716–1718.

Bigioni, T P, Lin, X M, Nguyen, T T, Corwin, E I, Witten, T A, & Jaeger,

H M. 2006. Kinetically driven self assembly of highly ordered nanoparticle mono-
layers. Nature Materials, 5(4), 265–270.

Bonn, D, Otwinowski, J, Sacanna, S, Guo, H, Wegdam, G, & Schall,

P. 2009. Direct Observation of Colloidal Aggregation by Critical Casimir Forces.
Physical Review Letters, 103(15), 156101.

Bowden, N, Terfort, A, Carbeck, J, & Whitesides, G M. 1997. Self-assembly
of mesoscale objects into ordered two-dimensional arrays. Science, 276(5310), 233–
235.

Bragg, L, & Nye, J F. 1947. A dynamical model of a crystal structure. Proceedings
of the Royal Society of London, Ser. A, 190(1023), 474.

Brakke, K. 1992. The surface evolver. Experimental Mathematics, 1(2), 141165.

Bresme, F, Lehle, H, & Oettel, M. 2009. Solvent-mediated interactions between
nanoparticles at fluid interfaces. Journal of Chemical Physics, 130(21), 214711.

Brochard-Wyart, F, di Meglio, J M, Quéré, D, & de Gennes, P G. 1991.
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