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The normal modes of a layered, incompressible Maxwell half-sp~ce 

Detlef Wolf 
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Abstract. The theory describing the relaxation of an 
incompressible, layered Maxwell half-space is devel
oped. The approach is based on the analytic solution of 
the associated elastic model and the subsequent appli
cation of the correspondence principle. The viscoelastic 
theory follows normal-mode theory, which allows the 
independent and exact determination of the relaxation
time and amplitude spectra for each mode of relax
ation. The solution is tested by calculating the response 
of several models in the wavenumber and spatial do
mains. The examples are selected with regard to post
glacial adjustment in Fennoscandia and analyse effects 
caused by (a) varying lithospheric thickness, (b) adding 
an asthenosphere, (c) increasing lower-mantle viscosity, 
(d) permitting relaxation of the lower lithosphere or (e) 
introducing density contrasts at 400-km and 670-km 
depths. 

Key "'ords: Isostasy - Maxwell continuum - Normal 
modes 

Introduction 

The rheology of the solid Earth exhibits various forms 
of departure from perfect elasticity. Whereas, on a time
scale characteristic of seismic-wave propagation, anelas
tic effects are significant, on a much longer time-scale, 
the Earth's mantle is widely believed to support flow 
(creep). Recent experimental evidence of the steady
state creep properties of likely mantle materials suggest 
that the creep-rate limiting process is rate-dependent 
and the creep law therefore non-linear (e.g. Weertman 
and Weertman, 1975; Tullis, 1979). The inference of the 
creep properties of the Earth's mantle from such experi
ments is, however, beset with difficulties. One problem 
is that the chemical and mineralogical constitution of 
the mantle is poorly known. A severe limitation is also 
that laboratory creep experiments are necessarily car
ried out at creep rates which are orders of magnitude 
higher than the actual rates in the mantle. Large extra
polations from the experimental conditions are there
fore necessary. In view of the uncertainties involved in 
this kind of reasoning it is therefore not clear whether a 
linear creep mechanism might not apply at the much 
lower creep rates characteristic of the Earth's mantle. 

In the following we will pursue a pra~matic ap
proach and will assume that the Earth's iJ'lelastic re
sponse is linear. More specifically, we will be concerned 
with the rheological model that is usually referred to as 
Maxwell continuum. This type of rheology liaS proved 
successful in interpreting the glacio-isostatic relaxation 
of the Earth's mantle (e.g. Cathles, 1975; Peltier and 
Andrews, 1976; Nakiboglu and Lambeck, 1982; Wu 
and Peltier, 1983) and the adjustments of the Earth's 
thermal lithosphere on a very long time-scale (e.g. Beau
mont, 1978; Lambeck and Nakiboglu, 1980; Court
ney, 1982). Clearly, our approach cannot prove that the 
material constituting the Earth's lithosphere or mantle 
does in fact respond linearly. 

The theory describing the load-induced relaxation 
of a self-gravitating, compressible and pre-stressed 
Maxwell sphere has recently been summarized (Peltier, 
1982). The gravitationally self-consistent model is recom
mended when analysing deformations associated with the 
Laurentide glaciation. In the investigation reported 
here we are, however, concerned with deformations of 
the Earth not exceeding the scale of the glacially in
duced depression in Fennoscandia. On this reduced 
scale, sphericity and self-gravitation are of subordinate 
importance (Wolf, 1984) and can therefore be neglected. 
Effects due to compressibility are analysed in Wolf 
(1985 c). The results show that compressibility is signifi
cant only during the initial phases of relaxation. This 
special feature will therefore also be neglected. The 
significance of the pre-stress term in the equilibrium 
equations has been studied before (Wolf, 1985a, b) and 
needs no further discussion. 

With these simplifications, the Earth model is re
duced to an incompressible, pre-stressed Maxwell half
space. Special solutions for uniform or two-layer Max
well models (e.g. Nakiboglu and Lambeck, 1982; Wolf, 
1984, 1985b) are of some theoretical interest. For data 
interpretation the availability of a more versatile model 
is, however, of definite advantage. In the following we 
will therefore be concerned with the multi-layer Max
well half-space model. The associated elastic model has 
recently been re-analysed by Ward (1984). His solution 
for the deformation also includes the modifications 
caused by an external gravity field. Previously, such ef
fects, which, for incompressibility, virtually reduce to 
pre-stress advection, had usually been neglected in elas
tic half-space approximations (e.g. Kuo, 1969). 



In the following section we will develop the theory 
governing the deformation of an incompressible, pre
stressed, layered elastic half-space. The solution for the 
associated Maxwell continuum is obtained by using the 
correspondence principle. The viscoelastic theory close
ly follows the normal-mode formulation developed by 
Peltier (1985). This method allows the independent and 
exact determination of the relaxation times and ampli
tudes of all normal modes characteristic of any specific 
model considered. The method is therefore distinctly 
superior to the approximate collocation method devel
oped in Peltier (1976) and employed by Courtney 
(1982) in his study of the evolution of sedimentary 
basins. 

After that, several numerical examples will be dis
cussed. They are intended to illustrate the principal 
effects caused by (a) variations in lithospheric thickness, 
(b) the insertion of a low-viscosity channel (astheno
sphere), (c) changes in lower-mantle viscosity, (d) the 
relaxation of the lower portion of the thermal litho
sphere or (e) the presence of density discontinuities in 
the upper mantle. The relaxation of the individual 
models will be illustrated in various diagrams which 
show amplitude and relaxation-time spectra (wavenum
ber domain) or vertical surface deflections (spatial do
main). This presentation constitutes a systematic and 
complete compilation of the response characteristics of 
the main Earth models under discussion, which has not 
been available before. The numerical values of the 
model parameters chosen are of relevance to the in
terpretation of glacio-isostatic adjustment in Fenno
scandia. 

Theory 

We wish to derive the solution describing the defor
mation of a pre-stressed, multi-layer elastic half-space 
subject to an axisymmetric load. The differential equa
tions governing this problem may be written in matrix 
form. Assuming incompressibility, we obtain the first
order system (Wolf, 1985 c) 

D -k 0 '), 1 J1 \1' 
k D 0 0 • 0 =0, 

-4J1k2 0 D -k ~r:1 

0 0 k D 
(J ::0 

(1) 

where D=d/dz. Symbols II, W, (Jr: and (J:: denote the 
radial and vertical displacement components and the 
appropriate components of the total perturbation stress 
(Jij= (J~;' + pgwc),j' where (J:~' is the usual elastic per
turbatIon stress (Wolf, 1985 a). Parameter II is Lame's 
second constant (shear modulus) and p denotes the 
density of the continuum. The external gravity field g is 
assumed to be directed in the positive z-direction. A 
circumflex denotes Hankel transformation of zeroth or 
first order, as indicated by the subscript, with k being 
the Hankel-transform variable or wavenumber. Equa
tion (1) is formally equivalent to the first-order system 
appropriate to a non-gravitating elastic continuum, for 
which the general solution is well-known (e.g. Farrell, 
1972; Lanczano, 1982, pp. 120-125). In terms of four 
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Fig. l. Multi-layer Maxwell half-space 

arbitrary constants, the solution is 

(2a) 

(2b) 

We first consider a homogeneous elastic half-space 
extending between Zm < Z < % (Fig. I). Then A I and B I 
in Eq. (2) vanish. At z = zm the solution takes the form 

where column matrices 

VIz) = [I'I (z), \1'o(Z), tTr: 1(':)' tT ==o(:)]T, 

A=[CI' C2 ,0,0]T 

(3) 

(4) 

(5) 

have been introduced, The symbols C I and C 2 de
signate new constants. Explicit expressions for the ele
ments of the half-space propagator Urn' are given in 
Appendix A, Eq, (26). In a similar fashion, the elements 
at the top Z = z, of the l-th layer (Fig. I) can be ex
pressed in terms of the quantities at the base z = Z, + I' 

Then the general solution, Eq. (2), reduces to 

(6) 

The elements of the layer propagator U" are given in 
Appendix A, Eq, (27), 

Since elastic stress components are continuous 
across interfaces, it is convenient to modify the equa
tions slightly. If we observe that the elastic stress a:;' is 
connected with the total stress a'j by ail = (J:~' + pgll'c'i'l 
(Wolf, 1985a), Eqs. (3) and (6) can be re-written in 
terms of the elastic stress components, With 

Yle'(z) = [I'I (z), \I'O(Z), tTr= I (z), a~e:,o(z)Y, 

we obtain 

yle'(zm) = plm' A 

for the half-space and 

Yle'(z,)= pi" yle'(z,+ I) 

(7) 

(8) 

(9) 
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for the I-th layer. The relation between L(m, and p<m, is 
given in Eq. (28), that between I.!" and p<" in Eq. (29), 
of Appendix A, respectively. 

With the requirement that displacement com
ponents and elastic stress components be continuous 
across any interface, the solution for an arbitrary m
layer elastic continuum is now readily constructed from 
Eqs. (8) and (9). If we number the layers from the top 
to the base and observe that the m-th basal layer ex
tends towards z -+ 00 (Fig. 1), the field quantities at the 
upper surface z = z, of the I-th layer may be represented 
as 

y(e,(z,) = P(z,) A, (10) 

where 

m 

P(z,) = L p<u. (11) 
L-' 

Equation (10) can be expressed as a combination of 
two linearly independent solutions. Remembering the 
definition of the column matrix A, Eq. (5), and in
troducing 

PI (z) = [PI I (z), PZI (z), P31 (z), P41 (Z)]T, 

P2 (z) = [PI2 (Z), PZ2 (z), P32(z), P42(Z)]T, 

Eq. (10) becomes 

y(e,(z,) = CI PI (z,)+ C2P2(Z,). 

(12a) 

(12b) 

(13) 

This constitutes the general solution for the field quan
tities at the top of the I-th layer. 

The arbitrary constants C 1 and C 2 can be deter
mined from the boundary conditions. As usual in 
geophysical applications, the stress components 8,zl 
and 8<=0 are assumed to be known at the top z = z 1 = 0 
of the upper layer. If the sub-matrix 

M= [P31 (0) P3Z (0)] 
~I (0) ~z(O) 

is introduced and the definitions 

B= [8"1 (0), 8z:o(0)]T, 

C=[C I , C 2Y 

(14) 

(15) 

(16) 

are observed, the boundary conditions B take the form 

B=MC (l7a) 

or, after inversion, 

(17b) 

The inverse matrix M- 1 is given by 

(18) 

where MA is the adjugate matrix associated with M. 
Equation (13) and the boundary conditions given by 
Eq. (17) completely determine the solution. 

According to the correspondence principle (e.g. 
Cathles, 1975, pp. 25-29), Eqs. (13) and (17) can be 
interpreted as the Laplace-transformed quasi-static so-

lution appropriate to the associated Maxwell con
tinuum subject to impulsive boundary conditions Bc5(t). 
In the time domain, the solution takes the form 

y(ve'(t, z,)= y(e'(z,) (j(t) 

+ Ly(v.k'(Z,)S(k, exp( -S(k)t). 
k 

(19) 

The eigenvalues S(k' and associated eigenfunctions (nor
mal modes) y(v.k) are complicated functions of the 
model parameters and boundary conditions. For simple 
Maxwell models they can be explicitly calculated (e.g. 
Wolf, 1984). For the multi-layer half-space considered 
here a more general approach is recommended. We 
employ the normal-mode method developed by Peltier 
(1985). The details of the calculations are outlined in 
Appendix B. 

In the fo\1owing we will be concerned with the 
vertical deflection w.f(t, Zl) subject to the boundary con
dition B = [0, - q 0] . Since the solution is linear in the 
load pressure tio (Appendix B), we write 

lVO(t, z,) = T(ve)(t, z,) qo' 

where 

T(ve'(t, z,) = T(e)(z,) c5(t) 

+ L T(V.k'(Z,)S(k, exp( _S(k) t) 
k 

(20) 

(21) 

is the viscoelastic transfer function for impulsive forc
ing. For a Heaviside unloading event tio(k)[1 - H(t)] 
we obtain, upon convolution, 

1 
T(e, + L T(V' k), 

T(ve'(t, z,)= k t T(v.k) exp( _S(k) t), 

t<O 

t>O 
(22) 

The Hankel transform of the gravity anomaly ..1 g at 
z=o associated with the deformation of a stack of m 
layers at z>o can be approximated by (e.g. Parker, 
1972) 

(23) 

where 

m 

= -27tY L [(PL -PL-I) exp( -kzL)T(ve'(t,ZL)] (24) 
L-I 

and y is the gravitational constant. For L= 1, PL-I 

denotes the density of the material (usually air or wa
ter) superimposed on the layered half-space. 

Numerical examples and discussion 

The relaxation of the Earth's surface in response to 
loads comparable in scale to the Fennoscandian ice
sheet has been widely assumed to be dominated by the 
viscosity of the upper mantle (e.g. Cathles, 1975, pp. 
173-196). The response may, however, be modified by 
(a) the lithosphere, (b) the presence of a low-viscosity 
asthenosphere, (c) the viscosity stratification of the low-



Table 1. Parameters of Earth models employed 

Layer h (km) p (kg m- 3) Jl (N m- 2
) " (Pa s) 

Earth Model A.I 

1 100.0 3,380 0.67 x lOll OC; 

2 100.0 3,380 1.45 x 10" "2 
3 00 3,380 1.45 x 10" 1.0 X 1021 

Earth Model L.I 

1 hi 3,380 0.67 x 10" 00 

2 00 3,380 1.45 x 10" LOx 1021 

Earth Model L.2 

I 75.1 3,380 0.67 x lOll 00 

2 8.7 3,380 0.67 x lOll 1.0 X lOB 

3 10.3 3,380 0.67 x 10" LOx 1023 

4 00 3,380 1.45 x lOll LOx 1021 

Earth Model L.3 

I 51.8 3,380 0.67 x 10" 00 

2 14.1 3,380 0.67 x 10" 1.0 X lOB 

3 20.3 3,380 0.67 x 10" 1.0 X 1023 
4 00 3,380 1.45 x lOll 1.0 X 1021 

Earth Model M.l 

I 100.0 3,380 0.67 x 10" 00 

2 570.0 3,380 1.45 x lOll LOx 1021 

3 00 3,380 1.45 x 10" "3 

Earth Model M.2 

1 100.0 3,380 0.67 x lOll OC; 

2 570.0 3,380 1.45 x lOll 1.0 X 1021 

3 00 3,770 1.45 x lOll 1.0 X 1021 

Earth Model M.3 

1 100.0 3,380 0.67 x 10" 00 

2 300.0 3,380 1.45 x lOll 1.0 X 1021 

3 270.0 3,560 1.45 x lOll LOx 1021 

4 00 3,950 1.45 x lOll 1.0 X 10 21 

Earth Model S 

I 100.0 3,380 0.67 x 10" 00 

2 00 3,380 1.45 x 10" 1.0 X 1021 

er mantle, (d) relaxation near the base of the litho
sphere or (e) density discontinuities in the upper mantle. 

In this section we will be discussing the characteris
tic signatures produced by each of these special features 
successively. In order to have some reference, we pro
ceed from a "standard" model, which is called Earth 
Model S. It is composed of a lOO-km-thick elastic 
lithosphere overlying a uniformly viscous mantle with a 
dynamic viscosity of '1= 1021 Pa s. The model parame
ters are listed in Table I. 

Figure 2a shows the viscous transfer functions 
T(v.k)(O) associated with the two modes of Earth 
Model S as functions of angular order n. The latter 
quantity is formally defined by /I = ka, with a the 
Earth's radius. The bimodal character of the viscous 
response of this model was discussed previously. It is 
characterized by a major mantle branch MO, for which 
the shear energy has a maximum in the interior of the 
mantle, and a subordinate lithospheric branch LO, for 
which the shear energy is concentrated immediately 
below the base of the lithosphere (Wu and Peltier, 
1982; Wolf, 1984). One of the effects of the lithosphere 
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Fig. 2a, b. a Viscous transfer function TII'.1I and b inverse re
laxation time Sill as function of angular order n for Earth 
Model S; symbols denote relaxation mode 

is that it accelerates the decay of short-wavelength defor
mations. This is evident from Fig. 2b, which shows that 
the relaxation time l/s(k) of the MO mode is substan
tially shortened at /I> 30. 

Most interestingly, such a behaviour is displayed by 
a relaxation-time estimate based on a spectral decom
position of Pleistocene strandline data from Fennoscan
dia (McConnell, 1968). Walcott (1980) has, however, 
pointed out that the short-wavelength part of 
McConnell's spectrum could also reflect the effects of 
structural hinge zones on the tilt of the Pleistocene 
strandlines. Some caution as to the significance of 
McConnell's estimate is therefore indicated. 

In Fig. 2b and the following relaxation-time dia
grams the estimate for Fennoscandia is represented as a 
stippled band. McConnell (1968) based his decomposi
tion on the assumption that the Fennoscandian uplift 
is governed by a single mode of relaxation. Although 
this is not strictly correct, his estimate can be compared 
with the theoretical relaxation-time spectrum of the 
fundamental mode M 0, provided that the later 
dominates the theoretical response on the time-scale 
considered. This assumption holds for Earth Model S. 

We first investigate the modifications introduced by 
varying lithospheric thickness (Table 1, Earth Model 
L.I). In Fig. 3a and b the thickness has been increased 
to 150 km, whereas in Fig.3c and d the thickness is 
200 km. Since the relative strength of the LO mode 
remains insignificant, the relaxation is, as in Earth 
Model S, governed by the MO mode. At higher wave
numbers the increase in lithospheric thickness causes a 
decrease in strength of the MO mode and a shortening 
of its relaxation time. McConnell's (1968) relaxation
time estimate is best satisfied by a lithosphere of 100-
km thickness. This implies that the wavenumber at 
which relaxation time reaches a maximum is used as 
the primary criterion for the goodness of the fit. 

Figure 4 illustrates the modifications of the basic 
response of Earth Model S produced by inserting a 
lOO-km-thick asthenosphere below the lithosphere (Ta
ble \, Earth Model A.l). In Fig. 4a and b the astheno
sphere has a viscosity of 5 x 1019 Pa s; in Fig. 4c and d 
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Fig. 4a-d. Same as Fig. 2 except for Earth Model A.I with 
'1l=5x 1019Pas (dashed) or '12=1 x 1019 Pas (dotted) 

the viscosity is 1 x 10 19 Pa s. The presence of an as
thenosphere adds two modes of short relaxation time. 
Following Peltier (1976), we call such modes transition 
modes ("T modes"). Figure 4a and c shows that they 
are only poorly excited. The main modification intro
duced by the asthenosphere is therefore a shortening of 
the relaxation time of the fundamental mode MO at 
n>30 (see also McConnell, 1968). A comparison be
tween Figs. 3 and 4 further suggests that there may 
exist a certain trade-off between lithospheric thickness 
and asthenospheric thickness so that the response is 
nearly unchanged, provided that the total thickness of 
lithosphere and asthenosphere remains approximately 
constant. To what extent this statement is correct will 
be discussed later, when the deformation in the spatial 
domain is discussed. 

For completeness, the effects caused by increasing 
the viscosity of the lower mantle are also considered 
(Table 1, Earth Model M.1), although this model is 
physically equivAlent to Earth Model A.I. In Fig.5a 
and b the viscosity below a depth of 670 km is 2 x 1021 

Pa s; in Fig. 5c and d it is 5 x 1021 Pa s. The main 
modification, compared with Earth Model S, are the 
longer relaxation times of the MO mode at small 
wavenumbers (Fig. 5 b and d). This effect is well-known 
(e.g. McConnell, 1965). The transition modes, which are 
not observed for Newtonian viscous continua, are again 
barely excited and can be neglected when calculating 
the response in the spatial domain. 

The model of a perfectly elastic or mechanical 
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Fig. Sa-d. Same as Fig. 2 except for Earth Model M.I with 
'13 =2 x 1021 Pas (dashed) or '13 =5 x 1021 Pas (dotted) 

lithosphere employed so far is an idealization whose 
justification is governed by the time-scale of the exter
nal forcing. Whereas the model is clearly inadequate to 
sedimentary loads, it has generally been used when 
modeling glacio-isostatic adjustment. 

In order to analyse the influence of relaxation near 
the base of the lithosphere, we develop a more realistic 
model. It is based on the fact that creep is a tempera
ture-activated process. Then, from Appendix C, 
Eq. (47b), we have for the viscosity '1 of the material 
considered 

'1(T) ='10 exp[Q(l/T-l/To)/R], (25) 

where '10 = '1 (To)· In the present context Q denotes the 
activation energy of the lithospheric material, T is the 
absolute temperature in the lithosphere and R the gas 
constant. If a characteristic geotherm T= T(z) is sub
stituted, '1 = '1(z) is obtained. This method of estimating 
the viscosity-depth distribution in the lithosphere was 
previously employed by Courtney (1982), who studied 
the response of the thermal lithosphere in connection 
with the evolution of sedimentary basins. 

Geologically, a large portion of Fennoscandia is a 
Precambrian shield. Therefore, the "old" continental 
geotherms discussed by ScIater et al. (1980) may serve 
as a guide-line when modeling subsurface temperatures 
in this region. For our purposes their geotherms may 
be approximated by a linear function which passes 
through the points T=O°C, z=Okm and T=I,Ooo°C, 
z=lookm. 

Recent laboratory estimates of the activation energy 
for materials believed to be typical of the Earth's crust 
or mantle have, for example, been compiled by Tullis 
(1979). Most of the samples have activation energies 
which range between 200 and 500 kJ mol- I. The lower 
values are usually associated with more silicic minerals, 
whereas the higher values are appropriate to olivine. 

Figure 6 shows viscosity-depth distributions for dif
ferent values of Q. If we define the thermal lithosphere 
as that part of the Earth's outer shell where '1 > 1021 

Pa s, its thickness is 100 km in the models considered. 
The underlying mantle has a uniform viscosity of 1021 

Pa s. If Q - 00 in the lithosphere, '1- 00 and Earth 
Model S is recovered. For Q = 500 kJ mol-I, the viscos
ity-depth distribution is less abrupt; if Q = 200 
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Fig. 7a-d. Same as Fig. 2 except for Earth Model L.2 (dashed) 
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kJ mol-I, the thickness of the region of intermediate 
viscosity near the base of the thermal lithosphere is 
further increased. Clearly, the value of Q is quite signifi
cant. Since silicic material is believed to be concen
trated in the upper crust, Q=500kJ mol-I might be 
more realistic for the lower lithosphere. For compu
tational ease, the exponential distributions are approxi
mated by three layers of constant viscosity (Fig. 6; Ta
ble 1, Earth Models L.2 and L.3). In the upper larr we 
have, as before, ,.,--00; in the middle layer ,.,=10 5 Pas, 
whereas in the lower layer ,.,= 1023 Pas. 

The response of the two models is displayed in 
Fig. 7a and b (Earth Model L.2) and in Fig. 7c and d 
(Earth Model L.3). A comparison with Fig. 2 shows 
that the relaxation-time and amplitude spectra of the 
MO and LO modes remain virtually unchanged. Each 
layer, however, causes a pair of new modes. Since they 
are related to the rheological stratification of the litho
sphere, they are of the L-type. We have chosen to num
ber them in order of increasing relaxation time. If 
n>40, the amplitudes of the L2 and L4 modes are 
comparable to the amplitude of the MO mode, whereas 
their relaxation times are much longer. Due to the 
approximations involved in the previously mentioned 
collocation method, Courtney (1982) could not deter
mine the strength of the weaker lithospheric modes. As 
shown here, their contribution is, however, insignificant. 

The main modification of the relaxation pattern 
produced by internal, non-adiabatic density contrasts is 
that each such contrast is associated with a characteris
tic relaxation mode (Parsons, 1972; Peltier, 1976; Wu 

,<1' ---.!!'--___ _ __ 0!1------, 
_--:-c~ .> :e Kf' ---wo,.o,. 'M;---

.; t6~ ........ -'!---------.. 
:., ---.--.- 00 'b'oo 

R(I) 

""r-~~~~~~~ 
<J'-.- .~ .. -. 

. .,. .::.:. 
"~." " i:o 
/.,. -.. .,. 
~'L-~~~ __ ~~"~"~ 
.,.'~~~~--~~= 
<J' .,!,? 

of ····LD· ., 

.. <J' 
irS 

oJ' 

•. LD 
_ ..... _ ..... M(j ••• 

.. 
.,. 
""L,_' ~~~oo~~~'·'~oo 

11(11 

Itt 

Fig. 8a-d. Same as Fig. 2 except for Earth Model M.2 (dashed) 
or Earth Model M.3 (dotted) 

and Peltier, 1982). Since the density discontinuities in 
the upper mantle are about one order of magnitude 
smaller than the discontinuity at the Earth's surface, 
the buoyancy effects are also smaller. Thus, the modes 
associated with non-adiabatic density stratification in 
the interior are expected to decay much slower than the 
MO mode. 

In the following, density contrasts of 180 kg m - 3 and 
390 kg m - 3 will be introduced at 400-km and 670-km 
depth, respectively (Table I, Earth Models M.2 and 
M.3). This choice is consistent with the PREM model 
of the elastic structure of the Earth (Dziewonski and 
Anderson, 1981). The superimposed gradual increase in 
density with depth in the upper mantle is believed to be 
primarily due to adiabatic compression. It therefore 
does not interfere with our incompressible analysis. 

In Earth Model M.2 only the larger internal density 
contrast at 670-km depth has been included (Fig.8a 
and b). The M 1 mode associated with this discontinuity 
has a relaxation time of the order of I Ma. For n < 10 it 
carries about 10% of the strength of the M 0 mode. 
Deformations of shorter wavelength do not sample 
deeply enough to excite the M 1 mode appreciably. In 
Earth Model M.3 the discontinuity at 400 km has been 
added (Fig.8c and d). This causes a second internal 
mode M2 which, however, decays exceedingly slowly 
and carries even less energy than the M I mode. 

In the following, a systematic comparison of the 
response characteristics in the spatial domain of the 
different Earth models will be presented. Previously, 
only isolated cases were discussed in the literature. The 
examples discussed here apply to a square-edged disk 
load with a radius of R = 600 km. This approximates 
the scale of the Fennoscandian ice-sheet during the 
period of stagnation between 10 and 12 ka B.P. (e.g. 
Cathles, 1975, p. 127). The thickness of the disk is Ito 
=2km. This corresponds to the average thickness of an 
ice-sheet of parabolic cross-section and 3-km axial 
thickness. The load density is 1,000 kg m - 3. 

In calculating the deflection curves shown in Figs. 
10 and II, a Heaviside unloading event of the form 
1 - H(t) has been assumed. The load is therefore as
sumed to have acted for an infinite period of time 
before it is instantaneously removed at t=O (Fig.9a). 
This simulates the rapid disintegration of the Fenno
scandian ice-sheet following the period of stagnation. 
The vertical surface deflection is obtained after taking 
the inverse Hankel transform (e.g. Wolf, 1985c). 
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Fig. lOa, b. Vertical surface displacement w as function of 
distance r from load axis for a central or b peripheral region 
and for several times (in units of ka) after load removal; 
deflection curves refer to Earth Model S (solid) or to Earth 
Model L.l with hI = 150 km (dashed) or "I =200 km (dotted); 
free-air gravity anomaly .dg is indicated for central region; 
results apply to Heaviside unloading event of Fig. 9a 

In Fig. 10 the surface deflection for Earth Model S 
is compared with that for Earth Model L.I. The influ
ence of lithospheric thickness on the magnitude of the 
deflection is substantial. This is a simple consequence 
of the filtering effect of the lithosphere, which, with 
increasing thickness, becomes less "transparent" for de
formations of shorter wavelength (Fig. 3a and c). As 
the only density jump is at the Earth's surface, the 
gravity anomaly can be determined directly from 
Ag(t, 0)=27tYPI w(t, 0). Since PI =3,380 kg m- 3

, a 
downward deflection of 70 m almost exactly corre
sponds to a free-air gravity anomaly of -10 mgal. The 
peak anomaly associated with the present (t= 10 ka) 
degree of disequilibrium in Fennoscandia is probably 
around - 15 mgal (Balling, 1980). From Fig. lOa it is 
thus obvious that, on the basis of the elementary model 
employed. lithospheric thicknesses in excess of 150 km 
are difficult to reconcile with the gravity data_ 
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Fig. 11 a, b. Same as Fig. 10 except that Earth Model A.l 
with 'h = 5 x 1019 Pa s (dashed) or 'h = 1 x 1019 Pa s (dotted) is 
compared with Earth Model S (solid) 

The signature produced by an asthenosphere is il
lustrated in Fig. 11, which compares Earth Models S 
and A.I. As mentioned previously, the modification of 
the relaxation-time spectrum of the MO mode produced 
by an asthenosphere is similar to the effect produced by 
an increase in the thickness of the lithosphere. Due to 
differences in the amplitude spectra, the response char
acteristics in the spatial domain are, nevertheless, dis
tinct. As opposed to the modifications caused by in
creasing lithospheric thickness, there is, in particular, 
no effect of the asthenosphere on the initial deflection. 
This is because the equilibrium deflection at t<O must 
necessarily be independent of the viscosity stratification 
of the mantle and is only dependent on the thickness 
and the elastic structure of the lithosphere. 

In the peripheral region the presence of an astheno
sphere reduces the inward shift of the zero-crossing 
associated with the relaxation of Earth Model S consid
erably (Fig. 11 b). The influence of the asthenosphere is, 
however, not strong enough to counteract the initially 
sympathetic uplift of this region for Earth Model S 
effectively (see also Cathles, 1975, pp. 184-191). 

For a demonstration of the response characteristics 
produced by modifications (c), (d) and (e) (see beginning 
of this section) it is necessary to employ a higher ap
proximation for the loading history. This is because the 
associated models support slowly decaying modes. 
Then the relaxation is no longer governed exclusively 
by the details of the deglaciation event but also mark
edly influenced by the long-term accumulation and ab
lation history of the ice-sheet. 

Oxygen-isotope data from deep-sea sedimentary 
cores suggest that the recent ice age started approxi
mately 2 Ma B.P. and consisted of individual glaciations 
of about l00-ka duration [see Imbrie and Imbrie (1979) 
for a summary]. A reasonable approximation to the 
complete sequence is the saw-tooth loading history 
shown in Fig.9b. In the glaciation model we have 
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Fig. 12a, b. Vertical surface displacement w as function of 
distance r from load axis for a central or b peripheral region 
and for several times (in units of ka) after load removal; 
deflection curves refer to Earth Model S (solid) or to Earth 
Model M.I with '13 = 2 x 1021 Pa s (dashed) or '13 = 5 x 1021 

Pa s (dotted); free-air gravity anomaly LI g is indicated for 
central region; results apply to saw-tooth loading history of 
Fig.9b 

adopted exactly 20 cycles, where each cycle is assumed 
to have lasted for 100 ka. During each cycle the thick
ness of the straight-edged disk builds up linearly, 
whereas its radius is assumed to remain constant. This 
is a very good approximation to a more complicated 
model which incorporates effects due to variations of 
the radius (Wu and Peltier, 1983). 

In order to facilitate comparisons with Figs. 10 and 
11 the load radius has been kept at 600 km in the 
calculations underlying the following figures. It must, 
however, be pointed out that, at least at the time of 
the last glacial maximum about 18 ka B.P., the 
Fennoscandian ice-sheet extended south to North Ger
many. A somewhat larger radius might therefore be 
more appropriate. 

Figure 12 shows the relaxation following the final 
cycle in the glaciation sequence of Fig.9b for Earth 
Model M.l. As expected, the initial displacement is 
slightly reduced compared with Earth Model S. During 
relaxation this situation is, however, reversed, and 
Earth Model M.1 is characterized by considerably en
hanced residual deformation. Since the significance of 
the lower mantle for post-glacial uplift in Fennoscandia 
has not always been appreciated in the past (e.g. Par
sons, 1972), the demonstrated sensitivity of the response 
to the viscosity structure of the lower mantle should 
help further clarify this aspect. Figure 12b provides 
additional information and demonstrates that the in
ward movement of the zero-crossing of the displace
ment curve for Earth Model S is suppressed almost 
completely if the lower-mantle viscosity is increased by 
a factor of five. This characteristic feature was discussed 
previously with respect to relative-sea-Ievel data from 
the North American east coast (Peltier, 1974). 
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Fig. 13a, b. Same as Fig. 12 except that Earth Model L.2 
(dashed) or Earth Model L.3 (dotted) is compared with Earth 
Model S (solid) 

In Fig. 13 the modifications introduced by permit
ting the relaxation of the lower portions of the thermal 
lithosphere are shown. As expected, the relaxation after 
the final loading cycle resembles that associated with a 
perfectly elastic but thinner lithosphere. In our example 
the magnitude and tilt of the deflection in the marginal 
and peripheral regions of the load are very sensitive to 
the relaxation of the thermal lithosphere. This is con
sistent with the spectral-response characteristics (Fig. 7), 
according to which only shorter-wavelength defor
mations are markedly affected by the L 1 and L2 
modes. It is, however, important to realize that the 
details of the modifications of the response in the spa
tial domain depend strongly on the thickness of the 
thermal lithosphere and the lateral scale of the load 
adopted. Suitable combinations of both parameters 
may, therefore result in effects quite different from 
those described here. 

In order to address the influence of the slowly de
caying M 1 and M 2 modes associated with the 670-km 
and 4oo-km density discontinuities, respectively, we 
again employ the saw-tooth loading history (Fig.9b). 
Figure 14a shows that the axial surface displacement 
associated with Earth Models M.2 and M.3 builds up 
gradually and, after about 10 cycles, has almost become 
stationary. The decay of the deflections at 4OO-km 
depth (Fig. 14b) and 670-km depth (Fig. 14c) with in
creasing number of load cycles can be understood from 
the fact that, physically, the M 1 and M2 modes are 
buoyancy effects caused by disequilibrium at the in
terfaces. The internal modes will therefore .. work" 
towards restoring equilibrium at the interfaces, which, 
in our case, corresponds to a plane interface. 

The decay of the axial deflection after the final 
loading cycle is shown in Fig. 15. On the time-scale 
considered, the modifications introduced by the slowly 
decaying M 1 and M2 modes just start to become vis
ible in the surface deflection at t= 10ka (Fig. 15a). At 
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load removal (Fig. 9b) for Earth Model S (solid), Earth Model 
M.2 (dashed) or Earth Model M.3 (dotted); results apply to a 
z=Okm, b z=4ookm or c z=670km 

400-km depth (Fig. I5b) and 670-km depth (Fig.I5c) 
the MO mode results in upward (positive) vertical dis
placements after several thousand years. This in turn 
causes a positive contribution to the gravity anomaly. 
In the example discussed here its magnitude is. how
ever, very small compared with the negative anomaly 
related to the first-order density discontinuity at the 
top surface (Fig. 16) and is therefore neglected in the 
following figure. 
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Fig. 16a, b. Axial free-air gravity anomaly Llg as function of 
time t after load removal (Fig. 9b) for Earth Model S (solid), 
Earth Model M.2 (dashed) or Earth Model M.3 (dotted); 
curves show gravity anomaly due to a surface density con
trast or b density contrasts at 4oo-km and 670-km depths 
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Model S (solid) 

Figure 17 compares the final relaxation of the de
pression for Earth Models S, M.2 and M.3. The effect 
of the M I and M2 modes is very small in our example. 
At larger times and for loads of larger diameter they 
will become more important, however. An appropriate 
example is the Laurentide glaciation, where the 
contribution of the M 1 and M 2 modes is essential 
for the explanation of the substantial free-air gravity 
anomaly correlated with this Pleistocene ice-sheet (Wu 
and Peltier, 1983). 



Conclusion 

Our discussion has demonstrated that, for loads com
parable in dimension to the Fennoscandian ice-sheet, 
the influence of the lithosphere on the predicted surface 
deflection is pronounced. This is at variance with Cath
les' analysis, who concluded "that the magnitude of the 
lithosphere's flexural rigidity is not sufficient to affect 
the central uplift of the larger Pleistocene loads (Fen
noscandia or larger)" (Cathles, 1975, pp. 153-154). 
Whereas his statement is correct for the Laurentide 
glaciation (Wolf, 1984), post-glacial uplift of the central 
region in Fennoscandia may even be suitable for 
"measuring" lithospheric thickness. 

Due to the reduced scale of the load, the Fen
noscandian uplift should also be highly sensitive to the 
presence of an asthenosphere. As demonstrated, the 
modifications produced in the uplift pattern are distinct 
from those caused by increasing lithospheric thickness. 
The characteristic differences are, however, mainly con
fined to the initial period of isostatic recovery im
mediately after load removal. High-quality uplift data 
from this time interval are therefore required. Unfor
tunately, the initial period of recovery is also strongly 
affected by the largely unknown details of the degla
ciation event (e.g. Wolf, 1985d). 

The sensitivity of the response to the viscosity of the 
lower mantle is in accordance with results obtained by 
Nakiboglu and Lambeck (1982). Studying the relax
ation of a viscoelastic channel underlain by a rigid half
space, they found that the response approaches the 
half-space limit if the channel thickness exceeds the 
load radius by about a factor of three. 

The relaxation of the lower portions of the thermal 
lithosphere may turn out to be of some relevance for 
the interpretation of post-glacial-adjustment data. This 
may particularly apply if the thermal lithosphere is 
thicker than I ()() km. As shown in the previous section, 
the axial deflection is substantially reduced by a thick 
lithosphere. Then lithospheric relaxation may also be 
efficient near the load axis. Since the relaxation of the 
higher L modes is exceedingly slow, relative-uplift ob
servations after deglaciation are necessarily nearly un
affected by these modes. The free-air gravity anomaly, 
on the other hand, is a measure of the absolute defor
mation. It is therefore expected to be sensitive to litho
spheric relaxation. This may be of some consequence for 
the interpretation of post-glacial-adjustment data from 
Fennoscandia, where the relation between relative
uplift and gravity observations has been controversial 
(e.g. Cathles, 1975, pp. 151-154). 

Internal density contrasts have been shown to be of 
minor importance to the interpretation of post-glacial 
adjustment, provided that the load radius does not 
exceed 600 km. This result is expected to be slightly 
modified if somewhat larger load-scales are consid
ered. 

Appendix A 

Propagator matrices for multi-layer elastic half-space 

The non-zero elements of the half-space propagator V") are 

IJ~: = -1/(211 .. k), (26a) 

IJ~~ = 1/(211 .. k), (26b) 

L!~: = -1/(21l .. k), 

L!3': = I, 

L!3'~= -I, 

L!~: = I. 

115 

(26c) 

(26d) 

(26e) 

(26f) 

Parameter II .. denotes the shear modulus appropriate to the 
half-space. 

The elements of the layer propagator VI) are 

L!?I = -kh,sinh(kh,)+cosh(kh,), 

L!~2 = -kh, cosh (kh,), 

L!?3 = -1/(2JI,k)[kh, cosh (kh,)+sinh (kh,)], 

L!'/4 = 1/(2Il,k) kh, sinh (kh,), 

L!~I =kh, cosh (kh,), 

L!~2 = -kh, sinh (kh,)+ cosh (kh,), 

L!~3 = -1/(211, k) kh, sinh (kh,), 

L!~4 = 1/(2JI, k)[kh, cosh (kh,) -sinh (kh,)], 

L!~I = -2Il,k[kh, cosh(kh,)+sinh(kh,)]. 

L!'~2 = 211, k2 h, sinh(k h,), 

L!~ 3 = k h, sinh (k h,) + cosh (k h,), 

L!~4 = - k h, cosh (k h,), 

L!~, = -211, k2 h, sinh(k h,), 

L!~2 = 2ll,k[kh, cosh (kh,) -sinh (kh,)], 

L!~3 = kh, cosh (kh,), 

L!~4 = - k h, sinh (k h,) + cosh (k h,). 

(27a) 

(27b) 

(27c) 

(27d) 

(27e) 

(27f) 

(27g) 

(27h) 

(27i) 

(27j) 

(27k) 

(271) 

(27m) 

(27n) 

(270) 

(27p) 

Parameter II, denotes the shear modulus of the loth layer and 
h,=z'+I-z, is its thickness. 

The elements of }Mm, differing from the corresponding ele
ments of Vm, are 

~7' = L!~: - Pm g L!~:' 

~~' = L!~~ - P .. gL!~L 

(28a) 

(28b) 

where P .. denotes the density of the homogeneous half-space. 
The elements of pm differing from the corresponding ele

ments of VI) are 

pt~ = L!\'2 + p, gL5\'4' 

~~ = L!~2 + p, gL!~4' 

Pl~ = L!~2 + p, gL!~4' 

~': = L!~I - p, gL!~1' 

~~ = L!~2 - p, g(L!~2 - L!~4) -(p, g)2 L!~4' 

~~ = L!~3 - P,gL!~3' 

~~=L!~4 -P,gL!~4' 

where p, denotes the density of the loth layer. 

Appendix B 

Normal modes of layered Maxwell contillllllm 

(29a) 

(29b) 

(29c) 

(29d) 

(2ge) 

(29f) 

(29g) 

Following Peltier (1985) we write for Eqs. (13) and (I7b), 
respectively. 

Yhe,(s. z,)= Cds) Pds, z,)+ C 2(S) P2(s, z,). 

C(s)=M-1(s)B, 

(30) 

(31) 
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where the transformation j.l-+j.ls/(s+r- I
) (with r=YJ/j.l the 

Maxwell time and s the Laplace-transform variable), and 
therefore P -+ P(s) and M -+ M(s), has been applied. Vector 
yevel is the Laplace transform of the "viscoelastic" column 
matrix, viz. 

yevel(s, z) = [{,I (s, z), I~ o(s, z), Jrz 1 (s, z), J~t~'J(s, z)y. 

Since 

substitution for C, in Eq. (30) yields 

yevo'(s, z,)= [det M(S)]-I Q(s, z,), 

where 

Q(s, z,)= L [MA(S)]IjBJ~(s, z,). 
IJ 

From lim j.l(s) = j.l it follows that 
S-T 

yeOI(z,)= lim Y.OI(s, z,). 
s-«> 

With 

Eq. (34) may then be written as 

YI.o,(S, z,)= yl"(Z,)+ [det M(s)] -I Qev'(s, z,). 

The time-domain solution associated with'Eq. (38) is 

yeo"(t, z,) = yeo'(z,) (i(t) 

+ 1/(h i) J [det M(s)] - , . Qlol(S, z,) exp(s t)ds, 
B 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 

where B denotes the Bromwich path. According to the resi
due theorem this, however, is equivalent to 

ye··'(t, z,)= yeol(z,) (i(t) 
+ L res {[det M(S)]-I Qe·,(s, z,) exp(st)}. (40) 

If Qev'(s, z,) exp(st) is regular and det M(s) has simple zeros at 
_set" where setl>O, we therefore obtain 

Defining 

Eq. (41) may alternatively be written in the form 

yevd(f, z,)= ye·,(z,) (i(t) 

(41) 

(42) 

+ L yet .. l'(z,) sell exp( _sell f). (43) 
l 

This is the impulse response of the Maxwell half-space. 

Appendix C 

Viscosity stratification of lithosphere 

The one-dimensional form of the stress-strain relation for 
linear creep can be written as (e.g. Weertman and Weertman, 
1975) 

(44) 

with u the stress and e the strain rate. Parameter A is an 
empirical constant depending weakly on temperature. Param
eter D is the diffusion coefficient of the material given by 

D=Da:; exp [-Q/(RT)], (45) 

with Q the activation energy, R the gas constant and T the 
absolute temperature. Substituting for D in Eq. (45) yields 

e=ADa:; u exp [ -Q/(Rn]/(2Jl). (46) 

The effective viscosity is defined by YJ=u/(2e). Substituting for 
u/(U) from Eq. (46) we obtain 

YJ(T)=YJa:; exp[Q/(Rn], (47a) 

where YJ a:; = Jl/(AD a:;). If the viscosity YJo = YJ(To) is known, Eq. 
(47a) may alternatively be written as 

YJ(T)=YJo exp[Q(l/T-l/To)/R]. (47b) 
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