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Consider the polyharmonic wave equation 82u + (~ Ay"u = f in R" x [0, c0) with time-independent
right-hand side. We study the asymptotic behaviour of u(x,t) as t - oo and show that u(x, ) either
converges or increases with order t* or Int as t — oo . In the first case we study the limit uy(x):= lim u(x, ¢)

1=+
and give a uniqueness condition that characterizes u, among the solutions of the polyharmonic equation
(— A"z = f in R". Furthermore we prove in the case 2m > n that the polyharmonic equation has a solution
satisfying the uniqueness condition if and only if fis orthogonal to certain solutions of the homogeneous
polyharmonic equation.

1. Introduction

Consider the problem
u+(—A"u=e “f in R" x [0, w),
ux,0)=0,ux,0)=0 in R,

where fe C$(R"), w > 0 and A:=0? + - - - 02. We are interested in the asymptotic
behaviour of u(x, t) as t = oo . In the case @ > 0 it has been shown by Eidus [2] that

(1.1)

1. If m < n, then the principle of limiting amplitude holds:
u(x, 1) =e “u,(x)+o(l) ast— oo, (1.2)
where
(— A"u, — 0*u,=f in R" 1.3)
u,, can be uniquely characterized by (1.3) and a suitable radiation condition.
2. f m = n, then
u(x, t) = e " (x) + ¢, va(x’)dx' +o(l) ast— o0, (1.4)

with a suitable constant ¢, # 0, where u,, is a solution of (1.3).
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3. If m > n, then

u(x, f) = t1~"mc, J )X + o(t! "™ ast— oo, (1.5)
RI‘

with ¢, # 0.

This shows that u(x, ¢} is unbounded as t - oo if @ > 0 and m > n. As pointed out in
[6], similar resonance effects can be observed inthecase w =0,m = 1,n = 1orn = 2.
In section 2 we study (1.1) in the case w = 0 for arbitrary m, ne N. We discuss the
asymptotic behaviour of the solution u as t - oo and show:

1. If 2m < n, then
u(x, t) = uy(x) + o(1) ast— oo (1.6)

uniformly in every compact subset of R", where u, satisfies the corresponding
static equation

(—Aug=f in R~ 1.7
2. If 2m > n, then for odd n
m-—(n+1)/2

ux,t)= )  Dg2-%E . FX)x — X127dX" + uy(x) + o(1)
s=0 "

ast— oo, (L8)
and for even n

m—1—n/2

ux, )=y D" f f(xX)|x — x')>>dx’
-

s=0
+ D*lntf JE)x — x| dx + uf(x) + o(1) as t > oo (1.9)
R"

uniformly in every compact subset of R”, where u, and uf are solutions of (1.7)
and D, and D* are specified in (2.25) below.

Sections 3 and 4 deal with the polyharmonic equation (1.7) and with the solution u,
determined by (1.6). Note that (1.6) holds also in the case 2m > n if f satisfies the
condition

JRnf(x’)lx —x|#dx' =0 fors=0,1,..., [m - g] and every xeR" (1.10)
([r]:= max{neNy: n < r}), or, equivalently,

Rnf(x’)lx’ﬁjx’“dx’ =0 forjeN,, aeNj with j + ja < [m - g] (1.11)

(compare (4.21), (4.22) in [3]; |¢l:=a, + - + a, for every multi-index oeN§,

X%:=x7" ... x;). We study the question of how u, can be characterized uniquely

among the solutions of (1.7) by imposing a suitable asymptotic condition as |xj —» o0.
The answer is easy in the case 2m < n. Then

1
D*up(x):=0%" . .. 05" uy(x) = 0(W> as |x| = o (1.12)
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for ae Nj with || € 2m — 1, and there exists only one solution of (1.7) with this
property. The same statement holds in the case 2m = n if f satisfies (1.11) (compare
(2.32) and (4.4) below). If 2m > n, then u,(x) may be unbounded as [x| —» o, even if
(1.11) is valid, as we shall see in an example at the beginning of Section 3. We shall
show that u,, is uniquely determined by (1.7) and the property

j uy(x)dSy = o(R"™") as R— oo for every x,eR™ (1.13)
= x| = R

Note that this condition is weaker than (1.12), so that u, satisfies (1.13) also in the case
2m < n.

The verification of (1.13} yields as a further result the following statement on the
solvability of (1.7) in the case 2m > n: (1.7) has a solution satisfying (1.13) if and only if
(1.11) holds. Condition (1.11) says that fis orthogonal to certain polynomial solutions
of (— A)"r =0in R™

The analysis in Section 2 is based on the spectral theory for unbounded self-adjoint
operators. Most conclusions are analogous to some in [8] and [3]. Here we give only
a short description of the main steps. In Section 3 we use Green’s formula to derive an
expansion of the form

m—1
j v(x)dSy = Y, ¢;A¥v(x,)R*1HH (1.19)
Ix —xol =R i=0

for every solution ve C*™(R") of the homogenous equation ( — A)™» = 0, where ¢; # 0
are suitable real constants. This shows that (1.7) has at most one solution with the
property (1.13). A Taylor expansion yields that u, satisfies (1.13) if and only if (1.11)
holds. This, together with (1.14), implies the above statement on the solvability of (1.7)
for 2m = n.

2. The time-dependent problem

We study the problem

u+(—A"u=f in R" x [0, «), s 1

u(x,0)=0,u(x,0) =0 in R", ' @1)
with given fe C&(R"). We require ue C*"(R" x [0, «)) and

u(.,t)eH, (R") foreveryt=0, (2.2)

where H,,(R") denotes the mth Sobolev space. Then u is uniquely determined (com-
pare the discussion in [3] in a related situation). We extend the operator ( — A)™ to
a positive self-adjoint operator in L,(R") by setting
D(A):={UeH,(R"): A™UeL,(R")},
AU :=(—A"U for UeD(A).
Let {P,} denote the (left continuous) spectral family of A. The functional calculus for
unbounded self-adjoint operators and the elliptic regularity theory yield

(2.3)

u(x, t) = Jw % (1 — cos/2t)d(P, f(x)). (2.4)
0
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In order to obtain the asymptotic behaviour of u(x, t) as t — oc we proceed as in [3],
to which we refer for a more detailed presentation of the argument.
A modification of (3.11) in [3] yields the following representation of the resolvent
=(A4—z)"! of A4:

i|z|121,,,1—1 m—1

sz(x) = 4m(2n)" Z eiargz + 2ns)(%5E ~ 1)
s=0
X J‘ E‘i(i‘;()'?H‘(’l)([x — x’llzl1/2mei(argz+2ns)/2m)dx,’ 25)
R? -

where o = (n/2) — 1 and
HOQ) = J.0) +iN,(0) (eC\{0} (2.6)

denotes Hankel’s function. By means of Stone’s formula it follows that P, f is
continuous with respect to A€ R and differentiable for 1 # 0. In particular, we have

dP,f(x) _ 1 o f Jx)
da 2mQ2m)” 1 ®e 1X — X|°

L(x — X|AY2™dx for A>0 (2.7)

Note that P, f= 0 for 1 <0, since A is positive. Using

J, )= i C,l¥*, (2.8)
s=0

with

c (=1

s = 2o+2ss!r(o_ + 5+ 1) (2’9)

(compare [4]), we obtain for /[0

O(AL2m) if 2m<n
dP, »
;‘Z(X) = 1 {m—nj2} C (2.10)
2mQ2ny? &, A +sls)/2m J'R"f xX)|x — x'|**dx’ + O(AY*™) if 2m = n,
uniformly in every compact subset of R". Note that
u(x, t)=j 71— osft) P‘f(x) 2.11)
and set
dP
IL(x,5,0):= J‘ —(1 —cos ft) ’lf(x) A, (2.12)
©1dP, f(x)
;0):= Lt :
I,(x; 9) L T dl di, (2.13)
cos \/— t dP, f(x)
I ;0)i=— .
S(Xa ts 5) J; )» d;n (2 14)

(6 > 0). Let K be an arbitrary compact subset of R". At first we study the case 2m = n



A Uniqueness Condition for the Polyharmonic Equation 279

We insert (2.10) into (2.12) and obtain

1 [m=n/2)
Ii(x, t;8) = W ;0 C.If(t; 0) fRnf(x’)Ix —X|#dx’ + w,(x, t; J),

(2.15)
where
°1 — At
I 5):=f N, 2.16)
o A
Bl 12 @2.17)
2m

and w, (x, t; §) > 0 as § | 0 uniformly with respect to (x, je K x [0, o0). In order to
compute I, we substitute p:= ﬁt. This yields

oy
¥t 0) = 2t2ﬁJ —”—,f—;’%‘-du. (2.18)

0

If g > 0, it follows that

®1 —cospu ©  du ®  cosp
13‘(t;5)=2t2”{j ‘—Tzrd#“j Tﬁ"'f e A
0 u \/St”' \/étu
1

2 n .- 5
=t ﬁmZBF@ﬂ)sin(ﬂn) ~ po + Wi (t; 6; B) (2.19)

(compare integral 11c, section 1.1.3.4 in [1]) with

* cospu 4
[ W, (t; 6, B)| = |26%* Jl/» ul—+27,d,u < FESvEre (2.20)
at

as an integration by parts shows. If § = 0, we obtain

Vo - ©
I§(t;5)=2j ’:du+2f —;ﬁﬁdu—zj 5";—“dy+uq(t;5;0)
1

o 1

=2Int +1nd + 2C, + W,(t; 6; 0) (2.21)
(C, denotes the Euler—Mascheroni constant; compare (3.67) in [7]). Setting
py(x):= J J(X)x — x| dx, (2.22)
Rll
we obtain from (2.15), (2.19) and (2.21) for odd n
5 m—(n+1)/2 2 1 m—(n+1)/2
I(x, t;0) = D t%Fs - e
l(x ) s;o s ps(x) 2m(27t)"/2 s;o Bs Bs ps(x)

+ wi(x, 5 8) + Wy(x, ; 6), (2.23)
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and for even n

m—1-n/2

Lx, 0=} D, (x) + D*(nt)p,_,,(x)
s=0

1 m—1-n/2
“mmegr X gt
+ —Cﬂl’z—(lné +2C.)p (x)
zm(zn)n/z e/Fm—n/2
+ wi(x, £ 0) + Wy(x, t; 9), (2.24)
where
C T n
D, := 2 = .. -
= 2m@ny™ 2B,T(2B,)sin (B,7) <s o1 ’[’" 2]>
(2.25)
*.__ Cm—-n/2
m(Q2n)"?’
and
[m—n/2]
W,(x, t, 9):= Y. C.W(t; & B,)py(x). (2.26)

2m(2n)"/2 5=0

Now consider I, defined by (2.13). Note that

e 8 1 dPf(x)
1(x; 5)_11?3{1% fx) — Lm ji - d,l}. (2.27)

In order to study R, as 7 |0 we use (2.5), (2.6), (2.8) and

- 1
2 ClFe <a+§eN0),
s=0
N, = ) . o (2.28)
~J(,(C)(Ce + ln£> + Z Cigsve 4 C/{*77 (oe No),
n 2 s=0 s=0
where
. ag+s+1/2
(oA k) ,
2479%IT(s+ 1 — o)
( _ 1)s+1 s 1 s+al
Cy=——s5—— - -, .
n2°* 35! (o + 5)! ,; r + ,; r (2.29)
"o (G — S5 1)!
¢’ = 22579l

(compare [4]). This, together with (2.10) and (2.27), implies that for odd n

1 m-(n+1)/2

I,(x, 0) = uy(x) + Im2ay Z, ﬁps(x) + w,(x; 9) (2:30)
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and for even n

1 m—1-n/2
= * s
Iz(x, 5) = Ug (X) + zm(zn)n/z sgo ﬁs 5ﬁ’ pS(X)
Cm-n/z .
— 2m—(2n?/5(1n¢‘5 + 2C, )P — 2 (X) + W (x; 0) (2.31)
with w,(x; 6) - 0 as 4 | 0 uniformly in K, where
W.[ f(x)x — x'|2mmdx’ if 2m > n and n odd,
Uo(x):= c (2.32)
——mm2 ) f(x)x — x/|*™ " "In|x — x'|dx’ if 2m >n and n even
Qm)"2 Jge
and
1 2 m—1 .,
ug (X): = ug(x) — pm—n/Z(x)W{;<ce—m— —In 2>Cm—n/2 + Cr-n2 }
(2.33)
Note that u, and ug are solutions of (1.7). Since
I;(x,t; 6)=0(1) ast— © (2.34)

uniformly with respect to x e K, as a slight modification of the proof of Lemma 5.2 in
[3] shows, we conclude from (2.23), (2.24), (2.30) and (2.31) that (1.8) and (1.9) hold
uniformly in K. By (2.22), we have ug = u, if fsatisfies (1.11). In this case (1.8) and (1.9)
reduce to (1.6).

Now we study the case 2m < n. Let K be an arbitrary compact subset of R". By
(2.10) and (2.12) we obtain

Lt 8)—»0 asd |0 (2.35)

uniformly with respect to (x,t)eK x [0, c0). Taking into account that
R;, f(x) = uy(x) as 7 | 0 for 2m < n with

I'(n/2 —m) j Sx)
Rr X

77:11/24m(m - l)' xrln—Zm

to(x):= dx’ (2m < m), (2.36)

we conclude from (2.27) that
I,(x; 0) = up(x) +0o(1) asél0 (2.37)

uniformly in K. Thus it follows by (2.34) that (1.6) holds uniformly in K, where u, is
given by (2.36). In particular, u, is a solution of (1.7). Thus we have verified the
following Theorem:

Theorem 2.1. Let ue C*™(R" x [0, o0)) be the unique solution of (2.1), (2.2). Then the
following statements hold:

1. If 2m < n, then (1.6) holds uniformly in every compact subset of R", and u, is given
by (2.36).

2. If 2m = n, then the asymptotic behaviour of u as t — o0 is given by the estimates
(1.8) and (1.9), which hold uniformly in every compact subset of R". If, in addition,
fsatisfies (1.11), then (1.6) holds uniformly in every compact subset of R"; in this case
u, is given by (2.32).
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3. The polyharmonic equation

3.1. An example

Assume that 2m > n and that fe C§(R") satisfies (1.11). Consider the solution u,, of
(1.7) given by (2.32). In order to find a condition that singles out u, among the
solutions of (1.7), we study first the special case m = n = 3. Since

Ix')? — 2x-x')3/2

Ix/?

332\ [IX]? = 2x-x' 1
=|x|3j§0(§ ><'5—'—lezﬂ> +0<m) as x| > oo, 3.1)

we obtain by (1.11) and (2.32)

x —x3 = le3<l +

Uo(x) = — < J J‘r(""){—g—[(x'x')Z —x-xX|x'|?] + (x-x’)3}dx,
RS

4./2n 2x| 2Ix|?
+ 0<i> as |x] » 0. (3.2)
x|

This formula shows that u, is unbounded as |x| - oo if for example one of the
integrals g f(x)x;*dx'(i = 1, 2, 3) does not vanish. In particular, we have

uy(x) = O(x]) asix|— . (3.3)

This asymptotic condition does not suffice for the unique characterization of uy, since
also u(x) = uy(x) + c-x + d with ceR3? deR is a further solution of (1.7) with the
property (3.3). In order to characterize u, uniquely, note that

r~

uy(x)dS, = O(R) as R- o,
JIx| =R

[ f(x) { f (x-X)? de}dx’ = f x2 dsxf fx)X|2dx =0
R I = R =R R®

by (1.11). Moreover, it can be shown in the same way that

P

since

uo(x)dS, = O(R) as R— oo for every x,e R>. (3.4)

JIx—x4| =R
Note that u(x) = uy(x) + ¢-x satisfies the asymptotic estimate in (3.4) for x, = 0. On
the other hand, u, is the only function of the form u(x) = uy(x) + ¢-x + d, that
satisfies (3.4) for every x,eR> In the following we prove that u, is uniquely
characterized by (1.7) and (3.4) in the general case.
3.2. The uniqueness proof

We prove:

Lemma 3.1. If ve C*™(R") satisfies
(—=APv=0 inR" ' (3.5)
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and
f v(x)dS, = 0o(R"™') as R— oo for every x,eR", (3.6)
[x —xol =

then v =0 in R".

Remark. In the case n = 1 the integral in (3.6) has to be understood in the sense
J v(x)dS, = v(xq + R) + v(x, — R). 3.7
fx — xq| =

Proof. Let x4, € R" be fixed and assume that R > 0. First we derive a representation of
Jx—xg=r 9(x)dS, for geC*[R"). We set B,:= {xeR" ¢<|x— X,/ <R} for
0 <& < R.In the case n > 3 we use A, (1/|x — xo|""?) = 0 for x # x, and conclude
from Green’s formula that

Ag(x) _ 1 og(x) 0 1
Lmdx - LBE {Ix —~Xo|""2 On g(x )anx Ix — x I"_z}dsx’

(3.8)

where n denotes the normal unit vector on B, pointing into the exterior of B,. Letting
¢} 0, we obtain by the theorem of Gauss

f A 4
|

X — X0l € R IX-—XOl" 2

1 0g(x) -~ ZJ'
=—— dS, + —— g(x)ds, — (n — 2)T,g(x
R 2.flx~x]—R on R ! % — xp} = * 0)
1 -2
= R—n_—ZJ\ Ag(x) dS R" Br=T1 J g(X) de — (n - 2)1",,g(xo)
X — x| <R Ix —xol =
3.9

(T',,: = surface measure of the unit sphere in R"), and hence
R R
f g(x)dS, =T, R" ' g(xq) — — {f Ag(x) dsx}dr
Ix — x4] = R n—2 r=0 X —xo]=r

Rn—l R 1
+- _2LOF_—Zle_xol_rAg(x)dsx}dr. (3.10)

This formula holds also in the case n = 1 with ', := 2. In fact, integrating by parts
twice, we obtain

J Ix — Xolg”(x) dx
BE

= R{g'(xo + R) —g'(xo — R)} — e{g'(xo + &) — g'xy — &)}
—g(xo + R) — glxo — R) + g(xo + &) + g(x — &)

= RJ‘xO gl'(x) dx — f g(x)de + 2g(x0) + 0(1) as ¢ lO, (3.11)

xo—R x —xg} =R

and from this and (3.7), (3.10) follows.
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In the case n = 2 we use A;In|x — x4| = 0 for x # x,. As above Green’s formula
and the theorem of Gauss yield

J In|x — x,|- Ag(x)dx
X — Xo| <R

1
= (In R)J Ag(x)dx — i_f g(x)dS, + ILg(x,), (3.12)
X — x| <R [x — x| =R
and therefore

R
J‘! | Rg(x) dS, = I',Rg(xy) + RIn RJ {j Ag(x) de}dr
X — Xo| = X —Xol =1

=0

~R j i (in7) U Ag(x)dS, }dr. (.13)
r=0 X —Xol =71

Now we set g:= A" *v and compute fj, _, |- g A" “v(x)dS,. Taking into account
that v satisfies (3.5), we have for k = 1 by (3.10) and (3.13), respectively,

f A" 1p(x)dS, = T,R" A" 1 p(x,).
[x — %ol =R
If n # 2, then we obtain by (3.10) and induction with respect to k
k—1
J A" *p(x)dS, = T,R" A" *u(xo) + Y, ¢ ;(mA™ ¥ u(xo)R*™1H2 (3.14)
Ix — x4l =R i=1

with suitable constants c,;(n)e R\{0}. If n = 2, then (3.13) and induction yield also
(3.14), since

R . R ) Rj+2
RInR r’dr — R nrridr=—= (j=0,1,..)).
( )J.r—-O jr=0 ) (J + 1)2 /
Thus we have in R” (with arbitrary ne N)
m—1
f v(x)dS, = T,R" " *0(Xo) + Y, Cp; (WA D(Xo)R"™1 2 (3.15)
fx —xo! = R ji=1

for every solution ve C?™(R") of (3.5). This and (3.6) imply v(x,) = 0, which proves
Lemma 3.1.

3.3. The existence of the solution
Lemma 3.1 implies that the problem

(—A"u=f in R, }

_ (3.16)
J u(x)dS, = o(R""') as R— oo for every x,eR"
[x — xol = R

admits at most one solution ue C*™(R"). If 2m < n, then the function u, defined by
(2.36) is the solution of (3.16). In fact, under the assumption fe C{(R") we have
u e C*™(R"),

ug(x) = 0<'1;,) as x| » oo (3.17)
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A)"u, = fin R", which follows from
_ I'(n2-1) Jx)
_ m—1 = ’
( A) uO(x) 477.'"/2 JR" IX _ x/|n—2 dx’.

In the following we suppose that 2m > n and that fe C}{(R"} satisfies (1.11) and
therefore (1.10). It is our aim to prove that the function u, given by (2.32) is the
solution of (3.16). As above we have u,e C>™(R") and ( — A)"u,

= fin R" Hence it
suffices to verify the infinity condition in (3.16). For the sake of simplicity, we set

7
m—1

—————=— if nis odd
42 n/2 -1 ’
D(n, m): = C( & (3.18)
- (2';,:'/22 if n is even.

f) =

First we study the case n = 1. Let x,e R be fixed. We choose an a > 0 such that
0 for |x| > a. For R > max{a

oo + R) = D(I, m)z"'zl (2

j=

Xg, @ + X4} We obtain from (2.32)
-1 ame1-i | , N
(£ D/RTTI0E f(x)(xe — x7) dx

j up(x)dS, = ug(xg + R) + up(xy — R)
Jx = xp| =R

and

=2D(1, m) mf (2'"2— 1>R2"“1'2" f ’ S (xo — x)H dx.
i=0 —a

(3.19)
This implies by (1.10)
j uo(x) dS, =0 for R>max{a— x,, a+ Xq}. (3.20)
Ix — xo| =
Hence u, is the solution of (3.16).

Now we study the case n = 3, n odd. By (2. 32) and (3.18) we have with z: = x — x,

J u,(x)dS, = D(n, m)f f(x’){f lz —(x' — xo)fz'”‘"dsz}dx’ (3.21)
X —xo| = R R" 2l =R

We use the expansion

z/ 2 2Z‘Z, (2m—n)/2
|Z _ z/|2m-n — |zl2m—n<1 + l l )

2Zm—n 2j o —2z.7 2j-1 1
lz—z |2m—n = Z Z djl|z|2m n l‘z/|l< y > + 0( ) (3.22)
j=0 1=j |z|

|z|?
5T o)
— z2m—-n . ey o= + ol —
2 < j PR i
()R EE) T GE) oG)
— z2m—n . - ; + 0
S ( i )EWNE) T B
as |z] —» oo. Substituting /:=j + k in the inner sum, we obtain

PIA 2|
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as [z - oo withd; = d;(n, m):= <m - 2) <l J ) Inserting (3.22) into (3.21), we have

J
J‘ “O(X) de
[x —xof =R

2m—-n 2j
=D(n,m) Y Y. dj,Rz"“””’j fX)x — x,!
j=0 I=j R
_ Ay — 2j~1
x “ (——zﬂ’-‘——x—")> dSz}dx’ + O(R™Y) (323)
=R\ 12X — Xl
as R —» oo. Note that the inner integral does not depend on x":
—2z-(x' — x4\ ! , -
ST E—— ds, =a(j,LmR""", (3.24)
H=r\ [ZX — X
with
a(j, Ln):= j (—2z,)%7ds,. (3.25)
I =1

Thus we obtain

j (%) dS,
ix — Xl =R

2m—-n 2j

=D(mm) 3 Y dya(j], n)RZ"'_l_’f fE)x — X' dx’
Rﬂ

j=0 1=j
+ O(R""?) asR- w. (3.26)
Note that it suffices to restrict the inner summation in (3.26) to even indices [ with
I < 2m — n,since a( j, I, n) = O for odd I by (3.25)and R*™" !~ = O(R"" %) as R » o if

[22m—-n+ 1. We substitute k:=1/2 in (3.26) and change the order of the
summations. Taking into account that #n is odd, we conclude that

m—(n+1)/2

j uy(x)dS, = D(n, m) Z B.(n, m)R2m~ 12k
Jx — x| =R k=0

X j fx)x — x41%*dx’ + O(R""?) as R— o, (3.27
R"

with

2k 2k _ .
B m):= Y. d; sl 2k, m) = Z('" ."/2><2k’ >a(j, dom.  (328)

j=k =k J —J

Since we have assumed that f satisfies (1.10) it follows from (3.27) that
J‘ uy(x)dS, = O(R*"%) as R— o0. (3.29)
Ix —xol =R

This shows that u, is the solution of (3.16) if n > 3, n odd.
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Finally we assume that n is ¢ven. By (2.32) and (3.18) we have with z:=x — x,

J uy(x)dS,
[x — %ol =R

= D(n, m)J f(x’){‘[ 1z — (X' — xo)| > "Injz — (x' — x,)| dSz}dx’. (3.30)
R" lzl = R

It holds that

1 z—17?
iz—z|* "Injz—2|=(nlz))lz — 7" "+ 2|z — z’|2"'“"ln' . l
2 z]
and 2m 2 2 j
N 2m—n men o {m—n z'|* —2z-7' |/
) ( j /><' 7 )
with o n

(m —‘n/2)2=0 forjzm-—n/2+ 1.
J

A Taylor expansion yields

lz—z|?
[2]?

_ |2'|? — 2z.2' \" "2 [Z|? —2z-7
_ 2m—n
= 2] (1 + i In{ 1+ T

2m-—n 2 N\ j
m—n |z'\* — 2z -7' \/ 1
= |z)? 2 C,( | 7 _.> + O<_|Z| as |z} - o

j=0

|z —Z)*>™ "In

with suitable real constants c;. Thus we have

lz— 21> "Injz — Z|

2m—n . . n2 o' \J
— [z ;0 {('" j"/2)1n|z|+%}<'1'—l—zlzﬁi> +o<é> (3.31)

as |z| - oo. By the argument leading to (3.22) it follows that

lz—z)* "Injz — 7|

TS d,l d amen—tpi = 22T\ 1
= ];0 l;j{ In |z| + dj } |z |z'{ ( ] ) + O(M) (3.32)

as |z| » oo, where

T
i 2<l—j)'

Inserting (3.32) into (3.30), we obtain by (3.24)

2m—n 2j
f uo(x)dS, = D(n,m) ¥ Y {d InR + d},}a(j, I, n)R¥m =171
jx — x4l =R

j=0 1=j

X j FX)X = xo)'dx’ + O(R"™%) as R— 0. (3.33)
-
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As in (3.26) it suffices to restrict the inner summation in (3.33) to even indices ! with
1 < 2m — n. Setting k:= I/2 and changing the order of the summations we conclude
that

m-—n/2
j uy(x)dS, = D(n, m) Z/ (Bo(n, m) In R + Bifn, m)} R2m~1-2%
Jx —xol =R

k=0
x J FIX)X — Xo|2%dx’ + O(R""2) as R— 0. (3.34)
-
with
2k
Biln,m):= Y d sa(j, 2k, n). (3.35)
j=k

From (3.34) and (1.10) it follows (3.29). Therefore the function u, is the solution of
(3.16) in the case of even n. Hence we have proved:

Theorem 3.1 Let fe Cy(R"). Furthermore assume that 2m < n or that 2m 2 n and
f satisfies (1.11). Then problem (3.16) has a unique solution ue C*™(R"), which is given
by (2.32).

3.4. An alternative theorem

In the case 2m < n, problem (3.16) has a solution for every feC3(R") by
Theorem 3.1. In the case 2m = n we prove the following alternative:

Theorem 3.2. Assume that 2m = n and that fe C3(R"). Then:

1. If f satisfies (1.11), then problem (3.16) has a uniquely determined solution
ue C*"(R").
2. If (1.11) is not valid, then (3.16) has no solution ue C*™(R").

Proof. 1t suffices to prove part 2 of the theorem, since part 1 is contained in Theorem
3.1. We suppose that 2m > n and that u e C*™(R") is a solution of (3.16). We show that
[ satisfies (1.11).

We set v:= u — u,, where u, is given by (2.32). Let x, € R" be fixed. Note that (3.15)
holds, since v is a solution of the homogenous equation (3.5). We combine (3.15) with
(3.19) in the case n=1, with (3.27) in the case n=3, n odd and
with (3.34) in the case of even n. Then we obtain for odd n

j u(x)ds, = j {u(x) + up(x)} dS,
[x — x| =R X —Xg| =R
m-1 m—(n+1)/2
— ,ykRn—1+2k + Z ,y’/‘RZm—l—Zk + O(Rn—Z) (336)
k=0 k=0

and for even n

m—1 m—n/2
J u(x)dS, = Y yyR" ¥4 Y pi(nR)R™IH 4 O(R"2)
fx —xoi =R k=0 k=0
(3.37

as R — o0 ; here the constants y, € R depend on v and y; € R depend on v and f; since
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the first sum in (3.37) contains a part of the sum in (3.34). Furthermore,

vk = D(n, m)B,(n, m)f fX)x —x|*dx’ for0<k < [m — g] (3.38)
-
with B, (n, m) defined by (3.28) if n > 2 and by
2m —1
/ik(l,m):=2< m2k ) O<k<m—1) (3.39)

(compare (3.19)).

Note that in (3.36) the exponents n — 1 + 2k in the first sum are even and that the
exponents 2m — 1 — 2k in the second sum are odd. Since u is supposed to satisfy the
asymptotic condition in (3.16) and since 2m > n, it follows from (3.36) and (3.37),
respectively, that y, = y;, = 0if nis odd and y} = y; = 0if nis even. Since D(n, m) # 0
for every n,meN by (3.18), (2.9) and (2.29), we have to show that 8, (n, m) # 0 for
0<k<[m—(n/2)]. Then (3.38) and y; =0 for 0 <k < [m — (»/2)] imply that
[ satisfies (1.10) and therefore (1.11),

If n = 1, we have f,(n, m) # O by (3.39). In the case n > 2 we consider (3.28). Note
that by (3.25)

. - i 2T —k+1)
a(j, 2k, n) = (—2z)H72k(ds, =22~ 2+1ge-2 22— 27 (340
(Jj ) J‘m:l 1) T—k+d (3.40)
We set
- e LU —k+3) (m—n/2 J
O.(k,n,m):= g V2p2i=2k+1 20— 27 341
iz ro—k+n\ ok 4D
) m—n/2 e . .
with j =0ifnisevenandj=zm+1—n/2).
Then we have by (3.28) and (3.40)
2k
Bu(n,m) =3 5,(k, n, m). (3.42)
j=k

It holds that

m+1-13 m—13
5j+1(k + 1, n,m-+ 1) =_I(T{5J(k’ n, m) + ——n—éj_l(k,n + 2, m)}
for k +1<j<2kand
m+1-—-%
6 k 1 s =+ sy Ty s
i k+Lnm+ 1) P O, (k, n, m)
m+1—-5m-3%
Omprrk + Lmym+ 1) =T+—1—2~?—252k(k,n + 2, m).
Hence it follows that
m+1-—3% m—%
.Bk+1(n’m+1)=‘T_}Tz‘{ﬁk(n:m)+ - 2ﬁk(n+2’m)}- (3.43)
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Taking into account that

nf2

Bo(n, m) = ( ) (3.44)
for n,me N, we obtain by induction
™ m-1) [(m-—n_2
Biln, m) = ey m— k= 1)!( , )0 (3.45)

for 0 < k < [m — (n/2)] (n = 2). This concludes the proof of Theorem 3.2.

4. Remarks

1. Assume that fe C§(R"). Then the problems (2.1), (2.2) and (3.16) are related: the
solution u(x, t) of (2.1), (2.2) converges to a limit uy(x) as t — oo if and only if
(3.16) has a solution. In this case the limit u, is the unique solution of (3.16).

2. The alternative Theorem 3.2 says that (3.16) has a solution if and only if
fe C§(R™) is orthogonal to the polynomial solutions of ( — A)™v = f in R" given by

Pu(X):= X|2x* with jeN,, ae N3, j + o] < [m - g] (4.1)
If 2m < n, then the set of the polynomials (4.1) is empty in agreement with the
fact that problem (3.16) has a unique solution for every fe C§(R") in this case. If
m = 1 and n < 2, then p(x) = 1 is the only polynomial of the form (4.1). Thus the
polynomials (4.1) can be considered as a generalization of the standing wave 1,
introduced by Morgenrother and Werner [5] in the special case m = 1, to
equations of arbitrary order 2m. The polynomials (4.1) occur in the resonance
terms in (1.8) and (1.9), since

jRnf(X')lx —x}¥dx = . Y ]'—Z"TJ‘ ] FE)X)P (= 2x-x' x| dx’

jt+k+l=g

= X J,k,,, 2 | JOOPu(x)dX pu(x)

jtk+i=s Jaf =k
s=0,1,..., [m —g] c,eR). 42)

3. From Lemma 3.1 it follows that the problem
(—A"u=f in R", }

4.3)
u(x) =o(1) as |x|—> o

has at most one solution. In the case m =1 this result 1s a well known
consequence of the maximum principle. Note that the maximum principle does
not hold in the case m > 1, as the solution p(x) = — |x|? of (— A)"p = 0 shows.

If 2m < n, then problem (4.3) has a solution, which is given by (2.36). In the
case 2m = n, (4.3) has a solution if and only if fe C§(R") satisfies (g f(x)dx' = 0.
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This follows from (2.32), the asymptotic estimate

f f(x) Infx — x| dx’ = In|x] j fx)dx’ + 0(i> as |x| —» o 4.4
R R Ix]|

and the second part of Theorem 3.2. If 2m > n, then (4.3) may have no solution,
even if f satisfies (1.11), as the example at the beginning of Section 3 shows.
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