
J Geophys (1983) 52:22-33 

Inductive Coupling Between Idealized Conductors 
and Its Significance for the Geomagnetic Coast Effect 
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Abstract. A problem of current interest is the inductive 
coupling between an ocean, a solid earth conductor 
and a conductosphere. The anomaly of this configu
ration is modelled by (i) the inductive response of a 
system consisting of two thin half planes and an under
lying thin whole plane and (ii) the superposition of the 
responses of two related systems, each consisting of 
only one of the two half plane and the whole plane. The 
configuration is two-dimensional, and the planes are 
perfectly conducting. These two assumptions allow the 
derivation of rigorous solutions for the induced mag
netic fields by conformal mapping methods. A compar
ison between the anomalies (i) and (ii) permits the 
determination of the degree of inductive coupling be
tween the idealized conductors. This establishes a refer
ence for estimating the inductive coupling between 
more realistic conductors and may therefore assist in 
the interpretation of complicated magnetic variation 
anomalies in coastal regions. Our substitute configu
rations can also be used directly for the rapid model
ling of the inductive response of the earth in the vicinity 
of coastlines. This is demonstrated by analyzing some 
field data from the recent literature. 

Key words: Electromagnetic induction - Inductive 
coupling _. Geomagnetic coast effect - Conformal 
mapping 

Introduction 

The behaviour of the geomagnetic variation vector in 
the vicinity of coastlines is characterized by the fact 
that it is closely confined to a certain plane. which has 
been called the preferred plane. This plane often strikes 
approximately parallel to the continental margin, and 
its orientation is nearly Independent of the polarization 
and frequency characteristics of the inducing field. The 
whole phenomenon has been coined the geomagnetic 
coast effect and was first described by Parkinson (1959). 
Clearly, this effect is related to the sharp conductivity 
contrast between sea-water and adjacent rocks. Howev
er, there is evidence for the interference by other con
ductivity anomalies in coastal regions. These have some
times been correlated with temperature anomalies in 
the upper mantle along recent subduction zones due to 
a cold, descending lithospheric slab or partial melting 

(Schmucker et aI., 1966; Greenhouse et aI., 1973; Hon
kura, 1978). In other cases they are believed to be 
signatures of mineralogical or petrological changes in 
the lower crust, such as hydrous minerals or ancient 
plate boundaries (Hyndman and Hyndman. 1968; Ed
wards and Greenhouse, 1975). 

The exact determination of the inductive response 
of a real (three-dimensional) ocean is a difficult task. 
Reliable solutions may be obtained from scale model 
experiments (Dosso. 1973). Alternatively. analytical or 
numerical solutions can be used. such as for three
dimensional induction in a thin layer of finite con
ductivity. overlying a homogeneous or layered half 
space (Vasseur and WeideIt. 1977; Dawson and Wea
ver, 1979). This raises the question as to how to "de
duct" the response of the model ocean from the ac
tually observed coastal anomaly in a realistic manner. 
Such a reduction is necessary, if an interpretation of 
the observed anomaly in terms of the conductivity 
structure of the lower crust or upper mantle alone is 
required. An obvious way to allow for the Influence of 
the ocean is to subtract its anomaly. But this simple 
procedure neglects any inductive coupling existing even 
between insulated conductors. which may be signifi
cant. This has already been emphasized by Price (1964) 
and Rikitake (1966). 

To shed some light on this problem, two deli
berately simple classes of models (in the following de
noted as cases A and B). which are nevertheless charac
teristic for actual conductivity structures near coast
lines. are considered here. They involve only perfectl) 
conducting half and whole planes of two-dimensional 
configuration. It is shown that the extent of inductive 
coupling is different for the two cases. which leads us to 
distinguish between what we call an additive case A 
and a coupled case B. These ideal configurations can 
serve as useful standards. as they establish an upper li
mit on the inductive coupling to be expected for more 
realistic models. 

Application of Conformal Mapping 
to Electromagnetic Induction 

Conformal mapping methods have been applied to 
problems of geomagnetic induction by Schmucker 
(1964; 1970a). Greenhouse et al. (1973). Weidelt (1981) 
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Fig. 1. Co-ordinate system used: s designates the directIOn 
tangential to strike, whereas x and y designate the horizontal 
and vertical directions, respectively, in a plane normal to 
strike (a\so see text) 

and others. The mathematical principles are given in 
Morse and Feshbach (1953) and Koppenfels and Stall
mann (1959). For our purposes, we adopt the following 
assumptions. 

(i) The geometry of the induction problem is t\\'o
dimensional, i.e. an arbitrary function f of the Car
tesian space co-ordinates, can be written as f=f(x, .1') 
(Fig. 1). 

(ii) The E polarization case applies (Fig. I). 
(iii) The conductors are perfect, and the non-con

ducting region of the (x, y) plane is a simply connected 
domain. 

Since the interior of the perfect conductors is as
sumed to be source-free, the boundary conditions at 
any interfaces between perfectly conducting and non
conducting regions are 

e.·B=O, 

e.xH=K, 

(II 

(2) 

where K is the surface current density and H the mag
netic field, with B=JloH as the magnetic mduction. e. 
designates the unit vector normal to the interface. As 
displacement currents are neglected. we can write the 
magnetic induction in terms of a vector or scalar po
tential, respectively 

B=Vxl\l, 

B=V¢. 

(3) 

(4) 

But since we consider E polanzation. \\e have 1\I=t/lc.,. 
Here e. denotes the unit vector in the strike direction 
(Fig. I). t/I = 11\11 is a magnetic stream function. Consider
ing the component forms of Eqs. (3) and (4). it can also 
be shown that c/>(x, y) and t/I(x, .1') satisfy the Cauch)
Riemann conditions and are therefore harmonic func
tions. As this opens the possibility of usmg conformal 
mapping methods, we introduce complex quantities 
and define an analytical magnetic potential by 

Q(.::)=Q(x+ iy)=c/>(x.y)+ it/l(x, .1'). (5) 

But as dQid.::=l"c/>l"x+i('t/llx. the analytic magnetic 
field is then given by 

(6) 
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where the component forms of Eqs. (3) and (4) have 
been used. The concept of solving two-dimensional 
boundary-value problems of potential theory by confor
mal mapping can now be stated as follows. As a start, 
a trivial boundary-value problem is formulated in a 
complex auxiliary plane, the 1\' plane. This auxiliary 
plane is then "deformed" as necessary, such that the 
solution of the actual boundary-value problem in the 
complex .:: plane is obtained. Mathematically, this 
transformation is represented by a conformal mapping 
w(z), where w=lI+ir and .::=x+ir. If Q(w) is the so
lution for the potential in the 1\" plane. the required 
solution in the .:: plane can then be wntten as Q(=) 
=Q(IV(:», where w(:) must be known. That Q(:) in fact 
constitutes the solution for the actual boundary-value 
problem can be proven if the mathematical properties 
of the functions Q(I\') and \\'(.::) arc exploited. 

Solutions for some Perfectly 
Conducting Thin Sheet Configurations 

Sigll!ficallce of Perfect COlldllctors 

In this section, some induction problems arc formu
lated in terms of perfectly conductmg half and whole 
planes in a non-conducting environment. In view of the 
conductivity distribution of the real earth. this is ob
viously a highly idealized model. However, there arc 
important facts that justify this choi.;e. 

For electromagnetic mduction phenomena. a distri
bution of perfectly conducting and non-conducting re
gions constitutes the inductive limit, i.e. inductive ef
fects completely dominate resistive effects. Since we arc 
going to estimate the degree of electromagnetic in
teraction between galvanically insulated conductors. a 
distribution of perfect conductors IS a useful limit to 
consider. 

On the other hand. a particular geophysical in
terpretation can be attached to our induclIon problem. 
It is the situation in \\ hich a laterally discontmuous 
solid earth conductor is adjacent to an ocean and both 
arc underlain by a highly conductmg region at some 
depth. Even though there is e\ idencc for such situations 
in several coastal rcgions (e.g. Bailey et al.. 1974; Ed
wards and Greenhouse. 1975). no svstcmatlc mvcstl
gation of the e1ectromagnctic mtcractlOn bctween "uch 
conductors has becn attempted so far Lmes ct al. 
(1973) solved a related problem numencally. but thc 
emphaSIS was on the detectabilIty of an anomalous 
upper mantle beneath an ocean. Their formulation of 
the coupling problem \\as not rigorous. and only a 
special and complIcatcd model \\as examincd. For 10-

\estigating inductl\c coupling. ~Imple but vcrsatlle 
combmations of thin sheets are more promlsmg. be
cause the number of free parameters remams "mall If 
only the induclIve lImit IS considered. \\C thus ha\ e 
distributions of perfectly conductmg half and \\ hole 
planes. \\ hlch arc discussed here. 

H(H\ever. the representatIOn of real conductors b) 
Ideal models of thiS kmd has ~ome notable ImplI
cations. If. for example. a perfectly conduct 109 half 
plane IS considered. the conductor it replace~ mu~t be 
thick relative to Its own skin depth. but al,o thm rel
ati\e to the skin depth of It~ host. Accordmg to BaIley 
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(1977), for oceans and earth conductors of a regional 
scale, there is no frequency such that this condition 
applies strictly. On the other hand, if we confine our
selves to the interpretation of the in-phase part of the 
observed response, we are led to the concept of perfect 
substitute conductors. The general relation between a 
distribution of perfect substitute conductors and the 
corresponding imperfect conductivity distribution of 
the real earth cannot be expressed in simple terms. But 
considering results obtained for a layered earth 
(Schmucker, 1970b; Weidelt, 1972), the top interface 
of a perfectly conducting substitute region ought to 
mark approximately the mean depth of the induced 
in-phase currents in the real earth. 

I w PLANE I 

I Z PLANE I 

Fig. 2. Schwarz-Christoffel transformation (also see text) 

COllstructioll of COllform,,1 Mappillgs 

We consider some elementary two-dimensional con
figurations which involve only parallel and perfectly 
conducting half and whole planes. To derive the so
lutions for these configurations. conformal mapping 
theory is applied using the Schwarz-Christoffel transfor
mation. An alternative approach based on the Cauchy 
integral formula has been outlined by Wolf (I982a). 

The Schwarz-Christoffel transformation (Morse and 
Feshbach. 1953: Koppenfels and Stall mann. 1959) de
scribes the mapping of the upper half of the I\" plane 
onto the interIor of an arbitrary polygon of the: plane. 
FIgure 2 illustrates the situation for a pol~ gon \\ tth five 
vertices. In general we have :~ = =(u~), where 
JI = I .... , m. for the co-ordinates of the vertices. 

Here the surfaces of all (two-dimensional) conduc
tors arc assumed to coincide WIth the contours of in-
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Fig. 3. Conductor configurations (degenerate polygons) for 
case A. Three distinct combinations of one or Iwo conducting 
half planes and one eonductmg whole plane are possible 
(conductors are hatched): Model A.L.I: Half plane I (x< 
-L/2, y=h.) and whole plane (y=O). Model A.R.2: Half 
plane 2 (x> +L/2, y=h2 ) and whole plane (y=O). Model 
A.L.I/R.2: Half plane I (x< -L/2. y=h.), half plane 2 (x> 
+L/2, y=h 2) and whole plane (y=O) 
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Fig. 4. Ordinary polygons corresponding to the three degen
erate cases of Fig. 3. Three distinct polygons are shown: 
Model A.L.I: Vertices at z., =2' Z3' z~. Z7' Model A.R.2: 
Vertices at Z'3' Z4' Zs. Z,,' =,. Model A.L.I;R.2: Vertices at =,_ 
=2' =3' =4' zs' Zb' Zi 

tegration in the IV or = planes (see the hatching in Figs. 
2-6, especially the cross-sections of perfectly conducting 
half and whole planes in Figs. 3 and 5). In particular. 
we consider two basic cases. which are designated as 
case A (Figs. 3 and 4) and case B (Figs. 5 and 6). In 
this section. the transformation formulae :(1\") for the 
different models included in cases A and B are sum
marized. The origin and orientation of the co-ordinate 
system adopted is evident from Figs. 3-6. which also 
show the meaning of the geometrical parameters II I' "2 
and L appearing in the formulae. More details on the 
mathematical aspects can be found in Wolf (1982a). 

Case A comprises the models of three distinct po
lygons. certain parts of which are congruent. If the 
vertices approach infinity as indicated in Fig. 4. three 
corresponding degenerate polygons (combinations of 
half and whole planes) result (Fig. 3). 
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Fig. 5. Conductor configurations (degenerate polygons) for 
case B. Three distinct combinatIOns of one or two conducting 
half planes and one conducting whole plane arc possible 
(conductors are hatched): Model B.L.I: Half plane I (x < 
-Lj2, y=h l ) and whole plane (y=O). Model B.L.2: Half 
plane 2 (x< + Lj2, y=h2) and whole plane (y=O). Model 
B.L.I/L.2: Half plane I (x< -L/2, .\"="1)' half plane 2 (x< 
+L/2, )'="2) and whole plane (y=O) 
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Fig. 6. Ordinary polygons corresponding to the three degen
erate cases of Fig. 5. Three distinct polygons are shown: 
Model B.L.I: Vertlccs at =1' =2' =~. =h' =7' Model B L.2: 
Verticcs at z~. Z4, =5' =h' =0' Model B.L.I L2: Vertices at =1' 

=2' Z3' Z4' ZS, Z6' =7 

Model A.L.l: Half plane I has its edge at :2=-L2 
+ill l and extends towards X= - x (L="left"). The 
whole plane IS at y = O. The transformatIOn formula is 

:(w)=I\'+a+~ In(w+a)-In~+ I -'-. II [ III] L 
n: n: 2 

(7) 

Parameter a is defined by :3 = :(11 3 ) =:( - a), where 113 

is arbitrary. This model has been considered by 
Schmucker (1970a) in his attempt to explain the 
Californian coastal anomaly. 

Model A.R.2: Half plane 2 has its edge at :5 = + L 2 
+ih2 and extends towards X= + x (R="nght"). The 
whole plane is at y=O. The transformatIOn formula IS 

112 [ 112] L =(\\,)=\\,-a--- In(l\'-a)-ln ~ + I -in: +-. 
n: n: 2 
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Parameter a is defined by =4 = =(114 ) = z(a), and 114 may 
be chosen at will. 

Model A.L.I, R.2: Half planes I and 2 and the whole 
plane are located as before. Now we have the transfor
mation 

II II'+a 
:(II")=I\'+-'In . 

n: 1 211 1 {/ n: 

_112 In _),"--a +hl-~12 +ih,. 
n: 1/ 211 2{/!n: 2n: 

(9) 

Here parameter a is not arbitrary but impitcltly given 
by 

[11k;" + (a _ II_I_~ !I~)] 2 
h III 2n: L=21 /.; +~In----~------ --~-----

1 n: 211 1 a'n: 

112 [11k;" + (a + ~2~h2 ) r 
+~ In - ------ , 

n: 2112 £lin: 
(10) 

(III -112)2 (III +1I 2)a 2 
where /.; =-----+-~ -----+a . It is related to 113 

I 4n: 2 n: 
and 114 by :3 = :(11 3 ) =:( - a) and =4 = :(114 ) = :(a). The 
special symmetrical configuration III =112 of this model 
has already been discussed by Schmucker (1964, 1970a) 
with reference to the anomaly caused by a (two-dimen
sional) island structure. The responses of models A.L.I 
and AR.2 can be superimposed and compared with the 
response of model A.L.I/R.2. 

Case B also consists of three distinct polygons, cer
tain parts of which arc congruent. Referring to figs. 5 
and 6, we distinguish the following models. 

Model B.L.I: Half plane I has its edge at := -L 2 
+illl and extends towards X= - J_ (L="left''). The 
\\hole plane is at y=O. This model IS Identical \\ith 
model A.L.I and Eq. (7) represents the proper transfor
mation. But now parameter a is defined by :'5 = :(11'5) 
=:( - a), where II~ IS arbitrary. 

Model B.L.2: Half plane 2 has Its edge at ::4 = + L 2 
+ill, and extends to\\ards X= - f_ (L="lcft"). The 
\\hofe plane is at y=O. Thl~ model I~ closely related to 
models A.L.I and B.L I. The tran~formation formula I~ 

:(I\')=I\'-a+· In(l\'-a)-ln -+1 + . II, [ II,] L 
n: n: 2 

(\ I) 

Parameter a is agam arbitrary and related to II, by ::, 
=:(I1,)=:(a). 

~odel B.L.I L.2: Half planes I and 2 and the \\hole 
plane arc located as before. We Inl\e the transfor
mation formula 

II - II, 1\'+£1 
::(1\')=\\ + I • In 

n: l 2(/1 1 - II 2) a n: 

II, II' - £I II I 
+--·In. + 

n: l 2112 an: 2n: 
(12) 
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Parameter a is not arbitrary but given by 

(13) 

. h k _[hZ+(IJI-IJzW [h 2 -(IJ I -h 2)]a 2 Th 
Wit z = 4 2 +a . e 

1t 1t 

interrelation between a, u3 and Us is evident from a 
consideration of Z3 =Z(1I 3)=Z( -a) and Zs =z(lIs)=z(a). 
Eqs. (7), (11) and (12) allow us again to compare the 
sum of the responses of models B.L.l and B.L.2 with 
the response of model B.L.l/L.2. 

[Ilversiolls oj M appillgs alld SollltiollS 
jor Maglletic Potelltilll 

As was emphasized above, the problem of obtaining 
solutions for the models of cases A and B reduces to 
deriving the solutions Q(w) for the boundary-value 
problem in the II' plane and obtain the transformations 
11'(:). The corresponding inverse functions :(11') for the 
various models have been presented above. Thus. if 
Q(w) is known, it remains to calculate 11'(:) from z(w). 

I n the \1' plane we assumed a perfectly conducting 
whole plane at t' =0 (see Fig. 2). A simple solution for 
this configuration is a potential that yields a homo
geneous magnetic field of unit strength in the II direc
tion. Thus 

Q( \1') = II', 

B(II') = I. 

Transformation to the: plane yields 

Q(;)=II'(;), 

dw 
B(;)= .,--. 

( : 

(14) 

(15) 

(16) 

(17) 

If we consider the different mappings ;(w), we realize 
that, for :-+ x. we again have a homogeneous and 
horizontal field of unit strength. Our different con
ductor configurations in the; plane are therefore sub
ject to a uniform inducing field. This is the magnetic 
source field most widely assumed. A discussion of the 
limitations of this assumption has been given by several 
authors, e.g. Price (1964). 

However. to obtain solutions Q(;) or B(;) at any 
point in the :: plane. our solutions ;(1\') must be in
verted numericallv. Here we have used the Newton
Raphson iteration scheme. This algorithm has also 
been employed to calculate parameter 1I by inverting 
Eqs. (10) and (13). With 1\'(:) thus determined, we can 
then calculate Q(;) and B(;) according to Eqs. (16) and 
(17). But due to Eqs. (5) and (6). the quantities 4>. t/J. B,. 
B,. are also determtned. and we can consider various 
transfer functions as necessary. 

Inductive Coupling Between Ocean, 
Earth Conductor and Conductosphere 

Gelleral Remarks 

Now we present some results for the models described 
above. To facilitate our discussion, a common normal
ization of the magnetic field components is adopt
ed. We define as ~orma~ the field at a point far away 
from the lateral dlsconttnUlty, where the conductivity 
structure is effectively one-dimensional. 

The following decompositions of the total field 
components can then be performed (Schmucker, 1964; 
1970a). 

Bx = Bxn + Bxa , 

By=Byn+By •. 

(18) 

(19) 

Here Byn =0, because the source fields are uniform. 
Due to the linearity of the Maxwell equations and In 
the limit of perfect conductivity we can then write in 
terms of two quantities, Sxx and Sp;, 

B ... (t) = S xx Bxn(t), 

B) .• (t) = S)'x Bxn(t). 

(20) 

(21) 

Sxx and Syx are the (real) horizontal and vertical 
Schmucker transfer functions, respectively. Other re
sponse parameters, such as the Parkinson transfer func
tion, i.e. B/Bx' could also be used. But for our purposes, 
the Schmucker transfer functions are more useful, as their 
common normalization gives a true representation of 
the degree of the inductive couphng. The interrelation 
between several real transfer functions (induction vec
tors) has recently been discussed by Wolf (l982b). 

All lengths are normalized relative to the separation 
Itl between half plane I and the whole plane. and the 
inductive response for several values of the ratios h 2 It I 
and Lilt I is investigated. However, to gain some baSIC 
insight first, the normalized field distribution for two 
characteristic configurations of models A.L.II R.2 and 
B.L.1/L.2 are shown in Figs. 7 and 8, respectively. The 
forcing of the field vectors about the edges of the half 
planes is very conspicuous. This behaviour is related to 
the fact that the magnetic field must be tangential to 
the surfaces of the perfect conductors. The screening 
effect of the half planes is also displayed. but some 
magnetic flux "leaks" into the region between the half 
planes and the whole plane. 

When interpreting our results below. emphasis IS 
placed on the inductive coupling between the conduc
tors. More specifically, we compare the sum of the 
responses of two models. cach one involving only one 
half plane parallel to a whole plane, with the response 
of the corresponding complete model consisting of both 
half planes and the whole plane. Theoretically. the lat
ter response is not identical to the sum of the t\\O 
individual responses, because of a redistribution of the 
current systems in all three conductors due to their 
Interaction. 

To give our results some geophysical relevance. \\e 
let half plane I represent an ocean and half plane 2 a 
laterally discontinuous earth conductor. The underl) ing 
whole plane is associated with the conductors ph ere. I.e. 
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Fig. 7. Distribution of magnetic field vectors for model 
A.L.I/R.2 (LIIl. =2.0, 1l2/1l. =0.5). No vector has been plotted 
at the edge of the sheet, where the field is singular 
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Fig, 8. Distribution of magnetic field \ectors for model 
B.L.I,L2 (L,Il. =2.0, "2 ". =0,5), No vector has been plotted 
at the edge of the sheet. where the field IS smgular 
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with the depth range of the sharp downward increase 
of conductivity. for the particular frequency bemg con
sidered. We have calculated the Schmucker transfer 
functions along a horizontal profile close to the le\oel of 
the ocean. The separation h3 bet\\een this profile and 

10 20 30 40 

Figs.9a-d. 7/,{, Schmucker 
\ erllcal transfer functIOns for 
model A L.I (dashed). model 
A R 2 (dot-dashed) and model 
A.L I R,2 (~olld) Ce/ller As top 
but for Schmucker honwntal 
tran~fer functlon~ 8m/om 
Correspondmg conductor 
configurat\(ln~ (o,olld) and 
positIOn of mea~unng profile 
(dotted) For further explanations 
see text 

the conducto~phere has a 1\\ ay~ been chosen to be 
105"" of the separatton hi bet\\een the ocean and the 
conductosphere (hI hi = 1(5). Although thts chOice 
may appear arbitrary. it takes mto account the fact that 
the centre of the (m-phase) current distributIOn must be 
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Figs. lOa-d. Top' Sum of 
Schmucker vertical transfer 
functions for models A.L.I 
and A.R.2 (dashed) and 
Schmucker vertical transfer 
function for model A.L.l/R.2 
(solid). Celller' As top but for 
Schmucker horizontal transfer 
functions. Bottom: Corresponding 
conductor configurations (solid) 
and position of measuring 
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below the surface of a real ocean and no singularities 
are observed along ocean-continent boundaries. 

CC/.\e A: Numerical Results a",/ Discussioll 

The configurations considered belong to models A.L.I, 
AR.2 or AL.I/R.2. Here the perturbation of the edge 
anomaly of a laterally discontinuous earth conductor 
(model A.R.2) by an adjacent ocean (model A.L.I) is of 
most interest to us. A different interpretation would be 
to consider the perturbation of the "ordinary" ocean 
anomaly (model A.L.I) by including an earth conduc
tor (model A.R.2) at some distance from the coast. In 
either case, the resulting response (model AL.I/R.2) is 
a combination of the effects of both the linear super
position of the tndividual current systems and their 
redistribution due to their mutual interaction. 

The responses of many conductor configurations 
have been calculated during these investigations. How
ever, a limited number of geometnes suffices for a 
demonstration of the general behaviour. and only com
binations of the following ratios arc considered: L"I 
=0.5, 2.0 and "2 "1 =0.25,0.75. \\hich gives a total of 
four configurations. 

10 20 30 40 

profile (dotted). For further 
explanations see text 

Let us first discuss the characteristics of the 
Schmucker vertical transfer function, i.e. the normal
ized (anomalous) vertical field. Then the ocean anomaly 
is negative throughout, whereas the edge anomaly of the 
earth conductor is always positive (Figs. 9a-d). If linear 
superposition holds, the magnitude of the latter anom
aly therefore decreases by the magnitude of the ocean 
anomaly. The top panels of Figs. 9a-d allow us to 
compare the normalized vertical field of the four con
figurations of model A.L.I/R.2 (solid line) with that of 
the corresponding four configurations without an ocean 
(model A.R.2, dot-dashed line). If we focus on the sec
tion of the profile above the edge of the earth con
ductor, we can observe the following. Usually, the verti
cal field of the complete configuration (solid) appro
ximates the sum of the vertical fields of the two in
dividual configurations very closely, i.e. the edge anom
aly of the earth conductor (dot-dashed) is in fact 
dimtnished by the magnitude of the anomaly of the 
ocean (dashed). The response of a deep earth conductor 
("2 '''1 =0.25) close to the edge of the ocean (L"I =05) 
is therefore completely masked by the comparatIvely 
strong response of the latter (Fig. 9b). On the other 
hand, for a shallow earth conductor ("2 "1 =0.75) close 
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to the edge of the ocean (L II I = 0.5), some electromag
netic interaction can be identified (Fig. 9d). This is not 
surprising, because the distance between the edges of 
half planes I and 2 is now comparable with or less 
than either half plane's separation from the conducting 
whole plane underneath. 

We have also calculated the Schmucker horizontal 
transfer functions, which are equal to normalized 
anomalous horizontal fields, for the same configu
rations (Figs. 9a-d, centre panels. respectively). Since 
the ocean anomaly is negative in the region above the 
earth conductor, linear superposition causes a down
ward shift of the edge anomaly of the earth conductor 
by the magnitude of the ocean anomaly. From the 
individual figures it is obvious that, for a deep con
tinental conductor (ill/ill =0.25). additivity of the 
anomalies holds to a very good approximation (FIgs. 
9a and b). But again Its response is almost completely 
masked by the comparatively strong response of the 
ocean. However, If the earth conductor IS shallo\\ 
(ill/hi =0.75), its edge anomaly becomes very con
spicuous (Figs. 9c and d). The anomalous honzontal 
fields are roughly additive. except when the edges of 
half planes I and 2 are very close (L II I = 0.5). 

x/hi 

To distinguish the effect of Interaction more c1earlv. 
the sum of the magnetic fields according to modcis 
A.L.I and A.R.2 (dashed lines) has been calculated and 
compared with the magnetiC field of model A.L.I R.2 
(soItd lines). The results are shown In Figs. lOa-d for 
the four configurations, for vertical (top panels) and 
horizontal transfer functIOns (centre panels). The nearly 
complete additivity of the anomalies for a deep earth 
conductor (ill h1 =0.25) is corroborated by Figs. lOa 
and b. But, if It IS shallow (h 2 h 1 = (US). some inductive 
coupling can be Identified. It mainly causes an attenua
tion of the peak values of the anomalies. as compared 
with the corresponding peaks of the superimposed 
anomalies (Figs. 10c and d). 

e(ISe B. N IImerica! Rew!t.\ alll! Di\clI.\wI/I 

Now the configurations are those of models B.L.1. 
B.L.2 or B.L.I L.2. The earth conductor (half plane 2) 
extends from below the ocean (half plane I) to\\ards 
the land. In interpreting the following model curves. we 
again concentrate on the perturbatIOn of the inductive 
response of a laterally discontinuous earth conductor 
(model B.L.l) by an ocean (model B.L.I). which leads 
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to the complete model B.L.l/L.2. A different interpre
tation is, as before, to consider the perturbation of the 
undisturbed ocean response (model B.L.I) by an ad
ditional earth conductor (model B.L.2). This causes an 
attenuation of the ocean response due to the decrease 
of the ocean's separation from the coupling surface 
below. Our discussion is again limited to configurations 
with the following geometrical parameters: L/h, =0.5, 
2.0 and h2/h, =0.25, 0.75, which yields a total of four 
configurations. 

Normalized vertical fields are presented in the top 
panels of Figs. 11 a-d, respectively. When interpreting 
the Individual figures, the following points should be 
borne in mind. Both ocean and earth conductor cause 
negative vertical fields. Thus, for linear superposition, 
the magnitude of the edge anomaly of the earth con
ductor increases by the magnitude of the ocean anom
aly. We may, near the edge of the earth conductor, 
compare the complete response (model B.L.I/L.2, solid 
line) with the response of the corresponding configu
ratIOn without an ocean (model B.L.2, dot-dashed line). 
Then we realize that hnear superposition does not hold 
as accurately as for case A, particularly if the earth 

,0 20 30 
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40 

Figs. 12a-d. Top: Sum of 
Schmucker vertical transfer 
functions for models B.L.1 and 
B.L.2 (dashed) and Schmucker 
vertical transfer function for 
model B.L.1/L.2 (solid). Center' 
As top but for Schmucker 
horizontal transfer functions. 
Bottom: Corresponding 
conductor configurations (solid) 
and positIOn of measuring 
profile (dotted). For further 
explanations see text 

conductor is shallow (h2/hl =0.75). Here, its "pure" 
edge anomaly according to model B.L.2 remains vir
tually unchanged after the ocean has been included in 
the solution (model B.L.1/L.2). This is to be expected, 
because the inductive coupling between half plane I 
and the whole plane corresponding to model B.L.l has 
now been replaced by the stronger coupling between 
half planes 1 and 2. This in turn leads to a pronounced 
attenuation of the anomaly associated with the ocean. 
such that it has almost faded away near the edge of the 
earth conductor (see particularly Fig. 11 c). If the edges 
of half planes I and 2 are very close (ChI =0.5). ad
ditional interactions arise between them (Fig. 11 d). 

The Schmucker horizontal transfer functions are 
displayed in the centre panels of Figs. 11 a-d, respec
tively. If linear superposition holds, the ocean anomaly 
causes a downward shift of the edge anomaly of the 
earth conductor by the magnitude of the ocean anom
aly. The calculated shift (solid line) is always less. and 
a closer inspection of Figs. 11 c-d again shows that for 
shallow earth conductors (II 2,'h I = 0.75) the anomal} 
due to the ocean must be strongly attenuated. Deep 
conductors (il2 Iii I =0.25) are difficult to detect also on 



the basis of their associated horizontal transfer func
tions, but linear superposition now becomes a better 
approximation (figs. 11 a and b). 

These conclusions are also supported by Figs. 12a-d, 
which compare the sum of the magnetic fields of 
models B.L.l and B.L.2 with the magnetic field of mod
el B.L.l/L.2. 

Rapid Modelling of Geomagnetic Coast Effects 

The solutions presented above have primarily been de
rived to investigate the degree of inductive coupling 
between two conducting half planes and an underlying 
whole plane. However, they may also be used for the 
direct modelling of measured magnetic variations, as 
long as the observed response is close to the inductive 
limit. More general modelling techniques do exist, but 
the following twO examples demonstrate that simple 
configurations consisting of two half planes and a 
whole plane often suffice for a representation of the 
fundamental character of the subsurface conductivity 
structure. As only three model parameters are involved, 
trial and error modelling is very rapid, and the final 
configuration can serve as a useful guide when con
sidering more complicated models of the subsurface 
conductivity distribution. 

Coast Effect ill South- Western Australia 

As one example, real Parkinson transfer functions, as 
measured by Everett and Hyndman (1967) in south
western Australia, have been analyzed. Strictly speak
ing, the authors regarded their transfer functions as 
vectors (Parkinson arrows) and decomposed them into 
components perpendicular to two straight lines, which 
served as crude representations of the edges of the 
continental shelves west and south of the survey area. 

Figure 13 shows the modelling results for the ob
served transfer function components perpendicular to 
the west coast for one-hour periods. by a specific con
ductor configuration of model B.L.I/L.2. The edge of 
half plane 1 has been taken to coincide with the edge 
of the continental shelf. The exact height of the measur
ing profile above this half plane is only crucial for the 
behaviour of the model response very close to the 
singular edge of this half plane, where our model be
comes inappropriate and no field observations eXist 
anyway. The most interesting aspect is that a second 
half plane is required to reconcile the observed attenua
tion of the coast elTect close to the continental margin 
with the large depth of the conductosphere for one
hour periods far away from the ocean. as established by 
Lilley et al. (1981). Whether thiS second conductor ac
tually extends below the real ocean, cannot be inferred 
from our results because the model ocean has been 
assumed opaque for electromagnetic fields. 

To explain the subdued vertical vanation at their 
westernmost station. Everett and Hyndman (1967) pro
posed that the Australian shield might terminate along 
the Darling fault, which separates the sedimentary 
Perth basin to the west from the shield area to the east. 
In our model, the non-shield regIOn IS represented by 
half plane 2 at a depth of 45 km below the surface. 
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\\hereas the conductosphere IS more than 200 km deep. 
ThiS is similar to the configuration of Fig. 12d. \\ hlch 
has been discussed above. 

COil\t Effl'et III the ElI.Hem (' IlItd Stll«'\ 

As a second example. the coast elTect observed by 
Edwards and Greenhouse (1975) III the eastern U OIted 
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States is considered. In contrast to Everett and Hynd
man (1967), the former interpreted the anomalies 
quantitatively and concluded that a region of enhanced 
conductivity lay in the lower crust or uppermost man
tle at some distance from the ocean. This conductive 
zone shows an increase in conductivity with increasing 
distance from the coast. 

The general character of their assumed conductivity 
distribution together with the smallness of the observed 
out-of-phase response suggest an explanation of the 
anomaly by model A.L.l/R.2. Since transfer function 
estimates for the periods of 16 min and I h are avail
able, both data sets have been interpreted. Again, the 
edge of half plane 1 coincides with the edge of the 
continental shelf. Comparing Fig. 14 (I h) with Fig. 15 
(16 min), their main difference is that, for the shorter 
period, the earth conductor (half plane 2) extends closer 
to the ocean, whereas its depth is not affected at all. 
This is consistent with the model conductor proposed 
by Edwards and Greenhouse (1975), whIch has resistiv
ities close to l!lm at some distance from the coast, 
with a slight rise to about 20!lm towards the ocean. In 
contrast with the Australian results, the conductosphere 
must now be assumed to begin at a shallow depth. In 
other words, the lower crust or upper mantle are highly 
conductive in the eastern United States. 

Finer details in the observed response cannot be 
explained by our simple models. Furthermore, other 
anomalies may require models that are different. The 
main aspect to be emphasized here is, however, that 
our fast modelling technique does have the capability 
of furnishing basic quantitative information on the con
ductivity distribution in the ground. 

Conclusions and Suggestions for Future Work 

It has become obvious that our distinction between 
cases A and B was not only a matter of mathematical 
convenience. The conductor configurations correspond
ing to these two cases also had essentially different 
response characteristics. This is summarized here. 

If we first review the behaviour of model A.L.I/R.2, 
we realize that its inductive response was almost the 
sum of the responses of models A.L.I and A. R.2. This 
approximation was particularly good if the earth con
ductor had a large depth (1I2/llt =0.25). If it was shallow 
(1I2/ltt =0.75), the extent of inductive coupling still re
mained small and only became more significant for 
L/ll t =0.50. We therefore call case A the additive case. 

For bodies of finite conductivity, additivity should 
be a still better approximation, because the relative 
importance of interaction between conductors decreases 
with decreasing conductivity. And even if the assump
tion of a two-dimensional conductivity configuration is 
violated, the basic behaviour ought to be very similar. 
A problem of current interest is the interpretation of 
the combined anomaly of a two-dimensional earth con
ductor extending away from a three-dimensional ocean. 
Here the ocean anomaly can simply be subtracted and 
the residual can be interpreted in terms of the earth 
conductor alone. 

Case B was designed to simulate an earth conductor 
extendtng towards the ocean. The corresponding model 

B.L.l/L.2 incorporates two strongly coupled half planes. 
Therefore, essentially different response characteris
tics were to be expected, and the edge effect of the 
earth conductor was found to be almost unaffected by 
the ocean. This behaviour was closely followed when 
the former conductor was shallow (il2/it t = 0.75). It was 
interpreted as being due to the strong attenuation of 
the response of the ocean caused by its interaction with 
the earth conductor. Case B is therefore called the 
coupled case. This emphasizes the fact that the re
sponse of the earth conductor at large distances from 
the ocean was found to be very nearly identical with 
the anomaly that it causes in close proximity to this 
ocean. 

If bodies of finite conductivity are considered, the 
interaction between ocean and earth conductor be
comes weaker. But it can be expected that the in-phase 
portion of the earth conductor anomaly still displays 
this persistency to a high degree. On the other hand, 
the out-of-phase portion of the ocean anomaly ought 
not to be attenuated significantly and is probably 
superimposed on the out-of-phase portion of the anom
aly due to the earth conductor. 

If the earth conductor of case B was deeper (11
2

/11 
= 0.25), its edge effect decreased, whereas the ocea~ 
effect increased. The latter was explained by the weaker 
interaction between both conductors and hence the 
ocean could not be disregarded. Here the main prob
lem is clearly the separation of the minute signature of 
the earth conductor from the much stronger ocean 
anomaly. Any further considerations, such as the ques
tion of interaction, are only of minor practical impor
tance by comparison. 

We may, however, wish to make explicit allowance 
for the finite conductivity of the ocean. The numerical 
method of Greenhouse et al. (1973) appears to be a 
useful way of doing so. It allows the calculation of the 
total response of a thin sheet of variable conductivity 
above a perfectly conducting undulating surface, where 
the whole configuration is two-dimenSIOnal. Various 
shapes can be assumed for these undulations, e.g. com
binations of half planes and steps or elliptical bulges. 
Also, the response of (i) a finitely conducting sheet 
above a horizontal conductosphere or (ii) an undulated 
conductosphere alone, can be calculated separately and 
then superimposed. This again allows the coupling of 
the thin sheet and the undulating perfect conductor to 
be investigated. But, the number of free parameters 
tends to become larger for such a model. This hinders 
the task of extracting useful general trends from the 
results. 

Another possible extension of our work is to define 
a useful inverse problem, which is based on the anom
alous response, as observed in the vicinity of a coast
line. Weidelt (1981) considered configurations without 
an ocean and constructed extremal models that maxi
mize the depth below the surface of the top of a perfect 
conductor. In Weidelt's analysis, the measured response 
at one or two observation points had to be satisfied. 
The general approach is a problem of constrained max
imization of a forward solution, which is based on the 
Cauchy integral formula. The inclusion of an ocean 
into Weidelt's approach results in an additional con
straint, because the observation points then become 



fixed relative to the edge of a perfectly conducting half 
plane. Nevertheless, if the response at only one obser
vation point is to be satisfied. the solution is 
straightforward. It leads to a system of equations that 
must be solved numerically, and which provides an 
upper limit for the depth of the top of an earth con
ductor near an ocean. 
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