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At:stracti Methcds for the estilIIatial of particle 
oonc:enLtatial profiles frail I"IlIDerical. data are 
presented. 'Ihe estimatial tec:hniques desc:ribed, \Ihic:h 
involve the use of Falrier trmlsfOCllS, make mere 
efficient use of data than do sh¢e histogram 
tec:bniqJes. h:k1it.ia'1lll.l.y, Falrier DIthcc1s of analysis 
have been used to test theoretical IIIXIel.s of 
experjJIental. data. 

Int.roduct:i.at an;i ExperinEntal Bac!sgmm;i 
In the flow of blood t.hrtu;Ih small vessels, 

in1:.eractia1S ooc:ur 8IIa'q the red cells an;i platelets, 
~ are suspended in the blood plasma, that are 
c::aq;Uex and not c:x:IIpletely un:ierstood. Recent sbldies 
of blcxxl flow have indicated that these types of 
interzsctia1s tend to causa a nr::rHJnifom radial. 
distril:lut.icn of platelets in wall.~cped flow 
th.rcu;#l c:apillary-sized tubes [1,2]. Ccn:::entratia1 of 
sUulated platelets have been observed to increase near 
the wall of the flow vessels. 'lbe autbars l 

investigatials of this near-w.ll excess have been 
ocn:Jucted witb suspensicns (of reel calls ardlat.ex 
beads) that mcdal. the ilIp:Irtant rbeolapca1 aspects of 
humIm blood. 'lbe cbject.ives of the autbars l sbld.ies 
have been (1) to cbta.in CCl"ICElILtatial profiles for a 
wide ran:J8 of blood flow c:cnditiaw, ard (2) to 
eventually use these results to cx:nsttuct a thearatic:al 
modal. of rbeolo¢cal. events in the flow, relatin:J the 
natura of the near-wal.l. excess to variables such as 
hallatccrit, fluid shear rate, tu1:la diamater, ard 
susperxtin;J fluid viscosity. 

Briefly, the procedure for experiJIents was as 
follcwa: Fresb tulman red blood calls, ~ witb 
platelet-sized fluorescent particles, were suspen::led in 
sillulated plasma. After preparat.iaB to prcperly set 
all the oc:ntrcll.ed variables, steady flow was 
establi.shed in a polyethylene tu1:la for a ler¢h of time 
sufficient for the flow to fUlly dBvel.cp. 'lbe 
suspensial was then rapidly trozen (by pani.rq l.il:pi.d 
nitrogen cwr the tu1:la) to preserve the radial 
positials of particles for later observatial. selected 
short ~ of tu1:la were mamted vertically in a 
Jlatified micrctaDa assezbl.y \Ihic:h was fixed to the 
stage of a 1IIi.crcsocpe. SUc::essive crcss-sectia1ally
cut tube surfaces were examined thraJ;Jh the mic:rcso:lP8 
am these images were recarded by vicJeoc:amerll. 'nms, 
raw data frcm these experiments ocnsista:l of images of 
rIJIIIerCUS bright, fluorescent particles surrcun:Ied by 
a;praximately cil:a1l.ar tu1:la walls. Analysis of these 
i:mages was performed in two basic: steps. First, 
distances frail individual. particles to respective tu1:la 
walls were cala1lated. 'lhese di.st:ances were then 
CXIIpiled an;i processed to praiuoa representat.i.a1s of 
the CCl"lCEllLtatial profiles that existed in the tubes at 
the t:ilIle of treezilq. 

Results of these experiments lIIlSt be carefIllly 
evaluated an;i interpreted al a statistical basis. 
Individual experiments are tiJ&e-<:cnsumin and ditfiollt 
to CiCrD.x:t. Since each estimate of the cx:n:::entratial 
profile for a sin;Jle exparlment is l:ut Q'le semple of 
the pc:p1latial of ocnc:entratial profiles for the given 
experimental c:cnditiaJS, ale can ~te the 
ocnsiderable aJII:IUI1t of tilDe required to collect a 
statistically significant n.mter of saDples. An 
lIddit.ia'lal. statistical o:nd.deratiat is that each of 
these sau¢e ocrx::entratial profiles is estiDIated by 
ocnsiderilq ally a relatively small fractiat of the 
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J'IUIIb!r of particles cx:ntained in a partic:ular tu1:la 
(particle ocnc:entrat.iaB in these experiments are 
~tely 200,000;m3). Fer these reascns, a 
semple size of 1000 observed particle d.i.stan:es 
(typical. for these experiments), tllcu:jl a large n.mter 
in IIICSt statistical sattin;s, is, in the ocntext of 
these experiments, fairly small. Rsasalably accurate 
ard SIICCth statistical representatiaw of the 
CCl"ICElILtatial profiles can be ditfiallt to c:btain. 

Histcaram TedJniques 
'lbe time-bcrmed bist:.cgram ~ to the 

estimatial of data behavior has the advantage of bein;J 
direct and easy to a;.ply, but the precess of sortirq 
c:Cservat.iaB into "bins" often results in unao::::eptable 
losses of infOtmatial. Figure 1, shewn l:elow, 
illustrates SCIiB of the waJcnesses of the histcgram in 
its applicatial to our data. F.ac:h of the three sets of 
points in the ~ represents the same grcup of raw 
data, yet c::bvic::us differences can be seen in the shape 
of the three profiles. In each of these three 
hist:ograms, bin widths have been selected such that 
each bin represents an ecpal anrular area witbin the 
tube luIiIen, so that the curves represent the act:ual. 
shapes of c:xn::lli!utxatial profiles. 
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Figure 1: 'Ihree bist:.cgram representatialS of 
cx:u::euLtatiat profiles of platelet-sized 
latex particles in a 2~ tube. 
Initial (these closest to the wall) "bin" 
sizes were c:bcsen as indicated, and 
subsequent bins represent ecpal-area anruli 
in the tube. Abscissa values of the plotted 
points are at centers of bins. 

An cbYioos trend, wall. illustrated by this CXI!p!risa1, 
is the general trade-off that cxx::urs between smoothness 
and resolutiat of the peale loc:atial. '!be larger the 
bin width, the greater will be the l'IlIIiler of 
cbservatiaJs per bin. 'lhese la%ger saJll)les will be 
less subject to statistical scatter, resultin;J in 
SIICOt:her o.uves. 'lbe use of large bins, however, will 
result in significant losses of sallple infcmnatiat. 
Figure 1 illustrates the fact that hi.st.ograIIS with 
smaller bins can u:cre accurately estiJnate the loc:atial 
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of the peak CXU:::eilLLat:ia1, bIt there is always a 
practical bin size limit below wc:h the amcunt of 
balnce in the histogram becc:mes unacceptable. 

[)erwity FstimatiaJ by the Kernel. Method 
several nr::n-paramet:rc methods far prtmbility 

density estimat:ia1 have been presented in recent 
statistical literature [3]. ChI of the JDCSt powarfUl. 
and best umerstood tec::hniques is that Icncwn as the 
Icemel method. In this a;proac:h, each d:lservaticn 
within a semple group, rather than beiJq sorted into 
bins of a histogram, is represented l7f a fUnctia'l which 
is a miniature fom of a syumet:ric ptd)abil.ity density 
fl.n:ticn. '1ha oentar of symetry is located at the 
abscissa value OJLlespadin:) to the value of the 
cbservat:ia1, and the value of the density estimate at 
any absci ssa value is ecpal to the SUIII of the 
<XI1t::rillutia of the IIIiniatura fUnctia'l values far all 
the cbservatiats in a qiven saqUe. 
stardard Kernel. Fstimtial 

'1ha above descript:.ial is represented l7f the 
follcwin; ecpat:ia1: 

n 
f(x)-(l/ril) • 1: K( (x-Xi)!h) (1) 

i-1 
..mere '(x) - the density estimate as a fUnctia'l 

of the abscissa, 
Xi - the ith saqUe c:ilseIvatiat, 
n - the nJIIIber of c:ilseIvatiats in the 

semple, 
K - the Icemel fUnctia'l, and 
h - the "win:lcw width" ar "SIIDJthin;J 

parameter" • 
GJ:at:bically, the Icemel estimate can be thcught of as 
the sum of a nJIIIber of "bmpI" placed at the abscissa 
values of the cbservatiats. 

'1ha Icemel estimate can be IIBde either l7f 
perfominq the aboYe SIlIIIII2lt:ia1 in the spatial daaIlin, 
ar, more efficiently, l7f usin:J Fc:Ilriar transfom 
t.edmi.rp!s. cn:e it is realized that the lcamel. 
estimate is act:uall.y the CXI'IYOl.utial of the data with a 
selected prcbability density fUnctia'l, this CXI'IYOl.ution 
can be perfOIlllBd l7f IIIlltiplyin;, in the spatial 
~ daIain, the tzansfom of the data l7f the 
transfom of the ~te density fUnctia'l. '1ha 
fast FaJrier tzansfom (FPl') prcYides a vary efficient 
method for this process. 

'1ha estimat:ia1 prcx::ess ~ with the 
CXIlSl:Lucti.at, trail a list of cbserved cUstances, of a 
disc:rete sequence of I1.lIIbn's l7f a prcc:ass in which each 
elBEnt of the sequence is assigned a value 
rept"esentin; the relative trapency of dlseIvatiats at 
that element locat:ia1. '1ha nJIIIber of elements in this 
sequeooe is c:hcsen to be a pcwer of two (usually 128 in 
cur case) to enable the S'lb6ecpent use of the FFr. 
nus stage is saDeWhat similar to the fozmatiat of a 
hi.stcc:JzmD with very small bins, bIt CXIIp1red to the 
gt'alpizq of data far a histcgram, more saqUe 
infozmat:ia1 is retained at this point, because weights 
of Clbsel:vatiats that fall between any two of the 
elBEnt locatiats ate prcpartiatall.y allocated to these 
adjacent elements. '1ha sequence of weights is 
transfOIlllBd, usizq the FFr, and the tzansfom of a 
selected Icemel fI.n:tiat is cq:plied to the tzansfOIlDSd 
secpence. A plot of the inverse FaJrier tzansfom of 
this cxn:iitialed sequence prcNides a SIIICOther 
tepresentat:ia1 of the distril:utiat of the data than 
\iQlld be pztNided l7f a sillple histogram. 'lhis 
tepresentatiat can more accurately estimate features of 
the distrihltial, such as the lII:lde, than wcul.d a 
histogram subjected to sillple S'II:JOthin; with n:n
statistical techniques. 

'1ha c::hoice of a window width h is ana.l.cgcus to the 
choice of a histogram bin width. larger window widths 
allow SIII:lOther repre:sentatiats of the density fI.n:tiat, 
but significant bias is often i.ntroduced in this way. 
'!he use of more narrow winclcws, 1oIhil.e reduc:inJ the 
bias, will cause the 0lrVeS to be less smooth. Choice 

of the wimcw width used far e.stiJnat.in1 a group of data 
can be IIBde to deperd upon the 1"I.IIIber and spread of 
observatiats, ar it can be set ecpal to a c:x:nstant far 
the plrpOS8 of reliably CCIIplrln:J IIIlltiple data sets. 
l4aptiye Ksmel. tstilraticn 

A m:1iticaticn of the standard Jcernel method is a 
t:edmi.que lcncwn as the adaptive Jcamal methcd, in which 
the wimcw width is IIBde to autazatically depend 
inversely upon the local density of data. 'Ihe local 
density IIIlSt be ~ted l7f an initial est:il!Iate, 
\Ihich can be a stancIal:d Jcemal estimate. Higher 
density ra;Jia1S are estimated with JIDI"8 narrcIoI willdcws, 
~ lcwar density ra;Jia1S are estimated with wider 
windcwa. It is net pract.ical to ~ly Falrier 
transtODl III8thcds in this tac:imiIpa, so this 1I8tbcd is 
net as CXIIpJtatia1all.y efficient as the standard ks%nel 
1IIIthcd, rut it does result in SIIIOOther estimates of 
ra;ia1S in \Ihich observatia1s are relatively scarce. 
SUV8IlIIIUl [3] gives an ax::ellent datailed descript.i.cn 
of this tac:hni.q.I8. 

Figura 2 shews a CXIIp!rlsat of a variable Jcemel 
estimate and a histogrmD estiJzIata for the saJIB set at 
data. 'Iba c:mvas in this figura de nat represent the 
ldn:l of actual. c:alCliilLLatiat profUe shapes &hom in 
Figure 1. 'Iba linear cIet:::raase of anrul.ar area (for 
fixed-width anrW.i) with distance trail the tube wall 
has net been CXIIp!nSated far here, with the result that 
the essentially unifODl c:alCliilLLatia't in the oentra1 
tuba reqia1 is represented here I:Iy a rcu;hly tr.ian:;ular 
shape that decreases to zero. '!his"wavatoz:m'" shape is 
neoeuary to satisfy the &SSI.IIIptial of pericdicity 
inharent in the FFr mat:b:DI desc:riba:l here. '!his 
CXIIpIrisat clearly illustrates the superiority of the 
lcm:nal estimate·s detinitiat of the oc .... "t::Iaticn 
profUe'. naar-wall. peak. lilile the histcgraIII vaguely 
sbcwa a peak SCII8ihara within the first 6-7 mic:rcns 
lIJtIaY traJa the wall, the IceJ:nal. estimate clearly 
inUcates that a c:alCliilLLatiat maxjmun cxx:urs bett.Ieen 3 
an:! 4 1ILicrats t1"aII the wall. 
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Figure 2: A c:xmparisal of histogram and 
adaptive lw'nel. estimaticn techniques. Data 
is pl.ottec1 (Xl a loq scale to facilitate 
c:x:apariscn in the near-c.all reqiat. 'Ihe 
lw'nel. estimate is SIICCther than the 
hi.stcgram, yet qives better zesolutic:n of the 
near-wall. peak locatiat. 

Hcst of the metllcds described here oculd easUy be used 
in any ~catiat that requires estilIIatic:n at 
prci:labUity density t1"aII data. Many meclical maginq 
aplicatialS, far exmIple, c::cW.d benefit frail the 
inczeasej spatial zesolutia'i an:! signal-to-noise ratio 
available with the pro::essizq ted1n.igues shawn here. 
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ParaIreter fstilIatiaJ Methods 
'Ibe prccedures descriJ::led thus tar have been 

methcds to estimate dist:riblticn shapes ncn
parametrically, i.e., with no previals as&UII¢ialS 
about data behavior. One ot the qoals ot the authors' 
resem:ch, hcwaYar, is an underst:andiJlq ot the 
l.11'D!rlyin:J prin::iples gc:wemirJ:} the shape ot the 
~x:e .. Ltaticn protiles. An ~ part ot this goal. 
l.S to seal:'Ch tar an analytical. de:sc:ript:ia1 ot the 
aut:hcrs. ccncenLtatiat anves that is based en a fe.l 
parameters. An exzmple ot this type of descriptien is 
a dist:rib.zt.iat known as the Inverse Gaussian, whic::h has 
a shape similar to that of the authcrs' data 
distril:ut.i.an, am is c:az¢etely defined by two 
~. Extensive c:azpsri.scns ot data with this 
d.i.st:rlhlticn, hcwaYer, have revealed repeatable 
inccnsistancies in its fit. 

'Ibe tec:hniqJa of afPlyirq FaJrler transt'0CI& to 
the data, as intrcduced earlier, has led to interest:in;J 
deval.q:ment:s in the direc:t.i.cn ot pmIID8ter estimaticn. 
Methcds to describe the data in tmIIII ot their Fourier 
transfODlS presently have lIICr8 praIIise than past 
attellpts to describe the curves in the spatial daIain. 
'lhese past a1:'t.eqlts have in:::l.uded att.azpt:s to fit data 
to analytical. tunct.i.cnJ, as wall as calc:ulaticns ot the 
~ few mr::mants ot the data (mean, variance, 
skewness, am lcurtcsis) tar the putpC&e of a:mpri.sals 
between data sets. 

'Ibe Falrier tnnsfom of a prt:IbabUity density 
est.:bate cx:upl.etely describes all existilq IIDIeI1ts of 
the data. An analytical. fUR::ticn that accurately 
U!p:Lesant.ed this Fcur1er tnnsfom wculd be the 
"c:baracteristic fUnct.ia\- of prcbabUity theory, trail 
104U.c:::h all ex1st:in;J lI:r::IIII!I"It can be calc:ulated. 'Jhis 
runct:.ia1, detilled as the FaJrler trm.tom of the 
p&:""'hahUity density fUncticn, can describe the data as 
c:::azplately as can any fUR::ticn·in the spatial daIain. 
'lba inverse Falrier tnnstom of this c::haracteristi 
~, per:fcmDlld analytically, wculd yield a clcsed
faa:m analytical 8ICpreSSicn, CCIIpletely desc::ribinq the 
radial. particle d1st:ril::utiat. 

'Ibe a::&t prtIIIisin; results of this ~ to 
date are illustrated in Figures 3 an:! 4. Figures 3a 
and 3b shew the real an:! ~ parts, respectively, 
cf the CXIIplu seque:nca that is the Falrier txanstom 
cf the density estimate shewn in Figura 2. 
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Figure 34: '!be real part ot the CXIIplex 
sequence that is the Fcurler transfom of the 
kexnel. estimate shcr.In in Figure 2. An 
e:xpcnentially daJIt:led CXlSine tunr:::t:.icn has been 
. fit to the transformed sequence. 
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Figure 3b: '!he imaqinary part of the CCJ!illex 
sequence that is the Fcmier transfom of the 
kel:neJ. estilIJate sD:lwn in Figure 2. An 
~y cIaDpad sine func:tial has been 
fit to the transformed sequence. 

Also shewn in these figures are curves W'hic:h have been 
fit to the real ani imaqinary parts of the transformed 
data. 'lbe equaticn which was fit to the real sequence 
was 

f(s) = A·el<P(-Es) ·CXlS(CS) • 

'!he equatien fit to the imaqinary sequence was 

g(s) .. A·el<P(-Es) ·sin(CS). 

(2) 

(3) 

Figure 4 shews the inverse transfom of the CXIIplex 
sequen::e whose real ani imaqinary parts are defined by 
equaticns (2) ani (3), respectively. '1hcU3h sane 
infClt1lBticn pertainin; to the shape of the density 
estimte has d:wialsly been lost, the shape of the peak 
has been fairly well reprodlx:ed. 
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Figure 4: '!he inverse Foorier transform of 
the CXIIplex sequence W'hose real am ilraginazy 
parts are defined by the analytical functions 
plotted in Figures 3a am 3b, respectively. 
'!he CUIVe is plotted al a log scale to 
facilitate examination of the near-c.al.l peak • 
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~ to aller's identity, equatioos (2) an:! 
(3) can be represented 't1i the follOoli.n;J c:arplex 
expcnmtial equatial: 

h(s) - A·exp«-B+iC)s). (4) 

'lbe real ~ of the type of ~ 
illustrated here in tams of an 0Yerall tbearet:ical 
IIDdel has yet to be evaluated, blt: it loOlld 8Rl8U to 
have SCIlla usetulness. apatial (4) _ to predict a 
significant part of the data's behavicr, an:! it does so 
a\ the basis of three pmIIIIItars. i\Jrtbar 'oiCdt with 
transtCCDBCl data, in CXIIirlnat1al with presently CDJOing 
efforts to fOCllllate gcvami.ng equaticns basal a\ 
~te physical cx:n:;lI!{Jt:s, lDI!l'f eventually enable 
CXIIpLdlensiva tbear:etical IIDdeli.ng of the tunr::t:ial an:! 
transport of platelets in blood fl.al. 

'Ibis research was sutPXted 't1i Grant HL33100 frail 
the NatiaW. Heart, I.1.Irq an:! Blood Institute. 'lbII 
authors \IOll.d lllce to express their ~tial to Hr. 
Chri.st:c:pler watel:s an:! Hr. David BUsIcer, 10Ihcse wcrlt 
pro::b.x:ed the data analyzed in this study. 
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