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Π(ϕ̇, α̇, ḋ, ε̇p)}
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Abstract

The underlying work is concerned with the development of physically-motivated constitu-
tive models for the description of size effects within the context of inelastic deformations.
A key aspect of this thesis is to develop a theoretical and computational framework for
gradient-extended dissipative solids. It incorporates spatial gradients of selected micro-
structural fields that account for length scale effects and describe the evolving dissipative
mechanisms. In contrast to classical theories of local continuum mechanics, where the
internal variables are determined by ordinary differential equations (ODEs), these global
micro-structural (order parameter) fields are governed by partial differential equations
(PDEs) and boundary conditions reflecting the continuity of these variables. The pro-
posed framework for gradient-extended dissipative solids is first used to address the de-
velopment of phenomenological theories of strain gradient plasticity. The corresponding
model guarantees from the computational side a mesh-objective response in the post-
critical ranges of softening materials. In this regard, a mixed variational principle for the
evolution problem of gradient plasticity undergoing small and large strains is developed.
A novel finite element formulation of the coupled problem incorporating a long-range
hardening/softening parameter and its dual driving force is also proposed. A second em-
ployment of the introduced framework is related to the thermo-mechanical coupling in
gradient plasticity theory within small strain deformations. Two global solution proce-
dures for the thermo-mechanically coupled problem are introduced, namely the product
formula algorithm and the coupled-simultaneous solution algorithm. For this purpose, a
family of mixed finite element formulations is derived to account for the coupled thermo-
mechanical boundary-value problem. A further application of the proposed framework
deals with the phase-field modeling of ductile fracture undergoing large strains. To this
end, a novel variational-based framework for the phase-field modeling of ductile fracture
in gradient-extended elastic-plastic solids is proposed. Herein, two independent length
scales, that regularize both the plastic response as well as the crack discontinuities, are
introduced. This ensures that the failure zone of ductile fracture takes place inside the
plastic zone, and guarantees from the computational perspective mesh objectivity in the
post-critical range. The performance of these models is tested on a broad range of homo-
geneous and heterogeneous representative numerical simulations.
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Zusammenfassung

Die vorliegende Arbeit befasst sich mit der Entwicklung physikalisch fundierter, konsti-
tutiver Modelle zur Beschreibung von Größeneffekten unter inelastischen Deformationen.
Die Erarbeitung einer theoretisch wie algorithmisch instruktiven Abhandlung zur Model-
lierung gradienten-erweitereter, dissipativer Festkörper stellt einen zentralen Aspekt dieser
Arbeit dar. Ausgewählte Felder zur Charakterisierung von Miktrostukturen werden mit-
samt zugehöriger räumlicher Gradienten berücksichtigt, um dissipative und Längenskalen-
Effekte in ihrer zeitlichen Evolution zu erfassen. Diese globalen Mikrostruktur-Felder
(Ordnungsparameter) werden im Gegensatz zu klassischen Theorien der lokalen Kontinu-
umsmechanik, innerhalb derer interne Variablen durch die Lösung gewöhnlicher Differen-
tialgleichungen bestimmt werden, durch partielle Differentialgleichungen und assoziierte
Randbedingungen beschrieben. Die vorgestellte Theorie für gradienten-erweiterte, dissi-
pative Körper wird zunächst verwendet, um phänomenologische, verzerrungs-induzierte
Plastizitätstheorien zu entwickeln. Für den postkritischen Bereich einer Entfestigung ga-
rantiert das zugehörige Modell Objektivität hinsichtlich beliebiger Vernetzung im Rahmen
einer algorithmischen Umsetzung. Hierzu wird ein gemischtes Variationsprinzip für die
Evolutionsgleichungen der Gradientenplastizität unter kleinen und großen Deformationen
vorgestellt. Zur numerischen Approximation des gekoppelten Problems wird eine innova-
tive Finite Elemente Formulierung verwendet, welche Ver- und Entfestigungsparameter
sowie die assoziierte thermodynamische Kraftgröße inkorporiert. Eine zweite Anwendung
der vorgestellten Formulierung stellt die thermo-mechanische Wechselwirkung bei Gra-
dientenplastizität unter kleinen Deformationen dar. Zwei globale Lösungsverfahren wer-
den für das gekoppelte Problem vorgestellt: ein auf Operator-Splits basierender und ein
gekoppelt-simultaner Algorithmus. Erneut wird hierzu eine Familie gemischter Element-
formulierungen hergeleitet, um die präzise Approximation von thermo-mechanisch gekop-
pelten Prozessen sicher zu stellen. Eine letzte Anwendung findet die Varationsstruktur
in der Phasenfeldmodellierung von duktilen Bruchvorgängen unter großen Deformatio-
nen. Für diese Beschreibung duktilen Versagens mittels Phasenfeldern wird eine innova-
tive variationelle Formulierung für gradienten-erweiterte, elastisch-plastische Festkörper
vorgestellt. Zwei unabhängige Längenskalen zur Regularisierung von plastischer Mate-
rialantwort und Bruch-Diskontinuität werden für diesen Zweck eingeführt. Diese Felder
stellen sicher, dass duktiles Materialversagen in Zonen der plastischen Deformation auf-
tritt und dass bei der algorithmischen Umsetzung Netz-Objektivität im postkritischen
Bereich gewahrt bleibt. Validität und Performanz dieser Modelle werden anhand eines
breiten Spektrums homogener wie heterogener numerischer Simulationen repräsentativ
untersucht.
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1. Introduction

With the recent developments of micro- and nano-technology that have a wide spec-
trum of engineering applications such as in automotive industry and medical fields, the
predictive modeling of the mechanical behavior at small dimensions like on the micro-scale
has been a topic of intensive research during the last years. In this context, the term size
effects is used to describe the influence of the structure-size on the mechanical response
during inelastic deformations. The main goal of this work is to develop a theoretical
and computational framework for gradient-extended dissipative solids that accounts for
micro-structure-based size effects with applications to phenomenological theories of gra-
dient plasticity at small and finite strains, thermo-gradient-plasticity at small strains and
phase-field modeling of ductile fracture at finite strains. This incorporates spatial gradi-
ents of selected micro-structural fields based on length-scales that describe the evolving
dissipative mechanisms.

1.1. Motivation and state of the art

In conventional theories of local continuum mechanics, no size effects are predicted.
As a result, micro-structure interactions are not involved in the constitutive formulation.
One significant limitation of these conventional theories that arises in the computation of
localized inelastic deformations in softening materials using finite element techniques is the
pathological mesh dependency that leads to loss of ellipticity of the governing equations.
To overcome this non-physical behavior, extended continuum theories of inelasticity have
been proposed in literature, which incorporate length scales. Hereby, additional internal
variables and their nonlocal counterparts can be introduced to reflect the micro-structural
response. The non-locality is obtained by weighted averaging over a spatial neighborhood
of a local quantity. Typical examples are gradient-extended theories of plasticity and
damage. With regard to plasticity theories, gradients of the accumulated plastic strain
field enter the constitutive formulation and act as localization limiters for softening mate-
rials. In the field of damage mechanics, an auxiliary variable denoted as the damage field
along with its gradient counterpart enter the constitutive functions to regularize the sharp
crack topology. The theoretical basis of such a formulation goes back to the micro-polar
theory of Cosserat brothers [38] and Capriz [34] for order parameter-based models of
continua along with micro-structures and gradient extensions of the classical local the-
ory of internal variables by Maugin [85] and Maugin & Muschik [86, 87]. The book
of Frémond [54] outlines a general approach to gradient-type dissipative solids in the
thermodynamical context.

In all these treatments, the standard continuum degrees of freedom attached to each
material point are extended to include additional global internal variables, which are
denoted as order parameters. This leads to additional micro-force balance-type partial
differential equations associated with the micro-structure. These PDEs are analogous to
the standard balance of linear momentum. Forest [51] demonstrated that most models
of the strain-gradient theories in the literature can be related to a systematic method
of construction of higher-order media, denoted as the micromorphic approach. The key
point here is the introduction of dual internal local-global field variables via a penalty
method, where the global fields are defined in the full domain.

Recently, Miehe [96, 110] proposed a new perspective for embedding of the micro-
mechanical models into the macro-mechanical continuum formulation based on a multi-
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field incremental variational framework for gradient-extended standard dissipative solids.
Thereby, an incremental minimization and saddle point principles for a class of gradient-
type dissipative materials were developed. This variational principle, formulated in terms
of the global displacement and order parameters fields as well as the dissipative driving
forces, is based on constitutive energy storage and dissipation functions. In this research
work, the following two extensions of the variational formulation are presented: (i) Gradi-
ent plasticity at small and finite strains based on von Mises yield criterion function with
gradient-extended hardening/softening response as outlined in Miehe et al. [104, 105]
and Aldakheel et al. [10]. (ii) Phase-field modeling of ductile fracture that links
gradient plasticity and gradient damage at finite strains, see Miehe et al. [108, 109]
and Aldakheel et al. [8, 9]. In this context, it is important to account for thermo-
mechanical coupling effects due to dissipative heating. To this end, we propose also a
coupled thermo-gradient-plasticity model in line with Aldakheel et al. [8].

1.1.1. Phenomenological theories of isotropic gradient plasticity. An example
of a rigorous embedding of the micro-mechanical models into the macro-mechanical contin-
uum formulation, which is based on non-standard theories and incorporate length-scales,
is the phenomenological theory of strain gradient plasticity. Hereby, the global micro-
structural fields are determined by partial differential equations. The physical foundations
of such micro-structural interactions are the size effects associated with lattice-curvature-

Fleck et al. [50]

Stölken & Evans [143]

Figure 1.1: The smaller the specimen dimensions are, the stiffer is the material response,
as reported in Fleck et al. [50] for torsion of thin copper wires and Stölken & Evans

[143] for micro-bending of thin nickel foils.
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based dislocation densities as shown in Ashby [22], Fleck & Hutchinson [47], Nye

[122], Kröner [73], Nix & Gao [121], Arzt [21], and Gao et al. [55]. Experimentally,
Fleck et al. [50] investigated the response of thin copper wires with diameters ranging
from 12 µm to 170 µm subjected to torsion as plotted in Figure 1.1. They observed that
the thinner wire with 12 µm diameter required higher torsion than the thicker wires to
cause equal rotations. This behavior was explained by the greater strain gradient and the
higher density of geometrically necessary dislocations of the thinner wires, resulting in an
increased amount of work hardening as shown in Figure 1.1. Similar results were found
by Stölken & Evans [143] for micro-bending of thin nickel foils, having thicknesses of
h = 12.5/25/50 µm. They also observed that the thinner foil with h = 12.5 µm required
a larger equivalent bending moment than thicker foils for producing the same amount of
surface strain as illustrated in Figure 1.1.

Phenomenological theories of gradient plasticity are outlined in the works of Aifantis

[7], Gurtin [64], Forest & Sievert [52], Gudmundson [61], Anand et al. [16]
Gurtin & Anand [65], Reddy et al. [129] and Fleck & Willis [48, 49]. In these
works, the variational principles are not presented, which recast the formulation of the
boundary value problem of gradient plasticity in a canonical format. In this context,
Mühlhaus & Aifantis [114] and de Borst & Mühlhaus [39] proposed a two-field
rate-type variational principle. Miehe [97, 110] and Welschinger [153] suggested a
mixed variational principle for gradient-extended plasticity including driving force as a
global field. In line with this work, we propose a new theoretical and computational
setting of gradient plasticity in terms of a rigorous use of mixed variational principles for
the evolution problem. Herein, a saddle point principle based on a rate-type potential
determines the evolution of the plastic strain and hardening variables as well as their dual
driving forces.

A variety of numerical strategies has been proposed in the literature for finite element
design of strain gradient plasticity. In de Borst & Mühlhaus [39], the formulation was
based on a rather numerical expensive C1-continuous two-field formulation that allows the
computation of second derivatives for the Laplacian of the incremental plastic parame-
ter in the yield function. The follow-up work of de Borst & Pamin [40] suggested a
C0-continuous three-field formulation based on an additional penalty constraint that in-
troduces a new field variable for the gradient of the incremental plastic parameter. In the
work of Liebe & Steinmann [79], a global active set strategy of gradient plasticity was
considered, where Kuhn-Tucker-type loading/unloading conditions were checked in weak
form via finite element residuals at the nodes. Such a formulation needs a non-standard
global active set search, which is not robust when applied to complex inhomogeneous
response. Numerical implementations of gradient plasticity at small strains in terms of
discontinuous Galerkin methods are outlined in Djoko et al. [42, 43]. Nevertheless,
many problems arise in all of these numerical strategies, such as the observation of spu-
rious oscillations of the plastic variables near the elastic-plastic-boundaries (EPBs), see,
e.g. de Borst & Pamin [40] and Liebe & Steinmann [79]. This has encouraged En-

gelen et al. [45], Geers et al. [57] and Geers [56] to propose a gradient plasticity
model based on an accompanying PDE of the modified Helmholtz type, that defines the
nonlocal plastic strain in terms of its local counterpart.

In this work, we develop a mixed finite element design for the gradient plasticity
problem incorporating global hardening/softening parameter and its dual driving force.
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This allows a straightforward local definition of plastic loading-unloading driven by the
global fields. The proposed procedure includes a rational method for the definition of
elastic-plastic-boundaries in gradient plasticity along with a post-processor that defines
the plastic variables in the elastic range. Additionally, we develop new families of extended
Q1P0-type and MINI-type mixed finite elements for the coupled problem, including a
local-global update strategy based on variational principles. Next, we present numerical
results that demonstrate the modeling capabilities of our formulation.

Despite the fact that temperature distribution during heat accumulation has a strong
influence on the mechanical properties (see Simo & Miehe [140]), thermal effects were
not included in the constitutive formulation of most of the recently developed strain
gradient theories. For a better understanding of this coupling phenomenon, consider
some engineering applications, such as the frictional heating of disc brakes in automotive
industry, as shown in Figure 1.2a. Hereby, high temperatures and thermal gradients

a) b) c)

Figure 1.2: Thermo-mechanical coupling emerged in some engineering applications. a)
Heat dissipation due to friction in disc-brake (source: en.wikipedia.org [6]). b) Thermal
dissipation in a nail due to mechanical impact of a hammer (source: dreamstime.com [4]).
c) Thermal expansion joint of a bridge (source: durasystemscomputing.com [5]).

are predicted during the braking operation, which leads to harmful effects of the brake
system such as brake fade, premature wear and thermal cracks, see Ghadimi et al.

[58]. Another example is the hammering of nails, where the mechanical work due to the
impact loading is transferred to the nail, which results in high temperature distribution
and heat dissipation in the form of sparks as depicted in Figure 1.2b. While the above
mentioned examples demonstrate thermal effects arising due to mechanical loading, one
can also find a lot of other engineering applications of the reverse phenomenon, where
mechanical deformations are caused due to thermal loading. For instance, the expansion
joint of a bridge, which is designed in a manner to allow for the expansion and contraction
of the bridge as a result of changes in the ambient temperature and prevent bridge-failure
due to thermal expansion as illustrated in Figure 1.2c.

A variational formulation for the thermo-mechanical coupling in finite strain plasticity
theory with non-linear kinematic hardening is outlined in Canadija & Mosler [33]
based on the works Yang et al. [160] and Stainier & Ortiz [142]. However no size
effects were involved in the constitutive formulation. This has motivated Voyiadjis &

Faghihi [150] and Faghihi et al. [46] to propose a coupled thermo-mechanical frame-
work of higher-order strain gradient plasticity theory that investigates the behavior of
small-scale metallic volumes in fast transient times based on energetic and dissipative
gradient length scales. In this context, we extended the above mentioned gradient plas-
ticity model introduced in Miehe et al. [104] to account for thermal effects in line with
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Aldakheel et al. [8] and Nagaraja [116]. From the numerical implementation as-
pects, we present the following two solution schemes for the coupled problem: (i) The
global product formula algorithm, and (ii) an implicit coupled algorithm in line with the
work of Simo & Miehe [140] and Wriggers et al. [155].

1.1.2. Phase field formulation of ductile fracture. Another example for incor-
porating the size effects and length scales in the constitutive formulation is the phase-field
modeling of ductile fracture in gradient-extended elastic-plastic solids. Study of ductile
fracture plays a very important role in various engineering applications, e.g., machining,
cutting and forming of ductile metals are at the core of automobile, aerospace, bridges or
heavy industries as shown in Figure 1.3. These applications can significantly benefit from
a precisely predictive computational tool to model ductile fracture in the design phase of
products.

a) b) c)

Figure 1.3: Engineering applications for ductile failure in metals. a) Damaged airplane
due to impact with ground (source: aviation-safety.net [1]). b) Car crash scenario
(source: blogs.reuters.com [2]). c) Failure of Interstate 5 bridge due to overloading
(source: bloomberg.com [3]).

Two different approaches are introduced in the literature to describe ductile fracture
phenomena, which are discontinuous and continuous models. In the former category,
strong-discontinuity strategies are introduced to model the failure response, in which the
finite element mesh is adapted to the geometry of the discontinuity. Some key literature
can be found in Wells [151], who proposed a failure criterion based on the crack tip
opening displacement and Rice [132], who proposed the J-integral method. In both, an
extensive plastic deformation ahead of a crack tip was observed. In Song et al. [141], an
element deleting method is illustrated, where the elements in which the fracture criterion
is met are deleted from the finite element mesh. Alternative solution strategies are based
on cohesive zone models, which allow the description of sharp cracks by introducing a
strong discontinuity in the kinematical description, see Simo et al. [139], Armero &

Garikipati [19], Oliver [123, 124], Armero [18],Mosler & Meschke [113],Mosler

[112], Linder & Armero [80] and Linder & Raina [81] for strong discontinuities
embedded within the finite element. For strong discontinuities embedded in the interfaces
between finite elements, one may refer to Xu & Needleman [157], Ortiz & Pandolfi

[126], Zhang & Paulino [161]. Recently Belytschko & Black [26], Moës et al.

[111] and Wells & Sluys [152] proposed a promising technique, which is the extended
finite element method (XFEM). In this, extra degrees of freedom are added to the nodes
of the elements containing the discontinuity, allowing free crack propagation through the
mesh.

In the continuous approaches to ductile fracture, a great number of purely phe-
nomenological and micro-mechanically motivated approaches exists, see Kachanov [72],
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Lemaitre [76, 75] and Lemaitre & Chaboche [77] for a homogenized representation
of micro-cracks and voids in a macroscopic format. In the microscopically based models,
the macroscopic material response derived from the behavior of the micro-void nucleation
and growth mechanism. It is rooted in the pioneering work of Gurson [62] who developed
a constitutive model, which assumes the existence of spherical voids embedded into an
elasto-plastic material matrix. Gurson model was later modified by Tvergaard [148],
Tvergaard & Needleman [147], Leblond et al. [74], Reuscha et al. [130, 131],
Li et al. [78], Xue [158], Needleman & Tvergaard [120], Nahshon & Hutchin-

son [118], Xue et al. [159], Besson [27], Boyce et al. [30] and Huespe et al.

[71, 70] to account for damage growth, where the yield criterion function has been ex-
tended by introducing new material parameters to account for the coalescence effect.

In the aforementioned literature on ductile fracture, local plasticity models are coupled
to damage models. This leads to a localized plastic and damage zones in the softening
material response. The computation of such a localized ductile fracture behavior with
finite element techniques yields pathological mesh dependencies in the post-critical range
and non-physical evolution of the fracture zone outside the plastic zone. In this context,
gradient-enhanced damage models coupled with the local (J2-) plasticity models are used
as a regularization methods to model ductile failure, see, e.g, Nedjar [119], de Borst

et al. [41], Grassl & Jirasek [59], Alessi et al. [11, 12] for small deformations and
Aslan et al. [23], Saanouni & Hamed [133] for large deformations. Mesh objective
response of these models cannot be established due to the inherent nature of local plas-
tic strains. To overcome this non-physical behavior, we developed a new computational
framework for the coupling of gradient plasticity with gradient damage models by intro-
ducing two material parameters, namely the plastic length scale lp and the fracture length
scale lf , in which lf ≤ lp to ensure the occurrence of fracture zone inside the plastic zone,
see Miehe et al. [106] for additional details and references.

The modeling of macroscopic cracks can be achieved in a convenient way by the con-
tinuum phase-field approaches to fracture, which are based on the regularization of sharp
crack discontinuities, see Miehe et al. [101, 100], Welschinger [153], Hofacker [68]
and Schänzel [135]. This avoids the use of complex discretization methods for crack
discontinuities and can account for complex crack patterns. For a recent application of
the phase-field modeling of ductile fracture, one may refer to Duda et al. [44], where a
small-strain continuum theory for brittle fracture in elastic-plastic solids based on micro-
force balance is presented. Ambati et al. [13, 14] proposed a mesh sensitive results
of ductile fracture by coupling local plasticity to phase-field fracture at the post-critical
range. To achieve mesh objectivity in the post-critical range, we introduced a variational
gradient-extended phase-field modeling of ductile fracture in elastic-plastic solids at finite
strains as a key goal of this work. It links a formulation of variational gradient plastic-
ity outlined in Miehe et al. [105], to a specific setting of variational gradient damage,
rooted in the phase field approach of fracture suggested by Miehe et al. [101, 100].

1.2. Outline of the thesis

The objective of this dissertation is the development of new aspects for the formulation
and numerical implementation of gradient-extended dissipative solids, that account for
micro-structure-based size effects and length scales at small strains and in the logarithmic
strain space. The thesis is organized as follows:
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Chapter 2 presents the basic notations of this dissertation and the principle equations
of non-linear continuum mechanics, that describe the fundamental geometric mappings,
basic stress measures and physical balance equations of a solid body undergoing finite
mechanical deformations. Next, a general formulation of finite thermo-inelastic material
behaviour that accounts for micro-structural length scales is introduced. This coupling is
then simplified in Chapter 4 to account for small strain settings. Finally, the basic steps
for constructing a constitutive model in the logarithmic strain space is introduced. These
steps will be used in Chapter 5 and Chapter 6 to simplify the model equations at finite
strains and results in a formulation similar to that of small strain settings.

In Chapter 3, we develop a mixed variational principle for the evolution problem of
gradient plasticity. A novel finite element design of the coupled problem incorporating
a long-range hardening/softening parameter and its dual driving force is proposed. It
includes a method for the definition of elastic-plastic-boundaries (EPBs) in gradient plas-
ticity along with a postprocessor that defines the plastic variables in the elastic range.
Next, two families of extended Q1P0-type and MINI-type mixed finite elements for the
coupled problem are presented, including a local-global update strategy for short- and
long-range fields, which are also outlined in a rigorous format based on variational princi-
ples. Numerical examples that underline the excellent performance of the proposed mixed
finite element design are demonstrated at the end of this chapter. It provides a very robust
and easy-to-implement computational framework of variational gradient plasticity.

The aim of Chapter 4 is to outline a coupled gradient thermo-plasticity model at
small strains. To this end, we extend the constitutive formulation of the gradient plas-
ticity model introduced in Chapter 3 to account for thermal effects. Two global solution
procedures are developed for the coupled problem, namely the product formula algorithm
and the implicit coupled algorithm. In the product formula algorithm, the mechanical
and thermal problems are solved separately, resulting in a symmetric problem. However,
in the implicit coupled algorithm, a simultaneous solution of the coupled system of equa-
tions for thermo-gradient-plasticity is employed. A noteworthy drawback of this solution
scheme arises from the high computational efforts in comparison with the product for-
mula algorithm. At the end of this chapter, two numerical examples are introduced to
demonstrate the performance of the coupled thermo-gradient-plasticity problem.

Chapter 5 presents an extension of Chapter 3 to a finite deformation setting in the
logarithmic strain space. We develop a mixed saddle point principle for metric–type addi-
tive plasticity, which is specified for the important model problem of isochoric von Mises
plasticity with gradient-extended hardening/softening response. This variational principle
is based on the energetic and the dissipative response functions in the logarithmic strain
space, that is framed by purely geometric pre- and post-processing steps. The numerical
implementation exploits the underlying variational structure, yielding a canonical sym-
metric structure of the monolithic problem. Various numerical examples, which highlight
characteristic features of gradient plasticity, are presented at the end of this chapter.

Finally, in Chapter 6, we outline a variational-based framework for the phase-field
modeling of ductile fracture in elastic-plastic solids, which accounts for intrinsic material
length scales to obtain mesh objectivity. The phase-field method is considered as a ge-
ometric approach to the diffusive crack modeling. This is based on the introduction of
a global balance equation for a regularized crack surface and its modular linkage to the
elastic-plastic bulk response. The phase-field evolution is governed by the constitutive
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crack driving forces, which is based on the elastic and plastic work densities and barrier
functions related to the threshold values of these inelastic state variables. To simplify
the finite element design, we extend the introduced gradient plasticity-damage towards
the micromorphic regularization approach to gradient-extended models. For numerical
implementation, we construct a stable one-pass operator split scheme that successively
updates the crack driving force, the phase-field variable, and the micromorphic gradient-
extended elastic-plastic fields together with the deformation fields in a typical time step.
The performance of the formulation is demonstrated by means of some representative
examples.
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2. Fundamentals of Continuum Mechanics

The aim of this chapter is to give a short introduction to the fundamentals of continuum
mechanics at finite and small strains based on Miehe [88, 89, 90], Truesdell & Noll

[146], Marsden & Hughes [84], Chadwick [35] and Holzapfel [69].

2.1. Basic kinematics of finite deformation

2.1.1. Motion of a material body. A material body B is a physical object charac-
terized by certain properties such as density, texture or micro-structure. Mathematically,
a body B is described by a set of continuously-distributed material points P ∈ B. The
configuration S of a material body B at time t is determined by the placement map as

χt :=

{
B → S ∈ R

3 ,

P 7→ x = χt(P ) ∈ S .
(2.1)

where R3 is the Euclidean space, see Figure 2.1. One defines the reference or Lagrangian
configuration as the placement of the body at time t0, i.e. B :=χt0(B), with the reference
coordinates X :=χ0(P ) ∈ B and covariant {Ei}i=1,3 and contravariant {Ei}i=1,3 material
base vectors. The current or Eulerian configuration at time t is defined as S :=χt(B), with
the spatial coordinates x := χt(P ) ∈ S and spatial base vectors {ei}i=1,3 and {ei}i=1,3,
which are related through the orthogonality relation

δij = Ei ·Ej and δij = ei · ej with δij =

{
1 if i = j
0 if i 6= j

(2.2)

with δij being the Kronecker-Delta. Covariant components are denoted with subscript
indices and contravariant components with superscript indices. The relative motion is
then described by a nonlinear deformation map by considering the composition of the
mappings χt and χ0 as

ϕ := χt ◦ χ−1
0 :

{
B × R+ → S ∈ R

3 ,

(X, t) 7→ x = ϕ(X, t) = ϕt(X) ,
(2.3)

χ0 χt

X x

P B

S

R
3

B

ϕt(X)

Figure 2.1: Motion of a material body B in the three-dimensional Euclidian space R3.
Reference configuration B with position X and current configuration S with position x at
time t.
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which maps material positions X ∈B of the reference configuration onto points x∈S of
the current configuration as visualized in Figure 2.1.

2.1.2. Material deformation gradient. A key quantity for the description of finite
deformations is the deformation gradient, defined by the Fréchet derivative

F (X, t) := ∇Xϕt(X) =
∂ϕt(X)

∂X
. (2.4)

It is a linear mapping between tangent vectors T ∈ TXB to material curves and t ∈ Tx S
to spatial curves

F :

{
TXB → Tx S
T 7→ t = FT

(2.5)

where TXB and Tx S are the tangent spaces constructed on the manifolds B and S at
points X and x, respectively, as visualized in Figure 2.2. Next, the relation between the
material and spatial area vectors dA and da, also known as Nanson’s formula, is given as

da = dx1 × dx2 = F dX1 × F dX2 = det[F ]F−T (dX1 × dX2) =: cof[F ]dA , (2.6)

where cof[F ] represents the cofactor of the deformation gradient. With dA = NdA and
da = nda, it is clear, that F−T is a linear mapping between material normal co-vectors
N ∈ T ∗

XB and spatial normal co-vectors n ∈ T ∗
x S

F−T :

{
T ∗
XB → T ∗

x S
N 7→ n = F−TN

(2.7)

in the cotangent spaces T ∗
XB and T ∗

x S as visualized in Figure 2.2. Similar to area el-
ements, we investigate the relation between the material volume element dV and the
spatial counterpart dv as

dv = dx1 · (dx2 × dx3) = F dX1 · (F dX2 × F dX3) = det[F ]dV . (2.8)

The determinant of the deformation gradient can be interpreted as a linear mapping, which
relates infinitesimal reference volume elements dV to their deformed spatial counterparts
dv via the relation

J := det[F ] :

{
R → R
dV 7→ dv = J dV ,

(2.9)

with the constraint J > 0 in order to avoid penetration of the material.

FF

F−TF−T

TXBTXB Tx STx S

T ∗
XBT ∗

XB T ∗
x ST ∗

x S

C g cG

TT
tt

NN
nn

Figure 2.2: Fundamental mappings between tangent and cotangent spaces illustrating the
’push-forward’ and ’pull-back’ of the covariant reference metric G and spatial metric g.
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x ∈ S

cut

out

x

da

h

n

PS

t

Figure 2.3: Euler’s cut principle. Eulerian part PS cut out of the whole body S. At a
point x ∈ ∂PS , the mechanical and thermal actions of the remaining part of S are replaced
by the mechanical traction vector t = σn and the heat flux h = q · n.

2.1.3. Metric tensors and strain measures. The Lagrangian and Eulerian metric
tensors G and g are introduced as

G = δABE
A ⊗EB and g = δabe

a ⊗ eb . (2.10)

The metric tensors are mapping between the tangent and cotangent spaces as

G :=

{
TXB → T ∗

XB ,

T 7→ N = GT ,
g :=

{
Tx S → T ∗

x S ,

t 7→ n = gt .
(2.11)

In index notation, we have NA = δAB T
B and na = δab t

b. Capital letter indices are
used for Lagrangian objects and small indices for Eulerian ones. The mappings between
tangent and cotangent spaces defined on Lagrangian and Eulerian manifolds are depicted
in Figure 2.2. We use these geometric quantities to measure the length of vectors with
respect to the reference and the current configuration

|T |G =
√

T · (GT ) =
√

F−1t · (GF−1t) =
√

t · (ct) = |t|c ,
|t|g =

√
t · (gt) =

√
FT · (gFT ) =

√
T · (CT ) = |T |C .

(2.12)

Based on these definitions, we introduce the symmetric and positive definite right and
left Cauchy-Green tensors C and c respectively

C = ϕ∗(g) = F TgF and c = ϕ∗(G) = F−TGF−1 , (2.13)

where ϕ∗(g) is a pull-back operation of the Eulerian metric g and ϕ∗(G) a push-forward
operation of the Lagrangian metric G. A geometrical interpretation is given in Figure 2.2.
As a strain measure in the material and spatial configuration, we introduce the Green-
Lagrange and the Euler-Almansi strain tensors as

E = 1
2
(C −G) and e = 1

2
(g − c) . (2.14)

2.2. Definition of stress tensors and heat flux

We consider physical statements in terms of basic phenomenological variables. The
introduction of these variables bases on Euler’s cut principle. An arbitrary sub domain
PS is cut out of the body S. The basic idea is to replace the action of the rest body by
contact stresses t and heat fluxes h as illustrated in Figure 2.3.
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2.2.1. Stress tensors. The contact force t is assumed to be a function of the normal
vector n of the cut surface and its spatial position x at time t. Based on Cauchy’s
theorem, we have the form

t(x, t,n) := σ(x, t) n or ta := σab nb . (2.15)

Here σ is the true or Cauchy stress tensor, that maps a normal n ∈ T ∗
x S on to a vector

t ∈ Tx S
σ :

{
T ∗
x S → Tx S

n 7→ t = σn .
(2.16)

where t is denoted as the traction vector, which is dual to the current metric tensor g. A
geometrical interpretation is given in Figure 2.4. The Cauchy stress is the canonical stress
tensor with basic physical meaning, but not the convenient one for modeling. Besides the
Cauchy stress tensor, the so-called Kirchhoff stress tensor is defined as τ := Jσ which
is obtained from σ by simply multiplying it with the Jacobian J . In many cases, it
is important to relate all quantities to the reference configuration. To this end, we will
introduce further stress tensors. Based on Nanson’s formula (2.6), the first Piola-Kirchhoff
stress tensor P is defined as

P := cof[F ] σ = τF−T or P aB = τab(F−1)Bb . (2.17)

It is a two field tensor with one basis referred to the current configuration and the other
one to the reference configuration. Hence P is a non-symmetric, mixed tensor that is
dual to the material deformation gradient F . It is common to work with a symmetric
stress tensor in the Lagrangian setting. For this purpose, we introduce the second Piola-
Kirchhoff stress tensor S dual to the right Cauchy Green tensor C

S = F−1P = F−1τF−T or SAB = (F−1)Aa P aB = (F−1)Aa τab (F−1)Bb (2.18)

which is a contravariant second order symmetric tensor and has the mapping properties

S :=

{
T ∗
XB → TXB ,

N 7→ T = SN .
(2.19)

Note that S doesn’t have a straight forward physical interpretation, hence it is a pure
mathematical quantity, however commonly used in constitutive theory. In terms of dual

F

F−T

TXB Tx S

T ∗
XB T ∗

x S

S τ =Jσ
P

T
t

N n

Figure 2.4: Geometrical illustration of the mapping properties of mechanical stress tensors.
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objects, we define the stress power per unit volume

P := P : Ḟ︸ ︷︷ ︸
mixed

= S : 1
2
Ċ︸ ︷︷ ︸

Lagrangian

= τ : 1
2
£vg︸ ︷︷ ︸

Eulerian

(2.20)

in terms of the time derivative of the material deformation gradient F

Ḟ =
d

dt

[
∂ϕ(X, t)

∂X

]
= lF with l :=

∂

∂x

[
dϕ(X, t)

dt

]
= ∇xv(x, t) (2.21)

being the spatial velocity gradient l. Furthermore we introduce in the Eulerian setting
the so-called Lie derivative of the spatial metric g which is defined in three steps

£vg = ϕ∗

[
d
dt
{ϕ∗(g)}

]
= F−T ĊF−1 = gl + lTg = 2d . (2.22)

First, a pull-back operation of the tensor g to its material counterpart C is performed.
Then, the material time derivative of the Lagrangian object C is performed and finally
the resultant quantity Ċ is pushed-forward to the spatial configuration. Application of
the Lie derivative to the current metric g gives the spatial rate of deformation tensor d,
which is the symmetric part of the spatial velocity gradient l.

2.2.2. Heat flux. In thermodynamics, the Stokes heat flux theorem is the counterpart
of Cauchy’s stress theorem (2.15). Figure 2.3 demonstrates the heat flux h on the part
PS , which takes the form

h(x, t,n) := q(x, t) · n or h = qana (2.23)

where q is the Cauchy heat flux vector. Next we introduce the nominal heat flux vector
Q which is the Lagrangian counterpart of q defined as

Q = JF−1q or QA = J(F−1)Aa qa (2.24)

2.3. Physical balance principles

The aim of this section is to discuss the global balance principles of continuum ther-
modynamics and to deduce their local forms. A detailed derivation of these principles can
be found in e.g. Holzapfel [69], Truesdell & Noll [146] and Marsden & Hughes

[84].

2.3.1. Global equations. The general equations which drive the coupled thermo-
mechanical problem are formulated as balances for a part PS ⊂ S of the deformed con-
figuration. The conservation of mass reads

∫

PS

ρ dv =

∫

PB

ρ0 dV , (2.25)

where ρ(x, t) and ρ0(X) are the mass density fields of the current and the reference
configuration, respectively. The balance linear momentum is

d

dt

∫

PS

ρv dv =

∫

∂PS

t da+

∫

PS

γ̄ dv , (2.26)
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and the balance of angular momentum states

d

dt

∫

PS

x× ρv dv =

∫

∂PS

x× t da+

∫

PS

x× γ̄ dv , (2.27)

where v(x, t) := ϕ̇ ◦ ϕ−1 is the spatial velocity field. γ̄(x, t) is a given body force field
per unit volume. Finally, the balance of total energy of the part PS ⊂ S takes the form

d

dt

∫

PS

[E + 1
2
ρ|v|2] dv =

∫

∂PS

[t · v − h] da+

∫

PS

[γ̄ · v + r] dv (2.28)

where E is the stored internal energy per unit volume of the body and r a given heat
source.

2.3.2. Local equations. Pulling back these integrals to the reference configuration
by using the volume map dv = det[F ]dV , inserting the definitions (2.15)–(2.24) for the
traction t and the heat out-flux h, using the Gauss theorem and the standard localization
argument, we end up with the four balance equations

1. conservation of mass ρ0 = ρJ

2. Balance of linear momentum ρ0ϕ̈ = Div[P ] + γ̄

3. Balance of angular momentum skew[PF T ] = 0

4. Balance of internal energy Ė = P : Ḟ − Div[Q] + r

(2.29)

constructed on the reference configuration B. Recall in this context the Piola transfor-
mations Div[Q] = J div[h/J ] and Div[P ] = J div[τ/J ], which allow to express the above
material divergence terms as spatial divergence terms of the Kirchhoff–type heat flux
h := Jh and the Kirchhoff stress tensor τ := Jσ. Furthermore, note that the third
equation simply states the symmetry of the Cauchy stress tensor σ.

2.4. Coupled thermo-mechanical modeling

Inspired by the recent works Miehe [96, 97] on variational principles of gradient–
extended standard dissipative solids, we extend the therein presented nonlocal theory to
thermo-inelastic material behaviour that accounts for micro-structural length scales. To
this end, we focus on a multi-scale viewpoint, which relates the dissipative effects to micro-
structural mechanisms. In the phenomenological context, we account for these micro-
structural mechanisms by micro–motion fields as indicated in Figure 2.5, which generalize
the classical notion of internal variables governed by ordinary differential equations to
global fields driven by additional micro–force partial differential equations. This induces
a multi–field treatment of continua with micro-structure in the spirit of the works Capriz

[34], Mariano [82] and Frémond [54].

2.4.1. Primary fields with micro-structure changes. In the large-strain context,
we describe the macroscopic motion of the body by the macro–motion field ϕ defined in
(2.3) and the absolute temperature field θ > 0. Note that the Eulerian heat flux vector q
is given by Fourier’s law which states that heat exchanges always from hotter to colder
regions, i.e.

q := −K∇xθ (2.30)
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Figure 2.5: Basic fields defined as mappings. a) The dissipative finite deformation process
of a solid is governed by the macro–motion ϕ : B×T 7→ S that determines displaced points
x = ϕ(X .t) on the current configuration S and the micro–motion q : B × T 7→ M that
determines local microctructural states m = q(X.t) on an abstract manifold M.

where ∇xθ is the spatial gradient of the temperature and K is the thermal conductivity
which must be positive (K > 0) in order to achieve thermodynamical consistency. For
inelastic materials, micro-structural changes of the body are described by additional fields
which are not directly observable. These fields are related to the standard concept of
internal variables, which describe dissipative mechanisms of the material. However, in
contrast to standard treatments, parts of these fields are driven by additional balance
equations. We assemble these variables in the micro-motion field of the solid

q :

{
B × T → M
(X, t) 7→ m = q(X, t)

(2.31)

which maps at time t ∈ T points X ∈ B of the reference configuration B onto a local
micro-structural state m ∈ M on the manifold M := qt(B) ⊂ Rδ as visualized in Figure
2.5. They constitute in a homogenized sense the micro–motion of the material due to
structural changes on lower scales. We associate with q order parameters with tonsorial
and geometric character, such as damage variables, phase fractions, inelastic strains or
hardening-softening variables. The micro–motion fields assembled in q are long–range
variables ql when governed by PDEs with given length scale parameters. However, parts
of them may degenerate to short–range variables or standard internal variables qs, if
the gradient terms in the constitutive energy and dissipation functions are dropped for
modeling rapid spatial changes at the microscale. As a consequence, these variables evolve
by local ODEs. In what follows, we decompose

q = { qs,ql } . (2.32)

2.4.2. The boundary conditions for the coupled problem. The surface ∂B of
the reference configuration is decomposed according to the three primary fields for the
deformation, the (long-range) generalized internal variables and the temperature

∂B = ∂Bϕ ∪ ∂Bt , ∂B = ∂Bq ∪ ∂Bh , ∂B = ∂Bθ ∪ ∂Bh , (2.33)

respectively, with ∂Bϕ∩∂Bt = ∅, ∂Bq∩∂Bh = ∅ and ∂Bθ ∩∂Bh = ∅. We derive Dirichlet–
and Neumann–type boundary conditions related to the deformation problem

ϕ = ϕ̄(X, t) on ∂Bϕ and PN = T̄ (X, t) on ∂Bt (2.34)
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Q·N=H̄P ·N= T̄ ∂∇qψ̂ ·N=0

N NX ∈ B X ∈ B X ∈ B

ϕt

ϕ= ϕ̄

θt

θ= θ̄q=0

qt

deformation field temperature fieldinternal variables

Figure 2.6: Primary fields of the coupled thermo-mechanical model. The deformation field
ϕ, internal variables q, temperature field θ are defined on the solid domain B. The bound-
ary ∂B of the solid is decomposed for Dirichlet- and Neumann-type boundary conditions
associated with the mechanical and thermal problem.

and the microstructural changes related to length scales, i.e. for the long-range variables
in (2.32)

q = 0 on ∂Bq and ∂∇qψ̂ ·N = 0 on ∂Bh (2.35)

and for the thermal problem

θ = θ̄ on ∂Bθ and Q ·N = H̄ on ∂Bh , (2.36)

with prescribed deformation field ϕ̄, traction T̄ , temperature field θ̄ and heat flux H̄ .

2.4.3. Objective free energy function. The energetic response function is assumed
to depend on the primary fields introduced above and their first gradients

ψ = ψ̂(ϕ,∇ϕ,q,∇q, θ) . (2.37)

A graphical interpretation of the generalized primary fields is given in Figure 2.6. De-
manding invariance of ψ̂ with respect to rigid body motion superimposed on the current
configuration ϕ+ = Q(t)ϕ + c(t) for all translations c(t) and rotations Q(t) ∈ SO(3),
where SO(3) := {Q|QTQ = 1 ∧ det[Q] = 1}, we obtain the reduced form

ψ = ψ̂(F ,q,∇q, θ) = ψ̄(C,q,∇q, θ) (2.38)

in terms of the right Cauchy–Green tensor C introduced in (2.13).

2.4.4. Dissipation postulate. The formulation of the constitutive equations must
be consistent with the second axiom of thermodynamics. This is expressed by the global
dissipation postulate

d

dt

∫

PS

η dv ≥ −
∫

∂PS

h

θ
da+

∫

PS

r

θ
dv (2.39)

where η(x, t) is the entropy per unit volume of the current configuration and θ(x, t) the
absolute temperature. Pulling back these integrals to the reference configuration by using
the volume map dv = det[F ]dV , inserting the definitions (2.23)–(2.24) for the heat out-
flux h, using Gauss theorem, the standard localization argument and inserting the balance
equations (2.29) gives the local dissipation postulate

D := P : Ḟ − ηθ̇ − ψ̇ − 1

θ
Q · ∇Xθ ≥ 0 , (2.40)
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known as the Clausius–Duhem inequality (CDI). Here, we eliminated the internal energy
based on the Legendre transformation

E = ψ + θη , (2.41)

where ψ is the free Helmholtz energy (2.38). CDI can be splitted up into a part due to
local actions and a part due to heat conduction

Dloc := P : Ḟ − ηθ̇ − ψ̇ ≥ 0 and Dcon := −1

θ
Q · ∇Xθ ≥ 0 . (2.42)

Inserting (2.38) into (2.42)1 and application of Coleman’s exploitation method gives the
two constitutive equations for the first Piola-Kirchhoff stress and the entropy per unit
volume respectively as

P = ∂F ψ̂ and η = −∂θψ̂ (2.43)

Next we postulate the reduced Clausius Planck inequality

Dint
loc = −∂qψ̂ · q̇− ∂∇qψ̂ · ∇q̇ ≥ 0 , (2.44)

which is assumed to be positive. Integrating the dissipation over the volume of the body

∫

B

Dint
loc dV :=

∫

B

{ −[ ∂qψ̂ −Div[∂∇qψ̂] ] · q̇ } dV −
∫

∂Bh
[∂∇qψ̂ · n] · q̇ dA (2.45)

when inserting the micro–clamped boundary conditions q̇ = 0 on ∂Bq. In order to pre-
scribe the evolution of the internal mechanisms, such as plastic deformation and hardening
effects, we define a dissipation potential that depends on the rate q̇ of the generalized
internal variables

φloc = φ̂loc(q̇;q, θ) (2.46)

at a given state {q, θ} of these variables. Assuming partial differential equations for the
evolution of the (long-range) generalized internal variables and Neumann–type boundary
conditions of the form

−[ ∂qψ̂ −Div[∂∇qψ̂] ] = ∂q̇φ̂loc in B and ∂∇qψ̂ ·N = 0 on ∂Bh , (2.47)

as suggested in Miehe [96], we may recast (2.45) into

∫

B

Dint
loc dV :=

∫

B

{ ∂q̇φ̂loc · q̇ } dV , (2.48)

in terms of the constitutive dissipation potential φ̂loc. From (2.48), we conclude for the
dissipation due to internal microstructural mechanisms

Dint
loc = ∂q̇φ̂loc · q̇ ≥ 0 . (2.49)

This inequality serves as a fundamental physically–based constraint on the constitutive
dissipation function φ̂loc. It is a priory satisfied for a normalized, positive dissipation
function φ̂loc that is convex. Regarding the evolution equation for the temperature field
θ, the essential balance equation is the balance of internal energy (2.29)4. After inserting
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the constitutive equations (2.43) and using the Legendre transformation (2.41), we end
up with the evolution equation for the temperature

c θ̇ = −Div[Q] + [ r + L+Dloc ] , (2.50)

with the heat capacity c and the latent heat L defined as

c := −θ∂2θθψ̂ and L := θ∂2F θψ̂ : Ḟ + θ∂2qθψ̂ · q̇+ θ∂2∇qθψ̂ · ∇q̇ . (2.51)

A detailed derivation of thermal balance equations (2.50) will be given in Chapter 4 at
small strains.

2.5. Constitutive model in the logarithmic strain space

To simplify the model equations explained above at finite strains, we construct the
constitutive model in the logarithmic strain space as outlined in Miehe, Apel & Lam-

brecht [99]. This results into a formulation similar to the small strain setting.

2.5.1. Strain measure. First, we define the logarithmic strain tensor ε as a key
point in the setting up of a framework for finite inelastic material response. This strain
measure is assumed to be a function of the right Cauchy Green tensor (2.13), i.e.

ε = 1
2
ln[C] (2.52)

which enters as a variable the constitutive function that describes the macroscopic energy
storage. Note that this strain tensor is the symmetric part of the displacement gradient
vector u in the small strain context defined as ε := sym[∇u] = 1

2
[∇u+∇Tu].

2.5.2. Definition of transformation tensors. The logarithmic strain measure ε

is a function of the right Cauchy Green tensor C = F TgF which is a function of the
deformation gradient F and the Eulerian metric g defined in (2.10). The sensitivity of
the strain measure with respect to a change of deformation reads

ε̇ = Plog : Ċ with Plog := ∂Cε (2.53)

being the fourth-order nominal transformation tensor Plog. The sensitivity of this projec-
tion tensor with respect to a change of the deformation reads

Ṗlog = Llog : Ċ with Llog := ∂2CCε , (2.54)

where Llog is the sixth-order nominal transformation tensor. Efficient algorithmic repre-
sentations of these fourth- and sixth-order tensors were given in Miehe & Lambrecht

[98] in spectral form. Note that, these logarithmic projection tensors are important for
the subsequent treatments in Chapter 5 and Chapter 6.
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3. Computational Gradient Plasticity at Small Strain

The modeling of size effects in elastic-plastic solids, such as the width of shear bands
or the grain size dependence in polycrystals, must be based on non-standard theories
which incorporate length-scales. This can be achieved by models of strain gradient plas-
ticity, incorporating spatial gradients of selected micro-structural fields, which describe
the evolving dissipative mechanisms. The key aspect of this chapter is to outline a theoret-
ical and computational framework of gradient plasticity based on a rigorous exploitation
of mixed variational principles, see Miehe et al. [104]. The numerical implementation
exploits the underlying variational structure, yielding a canonical symmetric structure of
the monolithic problem. It results in a novel finite element design of the coupled problem
including a long-range hardening/softening parameter and its dual driving force. This
allows a straightforward local definition of plastic loading-unloading driven by the long-
range fields, providing very robust finite element implementations of gradient plasticity.
This includes a rational method for the definition of elastic-plastic-boundaries (EPBs)
in gradient plasticity along with a postprocessor that defines the plastic variables in the
elastic range. We discuss in this chapter also alternative mixed finite element designs of
the coupled problem, including a local-global solution strategy of short- and long-range
fields. This includes several new aspects, such as extended Q1P0-type and MINI-type
finite elements for gradient plasticity. Numerical examples that underline the excellent
performance of the proposed mixed finite element design are demonstrated at the end of
this chapter.

3.1. Rate-type variational principles for gradient plasticity

3.1.1. Primary variables and energetic response function. Let B ∈ Rd with
d = 2, 3 be a solid domain with material points x ∈ B. We study elastic-plastic defor-
mations at time t ∈ R+, described by the displacement field u(x, t). Its gradient defines
the symmetric strain tensor ∇su := sym[∇u]. In view of the modeling of decoupled
volumetric elastic and isochoric elastic-plastic response, we consider its decomposition

∇su = 1
3
e1 + ε̄ (3.1)

into volumetric and isochoric parts with the definitions

e := tr[∇su] and ε̄ := dev[∇su] . (3.2)

In what follows, a superimposed bar (̄·) indicates quantities related to the isochoric part
of the deformation. Let furthermore εp(x, t) be the symmetric plastic strain tensor. It
starts to evolve from the initial condition εp(x, 0 ) = 0 . We develop a framework of
isotropic gradient plasticity at small strains. To this end, a scalar isotropic hardening
variable α(x, t) is introduced, that defines an accumulated equivalent plastic strain in the
small strain space by the evolution equation

α̇ =

√
2

3
||ε̇p|| with α̇ ≥ 0 . (3.3)

It starts to evolve from the initial condition α(x, t0) = 0 . In the subsequent treatment,
we introduce the plastic length scale lp that accounts for size effects to overcome the
non-physical mesh sensitivity of the localized plastic deformation in softening materials.
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To this end, we focus on a first order setting of gradient plasticity where the gradient
∇α(x, t) enters the constitutive functions, see for example De Borst & Mühlhaus

[39], Liebe & Steinmann [79], Engelen, Geers & Baaijens [45] and Miehe et al.

[104]. Hence, the subsequent model problem of gradient plasticity is described by the
three

Primary Fields: { u, εp, α } , (3.4)

which define the objective

Constitutive State: c := { e, c̄ } with c̄ := { ε̄, εp, α,∇α } . (3.5)

Its isochoric part contains besides the total strain deviator ε̄ the plastic strain εp, the
hardening/softening variable α and its gradient ∇α. The constitutive energy storage
function ψ describes the energy stored in the bulk of the solid per unit volume. A fully
isotropic constitutive assumption has the form

ψ(c) =
κ

2
e2 + ψ̄(c̄) with ψ̄(c̄) = µ|ε̄− εp|2 + h

2
α2 +

µl2p
2
|∇α|2 . (3.6)

κ and µ are the elastic bulk and shear moduli, respectively, h is an isotropic hardening
modulus and lp is an energetic length scale. The rate of the stored energy at fixed primary
variables {u, εp, α} is per definition the time derivative of the energy function (3.6)

d

dt
ψ(c) = pė + σ̄ : ( ˙̄ε− ε̇p) + fα̇ + f · ∇α̇ , (3.7)

which is considered to be a functional of the rates {u̇, ε̇p, α̇}. Here, we introduced per
definition the volumetric and deviatoric stresses

p = κe and σ̄ := 2µ(ε̄− εp) , (3.8)

as well as the energetic driving forces

f := hα and f := µl2p ∇α . (3.9)

3.1.2. Secondary variables and dissipative response function. For the subse-
quent modeling of isochoric plasticity, we introduce dissipative force fields on the solid
domain B dual to the isochoric constitutive state c̄ introduced in (3.5)

Driving Forces: b̄ := { 0, s̄,−f, 0 } , (3.10)

where s̄ is dual to εp and f dual α. For a simple model of von Mises-type gradient
plasticity, we focus on the yield function

χ(b̄) := |s̄| −
√

2
3
[ y0 + f ] , (3.11)

where y0 is the initial yield stress. With this function at hand, we define a dual dissipation
function for gradient-type viscoplasticity

φ∗(b̄) =
1

2ηp
〈 |s̄| −

√
2
3
[ y0 + f ] 〉2 , (3.12)

where ηp is the viscosity of the plastic over-stress response. Here, 〈x〉 := (x+ |x|)/2 is the
Macaulay bracket.
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3.1.3. A mixed variational principle for the evolution problem. Following
conceptually the recent works Miehe et al. [102, 96, 110], a mixed rate-type variational
principle that contains the dissipative driving force is based on the potential

Π∗(u̇, α̇, ε̇p, s̄, f) =

∫

B

[ pė+ π̄∗( ˙̄c, b̄; c̄) ] dV − Pext(u̇; t) (3.13)

in terms of the mixed isochoric rate potential per unit volume

π̄∗( ˙̄c, b̄) =
d

dt
ψ̄(c̄) + b̄ · ˙̄c− φ∗(b̄) (3.14)

that contains the evolution of the energy storage function, the dissipation and the dual
dissipation function. Note that the potential π∗ is linear with respect to the rate ˙̄c of
the constitutive state and concave with respect to the dissipative driving forces b̄. The
latter property is fully determined by the dual dissipation potential function φ∗, whose
convexity is implied by the second axiom of thermodynamics. The only nonlinear entry
in the potential Π∗ occurs through the dual dissipation function φ∗. The evolution of the
macro- and micro-motion fields as well as the driving forces at a given state is determined
by the mixed variational principle

{u̇, α̇, ε̇p, s̄, f} = Arg{ inf
u̇

inf
α̇

inf
ε̇p

sup
s̄

sup
f

Π∗(u̇, α̇, ε̇p, s̄, f) } , (3.15)

which defines at the given state {u, α, εp} at time t the rates of the macro- and micro-
motion fields along with the dissipative driving forces. The specification of the continuous
rate potential introduced in (3.14) for the mixed plasticity model under consideration
reads

π̄∗( ˙̄c, b̄) = σ̄ : ( ˙̄ε− ε̇p) + fα̇+ f · ∇α̇ + s̄ : ε̇p − fα̇− φ∗(s̄, f) , (3.16)

where σ̄, f and f are defined in (3.8) and (3.9).

3.1.4. Euler equations of the mixed variational principle. Setting π∗ = pė+ π̄∗

and taking the variation of the potential (3.13), we find as the Euler equations of the mixed
variational principle

1. δu̇π
∗ ≡ −Div [ p1 + σ̄ ] = γ ,

2. δα̇π
∗ ≡ f − Div [ f ]− f = 0 ,

3. δfπ
∗ ≡ −α̇ + λ

√
2/3 = 0 ,

4. δε̇pπ
∗ ≡ −σ̄ + s̄ = 0 ,

5. δs̄π
∗ ≡ ε̇p − λn̄ = 0 ,

(3.17)

along with the Neumann-type boundary conditions

[ p1 + σ̄ ] · n = t̄ on ∂Bσ and f · n = 0 on ∂B
h

(3.18)

associated with the macro-motion u and the micro-motion α. In (3.17), we introduced
per definition the amount and the direction of plastic flow

λ :=
1

ηp
〈 |s̄| −

√
2
3
[y0 + f ] 〉 and n̄ := s̄/|s̄| . (3.19)

This summarizes the formulation of the model of gradient plasticity at small strains.
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3.2. Time-discrete incremental variational principle

We consider a finite time increment [tn, tn+1], where τn+1 := tn+1 − tn > 0 denotes the
step length. All fields at time tn are assumed to be known. The goal then is to determine
the fields at time tn+1 based on variational principles valid for the time increment under
consideration. Subsequently, all variables without subscript are evaluated at time tn+1.
In particular,

c̄ := {ε̄, εp, α,∇α} and c̄n := {ε̄n, εpn, αn,∇αn} (3.20)

denote the isochoric constitutive states (3.5) at time tn+1 and time tn, respectively. Fur-
thermore,

b̄ := { 0, s̄,−f, 0 } (3.21)

now denote the array of active dissipative driving forces (3.10) at the current time tn+1.
A mixed incremental variational principle of gradient plasticity associated with the finite
time increment [tn, tn+1] is based on the mixed potential

Π∗τ (u, α, εp, s̄, f) =

∫

B

[
κ

2
e2 + π̄∗τ (ε̄, εp, α,∇α, s̄, f) ] dV − P τ

ext(u) (3.22)

in terms of the isochoric mixed incremental potential per unit volume π̄∗τ , defined by an
algorithmic approximation

π̄∗τ (c̄, b̄) = Algo{
∫ tn+1

tn

π̄∗( ˙̄c, b̄)dt } (3.23)

in terms of the the continuous rate-type potential π∗ introduced in (3.14). We refer
to Miehe [96, 110] for a broader theoretical motivation. The algorithm Algo approxi-
mates the time integration of the continuous rate-potential π∗ in the discrete time interval
[tn, tn+1]. As a consequence, the incremental potential π∗τ is considered to be a function
of the current variable c and b̄ at time tn+1 at given state cn at time tn. The macro-
and micro-motion fields as well as the driving forces at the discrete time tn+1 are then
determined by the mixed incremental variational principle

{u, α, εp, s̄, f} = Arg{ inf
u

inf
α

inf
εp

sup
s̄

sup
f

Π∗τ (u, α, εp, s̄, f) } . (3.24)

The algorithm Algo is constructed such that the variation of the potential (3.22) for ad-
missible variations δu ∈ W0

u = {δu | δu = 0 on ∂Bu}, δα ∈ W0
α = {δα | δα = 0 on ∂Bα},

δεp ∈ L2, δs̄ ∈ L2 and δf ∈ L2 yields as the Euler equations consistent algorithmic
counterparts of the Euler equations (3.17) of the continuous rate-type variational prin-
ciple (3.15). For the model of gradient plasticity considered here, this is achieved by a
straightforward application of a backward Euler scheme, yielding the closed form of the
incremental potential

π̄∗τ (c̄, b̄) = ψ̄(ε̄, εp, α,∇α) + s̄ : (εp − εpn)− f : (α− αn)− τφ∗(s̄, f) (3.25)

in terms of the free energy function ψ and the dual dissipation function φ∗ defined in (3.6)
and (3.12), respectively. Here, we dropped constant terms, which do not influence the
subsequent formulation.
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3.2.1. Euler equations of the mixed incremental variational principle. Set-
ting π∗τ = κe2/2 + π̄∗τ and taking the variation of the incremental potential (3.22), we
find as the Euler equations of the mixed variational principle

1. δuπ
∗τ ≡ −Div [ p1 + σ̄ ] = γ ,

2. δαπ
∗τ ≡ f − Div [ f ]− f = 0 ,

3. δfπ
∗τ ≡ −α + αn + γ

√
2/3 = 0 ,

4. δεpπ
∗τ ≡ −σ̄ + s̄ = 0 ,

5. δs̄π
∗τ ≡ εp − εpn − γn̄ = 0 ,

(3.26)

along with the Neumann-type boundary conditions

[ p1 + σ̄ ] · n = t̄ on ∂Bσ and f · n = 0 on ∂B
h

(3.27)

at the current time tn+1. In (3.26), we introduced per definition the amount and the
direction of the incremental plastic flow

γ :=
τ

ηp
〈 |s̄| −

√
2
3
[y0 + f ] 〉 and n̄ := s̄/|s̄| . (3.28)

Note that these equations are consistent time-discrete algorithmic counterparts of the
Euler equations (3.17)-(3.19) of the continuous rate-type variational principle.

3.2.2. A reduced three-field global solution strategy. The solution of this sta-
tionary principle is obtained within two steps, which correspond to typical algorithmic
procedures in computational inelasticity with a local constitutive response.

Condensation of local variables. In a first solution step, Π∗τ in (3.22) is optimized
for given macro-motion u, long-range micro-motion α and driving forces f with respect
to the current short-range micro-motion εp and its dual driving force s̄. Due to the local
nature of this optimization problem, we may write

(L) : {εp, s̄} = Arg{ inf
εp

sup
s̄

Π∗τ (u, εp, α, s̄, f) } . (3.29)

This variational principle defines locally an isochoric condensed incremental work potential

π̄∗τ
red(r̄) = inf

εp
sup
s̄

π̄∗τ (ε̄, εp, α,∇α, s̄, f) (3.30)

as a function of the reduced set of constitutive variables

r̄ := { ε̄, α,∇α, f } . (3.31)

The Euler equations of (3.29) are identical with the equations (3.26)4,5 and define the
updates of the short-range variable εp including their dual driving forces s̄. They can be
recast into the form

1. δεpπ̄
∗τ ≡ −s̄trial + 2µγn̄trial + s̄ = 0 ,

2. δs̄π̄
∗τ ≡ εp − εpn − γn̄trial = 0

(3.32)

in terms of the deviatoric trial stress and flow direction

s̄trial := 2µ(ε̄− εpn) and n̄trial := s̄trial/|s̄trial| . (3.33)
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Setting |s̄| = |s̄trial| − 2µγ, we write the yield function in terms of the incremental plastic
slip

χ = |s̄trial| − 2µγ −
√

2
3
[y0 + f ] . (3.34)

Assuming χ > 0, we compute from (3.28) a trial value of the incremental plastic flow

γtrial :=
1

2µ+ ηp/τ
( |s̄trial| −

√
2
3
(y0 + f) ) (3.35)

and define the incremental plastic parameter by

γ =

{
γtrial for χ > 0
0 otherwise .

(3.36)

Hence, the two equations (3.32) determine εp and s̄ by a non-standard radial return step,
driven by the total deviatoric strains ε̄ and the driving force f. Note that this algorithmic
treatment allows to include the rate-independent limit ηp = 0.

Reduced global problem. With the condensed incremental work potential π∗τ
red

defined in (3.30) at hand, we define the reduced potential function

Π∗τ
red(u, α, f) =

∫

B

[
κ

2
e2 + π̄∗τ

red(ε̄, α,∇α, f) ] dV − P τ
ext(u) . (3.37)

Then, a second solution step, governed by the mixed saddle point principle

(G) : {u, α, f} = Arg{ inf
u
inf
α
sup
f

Π∗τ
red(u, α, f) } , (3.38)

determines for given state {εpn, αn} at time tn and updated short-range variables {εp, s̄}
at time tn+1 obtained from step (L) in (3.29) the long-range fields {u, α} and the driving
forces f at time tn+1. The Euler-equations of (3.38) are identical with the equations
(3.26)1,2,3

1. δuπ
∗τ ≡ −Div [ p1 + σ̄ ] = γ ,

2. δαπ
∗τ ≡ f −Div [ f ]− f = 0 ,

3. δfπ
∗τ ≡ −α + αn + γ

√
2/3 = 0 .

(3.39)

Weak form of reduced equations. The variation of the functional (3.37) gives the
necessary condition

δΠ∗τ
red =

∫

B

[ κeδe+ S̄ · δr̄ ] dV − P τ
ext(δu) = 0 , (3.40)

with the definition of a generalized deviatoric stress array

S̄ := ∂r̄π
∗τ
red =




2µ(ε̄− εpn)
hα− f

µl2e∇α
−α + αn


+ s




−2µγn̄trial

0
0

γ
√
2/3


 (3.41)

in terms of the local plastic loading flag

s :=

{
1 for χ > 0 ,
0 otherwise .

(3.42)
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Figure 3.1: Shear Test for Hardening and Softening Plasticity. a) A horizontal infinitely
expanded shear field of vertical height 2L is deformed by the prescribed displacement 2ū,
producing the constant stress τ . b) Deformed field for hardening plasticity, where the full
specimen is plastically active. The width of the inhomogeneous boundary deformation layer
is governed by the length scale lp. c) Deformed field for softening plasticity, triggered by
an initial perturbation at x = 0, where only the grey shaded zone is plastically active while
the remaining part deforms elastic. The width 2x0 of the plastic zone is proportional to the
length scale lp. We denote x = ±x0 as the elastic–plastic–boundary (EPB). The numerical
realization of such sharp elastic-plastic boundaries is a key problem in gradient plasticity.

The linearization reads for dead external loads

∆δΠ∗τ
red =

∫

B

[ δeκ∆e + δr̄ · C̄ ·∆r̄ ] dV (3.43)

in terms of the tangent moduli array

C̄ := ∂2r̄ r̄π
∗τ
red =




2µP · · ·
· h · −1
· · µl2e1 ·
· −1 · ·


 + s




− Ep · · ep

· · · ·
· · · ·

epT · · −ep


 (3.44)

with the definitions

Ep :=
4µ2

2µ+ ηp/τ
n̄trial ⊗ n̄trial +

4µ2γ

||sp trial|| [P− n̄trial ⊗ n̄trial] ,

ep :=
2µ

√
2/3

2µ+ ηp/τ
n̄trial and ep :=

2/3

2µ+ ηp/τ
.

3.3. Analytical solutions and basic ideas of mixed FE design

We outline in this Section two characteristic analytical solutions for hardening and
softening plasticity. They are used as benchmark problems to demonstrate basic difficul-
ties in the finite element discretization of gradient plasticity and to motivate our ideas to
their solution.

3.3.1. Deformation-controlled plane shear test for gradient plasticity. We
develop two fundamental benchmarks for hardening and softening plasticity. They are
used to demonstrate the basic difficulties in the numerical approximation of the mixed
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Figure 3.2: Analytical Solutions for Hardening Plasticity. a) Equivalent plastic strain for
micro-clamped conditions α(x = L) = α(x = −L) = 0. The width of the inhomogeneous
boundary deformation layer is governed by the length scale l := lp

√
µ/H. b) The driving

force f =
√
3 τ − y0 ≥ 0 is constant in the full domain.

variational problem of gradient plasticity. Consider a shear test depicted in Figure 3.1a,
where an infinitely expanded strip of height 2L is sheared by a prescribed horizontal
top displacement 2ū. The deformation problem is one-dimensional and symmetric with
respect to the chosen origin of the x-coordinate-system. Figures 3.1b and 3.1c show
in a qualitative format the deformation modes for hardening and softening plasticity,
respectively. For the hardening case depicted in Figure 3.1b, the full strip is plastified
and an inhomogeneous zone related to the length scale lp develops at both ends, when
micro-clamped boundary conditions α(L) = α(−L) = 0 are applied. For the softening
case depicted in Figure 3.1c, an inhomogeneous plastic zone of width 2x0 related to the
length scale lp develops as a consequence of an initial imperfection of the yield strength y0
in the center x = 0 of the strip.

The subsequent theoretical solutions for these two problems are achieved by following
conceptually ideas outlined in De Borst & Mühlhaus [39]. Focusing on the evolution
of plastic flow, the consistency condition based on the yield function (3.11) yields for a
shear test of rate-independent plasticity

√
3 τ − [ y0 + f ] = 0 with f = hα− µl2pα

′′ . (3.45)

For given shear stress τ , this is considered as a spatial differential equation for the field
α(x) in the domain x ∈ [0, L] of the bar. Here, we exploit a priori the symmetry property
α(−x) = α(x). We consider

h =

{
+H > 0 : hardening plasticity ,
−S < 0 : softening plasticity .

(3.46)

In what follows, we consider closed-form solutions for both parameters in those ranges.

3.3.2. Theoretical solution for micro-clamped hardening plasticity. Defining
the effective length scale for hardening l := lp

√
µ/H, we get from (3.45) the differential

equation for hardening plasticity

α− l2α′′ = αh with αh := (
√
3 τ − y0)/H ≥ 0 . (3.47)
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Figure 3.3: Analytical Solutions for Softening Plasticity. a) Equivalent plastic strain
triggered by an initial perturbation at x = 0. The width x0 of the plastic zone is proportional
to the length scale l := lp

√
µ/S. b) The driving force f =

√
3 τ − y0 ≤ 0 is constant in the

plastic zone, and jumps to zero at the elastic–plastic–boundary (EPB).

For an inhomogeneous plastic zone with symmetry property α(−x) = α(x) determined
by the two boundary conditions

α′(x = 0) = 0 and α(x = L) = 0 , (3.48)

representing micro-clamped conditions at the two ends of the bar, we get the solution

α(x) = αh( 1− cosh[x/l]/ cosh[L/l] ) (3.49)

depicted in Figure 3.2a. The driving force computed from (3.45) then takes a constant
value in the whole bar

f(x) =
√
3 τ − y0 (3.50)

as shown in Figure 3.2b. The determination of the constant shear stress τ in the strip for
a deformation process controlled by the displacements ū := u(x = L) = −u(x = −L) at
the end of the strip is achieved as follows. Integration of the total strain rate, consisting
of elastic and plastic contributions γ̇e := τ̇ /µ and γ̇p :=

√
3 α̇, gives

˙̄u =

∫ L

0

(
τ̇

µ
+
√
3 α̇)dx = (

L

µ
+ 3

L̄

H
)τ̇ , (3.51)

where we set
L̄ := L− l tanh[L/l] . (3.52)

The integration of this equation results in the closed-form

τ = y0/
√
3 + (ū− ūe)/(

L

µ
+ 3

L̄

H
) for ū ≥ ūe := y0L/

√
3µ (3.53)

for the constant shear stress in the strip as a function of the end displacement ū. Insertion
of (3.53) into (3.47)2 allows to plot α(x) and f(x) in (3.49) and (3.50) for prescribed ū ≥ ūe.

3.3.3. Theoretical solution for perturbed softening plasticity. Defining the
effective length scale for softening l := lp

√
µ/S, we get from (3.45) the differential equation

for softening plasticity

α + l2α′′ = αs with αs := (y0 −
√
3 τ)/S ≥ 0 . (3.54)
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For an inhomogeneous plastic zone with symmetry property α(−x) = α(x) and maximum
value α0 > 0 at the center x = 0, we get the solution

α(x) = αs + (α0 − αs) cos[x/l] . (3.55)

Such a solution may be thought to be obtained of an initial perturbation of the softening
modulus at the center x = 0 of the strip. However, as shown in Figure 3.2a, this solution
is only valid in the plastic zone with α ≥ 0, i.e.

|x| ≤ x0 := πl . (3.56)

Setting the boundary condition at this elastic-plastic-boundary (EPB)

α(x = x0) = 0 , (3.57)

we identify in (3.55) the maximum value α0 = 2αs. Hence, the solution is

α(x) =

{
αs(1 + cos[x/l]) for |x| ≤ πl ,

0 otherwise
(3.58)

as depicted in Figure 3.2a. The driving force computed with this solution form (3.45) is
constant in the plastic zone

f(x) =

{ √
3 τ − y0 for |x| ≤ πl ,

0 otherwise
(3.59)

as shown in Figure 3.2b. What remains in order to plot the functions α(x) and f(x) in
(3.58) and (3.59) is to determine the constant shear stress τ in the strip for a deformation
process controlled by the displacement ū := u(x = L) = −u(x = −L) at the ends of the
strip. To this end, we integrate the total strain rate in the strip, consisting of elastic and
plastic contributions γ̇e := τ̇ /µ and γ̇p :=

√
3 α̇

˙̄u =

∫ x0

0

(
τ̇

µ
+
√
3 α̇)dx+

∫ L

x0

τ̇

µ
dx = (

L

µ
− 3

x0
S
)τ̇ . (3.60)

The integration of this equation gives the closed-form result

τ = y0/
√
3 + (ū− ūe)/(

L

µ
− 3

x0
S
) for ū ≥ ūe := y0L/

√
3µ (3.61)

for the shear stress τ in the elastic-plastic bar as a function of the end displacement
ū. Insertion of (3.61) into (3.54)2 allows to plot α(x) and f(x) in (3.58) and (3.59) for
prescribed ū ≥ ūe.

3.3.4. Study of mixed finite element design and basic difficulties. We start
with a one-dimensional study, that addresses basic problems of the spatial discretization
of gradient plasticity, referring to the above outlined analytical solutions. Our subsequent
construction of the FE discretization is guided by the following concepts:

1. Regular FE Meshes: A regular discretization of the full spatial domain is applied, with-
out an (adaptive) alignment of finite elements to the elastic-plastic-boundary (EPB),
such that this boundary may intersect elements.
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Figure 3.4: 1D Mixed Finite Element Design of Gradient Plasticity. Interpolations inves-
tigated for the three fields {u, α, f} are: a) Q1-Q1Q1 with linear α and f, b) Q1-Q1Q0 with
linear α and constant f, c) Q1-Q1BQ0 with linear α plus bubble and constant f. The bubble
mode of αB in c) can be condensed out at the element level. A constant driving force fe in
b)–c) cannot be condensed out and enters the global system.

2. Consistent FE Design: The mixed finite element solver is designed such that the main
characteristics of the dual fields α and f are reflected, i.e. values of the right sign in
plastic zones as well as zero values in elastic zones of the spatial domain.

3. Stable FE Design: The mixed finite element design must be stable in the sense that
spurious oscillations in space of the dual fields α and f do not appear or have a minor
influence on the solution.

In order to achieve these requirements, we consider a family of two-node finite elements
depicted in Figure 3.4. It uses the shape functions

N I(ξ) = 1
2
(1 + ξξI) and NB(ξ) = (1− ξ2) , (3.62)

where −1 ≤ ξ ≤ +1 denotes the natural element parameter and I = 1, 2 the element node.
N I are linear shapes associated with the nodal degrees and NB a quadratic bubble mode.
The first element in Figure 3.4a discretizes the displacement u, the hardening/softening
field α and the driving force f in a straightforward manner by linear interpolations

Q1-Q1Q1: {u, α, f}h = ∑2
I=1N

I(ξ) [uI, αI , fI ] (3.63)

in element domain Be ⊂ Bh with the nodal degrees [uI , αI , fI ] ∈ R3. The second element
in Figure 3.4b uses linear interpolations for u and α, but an elementwise constant driving
force f

Q1-Q1Q0: {u, α}h =
∑2

I=1N
I(ξ) [uI, αI ] and {f}h = [fe] (3.64)

with the nodal degrees [uI , αI ] ∈ R2 and the element degree fe. Finally, the element
depicted in Figure 3.4c is based on linear interpolations for u and α plus a quadratic
bubble mode for α and an elementwise constant driving force f

Q1-Q1BQ0: {u, α}h =
∑2

I=1N
I(ξ) [uI , αI ] +NB(ξ) [0, ae] and {f}h = [fe] (3.65)

with nodal degrees [uI , αI ] ∈ R2 and the element degrees ae and fe. The variational
based finite element implementation for these three 1D elements is a simplification of the
multidimensional formulations outline in the two subsections below, and not commented
on in detail. Goal at this stage is to show some characteristic numerical results obtained
with these 1D elements, which address some fundamental problems and draw some con-
sequences, which are also valid for the multi-dimensional implementation. The problems
are related to the difficulty of modeling sharp elastic-plastic-boundaries (EPBs) as well
as possible instabilities of the mixed finite element design. A 1D benchmark that shows a
sharp EPB is the problem of softening plasticity in Figure 3.1c with theoretical solution
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Figure 3.5: Numerical Solutions for Softening Plasticity without Postprocessing (3.70). a)
Equivalent plastic strain α and b) dual driving force f, triggered by an initial perturbation
at x = 0. Oscillations are observed for all elements in the elastic range, with maximum
intensity at the EPB. The Q1-Q1Q1 element also shows some oscillations of f in the plastic
range. The most stable performance has the Q1-Q1BQ0 element, matching the analytical
solutions up to some deviations close to the EPB.

depicted in Figure 3.3 above. When discretizing the 1D domain B = [−L, L] with a regu-
lar mesh of 60 finite elements of the types outline in Figure 3.4, we observe the following
problems:

4. Negative α: The C0 finite element implementation of the field α outlined above cannot
model exactly the elastic-plastic-boundary (EPB), which might be located inside of an
element. As a consequence, non-physical values α < 0 may occur at the nodes of the
mesh, in particular near the EPB.

5. Oscillations of f: Jumps of the driving force f cannot be modeled by C0 interpola-
tions. As a consequence, for unstable mixed finite element design, oscillations and
non-physically wrong signs of f may be observed, in particular close to the EPB.

6. Non-Zero α and f in Elastic Range: Due to the two above outlined difficulties of the
finite element implementation, non-zero values of α and f may occur in the elastic
range, where α and f is essentially not defined.

The two diagrams in Figure 3.5 visualize these effects for the three element designs, applied
to the numerical solution of the strain softening problem depicted in Figure 3.3.
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Figure 3.6: Numerical Solutions for Softening Plasticity with Postprocessing (3.70). a)
Equivalent plastic strain α and b) dual driving force f, triggered by an initial perturbation
at x = 0. All elements show reasonable results with defined values in the elastic range.
The EPB is resolved only at slightly different positions. The Q1-Q1Q1 element shows some
oscillations of f in the plastic range. However, f has the right (negative) sign and these
oscillations have a minor effect on the result for α.

3.3.5. Elastic-plastic-boundary (EPB) in regular FE discretizations. We now
outline our basic concept to overcome the above mentioned difficulties. A key inconsis-
tency with the theoretical solution is that the finite element discretization is performed in
the full spatial domain without resolving the EPB. In particular, the hardening/softening
variable α as well as its dual driving force f are discretized in a straightforward manner, for
the Q1-Q1Q1 design even by C0 interpolations. However, these variables are essentially
only defined in the plastic zone, and should defined to be zero in the elastic range. This
correlates to the fundamental problem of defining the EPB in regular FE meshes, in par-
ticular in context with C0. This becomes even more delicate, if jumps of these variables
occur at the EPB. The non-ability of modeling these discontinuities causes non-physical
effects in the FE discretization addressed above. The basic constraints in the model of
gradient plasticity considered here are

α(x, t) ≥ 0 and f(x, t)

{
≥ 0 for hardening plasticity,
≤ 0 for softening plasticity,

(3.66)

which must be satisfied in the full domain B covered by the finite element mesh. This
can be violated at the nodal points of the finite element mesh as shown above. However,
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recall that the constitutive response of the finite element formulation is evaluated point-
wise at the integration points of the finite element mesh. It turns out that the family
of mixed finite elements depicted in Figure 3.4 satisfies the condition (3.66) at all active
integration points with elastic-plastic response. As a consequence, we define the plastic
zone of gradient plasticity by the active set of integration points. Let G := {1, . . . , Eh ·L}
be the total number of integration points of a mesh with Eh elements and L element
Gauss points. Then, the set of plastically active integration points is

A(t) := { g ∈ G | χ(xg, t) > 0 } , (3.67)

where χ is the yield function defined in (3.11). Our basic observation is that condition
(3.66) is satisfied in the plastic zone, i.e. for active integration points g ∈ A, but might
slightly be violated due to the above mentioned reasons in the elastic range, i.e. for
non-active integration points g ∈ G \ A. We then define a postprocessing corrector to the
evolution of the long-range variables at the integration points. In particular, we set

α̇(xg, t) ⇐
{
α̇(xg, t) at g ∈ A(t)
0 otherwise

(3.68)

for the long-range hardening variable and

f(xg, t) ⇐
{

f(xg, t) for g ∈ A(t)
0 otherwise

(3.69)

for its dual driving force. Hence, the evolution of these variables is exactly defined in
the elastic range. For the time-discrete algorithmic setting, we define the corrector step
associated with the time increment [tn, tn+1] by

pn+1 := {αn+1, fn+1} ⇐
{

{αn+1, fn+1} at g ∈ An+1,
{αn , 0 } otherwise .

(3.70)

Based on these corrected results at the integration points g ∈ G, we compute corrected
nodal values by a standard smoothing procedure based on the weighted residual

∫

B

δp∗
n+1 · [ p∗

n+1 − pn+1 ] dV = 0 , (3.71)

yielding with the ansatz p∗
n+1(x) = N(x)P ∗

n+1 based on the matrix N of linear shapes
(3.62)1 the corrected nodal values

P ∗
n+1 =

[
Eh

A
e=1

L∑

l=1

NT
l N lJlwl

]−1 [
Eh

A
e=1

L∑

l=1

NT
l plJlwl

]
, (3.72)

which we approximate by a lumping procedure for the coefficient matrix. The corrected
nodal variables are only used for the plotting of the fields α and f. The two diagrams in
Figure 3.6 visualize the improvement achieved by the postprocessing steps for the three
element designs, applied to the numerical solution of the strain softening problem depicted
in Figure 3.3. Finally, we draw the following conclusions:

7. Stability: When the postprocessing (3.70) is not applied, the Q1-Q1BQ0 element pro-
vides the most stable formulation, yielding minimal oscillations in the elastic range.
The Q1-Q1Q0 element give in this respect the worst response.



3.4 Q1-P0-type finite element design of gradient plasticity 33

8. Applicability: If the postprocessing (3.70) is applied, all three elements investigated,
i.e. Q1-Q1Q1, Q1-Q1Q0 and Q1-Q1BQ0, yield reasonable results with defined values
in the elastic range. The EPB is resolved for all elements almost at the same position.

9. Convenience: In combination with the postprocessing (3.70), the Q1-Q1Q1 element
provides the simplest and most straightforward FE implementation, exclusively based
on nodal degrees. The Q1-Q1BQ0 element needs non-standard FE solvers with global
degrees associated with both the nodes as well as the elements, because the elementwise
constant driving force fe cannot be condensed out.

Recall that the stability of mixed finite elements is related to the Babuška-Brezzi or LBB
stability condition, see Babuška [24, 25], Brezzi [31] and Brezzi & Fortin [32]. The
mathematical analysis of the proposed mixed finite elements for gradient plasticity is
beyond the scope of this work. However, we applied the simple count condition for mixed
elements outlined in Zienkiewicz & Taylor [163, 164], Zienkiewicz et al. [162],
that is necessary for stability though not sufficient. All the elements proposed here are
designed such that the condition

nα ≥ nf (3.73)

is fulfilled, if Neumann-type boundary conditions are applied on the equivalent plastic
strain α. Here, nα and nf are the number of discrete degrees of α and f in a representative
patch of finite elements. In the micro-clamped hardening test, where Dirichlet boundary
conditions are applied on α, only the Q1-Q1BQ0 element is fully stable. However, good
numerical results are obtained also with the other elements outlined above. This observa-
tion is similar to that made for Q1P0 elements considered below, which are known to be
not stable even in local plasticity but yield appropriate results for most practical problems.
The subsequent two Sections extend the above outlined concepts to the multi-dimensional
design of finite elements.

3.4. Q1-P0-type finite element design of gradient plasticity

The von Mises-type gradient plasticity considered above with isochoric plastic flow
needs further extensions to avoid locking phenomena in finite element discretizations due
to the plastic incompressibility. A well-known concept that overcomes these problems is
the Q1P0 mixed element design introduced by Simó, Taylor & Pister [136], which
we here outline in a consistent variational setting for gradient plasticity. It is based on
the decomposition of the small-strain tensor into volumetric and isochoric parts defined
in (3.1). With this kinematic decomposition at hand, we extend the reduced incremental
potential (3.37) by

Π∗τ
red,ext(u, α, f, θ̃, p) =

∫

B

[
κ

2
θ̃2 + p(e− θ̃) + π̄∗τ

red(r̄) ] dV − P τ
ext(u) . (3.74)

It introduces the volume dilatation θ̃ and the pressure p as additional fields. This implies
the extension of the mixed saddle point principle (3.38) towards the five-field variational
principle

(Gext) : {u, α, f, θ̃, p} = Arg{ inf
u

inf
α
sup
f

inf
θ̃

sup
p

Π∗τ
red,ext(u, α, f, θ̃, p) } . (3.75)

3.4.1. FE discretization for Quadrilateral or Brick-like elements. We start
with a straightforward extension of Q1P0-finite elements to gradient plasticity, using C0
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interpolations for both the primary fields {u, α } as well as for the driving force field
{ f } dual to α, but elementwise constant volume dilatation and pressure { θ̃, p }. For a
triangulation Th with element domains Be ⊂ B, the node I has standard bi- or tri-linear
shape functions N I(ξ), e.g.

N I(ξ) = 1
4
(1 + ξ1ξ

I
1)(1 + ξ2ξ

I
2) (3.76)

for bi-linear Q1 elements with n = 4 nodes. Here, ξ := { ξ| − 1 ≤ ξi ≤ +1} denotes
the natural element parameters. The gradients of the shape functions are obtained by
using the chain rule ∇N I = ∇ξN

IJ−1, where J := ∇ξx
h(ξ) with J := detJ > 0 denotes

the Jacobian of the isoparametric map xh =
∑n

I=1N
IxI that defines the coordinates of

the element in terms of their nodal positions xI . We discretize the extended variational
functional (3.74) by bi-linear interpolations of u, α, f but elementwise constant θ̃, p

{u, α, f}h =
∑n

I=1N
I dI and {θ̃, p}h = {θ̃e, pe} (3.77)

in Be ⊂ Bh with the nodal degrees dI := [u, α, f]TI ∈ R4. Introducing the interpolations

eh =
∑n

I=1V
I dI and r̄h :=

∑n
I=1 B̄

I dI (3.78)

with the volumetric interpolation matrix

V I =




N I
,1

N I
,2

·
·




T

(3.79)

and the deviatoric interpolation matrix

B̄I =




2
3
N I

,1 −1
3
N I

,1 N I
,2 · · · ·

−1
3
N I

,2
2
3
N I

,2 N I
,1 · · · ·

· · · N I N I
,1 N I

,2 ·
· · · · · · N I




T

. (3.80)

Focusing on pure Dirichlet problems with P τ
ext = 0, the spatial discretization of the

potential (3.74) reads

Π∗τ h
red,ext(d, θ̃

e, pe) =
Eh

A
e=1

L∑

l=1

{ κ
2
θ̃e 2 + pe(eh − θ̃e) + π̄∗τ

red(r̄
h) } Jwl (3.81)

in terms of the isochoric incremental potential density π̄∗τ
red defined in (3.30). The dis-

cretized mixed variational principle then reads

{d, θ̃e, pe} = Arg{ stat
d,θ̃e,pe

Π∗τ h
red,ext(d, θ̃

e, pe) } . (3.82)
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Figure 3.7: Extended Q1P0–Type Mixed Finite Element Design of Gradient Plasticity.
Interpolations investigated for the five fields {u, θ̃, p, α, f} are: a) Q1P0-Q1Q1 with bi-linear
α and f, b) Q1P0-Q1Q0 with bi-linear α and constant f, c) Q1P0-Q1BQ0 with bi-linear α
plus bubble and constant f. The elementwise constant θ̃e, pe in a)-c) and the bubble mode
of αB in c) can be condensed out at the element level. A constant driving force fe in b)–c)
cannot be condensed out and enters the global system.

3.4.2. Condensation at the element level. The dilatation and the pressure θ̃e and
pe are discrete values associated with the elements e = 1...Eh. Then, we can construct
the condensed potential by optimization with respect to these discrete values via

Π∗τ h
red,ext,cond(d) = inf

θ̃e
sup
pe

Π∗τ h
red,ext(d, θ̃

e, pe) . (3.83)

The necessary conditions of this variational problem determine the discrete element di-
latation

θ̃e =
1

V e

L∑

l=1

{ ∑n
I=1V

I dI } Jwl with V e =

L∑

l=1

Jwl (3.84)

and the mean pressure of the e = 1...Eh elements

pe = κ θ̃e . (3.85)

3.4.3. Effective element arrays and global solver. For known dilatation and
pressure θ̃e and pe, the remaining variables are obtained by a monolithic global solver. To
this end, the condensed variational problem at the global level

d = Arg{ stat
d

Π∗τ h
red,ext,cond(d) } (3.86)

by the global Newton updates

d ⇐ d−K−1R until |R| < tol . (3.87)

Due to the mixed formulation of the volumetric terms, the global finite element residual
takes the effective form

R =
Eh

A
e=1

[ peLeT +
L∑

l=1

{ ∑n
I=1B̄

I T S̄ } Jwl ] . (3.88)
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The condensed finite element tangent matrix takes the form

K =
Eh

A
e=1

[ κV eLeTLe +
L∑

l=1

{ ∑n
I=1

∑n
J=1B̄

I T C̄B̄J } Jwl ] , (3.89)

with the definition Le :=
1

V e

∑L
l=1{

∑n
I=1V

I } Jwl. The isochoric contributions of the

finite element residual and tangent are governed by deviatoric generalized stress and
tangent arrays S̄ and C̄ defined in (3.41) and (3.44).

3.4.4. Modified setting with elementwise constant driving forces. Alterna-
tively to (3.77), we investigate a discretization of the extended variational functional
(3.74) by the linear interpolations of u and α, plus a bubble mode for α and elementwise
constant θ̃, p and f

{u, α}h =
∑n

I=1N
I dI +NB 1Bae and {θ̃, p, f}h = {θ̃e, pe, fe} (3.90)

in Be ⊂ Bh with the nodal degrees dI := [u, α]TI ∈ R3. Here, ae ∈ R3 is the degree of the
bubble mode for α and 1B an array that filters out the associated slot. Introducing the
modified interpolations

eh =
∑n

I=1 V
I dI and r̄h :=

∑n
I=1 B̄

I dI + B̄B ae + Ḡ fe (3.91)

with the constant matrix
Ḡ =

[
· · · · · · 1

]T
(3.92)

and the volumetric interpolation matrix

V I =



N I

,1

N I
,2

·



T

. (3.93)

The deviatoric interpolation matrices are defined by

B̄I =




2
3
N I

,1 −1
3
N I

,1 N I
,2 · · · ·

−1
3
N I

,2
2
3
N I

,2 N I
,1 · · · ·

· · · N I N I
,1 N I

,2 ·




T

(3.94)

and
B̄B =

[
· · · NB NB

,1 NB
,2 ·

]T
. (3.95)

Focusing on pure Dirichlet problems with P τ
ext = 0, the spatial discretization of the

potential (3.74) reads

Π∗τ h
red,ext(d, θ̃

e, pe, ae, f e) =
Eh

A
e=1

L∑

l=1

{ κ
2
θ̃e 2 + pe(eh − θ̃e) + π̄∗τ

red(r̄
h) } Jwl (3.96)

in terms of the isochoric incremental potential density π̄∗τ
red defined in (3.30). The con-

densation of the volumetric variables yields again the results (3.84) and (3.85), yielding a
condensed variational problem

{d,a, f} = Arg{ stat
d,a,f

Π∗τ h
red,ext,cond(d,a, f) } (3.97)
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in analogy to (3.86). The solution of this variational problem by a global Newton-type
solver is based on incremental updates of the nodal degrees d and the bubble degrees a




d

a

f


 ⇐




d

a

f


 −




Kdd Kda Kdf

Kad Kaa Kaf

K fd Kfa K ff




−1


Rd

Ra

Rf


 (3.98)

until convergence is achieved. Here, Rd and Kdd are identical with (3.88) and (3.89),
however, evaluated with the modified matrices defined in (3.93) and (3.94). The additional
residuals are defined by

Ra :=

L∑

l=1

{ B̄B T S̄ } Jwl

Rf :=

L∑

l=1

{ ḠT S̄ } Jwl

(3.99)

governed by deviatoric generalized stress array S̄ defined in (3.41). The second derivatives
of the condensed potential gives the additional arrays

Kda :=
Eh

A
e=1

L∑

l=1

{ ∑n
I=1[ B̄

I T C̄B̄B ] } Jwl ,

Kdf :=
Eh

A
e=1

L∑

l=1

{ ∑n
I=1[ B̄

I T C̄Ḡ ] } Jwl ,

Kaf :=
L∑

l=1

{ B̄B T C̄Ḡ } Jwl ,

Kff :=

L∑

l=1

{ ḠT C̄Ḡ } Jwl ,

(3.100)

determined by the deviatoric generalized tangent array C̄ defined in (3.44). The degrees
ae of the bubble mode can also be condensed at the element level, yielding a further
condensed system. The condensation of the elementwise constant driving forces fe is not
possible, because they are not defined by the plastic return mapping.

3.5. Mini-type finite element design of gradient plasticity

In order to avoid locking effects of the standard Galerkin finite element formulation
in connection with the overconstrained pressure field in incompressible von Mises-type
plastic flow model, we may alternatively use the Mini-type mixed finite element design
suggested by Arnold, Brezzi & Fortin [20]. It is also based on the decomposition
of the small-strain tensor into volumetric and isochoric parts defined in (3.1). With this
kinematic decomposition at hand, we extend the reduced incremental potential (3.37) by

Π∗τ
red,ext(u, α, f, p) =

∫

B

[ pe− 1

2κ
p2 + π̄∗τ

red(r̄) ] dV − P τ
ext(u) . (3.101)

It introduces the pressure p as an additional field. This implies the extension of the mixed
saddle point principle (3.38) towards the four-field variational principle

(Gext) : {u, α, f, p} = Arg{ inf
u
inf
α
sup
f

sup
p

Π∗τ
red,ext(u, α, f, p) } . (3.102)
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Figure 3.8: Extended Mini-Type Mixed Finite Element Design of Gradient Plasticity.
Interpolations investigated for the four fields {u, p, α, f} are: a) Mini-Q1Q1 with linear α
and f, b) Mini-Q1Q0 with linear α and constant f, c) Mini-Q1BQ0 with linear α plus bubble
and constant f. The elementwise constant bubble modes in a)–c) can be condensed out at
the element level. A constant driving force fe in b)–c) cannot be condensed out and enter
the global system.

3.5.1. FE discretization for triangular elements. We start with a straightfor-
ward extension of Mini-finite elements to gradient plasticity, using linear C0 interpolations
for all fields {u, α, f, p}, including an additional bubble mode for {u }. For a triangulation
Th with element domains Be ⊂ B, we consider the shape functions

N I(ξ) = ξI and NB(ξ) = ξ1ξ2ξ3 (3.103)

associated with the n = 3 nodes I = 1 . . . n and the center bubble B. Here, ξ ∈ { 0 ≤
ξI ≤ 1} denotes the natural parameters of the triangle. The gradients of the shape
functions are obtained by using the chain rule ∇N I = ∇ξN

IJ−1, where J := ∇ξx
h(ξ)

with J := detJ > 0 denotes the Jacobian of the isoparametric map xh =
∑n

I=1N
IxI that

defines the coordinates of the element in terms of their nodal positions xI . We discretize
the extended variational functional (3.101) by the linear interpolations of u, α, f, p and
an additional bubble mode for u

{u, α, f, p}h = ∑n
I=1N

I dI +NB 1Bae (3.104)

in Be ⊂ B with the nodal degrees dI := [u, α, f, p]TI ∈ R5. Here, ae ∈ R2 are the degrees
of the displacement bubble modes and 1B an array that filters out the displacement slots.
Introducing the interpolations

ph =
∑n

I=1P
IdI , eh =

∑n
I=1 V

IdI + V Bae , r̄h =
∑n

I=1 B̄
I dI + B̄B ae (3.105)

with the pressure and dilatation interpolation matrices

P I =




·
·
·
·
N I




T

, V I =




N I
,1

N I
,2

·
·
·




T

, V B =




NB
,1

NB
,2

·
·
·




T

(3.106)
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and the deviatoric interpolation matrices

B̄I =




2
3
N I

,1 −1
3
N I

,1 N I
,2 · · · ·

−1
3
N I

,2
2
3
N I

,2 N I
,1 · · · ·

· · · N I N I
,1 N I

,2 ·
· · · · · · N I

· · · · · · ·




T

(3.107)

and

B̄B =




2
3
NB

,1 −1
3
NB

,1 NB
,2 · · · ·

−1
3
NB

,2
2
3
NB

,2 NB
,1 · · · ·

· · · · · · ·
· · · · · · ·
· · · · · · ·




T

. (3.108)

Focusing on pure Dirichlet problems with P τ
ext = 0, the spatial discretization of the

potential (3.101) reads

Π∗τ h
red,ext(d,a) =

Eh

A
e=1

L∑

l=1

{ pheh − 1

2κ
ph 2 + π̄∗τ

red(r̄
h) }Jwl (3.109)

in terms of the isochoric incremental potential density π̄∗τ
red defined in (3.30). The dis-

cretized mixed variational principle then reads

{d,a} = Arg{ stat
d,a

Π∗τ h
red,ext(d,a) } . (3.110)

3.5.2. Partitioned element arrays for newton-type solver. The solution of
the variational problem (3.110) by a global Newton-type solver is based on incremental
updates of the nodal degrees d and the bubble degrees a

[
d

a

]
⇐

[
d

a

]
−

[
Kdd Kda

Kad Kaa

]−1 [
Rd

Ra

]
(3.111)

until convergence is achieved. Here, the residuals follow by taking the first derivative of
the potential (3.109)

Rd :=
Eh

A
e=1

L∑

l=1

{ ∑n
I=1[ p

eV I T + (eh − ph

κ
)P I T + B̄I T S̄ } Jwl ] ,

Ra :=
L∑

l=1

{ phV B T + B̄B T S̄ } Jwl ,

(3.112)

governed by deviatoric generalized stress array S̄ defined in (3.41). The second derivatives
of the potential (3.109) define the partitions of the coupled tangent matrix

Kdd :=
Eh

A
e=1

L∑

l=1

{ ∑n
I=1

∑n
J=1[V

I TP J + P I TV J − 1

κ
P I TP J + B̄I T C̄B̄J } Jwl ,

Kda :=
Eh

A
e=1

L∑

l=1

{ ∑n
I=1[P

I TV B + B̄I T C̄B̄B ] } Jwl ,

Kaa :=
L∑

l=1

B̄B T C̄B̄B Jwl ,

(3.113)
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determined by the deviatoric generalized tangent array C̄ defined in (3.44).

3.5.3. Condensation of bubble degrees at the element level. The degrees ae

of the bubble modes are discrete values associated with the elements e = 1...Eh. As a
consequence, we can construct the condensed potential by optimization with respect to
these discrete values via

Π∗τ h
red,ext,cond(d) = inf

a

Π∗τ h
red,ext(d,a) . (3.114)

An appropriate solution strategy is the static condensation of the coupled algebraic system
(3.111). To this end, the update of the bubble degrees is performed locally at the element
level by

ae ⇐ ae +∆ae with ∆ae = −Ke−1
aa [ Re

a +Ke
ad∆de ] . (3.115)

Then, assembling the global effective residual and tangent arrays via

R̃d :=
Eh

A
e=1

{ Re
d −Ke

daK
e−1
aa Re

a } and K̃dd :=
Eh

A
e=1

{ Ke
dd −Ke

daK
e−1
aa Ke

ad } , (3.116)

the global update of the nodal degrees is performed by

d ⇐ d− K̃−1
dd R̃d until |R̃d| < tol . (3.117)

3.5.4. Modified setting with elementwise constant driving forces. Alterna-
tively to (3.104), we investigate a discretization of the extended variational functional
(3.101) by the linear interpolations of u, α, p, additional bubble modes for u, α and
elementwise constant driving force f

{u, α, p}h =
∑n

I=1N
I dI +NB 1Bae and { f }h = fe (3.118)

in Be ⊂ Bh with the nodal degrees dI := [u, α, p]TI ∈ R4. Here, ae ∈ R3 are the
degrees of the bubble modes for u, α and 1B an array that filters out the associated slots.
Introducing the modified interpolations

ph =
∑n

I=1P
IdI , eh =

∑n
I=1 V

IdI+V Bae , r̄h =
∑n

I=1 B̄
I dI+B̄B ae+Ḡ fe (3.119)

with the constant matrix
Ḡ =

[
· · · · · · 1

]T
(3.120)

and the pressure and dilatation interpolation matrices

P I =




·
·
·
N I




T

, V I =




N I
,1

N I
,2

·
·




T

, V B =




NB
,1

NB
,2

·
·




T

(3.121)

and the deviatoric interpolation matrices

B̄I =




2
3
N I

,1 −1
3
N I

,1 N I
,2 · · · ·

−1
3
N I

,2
2
3
N I

,2 N I
,1 · · · ·

· · · N I N I
,1 N I

,2 ·
· · · · · · ·




T

(3.122)
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and

B̄B =




2
3
NB

,1 −1
3
NB

,1 NB
,2 · · · ·

−1
3
NB

,2
2
3
NB

,2 NB
,1 · · · ·

· · · NB NB
,1 NB

,2 ·
· · · · · · ·




T

. (3.123)

Focusing on pure Dirichlet problems with P τ
ext = 0, the spatial discretization of the

potential (3.101) reads

Π∗τ h
red,ext(d,a, f) =

Eh

A
e=1

L∑

l=1

{ pheh − 1

2κ
ph 2 + π̄∗τ

red(r̄
h) }Jwl (3.124)

in terms of the isochoric incremental potential density π̄∗τ
red defined in (3.30). The dis-

cretized mixed variational principle then reads

{d,a, f} = Arg{ stat
d,a

Π∗τ h
red,ext(d,a, f) } . (3.125)

The solution of this variational problem by a global Newton-type solver is based on
incremental updates of the nodal degrees d and the bubble degrees a




d

a

f


 ⇐




d

a

f


 −




Kdd Kda Kdf

Kad Kaa Kaf

K fd Kfa K ff




−1


Rd

Ra

Rf


 (3.126)

until convergence is achieved. Here, the residual associated with the elementwise constant
driving force is

Rf :=

L∑

l=1

{ ḠT S̄ } Jwl , (3.127)

governed by deviatoric generalized stress array S̄ defined in (3.41). The second derivatives
of the potential (3.124) related to the elementwise constant driving force are

Kdf :=
Eh

A
e=1

L∑

l=1

{ ∑n
I=1[ B̄

I T C̄Ḡ ] } Jwl ,

Kaf :=
L∑

l=1

{ B̄B T C̄Ḡ } Jwl ,

K ff :=

L∑

l=1

{ ḠT C̄Ḡ } Jwl ,

(3.128)

determined by the deviatoric generalized tangent array C̄ defined in (3.44). The other
arrays in (3.126) are identical in structure with those defined in (3.112) and (3.113),
however, evaluated with the modified matrices defined in (3.121), (3.122) and (3.123).
Again, the degrees ae of the bubble modes can be condensed at the element level, by
defining the condensed potential by optimization with respect to these discrete values via

Π∗τ h
red,ext,cond(d, f) = inf

a

Π∗τ h
red,ext(d,a, f) . (3.129)
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Table 3.1: Material parameters used for the numerical examples.

No. Parameter Name Value Unit
1. κ bulk modulus 164.2 kN/mm2

2. µ shear modulus 80.2 kN/mm2

3. h hardening parameter ± 0.13 kN/mm2

4. lp length-scale parameter 0.1 mm
5. y0 yield stress 0.45 kN/mm2

6. ηp viscosity 10−7 kNs/mm2

The solution step results in the update procedure are in full analogy to (3.115) and the
reduced global residual and tangent arrays are in analogy to (3.116), such that we obtain
the reduced global system

[
d

f

]
⇐

[
d

f

]
−

[
K̃dd K̃df

K̃fd K̃ ff

]−1 [
R̃d

R̃f

]
(3.130)

The condensation of the elementwise constant driving forces { fe } is not possible, because
they are not defined by the plastic return mapping.

3.6. Representative Numerical Examples

We now demonstrate the performance of the proposed extended finite element designs
of gradient plasticity for the Q1P0-type and Mini-type elements outlined in Section 3.4 and
Section 3.5 by means of representative numerical examples. The first part of this section is
concerned with the simulation of the benchmark problems in the one-dimensional case as
discussed in Section 3.3. Results obtained with the proposed multi-dimensional element
families are compared with observations made for the 1D elements. In the second part,
we investigate a 3D-dimensional boundary value problem for hardening plasticity. The
material parameters used in the examples are given in Table 3.1.

3.6.1. Plane Shear Test for Softening Plasticity. The first example documents
the numerical results for a strip under shear deformation for the case of softening plasticity,
and compares them with the analytical results outlined in Section 3.3.3. As we are dealing
with softening plasticity here, the hardening variable is set to h = −S = −0.13 kN/mm2.
The (half) length of the strip is set to L = 50 mm and we apply a deformation rate of
2 ˙̄u = 50 mm/s at each end of the strip. We report different diagrams of the distributions

a)

b)

c)

d)

α [-]

0.0

0.3

Figure 3.9: Softening Plasticity: Contour plots of the hardening variable α for a length
scale of le = 0.1 mm and for the Mini-Q1Q1 element at different deformation states of shear.
a) 2ū = 0.00 mm, b) 2ū = 1.67 mm, c) 2ū = 3.33 mm, d) 2ū = 5.00 mm.
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of the equivalent plastic strain α and its dual driving force f, which demonstrate the
performance of the different finite element formulations. To this end, we present all the
results at time t = 0.05 s, i.e. a deformation of 2ū = 5.0 mm. The inhomogeneous plastic
zone develops as a consequence of an initial imperfection of the yield strength y0 at the
center x = 0 of the strip by 3 %. In the numerical simulation the time step is chosen to
be ∆t = 10−4 s such that the outlined results are reached in 500 time steps.

Figure 3.9 shows a contour plot for the equivalent plastic strain α obtained with 60
Mini-Q1Q1 elements and for a sequence of different deformation states up to the final
value 2ū = 5.0 mm. In the Figures 3.10–3.12 the numerical results obtained for the
different Mini-type finite element designs are compared with the analytical solution. In
the subsequent simulations the length scale parameter is chosen to be lp = 0.1 mm. It is
the same length scale parameter as in the one-dimensional study outlined in Section 3.3.3.
Figure 3.10 shows results for the equivalent plastic strain α and its dual driving force f for
the alternative Mini-type elements. Here, the nodal values of α and f are plotted without
the postprocessing corrector step. We observe the same difficulties which were discussed
in the one-dimensional study in Section 3.3.3: Small negative equivalent plastic strain α
near the elastic-plastic boundary (EPB) as well as oscillations in the driving force f near
the jump at the EPB and in the elastic zone. Furthermore, in the Mini-Q1Q1 element
minor oscillations in the driving force f inside the plastic zone are detected. Note that,
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Figure 3.10: Softening Plasticity: Numerical solution with nodal plots for alternative
Mini-Type Elements and for a mesh with 60 elements. a) hardening variable α, b) driving
force f.
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Figure 3.11: Softening Plasticity: Numerical solution with plot at active integration points
for alternative Mini-Type Elements and for a mesh with 60 elements. a) hardening variable
α, b) driving force f.

except of the small negative values of the equivalent plastic strain α and the oscillations
in the driving force f, the numerical results fit the analytical solution quite well even
for this coarse mesh size. Figure 3.11 depicts the numerical results obtained with the
postprocessing corrector step (3.70). Similar to the one-dimensional study, values of α
are positive in the whole strip and values of the dual driving force f are negative in
the whole strip. Hence, we notice that the basic constraints (3.66) are satisfied at all
active integration points g ∈ A(t) for all three Mini-type finite element formulations.
Thus all three proposed Mini-type elements yield consistent and stable solutions. In
Figure 3.12 results for the Mini-Q1Q1 element with different mesh sizes are plotted. As
mentioned already for the 1D element, this type of elements provides the simplest and
most straightforward FE implementation because all the degrees of freedom are related
to the nodal points of the element. Again, the responses of α and f are plotted with
the postprocessing corrector. By decreasing the mesh size we approach to the analytical
solution for both the equivalent plastic strain α in Figure 3.12a and the driving force f

in Figure 3.12b. Furthermore, note that the small oscillations in f inside the plastic zone
decrease if more elements are used for the simulations. The influence of the size effect
governed by the intrinsic material length scale parameter lp is illustrated in Figures 3.13
and 3.14. Here, we observe in Figure 3.13a and Figure 3.14a that the plastic zone is
localized in the weakened element for standard local plasticity with lp = 0. Furthermore,
as obtained from the analytical solution in Section 3.3.3, the width of the plastic zone
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Figure 3.12: Softening Plasticity: Numerical solution with plot at active integration points
for the Mini-Q1Q1 element with different mesh sizes. a) hardening variable α, b) driving
force f.
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Figure 3.13: Softening Plasticity: Contour plots of the hardening variable α for Mini-
Q1Q1 element for different length scales. a) local analysis (lp = 0), b) lp = 0.1 mm, c)
lp = 0.3 mm, d) lp = 0.5 mm.

2x0 spreads out for increasing length scale lp and the maximum value 2αS decreases for
increasing the length scale lp.

Results for the Q1P0-type element family are not presented for this softening plasticity
example. However, they are for this 1D example in qualitative agreement with the alter-
native Mini-type finite element formulations and the family of 1D elements: We detect
negative equivalent plastic strain α near the EPB, when the postprocessing corrector is
not applied. We also observe oscillations in the driving force f.

Comparing the performance of the multi-dimensional element families with the one-
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Figure 3.14: Softening Plasticity: Numerical solution with plot at active integration points
for the Mini-Q1Q1 element with different length scales lp. a) hardening variable α, b) driving
force f.

dimensional study, we observe the same properties for the associated FE designs. The best
results are obtained for the elements with quadratic bubble mode for the equivalent plastic
strain α and elementwise constant driving force f, i.e. Q1P0-Q1BQ0 and Mini-Q1BQ0.
However the elements with linear interpolation for all the global degrees of freedom,
Q1P0-Q1Q1 and Mini-Q1Q1, yield reasonable results even for coarse meshes. The basic
constraints (3.66) are fulfilled in the whole domain B for all types of elements. However,
with regard to a convenient numerical implementation, we favorite the straightforward
use of elements with nodal degrees for all global field variables.

3.6.2. Plane shear test for micro-clamped hardening plasticity. Next, con-
sider the one-dimensional shear test of a strip for micro-clamped hardening plasticity. The
analytical solution for this example is given in Section 3.3.2. As in the previous subsection
for the softening plasticity example, we focus on the comparison of the spatial distribu-
tions of the equivalent plastic strain α and its dual driving force f for the alternative FE
designs. The hardening variable is set to h = H = 0.13 kN/mm2. The (half) length of
the strip is set to L = 50 mm and we perform a deformation rate of 2 ˙̄u = 50 mm/s at
each end of the strip. The strip is micro-clamped at the edges, i.e. α = 0 at x = ±L. As
before, we present all results at time t = 0.05 s, i.e. for a deformation of 2ū = 5.0 mm. In
the numerical simulation the time step is chosen to be ∆t = 10−4 s such that the solution
is reached in 500 time steps.
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Figure 3.15: Hardening Plasticity: Contour plots of the hardening variable α for a length
scale of le = 0.1 mm and for the Q1P0-Q1Q1 element at different deformation states. a)
2ū = 0.00 mm, b) 2ū = 1.67 mm, c) 2ū = 3.33 mm, d) 2ū = 5.00 mm.

Figure 3.15 shows a contour plot for the equivalent plastic strain α obtained with 60
elements by using the Q1P0-Q1Q1 element design and for a series of different deformation
states up to the final 2ū = 5.0 mm. Figure 3.16 compares the results obtained for the
different finite element designs with the analytical solution. The length scale parameter
is chosen to be lp = 0.1 mm. The results reported are obtained with the postprocessing
corrector. However, as the whole strip is plastified in this hardening example, the set
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Figure 3.16: Hardening Plasticity: Numerical solution with plot at active integration
points for alternative Q1P0-Type Elements and for a mesh with 60 elements. a) hardening
variable α, b) driving force f.
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Figure 3.17: Hardening Plasticity: Contour plots of the hardening variable α for Q1P0-
Q1Q1 element for different length scales. a) local analysis (lp = 0), b) lp = 0.1 mm, c)
lp = 0.3 mm, d) lp = 0.5 mm.

of active integration,points is equal to the whole set of integration points in the mesh.
Hence, the plots are the same except of difference due to the smoothing procedure. In
Figure 3.16 numerical results are plotted for the three Q1P0-type elements. The (coarse)
mesh consists of 60 elements. We observe good agreement with the analytical solution for
both the equivalent plastic strain α as well as the driving force f for all the FE designs.
Small oscillations for f can be detected for the Q1P0-Q1Q1 element but they are in the
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Figure 3.18: Hardening Plasticity: Numerical solution with plot at active integration
points for Q1P0-Q1Q1 element and three different length scales lp. a) hardening variable α,
b) driving force f.
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range of ∆f ≈ 10−8 and are hence of minor influence.

The influence of the size effect governed by the length scale parameter lp is illustrated
in Figures 3.17 and 3.18. Here, Figure 3.17a demonstrate the result for a local analysis
with lp = 0. The equivalent plastic strain α decreases from the constant value in the
spatial domain to zero within the two elements at the boundaries, where micro-clamped
conditions α = 0 are applied. In the rest of the strip the equivalent plastic strain α
is constant, reflecting the homogeneous plastic deformations of a local theory. Hence,
we detect in this area a linear macro-deformation state u, related to the local plasticity
analysis. In contrast to the previous subsection, the whole strip is plastified. The length
scale lp has an effect on the width of the inhomogeneous boundary layer zone, i.e. between
the micro-clamped boundary with α = 0 and the interior of the strip with constant
equivalent plastic strain α = const. Figure 3.17 shows that the macro-deformation u
transforms into a s-shape deformation with increasing length scale lp. The deformation
state in Figure 3.17 is scaled by a factor 3.

The numerical results for the three Mini-type element designs are not shown here. But
again, the observations are qualitatively similar to those of the Q1P0-type elements. The
oscillations in the driving force f observed with the Mini-Q1Q1 element are bigger than
those obtained with the Q1P0-Q1Q1, and we also observe a deviation from the analytical
solution of f at the micro-clamped boundaries x = ±L. The reason might be a violation
of the stability condition (3.73) for the Dirichlet-type micro-clamped conditions for α
considered here. However, the oscillations in the driving force decrease for decreasing
mesh size.

3.6.3. 3D shear test of composite RVE for hardening plasticity. As a multi-
dimensional BVP, we consider the shear test of a three-dimensional cubic representative
volume element (RVE), made up of a composite material. It consists of elastic reinforce-
ments in an elastic-plastic matrix. A similar boundary value problem was introduced by
Cleveringa et al. [36] in the context of dislocation-based plasticity, but is widely
used in literature also for demonstrating characteristic features of gradient plasticity. The
geometric setup and the boundary conditions are illustrated in Figure 3.19. Here, the
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0.4

0.8

0.3

0.3

0.3

0.3 u

Figure 3.19: Shear test of a composite material. Geometry and boundary conditions. The
light shaded areas characterize the matrix material and the dark shaded areas depict the
stiff inclusions.



50 Computational Gradient Plasticity at Small Strain

light shaded areas characterize the elastic-plastic matrix material and the dark shaded
areas depict the elastic inclusions. The periodicity of the unit cell is taken into account by
setting proper boundary and linking conditions: at the lower surface the horizontal and
vertical displacements are constrained. At the upper surface the horizontal displacement
is prescribed and the vertical displacement is set to zero. The horizontal and vertical dis-
placement of the remaining vertical surfaces are linked. The periodicity of the equivalent
plastic strain α and the dual driving forces f is realized by linking the discrete variables on
all associated parts of the surface. The bulk modulus of the elasto-plastic matrix is cho-
sen to κ = 74.51 kN/mm2, the shear modulus is set to µ = 28.57 kN/mm2, the isotropic
hardening modulus to h = 0.70 kN/mm2, the yield strength to y0 = 0.208 kN/mm2 and
the viscosity is chosen to ηp = 10−7 kN s/mm2. The bulk modulus of the elastic particles
is chosen to be κ = 215.66 kN/mm2 and the shear modulus is set to µ = 182.48 kN/mm2.
This set of material parameters is representative for an aluminum matrix with silicon-
carbide particles. We perform 2000 time steps using a time step of ∆t = 10−4 s. Hence
a maximum deformation of ū = 0.2 mm is applied. The specimen is discretized by
40 × 40 × 40 Q1P0-Q1Q1 finite elements. Figure 3.20 depicts the distribution of the
equivalent plastic strain α and the driving force f for two different length scales lp. We
observe a concentration of equivalent plastic strain α around the stiff elastic particles.
By increasing the length scale, the equivalent plastic strains α spreads over a larger re-

α [-] f [-]0.0 0.00.35 0.40

a) b)

c) d)

Figure 3.20: Shear test of a composite material. Distribution of equivalent plastic strain
α and the dual driving force f for a)-b) a length scale parameter lp = 0.002 mm, and for
c)-d) a length scale parameter lp = 0.006 mm.



3.6 Representative Numerical Examples 51

α [-] f [-]0.00.0 0.35 0.40

a) b)

c) d)

Figure 3.21: Shear test of a composite material. Distribution of equivalent plastic strain
α and the dual driving force f inside the specimen at position x = 0.2 mm for a)-b) a length
scale parameter lp = 0.002 mm, and for c)-d) a length scale parameter lp = 0.006 mm.

gion and their maximum values decrease. The maximum values for the driving force f

are increasing for increasing length scale lp. Small oscillations as well as slight negative
values in the distribution of the driving force f still appear, as discussed in the previous
examples. For further demonstration of the influence of the size effect, consider the
distribution of the equivalent plastic strain α and the driving force f in a slice inside the
specimen. The results are shown in Figure 3.21. Here we observe that for the smaller
length scale parameter lp = 0.002 mm, the equivalent plastic strain α is more localized
around the elastic stiff particles with higher maximum value. By increasing the length
scale, α is spread out more, however the maximum value is decreasing. The maximum
value for the dual driving force f gets higher by increasing the length scale lp.
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4. Coupled Thermo-Gradient-Plasticity at Small Strain

The aim of this chapter is to present a thermo-mechanical model for gradient-extended
dissipative solids at small strains. In the mechanical part, we consider von-Mises plasticity
with gradient-extended hardening/softening material response as discussed in Chapter 3.
In the thermal part, we follow the investigations of Simo & Miehe [140] and Wriggers

et al. [155] that demonstrate the effect of temperature on the mechanical field resulting
in a thermal expansion. To this end, we formulate a free energy storage function based on
the coupled problem. From the computational viewpoint, two classes of solution schemes
for the coupled problem are considered: (i) Global product formula algorithm arising from
operator split which leads to a two step solution procedure, and (ii) an implicit coupled
algorithm which employs simultaneous solution of the coupled system of equations. In the
product formula algorithm, the mechanical and thermal problems are solved separately.
The idea here is to decompose the coupled field equations of thermo-gradient-plasticity
into an elasto-plastic problem with frozen temperature (θ̇ = 0), see Chapter 3, followed
by a heat conduction problem at fixed updated mechanical configuration. These two
sub-problems are then coupled via the plastic structural heating and the mechanical dis-
sipation. Due to the two steps solution procedure, we end up with a symmetric structure
for each sub-problem. Alternatively, in the implicit coupled algorithm, there is no sep-
aration between the mechanical and thermal parts. The temperature field is no longer
kept constant in the mechanical step i.e. θ̇ 6= 0. All the components of the problem are
computed simultaneously using the same time-stepping scheme. The main aspect to be
noted here is that the performance of the scheme depends on exact expressions of moduli.
This approach has proven to be computationally more intensive than the product formula
algorithm and leads to a non-symmetric structure of the problem as discussed in Simo

& Miehe [140] and Wriggers et al. [155]. The performance of the formulation is
demonstrated by means of some representative examples.

4.1. Constitutive functions of the coupled problem

4.1.1. Energetic response function. In addition to the primary fields introduced
in (3.4), we extend these variables to include the absolute temperature field θ > 0. The
constitutive state variables of the coupled thermo-gradient-plasticity model are defined as

Constitutive State: c := {ε, εp, α,∇α, θ} . (4.1)

With this set of variables, we can write the free energy function as ψ := ψ̂(c) defined
per unit volume. This can be split into an elastic part ψ̂e that accounts for the elastic
stored energy, a plastic part ψ̂p that considers the plastic contribution of the hardening
mechanism along with non local terms accounting for size effects as explained in Chapter
3, a thermoelastic part ψ̂th−e that accounts for the thermal expansion and finally a purely
thermal part ψ̂th. This leads to the following form

ψ̂(c) = ψ̂e(εe) + ψ̂p(α,∇α, θ) + ψ̂th−e(εe, θ) + ψ̂th(θ) . (4.2)

Elastic contribution. The isotropic elastic contribution is assumed to be a quadratic
function and is decomposed into volumetric and isochoric parts as

ψ̂e(εe) := ψ̂e
vol(e) + ψ̂e

iso(ε̄
e) with ψ̂e

vol(e) =
κ

2
e2 and ψ̂e

iso(ε̄
e) = µε̄e : ε̄e (4.3)
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with κ, µ being the bulk and shear moduli, respectively. e = tr[εe] is the volumetric part
and ε̄e = dev[εe] = εe − 1

3
e1 is the isochoric part of the elastic strain tensor.

Plastic contribution. The plastic part of the energy function is assumed to be
quadratic, consisting of the local and gradient parts

ψ̂p(α,∇α, θ) := h(θ)

2
α2 +

µl2p
2

|∇α|2 (4.4)

where h(θ) = h0
[
1 − wh(θ − θ0)

]
describes temperature-dependent isotropic harden-

ing/softening mechanism with wh being a hardening/softening parameter and lp is the
plastic length scale parameter.

Thermoelastic contribution. The coupled thermoelastic part of the free energy is
linear and has the simple form

ψ̂th−e(e, θ) := −καte(θ − θ0) , (4.5)

where αt is the thermal expansion coefficient and θ0 is the reference temperature.

Thermal contribution. The purely thermal part is defined as

ψ̂th(θ) := c
[
(θ − θ0)− θ ln[θ/θ0]

]
, (4.6)

where c is the heat capacity coefficient. From the structure of the free energy function
(4.2), it is evident that in an iso-thermal plasticity process in which θ = θ0, we arrive at
a purely mechanical problem with ψ̂(c) := ψ̂e(e, ε̄) + ψ̂p(α,∇α).

4.1.2. Dissipative response function. As discussed in Section 3.1.2, the dissipative
force fields are: s̄ and f dual to εp and α, respectively. The yield function for our model
based on the driving forces and the temperature field θ is

χ(s̄, f, θ) := |s̄| −
√

2
3

[
y(θ) + f

]
(4.7)

where y(θ) := y0
[
1−w0(θ−θ0)

]
is the temperature dependent yield strength with w0 being

a thermal softening parameter. With the yield function at hand, one can define the dual
dissipation function for gradient-type thermal viscoplasticity according to Perzyna–type
viscoplasticity model as

φ∗(s̄, f, θ) :=
1

2ηp

〈
|s̄| −

√
2
3

[
y(θ) + f

]〉2

(4.8)

with ηp being the viscosity parameter that accounts for rate dependency.

4.1.3. Thermodynamic restrictions. For the specific choice of the free energy
(4.2), we can evaluate thermodynamic restriction as

Dloc := σ : ε̇− ψ̇ − ηθ̇ ≥ 0 , (4.9)

defined per unit volume. Here, σ is the stress tensor and η is the entropy per unit volume.
The evolution of the free energy function is given by

d

dt
ψ̂(c) = ∂εψ̂ : ε̇+ ∂εpψ̂ : ε̇p + ∂αψ̂ α̇ + ∂∇αψ̂ · ∇α̇ + ∂θψ̂ · θ̇ (4.10)



4.1 Constitutive functions of the coupled problem 55

Insertion of (4.10) into (4.9), yields

Dloc := (σ − ∂εψ̂) : ε̇− (η + ∂θψ̂) θ̇ − ∂εpψ̂ : ε̇p − ∂αψ̂ α̇− ∂∇αψ̂ · ∇α̇ ≥ 0 , (4.11)

and applying Coleman’s exploitation method gives the two constitutive equations for the
stresses σ and the entropy η, respectively, as

σ = ∂εψ̂ and η = −∂θψ̂ , (4.12)

which gives the constitutive expressions for the stresses as

σ = p1 + σ̄ with p := κe− καt(θ − θ0) and σ̄ := 2µ(ε̄− εp) . (4.13)

The constitutive expression of the entropy is given by

η := −∂θψ̂ :=
h0
2
whα

2 + καte+ c ln[θ/θ0] . (4.14)

Note that we do not consider the entropy as a part of our formulation. However, it is
used to obtain a temperature evolution via a Legendre transformation. Furthermore, we
introduce in (4.11) the energetic driving forces

∂εpψ̂ = −2µ(ε̄− εp) = −σ̄ , f := ∂αψ̂ = h(θ)α , f := ∂∇αψ̂ = µl2p ∇α (4.15)

dual to εp, α and ∇α, respectively. With the above results at hand, the reduced Clausius
Planck inequality reads

Dred
loc := σ̄ : ε̇p − fα̇− f · ∇α̇ ≥ 0 . (4.16)

The constitutive equations of coupled thermoplasticity are completed by a constitutive
assumption with regard to heat flux. In this treatment, the flux in the interior of the body
is assumed to be governed by an isotropic Fourier-type law (2.30). This ansatz provides
an obviously positive conductive dissipation called the Fourier inequality

Dcon :=
K

θ
|∇θ|2 ≥ 0 (4.17)

for a positive heat conductivity parameter K > 0.

4.1.4. Principle of maximum dissipation. The evolution of the internal variables
in (4.16) is determined by the regularized principle of maximum dissipation, see Perzyna
[127, 128]

φ(ε̇p, α̇, θ) = sup
s̄,f

[
s̄ : ε̇p − f · α̇− 1

2ηp

〈
χ(s̄, f, θ)

〉2]
. (4.18)

The stress s̄ is locally defined by an ODE. In contrast, the stress–like hardening variable f
is non–locally defined by a PDE. This reflects the chosen nature of the short–range inter-
nal variable εp and the long–range internal variable α. The unconstrained optimization
problem (4.18) is exploited by a penalty-type formulation, with the viscosity ηp playing
the role of a penalty parameter

P(ε̇p, α̇, s̄, f, θ) := −Dred
loc + s̄ : ε̇p − fα̇− 1

2ηp

〈
χ(s̄, f, θ)

〉2 → STAT (4.19)
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in terms of the constitutive yield function χ(s̄, f, θ) defined in (4.7). The necessary con-
dition of the unconstrained problem (4.19), yields the evolution of hardening and plastic
strain along with its dual fields

1. ∂ε̇pP ≡ −σ̄ + s̄ = 0 ,

2. ∂s̄P ≡ ε̇p − λn̄ = 0 ,

3. ∂α̇P ≡ f − Div [f ]− f = 0 ,

4. ∂fP ≡ −α̇ + λ
√
2/3 = 0 ,

(4.20)

where we introduced per definition the amount and the direction of plastic flow

λ :=
1

ηp

〈
|s̄| −

√
2

3
[y(θ) + f]

〉
and n̄ :=

s̄

|s̄| . (4.21)

4.1.5. Local-global constitutive equations. With the specification of ψ in (4.2)
and the evolution equations (4.20), we have now fully specified all constitutive functions
necessary for the coupled problem. Next, we introduce the governing equations of the
initial boundary value problem of coupled thermoplasticity. The first global equation is
the balance of linear momentum

Div[σ] = 0 , (4.22)

for vanishing body fores and inertia effects. The second global equation is the evolution
law of the equivalent plastic strain α̇ governed by (4.20)4, and the third global equation
is the definition of the dual driving force f governed by equation (4.20)3. Regarding the
thermal balance equation, the essential balance equation is the balance of internal energy

Ė = σ : ε̇+Div [−q] + r . (4.23)

Using Legendre transformation E = ψ + θη, one gets

ψ̇ + θ̇η + θη̇ = σ : ε̇− Div[q] + r . (4.24)

Recalling the definition of the reduced local dissipation Dred
loc in (4.16), we can express ψ̇

in (4.10) as

ψ̇ = σ : ε̇−Dred
loc − ηθ̇ . (4.25)

With the evolution of the free energy, (4.24) can be written as

θ η̇ = Dred
loc − Div[q] + r . (4.26)

From the definition of the entropy (4.12)2, we obtain the constitutive rate equation

θη̇ = c θ̇ −H with c := −θ ∂2θθψ and H := θ ∂θ

[
σ : ε̇−Dred

loc

]
, (4.27)

where c is the heat capacity and H the latent heat. Insertion of (4.27) into (4.26) finally
gives an evolution equation for the global absolute temperature

c θ̇ =
{
Div [−q] + r

}
+
{
H +Dred

loc

}
. (4.28)
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Note that the first bracket vanishes in an adiabatic process, i.e. for q ≡ 0 and r ≡ 0
in the whole body B. The last two terms on the right-hand side characterize the latent
(thermoelastic) and dissipative coupling effects. In applications of metal thermoplasticity,
it is expected that |H| << Dred

loc . Investigations of Miehe [92] for entropic thermoelasticity
demonstrated the small amount of latent heating. In our subsequent investigation, we
neglect the latent heating effect in the temperature evolution equation by setting H ≈ 0.
Next we summarize the local–global field equations for the coupled thermo-mechanical
problem

1. Div [σ] = 0 ,
2. f − Div [f ]− f = 0 ,

3. −α̇ + λ
√
2/3 = 0 ,

4. −σ̄ + s̄ = 0 ,
5. ε̇p − λn̄ = 0 ,

6. c θ̇ +Div [q]−Dred
loc = 0 .

(4.29)

The global field variables of our coupled gradient thermo-plasticity problem are the long-
range displacement field u, the long-range micro-motion field α together with its dual
driving force f, and the long-range absolute temperature field θ. The local field variables
are the short-range micro-motion field εp and its dual driving force s̄. To solve this system
of equations for the coupled problem, we have to set the boundary conditions. To this
end, the surface ∂B is decomposed according to the three primary fields, the displacement
u, the equivalent plastic strain α and the temperature θ

∂B = ∂Bu ∪ ∂Bt , ∂B = ∂Bα ∪ ∂Bh , ∂B = ∂Bθ ∪ ∂Bh , (4.30)

respectively, with ∂Bu∩∂Bt = ∅, ∂Bα∩∂Bh = ∅ and ∂Bθ∩∂Bh = ∅. We derive Dirichlet–
and Neumann–type boundary conditions related to the displacement and traction field

u = ū on ∂Bu and σn = t̄ on ∂Bt (4.31)

and the passive boundary conditions of the equivalent plastic strain variable, defining the
micro-clamped and free constraints for the evolution of the plastic deformation

α = 0 on ∂Bα and f · n = 0 on ∂Bh (4.32)

and finally for the thermal problem

θ = θ̄ on ∂Bθ and q · n = h̄ on ∂Bh (4.33)

with a prescribed displacement field ū, traction field t̄, temperature field θ̄ and heat flux
h̄. Note that in the numerical examples in Section 4.3, we set h̄ = 0 on the boundary
∂Bh.

4.2. Algorithmic implementation of thermo-gradient-plasticity

The next step is to derive the algorithmic treatment of the coupled problem. This
involves three major steps. First, we carry out time discretization of the global equations
(4.29). Next, the time discrete governing balance equations are recast into their weak
form and finally a space discretization is carried out using the finite element method. In
this section, we focus on development of two time solution procedures for the coupled
problem, namely the product formula algorithm and the simultaneous solution algorithm.
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4.2.1. Product formula algorithm. This solution scheme is constructed based on
the methodology of operator splitting of the coupled thermo-mechanical problem in line
with the works of Simó & Miehe [140] and Miehe et. al. [103]. The underlying
concept here is to exploit a natural operator split of the coupled field equations into a
mechanical problem at isothermal state followed by a heat conduction problem at frozen
mechanical state. As a result, we obtain partitioned symmetric structures for the me-
chanical and the thermal sub-problems. It should be also noted that each solution step
admits an exact linearisation. To this end, the algorithm obtained by splitting of the
system of equations (4.29) into two sub-systems reads

Mechanical problem (M):

1. Div[p1 + σ̄] = 0 ,

2. f −Div [f ]− f = 0 ,

3. −α̇ + λ
√
2/3 = 0 ,

4. −σ̄ + s̄ = 0 ,

5. ε̇p − λn̄ = 0 ,

Thermal problem (T ):

6. cθ̇ +Div [q]−Dred
loc = 0 .

(4.34)

(M) represents the mechanical subproblem at frozen temperature θn, which can be solved
for the new or actual global mechanical state {u, α, f} and problem (T ) is a purely thermal
problem at frozen mechanical state, which can be solved for the new or actual temperature
θ. In a typical time step ∆t = tn+1 − tn, the thermomechanical coupling algorithm is
considered as the composition

ALGOTM = ALGOT ◦ ALGOM (4.35)

of two sub-algorithms.

Isothermal deformation predictor. The first sub-algorithm is a mechanical pre-
dictor at isothermal state (θ̇ = 0) governed by a system of equations (M). It gives the
update of displacement u, equivalent plastic strain α and its dual driving force f at time
tn+1. To this end, we refer to the study in Chapter 3 for updating the global field at
frozen temperature θn.

Thermal corrector. With the updated mechanical fields {u, α, f}, we first compute
the reduced local dissipation. To this end, the time discrete dissipation functional is given
by

Dred
loc := σ̄ :

(εp − εpn)

∆t
− f

(α− αn)

∆t
− f · (∇α−∇αn)

∆t
(4.36)

We then insert the reduced dissipation into the second sub-problem which is the heat
conduction corrector, governed by (T ) as specified in (4.34). It determines the temperature
θ at a frozen mechanical configuration, which was obtained in the predictor step. The
weak form for this sub-algorithm follows from a standard Galerkin procedure of the time
discrete counterpart of (4.34)6

∫

B

δθ
{ c
τ
(θ − θn)−Dred

loc +Div[q]
}
dV = 0 (4.37)
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with δθ being a virtual temperature field defined on the reference configuration that
satisfies the homogeneous thermal boundary condition δθ = 0 on ∂Bθ . The last term of
(4.37) can be recast into

Div(δθq) := (δθqi),i := δθ,iqi + δθqi,i := ∇δθ · q + δθ Div[q] . (4.38)

By using of Gauss theorem, one obtains from (4.37) the variational formulation

∫

B

δθ
{ c
τ
(θ − θn)−Dred

loc

}
dV −

∫

B

∇δθ · q dV +

∫

∂Bq

δθ h̄ dA = 0 (4.39)

for all virtual temperature fields δθ with δθ = 0 on ∂Bθ. (4.39) can be expressed in a
generalized formulation as

ĜT (δθ,∇θ, θ) :=
∫

B

ST ·
[
∇δθ
δθ

]
dV +

∫

∂Bq

δθ h̄ dA = 0 . (4.40)

The generalized thermal stress ST can be defined in an array structure as

ST =

[
K∇θ

c

τ
(θ − θn)

]
+ s

[
0

−Dred
loc

]
(4.41)

with the loading flag s which defines the elastic/plastic loading case as

s :=

{
1 for χ > 0 plastic step
0 otherwise elastic step .

(4.42)

A straightforward linearisation of (4.40)

∆ĜT (δθ, θ) =

∫

B

δθ · CT ·∆θ dV (4.43)

determines at given temperature θ its linear increment ∆θ at a frozen mechanical config-
uration, which was obtained in the predictor step before. The generalized thermal moduli
take the form

CT :=

[
K1 ·
· c/τ

]
(4.44)

With the stresses and moduli at hand, one can now determine the updated temperature.

4.2.2. Simultaneous solution scheme. This is an alternate solution algorithm for
the coupled problem known as the monolithic scheme. The fully coupled thermomechan-
ical problem is solved as a single entity without performing an operator split. Therefore
we no longer have a constant temperature during the mechanical step and vice-versa.
Algorithms for such a monolithic set of coupled equations have been discussed for exam-
ple by Argyris & Doltsinis [17] and Simó & Miehe [140] and Markert [83]. This
approach is significantly more computationally intensive than the scheme based on the
product formula algorithm.
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Weak form of the equilibrium equations. The weak form of the coupled system
of equations is a straightforward addition of all equations in (4.29) after taking the time
discretization of the evolution equations, which leads to an non-symmetric structure of
the problem. Taking into account the condensation of εp and s̄ as per Chapter 3, the
weak form of the reduced set of equations can be written as

∫

B

δu{Div[p1 + σ̄]} dV +

∫

B

∇δαµlp2∇α dV +

∫

B

δα{h(θ)α− f} dV

+

∫

B

δf{−α + αn + γ
√

2/3} dV +

∫

B

δθ
{ c
τ
(θ − θn)−Dred

loc

}
dV

−
∫

B

∇δθ · q dV +

∫

∂Bq

δθ h̄ dA = 0

(4.45)

for all admissible virtual fields. Note that passive Neumann-type boundary conditions for
the equivalent plastic strain ∇α · n = 0 on ∂B∇α has been considered. Equation (4.45)
can be reformulated into the form

Ĝ(δr, r) =

∫

B

[
(κe− καt(θ − θ0))δe+ δθ(−καte) + S̄ · δr̄

]
dV +

∫

∂Bq

δθ h̄ dA = 0 (4.46)

where r is the reduced set of variables defined as

r := {e, θ, r̄} with r̄ := {ε̄, α,∇α, f, θ,∇θ}. (4.47)

The generalized deviatoric stress array S̄ is defined as

S̄ :=




2µ(ε̄− εpn)
h(θ)α− f

µl2p∇α
−α + αn

K∇θ
c
∆t
(θ − θn)



+ s




−2µ γ n̄tr

0
0

γ
√

2/3
0

−Dred
loc



=




S̄M

· · ··
S̄T




. (4.48)

S̄M and S̄T represent the mechanical and thermal stress arrays respectively. The lineariza-
tion of (4.46) reads

∆Ĝ(δr, r) =

∫

B

[δeκ∆e + δθ(−καt)∆e+ δe(−καt)∆θ +∆r̄ · C̄ · δr̄] dV (4.49)

where C̄ is a non-symmetric array of coupled moduli defined by

C̄ :=




2µP · · · · ·
· h(θ) · −1 · ·
· · µl2p · · ·
· −1 · · · ·
· · · · K1 ·
· · · · · c/∆t




+ s




− Ep · · ep · ·
· · · · · ·
· · · · · ·

epT · · −ep · ·
· · · · · ·
Fp Gp Hp Ip · ·




(4.50)
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with the following derivatives

F
p =

−1

∆t

{
2µ(εp − εpn)−

4µ2τ

2µτ + ηp
n̄tr ⊗ n̄tr : (εp − εpn)−

4µ2γ

‖s̄tr‖ [P− n̄tr ⊗ n̄tr]

+ S̄ : { 2µτ

2µτ + ηp
n̄tr ⊗ n̄tr +

2µγ

‖s̄tr‖ [P− n̄tr ⊗ n̄tr]}
}
,

G
p =

h

∆t
(2α− αn) ,

H
p =

µlp
2

∆t
(2∇α−∇αn) ,

I
p =

−1

∆t

{
2µτ

√
2/3

2µτ + ηp
n̄tr : (εp − εpn)−

√
2/3τ

2µτ + ηp
n̄ : S̄

}
.

(4.51)

where E
p, ep, and ep are defined in (3.44).

Regarding the space discretization of the coupled thermo-mechanical problem, the
mixed finite element design for gradient plasticity explained in Chapter 3 is extended to
account for thermal effects by adding the temperature field to the Galerkin formulation.
We end up with two sets of finite element designs:

• Q1P0-Q1Q1Q1 element: We extend the Q1P0-type finite element design of gra-
dient plasticity outlined in Section 3.4 by introducing the temperature field θ, using
bi-linear Q1 elements with n = 4 nodes and shape function N I(ξ) defined in (3.76).

• MINI-Q1Q1Q1 element: We extend the MINI-type finite elements design of gra-
dient plasticity illustrated in Section 3.5 by introducing the temperature field θ, using
linear C0 interpolations with n = 3 nodes.

4.3. Representative numerical examples

We demonstrate the performance of the proposed framework of thermo-gradient-
plasticity by means of two representative numerical examples for softening and hardening
plasticity computed via the product formula algorithm, Which yields, however, similar

Table 4.1: Material parameters used for the numerical examples.

No. Parameter Name Value Unit
1. κ bulk modulus 164.2 kN/mm2

2. µ shear modulus 80.2 kN/mm2

3. h hardening/softening parameter ± 0.13 kN/mm2

4. lp plastic length-scale parameter 0.1 mm
5. y0 yield stress 0.45 kN/mm2

6. ηp viscosity 10−7 kNs/mm2

7. αt expansion coefficient 10−5 K−1

8. K conductivity 0.045 KN/sK
9. c capacity 3.588 · 10−3 KN/mm2K
10. wh thermal softening parameter 0.002 k−1

11. w0 flow stress softening 0.002 k−1
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results as the simultaneous solution scheme. The material parameters used are given in
Table 4.1.

4.3.1. Cross shear localization in tension for softening plasticity. The first
benchmark test is concerned with the development of a symmetric crossed shear band
localization of a strip subjected to tensile loading for softening plasticity, i.e. h =
−0.13 KN/mm2. The geometric set up and the loading conditions are illustrated in
Figure 4.1. Here the size of the specimen is chosen to be L = 50 mm and H = 100 mm.
Due to the underlying symmetry, only a quarter of the specimen is discretized using 400
Mini-Q1Q1Q1 elements. To trigger localization in the center of the specimen, the yield
strength y0 of the first element (lower left, shaded area) is reduced by 3 %. The material
parameters of the specimen are listed in Table 4.1.

Figure 4.2 shows the contour plots at the final deformation state for the equivalent
plastic strain α, its dual driving force f and the incremental temperature θ for different
plastic length scales lp. Figure 4.2 (a),(e) and (i) show the results for local analysis with
lp = 0 mm. We observe a plastic shear band with a width of one element size. When
increasing the length scale, we detect the equivalent plastic strain α, its dual driving force
f and the temperature field θ to spread over several elements, see Figure 4.2(b)–(d) for α
and Figure 4.2(f)–(h) for f and Figure 4.2(j)–(l) for θ, whereas their absolute maximum
values decrease as outlined in Aldakheel et al. [8] and Nagaraja [116]. Furthermore,
it can also be seen that the temperature distribution inside the specimen is similar to the
hardening variable α. We observe that increasing lp leads to a decrease of the temperature.
As the length scale parameter lp ∝ 1/L with L being the macroscopic characteristic size,
increasing the plastic length scale is equivalent to a decrease in specimen size and, thus,
temperature dissipates faster from a small size medium as illustrated in the work of
Faghihi et al. [46], Voyiadjis & Faghihi [150] and Voyiadjis & Abu Al-Rub

[149]. Next, Figure 4.3 shows the evolution of the equivalent plastic strain α in time at
the specimen center for the isothermal and non-isothermal setting in combination with
different length scales. We detect a higher amount of plastic strain for the non-isothermal
setting because as the temperature increases, thermal softening also increases leading
to an increase in plastic strain as shown in Voyiadjis & Faghihi [150] and Faghihi

et al. [46]. The load-displacement curves of the overall structural response are illustrated
in Figure 4.4 and Figure 4.5. As observed in Figure 4.2(a), the shear band for a local

ū

L

H

Figure 4.1: Cross shearing of specimen in tension. Geometry and boundary conditions.
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a) b) c) d)

e) f) g) h)

i) j) k) l)
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Figure 4.2: Tension test. Contour plots of the hardening variable α (a)-(d); its dual driving
force f (e)-(h) and incremental temperature θ (i)-(l) for a mesh with 400 elements for different
length scales. a), e) and i) Local plasticity lp = 0 mm; b), f) and j) lp = 0.05 mm; c), g)
and k) lp = 0.10 mm and lp = 0.20 mm in (d), (h) and (l).
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Figure 4.3: Tension Test. Variation of equivalent plastic strain for different length scales
lp a) isothermal setting (see Chapter 3) and b) non-isothermal setting.
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Figure 4.4: Tension test. Load-displacement curves for different mesh sizes a) for local
plasticity lp = 0 mm and b) gradient plasticity with lp = 0.1 mm.
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Figure 4.5: Tension Test. Load-displacement curves for Isothermal and Non-isothermal
thermo-gradient plasticity with two length scales. a) lp = 0.0 mm, b) lp = 0.1 mm.

analysis (lp = 0) has the width of one element.

The load-displacement curves in Figure 4.4(a) demonstrate the pathological mesh de-
pendence of the local theory. In contrast, Figure 4.4(b) shows results for gradient plasticity
with lp = 0.1 mm and different mesh sizes, where mesh objectivity is observed. Next, we
investigate in Figure 4.5 the effect of the temperature field on the overall global response
for various length scales. The curves indicate an identical initial yield strength in all the
cases because we have neglected the thermoelastic heating H and we also observe that
the strain hardening is reduced for the non-isothermal setting, which is obviously true as
the temperature increase results in further softening of the specimen.

4.3.2. Expansion of a plate with hole for hardening plasticity. The second
example focuses on the effect of hardening plasticity in a squared specimen with a cir-
cular hole. The size of the plate is set to L = 1.0 mm and the hole has a diameter of
d = 0.25 mm. The material parameters used are given in Table 4.1. In particular, we
set h = 0.13 kN/mm2 for hardening plasticity. The process is deformation-controlled
by prescribing a bi-axial extension of the specimen at the full boundary. Due to the
symmetry of the boundary value problem only a quarter of the specimen is discretized
with 800 Q1P0-Q1Q1Q1 elements. The geometric setup and the boundary conditions are
illustrated in Figure 4.6.

Figure 4.7 depicts the distribution of the equivalent plastic strain α, the dual driving
force f and the temperature field θ at the final deformation for different length scales lp.
We observe a concentration of equivalent plastic strain α Figure 4.7a and the temperature
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Figure 4.6: Expansion of a plate with hole for hardening plasticity. Geometry and bound-
ary conditions.
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Figure 4.7: Expansion of a plate with hole for hardening plasticity. Distribution of equiv-
alent plastic strain α (a)-(c); its dual driving force f (d)-(f) and temperature θ (g)-(i)
for a mesh with 400 elements for three different plastic length scales. (a), (d) and (g)
lp = 0.03 mm; (b), (e) and (h) lp = 0.07 mm and lp = 0.1 mm in (c), (f) and (i).
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Figure 4.8: Expansion of a plate with hole for hardening plasticity. a) Load-displacement
curves for isothermal and non-isothermal analysis and b) evolution of incremental temper-
ature θ at the inner surface and in combination with different length scales .

field θ Figure 4.7g around the hole. By increasing the length scale, α and θ spread out,
but the driving force f becomes more localized. We observe very small oscillations in the
dual driving force f near the EPB. However, their amplitudes are extremely small. They
do not have a visible influence on the macro-deformation u and the equivalent plastic
strain α.

Figure 4.8(a) shows the load displacement curves for isothermal setting (see Chapter
3) compared with non-isothermal setting for two different values of the thermal softening
parameter wh corresponding to a weak and a strong temperature dependence of the flow
stress and isotropic hardening modulus. By including the thermal effect, a softer response
is observed. For the strong temperature dependence (wh = w0 = 0.1 K−1), we detect a
softer global response, i.e. strain hardening is reduced further in comparison with weak
temperature dependence of the plastic flow (wh = w0 = 0.05 K−1) as mentioned in
the work of Simo & Miehe [140]. Figure 4.8b shows the evolution of the temperature
field at the inner surface of the specimen, computed via the product formula algorithm
for different length scales. It can be seen that for a smaller length scale, the absolute
temperature field θ has the highest value. As we increase lp, the maximum value decreases.
This is because, increasing the plastic length scale is equivalent to a decrease in the
specimen size and temperature dissipates faster from a smaller size medium, which is well
documented in Voyiadjis & Faghihi [150], Faghihi et al. [46] and Nagaraja [116].
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5. Variational Gradient Plasticity in the Logarithmic Strain Space

In this chapter, we extend the constitutive formulation discussed in Chapter 3 to the
finite deformation theory, as outlined in the recent publication of Miehe et al. [105]
and Aldakheel et al. [10]. A key aspect of this chapter is its core constitutive struc-
ture in the Lagrangian logarithmic strain space, that could be chosen to be identical to
geometrically linear theories of gradient plasticity. The point of departure is the construc-
tion of a variational framework based on mixed saddle point principles for metric-type
additive plasticity, which is specified for the important model problem of isochoric von
Mises plasticity with gradient-extended hardening/softening response. This variational
principle is based on the energetic and the dissipative response functions in the logarith-
mic strain space, that is framed by a purely geometric pre- and post-processing steps.
The numerical implementation exploits the underlying variational structure, yielding a
canonical symmetric structure of the monolithic problem. In this context, we develop a
robust mixed finite element formulations, including a long-range equivalent plastic strain
variable and its dual driving force. To this end, we extend the Q1P0-type and MINI-type
finite elements outlined in Chapter 3 to finite gradient plasticity. Various numerical ex-
amples, which demonstrate the excellent performance of the proposed mixed variational
approach to gradient plasticity in the logarithmic strain space are presented at the end of
this chapter.

5.1. Basic kinematics in the Logarithmic Strain Space

5.1.1. Volumetric and isochoric decomposition. We decompose the right Cauchy-
Green tensor C defined in (2.13) into volumetric and isochoric parts

C = J2/3C̄ (5.1)

based on the decoupling of the constitutive response into volumetric elastic and isochoric
elastic-plastic contributions. The volumetric projection tensors in the Lagrangian geo-
metric setting govern derivatives of volumetric potentials

ψvol(C) = U(J) with J := (detC)1/2 (5.2)

with respect to the Lagrangian metric tensor C. They are defined by

Pvol := 2∂CJ and Lvol := 4∂2CCJ (5.3)

and have the closed-form representations

Pvol = JC−1 and Lvol = J [C−1 ⊗C−1 − 2 IC−1 ] (5.4)

with the fourth-order identity tensor IABCD

C
−1 := 1

2
[C−1ACC−1BD + C−1ADC−1BC ] with

respect to the metric tensor C−1. Given a function U(J), its first derivative by the
Lagrangian metric tensor C takes the form

Svol := 2∂CU = U ′Pvol (5.5)

and the second derivative appears in the format

Cvol := 4∂2CCU = U ′′Pvol ⊗ Pvol + U ′Lvol . (5.6)
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P ·N= T̄

N NX ∈ B X ∈ BX ∈ B

ϕ=ϕD

ϕ α εp

macro-motion long-range micro-motion short-range micro-motion

α = αD

f ·N=0

Figure 5.1: Primary fields. a) The macro-motion field ϕ is constrained by the Dirichlet-
and Neumann-type boundary conditions ϕ = ϕD on ∂Bϕ and P · N = T̄ on ∂BP with
∂B = ∂Bϕ ∪ ∂BP . b) The long-range micro-motion field α is restricted by the conditions
α = αD on ∂Bα and f · N = 0 on ∂B

H

with ∂B = ∂Bα ∪ ∂B
H

. c) The short-range
micro-motion field εp is locally defined and not constrained by boundary conditions.

The isochoric projection tensors in the Lagrangian geometric setting govern the deriva-
tives of isochoric potentials

ψiso(C) = ψ̄(C̄) with C̄ := J−2/3C (5.7)

with respect to the Lagrangian metric tensor C. They are defined by

Piso := ∂CC̄ and Liso := 2∂2CCC̄ (5.8)

have the closed-form representation

Piso = J−2/3[I− 1
3
C ⊗C−1] , (5.9)

with identity tensor IAB
CD := δACδ

B
D, and for the contraction with a given tensor S̄iso

S̄iso : Liso =
2

3
J−2/3(S̄iso : C)[IC−1 − 1

3
C−1 ⊗C−1]

− 2

3
[(S̄iso : Piso)⊗C−1 +C−1 ⊗ (S̄iso : Piso)] ,

(5.10)

see Miehe & Lambrecht [98] for further details. Given a function ψ̄(C̄), its first
derivative takes the form

Siso := 2∂Cψ̄ = S̄iso : Piso with S̄iso := 2∂C̄ψ̄ , (5.11)

and the second derivative is expressed by

Ciso := 4∂2CCψ̄ = PT
iso : C̄iso : Piso + S̄iso : Liso with C̄iso := 4∂2C̄C̄ψ̄ . (5.12)

5.1.2. Short-range micro-motion fields. Following ideas outlined in the recent
work of Miehe [95, 94, 93], we introduce the Lagrangian plastic metric

Gp ∈ Sym+(3 ) with Gp(X, t = t0) = G (5.13)

as the basic tensor field that describes locally the plastic deformation. The plastic metric
Gp

AB is considered as a primitive short-range internal variable field, in line with the clas-
sical framework of finite plasticity outlined in Green & Naghdi [60]. It is governed by
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a local flow rule, starting at initial time t = t0 from the reference metric G. A simple La-
grangian elastic strain measure, obtained in an additive format from the isochoric plastic
metric C̄ defined in (5.7) and the plastic metric Gp introduced in (5.13), is

ε̄e := ε̄− εp (5.14)

in terms of the logarithmic Hencky-type total and plastic strains

ε̄ :=
1

2
ln C̄ and εp :=

1

2
lnGp , (5.15)

respectively. Note that ε̄ is a traceless tensor (tr ε̄ = 0). Due to the one–to–one relation-
ship between εp and Gp, we consider in what follows the symmetric logarithmic plastic
strain

εp :

{
B × T → R6

(X, t) 7→ εp(X, t) ,
(5.16)

as the micro-motion field for the plastic deformation, which is illustrated in Figure 5.1c.
As shown in Miehe et al. [99], the additive logarithmic measure εe defined in (5.14)
is close to logarithmic elastic strain measures in plastic-rotation-free multiplicative plas-
ticity. However, due to its a priori additive nature, it allows a straightforward, modular
incorporation of complex anisotropic constitutive structures of the geometric linear theory
into the large strain framework. Such a kinematic framework is extremely convenient for
the modeling of phenomenological plasticity of metal poly-crystals or glassy polymers,
where elastic strains usually remain small.

5.1.3. Lagrangian logarithmic projection tensors. The logarithmic projection
tensors in the Lagrangian geometric setting govern derivatives of potentials defined in the
Lagrangian logarithmic strain space

ψ̄(C̄) = ψ̄log(ε̄) with ε̄ :=
1

2
ln C̄ (5.17)

with respect to the isochoric part C̄ of the Lagrangian metric tensor C and defined as

Plog := 2∂C̄ ε̄ and Llog := 4∂2C̄C̄ ε̄ . (5.18)

Their computation is based on a spectral decomposition of the isochoric metric C̄, i.e.
based on the solution of the eigenvalue problem C̄ni = λini. Then, the deviatoric
logarithmic strains appear in the spectral form

ε̄ =
∑3

i=1
1
2
ln[λi]ni ⊗ ni . (5.19)

The computation of the above projection tensors follows in a straightforward manner, e.g.

Plog =
∑3

i=1λ̄
−1
i [ni ⊗ ni]∂C̄λi +

∑3
i=1 ln[λi]∂C̄ [ni ⊗ ni] . (5.20)

Closed forms are summarized in Box 1, taken form Miehe & Lambrecht [98], which
account for special cases with equal eigenvalues. Items 1 and 2 in Box 1 govern geometric
pre- and post-processing steps, the key ingredients of additive metric-type finite elasto-
plasticity in the logarithmic strain space proposed byMiehe et al. [99]. Given a function
ψ̄log(ε̄), its first derivative is written as

S̄iso := 2∂C̄ψ̄iso = S̄log : Plog with S̄log := ∂ε̄ψ̄log , (5.21)

and the second derivative reads

C̄iso := 4∂2C̄C̄ψ̄iso = PT
log : C̄log : Plog + S̄log : Llog with C̄log := ∂2ε̄ε̄ψ̄log . (5.22)
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Box 1: ALGO: Processing in/out of Isochoric Logarithmic Strain Space.

1. Geometric Pre–Processing. Given is the current isochoric metric tensor C̄.
Solving eigenvalue problem C̄ni = λini and setting ei =

1
2
lnλi results in the

deviatoric logarithmic strains

ε̄ =
∑3

i=1 eini ⊗ ni .

2. Geometric Post–Processing. Given are the deviatoric stresses S̄log and the
moduli C̄log in the logarithmic stain space. Setting ζij = S̄log : (ni ⊗nj) yields
the coefficients:

For three different eigenvalues λī 6= λj̄ 6= λk̄:

ϑij := (ei − ej)/(λi − λj), ξij := (ϑij − 1
2
λ−1
j )/(λi − λj)

η̄ :=
∑3

i

∑3
j 6=i

∑3
k 6=i,k 6=jei/[2(λi − λj)(λi − λk)] ,

for two equal eigenvalues λī = λj̄ 6= λk̄:

ϑīj̄ = ϑj̄ī :=
1
2
λ−1
ī
, ξīj̄ = ξj̄ī := − 1

4
λ−2
ī
, η̄ := ξk̄ī

ϑij := (ei − ej)/(λi − λj), ξij := (ϑij − 1
2
λ−1
j )/(λi − λj) ∀ i, j = k̄ ,

for three equal eigenvalues λī = λj̄ = λk̄:

ϑij :=
1
2
λ−1
ī
, ξij = η̄ := − 1

4
λ−2
ī

.

Set mij = ni ⊗nj +nj ⊗ni and computing the Lagrangian projection tensors

Plog =
∑3

i λ
−1
i ni ⊗ ni ⊗mii +

∑3
i

∑3
j 6=i ϑijni ⊗ nj ⊗mij

S̄log : Llog =
∑3

i −2λ−2
i ζiimii ⊗mii +

∑3
i

∑3
j 6=i

∑3
k 6=i,k 6=j 2η̄ζijmik ⊗mjk

+
∑3

i

∑3
j 6=i 2ξij[ζij(mij ⊗mjj +mjj ⊗mij) + ζjjmij ⊗mij ] ,

allows to compute the Lagrangian stresses and moduli in isochoric space

S̄iso = S̄log : Plog and C̄iso = PT
log : C̄log : Plog + S̄log : Llog .

5.1.4. Long-range micro-motion field. We develop a framework of isotropic gradi-
ent plasticity at finite strains. To this end, we introduce the long-range micro-motion field
α(X, t) demonstrated in Figure 5.1b as a phenomenological hardening/softening variable
field

α :

{
B × T → R

(X, t) 7→ α(X, t)
(5.23)

that defines an equivalent plastic strain in the logarithmic strain space by the evolution
equation

α̇ =

√
2

3
||ε̇p|| with α̇ ≥ 0 . (5.24)

It starts to evolve from the initial condition α(X, t0) = 0 . To account for size effect of the
non-local theory of metal plasticity, we introduce the plastic length scale lp as discussed
in Chapter 3.
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5.2. Energetic and dissipative response functions

5.2.1. Energetic response function. With the above kinematic equations at hand,
we specify now a particular model of gradient plasticity in the logarithmic strain space.
Hence, the subsequent model problem of von Mises gradient plasticity is described by the
three primary fields

Primary Fields: { ϕ, α, εp } (5.25)

introduced in (2.3), (5.23) and (5.16). In this, ϕ is the long-range macro-motion field, α
is a long-range micro-motion field and εp is a short-range micro-motion field as shown in
Figure 5.1. They define the following objective constitutive state:

Constitutive State: c := { J, c̄ } with c̄ := { ε̄, εp, α,∇α } . (5.26)

It includes, as a total isochoric strain measure, the logarithmic strain deviator ε̄ defined
in (5.15). The gradient of the logarithmic plastic strain does not enter the constitutive
state. Thus, εp is of short-range in the sense of a classical internal variable field. Here we
emphasis that the gradient of equivalent plastic strain is a referential quantity∇α ≡ ∇Xα.
Focusing on isotropicmetal plasticity, we consider the decomposition of the energy storage
function into volumetric elastic and isochoric elastic-plastic parts

ψ(c) = U(J) + ψ̄log(ε̄, ε
p, α,∇α) with ψ̄log = ψ̄e

log(ε̄− εp) + ψ̄p(α,∇α) . (5.27)

Here, the isotropic elastic contributions are assumed to be quadratic functions

U =
κ

2
(J − 1)2 and ψ̄e

log = µ ε̄e : ε̄e , (5.28)

where κ and µ are the elastic bulk and shear moduli, respectively. The plastic contribution
is assumed to be of the form

ψ̄p(α,∇α) = ψ̄p
loc(α) + ψ̄p

grad(∇α) . (5.29)

The microscopic energetic contribution ψ̄p
loc(α) that describes a possibly nonlinear isotropic

local hardening/softening is defined as

ψ̄p(α) =
1

2
hα2 + (y∞ − y0)(α+ exp[−ωα]/ω) , (5.30)

in terms of the isotropic hardening modulus h, the infinite and initial yield stresses y∞
and y0 and the saturation parameter ω are introduced. The gradient part of plastic
contribution is assumed to be quadratic and has the form

ψ̄p
grad(∇α) =

µl2p
2
|∇α|2 , (5.31)

governed by the energetic length scale lp that accounts for nonlocal hardening effects. The
evolution of the free energy takes the form

d

dt
ψ(c) = P : ∇ϕ̇− σ̄ : ε̇p + fα̇+ f · ∇α̇ (5.32)

with the definition of the energetic first Piola nominal stress

P := gF (Svol + Siso) (5.33)
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in terms of the second Piola-Kirchhoff stress definitions, as illustrated in Figure 2.4, as

Svol := 2∂CU = U ′Pvol and Siso := 2∂Cψ
e
iso = σ̄ : Plog : Piso (5.34)

Furthermore, we introduced in (5.32) per definition

σ̄ := 2µ(ε̄− εp) , f := ψ̄p ′
loc , f := µl2p ∇α . (5.35)

Note that (5.34) contains a successive projection of the deviatoric stress tensor σ̄ =
∂ε̄ψ̄

e = −∂ε̄pψ̄e, first from the logarithmic space into the isochoric space, governed by
Plog, and then from the isochoric space into the Lagrangian space, governed by Piso.

5.2.2. Dissipative response function. For the model problem under consideration,
we introduce the dissipative force fields

s̄ :

{
B × T → R6

(X, t) 7→ s̄(X, t)
and f :

{
B × T → R

(X, t) 7→ f(X, t)
(5.36)

where s̄ is dual to εp given in (5.16) and f dual to α given in (5.23). Hence, for the
subsequent modeling of isochoric plasticity, we focus on the dissipative force array

Driving Forces: b̄ := { 0, s̄,−f, 0 } (5.37)

dual to the isochoric constitutive state c̄ defined in (5.26). For von Mises-type gradient
plasticity, we focus on the yield function

χ(b̄) := |s̄| −
√

2
3
[ y0 + f ] , (5.38)

where y0 is the initial yield stress. With this function at hand, we define a dual dissipation
function for gradient-type finite viscoplasticity

φ∗(b̄) =
1

2ηp
〈 |s̄| −

√
2
3
[ y0 + f ] 〉2 , (5.39)

where ηp is the viscosity of the plastic overstress response. Here, 〈x〉 := (x+ |x|)/2 is the
Macaulay bracket. It is worth mentioning at this stage that the computational setting
of gradient viscoplasticity outlined here is also applicable for the exact rate-independent
limit ηp = 0.

5.3. Mixed variational principle for the evolution problem

Following conceptually the recent work of Miehe [96], a mixed rate-type variational
principle that contains the dissipative driving force is based on the potential

Π∗(ϕ̇, α̇, ε̇p, b̄) =

∫

B

π∗(ċ,b; c) dV − Pext(ϕ̇; t) (5.40)

with external power functional Pext :=
∫
B
ϕ̇·γdV +

∫
∂Bt

ϕ̇·tdA and themixed rate potential
per unit volume given by

π∗(ċ, b̄) =
d

dt
ψ(c) + b̄ · ˙̄c− φ∗(b̄) (5.41)
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that contains the evolution of the energy storage function, the dissipation and the dual
dissipation function. Note that the potential π∗ is linear with respect to the rate ċ of
the constitutive state and concave with respect to the dissipative driving forces b̄. The
latter property is fully determined by the dual dissipation potential function φ∗, whose
convexity is implied by the second axiom of thermodynamics. The only nonlinear entry
in the potential Π∗ occurs through the dual dissipation function φ∗. The evolution of the
macro- and micro-motion fields as well as the driving forces at a given state is determined
by the mixed variational principle

{ϕ̇, α̇, ε̇p, s̄, f} = Arg{ inf
ϕ̇

inf
α̇

inf
ε̇p

sup
s̄

sup
f

Π∗(ϕ̇, α̇, ε̇p, s̄, f) } , (5.42)

which defines at the given state {ϕ, α, εp} at time t the rates of the macro- and micro-
motion fields along with the dissipative driving forces. The specification of the continuous
rate potential introduced in (5.41) for the mixed plasticity model under consideration
reads

π∗(ċ, b̄) = P : ∇ϕ̇− σ̄ : ε̇p + fα̇+ f · ∇α̇ + s̄ : ε̇p − fα̇− φ∗(s̄, f) , (5.43)

where P , σ̄, f and f are defined in (5.33) and (5.35). Taking the variation of the potential
(5.40), we find as the Euler equations of the mixed variational principle (5.42)

1. δϕ̇π
∗ ≡ −DIV [P ] = γ ,

2. δα̇π
∗ ≡ f −DIV [f ]− f = 0 ,

3. δfπ
∗ ≡ −α̇ + λ

√
2/3 = 0 ,

4. δε̇pπ
∗ ≡ −σ̄ + s̄ = 0 ,

5. δs̄π
∗ ≡ ε̇p − λn̄ = 0 ,

(5.44)

along with the Neumann-type boundary conditions

P ·N = T̄ on ∂BP and f ·N = 0 on ∂B
H

(5.45)

associated with the macro-motion ϕ and the long-range micro-motion α. In (5.44), we
introduced per definition the amount and the direction of plastic flow as

λ :=
1

ηp
〈 |s̄| −

√
2
3
[y0 + f ] 〉 and n̄ := s̄/|s̄| . (5.46)

This summarizes the formulation of the model of finite gradient plasticity in the loga-
rithmic strain space. Note that all coupled field equations (5.44) in the domain B are
governed by variational derivatives of the rate potential π∗ defined in (5.43).

5.3.1. Time discrete incremental variational principle. We consider a finite
time increment [tn, tn+1], where τn+1 := tn+1 − tn > 0 denotes the step length. All fields
at time tn are assumed to be known. The goal then is to determine the fields at time
tn+1 based on variational principles valid for the time increment under consideration.
Subsequently, all variables without subscript are evaluated at time tn+1. In particular,

c̄ := {ε̄, εp, α,∇α} and c̄n := {ε̄n, εpn, αn,∇αn} (5.47)

denote the isochoric constitutive states (5.26) at time tn+1 and time tn, respectively.
Furthermore,

b̄ := { 0, s̄,−f, 0 } (5.48)
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indicate the array of active dissipative driving forces (5.37) at the current discrete time
at time tn+1. A mixed incremental variational principle of gradient plasticity associated
with the finite time increment [tn, tn+1] is based on the mixed potential

Π∗τ (ϕ, α, εp, b̄) =

∫

B

π∗τ (c, b̄) dV − P τ
ext(ϕ) , (5.49)

in terms of the mixed incremental potential per unit volume π∗τ , defined by an algorithmic
approximation

π∗τ (c, b̄) = Algo{
∫ tn+1

tn

π∗(ċ, b̄)dt } (5.50)

in terms of the continuous rate-type potential π∗ introduced in (5.41). The algorithm
Algo approximates the time integration of the continuous rate-potential π∗ in the discrete
time interval [tn, tn+1]. As a consequence, the incremental potential π∗τ is considered to
be a function of the current variables c and b̄ at time tn+1 at given state cn at time tn.
The macro- and micro-motion fields as well as the driving forces at the discrete time tn+1

are then determined by the mixed incremental variational principle

{ϕ, α, εp, s̄, f} = Arg{ inf
ϕ

inf
α

inf
εp

sup
s̄

sup
f

Π∗τ (ϕ, α, εp, s̄, f) } . (5.51)

The algorithm is constructed such that the variation of the potential (5.49) for admissible
variations δϕ ∈ W0

ϕ, δα ∈ W0
α, δs̄ ∈ L2 and δf ∈ L2 yields as the Euler equations geomet-

rically consistent algorithmic counterparts of the Euler equations (5.44) of the continuous
rate-type variational principle (5.42). For the model of finite gradient plasticity in the
logarithmic strain space considered here, this is achieved by a straightforward application
of a backward Euler scheme. This yields the closed form of the incremental potential

π∗τ (c, b̄) = U(J) + ψ̄log(ε̄, ε
p, α,∇α) + s̄ : (εp − εpn)− f · (α− αn)− τφ∗(s̄, f) (5.52)

in terms of the free energy functions U , ψ̄log and the dual dissipation function φ∗ defined
in (5.27) and (5.39), respectively. Here, we dropped constant terms in order to get a
compact notation.

5.3.2. Euler Equations of the Mixed Incremental Variational Principle. Tak-
ing the variation of the incremental potential (5.49), we find as the Euler equations of the
mixed variational principle

1. δϕπ
∗τ ≡ −DIV [P ] = γ ,

2. δαπ
∗τ ≡ f − DIV [ f ]− f = 0 ,

3. δfπ
∗τ ≡ −α + αn + γ

√
2/3 = 0 ,

4. δεpπ
∗τ ≡ −σ̄ + s̄ = 0 ,

5. δs̄π
∗τ ≡ εp − εpn − γn̄ = 0 ,

(5.53)

along with the Neumann-type boundary conditions

P ·N = T̄ on ∂BP and f ·N = 0 on ∂B
H

(5.54)

at the current time tn+1. In (5.53), we introduced per definition the amount and the
direction of the incremental plastic flow

γ :=
τ

ηp
〈 |s̄| −

√
2
3
[y0 + f ] 〉 and n̄ := s̄/|s̄| . (5.55)
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Box 2: ALGOiso: Isochoric Gradient Plasticity in Logarithmic Strain Space.

1. Long–Range State. Given are the long-range variables {ϕ, α, f } at the current
time tn+1. Compute the reduced state array in logarithmic strain space

r̄log := { ε̄, α,∇α, f } with ε̄ := Dev{ 1

2
ln[∇Tϕ∇ϕ] }

2. Constitutive Box. Get generalized stresses and moduli in logarithmic strain space
and update of short-range history variables form Box 3

{ S̄log, C̄log } = ALGOlog(r̄log)

3. Logarithmic Projection. Compute the generalized stress and moduli arrays by
logarithmic projection

S̄iso := P∗T
log · S̄log and C̄iso := P∗ T

log · C̄log ·Plog + S̄log ·L∗
log

Note that these equations are consistent time-discrete algorithmic counterparts of the
Euler equations (5.44)-(5.46) of the continuous rate-type variational principle. Observe
in particular the standard backward Euler update structure in (5.53)3,5. This summarizes
the time-discrete algorithmic formulation of the model of finite gradient plasticity in the
logarithmic strain space. Note that all coupled field equations (5.53) at discrete time tn+1

are governed by variational derivatives of the incremental potential π∗τ defined in (5.52).

5.3.3. Two-steps local-global update schemes. The solution of this incremental
variational principle (5.51) is obtained within two steps, which correspond to typical
algorithmic procedures in computational inelasticity with a local constitutive response.

Condensation of local variables. In a first solution step, Π∗τ in (5.49) is optimized
for given macro-motion ϕ, long-range micro-motion α and driving forces f with respect
to the current short-range micro-motion εp and its dual driving force s̄. Due to the local
nature of this optimization problem, we may write

(L) : {εp, s̄} = Arg{ inf
εp

sup
s̄

Π∗τ (ϕ, εp, α, s̄, f) } . (5.56)

This variational principle defines locally an isochoric condensed incremental work potential

π∗τ
red(r) = inf

εp
sup
s̄

π∗τ (c, b̄) , (5.57)

as a function of an reduced set of variables

r := { 1
2
C, α,∇α, f } . (5.58)

The Euler equations of (5.56) are identical with the equations (5.53)4,5 and define the
updates of the short-range variable εp including their dual driving forces s̄. For von Mises
plastic flow, they can be recast into the form

1. δεpπ
∗τ ≡ −s̄trial + 2µγn̄trial + s̄ = 0 ,

2. δs̄π
∗τ ≡ εp − εpn − γn̄trial = 0 ,

(5.59)
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in terms of the deviatoric trial stress and flow direction

s̄trial := 2µ(ε̄− εpn) and n̄trial := s̄trial/|s̄trial| . (5.60)

Setting |s̄| = |s̄trial| − 2µγ, we write the yield function in terms of the incremental plastic
slip

χ = |s̄trial| − 2µγ −
√

2
3
[y0 + f ] . (5.61)

Assuming χ > 0, we compute from (5.55) a trial value of the incremental plastic flow

γtrial :=
1

2µ+ ηp/τ
( |s̄trial| −

√
2
3
(y0 + f) ) (5.62)

and define the incremental plastic parameter by

γ =

{
γtrial for χ > 0
0 otherwise .

(5.63)

Hence, the two equations (5.59) determine εp and s̄ by a non-standard radial return step,
driven by the total deviatoric strains ε̄ and the driving force f. Note carefully that the
update (5.63) of incremental plastic flow can be performed for the exact rate-independent
limit ηp = 0. The algorithmic steps of the local update are summarized in Box 3.

Reduced Global Problem. With the condensed incremental work potential π∗τ
red

defined in (5.57) at hand, we define the reduced potential function

Π∗τ
red(ϕ, α, f) =

∫

B

π∗τ
red(r) dV − P τ

ext(ϕ) . (5.64)

Then, a second solution step, governed by the mixed saddle point principle

(G) : {ϕ, α, f} = Arg{ inf
ϕ
inf
α
sup
f

Π∗τ
red(ϕ, α, f) } , (5.65)

determines for given state {εpn, αn} at time tn and updated short-range variables {εp, s̄}
at time tn+1 obtained form step (L) in (5.56) the long-range fields {ϕ, α} and the driving
forces f at time tn+1. The Euler-equations of (5.66) are identical with the equations
(5.53)1,2,3

1. δϕπ
∗τ ≡ −DIV [P ] = γ ,

2. δαπ
∗τ ≡ f −DIV [ f ]− f = 0 ,

3. δfπ
∗τ ≡ −α + αn + γ

√
2/3 = 0 .

(5.66)

5.3.4. Weak form of reduced global equations. The variation of the functional
(5.64) gives the necessary condition

δΠ∗τ
red =

∫

B

S · δr dV − P τ
ext(δϕ) = 0 , (5.67)

having for dead external loads the linearization

∆δΠ∗τ
red =

∫

B

[ S ·∆(δr) + δr · C ·∆r ] dV , (5.68)
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in terms of the generalized stress and tangent moduli arrays, i.e. the derivatives of the
incremental potential π∗τ

red defined in (5.57)

S := ∂rπ
∗τ
red and C := ∂2rrπ

∗τ
red (5.69)

with respect to the reduced set of variables (5.58). δr := {sym[∇Tϕg∇δϕ], δα,∇δα, δf}
is the variation of this reduced state based on the admissible test functions δϕ ∈ W0

ϕ,
δα ∈ W0

α and δf ∈ L2. Note, that the above statement (5.67) can be interpreted as a virtual
work balance of internal and external actions at the discrete time tn+1. Furthermore,
observe the symmetry of the tangent arrays as a consequence of the underlined variational
principle.

Volumetric and isochoric projections. The arrays defined in (5.69) decompose
into elastic volumetric and elastic-plastic isochoric contributions according to

S := U ′P∗
vol +P∗T

iso · S̄iso (5.70)

for the generalized stress array and the moduli array

C := U ′′P∗
vol ⊗P∗

vol + U ′L∗
vol +P∗ T

iso · C̄iso · P∗
iso + S̄iso ·L∗

iso (5.71)

in terms of the isochoric stress arrays

S̄iso := ∂r̄π
∗τ
red and C̄iso := ∂2r̄r̄π

∗τ
red (5.72)

obtained by the derivative of the incremental potential π∗τ
red with respect to the reduced

isochoric state array
r̄ := { 1

2
C̄, α,∇α, f } . (5.73)

The projection arrays P∗
vol and P∗

iso formally extend the projection tensors introduced in
(5.3) and (5.8) to the array structure, such as

P∗
vol :=




Pvol

·
·
·


 and P∗

iso :=




Piso · · ·
· 1 · ·
· · 1 ·
· · · 1


 , (5.74)

allowing the compact representations (5.70) and (5.71) of the generalized stress and moduli
arrays.

Logarithmic projection. In turn, these stress and moduli arrays are expressed in
the form

S̄iso := P∗T
log · S̄log and C̄iso := P∗ T

log · C̄log · Plog + S̄log ·L∗
log (5.75)

in terms of the stress and the moduli arrays

S̄log := ∂r̄logπ
∗τ
red and C̄log := ∂2r̄log r̄logπ

∗τ
red (5.76)

obtained by the derivative of the incremental potential π∗τ
red with respect to the reduced

isochoric state array in the logarithmic strain space

r̄log := { ε̄, α,∇α, f } . (5.77)
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Box 3: ALGOlog: Variational Updates for Isotropic Gradient Plasticity.

1. Initialization. Given is the generalized strain array r̄log := {ε̄, α,∇α, f} at time
tn+1 and the local logarithmic plastic strains εpn at time tn. Set s̄

trial := 2µ(ε̄−εp
n)

and n̄trial := s̄trial/|s̄trial| and initialize εp = εpn and γ = 0.

2. Check Yielding. If |s̄trial| −
√

2
3
(y0 + f) < 0, set s = 0, go to 4. Else, s = 1.

3. Update Short Range Variables. Compute

γ =
1

2µ+ ηp/τ
( |s̄trial| −

√
2
3
(y0 + f) ) and εp = εpn + γn̄trial

an store short–range variable εp as a local histoty field.
4. Generalized Stresses and Moduli. Compute generalized isochoric stress array

S̄log =




2µ(ε̄− εp)
ψ̄p ′

loc − f

µl2e∇α
−α + αn + γ

√
2/3




and the generalized consistent tangent array

C̄log :=




2µP · · ·
· ψ̄p ′′

loc · −1
· · µl2e1 ·
· −1 · ·


 + s




− Ep · · ep

· · · ·
· · · ·

epT · · −ep




with the definitions

E
p :=

4µ2

2µ+ ηp/τ
n̄trial ⊗ n̄trial +

4µ2γ

||s̄trial|| [P− n̄trial ⊗ n̄trial] ,

ep :=
2µ

√
2/3

2µ+ ηp/τ
n̄trial and ep :=

2/3

2µ+ ηp/τ
.

Here, the projection arrays extend the projection tensors introduced in (5.18) to the array
structure, such as

P∗
log :=




Plog · · ·
· 1 · ·
· · 1 ·
· · · 1


 , (5.78)

Note that the chain rule operations (5.75) can be coded once and for all-times for all
models of isochoric gradient plasticity in the logarithmic strain space. Hence, the specific
constitutive modeling takes place in the logarithmic isochoric strain space, i.e. by spec-
ifying the arrays S̄log and C̄log defined in (5.76). All other arrays follow by the above
outlined projections which are fully geometric in nature.

Stresses and moduli for von Mises plasticity. For the model problem of von
Mises gradient plasticity in the logarithmic strain space, the generalized stress array in
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the logarithmic strain space defined in (5.76) takes the form

S̄log =




2µ(ε̄− εpn)
ψ̄p ′

loc − f

µl2e∇α
−α + αn


+ s




−2µγn̄trial

0
0

γ
√
2/3


 (5.79)

in terms of the local plastic loading flag

s :=

{
1 for χ > 0 ,
0 otherwise .

(5.80)

The generalized tangent moduli has the closed-form representation

C̄log =




2µP · · ·
· ψ̄p ′′

loc · −1
· · µl2e1 ·
· −1 · ·


 + s




− Ep · · ep

· · · ·
· · · ·

epT · · −ep


 (5.81)

with the definitions

Ep :=
4µ2

2µ+ ηp/τ
n̄trial ⊗ n̄trial +

4µ2γ

||s̄trial|| [P− n̄trial ⊗ n̄trial] ,

ep :=
2µ

√
2/3

2µ+ ηp/τ
n̄trial and ep :=

2/3

2µ+ ηp/τ
.

Box 3 summarizes the local update procedure of the generalized stresses and moduli. Note
that, due to the frozen long-range hardening/softening variable f, the algorithm represents
a one-pass radial return with a simple closed-form solution. Observe furthermore the
coupling terms, which appear in the generalized tangent array for the case of plastic
loading.

5.4. Q1-P0–Brick type finite element formulation

In order to avoid the locking effects associated with the isochoric plastic flow in low-
order standard displacement-type finite element discretizations, we apply a mixed finite
element method for gradient plasticity. It follows the classical approach outline in Nagte-

gaal et al. [117], Simo et al. [136], Miehe [91] and Wriggers [154]. The geometric
basis for such a decoupling is the multiplicative split of the convected current metric C

into volumetric and isochoric parts defined in (5.1). With this kinematic decomposition
at hand, we express the reduced incremental potential defined in (5.57) in the decoupled
form

π∗τ
red(r) = U(J) + π̄∗τ

red(r̄) (5.82)

with volumetric elastic and isochoric elastic-plastic contributions. This constitutive de-
coupling is the basis for the subsequent mixed finite element design of gradient plasticity.
We define the extended Hu-Washizu–type potential

Π∗τ
red,ext(ϕ, α, f, θ̃, p) =

∫

B

{ U(θ̃) + p(J − θ̃) + π̄∗τ
red(r̄) }dV − P τ

ext(ϕ) , (5.83)
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which introduces the volume dilatation θ̃ and the pressure p as additional field variables.
Then, the extension of the global minimization principle gives the mixed variational prin-
ciple

(GQ1P0) : {ϕ, α, f, θ̃, p} = Arg{ inf
ϕ
inf
α
sup
f

inf
θ̃

sup
p

Π∗τ
red,ext(ϕ, α, f, θ̃, p) } . (5.84)

Taking into account the relationships

δJ = P∗
volδr and δr̄ = P∗

isoδr (5.85)

based on the projection tensors introduced in (5.74) and focusing on pure Dirichlet prob-
lems with P τ

ext = 0, the necessary condition of the principle (5.84) reads

δΠ∗τ
red,ext =

∫

B

{ δθ̃(U ′ − p) + δp(J − θ̃) + δrTS } dV = 0 , (5.86)

where we set for the generalized stress array

S := p P∗
vol +P∗T

iso · S̄iso , (5.87)

in terms of the array S̄iso obtained from Box 2. A further linearization of this term then
gives the linear increment of the potential

∆(δΠ∗τ
red,ext) =

∫

B

{δθ̃U ′′∆θ̃−(δθ̃∆p+δp∆θ̃)+δp(P∗
vol∆r)+(δrTP∗

vol)∆p+δr
T (Ĝ+Ĉ)∆r} dV

(5.88)
where we introduced the identity

S∆(δr) = δrT Ĝ∆r (5.89)

in terms of the geometric matrix Ĝ with stress contributions and the moduli

Ĉ := p L∗
vol +P∗T

iso · C̄iso · P∗
iso + S̄iso ·L∗

iso (5.90)

in terms of the arrays S̄iso and C̄iso obtained from Box 2.

5.4.1. Finite element discretization. We start with a straightforward extension
of Q1P0-Q1Q1 finite elements to gradient plasticity using C0 interpolations for both the
primary fields {ϕ, α } as well as for the driving force field { f } dual to α, but elementwise
constant volume dilatation and pressure { θ̃, p }. For a triangulation Th with element
domains Be ⊂ B, the node I has standard bi- or tri-linear shape functions N I(ξ), e.g.

N I(ξ) = 1
8
(1 + ξ1ξ

I
1)(1 + ξ2ξ

I
2)(1 + ξ3ξ

I
3) (5.91)

for bi-linear Q1 elements with n = 8 nodes. Here, ξ := { ξ| − 1 ≤ ξI ≤ +1} denotes the
natural element parameters. The gradients of the shape functions are obtained by using
the chain rule ∇N I = ∇ξN

IJ−1, where J := ∇ξX
h(ξ) with D := detJ > 0 denotes the

Jacobian of the isoparametric map Xh =
∑n

I=1N
IXI that defines the Lagrangian coor-

dinates of the element in terms of their nodal positions XI in the reference configuration.
We discretize the extended variational functional (5.83) by bi-linear interpolations of ϕ,
α, f but elementwise constant θ̃, p

Q1P0-Q1Q1: {ϕ, α, f}h =
∑n

I=1N
I dI and {θ̃, p}h = {θ̃e, pe} (5.92)
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in Be ⊂ Bh with the nodal degrees dI := [ϕ, α, f]TI ∈ R5. With these interpolation, we
write the finite element interpolations of the variation of Lagrangian state in the form

δr = Bδd (5.93)

in terms of variations of the global nodal state vector d, which contains the discrete macro-
and micro-motions ϕI , αI and the driving forces fI at nodes of the finite element mesh.
Here, the global matrix B is a symbolic representation of interpolations for the coupled
problem, which is never formulated explicitly, but only on the local element level. The
insertion of the finite element shapes (5.93) into (5.83) gives the spatial discretization
of the potential Π∗τ h

red,ext(d, θ̃
e, pe), depending on the nodal degrees d and the element

parameters θ̃e and pe. The discrete counterpart of the variational principle (5.84) reads

{d, θ̃e, pe} = Arg{ stat
d,θ̃e,pe

Π∗τ h
red,ext(d, θ̃

e, pe) } . (5.94)

5.4.2. Condensation at the element level. The dilatation θ̃e and the pressure
pe are discrete values associated with the elements e = 1...Eh. Following this, we can
construct the condensed potential by optimization with respect to these discrete values
via

Π∗τ h
red,ext,cond(d) = inf

θ̃e
sup
pe

Π∗τ h
red,ext(d, θ̃

e, pe) . (5.95)

The necessary conditions of this variational problem determine the discrete element vari-
ables are obtained by insertion of the shapes (5.91) into (5.86), yielding the closed form
results

pe = U ′(θ̃e) and θ̃e =
1

V e

∫

Be

J dV (5.96)

for e = 1...Eh, where V e :=
∫
Be dV is the element volume of the reference configuration.

As a consequence of (5.96), θ̃e and pe are now functions of the global nodal state vector d.

5.4.3. Effective element arrays and global solver. For the above known func-
tions of dilatation θ̃e and pressure pe, the condensed variational problem at the global
level

d = Arg{ stat
d

Π∗τ h
red,ext,cond(d) } (5.97)

determines the global nodal state vector d of the finite element mesh at the current time
tn+1. The solution of this variational problem by a global Newton-type solver is based on
incremental updates of the nodal degrees d

d ⇐ d−K−1R until |R| < tol (5.98)

until convergence is achieved. Here, the residual and tangent arrays are obtained by
insertion of the discrete shapes (5.92) and (5.93) into (5.86) and (5.88). The effective
residual takes the form

R :=
Eh

A
e=1

∫

Be

{ BTS } dV , (5.99)

governed by generalized stress array S defined in (5.87), but evaluated with the element
pressure pe defined in (5.96). The effective tangent matrix is

K :=
Eh

A
e=1

[
(U ′′V e)keT

volk
e
vol +

∫

Be

{ BT (Ĝ+ Ĉ)B } dV
]

(5.100)
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determined by the geometric tensor Ĝ and the tangent array Ĉ defined in (5.89) and
(5.90), respectively, and the vector

ke
vol :=

1

V e

∫

Be

P∗
volB dV . (5.101)

5.5. Mini–Tetrahedral type finite element formulation

Alternatively, we use for the modeling of incompressible plastic flow the Mini–type
mixed finite element design suggested by Arnold, Brezzi & Fortin [20]. It is also
based on the multiplicative decomposition (5.1) of the metric tensor C into volumetric
and isochoric parts, and the associated specific structure (5.82) of the reduced potential
π∗τ
red. We define also the extended reduced incremental potential

Π∗τ
red,ext(ϕ, α, f, p) =

∫

B

[ p(J − 1)− 1

2κ
p2 + π̄∗τ

red(r̄) ] dV − P τ
ext(ϕ) , (5.102)

which introduces the pressure p as an additional field. This implies the extension of the
mixed saddle point principle (5.65) towards the four-field variational principle

(GMINI) : {ϕ, α, f, p} = Arg{ inf
ϕ
inf
α
sup
f

sup
p

Π∗τ
red,ext(ϕ, α, f, p) } . (5.103)

Focusing on pure Dirichlet problems with P τ
ext = 0, the necessary condition reads

δΠ∗τ
red,ext =

∫

B

{ δp(J − 1− p

κ
) + δrTS } dV = 0 , (5.104)

in terms of the generalized stress array S defined in (5.87). A further linearization of this
term then gives the linear increment of the potential

∆(δΠ∗τ
red,ext) =

∫

B

{ δp(P∗
vol∆r)− δp

1

κ
∆p+ (δrTP∗

vol)∆p+ δrT (Ĝ+ Ĉ)∆r } dV , (5.105)

with the geometric matrix Ĝ and the moduli Ĉ defined in (5.89) and (5.90), respectively.

5.5.1. Finite element discretization. We use linear interpolations C0 for all fields
{ϕ, α, f, p}, including an additional bubble mode for ϕ. For a tetrahedron Th with element
domains Be ⊂ B, we consider the shape functions

N I(ξ) = ξI and NB(ξ) = ξ1ξ2ξ3ξ4 (5.106)

associated with the n = 4 nodes I = 1 . . . n and the center bubble B as outlined inTaylor

[145]. Here, ξ ∈ { 0 ≤ ξI ≤ 1} denotes the natural parameters of the tetrahedron. We
discretize the extended variational functional (5.102) by the linear interpolations of ϕ, α,
f, p and an additional bubble mode for ϕ

MINI-Q1Q1: {ϕ, α, f, p}h = ∑n
I=1N

I dI +NB 1Bae (5.107)

in Be ⊂ B with the nodal degrees dI := [ϕ, α, f, p]TI ∈ R6. Here, ae ∈ R3 are the degrees
of the displacement bubble modes and 1B an array that filters out the displacement
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slots. With these interpolations at hand, we write the finite element interpolations of the
variation of the pressure and the Lagrangian state in the form

δp = P δd and δr = Bdδd+Baδa (5.108)

in terms of variations of the global nodal state vector d and the global vector a of bubble
modes. The linear increments of ∆p and ∆r have an analogous form. Note that P , Bd

and Ba are symbolic representation of global matrices of interpolations for the coupled
problem, which are never formulated explicitly, but only on the local element level. The
insertion of the finite element shapes (5.107) into (5.102) gives the spatial discretization
of the potential Π∗τ h

red,ext(d,a), depending on the nodal degrees d and the bubble modes
a. The discrete counterpart of the variational principle (5.103) reads

{d,a} = Arg{ stat
d,a

Π∗τ h
red,ext(d,a) } , (5.109)

which determines all current nodal and element degrees.

5.5.2. Partitioned element arrays for newton-type solver. The solution of
the variational problem (5.109) by a global Newton-type solver is based on incremental
updates of the nodal degrees d and the bubble degrees a

[
d

a

]
⇐

[
d

a

]
−

[
Kdd Kda

Kad Kaa

]−1 [
Rd

Ra

]
(5.110)

until convergence is achieved. Here, the residual and tangent arrays are obtained by
insertion of the discrete shapes (5.108) into (5.104) and (5.105). The residuals take the
form

Rd :=

∫

B

{ (J − 1− p

κ
)P T +BT

d S } dV ,

Ra :=

∫

B

{ BT
aS } dV ,

(5.111)

governed by generalized stress array S defined in (5.87). The partitions of the coupled
tangent matrix

Kdd :=

∫

B

{ P T ⊗P∗
volBd −

1

κ
P T ⊗ P +BT

dP
∗T
vol ⊗ P +BT

d (Ĝ+ Ĉ)Bd } dV ,

Kda :=

∫

B

{ BT
aP

∗T
vol ⊗ P +BT

d (Ĝ+ Ĉ)Ba } dV ,

Kaa :=

∫

B

{ BT
a (Ĝ+ Ĉ)Ba } dV .

(5.112)

5.5.3. Condensation of bubble degrees at the element level. Let ae be the
bubble modes associated with the elements e = 1...Eh. They can be condensed out
at the element level. As a consequence, we can construct the condensed potential by
optimization with respect to these discrete values via

Π∗τ h
red,ext,cond(d) = inf

a

Π∗τ h
red,ext(d,a) , (5.113)
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Table 5.1: Material parameters used for the numerical examples.

No. Parameter Name Value Unit
1. κ bulk modulus 164.2 kN/mm2

2. µ shear modulus 80.2 kN/mm2

3. h hardening parameter ± 0.13 kN/mm2

4. lp length-scale parameter 0.1 mm
5. y0 initial yield stress 0.45 kN/mm2

6. ηp viscosity 10−7 kNs/mm2

7. y∞ infinite yield stress 1.165 kN/mm2

8. ω saturation parameter 16.96 –

which determines for known bubble degrees a at the element level the global nodal state
vector by the variational principle

d = Arg{ stat
d

Π∗τ h
red,ext,cond(d) } . (5.114)

An appropriate solution strategy of this condensed principle is the static condensation of
the coupled algebraic system (5.110). To this end, the update of the bubble degrees is
performed locally at the element level by

ae ⇐ ae +∆ae with ∆ae = − Ke−1
aa [ Re

a +Ke
ad∆de ] . (5.115)

Then, assembling the global effective residual and tangent arrays via

R̃d :=
Eh

A
e=1

{ Re
d −Ke

daK
e−1
aa Re

a } and K̃dd :=
Eh

A
e=1

{ Ke
dd −Ke

daK
e−1
aa Ke

ad } , (5.116)

the effective global update of the nodal degrees is performed by

d ⇐ d− K̃−1
dd R̃d until |R̃d| < tol . (5.117)

5.6. Representative numerical examples

In the following, we demonstrate the performance of the proposed variational frame-
work of gradient plasticity by means of representative numerical examples. The first
numerical test employs the nonlinear hardening function, which is concerned with neck-
ing of a cylindrical bar. The other two numerical simulations, that describe cross shearing
of a plate in tension and three dimensional torsion test of a square-section bar, are elabo-
rated using the linear hardening term only. The material parameters used in the examples
are given in Table 5.1. Regarding the selection of the material parameters, we refer to
the work of Simo [137], in which a fit of the material parameters reported in Table 17
with the work of Hallquist [66] was made. All numerical results are obtained with the
post-processing corrector step outlined in Chapter 3.

5.6.1. Necking of cylindrical bar. The first numerical example is concerned with
the necking phenomenon of a cylindrical bar for the case of hardening plasticity. It is
considered as a standard benchmark problem of finite plasticity, and has been analyzed
in the absence of an internal length scale by many authors, see e.g. Simo et al. [138]
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26.67

26.67
ū

Figure 5.2: Necking of cylindrical bar. Geometry and boundary conditions. Due to the
symmetry of the boundary value problem only the shaded area is discretized.

α [-]0.0 1.0

a) b)

c) d)

e) f)

g) h)

Figure 5.3: Necking of cylindrical bar. Distribution of the equivalent plastic strain α
at the final deformation ū = 10.0 mm for two different discretizations with 120×8 and
720×8 elements in combination with several length scales parameter. a)–b) lp = 0.1 mm,
c)–d) lp = 0.2 mm, e)–f) lp = 0.3 mm, and g)–h) lp = 0.5 mm.

and Miehe et al. [99]. To study length scale effects, this benchmark test has been
discussed in the context of non-local finite strain elasto-plasticity. The geometric setup
and the boundary conditions of the cylindrical bar with radius 6.4135 mm are illustrated
in Figure 5.2. Due to the symmetry of the boundary value problem only one eighth of the
entire geometry is discretized using 120 and 720 mixed Q1P0 finite elements. To trigger
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f [-]0.0 1.3

a) b)

c) d)
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Figure 5.4: Necking of cylindrical bar. Distribution of the dual driving force f at the final
deformation ū = 10.0 mm for two different discretizations with 120×8 and 720×8 elements
in combination with several length scales parameter. a)–b) lp = 0.1 mm, c)–d) lp = 0.2 mm,
e)–f) lp = 0.3 mm, and g)–h) lp = 0.5 mm.

localization in the center of the specimen, the yield limit y0 in the center is reduced by
10%. The material parameters used are given in Table 5.1. The computation is performed
in a displacement-driven context. We apply a prescribed deformation rate ˙̄u = 1.0 mm/s
at the right edge of the eighth of the specimen as shown in Figure 5.2. In the numerical
simulation the time step is chosen first to be ∆t = 0.1 s with 37 time steps. Then
we perform 6300 time steps using a time step of ∆t = 0.001 s to overcome the critical
range around the peak load. Hence a maximum deformation of ū = 10.0 mm is reached.
Figures 5.3–5.4 depict the distribution of the equivalent plastic strain α and the dual
driving force f at the final deformation ū = 10.0 mm for several values of the length
scale parameter lp obtained with two different discretizations 120×8 and 720×8 Q1P0
elements. The influence of the length scale parameter on the shape of the necking zone is
investigated. For lp = 0.1 mm, a sharp necked zone with concentrated equivalent plastic
strain α and driving force f is shown in Figure 5.3a-b for α and Figure 5.4a-b for f with
different mesh discretizations. By increasing the length scale parameter lp, the necking
zone smears out and the equivalent plastic strain α as well as the dual driving force f
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Figure 5.5: Necking of cylindrical bar. Load-displacement curves for a) different length
scale parameter lp for discretization with 720 Q1P0 elements, and b) two different mesh
sizes in combination with length scale parameter lp = 0.1 mm.

are spread over several elements. The load–displacement curves of the overall structural
response are illustrated in Figure 5.5. Obviously, by increasing the length scale parameter
lp, a stiffer global response, as demonstrated in Figure 5.5a for four different length scales
lp, is obtained. Figure 5.5b shows the results for two different mesh sizes with 120 and
720 finite elements and for gradient plasticity with lp = 0.1 mm, where mesh objectivity
is observed. Thus, the incorporation of the length scale parameter lp enables us not only
to predict a size-independent structural response, but also to control the shape of the
necking zone.

5.6.2. Cross shearing of a plate in tension. The second benchmark test is con-
cerned with cross shearing of a three dimensional plate subjected to tensile loading for
softening plasticity, i.e. h = −0.13 kN/mm2. The geometric setup and the loading condi-
tions of the specimen are depicted in Figure 5.6. Due to the underlying symmetry, only
one quarter of the specimen is discretized using 3032 , 5413 , 9976 and 33064 mixed Mini-
Q1Q1 type finite elements. To trigger localization in the center of the specimen, the yield
limit y0 in the lower left element (the dark shaded area) is reduced by 10%. The material
parameters used here are given in Table 5.1. The focus is laid on linear isotropic hardening
behaviour. The computation is performed in a displacement-driven context. In this, we

36
36

48

48

8

ū

Figure 5.6: Cross shearing of a plate in tension. Geometry and boundary conditions. Due
to the symmetry of the boundary value problem, only one quarter is discretized. To trigger
localization, the yield limit y0 in the dark shaded element is reduced by 10%.
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apply a prescribed deformation rate ˙̄u = 48 mm/s at the top of the light shaded part of the
specimen as shown in Figure 5.6. In the numerical simulation the time step is chosen to
be ∆t = 0.0001 s with 2500 time steps. Hence, a maximum deformation of ū = 12.0 mm
is applied. The numerical results are illustrated in Figures 5.7–5.11, obtained with the
Mini-Q1Q1 element. Figure 5.7 demonstrates the influence of the size effect governed by
the length scale parameter lp for discretization with 3032×4 Mini-Q1Q1 elements. Here,
we observe that by increasing lp the equivalent plastic strain α and its dual driving force
f are spread over several elements and the absolute maximum value are decreased by
increasing the length scale as shown in Figure 5.7e–f for lp = 0.1 mm. To illustrate the
pathological mesh dependence of the local plasticity theory and the mesh objectivity of
the gradient plasticity, we plot in Figures 5.8–5.9 the distribution of the equivalent plastic
strain α and its dual driving force f at the final deformation state ū = 12.0 mm for two
length scales parameters obtained with three different discretizations 5413×4 , 9976×4
and 33064×4 Mini-Q1Q1 elements. For the local analysis with zero length scale parameter
lp = 0, we observe a plastic shear band with the width of one element size as we refine
the mesh, as demonstrated in Figure 5.8a–c for the equivalent plastic strain α and Figure
5.9a–c for the dual driving force f. By increasing the length scale parameter lp = 0.05 mm,
we notice that, the equivalent plastic strain α as well as the dual driving force f are spread

α [-]

0.0

1.1

f [-]

0.00

-0.15

a)

b)

c)

d)

e)

f)

Figure 5.7: Cross shearing of a plate in tension for softening plasticity. Distribution of the
equivalent plastic strain α and the dual driving force f at the final deformation ū = 12.0 mm
for discretizations with 3032×4 Mini-Q1Q1 elements in combination with three different
length scales parameter . a)–b) For local plasticity lp = 0.0 mm, c)–d) lp = 0.05 mm, and
e)–f) lp = 0.1 mm.
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α [-]0.0 1.1

a) b) c)

d) e) f)

Figure 5.8: Cross shearing of a plate in tension for softening plasticity. Distribution of
the equivalent plastic strain α at the final deformation ū = 12.0 mm for three different
discretizations with 5413×4 , 9976×4 and 33064×4 Mini-Q1Q1 elements respectively in
combination with two different length scales parameter. a)–c) For local plasticity lp = 0.0
mm and d)–f) lp = 0.05 mm.

over several elements, see Figure 5.8d–f for α and Figure 5.9d–f for f. The condition f < 0
for softening plasticity is violated around the elastic–plastic boundaries when we increase
the length scale parameter. These violations are due to small oscillations in the plastic
zone. However, the oscillations of the driving force f have no visible influence on the
macro-deformation u and the equivalent plastic strain α. The load–displacement curves
of the overall structural response are illustrated in Figures 5.10–5.11. As observed in Fig-
ure 5.8a–c, the shear band for a local analysis with lp = 0 has the width of one element.
The load–displacement curves in Figure 5.10a demonstrate the pathological mesh depen-
dence of the local theory. In contrast, Figure 5.10b shows results for different mesh sizes
for gradient plasticity with lp = 0.2 mm, where mesh objectivity is observed. Figure 5.11
demonstrates the influence of the size effect governed by the length scale parameter lp
on the specimen for two different mesh sizes 9976 and 33064 respectively. Obviously, by
increasing the length scale parameter lp, we obtain a stiffer global response.

5.6.3. Three dimensional torsion test of a square-section bar. The last bench-
mark test consider a square-section bar subjected to torsional loading around z-axis at
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d) e) f)

Figure 5.9: Cross shearing of a plate in tension for softening plasticity. Distribution of the
dual driving force f at the final deformation ū = 12.0 mm for three different discretizations
with 5413×4 , 9976×4, and 33064×4 Mini-Q1Q1 elements respectively in combination
with two different length scales parameter. a)–c) For local plasticity lp = 0.0 mm and
d)–f) lp = 0.05 mm.
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Figure 5.10: Cross shearing of a plate in tension for softening plasticity. Load–displacement
curves for four different mesh discretization. a) Local plasticity with lp = 0.0 and b) gradient
plasticity with length scale parameter lp = 0.2 mm.

the center. The aim of this test is to illustrate the length changes along the z axis under
torsional loading known as Swift effect, which are reported in the works Swift [144],
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Figure 5.11: Cross shearing of a plate in tension for softening plasticity. Load–displacement
curves for two different mesh discretization in combination with three different length scales.
For discretization with a) 9976 and b) 33064 Mini-Q1Q1 elements.

Hatada et al. [67] and Wu & Van der Giessen [156]. As a geometric setup, the size
of the square-section bar are chosen to be H = 5L, where L is the length of the square
cross section and H is the height along the third direction z. At the boundaries, we fixed
one end of the bar and applied torsion to the other end, as depicted in Figure 5.12. The
bar is discretized with 8×8×32 Q1P0-Q1Q1 finite elements. The material parameters
used are given in Table 5.1. We focus on linear isotropic hardening. The computation is
performed in a displacement-driven context.

Figure 5.13 demonstrates the distribution of the elongation along the third direction
z for length scale parameter lp = 0.01 mm and different rotation angles until one cycle
Θ = 360◦ is completed. We observe that the axial length of the bar changes by increasing
the torsion angel as well documented in Hatada et al. [67] and Swift [144]. To
illustrate the influence of the length scale on the overall structure response, we plot in
Figure 5.14a the torsion moment T versus the torsion angle Θ in combination with three
different length scales lp. Here, the torsion angle Θ is measured at the free end of the

Figure 5.12: Torsion test of a square-section bar. Geometry and boundary conditions.
The lower part is fixed and the upper part is loaded by rotating top with Θ = 360◦ around
z axis at the center.



92 Variational Gradient Plasticity in the Logarithmic Strain Space

uz-0.04 0.04

Θ = 0◦ Θ = 90◦ Θ = 180◦ Θ = 270◦ Θ = 360◦

Figure 5.13: Torsion test of a square bar. Distribution of the elongation in the third
direction uz for different rotation angles till it complete one cycle. The bar is discretized
with 8×8×32 Q1P0-Q1Q1 elements in combination with length scale parameter lp = 0.01 mm.
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Figure 5.14: Torsion test of a square bar. a) Torsion moment–angle curve and b) longitu-
dinal strain εz versus torsion angle for discretization with 8×8×32 Q1P0-Q1Q1 elements in
combination with three different length scale parameter lp.

square-section bar. We observe a stiffer global response by increasing the length scale
lp. Next we plot in Figure 5.14b the longitudinal strain εz versus the torsion angle Θ
at the free end of the square-section bar. We notice that, by increasing the length scale
parameter lp, the absolute value of the longitudinal strain εz will be decreased, i.e. the
length changes along the z axis will be decrease compared with the local analysis.
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6. Phase Field Modeling of Ductile Fracture at Finite Strains

Most metals fail in a ductile fashion, i.e, fracture is preceded by significant plastic
deformation. The modeling of failure in ductile materials must account for complex
phenomena at a micro-scale as well as the final rupture at the macro-scale. This chapter
outlines a variational based phase field modeling of ductile fracture in elastic-plastic solids
which accounts for intrinsic material length scales to obtain mesh objectivity, based on
the recent publications of Miehe et al. [108, 109] and Aldakheel et al. [9]. It
links a formulation of variational gradient plasticity at finite strains as outlined in Miehe

et al. [105] (see Chapter 5), to a specific setting of a variational gradient damage model,
rooted in the phase field approach of fracture suggested by Miehe et al. [101, 100].
Such a formulation has recently been outlined in Miehe et al. [106] and is recast in
this work into a canonical variational formulation. The finite element design of this
formulation is not straightforward and requires additional strategies due to the difficulties
near the elastic-plastic boundaries as outlined in the recent works Miehe et al. [105]
for finite strains and Miehe et al. [104] for small strain formulation. To simplify the
finite element implementation, we extend the introduced gradient plasticity-damage model
towards the micromorphic regularization approach in line with the work of Forest [51].
We introduce coupled local-global variables for the gradient plasticity-damage problem
linked by a penalty method. This leads to an additional partial differential equation for
the micromorphic hardening variable denoted as the micromorphic momentum balance
equation as shown in Forest [51].

To account for large strains, the constitutive model is constructed in the logarithmic
strain space, which simplify the model equations and results in a formulation similar to
small strains as outlined in Miehe et al. [99]. We demonstrate the modeling capabilities
and algorithmic performance of the proposed formulation by representative simulations
of ductile failure mechanisms in metals.

6.1. Geometric basis for phase field fracture

This section summarizes the basic ingredients of a purely geometric approach to the
phase field modeling of fracture as outlined in the work of Miehe et al. [101]. It
concerns the constitutive evolution of a regularized crack surface and the associated crack
surface update module, that is linked in the subsequent section to the gradient extended
elasto-plastic bulk response. In a first step, a one-dimensional bar is investigated, which
is then generalized to the two and three dimensional settings.

6.1.1. One dimensional cracked bar. Following the works Miehe et al. [101,
100], we motivate the phase field approximation of sharp cracks by considering a simple
model problem. To this end, we consider a one dimensional cracked bar occupying the
domain B = Γ×L where Γ is the cross-section and L = [−∞,+∞] with the axial position
x ∈ L. We assume at x = 0, a crack of the bar with the crack surface Γ. This sharp crack
topology is indicated by an auxiliary field variable d(x) ∈ [0, 1] known as the crack phase
field with

d(x) :=

{
1 for x = 0
0 otherwise

(6.1)

characterizing the unbroken state for d = 0 and the fully broken state of the material for
d = 1, illustrated in Figure 6.1a. The non-smooth phase field (6.1) is approximated by



94 Phase Field Modeling of Ductile Fracture at Finite Strains

x

x

d(x)

d(x)

1

1

lf lf

a)

b)

Figure 6.1: Sharp and diffusive crack modeling. a) Sharp crack at x = 0. b) Diffusive crack
at x = 0 modeled with the length scale lf . Regularized curves obtained from minimization
principle of diffusive crack topology

∫
B
γ̂ldV → Min! with crack surface density function

γ̂l = d2/2lf + lf |∇d|2/2 with regularization profile exp[−|x|/lf ] satisfying d(0) = 1.

the exponential function
d(x) = e−|x|/lf . (6.2)

It smears out the crack over the axial domain L of the bar, representing a regularized or
diffusive crack topology governed by the fracture length scale parameter lf and gives for
lf → 0 the sharp crack topology as shown in Figure 6.1b. The exponential function (6.2)
represents the solution of the homogeneous differential equation

d(x)− l2fd
′′(x) = 0 in B . (6.3)

This differential equation is the Euler equation of the variational principle

d = Arg

{
inf
d∈W

Π(d)

}
with W := {d|d(0) = 1, d(±∞) = 0} , (6.4)

expressed in terms of the functional

Π(d) =
1

2

∫

B

{d2 + l2fd
′2} dV. (6.5)

This functional can easily be constructed by integrating a Galerkin-type weak form of
the differential equation (6.3). Insertion of the exponential function (6.2) into (6.5) and
evaluation with dV = Γ dx

Π(d = e−|x|/lf ) = lfΓ (6.6)

gives a relation between the functional Π and the crack surface Γ. Dividing the functional
(6.5) by the fracture length scale parameter lf , yields the functional

Γl(d) :=
1

l f
Π(d) =

1

2lf

∫

B

{
d2 + l2fd

′2
}
dV (6.7)

The minimization of this scaled functional also gives the regularized crack topology (6.2)
as shown in Figure 6.1b. Resulting from the scaling by the fracture length scale parameter
lf , the functional Γl(d) may be considered as the crack surface itself.
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Figure 6.2: Finite deformation of a body with a regularized crack. The deformation map

ϕ maps at time t ∈ T the reference configuration B∈Rδ onto the current configuration S.
a) The crack phase field d ∈ [0, 1) defines a regularized crack surface functional Γl(d) that
converges in the limit lf →0 to the sharp crack surface Γ. b) The level set Γc = {X | d = c}
defines for a constant c ≈ 1 the crack faces in the regularized setting. Parts of the continuum
with d > c are considered to be free space and are not displayed.

6.1.2. Regularized crack surface topology. We extended the one dimensional
study introduced above to the multi-dimensional context. Let B ⊂ Rδ be the reference
configuration of a material body with dimension δ ∈ [2, 3] in space and ∂B ⊂ Rδ−1 its
surface as depicted in Figure 6.2. We introduce the time-dependent crack phase field

d :

{
B × T → [0, 1]
(X, t) 7→ d(X, t)

(6.8)

defined on the solid B. It governs the regularized crack surface

Γl(d) =

∫

B

γ̂l(d,∇d) dV (6.9)

that is formulated in terms of the crack surface density function per unit volume of B

γ̂l(d,∇d) =
1

2lf
d2 +

lf
2
|∇d|2 . (6.10)

It is governed by the length scale parameter lf . Assuming a given sharp crack surface
topology by prescribing the Dirichlet condition d = 1 on Γ ⊂ B, the regularized crack
phase field d in the full domain B is obtained by a minimization principle of diffusive
crack topology

d(X, t) = Arg

{
inf

d ∈ WΓ(t)

Γl(d)

}
(6.11)

with the Dirichlet-type boundary constraint WΓ(t) = { d |d(X, t) = 1 at X ∈ Γ(t) }. The
Euler equations of this variational principle are

d− l2f∆d = 0 in B and ∇d ·N = 0 on ∂B , (6.12)

where ∆d is the Laplacian of the phase field and N is the outward normal on ∂B. For
more details, we refer to Miehe et al. [101] and for higher–order regularization of the
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Figure 6.3: Continuum approximation of crack discontinuities. Solutions of the variational
principle (6.11) for a circular specimen with a given sharp crack Γ, prescribed by the Dirichlet
condition d = 1 on Γ ⊂ B. Crack phase field d ∈ [0, 1] for different length scales lf

a > lf
b >

lf
c. The sequence of plots visualizes the limit Γl → Γ of the regularized crack surface

functional (6.9) when lf → 0.

Box 6.1: ALGO1: Updates of Crack Surface and Bulk Response in [tn, t].

1. Initialize Crack Driving Force. Explicit definition of the crack driving force

H0 = H0n

2. Update of Crack Surface. Compute current crack phase field by the linear
algorithm summarized in Box 6.2

d = ALGO2(H0)

3. Update of Bulk Response. For given crack phase field d, update the gradient-
extended elastic-plastic fields from an incremental variational principle

state := Arg
{

inf
state

Πτ (state)
}
.

4. Update Crack Driving Force. For given state variables state(X , s) of bulk re-
sponse, update crack driving force based on constitutive crack driving state
function D0

H0(X, t) = max
s∈[0,t]

D0(state(X , s))

5. Multi-Pass Solution. For a Jacobi-type multi-pass solution of the crack surface
and bulk response, go to 2) until convergence is achieved.

fracture phase field to Borden et al. [28]. Figure 6.3 depicts numerical solutions of
the variational problem (6.11) for a two dimensional problem, which demonstrate the
influence of the fracture length scale parameter lf . Note that the limit of the principle
(6.11)

lim
lf→0

{
inf

d ∈ WΓ(t)

Γl(d)

}
= Γ(t) (6.13)

gives the sharp crack surface Γ for a vanishing fracture length scale lf → 0.



6.1 Geometric basis for phase field fracture 97

6.1.3. Evolution of the regularized crack surface. The evolution of the regu-
larized crack surface functional is driven by constitutive functions, postulating a global
evolution equation of regularized crack surface

d

dt
Γl(d) =

∫

B

δdγ̂l(d,∇d) ḋ dV
︸ ︷︷ ︸

evolution of cracks

=
1

lf

∫

B

[ (1− d)H0 −R ] · ḋ dV
︸ ︷︷ ︸

constitutive crack driving power

≥ 0 . (6.14)

The irreversible crack evolution is governed by the two constitutive functions for the
effective driving force H0 and the viscous resistance R. We assume the dependence

R(X, t) = R̃(ḋ(X, t)) and H0 = H̃0(state(X , s), 0 ≤ s ≤ t)) . (6.15)

where state stands for additional variables determined by the model for the gradient-
plastic bulk response considered in the next sections below, such as the local energetic
state and the plastic deformation state in the solid. In what follows, we assume the simple
constitutive function

R̃ = ηf ḋ (6.16)

for the viscous crack resistance, where ηf ≥ 0 is a material parameter. Then the evolution
statement (6.14) gives the local equation for the evolution of the crack phase field

ηf ḋ︸︷︷︸
evolution

= (1− d)H0︸ ︷︷ ︸
driving force

− [ d− l2f∆d ]︸ ︷︷ ︸
geometric resistance

(6.17)

in the domain B, along with the homogeneous Neumann condition for the crack phase
field ∇d ·N = 0 on ∂B. Here, the geometric crack resistance is related to the variational
derivative of the crack surface density function, i.e. d − l2f∆d = lfδdγ̂l(d,∇d). The
equation makes the evolution of the crack phase field dependent on the difference between
the geometric crack driving force and the geometric crack resistance. (6.17) can be seen as
a generalized Ginzburg–Landau equation, when the right hand side follows by a variational
derivative of an energy expression. The framework covers the rate–independent limit for
ηf = 0, where the crack surface is simply defined by an equilibrium for crack driving force
and geometric crack resistance.

6.1.4. Irreversible crack evolution without crack healing. Within this work,
we focus on an irreversibility of the crack evolution, governed by the constraint

d

dt
Γl(d) ≥ 0 (6.18)

on the evolution of the regularized crack surface. This is realized by expressing the local
crack driving force H0 by the maximum value of the associated effective crack driving
state function D0

H0(X, t) = max
s∈[0,t]

D0(state(X , s)) ≥ 0 (6.19)

obtained in the full process history s ∈ [0, t]. This function must be a monotonous
function that depends on state variables state of the gradient-extended bulk response,
characterizing the unbroken state for D0 = 0 and the fully broken state of the material
for D0 = ∞. This is consistent with the local evolution equation

ḋ =
1

ηf

〈
(1− d)D0 − lfδdγ̂l

〉
≥ 0 (6.20)
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Box 6.2: ALGO2: Evolution and Update of Crack Surface for Given Force H0.

1. Incremental Update of Crack Surface. Semi-implicit time integration in [tn, t]
with crack driving force H0 = const. gives update of crack surface

Γl(d) = Γl(dn) +
1

lf

∫

B

{
[(d− dn)−

1

2
(d2 − d2n)]H0 −

ηf

2τ
(d− dn)

2
}
dV

and induces the linear equation for the update of the crack phase field

ηf(d− dn)/τ = (1− d)H0 − [d− l2f∆d]

2. Finite Element Update of Crack Surface. Space discretization of phase field
state chd := {dh,∇dh} = Bddd and optimization of the incremental potential

Πτ h
d (dd) =

∫

Bh

πτ
d (Bddd) dV

with the potential density function

πτ
d =

ηf

2τ
(d− dn)

2 + lf γ̂l(d,∇d)− lf γ̂l(dn,∇dn)− [(d− dn)−
1

2
(d2 − d2n)]H0

results in linear update of nodal degrees of the phase field in [tn, t]

dd = −[Πτ h
d ]−1

,dddd
[Πτ h

d ],dd

where 〈x〉 := (x + |x|)/2 is the Macaulay bracket. Hence, a non–smooth evolution of
the crack phase field takes place when the driving force exceeds the geometric crack
resistance δdγ̂l. For the rate–independent limit ηf → 0, the local evolution of the phase
field is governed by

ḋ ≥ 0, [(1− d)D0 − lfδdγ̂l] ≤ 0, ḋ [(1− d)D0 − lfδdγ̂l] = 0 . (6.21)

Time integration of the evolution equation (6.14) for the regularized crack surface Γl(d)
gives for H0 = const. the update equation of the phase field d outlined in Box 6.2,
including the linear update of its nodal values in a typical finite element discretization.
More details are outlined in the work Miehe et al. [106, 107]. This modular update tool
for the crack surface is linked in Box 6.1 via a one–pass operator split or a multi–pass
Gauss–Seidel–type iteration to the update of the state variables of the gradient-extended
bulk response.

6.2. Variational gradient-extended phase field modeling of ductile fracture

This section outlines a theory for the coupling of gradient plasticity with a phase field
modeling of fracture that is fully variational in nature. It is based on the definition of
constitutive work density and threshold functions, which define a minimization principle
for the coupled evolution system.
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6.2.1. Global primary fields and constitutive state variables. The multi-field
setting of gradient plasticity at fracture is based on three global primary fields

U := {ϕ, α, d} , (6.22)

the finite deformation map ϕ, the strain-hardening variable α and the crack phase field
d. In addition, the plastic strain field εp serves as an additional local primary field. The
subsequent constitutive approach to the phase field modeling of ductile fracture focuses
on the set

C := {∇ϕ, εp, α,∇α, d,∇d} , (6.23)

reflecting a combination of first-order gradient plasticity with a first-order gradient damage
modeling. The state C is considered as automatically objective, due to the dependence on
the deformation gradient ∇ϕ through the Lagrangian Hencky strain ε defined in (2.52).
The subsequent theory of gradient plasticity at fracture uses these set of constitutive state
variables.

6.2.2. Coupling gradient plasticity to gradient damage mechanics. Consider
the stress power acting on a local material element that undergoes elastic-plastic defor-
mation and damage P := σ : ε̇. It is the inner product of stress and rate of strain, the
thermodynamic external variables acting on the material element. We use the Lagrangian
logarithmic Hencky tensor ε defined in (2.52) and its dual stress tensor σ. Let W denote
the time-accumulated work per unit volume and W its accumulation in space

W :=

∫ T

0

P dt and W :=

∫

B

W dV , (6.24)

i.e. the total work needed to deform and crack the solid B within the process time
[0, T ]. We base the subsequent development of a phase field approach on a constitutive
representation of this work

W =

∫

B

[ Ŵ (C) +Dvis ]dV . (6.25)

It is governed by a constitutive work density function Ŵ that describes the rate-independent
part of the global work W. The a priori dissipative rate-dependent part Dvis due to viscous
resistance forces vanishes in the rate-independent limit. Equation (6.25) holds for par-
ticular boundary conditions of the non-local generalized internal variable fields α and d.
These must be passive in the sense that an external driving of these fields is not allowed,
which is consistent with (i) constant Dirichlet data and (ii) zero Neumann data of α and d

on the surface ∂B of the solid. The rate-independent part Ŵ is assumed to depend on the
array C of constitutive state variables introduced in (6.23). We focus on the particular
structure

Ŵ (C) = ĝ(d)ŵep
0 (εe, α,∇α) + (1− ĝ(d))wc + 2

wc

ζ
lf γ̂l(d,∇d) (6.26)

already suggested in Miehe et al. [106], which provides a particular coupling of gradient
plasticity with gradient damage mechanics. The function ŵep

0 splits up into elastic and
plastic contributions according to

ŵep
0 (εe, α,∇α) = ŵe

0(ε
e) + ŵp

0(α,∇α) . (6.27)
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The derivatives of the potential density Ŵ determine the rate-independent parts of
stresses, the driving forces and the thresholds for the evolution of the plastic strains
and the fracture phase field. It models for d ∈ [0, 1] with the first two terms a phase
transition of the effective elastic-plastic work density ŵep

0 towards the constant threshold
value wc, and with the third term the accumulated fracture work density. Here, wc > 0
is a specific critical fracture energy per unit volume, that enters the formulation as the
key material parameter on the side of fracture mechanics. The second material parameter
ζ > 0 controls the post-critical range after crack initialization by scaling the work needed
for the generation of the regularized crack surface. The third parameter lf is the length
scale parameter associated with the crack surface regularization introduced above.

6.2.3. Effective elastic-plastic work and degradation functions.

Effective elastic work density. The effective elastic work density function ŵe
0

in (6.27) models the stored elastic energy of the unbroken material, depending on the
logarithmic elastic strain measure

εe = ε− εp = 1
2
lnC − 1

2
lnGp . (6.28)

For the subsequent model problems, the elastic work density is assumed to have the simple
quadratic form

ŵe
0(ε

e) =
κ

2
tr2[εe] + µ tr[dev(εe)2] , (6.29)

characterizing an isotropic, linear stress response in the logarithmic strain space. κ > 0
and µ > 0 are the elastic bulk and the shear modulus, respectively. The function provides
a structure identical to the geometrical linear theory of elasticity at small strains.

Effective plastic work density. The effective plastic work density function ŵp
0 in

(6.27) models the dissipated plastic work of the unbroken material per unit volume, in
terms of variables which describe the strain gradient hardening effect. For the modeling
of length scale effects in isotropic gradient plasticity, we focus on the equivalent plastic
strain α and its gradient. It is assumed to have the form

ŵp
0(α,∇α) =

∫ α

0

ŷ(α̃)dα̃ + y0
l2p
2
|∇α|2 , (6.30)

where lp ≥ 0 is a plastic length scale related to a strain-gradient hardening effect. ŷ(α)
is an isotropic local hardening function obtained form homogeneous experiments. We use
in what follows the saturation-type function

ŷ(α) = (y∞ − y0)( 1− exp[−ηsα] ) + hα , (6.31)

in terms of the four material parameters y0 > 0, y∞ ≥ y0, ηs > 0 and h ≥ 0, where the
initial yield stress y0 determines the threshold of the effective elastic response.

Degradation function. The degradation function ĝ(d) in (6.26) models the degra-
dation of the elastic-plastic work density due to fracture. It interpolates between the
unbroken response for d = 0 and the fully broken state at d = 1 by satisfying the con-
straints

ĝ(0 ) = 1 , ĝ(1 ) = 0 , ĝ′(d) ≤ 0 , ĝ′(1 ) = 0 . (6.32)
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In particular, the last constraint ensures that the local driving force dual to d ensures an
upper bound of the phase field d ∈ [0, 1]. A function that satisfies this constraint is

ĝ(d) = (1− d)2 . (6.33)

The quadratic nature of this function is an important ingredient for the construction of
a linear equation for the evolution of the phase field d. It appears in the Γ-convergent
regularization by Ambrosio & Tortorelli [15] of the Mumford-Shah functional in
image segmentation, see Mumford & Shah [115]. Subsequently, it has been used by
Bourdin et al. [29] in the incremental approximation of their variational theory of
brittle fracture Francfort & Marigo [53], see also Comi [37] for an early applica-

tion in gradient damage mechanics. Note that the total work density Ŵ introduced in
(6.26) applies the same degradation function ĝ(d) on the effective elastic and plastic work
densities ŵe

0 and ŵp
0, respectively. This is an important assumption with regard to the

subsequent construction of a gradient plasticity model related to the effective quantities of
the undamaged material, where the effective plastic work density ŵp

0 serves as a ductile
contribution to the crack driving force.

6.2.4. Driving, resistance and thresholds for plasticity and fracture. The
evolution of the plastic strains and fracture phase field is constructed in a normal-
dissipative format related to threshold functions. These functions are formulated in terms
of driving and resistance forces related the work density function Ŵ .

Plasticity. The plastic driving force f p dual to the plastic strain εp and the resistance
force −rp dual to the hardening variable α are defined by

fp := −∂εpŴ and rp := δαŴ . (6.34)

Here, δαŴ := ∂αŴ−Div[∂∇αŴ ] denotes the variational derivative of Ŵ with respect to α,
reflecting characteristics of the gradient-extended plasticity model under consideration.
Clearly, for the kinematic assumption (6.28), the plastic driving force fp is the stress
tensor σ dual to the Hencky strain ε in the logarithmic strain space. An elastic domain
associated with the plastic deformation in the space of the plastic driving force is defined
by

Eplas := { (fp, rp) | φ̂p(f p, rp) ≤ 0 } (6.35)

in terms of the plastic yield function φ̂p. We focus on the function

φ̂p(fp, rp) = || dev[fp]|| −
√

2/3 rp (6.36)

of von Mises type in the logarithmic stress space. This yield function can be recast into
the form

φ̂p(f p, rp) = ĝ(d) φ̂p0(f
p
0, r

p
0) with φ̂p

0 = || dev[f p
0]|| −

√
2/3 rp0 (6.37)

in terms of the degradation function ĝ(d) defined in (6.33) and the effective plastic yield
function formulated in terms of the effective stress-like variables

f
p
0 :=

1

ĝ(d)
fp = −∂εpŵe

0 and rp0 :=
1

ĝ(d)
rp = δαŵ

p
0 . (6.38)
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This constitutive structure characterizes a formulation of gradient plasticity related to
the effective state variables of the undamaged material. Hence, Eplas in (6.35) can be
interpreted to bound the domain

E
0
plas := { (f p

0, r
p
0) | φ̂p0(f p

0, r
p
0) ≤ 0 } (6.39)

in the effective stress space.

Fracture. The fracture driving and resistance forces (f f − rf) dual to the fracture
phase field d are defined by

f f − rf := −δdŴ with δdŴ := ∂dŴ −Div[∂∇dŴ ] . (6.40)

A crack resistance domain associated with the crack propagation in the space of the crack
driving force is defined by

Efrac := { (f f − rf) | φ̂f (f f − rf) ≤ 0 } (6.41)

in terms of the crack threshold function φ̂f . We focus on the constitutive representation

φ̂f (f f − rf) = f f − rf , (6.42)

where the defined fracture driving force f f is bounded by the crack resistance rf .

6.2.5. Rate-dependent evolution equations for the internal variables. With
the above introduced threshold and resistance functions at hand, a dissipation potential
function can be constructed based on the standard concept of maximum dissipation. A
rate-dependent dissipation potential function in a non-constrained manner is defined as

V̂ (Ċ) = sup
fp,rp,ff−rf

[ f p : ε̇p − rpα̇+ (f f − rf)ḋ− V̂ ∗(fp, rp, f f − rf) ] , (6.43)

in terms of the dual dissipation potential function

V̂ ∗(fp, rp, f f − rf ) =
1

2ηp

〈
φ̂p(f p, rp)

〉2

+
1

2ηf

〈
φ̂f(f f − rf)

〉2

(6.44)

where 〈x〉 := (x + |x|)/2 is the Macaulay bracket. ηp and ηf are additional material
parameters which characterize viscosity of the plastic deformation and the crack propa-
gation. Note that the dual dissipation potential V̂ ∗ can mathematically be interpreted
as a quadratic penalty term, that enforces approximately the threshold conditions (6.35)
and (6.41). The necessary conditions of the local optimization problem (6.43) yield the
plastic flow rules

ε̇p = λp∂fp φ̂p = λp
dev[fp]

|| dev[f p]|| and α̇ = −λp∂rp φ̂p = λp
√

2/3 (6.45)

and the normal-dissipative evolution equation for the crack phase field

ḋ = λf∂ff−rf φ̂
f (6.46)

in terms of the viscous constitutive functions

λp :=
1

ηp

〈
φ̂p(f p, rp)

〉
≥ 0 and λf :=

1

ηf

〈
φ̂f(f f − rf)

〉
≥ 0 . (6.47)

Furthermore, note that the positiveness of the parameters λp and λf imply via (6.45) and
(6.46) a monotonous growth

α̇ ≥ 0 and ḋ ≥ 0 (6.48)

of the equivalent plastic strain and the fracture phase field.
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6.2.6. Minimization principle for the multi-field evolution problem. With
the above introduced functions at hand, the boundary value problem is fully governed
by a rate-type minimization principle for the quasi-static case, where inertia effects are
neglected. In line with recent treatments on variational principles of gradient-extended
materials outlined in Miehe [96], consider the constitutive rate potential density

π(Ċ) =
d

dt
Ŵ (C) + V̂ (Ċ) (6.49)

in terms of the basic constitutive functions Ŵ and V̂ defined in (6.26) and (6.43), re-
spectively. With this potential density at hand, the evolution of the boundary problem
of gradient plasticity coupled with gradient damage mechanics is governed by the global
rate potential

Π(ϕ̇, α̇, ḋ, ε̇p) =

∫

B

π(Ċ) dV − Pext(ϕ̇) (6.50)

where Pext(ϕ̇) :=
∫
B
γ0 · ϕ̇ dV +

∫
∂B

t0 · ϕ̇ dA is an external load functional. γ0 is a given
body force per unit volume of the reference configuration, t0 a given traction field on the
surface of the reference configuration. The evolution of all primary fields is determined
by the minimization principle

{ϕ̇, α̇, ḋ, ε̇p} = Arg{ inf
ϕ̇,α̇,ḋ,ε̇p

Π(ϕ̇, α̇, ḋ, ε̇p) } . (6.51)

Note that the minimization structure of this variational principle is governed by the con-
vexity of the dissipation potential function V̂ in (6.43), which ensures the thermodynamical
consistency. The combination of the global minimization principle (6.51) with the local

maximum problem (6.43) for the definition of the dissipation potential V̂ provides a mixed
variational principle, that defines all equations of the problem of gradient plasticity at
fracture. When introducing the mixed potential density

π∗ =
d

dt
Ŵ + f p : ε̇p − rpα̇ + (f f − rf)ḋ− 1

2ηp

〈
φ̂p
〉2

− 1

2ηf

〈
φ̂f

〉2

, (6.52)

the Euler equations of the variational principle (6.51) appear in the form

1. Stress equilibrium δϕ̇π
∗≡ −Div [ ∂∇ϕŴ ] = γ0

2. Hardening force δα̇π
∗≡ ∂αŴ − Div [ ∂∇αŴ ]− rp = 0

3. Fracture force δḋπ
∗≡ ∂dŴ − Div [ ∂∇dŴ ] + (f f − rf) = 0

4. Plastic force δε̇pπ
∗≡ ∂εpŴ + fp = 0

5. Plastic strains ∂fpπ∗≡ ε̇p − λp∂fpφ̂p = 0

6. Equivalent strain ∂rpπ
∗≡ −α̇− λp∂rpφ̂

p = 0

7. Fracture phase field ∂(ff−rf )π
∗≡ ḋ− λf∂(ff−rf )φ̂

f = 0

(6.53)
along with Neumann-type boundary conditions of the form defined as

PN = t̄0(X , t) on ∂Bt , ∇α ·N = 0 on ∂B∇α , ∇d ·N = 0 on ∂B∇d . (6.54)

The loading parameters λp and λf are defined in (6.47). Note that the above Euler
equations are exclusively related to variational derivatives of the potential density π∗

defined in (6.52).
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6.3. Micromorphic approach for gradient plasticity-damage models

The finite element design of gradient plasticity coupled to gradient damage is not
straightforward and requires additional strategies due to the difficulties near the elastic-
plastic boundaries EPBs as outlined in the recent works Miehe et al. [105] for finite
strains and Miehe et al. [104] for small strains. To simplify the above introduced for-
mulation, we extend it towards the micromorphic approach to gradient plasticity-damage
model in line with the work of Forest [51]. Here, coupled local-global variables for
the gradient plasticity problem are linked by a penalty method resulting in an additional
micromorphic balance equation.

6.3.1. Extended constitutive state and work density function. We extend
the constitutive state introduced in (6.23) by an additional variable namely the local
equivalent plastic strain ᾱ in the micromorphic setting, yielding

C∗ := {∇ϕ, εp, ᾱ, α,∇α, d,∇d} . (6.55)

where α is the global micromorphic variable. With this extended state variables at hand,
the extended micromorphic work density function (6.26) reads

Ŵ (C∗) = ĝ(d)ŵep
0 (εe, ᾱ, α,∇α) + (1− ĝ(d))wc + 2

wc

ζ
lf γ̂l(d,∇d) . (6.56)

The function ŵep
0 introduced in (6.27) now reads

ŵep
0 (εe, ᾱ, α,∇α) = ŵe

0(ε
e) + ŵp

0(ᾱ, α,∇α) , (6.57)

in terms of the extended micromorphic plastic work density function

ŵp
0(ᾱ, α,∇α) =

∫ ᾱ

0

ŷ(˜̄α)d˜̄α+ y0
l2p
2
|∇α|2 + ǫp

2
(ᾱ− α)2 . (6.58)

Here, ǫp is an additional material parameter, in which for ǫp → ∞ it leads to the afore-
mentioned gradient plasticity setting defined in equation (6.30).

6.3.2. Plastic driving force and resistance. The plastic driving and resistance
forces defined in (6.34) are now extended to the micromorphic setting as

f p := −∂εpŴ , rp := ∂ᾱŴ , δαŴ = 0 . (6.59)

Here, δαŴ := ∂αŴ − Div[∂∇αŴ ] denotes again the variational derivative of Ŵ with
respect to the global micromorphic variable α, reflecting characteristics of the gradient-
extended micromorphic plasticity model under consideration. The plastic driving force f p

is the same as in (6.34)1, whereas the non-local plastic resistance force r
p in (6.34)2 is now

locally defined based on the variables ᾱ and α. Equation (6.59)3 defines the additional
micromorphic balance equation that links the local variable ᾱ to the global micromorphic
variable α.

6.3.3. Evolution equations of the internal variables. With the above introduced
driving and resistance forces for the gradient plasticity problem, the dissipation potential
is now extended to the micromorphic formulation as

V̂ (Ċ∗) = sup
fp,rp,ff−rf

[ f p : ε̇p − rp ˙̄α + (f f − rf)ḋ− V̂ ∗(f p, rp, f f − rf) ] , (6.60)
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in terms of the dual dissipation potential function V̂ ∗. The necessary conditions of the
local optimization problem (6.60) yield the evolution equations for the two local variables,
i.e. the plastic flow rules

ε̇p = λp ∂fpφ̂p and ˙̄α = −λp ∂rpφ̂p , (6.61)

and the global evolution equation for the crack phase field

ḋ = λf ∂ff−rr φ̂
f , (6.62)

with the viscous constitutive functions λp and λf defined in (6.47).

6.3.4. Micromorphic regularization of the minimization principle. The evo-
lution of the micromorphic gradient plasticity coupled with gradient damage is governed
by the extended global rate potential

Π(ϕ̇, α̇, ḋ, ˙̄α, ε̇p) =

∫

B

π(Ċ∗) dV − Pext(ϕ̇) , (6.63)

in terms of the micromorphic regularization of the constitutive potential density function
π defined through the modified Ŵ (C∗) and V̂ (Ċ∗) in (6.56) and (6.60), respectively. With
these two functions at hand, we introduce the modified mixed potential density function

π∗ =
d

dt
Ŵ + f p : ε̇p − rp ˙̄α + (f f − rf)ḋ− 1

2ηp

〈
φ̂p
〉2

− 1

2ηf

〈
φ̂f

〉2

. (6.64)

The evolution of the extended variables defined in (6.55) is determined by the micromor-
phic regularization of the minimization principle

{ϕ̇, α̇, ḋ, ˙̄α, ε̇p} = Arg{ inf
ϕ̇,α̇,ḋ, ˙̄α,ε̇p

Π(ϕ̇, α̇, ḋ, ˙̄α, ε̇p) } . (6.65)

The Euler equations of this variational principle are

1. Stress equilibrium δϕ̇π
∗≡ −Div [ ∂∇ϕŴ ] = γ0

2. Micromorphic mom. bal. δα̇π
∗≡ ∂αŴ −Div [ ∂∇αŴ ] = 0

3. Fracture force δḋπ
∗≡ ∂dŴ −Div [ ∂∇dŴ ] + (f f − rf) = 0

4. Hardening force δ ˙̄απ
∗≡ ∂ᾱŴ − rp = 0

5. Plastic force δε̇pπ
∗≡ ∂εpŴ + fp = 0

6. Plastic strains ∂fpπ∗≡ ε̇p − λp∂fpφ̂p = 0

7. Equivalent strain ∂rpπ
∗≡ − ˙̄α− λp∂rp φ̂

p = 0

8. Fracture phase field ∂(ff−rf )π
∗≡ ḋ− λf∂(ff−rf )φ̂

f = 0

(6.66)
along with Neumann-type boundary conditions defined in (6.54).

6.4. Numerical implementation of the regularized minimization problem

6.4.1. Incremental potential density function. We consider a finite time incre-
ment [tn, tn+1], where τn+1 := tn+1 − tn > 0 denotes the step length. All fields at time
tn are assumed to be known. The goal then is to determine the fields at time tn+1 based
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on variational principles valid for the time increment under consideration. Subsequently,
all variables without subscript are evaluated at time tn+1. Next, we define the mixed
incremental potential density per unit volume by an algorithmic approximation

π∗τ (C∗) = Algo

{ ∫ tn+1

tn

π∗ dt

}
(6.67)

in terms of the continuous rate-type potential π∗ introduced in (6.64). Using a fully
implicit Euler scheme gives

π∗τ = Ŵ+fp : (εp−εpn)−rp(ᾱ−ᾱn)+(f f−rf )(d−dn)−
τ

2ηp

〈
φ̂p
〉2

− τ

2ηf

〈
φ̂f

〉2

. (6.68)

The set C∗ of the current variables can be decomposed into a local part C∗
l associated

with variables related to local ordinary differential equations ODEs and a global part C∗
g

associated with variables related to global partial differential equations PDEs

C∗ = C∗
l + C∗

g with C∗
l := {ᾱ, εp, fp, rp} and C∗

g := {∇ϕ, α,∇α, d,∇d, f f − rf} .
(6.69)

According to this split, the solution procedure for the update of the state variables is
decomposed into a local and a global part.

6.4.2. Condensation of local variables. The first part of the incremental solution
procedure consists of the condensation of the incremental potential density π∗τ by the set
of local variables assembled in C∗

l defining the condensed incremental work density

(L) : π∗τ
red(C

∗
g) = inf

ᾱ,εp
sup
fp,rp

π∗τ (C∗) . (6.70)

The necessary conditions of this local problem are

1. δᾱπ
∗τ ≡ ∂ᾱŴ − rp = 0 ,

2. δεpπ
∗τ ≡ ∂εpŴ + fp = 0 ,

3. δfpπ∗τ ≡ εp − εpn − τλp∂fpφ̂p = 0 ,

4. δrpπ
∗τ ≡ −ᾱ + ᾱn − τλp∂rp φ̂

p = 0 ,

(6.71)

defining the plastic resistance rp, plastic driving force f p, the updates of the plastic strain
εp and the local equivalent plastic strain ᾱ.

6.4.3. Reduced global Problem. With the condensed incremental work potential
π∗τ
red defined in (6.70) at hand, we define the reduced potential functional

Π∗τ
red(ϕ, α, d, f

f − rf) =

∫

B

π∗τ
red(C

∗
g) dV , (6.72)

for pure Dirichlet problems with Pext = 0 in (6.63). The second part of the incremental
solution procedure consist of the solution of the mixed saddle point principle

(G) : {ϕ, α, d, f f − rf} = Arg{ inf
ϕ,α,d

sup
ff−rf

Π∗τ
red(ϕ, α, d, f

f − rf) } . (6.73)



6.4 Numerical implementation of the regularized minimization problem 107

The necessary conditions of this global problem are

1. δϕπ
∗τ
red ≡ Div [ ∂∇ϕŴ ] = 0 ,

2. δαπ
∗τ
red ≡ ∂αŴ −Div [ ∂∇αŴ ] = 0 ,

3. δdπ
∗τ
red ≡ ∂dŴ −Div [ ∂∇dŴ ] + (f f − rf) = 0 ,

4. δ(ff−rf )π
∗τ
red ≡ d− dn − τλf∂(ff−rf )φ̂

f = 0 ,

(6.74)

defining the global fields and the associated driving forces. A straightforward finite ele-
ment discretization of this problem based on the interpolation

C∗h
g (X, t) = B(X) d∗(t) with d∗

I := {ϕ, α, d, f f − rf}Nnode
I=1 , (6.75)

results in the necessary condition of the FE-discretized mixed variational principle (6.73),
yielding the nonlinear algebraic system

∂d∗Π∗τh
red =

∫

B

BTS∗ dV = 0 . (6.76)

Here, S∗ is a generalized stress array dual to the global part C∗
g of the state variables

(6.69), defined by

S∗ := ∂C∗
g
π∗τ
red(Bd∗) =




∂∇ϕŴ

∂αŴ

∂∇αŴ

∂dŴ + (f f − rf )

∂∇dŴ

d− dn − τλf∂(ff−rf )φ̂
f



, (6.77)

where λp and λf are defined in (6.47). The linearization of (6.76) reads

∂d∗d∗Π∗τh
red =

∫

B

BTC∗B dV with C∗ := ∂C∗
gC

∗
g
π∗τ
red(Bd∗) , (6.78)

in terms of the generalized tangent moduli array C∗.

6.4.4. The three governing PDEs of the multi-field problem.

The stress equilibrium equation. The first Euler equation (6.74)1 of the variational
principle (6.73) is the quasi-static form of the balance of momentum, which follows by
taking the variation of the potential Π∗τ

red in (6.72) with respect to the deformation map
ϕ, yielding

Div [ (1− d)2σ0 : Plog ] = 0 (6.79)

Here, the first Piola Kirchhoff stress tensor P is obtained from the constitutive work
density function Ŵ (6.56) by

P := ∂F Ŵ = σ : Plog with Plog := ∂F ε . (6.80)

The projection tensor Plog projects the nominal Lagrangian Hencky tensor σ from the
logarithmic strain space to the first Piola stress. An explicit form of this tensor based on
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the spectral representation is outlined inMiehe et al. [99, 105], which is also summarized
in Chapter 5. The nominal Hencky stress tensor is obtained by

σ = (1− d)2σ0 with σ0 = κtr[εe]1 + 2µ dev(εe) , (6.81)

where σ0 is the effective stress tensor dual to the elastic Lagrangian Hencky strain εe

defined in (6.28).

The micromorphic global hardening variable. The second Euler equation (6.74)2
of the variational principle (6.73) represents the partial differential equation for the mi-
cromorphic hardening variable

∂αŴ −Div [ ∂∇αŴ ] = 0 . (6.82)

Taking the necessary derivatives, we end up with the modified Helmholtz equation deter-
mining the link of the local variable ᾱ to the micromorphic variable α

α− l2mp∆α = ᾱ with lmp := lp
√
y0/ǫp (6.83)

where lmp is the plastic length scale of the micromorphic theory. Note carefully, that
the variable α is now defined in the full domain, and not restricted to the plastic zone.
Whereas the nonlinear hardening variable ᾱ is defined locally by the ordinary differential
equation ODE (6.71)4. This provides a substantial simplification with regard to the finite
element implementation.

The fracture phase field equation. The third Euler equation (6.74)3 of the varia-
tional principle (6.73) determines the PDE for the fracture phase field update equation.
It defines the fracture driving force

f f − rf = 2(1− d)[ ŵep
0 (εe, ᾱ, α,∇α)− wc ]− 2

wc

ζ
[ d− l2f∆d ] , (6.84)

in terms of the Laplacian ∆d of the crack phase field. The last term contains the varia-
tional derivative of the crack surface density function γl(d,∇d), and can be considered as
the crack resistance. The above partial differential equation PDE is accompanied by the
Euler equation (6.74)4 for the update of the crack phase field, which reads

(d− dn)/τ = λf∂(ff−rf )φ̂
f = λf with λf =

1

ηf
〈
f f − rf

〉
. (6.85)

Setting for convenience

ηf = 2
wc

ζ
ηf0 , (6.86)

the combination of (6.84) and (6.85) characterizes a generalized Ginzburg-Landau- or
Allen-Cahn-type equation for the update of the crack phase field d

(d− dn)/τ =
1

ηf0

〈
(1− d) ζ

[ ŵep
0

wc
− 1

]
− [ d− l2f∆d ]

〉
(6.87)
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as outlined in Section 6.1.3 and Section 6.1.4, where the Macaulay bracket ensures the
irreversibility of the crack evolution. Clearly, the fracture phase field is driven by the
effective elastic-plastic work function ŵep

0 of the undamaged material. Following the recent
work Miehe et al. [106], we may recast (6.87) into

ηf0 (d− dn)/τ︸ ︷︷ ︸
crack update

= (1− d)H0︸ ︷︷ ︸
crack force

− [ d− l2f∆d ]︸ ︷︷ ︸
crack resistance

(6.88)

with the maximum value

H0 = max
s∈[0,t]

D0 ≥ 0 (6.89)

of a dimensionless crack driving state function

D0 = ζ

〈
ŵe

0(ε
e)

wc
+
ŵp

0(ᾱ, α,∇α)
wc

− 1

〉
(6.90)

obtained in the history of the deformation process. Hence, cracks propagate if the ac-
cumulated effective elastic-plastic work density ŵep

0 exceeds the critical value wc. This
definition has already been proposed by Miehe et al. [106].

A convenient and robust numerical implementation of the above three governing PDEs
of the multi-field problem is achieved by a staggered scheme based on incrementally
decoupled updates of the fracture phase field d, the micromorphic hardening variable
α and the deformation map ϕ, in line with the treatments Miehe et al. [100]. Such
a scheme uses the variational updates for the gradient-extended elasto-plasticity system
with its micromorphic regularization discussed in Section 6.3 at frozen fracture phase
field. Note that, we first update the deformation map at frozen micromorphic hardening
variable and fracture phase field by using the PDE defined in (6.79). Next we update the
micromorphic hardening variable α from (6.83) at frozen local equivalent plastic strain
αn. Finally we update the fracture phase field d by using (6.87) in full analogy to our
recent work Miehe et al. [106], which is also summarized in Box 6.1 and Box 6.2.

6.5. Representative numerical examples

We demonstrate the performance of the proposed framework of phase field ductile frac-
ture coupled with gradient plasticity by means of representative boundary-value problems.
The first part of this section is concerned with the simulation of the homogeneous prob-
lems in the one-dimensional case as outlined in our recent work Miehe et al. [106]. In
the second part, we investigate multi-dimensional boundary value problems for gradient
extended plasticity coupled to phase field fracture. Section 6.5.2 compares the numerical
results of the V-notched bar in tension with experimental data of Li et al. [78]. Section
6.5.3 considers a single-edge notched specimen subjected to shear loading. The key obser-
vations of mesh objectivity and physically reasonable interactions of plastic and fracture
length scales are highlighted for these two IBVPs. Finally, a three dimensional torsion
test of a brittle cast-iron bar and a ductile mild-steel bar is investigated in Section 6.5.4.

6.5.1. Local homogeneous response. In this example the numerical results for
a local one dimensional setting of coupled ductile damage under homogeneous test are
demonstrated. The aim of this example is to illustrate the performance of the proposed
framework for a coupled plastic-damage response. The model problem is based on three
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Figure 6.4: Loading-Unloading for Brittle and Ductile Response. Qualitative fea-
tures for a-b) brittle E-F-P response and for c-d) ductile E-P-F response. The typical brittle
damage and ductile plasticity loading-unloading characteristics for the stress superimpose
in the post-critical FP and PF ranges. Plastic strain εp and fracture phase field d remain
constant during unloading, reflecting the threshold characteristics of the proposed approach.

material parameters: Young’s modulus E, the initial yield stress y0 and the critical work
density wc. Corresponding to the given material parameters, one obtains the plastic
yield strain εy and the fracture threshold strain εc. Consider a reformulation of the
constitutive work density function for the one-dimensional homogeneous response related
to ideal plastic conditions without hardening as

Ŵ = (1− d)2
E

2
(ε− εp)2 + (1− d)2[y0α− wc] + wc +

wc

ζ
d2 . (6.91)

where the equivalent plastic strain α is defined by the evolution of the plastic strain as
α̇ = |ε̇p|. The governing degrading stress response is written as

σ = ∂εŴ = (1− d)2E(ε− εp) , (6.92)

and the driving and the resistance forces for plasticity and fracture are

f p := −∂εpŴ = (1− d)2E(ε− εp)

rp := ∂αŴ = (1− d)2y0
f f − rf := −∂dŴ = 2(1− d)[E

2
(ε− εp)2 + y0α− wc]− 2wcd/ζ

(6.93)

The evolution of the plastic strains and the fracture phase field is governed by the two
threshold functions

φ̂p(f p, rp) = |f p| − rp and φ̂f(f f , rf) = f f − rf . (6.94)

The fracture phase field evolution for a homogeneous rate-independent problem is obtained
from (6.88) for η = 0 and ∆d = 0, in closed form as

d =
H0

1 +H0
with H0 = max

s∈[0,t]
D0 ≥ 0 , (6.95)
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Box 6.3: Material parameters used for the V-notch bar (Al-6061) [78].

No. Parameter Name Value Unit
1. E Young’s modulus 68.9 GPa
2. ν Poisson’s ratio 0.33 –
3. h hardening parameter 0.561 GPa
4. y0 initial yield stress 0.475 GPa
5. wc critical work density 0.18 GPa
6. ηp plastic viscosity 10−7 GPa.s
7. ηf fracture viscosity 10−7 GPa.s
8. lp plastic length scale 0.6/0.8 mm
9. lf fracture length scale 0.2/0.3/0.4 mm
10. ǫp micromorphic coupling modulus 30h GPa

where the crack driving state function D0 is defined in (6.90). Cyclic loading is applied
to a material point where unloading takes place up to zero stresses. Two cases are intro-
duced which are distinguished by the values of the plastic yield strain εy and the fracture
threshold strain εc as shown in Figure 6.4.

Fracture before Plasticity. In this case, fracture is initiated before plasticity, i.e.,
{εc := (2wc/E)

1/2} < {εy := y0/E}. The response of the material point corresponds to
the sequence E(elastic) - F(fracture) - FP(fracture plastic) as plotted in Figure 6.4a. Stage
E is linear elastic where σ = Eε. Stage F is stress degradation where σ = (1 − d)2Eε.
Stage FP is fracture coupled to plasticity where σ = (1 − d)2E(ε − εp). The plastic
strain is evolved as εp = εpn + λp∆t np with the direction of the plastic flow np = f p/|f p|.
The evolution of the plastic strain εp and the fracture phase field d are also shown in
Figure 6.4b.

Plasticity before Fracture. In this case, plasticity is initiated before fracture, i.e.,
{εc := wc/y0+y0/2E} > {εy := y0/E}. The response of the material point corresponds to
the sequence E(elastic) - P(plastic) - PF(plastic-fracture) as plotted in Figure 6.4c. Similar
to Case 1, the material response is elastic E until the stress reaches the yield limit y0.
The ideal plasticity starts thereafter up to the fracture threshold strain εc. Next, fracture
is initiated and coupled with plasticity which is represented by a PF response. The
stress-strain loading unloading curves in region PF of Figure 6.4c represent a continuing
plastic evolution with the fracture evolution. The evolutions εp and d are also shown in
Figure 6.4d.

ū

W

r

L

w

b

Figure 6.5: Plane strain test of V-notch bar in tension. Geometry and boundary conditions.
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lp = 0.8

Figure 6.6: V-notch bar in tension. Evolution of equivalent plastic strain α and fracture
phase field d with two plastic length scales lp and fixed fracture length scale lf = 0.4 mm.
(a)–(c) Local plasticity lp = 0 and (d)–(f) gradient plasticity lp = 0.8 mm for three different
stages during deformation up to final failure with crack surfaces related to d ≈ 1.

a) b) c)

d) e) f)

α α αd d d0.0 0.0 0.00.0 0.0 0.00.2 0.2 0.21.0 1.0 1.0
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lf

Figure 6.7: V-notch bar in tension. Contours of equivalent plastic strain α and fracture
phase field d with different combinations of lf and lp. a) lf = 0.2 mm, b) lf = 0.3 mm and
c) lf = 0.4 mm with lp = 0.6 mm. d) lf = 0.2 mm, e) lf = 0.3 mm and f) lf = 0.4 mm with
lp = 0.8 mm.

6.5.2. Analysis of a V-Notch Bar in Tension Test. We model the fracture
phenomena of the Al-alloy (Al-6061) of a V-notch bar under tensile loading as reported in
the experiments of Li et al. [78]. The aim here is to demonstrate the need for a gradient
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Figure 6.8: Load–displacement responses for V-notched bar in tension. a) Mesh sensitivity
of local plasticity in the post-critical range for two different mesh discretizations. b) Mesh
objectivity of gradient plasticity compared with the data of Li et al. [78]. b) Effects of
plastic length scale lp and the fracture length scale lf on the overall structural response.

extended plasticity coupled with the phase field fracture approach to overcome the mesh
sensitivity in the post-critical range and capture qualitatively the experimentally observed
load-deflection response. The geometric setup and the loading conditions of the specimen
are depicted in Figure 6.5. The size of the specimen is chosen to be : L = 40 mm,
W = 14 mm, b = 4 mm, w = 10 mm, and the radius of the V-notch is r = 0.25 mm. The
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Box 6.4: Material parameters used for the single-edge notched shear test.

No. Parameter Name Value Unit
1. E Young’s modulus 200 GPa
2. ν Poisson’s ratio 0.3 –
3. h hardening parameter 0.130 GPa
4. y0 initial yield stress 0.45 GPa
5. wc critical work density 0.013 GPa
6. ηp plastic viscosity 10−7 GPa.s
7. ηf fracture viscosity 10−7 GPa.s
8. lp plastic length scale 0.016 mm
9. lf fracture length scale 0.008 mm
10. ǫp micromorphic coupling modulus 30h GPa

same material parameters are used as in [78] and listed in Table 6.3. The mesh size of the
specimen is chosen to be he = 0.1 mm in the expected fracture zone. The computation is
performed by applying the displacement ū on the right vertical boundary.

The evolution of the crack phase field d compared with the evolution of the equivalent
plastic strain α is reported in Figure 6.6 for local and gradient plasticity. The contour
plots of the local theory with zero plastic length scale parameter lp = 0 and fracture
length scale parameter lf = 0.4 mm are shown in Figure 6.6a–c. The crack phase field
d initiates at the notch tip where the maximum equivalent plastic strain develops, and
successivley propagates unsymmetrically from the notches inwards till final rupture as an
S-shape. Comparing these results with the experimental work of Li et al. [78], notice
first that the predicted fracture path is not perpendicular to the loading direction as shown
in the experiment. A reason for this effect is the use of the simple von Mises-type isochoric
plastic flow. Secondly, we face a non-physical evolution of the fracture zone outside the
plastic zone.

From the above observations, we conclude the need for a gradient extended plasticity
theory by introducing the plastic length scale lp ≥ lf as an additional material parameter
in the model. The contour plots of the gradient theory with lp = 0.8 mm and lf =
0.4 mm are shown in Figure 6.6d–f. Observe that the failure zone now occurs inside
the plastic zone and appears to be perpendicular to the loading direction. Hence, the

ū

L

L

LL

Figure 6.9: Single-edge notched shear test. Geometry and boundary conditions.
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α d0.0 0.00.1 1.0

lp = 0

lp = 0.016 lf = 0.008

lf = 0.008

Figure 6.10: Single-edge notched shear test. Contour plots of the equivalent plastic strain
α and fracture phase field d for two plastic length scales lp and fixed fracture length scale
lf = 0.008 mm. (a)-(b) Local plasticity lp = 0 and (c)-(d) gradient plasticity lp = 0.016 mm
at the final deformation state. The crack surfaces are visualized related to d ≈ 1.

gradient-plastic regularization provides a spatial smoothing of the plastic, yielding an
improved performance of the simple von Mises model in the modeling ductile failure. For
visualization of crack surface, deformed regions with a phase field d ≥ c ≈ 1 are not
plotted in Figure 6.6.

Figure 6.7 demonstrates the influence of the plastic length scale lp and the fracture
length scale lf on the final failure response. First, the effect of increasing the fracture
length scale is investigated by keeping lp = 0.6 mm fixed as shown in Figure 6.7a–c. We
notice a delayed failure response by increasing lf , resulting in a fracture path that becomes
more perpendicular to the loading direction. Furthermore, the maximum equivalent plas-
tic strain α increases, which is clearly the influence of increased lf . Next, the effect of an
increased plastic length scale lp = 0.8 mm is illustrated in Figure 6.7d–f. Observe that
the equivalent plastic strain α is smeared out over several elements, thereby reducing the
maximum value of α. However, the failure response is similar to Figure 6.7a–c.

In order to further emphasize the need of the gradient extended plasticity theory,
we illustrate in Figure 6.8 the load-deflection curves of the overall structural response.
The mesh sensitivity in the post-critical range observed in local plasticity is shown in
Figure 6.8a for two different discretizations. To overcome this behavior, gradient plasticity
with plastic length scale lp = 0.8 mm is used in Figure 6.8b, where mesh objectivity is
obtained. Furthermore, observe that the results of the gradient extended plasticity are
in qualitative agreement with the experimental results of Li et al. [78] for both the
coarse as well as the fine mesh. Finally, Figure 6.8c demonstrates the influence of the
fracture length scale lf and the plastic length scale lp on the load–deflection response,
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a) b)
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Figure 6.11: Single-edge notched shear test. Contour plots of the equivalent plastic strain
α (a)-(c) and the fracture phase field d (b)-(d) for two different mesh discretizations at the
final deformation state to demonstrate the mesh objectivity of gradient plasticity.

which corresponds to the analysis in Figure 6.7. We observe a delayed-failure response
by increasing the fracture length scale and a slightly more pronounced hardening by
increasing the plastic length scale.

6.5.3. Investigation of single-edge notched shear test. The second benchmark
test considers a square plate with a horizontal notch placed at the middle height from
the left outer surface to the center of the specimen. The geometric setup and the loading
conditions of the specimen are depicted in Figure 6.9. The size of the square specimen
is chosen to be L = 0.5 mm. We fixed the bottom edge of the plate and applied shear
loading to the top edge where the vertical displacement is fixed. The material parameters
used are given in Table 6.4. The specimen is discretized by using three different meshes
with the maximum element size of he = 0.004 mm in the expected fracture zone.

The contour plots of the equivalent plastic strain α and the fracture phase field d for
local and gradient plasticity with fixed fracture length scale lf = 0.008 mm are plotted
in Figure 6.10. For local plasticity, observe the non-physical evolution of the fracture
zone outside the plastic zone as demonstrated in Figure 6.10a-b. The mesh sensitivity in
the post-critical response with local plasticity is shown in Figure 6.12a for three different
meshes.

To overcome this behavior, gradient plasticity with plastic length scale lp = 0.016 mm
is used, resulting in a fracture zone to be inside the plastic zone. Furthermore, the equiva-
lent plastic strain is smeared over several elements as shown in Figure 6.10c-d. Figure 6.11
demonstrate the mesh objectivity of the gradient theory for the coarse and finest mesh
discretizations. Observe that α and d are almost the same for all the meshes. The corre-
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Figure 6.12: Load–displacement responses for single-edge notched shear test. a) Mesh
sensitivity of local plasticity model in the post-critical range and b) mesh objectivity of the
gradient plasticity model for three different mesh discretizations. c) Effects of four different
fracture parameters ζ on the crack initiation and load-displacement response.

sponding load-displacement curves for the three meshes are shown in Figure 6.12b, where
the post-critical softening response provides approximately a mesh-objective behavior.

To illustrate the influence of the fracture parameter ζ on the crack initiation and
propagation, Figure 6.12c plots the load-displacement response for four different values
of ζ . One observes the expected delayed failure behavior by decreasing the value of ζ .

6.5.4. Three dimensional torsion test of a cylindrical bar. The last model
problem is concerned with analyzing brittle fracture of cast-iron and ductile fracture of
mild-steel bars under torsional loading. The purpose of this test is to illustrate the effects
of the material response on the crack initiation and propagation. We differentiate between
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Box 6.5: Material parameters used for the torsion test of mild-steel bar.

No. Parameter Name Value Unit
1. E Young’s modulus 200 GPa
2. ν Poisson’s ratio 0.3 –
3. h hardening parameter 0.2 GPa
4. y0 initial yield stress 0.45 GPa
5. y∞ infinite yield stress 0.6 GPa
6. ηs saturation parameter 16.96 –
7. wc critical work density 0.04 GPa
8. ηp plastic viscosity 10−7 GPa.s
9. ηf fracture viscosity 10−7 GPa.s
10. lp plastic length scale 1.4 mm
11. lf fracture length scale 1.0 mm
12. ǫp micromorphic coupling modulus 30h GPa

two cases: brittle fracture (elastic-fracture) and ductile fracture (elastic-plastic-fracture).
As a geometric setup, the length of the cylindrical bar is chosen to be L = 60 mm and the
radius R = 10 mm. The computation is performed by fixing one end of the cylindrical
bar and applying torsion to the other end. For brittle cast-iron, Young’s modulus is

a)

b)

c)

d)

Figure 6.13: Three-dimensional torsion test of a cylindrical bar. a)–c) Fracture phase field
d evolution in brittle cast-iron test for a twist loading. d) Visualization of the crack faces.
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a)

b)

c)

d)

Figure 6.14: Three-dimensional torsion test of a cylindrical bar. a)–c) Fracture phase field
d evolution in ductile mild-steel test for a twist loading. d) Visualization of the crack faces.

chosen to be E = 110 GPa, Poisson’s ratio is set to ν = 0.3, the fracture length scale
lf = 1.0 mm, and the critical work density to wc = 0.1 MPa. For ductile mild-steel, the
material parameters used are listed in Table 6.5. The specimens are discretized with a
mesh size of h = lf/2 in the expected fracture zone. The evolution of the crack phase field
d for the cast-iron and mild-steel bars are depicted in Figures 6.13 and 6.14, respectively.

For the brittle failure of cast-iron bar, the crack starts to initiate at a point on the
surface near the center of the specimen at an angle of twist of 1.1◦, see Figure 6.13a.
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Figure 6.15: Torque versus angle of twist for three dimensional torsion test of a cylindrical
bar. a) Brittle failure of cast-iron bar and b) Ductile failure of mild-steel bar.



120 Phase Field Modeling of Ductile Fracture at Finite Strains
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Figure 6.16: Torsion test of a ductile cylindrical bar. ➀–➇ Equivalent plastic strain α
evolution of ductile mild-steel in the cross section near the center of the bar for a twist
loading corresponding to the torque T versus angle of twist Θ plotted in Figure 6.15b.

The crack then propagates from the surface inwards till final rupture in Figure 6.13c. To
illustrate the crack surface, we zoomed out the fractured area as shown in Figure 6.13d.
Since the fracture path is about 45◦ from the longitudinal direction, the fracture surface
is complicated and looks like a helicoid as plotted in Figure 6.13c, where we used a
transparency effect to show the failure surface for d ≥ c ≈ 1.

The torsion test is repeated for the ductile failure of mild-steel. An inhomogeneous
plastic zone develops as a consequence of an initial imperfection at a point on the central
surface. The amplitude of this imperfection is sufficiently small such that it does not effect
the overall structural response. Figure 6.14a depicts the crack initiation on the surface
near the center of the bar at about 30◦ angle of twist. The crack then propagates from
the surface inwards perpendicular to the longitudinal direction as shown in Figure 6.14c.
A zoom of the crack surfaces is shown in Figure 6.14d.

The torque T versus angle of twist Θ for the overall structural response are illustrated
in Figure 6.15. The angle of twist Θ is measured at the end of the cylindrical bar. For
brittle fracture, the material response corresponds to the sequence: E(elastic) - F (fracture)
plotted in Figure 6.15a. Here, the local fracture evolution starts when the elastic energy
reaches a critical value wc. Thereafter, a brittle failure response is observed. For ductile
fracture, the structural response corresponds to the sequence: E(elastic) - P (plastic) -
FP (fracture-plastic) as shown in Figure 6.15b, where the crack phase field is driven by
the coupled elastic-plastic driving force (6.90). The evolution of the equivalent plastic
strain α at the center of the bar, corresponding to Figure 6.15b, is plotted for different
stages of deformation up to final failure as in Figure 6.16. α starts to evolve after initial
yielding, see Figure 6.16 ➁-➂, thereafter fracture starts at ➃. Observe that the equivalent
plastic strain is increasing from the surface to the center of the specimen as illustrated in
Figure 6.16 ➄-➇, which corresponds with the fracture phase field d depicted in Figure 6.14.



121

7. Summary and Conclusions

This dissertation focused on the development of a constitutive framework for gradient-
extended dissipative solids, that accounts for micro-structure-based length scale effects. It
has been shown that the global micro-structure fields, whose gradients enter the energetic
and the dissipative response functions, are governed by additional balance equations and
boundary conditions. In particular, we proposed a phenomenological model for gradient
thermo-plasticity and phase-field modeling of ductile fracture.

A first application of the proposed framework for gradient-extended dissipative solids
was discussed in the context of phenomenological theories of isochoric von Mises plasticity
model with gradient-extended hardening/softening response at small strains and in the
logarithmic strain space. In contrast to classical local approaches to plasticity based on
locally-evolving internal variables, order parameter fields governed by additional balance-
type partial differential equations were taken into consideration. The point of departure
was the construction of a variational framework based on mixed saddle point principles for
the evolution problem of gradient plasticity. This resulted in a novel finite element design
of the coupled problem incorporating a long-range hardening/softening parameter and its
dual driving force. It allowed a straightforward local definition of plastic loading-unloading
driven by the long-range fields, providing a very robust finite element implementation of
gradient plasticity. Two important classes of multi-dimensional mixed finite elements for
the coupled problem as well as a local-global update strategy for short- and long-range
fields were tested. They were all introduced in a rigorous format based on variational
principles. In this context, we first discussed a family of extended Q1P0 elements based
on a five–field incremental variational principle, where the Jacobian and the pressure
field were condensed out at the element level. Thereafter, we developed a family of
extended MINI elements based on a four–field incremental variational principle, where
bubble–degrees condensed out at the element level. The performance of this approach
was examined in several numerical examples, which highlighted characteristic features
of gradient plasticity as well as the robust performance of the computational setting, see
Miehe, Aldakheel & Mauthe[104], Miehe, Welschinger & Aldakheel[105] and
Aldakheel, Mauthe & Miehe[10].

A further application of the proposed framework, that covers fully coupled thermo-
mechanical problems at small strains was introduced. This was achieved by extending
the constitutive formulation of the von Mises gradient-plasticity model to account for
thermal effects. In addition to the displacement field, the plastic strains and the scalar
hardening variable along with its dual driving force, the absolute temperature field was
also introduced describing the coupled thermo-gradient-plasticity at small strains. From
the numerical implementation aspects, two global solution procedures were developed
for the coupled problem, namely the product formula algorithm and the implicit coupled
algorithm. Regarding the space discretization of the coupled problem, the aforementioned
Q1P0-type and MINI-type finite elements were extended to account for thermal effects
by adding the temperature field to the Galerkin formulation. Two numerical examples
demonstrated the performance of the coupled thermo-gradient-plasticity problem, see
Aldakheel, Mauthe & Miehe[8].

The last application of the proposed framework was concerned with the phase-field
modeling of ductile fracture in the logarithmic strain space. Hereby, a variational gra-
dient plasticity was linked to a specific setting of variational gradient damage rooted in
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the phase-field approach of fracture suggested in the literature. In this regard, we in-
troduced two independent length scales, which regularized both the plastic response as
well as the crack discontinuities. This ensured that the failure zone of ductile fracture oc-
curs inside the plastic zone, and guaranteed, from the computational perspective, a mesh
objectivity in post-critical range. The finite element design of this formulation was not
straightforward and required additional strategies due to the stability-related difficulties
near the elastic-plastic boundaries EPBs. To simplify the finite element implementa-
tion, we extended the introduced gradient plasticity-damage towards the micromorphic
regularization approach to gradient-extended models. As a consequence, additional par-
tial differential equation PDE for the micromorphic hardening variable, denoted as the
micromorphic momentum balance equation, was taken into account. We started our inves-
tigation from a homogeneous one-dimensional model problem to illustrate the response of
the coupled elastic-plastic phase-field driving force. Later, we presented the heterogeneous
multi-dimensional cases where the modeling capabilities and algorithmic performance of
the proposed formulation were demonstrated by representative numerical simulations of
ductile fracture in elasto-plastic solids and their subsequent comparisons with the data
from the literature, see Miehe, Hofacker, Schänzel & Aldakheel[106], Miehe,

Aldakheel & Raina[108], Miehe, Teichtmeister & Aldakheel[109] and Al-

dakheel, Raina & Miehe[9].
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A. Gurson Model for Ductile Damage in Metals

In Chapter 6, the constitutive formulations were based on the isochoric von Mises
yield criterion function for the modeling of plastic material response at the macroscopic
level. Thereby, no plastic dilatancy is considered, i.e. volumetric changes are solely due
to elastic deformation (tr[εp] = 0). However, the modeling of failure in ductile metals
must account for complex phenomena at the micro-scale, such as nucleation, growth and
coalescence of micro-voids, as well as the final rupture at the macro-scale. Within a top-
down viewpoint, this can be achieved by the combination of a micro-structure-informed
elastic-plastic model for a porous medium with a concept for the modeling of macroscopic
crack discontinuities. In this appendix, we shortly introduce a computational framework
for the phase field modeling of ductile fracture in porous metal plasticity. It combines
enhanced structures of Gurson-Tvergaard-Needelman GTN-type plasticity model with a
new evolution equation for the crack phase field. We construct the constitutive model in
the logarithmic strain space, which simplify the model equations and results with a for-
mulation similar to small strains. At the end of this work, a one dimensional homogeneous
test is introduced to demonstrate the performance of the coupled problem.

A.1. Constitutive equations in logarithmic strain space

A micro-mechanically based constitutive model for progressively cavitation plastic
solids has been developed by Gurson [62, 63] and subsequently modified by Tver-

gaard & Needleman [147], Tvergaard [148] and Nahshon & Hutchinson [118].
Herein, the central feature of Gurson model is to account for damage growth, where the
yield criterion function depends on the effective void volume fraction and extended by
introducing new material parameters to account for the coalescence effect. By vanishing
the void volume fraction, we end up with the standard von Mises criterion. The Gurson
model for ductile damage is described by the four primary fields

Primary Fields: { ϕ, α, εp, f } (A.1)

ϕ is the long-range macro-motion field and {εp, α, f} are the short-range micro-motion
fields. The void volume fraction f can be interpreted as a micro-mechanically motivated
damage variable and defined as

f :

{
B × T → [f0, ff ]
(X, t) 7→ f(X, t)

(A.2)

where f0 is the initial porosity and ff is the final void volume fraction. The objective
constitutive state

Constitutive State: c := { ε, εp } (A.3)

contains the total logarithmic strain ε and the plastic strain defined in (6.28). Focusing
on isotropic metal plasticity, we consider the free energy function

ψ(ε, εp) =
κ

2
tr 2[ε− εp] + µ tr[(dev[ε− εp])2] , (A.4)

where κ and µ are the elastic bulk and shear moduli, respectively. Following standard
argument we obtain the stresses by the first derivative of the energetic response function
with respect to the total strain

σ = ∂εψ(ε, ε
p) = p1 + s (A.5)
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Figure A.1: A representative sketch of the Gurson yield surface with three different void
volume fractions f1 > f2 > f3 versus the von Mises yield surface with f = 0 in the principle
stress space.

which split up into a spherical and a deviatoric part, defined by

p := κ tr[ε− εp] and s = 2µ dev[ε− εp] . (A.6)

The Gurson yield criterion function, which depends on both stresses including the fitting
parameters q1 and q2 proposed by Tvergaard [148], is given in the form

φ(σ, f, α) = |s| −
√

2
3
ϕ(p, f, α) ŷ(α) (A.7)

where the pressure-dependent function ϕ(p, f, α) makes the difference to the classical von
Mises criterion. It takes the form

ϕ(p, f, α) =

√
1 + (q1f)2 − 2q1fcosh

[ 3q2
2

p

ŷ(α)

]
. (A.8)

Note that, by making the void volume fraction f = 0, we end up with the standard von
Mises yield criterion function. The yield stress of the matrix material ŷ(α) is assumed to
have the form

ŷ(α) = y0

[
1 +

α

α0

]N
with α0 = y0/E (A.9)

in terms of the initial yield stress y0 and the associated strain α0, where E is the Young’s
modulus. α is the equivalent plastic strain of the matrix material. A graphical inter-
pretation of the Gurson and von Mises yield surfaces in the principle stresses is given in
Figure A.1. We observe that the von Mises yield surface takes a cylindrical shape with a
radius of

√
2/3 y0 around the hydrostatic axis. With increasing the void volume fraction

f , the von Mises cylinder shrinks, representing a plastic softening response.



A.2 Algorithmic implementation of the Gurson model 125

A.2. Algorithmic implementation of the Gurson model

The plastic flow rule takes the associative form

ε̇p = λN with N := ∂σφ(σ, f, α) (A.10)

along with the loading/unloading conditions

λ ≥ 0 , φ ≤ 0 , λφ = 0 (A.11)

The closed form of the normal is

N =
s

|s| −
1

3

√
2
3
ϕ′(p, f, α) ŷ(α) 1 (A.12)

with

ϕ′(p, f, α) := ∂pϕ(p, f, α) := −3

2

q1q2
ϕ(p, f, α) ŷ(α)

f sinh
[ 3q2

2

p

ŷ(α)

]
. (A.13)

Consider the implicit integration of the flow rule

εp = εpn + γN , (A.14)

with γ = λ(t − tn) and the normal evaluated at the current time t. Then, the stresses
contribution (A.6) get the algorithmic form

p = ptrial − κγ tr[N ] and s = strial − 2µγ dev[N ] (A.15)

in terms of the trial values

ptrial := κ tr[ε− εpn] and strial := 2µ dev[ε− εpn] . (A.16)

Taking into account (A.12), we may write

p = ptrial + κγ
√

2
3
ϕ′(p, f, α) ŷ(α) and s = strial − 2µγ

s

|s| (A.17)

From (A.17), we conclude that s and strial are co-axial, i.e. due to

|s| s|s| = |strial| s
trial

|strial| − 2µγ
s

|s| , (A.18)

which it yields with small manipulation, the two important equations

s

|s| =
strial

|strial| and |s| = |strial| − 2µγ . (A.19)

The evolution of the void volume fraction is divided into a (classical) growth part and a
part due to nucleation of voids

ḟ = ḟGrowth + ḟNucl . (A.20)

The growth part takes the classical form

ḟGrowth = (1− f) tr ε̇p . (A.21)
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In this work, we consider the evolution of the void volume fraction to depend only on the
growth part i.e ḟ = ḟGrowth. The equivalent plastic strain of the matrix material is related
to the macroscopic plastic work by the relationship

(1− f) ŷ(α) α̇ = σ : ε̇p → α̇ =
1

ŷ(α)

[
σ

1− f

]
: ε̇p (A.22)

where σ/(1− f) can be viewed as an effective stress. Next, we update α and f implicitly

α = αn + γ
[
|s| −

√
2
3
ϕ′(p, f, α) ŷ(α) p

]
/
[
(1− f) ŷ(α)

]

f = fn − γ(1− f)
√

2
3
ϕ′(p, f, α) ŷ(α)

(A.23)

For plastic loading φtrial > 0, the local system of equations are the variables {γ, p, α, f} to
be solved by nonlinear Newton-Raphson iteration scheme by defining the residuum vector
in terms of the local solution vector x defined as

x := {γ, p, α, f} (A.24)

and the residuum vector for solving the nonlinear set of equations reads

r := r̂(x) = 0 (A.25)

with

r̂(x) =




|strial| − 2µγ −
√

2
3
ϕ(p, f, α) ŷ(α)

p− ptrial − κγ
√

2
3
ϕ′(p, f, α) ŷ(α)

α− αn − γ
[
|strial| − 2µγ −

√
2
3
ϕ′(p, f, α) ŷ(α) p

]
/
[
(1− f)ŷ(α)

]

f − fn + γ(1− f)
√

2
3
ϕ′(p, f, α) ŷ(α)




.

The algorithmic steps of the local update are summarized in Box 4. It results in a highly
nonlinear set of equations. In this context, we propose a robust numerical integration
scheme for the GTN model, namely the Explicit-Implicit integration strategies based on
Oliver et al. [125] and Sánchez et al. [134].

A.3. Coupling Gurson model to gradient damage mechanics

A phase-field approach to porous ductile fracture is introduced to describe the coupled
problem. The crack phase field d is additionally introduced as a global field, where d = 0
characterizes an unbroken material and d = 1 a fully broken state of the material. Due to
the fracture phase field, the elastic part of the free energy producing a macroscopic stress
has to be degraded as follows

ψ(ε, εp; d) = (1− d)2
[κ
2
tr 2[ε− εp] + µ tr

{
(dev[ε− εp])2

}]
. (A.26)

The fracture starts when the void volume fraction reach to a critical value denoted as
critical void volume fraction f = fcr. In this context, we introduce per definition the
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Box 4: ALGO: Algorithmic Updates for GTN Plasticity Model.

1. Initialization. Given is the logarithmic strain tensor ε at time tn+1 and the local
constitutive variables {εpn, αn, fn} at time tn.

2. Trial State. Compute the trial stresses

strial := 2µ(ε− εpn) , ptrial := κ tr[ε− εpn] , ŷ trial := y0

[
1 +

αn

α0

]N

3. Yield criterion. Compute the trial yield function for zero incremental plastic pa-
rameter γ = 0

φtrial := |strial| −
√

2
3

√
1 + (q1fn)2 − 2q1fncosh

[
3q2
2

ptrial

ŷ trial

]
ŷ trial

4. Check yielding. If φtrial ≤ 0, set the incremental plastic parameter γ = 0, the
pressure part of the stress p = ptrial, the equivalent plastic strain α = αn and go
to 7.

5. Plastic step. If φtrial > 0, Compute the residuum vector, where x := {γ, p, α, f}

r̂(x) :=




|strial| − 2µγ −
√

2
3
ϕ(p, f, α) ŷ(α)

p− ptrial − κγ
√

2
3
ϕ′(p, f, α) ŷ(α)

α− αn − γ
[
|strial| − 2µγ −

√
2
3
ϕ′(p, f, α) ŷ(α) p

]
/
[
(1− f)ŷ(α)

]

f − fn + γ(1− f)
√

2
3
ϕ′(p, f, α) ŷ(α)




6. Check tolerance and update short range variables. If |r̂(x)| < tol go to 7. Perform
the updates of the short range variables

xi ⇐ xi −
[∂r
∂x

]−1

· r

7. Update plastic strain

εp = εpn + γN where N =
strial

|strial| −
1

3

√
2
3
ϕ′(p, f, α) ŷ(α) 1

8. Compute logarithmic stresses.

σ = p1 + strial − 2µγ dev[N ]

9. Stresses and tangent moduli. Compute the first Piola nominal stress

P = σ : Plog with Plog := ∂Fε

and the numerical tangent Moduli C.
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crack driving force H as the maximum of the crack driving state function D and takes
the form

H := max
s∈[0,t]

D(ϕ, α, εp, f ; s) ≥ 0 with D :=
〈
(
f

fcr
)2 − 1

〉
. (A.27)

Note that the phase field driving force is zero at the beginning. When the void volume
fraction f exceed its critical value, the crack driving force H will be updated. Next
the fracture phase field d is determined conceptually in line with Chapter 6 for rate-
independent limit yielding the update equation

d− l2f∆d = (1− d)H (A.28)

in the domain B, along with the homogeneous Neumann condition for the crack phase
field ∇d ·N = 0 on ∂B. A convenient and robust numerical implementation of the two
governing PDEs of the coupled problem, namely the momentum balance equation and
the update equation for the fracture phase field, is achieved by a staggered scheme based
on incrementally decoupled updates of the fracture phase field and the deformation map
as outlined in Chapter 6.

A.4. One dimensional homogeneous test

We demonstrate the performance of the proposed framework of phase field porous
ductile fracture coupled with GTN plasticity model by means of a homogeneous problems
in the one-dimensional setting. In Figure A.2a, the stress-strain curves are plotted for
three different hardening parameters (N1 < N2 < N3). One observes a stiffer overall
structure response by increasing the hardening parameterN and a delayed failure behavior

σ

σ α

ε

ε ε

d

fεy

εy

ε1c

ε1cε1c

ε2c

ε2cε2c

ε3c

ε3cε3c

N1

N2

N3

f1
0

f1
0

f2
0

f2
0

f3
0

f3
0

a) b)

c) d)

Figure A.2: Performance of porous ductile damage under monotonic loading.

Stress-strain response for three different hardening parameters (N1 < N2 < N3) in a) and
void volume fractions (f1

0
< f2

0
< f3

0
) in c). Evolution of the phase field fracture in b)

corresponding to a) and the equivalent plastic strain in d) corresponding to (c).
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as shown in Figure A.2b. On the other hand, by increasing the initial void volume fraction
f 1
0 < f 2

0 < f 3
0 , we notice a softer response and fast failure behavior as demonstrated in

Figure A.2c. The corresponding equivalent plastic strain is plotted in Figure A.2d to
illustrate the influence of the void volume fraction on the plastic material response.

The presented findings can serve as a base for future studies and applications on porous
ductile failure with gradient-extended Gurson-Tvergaard-Needelman plasticity model cou-
pled to the phase-field fracture at finite strains.
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auf der Grundlage inkrementeller Variationsformulierungen, M. Lambrecht,
Dissertation, 2002.

I-9 (2002) Mikromechanisch motivierte Modelle zur Beschreibung finiter Deformationen
gummiartiger Polymere: physikalische Modellbildung und numerische Simu-
lation, F. Lulei, Dissertation, 2002.

I-10 (2003) Adaptive Finite-Elemente-Berechnungen der nichtlinearen Festkörper-
mechanik bei kleinen und großen Verzerrungen, A. Koch, Dissertation,
2003.

I-11 (2003) Theorie und Numerik der Parameteridentikation von Materialmodellen der
finiten Elastizität und Inelastizität auf der Grundlage optischer Feldmeßmeth-
oden, G. Scheday, Dissertation, 2003.

I-12 (2004) Approaches to the Description of Anisotropic Material Behaviour at Finite
Elastic and Plastic Deformations, Theory and Numerics, N. Apel, Disserta-
tion, 2004.

I-13 (2004) Temperaturabhängige Beschreibung visko-elasto-plastischer Deformationen
kurzglasfaserverstärkter Thermoplaste: Modellbildung, Numerik und Exper-
imente, S. Rieger, Dissertation, 2004.

I-14 (2005) Zur Parameteridentikation komplexer Materialmodelle auf der Basis realer
und virtueller Testdaten, A. Rieger, Dissertation, 2005.

I-15 (2005) Viskoelastisches Verhalten von Elastomeren bei finiten Verzerrungen: Exper-
imente, Modellierung und Simulationen, H. Zecha, Dissertation, 2005.



I-16 (2005) Mehrskalenmodelle in der Festkörpermechanik und Kopplung von Mehrgitter-
methoden mit Homogenisierungsverfahren, C. G. Bayreuther, Dissertation,
2005.

I-17 (2005) Static and Dynamic Homogenization Analyses of Discrete Granular and
Atomistic Structures on Different Time and Length Scales, J. Dettmar, Dis-
sertation, 2005.

I-18 (2006) Incompatibility and Instability Based Size Effects in Crystals and Composites
at Finite Elastoplastic Strains, M. Becker, Dissertation, 2006.

I-19 (2007) Aspects of Energy Minimization in Solid Mechanics: Evolution of Inelastic
Microstructures and Crack Propagation, E. Gürses, Dissertation, 2007.
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