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ABSTRACT 

A problem of current interest is the inductive coupling 

between an oc e an, a so lid earth conductor and a 

conductosphere. The anomaly of this configuration is 

modelled by (i) the inductive response of a two-dimensional 

system consisting of two thin ha 

thin whole sheet or (ii) the superposition of the responses 

of two related systems, each consisiting of only one of the 

two half sheets and the whole sheet. The conductivity of 

these conducting planes is assumed to be perfect, and 

rigorous solutions for the 

derived by conformal mapping. 

induced magnetic fields are 

A comparison between the 

anomalies (i) and (ii) permits us to ascertain the degree of 

inductive coupling between the idealized conductors. This 

establishes a reference for estimating the inductive 

coupling between more realistic conductors and may therefore 

aSSist in the interpretation of complicated magnetic 

variation anomalies in coastal regions. Our substitute 

configurations can also be used directly for the rapid 

modelling of the inductive response of the earth in the 

vicinity of coastlines. This is demonstrated by analyzing 

some field data from the recent literature. 

v 



NOTATION 

All electromagnetic quantities are measured in M.K.S.A. 

units. Underlined quantities are to be understood as 

vectors. An asterisk denotes the complex conjugate of the 

--------~~ __ ~~.~~~~--__ 2n~u~m~b~e~r~.====~~W~h~e~n~e~v~e~r ____ e~1~e~c~t~r~o~m~a~g~n~e~t~i ~c __ ~f~ie~l~d~ __ __ 

quantities are consideredl their transient part is implied. 

In the following numbers in brackets refer to the 

primary or first occurrences of the symbols being expla~ned. 

A - complex scaling factor 
5.3) 

of Schwarz-Christoffel 
transformation (sec. 

a - anomalous variation in Schmucker's sense (eqs. 6.1) 

B - magnetic induction (sec. 4.1) 

B - analytic magnetic field (eq. 4.13) 

C - complex inductive scale length of layered half space 
( sec . 5 • 2 ) ; a soc 0 n to u r~i-n-c--o-m p l-e-x~p-I-an e- (-s e-c~.---5--.-S-)I~_-----

d - depth of homogeneous substitute half space (sec. 

E - electric field (sec. 4.1> 

A 
e - arbitrary unit vector 

H - magnetic field (sec. 4.1> 

hi - separation between half plane 1 and whole plane 
5.3) 

h2 - separation between half plane 2 and whole plane 
5.3) 

vi 

5.2) 

(sec. 

(sec. 



vii 

separation between measuring profile and whole plane 
(chap. 6) 

J - electric volume current density (chap. 1, sec. 5.2) 

K - electric surface current density (chap . 1, secs. 4.1, 
5.2) 

L - horizontal separation between edges of half planes 1 
and 2 (sec. 5.3) 

- characteristic length (eq. 3.2) 

m - number of vertices of polygon (sec. 5.3) 

n - direction normal to conductivity discontinuity (fig . 
4.2); also normal magnetic variation in Schmucker's 
sen s e ( e q s . 6 . 1) ; a Iso n ~(Jf-N·e-wt-O-n~-a-p-h-s-G-n---

iterations (sec. 5.4) 

P - Parkinson transfer function (eq. 3.1) 

p - inductive scaling parameter (eq. 3.2) 

r - modulus of complex numb e r (sec. 5.5) 

S - Schmucker transfer functions (eqs. 6.2) 

s - strike direction (fig. 4.1) 

T - period (sec. 5.2) 

t - direction tangential to conductivity 
(fig. 4.2); also time 

u - horizontal direction of w plane 

v - vertical direction of w plane 

w - complex auxiliary plane perpendicular to 

x - horizontal direction of z plane 

y - vertical direction of z plane 

discontinuity 

s (f i g . 4.3) 

y - depth of perfect substitute conductor (fig. 
In 

5.1, eq. 
5.4) 

Ys - skin depth of homogeneous half space (eq. 5.3) 

z - complex physical plane perpendicular to s (fig. 4.3) 

~ - polygon angle (fig. 5.2) 
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$ - thickness of conductive layer (chap. 
delta function (eq. 5.39) 

1); also Dirac 

e - phase of complex number (sec. 5.5) 

K - electric surface conductivity (eq. 1.1) 

~ - source current parameter (sec. 5.6) 

/~ - magnetic permeability 

~o - magnetic permeability of free space (sec. 4.1) 

s - resistivity (sec. 5.2) 

0- - electric volume conductivity (eqs. 1.3, 3.2, 5.3) 

'[ - decay time ( eq. 3.2) 

t - magnetic scalar potential (eq. 4.6) 

"f - magnet i c vector potential (eq. 4.5) 

y - magnetic stream function (eq. 4.8) 

2 - analytic magnetic potential (eq. 4.11) 

W - angular frequency (eqs. 3.2, 5.3) 



CHAPTER 1 

INTRODUCTION 

Time vari-ations of the earth's magnetic field of the order 

of minutes to days are ultimately due to fluctuating 

ionospheric and magnetospheric current systems. Their 

associated transient magnetic fields penetrate through the 

earth's crust and mantle, thereby inducing telluric 

systems and a corresponding internal field, 

current 

which is 

superimposed on the external part. Both parts constitute 

the total magnetic variation, which may be observed at the 

surface of the earth. 

o v i 0 u s rg, "'-n,e-ln---s-t-,.-i b-lTt-i-o"'n~o--f t h e-s e- i n-t-e-l"'-fI a-l- s bI-l'"'-r--e-n-t-s~~~_ 

must be governed by both the behaviour of the inducing field 

in space and time as well as the conductivity distribution 

in the earth. Thus, the measurement of fluctuating magnetic 

fields contains information related to the subsurface 

conductivity structure, which can be recovered by suitable 

analysis of the observed variations. 

1 
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Here this induction process is considered on a regional 

scale, i.e. lateral conductivity anomalies of wavelengths 

of the order of several hundred kilometres in the crust or 

upper mantle are investigated. This depth range 

necessitates the selection of an appropriate time scale, 

which is normally closely met by magnetic bay disturbances 

(T = 1 h, approximately). 

The transitional region between continental and oceanic 

lithosphere will be of particular interest to us. This 

transition is usually dominated by the sharp conductivity 

contrast between sea-water and adjacent rocks. However, 

there are indications of other conductivity anomalies in 

coastal regions. These have sometimes been correlated with 

temperature anomalies in the upper mantle along recent 

subduction zones (cold, descending lithospheric slabs, 

partial melting). In other cases they are believed to be 

Signatures of mineralogical or petrological changes in the 

l-o-w-e-r- c r-u-s-t -h-g d r-o-u s--m-i-n-e r-a-l-s , an e+ e n-t- p-I-a-t e- t;! 0 "-I-fl d-a-r'-i e-s-)~-~-~-_ 

rea I 

The exact determination of the inductive response of a 

(three-dimensional) ocean alone is a formidable task, 

and reliable solutions can only be obtained from scale model 

experiments (see chap. 3) • If we assume that such 

solutions are available; the problem arises as to how to 

"deduct" the response of the ocean from the actually 
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observed coastal anomaly in a realistic manner. Such a 

reduction is desirable in order to interpret the residual in 

terms of the conductivity structure in the lower crust or 

upper mantle alone. An obvious way to allow for the 

influence of an ocean is to subtract its anomaly. 

this simple procedure neglects any inductive 

existing even between insulated conductors, which 

However, 

coupling 

may be 

significant. The ~xistence of this effect has already been 

emphasized by Price (1964) and Rikitake (1966). 

In order to shed some light on this problem, 

deliberately simple but nevertheless characteristic models 

of conductivity structures near coastl ines wi I I be 

developed. They only involve perfectly conducting half 

planes or whole planes of two-dimensional configuration. 

These ideal models can, however, serve as useful standards, 

as they establish an upper limit on the inductive coupling 

to be expected for more realistiC configurations. 

At this point it is necessary to define the meaning of 

the phrase "finitely (or perfectly) conducting thin sheet or 

plane". We thus stipulate that, whenever the term 

"conductivity" is referred to in association with the term 

"thin sheet", it is the surface conductivity K of the latter 

that is implied. 

finite thickness, 

If the thin sheet replaces a layer of 

we are allowed to equate K. with the 



4 

integrated conductivity of the layer and write 

(1. 1) 

Here Q and S denote the (volume) conductivity and thickness, 

respectively, of the actual layer being replaced. If, 

furthermore, J is the volume current density within this 

layer, we may also write 

----------------~-----------~--------e~--------------------------~------

(1. 2) K = j :! (y ) dy 
o 

: \ 6(y)~(y)dy 
v 
o 

with ~ as the surface current density within the thin sheet 

and E as the (horizontal) electric field vector in the layer 

being replaced. In eq. 1.2 the generalized form of Ohm's 

law, i.e. 

(1.3) 

will be formulated in sec. 5.1. 



CHAPTER 2 

REGIONAL INDUCTION ANOMALIES 

------__ -""tJ:::.JLY..~e__.!!w!1Je~.l.!cJ.!o'..!n!ls~-!..i ~d..!;:e:..!.r~t~h~e~l~ rob 1 e m 0 f est i mat i n g the i n due t i ve 

coupling between an ocean and an earth conductor, a short 

survey of some work on other aspects of electromagnetic 

induction in the earth is helpful. This serves to set our 

particular problem into proper perspective. Here and in the 

following the term regional indicates that both the 

curvature of the earth and any topography will be neglected. 

In other words, neither global nor local phenomena are 

considered, and the earth is represented by a half space. 

2.1. OBSERVATIONS 

The method of probing the regional conductivity structure of 

the earth by natural fluctuations of the magnetic field is 

approximately thirty years old and developed along two 

different lines (see also Price, 1964). 

5 
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Cagniard's (1953) magnetotelluric method allows the 

sounding of a one-dimensional conductivity distribution 

below a single station, if both the electric and magnetic 

fields are measured simultaneously (for details see also 

Wiese, 1965). The technique has been generalized to allow 

the investigation of more general conductivity structures. 

The second method probes the earth by magnetic 

variations alone. It had originally been confined to 

studies of the global conductivity distribution. The 

application of this technique to regional problems was first 

implemented in Japan (Rikitake & Yokoyama, 1953; Rikitake, 

1964) and Germany (Bartels, 1954, 1957; Schmucker, 1959). 

Work on the Central Japan and North German conductivity 

anomalies has continued until now (Honkura, 1978; Weide It, 

1978), but electromagnetic induction studies have become 

common elsewhere and revealed numerous lateral variations of 

the crust and upper mantle. This is conductivity in 

manifestea- oy fI n--i n-G~i~v i-d u-a l~i-n du c~t~LOJ1 ___ _ 

studies. Even the number of reviews has become large, and 

only some references are given here. 

Rikitake's (1966) standard monograph was one of the 

first attempts to present a comprehensive review of all 

aspects of electromagnetic induction in the solid earth and 

also features a very complete list of references. Later 
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work includes Untiedt's (1970) summary of conductivity 

anomalies in central and southern Europe, which emphasizes 

work done in that area after 1964. During that time the 

question of the geophysical significance of regional 

conductivity anomalies became more prominent. On the one 

hand, the depth of some of the anomalies that were once 

believed to be in the upper mantle (see Bu 11 ard, 1967) 

decreased (Kertz, 1964; Hyndman & Hyndman, 1968; Garland, 

1971). On the other hand, the new theory of plate tectonics 

was challenging enough to require an explanation of 

conductivity anomalies in terms of global dynamics (Uyeda & 

Rikitake. 1970; Law & Riddihough, 1971; Hutton, 1976a). 

The general upward shift of many conductors, 

to be temperature-related upper mantle 

once believed 

anomal ies, was 

accompanied by the recognition of a new class of conductors 

in the lower crust (Garland, 1975, 1981), which have usually 

been correlated with old zones of weakness (paleorifts?) or 

hydrous minerals. 

A very comprehensive review on the conductivity 

distribution of the earth and planets was written by Hutton 

(1976b). It includes virtually all aspects of the subject 

(except for theoretical modelling techniques) and provides a 

very extensive list of references. 
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2.2. THEORETICAL ASPECTS 

All modelling techniques may be subdivided into (i) exact 

(but special) analytical and (ii) approximate (but general) 

numerical methods, even though a combination of both may 

sometimes be useful. 

Analytical solutions usually consider the forward 

modelling problem and are limited to simple source field and 

conductor configurations, e. g. the one-dimensional half 

space (Cagniard, 1953) or two homogeneous quarter spaces 

(Weaver, 1963), both being subject to a homogeneous inducing 

field. But even an extremely simple conductivity 

distribution like the latter requires some approximations to 

be soluble for both polarizations of the magnetic field. 

Parker (1968) considered the induction by a magnetic field 

normal to a thin conducting strip. Using a series 

expansion, he derived a formal solution for the magnetic 

~-~-~-~--f-j-e-t , wh-i-c-h~a-l s-o~d-e-mo n-s-t r-a-t-e-- t-t'l-a t~-t-I'l-e~f-i-e-l-cl~~ ad~a,~~-~ 

logarithmic singularity at the edges, 

remained finite there. 

whereas the current 

Some exact solutions of inverse problems will also be 

mentioned. Schmucker (1971) derived the (one-dimensional) 

surface conductivity distribution of a thin sheet from its 

anomalous response for both polarizations. However, the 
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conductivity distribution of the layered half space below 

the sheet must be known. Siebert (1974) considered an 

arbitrarily deformed surface of perfect conductivity and 

demonstrated how its geometry could be derived from the 

distribution of the magnetic variations in a plane above the 

conductor. 

Very useful references for the general theory of 

electromagnetic induction in the earth are Price (1967) and 

Schmucker & Weidelt (1975). 

There exist several purely numerical methods for more 

general classes of conductors and source fields. As an 

example we refer to Madden & Swift's (1969) two-dimensional 

transmission line analogy. A similar technique is the 

finite difference method. The latter has been improved 

during the last decade and can now model three-dimensional 

conductivity distributions subject to non-uniform inducing 

-~--~---~'f-i-e-l-eI s;~.--~19 e- f-eun d-a-t- i-e n S-Q-f'~t ~-i-s-m e t -n-od a-/':.e- we Ll-=d a c U-meJ'Lt e_d~~ __ 

in Jones & Price (1970), Jones & Pascoe 

Jones (1972) and Haak (1978) . 

(1971), Pascoe & 



CHAPTER 3 

GEOMAGNETIC COAST EFFECT 

-----------------~~e---f-irst r-e3~C£_~C£ __ ~~~t~h~e~~e~f~f~e~c~t~~0~f ____ ~c~0~a~s~t~l ~i~n~e~s~~~o~n==~ __ 

geomagnetic variations dates back at least to 1927/1928 (see 

Gregori & Lanzerotti. 1978/79). The basic observation is 

that, at a particular point on the earth's surface, the 

magnetic variation vector B tends to be closely confined to 

a plane, which strikes approximately parallel to the 

ocean-continent conductivity contrast. 

To explain this observation, we consider a magnetic 

disturbance that is plane polarized. If x is the horizontal 

direct ion perpend i cu I ar to the str i~l rec-r-i-o-n-crf~t-he--=-

variation plane, y the vertical direction and t the time, we 

always have 

(3. 1 ) 

P is usually called the Parkinson transfer function. So far 

nothing is implied about the physical significance of the 

10 
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direction of x and the constant P. Ho we ver, for uniform 

inducing fields and the inductive limit, P and the direction 

of the x co-ordinate are independent of the frequency and 

polarization characteristics of the source field and solely 

determined by the subsurface conductivity structure. This 

means that, at a particular point, all variations proceed in 

the same plane. If the subsurface is even two-dimensional, 

this variation plane extends along the strike of the 

conductivity distribution, i.e. x designates the direction 

normal to it (Untiedt, 1964), This is the case that will be 

of interest to us. 

More general concepts that a I low for finite 

conductivities have also been introduced. However, then all 

phenomena are frequency-dependent, and the polarization 

characteristics of the inducing field also become important. 

Linear relations similar to eq. 3.1 may still be shown to 

be valid, but their significance in terms of the subsurface 

c-crn-d u c-t-t'r i-t g- st-n rc-t rrr -e- b-e-c-o-m e s- m o-r-e- el i-f-f-i e-t.I I-t~-t-e~a-s-s e-s-s-,-~-_ 

particularly for inhomogeneous source fields. 

3.1. OBSERVATIONS 

It was not until the publication of Parkinson's classic 

papers that the geomagnetic coast effect became well-known 
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to the geophysical community. Park inson (1959, 1962, 1964) 

presented evidence for a behaviour of rapid variations 

corresponding to eq. 3.1 for coastal stations in Australia 

and on other continents. But he also pOinted out that the 

body of sea-water constituting an ocean might not suffice to 

explain the observed effects. In particular, the Central 

Japan anomaly was difficult to understand in terms of the 

ocean alone. Today this anomaly is believed to be largely 

the si gnature of a cold, descend i ng litho~ph~ric slab. 

06 r 
:0 I 
,..0 0 4 r 
:a i 
g C7-

I 

RESPONSE OF CONTINENTAL MARGINS 
TO GEOMAGM:TIC VA RIAT IONS 

PERIOD 1 HOUR 

-\'1-- - .-._"(L ____ ~. _ _ . v_ -

PE R U 

~ r~ ____ ~ ____ ~ ____ ~ ____ ~ ____ ~ ____ ~ __ ~ _____ 1 

EOO >00 ' 00 ) 00 2 00 '00 -10 0 

D.STA NCE FROM 1000 m BATHY METR IC CONTOUR 11m I 

Fig. 3.1 . Real part of normalized vertical variation 
Z = B~ a t a period of 1 h as a function of the distance from 

----~------~_1'. h-e---c-on t i-n-e-n-t-a-l~-m-a-r-g-i-n f 0 - seve r-a-l--c 0 a-s-t-s : €-e-n-t--I"-a 1- - - --
California (Schmucker, 1964, 1970a; Greenhouse, 1972); 
Peru (Schmucker et al., 1966); south-western Australia 
(Everett & Hyndman, 1967); British Isles (Edwards et al., 
1971); eastern U. S. A. (Edwards & Greenhouse, 1975) 

As more data on the geomagnetic coast effect became 

ava i I ab Ie, various interpretations in terms of conducting 

sea-water, with or without underlying lateral conductivity 

structure, were proposed. Most workers now agree that 

electric currents in the oceans alone are insufficient for 
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an explanation of the observed anomalies. simply because the 

latter are too different for comparable coasts (Bullard & 

Parker. 1970). However. no general agreement on the basic 

features of the underlying differences in conductivity 

structure has been reached so far. Clearly. any anomaly in 

the horizontal variations on the land surface requires at 

least images of the induced ocean currents in a conducting 

half space below. This is Schmucker's (1964. 1970a) and 

Jones' (1981) interpretat ion of the Californian and 

Scandinavian coastal anomalies. respectively. Others have 

related the varying rate of decrease of P in the inland 

direction for different coasts (fig . 

conductivity of this half space. i.e. 

3.1) to the depth or 

to differences in the 

geologic history of the continental areas involved. Regions 

of recent tectonic activity ought to cause a more sudden 

decrease than ancient shields (Everett & Hyndman. 1967. 

Ba i ley et a I .• 1974; Edwards & Greenhouse. 1975; 

Greenhouse & Bailey. 1981>. 

On the basis of seismiC and geothermal evidence. it was 

speculated that the temperature. composition and structure 

of the oceanic lithosphere be conSistently different from 

that of the continental lithosphere (Jacobs. 1960i Coode & 

Tozer, 1965). This has also been concluded from the results 

of some very deep induction studies (see e.g . Haak. 1980). 

If such a difference is reflected in any of the observed 



geomagnetic coast effects remains to 

(1973) doubted whether the ambiguity could 

14 

be decided. Gough 

be resolved by 

variation field observations on the land only. This is in 

line with numerical results by Lines et a1. (1973), who 

demonstrated the poor detectability of underlying lateral 

conductivity variations close to the coast. 

On the other hand, the central Japan and Peruvian Andes 

anomalies a ear to be subduction zone anomalies, with a 

compl icated interaction between ocean effect and 

Some temperature-related local 

preliminary modelling on that 

mantle 

basis for 

anoma 1 ies. 

Peru (Schmucker, 

1969ai Greenhouse et al., 1973) and Japan (Honkura, 1978) 

proved to be successful. Jones et ala (1981) attempted to 

model the general characteristics of the coast effect above 

a subduction zone numerically. But the number of 

assumptions and parameters involved is large, and the 

calculated response strongly depends on their specific 

cnoice. 

Recently. two reviews on induction effects along 

coastlines have been published by Gregori & Lanzerotti 

(1978/79) and Parkinson & Jones (1979) . The latter also 

discussed the interpretational aspects of the problem 

exhaustively. 
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3.2. LABORATORY SCALE MODELS 

It may be shown (Grant & West, 1965) that geometrically 

similar conductor configurations have inductive responses 

that are identical in space and time, if the involved change 

in length scale is accompanied by corresponding changes in 

the time or conductivity scales. 

define a scaling parameter by 

(3 . 2) 

More quantitatively, we 

which must be conserved during the transformation. Here 

and 1: denote the length and time, respectively, that are 

characteristic for the configuration and its inductive 

response. (Displacement currents have been neglected as 

usual.) This means that the modelling of any conductivity 

structure of the real earth may conveniently be performed on 

a corresponding laboratory configuration, as long as eq. 

~--~----~372-i-s~s Gt'Tf-i-e-d'~.~-'Th-i-s~t-e-c-h n i-qu e- i-s k-n-()wn-as~a-n-a I o-gl.l e- Q-r''=----

sc a Ie modelling and has been widely applied to 

interpretational problems of 

The scale modelling of regional 

electromagnetic prospecting. 

anomalies, on the other 

hand, is not so common, but was advanced by Dosso's group in 

Victoria (for a review of earlier work see Dosso, 1973). 

More recently. sub stan t i a I 1 Y improved experimental 
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facilities in Victoria have permitted the scale modelling of 

complicated three-dimensional coastal regions. The results 

for several coasts have been published in a series of papers 

(for the east coast of Canada see Dosso et al., 1980). The 

common feature of the experiments is that they determine the 

anomaly caused by the body of sea-water and an underlying 

homogeneous half space. A comparison with field 

observations will therefore help discriminate between the 

effects of oceans or seas and the effects due to a laterally 

inhomogeneous subsurface conductivity structure. 

3.3. THEORETICAL ASPECTS 

The problem of electromagnetic induction in coastal regions 

has stimulated much theoretical work. For convenience, we 

subdivide the pertinent models into (i) isolated thin sheet 

conductors, (ii) non - uniform conducting half spaces and 

The first class was reviewed by Ashour (1973 ) and 

encompasses, 

chap. 2) • 

e. g. , Parker's 

Greenhouse et al. 

(1968) thin strip model (see 

(1973) considered a thin 

sheet of finite conductivity, which is underlain by a 

perfectly conducting undulating surface, the whole system 

being two - dimensional. Perfectly conducting sheets were 



introduced by Schmucker (1964, 

considered in some detail. 

1970a) and will 

17 

later be 

But Bullard & Parker (1970) have already pOinted out 

that, for thin conductive layers, induction by horizontal 

magnetic fields is negligibly small, because such layers are 

incompatible with vertical current loops. To induce such 

loops, induction in conductors of considerable vertical 

extent, such as those of the second or third classes, is 

necessary. 

The second class includes models consisting of two 

adjacent quarter spaces with a vertical, sloping or shelving 

interface (Weaver, 1963; Jones & Price, 1970, 1971). 

Three-dimensional numerical models of complicated coastlines 

have also been presented (Jones & Lokken, 1975). But the 

application of configurations of this class to problems of 

electromagnetic induction near a coastline necessitates that 

-~--~--~~t h-e- s k i-F\- d ef'l-t-I'l~o f~-t-h e- m ag n e-t -i-c- p-e-h-t u r-b a-t -i o-r:l- b-e- s m a L.r.-~ __ _ 

relative to the depth of the ocean (for further details see 

chap. 5). This holds for geomagnetic micropulsations 

(T = 1 min, characteristically). 

For lower frequencies, configurations of the third 

c I ass can be considered. Very instructive are 

two-dimensional models consisting of a uniform half space 
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that is overlain by a half plane of perfect conductivity. 

In some cases, a parallel and perfectly conducting whole 

plane has been added at some depth. Analytical and 

numerical results have been obtained for these 

configurations (for an analytical solution for H 

polarization see Bailey, 1977). 

During the last few years, theoretical work has 

concentrated on generalizations of Schmucker's (1971) thin 

sheet approach, and several solutions have been found for 

three-dimensional induction in a thin layer of finite 

conductivity, overlying a homogeneous or layered half space 

(e.g. Vasseur & Weidelt, 1977; Dawson & Weaver, 1979). 

This should allow the abruptness inherent in any model 

involving perfectly conducting sheets to be avoided and 

permit the theoretical modelling of complicated coastal 

areas in a realistiC manner. 

~-~-~-~---~-:A-Cls-e-f-CI 1--:; u rrrm-ar-!;I o-f- t h-eo r-e-t- i e-a-l-wo-~k-~e~l-a-t-e d- t-o- :th e_~_~ 

geomagnetic coast effect has recently been prepared by 

Fischer ( 1979 ) . 



CHAPTER 4 

APPLICATION OF CONFORMAL MAPPING 

TO ELECTROMAGNETIC INDUCTION 

- _______ --'TL!h.Le~~ap_p_Iicat-ion-of conformal mapping techniques (Morse & 

Feshbach, 1953; Koppenfels & Stallmann, 1959) to problems 

of electromagnetic induction is based on certain 

assumptions. The most stringent requirement is that of 

either perfect or vanishing conductivity. No t wit h stan din g 

these limitations, various aspects of the induction process 

in the real earth can be explained by this method, 

be shown in the following chapters. 

as wi 1 I 

To apply conformal mapping techniques to problems of 

electromagnetic induction, three fundamental assumptions 

have to be satisfied . 

19 
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(4.1.1) The geometry of the problem must be two-dimensional, 

i.e., for an arbitrary function f of the space 

co-ordinates, we require f = f(x,y) (fig. 4.1) . 

(4.1.2) We only consider field components corresponding to E 

polarization or TM mode, i . e. we have 

1'1 

E = Es~s for the magnetic 

induction and electric field, respectively (fig. 

4.1) . 

1\ 

fly 

/. 

Fig. 4.1. Co-ordinate system used: s designates the 
direction tangential to strike, whereas x and y designate 
the horizontal and vertical directions, respectively, in a 
plane normal to strike (see also text) 

The splitting of the field quantities into two independent 

modes (the other one being B polarization or TE mode) is 

inherent in any two-dimensional induction problem. It was 

proved by Untiedt (1964) and Jones & Price (1970). 
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( 4.1.3 ) The physical space is subdi v ided into regions that 

are either perfectly conducting or non-conducting. 

1\ 

f. n 

(]'" -+ 0 

1\ 

~t 

Fig. 4.2. Interface bet ween perfectly conducting 
non-conducting material. Indices nand t designate 
directions normal and tangential to the interface (see 
text ) 

and 
the 

also 

This require ment i mmediately leads to the following 

boundary conditions at any interface between perfectly 

conducting and non-conducting regions ( fig . 4.2) . 

( 4 •• 1) 

(4.2.2) A 
~ I'l )( H = K 

where K is the surface current density and H the magnetic 

field, with ~ =;-t t:!. Here r is always taken to be the 

permeability of free space, 

displacement currents, we can then write the magnetic 
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induction 

(4.3) ~. B = 0 

(4.4) 

Thus. in terms of a vector and s c a I ar potential. 

respectively 

(4.5) B = \i'x,!, 

(4.6) B = ~~ 

4.2. COMPLEX MAGNETIC QUANTITIES 

Here we demonstrate that the magnetic field components as 

we 11 as the magnetic potentials may. after suitable 

Considering eq. 4.6. we have in terms of components 

(4.7 . 1> Bx = d~ dX 

(4.7.2) B~ 
o~ 

= ~ 



23 

But because of assumptions 4.1.1 and 4.1.2, the vector 

potential"'! is directed along strike, i.e. 

/\ 
(4.8) Y ='f ~s 

with 'f = 1"1'1 as the magnetic stream function. From eq. 4.5 

it follows then that 

(4.9.1> Bl( '"' a'r 
a-S 

(4.9.2) B';\ 
o'/' 

= - dX 

Inserting eq. 4 . 5 into 4.4 and eq. 4.6 into 4.3 therefore 

leads to 

(4.10.1) 

(4.10.2) 

From eqs. 4.7; 4.9 and 4.10 it is apparent that ~(x.y) 

are harmonic functions and satisfy the 

Cauchy-Riemann conditions. We thus combine ~ and ~ and 

define the analytic magnetic potential by 

(4.11> 
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The corresponding field quantity may be derived as follows. 

We have 

(4.12) d2 _ "d<P + . c"'fi 
dz. - () X 1 oX 

and so, using eqs. 4.7.1 and 4.9.2, we can write for the 

magnetic induction 

(4.13) 

4.3. TRANSFORMATION OF SOLUTIONS FOR MAGNETIC POTENTIAL 

In this section, we outline the method of solving 

boundary-value problems of potential theory by conformal 

mapping. 

We start with the formulation of a trivial 

DO u n dar y va ru-e- p-r-o b l-e-m~i-n-a-c-o mp-l e-x-au-x-i-I-i-a~1.:I p-l a 1'1 e-,_ b el:-e_~ __ 

denoted as w plane. This auxiliary plane is then "deformed" 

as necessary, such that the solution of the actual 

boundary-value problem in the complex z plane is obtained. 

Mathematically, this transformation is represented by a 

conformal mapping w(z), where w = u+iv and z = x+iy (fig. 

4.3), It has the following properties. 



II 

I GENERAL· M-Ap·PINGPROBLEM 1 

v 

W7 W (Z) 

V W =U+I v y 

------------' .. 

~ 
Z = x+ iy U 

W PLANE = ~UXILIARY PLANE I 

x 

I Z PLANE = PHYSICAL ·PLANE ) 

Fig. 4.3. ~onformal mappings betwee n compl~x wand z plan es 
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(4.14.1) Angles of intersection of arbitrary curves in the w 

plane are conserved under the mapping of the curves 

into the z plane. 

(4.12.2) Length ratios are conserved under the 

transformat ion, if the linear dimensions are 

infinitesimally small. 

from these properties it is c lear t hat a conformal 

transformat ion is a similarity transformation on an 

infinitesimally small scale. 

We now assume that an auxiliary solution for the 

potential 2 in the w plane has been found, which necessarily 

satisfies the prescribed boundary conditions in that plane. 

This means that we know 

( 4.15.1> 2 ( w) = 5"2 ( u+ i v) = cp (u , v) + i "t'( u, v) 

But we wish to obtain the solution of the potential in the z 

plane, i.e. 

( 4.15.2 ) 

This makes necessary the solution of the appropr i ate 

conformal mapping problem, i.e. w(z) must be derived. Then 
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we can write 

(4.16) Q(z) =~(w(z» 

which constitutes the final solution in the z plane. 

However, to be sure that s?(z) is in fact this solution, 

we consider the following. 

(4.17.1) With Q(w) and w(z) being single-valued analytic 

functions,';5?(z) is also single-valued and analytic, 

i.e. CP(x,y) and "f(x,y) are harmonic and satisfy the 

Laplace equation. 

(4.17 . 2) Considering boundary condition 4.1.1 with eqs. 4.7 

and 4.9 for the w plane, we may reformulate eq. 

4.2.1 as a~/an = a~/at = 0 (see fig. 4.2). This 

demonstrates that the lines<p(u,v) = const are 

=-=~-~==~-~-~-'no I'" m a-I t-o- t-he- i-n t-e r f-ac-e-, wl'l i-G-I'l~i-t s-e-l f- i s- o I'l e~o-f_t b e ____ ~ 

streamlines (field lines)"f/(u,v) = const. Due to 

property 4.14.1 (conservation of angles), this also 

applies for the z plane, i.e. the boundary 

conditions are conserved. 

This heuristic approach demonstrates that 2(z) is the 

sought solution for the potential, provided this holds true 
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for Q(w) and as long as w(z) represents a conformal mapping. 

Thus, the whole problem obviously reduces to (i) 

finding 2(w) (which is often trivial) and (ii) constructing 

w(z) (which may be very challenging). 



CHAPTER 5 

SOLUTIONS FOR SOME PERFECTLY CONDUCTING 

THIN SHEET CONFIGURATIONS 

In this section, some induction problems are formulated in 

terms of combinations of perfectly conducting half and whole 

planes in a non-conducting environment. In view of the 

conductivity distribution of the re a lear th, this is 

Obviously a highly idealized model. However, there are some 

important facts that justify this choice. 

For electromagnetic induction phenomena, a distribution 

of perfectly conducting or non-conducting regions 

constitutes the inductive limit. i . e. inductive effects 

_______ ~c-o-m-p-Le-t-e-Ly--clo-m-LrLat-e-r...e-s-Ls-t-1-~~e-f_-L~c_ts_. __ SjXtC_ w-e_ w_LLl ___ _ ~ 

attempt to estimate the degree of electromagnetic 

interaction between galvanically insulated real earth 

conductors, a distribution of perfect conductors is a useful 

limit to consider. 

On the other hand, a particular geophysical 

interpretation will be attached to our induction problem. 

28 
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It is the situation in which a laterally discontinuous earth 

conductor is adjacent to an ocean and both conductors are 

underlain by a highly conducting region at some depth. Even 

though there is evidence for such situations in several 

areas of the earth (for the east coast of North America see 

e. g. Bai ley et al., 1974; Edwards & Greenhouse, 1975), no 

systematic investigation of the electromagnetic interaction 

between such conductors has been attempted so far. The 

numerical approach of Lines et ale (1973) appears to be the 

only work related to that problem. But these authors 

emphasized the detectability of an anomalous upper mantle 

beneath an ocean. Their formulation of the coupling problem 

was not rigorous, and only a special and complicated model 

was examined. For investigating inductive coupling, simple 

but versatile combinations of finitely conducting thin 

sheets are more promising. as the number of free parameters 

remains limited. If only the inductive limit is to be 

investigated (see preceding paragraph). we thus have 

___ ~_~ __ c o-mb-i n a-t- i-Q-f1-s- 0 f---p e I"'-f-e-e-t- l y- e-e I'l-d u c-t- i-n ~-R-a I f~an-d-wh o-l-e~p-l-an e s .. ~---

and analytical solutions for the potential are possible for 

certain configurations. 
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5.1. THIN SHEETS 

The representation of laterally discontinuous conductors by 

thin sheets was introduced by Price (1949) and later used by 

many others (e.g. Schmucker, 1970a, 1971; Greenhouse et 

a 1 • , 1973) . According to these authors, a layer of finite 

thickness can be replaced by a thin sheet, if the 

thickness 6 of the former is small relative to its skin 

depth Ys (see eq. 5.3 below). This skin depth in turn must 

be smaller 

structure. 

than that of any surrounding conductivity 

Then the normal magnetic and tangential electric 

field components can be taken to be the same on both sides 

of the layer, which is the boundary condition for a thin 

sheet. 

If part of this sheet is perfectly conducting, the 

conditi 'ons become different, because this part is no longer 

transparent for electromagnetic fields. As an example we 

- ______ - c-o-r:l-s-i-d e ~-a~p-e p-f e-s-t- I-y- G-o n d u s-t-i-n-g- A-a-l-f- p-I-an e~.-~+ I'l e-I'l- t-h-e- h-a I f----~ 

layer it replaces must be thick relative to its own skin 

depth, but also thin relative to the skin depth of its host . 

According to Bailey (1977), for a real ocean (and thus for 

all real earth conductors of a regional scale), there exists 

no frequency such that this condition applies. However, we 

may only wish to model the in-phase part of the observed 

response. This leads us to the concept of perfect 



31 

substitute conductors, 

next section. 

which will be investigated in the 

5.2. PERtECT SUBSTITUTE CONDUCTORS 

The following arguments are intended to illustrate the 

significance of perfect substitute conductors (which must be 

chosen to satisfy the in-phase part of the observed 

response) for the imperfect conductivity distribution of the 

real earth. Since any distribution of perfect substitute 

conductors is completely characterized by a set of 

geometrical parameters, we wish to relate these parameters 

to characteristic features of the real conductivity 

distribution of the earth. tor the sake of simplicity, 

assume that this distribution be one-dimensional 

we 

and 

essentially follow the arguments of Schmucker (1970a, b) and 

Haak (1978). 

The inductive response of any layered half space to a 

homogeneous inducing field may be expressed by a 

frequency - dependent complex-valued response function C(y), 

which is usually called the inductive scale length. C(O) 

can be calculated directly from (i) magnetotelluriC 

measurements (Cagniard, 1953) or (ii) measurements according 

to the gradient method (Schmucker, 1970a, bi Kuckes, 1973a, 
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b) , both taken at the surface of the earth, i.e. at y = 0 

(fig. 5.U. 

Fig. 

0- =0 

o-<C[) 

Y =0 

Y =- d 

Y=-Ym 

5.1. Two-layer substitute half space (seealso text) 

To obtain some insight into the properties of this 

response function, we now assume that the conductivity of 

the ground increases with depth. At a particular frequency, 

the subsurface can then be replaced by a two-layer 

substitute half space, where the conductivity of the upper 

_______ -La-y..e-r---v-a~-i-s-I'l-e-s-., __ -+_I'l-e-~e-f-Q-~e-we-e-f-f-e-G-t-i-ve-l-I:I-G-Q-~-s-i-d-e-I"--a,----~ 

homogeneous half space of finite conductivity G", which 

extends down to infinity from some frequency-dependent depth 

d below the surface (fig. 5.1) . 

If Ys is the skin depth of this homogeneous half space, 

it can then be shown that 
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( 5.1) 

and also 

( 5.2) 

where Ys is given by 

( 5.3) 

Here w = 2rr/ T, which is the angular frequency in terms of 

the period of the harmonic oscillation. It can also be 

demonstrated (Weidelt, 1972) that the mean depth Ym. of the 

in-phase part of the volume current distribution ICy) in any 

layered half space is gi ven by 

(5.4) Yin = Re C (O) 

------------.I-R-ul-a-I-Q-g-':I-W-i-t-~-me-c-~-a-l1-i-c-s-._w~-e-l':_e_Ule_wbJl-L~-as_s_o_o£ __ a ___ _ ~ 

body may be taken to be concentrated at the centre of 

gravity, we postulate an equivalent in-phase surface current 

K at the depth y = Ym.' This is identical to considering a 

perfect substitute conductor at the same depth. For our 

simple model of fig. 5.1 we get 

(5 .5) 
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which also demonstrates that, for a subsurface consisting of 

a homogeneous half space alone (d = 0), the skin depth is 

twice the mean depth of the induced currents. We thus 

conclude that, for the one-dimensional situation depicted in 

fig. 5.1, the depth of the top of the perfect substitute 

half space is equal to the real part of the inductive scale 

length of the subsurface, i.e. the mean depth of the 

in-phase eddy currents. 

But in general 

calculate (J (eq. 5.3) 

Im C(O) *' 0, 

and d (eq . 

which allows 

5.5) as we I I • 

us to 

(If the 

frequency behaviour of C(O,w) is considered, Schmucker's 

(1969b) "~*(y*) -method" results, where ~* and y* denote the 

resistivity and depth of the substitute half space, 

respectively.) 

5.3. SCHWARZ-CHRISTOFFEL APPROACH 

Now we consider some elementary two-dimenSional 

configurations, which involve only parallel and perfectly 

conducting half planes or whole planes. To derive the 

solutions for these configurations, conformal mapping theory 

is applied in a specific way , which will be developed in the 

following. 



[w PLANE I [z PLANE I 
v y 

U4 x U1 U 2 U3 U!5 U 

Fig. 5.2. Sc liwarz-Christoff el transformation I (see a.lso text) 
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The Schwarz-Christoffel tr ansformat ion (Morse 8c 

Feshbach, 1953; Koppenfels 8c Stallmann, 1959) describes the 

mapping of the upper half of the w plane onto the interior 

of an arbitrary polygon of the z plane, i.e. allows us to 

construct the corresponding function z(w). Consider fig. 

5.2. If we generalize to the case of m vertices, the 

differential form of the particular transformation depicted 

is 

(5.6) 

Integration of this equation yields the usual form of the 

Schwarz-Christoffel transformation, i.e. 

w 
(5.7) z = z/'" +A J' ~11. 

~ 

-0( /rr 
(w'-u ) r dw' 

)A 

Here zr is determined by the position of any of the 

polygon's vertices relative to the origin z = 0, whereas the 

magnitude and phase of A are related to the polygon's scale 

and orientation, respectively. The values of the real 

parameters ur are fixed by the requirement z~ = Z(Ur ), 

(see fig. 5.2) . The meaning of the 

angles ~ is obvious from the same figure. We thus have 

(m + 3) free parameters in total, and hence three of the 

u ' s 
~ 

may be chosen arbitrarily. Often two of them are 

placed at infinity. Then the corresponding factors do not 



appear in the integrand of eq. 

Feshbach, 1953). 

5.7 any more 
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(Morse 8. 

In the following, the surfaces of the (two-dimensional) 

conductors will always be assumed to coincide with the 

contours of integration in the w or Z planes (cf. the 

hatching in figs. 5.2 to 5.6, especially the cross-sections 

of perfectly conducting half or whole planes in figs. 5.3 

________ ..... n d_ 5_.5-L n_~.r-Li-C.u-1=ar . lIIe wL U :=C-'lJ1S_Ld_e_ t_uto-pr~1tc_Lp~I __ _ 

cases, which are deSignated as case A (fig. 5.4) and case B 

(fig. 5.6). Case A comprises three distinct polygons 

("models"), certain parts of which are congruent. If the 

vertices approach infinity as indicated in fig. 5.4, three 

corresponding degenerate polygons (combinations of half and 

whole planes) result (fig. 5.3). More specifically, we 

have 

Model A.L.!: The vertices are at Zt' ZL' z3' z~, Z7' Thus 

half plane 1 has its edge at Zl = -L/2+ih1 and extends 

towards x = -oo(L = "left"" The whole plane is at y = O. 

Model A.R.2: The vertices are at zj' zLj-' zs' z6' Z7' Thus 

half plane 2 has its edge at Zs = +L/2+ih z and extends 

towards x = +oo(R = "right"). The whole plane is at y = o. 

Model A.L.1/R.2: The vertices are at 
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Half planes 1 and 2 and the 

whole plane are located as before. 

We will later superimpose the responses of models A.L.i and 

A.R.2 and compare this with the response of model A.L.i/R.2. 

If we consider case B, we again have three distinct 

polygons, certain parts of which are congruent. Referring 

---------t-Q- f- i-g-s S--.--5--an-el---5-.6-.-w e-d-i-s-t-i-n-I1-I;I-i-S-h-~I'l-e-f-a-I-I-a-w-i-n-g-mo=a-e-I-g:-:.,-----

Model B.L.i: The vertices are at z1' z2' z5' z6' Z7' Thus 

half plane 1 has its edge at Z2 = -L/2+ih 1 and extends 

towards x = -co (L = "left"). The whole plane is at y = O. 

Model B.L.2: Thus 

half plane 2 has its edge at z = +L/2+ihi and extends 

towards x = -00 (L = "left"). The whole plane is at y = O. 

Z1' z2.' z::,' zit' z5' z6' Z7' Half planes 1 and 2 and the 

whole plane are located as before. 

This will allow us again to compare the sum of the responses 

of models B.L.i and B.L.2 with the response of model 

B.L.i/L.2. 

In sees. 5.3.1 to 5.3.6 we will summarize the relevant 
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[-ZU -PLA~E I 
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I 
4- Z3,Z3 

h, -hl2 Q2 ~ #211 z. 
·~!!!!!!f!!"!!!!!!"!!!!!!!!!!!!!j!!! j 

h z~ 
, h2 

! .. .. 
I 

Z4,Z4 .. 
x 

-+ 

-+ 

Fig. 5.3. Conductor configuration s (degenerate p ~ lygon s ) of case 
A. Three di s tinct j combinations of one or two cond ~cting half planes 
and one conduct i 19 who 1 e plane are poss i b 1 e I (conductor s are 
hatched): Model : A.L.1: Half plane 1 (x < - L/2, y = h-t) and whole 
plane (y = 0). Model A.R.2: Half plane 2 (x > +1!J2, y = h z. ) and 
whole plane (y =10). Model A.L.l/R.2: Half ~ lane 1 (x < -L / 2, 
y = hi)' half plan~ 2 (x > +L / 2, y = hz.) and whole l plane (y = 0) 
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Fig. 5.4. Ordinary polygons corresponding to ~he three degenerate 
cases of fig. 5.3. Three distinct polygons are shown: Model 
A.L.l: Vertices at z1' Z2.' Z3' Z4' Z7' Model .R.2: Vertices at 
z3' Z4' z5' z£,' :Z7' Model A.L.l/R.2: Vertices at z1' Z2' z.3' Zit-' 
Z5~ Ze,P %7 

)( 
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formulae for each of the six models. 

5.3.1. MODEL A.L.1 

Here we outline how the mapping corresponding to model A.L.1 

is actually realized. Similar arguments apply to the 

remaining models (although for models A.L.l/R.2 and 

--------e-.-~-l_A.. 2--t-h-e-G-a.-I-s-u-l-a-t-i-Q-R-S--b-e-eo-m-e--co-f-l-s-i-d.e.r-a.b-I-y-m-o.~,----

compl icated). 

As was noted before, for a conformal transformation of 

the upper w plane onto a distinct polygon of the z plane, we 

may choose three of the Ur's arbitrarily. Considering then 

U~ as the parameter to be determined, we write 

(5.8.1) 

(5.8.2) 

(5.8.3) 

(5.8.4) 

- 00 

U 3 = -a < 0 

U' = +00 
't 

If the geometry of the configuration is as shown 

5.3, eq. 5.7 becomes 

in fig. 
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(5.9) z(w) h.{ hi L = A{w+a+ TTA [In(w+a)-ln rrA +1J- 2.A } 

In this equation, U z has been eliminated by integration of 

eq. 5.7 between u1 = -00 and u~ = +OQ , which yields 

(5.10) 

Thus A is arbitrary as long as it is positive and determines 

- --------It-h-e-s-G-a-l-e-e--f-t-t-I-e-m-a-p-p-i-n-gh . .-----------=-----.:~---------

Model A.L.l is one of the basic models considered by 

Schmucker (1970a) in his attempt to explain the Californian 

coastal anomaly. 

5.3.2. MODEL A.R.2 

We choose 

(5.11.1> u' = - co 3 

(5.11.2) u
Lt 

= a) 0 

(5.11.3) 

(5 . 11.4) 
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where u5 is the parameter to be determined. The appropriate 

transformation is (see fig. 5.3) 

(5.12) z(w) = A{W-a-~[ In(W-a)-ln~+l-iTI]+~} 
'ITA rrA 2A 

where 

(5.13) 

has been used. A may again be chosen arbitrarily, as long 

as it is positive. 

5.3.3. MODEL A.L.1/R.2 

Setting u 3 = -u 4 , only two of the uj"-'s, u1 and u6' can be 

chosen at will. We set 

(5.14.1) 

(5.14.2) 

(5.14 . 3) 

(5.14 . 4) 
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(5.14.5) 

(5 .14.6 ) 

The proper transformation is (see fig. 5.3) 

(5.15) z(w) _h.2.1n \.V-a. 

rrA Y ZhzGL!(TiA) 

h1- 112. . 
----------------------------~ +.~~~~----------------------~--------~-----------2.rrA "-

Here a is implicitly given by 

(5.16.1> { 
[ .. r ( he hz.) J 2 ,r hi V T CL- LirA 

L = A 2 V + fA 1 n 
Ii 2 hi a.j(-ifA) 

where 

(5.16 .2 ) (h1 + h,z.) a. 2-----+ a.. 
-rrA 

Eq. 5.16.1 is the inversion of eq. 5.14.4. In eq. 5.15 

we have also used 
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(5.16.3) Uz. 
111-h2- --r = brA 

(5.16.4) Us 
11 1 - h 2- +V = brA 

with "V'again given by eq. 5.16.2. 

The special case hi = h2 of this model has already been 

discussed by Schmucker (1964, 1970a) with reference to the 

---------a.-r-l-Q-m-a-l-I:J- G-a-u-s-e-d- b-I:J-a -t-w·Q~d-i-me-r:l-s-i-Q-r:l-a-l-)-i-s-l-a-r-l-d-s-t-r-u-c-t.u-r-e-.~. ------

For simpl icity, we s e t A = hi /0. Numer ic a 1 inversion 

of eq. 5.16.1 yields a . Then Uz and u~ of model A.L.l/R.2 

are determined according to eqs. 5.16.3 and 5.16.4. These 

values of A and a are inserted into eqs. 5.10 and 5.13, 

which allows u2 and Us to be redetermined for models A.R.1 

and A. L. 2. This choice of parameters is not the only one 

possible. However, it relates the three basic models in a 

conven ient way. 

Now we refer to figs. 5.5 and 5.6 and derive 

equivalent formulae for case B. 
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Fig. 5.5. cond~ctor configurations (degenerate~POIygOnS) of case 
B. Three distinct combinations of one or two co ~ucting half planes 
and one conduc t ing whole plane are possibl . (conductors are 
hatched): Mode l B.L.l: Half plane 1 (x < - L/2, y = hi' and whole 
plane (y = 0), Model B.L.2: Half plane 2 (x ( I+L/2, Y = hz ) and 
whole plane (y l = 0), Model B.L.l/L.2: Ha lii plane 1 (x < -L/2, 
y = hi" half pl~ne 2 (x < +L/2. y = h 2 ) and who ~ e plane (y = 0) 
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S.3.4. MODEL B.L.l 

This model is identical with model A.L.l. For convenience 

it is listed here again according to the notation of fig. 

S . S . We s e I e c t 

(S.17.1) - = 

--------lS~_L7-.2J'__ _ _uJ.-=-LL2.-tb1.~-Lr:lALL)----------------------

(S.17.3) 

(S .17.4 ) 

u' = -a < 0 5 

where u2 is to be determined. Thus 

(S.18) z(w) 

as before, where 

(S.19) hi. = -ca+ rrA ) <. -a 

with A as a positive quantity. 
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5.3.5. MODEL B.L.2 

This model is closely related to models A.L.l and B.L.i. 

However, this time the parameters are chosen to be 

(5.20.1) u' = -00 
3 

(5.20.2) 

(5.20.3) 

(5.20.4) 

with u~ to be determined. The transformation formula is 

(see fig. 5.5) 

(5.21) z(w) 

This equation implies that 

(5.22) 

and a positive scaling factor A is required. 
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5.3.6. MODEL B.L.1/L.2 

As in section 5.3.3. a symmetrical choice of parameters 

(u3 = -u S) is e mployed. Thus. only two parameters. u1 and 

u6 ' can be chosen at will. Now we set 

(5.23.1) 

--------(-5-.23-.~--l;Il - 1;I-(-h-rl'i-.-aTA~I----------------------
212. 

(5.23.3) u 3 = -a < 0 

(5.23.4) 

(5.23.5) 

( 5.23.6) 

This time we have the transformation (see fig. 5.5) 

(5.24) z ( w) 

hLI w-~ I + -- n :;-;:::====:===- + -.-:!:.L] 
rrA 11 2hzGl /(-ITA ) LifA 

Parameter a is given by 



(5.25.1) 

with 

[ fL l. t Ute h 2. ) ] 2-

Lt7r2.Al. 

Eq. 5.25.1 is the inversion of eq. 5.23.5. In eq. 

it is a Iso imp lie d t hat 

(5.25.3) u2.. = _J2L_ y 
2.iT A 

(5.25.4) u Lt = hi +Y 
- 2irA 

where 1{' has been defined in eq. 5.25.2. 
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5.24 

To correlate the three models of case B, we again set 

Numerical inversion of eq. 5.25.1 yields a, and 

it then becomes possible to determine u 2 and u~ for model 

B.L.l/L.2 according to eqs. 5.25.3 and 5.25.4. Since a and 

A are now known, we obtain Uz and u Lt for models B.L.1 and 

B.L.2. 
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5.4. INVERSION O~ MAPPINGS AND SOLUTIONS FOR MAGNETIC 

POTENTIAL 

As was emphasized at the end of chap. the problem of 

obtaining solutions for the models of cases A and B reduces 

to deriving the solutions2(w) for the potential in the w 

plane and obtaining the transformations w(z). In the 

preceding secs. 5.3.1 to 5.3.6, the equations of the 

--------,c-or-r-e-s-p-o-n-cl;-n-g-i-n-~e_r-s_e_f-t./-n-e__t_i-e-I'l_s-7A_w->_t_I_a_ve-b·e-e-R-g-i-v-e-n-f-o.~.b.e,--__ 

various models. Thus, if S'C(w) is known, the task remains to 

invert the functions z(w) and obtain w(z). 

In the w plane, we have assumed a perfectly conducting 

whole plane at v = 0 (see fig. 

for this configuration is a 

5.2). The simplest solution 

potential that yields a 

homogeneous magnetic field in the u direction. Thus 

(5.26.1) 52 ( w) = B,ll. w 

(5.26.2) B(w) = B v. 

where B~ is the horizontal component of the ma.gnetic 

induction in the w plane. If we transform this to the z 

plane, we obta.in 

(5.27. 1 ) 2 ( z) = Bu. W ( z ) 



(5.27.2) B(z) = B clw -~ 
u.d.z -d:z../o.w 
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If we consider the different mappings z(w), we realize that, 

for Z_oo, we again have a homogeneous and horizontal field, 

wh i c h, of 0 r B I.l = A, is of unit strength. Our different 

conductor configurations in the z plane are therefore 

subject to a uniform inducing field. This is the magnetic 

source geometry most widely assumed. A discussion of the 

--------I-i-mi-t-a-t-i-o-n-s-oT-t his ass 11111 p-t-i-o-n-s-h-a-s-b-e-e-n-g;-'" e-n-b-I;:I s-e-",·e-r-a 1---

authors, see e.g. Price (1964) or Greenhouse et ala 

( 1973) . 

To obtain solutions52(z) or B(z) at arbitrary pOints of 

the z plane, the inverse functions w(z) of z(w) must be 

derived. However, a short inspection of the different 

functions z(w) shows that the inversions have to be carried 

out numerically. Here we employ the Newton-Raphson 

iteration scheme. 

This algorithm, which was originally derived by Raphson 

in 1690 (but has some paints in common with an earlier 

method proposed by Newton), calculates the zeros of a 

function, which can also be complex-valued. We therefore 

rearrange z = z(w) and write 

(5.28) g(w) = z-z(w) = 0 
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where w is a zero of the function gCw). 

Wo = W+E, we have in general z * z(w o ) and 

However, for 

(5.29) 

The Newton-Raphson iteration scheme can now be formulated as 

(5.30) 

where g' denotes the first derivative of g with respect to 

w. With a suitable initialization Wo the iterations rapidly 

converge towards the required zero, and after n steps we set 

(5.31) 

If we wish to invert z(w) for a rectangular grid of 

lines and j columns of values in the z plane, eq. 5.30 must 

be applied to an (i,j) matrix of z va 1 ues. The initial 

values Wo in general depend on the par tic u I ar z value 

chosen, but some trial and error initialization ensures that 

the correct zeros ware obtained. The same iteration scheme 

has been applied to invert eqs. 5.16.1 and 5.25.1, i.e. to 

With w(z) determined (at least for a rectangular grid 

in the z plane), we can now calculateQ(z) and B(z) 
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according to eqs. 5.27.1 and 5.27.2. But with eqs. 4.11 

and 4.13, the real quantities cf>, "t', Bx' B~ are also 

determined, and we can derive various transfer functions as 

necess ary. 

A versatile FORTRAN program has been written in order 

to facilitate the numerical aspects of this investigation. 

It is capable of calculating all major magnetic quantities 

at arbitrarily sp-aced p-oint in the vici ity of arbitrary, __ _ 

conductor configurations of cases A or B. The program 

output is in form of profiles or grids of data and allows 

rapid comparisons between related configurations. 

5.5. CAUCHY INTEGRAL APPOACH 

A somewhat different approach of constructing conformal 

mappings will also be outlined. For an arbitrary closed 

contour in the w plane, the Cauchy integral formula states 

that 

(5.32) J" Z (w') 
z(w) = (1/2iTi)J y,;'-W dw' 

c 

if w is an interior point of C, or 

(5.33) th z(w') o = (1 /21Ti ) 1 hi , _ IN' dw' 
c 
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'" if w is an exterior point of C. Here z(w) must be analytic 

within C and continuous on C. Consider a contour around the 

upper half w plane. If' z(w) vanishes for w ..... 00 sufficiently 

fast, the contour integrals reduce to integrations along the 

u axis, and we can show (see Morse 8. Feshbach, 1953) that 

+00 

'" (5.34 . 1) ze w) = el/1Ti)r x(u.') du' 
J lA/-IN 

--------\C-S~_34~Z .J---:ic-W-) __ -_ l-,L'T1: C g (\ill) d-u~'---------------
J /L'- w' 

-00 

N '" wh ere y(u') - yeu',O) and v > O. Thus, either the real or 

"" the imaginary part of z (w) along the real u axis alone 

suffice to determine the function everywhere in the upper 

hal f w plan e . 

More generally, for a function z(w) that does not 

necessarily vanish for W-.c.a, we write instead of eq. 

5.34.2 

(5 .35 ) z(w) = 
+<>0 

+ "'( ') j -r- ~ u, 
w- -=-----''--In w+iy++(1/TI) 1--"--:-/--dU' 

1T J ~-IN 
- 00 

and for the imaginary part of z along the u axis 

e5.36) y(u) = { 
y (u ) +y - , 

yeu)+y+, 

u <:: 0 

u ;> 0 
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Here we have implied the definition 

(5.37) 
± 

y :: lim y(u) 
u. ~ 1: 00 

Eq . 5.35 was used by Weidelt (1981) for the solution of a 

related inverse problem ( see chap. 8) • It can be proved by 

showing that 

________________ ~(5~. ~3~8u)~ ____ _A~LJUU_~Z~( ~w)~jjL}L---------------------__ ~ ____________ _ 
V-t+ O 

However, eq. 5.38 is readily established if we make use of 

the identity 

( 5.39) I
. 1 V 

- 1 m -- ~-,----::-,-~ 

V-HO 1T (u.'- uy· + v2. 

where 0 denotes the Dirac delta function. 

We may visualize eq. 5.35 as being a Single-valued 

analytic function that maps the trace v = 0 of the w plane 

onto another trace x(u ) +iy ( u) of the z plane (contour C1 in 

fig . 5.7 ) . If it can even be sho wn that this function has 

a single-valued inverse, it constitutes a conformal mapping, 

and C1 can be identified as t he surface of a perfect 

conductor. In particular, it becomes possible to derive the 

various mapping functions inherent in cases A and B in an 

alternative way. 
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y 
I Z PLANE I 

x 

Fig. 5.7. Contour C1 in the z plane (see also text) 

As an example, let us consider model A.L.1. If we set 
__ ~ __ ~ ____ ~ __ ~ __ ~~~~ __ ~= __ ~~ __ ~~ __ ~N' __ ~ ________ ~ __ ~--__ ~ ________ ~ __ ~--__ ---

Y = '\ and yr = O. with z(w) = 0, we can write for eq. 

5.35 

(5.40) z(w) = w+(h1 /TT) In w 

Referring to eq. 5.9, we realize that, with A = 1, we 

simply have to apply the transformations 
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(5.41) 

(5.42) 

and eqs. 5.9 and 5.40 become identical. 

In a similar fashion, all the other mappings that we 

have derived above using the Schwarz-Christoffel 

transformation may now be recovered by a consideration of 

eq. 5.35. But for the configurations involving two 
IV 

conducting half planes, y(u) does not vanish in general, and 

N 

eq. 5.34.2 has to be integrated to obtain z(w) . 

Finally, a method for the direct calculation of inverse 

mappings w(z) wi I 1 be indicated. If w(Z) vanishes 

sufficiently fast for z~ cx>, we can give the Cauchy integral 

formula the form 

where C1 coincides with the surface of a perfect conductor 

(see fig. 5.7) and y- = y + = 0 (local distortion). Here, 

we have along contour C1 

'" (5.44) Im w(z') = v(x',y') = y'+v(x'.y') 
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But from fig. 5.7 we realize that v(x',y') = 0, and 

therefore 

N 

(5.45) V ( X ' , y ') = -y' 

/\J 

Obviously, v(x',y') is known for the problem, and it remains 

N 
to calculate uex',y') and then evaluate eq. 5.43. Several 

different methods exists for determining 
tv 

Re w(z') from 

Im weZ'), where z' is on Ci , e.g. Fourier transform methods 

(Bailey, personal communication). The following approach, 

however, is due to Gerschgorin and Lichtenstein (see 

Koppenfels Be Stallmann, 1959), 

For a point z on contour Cl , the Cauchy integral 

formu 1 a reads 

(5.46) w(z) . f ;:; (Zl) = (1/TT1) Zl_z.. dz' 
C1 

--------wh-e-r-e- f - d-e-n-o t e 5 t"n e p r i n C 1 P a l-o-a-l ue 0 f--t"n""---;int e 9 r a 1- .--- - 

Introducing 

(5.47) Z'-z = r exp(i0) 

we get 

(5.48) dz'/(z'-z) = dr/r+id6 



Eq. 5.46 then becomes 

(5.49) w(z) = (l/1Ti) 1 [U(X',y')+iV(X',y')J[dr/r+idel 

C1 

Taking the imaginary part, eq. 5.49 reduces to 
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(5.50) u ( x , y) = (1 FIT) [ 5 u (x ' , Y , ) de + 1 v (x ' , Y , )( d r /r ) ] 

C
1 

C1 

Because of eq. 5.45, the second integral can be evaluated 

and is set equal to 'O(X,y). Then we have 

(5.51) 

This is an inhomogeneous Fredholm equation of the second 

kind, which can be solved by expansion into a Neumann 

series. 

The advantage of this method is obviously th at, 

IS 

obtained directly by numerical integration without any 

inversion. On the other hand, V(X',y') must vanish for 

large values of z', i.e. only a local distortion of an 

otherwise horizontal interface can be considered. 

No numerical evaluation of eqs. 5.46 and 5.51 has been 

carried out, but a possible application of this method will 
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be referred to in chap. 8. 

5.6. SINGULARITIES OF MAGNETIC FIELD AND ELECTRIC CURRENT 

As has been stated in sec. 2.2, Parker (1968) demonstrated 

that at the edge of a finitely conducting half plane the 

(vertical) magnetic field had a logarithmic singularity, 

In 

this section we consider the corresponding behaviour for a 

perfectly conducting half plane . 

Referring to fig. 5.8, we can state the conformal 

transformation of the upper w plane onto the whole z plane 

as 

(5.52) 

This mapping was used by Hermance (1968) in his 

investigation of the coast effect in Iceland. It transforms 

a perfectly conducting whole plane at u = ° into a 

corresponding half plane at y = 0, x ~ 0. The complex 

magnetic potential of a line current at Wo (its image 

current being at w~) is given by 

(5.53) 
1,./- w't 1\1T = i?\ln ---
\.vi- VIa 2.. 
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where A is a measure for the strength of the source current. 

Transformation onto the z plane yields 

(5.54) '5"2 ( z) = Q(w(z» 
z 1/2. - z: 1/2 A 'IT' 

= i'i\ In --
Z 1Il _ Z e 1/2 2. 

where we have Q(z=O) = O. We then find for the magnetic 

field 

(5. 55) B ( z) = i 'A ( 1 
------------~~~----~~~I·1L -VZ-~ liz -\~)I-----------

But with IZo l == Yo and arc Zo = TT/2, we can also write 

. 
(5.56) B(z) 

= -vh (Ma:n- ~--Vi ) 
where we have chosen ;\2. = 2yo. If z/Yo is a very small 

quantity, we effectively consider the region very close to 

the edge of the sheet, where the field is quasi-homogeneous, 

and get 

(5.57) 

(5.58) 2( z) = ~+ i l' = 2-1/z 

Eq. 5.57 is equivalent to a normalization of the magnetic 

field such that for z = 1 we have B~ = 1 and B~ = O. 
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If we consider the situation in the plane of the 

perfectly conducting sheet, i.e. for y = O. we get 

(5.59.1) -1/1 = x , x~O 

(5.59.2) 

where we have used the definition 

(5.60) 

With B~(x) - B~(x.O), the vertical component becomes 

(5.61) 
-1/2. 

B ~ ( x) = ( -x ) , x < 0 

Instead of boundary condition 4.2.2 we have for a thin 

sheet 

where the unit vector pOints into the positive direction. 

This immediately leads to 

(5.63) K(x) 
-1 It. 

= 2x /j'to 

for the magnitude of the surface current density in the 
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vicinity of the edge. 

Clearly, the problem of finding the magnetic field in 

the vicinity of an isolated and perfectly conducting half 

plane, subject to a uniform inducing field, is indeterminate 

or ill-posed, i.e. no unique solution exists. This was 

emphasized by Siebert (1965) and is due to the fact that no 

length scale is inherent in this model. The problem can be 

rendered unique, if it is considered_ as the limit of a more 

general case. In this section, a uniform source field 

structure has been obtained after the line current has 

approached infinity and become infinitely strong. 



CHAPTER 6 

INDUCTIVE COUPLING BETWEEN OCEAN, EARTH CONDUCTOR 

AND CONDUCTOSPHERE 

In this chapter some results for the models described in the 

previous chapter are presented. To facilitate our 

discussion, a common normalization of the magnetic field 

components is adopted. We define as normal the field at a 

point far away from the lateral discontinuity, where the 

conductivity structure is effectively one-dimenSional. 

The following decompositions of the tot a 1 field 

components may now be performed (Schmucker, 1964, 1970a). 

(6.1.1) 

(6.1.2) 

Here B~~ = 0, because the source fields are uniform, and we 

can therefore write instead of eq. 3.1 

61 
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(6.2.1> 

(6.2.2) 

where S~x and S~x are the horizontal and vertical 

Schmucker transfer functions, respectively. It should be 

This noted that no causal relation is implied by eqs. 6.2. 

-------.:....---w-a-s-e-mp-l:I-a.s-i-z-e-d-b-I:/-B-a-i-I-e-\;I-e-t-a=I-.-(-1-9-7-7-)-..,.------------.:~=-------

Since we deal with perfect conductors, the scaling 

parameter p (see eq. 3.2) is always infinite. In other 

words. a I I geometrically s i mil ar configurations are 

inductively equivalent, irrespective of the time scale 

chosen. If we confine ourselves to configurations that 

involve a single half plane parallel to a whole plane, only 

one geometrical parameter, viz. their separation, is 

involved. and all such configurations are geometrically 

Similar and therefore inductively equivalent. This in turn 

suggests the normalization of all lengths relative to this 

geometrical parameter. In the more general case, however, 

we have two half planes parallel to the whole plane, i.e. 

three geometrical parameters ht' h~ and L (see figs. 5.3 

and 5.5). This means that different configurations are not, 

in general, equivalent. 
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In the following, all lengths will be normalized 

relative the separation hi between half plane 1 and the 

whole plane, and the inductive response for several values 

oft her at i 0 s h 2. / h 1 an d L / h 1 W ill be i n ve s t i gat e d . Tog a i n 

some insight into the basic features of the response, the 

normalized field distribution for two characteristic 

configurations of models A.L.1/R.2 and B.L.1/L.2 are shown 

in figs. 6.1 and 6.2, respectively . The forcing of the 

________ ---'_Le-1_d _~_o..r:.s_ab_CllJ..:t~tt~J1g..e~-'l f the h a I f p- I an e sis ve r 

conspicuous. This behaviour is related to the fact that the 

magnetic field must be tangential to the surfaces of the 

perfect conductors. The screening effect of the half planes 

is also displayed, but some magnetic flux "leaks" into the 

region between the half planes and the whole plane. 

When interpreting our results in the following two 

sections, emphasis will be placed on the inductive coupling 

between the conductors. More specifically, we will compare 

the sum of the responses of two models, each one involving 

only one half plane parallel to a whole plane, with the 

response of the corresponding complete model consisting of 

both half planes and the whole plane. Theoretically, the 

latter response is not identical to the sum of the two 

individual responses, because of a redistribution of the 

current systems 

interaction. 

in all three conductors due to their 
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To give our results some geophysical relevance, we 

assume that half plane 1 represents an ocean and half plane 

2 a laterally discontinuous earth conductor. The underlying 

whole plane is associated with the conductosphere, i.e. 

with the depth range of the sharp downward increase of 

conductivity, for the particular frequency being considered. 

We have calculated the Schmucker transfer functions along a 

horizontal profile close to the level of the ocean. The 

-------~Jl-p_a~.t-ij)1l-h-3-b-at..w2-e-I'l-Ul-iS-p.COLLl-e-and--t.h.e-c.o-r:u:t.u.c..t.osp.h.e..r-e:--

has always been chosen to be 105 % of the separation 

hi between the ocean and the conductosphere (h3/hl = 1.05). 

Although this choice seems arbitrary, it nevertheless takes 

into account the fact that the centre of the (in-phase) 

current distribution must be below the surface of a real 

ocean and no singularities are observed along 

ocean-continent boundaries. 

6.2. CASE A: NUMERICAL RESULTS AND DISCUSSION 

The configurations considered belong to models A.L.l, A.R.2 

or A.L.l/R.2. As indicated before, it is the perturbation 

of the edge effect of a laterally discontinuous earth 

conductor (model A.R.2) by an adjacent ocean (model A.L.l) 

that is of most interest to us. A different interpretation 

would be to consider the perturbation of the "ordinary" 
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ocean effect (model A.L.1) by including a earth conductor 

(model A.R.2) at some distance from the coast. In either 

case, the 

combination 

resulting response (model A.L.1/R.2) is a 

of the effects of both the linear superposition 

of the individual current systems and their redistribution 

due to their mutual interaction. 

The responses of many conductor configurations have 

--______ ........ L.e.JUl_c_alc~tad ·_~j)e course of these invest i g at ions, but a 

limited number of geometries suffices for a demonstration of 

the general behaviour, and only combinations of the 

following ratios are considered: L/h1 = 0.5, 1.0, 2.0, 3.0 

and ht/hl = 0.25, 

configurations. 

0.75, which gives a total of eight 

Let us first discuss the characteristics of the 

Schmucker vertical transfer function, i.e. the normalized 

(anomalous) vertical field. Then the ocean effect is 

negative throughout, whereas the edge effect of t e ear~n 

conductor is always positive (figs. 6.3) . If line ar 

superposition holds, the magnitude of the latter effect 

therefore decreases by the magnitude of the ocean effect. 

The top panels of figs. 6.3 allow us to compare the 

vertical transfer function of any complete configuration of 

model A.L.l/R.2 (solid line) with the same response of the 

corresponding configuration without an ocean (model A.R.2, 



Figs. 6.3.1 to 6.3.8. Top and center: Transfer functions 
for model A.L.l (dashed), model A.R.2 (dot-dashe d ) and model 
A.L.l/R.2 (solid). Bottom: Corresponding conductor 
configurations (solid) and position of measuring profile 
(dotted) . For further explanations see text 
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dot-dashed line). If we focus on the section of the profile 

above the edge of the earth conductor, we can make the 

following observations. Usually, the response of the 

complete configuration (solid) approximates the sum of the 

responses of the two individual configurations, i.e. the 

edge effect of the earth conductor (dot-dashed) is 

diminished by the magnitude of the response of the ocean 

(dashed). The anomaly of a deep earth conductor 

~/-ht=-07"2-5-)-c-l-o-s-e=-t-o-t-h-e-e-d-g-e-e-f-t-h-e-e-e-e--a-Fl ~/-Ar-<E--l-.-O-)--

is therefore completely masked by the comparatively strong 

anomaly of the latter (figs. 6.3.5 and 6.3.7). On the 

other hand, for a shallow earth conductor 

close to the edge of the ocean ( L/h 1. < 1. 0) , some 

electromagnetic interaction can be identified (see figs. 

6.3.6 and 6.3.8). This is not surprising, because the 

distance between the edges of half planes 1 and 2 is now 

comparable with or less than either half plane's separation 

from the conducting whole plane underneath. 

We have also calculated the Schmucker horizontal 

transfer functions, which are equal to normalized anomalous 

horizontal fields, for the same configurations (figs. 6.3, 

centre 

region 

pan e Is) . 

above the 

Since the ocean effect is negative in the 

earth conductor, linear superposition 

causes a downward shift of the edge effect of the earth 

conductor by the magnitude of the ocean effect. From the 
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individual figures it is obvious that, for a deep earth 

conductor (h2/hl = 0.25), additivity of the anomalies holds 

to a very good approximation. But its response is almost 

completely masked by the comparatively strong ocean anomaly. 

If the earth conductor is shallow (h2./hi = 0.75), its edge 

effect becomes very conspicuous. The individual anomalies 

are roughly additive, except when the edges of half planes 1 

and 2 are very close (L/h
1 

<. 1.0). 

To distinguish the effect of interaction more clearly, 

the sum of the responses according to models A.L.l and A.R.2 

(dashed lines) has been calculated and compared with the 

response of model A.L . l/R.2 (solid lines). The results are 

s h 0 wn in fig s . 

configurations, 

6.4.1 to 

for vertical 

6.4.8 for the different 

(top panels) and horizontal 

transfer functions (centre panels), and may be summarized as 

follows. For a deep earth conductor (h2/h1 = 0.25), the 

anomalies are in fact completely additive. But, if we 

consider a shallow earth conductor the 

effect of inductive coupling can be identified, although it 

remains small. It mainly causes an attenuation of the peak 

values of the anomalies, as compared with the corresponding 

peaks of the superimposed anomalies. 



Figs. 6.4.1 to 6.4.8. Top and center: Sum of transfer 
functions for models A.L.1 and A. R.2 ( dashed ) and transfer 
function for model A. L.1 / R.2 ( solid). Bottom: 
Corresponding conductor configurations (solid ) and position 
of measuring profile (dotted ) . For further explanations see 
text 
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6.3. CASE B: NUMERICAL RESULTS AND DISCUSSION 

Now the configurations are those of models B.L.l, B.L.2 or 

B.L.l/L.2. The earth conductor (half plane 2) extends from 

below the ocean (half plane 1) towards the land. 

In interpreting the following model curves, we again 

concentrate on the perturbation of the inductive response of 

""4t-eTa1.-rg---d-i-s1:-o-n-ttrnyou-s-e-ar-t-h-c-o-n-d-u-e-t-o·r--(-m-e·d·e-l-Bo-L---.~).--t;)-y--

an ocean (model B.L.U, which leads to the complete model 

B. L. 1/L.2. A different interpretation is, as before, to 

consider the perturbation of the undisturbed ocean effect 

(model B.L.l) by an additional earth conductor (model 

B.L.2>' This causes an attenuation of the ocean effect due 

to the decrease of the ocean's separation from the coupling 

limit the surface below. It is again sufficient to 

discussion to the following geometrical parameters: 

1.0, 2.0, 3.0 and hl/h1 = 0.25,0.75, which 

yields a total of eight configurations. 

Vertical transfer functions are presented in the top 

panels of figs . 6.5.1 to 6.5.8. When interpreting the 

individual figures, the following pOints should be borne in 

mind. Both ocean and earth conductor cause a negative 

vertical transfer function. Thus, for linear superposition, 

the magnitude of the edge effect of the earth conductor 



Figs. 6.5.1 to 6.5.B. Top and center: Transfer functions 
for model B.L.1 (dashed ) , model B.L.2 (dot-dashed) and mod el 
B.L.1 /L .2 (solid). Bottom: Corresponding conductor 
configurations (solid) and position of measuring profile 
(dotted). For further explanations see text 
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increases by the magnitude of the ocean effect. We can, 

near the edge of the earth conductor, compare the complete 

response (model B.L.l/L.2, solid line) with the anomaly of 

the corresponding configuration without an ocean (model 

B.L.2, dot-dashed line). Then we realize that linear 

superposition does not hold as accurately as for case A, 

if the earth conductor is shallow particularly, 

(h2. /hl = 0.75). Here, its "pure" edge effect according to 

been included into the solution (model B.L.l/L.2) . Th is is 

to be expected, because the inductive coupling between half 

plane 1 and the whole plane corresponding to model B. L.l has 

now been replaced by the stronger coupling between half 

planes 1 and 2 . This in turn leads to a pronounced 

attenuation of the anomaly associated with the ocean, such 

that it has almost faded away near the edge of the earth 

conductor (see particularly figs. 6.5.2, 6.5.4 and 6.5.6). 

If the distance between the edges of half planes 1 and 2 

becomes small (L/h
t

.( 1.0), additional interaction between 

the edges of the two half planes arises. 

The Schmucker horizontal transfer functions are 

displayed in the centre panels of figs. 6.5. If linear 

superposition holds, the anomaly of the ocean causes a 

downward shift of the edge effect of the earth conductor by 

the magnitude of the ocean effect. The calculated shift is 



Figs. 6.6.1 to 6.6.8. TOp and center: Sum of transfer 
functions for models B.L.1 and B.L.2 ( dashed) and transfer 
function for model B.L.1 / L.2 ( solid) . Bottom: 
Corresponding conductor configurations ( solid) and position 
of measuring profile (dotted), For further explanations see 
text 
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always less. and a closer inspection of figs. 6.5.2. 6.5.4 

and 6.5.6 again shows that for shallow conductors 

(h~/hl = 0.75) the superimposed ocean effect is largely 

cancelled because of the strongly attenuated anomaly of the 

ocean. Deep conductors (h2/hl = 0.25) are also difficult to 

detect on the basis of their associated horizontal transfer 

functions. but linear superposition becomes a better 

approximation now. 

These conclusions are also supported by figs. 6.6.1 to 

6.6.8. which co mpa re the sum of the responses of models 

B.L.l and B.L.2 wi th the response of model B.L.l/L.2. 



CHAPTER 7 

RAPID MODELLING OF COAST EFFECTS 

_________ T..:....:....oh-=e_ t=-.;h'-'-=e-"'o'-'-r Y 0 uti i ned inc has. 4 and 5 has been 

developed to investigate the degree of inductive coupling 

between two conducting half planes and an underlying whole 

plane. However, it may also be used for the direct 

modelling of some measured magnetic variations, as long as 

the observed response is relatively close to the inductive 

limit. More general modelling techniques do exist (see 

chaps. 2 and 3), but the following two examples will 

demonstrate that our simple configurations consisting of two 

half planes and a whole plane often suffice for a 

rep res e-n ITt 1 o-n 0 f t-on-e-- -und a-m e-n t-=a=J. 

subsurface conductivity structure. 

c-fj ar a-e t e-r 

As only three model 

parameters are involved, trial and error modelling is very 

rap i d, and the final configuration can serve as a useful 

guide when considering more complicated models of the 

subsurface conductivity distribution. 

71 
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7.1. COAST EFFECT IN SOUTH-WESTERN AUSTRALIA 

As one example, real Parkinson transfer functions, as 

measured by Everett & Hyndman 

Australia, have been modelled. 

(1967) in south-western 

Strictly speaking, the 

au thor s regarded their transfer functions as vectors 

(pointing into the positive x direction, see eq. 3.1 ) and 

decomposed them into components perpendicular to two 

strai ht lines, which served as crude reQresentations of the 

edges of the continental shelves west and south of the 

survey area. But this linear decomposition neglects any 

galvanic or inductive coupling between the two coastal 

anomalies. Siebert (1971) demonstrated that these extra 

effects would become small, if both anomalies were narrow 

and approximately orthogonal to each other. Th is seems to 

apply for south-western Australia and justifies Everett & 

Hyndman's (1967) approach. 

F"-i g . 7 . 1 s no ws t-h e m-o d-e 1 m-g r-e-su n --s- f-o-r t" e-o-D-s-e-r-ve-ClI====-~ 

transfer function components perpendicular to the west coast 

for one-hour periods, by a specific conductor configuration 

of model B.L.1/L.2. The edge of half plane 1 has been taken 

to cOincide with the edge of the continental shelf. The 

exact height of the measuring profile above this half plane 

is only crucial for the behaviour of the model response very 

close to the singular edge of this half plane, where our 
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model becomes inappropriate and no field observations exist 

anyway. The most interesting aspect is that a second half 

plane is required to reconcile the observed attenuation of 

the coast effect close to the continental margin with the 

large depth of the conductosphere for one-hour periods far 

away from the ocean, as established by other work (see 

Lilley et aI., 1981) . Whether this second conductor 

actually extends below the real ocean, cannot be inferred 

________ --'ful"'-c....o.l.lm1-lo""u ... · ""F=<.r ..... e'-'s ....... bI:Lt-=5 .... -D_e.e at" s~e the mad e l~ e an- h a.s~e-e n as S u me d 

opaque. 

To explain the subdued vertical variation at their 

westernmost station, Everett & Hyndman (1967) themselves 

speculated that the Australian shield might terminate along 

the Darling fault, which seperates the sedimentary Perth 

basin to the west from the shield area to the east. In our 

mode l, the non-shield region is represented by half plane 2 

at a depth of 45 km below the surface, whereas the 

con~uctosp~ere is mor e tnan 200 km devp. ihis is-similar to 

the configuration of fig. 

in the previous chapter. 

6.5.6, which has been discussed 



Fig. 7.1. Top: Measured (dashed) and calculated (solid) 
transfer functions as a function of the distance from the 
continental margin. Bottom: Model conductors (solid) and 
measuring profile (dotted). South-western Australia; 
T = 1 h (see also text) 

Fig. 7.2. Top: Measured (dashed) and calculated (solid) 
transfer functions as a function of the distance from the 
continental margin. Bottom: Model conductors (solid) and 
measuring profile (dotted). Eastern United States; T = 1 h 
(see also text) 

Fig . 7 . 3 . Top : Mea sur e CI nldS""ht?l :tJ""a-rrd--c-a-I-c-u-l-ate'd-(.:so=l-i-d )-- 
transfer functions as a function of the distance from the 
continental margin. Bottom: Model conductors (solid) and 
measuring profile (dotted). Eastern United States; 
T = 16 min (see also text) 
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7.2. COAST EFFECT IN THE EASTERN UNITED STATES 

As a second example, the coast effect observed by Edwards & 

Greenhouse (1975) in the eastern United States is 

considered. In contrast to Everett & Hyndman (1967), the 

former modelled their anomalies quantitatively and concluded 

that a region of enhanced conductivity lay in the lower 

crust or uppermost mantle at some distance from the ocean. 

This conductive zone shows an increase in conductivity with 

increasing distance from the coast. 

The general character of their assumed conductivity 

distribution together with the smallness of the observed 

out-of-phase response suggests an explanation of the anomaly 

by model A.L.1/R.2. Since transfer function estimates for 

the periods of 16 min and 1 h are available, both data sets 

have been modelled. Again the edge of half plane 1 

coincides with the edge of the continental shelf. Comparing 

f1g. 7.2 (l h) WIth fIg. 7~-t"6 mill), their m-a-i-n-----

difference is that, for the shorter period, the earth 

conductor (half plane 2) extends closer to the ocean, 

whereas its depth is not affected at all. This is 

conSistent with the model conductor proposed by Edwards & 

Greenhouse (1975), wh i ch has resistivities close to 

1 2m at some distance from the coast, with a slight rise 

to about 20 5"2 m towards the ocean . In contrast with the 
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Australian results, the conductosphere must now be assumed 

to begin at a shallow depth. In other words, the lower 

crust or upper mantle are highly conductive in the eastern 

United States. 

Finer details in the observed response cannot be 

explained by our simple models. Furthermore. other 

anomalies may require models that are different from ours. 

-=====-=--=-__ TlJhCl...!:e_=,mR!_~pect to ~JD.~s-ized here is, however', that our 

fast modelling technique has the capability of furnishing 

b a.s i c quantitative information on the conductivity 

distribution in the ground. 



CHAPTER 8 

CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK 

Inc _a p • 6~tre-:c~m-e-o-b""\7"i-e~\;J-s-t-tt-a-t--o-u-~---cLLs~ - t ion bet wee n 

cases A and B was not only a matter of mathematical 

convenience. The conductor configurations corresponding to 

these two cases also had essentially different response 

characteristics. This is summarized here. 

If we first recapitulate the behaviour of model 

A.L.1/R.2, we realize that its inductive response was nearly 

the sum of the responses of models A.L.1 and A.R.2. This 

approximation was particularly good if the earth conductor 

had a I ar g e aepln ( h 2. / h 1 = 0-:-2S). I-of-t-t- w-a-s- s-h-a-FFolDl====-

(h2/h1 = 0.75), the extent of inductive coupling still 

remained small and just started to become more significant 

for L/h1 = 0.50. We therefore call case A the additive 

case. 

For finitely conducting bodies, additivity should be a 

still better approximation, because the relative importance 
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of interaction between conductors decreases with decreasing 

conductivity. And even if the assumption of a 

two-dimensional conductivity configuration is violated, the 

baSic behaviour 

current interest 

ought to be very similar. 

is the interpretation of 

A problem of 

the combined 

anomaly of a two-dimensional earth conductor extending away 

from a three-dimensional ocean. Here the anomaly of the 

ocean can simply be subtracted and the residual can be 

~~n e r pre 't e a-r-~~-'t"eT-m-Sl!T-t-h-e-e-a-r-t--~-e-e-n·eI-"'-G-t-Q-r--a-I-Q-r:l-e'-..-----=.:=--___ _ 

Case B was designed to simulate an earth conductor 

extending towards the ocean . The corresponding model 

B.L.l/L.2 incorporates two strongly coupled half planes. 

Therefore, essentially different response characteristics 

were to be expected, and the edge effect of the earth 

conductor was found to be nearly unaffected by the ocean. 

This behaviour was closely followed when the former 

conductor was shallow (h l /h 1 = 0.75), It was interpreted as 

ocean caused by its interaction with the earth conductor. 

Case B is therefore called the perSistent case. This 

emphasizes the fact that the response of the earth conductor 

at large distances from the ocean was found to be very 

nearly identical with the anomaly that it causes in close 

proximity to this ocean. 



If bodies of finite conductivity are 

interaction between ocean and earth 
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considered, the 

conductor becomes 

weaker. But it can be expected that the in-phase portion of 

the anomaly of the earth conductor still displays this 

persistency to a high degree. On the other hand, the 

out-of-phase portion of the ocean anomaly ought not to be 

attenuated significantly and probably superimposes with the 

out-of-phase portion of the anomaly due to the earth 

------=-----~--~~n-a-~-~t~r~.,---~~----~~--~==~======--~----~~--~~ ____ ~~ __ ~==~ __ ___ 

If the earth conductor of case B was deeper 

(h2./hi = 0.25), its edge effect decreased, whereas the ocean 

effect increased. The latter was explained by the weaker 

interaction between both conductors and hence the ocean 

could not be disregarded. But the main prOblem is now the 

separation of the minute Signature of the earth conductor 

from the much stronger ocean anomaly. Any further 

conSiderations, such as the question of interaction, are 

on I Y of minor pr ac'tl cal import an--ce tig co-mp-ar ~.rr:.===~------------

We may, however, wish to make explicit allowance for 

the finite conductivity of the ocean. The numerical method 

of Greenhouse et al. (1973) appears to be a useful way of 

doing 50. It allows the calculation of the total response 

of a thin sheet of variable conductivity above a perfectly 

conducting undulating surface, where the whole configuration 
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is two-dimensional. Various shapes can be assumed for these 

undulations, e.g. combinations of half planes and steps, 

elliptical bulges or general distortions as considered at 

the end of sec. 5.5. Also, the response of (i) a finitely 

conducting sheet above a horizontal conductosphere or (ii) 

an undulated conductosphere alone, can be calculated 

separately and then be superimposed. This again allows the 

coupling of the thin sheet and the undulated perfect 

rduc--t".r-t-o-::tre--i-n-~e-s=t;-i-g-a-t-=-Itd • Elu-t: t.h~flum_b_eJ: f r e e 

parameters tends to become larger for such a model . This 

hinders the task of extracting useful general trends from 

the results. 

Another possible extension of our work is to define a 

useful inverse problem, which is based on the anomalous 

response, as observed in the vicinity of a coastline. 

Weidelt (1978, 1980, 1981) considered configurations without 

an ocean and constructed extremal models that maximize the 

de p t h below the sur f ac e , 0 T t~t 0 P Of-a per ore c t c-o n d-u-c-t -o-r . 

In Weide It's analysis, the measured response at one or two 

observation 

approach is a 

pOints had 

problem of 

forward solution, 

formula (see sec. 

which 

5.5). 

to be satisfied. The 

constrained maximization 

general 

of a 

is based on the Cauchy integral 

The inclusion of an ocean into 

Weide It's approach results in an additional constraint, 

because the observation pOints become fixed relative to the 
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edge of a perfectly conducting half plane. Nevertheless. if 

the response at only one observation point is to be 

satisfied, the solution is straightforward. It leads to a 

system of equations that must be solved numerically. and 

which provides an upper limit for the depth of the top of an 

earth conductor near an ocean. 
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