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Error Estimates for Finite-Element Solutions of Elliptic Boundary Value
Problems in Non-Smooth Domains

A.-M. SANDIG

Es werden Fehlerabschitzungen in verschiedenen Normen (ndamlich in Wm2(Q) und L?(Q),
2 = p = o) von standarden Finite-Element-Losungen von elliptischen Randwertproblemen
in beschrinkten Gebieten im R¥ mit konischen Punkten oder nichtiiberschneidenden Kanten
betrachtet.

PacemarpnBaoTes OUEHKI NOrPewHocTii B pasanyHbeiX HopMmax (a uwMenHo B Wm2(Q) n
LP(Q),2 < p = o0) OT CTAaNJAPTHHIX KOHEYHO-2IEMEHTHLIX pelleniii aIaHnTHYecKknx rpa-
HIYHBIX IpoGieM B orpannyenHbiX onactax B RY ¢ KOMIMMecKIMH ToUKaMIl 1T HenepeceKalo-
wmitcst peGpami.

Error estimates in different norms (namely in Wm2(Q) and LP(Q2), 2 = p < o) of standard
Finite-Element Solutions of elliptic boundary value problems in bounded domains in R¥ with
conical points or non-intersecting edges are considered.

0. Introduetion

Boundary value problems are difficult to treat numerically when they are defined in
domains with non-smooth boundaries or when the type of the boundary conditions
changes. In this situation standard techniques lose accuracy near the resulting singu-
larities and global pollution takes place. The reason for the appearance of this effect
is the lower regularity of the solutions of such problems in comparison with those
having smooth boundaries. Therefore we first study the regularity of the solutions of
elliptic boundary value problems in domains with conical points or non-intersecting
edges in the framework of weighted Sobolev spaces using results of V. A. KONDRAT JEV
[6—7] and V.G.Maz’Ja and B. A. PLAMENEVSKIS [9—12]. We formulate under
which conditions these regularity results are valid for weak solutions of the boundary
value problem, too. We introduce standard “Finite Element” spaces and prove error
estimates in different norms, namely in W™2*(Q) and L?(2), 2 = p =< oo, using essen-
tially the above-mentioned regularity results for the weak solutions of t.he boundary
value problems. The investigation of non-symmetric bilinear forms is included. Re-
sults of H. BLum [1] and M. DoBrROWOLSKT [3] are special cases.

1. The boundary value problems

1.1 The domains. (i) An infinite cone K — R¥ with the vertex O is defined by its
surface equation
xNap — Z f‘!'-l"'l'_\l'—i:'l:l'-l i x:\;r '1 + Q(-r)a
1+t i1 =2p
where 3 -+ =0, ¢ is a smooth function such that lg(z)] = o((z;2 + -+ + 2%_,)?),
p>0and x = (x, +-- xy).
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(ii) Let 2 be an open subset of R¥ with the compact closure £ whose boundary
¢f2is an (N — 1)-dimensional manifold. 0 € ¢ is a conical point if there is a neigh-
bourhood U ,(0) of 0 such that U,(0) n 2 is diffeomorphic to a cone K intersected with
the unit ball. The intersection of K with the unit sphere is a domain G with a smooth
boundary ¢G. If N = 2, then the conical points are corner points (with the angle
®o F 7). N

(iii) D= IR¥, N = 3, is a dihedral angle if D = K x RR¥-2, where K = {y = (y;, ¥»)

= (r cos w, r 8in w) € R2: 0 <r<oo, 0 <o <ag is an infinite cone with the
sides y* = {y € R®*:w =0} and y~ = {y € R®: @ = wy}. The faces of D are I't
= 9% X IR-""2 and the edge of D is Mp = {(0, 0)} x R¥-2,

(iv) Let 2 IR¥ N = 3, be a bounded domain with the (N — 1)-dimensional
boundary ¢2. 2 is a domain with non-intersecting (N — 2)-dimensional edges
My, .., Mg = Qi M =M, u-ubMp_,divides 2 in smooth disjoint connected
components I, ..., I'y (the faces) such that ¢2 = M vl v+ ulr and if there
is a neighbourhood of each point of A in which 2 is diffeomorphic to an N-dimensio-
nal dihedral angle D.

1.2 The differential operators. We consider the linear differential operators

Az, D) = X (—1)M&(a,42) ) = I a.(x) D, (L.1)
Iy.lBl=m ls]=2m
and
B)(x, D;) = } bj.(x) D.* (z€eeQ\M;53=1,...,m), (1.2)
lal S my

where M is the set of conical points or the set of edges. We denote

e tay

D, = (—i)* 3

= (—1i)ll ¢ = N*
1) a*, & = (G, <oy Ox) € .
0Ty += Bz (=D (%1, -, on) =

Assume that the coefficients of A4 are smooth in £ and those of B; are smooth on the
sides or faces of 2. If N = 2, the change of the type of the boundary conditions is
admissible, also for wy = z. If N = 3 and £ is a domain with non-intersecting edges,
we write instead of (1.2)

Bz, D,) = ¥ b¥z) D (x€Tl;q0=1,..1T), (1.2)

|a|=my o
where the coefficients 5\? are smooth on I',. Assume that 4 is elliptic and {B,, ..., By}
or {B,, ..., B,@},_, . rare normal systems on 2 \ M which cover 4. We denote
by T
W(z, D,) = {4(=z, D,), By(z, Dy), ..., Bu(z, D,)}, (1.3)
Uz, D;) = {4(z, D,), B,'=z, D), ..., Bu', D;)}g=1...7 (1.3)

the operators defined by (1.1) and (1).2) or by (1.1) and (1.2'), respectively.

1.3 The spaces. We introduce the spaces mapping by the operators %(z, D).

(i) The space V%»(22, f(- )) is the closure of the set Cy®(2) = {u € C=(2):suppun M
= @} with respect to the norm

s VEXR, BN = (2 [ rra=te (Deupe da)i, "

el =k Q

where r = 7(z) = dist (z, M) = |z — {|, { € M < 992, f = p(-) is a smooth function
defined on M.  is uniquely determined if z is sufficiently close to M, 8 = B(-)
= const if M consists of one conical point only.
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(ii) Let 2 be a domain with a single_conical point 0. Then the factor space
VE-Upp(cQ, ) = VE(Q, B)[Vokn(Q, ) (1.5)

is the space of traces, where V,¥2(£2, B) is the closure of the set C55(£2) with respect to
the norm (1.4). Let £ be a domain with non-intersectiuy edges and the faces I',. The
space of traces on /7 of functions from V¥?(Q, (-)) is the factor space

Vlr__—l.\'p.p([‘q, ﬁ(')) = Vk.p(g, ﬁ('))lvﬁk'p(gl Fm ﬁ())) (1'6)
where VO*-”(Q, Ies ﬂ(-)) is the closure of CF,(£2) with respect to the norm (1.4).

1.4 The boundary value problems. (i) Let %A(x, D,) be given by (1.3) or (1.3"), and let
! = 0 be an integer. We consider the operators

U(z, D,): V¥n+ie(Q, B) — V¥R, B) X [] VEm+i-m—trin(zQ, p) (1.7)
i=1
or, in the second case,
T m
Uz, D,;): VEm+i2(Q, B(-)) — V2(R, () X [T [I V2m+t-mua—tipe(L, B(-)).
Q‘—l j=l (1'7r)
That means we consider the “classical” problem: investigate the solvability, uni-
queness and regularity of (j =1,...,m;q =1,...,T)

A(z, D) u(x) = f(z) in 2, B,(;, D,) u(z) = g,(z) on ¢2 (1.8)
. A(z,D,) u(z) = f(x) in 2, B;'(x, D,) u(x) = g,9(z) on I}, (1.8")
or, especially, of

A(z, D;) u(x) = f(x) in Q, B,(z, D,;) u(x) = 0 on ¢ (1.9)
" Az, D;) u(x) = f(x) in 2, B;@(x, D,) u(x) =0on I (1.9")

in the above-mentioned weighted Sobolev spaces. B

(ii) Assume that the boundary value problem (1.9) or (tl.Q') can be formulated as a
weak problem: find a solution u € ¥ such that, for a given f € T*,

a(u, v) = f Y a,x) éPu érvdx = (f, v) VoeV (1.10)
Q |yl1B|Sm
and investigaté the regularity if f is from a subspace of V*. V is a subspace of W™ Q)
which is determined by the essential boundary conditions of (1.9) or (1.9"); V¥ is its
dual space and the relation (1.10) guarantees that the non-essential boundary condi-
tions are satisfied. W™ Q) denotes the usual Sobolev space.

2. Solvability and regularity results

We formulate without proofs solvability and regularity results of V. A. Kondrat’jev,
V. G. Maz’ja and B. A. Plamenevskij. We investigate when these'regularity results
are also valid for weak solutions u of (1.10).

2.1 Solvability and regularity results for domains with conical poinfs. Let Q be a
bounded domain with a single conical point 0. For simplicity we assume that there is
a ball-neighbourhood of 0 where 2 coincides with the cone K.
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(i) First we consider a special boundary value problem in K, which is generated by
the principal parts of the operators (1.1) and (1.2) with frozen coefficients at 0 (j = 1,
say TR

Ay (0, D,) u(x) = 1 |Z—'-z a,(0) D*u(zx) = f(x) in K,
By j(0, D) u(x) = 3 b;.(0) D*u(x) = g,(x) on 7K.
|a]=my

Introducing polar coordinates (r, w), setting » = e* and using the complex Fourier

-+ 00

transform fc‘“'f('r) dr = f(2), 2 € €, we obtain a boundary value problem with
parameter_ﬁ. in the domain ¢ = 2 n *“sphere of the ball-neighbourhood™:

L(w, D, 7) (i, w) = F(2, o) forw € G,

M (w, Dy, 7) (2, w) = G2, w) forw € éG (j = 1, ..., m),

where A44(0, D) = r~*"I(w, D,, rD,), B, (0, D,) =r~™M (w, D,, rD,). The corre-
sponding operator y(i) = {L(w, D, 2), M (o, D,, A)}j=1,...m maps WmLP(G) into

m
wtr(@y x [ wer-t-m—1prp(@q).
j=1

(ii) The distribution of the generalized eigenvalues of () plays an important role
both for the solvability and for the regularity of problem (1.8). The following theorems
were proved by V. A. KoNDRAT’JEV [5: Theorem 3.2] for p = 2 and by V. G. Maz’sa
and B. A. PLamENEVSKLT [10: Theorem 6.1] for p = 2.

Theorem 1: W(z, D,) defined by (1.7) is a Fredholm operator iff no eigenvalue of
Wo(4) lies on the lineIm2 =B + Njp — 2m — L

Theorem 2: If no exgenvalue of Wy(2) is situated in the strip f; + N|p, — 2m — [,
=ImA <B4+ N/p—2m — 1, then the solution u € V*2m2(Q, B) of (1.9) is contained
in VhtmeyQ B, too, provided f ¢ ViP(Q2,B)n Vhr(Q, B,). Here | and I, are non-
negative inlegers.

If eigenvalues 2; of Wy(Z) lie in the strip by = B, + Njp, — 2m — |, < Im i < B
+ N/p — 2m — I = h (but not on the lines Tm 2 = h, Tm 2 = h,), then the following
expansion holds near 0: '

[h—h,)
nu = J Y ri* P (log r) + w,
h<Imlj<h u=0
where v is an appropriate cut-off function, yw € Vhi+2mp(Q, B), [k — h,] is the biggest
integer which is less than b — hy, P;, are polynomial functions with coefficients depend-
ing on o.

2.2 Solvability and regularity results for domains with edges. Let 2 be a bounded
domain with the only edge M. We consider a point z, € M and assume again for
simplicity that Q coincides in a ball-neighbourhood of z, with a dihedral angle
D = K x M. We take in this neighbourhood the coordinate system z = (y, z)
= (yl! Yz, %15 - oy zN-—E): Yy _L 2,y € K: z € M.

(i) We start with a special boundary value problem in D, which is generated by the
principal parts of the operators 4 and B, defined by-(1.1) and (1.2'),¢ = 1, 2:

AO(zﬂa D:) ?L(x) =" Aﬂ(z{b DyDz) 'u(x)
= ¥ au(z0) DDiu(z) = f(z) in D,

lal=2m
aytay,=a
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Biij(zO’ Dx) u('r) = Bﬁi](zoy D D, ) ‘!L(I)
. b,,(zo) DD () = gj(x) on I'=.
'u1 m;+

ala,=a

Here -+ is used instead of ¢ = 1, 2, I'* are the faces of D, j = 1, ..., m. After appro-
priate transformations we get a two-dimensional boundary value problem with para-
meters in the cone K, namely

AO(zOs Dy’ 0) U = f in K;
Bz, D), 0) i = §,*  on 9K, 0 € S¥-3,

where S¥-3 is the sphere of the unit ball in R¥-2. We denote
Ao (20, 0) = {do(2, Dy, 8), Bii{ze, Dy, 0)}i=1,....m>

QIG(Z(), ‘;') —— {L(Uj, Dw"‘): JIJ ((U: -Dun ’-)}Jﬁl....,m:
where

Aylzy, Dy, 0) = 12" Lo, Dy, 1:,Dr2),
B (20, Dy, 0) = r;,™* M, *(w, Dy, r;,Drs,)
and r,, = | — z,|. We have
Wo(zo, £): WPH(G) — LAG) x C™ x C™, (2.1

where ¢ = {w: 0 < o < wy}, forl =0, p = 2.

(ii) The following properties of q(2o, 6) and (Ay(2o, 4) determine-the solvability and
regularity of problem (1.9'):

ker Ay(2g, 0) and coker 9[0(770, 6) are trivial for all 6 € S¥-3 } 22)
and for all z, € M,.

The line Im A(z,) = B(z,) + 1 — 2m does not contain } 2.3)
eigenvalues of Ay(z,, Z) for all z, € M.

We introduce the eigenvalues 2_(zy) and 2,(zy) of g(z,, 2) by the property:
The strip Im 2_(zp) < B(zo) + 1 — 2m < Im 2.(z,) is free of eigen-} (2.4)
values of Wy(z, 2). '

Theorem 3: The conditions (2.2) and (2.3) are necessary and sufficient that the
operalor of the problem (1.8'),

Uz, Dy): V+m2(2,6() + 1 — 2p + 1)
V”".Q By +1— 2{1; <+ Z) X Z’ H pl+2m—m®—1/p.p

g1 j=1
X (FeB() + 1 —2/p + 1), (2.5)
is a Fredholm operator for any p € (1,00),1 = 0,1,2, ...

Theorem 4: Let f = B(z) and B, = pi(z) be smooth functions defined on the edge
M < o2 and let w € Vi+2m ”(.Q By +1—2/p+ l) be a solution of problem (1.9),
where the right-hand side { € V' ”1(9 Bi(-) + 1 —2/p, + ll) Assume that the conditions
(2.2) and (2.3) are valid and that Im 2_(z) < By(z) + 1 — 2m < Im A,(z) for all z € M.
Then u € V“””‘-Pl(!?, Bi(-) + 1 —2/p; + l,),too.
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If eigenvalues 7,(z) of Wy(z, 2) lie in the strip hy(2) = fi(z) + 1 — 2m < Tm },(2)
<P(z) + 1 — 2m = h(z) (but not on the lines Im . = hy(z) and Im 2 = h(z)), then an
expansion similar as for conical points holds:

ufz) = ZI n(x) ¢,(x) uy(x) + w(x),
Ye
provided Im 7_(z) — 1 < fi(z) + 1 — 2m << Im A.(2) for every z € M, 7, have a con-
stant multiplicity and 2,(z) == 4,(z) for z € M and © 5 j. Here y is a mulliindezx, 3 is a
cut-off function with n(x) = 1 near M, u, are singular funclions, c, are the coefficients
and w € I"1+2”'-P1(!2, Bi(-) + 1 — 2/p, + I, + ¢). Here £ > 0 is a real number.

2.3 Regularify results for weak solutions in domains with conieal pomts. Let 2 RN
be a bounded domain with the single conical point 0 € &{2. Assume in the following
t hat the weakly formulated boundary value problem (1.10) has a uniquely defined
solution u € V.= W™2Q), or more precisely, that the Lax-Milgram Theorem holds,
i.e.

la(w, v)] < ¢ llu; Wm3(Q)] llv; WnQ)| forallu,v € TV, (2.6)

la(u, u)| = c, |lu; W™3(Q)|2 forallu e V. (2.7)

In order to be able to use the Regularity Theorem 2 we demand that for certain
right-hand sides the solutions w of (1.10) are contained in a reasonable weighted
space, namely :

(R) If f € L¥Q), then uw € V n V2™, m).

Lemma 1: If the line Tm 2 = N2 — m is fred of eigenvalues of Wy(A) and m < N|2
or the Dirichlet problem is given, then the property (R) is valid.
Proof: Let
Wn@, o) = {fz 11 Wm@,0) = (X f 12 (Do dafie < oo}.
laj=m Q

The following imbeddings hold [4: Corollary 3.1]:
Ve Wr3Q) W3R, 8) for 6 =0,
WnQ, 8) = L¥R2,6 — m) for 6 > m — N/2.

It follows from [6: Theorem 3.3] that for f € L*(Q) (even for f € L*2,6 + m)) the
solution u of (1.10) is contained in V2™ 2, § 4+ m). Analogously to (2.4) we introduce
the eigenvalues 2_ and A, of Wy(2) as follows for f# = m:

The strip ImA_ < N/2 — m < Im 4, is frée of eigenvalues of Ay(%). (2.8)

We now choose d > 0sosmallthat Im 2. < —m + N/2 -+ 6 < Im 4,. Theorem 2 yields
the assertion for m < N/2. The assertion for the Dirichlet problem follows immedi-
ately since WJ3(Q) = V. V™2(Q, 0) — L*(2, —m) 1

Remark 1: The condition m = N/2 of Lemma 1 can be weakened by the condition: There
isad =0withd>m — N/2and —m + N/2 4+ 6 < ImA,.

Lemma 2: Assume that the line Im . = —m + N |2 is free of eigenvalues of WUy(4)
and the property (R) holds. Then there is a uniquely determined solution u € V*™P(£,
ImA. — N/p + 2m + &) of (1.10) for every f€ LP(2,Im/i_.— N[p + 2m + ¢),
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1 < p < oo, where ¢ > 0 s a small real number, and
llw; V222, ITm A — N/p + 2m + &)
< C|If; L2, Im /_ — Njp + 2m + e)]. (2.9)

Proof: The Regularity Theorem 2 and the Lax-Milgram Theorem imply that for
every f€ LA(Q)n LP(Q,Im i_ — N|p + 2m + ¢) there is a uniquely determined
solution u € V2™P(Q, Imi_— N[p + 2m + &) of (1.10). Since L*(2)n LP(£2, Im A_
— N/p + 2m + ¢) is dense in LP(Q2, Im i_ — N/p + 2m + &) (this follows imme-
diately from the definition of the weighted spaces in Subsection 1.3) and the operator
(2.5) is a Fredholm operator we get the assertion il

Remark 2: Lemma 2 is valid for all f € L?(Q2) provided Im A_ — N/p 4 2m =-0. In this case
we have flu; V2mp(2,ImA_— N/p + 2m + ¢)|| =< C ||f; LP(R)|l. However, if ImA_ — N/p
+ 2m < 0, N/p — 2m < Im A, and the suppositions of Lemma 2 are satisfied, then there
exists a uniquely determined solution u € V2m.p(2,0) of (1.10) for every f € LP(R2) and
|[w; V2m2(2, 0)|| =< c||f; LP(R2)|l. Indeed, if ImA_ — N/p + 2m = 0, then L?(Q) — L2(2, Im A_
— N/p+2m + ). fImi_ — N[p 4+ 2m < 0 and N/p — 2m < Im A,, then the Regularity
Theorem 2 and the Lax-Milgram Theorem imply that for every f € L*(Q) n LP(Q2) there is a
uniquely determined solution u € V2™.2(Q, 0) of (1.10). Since L*(2) n L2({2) is dense in L?(Q) we
again use the Fredholm property of the operator (2.5) and get the assertion.

Lemma 3: Assume that the line Im A = —m + N2 is, free of eigenvalues of (1)
and that the property (R) holds. If f € LP(2) and Im7_ < N[p, 1 < p = oo, then the
solution w of (1.10) 28 from LP(L2).

Proof: Assume that 1 < p < co. If N/p < N/2 — m, then Remark 2 works and
u € V2mp(Q, 2m) in the worst case. Since V2™?(, 2m)— L?(2) we get the assertion.
If N/p > N|2 — m, then the classical imbedding theorem yields that Wm2(Q2)
— L?(2). If p = oo and therefore Im A_ < 0, then the assertion follows from the
asymptotic expansion given in Theorem 2 |

2.4 Regularity results for weak solutions in domains with edges. Let 2 — IR® be a
bounded domain with the only edge M. Assume again that the weakly formulated
boundary value problem (1.10) has a uniquely determined solution u € V= W™2(Q)
for f € V*. Again we need the regularity condition:

(R)If fe L¥RQ), then u€ Vn V¥™2Q,m), f(z) =m 1orz€ M.

Lemmu 4: If the line Im A = 1 — m is free of eigenvalues of Wy(z, 2)-and if there is
a real number é with 6 > m — 1l and —m + 1 + 6 < Im 2,(2) for all z € B or if the
Dirichlet problem is given, then the property (R) is valid. Especially, if m = 1 and the
line Im A = 1 — m is free of eigenvalues of Wo(z, ), then the property (R) is safisfied.

Proof: We first remark that J. RossMANN [14] proved the following result: if the
line Im 2 =1 — m is free of eigenvalues of y(z, ) and the Gérding inequality is
valid for the problem (1.10), then condition (2.2) is satisfied. Since our problem is
even coercive, we can use this result. We now employ the same ideas as in the proof
of Lemma 1. We have u € Wm2(Q) = Wm*Q, §) = L* 2,6 — m) for 6 > m — 1 (cf.
[4: Corollary 3.1]). From [12: Theorem 10.2] it follows that u € V*™%Q, m + §).
Theorem 4 yields that u € V2™ Q, m). If m = 1, then we choose d sufficiently small i

Analogously to Lemma 2 and Remark 2 we are able to prove

Lemma 5: Assume that the line Im 4 = 1 — m 18 free of eigenvalues of Wy(z, 2) for
% € M and the property (R)holds. Then there is a uniquely determined solution w € V2"-P
(.Q, Im 2. () — 2/p + 2m + e(-)) of (1.10) for every f¢ L"(.Q, Imai_(-) —2/p + 2m
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— e(-)), 1 < p < o0, where a(?f) > 0 are small real numbers and
|l; V3m2(Q, Im 2A_(-) — 2/p + 2m + &(-))|| < C ||f; L?(L2, Tm 7_(-)
— 2/p + 2m + ()|l

It is more suitable to work with a weight with a constant exponent in the follo-
wing. Therefore we introduce:

Let z, € M be such that Im 2 (2) = Im 2_(z,) for all z € M. For this we write
ImZi(z) =Imi. We have Im/ (z) = ImA <1 —m < Im4,(z). Consequently
the following Lemma 5’ is weaker than Lemma 5.

Lemma 5': Assume that the line Im i = 1 — m s free of eigenvalues of Woy(z, )
for z € M and that the property (R) holds. Then there is a uniquely determined solution
w€ V¥mP(Q Im i — 2/p + 2m + &) of (1.10) for every f € LP(2,Im 2. — 2[p + 2m
+ &), 1 < p << oo, where ¢ > 0 is a small real number and

lla; V2m2(0Q ITm 2. — 2/p + 2m + &)
= Cf; LP(2, Im 7_ — 2[p + 2m + ¢)||.

Remark 3: Lemma 5" is valid for all f € LP(Q) provided Im A_ — 2/p + 2m = 0. In this case
we have |lu; V2mP(Q, Im Ay — 2/p + 2m + ¢) < C||f; L?p(R)]|. However, if Imi_— 2/p
+- 2m < 0 and the suppositions of Lemma 5’ are satisfied, then there exists a uniquely determi-
ned solution u € V2m.2(£2, 0) of (1.10) for every f € L?(2) and |[u; V2m.P(Q, 0)]| < C ||f; LP(2)|l.

Lemma 6: Assume that the line Jm 4 = 1 — m is free of eigenvalues of Wgy(z, 2) for
all z € M and that the property (R) holds. If f € L?(Q2), then w € L?(2) for 1 < p < oo.

Proof: Since Im Z_ < 2/p and the assumptions of Remark 3 are satisfied, we get
u€ V2mP(Q, Im i — 2[p + 2m + &) = V*™2(Q, 2m) = L?(Q2) provided Im 2_ — 2/p
+ 2m = 0. In the other case we have u € V2™2(Q, 0) = L?(2) §

3. Finife element methods in domains with eonical points

3.1 Finite-element spaces. We shortly characterize the finite-element spaces which we
use in the following (not only for domains with conical points). Let us consider a
family of appropriate partitions z, of the bounded domain Q= IR¥ depending on
the mesh size h, 2 = U {Q,p:e =1, ..., By}, 2,4 € m). Assume the partition to be
uniformly near the set M c— é2 in the sense that there is a set U(k) = {2, 4: € € Jy},
Q = U(h) u (2 \ U(h)), such that

< ¢k for z € Uh),
= ch forz € 2\ U(h),

where the constants ¢; and ¢, are independent of &, Jj is an index set (see Fig. 1 for
conical points and Fig. 2 for an edge).

Let {S;} be a family of finite-dimensional spaces, S, < V, with the following pro-
perties:

Mc U®R), dist(z, M){ (3.1)

1° Local approzimation: for every u € W™P(Q2) and for all 2, € x; there is an ele-
ment Iyu € S, with

lu — Iyu; WH(Q, )| < C hm—t=¥alp=1a |V u; LYQ, p)ll,
where W™P(Q)— W9(02),0 <l <mand 1 =< p,q =< 0.



Error Estimates for Finite Element Solutions 141

Ulh) = Uepim)” ~ ==
Fig. 1 Fig. 2

2° I'mverse inequality: for all uy € Sy = Wh(Q) and Q, 4 € 71,
Viun; LYRep)l| < CRNVa=Ya0|| Vyuy; L2, 1), l=q =49 = o,

where V; denotes the field of all derivatives of the order I. We refer to [2: Chap. 3],
where these properties are considered. The local properties 1° and 2° imply global
properties (see [8: Theorem 16.7]), namely

e — Iy; WhP(Q)|| < ch™ 1 ||V,u; LP(Q)| forp =g, (3.2)

lw — Tyu; Wheo(Q)|| < chm—t=5ip ||V, u; LP(Q)| for ¢ = oo, (3.3)

Viup; LP(Q)|| < ch¥Ma—1a0 |V, ; LoQ)|| for ¢y = q, s € Sj.
(3.4)

Definition 1: Pyu € Sy V is the finite-element solution of the problem (1.10) if
a(Pyu, v) = (f, v) for all v € S;.

Since the Lax-Milgram Theorem is valid, Cea’s lemma implies

e — Pyu; WPAQ)| < C inf flu — up; WP2(Q)]. (3.5)

uReSy

3.2 Error estimates in W™2(£2). The local approximation property 1° and the estimate
(3.5) yield |lu — Pyu; W™ Q)| = O(h™) for u € Wm3(Q). If u ¢ W™2(Q), then we
cannot expect such an estimate in general. Therefore let us characterize those conical
or boundary points where the type of those boundary conditions changes which do
not imply that « € W™ Q).

Definition 2: The point 0; from M is significantly singular if
N/2 — 2m < Im 2_f (3.6)
(21 is defined analogously to A_ by (2.8)).
If this is valid and the assumptions of Lemma 2 are satisfied, we get: if f € L*Q),

then the solution « of the problem (1.10) is from V2 Q, Im 2.7 — N/2 + 2m + ¢)
but not, in general, from V*™2(Q2, 0) = W™ Q).

Example 1: We consider the Dirichlet problem Au = —f in 2, u = 0 on 922, where 2 is
a plane domain with the single conical point, 0 with the-angle w,. Since A_ = —a/wji, we have:
if —1 < —af/w, which means w, > #, then 0 is a significant singularity.

Theorem 5: Let a(-, -) be a real bilinear form which satisfies the conditions of the
Lazx-Milgram Theorem (2.6) and (2.7). Assume that there is only onk significant singu-
larity 0 € 89, that the line Im 2 = N|2 — m is free of eigenvalues of Uy(2) and that the
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property (R) is valid. Let {Sy} be a family of finile-element spaces with the properties 1°
and 2°. Then the finite-element solution Pyu € Sy approximales the solution u of (1.10)
in the sense

Il — Pyu; Wm(Q)|| < Ch—Tmi—m+l2—2 |f; L(Q)). (3.7)
Proof: We use the estimate (3.5) and get
. — Py; WHQ)|2 < C flu — Tyu; WmQ)
< O(lu — Inu; W2U®)|E + |l — Inw; Wm2
X (@ N\ UM,

where Iy is defined by 1° and U(k) was introduced by (3.1). Property 1° Lemma 2
and (3.1) yield for the first term

e — Iyu; Wm2(U(R))|]2

= C”Vmu; Lz(U(h))“z = 3 f p20mA— N[2+mte—Imid+N[2—m—e) | Day2 do
' lal=m Uh)
< C‘(clh)2i—1m1-+ﬂfz—m'_n 5 f r2Imi—N2+m+e) | Day|2 dy
lal=m U(h)

< ChA-Imi+NR—m—e ||y - ViR, ImA_— N/2 + m + e)j?

A Il

o fu; V2m2(Q, Im A_ — N/2 + 2m + &)|?
< - |it; L2, Im A_ — N/2 + 2m + ¢)|]?
< QhU-Imi+Nz-m—a || . [2(Q)[F. (3-8)

Further we have for the second term, using again the estimate (2.9),

llw — Inu; W@\ UR)|
< OB ||[Vamu; LR \ UB))|I

< C h2m Z f R 2(—Imi_+ N[2—2m—e)+2(Imi.— N/2+2m+¢) 1D‘u[2 dx
la|=2m O\U(k)

< C(1/C,)2Ami-—N[2+2m+e) p2m+2—TImi_+N[2—2m—e)
X Z' f 2Imi_—N[2+2m+e) | Du® dz
a]=2m Q\U(h)
S Ch¥-ToitN—n—0) |ly; P23Q, Im ) — N|2 + 2m + o)l

< G hH-Tmi+Niz-m=0 f; LHQ)|, (3.9)
Both estimates imply the assertion (3.7) i

3.3 The Aubin-Nitsche trick. The Aubin-Nitsche trick allows to estimate the error
w — Pyuin LP(Q), 2 < p < oo. The essential idea is to introduce the adjoint problem

to the weak problem (1.10).

Definition 3: Let a(-,-) be a real bilinear form defined on ¥ X V. The adjoint
problem is: Find a solution € V of (1.10) such that a*(u, v) = a(v, u) = g(v) for
allve V,g € V™
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We need in the following the regularity of the solution of the adjoint problem.
Therefore we shortly formulate some results of V. G. Maz’ja and B. A. PLAMENEVSKI1J
[10: § 3] without proofs, first for domains with a conical point 0.

Lemma 7: Let Ag*(u) be the operator determined by a*(-, -) and defined analogously
to Wy(2). Then Ay is an eigenvalue of Wy(2) if and only if uy = Ay + i(—2m + N) is an
eigenvalue of W *(u).

Corollaries: (i) If the line Im 2 = —m + N/2 is free of eigenvalues of Uy(2), then
it is free of eigenvalues of W *(u), too. (ii) The imaginary parts of the eigenvalues of
Wo(2) and A *(u) are situated symmetrically to the point —m + N/2:

| | | 1 1
| I ! | i il

Imu. Imi. N2 —m Impu, Imi, Fig. 3

(iii) Let 2._and 2. be those eigenvalues of Wy(4) which are defined by (2.8). The correspond-
ing eigenvalues of N*(u) are p- =72, + (—2m + N)iand u, = i_+ i(—2m + N)
and consequently Tmu_ = —~Im i, —2m + Nand Impy, = —Im . — 2m + N.

Lemma 8: Let X be a Banach space with V< X and X,, X, a pair of Banach spaces
with |a(u, v)| = C |lu; X,|| |jv; X,|| for all w,v € V and Sy = X; n X,. Then the finite-
element solution Pyu approximates the solulion w of the problem (1.10) in X in the sense

lw — Puu; X|| < C |lu — Pyu; X:I{l':llli_ {leg — Inug; Xoll/llg; X*}, (3.10)
geEX*

where a*(ug, v) = a(v, uy) = (g, v) forg € X*and v € V, X* is the dual space of X.
Proof: We have
le — Pyu; X|| = |w — Pyu; X**|| = sup |(g, u — Pyu)|

lg; X*=1
= sup {|(g, v — Pyu)|/llg; X*¥}
Oge X
= sup {la(u — Pyu, u,)l/llg; X*¥|}
O+geX*
= Ssup “a(u == P.'a'u’ Uy — Ikug)”“g; X*H}
O+geX*
= Clu — Py, X,|| sup {llug — Tyuy; Xoll/llg; X*i} B
Osge X*
Example 2: For X = L}Q), X, = Wm2(Q) = X, we get for the solution « of (1.10)
flu — Pyu; LXQ)||
= Cllu ~ Pyu; Wm2(Q)|| sup {llug — Ipu,; V"‘ 2(2)|I/llgs L*(82)[} -
04geL*(2)

Assume that the assumptions of Theorem 5 are satisfied and that (R) is valid for a*(u, v). The
estimate (3.7) for  and the estimates (3.8) and (3.9) for u, yield

iz — Pyu; L¥Q)|| < Ch—Imi+N2—m-e~Imu+N2—m—e |f; L2(Q)||
provided Im u_ — N/2 + 2m = 0. From Corollary (iii) follows
e — Pyu; LA*(Q)|| = Ch—Imi-+Imd,—s ||f. L2(Q)||for —Im A, 4+ N/2 = 0.

If —Im2, + N/2 <0, then it follows from Remark 2 that u, € V2m2(Q, 0) < W2m2(Q).
The estimate (3.2) yields

llty — Lyug; WAQ)|| < Ch™ |[Vypu; LHQ)|| < Ch™ jju; V2m2(Q, 0)|| < C |g; LX)
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Therefore we get

flu — Pyu; LAQ)|| = Ch~1mi+NR—c|f; L¥Q)| for —Tm 4, + N/2 < 0.
For symmetric bilinear forms we have

llu — Pyu; LHQ)]| < ChA-Imi+N2—m—c ||f; L3Q)].

3-4 Error estimates in L?(£2), 2 =< p =< oo. We have seen in Subsection 3.3 that the
Aubin-Nitsche trick yields very simply error estimates in L*(£2). Inorder to get results
in LP(2) for 2 < p = oo, we need more complicated investigations.

Theorem 6: Assume that the suppositions of Theorem 5 are satisfied, that (R) is
valid for a*(-,-), that the right-hand side f of (1.10) lies in LP(2), 2 < p < o0, Im A_
< N/p, that S, = W™P(Q) for p < oo and that S = L>®(R2) for p = oo. Then the finite-
element solution Pyu € Sy approximates the solution w of (1.10) in the sense

h-imi-+Nip=e|if. LNQ)|  if —Im 2* 4 Nip <0,
h=Tmi-tImi e | . Io(Q)|| if —Im 2t + N[p =0
(3.11)

provided m = N2, and Im /. +m <0 and 2 =<p < oo, or Im2_+ m =0 and
2 =p < N/(Imi_. + m);

lu — Pyu, LP(Q)]| = U{

llw — Pyu; LP(Q)]]
- h—Tmi+Nip—¢ |if- [P(Q)| if =Imi, +Imi_+m <0,
= p-2Imi_+ N[p+Tmi, —m—e |\ ¢ [2(0)| if —Imi,+Imi_ 4+ m=0

(3.12)

provided ImJ_+m = 0 and N|/(Imi_ 4 m) =< p = oo, where ¢ > 0 is a small real
number.

Proof: (i) We remark that if m < N/2, then it follows from (3.6) that Im 1. 4+ m
> N/2 — m > 0. Therefore all cases are covered by the above assumptions.

(ii) We first consider the case m = N/2, ImJ_+ m < 0, 2 < p < co..We want
to use Lemma 5 for X = LP(2), X, = W™P(2)and X, = W™9(Q), where 1/p + 1/q
= 1. Let us verify the assumptions of Lemma 5. Since N/p > N /2 — m, the classical
imbedding theorem yields that V < Wm3(Q2) — L?(2). Since Im A_ + m < 0, Lemma
2vieldsthatu € V*»?(Q2, Imi_— N/p+2m 4 )= V™P(2,ImA_— N[p + m + &)
 VmP(,0) = WmP(Q). Since Nfp — m < Im 2, and Im A_ < N/p, we finally get
from Lemma 2 that u, € Wm4(Q) for g € LIY(£2). Therefore Lemma 8 is applicable and
we have

iy, — Inug; Wma(Q)]|
— Pyu; LX(Q)| < C |lu — Pyu; WmP(Q ‘
I — Pyus IAQ) = C ltw — Pous WHHQ)| sup - —— e

(3.13)
Let us estimate the first factor. It follows from (3.2) and (3.4) that

iw — Pyu; Wm2(Q)||
= llu — Tyu; WP(Q)| 4 | Lju — Pyu; W™P(Q))|
< C(”u — Lu; WrP(U(R)|| + e — Tyuw; Wm2(2\ Uh))||
+ RYIP=AR L — Pyu; Wm3Q)|))
< O(||Vww; L2(UM®))|| + 2™ || Vomu; LP(2) \ U(R))
+ A¥IP-NR L — u; W™¥Q)|| + A¥P =2 |lu — Pyu; Wm2(Q)])).
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Using Renmark 2 and the relation (3.1) we have
"vmu; Lp( U(h))"p s Z‘ f pptIml_—N/p+m+e)—p(Imi_— N/p+m+e) :Dmu]p da
|xl=m U(h)

< ch—PImi—Nipimie) . P2p(Q Im j_— Njp + 2m + &) (3.14)

[|Vamu; ZP(2\ U(h))||P
= 37 [+ hpAmi_— Nip—2m+4) = pAmi_ - Nlp+2me) | Day[p d
laj=2m (QN\Uh)

< C P~ Np+2m+o) |y V2p(Q, Im A — Njp + 2m + &), (3.15)

and

Therefore we get
le — Pyu; Wm-P(Q)|
< C(p—Tmi+Nlp—m—e |y; Y2mp(Q, Im i — Njp + 2m + &)|
4 RAIp=NR2=TmdN[2-m—c £ T2(0)])
< Oh—Tmi-+dlp—m=c |f; L3(Q)|. (3-16)

We now estimate the second factor of (3.13), having in mind that Imu_ — N/g
+m+e<0,butImu_— N/g+4 2m = —Im i, + N[/p = 0. Let us start with the
case that —Im 2, + N/p = 0. The estimate (3.2) and Remark 2 yield

g — Inug; W™9(Q)]4
= ||y — Lyuy; W(UR)| + lug — Tnug; W™a(Q\ U(h))||?
< C([[Vmtg; ZA(UM* + || Vamtg: L\ UR)l)

e 0( 3 f patlmp_ — N/g4+m-+e)—g(Imu_— Ng+m--2) | D*u,|? dx
laj=m Uh)

+ b ||Vopmuy; LR\ T (h)b”q)

< O(hat—Tmu—tNig—m=2) llyg - P2m9(Q, Im p_ — Njg + 2m + )|
+ B ||Vamity; L2\ U(R))|]9).
An estimate similar to (3.15) implies
llug — Inug; W(Q)|| < C h—Ime-—Xlgt2m+e) jig. LQ)|
= (' hImi—Nlp+m—c ||g. La(Q)]|. (3.17)

We now assume that Imu_. — N/¢ + 2m = —Im A, + N/p < 0. Since Im /.
< N/p, we have that N/g — 2m < Im u,, and Remark 2 yields that u, € V*"49(Q, 0)
— W2m4(Q) and

lhty — Tyuy; Woa(@Q)| < C k™ |lg; LYQ)]. (3.18)

The inequalities (3.13), (3.16)—(3.18) imply the estimate (3.11).
(iii) Let Imi.+m =0 and 2 < p < N/(ImZ_ + m). Then we have again
N/p > N2 —m,u € V*"‘P(.Q Imi — Njp+ 2m + &) = Vmr(Q, Im i_ — pr—i—m
+ &)= Vmr(,0) = WmP(Q) and ImA_ — N/p 4+ 2m > N/2 — N[p = 0. There-
fore we can repeat all estimates of the case (ii).

10 Analysis Bd. 9, Heft 2 (1990)
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(iv) Let Im2_+ m = 0, N/(Im 2_ 4+ m) = p < oo. We have
e — Pa; LXQ)|| < llw — Iyu; L(Q)|| + [yu — Pyu; LP(Q)]. (3.19)
We estimate the first term of the right-hand side using (3.2):

lhe — Iyu; LAQ)|P < C e LAQ)|P
= C |ju; LA(UR))|P + C |ju; L2\ UR))||P.
Since Im/i_ —~ N/p+e<0 and Imi_— N/p+ 2m + & > 0 if ¢ is sufficiently
small and we€ V*P(Q, ImA_ — N[p+ 2m + &) = L?(2, ImA_— N[p + &), we
get |lu; ZA(UR))||, |lu; LA(Q\UR))|| < C h—Imi-+¥lp=¢|f. LP(Q)|| similar to (3.14) and
(3.15), and therefore
e — Iyu; LA(Q)|| < C h-Imi-+Nlp=¢ |f. Q). (3.20)

Using the inequality (3.4) for ¢; = N/(Im Z2_ + m + §), where 6 > 0 is sufficiently
small, we get for the second term of (3.19)

HI,\‘H» — Pyu; Lp(_Q)[] <0 hNIp—(Imi_+m+3é) ”Ihu — Pyu; Lh";uml_+m+él(g)”.
Since ¢, < N/(Im A_ + m), we can apply estimate (3.20) and get

|lIhu — u; LM(Iml-+m+M(g)” < O pmté—e Hf, LN."(ImA_+m+M(_Q)”.
From (3.11) follows

e — Pyu; LNNImi+m+8)(0))|
hwté—s |\, LN¥IImA-+m+8(0))) for —ImA, + Imi + m <0,
p—Imi_+Imi, —e Hf, LNI{Imi_+m+6)(Q)” for —Im 2+ + Im A +m= 0.
Since m << —Im Zi_ + N/p, we get

Maw — Pyu; LP(Q)||

<0 {h”’p‘lm‘-j' IIf; LP(Q)|| if =ImA, +Imi. +m <0,

L& hNIp—2Imd.+Imd,—m—e—8 ||f- [2(Q)| if ~Im 2, + Im2_ + m = 0.

(3.21)

Since here —ImA_+ N/p = —2Im i_ + N[p + Im A, — m in the second case, we
get from (3.20), (3.21) the assertion (3.12).

(v) At last we consider the case p = oco. Here Im 4. < 0. Let g,'= N/(Im A_
+ m + 9) as before, where § > 0 is so small that Im A_ 4 6§ << 0. We takean ¢ > 0
such that ImA_ — N/g, +2m +e=m—5+&e=20 and Tm2. — N/g; + m + ¢
= —0d + ¢ < 0. We have that N/g, < m and therefore it follows from Remark 2 and
the classical imbedding theorem that « € V?™4(Q, Im i_ — N/g, + 2m + &)
= Vma(Q, Imi- — N/g, + m + &) = Vma(Q, 0) = Wma(Q) = L®(R2). Using the
estimates (3.3) and (3.4) we have

lle — Pyu; L*(Q))|

= llw — Iyw; L2(Q)l| + aw — Pyu; L¥(Q)j|

= lw — Zyw; Z2(UM)| + |lw — s L=(Q\ UR))|
+ su — Pyu; L2(Q)||

< C(A™=¥a ||Vyu; LO(U(R))|| + 42— ¥1as ||Vopu; Lo(Q2\ U(R))|
+ AN L — Pyu; LP(Q))),

< of
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where p is so large that N/p < € and p > 2. Since Im/_ — N/p + 2m + ¢ > 0,
it follows from Remark 2 that w € V*™?(Q, Im i_ — N/p + 2m + &) < LP(2, Im /._
— N/p + ¢). The same ideas as were used in the estimates (3.14), (3.15) yield

lu — Iyu; L2(Q)|| £ C h~Tm-=¢||f; Lo(Q)jl (3.22)
and
lu — Iyu; LX(Q)|| < C h~Imi-+Xlp—« |if. L(Q)]. (3.23)

Moreover we demand that p is so large that —Im A, + N |p < 0 provided —Im 2,
< 0. We now apply the estimates (3.11) and (3.12) and get

h=NP |lu — Pyu; LP(Q))]

IIA

p {k““‘"“ If; LP(Q)| if —Im 2, <0, (3.24)

h—Imi_+Imd; — N/p—e ||f, LP(Q)” if —-Imi. =0

provided m = N/2 and Im/A_ 4+ m <0 or ImA. +m =0 and 2 < p
< N/(Imi_ + m);

h=¥1P |lu — Pyu; L?(Q)|

=C

p=Imi—e |1t Lo(Q)| if —Im2, +Imi 4+ m <0,
h-2mi+Iml,—m—e If IX(Q)| if —Im A, +Im2. +m =0
(3.25)

provided Im2_+4+m =0 and N/(ImZi_ + m) <p < co. Since —ImAi_ + Im i,
= —Im A. in the second case of (3.24) and —2ImA. 4+ Im2, —m £ —Im/_ in
the second case of (3.25), we get the inequalities (3.11) and (3.12) also for p = oo,
inserting the estimates (3.22)—(3.25) in the above estimaté of © — Pyu in L*(2) I

Example 3: Let us consider the plane Dirichlet problem for the Laplace operator of Exam-
ple 1. Assume there is only the corner point 0 € 82 with an angle w, > 7. The corresponding
bilinear form a(-, -) is symmetric afid therefore we have u_ = 4_ and u, = 4,. Since u_ = 4,
+ i(N — 2m) = 2, = A_, we get the well-known result Im 4, = —Im A_ = z/w, in our case.

We consider the case p = oco. Since ImA_ 4+ m = —a/wy, + 1 > 0 and —Im A, + ITm A_
+ m = —2njw, + 1 < 0 for wy < 2x, the first estimate of (3.12) impfies lle — Pyu; L®(2)||
< Chrloe—e ||fs Lo[(Q)|. If w, = 27, the second estimate of (3.12) yields [lu — Pyu; L®(2)||
< OR— ||f; L(Q)].

Example 4: We investigate the plane Dirichlet problem for the biharmonic operator, i.e.
Au = fin 2, u = du/du = 0 on 2. Let 2 be a domain with the single corner point 0 with
an angle w, > 126°% The corresponding bilinear form af(-, -) is symmetric and consequently we
have u_ = A, +i(N —2m) = A, + i(—2) =i and Im A, = —Im A_ — 2. H. MELZER and
R. RANNACHER [13] have calculated the numbers Im A_ for angles @, € (0, 2z]. In our case we
have then —3 < ImA_ < —1.5 and consequently —0.5 < Im 4, < 1.

Let us consider the case p = co. We divide it into two subcases.

1° ImA. + m < 0, which means w, < 3z/2. Consequently, —Im i, =ImA_+ m <0,
and the first estimate of (3.11) yields |ju — Pyu; L®(Q)|| < Ch—Imi~e |/f; Lo(Q)|| if w, < 3x/2.

2° Im A_ + m = 0, which means wy > 37/2. Then —Im A, + ImAi_ + m = 2(Im A_ + m)
= 0, and the second estimate of (3.12) yields |ju — Pju; L®(Q)|| < Ch—3Imi_—d—e|/f. Lo(Q)|
if wy = 3n/2. Especially for w, = 27 we have [lu — Pyu; L®(Q)|| < C b1 ||f; L>(Q)||.

10%
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4. Finite-element methods in domains with edges

We pick up the threads of Subsection 3.1. We assume for simplicity that the domain
Q—1R¥, N = 3, has the only edge M. We take an analogous partition of £ and
introduce the set U(h) in the same way as in (3.1). We deal with the family {S;} of
finite-element spaces with the properties 1° and 2° of Subsection 3.1.

4.1 Error estimates in W™3(Q). The quality of the error estimates depends essentially
on the regularity of.the solution  of (1.10). Therefore we first introduce the definition
of a significantly singular edge, analogously to the Definition 2 of a significantly
singular point.

Definition 4: The edge M is significantly singular if there is a point z; € M such
that
1 —2m < Imi.(z), (4.1)

where 4_(z,) was defined by (2.4).

We denote Im /i_ = sup {Im 4i_(2;):2; € M} = Im Z_(2,) as in Subsection 2.4. If
(4.1) is valid and the assumptions of Lemma 5’ are satisfied, then for every f € L} Q)
the solution % of (1.10) is from V2% Q, Im 7i_ — 1 + 2m + &), but V24 Q, Im 2_
— 14 2m + &) C V2R, 0) = W2m(Q).

Example 5: We consider the Dirichlet problem'du = —fin 2, u = 0 on 392, where 2 — R?
is a rotation-symmetric domain with an edge with constant interior angle 3z/2. Then Im A_
= —2/3. The relation (4.1) is satisfied and 2 is significantly singular.

Theorem 7: Let a(-, -) be a real bilinear form which satisfies the conditions of the
Lax-Milgram Theorem (2.6) and (2.7). Assume that there is only one significantly
singular edge M, that the line Im .. —= 1 — m is free of eigenvalues of Wy(2, 2) for z € M
and that the property (R) is valid. Let {8y} be a family of.finite-element spaces with the
properties 1° and 2°. Then the finite-element solution Pyu € Sy approximates the solution
% of (1.10) in the sense

e — Pyu; Wn3(Q)|| < C h-Tmi-—m+1—¢ ||f. T2(Q)] (4.2)
provided f € L*(9).

Proof: Using the ideas of the proof of Theorem 5 and the estimate (2.10) we get
the assertion N

4.2 Error estimates in L?(2),2 = p = oco. The basic idea in Section 3 was to use
the Aubin-Nitsche trick in order to get error estimates in L?(Q2), 2 < p =< oo. The
inequality (3.10), the regularity of the weak solution % of problem (1 10) and the
regularity of the solution of the corresponding adjoint problem (see Definition 3) are
the keys for these estimates. The regularlty of the solution » was discussed in Sub-
section 2.4. Let us now formulate some results about the regularity of the solution of
the adjoint problem.

Lemma 9 [12: § 5]: Let Wo*(z, u) be the operator which is determined by a*(-, -) and
which i3 defined analogously to Wy(z, 2) (cf. (2.1)). Then Ay(z) is an eigenvalue of QIo(z,

iff po(2) = Jo(2) 4 1(2 — 2m) is an eigenvalue of Ae*(z, p).

Corollaries: (i) If the line Im A = —m + 1 is free of eigenvalues of Wy(z, A) for
all z € M, then it is free of eigenvalues of Wo*(z, ), too. (ii) The imaginary parts of the
ergenvalues of Wy(z, 2) and W*(z, u) are situated symmetrically to the point —m + 1
(cf. Fig. 3). (iii) Let - = A_(z,) be an eigenvalue of Wo(2y, A) given by Definition 4 and
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Ae = Ai(Zo) an eigenvalue of Wy(Zy, 2) for which Im 2, = Im 7.(2y) < Im A_.(z) for all
z € M. The corresponding eigenvalues of the adjoint problem are u_ = 7, + (2 — 2m)
and p, = 2_ + (2 — 2m), and consequently we have Im yu_ = —Im i, — 2m + 2
and Im u, = —Imi_ — 2m + 2.

Theorem 8: Assume that the suppositions of Theorem T are salisfied and that the
property (R) holds for a*(-,-), too, that the right-hand side of (1.10) is from L?(R2),
2 < p = oo, that Sy WnP(Q) for p < o0 and Sy = L*(Q) for p = oco. Then the
finite-element solution Pyu € Sy approximates the solution w of (1.10) in the following
way: If one of the conditions

a) m _Z_’%,Im)._+m<0,2gp<oo,

N 2
s i = < —_—
b)m:2,lm/_+m_0,2_p< o
N B 2N
L)m{'?’zép'( ImZ2_+m =N — o

N | 2N 2
Y et o
R 2’2=p:N—~2m<Im}.- + m

is fulfilled, then

e — Pyu; LP(Q)
<0 h¥lp—Nfa—Iml-+1-e \f. LP(Q))| if —Im 4, + 2/p <0,
- RNIp—N[2~Tmi+Imi.—2/pt1-c |if. L2(Q)] if —Im 2, + 2/p = 0.
(4.3)
1f2)/(Imi_ + m) < p‘< oo and one of the conditions
N ' N 2 2N
— 2 — <
e)ym = 2,|Imi‘._—1—fm=0, fym < TRl w2 N —
is fulfilled, then
lle — Pyu; LP(Q)|
< g JBPA-Telsie if D O)Y if —Im 2, + Imi +m <0,
= R¥Ip—N2—2lmi_+Tmi~mt1=e |f- L2(Q)|| if Tm A — Im A, + m = 0.
(4.4)
If
ym < — . 2 - - L < oo
g 2’ N—2m Imi_+m’ N—om =P ’
then
e — Pyu; LP(Q))|
/
g hNIp—N[2—Imi+1-c f- Lo(Q)| if —Im 7, + 1 — 2m/N <0,
= hNIp—N]2—Imid_+Tmi, +2m/N—e If; LP(2)|] if —Im Ay 4+ 1 — Q?IN =0,
(4.5)

where € > 0 is a small real number. If p = co and N(Im i. + m)[2 < m, then the
corresponding estimates are valid, too.
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Proof: Cases a) and b): It follows from the classical imbedding theorems that
"= WmQ)— LP(2) and from Remark 3 that w € V*™?(Q2, Im 2_ — 2/p + 2m + &)
— Vmp(Q, Imi_ — 2/p +m + &) = VmP(Q, 0) = WmP(2) for a sufficiently small
& > 0. For the solution u, of a*(u,, v) = (g, v), where g € LYQ), 1/p 4+ 1/g = 1, we
have u, € V292, Im u_ — 2/q + 2m + &) = V™92, Im u_ — 2/qg + m + &)
= V™, —Im i, + 2/p — m + &)= W™9(Q2) because 2/p — m < Im Z,. There-
fore Lemma 8 is applicable for X = L?(Q), X, = W™P(Q) and X, = W™9(Q2) and we

have

1 ey — Iyu,; W™eQ)
e — Pypu: LP(2)] < C |lu — Pyu; WmP(2)] su
it B, AR = 01 — 55 O Tig; L@)]

(4.6)

We estimate the first factor, using the inequalities (3.2) and (3.4):

lu — Pyu: WmP(Q)

A

lu — Tyu; WP ()| + [Iyu — Pru; WmP(Q)]|
Ol — Zaws WU + lu — Laws W@\ UM
4 pNIp—N[2 l|fhu ~— Pyu; W""E(Q)H).

lIA

Using the properties of U(k) we get, analogously to the proof of Theorem 6, that

e — Ipu; WP (Q)[| < C h-Tmd-+2lp=m=c|if; To(Q)],
having in mind the inequality (2.10). Further it follows from (4.2) that

R¥IP=8P T — Pyu; WRA(Q) < € R¥Ip=82-Tmi—mii— |if: [2(Q)].
Since —Imi_ + 2/p —m > N/p — N2 — Im i — m + 1 we get

e — Pyu; Wre(Q)| < € h¥p-Ne-Tmi=mi1-c jif: To(Q)]. (4.7)
We now estimate the second factor of (4.6). The estimate (3.2) and Remark 3 yvield

lug — Iyuy; Wma(Q)]]

- {hm lg: Lo()| if —Im 7, + 2/p <O,

Blaiem—2lp— |g; LAQ)|  if —TIm 2, + 2Jp = 0. %

We have used that Im u_ — 2/g 4 2m = —Im 2, + 2/p. Inserting (4.7) and (4.8)
into (4.6) we finally get (4.3).

Cases c¢) and d): The classical imbedding theorems imply that V < Wm*Q)
 L2NIN—=2m)y(0) — LP(£). Further we have that « € Wm?(0) as in the cases a), b), and
since 2/p — m < Im Z,, u, is from W™9(Q2), 1/p 4 1/g = 1. Therefore we again get
the estimate (4.3).

Cases e) and f): Lemma 6 yields that » € L?(Q2). We have

lw — Pyu; LAQ)|| < [l — Iyu; LAQ)|| + L — Pyu; LP(Q)|. (4.9)
It follows from (3.2), Remark 3 and the properties of U(k) that
o — Iyu; L2(Q)]| < Cllu; LAR)| < C(||u; L2UR))|| + |lu; L2(2\ U®))|))
< C pimiFe=c |ifs LP(Q))): (4.10)
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Let 6 > 0 be so small that —Im 2, + Im 2_+m + 6 <0, provided —Im 7, + ImA_
+ m < 0. Since 2/(ImA_ + m + 6) < 2/(Im 2_ + m), it follows from b) or ¢),
using (3.4) for ¢, = 2/(Im 2_ ++ m + 6), that

ww — Pyu; LP(Q)||

R¥Ip—N[2=Tmh1—c £ Lo(Q)| if —Im 2, +Imi_ +m <0,
= 7 | p¥lp=Ni2tImt—2tmi—mir-e ¢ IoOQ)| if —Im A, + Imi_ 4 m =0.
- (4.11)

Since 2/p —Imi =ZN/p — N/2—1ImJ_+1 and 2/p —Imi_ = N/p — N/2
—2Im/_+ ImZ, —m + 1 in the second case we get from (4.9) and (4.11) the
estimate (4.4).

Case g): The inequalities (4.9) and (4.10) are again satisfied. We apply the inequality
(3.4) for ¢, = 2N/(N — 2m) in order to estimate the second term of (4.9). We have
IIye — Pyu; LP(Q)|| < C h¥P—Nas ||[[iu — Pyu; L9(Q)|. Using now the inequality
(4.3) in the case d) for ¢, instead of p we get

15w — Pyu; Lo(Q)]|
= v — w; L(Q)]|

L o [V i L) if —Im i, + 1 — 2m/N <0,
h—Imi-+Iml—m+2m/N—c ||f- Loy Q)| if —Im 2, + 1 — 2m/N = 0.
Since —Imi_ +2/¢=~-Imi.—m+1 if —Imi,+1—2m/N <0 and

—Imi 4+ 2/¢gy = —Imi 4+ Imi, —m+ 2m/N if —~ImZi, +1— 2m/N =0, the
estimate (4.10) for p = ¢, implies

s — Pyu; Lo(Q))|

. h—Imi—mti=e || Loy Q)] if ~Im iz, +1— 2m/N_< 0,
= |\h-ImitImd—mi2m/N=c |\ f Lay(Q)|| if —Im A, + 1 — 2m/N = 0.
(4.12)

The inequality (4.5) follows from (4.9), (4.10) and (4 12) because of —ImA_+ 2/p
=2N/p—N/2—Imi.+1and —Em/. + 2/p = N/p — N/2 — Imi_+ Imi,
+2m/N if —Im 24, + 1 — 2m/N = 0.

Case p = co: We assume that N(Im 2_ + m)/2 < m and that 6 > O s such a small
real number that N(Im 2 + m + 8)/2 < m, too. Let p, = 2/(Im i + m + 9).
It follows from Remark 3 that w € V2™P(Q, Im /i — 2/p, + 2m + &) = V™P(Q,
Imi_ — 2/py + m + &) = V™eo(Q, 0) = WmP(Q2) = L*(2). We have

lw — Ppu; L¥(Q)|| < llw — Iyu; L2(Q) + e — Pyu; L2(Q)]I.  (4.13)
We estimate the first term of (4.13):
llw — Iyu; L2(Q))| = max (|ju — Iyw; Z<(UR)||, |lw — Inw; L2\ U®))]))-
We get from (3.3) and Remark 3
l[e — Inu; L2(UR))|| = Chm—¥re ||V u; LP(U(R)))|
< Chm—¥lps p—Tmi_+2ps—m—t iy . YM.Po(Q, Im 7. — 2[py+ m + €)||
< Oh-1mi-—fprain= |f; L(Q)].
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Analogously we get
Nz — Iju; L2\ UR))|| = Ch?m= 510 ||Cypu; LP(Q N\ U(h))||
< ORI Sl 2inee |if; LQ)].
Consequently we have
e — Dyu; L2(Q)]] £ Ch-1mi—Nlput2lp—c |f; Lon(Qf|.
We now consider the second term of-(4.13). The estimate (3.4) yields for a very large p
iy — Pyu; L2(Q)|| = Ch=¥P ||Lju — Pyu; LP(Q)|.

We estimate (j[u — Pyu; LP(Q2)|| by (4.3), (4.4) or (4.5) and {ju — Iu; LP(2)| as before
and get the assertion N

Example 6: We consider the 3dimensional Dirichlet problem for the Laplacian:

3
alu, v) = f U 09 - f fodz Vo € W3(Q), j € L=(Q).
L i=1 31’, aa':i
Q bej
The weak solution u € Wy13(£2) is uniquely determined. Let Im 2. = —a/w,, w, > 7. We have

N(Imi_ + m)/2 = 3(—nfw, + 1)/2 < 3/4 < m = 1. The assumptions of the case g) are
satisfied for p = oc. Formula (4.5) yields the error estimate [ju — Pyu; L®(Q)|| = O(h#lwe—12—),

Example 7: We consider the 3dimensional Dirichlet problem for the biharmonic equatign:

8 2 2
a(u, v) = 3 _8_1{3:;

ij:la axiz 62:5*

dz = f fodz Vv € WQ), f € Lo(Q).
o

The weak solution u € W¢**(£2) is uniquely determined. Let w, be the largest apgle of M. The
case a) is satisfied if Im A_ + m < 0, which means ~126° << w, <. 180°. The case e) is satisfied
if ImA_ 4+ m =0, which means w, = 7 (see H. MELzer and R. Rax~vacHER [13]). Conse-
quently,

O(h—12-Imi—e)  if ~126° < @, < 180°,

g — Pyu: L® =
flee aus Lo(Q)| {O(h—“'ﬂ‘*‘m"‘) if wy > 180°.
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