
U~ 

Be 

Hu....,M~hllll Woad.rlleh 
U .... m., 01 Kullruho 

1"''',,1e 01 Compuler 0..,... &DC! 'oul. T ....... 
(Pror. Or 0 Schmid) 

PDatfach 6880. 0.7500 KulIruho.' R. Gorman, 

II .. -.II mowo thaI raacIom leal leac\ba _ be ...tucad b, .-. oI_tudoo ...... & blaoocl .. _ ...... ",.. BUI thara 0 .. 

alao lOme Cll'CUita ....tate, to optimi.ll.ac- ID WI,.,., " 11 .hcrw-D that lhi.- problem CUI be eol.ed G.IIAI .. "nJ cb.tnbutloa. 
LDI'-Md 01. l1aal. oae. Fintl, .. compu.te boa.Ad.t 01 the 'mIf' caUMd by t.Iwt ... um,tioa that r.ult dec.ecttoo COftlllU or 
CIDIIlf/'t.c..I, 1Ddepecwleat .... eaLL 8ecoDd1, WI P""' • .hall' _timatlolll 01 \be .rTOr tau.:! by ... ~ the ntwlom propert, 
1",,1ead 01 tbe pooao» ..... dom p~, 01 a1l1ft ..... ____ n .... n, 0 beunollc: 10 p .... 1ed III oreIar ... ",mp"le on 
opuma! ._ 01"- .............. wbe.. Mdt ... tau ... apoaftc chatnbull"" oDd I .. apoc!IIc __ 

liT ... ...... 

Le ...... F be 0 ... 01 raul .. oItbe combt .. 1lo\wII CU<IIi. C with IIIp .... I. with tho CIIIl, raatnclloa that DO _tW bah.a ...... HI-
d....d. n.. p""'-hlhl7 thaI Mdt ""&I' raul. oIF la __ '" 11"- ............ 1_ OCICO ott- ,. __ led b, tha r..mw. 
n . 

J". • n (1 (t ,~".). ... 
wbe..Pr 10 tho do'_= probobWt, 01 tho ra,,1t r. , Of",,,"" ro""ulI (I) onJ, boldo Ir_ ON ...... thal.he do ........ or .. _ 

Cawu b, H pau.ma (OI1Dl compl.te!, tBde,eDcMAI ... ,D,ta It DerlKU ,ucb nlaUOD ... r.ult clomilUDre Ind f.ult _.olocco. n..roIoro ...,.. ."thoro IJ7 ... comp,,1e aD 0&aCt ...J ... t., ....... or w..n .. -.-.y [B0S.83l. b,,1 tho .... thaorom 
._ thaI rormula 0) .. uacIood • ...., p ........ dmoll .... 

l'T!arn! /. Let 0 be tho probebih", thaI Mdt rault 01' to cIoIecIed o. __ I ..... '" 11"- ... 1_ Thea _ b ... 
JII-iI.JNb<JN) s 0 s IN"I.(JN)' 

AD ........tiole ",n>l1a.-, 01 thio th_ .. 

Ovn"eD , . Formula (1) Gt1derMtim.,- the au,ftcMa,CI 01. raDdom '-I .... \han lo(.JN), &.ad !or the morw ci.aDprouI caN 
("",,u1. 0) ...... II_1ea J.. thaD (I.JNMo<JN~ 

Prppf"''' om /. Let <ft"tsil be ........... IICIII 01' wb.o I <j Imp. PI! S ~ Tho .... 1ICIII P(A.Nl doo>oIeo tho probobdll, ... 
do ... all raul .. III tha ... A '" II ..- ........... n... II .. ouIII ......... ,bow 

'_1 • P((~ l l'_II.N) - n n - (l - 'I)~ 
I~- I 

UoiD, tha 80,...,. rormull w. he •• 

'_I - r((t.1I ~ .,. N) - (1 - P, r rt(',11 ~ l1li). N j M ~ 4-.cu '_1) - n (t (I-P,» 
-..1 'C_I I 

Th. 

&DC! ..... " • 0-

-a.+(1 - p .. /··cno . (, . • ,r). P(U" ... LNI_..-.. ....... ' )) __ I .... t I -I 

1_
1

1; I •• (I p~}N n (1 - (l - Pc)"') 
,<0 

I_I ~ 6. + (l -Pr ... /'<n(1 . (l 
'<0 

Tluo cample\.oo tho p....r ..... I'(I'.Nl • I N • a. 
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Theonm 1 .nd Corolla". 1 indJcata that the Independence aaaumpboD II .uf!iaent (Of' ltatlltlCai tD.-eltJ.p.t10n. For tn.lta.nce lf 
.... have 3 Caul .. Wltb Pn _10'7, Pr2 • &10-7 and Po • lo-fl then twq formula (1) we would fteed N • 691(/J pattern. In order to 

detect an Caulta WIth probabthty 0 ~ Th •• .umabon of theorem 1 yMldI 
o Il99 - 10"11 ~ Rlfl. r2. rs).N) ~ 0 Il99 + 10"15 

Ullr1l theonm 1 It II ..-lIy.bawD that onl, the r.w faulta W'lth low .. t cMtedlon probabtbty ha .. lmPKt on the n....". te.t 
Ieni\h Thla fact ha. alroody been _ned In [BaS.B3l In [WG87) il .. nmarUci \ha1.1I Caulla can be _lecIed wtllt delectton 
probablhty more than 10 bmellarpr than the mmunal cYtecbon probabthty 

on.n II ta cItacuaaod \hat tlto pHudo-.... dom property baa '" Ito conatdond. and \han an .. me papen puhltahed on IItta "'pic 
(W AGN'81l But (Of' real~tlC arcwta the cWfererw:e between tM teat le~ (or random teete .nd (or pM~random telt. II 
DeClJ.Clbl .. n.u!ad .. an unmecbate couequenc. ortheonm 2.. It holcb (or orcwta WIth .... 1utlc number of pnmary lDputa, 
where .n po .. ible Input pattal'M cannot be enumerated eshauabve}, Only tn th .. C':a.M • random teIIl mak .. HI1M, and the 
ra.ndom patt.m Nt will be •• ., • .maI1 part oraD pattern&. 

The..,." " Let p be the detection probatnhty of. Caull (In. combs.natlOnal Ol"CUlt Wlth t loputa, and. let t be tbe escape 
pntbobtltty that r ..... thor cIet.ctod by N' random petlenta nor by N poeudc>-random patterna For 2112 ~ N we ha .. N - N' 

/!mQt F.ult _on by random pat ...... rollowa 1M btnomt&! cIt,tribullon. and ... ha .. , _ (I • pI' or In(,) - N1n(1 - pl- Eatt­
mallone wu.h pl"K18l0n or ()(pl) l1eld ·)n(l:) • p N Fault detection by p .. udo-random pattuna Collo .. byperpometnc 
cbatnbutlon, that 11 

21. P 2' 
• ___ N_ 

nu. 'I •• t:unat.d W1l.b preaSlon 

by 

HancI 

SIDC. 

Z' 
N 

. ~ , ft' • ao -P»,d-N)I _1100 "1)-11:). (l~). 
do -p) - Nli 2', "'..0 i.1I: PO 2'.t 

0( 
2 . ) 

2...tJ:. 2~ 

~2' <-I 
In(ot)- L-,-' - Tp L • 

11;.02·11: W-N •• 

tpN 2.._ pN '" -1n(C) '" ipN ' 
2t 2'.N ... t 

iN __ ' ___ N(I. N-t ). N+ ,r.N S N. t oN < N+l 

i-N.I i-N_, i-N+I i-N_' 

... aI .. Ito .. pN - - In(,) q,d_ 

AA • conMqUeDC:e we can UN the random ... umpuon WIthout &nylou of pnenhty Cor tho.. C1I"eU1t.1 whare an exhausti.,.. tat 
•• 1mpoNlble For Ulltance tf we hav. to .pplyl ... than 8000 pattem.l. for .n Qf'C1llU WIth more than 26 pnmary tnput., 
random and peeudo-random pattem Nta WlI1 uartly h ... the NIM lI1'a. 

Unbl DOW' .1 ha ....... n that on. of the maiD concepti: of random teeU.I the computation oC fault detecboo prob.bibtiea. Many 
tool. and aI",rithma ...... propooed dunn, tho p .. t yoan .. lImaltn, th ... prob.blliti •• (._,_ [BDS831 [AgJ.Ml. [Wu851. 
(ChHG86J. (A.aMe87D. But the1J' precw.on lI')umtad. ... nee the problem tl at leellt n~hard. which iI.limple con.eaquence oC the 
np-compl ........ 01 lit. Cault clelKtton problem [lbSa75l Furth.rmo ... _Imattn, Cault clet«tion probebilitieo i. """mplela. IMt 
,a, on. Cannot Oped •• tochutica.) alaonthm with • &ample mae bounded by • polynoauallD the reciprocal or the relative 
.. nmatiOD erTOI' Tbu ,..u1t 111 derhed I1J:lna elementary concept. or compluJty theory found In [a.Jo7iL 

Both ractl potal out that .. cannot eKpeet too .... tunaUne Caull detectlOD probablhb .. With arbitrary maD pNC1a1.OD Dmtber 
analybcally nor ltochubc:al1, Th. IntnMlc error al.o rnak. .. uae) ... a1conthma computm, random tell, 1~ In .. Yer)' 
aophtaticatod _Y. and lit. __ ti .... buocI .. theo....., I and tItoorem 2 .... JWlttlIO<i 

AJ...ady In [ShedTI) 11 baa '-n oboerYod IMt 1M ....-ry number 01 random patt ..... bnoo.rly tn.,..._ wtth the reaprocal or 
the minunal f.ult detection probabilIty Thua 10 .. CODftDbonal random tNt the aue of .. loMt Nt caD crow nponantlall, With 
lit. number ortnpula- For ina ... oo cortaicler an AND32 (ftl- I) .. han ouh tnput .... I '" ,. willt prob&bilttYlL 

FilM" ,. 32 Input AND 

'lboa an arbitrary .tuck-a..o r.ult .. clelacted wtllt probobtbty z32. and oacb orth. 32 .tuck-a!-l Caulla with probobility (l.z}.Sl. 
For ... 0 5 and tnt coo.f\denc::e 0 ~ formula (1) yialde 

0.999 _ (l . f I ):n 
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aDd N. 4..48-I()IO BIU ...... _prob.bI .... _ I ..... Q.6 ..... -..-.... bo .......... 4no<IcaI\J (lWoI6L (IIGSN!). F ... 
...... ,J. Nttlac 

._'(U 
_ wwld _ appraala.W, N. "101 .. _ 

ID [WaI7) ... am ...... proocacI..,. ....",..tIac .,,,1IUMd ... ,.., ,....bililloo w .. ,_t.d. Bo. _ draal .. a ............ to 
op~ F.r tile __ ol ... AHDS2 aDelaa OR321a ftc. 2 De 00111_ bott .. thea •• Q.6 aI .... 

"prwlj NOl nadom-....w. drnai& 

.. .. 

.. 
= 

....... 

• t--

a 1 -

n..,...w.a 10 001 .... .., a"lJioallnol, eoo po ...... with. _ Q.61.<U. aDd thaD eoo ........ with. _14&1112. For tho ... ol 
thi ... ,.. _ .... -hoa with tho,...w.a 10 _to -.J cbotribodoDo _.....- .. _ ....... to lDialaWo tho_­
aD toot \ooatIL 
1),,\ 5 , f ........ ,,' 'Z1' 

1.00& X _ 01_"'> .(0.1)1 bo .... ,. olroe! a .......... _ .......... __ ,.m.r,.lapoL n.-la,... pnIoe1oi1 __ IDI •• 

tho proIIabihlJ __ prImuy Ia,... olbolaa' -. aDd __ fault tho, -...Ito raul. _ ... ,..bo"'II., pP:) oad tho 
,...t.biIi1J to _ aD faul .. : 
a> 

J,po. nil -11- ,,,Xl) ... 
N __ .... try to roroauIalo our problem: 

Oeti"d" .""'Ice; Let 0 be \be probebilil1 co Mud all lault.e. Flad. a1UDber k. k dil'trlhaliou XI. a:ad II a.amhen H .. 1. 

1._.1<. nell tile. 

o s n (l . Ii: (I • • P'~"''' -' N - t,., r-" ... 1_' ,.a 
IamodiaW,It .. _ tha. tile ,...w.a 10 001 .... Ir _ ... It oquaI to tile IDi.ala.I .1UDber ol ..... 1Di1liotic ...... tte ..... tha. io 
tho ... olthoomaDaot ~ __ 'n>eD_ XI. (0.11' _to ..... po ....... _ bo .. H,.I __ ......... aDdN. It 

BI1' tha FOb!- to IIDCI • m1auaaJ .... Nt .... booa ,.,..... to bo .,..,...,pi<olo (AkXtiU1 ~ thoro Ia .0 hope to doYoIop .a 
oIIIOoa. CAD tool booed co. ooIadoo _ thio probIo& narol ... ow FOlio _.a optImeI 001,,_. bo' _ .... _tea. to !lad 
aD dcIea. optimIsIoa proocacI ..... FIpre 2 lacli ..... tha • .,ttmIlIa& Ia,... probebill_ "D bo , ... _tad .., _troobctory roq_I1" or _ raul ... T\arol .... _ .... ulalo our pnobI_ •• rollowo: 

Wep""'" "H.Cd., ,m6k .. IAlO.Dd k be Ii--. w ....... ftbJac. putitioQ <7 • .--, .. ,. fliP:. V, v .. v Ft. di.tri· 

ba_ Xl • .. ,]tlt ... d aambon NI •.. )I". ooch thai 

II .ulIId .. tI, .meIl. 

For I< _ I thIo pnobI.1D hal alned, booa 001 .... la [WaI7L .DeI _ .... lIot __ • raoul .. ol thi ... ,.. 'or tho 1a,11' 
,roboIoihti .. X _ <lll •... .a.> • (0.1 l' _ ha .. _ aD raul .. r 

'" p{.lt). rPl •. ·.&;.I.OoSj.'.-.... 1+ .. ~pt(11 ~ .&;.,.1oSj., • ..••• ) - pt(1, • . .&;.'.OoSj.I. ·· ... » 
n.to io •• tralchll_roI __ ....... or Bhaa_·. rormal •. 

• ,<lO 
4ia' • P~"I' .Il .... . . . ..,... oil'" .pP-., .a"'I·O~.I' · ,-.>­, 

B, f'ormula (') aDd (5) _ QD """,010 tho raul. _on proIIabili.y aDd I .. partial dori ...... _ aD arbitrary YoIae oI ... IC .. 

_ tho .aI_ uador tile _clition. tha. ID,ol l 10 ....... a. "0" aDel .......... '". B, oomo .tnlchlCorwaroi a"roaimation. 
f'onauIa (S) looda to 
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~ N ~ 1'!OC IN 
ID(O). ",- (I - p,om • -",' 

r.P r.p 
W. colI •• gpol X. (0.11" 8IZIlmIl. tfthe oqoct> •• l'w>ctIoo 
m 

6~X) ~ I/""IN .F 
10 mlrWDal Ob_ ... I, thJo UN ,,_do to the ract thAt tho pn>bobili'l to d.otect aD Caul" bl N pat .. ...,. 10 maximal. Minlmlzing 
the abjectlY. function woGld DMCi •• pooential .ffort in paeral. Bot •• u!5cian.t haarl.tic i, found •• 1nee tbe first part,a} 
dori .. U •• 01 tho ob)ocU .. rW>Ction un bo computed uplicitJy. 
II) 

The oen ''-P ,how. that the MIC'Oftd den .... b •• tI poetu.,. .werywbere: 
(0) 

;~;X). I,N'·(P,l'I· .x,.,.'",., .. .x.> ·P,<', ... _"".O,,~,,_ •• .»2 .• ~P()N >0 
I •• 

Tbu.a the ~" fu.nc'boQ 18 ItrictJ, c:oo"u Wlth .... pect to • Ilnai. nnabl". aM the expbdl formula or (9) caD be uaed to find 
the opuma! .. I ... Car "t by the b-.. method, tho ropIa Cal .... tho N_ ...... """. Tho complete .p.ua ...... prooeduro 10. 

PracooIuroOpUmbo<F F .. ~X_' 
OW =- J '.(X) 

Now - &,c<X) 
WhQe OW ,. New + t 40 

ow. .N ... 
F ... , .1 \Gado 

_ opWoal .aIuo y blnpul L .. -, 
N_ -'><IX) 

In the Mal ~ we ducuaa the ... tanllOCl to mulbpl. dutnbubona 

" PwiiaaIac 01. _ ""' 

1.0< Fbo. Cault .... aDd lot X. (0.1]1 boo tupel 0f,apu'probob\bu ... la tha_ .".ch~ '-to find _ tupel. VI' V, • 

(0.1]1 0 .. ,10 portiUoo FI U',. F.ouch that 

a;ICV, ) + ~1(V2) - 2,c"Pw'CY,)oN' + Lc~a>N < *'X) 
.. F, I.F. 

For each F' c F the objec:bve functlon 

ma,. be mWbmoclal and Itl -'obel muumuabon would need uponential .Wort. For Ou. ........ we do not try to compute • 
slobal mbnmum. but .. are Iookln, (or. dU"ctlOn, where It.arbnc (rom, lupel Xo th. dec::reue or the objectl •• function i. 
maximal Th. out theorem will 1''' •• helpful hlnl. 

n ..... '" 1M U C RD bo _-. ~ U ... R. aDd let 

~ 
~ .• <",),.~ , 

be the arMtent o( (. For NCb 10. U the vector ·rrad(~XKo) tndJeatea the direction or .tronpet decrea.e Ir t i. hnear a local 
minimWll I. round on the liM &0. Clp-adClXa.o), a 2 0 

b:sltlf;. N.thomali .. 1 eaIcuIUL 

E ... thoqb ~ .. not. li .. aa. Fundio ... th ..... m 3 d.,mo that -crad(~xx.> 

.. tho raqu>nd direcl1on. n. ... we dellno tho now f"uncll.n 

~- . '-N : R u {OJ ..... k 

Tho rormula 
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~:.(Q) 
D(f- .N,X(10) __ (0) 

do 

.~actl, maa.une the d.ec:rMM of OW' ob)«a" functIOn 1n lU optunal du.uon nw. .aluUon of 

(11) 

pro't'ld. Input prob.b.htMe 

~ . 'rand(~)CXgJ 
detlnnl,. rrutnmwn peent In thLl cbrectlOft Theneon OW" p&l"bbOl'Uq p~em LlIOJ .. d by'. &Ad ".lKh that 

(12) D<F, .N ..xo.O) + ll(F I .N ..xo.O) > 0 
.. rna." .... 1. It .hould be nowd th.o. rar b ..... runctlOftll lhu pr..-i!n, .... uId be ... umal tndood. 

For the mt of WI IIIKtIOn the tub ~1'J Cor perbbonln, .,. cbecvaaed n ... u,1lI have to t. done onl, (or the .maU 
• ..- of Coulto WIth ....... _ probobIh., 

Th • .,.dJlnt 

~"o 
~).t 

can be computed I.,hall, OWl, formula (1) It .cLht~n.aIl, formula (') " u.Md, It II Immecbat.eJ, ... n. that ... only h ••• to 
com' .... pt<X)o1ld ,.<.\. ....\.0 .. ,.\ ...... ) or "<'\ . ...,.1 .. ,., .....•• ) r.r lhu p~ 

IA ordor 10 ,.....baa F . r.r NCb Coul,l .. 

-,exo> - !«~)( ~»' - ....... <p,xx ... 
,_, I 

be th.o Eochcla.." """" orth.o pwII ••• of,.<.) I. "Oo.1Id I .. <ft>ult be an ............... of V ....... 

IS k - dr,CXr) ~ d,.(XJ 

Now WI'''' looklna for • ltat'Un, ,.n.abOfUI\& F e o Fb-

I) So. V .. Fb - 0 

2) FOri .1 to II do 
Irll(F. v 141.N.lto.O) • D<Fb.N.lto.O) > D<F • .N..xo.O) + [)(Fb v Ir~.N..xo.O) 

...... F. -V.vlr,Jel"Vb .FbvlrJ 

Surtusl wio. thlt ,)read, sood partition.", .l.mlftu a,. Izcbanpd bet.NO F. and Fb ,uch that the .. 1". Dr Y • 
ll(V •. N .%0.0) + D<Fb.N.%o,O) .. manmuoc!. For .mall r.ul ... to F • _reb .,... T (.On be ...,.t.ruc1.od comp .. "n, •• opurnal 
partitlonln, 

After partltlOntnC WI haw to compute new dJetnhubou, OM (or MCb new.w:..t oIfaulta. SIDCIa the rradJeDt 01 

(0<) 
.e .1r.d,. computed, (annul. (11 ) Ie eoh.d by • btMd!On ma1.hod, and .ubMqIHntl,. the proeedu.re OPnMIZE of Mellon 3 II 
uaocI. Ir tho "..tw •• II unknown th .. II dane Immaci1 ... ly 

S)MuItIpIe~_ 

Of cou,.. partlDo,,,n, •• not .... tncted '" two NU But m.eead of partlt}OftlD, tnto m leta at ona tune, uplnena h ••• hown 
bet~ reewu by • ~I"" p1"OC8dure 

MWUpIo_OpcIaIzoCF , .. _X _ ." N ... borc{d"'-""'l 

,"I .. ' 
XI'I.X '.1.1 too •• "" 

FInd l"ault rW1th _ .......... ~ 
La J .... 1 be ouch "'" ro flJ> 
PuWoarw .... ,.' .. 
0pt1aIz0 <F..sUJ ....... 0pcIa1zo (,,,.sOl ...... _.1Joaod to _ 4<) 

fUI·'.~ ~ .. I'tO" F ... IU~ ... 

Il,wjce_....t.-lia 

Tho menllonod tooIa .. II_tin, Coull doIocti .. p_boHu ... ro mainl, IIIOd 10 pro,bet tho n_ry ............ ror • random 
... t..1t can be carriod .... by. bllil ... iII .. Jt· ... 1 otn>ctaro lib • BILBO (KOElflil Binco • I .... d ... or clrcul" I. _ ..... to 
.1ICh • _ .... 11..,.] raodGm ..... opllmiNd I.pul p_bo11. __ ro computocl. They can aIao be impl ....... tad .... lr· .... uot .. 
• .. coJlod GURT (Gooor.tor.r UnoquiprobAbJ. Ra.dom T .. to) (Wu81.l Bu ....... th" •• , not .n clrcul" can be doal. WIth. 

Th. p.-..nteci method olcompUUtll multipt. cli.trtbubon. 18 .pplacabla to till conMntlOnal arcuita, wt unfortunatel,. th.,. •• 
no obnou. wa,. to Implement t.becD by • 8lST t«hntqua. But or COUJ'M the7 can be u.Md (or • eo caned. LSSD or lean-path random 



.. t ([EU..i8301. (Bdoldl4D. wben tho paUema aro .pplled .. tho Kaa path.nd .. the • .....w ... pu .. 01. CU'<Qlt by an .... rnaI 
chlp. CurTOGtI, .uch • dup ,. besnc p....-..d. It ,. p~. ,a orcIar .. aup ..... , chlI' ..... t dtatribubocta. 

1a tabla 1 optllm.UI, nouJ .. up .howtt haMCl ott PROTEST (Wa86l Tho ... a1 ... lta1ttl, M ... from th . ..... a1 .. nported in 
(Wa.87J. I1Dce .ome perameten or the tHt.ab1ht7 1DM1u.r. h ... beea ehanpci ia order to .pMd up OptuDiJ.lD,. For .. he 
_lIb.,..., baachma", =1 .. (Bra\II5l. k. 1. 2 and , opumiMCl taput prchabtlibH ha .. haaa ..... p .. ted. Tho lint c:oIama 
doao .. the rir<ui .. aa_. tho _d 0 ... tho -'7 atllllber 01 aot optimtled, equiprchaltl. rand_ pau.nta. and tho 
r~ atI_ contaia the --.ry ntllllber 01 random patWn. lOr Mch cliatributloa and i ......... Tho lint _l. io the 
ANDOR32-<bad, 01 tI .. 2. It ia .... that 011 arcui .. caa be modo random ~1. requirtal oal, r.w thWMJ>da 01 pattantL 

..... ----- ,- .- .-

...". ......... .....tl· ... ... eM no - ... ... .-a. • ., II to ... ,. ." tt 
,. 

lSI 
Cdt ... n • - .. - , .. ... tao tao m. 
"'. ,- ,- ,- ,,, D" ,,,, '" ,oo , .. D_ 
ca. -- - , . .. - ,oo , .. .. .. ... 
0_ u, .. ...... ...... 1.4011' D.J Ifl ...... ' &.6-.t l Lt .... ...... ' JD'" 
am ", .. ..... ' l A-II' u .. • 0 ... " U.II' , .... ,' Utt' ....... a.f1~ 
ow , .. " ... , .. uu' ...... .... , .. ....... ' .... " . ...... ' u.n' a ...... 
CUI' u,a' ...... ...... ...... IoU'" ..... t.· .... ,,' , ...... un' Ef.o.." 
eYIU .... ,." ...... ...... &, .... IoU'" ....... ....... a.fI" UI" ..... , .. 
r. ... ,. Di.tributiaGa and ... .u. 
'or tho .-n dtNlt cn the marktcl dioUibutloaa clop ....... to do_uiatl. \oat patteroa. 'or clill'anoat arcui .. Uton ia • 
M .... at av.mbar 01 cliatrihatloaa ta 0_ to mloimi .. the _ 1aOllh. Tabl. 2 th ... "r Mch cirallt the optlmttl aumber or 
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