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Preface 
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(DFG), the Geological Survey of Canada (GSC), the Natural Sciences and Engineering Research 
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support is gratefully acknowledged. 
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that, I have received critical comments on special aspects of the study from several colleagues, 
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c. J. Thomson and D. A. Yuen. The usually difficult access to the older literature was made 

simple through the steady assistance provided by J. C. Levesque and L. P. Simpson. 

Partial results of this study are published as separate articles: (i) Viscoelastodynamics of a 

stratified, compressible planet: incremental field equations and short- and long-time asymptotes, 

Geophys. J. Int. (1991) 104,401-417; (ii) Boussinesq's problem of viscoelasticity, Temz Nova 
(1991) 3, 401-407; and (iii) Lame's problem of gravitational viscoelasticity: the isochemical, 

incompressible planet, Geophys. J. Int. (1993) submitted. 
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Chapter 1 

Introduction 

The response of planeta.ry bodies to perturba.tions with periods of less than several da.ys is con

ventionally studied a.ssuming ela.stic constitutive beha.viour. The defining fea.ture of ela.stic solids 

is the proportionality between stress and strain. The phenomena. governed by the a.ssocia.ted field 

theory of ela.stodyna.mics ca.n be cla.ssified into the propa.ga.tion of seismic wa.ves, free oscilla.tions, 

a.nd short-period body and loa.d tides. For the la.tter two cla.sses, it is necessary to a.ccount also 

for gra.vity a.nd the presence of initial stress in planetary interiors. This is accomplished by the 

field theory of gravitational elastodynamics (GED). The development of GED ha.s progressed 

stea.dily since the pioneering studies of Love (1911) and is reviewed in a. number of monographs 

covering various a.spects of the theory and its applica.tions (e. g. Melchior, 1966; Lapwood & 
Usa.mi, 1981; Lanza.no, 1982). 

For perturba.tions of essentially infinite period, planetary bodies can be modelled a.s hydro

sta.tic fluids; the phenomena. explained by the governing field theory of gravitational hydrostatics 
(GHS) a.re the figures of the planets. The calculation of the level surfaces of gra.vitating and 

rota.ting fluids forms one of the cla.ssical branches of geodesy and geophysics and can be traced 

back to the studies of Claira.ut (1743). Modem monographs covering the subject include those 

by Kopal (1960), Chandra.sekhar (1969) and Moritz (1990). 

If the perturbation period is in the range of about 1-100 million years, the finite viscosity 

of the ma.terials forming the planets must normally be taken into account. Conventionally, the 

stress is taken a.s proportional to the strain ra.te; the complete field theory including effects due 

to gra.vita.tion will be called gravitational uiscodynamics (GVD). The most important planetary 

phenomena. explained by GVD are those known a.s chemical or thermal convection. A charac

teristic difference to the phenomena. governed by ela.stic or hydrostatic constitutive beha.viour 

is tha.t convection involves insta.bility, resulting in perturbations of arbitrarily large amplitude. 

Wherea.s the onset of insta.bility is amenable to mathematical analysis, the fully deVeloped cir

cula.tive motion can only be simulated using numerical methods. Stability analyses extend back 

to the researches of Oberbeck (1879, 1880). Rayleigh (1916) and Jeffreys (1926, 1928); a. com

prehensive review of a. large portion of the work completed ha.s been given by Chandra.sekhar 

(1961). Numerical techniques for modelling convection in planetary interiors ha.ve been devel

oped much later. An a.ccount of the methods involved is given by Jarvis & McKenzie (1980); 

for an overview of recent results, Peltier (1989) may be consulted. 
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For the wide range of perturbation periods between days and millions of years, it is nec

essary to model planets as viscoelastic fluids. The main classes of phenomena governed by vis

coelasticity are long-period body and load tides, the dampening of free nutations and isostatic 

adjustment processes. An important feature of viscoelastic fluids is their limiting behaviour: if 

the perturbation period becomes small, their response approaches that of elastic solids while, for 

sufficiently long periods, they can approximately be described as viscous fluids. In the interven

ing period range, the viscoelastic constitutive behaviour must be taken into account. This can 

be formulated mathematically by means of relaxation functionals. Physically, such functionals 

express the stress at a given position and time in terms of the complete strain history at this 

position. 

Compared with elastodynamics, hydrostatics or viscodynamics, the development of the more 

general field theory of viscoelastodynamics is recent. A further difference is that this development 

has been strongly influenced by attempts to construct an axiomatic field theory describing the 

constitutive behaviour of any type of material and by the necessities of applied materials science 

for a sound theoretical foundation. Comprehensive monographs of non-linear field theory that 

encompass viscoelastic constitutive behaviour are those by Eringen (1962), Truesdell & Noll 
(19651 , 19922 ) and Malvern (1969); useful treatises that emphasize viscoelasticity and cover 

also recent developments include Christensen (19822 ) and Golden & Graham (1988). 

Applications of viscoelastodynamics to the deformation of planetary bodies have been im

peded by continuing uncertainities regarding the proper form of the relaxation functional to be 

adopted. A further difficulty is related to the presence of initial stress in planetary interiors. 

The modifications to the ordinary theory of viscoelastodynamics necessary to account for initial 

stress have been carried out by Biot (1965). On the basis of the theory developed by him, Biot 

also studied a number of geophysical problems but, as a whole, his theory has received little 

attention from geophysical researchers. 

A new development started with the application of viscoelastodynamics to the study of 

the glacial-isostatic adjustment processes following the retreat of the Pleistocene ice-sheets in 

Canada and Fennoscandia. The original research on this problem was largely completed by 

Cathles and Peltier, who stated the theory for the case of hydrostatic initial stress, Maxwell 

viscoelasticity and gravitation (Peltier, 1974; Cathles, 1975; Peltier, 1982; Wu & Peltier, 1982). 

Whereas the form of gravitational viscoelastodynamics (GVED) proposed by Cathles has a num

ber of deficiencies, the formulation given by Peltier is essentially correct. However, several ques

tions were left unanswered by him, most important among these being (i) the significance of 

initial stress and (ii) the relation of the field theory of GVED to those of GED and GVD. This 

has resulted in criticism regarding the consistency of the field equations of GVED as given by 

Peltier (e. g. Fjeldskaar & Cathles, 1984) and in uncertainty regarding the correct physical inter

pretation of the field quantities involved (e. g. Nakiboglu & Lambeck, 1982; Wolf, 1985a, b). The 

principal objective of the present investigation is to clarify these uncertainties by (i) developing 

the linear field theory of GVED from first principles and stating it in general, complete and 

rigorous form, (ii) testing its consistency and thoroughly discussing its physical interpretation, 

and (iii) deducing from it the explicit solutions of the viscoelastic generalizations of two classical 

problems relevant to surface loading of planets. 
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We begin with a collection of several basic concepts and conventions in Chapter 2. Most 

important of these are the development of equivalent kinematic formulations and, based on this, 

the derivation of different forms of the fundamental perturbation equation used throughout this 

study. Chapter 3 starts with the rigorous deduction, from the principles of continuum mechanics 

and potential theory, of the incremental field equations and interface conditions of GVED. 

The consistency of the incremental equations is confirmed by showing that their short- and 

long-time asymptotes agree with the corresponding equations of GED and GVD, respectively. 

After that, sets of incremental field equations and interface conditions valid for incompressible 

perturbations and subject to additional restrictions are derived. As an elementary application 

of the specialized theory, the viscoelastic generalization of the Boussinesq-Cerruti problem is 

considered in Chapter 4. Besides solving the problem in explicit form, we discuss the physical 

interpretation of the solution functions. The latter serves to clarify the significance of initial 

stress and to illustrate the relation of viscoelastodynamics to elastodynamics and visco dynamics 

from a different point of view. Chapter 5 is concerned with the deduction of the solution to 

the Lame-Kelvin problem of GVED in complete and explicit form. The solution method used 

differs from the standard procedure followed for this type of problem. In addition, a complete 

catalogue of solution functions covering all field quantities of interest in applications is provided. 

We note at this point that each of the following chapters is introduced by a detailed review 

of the topic to be studied followed by a brief overview of the individual sections of the chapter, 

with the main results summarized in the final section. 

Throughout this treatise, we adhere to a uniform notation. A list of the important symbols 

and the section or paragraph numbers of first reference to them is given in Appendix C. For 

economy, we continue to employ the abbreviations GVED (gravitational viscoelastodynamics), 

GED (gravitational elastodynamics), GVD (gravitational viscodynamics) and GHS (gravita

tional hydrostatics). 
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Chapter 2 

Basic concepts 

2.1 Introduction 

In this preparatory chapter, we collect the basic concepts used throughout this study. These are 

the kinematic formulations underlying continuum mechanics (e. g. Malvern, 1969, pp. 138-145) 

and some essentials of perturbation theory (e. g. Krauss, 1973, pp. 77-88). The concepts have 

been discussed in a geophysical or geodetic context by Dahlen (1972, 1973, 1974), Grafarend 

(1982) and others. Here, we adapt and extend their formulations in order to meet our particular 

requirements. Accordingly, we introduce the Lagrangian, Newtonian and Eulerian kinematic 

formulations of field quantities (Section 2.2) and specify their material, isopotential and local 
increments in terms of different forms of the fundamental perturbation equation (Section 2.3). 

Also, several notational conventions to be used when stating interface conditions are collected 

(Section 2.4). Finally, the key points are briefly summarized (Section 2.5). 

We restrict our study to Cartesian-tensor fields and employ for them the indicial notation 

and the summation convention: index subscripts i, j, ... run over {1,2,3}, respectively, and 

index subscripts repeated in any term imply summation over this range. As usual, 6ij is the 

Kronecker symbol and Eijk the Levi-Civita symbol. 

2.2 Kinematic formulations 

Let e be the unbounded 3-D Euclidian space-domain, T the time-domain [0,00) and consider 

the mapping 

(2.1) 

We assume that Ti(X,t) is a one-to-one mapping of £ onto itself with the property Ti(X,O) = Xi 

and is continuously differentiable with respect to Xi and t as many times as required. Henceforth, 

t will be called current time, ri current position, t = 0 initial time and Xi initial position. 

Suppose now that e is filled by a gravitating material continuum. As a particular mapping 

of the form of (2.1) satisfying our assumptions, then consider 

(2.2) 

This is the kinematic formulation to be used for material points (particles). It identifies each 

material point by its initial position, Xi, and relates to the point its current position, r~L), in 
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terms of the material displacement, Ui, from its initial position. 

In the course of this study, the concept of isopotential points will prove useful. We define 

such points as follows: An isopotential point is a point which can only move in the direction 

of the gradient of the gravitational potential currently existing at its position such that the 

potential at the point remains constant while the latter is being displaced. A second mapping 

satisfying our assumptions then is 

(2.3) 

which is the kinematic formulation to be used for isopotential points. It identifies each isopoten

tial point by its initial position, Xi, and relates to the point its current position, T!N), in terms 

of the isopotential displacement, di, from its initial position. 

The inverse mappings to (2.2) and (2.3) are 

X!L) = X!L)(r,t) = Tj - Uj(r,t) } 
(N) (N) Tj E E, t E T. 

Xj =Xi (r,t) = Tj-Di(r,t) 

(2.4) 

(2.5) 

In contrast to (2.2) and (2.3), equations (2.4) and (2.5), refer to local points (places) identified 

by their position, Ti. In particular, (2.4) relates to each local point the initial position, X!L), of 

the material point currently at Tj by means of the material displacement, Uj. Similarly, (2.5) 

relates to each local point the initial position, X!N), of the isopotential point currently at Tj by 

means of the isopotential displacement, Dj. Considering the general assumptions to be satisfied 

by the mappings T!L)(X, t) and T!N)(X, t), (2.4) and (2.5) define one-ta-one mappings that are 

continuously differentiable with respect to Tj and t as many times as required. 

We proceed by specifying the domains of definition ofthe mappings (2.2)-(2.5) more closely. 

We begin with (2.2) and decompose E into two open subdomains: the simply connected intemal 
domain, X~L), and the complementary extemal domain, xtL). With aXel) the 2-D interface 

between the two domains, it then follows that E = X~L) U X~L) U ax(L). We now define 

n~)(t) = {T~L)(X,t)IXj E X~L), t E T}, 

n~)(t) = {T~L)(X,t)IXj E xtL), t E T}, 

an(L)(t) = {r!L)(X,t) IXj E aXel), t E T}. 

(2.6) 

(2.7) 

(2.8) 

In view of the physical interpretation of (2.2), n~L)(t), n~)(t) and an(L)(t) are the current 

domains occupied by those material points initially in X~L) , in xtL) and on ax(L), respectively. 

For the present investigation, we suppose that n~)(t) and n~)(t) are domains of continuity for 

the characteristic parameters of the material and that an(L) ( t) is an interface of discontinuity for 

these parameters. We therefore take n~L)(t) = n~N)(t), n~)(t) = n<:)(t), an(L)(t) = an(N)(t) 
and define 

X~N)(t) = {X!N)(r,t) ITj E n~)(t), t E T}, 

X~N)(t) = {X!N)(r,t) ITj E n<:)(t), t E T}, 

ax(N)(t) = {X!N)(r,t) I Tj E an(N)(t), t E T}. 

(2.9) 

(2.10) 

(2.11) 

In view of the physical interpretation of (2.5), X~N)(t), xtN)(t) and ax(N)(t) are the initial 

domains occupied by those isopotential points currently in n~N)(t), in n<:)(t) and on an(N)(t), 
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respectively. Owing to 'R.~)(t) = 'R.~)(t), 'R.~)(t) = 'R.r)(t) and o'R.(L)(t) = O'R,(N)(t), no 

distinction is required between the domains and the symbols 'R.-(t), 'R.+(t) and o'R.(t) can 

be used. 

Next, we give formulations equivalent to (2.2)-(2.5) for arbitrary field quantities. Since we 

wish to allow for the possibility that the values of such fields or their gradients are discontinuous 

on o'R.(t), all material, isopotential and local points currently on this interface are excluded. We 

thus disregard material points for which Xi E OX(L) , isopotential points for which Xi E oX(N)(t) 
and local points for which Ti E o'R.(t). With this, the generalizations to (2.2) and (2.3) are 

fi~~!. = fi~~!'<X, t), Xi E xiL) U X~L) , t E T, 
fi<f.,~ = fi<f.,!<X, t), Xi E xiN)(t) U X~N)(t), t E T. 

(2.12) 

(2.13) 

The quantity fi~~!. in (2.12) is the current value of an arbitrary field at the material point whose 

initial position is Xi. Similarly, fir..~ in (2.13) is the current value of that field at the isopotential 

point whose initial position is Xi. Equation (2.12) is commonly referred to as the Lagrangian 
formulation of the field. Equation (2.13) is non-conventional and will be referred to as the New-
tonian formulation of that field. The generalization to (2.4) and (2.5) is 

(2.14) 

This equation relates to each local point identified by its position, Ti, the current value, F';j ... , of 

an arbitrary field at this point. Equation (2.14) is commonly called the Eulerian formulation of 

the field. The mappings defined in (2.12)-(2.14) are assumed to be single-valued and continu

ously differentiable with respect to Xi, Ti and t as many times as required. Provided the three 

formulations of the field are defined, they are related by 

fi~~!.(X,t) = Fij ... [r(L)(X,t),t], 

f~!">(X t) = R· [r(N)(X t) t] I,...' I,... " , 
Fij ... (r, t) = fi~~!.[X(L)(r, t), t], 

Fij ... (r, t) = fi~~[X(N)(r, t), t]. 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

As in the preceding equations, we continue to use lower-case symbols for the Lagrangian and 

Newtonian formulations of fields and upper-case symbols for the Eulerian formulation. The 

Lagrangian and Newtonian formulations are distinguished by the label superscripts Land N. 
The gradients of field quantities in the kinematic formulations considered will be indicated 

by means of the following abbreviations: 

fi~~!..k(X, t) = a~k fi~~!.(X, t), 

fi~~.k(X, t) = O~k fi~~(X, t), 
o 

Fij ...• k(r,t) = ~lij ... (r,t). vrk 
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Note that no ambiguity can arise from the notation. This is because a subscript preceded by 

a comma is to be understood as indicating the gradient with respect to the spatial argument 

of the field in the formulation considered, i. e. with respect to Xi for fi~~!. and fi~~ and with 

respect to ri for Fij .... In view of (2.19)-(2.21), differentiation of (2.15)-(2.18) yields 

fi~~!.,k(X, t) = Fij ... ,l[r(L) (X, t), t] r~~(X, t), 
fff..~,k(X, t) = Fij ... ,t[r(N) {X, t), t] r~~) (X, t), 

Fij ... ,k{r, t) = fi~~!.,AX(L)(r, t), t] X~;){r, t), 

Fij ... ,k{r, t) = fi~r-:!,AX(N)(r, t), t] X1T(r, t). 

2.3 Total, initial and incremental fields 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

We now assume that the current value of an arbitrary field represents a perturbation of its initial 

value. Allowing for discontinuities of the field values on 8'R(t), the Newtonian and Eulerian 

formulations of the perturbation equation are then straightforward only for isopotential and 

local points that are initially in 'R_(O) and currently in 1L{t) or that are initially in 'R+(O) and 

currently in 'R+(t). We call such points strictly internal or strictly external. For conciseness, we 

define 

x~N)(t) = X~N)(O) n X~N)(t), 
X~N)(t) = X~N)(O) n xf){t), 

'Re{t) = 'R_(O) n'R_(t), 

'Re(t) = ~(O) n'R+(t). 

(2.26) 

(2.27) 

(2.28) 

(2.29) 

On account of (2.26)-(2.29), the necessary and sufficient conditions for strictly internal or ex

ternal isopotential points and for strictly internal or external local points are therefore 

Xi E xt)(t) U X~N)(t) and ri E 'Re(t) U 'Re(t), respectively. 

The Lagrangian, Newtonian and Eulerian formulations of the fundamental perturbation 

equation can now be stated as follows: 

fi~~!.(X,t) = fi~~!.(X,O) + 6fi~~!.(X,t), 
(N) ) _ /,(N){ ) 8'f(N)( ) fij ... (X,t - ij ... X,D + ij ... X,t, 

Fij ... (r,t) = Fij ... (r,O) + LlFij ... (r,t), 

Xi E X~L) U X~L), t E T, 
Xi E xt)(t) u xf)(t), t E T, 
ri E 'Re(t) U'Re{t), t E T. 

(2.30) 

(2.31) 

(2.32) 

We refer to the left-hand sides of the equations as total fields, to the first terms on the right-hand 

sides as the initial fields and to the second terms on the right-hand sides as the incremental fields. 

In particular, 6fi~~!'<X, t) is called material increment, 8fH-:!(X, t) the i8opotential increment 

and LlFij ... (r,t) the local increment. Since Xi = r!L){X,O) = r!N)(X,O) and ri = XlL)(r,O) = 
X!N){r,O), it follows by comparison between (2.2)-{2.5) and (2.30)-{2.32) that 
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(2.33) 

(2.34) 



L1X!L)(r,t) = -Ui(r,t), 
.1Xt)(r,t) = -Di(r,t). 

(2.35) 

(2.36) 

Equations (2.30)-(2.36) are valid for finite perturbations of arbitrarily large amplitude. The 

remainder of this chapter, however, will be restricted to infinitesimal perturbations, for which 

the increments and their gradients are taken as 'infinitely small'. 

In some neighbourhood of OR(t), isopotential and local points are initially in 1L(O) and 

currently in 'R+(t) or vice versa. Since the field values are not necessarily continuous on 8R(t), 
such hybrid points require special consideration. In order that this be avoided, we need the 

Lagrangian forms of (2.31) and (2.32). Beginning with (2.31), we derive, as the first step, its 

Eulerian form. Putting Xi = Xi(N)(r, t), the equation becomes 

fH'!![X(N)(r, t), t] = fi)~[X(N)(r, t), 0] + 8fi)~[X(N)(r, t), t], 

Ti E 'Re(t) U'R.e(t), t E T, (2.37) 

where, on account of (2.5) and the assumption of infinitesimal perturbations, the first term on 

the right-hand side can be expanded into 

fl:"~[X(N)(r, t), 0] = fH~~[X(N)(r, 0), 0] - fir.~,k[X(N)(r, 0), 0] Dk(r, t). (2.38) 

Substitution of this into (2.37) and use of (2.18), (2.25) and XfP(r,O) = 6ij then gives 

Fij ... (r,t) = Fij ... (r,O) + 8Fij ... (r,t) - Fij ... ,k(r, 0) Dk(r,t), 
Ti E 'R.e(t) U ??-e(t), t E T. (2.39) 

The next step is to find the Lagrangian form of (2.39). Putting Ti = T!L)(X, t), the equation 

becomes 

Fij ... [r(L)(X, t), t] = Fij . ..[r(L) (X, t), 0] + 8Fij ... [r(L)(X, t), t] 
- Fij ... ,k[r(L)(X, t), 0] Dk[r(L)(X, t), t], 

Xi E X~L) U X~L) , t E T. (2.40) 

In view of (2.2), (2.15) and the assumption of infinitesimal perturbations, the first and third 

terms on the right-hand side of (2.40) can be expanded into 

Fij ... [r(L)(X, t), 0] = Fij ... [r(L)(X, 0), 0] + Fij ... ,k[r(L)(X, 0),0] Uk(X, t), (2.41) 

Fij ... ,k[r(L) (X, t), 0] Dk[r(L)(X, t), t] = Fij ... ,k[r(L) (X, 0), 0] d~L)(X, t). (2.42) 

Substitution of these equations into (2.40) and use of (2.15), (2.22) and T!~)(X, 0) = 6ij yields 

fi~!.(X,t) = f&~!'<X,O) + 8fi~~!.(X,t) + fi~~!.,k(X,O)[Uk(X,t) - d!L)(X,t)], 

Xi E xiL) u X!L) , t E T. (2.43) 

The Lagrangian form of (2.32) follows by taking steps in complete analogy to those leading from 

(2.39) to (2.43) as 

fi)~!.<X, t) = fi)~!.<X, 0) + .1fi)~!.<X, t) + fi~~!.,k(X, 0) Uk(X, t), 
Xi E X~L) U X~L), t E T. 
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We now adopt several notational simplifications to be adhered to throughout this treatise: 

(i) the arguments Xi, Ti and t are suppressed; (ii) the argument t = 0 is indicated by the 

label superscript 0 appended to the function symbols; (iii) the material, isopotential and local 

increments are indicated by the label superscripts 6, a and L1 appended to the function symbols. 

With these conventions, we obtain from the Lagrangian forms of the perturbation equations, 

(2.30), (2.43) and (2.44), the relations 

X · E X(L) u X(L) t T , _ +, E, 

(2.45) 

(2.46) 

(2.47) 

(2.48) 

(2.49) 

We refer to (2.45), (2.46) and (2.47), respectively, as the material, isopotential and local forms 

of the (Lagrangian) perturbation equation. The second terms on the right-hand sides of (2.48) 

and (2.49) are called advective increments. They account for the increments resulting from 

the component of the motion of material or isopotential points parallel to the gradient of the 

initial field. In the special case of a spatially homogeneous initial field, we have fi~~!k = 0 

and, therefore, li~~~) = fi~~~) = fi~~.~)· Henceforth, only the Lagrangian formulation will be 

employed, which allows us to suppress the label superscript L. Conventionally, the Langrangian 

formulation is used whenever material points can be identified and the domains initially occupied 

by them are prescribed but those currently occupied not known a priori. 

2.4 Interface conditions 

We briefly return the behaviour of field values on OR. In order to formulate a condition express

ing this behaviour, we locally assign to OR (the Lagrangian form of) the unit normal directed 

outward into n+. Denoting this vector by ni and assuming f. > 0, we define 

[/-. ]± = lim /-. (X ± m(O» } '1··· ,-0+ '1··· 

[/ij . ..]~ = [Jij . ..l+ - [fij . ..l-
Xi E ax, t E T. 

The interface condition for lij ... can then be written as 

[/ .. ]+ _ t± 
'1··· - - Jij ... ' Xi E 8X, t E T, 

(2.50) 

(2.51) 

(2.52) 

where Ii]. .. is the increase of lij ... in the direction of ni. For convenience, we may extend the 

field values onto an using 

Iii ... = !{[/ij . ..l- + [fij .. .]+}, Xi E ax, t E T, (2.53) 

which is the arithmetic mean of [/ii . ..l- and [/ij . ..l+. 
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2.5 Summary 

The main results of this preparatory chapter can be summarized as follows: 

(i) We have defined the Lagrangian, Newtonian and Eulerian kinematic formulations of 

arbitrary field quantities and have given expressions for the mutual relations of the quantities 

and their gradients. Whereas the Lagrangian and Eulerian formulations are conventional de

scriptions used in continuum mechanics, the Newtonian formulation is non-conventional and apt 

to gravitational continuum mechanics. 

(ii) In correspondence with the Lagrangian, Newtonian and Eulerian formulations, we have 

defined the material, isopotential and local increments of field quantities. Using the mutual 

relations between the kinematic formulations, this has allowed us to establish the material, 

isopotential and local forms of the fundamental perturbation equation referred to throughout 

the following chapters. 
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Chapter 3 

Linearized field theory 

3.1 Introduction 

Studies of the response of planetary bodies to perturbing forces of short duration have conven

tionally been based on the assumption of elastic constitutive behaviour. However, complications 

arise due to the presence of initial stress in the interiors of the bodies. Rayleigh (1906) discussed 

this problem and proposed that it be solved if the total stress is decomposed into a hydrostatic 

initial stress and a superimposed incremental stress. He also took the displacement of a particle 

with respect to its initial position and suggested to relate the incremental stress to the displace

ment using equations which formally agree with the ordinary field equations of elastodynamics 

valid in the absence of initial stress. 

Love (1911) elaborated Rayleigh's concepts. In particular, he found it profitable to for

mulate the incremental field equations in terms of the material incremental stress 'experienced' 

by a displaced particle and conventionally appearing in the incremental constitutive equation 

of elasticity. However, owing to the initial stress gradient in planetary interiors, the material 

incremental stress differs from the local incremental stress observed at a fixed location and ap

pearing in the Eulerian form of the incremental momentum equation. Love accounted for that 

difference by introducing the advective incremental stress into the latter equation. 

A corollary of Love's concept of material incremental stress is that the initial stress associ

ated with a particle at its current position is the hydrostatic stress at its initial position. This 

has sometimes been described as the particle 'carrying' its hydrostatic initial stress with it while 

being displaced. In several recent studies, Love's theory has been modified to the extent that 

a derivation of the incremental field equations of elastodynamics in the Lagrangian formulation 

has been given preference over his derivation in the Eulerian formulation (e. g. Dahlen, 1974; 

Grafarend, 1982). 

The response of planetary bodies to perturbing forces of long duration has usually been 

studied assuming fluid constitutive behaviour. In contrast to elastodynamics, no 'advective 

term' is now required in the incremental momentum equation. This is in consequence offormu

lating the incremental field equations of fluid dynamics in terms of the local incremental stress 

appearing in the appropriate incremental constitutive equation. The formal difference between 

the incremental momentum equations in elastodynamics and fluid dynamics has been discussed 

by several authors (e. g. Dahlen, 1974; Cathles, 1975, pp. 11-20; Grafarend, 1982). 
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Particular attention has been devoted to viscous perturbations of an initially hydrostatic 

state. Studies of this kind had been initiated by Darwin's (1879) investigation into body tides 

and were continued by several other investigators (e. g. Haskell, 1935, 1936; Parsons, 1972). 

However, most of these studies are based on the supposition of incompressibility. Notable 

exceptions include the stability analysis by Jarvis & McKenzie (1980), which allows for pressure

induced density perturbations in terms of a set of approximate incremental field equations, and 

the study by Li & Yuen (1987), in which effects due to a pressure-induced initial density gradient 

are considered. 

Various types of viscoelastic constitutive behaviour have been suggested over the years 

in order to explain the response of planets to perturbing forces spanning a wide period range. 

Comparatively recent is the formal development of the theory ofviscoelastodynamics for material 

continua in a state of initial stress. Pioneering investigations into this problem were published 

by Biot in a series of papers and are summarized in his monograph (Biot, 1965). Of particular 

relevance to us is Biot's analysis of viscoelastic perturbations, induced by surface masses, of an 

initially hydrostatic material occupying a plane half-space (Biot, 1959). Similar to Love, Biot 

found it necessary to distinguish between local and material incremental stresses. However, in 

contrast to Love, Biot proceeded by formulating the incremental field equations in terms of the 

local incremental stress. On the assumption of incompressible perturbations, this allowed their 

formal reduction to the ordinary field equations valid in the absence of initial stress, whose 

solutions are well studied. 

This 'reduction method' was also found helpful by Wolf (1984, 1985a, b) in his investigations 

into incompressible, viscoelastic perturbations of initially hydrostatic plane and spherical bodies 

with two layers. Assuming Maxwell viscoelasticity, he could in particular show that the solution 

approaches that for a hydrostatic fluid at times long after the onset of forcing (Wolf, 1985b). 

Since Wolf was not aware of Biot's publications at that time, no reference to them was made. 

More recently, Wolf's analysis has been extended to include generalized Maxwell viscoelasticity 

(Miiller, 1986; Kornig & Milller, 1989; Riimpker, 1990). 

The theory describing compressible, gravitational-viscoelastic perturbations of initially 

hydrostatic bodies has been largely developed by Peltier and is presented in several papers 

(e. g. Peltier, 1974; Wu & Peltier, 1982). Peltier's view is to account for elastic compressibility 

but to ignore bulk relaxation in the incremental constitutive equation. The shear relaxation 

is assumed to correspond to Maxwell viscoelasticity. A model of such constitutive behaviour 

that admits a closed-form solution was studied by Wolf (1985c). The simplifying feature of his 

model is that the incremental gravitational force associated with the perturbations of the initial 

density and the initial gravitational potential is ignored, which restricts the applicability of the 

solution to perturbations of sufficiently short wavelength. 

Whereas Wolf's simplified model is plane and homogeneous, Peltier's models are spherical 

and stratified, which allows the initial density distribution to be a prescribed function of the 

radial distance. This particular feature was criticized by Fjeldskaar & Cathles (1984), who 

argued that it does not permit the discrimination between chemically induced and pressure

induced initial density gradients. However, no attempt was made by them to elaborate their 

claim. Instead, Fjeldskaar & Cathles maintained that Peltier's form of the theory of GVED was 

inconsistent and, therefore, would not apply to the case of a pressure-induced initial density 
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gradient. They supported their view by referring to the necessary existence of an incremental 

state equation in GVD and to the mentioned difference between the incremental momentum 

equation in elastodynamics and this equation in fluid dynamics; two features which, in their 

opinion, were not covered by Peltier's theory. With regard to the second criticism, we incidentally 

note that, since no assumptions on the constitutive behaviour of the material enter into the 

derivation of the incremental momentum equation (e. g. Dahlen, 1974), the differences referred 

to by Fjeldskaar & Cathles can only be formal. Attempts to 'design' a special incremental 

momentum equation in GVED to provide for a smooth transition to the corresponding equations 

in GED and GVD (Svensson, 1980) are therefore physically unfounded. 

A far-reaching criticism has recently been raised by Geller (1988a), who claimed that the 

accepted form of the incremental momentum equation describing gravitational-i:!lastic pertur

bations of an arbitrary static initial state (Dahlen, 1972, 1973) is incorrect. Geller deduced the 

incremental momentum equation from a variational principle. Furthermore, he maintained that 

such kind of approach is necessary, because the correct form of this equation cannot be derived 

from the generalization of Newton's second law for continua (Geller, 1988b). Geller proposed 

modifications to the conventional incremental momentum equation only for a non-hydrostatic 
initial state. The accepted form of the equation for a hydrostatic initial state (e. g. Love, 1911; 

Dahlen, 1974) was confirmed but, since originally derived from the continuum form of Newton's 

second law, qualified as merely 'fortuitously' correct in Geller's study. 

In this chapter, a rigorous exposition of GVED is given with the following objectives 

in mind: 
We wish to demonstrate that the accepted form of the incremental momentum equation for 

initially hydrostatic planets is a logical consequence of Newton's second law. This conclusion 

should indeed result from a careful study of Dahlen's criticized papers. However, Dahlen de

duced the incremental field equations for a hydrostatic initial state (Dahlen, 1974) from the more 

complicated incremental field equations for a non-hydrostatic initial state (Dahlen, 1972, 1973). 

Apart from that, in his Lagrangian formulation for the total fields, the momentum equation 

contains an error and the gravitational-potential equation is not stated. Since these restrictions 

impede the verification of Dahlen's results, we will deduce the linearized forms of the incre

mental field equations and interface conditions of GVED for a hydrostatic initial state directly 

from the differential forms of the fundamental principles of continuum mechanics and potential 

theory. The resulting equations describe infinitesimal, gravitational-viscoelastic perturbations 

of chemically and entropically stratified, compressible, rotating fluids initially in hydrostatic 

equilibrium and apply to any type of viscoelastic constitutive behaviour characterized by both 
bulk and shear relaxation (Section 3.2). 

After that, the equations derived will be used to probe the justification of the criticism 

raised by Svensson (1980) and Fjeldskaar & Cathles (1984) regarding the consistency of the 

incremental field equations and interface conditions of GVED in their conventional form. For 

that purpose, we will consider perturbations whose short- and long-time limits exist. Based on 

this supposition, we will deduce two systems of incremental equations which are asymptotically 

correct for short and long times after the onset of the perturbations. The short-time asymptotic 

equations are generalizations of the incremental field equations and interface conditions of GED. 

The long-time asymptotic equations agree with the incremental field equations and interface 
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conditions of GVD, with the incremental thermodynamic pressure satisfying the appropriate 

incremental state equation of the fluid (Section 3.3). 

As an example of how compressibility can be explicitly accounted for in the theory, we will 

then derive a set of specialized field equations and interface conditions applying to the case of 

quasistatic, incompressible perturbations of an isochemical, isentropic, compressible initial state 

(§ 3.4.1). This is followed by a compilation of the corresponding equations for an incompressible 

material to be studied more closely in Chapters 4 and 5 (§ 3.4.2). The present chapter concludes 

with a brief summary of the main results obtained (Section 3.5). 

We use the Lagrangian formulation developed in Chapter 2; accordingly, field values refer 

to the current position, Ti, of a material point whose initial position, Xi, is taken as the spatial 

argument. Also, the field equations and interface conditions are defined for all Xi E X_ U X+ 
and Xi E ax, respectively; the temporal argument is the initial time, t = 0, or the current time, 

t E T. We assume that, for all Xi E X_ U X+ and t E T, the field quantities are continuously 

differentiable with respect to Xi and t as many times as required. 

3.2 Field equations and interface conditions 

In the present section, we deduce the incremental field equations and interface conditions describ

ing infinitesimal, gravitational-viscoelastic perturbations of chemically and entropically strati

fied, compressible, rotating fluids initially in hydrostatic equilibrium. In deducing the equations, 

we suppose that the perturbations are isochemical and isentropic. Our assumption is justified 

if the characteristic times associated with chemical or thermal diffusion are long compared with 

those associated with viscoelastic relaxation. This condition is met by a wide range of processes 

in planetary interiors. 

We begin by collecting the field equations and interface conditions for the total fields (§ 3.2.1) 

and the initial fields (§ 3.2.2), from which those for the incremental fields are obtained (§ 3.2.3). 

After that, the continuity and state equations involving the density and thermodynamic pres

sure are given (§ 3.2.4). These field quantities are used when studying the large-t asymptotic 

behaviour of the incremental field equations and interface conditions (§ 3.3.3.2) and when con

sidering the case oflocal incompressibility (§ 3.4.1). 

3.2.1 Equations for the total fields 

We recall the relation between the the Cauchy stress, tij, and the (non-symmetric) Piola

Kirchhoff stress, Tij: 
t··da· - .... da(O) I, 1 - 'I, j' (3.1) 

where dai is some current surface element at Ti and da1°) the associated initial surface element 

at r!O). Using the transformation formula. (e. g. Malvern, 1969, pp. 169-170) 

T' . da' = J' da(O) ,.1, I , (3.2) 

with j the Jacobian determinant given by 

j = det[Ti,j], (3.3) 
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it then follows that 

(3.4) 

We suppose in this investigation that the material continuum is without couple stresses, volume 

couples and spin angular momentum, so that tij is symmetric (e. g. Malvern, 1969, pp. 217-220). 

Consider now a gravitating, rotating material undergoing perturbations of some initial 

state. On the assumption that the angular velocity, rh, of the material can be regarded as 

prescribed, the momentum equation relative to a corotating reference frame is (e. g. Malvern, 

1969,pp.220-224) 

(3.5) 

where 9i is the gravity force per unit mass, 2£ijlcnlc 8t Tj the Coriolis force per unit mass and 
p(O) 2: 0 the initial volume-mass density. The symbols 8t and 8; denote the first- and second

order partial-derivative operators with respect to t. The field gi, henceforth simply referred to 

as gravity, is given by 

(3.6) 

with 4> the gravitational potential, X the centrifugal potential and 1/J some tidal potential. The 

gravitational-potential equation can be written as 

J.(A. ··X· LX· L + A. ·X· .. ) = -47rGp(O) 'P,1) 1,.. ),.. 'P,1 1,11 , (3.7) 

where G is Newton's gravitational constant. Using (2.24), equation (3.7) is readily interpreted 

as the Lagrangian formulation of Poisson's equation (e. g. Ramsey, 1981, pp. 67-69). The 

rotational-potential equation is 

(3.8) 

which implies an origin of the coordinate system on the spin axis. The constitutive equation is 

assumed to be of the form 

(3.9) 

where Mij is the anisotropic relaxation functional (assumed to be linear for simplicity) trans

forming the strain histoTY given by the term in brackets into the current incremental stress 

and t' is the excitation time. Clearly, t' E [0, t 1 must hold as a consequence of the causality 

principle. With Mij, t~~), p(O), 1/J and ni prescribed parameters and in view of X(i,j)r(j,i) = 1 

(no summation), equations (3.3)-(3.9) constitute the system of total field equations for gi, i, ri, 

tij, Tij, 4> and x. 
Next, the interface conditions to be satisfied by the fields will be collected. We assume 

here that 8'R coincides with a material sheet whose interface-mass density is u. Considering 

(2.50)-(2.52) and the direction of ni agreed upon, the following interface conditions then follow 

from (3.3)-(3.9): 

[Ti]~ = 0, 

(4)]~ = 0, 

[ni4>,jXj,d~ = -47rGu, 

[n ·t· .]+ - -g·u 1 11 - - 1· 
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Note that the conditions apply on the supposition that OR. is a 'welded' interface not admitting 

slip or cavitation of the material continuum. The value of g, on OR. is defined according to (2.53) 

and (1 is supposed to be a prescribed function of X, and t. 

3.2.2 Equations for the initial fields 

We now assume that (i) the material is a fluid and (ii) the initial state applying at t = 0 is 

a static equilibrium state. Then, since a fluid at rest cannot maintain deviatoric stresses, the 

initial state must even be a hydrostatic equilibrium state and, with the mechanical pressure 

defined by p = -tit/3, we have 
t~J) = -o,;p(O). 

Since r~~ = 0,;, equations (3.3) and (3.4) reduce to 

j(O) = 1, 

(3.14) 

(3.15) 

T~~) = -0' 'p(O) (3.16) IJ IJ· 

Using (3.14)-(3.16), xf,~) = 0,; and (8t r,)(0) = (8;r,)(0) = 0, equations (3.5)-(3.9) become 

_p(?) + p(O)g(O) = 0 
,I • , 

g!O) = (cjJ(O) + X(O) + t/I(O»", 

..J.(~) = -41rGp(0) 0/,11 , 

2X(0) = n·n·r(O)r(O) - n·n·r(O)r(O) 
IIJ J IJI J' 

p(O) = ~(p(O), A (0) ,cp(O». 

(3.11) 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

Equation (3.21) is the form of the state equation assumed for the present investigation, where 

A(O) is a field quantity representing the initial chemical composition and cp(O) the initial entropy 

density. With the state function,~, known and ,\(0), cp(O), t/I(O) and ili prescribed, (3.17)-(3.21) 

constitute the (non-linear) system of initial field equations of GHS for g!O), p(O), p(O), cjJ(O) and 

X(O). We point out the relation f.';kP~) giG) = 0 following from (3.11) and (3.18), whence these 

equations require that the level surfaces of p(O), p(O) and cjJ(O) + X(O) + t/I(O) coincide. However, 

since (3.17) and (3.18) represent three scalar equations, respectively, the system (3.17)-(3.21) is 

overdetermined and solutions for the level surfaces are severely restricted. 

Supposing (1(0) = 0 and using (3.14) and xf,~) = 0,;, the following initial interface conditions 

are obtained from (3.10)-(3.13): 

[r~O)I~ = 0, 

[cjJ(O)]~ = 0, 

[n~O) ..J.(?>]+ = 0 
I '+',1 - , 

[p(O)]:!: = O. 

(3.22) 

(3.23) 

(3.24) 

(3.25) 

Since solutions to (3.17)-(3.21) admit a jump discontinuity of p(O) on 8'RJO), we also have 

(3.26) 
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3.2.3 Equations for the incremental fields 

3.2.3.1 Material form 

Using (2.33), (2.35) and (2.45), we decompose the total fields in (3.3)-(3.9) into initial and 

incremental parts. Considering also (3.14)-(3.16), (3.21) and r~~ = X!~ = 6ij, we get 

(1 + j<6» = det[6ij + Ui,j], (3.27) 

(6ik + Ui,k)( -6jkP(O) + TJZ» = (1 + j(6»( -6ijP(O) + t~J», 
_pC?) + T~~)- + p(O)(g(O) + g(6) + 2£- -kflk ()tU _) = p(O) ()2u-

,1 1),) 1 1 I) ) t 1, 

g!O) + g!6) = (<1>(0) + <1>(6) + x(O) + X(6) + t/J(O) + 1/J(6) ),j (6ji - Uj,i), 

(1 + j(6»[(<I>(0) + <I>(6»,ij(6ik - Ui,k)(6jk - Uj,k) - (<1>(0) + <I>(6»,iUi,jj] = -411"Gp(0) , 

(3.28) 

(3.29) 

(3.30) 

(3.31) 

2(X(0) + X(6» = flifli(r~O) + Uj)(r~O) + Uj) - fliflj(r!O) + Ui)(r~O) + Uj), (3.32) 

- 6ijP(0) + t~J) = -6ij ~(p(O), ..\(0), <p(0» + Mij ([ 6mk + Um,k( t - t /)][ 6ml + umA t - t'l] - 6kd. (3.33) 

We note that no restrictions on the magnitude of the perturbations have been imposed so far, 

i. e. (3.27)-(3.33) are valid for finite perturbations. In this study, we only consider infinitesimal 
perturbations, which allows us to linearize the field equations. Accordingly, we have 

Ui,j = Ui,j 

and (3.27) reduces to 

J.(6) - 4'_ -
- Utl'" 

by which (3.28) can be recast into 

rg) = t~J) + p(O)(Uj,i - 6ijUk,k). 

Considering (3.17)-(3.21) and (3.34)-(3.36), equations (3.29)-(3.33) then become 

t~J~j + p~J)Uj,i - p~?)Uj,j + p(O)(g!6) + 2£ijkf2k ()tUj) = p(O) ()lUi, 

g!6) = (<1>(6) + X(6) + t/J(6»,i - (<1>(0) + x(O) + 1/J(O»,jUj,i, 

..J,.(~) _ 2..J,.(?)u- - - ..J,.(?)u- -- = 411"Gp(0)u- -
'+',11 '+',1) 1,) '+',1 1,)) I," 

X(6) = x(?)U-
,1 1, 

t~J) = Mij[Uk,t(t - t ' ) + Ut,k(t - t'l]· 

(3.34) 

(3.35) 

(3.36) 

(3.37) 

(3.38) 

(3.39) 

(3.40) 

(3.41) 

With Mij, 1/J(6) and f2i prescribed parameters and the initial fields given as special solution to 

the initial field equations and interface conditions, (3.31)-(3.41) constitute the material form of 

the incremental field equations of GVED for g!S), t~J), Ui, <1>(6) and X(S). 

Next, the linearized forms of the associated incremental interface conditions are derived. 

For that purpose, we decompose the total fields in (3.10)-(3.13) into initial and incremental 

parts. Using (2.33), (2.35), (2.45), (3.14) and rl~o) = X~O) = 6i)-, we get 
,. I" 

(3.42) 
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[4>(0) + 4>(6»),: = 0, 

[(n~O) + n~6))(4)(0) + 4>(6»,j(6ji - Uj,i)]~ = -47rGO', 

[( n~O) + n~6»( -bijp(O) + t~J»]~ = _(g!O) + g!6) )0'. 

(3.43) 

(3.44) 

(3.45) 

In view of (3.22)-(3.25) and (3.34) and the assumption of infinitesimal perturbations, the ma

terial form of the incremental interface conditions follow as 

[Ui]~ = 0, 

[4>(6)]~ = 0, 

[n(O)(..J..(~) - ..J..(~)u· .)]+ = -47rGO' ,'+',1 'P" J,I - , 

(3.46) 

(3.47) 

(3.48) 

(3.49) 

Since n~O) is normal to B'R'cO), which is a surface of constant 4>(0) + x(O) + ",,(0), we may put on 

this surface 

(3.50) 

which will be used below. 

3.2.3.2 Material-local form 

The material-local form of the incremental field equations and interface conditions result if we 

use (2.49) to express g~6), 4>(6) and ",,(6) in terms of the respective local increments: 

In view of (3.17)-(3.19), (3.40) and (3.51)-(3.53), equations (3.37)-{3.41) take the forms 

(3.51) 

(3.52) 

(3.53) 

t~J~j + (p~J) Uj ),i - g~O) (p(O)Uj ),j + p(O)(g~..:1) + 2fijknk Btuj) = p(O) B;Ui' (3.54) 

g!..:1) = (4)(d) + ",,(d»,i, (3.55) 

..J..(~) = 47rG(p(0)u') . (3.56) '+',u , I" 

t~J) = Mij[Uk,l{t - t'l + Ul,k(t - t'l]. (3.57) 

With Mij, ",,(..:1) and ni prescribed parameters and the initial fields given as special solution to 

the initial field equations and interface conditions, (3.54)-{3.57) constitute the material-local 

form of the incremental field equations of GVED for g!d) , t~J) , Ui and 4>(d). 

Equations (3.54)-(3.56) agree with the incremental momentum equation and gravitational

potential equation given by Love (1911, pp. 89-93) and by Dahlen (1974). Love used the Eulerian 

formulation, i. e. his incremental equations are functions of the current particle position, rio 

Since the difference between the Lagrangian and Eulerian formulations is of second order in the 
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incremental quantities, it may, however, be ignored in linearized field theory. In contrast to Love, 

Dahlen used the Lagrangian formulation in terms of the initial particle position, Xi, which has 

also been adopted here. We note that the expression for the gravitational-force density is given 

incorrectly in Dahlen's total momentum equation, which therefore does not agree with (3.5) and 

(3.6). However, this error is not transferred to Dahlen's incremental momentum equation, which 

is found to be consistent with (3.54) and (3.55). Also, Dahlen does not introduce an equation 

equivalent to our total gravitational-potential equation, (3.7); accordingly, it is not quite obvious 

how his equivalent to our incremental gravitational-potential equation, (3.56), has been derived. 

The associated incremental interface conditions follow upon substituting (3.52) into (3.47) 

and (3.48), yielding 
[4>(.:1) + 4>~?)ud: = 0, 

[n~O)(4)~t) + 4>~~Uj)]: = -41rGu. 

(3.58) 

(3.59) 

Observing the constraints imposed by (3.24) on the continuity of the components of n}O)4>~?}, 
(3.59) can be shown to be equivalent to 

[n~O)( 4>~t) + 4>~~]Ui)]: = -41rGu. (3.60) 

Upon consideration of (3.19), (3.46), (3.49) and (3.50), the incremental interface conditions are 

found to be 

lUi]: = 0, 

[4>(.:1)]: = 0, 

[n~O)(4)~f) - 41rGp(O)Ui»): = -41rGu, 

[n<,O)t(~»)+ = '''m(O)u 
) I) - I 1 • 

(3.61)

(3.62) 

(3.63)

(3.64)

The material-local form of the incremental field equations and interface conditions of GVED is 

reconsidered below when studying the small-t asymptotes to these equations (§ 3.3.3.1). 

3.2.3.3 Local form 

We consider (2.49) and (3.14), giving 

(3.65) 

On account of (3.17) and (3.65), the material-local form of the incremental field equations and 

interface conditions, (3.54)-{3.57) and (3.61)-{3.64), transforms into 

t~t] - g!O) (p(O)Uj),j + p(O) (g[.:1) + 2Ejj"fl" {JtUj) = p(O) {}luj, (3.66) 

g~.:1) = (4)(.:1) + 1/I(.:1»,i, (3.67) 

4>~ff) = 41rG(p(O)Uj),i' (3.68) 

t~t) = cSijP~~)U" + Mij[Uk,l(t - t ' ) + Ul,k(t - t' )], (3.69) 
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lUi]:!: = 0, 

[<I>(~)]:!: = 0, 

[n~O)(<I>~t) - 41rGp(O)Ui)]:!: = -41rGu, 

[n(O)(t~~) - 6· .p(O)9(O)Uk)]+ = "'In~O)u 
) I) I) k - I 1 • 

(3.70) 

(3.71) 

(3.72) 

(3.73) 

With Mij, ""(~) and fli prescribed parameters and the initial fields given as special solution to 

the initial field equations and interface conditions, (3.66)-{3.69) constitute the local form of the 

incremental field equations of GVED for g~~), t~t), Ui and <I>(~), whose solution must satisfy the 

associated incremental interface conditions, (3.70)-{3.73). 
The term [n~O) p(O)g~O)Uj]:!: in (3.73) has sometimes been referred to as 'buoyancy term'. 

Note that its appearance is solely a consequence of formulating the incremental field equations 

and interface conditions in terms of the local incremental stress, t1t). In the material-local 

form of the equations, where the material incremental stress, t1J) , is used, no buoyancy term can 

therefore arise in the corresponding interface condition, (3.64). Conversely, the material-local 

momentum equation, (3.54), contains the 'advective term' {p~J)Uj),i' which is absent from the 

local momentum equation, (3.66). The local form of the incremental field equations and interface 

conditions of GVED will be used when deducing the large-t asymptotes to the incremental 

equations (§ 3.3.3.2) and when considering the case of incompressibility (Section 3.4). 

3.2.3.4 Constitutive equation 

To obtain an expression for Mij, we use the continuous differentiability of the strain history. 

On this assumption, Mij may be written as a convolution integral (e. g. Christensen, 19822 , 

pp.3-9) 

(3.74) 

with mijkl(t - t') the anisotropic relaxation function. Supposing isotropic viscoelasticity from 

now on and exploiting the symmetry properties of mijH (e. g. Malvern, 1969, pp. 276-277), this 

simplifies to 

Mij = 10t 
[ml{t - t') - ~m2(t - t')]6ij Ot' [uk,k (t')] dt' 

+ lot m2{t - t') Ot'[Ui,j{t') + ujAt')] dt'. (3.75) 

We refer to (3.75) as the incremental constitutive equation of viscoelasticity. The independent 

functions ml (t - t') and m2{ t - t') are defined for all t - t' E [0,00) and called bulk-relaxation 

function and the shear-relaxation function, respectively. For notational economy, we frequently 

use mll{t - t'), where" = 1,2. We assume that the values of mll{t - t') are continuously differ

entiable in 1L U 'R+ but may have a jump discontinuity on O'R. Furthermore, we take 

mll{t - t') as continuously differentiable with respect to t - t', where it follows from thermody-
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namic principles that (e. g. Christensen, 19822 , pp. 83-87; Golden & Graham, 1988, pp. 12-14) 

mll(t - t') ~ 0, 

Ot-t,mll(t - t') ~ 0, 

O;_t,mll(t - t') ~ o. 

(3.76) 

(3.77) 

(3.78) 

To obtain an additional constraint on m2(t - t'), we recall that, by assumption, the material is a 

fluid. A necessary condition of fluid constitutive behaviour is that deviatoric stresses can relax 

completely (e. g. Christensen, 19822 , pp. 9-14; Golden & Graham, 1988, pp. 14-17). In view of 

(3.75), this is formally expressible as the fluidity condition: 

lim m2(t - t') = O. 
f-f'-oo 

(3.79) 

3.2.4 Continuity and state equations 

So far, the incremental density and the incremental thermodynamic pressure have not appeared 

explicitly in the equations. This is in accordance with the adoption of the Lagrangian formula

tion, where the displacement, Ui, is preferentially used. However, the incremental density and 

the incremental thermodynamic pressure are required below in order to interpret the large-t 

asymptotes to the incremental field equations and interface conditions of GVED (§ 3.3.3.2) and 

to study the significance of local incompressibility (§ 3.4.1). Here, we collect the equations 

governing these field quantities. 

The current value of the density, p, can be related to its initial value, p(O) , by means of the 

continuity equation (e. g. Malvern, 1969, pp. 208-210): 

jp = p(O), (3.80) 

where j is given by (3.3). For a fluid not necessarily in hydrostatic equilibrium, the thermo-
dynamic pressure, w, is introduced with the aid of a state equation whose functional relation 

is identical to that governing the mechanical pressure, p = -tii/3, in the case of hydrostatic 

equilibrium (e. g. Malvern, 1969, p. 296). In view of(3.21), we therefore have 

w = ~(p, >., cp), (3.81) 

with w in general different from p. However, at t = 0, equation (3.81) reduces to 

(3.82) 

which, by comparison with (3.21), yields 

(3.83) 

A direct consequence of (3.82) and (3.83) is 

(~) = (a~ )(0) (~) + (a~ )(0) A (~) + (a~ )(0) (~) 
P,I ap P,I a>.. ,I acp CP,I' (3.84) 

where the partial derivatives (aaap)(O) = [a~/ap]p=pCO) etc. a.re dependent on Xi E X_ U X+. 
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Next, we use (2.45) to decompose the total fields in (3.80) and (3.81) into initial and 

incremental parts. Using also (3.15) and (3.35), equation (3.80) becomes 

(3.85) 

Since, by assumption, the perturbations are isochemical and isentropic, we have ,\(S) = ep(S) = 0 

and the decomposition of (3.81) takes the form 

ro(O) + roeS) = {(p(O), ,\ (0) , ep(O» + (~!) (O)p(S) • (3.86) 

Considering (3.82) and retaining only terms that are linear in the incremental quantities, (3.85) 

and (3.86) reduce to 

PeS) _ _ p(O)u' . 
- '," (3.87) 

(5) _ (8{)(O) (S) 
ro - 8p p , (3.88) 

which constitute the material forms of the incremental continuity and state equations, respec

tively. Due to (2.49) and (3.83). we have, however, 

peS) = p(~) + P~?)Ui' 

roeS) = ro(A) + P~?)Ui' 
whence the material forms can be replaced by 

(3.89) 

(3.90) 

(3.91) 

(3.92) 

These are the local forms of the incremental continuity and state equations, respectively. Equa

tion (3.92) takes a more familiar form upon substituting for p~?) from (3.84): 

(~) = (8{)(O) (~) _ (8{)(O)\(~) . _ (8{)(O) (~) . 
ro 8p p 8'\ '\' u, 8IP IP" Us- (3.93) 

In §§ 3.3.3.2 and 3.4.1, appropriate expressions for the partial derivatives will be provided. 

3.3 Asymptotic behaviour 

We proceed by supposing perturbations whose limits exist for both t - a and t - 00. Obviously, 
these limits correspond to the initial and final hydrostatic equilibrium states of the fluid. Based 

on this assumption, we then derive asymptotes, for small and large t, to the incremental field 

equations and interface conditions of GVED. This problem essentially reduces to finding suitable 

asymptotic approximations to the Laplace transform of the incremental constitutive equation 

of viscoelasticity. Upon substituting (3.75) into (3.57) and (3.69), respectively, and observing 
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(A.2), (A.3), (A.5) and u~O) = 0, Laplace transformation from the (Xi, t)- to the (Xi, s)-domain 

yields 
-(6) (- 2 -)£ - - (- -) t·· = ml- -m2 v"SUkk +m2s U·· +U·· IJ 3 'J, I,J J,I , 

-(.:1) £ [(0)- (- 2 - ) - ] - (- -) tii = (lij P,Ie Uk + ml - 3m2 .sUk,1e + m2s ui,i + Uj,i , 

(3.94) 

(3.95) 

where hi ... denotes the Laplace transform of iij ... and s E S the inverse Laplace time (Ap

pendix A). As in these equations, we usually suppress the argument, s, of Laplace-transformed 

relaxation functions and incremental fields; for brevity, we refer to the latter simply as incremen

tal fields. To make further progress, it is necessary to specify mil. This is achieved by expressing 

mll{t - t') in terms of the associated relaxation spectrum (§ 3.3.1). Laplace transformation then 

supplies a formula for smll , from which asymptotic approximations for large and small scan 

be derived (§ 3.3.2). Substituting these approximations into (3.94) or (3.95) and applying the 

generalized initial- and final-value theorems then gives the small- and large-t asymptotes to the 

incremental constitutive equation of viscoelasticity (§ 3.3.3). 

3.3.1 Relaxation functions 

For v = 1,2, suppose that mll(t - t') can be expressed as (e. g. Christensen, 19822 , pp. 28-32j 

Golden & Graham, 1988, pp. 31-32): 

mll(t - t') = m lloo + 1000 

mll{ 0') e-a '(1-1') do:' , (3.96) 

where mil { 0:') is the relaxation spectrum, 0' is the inverse spectral time and mll{ t - t') satisfies 

the restrictions (3.76)-(3.79). Equation (3.96) implies 

(3.97) 

whence, by (3.79), it follows that 

(3.98) 

Defining 

(3.99) 

we also get 

(3.100) 

A consequence of (3.77), (3.97), (3.99) and (3.100) is that J~ mil (0:') do:' ~ o. Here, we impose 

the more stringent condition that mll( 0') ~ 0 for 0' E [O,oo)j we furthermore require that 

mll{o') vanishes sufficiently rapid as 0' -+ 0 and 0' -+ 00 that, for 0 < 0:1 < 00, the integrals 

J;1 mll(o:')/o'do:' and J:: 0:' mll{o:') do:' converge. These assumptions are of sufficient generality 

to include conventional mechanical and molecular models of viscoelasticity. 

Next, we apply (A.6) and (A.7) to obtain the s-multiplied Laplace transform of (3.96) with 

respect to t - t': 

100 - ( ') _ smll 0 , 
smll = mlloo + do: • 

o s + 0:' 
(3.101) 
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Being interested in asymptotic approximations to sm" for large and small s, we decompose the 

integral in (3.101) in the following way: 

100 sm..,(o') d ' _1 3
-0 mv(a') d' 100 s mv(o/) d ' o - I a + - a. 

o s + 0' 0 1 + ': .+0 0.' 1 + ~, (3.102) 

Note that, on the right-hand side, 0' /s < 1 in the first integrand whereas s/a' < 1 in the second. 

3.3.2 Asymptotic relaxation functions 

3.3.2.1 Large-s asymptotes 

For sufficiently large s, the second integral on the right-hand side of (3.lO2) may be neglected 

and, due to the convergence of f.~o 0' mv( 0.') do', we get the asymptotic approximation 

r;:,o s mv( 0.:) do' ~ (00 mv( a') (1 _ 0') do'. 
Jo s + a Jo s 

(3.103) 

Since mv( 0') ~ 0 for 0' ~ 0, we can apply the mean-value theorem of integral calculus and 

obtain the following estimate: 

1000 

0' mv( 0 /
) da' = avo 1000 

mv( a') do', (3.104) 

where 0vO ~ O. In view of (3.100), (3.103) and (3.104), equation (3.101) takes the form 

_ ( )o.~ smv ~ mvO - mvO - mvoo -, s 

which is correct to the first order in avo/so Using the abbreviations 

we finally obtain 

sml 
K' 

~ Ke-.....!., 
S , 

~ Jle - Jle , 
s 

(3.105) 

(3.106) 

(3.107) 

(3.108) 

(3.109) 

(3.110) 

(3.111) 

which are asymptotically correct for large S. From the properties of mv(t - t') specified above 

it follows that the values of Ke , II:~, Jle and Jl~ are non-negative and continuously differentiable 

in 'R_ U 'R+, with jump discontinuities admitted on an.. 
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3.3.2.2 Small-s asymptotes 

For sufficiently small s, the first integral on the right-hand side of (3.102) may be neglected and, 

due to the convergence of J~-o mv( 0')/ 0' do:', we arrive at the asymptotic approximation 

100 smv(o:') d ' -loo - ( ')":!"d ' , 0: _ mv 0: o. 
o 3+0: 0 0' 

Applying the mean-value theorem of integral calculus, we now have 

roo mv(~') do' = _1_ roo m,,{o') do',. 
10 0 0"00 10 

where Ovoo ~ O. In view of (3.100), (3.112) and (3.113), equation (3.101) becomes 

sm" ~ m"oo + (m"o - m"oo) _s - , 
0"00 

which is correct to the first order in s/o"o. We simplify this by means of 

Since Ilh = 0 by (3.98) and (3.117), we obtain 

(3.112) 

(3.113) 

(3.114) 

(3.115) 

(3.116) 

(3.117) 

(3.118) 

(3.119) 

(3.120) 

which are asymptotically correct for small 3. From the properties of m,,( t - t') specified above, 

it follows that the values of K.h, K.h and Ilh are non-negative and continuously differentiable in 
n_ u n+, with jump discontinuities admitted on an. 

3.3.3 Asymptotic incremental field equations and interface conditions 

3.3.3.1 Small-t asymptotes: field theory of GED 

By the generalized initial-value theorem for Laplace transforms (Appendix A), the small-t 

asymptote to (3.57) corresponds to the large-s asymptote to (3.94). However, for 8 sufficiently 

large, 8m! and 3m2 may be approximated by (3.110) and (3.111), whose substitution into (3.94) 

provides 

-(6) _ ( 2 )£ .. - (-.. - .. ) (' 2 ')£ .. Uk,k , Ui,j +Uj,i t ij - K.e - aile v'JUk,k + Ile U',J + UJ " - K.e - aile CJ'J -- - Ile • 
S 8 

(3.121) 

In view of (A.2), (A.4) and (A.19), inverse Laplace transformation from the (Xi'S)- to the 

(Xi, t)-domain gives 
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tW = (Ke - iJle)6ij Uk,k + Jle(Ui,j + Uj,i) - (X;~ - iJ.'~)6ij lot Uk,k(t')dt' 

-Jl~ lot [Ui,j(t') + Uj,i(t')] dt', (3.122) 

with Ke called elastic bulk modulus, Pe elastic shear modulus, K~ anelastic bulk modulus and J.'~ 

anelastic shear modulus. Equation (3.122) is to be complemented by the remaining incremental 

field equations, (3.54)-(3.56), and the associated incremental interface conditions, (3.61)-(3.64). 

Together, they constitute the material-local form of the small-t asymptotes to the incremental 

field equations of GVED in terms of ld), tW, Ui and 4>(..1). We also refer to the equations as 

the incremental field equations and interface conditions of generalized GED. 

U the integrals in (3.122) are neglected, it simplifies to the incremental constitutive equation 

of elasticity. In this case, the small-t asymptotes to the incremental field equations and inter

face conditions of viscoelastodynamics agree with the incremental field equations and interface 

conditions of ordinary GED (e. g. Love, 1911, pp. 89-93; Dahlen, 1974; Grafarend, 1982). 

3.3.3.2 Large-t asymptotes: field theory of GVD 

By the generalized final-value theorem for Laplace transforms (Appendix A), the large-t asymp

tote to (3.69) corresponds to the small-s asymptote to (3.95). However, with s sufficiently large, 

Sml and Sm2 may be replaced by (3.119) and (3.120), whose substitution into (3.95) leads to 

(3.123) 

Considering (A.2), (A.3), (A.19) and u~O) = 0, inverse Laplace transformation from the (Xi, s)-
to the (Xi, t)-domain provides 

(3.124) 

with Kh referred to as hydrostatic bulk modulus, Kh as viscous bulk modulus (bulk viscosity) 

and Ph as viscous shear modulus (shear viscosity). We can reduce the large-t asymptote to an 

expression for w(..1~ by recalling that, for a fluid not necessarily in hydrostatic equilibrium, w(..1) 

is related to the other state variables by the same function that relates p(..1) = -t~f) /3 to these 

variables in the case of hydrostatic equilibrium (e. g. Malvern, 1969, p. 296). Putting at = 0 in 

(3.124) thus yields 

(3.125) 

To replace this by a more familiar form, we compare (3.91), (3.92) and (3.125), giving 

(
a€)(O) Kh 
ap = p(O) , (3.126) 

and set 

(3.127) 

(3.128) 
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where 1 is the chemical and 11 the entropic modulus. Upon substitution of (3.126)-(3.128), 

equation (3.93) takes the form 

(.6) _ Kh (.6) _ _ 1_ >. (?) "_ ~ (0) " 
t<:7 - p(O) P .>.(0),' u, <pea) <P,i U" (3.129) 

which is the incremental state equation of a fluid whose total state equation is given by (3.81). 

Considering (3.91), (3.124), (3.125), (3.129) and the assumption of isochemical and isen

tropic perturbations, ).(6) = <p(6) = 0, the local form of the incremental field equations of GVED, 

(3.66)-(3.69) reduces to 

t~fJ - g[O) p(.6) + p(O)(g!.6) + 2£ijknk OtUj) = pea) O;Ui' 

g!.6) = (</J(.6) + ",(a»,i, 

..J.(~) = 411"G(p(0)U") " 
'f',11 1 ,1' 

t!t) = -!5ijt<:7(.6) + (Kh - ~JL~J!5ij OtUk,k + JLh Ot( Ui,j + Uj,i), 

t<:7(.6) = Kh p(.6) + _1_ ).(.6) + ~ <p(.6) 
p(O) ).(0) <p(o) , 

p(.6) = -(p(O)Ui),i, 

).(.6) = -).(?)U" 
.1 " 

<p(.6) = -<P~?)Ui' 

(3.130) 

(3.131) 

(3.132) 

(3.133) 

(3.134) 

(3.135) 

(3.136) 

(3.131) 

These equations are completed by the associated incremental interface conditions, (3.10)-(3.13). 
Together, they constitute the local form of the large-t asymptotes to the incremental equations 
of GVED in terms of g!.6), t~f), Ui, ).(.6), t<:7(a), p(.6), </J(.6) and <p(.6); in particular, they agree 

with the with the incremental field equations and interface conditions of GVD (e. g. Backus, 

1961; Cathles, 1975, pp. 15-20; Jarvis & Mackenzie, 1980). 

3.4 Specialized field equations and interface conditions 

In the present section, we consider simplified field theories by supposing that the fluid is iso

chemical and isentropic in either of the domains 'R_ and'R..+: 

). (?) = t,,(?) = 0 
,1 T,1 , 

that rotational and tidal effects are neglegible: 

x = 1/J = 0, 

that the perturbations are quasistatic: 
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(3.138) 

(3.139) 

(3.140) 

(3.141) 



and that the bulk relaxation is negligible: 

(3.142) 

We note that, in the absence of tidal forces, the perturbations are now solely due to the incremen

tal interface-mass density, u. The field theories of GHS and GVED satisfying (3.138)-(3.142) will 

henceforth be referred to as specialized theories. Further below, the perturbations are assumed 

to be incompressible in addition. The analysis of this feature divides into local incompressibility 

(§ 3.4.1), which accounts for an initial density gradient due to self-compression, and material 
incompressibility (§ 3.4.2), where the initial state is also taken as incompressible. 

3.4.1 Local incompressibility 

3.4.1.1 Equations for the initial fields 

Upon consideration of (3.138)-(3.140) and elimination of g!O), the initial field equations of GHS, 

(3.17)-(3.21), simplify to 

q}~'> = -411'Gp(0) ,11 , 

p(O) = ~b(P(O», 

(3.143) 

(3.144) 

(3.145) 

with ~b the barotropic state function. The initial interface conditions, (3.22)-(3.26), continue to 

apply. Solutions to the specialized equations for the initial fields can be shown to exist for the 
level surfaces of p(O), p(O) and <1>(0) being concentric spheres, coaxial cylinders or parallel planes 

(e. g. Batchelor, 1967, pp. 14-20) To eliminate p(O), consider the gradient of (3.145): 

(0) _ (d{b)(O) (0) 
P,i - dp P,i' (3.146) 

where (d{b/dp)(O) must be constant on the level surfaces. Comparing (3.143) with (3.146) yields 

(d~b)(O) (~) = (O)<I>(~) 
dp P,1 P ,1' (3.147) 

which is the Williamson-A~ams equation (Williamson & Adams, 1923; Bullen, 1975, pp. 67-68). 
With (d{b/dp)(O) prescribed, (3.144) and (3.147) are to be solved for p(O) and </>(0). 

3.4.1.2 Equations for the incremental fields: local form 

Using (3.142) and 

m2(t - t') = p(t - t'), 

substitution of (3.75) into (3.69) leads to 

t~t) = 6ij{P~2)Uk + KhUk,k) - ~ fat p(t - t')6ij Ot'[Uk,k(t'») dt' 

+ fat p(t - t') Ot'[Ui,j(t') + Uj,i(t'») dt'. 
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Since, by setting Ot = 0 in (3.149), we find 

Q(..1) = _p(?) Ui - "'h Ui i 
,I , 

and, by comparing (3.91), (3.92), (3.150) and observing ~b/dp = of./op, we obtain 

(~b)(O) "'h 
dp = p(O) , 

it follows from (3.146), (3.150) and (3.151) that 

Q(..::l) __ "'h (p(O)U") " 
- p(O) I ,I" 

Note that, with p(..1) = -t~f) /3 per definitionem, (3.149) and (3.150) yield 

ro(..1) = p(..::l) , 

which will henceforth be implied. 

We now suppose that (3.152) can be replaced by the simultaneous conditions 

(p (O)U") " _ 0 
, ,I , 

p(..::l) = finite. 

(3.150) 

(3.151) 

(3.152) 

(3.153) 

(3.154) 

(3.155) 

(3.156) 

The significance of (3.155) becomes evident if we notice that, by (3.89) and (3.91), the condi

tion (P(O)Ui),i = 0 is equivalent to the condition p(S) = P~?)Ui or p(..1) = O. Equation (3.155) 
thus states that the compressibility of a displaced particle is constrained to the extent that 

the material incremental density 'follows' the prescribed initial density gradient such that the 

local incremental density vanishes. For this reason, we refer to (3.155) as local incremental 

incompressibility condition. 

Taking into account (3.139)-(3.141), (3.147), (3.149), (3.151), (3.155) and eliminating g~..1), 
the local form of the incremental field equations and interface conditions of GVED, (3.66)-{3.73), 

reduces to 

l~~ + p(O)4>(~) = 0 
I),) ,1 , 

4>(~) = 0 ,n , 

(..::l) 2p(O)",(O) r 
t ij = -DijP(..::l) + 31(/ J

o 
I'(t - t')Dij Ot'[Uk(t')] dt' 

+ 1t I'(t - t') Ot'[Ui,;Ct') + Uj,i(t')] dt', 
o p(O)",(~) 

Ui,i = -~Ui' 

[Ui]2: = 0, 

[4>(..::l)]2: = 0, 

[n~O)(4)~f) - 41rGpUi)]2: = -41rGu, 

[n}O){t~f) - c5ijP(O)4>~~)Uk)]2: = 'Yn!O)u. 
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(3.160) 
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The specialized incremental equations are to be solved for p(~), t~t), Ui and 4>(~), where p(O) 

and 4>(0) must satisfy the appropriate initial field equations and interface conditions. We observe 

that the hydrostatic bulk modulus, Kh, remains finite in (3.159) and (3.160). This is because it 

enters into these equations in consequence of substituting (3.151) into the initial field equation 

(3.147), for which the approximation (3.154) does not apply. If 4>(0) is prescribed and <p(~) 
neglected, the mechanical and gravitational effects decouple. In this case, solutions for the 

initial state are readily found and the resulting equations for the incremental state become 

similar to those recently used by Li & Yuen (1987). In contrast to here, Li & Yuen did not 

point out the approximations implied in their equations and limited their attention to viscous 

perturbations. The decoupled system has been integrated by Kaufmann (1991), who studied the 

Boussinesq-Cerruti problem for local incremental incompressibility and Maxwell viscoelasticity. 

3.4.2 Material incompressibility 

We proceed on the supposition that the material is incompressible. Then, also the initial state 

must be incompressible, whence p(O) = constant replaces (3.145) and Kh -- 00 applies also in 

(3.159) and (3.160), the latter reducing to the conventional material incremental incompress· 

ibility condition. 

3.4.2.1 Equations for the initial fields 

With the additional restrictions, the specialized initial field equations of GHS for local incom

pressibility, (3.143)-(3.145), further simplify to those applying to material incompressibility: 

..I..(?) = -411"Gp(O) 0/,11 , 

p(O) = constant. 

The conditions (3.22)-(3.26) for the initial fields continue to apply. 

3.4.2.2 Equations for the incremental fields: local form 

(3.165) 

(3.166) 

(3.167) 

Owing to the assumption of material incompressibility, the specialized incremental field equa

tions and interface conditions of GVED for local incompressibility, (3.157)-(3.164), reduce to 

those for material incompressibility: 

Ui,i = 0, 
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(3.169) 
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[Uil:!:: = 0, 

[<t>(A)]:!:: = 0, 

[n~O) (<t>~f) - 41rG p(O) Ui )]:!: = -41rGu, 

[n~O){ t~t) - OiiP(O) <t>~~) uk )]:!:: = 'Yn~O) u. 

(3.172) 

(3.173) 

(3.174) 

(3.175) 

In Chapter 4, a heuristic solution to these equations contingent upon additional simplifying 

assumptions will be derived. Chapter 5 is concerned with the formal deduction of the complete 

solution to (3.168)-(3.175). 

3.5 Summary 

The results of the present chapter can be summarized as follows: 

(i) Postulating only the differential forms of the fundamental principles of continuum me

chanics and potential theory in the Lagrangian formulation, we have given a concise derivation 

of the material, material-local and local forms of the incremental field equations and interface 

conditions of GVED. The equations describe infinitesimal, gravitational-viscoelastic perturba

tions of chemically and entropically stratified, compressible, rotating fluids initially in hydro

static equilibrium. In obtaining the equations, deficiencies of previous such derivations for 

gravitational--elastic perturbations (e. g. Dahlen, 1974) have been avoided. 

(ii) The incremental momentum equation deduced agrees with the incremental momentum 

equation given by Love (1911, pp. 89-93) or by Dahlen (1974). In view of the rigour of our 

deduction, Geller's (1988a) qualification of this equation as 'fortuitously' correct cannot be 

supported. Therefore, no restrictions on the derivation of the incremental momentum equation 

from the generalization of Newton's second law for continua exist for the case of a hydrostatic 

initial state. Similarly, no such restrictions have been found to exist for the more general case 

of a non-hydrostatic initial state (Vermeersen & Vlaar, 1991). 

(iii) We have obtained, as the short-time asymptotes to the incremental field equations and 

interface conditions of GVED, a set of equations referred to as the incremental field equations 

and interface conditions of generalized GED. These equations can be reduced to the equations 

of ordinary GED. The long-time asymptotes agree with the incremental field equations and 

interface conditions of GVD. The asymptotic behaviour of the equations is an additional mani

festation of their consistency and ad hoc modifications to the equations (Svensson, 1980) are 

therefore not justified. 

(iv) We have furthermore shown that the incremental thermodynamic pressure entering 

into the long-time asymptote to the incremental constitutive equation of viscoelasticity satisfies 

the correct incremental state equation. This confirms that this asymptote indeed represents the 

incremental constitutive equation for viscous material response. At the same time, it disproves 

claims by Svensson (1980) and Fjeldskaar & Cathles (1984), who argued that the conventional 

formulation of GVED cannot be adapted to describe perturbations of compressible fluids, be

cause it does not include an incremental state equation. 
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(v) Finally, we have adopted several simplifying assumptions and introduced the concept of 

local incompressibility. Based on this, we have developed a specialized field theory applying to 

incompressible perturbations of an isochemical, isentropic, compressible initial state. A solution 

to the equations governing this type of problem has recently been derived by Kaufmann (199'1), 

who compared it with the corresponding solution for a chemically or entropically stratified, 

incompressible initial state. The important case of material incompressibility implying incom

pressible perturbations of an isochemical, isentropic, incompressible initial state will be studied 

more closely in Chapters 4 and 5. 
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Chapter 4 

Boussinesq-Cerruti probleIn 

4.1 Introduction 

Comprehensive investigations into the elastostatic deformation of a plane material half-space 

subject to prescribed displacement or traction on its surface were carried out by Boussinesq 

and are summarized in a monograph (Boussinesq, 1885). However, in some aspects of his work, 

Boussinesq had been preceded by Lame & Clapeyron (1831) and Cerruti (1882). Since the 
publication of Boussinesq's monograph, numerous authors have written on particular aspects 

or extensions of the problem considered by him (e. g. Lamb, 1902, 1917; Terazawa, 1916; Love, 

1929; Harding & Sneddon, 1945; Sneddon, 1946; Kuo, 1969; Farrell, 1972). In the present study, 

we refer to it as the Boussinesq-Cerruti problem. 
A common feature of most of the research completed on the Boussinesq-Cerruti problem 

is that the initial state is regarded as unstressed. As far as the model is applied to study local 

deformations of planetary bodies, this assumption clearly cannot be satisfied. However, effects 

due to the initial stress turn out to be small for elastic perturbations provided their lateral 
wavelength is sufficiently short (Cathles, 1975, pp. 35-39). 

More significant is the influence of initial stress on viscoelastic perturbations. Such problems 

were extensively studied by Biot and are reviewed in a monograph (Biot, 1965). Closely related 

to the present chapter is Biot's analysis of viscoelastic perturbations of an initially hydrostatic 

material half-space (Biot, 1959), where the initial stress is accounted for by a separate term 
included in the incremental momentum equation. In general, Biot favoured a formal treatment 

of the problem and did not fully discuss the physical significance of the modifications associated 

with initial stress. Unfortunately, Biot's work has not received much attention from geophysical 

researchers. This disregard is evident in several later studies of the viscoelastic Boussinesq

Cerruti problem, in which the initial stress was neglected (e. g. Peltier, 1974; Cathles, 1975, 

pp.57-59). 

Research on the viscoelastic Boussinesq-Cerruti problem was resumed by N akiboglu & 
Lambeck (1982) and Wolf (1985a-d), who studied the response to surface loading. Whereas 

Nakiboglu & Lambeck accounted for the initial stress by an ad hoc modification of the loading 

condition, Wolf included such effects in the incremental momentum equation. The distinction 

between 'viscoelastic' and 'total' perturbation stresses then allowed the latter to reduce the 
incremental field equations formally to those valid in the absence of initial stress, which can be 
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integrated using elementary methods. 

In retrospect, Wolf's (1985a, b) method of accounting for the initial stress is seen to be 

equivalent to that used by Biot (1959), although Wolf was not aware of Biot's publication at 

that time. As in Biot's study, the significance of the modifications associated with the initial 

stress was not fully recognized by Wo]!. This, in particular, applies to the physical interpretation 

of the two types of incremental stress employed in Wolf's analysis, which was not adequately 

discussed. 

In Chapter 3, a detailed exposition has been given of the field theory of GVED for fluids 

in a state of hydrostatic initial stress. In particular, rigorous deductions of the incremental field 

equations and interface conditions and of the asymptotic approximations to the equations for 

short and long times after the onset of the perturbations have been presented. Emphasis has 

been placed on the distinction between the material and local increments of field quantities, 

which has allowed us to interpret the short- and long-time asymptotic equations as the incre

mental field equations and interface conditions of GED and GVD, respectively. The progress 

achieved suggests a new analysis of the viscoelastic Boussinesq-Cerruti problem on the basis of 

the improved theoretical foundation. In the first place, such an analysis serves to clarify the 

physical interpretation of the formal solution to the problem. At the same time, it prepares 

for the rigorous treatment of more complicated problems, such as the viscoelastic Lame-Kelvin 

problem (Chapter 5). 

In agreement with the heuristic character of the present chapter, the model to be analysed 

will be kept as simple as possible. We therefore study the viscoelastic Boussinesq-Cerruti 

problem using an isochemical, incompressible, hydrostatic material half-space perturbed by 

2-D harmonic surface masses. Since effects due to perturbations of the gravity field are small 

for planetary deformations amenable to the half-space approximation (Cathles, 1975, pp. 72-

83), the gravity field is taken as prescribed. We begin with a compilation of the pertinent 

incremental field equations and interface conditions and their Laplace transforms (Section 4.2). 

The equations are solved by means of Love's strain function and inverse Laplace transformation 

(Section 4.3). This is followed by a discussion of the solution functions of main interest in studies 

of planetary deformations (Section 4.4). The chapter concludes with a brief summary of the 

results obtained (Section 4.5). 

4.2 Specialized field equations and interface conditions 

We start from the specialized field theories of GHS and GVED for material incompressibility 

applying to infinitesimal, quasistatic, gravitational-viscoelastic perturbations of isochemical, 

incompressible, non-rotating fluids initially in hydrostatic equilibrium (§ 3.4.2). In addition, we 

suppose that the gravity field is fixed and spatially homogeneous. This assumption allows us to 

regard 4>(0) as prescribed and to neglect 4l~). For brevity, the parameters 9i = <I>~?) and p = p(O) 

will be used in the following. We begin by listing the tensor forms of the equations for the initial 

fields, the incremental fields and the Laplace transforms of the latter (§ 4.2.1), from which the 

scalar forms appropriate to plane symmetry are obtained (§ 4.2.2). 
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4.2.1 Tensor equations 

4.2.1.1 Equations for the initial fields 

On account ofthe parameterization of the gravity and density, the initial field equations, (3.165)

(3.167), and the initial interface conditions, (3.22)-{3.26), further reduce to 

-p~?) + pgi = 0, 

[r(O)]+ = 0 
I - , 

[p(O)]: = 0, 

[p]: = p±. 

4.2.1.2 Equations for the incremental fields: local form 

(4.1) 

(4.2) 

(4.3) 

(4.4) 

In a similar way, the incremental field equations and interface conditions, (3.168)-{3.175), take 

the simplified forms 

(.::1) t·· . = 0 I},} , 

t~f) = -6ijP(.::1) + fat j.t(t - t') Ot'[Ui,j(t') + Uj,i{t')] dt', 

Ui,i = 0, 

[uil: = 0, 

[n}O)(t~f) - p6ij9kUk)]2: = "Yn~O)O". 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 

Solutions to these equations will be obtained upon Laplace transformation from the (Xi, t)-
to the (Xi,s)-domain. Using (A.2), (A.3), (A.5) and u~O) = 0, we obtain the following system 

of simultaneous differential equations and associated interface conditions for p(.::1), t!;a) and iii: 

-(.::1) 
t·· . = 0 I},} , 

t~~) = -6i}·P-(.::1) + siL(;;~ . + ii· .) 
I} r ... ,} },I, 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

[n}O)(t!;.::1) - p6ijgkiik)]2: = "Yn~O)q. (4.14) 

We may use (4.11) to eliminate ~~.::1) from (4.10) and (4.14). Observing (4.12), we arrive at a 
set of equations in terms p(.::1) and iii: 

-(.::1) -- 0 -P,i + SJ.'Ui,jj = , (4.15) 

(4.16) 

(4.17) 

(4.18) 

Note that these equations imply the spatial homogeneity of the values of ji in each of the domains 

'R_ and 'R+, which conforms with the assumed spatial homogeneity of p in these domains. 
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4.2.2 Scalar equations in Cartesian coordinates 

4.2.2.1 Geometrical considerations 

We now suppose that the material continuum is confined to the internal domain, 'R_, so that 

J..'(t - t') = 0, P = ° and p = 0 in the external domain, 'R+. It then follows from the incremental 

field equations that Ui = continuous on 0'R, Ui = indeterminate in 'R+ and the values of 

the remaining incremental quantities vanish identically in 'R+. Furthermore, we consider the 

case that the level surfaces of p(O) and 4>(0) are parallel planes. In applications to planets, 

this approximation is appropriate only to perturbations whose 'typical' lateral wavelength is 

short compared with the radius of the planet. The plane symmetry then suggests to introduce 

Cartesian coordinates: Xi = (x,y,z). We stipulate X_ = {Xdx E (O,-oo)} whence oX = 
{Xi I x = O}. The following field equations and interface conditions therefore apply to x E 
(0, -(0) and x = 0, respectively, with y, z E (-00,00). The material continuum occupying 'R_ 

is referred to as the half-space, the material sheet occupying 0'R as the load and the coordinate 

triple (x, y, z) as the observation point. The coordinate x is called vertical distance. We use label 

subscripts x, y, z appended to tensor symbols to denote their appropriate scalar components 

in Cartesian coordinates; the summation convention no longer applies. Note that we have 

_ (9z,9l/,9z) = (-1',0,0) and (n~O),n~O),n~O») = (1,0,0) applies on {fR,(O). 

4.2.2.2 Equations for the initial fields 

In view of the symmetry ofthe problem, the relevant scalar components of (4.1 )-( 4.4) reduce to 

p~2) + iP = 0, 

4.2.2.3 Equations for the incremental fields: (:1:, y, s)-domain 

(4.19) 

(4.20) 

Consider in the following a 2-D load, orient the y-axis at right angle to its strike and refer to 

y and z as transversal and longitudinal distances, respectively. It then follows from symmetry 

considerations that Uz = 0, Oz = ° and tJ~) = ~;-) = 0, whence the relevant scalar components 

of (4.11) take the forms 
t(~) - -p-(~) + 28"-::: zz - r"'Z,:I:' 

-t(~) -(- -) Zl/ = 81' U Z ,1/ + !Lv,z , 
t(~) - _p-(..:1) + 28ii::: 

l/ll - r"'l/,1/' 

-t(~) - _p-(..:1) zz - • 

Similarly, we find for the relevant scalar components of (4.15) and (4.16) the relations 

-(~) + -(- -) - P,z 81' Uz,zz + U Z ,1/1/ = 0, 

-(~) -(- -) 
- P,l/ + 8J..' U1/,ZZ + Ul/,1/lI = 0, 

Uz,z + U1/,l1 = 0. 
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Observing the symmetry of the problem. the relevant scalar components of (4.17) and (4.18) 

become 

[ -(~) 2 -- - ] -p - sJ.l.'U:,: - ipu: - = i U • 

(4.28) 

(4.29) 

Equations (4.25)-(4.27) are three simultaneous second-order partial differential equations for 

p(~), Ux and U,,, which must be solved subject to (4.28) and (4.29). These equations are to 

be completed by conditions requiring that the incremental fields and their spatial derivatives 

remain bounded as x - -00. 

4.3 Integration of the increDlental equations 

We proceed by integrating the scalar incremental equations listed in Section 4.2. Assuming 

fundamental solutions with respect to y in terms of Fourier coefficients, we deduce the general 

solution (§ 4.3.1) and the special solution (§ 4.3.2) to the equations. Upon specifying the shear

relaxation and loading functions (§ 4.3.3), the inverse Laplace transformation of the solution 

functions from the (x,k,s)- to the (x,k,t)-domain is implemented (§ 4.3.4). 

4.3.1 General solution: (z, k, s}-domain 

We obtain the general solution to the incremental field equations by means of Love's strain 

function, (, defined by (e. g. Malvern, 1969, pp. 552-554) 

-(~) -«( () p = -sJ.l. ,:: + ,1/11 ,:. 

Using this, (4.21)-(4.24) can be expressed in terms of (: 

-(~) -t:y = -SJ.l.( (,:= - (,lIlI ),1/' 

-(~) -tllll = SJ.l.«(,:: - (,1/1/),:, 

-(~) -t zz = SJ.l.«(,:: + (,111/).:. 

(4.30) 

(4.31) 

(4.32) 

(4.33) 

(4.34) 

(4.35) 

(4.36) 

Upon substitution of these equations into (4.25)-(4.27), equations (4.25) and (4.27) are found 

to be identically satisfied. The necessary condition for (4.26) to be valid is 

(4.31) 

which is the biharmonic equation. The general solution to (4.31) must satisfy the interface 

conditions 

[«(,:: - (,113/),3/]- = 0, 

[si'«(,:&: + 3(,lIlI).: + iP(,lIlI]- = -"(u 
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following from (4.28) and (4.29) upon substitution of (4.30)-(4.32). An additional constraint is 

that ( and its spatial derivatives remain bounded as x - -00. 

To solve the equations, we introduce fundamental solutions with respect to y. In view of 

the limited objectives of this chapter, expressions of sufficient generality are 

- - ikll f(x,y,s) = F(x,k,s)e , 

u(y,s) = S(k,s)eikll , 

(4.40) 

(4.41) 

with F and S the (complex) Fourier coefficients of the arbitrary incremental field component 1 
and the interface-mass density u, respectively, and k E [0,(0) the Fourier wave-number. Equa

tions (4.30)-(4.36) then become 
- 2 U:Z: = -k Z, 

Uy = -ikZ,:z:, 

p(..:1) = -siL(Z _ k2 Z) r- ,xx ,z, 

f~~) = sji(Z,:z::z; - 3k2 Z),:z:, 

f~~) = -iksji(Z,:z::z: + k 2 Z), 

fJ~) = sji(Z,:z::z: + k2 Z),:z:, 

fJ~) = sji( Z,:z::z: - k2 Z),:z:, 

(4.42) 

(4.43) 

(4.44) 

(4.45) 

(4.46) 

(4.47) 

(4.48) 

where the arguments of the coefficients have been suppressed. Similarly, (4.37)-(4.39) reduce to 

[Z,:z::z; + k2 Z]_ = 0, 

2 2 -[sji(Z,:z::z: - 3k Z),:z: - k ;pZ]_ = -is, 
with Z and its spatial derivatives remaining bounded as x - -00. 

(4.49) 

(4.50) 

(4.51) 

Considering the signs of the values of k and x, the appropriate bounded solution to (4.49) 

can be written in the form 
1 

Z = k 2 (A + Bkx)ek:z:, (4.52) 

where A and B are arbitrary integration constants. Substituting this into (4.42)-(4.48), 
we obtain 

U:z: = -(A + Bkx)ek:z:, 

Ull = -i [A + B(l + kx )]ek:z:, 

p(..:1) = -2ksjiBek:z:, 

fl:> = -2ksji(A + Bkx)ek:z:, 

fJ:> = -2iksji[A + B(l + kx)]ek:z:, 

fJ~) = 2ksji[A + B(2 + kx)]ek:z:, 

fJ:> = 2ksjiBek:z:. 
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4.3.2 Special solution: (:I:, k, 8 )-domain 

The integration constants A and B are determined by substitution of (4.52) into (4.50) and 

(4.51). We get 
_ _ _ "IS A- B- _ , 

2ksJ.l. + 'YP 
whence (4.53)-(4.59) take the forms 

- is k: Ux = - k - (1- kx)e , 
2 SJ.I. +iP 

- . is kx 
Ull = '2k - kxe, SJ.l. + 'YP 

j(06) = 
xx 

T-(06) -' 2ksji.iS k kx -, _ xe, 
Xli 2ksp. + iP 

T-(06) -_ _ 2ksji.iS (1 k) kx 
1I11 2k - + x e , sp. + iP 

2ksji.'YS k: 
2ksji. + 'YP e . 

(4.60) 

(4.61) 

(4.62) 

(4.63) 

(4.64) 

(4.65) 

(4.66) 

(4.67) 

Further insight is gained by considering the maximum shear stress in the half-space, which 
is related to the difference between the largest and smallest principal stresses. Since the initial 

state is hydrostatic, it is sufficient to consider principal incremental stresses. With iJ~) = _p(06) 

one of the principal incremental stresses, the remaining two are obtained from the characteristic 
equation 

[ 

-(.d) -(.d) -(.d) 1 txx - t try 
det -(.d) -(.d) -(.d) = O. 

tXll tllll - t 
(4.68) 

Upon expansion of the determinant and use of (4.32), (4.33) and (4.35), we find 

i~~) = _p(06) ± !V(i1:) - tJ:»2 + 4(iJ:»2. (4.69) 

Obviously, t106) and iJo6) are the largest and smallest principal incremental stresses, respectively; 

hence, the maximum shear stress, i., is given by 

t- - l(4'<t o6) -t (.d» 
.-21 -2' (4.70) 

Note that we have not added a superscript to the symbol i •. This is because, for a. hydrostatic 

initial state, no difference exists between material and local incremental shear stress components. 
Substitution of{4.69) into (4.70) yields 

i. = !V(i}:) - i~:»2 + 4(i1:»2. (4.71) 
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Evaluating the square root separately for the real and imaginary parts of the stress components, 

we obtain with (4.40) and (4.64)-(4.66) upon superposition of the results 

(4.72) 

where 

(4.73) I 
We note that, according to these equations, the maximum shear stress is independent of y. 

4.3.3 Maxwell viscoelasticity and Heaviside loading 

In order that (4.61)-(4.67) and (4.73) can be transformed from the (x,k,s)- to the (x,k,t)-
domain, the functional forms of ji. and S must be specified. In this chapter, we only consider 

the cases of Maxwell viscoelasticity and Heaviside loading; the general cases being studied in 

Chapter 5. 

The form of the shear-relaxation function for Maxwell viscoelasticity can be derived from 

(3.96) expressing the bulk- and shear-relaxation functions in terms of the associated spectra. 

For J.L( t - t'l, the appropriate formula is 

J.L(t - t') = foOOTi(a/) e-O'(t-t') dO', (4.74) 

where ]I( 0 / ) is the shear-relaxation spectrum. A particularly simple form of]I( 0 / ) is 

]I(a/) = J.Le 6(0' - 0), (4.75) 

with a > 0 the inverse Maxwell time and 6(0' - 0) the Dirac delta-function. Upon substitution 

of (4.75) into (4.74) and use of the properties of the Dirac delta-function, we get 

J.L(t - t') = Pee-o(t-t'), (4.76) 

which is the shear-relaxation function for Maxwell viscoelasticity (e. g. Christensen, 19822, 

pp. 16-20). Note that J.L(t - t') is determined by two parameters: the inverse Maxwell time, 0, 

and the shear modulus, Pe. The functional form expressing Heaviside loading is 

S = S·(k) H(t - r), (4.77) 

where r > 0 is the placement time and H(t - r) the symmetric Heaviside step-function defined 

in (A.13). 

In view of (A.7) and (A.17), the appropriate expressions for the Laplace transforms of (4.76) 

and (4.77) are 
- Pe P =--s+a' 
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4.3.4 Special solution: (z, k, t)-domain 

Using (4.78) and (4.79), we get the fonowing expressions: 

"YS "YS· _n[1 2kJle(1 1)] 
2ksji + "YP = 2kJle + "YP e -; + -:yp -; - s + {3 , (4.80) 

2ksj1"YS 2kJle"YS* e-'''' 
2ksji + "YP = 2kl'e+"YP s+{3' 

(4.81) 

where 

{3 = "YP a. (4.82) 
2kJle + "YP 

With (A.2), (A.6), (A.7), (A.18) and (A.19), the inverse Laplace transforms of (4.80) and (4.81) 

are 

£,-1 [ 2S ] = "Y S • H(t - T) {1 + 2kJle [1- e-t3(t-T)]} , 
2ksJl + "YP 2kJle + "YP "YP 

(4.83) 

£,-1[ 2ksj1"YS ] = 2kJle"YS*H(t- T) e-t3(t-T), 
2ksji. + "YP 2kJle + "YP 

(4.84) 

where £,-1 is the inverse of the Laplace transformation functional £, (Appendix A). Defining the 

right-hand Heaviside step-function by H+[t - (T - 0)] = H(t - T) and considering, in particular, 

placement of the load at T = 0+, inverse Laplace transformation of (4.61)-(4.67) and (4.73) 

thus yields 

(4.85) 

(4.86) 

(4.87) 

(4.88) 

(4.89) 

(4.90) 

(4.91) 

(4.92) 

The parameter {3 controls the time-dependence of the solution; henceforth, it will be referred to 

as inverse relaxation time. 
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4.4 Selected solution functions for the incremental fields: 

(x, k, t)-domain 

We focus on the behaviour of the solution fun·ctions immedi.ately below the interface. Setting 

x = 0-, it follows from (4.85)-{4.92) that U31 = 0, TJ~> = TJ:> = Tlf) = -p(~> and TJ~> = 
T. = 0, whence the expressions for the nonvanishing independent components are 

x =0-. 
(4.93) 

( 4.94) 

In addition, we consider the vertical distance, X m , where T. reaches its maximum. Since 

(4.95) 

we obtain 
1 

Xm = -"k' (4.96) 

whose substitution into (4.92) gives 

(4.97) 

For the remainder of this section, we are concerned with the discussion of the small- and 

large-t limits of (4.93), (4.94) and (4.97) (§§ 4.4.1 and 4.4.2), their small- and large-k asymptotes 

(§§ 4.4.3 and 4.4.4) and the influence of initial stress on viscoelastic perturbations (§ 4.4.5). 

4.4.1 Small-t limits 

The limits of (4.93), (4.94) and (4.97) for t -+ 0+ are 

(4.98) 

(4.99) 

(4.100) 

These equations apply to elastostatic equilibrium in a half-space specified by its elastic shear 

modulus, J1.e, and its hydrostatic initial stress gradient, 'YP (e. g. Wolf, 1985a, b). 

4.4.2 Large-t limits 

Using (4.82), the limits of (4.93), (4.94) and (4.97) for t -+ 00 are 

U:c=-~· } 
X = 0-, 

p(~) = 0 

T. = 0, x = X m , 

(4.101) 

(4.102) 

(4.103) 

which describe hydrostatic equilibrium in a half-space whose hydrostatic initial stress gradient is 

,p. The transition from the instantaneous elastostatic to the final hydrostatic equilibrium state 
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is seen from (4.93), (4.94) and (4.97) to be exponential in time and controlled by the inverse 

relaxation time, (3. 

4.4.3 Small-k asymptotes 

If 2kJ.Le/bp) <.: 1, equations (4.82), (4.93), (4.94) and (4.97) become, correct to the first order 
in the small quantity, 

(4.104) 

(4.105) 

(4.106) 

( 4.107) 

Inspection of (4.82) and (4.104) shows that {3 is now close to its largest value, a, i. e. the relax

ation proceeds rapidly. According to (4.105)-(4.107), the relaxation is, however, insignificant 

in amplitude and vanishes for kJ.Le = O. For perturbations of sufficiently long wavelength, the 

difference between the elastostatic and hydrostatic equilibrium states may therefore be ignored. 

4.4.4 Large-k asymptotes 

If ip/(2kJ.Le) <.: 1 and {3t <: 1, equations (4.82), (4.93), (4.94) and (4.97) become, correct to the 

first order in the small quantities, 

( 4.108) 

( 4.109) 

(4.110) 

( 4.111) 

Equation (4.108) is the expression of the inverse relaxation time for viscous perturbations in a 

half-space specified by its shear viscosity, J.l.e/a, and its hydrostatic initial stress gradient, iP 
(Haskell, 1935, 1936; Ranalli, 1987, pp. 192-199). 

4.4.5 Significance of initial stress 

lfip/(2kJ.Le) = 0, equations (4.108)-(4.111) further simplify to 

{3 = 0, 

U:z: = - 'YS;Z~(t) (1 + at) } 
p(~) = is· H+(t) 

x = 0-, 

T. = ~ is· H+(t), x = xm • 

(4.112) 

(4.113) 

(4.114) 

(4.115) 

For t - 0+, equations (4.113)-(4.115) apply to elastostatic equilibrium in an initially unstressed 
half-space (e. g. Jeffreys, 19766 , pp. 265-267). Equation (4.112) shows that the subsequent 

relaxation proceeds infinitely slow. On the other hand, it follows from (4.113) for t - 00 that 

U:z: - -00, :z; = 0-, (4.116) 
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where the instability is due to the absence of the gravitational force necessary to balance the 

load in the final hydrostatic state. 

More practically, we may use the condition -yp/(2kJle) ~ 10-2 to estimate the minimum 

value of k in order that effects due to the hydrostatic initial stress may be neglected. Consid
ering the earth as an example and taking -y ~ 10 m s-2, p ~ 103 kg m-3 and ~e ~ 1011 Pa as 

representative values, we obtain k ~ 10-5 m-l as minimum wave-number. This approximately 

corresponds to a maximum wavelength of 106 m. Within the limit of the half-space approxi

mation, the influence of the initial stress is therefore negligible as far as elastic perturbations 

are concerned. However, if Jle <: 1011 Pa, the initial stress becomes noticeable at much shorter 

wavelengths. This condition applies to viscoelastic perturbations in general, because the 

'effective' shear modulus, sj1, may become arbitrarily small. Claims that the initial stress can be 

ignored for viscoelastic perturbations amenable to the half-space approximation (e. g. Cathles, 

1975, pp. 57-59) are therefore unfounded. 

Additional insight is gained by discussing also the material incremental pressure, p(6). In 

view of (2.49), (4.19) and (4.40), we have 

(4.117) 

which, upon taking x = 0- and substituting (4.93) and (4.94), becomes 

p(6) = -yS· H+(t), x = 0- . (4.118) 

Since it is readily shown that T~) = _p(6) applies for x = 0-, equation (4.118) expresses the 

balance required by (3.64) between the material incremental stress component normal to the 

interface and the incremental load pressure. 

In view of (4.102), it follows from (4.117) for t -+ 00 that 

p(6) = --ypU:r;, x = 0- . (4.119) 

In the final hydrostatic equilibrium state, the material incremental pressure is thus completely 

maintained by the advective incremental pressure associated with the displacement component 

in the direction of the initial pressure gradient. Assuming that (4.102) remains valid for -yp -+ 0, 

equation (4.119) also applies in this limit. On account of (4.118), we therefore have for t -+ 00 

the relation 

lim --ypU:r; = -yS·, x = 0- . 
",/p_O 
U,.-oo 

(4.120) 

Together, (4.119) and (4.120) ensure that the incremental interface condition given by (4.118) 

is satisfied in the final hydrostatic state even in the absence of initial stress. This illustrates the 

physical significance of the singularity in the solution function for the displacement noted above 

from a different point of view. 
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4.5 Summary 

The results of the present chapter can be summarized as follows: 

(i) We have deduced an elementary solution to the Boussinesq-Cerruti problem for the case 

of viscoelastic perturbations. The analysis presented strictly adheres to the distinction between 

material and local incremental fields and, in this way, avoids the misinterpretations prevailing 

in previous treatments of the problem. 

(ii) Furthermore, we have discussed the solution functions of principal interest in deforma

tion studies. We have found in particular that the limiting responses for short and long times 

after the commencement of loading correspond to the elastostatic and hydrostatic responses, 

respectively. This agrees with the results obtained in Section 3.3 more directly from a study of 

the asymptotic behaviour of the incremental field equations and interface conditions of GVED 

and, thus, further supports the consistency of the theory. 

(iii) Finally, we have analysed the significance of initial stress for elastic and viscoelastic 

perturbations. Whereas it may be neglected for elastic perturbations of sufficiently short wave

length, it is always required when considering viscoelastic perturbations. The significance of 

initial stress has recently been studied also by Wu (1992b), whose conclusions essentially agree 

with ours. 
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Chapter 5 

Lame-Kelvin problem 

5.1 Introduction 

The problem of the elastostatic deformation of a spherical body was first investigated by Lame 

(1854), who considered a spherical shell subject to given volume forces and prescribed conditions 

on its inner and outer surfaces. Lame formulated the field equations in spherical coordinates 

and derived the solution for the displacement in terms of surface harmonics. The same problem 

was independently solved by Thomson (1864). In difference to Lame, he employed Cartesian 

coordinates and expanded the solution into solid harmonics. Here, we refer to the type of 

spherical problem first considered by Lame and Thomson (later Lord Kelvin) as the Lame

Kelvin problem. 
Applications of the Lame-Kelvin problem to deformation studies of planetary bodies were 

closely connected to the problem of correctly accounting for gravitation. The modifications 

introduced by gravitation were discussed by Love (1908), who pointed out two basic effects. The 

first is related to the presence of initial stress in planetary interiors and requires a modification 

of the ordinary momentum equation valid in the absence of initial stress. Love (1911, pp. 89-93) 

implemented the necessary adjustments to the theory and derived the incremental momentum 

equation for a hydrostatic initial state. The second effect only arises if the planet is taken as 

compressible. In this case, the incremental gravitational force associated with perturbations of 

the initial density introduces a tendency toward instability. Normally, this tendency is, however, 

compensated by the opposing force resulting from the compressibility of the material. The 

stability of planetary bodies was studied in detail by Love (1911, pp. 89-104, 111-125). 

A simplification of the investigations by Lame, Thomson and Love as far as applications to 

planets are concerned is the assumption of homogeneous distributions of density, bulk modulus 

and shear modulus in the initial state. This constraint was removed by Herglotz (1905) and 

Hoskins (1910, 1920), who gave analytic solutions for elastostatic and gravitational-elastostatic 

deformations of a sphere, due to tidal volume forces, for simple types of variation of density and 

elasticity with radial distance. Later, Takeuchi (1950) extended these studies in order to allow 

for more realistic radial variations. This generalization required the use of numerical integra

tion techniques. Takeuchi's approach was also employed in studies of gravitational-elastostatic 

perturbations of planetary bodies due to arbitrary surface loads. The latter problem was first 

investigated by Slichter & Caputo (1960), Caputo (1961, 1962) and Longman (1962, 1963), who 
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calculated the Green's functions for displacement and incremental gravity. Longman's theory 

and numerical results were reviewed and extended by Farrell (1972). 

More recently, a number of studies were concerned with the proper treatment of gravita

tional-elastostatic perturbations of a compressible planet with a fluid core. The solution to this 

problem proved to be not straightforward and occupied the investigators involved for several 

years. The competing approaches were reviewed by Longman (1975) and could be essentially 

reconciled by Dahlen &. Fels (1978); in both works, comprehensive bibliographies of the relevant 

publications may be found. 
The development of the theory governing gravitational-viscoelastic perturbations of initially 

hydrostatic planetary bodies has been strongly inspired by attempts to understand the earth's 

response to glacial surface loads and is reviewed in Peltier (1974), Sabadini, Yuen &. Boschi 

(1982) and Wu &. Peltier (1982). The virtue of the theory presented in these publications is that 

it admits the construction of realistic models of spherically symmetric planets. On the other 

hand, explicit analytic solutions for elementary models are indispensable for a physical interpre

tation of the solution (Chapter 4) or for tests of the accuracy of numerical solution methods (e. g. 

Gasperini &. Sabadini, 1989; Wu, 1992a). So far, only a limited number of explicit solutions have 

been obtained mostly on the assumption of incompressible Maxwell viscoelasticity. Thus, Wu 

&. Peltier (1982) derived an expression for the surface displacement, due to surface loading, of a 

homogeneous viscoelastic sphere. Dragoni, Yuen &. Boschi (1983) gave the analytic solution for 

the displacement, caused by volume forces, in a sphere consisting of a homogeneous elastic litho

sphere overlying a homogeneous viscoelastic mantle. Explicit solutions were also given by Wolf 

(1984), Wu (1990) and Amelung (1991), who analysed load-induced gravitational-viscoelastic 

perturbations of two-layer spheres with contrasts in density, shear modulus or viscosity across 

the interface. 

In this chapter, infinitesimal, quasistatic, gravitational-viscoelastic perturbations, due to 

surface loads, of a spherical, isochemical, incompressible, non-rotating, fluid planet initially 

in hydrostatic equilibrium are reconsidered. The distinctive features of our analysis are the 

following: 

We show that, for an isochemical, incompressible fluid, the incremental field equations 

can be recast into a form in which the equation for the (mechanical) momentum is decoupled 
from the equation for the (gravitational) potential. The coupling between the mechanical and 

gravitational aspects of the problem is restricted to the interface between the domains and 

expressed by appropriate incremental interface conditions. Instrumental to the decoupling of 

the incremental field equations is the use of a field quantity referred to as isopotential incremental 

pressure measuring the increment of the hydrostatic initial pressure with respect to a (perturbed) 

level surface of the gravitational potential (Section 5.2). 

Using the appropriate ansatz for the decoupled incremental field equations, we then establish 

two independent (4 x 4) and (2 x 2) first-order ordinary differential systems for the mechanical 

and gravitational aspects of the problem, respectively. The deduction of the general solutions 

to these systems is algebraically much simpler than the deduction of the general solution to the 

conventional (6 X 6) system; the special solution is obtained in the conventional way by means 

of the incremental interface conditions (Section 5.3). 
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Following tha.t, we list the special solution functions. In difference to previous studies, 

a. comprehensive ca.talogue of formulae covering all field quantities of interest in deforma.tion 

studies is provided. Furthermore, transfer functions, impulse-response functions a.nd Green's 
functions for the incremental fields in the a.ppropria.te solution domains are collected. The 

solution functions given involve explicit expressions for the Legendre degrees n = 0, n = 1 and 

n ~ 2, apply to any location in the interior or exterior of pla.netary bodies a.nd are valid for any 

type of generalized Maxwell viscoela.sticity a.nd for a.rbitra.ry surface loa.ds (Section 5.4). 

We conclude the chapter with a.n a.ssessment of the results obtained a.nd a. brief outlook on 

possible consequences (Section 5.5). 

5.2 Specialized field equations and interface conditions 

We employ the specialized field theories of GHS and GVED for material incompressibility 

governing infinitesimal, qua.sistatic gravita.tional-viscoela.stic perturbations of isochemical, in

compressible, non-rotating fluids initially in hydrosta.tic equilibrium (§ 3.4.2). We begin with 

the tensor forms of the equations for the initial fields, the incremental fields and the La.place

tra.nsformed incremental fields (§ 5.2.1), from which the scala.r forms of the equations for spherical 

symmetry a.re derived (§ 5.2.2). The incremental. field equa.tions a.nd interface conditions are 

given in isopotential-Iocal form, which results in the decoupling of the field equa.tions. Since 

p(O) = consta.nt, it will be replaced by the para.meter p. 

5.2.1 Tensor equations 

5.2.1.1 Equations for the initial fields 

In view of the parameterization of the density, the initial. field equations, (3.165)-(3.168), and 

the initial. interface conditions, (3.22)-(3.26), take the forms 

-p(~) + p4}~) = ° II ,1 , 

(0) 4> .. = -41rGp ,n , 

[r~O)]~ = 0, 

[4>(O)]~ = 0, 

[n(O).J..(~)]+ = ° • '+'" - , 

[p(O)]~ = 0, 

[P]~ = p%. 

5.2.1.2 Equations for the incremental fields: isopotential-local form 

(5.1) 

(5.2) 

(5.3) 

(5.4) 

(5.5) 

(5.6) 

(5.7) 

The isopotential-local form of the incremental. field equations and interface conditions governing 

the problem is obtained upon using (2.48), (2.49) and (3.14) to express the local. increments p(~) 

and t~f) in terms of the corresponding isopotential increments: 

48 

(5.8) 

(5.9) 



In order that di be eliminated, we note that, by the definition of isopotential increments, ¢(8) = O. 

Consideration of (2.48) to (2.49) thus yields <P~?)di = -<p(~) in this particular case, which, in 

view of (5.1), is equivalent to P~?)di = _p(O)¢(~). Equations (5.8) and (5.9) can therefore be 

rewritten as 

p(~) = p(8) + p(O)<p(~), 
t~t) = t~;) - 6ijP(O)¢(~). 

(5.10) 

(5.11) 

On account of this, the isopotential-Iocal form of the incremental field equations and interface 

conditions corresponding to (3.168)-(3.175) is found to be 

(8) t·· . = 0 1],] , 

..J.(~) = 0 '/J,II , 

t~;) = -6ijP(8) + lot Jl(t - t') 8t'[Ui,j(t') + Uj,i(t')] dt', 

Ui,i = 0, 

lUi]: = 0, 

[¢(~)]: = 0, 

[n~O)(¢~t) - 41rGPUi)]! = -41rGO', 

[n~O)t~;) - pn~O) (¢~J) Uj + <p(~) )]! = "Yn~O) 0'. 

(5.12) 

(5.13) 

(5.14) 

(5.15) 

(5.16) 

(5.17) 

(5.18) 

(5.19) 

Note that the incremental momentum equation, (5.12), involves only the isopotential incremental 
stress and thus formally agrees with the ordinary momentum equation valid in the absence of 

initial stress and gravitation. However, effects due to the initial stress and gravitation are 

introduced by (5.19), which explicitly involves P<P~?)Ui and p¢{~). 
The first step toward integrating the incremental field equations and interface conditions 

is their Laplace-transformation from the (Xi,t)- to the (Xi,s)-domain. On account of (A.2), 

(A.3), (A.5) and u~O) = 0, we get the following system of simultaneous differential equations and 

associated interface conditions for p(8), ~~8), Ui and ~(~): 

-(8) 
t ij,; = 0, 

~(~) = ° ,It , 

nt 8) -(8)£ -(- -) . . = -p (/" + sit ~'.' . + U' . I] .] r -.,] ],' , 

Ui,i = 0, 

lUi]! = 0, 

[~(~)]: = 0, 

[n~O)(~~t) - 41rGpUi)]! = -41rGu, 

[n(O)t~~) _ pn(O)(.J.(~)u. + A:(~»]+ = "Vn(O)u 
].] • '+',] J '+' - I. • 
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(5.20) 

(5.21) 

(5.22) 

(5.23) 

(5.24) 

(5.25) 

(5.26) 

(5.27) 



We proceed by eliminating ~~8) from (5.20). Using (5.22) and (5.23) and assuming the spatial 

homogeneity of ii, we get 
_(8) -- 0 -p. + SJLUi ,.,. = . " , (5.28) 

This can be rewritten by means of the rotation, Wi, defined by 

-. - 1 .. -U . w, - 'lE"k k,r (5.29) 

With (5.23) and the identity EijkEklm = 6U6jm - 6im6;l, it follows that u;,;; = -2EijkWk,;, whose 

substitution into (5.28) gives 

P-(·8) + 2SJL-E··LWL . = o. 
" '1'" "',1 (5.30) 

Equations (5.21), (5.23), (5.29) and (5.30) constitute an alternative set of incremental field 

equations in terms of pea), Ui, 4>(Il) and Wi. The incremental interface condition for p(B) results 

upon substitution of (5.22) into (5.27): 

(5.31) 

Equations (5.24)-(5.26) and (5.31) are the incremental interface conditions associated with the 

alternative set of incremental field equations. 

5.2.2 Scalar equations in spherical coordinates 

5.2.2.1 Geometrical considerations 

Next, we consider the scalar forms in spherical coordinates of the field equations and interface 

conditions. As in Chapter 4, the material continuum will be confined to 'R._. Then, JL( t - t') = 0, 

p = 0 and p = 0 in 'R.+, so that Ui = continuous on an, Ui = indeterminate in 'R.+ and the 

remaining incremental mechanical quantities vanish identically in 'R.+. However, in difference 

to Chapter 4, we now suppose that the level surfaces of p(O) and 4>(0) are concentric spheres. 
This suggests to take the common centre of these surfaces as the origin, 0, of the Cartesian 

coordinate system OX1X2X3. The spherical coordinates, r, () and.\, are related to the Cartesian 

coordinates, XI, X2 and X3 , by 

r = JXi+X?+X~ } 
(}=tan-l~ 
.\ = tan-1 ~ 

Xl E (0,00), X2 E (0,00), X3 E [0,00), 

(5.32) 

(5.33) 

(5.34) 

where r E (0,00) is the radial distance, (J E (0,1r) the colatitude and.\ E [O,2r) the longitude 

of the observation point. For brevity, we refer to the material continuum occupying 'R._ as the 

sphere and to the material sheet occupying a'R. as the load. With a the radius of the sphere, 

we then have X_ = {Xi IrE (O,a)}, X+ = {Xi IrE (a,oo)} and ax = {Xii r = a}. The label 

subscripts r, (J and .\ appended to tensor symbols denote their appropriate scalar components 

in spherical coordinates, where the summation convention is no longer effective. Note that 
(n~O),n~O),n~O» = (1,0,0) applies on on(O). 
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5.2.2.2 Equations for the initial fields 

On account of the spherical symmetry, we have 00 = 0>. = 0 and the relevant components of the 

initial field equations and interface conditions, (5.1)-(5.7), reduce to 

P{O) _ p..J,.(O) = 0, r < a, ,r 'fI,r 

r<a 
r>a 

r = a. 

(5.35) 

(5.36) 

(5.37) 

(5.38) 

(5.39) 

These equations are to be supplemented by conditions ensuring that the initial fields remain 

bounded as r - 0 and r - 00. 

5.2.2.3 Equations for the incremental fields: (r,6,s)-domain 

Since the solution functions in the (r, 8,..x, t)-domain are to be expressed in terms of Green's 

functions representing the contributions from point loads (§ 5.4.4.2), it is sufficient to restrict 

the following derivations to axisymmetric perturbations. For convenience, we let the X3-axis 

coincide with the symmetry axis. Then, 0>. = 0 and, in particular, 1£>. = 0, and the relevant 

components of (5.21), (5.23), (5.29) and (5.30) simplify to 

Ur,O - (ruO),r + 2rw" = 0 

rsin(Jp,~8) + 2sjl(sin8w>.),o = 0 

p,~8) _ 2sjl( rw>. ),r = 0 

sin (J (r2ur),r + r(sin(Juo),o = 0 

sin(J(r2~~~»,r + (sin(J~~:»,o = 0, 

r < a, 

r 1= a. 

(5.40) 

(5.41) 

(5.42) 

(5.43) 

(5.44) 

Equations (5.40)-(5.43) are four simultaneous partial differential equations of first order for the 

mechanical quantities p(B), Un 1£0 and w>.; note that they are decoupled from (5.44), which is a 

second-order partial differential equation in terms of the gravitational quantity ~(;:1). 
The solutions to the equations must satisfy the appropriate incremental interface conditions. 

In view of the symmetry of the problem, we find for the relevant components of (5.24)-(5.26) 

and (5.31) the expressions 

[p{a) - 2sjlur,r + p( ~(~) + <P~~)Ur )]_ = "'{u 
[ur,O + rUO,r - 1£0]- = 0 

[~(;:1)]~ = 0 

[~~~)]~ + [41rGpur ]_ = -41rGu 

r= a. 

(5.45) 

(5.46) 

(5.47) 

(5.48) 

These equations are to be supplemented by conditions ensuring the bounded ness of the incre
mental fields as r _ 0 and r - 00. 
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5.3 Integration of the equations 

In this section, the scalar equations compiled above are solved. We begin with the special so

lution to the initial field equations and interface conditions (§ 5.3.1). Following this, we seek 

fundamental solutions to the incremental field equations and interface conditions in terms of 
Legendre polynomials (§ 5.3.2). Based on this assumption, the special solution with respect to r 

is deduced in three steps. First, we establish the general solution to the system of four simultane

ous ordinary differential equations of first order governing the mechanical quantities (§ 5.3.2.1). 

After that, we derive the general solution for the gravitational quantities (§ 5.3.2.2). Finally, we 

determine the integration constants using the incremental interface conditions (§ 5.3.2.3). 

5.3.1 Solution for the initial fields 

The special solution to (5.35) and (5.36) which satisfies (5.37}-(5.39) and remains bounded as 

r - 0 and r - 00 is well known (e. g. Ramsey, 1981, pp. 45-51). In order that this solution 

be expressed concisely, we introduce the non-dimensional radial distance, R = ria. Using also 

OR = aOr and 

-y = ~1rGap, 

the following formulae for 4>(0) and 9$°) = 4>~~) are obtained: 

(0) _ { --yR, 
9r - R-2 --y , 

R<1 
R> 1 

R<1 
R>1 

(5.49) 

(5.50) 

(5.51) 

In (5.50), the additive constant in the potential function has been chosen such that lim 4>(0) = O. 
r-oo 

Also, (5.51) shows that, in accordance with (3.50), -y equals the magnitude of the initial gravity 

on the interface. The special solution for the initial pressure takes the form 

(5.52) 

Equations (5.49), (5.50) and (5.52) show that the initial state is completely determined if any 

two of the parameters a, -y and p are given. 

5.3.2 Solution for the incremental fields: ('" n, 8 )-domain 

We seek solutions to (5.40)-(5.44) subject to (5.45)-(5.48) in terms of Legendre polynomials of 

the first kind, Pn(cos 0), where n E {O, I, ... } is the degree of the polynomial (e. g. Lebedev, 

1972, pp. 44-51). We recall that Pn ( cos 0) satisfies Legendre's equation: 

Pn,ee( cos 0) + cot 0 Pn,e( cos 8) + n( n + 1) Pn( cos 0) = O. (5.53) 
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5.3.2.1 General solution for the mechanical quantities 

We suppose fundamental solutions with respect to 6 of the form 

ur(r,O,.9) = Urn(r,S)~n(S)Pn(COSO), 

us(r,O,s) = -USn(r,s)~n(s)Pn,S(cosO), 
p(8)(r,O,.9) = p~a)(r,s)~n(s)Pn(cosO), 

w>.(r,O,.9) = -.o>.n(r,s)~n(.9)Pn,s(cos9), 

(5.54) 

(5.55) 

(5.56) 

(5.57) 

where ~n(s) is the non-dimensional Legendre coefficient of £1(8,s) (§ 5.3.2.3) and Fn(r,.9) the 

normalized Legendre coefficient of j(r,O,s). Note that Fn(r,s) is assumed to be a Laplace 

transform, which is confirmed below (§ 5.4.3). To proceed further, we distinguish the degrees 

n = 0 and n ~ 1. For brevity, the arguments of the functions will usually be suppressed. 

Degree n = 0: 

With Po = 0, equations (5.55) and (5.57) show that we may put 

Uso = .0>'0 = O. (5.58) 

Therefore, (5.40)-(5.43) reduce to 

rp'(a) = 0 } (5.59) O,r r < a, 
rUrO,r + 2Uro = 0 (5.6O) 

whose general solutions are 

UrO = A (2) R-2 } R< 1, 
(5.61) 

j5J8) = ACl) (5.62) 

with A(l) and A(2) arbitrary constants. 

Degrees n ~ 1: 

Upon substitution of (5.54}-(5.57) and use of (5.53), equations (5.40)-(5.43) take the forms 

Urn + rUSn,r + USn - 2rii>.n = 0 
-(8) _-

r Pn,r + 2n( n + 1 )SI'[1>'n = 0 
-(8) - - -Pn + 2sl'(rf1>.n,r + n>.n} = 0 
rUrn,r + 2Urn + n(n + I)Usn = 0 

We now introduce non-dimensional quantities, Y1, ••• , Y .. , by 

Urn a Y l 

USn a Y2 
-(a) = Pn 2sjiR-l Y3 

n>.n R-l Y .. 
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r < a. 

(5.63) 

(5.64) 

(5.65) 

(5.66) 

(5.67) 



and consider fundamental solutions with respect to R of the form 

Y1 
y:(k) 

1 

Y2 = R"(Ic) 
y'(k) 

2 (5.68) 
Y3 

y'(k) 
3 

Y4 
y(k) 

4 

Following successive substitution of (5.67) and (5.68), equations (5.63)-(5.66) can be recast into 

the following matrix equation: 

K(k) + 2 n(n + 1) 0 0 y:(k) 
1 0 

1 K(k) + 1 0 -2 y'(k) 0 2 (5.69) y:(k) = 
0 0 K(k) - 1 n(n + 1) 0 3 

0 0 1 K(k) y(k) 
4 0 

Denoting the (4 X 4)-matrix by [Mi~)] and the non-vanishing (4 X I)-matrix by [Yi(k)], where 

i,j E {1,2,3,4}, this equation can be abbreviated as [Mi~k)][Yj(k)] = 0, which has non-trivial 

solutions only if det[Mg)] = o. Expansion of the determinant gives the quartic equation 

[(K(k) + 1)(K(k) + 2) - n(n + 1)][K(k)(K(k) - 1) - n(n + 1)] = 0, (5.70) 

whose roots are 

K(I) = n - 1, 

K(2) = n + 1, 

K(3) = -(n + 2), 

K(4) = -no 

(5.71) 

(5.72) 

(5.73) 

(5.74) 

The determination of the eigenvectors, [liCk)], associated with the eigenvalues, K(k), follows 

standard procedures (Appendix B). The resulting expressions, (B.8), (B.10), (B.12) and (B.14), 

can be simplified by putting 

v(I) - n 
~I - , 

yP) = (n + 1)(2n + 3), 

YI(3) = n + 1, 

y3(4) = n(2n - 1). 

With this, the following eigenvectors are obtained: 

[li(I)] = tn, -1,0, O]T, 

[li(2)] = [n(n + 1), -en + 3), (n + 1)(2n + 3), -(2n + 3)]T, 
[YP)] = [n + 1, 1,0,of, 

[Yi(4)] = [n(n+1),n-2,n(2n-1),2n-1]T. 
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(5.75) 

(5.76) 

(5.77) 

(5.78) 

(5.79) , 

(5.80) 

(5.81) 

(5.82) 



Since we have four fundamental solutions, the general solution with respect to R for the 

mechanical quantities can be written as 

4 
[Yi] = L: A (k) RIC(Ir) [li(k)] , R < 1, 

k=1 
(5.83) I 

with the eigenvalues, x;(k), given by (5.71)-(5.74), the eigenvectors, [liCk)], by (5.79)-(5.82) and 

the constants, A (k), arbitrary. 

5.3.2.2 General solution for the gravitational quantities 

We introduce g!<1) = 4>~f) , whose Laplace-transformed radial component is 

9$<1) = ~~f). (5.84) 

Subsituting this into (5.44), we obtain 

sinO (r2g~<1»,r + (sin(}~~:\8 = 0, r ~ a. (5.85) 

As for the mechanical quantities, we consider fundamental solutions with respect to (} of the 

form 

~(<1){r, 0, s) = j~<1)(r,s) fn{s) Pn{cos 0), 
g~<1)(r,O,s) = G~~)(r,s)fn(s)Pn(cosO). 

(5.86) 

(5.87) 

Upon substitution of these expressions and use of (5.53), equations (5.84) and (5.85) reduce to 

Next, we introduce non-dimensional quantities, ZI and Z2, by 

[ ~;) ] -[ :~~-1 ] [ ~: ] 
and consider fundamental solutions with respect to R of the form 

[ ~: ] = R"o [ ~l: ] . 

(5.88) 

(5.89) 

(5.90) 

(5.91) 

Upon successive substitution of (5.90) and (5.91), equations (5.88) and (5.89) can be recast into 

the following matrix equation: 

[ ~:: + 1) =:A(q + 1) ] [ ~l: ] = [ ~ ] . (5.92) 

Denoting the (2 X 2)-matrix by [NH)] and the non-vanishing (2 X 1}-matrix by [Z!t»), where 

i,j E {I, 2}, this equation can be abbreviated as [N.g)][ZJt)] = 0, which has non-trivial solutions 

only if det[NH)] = O. Expansion of the determinant gives the quadratic equation 

,\(l){,\(l) + 1) - n{n + 1) = 0, (5.93) 
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whose roots are 

A(I) = n, 

A(2) = -(n + 1). 
(5.94) I 
(5.95) 

The elements of the eigenvectors, [Zil)], associated with the eigenvalues, A(l), are found 

to satisfy 

Z(I) = 
2 

Z(2) 
2 

which, upon putting ZP) = Z~2) = 1, yield the following eigenvectors: 

[ZP)] = [1,n]T, 
[Zf2») = [1, -(n + 1»)T. 

(5.96) 

(5.97) 

(5.98) 

(5.99) 

Since we have two fundamental solutions, the general solution with respect to R for the 

gravitational quantities takes the form 

2 

[Zi) = 2: B(l) R,\(l) [Z!l»), R l' 1, (5.100) 
1=1 

with the eigenvalues, A(l), given by (5.94) and (5.95), the eigenvectors, [ZV»), by (5.98) and 

(5.99) and the constants, B(l), arbitrary. 

5.3.2.3 Special solution 

We now adjust the general solutions with respect to R to the incremental interface conditions. 

This requires that the interface-mass density is of the form 

(5.101) 

where un(s) is the ordinary Legendre coefficient of u(8,s). Its relation to the non-dimensional 
Legendre coefficient, (n(s), used above is 

(5.102) 

In view of 

Pn(cos8)sin8d8 = , 11r {2' n = 0 
o 0, n 2: 1 

(5.103) 

we notice that uo(s) corresponds to an accreted load and un(s) for n 2: 1 to a redistributed load. 

Degree n = 0: 

As for the initial fields, we seek solutions that remain bounded as r - 0 and r - 00. According 

to (5.61), this requires A(2) = O. Considering also (5.58) and (5.62), we thus have 
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UrO = U80 = n).O = 0 } 
(8) R < 1. Po = A(l) 

(5.104) 

(5.105) 

Imposing the constraint lim 1>(5) = O. it follows from (5.86). (5.87). (5.90). (5.94). (5.95) and 
r-oo 

(5.98)-(5.100) that 

(5.106) 

(5.107) 

The three constants are determined using (5.45)-(5.48). Expressing the incremental fields in 

these equations in terms of (5.54)-{5.56). (5.86). (5.87) and (5.101), we obtain with (5.49)

(5.51). (5.84), (5.102) and (5.104) the conditions 

[pJ8) + p~k~)]- = aiP } 

[ij~~)]~ = 0 R = 1. 

[apG~:)]~ = -3aiP 

Substituting (5.105)-(5.107), this becomes 

A(t) = - 2a'YP, 
B(l) = B(2) = 1, 

which completely determines the special solution with respect to R for n = O. 

Degrees n ~ 1: 

(5.108) 

(5.109) 

(5.110) 

(5.111) 

(5.112) 

Again, we require a bounded solution for r -+ 0 and r -+ 00. Observing the signs in (5.71)

(5.74), (5.94) and (5.95). equations (5.83) and (5.100) reduce to 

(5.113) 

(5.114) 

The four constants in (5.113) and (5.114) are determined following steps similar to those taken 

for degree n = O. We obtain the conditions 

-(8) _- -(~)-[Pn - 2sp.Urn,r + P(~n - iUrn)]- = a'Yp(2n + 1) 

[Urn - rU8n,r + U8n]- = 0 
[ij~~)]~ = 0 

[apG~~)]~ + [3'YPUrn ]- = -3a'Yp(2n + 1) 

which, using (5.61) and (5.90), can be rewritten as 
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R = 1, 

(5.115) 

(5.116) 

(5.111) 

(5.118) 



[-2sjiY1,R - a1'PY1 + 2sjiY3 + 3a1'PZ1L = a1'P(2n + 1), 

[Y1 - Y2,R + Y2L = 0, 

[Zl]~ = 0, 

[Y1]- + [Z2]~ = -(2n + 1). 

In view of (5.113) and (5.114), this further transforms into 

{-2sji[(n - 1)11(1) - yP)] - aipyp)}A(l) 

+ {-2sji[(n + 1)11(2) - yP)] - aiPyp)}A(2) 

+ 3a1PZP) B(l) = a1P(2n + 1), 

[YP) - (n - 2)yP)]A(1) + (yP) - nyi2»A(2) = 0, 

z11) B(l) - z12) B(2) = 0, 

yP) A(l) + yP) A(2) _ Z~l) B(l) + Z~2) B(2) = -(2n + 1). 

(5.119) 

(5.120) 

(5.121) 

(5.122) 

(5.123) 

(5.124) 

(5.125) 

(5.126) 

Substituting (5.79), (5.80), (5.98) and (5.99) and eliminating B(2) by means of (5.125), we arrive 

at the following matrix equation: 

[ 

-n[2(:"f~1) sji + 1] -(n + 1)[2(n2o~:-3) sji + n] 
n-l n(n+2) 

-n -n(n + 1) 

3 ] [ A(l)] [ 2n + 1 ] o A(2) - 0 

2n + 1 B(l) - 2n + 1 . 

If n ~ 2, its solution is given by 

A(l) = -en + 2) 2P , 
knsJ.' + iP 

A(2) = n-l iP 
n knsji+iP' 

B(l) = B(2) = knsji 
knsji + 1P' 
2n2 +4n +3 kn = 

an 

with kn the Legendre wave-number. 

If n = 1, equation (5.127) reduces to 

[ 

_~ :(611:;pO"fPl 

-1 -2 

3 ] [A(l)] [ 3 ] o A(2) = 0 . 

3 B(l) 3 

(5.127) 

(5.128) 

(5.129) 

(5.130) 

(5.131) 

(5.132) 

Since the determinant of the square matrix vanishes, the system is underdetermined and no 

unique solution exists. Considering the 'reduced' system 

[ 0 3] [A(l) ] [ 0 ] 
-1 -2 A(2) = 3(1- B(l» , 

(5.133) 
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we may put 

whence we find 

A(l) = 3(G - I}, 

A(2) = o. 

(5.134) 

(5.135) 

(5.136) 

Constant C can be determined by bearing in mind that, for redistributed loads, sphere and load 

constitute a closed system whose centre of mass remains unperturbed. Since Pl = cosB, this 

is satisfied for n = 1 only if the interface-mass density associa.ted with the load is anulled by 

the effective interface-mass density resulting from the perturbation of the surface of the sphere. 

The mathematical expression of this condition is [pUr]- = -u, which, by (5.54), (5.101) and 

(5.102) for n = 1, is equivalent to [Ur1 ]- = -3a. However, using (5.67), (5.113) and (5.135), we 
alternatively obtain [Url ]- = -3a(1 - G). Hence, G = 0 and (5.134)-(5.136) simplify to 

A(l) = -3, 

A(2) = B(l) = B(2) = o. 
(5.137) 

(5.138) 

With (5.128)-(5.131), (5.137) and (5.138), the special solution with respect to R is also 

completely determined for n ~ 1. 

5.4 Solution functions for the incremental fields 

We begin by compiling the solution functions for the individual fields in the (r,n,s)-domain, 

where tmnsfer functions are introduced (§ 5.4.1). This is followed by the specification of the 

shear-relaxation function for genemlized Maxwell viscoelasticity (§ 5.4.2). After that, the so

lution functions are transformed to the (r, n, t)-domain, where impulse-response functions are 

established (§ 5.4.3). Finally, we consider the transformation to the (r, 0, >., t)-domain and pro

vide the appropriate Green's functions (§ 5.4.4). 

5.4.1 Functions in the (r, n, 8 )-domain 

We first give closed-form solution functions for the following fields: material displacement, 

isopotential incremental pressure and local incremental potential (§ 5.4.1.1); isopotential height 

(§ 5.4.1.2); strain (§ 5.4.1.3); rotation (§ 5.4.1.4); material, isopotential and local incremental 

stress (§ 5.4.1.5); and material, isopotential and local incremental gravity (§ 5.4.1.6). After 

that, the relation between the Lame-Kelvin and the Boussinesq-Cerruti problems is discussed 

(§ 5.4.1. 7). Finally, the general form of the individual solution functions is established and trans

fer functions are defined (§ 5.4.1.8). All formulae are written in terms of the non-dimensional 

radial distance, R = r / a, with the degrees n = 0, n = 1 and n ~ 2 considered explicitly for each 

field. We recall that, for redistributed loads, (To = 0, so that n = 0 is without relevance in 

this case. 
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5.4.1.1 Material displacement, isopotential incremental pressure and local incre-

mental potential 

The incremental fields Ur , ue, pca) and ~c~) are basic in the sense that all other incremental 

fields can be expressed in terms of them or their spatial derivatives. For convenient reference, 

we recollect the pertinent fundamental solutions with respect to 8 listed as (5.54)-(5.56) and 

(5.86) above: 

Degree n = 0: 

'Ur = UrnfnPn, 
ue = -UBnfn Pn,e, 

P-ca) - p(a)r- p. - n .. n n, 

-C~) -C~)-
</> = ~n \nPn. 

In view of (5.111) and (5.112), equations (5.104)-{5.106) reduce to 

~:: ~ } R < 1, 

pJ8) = - 2a"YP 

-Ca) _ { 3a-y, R < 1 
~o - . 

3a-yR-l, R> 1 

Degree n = 1: 

(5.139) 

(5.140) 

(5.141) 

(5.142) 

(5.143) 

(5.144) 

(5.145) 

(5.146) 

Using (5.67), (5.90), (5.113) and (5.114) and substituting for the eigenvectors and integration 

constants from (5.79), (5.80), (5.98), (5.99), (5.137) and (5.138), we obtain the formulae 

~rl = -3a } 
UBI = -3a 
p18 ) = 0 

..i'C~) - 0 
~l - , 

Degrees n ~ 2: 

R < 1, 

R#O. 

(5.147) 

(5.148) 

(5.149) 

(5.150) 

From (5.67), (5.90), (5.113) and (5.114) and upon substitution of the eigenvectors and integration 

constants using (5.79), (5.80), (5.98), (5.99) and (5.128)-(5.130), we find 

(5.151) 

(5.152) 

(5.153) 

(5.154) 

With formulae for the basic incremental fields, Ur , UB, jiCB) and ~(~), for the degrees n = 0, 

n = 1 and n ~ 2 established, we can now derive corresponding formulae for any other incremental 

field quantity of interest. In order that isopotential increments can be related to local or material 

increments, we first need the solution for the isopotential height, h. 
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5.4.1.2 Isopotential height 

Since '¢(8) = 0 per definitionem, (2.48) and (2.49) lead to 

rP~?) di = _'¢(,d), Xi E X_ U X+, (5.155) 

which, upon assigning to any level surface of rP locally the outward unit normal "i, can be 

replaced by 

(5.156) 

An elementary consideration shows that, on the assumption of infinitesimal perturbations, ,,1°)i4 
equals the height of the current level surface rP = 4>0 passing through Xi + di with respect to the 

associated initial level surface rP(O) = rPo passing through Xi, as measured at Xi in the direction 

of ,,1°). We call ,,1°) i4 the isopotential height. Introducing 

(5.157) 

it then follows from (5.156) with g~O) = 4>~~) in spherical coordinates 

(5.158) 

Using (5.142) and 

(5.159) 

equation (5.158) takes the form 

r i: a. (5.160) 

Degree n = 0: 

Substituting (5.51) and (5.146), equation (5.160) reduces to 

_ {3aR-l , R < 1 Ho = . 
3aR, R> 1 

(5.161) 

We note that, with g!O) vanishing for R = 0 and R _ 00, Ho becomes singular at these points. 

Degree n = 1: 

In view of (5.51) and (5.150), it follows from (5.160) that 

Degrees n ~ 2: 

Following substitution of (5.51) and (5.154), equation (5.160) becomes 
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R<1 
R>1 

(5.162) 

(5.163) 



5.4.1.3 Strain 

In Cartesian-tensor notation, the strain,eij, is defined by 

The non-vanishing components of eij in spherical coordinates are given by 

If we introduce 

- 1 (- + - - ) erO = 2r Ur,O rUO,r - Uo 

eOO = ~ (Ur + U9,9) 

eu = ~ (Ur + coUUO) 

err = Errn?'nPn , 

e r9 = -ErOn?'nPn,O, 

r < a. 

-(1) - -(2)-
e09 = E 09n C;n P n - E 99nC;n cot (J P n ,9, 

-(1) - -(2) -eu = E).).nC;nPn - E).).nC;n cot () P n ,9 

(5.164) 

(5.165) 

(5.166) 

(5.167) 

(5.168) 

(5.169) 

(5.170) 

(5.171) 

(5.172) 

and observe (5.53), (5.139) and (5.140), we obtain from (5.165)-(5.168) the following formulae: 

r < a. 

Degree n = 0: 

In view of (5.143) and (5.144), it follows from (5.173)-(5.178) that 

- - -(1) -(2) -(1) -(2) 
Erro = Eroo = Eooo = E900 = Euo = E).).o = 0, 

Degree n = 1: 

Substituting (5.147) and (5.148) into (5.173)-(5.178), we arrive at 

Degrees n ~ 2: 

Err1 = 0 

Er91 = 3R-1 
E-(l) - 9R-1 

001- -

E-(2) - 3R-1 
001 -

E-(l) - 3R-1 
).).1 - -

E-(2) - 3R-1 
).).1 - -

R<1. 

R<1. 

Using (5.151) and (5.152), we obtain from (5.173)-(5.178) the following formulae: 
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(5.173) 

(5.174) 

(5.175) 

(5.176) 

(5.177) 

(5.178) 

(5.179) 

(5.180) 

(5.181) 

(5.182) 

(5.183) 

(5.184) 

(5.185) 



R<1. 

5.4.1.4 Rotation 

The non-vanishing component of (5.29) in spherical coordinates is 

_ 1 (_ _ _ ) 
w~ = - 2r Ur,B - rUB,r - UB, r < 4. 

Using (5.139), (5.140) and 

equation (5.192) takes the form 

- 1 - - -
n~n = 2r (Urn + rUBn,r + UBn), r < 4. 

Degree n = 0: 

By (5.143) and (5.144), equation (5.194) reduces to 

n~o = 0, R < 1. 

Degree n = 1: 

With (5.141) and (5.148), equation (5.194) becomes 

- -1 n~l = -3R , R < 1. 

Degrees n ~ 2: 

Using (5.151) and (5.152), equation (5.194) can be written as 

ii~n = - (n - 1)(2n + 3) Rn 2P ,R < 1. 
n knSI' +iP 

5.4.1.5 Material, isopotential and local incremental stresses 

(5.186) 

(5.181) 

(5.188) 

(5.189) 

(5.190) 

(5.191) 

(5.192) 

(5.193) 

(5.194) 

(5.195) 

(5.196) 

(5.191) 

The main reason for introducing the isopotential incremental stress, i1J8), has been to decouple 

the incremental field equations for the mechanical quantities from those for the gravitational 

quantities (§ 5.2.1.2). Apart from that, i1J8) may serve as a measure of the deviation from 

the hydrostatic equilibrium state. In this respect, it resembles the local incremental stress, tb.:1), 
which provides such a measure in the absence of gravitational perturbations. On the other hand, 
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observations of the incremental stress in planetary interiors usually refer to material. particles 

and therefore yield values for the material incremental stress, tff) . 
The relations between r.~5), r.~8) and t},i1) are conveniently expressed upon decomposition of 

the stresses according to 

7Ct 5) _ 1-t(5)" .. +_(5) } 
ij - 3 kIc VI, Sij 

t-(8) _ I-t (8)" .. + _(8) 
ij - 3 kIc VI, Sij 

-t (..:1) _ 1 -t (i1h.. + -(i1) 
ij - 3 kIc VI, Sij 

(5.198) 

(5.199) 

(5.200) 

where the first and second terms on the right-hand sides are the spherical and detJiatoric incre
ments, respectively Since p-(5) = _'[.<.5)/3 p-(8) = -n~)/3, p-(i1) = _r~.i1)/3 and s~~) = s~~) = 

• II' II 11 I, I, 

Si~..:1) = Sij, equations (5.198)-(5.200) may be recast into 

(5.201) 

(5.202) 

(5.203) 

Spherical increments. With the spherical incremental stress equal to the negative of the 

incremental pressure, we may proceed by considering the incremental pressure. In view of (2.48) 

and (2.49), it follows for the three measures of increment in spherical coordinates 

With (5.139), (5.141), (5.159) and 

we find from (5.204) and (5.205) the following equations: 

-(..:1) _ -(8) (0) - } Pn - Pn - p,r Hn 
-(a) _ (0)- r < a. 
Pn - p,r Urn 

Degree n = 0: 

(5.204) 

(5.205) 

(5.206) 

(5.207) 

(5.208) 

(5.209) 

Upon substitution of (5.52), (5.143), (5.145) and (5.161), equations (5.208) and (5.209) 
reduce to 

Degree n = 1: 

In view of (5.52), (5.147), (5.149) and (5.162), equations (5.208) and (5.209) become 

151..:1) = 0 } 
-( ) R < 1. 
Pia = 3a-ypR 
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(5.210) 

(5.211) 

(5.212) 

(5.213) 



Degrees n ~ 2: 

Using (5.52), (5.151),. (5.153) and (5.163), we get from (5.208) and (5.209) the formulae 

R<1. 
(5.214) 

(5.215) 

Deviatoric increment. In Cartesian-tensor notation, comparison of (5.22), (5.164) and 

(5.202) yields 

iij = 2sjieij, Xi E X_, 

whose non-vanishing components of iij in spherical coordinates are given by 

Introducing 

iM' = 2sjierr 

ir9 = 2sjier 9 

i99 = 2S'ji'e99 

i,u = 2sjie~~ 

irr = SrrnfnPn, 

ir9 = -Sr9nfnPn,9, 

r < a. 

-(1) - -(2) -
S99 = S99n~nPn - S99n~n cot 8 Pn,9, 

-(1) - -(2) -su = S)..~nt;nPn - S)..)..n~n cot (J P n ,9 

and observing (5.169)-(5.172), we obtain from (5.217)-(5.220) the formulae 

r < a. 

Degree n = 0: 

In view of (5.179), it follows from (5.225)-(5.230) that 

- - -(1) -(2) -(1) -(2) 
SrrO = 8r90 = 8 990 = 8 990 = 8),,),,0 = 8),,),,0 = 0, R<1. 

Degree n = 1: 

(5.216) 

(5.217) 

(5.218) 

(5.219) 

(5.220) 

(5.221) 

(5.222) 

(5.223) 

(5.224) 

(5.225) 

(5.226) 

(5.227) 

(5.228) 

(5.229) 

(5.230) 

(5.231) 

Upon substitution of (5.180)-(5.185) into (5.225)-(5.230) and definition of kl = 9/a, which is 

consistent with (5.131) for n = 1, the following formulae result: 

65 



R<1. 

Degrees n ~ 2: 

Using (5.131) and substituting (5.186)-(5.191) into (5.225)-(5.230), we arrive at 

R<1. 

5.4.1.6 Material, isopotential and local incremental gravity 

(5.232) 

(5.233) 

(5.234) 

(5.235) 

(5.236) 

(5.237) 

(5.238) 

(5.239) 

(5.240) 

(5.241) 

(5.242) 

(5.243) 

With the isopotential height, h, the material displacement, Ui, and the local incremental poten

tial, ~(..:1), given, any of the increments of gravity, '9PS), '9FJ) and '9l..:1), can be calculated. 

Local increment. We first consider the local incremental gravity, '9l..:1) = 4f.t), whose non

vanishing components in spherical coordinates are 

-(..:1) _ ~..:1) } gr - 'I',r 
'9(..:1) = ! ~(..:1) r i: a. 

(I r,8 

If we define 

g-(..:1) - G-(..:1);:- p. 
r - rn .. n n, 

_(..:1) _ 0(..:1)- p. 
g(l - - (In ~n ",(I 

and observe (5.142), we obtain from (5.244) and (5.245) the following equations: 

Degree n = 0: 

-(..:1) _ -(..:1) } Grn - ~n,r 
-(..:1) _ 1 -(..:1) 
G(ln - -;~n 

r i: a. 

In view of (5.146), it follows from (5.248) that 

0(..:1) = {o, R < 1 
rO -37R-2, R> 1 
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(5.244) 

(5.245) 

(5.246) 

(5.247) 

(5.248) 

(5.249) 

(5.250) 



whereas, since p~ = 0, we may put 

-(.11) Goo = 0, R:j 1. 

Degree n = 1: 

With (5.150), equations (5.248) and (5.249) give 

Degrees n ~ 2: 

a-(.I1) - G-(A) - ° R 4 1 
rl - 01 -, r' 

Following substitution of (5.154), equations (5.248) and (5.249) take the forms 

R<1 
R>1 

R<l 
R>1 

(5.251) 

(5.252) 

(5.253) 

(5.254) 

Material and isopotential increments. Observations of gravity changes on planetary sur

faces usually refer to material points and are frequently reduced to the geoid. Therefore, it is 
necessary to relate gl.l1) to the material incremental gravity, gl6), and the isopotential incre

mental gravity, 9i(8). In spherical coordinates and with 9~0) = 0, it follows from (2.48) and 

(2.49) that 

-(6) _ -(.11) + (0)- } 
9r - 9r 9r,r U ,. 
_(6) __ (.11) r < a, 
90 - 90 
_(8) _ -(.11) + (O)-h} 
9r - 9r 9r,r 
-(8) _ -(.11) r :j a. 
90 - 90 

(5.255) 

(5.256) 

(5.257) 

(5.258) 

Note that, by (5.256) and (5.258), the colatitudinal components of the three measures of in

cremental gravity are identical in the joint spatial domains. The following analysis is therefore 

limited to the radial components. If we introduce 

9-(6) - (G-(.I1) + a-(a»'r p, 
r - rn rn'On n, 

9-(8) - e(a)'r p, 
r - rn'Onn 

and observe (5.139), (5.159) and (5.246), we get from (5.255) and (5.257) the formulae 

-(a) _ (0) - } arn - 9r,rUrn 

a-(8) _ G-(.I1) + (O)H- r :F a. 
Tn - Tn 9T,r n 

Expressions for G~~) have been provided above as (5.250), (5.252) and (5.253). 

De9ree n = 0: 

(5.259) 

(5.260) 

(5.261) 

(5.262) 

Upon substitution of (5.51), (5.143), (5.161) and (5.250), equations (5.261) and (5.262) become 

eta) - 0 
TO - , R < 1, (5.263) 
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Degree n = 1: 

R<l 
R>l (5.264) 

In view of (5.51), (5.147), (5.162) and (5.252), equations (5.261) and (5.262) take the forms 

G~~) = 31', R < 1, 

G-(8 ) - 0 R J. 1 
rl -, r· 

Degrees n ~ 2: 

(5.265) 

(5.266) 

Considering (5.51), (5.151), (5.163) and (5.253), we obtain from (5.261) and (5.262) the expres
sions 

(5.267) 

(5.268) 

5.4.1. 7 Half-space limit 

If the wavelength of planetary deformations is sufficiently short compared with the radius of 

the planet, the sphericity becomes irrelevant and gravitational perturbations may be neglected. 

Then, the half-space theory developed in Chapter 4 is profitably employed and yields the desired 

results more easily than the spherical theory considered in the present chapter. The accuracy 

of the half-space approximation has been tested computationally for a number of earth models 

(Wolf, 1984; Amelung, 1991); here, we show how the solution functions derived for the sphere 

can be formally reduced to those for the half-space. 

Since the problem is primarily of theoretical interest, we restrict our analysis to the radial 

displacement. Using (5.102). (5.139), (5.151), R = 1 + x/a and Ur = U~, it can be expressed as 

_ (1 + ~)(1 + ~)n-l - (1- ~)(1 + ~)n+l - p. 
Ur = - 1.(2 + 1. )[(2 + 1. + 3 )!! - + ] 'YUn n· (5.269) 

n n n ii2' aSI' 'YP 

If we put n/ a = k, this can be recast into 

u~ = -Tn(l + ~kx)n'YunPn' (5.270) 

where 
r, _ (1 + *)(1 + ~kx)-l - (1- ~)(1 + ~kx) 

n - ~(2 + ~ )[(2 + ~ + ~ )ksji + 1P] 
(5.271) 

and, by the binomial theorem, 

(1 + ~kxt = 1 + kx + (1 _ ~) (k~)2 + (1- ~)(1- ~) (k;)3 + .... (5.272) 

We now suppose that x/a - 0 and l/n -+- 0 such that k = finite. Following some manipu
lation, (5.271) then yields 

Ii r. _ 1- kx 
m n - , 

n-oo 2ksji + 'YP 
(5.273) 
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whereas (5.272) takes the form 

(5.274) 

According to Hobson (1931, p. 299), Un can always be chosen such that, correct to the order 

1/~, the relation unPn = Ssin[(n + !)8 + i) applies in some neighbourhood of 8. Selecting 

8 = 1r 12 and putting n8 = ky, this simplifies to 

(5.275) 

In view of (5.270) and (5.273)-(5.275), we obtain for xla - 0 and lIn - 0 the limit 

(5.276) I 

Equations (5.275) and (5.276) are fully consistent with (4.40), (4.41) and (4.61) and, accordingly, 

give the vertical displacement in a half-space subject to a fixed and homogeneous gravity field 

and a sinusoidal load of wavelength 21r I k and amplitude S. 

5.4.1.8 Transfer functions 

Inspection of the solution functions listed in §§ 5.4.1.1-5.4.1.6 shows that the ordinary Legendre 

coefficients, inC r, s) = Fn( r, s) fn( s), of the field quantities analysed can be decomposed accord
ing to 

(5.277) I 

which is the general form of the solution functions in the (r,n,s)-domain. Function Fn(r) = 
Fn(r,s)ITnCs) specifies the radial dependence of kCr,s) and can be directly obtained from the 

individual solution functions. Function Tn(S) is referred to as transfer function and found to be 

of either of two types: 

(5.278) 

{

I, n = 0 
TAB)(s) = k1sJl(s), n = 1 

knailfa) > 2 
'na ii(. -np' n_ 

(5.279) 

As in the foregoing equations, the arguments of all functions considered will henceforth be 

displayed. 

5.4.2 Generalized Maxwell viscoelasticity 

For the inversion of TAA)(s) for n ~ 2 and TAB)(s) for n ~ 1, it is necessary to specify iI(s). As 

in § 4.3.3, we start from the general formula 

(5.280) 
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which expresses Jl(t - t') in terms of its spectrum, j.i{Q'). We can approximate the latter to any 

degree of accuracy required by 

Q 
jJ(Q') = LJl(q) c5(Q' - Q(q», (5.281) 

q=1 

where Q(q) > 0 is the q-th inverse elemental Maxwell time and Jl(q) > 0 the q-th elemental 

elastic shear modulus, both prescribed for q E {I, 2, ... , Q}; as before, c5( Q' - Q(d) denotes 

the Dirac delta-function. Upon substitution of (5.281) and use of the properties of the Dirac 

delta-function, (5.280) reduces to 

Q 
(t t') ~ (q) -a<')(t-I') Jl - =L..JJl e , (5.282) 

q=1 

which is the shear-relaxation function for generalized MaxtDell viscoelasticity (e. g. Christensen, 

19822 , pp. 16-20; Muller, 1986; Wang, 1986). Recalling that Jle = lim Jl{t - t'), we obtain in 
I-t'-O 

particular 
Q 

Jle = L Jl(q) • 
q=1 

By (A.2) and (A.7), the Laplace transform of (5.282) with respect to t - t' is 

- Q Jl(q) 
Jl(8) = L ( ) . s+Qq q=1 

5.4.3 Functions in the (r, n, t )-domain 

5.4.3.1 Impulse-response functions 

(5.283) 

(5.284) 

We proceed with the transformation of the solution functions specified in § 5.4.1 from the (r, n, s)-
to the (r, n, t)-domain. This requires inverse Laplace transformation of (5.277). Using (A.5) and 

(A.19), we obtain 

(5.285) 

as general form of the solution functions in the (r,n,t)-domain. Function Tn(t - t') is the 

impulse-response function associated with the transfer function Tn(S), which is of type T~A)(s) 
or T~B)(s). 

With Jl(s) specified and the general functional form of In{r,t) established, (5.278) and 

(5.279) can now be inverted. We consider the degrees n = 0, n = 1 and n ~ 2 individually. 

Degree n = 0: 

By (A.12) and (A.19), the shifted inverse Laplace transform of (5.279) is 

TJB)(t - t') = c5(t - t'). (5.286) 
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Degree n = 1: 

As for n = 0, equation (5.278) leads to 

(5.287) 

Upon substitution of (5.284) into (5.279), it follows that 

-(B) Q ( Q(q») 
Tl (a) = kl LJI(q) 1- a + Q(q) , 

q=l 

(5.288) 

whence, in view of (A.2), (A.7), (A.12) and (A.19), the shifted inverse Laplace transform takes 
the form 

Q 
TIB )(t - t') = kl L JI(q)[6(t - t') - Q(q)e-a(q)(t-t')]. (5.289) 

q=l 

Degrees n ~ 2: 

Substituting (5.284), we obtain from (5.278) the equation 

(5.290) 

After some algebraic manipulation, this can be recast into 

(5.291) 

where 

(5.292) 

(5.293) 

( 
Q p(q)Q(q») 

Vn(s) = kn Pe - ?; a + Q(q) + "(p. (5.294) 

Using (A.2), (A.12) and (A.19), the shifted inverse Laplace transform of (5.291) can formally be 

written as 

TAA)(t - t') = ,,(P [6(t - t') + Wn(t - t')]. 
knPe + 1P 

(5.295) 

Comparing (5.278) and (5.279), we get 

T!B)(a) = 1 - T~A)(a), (5.296) 

so that, with (5.295), (A.2), (A.12) and (A.19), the shifted inverse Laplace transform is found 
to be 

TAB)(t - t') = 'YP [knPe 6(t _ t') - Wn(t - t')]. 
knPe + 1P 1P 

(5.297) 
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5.4.3.2 Stability analysis 

It renlains to establish the functional form of W,,{t - f). Inspecting (5.292)-{5.294), we note 

that W" (s) can be rewritten as the quotient of two polynomials in s (without common roots) of 

degrees L = Q - 1 in the enumerator and M = Q in the denominator. Accordingly, the inverse 
Laplace transform of W( s) exists and can be specified upon determination of the roots of V,,{,,) 
(Appendix A). To prove that all roots are simple and negative, we assume that the M poles of 
Vn ( s) have been ordered such that 0 > _a(l) > _a(2) > ... > a(M). Considering the interval 

Z(1) = (-a(I), 0) first, we note that lim V,,{s) = -00 and V,,{O) = 1, whence one root must 
..... -a<l)+O 

lie in 7(1). The remaining roots are found by considering the interval z(m) = (_a(m), _a(m-l», 

where m E {2,3, ... ,M}. Since lim V,,{s) = -00 and lim Vn(s) = 00, one root ._-a<m)+o • __ o(m-l)_o 

nlust also lie in each of Z(2), Z(3), ••• , Z(M). However, Vn ( s) can have either M roots if all are 

sim.ple or less than M roots if at least one is multiple. Taking this into account, it then follows 
that there is exactly one root in the intervals Z(I), Z(2), ••• , Z(M), respectively. 

Having established that Vn(s) has M simple and negative roots, the functional form of 
Wn(t - tl) can now be given. Denoting the pole in z(m) by _/Jim), (A.21) yields 

(5.298) 

(5.299) 

(5.300) 

where a(q) and J.L(q) are prescribed by (5.282). The m-th term of the sum in (5.298) is called the 
7n-th relaxation mode, with U~m) /vJm) the modal amplitude, /J~m) the inverse modal relaxation 

tim.e and M the total number of relaxation modes. With (5.131) and (5.283), these quantities 
com.pletely determine TJA)(t - tl) and TJB)(t - tl) for n ~ 2 and, by (5.285), the corresponding 

solution functions in the (T, n, t)-domain. 

5.4.3.3 Maxwell and Burgers viscoelasticity 

General methods of obtaining closed-form expressions of the roots, -/Jim), of Vn{s) exist only 

for M ~ 4. In all other cases, numerical methods must normally be applied. In practice, such 

nlethods are even used for M = 3 or M = 4. Here, we evaluate Wn(t - tl) exactly for M = 1 

and M = 2; in view of M = Q, this is equivalent to Q = 1 and Q = 2 corresponding to Maxwell 
viscoelasticity and Burgers viscoelasticity, respectively. 

Case M=I: 
Equation (5.294) takes the simplified form 

Vn{s) = (knJ.'(I) + 'Yp)s + 'Ypa(l) 
s + a(l) 
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with the root 
_ /3~I) = 7P a(I) 

knl'(I) + 7P , (5.302) 

whereas (5.298)-(5.300) lead to reduces to 

k (I) (I) ..el) 
Wn(t - f) = nl' a e-Pn (t-f). 

knl'(I) + 7P (5.303) 

Case M=2: 
Equation (5.294) reduces to 

(knl'e + 7P)s2 + [(knl'(2) + 7P)a(I) + (knl'(I) + 7P)a(2)]s + 7pa(I)a(2) 
Vn(s) = (s + a(I»(s + a(2» , (5.304) 

which has the following roots: 

-/3~I) } = _ (knl'(2) + 7P)a(l) + (knl'(I) + 7P)a(2) 
-/3i2) 2(knl'e + 7P) 

V[(knl'(2) + 7P)a(l) - (knl'(l) + 7P)a(2)j2 + 4kal'(1)1'(2)a(1)a(2) 
± . (5.305) 

2(knl'e + 7P) 

Following substitution of (5.299) and (5.300), equa.tion (5.298) becomes 

Wn(t _ t') = 2 (knl'(l)a(l) + knl'(2)a(2»/3i
m

) - knl'ea (I)a(2) e-p~m)(t_t'). 
fl 2(knl'e + 7P)/3im) + (knl'(2) + 7P)a(1) + (knl'(l) + 7P)a(2) 

(5.306) 

5.4.4 Functions in the (r, 6,~, t)-domain 

The final step is the transformation of the solution function (5.285) from the (r,n,t)- to the 

( r, 8, ~, t )-domain. In the following, we will distinguish axisymmetric and non-symmetric loads 

and calculate the respective Green's functions. 

5.4.4.1 Axisymmetric Green's functions 

We first consider the Green's function for axisymmetric loads whose distribution is given by 

u(8', t'), where 9' is the colatitude of the excitation point. On the assumption that CT(9',t') is 

twice continuously differentiable with respect to 9' in (0,1I') and that I:[CT{9',t')]2 sin9'd9' = 
finite, the distribution can be expanded into a. convergent Legendre series (e. g. Lebedev, 1972, 

pp.53-60): 
00 

CT(9',t') = E CTn{f)Pn{cose'), (5.307) 
n=no 

with 

CTn{t') = (n +!) 10ft 

CT{9',t') sin e' Pn{cos9') de'. (5.308) 

We reca.ll that, in the series (5.307), only the term CTo(t') corresponds to It. net mass (§ 5.3.2.3); 

accordingly, no = 0 applies if CT( 9', t') specifies an accreted load and no = 1 if it specifies a. 
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redistributed load. In view of the linearity of the problem, the solution for the load given by 

(5.307) can be expressed as 

00 {pn{COS9) 
J(r,8,t) = n~ In(r,t) -Pn.//(cos8) , 

- cot 9 Pn .//{ cos 9) 

(5.309) 

which, upon use of (5.102) and (5.285), takes the form 

_ {pn(COS8) } 
J{r,9,t) = 2- E 2Fn {r)1 -Pn //(cos9) r Tn{t - t')O'n{t') dt'. 

ap n-no n +. 10 
- - coU Pn .//( cos 8) 

(5.310) 

Substituting (5.308) and changing the sequence of summation and integrations, this becomes 

J{r,8,t) = lo1t lot J(u){r,8,8',t - t')0'{9',t')sin9' d8' dt', (5.311) 

{ 

Pn{cos8) } 
JCa·)(r,9,8',t - t') = _1_ f: Fn(r) -Pn.//(cos8) Pn(cos8')Tn{t - t'), 

2ap n=no 
- cot 9 Pn .//{ cos 8) 

(5.312) 

where J(a·)(r, 9, 9', t - t') denotes the axisymmetric Green's function for the (r, 8, t)-domain. 

5.4.4.2 Non-symmetric Green's functions 

It is now straightforward to deduce the Green's function for non-symmetric loads described by 

the distribution 0'(8',)..', t'), where 9' and )..' are the colatitude and longitude of the excitation 

point, respectively. For this, we take into account that J(a.)( r, 9, 9', t - t') gives the normalized 

contribution to J(r,8,t) from an annular load at colatitude 8'. The contribution J(r,8,t) from 

a point load on the symmetry axis thus follows from 

(5.313) 

Noting that J(r, 8,)..) for a non-symmetric load, 11(8', >.', t'), can be obtained by superposing the 

contributions from the appropriate distribution of point loads, the generalizations of (5.311) and 

(5.312) are 

J( r, 8, >.., t) = fo1t fo21t lot JCn.) ( r, tJ, t - t') 0'(9', >..', t') sin 9' d9' d>..' dt', (5.314) 

JCn·)(r,tJ,t-t')= 21 f: Fn(r) { -~:~~:o:~) } Tn(t-t'), 
ap n=no 

- cot tJ Pn ,,, ( cos tJ) 

(5.315) 

costJ = cos(9 - 8')cos(>.. - >.'), (5.316) 
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where 11 is the angle between the observation point and the excitation point and j(n,)( r, fJ, t - f) 
the non-symmetric Green's function for the (r,9,>.,t)-domain. With Fn(r) = Fn(r,&)/Tn(&) 
implied by the solution functions listed in § 5.4.1, Tn(t-f) of the types T!A)(t-f) or T!B)(t-f) 
given by (5.286), (5.287), (5.289), (5.295) and (5.297), and q(8',>",t') prescribed, (5.314)-(5.316) 

completely specify the solution to the Lame-Kelvin problem of gravitational viscoelasticity. 

5.5 Summary 

The results of the final chapter can be summarized as follows: 

(i) We have deduced the complete solution describing infinitesimal, quasistatic, gravita

tional-viscoelastic perturbations, induced by surface loads, of a spherical, isochemical, incom

pressible, non-rotating, fluid planet initially in hydrostatic equilibrium. The kinematic formula
tion used is uniformly Lagrangian in the internal and external domains. The resulting solution 

functions are specified for the (r, n, s)-, (r, n, t)- and (r,8, >., t)-domains. They involve explicit 

expressions for the Legendre degrees n = 0, n = 1 and n ~ 2 and comprise all incremental field 

quantities of interest in studies of the deformation of planetary bodies. 

(ii) A notable aspect of the solution is that it applies to arbitrary types of generalized 
Maxwell viscoelasticity. The inverse modal relaxation times characterizing a particular type 

are given as the poles of the quotient of two polynomials in s. Since all poles are simple and 

negative, the planet is always stable, with its impulse response involving a series of exponential 
decay modes. 

(iii) The solution method used differs from the methods conventionally employed for the 

type of problem studied. Its main characteristic is that the incremental field equations are 

recast into two decoupled (4 X 4) and (2 X 2) first-order differential systems in terms of the 

mechanical and gravitational quantities of the problem, respectively; the coupling is restricted 

to the incremental interface conditions. Interesting features of our solution method are the 

following: (a) The complexity of the algebraic manipulations necessary to solve the decoupled 

(4 X 4)- and (2 x 2)-systems is distinctly less than that for the (6 X 6)-system commonly used. 

It is expected that this simplification is also of significance when modelling perturbations of 

layered planets. (b) The (4 X 4 )-system obtained formally agrees with the system governing 

the corresponding problem without gravitation. Since the numerical simulation of viscoelastic 

deformations of planets has, so far, been based on techniques developed for non-gravitating 
continua, our solution method opens a way of consistently accounting for gravitation when 

using these techniques. 

(iv) The decoupling of the incremental field equations is contingent upon the use of a quan

tity referred to as isopotential incremental pressure measuring the increment of the hydrostatic 

pressure with respect to a perturbed level surface of the potential. Isopotential increments can 

be defined for any field quantity but are of special interest to gravimetry, where the free-air grav

ity anomaly is usually calculated such that it agrees with the isopotential incremental gravity 
considered here. 
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Appendix A 

Laplace transforms 

A.1 Forward transforms 

The Laplace transform, C[J(t)], of a function, J(t), is defined by (e. g. LePage, 1980, 
pp. 285-318) 

S E S, (A.l) 

where S is the inverse Laplace time and S the complex domain. We suppose here that J(t) is 
continuous for all t E T and of exponential order as t -+ 00, which are sufficient conditions for 

the convergence of the Laplace integral in (A.l) for Re S larger than some value, SR. Defining 

C[J(t)] = 1(s) and assuming the same properties for get), elementary consequences are 

C[aJ(t) + bg(t)] = a1(s) + byes), a,b = constant, 

C[8d(t)] = s 1(s) - J(O), 

£ [lot J(t') dt'] = l~s), 

c[fot J(t - t')g(t')dt'] = 1(s)9(s), 

£[1] = !, 
s 

C[e-.tot] = _1_ , So = constant. 
s + So 

(A.2) 

(A.3) 

(A.4) 

(A.S) 

(A.6) 

(A.7) 

To find the Laplace transform of the symmetric Dirac delta-function, 6(t - to), we regard 

it as the limit of a series of continuous functions: 

where the approximation function has the following properties: 

{ 

0, 

6(c)(t - to) = positive, 

0, 

80 

t E (-00, to) 

tE[to,to+£] , 

t E (to + E,OO) 

(A.8) 

(A.9) 



l to+C 

6(c)(t' - to) dt' = 1. 
to 

(A.I0) 

The Laplace transform of 6(c)(t - to) is given by .c[6(c)(t - to)] = I::+c 6(c)(t' - to) exp( -st') dt'. 
Using the mean-value theorem of integral calculus and (A.I0), we obtain .c[6(c)(t - to)] = 
exp[-s(to + (0)] where (0 E [O,(]. If (is sufficiently small that s( < 1, this can be replaced by 

C[6(C)(t - to)] = e-to '(1 - £s), 

whence, defining .c[6(t - to)] = lim .c[6(c)(t - to)], it follows that 
c-o 

.c[6(t - to)] = e- to., to = constant. 

(A.ll) 

(A.12) I 
Next, we consider the symmetric Heaviside step-function, H(t - to), which we regard as the 

limit of a series of continuous functions: 

H(t - to) = limH(c)(t - to), (E [0,(0), 
c-o 

with the approximation function defined by 

H(c)(t - to) = J~oo 6(c)(t' - to) dt'. 

In view of the properties of 6(c)(t - to), we find 

H(c)(t - to) = monotonic, t E [to, to + €] 
{ 

0, t E (-00, to) 

1, t E (to + (, 00 ) 

For ( sufficiently small, (A.4), (A.ll) and (A.14) yield 

C[H(c)(t - to)] = e-to,(; - (), 

from which, with C[H(t - to)] = lim C[H(c)(t - to)], it follows that 
c-o 

A generalization of (A.17) is 

e- to ' C[H(t - to)] = --, to = constant. s 

.c[H(t - to) J(t - to)] = e-to'1<s), to = constant. 

A.2 Inverse transforms 

(A.13) 

(A.14) 

(A.15) 

(A.16) 

(A.17) 

(A.I8) 

If .c[f(t)] is the forward Laplace transform of J(t), then J(t) is called the inverse Laplace 

transform of .c[f(t)], which is written .c-1{.c[f(t)]} = f(t). Since .c[f(t)] = 1<,,), it follows that 

.c-1 [1(s)] = f(t), t E T, (A.19) 
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which admits the immediate inversion of the forward transforms listed above. 

Useful consequences of (A.l) and (A.19) are the generalized initial- and final-value theo

rems. Assuming that the appropriate limits exist, the first theorem states that an asymptotic 

approximation, pet), to J(t) for small t corresponds to an asymptotic approximation, pes), to 

1cs) for large Sj similarly, according to the second theorem, an asymptotic approximation, q(t), 
to J(t) for large t corresponds to an asymptotic approximation, q(s), to 1<s) for small s. 

The inverse Laplace transform of 1<s) can always be expressed by (e. g. LePage, 1980, 

pp. 318-328) 
- 1 J..R+iOO-.c-1 [J(s)] = -. J(s) e"ds, t E T, 

2"'1 .R-ioo 
(A.20) 

where SR is located 'to the right' of all singularities of 1<s) in S. Frequently, a function, F(s), 
not known to be a Laplace transform a priori is given. Of interest to us is the case that F( s) can 

be expressed as the quotient of two polynomials in s, F(s) = U(s)/V(s), where the degree, L, 
of U(s) is lower than the degree, M, of V(s). Then, F(s) = lcs) and (A.20) exists. Supposing, 

in particular, that V(s) has only simple roots, s(m), the evaluation of the inversion integral by 

means of the residue theorem yields 

(A.21) 

where d.V(s(m» = [dV/ds].=.<m) applies. 
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Appendix B 

Eigenvectors of (4 x 4 )-system 

To determine the eigenvectors, [y;(k)], associated with the eigenvalues, ~(k), of the differential 

system (5.69), we consider the (3 X 3)-submatrix [S~)] resulting upon erasing the first row and 

column of the (4 X 4)-matrix [Mi~k)] of this system: 

[ 

~(k) + 1 0 -2 ] 
[S~)] = 0 ~(k) -1 n(n+ 1) . 

o 1 ~(k) 

(B.l) 

We also introduce the (3 X 3)-submatrix [Q~;)] obtained by erasing the third row and column 

of [Mi~k)]: 

[ 

~(k) +2 n(n+ 1) 0 ] 

[Q~;)] = 1 ~(k) + 1 -2 . 

o 0 ~(k) 

(B.2) 

IT we substitute for the eigenvalues ~(k) and expand det[S~)] and det[Q~;)], either determinant 

is found to be non-vanishing for each value of k: 

det[S8)] = -2n(2n - 1), 

det[Q~;)] = 2(n + 1)(2n + 3), 

det[S~)] = -2(n + 1)(2n + 3), 

det[Q~1)] = 2n(2n - 1). 

(B.3) 

(B.4) 

(B.5) 

(B.6) 

Accordingly, [Mi~)] is of rank 3 for each value of k, i. e. each eigenvalue ~(k) is associated with 

exactly one eigenvector [y;(k)]. We determine [y;(k)] by considering the differential system (5.69) 

for k = 1, ... ,4, respectively. 

Case k = 1: 

Since det[Mg)] = 0 and det[S8)] =F 0, it follows that the first row and column of [MH)] are 

linearly dependent on its remaining tows and columns. Using ~(1) = n - 1, equation (5.69) 

reduces to 

[

nO 

o n-2 

o 1 

-2 ] [Y;(1) ] [YP)] 
n(n+l} ~(1) = -0

1 
, 

n -1 y(l) 0 • 
(B.7) 
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whose solution is 

(B.8) 

Case k = 2: 

Since det[Mi~)] = 0 and det[Q~])] f 0, it follows that the third row and column of [Mi~)] are 

linearly dependent on its remaining rows and columns. Using K(2) = n + 1, equation (5.69) 

reduces to 

whose solution is 

Case k = 3: 

n(n + 1) 

n+2 y;(2) - 0 o ] [Y1(2)] [0 ] 
-2 2 - , 

o n+ 1 yj2) -yJ2) 

[ 

1';(2) ] [ _n y;(2) ] 1 2n+3 3 
(2) _ n 3 (2) 

Y2 - -(nH)r2n+3)Y3 • 
y(2) __ 1_y;(2) 

4 n+l 3 

(B.9) 

(B.1O) 

As for k = 1, it follows that the first row and column of [Mi~)] are linearly dependent on its 

remaining rows and columns. Using K(3) = -en + 2), equation (5.69) reduces to 

o 2 ] [Y;(3) ] [1';(3)] 
-(n+3) -n(n+l) ~(3) = -0

1 

, 

1 -( n + 2) yP) 0 

(B.ll) 

whose solution is 

[ 

y;(3) ] [_1 y;(3) ] 2 n+l 1 

yP) = 0 . 

yP) 0 

(B.12) 

Case k = 4: 

As for k = 2, it follows that the third row and column of [Mi~)] are linearly dependent on its 

remaining rows and columns. Using K(4) = -n, equation (5.69) reduces to 

(B.13) 

whose solution is 

[ 

y:(4) ] ["!!±'!"Y;(4) ] 1 2n-l 3 
y;(4) _ n-2 y;(4) 

2 - n(2n-l) 3 • 

Y (4) ly;(4) 
4 n 3 

(B.14) 
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Appendix C 

List of important symbols 

The entries in the third column denote the section or paragraph numbers of first reference to 

the corresponding symbols; no entries are given for symbols in general use. 

C.l Latin symbols 

Symbol 

A 
A(k) 

a 

e 

I 
I 
In 
1(4.) 

I(n.) 

lij ... , li~~!. 
lij ... ,k 
t<~) 

i(i)" 
lita)' 
litoj" 
lij ... 

Name 

integration constant 

integration coefficient of fundamental solution to (4 X 4 )-system 

radius of sphere 

integration constant 

integration coefficient offundamental solution to (2 X 2}-system 

isopotential displacement 

surface element 

2.71828 ... 

strain 

Fourier coefficient of I 
normalized Legendre coefficient of I 
r-dependent part of Fn 
scalar field or function 

Laplace transform of I 
ordinary Legendre coefficient of I 
axisymmetric Green's function for I 
non-symmetric Green's function for I 
Cartesian tensor field of arbitrary rank 

partial derivative of lij ... with respect to Xk 
local increment of li~~~. 
material increment of li~~~. 
isopotential increment of li~~. 
initial value of lij ... 
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Re/erence 

4.3.1 

5.3.2.1 

5.2.2.1 

4.3.1 

5.3.2.2 

2.2 

3.2.1 

5.4.1.3 

4.3.1 

5.3.2.1 

5.4.1.8 

3.3 

5.3.2.3 

5.4.4.1 

5.4.4.2 

2.2 

2.2 

2.3 

2.3 

2.3 

2.3 



Symbol 

m ... 
G 

, 
i,j, ... 
j 
k 

kn. 
I 
l 
M 
[Mg>] 
m 

mijld 

[Ng>] 
n 

o 
Pn. 
p 
Q 

q 
R 

Name 

increase of fij .•. across 8'R. in direction of ni 

Newton's gravitational constant 

gravity force per unit mass 

symmetric Heaviside step-function 

right-hand Heaviside step-function 

isopotential height 

imaginary unit 

index subscripts of Cartesian tensor 

Jacobian determinant 

Fourier wave-number 

sequential number of fundamental solution to (4 X 4 )-system 

Legendre wave-number for n ~ 2 

chemical modulus 

sequential number of fundamental solution to (2 X 2)-system 

total number of relaxation modes 

matrix of (4 X 4 )-system 

sequential number of relaxation mode 

relaxation function 

relaxation spectrum 

bulk-relaxation function 

shear-relaxation function 

small-t limit of relaxation function 

large-t limit of relaxation function 

anisotropic relaxation function 

matrix of (2 X 2)-system 

degree of Legendre coefficient or Legendre polynomial 

outward unit normal with respect to 8'R. 
origin of coordinate system 

Legendre polynomial of the first kind 

mechanical pressure 

total number of Maxwell elements 

sequential number of Maxwell element 

non-dimensional radial distance of observation point 

radial distance of observation point 

current position of material point 

inverse Laplace time 

deviatoric incremental stress 

impulse-response function 

transfer function 
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Reference 

2.4 

3.2.1 

3.2.1 

4.3.3 

4.3.4 

5.4.1.2 

2.1 

3.2.1 

4.3.1 

5.3.2.1 

5.3.2.3 

3.3.3.2 

5.3.2.2 

5.4.3.2 

5.3.2.1 

5.4.3.2 

3.2.3.4 

3.3.1 

3.2.3.4 

3.2.3.4 

3.3.1 

3.3.1 

3.2.3.4 

5.3.2.2 

5.3.2 

2.4 

5.2.2.1 

5.3.2 

3.2.2 

5.4.2 

5.4.2 

5.3.1 

5.2.2.1 
2.2 

3.3 
5.4.1.5 

5.4.3.1 
5.4.1.8 



Symbol 

t 

t' 
ts 

[l'i] 
[liCk)] 
y 

[Zi] 
[Z!l)] 
z 

Name 

current time 

excitation time 

maximum shear stress 

largest principal incremental stress 

smallest principal incremental stress 

Cauchy stress 

material displacement 

entropic modulus 

initial position of material point 

vertical distance of observation point 

value of x for maximum of t. 
solution vector of { 4 x 4 )-system 

eigenvector of { 4 X 4 )-system 

transversal distance of observation point 

solution vector of {2x2)-system 

eigenvector of {2 X 2)-system 

longitudinal distance of observation point 

C.2 Greek symbols 

Symbol 

{J 
(Jim) 

"1 
6 
6ij 

lJt, lJ; 
£ijlc 

( 
8 
8' 
f) 

Name 

inverse Maxwell time 

inverse spectral time 

inverse elemental Maxwell time 

inverse relaxation time 

inverse modal relaxation time 

magnitude of g1°) on OR(O) 

symmetric Dirac delta-function 

Kronecker symbol 

first- and second-order partial-derivative operators with respect to t 
Levi-Civita symbol 

Love's strain function 

colatitude of observation point 

colatitude of excitation point 

angle between observation point and excitation point 

elastic bulk modulus 

anelastic bulk modulus 

hydrostatic bulk modulus 

viscous bulk modulus 
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Reference 

2.2 

3.2.1 

4.3.2 

4.3.2 

4.3.2 

3.2.1 

2.2 

3.3.3.2 

2.2 

4.2.2.1 

4.4 

5.3.2.1 

5.3.2.1 

4.2.2.1 

5.3.2.2 

5.3.2.2 

4.2.2.1 

Reference 

4.3.3 

3.3.1 

5.4.2 

4.3.4 

5.4.3.2 

3.2.3.1 

4.3.3 

2.1 

3.2.1 

2.1 

4.3.1 

5.2.2.1 

5.4.4.1 

5.4.4.2 

3.3.2.1 

3.3.2.1 

3.3.2.2 

3.3.2.2 



Symbol Name 

,,(k) eigenvalue of (4 x 4)-system 

.\ chemical composition 

longitude of observation point 

.\' longitude of excitation point 

.\(l) eigenvalue of (2 X 2)-system 

J.I. shear-relaxation function 

Ii shear-relaxation spectrum 

J.l.e elastic shear modulus 

J.I.~ anelastic shear modulus 

J.l.h viscous shear modulus 
J.I.(q) elemental elastic shear modulus 

Vi outward unit normal with respect to level surface of cP 
~ state function 

~b barotropic state function 
11' 3.14159 ... 

w thermodynamic pressure 
p volume-mass density 
q interface-mass density 

\n non-dimensional Legendre coefficient of q 

T placement time 

Tij Piola-Kirchhoff stress 

cP gravitational potential 

<p entropy density 

X centrifugal potential 

1/J tidal potential 

{}i angular velocity 

w rotation 

C.3 Calligraphic symbols 

Symbol Name 

Euclidian space-domain 

Laplace-transformation functional 

inverse Laplace-transformation functional 

anisotropic relaxation functional 

internal domain of Ti 

external domain of Ti 

domain of s 
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Reference 

5.3.2.1 

3.2.2 

5.2.2.1 

5.4.4.2 

5.3.2.2 

3.4.1.2 

4.3.3 

3.3.2.1 

3.3.2.1 

3.3.2.2 

5.4.2 

5.4.1.2 

3.2.2 

3.4.1.1 

3.2.4 

3.2.1 

3.2.1 

5.3.2.1 

4.3.3 

3.2.1 

3.2.1 

3.2.2 

3.2.1 

3.2.1 

3.2.1 

5.2.1.2 

Reference 

2.2 

4.3.4 

4.3.4 

3.2.1 

2.2 

2.2 

3.3 



Symbol Name Reference 

T domain of t 2.2 
x_ internal domain of Xi 2.2 

x+ external domain of Xi 2.2 
8'R, interfa.ce between 1L and 'R+ 2.2 
ax interface between X_ and X+ 2.2 
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