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Abstract

In this work we study the surface properties of topological systems, with a special focus on
topological superconductors without inversion symmetry. These materials provide a rich
playground for multiple topological phenomena, showing boundary modes with linear and
(or) flat dispersion arising from complex nodal structures.

A remarkable characteristic of topological phases is their robustness to local perturbations.
In usual topological phases such as topological band insulators, this protection owes its
existence to the presence of a pronounced energy gap separating topological sectors. In the
present work, we explore the extent to which this robustness can be generalized to gapless
topological phases. We numerically test the robustness of topological boundary modes against
local disorder and explore the contrast between different disorder strengths and distributions.

An experimental signature is proposed to detect and distinguish the exotic topological
boundary modes in the limit of dilute disorder, with Fourier-transform scanning tunneling
microscopy in mind. We show that each type of surface state carries a universal feature in its
scattering interference pattern, hence making this surface technique particularly suitable.

We further explore the consequences of strong surface disorder, which does not drastically
alter the bulk’s topology. We show that two limits are of particular interest. First, we consider
strong fluctuations in the surface’s electrostatic potential, which lead to the formation of
a high density of Anderson localized impurity states on the surface. We show that these
impurity states mediate scattering within the boundary modes due to their energy proximity.
Consequently, this type of disorder is particularly harmful for topological surface states, in
particular for potential fluctuations with comparable strength to the system’s bandwidth.

The second limit of disorder concerns strong surface impurities, which can equivalently be
regarded as lattice vacancies or surface roughness. We show that in the presence of this type
of disorder, the topological states migrate to inner layers. Hence, lattice vacancies or surface
roughness cannot harm the topological boundary modes of both gapped and gapless phases.
It follows that the existence of the topological surface states does not depend on translational
symmetry. We show that substituting one disorder regime by the other by inducing strong
localized surface scatterers can lead to a sharper signal in photoemission measurements after
sputtering samples of the topological insulator bismuth selenide.

Additionally, we study the interplay between topology and electron-electron interactions
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at the surface of nodal superconductors, where the infinitely degenerate flat bands are sus-
ceptible to spontaneous symmetry breaking. We show that for singly degenerate flat bands,
time reversal symmetry is spontaneously broken due to the emergence of a complex super-
conducting pairing amplitude, leading to the generation of spontaneous chiral currents at the
surface of the nodal topological superconductors.

Finally, we briefly look into possible symmetry preserving interactions that can lead to the
destruction of the boundary modes. It was recently proposed that the single particle topology
of one dimensional topological superconductors collapses in the presence of interactions if its
invariant is a multiple of 8. Using a dimensional hierarchy approach, we propose a generalized
form of a quartic interaction that allows for the adiabatic connection of topological sectors,
distinct in the non-interacting limit.
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0. Preface

Solid state physics is a compelling field devoted to the study of collective properties of a
large number of fundamental particles. Intriguing emergent phases can be manifested due
to non-trivial electron-electron interactions. Examples are metallic phases of dispersing
electrons which turn, upon lowering the temperature, into phases of coherent bosons, or
alternately, phases of half-fermions by spatially separating their degrees of freedom. Our vast
understanding of phases of matter relies on the insightful description of phase transitions
proposed by Ginzburg and Landau [1, 2] where emergent phases are described by local order
parameters which acquire a non-vanishing value under symmetry breaking, together with
a decrease in the system’s free energy. Examples of these types of ordered states include
magnets, crystals, superconductors, and superfluids.

Since its discovery in 1911 [3], superconductivity has continued to be a fascinating subject,
keeping many of the greatest minds in the last and present century puzzled. The beginnings
of our comprehension of the problem can be attributed to Bardeen, Cooper and Schrieffer
[4], who discovered in 1957 the microscopic theory of conventional superconductivity (BCS
theory). Briefly summarized, it was shown that the retardation effect due to Coulomb
overscreening allows for an effective attractive interaction between electrons. Due to this
attractive interaction, the electrons form bosonic Cooper pairs, which condense into a coherent
macroscopic quantum state, the Cooper pair condensate. This condensate is a coherent
macroscopic state, which has been observed experimentally innumerous times and widely
applied in technology, evidencing the importance of our fundamental understanding of the
electron’s quantum character.

With the discovery of high-temperature superconductors by Bednorz and Müller in 1986 [5],
it became clear that the understanding of superconductivity was far from complete, particularly
the nature of its underlying microscopic mechanism. It is understood that the longer range of
the correlation functions in comparison to normal BCS superconductors excludes electron-
phonon coupling as the driving force behind this unusual phase of matter. Spin-fluctuations
are proposed [6, 7] to lead to such phases, showing that the phase character of the condensate
can in fact be quite complex, allowing for high-angular momentum pairing functions, with
strongly anisotropic coherent phase. The complexity of the order parameter opens the door
for yet another extraordinary perspective, which will be explored in the present work.
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Parallel to these discoveries, von Klitzing [8] observed in a rather dirty sample of gallium
arsenide the quantum Hall effect (QHE). The QHE had immediately a wide impact, as for
the first time a transport property was measured that did not seem to depend on any details
of the system, with an exactly quantized value of conductivity of e2/h, to 10−9 precision.
Such phenomena required a fundamental explanation relying on the global, rather than local
properties of the wave functions. The discovery of the QHE marked the beginning of an
intense study of topological phases of matter in solid state physics. It is nowadays clear, that
quasiparticle wave functions (fermionic quasiparticles or emergent bosons such as Cooper
pairs) can be non-local objects, present due to the existence of topologically separated sectors
in the landscape of gapped Hamiltonians. Having a full gap in the bulk, the QHE owes
its perfect conductivity to chiral boundary modes with linear dispersion, that avoid local
backscattering due to their topological character. A topological phase transition can be driven
by applying a strong magnetic field, forcing the Fermi level to cross a Landau level. In this
process a metallic intermediate state is reached and a different number of boundary modes is
localized at the edges.

Although the connection between the QHE and superconductivity seems unexpected, in
the following I wish to make this relationship clear. Unconventional superconductors, such
as high-temperature superconductors, due to their non-trivial pairing symmetry can show
equivalent topological character which results in boundary modes. Here, the superconducting
gap is regarded as the protecting gap which stabilizes the topological phase. In unconventional
superconductors, given the possibility of high-angular momentum pairing, the gap can vanish
at some regions in momentum space, the nodal structures. This leads to remarkably rich
topological features, allowing for both boundary modes of flat or linear dispersion. Due to
the lack of a full bulk gap, nodal phases can also be more susceptible to perturbations.

In summary, a topological material is characterized by an insulating or semi-metallic
bulk allowing for perfectly conducting modes localized on its boundary, insensitive to local
perturbations [9, 10]. Boundary states are responsible both for the perfectly quantized
conductivity in the QHE [11], and the zero-energy flat band observed in high-temperature
cuprate superconductors [12]. The existence of boundary modes in topological phases is
universal, as it depends uniquely on global symmetry considerations rather than local details
which are material or model dependent.

Superconductivity leads to a global symmetry between electron and hole excitations: the
spectrum is symmetric about zero energy, with a state at energy −E for each state at +E.
Any midgap (boundary) state must be pinned exactly at E = 0, i.e. a Majorana fermion [13].
From this restriction many unusual properties emerge and the search for understanding and
observation of this particle has been the target of intense focus from the community in
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the past years [14]. Although isolated Majoranas call for our attention [15], finding fully
gapped superconductors hosting them has been proven quite challenging. It is however
experimentally feasible that unconventional topological superconductors with complex nodal
structures are found in nature, possible hosting various realizations of boundary states with
different dispersions. Some candidate materials have been proposed [16], however direct
evidence of Majorana boundary modes is still lacking. It is therefore relevant to understand
in detail the effects of perturbations, either from disorder or electronic correlations, in the
different types of topological boundary states. In this way, not only can we explore the extent
to which these states can be applied to future technologies, but also it allows us to identify
key characteristics that might facilitate their experimental detection.

Accordingly, this text will be focused on the richness of topological states in nodal super-
conductors, and the possibility of their observation under real experimental conditions. For
this purpose we will focus our attention on noncentrosymmetric superconductors (NCSs),
serving as representatives for a larger class of topological materials. NCSs are unconventional
superconductors without inversion symmetry, which are relatively common among aniso-
tropic superconductors [17]. They arise in heavy fermion systems, where the strong interplay
between superconductivity and magnetism favors pairing symmetries with high angular
momentum, but also in weakly correlated systems with strong spin-orbit coupling [16]. Most
NCS materials show nodal points and lines leading to remarkably rich topological features.

The topological features of the materials discussed here can be described in their entirety
using quadratic mean-field Hamiltonians. That is, systems where electron-electron correla-
tions can be described at the mean-field level and do not play an essential role. Consequently,
the study of mean-field approximate Hamiltonians is generally sufficient. The interplay
between interactions and this sort of topological order is, however, not yet fully understood.
On one hand, the interplay between correlations at the surface of topological materials, where
boundary states are localized, still requires further investigation. On the other hand, it is
interesting to explore the role of symmetry preserving interactions in the bulk, which can
lead to a change in the topological sector without closing the bulk gap, possibly leading to
the full destruction of boundary modes.
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This thesis is organized as follows:

Theoretical background

Chapter 1 discusses the main concepts necessary to contextualize this thesis. It is directed
at readers unfamiliar with the topic, focusing on the role of symmetry in single-particle
topological phases. Topological phases are discussed in detail and an introduction to symmetry
in disordered media follows. Superconductivity is briefly discussed focusing on pairing
symmetries, and examples of possible topological materials are given.

Topological surface states in noncentrosymmetric superconductors

Chapter 2 is dedicated to clarifying the relationship between bulk topological invariants
and the resulting boundary theories in both gapped and gapless systems. The model in
study is introduced and an overview of the possible surface sates in noncentrosymmetric
superconductors is given. We find the explicit solution of the topological boundary modes
under a few approximations.

» Part of the content of this chapter is found in Refs. (i) and (ii) in the list of publications.

Quasiparticle interference: Experimental signatures of topological surface states

Chapter 3 builds upon the results from the previous chapter to propose experimental signatures
of the topological surface states. It is shown that the pairing symmetry of the unconventional
superconductor can be identified from measurements of the surface states.

» This chapter is published in Ref. (i).

Beyond low energy

In chapters 4 and 5, we examine the effect of strong surface disorder in order to test the
limits of the topological protection. Nodal superconductors pose a significant obstacle when
trying to tackle the problem in a purely analytic fashion. The strong anisotropies caused
by unconventional pairing and spin orbit coupling make the problems nearly unsolvable
without resorting to powerful numerical tools. Accordingly, we use exact diagonalization and
recursive Green’s function methods to determine the effects of strong disorder on the surface
states. The approach we use allows us to account for the interplay between surface states
(protected from disorder) and bulk or localized impurity states (not topologically protected
from disorder). The numerical calculations are adapted and compared to the case of of the
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topological insulator Bi2Se3. We propose an experimental signature which is subsequently
observed by our experimental collaborators.

» Section 1 of this chapter is unpublished, to appear in Ref. (iv), while Section 2 is published
in Ref. (iii).

Effects of correlations in highly degenerate surface states

Chapter 6 deals with the emergent physics on the surface of three-dimensional NCSs, once
topological surface states are present. It is well established that high degeneracy is generally
unstable to even the smallest interactions, however, lifting the degeneracy of topological
flat bands must be accompanied with a local change in the symmetry class. In this chapter
we discuss the microscopic mechanism for such an effect and determine the spontaneous
symmetry breaking at the surface using self-consistent mean-field calculations.

» This chapter is unpublished, to appear in Ref. (v).

Topology of interacting fermions

Chapter 7 includes a general discussion on the effect of interactions in fully gapped bulk topo-
logical insulators and superconductors. We show that the Bott periodicity of non-interacting
topological phases is violated, due to the possibility of connecting different topological
sectors adiabatically through strongly interacting regions. This reduction is, however, only
possible with the presence of a large number of degenerate surface bound states. Effects
of interactions on semi-metals and nodal superconductors such as nodal NCSs will be the
subject of further research, and falls out of the scope of this thesis.

» This chapter is unpublished, to appear in Ref. (vi).
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1. Theoretical background

1.1. Topological phases of matter

Topological phases of matter are characterized by global rather than local order parameters,
and are consequently robust to local perturbations. The global order parameters are commonly
called topological invariants, which label the adiabatically disconnected sectors from the
space of possible Hamiltonians with a given symmetry and dimension. In short-range
entangled topological phases, this invariant corresponds to the number of modes localized
at the interfaces between two phases with distinct topological numbers. This is a much
celebrated result referred to as bulk-boundary correspondence [9, 10, 18].

Topological phases such as the one described above are denoted symmetry protected
topological phases (SPTs), evident by integer (as opposed to fractional) bulk excitations. Their
topological classification can be determined in terms of effective single-particle Hamiltonians,
and their topological character is fully determined by the characterization of their boundary
excitations.

Many subjects such as unconventional superconductivity were revisited with a renewed
focus on their topological nature, resulting in a clearer and simpler message. The topological
theory of band insulators, such as Bi2Se3 or HgTe received in the last years a remark-
able amount of attention, since the boundary states were experimentally observed in both
photoemission [19–28] and transport experiments [29].

A simple illustration of a topological phase is found for a chain of dimerized electrons,
the Su-Schrieffer-Heeger (SSH) model [30], created with the original purpose of describing
electronic properties of polyacetylene. Consider a one-dimensional chain with hopping terms
t and t′, alternating between adjacent lattice sites. An insulating state can be formed by letting
t′ → 0, which will lead to a fully dimerized chain where the electron wave functions are
localized but shared between two sites coupled by the amplitude t. An equivalent construction
can be made by letting t→ 0 instead, which will lead to a system in everything equivalent
to the previous one in the presence of periodic boundary conditions. They belong, however,
to different topological sectors, as there is no smooth and adiabatic transformation between
the two states. An interpolation between the two sectors would necessarily cross the point
t = t′ for which the eigenstates are extended through the entire wire. From the discussion
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above, we expect additionally that the two sectors of the SSH model host a different number
of edge bound states. Let’s look now at the finite chain by removing the periodic boundaries.
Assume the first site is coupled to the second by t, the second to the third with t′ and so on.
Letting t→ 0 leaves the first site of the chain disconnected, hence, adding an electron to this
site costs no energy. On the other hand if t′ → 0, such a state would not exist, as the end of
the chain contains a full dimer. The two sectors, besides being adiabatically disconnected
from each other, are distinguished by the existence of an ingap edge state.

Each of the topological sectors has a different number of boundary excitations protected by
chiral symmetry. An adiabatic path between the two sectors which preserve chiral symmetry
is, therefore, forbidden. In order to facilitate the study of adiabaticity in Bloch systems
we introduce the concept of Berry phases [31]. For a cyclic loop in some parameter space,
for example the lattice momentum k, the wave-function acquires a well defined geometric
phase, which can only change under non-adiabatic path deformations — it is a topological
invariant. The Berry phase can be expressed as the integral along a closed path of the Berry
vector potential determined by the systems eigenstates, being the basis to define the different
topological invariants arising both in gapped and gapless SPT phases. For trivial systems, we
can impose a constant phase for all eigenstates by a smooth gauge transformation. On the other
hand, a nonzero Berry phase for a closed loop evidences an obstruction in choosing a common
phase along the loop. A look into the geometric properties of each symmetry class and
dimension, allows one to exhaustively determine the possible topological invariants [32, 33].
In Table 1.1 this classification is summarized, where two different topological invariants arise
in the context of single particle Hamiltonians: (i) Z invariants, refer to an integer (2Z if
even) number of disconnected topological sectors within the same symmetry class, allowing
for an integer number of perfectly conducting boundary modes. The classic example is the
QHE (class A), for which varying the magnetic field strength can lead to a topological phase
transition. In a topological phase, or a quantum Hall plateau, an integer number of chiral
charge modes are present on the edge, with a conductance of σ = C e2/h with C ∈ Z,
the topological invariant known as Chern or TKNN number [34]. (ii) Z2 invariants which
refer to systems with only two distinct topological sectors, where a single boundary mode
is protected. The most common examples are 2 and 3D topological insulators (class AII).

In closing, it is important to note that in their most general form, topological phases are
not constrained to the conditions mentioned above. Strongly correlated topological phases
can have fractionalized bulk excitations and long range entanglement. This is the case, for
example, of the fractional Hall effect, for which the bulk shows topological order [35, 36]
and ground state degeneracy for periodic boundaries. Such phases are a fascinating subject,
however fall out of the scope of this thesis.
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1.1.1. Symmetry classes

The set of symmetries {G} of an HamiltonianH can be used to identify and characterize a
general system, as it determines the relevant conservation laws and quantum numbers. For ex-
ample, translational symmetry in both space and time leads to the conservation of momentum
and energy. A symmetry is defined by an operator G, which leaves the Hamiltonian invariant,
i.e.,

GHG−1 = H. (1.1)

For the majority of symmetry operations in physics, G represents a unitary linear map, i.e.,
GiG−1 = i. In this category are included Lorentz transformations, gauge symmetries, mirror
symmetries, etc. However, they do not constitute the full set of physically relevant symmetries.
Symmetry operations respecting GiG−1 = −i are also allowed and imply strong constraints
on the form of the HamiltonianH. An antiunitary symmetry Gau can always be written as
Gau = GuK, where K represents complex conjugation and Gu a unitary symmetry.

A key difference between unitary anti-unitary transformations is that the latter does not
preserve (anti)commutation relations [37], which is explicitly seen by

[ri, i∂rj ] = δij
K−−−−→ [ri, i∂rj ] = −δij , (1.2)

where r is the position and k = i∂r the momentum operators. If K is a symmetry of the
Hamiltonian, it must be realH∗ = H, which is the case for integer spin system symmetric
under reversal of time. Generally, time-reversal symmetry (TRS) can be written as T = GTK,
for GT a unitary symmetry. Applying TRS twice, one concludes that either T 2 = +1 or
T 2 = −1. While T 2 = +1 concerns integer spin particles, T 2 = −1 is related with
half-interger spin particles, where TRS flips the spin degree of freedom. Schematically, we
have for spinless and half-spin fermions,

T 2 = +1 : c†k
T−−−→ c†−k, (1.3a)

T 2 = −1 : c†k↑
T−−−→ c†−k↓, and c†k↓

T−−−→ −c†−k↑, (1.3b)

where c†kσ represents the fermionic creation operator. Analogously, we can define a differ-
ent antiunitary operation C which arises in the context of particle-hole symmetric (PHS)
Hamiltonians, here we can define

C2 = +1 : c†k
C−−→ c−k, (1.3c)

C2 = −1 : c†k1
C−−→ c−k2, and c†k2

C−−→ −c−k1, (1.3d)
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where c†kn and ckn are the fermionic creation an annihilation operators with n an isospin
(band) index [38]. These cases emerge in the context of triplet and singlet superconductors,
respectively.

With the two antiunitary symmetry operations we construct a total of ten different symmetry
classes of HamiltoniansH, coined in the literature as the ten-fold way [39, 40]. Two complex
classes (A, AIII) with no TRS or PHS but possibly satisfying the combination S = T C,
denoted chiral symmetry; and eight real classes (AI, BDI, D, DIII, AII, CII, C, CI) with TRS
and(or) PHS, squaring to +1 or −1 according to the discussion above. The last eight classes
can be conveniently represented by an 8-hour clock [41], found in Figure 1.3.

Matrix Hamiltonians

In non-interacting systems,H can be expressed in terms of a first-quantized matrix Hamilto-
nian Hij defined by

H =
∑

k

Ψ†i (k)Hij(k)Ψj(k), (1.4)

where (i, j) are general indices for real space or internal degrees of freedom, whose sum-
mation is assumed if repeated. Hij acts on the fermionic basis states, Ψi, which obey
the standard fermionic anticommutation relation {Ψi,Ψ†j} = δij . In the language of first
quantization, the symmetry operators T , C and S are represented by the matrix operators

T = UTK, C = UCK, S = T C, (1.5)

which can be applied either to the matrix HamiltonianH or to the basis states Ψ. We note that
the unitary matrix S respects S2 = 1 but is not uniquely defined. For the sake of convention
let us define this action explicitly,

T : T Ψi(k)T −1 = (UT )ijΨj(−k),

C : CΨi(k)C−1 = (U∗C)ijΨ†j(−k),

S : SΨi(k)S−1 = (S)ijΨ†j(k), (1.6)

and

T : U†TH
∗(−k)UT = +H(k),

C : U†CH
∗(−k)UC = −H(k),

S : S†H(k)S = −H(k). (1.7)
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Table 1.1. Topological classification of non-interacting fermion phases characterized by the
topological dimension δ = d − Ddef . d labels the total dimension of the Brillouin zone,
and Ddef labels the co-dimension of the defect (either in real or momentum space), zero for
gapped systems without any defects. The different rows indicate the symmetry class, defined
by the transformation of the Hamiltonian under the action of T (time-reversal symmetry)
and C (particle-hole symmetry) squaring either to +1, −1 or absent, 0. Each entry of the
table shows the group of topologically distinct sectors, where Z signifies distinct integer
invariants; 2Z integer and even topological invariants;Z2 binary invariants, i.e. "topological"
or “trivial"; and 0 which means a single topological sector – the trivial one.

class T C S δ=1 δ=2 δ=3 δ=4 δ=5 δ=6 δ=7 δ=8 name

A 0 0 0 0 Z 0 Z 0 Z 0 Z unitary
AIII 0 0 1 Z 0 Z 0 Z 0 Z 0 ch-unitary

AI +1 0 0 0 0 0 2Z 0 Z2 Z2 Z orthogonal
BDI +1 +1 1 Z 0 0 0 2Z 0 Z2 Z2 ch-orthogonal

D 0 +1 0 Z2 Z 0 0 0 2Z 0 Z2 BdG
DIII −1 +1 1 Z2 Z2 Z 0 0 0 2Z 0 BdG
AII −1 0 0 0 Z2 Z2 Z 0 0 0 Z symplectic
CII −1 −1 1 2Z 0 Z2 Z2 Z 0 0 0 ch-symplectic
C 0 −1 0 0 2Z 0 Z2 Z2 Z 0 0 BdG
CI +1 −1 1 0 0 2Z 0 Z2 Z2 Z 0 BdG

TRS and PHS lead to complex conjugation of the first-quantized Hamiltonian H , and corres-
pondingly to the reversal of the momentum direction. It is also customary to refer to T and C
as reality conditions.

Finally, we note that the role of unitary symmetries should not be underestimated. Particu-
larly, in the light of recent interest rise on topological crystalline insulators (TCIs) [42, 43].
Unitary symmetries can have a defining role on the topological nature of a given material by
preventing sectors of opposite topological invariants to couple.

1.1.2. Topological classification of matrix Hamiltonians

A good understanding of a phenomenon comes from the ability to describe it in many
different ways, as Feynman would say. The classification scheme of TIs and TSCs is a
good example. From the symmetry restrictions above mentioned, there are a few ways to
exhaustively determine the topological nature of general matrix Hamiltonians. Originally,
the result was obtained by the symmetry constrains on arbitrary Hamiltonians in the context
of transport in disordered systems [33], where topological terms were found to prevent
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Anderson localization at the boundaries. The same result was then obtained from purely
algebraic considerations, specifically by studying the periodic properties of K-theory and
group cohomology [32, 44]. A comprehensive description of the classification procedure and
the dimensional generalization using Dirac Hamiltonians by Ryu et.al. [40] will be the basis
for this discussion. The main goal of this section is to introduce a unified background for
the treatment of both fully gapped and partially gapped band Hamiltonians. This will serve
as the basis for the extension to interacting fermions in the last chapter of this thesis. For a
formal construction of Dirac representatives and their dimensional hierarchy the reader is
referred to Refs. [40, 45].

Given a symmetry class and a spatial dimension d, topologically distinct Hamiltonian
sectors are defined by equivalence classes of Hamiltonians that can be adiabatically deformed
onto each other. That is, smoothly transformed into each other without a gap closing. These
sectors are symmetry protected since a symmetry breaking term can adiabatically connect
two topologically distinct sectors [46].

In fully gapped Hamiltonians, such as insulators and superconductors without nodes, the
adiabaticity requirement means the bulk gap should not close during the entire transformation,
while for partially gapped systems it means that the Fermi surface manifold can only be
continuously deformed, without undergoing a Lifshitz transition. Since adiabatic transforma-
tions are allowed, a convenient way to study the topological character of different symmetry
classes is by performing an adiabatic transformation from a general Hamiltonian into a Dirac
Hamiltonian, for which the momentum dependence is kept only to linear order,

H(k, r) =
d∑
a

kaΓa +M(k, r), (1.8)

for a = {1, ..., d}, where Γa are generalized Dirac matrices belonging to the spinor repres-
entation of SO(2n+ 1), which satisfy the anti-commutation relation

{Γa,Γb} = 2δab, (1.9)

andM(k, r) a general mass with matrix structure, formed by a single or a product of Γ-
matrices. For SO(3), the Dirac matrices reduce to the familiar Pauli matrices σa with
a = {x, y, z}, from which any 2× 2 Hamiltonian can be built. Dirac Hamiltonians of the
form (1.8) are not sufficient to describe a big part of physical systems but are sufficient to
capture the geometric properties leading to topological features. Another difficulty is that
Dirac Hamiltonians are unbound in energy, for this reason they can only describe effective
low-energy Hamiltonians, in contrast with tight-binding models defined on a lattice. It follows
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that a single Dirac fermion cannot be defined on a lattice, formally described by the fermion
doubling theorem [47]. In the following, we focus our discussion on the topological properties
in the continuum limit, that is ki ∈ Rd, and infer results for a tight-binding Hamiltonian
by considering the regularization ki → sin(k̃i), where k̃i ∈ [−π, π[ belongs to the first
Brillouin zone (BZ).

As a first remark, let us note that any trivial gapped Dirac Hamiltonian can be continuously
deformed into the atomic limit, where the gap is taken to infinity and the electronic states are
localized around the lattice ions. The topology must be evident in the momentum dependence
of the wave functions, in particular how their geometric character changes by varying k.
Furthermore, we can only define gauge invariant properties of a gauge field within closed
boundaries. Thus, the Berry phase is defined as the integral of a Berry vector potential (Berry
connection) A(k) over momentum space. In its simplest form, the Berry phase is defined by

ϕ =
∮
C
A(k), with A(k) = −i

∑
occ. n

〈Ψn(k)|∂k|Ψn(k)〉, (1.10)

where the sum is taken over occupied bands labeled by n. A(k) is a gauge field in parameter
space analogous to a magnetic vector potential from which a magnetic flux originates. One
can define a gauge invariant quantity, the Berry curvature F(k), given in two-dimensions by
F(k) = ∂kxAy(k) − ∂kyAx(k). A non-zero Berry phase is therefore associated with the
existence of magnetic monopoles, or singularities in the Berry curvature. In other words, it
evidences an obstruction in defining a smooth gauge in the full space, quite like trying to
comb a hairy ball. The integral of F(k) over a closed surface does not depend locally on the
integration path, however it can vary globally by enclosing a different number of singularities.
This is saying that paths giving the same Berry phase ϕ are homotopically equivalent as they
can be smoothly deformed into each other.

Before introducing the general features of Table 1.1, let us understand it by focusing on
the specific example of real classes with d = 1(δ = 1). In one-dimension the space is
parametrized by a single momentum k = k, and following the general form of a Dirac
Hamiltonian defined above, the only two irreducible Hamiltonians one can write are given by

HBDI = kσ1 +mσ2, (1.11a)

HCII = kγ1 + imγ2γ3γ4, (1.11b)

where γi are the gamma-matrices forming the irreducible representation of SO(5), and
k ∈ R as we are considering the continuum limit. The symmetry classes of both Hamiltonians
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can be inferred by the missing Dirac matrices. In particular they are both chiral symmetric
with S = σ3 and S = γ5, respectively. Eq. (1.11a) belongs to the class BDI, where TRS
is given by T = σ1K and PHS by C = σ2K, both squaring to +1. While (1.11b) belongs
to class CII with T = iγ1K and C = −iγ2γ3γ4K squaring to −1, which leads to doubly
degenerate eigenstates (singlet superconductors). The Berry phases associated with the filled
bands E < 0 are then ϕBDI = π/2 and ϕCII = π. That is, the phase winds around W times
along the integration path, with W = 1 and W = 2 respectively. Let us do the calculation
explicitly for the BDI case:

ψ(E, φ) = 1√
2

(
eiφ

1

)
, with tanφ = m

k
, and E =

√
k2 +m2, (1.12)

the Berry phase is then calculated by

Aφ = − m

2E2 ⇒ ϕ =
∫ ∞
−∞
Aφ dk = π

2 , (1.13)

becoming ill defined once the mass gap closes. A lattice regularization forces us to have
an even number of Dirac states, each contributing ϕ = π/2. Thus, we arrive to the general
Berry phase of a lattice 1D BDI system, ϕBDI = Wπ ⇒W ∈ Z. The same argument can
be applied to (1.11b) to find that W ∈ 2Z, where the extra factor of two reflects the double
degeneracy of the bands in a singlet superconductor. Finally, in the complex classes, no
reality condition (T or C) is imposed on the eigenstates, hence they are formed by complex
fermions, with a higher degree of freedom. Analogous to the BDI case, the Hamiltonian in
class AIII takes the same form as (1.11a) with chiral symmetry S = σ3 alone. In the absence
of reality conditions, Eq. (1.11b) can be brought to a block diagonal form, reflecting the
existence of merely two complex classes A and AIII.

The emergence ofZ2 invariants is more subtle. In this case, TRS or PHS restrict the values
of the Berry phase to be φ = 0 or φ = π, depending on the existence of an even or odd
number of symmetric pairs (each state and its TRS or PHS partner) at high symmetry points
in momentum space.

Momentum defects

Materials showing protected stable Fermi points or general momentum space topological
defects, owe their exotic properties to the Berry phase acquired by taking a path around
these singularities. Among them are Weyl and Dirac semimetals [48–52], whose observa-
tion has been reported in TaAs and NbAs, respectively [53, 54], graphene [55] and nodal
superconductors (fluids) such as noncentrosymmetric superconductors and the A-phase of
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Figure 1.1. Momentum dependence of the Berry phase from a nodal dx2−y2−wave supercon-
ductor with 4-point nodes marked as dark dots. The normal state Fermi surface is indicated
by the solid red line.

3He [56].

Stable Fermi points and superconducting nodal structures are regions in momentum space,
where bands cross and can be viewed as momentum-space defects [56]. Their stability against
a trivial gap opening indicates that defects must be protected by a topological invariant. In
other words, nodal points in cuprate dx2−y2 -wave superconductors, Fermi points in graphene
and nodal points in the A-phase of 3He can be interpreted as momentum-space point defects,
vortices and hedgehogs, respectively. Nodal lines in noncentrosymmetric superconductors,
on the other hand, correspond to momentum-space vortex lines, which can be interpreted as
long magnetically charged wires.

Momentum defects are expressed as zeros in the mass functionM(k) in Eq. (1.8), and
are thus locally approximated by a massless Dirac Hamiltonian with dimension ddef , lower
or equal than that of the Brillouin zone. That is, the sum in (1.8) is taken on some subset of
possible momentum directions. A defect situated at k0 implies that locally the Hamiltonian
is described by (1.8) withM = 0, after an appropriate translation that does not change the
topological character of A(k), i.e. that it does not cross any other nodal structure on its way.
With a vanishing massM, the integral in (1.10) is not well defined for all paths, specifically
those that cross the monopole at k = 0. It becomes important to define lower dimensional
paths that do not cover the BZ. We define the co-dimension of the momentum defect Ddef as
the difference between the dimension of the space it is embedded in (dimension of the BZ)
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and the dimension of the defect ddef , that isDdef = d−ddef−1.1 For example, a Dirac point
embedded in a two-dimensional space would have Ddef = 1. The topological dimension
δ characterizes paths that enclose these defects, for which a non-trivial Berry phase can be
picked. It follows that δ = d − Ddef . This is illustrated in Fig. 1.1, where we see that a
non-zero Berry phase can be obtained by taking a contour C around a nodal point. A parallel
can be made with the above calculations of the Berry phase in gapped bands, where the mass
is substituted to m → kd+1. The 1D gapped system has the same topological dimension
as a 2D system with point nodes. In the latter case no truly 2D topological invariant can be
defined since an integral over the entire BZ is bound to encounter singularities, and is not
therefore well defined.

The singularities on the Berry curvature F(k) can be thought of as sources and sinks of
Berry flux. The fermion doubling theorem guarantees that the total flux cancels, that is for
each source there is a sink in a different point of the BZ. Moving the Dirac points around and
bringing them close together can lead, without violating any symmetry, to their annihilation
and a consequent topological phase transition. Due to the change of the topological character
of the Fermi manifold, these type of transitions are called topological Lifshitz transitions.

The calculation of the Berry phase along a one-dimensional loop around a Dirac cone
belonging to the symmetry class AIII (see Table 1.1) is then completely analogous to the
one above. In this symmetry class we simply have chiral symmetry, corresponding to
a sublattice symmetry such as in ideal graphene (without second neighbour hopping or
sublattice asymmetries). A single Dirac cone can be effectively described by

H = kxσ
1 + kyσ

2, (1.14)

with eigenstates given by (1.12) where tanφ = ky/kx and k =
√
k2
x + k2

y . The Berry
vector potential, for which only the angular component survives is given by

Aφ(k) = −ik−1〈ψ(φ)|∂φ|ψ(φ)〉 = (2k)−1, (1.15)

leading to a Berry phase of ϕ = π i.e., W = 1. A Dirac point of opposite chirality, for
example H = kxσ

1 − kyσ2, will carry the Berry phase ϕ = −π and consequently they can
be annihilated by bringing them close enough to one another.

The symmetry class of the Hamiltonian restricted to the integration path is generally not
the same as the symmetry class of the full system. In fact, the symmetry classes can only
coincide if the paths are taken along high symmetry planes in the BZ. Z2 invariants can
only protect nodal points (Ddef = 1) at high symmetry points, since they require a reality

1The extra “−1" is introduced for convenience, cf. Table 1.1.
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Figure 1.2. Real space defect with a domain wall in the mass function M(r) ∝ tanh(r) (red)
trapping a boundary bound state ψ(r) ∝ sech (r) (blue).

condition that necessarily connects opposite momenta. Nodal structures away from high
symmetry points in the BZ can therefore only be protected by either no symmetry in even δ
(class A) or chiral symmetry in odd δ (class AIII), with Z invariants.

Spatial defects

To conclude the discussion of basic topological structures in band Hamiltonians, we finally
look at spatial defects [41]. These are local regions in real space r where the gap vanishes due
to domain walls in the gap functionM(r). Just like in momentum defects, we characterize
spatial defects by the co-dimension Ddef = d − ddef − 1. The topological dimension
δ = d−Ddef determines the dimension of the sphere enclosing the defect. As an example,
the surface of a 3D bulk material can be parametrized by a 2D domain wall in the mass,
written, for example, as M(r) ∝ tanh(r). Bulk-boundary correspondence guarantees that a
gapless state exists bound to the defect.

To still be able to define the wave function in k-space, it is assumed that the path is
sufficiently far away from the singular defect. Under these conditions, the defect bound state
localized in the domain wall of the mass function at r = 0 can be obtained by enlarging
the Hamiltonian to be written as the irreducible representation of SO(2N + 1) with N =
b d+Ddef

2 c, such that

Hdef(r) = iΓ · ∂r + Γ̃ ·M(r), (1.16)

for Γi = (Γ1, . . . ,Γd) the real space Dirac matrices, Γ̃i = (Γd+1, . . . ,Γd+ddef ) the mass
Dirac matrices, and forM = (tanh r1, ..., tanh rddef )

T . The defect bound state is obtained
by solving the equation

Hdef(r)ψ̃(r) = 0, (1.17)
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having the solution2

ψ̃(̃r) =
ddef∏
i=1

Pi sech ri ψ, Pi = 1
2(1 + iΓiΓ̃i), (1.18)

forψ a general vector belonging to SO(N+1) andPi the projector operator for each direction
where a domain wall exists. ψ̃(̃r) is still linearly dispersive along r̃ = (r1, . . . rd−ddef ).

1.1.3. Bott periodicity

The ten-fold way can be directly related to the ten symmetric spaces classified by Élie Cartan
in 1926 [57]. The (only) ten different matrix Hamiltonians describing free fermionic systems
are in one-to-one correspondence with the ten symmetric spaces in which the time-evolution
operator can exist. The existence of such a small number of symmetric spaces indicates that
the topological properties of general Hamiltonians should have a simple underlying structure.

In the context of topological band insulators, we restrict ourselves to the classification of
fully gapped systems (or fully gapped subsystems), where the (n+m)× (n+m) matrix
Hamiltonian H(k) defined on the BZ has a well defined gap separating the n (below the gap)
and m (above the gap) bands. The topological classification can be inferred by flattening
the Hamiltonian into a matrix Q(k) with m E = +1 and n E = −1 eigenvalues [58].
This transformation removes all details of the Hamiltonian, while preserving the possible
topological nature of the model. Hence, Q(k) corresponds to a map from the BZ to the
classifying space characteristic of each symmetry class.

If there are no symmetries imposed onQ(k), as in the symmetry class A,Q(k) corresponds
to a unitary matrix, up to basis transformations in the n andm degenerate subspaces. That is, it
is an element of {Q} = U(n+m)/(U(n)×U(m)). Up to weak topological invariants [18,
59], we can assume k to take values in the Sδ-sphere rather than a T δ-torus, for δ the
topological dimension, as previously discussed.In this case, classifying Q(k) corresponds
to the classification of maps Q(k) : Sd → {Q}, given by the homotopy group πd[{Q}].
This has a universal result [58, 60], being Z for any even dimension, while 0 for any odd
dimension. The different equivalence classes in even dimensions are labeled by the Chern
number, Cδ .

Imposing chiral symmetry S on the above space we get the symmetry class AIII, where
the energy spectrum is symmetric about E = 0, that is, n = m. In the Dirac Hamiltonian
language introduced above, this symmetry class emerges when there is a missing Dirac matrix

2One can see that this general solution satisfies (1.17) by noting that ∂xsech x = − tanh x sech x, and using the
commutation properties of the Dirac matrices.
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Figure 1.3. Bott clock for the eight real symmetry classes (outer square) and the two complex
symmetry classes (center) defined by the antiunitary symmetries T (time reversal symmetry)
and C (particle-hole symmetry), squaring to +1 or −1. In the presence of TRS and (or) PHS
a real condition is imposed in the Hamiltonians, being denoted real symmetry classes and
respecting a 8-fold periodicity. In the absence of both TRS and PHS, two complex classes are
allowed, with (AIII) and without (A) chiral symmetry, respecting a 2-fold Bott periodicity.

(Γ) in the Hamiltonian, which anticommutes with it. Since the conductance and valence
bands are now related by symmetry, Q(k) is simply an element of U(n). The topological
classification in this symmetry class is then given by πd[U(n)], which is given by Z for odd
dimensions δ, and 0 otherwise. In this case the Chern number vanishes, but we can define
an alternative topological invariant to label the different equivalence classes: the winding
number Wδ .

An equivalence between πd[U(n+m)/(U(n)× U(m))] and πd−1[U(n)] can be estab-
lished [44, 61–63], justifying the zig-zag pattern in the first two columns of Table 1.1. This is
referred as the two-fold Bott periodicity of complex classes.

Imposing reality conditions in the above spaces, leads to the unfolding the two-fold
periodicity into an eight-fold periodicity, as there are eight ways of imposing TRS and PHS.
Here, the Chern and winding numbers are still well defined, leading to the ladder of Z’s in
Table. 1.1, in an intercalated way. However, the presence of symmetries connecting the states
at k and −k in the BZ leads to the appearance of two descendent Z2 invariants, for each of
the Z invariants. In conclusion, the following relation yields

πδ[{Q}s] = πδ+1[{Q}s+1], (1.19)

where δ labels the topological dimension and s, taken only modulo 2 (8) labels the symmetry
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class for complex (real) classes. This is the nature of the Bott periodicity, evident in Table. 1.1
as ladder structures. It can be conveniently represented by an eight hour Bott clock, shown in
Fig. 1.3.

1.1.4. Topological invariants

Chern number

In the absence of chiral symmetry, we can define a Chern number, C(Qk), in terms ofthe flat
Hamiltonian Q(k) given by the projector [40, 58, 64],

Q(k) = 1− 2
∑

occ. n

|ψn(k)〉〈ψn(k)|, (1.20)

resulting in

C(Qk) ∝
∫
Sδ

dδk εα1,...αδ tr [Qk
−1∂α1Qk ·Qk

−1∂α2Qk · · ·Qk
−1∂αδQk]. (1.21)

with ε the fully antisymmetric tensor. In a chiral symmetric Hamiltonian, the Chern invariant
defined above is always vanishing.

Winding number

The existence of chiral symmetry S, guarantees that the Hamiltonian can be brought to an
off-diagonal form in a basis where S is diagonal, denoted chiral basis. It follows from the
anticommutation of S with the Hamiltonian, that S is a proper unitary symmetry of H2(k).
In this basis we have [40, 58, 64, 65]

H(k) =
(

0 D(k)
D(k)† 0

)
. (1.22)

The eigenstates ψn(k) of H(k) can be calculated by diagonalizing H2(k).We find the
conditions

D(k)D†(k)un(k) = E2
n(k)un(k), D(k)†D(k)vn(k) = E2

n(k)vn(k), (1.23)

allowing us to rewrite

ψn(k) = 1√
2

(
un(k)

sgn(En(k))vn(k)

)
, (1.24)
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for En(k) the eigenenergies. Performing an adiabatic deformation of the Hamiltonian such
that its bands are flattened with eigenvalues Ẽn(k) = ±1, we get

Q(k) =
(

0 q(k)
q(k)† 0

)
, (1.25)

with the flattened off-diagonal block

q(k) =
∑

occ. n

1
En(k)un(k)u†n(k)D(k). (1.26)

Under this transformation, the redundancy introduced by chiral symmetry is removed and the
topological character of H(k) is fully encoded in q(k). The winding number, which is only
well defined in odd dimensions, takes the general form

W(qk) ∝
∫
Sδ

dδk εα1,...αδ tr [qk
−1∂α1qk · qk

−1∂α2qk · · · qk
−1∂αδqk]. (1.27)

Z2 invariants

The reality conditions TRS and PHS applied to the above invariants can lead to their can-
cellation (for example class AI in two dimensions) resulting in the trivial classification “0”.
However, for some symmetry classes TRS or PHS results in the appearance of a binary
topological indexZ2 [40, 64–70]. Z2 invariants can be obtained as descendants of Chern and
winding Z invariants at higher dimensions. A detailed derivation can be found, for example,
in Ref. [40]. However, simple forms of the invariant can be derived based on Pfaffian indices,
well defined in the presence of an antiunitary symmetry squaring to −1 [68, 71]. Since TRS
and PHS relate each at k to a state at −k, it is sufficient to define the Z2 index on half of the
Brillouin zone, or effective BZ (EBZ). Focusing as an example on the symmetry class AII in
two dimensions (spin Hall effect), Kane and Mele [68] have shown that we can define the
antisymmetric sewing matrix which relates the time-reversal partners,

ψa(−k) = [wab(k)]∗T ψb(k), ⇒ wab(k) = 〈ψa(−k)|T ψb(k)〉. (1.28)

The existence of a single boundary mode can be inferred by the properties of the sewing
matrix at time-reversal invariant momenta (TRIM) in the EBZ (Λi), where |det[w(Λi)]| = 1,

N[w] =
∏
i

Pf[w(Λi)]√
det[w(Λi)]

. (1.29)

In the presence of both TRS and PHS, the chiral symmetry operator S guarantees the
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above invariant vanishes. This follows from noting that the symmetry operators (1.5) respect
T S = αST with α = T 2C2. For α = −1, as in classes DIII and CI, one can use
the anticommutation relation to show that w(k) = −w(k) = 0. A different topological
invariant must be defined in this context. A convenient way to do this is through the off-
diagonal structure defined above. In this basis where the flattened off-diagonal block satisfies
q(k) = −qT (−k) at TRIMs, one can define the analogous Z2 index [40, 58, 64, 65]

N[q] =
∏
i

Pf[q(Λi)]√
det[q(Λi)]

. (1.30)
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1.2. Disorder

A striking characteristic of topological phases of matter is their intrinsic robustness against
local perturbations. These include local uncorrelated or correlated disorder [72]. Bound-
ary modes protected by the topological invariants introduced in the previous section, will
remain ballistic even if an impurity is found on their way [9, 10]. This is in clear contrast
with normal metallic phases, for which disorder generally leads to diffusion or localization.
Here, we introduce the wave function properties of disordered metals, which, in parallel to
topological phases, depend crucially on their symmetry and dimension. This is preceded by a
discussion contrasting normal metals to metallic boundary modes, which are protected by a
bulk topological invariant.

1.2.1. Wave function localization

Classically, the diffusive properties of conducting systems are described by the Boltzmann
equation and the Fermi-liquid theory of metals [73]. Charge (or spin) transport can be
described by the conductivity σ, limited by scattering events due to electron-phonon or
electron-electron interactions. A pioneering work by Anderson [74] introduced the concept
of wave-function localization, showing that a strong enough random potential V (r) would
lead to a collapse of extended states onto well separated states in space and energy. These
localized states decay exponentially in space with the decay rate ξ,

|Ψ(r)|2 ∝ exp{−(r − r0)/ξ}. (1.31)

For moderate disorder, however, the possibility of having both localized and extended states
arises, as low-energy eigenstates become less affected by a strongly fluctuating disorder
potential. The energy below which all states are extended is called the mobility edge. The
metal to insulator transition driven by disorder can be understood in terms of a single
parameter scaling, β(g) = d(ln g)/d(lnL), where g is the dimensionless conductance
and Ld the system size in d-dimensions. This celebrated work by the “gang of four” [75]
evidences the critical role of dimensionality in transport. The scaling of the conductance can
be computed for a metal and an insulator, which correspond to the so-called diffusive and
localized regimes, respectively.

g(L) ∝ σLd−2, diffusive regime, (1.32a)

g(L) ∝ exp{−L/ξ}, localized regime, (1.32b)
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One can immediately conclude that in one-dimension d = 1, all states are localized and
consequently, no metallic state can exist. In two dimensions, the critical dimension, one
cannot make a concrete statement about the localization of the states. Finally, in three
dimensions a metal-insulator transition is expected to happen, for a for a critical value of the
conductance gc.

This picture is, however, very simplified. The effect of quantum fluctuations becomes
critically important in order to predict if a metal-insulator transition occurs. In particular, a
logarithmic correction to the conductivity can emerge due to such interference effects. In
a perturbation theory language, different quasiparticle paths can interfere constructively or
destructively, according to the symmetry constraints on the single-particle propagators. This
effect is called weak (anti-)localization. Such corrections become particularly important in
two-dimensions, where (1.32) does not provide sufficient information. In the presence of
time-reversal symmetry breaking terms, such as an applied magnetic field, the destructive
interference due to self-crossing diagrams of a 2D electron gas is lifted, leading to the
experimentally observed negative magnetoresistence [76], a puzzling result that deeply shows
the importance of quantum interference to the total conductivity.

Furthermore, in this analysis the effects of topological protection are not accounted for,
where Anderson localization can be fully avoided [58, 77]. In particular, the edges of a
quantum Hall state are effectively one-dimensional systems that evade localization. At a
practical level, one can numerically detect Anderson localized states in a numerical simulation
of a lattice Hamiltonian by calculating the participation ratio

P (Ψ) = 1
N

(∑
i
|Ψ(ri)|2

)2∑
i
|Ψ(ri)|4

, (1.33)

whereN is the total number of sites on the lattice and Ψ(ri) the electron’s wave function at a
given site. This expression estimates the real-space extension of a given state. Being close to
zero for a state that occupies a single site in the lattice (localized state), while close to one for
an extended, delocalized state.

1.2.2. Role of symmetry in transport

Quantum localization leads to a Poisson distribution of the spectral spacings, this means
that once states get localized they do not feel any repulsion from other localized states,
and the universality of the diffusive regime is washed away. Above we mentioned that in
two-dimensions breaking TRS leads to an increase in bulk conductivity. It is natural to
think that such behavior is tied to both dimensionality and symmetry class of the system in
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study. In the following I will very briefly summarize the different symmetry classes that
show fundamentally distinct localization properties which coincide with the ten-fold way,
described in the previous section [37, 39, 78] (cf. Table 1.1).

Wigner-Dyson symmetry classes

Classes with just TRS are commonly denoted the Wigner-Dyson (WD) classes, or the (three
fold way) [79]. These classes were the first to be studied and identified to have fundamentally
distinct properties, justifying their simple nomenclature A, AI and AII, or unitary, orthogonal
and symplectic classes. WD classes are distinguished by the action of TRS, and consequently
their description of real, complex or spinful (quaternionic) states. It is a well established
experimental fact that the three types of systems differ in their diffusive behavior, and
consequently show different transport properties. The scattering elements allowed in a given
symmetry class will be translated into a signature in the energy spectrum of a random (chaotic)
Hamiltonian. The energy spectrum of a diffusive mesoscopic system can be qualitatively
well described by a random Hamiltonian provided the eigenstates span the entire phase
space allowed in the symmetry class. A signature of scattering is the avoidance of energy
degeneracies, usually denoted by level repulsion. The degree of repulsion is measured by the
level spacing distribution P (s), given by

P (s) ∝ sβ , for s→ 0 (1.34)

and showing a Gaussian dependence for large s. Here, β, is determined by the symmetry class
of the Hamiltonian H , being linear (βAI = 1), quadratic (βA = 2) or quartic (βAII = 4).
The level spacing distributions are universal within each symmetry class, that is, independent
of the details of the system provided a large enough statistical sample is studied. This is
the foundation of random matrix theory (RMT) [37, 80], asserting the connection between
energy level dynamics and maximum entropy in random Hamiltonians, respecting certain
symmetry constraints.

Chiral symmetry classes

Adding chiral symmetry to the above classes, means that there exist a matrix S such that
{H,S} = 0. As discussed in Sec. 1.1, in a basis where S is diagonal, the Hamiltonian can
be brought to a block off-diagonal form. It follows immediately a energy spectrum of such
that the Hamiltonian is symmetric with respect to E = 0. In terms of the above discussion,
the chiral classes AIII, BDI and CII, or alternatively chiral-orthogonal, chiral-unitary and
chiral-symplectic, should have an anomalous behavior around E = 0. That is, there will
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be an added repulsion exponent for the dependence on the absolute value of the eigenstates,
instead of simply the distance between them,

P (s, E) ∝ sβ , for s→ 0, and P (s, E) ∝ |E|α, for E → 0. (1.35)

Such variation is small but detectable, as we will see in Chp. 4.

BdG symmetry classes

Altland and Zirnbauer [39, 78] completed the classification of matrix Hamiltonians by identi-
fying the missing Bogliubov-de Gennes classes. Particle-hole symmetry C emerges in the
context of superconducting states as it will be discussed in the following chapter. Here,
Andreev scattering allows for coupling between an electron with energy E and a hole with
energy −E. It is then pertinent to consider a basis that includes both contributions — the
Nambu representation, where

Ψ = (c, c†)T . (1.36)

The first-quantized Hamiltonian H acting on Ψ can be decomposed into the BdG form

H =
(
h ∆

∆† −hT

)
, (1.37)

where the anomalous term ∆ represents the coupling between the two sectors. In this
representation, the states Ψ have the intrinsic symmetry

(σ1Ψ)T = Ψ†, (1.38)

where σ1 is the first Pauli matrix acting on Nambu space. This condition allows for a basis
transformation into a Majorana basis, i.e.,

Γ = (γ+, γ−)T = 1
2(c+ c†,−i(c− c†))T , (1.39)

respecting γχ = γχ†, for χ = ± the chirality of the Majorana state, defined by SγχS−1 =
χγχ. Majorana states can be spatially separated from their partners, resulting in a single
Majorana state with E = 0, which is its own antiparticle γ = γ† [81], that is, they are
effectively “half" fermions with occupation number γγ† = 1/2. The appearance of such
unpaired Majoranas affirms the non-trivial topological nature of the bulk system.

As in the chiral classes, BdG classes will result in the correction (1.35) to the level repulsion
profile. In Chps. 4 and 5 we will be concerned with the symmetry class DIII, where there is a
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correction to the Wigner surmise with α = 1 and β = 4 [37].

1.2.3. Nature of Anderson phase transitions

At the transition from a diffusive to a localized regime (cf. Eq. (1.32)) the system undergoes
a metal to insulator transition, characterized by the conductivity σ or the localization length
ξ, when approaching from the metallic or insulating side, respectively [77]. The critical
scaling followed by both these quantities as they approach the critical point indicates that the
Anderson transition is a continuous phase transition [82],

ξ ∝ (E − Ec)−ν , σ ∝ (E − Ec)s, (1.40)

where Ec indicates the mobility edge energy. The critical exponents of the two functions
are related by s = ν(d− 2). It turns out, in contrast with usual phase transitions, Anderson
transitions are characterized by not a single but a continuous function of universal exponents.
This is usually referred to as multifractality of the wave functions at the Anderson transition
critical point [77], where there is no natural length scale associated with the spatial distribution
of the wave functions. This leads to a characteristic distribution of the local density of states
[83], which can be detected in numerical simulations.

The symmetry and dimension of the wave functions at the critical point dictates the
energy dependence of the density of states, which for chiral symmetric Hamiltonians can
show a singularity at E = 0. This singularity, known as the Dyson singularity [84] in one
dimension, results from the increased probability of random states with zero energy at the
critical transition. From this singular behavior, one can additionally infer the parity of the
scattering channels involved in the transition. That is, the singularity will show a different
divergent profile for an even or odd number of channels. In particular, for one-dimensional
systems in symmetry class BDI with an odd number of channels, the density of states ρ(E)
at the critical value of disorder respects,

ρ(E) = |Eτ ln3 |Eτ ||−1, (1.41)

where τ is the average scattering time. In Chp. 4.2 of this thesis, we will observe such singular
behavior as disorder is included on the edge of a topological superconductor. The boundary
mode assures that the total number of scattering channels at the edge is odd. Even though
our results are consistent with this prediction, our numerical method has the drawback of
being fundamentally a bulk calculation, making it very hard to resolve small variations in the
type of singularity. For this reason, we study the distribution of the wave functions at varying
disorder strength to further identify the presence of a critical transition of the Anderson type.
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1.2.4. Types of disorder

The effects of disorder on metallic or topological boundary states depends not only on the
symmetry and dimension considered but also on the type of disorder [85]. We can imagine
that disorder emerges everywhere in the sample as fluctuations of the background electrostatic
potential or, conversely, that impurities are dilute but very strong, due to element substitutions
or vacancies on the lattice. The different types of disorder will determine the observed
density of states, which, in turn, can be experimentally observed by the differential tunneling
conductance in scanning tunneling microscopy (STM).

In a tight-binding Hamiltonian, we can define the impurity potential Vq [86],

Vq = 1
N

N∑
i=1

N∑
j=1

V0δije
−iq·ri , (1.42)

for a lattice withN sites and N impurities. It is convenient to define the density of impurities
ρimp = N/N , and the probability of having a number of impurities n at a given site i, given
by the Poisson distribution,

pρimp (n) = 1
n! (ρimp)ne−ρimp . (1.43)

The effective disorder strength ς is then given by

ς = ρimpV
2
0 . (1.44)

It is therefore convenient to consider two limits:

i Gaussian limit ρimp ≈ 1, and V0 � T ,

ii Unitary limit ρimp ≈ 0, and V0 � T ,

where T is the energy scale characteristic of the tight-binding model, that is, the bandwidth.
In Chps. 4 and 5 we will encounter evidence for a quite different behavior between these
two disorder limits. We will see in particular that Gaussian disorder can interfere with the
topological surface states (being even fatal in the absence of chiral or particle-hole symmetry),
while unitary disorder generally leads to the burial of the topological states into deeper layers
of the sample.

1.2.5. Topology in disordered systems

In Sec. 1.1 we have discussed topological properties of Hamiltonians with well defined
momentum k, i.e., translational invariance was assumed. In the presence of disorder, the
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wavefunctions loose their sharply defined momentum and hence the band picture becomes
invalid. Concepts such as the band gap become ill defined, and an alternative understanding of
the topological character must emerge. After the discovery of the QHE, where the topological
nature of a disordered electron gas emerges as quantized values of conductivity through
the edges, Laughlin [87] argued that in the presence of disorder a mobility gap emerges
around the Fermi level, within which all states are localized. The existence of a topological
invariant guarantees that upon threading a flux through an annulus geometry, a charge can be
transferred adiabatically from the inner to the outer ring, changing the total polarization by a
quantum of charge, and revealing the topological transition from a sector characterized by a
Chern number C to one with C + 1. These states fall inside the mobility gap and are fully
delocalized around the annulus edges. Laughlin’s argument for the QHE can be understood
for general disorder or interactions that do not constitute an impediment for adiabatic transport.
Exceptions to this picture are strong interactions that can lead to ground state degeneracy
as in the fractional QHE, or strong disorder that localizes all the states leading to a trivial
insulator.

Restating, the dissipationless transport in topological phases is guaranteed by the fact
that it is carried through the ground state and there is no change in the occupancy of the
different excited states. In a field-theoretical description of the disordered systems, this
ground state is guaranteed by the existence of a topological term in the action, which is
independent of the details of the bulk system. For completeness, but not diving into details,
such terms are denoted Wess-Zumino-Witten (WZW) terms (Z invariants) and theta (θ)
terms (Z2 invariants) in the language of the non-linear sigma model describing the disorder
averaged transport properties according to the ten symmetry classes. An extensive discussion
on Anderson transitions and the role of topological invariants can be found in Ref. [77].

In many ways, disorder can lead to the increased stability of topological phases. The
quantum Hall effect owes its existence to disorder, as the energetic difference between bound-
ary and bulk states is accentuated, legitimizing the description of the two in an independent
way.

1.2.6. Topology in disordered nodal systems

Topologically protected nodal structures are affected by arbitrarily small amounts of local
disorder (small momentum transfer q), as momentum becomes ill defined around the Fermi
level. This results in a less sharp dispersion close to the nodal points, which can be understood
in terms of a broadening of the single particle Green’s function. Despite that, this effect
is confined within a small energy window around the nodal points, and the topological
invariant is still well defined when evaluating the Berry curvature around, but far enough,
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from the nodal structure. If the disorder strength is comparable to the gap magnitude, such an
approximation is no longer valid. It is therefore pertinent to study clean bulk systems, where
disorder is confined to the surface.

On the other hand, long-range correlated disorder with large q can be destructive to the
topological properties of nodal systems. This is in view to the fact that the nodal structures
with opposite topological invariants are allowed to couple, becoming topologically trivial
and opening a full gap around the node. Restricting the disorder potential to the surface
will also avoid this problem, as the q vectors become constrained. We will consider in
Chp. 5 the effects of long range disorder by simulating finite size quantum dots with irregular
boundaries.

Finally, If the surface disorder is symmetry breaking, a small mobility gap can be opened
at the nodal regions. This effect should become negligible as the system size increases and
the bulk’s wave function become less present on the boundary.
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1.3. A very short introduction to superconductivity

1.3.1. BCS superconductivity

Rather than providing an exhaustive description of the many phenomena and models associ-
ated with superconductivity, this chapter will focus solely on symmetry aspects of various
types of superconductivity, and the topological structures that can emerge. Bardeen, Cooper
and Schrieffer [4] have described a superconducting state as paired electrons forming a
bosonic condensate. In conventional superconductors (s-wave) the glue binding the two
fermions can be understood as a retarded charge dislocation in the ionic background caused
by a moving electron, which then creates an electrostatic potential that can pull a second
electron, creating an effectively attractive interaction between the two. The paired fermions
behave like an emergent bosonic excitation, which for low enough temperatures can form a
condensate by Bose-Einstein condensation (BEC). Below a critical temperature Tc, the U(1)
gauge symmetry is broken, resulting in phase coherence along the sample. A macroscopic
quantum state is formed.

Due to the Cooper pair formation, superconductivity results in a symmetry between particle
and hole operators, represented by CckσC−1 = c†−kσ , that is particle-hole symmetry. This
symmetry can be explicitly built into the single-particle Hamiltonian by writing

H =
∑

kσ

(
εkc
†
kσckσ − ε−kc−kσc

†
−kσ

)
, (1.45)

where we have imposed a redundancy by identifying a single state with two energy levels +εk

and −ε−k for electron and hole-like parts, respectively. This decomposition is very useful to
describe the effect of four-point interactions of the general form

Hint = 1
2
∑
kk′

Uσττ ′σ′(k, k′)c†kσc
†
−kτc−k′τ ′ck′σ′ . (1.46)

At the mean-field level, the full Hamiltonian can be re-expressed in the form of a Bogliubov-
de Gennes Hamiltonian, already introduced in the context of symmetry constrained random
matrices in Sec. 1.2.2,

H =
∑
kk′

Ψ†k

(
hk ∆k

∆†k −hT−k

)
Ψk, (1.47)

where Ψ†k = {c†k↑, c
†
k↓, c−k↑, c−k↓} is the Nambu spinor, hk the normal state Hamiltonian

found in (1.45), which for a tight-binding model in d dimensions with hopping t/2 and



32 1. Theoretical background

chemical potential µ takes the form

εk = t

d∑
i=1

cos ki − µ. (1.48)

The anomalous contribution ∆k follows from the opening of a gap around the Fermi level due
to the interaction (1.46). The gap opens where the two bands εk and −ε−k cross, allowing
for the gain of condensation energy at the expense of breaking particle number conservation.
∆ is a local order parameter given by the expectation value of the pairing amplitude

∆(k)στ =
∑

k′σ′τ ′
Uσττ ′σ′(k, k′)〈c−k′τ ′ck′σ′〉. (1.49)

As originally develeped for singlet superconductors, BCS theory is derived from a local
interaction that isUσττ ′σ′(k, k′)→ U↑↓↑↓ and consequently ∆k → ∆, without a momentum
dependence. Since the total wave function of a Cooper pair must be odd under exchange of
its fermionic components, the momentum part of the wavefunction, which is even in k must
be combined with a singlet spin wavefunction. We conclude the pairing Hamiltonian is given
by

HMF
∆ =

∑
k

∆ c†k↑c
†
−k↓ + h.c.. (1.50)

1.3.2. Unconventional superconductivity

Allowing for a pairing mechanism that is more general than the phonon-mediated one, the
pairing symmetry is no longer bound to form an isotropic s-wave singlet state. In particular,
once interactions can be of longer range, Cooper pairing is allowed for higher angular
momentum channels, eventually with nodal structures [16]. Moreover, the Cooper pairs
can carry a magnetic moment, breaking time reversal symmetry, for example by forming a
spin-triplet and pairing through an odd function of momentum. In both cases, the pairing is
“exotic” in the sense that it has lower symmetry than the normal state Hamiltonian, belonging
not to the trivial, but to higher representations of the system’s point group Gpg. It also
highlights that the analogy to simple BEC fails, as Cooper pairs, in contrast with normal
bosons, carry internal degrees of freedom [88].

Let us imagine the case of Cooper pairs forming a spin-triplet state. Then the orbital
part, ∆(k) must be odd under exchange. With these conditions we can write a p-wave
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Figure 1.4. Figure adapted from Ref. [93]. (A)-(B) Tunnelling conductance dI/dV at
various barrier strengths Z (a: Z = 0, b: Z = 1 and c: Z = 5) for a topological trivial
s-wave superconductor (A) and a topological (px + ipy)-wave superconductor with a chiral
edge state inside the gap (blue, c). (C) Tunnelling conductance dI/dV at Z = 5 for a
topological dx2−y2 -wave superconductor, showing flat band edge states leading to a zero
bias conductance peak at surfaces oriented with angles (b) θ = π/8 and (c) θ = π/4, while
not showing any state at the nodal direction θ = 0 (black, a).

superconductor

Hp+ip
∆ =

∑
k

∆(kx + iky)c†k↑c
†
−k↑ + h.c.. (1.51)

Such a system breaks explicitly TRS, belonging to the symmetry class D, as shown in
Table. 1.1 it can host non-trivial topological phases. Class D includes the one-dimensional
p-wave superconductor with Majorana bound states and the two-dimensional (px+ipy)-wave
superconductor which allows for propagating chiral edge modes, leading to the appearance
of a broad peak in the ingap region of the surface density of states, see Fig. 1.4(B). Majorana
fermions in one-dimensional systems have been engineered by inducing superconductivity in
semiconductor wires by proximity to a conventional superconductor [89]. Transport experi-
ments show indeed a zero-energy peak when the wire is in a topological phase, however the
results are still the subject of heavy discussion. Another approach is the creation of magnetic
impurity chains on top of a superconductor, effectively obtaining a p-wave superconductor at
the interface between the chain an the superconductor. Scanning tunneling microscopy (STM)
on this heterostructure shows a peak at zero energy [90] localized on the wire ends, leading
to the same interpretation. For the two-dimensional case, some experimental evidence show
that strontium ruthenate Sr2RuO4 is a candidate to show such chiral edge modes without
any applied external field [91, 92]. However, a direct observation of the edge states continues
to be sought after.
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Figure 1.5. Adapted from Ref. [94]. Crystal structure of CePt3Si. The bonds indicate the
pyramidal coordination [Pt5]Si around the Si atom. The evident lack of inversion symmetry
along the c-axis creates a strong crystal field leading to strong asymmetric spin-orbit coupling.

An example of a pairing state that preserves TRS but with a higher angular momentum
wavefunction occurs in the cuprate high temperture superconductors (high-Tc SC) for which
the pairing is known to be of dx2−y2 -wave type. That is, the pairing function can be written
as

Hhigh−Tc
∆ = ∆(cos kx − cos ky)c†k↑c

†
−k↓ + h.c., (1.52)

with nodal points at the BZ diagonal directions. Each of these points are locally described by
a Dirac point which is the source of a Berry flux. The Berry phase as a function of k can be
found explicitly in Fig. 1.1.

Historically, the surface states arising from this nontrivial character of the nodal structure,
were understood as edge bound states due to Andreev scattering, that is scattering processes
that transform holes into electrons and vice-versa at the interface between a superconductor
and a normal insulator. A good understanding of these bound states can be obtained through
quasiclassical calculations, and were predicted much before restating the problem as a
topological phenomenon. A celebrated tunneling experiment on the high temperature cuprate
superconductors showed a zero-bias peak due to Andreev bound states only at certain surface
orientations, signature of the d-wave character, and the topological nature of its nodal structure
[12]. A detailed compilation of experimental results for phase-sensitive measurements in
cuprates is found in the chapter by Tsui and Kirtley in Ref. [88]. The expected tunneling
conductance can be found in Fig. 1.4 (C).
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1.3.3. Noncentrosymmetric superconductors

Noncentrosymmetric superconductors, as the name indicates, are characterized by a lack of
inversion center. This condition generally leads to a non-zero crystal field gradient and con-
sequently antisymmetric spin-orbit coupling, g(k), of Rashba type [16, 95]. Antisymmetric
SOC breaks inversion symmetry by imposing g(k) = −g(−k), and, consequently, renders
parity ill-defined in the system. In the presence of this type of spin-orbit coupling, the normal
state Hamiltonian is given by

h(k) = ε(k)σ0 + g(k) · σ. (1.53)

It follows that lack of inversion center results in no constraint in the orbital pairing’s parity.
That being so, an admixture of even and odd pairing parts is allowed. Due to the total odd
character of the Cooper pair wave function under exchange of its fermionic components, the
symmetry of the order parameter ∆(k) will necessarily be either even or odd if a Cooper pair
is formed in the spin-singlet or spin-triplet channel, respectively. Once inversion symmetry is
explicitly broken, it is natural to expect the two to coexist, varying their relative strengths.
The gap function ∆(k) is a combination of both odd and even parity, most conveniently
expressed by

∆(k) = f(k)(ψ(k)σ0 + d(k) · σ)iσ2, (1.54)

with σ = {σ1, σ2, σ3}, ψ(k) the even contribution multiplying the singlet part (c†k↑c
†
k↓ −

c†k↓c
†
k↑), and d(k) being the odd pairing with three components, one for each of the three

triplet pairing terms (c†k↑c
†
k↓ + c†k↓c

†
k↑), (c†k↑c

†
k↑ + c†k↓c

†
k↓) and (c†k↑c

†
k↑ − c

†
k↓c
†
k↓). f(k) is

an overall form factor encoding the higher angular momentum dependence, e.g., f(k) =
(cos kx − cos ky) for dx2−y2 superconductivity. It is worth to notice that in the case of
broken inversion symmetry, time-reversal symmetry must be present. This follows from the
condition that in the normal state h(k), the Fermi surface must be symmetric upon inversion
of momentum k, achieved by both TRS and inversion symmetry. Without any of these
symmetries, the it is not possible to form a zero-momentum Cooper pair and the instability
is largely reduced. The vector d(k) cannot, therefore, break TRS. In the presence of TRS,
d(k) · σ looks a lot like a spin-orbit-coupling term, and in fact, it is quite intimately related.
Lack of inversion center leads to the Rashba spin orbit coupling introduced above. Its exact
form can be obtained by crystal symmetry restrictions, that is it will depend on the point
group Gpg of the material we are considering [16, 66, 96]. A list of possible g(k) vectors for
the various Gpg symmetries can be found in the Appendix A.

The antisymmetric spin-orbit coupling will lift the spin degeneracy of the electronic bands
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into helical bands, for which the Bloch wave functions have strongly momentum dependent
spin textures. When the system enters a superconducting state, the d(k)-vector will be
parallel to the spin-orbit coupling g(k)-vector, as it determines the full magnetic character
of the electronic wave functions in the normal state. For other d(k) vector orientations, the
spin orbit coupling would have a pair-breaking effect [97]. The strong spin anisotropy of the
helical bands will be reflected in the emergent topological boundary modes. These inherit a
highly unusual helical spin texture, where the spin direction varies as a function of surface
momentum [98–103].

The specific properties of each type of surface state reflect the topological nature of the
nodal structure of the superconducting gap.Determining these properties for specific g(k)
and d(k) vectors will be the focus of Chp. 2.

Fig. 1.5 shows the crystal structure of cerium platinum-3 silicon CePt3Si, discovered in
2004 [94], which was the first heavy-fermion noncentrosymmetric to be detected. It is a quasi-
two dimensional system with a tetragonal point group (C4v), allowing for a Rashba SOC of the
form g(k) = kyx̂− kxŷ. This is one of many crystals without inversion symmetry that show
superconductivity. Below, the most relevant groups of materials showing noncentrosymmetric
superconductivity are listed. For a more complete list with crystallographic details and a
comprehensive summary of the available experimental data, the reader is referred to the
chapter by Bauer and Rogl in [16].

i Strong electronic correlations

» Heavy fermion superconductors:

Heavy fermion superconductors are characterized by strong electronic correlations and
flat electron dispersions, where Kondo and RKKY interactions become important [104].
Consequently, the pairing mechanism relies solely on electron-electron correlations, and
pairing of the s-wave type is disfavored. Strong spin-orbit coupling is expected in these
materials, and therefore a helical structure of the Fermi surface. In this category fall the
compounds CePt3Si [94], CeIrSi3 [105], and CeRhSi3 [106].

ii Weak electronic correlations

» Sesquicarbides:

Carbon based compounds such as Y3C3 and La2C3 [107] show strong distortions in
their unit cells, resulting in strong spin-orbit coupling and multigap structures. However,
these systems usually exhibit high-frequency phonon modes which leads to dominant
s-wave superconductivity.

» Mettalic alloys:
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Mettalic alloys with extremelly large unit cells (composed of ∼ 103 atoms) show strong
spin-orbit coupling and an effective cubic structure, however, their weak coupling also
leads to dominant s-wave pairing [108].

» LiPt3−xPdxB and Mo3Al2C:

These distorted perovskite compounds show strong signs of unconventional superconduct-
ivity with a cubic point group [109–112]. The first compound is particularly interesting
as the substitution of Pd atoms for Pt atoms results in a greater distortion due to its larger
radius. Remarkably, this substitution allows to tune the SOC strength form 30 meV for
LiPd3B up to 200meV in LiPt3B [16]. The latter shows a linear temperature depend-
ence in the London penetration depth, compatible with nodal structures [109], and has a
distinctly smaller Tc.

» BiPd:

Bismuth paladium attracted some enthusiasm as evidence for a multigap structure ap-
peared in the literature [113, 114]. However, these results are in contradiction with
more recent STM measurements, where a BCS gap is observed [115]. Nonetheless,
the strong SOC anisotropy leads to a surface Dirac state in the normal regime, and in
the presence of superconductivity zero-energy bound states emerge trapped in vortices,
possibly indicating Majorana fermions.

iii Heterostructures

Two-dimensional topological superconductors can also be engineered in heterostruc-
tures [116, 117], for example, by depositing a material with strong SOC on a conventional
s-wave superconductor. Moreover, strong evidence indicates that the LaAlO3/SrTiO3

interface could be best described by noncentrosymmetric (dxy + p)-wave superconduct-
ivity [118].

1.3.4. Superfluid 3He

Superfluid helium, in contrast with the compounds mentioned above, forms a condensate
of charge neutral molecules rather than a condensate of electrons on a periodic lattice. This
introduces fundamental differences between these two states of matter, however, the former
can still be well approximated by a TRS preserving p−wave superconductor, following
(1.54) with ψ = 0, as parity is conserved. Due to its virtual lack of impurities, 3He is an
ideal host of topological bound states, and a remarkably ideal system for their detection.
However, preserving TRS, both the superfluid helium’s and the NCSs surface states are quite
hard to detect with transport measurements, as no net charge or spin can be transferred, that
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is the Majorana state does not couple to the electromagnetic field. Their nonzero thermal
conductivity given by the Wiedemann–Franz law κ/σT = 3k2

B/2e2 [119] can, despite that,
be detected by effectively changing the gravitational field through temperature gradients
[120–122].

The two different phases of superfluid helium, A and B, interestingly, host different d(k)
vectors, and consequently different “point-group” symmetries. In fact the A-phase of 3He
has Fermi points, which carry a topological Z invariant (class D, δ = 2 in Table 1.1), and the
B phase is fully gapped, hosting helical Majorana states protected by a Z invariant (class
DIII, δ = 3).
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1.4. This thesis

A striking characteristic of topological phases is their robustness to perturbations and weak
interactions. After having established in this chapter the main concepts for the study of
topological systems, the remaining of this thesis is focused on numerical and analytic calcu-
lations of the behavior of topological materials in the presence of disorder and interactions.
Naturally, this discussion is not exhaustive and many interesting questions are left to future
research. The following calculations will be centered on a prototype model of topological
superconductors without inversion center, with their inversion symmetric counterparts (singlet
and triplet superconductors) as special limits.

We conclude with a general discussion on the role of interactions on the bulk of topo-
logical materials, and the possibility of a breakdown of the single-particle topology which
consequently leads to the disappearance of the otherwise expected boundary modes.

Here I present a few points that this thesis will be focused on clarifying.

Q1 Which types of boundary states exist in gapped and gapless topological phases?

Q2 What are the experimental signatures of gapped and gapless disordered topological
phases?

Q3 Are topological boundary states robust to disorder?

Q4 Does the bulk boundary correspondence hold for systems without translational symmetry?

Q5 Are degenerate topological boundary states robust to symmetry preserving electron-
electron interactions?

Q6 Is the bulk’s topology destroyed by symmetry preserving electron-electron interactions?
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2. Topological surface states in
noncentrosymmetric superconductors

In this Chapter we discuss the bulk boundary correspondence in noncentrosymmetric super-
conductors, and their properties of the boundary states.

At different energy scales, systems can show dramatically different behavior. For topo-
logical band Hamiltonians this is once again true. For energies well above the gap E > ∆
the physics is dominated by bulk-like states, and for energies well below the gap E < ∆,
boundary states dominate. Sufficiently weak disorder is defined as local fluctuations that do
not mix these two sectors, and we can say that the boundary states are independent from the
bulk states. In the following we assume this condition to hold in order to study the topological
protection of boundary states, arising from symmetry arguments. It is clear, however, that in
nodal systems, this condition is somewhat artificial, as the bulk gap is zero at some manifold
in the Brillouin zone. However, studying the boundary states independently of bulk physics
leads to a good insight in the structure and properties of these states. In the following chapters,
the validity of this approach is put to the test by studying the interplay between both boundary
and bulk states numerically.

We start by deriving different topological invariants emerging in two and three dimensional
time-reversal invariant topological superconductors, and calculate their effective low-energy
theory. This is followed by an analysis of possible scattering events among the boundary
states, based on symmetry arguments.

2.1. Bulk-boundary correspondence in nodal systems

In Section 1.1.2, we have shown that gapless regions in the Brillouin zone must be protected
by topological invariants preventing a gap to open around these regions. Given a momentum
defect with co-dimension Ddef , one can define a δ−dimensional sphere for δ = d−Ddef

surrounding the defect that captures its Berry flux. Through the bulk-boundary correspond-
ence one expects any non-trivial feature in the single particle Hamiltonian to be transcribed
into boundary excitations. However, in the case of nodal systems, it is not transparent how it
occurs.
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Figure 2.1. Projection of the nodal structure in the surface Brillouin zone (k‖). Red and blue
denote the chirality of the rings (points), as well as the resulting surface states. (a) Nodal
rings in 3D give rise to surface flat bands for momenta within the projected area in the surface
BZ. Each path (δ = 1) for fixed k‖ belongs to the symmetry class AIII with broken TRS and
PHS, but with the combination S = T C. The flat bands are protected by a winding number
W(k‖). (b) Nodal points in 3D are projected to points in the surface BZ (k1, k2), connected
by an arc surface state in the surface BZ. Each plane (δ = 2) is analogous to a 2D fully
gapped superconductor with TRS and PHS, as both k2 and −k2 belong to the δ = 2 surface.
The arc state is consequently protected by a Z2 index N(k1) in the class DIII.

Without loss of generality, let us look at the three-dimensional case as discussed in Ref. [64],
where both nodal points (monopoles) or nodal lines (vortex lines) can appear.

i Line nodes: δ = 1

A closed line node (nodal ring) is a source of Berry flux and is analogous to a mag-
netically charged wire producing a radial magnetic field. The stability of the nodal
ring is ensured by the topological nature of the Hamiltonian H(k) constrained to a 1-
sphere S1 enclosing the ring, as shown in Fig. 2.1 (a-inset). That is, the topological
invariant results from the nontrivial homotopy group π1[U(n)] = Z (cf. Sec. 1.1.3).
It arises from the topological nature of one-dimensional Hamiltonians in class AIII,
parametrized by k. In the continuum limit, we consider a deformation of this path
to a semicircle defined by a straight line crossing the surface BZ coordinate (k1, k2),
C(t) = (k1, k2, R(2t− 1)) for t ∈ [−R,R], followed by a closing arc parametrized by
Cφ(θ) = R(sin θ cosφ, sin θ cosφ, cos θ). In the latter, we choose an azimuthal angle
φ such that the path does not cross any other nodal points, thus this deformation does
not change the topological invariant. Since the total chirality in the system must vanish,
we can find a continuous gauge transformation that fixes a constant phase everywhere at
infinity. Taking R→∞ the arc does not contribute to the total Berry phase, leaving us
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with a one dimensional contour along k⊥, for fixed (k1, k2), which can be regarded as
parameters in the Hamiltonian space of d = 1 with AIII symmetry, as considered in the
previous chapter. As long as the surface momenta are well defined, breaking translational
symmetry along k⊥, by considering a finite number of slabs N⊥, simply leads to the
appearance of bound states at the surfaces r⊥ = 1 and r⊥ = N⊥.

This argument is valid for all path deformations that do not cross the nodal rings, estab-
lishing a topological distinction between paths with k‖ inside and outside the projection
of the nodal rings. This is represented in Fig. 2.1(a). In the presence of periodic boundary
conditions, this argument is harder to justify for directions that are misaligned with the
nodal rings, and I will not attempt it. This subject is addressed in Chp. 5 numerically.

ii Point nodes: δ = 2.

A point source of Berry flux in a three-dimensional Brillouin zone is enclosed by a
2-sphere S2 surface surrounding the point. Again, we consider the surface Brillouin
zone defined by k‖ = (k1, k2) while along the perpendicular direction r⊥, translational
symmetry is broken and momentum is not a good quantum number. The stability of nodal
points is guaranteed by the topological nature of the δ = 2 Hamiltonians in calss DIII,
with aZ2 invariant, (cf. Table 1.1). With an analogous argument as before, we can deform
the S2 sphere intro a half-sphere with fixed k1, such that as R → ∞ all coordinates
(k2, k⊥) belong to the diametral plane. During this transformation we can still define
TRS and PHS taking k2 → −k2. The resulting Hamiltonian is a one dimensional DIII
symmetric Hamiltonian H(k1), parametrized by the surface momentum k1. We can infer
from this example that Z2 invariants can only protect nodal points (Ddef = 1) in all
dimensions. As it is seen in Fig. 2.1(b), within the projection of the nodal points in the
surface BZ, an arc surface state emerges, flat along k1 and linearly dispersive along k2.

A generalization of the arguments above can be made for any dimension of both defect
and Brillouin zone [18, 64, 123]. It is a general feature that boundary states will appear for
regions within the projected nodal manifold in the surface Brillouin zone. This constitutes
the generalized bulk-boundary correspondence.
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Figure 2.2. Schematic representation of the possible surface states in three dimensional
superconductors. (a) Helical Majorana state, protected by a δ = 3, Z winding number in the
symmetry class DIII. (b) Arc surface state, protected by a δ = 2, Z2 index from class DIII.
(c) Flat band surface states protected by a δ = 1, Z winding number in the symmetry class
AIII.
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Figure 2.3. Representative band structures of the two possible edge states in two dimensional
superconductors. (a) Helical Majorana state, protected by a δ = 2, Z2 index in the symmetry
class DIII. (b) Flat band surface states protected by a δ = 1, Z winding number in the
symmetry class AIII. (a) (s+ p)-wave superconductor with f(k) = 1. (b) (dxy + p)-wave
superconductor with form factor f(k) = sin kx sin ky . Described by (2.1) with parameters
t = µ = 2λ = 2d and ψ = 0.
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2.2. Overview of the different types of topological surface states
in 2D and 3D

In this chapter we focus our attention to noncentrosymmetric superconductors in two and
three-dimensions. Due to the existence of strong spin-orbit coupling, these superconductors
have time-reversal symmetry T 2 = −1 (spinful fermions) and particle-hole symmetry
C2 = +1, belonging to the symmetry class DIII, where chiral symmetry S is always present.
Apart from unitary symmetries, these superconductors are fully determined by the topological
invariants summarized in the table below [66, 103],

class DIII δ = 1 δ = 2 δ = 3

d = 2 Z (AIII) Z2 (DIII) –
d = 3 Z (AIII) Z2 (DIII) Z (DIII)

where d labels the BZ dimension and δ the topological dimension, as defined in the previous
chapter. A schematic view of the three different surface states in three dimensions can
be seen in Fig. 2.2 (a) Helical Majorana state protected by a Z DIII invariant, (b) Arc
surface state, protected by a Z2 DIII invariant and (c) Flat band surface states protected by
a Z AIII invariant. The exact band structure for two examples of two-dimensional NCS
superconductors is shown in Fig. 2.3. These are representatives of the two types of edge
states in two-dimensional nodal systems: (a) Helical Majorana state protected by a Z2 DIII
invariant and (b) flat band edge states, protected by a Z AIII invariant.

2.3. Model: Noncentrosymmetric superconductors

As introduced in Sec. 1.3, superconductors without inversion center are described at a
phenomenological level by the 4× 4 Bogliubov-de Gennes Hamiltonian

Hk =
(
hk ∆k

∆†k −hT−k

)
, (2.1a)

acting on the Nambu spinor

Ψ(k) = (ck↑, ck↓, c
†
−k↑, c

†
−k↓)

T , (2.1b)

with spin and charge degrees of freedom. Due to inversion symmetry breaking, an antisym-
metric spin orbit coupling emerges and the normal state Hamiltonian takes the form
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h(k) = ε(k)σ0 − λg(k) · σ, (2.1c)

acting on both electron and hole parts symmetrically. The kinetic energy is given by

εk =
d∑
i=1

t cos(ki)− µ, (2.1d)

describing particles on a square or cubic lattice, hopping to the nearest-neighbours with
amplitude t/2, and µ determines the chemical potential. Momenta are measured in units of the
inverse lattice spacing a−1, set to a = 1. Finally, g(k) · σ is the Rashba spin-orbit coupling
with strength λ. g(k) is strongly restricted by the symmetries of the noncentrosymmetric
lattice, belonging to an irreducible representation of its crystallographic point group Gpg

as summarized in App. A. In the following we consider two- and three-dimensional NCSs
with point groups O, C4v and C2 (cf. Sec. 1.3 for examples) as for these cases we find
representative Hamiltonians with all the three different topological boundary states. The
choice of g(k) vector favours simplicity, and consequently we will look at each type of
surface state in the simplest context it can appear. In three dimensions, we choose the lowest
order term from each point group.

i 3D Cubic point group O

g(k) = sin kxx̂ + sin kyŷ + sin kz ẑ. (2.1e)

ii Quasi-2D Tetragonal point group C4v

g(k) = sin kyx̂− sin kxŷ. (2.1f)

iii 3D Monoclinic point group C2

g(k) = (sin kx + sin ky)(x̂ + ŷ) + sin kz ẑ. (2.1g)

In the absence of inversion symmetry, the superconducting gap function ∆k contains both
spin-singlet and spin-triplet pairing components,

∆(k) = f(k)(ψ σ0 + d g(k) · σ)(iσ2), (2.1h)
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Figure 2.4. Angular dependence of the g(k) vector in the three point group symmetries
considered. The absolute value was fixed in all cases to |g(k)| = 1.5.

where we consider a momentum independent spin-singlet pairing amplitude1 ψ and the
triplet pairing vector d(k), assumed to be aligned with the spin-orbit pseudovector g(k)
with amplitude d. This choice is a natural choice as g(k) is the only magnetic direction
bias in the model, and it has been shown that it maximizes the superconducting transition
temperature [97]. For convention, we take the pairing amplitudes ψ and d to be real and
positive.2 Furthermore we consider higher harmonics of angular momentum through the
multiplication of a form factor f(k), which is given by,

i f(k) = 1, for (s+ p)-wave superconductors,

ii f(k) = sin kx sin ky , for (dxy + p)-wave superconductors.

The resulting system has a Fermi surface which is split into two helical bands due to
spin-orbit coupling, thus we can conveniently describe each helical band separately, for which
the normal state energy ξ(k) and the superconducting condensation energy ∆(k) are given
by,

ξ±(k) = ε(k)∓ λ g(k), (2.2a)

∆±(k) = f(k)(ψ ± d g(k)), (2.2b)

for g(k) = |g(k)|. Consequently the total energy at each band is given by,

E±(k)2 = ξ±(k)2 + ∆±(k)2. (2.2c)

1To agree with the literature, we have chosen to represent the singlet and triplet pairing amplitude by ψ and d, a
confusion can occur as general eigenvectors are also represented by ψ, and d commonly stands for dimension. This
problem should be clarified by the context in which they occur.

2Note that an overall phase factor of ∆k can be absorbed by a U(1) gauge transformation of the fermion operators.
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In this basis, the Hamiltonian (2.1) has the symmetries ŨT = iσ2 ⊗ σ0, ŨC = σ0 ⊗ σ1

and S̃ = −iσ2 ⊗ σ1, however, we can perform a basis transformation such that the chiral
operator is diagonal

WS̃W † = S, S = −iσ0 ⊗ σ3, and W = 1√
2

(
+σ0 −σ2

+iσ2 +iσ0

)
, (2.2d)

resulting in UC = −iσ0 ⊗ σ1, UT = iσ0 ⊗ σ2 and for which the Hamiltonian achieves the
off-block diagonal form (1.22) with the off-diagonal block

D(k) = (b(k)σ0 + a(k)g(k) · σ)(−iσ2), (2.2e)

with the scalar functions a(k) and b(k) given by,

a(k) = −λ+ id f(k), b(k) = ε(k) + iψf(k), (2.2f)

reducing the energies (2.2c) to

E±(k) = |b(k)± a(k)g(k)|. (2.2g)

By performing an adiabatic transformation such that the energy spectrum of H(k) takes only
values Ẽ±(k) = ±1, we find the simplified form of the off-diagonal block (cf. Eq. (1.26)) [64,
66]

q(k) =
∑

occ. n

1
En(k)un(k)u†n(k)D(k), (2.3)

which is simplified to

q(k) = 1
E(k)D(k), (2.4)

in the absence of spin-orbit coupling.

DIII Z-invariant in δ = 3

In three dimensions, the integral is performed over all three momenta in the BZ, and
consequently the topological invariant is a constant. Reducing the integral ( 1.27) we
get [64, 66, 67, 124–130]

W3D =
∫
S3

d3k
24π2 ε

ννρ tr [qk
−1∂µqk · qk

−1∂νqk · qk
−1∂ρqk]. (2.5)
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Using the above form of q(k) and the properties of the fully antisymmetric tensor ενµρ, and
moreover, noticing that the winding number must have a jump at some parameter values and
be independent of details otherwise, we can conclude the following:

i Centrosymmetric singlet pairing

If ψ � d, which originates from the limit λ → 0, we get q(k) = exp{i arg(εk +
iψ)}(−iσ2). Due to the antisymmetric tensor in (2.5), we can see that the winding
number vanishes. For dominant singlet superconductors, we expect no topological
surface states emerging from a 3D winding number.

ii Centrosymmetric triplet pairing

If d� ψ, and λ→ 0, we get q(k) = (Ek)−1(εkσ
0 + id gk · σ)(−iσ2). Here we note

that for the same reason as above the fist term is not important, and the second term,
by including all Pauli matrices in gk · σ can have a non-trivial 3D winding number. In
particular, for the SOC vector given in (2.1e), there will be a unity winding number. For
dominant triplet pairing, we expect to find a topological surface state in the cubit point
group O.

DIII Z2-invariant in δ = 2

Here we study the Z2 invariant emerging for 2D fully gapped, and 3D nodal (s+ p)-wave
superconductors with point group C4v . In the latter case, we can establish the symmetry
relation of the Hamiltonian

D(kx, ky, kz) = −DT (−kx,−ky, kz), (2.6)

which represents an effective TRS acting on the k ≡ (kx, ky) plane. This is possible for any
SOC vector respecting

g(kx, ky,+kz) = g(kx, kz,−kz). (2.7)

The three dimensional Z2 invariant introduced in Sec. 1.1.4 is reduced to [66]

N = sign[∆+
kz

]sign[∆−kz ] (2.8)

with sign[∆±kz ] the sign of the gap at the kz-projecting plane in the positive or negative
helicity bands, respectively (cf. Fig. 2.2). In the limit kz = 0 the two dimensional invariant is
obtained. N is trivial when the gap in the two helical bands have the same sign and topological
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otherwise. It follows form (2.2b) that for purely singlet superconductors it is always trivial,
while it can have a nontrivial value in the triplet case.

AIII Z-invariant in δ = 1

The one-dimensional invariant follows from the same discussion for δ = 3, since both have
odd dimensions and consequently a winding number. Fixing the surface Brillouin zone
coordinates k‖ = (k1, k2), we get

W(k‖) = i

2π

∫
S1

dk⊥ tr [qk
−1∂k⊥qk]. (2.9)

This invariant is well defined for both 2D and 3D flat bands, except for the exact momentum
values where E±(k) = 0, the projection of a nodal point (ring). Here q(k) is not well defined
and a topological transition might occur. Using the gerenal form of q(k) [65]

q(k) = 1
2E+

k E
−
k

[(
E+

k bk − E−k akgk
)
− 1
gk

(
E−k bk − E+

k akgk
)
gk · σ

]
, (2.10)

we find that the winding number is simplified to,

W(k‖) = 1
2π

∫ 2π

0
dk⊥

∑
α=±

∂k⊥ arg(ξαk + i∆α
k ). (2.11)

A representation of the winding number density is shown below, in Fig. 2.6, where we can
observe singularities at the nodal points of the superconductor in both helical bands.

2.3.1. Impurity Hamiltonian

To include weak perturbations in our system, we consider that the scattering centers are
dilute enough that a single scattering event occurs, with a momentum transfer of q. For
magnetic impurities, this can occur together with spin flip in the final wave-function, hence,
the scattering potential Hamiltonian comprises the matrix form,

Hβ
imp =

∑
k q

Ψ†kV
β

q Ψk+q, with V βq = (1/N)
∑
j

v(rj)Sβe−iq·rj , (2.12)

for Sβ =
(
S0, Si

)
the charge and spin operators in Nambu space, explicitly given by

Sβ =
(
σ3 ⊗ σ0, σ3 ⊗ σ1, σ0 ⊗ σ2, σ3 ⊗ σ3) , (2.13)
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denoting the Fourier transform of impurity potentials v(xj)Sβ at the surface sites rj with
strengths v(xj). Here, N stands for the number of lattice sites and V β=0 correspond to
nonmagnetic (β = 0) and magnetic (β = {x, y, z}) scattering. For simplicity, we assume
that the magnetic impurities are all fully polarized along the β spin axis by a small external
magnetic field of strength H � Hc2.

2.4. Helical Majorana states

In this section, we derive the low-energy effective Dirac Hamiltonian describing the helical
Majorana surface states both for the three-dimensional and two-dimensional topological
NCSs. It is our goal to understand the form and characteristics of the topological edge
(surface) states and their profile as they decay into the bulk. We are nontheless required to
make simplifications to our initial model, as the calculation of the full spin dependence of
edge states with spin-orbit coupling is demanding with no reward of physical insight. As we
have understood in the previous section, for a triplet dominated (s+ p)-wave superconductor,
the topological invariant arises from the Dirac structure of q(k) which is not very dependent
on the details of the functions ak and bk, as long as the second term in (2.10) is non vanishing.
With these considerations, we can justify replacing our problem with the centrosymmetric
equivalent, where we adiabatically set the SOC strength λ and the spin-singlet component
ψ of the superconducting gap to zero. The derivation of the surface states of topological
centrosymmetric superconductors proceeds along similar lines as for the case of topological
insulators [131, 132].

2.4.1. Helical Majorana state in 2D

The topological edge state in a two-dimensional system with point group C4v can be obtained
by first performing a small-momentum expansion near kx = ky = 0. The superconductor is
described in the natural basis by

H̃(k) =
(

ε̃kσ
0 −d(kyσ3 + ikxσ

0)
−d(kyσ3 − ikxσ0) −ε̃kσ

0

)
, (2.14)

where

ε̃k = 2t− µ− t

2(k2
x + k2

y). (2.15)
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In order to find a localized solution at the surface y = 0, we consider the following ansatz for
the wave function

Ψ(y) = Ψ(κ)eκy, (2.16)

displaying a decay profile into the bulk with the inverse decay length κ. The real space
solution is obtained following the eigenvalue equation

H̃(k,−i∂y)ψ(y) = Eψ(y), (2.17)

where we have replaced ky by its operator form −i∂y . This problem amounts to solving the
secular equation

det
[
H̃(kx,−iκ)− E1

]
= 0. (2.18)

We get four solutions for κ(E) denoted as βκα(E), with α ∈ {1, 2}, β ∈ {+,−},

κα(E) = 1
t

[
2d2 − 2L+ k2

xt
2 + (−1)α2R

] 1
2 , (2.19)

where we introduce the shorthand notation R =
√
d4 − 2d2L+ E2t2, and L = (2t− µ) t.

The edge wave function can be any linear combination of these solutions, hence, we write the
general form

Ψ(kx, y) =
∑

α,γ∈{1,2}

∑
β=±

Cαβγ ψαβγ e
βκαy, (2.20)

where two independent basis vectors ψαβγ form the kernel of the secular equation,

ψαβ1 =


0

−idt (βκα + kx)
0

Et− L+ t2

2

(
k2
x − κ2

α

)
 , ψαβ2 =


+idt (βκα − kx)

0
Et− L+ t2

2

(
k2
x − κ2

α

)
0

 .

(2.21a)

A surface state occurs if the coefficients Cαβγ can be chosen such that the wave function
Ψ(kx, y) satisfies the boundary conditions Ψ(kx, y = 0) = 0 and Ψ(kx, y → +∞) = 0.
After some algebra, this leads to the condition,

2L = (k2
x + κ1κ2)t2. (2.22)
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Combining Eqs. (2.40) and (2.22) gives the dispersion E±(kx) = ±d kx. For the surface-
state wave functions at kx = 0, we find

Ψ±1D(kx = 0, y) = ϕ±1D

[
e−κ1(0)y − e−κ2(0)y] , (2.23a)

where

ϕ+
1D = 1√

2


−i
0

+1
0

 , ϕ−1D = 1√
2


0

+i
0

+1

 , (2.23b)

where κα(0) is given by (2.40). For d2 > 2L > 0, the zero-energy wave functions (2.23)
decay exponentially and monotonically into the bulk, whereas for 2L > d2 the exponential
wave function decay is modulated by periodic oscillations with frequencies Im [κα(0)].
Projecting H̃(k) in (2.14) onto the subspace Ψ1D =

{
ϕ−1D, ϕ

+
1D

}
yields a low-energy effective

Hamiltonian for Majorana edge states, as expected it corresponds to a one-dimensional Dirac
Hamiltonian

〈Ψ1D| H̃(k) |Ψ1D〉 = −d kxσ3. (2.24)

The disorder potential V βq , see (2.12) within the surface-state subspace ΨAS reads

〈Ψ1D|V βq |Ψ1D〉 =
{
−vqσ

1 if β = 1,
0 otherwise,

(2.25)

whereas the projected electronlike parts of the charge and spin operators (2.13) are given by

〈Ψ1D|PeS
α |Ψ1D〉 = 1

2(−1)ασα, (2.26)

where Pe = 1
2

(
1+ σ3 ⊗ σ0). At this point we note that we can relax the restriction on the

initial Hamiltonian. We find that the “non-topological" singlet contribution is projected to
zero. Apart from modulations in the decay profile of the edge states, the general form of the
low-energy Hamiltonian is given by

H̃1D
kx = 〈Ψ1D|Hk |Ψ1D〉 = −d kxσ3, (2.27)

where Ψ1D is the space formed by the edge modes, which is spanned by (2.23b). Time-
reversal and particle-hole symmetry in the edge-mode subspace read T̃1D = −iσ2K and
C̃1D = −iσ3K, respectively. As before, we find that there is no symmetry-allowed mass
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term that can be added to the edge Hamiltonian (2.27), indicating that the helical Majorana
edge modes are robust against disorder with strength no bigger that the superconducting
gap. To demonstrate that the two-dimensional topological NCS has a Z2-type topological
characteristic, let us consider a doubled version of the edge Hamiltonian (2.27), i.e., d kxσ3⊗
σ0. In contrast to Hamiltonian (2.27) the doubled Hamiltonian d kxσ3 ⊗ σ0, can be fully
gapped out by the symmetry preserving mass term mσ2 ⊗ σ2. That is, two-dimensional
topological NCSs are characterized by an odd number of Kramers pairs of Majorana edge
states.

2.4.2. Helical Majorana state in 3D

Let us repeat the steps from the two-dimensional case. In three-dimensions a fully gapped
superconductor can be found for the cubic crystallographic point group O, i.e., Hamiltonian
(2.1) with λ = 0, ψ = 0, and g-vector given by (2.1e). Focusing on low energies, we again
perform a small-momentum expansion near the Γ point. This yields

H̃(k) =
(

ε̃kσ
0 id (k · σ)σ2

−id σ2 (k · σ) −ε̃kσ
0

)
, (2.28)

where ε̃k = 3t− µ− t
2 (k2 + k2

y) and k2 = k2
x + k2

z . With the ansatz ψ(y) = ψκe
κy , we

obtain the eigenvalue equation

H̃(k,−i∂y)ψ(y) = Eψ(y), (2.29)

where we have replaced ky by −i∂y . Solving the secular equation we get

κα(E) = 1
t

[
2d2 − 2L+ k2t2 + (−1)α2R

] 1
2 , (2.30)

where nowL = (3t−µ)t andR =
√
d4 − 2d2L+ E2t2. The kernel of the secular equation

is spanned by the two independent basis vectors

ψαβ1 =


dtkz

d t(βκα + kx)
0

Et− L+ t2

2 (k2 − κ2
α)

 , ψαβ2 =


dt(βκα − kx)

dtkz

Et− L+ t2

2 (k2 − κ2
α)

0

 . (2.31a)

With this, we obtain the ansatz for the surface state,

Ψ(k‖, y) =
∑

α,γ∈{1,2}

∑
β=±

Cαβγ ψαβγ e
βκαy, (2.32)
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where k‖ = (kx, kz) and the coefficients Cαβγ are determined by the boundary conditions.
We get the constraint

2L =
(
k2 + κ1κ2

)
t2, (2.33)

which together with (2.30) yields the dispersion for the surface states

E±(k‖) = ±d k. (2.34)

The surface state wave functions at the Γ point are found to be

Ψ±2D(k‖ = 0, y) = ϕ±2D

[
e−κ1(0)y − e−κ2(0)y] , (2.35a)

with

ϕ+
2D = 1√

2


1
0
1
0

 , ϕ−2D = 1√
2


0
1
0
1

 , (2.35b)

and κα(0) as defined in (2.30). From condition (2.33) it follows that zero-energy surface
states can exist if κ1(0) and κ2(0) are either both real or complex conjugate partners. In
the former case, i.e., when d2 > 2L > 0, the wave functions decay monotonically into
the bulk with the decay lengths κ−1

α (0). For d2 < 2L, on the other hand, κα(0) are
complex, which leads to an oscillatory decay of the wave functions with inverse decay
length Re[κα(0)] = d/t and oscillation frequencies Im[κα(0)]. An effective low-energy
Hamiltonian for the surface states Ψ±2D(k‖) can be derived by projecting H̃(k), see (2.28),
onto the subspace Ψ2D =

{
ϕ+

2D, ϕ
−
2D

}
formed by the two surface-state wave functions (2.35).

This yields an effective 2× 2 Hamiltonian:

〈Ψ2D| H̃(k) |Ψ2D〉 = d
(
kzσ

1 − kxσ3) , (2.36)

which has the same dispersion as (2.34). Projecting the impurity potential V βq (2.12) onto
the surface-state subspace ΨMS we find

〈Ψ2D|V βq |Ψ2D〉 =
{

vqσ
2 if β = 2

0 otherwise.
(2.37)

Remarkably, it follows that nonmagnetic scattering is absent, whereas for magnetic impurities
only the out-of-plane spin component couples to the surface states. Finally, the charge and
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spin operators (2.13) within the surface-state subspace are redefined to

〈ΨMS|PeS
α |ΨMS〉 = 1

2σ
α, (2.38)

where Pe = 1
2

(
1+ σ3 ⊗ σ0). Once again, we project the unsimplified Hamiltonian onto

the same subspace and get

H̃2D
k = 〈Ψ2D|Hk |Ψ2D〉 = d

(
kzσ

1 − kxσ3) . (2.39)

Time-reversal and particle-hole symmetry operators in the subspace formed by the surface
modes are given by T̃2D = −iσ3K and C̃2D = −iσ1K, respectively. Hence, (2.39) describes
a single valley DIII Dirac Hamiltonian. The two symmetries of class DIII severely restrict the
possible perturbations that can be added to the surface Hamiltonian (2.39) [33]. We find that
the mass term mσ2 is prohibited by time-reversal symmetry, whereas the chemical potential
µσ0 is forbidden by particle-hole symmetry. Moreover the U(1) gauge potentials Axσ3 and
Azσ

1 are disallowed since they break both time-reversal and particle-hole symmetry. The
only symmetry-allowed perturbations are variations of the spin-triplet amplitude d which
are odd in momentum k. These momentum-dependent perturbations can be neglected in the
long-wave-length approximation.

2.5. Arc surface states

Next, we study arc surface states that exist, for example, at the surface of centrosymmetric
superconductors with point nodes in the BdG excitation spectrum. For concreteness, we
consider a system with a g(k)-vector given by (2.1f). Which we notice is precisely the same
as in Sec. 2.4.1. Here we focus only on the differences between the two cases. Within a
small-momentum expansion near kx = ky = 0, that is, with fixed kz , the superconductor
is described by 2.14, where now ε̃k = 2t+ t cos kz − µ− t

2 (k2
x + k2

y). We notice that kz
enters in the form of L and therefore affects the decay profile of the wave function. Here, the
solutions of the secular equation are given by

κα(E) = 1
t

[
2d2 − 2L+ k2

xt
2 + (−1)α2R

] 1
2 , (2.40)

with α ∈ {1, 2}, R =
√
d4 − 2d2L+ E2t2, and L = (2t+ t cos kz − µ) t. The form of

the eigenstates is exactly given by (2.23). The condition d2 > 2L > 0 becomes

arccos
[
(d2/(2t)− 2t+ µ)/t

]
< |kz| < arccos [(µ− 2t)/t] , (2.41)
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Figure 2.5. Band structure of the arc surface state present in the (010) surface of the (s+ p)-
wave noncentrosymmetric superconductor with point group symmetry C4v and parameters
(t, µ, λ, ψ, d) = (1, 2, 0.5, 0.125, 0.5).

the zero-energy wave functions (2.23) decay exponentially and monotonically into the bulk,
whereas for 2L > d2 the exponential wave function decay is modulated by periodic oscilla-
tions with frequencies Im [κα(0)]. The transition point corresponds to the projection of the
nodal point in the surface Brillouin zone (see Fig. 2.5). Projecting H̃(k), see (2.14), onto the
subspace ΨAS =

{
ϕ−AS, ϕ

+
AS

}
yields a low-energy effective Hamiltonian for the arc surface

states,

〈ΨAS| H̃(k) |ΨAS〉 = −dkxσ3. (2.42)

The disorder potential V βq , see (2.12), within the surface-state subspace ΨAS reads

〈ΨAS|V βq |ΨAS〉 =
{
−vqσ

1 if β = 1,
0 otherwise.

(2.43)

2.6. Flat-band edge-states

Derivation of flat band wave functions

Deriving the zero energy flat band wave functions is a little more subtle, this is because we
cannot neglect spin orbit coupling, as without it flat bands would not exist. Here, we follow
an analogous procedure as in the previous sections, however, we are forced to use some
simplifications in the treatment, as we wish to find the surface states of a 4× 4 Hamiltonian
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Figure 2.6. Momentum dependence of tr arg q(k) holding singularites at the nodal points
of the (dxy + p)-wave superconductor, for dominant singlet pairing (a) and dominant triplet
pairing (b). The inner Fermi surface changes its chirality, contibuting additively (a) or
destructively (b) to the phase winding imposed by the outer shell. The region in between the
two shells always have W = ±1, while close to the origin it can have W = ±2 (a) or W = 0
(b). (b) corresponds to the band structure presented in Fig. 2.3(b).

with 5 independent parameters, bound to be a hard problem. We resort to the quasiclassical
approximation, for which the fast modes are determined by the Fermi momenta. This is a valid
approximation as long as the coherence length ξ is significantly larger than (kF )−1 [133].

We start by determining the secular equation as above, considering the Hamiltonian (2.1)
on the semi-infinite plane y > 0, with the (01) edge located at y = 0. The ansatz for the
nondegenerate edge-state wave function is taken to be

Ψkx =
∑
α,β

Cαβψ
α
β e

κα
β
yeikxx, (2.44)

which decays exponentially into the bulk with inverse decay lengths Re[καβ ] < 0. In the
off-diagonal basis, cf. Eq. 1.22, the general wave function Ψkx = (χkx , ηkx)T can be split
into a part (χkx , 0)T with positive chirality and a part (0, ηkx)T with negative chirality.Since
all the eigenstates of Hk can be chosen to have definite chirality, it follows that ηkx = 0
whenever χkx 6= 0 and vice versa [126, 127, 134] . In addition, we observe that for every
edge-state wave function Ψ+

kx
with edge momentum kx and positive chirality there is a
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time-reversed partner Ψ−kx with edge momentum −kx and negative chirality, related by

Ψ+
kx

=
(
χkx
0

)
, Ψ−kx =

(
0

iσ2χ∗−kx

)
. (2.45)

In order to derive the form of the flat band eigenfunctions, we perform a small momentum
expansion of the tight-binding Hamiltonian (2.1), around the Γ-point. This yields a continuum
model with quadratic dispersions in the normal state and Fermi wave vectors

kαF = −αmλ+
√

(mλ)2 + 2mµ̃, (2.46)

where m = −1/t, µ̃ = µ− 2t, and α ∈ {+,−} labels the two helical Fermi surfaces. We
consider a (01) edge located at y = 0, where the superconductor and the vacuum occupy
the half-spaces y > 0 and y < 0, respectively. As in the previous section, the zero-energy
edge states can be determined by solving the equation H(kx,−i∂y)Ψkx = 0, with the
wave function ansatz Ψkx = Ψkxe

κy . In the following, we focus on solutions with positive
chirality, which exist within the interval −k+

F < kx < −k−F . In that case, the secular
equation, det [H(kx,−iκ)] = 0, can be reexpressed as

det
[
D†(kx,−iκ)

]
= [κkxψ + µ̃+ 1

2m (κ2 − k2
x)]2 + (λ− κkxd )2 (κ2 − k2

x

)
= 0,

(2.47)

which is a polynomial equation of fourth degree in κ. By solving it numerically, one can
resolve in momentum kx the existence of flat bands (that is, the number of solutions with
Re[καβ ] < 0), and, the spin polarization and depth profile of the resulting edge bound states.
However, to help understand which are the dominant contributions to the above equation, we
shall simplify it in quasiclassical terms. In this approximation, the main contribution to the
roots of (2.47) comes from the Fermi momentum, which can be inferred, from the free term
of (2.47),

a0 = 1
4m2 (k2

x − k−F
2)(k2

x − k+
F

2), (2.48)

where kx is restricted to the momentum span to −k+
F < kx < −k−F , we have a0 < 0, and

consequently analyzing (2.47) and (2.48) one concludes that as long as d > ψ, (2.47) has
two real roots and two complex conjugate roots. That is, the solutions of (2.47) are given
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after some manipulation by

κ+
β = −k+

⊥ − (−1)βi k
+
F

k+
⊥

√
∆̃2

+(kx, ik+
⊥)

λ2 + 2µ̃/m
, κ−β = (−1)β+1ik−⊥ −

k−F
k−⊥

√
∆̃2
−(kx, k−⊥)

λ2 + 2µ̃/m
,

(2.49)

in line with Refs. [66, 126, 127]. Here, β ∈ {1, 2}, the transverse momenta k+
⊥ =√

k2
x − (k+

F )2 and k−⊥ =
√

(k−F )2 − k2
x, and ∆̃±(k) = (k±F d ± ψ)kxky . We observe

that κ+
1 and κ+

2 are purely real, while κ−1 and κ−2 form a complex conjugate pair. Further-
more, the maximum decay length max{−Re[καβ ]−1} rapidly increases as kx → −k±F . The
wave functions are well confined to the edge for kx in the middle of the interval [−k+

F ,−k
−
F ],

whereas as kx approaches the boundaries of the interval the flat-band states start to penetrate
over longer distances into the bulk, extending through the entire slab at kx = k±F .

For each of the four roots κ±β , the kernel of the secular equation is spanned by one basis
vector ψ±β , which in the off-diagonal basis in Eq. (1.22) reads,

ψ+
β =



2− β
i(2− β)k+

F

k+
⊥ − kx
β − 1

i(β − 1)k+
F

k+
⊥ − kx


, ψ−β =


1
− k−F

ikx + (−1)βk−⊥
0
0

 , (2.50)

with β ∈ {1, 2}. With this, the ansatz for the flat-band edge states can be written as a linear
combination of the basis states (2.50) as in (2.44) where the coefficients Cαβ are fixed by the
boundary conditions

Ψ(kx, y = 0) = 0, Ψ(kx, y =∞) = 0. (2.51)

The latter condition implies C+
2 = 0, since Re[κ+

2 ] > 0, but there exists a nonzero solution
for (C+

1 , C
−
1 , C

−
2 ) that satisfies the boundary conditions. After some algebra, we find that in

the off-diagonal basis, (1.22), the zero-energy edge-state wave function with positive chirality
is given by Ψ+

kx
= (χkx , 0)T , with

χkx =

(
−2k+

F k
−
⊥e

κ+
1 y + b1e

κ−2 y + b∗1e
κ−1 y

2ia1k
−
⊥e

κ+
1 y − a2ie

κ−1 y − a∗2ieκ
−
2 y

)
eikxx, (2.52a)
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where

a1 = k+
⊥ + kx, (2.52b)

a2 = a1(k−⊥ + ikx) + ik+
F k
−
F , (2.52c)

b1 = k+
F (k−⊥ + ikx) + ik−F a1. (2.52d)

Similarly, we can derive solutions of the equation H(kx,−i∂y)Ψkx = 0 with negative
chirality, which exist within the interval k+

F < kx < k−F . Repeating similar steps as above,
we find that the negative chirality edge-state wave function is given by Ψ−kx = (0, ηkx)T ,
with

ηkx =

(
−2iã1k

−
⊥e

κ+
1 y + ã2ie

κ−1 y + ã∗2ie
κ−2 y

2k+
F k
−
⊥e

κ+
1 y − b̃∗1eκ

−
1 y − b̃1eκ

−
2 y

)
eikxx, (2.52e)

where

ã1 = k+
⊥ − kx (2.52f)

ã2 = ã1(k−⊥ − ikx) + ik−F k
+
F (2.52g)

b̃1 = k+
F (k−⊥ − ikx) + ik−F ã1. (2.52h)

As expected, the wave functions Ψ+
kx

= (χkx , 0) and Ψ−kx = (0, ηkx) transform into each
other by time-reversal symmetry, i.e.,(

0 iσ2

iσ2 0

)
Ψ+
kx

(y) =
[
Ψ−−kx(y)

]∗
, (2.52i)

where we have used the fact that κ+
1 is purely real and (κ−1 , κ

−
2 ) are complex conjugate

partners. An expression similar to (2.52) can be derived for the zero-energy edge states on
the opposite edge, i.e., for the Hamiltonian (2.1) on y < 0, which supports zero-energy flat
band states with opposite chirality as compared to (2.52).

In closing, we remark that for other edge orientations the flat-band states can be derived in
a similar manner. For any given edge orientation we can define the momentum parallel to the
edge as k‖ = kx sin(ϕ) + ky cos(ϕ). Correspondingly, the secular equation for the positive
chirality edge states reads det[D†(k‖,−iκ)] = 0. Within the continuum approximation, we
find that for dominant triplet pairing, d > ψ, the flat bands are always of single degeneracy.
Zero-energy states appear in regions of the edge Brillouin zone that are bounded by the
projected nodal points. Hence, the density of edge states per unit length can be approximated
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by

dN

dl
=
∣∣k−0 sinϕ− k+

0 cosϕ
∣∣− ∣∣k−0 cosϕ− k+

0 sinϕ
∣∣ , (2.53)

where ϕ ∈ [0, π/4[ is the angle between the considered edge orientation and the nearest (01)
or (10) direction.

Spin polarization of flat-band edge states

For the (01) edge of the (dxy + p)-wave superconductor one finds that the flat-band states
are strongly polarized in the yz-spin plane, but have a vanishing spin component along the x
axis [101–103]. Using the same projection procedure used in above sections, with the flat
band wave functions Ψ±kx defined by (2.52), we find it has the following properties〈

Ψ±kx
∣∣ S̃x ∣∣Ψ±kx〉 = 0,

〈
Ψ±kx

∣∣ S̃y,z ∣∣Ψ±kx〉 6= 0, (2.54)

for all kx with k+
F < |kx| < k−F . Here, S̃ denotes the spin operator in the off-diagonal basis.

Moreover, one finds that the y component of the spin expectation value is much larger than
the z component and that the sign of the y-spin polarization correlates with the chirality Γ of
the flat-band edge state, such that sgn[〈Ψ±kx |S̃

y|Ψ±kx〉] = ∓1. Finally, we note that the two
flat-band edge states Ψ+

−kx and Ψ−kx , which have opposite edge momenta, have opposite spin
polarization. That is, 〈

Ψ+
−kx

∣∣ S̃y,z ∣∣Ψ+
−kx

〉
= −

〈
Ψ−kx

∣∣ S̃y,z ∣∣Ψ−kx〉 , (2.55)

for all kx with k+
F < |kx| < k−F , which is consistent with time-reversal symmetry.

Impurity scattering among flat-band edge states

First, we observe that impurity scattering processes connecting flat-band edge states to bulk
nodal quasiparticles are strongly suppressed, since the bulk density of states vanishes linearly
as it approaches the nodal point. A rough estimate for the effects of impurity scattering
among the zero-energy edge states can be obtained from the matrix elements of the impurity
potential V βqx between two flat-band edge-state wave functions. Because the edge spectrum
of the (dxy + p)-wave superconductor has in general two flat bands with opposite chirality, it
is useful to distinguish between “intraband" scattering between states with the same chirality
and “interband" scattering between states with opposite chirality. From

{V 0
qx , S̃} = 0, (2.56)
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and 〈
Ψ±kx

∣∣Ṽ 0
k′x−kx

∣∣Ψ±k′x〉 = 0, for all kx, k′x, (2.57)

where Ṽ 0
qx is given by (2.12) in the off-diagonal basis. It follows that edge flat bands are

protected against nonmagnetic intraband scattering by chiral symmetry. In other words, since
nonmagnetic onsite disorder preserves the total chirality number of the superconductor, it can
remove edge states only in pairs of opposite chirality. Magnetic impurities, on the other hand,
break chiral symmetry, i.e.,

{V x,y,zqx , S̃} 6= 0, (2.58)

and therefore allow for strong intraband scattering. For the case of impurity scattering
between edge flat bands with opposite chirality we find by use of Eq. (2.45) that time-reversal
invariance forbids nonmagnetic backscattering between the time-reversed partners Ψ−kx and
Ψ+
−kx . That is, 〈

Ψ+
−kx

∣∣Ṽ 0
2kx

∣∣Ψ−kx〉 = 0, (2.59)

for all kx with k+
F < kx < k−F . Moreover, for two flat-band edge states with nearly opposite

momenta kx and −k′x (i.e., 0 < |kx − k′x| < k−F − k
+
F ), one finds that the corresponding

matrix element
〈
Ψ+
−k′x

∣∣Ṽ 0
kx+k′x

∣∣Ψ−
kx
〉 is nonzero but small, due to the mismatch between

the almost opposite spin polarizations of the two edge states. In the presence of magnetic
impurities, however, spin-flip scattering is allowed, and hence scattering between states with
opposite spin polarizations is possible.

The above considerations suggest that moderately strong nonmagnetic disorder, with
strength γimp smaller or of the same order as the superconducting gaps |∆±| = |ψ ± d |,
has only weak effects on the flat-band edge states. Magnetic impurities, however, which lift
the symmetry protection of the flat-band states, are expected to strongly reduce the number
of edge states. To test these expectations, we show in Chp. 5 numerical simulations of the
(dxy + p)-wave superconductor in the presence of different types of edge disorder.

Zero energy flat bands in three dimensions are analogous to the ones in two-dimensions.
In particular, one can consider the solution in (2.52) to be valid for a cut k2 = 0 in the three
dimensional case. However, calculating the full dependence in the entire two-dimensional
surface BZ is demanding and does not contribute any new insight. We should note, however,
that the phase space for intra-band scattering events is substantially enlarged, and we expect
robustness to impurities to decrease accordingly. In the following chapter we study this
effects numerically for dilute impurities.
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2.7. Conclusion

We have studied both fully gapped and nodal topological superconductors and considered
three different types of surface states: helical Majorana modes, arc surface states, and zero-
energy flat bands. Due to SOC, these surface states exhibit an intricate helical spin texture,
where the spin polarization strongly depends on the surface momentum. Time-reversal
invariance ensures that surface states with opposite momenta have opposite spin polarizations,
which leads to the absence of backscattering from nonmagnetic impurities. Furthermore,
we have derived the low-energy properties of the various types of NCSs, allowing for the
identification of characteristic scattering events due to their spin polarization. In the following
chapter, we use this knowledge to predict experimental signatures.
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3. Quasiparticle interference:
Experimental signatures of topological
surface states

3.1. Introduction

One of the most challenging journeys for the community studying topological matter is to
find a smoking gun experiment that clearly tells apart topologically trivial form non-trivial
states. A good control over topological edge states in superconductors could allow not only for
the study of extremely exotic new particles with non-abelian exchange statistics [135, 136],
but also possibly manipulating them in a directed way. Among important proposals are the
computation of de-coherence free quantum algorithms [137], memory devices [138] as well
as spintronics [139], using their characteristic spin polarization.

In this chapter, we proceed to propose an experimental setup to facilitate the detection
of principal characteristics of topological surface states in nodal superconductors. We have
seen in the previous chapters, that due to time-reversal invariance, surface quasiparticles with
opposite momenta have opposite spin polarizations. This in turn leads to the absence of
elastic backscattering from nonmagnetic impurities, since scattering processes involving spin
flips are forbidden unless time-reversal symmetry is broken.

A signature of the allowed and forbidden scattering channels at any material can be tested
by observing the fluctuations of the diffusive state. Absence of backscattering is imprinted in
the allowed momentum transfers between quasiparticles and is tested experimentally using
Fourier-transform scanning tunneling spectroscopy (FT-STS) [140–144]. This experimental
technique uses the presence of dilute impurities to probe the electronic properties of surface
quasiparticles at finite momenta q through the analysis of interference patterns resulting from
impurity scattering processes. It resorts to a local probe in real space which can image the
surface local density of states, and, if the tip is spin polarized, it can also recover information
about the quasiparticle’s spin.

We present an analytical derivation and numerical simulations of the quasiparticle inter-
ference (QPI) on the surface of both nodal and fully gapped topological superconductors.
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(a) (b) (c)

Figure 3.1. Energy spectrum and spin texture ραs (E, k‖) (given in (3.1)) of the helical
Majorana mode (a) and the arc state (b) on the (010) surface of a topological superconductor
with point groups O and C4v , respectively, cf. (2.1). Here we set λ = −2.0 and ψ = 0.5.
The arrows on the surface states indicate the magnitude and direction of the spin polarization.
(c) Spin texture ραs (E = 0, k‖) of the zero-energy flat bands on the surface of a nodal NCS
with point group C2, λ = 0.5, and ψ = 4.0. In-plane and out-of-plane components of the
spin polarization are represented by arrows and the color scale, respectively. Evaluated for a
slab of thickness N = 102 with intrinsic broadening η = 0.005. The sum is taken over the
first n0 = 10 layers, approximately the decay length of the surface states.

Even though our focus will be restricted to single-band centrosymmetric and noncentrosym-
metric superconductors, our results can be generalized in a straightforward manner to any
time-reversal invariant topological superconductor, e.g., to multiband superconductors with
dominant spin-triplet pairing [38].

In the following, we study the QPI patterns for the three types of topological surface states
introduce in Chp. 2 in the presence of both magnetic and nonmagnetic impurities, and identify
their universal features in the ordinary and spin-resolved FT-STS response. Such universal
behavior, allows for the distinction among the three types of surface states.

The dispersion and spin polarization of the ingap states appearing at the surface of a
topological superconductor can be directly calculated by the density of states. This is shown
in Fig. 3.1, which displays the spin-, momentum-, and energy-resolved surface density of
states of the three possible surface states, given by

ραs (E, k‖) = − �
4π Im

n0∑
n=1

tr
{
SαG(0)

nn(E, k‖)
}
. (3.1)

Here,

G(0)
nn(E, k‖) =

[
E + iη −Hnn(k‖)

]−1
, (3.2)



3.1. Introduction 67

is the zero-temperature Green’s function of the Hamiltonian (2.1) in a slab geometry with
surface perpendicular to the y axis,

Hnn′(k‖) = 1
2π

∫
dky e

iky(n−n′)Hk, (3.3)

and k‖ = (kx, kz) denotes the surface momentum. As a result of the strong SOC and the
nontrivial topology of the bulk wave functions, these surface states possess an intricate helical
spin texture. A summary of the results from the last chapter is listed below.

Helical Majorana modes.

Fully gapped time-reversal invariant topological superconductors with dominant triplet pair-
ing and g-vector of the form (2.1e) exhibit linearly dispersing helical Majorana modes (cf.
Sec. 2.4 and Fig. 3.1(a)) [98, 145, 146]. Similar to the surface states of topological insu-
lators [131, 132], the linearly dispersing Majorana modes of topological superconductors
exhibit a helical spin texture, with the spin and momentum directions locked to one another.
In the absence of spin orbit coupling, they are locked at a 90 degree angle, while for general
values of λ and ψ this is no longer the case. Interestingly, the spin of the helical Majorana
mode is polarized entirely in the surface plane at all energies, which leads us to expect a
divergent signal in the QPI pattern for magnetic impurities polarized in the perpendicular
plane.

Arc surface states.

Nodal NCSs with d > ψ and g-vector given by (2.1f) support arc surface states, i.e., zero-
energy states forming one-dimensional open arcs in the surface Brillouin zone, connecting
the projections of two nodal points (rings) of the bulk gap (Fig. 3.1(b)). We find that the
arc states show a strong spin polarization in the yz spin-plane, with a vanishing component
along the x axis. In the centrosymmetric limit, scattering is expected to occur for magnetic
impurities polarized along x.

Zero-energy flat bands.

Zero-energy flat bands generically occur at the surface of three-dimensional nodal NCSs
whose triplet pairing component is comparable to or larger than its singlet pairing component.
One possible g-vector supporting these states is given by (2.1g). These flat-band surface
states appear within regions of the surface Brillouin zone that are bounded by the projections
of the bulk nodal lines (Fig. 3.1(c)). Strong SOC together with the nontrivial bulk topology
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lead to an intricate three-dimensional spin-texture of the flat-band surface states, as indicated
by the arrows and color scale in Fig. 3.1(c), hence, it is expected that magnetic impurities
will lead to strong interband scattering. On the other hand, due to the very large phase space
in which scattering might occur, flat bands are also expected to show intraband scattering,
even for non-magnetic impurities.

3.2. Local density of states with dilute impurities

In the following, the Born approximation [141–143] is employed to calculate the QPI spectra
of subgap states on the (010) surface of topological superconductors. A good approximation
for the Fourier-transformed differential conductance tensor dIα/dV , is given by

δραβs (E, q‖) = − 1
2πi

[
Λαβ(E, q‖)−

{
Λαβ(E,−q‖)

}∗]
, (3.4)

with (α = 0) ordinary and (α = 1, 2, 3) spin-resolved FT-STS response for q‖ = (qx, qz)
the momentum transfer along the surface and

Λαβ(E, q‖) =
∫

d2k‖

(2π)2

n0∑
n=1

tr σ
[
SαδGβnn(E, k‖, q‖)

]
11
. (3.5)

In (3.5) the subscript “11” represents indices in Nambu particle-hole space, tr σ is the trace in
spin space, and δGβnn denotes the change in the BdG Green’s function G(0)

nn due to scattering
processes. For weak impurity potentials V βq , disorder scattering can be treated within the
Born approximation yielding

δGβnn(E, k‖, q‖) =
∑
n′n′′

G
(0)
nn′(E, k

′
‖)V βn′n′′G

(0)
n′′n(E, k‖), (3.6)

with k′‖ = k‖ + q‖. The Fourier-transformed disorder potential

V βnn′ = 1
2π

∫
dqye

iqy(n−n′)V βq = v0S
β

n0∑
n′′=1

δn,n′′δn′,n′′ , (3.7)

describes onsite impurities with strength v0. For our numerical simulations, we consider the
fixed value of v0 = 0.2, assumed to be equally distributed among the n0 = 10 outermost
layers of the superconductor.

With the possibility of resolving spin, using spin-polarized scanning tunneling spectroscopy,
all the components of the response tensor δραβs (E, q‖) can, in principle, be measured. The α-
spin conductance channel can be selected via the polarization direction of the spin-polarized
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tunneling tip, whereas the component β of the spin scattering channel is determined by the
direction of the external magnetic field.

3.3. Analytical result in the centrosymmetric limit

Before discussing numerical simulations of QPI patterns on the surface of noncentrosymmet-
ric superconductors, it is instructive to first consider centrosysmmetric topological systems.
It was shown in Sec. 2.4 that in this limit, the surface states can be described by simple
Dirac-type Hamiltonians with spin and momentum locking. It was also shown that a single
polarization of the magnetic impurities enables backscattering, widely simplifying our results.
Due to the simple nature of these surface Hamiltonians, it is possible to derive analytical
expressions for the QPI patterns, as it will be shown in the following.

Helical Majorana modes

The universal properties of helical Majorana surface states in superconductors with inversion
symmetry are described by the massless Dirac Hamiltonian, cf. Eqs. (2.36) and (2.37),

HMS(k‖) = d
(
kzσ

1 − kxσ3)+ v0σ
2, (3.8)

where v0σ
2 is an onsite disorder potential describing impurity spins polarized along the y

axis. The helical Majorana mode is spin polarized only in the inplane direction k‖. For
the surface state (3.8), we find that spin and momentum directions are inclined at a right
angle to each other. This is in contrast to helical Majorana states of noncentrosymmetric
superconductors, where spin and momentum are in general locked to each other at an angle
different from ±π/2, see Fig. 3.1(a) and discussion in Sec. 3.4.

The QPI patterns of the Majorana state (3.8) are obtained from (3.4) upon replacing
Λαβ(E, q‖) by

Λαβ=2
MS (E, q‖) = v0

2

∫
d2k‖

(2π)2 tr
[
σαG

(0)
MS (i$, k′‖)σ2G

(0)
MS (i$, k‖)

]
i$→E+iη

, (3.9)

where k′‖ = k‖ + q‖, $ denotes the Matsubara frequency, and

G
(0)
MS (i$, k‖) =

[
i$ − d(kzσ1 − kxσ3)

]−1
, (3.10)

is the bare Green’s function of the helical Majorana mode. In deriving (3.9) we have made
use of (2.38) from Chp. 2. Note that since the surface state (3.8) only couples to y-polarized
impurity spins, the FT-STS signal δραβs vanishes for β 6= 2. Inserting the definition of the
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Green’s function G(0)
MS into (3.9) we obtain the integral

Λα2
MS =

∫
d2k‖

(2π)2
(−v0)LαMS[

$2 + d2k2
‖

][
$2 + d2

(
k‖ + q‖

)2 ] , (3.11)

where the numerator is given by LαMS = (0, d$qx, d2 k‖ · k′‖ + $2, d$qz). The explicit
solution to this integral can be found using the Feynman parametrization [147],

Λα2
MS(i$, q‖) =



v0
2πd2

qx
|q‖|

ζF(ζ) if α = 1

− v0
2πd2

[
1
2 ln
(

1 + Ω2

$2

)
+ F(ζ)

]
if α = 2

v0
2πd2

qz
|q‖|

ζF(ζ) if α = 3,

(3.12)

and ΛαβMS = 0 otherwise. Equation (3.12) is expressed in terms of the function

F(ζ) = 1√
−ζ2 − 1

arctan 1√
−ζ2 − 1

, (3.13)

with the dimensionless variable ζ = 2$/
(
∆T |q‖|

)
and Ω is a momentum cutoff that sets

the range of validity for the Dirac-type Hamiltonian (3.8).
We find the ordinary FT-STS signal δρ0β

s in the presence of weak magnetic impurities
vanishes identically. The spin-resolved FT-STS response δρα2

s , with α ∈ {1, 2, 3}, on
the other hand, is nonzero and exhibits an inverse square-root singularity at the momenta
|q‖,0| = 2E/d (cf. Fig. 3.2). This singularity arises due to backscattering processes between
states at momenta +q‖,0/2 and −q‖,0/2. Furthermore, δρ12

s and δρ32
s have an interesting

angular dependence on the momentum transfer q‖ with a twofold symmetry and nodes along
the qz and qx axes, respectively. In contrast, δρ22

s is circularly symmetric in q‖.

Arc surface states

At probe energies E � d, the universal physics of the arc surface states of centrosymmetric
superconductors can be captured by the effective low-energy Hamiltonian

HAS(k‖) = −dkxσ3 − v0σ
1, (3.14)

where the surface momentum k‖ = (kx, kz) is restricted to the range |kz| < k0
z and k0

z is
half the length of the arc state in the surface Brillouin zone. In (3.14) the onsite potential
v0σ

1 describes impurity spins polarized along the x axis. Interestingly, all other scattering
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channels are absent due to symmetry constraints. We observe that the surface state (3.14)
is fully polarized along the z spin axis, in contrast to arc states in nonceontrosymmetric
superconductors, which in general show finite spin polarizations both along the y and z
directions, see Fig. 3.1(b).

Let us now compute the FT-STS response function for the arc state (3.14). Combining
(3.14) with (2.26) we find that the QPI signal is given by (3.4) with Λαβ(E, q‖) replaced by

Λαβ=1
AS (E, q‖) = −v0

2 (−1)α
∫

dk‖

(2π)2 tr
[
σαG

(0)
AS (i$, k′‖)σ1G

(0)
AS (i$, k‖)

]
i$→E+iη

,

where

G
(0)
AS (i$, k‖) = Θ(k0

z − |kz|)
[
i$ + dkxσ

3]−1
(3.15)

is the Green’s function of the unperturbed system, Θ denotes the unit step function, and
k′‖ = k‖+q‖. Because the arc state (3.14) only interacts with x-polarized magnetic impurities,
the QPI pattern δραβs is identically zero for β 6= 1. We now evaluate the above integral by
first inserting the bare Green’s functions and then performing the kz integration. This gives

Λα1
AS =

∫
dkx

(2π)2
v0(|qz| − 2k0

z)Θ(2k0
z − |qz|)LαAS[

$2 + d2k2
x

][
$2 + d2(kx + qx)2

] , (3.16)

where we have introduced the shorthand notation

LαAS = (0, d2kx(kx + qx) +$2, d$qx, 0). (3.17)

This integral can be computed explicitly to

Λα1
AS (i$, q‖) =


v0$(|qz| − 2k0

z)Θ(2k0
z − |qz|)

πd(4$2 + d2q2
x) if α = 1

v0qx(|qz| − 2k0
z)Θ(2k0

z − |qz|)
2π(4$2 + d2q2

x) if α = 2,

(3.18)

and zero otherwise.

Once again, we find the non-spin-resolved QPI patterns resulting from weak magnetic
impurities are vanishing. The spin-polarized FT-STS signals, however, are finite and show
an interesting dependence on momentum transfer q‖ (cf. Fig. 3.3). For α ∈ {1, 2}, δρα1

s

exhibits a 1/qx divergence at |qx,0| = 2E/d. This singularity is due to backscattering
processes among states with x momentum component +qx,0/2 and −qx,0/2. In addition,
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we find that δρ11
s is an even function of qx, whereas δρ21

s is odd in qx.

3.4. Numerical results for noncentrosymmetric superconductors

In this section, we perform numerical simulations in noncentrosymmetric superconductors
with both spin-orbit coupling (λ) and an admixture of singlet (ψ) and triplet (d) pairing
symmetries. Unless stated otherwise, we set (t, µ, λ, ψ, d) = (4.0, 8.0, 2.0, 0.5, 2.0) for our
numerical calculations and study the QPI patterns as a function of different types of SOC
potentials. Since the spin polarization of the surface states is generic to NCSs and the absence
of nonmagnetic backscattering is a consequence of time-reversal symmetry, different values
for the parameters (t, µ, λ, ψ, d) do not qualitatively alter our results.

Helical Majorana modes

In Fig. 3.2 is shown the FT-STS response δραβs of a helical Majorana mode on the surface of
an O point-group NCS to nonmagnetic (β = 0) and magnetic impurities (β ∈ {1, 2, 3}). As
opposed to centrosymmetric superconductors, we find that Majorana modes of NCSs couple
to both nonmagnetic and magnetic scatterers with arbitrary spin polarization (cf. Sec. 3.3).
Hence, δρ00

s and δραβs with α, β ∈ {1, 2, 3} are in general nonzero, whereas δρ0β
s and

δρα0
s with α, β ∈ {1, 2, 3} are, due to time-reversal invariance, vanishing within the Born

approximation. Furthermore, we find that four pairs of elements of the FT-STS response
tensor are related to each other by crystallographic point-group symmetries. Thus, we plot in
Fig. 5.1 only the six independent nonzero elements of δραβs , which are either purely real or
purely imaginary.

Interestingly, nonmagnetic impurities give rise to only a weak, nonsingular FT-STS re-
sponse, see Figs. 3.2(a) and 3.2(g). This is due to the absence of elastic backscattering
processes between states at momenta +q‖,0/2 and −q‖,0/2, where |q‖,0| = 2E/d. These
nonmagnetic backscattering processes are prohibited by time-reversal symmetry, due to the
opposite spin polarizations of states at opposite momenta. As a result, δρ00

s only exhibits a
kink at |q‖,0|, but no singularity. In the presence of magnetic impurities, however, spin-flip
scattering processes are allowed. This leads to an inverse square-root singularity in δραβs at
|q‖,0| = 2E/d, see Figs. 3.2(h)–(l).

In passing, we point out some interesting features in the angular dependence of δραβs

on momentum transfer q‖. As in the centrosymmetric case, the dependence of δραβs on
q‖ in Figs. 3.2(b)–(e) exhibits a π rotational symmetry about the origin, i.e., δραβs (q‖) =
[δραβs (−q‖)]∗. Twofold symmetries with high-symmetry lines along the vertical or horizontal
axes, however, are absent. We observe that the different angular dependence between the
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centrosymmetric and noncentrosymmetric cases is due to differences in the spin polarization,
see Fig. 3.1(d). While in the centrosymmetric case, spin and momentum of the Majorana
mode (3.12) are locked to each other at a right angle, in NCSs the angle between spin
and momentum directions of the Majorana surface states differs by ±π/2 and, moreover,
varies strongly as a function of distance from the surface layer. This dependence of the spin
polarization on layer index n results in the absence of any twofold mirror symmetries in the
QPI patterns of Figs. 3.2(b)–(e).

Arc surface states

The FT-STS response of an arc state on the surface of a C4v point-group NCS is shown in
Fig. 3.3. In order to discuss energy and momentum dependence of these QPI patterns, we
first point out that the arc surface state can essentially be viewed as a quasi-one-dimensional
analog of the two-dimensional Majorana mode of the previous subsection. In other words, a
description of the arc state can be obtained from the O point-group NCS by interchanging x
and y components of the spin operator and by setting kz = 0, see Eqs. (2.1e) and (2.1f). This
explains the similarities in the QPI patterns of Fig. 3.3 with the response at qz = 0 shown in
Fig. 3.2.

As in Figs. 3.2(a) and 3.2(g), we find that the FT-STS signal produced by nonmagnetic
impurities is weak and nonsingular, since spin-flip backscattering is prohibited by time-
reversal symmetry. Hence δρ00

s in Figs. 3.3(a) and 3.3(g) only shows a nondivergent kink-
or peaklike feature at |qx,0| = 2E/d. Magnetic impurities, on the other hand, give rise
to a strong and divergent response in the spin-resolved FT-STS [see Figs. 3.3(b)–(f) and
3.3(h)–(l)]. Similar to (3.18), there is a divergence in δραβs at |qx,0| = 2E/d. We note
that due to the different dimensionality of the momentum phase space, this is not an inverse
square-root singularity as in Figs. 3.2(h)–(l), but shows a 1/qx dependence.

Zero-energy flat bands

Finally, we discuss the FT-STS response of zero-energy flat bands on the surface of a C2

point-group NCS, which is shown in Fig. 3.4. As before, we find that due to time-reversal
symmetry the only nonzero elements of the response tensor δρs are δρ00

s and δραβs with
α, β ∈ {1, 2, 3}. Since lattice point-group symmetries relate four pairs of entries of δρs to
each other [103], we plot in Fig. 3.4 only the six independent nonzero elements of δραβs .

The C2 point-group NCS as defined by Eqs. (2.1) and (2.1g) exhibits two different zero-
energy flat bands on the (010) surface, one with negative surface momentum kx < 0 and
one with positive momentum kx > 0, see Figs. 3.1(c) and 3.1(f). Hence, in the presence of
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Figure 3.2. Ordinary and spin-resolved FT-STS interference patterns δραβs (E, q‖) arising
from magnetic and nonmagnetic scattering processes on the surface of a fully gapped to-
pological superconductor with cubic point group O. The top row shows density plots of
δραβs (E = 0.6, q‖) as a function of momentum transfer q‖ = (qx, qz). The bottom row
gives the corresponding cuts along the qx = 0 line. Here we set λ = −2.0 and ψ = 0.5.
The color scale for the density plots in panels (a)-(d) and the vertical scale in panels (g)-(l)
have been multiplied by a factor as indicated for clarity.

impurities, it is useful to distinguish between interband scattering with momentum transfer
|qx| . 1.0 and intraband scattering with |qx| & 1.0, as indicated in Figs. 3.4(g)–(l) by the
green dotted and black dashed ellipses, respectively.

Due to the opposite spin polarizations of the two zero-energy flat bands, time-reversal-
preserving interband scattering is considerably suppressed [102]. Hence the part of the
ordinary FT-STS signal δρ00

s that corresponds to interband scattering [green dotted ellipses
in Fig. 3.4(a)] is very weak, whereas the one corresponding to intraband scattering [black
dashed ellipses in Fig. 3.4(a)] is strong and divergent. Magnetic impurities, on the other
hand, give rise to both strong inter- and intraband backscattering. Consequently, the FT-STS
response shown in Figs. 3.4(b)–(f) and 3.4(h)–(l) exhibits strong divergences both for large
and small momenta transfer, i.e., within the regions in Figs. 3.4(b)–(f) bounded by green
dotted and black dashed lines, respectively.
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Figure 3.3. Ordinary and spin-resolved FT-STS response δραβs (E, q‖) for a nodal NCS with
tetragonal point group C4v , λ = −2.0, and ψ = 0.5. Top and bottom rows show density
plots and cuts along the qz = 0.7 line, respectively. The color scale for the density plots
in (a)–(f) and the vertical scale in (g)–(l) have been multiplied by a factor as indicated for
clarity.

Figure 3.4. Amplitude of the ordinary and spin-resolved FT-STS signal δραβs (E, q‖) for a
nodal NCS with flat-band surface states. Here, the SOC vector lk is given by (2.1g), λ = 0.5,
and ψ = 4.0. The top row shows density plots of δραβs (E = 0, q‖) as a function of q‖ for an
intrinsic broadening η = 0.005. Green dotted and black dashed lines indicate the boundary
of the regions corresponding to inter– and intraband scattering, respectively. Panels (g)–(l)
display cuts of δραβs (E = 0, q‖) along the line qz = 0 for η = 0.005 (red) and η = 0.0025
(blue). The color scale for the density plots in (b)–(f) and the vertical scale in (h)–(l) have
been multiplied by a factor as indicated for clarity.
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3.5. Conclusion

In summary, we have determined the universal features in the QPI patterns produced by
magnetic and nonmagnetic impurities on the surface of time-reversal invariant topological
superconductors. An explicit analytical expression was found for the energy and momentum
dependence of the QPI patterns on the surface of centrosymmetric topological superconduct-
ors. For noncentrosymmetric systems, on the other hand, we have numerically determined
the ordinary and spin-resolved FT-STS response.

Interestingly, for helical Majorana modes and arc surface states, we find that the ordinary
QPI patterns resulting from nonmagnetic impurities are weak and nonsingular, which is
in line with the expected absence of elastic backscattering. Similarly for flat-band surface
states, the absence of backscattering suppresses the signal produced by scattering processes
with large momentum transfer, hence, the non-spin-resolved FT-STS signal produced by
nonmagentic scattering processes connecting states with opposite momentum signs vanishes.

Magnetic impurities, on the other hand, give rise to a strong and divergent signal in the
spin-resolved FT-STS for all three types of surface states. In the case of the helical Majorana
modes, the divergent QPI patterns exhibit inverse square-root singularities at the momenta
|q‖,0| = 2E/d, whereas for the arc surface states, the divergences in the FT-STS response at
|qx,0| = 2E/d show a 1/qx dependence.

Our results highlight the unique power of the FT-STS technique to detect topological
surface states in unconventional superconductors. We have demonstrated that the FT-STS
response allows us to clearly distinguish between the three different types of surface states
that generically occur in time-reversal invariant topological superconductors. Moreover, the
analysis of QPI patterns can be used to infer information about the pairing symmetry and the
topological characteristics of the superconducting state [103].
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4. Beyond low energy:
Dirac edge and surface states

In this chapter, we ask ourselves how clean must a sample be in order to show topological
surface states and how much the robustness of its surface states reveals about their topological
nature. To this end, we consider fluctuations in the surface potential that are so large, that
impurity states emerging from bulk-like states can localize on the sample’s surface, with
energies within the band gap. This follows from considering a strongly fluctuating disorder
potential on the surface that explicitly breaks translational symmetry but neither of the global
symmetries (cf. Sec. 1.2), which for noncentrosymmetric superconductors are time-reversal
and particle-hole symmetries.

While the effects of disorder on topological superconductor surface states have been
investigated extensively in terms of low-energy effective Dirac theories [77, 119, 148–150],
the study of disordered Majorana states at the surface of bulk lattice models has remained
an open problem. This is of relevance for experiments, since surfaces of unconventional
superconductors are often intrinsically disordered, or can be disordered on purpose by
depositing impurity atoms causing, for example, sputtering techniques.

To better appreciate the result in topological superconductors, we first make a digression
into topological insulators, where experimental evidence of topological surface states is well
established, and we can directly compare our predictions to direct measurements.

4.1. Bi2Se3: A 3D topological insulator

The existence of a protected topological surface state in the form of chiral Dirac cones con-
necting valence and conductance bands has been verified for numerous topological insulators
(TI) [19–23] by angle-resolved photoemission spectroscopy (ARPES). The predicted helical
spin-structure and the influence of the lattice symmetry thereon has been experimentally
verified by means of spin-resolved ARPES [24–28]. Its band structure is effectively well
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described by a four-band model courtesy of Zhang et. al. [151, 152], which reads

H = 1
2
∑

k

Φ†kHkΦk, (4.1a)

with basis vector

Φk = (|p1
z,k, ↑〉, |p1

z,k, ↓〉, |p2
z,k, ↑〉, |p2

z,k, ↓〉)T , (4.1b)

corresponding to a four band vector including the hybridized pz−orbitals of Bi and Se atoms.
The single-particle Hamiltonian Hk is given by

Hk = εkσ
0 ⊗ τ0 +mkσ

0 ⊗ τ3 +
∑2

i=0 a
i
kσ
i ⊗ τ1, (4.1c)

where the σ- and τ -matrices are Pauli matrices acting on spin and band space, respectively.
The lattice has a rhombohedral unit cell with a lattice constants a in the ab-plane and c along
the c-axis. This lattice model includes a kinetic term

εk = D1(1− cos(kzc)) +D2(3− 2 cos(kx
√

3a/2) cos(kya/2)− cos(kya))− µ,
(4.1d)

a mass term

mk = B1(1− cos(kzc) +B2(3− 2 cos(kx
√

3a/2) cos(kya/2)− cos(kya)) +M,

(4.1e)

and an inter-band coupling due to spin-orbit coupling,

a0
k = A0 sin(kzc), (4.1f)

a1
k = A1

√
3 sin(kx

√
3a/2) cos(kya/2), (4.1g)

a2
k = A1 cos(kx

√
3a/2) sin(kya/2) +A1 sin(kya). (4.1h)

The parameters are fixed phenomenologically, in the numerical simulations we have used
the same parameters as in Ref. [151]: a = 4.08; c = 29.8;A1 = 0.540;A2 = 0.673;B1 =
0.301;B2 = 4.55;D1 = 0.0391;D2 = 1.57;µ = −0.0068;M = 0.28; In the absence of
disorder, Eq. (4.1c) contains a spin polarized Dirac state (see Fig. 4.2(a)) on the crystal surface
with origin in the band inversion at the Γ point, as has been widely reported for topological
insulators. It has generally been the case, in these experiments, that only little attention
has been given to the topological protection of the surface states against local disorder.
The surface state protection is a property of the bulk TI: it comes from the non-trivial Z2
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Figure 4.1. Scheme illustrating the sputtering by Neon ions of a Bi2Se3 surface with intrinsic
contamination due to aging, water, or other depositions (represented as gray stains). Once the
sample is sputtered, the topological surface states are forced into deeper layers in the crystal.
QL stands for the quintuple layer unit cell of Bi2Se3.

topological invariant defined for the bulk band structure [68]. Whenever in the topologically
nontrivial phase a gapless Dirac mode emerges, localized at the interface, independent of
the surface direction or interface chemistry. For Bi2Se3 the surface state appears not only
for a Se terminated (111)-surface but also for any other chemically distinct surface [153].
Its existence can be probed indirectly by transport measurements on exfoliated thin films
[154] and directly by ARPES, where the surface state of a Bi2Se3 thin film grown on a
Si(111)− (7× 7) substrate was fully mapped [155].

The surface of Bi2Se3 and other Bi-based topological insulators is found to adsorb H2O or
CO molecules upon exposure to air or carbon monoxide, respectively [156–158], introducing
a large number of weak impurity scatterers on the surface and to surface doping. In turn,
surface doping is known to induces a band bending and the development of two-dimensional
surface quantum well states. Furthermore, the cleaving process is expected to create itself
defects that can be either Se vacancies or distortions [27, 159]. In contrast with the topo-
logically trivial quantum well states, the topological surface state is expected to withstand
surface defects, keeping its ballistic nature. Nevertheless, it was reported in Ref. [159] that
after gentle Neon sputtering not only the quantum well states but also the topological state
disappears from the ultraviolet (UV) ARPES spectra. Explicit experimental evidence of the
surface state protection is, hence, still missing. Here, we argue that the reason underlying
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the reported disappearance of the topological surface state can be related to the limited
probing depth of UV-ARPES, and show experimental evidence that the topological Dirac
state survives a disordered environment.

We first determine numerically the robustness of topological surface states in Bi2Se3,
with a particular focus on the type of disorder, as it is clear from the discussion in Sec. 1.2
that the type of disorder can determine whether or not bound states get localized. We note
that this question was first studied for a Gaussian disordered minimal model of topological
insulators with cubic geometry and chiral symmetry, where it was shown that the surface states
vanish for high enough disorder [160]. Here, we consider a realistic low-energy effective
model for Bi2Se3, and study the interplay between the two types of disorder introduced in
Sec. 1.2.4. This analysis is complemented by the experimental results obtained via soft x-ray
ARPES (SX-ARPES) for neon sputtered thin film samples. The ARPES signal is determined
by calculating the momentum- and energy-resolved spectral weight, allowing for a good
comparison to the experimental data. A scheme of the present scenario is found in Fig. 4.1.

The experimental data was collected by our collaborators J. Hugo Dil et. al. at the Swiss
Light Source (SLS), and will be included in this manuscript.

4.1.1. Numerical simulation

The surface band structure of Bi2Se3 close to the center of the Brillouin zone is calculated
by evaluating the Hamiltonian (4.1) discretized over a real space lattice, as defined in Eq.
3.3. In this way, surface defects such as the ones introduced by sputtering the crystal, can be
included locally. Non-magnetic impurities will not lead to a disentanglement of these bands,
nor to a change in the symmetry class of the sample, as only translational symmetry is broken.
A slight broadening is expected to appear, but not enough to render the topological insulator
trivial. That is to say the bulk topological invariant remains unchanged, and a topological
surface state is inevitably expected.

We include perturbations in the model by considering a scattering potential that preserves
time-reversal symmetry. This is generally defined by

δH =
∑
k,q‖

∑
i=G,U

Φ†kσ
0 ⊗ (vmi (q‖)τ3 + vµi (q‖)τ0)Φk+q‖ , (4.2)

where vµ(m)
G(U)(q‖), labeling Gaussian (vG) and unitary (vU ) disorder strength can be arbitrarily

large and are obtained from the Fourier transformation of their real space definitions. Two
contributions are considered for the total form of the impurity potential:

i Gaussian disorder, consisting of uncorrelated random values taken from a box distribution
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vG(r) ∈]− γ/2, γ/2[ with strength γ at all surface sites, this type of disorder simulates
fluctuations in the surface electrostatic potential as well as local gap fluctuations, which
in turn simulate a general symmetry preserving surface aging and contamination.

ii Unitary disorder, consisting of dilute strong scatterers, vU (r) =
∑

i
105δ(r − ri), where

the sites ri’s are uniformly distributed in the sample’s surface, which simulates the effect
of sputtering by Neon atoms. These can result in both attachment of the Neon atom to
the surface or mechanical removal of some of the surface constituents, resulting in very
strong local and dilute impurities.

The disordered surface of the sample can be well recognized by calculating the momentum
resolved density of states [160, 161].

I(ω, k, l) = − 1
π
√
N

Im
∑
nν

∣∣∣∑r‖
Ψn,νl(r‖)e−ik k̂·r‖

∣∣∣2
ω − En + iη

, (4.3)

with n, ν and l the eigenstate, band and layer indices, and η a small broadening parameter
associated with the quasiparticle’s lifetime (fixed in the numerical simulations to η = 0.02)
andN the total number of sites integrated over. The low-energy real space eigenfunctions
Ψ(r) and respective energies En are computed using the Arnoldi scheme [162]. The in-
tensity is calculated at the binding energy ω and momentum k, which is taken along the
crystallographic direction Γ–M , to coincide with the experimental data. All calculations
were performed at zero temperature.

At very high sputtering intensities, the sample is expected to form crystal cracks introducing
mismatches in the bulk unit cell orientations, and consequently leading to bulk disorder. This
type of disorder was not considered in our numerical calculations. Yet, in this limit we expect
the signal at Γ to become fuzzy, eventually opening a gap as the bulk topology is slowly
destroyed.

We conclude that for moderate amounts of surface contamination, the surface density of
states is not affected. Sputtering these samples has the same effect as sputtering clean ones,
in particular it leads to a migration of intensity towards inner layers. The sharpness of the
measurement should, however, remain unaffected. In contrast are surfaces contaminated with
average electrostatic potentials well above the energy gap. These strong fluctuations allow for
impurity bands to form on the surface of the sample, independent of the topological nature
of the bulk. Ingap impurity states go beyond our treatment of low-energy Dirac states in
chapters 2 and 3 as they are physically localized in the surface but do not have the dispersion
or spin-momentum locking characteristic of the Dirac cone. Such impurity states allow for
scattering channels not previously accounted for, resulting in avoided crossings and level
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repulsion between states all states present in the surface. This can be clearly seen in Fig. 4.2
(c), where the sample with 5 eV surface contamination1 shows a diffusive character rather
than ballistic (cf. discussion in Sec. 1.2), that is the spin conductance associated with the
boundary mode of the TI should not remain quantized. Consequently, sputtering the sample
has a "cleaning" effect on the strongly diffusive surface, as it effectively increases the energy
it takes an electron to populate the outer layer, successfully reducing the disorder potential
felt by the quasiparticles by developing a dead layer at the surface. Again, the topological
surface states are pushed down to clean layers, recovering their linear dispersion and sharp
ARPES signal.

4.1.2. Experimental results2

Figure 4.3 shows the SX-ARPES spectra of Bi2Se3 along the Γ–M crystallographic direction
using photon energies of 380 eV and 725 eV. The sputtering was performed with Ne+ ions
at 0.7 keV and 3 · 10−6 mbar for 7 s, 22 s, 52 s and 112 s. The samples were prepared at a
temperature of 10 K and sputtered at room temperature to prevent the sputtering agent from
freezing. To assure homogeneous aging, the time between cleaving, cooling and measuring
was kept constant for all samples. These measurements were performed at the ADRESS
beamline of the Swiss Light Source.

The spectra of the unsputtered sample shows a blurry bulk band at both photon energies,
and the linearly dispersing branches cannot be clearly identified. In contrast, for a slightly
sputtered surface (7 s – 22 s), a significant enhancement of the data quality of the measured
band maps is observed. We note that for these sputtering times, the overall spectral intensity
and signal to noise ratio are strongly increased in contrast to the reported UV-ARPES
measurements with similar sputtering conditions [159]. For longer sputtering times (52 s in
Fig. 4.3) the spectral intensities of the bulk sates start to decrease again and the signal to noise
ratio deteriorates. The same is true for the signal from the topological surface state, however
it is still clearly visible. At 112 s, the defects introduced are of such high degree that the
surface topography is changed. The crystal surface shows multiple tilted domains, leading to
strongly varying normal emission angles depending on the location of the synchrotron light
spot. This indicates that the domains are similar in size to the beam spot (74×30 µm).

1This value should not be directly compared with experiment, as the number of impurity states in the numerical
calculation depends on the bandwidth of the model, which fits only accurately the Bi2Se3 band structure for small
momenta and energies.

2The information contained in this section and the experimental data are of the authorship of our experimentalist
collaborators Gabriel Landolt, J. Hugo Dil et. al. It is included in this thesis for completeness.
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4.1.3. Discussion

The surface of Bi2Se3 is susceptible to large amounts of surface contamination due to the
cleaving procedure and aging. Aging can be manifested for example by the adsorption of
water vapour or other molecules, leading to surface doping and quantum well states [156–
158]. This sort of sample contamination can lead to strong fluctuations of the electrostatic
potential, for which we have demonstrated that the topological surface mode looses its sharp
quasiparticle peak in Fourier space. Namely, it can lead to a fully smeared out signature
in the momentum resolved spectral function, rendering it indistinguishable from a trivial
phase with ARPES measurements. We have shown in our numerical analysis (cf. Fig. 4.2)
that sputtering can circumvent this problem by eliminating the contaminated layer. The
controlled introduction of unitary disorder will lead to a re-emergence of the fully delocalized
topological surface state at inner layers.

Furthermore, we have shown experimental evidence for an astonishing robustness of the
topological surface state of Bi2Se3 against sputtering induced defects, probed by SX-ARPES.
This is in remarkably good agreement with our numerical simulations, where strong surface
scatteres are distributed along the surface at a fixed average density. The random vacancies
force the surface state into inner layers of the thin film, where potential fluctuations due
to adsorbates and quantum well states is minimal. That is, the Gaussian contribution to
the total disorder affecting the surface state is strongly suppressed and the ARPES signal
becomes sharper. Furthermore, we note that the retreat of the topological surface state is
most likely happening in steps of five atomic layer, i.e., the full unit cell of Bi2Se3 [27]. The
resulting deep burial of the surface state can justify its immediate disappearance after slight
sputtering when measured with low-probing depth techniques such as UV-ARPES [159].
The re-emergence of the ARPES signal after induced unitary disorder by sputtering provides
a direct confirmation of both the topological origin and the characteristic robustness of the
surface state. This is of importance for potential spintronics systems, which rely on stable
spin channels.



84 4. Beyond low energy: Dirac edge and surface states

- 0.2 0 0.2

- 0.2
0

0.2

- 0.2
0

0.2

- 0.2
0

0.2

- 0.2 0 0.2 - 0.2 0 0.2 - 0.2 0 0.2

1 2 3 4 5

1

2

3

4

5

6

7

depth layer (c)

to
ta

li
nt

en
si

ty
(a

.u
.)

0

0.2

0.4

0.6

si
te

re
m

ov
al
(%

)

site removal (%)
0                  20                40                 60              

1

2

3

de
pt

h 
la

ye
r (

c)

bi
nd

in
g 

en
er

gy
 (e

V
)

momentum (Å-1)

- 0.2 0 0.2

- 0.2
0

0.2

- 0.2
0

0.2

- 0.2
0

0.2

- 0.2 0 0.2 - 0.2 0 0.2 - 0.2 0 0.2

1 2 3 4 5

1

2

3

4

5

6

7

depth layer (c)

to
ta

li
nt

en
si

ty
(a

.u
.)

0

0.2

0.4

0.6

si
te

re
m

ov
al
(%

)

site removal (%)

1

2

3

de
pt

h 
la

ye
r (

c)

bi
nd

in
g 

en
er

gy
 (e

V
)

momentum (Å-1)

(a)

(c)

(b)

(d)

su
rfa

ce
 c

on
ta

m
in

at
io

n:
 5

 e
V

su
rfa

ce
 c

on
ta

m
in

at
io

n:
 1

 e
V

101

102

103

104

105

in
te

ns
ity

(a
.u

.)

0                  20                40                 60              

Figure 4.2. Numerical simulation of dirty Bi2Se3 for two values of surface contamination (a)
1 eV (2∆), showing no sign of disturbance to the topological surface state. (b) 5 eV (10∆),
showing a coupling of the surface state with impurity states. Sputtering leads to site removal
on the first layer and a consequent migration of the surface states to the second and third
layers. (b) and (d) total intensity as a funtion of depth layer for plots (a) and (c), respectively.
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Figure 4.3. (a) Soft X-ray ARPES band map for 380 eV photon energy after different amounts
of neon sputtering. The measurement conditions are held fixed for the different samples. The
lower panels show constant energy cuts through the Dirac cone taken at 130 meV intervals.
(b) Same as (a) but measured at 725 eV photon energy.
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4.2. Topological superconductors:
3He(B) and NCS (s + p)-wave superconductor

Fully gapped noncentrosymmetric superconductors with strong spin-orbit coupling and the
B phase of superfluid 3He [56, 163, 164] have been proposed as candidate materials for
time-reversal invariant topological superconductors and superfluids hosting helical Majorana
states. In sections 2.4 and 3.4 we have shown the helical spin texture which protects them
from backscattering off of nonmagnetic impurities. This is, however, fully analogous with
Dirac states in topological insulators such as Bi2Se3, for which we have shown in the
previous section that strong enough surface disorder can be destructive. Furthermore, as the
experimental results evidence, such disorder strengths are realistic in normal the aging and
exposure processes to which topological insulators are subject.

In this section we study in detail whether Majorana surface states of three dimensional
topological superconductors are robust to symmetry preserving disorder, comparing them to
the Dirac states on the surface of topological superconductors.

First, let us note that in contrast with Dirac surface states, the Majorana mode does
not couple to electromagnetic fields, its dispersion can thus only be detected by applying
an effective gravitational field, i.e., a temperature gradient or rotations of the supercon-
ductor [120–122]. It has been proposed, as an example, that surface states could be observed
by detecting gravitational waves in the spin relaxation rate of an electron bubble [165]. At
zero energy one helical Majorana surface mode carries a quantized thermal conductance.

We have shown that no relevant or marginal time-reversal symmetric perturbation can be
added to the surface Dirac Hamiltonian, making the helical Majorana state robust against
the influence of weak disorder and interactions [77, 122, 148]. Only variations of the Fermi
velocity are allowed as a symmetry preserving deformation of the effective Dirac equation
describing the surface state, and hence an energy gap cannot be opened in the surface
spectrum.

In the following, we consider surface disorder with strength γ which leads to a breakdown
of the effective low-energy theory. Again, such a scenario is achieved by forcing a critical
amount of impurity bound states onto the surface, with energies within the bulk gap. That is,
we consider disorder with γ ≥ ∆ for which induced coupling between the surface and bulk
states needs to be taken into account. We determine the role of particle hole symmetry in the
protection of surface states, and we examine the ways in which two- and three-dimensional
topological superconductors in the symmetry class DIII respond differently to strong disorder.

To investigate the effects of strong surface impurities on the surface and bulk quasiparticle
wave functions, we employ large-scale numerical simulations of two- and three-dimensional



4.2. Topological superconductors 87

Bogoliubov-de Gennes (BdG) lattice Hamiltonians (2.1) and compute the local density of
states and level spacing statistics of the wave functions, cf. Sec. 1.2.

4.2.1. Numerical simulation

For our numerical calculations, we set the model parameters to t = 4.0, λ = 2.0, ψ = 0.5,
and d = 2.0. For the three-dimensional NCS with SOC (2.1e) we set the chemical potential
to µ = 8.0, whereas for the two-dimensional NCS with SOC (2.1f) we set µ = 4.0. With
this parameter choice the two- and three-dimensional boundary states decay into the bulk with
a decay length of the order of three lattice spacings (cf., Sec. 2.4). Using exact diagonalization
algorithms[162] we compute the eigenenergies En and eigenstates Ψn of Hk, (2.1), in the
presence of surface disorder described by (2.12). The effects of surface impurities are best
revealed in the local surface density of states,

ρl(ω, r‖) = − 1
π

Im
4∑
ν=1

∑
m

∣∣Ψn,νl(r‖)
∣∣2

ω − En + iη
, (4.4)

and the momentum-resolved spectral function given by (4.3). Here, instead, k̂ is taken along
the x̂ direction, r‖ are the surface sites, l represents the layer index, and ν is the combined
spin and particle-hole index. The expressions (4.3) and (4.4) are evaluated in real space with
an intrinsic broadening η = 0.05 for finite lattices of size 50× 20× 30 in three dimensions
and 1000× 40 in two dimensions, unless otherwise stated. To compute the density of states
of two-dimensional topological NCSs (Figs. 4.9 and 4.8), we employ the recursive Green’s
function technique described in Appendix B, which is numerically more efficient than direct
diagonalization for low dimensions.

To obtain insight into the localization or delocalization properties of the surface states, it is
useful to compute the probability distribution of the local density of states, P [ρ̃l(ω)], and the
level spacing distribution function P (s), as discussed in Sec. 1.2. The probability distribution
P [ρ̃l(ω)] is defined in terms of the local density of states on the l-th layer normalized to its
mean value 〈ρl(ω)〉 [166],

ρ̃l(ω) = ρl(ω)/ 〈ρl(ω)〉 . (4.5)

A distribution centered at ρ̃l(ω) = 1 corresponds to extended states, while a distribution
peaked at zero indicates localized states. The level spacing distribution function P (s) (1.33),
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on the other hand, is given in terms of the normalized spacing

s = |En − En+1|
δ(En) , (4.6)

between two nearest levels En and En+1 with δ(En) the mean level spacing near En. We
note that for systems with a density of states that changes rapidly with energy [see, e.g.,
Fig. 4.5(a)], the normalization of the level spacing intervals by the mean level spacing
δ(En) is particularly important [37, 167]. In a disordered quantum system the energy level
distribution reflects the localization properties of the system [37, 39]. In a delocalized phase,
nearby energy levels repel each other leading to a Wigner-Dyson-like level statistics. In a
localized phase, however, different levels can be arbitrarily close to each other, which gives
rise to Poisson statistics.

4.2.2. Three-dimensional topological NCS

We start by discussing the effects of nonmagnetic disorder on the helical Majorana states of
three-dimensional topological NCSs. Figures 4.4(a)-(e) show the spectral function I(ω, k, l)
integrated over the three outermost layers, which is of the order of the decay length of the
ingap surface states. In the clean case, γ = 0, surface states exist at energies smaller than the
bulk energy gap ∆ = d− ψ = 1.5 and form a helical Majorana cone, which is centered at
the Γ point of the surface Brillouin zone, see Fig. 4.4(a). In accordance with the discussion of
Sec. 2.4, we find that weak and even moderately strong disorder leaves the spectral function
almost unchanged, apart from small broadening effects, as seen in Figs. 4.4(b) and 4.4(c).
Conversely, strong surface disorder with strength of the order of the band width, γ ' 5t,
completely destroy the momentum-space structure of the ingap surface states and leads to a
large increase of the density of states in the surface layers, leading to an overall darker tone
in Fig. 4.4(d). For this disorder strength, the wave function probability densities |Ψm(l, r)|2

exhibit sharp peaks spread through the entire layer, see Figs. 4.6(i) and 4.6(j). The real-space
structures of |Ψm(l, r)|2 for different wave functions with nearby energies are correlated,
forming clusters of differently colored peaks. In other words, the surface state wave functions
show signs of critical delocalization. Finally, for extremely strong impurity scatterers γ � t,
almost fully localized impurity states are formed in the surface layer, that is, functionally
transforming into unitary disorder impurities, while in the second and third outermost layers
extended states reemerge, forming helical Majorana bands, Figs. 4.4(e) [160, 161].

In Figures 4.6(a)-(h) we show the layer and energy-resolved probability distribution of
ρ̃l(ω) for disorder strengths γ = 5t and γ = 30t. 3 For γ = 30t, the probability distribution

3As the ingap states are unperturbed, we cannot create a random ensemble to extract statistical properties. The level
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P [ρ̃l(ω)] in the surface layer l = 1 is peaked at ρ̃l = 0, which signals localization, whereas
P [ρ̃l(ω)] for the inward layers l = 2 and l = 4 has a maximum close to ρ̃l = 1, indicating
delocalized states. We further note that the surface state wave function has a node in layer
l = 3 and therefore P [ρ̃l(ω)] for l = 3 is peaked closer to ρ̃l = 0, see Fig. 4.6(g). With
decreasing energy, the maximum of the distributions in Figs. 4.6(f) and 4.6(h) approaches
ρ̃l = 1, which shows that the states with energies near zero (in particular the Majorana
zero-energy states) are more extended than those states with energies of the order of ∆/3.
For γ ' 5t, corresponding to the crossover from weak to strong disorder, P [ρ̃l(ω)] in
all four layers shows a broad peak, which we interpret as a sign of critical delocalization,
cf. Figs. 4.6(i) and 4.6(j) [167].

The disorder-averaged total density of states ρtot(ω) =
∑

l

∑
rn
ρl(ω, rn) in Fig. 4.5(a)

reveals that for γ = 5t there exists a large number of ingap states, which completely fill up
the superconducting gap. For even larger disorder strength, γ � t, on the other hand, the
number of ingap states is reduced, indicating that the effects of disorder on the superconductor
and its surface states become effectively weaker. Importantly, we find that for all disorder
strengths and disorder configurations there exist two extended zero-energy Majorana surface
states. These zero-energy modes appear in the total density of states of Fig. 4.5(a) as a narrow
peak at ω = 0.

Finally, we present in Fig. 4.5(b) the level spacing distribution function P (s) for ingap
states with energies within the interval |ω| < ∆/3 in the presence of surface disorder with
strength γ = 5t and γ = 30t. Interestingly, we find that for γ = 5t the level statistics
P (s) fits the generalized Wigner surmise for the symmetry class DIII (i.e., α = 1 and
β = 4) [37, 39]. This indicates that the ingap states remain delocalized with significant
overlap, giving rise to level repulsion. For γ = 30t, however, there are deviations from
the generalized Wigner surmise, which we attribute to the emergence of localized states
in the strongly disordered surface layer l = 1 with energies of the order of ∆/3. These
localized states do not exhibit level repulsion and hence lead to Poissonian level spacing
statistics, which is superimposed on the class DIII level statistics of the extended states with
energies close to zero. Importantly, we note that for γ & 5t the ingap surface states are
strongly coupled to the bulk states and therefore can no longer be described by an effective
single-valley, i.e. two-component Dirac Hamiltonian of the form of (2.39), for which all
impurity terms are forbidden by symmetry and therefore no random ensemble with a universal
level spacing statistics can be achieved.

spacing distribution shows a sharp peak centered at 1, evidence of the unperturbed linear dispersion, as well as the
density of states distribution, evidence of the fully extended states. This quantities are, therefore, only calculated for
the strong disorder limit.
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Figure 4.4. Spectral function I(ω,k‖), Eq. (4.3), on a log scale as a function of energy ω and
surface momentum kx with ky = 0 for the first three outermost layers at the (001) surface
of a three-dimensional topological NCS. The strength γ of the Gaussian distributed surface
disorder increases from γ = 0t in (a) to γ = 30t in (e).
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Figure 4.6. (a)-(h) Layer and energy-resolved probability distribution P [ρ̃l(ω)] of the normal-
ized local density of states ρ̃l(ω) for an ensemble of one hundred disordered three-dimensional
topological NCSs, with disorder strengths γ = 5t [panels (a)-(d)] and γ = 30t [panels (e)-
(h)]. Each column shows the probability distribution P [ρ̃l(ω)] for a different layer, with
l = 1 the surface layer [panels (a) and (e)] and l = 4 the 4th inward layer [panels (d) and
(h)]. The energy dependence is indicated by the color scale, with blue representing ω = 0
and red ω = ∆/3. Panels (i) and (j) show the wave function probability density |Ψm(l, r)|2
in the first (l = 1) and second inward layer (l = 2), respectively, for the three lowest positive
energy wave functions ϕ0, ϕ1, and ϕ2 with successive eigenvalues E0 = 0 < E1 < E2 (red,
green, blue), at the disorder strength γ = 5t. We find that at this disorder strength the wave
functions show signs of critical delocalization. The amplitude in panel (j) has been multiplied
by a factor of 5 for clarity. Ψ0 (red) is the helical Majorana state at exactly zero energy.
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4.2.3. Two-dimensional topological NCS

Secondly, we examine the helical Majorana states at the edge of a 2D topological NCS with
nonmagnetic edge disorder. In Fig. 4.7 we present the spectral function I(ω, kx, l), (4.3),
summed over the three outermost layers. As for the 3D NCS, we find that in the clean caseedge
states appear at energies smaller than the bulk gap ∆, forming two Majorana bands that cross
at kx = 0 of the surface Brillouin zone, see Fig. 4.7(a). As a consequence of TRS, ingap states
with opposite edge momenta have opposite spin polarization [101–103, 168]. This completely
prohibits backscattering among the edge states by nonmagnetic impurities. Moreover, as
discussed in Sec. 2.4, the only symmetry allowed perturbations of the edge Hamiltonian (2.27),
are local variations of the superconducting gap ∆, i.e., changes in the Fermi velocity of the
Majorana bands. Hence, one expects that nonmagnetic disorder with strength γ ≤ ∆ does
not affect the surface states, which is confirmed by our numerical results in Fig. 4.7(b).

For stronger edge disorder with γ of the order of the bandwidth 5t, the spectral function
I(ω, kx, l) becomes smeared out, but a momentum-space dispersion is still visible. We
find that for this disorder strength, extended edge states forming Majorana bands, strongly
interact with more localized ingap states. Moreover, comparing Figs. 4.7(a) and 4.7(b), we
observe that edge disorder significantly modifies the Fermi velocity of the Majorana modes,
particularly around zero energy. Interestingly, at γ = 5t the probability distribution P [ρ̃l(ω)]
is strongly broadened (Fig. 4.9(a)-(d)) and the disorder-averaged total density of states ρtot(ω)
exhibits a pronounced peak at ω = 0 (blue trace in Fig. 4.8). The latter is reminiscent of the
Dyson singularity at zero-energy which occurs in (quasi)-one dimensional dirty superconduct-
ors belonging to symmetry class DIII [169, 170]. That is, the spectral function of Fig. 4.7(d)
and the total density of states of Fig. 4.8 indicate that extended ingap states coexist with
critically delocalized states at the edge of the superconductor. Further increasing the disorder
strength to γ = 30t, we observe that the number of ingap states decreases, the height of the
zero-energy peak in ρtot is reduced significantly, and the Majorana bands recover a perfectly
linear dispersion (Fig. 4.7(e) and red trace in Fig. 4.8). This shows that the effects of the edge
disorder on the bulk superconductor and its Majorana ingap states effectively decreases for
γ � t. In fact, just as for the 3D topological superconductor, very strong impurity scatterers
give rise to almost fully localized edge states in the surface layer, while the extended states
that form the Majorana bands are now mostly located in the second and fourth outermost
layers (Fig. 4.9(e)-(h)). Overall, we find that disorder affects the Majorana modes of 2D
topological NCSs less strongly than those of 3D topological NCSs. In part, this is due to
the helical spin texture of the Majorana modes, which completely prohibits backscattering
at the one-dimensional NCS edge, whereas it only partially suppresses scattering across the
Majorana cone of a 3D topological NCS.
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Figure 4.7. Spectral function I(ω, kx, l) on a log scale as a function of edge momentum kx
for the first three outermost layers at the (01) edge of a two-dimensional topological NCS on
a square lattice of size 80× 40. The strength of the edge disorder increases from γ = 0t in
(a) to γ = 30t in (e).
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Figure 4.9. (a)-(h) Layer and energy-resolved probability distribution P [ρ̃l(ω)] of the
normalized local density of states ρ̃l(ω) for an ensemble of one hundred disordered two-
dimensional topological NCSs with disorder strengths γ = 5t and γ = 30t. The energy
dependence is indicated by the color scale, with blue representing ω = 0 and red ω = ∆/3.
Each column shows the probability distribution P [ρ̃l(ω)] for a different layer.
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4.2.4. Magnetic surface disorder

Magnetic surface disorder lifts the time-reversal symmetry protection of the helical Majorana
cone and therefore can induce a full gap in the surface spectrum. In Figs. 4.10(a)-(b) we
show the spectral function I(ω, kx, l) integrated over the three outermost layers at the (001)
surface of a three-dimensional topological NCS in the presence of magnetic impurities
V x,y,zr = v(r)Sx,y,z , (2.12) , polarized along the x, y, and z axes. We find that whether the
Majorana state is gapped out by magnetic disorder with γ ≤ ∆, depending on the direction
in which the impurity spins are polarized. As discussed in Sec. 2.4, the Majorana bands
couple most strongly to the z component of the impurity spins, since they exhibit a strong
z-spin polarization [101–103, 168]. Hence, z-polarized impurity spins open up a full gap in
the surface spectrum, as clearly observed in Fig. 4.10(c), inducing a thermal quantum Hall
state at the surface [171]. On the other hand, y-polarized impurities only couple weakly to
the Majorana cone, whereas x-polarized impurity spins do not affect the surface states at
all, since the polarization of the Majorana bands has zero component along the x axis, see
Figs. 4.10(a) and 4.10(b).

A similar behavior is also observed for the Majorana edge states of a two-dimensional
topological NCSs, Figs. 4.10(d)-(f). Here, we find that the Majorana bands couple most
strongly to the x-spin component of the magnetic disorder, Fig. 4.10(d), whereas the y
component of the impurity spins does not interact with the edge states, which are fully
polarized within the xz spin plane, Fig. 4.10(e) [101–103, 168].

4.2.5. Conclusion

By means of numerical diagonalization, we have here confirmed that there are no marginal
or relevant perturbations we can add to the surface Majorana state for weak to moderate
nonmagnetic impurities with γ . ∆ (Fig. 4.4(b)). Maximal coupling between boundary
and bulk states emerges for γ & ∆, in particular, peaking at energies close to the bandwidth
γ = γc ∼ 5t, (Fig. 4.4(d)). We find that generally disorder affects the states with energies
close to the gap more strongly than those with energies close to zero. This phenomena can be
interpreted as an increasingly repulsive potential between particle-hole symmetric impurity
sates appearing around the Fermi level. In contrast with the topological superconductor
studied in the previous section, we find that for all disorder strengths an extended zero-
energy state must exist, which indicates that a diffusive thermal metal phase cannot be
realized at the surface of a class DIII topological superconductor [119, 148, 160]. At the
crossover from weak to strong disorder the surface state wave functions exhibit signs of
critical delocalization, particularly around zero energy. For the critical value of disorder



4.2. Topological superconductors 97

�Π 0 Π

�0.4

�0.2

0.

0.2

0.4

kx

�Π 0 Π

�0.4

�0.2

0.

0.2

0.4

kx

�Π 0 Π

�0.4

�0.2

0.

0.2

0.4

kx

Ω
�t�

101

102

103

104

Ρ�Ω,k x
��a.u.�

kx�a�1� kx�a�1� kx�a�1�

�Π 0 Π

�0.4

�0.2

0.

0.2

0.4

kx

�Π 0 Π

�0.4

�0.2

0.

0.2

0.4

kx

�Π 0 Π

�0.4

�0.2

0.

0.2

0.4

kx

Ω
�t�

101

102

103

104

Ρ�Ω,k x
��a.u.�

kx�a�1� kx�a�1� kx�a�1�

�a� Vx Γ�1t �b� V y Γ�1t �c� Vz Γ�1t

�d� Vx Γ�1t �f� Vz Γ�1t�e� V y Γ�1t

Figure 4.10. (a)-(c) Spectral function I(ω, kx, l) on a log scale as a function of surface
momentum kx with ky = 0 for the first three outermost layers at the (001) face of a three-
dimensional topological NCS in the presence of magnetic surface disorder with γ = 1t. In
(a), (b), and (c) the impurity spins are polarized along the x, y, and z axes, respectively.
(d)-(f) show the same as (a)-(c) but for the (01) edge of a two-dimensional topological NCS
on a square lattice of size 80× 40.

strength, the density of states of the two-dimensional topological superconductor diverges at
zero energy, which is similar to the Dyson singularity of disordered quasi-one-dimensional
superconductors. The (de)localization properties of the wave functions at the crossover
from weak to strong disorder, for example the multifractal scaling properties, deserve further
investigation. Moreover, it would be interesting to study the (de)localization properties of
weak topological superconductors or of three-dimensional topological superconductors with
more than one Majorana cone (i.e., winding number W > 1).

Very strong disorder with γ much larger than the bandwidth, however, partially localizes
the outermost layer while the linearly dispersive Majorana band reappears in the second and
third inward layers. That is, for γ � γc the effects of disorder on the superconductor and its
surface states become weaker, in parallel with what is observed in Bi2Se3 (Fig. 4.6).

Finally, we also consider magnetic surface disorder with moderate strength γ = t, for
which the surface states respond according to their intrinsic helical structure. (Fig. 4.10).
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We note that magnetic disorder does not result in a more blurred spectral function, rather it
distorts the Dirac cone to a preferred direction. In particular, for magnetic impurities polarized
along the ẑ-direction, we find well defined gapped bands that carry a two dimensional Chern
number. An consequently, it could be of interest to study its properties by, for example,
puncturing vortices in the bulk superconductor to localize nonabelian Majorana bound states.

Tunneling experiments on disordered surfaces of these systems can be used to confirm our
predictions [161].
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5. Beyond low energy:
Flat-band edge states

In previous chapters, we have discussed extensively the possible exotic surface and edge
states in nodal superconductors. We have established the different topological invariants
on which they rely on, as well as their basic properties such as spin configuration and
localization profiles as they approach nodal structures. Our entire discussion lays on the
ability to define these topological invariants which depend explicitly on the surface momenta.
A conflict emerges when the surface is disordered. In a disordered system, explicitly breaking
translational symmetry, the Hamiltonian is no longer diagonal in momentum space, and k
is not a good quantum number (see introductory discussion in Sec. 1.2). In Chp. 5 we have
noticed that under surface disorder alone the momentum-resolved density of states shows
clear sharp features in momentum space (cf. Fig. 4.7 and 4.4), leading us to believe that
the same should be true for gapless systems. In the latter case, however, low-energy bulk
states have a strong presence at the surface, and will be more intensely affected by surface
disorder. A second complication we have encountered was when defining the topological
invariant itself (cf. Sec. 2.1), since we have used the continuum limit to deform the path into
a projection onto the surface Brillouin zone.

Both these questions will be investigated in this chapter by resourcing to exact diagonaliz-
ation and the recursive Green’s function technique (cf. App. B).

5.1. Edge states at irregularly shaped boundaries

We consider the model defined in equations (2.1) for a two dimensional system with Rashba
spin orbit coupling with point group C4v . To account for higher momentum structures of the
superconducting order parameter, we consider the Hamiltonian (2.1), with the form factor

f(k) = sin kx sin ky, ∆(k) = f(k)(ψ + d g(k) · σ)(iσ2), (5.1)

this system was carefully studied in Section 2.6, where we have calculated the momentum
dependence of the Berry flux (Fig. 2.6), showing singularities in 8 nodal points of the Brillouin
zone. Within the projection of the nodal points (k±0 ), we found for dominant triplet pairing,
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Figure 5.1. Density plot of the edge-state wave function amplitudes |ΨL|2 in a (dxy + p)-
wave superconducting dot with (a) smooth and (b) rough boundaries. Edge states are present
both at an irregular but smooth boundary (a) and at a boundary with short-range disorder
(b). Panel (c) shows the average number of edge states for an ensemble of randomly shaped
superconducting dots with smooth (blue circles) and rough (red squares) boundaries as a
function of circumference L of the dot. Here, the edge states are separated from the bulk
states according to criterion (5.5) and by additionally requiring that the energy of the states
is smaller than 0.1|∆±| in absolute value. The solid black line represents the analytical
approximation given by (5.3).

a singly degenerate flat band edge state as pictured in Fig 2.3(b). This result was bound to
the surface projection (01), that is, we had constructed a ribbon geometry where the model
(2.1) was discretized over the ŷ direction. Considering instead projecting the Brillouin zone
onto the (11)-direction, we note the nodal points, carrying negative and positive chirality,
project on top of each other in the surface BZ. A rotation interpolating these two surfaces
must contract the flat band slowly onto a single point. From this reasoning, we have obtained
a general expression for the angular dependence of the zero-bias density of states

dN

dl
=
∣∣k−0 sinϕ− k+

0 cosϕ
∣∣− ∣∣k−0 cosϕ− k+

0 sinϕ
∣∣ , (5.2)
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where 0 ≤ ϕ < π/4 is the angle between the local edge orientation and the nearest (01) or
(10) direction. Integrating (5.2) along its circumference, we find that the total number of edge
states for a circular dot is given by

N(L) =
∫ L

0

dN

dl
dl = 8L

π

[
k−0 + k+

0√
2

+ k−0 − k
+
0

2 −
√

(k−0 )2 + (k+
0 )2

]
. (5.3)

The validity of the previous discussion can be naturally checked numerically by considering
irregular shapes, for which the edge direction is not well defined globally and consequently,
translational symmetry is broken. An ideal system to study these properties are mesoscopic
quantum dots [172]. In this system we can consider two different pictures. First, we consider
that the quantum dot has smooth edges, where the edge orientation can be locally determined
uniquely. Second we look at the effect of roughness on the same irregularly shaped dots.

We compute the edge-state wave functions of an irregularly shaped (dxy + p)-wave super-
conduting dot with smooth or rough edges, by Fourier transforming the Hamiltonian (2.1)
to real space and diagonalize it using standard eigenvalue algorithms [162]. The model
parameters used throughout this study are (t, µ, λ, ψ, d) = (1, 1, 0.5, 0, 0.5). The shape of
the superconducting dot is defined in terms of a direction-dependent radius [173]

R(θ) =
5∑
i=1

wi sin(iθ − φi), (5.4)

with the parameters wi and φi, and θ the edge orientation angle. With this definition, the
dots can be constructed by cutting shapes of the form (5.4) out of a square, real-space lattice.
As depicted in Fig. 5.1(a), this results in superconducting dots with smooth edges, whose
orientation is locally well defined for a large enough dot. Bulk- and edge-state wave functions
can be distinguished in terms of the participation ratio P (ΨL) of a given eigenstate ΨL(ri)
of a dot with circumference L given by Eq. (1.33) in Sec. 1.2. The participation ratio P (ΨL)
represents the number of lattice sites occupied by the Bogoliubov quasiparticle wave function
ΨL compared to the total number of sitesN . Hence, for extended bulk states P (ΨL) ' 1,
whereas for localized edge states P (ΨL) � 1. We find that for sufficiently large dots, a
good characterization of the edge-state wave functions is given by

P (ΨL)Pavg(880)
Pavg(L) < 0.05, (5.5)
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where

Pavg(L) = 1
n

n∑
ι=1

1
|Wι|

∑
Ψι
L
∈Wι

P (Ψι
L), (5.6)

is the average participation ratio of all the low-energy wave functions Ψι
L of an ensemble

of randomly shaped superconducting dots of circumference L. Here, n denotes the size of
the statistical ensemble andWι is the set of the first ∼ L/2 lowest positive energy wave
functions calculated numerically for each sample [162]. Since edge disorder leads to a small
L-dependent decrease of the participation ratio P (ΨL) of all the wave functions ΨL, we
have included in (5.5) the renormalization factor Pavg(880)/Pavg(L), where L = 880 is the
circumference of the largest dots.

Smooth edges

We first study irregularly shaped dots with smooth boundaries (Fig. 5.1(a)). These boundaries
consist of both (01)-edge and (11)-edge type parts, leading to long-range correlated disorder.
As exemplified in Fig. 5.1(a), we find that ingap states appear at almost all boundaries of
the dot. That is, the behavior characteristic of the (01)-edge (Fig. 5.1(c)) is generic and
qualitatively independent of the edge orientation. Hence, the number of edge states is
expected to scale linearly with the circumference L of the superconducting dot. As it turns
out, (5.3) is a good approximation for the number of edge states of an irregularly shaped dot.
This is revealed in Fig. 5.1(c), which shows the average number of edge states as a function
of L for an ensemble of randomly shaped superconducting dots with smooth boundaries
(blue circles)1 together with the analytical result, (5.3). The numerical data and the analytic
curve are in good agreement except for dots with small circumferences, with L < 50, where
finite-size effects become important.

Rough edges

Second, we consider rough boundaries with edge disorder on the lattice scale. In order to
introduce short-range edge disorder, we start from the smooth edges, (5.4), and randomly
extract edge sites with probability prm = 0.01, while moving around the edge of the dot
once [173]. This “etching” process is repeated twenty times, which leads to an irregular
boundary with both long-range and short-range correlated disorder. The edge-state wave
function amplitudes for a superconducting dot with rough edges is plotted in Fig. 5.1(b). As

1Including more disordered layers gives qualitatively similar results, the frozen peaks extend through the disordered
layers, while the always existing extension of the edge state in the clean layers is distributed homogeneously.
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in the case of smooth edges, we find that edge states appear at almost all boundaries. That is,
short-range edge disorder does not change the total number of edge states, but only shifts
some of the edge states away from zero energy. This is further evidenced in Fig 5.1(c) (red
squares), which shows that the average number of ingap states at a randomly shaped boundary
with short-range disorder scales linearly in L, and is in good agreement with (5.3).

5.2. Strong edge disorder

Let us now investigate in detail the effects of both Gaussian and unitary strong edge disorder
or the edge of a superconducting nanoribbon. In order to access larger system sizes than
in the previous section, we employ here recursive Green’s function techniques[174, 175] to
calculate the lattice Green’s function G(ω; r) of the disordered system. The local density of
states is once again obtained by equation (4.4). In our numerical simulations we consider
samples of width Ny = 70 sites and length Nx = 600 sites. Quenched edge disorder is
implemented by adding random on-site potentials following (2.12) where we implement
explicitly v(rj)Sβ in the two outermost layers of the superconducting ribbon. The two limits
of Gaussian and unitary disorder are considered (cf. 1.2.4):

i Gaussian disorder: We consider scatterers on the ribbon edge along the x̂-direction, at
each lattice site with local potentials v(xj) drawn from a box distribution p [v(xj)] =
1/γimp for v(xj) ∈ [−γimp/2,+γimp/2]. The disorder strength is controlled by the width
γimp of the distribution.

ii Unitary disorder: A dilute density ρimp of strong scatterers is considered along the
ribbon’s edge, with constant potential strength v(xj) = vimp taken to be much bigger
than the gap magnitude vimp & |∆±|. Both impurity density ρimp and potential strength
vimp can be adjusted to define the total disorder strength.

5.2.1. Nonmagnetic impurities

We start by discussing the effects of nonmagnetic impurities with potentials v(xj)S0. In
Fig. 5.2 is shown the local density of states ρy(ω) for the first four outermost layers of a
(dxy + p)-wave superconducting ribbon with nonmagnetic disorder of different strengths.
The case of Gaussian type disorder is plotted in panels (a)-(e), whereas the effects of unitary
type disorder are presented in panels (f)-(j). In order to estimate the number of ingap edge
states in the system, we have fitted a Lorentzian function to the zero-bias peaks in Fig. 5.2.
The peak width Γ and the peak area A provide a measure for the number of edge states and
their spread in energy, respectively (insets in Fig. 5.2). In agreement with the analytical
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Figure 5.2. Layer-resolved local density of states ρy(ω) plotted for the first four outermost
layers of a (dxy + p)-wave superconducting ribbon with (01) edges in the presence of (a)-(e)
Gaussian edge disorder and (f)-(j) unitary edge disorder (for details see text). The insets show
the width Γ and the area A of the Lorentzian peaks at ω = 0 as a function of layer index
y. The number in the lower left corner of the insets indicates the total area of the zero-bias
peak as obtained by summing A over the first four layers. In the clean case, vimp = 0, the
edge states penetrate only about two layers into the bulk [panel (a)]. For strong disorder the
outermost layer shows signatures of localization, while new weakly disordered states appear
in the second and third inward layers [panels (e) and (j)].

arguments given in Sec. 2.6, we find that weak and even moderately strong disorder, with
γimp (or ρimpvimp) of the same order as the superconducting gaps |∆±|, has very little effect
on the edge states: Gaussian disorder gives rise to a slightly faster decay of the edge states
into the bulk (Fig. 5.2(b)), whereas unitary disorder somewhat increases the energy spread
of the ingap states (Fig. 5.2(f)). The total number of edge states, however, is unaffected by
moderately strong disorder as we can conclude by comparing the insets in Figs. 5.2(a), 5.2(b),
and 5.2(f).

For strong edge disorder with γimp � |∆±| (or ρimpvimp � |∆±|), on the other hand,
the states in the outermost layer become strongly localized. But remarkably, new weakly
disordered edge states appear at the second and third inward layers, see Fig. 5.2(e) and 5.2(j).
In other words, due to the bulk-boundary correspondence, zero-energy states emerge at the
interface between the bulk topological superconductor and the Anderson insulator formed
by the outermost layer. This behavior is reminiscent of topological-insulator surface states
perturbed by strong disorder [160, 176].
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Figure 5.3. Local density of states summed over the four outermost layers, ρedge(ω) =
1
4
∑4

y=1 ρy(ω), of a (dxy + p)-wave superconducting ribbon with (01) edges in the presence
of nonmagnetic [panels (a) and (f)] and magnetic impurities [panels (b)-(e) and (g)-(j)] in the
two outermost layers. Two different disorder distributions are considered: (a)-(e) Gaussian
disorder and (f)-(j) unitary disorder with ρimp = 0.2 (for details see text). Individual traces
are vertically offset by 0.02 from one another for clarity. The insets show the width Γ and
the area A of the Lorentzian peaks at ω = 0 as a function of disorder strengths γimp and vimp,
respectively.

5.2.2. Magnetic impurities

Magnetic impurities v(xj)Sx,y,z break time-reversal symmetry, thereby lifting the symmetry
protection of the edge states. In Fig. 5.3 we present the edge density of states ρedge, defined
as the sum of ρy(ω) over the four outermost layers, of a (dxy + p)-wave superconducting
ribbon with (01) edges in the presence of impurity spins polarized along the x, y, and z
axes [panels (b)-(d) and (g)-(i)] and randomly oriented magnetic disorder [panels (e) and
(j)]. For comparison, Figs. 5.3(a) and 5.3(f) show the edge density of states for nonmagnetic
scalar impurities. As before, we consider both Gaussian type disorder (Figs. 5.3(a)-(e)) and
unitary type disorder (Figs. 5.3(f)-(j)). Since the flat-band edge states are polarized within
the yz spin-plane (cf. Sec. 2.6), impurity spins polarized along the y and z axes couple
strongly to the flat bands, whereas scalar impurities and x spin polarized impurities leave
the edge states almost unaffected as long as γimp (ρimpvimp) is not much larger than |∆±|.
As shown in Figs. 5.3(c) and 5.3(h), y spin polarized impurities are particularly harmful to
the flat-band edge states, even for relatively small disorder strengths of γimp ' 0.8 |∆±| (or
vimp ' 0.8 |∆±| for the unitary type disorder).



106 5. Beyond low energy: Flat-band edge states

Strikingly, random magnetic impurities (Fig. 5.3 (e) and (f)) have a very mild effect on
the protection of the surface states, resulting in a broadening of the peak, rather than their
total destruction even at high disorder strengths. One can understand this as a more strongly
disordered state with an average time-reversal symmetry, since there is no net magnetization
on the sample’s surface [177].

5.3. Conclusion

In conclusion, our numerical simulations of (dxy + p)-wave superconducting dots with short-
range and long-range edge disorder demonstrate that the bulk-edge correspondence remains
valid even in the absence of translational symmetry. Ingap states generically appear at the
boundary of these superconductors, for almost all edge orientations. Due to their topological
origin (cf. Sec. 2.6), the edge states are robust against nonmagnetic scattering from both
short-range and long-range correlated edge disorder.

In summary, we have shown that flat-band edge states in noncentrosymmetric supercon-
ductors are robust against weak and moderately strong nonmagnetic edge disorder, as long as
the disorder strength is not much larger than the superconducting gaps. By means of extens-
ive numerical simulations, we have demonstrated that moderately strong spin-independent
disorder spreads the zero-energy edge states over a small band in energy, but does not alter
the total number of edge states (Figs. 5.3(a) and 5.3(f)). However, in the presence of strong
edge disorder, with strength much larger than the superconducting gaps, the wave functions
in the outermost layer localize, but new weakly disordered ingap states appear in the second
and third inward layers (Figs. 5.2(e) and 5.2(j)). We have investigated the edge orientation
dependence of the edge state density by numerically simulating superconducting dots with
both smooth and rough boundaries. Edge states appear for almost all edge orientations, even
in the absence of translational symmetry along the boundary, cf. Fig. 5.1. This demonstrates
that translational symmetry is not crucial for the protection of the edge states. Time-reversal
and particle-hole symmetry, on the other hand, play a key role for the stability of the flat-band
states. Consequently, we have found that magnetic impurities, which break time-reversal
symmetry, substantially decrease the number of edge states even for small impurity densities,
Figs. 5.3(c) and 5.3(h) [178].
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6. Effects of correlations on highly degenerate
surface states

Noncentrosymmetric superconductors are characterized by a lack of inversion symmetry and
strong antisymmetric spin-orbit coupling, possibly bearing topologically nontrivial nodal
structures. Consequently, NCSs support surface states that can either have linear dispersion
– helical Majorana states; a fully flat dispersion – zero energy flat bands; or linear and flat
dispersions in the two orthogonal surface momenta – Majorana arc states (cf. Chp.2). The
non-trivial spin structure of these states acts as a protecting shield against local disorder, in this
chapter, we ask the question whether this protection extends to local electronic correlations.

It is well established [179] that a system with flat dispersion, and consequently infinite
degeneracy, is unstable even to the slightest interaction. Instabilities due to the high density
of states emerge to form ordered phases that break down the degeneracy, this is the case, for
example, of the ferromagnetic instability in the one-dimension flat band Hubbard model [180,
181].

Another example are the flat-band edge states of two-dimensional high-Tc superconductors.
The mechanism of how the degeneracy of these edge states is lifted is under debate. It has been
proposed that a new type of pairing symmetry develops as we approach the edge, in particular
is-wave pairing [182–184], However, since in high-Tc superconductors pairing is believed
to emerge due to repulsive, rather than attractive interactions [7], s-wave pairing should be
disfavoured. An alternative proposal by Potter and Lee [185] argues that the reason for the
zero bias peak splitting is the emergence of a ferromagnetic instability, which is favored in
the presence of repulsive interactions. In both cases time-reversal symmetry is explicitly
broken, which underlies the topological protection of these edge states. In contrast with NCSs,
the flat band edge states of d-wave cuprates are doubly degenerate, and superconductivity
emerges generally due to attractive interactions, as opposed to repulsive interaction in the
case of high-Tc cuprates. In this chapter we argue that this poses a fundamental difference
between the two systems, and discuss the mechanism underlying spontaneous breaking of
time-reversal symmetry.

In the following sections, we will study the effects of lattice termination on the super-
conducting order parameter using a self consistent mean-field treatment of an on-site and
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nearest-neighbour pairing interaction in the presence of spin-orbit coupling. Such general
interaction can be divided into three sectors [186], corresponding to the formation of on-site
singlets, nearest-neighbour triplets, and an antisymmetric contribution allowing for scat-
tering of Cooper pairs between the latter channels. The antisymmetric contribution is due
to Dzyaloshinskii-Moriya-type interactions [187, 188]. We will see that the existence of
infinitely degenerate zero-energy states at the surface results in spontaneous breaking of time-
reversal symmetry, thereby removing the topological protection [66]. As a consequence, the
flat-bands acquire a finite dispersion leading to spontaneous charge- and spin- currents. This
is accompanied by the development of an imaginary contribution in the gap function, however
no ferromagnetism is present at the mean-field level for the singly degenerate flat-bands. We
contrast this picture with the instability for Majorana arc states, where the degeneracy is
doubled, and the Majoranas carry no spin.

6.1. Self-consistent Gap equation

We consider the tight-binding Hamiltonian (2.1) with antisymmetric spin orbit coupling of
strength λ,

H =
∑

k

[εkσ
0
στ − λ(gk · σ)στ ]c†k,σck,τ , (6.1)

where the vector gk is antisymmetric in momentum and σµ are the Pauli matrices, σ0 = 12

and σi = {σ1, σ2, σ3}, and we assume contraction over spin indices {τ, σ, τ ′, σ′} if repeated.
Spin-orbit coupling results in lack of spin conservation, allowing for anomalous interactions
between the electrons, such as antisymmetric exchange, or Dzyaloshinskii-Moriya. In its
most general form, the pairing interaction is written as

Hint =
∑
k,k′

Uσττ ′σ′(k, k′)c†kσc
†
−kτc−k′τ ′ck′σ′ , (6.2)

which is conveniently separated into three parts [186]:

Uσττ ′σ′(k, k′) = esτ
0
σττ

0†
τ ′σ′ + et

[
(gk · τ )στ (gk′ · τ †)τ ′σ′

]
+ em

[
(gk · τ )σττ0†

τ ′σ′ + τ0
στ (gk′ · τ †)τ ′σ′

]
, (6.3)

corresponding to an onsite, singlet interaction (es), coupling of nearest neighbours through
triplet pairing (et) and the mixed term (em), reflecting the lack of spin conservation. For
simplicity we have defined τ i ≡ (i/2)σ2σi. In the mean-field approximation the interacting
Hamiltonian is reduced to a superconducting state with an admixture of spin-singlet and



6.1. Self-consistent Gap equation 109

spin-triplet components of magnitudes ψ and d, respectively, and the triplet part inherits the
orientation of the spin-orbit vector gk [97],

H̃int =
∑

k

(i[ψ + d(gk · σ)]σ2)στc†k,σc
†
−k,τ + h.c.. (6.4)

In order to study the spatial dependence of the superconducting gap as we approach the
surface, we consider the Fourier transform of the Hamiltonian along k⊥, perpendicular to the
surface. In this basis, the Hamiltonian takes the form

H =
∑

k‖,i,j

Ψ†i (k‖)Hij(k‖)Ψj(k‖), (6.5)

where (i, j) label the slab along the r⊥ direction, and the Nambu vectors Ψn(k‖) are given
in terms of fermionic creation and annihilation operators as

Ψi(k‖) = {ck‖i↑, ck‖i↓, c
†
−k‖i↑

, c†−k‖i↓
}. (6.6)

The interaction after the Fourier transform is given by

U(k‖, k′‖, i, j, n) =
1
2
[
τ0
στ (esτ0† + emḡ

†
n−j(k

′
‖))τ ′σ′ + ḡi−j(k‖)στ (emτ0† + etḡ

†
n−j(k

′
‖))τ ′σ′

+ τ0
στ (esτ0† + emḡ

†
j−n(k′‖))τ ′σ′ + ḡj−i(−k‖)στ (emτ0† + etḡ

†
j−n(k′‖))τ ′σ′

]
, (6.7)

and the mean-field Hamiltonian reads

H̃int = ∆ij(k‖)c†k‖iσc
†
−k‖jτ

+ h.c., (6.8)

where the gap takes the form

∆ij(k‖) = [τ0ψj + ḡi−j(k‖)dj ] + [τ0ψi + ḡj−i(−k‖)di]†, (6.9)

and the surface momentum dependence of the triplet gap is absorbed in the functions

ḡi−j′(k‖) = 1
4π

∫
dk⊥(gk · τ )eik⊥(i−j). (6.10)

Finally, the gaps ψi and di are calculated self consistently by

∆p
i =

∑
k‖,j

(epsτ0† + ept ḡ
†
j−i(k‖))τσ

〈
c−k‖iτck‖jσ

〉
, (6.11)
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for p = s, t, where we have introduced the simplified notation ∆s = ψ, ∆t = d with
epp = ei and est = ets = em.

6.2. Phase diagram and nodal structure

As a prototype of a topological superconductor with time-reversal symmetry, we consider the
noncentrosymmetric superconductor with monoclinic point group symmetry C2, for which
the spin-orbit coupling vector takes the form

gk = (sin kx + sin ky)(x̂ + ŷ) + sin kz ẑ. (6.12)

This system is expected to support surface states for a wide range of values of ψ and d
in the (010) direction. Thus, we take the surface momenta to be along the x̂ and ẑ axis.
We note that the physical phenomena here discussed are only dependent on the existence
of topologically non-trivial nodal structures in a bulk superconductor with time-reversal
symmetry, and not on the point group used. Other known examples of such systems are
Li2PdxPt3−xB with cubic point-group (O) and CePt3Si with tetragonal point group (C4v).
Different representations of the point group will add a richer momentum space structure [66].
Our choice of gk is the simplest that capture both flat bands (2D degeneracy) and Majorana
arc states (1D degeneracy).

For an attractive interaction in the singlet channel es < 0 or in the triplet channel et < 0,
we expect to find superconducting instabilities. The mixed term em will, on the other hand,
expand the region of superconducting instabilities, allowing a wider range of es and et values,
including positive ones [186, 189]. A three-dimensional phase diagram can be obtained by
solving (6.11) numerically with periodic boundary conditions. Here, for the sake of clarity,
we show in Fig. 6.2 (d) a schematic picture of regions where superconductivity can be found.

As expected due to spin-orbit coupling, the solution of the self-consistent gap equation
will generally consist of a finite value in both singlet (ψ) and triplet (d) channels. It is known
[66] (cf. Sec. 2.3) that for comparable amounts of singlet and triplet pairing, one can achieve
through topological Lifshitz transitions both closed or open nodal lines in the Brillouin zone.
These nodal lines can be viewed as topological defects in momentum space, which are
characterized by topological invariants in the form of a 1-dimensional Z winding number,
defined on a closed loop in momentum space, or, by a two-dimensional Z2 index defined on
their enclosing spheres [66]. We can see from our numerical calculation below that, most
commonly, in the presence of surface flat bands, there is a partner arc state which connects
them. Once the nodal rings open or contract to a point, only the arc states remain.



6.3. Surface current 111

6.3. Surface current

The charge- and spin-current densities are given by the tensor J µj = Re{ Ψ† Ĵ µj Ψ}, where
µ = 0 stands for charge current and µ = 1, 2, 3 refers to the spin-current in the three spatial
directions j. The operator Ĵ in the real space representation takes the form [190]

Ĵ µj = 1
2
d

dt
{r̂j , σ̂µ}, (6.13)

where r̂j and σ̂µ are the position and spin operators, respectively. Since the spin-orbit
interaction term is not negligible, spin is not conserved and the time-derivative of the spin-
operator is non-zero. Using the Heisenberg equation we have ṙj = −i[r̂j ,H] and σ̇µ =
−i[σ̂µ,H]. There are two contributions to the currents, namely one due to the kinetic
component of the Hamiltonian, and another one due to spin -orbit coupling. Hε and due to
the spin-orbit couplingHλ. Using [r̂j , σ̂i] = 0 and [σ̂i, Hε

j ] = 0 we have

J µj (r1, r2) = J µj
ε(r1, r2) + J µj

λ(r1, r2), (6.14)

with

J µj
ε(r1, r2) =− Im Ψ†r1

1
2{[r̂j , H

ε
j ], σ̂µ}Ψr2 ,

J µj
λ(r1, r2) =− Im Ψ†r1 [σ̂µr̂j , Hλ

j ]Ψr2 , (6.15)

where

Hε
j (r1, r2) = t

2(δ(r1 − r2 − 1) + δ(r1 − r2 + 1))σ0, (6.16)

is the kinetic real-space Hamiltonian and

Hλ
j (r1, r2) = λ

2i (δ(r1 − r2 − 1)− δ(r1 − r2 + 1))aj , (6.17)

the real-space spin-orbit coupling with a1 = a2 = (σ1 + σ2) and a3 = σ3. Simplifying
(6.15) and performing a Fourier transformation along the surface directions we find

J µx ε(k‖, n) = t sin(kx)ρµn(k‖),

J µz ε(k‖, n) = t sin(kz)ρµn(k‖),

J 0
x
λ(k‖, n) = −λ cos(kx)(ρxn(k‖) + ρyn(k‖)),

J 0
z
λ(k‖, n) = −λ cos(kz)ρzn(k‖), (6.18)
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Figure 6.1. (a) Band structure of a NCS superconductor computed self consistently with
interaction strengths (es, em, et) = (−2,−3,−2) corresponding to the point D in the
parameter space (cf. Fig. 6.2(d)) for the model parameters (λ = 0.5, t = 1, µ = 2). (b)
Depth profile of the real and imaginary parts of the gap magnitudes ψn and dn. We note
the flat bands gain a dispersion which breaks TRS, together with a gap opening in the nodal
points, resulting in a gain of condensation energy. This is in consonance with an imaginary
component of the gap function forming at the surface.

and zero for the non-specified components. The local charge- and spin- density of states are
defined by

ρµn(k‖) =
∑
ω

Ψ†n(ω, k‖)σµΨ(ω, k‖), (6.19)

and the total current intensity at the surface is given by

Iµj
(ε,λ) =

∑
k‖

J µx (ε,λ)(k‖, n = 1). (6.20)

The current will therefore be nonzero for density of states antisymmetric in k‖.

6.4. Numerical results

We see in Fig. 6.1(a-b) that the superconducting gap develops an imaginary contribution as it
approaches the surface layers, together with the expected suppression of their total magnitude.
This conducts a change in the dispersion of the zero energy flat bands which, depending on
their spin orientation, rise or lower in energy. The quasiparticles will accordingly occupy a
single one of these flat bands and induce a spontaneous chiral current, that is, with a preferred
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direction, breaking simultaneously translational symmetry and time reversal symmetry. We
further note that in Fig. 6.1(a) we observe an opening at nodal point. This is consistent with
the fact that the eigenstates at the nodal momenta extend along the entire system and are
simultaneously present in both surfaces. It follows that under breaking of TRS at the node,
a mass term can be formed and consequently a gap can be opened, however, in the infinite
size limit, this contribution is expected to vanish, as the ratio between surface and bulk layers
rapidly decreases. We refer to Sec. 1.1 to clear any confusion regarding the topological
protection of the flat bands when the nodes are opened by a small symmetry breaking gap. In
Sec. 6.5 we motivate the gap opening on the flat bands by looking at the surface theory alone.

Fig. 6.2 shows the dependence of the total current intensity on interaction strength for the
three different paths in parameter space (a)-(c) with specific values labeled by capital letters
A−X:

(a) Dependence on the singlet pairing interaction es for a fixed vaue of attractive nearest-
neighbour et and no mixed interaction em;

(b) Tuning the mixed interaction with a fixed attractive interaction in the singlet and triplet
channels;

(c) Tuning et for no mixed interaction and fixed attractive es, here we note that for large
enough et superconductivity is suppressed.

From the form of the spin-orbit coupling (6.12) we can distinguish three main scenarios:

i |ψ/d| � 1: Singlet-dominant superconductor, with full gap (s-wave) and topologically
trivial (e.g. J).

ii |ψ/d| � 1: Triplet-dominant superconductor with nodal points (p-wave) with a non-
trivial 2D Z2 topological index leading to the emergence of Majorana arc states (e.g.
B).

iii |ψ/d| ≈ 1: Mixed gap with comparable s- and p-wave components, which results in the
appearance of nodal rings or open lines bound to a non-trivial 1D Z topological winding
number, and possibly a 2D Z2 index. In this regime, the system bears flat band zero
energy states and (or) arc surface states connecting the two symmetric rings (e.g. D).

In Fig. 6.3 we present the momentum dependence of the spin currentJ xx ε, antisymmetrized
in the x−direction, part which contributes to the total intensity Ixεx . This is calculated for a
few special points along the paths (a)-(c) marked with capital letters A− J. We start by noting
that a finite current exist if and only if the bulk is topologically non-trivial. Topological phase
transitions are evident by a change in the topology of the nodal structure, for example a ring
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contracting to a point (X→ B), two nodal rings that intersect (E), or simply a gap opening
along the rings (H→ I). In these cases, a clear kink can be observed in the current curves,
or eventually a full suppression of the total current when the system is driven to a trivial
phase. The total current intensity grows with the flat band area, but a sharp peak is found
for a pure p−wave superconductor only in the kinetic contribution (see Fig. 6.2(a)-B), for
which the charge density of states in the surface is enhanced as a Majorana arc state emerges.
Since, in contrast with flat bands, the Majorana arc state is not spin polarized ρi1 = 0, spin
current (Fig. 6.3-B) and the spin-orbit coupling part of the current are fully suppressed. As
a final remark, we note the current increases generally with spin-orbit coupling strength
λ, however, the change in λ can also result in a different nodal structure, including going
through topological Lifshitz phase transitions.
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Figure 6.2. (a)-(c) Kinetic and spin-orbit coupling contributions to the charge current,
(Iεx,Iλx ) and gap ratio (|ψ/d|) for different strengths of interaction (es, em, et), correspond-
ing respectively to a on-site-singlet, an antisymmetric Dzyaloshinskii-Moriya and nearest-
neighbour-triplet interactions. For all curves we set t = 1, µ = 2 and λ = 0.5. and
take systems with size N⊥ = 50 and N‖ = 100. (d) Sketch of the phase diagram
in interaction space (es, em, et). Numerical calculations in shown in (a)-(c) correspond
to paths marked in red. Specific interaction values shown in Fig. 6.3 are marked with
capital letters along these paths: A = (−3, 0,−2); B = (0, 0,−2); C = (3, 0,−2);
D = (−2,−3,−2); E = (−2,−2,−2); F = (−2,−1,−2); X = (−2, 0,−2);
H = (−2, 1,−2); I = (−2, 2,−2); J = (−2, 0,−0.5). X is common to the three
paths. The region where we don’t expect to find a superconducting instability is marked in
beige.
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Figure 6.3. Surface momenta (k‖) dependence of kinetic spin current J xεx at the surface
layer, delimited by the projection of the nodal structure given the bulk ratio |ψ/d|. The result
was antisymmetrized to include only the nonvanishing contribution to the current. This,
however, results in a symmetry in kx which is artificial, since only bands with negative energy
contribute to the total current. The parameters used for each panel are found in Fig. 6.2. All
calcultions were performed for N⊥ = 100 and N‖ = 200.
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6.5. Role of Majorana flat bands for TRS breaking

The Majorana character of the surface flat bands sheds a light into why the time-reversal
symmetry breaking instability exists to start with. Let us consider that at each momentum
k‖ a single Majorana is present. This is substantiated by the fact that each flat band is
singly degenerate and fully chiral. These boundary excitations have half the degrees of
freedom of a bulk state, as it is spatially delocalized. They satisfy the local condition
Ψn(k) = C−1Ψn(k)C, where n denotes the layer an k the surface momenta. In particular
a three dimensional system in the class DIII, as the one introduced above, if it supports
Majorana bound states they must satisfy

Ψ†nσ(k) = (σ1 ⊗ σ0)∗στΨnτ (−k), (6.21)

where σ, τ are combined spin and charge superindices. Consequently, the Majorana eigen-
states have the general form at a single surface (n = 1),

Ψ†(k) = (u(k), v(k), u∗(−k), v∗(−k))T , (6.22)

for complex functions u(k) and v(k), which we assume to be normalized. If Ψ†(k) is a
zero energy bound states, they are eigenstates of the chiral operator S, satisfying SΨ†(k) =
iχΨ†(k) with chirality χ being χ = +1 for k ∈ FB1 and χ = −1 for k ∈ FB2. This
further restricts u(k) and v(k),(

u(k)
v(k)

)
= χσ2

(
u∗(−k)
v∗(−k)

)
. (6.23)

It is then clear that one can rewrite the basis operators as spinless Majoranas

γk = u(k)ck↑ + v(k)ck↓ − iχv(k)c†−k↑ + iχu(k)c†−k↓

= u(k)(ck↑ + iχc†−k↓) + v(k)(ck↓ − iχc†−k↑), (6.24)

Let us now fix χ = +1 in the surface. We have

γk =u(k)(ck↑ + ic†−k↓) + v(k)(ck↓ − ic†−k↑), (6.25a)

γ−k =iv∗(k)(c−k↑ − ic†k↓)− iu
∗(k)(c−k↓ + ic†k↑), (6.25b)

satisfying γk = γ†−k according to the conventions above. The interaction (6.3) is reduced in
the surface to

Hint = −Uσττ ′σ(k, k′)Wσ(k)Vτ (k)V ∗τ ′(k′)W ∗σ′(k′)γkγ−kγk′γ−k′ , (6.26a)
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with vectors W (k) = (u(k),−v(k))T and V (k) = −i(u(k), v(k))T . The latter interaction
can be decoupled into the different pairing channels

Hint =
∑
i

−2eifi(k, k′)γkγ−kγk′γ−k′ (6.26b)

fs(k, k′) = uku
∗
k′vkv

∗
k′ (6.26c)

ft(k, k′) = sin kx sin k′x(u2
k − iv2

k )(u∗k′2 + iv∗k′
2) (6.26d)

fm(k, k′) = sin kxu∗k′v∗k′(u2
k − iv2

k ) + sin k′xukvk(u∗k′2 + iv∗k′
2) (6.26e)

where k and k′ belong to the same flat band region, and the negative sign in (6.26a) follows
from the basis transformation. We note that a ferromagnetic instability cannot emerge from
any of these channels due to their spinless character. In fact, the only possible mean-field
Hamiltonian one can write is given by

HMF =
∑
i

∆i
kγkγ−k (6.27)

where

∆i
k = −2ei

∑
k′∈FB1

fi(k, k′)〈γk′γ−k′〉. (6.28)

which corresponds to an imaginary contribution to the pairing amplitude in the fermionic basis
(6.1). Explicitly, we note that TRS ensures ∆i

k = −∆i
k
†, and the spontaneous emergence of

a non-zero ∆i
k necessarily breaks it. This term would, however, cause a total decrease of free

energy as condensation energy is gained by opening a gap in the spectrum.

6.6. Role of Majorana arc state for TRS breaking

In a similar approach to the last section, we determine the effective order at the surface of a
topological superconducting showing Majorana arc surface states at the mean-field level. In
the basis chosen for this calculation, arc surface states are characterized by a linear dispersion
along the kx direction and a flat dispersion along kz . The explicit form of the two Majorana
states at kx = 0 (E = 0) was calculated in Sec. 2.5, where we have shown they acquire the
simple form (2.23),

γk↑ = +ick↑ + c†−k↓, (6.29a)

γk↓ = −ick↓ + c†−k↑, (6.29b)
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where we have introduced k = kz , and the operators satisfy γkσ = (iσ2)στγ†−kτ . First, we
note that for this region in the surface BZ (kx = 0) the interaction tensor is reduced to

U(k, k′) = esσ
2
στσ

2
τ ′σ′ + et sin k sin k′σ1

στσ
1
τ ′σ′ − iem(sin kσ1

στσ
2
τ ′σ′ − sin k′σ2

στσ
1
τ ′σ′),

(6.30)

In the Majorana basis we have the reduction

c†kσc
†
−kτc−k′τ ′ck′σ′ → −Wστγkσγ−kτγk′τ ′γ−k′σ′ (6.31)

for W = σ0 − σ1. For simplicity, we look at the different interaction channels separately,

Hint
i = −Ui(k, k′)σττ ′σ′Wστγkσγ−kτγk′τ ′γ−k′σ′ (6.32a)

i Singlet channel

Hint
s = esσ

2
στσ

2
τ ′σ′γkσγ−kτγk′τ ′γ−k′σ′ , (6.32b)

HMF
s = ∆s(γk↑γ−k↓ − γk↓γ−k↑), with ∆s = es

∑
k′

iσ2
τ ′σ′〈γk′τ ′γ−k′σ′〉,

(6.32c)

ii Triplet channel

Hint
t = et sin k sin k′σ1

στσ
1
τ ′σ′γkσγ−kτγk′τ ′γ−k′σ′ , (6.32d)

HMF
t = ∆t sin k(γk↑γ−k↓ + γk↓γ−k↑), with ∆t = et

∑
k′

sin k′σ1
τ ′σ′〈γk′τ ′γ−k′σ′〉,

(6.32e)

iii Mixed channel

HMF
m = em

et
∆t(γk↑γ−k↓ − γk↓γ−k↑) + em

es
∆s sin k(γk↑γ−k↓ + γk↓γ−k↑).

(6.32f)

We see that, even in the presence of spin-unpolarized doubly degenerate bands, the system
has a tendency towards TRS breaking order.
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6.7. Conclusion

Due to the infinite number of states at zero energy localized on the surface layers, there
is a local instability towards lifting this degeneracy, which can be detected at the mean-
field level. The degeneracy lifting is bound to spontaneously break time-reversal symmetry,
which protects the topological surface states. TRS is broken by the gap function which
acquires and imaginary part (see Fig. 6.1). Both flat band edge states and Majorana arc
states become dispersive, leading to spontaneous chiral currents. The surface currents are
critically dependent on the nodal structure of the superconducting gap, therefore a change
in the interaction strength at any channel, for example by strain, results in a change in the
current intensity which can be experimentally detected.

We argue that the mechanism underlying the development of an i(s + p)-wave pairing
symmetry on the surface supporting flat bands relies on a repulsive interaction between
surface Majorana states, most critically due to their single degeneracy. This is in contrast
with high temperature superconductors, where the doubly degenerate flat bands favour edge
ferromagnetism.
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7. Topology of interacting fermions

In the previous chapter, we have discussed the instability of the surface towards spontaneous
symmetry breaking in the presence of electron-electron correlations and infinite surface
state degeneracy. These correlations lead to a lifting of the degeneracy, accompanied by
the spontaneous breaking of time-reversal symmetry, the global symmetry protecting the
DIII bulk topology. Here, we go a step further to ask whether it is possible to remove the
surface states via an interaction that an interaction that does not break any of the global bulk
symmetries.

The motivation for such a consideration originates from the pioneering work of Fidkowski
and Kitaev [191] where it was shown that for a one-dimensional chains belonging to the class
BDI, it is possible to write a fully symmetric interaction involving 8 chains (or one chain
with winding number 8) that turns it topologically trivial, i.e., with no boundary modes. From
this observation, they conclude that there exists an adiabatic path connecting two distinct
topological sectors in the non interacting case, provided part of this path is taken in a region of
strong interactions. Here, focusing on fully gapped topological systems with large topological
numbers (W > 1), we show an extension of these arguments to an arbitrary dimension and
symmetry class. Applying a similar reasoning to nodal superconductors is of high priority
for future research.

We use a dimensional hierarchy construction to show that Bott periodicity does not hold
in the presence of interactions, and derive the resulting topological classification of fermionic
systems. In this work we focus uniquely on interacting fermionic phases with short-range
entanglement. That is, many interesting interacting topological phases with long-range
entanglement are left out, as within strongly correlated systems the classification found
in Table 1.1 can be further subdivided as quasiparticles are not constrained to fermionic
statistics [192–196]. In this study we choose to focus our attention on fermionic phases in
which a parallel to the different entries in Table. 1.1 is still legitimate. We further remark that
for interacting fermionic systems, the Z2 classification can never be reduced, as these phases
are characterized by non-degenerate surface modes. In the following we focus our attention
fully on the Z table entries. Alternative approaches for the derivation of the topological clas-
sification of interacting phases in higher dimensions can be found in the literature, under the
formalism of cobordism [197], super cohomology [198] and non-linear sigma models [199].
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7.1. Dimensional hierarchy in noninteracting fermions

In this section we follow the method presented in Ref. [40] to determine the dimensional hier-
archy among non-interacting phases. In this construction, a representative Dirac Hamiltonian
is chosen for each entry of the Table 1.1, such that it can be adiabatically deformed into the
specific system of study. We have motivated in the introduction that such a choice is always
possible. Perhaps the easiest way to understand this simplification is by noting that from the
general Dirac Hamiltonian in equation (1.8), we can explicitly write a Hamiltonian for each
sector, dimension and symmetry class in Table 1.1. Thus, using the definition of topological
sector, we can adiabatically transform any band Hamiltonian in the continuum limit into a
Dirac Hamiltonian with the same topological invariant.

7.1.1. Complex classes A ↔ AIII

Without any reality condition imposed on the matrix Hamiltonian, H(k) belongs to one of
two classes A or AIII, determined by whether or not the chiral symmetry S is present. In the
absence of chiral symmetry, we can define in even dimensions a Chern number in terms of
the Berry curvature. It follows that in class A, we can write the Dirac representative as an
element of the irreducible spinor representation of SO(2n+ 1), explicitly given by [40]

H2n
2n+1(k) =

d=2n∑
a=1

kaΓa2n+1 +mΓ2n+1
2n+1, (7.1)

for {Γa2n+1,Γb2n+1} = δab, as introduced in Sec. 1.1. To construct this Hamiltonian, all
the Dirac matrices were exhausted. That is, there is by construction no matrix which
anticommutes with the Hamiltonian, leaving no possible symmetry breaking term to be added.
For n = 1 the above Hamiltonian serves as the representative of the quantum Hall state with
the first Chern number (or TKNN number) given by C1 = 1

2 . As previously encountered in
the introduction, this halving of the Chern number is resolved once a lattice regularization is
considered. Note, however, that if the above Hamiltonian lives on the surface of a bulk system,
such as a topological insulator, this halving is meaningful, and it has been experimentally
evidenced by transport measurements [29].

We can reexpress the previous Hamiltonian in a lower dimension via a Kaluza–Klein (KK)
dimensional reduction. That is, we can compactify one of the momentum directions (k)
into a circle S1. This transformation leads to discrete levels of k = 2πN/l, where l is the
radius of S1 and N is an integer. Taking the limit l→ 0 the gap between the discrete levels
diverges, and any state with N 6= 0 leaves the relevant energy range. We can then make the
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substitution k = 0 for the compactified dimension. We get

H2n
2n+1(k) =

2n∑
a=1

kaΓa2n+1 +mΓ2n+1
2n+1

KK(k1)−−−−−−→ H2n−1
2n+1 (k) =

2n∑
a=2

kaΓa2n+1 +mΓ2n+1
2n+1, (7.2)

where in Hd
2n+1(k) the upper and lower-scripts denote dimension d and representation

SO(2n+ 1), respectively. With the absence of Γ1
2n+1 in the reduced Hamiltonian, we get

the condition

{H2n−1
2n+1 (k),Γ1

2n+1} = 0. (7.3)

We have therefore constructed a chiral symmetric Hamiltonian with the chiral operator
S = Γ1

2n+1. Hence, it belongs to the symmetry class AIII, protected by a winding number
W. To check that the two-fold Bott periodicity works in this construction, we can compactify
a second dimension k2. Doing this we get

H2n−2
2n+1 (k) =

2n−2∑
a=2

kaΓa2n+1 +mΓ2n+1
2n+1. (7.4)

The existence of two Dirac matrices that anticommute with the Hamiltonian renders the
model above reducible. The combination R = Γ1

2n+1Γ2
2n+1 commutes with H , since

any combination of two Dirac matrices commutes with a third one. Thus, we can block
diagonalize the Hamiltonian and look at a single block. We can do this explicitly by using
the recursive relations between Dirac matrices1

H2n−2
2n+1 (k) =

2n−1∑
a=1

ka(σ0 ⊗ Γa2n−1) +m(σ3 ⊗ Γ2n−1
2n−1)

→ H2n−2
2n−1 (k) =

2n−1∑
a=1

kaΓa2n−1 +mΓ2n−1
2n−1, (7.6)

1We can get a general representation of the Dirac matrices by the recursive relation

Γ1
2n+1 = σ

1 ⊗ Γ2n−1
2n−1, Γ2

2n+1 = σ
2 ⊗ Γ2n−1

2n−1, Γa+2
2n+1 = σ

0 ⊗ Γa2n−1, Γ2n+1
2n+1 = σ

3 ⊗ Γ2n−1
2n−1,

(7.5)

where the dimension of the Dirac matrices Γa2n+1 is 2n. In this basis it is easy to see that Γ2a
2n+1 are all purely

imaginary, while Γ2a−1
2n+1 are purely real.
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where in the last step we pick a sign of m. It is interesting to notice that H2n−2
2n+1 (k) has

chiral symmetry, which is broken under reduction. We recover the symmetry class AIII in
d = 2n− 1, thereby yielding the zig-zag pattern in the first two-rows of Table 1.1.

7.1.2. Real classes DIII ↔ D ↔ BDI ↔ · · ·

Let us now consider the effect of reality conditions on the above scheme. To do this we
will rather apply the TRS and PHS operators to the basis vectors as opposed to the matrix
Hamiltonian. We have seen in the introduction that one or both of the following conditions
hold,

T ΨiT −1 = (UT )ijΨj , CΨiC−1 = (UC)ijΨ†j , (7.7)

thereby halving the degrees of freedom of the basis vectors in contrast with the complex case.
The resulting basis states are given by Majorana states (classes BDI, D, DIII, CII, C and CI)2

or spinless fermions (classes AI and AII). Within these restrictions, we can form four distinct
irreducible Dirac Hamiltonians3

H2n
2n+1(k) =

2n+1∑
a=2

kaΓa2n+1 +mΓ1
2n+1, (7.8a)

H2n−1
2n+1 (k) =

2n+1∑
a=3

kaΓa2n+1 +mΓ1
2n+1, (7.8b)

H2n−2
2n+1 (k) =

2n+1∑
a=4

kaΓa2n+1 + imΓ1
2n+1Γ2

2n+1Γ3
2n+1, (7.8c)

H2n−3
2n+1 (k) =

2n+1∑
a=5

kaΓa2n+1 + imΓ1
2n+1Γ2

2n+1Γ3
2n+1, (7.8d)

where (7.8b) follows from (7.8a) by a KK compactification, contriving the 8-fold periodic
Z ladder, with alternating chiral symmetry. Similarly, (7.8d) follows from (7.8c) by the
KK reduction, forming the 2Z ladder, as a natural double degeneracy emerges from the
massM∝ Γ1

2n+1Γ2
2n+1Γ3

2n+1. The antiunitary symmetry operators act on the kinetic and

2Class BDI can also be interpreted as a system with sublattice symmetry of spinless fermions. However, in this work
we choose to interpret the states as Majoranas.

3Here we use the notation where the index of the momentum ka denotes which Γ-matrix it multiplies rather than a
specific direction. The spatial dimension should be read off from the total number of independent momenta rather
than their exact labels.
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mass-like Dirac matrices as follows

U†T (Γa)∗UT = −Γa, U†T (M)∗UT = +M, (7.9a)

U†C(Γa)∗UC = +Γa, U†C(M)∗UC = −M. (7.9b)

The sign of the momentum k is inverted in the process, thus the action is opposite for both
terms in the Hamiltonian. M denotes the appropriate mass matrix, as in either (7.8a) or
(7.8c).

As an example (which will be handy for the next section) let us construct explicitly the
ladder from DIII in three dimensions to BDI in one dimension,

H3
5 (k) =

4∑
a=2

kaΓa5 +mΓ1
5, (DIII : S = Γ5

5), (7.10a)

KK−−→ H2
5 (k) =

4∑
a=3

kaΓa5 +mΓ1
5, (DIII + R : S = Γ5

5, R = Γ5
5Γ2

5), (7.10b)

red.−−→ H2
3 (k) =

3∑
a=2

kaσ
a +mσ1, (D), (7.10c)

KK−−→ H1
3 (k2) = k2σ

2 +mσ1, (BDI : S = σ3). (7.10d)

For n = 2 we can use the identity Γ5 = iΓ1
5Γ2

5Γ3
5Γ4

5, to conclude that the Hamiltonian
(7.10a) belongs to the class DIII with T = Γ5

5Γ3
5K, from which it follows T 2 = −1 and

C = Γ3
5K with C2 = 1. The combination gives S = Γ5

5. The basis states in class DIII will
be Majoranas, as they respect Ψ = Γ3

5Ψ† with Γ3
5 real, and spinful, since Ψ = (Γ5Γ3)Ψ,

which in a more familiar notation translates to Ψ = [σ3 ⊗ (iσ2)]Ψ. The Hamiltonian (7.10b)
is enriched with a unitary symmetry R and is consequently reducible; (7.10c) does not have
TRS but we can define the PHS operator C = σ3K, squaring to +1. In the last step, we
finally recover TRS for the BDI class, now squaring to +1, with the symmetry operators
given by T = K and C = σ3K.

As 2Z invariants can be interpreted as Z invariants with double degeneracy, a similar
construction can be made for those ladders. For the present problem this discussion is not
relevant and upon interest should be found in the discussion of Ref. [40].
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7.2. Breakdown of Z classification in BDI chains

In their work, Fidkowski and Kitaev [191] have proven the existence of an adiabatic path
between two different topological sectors in a one-dimensional Majorana chain without
breaking any of the wire’s symmetries. For such path to be possible, the system must go
through a region of strong interactions involving eight different Majorana fermions. Recalling
that we have defined topological sector as an equivalence class of adiabatically connected
Hamiltonians, this important result clearly shows that the number of topologically distinct
sectors can be changed in the presence of interactions. In particular, the topological invariant
for one dimensional systems belonging to class BDI should be taken modulo 8, that is Wint ≈
(Wfree mod 8) resulting in the collapse of the free fermion classification from Z to Z8.

Even though in their paper Fidkowski and Kitaev have shown the adiabatic path for the
entire one-dimensional system, one can understand the same result by looking only at the
end points of the chain. If the Majoranas at the ends are gapped out without breaking any
bulk symmetries, then the bulk is also trivial [200–202]. This argument is, however, rather
subtle and we will assume in the following it generally holds.

Consider 8 Majorana fermions labelled by γ1, · · · , γN , one can understand the number 8
by ruling out the other options. A mass term (coupling two Majoranas) breaks explicitly TRS
Hν=2

int = iγiγj , consistent with band topology. Let’s consider now four Majoranas, the only
4-point interaction one can write is given by

Hν=4
int = V γ1γ2γ3γ4. (7.11)

Even though this term does not break either TRS or PHS, one can see that its ground state is
still degenerate. This can be computed by forming two complex fermions ψ1 = γ1 + iγ2

and ψ2 = γ3 + iγ4. Now (7.11) is given by

Hν=4
int = −V4

(
ψ1ψ

†
1 −

1
2

)(
ψ2ψ

†
2 −

1
2

)
. (7.12)

The ground state ofHν=4
int is composed by two states |11〉 |00〉 with energies −V/4, and is

thus not trivial. With an additional two complex fermions (four Majoranas) it is possible to
get a singly degenerate ground state by forming singlet state. It follows that the interaction

Hν=8
int = V ψ1ψ

†
2ψ3ψ

†
4 + h.c., (7.13)

has a single ground state given by

|Ω〉 = 1√
2

(|0101〉 − |1010〉). (7.14)
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Consequently, an interface connecting regions defined by W = +8 and W = 0 hosts no
boundary modes, once a local interaction of the form (7.13) is included around the interfacial
region, see Fig. 7.1(a-b).

7.3. Dimensional hierarchy for interacting fermions

7.3.1. Example: From BDI to DIII

Let us build on the case of zero dimensional boundary Majoranas in class BDI to derive
the classification reduction for a three dimensional system in the symmetry class DIII. To
do so, we first go through an intermediate step, in the spirit of Ref. [200], consisting of the
construction of two two-dimensional systems in class D with opposite Chern numbers ν and
−ν, respectively. The edge theory of the combined system is given by

H̃1
3 =

ν∑
i=1

∫
dx Ψ†i (iσ

3∂x)Ψi, Ψi = (χiL, χiR)T . (7.15)

where we have used the Majorana representation, where the charge conjugation operator
C ≡ C is simply the identity, and chiral symmetry S ≡ T coincides with the time-reversal
operator and is taken to be antiunitary. Without loss of generality, we assume the velocity
to be one for all Majorana states, labeled by valley index i and left (L) or right (R) moving.
This Hamiltonian belongs to the class DIII+R which is contained in the less symmetric class
D. To see this explicitly, we note that (7.15) is invariant under the symmetries S = iσ2K
and R = −iσ2σ1. We now introduce a symmetry breaking term that opens a gap in the edge
states, breaking both S and R, but not the combination

H1
3 =

ν∑
i=1

∫
dx Ψ†i (iσ

3∂x +mσ2)Ψi. (7.16)

Despite that, the Hamiltonian (7.16) respects the chiral symmetrey S̃ = SR = σ1K. It is
effectively a gapped one dimensional chain belonging to the symmetry class BDI. To find the
states at the end of this chain, a zero dimensional edge can be implemented by forcing the
mass m to change sign at x = 0. For this, we choose

m = tanh x, (7.17)

and obtain the zero energy bound state

γ = (χL + χR) sech x. (7.18)
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Figure 7.1. Interface between topologically distinct regions, described by a band inversion
parametrized by the mass m. At the interface between the two, a region with interactions is
considered such that it affects the interface bound states. (a) BDI wire with invariant W = 1
holding a Majorana bound state at the mass domain wall, even in the presence of interactions.
(b) BDI wire with topological invariant W = 8 with no Majorana bound states at the edge
due to the local interaction, revealing its topological triviality. (c) Extension of the defect
argument to three dimensions in symmetry class DIII with winding number W = 16. A mass
domain wall defined by M = (tanh x, tanh y)T is imposed at the interface creating a vortex
with 8 localized Majorana bound states. In the presence of the local interaction (7.25) the 8
Majoranas can be gapped out leading to a unique symmetric ground state with no degenerate
zero-energy bound states localized at the defect.

Considering a set of ν BDI chains, we find the interchain coupling to be restricted by
symmetry. In particular, mass terms of the form Mijγ

†
i γj are forbidden by Hermiticity,

Mij = M∗ji, and chiral symmetry, Mij = −M∗ji, leading to M = 0. Quartic terms, on the
other hand, are allowed by symmetry.

We have seen in the previous section that given ν = 8 chains, the edge Majoranas can be
gapped out. Consequently, the BDI bulk composed of 8 chains is topologically trivial, and
so must be the two dimensional DIII + R parent theory hosting it on its edges, for which
the defect zero-modes are expected (see discussion on defect bound states in Sec. 1.1.2). We
can therefore construct a dimensional reduction mechanism analogous to Eq. (7.10), where
instead of compactifying one momentum direction ka to zero, we create a topological defect
which upon breaking the bulk’s symmetry, captures the daughter theory. From the topological
character of the daughter theory under interactions, one can deduce the topological character
of the parent theory under similar interactions. The subtleties of this argument are discussed
in the following section.

The second step follows naturally. We construct the two dimensional DIII+R, surface of a
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three dimensional DIII system,

H2
5 =

ν∑
i,j=1

∫
d2r η†i [(iσ

3∂x + iσ1∂y +m′σ2)⊗ σ3]ηi, (7.19)

with the symmetries S = σ0⊗σ1K andR = −iσ0⊗σ2. ηi = (χ1
iL, χ

1
iR, χ

2
iL, χ

2
iR)T is the

minimal vector composed by the two different chiral sectors (L,R) and the R isospin (1, 2).
We note that the mass m′ must be introduced with an opposite sign for opposite R isospin,
and is thus multiplied by σ3. Eq. (7.16) is obtained at the edge of Eq. (7.19) by imposing
a domain wall in the mass m′ = tanh y. This projection leads to the selection of a single
isospin, reducing the vector’s size by 2, η → χ. One can interpret Eq. (7.19) as the surface
of a three dimensional DIII Hamiltonian, again, where a gap m′ is locally introduced at the
surface. In Fig. 7.1(c) this construction is pictured, where we show a mass defect imposed
at the interface between two topological distinct regions. At r = (0, 0) the mass function
M(r) = (tanh x σ2 ⊗ σ0 + tanh y σ2 ⊗ σ3) forms a zero dimensional defect hosting
zero-energy bound states, marked with a red dot. Due to the helical (in contrast with chiral)
nature of the DIII class, the surface (7.19) can only be achieved by considering a direct sum of
two irreducible Hamiltonians, labeled by the isospin,H3

7 = (H3
5)(1) ⊕ (H3

5)(2). A doubling
of the number of boundary modes is thus required to achieve 8 Majorana bound sates at the
zero dimensional defect. This suggests that in order to use symmetry preserving interactions
to gap a three dimensional system in the symmetry class DIII with topological invariant ν,
we would need at least ν = 16. That is the collapse must be no less than Z→ Z16.

7.3.2. General reduction mechanism

In this section, we deduce what is the minimal winding number W = n that allows for such
a transformation. Classes with Z topology lie in three different periodic series, pictured as
ladders in Table 1.1,

(i) AIII→ A→ . . . , (ii) BDI→ D→ DIII→ . . . , (iii) CII→ C→ CI→ . . . .

(7.20)

In odd dimensions, each element of these series possesses chiral symmetry S and bears
helical boundary states, it is therefore possible to open a gap on the boundary without
explicitly breaking momentum conservation. That is, there is a chance that the topological
sectors are unstable under interactions. Conversely, in even dimensions, classes with Z
topology host chiral modes on the boundaries, whose protection does not rely on a symmetry
breaking term. In the latter case, the classification is expected to be robust to any interaction
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Table 7.1. Topological classification of interacting fermionic phases. Interactions lead to a
reduction of the free classification from Z→ Zn, invalidating the two- and eight-fold Bott
periodicity. Due to the lack of chiral symmetry S, in even dimensions theZ phases are robust
to interactions.

class S d=1 d=2 d=3 d=4 d=5 d=6 d=7 d=8

A 0 0 Z 0 Z 0 Z 0 Z . . .
AIII 1 Z→ Z4 0 Z→ Z8 0 Z→ Z16 0 Z→ Z32 0 . . .

AI 0 0 0 0 Z 0 Z2 Z2 Z . . .
BDI 1 Z→ Z8 0 0 0 Z→ Z16 0 Z2 Z2 . . .

D 0 Z2 Z 0 0 0 Z 0 Z2 . . .
DIII 1 Z2 Z2 Z→ Z16 0 0 0 Z→ Z32 0 . . .
AII 0 0 Z2 Z2 Z 0 0 0 Z . . .
CII 1 Z→ Z2 0 Z2 Z2 Z→ Z16 0 0 0 . . .
C 0 0 Z 0 Z2 Z2 Z 0 0 . . .
CI 1 0 0 Z→ Z4 0 Z2 Z2 Z→ Z32 0 . . .

term added to the action. However, we can impose chiral symmetry on these classes by
adding two copies of the corresponding class with counter-propagating boundary modes. This
happens at the expense of adding an additional unitary symmetry [H, R] = 0, preventing the
coupling between the two chiral sectors. R can be implemented as a mirror symmetry as in
the case of topological crystalline insulators [43], as long as {S,R} = 0.

In the following we argue that the topological classification for the symmetry class s
belonging to (i), (ii) or (iii) in d-dimensions can be reduced under interactions from Z to Zn
with n given by

n = 2b
d−1

2 cn0, (7.21)

with b...c indicating the floor operator and n0 the one dimensional reduction for the parent
symmetry classes, given by 4, 4 and 2 for (i), (ii) and (iii) in Eq.(7.20), respectively. This result
is summarized in Table 7.1 and in Table 7.2 where in the latter we consider R−enriched
symmetry classes in even dimensions. In classes BDI, D and DIII, whose surfaces host
spinless Majorana states, n needs to be multiplied by a factor of 2 to account for Majorana
states being half complex fermions.

Our construction proceeds by reducing a d dimensional system with topological invariant n
to a 1D system through a sequence of dimensional reductions. These transformations reduce
n by a factor of 2 whenever d is reduced from odd to even, thus, the 1D system inherits
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Table 7.2. Topological classification of R-enriched interacting fermionic phases in even
dimensions. In the presence of the additional unitary symmetry, chiral symmetry S is
recovered by doubling the system. In this case, interactions will lead to a reduction to Zn
topology.

class S d=2 d=4 d=6 d=8

A+R 1 Z→ Z4 Z→ Z8 Z→ Z16 Z→ Z32 . . .
AIII 1 0 0 0 0 . . .

AI+R 1 0 Z→ Z4 Z2 Z→ Z32 . . .
BDI 1 0 0 0 Z2 . . .
D+R 1 Z→ Z8 0 Z→ Z16 Z2 . . .
DIII 1 Z2 0 0 0 . . .

AII+R 1 Z2 Z→ Z8 0 Z→ Z16 . . .
CII 1 0 Z2 0 0 . . .

C+R 1 Z→ Z2 Z2 Z→ Z16 0 . . .
CI 1 0 0 Z2 0 . . .

the topological invariant n0 = 2−b
d−1

2 cn. Subsequently, we use interaction (7.13) to get
a unique symmetry-preserving ground state at the zero dimensional boundary of the one
dimensional system and use the resulting phase to adiabatically connect the n0 topological
sector to the trivial one. Analogously, we can show that a d dimensional Hamiltonian in the
topological sector ν < n can never be adiabatically connected to the trivial one. To this
end let us write ν = 2r(2k + 1). For k > 0, the dimensional reduction leads to a d′ < d

dimensional system with an odd number of surface states. An odd number of surface states
can never be gapped out. For k = 0, the dimensional reduction argument will lead to a zero
dimensional defect with ν < n0 which, as shown in Ref. [191] can never be gapped out. We
conclude that ν = n is the minimum value for which a d dimensional Hamiltonian can be
reduced under interactions, without resulting in inconsistencies. Thus, there is a minimum of
n topologically distinct sectors, even in the presence of interactions.

Now, we explicitly construct a zero dimensional topological defect at the interface between
topologically distinct regions (see Fig 7.1). From Sec. 1.1.2, we know that the bulk topological
sector is related to the number of zero-energy bound states at the defect. To carry out the
explicit construction of topological defect, we consider the (d − 1) dimensional surface
hosting ν = 2r gapless states. Each gapless state can be described by a 2r0 dimensional
Dirac Hamiltonian where r0 = b d2 c+1 for (i) and (ii), and r0 = b d2 c+2 for (iii). That is, the
ν topological sector can be expressed under the spinor representation of SO(2(r + r0) + 1)
by writing a 2r+r0 dimensional massive Dirac Hamiltonian, given by (1.8), which can be
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rewritten as

H(r) =
d∑
a=1

iΓa∂a +M(r), (7.22)

with a, b = 1, ..., 2(r + r0) + 1. If r + r0 ≥ d, we can split the first 2d Γ matrices into
position and momentum matrices as shown in (1.16),

H(r) = iΓ · ∂r + Γ̃ ·M , (7.23)

where Γ = (Γ1, . . . ,Γ2d−1) are the odd Dirac matrices and Γ̃ = (Γ2, . . . ,Γ2d) the even
ones. M is chosen to represent a topological defect at x = 0. As in the previous section,
we set M = (tanh x1, . . . , tanh xd)T (another possible mass function is M = x as in [41],
this choice affects only the spatial dependence of the zero mode). The zero energy bound
states are obtained by

γ
s1,...,sd
0 =

d∏
i=1

P sii sech xi Ψ, P±i = 1
2(1± iΓ2i−1Γ2i), (7.24)

for any constant vector Ψ. The operators P±i are projection operators (P±i
2 = P±i = P±i

†)
each reducing the space size by two. Consequently, the topological defect hosts 2r−b

d−1
2 c

zero energy states. We can conclude that for 2r−b
d−1

2 c = ν2−b
d−1

2 c < n0, there is no
interaction that gaps out the (d− 1) dimensional surface, as it would be projected onto a zero
dimensional interaction gapping a system with n < n0.

In closing we note that a crucial component of the argument here presented is the enlarge-
ment of the representation on which we define the bulk Dirac Hamiltonian. This enlargement
guarantees we have enough anticommuting operators to project onto the zero dimensional
edge. By construction, the symmetry group is enriched with b d−1

2 c independent R symmetry
operators. This, however, does not pose an impediment, as an enlarged Hamiltonian can
always be adiabatically connected to a less symmetric Hamiltonian without changing its
topology. The inclusion of an extra unitary symmetry at each two step of two dimensions
justifies the doubling in n for higher dimensions and the consequent breakdown of Bott
periodicity.

7.3.3. General form of the interaction

In this section, we propose a general form for the d dimensional interaction having a singly
degenerate and symmetric ground state. First, we notice that the existence of such an interac-
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tion is a direct consequence of the result shown in Tables 7.1 and 7.2, and, from the discussion
above, we conclude that such an interaction when projected onto any zero dimensional defect
using each of the 2d projectors (7.24), must result in a trivial zero dimensional system with a
unique trivial ground state.

We group 2b
d−1

2 c states for the series (i) and (ii), and 2b
d+1

2 c−1 for (iii) (cf. Eq. (7.20)) to
form a 2d vector Ψ, acted on by a Dirac Hamiltonian belonging to SO(2d+ 1), generally
given by Eq. (7.22). The minimal interaction can then be constructed with four independent
operators Ψi,

Hdint = V (Ψ†1Γ2d+1Ψ2)(Ψ†3Γ2d+1Ψ4). (7.25)

It can be easily checked that (7.25) reduces to (7.13) if we replace each ψ by its zero dimen-
sional projection γ0 given by (7.24). Moreover, (7.25) is also manifestly chiral symmetric,
since S−1ΨS = Γ2d+1Ψ†.

A determination of the d dimensional trivial ground state of the Hamiltonian (7.25) is
still lacking. Remarkably, an exact solution was obtained for d = 1 using Gross-Neveau
models [201], however, at higher dimensions the problem becomes undoubtedly harder. A
general proof of adiabaticity between the sectors indicated in this work will be a major focus
for future research. Due to the simplicity of the arguments presented in this chapter and the
agreement with the current literature [197–199, 201–205], we can hope to find a solution to
this problem having a correspondingly simple mathematical structure.

7.4. Conclusion

We have shown that the interface between two distinct topological sectors can fail to host
zero-energy boundary modes, provided a region of strong interactions around the interface is
considered. In order to write such an interaction, we must consider topological systems with
chiral symmetry and a specific number of valleys given by Eq. (7.21), depending on both
dimension and symmetry class. We propose a general form for this interaction, which does
not break any of the bulk symmetries. From these considerations we can infer the collapse of
single particle topology for interacting fermions. This demonstrates the breakdown of Bott
periodicity in the presence of interactions, as depicted in Tables 7.1 and 7.2.
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8. Conclusion and Outlook

In this work we have studied surface properties of unconventional superconductors of topolo-
gical origin. We have focused on topological superconductors without inversion center as a
playground for multiple topological phenomena. We have derived the different topological
boundary states in noncentrosymmetric superconductors in two and three dimensions. Topolo-
gical invariants that protect these surface states have been determined and low-energy effective
surface Hamiltonians have been derived. We have determined the main characteristics of the
surface states such as spin polarization and decay profile (cf. Q1 in Sec. 1.4).

Based on these results, we have proposed an experimental signature with universal character
which can help in the detection and identification of these unusual states (Q2). We show that
dilute disorder affects different types of surface states in drastically different way. On the other
hand, disorder can be harmful for topology, mainly if we are concerned with nodal topological
phases where no clear energy gap separating bulk and topological states is present. The
question of whether topological surface states can withstand disorder is a relevant question
which we have addressed in our research (Q3). First, we have discussed it in the context of
fully gapped topological superconductors, which are in direct analogy to the well studied
topological insulators such as Bi2Se3. Here, in the presence of a pronounced gap in the bulk,
the topological states are extremely robust to both weak and moderate disorder. Nevertheless,
interesting phenomena emerge when we consider disorder strengths comparable with the
bandwidth. Here, impurity bands localized on the surface are maximally coupled with the
protected boundary modes, the coupling between the two is not forbidden by symmetry. We
evidence numerically that at a critical disorder strength, an Anderson localization transition
occurs driving the surface into a localized phase. At this point delocalized boundary modes
emerge at inner layers. Behind this process is a transformation on the type of disorder
affecting the topological states, a transformation from Gaussian to unitary-like disorder. Our
collaborators have measured the predicted burial of the surface states by means of soft X-ray
ARPES, equipped with a penetration depth larger than the usual laser-based UV-APRES.

In Chapter 5 we have studied the effect of the two different types of disorder in nodal
systems (Q4). We have shown numerically that the number of edge states for irregularly
shaped quantum dots is in good agreement with the theoretical prediction, suggesting that the
topological edge states exist even in the absence of translation symmetry. Interestingly, we
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have shown that even if the surface direction is not locally well defined, but only on average,
the results are unchanged. This supports the claim that topological edge states are robust
to local perturbations as long as the core symmetries time-reversal and particle-hole are
preserved (Q3). We calculate the surface density of states for long superconducting ribbons
and show the zero bias conductance peak to be largely unaffected by disorder.

Finally, we focused our attention on possible electronic correlation perturbations to the
topological protection of gapless topological systems. We show that correlations play an
important role at the surface of superconductors hosting dispersionless topological boundary
states. Since their degeneracy is protected by symmetry, we conclude that any type of order
emerging at the surface with the role of lifting the degeneracy of the surface flat bands is
accompained by spontaneous breaking of time-reversal symmetry (Q5). We have studied
the mechanism of time-reversal symmetry breaking at the surface of noncentrosymmetric
superconductors by performing a mean field analysis of a terminated lattice, highlighting the
role of the Majorana character of the bound states.

In the last chapter, we have considered the possibility of suppressing topological protection
if quartic interactions are present. Building upon the work of Fidkowsky and Kitaev, where
the collapse of Z topology to Z8 topology in one-dimensional chains was demonstrated, we
derived a dimensional hierarchy mechanism to infer the collapse of topological sectors with
any dimension and symmetry (Q6).

In conclusion, we have highlighted that disorder and interactions constitute essential
tools to understanding the defining properties of topological boundary states. Beyond the
problems discussed in this work, many questions are yet to be addressed. Being far from
exhaustive, here I list a few examples. First, in light of the recent observation of Weyl
and Dirac semimetals [53, 54], an extension of our results to these systems is desirable. A
quantitative study of the localization transition discussed in Chp. 4 deserves to be pursued,
however alternative approaches must be considered due to the size limitation of our numerical
simulations. Moreover, we have seen in Chp. 6 that spontaneous symmetry breaking plays
an important role on the surface of topological materials, as a result of interacting boundary
modes. This largely unexplored subject will be a priority for future research. Finally, we
have pointed out in Chp. 7 that symmetry protected topological phases can be fundamentally
changed in the presence of interactions. Our focus in the near future will be to extend these
concepts to nodal systems and to further explore the interacting three dimensional system,
relaxing the defect construction. These questions are currently being addressed by many
specialists and are bound offer new perspectives on the mathematical structure of topological
phases.
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A. Point group symmetries

Coupling of spin and orbital degrees of freedom in an antisymmetric way, λ gk · σ with
gk = −g−k, results in the lift of spin degeneracy of the Fermi surface and leads to complex
spin textures of the bands. The Rashba spin-orbit coupling vector g(k) is constrained by the
point group symmetry of the crystal.

Table A.1. Addapted from Ref [96]. Possible g(k) vectors for all noncentrosymmetric
point groups using Schoenfliesl notation; k± = kx ± iky; a’s and b’s are real and complex
constants, respectively. Symmetry-imposed g(k) zeros, and some examples mentioned in the
main text.
Gpg g(k) nodes examples

C1 (a1kx + a2ky + a3kz)x̂ + (a4kx + a5ky + a6kz)ŷ +
(a7kx + a8ky + a9kz)ẑ

point

C2 (a1kx + a2ky)x̂+ (a3kx + a4ky)ŷ + a5kz ẑ point BiPd
Cs a1kzx̂+ a2kz ŷ + (a3kx + a4ky)ẑ point Ir2Ga9

D2 a1kxx̂+ a2ky ŷ + a3kz ẑ point
C2v a1kyx̂+ a2kxŷ + ia3(k2

+ − k2
−)kz ẑ line LaNiC2

C4 (a1kx + a2ky)x̂+ (−a2kx + a1ky)ŷ + a3kz ẑ point
S4 (a1kx+a2ky)x̂+(a2kx−a1ky)ŷ+(bk2

+ + b∗k2
−)kz ẑ line

D4 a1(kxx̂+ ky ŷ) + a2kz ẑ point
C4v a1(kyx̂− kxŷ) + ia2(k4

+ − k4
−)kz ẑ line CePt3Si,YBCO

D2d a1(kxx̂− ky ŷ) + a2(k2
+ + k2

−)kz ẑ line
C3 (a1kx + a2ky)x̂+ (−a2kx + a1ky)ŷ + a3kz ẑ point
D3 a1(kxx̂+ ky ŷ) + a2kz ẑ point
C3v a1(kyx̂− kxŷ) + a2(k3

+ + k3
−)ẑ line

C6 (a1kx + a2ky)x̂+ (−a2kx + a1ky)ŷ + a3kz ẑ point
C3h (b1k2

+ + b∗1k
2
−)kzx̂ + i(b1k2

+ − b∗1k2
−)kz ŷ + (b2k3

+ +
b∗2k

3
−)ẑ

line

D6 a1(kxx̂+ ky ŷ) + a2kz ẑ point
C6v a1(kyx̂− kxŷ) + ia2(k6

+ − k6
−)kz ẑ line

D3h a1[i(k2
+− k2

−)kzx̂− (k2
+ + k2

−)kz ŷ] + ia2(k3
+− k3

−)ẑ line
T a(kxx̂+ ky ŷ + kz ẑ) point
O a(kxx̂+ ky ŷ + kz ẑ) point LiPt3B, 3He(B)
Td a[kx(k2

y − k2
z)x̂+ ky(k2

z − k2
x)ŷ + kz(k2

x − k2
y)ẑ] 3 lines La2C3,Y2C3
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B. Recursive Green’s function

The recursive Green’s function method (RGF) [175, 206] has been proven to be an extremely
efficient method to calculate transport properties of quasi-one-dimensional systems. In its
lattice form, one can calculate both global transport quantities by attaching leads [207],
or local quantities, such as local density of states (LDOS) [174]. For the purpose of the
numerical calculations shown in Chapters 4 and 5, we use RGF to calculate the LDOS at the
edge of a topological superconductor nanoribbon.

We consider a ribbon of length Nx and width Ny such that Nx � Ny . We can easily
diagonalize the Hamiltonian of a single, decoupled column at the site ix̂, with numerical effort
scaling with N3

y . The unperturbed Green’s function at the column i is given by G0
i,i = H−1

i .
Including the coupling between neighboring columns, Vi,j , can be seen as a perturbation
to the initial decoupled system. This procedure is schematically shown in Fig.B.1 This is
achieved by considering a discrete ribbon in real space with width of Ny sites and length
of Nx sites. Let us define the block Hamiltonian Hn corresponding to the coupling of two
columns spaced by n lattice sites in the x direction,

Hn = 1
(2π)2

∫
d2kHke

iky(y−y′)einkx , (B.1)

where H0 corresponds to a free column Hamiltonian, while H1 and H2 are the coupling to
the nearest and next nearest neighbouring columns, respectively. We have considered in our
simulations on-site impurities. Thus, for each ribbon’s column, i.e., fixed x in r = (x, y), we
have

Hβ
imp(x) =

∑
i=1,Nimp

Φ†r vimp(ri)δr,riS
βΦr, (B.2)

with impurity positions, ri, defined according to the disorder distribution, see Sec. 2.3.
To accommodate next-nearest neighbor hopping in a convenient way, we can redefine the
building blocks of the ribbon to be 8Ny × 8Ny matrices incorporating two columns as the
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... ...

V

V †

V †

V

{
Ny

Nx

i i + 1i � 1

G(!; i)

G0
i,i GR

i+1,i+1GL
i�1,i�1

Figure B.1. Scheme of the recursive relation used in Chp. 5 where an effective block of two
columns is added at each iteration loop in order to accomodate second neighbour hopping.
The local Green’s funtion G(ω; i) is calculated by attaching the left and right ribbons, GL/R,
at the site i, according to Eq. B.4. Adapted from Ref. [178].
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building blocks, by writing

Hβ
i =

(
H0 +Hβ

imp(2i− 1) H1

H1† H0 +Hβ
imp(2i)

)
,

V =
(
H2 0
H1 H2

)
. (B.3)

Here, the block index i runs from 1 to Nx/2, i.e., with spacing of 2 lattice sites. Dyson’s
equation for G(ω; i) ≡ Gi,i takes the form

Gi,i = G0
i,i +G0

i,iV G
L
i−1,i +G0

i,iV
†GRi,i+1, (B.4)

where the ω dependence is suppressed for simplicity, G0
i,i = [ω + iη −Hβ

i ]−1 stands for
the uncoupled block at i, while GL/Ri,j represent the ribbons to its left and right,

GLi−1,i = GLi−1,i−1V Gi,i, GRi,i+1 = GRi+1,i+1V
†Gi,i. (B.5)

The side ribbons are calculated recursively, using the relations

GL(n)
n,n =

[
ω + iη −Hβ

n−1 − V
†G

L(n−1)
n−1,n−1V

]−1
,

GR(n)
n,n =

[
ω + iη −Hβ

n+1 − V G
R(n+1)
n+1,n+1V

†
]−1

, (B.6)

at iteration step n, where n ∈ {1, ..., i − 1} and n ∈ {Nx/2, ..., i + 1} for GL and GR,
respectively. Finally, the local Green’s function can be reduced to

Gi,i =
[
ω + iη −Hβ

i − ΣLi − ΣRi
]−1

, (B.7)

with self-energies, ΣL/Ri , given by

ΣLi = V †GLi−1,i−1V, ΣRi = V GRi+1,i+1V
†. (B.8)

The local density of states can then be easily computed by

ρy(ω) = − 1
4π

1
Nx

∑
x

Im trG(ω;x, y), (B.9)

where G(ω;x, y) are obtained from the diagonal entries of G(ω; i).
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Zusammenfassung

In dieser Arbeit untersuchen wir die Oberflächeneigenschaften von topologischen Materialien.
Insbesondere untersuchen wir die Eigenschaften von topologischen Supraleitern ohne Inver-
sionszentrum. Diese Materialien besitzen eine Vielzahl von topologischen Eigenschaften,
zum Beispiel Oberflächenzustände mit einer linearen und (oder) flachen Dispersion, die auf
Grund einer topologischen Knotenstruktur des supraleitenden Ordnungsparameters entstehen.

Ein bemerkenswertes Merkmal von topologischen Phasen ist ihre Robustheit gegen lokale
Störungen. In gewöhnlichen topologischen Phasen, wie zum Beispiel den topologischen
Bandisolatoren, entsteht diese Robustheit durch eine nicht-triviale Phasenstruktur der Wel-
lenfunktionen im Volumeninneren, sowie durch eine Bandlücke, die die Valenzbänder von
den Leitungsbändern trennt. In der vorliegenden Arbeit untersuchen wir zu welchem Grade
diese Robustheit auf lückenlose topologische Phasen übertragen werden kann. Wir benutzen
numerische Methoden, um die Robustheit der Oberflächenzustände gegen lokale Verunreini-
gungen zu testen, und untersuchen den unterschiedlichen Einfluss von verschieden starken
und verschieden gearteten Störstellen.

Wir bestimmen die experimentellen Signaturen der exotischen Obeflächenzustände in der
Fourier-transformierten Zustandsdichte, unter der Annahme einer niedrigen Dichte von Stör-
stellen. Die Fourier-transformierte Zustandsdichte kann mittels der Rastertunnelmikroskopie
gemessen werden. Wir zeigen, dass verschiedene Arten von Oberflächenzuständen ver-
schiedene Streuinterferenzmuster erzeugen. Daher ist die Rastertunnelmikroskopie besonders
gut dazu geeignet, zwischen den Oberflächenzuständen zu unterscheiden.

Außerdem untersuchen wir die Effekte von starker Oberflächenunordnung, welche die
topologischen Eigenschaften im Volumeninneren nur unwesentlich verändert. Wir zeigen,
dass zwei Arten von Unordnungen besonders interessant sind. Zunächst betrachten wir
starke Schwankungen im elektrostatischen Potential der Oberfläche, was zu einer hohen
Dichte von schwachen Oberflächenstreuern führt. Wir zeigen, dass diese Störstellen zu
Streuung zwischen den Oberflächenzuständen führen, da ihre Energie nahe bei der Energie
der Oberflächenzustände liegt. Folglich ist diese Art von Störstellen besonders schädlich für
die topologischen Oberflächenzustände, insbesondere wenn die Stärke der Schwankungen im
elektrostatischen Potential von der Größenordnung der Bandbreite ist.

Die zweite Art von Unordnung, die wir untersuchen, besteht aus einer niedrigen Dichte
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von starken Streuzentren, die zum Beispiel durch Gitterleerstellen oder Oberflächenrauheit
erzeugt werden. Wir zeigen, dass sich in der Anwesenheit dieser Art von Unordnung die
Oberflächenzustände ein Stück weit ins Volumeninnere zurückziehen. Daher können Gitter-
leerstellen oder Oberflächenunebenheiten die topologischen Randzustände von Materialien
mit oder ohne Bandlücke nicht zerstören. Daraus folgt, dass die Existenz der topologischen
Oberflächenzuständen nicht von der Translationssymmetrie abhängt. Wir zeigen, dass sich
die Halbwertsbreite der Spektralfunktion der Oberlächenquasiteilchen verkleinert, wenn die
erste Art von Unordnung durch die zweite ersetzt wird. Dies führt zu einem schärferen Signal
in der Photoemissionsmessung von Bismutselenid, wenn an der Oberfläche Leerstellen durch
Sputtern erzeugt werden.

Darüber hinaus untersuchen wir das Zusammenspiel zwischen Topologie und Elektron-
Elektron-Wechselwirkung an der Oberfläche von Supraleitern mit Knoten in der der Ener-
gielücke. Dies ist wichtig, da die dispersionslosen Oberflächenbänder dieser Supraleiter
eine unendliche Grundzustandsentartung haben, die zu einer spontanen Symmetriebrechung
führen kann. Wir zeigen, dass für flache Bänder ohne Spinentartung die Zeitumkehrinvari-
anz durch eine komplexe, supraleitende Paarungsamplitude spontan gebrochen wird. Dies
führt zur Erzeugung spontaner chiraler Ladungsströme an der Oberfläche des topologischen
Supraleiters.

Als letztes studieren wir Wechselwirkungen, welche die Oberflächenzustände zerstören
ohne die Symmetrie zu brechen. Es wurde vor kurzem gezeigt, dass die nichttriviale To-
pologie eines eindimensionalen topologischen Supraleiters mit einer Invarianten, die ein
Vielfaches von acht ist, durch Wechselwirkungen zerstört werden kann. Mit Hilfe einer
Dimensionsreduktion leiten wir die allgemeine Form der quadratischen Wechselwirkungen
her, die die topologischen Sektoren der nicht-wechselwirkenden Hamiltonoperatoren durch
eine adiabatische Transformation miteinander verbindet.
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Resumo

Neste trabalho, consideramos propriedades de superfícies em sistemas topológicos, com
especial atenção dada a supercondutores topológicos sem simetria sob inversão espacial.
Devido a estruturas nodais complexas do parâmetro de ordem de supercondutividade, estes
materiais são protótipos para sistemas ricos em fenómenos topológicos, tanto com estados de
superfície com dispersão linear, como dispersão constante.

Uma das principais características em fases topológicas é a robustez perante perturbações
locais. Em fases topológicas comuns, como isoladores topológicos de bandas, esta robustez
vem da existência de um pronunciado hiato energético que separa os vários sectores topoló-
gicos. Averiguamos a possibilidade de estender esta análise a fases topológicas sem hiato
energético e com regiões nodais. Nomeadamente, apresentamos um estudo numérico da
robustez dos estados de superfície, explorando as diferenças entre tipos e distribuições de
impurezas.

No contexto da técnica experimental Fourier-transform scanning tunneling microscopy
(STM), identificamos indicadores experimentais que detectam estados de superfície exóticos
no limite de impurezas muito diluídas. Mostramos que cada tipo de estado de superfície
possui uma assinatura universal no seu padrão de interferência; STM, enquanto técnica de
superfície, é particularmente adequada para a detecção dos estados topológicos.

Estudamos as consequências de intensa desordem de superfície sem alterar drasticamente
as propriedades topológicas do volume. Dois limites são particularmente importantes.

O primeiro diz respeito a fortes flutuações no potencial electrostático, que leva à formação
de uma grande concentração de estados localizados de Anderson. Mostramos que estes esta-
dos podem facilitar processos de difusão entre estados de superfície, dada a sua proximidade
energética. Este tipo de desordem tem por isso um impacto negativo – eventualmente até fatal
– nos estados de superfície, sendo o seu efeito máximo quando as flutuações são próximas da
largura da banda.

O segundo limite de desordem aqui considerado relaciona-se com impurezas fortes loc-
alizadas na superfície. Estas impurezas podem ser vistas como vagas ou rugosidade na
estrutura cristalina. Na presença deste tipo de desordem, os estados de superfície migram
para camadas interiores da estrutura, de modo a evitar as impurezas. Assim, tanto para
fases topológicas com como sem hiato energético, este tipo de desordem é inofensivo. Este
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resultado é especialmente importante quando se consideram fases topológicas nodais, onde
a invariante topológica é definido pelo momento de superfície, o que requer simetria de
translação. Por exemplo, mostramos que introduzindo impurezas na superfície do isolador
topológico Seleneto de Bismuto é possível alcançar melhores resultados em experiências de
fotoemissão.

Consideramos ainda a relação entre topologia e interações entre electrões na superfície
de supercondutores topológicos nodais. Aqui, a degenerescência infinita dos estados de
superfície sem dispersão é susceptível a quebra espontânea de simetria. Mostramos que,
neste caso, a simetria de inversão do tempo é espontaneamente quebrada, resultando num
condensado com parâmetro de ordem de valor complexo. Consequentemente, vemos a
formação de correntes quirais localizadas na superficie de superconductors nodais.

Finalmente, estudamos as possíveis interacções que petêncialmente levam à completa
destruição dos estados topologicos de superficie, preservando todas as simetrias do sistema.
Foi recentemente proposto que tal é possível em sistemas unidimensionais, desde que as
interacções emparelhem oito estados de superfície. Usando uma construcção hierárquica na
dimensão dos sistemas, propomos uma forma geral para interacção que possibilita a conecção
adiabática entre diferentes sectores topológicos.
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