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A mathematical model IS presented to predIct the behavior 01 a deformed bar, 
embedded in well -confined concrete. and subjected to generalized cyclic excitations In 
the range of the low cycle fatigue. It includes the formulation of a simplified model for 
the local bond stress-slip relationship. based on the elaboration of the result of an 
extensive experimental study carried out recently at Berkeley: use of a simple but 
sufficiently accurate model for the stress-strain relationship at reinforcing steel and the 
numerical solution of the diflerentlal equation of bond. An example is presented and 
commented. 

R£SUM£ 
Un modele mathematique decrivant Ie comportement d'une barre crenelee dans un 
beton bien confine et soumis a un chargement cyclique quelconque de haute intensite 
est presente. II comprend: t) la formula lion d'un modele simpllfie pour decrire la 
relation contrainte-glissement en adherence base sur les resultats d'un vaste 
programme experimental mene recemment a Berkeley, 2) ['utilisation d'un modele 
Simple mais suffisamment exact pour decrire la relation contrainte-deformation dans la 
barre d'armature et 3) une solution numerique de ['equation differentielle decrivant 
I'adherence. Un exemple est pn3sente et commente. 

ZUSAMMENFASSUNG 
Ein mathematisches Modell zur Berechnung des Verhaltens eines Rippenstabes, 
verankert in eng vertiugeltem Beton und beanspruchl dutch beliebige zyklische 
Belastungen hoher Inlensitat, wird erlaulert. Es umfasst die Formulierung eines 
vereinfachten Modells fUr die Beziehung zwischen ortlicher Verbundspannung und 
ortlichem Schlupf, das aus umlangreichen, in Berkeley durchgefuhrten Versuchen 
abgeleitet wurde; die Benutzung eines einfachen, jedoch ausreichend genauen Modells 
fur das Spannungs-Dehnungs Gesetz des Bewehrungsstahles und die numerische 
Losung der Differentialgleichung des Verbundes. Ein Beispiel ist dargestellt und 
erlautert. 
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1. INTRODUCTION 

Under severe seismic excitations. the hysteretic behavior of reinforced concrete 
structures Is highly dependent on the interaction between steel and concrete 
(bond stress-slip relationship) (11. Tests show that developing displacement 
ductility ratios of four or more, fixed end rotations caused by slip of the main 
steel bars along their embedment length In beam-column joints, may contribute up 
to 50 percent of the total beam deflections (2-41. Thele effects must be in-
cluded in the analyses. However, In spite of recent integrated experimental and 
analytical studies devoted to finding such a relatIonship (51. no reliable bond 
stress-slip lavs for generalized excitatIons are available (6). 

In this paper a mathematical model i8 presented to predict the behavior of a 
deformed bar, embedded in well-confined concrete, and subjected to generalized 
cyclic excitations. The local bond stress-slip model , the model for the stress-
strain relationship of reinforcing steel, and the technique for solving the dif-
ferential equation of bond, are discussed and an example la presented. 

2. LOCAL BOND STRESS-SLIP HODEL 

2.1 Tests 

The ~onstitutive relations for bond between deformed bara and normal weight con-
crete were derived from resulta of an extensive e%perimental study carried out 
at Berkeley during the last year £7J. Altogether some 120 specimens were tested; 
only those result8 which are relevant to the formulation of the proposed analyti-
cal model are briefly discussed herein. 

The test specimens (Fig. 1) represented the confined region of a beam-column 
joint. Only a short length (5db) of a grade 60 deformed bar ('8 • db ~ 25 mm) 
was embedded in concrete (f~ - 30 N/mm2). Because cracking might influence the 
bond stress-slip behavior, the resistance against splitting was simulated as 
closely as possible to that which might exist in a real structure. Therefore a 
thin plastic sheet was placed in the plane of the longitudinal axis of the bar 
(Pig. 1) which limited the concrete splitting area to the desired value. In 

Fig. 1 Test Specimen Pig. 2 Foto illustrating test setup 
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this way the influence of different bar spacings could be modeled as well. In 
the tests described here, the assumed spacing was 4 db. The test specimen was 
installed in a specially designed testing frame (Fig. 2) and was loaded by a 
hydrauliC servo controlled universal testing machine having a capacity ! 1350 kN, 
which allowed the application of prescribed tension and compression forces, or 
displacement.,to the embedded bars. The tests were run under displacement con-
trol by subjecting the threaded loading end of the bar to the required force 
needed to induce the desired slip, which was measured at the unloaded bar end 
(using a linear variable differential transformer, (Fig. 2) and was controlled 
at a rate of 1.7 mm/min. 

The influence of various slip histories on the bond stress-slip behavior was 
examined . The main parameters were: the peak value of the slip (0.1 mm ~ smax 
~ 15 =m)i the difference between the peak values of slip (68 - Smax - Smin , 
see Fig. 3a) between Which the specimen was cyclically loaded (68 • 0 . 05 mm, 
1 smax and 2 Smax)i and the number of cycles (1 to 10). In the majority of 
teats, after the specimens were subjected either to 1 or alternatively to 10 
cycles up to the selected peak values of slip, the slip was increased monoton-
ically to failure. In a few tests the bar was subjected to a s eries of cycles 
at different values of slip. Usually 2 or 3 identical tests were carried out. 

In all tests conducted the failures were caused by pulling out of the bars at 
steel atresses well below yield stress. Prior to failure, splitting cracks 
developed in the plane of the longitudinal axis of the bars but their growth 
was controlled by the confining reinforcement (see Fig. 1). 

Typical test results are shown in Fig. 3 and summarized below: 

(a) The bond stress-slip relationship for monotonic loading in tension was 
almost identical to that in compression. This could be expected (8] since the 
specimens were cast with the bars in a horizontal position. The descending 
branch of the bond stress-slip curve levelled off a t a s lip approximately equal 
to the clear distance between protruding lugs of the bar. 

(b) If the peak bond stress in tension and compression during cycling did not 
exceed 70-80 percent of the monotonic t max , the ensuing bond stress-slip re-
lationship,at slip values larger than the one at which the specimen was cycled, 
was not significantly affected by up to 10 cycles (Fig. 3&). The bond stress 
at peak slip deteriorated moderately with increasing number of cycles. These 
results agree well with earlier findings {9-12J. Although many fac tors related 
to early concrete damage (microcracklng and microcrushing due to high local 
atresses at the protruding lugs) may be involved in this bond- resistance 
deterioration it is believed that the main cause Is a relaxation of the concrete 
between the lugs {l2]. 
(c) When the bar was loaded monotonically to an arbitrary slip value and then 
cycled up to 10 times between this slip value and a slip value corresponding to 
a load equal to zero (68 • 0 . 05 mm), the monotonic envelope was, for all practi-
cal purposes, reached again. From then on the behavior was the same as that 
obtained in a monotonic test. This agrees well with earlier results (8,11]. 
(d) Loading to slip values inducing a t larger than 80 percent of the mono-
tonically obtained t in either direction led to a degradation in the bond 
stress-slip behavior ~Xthe reversed direction (Figs. 3b and 3c). The bond 
stress-slip relationship at slip values larger than the peak value during pre-
Vious cycles,with &i. Bmax or 88 - 2 Smax I was s ignificantly different from 
the virgin monotonic envelope . There was a deterioration of the bond resistance 
and the degree of deterioration increased with increasing peak slip smax t 

increasing 8s , and increasing number of cycles (Fig. 3b and 3c) . The largest 
deterioration was observed for full reversals of slip (68 • 2 &max) · 
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The observed behavior can be explained by assuming that in a well-confined re-
inforced concrete the maximum bood resistance is controlled by the initiation of 
a shear failure in a part of the concrete between the protruding lugs of the bar. 
The larger is the value of the slip with respect to sTm8X' i.e. alip at Tmax' 
the larger is the area of concrete between the lugs that is affected by the shear 
failure, and the smaller is the bond resistance. If the bar is cycled between 
constant peak values of smax and smin. the main damage is done in the first 
cycle. During successive cycles, the concrete at the cylindrical surface where 
shear failure occurred. is mainly grounded off. decreasing its interlocking and 
frictional resistance. 

(e) The frictional bond resistance, Tf' during cycling was dependent upon the 
value of the peak slip smax. With repeated cycles Tf deteriorated rapidly 
(see Figs. 3a-d) , approximately at the same rate 8S the bond resistance at the 
peak sltp value s x. but at 8 faster rate than the ultimate frictional bond 
resistance Ts(N) ~ee Fig. 3c) of the corresponding reduced envelope curve. 
The mechanism and value of frictional bond resistance are not well described and 
predicted by existing proposals (6]. 

2.2 Analytical Local Bond Stress-Slip Model 

The assumed bond model is illustrated in Fig. 4. Although it simplifies the 
observed real behavior. it takes into account the significant parameters that 
appear to control the behavior observed in the experiments. This model, in spite 
of being simpler than the one proposed in (51, is believed to be more general. 
The model's main characteristics, illustrated by following a typical cycle 
(Fig. 4), are described below. 

When loading the first time, the assumed bond stress-slip relationship follows 
a curve valid for monotonically increasing slip, which is called herein "mono-
tonic envelope" (paths OABCD or OA1BICID1). Imposing a slip reversal at an 

Fig. 4 Proposed Analytical Model for Local Bond Stress-Slip Relationship • 
... 
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arbitrary slip value. a atiff "unloadIng branch" is followed up to the point 
where the frictional bond resistance ~f 1s reached (path EFG). Further slip-
page In negative direction takes place without increase in T up to the inter-
section of the "frIction branch" vtth the curve OA~ (path CHI). If more slip in 
negative direction 1a imposed a bond stre.s-slip relationship similar to the 
virgin monotonic curve Is followed, but with values of T reduced 88 illustrated 
by the paths IA~J. This curve (0 Ai Bi c; D1) 18 called "reduced envelopetl

• 

When reveraing the slip again at J. first the unloading branch and then the 
frictional branch with t. T} are followed up to point N, which lies on the 
unloading branch EPC (path JLN). At N the "reloading branch" (same stiffness 
as the unloading branch) is followed up to the intersection with the reduced 
envelope 0 A'8'C'D' (path ME'), which is followed thereafter (path E'B'S). If 
instead of increasing the slip beyond point N more cycles between the slip 
values corresponding to the points Nand K are imposed, the bond streBe-slip 
relationship is like that of a rigid plastic codel. the only difference being 
that frictional bond resistance decreases with increasing number of cycles. A 
similar behavior as described i. followed if the slip 1s reversed again at point 
S (path STU). To complete the illustration of the model details about the dif-
ferent branches referred to in the above overall description are given in the 
following. 

a) Monotonic Envelope 

The 8implified monotonic envelope simulates the experimentally obtained curve 
under monotonically increasing slip. It consists of an initial nonlinear rela-
tionship T - TJ (./81)° valid for s ~ SI. followed by • plateau T. Tl for 
SI ~ S ~ 8 2 , For 8 ~ S2' T decreases linearly to the value of the ultimate 
frictional bond resistance Ta at a slip value of s,. This value s) is 
assumed to be equal to the clear distance between the lugs of the deformed bars. 
The same bond stress-slip law i. assumed regardless of whether the bar is pulled 
or pushed. 

At present, the values 8 1 ,82 .T l ,T, and a 
mentally obtained monotonic envelope curve. 
late reliable rules to predict such a curve 
in the tests. 

b) Reduced envelopes 

are choosen to match the experi-
Studies are in progress to formo-

for conditions different from those 

Reduced envelopes are obtained from the monotonic envelope by reducing the char-
acteristic bond stresses Tl and ~J through reduction factors. which are 
fonrulated 4S a function of one para.meter, called herein the "damage parameter 
dU

• For no damage, d-O, the relosding branch reaches the monotonic envelope. 
For full damage. d-l, bond is completly destroyed (~ - 0). 

the rationale for this assumption is given by Fig. 5, which shows that reloading 
curves for similar apec1mens.subjected to different loading histories, appear to 
form a parametric family of curves. 

The deterioration of the monotonic envelope seems to depend on the damage exper-
ienced by the concrete, particularly the length of the concrete between tbe lugs 
of the bar that has sheared off. This in turn i8 a function of the magnitude of 
the slip induced in the bar in both directions, the !arler the smax and the 
difference between peak slip values. the larger the damage. Another influence 
factor is the number of cycles. These parameters can be related to the energy 
dissipated during the loading and unloading processes. Therefore it was assumed 
that the damage parameter d i. a function of the total dissipated energy only. 
However. it has also been taken Into account that only a fraction of the energy 
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Pig. 6 Damage parameter d as a function of the dimensionles s 
energy dissipation. 

dissipated during subsequent cycles becween fixed peak slip values appear to 
cause damage, while the other part appears to be used to overcome the frIctional 
resistance and is transformed into heat . 

FIg. 6 illustrates the correlation between the measured damage factor d~ for 
tests with full reversal of slip as a function of the computed dimensionless 
dissipated energy factor liE. The proposed function for d i s shown ss well. In 
the computation of E only 50i of the energy dissipated by friction is taken into 
account. The normalizing energy Eo corresponds to the absorbed energy under 
monotonically increasing slip up to the value 83' Although there 18 some scat-
ter. the agreement between the analytical and experimental results seems accept-
able. 

59 



60 ANALYTICAL MODel FOR DEFORMED BAR BONO 
-.a. -', 

No reduction of the current enve-
lope (monotonic or reduced) 1s 
assumed for unloading and reloading 
only (e.g., paths EGE or JLJ in 
Fig. 4). If a cycle is not com-
pleted to the current values of 
&max or smin (e.g., path CHM) 
the damage parameter is inter-
polated between the values valid 
for the last slip reversal and for 
the completed cycle (point E and 
point P in this example). 

It should be observed that the 
proposal for calculating the damage 
parameter as a function of the 
total dissipated energy is 
theoretically correct only in the 
range of the low cycle fatigue, 
that is when a small number of 
cycles at relatively large slip 
values 1s carried out. In fact 1f 
a high number of cycles at small 
slip values 1s performed. the 

, .~IN:I~,~,~,~IN:I~-r ________ .--r __________ -' 
12'r 0 

o FilitST SLIP REVERSAL 
• AFTER N' 10 CYCLES 0 

IOr---- ~.~------~,~~------~< 

" "-
" :-, 

" 
o • f----/----If--- • 

Pig. 7 

• • • • 

,,,,0,1., 
Relationship between the fric-
tional bond resistance ~f(N) 
and the corresponding ultimate 
frictional bond resistance ~3(N). 

energy dissipated can be relatively large but no significant damage 1s produced 
and the reloading branch reaches the monotonic envelope again {121. On the 
other hand. when limiting our attention to a small number of cycles ( < 30). 8S 

in the present study, the energy dissipated for cycles between small slip 
values 18 rather small and the calculated damage, as a consequence, 1ns18n1fi-
cant. 

c) Frictional resistance 

The frictional bond resistance after first unloading (~f in Fig. 4) depends 
upon the peak value of slip, smax t and is related to the value of the ultimate 
frictional bond resistance of the corresponding reduced envelope (~3 in Fig. 4). 
The relationship found 1n the tests is shawn in Fig. 7. However. if cycling is 
done between fixed values of slip (e.g#. between smax and Bmin 1n Fig# 4). 
~f is reduced more rapidly than the ultimate ~3 of the corresponding re-
duced envelope (see Figs. 3 and 7). Therefore the analytical function oabc in 
Fig. 7 i8 used only for the calculation of the frictional resistance for the 
first slip reversal. For subsequent cycles ~f (e.g., ~f+ in Fig. 4) is de-
duced from this initial value by multiplying it with an additional reduction fac-
tor which depends on the energy dissipated by friction alone. 
If unloading Is done from a larger slip value than the peak slip in the preVi-
ous cycle (path STU) the new frictional bond resistance (~fU) is interpolated 
between two values. The first value 1s related to ~3 of the corresponding 
new reduced envelope using the analytical function gilen in Fig. 7 and the 
second value is the ~f reached in the last cycle (~f in Fig. 4). This inter-
polation is done in order to have a smooth transition in the values of ~f' 

Note that the concept of relating damage to one scalar quantity, like the nor-
malized dissipated energy, has provided a basis for the relatively easy general-
ization of the bond behavior for random excitations. The bond model selected 
can easily be extended to cover bond of bars under conditions different from 
those reported herein, such as different bar diameter, pattern of deformation 
(lugs), concrete strength, degree of confinement, effect of transverse pressure, 
etc. This requires that the pertinent experimental data nece8sary for computing 
the different parameters, in particular the monotonic envelope, be obtained. 
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2.3 Comparison of Analytical Predictions of Local Bond Stress-Slip Relationships 
with Experimental· Results 

The local bond stress-slip relationships, obtained using the model described 
above, are compared in Fig. 3 with the experimental results obtained 1n some of 
the Berkeley tests. As can be seen. except for the reloading curves near the 
values of the peak slip be~een which the specimen was cycled, the agreement 1s 
quite good. In general the model was successful in reproducing most of the 
experimental results. 

3. APPLICATION OF LOCAL BOND STRESS-SLIP MODEL IN PREDICTING BOND BEHAVIOR OF 
REINFORCING BARS 

As noted in the introduction. prediction of response of concrete structures to 
severe seismic excitations requires the prediction of the slippage of the main 
longitudinal reinforcing bars in the1r joints. The above formulation of the 
local bond stress-slip relationship for well-confined concrete allows determin-
ation of slippage of the bar in the part of concrete that 1s well-confined. 
This is discussed in Chapter 3.2. Since. in general. the anchorage offered to 
the bars is sufficient to develop the yield strength of the reinforcing steel, 
it is necessary to have a reliable mec~anlcal ~odel for reinforcing steel cover-
ing its inelastic behavior. 

3.1 Reinforcing Steel Hodel 

Par the uniaxial O-E relationship of the reinforcing steel, the expression 
proposed in (13) and generalized in [14) was used because of its advantages in 
the present application with respect to the classic Ramberg-Osgood formulation, 
that has been used in (4,5). The equation 

+ 

where °0 , £ 0 are the stress and 
strain at first yielding respect-
ively, expresses stress 0 as a 
function of strain E and ac-
counts for strain hardening 
through the slope parameter b. It 
also allows an accurate representa-
tion of the reversal curves through 
the parameter R. which varies de-
pending on the magnitude of the 
maximum excursion (max into the 
plastic range (see Pig. 8). 

The simple set of additional rules 
proposed in (15] was used to avoid 
the storage of parameters of all 

J;;;<''T-ry ... ·=::::.::::jE, 

o ~-------f-f--~~~f-----~ 

_1_L-"&1~ (.' 20<11 • 10$ H I ...... 
1 

R - ZO- '8 ~ ( ... . 
O OOOI~ - ( .... 

\I ' (, 1[. ' 0017 

reversal curves in the case of a _800L-~-i~~~-i __ L-~~ __ L-~-i __ L-~-i __ L-~ 
-10 0 10 general strain history. Using a .. 1 """'I proper set of numerical values for 

the parameter& describing the model, Fig. 8 Analytically predicted uniaxial 
the calculated response of a re- stress-strain relationship for 
inforcing bar subjected to a a 88 Grade 60 reinforcing steel 

bar. 
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particular history of strains, Fig. 8, agrees sufficiently well with test results 
published in (5). 

3.2 Technique for Solving the Differential Equation of Bond 

The actual behavior of • bar of finite length embedded in a concrete block can 
be idealized 8S a one-dimensional problem and modeled using the ordinary non-
linear differential equation 

dN(x)/dx + q(x) • 0 where .(x) •• db «x) and N(x) • A O(x) 

which connects the axial force in the bar. N, to the resultant per unit length 
of the bond stresses on the perimeter of the bar, q. This equation haa to be 
coupled with the constitutive laws for steel and bond, which can be expressed 
as 

- - ds o· a (c(x» • a (dx) and <. < (s(x». 

Note that here the influence of the deformation of concrete on slip haa been 
considered negligible, 8S commonly assumed, and, as • consequence, the atrain 
in the steel £ bas been put equal to ds/dx. 

Boundary values are specified at the two end points of the bar. Typically, for 
a pull-push displacement controlled test, the two displacements at the two ends 
are assigned; for a pull only teat the boundary conditions are the value of the 
displacement at the pulled end and a null value of the axial force at the other 
end. 

Different techniques can be used in principle for solving thie nonlinear, two 
points boundary value problem: finite differences, finite elementa, and 
shooting techniques. A finite element approach has been tried, for example, 
vith some success in (5), using con.tant stress elements for the steel and 
concentrating bond forces (nonlinear springs)at the joints. 

In this study a shooting technique bas been preferred. It consists of trans-
forming the boundary value problem into an initial value problem, In which the 
unknown boundary condition at one end has to be guessed, in order to produce, 
through integration along the length, the value. of the normal force and the 
displacement at the other end. The given boundary condition at that end has 
DOW to be matched and this defines a nonlinear equation in the unknown boundary 
condition at the first end. This nonlinear equation is solved in this ease 
using a modified secant method while the integration along the length is carried 
out using the trapezoidal scheme. The method ha. proved itself efficient and 
suitable for the problem at hand. 

3.3 Behavior of Anchorages 

Fig. 9 shows the calculated response of a main reInforcing bar (18, ~ - 25 am) 
passing through a well-confined concrete (f~ • 30 N/mmz) of a column-~eam joint 
having an anchorage length of 15 db" It is loaded at one end only and subjected 
to reversed slip With increasing amplitude (Fig. 9a). The main aspects of this 
response, Which are summarized below, agree well with those obtained in the 
experiments reported in (51. 

(a) The reduction in stiffness, characterized by pinched hysteretic loops, with 
increasing amplitude of displacement and number of cycles (Fig. ge). 

(b) The reduction of strength at fixed amplitude of displacement as a function 
of the number of cycles (Fig. ge). 
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FIg. 9b Distribution of steel strain, slip, normal force and bond force along the 
bar at s = 2 mm and s = 4.5 mm for monotonic and cycling loading. 
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Fig. 9 Analytically predicted behavior of the anchorage of 8 N8 deformed bar. 
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(c) The reduction of maximum strength and of deformability at maximum strength 
(ductility) compared to monotonic loading (Fig. 9b.c). 

(d) The penetration of yield and the corresponding degradation of bond into 
the anchorage length with increasing peak dlsplacement(aee Figa. 9b,d). 

However, the quantitative agreement between observed and calculated response 
needs improvement. Possible reasons for this discrepancy are given below: 

(a) In the present study it is assumed that the local bond stress-slip lawa for 
tension and compression loading are equal and do not vary along the anchor-
age length. However, three different regions with significantly different 
bond stress-slip behaviors can be identified in a joint (5): unconfined 
concrete in tension, confined concrete. and unconfined concrete in compres-
sion. 

(b) After yielding. the diameter of a bar in tension is significantly reduced 
due to the Poisson effect. This may reduce the bond resistance. The op-
posite is true for a bar yielding in compression. These effects were not 
taken into account. 

(c) The presented local bond stress-slip model mdght be over simplified in 
modeling the envelope curves (virgin and reduced) and particularly the 
ascending branches of the reloading curves near the peak slip, during and 
after cycling. 

It 1s expected that after completing the next step of this current study in 
which the above mentioned effects will be taken into account, it should be pos-
aible to reproduce the experimental results with sufficient accuracy for prac-
tical applications. 

4. CONCLUS IONS 

From the results obtained in this study the following main observations can be 
made: 

(1) During cycling loading the degradation of bond strength and bond stiffness 
depends primarily on the maximum value of peak slip in either direction reached 
previously. Other significant parameters are the number of cycles and the dif-
ference between the peak values of the slip between which the bar is cyclically 
loaded, i.e., 68 - smax - smin' 

(2) Cycling up to 10 times between slip values corresponding to bood stresses 
smaller than approximately 80 percent of the maximum bond resistance. Lmax. 
attained under monotonically increasing sliP. reduces moderately the bond re-
Sistance at the peak slip value as the number of cycles increase, but does not 
significantly affect the bond stress-slip behavior at larger slip values. 

(3) Cycling between slip limits larger than that corresponding to a bond stress 
of 80 percent of Tmax produces a pronounced deterioration of the bond stiffness 
at slip values smaller than the peak slip value and has a distinct effect on the 
bond stress-slip behavior at larger slip values. 

(4) The proposed =odel for the local bond stress-slip law is very simple com-
pared with the real behavior but provides a satisfactory agreement with experi-
mental results under various slip histories. 

65 
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(5) While the calculated response of long anchorages of reinforcing bare agrees 
qualitatively well with experimental results, the quantification of the main 
parameters needs improvement. Reasons for the quantitative disagreement are given 
and are under study. It 1s expected that after introducing different local bond 
stress-sUp relationships along the anchorage length, it will be P08sibie to 
reproduce the experimental results with sufficient accuracy for practical appli-
cations. 
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